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Chapter 0O

Introduction

0.1 Minimal projective resolutions

Let G be a finite group. Let R be a commutative ring.
We consider projective resolutions of the trivial module R over RG.

da dy do

Py Py P, Py —>R 0

Suppose R is a discrete valuation ring such that |G| is nonzero in R. Then R has a
not necessarily minimal projective resolution which can be written as a tensor product of
periodic complexes. This is shown by Benson and Carlson in [4, Theorems 3.4 and 4.4]
and for a more general case in [3, Theorem 5.14.5].

Suppose G has a dihedral Sylow 2-subgroup and R is a splitting field of characteristic 2 of
G. Then Alperin states in [1, Theorem 1] that there exists a double complex of projective
indecomposable modules such that the total complex is a minimal projective resolution of

R over RG.

Suppose R is a field of prime characteristic p. In [2, p. 4] Alperin considers minimal pro-
jective resolutions of an RG -module M for a finite group G. If such a minimal projective
resolution can be written as a total complex of an n-fold complex with projective entries
of bounded dimension, then he calls M a module of bounded complex type.

He gives some examples of regularly behaving double complexes with projective indecom-
posable modules as entries such that the total complex is a minimal projective resolution
of the trivial module [2, p. 6-7].

In [5, Diagrams 12.15 and 13.4] and [4, Figure 1] Benson and Carlson give further exam-
ples of such double complexes with regular behavior. In [3, Remark on p. 200] Benson
notes that in all examples calculated the minimal projective resolution of R can be written
as the total complex of an n-fold complex, where all rows, columns, etc. eventually become
periodic.

In [10, Theorem 30] Hofmann constructs the minimal projective resolution of L3y over
Z9)Ds, alternatively to the Wall-Hamada resolution constructed in [9] and [14]. Both
show regular behavior.

The minimal projective resolution of Z)[(3] over Z(y)[(3]As has been constructed
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in [13, Theorem 28]. This resolution also shows a regular behavior. Beforehand, Carlson
has constructed the first few terms of a minimal projective resolution of F4 over FsA4
in [8, Example on pages 50-51].

We consider the case G =S4 and aim to construct a minimal projective resolution of Zy)
over Z2)S4 with regular behavior.

0.2 Wedderburn image

Let & be the Wedderburn isomorphism QS; — Q x Q x Q33 x Q3*3 x Q?*2. We restrict
@ to ZS4 to obtain the Wedderburn embedding !, : ZS, — Z x Z x 73%3 x 7373 x 72%2,

Restricting !, to its image A’, we obtain an isomorphism w’ of Z-algebras; cf. Lemma 13.

QS4 f @ % Q % Q3><3 X Q3><3 % Q2><2

\J\ !
Wy

LS4

AN A ZSXS % Z3><3 x Z2><2

W’
Y
/

A

By localization at 2 we obtain an isomorphism of Z,)-algebras

ud — 3x3 3x3 2x2,
Z(2)84 T) A= A/(Q) - Z(Q) X Z(Q) X Z(2><) X Z(;) X Z(;; ;

cf. Corollary 15.

We describe the Wedderburn image A via congruences of matrix entries. Thus we can
read off an orthogonal decomposition of 1, into primitive idempotents &, & and & to
obtain the projective indecomposable modules P := A&y and @ := A&; ~ A& of Z2)Sy;
cf. Definition 18 in §2.3.

Furthermore, we define certain Zy)Ss-linear maps between the projective indecomposable
modules as multiplication with suitable elements of A; cf. Lemma 20 in §2.3.

We shall make use of these preparations to construct the minimal projective resolutions
of Z(Q) over Z(2)84.

0.3 Projective resolution of Z ) over Z)Sy

In §2 we construct the minimal projective resolution X of Z o) over Z)Sy; cf. Theorem 38.

do dy

X = ( X3 X, X, do Xo 0 )
The projective resolution can be visualized in a diagram, which is similar to a double
complex but with extra maps. The lower right corner of this diagram can be depicted as

follows.
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The diagram consists of the projective indecomposable modules P and ) and maps
bi
JVAREEN A&; between them as prepared in §2.3.

Then X is a total complex of this diagram, but with the extra maps included. I.e. X}, is
the direct sum over the modules in the kth diagonal. Moreover, the differential dj is a
matrix consisting of the maps between the (k + 1)st and kth diagonal.

Note that the terms Xy, ..., Xqo are fully visible in the depicted part of the diagram as
sums over the respective diagonals.

This diagram shows an eventually periodic behavior. For instance, the maps in column
number 0 eventually repeat with period length 3:

71 71 0 1 1
b0,0? bl,l’ bl,Ov b0,0’ bl,lv

b(l],07 b%),O’ b%,lv
Similarly the diagonal maps from column number 2 to column number 0 eventually repeat
with period length 6:

0, 0, —283,, 2bl,, 0, —208;, 0, O,
—2b0 1, 2b1o, 0, —2bf,

Note that minimal projective resolutions are unique up to isomorphism in the sense of
Lemma 11. We give a representative in this isomorphy class with projective terms and
differentials which show a regular behavior.

So we obtain a closed formula for the projective terms X and the differentials dy.
Each formula is divided into four cases, depending on k£ modulo 4; cf. Definition 24 and
Definition 28.

By reduction modulo 2 we obtain a double complex since all diagonal maps vanish. This
is in accordance with Alperin’s Theorem [2, Theorem 1]; cf. §0.1.

To verify that X is in fact a projective resolution of Z ) over Z4)S4 we construct Z)-linear
homotopy maps hj. These homotopy maps also show a regular behavior; cf. Definition 33.
d2

dy do

> X3 X, X Xo—— Ly, 0 >
S S s S
2 1 hi 1 ho 1 ho1 1 h_%
S 3 0 3 v S
> X3 X, X1 Xo Zs) 0 >

0.4 Cohomology of S, at 2

In §3 we calculate the 2-part of the cohomology of S4. To do so, we calculate the coho-
mology of Sy over Z3) using the minimal projective resolution X of §2.

For | € Z>o we write [ for the unique element in Z with [ = 3[ + f, where [ € [0, 2].

We obtain the following cohomology groups; cf. Theorem 54.



(S4)
HY(S4) (o) = (2/22)""* @ (2/4Z) it 1 > 1
H4l+1(s4> ~ (Z/QZ)GBH-H-B
H4l+2(S4) ~ (Z/QZ)@HH!:
H4l+3(S4) ~ (Z/2Z)€al+1+l

In [15, Theorem 4] Thomas gives a description of the cohomology ring of Sy as a graded
commutative polynomial ring modulo an ideal generated by certain elements.

In order to compare the results, we use the computer algebra system Magma to derive
from Thomas’s results the cohomology groups H"(S4) for n € [0, 115].

In this range, we could confirm that both ways to calculate H" (S4) 2) yield the same result;
cf. Remark 55.

0.5 Acknowledgments
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0.6 Conventions

Let X,Y and Z be sets. Let A be a commutative ring.

o Let a,b € Z. We write [a,b] :={i € Z:a <i<b}.

o Given z,y € X, let 0,y = 1 for x =y and 9, = 0 for z # y.

e We write maps on the right. That is, given maps X i> Y < Z and 2 € X we denote
the image of x under f by xf and the composite of f and g by X I, 7.

o Let X L5V bea map. Given X’ C X and Y’ C Y such that X'f C Y’, we write
f|§l, for the restriction of f to X’ and Y’. In the case of Y = Y’ we also write
flxr :== f|% . In the case of X = X' we also write Y = fx

e Let X' C X be a subset. We often write X’ < X for the embedding.

e Let a,b,z € A. We write a =, b if there exists a ¢ € A such that a — b = cz.

e By an A-module we understand a left A-module, if not specified otherwise.

e Let M be an A-module. We often write 1 = 154 for the identity map idy; on M.

e Let M be an A-module. We often write N < M to indicate that IV is a submodule
of M. Moreover, N < M indicates that n < M and N # M.



Let k,I € N. Suppose given A-modules M; for i € [1,k] and A-modules N; for
Jj € [L,1]. Given m; € M; for i € [1,k] and n; € N; for j € [1,1] we often write
((mi)ie[Lk], (nj)je[l,l]) for the element (my1,...,mg,ny,...,n;) € MO @ N,

Let M be an A-module. We write rad(M) := ([{N : N < M is maximal} for the
radical of M.

Let e and f be two idempotent elements of A. We identify along

Homy (Ae, Af) — eAf
pr—ep
(e — peXf) «— elf.

Let n € N. The standard A-linear basis (e;)icp,n of A®" consists of the tuples
e; € A" having the entry 1 at position i and entry 0 elsewhere.

Let n,m € N. We denote the A-module of n x m matrices over A by A™*™. In the
case of n = m we denote the identity matrix of A™*™ by I,.

Let n € N. We identify A-linear maps A®" Iy A®" with their matrix representation
in A™*" with respect to the standard A-linear basis of A®™.

Let n,m € N. The standard A-linear basis (ei,;)ic[1,n], je[1,m] of A™*" consists of the
n x m matrices e; ; having the entry 1 at position (7, ) and entry 0 elsewhere.

Let n € N and k. € N for r € [I,n]. The standard A-linear basis of [] AFr*Fr
re(l,n]

consists of (er;z’,j) where e;.; ; is the tuple of matrices, whose matrix

re(l,n],4,5€[1,kr]
at position r has the entry 1 at position (i, 7), and whose other matrix entries are 0.

We choose the ordering
€1;1,1, €112, ---s €LLkys €1;2,1, .-y CLkikiy €211y c-es Crk k-

Let n € N and M be an A-module. For my,...m, € M we write

Almy,...my) = Z Aimj: A € Aforie[l,n] p C M,
i€[1,n]

for the submodule of M generated by these elements.



Chapter 1

Minimal projective resolutions

Let R be a commutative ring. Let A be an R-algebra.

We recall some basic facts on minimal projective resolutions.

1.1 Projective covers
Definition 1 Let M and X be A-modules.

(1) A A-module N < M is smallin M if Z < M implies N + Z < M.

(2) An epimorphism X Iy M is essential it Ker(f) < X is small in X.

(3) A projective cover of M is a projective A-module P together with an essential epi-

morphism P i> M.

Lemma 2 Let M and X be A-modules and X i) M an epimorphism. The following
assertions (1,2) are equivalent.

(1) The epimorphism f is essential.

(2) Given a A-module Y and a A-linear map Y 9y X such that gf is an epimorphism,
then ¢ is an epimorphism.

Proof. Ad (1) = (2). Let Y be a A-module. Let ¥ % X be A-linear such that gf is
surjective. We show that Im(g) + Ker(f) = X.

For z in X we have ygf = xf for a y € Y so that (yg — x) € Ker(f). Hence
z € Ker(f) + Im(g).

Thus Im(g) + Ker(f) = X.
Therefore, as Ker(f) < X is small in X, we have Im(g) = X so that g is surjective.

8



Ad (2) = (1). Let Z < X with Ker(f) + Z = X. Then the composite

7o xLm

is surjective so that by (2) the inclusion Z < X is surjective as well. Hence Z = X.

Therefore Ker(f) < X is small, i.e. f is essential. 0

Lemma 3 Let M be a A-module with a projective cover P ENSYS

For every projective cover P’ Iy M there exists a A-linear isomorphism P Yy P’ with
W f' = f. That is, the projective cover is uniquely determined up to an isomorphism.

Proof. Let P’ I M bea projective cover. Since f’ is surjective and P projective there
exists a A-linear map P ¥, P such that v =f.

P M
f/

Since f = 1 f’ is surjective and f’ essential, we obtain that 1 is surjective. Since P’ is
projective, there exists an injective A-linear map P’ 2, P with Yy =idps .

We have that of = o f’ = f’ is surjective so that ¢ is surjective since f is essential. In
conclusion, we obtain that 1 is an isomorphism. o

1.2 Jacobson radical

Definition 4 The Jacobson radical rad(A) of A is the intersection of all maximal left
ideals of A.

Lemma 5 The Jacobson radical rad(A) is a two-sided ideal in A.

Proof. Let x € rad(A) and A € A. Let I be a maximal left ideal in A. We show that
zA €l

Assume that A € I. Let I' := {z € A : z\ € I}. Then I’ is a left ideal in A. We show
that I’ is a maximal left ideal in A.

Since [ is a maximal left ideal in A and since zA ¢ I, we have I + 5 (z\) = A. Hence there
exist v € I and w € A with v + wzA = 1.

For a € I we have awz\ = a — av € I so that awz € I'. Conversely, given a’ € I’ we have
a’\ € I. Therefore, we have the following well-defined A-linear maps.

A=A
a+1— awz+1T
adN+T—d+1T
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We have 1 —wzA = v € I so that (1 — Awz)\ = A(1 —wax) € I, that is 1 — dwz € I'. We
obtain

ad wr +1I' =d vz +d (1 - wx)+1'=d + T
awzA+ 1 =av+awzA+ 1 =a(v+wzA)+I=a+1
so that the maps above are mutually inverse.

Since I is a maximal left ideal in A, the module A/I is simple. By the isomorphism above,
the module A/I" is simple as well. Therefore, I’ is a maximal left ideal in A.

Hence z € rad(A) C I’ which contradicts x\ & I. o
Lemma 6 Let x € rad(A). Then 1 — x has a left inverse in A.

Proof. Assume 1—z has no left inverse in A. Then 5 (1 — z) < A. So there exists a maximal
left ideal I in A such that 1 —x € (1 —z) < I. Moreover, we have = € rad(A) C I. We
obtain

l=1-2z)4+z€el

so that I = A in contradiction to I being a maximal left ideal in A. o

Lemma 7 (Nakayama)

Let M be a finitely generated A-module with rad(A)M = M. Then M = 0.

Proof. Assume M # 0. Let s be the minimal number of generators of M. Then s € Z>1,
since M # 0. Choose my,...,mgs € M such that M = p(mq,...,ms).

Write N := { > aym; :a; € rad(A) for i € [1, s]} We claim that rad(A)M = N.
i€[1,s]

It suffices to show that am € N for a € rad(A) and m € M.

There exist A1,..., s € A with

By Lemma 5, we have a)\; € rad(A) for i € [1, s] so that

am = Z axim; € N .

1€[1,s]
This proves the claim.
Since m; € M = rad(A)M, there exist aq,...,as € rad(A) such that
mi= > am;
1€[1,s]

by the claim above.
Since a; € rad(A), the element (1 — ap) has a left inverse b in A by Lemma 6. We obtain

(1 — al)ml = Z a;m;

1€[2,3]
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so that

my = b E a;m;

1€[2,9]

in contradiction to the minimality of s. o
Lemma 8 Let X be a finitely generated A-module. Then rad(A)X < X is small in X.
Proof. Let rad(\)X + Y = X for a submodule Y < X. We obtain

rad(A) (X/Y> _ (rad(A)X + Y)/Y _ X/Y

so that by Lemma 7 we have X/Y = 0. Hence X =Y. o

1.3 Uniqueness of minimal projective resolutions

Definition 9 Let M be a finitely generated A-module. A projective resolution

d2 dy do

X3 X X, X 0

of M is a minimal projective resolution, if X, is a finitely generated projective A-module
and Im(d,) C rad(A)X, for all n € Z>o.

Lemma 10 Let M be a finitely generated A-module. Let

da d1 do

X3 Xo X4 X < M 0

be an augmented minimal projective resolution of M. Write dy, = dn|1m(d”) for n > 0.

dn— .
Then Xo = M is a projective cover of M and X, ol Im(dy,—1) a projective cover of
Im(dp—1) for n > 1.

Proof. We show that Ker(g) < Xy is small in X and that Ker(d,,—1) < X,, is small in X,
for all n > 1; cf. Definition 1.(3,2).

Since Ker(d,—1) = Im(d,) for n > 1 and Ker(e) = Im(dp), we have to show that Im(d,)
is small in X, for n > 0.

Let Im(d,) +Y = X, for a submodule ¥ < X,,. We have Im(d,,) C rad(A)X,, by
minimality so that
Xp,=Im(d,)+Y Crad(A)X,,+Y C X,,.

Therefore rad(A) X, + Y = X. Since rad(A)X,, is small in X,,, we obtain X =Y cf.
Lemma 8. In conclusion, Im(d,,) < X, is small in X,,. o

Lemma 11 Suppose given an augmented minimal projective resolution

da di do

X3 Xo Xy Xo < M 0
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of a finitely generated A-module M.

For every augmented minimal projective resolution

dy dy dy e

Y3 Ya Y Yo M 0

of M, there exists an isomorphism of complexes f of the following form.

d2 dy do

X3 X5 X, Xo——>M 0

2 J(f3 2 ifQ 2 \Lfl 2 lfo ll l
d! d d! /

V;——sYy sV — =Yy — M 0

That is, the minimal projective resolution of M is uniquely determined up to an isomor-
phism of complexes.

Proof. Suppose given an augmented minimal projective resolution

do dq do e’

Y3 Ya Y Yo M 0

of M. We inductively construct an isomorphism of complexes f.

d /
We also write (Xg L X1> = (XO LN M) and <Y0 SN Yl) = (YO <, M).

d/
By Lemma 10, (Xo d;1> X_l) and (YO — Y_1> are projective covers of M. Hence, by

Lemma 3, there exists a A-linear isomorphism Xj f—0> Yy such that the following diagram

cominutes.
d—1

Xo X, 0

Z lfo 2 ilzi‘fl i
d

Yo Yo 0

Let n > 1. Suppose given A-linear isomorphisms X, ELN Yy for k € [0,n — 1] such that the
following diagram commutes.

dnfl dn72

Xn Xpng—Xpo—— -

14 lfnl 2 ifn2
4 o
Ynfl Yn72

Yo,

We have the following A-linear embeddings.
Ker(d,_2) 25 X, 1 Ker(d, ) 25 Y, 1

Since tx fn—1d],_5 = txdp—2fn—2 = 0 we obtain a A-linear map Ker(d,_2) LN Ker(d),_,)
with oy = tx fn_1 -
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Similarly, we have a A-linear map Ker(d],_,) v, Ker(d,,_2) with ¢ux = ty f, 1, and obtain
the following commutative diagram.

Xn anl anQ
2
Ker(dn,g)
wT \ch ¢ fnfl 14 fn72
Ker(d,, )
Ly
d 1\ &,
Yn Ynfl Ynf2

We have
Yory = Pux foo1 =ty fr 1 foo1 = ty

so that Y = idger(a;,_,) - Similarly, we have o9 = idger(q,_,) - Hence ¢ is an isomorphism.

Write d i= dy— [Kr(@2) and & := d},_,[X"(*n-2). By Lemma 10, X, % Ker(dn_s) is a
projective cover of Ker(d,—2) and Y, LN Ker(d],_,) is a projective cover of Ker(d,, ).
Since di is an epimorphism and since Ker(dy) = Ker(d) is small in X,,, we have that

Xn 99, Ker(d],_,) is a projective cover of Ker(d},_,); cf. Definition 1.

By Lemma 3, there exists a A-linear isomorphism X, f—”) Y,, such that f,d’ = dp. Con-
sequently,

fn n—1 — fnd/LY = CZQOLY = dnflfnfl

so that the following diagram commutes.

Xn n—1dn_2 Xn—2
\ /
Ker(d,—
A iw T P
Ker(d,,
/ \ &,
Y —1 Yn—2

di do

Xo Xi

Zlf3 Zlh Zlfl Zlfo ll l
d’2 d’l d! ’

Y3 Ya Vi ——=Y)—>M—>0




Chapter 2

Projective resolution of
Z(Q) over Z(2>S4

We aim to construct the minimal projective resolution

da dy

Xo

X = ( X3 X, do Xo 0 >

of the trivial module Z ) over Z)S4; cf. Theorem 38 below.

To do so, we first consider the Wedderburn image of Z)S4 to find the projective inde-
composable modules of Z2)S4 and maps between them.

2.1 Wedderburn image of ZS,

Let QS; = Q x Q x Q%3 x Q33 x Q?*2 be the Wedderburn isomorphism. We consider
its restriction to ZS4, the Wedderburn embedding ZS, — Z x Z x Z3*3 x 73%3 x 72%2,

Remark 12 We have the following presentation of Sy.

S4 < {a,b: a?, b, (ab)3>

(1,2) «a
(1,2,3,4) < b
Proof. Note that
((1,2))* =id
(1,2,3,4)* =id

((1,2)(1,2,3, 4))3 = (1,3, 4)3 —id
so that

14
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Sy & (a,b: a® b*, (ab)?)
(1,2) <= a
(1,2,3,4) b

is a surjective group homomorphism. Using the computer algebra system Magma, cf. [6],
we calculate |(a,b: a?,b*, (ab)®)| = 24 = |Sy|. Therefore p is bijective. o

Lemma 13 Let IV :=7Z x Z x Z3%3 x Z3%3 x 72%2 and

.
a1 Q12 o3 P11 Pz P13 1

p,0, | a1 g2 a3 |, |B21 B2 P23, <72’1 V2’2> el :
a31 Q32 033 B31 B3z P33 ’ ’

Q11 =4 51,1, 12 =4 ,31,27 13 =2 51,37
a1 =4 P21, oo =4 P22, @23 =2 P23,
a31 =g 31 =40, 32 =8 B32 =40, az3 =2 B33,
a1+ B11 =8 27,1, 12 + B2 =8 2712,
a1+ P21 =8 272,1, 22 + P22 =8 2722,
p—a33=g0—[333=40,

A

P =372, 71,2=30,0=371,1

We have the isomorphism of Z-algebras

78, %5 N
11 24 -2 -1 0 0
(1,2) — [1,-1,| -5 —11 1 |,[-1 1 -1}, G __254)
0 0 1 0 0 -1
—26 —57 -2 2 -1 0 4 15
(1,2,3,4)— [1,—-1,1 11 24 1],[{3 0o -1 ,(_1 4)
4 8 1 4 0 -1
See also [11, Section 2.1.1, page 20].
Proof. By Remark 12 the group Sy is generated by (1,2) and (1,2, 3,4).
We define W/, : ZS4 — I by
11 24 =2 -1 0 0
(1,2) — [1,-1,| -5 —11 1 |,[-1 1 =1}, <‘;’ __254)
0 0 1 0 0 -1
—26 —57 -2 2 -1 0 4 15
1,234~ [L-1,{ 11 24 1,3 0o -1 ,(_1 4)
4 8 1 4 0 -1

We have
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24 =2\ (=10 0\ o 10 0\ (10 0\ ,
-1, -5 —11 1|, (-1 1 -1 ,(1 _5> - (n1,{0o 1 of,[0o 1 0 ,(0
0 0 1 0 0 —1 001/ \o o1
—26 =57 -2\ (2 -1 0\ , . .\ 10 0\ (10 0\ ,
-1, 11 24 1,3 0 -1 ,<_1 4> — (1,{0o 1 of,[0 1 0 ,(0
4 8 1) \4 0 -1 001/ \o o1
and
124 =2\ /=10 0\ . —26 —57 -2\ (2 -1 0
L-1, -5 —11 1 |,[-1 1 -1 7(1 _5) -1, 11 24 1],[3 0 -1
0o 0 1 0 0 -1 4 8 1) \4 0 -1
-30 =67 0\ (-2 1 0\ . .\ 10 0\ (1 00\ ,
—(1,1,{ 13 20 o], [-3 1 0 ,(1 _5> —(1,1,{0 1 0]),{0 1 0 ,(0 1)
4 8 1) \~4 01 001/ \oo1

so that the images of the generators of S, fulfill the relations of Remark 12.
a well-defined Z-algebra homomorphism.

/ .
Hence ' is

Now we calculate the images under w/, for all elements in Sy.

Let

B= (id,

1,2), (1,3), (1,4), (2,3), (2,4), (3,4),

1,2,3), (1,3,2), (1,2,4), (1,4,2), (1,3,4), (1,4,3), (2,3,4), (2,4,3),
1,2)(3,4), (1,3)(2,4), (1,4)(2,3),

1,2,3,4), (1,4,3,2), (1,3,2,4), (1,4,2,3), (1,3,4,2), (1,2,4,3)).

o~~~ o~

Using the standard Z-linear basis of I'" and B as a Z-linear basis for ZS4, the map w’,
be described with the following matrix.

can

[ T = I
NN NN O e

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 -1 -1 -1 -1-1 -1 1 1 1 1 1 1 1 1 1 1 1 -1 -1 -1 -1
1 11 34 -19 -17 8 —-15 38 —11 —17 16 =30 29 —1 —24 -5 41 —-37 —26 —16 —39 43
0 24 77 —45 —45 21 -32 87 =31 -39 39 —-67 67 3 —59 —8 98 —90 —57 —41 —-94 102
0 -2 0 0 9 -7 0 -2 9 -2 -7 0 0 -7 9 -2 -7 9 -2 9 9 -7
0 =5 —15 8 8 =3 7 =17 5 7T -7 13-13 1 11 2 -18 16 11 7 17 -19
1-11-34 19 21 -8 15 -39 14 16 —-17 29 =30 0O 27 3 —43 39 24 18 41 —45
0 1 0 0 —4 3 0 1 —4 1 3 0 0 3 —4 1 3 —4 1 -4 —4 3
0 0 —12 0 8§ 0 4 —12 8 0 0 4 -12 4 8§ 4 —12 8 4 8 8 —12
0 0 —28 0 20 O 8 =28 20 0 0 8 —28 8 20 8 —28 20 8 20 20 -28
1 1 1 1 -3 1 1 1 -3 1 1 1 1 1 -3 1 1 -3 1 -3 -3 1
A= 1 -1 -2 1 -1 0 1 2 1 -1 0 -2 1 -1 0 -1 1 -1 2 0 1 -1
1o 0 1 -1 -1 1 0 -1 1 1 -1 1 -1-1 1 0 -2 2 -1 -1 =2 2
0 0 0 0 1 -1 0 0 -1 0 1 0 0O 1 -1 0 1 -1 0 1 1 -1
0 -1 -3 0 0 1 3 3 1 -1 1 -3 3 -3 —-1-=-2 2 0 3 -1 1 -3
1 1 2 -1 -3 0 -1 -3 2 0 -1 1 -2 0 3 -1 =3 3 0 -2 -3 3
0 -1 0 0 2 -1 0 1 -2 1 1 0 0 1 -2 1 1 -2 -1 2 2 -1
0 0 —4 0 0 0 4 —4 0 0 0 —4 4 -4 0 —4 4 0 4 0 0 —4
0 0 4 0 -4 0 0 —4 4 0 0 0 -4 0 4 0 —4 4 0 -4 —4 4
1 -1 -1 -1 3 -1 —-1 1 -3 1 1 1 1 1 -3 1 1 -3 -1 3 3 -1
1 5 -4 -1 -1 -4 5 4 -5 =5 4 4 -5 =5 4 1 1 1 -4 —4 5 5
0 —-24 15 9 9 15 -24 -21 21 21 -21 -21 21 21 =21 O 0 0 15 15 —24 —-24
0 1 -1 0 0 -1 1 1 -1 -1 1 1 -1 -1 1 0 0 0 -1 -1 1 1
1 -5 4 1 1 4 -5 -5 4 4 -5 =5 4 4 -5 1 1 1 4 4 -5 =5

— O O R = O R = =N =00

w

—-33

—12
—28

-1

-2

-1
—4

-1
-1




17

Note that every image fulfills the congruences of A’ so that the restriction
Wg—‘%&; =W 1 ZSy — N
is a well-defined Z-algebra homomorphism.

We have det(A) = —33 234 £ 0 so that w’, and its restriction w’ are injective.

We already know that (ZSs)w’ C A’. To show the equality we calculate the index of
(ZS4)w" in T".
[ (ZS4)w'] = I’ /(ZS4)w'| = |det(A)| = 3% - 2%

By using a Z-linear basis of A’ and the standard Z-linear basis of I”, the embedding
A" < T can be described by the following matrix.

