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Abstract

We consider the following diagram.

|2,0]-SimpGrp CrSq

'\ e
Rec Tr

2-CrMod (154
To
CONDUCHE has defined the category |2, 0]-SimpGrp of |2,0|-simplicial groups, and a truncation
functor Trunc|y o : SimpGrp — |2,0]-SimpGrp.

The category CrSq of crossed squares has been introduced by LODAY. It carries the transposition
functor Tr.

The functor Sq : |2, 0]-SimpGrp — CrSq has been constructed by PORTER.

The total 2-crossed module functor To : CrSq — 2-CrMod has been constructed by CONDUCHE,
as well as the reconstruction equivalence Rec : 2-CrMod — |2,0]-SimpGrp.

We show that the functor Sq is left-adjoint to the composite Tr » To . Rec.






0 Introduction

0.1 Simplicial groups

The simplex category A is the category of linearly ordered finite sets of the form {0, ..., n},
where n € Z>g, and monotone maps between them.

A simplicial group is a functor from A°P to the category of groups.

This means, a simplicial group G is a diagram of groups of the form

ag®
—
G,2 G2
S dy
G,3 G,1 G,
dy S1 dy
G,2 G,2 G,0
Ch d; So
.Gy Gy Gy Go
G,3 G,1 G,1
dy S0 dg
G,2 G,2
So dy
a§®
—

where the group morphisms d?’” : Gy — Gp—1 and SJG’" : G — Gpyq satisfy the simplicial
relations.

The category of simplicial groups is denoted by SimpGrp.

Connected topological spaces can be modelled by simplicial groups as follows.

We have an equivalence between the homotopy category of pointed connected topological spaces
and the homotopy category of reduced simplicial sets; cf. [4, Th. 3.2, Th. 3.4, see also Th. 3.4(ii)].

Moreover, we have an equivalence between the homotopy category of reduced simplicial sets and
the homotopy category of simplicial groups; cf. [5, V, Cor. 6.4].

Altogether, simplicial groups model pointed connected topological spaces up to homotopy
equivalence.
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0.2 [2,0]-simplicial groups

A |2,0]-simplicial group G consists of groups G2, G1, Gy and face and degeneracy morphisms
as follows

G,2
d2
—2
Koy e
dG,Q SG,O
1 0
Go Gy Go ,
Sg’l dOG’l
a§?
RN

satisfying the simplicial relations and the Conduché condition

[G2,0,G212] = 1
[G2;1,G202] = 1
[G2:2,G201] = 1
in which we write
as?
Gai = ker(Go — G1) < Ga,
G.2 462
Gojr = ker(Ga —— Gi)Nker(Gy == G1) < Ga

for i, j, k € {0,1,2}, where j < k.
The category of |2,0]-simplicial groups is denoted by [2,0|-SimpGrp.
There is a truncation functor

Trunc o)

12, 0]-SimpGrp

respecting homotopy groups; cf. [1, Def. 52]. So if one wants to study the [2,0]-part of a
simplicial group G, one can study G Truncs)

SimpGrp

0.3 Crossed Squares

A crossed square is a commutative quadrangle of groups

L— M

M—— P,

where in addition M and M’ act on L, where P acts on M, on M’ and on L, together with the
Loday bracket
MxM 2 L
(m,m') +— [m,m'],
satisfying a list of properties; cf. Definition 15.
This notion is due to LODAY [7, Def. 5.1].
The category of crossed squares is denoted by (CrSq.

In a sense, crossed squares may be thought of as crossed modules of crossed modules.

4
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0.4 A functor Sq from |2,0]-simplicial groups to crossed squares

Following PORTER [8, Prop. 7, Proof of Lem. A], we define the crossed square
0,1

G Sq
Goo ————— Ga2/Gap2

G Sq := ALO GSq

G Sq Ho,1 ’

G21/G201 — 50— G2/Gayp
1,0

in which all maps are identical on representatives, in which all actions are induced by conjugation
and for which x“59 is given by the commutator of the representatives.
This yields the functor
12,0)-SimpGrp % Crsq .
It has been investigated in [1, §5.2.3].
The functor Sq is not dense and therefore not an equivalence; cf. [1, Rem. 83].

We have the group isomorphisms

P11 = idgy,, @ G2z = G212 : 92 — g2
V1o : G21/Gopo1 — Gro : 92Ga01 > g2do
Yo1 : Gao/Gao2 — Gia  : ¢2Gao2 +— g2do
Yoo : Ga/Gay — G i g2Ga0 > g2do;

cf. Remark 84.

By transport of structure, we build a crossed square Gqu fitting into the isomorphism of crossed
squares; cf. Definition 85.

A/
Gojp ————— Ga2/Ga02
GSq: A
‘LL/
Ga1/Ga01 ————— G2/Gay 2| w0
o P11 (2
2| %o,0
;\/
P10/ G2;172 Gl;l
GSq : N
i
Gl;O K Gl

We turn Sq into a functor Sq : |2, 0]-SimpGrp — CrSq such that we obtain the isotransformation
Y = (GV)Geon(|2,0)-simpgr) * 5S4 — Sq.
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0.5 A transposition functor Tr from crossed squares to crossed
squares

The symmetry with respect to the diagonal in the definition of a crossed square can be expressed
by constructing a transposition functor as follows.

Suppose given a crossed square

L—2N o

We define the map

M xM X L
(m/;m) —  (m/,m)x" = [m/,m]¥ = [m,m']".

Using x'" and interchanging the other data, we obtain the transposed crossed square

L— 2 M

Ctr . 2\ o

M —— P.

This yields the transposition functor

Crsq 5 Crsq .

0.6 A total 2-crossed module functor To from crossed squares to
2-crossed modules

Following CONDUCHE [2, Déf. 2.2], a 2-crossed module is a diagram of groups of the form

0: 0
Ny =2 Ny 5 No,

where furthermore Ny acts on N7 via 51 and on Ns via (s, together with the Conduché bracket
M x Ny -5 Ny
(n1,ny) V— [na,m],
satisfying certain properties; cf. Definition 36.
The category of 2-crossed modules is denoted by 2-CrMod .
Suppose given a crossed square

L— > s
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for (m,m’), (m,m') € M x, M.

Following CONDUCHE [3, Cor. 3.5], refining a construction of LoDAY [7, Def. and Lem. 3.1,
Def. 5.1], we obtain the total 2-crossed module of C'

C'To:= (L%MKQM’ﬁ)P),

in which the Conduché bracket of C'To is defined via the Loday bracket of C as

L(mv m’),(m, m/)J = [mm7m/-|7

where (m,m’), (m,m') € M x, M', and where the action of P on M x, M’ and on L is taken
from C.

This yields the total 2-crossed module functor

CrSq 1o 92 CrMod .

The functor To is not full and therefore not an equivalence; cf. Remark 98.

0.7 A reconstruction functor Rec from 2-crossed modules to
|2, 0|-simplicial groups, inverse to the functor N

Suppose given a 2-crossed module N.

We form the semidirect product (No xg, Ni) Xg, , (N1 Xe, No) with the help of the group
morphisms '

N1 g Aut(Ng)

ny r—— (712 — n;” =n9 - Lnl,ngﬁzj)

and

Ny X g, N 61—2> Aut(Nl X ey NQ)
(no,n1) = ((ft1,n9) = (i1, mg) "0 = ((RYO)™1, []°, m | - 5o o)),

We then obtain the |2, 0]-simplicial group

N Rec,2

d2

si\f Rec,1 di\f Rec,1
N Rec,2 SN Rec,0
1 0

N Rec : (No Xg, N1) Xepy (N1 %oy No) —2—— Nyxpg Ny ——— Nj.

N Rec,1 N Rec,1

Sy d,
N Rec,2

d0

—_—

This yields the reconstruction functor

2-CrMod 2% |2,0]-SimpGrp .
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Suppose given a |2,0]-simplicial group G.

Let
GNg = Gy
GN; = Gl;l = kel“(d?’l) 4 Gy
GNy = Gago = ker(d§"?) Nker(dS™?) < Gy .

Then we obtain the 2-crossed module

GN = (GNQ 22 N, 2 GN0> ,

in which the “hat” on “N” is meant to indicate the extra data attached to the diagram needed
to yield a 2-crossed module; cf. Lemma 51.

This yields the functor
12,0]-SimpGrp —  2-CrMod..

The functors Rec and N are mutually inverse equivalences; cf. [2, Th. 2.6] and Proposition 78.

0.8 The adjoint functors Sq - (Tr . To 4 Rec)

We construct the isotransformation
9 : N Rec = Id 20/ simpgrps
cf. Lemma 76 and Lemma 77.
We construct the transformation
v:N—>Sq.TraTo;

cf. Lemma 100 and Lemma 102.

We let
e:=9" avRec : Id |5 0} simpgrp — 54 4 (Tr » To 4 Rec) ;

cf. Lemma 104.

Given the crossed square

we have the |2,0]-simplicial group
GY := C'Tr ToRec

consisting of the groups

a§ = P
GY = Pwxg (M x,M)
GY = (P X, (M xoq M)) Xey, (M %o M) xe, L) 5

cf. Remark 105.
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We have the group morphisms

c
G319

((1, (1, 1)), ((1,1),1))

C
Gl;O

(m=p !~ (!, )

Gfy
(1, (m',m))
GY
(p, (m/,m))
cf. Lemma 108.

This yields the transformation

Céi1
—
— 1
Céi0 M
— m-
C&o,1 M
—  m/
Cé&o,0 =

— pemy;

& = (C&)ceon(crsg © (Tr a To a Rec) s Sq — Idysg ;

cf. Lemma 110.
We let

N := (Tr a To a Rec)ya & : (Tr s To s Rec)a Sq — Idgsg 5

cf. Lemma 111.

Altogether, we have the following functors

Sq

RN

12,0]-SimpGrp

Crsq .

N

Tr 2 To . Rec

Proving commutativity of the adjunction triangles, we obtain that

(Sq, Tr . To a Rec, €, 1)

is an adjunction. In particular, we have

Sq 4 Tr a To 1 Rec.
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Leitfaden

§5.3

|2, 0]-SimpGrp J_ CrSq
—~—

§64.1,4.2

§7.3 §63.1,3.2

§4.6.3

2 CriMod CrSq 93
_/_/ \/

§64.3,4.4 g

10



1 Conventions

Suppose given a group G.

We use (a) to denote composition in a category.

We compose on the right, i.e. the composite of X = Y = Z is written X — Z.
Here, u . v reads “u comp v”.

Categories are supposed to be small with respect to a suitable universe.
For n € Z=q, we write [0,n] ={a € Z:0 < a < n}.

For n € Z=o, we write |n,0] :={a € Z: 0 < a < n}, ordered decreasingly.
We write g~ := g~ ! for the inverse element of g € G.

Suppose given g, h € G.

We write h¥9 := g~ -h-gand [g,h] :=g~ -h™ -g-h.

Suppose given a group H acting on G.

Suppose given a group K acting on H.

Suppose given g € G, h € H and k € K.

We write ghk = g(hk).

Suppose given subgroups M, N < G.

We write [M,N]:={([m,n|:me M,ne N)<dG.

Note that if M, N < G, then [M, N] < G.

Given a group isomorphism ¢ : G — H, we sometimes write

v:G — H
g — g¢
hp=™ +— h.

11
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2 Preliminaries

2.1 A remark on functors

Remark 1 Suppose given a functor F': C — D.

Suppose given a map I : Ob(C) — Ob(D).

Suppose given an isomorphism Xa : XF = XF for X € Ob(C).

For X % X' in C we define uF := (Xa)~ s uF 1« X'a.

Then F: C — D is a functor and a = (Xa)xeob(c) is an isotransformation from F' to F.

Proof. We have

idxp = (Xa,)*AidXFAXa
= (Xa)"1Xa
= idyp.

Suppose given morphisms X = X’ % X" in C.
Then we have

(uF) s (vF) = (Xa)__ suF e X'a) s ((X'a)” avF 2 X"a)

(
= (Xa) " suFiX'as(X'a) " avF i X"a
= (Xa) suFivF.X"a
= (Xa) s (uFsvF)sX"a
= (Xa) s (usv)FaX"a
(wav)F.

So F': C — D is a functor.

By construction, a is an isotransformation from F' to ol
XFp — %o X[

uF O UF:(XQ)_AUFAXIG

xX'F—Xe | xip

2.2 Remarks on transformations

Remark 2 Suppose given functors F:C — D, F:C —-Dand G:D — £.

Suppose given a transformation a : F — F.

Q
*q<T>w
v,

5
™

13
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Then we have that .
aG:F.G — F.a G,

defined by X (aG) := (Xa)G for X € Ob(C), is also a transformation.

We often write XaG := X (aG) = (Xa)G.

Proof. We have that X (F . G) ~“% X(F.G) for X € Ob(C).

Given a morphism v : X — X’ in C, we get

(u(F 1+ G))a (X'(a@)) = (uF)G)a ((X'a)Q)
= ((uF)s(X'a))G
ormation (X@) 4 (uF))G
= ((Xa)G)+((uF)G)
= (X (aG))a (u(F1@Q))
So we have the following commutative quadrangle.
X(F.q) X9, x(F.q)

w(F . G) O lu(ﬁ Ne)

X/(FAG) — X/(FAG)

Remark 3 Suppose given functors F:C — D, G:D — E and G: D — &.

Suppose given a transformation b : G — G.

Then we have that .
FbZFAG—>FAG,

defined by X (Fb) := (X F)b for X € Ob(C), is also a transformation.
We often write X F'b := X (Fb) = (XF)b.

Proof. We have that X (F. G) X, X(F.1G) for X € Ob(C).
Given a morphism u : X — X’ in C, we get

(u(F'+ G)) & (X' (FD)) o (uF)G)a(

trans-

form:ation (XF) )

= (X(Fb)a(u(FiQ)).

So we have the following commutative quadrangle.

=
>
—~

X (Fb)

X(F.G) X(F.G)

/ 1 ~

14
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2.3 Adjoint functors

Definition 4 Suppose given functors F': C — D and G : D — C.

Suppose given transformations ¢ : Id¢ — F .G and 1 : G. F — Idp such that the following
adjunction triangles are commutative.
F e FiG.F

\ o

id
F
id

G

F
ge G.iF.G
\ lnG
idg
G

(F7 G7 €, n)

Then

is an adjunction.

We call F' a left adjoint to G and G a right adjoint to F.

We call ¢ the unit of the adjunction.

We call n the counit of the adjunction.

Notation. We often write F' 4 G to express that there exists an adjunction (F, G, €, n).

Remark 5 Suppose given functors F': C — D and G : D — C.

Suppose given transformations ¢ : [d¢ — F'4 G and n1: G F' — Idp such that (F, G, €, n) is an
adjunction.

Then we have the bijection
Homp(XFY) — Home(X,YG)
u — (Xe)a(uG@)

with inverse
Hom¢(X,YG) — Homp(XF,Y)

v — (vF)a(Ym)
for X € Ob(C) and Y € Ob(D).

2.4 Actions of groups

Remark 6 Suppose given groups G and H.

Suppose given a map
HxG — H

(h,g) +—— hY.
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Suppose that for g, § € G and h, h € H the following properties hold.

(1) Bt =h
(2) h99 = (h9)9
(3) (h-h)? =h9-h9

Then we have the group morphism

G — Aut(H)
g — (gv:h— h9).
Proof. We have that
gy:H — H
h +— h9
is a group morphism for g € G, due to (3).
Furthermore, for ¢ € G and h € H, we have
(h)(gyag™) = (h9)7
@ B9~
= ht
D,
and _
(M) (g™vagy) = (B9 )9
@) B9 9
= pt
D,
So we get
gysg y=1id
and
g yagy=id.

Therefore, gy € Aut(H) for g € G, having (gv)” =g~ 7.
Moreover, for g, g € G and h € H, we have

h((g-g)y) = h99
i (hg)é
= (h(g)gv
= h(gy+gv).
So we get
(9-9)y=974397-
Altogether, we get that
G — Aut(H)

g — gv
is a group morphism.
Remark 7 Suppose given groups G and H.
Suppose given a group morphism
v:G — Aut(H)
g — (g7v:hw— h9).
16
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We form the semidirect product G' x, H = {(g9,h) : g € G, h € H}, carrying the multiplication

(ga h) : (g/7hl) = (g : g/’

for (g,h), (¢',h') € G x, H.
Then G x H is a group.

Furthermore, the following maps are group morphisms.

GwxyH

(g, 1)

G
g

G
9

—
—
—
—
H —
h —

)

Gwx,H
(9,1)

Gwx, H
(1,h)

Remark 8 Suppose given a semidirect product G x., H.

(1) We have
(9,h)"
for (g,h) € G x H.
(2) We have

(9, )60 = (g7 (W' =)a" - o

for (97 h)7 (glvh/) €G Moy H.

In particular,

(17 h)(gl71) = (L

for (1,h), (¢’,1) € G x H.
(3) We have

(g7, (h7)7)

/

.h’)

h9')

[(g. ), (1, 1")] = (1, (W' 7)) - 1)

for (g,h), (1,h') € G x, H.
Proof.
Ad (1). We have

(g:h)- (g (h7)7") (g-97.h% - (h7)9)
= (L, (h-h7)7)
= (1,1).
Ad (2). We have
(97 h)(gl7h/) = (gl’h,)_ ’ (g’ ) ’ (glv h/)
= (¢ (W)7) (g,h) (g 1)
= (¢ g, (W) " 9-h)- (g, 1)
= (¢ g-g (W) 9-n)9 1)
(¢ -g-g (W) 99 . pd . 1)
= (g9, (h/f)gg' h9 ).

17
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Ad (3). We have

[(g,h),(l,h’)] (97 h)i :
(97, (h™
(97, (h7)9 - h'7)-(g,h- 1)
(979, (F)0 -1 )0 - h-H)
(1,(h™)9 9 (W) -h-h)

(1

(1

(17h/)7 ’ (97 h) : (17h/)
)9 ) (LK) (g,h) - (1L, K)

g

Jh (W) R W)
()9 - 1),

Remark 9 Suppose given a group isomorphism

q:G — H.

Then we have the group isomorphism

§:Aut(G) — Aut(H)

o li) g acaq

g
qABAq_ «— B

Cf. also [1, Rem. 18].

2.5 Crossed modules

2.5.1 The notion of a crossed module

We recall e.g. from [1, Def. 23] the notion of a crossed module.

Definition 10 Suppose given groups M and B.

Suppose given a group morphism

v:B — Aut(M)
b — by.
We write
by: M — M
m +— m(by) =: m.

We have (m -m)? = m?- mb and mb-b = (mb)i’ for m, m € M, b, b € B.
Suppose given a group morphism f: M — B.
Suppose the following properties (CM 1, 2) to hold.
(CM 1) (m®)f = (mf)® form € M and b € B.
(CM 2) m™ =m™ for m, n € M (Peiffer identity).
Then the quadruple
(M, B, v, [)
is called a crossed module.

Notation. We sometimes refer to (M, B, v, f) just by f. E.g. we may say that (CM 2) holds
for f.

18
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2.5.2 The category of crossed modules

We recall e.g. from [1, Def. 26] the notion of a morphism of crossed modules.

Definition 11 Suppose given crossed modules (M, B, v, f) and (M', B, ', f).

Suppose given group morphisms p: M — M’ and 8 : B — B’ such that f.3 = pa f’ and such
that (m?)p = (mu)? for m € M and b € B.

M— B

I3 Q B

M’TB’

Then we call
(w, B) : (M, B, ~, f) = (M', B', &/, f')

a morphism of crossed modules.

Remark 12 Suppose given morphisms of crossed modules

(M, B, v, ) YO o, B, ) Y5 (B .

Then the composite

(1, B) 4 (W, B7) i= (ap!, Ba )
is a morphism of crossed modules from (M, B, v, f) to (M", B", 4", ).
Cf. [1, Rem. 27].

Remark 13 Suppose given a crossed module (M, B, v, f).
Then its identity, given by

id(M,B,'y,f) = (ldM71dB) : (M7 Bu 7> f) — (M7 Bv e f)

is a morphism of crossed modules.

Cf. [1, Rem. 28].

Definition 14 We have the category of crossed modules, written CriMod .

It has crossed modules as objects and crossed modules morphisms as morphisms; cf. Definition 10
and Definition 11.

The composite of morphisms is described in Remark 12.

The identity on an object is described in Remark 13.
Cf. [1, Rem. 29].

19
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3 Crossed Squares

3.1 The notion of a crossed square

We shall recall the notion of a crossed square; cf. e.g. from [1, Def. 57]. Originally, the notion

of a crossed square is due to GUIN-WALERY, LODAY [6] and LODAY [7, Def. 5.1].
Definition 15 Suppose given groups L, M, M’, P and group morphisms

L—X M
I/ ul
M .

Suppose given group morphisms

M5 Aw(L) s om o (s (Dmyane) = 1)
M ME Awt(L) m' o (= Oy ) =1")
P 5 Auw(l) o op o (e (Dyme) = 1)

P Aw(M) i op o (me (m)(preu) = mP)
P Aw(MY) : p e (e () (pypar) = m'P)

and a map

also called Loday bracket.
Suppose that the following properties (CS 1,2,3,4) hold.
(CS1) We have Aap = Nayp/.
We write K :=Aap=Nap' : L — P.

(CS 2) We have the following crossed modules; cf. Definition 10
(1) (L, M, yarz, A)
(2) (L, M, v, X)
3) (L, PP, K)
(4) (M, P, vpnm, 1)
(5) (M', P, ypars 1)
(CS 3) We have the following morphisms of crossed modules; cf. Definition 11
(1) (idg, p) : (L, M, ymn, A) = (L, P, ypL, K)
(2) (idg, ¢') (L, M, yapr 1, N') = (L, P, vpL, K)
(3) (\,idp) : (L, P, vpL, &) = (M, P, ypm, 1)
(4) (X, idp) : (L, P, ypr, &) = (M', P, ypr, 1)
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5) [m - m*, m']
6) [m, m' - m*
(M) [

Then

=[m,m

/" m*

- Im,IN]|=1lforme MandleL

- [m*,m'] for m, m* € M and m' € M’

= [m,m*] - [m,m']™" for m € M and m/, m* € M’

m,m' P = [mP,m'P] forme M, m' € M" and p € P

C:= (L7 M: M/a P7 YM,L s YM',L s YP,Ls YP,M , YP,M’ A> )\/7 22 ;Uj, X)

is called a crossed square.

Notation. We write

Cip = L
Cipo =

Coqp = M
Coo = P

)

c R
yl,O T fvaL
C R
Yo &= YM'L
L1
Yo ‘= PL
10 . _
Yo ‘= TPM
01 _
Yo = YPM

Ag
A
H?,o
H(()’: 1
Xc

Kc

= A
= X

1
=
X

K.

Notation. We often write just C' = (L, M, M', P) to denote this crossed square.

This definition of a crossed square is equivalent to the one in [1, Def. 57]; cf. Remark 17 below.

Remark 16 Suppose given a crossed square

C= (L7 M7 M,7 P7 YM,L s YM',L s YP,L, YP,M s YP,M', )‘7 )\/7 ey /j’/7 X)

Suppose given l € L, m € M, m' € M’ and p € P.

Then we have

and

Furthermore, we have

and

mo o= e
lm/ _ lm/‘u/
x = (I
()N (IN)P

22
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Proof. We have the following commutative diagram of groups and group morphisms.

L idL L 2\ M,
id[‘ K ‘//,L/
L - P . P
A idp
M- P

Due to (CS 3.1) and (CS 3.2) we have the following morphism of crossed modules.

(idL7 ﬂ) : (L¢ Mv YM,L, )‘) — (La Pv YP,L H)
(idLv ,U’/) : (L7 M/J 7M’,L7 )‘/) — (L7 P7 7P,L7 ’%)

So we have
(Im™yid, = (lidg)™*

and
(I™Yidy, = (lidg)™*.

Altogether, we obtain
mo= e

and

/ !y,

meo= e

Due to (CS 3.3) and (CS 3.4) we have the following morphism of crossed modules.

(/\7 ldP) : <L7 Pu YP,L, H) — (Ma P7 YP,M, M)
()‘/7 ldP) : (Lv Pa YP,L K) - (M,) Pv YP,M', :U‘/)

So we have )
(P)A = (pir

and .
PN = (l)\’)p‘dP

Remark 17 Suppose given a crossed square

C= (L7 M7 M,7 P7 YM,L > YM',L s YP,L, YP,M s YP,M', )‘7 )\/7 Hy /’L/7 X)

The property (CS 4.8) from [1, Def. 57] can be derived from (CS 2.1, 2.4, 3.1, 3.2, 4.1).
That is, given [ € L, m € M and m’' € M’, we have

(@ ymyfmm ) =
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Proof. We obtain

((lm’)m)[m,m’] (fol\r:/lj) ((lm’)m)[m,m’]/\
(CS:41) m/u!

(lm’)m)m_-m
G

’ — m/ !
)m-m )m K

O
Remark 18 Suppose given a crossed square
C= (L7 Ma Mla P: YM,L s YM'.L > YP,Ls YP,M , YP,M’ >\7 >\,7 122 ,u,v X)
Then we have
[m,1] =1
and
[1,m'] =1
for m € M and m' € M'.
Proof. We have
[m7 1—| = [ma 1 1—|
OO 1) -, 1),
So we have
[m,1] = 1
Moreover, we have
[1,m'] = [1-1,m]
(CS:4'5) [15 m/—| : [17 m/—| .
Therefore, we have
[1,m'] =1
O

3.2 The category of crossed squares

We shall recall the notion of a morphism of crossed squares; cf. e.g. from [1, Def. 59].
Definition 19 Suppose given crossed squares
(Lv Ma Mlv Pa YM,L s YM',Ly YP,L > YP,M s YP,M', )‘a )‘,a My //J,a X)

and

(L, M, M', P, Yy 15 Yk VB0 Vst Vbt »
We write K ;= Aap=Nap/ :L—Pand &= afi=Nag/: L — P.
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Suppose given group morphisms [, m, m’, p fitting into the following diagram.

L X M’
)\
Ml
__r.p w’
/i
M P

Suppose that the following properties (CSM 1, 2) hold.

(CSM 1) We have the following morphisms of crossed modules; cf. Definition 11.

1) (L m):

(1)

2 (

(3) (m,p

(4) (m', p):

(5)
)

(L, p):
We have

)
(CSM 2

(L, M, yp,m, A) =
m') : (L, M, yp,mr, N')
)+ (M, P, ypar, p) = (M, P, vyp gy i)

(M', P, vparr, i) = (M, P, vp s i)
(L, P,vpL, K

(L, M, vg 7, A)
— (Ev M/7 IRV 5‘/)

for m € M and m’ € M'.

Then we call

¢:= ([, m,w’, p): (L, M, M', P) — (L, M, M’, P)

a morphism of crossed squares.

We also write this morphism of crossed squares (I, m, m’, p) as follows.

Notation. We write

SO ¢ = (C171, cl»OV C0717 CO,O) =

p
~ A/ /
m L — M
A
/1/
M—r P
1,1 = [
o = m
€o,1 = m
€0 = P
([7 m7 m/7 p)
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Remark 20 Suppose given morphisms of crossed squares
(L, m, w', p): (L, M, M', P) — (L, M, M’, P)
and -~ .
(L, wm,w, p): (L, M, M', P)— (L, M, M', P).
Then the composite
(1, m, ', p)a (i, @, @, §) = (1L, math, W' ai, pap): (L, M, M’, P) — (L, M, M, P)
is also a morphism of crossed squares.

Cf. [1, Rem. 60].

Remark 21 Suppose given a crossed square (L, M, M', P).
Then its identity, given by

id (a0, py = (idp, iday, idap, idp) < (L, M, M', P) — (L, M, M', P),
is a morphism of crossed squares.

Cf. [1, Rem. 61].

Definition 22 We have the category of crossed squares, written CrSq .

It has crossed squares as objects and morphisms of crossed squares as morphisms; cf. Defini-
tion 15 and Definition 19.

Composition of morphisms is described in Remark 20.
The identity on an object is described in Remark 21.
Cf. [1, Def. 62].

Example 23 Suppose given a group P and normal subgroups M, M’ < P.
Let L < P with [M,M'|< L MnM.

For instance, we may take L :== M N M’ or L := [M, M'].

The inclusion morphisms yield the following commutative diagram.

L—2 oM

Conjugation in P gives

M EEE o Aug(l) m s (L ™)
M Au(L) m s (1 )
P 2L Auwt(l) p — (=1
p B Aut(M) p > (m—mP)
p Aut(M") p +— (m' —mP).
The commutator bracket in P gives
MxM X L
[m,m'] = [m,m]
(m.m!) —s = m:-m:;l m-m/
= m -m
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Then
(Lv M7 MI: Pv YM,L, YM'L s YP,L > YP,M 5 YP,M', )\a )‘/a H, M,a X)
is a crossed square.

Cf. [1, Ex. 64]. For another example, see [1, Ex. 65].

3.3 The transposition functor Tr

Remark 24 Suppose given a crossed square

C= (L7 Ma Mlv P; YM,L s YM',L s YP,Ly YP,M s YP,M', >\7 )\/7 122 :u,v X)

L—2 o

We define the map

Mx M XL
(m',m) —  (m/,m)x" = [m/,m]" := [m,m']~

Then

cr o= (L,

M, M', P, Y\, YM/ L s YPL s YPM s VP » A Ny, py X)™
(L, M

M
/a Mv P? YM',L s YM,Ly YP,L, VYP,M' s YP,M » )‘/a )‘7 ,LL/, M, Xtr)

is also a crossed square.

CtI‘ . 2\ o

Proof.
Ad (CS 1). By (CS 1) for C, we have N apt/ = A p.
Wewrite/i::)u,u:)\ﬂu’:L%P.

