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Abstract

We consider the following diagram.

⌊2, 0⌋-SimpGrp CrSq

2-CrMod CrSq

Sq

Tr
∼

Rec
∼

To

Conduché has defined the category ⌊2, 0⌋-SimpGrp of ⌊2, 0⌋-simplicial groups, and a truncation
functor Trunc⌊2,0⌋ : SimpGrp −→ ⌊2, 0⌋-SimpGrp.

The category CrSq of crossed squares has been introduced by Loday. It carries the transposition
functor Tr .
The functor Sq : ⌊2, 0⌋-SimpGrp −→ CrSq has been constructed by Porter.

The total 2-crossed module functor To : CrSq −→ 2-CrMod has been constructed by Conduché,
as well as the reconstruction equivalence Rec : 2-CrMod −→ ⌊2, 0⌋-SimpGrp.

We show that the functor Sq is left-adjoint to the composite Tr ▲ To ▲ Rec .
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0 Introduction

0.1 Simplicial groups

The simplex category △ is the category of linearly ordered finite sets of the form {0, . . . , n},
where n ∈ Z⩾0, and monotone maps between them.

A simplicial group is a functor from △op to the category of groups.
This means, a simplicial group G is a diagram of groups of the form

. . . G3 G2 G1 G0 ,

dG,3
1

dG,3
2

dG,3
0

dG,3
3

dG,2
1

dG,2
2

dG,2
0

sG,2
2

sG,2
1

sG,2
0

dG,1
1

dG,1
0sG,1

0

sG,1
1

sG,0
0

where the group morphisms dG,ni : Gn −→ Gn−1 and sG,nj : Gn −→ Gn+1 satisfy the simplicial
relations.
The category of simplicial groups is denoted by SimpGrp.

Connected topological spaces can be modelled by simplicial groups as follows.
We have an equivalence between the homotopy category of pointed connected topological spaces
and the homotopy category of reduced simplicial sets; cf. [4, Th. 3.2, Th. 3.4, see also Th. 3.4(ii)].
Moreover, we have an equivalence between the homotopy category of reduced simplicial sets and
the homotopy category of simplicial groups; cf. [5, V, Cor. 6.4].
Altogether, simplicial groups model pointed connected topological spaces up to homotopy
equivalence.
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Chapter 0: Introduction

0.2 ⌊2, 0⌋-simplicial groups

A ⌊2, 0⌋-simplicial group G consists of groups G2, G1, G0 and face and degeneracy morphisms
as follows

G2 G1 G0 ,
dG,2

1

dG,2
2

dG,2
0

dG,1
1

dG,1
0sG,1

0

sG,1
1

sG,0
0

satisfying the simplicial relations and the Conduché condition

[G2;0, G2;1,2] = 1
[G2;1, G2;0,2] = 1
[G2;2, G2;0,1] = 1

in which we write

G2;i := ker(G2
dG,2

i−−−→ G1) P G2 ,

G2;j,k := ker(G2
dG,2

j−−−→ G1) ∩ ker(G2
dG,2

k−−−→ G1) P G2

for i, j, k ∈ {0, 1, 2}, where j < k.

The category of ⌊2, 0⌋-simplicial groups is denoted by ⌊2, 0⌋-SimpGrp.
There is a truncation functor

SimpGrp
Trunc⌊2,0⌋−−−−−−→ ⌊2, 0⌋-SimpGrp

respecting homotopy groups; cf. [1, Def. 52]. So if one wants to study the ⌊2, 0⌋-part of a
simplicial group G, one can study GTrunc⌊2,0⌋ .

0.3 Crossed Squares

A crossed square is a commutative quadrangle of groups

L M ′

M P ,

where in addition M and M ′ act on L, where P acts on M , on M ′ and on L, together with the
Loday bracket

M ×M ′ χ−→ L
(m,m′) 7−→ ⌈m,m′⌉,

satisfying a list of properties; cf. Definition 15.
This notion is due to Loday [7, Def. 5.1].
The category of crossed squares is denoted by CrSq .
In a sense, crossed squares may be thought of as crossed modules of crossed modules.