10 0 0 000 OOOOO0OOOOOOUOTOO0OO0OO0OO0O0
12 0 0 0 OO O O O O O0OO0OO0OUO0OUO0OO0O O0O O0OO0 O0 0 0 o0
121 0 0 0 O OO OOOOOOO0OOO0OO0OO0OO0OTO0OO0 O0O0
o o0 o010 0 0O0OO0OO0OO0OTOO0OO0OO0OO0OTO0OO0OO0OO0OO0OO0O00O0
o o o0 o1 0 0 0 00O OOOO0OO0OO0OO0OUO0OUO0O 0O O0 0 00
o 0o oo 061 060 000 0 0 0 0 0 0 0 0 0 0 o000
10 0 0 001 0 00O 0O OOO0OOOTO0OOO0OO0OO0O UO0O0
o o o0 o o o0 01 0 o0O0O0OOO0OO0OO0OUO0OTUO0OUO0OO0OO0 Q0 00
o 0o o 0o 00 OO0 4000 0 0 0 0 0 0000000
o o0 o o0 0 o0 o0O0O0O040O0O0O0OO0OUO0OTO0OO0OTO0OUO0OO0OTO0OO0°0O
1 0 0 OO O OO OO 4 0 000 O0O0OO0OO0OO0OO0OO0 0 o0
Bo— 12 5 0 0 0 0O 0O 0O 0 0 4 0 0O 0O OO O0OO0OO0OO0OO0OO0O0
' o o0 o0 5 00 0O0OO0OO0OO0OTO0O 4 0 O0O0OO0OO0OO0OO0OO0O0 00
o o o0 01 0 0 0 0 O0OO0OO O 2 0O0UO0O0O0 0 0 0 o0w0O0
o 0 0o 0061 00 OO O OOO 440 0000 0 0 00O
10 0 0 OO 50 0 0 0 0 000 40000 0 0 00
o o o o o o0 01 0 o0O0O0OO0OO0OO0OO0O2 00 0 0 0 o00w0O0
o 0o o 0o 00 OO0 4000 0 0 0 0 0 8 0 0 0 o000
o o0 o o0 o0 o0 o0O0O0O40O0O0O0OO0OUO0OTO0OO0OS8O0O0O0 00
12 0 0 0O OO O OO 4 0 0 0 0 0 0 0 0 8 0 0 00
12 3 0 0 0 0O O O 0O 0O 6 0 0O 0O O O0OO0OO0OO0120 00
o 0 0 3 000 0 0 0 O0OO0OO6 0 0 0 0 O0O0OO0OO0OT1I2Z2°00
o 0 0o 0061 00 OO OOOU OZ=21000UO00 00 40
10 0 0 0OO 3 00 06O 0O OOO0OTG6G 0000 O0 0 0 12
We have det(B) = 3% - 234 and therefore
[[': Al = |IV/N| = |det(B)| = 3° - 2%,
Hence we obtain
[T A]-[A: (ZSg)w] = [TV : (ZSy)w'] = 3% - 234 = [TV : A]
so that the equality (ZS4)w’ = A’ holds.
In conclusion, ' : ZS4; — A’ is an isomorphism of Z-algebras. 0

Remark 14 Independently, we may calculate the index of (ZS4)w’ in IV to be

1/2
I : (ZS)W'] = |1 /(ZS4)'| = 4% _ (327 / =33.923%.
[ ( 4)“]*} /( 4)"‘"* 11.11.39.39.924 = \ 318.94 - ’ !

cf. [11, Proposition 1.1.5].
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2.2 Wedderburn image of Z )5S

We write R := Z3). We localize the isomorphism w’ of Lemma 13 at 2.

Corollary 15 Let I' := R x R x R3*3 x R3*3 x R?*? and

71,1 71,2 .
p,o, | a1 aso a3 |, | P21 B2 Pogs el :

Y21 V2,2
a3l Q32 033 P31 P32 P33

a2 o3 Bi1 B2 P13 (
bl
a11 =4 1,1, 12 =4 P12, @13 =2 P13,
Q21 =4 52,17 29 =4 ﬁ2,27 Q23 =2 5273;
a3 =g 831 =40, az2 =g 32 =4 0, a3 3 =2 (33,
a1+ B11 =8 2711, 12 + B2 =8 2712,
g1 + B2,1 =8 2721, 22 + P22 =8 2722,
p—a33=g0c—333=40

We have the isomorphism of R-algebras

RS; 2 A
11 24 —2 -10 0
(1,2)— | 1,-1, -5 —11 1 ],[-1 1 -1 (? __254)
0o 0 1 0 0 —1
—26 —57 —2 2 -1 0 41
(1,2,3,4) » [1,—-1,( 11 24 1 |,|3 0 -1 ,<_1 4>
4 8 1 4 0 -1

Remark 16
e Let M be an RSs-module.
Given £ € A and x € M we define
E-xi=¢wlom

Thus M becomes a A-module.
We identify RS4-modules and A-modules in this way.

e Note that R with the action given by

A — R

(p,0,N1, N2, N3) — p

is the trivial RSs-module. We also refer to this module as the trivial A-module.

2.3 Projective indecomposable modules

Lemma 17 Let
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)33 3)
i)

We have the orthogonal decomposition 15 = &y + &1 + & into primitive idempotents of A.
We obtain the Peirce decomposition

A = EGAEY D EGAE L B EgAES D E1AEY D E1ANEL B E1AES D EoANEY D EaANEL D EaNE, .

OO O oo
O OO O oo
S oo oo+
OO O oo
OO o O oo

Proof. Suppose i € [0,2]. We show that &; is a primitive idempotent.
Let = := {(a1,az2,a3,a4) € RX RX R X R: a1 =9 ay =2 a3 =2 a4}.
Claim. The only idempotents in = are 0 and 1.

Suppose given an idempotent (aj,as,as,as) € E, hence a; € {Og,1r} for i € [1,n].
Suppose (a1, a2, a3, as) ¢ {0,1} so that there exist i, j € [1,4] with a; # a;.

Then a; — aj € {1,—1} so that a; #2 a; in contradiction to the congruences in Z. This
proves the claim.

Suppose & = e; + f; € A for orthogonal idempotents e;, f; € A. We have
Eieifi = (ei + fi)ei(ei + fi) = e

so that e; € &AE;. Similarly we obtain f; € &AE;. So it suffices to show that &; is
primitive in &AE;.

We have
00 0\ (00 0\ . .
tpoas=|po {0 0 o), [0 0 0 ( ) €T
EoNEy = 00 o) \oo g \00
a 0 0\ /8 0 0 .
vapr = (0,0,{0 0 0],[0 0 0 (g o> er
&&= 000/ \o oo
00 0\ (00 0\ ,
waps =100 [0 a 0], [0 5 0 ,<0 > €T -
E2NEr = 00 0/ \o 0 0 g

a=y 8, a+ =2y

and the following injective homomorphisms of R-algebras.
50/\50 — = 51/\51 — = 52A52 — =
Up,o,0,3 = (pv o,Q, /8) Va,B,y = (O[, /87 v ’Y) Wa, B,y = (O{, 57 s ’Y)

Since the image of & under the respective injective R-algebramorphism is primitive by
the above claim, the same holds for &;. o
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Definition 18 We denote the indecomposable projective A-modules belonging to the
idempotents from Lemma 17 by

( 0 0 aig 0 0 Bis 00
p, 0o, 0 0 a3 |, 0 0 6273 , <0 0> cl :
P:= A& = 0 0 azs 0 0 f33
a13 =2 1,3, 23 =2 P23, @33 =2 B33,
L p—a3z3=g0—[33=40
ai; 0 0 Bii 0 0 0
07 07 062,1 0 0 ) /82,1 0 O 9 (’7171 O) c F :
Q= A& = azgi 0 0/ \Bsy 0 0) N\
a1 =4 1,1, 21 =4 P21, @31 =8 331 =40
{ a1+ B =8 2711, a1+ P21 =8 2921

0 1.2 0 0 61,2 0 0
0,0,{0 az2 0],[0 By 0 ( ’”72> €T :

- 0
0= A& — 0 az2 0/ \0 B2 0 122
a12 =4 1,2, @22 =4 P22, @32 =g 332 =40
{ 12+ P12 =8 2712, a2+ P22 =5 2722

By abuse of notation we often write

1,3 B13 0 0 a3 0 0 B3 0 0
p,o, | aes |, | B23 =|po, |0 0 a23],10 0 B3], <0 O) S
Q33 B33 0 0 o33 0 0 fB33
a1 B1,1 ai; 00 Bi1 0 0 0
az1 |, B2,1 s (’Yl,l) = 0, 0, Qg1 0 0 s ﬁ2,1 0 0 s <'Yl,1 0> € Q .
Qs P31 121 az; 0 0 Bs1 0 0 2.1

Sometimes, we abbreviate further and write

«; instead of a3, for i € [1,3]
Bi instead of 3; 3, fori e [1,3]

for elements in P and

«; instead of a5 1, for i € [1,3]
i instead of 3;1, for i€ [1,3]
7 instead of ~; 1, for i € [1,2]

1,3
1,3

)

for elements in @), respectively. So

a
P = 0,0 a; g; e . =201, a2=2 P, a3 =2 f,
» Yy oy ) ﬁg . p—a3580_53540
a1 o)1 _ B B _ 0
Q = a9 62 <71> el - a1 =4 617 Q2 =4 62) 3 =8 /63 =4
, "\ a1+ B1 =5 271, az + P2 =5 272

ag B3
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Lemma 19 We have () ~ @ as A-modules.

Proof. Let

We have that p € £1AE and ¢ € E5AE so that we can define the following A-linear maps.

@ Agl —)Agg w : AEQ —>A51
/\51 — )\511) = )\pgz /\52 — /\52q = )\q€1

Since p - ¢ = &1, we obtain for A € A that

(A&1) b = (AE1p) ¢ = NE1pg = A&y

so that o1 =idpg, . Since ¢ - p = &2, we also obtain Yy = idjg, . o

Lemma 20 We have the following R-linear basis of P = A& .

0 0 1 1
bho:=|(1,1,[0]. 0] ] eP boo:=(0,0,{0].[0])|€eP
1 1 0 0
0 0 0 2
bo,:= (0,2, (0], 0] ] €eP boo:=(0,0,{0]. (0] |€eP
0 2 0 0
0 0 0 0
boo:=(0,0,10],]0 epP boo:=(00[1],[1 epP
4 4 0 0
0 0 0 0
bos:=(0,0,10],]0 €epP o= (0,0, {0],[2 €eP
0 8 0 0
We have the following R-linear basis of ) = A&;.
1 1 ) 0 0 0
bi,O = 0 ’ 0 ) (O) € Q b%,O = 1 ) 1 ) (1) € Q
0 0 0 0
0 4 5 0 0 0
bi,=110],[0 7(()) €Q b= (0],[4 (2) €Q
0 0 0 0
0 0 A 0 0 0
b= (0],[0 7(()) €Q b= (0],[0 ,<4) €Q
0 0 0 0
0 0 0 0 0 0
Wor=1|((0],[0 ’(o) €Q by, = 0,10 ’(o) €Q
4 4 0 8

So b;k € EAE; for all 4, 5, k.
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Additionally, we define the following R-linear combinations of basis elements.

58,1 = 2b8,o - bg,l =
58,2 = 4b8,0 - b8,2 =

58,3 = 268,2 - b8,3 =

b(l),l = 2b(l),o - b(l),l =

0
2,0, [0
2
0
4,4, (0
0
0
0,0, [ 0
8

()

0
0
0

i

) (

OO O OO o O oo

0
0

epP by = 2b5 o — bh 4

ep bl =201, — bl

)) €Q ,5%1 = 45%,0 - b%,l

Note that we have used our abbreviation, so that e.

b8,1 = 07 27

cf. Definition 18.

0
0],
0

0
0
2

g.
0.0 0y (00 0\ ,
=(o2 {00 o0f oo o], (5,
000/ \o o0 2

1
epP by :=byo— bhy = (o, 0, (0)
0

Remark 21 Suppose given a A-module M and 4,5 € {0,1}. We have

Homy (A&, M) — &M

f—&f

(Mgi — ,ué}m) — Eim.

In particular, we identify along

Homy (A&;, AEj) AN ENE;

fr—&f

(u& — ,u&-)\é'j) — 51)\(‘;'] .

This yields the following A-linear maps, for i, j, k as listed in Lemma 20.

bt
A& L5 A
§ 5[9;',1@

bi
A& — AE;
§— fg;k

Lemma 22 We have the following multiplication table 1 for certain elements of

Lemma 20.



Table 1

[8o 0B, Wi boa  bha | boo 0.0 bhi  bha [blo  big bia
5. b4 0, b5 0, 0 0 0 0 |0 0 0
b9, 260 0 bhs 4bJ, —bhs| O 0 0 0|0 0 0
b0 4 0 2b0 4 bhs 49, — Doz | O 0 0 0 |0 0 0
b0 5 b b 5 4 , 0 0 0 0 0 [0 0 0
boo 400, —bhs 4bg, —bgz 0O 459 5 0 0 0 0|0 0 0
bh o bi b 4b} 0 0 0 0 0 | o0 0 0 b, —bl, 201, —bl, 26, —bl,
b0 —bj1 by, 4bj o 0 0 0 0 0 0 0 0 bio—201, 2by; — Db,
bj, 2bg4 0 4b 4 0 0 0 0 0|0 0 0 2b1, — by 4by, — 20,
by 0 205 4bg 4 0 0 0 0 0|0 0 0 2b1, — bl 4bi, — 20,
0 0 0 0 0 [ Bo o Bhy o Dy |blo Dl b,
0 0 0 0 0 2o 2Why  —20hy 20§, | bl 4blo—dl, bl,— 201,
0 0 0 0 0 2b5,  —2bg;  4by; O | by Dbi,—2bl; 4b; —bi,
00 0 0 0 | Wy Ba—Ws Ma W M o220, 28,
0 0 0 0 0 bhs  —bls 2053 O |[bY, =200, 469
0 0 0 0 0 b0 3 bo.3 0 2005 |0, 260 0
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2.4 The objects of the projective resolution

We define projective modules X, for k € Z>o which shall appear as the projective objects
of the projective resolution X.

X (

Recall that R =Z) and I' = R X R x R33 x R¥3 x R?*2 as well as

da dy do

X3 Xo X1 Xo

a1 Q12 Q13 Bi1 B2 Pis i1 e
p,0, | a21 oo aoz |, | B21 B2z P2z |, (72’1 72’2> er :
a3l 032 033 Bz1 B2 P33 ’ ’

11 =4 51,1, 12 =4 51,2, 01,3 =2 51,3, Q21 =4 52,1, Q22 =4 52,2, Q23 =2 52,3»
31 =g 3,1 =40, ag2 =5 32 =40, az3 =2 f3.3,
a1+ 811 =8 2711, @12+ P12 =8 2712, o1+ B =8 2921, a2 + P22 =5 272,92,
p—a33=80—33=40

and the following indecomposable projective modules of A; cf. Definition 18.

aq ﬁl 0 0 o 0 0 61 0 O
0,0, | as |, | B2 =|po, |0 0 as],[0 0O B ’<O 0) el :
P = Qs 63 0 0 Q3 0 0 53
o1 =3 Bi, ag =3 B2, az =2 B3,
p—az=so—f3=40
(] 154 a; 0 0 61 0 0
o | . 5o ,<”1) — (0.0, (az 0 0] 5 0 0 ,<”1 8) er :
Q- az) \Bs) \ as 0 0/ \Bs 0 o) \7
a1 =4 B, as =4 Bo, a3 =g B3 =40
ay + B1 =8 271, ag + B2 =g 279

Definition 23 Let k € Z.

We write & for the element in [0, 2] such that k =3 k. We write % for the element in [0, 5]
such that k =¢ k.

Moreover, we denote by z the unique element in Z with x = 3z + T.

Definition 24 Let

Yo=QoQ
Y: :PEBQ
Y5 :Q@P

We define the following projective A-modules for I € Z> .

Xy = @ PoP|laePo @ Y=
ke[0,l-1] ke[0,l—-1]
Xy = @ PaPloPaoQa @ Y—

kelo,l-1]

kel0,l—1]
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Xurzi=| @ PeP|ePePeQe| P Yms
kel0,l-1] kel0,l-1]
Xus:=| @ PeP|ePePaQePs| P Yz
ke[0,1—1] ke[0,1—1]
| Drer|e| DYy
ke[0,]] ke[0,]]

The necessary matrix calculations have been translated into calculations using projection
and inclusion maps defined below, in order to avoid writing down large block matrices
containing many zero blocks. However, these matrices will now appear as sum expressions.

Definition 25 Let [ € Z> .

”Z,k
T
Tk
LZLl,k

Uy

Lyl ke
7T4—5+1,k
Ths1
Ty k
L11L1+1,k
Lill+1

bai+1k

+
Th14+2.k

/
T41+2

/!
T41+2

T41+2.k

Ljfwz,k
Lﬁu+2
LZl+2
Lyigak
7Tz_5+3,k

T41+3.k

Iy
4143,k

Lyl+3.k

We define the following A-linear maps.

Xy—=PaP, ((vi,wi)iepi-1]>%, Wi zi)icpo—1]) + (vk,wi), for ke [0,1—1]

Xy — P, ((vi, wi)iepu—1]> T Wis Zi)icog—1]) —

Xy — Yz, ((vi, wi)iepu—1]> T Wis 2i)iep—1]) = (Wk>zx), for k e[0,1—1]

PoP— Xy, (vw) — ((6:irv,0ixw)ico,-150,(0,0)ic0,-1]) » for k€ [0,1—1]

P — Xy, z = ((0,0)icp0,-1], 5 (0,0)ie0,-1)

Y= — Xy, (y,2) — ((0,0)5e/04-11: 0, (6 kY, Ok 2)icio—1y) » for k e [0,1—1]
Xy = PoP, ((vi,wi)icpo—1), 21, T2, (Yis Zi)icioi—1)) = (ok,wi), for ke[0,1—1]
X4l+1 — P® Q7 ((Ui7 wZ)lE[Ol l]axlv €2, (yh ZZ)IG[OI 1]) — (3317 LUQ)
Xarp1 = Y=, ((vi, wi)iea-17> 1, T2, (Yis Zi)icpog—1)) — (ks 2k), for ke [0,1—1]
PoP— —X4l+1 ) (U, 'LU) = ((6i,kvv 5i,kw)i€[0,l71]7 07 07 (07 O)ie[o,lfl]) ) for k € [O7l - 1]
P®Q— Xuy1, (z1,72) = ((0,0)igi00-1) 1, %2, (0,0)iep0,-1])
Vi = Xaipa, (y,2) = ((0,0)5e104-1):0,0, (6 kY, 6 2)icio 1)) » for k €[0,1—1]
Xys2o = PO P, ((vi,wi)icpo —1), T1, T2, T3, (Ui, zi)icjo 1)) +—  (vkswg), for k€ [0,1—1]
Xypo — P, ((viawl)ze[OZ 1] 21, T2, T3, (yiazi)ie[OJ—l]) = x
Xyp2 = P®Q, ((vi,wi)icpog—1] L1, 2, 3, (Ui, zi)icpoy—1)) — (w2,23)
Xap2 = Vi, ((vi, w)icpoa—1)> 1, T2, 23, (Ui Zi)icog—1) — (k> 2x), for ke [0,1—1]
P&P— Xyo, (v,w) = ((6kv, 0 xw)icpo-1):0,0,0,(0,0);cp0,-1)) , for ke [0,1—1]
P — Xy40, 1~ ((0,0)5e104-1)21,0,0,(0,0);e00,-1])
P&Q— Xyqa, (w2,23) — ((0,0)5e104-1); 0, 22,23, (0,0)5e0,-1))
Vs = Xuipo, (y,2) = ((0,0)5¢/04-11:0,0,0, (6 &y, 0k 2)icioy—1]) » for k e [0,1—1]
Xypz = P®P, ((viwi)icpy, Wis zi)iepy) = (vk,wi), for ke [0,]
Xags = Vi, ((vi, wi)ieos (Wis 2i)icpon) — (yks2), for ke [0,1]
P& P — Xyyz, (v,w) = ((6ix0, 8 1w0)icpy (0,0)iep0) » for k €[0,1]
Vis = Xags,  (1,2) = ((0,0)ie0.7, (0 kY, i k2)icpoy) >  for k € [0,1]
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Remark 26 Suppose given | € Z>g, ¢ € [0,3] and k1,k2 € [0,] — 1]. The following
equations hold.

+ + _ : + + _
Lditiky " Tdliky = O if k1 # ko Ligiky " Tditik, = 1
Uiisig,  Tags =0 ifi€0,2]
+ - _
Lditiky " Taltiky = O
i T =0 ifie(0,2] i T =1 ifi€]0,2]
bairi " T iyi ke — 1 ) bgii " Ta4i = e )
/ — _ ep -
Uaihi " Tapgig, =0 if i €10,2]
— + _
Ciliky  Tdlviky, =0
_ ' e
Uigig,  Tuti =0 ifi€0,2]
Lattiky * Taitiky = 0 if ky # ko Laigiky * Taltigey = L
+ " - " " _
bajyok, " Tai+2 = 0 Lyqg - Tapps =1
/ " o
Lajyo Tagpo =0
— " o
Ly g, " Tap2 =0
7 + _
bal42 " Typqok, = 0
1 !
byi42 " Ty42 = 0
" — o
Lyl " Tayop, =0
+ + _ + + _
L3, Ta143,k, = 0 Laprgg Tapsy = 1

+ + _
bai4s,y " Tai43,0 = 0
+ - _
Lii43,0 Tar43,k, = 0

+ — _
bai43,y " Tai43,0 = 0

oy '7@+3,kz =0
LAl 43k, 'WELZ+3,1 =0
Laih30 " Tai43,k, = 0
=0

bal43.ky " Ta143,1 bagsg Tapsy = 1

2.5 The differentials of the projective resolution

We shall define the differentials in the augmented projective resolution

da di

X’:(... X3 X5 do

Xo———>R 0

X1

cf. Theorem 38 below.

Definition 27 Let

W, 0 . W, 0
A= ’ N : PoP—>PoP A= ' : PoP—>PaoP
oo —b04 oo —b01
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—boo Dio 0582
By = ’ ' QepP—-PaQ C = ' PP —-PoP
~ 0 bY2 ! B0
G={ ") Pe@oror C'i=(07,): PoPaP
0 0 / 70 0
Do={- QoP-QaP  Dy=(W, 28, ): P>QaP
bl,l _250,1
0 - 0 0
Di=|{- QeQ—-Q®Q Dyi=|{~ PoQ—-Q0Q
bl,O 2bl,O bl,O 2bl,O
269 0 0
D2;:< 10’1 ) PaQ—-PaQ D3::< . 0 ) QaP—-QaP
bo —bi1 —2bg,
_9pl 200, 0
Dy = ~11,0 QOQ—-QaQ Ds = ~10’1 PaQ—PaQ
bio O bo1 0
- b, By
3:2(871 O):P%PEBQ ’1’;:< 01’2 1’1>  PeQ—-PaQ
2bO,O bll
b9 0 0
b= ') : PaP—P b= - : PeP—>PaqQ.
0,2 —bgy 0

Definition 28 Let

Qg1 B3,1
e: P— Ra P, 0, | 32 ) 63,2 = p
a3.3 B33
o (B1) . op P
0:=1{ ~ : e Q —
boo
p W, 0
d1::<d/1/>: Wy 09, . PoPoQ—-PaqQ.
1
205 b1y

For | € Z>1 we define the following A-linear differentials.

._ + + + +
dy = (k > Ty A L4l,k> + ( > T © L4l,k>
S

[0,i-1] ke[0,0—2]

/ ~ + / / / N,
+ <7T4l+1 c L4l,l—1> + (4 do tly) + <7T4l+1 Dy L4z,0)

X T B s | > Tyusik Poigs tuprr | 0 Xawr — Xy
ke[0,—1] ke(0,1—2]
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._ + T+ + +
dy1 = > Typor Al |t > Mokt C lagie
ke[0—1] ke[0,1-2]

/ !+ / /i

+ (774l+2 ¢ L4z+1,l—1> + (Mo i Uyyy)
1 1/ 1 —

+ (g @ ) + <7T4z+2 Dy L4l+1,0>

+ > Tuyen Bt | > Typon PDaptygrpn | 1 X — Xa
ke[0,1—1] ke[0,1—2]

For | € Z>( we define the following A-linear differentials.

L + + + +
d4l+2 = Z 7r4l+3,k: A L4l+2,k + Z 7T4l+3,k+1 c [’4l+2,kz
ke0,l-1] keo,l-1]

+ /i + /AN — Vi
+ <7T4l+3,z dy L4z+2> + (774z+3,z dy L4l+2> + <7T4z+3,0 By L4z+2>

+ > 4143, k+1 Bi bypor | + > T41+3.k Dyt Lglyak b Xy — Xaigo
ke[0,l—1] ke[0,1—1]

— + A+ + +
dyts = > Tqar Atgyar |+ > a1 © tayak
kel0,]] ke0,l—-1]

/ !+ / !/ —
+ <7T4l+4 C L4l+3,l> + (W4z+4 Dy L4l+3,0>

X Tugar Brtygss |+ > Tayar Dierd tuss e D Xy — Xaiys
kE[0,1] ke[0,1—1]

Remark 29 The first few differentials from Definition 28 can be written as follows. Note
that the matrix of the differential dy, is part of the matrix of the differential dy,4 for k > 0.
This is marked with a surrounding box.

d—b
0 b

0
~(1)’1 ) : PeQ —» P
0,0

B, 0
di
di=| b, b, | = (d//> : POPoQ — PoQ
2050 b1 '
¥, 0 0
W, -, 0 dy d
dy=| " 2 | =| % 2| : PePeQeP — PePaQ
0 —=boo bipo 0 B
0 —2bg, B9,
W, 0 0
B, —b3, 0 0 A 0
ds=1 0 u, B, -28, |=]|C Dy | : PoPoPoQ®Q — POPOQ®P
0 0 b, b, 0 B

0 0 —2bl, bh,



dy =

ds

29

dy =

dg

0O 0 0 0
—!58,1 0 0 0 Lo o
o || 0 O | _ &[4, PO POPOQOPOQ
0 |boo|bio 2bip 00 B — P&POPOQEQ
0 0 0, by,
0 0 2by bl
O 0 0 0 0
et n | aa
%’2 bg’l w oo o | 2] Clalo POPOPOPHQOQOP
R 0 |df|Ds — POPHPEQOPHQ
0 (208, bi,| b5y O
o L 0 0 B
0 0 0 -—bhy bl
0 0 0 _258,0 b?,o
o000 o 0 A0 0 0
4 00 0 0 0 ola a0
Do s 000 O 171 olo BDs
0|t —38,1 01 0 0 0 0 0 B
0 | 0 —byg big| O 0
0 0 0 0
o il e
0 0 0 0 -2, B - POPOPOPEQOAGP
0 0 0 0 0 0 0 N
g, 0 0 0 0 0 0 40 00
W, (%, o o o] o o cla 00
0 |8, —03, 0 0 0o o | T|O9]¢ Pol0
0|0 B, B, -2, 0 0 010 Bo|Ds
00 0 b, by, | =2, 0 0.0 0 B
0 0 0 —2bi, 5(1)70 Zio 0 POPOPOPOPOQOQOPDQ
000 0 0 blo B — POPOPOPOQOPHQDQ
0 0 0 0 0 2b1, bl
o 0 0 0 0 0 0 0
0, 0 0 0 0 0 0 0 A00 0 0
b2 |bos O 0 0 0| 0 0 cla o 00
0 58,2 _58,1 0 0 0 0 0 =| 0/C dy D;| 0O
0|0 B, B, 0 0| 0 0 010 0 Bi|Ds
0| 0 0 by biy il 0 0 000 0 B
010 0 0 B, b, 208, 0
0|0 0 0 2t bl,| By O POPOPOPOPOQOPOQBQDP
0 0 0 0 0 0 -bhy bl — POPOPOPOPOQSQIPOQ
0 0 0 0 0 0 20,0,
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W, 0 0 0 0 0O 0 0 0 0
By b3, 0 0 0 0 0 0 0 0
0 b, b 0 0 0 0 0] 0 0 -
02 | 0.1 A0 0 0 0
0 0 [0y =, O 0 0 0] 0 0
2 01 ClA 0 00
0 0 [0 B, g,y 0 0 0 0 0 oler o 0l
d= 0 o000 0 b, 8, 28, 0| 0 0 = !
S ’ 0[0 d Dy|0
0 0 [0 0 268,06, b, 0] 0 0
R 0[0 0 By|Dg
0 0[]0 0 0 0 —biy byl O 0
0 Lo ~ 00 0 0 By
0 0 [0 0 0 0 —200, 0,| 09, —209,
o 0 0 0 0 0 0 0 b, by
0 0 0 0 0 0 0 0 —2by bho
POPEPOPOPOPOQOQOPEQDQ — POPOPOPOPOQOPOQEQDP
B, 0 0 0 0 0 0 0 0 0 0
By 03, 0 0 0 0 0 0 0 0 0
0 B, [, 0 0 0 0 0 0 0 0
0 0 [By 0, 0 0 0 0 0 0 0 A0DO0O 0 0 0
0 0 [0 W, o, 0 0 0 0 0 0 clA o0 0 00
s o oo 0 B, B 00 o | o o | |olcd e ofo
10 0 010 0 0 =By by 0 o | o o 00 0 By D3| 0
0 0 [0 0 0 -2y, —b, —208,| 0 0O 0[]0 0 0 By|D
o 0[O0 0 0 0 0 b, by | 0 0 000 0 0 B
0 0|0 0 0 0 0 -2bly bhy | blo 2blg
o 0 0 0 0 0 0 0 0 W, b,
o 0 0 0 0 0 0 0 0 201, b,

POPOPOPOPOPOQOPOQPQPP - PEPOPOPEPOPOQPQOPEQBQ

These differentials can be visualized in the following diagram.