Ad (CS 2.1). By (CS 2.2) for C, we have that (L, M’', vpp 1, N') is a crossed module.
Ad (CS 2.2). By (CS 2.1) for C, we have that (L, M, var,1, A) is a crossed module.
Ad (CS 2.3). By (CS 2.3) for C, we have that (L, P, yp,, k) is a crossed module.
Ad (CS 2.4). By (CS 2.5) for C, we have that (M’, P, yp v, 1) is a crossed module.
Ad (CS 2.5). By (CS 2.4) for C, we have that (M, P, ypu, p) is a crossed module.
Ad (CS 3.1). By (CS 3.2) for C, we have the morphism

(idLa :u/) : (La M/a YM' L, )\/) — (Lv Pv YP,L, K“)
of crossed modules.
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Ad (CS 3.2). By (CS 3.1) for C, we have the morphism
(idLa ,U,) : (L7 M7 YM,L, )‘) — (L7 P7 YP,L, "i)

of crossed modules.

Ad (CS 3.3). By (CS 3.4) for C, we have the morphism
()‘/7 1dP) : (La P’ YP,L 'VV') — (M/) Pv YP,M', ,U’/)
of crossed modules.

Ad (CS 3.4). By (CS 3.3) for C, we have the morphism

(A, idp) : (L, P, ypL, k) = (M, P, ypr,s 1)
of crossed modules.
Ad (CS 4.1). Suppose given m’ € M’ and m € M.

Then we have

m' - [m/7 m" try/ _ m' - "m7 m/‘l -\
CS 4.2
( = ) m/ . m,_ . m,mll‘
for C
= m/ ™,

Ad (CS 4.2). Suppose given m’ € M’ and m € M.

Then we have

1,0

mmve . "ml’ m‘|tr>\

m'p mip\—
for C m (m ) m
= m.
Ad (CS 4.3). Suppose given | € L and m € M.
Then we have
[-[IN,m]*™ = L [m, N~
e Y Y
for
= .
Ad (CS 4.4). Suppose given | € L and m' € M.
Then we have ) ,
™ [m/ IX] = [N, m')~
(CS_4.3) m . (pmiN—
e )T
= l.
Ad (CS 4.5). Suppose given m’, m* € M’ and m € M.
Then we have
[m/ . ,,n>»</7 m" tr — [m? m/ . m*/" -
LD o, 1) - [, ]
(fm,m/T7)™" - [m,m*]~
(“n/7 m—| tr)m*’ [m*’, m—| tr

Ad (CS 4.6). Suppose given m’ € M’ and m, m* € M.

Then we have
|'m/’ m - m*‘|tr —
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Ad (CS 4.7). Suppose given m' € M', m € M and p € P.

Then we have

[m/P, mP|™ (cs:4 ., [mP,m'P]|~
o (m,m/P)”
= ([m,m/7)P
= ([m/,m]")P

Remark 25 Suppose given crossed squares

C = (La M) Mla Pa YM,L s YM' Ly YP,Ly YP,M s YP,M' )‘) >‘,7 12 /‘6,7 X)

and

CN’:(IN” M7 M/7 P7 ’}/Mf,v7M’7£77P7£77P7M57]5M/7)\7 5\/7 ,avtu“>>2)

We write K :=Nap/ =Xap:L—Pand &= Nafi =Xafi: L

%
Suppose given a morphism of crossed squares ¢ = ([, m, m’, p) : C

M—>ﬂ P m’
[
p
[ A G N

Then

M —Fr . p m
[
p
m’ L2 |— M
v
~ ﬁ
M —r P

Proof.
Ad (CSM 1.1). By (CSM 1.2) for ¢, we have the morphism of crossed modules

([7 m/) : (L7 M/a YL,M', )‘/) - (Ev Ml? fyi,,]\}[/a 5‘/)

Ad (CSM 1.2). By (CSM 1.1) for ¢, we have the morphism of crossed modules
(I, m): (L, M, YL,M A) — (E, M, YiNI 5\)
29
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Ad (CSM 1.3). By (CSM 1.4) for ¢, we have the morphism of crossed modules
(', p) : (M, P, yparr, o) = (M, P, vp g ).
Ad (CSM 1.4). By (CSM 1.3) for ¢, we have the morphism of crossed modules
(m, p) : (M, P, ypar, ) = (M, P, yp 1, fi).
Ad (CSM 1.5). By (CSM 1.5) for ¢, we have the morphism of crossed modules
(t,p): (L, P,ypr, &) — (L, P, Vpis F)-
Ad (CSM 2). Suppose given m’ € M’ and m € M.

Then we have

[m/m/,mm]%" = [mm, m'm’]~
(CSM 2)
D2 ([, m )
= (fm,m/[7)I
= [m/, m]I
[l
Remark 26
(1) Suppose given a crossed square C.
Then (ide)™ = idge .
(2) Suppose given morphisms of crossed squares C' — C 5¢.
Then (ca¢)™ = ™ a¢™.
Proof.
Ad (1). With C =: (L, M, M', P), we have
(idc)tr = (idL, idas, idps, idp)tr
(idg, idpy, idpys, idp)
— idctr .
Cf. Remark 21.
Ad (2). With ¢ =: ([, m, m’, p) and ¢ =: (I, @, @', p), we have
(CAE)“ = ([AI, mam, m'n’h’, p Aﬁ)tr
= ([A[, m’nﬁ’, mam, pAﬁ)
— ctr N Etr
Cf. Remark 20. O

Definition 27 We shall define the following functor, called transposition.

CrSq L CrSq

C Ctr
lc — Jcn
¢ e

Cf. Remarks 24 and 25.

By Remark 26, we have that Tr : CrSq — (CrSq is a functor.

So C'Tr = C* for C' € Ob((rSq) and ¢ Tr = ¢* for ¢ € Mor(CrSq).
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Remark 28 We have Tr 1 Tr = id gy -
Proof. Suppose given m € M and m’ € M’. Then we have

(m,m")(x")" = ((m,m)x")~
= ((m,m")x)7)~
= (m,m)x.
So it holds that (x™)" = .
Suppose given C = (L, M, M', P) € Ob((rSq).

Then we have

C(Tr.Tr) = (Ctys
= ((L, M, M', P, ymL, YM'\L s YP.L s YPM > YPM? > Ay X /%N X) )
= (L, M', M, P, ywp',,, YM,L >, YP.L >, YP,M' > YPM > Ny A, 1, o X X"
= (L, MM s Poyaen s ymen s YPL, YPM s YR s A N s 1 X)
= C.
Suppose given ¢ = ([, m, w’, p) € Mor((rSq).

Then we have
C(’I‘I' A T‘I‘) =

This shows Tr a Tr = id g - O

3.4 A construction of an isomorphism of crossed squares

We shall recall how to transport structure from a crossed square via four group isomorphisms;
cf. [1, Rem. 67].

Remark 29 Suppose given a crossed square

C= (L, M, M', P, ym,,, Ym',L, YP,L » YPM » YPM? > AN Ny s 115 X).

Suppose given group isomorphisms L LN L, M= M, M ™ A and P P P.
Let A\:=["aXam:L — M.

Let 5\/ = (’A)\/Am’:[:—>]\~4’.

Let i:=m " apap: M — P.

Let i/ :=m/~ap/ap: M — P.

hw—

gz

Ez
"Uz
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Recall from Remark 9 that a group isomorphism q : G — H yields the group isomorphism
§:Aut(G) — Aut(H)
o +—— ( axaq.
Let vy7 p :==m" aym,L A1: M — Aut(L).
Let vyp z :==m'" aym L A M — Aut(L).
Let vp 7 :=p" avpL AP Aut(L).
Let vp yy =9 avPM afiv: P — Aut(M).
Let vp yp =P~ aypar ati’: P — Aut(M).
Let ¥ := (m~ xm' )ayxal: M x M — L.

(1) Then

C:= (Ea Ma M,a p7 Yvr, i YLy YBL > VP.vi o VPN A, )‘/7 s [Ll7 )Z)tZldeX)
is a crossed square.

(2) Moreover, (I, m, m’, p) is an isomorphism of crossed squares from C to C.

Cf. [1, Rem. 67].
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4 |2,0|-simplicial groups and 2-crossed modules

4.1 The notion of a |2,0]-simplicial group

We recall e.g. from [1, Def. 39] the notion of a |2,0]-simplicial group.

Definition 30 Suppose given groups Go, G1 and Gs.

Furthermore, suppose given the following group morphisms.

A52,d52,d57 .Gy —» &y
Sg’l,slG’l :G1 — Go
St alt e - Gy
SOG”O :Go — Gh
We display these data as follows.
s ai!
d?’z sgo
G G1 Go
sg;’l dgl
Suppose that the conditions (1,2) hold.
(1) We have
$SOLdS = idg,
SO0 d$ = idg,
st aS? ide,
$STad$? = idg,
SN L ide,
1L df? = idg,
Sg’l A dg’Q = d?’l A SOG70
slG’1 N dOG’2 = dOG’1 N SOG’O
¢ 0 a5t = d§? . dft
a§? . d§t = a§? . dbt
a5 L aft = af? L af!
SOG’O A SOG’l = sg’o A sf’l.
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(2) We have

Then we call

[ker dOG’2, ker df’z Nker dg‘,z] =1
[ker d$”?, kerd§"? NkerdS”?] = 1
[ker d§’2, ker dOG’2 N ker d?’Q] = 1.

G2 G2 G2 G1 G1 G1 G1 G0
G::(G27G11G07d0 7d1 >d2 ;S0 551 7d0 7d1 » So )

a |2,0]-simplicial group.

Often, we write the face morphisms d; := diG’" for n € [1,2] and 7 € [0,n] and the degeneracy

morphisms s; := SZG’" for n € [0,1] and ¢ € [0, n].

Furthermore, we sometimes write just G = (Ga, G1, Gg) to denote this |2, 0]-simplicial group.

Condition (2) is also called the Conduché condition.

4.2 The category of |2, 0|-simplicial groups

We recall e.g. from [1, Def. 40] the notion of a morphism of |2, 0]-simplicial groups.

Definition 31 Suppose given |2,0]-simplicial groups G and H and a tuple of group morphism

¥ = (‘Pn)nELQ,OJ-

Then ¢ is called a morphism of |2,0]-simplicial groups if

for n € [1,2], i € [0,n] and

for n € [0,1], 7 € [0,n].

©
G, ————— H,
aén O afn
1 1
Gpno1 —5— Hp1
Pn—1
©
G, ———— H,
G,n SH,n
Sj j
Gl —5mr— Ho

Remark 32 Suppose given morphisms of |2, 0]-simplicial groups ¢ = (¢n)ne|2,0) : G — H and

¢ = (Pn)ne|20) : H — K.

Then the composite

Pa@' = (Pnabnlnelzo) 1 G = K

is also a morphism of |2, 0]-simplicial groups.

Cf. [1, Rem. 42].

Remark 33 Suppose given a |2,0]-simplicial group G.

Then its identity, given by

idg = (idg,, idg,, idg,) : G = G,

is a morphism of |2, 0|-simplicial groups.

Cf. [1, Rem. 43].
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Definition 34 We have the category of |2,0|-simplicial groups, written |2,0|-SimpGrp.

It has |2,0]-simplicial groups as objects and |2, 0]-simplicial group morphisms as morphisms;
cf. Definition 30 and Definition 31.

The composite of morphisms is described in Remark 32.
The identity on an object is described in Remark 33.
Cf. [1, Def. 44].

Remark 35 There is a truncation functor from the category of simplicial groups to |2, 0 |-SimpGrp.
Cf. e.g. [1, Def. 52].

4.3 The notion of a 2-crossed module

The notion of a 2-crossed module is due to CONDUCHE [2, Déf. 2.2].
Definition 36 Suppose given groups and group morphisms

0: 0
Ny =% Ny -5 Np.

Suppose given group morphisms

Ng ﬂ) Aut(Nl)
—

no (n1 = (n1)(nof1) =: ny°)
and

Ny ’BHQ Aut(N2)

ng = (n2 = (n2)(nofa) =: ny°).

Suppose given a map
Ny xNp —=— Ny
(n1,n1) +—  (n1,ny)¢ =t [n1,my],

also called Conduché bracket.

Suppose that the following properties (2CM 1-9) hold.
(2CM)

(1) [nh02,n202] = [ng,nb] for ng, nh € Ny

|n1,n202] - [n202,n1| = ng -ng“al for n1 € N1 and ny € Ny
[n1,1) |02 = (ny)™ 'n;lllal for ny, nj € Ny
i

/
ny,ny " = |n%,ny"°] for ng € Ny and n1, n} € Ny

n10p)™ for ng € Ny and n; € Ny

n202)" for ng € Ny and ng € Ny
/ "y o__ nyo oy 1 |nfor f / e N
ni,ny - ny | = [ngt, 0yl [, ng ) or ni, Ny, Ny € Ny

)
)
)
)
) 20201 =1 for ng € Noy
)
)
)
)

I ]
1
Lnl : nllﬂnlllJ = LnlvnlllJ ’ Lnllnla Lnl’nlllJ82J : Lnll’nlllj for ny, nllﬂ nlll €M

N = (N27 N17 N07 627 617 617 627 C)
is called a 2-crossed module.
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Notation. We often write just N = (No RN AN Ny) or N = (Na2, N1, Ny) to denote this
2-crossed module. The group morphisms 0y and 9; are called the differentials of N.

Remark 37 Suppose given a 2-crossed module (Na, Ny, Np).

Then we have

Lnl, IJ =1
and
Ll,nlj =1
for n1 € NVy.
Proof. We have
\_??,1, H = Lnl, 1- H
(2CM 8)

So we have

Moreover, we have

11,n1] = [1-1,n1]
G g - (1™, 1, 0008s) - |1, 7]
— |1,n1] - [1,[1,n0]0] - [1,n1]
I L] 11, @)™ 12 1)

= [L,ng] - |1,1]-[1,nq]
see a:bove L 7

Lng]-1-]1,nq]
= Ll,nlj . |_1,7’L1J.

Therefore, we have
|1,n] = 1.

Example 38 Suppose given m > 1. Let Ny := (d : d™ = 1). So Ny = (d) ~ C,,.
Suppose given a finite group Ny.
Suppose given ¢ € Z(Ny). Let Ny := (¢) < Ny. Write k := |{c)|. So (c) ~ Cj.

We consider the group morphisms

Ny 22 N D ong s 1

Ny ﬁ) Ny Donp — Ny

No LN Aut(N1) : ng +— (n1—nf% :=nq)
Ny NN Aut(Na) : ng +—— (n2+— ny® :=na).

Suppose given z € Z with k - z divisible by m.

We consider the map

Let i/ =5 ¢ and j' =4 J.
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) , A ,
So we have ¢* =c¢* and ¢ = ¢’ .
Furthermore, we get, for some x, y, a € Z,

diiz g (ka+i’) (ky+j') =

di/-j/~z+k-z~(z"-y+j/~m+k-x~y)

_ di/-j/~z+m-a-(i’-y+j/-m+k-x-y)
di/-j/~z

So the map ( is well-defined.

Then
(N27 N17 N07 627 817 1817 627 ()

is a 2-crossed module.

9y=! )
No == N ‘—1> Ny

Proof. Suppose given na, ny € No, ni, nf, n{ € Ny and ng € Np.

Ad (2CM 1). We have
Lnéag, n262J = Ll, U

= 1
= [ng,nb).
Ad (2CM 2). We have
|n1,n202] - [n202,n1] = [ni,1]-[1,nq]
= 1
— n; - Mo
= n, - nglal.
Ad (2CM 3). We have
ny,nf]dr = 1
= ny-m
= ()™M -m

= ()" i

Ad (2CM 4). We have

[y, mp ™ = [na,my

no /TL()J.

= [n%n

Ad (2CM 5). We have
7128281 = 181

Ad (2CM 6). We have
(n")or = ny°
= mbo
= (71181)”0.

Ad (2CM 7). We have
(ng)noag =1
= ng0o
= (ngﬁg)"o.
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Ad (2CM 8). We want to show that

! /
] L g )
= Ln71h7nlllj ) Lnbn/lJ
= thn,ﬂ ) Lnl,nllJ'

ny o1

We write ¢! = ny, ¢/ = n} and ¢! = n}, for suitably chosen i, j, | € Z.

So we have to show that

Lci7cj 'ClJ = I_Civclj ’ LCZCJJ
We get
\‘Ciacj 'CIJ = Lci7cj+lJ
— g+U+h-z
— di~j~z . di~l~z
— di-l-z . d'i-j-z

= et el - et ed).
Ad (2CM 9). We want to show that
! 1
lna-nfonf] = Lnaonf] - ()" [na,nf)0s) - [ng,nf
i "
\_nlvnlllJ ’ \_nlnl ) IJ ’ I_n/hnlll
= |na,n7] - [0, n]].
We write ¢’ = ny, ¢/ = n} and ¢! = n}, for suitably chosen i, j, [ € Z.

So we have to show that

leivedel] £ |ehel) - e, el).
We get o o
ch ' C],CZJ = I_CHFJ?CIJ
— d(i+j)-l-z
= Jilz.gitz

= et et - [ed,cl.

For another example, see Example 97 below in which we apply the functor To to the crossed square
of Example 23.

4.4 The category of 2-crossed modules

Definition 39 Suppose given 2-crossed modules

(N2, N1, Ny, 02, O1, S, B2, €)

and L
(N27 N1> NO> 827 817 617 527 C)

Suppose given group morphisms vs, v1, vy fitting into the following commutative diagram.

1o, o
No 2 N ! Ny
12 V1 12
N. _ N _ N
2 a3, 1 3 0
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Suppose that the following properties (2CMM 1, 2) hold.

(2CMM 1)
(1) We have

(1)1 = ()"0
for ng € Ny and ny € Ny.
(2) We have

for ng € Ny and ny € Ns.

(2CMM 2) We have
|n1,n) e = |niv1, v |

for n1, n} € Ny.

Then we call
v = (2, v1, 1p) : (N2, N1, No) = (N2, N1, Nop)

a morphism of 2-crossed modules.

We also write this morphism of 2-crossed modules (2, 11, 1) as follows.

82 a1

Ny Ny Ny
122} v Yo
N. N N

2 52 1 3 0

Remark 40 Suppose given morphisms of 2-crossed modules
(v2, 11, 1) : (N2, N1, No) — (N, Ny, No)

and o
(9, 11, Dy) = (N2, N1, No) = (N2, N1, No)

Then the composite

(va, v1, Vo) & (D, D1, D) := (Vaaiia, vy 4By, Yo aih) : (Noy, N1, Nog) — (No, Ny, Np)

is also a morphism of 2-crossed modules.

Proof. First, we have the following commutative diagram.

82 1o} 1

Ny Ny Ny
12 41 Yo
Ny —2 s Ny — 2 N

) 7 Do
Ny ———— Ny ——— N
02 o1
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Second, we have to show (2CMM 1, 2).
Ad (2CMM 1.1). Suppose given ng € Ny and ny € Nj.

Then we have
(n°)(viatn) =

Ad (2CMM 1.2). Suppose given ng € Ny and ng € No.

Then we have
(n5°)(v2 4 72) (
((nQVQ)(nouo)),;Z
= ((n2y2),;2)(("0'/0)170)
(no(vy a y)) (0 (vo 4 20)

Ad (2CMM 2). Suppose given ny, n} € Ny.

Then we have

[r1,mq o)

nivy, nlllllJﬁQ

(n1v1)i, (nqrn)in
7?,1(1/1 A 171), n’l(yl A 171” .

[n1,m ) (r2atn) =

(
i
I
i

Remark 41 Suppose given a 2-crossed module (Na, N1, Np).
Then its identity, given by

id vy, Ny o) = (1dy, idy, 1dNg) ¢ (N2, N1, No) — (N2, N1, No),
is a morphism of 2-crossed modules; cf. Definition 39.

Definition 42 We have the category of 2-crossed modules, written 2-CrMod .

It has 2-crossed modules as objects and morphisms of 2-crossed modules as morphisms; cf.
Definition 36 and Definition 39.

Composition of morphisms is described in Remark 40.

The identity on an object is described in Remark 41.

Remark 43 Suppose given a morphism of 2-crossed modules
(v2, 11, 1) « (N2, N1, No) — (N2, N1, No),

such that v, v1 and 1 are bijective.

Then
(1/;7 V;7 Va) : (N27 N17 NO) - (N23 Nla NO)

is also a morphism of 2-crossed modules.

Proof. We show that the tuple of group morphisms (v5 , vy, 15 ) is a morphism of 2-crossed
modules.

The required quadrangles commute; cf. Definition 39.
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Ad (2CMM 1.1). Suppose given g € Ny and 7y € M.

Then we have

(A7°)vi = ((Ravy v1)™0%0 O)y
(2CMM 1.1) , _ . - _ _
forzul ((nlyl )noyo )V1V1
= (’flluf)ﬁoy(;.

Ad (2CMM 1.2). Suppose given 79 € Ny and 7ig € No.

Then we have

(R5°)vy = ((Rorg )"0 )y
(2CMM 1.2) A - _
(S
= ()
Ad (2CMM 2). Suppose given 7y, 7} € Nj.
Then we have o S B
|71, 7y vy = |navy v, vy v v,
(CMM 2) | _ o, _ _
for v [Ravy s Ryvy Jrav,

= Lﬁlyfvﬁllyfj'

4.5 From |2, 0]-simplicial groups to 2-crossed modules

4.5.1 The construction for the objects
Suppose given a |2,0]-simplicial group Gj; cf. Definition 30.

Definition 44 We write

(1) Gi.x :== N kerd“!' 9 &y
i€eX

(2) Goy = ) kerd?? <Gy
€Y

for X € {0, 1} and Y C {0, 1, 2}.

We usually omit the set-braces of X and Y when used as an index.

For example we write G110 = Gy.q1), G2;1,2 = G192}, ete.

Note that for X’ € X C {0,1} and Y’ CY C {0, 1, 2}, we have G1 x < G1 x’ and Gay < Gay.
Cf. [1, Def. 53].

Definition 45 Let

GNO = Go
GN; = Gl;l = ker(d?’l) 4 Gy
GNy = Gogo = ker(d$?) Nnker(dS?) < Gy .

Note that for g € GN3 we have
gdody = gdadp
= 1-dg
= 1.

So gdg € GN;.
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Let ox
9y = dolgn,
GN

61 = dO‘GN? = dO‘GNl-

Then we have

GN, %2 aN, 2% 6N, .

Cf. also [1, Def. 45].

Lemma 46 We have the following group morphism.

GNo 2% Aut(GNy)
ng — (ng — ny® =nw)
Since GN; < G, the element n}°* is contained to GNj.
Proof. We use Remark 6.
Suppose given ng, g € GNg and n1, 71 € GNj.

Then we have

n1 — ’I’L1
Moreover, we obtain
n?o fio ngno-no)so
— nno 80 * 0 S0
= e
Finally, we calculate
(n1 . ’le)nO = (m ﬁl)no S0
_ n7110 50 . 737050
- nl ’ﬁ/?o.
O
Lemma 47 We have the following group morphism.
GNy 2 Aut(GNy)
nog — (ng— ny° :=nyo%%)
Since GN2 < Gy, the element n5°*°* is contained to GNa.
Proof. We use Remark 6.
Suppose given ng, g € GNg and no, 9 € GNo.
Then we have
n% = nag.
Moreover, we obtain
ngo fio ngno-no) S0 S0
— nno S0 S0 * 10 S0 S0
— ( 0 SOSO)TLO S0 S0
_ ( 70 50 SO)
Finally, we calculate
(n2 . ﬁ2)n0 = (77,2 . ﬁ2)n0 S0 S0
_ 108050 . ~70 S0 S0
_ =10
= ny° - n5°.
O
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Remark 48 Suppose given ni, 1 € GNj.
Then (nf So)ﬁl S0 . (n1 So)ﬁl 51 € GNo.
Proof. We have

((TLI So)ﬁ1 S0 . (n1 So)fu s1) d; = (nf So)m s? d; '(nl So)ﬁl s1 d1
= (ny sody)™s0di. (ngsody)irstde
= (ng)™ - (n)™
1
and ) ] ] )
((nf $0)™%0 - (nysg)™5)dy = (n; s0)™ S? dy -(ny sp)™ 51 dg
— (77,1_ S0 d2)n1 soda | (nl S0 d2)n1 s1dg

= (nf d1 S())ﬁ1 diso . (’I’Ll d1 S(])ﬁ1
= 1.

O

Lemma 49 Recall the Conduché condition of a |2,0]-simplicial group G from Definition 30:

[ker dg;’Q, kerd$? Nkerd$? = 1
[ker d?’Q, ker dOG’2 N ker d2G’2] =1
[ker dg;’Q, ker dg’Q N ker d?’Q] = 1.

Using the Conduché condition, we show that the following assertions (CC 1-4) hold.
(CC)

(1) n3! do ny' ™ for ny € GNy and ng € GNo

(2) Apzdos0 = @l2 for ny, fiy € GNy

(3) (ny dosop)™® - (ngdose)™ s = (ny )™ %0 -ny*™ for ny € GNy and ng € GNg

(4) (n1sg)"2d0%1 = (ngs9)"2 "290% for ny € GNy and ny € GNy

Proof.
Ad (CC 1). Suppose given n; € GNj and ng € GNa.
Note that
ng € GNg = ker df’z Nker d§’2 .
Moreover,
n1dpsgsp-ng s1 € kerdg’2,
since B _
(n1 d() S0 S0 -nl Sl) do = n d() S0 S0 d() -nl S1 d()
= nldoso-nl_dos(]
= 1.

So we have [n; dgsgso-ny s1, n2] = 1.

Therefore
n1dospso-ny s1
o n’gl do S0 S0 _ n;ll S1
& pprdo — pnisy

Ad (CC 2). Suppose given ng, ng € GNa.

Note that
fig € GNg = ker d§"? Nker d5? .
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Moreover,
— G,2
nadosg-ny, € kerdy”,
since
(ngdoso‘n2>d0 = ngdosodo-n2 d()
= N9 do . ’I’L; do
= 1

So we have [ngdgso-ny , Ng] = 1.

Therefore
~nadgso-ng -
& ny? 0% = ny?.

Ad (CC 3). Suppose given ny € GN;j and ny € GNa.

We have
- G2
nysi-ny so € kerd;"".
since B B
(n1 511y So) d1 = nNn1S1 d1 -1y S0 d1
= ni- nf
= 1.
Moreover,
nodgsg-n, € ker dOG’2 N ker dg’Z,
since B B
(ngdoso'n2>d0 = ngdosodo-n2 d()
= N9 do . TL; do
=1
and B B
(ngdoso‘n2>d2 = ngdosodg-n2 dg
= N9 do S0 d2
= N2 do d1 S0
= ngdadpsp
= 1.
So we have [njs1-ny so, nadose-ny | = 1.
Therefore B
(TLQ do So-ng)nlsllnl S0 = ng doSo'TLg
= (ng d() So - 712_)"1 1 = (TLQ d() SO - n2—)711 S0
= (TLQ do So)nl S1. (n;)”l S1 = (n2 dO SO)nl 50 (ng)nl %
& (ny dosp)™® - (nadose)™™ = (ngy )"0 . ng'®.
Ad (CC 4). Suppose given n1 € GN;j and ny € GNa.
We have
ny sy € ker dQG’2 .
since
(n1so)d2 = mnidiso

= 1.
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Moreover,
nadgsy -n, dosg-ng € ker dOG’2 N ker d?’2,

since

(ngdosl ‘ngdoso-ng)do = ngdosldo‘ngdosodo‘ngdo
n2d081d0-n5d0-n2d0
na do s1 do
= mnadodoso
ng di do so
=1

and

(ngdosl-nngS()'nQ)dl = ngdosldl-ngdgsodl-ngdl
TLQd()Sl dl'n2_ doSod1
nadg - ng do
= 1.

So we have [n; sg, nadgsi -ng doso-na] = 1.

Therefore
(nl So)n2d051-n2 do so - n2 = n1sg

= (nl SO)n2 dos1 _— (nl So)n;.nQ do S0

Example 50 With the help of Lemma 49 we get that

fa d CcC1 fia do) d
ngm o)s1 ( © ) n;nz 0)do

_ nglz dido
= n2

for no, g € GNo.

Lemma 51 Consider the groups GNa, GN; and GNy.

With the help of Definition 45, Lemma 46 and Lemma 47 we have the group morphisms

GNy % GNy i ng —— mn9ds =nady

GNy i> GNy i np — m0d; =nidg

GNy LN Aut(GNy) : np > (n1+—=n}° :=nf0%)
GNy TN Aut(GNg2) : ng +—— (ng+ ng° :=ny0%0%) .

With the help of Remark 48 let

GN; x GN; -5 GN,
(nl,ﬁl) — Lnl,’fllJ = (nl_ So)ﬁ1 S0 . (n1 So)ﬁ1 S1,

Then
GN := (GNy, GNy, GNy, 02, 01, 1, B2, ()
is a 2-crossed module.
So GN; = GN; for i € [0,2]
The “hat” on “N” is meant to indicate the extra data attached to the diagram

GN, 25 Ny 25 GNg

needed to yield a 2-crossed module, viz. 51, B2, C.
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Proof. Note that
[nado,n1] = (ny )" - ny*™

for n; € GN; and ny € GNg; cf. Lemma 49, (CC 3).
We verify the conditions (2CM 1-9) of Definition 36.
Ad (2CM 1). Suppose given ng, fig € GNj.