4



Chapter 0: Introduction

0.4 A functor Sq from ⌊2, 0⌋-simplicial groups to crossed squares

Following Porter [8, Prop. 7, Proof of Lem. A], we define the crossed square

G Sq :=



G2;1,2 G2;2/G2;0,2

G2;1/G2;0,1 G2/G2;0

λ
0,1
G Sq

λ
1,0
G Sq µ

G Sq
0,1

µ
G Sq
1,0


,

in which all maps are identical on representatives, in which all actions are induced by conjugation
and for which χG Sq is given by the commutator of the representatives.
This yields the functor

⌊2, 0⌋-SimpGrp Sq−→ CrSq .

It has been investigated in [1, §5.2.3].
The functor Sq is not dense and therefore not an equivalence; cf. [1, Rem. 83].
We have the group isomorphisms

ψ1,1 = idG2;1,2 : G2;1,2
∼−→ G2;1,2 : g2 7−→ g2

ψ1,0 : G2;1/G2;0,1
∼−→ G1;0 : g2G2;0,1 7−→ g2 d0

ψ0,1 : G2;2/G2;0,2
∼−→ G1;1 : g2G2;0,2 7−→ g2 d0

ψ0,0 : G2/G2;0
∼−→ G1 : g2G2;0 7−→ g2 d0 ;

cf. Remark 84.
By transport of structure, we build a crossed square GŠq fitting into the isomorphism of crossed
squares; cf. Definition 85.

G2;1,2 G2;2/G2;0,2

G Sq :

G2;1/G2;0,1 G2/G2;0

G2;1,2 G1;1

GŠq :

G1;0 G1

λ′

ψ1,1 ∼

λ

ψ0,1∼

µ′

Gψ

µ

ψ1,0 ∼

λ̃′

λ̃

µ̃′

µ̃

ψ0,0∼

We turn Šq into a functor Šq : ⌊2, 0⌋-SimpGrp −→ CrSq such that we obtain the isotransformation
ψ = (Gψ)G∈Ob(⌊2,0⌋-SimpGrp) : Sq ∼−→ Šq.

5



Chapter 0: Introduction

0.5 A transposition functor Tr from crossed squares to crossed
squares

The symmetry with respect to the diagonal in the definition of a crossed square can be expressed
by constructing a transposition functor as follows.
Suppose given a crossed square

L M ′

C :

M P .

λ′

λ µ′

µ

We define the map

M ′ ×M χtr
−→ L

(m′,m) 7−→ (m′,m)χtr := ⌈m′,m⌉tr := ⌈m,m′⌉−.

Using χtr and interchanging the other data, we obtain the transposed crossed square

L M

Ctr :

M ′ P .

λ

λ′ µ

µ′

This yields the transposition functor

CrSq Tr−→ CrSq .

0.6 A total 2-crossed module functor To from crossed squares to
2-crossed modules

Following Conduché [2, Déf. 2.2], a 2-crossed module is a diagram of groups of the form

N2
∂2−→ N1

∂1−→ N0 ,

where furthermore N0 acts on N1 via β1 and on N2 via β2, together with the Conduché bracket

N1 ×N1
ζ−→ N2

(n1, n
′
1) 7−→ ⌊n1, n

′
1⌋,

satisfying certain properties; cf. Definition 36.
The category of 2-crossed modules is denoted by 2-CrMod .
Suppose given a crossed square

L M ′

C :

M P .

λ′

λ µ′

µ

6



Chapter 0: Introduction

We form the semidirect product M ⋉αM
′, in which

(m,m′) · (m̃, m̃′) = (m · m̃,m′ m̃µ · m̃′),

for (m,m′), (m̃, m̃′) ∈M ⋉αM
′.