The projective objects X of X appear as the direct sum over the modules in the kth
diagonal. Moreover, the differentials dj appear as matrices consisting of the maps between
the (k4 1)st and kth diagonal.

Every row and column of this diagram eventually becomes periodic. For instance, the
diagonal maps from column number 2 to column number 0 eventually repeat with period
length 6:
0, 0, —200;, 2bl,, 0, —2b3,, 0, O,

—2b0 1, 2b19, 0, —2bf,

Note that we do not claim commutativity of this diagram.
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ag.
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|
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We now collect some auxiliary calculations which we shall use to verify that the augmented
projective resolution X’ is in fact a complex; cf. Theorem 38 below.

Lemma 30 The following assertions (i-xiv) hold.

(i)

I
o o

D.>zt;> NS
Il
o O

+ -
=
QQ

0
0

QWQQ QQ =

Q@

C'-A+d -C=0

dy- Dy =0
&' C =0
dlll'D1+D2'Blzo

(v) C-A+dy-C"=0
d-Dy=0

(vi) A-dy=0
A-dj=0
C'-dy=0
C'-dj+D)-By=0
D} -D3=0

C-A+dy-C'=0
(ilv()‘DE)‘i‘Dl‘BO:O
Dy-Dy=0

(vii)

(viii) dg-& =0

(ix) dy-dp =0
do-dy =0

(x) By -
B -



(xiii) By -

By

By -

(xiv) By -

B

By -

D3+ Dy -
D1+ Dy -
D5—|—D0-

Do+ D1 -
Dy + Ds -
Dy + D3 -

By=0
B =0
By =0
By=0
B =0
By =0

Proof. We calculate as follows, using Lemma 22.

() A-A=

(i) C-

(iii) C -

c-

(iv) C'-

=9
=

d

=3I

<
<

dy

B,
56,2

(s
£,

—b

0

0

0 > < 00,21 0 >
0,1 bo’ bo’l

> < , ) < |
0,1 0,2 0,1 tO,QZO,l

0

_ ( %,
b 208.0

50
i 0,1
b 2

( B0
0,1

0
0,2

0 » B, 0
0 0 b02 —bo.1
— < b8,268 2 bg ng 1 b8 1b0 2
0 b02b02
0 b0
A+A~C:<O ”)( 0o )
:<b02b02 b02b01+501bo2
O bOQbOQ
oo 0 b3, 08\ _(00
0 0 0 0 00
- 0 v
_ 0 0,2 _
e~ (o) (3 "%) = (00)
(0, 008,\ (00
0 0 0 0 00
1 0,2 b _b871
— (W1, b

O ( b 9,
2650 D4

-l~)1+D2~Blz<

(
(

b(1),1b%,o + 2bg,lb(l),o
b%,lb%,o + b(l),lb?,o

0 59463,
0 205 403,

1b8,1 ON
— b0 100 00160 4
lbgv,l _ 0
— 001609 001004
0 0 b3,
681 0 0

o) (3 %)

- 0,2b0,1 +58,158,2 ) = (0 0)

D= (i0) (5, )= (00)
0 '53:2 B
Ja)-

byo b9, 0
24 b, ) \ blo 201,

)- (03

0 262, 0 9
4 0,1 1,0
7 bp, 0 2b1

260 1610 + 260 109 4

2b1,1b1,9

—2b(1)’1 + 2b(1)11

—2b7  + bi 5 + 207,

1
—bis

0 1,0 )
+ 05,108 1

—4b | + 489 |

“(00)
-(00)

bia
b

1
1,1

—4b:11’1 + 2b}’2 + 4bi1 — 2b}’2

>:

(

33

00
00

)
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- 0 b w, 0 B -
(v) C-A+dy-cr={ " 02 )01 oot ) (0 8,)
0 0 b2 —b0a 5. ’
_ 05005 —b0 o081 + 63189 2 _ (00
0 535032 00
200, 0\ 0 0\ (00
bhy 0 —208 63, 0 00
i) _ b3100.1 (0
b, b0.2b0.1 — b0.160. 0
0 0\ 0o 0\ (o0
b3, 0 b3 103, 0 00
01 ) _ 7
0o | = bp2bh,2 =0
0

= 0 0) (% . ~bgo blo
078, ) ( 0 0) + (59, 208, ) ( I
0,1 0,0 01,0

_38,258,1 _59,15(1),0 + 458,11’8,0 5(1),15%,0 - 258,119?,0 )
—4bGy + b0 5 — b0 5 +4B3, 280, — 25?,1) = ( 00 )

L 0 0 _ _
Dy-Dy = (1, ~25, ) ( P ) = (28809, 48,88, )=(00)
=011 —40p,1

s () 3 (F)oe
0 0 b, —b8, bho :
_ (587217872 *Eg,zbg,l + bg,lgg,z ) B ( 00 )
0 b(l),obg,z 00
nenne (8 a2 2 (% %)
bo,0 ’ ’ bio 2bip —2b1 o by
_ ( 58,109, —2b8 163 )
b(lJ,Ob(l),l + b%,obil - 4b%,ob%,o *2b6,0b8,1 + bigb(lu + 2b%70b(1)70
_ 0 0 (00
- ( 201, — bl +bl, —2bh, —dbly —2b, — 2b) | +4bd ) B ( 00 >

Ao 2100 0 0 (00
AT o ot B+t bt 0) \oo

bio 201 1,001,0 1,001,0
) a1 51

€ P and as |, | B2, <71> € . We have
Y2
ag B3

dy -

-]
()
\
N
\
S o
=
o O
N~
VR

C'-dl+ D) By =

I
/

(viii) Suppose given

7 7

B1 o B1
B2 az |, | B2 ], (71> do-€
B ag B3 i

3

0 253, oy —b5
=10,20,|0 205 e+ 10,0, las],| -5 e=0+0=0.
0 2,83 a3 _ﬁ
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—_— 2100 0 0\ (00
v b, 2t 00

0, 0 0 00 b0, 0 0
(ix) di-do=| by, 09, <~(1)71 ) = 0000, + b(l),lgil),o = bo5 — b0 3 =10
2b5o bia 00 thl),obg,l + b%,lgé,o 2b(1),1 — 204, 0
By 00 B0 Nbg’ﬁg;1 0
PR . PR PR el I B S PR IV
0 —bjo big 2b£ bl} —b670b872+2b1 b(l)o *b(l),ob[f,ler%,ob%,l
0 =205, b7, o0 T =260 000 o + 209 obg.0 —2b00bY 1 + Y b1 4
0 0 00
B 0 0 oo
| —dbho+dbhg 20ty —bl, 261, 4k, | [ 00
—2b0 5 + 200 5 —209 ; + 209, 00
) Bo-B ( b1 bm) ( ~Bbo %) _ (—bi,@ao—zfé,lb&o bl1bto + 06188 o )
—2b1 o b —2bg b9 2b1 obo.0 — 2b50b0 0 —2b1 obi o + g oY o
_(21;51 264, —2b1, +bl, 4201, — biQ)_(o 0)
204 o — 2b4 —2b} 4 + 201 00
By By = < B B 1) ( b1, fo,1> _ ( b9 obin — 209 161 B9 obg 4 +b(1J,1F5~é,o >
2b1 bl —2b1 boo 2b1 0b1 1 — 2011619 207 obg 1 + b1 105 0
_<2b11—2b b83—b8)3 )_(0 o)
261, — 2b1, 2b%, — 26}, 00
By By — < boo b10> ( b(l],O b(1),1> _ ( *gé,ob?,o+2g%,ob%,o *Zé,ob?,1 +Z%,ob%,1 )
—2bg b9 2b19 bi, =200 obY o + 209 obi o —260 0BT 1 + 0] b1 4
_ < 2bl ot 2b1 0 2b%,1 - b%,z + b},z - 2b%,1 ) _ ( 00 >
=209 o + 209 —209 | + 209 00
ooy g ) (i, an, ) (s, s, ) = (00)
0, 208, )\ -0, -2, 200 ,0% 1 409 1681 00
Dy s (%01 o) <2~b, 0) <4b01b01 o) _ (o o>
bh, 0 )\ BL, 0 264,03, 0 00
oo (g, ) 2“0)—( Vo) (00)
blo Qb bl —|—2b Ob%,o 0 00
Ds - Dy = (

263, 0\ (260, 0 41;011101 0 00
b}) ) bhy O 265 1691 00

0 0 0 00
Ds - Do = 0 0 70 70 - 0 -
_bl,l _2b0,1 bl 1 b 2b0 1b1 1 4b lbO 1 0 0

b, bl 0 0 —2bt, 0 b, b
(xiii) Bo- D3+ Dy- By = L1 Y01 4 2010 11 Y
*Qb%,o b(lJ,O *b(l),l *258,1 b%,o 0 *Qb%,o b(l),o

[ —bgabY - 25%,017%,1 —2b 16 1 — 25%,()[’(1),1
_E(l),ob?J +E,ob?{,1 _25(1),058,1 ‘*‘5%,019(1),1
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By

(xiv) Bg

By

Dy + Do -

- D5 + Do

Do+ Dy

- Dy + Ds

Dy + D3 -

- Bo

- By

B

(
[
"
(
[
(
(
[
g
(
(
(
[
(
(
g

—4bt | + 201,
—bl, +2b}

1,0 bll)
Obll

+ 4b1 4
+ b1,

( 0
bio 2bi,

bl 1b 0+2b 1b(1)70

b11510+b

1b0

0

269

2!

—2b‘1) L+ 269

—2b}, +bl,

bOO blO
2 0,0 blO

—4bg), obo L+ obo 1

+ 2b171

209, 0
bhy 0

—204 0061 + b1 0bg 1
— b9 1bg 0 + 469 160 0 Y 11 o — 200 109

—2b1

)

— 2b%72 74b(1)71 + 4()(1)71
2b§ 1 — 2bj

209, 0
b(1)71 0

bi o+ 260 109 )

1bio 406169
—4b9 | + 489
— b%’Q —4b%’1 + 2b%,2

>+<?1

0 0
b

—208 , + 2B}, 0
4D + DY — b3 5 + 4B, 209, — 209
b,oby, 0 0
2b1 0 boo ) <Z(l),1 _258,1 ) "
06107 1
b, ob i1+ b1 0b1 1 45%,017%,0
0
2b1 1 —blg—2b1 +bi,— 451,0
o 0 (e ). ()
2L, bl by 0 b, 0

—209 0b1 o+ 09 1bi0 + 2g(o),1b(1),o
—4b1 Obl 0+ 01 1b%,o + btl),lb(lj,o

—4b9 o + 49
= 2b%,1 —bis

2b).
bé,l 0

4

bOO 10
2 0,0 blO

— 269 + 209

—25(1) ob04 “‘giob(lm
—4bg obg 1 + b9 oboa + b?,lgé,o + 4b0 169

2051 —
—4b3 ; + b3 5

Qb})"l
— s

70 1,0
2bo,1b1,1
71 10
bo,1b1,1

o)

+ 4b7.

—2b3 ) (

)

blo 2b10

*Qbé,obg,l + b%,Ob(l),l

0

.

o Bl )
2010 bia

1 Qb%,z )

1,0 b?[,o
—2bg5 b9

_bO

0

00
00

00
00

)

bl boa
—2b1o boo

—26,150,1

+2b% b o

—2b% 4 — 2b} 1 + 4 ) B

bo b
2b19 bia

)

00
00

)
[

+2b1
+
=0}, —2bg, )\ —2bbo bR,
0
=09 1b1 0 — 200 109
0 (oo
+4b3, 269 — 269, 00

(0

00
00

0
0

)

)



90,0

90,1

90,2

90,3

91,0

91,1

91,2

91,3

92,0

921

92,2

93,0
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2.6 Homotopy maps

We define homotopy maps hy for k € Z>_; which we shall use to check the acyclicity of
the augmented projective resolution; cf. Theorem 38 below.
d2

dy do

> X4 X5 X, Xog —= R 0
h /1 h /1 h /1 h / /
2 1 0 -1 1 h_2
VR VR D A
> X3 Xs X3 X R 0

Definition 31 We define the following R-linear maps.

o B1 5 1 ay + 51 —2m 0
Q— P, az |, | B2 ], <71> — a3 —f33,0,lag+pP2—27],[0
a3 B3 2 ag — (33 0
o B1 7 — B
Q—Q, az |, | B2 ,<§1> — Y2 — B2 ’72*52 ; _5)
Q3 BS 2 0 0 72 2
fo%1 B1 - 1 B B 2m : ayp — ap +B1 —2m
Q—P, az |, | B2, i — 3 B3 — as, B3 — as, 272 Qg —
a3 B3 B3 — 043
231 B Bi—m B — _
Q—Q, a |, | B2 (71> — Ba—72 ], | B2— ’Y2 ; (gl _ 71)
a3 B3 i 0 0 27

N

N

o o o o W o
N~~~

1
2
0 0
(K )( 0 )0)
p—as By —0o
1 0 0
5 a3 —p, f3—0 0 ’ 0
as —p Bs—o
aq B1 1 a1 —M7 - B 1
Q—Q, ay || B2 ), 1;) — S|, 72—52 2
ag B3 0 0 3
0 0
3;) L i as, ﬁ3;(0)7<0>
a3 B3
(¢35} B1 ~ 1 271 —a1 — B
Q — Qa Qo ) 52 ) ,71> — 5 2’72 — Qg — 52 )
0
a1 Jé] a1 + By a1+ B
P—Q, pyo,las],|B % g + B2 ) s + B2 ’<Zligl
as B as—p+o—Ps p—az+f3—0o 2
ﬁl Qaq aq
B2 — Q2 ) o) 7(a1)
B3 az—p p—as 2
ap + 31 —2m 0
a3+ 83,0, |ag+P2—272],10
az + B3 0

aq b1
Q_>Pv a2 |, 62 a(

TN
SR
N =
N——
>~

g + B2 — 22
B3 — az



931

93,2

5.0

95,2

95,3

96,0

96,1

97,0

93,0

931

99,0

Hy =

38

Q—Q,

Q—Q,

Q—Q,

P—qQ,

P—Q,

P— P,

a B
a; ; 5; ; (71>
a3 B3 &
a B
a; ; 6; ; <%>
a3 B3 e
et B
a; ; ﬁ; ; <M>
o Bs e
a B
oz; ; [3; ) <Vl>
ag B3 ”
o B
P, 0, | Q2 ) ﬂ?
o B3
aq B1
P, 0, | G2 ) ﬂQ
ag B3
o B1
P, 0, Q2 ) BZ
% B3
o B1
P, 0, | Q2 ) /62
a3 B3
a B
o) (5).)
a3 B3 i
oy 1
P, O, (&) ) 2
Qas 3
o B1
( QQ) ) (/82) ) (71>
a B3 s
o B1
P, 0, | Q2 ) /62
a3 B3

N |

N = — N = — M| =

271 —ay; — B ay + 81 —2m
—a3—fF3, a3+ 03, [ 272 —aa = B2 |, | aa+ B2 — 272
—az — B3 as + (33

71— 71— Qg .
(’72 5 az) ) (’72 6 az) ) (z; . Z;))
0 o+ 1 —2y 1 _
o) (a5 2 (B
0 0 5(a2 + B2 — 272)
0 ar + 51 —2m
0], az+pB2—27 »< >
0 0
ay + B ap + 3
( ag + B2 ),< an + B2 )7(31i§1>)
az—p+pPs—0o) \az—p+pBs—o 2
(65) (6751 a
(%) ) Q2 7(0;)
a3 —p as —p ?
ay + f1 a1 + f1
p—o,0—p, lag+Pa|,|az+ B
az — 33 B3 —as
51—041 041—51
—p—o, —p—o,| fo—as |,| as— s
—ag — f33 —az — 3
ap +B1 —2m 2y — a1 — 3
0,0,[az+B2—27v2 ], 272 —az— B
0 0
—a1 — P ar+ B
—az — B3, —az — B3, | —a2a— B2 |, | a2+ B2
—a3 — (3 —a3 — 3

2y —a1 — fr o1+ B — 27
—az—f3, —as— 3, [ 22 —aa — B |, | a4+ B2 — 272

—a3 — 3 —a3 — 3

0 0
p— a3z, p—Qs, 0 ’ 0
p—as p—as

(o1 + B —2m1)
Llag + B2 — 272)

N[ N[

Definition 32 We define the following R-linear maps using Definition 31.

G .= 96,0
0
Hy = (go’o
90,2
Hy = <g2’0
92,1
Hy = (91,0
91,2

)
96,1
90,1 )
90,3

0
92,2 )
91,1 )

1,3

PP —PaP

FREQPeQ

T ReP-0Q8Q

T PeQ—-QaP

~ — 0
G = ( Jo.1
)

) : PP —PaP

Hy_<%0%1>:P@QeQ@P
912 91,3
0

Hy = (930 ) . QeQ - PoQ
931 93,2

H5Z— (.950 g5,1> Q@P*)Q@Q
952 953
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My = (960 922 ) : P POQ h’1:—<_96’1> i PoQ— P
97,0

1! O 0 !

= POQPOQ b= (g 0) : P POP
931 932

" 0 980 ’ 0

hy = ’ c PeQ—-PoP hiy = c: POoP = P.
0 951 99,0
Xy x, M L x, P X, R 0

/h2/1 /h1/1 /ho/l /ll/l /112/

Xy — 2 ox, L x, P L x,—° LR 0

Definition 33 For [ € Z>( we define the following R-linear homotopy maps.

0 0
hoy : R—=>Xg,7r—|nrnr[0],
T T
hy = SNoooah . G + o omg . Hip oty
a - Al k Al+1,k alk Hak Y4141,k
ke[0,1—1] ke[0,1—1]
+(7r’ hh o/ ) s Xy — X
41 "o bypp1) A 4141
— + ot - -
hap1 = > T Glggar |+ > Ty Higs tuian
kel0,l-1] ke[0,l—-1]
/ / / / nn .
+ (7T4l+1 hy L4z+2) + (7T4z+1 hi L4l+2) D Xy — Xaigo
o + + - -
hapo = > Mok Glyar |+ > Tyyor Hirz tuisin
ke[0,l—1] ke[0,0—1]

/ !+ " "+ " - .
+ (774l+2 hy L4l+3,l) + <7T4l+2 hy L4z+3,z> + (774l+2 Hy L4l+3,0) D Xapo — Xuig3

o + A+ - -
haivs = > T41+3k G Lyppar | T > TAl+3.k Hirs Lylyak
kel0,l] kel0,i]

+ I, .
+ (W4l+3,z hi L4z+4> D Xaiys — Xaiya

Remark 34 The first few homotopy maps from Definition 33 can be written as follows.
Note that the matrix of the homotopy map hy is part of the matrix of the homotopy map
hi+4 for k> 0. This is marked with a surrounding box.

hO:(%,o 92,2): (ho) : P—>PoQ

— 0 0
hy = ( 96,1 ) = (h’l h’l’) : PeQ — POPaQ
970 931 Y32



hy =

hy =

>
<)
I

hy =

40

gdso 0 0 0

' hy 0

0 980 910 911 | = (h,, " ) : P&PoQ — POPOQOP

o 1y

0 931 912 %13
—96,1 0 0

0 - 0 0 G R, 0

96,0 Y9,0 _ 3 . POPBQOP — POPSPHQSH(
0 0 0 G50 Y51 0 0 Hs

0 0 0 952 Y53

go 0 0O 0 0 O

0 g 0 0 0 0 G0 0
0 0 0 0 |=]|o[m|o | PePePeqeq - PePePeQePeq
00 0 0 g0 0. 0 0 Ho
0 0 0 0 90,2 90,3
~gs, 0 0 O 0 0 0 50 0 0
0 —9sp 0 0 0 0 0 = | ofn wr]o
0 0 =g O 0 00 00 0 H
0 0 970 931 932 0 0
0 0 0 0 0 g9 611 PoPOPOQOPOQ
0 0 0 0 0 G0 913 — POPOPOSPOQRQBQDBP
960 O 0 0 0 0 0 0 G0 0 0
0 g2 00 0 0 0 0 | |y
0 0]ggp O O O |0 O o W OHy | 0
0 010 930 910 91110 O 00 0 H
0 010 937 912 913/ 0 0 PO PO PO POQBQGP
0 0 0 0 0 0 g0 O
000 0 0 0 0 gy g — POPOPOPOQOPEQEQ
%61 0 0 o o0 o0 0 0 0 N
0 —g60 0 o 0 0 0 0 0 G000 0
0 0 | =g O 0 0 0 0 0 _10 G hy 00
0 0 0 =90 990 O 0 0 0 010 0 H5|0
0 0 0 0 0 gso gsa| O 0 00 0 0 Hs
0 0 0 0 0 952 953] O 0 P& P PG POQSPEODQ
oY 0 0000 g0 O — POPOPOPOPOQOQDPHQ
0 0 0 0 0 0 0 931 Y32
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G%o O 0 0 0 0 0 0 0 0
0 g0 0 0 0 0 0 0 0 0 GO0 00
0 0lgo O 0 0 0 0]0 0 0/G 0 010
0 0|0 g, 0 0 0 0[]0 0 010 ho 00
hg=1 0 00 0 gg0 9o 0 0[]0 0 010 9 HoJ O
0 00 0 0 0 gyo 1[0 O 0.0 0 0
0 00 0 0 0 gys gos|0 O POPOPOPOPOQBQOPHQ
0 0 0 0 0 0 0 0 g9 911 — POPOPOPOPOQOPOQDQDP
0 0 0 0 0 0 0 0 g, g5
~go1 O 0 o 0 0 0 0 0 0 0
0 —goo O o 0 0 0 0 0 0 0
0 0 |- o 0 0 0 0 0| 0 o0 _
96.1 GOO0O 0 0 0
0 0 0 —go O O 0 0 0] 0 0
0 0 0 0 o 0 o0 o] 0o o0 0|6 0 0 0710
N - o o o o |00 OO
! ’ ’ X 980 93,1 9?82 . 0 0[]0 0 0 H{|O
g0 911 000 0 0 Hs
0 0 0 0 0 0 0 ¢12 i3 0 0
0 0 0 0 0 0 0 0 0 950 951
0 0 0 0 0 0 0 0 0 gy Gss
POPHPOPOHPHQOPOQHQBP — POPOPHPHPOPOQHQDPHQHQ
%o 0O 0 0 0 0O 0O 0 0 0 0 0
0 g6, 0 0 0 0O 0 0 0 0 0 0
0 0 O 0 0 0 0 0 01]0 0
96,0 GO0 0 0 0
0 0/0 gq 0 0 0 0 0 01]0 0
o o0olo o 0 0 0 0 010 o0 0|G 0 0 010
ho=| 0 o0 o .‘]%,o o o0lo o |=]|°°" o0
10 . . . . . 980 91,0 Y11 ) . . . 0(0 nY Hy 00
981 91,2 91,3 0/0 0 0 Hy|O0
0 0/0 0 0 0 0 0 ggo 0[]0 0
: 000 0 0 H
0 0/ 0 0 0 0 0 0 gy goo|0 O
0 0 0 0 0 0 0 0 0 0 goo gou
0 0 0 0 0 0 0 0 0 0 gy 903

POPEPOPOPOEPOQPQEPEQRQDPQ — PEPOPEPOPOPEQEPHQBQSPHQ

We collect some auxiliary calculations which we shall use to verify that the augmented
projective resolution X’ is in fact acyclic; c¢f. Theorem 38 below.

Lemma 35 The following assertions (i-xiii) hold.

(i) A-G+G-A
G-A

1
A-G+ 1
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(i) C-G+G-C=0
C-G+G-C=0
(iii) C-G+hy-C' =0

Dl‘Ho-l-h/l"DQ:O

(iv) C'-G+hy-C=0
N.C=0

(V) dy-hly+df-hy+G-A+hy-C' =1
dy- Hy+hy-Dh=0
By - hl =0

(vi) A-hy =0
C'-G+hy-C=0
C - Wy + by dg = 1
Dy Hs+h)y-Dy =0
(Vll) h,1-€:1
e-h_1+hyg-dyg=1
(viii) do - hly+ hy - dy = 1
di-h1+hy-dy=1
(iX) By-Hy+Hs-By1 =1
By-Hy+Hi-By=1
By -Hy+Hs-By=1
(X) By-Hs+Hy-By1 =1
By -H3+Hy-By=1
By-H{+Hy-By=1
(Xi) Ds-Hy+Hi-Dy=0
Ds-Ho+Hs-Dy=0
Di-Hy+Hs-Dy=0
(xii) Do-Hs+ Hy- Dy =0
Dy-Hs+Hy-Ds=0
Dy -Hi+Hy-D3=0

Proof. We calculate as follows, using Definition 31. Some repetition occurs in this calcu-
lation, which we left in for sake of clarity.