Then we have

|M202,m202] = [R2do,n2do]
(Cg 3) ( 27)712 dO so . ﬁ/gg do s1
(cg 2) (g )™ - 7l do s1
(cc (g )72 - 2 dodo
= (7)™ 0
= Ny Ny "N2 Ny
= [712, ’ﬁg].
Ad (2CM 2). Suppose given ny € GNy and n; € GNj.
Then we have nj s -(n1s0)" € GNy, since
(ny so-(n1so)")di = nisodi-(niso)" dy

ngy di

nl_ S0 d1 -(n1 S0 dl)
= nfSOd1~n180d1
=1

and B _
(nl_ S0 -(n1 So)n2 ) d2 = TLI_ S0 d2 ~(n1 So)n2 d2
= ny So ds -(n1 So dz)n; dz
TLl_ S0 d2 N1 So d2

= 1

Therefore we have

[n1,n202] - [n202,m1| = [n1,n2do] - [n2do,n1|
= (ng so)"2%0%0 . (nyso)m29051 . | nydg, n |
cC 3
€D (ny so)m2 050 - (nysg)madoss . (yymso . o
(Cg 1) (n SO)TLQ doso . ( )nz dosi | (712_)”1 ) 'ngl do
(Cg4) - ng do S0 . TLQ_'TLQ d() SO . —\n1so . M1 do
(ny so) (n1%0) (ng) ny
= (n] so-(nso)™2 )2 900 - (ny )0 it o
CC 2
€2 (n1s0- (nyso)™a )2 - (ng )50 - i o
= (ny so)" 2-nlso-(nQ)’“SO-ng“do
=  ny - niso-ng-niso-(n1se)” - ny - nisg-nit
— Ne - nnl do
2 e
n2 * 77,2 .

Ad (2CM 3). Suppose given nq, 11 € GNj.

Then we have

[n1, 702 = ((ng s0)™ % - (n1s9)™ ™) do
= (nfso)”l 80 do -(n1 So)n1 S1 do
— (n1_30 do)ﬁl sodo | (nl S0 do)ﬁl s1do
= ()
() ]t
= ()™t
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Ad (2CM 4). Suppose given nq, 11 € GNj and ng € GNy.

Then we have

ln, ™ = |ng, ] )
(”1_ So)nl S0 . (nl So)m S1 )no S0 80

50)7?1 S0 108080 . (nl 50)7:11 S1 * 10 S0 S0

o~~~

I
B

105050 - (105050) - 72150 - MOS0 SO , (nl So)no s0s1-(nosos1)” - 7181 N0 S0 S1

.70 S "o 0
7080 S0 " Ty SO . (nl So)no SO S1 nl

70 S0 S0

n 5 . 51050
08080 * 7y n0 S0 80 * 7y

I

—

S
ot ot Rt Mot Rl

V)

(=)

)
)
SO)"O 5050 - (721.50)™0 050 (nl So)no sp 51+ (i1 81)™0 5051
)
)

- (n180) S1

(0%0) = 50) (1" )0 . (050 ) (A1) s
(n2)~ 80) )50 . ((n]0) 59) (M) =1
70

Ad (2CM 5). Suppose given ng € GNj.

Then we have
n20201 = mnadgdy

= n2d1 do
= 1.

Ad (2CM 6). Suppose given n; € GNy and ng € GNy.

Then we have
(ni®)or = (ni°™)do
(nl dO) So do
= (m do)"0
(n101)m°

Ad (2CM 7). Suppose given ng € GNg and ng € GNy.

Then we have
(ny°)02 =

70 S0 S0
50%%) do

(

(n2 do)no so so do
— (n2 do)no S0

(

(

Ad (2CM 8). Suppose given ny, iy, 7 € GNj.
We have to show that
|1, - 71 | = [ 7] - [, g )01

In order to calculate, we write a := ny, b:= 7; and ¢ := 7.
Then a, b, ¢c € GNj.

We have to show that
1
I_aab' CJ = I.abch ’ \_av chal'
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We obtain

La, b . CJ — (a* S0 bc) S0 . (a SO)(bC) S1

I
—~
S|

|
n
(=}

bsp-csy g )bso-csl . (aSO)bsl-csl

(a”
bso-csy | ((CL So)bso X (aSo)bsl)Csl
bsp-csy |, La chsl

bsop-csy . La7 chdo

cs1 ., La, chdo

Il
—~
@I S

0 »n

oS O

Il
—
Q

Ad (2CM 9). Suppose given ny, iy, 1 € GNj.
We have to show that

Iy -, fn] = i - (AR [, i | 0s) - L, .
In order to calculate, we write a := ny, b:= 71, and ¢ := ny.
Then a, b, c € GNj.
We have to show that

la-bc] = la,c]- |t |a,clds] - |b,cl.

We obtain

a
(a-b)" 50)°% - ((a-b) 50)°"
Tspras0)¢%0 - (asg-bsp)ett

(a7 80)°% - (as0)*" - (bso)
. (a_ SO)CSO . (a So)csl . (b SO)CSO . (b— SO)CSO . (b 50)051
- la,c] - (bso)™ - [b,c]

a,c|s0)0 1p ¢

csy

|
»
S
=
Q
wn
(=}

— lad® b
CEV a,e) 0I5 Lase)do, e [bie]
_ a,¢]®)51 | a,c]de, 6]~ - [b, ]
(2CM 2) la,c]®I51 - (la,e] )OI |a e - [b° |a,c|da] - [b, c]
_ a, cJ(bC)S1 (lase]™ ) 0. |a,c]-|b% |a,c]Oz] - b, c]
CEY a,e) @5 (la,e] )05 - |aye] - (B, a, c]d] - [b,c]

= la,c| - b, |a,c|Oz] - Lb, cl.

4.5.2 The construction for the morphisms
Suppose given a morphism ¢ : G — H of |2,0]-simplicial groups; cf. Definition 31.
Remark 52

(0) We have the group morphism

(pNU = (po:GNO — HNj
ng — NpYo-

Recall that GNy = Gy and HNy = Hj.
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(1.0) We have the group morphism

Hiyo |
P10 = P1lg,,  Gro =
ny

(1.1) We have the group morphism

(Pl;l = QDNl = (pﬂélgll . GN1
n

(2) We have the group morphism.

P12 1= oNa 1= @a|(N2 : GNy

Ny

Proof.
Ad (1.0). Suppose given z € Gy,9. This means xdg = 1.
Therefore we have

TPl do = X do @0

= 1.
So we have zp1 € Hyy.
Altogether,
(Gr0)e1 € Hiyp -

Ad (1.1). Suppose given x € GNj. This means xd; = 1.
Therefore we have

Tl d1 = X d1 @0

= 1.

So we have xp1 € HNj.

Altogether,
(GN1)g1 € HNy.

Hiy

nip1-

— HN;
— Nn1Y1.

— HN2
= N2p2.

Ad (2). Suppose given & € GNj. This means xd; =1 and xdy = 1.

Therefore we have

xpady = xzdipr
= 1
and
zpadys = xdapr
= 1.

So we have xps € HNs.

Altogether,
(GNQ)QDQ g HNQ

Cf. also [1, Rem. 71].
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Lemma 53 Recall that we have the 2-crossed modules
GN =: (GNa, GNy, GNy, 0a, 01, b1, B2, €)

and
HN = (HN27 HNla HNOa 8éa 8{7 517 557 CI)

Cf. Lemma, 51.
Recall the group morphisms ¢2.12, ¥1.1, ¢o; cf. Definition 31 and Remark 52.
Then

N = (p2.1.2, 1.1, v0) = (¥Na, N1, pNp) : (GNa2, GNy, GNg) — (HNa, HNy, HNy)

is a morphism of 2-crossed modules; cf. Definition 39.

GN2 L GN1 L GNO

$2;1,2 P11 ©o

0! 0!
HNy — 2 HN; — 2 HN,

Proof. First, we have to show that the diagram is commutative.
Suppose given ne € GNs and n; € GNj.

Then we have

n2(02ap1;1) = (n202)p1,1
na do 1
= napado
= (n2w21,2)0%
= n2(p21,2403)

and
n1(01apo) = (n101)eo
= (n1do)po
= mnip1do
= (n1§01;1)8i
= n1(p1;140y).

So we have
Do ap1;1 = 2,124 04
and
81 AP = @1;1 Aai
Second, we have to show (2CMM 1, 2).
Ad (2CMM 1.1). Suppose given n; € GN; and ng € GNo.

Then we have
(”?0)@1;1 = (n?oso)@l;l

I
S
WS

(7%1@1)"0 S0 1
(n1<,01)n0§00 S0

= (n1p1)"o%

= (nl(pl;l)no@o'
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Ad (2CMM 1.2). Suppose given ny € GNg and ng € GNj.

Then we have
70 S0 S0
US)
no So SO

( )@2;172
o

®2
TLQ(,OQ)"O S0 S0 P2
nops 0 S0 $1 S0

(

(n2gp2)
(n2¢2)n0900 S0 80
(n2g2)

(

(n;lo )902; 1,2 =

Ng(py 100
napa;1,2)"0%0.

Ad (2CMM 2). Suppose given ni, n; € GNj.

Then we have

[n1, 1 oo e (ny So)il1 S0 (ng sO)T:Ll 1) 0.1 2

( 1— n1so,(nlso)n1s1)(p2

Ny S0 p2) %0 P2 - (g 80 (pp) "1 P2

ny p180)™MPI0 - (nypy o) t1eLSt
(nl‘Pl;l)_ So)ﬁﬂﬁm S0 . (nl@l;l So)ﬁlgpm S1

= [n1o11, 1011

o~~~ ~

4.5.3 The functor N
Definition 54 We shall define the following functor.

N : [2,0[-SimpGrp — 2-CrMod

G GN
| | L
H HN

(1) Suppose given a |2, 0]-simplicial group G.
The 2-crossed module G N has been defined in Lemma 51.
For short:

GNz(GNQ&GNlLGN())

(2) Suppose given a morphism of |2, 0]-simplicial groups G 2 H.

The following diagram morphism is a morphism of 2-crossed modules, by Lemma 53.

Ny, — 2 oNy — 2 6N,
G -
wi N:= $2;1,2 P11 w0
H

HN, 4é> HN; 41> HNy

o1
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In particular,

na(pN)a = na(pNa) = napo
nm(eN) = ni(eNi) = nmig
no(¢N)o = no(¢No) = nowo

for ng € No, n1 € Ny and ng € Ny.

(3) Suppose given morphisms of |2,0|-simplicial groups G = H %5 K.

Then we have R
(a) (idg)N = id g

(b) (pa@)N=pN.g'N.

In particular, N : |2,0]-SimpGrp — 2-CrMod is a functor.
Proof.
Ad (3.a). Write G =: (Ga, G1, Go).

We have id¢ = (idg,, idg,, idg,); cf. Remark 33.

We have (idg) N = (1dG2|g§1§, |G11, idg,) = (id@y, ., iday,,, idg,); cf. Lemma 53 and
Remark 52.

On the other hand, we have GN = (GNy, GNy, GNp); cf. Lemma 51.

So we have id, g = (idgn,, iden,, iden,); cf. Remark 41.

But we already know that GNa = Ga.12, GN1 = G1,1 and GNg = Go; cf. Definition 44 and
Definition 45.

So (ide) N =id, ¢

Ad (3b) Write G =: (GQ, Gl, Go), H=: (HQ, Hl, Ho), K =: (Kg, Kl, K()),
@ =: (2, p1, o) and ¢’ = (¢, 1, ¥p).

So

(05 @45 vp)
=T

(G5 H S K) = ((Ga, Gr, Go) P22 (5, Hy| Hy) (Ka, K1, Kb)).

We have

= ((GNy, GN1, GNo) M

(@12;1’27 ‘Pll;lv ‘Plo)
Il et s A

(HNQ, HNl, HN()) (KNQ, KNl, KN())),

cf. Lemma 51 and Lemma 53.
So we have

(GN M KN) ((GNa, GN1, GNp) (P2;1,2 4 P51 5, P151 4 P],15 PO A ©p) (KNy, KNy, KNo)):

cf. Remark 40.
On the other hand, we have

) (02 a @b, p1 4 @, ©o & ©f) (

(G 2225 K) = ((Ga, G1, Go K, K1, Ko));

cf. Remark 32.
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Hence

(ChRaLLY ¢ )
_ ((GNQ, GNI, GNO) ((pa@)z1,2, (paw)i, (pavo) (KNQ, KNl, KNO))

((p2 & ©h)

IG2 1o (P18 eol)lgl > P04 90)

—  ((GNa, GN1, GNy) (KNs, KNy, KNo))
(ol e 2w gh[m312 oy |B5L L o BB g it

— ((GNy, GNy, GNg) ——zv2 22 x4 Al ¥y (KNy, KNy, KNp))

_ ((GNQ, GN,, GN()) (p2:1,2 4 P51 55 P11 4 P11, PO & ) (KNQ, KNy, KNQ));

cf. Lemma 53.

4.6 From 2-crossed modules to |2,0]-simplicial groups

4.6.1 The construction for the objects
Suppose given a 2-crossed module
N = (N2, N1, No, 02, 0, B, B2, ();
cf. Definition 36.
Lemma 55 We have the following group morphism.

N1 L2 Aut(Ng)

ny — (ng = ny' i=mng - [n1,n202))
Proof. We use Remark 6.
Suppose given nq, nj € Ny and na, ny € No.

Then we have

n% = no Ll,n262j
Rerg 37 ny
Moreover, we obtain
(ny)™ = (n2-|n1,n2dy))™
= ng - [n1,n20a] - [0, (n2 - [n1,1202])0:]
= ng - [n1,n20s] - |0}, n202 - 11,1202 ]02]
(2CM 3) B
=" ng-|n1,mada| - [nf,nedy - (ny)"20% - njr0 |
(2CM 5) _
= ng - [n1,medz] - [0, m202 - (ny)"2% -y |
2CM 8 ] “\n
( i ) o - LnlanZaﬂ . L /1 2827 (nl—)nzdz ,n1J . Ln/17n282J((n1) 292.11)0,
_ - nodody .
( N ) ny - [n1,n90s ] - [n)"%, (n)"2% -y | - [n], ngdy | 91" mdn
2CM 5 In — o no0201 / n; 01-n10
="y |n,nads) - [0)2%, (ny)202  n2%20 || npdy )i O
_ . 19y M202 —\n20z | 20201 | |,/
= ng - [n1,n202] - [n ny 7(”1) ny |+ [nh,n202]
(2CM 3)
= ng - [n1,n20s] - 0" 292 | g, gy | By | - |n}, n20s |
(2CM 9) ,
= ny - [ng - ny, n20s]
= ngln/l
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Finally, we calculate

(ng - ”2)
= ng - nb - [n1, (ng - nh)os]
= ng - nb - [n1,neds - nhos
(QCi/I 8) 712'72/2 L n202 n282j thmaﬂ%agal
= e L o ], a0
(2CM 3) ng - b - (0122290 ([ng,neda|8y) ", nhyds | - |ny, npdy 2020
20M 5
(M) ng - mh - [y - ([n1,n202]02) ", n402| - |n1, n202]
20M 9 /
By mh - (1, mhda) - (11, m22)05) )52, [y, mya)a) - (|1, ma0a)B)~, myda) - [, mads
= ng -l - [n1,mhd] - [((|n1,n202])7)"20s, [n1, 150232 - | |11, 1202] ~ B2, nbDa ] - |11, 11205 ]
2CM 1
PRyl [na s - [, s, ([, m202))7)"] - [y, [ra, mad) ] - [, o)
= ng-nh-|n1,nhda) - [n1,mhda] " - |n1,m202]"2 - [n1,mbhda] - (([n1,m202]) 7)™ - mh - [n1,mada] -
- |1, n202] " - Ln177}232J / /
ng « nh - Lnl,ﬂzaﬂnf - [n1,n502] - (([n1,n202])7)"2 - [n1, 2022
= no - n/2 . Ubl, n282Jn2 . Lnl, TLIQBQJ
= ng - nh-nby~ - |n1,nada] - nh - [y, nhds]
= noy - Lm, 71282J . TLIQ . Lnl, TL/2(92J
nyt - ny"t.
O
Remark 56 We have » ,
22 2 _ n22
for ng, n, € No.
Proof. We obtain
np P b, node)
(2CM 1) .
=" ng-[ng,ny
= ng-ny -my -ng-nb
= nSQ.
|
Remark 57 We have
nglag = (nzag)nl
for n1 € N1 and ny € No.
Proof. We obtain
51 0o Lo, 55 (ng - [n1,n202])02
= n20y - Lnl,n232J32
(QCX 3) 7’L282 . (nl—)n282 . n?gazal
(2CM 5) N0y - (nl—)n282 -y
= N0y - (712(92)7 . nl_ - N0y - Ny
= 77,1_ . n282 Ny
= (n20g)™
U

54

/
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Remark 58 We have
ny' = |ni,ng 02] - ne

- d
= [ny02,n1] - ny*”*
for n1 € N1 and ny € Ns.

Proof. We obtain

nyt R ()

PR (ng - [, ng By))”

Lnl, n;aﬂ_ - N2

= Lnl,nQ_OQJ* ‘ng - (712_)”161 . 101

g
= |n1,n5 0s|~ - |n1,ny 0] - |ny Ba,ny ] - 1

= |ng Do, m1 ] - ni*oL.

Lemma 59 We have the following group morphism.

Ny X g, N 51—72> Aut(N1 Xy NQ)
(no,m1) (i1, na) = (1, ng) 0™ = ((A10)™, [A1°, ma ] - 5o ™))

Proof. We use Remark 6.
Suppose given ng, n({, € No, 11, n1, nj € Ny and ng, nf € Na.

In order to facilitate calculations, we write a := ng, b := ny, ¢ := 0y, d 1= ny, e :=nf, f:=no
and g := nj.

Then a, b € Ny, ¢, d, e € N1 and f, g € N.

We have

(721,712)1 = (711,712)(1’1) )
((nD)', [nd, 1] - ny ')

Rem. 37
= (n1,n2).

We have to show that
((ﬁl, n2)(no,n1))(n'o7n/1) ; (hly n2)(n0,n1)-(n6,n’1).

So we have to show that
(e, (@D = (e, fyledrbe),
We obtain

(e — -
(e - (e d) - gt
’ ((Ca)d)b,€J . Lca’djb-eal .fa-dal-b-eal)
d= - c®. d)b)e, L(d_ C % d)b,BJ . Lca’de.eal ,fa-dal‘b.eal)
e - (di S o d)b e, L(di S o d)b,ej X Lca,de-eal . fa-d81-b-681)
e - (db)_ Lo bl gb. e, L(db)_ Lo b db,GJ . Lca’de-eal i fa~d81-b~e81)
Ca-b)db-e7 L(Ca-b)db’€J . Lca’djb-eal X fa~d81-b-e(91)
cab db~e? L(Ca'b)db,eJ . (Lca7de)e<‘91 ,fa-d81~b~e<91)
db~e7 L(C“'b)db,ej . Lca~b’de681 . fa~d61-b~681)

(

(

(

(Ca-b db-e7 Lca-b,db 'eJ .fa-d81-b-661)

(

( a-b db-e7 Lca-b,db 'eJ .fa-b-(dal)b-er%)
(

)
)
)
a-b)db~e7 Lca'b,db ‘e _fa-b~b*~d81~b-e81)
)
)

a-b db-e7 I_Ca'b,db _eJ .fa-b-dbal-eal)
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((Ca-b)d’%e’ Lca-b7 db e
= (e
(e, 1)l ),

Moreover, we have to show that

((1,m2) - (n7,

So we have to show that

J . fa-b~(db'e)81)

1)) (0m) (g, mg) ") - (i, mp) (o),

(e, ) (e,9) @D = (c, /)@ - (e, g)(@ .
We obtain
((C? f) ' (6, g))(a,d)
= (c - e, fe . g)(avd)
= (((c-e))% [(c-e),d]) - (f© - g)* )
(e ) (e ) d] - (f - e, fDa] - ) )
— ((c“)d X (ea)d, Lca €a,dJ fa dor I_e f@gja dor ga-dal)
(2Ci/l 9) ((Ca)d . (ea)d7 Lca,dJ . L(ea)d’ Lca,dJazJ . {eade .fa-dal . Le,fagja'dal ,ga.dal)
CED () (e, e, d] - (), |7, dJDs] - [e,d] - f2- 00 . [¢a0r (fp)a-ddr] . ga-don)
BRI (e (), e, - (), [, )] - [, d) - o P - [, far iy | ga-any
PR (e (), [ d] - (en), [, Dy ) - e, d] - (f 0yt gendon
= ((Ca)d ' (ea)d7 Lca7dJ : L(ea)d’ Lcav dJ aQJ ' lea’ dJ ' (fa~d81)( ()T (e ga'dal)
FE (e ey et d) - (e |t d) ] - e d] - (o) L0 o)
() (), e d) - () [t dJB] - [, d] - (09O e e lon g
R (e Lt d) - L) Lt )] - et d) - (o e et g
= ((Ca)d ’ (ea)d7 LCa,dJ ’ L(ea)d’ LCa,dJ82J ’ Leaadj ’ L€a,dj (fa dal)( e Lea7dj ’ ga.dal)
= () () L d) - L) [ )y - (4 o, ) - go )
Lern: 55 ((ca)d . (ea)d7 Lcade (e2)d fa-d81)(ea)d . {8a7dJ ga dal)
) (Y (L] I ] g
— ((Ca)d, cade 'fa dal) . ((ea d’ Lea J a- d8 )
(Cv f)(a 4. (€’g>(a 4
U
Remark 60 We have the following group morphism.
NO X B, N1 ﬂ NO
(no,n1)  —  no-mdi
Proof. Suppose given ng, n{, € Ny and ny, nj € Nj.
Then we have
(ng,n1) d(])\]ReC Lo (g, nh) déVReC’l = no - 101 - ng - njoL
= ng-ny-ny -nid-nj-nto
= no - 716 . (n161)”5 . n’lé?l
(2CM 6) no - ng - nrll()(‘)l -ny oy
= g ()0 n)or
(no - ny, n?E’ ) dév Rec,1
((no,ma) - (n,mf)) dg e
O

o6



Chapter 4: |2,0]-simplicial groups and 2-crossed modules

Remark 61 We have the following group morphism.

N Rec,1
N() X 3, N1 O—> (No X 8, Nl) D<51,2 (Nl Xe, Ng)
(no,n1) = ((no, 1), (n1,1))

Proof. Suppose given ng, n{, € Ny and nq, n} € Nj.
Then we have

(’flo,ﬂl)SéVReCl (nO’nI)SéVRecl _

Remark 62 We have the following group morphism.

N Rec,2
(NO Xy Nl) Xep o (Nl Xeq N2) - Ny X g N1
((noa TLl), (ﬁla TZQ)) — (no . n181, hl . n282)

Proof. Suppose given ng, ng € Ny, ni, ny, 11, 7} € Ny and ng, nf € No.

We have to show that
v N Rec, v N Rec,2 ! v v N Rec,
((no,m1), (721, m2)) dg "% - ((nfy, nh), (), 1)) g " = (((no,m1), (1, m2)) - ((nf,n}), (7], mh))) dy 2.

In order to calculate, we write a := ng, b := ng, c:=ny, d :=n}, e:=ny, f:=n}, g :=ne and
h := nk,.

Then a, b € Ny, ¢, d, e, f € Ny and g, h € Na.
We have to show that

((a.0), (e, 0)) 4 "2 (b ). (£, 1)) 47 & (@), (e,9)) - (b2 ). (£ 1)) 2.

We obtain
((a.), (e.9)) dy "2 - ((b,d), (f, b)) dy "
= (a'cal,e g02) - (b-doy, f - hda)
— (a-cdy-b-doy, (e-gda)P . f - hdy)
= (a-cd-b-ddy, e . (gy)b . f . hdy)
(2CM 7) (a-c@l b-ddy, el don . b-d8132.f.h32)
_ (a 681 b. dal( ) '((eb)—)d.eb‘d&,gb-d8182.f.h82)
_ a-b Cl dl . e\~ .e' l.g' 12. h2
8 9 by=)d . b-ddy . gb-ddrg, . f . pQ
SEO (0 a0, 11
FED (@b oy oy (D) L)y - g 0y - [ D)
_ ( b cb81 d81,( )df Leb,dJ82 _gb-d3182 . (gb~da182)— . (Leb7dJ02)— ,f_

'|_€ Jag gb dalag fhaz)
= (a-b-cPdr-doy, () - [0, d]Dy - gP 101Dy - (F)Le Oz " 02 . p . )
57
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= (a-b- (- d)ay, (M) f - e, d)dy - gt Dy - (f7) LAl 0% f o hy)
G (0 b (b d)on, (D) f b, d|Dy - gb @10y - (f )l " 0 . pllehdl-g" P)0u01 . )
CRD (@b (- d)an, (D) f-[ebyd) Dy g" 18y - | f, (b, d) - g 1) p) Dy - hda)
= (a-b- (A, (D) f-(lebyd) - g - |f, (Leb,d] - g 9)0n )0z - hy)
PR (b (P d)an (D) f - (Lebyd) - g ) By - hi)
= (@b (@ Dar () () - g )] . b))
= ((a b -d), () f,(leb,d] - g>9O)F - ) dy "o
= ((a,¢)- (b,d), (D)%, [eb,d] - g 90) - (f,h)) dg e
PR (a,¢) - (b,d), (e, ) - (f,R)) dy R
= (((a,0), (e, 9)) - ((b,d), (f.R))) dg e

Remark 63 We have the following group morphism.

N Rec,2

(NO X6, Nl) D<€1,2 (Nl Xeq NZ) 1—> NO X g, Nl
((n07n1)7(ﬁ17n2)) — (n[),nl ﬁl)

Proof. Suppose given ng, n{, € Ny, ni, ny, 11, n) € Ny and ng, n, € No.

We have to show that

((noyma), (i, ma)) dy M2 ((nfy, mf), (3%, mp)) Y % = (((no, ma), (i, ma)) - (g, mh), (84, mh))) dyY 62

In order to calculate, we write a := ng, b :=n(, ¢:=ny, d:=nf, e :=ny, f:=n}, g:=ng and
h = nb.

Then a, b € Ny, ¢, d, e, f € Ny and g, h € Ns.
We have to show that

(@,0), (e, 9)) Y 2 ((5,d), (£, 1) ) "% = (((a.¢), (es9)) - ((,d), (£,h))) dyY "2

We obtain

((a,0), (e, 9)) Ay ¥ (b, d), (f, h)) d] e?
(a,c-e) ' (bvdf)

= (a-b(cel-d f)

= (a-b,c-ev-d-f)

= (a-bycb-d-d=-eb-d-f)

= (@-b,c-d- (e’ f)

= ((a -b, b d), ((eb)d 1. (Leb,dj gb dal)f h) dNRec 2

= ((a,0)- (b,d), ("), [e",d] - g" 90 - (f, h))dy e

F 5 (a,0) - (b, d), (e, )0 - (f, h)) dY e
= (((a,¢), (e, 9)) - ((b,d), (£, h)))dy R

O

Lemma 64 Consider the groups (Nox g, N1) Xz, , (N1 X, Na), Nox g, N1 and No; cf. Lemma 55,
Lemma 59 and Definition 36.
With the help of Remark 7 we have the group morphism

NRecO
N() 4> NO D<52N1 o ng +—— (no,l).
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With the help of Remark 60 and Remark 7 we have the group morphisms

N Rec,1
0
NO X g, N1 e NO : (no,nl) — no-n181
N Rec,1
1
Ny X 8, Ny — Ny : (no,nl) > np.

With the help of Remark 61 and Remark 7 we have the group morphisms

N Rec,1

Noxp N1 ——— (Noxpg Ni)Xep, (N1 Xey, No) 2 (ng,m1) +— ((no,1),(n1,1))
N Rec,1

NO X g, N 1—> (N() X 8, Nl) D<51,2 (N1 Xeg NQ) : (ng,nl) — ((no,nl),(l,l)).

With the help of Remark 62, Remark 63 and Remark 7 we have the group morphisms

dNRec,2 . 5

(No X, N1) Xy, (N1 Xy Ng) ——— Noxg N1 : ((no,n1),(f1,n2)) = (ng-n1d1,n1 - npdy)
dNReC,Z . 5

(No ®g, N1) Xep, (N1 Xy No) ——— Noxg N1 : ((no,n1), (f1,n2)) — (no,n1-mn)
dé\’Rec,Z

(No xg, N1) Xy, (N1 Xey No) ——— Noxg N1 ((no,n1), (1,n2)) = (no,n1).

Then

NRee = ((No ko, Na) wers (Nt ey Noly No s, No, No, diVRec2 qVRec gNRee2 (NReod Niec

N Rec,1 N Rec,1 _N Rec,0
dy ,» dy » Sp )

is a |2, 0]-simplicial group; cf. Definition 30.

N Rec,2
d2
N Rec,1 N Rec,1
51 dy
dN Rec,2 N Rec,0
1 So
(No X, N1) Xeyp (N1 %oy Ng) ——— Nowpg, Nj «—— Ny
SN Rec,1 dN Rec,1
0 0
— _
N Rec,2
dO
—_

So NRec2 = (NO X8, Nl) l><€172 (Nl Xeq NQ), NRecl = NO X8, Nl and NRECO = No.
Proof. We verify the conditions (1,2) of Definition 30.
_ deRec,k

In order to calculate, we abbreviate d; : and s; := sfv Reek for all occurring i, k.