(i)

o b, 0 0 - 0 W, 0
° A~G—|—G~A=<8’1 - ><g670 >+< 96,1 )(8,1 . >
b0,2 _b0,1 0 961 0 —9sp bo,2 _bo,1
_ ( b6.196,0 — 96,158,1 0 ) L ( 10 )
b8,296,0 - 96,0b8,2 *58,196,1 + 96,ob8,1 01

g B
Suppose given (p, o, (ag) , (ﬁg)) € P. We obtain the following.
as B3
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o B1 _
p, o, | az ], | B (b8,196,0 _96,168,1>
a3 B3
B1 B1 B1— o 0 o B1
= —0, 0, ﬁ? P 62 - —0 —p, 07 52 — Q9 ) 0 =\|\p 0, 2], ﬁ2
—B3 B3 —az — B3 0 o% B3
aq B1
p, o, | ax |, | B2 (b8,296,0 _gﬁ,obgg)
Qg B3
ay + B1 ay + B1 oy + By oy + By 0 0
=2 07 Oa Qs + 52 , | a2+ ﬁ? -2 Oa O; Qg + BQ , | a2 + 62 = Oa 07 0 ) 0
ag — B3 B3 —az ag — B3 B3 — a3 0 0
a1 B1 -
ps o, [az ], | B2 (*bg,lgs,l +!Jes,()bg,l)
Qg B3
- a 0 a1+ B o B1
= - —pP, —pP, —Q2 5 (6] + Oa g —p, 0 , | Q2 + 52 = p, 0, | 2 ) 52
-3 —a3 0 B3 — a3 a3 B3
N g_é+G_A:<58,1 0 )(96,1 0 >+<96,0 0 )(bg,l 9 >
b8,2 _b8,1 0 =960 0 961 b8,2 _b8,1
_ <58,196,1 Jr96,058,1 0 N ) 1 < 1 0)
_b8,296,1 + 96,100 2 b8,196,0 — 961001 01

Qg B
Suppose given (p, o, (ag) , (62)) € P. We obtain the following; cf. also (i).

a3 B3

aq B1 N
p, o, laz ], | B2 (*b8,196,1 +96,0b8,1)
ag B3
- o 0 a1+ B o B1
= - —pP, —pP, —Q2 5 a2 + 07 g —p, 0 , | Q2 + ﬁ? = p, 0, | 2 ) 52
-3 -3 0 B3 — a3 a3 B3
o B1
p, o, | az |, | B2 (_b8,296,1 + 96,1b8,2)
o B3
= -2 Oa 07 62 — Q2 ) Qg — ﬁQ + 2 07 Oa ﬁQ — Q2 ) Qg — ﬁ? = 07 0) 0 9 0
—ag — f33 —ag — f3 —ag — f33 —az — 3 0 0
a B1 B
p, o, |az|,| B (b8,196,0 - 9671[)8,1)
a3 B3
B1 b1 B — o 0 ay B1
= —0, 0, 62 ) 62 - —p— 0, 07 62 — Q2 9 0 = P, 0, Q9 ) /82
—B3 B3 —ag — f33 0 Qs B3




(i)

e« C-G+G-C = 0 b8,2 geo O —961 0 0 b8,2
0 0 0 961 0 —90 0 0
_ 0 58,296,1 —96,138,2 L 00
0 0 00
o b1
Suppose given | p, o, | as |, | B2 € P. We obtain the following.
as B3
aq b1 _ B
p, o, |az ], | B (b8,296,1 - 96,1b8,2)
as B3
0 0 0
=2 —pP =0, —p— 0, 0 ’ 0 -2 —p =0, =p—0, 0 )
0 0 0
e C-G+G-C= 0 b(O),Q —961 0 n 9o O 0 b8,2
0 0 0 —9Y6,0 0 96,1 0 0
_ 0 _58,296,0+96,058,2 i 00
0 0 00
o b1
Suppose given | p, o, | as |, | B2 € P. We obtain the following.
as B3
a; b1 B B
py o |az ], | B2 (_b8,296,0 +96,0b8,2)
as B3
0 0 0 0
=-2 p—0,0—p 0 ) 0 +2 p—0,0—p, 0 ) 0
0 0 0 0

+

(iii)

0
0
0

)

o

0
0
0

)

- 0 B 0 - - 0 B — g 00
° C.G_|_h/1.C/:<O 32)(9@30 >+< 96,1)(01)8’2):( 0,296,1 ~096,1 0,2);
96,1 97,0 0 97,0b0,2

ai B ay By
Suppose given (pa g, (Oég) ) (ﬂ?)) € P and ((062) ) (62) ) <71>) € Q
as B3 as B 72

We obtain the following; cf. also (ii).

o B . _
p, o, | az ], | B (b8729671 - 96,1b8,2)
a3 B3

e )

() G) @) em=(o2 () )

0
0
0

)
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~ 0 0 0 0 200, 0
° D1'Ho+h/1/'D2:<~l = > (90,0 go’1>+< ) ( 10’1 )
bio 2bi 902 Y0,3 931 93,2 bo,1 O

by 090 ot 2b1 0902 T 293, 1b0 11 93, 2b0 1 b%,ogo,l + 2b%,090,3 00

Suppose given (( ) ( ) 71 ) € (). We obtain the following.
aq
az |, ; bl 0900+2b1 090,2 +293,100.1 + 93205, 1)
s
1 1 ﬂl — Qg
=5 az+ 33, 0 042—52 ; t3 —az — 3, —az —f3,| Be—a2 |,
az + 33 0 —ag — f3 —043 - 53
1 ay + B — 21 0 Y — o 0
t3 0, az + B, oo+ B2—=2% | | +[0,0,{0],|72—a =10, 0, 0 0
0 as + B3 0 0 0
a B1 - . B
az |, | B2, ( 1) (b%,ogm +2b%,090,3>
a3 B3 7
b1

b1 b1 3 —p1 - 3

=2 62 ) 62 ) (/81) +2 752 ’ 752 ) (_B1> = 07 07 0 ) 0
0 0 2 0 0 ?

(iv)

. Cl'é+h/2'cz(0 58,2) <9671 0 >+(96,0 O) (3 g%2>:(0 _58,296,0_’_967058,2);(0 0)

0 =90
aq B1
Suppose given | p, o, | as |, | B2 € P. We obtain the following; cf. also (ii).
ag B3

aq B1 _ _
py, 0, 2 |, 52 (71)8,296,0 +96,0b8,2)
as B3
0 0 0 0 0 0
=-2|p—0,0—p,10],10 +2|lp—0g,0—p,10],(0 =10,0,{0],(0
0 0 0 0 0 0
70
e npoo= (0 ) (002 (0040
0 951 0 0 00

(v)
o dy-hhy+dj -hj+G-A+hl C

b2 0 0 0 - 0 W, 0 0 -
b072 _b0,1 0 0 931 0 —96.,0 b072 _b071 99,0

_ <b8,196,0 - 96,1b(0),1 0 > L ( 1 0)
b8,296,0 - 96,0b8,2 _58,198,0 + 96,0b8,1 + 997058,2 01
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a B
Suppose given (p, o, (ag) , (ﬁg)) € P. We obtain the following; cf. also (i).

o% B3

Qi b1 _
p, o, laz ], | B2 (bg,lgﬁ,o - 96,1b(0),1>
o% B3
b1 B1 B1— o 0 o B1
- —0, 0, 62 5 62 - —p— 0, Oa 62 — Q2 5 0 - P, 0, | a2 9 /62
—f3 B3 —az — B3 0 ag B3
o B1
p, o, |z ], | B2 (b8,296,0 - 96,0b8,2)
a3 B3
ay + B ay + B ay + B ay + B 0 0
=210,0,(ax+pB2],| a2+ —200,0,{aa+pB2],|2+ 5 =(0,0,{0],(0
az — 33 B3 — a3 asz — (33 B3 — a3 0 0
al b1 = _
p, O, ﬁ2 ( bo 198,0 T s, obo 1+ 99 obg,Q)
o%
0 o + B
= - —as3, — g —p, 0 ) 042+62
—Q3 0 Bi’) — Qa3
0 (o751 B1
+ p— a3, p—Qasz, 0 0 , 0, | Q2 ) 62
0 0 as B3
0 0 91,0 91,1 0 ~ ~
o dl Hy+hy, Dj=| - 0 L)y B, —28
S < —b0 1 0) (91,2 91,3) (99,0) ( s . )
e ") (00
—38,191,0 + 99,05(1),1 —58,191,1 - 299,058,1 00
fo%] B1
Suppose given (p o, ( ) (ﬂg) ) € P. We obtain the following.
Qs
(63}
P bo 191,0 T 9o, Obl 1)
a3
1
a

()01 (L) -6 6
i) ) o
B () B0 )
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"_ *5(1),0 g%,o 0gs0) (0O *5(1),098,0 JFZ%,ogs,l 1 (00
° B2rhy= 0 10 - 0 0 -
—2b5 b 0 9gs1 0 —2bj 0950 + b71,09s8 1 00
aq 51 oy B1
Suppose given as |, B2, <%> €Qand [p, o, [az],| P € P. We obtain the following.
72
lo% B3 as B3
aq 51 - ~
((a2) ) (52) ) (3;)) <*b6,098,0 + b%,098,1)
lo%: B3
1 ﬁ1—011 Oél—ﬁl 1 51—011 Oél—ﬂ1
=-3 Bz —as, B3 —az, | fe—az |, | az— B2 t3 B —az, Bz—as, | fa—az ]|, | az—
B3 — a3 B3 — a3 B3 — a3 B3 — a3
0 0
— (0,0 [0],[0
0 0
(€3] 51
p, o, laz |, | B2 (=200 0980 + b9 095.1)
a3 B3
—a1 — B a1 + f1
=—|—az3—f3, —az3— B3, | —a2 = P2 | ,| a2+ B2
—az — B3 —a3 — f33
—a1 — B ay + f1 0 0
+ | —a3 =83, —az— B3, | —aa = B2 |, | a2+ =(0,0,{0],[0
—og — f3 —a3 — f33 0 0
~ B0 0 0 v (0
A-hy=1| ¢ 0 - 0 =
bo,z _b0,1 99,0 _b0,199,0 0
aq B1
Suppose given | p, o, [ @z |, | P2 € P. We obtain the following.
a3 B3
(o351 B1 0 0
p, o, | Q2 ), 62 (7b87199,0) = 07 07 0 5 0
ag B3 0 0

. C’-CNT'-i-hf)'é:(O 58,2) (_%6,1 0 )—i—(g&o 92,2) <8 58()2)

—9Y6.,0

( 0 _58,296,0 + 96,038,2 ) = ( 00 )

oy B1
Suppose given (p, o, (ag) , (62)) € P. We obtain the following; cf. also (iv).

o Bs

e
e ) B B )
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~ 0 9 ~ ~
o C'-hy+hy-do= (0 b0, ) (g ) + (96,0 92,2 ) <g(1)71 ) = b5,299,0 + 96,000,1 + 92,2b06,0 = 1
9,0 0,0

851 B
Suppose given ( , O, (ag) , (62)) € P. We obtain the following.
as B3
ai B1 _ -
pyo, o], | B <b8,29970 JF96,0b8,1 +92,2b(1),0)
as B3

0 0 0 ay + fr o1 —aq
= Py P, 0 ) 0 + 05 g —p, 0 , | Q2 +52 + 07 07 (6] ) —Q2
p p 0 B3 — as as —p az—p

- - . g g 0 0
e Dy -Hs+h{ D= (b%l —2b871 ) <g570 95’1 ) + (96,0 92,2 ) (Zl 971 )
52 95,3 1,0 2010

= (50 g5 — 200 bl B0 gs, — 200 29501 o )= (0 0
1,195,0 0,195,2 T 92,2010 07,1951 0,195,3 T 292 201 o

o B1
Suppose given | p, o, | a2 |, | B2 € P. We obtain the following.
ag B3
Qi B1 _ B B
py o, o], | B (b(l),1g570 — 200 1950 + 92,217%,0)
as B3

() 6)-) () ) ) =((2)

0 201 o aq (o1 o (051 -
=4 0 ) 20&2 ) < 1) —4 Q2 ’ (€3] ) ( 1) + 4 (&) ’ —Q2
Qa2 a2
0 0 a3 —p a3 —p as—p az—p

(vii)
0
e Suppose given 7 € R. We have rh_1e = | r,r, [ 0 0 eE=r.
r

b2 |
. 5'h71+h0'd0:5'h71+(96,0 92,2) <E(1H> =
0,0

—_
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01,3 Bi3
Given | p,o0, | a23 |, | B23 € P we have
Q3.3 B33
01,3 B3
p,o, [ azz |, | B23 (eh—1 + hodo)
Q3.3 B33
1 a1z + B3 a3+ B3 01,3 0,3
a1,3
=ph_1+ S|P o | o2s +Bos |, | a2+ B23 , Q23 , Q23 , ( ) do
Q23
a3z — B33 B33 —as3 033 —p p—a33
0 0 0 a3+ PBis Qi3 —a 3
pip, O[O ]+ [0, 0=p|Of,|azs+Bes| ]|+ [0 0| azs [,| —azs
p P 0 B33 —asgs Q33— p Q33— p
1.3 51,3
=|po, |23z ]|,| B3
3.3 B33
(viii)
b9 —g 0 0 0,
o dy-hy+hy-d = (5(1)’1 ) (96,0 Jo.2 ) + ( 6,1 > b8,2 b(l),l
0,0 970 931 932
205 bia
:< b0,196,0 — 96,1b0.1 bo.192 2 >;<10>
b6.096.0 T 97.000.1 + 93100 2 + 2932000 060920 + 93168 1 + 93201 01
(a7} ﬂ1 aq Bl
Suppose given | p, o, | a2 |, [ B2 | | € P and as |, | Bo (71) € Q.
Qg B3 ag B3 e
We obtain the following; cf. also (v).
ay b1 B
P, O, | Q2 |, 62 <b87196,0 - 96,1b8,1>
a3 B3
B1 B1 B1— o 0 o B1
= —0, 0, 52 5 ﬁ? - —p — 0, Oa 52 — Q2 5 0 = P, 0, | Q2 ) 62
—P3 B3 —az — B3 0 ag B3
(6751 Bl 0 O 0
Py O, | 2|, ﬁ? (b8,192,2) = 0 l 0 ) <0>
Qa3 0 0
e5] 5
Q2 B2 |, ) bo 0960+g70b01 + 93, 1bo2+293 505 o)
as B3
- B ay + B1 —2m 0
0, 042—52 | o2 —pe +(0,0,[aa+B2—27v2],10
a3 + 33 —ag — f33 0 0
1 271 —a1 — fr ay + p1—2m T — o T — o
+§ 0,0,{2v2—a2—0B2 ], a2+ Po—27 +10,0, lv2—a2 ], | 72— a
—a3 — 3 as + B3 0 0
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0 0
=10,0,{0],10
0 0
o B1 " .
az |, | B2, ( ) (b(l),ogz,z + 93,1b(1),1 + 93,217%,1)
Y2
as B3
a fa%] 0 ap + 81— 2m 0 27 — 2
0 .
= a |, | as ’<31> + 0], az+B2—27 ,<0> + 01,272 2m a<%_31>
as) \-as ? 0 s + f 0 0 T2 2
aq b1
= ag |, 62 ) <3;)
ag B3

o dy-hi+ho-do

- W, 0 o0
b81 0 960 O 0 0 ' o

0’ 0 79671 0 0 ' b8,2 7b8,1 O
boa bi4 + 0 930 910 911 ~
2

1 71
970 931 93 0 —byo biy

2boo bl ' ' ' 0 9s1 912 913 ! '
’ H ’ ’ s 0 _2b8,0 b?,o

—b9 196.1 + 96,0001 0 0
= —b8,296,1 + b?,1g7,0 + gs,obg,z 59,193,1 - 98,0b8,1 - 91,055,0 - 291,1b8,0 59,193,2 + 91,05%,0 + 91,1b(1),o

—2bg 0961 + 011970 + 98,1b8,2 bi 1931 — 98,1b8,1 — 91.2b0,0 — 291,3b8,0 bi 1930 + 91,217%,0 + 91,3b(1),0

‘ 1 0 O
=101 0
0 0 1
a1 B1 o B1
Suppose given | p, o, | as |, | B2 € P and as |, B2, (%) €Q
V2
as B3 as B3
We obtain the following; cf. also (i).
Qg b1 N
Py O, | 2|, ﬂQ (_bg,lgﬁ,l + gG,Obg,l)
Qs B3
—aq a 0 a1 + P aq B1
= - —pP, —pP, | —Q2 ) (€3] + 07 g —p, 0 , | @2 + 52 = p, 0, | Q2 ) ﬁQ
—a3 —as 0 fs — a3 Qs B3
a B1
p, o, | az |, | B (—b8,296,1 + 09 1970+ 98,0b8,2)
a3 B3
B1— a; — B 2/ -2
=-210,0 BQ — Q2 5 Qg — BQ + 2 07 07 2ﬂ2 ’ 72B2
—a3 — 3 —az — P 0 0

—a1 — B a1 + B 0 0
+ 2 07 Oa —0g — /82 ) Q2 + 52 = 07 0) 0 9 0
—az — 53 —ag — f3 0 0



o1

aq b1 ~ _
p, o, laz ], | B (b?,193,1 — 98,0001 — 91,0060 — 291,1b8,0)
ag B3
-5 B1 —o1 — B 0 0 0
= _537 537 _62 ) 62 — | a3 — 537 07 —Qg — 62 ’ 0 - 07 07 0 ’ 0
—f3 B3 —a3 — f33 0 p—as o— [
0 0 a; b1
- a3 — P, 53 — 0, 0 ) 0 = P, 0, | Q2 5 62
as —p B3 — o Qg B3
851 B .
p, o, | az |, | B2 (b(l),lgsz Jr91,ob%,0 Jr91,1b(1),0)
ag B3
0 0 0 0
) (56 0) () () 0)
p—as o—f3 az—p B —0o

(€3] 51 ~y
az |, | B2 |, <7;> (=208, 096.1 + b1 197.0 + 98160 2)
a3 B3
51 — Q] Q1 — 51
=—10,0, Bo—a2 |,| as—po +210,0, 52—72 ; 72—52
—ag — B3 —az — 33
2y1 —a1 — B a1+ B1—2m 0
+(0,0,[2v2—azx B2 |, | a2+ B2 —27 = |0, 0
—az — (3 —a3 — 3 0
o B1 -
B2 (72> (b% 1931 — 9s, 1bo 1~ 91, 2b0 0 291 3b0 0)
Oég B3
1 M — P B1—m 1 2vi —a1 — B 0
=3 —Bs, Bz, [v2—B2],|B2—2 —3 —a3—f3,0,| 272 —az—B2],(0
—B3 B3 —ag — f33 0
1 ap — 71 B1—m 0 0 0 0
- § 07 07 Qo — 72 ) BQ — 72 - as, 637 0 ) 0 = 0 0
0 0 Qs 53 0 0
Qi b1 - B
332) ; gz ; (72> <b%,193,2 + 919010 + 91,359,0)
7 " a1 —m Bi—m 0 0
= 72 s | 72 ) (71) + Qg — Y2 5 ﬂQ — 72 5 (8) + 0 ) 0 ) <8)
0 o) \7 0 0 as) \Bs
e B
(())0)
as B3 72

DN | =
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. Bo~H2+H3-B1:< b1 b(1J,1> (92,0 0 >+ (93,0 0 > ( b o b(1),1>
_Qb%,o b(lJ,o 921 922 93,1 93,2 2b%,0 bh

_ < bl 1920+ b6.192.1 + 93,0090 b6.192.2 + 93,009 1 ) 2 < 10 >
_Qb%,ogzo + b6,092,1 + 93,1b(1),0 + 293,25%,0 b(13,092,2 + 93,1b(1),1 + 93,25%,1 01

o b1
Suppose given ((O@) , (52) , (zl)> € Q. We obtain the following.
as B3 2

((33) , (%) , @;)) (1920 + B 1601 + 90.08%0)
() () o) () (2) )
(EE5) 506 0 6)
(6) () G
B
0 0 0 0 0
-((6)-6) 8>>+((O)7(a>7<8>)=(<3>7<0>a<8>>
B1 -
( ( ) (g3) ) —2b 0920 + b3 0921 + gg_rlb‘fy0 + 293,21)}_’0)
() () @) ((BR) (2R ) (o)
(( 533_; ;f;) | (z; i% ;333;) ,(g>) . ((1; g z;) | (1; 5 z;) (1 zz))
Gy > ot
() (%) z:>>+<(§>»<3%f%;§%)’<8>>
A6 B28) o) - () () )

W N

o
o

[\v]
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b, b0 b, bl
e B, -Hy+H, - By— 110 1,1 ) (90,0 90,1 > n (91,0 911 ) < 0(;0 é,0>
201 b11 90,2 Y0,3 91,2 91,3 —2by b1

< bY 090,0 + by .190,2 91,0b(1),0 - 291,158,0 b9,090,1 + b(1),190,3 + 91,0b%,0 + 91,117[1),0 >
2b} ,090,0 T by .190,2 91,2b(1J,0 - 291,3b8,0 25%,090,1 + b%,lgo,iﬂ + 91,2b%,0 + 91,3b(1),0

)
(23 (3)) im0
e G O G G- () ()
—(ag—ﬂ’ﬁa—m(aﬁ_p)v(ﬂﬁ_a))=(m(%)(%é))
o) () ot
OO0
((ﬁ(%) (L) )66
;
;

1 o~
2) ) 2b 0900 + b1 1902 — 91,2080 — 291,3b8,0)

1 ap + 31— 2m 0 1 mn— B
=3 a3 — 33,0, | ag+B2—2% |, [0 t3 B3, B3, [ 12— B2 ], 52—72
az — B3 0 B3
1 a1 —m B1—m 0 0 0
- § 07 01 Q2 — Y2 ) 62 — 72 - as, 537 0 B 0 07 07 0 O
0 0 Qa3 ,83 0 0
(2b%,090,1 + bhgo,s + 91,25%,0 + 91,3b(1J,0)
B1 2681 —m 2681 —m
_ =5 _ _ 261 —m
72 ] /32) ; <72 —52)) + ((2520 72) ) (2520 ’Yz) ; <2ﬁ2 _72>)
B1—m 0 0 o B1
(ﬂ)o)(()()()) () (2) )
0 ag B3 a3 B3 s

N~

—
—
Qo 9
W N =
N~
~
T ™
W N =
N~
N
3 2
~_
/\\_/
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By - Hy+ Hs - By = 7b(1’60 bi()) (g“’ 91,1 ) + (9570 9&1) ( bii ,?(1)1)
—2by bip 912 91,3 952 Y53 —2b1 4 boy

—b(1J,091,0 + b%,ogm + 95,0b%,1 - 295,1b%,0 —b(l),091,1 + b%,ogLs + 95,0b(1),1 + 95,1b(1),0
_258,091,0 + 59,091,2 + gs2bl 1 — 295,317%,0 _2b8,091,1 + 090913 + 95,2b(1J,1 + 95,3500

o 51 Qg b1
Suppose given | p, o, [ a2 |, | P2 € P and Qs B |, ( 1> € Q. We obtain the following.
V2
a3 33 Qg B3

1
(( ) ( ) ( )) bo 0910+b1 091.2 + 95,0011 295,1%,0)
o B1 1
5(a +
- — ) + (&%)} 5 ﬂ? 5 §< ! 61)
0 0 5(042 + B2)
O 20[1 + 2B1 - 4’}/1 1 ) 0 2051 + 2,81 — 4’)/1 B
+ 0 2009 + 2[32 4y |, 2(a1 b ) — 0], 2a2+206,—4v |, o1+ f1—2m
1 Qg+ [ — 2
0 5(042 + B2 — 272) 0 0 2 2 Y2
Qg B1
- (6%) ) /8 ’ (71>
a3
o B1
ag |, | B2 b00911+b10913+900b01+g51b00)
Qs B3
1 0 0
= 5 a3, BBa + 5 as, _537 0 ’ 0
Qs —p3
aq +51—2’71 0 2v1 —aq — By 0 0
+ (6% + /62 - 272 + 07 07 O ) 272 — Qg — 52 = 07 07 O ) O
0 0 0 0
o b1
p, o, |az ], | B (_2b8,091¢0 + b(l),()gl,2 —+ gs,zbh - 295,31’%4))
Qg B3
0 0 20 —2p _
E O y 0 5 (8) + 20[2 ) _2ﬁ2 ’ (gl _ gl)
p—as) \Bs—o 0 0 2o
0 2a1 + 26, Qg (o751
+ 0], 200 + 20, ) (Zl igl> -2 o) N a7 ) <Zl>
0 2a3 — 2p + 2833 — 20 2 2 as —p g —p 2
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aq b1 _
(/)7 o, (042) ) (52)) (_2b8,091,1 + 69 0913 + 95,2001 +95,3b(1J,0>
Qg B3
0 0 0 0
= - az — p, ﬁ?)_o—v 0 ) 0 + as, 537 0 ) 0
Qs —p B3 — o Qag B3
ay + By o - ay b1
+ Oa 07 0 ) Q2 + 62 + Oa 07 Qo ) —Qg = p, 0, | Q2 ’ 52
0 ag—p—|—ﬁ3—a a3 — p pP— Qs asg B3
bh b(1),1 > ( 95,0 95,1 ) 4 (90,0 90,1 ) ( b?,o 59,1 )
*Zb%,o b(lJ,O 95,2 95,3 90,2 Y0,3 25%,0 bh

_ ( bl 1950 + 061952 + 90.00%.0 + 2901010 bi 1951 + 001953 + 900031 + 901011 >

)

—25%,095,0 + bé,ogsz =+ go,zb?,o + 290,317%,0 —2b%,095,1 + b(1),095,3 + 90,217(1),1 + 90,3b%,1

ay B1
Suppose given ((ag) , (52 , (:;1> € Q. We obtain the following.
Bs ?

a3

B1
(( ) ([;2) ) b11950+b01902+900b10+2901b10)
3
0 261 B1 B1 a1+ f1— 2 0
((0> (252 - 2’72) , <gl - 71)) + ((ﬂz) , (52) ) (§1)> + ((az + B2 — 272) , (0> ) (8))
0 2T B3 B3 2 ag — f33 0
(e=m) ) = (=) (5).(2)
O Y2 752 as 53 Y2
B1
g b% 1951+b0 1953+90()b11+9()1b1 1)
0\ /28 —2n 0\ /0 0\ /0
B B1—m 0 0
((8) (% =) (9)(6)-6)-0) - (6)-)-0)
0\ /2y — 26 0\ /0
v — B _ 0
((8) (w)v@—ﬁz)) (()-6)-0)
041 51
B2 2b1 0950t bo ,095,2 T 9o, 20 0 + 290 301 0)
063 B3
0 201 + 201 — 4y oy —f a; —
0 2a;+26;—4v; 7(0‘1”1 _271> T O S I v ,(0‘1 —ﬂ1>
0 as + P2 — 272 2\ \as - 3 s — B s — B2
21— — ar+ 61 —2n 0 B —m Br—m B, —
272—012—52 | a2+ B2 — 2792 ,<0> +F{B2—r],|B2— ,<51 _%)
B3 — a3 B3 — a3 0 0 2T

W N

o
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’Y2>) —2b1 0951 +boog53+go 2511+90 3b1 1)
) G- ((
ap +B1 —2m 0 0 201 —
(0%) +52 - 272 a<0) + 0 ) 262 - 2’72
0
) (o)

B3 — a3 0
e By-Hs+ Hy By = (
b(1),093,0 + b(1),193,1 29’1,1b8,0

( 2b1,093,0 + b1,193,1 — 91,2660 — 291,380.0
10

2&1 + 251 - 4’71
200 + 2/32 472

aq
Q2
e}

ay + B1 —2m
ag + B2 — 270

93,0 0
93,1 932

0 0
bl,O b1,1
1 1
2b1,0 b1,1

91,0 911
912 91,3

)

71
- 91,0b0,0 -

oy
Qo
Q3

o3}
P2
Bs

A
B2
Bs

1
“\o1
o
Suppose given | p, o, | a2 |, € P and
(6751 "
ooz |, | B (b(f,ogs,o + b9,193,1 - 91,ob(1),0 - 291,1b8,0>
B3

a2 ) (- (3

)

ap + B
ag + B2
ag + B3

p1
B2
Bs

S
B2
Bs

0
0
0

0 0 (65)
— a3 —p, /83 — 0, 0 5 0 =1|p, 0, Q2
az —p B3 —o a3

b1

B2 <b9,193,2 + 91,0010 + 91,1b?,0)
B3

J ) () L)

) ) 2b 0930 + b1 1931 — 91,2000 — 291,358,0)
g + B2 — 279 0

Ay
S )

g

:) |

as

0
0

— a3

0
0

o— P

0
0

a1+ 61 — 27 0

-Nn
Q2 — Y2

B2 — Y2
0 Qs

0

)

))ionl:

)
5

~bio
—209, b

- B
Y2 — B2
—ps3

0
0

Bs

1
2

aq
Qo
a3

aq
a2

)} )

B
B2 — 72

blO

71
0
1,0

1
Pa
Bs

)

0
0

a3 — p

¢

(5
-6

)

b(1),1g3,2 + 91,0010 + gl,lb(l),o
b%,lQS,Z + 91,2b%,0 + 91,3b?,0

{3)

N
)

)=l

0
0
— s

3 — 0

g

0
0
0

)

0
0

|
it

)

)

0
0

aq B1
062) ) (62) ) (’71))
ag B3 n”

)

o—fs3

0
0

)) € Q. We obtain the following.