Ad (1). Suppose given ng € Ng, ny, n1 € N1 and ng € Nj.
We calculate as follows.
no(so a do) = (noso)do
= (no, 1) do
= nO
no(So A dl) = (no So) d1
= (TLO, 1) d1
= 7‘[,0
(no,m1)(so a dog) = ((no,n1)s0)do

= ((no,1),(n1,1))do
= (no,n1)

99



Chapter 4: |2,0]-simplicial groups and 2-crossed modules

(TLQ, nl)(SD A dl)

(no,nl)(sl A dl)

(n(), nl)(sl A dg)

(n(], nl)(SO A dg)

(n(), nl)(sl A dg)

((n07n1)7 (h17n2))(d1 A do)

((no,n1), (721,m2))(d2 a do)

((no,n1), (n1,n2))(d2 a di)

’I”L()(S() A So)

(2C

z

(no,n1)so0) di
1),(n1,1))dy
no, n1)

3
O
3
—
~—
~— A~ —
Q.
=
»>
wn
(=]
N2

5) no - (m . Tvll)a1 -n28281

no - 71161 . (’Ivll . 71282)81
(no - 101,11 - n202) do
(((no,n1), (71, n2)) do) do
((ro,n1), (1,n2))(do & do)

(((no,n1), (n1,n2)) d2) do
(no,n1)do

no - 101

(no - n101, M1 - n202) dy
(((no,n1), (1,n2)) do) ds
((no,n1), (21,m2))(do & d1)
(

(

((no,n1), (11, n2)) d2) di
ng,n1)dy

no

no,ny - 11) dy

((no,m1), (1,n2)) d1) dy
(no,nl), (ﬁl,nz))(dl A d1)
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Altogether, we have

N Rec,0 N Rec,1 .
SO A do — 1dN RE'CO
N Rec,0 N Rec,1 .
SO ad 1dNReco
N Rec,1 N Rec,2 .
S A dO ld.NReCl
N Rec,1 N Rec,2 .
SO A d1 ldN Rec1
N Rec,1 N Rec,2 .
Sl A dl 1dN ReC1
N Rec,1 N Rec,2 .
Sl A d2 - ldN RGC1
N Rec,1 N Rec,2 N Rec,1 NRec,O
SO A d2 — dl A
N Rec,1 N Rec,2 N Rec,1 NRec 0
Sl A d — d 0
dN Rec,2 R d(])V Rec,1 _ d(])V Rec,2 R dé\/ Rec,1
N 2 N 1 N 2 N 1
d2 Rec, R do Rec, _ do Rec, R dl Rec,
N 2 N 1 N 2 N 1
d2 Rec, N dl Rec, _ dl Rec, R d1 Rec,
N Rec,0 N Rec,1 N Rec,0 N Rec,1
SO A SO — SO A Sl .

Ad (2). We have

ker dév Rec,2 =
ker d{v Rec,2

{ 81,711 (n;ag,ng)) Ny € Nl,TLQ c NQ}
= {
kerdéVReC,Q — {
{
{

1,m1),(ny,n2)) : n1 € N1,ny € Na}
1,1),(n1,n2)) : n1 € Ni,ng € Na}
1,1),(1,n2)) : ng € No}

1,1), (ny O2,n2)) : ng € Na}
{((1,n202), (ny 02,m2)) : n2 € Na}.

N Rec,2 N Rec,2
ker d)Y %% Nker dj "

kerdy " Nkerdy ®? =
(2CM 5)

I

((ny
((
((
((
((
((

ker dj) B¢? nker @Y Rec2

We want to show that
[ker dY #ee? | ker A Re2 A ker ) Re0?] £ 1.
Suppose given n; € N1 and ngy, ny € No.
We have to show that
((n701,m1), (g 92,m2)) - ((1,1), (1,m)) = ((1,1), (1,15)) - ((ng O1,m1), (n5 D, ma)).
In order to calculate, we write a = ny, b = ng and ¢ = nj,.

Then a € N; and b, ¢ € Ns.

So we have to show that

((aiaha)? (678271))) ’ ((17 1)7 (170)) ; ((1 1) (176)) ) ((aialva)ﬂ (bia%b))'

We obtain
((a_aha)?(b_a?vb)) ’ ((171)7(170)) = ((a_alﬂa)v((b_827b) ) (176)))

= ((a=01,a), (b= 02,b-¢))
= ((a=01,a),(b=0a,b-c-b~ - b))
= (a0, a), (b=, c? - b))

T (a7 01,a), (670, % b))
= ((a‘@l,a), (176) : (b_827 ))

Rem: 37 (=81, a), (1, [1,a) - ) - (b~ 0, b))
= ((aialva%(l? Uan : a_allaal) (b 827[)))

M (4=0y, a), (1,¢)@ 019) . (b7, b))
= ((17 1)7 (176)) : ((a 817 )7 (b 827 ))
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We want to show that

|
[ker djlv Ree2 yer dév Rec2 A ker dév Rec’2] = 1.

Suppose given n; € N1 and ngy, ny € No.

We have to show that

!

((17n1)7 (nl_v n2>) : ((17 1)7 (nl2_627 n,2>) = ((1’ 1)? (nl2_827n/2)) : ((17n1)’ (nl_vnQ))

In order to calculate, we write a = ny, b = ng and ¢ = nl,.
Then a € Ny and b, ¢ € Ns.

So we have to show that

((1’ a)? (CL—, b)) ’ ((17 1)7 (6_827 C)) ; ((L 1)? (0_627 C)) : ((13 a)v ((L_, b))

We obtain
((1,a), (a=,b)) - ((1,1), (¢, ¢))
((17a)7 (aivb) ’ (6782_7 C))
= ((1,a),(a™ - ¢ 0a,b¢ 92 - )
Rem %6 (1,4), (a= - ¢~ 02,0 - ¢))
= ((1,a),(a™ - c"02,c-b-c" -¢))
= ((1,a),(a™ - ¢ Da,c- b))
= ((1,a),(a” -c 0, (c)* b))
L 55 (1, a), (a= - ¢ B, ¢ - |a~,c%s] - b))
Rem 58 (1,a), (™ - ¢ 8s, ¢~ 0o, a - 1 - |a™,c%0y] - b))
Rem 5T (1,a), (a= - ¢~ 0s, ¢~ 0a,a] - ¢ - |a=, (c2)?] - b))
= (1,a),(a” -c Dy -a-a,|c a,a)-c® - |a=, (cdy)®- (¢”D2)" - (cDp)® | - b))
= ((1La),((c )" -a,[c By, al - c® - |a™, (cda) - (¢” D)™ - (D)% | - b))
CED ((1,0), ()" a, ey a) - ¥ - [a=, (cBy)? - (c= Do) - 210y | - b))
G ((1,a), ()% a~, ¢ Bsya -9 - |a=, [~ Ba,a) Dy - c®:8y] - b))
= ((L,a),((c )" a™, [ Dp,a] - c® - |a™, (|c™ Dz, a] - ")y - b))
F(1a), (¢ 0)* - am, (le" Bz al - c9P) b))
= ((1,&),((0_62)a, LC anaJ 'Caal) (a_ab))
0 (1,a), (602,000 - (a7, b))
= ((1,1),(0_82,6)) ((1,&),(a‘,b))

Finally, we want to show that
[ker dév ReC’Q, ker dév Ree,2 A yer djlv ReC’Q] L.

Suppose given ny € Ny and ng, nh € Na.

We have to show that
|
((1,1), (n1,m2)) - ((1,1500), (ny~0a,m5)) = ((1,1502), (ng~ 0a,m5)) - ((1,1), (n1,m2)).
In order to calculate, we write a = ny, b = ng and ¢ = nb,.

Then a € N7 and b, ¢ € Ns.
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So we have to show that
((17 1)7 (a7 b)) : ((17 082)7 (678270)) ; ((17 082)7 (Cia% C)) : ((17 1)7 (a’7 b))

We obtain
((1? 1)7 (a7b)) ’ ((17662)7 (Cia%c)) - avb)(l’CBQ) ’ (Cia%c))

a2, la,cdy] - bca281) (", 0))

a®® | |a,cds]| - b) - (¢~ Do, c))

a®® . =0y, (a, cday| - b)¢ %2 . ¢))

¢ Oy -a-cOy-c Oy, (la,cda - b) 2% ¢))
¢~y - a,(|a,cdy] - b)* % -¢))

¢ 02 -a,(la,cdz] -b)¢ -c))

¢ 0y-a,c-la,chr]-b-c”-c))

¢ Oy-a,c-|a,cor] b))

¢ 0y-a,c®-b))

¢ g, ¢) - (a,b))

¢ O, C)) ’ ((17 1)7 (CL, b))

AN AN AN NN N AN AN /N /N /S
—_
83
)
M — Y Y Y Y Y Y
NN N NN N N N N N N

4.6.2 The construction for the morphisms

Suppose given 2-crossed modules
N = (N27 Nlu NO) 827 817 1817 ﬁ?a C)

and . L
N = (N27 le N07 827 817 517 /827 C)v
cf. Definition 36.

Recall that we have the group morphisms

N1 ﬁ) Aut(Ng)
ny r—— (712 — ngl =n9 - Lnl,ngﬁgj)

and }
N == Aut(Ng)~ )
ni (g — Nyt =Ny - [Ny, N202]);
cf. Lemma 55.
Recall that we have the group morphisms
Noxg, N1 =2 Aut(N; x., Ny)
(no,na) = (1, n2) = (i, n2) "0 o= (7)™, |47, na] - n5™ ™))
and
Nowz N1 22 Aut(N) xe, No) )
(o, 1)+ (1, 7g) > (R, 7ag) PO = ((RTO)™1, [AF0, | - 50 ™))
cf. Lemma 59.
Suppose given a morphism
v = (o, v1, 1) : (Na, N1, Ng) — (Na, Ny, No)
of 2-crossed modules; cf. Definition 39.
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Remark 65 We have the following group morphism.

R ~
Ny L heco, Ny
no — nolo

So v Recy := 1. Cf. Definition 39.

Lemma 66 We have the following group morphism.
No I><51 N1 V—Rcil—) No l></5,1 Nl
(no,m1) = (novo,n1v1)

Proof. Suppose given ng, n{, € Ny and ny, nj € Nj.
We have

((noym) - (nh,mp))(vReer) = (mg-nh,n}® ) (v Recr)

(no - nh)vo, (0 - nf)un)

novp - Ny, (n?g)yl -nju)

novy - nvg, (n1v)™0"0 - nfvy)
novp, nivi) - (ngro - niv)
no,n1)(v Recy) - (ng, n}) (v Recy).

o~~~ o~ o~ o~ o~

O
Remark 67 We have
(ng")ve = (novp)™™
for n1 € N1 and ny € Ns.
Proof. We obtain
Lem. 55
(5 s U= (ng - [n1,n202])v2
= nolo - | N1, 202 |Vo
(2CMM 2)
= noly - |N1v1, Ne0sv |
Def. 39 ~
= noly - | N1V, Nol0s
Le“é 55 (n2y2)n11/1‘
O
Lemma 68 We have the following group morphism.
R - ~
N Xeq Ny e Ny Xego Ny
(7117”2) — (n1v1,nove)
Proof. Suppose given ni, nj € Ny and ng, nh, € Nj.
We have
!
((m,m2) - (b)) W Recra) = (ma -yl - ) (v Reecy )
!
= ((n1-n))u, (ny" - nbh)us)
= (navy - v, (”gl)Vz YY)
RO 5T (1 py -y, (ngwe) ™% - myuy)
= (muyi,ngve) - (N, nhvs)
= (n1,n2)(vReci2) - (n],nh)(v Recy 2).
O
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Lemma 69 We have
((ﬁl, ng)(no’m))(lj R,eCLQ) = ((hh ng)(V ReCLQ))(nO’nl)(VReCl)

for nog € N(), ni, n1 € N1 and ny € No.
Proof. We obtain

Def. 39
Lem. 59 v
. nlul,nzljg)(noyo’nl'/l)

(71, m2)mom)) (U Recr o) T (@)™, |AT0, na - ni> ™) (v Recy o)
= (@ (A m g )
= ((AYO)™ vy, 170, na e - (ny° " )vg)
= (((RFO)w)™71, [R50, na Jvs - (50 ™19 )
2CMM 2 “ T - —
CORE2 (o Yo, (7Y o1, navs | - (0 ™ )y)
2CMM 1.1 . 5 no-n
CERED (g )00y | ()00, nuy | - (020 ™9 )
(2CM£/[ 1.2) (((ﬁlyl)nouo)n1u17 \_(ﬁlyl)noyo nIVIJ (n2y2)(’n0 nlal)yo)
(((Rapr)more)ms | (fqug)0Y0, nquy | - (ngug)" oo moivo)
(((Ryp)0%0 )71 | (g1 )"0%0 myuy | - (mgug)movo mivid)
(
(

(1, n2) (v Recl,g))(no,m)uRec1 ‘

Lemma 70 We have the following group morphism.

(NO X By Nl) Xeq, (Nl Xe, NQ) I/Rﬂ) (NO I>< Nl) X&) o (Nl Xey NQ)

((ng,n1), (n1,n2)) +— ((noyo,nlyl) (nqv1, nava)) = ((no, n1)(v Recy), (1, n2) (v Recy 2))

Proof. Suppose given ng, ng € Ny, ni, n1, ny, 1) € Ny and ng, nf € No.
We have

(n()vnl)v (ﬁlvnQ)) ’ ((77’67”/1)’ (hll)nIQ)))(V Rec?)
), (i, n2) o) - (i, mh)) (v Recy)
(v

((
((
= (((no,n1) - Recy ), ((7i1,m2)"0™) - (i), nh)) (v Recy 2))
Lem. "
e 00 (g uy) (v Reer) - (1 ) (v Recr), (7, ma) "7 (v Recr 2) - (74, mp) (v Recr 2))
P (ng,m) (v Recy) - (nf, nh) (v Recy ), (i1, ma) (v Recy 9)) M Reet) - (il nb) (1 Recy )
= ((no,n1)(v Recy), (nlanz)(V Recy2)) - ((ng, n) (v Recy), (717, na) (v Recy )
—  ((noyma), (ir, m2)) (v Recz) - ((h, ), (%, m)) (v Recy).
|
Lemma 71 Recall that we have the |2,0]-simplicial groups
NRec := ((Npxg N1) e,y (N1 %oy Na), No &g, Ni, No, dp 092, Y Reo? | qyfiee? gl el
N Rec,1 N Rec,1 N Rec,1 NRec 0
51 ’ dO ) d1 =) )
and
NRGC = ((NO [><B1 Nl) X&) o (Nl Xz, NQ) No IXBI Nl, N(), déVReC’2, diVReCQ, déVReC’Q, SéVReC’l,
N Rec, N Rec, N Rec, N Rec,
51 1, dy 1, d; 1, S0 O)
Cf. Lemma 64.
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Recall the group morphisms v Reco, v Recy, v Recg; cf. Lemma 70, Lemma 66 and Remark 65.

Then
v Rec := (vRecy, vRecy, vRecg) : (N Recg, N Recy, N Recy) = (N Reca, N Recy, N Recy)

is a morphism of |2,0[-simplicial groups; cf. Definition 31.

dN Rec,2
2
_—
SN Rec,1 dN Rec,1
1 1
dN Rec,2 sN Rec,0
1 0
(N() I><51 Nl) D<5172 (Nl Xeq Ng) _—> N() D<51 N1 — N()
SN Rec,1 dN Rec,1
0 0
dé\l Rec,2
v Reca v Recy v Recq
dé\_] Rec,2
N Rec,1 NRDC,I
51 dy
_—
1\7Rec,2 SN Rec,0
~ ~ ~ ~ 1 ~ ~ 0 ~
(N(] [><I[§1 Nl) [><£.§1’2 (Nl Xgq Ng) —_— NO [XBl N1 S N()
SN Rec,1 d]\_f Rec,1
0 0
dNRec,Z
0
_—

Proof. Suppose given ng € Ny, ni, n1 € N1 and ny € No.
We calculate as follows.

no(V ReC() A So) =

no so) (v Recy)
= no(so a v Recy)

(no,nl)(uRecl A do) = ((no,nl)(VRecl)) do
Lem. 66
= (novo,n1vi) do
Lem. 64 &
= nolo - nlulal
Def. 39
= nolp - nlalyo
= (no-n101)wo
René 65 (TLQ . n181)(1/ ReCo)
Lem. 64
= ((no,nl)dg)(u ReCQ)
= (ng,m1)(do a v Recy)
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(no, nl)(u Recl A d1)

(’rlo, ’I’Ll)(lj R6C1 A So)

(ng,n1)(rRecy a s1)

((no,nl), (ﬁl,TLQ))(V ReC2 A do)

((no,nl), (ﬁ17n2))(V Recs a dl)

((no,nl), (’ﬁl,RQ))(U ReC2 A dg)

((ng,n1)(rRecy)) dy
(novo, n1v1) di

nolp

no(v Recy)
(ng,n1)d1) (v Recp)
ng,n1)(dy a v Recp)
(no,n1)(vRecy)) so
novo, N1V1) So
(novo, 1), (nqv1, 1))
(no,1), (n1,1))(v Reca)
(ng,n1)so)(v Reca)
ng,n1)(so a v Recy)
(ng,n1)(rRecy)) s1
nov, MY1) 81
novp,niv1), (1,1))
1))(v Recs)

(
(no,n1), (1,
( 1)(r Recy)

no,N1) S
no,n1)(s1 a v Reca)
((no,m1), (121,m2)) (v Recz)) do
(novo, nivy), (v, narve)) do

novy - n1v101, iy - navads)

(no - n101)vo, (721 - n202)11)
no - nlal,nl HQBQ)(VRGC1>

(ng,n1), (n1,mn2)) do)(v Recy)
no,nl) (nl,ng))(do AI/Recl)

(
(
((ng,n1), (n1,n2))(v Reca)) d;
(novy, n1v1), (v, nove)) dy
nov, N1vy - Mv)

novo, (n1 - 111)v1)

ng,ny - n1)(v Recy)

,n2)) d1)(v Recy)
n2))(d; avRecy)

((no,n1), (M
(no,n1), (71
((no,m1), (M1, n2)) (v Recg)) da
(novo, niv1), (M1vi, nave)) do
novo, n1v1)

no,n1)(v Recy)

(’I’Lo,nl) (nl,ng)) dg)(yRecl)
no,n1), (n1,n2))(d2 avRecy)

(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(novo - 10110, M v1 - n20211)
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(

(
(
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So we have

v Recg a sé\?ReC’O = sév Rec0 v Recy
v Recy a dé\7 Reel dév Ree.l | U Recy
v Recy a djl\7 Reed djlv Ree.l | Recy
v Recq a SéVReC’l = sév Recl | v Reco
vRecy a sjl\7 Real — gVReol () Recy
v Recg a dé\7 Ree.2 dév Ree:2 ) Recy
vRecy a df? Ree2 gV Ree2 ) Rec
vRecy a dé\?ReC’Z = d) "% [y Rec; .
Altogether, we have
N Rec, _ vReen | N Recy,

dé\f Rec,n O dZN Rec,n

N 44— N _
Rec,—1 P Rec,,—1

for n € [1,2], ¢ € [0,n] and

Recy, o
N Rec,, v N Rec,

N Rec,n N Rec,n
5 O %

N - 5 N
Recp41 S Reonis Recp11

for n € [0,1], 7 € [0,n].
Cf. Definition 31. O
4.6.3 The functor Rec

Definition 72 We shall define the following functor.

Rec : 2-CrMod  —  |2,0]-SimpGrp

N N Rec
lu — lu Rec
N N Rec

(1) Suppose given a 2-crossed module N.

The |2, 0]-simplicial group N Rec has been defined as follows in Lemma 64.

N Rec,2 1N Rec,2 N Rec,2 N Rec,1
NRec = ((NO X g, Nl) Xe o (Nl Xeq NQ), N() X 8, Nl, N(), dO y dl R d2 » 8o
N Rec,1 dN Rec,1 dN Rec,1 N Rec,0
Sl s M0 s M ) SO )
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(NO X By Nl) Xeq,o (Nl Keg NQ)

N Rec,2
dO

—_—

NO X B, Nl

(2) Suppose given a morphism of 2-crossed modules N 2 N.

We have the morphism

di\f Rec,1
N Rec,0
S,

dN Rec,1

v Rec = (v Reca, v Recy, v Recp) : N Rec — N Rec

of |2,0]-simplicial groups; cf Lemma 71.

(No X, N1) Xey 5 (N1 Xey N2)

v Reca

(No =g, N1) xey, (N1 Xe, Na)

N Rec,2
d2
—
N Rec,1
51
%
N Rec,2
d; ’
_—

N Rec,1
So

N Rec,2
dO
_

Ng I><51 N1

v Recq

]\70 [><B1 ]\71

(3) Suppose given morphisms of 2-crossed modules N nwNL ]\:f .

Then we have

(a)
(b)

(idn) Rec = 1d(N Rec)

(vav) Rec = vRec a7 Rec.

di\l Rec,1
N Rec,0

dN Rec,1

v Recg

In particular, Rec : 2-CrMod — |2,0|-SimpGrp is a functor, called reconstruction functor.

Proof.
Ad (3.&). Write N =: (NQ, Nl, N()).

We have idy = (idp,, idy,, idn,); cf. Remark 41.

We have (idy)Rec = (idyRecy, 1dNRec;, 1dNRecy); cf- Remark 65, Lemma 66, Lemma 68,

Lemma 70 and Lemma 71.

We have idN Rec — (idN Reca» idN Recy s idN Reco)§ cf. Remark 33.

So (idN) Rec = idNRec .
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Ad (3.b). Write v =: (12, 11, vy) and U =: (In, 1y, D).

We have
(vRec a7 Rec)r, = v Recg 2 7 Recy

for k € [0, 2]; cf. Remark 32.

So we have to show that
((va?) Rec)y Zv Recy, 2 7 Recy,

for k € [0, 2].
Note that va? = (Vg a o, V1 a1, 19 1); cf. Remark 40.

Suppose given ng € Ny, n1, n1 € N1 and ng € No.

We have
no((v a 7) Recy) Rem. 65 no(vp a )
= nol/QDO
Rem. 65 novo(P Reco)
Rem. 65 s (v Recy) (7 Recy)
= no(v Recg a 7 Recy).
We have

(no,m1)((va7)Recy) no(voatp),ni(v1ain))
novoi, nv1)

novp, niv1) (P Recy)
no,n1)(v Recy) (P Recy)
no,n1)(v Recy a7 Recy).

(
Lem. 66 (
(
(
(

Moreover, we have

((no,m1), (1,m2)) (v 4 7) Recg) 2™

((n (1/0 A 170) 7”L1(V1 A 171)), (ﬁl(ul A 171), n2(1/2 A 172)))
((novoto, n1v1n), (111, novain))
Lem. 70 ((novo, n1v1), (Mivi, nave)) (7 Reca)
((ng,m1), (n1,n2))(r Reca) (7 Reca)
((

no,n1), (N1, n2)) (v Reca 1 U Recy).

Example 73 Suppose given m > 1. Let Ny := (d : d™ = 1). So Ny = (d)

12

Cn.
Suppose given a finite group Ny.

Suppose given ¢ € Z(Np). Let Ny := (¢) < Ny. Write k := |{c)|. So (c) ~ Cj.
Suppose given z € Z with k - z divisible by m.

We apply the functor Rec to the 2-crossed module of Example 38.

Recall that we have the group morphisms

Og:=!

Ny —/—— N T ng — 1

N i> Ny Tnp — ng

No LN Aut(Ny) : ng +—— (n1+—ni° :=ny)
No LN Aut(Nz) : ng +—— (n2+— ny° :=ny)
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and the map
¢

Ny x Ny :={c) x (¢) — N3:=(d)
(¢t cl) s |ct el i=dPi,
yielding the 2-crossed module (Na, N1, Ny, 02, 01, 51, B2, C).

With the help of Lemma 55 we obtain the group morphism

N1 2) Aut(Ng)

ny' = ng-|ni,neds]
ny ng — = ng- |_7”L1, IJ
= ny
So
NO X g, N1 = N() X N1

Ny Xey Noo = Ny x Ny
are direct products.
With the help of Lemma 59 we obtain the group morphism
Ny x Ny 51—2} Aut(N1 X NQ)
(a,ma)mom) = (

(no,nl) — (’I¥L1,n2)l—> = (

=

thlo)m’ lhyll()?nlJ 'ngo'nlal)
Y, na - ng)
|71, 1] - n2)

S S

n
1
1,

Suppose given d?, dJ € Ny, ¢!, ¢P, ci, cP € Ny and ng, nj, € Ny for suitably chosen i, j, I, p, I,
pEL.
Then we have

((n07cl)7 (Cl’di)) ’ ((n6vcp)7 (Cﬁ)dj)) ((no’cl) ’ (né)cp)7 (cl:’dzz(na,cp) ’ '(Cﬁ,df)) 4
= ((n07cl> ) (n67cp)v (Clj LC],CPJ 'd1)~' (c?,d”))
= ((n07cl) : (n,07cp)7 (€l’dlpz~+l) (Cpadj))
((no - nf,c’-c?), (¢! - cP, d!P=+H))
By Lemma 64, we obtain the group morphisms
N Rec,0
Ny LN Nox Ny : ng —> (n071),
and
N Rec,1
No x Np - Ny : (no,nl) —> ng-nioq
N Rec,1
Nox Ny — Ny : (ng,n1) +—— ng.
Furthermore, we get the group morphisms
N Rec,1
N() X Ny O—> (N() X Nl) Xep o (N1 X NQ) : (no,nl) — ((no, 1), (n1,1>)
N Rec,1

N() X N1 1—> (NO X Nl) D<5172 (N1 X NQ) : (no,nl) — ((no,nl),(l,l))

and
N Rec,2
(No X N1) %oy, (N1 X No) ——— Nox N1 : ((no,m), (7, n2)) > (ng-ni0y,mnm)
(No x N1) Xy, (N1 x Na) ﬂ Nox N1 : ((ng,n1),(n1,n2)) +— (ng,n1-n1)
(No x N1) Xey, (N1 X No) ﬂ No x N1 : ((no,n1),(n1,n2)) —— (ng,n1).
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Recall that 9y : N1 — Ny is the inclusion morphism.
Then

N Rec,2 N Rec,2 N Rec,2 N Rec,1 _N Rec,1
((NO X Nl) l><,3172 (Nl X NQ), NO X Nl, No, dO s dl R dQ s SO y 51 s

N Rec,1 N Rec,1 _N Rec,0
dy »dy » So )

is a |2, 0]-simplicial group.

N Rec,2
d2
—_—
N Rec,1 dN Rec,1
51 1
— —_
dN Rec,2 SN Rec,0
1 0
(No X Np) %oy (N X Ny) —2—— Nyx N, «—>—— N,
SN Rec,1 dN Rec,1
0 0
— _
dN Rec,2

0

4.7 Equivalence of the categories |2,0]|-SimpGrp and 2-CrMod

4.7.1 The isotransformation : Rec « N = Ids. catod

Lemma 74 Suppose given a 2-crossed module

N = (N27 Nla NO: 827 817 617 /827 C)7
cf. Definition 36.

We have the following group isomorphisms.

(NRecN); 2%
((1,1),(1,712)) — N2
(N RecN); New v,
(1,Tl1) —
(NRecN)g X% N
ng —— MNo

Then

NC:= (Nla, N1, Ng) : (NRecN)a, (NRecN)y, (N RecN)g) — (Na, Ny, No)
is an isomorphism of 2-crossed modules.

Proof. Recall that N Reca = (Nox g, N1) Xz, ,(N1Xc,Na), N Rec; = Nox g, N1 and N Recy = No;
cf. Lemma 64.

Recall that

((ro,m1), (M1,n2))d1 = (ng,n1 - N1)
((ro,m1), (N1,n2))d2 = (no,m1)
for ((ng, n1), (M1, n2)) € N Recy; cf. Lemma 64.

Therefore R
(NRecN)2 = kerd;nkerds

= {(<17 1)7 (17n2)) 1ng € NQ}-
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Recall that
(no,n1)di = mno

for (ng, n1) € N Recy; cf. Lemma 64.

Therefore R
(NRecN); = kerd;

= {(l,nl) Ny € Nl}

Finally, (N Rec N)O = N Recg = Ny.
So we have the group isomorphisms N o, N (1, N (g as described above; cf. Remark 7.

We show that the tuple of group morphisms (N2, N1, N{p) is a morphism of 2-crossed
modules.

Recall that the 2-crossed module N Rec N has the differentials dy := d0|E]NV Eiz Egl and
2

o = do\gizzgif; cf. Lemma 51.

First, we have to show that the following diagram is commutative.

(N RecN), % (N RecN); e, (N RecN)g
NCz‘ NCI‘ ‘NCO
Ny o2 N o No

Suppose given n; € N1 and ng € Ns.

Then we have

((171)’(17n2))(52‘NC1) = (((1,1),(1,7@))52)(]\[&1)
= (((1,1),(1,n2)) do)(NC1)
(

2)) (N C2))0s
,n2))(NC2a09)

and -
(1,n1)(01a NCp) =

So we have )
Oya NG = N@a0o

and .
OMaNCl = NC a0
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Second, we have to show (2CMM 1, 2).
Ad (2CMM 1.1). Suppose given ng € Ny and ny € Nj.
Then we have

Lem. 51

((1,m1)")(NC1) ;1) %) (N Cy)
)

(1

((1,n1) 0D (N G)

E(n 1) - (1,m1) - (no, 1))(NGC1)
1

(

Lem. 64

(ng 1) - (o)) (N )
;) (NG)

1
((11, n1)(Ngy))roN),

Ad (2CMM 1.2). Suppose given ng € Ny and ny € Na.

Then we have

(((L,1), (Ln2)) ") (NCG) "1 (((1,1), (1,n2))"0%0%0) (N Cp)
F O (((1,1), (1, mp)) (oD %0) (N C)
F O (((1,1), (1, mg)) (0 D (L)) (N G)
= (((ng» 1), (1,1)) - ((1,1), (1,m2)) - ((n0, 1), (1, 1)))(N )
= (((ng,1),(1,1)) - ((no, 1), (1,n2) D)) (N Cy)
= ((1,1),(1,n2)moV)(N o)
P (1,1), (1, [1,1] - nB0)) (N )
FR ST (1,1), (1, 050)) (N Ca)
ny°

I
~—~
~—~

—_
—_
SN—
~—~~
—_
3
N
S~—
S~—
=2
N
no
SN—
S~—
3
=]

—~

2
Ind
=]
=

Ad (2CMM 2). Suppose given ny, nj € Nj.