0
0

)

)



o7

(ENOI ——
n\ [ ar=m\ [Bi-m\ 0\ [0\ /4
BB E D060

—bl, b 0 bl b}
By-Hy + H, - By = < 00,0 é,o > (91,0 91,1 ) n <92,0 1,1 ~(1J,1
_2b0,0 b1,o 912 91,3 921 922 _2b1,0 bo,o
—b} +b! + gy obt —b} + ! + go obt
0,091,0 1,091,2 T 92,0011 0,091,1 1,091,3 T 92,091
_2b8,091,0 + b?,()91,2 + 92,16%,1 - 292,21’%,0 _2b8,091,1 + b(l],()gl,S + 92,1b(1),1 + 92,2b(1),0

10
01
(651 ﬁl aq Bl
Suppose given [ p, o, [ as |, | B2 € P and as |, | B2 |, (71) € (). We obtain the following.
as B3 a3 B3 ”
1 ~ ~
2) ) (1;)) (*b(lJ,ogl,o + b1 0912 Jr92,0%,1)
0 a B 1
0 ,(8> (s : 5 ,<f(al+ﬁl)>
—fs 0 0 5(042 + B2)
< %(2’71 - — ) ) _ 3; g; (’71>
"\ 1272 —az— B) as 7 B3 T\
aq B1 _ -
((az) ) 52) ) (1;)) (_btl),ogm + b1 0913+ 92,055,1)
az 5
1 0 0 1 0 0 0 0
=—5 | as, _535 0 ) 0 + = as, _ﬁl’n 0 ) 0 + 07 Oa 0 ) 0
2 as —B3 2 o3 —Bs 0 0

(‘2178,09170 + 09 0912+ 921611 — 292,23)%70)
0 a =B _
oo (8) 2 [a] . [ < o 51))
Bs—o 0 0 (a2 = B2)
0 a1+ 1 ! o
+2( o], o + o ,<%(a1+5l)> Y B S I s 7(041)
0 p—az+fs—0o 3(az + fB2) az —p p— Qg 2

= N[=



58

aq B1 -
p, o, |z ], | B2 <_2b8,091,1 + b(1),091,3 + 92,15(1),1 + 92,2b(1J,0)
o% B3
0 0 0 0
=—|a3—p, 53_0-3 0 ) 0 + | as, ﬁS; 0 ) 0
az —p B3 — 0o Qg B3
0 ar + B oy - o b1
+ 07 Oa 0 5 (6] +52 + 07 07 (6] 5 —Q2 =1p 0, | Q2 |, 62
0 p—az3+fB3—o az —p ag —p as B3
(xi)
2381 0)(910 911) <910 911)( 0 0 )
e Ds-Hi+Hi-Dyg=| -7 ’ ’ + ’ ’ ~ -
v T ( b(l),l 0 912 91,3 912 91,3 b(l),l _2b871
< 2bo 191,0 T 91, 151 1 2bo 1911 291,1}8,1 ) L ( 00 )
b 1910 T 91, 3b1 1 bo 191,1 291,3b8,1 00
o b1
Suppose given ﬁg € P and as |, B2, (71) € Q. We obtain the following.
a3 B3 ”
oy b1
( ( ) ﬁ))( 01910+911b11)
as B
0 0 0 0 0
() )0) (L) )0 - (6)-()-6)
p— Qs 0 as —p 0 0 0
o B1 _ -
p, o, o], | B2 <2b8,191,1 - 291,168,1)
Qg B3
0 0 0 0 0 0
=2|as—p, 0, 0 ,10 —2|ag—p, 0, 0 ,10 =10,0,{0],(0
as —p 0 as —p 0 0 0
a B
a; ; /6’; ; (Wl)
ag B3 2
0 0 0 0 0 0
((5)6)-0)=((2)-6)-6)-(6)-()-0)
—as3 0 as 0 0 0

o

(bflJ,lgl,O + 91,3b[1),1)
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0 0 0 —2b1, 0
° Dg'H2+H5'D4=< 0 0 ><g270 >+<g5’0 g571>< ~11’0 )
_bl,l _2b0,1 921 922 952 953 bl,O 0
_ < _295,0,5%,0 +95,15%,0 0 ) 1 (O O)
_btl),lglo - 2b8,192,1 - 295,217%,0 + 95,3b%,0 _2b8,192,2 00
(651 51 oy 51
Suppose given | p, o, [ az |, | B2 € P and as |, | B2 |, (ﬁh) € (). We obtain the following.
V2
a3 3 Qasg B3
A1 - ~
( ( ) (5 71 295,013%,0 + 95,117%,0)
B
0 2’}/1 — Q] — 51 0 0 2’)/1 — Q1] — 51 0 0 0 0
0 272 — Qg — 52 ) (0> +2 0 ) 2,72 — Qg — 52 ’ <O) = 0 ) 0 ) <0>
0 0 0 0 0 0
(P ( ) ( ) ) b9 1990 — 200 1921 — 295, 251 0T s, 3b1 0)
72B1 0 76 51
_2ﬂ2 ) ) <_5;) -2 52 )
o—f3 53 -0
0
0
0

oy + fr —a1 — B —Qq 0
ag + B2 ) —op — [ ) —0 ’(O)
az—p+pPs—o p—az+o— P 013— p— o
0
(() (O) )
(5] 0 0 0
P, O, | Q2 |, 2b0 1922 - 0 ) 0 7(0)
Qs 0 0
0 90,0 90,1 930 O 269 1 0)
e Dy Hy+Hs-D 0 Jox )y [ 95, ,
' ’ T (b%o 2b10> (90,2 90,3) <g3,1 g3,2) ( 5(1),1 0

s

< 293 0b3.1 0 );(0 0)
%0900"‘2[’10902“‘2931501+932501 b10901+2510903 00

Suppose given (( ) ( ) ’Yl ) € Q. We obtain the following; cf. also (iii).
(5] 0 O
as |, 1 (295,009 1) 0,0,10 0
s 2 0 0
(5] ’Y
1
as |, ’72 b1 090,0 +2b1 090.2 + 293100 1 + 93200 1)
ag

«2«2
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1 ay — B 0 1 B1— o ay — B
=3 a3+ 33,0, lae—pF2 |, [0 +§ —ag —f3, —ag—fP3, [ Ba—az |,| az— B
as + B3 0 —az — B3 —ag — 33
1 0 ap + 31 —2m 0 Y1 — o 0 0
+ 5 07 0%} + ﬁ37 0 , | Q2 + ﬁ? - 272 + 07 07 0 s | V2 — Qg = 07 07 0 ’ 0
0 s + B 0 0 o/ \o
aq 51 - ~
() () ) e 5o
B1 B1 —B1 -5 0 0
_ B1 B B -5 _ 0
() (3)-)=(G2)- () ) = (6)-6)- )
(xii)
0 0 950 95,1 920 O 0 0
e Dy-Hs+Hy D= | - D 0 951 ) 92, I
’ ’ ' (b(l)J _2b8,1 ) (95,2 95,3 ) (9271 922 > < b%,o Zb%,o )

B9 1950 — 200 1950 + Gaobi o 091951 — 260 1953 + 292201 ¢ 00

Qg B
Suppose given | p, o, [ @z |, | P2 € P. We obtain the following; cf. also (vi).
as B3

a1 B1 - - -
p, o, | az |, | B2 (b(lJ,195,0 - 2b8,195,2 +92,2b%,0)
a3 B3
0 2¢ « « « —«
=2 0], 204; , <a1> -2 a; , a; , <a1> + 2 a; , —oz; , <8>
0 0 2 a3 —p az —p 2 az —p az—p

aq B1 _ _ _
p, o |az |, | B2 (b(1),195,1 - 2b8,195,3 + 292,2%,0)
ag B3
0 200 a o o —a
—a{ (0], 20 ,<a1> a e ) ,(0‘1> Y T (8)
0 0 2 ag —p ag—p 2 ag —p Qg —p

—2bt, 0 0 200, 0
e Dy Hs+Hy Ds— - 1,0 93,0 4 90,0 Y0,1 ~10,1
bl,O 0 931 93,2 90,2 90,3 bO,l 0
_ —2b1 093.0 + 2900001 + 90,1061 O i 00
b%,ogs,o + 290,258,1 +90,3b(1),1 0 00

aq B
Suppose given ((aQ) , (52 , <31> € Q. We obtain the following.
B3 ?

as



61

b1 N ~ -
(( ) (5 ) ) —2b] 0930 + 290,000 1 + 90,1b(1),1>
B
- B 0 ap + 81 —2m 0
— | az—ps, 0, Oéz—ﬂz 10 + a3 —03,0,laz+B2—272],]0
ag — (33 0 az — B3 0
2y — 2 0 0 0
272—252 .10 =10,0,{10],]0
0 0 0
b1
(( ) (52) % ) 510930 +2902501 +gosbol)
B3
- p1 0 1 271 — a1 — Br 0
az — 33, 0, az—ﬂz 10 t3 Bz —az, 0, 2y2—az—PB2|,|0
ag — B3 0 B3 — a3 0
-M 0 0 0
+ {0, 0, ﬂg—’}/g , 10 =(0,0,101],10
0 0 0 0
2581 0)(910 911) <910 91.1)( 0 0 >
e Dy -H+Hy D3= ' J ; 4 ’ ;
’ ' ! ’ ( b(l),l 0 912 91,3 912 91,3 —b?,l —2b8,1
_ ( 2b8,191,0 - 91,1b(1),1 2b8,191,1 - 291,1b8,1 ) L ( 0 0)
bé,lgl,o - 91,35(1),1 b(1),191,1 - 291,358,1 00
aq 51 i B1
Suppose given (p, o, (ag) , (ﬂz>) € P and ((Oég) , (62) , (’Yl)) € . We obtain the following.
s 03 Qs B3 s
o B1
p, o | az ], | B2 (258,191,0 - 91,1b(1),1)
o%:} B3
0 0 0 0 0 0
(G 0) 6 (m)-6) - (6)-6)-©)
0 B —0o 0 B3 —o0 0 0
o B1
p, o |z ], | B2 (2b8,191,1 - 291,1b8,1)
o % B3
0 0 0 0 0 0
=210,83—0,]0], 0 —-210,83—0,{0], 0 =10,0,{0],10
0 Bz —o 0 Bz —o 0 0
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2.7 Radical of the projective indecomposable modules

We calculate the radical of the projective modules P and ) which shall be used to verify
that X is in fact minimal.

Lemma 36 Recall that T = R x R x R3*3 x R3*3 x R2*2 and that

( a1l Q12 o3 Bi1 B2 P13 1
p,0, | agn1 az2 a3 |, | B21 B22 B23]. (72’1 72’2> el :
a31 Q32 Q33 Ba1 B3z P33 ’ ’

o111 =4 51,1, 1.2 =4 51,2, 13 =2 51,37
a1 =4 o1, 22 =4 P22, @23 =2 (23,

a31 =g P31 =40, azp =g 832 =40, az3 =2 (33,
a1+ P11 =8 2711, 12 + P12 =8 2712,
a1 + B2,1 =8 22,1, (22 + P22 =8 2722,

p—oa33=g0—333=40 )
cf. Corollary 15.
We have the following.
a1 012 013 P11 Pz P13 1 e )
p,o, | ao1 aza a3z ], | B B2 B3|, (72’1 72’2> el :
a3l Q32 033 B31 B3z P33 ’ ’
P =20 =2 0,

a1 =4 f11 =20, a2 =4 P12 =20, 1,3 =2 P13,
a1 =4 821 =20, ago =4 o2 =20, ag3 =2 P23,
a31 =g P31 =40, ag2 =8 B32 =40, az3 =2 33 =20,
a1+ 511 =8271,1=40, cnp+ P12 =5 2712 =40,
a1+ P21 =8 2721 =40, a2+ B2 =5 2722 =4 0,

rad(A)

p—az3=so—P33=40 )
( a1 012 013 Bi1 B2 P13 1 s
p,0, | ag1 aza ass ], | B2 B2 B3|, <72’1 72’2> €A :
31 Q32 Q33 B31 Bs2 B33 ’ ’
- p =20 =20,

1,1 =2 12 =2 (o] =9 (a2 =2 a3 3 =2 0,
51,1 =2 51,2 =2 52,1 =2 52,2 =2 53,3 =20,
M1 =272 =2721 =2 72,2 =20

Proof. Note that R is a discrete valuation ring with maximal ideal 2R and that A is stable
as an R-order by [12, Remark 208] in the sense of the definition given in [12, Definition
207].
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By using an R-linear basis of A and the standard R-linear basis of I', the embedding

A — T can be described by the following matrix.

o o o0 o0 o0 o0 0O0O0O0OO0OO0DO0ODO0OTU0TUO0O0OO0OO0OTO0OTUO0O00O0

2
2
0

1
1
1

o 0 o o0 o0 o0 0000 o0O0O0OO0OO0OO0OO0TO0OTO0OTO0O0°O0

1
0

o 60 o o o0 0 0O O OOO0OO0OO0OO0OO0OO0OO0OO0O0O0 0

1

0 0 0 O

o 0o o 0o 06000 0 OO O O0OO0OOTO0OTO0OO0OO0OUO

1

0 0 0 0 O

o 0 o o0 0 0 o000 O0O0OO0OO0OTO0OO0OO0O0 0 0

1

o o0 o0 o 0 0 0o o0 0 0 0 0 O 0 0 0 o0 o

1

0 0 00 0 0 O

o 0o o 0o 000 0O O0OOOUOO0OO0OTUO0OO0OO0

1
o 0o 0o 0 00 OO 400 O0O0OO0OO0OO0OTO0ODO0OO0OUO0OTGO0OTGO0OOQO0OODWO

o 0o o 0o 00 OO0 0 400 0 0 00 0 0000000

1

0 0 0 0 O

1

o 0o o0 o0 0 0 0 0 0 0 0 0 0 0 00O

o o o0 o0 o0 o000 0 40 0 0 000 O0OO0OO0OO0OO0OO0OO

o 0o 0o o 000 0400 0 0 0 0 0 O0O0O0O00O0

1

1
0
0 0 0 O

2
0

o 0o o 0o 06000 4000 0 0 0 0 0 000

1
0 0 0 0 O

1

2 0 0 0 0 0O OO0 0 0 O

o 0o o0 o0 o0 o0 0 0 4 0 0 0 0 O0O0OO0OO00O0

0 0 00 0 0 0 O
1

1

o 0o 0o 0 00O O 4000 O0 00 0oO0

1
o o 0o 0o 00 OO0 400 O0O0O0O0O0OO0OTO0OS8 0 00 o000

0 0 0 0 O

o o0 o0 o0 0 0 0 0 2 0O0 0 0 0 00

0 0 0 00 0 O

o 0o o 0o 00 OO0 0 400 0 0 00 00 8 0 0 000

1
1

o 0 oo o0 o0 o004 00O0O0OO0OO0OUO0OO0OS8 00 00O

2
2
0

o 0o oo 000 06200 0 0 00 0 0 40 00
1 2
0 0 0 0 O o o o0 o0 o0 o 0 0 2 00 O0O0O0OO0OO0 4 0

1

1
0

0o 0 0 0 0 0 0 0 4 0 O

0 0 0o 0 0 0 0 O

1

0 0 0 0 O

o 0o o000 0O0O 2 0O0O0 0 O0 O0 0 4

1

jen i)

Recall that Q := frac(R). We define

oo oo o~ oo oo
oo oo — o oo oo
o o oo oo oo oo
=3 — =3 =) =)
— =3 =) =) =)
I I I I I
— o el Aoy 0
S s S s S

so that

m+n2+n03+n1+ns

is an orthogonal decomposition of 1ga into primitive central idempotents.

By [12, Proposition 222] we obtain

AN @ rad(n;A)

rad(A)

1€[1,5]
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as R-submodules of QA.

For the first two summands we consider the following isomorphisms of R-algebras
mA = R, m(p,o, A1, Az, A3) = p
mA = R, n2(p, 0, A1, Az, Az) = o
as can be verified using the matrix B.
Since rad(R) = 2R, we get
rad(mA) = 2 A
rad(naA) = 2n2A.

For the next two summands we consider the following isomorphisms of R-modules

r1,1 Ti2 T13

~ 3%x3 . — — .

773A — T21 T22 T23 | € R 1T3,1 =4 T3,2 =4 03 =
r31 I32 T33

[1]

3 772(p707A17A27A3) '_>A1

r11 Ti12 T13

~ 3x3 . _ — _

774A — T21 T2 T23 | € R 1T3,1 =4 T3,2 =4 0y =
r31 I32 T33

[1]

) n3(p, 0, A1, Az, Az) — A

as can be verified using the matrix B.

We define the following idempotents in =.

1 00 0 0O 0 00
er=10 0 O eo=10 1 0 e3=|0 0 O
0 00 0 0O 0 01
Then 1= = e + e2 + e3 is an orthogonal decomposition into primitive idempotents.

We have the following mutually inverse isomorphisms of right =-modules.

€12 > e

0 0 O 0
etxr— |1 0 O0]Jegjx=eg |1
0 0 O 0

0
0) €L i 9.
0

o O O
o O O

)x

o O O
o O =
o O O
o O O
S O =

I
N

Since

€3 ¢ 63562 . 62563 s
there exist no morphisms of right Z-modules ¢ € Homz(e2=, e3=) ~ e3=es and
1 € Homz(e3E, e2E) ~ eaZeg with 1o = ide,=. Hence ea= 2 e3=.

By [12, Remark 208] the R-order = is stable so that we obtain with [12, Proposition 217]
that

r1,1 T1,2 T1,3 T1,1 =2 %1,2 =2 221 =2 T22 =2 0,
— 3x3 . —
rad(:) = T21 22 23| € R : r3,3 =2 O,
T31 T32 T33 31 =4 132 =40



65
since rad(e;Ze;) = 2e;Ze; for (i,7) € {(1,1),(1,2),(2,1),(2,2),(3,3)}; concerning the
cases (i,7) € {(1,2),(2,1)}, cf. the definition in [12, Lemma 185].

For the last summand we consider the following isomorphism of R-algebras
nsA = R72 ps(p, 0, Ar, Ag, Ag) = Ag

as can be verified using the matrix B.

Since rad(R?*?) = 2R?*2 we obtain rad(nsA) = 2n5A.

Using the respective isomorphisms for n3A and n4A and (%) we obtain

rad(A) = AN @ rad(n; )

1€[1,5]
a1l 12 Q13 Bia Bz Bigs s
p,o, | a21 g2 sz |, | B21 B22 Bes|,|_ " ’ €A :
V2,1 V2,2
a31 Q32 Q33 B31 B3z P33
= p =90 =20,
Q11 =2 12 =9 (g1 =9 (o2 =9 33 =2 0,
B1,1 =2 P12 =2 P21 =2 P22 =2 33 =20,
L V1,1 =2 71,2 =2 2,1 =2 V2,2 =2 0

Corollary 37 Recall that I' := R x R x R¥3 x R3*3 x R?*2,
By [7, §9.3, Proposition 6] and Lemma 36 we have the following.

a1 A p=20 =20,
rad(P) =rad(A)& = p,o, | azs |, | B2 el : a1 =2 b1, ag =2 P, a3 =2 3 =20,
as B3 p—az=g0—[3=40

a3 =3 33 =20

aq B1 _
= PO, | @2 |, B?)) e P : p=20=2 07

as B3
ay p1
_ _ M a1 =4 61=20, ag =4 P2=20, a3 =g 83=40
rad(Q) =rad(H)&r = o || B2 ) (72) S B1 =5 271 =40, ag + B2 =g 272 =4 0,
as B3
a
_ ! b git _ a1 =g ap =3 1 =2 P2 =20,
- a |, 62 ’ € Q . _ _
V2 M =272=20
as B3

2.8 Projective resolution of Z) over ZS,

Theorem 38 Recall that R = Z,) and RS4 25 A; cf. Corollary 15.

Consider the following sequences of A-modules from Definition 24 with the differentials
from Definition 28.

X, do Xo 0 )
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Then X is a minimal projective resolution of the trivial A-module R.
Moreover, X' is an augmented minimal projective resolution of the trivial A-module R.

Note that a minimal projective resolution of R is uniquely determined up to isomorphism;
cf. Lemma 11.

Proof. In part (I) of this proof, we shall verify that X’ is a complex by showing that the
composite of two successive differentials is the zero map. For this we have to consider the
following cases.

do-z’f:()
dy-do=0
de-dy =0
d4l+1~d4l:0, fOI‘lzl

dypyo - dyy1 =0, forl>1
dyj43 - day42 =0, forl>0
dyg1a-dyy3 =0, forl>0

In part (IT) we shall verify that X’ is acyclic using the homotopy defined in Definition
33, so that X’ is an augmented projective resolution of R. For this we have to show the
following equations.

h_l e=1

eh_1+4+hody=1

doho+h1dy =1

dihy+hody =1

dyhg + hyp1dy1 =1, for Il >1

dary1 harg1 + hyyodyo =1, forl>1

dyrr2 haryo + hyy3dyq3 =1, for 1 >0

dar43 hai43 +hyyadya =1, fori>0
In part (IIT) we shall verify that X is minimal.

Throughout the proof we will use Remark 26 without further comment.

(I) Differential condition

In the following calculations, we will refer to the assertions of Lemma 30 using the corre-
sponding numbers (i-xiv).

By (viii) and (ix) we have that

d0-€:0
di-dp=0
dy-dy =0.

Let I > 1. We want to show that dy1 - dgy = 0.

_ + 1+ + +
dgry1 - dy = ( Z T41+2,k A L4l+1,k) ( Z T4+1,k A L4l,k)
ke[0,0—1] ke[0,0—1]

+ T+ + +
+ ( Z Taor A L4l+1,k) ( Z a1 k41 © L4l,k>
ke[0,—1] ke[0,1—2]
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+ + + +
+ ( Z Thgok41 C L4z+1,k>< Z Ths1e A L4l7k)
ke0,l-2] kelo0,l-1]
+ +
+ ( Z 7T41+2 1 € L4l+1 k)( Z T414+1,k+1 c L4l,k>
kel0,l—2] kel0,l—2]
/ 1+ + +
+ (”4z+2 ¢ L4l+1,l—1) ( Z Tk A L4l,k)
kelo,l—1]
/ r o+ + +
+ (W4z+2 C L4l+1,l—1) ( Z a1 k41 © L4l,k>
kel0,l—2]
/ d/ / / 6 +
T (T2 Qg ) (Ta1 © by
! /
+ <7T4l+2 d1L4l+1) <7T4l+1 do L4z)
/
+ (7T4z+2 d1L4l+1> <7T 4141 Dy Ly 0)
! I
+ (Mz 1L4l+1) (W b1 C il 1>
1 I/
+ (W4z+2 1L4l+1) (W 4141 o 641)
+ " d / D
T41+2 1L4l+1 Ta41 D1 Ly 0
" — — —
+ (”4z+2 Dy L4z+1,o> ( Z Tak By L4l,k)
ke[0,l-1]
" — — —
+ (W4z+2 D L4z+1,o> ( Z Ty, Dings L4l,k+1>
kel0,i-2]
+ ( Z Tpl+2.k Bﬁrg L4l+1,k>( Z 7T4l+1,k Tl Ly k)
ke[0,—1] ke[0,0—1]
+ ( Z Tasor B L4l+1,k) ( Z Tyt k Dairs L4l,k+1>
kel0,1-1] kel0,1-2]
"‘( Z Tyonk D L4l+1,k+1)( Z Tas1k B L4l,k>
ke[0,0—2] ke[0,0-1]
+ ( Z Tytok Dig L4l+1,k+1) ( Z Tat1k Piigs tu k+1)
ke[0,0—2] ke[0,0—2]

Z ”Zﬁz,k (A-A) LzlLl,k) "’( Z 7er+2,]¢+1 (C-A+A-C) L4+l,k)
kel0,l-1] kel0,1-2]

=0; cf. (i) =0; cf. (ii)
Z Tararie (C-C) Lil,k:) + (qu+2 (C'-A+d;-C) lerl,l—l)
ke[0,4-3] —0; of. (iii) =0; cf. (iv)

1
+ (7T£11+2 (¢ o) L4zz 2) +((7T4/11+2 Wﬁfl+2> " ~do Lﬁu)
-—
=0; cf. (iii)
=0; cf. (viii)
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+ (Wﬁuw (dy - D1) LZ[,O) + (7T21+2 (df - O) Ljfz,zq)
— S
=0; cf. (iv) =0; cf. (iv)

+ (7T11,1+2 (dy - Dy + D; - By) szz,o) + (WZHQ (D2 - Ds) LZl,l)
o

=0; cf. (iv) =0; cf. (xi)
+ ( Z Tal42,k (Bﬁ' Bﬁ) Lzﬂ,k) + ( Z T4k (D - D4k+3) Lzzl,k+2>
ke[0,l—1 e E—— kel0,1—3 —
[ ! =05 cf. (x) [ } =0; cf. (xi)
+ ( Z Tal42,k (Bﬁ' D+ Dy Bﬁ) lel,k+1>
ke[0,1-2]
=0; cf. (xiii)
=0
Let I > 1. We want to show that dyj42 - dgy4+1 = 0.
— + + + A+
dypy2 - day41 = ( Z Thysp A L4l+2,k) ( Z Taok A L4l+1,k)
ke[0,0—1] ke[0,0—1]
+ + + +
+ Z Thyse A L4z+2,k) ( Z ookt C L4l+1,k)
kel0,i—1] kel0,i—2]
+ + + 1.+
+ Z 4143, k+1 ¢ L4l+2,k> ( Z T41+2,k A L4l+1,k)
kel0,i—1] kel0,i—1]
+ + + +
+ Z s k+1 © L4l+2,k> ( Z Tyrok+1 C L4l+1,k>

ke[0,1—-1] ke[0,1-2]
+ /! / !+
41430 dy L4l+2) <W4l+2 C L4l+1,l—1)

(

(

(
+(
T ( 131 % Liil+2) (ﬂ'ﬁll—i-Q di Lﬁlﬂ)
+ ( Zrz+3,z dlzl LZI+2> (Wffwz dlll Lﬁuﬂ)
+ (7@+3,1 d3 L/4/l+2> <7TZZ+2 Dy LZz+1,o)
+ (7@+3,0 By LZHZ) (Wffwz dy Lﬁu+1>
+(
+(

(

(

(

" " —
T4143,0 By L4z+2> <7T4l+2 D L4z+1,0)

Z T4143,k+1 Bﬁ L4l+2,k:) ( Z T41+2,k Bﬁg L4z+1,k;)
ke[0,l—1] ke[0,l—1]

E : T 4143, k+1 Bﬁ L4l+2,k>( E : Tyi+2,k Dy L4l+1,k+1)
ke[0,l—-1] ke[0,1-2]

E : TAL+3.k Dt L4l+2,k>( E : Tal+2.k BTH L4l+1,k>
ke[0,0—1] ke[0,l—1]

Z T3k Diers L4l+2,1€> < Z Tuvox Dig L4l+1,kz+1>
kel0,1-1] ke[0,1-2]
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Z 75—5+3,k (A-4) Ljflﬂ,k) +< Z 771?+3,k+1 (A-C+C-A) Ljflﬂ,k)

kel0,l—-1] —0; of. (i) ke[0,0—-2] —0; of. (if)
+ +
Z Tigspse (C-C) L4l+1,k) + (”4z+3l (C-A+dy-C) L4l+1l )
kel0,1—-2] o
’ =0; cf. (iil) =0; cf. (v)
& dy\ [ d
—|—((7r+ T ) ! )4—(7rJr d? - Dy) 1y )
4430 41430 0 B, & Al+1 ui3y (dg-Da) vy
=05 cf. (v)
=0; cf. (ix)
Y T (B; - Bi=) Lafz+1,k) < Y s Durs D) szz+1,k+1)
ke[0,1—1] T ™ ke[0,1-2] P e o

Z TAL+3.k (Bﬁrg ’ D4kz+2 + D4k+3 ’ Brﬁ) L4l+1,k>
kelo,i—-1]

=0; cf. (xiv)

Let [ > 0. We want to show that dgy3 - dgy2 = 0.

_ + 1+ + +
dyi43 - dar2 = ( Z T41+4,k A L4l+3,kz) ( Z T4l+3,k A L4l+2,k)

ke[0,]] ke[0,1—1]
+ T+
+ ( Z Tyrear A bargs g ( Z 7T4z+3 1 C L4l+2 k)
kel0,]] ke[0,l-1]
—+ !
+ ( Z 7T4l+4 k A L4l+3 k) (W4z+3z dy L4l+2)
kel0,]]
!
™ ( Y Than Al k) (” a3, 02 L4z+2>
ke[0,]]
+ + + +
+ ( Z Tiag+r © L4z+3,k)( Z Taryan A L4l+2,k)
kel0,l-1] kel0,l-1]
+ + + +
+ ( Z T4l4+4,k+1 ¢ L4l+3,k>( Z T414+3,k+1 ¢ L4l+27k>
ke[0,0-1] ke[0,1—1]
/ I+ + +
+ (7T4z+4 ¢ L4l+3,l) ( Z T3 k41 C L4l+2,k>
ke0,l-1]
/ I+ + /0l
+ (”4l+4 ¢ L4l+3,l) (W4z+3,z dy L4l+2)
/ /4 1"
+ (W4z+4 ¢ L4l+3,l> (W4z+3l dy L4l+2>
+ 7T/ D/ L T3 B L”
41+4 0 t4i+3,0 414-3,0 P2 4142
/ / — — —
+ (7T4z+4 Dy L4l+3,o> ( Z Tyt3k Dirgs L4l+2,k:>

kelo,l-1]
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_ — — "
+ ( Z Tyar By L4z+3,k> (W4z+3,o By L4l+2>
kel0,l]
+ ( Z Taar B L4l+3,k> ( Z Tyt k+1 Df L4l+2,k)
kel0,l] kelo,l—1]
+ ( Z Tysar By @l+3,k> ( Z Tatsr Diers szl+2,k>
kel0,]] ke[0,l-1]
+ ( Z TAl+4.k Dirra L4l+3,k+1> ( Z TAl+3,k+1 Bﬁ L4l+2,k>
ke[0,0—1] ke[0,0—1]
+ ( Z Tyak Dinga L4l+3,k+1> ( Z Tyt Dirgs L4l+2,k>
ke[0,0—1] ke[0,0—1]
_ + T + + T +
= ( Z Thiay (A-A) L4l+2,k> "‘( Z Thiape (A-C+C-A) [’4l+2,k>
-
ke[0,0—1] o vt & ke[0,0—2] s ot )
+ Ay / + A g "
+ (“4l+4,l (A-d) L4l+2> + <7T4l+4,l (A-dy) L4l+2)
o2 o2
=05 cf. (vi) =05 cf. (vi)
+ + / ! +
+ ( Z Thiapse (C-0) L4l+2,k) + (”4l+4 (c"-C) L4l+2,l—1>
kel0,i-2] =0; cf. (iii) =0; cf. (iif)

+ (Wﬁl+4 (C"-dy) Liu+2) + <7T§u+4 (C"-dy + Dy - Ba) LZZ+2>
o
=05 cf. (vi) =0; cf. (vi)

+ (qu+4 (D§ - Ds) 4214_2,0) + (774_l+4,0 (Bo - B) LZ1+2)
| S —_———
=0; cf. (vi) =0; cf. (x)

+( Z T4l 44, k41 (Bﬁ'BE) LZH—Z,k:)

ke0,l-1] T}T/
=0; cf. (x

+( Z Tysay (Br - Dyggs + Dggg - By) szl+2,k>
kel0,l—1]

=0; cf. (xiii)

+( Z Tyuvar Pipra Pierp) [’4l+2,k+1>
kel0,i—2]

=0; cf. (xi)
=0

Let I > 0. We want to show that dyj44 - dy43 = 0.
Note that

_ + + + +
dyj4q = E Taesk Atirar | + E : Ty k1 C Larrak
ke[0,]] ke(0,1—1]
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+ (qu+5 ¢ Liz+47z> + (M5 do tyyra) + (771/11+5 Dy LZ1+4,0>

+ E : Taysk Bro tapan | E : s,k D1ers arra k1
ke(0,]] ke[0,l—-1]

_ + + + T+
dyjya - dyq3 = ( E Tyisy, A L4l+4,k) ( E : Tyar A L4l+3,k)

ke[0,]] ke[o,]
+ + + +
+ (2 Tk A L4z+4,k) ( > Thiagn © L4z+3,k)
ke[0,]] ke[0,1—1]
+ + + T+
+ Z a5 k41 C L4l+4,k> ( Z Tty A L4l+3,k>
kel0,i—1] kel0,l]
+ + + +
+ Z Tarskr1 © L4l+4,k)< Z a1 © L4l+3,k)
ke[0,l-1] kel0,l-1]
! ot + A+
+ (Ta145 C L4l+4,l) < Z Tyiay A [’4l+3,k>
ke€lo,l]
! o+ + +
+ {Ta4s © L4l+4,l) < > Thara © L4l+3,k>
kel0,l—1]

(
(
(
(
(
(T do diua) (Tia © thys)
+ (s do ivya) (i Db i)
+{
(
(
(
(
(

) ( > Tiean By szl+3,k>
kef0.]
)

Z T4l+4,k Dz L4l+3,k+1>
kel0,i—1]

E : T 4145,k BT_H L4l+4,k)( Z Tql+4,k Bi L4l+3,k>

kel0,]] kel0,l]

/ = _
T4 D1 Lai44,0

/ = _
Ty45 D1 L4144,0

E : T41+5,k BTH L4l+4,k>( E : Tpl+4.k Dz L4l+3,k+1)
kel0,]] kel0,l-1]

E : Tatsk Diers L4l+4,k+1>( E : T4i+4,k Bﬁ L4l+3,k>
kel0,1-1] ke[o,])

Z Ta+s,0 Diers L4l+4,k+1> ( Z Tatar Dirra L4l+3,k+1)
ke0,1-1] ke0,1-1]

= ( Z ”Zfz+5,k (A-A) LZL1+3,k) +< Z 7rIz+5,k+1 (A-C+C-4) LII—i—S,k)
S — [ S —
kelo,i] =0; cf. (i) ke[0,1-1] =0; cf. (ii)

+ ( Z WZ+5,I¢+2 (C-0) LIl+3,k) + (”ﬁu+5 (C-A+dy-C) Ljfl+3,l>
k€012 —0; of. (iii) —0; of. (vii)
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+ (iars (€-0) tfiygun) + (Wies (do- Dy + D+ Bo) 13yg,)
s

=0; cf. (iii) =0; cf. (vii)

+ (Wﬁll+5 (D1 - Dy) LZZ+3,1) + ( Z T4l45,k (Bﬁ‘ Bﬁ LZHch)
S . kel0,]] —
=0; cf. (vii) =0; cf. (x)

Z T 4145,k Bﬁl Dz + D BT_H) L4z+3,k+1>
kel0,i—1]

=0; cf. (xiv)

Z T 4145,k (D4k+5‘D4k+2) L4l+3,k+2>
kel0,i—2]

=0; cf. (xii)
=0

(IT) Homotopy condition
In the following calculations we will refer to the assertions of Lemma 35 using the corre-
sponding numbers (i-xii).

By part (vii) and (viii) we have the following.

h_1e=1
eh_1+hody=1
doho + dihy =1
dihi 4+ hode =1

Let [ > 1. We want to show that dy hy + hgjr1 dg+1 = 1.

dyy hay + hagq1 dag1

+ + + +
E : T4+1,k A L4l,k>( E : T4 ke G L4l+1,k>

ke[0,l-1] kel0,l-1]
+ + + +
+ < Z Tar1 k1 © [’4l,k>< Z T G L4l+1,k)
ke(0,0—2] ke[0,0—1]
+ +
+ (7 C ‘4lz 1) ( Z Tur G L4l+1,1c>

kelo,l—-1]
/ !
41 do L4z) (W4z ho L4l+1>

(4
+(w
+ (W Do) (X0 g Hg i)
(
(

ke[0,l—-1]

E : g1k BkH 4lk>< E : gLk Hy: L4l+1,k)

ke[0,l—1] ke[0,l—1]

_l’_

(D2 Tk Pas b k+1) < > T Hy L4l+1,k)

ke[0,l—2] kef0,l—1]



+ A+
+ ( > ik C tige k) ( D Tiar A L4l+1,k>
kel0,i—1] kel0,l—-1]
+ +
+ ( Z 7T4l+1 k G Liiya k) ( Z Tysoke1 C L4l+1,k>
kel0,l-1] ke[0,l-2]
+ ( Z g1k Hir T tarse k) ( Z Tusor P L4l+1,k>
kel0,l—-1] kel0,l—-1]
+ < Z Ttk et tarse k) < Z Tytok D L4l+1,k+1)
ke[0,1—1] ke[0,1—2]
+ <7T a1 M L4l+2) (W 2 C L4l+1l 1)
! !/ /
+ (77 441 P L4l+2) (77 a2 4 L4l+l)
1 A ! i
+ <7T a1 M L4z+2> (W Y2 di Uyyq)
1
+ <7T a1 1 L4l+2> (W4l+2 Dy gy o)

( Y Ty (A GHGA) uf, k)
kel0—1] CLa

> mign (CG4G-C) by
kel0,1-2] =0; cf. (ii)

+ (quﬂ (6' -G +hy - C) Ljfz+1,l—1>

=0; cf. (iii)
! / ! 1 d?l !
+ <7T4l+1 (dﬂ ~hg+ (R} hY) <d’1’) ) L4l+1>
=1; cf. (vii)

+ (771114—1 (ﬁl - Ho + hy - Da) LZH-LO)
=0; cf. (iii)

Z Ty (Big - Hip + Hgn - Bin) L4l+1,k>
ke(0,-1]

=1; cf. (ix)

Z Tk (Pirrs Higpa + Hggg - Dap) L4l+1,k+1)
ke[0,1—2]

=05 cf. (xi)
=1
Let [ > 1. We want to show that dy41 hai+1 + hair2 dyo = 1.

dai1 har1 + hago dagyo

+ A+ + ~ o+
Z Tyi42,k A L4l+1,k) ( Z Tyi41,k G L4l+2,k)

ke[0,l—1] ke[0,l—1]
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+ + + ~ o+
Z T4142,k+1 ¢ L4l+1,k) ( Z T4l+1,k G L4l+2,k>

kel0,1-2] kel0,1-1]

/ 1o+ + ~
Tz C L4l+1,l71> ( E : Tarie G L4z+2,k)
ke[0,l-1]

/ ! ! ! ! /

+ (7?4l+2 dy L4l+1) (774l+1 hy L4l+2>
/ ! / " n

+ (W4z+2 dy L4l+1) <7T4l+1 hy L4l+2>
1 /i ! /

+ (7T4z+2 dy L4l+1> (7T 441 M L4l+2)
" I/ / 1

+ (W4z+2 dy L4l+1> (7T4l+1 hy L4l+2>

+(

" — — —
T2 D2 L4l+1,0> ( E : Tpl+1,k Hip L4l+2,k>

kel0,1-1]
T e ah d'L
4142 %2 L4143 41+3,1 4142
+
Ty142 102 ”4l+3l Th1431 dy L4l+2>

_ — "
Ty 42 Hy L4l+3,0) (W4z+3,o B L4l+2>

kel0,l—-1]
+ Z Tavor P L4l+1,k) ( Z Ty Hapga L4z+2,k>
ke[0,i—1] ke[0,i—1]
+ Z Tytok D LZI—H,IH—I) ( Z Tar s Harr LZHM)
ke[0,1—2] ke[0,1—1]
+ + + +
+ ( Z oo G L4l+3,k) ( Z Thyse A L4l+2,k)
kel0,1-1] kel0,1-1]
+ + + +
+ ( Z ok G L4l+3,k)( Z Tygp+1 C L4l+2,k)
kelo,i—1] kelo,i—1]
+ ( Z o Hiprs L4l+3,k+1) ( Z Tats k41 Bt L4l+2,k)
ke[0,l—-1] ke[0,l—-1]
+ ( Z Tyvor Hiprs L4l+3,k+1) ( Z Tyvsr Diers L4l+2,k>
ke[0,—1] ke[0,1—1]
+ (W dy2 B L4z+3z> ( Z ”4l+3 k1 © L41+2 k)
ke[0,1—1]
/ / —+ /!
+ (7?4z+2 hy L4z+3z> (W4z+3l dy L4l+2>
/ ! !
+ (7?4z+2 hy L4z+3 z) (” A3 A2 L4l+2)
1 1
+ (”4l+2 5 Uiy l) ( Z Thrape1 C tiiso k)

" — — —
T2 Hy L4l+3,0> ( E : Ttk Dirgs L4l+2,k)
ke[0,1—1]
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(2 e A-C+C ) sy
kel0,l-1] =1; cf. (i)

—I—( Z ”Zrl+2,k+1 (- G+G-0) L‘J{H?:’f)
kel0.-2] A

+ (mez (C"- G+ hhy-C) LL+2,5—1)

=0; cf. (iv)

d Ky 0\ (dy dj L
+ ((qu+2 LAy <<d’11’> (R hY) + (hz' H4> (02 BQ2>) (Li’jz))

=1; cf. (viii)

+ (7?:1/1+2 (hy - C) Ljfz+2,l—1)
RN
=0; cf. (iv)

+ (WZH-Q (D2 - Hy + Hy - D3) Lzzl+2,0>

=0; cf. (xii)

+( Z Taror (B Higgr + Hig - By) szl+2,k)
ke[0,l—-1]

=1; cf. (x)

+( Z Tyusor Dg- Higgs + Hggs - Diges) szl+2,k+1)
ke[0,1-2]

=05 cf. (xii)

=1
Let [ > 0. We want to show that dg o hgjro + harsdyrs = 1.

dgi42 haryo + hai3 da43

_ + + + +
= ( E : T4143.k A L4l+2,k>( E : T414+2,k G L4l+3,k)

ke0,l-1] ke[0,l—-1]
+ + + +
+ ( Z s k+1 © L4l+2,k> ( Z Ton G L4l+3,k>
ke[0,l-1] ke[0,l—-1]

(”Iz+3,l dy L£1Z+2) (qu+2 hey LL+3,Z>
(WIH—S,Z dy LZl+2> (WZHQ hy LL+371>
(”4—5+3,l d LZI+2> (Wffuz Hy szz+3,0>
(”4_l+3,0 By LZH—Q) (WZHQ hy LIH-&[)
(
(

" /! —
T30 B2 L4l+2) <7T4l+2 H, L4z+3,0)

Z Ta+3+1 Bf L4l+2,k> ( Z T2 Hirrs L4l+3,k+1)
ke[0,-1] ke[0,0-1]
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Z Tyt Dirgs LZH—Zk) ( Z Tyt Hagga szz+3,k+1)

kel0,1-1] kel0,1-1]
+ T+
+ ( Z 7T4z+3 k G L4l+4 k) ( Z Tyrar A L4l+3,k>
kel0,]] kel0,]]
+ +
+ ( Z 7T4z+3 k G L4l+4 k) ( Z Tyap+1 © L4l+3,k>
kel0,]] kel0,1—1]
+ ( > T Hiers b k) ( > Turae By L4l+3,k>
k€(0,]] ke[0,]]
+ ( > T s b, k) ( > Tisar Dira L4l+3,k+1>
kel0,l] kel0,1—1]
/ !+
+ (”4z+31 hy L4l+4) <7T4l+4 ¢ L4z+3,z)
!/ / / —
+ (W4z+3,z hi L4l+4> (7T4l+4 Dy L4l+3,0)

(3w (4-G+C- ) s
kel0,1—1] =1; cf. (i)

> isan (C-G+GC) dhsy)
kel0,l-1] =0; cf. (i)

(i (dy My b+ G A+ bl C) )
=1; cf. (v)

+ (WZ?+3,1 (d - Hy + hy - Dp) LZI+3,0>
=05 cf. (v)

+ (7@+3,0 (B2 - hy) LIH&Z)
o f 2
=0; cf. (v)

( Z Tarag ( Bi— “Hpg + Hys - By) LZI+3,1€>
ke[0,]]

=1; cf. (ix)

Z Tussx Pz His + Hos - PDd) L4l+3,k+1>
kelo,l-1]

=0; cf. (xi)

=1

Let [ > 0. We want to show that dyi3hgys + hajradyrqa = 1.
Note that

_ + + + +
dyj1a = Z Tosk A taar | T Z a5 k41 C Uitak
ke[0,1] ke[0,1—1]



hyrya =

/ ~ + / / / o, —
+ <7T4l+5 C L4l+4,l) + (7T4l+5 do L4l+4) + (W4l+5 Dy L4l+4,0>

+ E : Taryse Bio tarpan | T+ E : a5,k Diers tarra e
kel0,]] ke[0,l-1]

+ + — = / a
§ : T4l+4.k G bypsk |+ E : T41+4,k Hy Lysk | T (7T4l+4 hy L4l+5) .

kelo,]] kelo,i]

dgi3 hary3 + hagra dagya

— +q + A
= ( Z Tavak A L4l+3,k>( Z Tk G L4l+4,k)

ke[o,l] ke[0,]]
+ A+ + 1
+ ( > Tiiar A L4l+3,k> <7T4l+3,l hs L4l+4)
ke[0,l]
+ + + ~ o+
+ < Z T414+4,k+1 C L4l+3,k>< Z Tyi+3.k G L4l+4,k)
kelo,l—1] ke[0,]]
/ !+ + ~ +
+ <7T4l+4 ¢ L4l+3,l> ( Z sk G L4l+4,k)
kel0,]]
/ ’ + + A,
+ <7T4l+4 C L4l+3,l> <W4l+3,z h L4l+4)
/ - - -
+ <7T4l+4 Dy L4z+3,0> ( Z Tyvan Hiprs L4l+4,k)
kel0,l]
+ ( Z Tapar B L4l+3,k> ( Z s n s L4l+4,k)
kel0,]] ke(0,]]
+ ( Z Tyvar Diera L4l+3,k+1) ( Z Tyvsn s L4l+4,k)
kel0,l—-1] kel0,]]
+ (D2 Tiean G s k) ( D Thsn At k;)
ke[0,l] kel0,l]
(D Tiean G e k) ( > Tisuer C s k)

ke[0,]] kel0,l—-1]

Z Tyl k Hygvgis k) ( Z 445,k k+1 Lalya k)
kel0,]] ke(0,]]

+ ( Z Tyvar Hig bags i ( Z g5k DIers Larta, k+1)

+

kelo,]] ke[0,0—1]
! ! +
7T4z+4 hy L4z+5) <7T4l+5 C L4z+4,z>

! / !
7T4l+4 ho L4l+5) <7T4l+5 do L4l+4>

+ o+ o+

/ / -
7T4l+4 ho L4l+5> <7T4l+5 Dy L4l+4,0)

77
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:< Z 77;5+4,k (A-G+G-A) Ljfl+4,k)
kelo.d] =1; cf. (i)

+ <7TZE+4,I (A hg) Lﬁu+4)
=05 cf. (vi)

+< Z Thaansr (C- G+@G-C) L4z+4k>
kel0d-1] T o

+ (77111-5-4 (o G+ hy - CN’) Lji_l+4,l>
=0; cf. (vi)

+ <7T§1l+4 (C" - hy + hg - do) Lixl+4)
=1; cf. (vi)

+ (qu+4 (Dg - Hs + hy - Dy) LZz+4,o>
=0; cf. (vi)

+< Z Tarap (B Higs + Hy - B=) LA:l+4,k)
ke[0.]

=1; cf. (x)

E : Tysak Dz Hyo + Hyg - D4k+5) L4l+4,k+1)
ke[0,1—1]

=0; cf. (xii)

=1

(III) Minimality

We aim to proof that the projective resolution X of the trivial A-module R is minimal;
cf. Definition 9.

We have that X, is a finitely generated projective A-module for all n € Z>o. We show
that X,4+1d, C rad(A)X, for all n € Z>o.

0 0 1 1 1 1 0 0 70 70 31 71 31 70
Let B = {2b0 0 bO,lv b0,2’ 2bO,O’ bO,l? 2bl,Ov bl,l? bl,Ov bl,l? bO,la bO,Q» b0,0v bO,lv bl,Ov bl,l}’

Then B is the set of all A-linear maps appearing as constituents of the differentials of X;
cf. Definition 28 and Definition 27.

Note that for b € B we have (A&;)2b C rad(A)E;, since 2A C rad(A) so that by [7, §9.1,
Corollary 2] it suffices to show that

(A&;)b C rad(A)E;
for all b € B, where AE; is the source of b and A&; is the target of b.
We have
ai b

rad(A)&y = p,o, las |, | B2 ep: ’ 5_2 ’ EEO’
55 a3 =2 3 =20
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o1 51 _ _ _ _
rad(A)& = al, 5], <’)’1> cO o1 =2 0 =2 p1 =2 B2 =2 0, :
=27 =20
as B3

cf. Corollary 37.

A direct verification using the lists in Lemma 20 yields that b € & rad(A)E; for all b € B,
where AE; is the source of b and AE; is the target of b. Therefore, we obtain

and the projective resolution X is minimal.



Chapter 3

Cohomology of 54 over Z<2>

Recall that R = Z9) and RSy = A; cf. Corollary 15.

Suppose given x € Z. Recall that z is the unique element in Z with z = 3z + T, where
T € [0, 2]; cf. Definition 23.

We aim to calculate the cohomology of Sy over Z(3) using the minimal projective resolution
X of Theorem 38; cf. Theorem 54 below.

3.1 Preparations

Definition 39 Let M, N be A-modules and 1) € Homy (M, N).

We write M* := Homp (M, R), where R is the trivial A-module; cf. Remark 16. Further-
more, we have the R-linear map ¢* = Homy (¢, R) with

AN Y U

If 4 is written in the form ¢ = p®, where ¢ is a symbol, we often write * = (p°)* =: p®*,
+ k. +,%
e.g. (to)" =111p-

Remark 40

(1) For A-modules M, N, there exist the following projection and inclusion maps.

M5 MeoN I M
N3 MoNBN

We have the following mutually inverse isomorphisms of R-modules.

(ef 05)
()
(M &N "2y N*

~

YN (M@ N)* M*@® N*

80
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a b
(¢ 4)
(2) Let U,V, X, Y be A-modules and U ®V —— X @Y be a A-linear map. The
following diagram commutes.
a b\’
c d

Uav) (X oY)
Yu,v |2 ot Zlﬂ)x,y
b*  d*
Ure v X*pY*
Proof. Ad (1). We have
i o x s c_ (1 0 _.
( L>(1( LE ) ( Tri ) =T F LTy = (7‘[‘1L1 +7T2L2) = (0 1> :ld(MEBN)*
b

wk (0 )= T s\ _ ((am)t (em)t) _ (17 0 — id e n-
m )V 2T \ma me) T \am)t (em)r) T \or 1 ?

so that < Zl ) and ( ¢f ¢} ) are mutually inverse isomorphisms.

*
T
( wi > = Ja* ] +5b ] + s 4+ usd T

= (7T1aL1 + m1bty + mocty + 7T2db2)*

[ a b i

e d

* -1 *
. s a* c* a b w3 a b . s
(s )Y () (s o

i.e. the diagram commutes. o

so that

Remark 41 Let J be a finite set.

Suppose given A-modules M; and R-modules N; and R-linear isomorphisms M ]* 1, N;
for j € J.

Suppose given I C J such that M]i" =0 for j € J\I.
We write M := @, ; M; and N := P, Ni.
Consider the following projection and inclusion maps for ¢,k € J.
M; “ M ™5 M, N; S N T N

We have the following mutually inverse R-linear isomorphisms.
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=Y uinl . M*—= N
el

77*1:277;77[177; : N — M*
i€l

L7, Note that (m;¢;)* = 0 for j € J\I. We have the following.

7

nmn = Z v v T T :beﬁiﬁflﬁ :ZL:W? = (Zﬁibz) = (Zmu) = id s~

Proof. Write 7 := Y m}n;
el

i,kel il il i€l ieJ
~ ro—1 _*x % I /. —1 * I /. —1 r_ rr
7777—2772'771‘ U %%%—me (e 3) nkLk_Zﬂ-inz‘ niLi—Zﬂ-iLi—ldN
i,kel i,kel iel i€l

Remark 42 Suppose given z,k € Z. Recall that z is the unique element in Z with
x =3z + T, where T € [0, 2].

The following equations hold.

20 —2=2x—1, for x =30

)
)
)
(iv) 2z = 2z, for z =3 0
)
)

(i) We have x4+ 3k = 3(x + 3k) + = + 3k = 3(x + 3k) + T = 3(z 4 3k) + = — 3z, so that

(ii) We have 3(—=z)+3(2+2) = —2— (—2)+(2+2) - (2+2) = —(—2) - 2+ 2) +2 50
that —z = —(2 + ) if and only if —z + 2 + 2 = 2. However, this holds for 2 € [0,2]
and the left hand side is periodic modulo 3.

(iii) 2x:fx+3:v@;x+x@

@4a)+r=—(2-1+3)+22 (@—1)+z—1

(iv) Let o = 3y. We have 2z 2 6y = 2y 2 2(3y) = 2u.

=
=

—~

(v) Let z =: 3y. WehaveQa:—Zsz—222y+—:2:2y—1;2:56—1.

—
=

(vi) We have

3z+x—14z-2)=2x—-T4+zx—-1—-—(z—1)+x—-2—(r—2)

=3x-3-T+or—-1+2-2)=3x-6

sothat£+a:—1+x—2:x—2. o
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Remark 43 Let | € Z>o.

(1) The following equations hold.