Then we have

Lem. 51 )(1 m)s0 L ((1,m1) 80)1P)51) (N )
1

oot D)D) (1,1), (g, 1)) D) (N )

Rem. 7

) (1, 1) - (1, 1), (n1, 1)) - (1,m4), (1,1))) (N Ca)
) (1, 1)) - ((Ln’l) (n1, 1)) (N Ca)
1), (n1, ™)) (N C2)

/

1), (ng?, [y, my ) (N C2)

1 ) (nl ’I_nbnllJ))(NCQ)
1, [n1,n1]))(NG2)

! —
7n1
/
1

=
@
WE- 11
9]
©

Since N2, N1, Ny are group isomorphisms, NC = (N2, N1, N(p) is an isomorphism of
2-crossed modules with inverse NC~ = (NG, , NC, N(;); cf. Remark 43. O
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Lemma 75 We have the isotransformation
¢ = (NO) neob(-cator) : Rec s N =3 Tdy o -

Cf. Lemma, 74.
Proof. To show that ( is an isotransformation, it remains to show that the quadrangle
N NC
N(Rec a N) —————— N1dy ra/0r
v Rec N‘ vIdy cavor

N(Rec A N) T NIdQ—CﬂV[oz{

commutes for N -2 N in 2-CrMod .

To this end, we show that N{jav L (VReCN)kANCk for k € {0, 1, 2}; cf. Remark 40,
Lemma 74.

Suppose given ng € Ny, n1 € N1 and ng € No.
We have

((1,1), (1,n2))((rRecN)g « Np) ,1), (1,m2)) (v Rec N)g ) (N o)

1
1), (1,n2)) (v Recz)) (N C2)
Lem. 70 ) N7

= ((
Def. 54 (((
((

Il
S
)
X
3

1), (1,12)) (N C2))ve
s 1), (1, ng))(NCQ A VQ).

—_—
—~~
—
—_

We have ) )
(1,n1)((vRecN)1 2 NGy) _

((1, 77,1)(1/ Rec N)l)(NCI)
Def. 54 (
(

(1,n1)(uRecl))(NC1)
1,n11/1)(NC1)
= niv

= ((L,m)(NG))w
(1, ’I’Ll)(NC1 A 1/1).

Moreover, we have
no((WRecN)ga NG) =  (no(rRecN)g)(No)
= (no(vRecg)) (N o)
=% nouo(N Q)
= nolp

(no(NCo))vo
= n()(NCO AV()).

Altogether, we have

vRecN.N( = ((vRecN)a, (vRecN)1, (v RecN)g) a (N2, N1, No)
Rem 40 () Ree N)g 4« N o, (vRecN)1 2 Ny, (v Ree N)g 1 N o)

= (NCoave, NGy avi, Nlparp)

R 40 (N Gy, NGy, NGo) a (2,11, 1)

= NCAV.

75
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4.7.2 The isotransformation 9 : N 1 Rec = Id|2,0}-simpgrp

Lemma 76 Suppose given a |2,0]-simplicial group Gj; cf. Definition 30.

We have the following group isomorphisms.

(GNRGC)Q % G2
((no,n1),(h1,n2)) — noSp Sy N1 S]‘ﬁ1 So * N2
((92 dadi, gy da2disg-g2da),
1 g2
(92 d2-g2di1,95 diso-g2daso-gy dasy '92))
(GNRec)l % Gl
(no,nl) —— MNpSp- N1
(g1d1,9; diso-91) — @
(GNRQC)O %} G()
ng +—— Ny
go <— 9o

Then
GO = (GO, GO1, GO) : ((GNRec)z, (GNRec)1, (GNRec)y) — (Ga, G, Go)

is an isomorphism of |2, 0]-simplicial groups.

Proof. Recall that given a 2-crossed module N = (Na, N1, Ny), we have
NR6C2 = (No X B, Nl) I><51’2 (N1 Xeq NQ), NRGCl = NO X B, N1 and NRGCO = No; cf. Lemma 64.

Here, €9 is given as in Lemma 55 and €1 2 is given as in Lemma 59.

Recall the data of the 2-crossed module
GN = (GNy, GNy, GNy, 0y, 81, B, B2, €)

from Lemma 51.

So
(GNRGC)Q = (GNO X 8, GNl) [><5172 (GNl Xeq GNQ)
(GNRGC)l = GNO X B, GN1
(GNRec)y = GNp.

We recall from [1, Lem. 55] with the help of [1, Rem. 56] the following group morphisms.

Yt GNO — Aut(GNl)
ng — (noy1:ny— ne™®)
v GN; —  Aut(GNy)
ny —  (n1vys i ng — nyt)
v : GNy Xy GN;, — Aut(GNl I><,y§/ GNQ)
NGRS > 70 S0 S1 - M1 S
. ny ,(n180)001 180
e (RS Y L T )
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Then we know that

Gd

(GNQ Xy GNl) Xy (GNl [X'yé’ GNQ) —2> G2

((no,nl),(fll,?”@)) — ngsSpS1 - N1 Sl-ﬁl So - N2
((92 dadi, g5 dadiso-g2da),
_ _ _ G2
(95 d2-g2d1,95 diso-g2dasp- gy dasi '92)>
GNO I><71 GN1 ﬁ) G1
(no,m1) +— mgso-m1

(g1di,97 diso-g1) «— @1

GNy, 2 @,

ng +—— "Ny

go <— 9o,

are group isomorphisms; cf. [1, Lem. 55].

Moreover, these group isomorphisms form an isomorphism of |2, 0]-simplicial groups in
[1, Lem. 55].

Note that the maps d; and s; in [1, Lem. 55] are defined as the according morphisms in
Lemma 64.

So it suffices to show that

|

b1 = m
|

1

€2 = 72
|

€12 = 72

in order to show that GV is an isomorphism of |2,0]-simplicial groups.
Suppose given ng € GNg and n; € GNj.
Then we have
(n)(nof) FE nfos
= (n1)(nom)-
Suppose given n; € GN; and ne € GNo.
Using the assertions (CC 2,4) from Lemma 49, we obtain

(n2)(ni1g2) b5 (11, 20, ]
= ng-|ni,nado]
Lem. 51 ny - (n] so)"2 doso . (n150)™? dos1
) ny - (ny s0)"290%0 . (ny sq)nz "2 doso
= ( ny so-(nysp)tz )2 doso
- 2. (ny 8o+ ma -y sg-ny )"2doso
(CE2) n§2 1050+ (ny s0 - ny - m sg - my )2 doso
= (ng-njsg-ng-nysg-ny )"2doso
= ((ny"™)"z)r2dos
(©€C2) sy ym
= nnl so

(n2)(n173)-
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Suppose given ng € GNg, n1, n1 € GNy and no € GNs.

Using the assertion (CC 1) from Lemma 49, we obtain

v Lem. 59 v . .
(M1, n2)((no,ma)era) "B ((RF0)™, [#5°, na | - njo ™)
= () Lo ] g o)
P ()M () s0)™ (B s0)™ S g )
B (G ()T o) - (%) o) -
B () ()T o) - (R]0%) so) ™ - A0)
B (ﬁTllo S0 ‘7741’ (’FLI So)n() S0 S0 " M1S0 . (ﬁl So)no S0 S0 - M1 81 n;zg sp so - n1 do So SO)
= (ﬁ?o S0 m7 (hl— So)no SpS1°M18S0 . (ﬁl So)no S0 S1-M181 | (ngo S0 Sl)m do so So)
Lem: 51 (ﬁTllo S0 '7741’ (hf So)no S0 S1:M1S0 . (ﬁl So)no S0 S1:M18S1 | (ngo S0 Sl)nl do)
(Cg 1) (hTfo S0 'TL17 (hl_ S(])no SpS1-M180 . (ﬁl So)no SpS1-MN18S1 . (ngo S0 Sl)nl sl)
— (ﬁTllo S0 1’ (,h; SO)no Sp S1°M150 , (hl So)no SpS1-°M1S1 , ’I’L;O S0 81 -1 Sl)
(721, m2)((no, n1)7y2)

Lemma 77 We have the isotransformation
V= (Gﬁ)GEOb(LZOJ—Simpgm) : N s Rec = Id\_Q,OJ—Simpgrp :

Cf. Lemma 76.

Proof. To show that ¥ is an isotransformation, it remains to show that the quadrangle
G(N s Rec) — 0 GId|2,0)-simpgrp
©NRec P1d|2,0)-simpgrp
G(N 4 Rec) — & G1d |20} simpgrp

commutes for G — G in |2,0]-SimpGrp.

To this end, we show that GO a i L goNReck 2 Gy for k € {0, 1, 2}; cf. Remark 32, Lemma 76.
Suppose given ng € GNg, n1, 11 € GNy and no € GNs.
We have

((no,m1), (71,712)) (¢ NRec)z » G92) = (((no,m1), (1, m2)) (9 N Rec)2) (G92)
Def. 54.(2)

o 7o (0w0, n1p1); (g, n2¢2))(G92)

10%P0 S S1 - 11 S1 - 111 S0 - NP2
T S S1 P2 * M1 S1 P2 * N1 S P2 * N2P2

= (o so st -n1 811180 N2)P2
(((no,n1), (11, 12))(GD2) )2
= ((no,m1), (121,n2)) (G2 4 2).

Def. 31
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We have ) ) A ~
(70, n1)((p NRec)1 4« Gd1) = ((no,n1)(pNRec)1)(Gd1)
Def. 54.(2) N
Len? 66 (nOSOOa nl@l)(Gﬁl)
= 100 S0 - N1P1
Def. 31
= N0 S0 Y1 - NP1

= (noso - n1)e1
((no,n1)(Gd1))ep1
= (n07n1)(G‘81Ag01).

Moreover, we have

no((¢ NRec)o 2 G9o) = (no(¢ N Rec)o)(G9o)

Def. 54.(2) ~
st () (Go)

= no¥o
= (no(G90))wo
= no(Gﬁo A gOo).

Altogether, we have

¢NRec.Gd = ((¢ NRec « G9)2, (¢ NRec + G9)1, (o NRec 2 G9)g)
Rem, 32 (¢ NRec)g a G2, (9 N Rec); « G91, (0 NRec)g 2 Gdo)
= (GO2 4 2, GV 2 01, GV a o)
TR ((G940)2, (G491 (GY 4 p)0)
= GYagp.

4.7.3 Rec and N are equivalences
Proposition 78 We have the isotransformation
C : Reca N l) Id2-Crﬂ/[ot[

from Lemma 75.

We have the isotransformation
¥ :N .4 Rec l) Id\_?,OJ—Simpgrp

from Lemma 77.

So we have the equivalences of categories

TN

|2,0]-SimpGrp 2-CriMod .

Rec
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5 From |2, 0|-simplicial groups to crossed
squares

5.1 The construction for the objects

Suppose given a |2,0]-simplicial group Gj cf. Definition 30.
Lemma 79 Consider the groups

L = Gop

M G2.1/G201
M = Gop2/Gap2
P = GQ/G2;0

and the group morphisms

Ga.1,2 2 G21/G201 : k — kG201

G21/G201 = G2/Gayp i 9G201 — gGayo

Ga.1,2 2, Ga2/Go02 : k — kG2

Ga2/G202 = G2/Gap : hGap2 —— hGayp.
A

I
G2 ——— G22/Gap2

G21/G201 ———— G2/Gayp

We have the group morphisms

Goa/Goo1 —  Aut(Gaa) i gGog1 (k> k9G201 1= |9)

G2;2/G202 REIEN Aut(Ga.1.2) t hGags — (ks KhG202 = khy

Go/Gao 5 Aut(Gaup)  fGao (ke KIG20 = k)

G2/Gayp S Aut(G21/Go01) ¢ fGao +— (9Ga01 > (9G201)7920 := g/ Ga01)
GafGzo ™% Aut(Gao/Gao2) @ fGao  +— (hGaoa > (hGao2) 920 := bl Gag).

Here g € Gz;l, h e GQ;Q, f€Gyand k € Gg;ljg.
We have the map

G2.1/Go01 % G22/Go02 —= G
(9G20,1, hG202) +—— [g,h] =: [9G2,01, hG2p2],

where g € Go.1 and h € Ga.2.
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Then

G Sq = (G212, G2.1/G20,1, Go.2/ G202, G2/G2:0, YM,L , YM/,L » YP.L » YPM » YPM » A Ny s, 115 X)

is a crossed square.

Cf. e.g. [1, Lem. 70], where a construction of PORTER has been slightly adapted; cf.
[8, Prop. 7, Proof of Lem. A].

5.2 The construction for the morphisms

Suppose given a morphism ¢ : G — H of |2,0]-simplicial groups; cf. Definition 31.

Remark 80 We have the group morphisms

Ho.
212 = <P2!G§i’2 :Go2 — Haap
g2 = G202

@op : G2/Goygy — Ha/Hayg

g2Gao —— gapaHay
2.1 : Go.1 /G011 — Hai/Hap:
92G201 > gawaHo
022 : Go:2/Go02 — Hapn/Hopo
92G202 > gap2Hao2.

Cf. Remark 52.(2), [1, Rem. 71], [1, Rem. 72] and [1, Rem. 73].
Lemma 81 Recall that we have the crossed squares

qu = (L7 Ma Mla P7 YM,Ly YM',L s YP,L > YP,M s YP,M', )\7 )‘,7 M, ,u,v X)
= (Gau2, G2.1/G20,1, Go2/ G202, G2/ G20, YM,L, YM/,L» VP,L > YPM > YoM > A Ny iy 1 X)

and

HSq = (f’> M7 Mlv Pa ’YMi/? I)/M”f,a f}/ﬁj,’ 7]57]\;[a 7]57]\;[’7 S\a 5‘,7 pﬂ /1,7 )2) B
= (H2;1,27 HQ;I/HQ;O,L H2;2/H2;0,27 HQ/H2;07 FYM,i? ’.YM/,ia P)/P,ia 7]2]\27 7157]\2/7 A7 /\/7 /17 /-7’/7 X)

Cf. Lemma 79.
Let ¢ Sq := (p2;1,2, P21, P2;2, Pay); cf. Remark 80.

Then
vS3q: GSq — H Sq

is a morphism of crossed squares.
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>\/
G ——— G22/Gayp
A
o
n _
G2.1/G201 ——— G2/Gay Ba:o
$2:1,2
@2;0
_ X
#2;1 Hj — Hapo/Hpp .
hy
ﬂ/
i
Hy.1/Ho01 —— Hay/Hay

Cf. [1, Lem. 74].

5.3 The functor Sq

Definition 82 We shall define the following functor.

Sq : 2,0]-SimpGrp —  (CrSq

G G Sq
= | Lo
H HSq

(1) Suppose given a |2,0]-simplicial group G.

The crossed square G Sq has been defined as follows in Lemma 79.

)\/
G0 ———— Ga/Gayp2

w
G2,1/G201 ———— Ga2/Gayp
In the notation of Definition 15 and Lemma 79, we have
GS
(GSa)i1 = Gai2 YioT = ML MNgg = A
GS
(G Sq)l,() - GZ;l/GQ;()J ’YO,I d = 7M',L }\%,18(1 = A,
GS
(GSq)og = G22/Gap2 Yéllsq = YpL uid =
1,0 GS
(GSa)oo = Ga/Gao Yesq = IPM Ho,lq =
0,1
YGsq T TPM XGSqa = X-
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(2) Suppose given a morphism of |2, 0|-simplicial groups G = H.

The following diagram morphism is a morphism of crossed squares, by Lemma 81.

Ga.1p2 —x Ga.2/G20,2
A
o
a G2;1/G2;071 - ", GQ/GQ;O $2;2
Sq = ©2:1,2
@l 4 ‘152;@
H B 3
P2:1 Hoq 9 | — Hy.o/Hoyp 2
h)
i
Hy.y/Hy.01 ——— Hy/Ha.g
For short, ¢ Sq = (@2;1,2, P21, P2:2, Po2.p)-
So we have
1,0 1,0 N
(PSa)i1 = w212 Aisq = A Alsq = A
(eSa)o = @21 Aglsq = X }‘%flsq = X
_ GS HS _
(¢Sq)o1 = P22 Hl,oq = W Hl,oq = M
_ GS HS _
(SOSQ)O,O = ¥2.0 Ho,1q = FL0,1Ol = i
XGSq = X XHSq = X-

/

(3) Suppose given morphisms of |2, 0|-simplicial groups G % HS K.

Then we have ' _
(a) (idg)Sq =id(gsq)

(b) (pa¢’)Sa=9¢Sq+¢'Sq.
In particular, Sq : |2,0]|-SimpGrp — CrSq is a functor.
Cf. [1, Def. 75].

Remark 83 The functor Sq : |2, 0]-SimpGrp — (rSq is not an equivalence.
More precisely Sq is not dense.

Cf. [1, Rem. 83].

5.4 The functor qu

Remark 84 Suppose given a |2,0]-simplicial group G.
We have the following group isomorphisms.
) )
G- G2.1/G201 — Giyo
92G2,01 +—— g2do
(915097 51)G201 «— 1
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(2)
Gty : Ga2/Goo2 — Gia
haGa.02 +—— hadg
h1 S0 G2;072 <« h1
(3)

Giop: Ga2/Gay — Gy
kaGap +—— kodg
kl S0 GQ;Q < kl
Cf. [1, Rem. 76].

Moreover, we have Gi11 = idg,, , : G212 — Ga.12.

Definition 85 Suppose given a |2,0]-simplicial group G.

We have the crossed square

GSq = (G212, G2,1/G20,1, Go2/ G202, G2/ G20, YM,L , YM/,L s VP,L > YPM s YPM' > N Ny iy 1 X);

cf. Lemma 79, where we have written

L Ga:12

M G2.1/G2,0,1
M’ G2:2/G2.0,2
P = GQ/GQ;Q .

Let

[
Q

vl Ez EI il
Il
Q

We have the group isomorphisms
L=Go12 —— Goi12=1L
M = G2.1/G20,1
M' = Gas/Go02 — Gi1=M
P=Gy/Gyo —2% Gy =P;

cf. Remark 84.

We abbreviate G1,1 =: 1,1, G100 =: Y10, Go,1 =: V0,1, G¥o,o =: Yo, -
Let A :=197 aXathio = Aathio: Goao — Gigp-

Let N =4 a XN atboq = N athor : Gon2 — Gy -

Let i := ¢i0AﬂA¢07O : Gy — Gh.

Let fi' := gy ap athop : Gia — G1.
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)\/
Goi90 ————— Ga.2/G202
A
u/
I
G2.1/G201 —— G2/Gay 2| o1
P11
2| 0,0
5\/
P10 2 GQ;LQ Gl;l
by
i
i
G0 G1

)

Recall from Remark 9 that a group isomorphism q : G — H yields the group isomorphism
q:Aut(G) = Aut(H)
a > q aaaq.
Let vyp. =042 211 =Yg avar : Grio — Aut(Ga2).
Let Yy = Vo1 v a i1 = Yo1 v Gra — Aut(Ga ).
Let vp f = Vg s ¥PLa P11 = Y0 vpL : G1 = Aut(Ga o).
Let vp 3y = Yo avPM a1 Gy — Aut(Gry).
Let vp ypr == oo s vP.M7 ”ﬁm : G1 — Aut(Gh,1).

Let x := (1/)1_’0 X lpO_J) AXA’I/]Ll = (1/11_70 X ¢(I1) aX: Gl;o X G1;1 — G2;172
Then

GSq = (G212, Gro, Gi, G Var s Yo 1 Vp.ko Vo ar YBars N, fi, i, X)

is a crossed square.
Cf. Remark 29.

In other words, we have

(GSa)11 = G YE(S)Vq = Vi =Y10saYML }\gqu = A=ty
(GSq)10 = Gio vﬁ’fq = Vi =%o14TM' L Agévq = N=XNito1
(GSq)oqp = Gra Ygévq = Ypi="o0aVPL Hf(s)vq = A=Y gapathop
(GSa)op = Gi Ygqu = Ypar = VooaVPM 4 ¥10 uﬁqu = @ =g ap atbop
vgé;q = Ypar = YooavPM s Po.1 Xasq = X=(¥10x¥p1)ax
Kagg = R=Aafi=Naf.

Cf. Definition 15.
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v

GSq = | xicyro

Gl;O

N o1

G Ga.12
Gd’o—@ A ,U/ A G’lf)o,() = Aa ¢1,0
— G Gl;O —
Gdﬁ,o Aflla G’LZJQO wl’o A A "/}0,0

Note that the actions and morphisms in GSVq are given as follows.

Suppose given go € GQ;LQ, ho € Gg;l, ko € GQ;Q, g1 € Gl;o, hi € Gl;l and k € G;.

g1
92

h
921

k
921

k
911

I
A~~~

GSc
92)(91Y1 oq)

)(
92)(g1 (%,o AYML))
92) (9191 0)vM,L)

92)(((9180 91 81)G20,1)7Mm,L)

9150°9; S1

(action via yGSq)

(action via conjugation)

(92)(h1y0G§q) (action via yOGEq)
(92)(h (%,1 A1)

(92)((h1bg1)varr L)

( 2) (P80 G2;0,2)707,L)

gorso (action via conjugation)

(92)(7611/2;21) (action via yg;vq)
(92) (k1 (o0 avpP.L))
(92) (k1o 0)vPL)

)((k‘l so G20)VP,L)

(
g (action via conjugation)

l\')

1,0 . .10
g1 leGqu) (action via yGqu)
g1

)
)
g1)
)
)

(g191 0)((k1 s0 G2,0)Yp,m))¥1,0

((91s0-91 SI>G2;O,1>((k1 s0 G2.0)YP,M)) %10

(915091 Sl) 190G9.0,1)¥1,0

9150 g; s1)krs0dy

g180do - g; s1dg)krsodo

91 g1 doso)™

g1 (action via conjugation)

(
(
(
(
(9
(
(
(
(
(
(
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i hy

hq

)(kry qu) (action via yg;q)
) (K1 (Yo 0a VP a Yo,1))
h1) (((k1tg,0)vp,n )b, 1)
1)(((k1 80 Gos0)vp,07)¥0,1)

(

(

(

(h

(h1)(¥g1 & (k150 Ga;0)vP0r) a%0,1)
((h1tbo, 1)((k‘1 so G2:0)vp,Mm)) 0,1
(

(

(

(

(h1so G, 0,2) (k150 G2:0)vp,m7)) V0.1
(h180)F1%0Ga0.2)v0,1

h1so)*150 d

h1 so do)kl so do
hi (action via conjugation)

9AGg, = 92(Aatio)

= (92N)%10
(92G2.0.1)%1,0
= g2do

927\%;1 = g2(Nato)
= (92X)o,1
= (92G2;0,2)¢0,1
= g2do

g1 u?ﬁq = g1(¥1 94 pathop)

((9191,0) )00

(((g180- 91 81)G20,1)1)%0,0
((g150 - g1 51)G2;0)0,0
(9150971 s1)do

g1s0do - g; s1do

g1 - 91 doso

= o0

MuST = b6, s i s tb00)

= ((h1¥pg1)1 )00
((h1s0 G2,0,2) 14 )00
(h1s0 G2;0)%0,0
= hisodo

(glahl—l glvhl)XGqu

(
(91, 1) (Y10 X Po1) 4 X)
= ((Qlyhl)(%o X Yg1))X
(9150 - 97 51)G20,1, h1 50 G,02) X
= [g9150- 971 s1,h1s0] (commutator bracket)

Moreover,

Gy = (G1/J1717 G0, Go 1, G1/1070) = (?/)1,1, 1,0, Yo,1, ¢0,0) :GSq — Gqu

is an isomorphism of crossed squares.

Cf. Remark 29.
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Remark 86 Suppose given a morphism G 2 H of |2, 0]-simplicial groups.
We have the following commutative quadrangles; cf. Remark 52.(1), Remark 80 and Remark 84.

(1)

G0

G2.1/G201 ——=— G
©2;1 O ©1;0
Hj.1/Ha0,1 W Hip
(2)
G,
G2.2/G20,2 — G
P22 Q P1;1
Hy./Ho,2 W Hiqq
(3)
G
G2/Gayp 1@’0 G1
@2;@ O ¥1
HQ/HQ;[) W H1
Proof.

Ad (1). Suppose given go € Ga.1 .

Then we have
(92G2,0,1) (P21 0 HY10) = ((92G2:0,1)P21)(H10)

= (g929p2H2,0,1)(H1)0)
g2p2 do

g2 do 1

(92do)er0
((92G2,0,1)(G¥1,0)) o150
= (92G20,1)(GY1,0 2 91,0)-

Ad (2). Suppose given go € Ga.a .

Then we have
(92G2,02)(P224 Ho1) = ((92G20,2)P2;2) (Ho 1)

(9292 H2.0,2) (Ho,1)
g2p2 do

= g2do 1

(92 do)er
((92G2,0,2)(GYo 1)) 11
= (92G202)(GYo1 4 p1,1)-
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Ad (3). Suppose given gs € Ga.

Then we have
(92G2,0)(Pa;pa Hboo) = ((92G2,0)P2:0) (Hbo0)

(9202 H2,0)(H1o)
g2p2 do

= g2do 1

(92do)p1
((92G2,0)(G¥o,0)) 1
= (92G20)(Go,0 4 1)

]

Definition 87 Given a morphism G % H of |2, 0]-simplicial groups, we let, following Re-
mark 1,
©Sq = (GY) " apSq « HY : GSq — HSq,

which is a morphism of crossed squares; cf. Lemma 81 and Definition 85.

By Remark 1, we have the following functor

~

Sq : |2,0)-SimpGrp  —  CrSq

v

G GSq
b= | b
H H qu

In addition, Remark 1 gives the isotransformation
Y= (Gw)GeOb(p,oJ-simpgzp) :Sq = qu-

Recall that
Gy = (GYr1,1, G0, Gio,1, Gboyo)

as defined in Remark 84.

Recall from Definition 85 that given the crossed square

)\/
G2 —— Ga2/Ga02

qu: A /

G2:1/Go01 ——— Ga2/Gayp

we have defined the crossed square

Ga.12 Gia
GSq = | x. Gi1,0 Gy 1 a1+ Gioyo
G1y0 G

Gy gapaGihoo
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GSq

0,1 HSq
AHSVq’ PLLO ’ Ho,1 ; XHSVq)'

Gl;l

Gvpg 1 2 P22 « Ho1

Hi

We write
v GSq .GSq _1,1 1,0 0,1 1,0 0,1 GSq }
GSq - (G2;1,27 Gl;Oa G1;17 G17 YLO ) ’Y(]’l ) ’yGqu7 ’yGqu7 ’yGqu, )\Gquv AGSVq’ HLO ’ Ho71 ) XGSq)
and
v HSq . HSq _1,1 1,0 0,1 1,0 HSq
qu — (H2;1727 Hl;O) Hl;lu Hl) ‘YLO ) ‘YO,I ) ‘YHSVq’ ‘YHSVq’ ‘YHSVq’ Hqu’
So we get
0,1
GSq
Ga.12
1,0 GS
GSq F‘o,lq
GSq
H10
G1,0 G1
G
Sv — ©2:1,2 -
9{ ! G0+ @20 + Hibo 0
H 301
_ _ HSq
Gy g @21 s Hipr o Ha;1 9
1,0
Hqu
e
HSq
Hi0
HI;O H1
In other words,
(PSa)i,1 = @21,
v _ Rem. 86.(1)
(@Sa)10 = GUygaaiaHirg = P10
— _ Rem. 86.(2)
(pSa)or = G¥gqap22aHibos = $151
_ Rem. 86.(3)
(pSa)oo = G¥yoapaeaHiboo = @1 -
So we get
0,1
GSq
G212 Gia
1,0 GS
?\Gqu “0,1q
GSq
Hi0
Gl;o G1 P1;1
G
Sq = P2,1,2
sol q o1
H 0,1
HS
$1;0 HQ;LQ 4 Hl;l
1,0
HSYq
HS
HSq p’()qu
Hi0
Hl;O H1
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6 From crossed squares to 2-crossed modules

The following construction of the functor To : CrSq — 2-CrMod is due to CONDUCHE
[3, Cor. 3.5].

6.1 The construction for the objects

Suppose given a crossed square

C= <L7 M7 M/7 P7 YM,L s YM',L > YP,L, YP,M s YP,M', )‘7 )\/7 I°2 ,ulv X)

L—2N o

Cf. Definition 15.

Remark 88 The following map is a group morphism as a composite of group morphisms.

a:=paypar - M — Aut(M')
m — (' = (m)(ma) = (M) (m(paypar)) = m'™ =m'™)

In particular, we may form the semidirect product M x, M’, in which

(m,m') - (m,m) = (m-m,m'™- m)
(m -, m/ ™),
for (m,m’), (m,m') € M x, M’
Remark 89 Suppose given (m,m’), (m,m') € M x, M'.
Then we have
(m7m/)(m,m’) _ (mm,u7 (m/f)(m,u)m“ -~ m/)
Proof. We have
(m,m/)(m’ 7y Rem. 8 2 (mm’ (m/—)mﬁl m! . ')
Rem. 88 (m™, (m/—)(mm)u /)
— (m'ﬁ’l/’ (m/—)(mu)fn“ m! T ’I’h/)
(CUD (i, (=)™ i
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Remark 90 We have the following group morphism.

L 2 Mwx, M

I —s (INIX)

Proof. Suppose given [, [ € L.

Then we have

Do = (DA E-DN)
= (l)\-l)\l N7 XN)
= (N-INTN NN
= (A-IN (NN
PN RN Y LT APY
= (NI NN
= (IA-DA (X))
= (I le) (IN TN
= 102109
O
Remark 91 We have the following group morphism.
Mxo, M 2 p
(m,m') = mp-m'y
Proof. Suppose given (m,m’), (m,m’) € M x, M'.
Then we have
((m7 m,) ’ (ﬁl, ﬁl,))al = (m -, m/ ™! )81
= (e
= mp-mpem ™ m
(CM 1) o
oy Ty ()
= mp-mpemT e m'y 'y
— mu'mlﬂl'mﬂ'mlﬂl
(m,m’)81 . (m,m/)al.
O

Lemma 92 We have the following group morphism.

PN Aut(M xq M)
p — ((m,m/) = (m,m")P:= (mP,m'?))

Proof. We recall that

(m,m') - (m, ') = (m-m,m'™ m)

= (m-m,m'™ . @)
for m, m € M and m/, m' € M'.
We use Remark 6.
Suppose given p, p € P and (m,m’), (m,m’) € M x, M'.
Then we have

(m,m)t = (m',m'")
= (m7 m/)
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Moreover, we obtain i
((m7m/)p)p = (mp’ m/p)p

— (mp'ﬁ7m,p'p)
= (m,m/>p'ﬁ'

Finally, we calculate

(m,m) - (i )P = (mam,m! ™ )P

)P, (m’m# -/ )P)

ST, (m/ﬁm)p -m'P)
P, m/ TP/ P)

P, m/P PP m'P)
P, (m/p)p‘-fnu-p -m'P)
5 ’(m/p)(ﬁw)p -1’ P)
P, (m/p)ﬁ#’u -m/'P)
Pom/P) . (mP,m'P)

)P - (i, i P

I
35

3 3
bS]

I

3 33

= s
3
S

NN N N N N NS S

3 3

O

The following construction of the total 2-crossed module of a crossed square is due to CONDUCHE
[3, Cor. 3.5], refining a construction of LODAY [7, Def. and Lem. 3.1, Def. 5.1].
Lemma 93 Consider the groups L, M x, M’ and P; cf. Remark 88.

With the help of Remark 90, Remark 91, Lemma 92 and Definition 15 we have the group
morphisms

L P M oxg M l — (A X))
Mxo M 25 P : (mym!) — mp-m'y
P LN Aut(M x, M') p — ((m,m) = (m,m)P = (mP,m'?P))
p 2B Aut(L) P —s (L P).

Let
(M xo M) x (M xo M) -5 L
((m,m'), (m,m')) +—

In other words, ((m,m’), (m,m'))¢ = (m

Then
CTO = (Lv M X a Mlv Pv 82) 815 517 ’YP,Lv C)

is a 2-crossed module, called the total 2-crossed module of C.

L2 Mw, M 25 p

Proof.
Ad (2CM 1). Suppose given [, lelL.

Then we have . - .
|10, 10s = LN X)), (I X))

[N 1N

= [(HA 17N
(

(CS 4.3) _ s
RN
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(CM2) v A
for M () El)
= (Z'l)i-l i
= l_;l_‘l-l
= [lv]

Ad (2CM 2). Suppose given (m,m') € M x, M’ and [ € L.

Then we have

| (m,m'),102] - [1D2, (m,m)]

L(m,m), (I T X) ] - [N X)), (m,m)]
— [mD\7 l—)\/" . [(l)\)m7 mq
CZV N [ m]
(CS:4.4) l(mM) e le))\’ m/—|
) g gy gy
_ ll_)\-m-l)\ N (lm)f . (Zm)m/
— ((ll—)\)m)lA N A (lm)_ . (lm)m/
(G L R GO R (ol
= (™A ()
ey
= () (™
_ - . (lm)m’
1= (myms

(CS 4.3)

i

’

— 1= . e/
= [— . [(mm)or

Ad (2CM 3). Suppose given (m,m’), (m,m’') € M x, M.
We have to show that

[(mom), (@) |82 = ((m,m!)™) ) - (m, /)00,

In order to calculate, we write a := m, b :=m, ¢ :=m/ and d := m/.
Then a, b€ M and ¢, d € M.
We have to show that

(a, c)(b'd) - (a,c), (b,d)] 02 L (a’c)(b,d)al

We obtain
(a7 C)(bd) : I.(a’ C)v (b7 d)JaQ
RS (g ()™ - - d) - | (a, ), (b, d) |0
= (ab, (d)@r i d) - [(a,c), (b,d)] Dy
D (qb, () b a) - (o, ) (b.)
- (ab’(d—)(ab)u.cbu. d) - [ab, d]0,
= (ab (d7)@ o d) - ([ab, ], ([ab, X))
O (@ (@)@ ) - (@) (@) ([a d V) )
CL2D (b, ()@ ) - ((ab)™ - (ab) = - den)
— (@b (@) - (@) ()@ (@) @) b (@) @) g(@) 7 @B g glatimy
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bydi’ (=) (@) (@)~ (@) ) b (@)™ (@) 5 ) gl(a)m) = (@) g= . gla®)my

= ((@)™,(d7)
— (@) (d) @) b (@) (@) g((@)m) = (@) g= . glatImy
(fhi D (@)t (@)@ b (o))~ (@)™ (@)= (@ g glat)my
or i
= (@)% (d=)dr)7 @)p-dp’ . bu- ()™ ()~ bu- (dp) - (@)-dp’ . g((@®)) ™ (dp') ™ (@"p-dp”  g= . g(a")iny
= ((@)® (d~)@) " (a OYu-dp’ | (ap) b (dp) " (a®)p- dp! .d((ab)u)‘-(du’)‘-(a”)u-du’.df.d(ab)u)
= (@)% ((d~)@)™ ) alp-dp | olap) T b (dp') T (@) dp’ | g((@®)p) - (dp') - (@)pedp’ | g— d(a”)u)
(g:dj) ((ab) ((d=)a )@ du’ . plap)™bu- (dp) = (@)p-dp’ . g((a)p)~- (dpu) =~ (@")p-dp’ . g— . gla’)u)
— ((ab)®  (d~ )(a”)u ' . (ap) ™ bp- (dp) = (@)p-dp’ | g((a®)p) = (dp) = (@®)p-du’ | g— .d(ab)u)
= ((ab)du”d— d-(d- )( “Yu-dp | o(ap)” b (dp) T (@P)pedu’ | g((@®)p) T (du) T (@P)pedu’ | g— L gla®) )
= ()% d=-((d)e Oyu-dp’ | (ap) b (dp) " (@)p-dp’ | g((a®)p) = (du) ™ (a®)p- dp! ) d(ab)u)
(fl\:/[ 2/) ((ab)du”d— ((d—)(a Ju-dp' | o(ap)”-bu- (dp') - (@)p-dpd | g((a )u)*-(du’)‘(ab)wdu’)d’u’ .d(ab)u)
:‘u ((ab)d}l/’d* . (d*)(ab)u-dul,d_‘u/ . C(a/‘)_'b/"(du/)_-(ab),u-du’-d_,u’ ) d((ab)/‘)_'(dﬂl)_'(ab)ﬂ'dul'd_ﬂ/ ) d(ab)ﬂ)
((a®)' 4= - (d—)(ab)u . clap)™-bu-(dp') = (@) g((@®)p) = (dp') = (@®)p | d(a”)u)
= ((@)®,d~ - (clew)bu- (@) (@ . g((a®)p)=- (dp)~ (ab)u)d(ab”‘)
LD ((abyti | d - (elam b ()™ @ () () ™ ey (D
or 4
f“:d D (@) d- - (clam b @) (@) (@)~ (dp') - (aP)) (dp') @y
or
_M ((a®)d' | d= - clam) ™ bu- (du) - () (@) ~p-dp - ("), g((@)p) = (dp') - (a®)p- (a®) " p-dp’ - ( )
((a?) d= - claw)™ bu'(ab)u.d)
= ((a)% d= - clam” “bp-(ap)PH -d)
= ((ab)du’jd— clan)™ b#'(bﬂ)_'a#'b#.d)
(@) - - - )
— () ()
(CM 2) / /
(b ()
=" (a0
= (av C)(b’d)al

Ad (2CM 4). Suppose given p € P and (m,m’), (m,m’) € M x, M'.

Then we have
L(mv m/)7 (m7m/)Jp =

Ad (2CM 5). Suppose given [ € L.

Then we have
10907 = (lA, lf)\/>81
= \u- "Ny
lk-1"K
Ik (lk)~
= 1.
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Ad (2CM 6). Suppose given p € P and (m,m’) € M x, M'.

Then we have

(m,m/ )y “2= (mP, (m')P)dy
= mPu- ()P

CM 1
A I

27 (g iy
= ((m,m")0q)P.

Ad (2CM 7). Suppose given p € P and [ € L.

Then we have

Mds = (A () N)
= (A ()N
R (@ aX)
bem 92 g\, 1= V)P
= (13"

Ad (2CM 8). Suppose given (m,m’), (mm,m’), (m,m') € M x, M’
We have to show that

Km’ m/)7 (ﬁl, ﬂL,) ’ (77:17 ﬁl,)J ; L(m’ m/)(rh,ﬁz’)’ (77:17 ﬁl,)J ’ Km7 m,)v (mv m/)J (1,01 :

In order to calculate, we write a :=m, b:=m, c:=m, d:=m’, e:=m and f :=m/'.
Then a, b, c€ M and d, e, f € M'.
We have to show that

l(a,d), (be) - (¢, /)] = [(a,d)®, (¢, )] |(a,d), (b,e)] o,

We obtain
[@d), b)) = ad),b-cer )
= Jabe,e f]
(CS:4 6) [ab'c,f] . "ab c’ecu‘|f
R AT Tabe, f] - [ab e, eI
= a1 T e
CLD e, ] [y, e
(Cs 4.7) [ab'c»ﬂ ' (ab,dw ul
= [(a)*, f]- b el s
Ty £ [ el
= a ()™ - d ), (e, )] - (a,d), (b, e)| 7T
P (a,d)®, (e, )] - L(a, ), (b, €)oo
= Uad)®,(c.N)]- (a,d), (b,e)) 1.

Ad (2CM 9). Suppose given (m,m/), (m, ™), (m,m’) € M xo M.
We have to show that
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In order to calculate, we write a :=m, b:=m, c:=m, d:=m', e:=m and f :=m'.
Then a, b, c€ M and d, e, f € M'.
We have to show that

!

L(a,d) - (bye), (e, /)] = Lla,d),(c, )] (b)), [(a,d), (c. )] D] - L(bs€), (e, f)].

We obtain

L(av d) : (b7 6)7 (Ca f)J = K bv db“ : 6), (C’ f)J
—  [(a-b)° f]
= [ac b, f]
CLD rae, 117 oe, 11
= ([ac, F1) @AV e £
= (e, AN i 5]
= [a% f]- ([a, 1)@ ae, £]7 - [6¢, f]
= T 1 (e T fa 71 ]
CUD e, 71 (o, 10T [, 11 [,
= ’Va’7f—|"ra’c7 ‘|[a ﬂ AV [as ST "ac7f‘|—.|'bc’f'|
o Tl Te FIEIY e 11 o, £
(LD e, 11 (9o 1A fa FI7NT - [, £]
=TT ) e ), ([ fIN T £ X0 0
N N NCINT )(’w et ), ([a, 1N Tac, f17N) - [0°, f]
RS gl £ 18, €)@, (Ta, F1A, [, f17N) ] - 07, f]
= [a% f1- [(be)®), (a £102] - [b¢, f]
= la )7(Caf) K ) /) L(a,d),(c,f)J82J~L(b,e),(c,f)J.

6.2 The construction for the morphisms

Suppose given crossed squares

C = (L7 M7 Ml? P) = (L7 M7 Ml? P7 7M,L7 /YM’,La 7P,L7 ’YP,Mv /YP,M’7 >‘7 )‘/7 M, ,U,/, X)

and

é = (INJ, Ma Mla p) = (Ea M> M/a ]57 fYMjQ ’YM/jn 7]57[~,7 7]57]\]) 7]5,]\;[/1 )‘) )\/7 ﬂa ﬂ/, 5()
Suppose given a morphism of crossed squares

¢= (I, m,m', p): (L, M, M’, P) — (L, M, M, P).

L4>M’

/\
- J
c m L M
Z\
M—ﬂuS
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Let o := paypar : M — Aut(M').
Let & = fiayp ; : M — Aut(M').

Remark 94 We have the following group morphism.

M <, M’ LGN M xg M’
(m,m’)  —  (m,m)(mxm’):= (mm,m'm)

Proof. Suppose given (m,m’), (th,m’) € M x, M.
We recall that

m,m') - (th,m) = (m-m,m'™. m
() - () = (i,
= (m-m,m'™" .m)
We have
/ / AN / [ ~ N
’ : ) = ' )
(m,m")(m x w’) - (rh, M) (m x m’) mm, m'm’) - (rhm, m'm’)
= mm - tam, (m'm’)™™ . n/m’)
CSM 1. M
(OSULD - m - mm, (m/m")"*P . p/m’)
(CSI\AIA) Y,

Lemma 95 Recall that we have the 2-crossed modules
CTO = (L7 M X M,7 P7 827 817 /617 ’YP,L? C)

and 3 o S .
CTo =: (L, M X & M/, P, 62, 81, ﬁl, ’ypi, C)

Cf. Lemma 93.

Recall the group morphisms [, m x m’, p; cf. Definition 19 and Remark 94.

Then o o
cTo:= (L, mxwm', p): (L, M xo M', P)— (L, M x4 M, P)

is a morphism of 2-crossed modules.

0: 0
L—= s Mx, M —2 P
[ mxm’ p
52 51
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Proof. First, we have to show that the diagram is commutative.
Suppose given [ € L and (m,m’) € M x, M.

Then we have

[(Dya (mx m')) = [92)(m x m)
INI7N)(mx m')

(

(

(IAm, I~ X'm)
= (A Nw)
(U, 1~ )
(X, (=X
(110,
(L4 Dy)

and
(m,m’) (91 ap) = ((m,m")01)p
=
= mpyp - m'p'p
(CSM 1.3) .
=" mmj-m'y'p
(CSM 1.4) iy
= mmji - m'm'ji
(mm, m’m’)él ~
((m,m/)(m x m"))dy
= (m,m')(m x m’)ad).

So we have

and

81Ap: (mxm’)m‘)l.

Second, we have to show (2CMM 1, 2).
Ad (2CMM 1.1). Suppose given (m,m’) € M x, M’ and p € P.

Then we have
((mym/)P)(m s m’) o m/P)(m x w')
mpm m’pm)

mm )pp m'Pm’)

Ad (2CMM 1.2). Suppose given [ € L and p € P.

Then we have CSM 15
@y CE

Ad (2CMM 2). Suppose given (m,m’), (th,m') € M xq M'.

Then we have 3
L(m, m/)v (17, m/)“ = [m™, m/—l[
= [m™m, 7n'm’]

= [mm™ rn'm']
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Chapter 6: From crossed squares to 2-crossed modules

— [y hd /
- ) )
| (mm, m'm’), (rm

,m/m’)]
= [(m,m")(m xm'), (m, 7

m,m)(mxm')].

6.3 The functor To

Definition 96 We shall define the following total 2-crossed module functor.

To: CrSq — 2-CrMod

C CTo
Jc — J{c To
C C To

(1) Suppose given a crossed square C = (L, M, M', P).

The 2-crossed module C To has been defined as follows in Lemma 93.
02 ;O
CTo:<L*>MD<aM*>P>

(2) Suppose given a morphism of crossed squares

¢= (I, m,m', p): (L, M, M’, P) — (L, M, M, P).

The following diagram morphism is a morphism of 2-crossed modules, by Lemma 95.

LLMMQM’LP
C
cl To = [ mxm’ b
C

L — %2  MixgM — % p

For short, ¢ To = ([, m x m’, p).
(3) Suppose given morphisms of crossed squares C' < c5é

Then we have
(a) (ide) To =idcmo

(b) (cac)To=cToacTo.

In particular, To : CrSq — 2-CrMod is a functor.
Cf. [2, Cor. 3.5].
Proof.
Ad (3.a). Write C =: (L, M, M', P).
We have id¢ = (idg, idaz, idysr, idp); cf. Remark 21.
We have (id¢) To = (idp, idas X idpyr, idp); cf. Lemma 95.
On the other hand, we have C To = (L, M x, M’, P); cf. Lemma 93.
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Chapter 6: From crossed squares to 2-crossed modules

So we have ido o, = (idr, idasrx, m7, idp); cf. Remark 41.

So it suffices to show that idy; x id L idprw, M-
In fact, suppose given (m,m’) € M x, M'.
We obtain
(m, m’)(idM X idM/) = (m idM, m’ idM/)
= (ma m/)
= (m, ml)(idMD(aM/).

Ad (3.b). Write C =: (L, M, M", P), C' =: (L, M, M', P), C =: (L, M, M', P),
/

So
(€5 E 56y = (L, M, M, Py ™0 b ar, py S FrT ar, )
We have
(C'To 10 6o L1 C:'To)
= (L, M xo M, P) S0 (5N e 81, Py SN (B NT AT, PY):

cf. Lemma 93 and Lemma 95.

So we have

(CTO ¢To ac¢To é'TO) _ ((L, M, M/, P) (Ial, (me)A(ﬁ‘LKﬁl),pAﬁ), (i, ]\:4 K&]\?/, ]”3))7
cf. Remark 40.
On the other hand, we have
(C A5 &) = (L, M, M, p) UAbmaAm W aRLpa®) T By,

cf. Remark 20.

Hence

(cat)To (Tal,(mam)x(m’ a®@’), pap)

(C'To C'To) = (L, M x4 M, P)

cf. Lemma 95.

In order to show that ¢ To 4 & To = (cac) To, it suffices to show that ) )
(mxm')a(mxm) = (mat) x (m’a@’), as morphisms from M x, M’ to M xz M'.
Suppose given (m,m’) € M x, M'.

We obtain
(m,m)(mxm)i(mxw)) =

Example 97 Suppose given a group P and normal subgroups M, M’ < P.
Let L < P with [M,M'|< L MnM.

We apply the functor To to the crossed square of Example 23, in order to obtain an example of
a 2-crossed module.
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Chapter 6: From crossed squares to 2-crossed modules

We obtain the group morphisms

L P M ox M l — (1,17)
Mxo M 25 p : (mym!) — m-m/
P LN Aut(M x, M') P — ((m,m) — (mP,m'P))
P P2 Aut(L) p (L 1),
We obtain the map
(M xo M') x (M xo M) -5 L
|(m,m'), (m,m")] = [m™ m
— ~1—\m™ o~
((m,m'), (7, 1)) +— A L
m™) " -m/ T - m™

I
—~

Then
(L7 M Xa M/a P) 827 617 ﬁlv 627 C)

is a 2-crossed module.

For instance, we see that we have

as required by (2CM 5).

L2 Mw, M 25 p

Remark 98 The functor To : CrSq — 2-CrMod is not full.
Proof. Let A be an abelian group with A # 1.

Consider the following crossed square as a particular case of the construction in [1, Ex. 65].

N=id4

A—FF A
C: )\idAh ‘p/
A ﬁ 1 .
Let }
A X4
a —— a
and )
A2 o4
a —— a
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Chapter 6: From crossed squares to 2-crossed modules

Consider the following crossed square as a particular case of the construction in [1, Ex. 65].

P

Consider the 2-crossed modules

CTo=: (A, Ax A, 1, 0o, 01, B1, vP,L, C)

and B o ~
CTo =: (Aa A x Aa 1, 827 617 /817 ’Yﬁjﬂ C)
Cf. Lemma 93.
We have
A 2 AxA a4 — (aX,a= X)) = (a,a”)
A 2 AxA a4 — (ax,a=N) = (a",a)
and
(AxA)x (AxA) <5 A ((ab),(dV) — [(ab), (@, V)] = [a V] = [a,t/] =1
(AxA)x (AxA) <5 A ((ab), (@ V) — [(ab), (@, V)] = [a V] = [a,t] = 1.
Let
A 2 A
a — a
AxA 2 Ax A
(a,b) = (b,a)
1 21
1 — 1.

We show that we have the following morphism of 2-crossed modules.
vi= (v, v, 1p): (A AxA 1) — (A Ax A1)

A%  Axa_—— 9

ALAXALl

First, we have to show that the diagram is commutative.
Suppose given a € A.

Then we have

a(OgAyl) = (aﬁg)ul

I
—~

| s
Q\
~—
N

iy

I
Q —~
S®
IS
S~—

Il
Q
N
MQ):
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Chapter 6: From crossed squares to 2-crossed modules

Second, we have to show (2CMM 1, 2).
Suppose given a, a’, b, b € A.
Ad (2CMM 1.1). We have
((a,0)")r1 = ((a, b)rr) ™).

Ad (2CMM 1.2). We have

(a')vy = (avo)1¥0),

Ad (2CMM 2). Furthermore, we have

L(aab)>(a/ab/)Jy2 =l
— 1

= L(b7 a)’ (b/, CL’)J
= |(a,b)v1, (a', 0 )v1].

Suppose given a morphism of crossed squares

co=(,mm, p): (4 A A1) = (A A, A1)

A

A K’ 1 m’
[
p
m A 2y — 5 A
Y
ul
A r 1

Consider the following morphism of 2-crossed modules.
cTo:=([Lmxm p): (A Ax A 1)— (4 Ax A1)

A2 a5 9

A—=2 s AxA— 1
Cf. Lemma 95.
It suffices to show that v and ¢ To are not the same.
Assume that v = ¢To.
Then [ = vy =idy4 .

For a € A, we obtain

a(@ya(mxm')) = (ad2)(m xm’)
(@, a7)(m x m')
= (am,a"w’).
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Chapter 6: From crossed squares to 2-crossed modules

Furthermore, we obtain 3 3
CL([A 82) = (CL~[)82
= a(‘)z
= (a7,a).
Hence am = a~ and a~m’ = a.

Then we have
(a7 1)1/1 = (17 a)

and
(@, )(mxm') = (am,1lw’)

So a =1 for a € A. Therefore, A = 1.
This yields a contradiction to A # 1.
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7 The adjoint functors Sq = (Tr 4 To a Rec)

7.1 The transformation ¢ : Id |5 simpgp — Sq a (Tr « To & Rec)

Remark 99 Suppose given |2, 0]-simplicial groups G and H and a morphism of |2, 0]-simplicial
groups ¢ : G — H.

Cf. Definition 30 and Definition 31.
We recall that

G Sq = (G212, Go;1/G20,1, G2:2/ G202, G2/G20, VML YM/ L s YPL > YPM s VP 5 A Ny phy 15 X)
is a crossed square and

©Sq = (21,2, P2,1, P2;2, P2.0) : GSq — H Sq

is a morphism of crossed squares; cf. Definition 82.
Using the functor Tr from Definition 27 we have that

G8qTr = (Gan 2, G22/ G202, G251/ G20,1, G2/ G0, YL YL, YPL S VP Yo s Ny A 1y X)

with the map

tr
X
G2.2/G202 % Go,1/Go1 — Goap2
v v t _ v t _ v —
(n2Ga,0,2,12G20,1) +— (n2G2,0,2,12G2,0,1)X" = [n2G20,2,12G20,1]" = [12G2,0,1,2G2,0,2]
is also a crossed square; cf. Remark 24.

Moreover,
©SqTr = (p2,1,2, P2:2, P21, P2p) : GSqTr — H SqTr

is also a morphism of crossed squares; cf. Remark 25.

The following map is a group morphism as a composite of group morphisms; cf. Remark 88.

a=pavpm: Gaa/Goro2 — Aut(Gai/G20,1)

(95G2.0,1)((92G2:0,2)x)
= (2G201)(92G202( "avpM))
92G202 + | g5G201 — = (ghGap,1)@2C202)m
= (ghGay0,1)9220
95" Ga,0,1

In particular, we may form the semidirect product Ga.2/G2,0,2 Xo G2:1/G2.0,1, in which

(92G2.02, 95G2.01) - (§2G202, §hG201) = ((92 - G2)CG202, (957 - 35)CG201),
for (92G2.0.2, 95G2.0,1), (2G2.0,2, §2G20.1) € G2.2/G2.02 Xa G2.1/G2:0.1 -
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Chapter 7: The adjoint functors Sq - (Tr a To a Rec)

So we have the 2-crossed module

G SqTrTo =: (

with the following group morphisms

G212
no

G2,2/G2,0.2 Xa Go1/G2,0,1
(n2G2y0,2,12G2.0,1)

G2/Gay

n2Ga.0
G2/Gayp
n2Ga0

and the map

28
—  G2.2/G202 Xo G2.1/G2.0.1

G2/Gayp
naGa.o - 12G2,0

(n2Ga:0,2,15G2.0,1) —

(n2G2;0,2, 15 G2,0,1)

Aut(Ga.2/G2.0.2 Xa G2.1/G2.0.1)

Lem. 79

,.Y/
i> Aut(GQ;LQ)

—

TVLQH

v n2Ga;0
n

Ler& 79 e

(G2:2/G2:02 Xa G2:1/G2,0,1) X (G2:2/G2:0,2 Xo G2:1/G2:0,1) <, Ga:12

((n2Gay0,2, 12G2,0,1), (15 G202, 15G2,0,1))

Moreover,

—

©Sq TrTo := (2,12, P2;2 X P2.1, Pap)

is a morphism of 2-crossed modules.

Cf. Definition 96.

Lemma 100 Suppose given a |2,0|-simplicial group G.

We have the following group morphisms.

G‘Vg
Ga12 —
ng +——
Gv
Gl;l ALY
ny r——
Gv
Gy —%
ng +r—

G212
no

Ga.2/G2.02 %o G2.1/G2:01

(n1s0 G2,0,2, (0 80 - n151)Go;

G2/Gay
10 50 50 G2:0

110

/

(n2Gayp,

82 81
G2 —— G2.2/G202 Xo G2.1/G2.01 —— G2/Gayg >

v/ Go.
2, 15G2,0,1)"27 %0

((712G2,0,2)"2620, (1 Gla0,1)"2020)

(752 G202, 75" G2,0,1))

[(n2G2,0,2,12G2,0,1), (15G2,0,2, 715G 2,0,1) |

[(n2G20,2)"2920:2, 1) Glayo 1 |

[ny2Ga0,2, 115Ga01 "
/

[15G2,0,1, 5> G20.2]
79 . -~

[, n5°]

!

[ng?, ]

0,1)




Chapter 7: The adjoint functors Sq - (Tr a To a Rec)

Proof. We consider Gv;.
Suppose given ni, nj € Gy, .

We have
(niso)d2 = mnispds
= nydisg
17
(nfso-nlsl)dl = TLI sodl-nlsldl
= n;-m
= 1.

So we have n1sg € G2 and ny sp-n1s1 € Ga;1 -

We have

(n1-ny)(Gv1) = ny - ny)so G202, ((n1 - nh)~so- (n1- 1) s1)Ga01)

((
((n1s0-n 80)G2,0,2, (] S0-n7 So- nist- n}s1)G2,0,1)
((n1s0-nf s0)Ga,0.2, (] s0-n181)"1% - (n}” sp- 1) s1))G20,1)
— / —
= (n1so G202 - )80G0, (1] S0-n151)™ SOG2;0,/1 - (n]” spny$1)G20,1)
(150 G2,0,2 - My s0 Goy0,2, (7 s0-1151)Go;0,1)™ Sf G202 . (0" sg-n) $1)Go0,1)
(n180 G2.0,2, (n] s0-m181)G2.0.1) - (0] 80 G2.0,2, (N7 s0-1)81)G2:01)
= n1(Gvy) - nj(Gv1).
We consider Gvy.

We have that Gvg is a group morphism as a composite of group morphisms. O

Lemma 101 Suppose given a |2,0|-simplicial group G.
We have the morphism

Gv := (Gva, Gvi, Gvg) : GN — G Sq Tr To

of 2-crossed modules.

Cf. Lemma 51, Remark 99 and Lemma 100.

82 81

Ga1,2 G Go
GVQ GV1 GVO
9 2
Ga1o2 ———— Ga22/G202 Xa G2:1/G201 ———— G2/Gayp
Proof. We abbreviate v; := Gv; for i € [0, 2].
First, we have to show that the diagram is commutative.
Suppose given n1 € Gp;1 and ng € Ga.1 2.
We have B B
(n2 N2 do So) do = Ny do D) do S0 do
= n2_ do ] d()
= 17
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(n2_ %) do So) dQ = n2_ d2 ] do S0 d2
= n2_ d2 N9 do d1 S0
= n2_ d2 ‘N2 dg d() S0
= 1,

(77,2 . n;doso'ngdosl)do = ngdo'ngdosodo-ngdosldo
= ngdo'ngdo'ngdosldo
= mnadosido
= nadodoso
= mnadidoso
= 1,

(TLQ- n2_d080~n2d081)d1 = ngdl-ngdosodl-ngdosldl
= n;dosodl-ngdosl d1
= nz_do-ngdo
= 1,

(nl_Sl'nld()S()So)do = nl_Sldo'nld()S(]Sodo
nl_sldo-nld()so
nl_doso-nld()so

= 1

So we have Ng * N2 dgsg € G2;072, ng - Ny dgsg-nedgsy € GQ;OJ and ny S1-n1 dgsogsp € GQ;O .

Then we have

77,2(82 A Vl) = (ngag)‘vl

(n2do)v1

(nadoso G202, (ng doso-n2dosi)Ga0,1)
(n2G2,0,2,15 G2.0,1)

= ngaé

and
ni (81 AVO) = (nlal)\/g
= (n1do)vo
= n1 do so so G2;0
n1s1 Gayo
= n1so Ga,0 - (0 80 -1 51)G20
= (n1s0 G2;0,2, (ny 80 -n181)G2,0,1)0]
Lem. 100 (mv1)d,

= 77,1(\/1 A8{)

Second, we have to show (2CMM 1, 2).
Ad (2CMM 1.1). Suppose given ng € Gy and n; € Gy.1 .
Then we have

(n”o)vl Lerg 51

1 171

nys )ng 5050 (7. 0.2, ((nl_ So)no S0 80 | (nl Sl)no S0 Sl)G2;071)

(1
Lem. 100 (n 050 so G 02, ((nl )no S0 g - nno 0 Sl)GQ;O,l)
(
((n180)"0 5050 Gay0,2, ((ny 80)™0 %050 - (n81)"0%0%0) Gy 1)

(
(
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((n180)"™0%0%0 G909, (n] So-n151)"°0%0G01)
(n150 G2:0,2, (n] S0 -1 81)Ga0,1)"0 50 %0 G20

(nqvy)movo,

Rem. 99

Lem. 100

Ad (2CMM 1.2). Suppose given ng € Gy and ny € Ga,12.