(ke 00— 1] k=5 0)| =Lt 2
{kel0,l—-1]:k=31}=1+1
Hkel0,l-1]:k=32}| =1

(2) We have the following monotone bijections.
{k€[0,0—1]: k#3 0} 2 [2042,31 — (L—1)]
k—20+2+2k—1
{kel0,l—1]:k#32} 5 [2042,31 — (L=3)]

k»—>2l+2+2kz

{ke0,1—1]:k#3 1}’:—2>[2z+3,31—(1;5)]
kr— 2043+ 2k

{k €[00 : k#3 1} =5 [20+ 3,31 — (L=7)]

ks 20+ 3+ 2k

Proof. Ad (1). We have
(ke 0,0 1]: k=5 2} = |{k € [1,1] : b =5 0}| =
Using this, we obtain the following for i € [0, 1].
{kel0l-1:k=siff={ke2-i,(-1)+2-0]:k=32}
=H{kel0,(l+2—i)—1]:k=32}|=1+2—1
Ad (2). We will use the equations (i, 1ii) of Remark 42. We obtain the following.

d+2+2k—12u+1+20k+10) P ut1+k—k

(iii)

=

~~
—
=

20424+2k+1=21+34+2
(iii)

—~

k=1) 22 4+3+ (k-2 ~(k=2)=2A+1+k— (k=2

(i)

A+3+2k = 2A+2+k— (k=122 +1+k— (k—4)

Hence, p; is well-defined and strictly monotone and therefore injective for ¢ € [0, 3].

By part (1) we have

20423 — (L= 1)) =81 — (L=1) — (A +2) +1 21— @ +2) = |{k € [0,1— 1] : k 5 0}|
204231 — (1=3)]| =81 — (1=3) — (2 +2) +1 21— 1= {k € [0,1— 1] : k #5 2}

12043,31— (L=5)]| =81 — (1=5) — (A +3)+1 21— (14 1) = [{k € 0,1 — 1] : k £5 1}|
1204331 — (L=7))| =381 — (L=7) — (2 +3) +1 21+ 1 - (14+2) = {k € [0,1] : k £5 1}|

so that p; is bijective for i € [0, 3]. 0
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Remark 44 Suppose given x € Z. The following inequalities hold.

IN

X

(1) 2z+2z+1

2) 2@+ +z <z

=

Proof. Ad (1). We have

—
IN
8

—_
IA
w

18
+
Sl

¢ ¢ ¢
8
_l’_
IA
1=
_|_
S

)
+
—_

|
=
IN
8

2@+ 1)+z < =z
& 2z+1l)+z < 3z+7
& 2z+1)-2z < T

where 2(z 4+ 1) =2z =2if T =2 and 2(z 4+ 1) -2z =0 if T € [0, 1].

3.2 Calculation of the cohomology groups

Remark 45 We have the following isomorphisms of R-modules.
P 5 &R=R Q" —0
f=&f

Furthermore, the following diagrams commute.

(250,0)" (b5.1)* (b0 ,2)*

P* P* P* ? P* P* ? P*

sol leo @i ® sol lso

R—2-R R—Y-R R—Y.R
T . (59.2)"

® % ® ®

R—2-R R—2.R

Proof. Recall that P = A& and @ = A&1; cf. Definition 18.
By Remark 21 we have for i € {0,1}
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(Agz)* = HomA(ASZ-, R) l) gZR
f=&f

mye < 5 s
where mg¢ : AE; — R is given, using multiplication on the trivial module R, by
xme :=x-§ = p§

for £ € &R and x = (p, 0, A1, Ag, A3) € A&;; cf. Remark 16.
Note that we have &gR = R and &R = 0.

Suppose given A = (p, 0, A1, Ao, A3) € EgAEy = Homy (P, P). We show that the following
diagram of R-linear maps commutes.

For r € R we have

ro I o =m0 = (Amy)p = EgAmy, = Am = X1 = pr=1p.

Definition 46 We define the following isomorphisms of R-modules; cf. Remark 40 and
Remark 45.

Xpp = ¢Pp< 2) . (PeP)* S ReR
X1:=XPQ = wPQ< > (PoQ)*

X2 = XQP = 1/JQP< > : (QeP)" =R

~

Xp = P*— R

Remark 47 The following diagrams with the R-linear maps from Definition 27 commute;
cf. Remark 40, Remark 45 and Definition 46.

We will denote the isomorphic replacement of a morphism of the form F* by F™.
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(P Py (P& Py
 |¥P P YppP |2
08,0 08"

0 (=bgy)*

Xpp| P*® P* P* @ P*
p0 @0
|(52) (52)
« [0 0
(3 %)

R®R R®&R
(Qo P)” - (Ro Q)
PQ,p | 1Ko Xo)

0 > 0

¢ “I\o

R 0
Bi— —bo,0 E,o
—2b30 bl
(PoQ)” (QoP)”
Q| YpqQ PQ,p |
(Bho)” (~2080)°
(b10)*  (010)°
Xra| P*@® Q" Q @ P
%) 0
(%) ()
BX:=(—-2
R 3:=(-2) R
6*:( 0 8., )
0 O
(P& P)* (PeQ)”
2 | Yp,pP Ypqg |
0 0
(B32)" 0
Xpp| P* @ P* P o Q*
0 @
1(53) ()|
~ 0
C*:=
1)
R®R R

(P& P)*

2 |¥pP

P* o P*

Xp,p

Xp,p

Xp



(Q @ P)* (Qo P)*
2 | Yq,p Yo,p |2
0 @)
0 (—268,)"
Xer| Q& P* Q*® P* |Xqr
(2) (%)
2 2
[0 14
R D§:=(—4) R
Qo Q) - Qe Q)"
%Q,Q | | ¥q.Q
Q* ®Q* Q oeQ”
0 0
(5)) '1(5)
0 0
(2%10>*
D= '
b, O
(P Q) (PoQ)
2 | ¥po Ppg |
<mm*@m)
0 0
Xpq| P*®Q* P*a Q" |Xraq
1(3) (5)]
R D3:=(0) R
D}

Qo) Qo)
1Q,qQ | 2 2 | Yg.Q
Q* e Q* Q"o Q"
0 0
(5)] ()
0 0
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(Qe P) P
2 |Yq,p idpx | 2
®9.1)
(*2Z8,1)*
Xo.p Q* D P* P* Xp
(%)
2 Ik
®
R DG*:i=Dj=(—4) R
(RoQ) (PoQ)
YQ,qQ | 2 Q |Yprq
0 ¢
(5)): (%)
0 R
0 o\
D3= 0 0
. —bi1 —2bg 1 .
(Q@ P) Qe P)
2 |Yao.p PQ,p |2
0 (—b71)"
0 (—2b9,)"
Xq.r| Q*&® P* Q*® P* |Xqrp
(&) (+)
14 14
¥ ®
D%*:=(0
R 3:=(0) R
e[ 20 0 ’
“\ Ba 0
(PoQ)* (PeQ)
2 | Ypo Yr,Q |
(260,1)" (bg1)"
0 0
Xpq| P*®Q* P*®& Q" |Xpo
® ®
(%) ()]
D}r:=(4
R 5:=(4) R
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(P®Q)” P (P®Q) (PoQ)
1KoY idps | 2
- YpqQ | vp.Q
(65,1)" (b6.2)" (206,0)"
0 (b91)" (b1,0)"
2 <§0) P2 © ©
0 (5)) (8
dl*=(2
R 17:=(2) R R (0) R
1% bgsl ' "% _ 0 0 :
s ()
pP* (P& P)* (P®Q)* (P® P)*
2 | Ypg Yp,p |2
idp= | 2 2 |Ypp o
0 (=boq1)"
(B3 ®82)) 0 0
P P* o P* Xpo| P*®Q* P*® P* |Xpp

(00) ay=(0 ~2)

R ROR R RO R
0 *
%_($J>
bo,0
P (PeQ)”
idp* 2 2 QZ}P,Q
Ao (s (bOO)*>P*@Q*
%)
0|2 z (0>
ds:=(0
R 5:=(0) R

Definition 48 Given m € Z>1 and 1 < k1 < ko < m, we define the following R-linear

maps.
T gy 0 RO — ROETITR) ()i g ()i ko)
Upr kg RE(RaF1=k) _, pom (@d)icpr ko] = ((0)ieq pr—1]> (Ti)iclr ko) (0)iclha+1,m])

Furthermore, we sometimes abbreviate for 1 < k < m as follows.
apti=mp, ¢ R¥™ S R

m._ ,m . dm
b =g R— R



89

Remark 49 Suppose given | € Z>q. For i € [0, 3] let
myj+i ‘= 3l — (l — 21 — 1) .

We can abbreviate as follows; cf. Remark 42.(i) and Remark 43.(1).

D REBR)EBREB( D R) 1) po2t1H—(42) () pesi-(=l) _ pomy
kel0,i—1] kel0,i—1]
k#30
@ R@R) @R@( @ R) RO+ 0 p@3-(=3) _ pomu

ke[0,l—-1] ke[0,l-1]
k#32

@ ror)oroRre( @ R)L REHHED L po-Y _ g

ke[0,l—1] ke[0,1—1]
k31

( @ R@R) @( EB )(1 REAFDHHD)~(142) ) p@3l-(1=T) _ pomays

kel0,]] kel0,]]
k#31

Definition 50 For ! € Z>( we define the following R-linear isomorphisms; cf. Definitions
25, 46 and 48 and Remarks 41 and 49. Note that Y] = 0 by Definition 24 and Remark

45.

Using Remark 43.(2) we obtain in each case the existence of the maps m; #** and """
that occur in the defining formulas.
*
_— ;- X4 Dmyy
Xj = (( @ repr)ors( @ Yk>> X, gema
ke[0,0-1] ke[0,1-1]
® . +,% m. /% m — % m
Xay -—< Z bark Xpp L2k4—f-172k+2) + (L4z Xp L21—4&-ll) + ( Z bar ke X35 L2lj-l2+2k—1)
ke[0,1—1] ke[0,1—1] o
k#30
* 0
4141
Xj = (( P P@P)@P@Q@( a YM)> T, REma
ke[0,0-1] ke[0,1—1]
® - +,% m4i+1 m4l 1
X411 -—< Z bav1,6 Xpp L2k+1 2k+2> + <L4l+1 Xp.q L21+1+ ) + ( Z L4l+1 kX1 2l+§+2k+1
kel0,i—1] kel0,i—1]
k32
* X@
4142
X0 = (( an P@P)@P@P@Q@( &y YM)> T2, pma
kel0,l—1] ke[0,0-1]
® o +,% M4l42 M4l+ 1% mM4l+2
X4i4+2 = Z Latvo. ke Xpp Lokt 2k+2 ) T L4l+2 Xp L21+1 + \ tair2 Xp Lot
kel0,i—1]
myg
+ ( > Yallrok X 2113121@)
kel0,l—1]
k#3l

Xiips = (( @ P@P)@( @ k+2)>* )W_+3>R®m4z+3

kel0,l] kel[0,l]

1)



90

® - I+ — % my;
Xai+3 -—< Z L4l+3 k Xp,p L2k4+132k+2> + ( Z bar+s k Xz b 2113—1%)
ke[0,]] kel0,l]
k31
Lemma 51 Let [ € Z>.
We define the following R-linear maps; cf. Remark 47.

Using Remark 42.(i) and Remark 44 we obtain in each case the existence of the maps

m. i m i . .
m; " and ¢ " that occur in the defining formulas.

R®™Ma ﬁ) ROmai+1
6 =0; cf. Remark 47

. *  MM4i4+1 myy *  M4i4+1
( E : 7T2k+1 b2 A lopi 2k+2> + ( E : Tok+1,2k+2 c Lok+3, 2k+4>

ke[0,0—1] kelo,1-2]
my; A TN
+ (“21—1,% C™ ty >
myy * M4l 41 mag *  Mgl41
+ ( Z Tortotor B2 L2l+3+2k> + ( Z Torto4or D5 L2l+2+2k> for [ >1
kel0L2] kel0L2]

d*
ROMart1 AL p®magyo

* /% 2
dy =ml d}

* L mM4l+1 Ax  M4i42 m4i+1 *x 4142
Ay -—< E : Toptt,26+2 A Lo 2k+2) + ( E : Topt1,2642 O Logys, 2k+4>

ke[0,1—1] ke[0,1—2]
mql+1 Ik T414-2 mqai+1 /% m4l+2
+ ( Tor—101 77 Loy ) + ( Torpr A1 Lyt )
myj41 *  MM4142 myr41 *  M4j42
§ : Torrator B2 L2l+3+2k) ( E : 7721+3+2k Dy L2l+3+2k> for i >1
kel0,l—1] kelo,l=2

d*
ROMary2 _AF2, p®mai3

% o myj42 *  M4143 myr4-2 * 4143
4142 ~—< Z Tokr1,2k+2 A Lopil 2k+2) + ( Z Tokt1ok+2 O Lopis, 2k+4)
ke[0,1-1] ke[0,1-1]

4142 1 B m4i4-3
+ (”2z+2 dy™ Loy q 2l+2)

my4-2 * 14143 myi4-2 * 443
+ ( Z Torvatok D2 L2l+3+2k> ( Z Torsotok D5 L2l+2+2k)
ke[0,l] ke[1,l]

d*
ROMai+3 4l+3; R®mai+a

% o my143 Ax Mait+4 my143 *  MM4l44
dyrys ~—( E , Tortiokse AT oty 2k+2) ( § : okt 1oka O lopys 2k+4)
ke0,1] ke[0,1-1]

mM41+43 /* m4l+4
+ <7rzl+1 oo O to43 )

my43 * T4l 44 myi43 *  Ma4l44
+ < Z Torraror D2 L2l+5+2k> + ( Z ot avor Do L2l+3+2k)
kel0,1-2] kel0,l]



91

The following diagram commutes for all n € Z>.

d*
* n *
Xn n+1

X%iz 2 \LX%+1
d*

R@mn n} R@mn+1

Proof. Throughout the proof we will use Definition 28 and Remarks 26, 41 and 47 without
further comment. In particular, we will use df = 0, d{"* = 0, dy* = 0, D; = 0 and
D3 = 0 as follows from Remark 47.

Consider the case n = 4]. We have the following for [ = 0.
X)) o xt =X dixpg =0=dj
Let [ > 1. We calculate as follows.

(X4l) ! dy X4l+1

maqg —1 % maqg /% maj N
(( el 7T2k+1 ok+2 Xp p Tay k) + (szﬂ Xp 7741 ) + ( > Tou+2+2k—1 x, 4l,k)>
€[0,1—

kel0,l—1]
k30
e A )+ S oot al + (o )+ (U dy
ALk 4l+1,k ALk 4l+1 k+1 al,l-1 4141 a1 Qo Mgy
ke[O 1-1] ke[0,0—2]
—k * ¥ —¥ * ¥
+ (L4z 0 D; 7T4l+1> + ( > gk B—ﬁ 7T4l+1,k) + ( > bk D= 7T4l+1,k))
ke[0,1—1] ke[0,1-2]
mal+1 mai41 mal+1
(( L4z+1 k Xpp logt1 2k+2) + (L4z+1 Xp,q Loi+1 ) + ( > L4z+1 k X1 L21+2+2k+1>>
kel0,i—1] kel0,i—1]
k52

mal -1 A m4l41 may —1 majg1
E[OZ; ; Tont1 2642 Xpp A" Xop ”21<:+1,2k+2> + <ke[ozz: . Topt1 2642 Xpp CF Xpp L2k+3’2k+4)

(.
+(7rgllil1 21 XP P C Xp ,Q Lgllj-’iH)
+(

mal -1 m4z+1 may m4z+1
Y e G B i)+ (X 7 N Dr e
20+2+2k—1 Lal+2+42k+1 204+2+2k+1 e 2l+2+2k+1
ke[0,1—1] = 'k k—+1 kef0-2] k+1 +5 V1
k#30, kZ32 kZ32
_ myg *  Tal41 mayy * TMai+1
—( > 7T2k+1,2k+2A bog+1, 2k+2) +( > 7T2k+1,2k+20 Lok+3, 2k+4)
ke[0,1—1] k€[0,1—2]

myy A% MAl+1
+(7T2171,210 bojt1 )

may * mal41 may mal41
+( > Ttk BTH L2[+2+2k+1) + ( > Toioionit Dis L2l+2+2k+1)
ke[0,1—1] = ke[0,1—2] =
k#30, kZ32 k#32

( 1) may *  M4l4+1 mag *  M4l41
= > Tok+1,2k+2 A lokt1,2k+2 ) T > Tokt1,2k+2 ¢ Lok+3,2k+4
kelo,l—-1] kel0,l-2]

maq Ak TMal41
Jr(7T2l—1,2l C* 1g)37 )
mai41

may *  Tal4+1 myy *
+( Z Tol+2+2k BQ L2l+3+2k> + ( Z Tol+2+42k D L2l+2+2k>
kel0,1-2] kel0,1=2]

For equation (E1) we use Remark 42.(i,iv, v) to obtain the following.

myg * mai41
E , Tol+2+2k—1 BTH L21+2+2k+1)
ke[0,1-1]
k#30, k#32
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my * M4l _ *  Mal+1
E 7T2l+2+2k 1 B2 L2l+2+2k+1> = ( § , 7T21+3+2k 2 B3 L21+3+2k)
ke[0,i—1] ke[—1,1—2]
k=31 k=30
I
kiﬁ myy B* mai+1
= Tort2+2k P2 Lojr 3ok
k'€[0,l—2]
7Tm4l Lm4l+1
E : 20+4+242k+1 4k+5 20+242k+1
ke[0,l—2]
k32
may mai41 mayy mai+1
§ , Tolr242k+1 D4k+5 L2l+2+2k+1) +< E : 7T21+2+2k+1 D4k+5 bojro1 okt
ke[0,1—2) ke[0,1—2]
k? 30 kEgl
ma *  Mal41 may * mai+1
E , 7T2l+2+2k+1 D5 iy 5 ok 41 E : Ty totont1 D3 L2l+2+2k+1)
kel0,1—2] ke[0,01—2] ~
k? 30 kEgl -
k'=k
D* mar+1 _= may D* Lm4l+1
§ : 772l+3+2k 2 M5 2l+3+2k 2] = E Tor o242k 5 Lojtayok
k’€[0,l—2]

kel0,1-2]
k‘E3O

11,%
+[’2 XPQ >

Consider the case n = 4] + 1. We have the following for { = 0
Xpo ™1 )( Aty gyt d ”*> (L2 Xp '

(xX?)~

1X2 —<
<7T1 XPQd XPL%> =M d/* i

)

calculate as follows
mMai+1
772l+2+2k+1 X— 4l+1 k

Let 1 > 1. We
-1

kelo,l

o5

)

® —1 g* ®
(Xa141) " D1 Xaigo
MA4l+1 mM4i41
<( Tott 2bsa Xpp Tait1, k) + (Wzlﬂ Xpo T
kel0,l—-1]
k#32
Ax _+.* +,% + 1 ¥
(( L4l+1 p A 7T4l+2,k) + ( > ik CF ke k-',-l) + (L4l+1l ¢ 7T4l+2) + (L4l+1 di” 7T4z+2>
ke[0,l-1 ke[0,1—2]
1w Mk — % * My*x —,* * —k —k * —k
+ (L4z+1 dy” 7T4l+2) + (L4z+1,o D; 7T4z+2> + ( 2o laltik b= 7T4l+2,k> + ( > talriee Dig 7T4l+2,k)>
ke[0,l—1] ke[0,i1—2]
myr+2 maqi42
( DAY iy 2k+2) + (L4l+2 Xp bort1 ) + (L4l+2 Xr.q Lai+2 ) + ( > ok Xt 2l+3+2k)>
kel0,l—1] kel0,l—1
k#31
— mal+ mar+1 malr+2
= ( > 7721¢+1 2k+2 pr A Xp.p L2k+1 2k+2> + ( > Tok+1,2k+2 pr C* Xpp L2k+3 2k+4)
kelo,i—1] kel0,1—2
mal4-1 mal4-2 mar4+1 —1 mal4-2
+<7T21 Lot X O X b4 ) + <7T21+1 oAU Xp Lyt )
mal41 * m4l+2 mar+41 * m4l+2
o e B i) + (T ot s )
+2+2k+1 bol 4312k 20+3+2k i bol 4312k
ke[0,1—1] T ke kA2 ke[0,1—2] ’f+2 k+2
kZ31, k%32 k#31
_ mMai41 * ,Mal4+2 MmM4l41 * 4142
= ( > Tokt1, 2k+2A L2k+1,2k+2) + ( > Tokt1,2k42 ¢ L2k+3,2k+4)
kelo,i—1] kel0,i-2]
mMai41 /%, T4l+2 4141 g/ %, M4l42
+< Tor—1,00 O Loyq >+ (7721+1 di™ Loy )
mar+1 * mqr+2 mar+1 * m4l+2
Bik+2 L2z+3+%) + ( > To1+3+2k Dl torysiok
= ke[0,1-2]
k#51

+( > Toioiori
ke[0,1-1] =
k#31, k%32
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(Ez) mai+1 *  ,M4ai42 mal+41 * ,Mai42
= > 7T2k+1 2k+2 A Lok1,2k42) T > 7r2k+1 ko € lok+3,2k+4
ke0,l—1] ke[0,1—2]

mal41 /* mal4-2 mal41 ! sk m4l+2
+< Tor—1,21 C"* 1y )+( Tor41 A1 lytq )

mar+1 * Mai42 mMal+41 mar+2
+< > Toioion B3 L21+3+2k) + ( > Toizior D6 L2l+3+2k)
kel0,l—1] kel0,1—2]

For equation (E2) we use Remark 42.(i,iv, v) to obtain the following.

71_?77,4z+1 B* m4l+2
20+2+2k+1 P Lar3+2k

ke0,l—1]
k#s3l, k#32
_ mai41 *  M4i42 _ mM4i41 *  Ma4l42
_< E : 772l+2+2k+1 BQ 2l+3+2k> _< E : 772l+3+2k72 B2 2l+3+2k>
kelo,l—1] kel0,l—1]
k=30 k=30
1
kjé gl BX a2
- 2l+2+2k’ 2 2l+3+2k’
k'el0,l—1]
m4z+1 D*_ mar+2
Tor+3+2k Dgr bats+2k
ke[0,1—-2]
k#31
_ mai4-1 *  MM442 mai4+1 *  Mai42
—( E : Tor+3+2k @521+3+§) +( E , Tor+3+2k D4 L2l+3+2k)
kel0,l—2] kel0,l—2]
kEgO k232
_ mai41 *  MMal42 mM4l41 *  M4j42
=( > Tar+3+26 Do L2l+3+2k) "’( > Torra+ze D2 L21+3+2:k)
kel0,1—2] ke[0,i—2] -0
k=30 k=32 -
r_—
k:E m4l+1 D* mai42
= To1+3+2k" 0 Loi+3+2k!
k'ef0,l—2]

Consider the case n = 41 + 2. We calculate as follows.

® — * ®
(X4l+2) dyivo Xa113
_ mai+2 +,* mai+2 /% mai+2 11,% mai42 — %
= (( > Tok+1,2k+2 pr Tal'y2, k) + (W21+1 Xp 7T4l+2) + (W21+2 XPQ 7T4z+2) + ( > To1+3+2k Xk 5 4l+2,k))
ke[0,1—1] ke[0,1—1] +
k#s1
+,% * % +,% * % +,%
(( > Lyl'yo k A 7T4l+3,k) + ( > Lalv ok ¢ 7T4l+3,k+1) + (L4l+2 dy* T4y, l)
ke[0,l—1] ke[0,i—1]
11,% 11, % —, % —,% * — % — % * — %
+ ( Lylto d3” 7T4l+3 l) + <L4l+2 B; 7T4z+3,0) + ( > lytog Bi 7T4z+3,k+1> + ( > latok D 7T4z+3,k)>
kel0,1—-1] kelo,l1—-1]
mai+3 mM41+3
(( > L4z+3 k Xp.p Lokl 2k+2> + ( > sk Xitz L2l+3+2k)>
k€[0,]] k€[0,1]
k#s1
_ M4+ MmM414-3 mai42 mM4143
= ( > 7T2k+1 2k+2 pr A" Xp p L2k+1,2k+2) + ( > Tok41,2k+2 pr C* Xpp L2k+3 2k+4>
kel0,i—1] ke[0,i—1]
myi42 mM4i+43 mqi+42 mM4i+43
+<7721+2 Xpo 457 X p L2z+1 2z+2> + (7721+2 Xpo B3 Xa.r toya )
myr+2 mql+3 mqr+2 mql+3
+( > 7r21+3+2kX Bz = Xg ! 2l+5+2k+2) + ( > Tol+3+2k X— D Xast 2l+3+2k)

ke[0,i—1] k+2 kel0,i—1] k+2
k#30, k#31 kZs1
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ke[0,l]

((
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mMal+42 * M4143 mal42 m4l 3
> Tok+1,2k+2 A Lok, 2k+2) + ( > 7T2k+1 2k+2 cr L2k+3 2k+4>
kel0,i—1] kel0,i—1]
myl4-2 //* m4l+3 mal4-2 * m4l+3
+< Mot Ao o] 2z+2) +( Tots B3 lyis )
m4l+2 * m4l+3 m4l+2 mM41+3
+( > T91+3+2k Bz L21+3+2k+2) + ( > Toiator Dist 21+3+2k>
k€[0,1—1] k€[0,1—1] =
k#30, k%31 k#31
(E_?’) E mMyl42 A* mM4i43 + Z mai4-2 C* mM4i43
= Tok+1,2k+2 bok+1,2k+2 Tok+1,2k+2 bok+3,2k+4
ke[0,1—1] ke[0,1-1]
mMyi4-2 1ok, T414-3 m4l+2 * 4143 mqi4-2 *  M4143
+< Torpo 437" Loty 2l+2> + ( > Tyiator B L2l+3+2k> + ( > Toision Di ”2l+2+2k)
ke(0,l] ke(1,l]
For equation (E3) we use Remark 42, (i,iv,v) to obtain the following
mai4-2 * M4l 4+3 MmM414-2 * m4l+3
§ : 7T2l+3+2kB 21+3+2k+2) +( Torto B2 lys )
k€[0,1—1]
k#30, k#31
_ mal4-2 * mM41+43 mal4-2 * m4l+3
= E . Totasok—2 Brjbzz+3+2:k) + <W21+2 B3 tyiys )
ke[L,l]
k=30
m k'=k
— T 4142 B* mM4143 —= m4l+2 B* Lm4l+3
20+3+2k—2 P2 L2l +3+2k Toprorok D2 boj4 3ok
ke[0,] k'ef0,l]
kEgO -
mar+42 * Lm4l+3
Tou+3+2k ~ar+3 L2u+3+2k
kelo,l—-1]
k‘,,j_&gl
_ mai42 * mM414-3 mai4-2 * mM414-3
= E T2u+3+2k Dis ba14342k E , Tol+3+2k Do L2l+3+2k)
ke[0,l—1] kel0,i—1]
k) 30 kEgQ
_ m4l+2 * mM41+43 m4ar42 * m4l+3
= § : Tortstan s L21+3+§) + E : 7T2l+3+2k D3 L2l+3+2k>
ke[0,1—1] -0 kel0,i—1]
k 50 - kEgQ
m K=k
— T 4142 D* Lm4l+3 _= m4l+2 D* Lm4l+3
2i+3+2k—2 5 Lorr3ron—2 Torrar2k 5 Lojroyok
ke[1,1] k'e[1,1]
k=30 -
Consider the case n = 41 + 3. We calculate as follows.
® —1 g% ®
(Xar43) ™ dhi43 Xap4a
mar4+3 +,% mag4+3 —
(( Z 7T2k+1 2k+2 Xp P T4y, k) ( 2[: 214342k X = 4l+3 k))
ke[o,l
=+ ,% =+ ,% =+ ,% +,% +,% 1% /%
(( > Ltk A Tal'ta, k) + ( > tariar O Ty, k+1> + (L4l+3l ¢ 7T4z+4>
ke€[0,l] ke[0,1—1]
— ok — % * K ¥ * ¥
+ (L4l+3,0 Dy 7T4z+4) + ( > bai 43,k Bf 7T4z+4,k> + ( > baly3,k+1 D74k+4 7T4z+4,k>>
k€0,]] k€[0,1—1]
+,% Mal44 Myi+4 mMal44
> Lyi'ya ke Xp.p Lok, 2k+2) + (L4l+4 Xp tar43 ) + (k Z[: ’ L4l+4 k XT bal+a+2k— 1))
€lo,
k#50