Then we have
no _ no
(n3°)va = L)
Lem. 51
1. 0 %00

Rem. 99 no so so G2;0
LS

= (ngvy)movo,
Ad (2CMM 2). Suppose given ny, nj € Gy.1 .
Then we have
[ ve PR (g s0)" 0 (nr50)" ) v
= (nys0)"%0 - (nysg)" ™
= (ny 50)™% - 1" s1 1180 1) 81
= (ny so)"ll 0. nf 7 s nfso (ng so)"/l IR A
= [(n1 So)nl S0 n) " s - s1]
Rem. 99 _
= | (n180 G2,0,2, (] s0-n151)G20,1), (1 80 G2,0.2, (]~ s0 - 1) 81)Ga01)]

Lem. 100
= Lnlvl, nlvlj .

Lemma 102 We have the transformation
v = (G'\/)Geob(p,OJ-Simpgrp) N = Sq a Tr . To.
Cf. Lemma 100 and Lemma 101.

Proof. To show that v is a transformation, we have to show that the quadrangle

GN — & G Sq Tr To

eN ¢ SqTrTo

HNT H SqTr To

commutes for G 2 H in |2,0]-SimpGrp.

To this end, we show that Gvy a (¢ Sq Tr To)g L ((pN)k s Hvy, for k € {0, 1, 2}; cf. Remark 40,
Lemma 101.

Suppose given ng € Go, n1 € G1;1 and ng € Ga;12.

We have R R
na((pN)2aHve) = (n2(pN)2)(Hv2)

Def. 54
= nawa(Hvz)

Lem. 100
= na2y2
= n2(p21.2)

Rem. 99 na(¢ Sq Tr To)s

Lem. 100
= (n2(Gv2))(»SqTrTo)s
= n2(Gvaa (¢ Sq Tr To)s).
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We have

m((eN)yaHvi) = (m(eN))(Hv)
Def:.54 nien (H'Vl)

Lem. 100
= n1¢1 80 Ha.0.2, (] @150 - n1w1s1)Ha0,1)

(
n1 80 paHa2, (N7 S0 w2 - n1s1@2)Hao1)
n1 80 p2Ha,0.2, (ny so-n1s1)p2Ha01)

(n150 G2;0,2)P2:2, ((n] 80 - 1151)G2,0,1)P2;1)
n1s0 Go.0,2, (n] so-n151)G2:0,1) (P22 X P2:1)
n1 8o G2.0,2, (ny 80 - n151)G2.0,1)(¢ Sq Tr To)q
n1(Gv1))(¢ SqTr To)y

= n1(Gv1a(pSqTrTo)y).

Lem. 100

(

(

fom s |
= (

(

(

(

Moreover, we have

n0((p N)o « Hvo) = (no(#N)o)(Hvo)
Def.5t o (Hvo)

Lem. 100
= n0%o So S0 Hayo

no So 1 S0 Hayo
= no o So P2 Ha,0

René 80 (no S0 S0 G2;0)(‘/32;®)
René 99 (no S0 50 G2;0)(Sp Sq Tr TO)O
Lem:.100 (TZO(GVO))(QO Sq Tr TO)O

= no(Gvo (¢ SqTrTo)y).

Altogether, we have

eNuHv = ((¢N)2, (oN)1, (9 N)o) a (Hvz, Hv1, Hvo)
Fem A0 (oN)g 0 Hva, (9 N)1 2 Hvi, (9 N)o  Hv)
(Gvaa (pSqTrTo)s, Gvia(pSqTrTo)i, Gvga (¢ SqTrTo)g)
(Gv2,GVv1,GVvp) s ((¢p Sq Tr To)s, (¢ Sq Tr To)1, (¢ Sq Tr To)o)
= GvaipSqTrTo.

Rem. 40

Lemma 103 We have the transformation

vRec = (G(vRec))geon(|2,0)-simpGr) A
= ((GVv) Rec)geon((2,0)-simpGrp) | : N a Rec = Sq 4 Tr & To 4 Rec.

(Gv Rec)geon(|2,0)-simpGrp)

Cf. Definition 72 and Lemma 102.
We have, by Lemma 64, Definition 54, Remark 99,

(GNRec)g = (Goxg, Gr;1) Xey o (G1;1 Xy G2,12)

(GNRec)1 = Go X 8, Gl;l

(GNRGC)O = G(]
(GSqTrToRec)s = (G2/G20 Xp, (Go2/G202 Xa G2,1/G2,0,1)) Xey, ((G2:2/G2,0,2 Xa G2;1/G2,0,1) Xey Go31,2)
(G SqTI“TO Rec)1 = GQ/GQ;O [X,Bl (GQ;Q/GQ;O’Q X o G2;1/G2;0,1)
(GSqTrToRec)y = G2/Gayp.
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Moreover, by Lemma 70, Lemma 66, Remark 65, Lemma 100, we have

(G N Rec) GvReay, (G Sq Tr To Rec),y

2
((no,n1), (121, n2)) — ((no soso G2,0, (1150 G20,2, (n] so-n151)G2:0,1)), ((121 50 G2:0,2, (717 S0 - 11 81)G2:0,1), 12))
(GNRec); GvRear, (G SqTrToRec);

(no,n1) = (nososo G20, (150 G202, (0] so-n151)G2,0,1))

(GNRec)g GvReco, (G'Sq Tr ToRec)q

no — 70 SO S0 GQ;Q .

Lemma 104 We have the transformation

e = ¥ avRec
= (GO~ avRec))geob((2,0)-simpgrp)
= (G¥"1Gv ReC)GEOb(LQ,OJ -SimpGrp)
(Gﬁ_ )G’EOb( [2,0]-SimpGrp) A (GV ReC)G’EOb( [2,0]-SimpGrp)

2 1d|2,0)-simpgrp — S a (Tr 2 To 4 Rec)

as a composite of transformations; cf. Remark 2, Lemma 77 and Lemma 103.
So Ge = GV~ . Gv Rec.

In particular,

Gy 2 (Ga/Gap X, (Go/Gop2 Xa Gt /Ga,1)) Xy s ((Gap/Ga2 Xa Gt /Gat) Xey Gai1.2)
((g2 d2d1soso Goy,
((92 d2disoso-g2d280)Ga;02, (g5 d2so-gadadisesy- gy dadisgst-gadasi)Gaot)),
((g5 d2so-g2d150)G2:02, (95 diso-g2daso- gy dosi-g2dis1)G20,1),
gy diso-g2daso- gy d2si-g2))
= ((g2d2d1sps0 Gy,
PN ((gy dadisoso-g2d2s0)G2.02, (95 d2so-gadadisoso- gy da2diseso-g2dasi)Gao,1)),

((g5 d2so-g2dis0)G2,0,2, (95 d1so-g2daso- gy dasi-gadis)Ga0,1),
95 diso-gadaso- gy d2si-g2))

= ((g2d2dis0s0 G2y,
((92 d2d1soso-g2daso)Ga2, (95 d2so- g2d2si)G20,1)),
((92 d2so-g2d1s0)G2,0,2, (93 diso-g2daso- gy dasi-gadisi)Gao),
95 diso-g2d2s80- g5 d2s1-92))

G £ Ga /G2 %p, (G22/Go0,2 Xa Ga1/G0,1)

(91 d1s0s0 G20, ((97 d1s0so0-9150)G2.0,2, (97 s0-91d1s0so- gy disost-g151)G20,1))
(91 d1s0s0 G20, ((97 d1soso-9150)G2.0,2, (97 So-91d180s0-g; disoso-g151)G20,1))
= (g1d1s0s0 G20, ((g; disoso-g150)G20,2, (91 s0-9151)G20,1))

g1

Go 2% Gy/Gayp

go +— gososoGayp-

Cf. Lemma 76 and Lemma 103.

115



Chapter 7: The adjoint functors Sq - (Tr a To a Rec)

7.2 The transformation 1 : (Tr 4 To 1 Rec)a Sq — Id gy

Remark 105 Suppose given crossed squares

C= (Lv Ma Mlv Pv YM,L s YM',L s YP,Ly YP,M s YP,M' )‘a )‘/a 122 ,LL/, X)a

é = (I~/7 M7 MI: Pa 7]\}[,[~,a F)/]\Z/jla ’Yﬁj,a ’7157]\~4a 7]5,]\}[/7 )\7 5\,7 /]7 ,U,v )Z)

and a morphism of crossed squares

c=((,mmw,p) : C=(L, M, M, P) - C=(L, M, M, P).

Cf. Definition 15 and Definition 19.
(1) Application of Tr.
We recall that

CTr= (L7 Mlv M’ P7 YM'.Ly YM,L s YP,L, YP,M' s YP,M » >‘,7 )\7 /~L/7 My Xtr)

is a crossed square and
¢cTr=(Lw,mp):CTr— CTr
is a morphism of crossed squares; cf. Definition 27.

The following map is a group morphism as a composite of group morphisms; cf. Remark 88.

a=paypr: M — Aut(M)
m !

m' e (me (m)(m'a) = (m)(m' (1 aypan) = mmE =m™)

In particular, we may form the semidirect product M’ x, M, in which

(mlv m) : (ﬁ’bl,’l’h) = (m, : 7

for (m/,m), (m’,m) € M’ xo M.

(2) Application of To.

Using the functor To from Definition 96 we have the 2-crossed module

CTrTo:(LLM’xaMLP>,

with the following group morphisms

L P M W M l — (V1))
MxoM 25 P o(m/ym) — my -mp
P By Aut(M! xo M) p s ((m!,m) = (M, m)P = (m'P,mP))
p B Aut(L) P —s (L IP).
and the map
(M ko M) x (M xoq M) 5 L
(m!,m), (@, m)) — [(m/,m), (@ m)| = [m/™ @m]" = [m,m™];

cf. Lemma 93 and Remark 24.
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Moreover,

¢TrTo= (I, m x m, p) : C Tr To — C Tr To

is a morphism of 2-crossed modules, where (m/, m)(m’xm) =

cf. Lemma 95.

(3) Application of Rec.

(m/m’, mm) for (m',m) € M'x,M;

We have the following group morphism; cf. Lemma 55.

M xo M =2 Aut(L)

1 (m’,;m)

l—

(cs:4.3)

(CM 2)

m) 102J

m), (IN,I7A\)]
/ZA’1

l- L(m
L[/
117\
L g

1. ll*)\’~m’~l/\’ -

l- ((ll*)\’)m’)lA’ -
L@y
L1111y -

-

We have the following group morphism; cf. Lemma 59.

Pg (M xo M) =2 Aut((M' x, M) ., L)

(!, )P) ) | (! )P, (m!m) | - P (m' o)

((
(( o

= ((m,pv vp) m,m)’ L( ) ’(mlvm)J 'lp-m;rmu)

= (P ) [y gy

(b (' m) | (), 1) = | RSyt () .
[(m/p)m”m}tr pmp mu)
CE (Gt s (i y ),
Wn/p-m w ,m]™ lp-m’u’-mu)
We abbreviate
GY := C'Tr To Rec.

Using the functor Rec from Definition 72, we have the |2, 0]-simplicial group

GY =

(P X (M, Xa M)) Xeq,o ((M/ Xa M) ey L)
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_
cC a1
51 dy
dGC,Q a0
— 0 Pxg (M'xgM) 2> P
B1 a
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sy dy -’
_—
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Chapter 7: The adjoint functors Sq - (Tr a To a Rec)

with the following group morphisms; cf. Lemma 64.

GC’
p 2
p
a1
P xg, (M xq M) S,
(p,(m',m))
dGC,1
Pxg (M xq M) ——
(p,(m',m))
cC1
Pxg (M'xo M) ——
(p,(m',m))  +—
GcC
Pxg (M'xq M) ———
(p,(m',m))
dGC,2
(P X1 (M X M)) Xeq o ((M Xa M) Xeo L) ——
((p, (m/,m)), (', m),1))  +—
dGC,z
(Pxg, (M xqM))Xey, (M xq M) Xy L) ——
((p, (m/,m)), ((m',m),1)) +—
dGC,2
(P X1 (M Xa M)) D<612((]\4/D<6¥]\4) D<62L) ——
((p, (m/,m)), (', m),1))  +—
Recall that we have
Gg = (P X By (M [xaM)) Xeq o
GY = Pwxg (M %, M)
c§ = P

We abbreviate

Px., (M xq M)
(p, (1,1))

P
( (m/ m)@l )
= p m'y - mp
P
p
(P X8y (M M)) Xeq,2 ((M/ KaM) Xeg L)

((p, (1, 1)), ((m',m), 1))

(P X (M xq M)) Xeq o (M'xq M) xc, L)
((p, (m/,m)), ((1,1),1))

P xg, (M xq M)

(p- (m/,m)0y, (M, m) - 10y)
(p-m'p" - mp, (') - (IX, 17 X))
= (p'ml,ul' 7(Tvn I\ VMI /l ))
= (p-my mp, (- IN NI N)
= (p-m/y mp, (1IN M T N))
O (e, (N N)
= (p-m'gd -, (5 IV TN - N 1))
= (p-m/y-mp, (W IN 17X m))
Pxg, (M xq M)
(p. (. m) - ' 17))
- (p7 (m/ ’ m/’mm <17 ))
= (p,(m/ -, m™H )
Pxg (M xqoM)
(p, (m', m))
(M’ %o M) X, L)

¢° :=cTrToRec: GY — aC.

We have the following group morphism; cf. Remark 65.

p o
p —

So @g = p.

118

p
pp




Chapter 7: The adjoint functors Sq - (Tr a To a Rec)

We have the following group morphism; cf. Lemma 66.

P g, (M wo M) 5 Py (' xq M)
, (pp, (/) (< m))
(. (', m)) ( — (pp, (mm’, mm)) )

We have the following group morphism; cf. Lemma 70.

! Xa M)) Y& o ((M/ Xa M) Xz, IN/)

(P gy, (M’ 5o M)) xery (M 0 M) ey L) 22 (P s (
m/,m)(m’ x m)), ((m/,m)(m x m), 1)) )

/ Y S (
((p, (m',m)), (', 1), 1)) +— = ((pp, (m'm/,;mm)), ((r'm’, 7hm), 1))

Moreover,

¢ Tr ToRec = @¢ = (@5, @, @§) : GC — G¢

is a morphism of |2,0]-simplicial groups; cf. Lemma 71.
Remark 106 Suppose given a crossed square

C= (L7 M7 M,7 P7 YM,L s YM',L s YP,L, YP,M s YP,M', )‘7 )\/7 ey Nla X)

Cf. Definition 15.

We shall calculate the data appearing in the crossed square
GYSq = CTr ToRec Sq ,

namely groups, group morphisms, actions and the Loday bracket; cf. Definition 87.
(1) Groups
We recall from Remark 105.(3) that we have

GY = Pxg, (M xo M) ={(p,(m',m)):p€ P, (m';m) e M x, M}

and we also have

Gfy = kerd§ ! e J0O) =g~ (! m)) < (!, m) € M M)
Gf = kerd{! e 5O (1, (! m)) « (m!,m) € M xo M}
Q51 = kerdf 2nkerdS ? T (1, (1,1)),((1,1),0) 1€ L)

We often abbreviate (1) := ((1,(1,1)),((1,1),1)) for I € L.
So G§1o={(): 1€ L}.
Note that for I, [ € L, we have

M- () = (1,(1,1),((1,1),0) - ((1,(1,1)),((1,1),1))
= ((1,(1,1)),((1,1),0) - ((1,1),1))
= E<17~()171>)7((171)7l ))
= (-1).
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(2) Group morphisms

We have the group morphisms

G2C;1,2 — Gy
(l) — (l) dO = ((17(171))7((171)’”)(10 = (17(l>‘,’l_)‘))

C “?((stvq::p‘ C
Gl 7 GI
(el (m)) (e (o m))
)\O’é =N
GQC;LQ G788 G1C;1
(l) — (l) do = ((17(1a1))7((171)71))d0 = (L(Z)‘/?l_)‘))
C “onqu::[/ C
G, —— G
(L, (m',m)) — (1, (m',m)) .

Cf. Definition 85 and Remark 105.(3).

Using the functor Sq from Definition 87 we have the crossed square

0,1
C GYSq C . N .
G212 Gl I A M
Cqy — 1,0 Cq. — | . .
G7Sa= | Aeg, TER I I i
Glcjﬂ Ca G? M - P
Hﬁo Sq 13

Due to (CS 1) we have Aafi = N aj/.
We write i 1= Kgog, = Aafi = N a i’
(3) Actions

In order to simplify our computations, we need some preparations.

(3.1) For (m~p-m'~p/,(m/,m)) € Ggo we have

(=g =g (o))~ T (=) (Gl m) ) e a0
N R C AN G L LD
Rem.éOS.(l) (/g mp, (m! (m—)m’*u’)m’u“mu)
B T (e e G KGR )
= () ()
CET g, ()Y (™)
= (m/p" - mp, (M =)™, m™))
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(3.2) Suppose givenl € L, m € M, m' € M" and p € P.

Then we have

~— fag
T — — ~— -
g T - =k
~ Y~ N mlm
/m —_ — =
i - -
~ | | | |

€1,2

(L, (1,1)), (1, 1), @7)™))

€2

Rem. 16

Rem. 105.(3)

(1, (1, 1)), (1, 1), (@)™*))
((1, (1, 1)), ((1,1), 7 ™'%))

(-,

(3.3) Suppose given m, m € M, m’, m' € M’ and p, p € P.

Then we have

b, (1, m)) @:(m,m))

~—"

p

(

Rem. 8.(2)

P, ((m/7m)—)f)1’ ’ (mlv m)p ’ (m/7m))

7 —

Rem. 8.(1)

B, (m'=, (m™)™

/7 m)p ’ (mlv m))

m

P, (m/_7 (m_)m’*,/)ﬁp ’ (

p

(

Rem. 105.(1)

— /m \pl/ ~— Huvr
/m — &y /m)
Egs o f
. ~m & 8 IS
— R N N
2, & 8 2
~m m.. ~.n; ~m ~m1
o Bz ox
& |
G-
— —
o |
o £ £ &
~p S~— —r S~—
. S— N—
/_u - -
LE%rxE e
—~ * *
. & 2 2 =
E 58 %
ISY - ISY ISY jsH Is%
~p ~p ~p ~p ~p
— N TN TN —
[ |
E EEE E
N— S— N N SN—
~— S— N ~—
" a"am " a”

0

_)m/_‘u/.i[;

P )

_)(ﬁ'm’u’)”‘m/“/ P ).

P! ! )P !

S —
==
NS)

g
Q
~

=
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We have the following group morphisms.

C V?,gjqu =m,L C
G Aut(Ggz 5)
@)
— (l)(miu'mliru/v(mlvm))
Delo85 gy m=pm! =g (! ) o (g’ = (m )~ s
(3:1) (l)(miu'mlilulv(m“m))s()'(mlul'muv((mli)muvmi))sl
R 105:G3) gy (m=pm? = ! (10)).((m ) 1)-((m” ', ((m” =)™, m ™)), (1,1),1))
_ (1)l e’ = (L), m) 1)y (O (m' =)0, m =), (1,1),1))
B2 gl y (g (! =)™ ) (L)1)
= ((17 (1’ 1))7 ((]_7 1)’ lmip’))((m/“,'m:“‘?((m/7)"”41777‘7))7((171)71))
(o md =l (o m)) R (1 (1)), (1 1), I o))
R 105 (1, (1,1)), (1), [1m o - (o sy e (o= m ™
René 24 ((1’ (17 1))7 ((1’ 1), ’—m_7 l_l_ ) lmfu'm///'m”'(mlf)m“l/'mir“))
(1 (1,1)), (1, 1), e ()
R, ), (1 1), e ()
(1, (1,1)), (1, 1), gm s mptmpm= g m=plmpm =g
= (1, (1,2)), ((1,2),0m 1))
Rem. 16 m—
= ((17(171))7((131)’l ))
slgrt (lm—)
a%sq _ .
G?ﬂ R Aut(Ggz 9)
(l)(l,(m m)) Def:.85 (l) (m’,m))so
(17 (mla m)) — (l) (3.2) (lm u )
Rem. 16 m’
= am)
Y1,1 =qp ;
Cqgy  'P,L
(Cl g Aut(GS; )
(1) p(m’sm)) PSS gy (v, (m'm)) s
(b, (m',m)) (1) = RN OICICRCEOR)
32) (gp-m I )
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1,0
Yoo, =B
Gf SO P Au(GE)
(m_l‘b : m/_ula (m/,ﬁ’b))
— (m_ﬁ‘ . m/—ul’ (Th/, m))(p,(m ,m))
Def. 85 ~ ~ ) _ ! ~
(G LN (U L
(m_ (m7M mlful.m/ul)p mop mp.mlul m
= (- )P (! )T O e
(=)0 e )
CM ~ — ~ ) —
(p, (m/,m)) — (CM1) (- ! = )P, ((m! =)Ao =i by
(m*)((ﬁ%‘)”‘ml“/)u P m))
CM 2 S
CLZ (! =y, (! =)0 0 v
(m—)(ﬁf)”""/“/ P e m))
= (A )P, (! )T e,
R (1 L R D)
= (e )P, (! )0 Ol P! )
0,1
Yaca. =Vp.ar!
af ST T Au(GE)
(1, (! i) (L)
PSS (1, (/= ', () )
b, (m'm) LG > | = (R () e )
ORI, (G () )
= (1’ (Th’p‘mlﬂl’ (m_)(mlul)p-mlul . mp'm/ﬂ/ . m))
Cf. Definition 85.
AL
GYSs C . < 5
Gz 1,2 . G1;1 L — X
cq., _ e | — )
G¥Sq = éOCSVq S /\l lu
Glo ——(ea GY M — P
K10
Altogether, we have
cq c GOsc 1,0 X
(G¥Sq)11 = G2;1,2 Y10 = Y1k )\GCSVq = )\
f GESe 0,1 N
(GCSq)LO = Gfo ’YO’l = VM/’L }\Gcqu = )\/
¥ 1,1 GESc .
(G%Sq)oy = Ggl Yees, = Vb ufos =
¥ 1,0 GESc .
(G“Sq)op = GY Yaog, = par Moyt o= [
0,1 .
Yaogy = YPar Xgogqy = X (see (4) below)
Kgoggy = R=Aaji=XNajl
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(4) Loday bracket
Suppose given m, m € M and m’, m' € M.
We claim that in GCSVq we have

[(m™p-m’ =y, (m',m)), (1, (!, m))

—
|
—
—
—
—~
—
—
N—
S~—
. —
—~
—
—
:—/
3
|
S
N
—
N—
S~—

We calculate

[(m~p-m! =g, (m!,m)), (1, (/1))

DL !y (o m))so - (m e m! g (m!ym)) s, (L, () so)
OO (i (! m)) so - (- s, (! =), m7)) s, (1, (77, 17)) so)
R (TR u(memam»n>«mu mp, (=)™, m)), ((1,1), 1)), (1, (1, 1), (7, ), 1)
- Wm/tm/u(lhfjmw i, (' m),
(' ), 1) 00 - (1,1), 1)), (1, (1,1), (), 1)
= [(mpem mﬂmllv”tmﬂ<<' )y mo)),
(!, m), 1)l =) m) ><um,>>«mw@xnn
=l ) (), 1) e ) (1, (1,1)), (). 1)
Rem-g%gﬂ?’) (L, (! =)™, ), (! mane (o =y om0y g (o =)™y =)
[/ 0 ()"0 =180) (1, (1,1)), (7, ), 1))]
(CM 1) [((1, ((m! =)™, m™)), ((m/™ u’~mu~(m’*u’)’”“’m(m’m/“"m“'ml_“/)m“) g mp s (! ) m7),
[/ e (' O™ =1t0) (1, (1,1)), (7, 70), 1))
- (1, ((m/ =)™, m™)) ((m/mu myemT pem Ty (TR eyl mp e m T e Tl mp )
[ e gl 1)), (1, (1, 1), (), 1)
=y m ) (G ) ), (0 (1), (G ), D)
CLD (@, (o =ymem)), (™, ™) =), Tl =15, (1, (1,1)), (0, 70), 1))
=, (Y™ m)), (e ), e 1), (1 (1,1)), (), 1))
e 201, (! =y, ), (!0, 0 W) s =) (1, (1,1)), (0 ), 1))
CED 1, (m =), mo)), (!0, m O sO™) |t mi m=10) (1, (1,1)), (7!, ), 1))]
= [, (Y™ ), (e g rmie =) (1 (1,1)), (), 1)
= ), G G, ), (L (2 ) (), 1)
CLD (@, (o =ymm m)), (!, (™ Yl misy fmie m=160)) (1, (1, 1)), (7!, ), 1))]
= O (Y ), (i o me g =14)), (1, (1,1)), (G ), 1))
RSB (1, (1,1)), (7, 1)~ 1) s mo) (s e ) fod o, m= 1) (! 1) 1))
R (1 1)), (R )™ ), 1) Iy m T ) (! ), 1))
R (1, (1)), (0 Ry, T m e 1 (5 ), 1)
R (0 (1 1)), (R G )™ RO, 1)L T mn 1) (! () ), ))
R (0 (1, 00), (0 Ry, 1) e m (R, T (! ()R 1))

In order to facilitate calculations, we write a :=m, b:=m/, ¢ := (m~)™ # and d := /.
Then a, c € M and b, d € M'.
We have to show that
(=, (Y™ ~r), 1) (! =)t m )y ((m! it i) ot it m=10) (ot = (=) "y = )
= (L1, [m=,m)).
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So we have to show that

(((dy ), 1) MO am )@t 01 ()=, 1) £ (1, 1), [, d ),

We obtain
R DY T (4 ), 1)
e 5D (@) | g I T g [T =) (@t [ a1 (g ) 1)
Rem-i%-(l) ((d((b yary o d @ ! e L a), (d —yamyy a ‘|tr) ((bar, qbu'- amy [par q=7tr) ((d, )=, 1)
(OM2) (g gl >““.C(b*w.af)’[dw*)w’aq ) (b, a0 [0, a7 1) (g )= 1)
Rem. 24 ((gom)en qd® ™ bm)m -y, [a—7d(b*)““]—)((bw,abﬂ"‘“‘)Ja*,b“ﬂ*) ((d,c)~,1)
Rem.ZS.(Q) ((d(b FG yar C(bi)au .a—)(ba‘u,ab“/‘a“)’
[a ba“—l (d®~ )auyad(b_)au_c(b*)au.af)(bauyabu/.au) ) ([a,’d(b—)au—l,)(bw’abmau) ) [af,ba“—r) ) ((d, C)f,l).

We consider the first factor and calculate

(d®) qd®" B (bt )
R (@ () (T gl e gt
= (d (a7 amyd. <ad(f””“>b““ : <c<b*>““>w (@) by
= (d7 ((ai)b‘u/.alu,)d 4 )a“.baﬂ . a )bay. ) b,LL/-CL,LL)
R ((am eyl (gl
Rem.éOS.(l) (d, ((a_)b//'aﬂ)d// ) a(d((b_>a”)# N . (a_)(ba”)// . abﬂl'all)
CUD (g (qm )it a0 a5 ()bl gy
(d, (a—)bu’-au- du’ | o (o) dp/ (b p') ok (b ) | (a—)(bu’)a“ .abu’-au)
= (d7 (a—)b,u/ ap- du’ . aa_’u, bu'- ap- dp’ e (a_)a—u. b ap . abﬂ/'aﬂ)
= (d’ (a—)bw ap-du’ | (aa_,u)b,u/.a,u. du' . ((a_)a_‘u)b“/'a“ . abl‘/"l#)
CM 2 — _
( = ) (d’ (a—)bul-au'du’ . (aa )bu’~au- dy' | c- ((a_)a )bl/'au ) abul'aﬂ)
= (d, (a= )b apdu’ . gbu'-ap-dp’ o (q=\ou'-ap . gbu' ap)
= (d,c).

So we can continue

(@7 ™ T gt o),
[a*,ba“] (d(b )al‘7ad(b_)a“'C(bfylll«‘af)(bau,abul-au) ) (’, )ay,-| ) buu’ab#’.au) ) [af’baqu) ) ((d, C)i, 1)
= (o), [am, 0] @) - ([a=, )™ ] ><ba“’“b""““>-f B)7) - ()7, 1)
e 2O (d,e), fam b1 (fam, O™ [am, 0% 7) - (do)™, 1)
= (o), [am, 0% ([am, d® D™ P") = [a b 7) - ((d, )7, 1)
CLO (doe) famd) - fam b d] - ([, b - [, dOT b)) [ b0 ) - ((dy ), 1)
= ((d.o).fam,d]™ - Jam b d] - (Jam, 0] - [am, b - d - (b))~ - [a=,5%]7) - ((d,)7, 1)
= ((d7c>v [aiad-r [aivbau'(ﬂ [a b - d—li [ 77baﬂ—| ' [aijbau-‘i)' ((d7c)771)
= ((d’c)v [a_vd _) : ((d’c _71)7
= ((d7c) ) (d’ C)_’ ([a_vcﬂ_)(dc) 1)
= (L), (o, d] 7))
S (1,1), ([ad] ) e)
e (1,1, (o, d] )

125



Chapter 7: The adjoint functors Sq - (Tr a To a Rec)

CS:46 ((L 1)? ((a77d~|d_)7)
LY (@) (e d ) e ded ) )
= ((Ll)v((ai?di}i ) [aial—‘)i)
(), e, d)
This shows the claim.
We have the following map.
Glc;o X G?;l X =X GQC;1 2
(m=p /=4l (ol m), (1, ))) ( L e ) (L

Cf. Definition 85.
Remark 107 Suppose given crossed squares

C= (L7 M) Mlv Pu YM,L > YM' Ly YP,Ly» YP,M s YP,M' )‘) >‘,) M, /“L,> X)

and

C’ = (.E, M, M’, P7 Var,i o Var ks Ve i s VBN VBN A, 5\’7 fi, fi
Suppose given a morphism of crossed squares
c=(lmw,p) : C=(L, M, M, P) — C=(L, M, M, P).
Cf. Definition 15 and Definition 19.
We have the following group morphisms; cf. Remark 105.(3) and Remark 106.(1).

c
$3:1,2

G%LQ 2;1,2
(D) 05
) — ( _ W
C (pi;O C
Gro — G
(m~p-m/ =g, (m',m)) @f
R = (e ), (i, )
(m w-m Ma(m,m)) — — ((miu)]ﬂ (mliﬂl)]ﬂ&m/m/,mm))
O (! (' )

S

c -
C 11 C
Gl;l Gl;l

!