95

mai+3 mai+4
C* Xp p L2k+3 2k+4)

by | Tok4+1,2k+2 Xp P

mal44
A X p L2k+1,2k+2) + <
kel0,1—1
mal44 )

Z ,n_m4l +3
2k+1,2k-+2 Xp P
kel0,1]
mal43 mM4l4-4 mal+3 mMal4-4
+(7T21+1 2042 Xp » C1 Xp o5 ) + (”21+3 XQ » Do X Loy )3
mai+3 % o, Maj44 mai43
+( > T21+3+2k Xk+2 Bi EL21+4+2k—1) +< > Tol4+3+2k+2 Xf 41<:+4X Lolta+2K—1
kel0,l] _— kel0,i—1]
k#30, k#31 k#30
mM4i43 * ,M4l+4 M414-3 * ,M4l4+4
( > 7T2k+1,2k+2A bok+1, 2k+2) + ( > Tokt1,2k42 ¢ bok+3, 2k+4)
kelo,1] kel0,i—1]
M414-3 /%, T4l+4 mM4i+43 * m41+4
+( Mot o142 O  borts >+( Torts Do tos )
mM4i43 * ,Mal+4a ™mM4i43 mMai4-4
‘1‘( > 214342k B, bopyayok— 1) +( > Tol+3+2k+2 4k+4 bolat2k— 1)
k€0,]] = ke€[0,1—1] =
k#30, kZ31 k#30
]i mai+3 Ax  Maita mai+3 *  M4l+4
= ( > Tok+1,2k+2 A Lok1,2k42 ) T > Tok+1,2k+2 ¢ lok+3,2k+4
ke[0,l] ke[0,l—1]
mal+3 IR IRUZIE
+(7T21+1 a2 C7" )3 )
m4l+3 * m4l+4 m4l+3 * Mal4+4
JF( > Toyiayor B3 L21+5+2k) + ( > Toiater Do L2l+3+2k>
kel0,1—2] kel0,l]
For equation (E4) we use Remark 42.(i,iv, v) to obtain the following
M41+3 * m4l+4
E: 772l+3+2kB bol+a+2k— 1)
kelo,1]
k#30, kZ31
_ mM4l143 B* mMai4-4 _ "7L4l+3 B* mMy4i44
= To143+2k P2 2l+4+2k 1] = Tou+3+2k+4 2 2l+4+2k+3
k€[0,]] ke[—2,1-2]
k= 32 k)EgO
_ mM41+43 B* Lm4l+4 k_:E m4l+'§ B* Lm4l+4
= E , 7721+5+2k 2 P2 barysy2k) T E , Torya+2k’ P2 Lojr542k7
ke[—2,1—-2] k'el0,l=2]
k=30 -
mM41+43 mal4-4 mal+3 * m4l+4
E , Tl 431 2k+2 4k+4 Lol +d42k— 1) +< Torvs Do lars )
kel0,l—1]
— maqi+43 * mMa44
= ( E : T21+3+2k+2 D L2l+4+2k—1)
ke[-1,1—-1]
k#30
_ mM414-3 * m41+4 ™mM4i43 * m4l+4
= ( E , To1+3+2k+2 D4k+4 20+4+2k— 1) +( E , Tol+3+2k+2 D4k+4 20+4+2k— 1)
ke[—1,1—1] ke[—1,1-1]
k=31 k=32
_ m4l+3 *  M4j44 m4l+3 *  M4l4+4
= E 2l+3+2k+2 D; ”2l+4+2k—1) +< E 2l+3+2k+2 Dp toaton— 1)
ke[—1,1—1] 70 ke[—1,1—1]
k=31 - k=32
" k'=k
_ 4143 D* mMai4-4 _= 7_‘_mzwra D* L77l4l+4
= Tor+3+2k 20 Larts 2k ) = 21+3+2k 0 Lop 1342k
k€[0,l] €[0,l]
k=30 -

Remark 52 The maps from Lemma 51 can be rewritten using Remark 47

Recall that given an integer z, we write (z) for the (1 x 1)-matrix with entry z
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For | € Z>( we have the following.

7r m4l+1 7T m4l+1
E : 2k+2 2k+2 E : 2k+2 2k+3

ke(01—1] ke(0,1—1]
ma41 myy ma41 .
< E : 7T2l+2+2k -2) L2z+3+2k> + ( § : Torta o (4) L21+2+2k> :
kel0 =2 keio 2]

REBm4z , R®m4z+1

% _ m4l+1 myr42 m4l+1 myr42
dyi41 —( E ot (2) et ) ( E : Topan (4) Logys )
ke(0,]] ke(0—1]
M4l+1 myjyo myaly1 my4l42 .
< E : 7T2l+2+2k -2) L2z+3+2k> + ( § : Torraror (—4) ”2l+3+2k> :
kel0 =1 keio 2]

R@m4l+1 , R@m4z+2

* _ myi42 myi4+3 myi42 myi4+3
Al+2 —( E o (—2) iy ) + ( E : Topsn (4) Lopys )

ke(0,] ke(0,1—1]
mar42 My43 My 42 My43 .
+ < § : Toriator (—2) L2z+3+2k) + ( E : Tortoror (4) L2l+2+2k> :
kel0,l] kel1,l]

ROmMait2 s RO®maiys

% _ my|43 maj44 myi+3 myj+4
4143 —( Z Tok+1 (2) Log+1 ) +( Z Tok42 (4) 2k+3)
ke[0,]] ke[0,1]
my43 myj44 my143 myi44 .
Z Torpator (—2) L21+5+2k) ( Z Torpavor (— )L21+3+2k> :
kel0,l-2] kelo,l]
R®m4z+3 R®m4z+4

Ty

Lemma 53 Let | € Z>(. There exist R-linear isomorphisms R®™M4i+1 —= R®Mai+1 and

REmas T2 pomas guch that the following holds.

Ker(dZZ-TM) <egk 1: k€ [1 l—|—1—|—l]>
m(dzl 'T4l) = <282k ke [1,l]> <2€2k+1 ke [l+1 l+1+l—2]>

Ker(T;ll- ne1) = (e ke L)) @ (eappr kel +1,14+1+1-2])
Im ( 4[ d4l+1) <2€2k_1k€[1,l+2+l—1]>

Ker(d4l+2 Ty40) = <egk 1: k€ [1 I+2+1— 1]>

(2egr k€ [1,1+1]) @ (2egerr: k€[l +2,1+1+1))

Im(djyyo - Tuv2) =

—1 *
Ker(Ty, o - diys) =

Im (T4141r2 diivs) =

<egk:k€ [1,[+1]>€B<62k+1:k‘6 [l+2,l+1+£]>
<2€2k_1 1k e [1,l+3+l—2]\{l+2}>@<4621+3>

~— ~— ~— ~—



97

da* a* d* d*
RO®ma 4 p®may W ROMarse 42 pOmass WS ROMaea
1 Ty | 2 1 Taiq2 ] 1
d*, Ty Tt

4114 41 ‘le+1 de+2'T4l+2 Tzflerz'dZHs
RO®ma > ROMai+1 > ROMai+2 > ROMal+s3 e

Proof. Using Remark 42.(i) and Remark 44, we see that the occurring standard basis
elements actually lie in the source respectively in the target of the map under consideration.

We define the following R-linear maps.

R@m4l+1 Ty R@m4l+1
L myr41 myi41 myr41 myr41
Ty = Ly +( Z Toprn (2) oy ) + ( Z Torrsson (2) L2l+2+2k)
ke[0,1—1] kel0,1=2]

RO™Mai+1 Q‘”“; RO™Mai+1

o myj41 myi41 myp41 myi41
Qa1 = Iy, "‘( E : Tok42 (=2)¢ Lok+3 ) + ( E : Tol4-342k (—2) L21+2+2k>
ke[0,l—1] kel0,l-2]

ROMaiy3 T4l+2> ROMaiy3

. m4l+3 mar+3 mai4-3 mar+3
Tyyo =TIy + ( E : Tok+2 (2) log+3 ) + <7T2l+2 (—1) Lorys )

ke[0,l—-1]
mM414-3 m414-3
+( Z Tortaror (2) L2l+2+2k>
kel1,l]

R®Malys M R®maits

. m4l+3 my41+3 4143 my41+3
Quai+3 1= Ly s +< > mphs (<2) it ) + (W2z+2 (1) tor3 )

kelo,l-1]

myi43 myi43
( Z Torrayor (—2) L2[+2+2k)
ke[1,1]

Using Remark 42.(i) and Remark 44, we see that these maps are well-defined.

Recall that for m > 0, endomorphisms ¢ and 1) of R®™ are already mutually inverse, if

We show that Ty and Q441 are mutually inverse isomorphisms.

_ m4l+1 myr4+1 mygi+1 myi4+1
4 - Quiy1 —<Im4z+1 ( Z Topsn (2) ¢ lok+3 ) + ( Z ”2z+3+2k (2) L2l+2+2k>>
ke[0,1—1] kel0,1=2]

mMyl+1 mMyl4+1 mMyl+1 myi4+1
<1m4z+1 +( E , Topyn (—2) lopys ) + ( E : Torraror (—2) L2l+2+2k))
ke[0,1—1] ke[0,1—2]

RO®mai+a o ...
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L+ D TS (@ + ) s )+ (X ma (4 (-2) g5l
kel0,i—1] kel0,1=2]

=1

mM4l+1

We show that Ty 1o and Q413 are mutually inverse isomorphisms.

Tyyo - Quys
_ my14-3 myi43 my14-3 my43 my14-3 my4-3
—<IM41+3 +( Z Topya (2) Logys ) + (W2l+2 (=1) e ) + ( Z Toravor (2 L2l+2+2k)>
kelo,l—1] ke[1,1]

mait3 o M43 M43 M43 M43 M43
(Im4z+3 +< E T (=2) it ) + (”2z+2 (1) w3 ) + ( E : Tortaror (—2) /’2l+2+2k>>
ke(0,1—1] kL]

~Lnes (D0 Tt () + (-2) i) + (mas® ((F1)+ () s

ke[0,1—-1]
mM414-3 m414-3
+< Z Tortasare ((2) +(=2)) L2l+2+2k>
ke[Ll]
:Im4l+3

Consider the map dj,. We calculate as follows.

* _ myg myi+1 mqr+1
dy - Ty —(< Z Topta (—2) topis ) ( Z 7T2k+2 ) Lojys )

ke[0,1—1] ke[0,l—1]

myy _ m4i+4+1 myy mai+4+1
+ ( E : Torta ok (—2) L21+3+2k> + ( E : Torta o (4) ”2l+2+2k>>
ke[0,1=2] kel0,1-2]
my+1 mqr+1 my+1 myi+1
<Im4z+1 +< E , Tok4-2 (2) 2k+3) ( E : 7T2l+3+2k )L2l+2+2k)
ke[0,l-1] ke[0,0-2]

St 0 )+ (X i (2 @+ ) Gt

ke[0,l—1] ke[0,l—1]

m. m.
D oty (-2) L2lﬁ§j—2k) ( >t (F2)-(2)+ (4)) Lglf§i2k>
kel0,1=2] ke[0,0=2]

(X m a0 X w2 ay)

ke(1,]] ke[l4+1,141+1-2]

N———

We obtain the following.
Ker(dy, - Ty) = (ear—1 : k € [1, L+14+1-2])@®(ex: k€20 +3+2(1—2),myl)
m(dzl 'T41) = <2e2k ke [ ,l]> &) <262k+1 1k e [l+1,l+1+l—2]>
Using Remark 42.(vi) we have

my —20-3-2(1-2)=31-(1-1)-21-3-2(1-2)=1-3—(1-1)—-2(1—-2)
=-1+1+1-1+1-2-(1-1)-2(1-2)=-1+1- (-2
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so that [{ep : k€ [2l +3 +2(1=2),my]}| =1 — (I =2) € {0,1}.
Note that eg1319(-2) = €21 for k=1+2+1— 2. Hence

Ker(le'T4l):<62k_1ik€ [1,l+1+l—2+l—(1—2)]>
— (epr k€ [LI+1+1]).

Consider the map dy; ;. We calculate as follows.

—1 * _ m4l+1 mai41 mai4+1 mai41
Ty ‘d4l+1—< magt1 ( E: 7T2k+2 L2k+3> ( E: 7r21+3+2k -2) L2l+2+2k)>

kel0,i—-1] kel0,i—2]
myi4+1 myi42 myai4+1 myi42
<( Z Tok+1 (2) ¢ bok+1 ) +< Z Tok+2 (4) 2k+3)
ke[0,]] ke[0,1—1]
mai41 myr42 myi+1 mai42
( Z Totpatar (—2) L2l+3+2k> +< Z Tota+or (—4) L2l+3+2kz))
ke[0,1—1] kel0,1=2]
m4l+1 myi4-2 myi+1 myi42
( Z Topr1 (2) opr ) ( Z Torrs ((—2)+(2) +(4)) ety )
kel0,]] kel[0,l-1]
m4i41 myi42
( Z 7T2l+2+2k -2) L2l+3+2k>
ke[0,1-1]
mai+1 mar42
+< Z Tortaror ((—2) - (=2) + (—4)) L2l+3+2k:>
ke[0,1-2]
m4l+1 my42 myi41 myi4-2
Z Ty L2k1)+< Z 7r2k2(2)b2k1)
ke[1,l+1] kell42,14+2+1-1]

We obtain the following.
Ker(Ty" - dipsy) = (ean 1 k € [L1]) @ (eapqr sk € [+ 1,1+ 1—1])
@© ek ke 2043 +2(1=1), mys1])
Im(T;" - dyyy) = (Qegp-1: k€ [1,1+2+1—1])
Using Remark 42.(i,vi) we have
mapr —20—3-2(=1)=31—(1=3)—21-3-2(—1)=1-2—-1-2(-1)

—l4l—14+1-2-1-201-1)=1-2—(1—1)

so that [{ex : k€ [204+34+2(l—1),myn1 |} =14+1-2—-(1—1)€{0,1}.
Note that e 3490-1) = eak+1 for k=1+1+1—1. Hence

Ker(T;' - djyq) = (eor t k€ [LI) @ (egprr sk €I+ 1,1+1-1+1+1—2—(1—1)])
= (e ke [Ll])®(eopt1:kel+1,1+1+1—2]).

Consider the map dj;,,. We calculate as follows.

Firez Ttz :<( S (2 s+ (X T @) g

ke(0,1] ke[0,1—1]
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my4-2 my143
+( Z Tortason (—2)

myp4-2 my143
bol134-2k E , 7T2z+2+2k
kel0,l]

L2l+2+2k
ke1,l]

mMy41+3 m4i+3 4143
( M4l 43 ( E : Tokta ( )+<

my1+3
2) topys Torpa (—1) b3 >
kel0,1-1]
myi+ 41+3
+( D s (2 L2l+2+2k)>
ke[1,l]

:( Z 71_727;1;2 (_2) ;r;i:_gs) +< Z M4l42
kel0,]] kelo,l—1]

+ (md5® (=2 (=) + (=2)) 1515°)

Lol+3
mar+2 mar+43
+( E : Tortarok (—2)

dsin) + (0 Mt (42 2)+ ()
ke[1,l]

ke[1,l]

myr42 my143 myr42 my143
Z Top + (—2) Loy ) + ( Z Top  (—2) Logyy )
ke(1,l1+1] ke[l+2,1+1+1]

We obtain the following.

Ker(leH Tyy2) =

(egp—1 : ke [1,l+ 1+£]> @
Im(dy o - Thiy2) =

(2egp ke Ll+1])®
Using Remark 42.(vi) we have

(e + k € 20+ 3+ 2L, my42])
<2€2k+1:k€ [l+2,l+1+£]>

Mg —20—-3—-20=31—(1—5)—2—-3-2=1-2—(1-2)—2
— i l—1+1-2-(1—2)—2A=1—-1-1

so that [{ep : k € 2l +3 + 2, myy2]}| =1+1-1—-1€ {0,1}
Note that €2143421 = €2k—1 for k =1+ 2+ [. Hence

Ker(dzl+2-T4l+2) <62k1 k6[1l+1+l+1+l—1—l]>

<62k 1: k€ [1 l—|—2—|—l—1]>
Consider the map dj;, ;. We calculate as follows
T— o d* (1 m4l+3 ( 92 mMyi+3 m4l+3 1 mM41+3
aiy2 Qa3 =\ Lmags T Z Tokt2 )ty )+ (Tarys (1) tyis
ke[0,l—1]
+ ( Z W;Tzliléﬁzk 2) e ))

Lolrot2k
ke[L,l]

(( Z g;;zjia 2) 72724_514) +( Z myi43

myi+4
Topto (4) 2k+3)
ke[0,]] ke[0,1]
mM4l+3 mql+4 m4j4+3
"'( Z 7r2l+4+2k( 2) L2l+5+2k> < Z Qi
kel0,0-2]

) Lm4l+4
2l+3+2k 21+3+2k
kel0,l]

morts’ ((=2) - (2) + (4)) iy’

)

Lm4z+5
20+2+2k

)
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(T A @gu)+ (X 55 (2 @+ W) 4)

k€(0,]] kel0,1—1]
(st () (—0) + (@) dts?) + (mas (- 5457

(X w2 gt + (X miit (C2)- (-2 + (-4)
kel0,1=2] ke(1,l]

. myy3 Myjqa myy3 Maj4a
—( Z Topry (2) Lop ) ) + (772l+3 (—4) 13 )
ke([1,141]

mar+3 mar4+4
+ ( E : Top  (=2) topiy )
kell+2,14+24+1-2]

We obtain the following.

Ker(T4lJ1r2 divg) = (eak sk € [LI+1]) @ (eap1 1k € I+ 2,1+ 141 —2])
® <ek ke [2l + 5+ 2(l — 2),m4l+3]>
Im (T4_l+2 le—i-?)) = <262k,1 ke [1,l+ 3+1— 2]\{l + 2}> ® (4621+3>
Using Remark 42.(i,vi) we have

a3 —20—=5-2(1-2) =3l - (=7 -2l -5-2(1-2)=1-3~(1-1)-2(-2)
=-1+1+1-1+1-2-(1-1)-2(1-2)=-1+1- (-2

so that |[{ex : k€ 20 +5+2(1 = 2),my 3]} =1 — ([ —=2) € {0,1}.

Note that ey 512(0-2) = €ak+1 for K =1+2+1— 2. Hence

Ker(T4l+2 dyys) = (eop k€ [LI+1])® (eoppr ke[l +2,1+14+1-2+1—-(1—=2)])
:(egk:ke[l,l+1]>@<e%+1:kE[l—i—Q,l—f—l—i—é].

Theorem 54 Recall that R = Z(3). Recall that we write z for the unique element in Z
with & = 3z + 7, where T € [0, 2].

For | € Z>(p we have the following.

H(S4)2) =~ R

HY(S1)n) =~ (R/2R)*" @ (R/AR) ~ (2/22)*"* @ (z/42) if1>1
H4l+l(s4)(2) ~ (R/QR)EBH»lJrFZZ ~ (Z/2Z)®l+l+F:2
H4l+2(s4)(2) ~ (R/2R)@l+2+l_:1 ~ (Z/2Z)@l+2+l_:1
H4l+3(s4)(2) ~ (R/QR)EBZJAH ~ (Z/QZ)EBHP@

Note that H*(Sy)(9) is the 2-part of the finite abelian group H*(Sy) for k € Z> .

Proof. By [16, Proposition 3.3.10] we have H*(Sy; L) =~ Hk(S4)(2) for k € Z>o .

Lm4l+4
204342k

)
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We have d* | = 0 and djj = 0 so that

HO(S4)(2) ~ Ker(d}) ~ R¥™ ~ R;
cf. Lemma 51.
Note that for I > 1 we have the following; cf. Lemma 53.

Im(T, Ly - dfy ) = (2eqp1 k€ [LI+2+1=3\{I+1}) & (dey1)
= (2egp—1 ke [LI+1+IN\{I+1}) @ (degya)

The result follows from Lemma 51 and Lemma 53. o

3.3 Comparison with the calculation of H*(S,)
by C. B. Thomas

At the prime 2, we may compare our results of Theorem 54 with the calculation of H*(Sy)
by C. B. Thomas in [15].

The comparison was done using the computer algebra system Magma,; cf. [6].

Magma Code:
P<a, n, z, e> := PolynomialRing(Integers(), [2, 3, 4, 41);
// Generate list of all monomials with degree m ////////////
ListMonomials := function(m)

return Isetseq(MonomialsOfWeightedDegree(P, m));

end function;

// Determine coefficient matrix for the degree m ///////////

CoefMatrix := function(m)
D :=[j: jin [1..((m-2) div 6)1]; // List of indices j for which the last relation
// has to be considered
PDeg_m := ListMonomials(m) ; // Generate lists of monomials such that
if m ge 2 then // the degree is m after multiplication with
PDeg_a := ListMonomials(m-2); // a,n,z,e respectively
else PDeg_a := []; // Generate an empty list if m is too small
end if;

if m ge 3 then
PDeg_n := ListMonomials(m-3);
else PDeg n := [];

end if;

if m ge 4 then
PDeg_z := ListMonomials(m-4);
else PDeg z := [];

end if;

if m ge 4 then
PDeg_e := ListMonomials(m-4);
else PDeg e := [1;

end if;
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CSeq:= // Generate list of matrix elements
[[MonomialCoefficient(2*a * x,y) : y in PDeg_m] : x in PDeg_al] cat // of the Coefficient matrix
[[MonomialCoefficient(2*n * x,y) : y in PDeg_m] : x in PDeg_n] cat // omitting the last relation
[[MonomialCoefficient(4*z * x,y) : y in PDeg_m] : x in PDeg_z] cat

[[MonomialCoefficient(3*e * x,y) : y in PDeg_m] : x in PDeg_e];

for j in D do // Complement the list CSeq with the

PDeg_j := ListMonomials(m-2-6%j); // last relation for each j in D

CSeq cat:= [[MonomialCoefficient((a*n~(2%j) - a~(j+1)*(z + a2)"j) * x,y) : y in PDeg_m] : x in PDeg_jl;
end for;

return Matrix(IntegerRing(),CSeq); // Return coefficient matrix with

// entries from CSeq
end function;

// Determine the cohomology with the coefficient matrix /////////////
Cohomology_Thomas := function(m)

S,51,52:=SmithForm(CoefMatrix(m)) ;

return [x : x in Diagonal(S) | x ne 1]; // Returned list [a_1,..,a_n] means

// H'm(S_4) = (Z/a_1 2) + .. + (Z/a_n Z)
end function;

// Determine the 2-part of the cohomology /////////////
Cohomology_Thomas_at_2 := function(m, Result_Thomas)

return [2"(Valuation(x,2)) : x in Result_Thomas[m]];

end function;

// Output and comparisomn: /////////////

n := 27; // Upper bound for output is 4#*n+4
Result_Thomas := []; // List with results

// Print cohomology according to Thomas and Theorem 54 //
// and compare 2-part according to Thomas with Theorem 54 //

for 1 in [0..n] do
Result_Thomas cat:= [Cohomology_Thomas(i) : i in [4*1+1..4%1+4]];
print 4x1+1 , "\n",
"Thomas: " Result_Thomas[4*1+1] ,
" Theorem 54:", [2 : j in [1..1+1+((1-2) div 3)]1] ,
" Comparison:",
Cohomology_Thomas_at_2(4*1+1,Result_Thomas) eq [2 : j in [1..1+1+((1-2) div 3)1];
print 4%1+2 , "\n",
"Thomas : ", Result_Thomas [4*1+2] ,
" Theorem 54:", [2 : j in [1..1+2+((1-1) div 3)]1] ,
" Comparison:",
Cohomology_Thomas_at_2(4*1+2,Result_Thomas) eq [2 : j in [1..1+2+((1-1) div 3)]1];
print 4x1+3 , "\n",
"Thomas: " Result_Thomas[4*1+3] ,
" Theorem 54:", [2 : j in [1..1+1+(1 div 3)]1] ,
" Comparison:",
Cohomology_Thomas_at_2(4*1+3,Result_Thomas) eq [2 : j in [1..1+1+(1 div 3)]1];
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print 4*1+4 , "\n",
"Thomas: " Result_Thomas[4*1+4] ,
" Theorem 54:", [2 : j in [1..1+1+((1+1) div 3)]1] cat [4] ,
" Comparison:",
Cohomology_Thomas_at_2(4*1+4,Result_Thomas) eq [2 : j in [1..1+1+((1+1) div 3)]] cat [4];
end for;

Remark 55 Using this program, we could calculate Hk(54)(2) via Thomas in [15, The-
orem 4] for k € [0,115]. In these cases, the calculation of Thomas coincided with our
results in Theorem 54.
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Zusammenfassung

Wir betrachten den trivialen Modul Z 3 tiber dem Gruppenring Zg)Ss.

Das Ziel ist die Konstruktion einer minimalen projektiven Auflésung X von Z tiber
Z(2)S4 mit regelmaffiigem Verhalten.

dy

X = ( X3 d2 X, X, do Xo 0 )

Dazu betrachten wir zuerst das Wedderburn-Bild von Z)S4.

Sei @ : QS4 = QxQxQ?**3xQ3*3xQ?*? der Wedderburn-Isomorphismus. Wir schrianken
@ auf ZS4 ein und erhalten die Wedderburn-Einbettung /. Erneutes Einschranken auf
das Bild A’ von w/, liefert einen Isomorphismus w’ von Z-Algebren.

QS4 f Q X Q % Q3><3 X Q3><3 X Q2><2

\J\ !
Wy

VAN 7 X 7 x 73%3 x 73%3 x 7,2%2

UJ/
Y

A/

Nach Lokalisation an 2 erhalten wir einen Isomorphismus Z)Sy % A= A’(Q) von Zg)-

Algebren.

Wir beschreiben A durch Kongruenzen zwischen Matrixeintrédgen und kénnen so die un-
zerlegbar projektiven Z9)Ss-Moduln P und () ablesen.

Wir geben eine geschlossene Formel fiir die projektiv Terme Xj; von X an, als direkte
Summen dieser Moduln P und Q.

Ebenso geben wir eine geschlossene Formel fiir die Differentiale d;, von X an, als Matrizen
mit Z)Ss-linearen Abbildungen als Eintragen. Diese Abbildungen zwischen P und @
definieren wir als Multiplikation mit ausgewéahlten Elementen von A.

Dann ist X mit den Termen Xj; und den Differentialen dj die minimale projektive
Auflésung von Z) iiber Z(3)S4. Um dies zu zeigen, konstruieren wir eine Z)-lineare
Homotopie der Identitat auf X.

Als minimale projektive Auflosung ist X eindeutig bis auf Isomorphie. Sowohl die projek-
tive Auflésung als auch die Homotopie-Abbildungen zeigen ein regelméafiges Verhalten.

Als Anwendung bestimmen wir die Kohomologiegruppen von Sy iiber Z,) unter Verwen-
dung der projektiven Auflésung X. Durch einen Vergleich mit dem Ergebnis von C. B.
Thomas in [15] konnte das Resultat fiir H"(S4)(9) mit n € [0, 115] bestétigt werden.
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