(1, (m’,m))

o

cf B ¢
(p, (m/;m))  —  (pp,(M'm’,mm))

Moreover,
©Sq = ((©°Sa)1,1, (¢°Sq)1,0, (©°Sq)0,1, (©°Sq)0,0)
= ((95;1,25 (Pi;Oa (pi;h (pi)

is a morphism of crossed squares; cf. Definition 87.
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Chapter 7: The adjoint functors Sq - (Tr a To a Rec)

Lemma 108 Suppose given a crossed square
C= (La Ma Mlv Pa YM,L s YM',L s YP,L s YP,M s YP,M' )‘a >‘/7 M, :u/a X)

We recall that we often abbreviate (1) := ((1,(1,1)),((1,1),1)) for [ € L.

We have the following group morphisms.

Cé11
0

G120 L
O — 1
Ggo Cé&1,0 M

(m~p-m'~p',(m';m)) — m

Gf, —= M
(1,(m',m)) — m

(p,(m/,m))  +—  p-m'p
Cf. Remark 106.(1).
Proof.
Suppose given I, [ € L, m, m € M, m', m/ € M’ and p, p € P.

Then we obtain

~ Rem. 106.(1 ~
(@) - O)(Cery) "2 @Dy (e
= 1-1
= ()(C&11) - (D)(CEr)
and
((m=p-m' ', (m',m)) - (m~p -~y (M, m)))(C&1p)
= (m=p-m/ g T ()™ R () (CEo)
R g ! il ! R R ) (7)) (e o)
R L0 ! B (R ) (O )
(o g g, (R (R ) (CE o)
= (m= g =g i ! g (R ™)) (CE )
= m- - (m_) nTp
ET oy
- = - me -
= m- -m-
= (m~p-m'~p!, (m!,m))(C&o) - (M~ p-m'~ ', (', m))(C&rp)
We obtain

(1, (m",m)) - (1, (m',m)))(C&o1) = El, (m',m) - (m,m))(C&o,1)
1
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Chapter 7: The adjoint functors Sq - (Tr a To a Rec)

Moreover, we obtain

((p, (m/,m)) - (p, (M',m)))(C&p) = (p- B, (m',m)P - (!, m))(C&ny)
Rem.é05-(2) (p . ]37 (m'ﬁ, mﬁ) . (ﬁl/, m))(CEO,O)

= (p- p, (m'P -/, (mP)™ - 1)) (C&op)
= p-p- (m'P )
_ p*ﬁ'(m,p),u,'mlul

(CM 1) ~ I ND ol !
= p-p-(m'p)P-mp
= p-p-p-my - pemy
_ p-m/ul~]5~m/ul

(p7 (m/7 m))(cao 0) : (ﬁ: (m/, m))(caﬂ,O)

Lemma 109 Suppose given a crossed square

C= (L7 M7 M,7 P7 YM,L s YM',L s YP,L, YP,M s YP,M', )‘7 )\/7 s /j’/7 X)
We have the morphism
CE = (C&y1, CEr0, CEpy, Clop) 1 GYSq = (GF,,, Gy, GT1, GY) — C=(L, M, M, P)

of crossed squares.

Cf. Lemma 108 and Definition 85.

G¥ £ af Céo,1

Cé1,1

C&o,0
!
Cé&10 L A — M/
A
w

M-—" . p

Proof.
We recall that we often abbreviate (1) := ((1,(1,1)),((1,1),1)) for [ € L.
Ad (CSM 1.1). Suppose given l € L, m € M and m’ € M.

Then we have

()(Aa C&1p) = ((Z)X)(Cal,o)
I 1 @) (Cen)
= I\
= ((D(C&1))A
= (D(C&raaN)

and

_ iy ’ Rem. 106.(3 -
(1) (7, m! =), (' m)) (Og ) ) 26® (™ )(C&rn)

m

= ((l)(cal,l))((va’mliu/)v(m/»m))(cil,o)‘

So (C&1,1, C&1 ) is a morphism of crossed modules.
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Ad (CSM 1.2). Suppose given l € L, m € M and m’ € M.

Then we have . .
(DN C&p) = (N (Cé&o1)
Rom J06C) 1 (N, 17 0)(CE.y)
= IN
= ((D(CEL))N
= (D(CE11aN)

and Rem. 106.(3
@ m) gy OO gty o)

= m

—((D)(CEy)) L),

So (C&1,1, C&p,1) is a morphism of crossed modules.
Ad (CSM 1.3). Suppose given m, m € M, m', m’ € M' and p € P.
Then we have
(m=p-m' =y, (m',m))(fra CEo0) = ((m~p-m! =4/, (m',m))[1)(C&o,0)
Rem. 106.(2
= g, (0! m)) (CEo)
_ mpem! - m !
= m_'u
= ((m=p-m' =g, (m!,m))(C&10))
= (m=p-m/ =g, (m',m))(C&0a 1)

and

e gl (i) P m) (CE )

R (P (! )Rl ) (C,0)

(== = (1, 17) (O ) P ) o),

So (C&1,0, C&pp) is a morphism of crossed modules.
Ad (CSM 1.4). Suppose given m, m € M, m', m’ € M' and p € P.

Then we have

(1, (m'sm)) 4 Clop) = (L (s m))j¢)(Cea)
em. 106 (2) (1’( ))(CE’O’O)
= m'
— (1, (!, m))(CEo 1))
= (17 (m/7m)>(0£0,1 ‘M/)
and
(1, (!, ) ) (g ) RS e () ey (O )

- 1,1
— m/p-mp

= ((1, (R, m))(C&g 1))@ m)(CEo)

So (C&p,1, C&pp) is a morphism of crossed modules.
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Ad (CSM 1.5). Suppose given l € L, m € M, m’ € M’ and p € P.

Then we have

W)(kaCeog) ™2 (1) (a )« Coy)
= ((DN)(CEop)
I (1, (X, 0)0) (CEoy)
Rem 20601, IV, 17 M) (CEg.0)
= (N
= Z(A/AM,)
Def. 15
= Ik
= ((D(C&11))k
= (l)(C&Ll A Ii)
and
Q@ m) gy "D ey o )
_ oy

= (D)(CEy 1)) P lm'm)(CEo0)

So (C&1,1, C&pp) is a morphism of crossed modules.

The result of the first calculation also follows from the composite of two commutative quadrangles
being commutative.

Ad (CSM 2). Suppose given m, m € M and m/, m' € M’.

Then we have

Rm“f}{” " (m!ym))(CE0), (1, (7, ))(CEo,)]
= (fm o ])(CE)
- [(miu'mlil/l//’ (m/>m))7(17(m/7m))-| (C‘t-vl,l)'

Lemma 110 We have the transformation

&= (CE)CeOb(Cqu) : (Tl" aTo.a RGC) A qu — IdCqu.

Cf. Lemma 108 and Lemma 109.

Proof. To show that & is a transformation, we have to show that the quadrangle

GfSq — % ¢

m‘qul ¢

ce

commutes for C = C in CrSq; cf. Remark 105.(3). Concerning G®Sq; cf. Remark 106.

We write

C= (L, M, M', P, ym,,, Ym',L, YP,L » YPM » YPM? > A Ny s 15 X)),

C=(L, M, M', P, yyg 1, Yok Vb.bo Vst » Vbogizr > M N il il X)
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and
c=((mm,p) : C=(L, M, M, P) - C=(L, M, M, P).

Suppose given l € L, m € M, m' € M’ and p € P.

We recall that we often abbreviate (1) := ((1,(1,1)),((1,1),1)) for I € L.

We have 5 . . .
D((@Sa)114CE1) = ((D(¢°Sa)11)(C&11)
Rem:.107 (”)(C(t-vl,l)
Lem. 108

Lem. 108 (D) (CEa))
= ()(CEL1aD).

We have

(m=p-m' =i, (m,m)(0°Sa) 104 CE1o) = ((m—p-m/~p, (m';m))(0°Sa)1,0)(C&10)
Rem. 107 o~ f— o~ fonl ~
1 (m~mg-m'~w'@/, (m'm’, mm))(C&; o)
Lem. 108 _
= m-m
((m_ﬂ ’ m/_//7 (m/7 m))(CE’LO))m
= (mp-m/ ", (m/,m))(Cérpam).

Lem. 108

We have

(1 (' m) (9801 s CE01) = (L (s m))(9Sa)o) (CEo,)
Rem. 107 (1, (m'w’, mm))(éao,l)
Lemin

1081, (!, m)) (CEg 1) !
(1

Moreover, we have

(p, (m',m))((9°Sq)0,0 4 CEo.0) = ((p, (M',m))(©°Sa)0,0)(C&0,0)
e 10T (pp, (m'm’, mm)) (Cg p)
Lem:108 pp . m/m/ﬂ/
CSM 1.4
LM iy
= (p-m'u)p

Lem. 108

((p, (m',m))(C&00))p
= (p,(m,m))(C&ap).

Altogether, we have

©°Sq. CE
= ((@SqaC&)1,1, (°SqaC&)10, (9SqaCE)o1, (9SqaCE)op)

T (@ Sa)1,1 Ca, (0°5)10 4 CE10, (9752)01 4 Cots (9°Sa)0.0 4 CE00)
_ (05,1,1 W[, CE1pgam, C&p am, Cé&oo ap)

DeL19 (C&i1aci1, C&paci, C&praco, C&opacop)

PR (CEa0)11, (CEL10, (CEac)o1, (CEsC))

= C(iAC.
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Lemma 111 We have the transformation

n = (TraToaiRec)pa§

= (C ((TT 1+ To 1 Rec)yu &))ceon(crsg)

(G w 2 C&)ceob(crsg)
(GYY)ceob(crsg) 4 (CE)ceob(crsg)

: (TI‘ v Toa Rec) 1 5q — IdCTSq .

Cf. Definition 87 and Lemma 110.
So Cn = G CE,
In particular, using Definition 82, Remark 105.(3), Remark 84 and Lemma 108,

GGy ML
0 — 1
1/G201 %
(1, (m’,m)), ((m' =, (m=)™ "), 1)) do)(C&1,0)
Rem. 105.(3) ) P -
= . AN TN m
’ ,— \m!— GC (m wos s, (m ; (m ) )(Cal’o)
((17 (m 7m))7 ((m 7(m ) )? l)) 2;0,1 — Lem:.108 mm’* 1A
Rem.i05.(1) mm/—#/ I\
C /~C o, /
Gz;z/GQ;o,z — M
(((17 (17 1))a ((m/7 m)v l)) dO)(C‘;—:O,l)
Rem. 105.(3) _
((17(171))7(<m/7m)7l))Gg0,2 — = (L(m/‘l)‘/vl )‘m))(CE’OJ)
Lem:108 m, . l)\/
c§/as, 2o p
o (((p, (m",m)), ((m',10), 1)) do)(C&o,0)
Rem. 105.(3 v
((p, (m/,m)), (7, 10),1))GSy > = (pemp e (- INL 1T - 1R) (CEop)
Lem. 108 . . S l)\/ /
= p-m'p - mp ' w
Proof. The quadrangle
C v
6Psa a0
¢ Sq ©°Sq ¢
e Sq ————— Géqu — 5 C
Gy C¢

commutes for C — C'in CrSq as a composite of two commutative quadrangles; cf. Definition 85,
Definition 87 and Lemma 110.

So n is a transformation. O
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7.3 Adjunction triangles

Lemma 112 We have the following commutative diagram; cf. Lemma 104 and Lemma 111.

Sq £5a Sq 4 (Tr « To 4 Rec)a Sq

S
idgq ‘ an

Sq

Proof. Suppose given a |2, 0]-simplicial group G.
We have to show that
(Ge)Sq « (GSqm "= (G(®~ svRec))Sq 1 (G Sq)n

= (GY~ 4 GvRec)Sq 4 (G Sq)n
G9~Sq +GvRecSq 4 (GSq)n

idg Sq -

It suffices to show that '
GvRecSq +« GSqn = GV Sq,

as morphisms from G N RecSq to G Sq .
By Definition 54 and Lemma 64, we have

(GNRGC)Q;l = kel‘d?NRec’2 = {((1,”1), (77,1_,77,2)) Ny € Gl;l,ng S GQ;LQ}
(GNRQC)Q;Q = ker dQGNReC’2 = {((1, 1), (nl,ng)) TNy € Gl;l,ng c GQ;LQ}
(GNRec)g;l,g = ker diRGCQ Nker dgNRec’2 = {((1,1),(1,n2)) : n2 € G212}

So we have; cf. Definition 82

GNRGCSq 1,1 = GNReC 2:1,2 = { ( R ) (1 ng)):ngEGQ;LQ}

GNRecSq 10 =

)

(
2’1/(GNR6C)20 1 = {((1 ’I’Ll) (nf,ng)) 1Ny € Gl;l,nQ S GQ;LQ}/(GNRGC)Q;OJ
b 7 (

( ) ( )
( ) ( )
(GNRGCSQ)O 1 = (GNRGC)Q /(GNRGC)QQQ = { ( ) nl,ng)) nyE Gl;l,’ﬂQ < GQ;LQ}/(GNRGC)Q;OQ
( ) ( )

GNRGC Sq 0,0 — GNRec 2/(GNR6C)2;0 = ((GQ X 8, Gl;l) Xeq o (Gl;l Xeq Gg;l,z))/(GNReC)g;o.

)

Suppose given ng € Go, n1, 11 € Gi;1 and ng € Ga,1 2.

Then we have

((1,1),(1,72))((GvRecSq)1,1 4 (GSqm)1,1)
= (((1,1),(1,n2))((GvRecSa)1,1))((G'Sam)1,1)
e % (((1,1), (1, m2)) (Gv Rec2)) (G Sam)i,1)

Def. 82
Lem. 103 ((17 (1’ 1)), ((17 1), nQ))((G Sqn)1,1)

Lemilll
Lerg 76 ((1’1)’(17n2))(G82)

Rem.
Defggzo ((1,1), (1,n2))(G9Sa)11
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We have

Rem. 80

Def. 82
Lem. 103

1,n1), (ny,n2))(G NARec)g;oJ)((Gv Rec Sq)1,04 (G'Sqn)10)
(1,m1), (ny,n2))(G NRec)20,1)((GvRecSq)1,0)) (G San)io)
1,m1), (ny ,n2))(GvReca)(G Sq Tr ToRec)2.0.1)((G Sqn)1,0)
1, (n1s0 G2,0,2, (ny s0-n151)G2,0,1)),

s0 G'2,0,2, (1150 -y 81)G2,0,1), 2)) (G Sq Tr To Rec)2,0,1) ((G'Sqn)1,0)

1

Lem. 111 _
= ny s - 11 51)Ga01) M %0 G202 o\

1

Go.
S0 - n181)G2,01)™ 0620 . noGayg g

Lem. 79 -
= 1 80 -n181)" %0)Ga0.1 - n2G20,1

1 So - nl Sp 7118571 n1 SO - 7”L2)G201
nisi-ny so-n2)G201

(1,n1), (ny ,n2))(GV2)G2,0,1
((1,m1), (1, n2))(G N Rec)201)(G9Sq)1,0

Lem. 76

Rem. 80
Def. 82

(
(
(
(
(
(
Lené 79 (
((n
(
(
(
(

Moreover, we have

(((L,1), (n1,m2))(G NARGC)Q;OQ)((GV RecSq)o,1 4 (GSqn)o1)
= ((((1,1), (n1,n2))(G N Rec)g;0,2) ((Gv Rec Sq)o,1)) (G San)o,1)
1,1)

R 80 (1,1), (m1,m2))(Gv Rees)(GSq T To Rec)0.2) (G Sam)o,)

108 (((1,(1,1)), ((n1s0 Gas02, (07 S0 -1 1) G015 12)) (G Sq Tr To Rec)a,0.2) (G Sam)o,1)

Lem. 111 ’
= n1s0 G2.0,2 - N2

Lem. 79
= (n1so-n2)G2,0.2

((1,1), (n1,n2))(G92)Gay,2
(((1,1), (n1,m2))(G N Rec)20,2) (G Sq)o,1

Lem. 76

Rem. 80
Def. 82

and

(((no,m1), (711,12)) (G N Rec)o;0)((Gv Rec Sa)o0 4 (G San)o,o)
= ((((no,m1), (M1,n2))(G N Rec)a0)((GvRecSq)o,0)) ((G San)o,)

% (0. m1). (1, m2)) (G Recw) (G S Tr ToRee)0)((G Sanoy)

Lem. 103 _
= (((nosos0 G2:0, (n180 G2:0,2, (n] 80 -n151)G2:0,1)),

(1150 G2,0,2, (7] so - 11 51)G2:0.1),n2))(G Sq Tr ToRec)2,0) ((G Sam)o,0)

Lem. 111 _ .
= nos0s0 G20 - (n150 Go;0,2) 1t - (N7 s0-1151)Go0,1) - (7150 Goy0,2) 1t - o

Lem. 79 — "
= 1o 5050 G2;0 - n150 G20 - (n] 80 -1 51)G2;0 - 1150 Ga - n2Gay

(no Sp0Sp 11 S0 - nl_ Sp N1 81 - ﬁl SO - nQ)GQ;(]
10 S0 81 - N1 81 - 11 S0 - N2) G20

(n0,n1), (711, n2))(GY2) G20
((no,m1), (71,7m2)) (G N Rec)20) (G Sq)o,0

(
Lem. 76 (
(

Rem. 80
Def. 82

Altogether we have

GvRecSq a GSqn
= ((GvRecSq aGSqn)i1, (GvRecSq « GSqn)1,0, (GvRecSq « GSqn)o,1, (GvRecSq 2 G Sqn)o,0)
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Hem: 20 (GvReeSq)11 4 (GSqn) 11, (GvReeSq)104 (G San) 1o,

(
(G\/ Rec Sq)071 A (G SqT])()’l, (G\/ Rec Sq)070 A (G Sqn)[)’o)
((G¥Sq)1,1, (GVS)1,0, (GVSq)o,1, (GVSq)o)

= G9Sq.

O

Lemma 113 We have the following commutative diagram; cf. Lemma 104 and Lemma 111.

Tr . To 1 Rec)e
Tr 4 To 4 Rec ( )

(Tr a To a Rec)a Sq 4 (Tr 4 To 4 Rec)

) Tr . To . Rec
idTr 4 To a Rec n( ' ' )

Tr 4 To 4 Rec
Proof. Suppose given a crossed square

C= (L7 Mu M/7 P7 YM,L s YM',L s YP,Ly YP,M s YP,M' )‘7 )‘/7 s Mla X)

We have to show that
GY% . @O GY(®~ 2 vRec) s @1
GP9~ .G Rec 4 @

idGC .

Cf. Lemma 104 and Remark 105.(2, 3).

It suffices to show that '
G Rec 1 1 = G99,

as morphisms from G¢ N Rec to G©.

By Lemma 64, we have

(GENRec)y = (G“Nowg GIN) ey, (GON1we,GIN) = (G wp, GT) ey, (GE xe, GBS 0)
(GC N Rec)1 = GC No X8, GC Nl = GOC X By G1C,1
(GC N RGC)O = GC No = GOC

We recall that we often abbreviate (1) := ((1,(1,1)), ((1,1),1)) for I € L.
We recall from Remark 105.(3) that we have

G§ =P,
and we also have
cg, %W (! m)) - (m! m) € MY o M}
Rem. 106.(1)
GS1 = {():le L}

So we have
(G“NRec)y = (P g, {(1,(m',m)): (m',m) € M xo M}) xc,, ({(1,(i0/,)) : (7/,10) € M o M} e, {(I) : 1 € L})
(GENRec); = Pxg {(1,(m',m)): (m/,m)e M x, M}
(G“NRec)y = P.

135



Chapter 7: The adjoint functors Sq = (Tr 4 To a

Rec)

Suppose given p € P, (m,m’), (mm,m') € M X, M’ and [ € L.

‘We have
ps syt Y 1)
e 060 (p, (1,1)), ((1,1),1))
(1, (mm)) s IO (@ 1,1), (nom), 1)
and
(L (m'm))~sg” (1 (mm))
e <1,<m',m>—>s8*f <1égnf',m>>s?1 .
O =, )™ 7)) s (1, () 55
Rem D50 (1, (1, 1)), (/= ()™ ), 1) - (L (', m)), ((1,1),1)
= () Ol m) (' Gy, D) (1,1),1))
oy (L), (G ) ) 1) )
=2 (! ), (! )™ ) (Y ), (!
CE2 (1, nom)), (=)™ =)o O™ (= Ty ), [l =) m] )
= (), (m )™ ()™ Y ) =] )
2O (1 o)), (=, ()™ ()™ ), [ =, m] )
R G AN (m)™ ™), =, m]))
5@ (1, !y m)), (=, (my™ ), Ty =17))

o) m])

C
’I)GgO,l)%

"=17))GSl0,1)(Cnup))),
-1 ))G2 0.1)(CN10)),

((p, (1, (', m))), (1, (', 7)), (D)) (G v Rees 4 95
= (0t m) (1 '), (1)))(Gv Recy)) 5™
Lema 108 (ps§ 05 Gch:(( m',m))s§ " G0, (1, (m/,m))~s§ - (1, (', m)) s¢
(1, (7 0)) 51 Qg 0, (1, (1))~ 8§ - (L, (! 1)) 55 1) GGg0), (1)) 9
RN ((py (1,1)),((1,1),1)) GGy,
(1, (1, 1)), ((m',m), 1)) G 0, (1, (m/ym)), (=, (m=)™ ), [mym! =17))G01)),
R (GO (7', 17), 1)) G 0, (1, (i, 10, (i =, (=)™ ), T, 1 =1 7))G.), (1)) @8
2 (s (1,1)), ((1,1),1))GE0) (Cmoo)
((((1, (1, 1)), (', m), 1))GSl0.2) (o), (1, (!, m)), (! =, (m=)™ ), [m,
(1, (1, 1)), (7, 172), 1)) G0 2)(Crion), (1, (7, 1i)), (7! =, (=)™ ") (m i
()(Cn1,1)))
Pt (p, (! ™ T Ty 17N, (R T ! 1A, 1)
CLED (o T 1A Ty =17 A), (7 7+ [, ! =1 - [rio, i/ =]~ ), 1))
= ((p. (s m)), (7, 0), 1))
= ((p(m'm)), (1L, 1), 1)) - (L, (1, 1)), (o7, 10), D))
= ((p (L) - (1, (' m)), ((1,1),1)) - (1, (1, 1)), (O, 90), 1) - (1, 1), 1))
= (D)D) (). (1, 1),1) - (1 (L D), (), 1) - (1
2P SOGENL (1, (mm)) sET (1, (i) 5L (1)
P (p, (1, (!, m))), (L, (7, 1)), (1)) (GED2).
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We obtain
(p, (1, (m’ m)))(ch Recy 1 @f")
= (@ (', m)) (@Y Reer))of "
e 109, 670 S GEL (1, o, m)) 57 G, (L, )~ 58 (1, o ) 1) G )0
LN ((p, (1,1)), (1, 1), 1)L,
oy (D)), DYG o (1, ') (' )™ ), 1 G010l
2O (. (1,1), (1, 1), 1)) (Cog),
), () 1)GS0) (Cr01), (L (', m), (= (=™ ), [, 1 =17))CS0)(Criv0))
= (p, (m/,m™ H - [m,m' 7|~ \))
(€8 4.1) (p, (m',m - [m,m/ =1\~ [m,m'~]~\))
= (p(m'\m))
Rem.:05.(3) (p,G(i,O ) (4, (mf,m))
= psy - (1, (m!,m))
LT (p, (1, (m!,m))) (GO9)

Moreover, we obtain

p(GCv Recy a (pg”) = (p(GCv Reco))(p0
Lem:.103 (p 0 G 1G ) OC
LN (p, (1, >>,<< 1),1))G) 05"
R 205G (p, (1,1)), ((1,1),1))GG0)(Cro0)
Lem. 111
= p
Lem 76 (GO9y).

Altogether we have

GV Rec 1 @1
= ((GVRec a (pC”) (GYVRec a (pC”)l, (GEVRec 2 1))
= (GYVRecy a (p2 , GYVRecy a (pl , GYVRecq a (p0 ™
= (G99, GY91, GY99)
= G%.

Theorem 114 Recall that we have the functors

Sq

RN

|2,0]-SimpGrp Crsq .

N7

Tr » To 1 Rec

Cf. Definition 82, Definition 27, Definition 96, Definition 72 and Remark 105.

Then
(Sq, Tr . To a Rec, €, 1)

is an adjunction; cf. Lemma 104 and Lemma 111.
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Chapter 7: The adjoint functors Sq - (Tr a To a Rec)

In particular,
Sq = (Tr a« To 1 Rec).

Proof. By Lemma 112, we have the following commutative triangle.

S
Sq £

Sq 4 (Tr « To 4 Rec)a Sq

idgq San
Sq

By Lemma 113, we have the following commutative triangle.

(Tr 2 To a Rec)e
Tr » To 4 Rec )

(Tr a To a Rec)a Sq 4 (Tr 4 To 4 Rec)

idTy 4 To 4 Rec N(Tr 2 To 4 Rec)

Tr » To a Rec

Hence
(Sq, Tr a To a Rec, €, 1)

is an adjunction; cf. Definition 4.
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Zusammenfassung

Die Simplex-Kategorie A ist die Kategorie der totalgeordneten Mengen der Form [0, n] und ihrer
monotonen Abbildungen. Eine simpliziale Gruppe ist ein Funktor von A°P in die Kategorie der
Gruppen. Somit ist eine simpliziale Gruppe G gegeben durch eine Folge von Gruppen

o, G3,Ga, Gy, Go,
zusammen mit Randmorphismen d?’” und Ausartungsmorphismen SJG’”, die bestimmte Relatio-

nen erfiillen. Simpliziale Gruppen modellieren topologische Rdume auf algebraische Weise.

Eine |2,0]-simpliziale Gruppe G besteht aus den Gruppen G, G1, Gy sowie Randmorphismen
dZ-G’” und Ausartungsmorphismen sjc-;’n, die bestimmte Relationen erfiillen. Dabei soll zuséatzlich
die Conduché-Bedingung gelten, die besagt, dass bestimmte Untergruppen von Gy kommu-
tieren.

Mit Hilfe der Abschneideoperation Trunc|; o) erhélt man aus einer simplizialen Gruppe G eine
|2,0]-simpliziale Gruppe G Trunc. Wenn man also den |2, 0]-Teil einer simplizialen Gruppe G
untersuchen mochte, kann man G Trunc|p g betrachten.

Der Begriff des verschriankten Quadrats ist eine Verallgemeinerung des Begriffs des verschrankten
Moduls. Es handelt sich um ein kommutatives Viereck von Gruppen mit Zusatzdaten, die
bestimmte Voraussetzungen erfiillen.

Wir konstruieren den Funktor Sq von der Kategorie der [2,0]-simplizialen Gruppen in die
Kategorie der verschrinkten Quadrate.

Sei G eine [2,0]-simpliziale Gruppe. Dann hat G' Sq die Gestalt

G2 — Ga.2/Ga02

G Sq = ,

G2,1/Ga01 —— G2/Gay

wobei G, = ker(d9?), Ga.1 9 = ker(d$"?) M ker(dS?), usw.
Der Funktor Sq ist nicht dicht, also keine Aquivalenz.

Sei C ein verschranktes Quadrat:
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Dann hat das transponierte verschrankte Quadrat die Form

L— 2 M

Ctl‘ . 2\ "

M ——— P,

w

Damit erhalten wir den Transpositionsfunktor
Tr
crSq — (CrSq .

Laut Conduché ist ein 2-verschriankter Modul ein Diagramm von Gruppen mit Zusatzdaten, die
bestimmte Voraussetzungen erfiillen:

o) 19]
Ny 25 Ny 25 N .

Unter Verwendung eines semidirektes Produkts erhalten wir ausgehend von einem verschrankten
Quadrat C, Conduché und Loday folgend, den totalen 2-verschrinkten Modul

CTo:= (L%MKQM’QP)

Damit erhalten wir den totalen-2-verschrankten-Modul-Funktor

CrSq 10 2 CriMod .

Der Funktor To ist nicht voll und somit keine Aquivalenz.

Wir konstruieren die zueinander inversen Aquivalenzen

N
—
|2, 0]-SimpGrp ~ 2-CriMod .

v
Rec

Insgesamt erhalten wir die folgenden Funktoren:

Sq

RN

|2,0]-SimpGrp Crsq .

N7

Tr » To 1 Rec

Wir konstruieren eine Adjunktion
(Sq, Tr 4 To 4 Rec, €,m)

Insbesondere gilt:
Sq 4 Tr a To 1 Rec.
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