Following Conduché [3, Cor. 3.5], refining a construction of Loday [7, Def. and Lem. 3.1,
Def. 5.1], we obtain the total 2-crossed module of C

C To :=
(
L

∂2−→M ⋉αM
′ ∂1−→ P

)
,

in which the Conduché bracket of C To is defined via the Loday bracket of C as

⌊(m,m′), (m̃, m̃′)⌋ := ⌈mm̃, m̃′⌉,

where (m,m′), (m̃, m̃′) ∈M ⋉αM
′, and where the action of P on M ⋉αM

′ and on L is taken
from C.

This yields the total 2-crossed module functor

CrSq To−→ 2-CrMod .

The functor To is not full and therefore not an equivalence; cf. Remark 98.

0.7 A reconstruction functor Rec from 2-crossed modules to
⌊2, 0⌋-simplicial groups, inverse to the functor N̂

Suppose given a 2-crossed module N.
We form the semidirect product (N0 ⋉β1 N1) ⋉ε1,2 (N1 ⋉ε2 N2) with the help of the group
morphisms

N1
ε2−→ Aut(N2)

n1 7−→ (n2 7→ nn1
2 := n2 · ⌊n1, n2∂2⌋)

and

N0 ⋉β1 N1
ε1,2−−→ Aut(N1 ⋉ε2 N2)

(n0, n1) 7−→ ((ň1, n2) 7→ (ň1, n2)(n0,n1) := ((ňn0
1 )n1 , ⌊ňn0

1 , n1⌋ · nn0·n1∂1
2 )).

We then obtain the ⌊2, 0⌋-simplicial group

N Rec : (N0 ⋉β1 N1) ⋉ε1,2 (N1 ⋉ε2 N2) N0 ⋉β1 N1 N0 .
dN Rec,2

1

dN Rec,2
2

dN Rec,2
0

dN Rec,1
1

dN Rec,1
0sN Rec,1

0

sN Rec,1
1

sN Rec,0
0

This yields the reconstruction functor

2-CrMod Rec−−→ ⌊2, 0⌋-SimpGrp .

7



Chapter 0: Introduction

Suppose given a ⌊2, 0⌋-simplicial group G.
Let

GN0 := G0

GN1 := G1;1 = ker(dG,11 ) P G1

GN2 := G2;1,2 = ker(dG,21 ) ∩ ker(dG,22 ) P G2 .

Then we obtain the 2-crossed module

G N̂ :=
(
GN2

∂2−→ GN1
∂1−→ GN0

)
,

in which the “hat” on “N̂” is meant to indicate the extra data attached to the diagram needed
to yield a 2-crossed module; cf. Lemma 51.
This yields the functor

⌊2, 0⌋-SimpGrp N̂−→ 2-CrMod .

The functors Rec and N̂ are mutually inverse equivalences; cf. [2, Th. 2.6] and Proposition 78.

0.8 The adjoint functors Sq ⊣ (Tr ▲ To ▲ Rec)

We construct the isotransformation

ϑ : N̂ ▲ Rec ∼−→ Id⌊2,0⌋-SimpGrp;

cf. Lemma 76 and Lemma 77.
We construct the transformation

ν : N̂ −→ Sq ▲ Tr ▲ To ;

cf. Lemma 100 and Lemma 102.
We let

ε := ϑ−
▲ νRec : Id⌊2,0⌋-SimpGrp −→ Sq ▲ (Tr ▲ To ▲ Rec) ;

cf. Lemma 104.
Given the crossed square

L M ′

C :

M P ,

λ′

λ µ′

µ

we have the ⌊2, 0⌋-simplicial group

GC := C Tr To Rec

consisting of the groups

GC
0 := P

GC
1 := P ⋉β1 (M ′ ⋉αM)

GC
2 := (P ⋉β1 (M ′ ⋉αM)) ⋉ε1,2 ((M ′ ⋉αM) ⋉ε2 L) ;

cf. Remark 105.

8



Chapter 0: Introduction

We have the group morphisms

GC
2;1,2

Cξ1,1−−−→ L

((1, (1, 1)), ((1, 1), l)) 7−→ l

GC
1;0

Cξ1,0−−−→ M

(m−µ ·m′ −µ′, (m′,m)) 7−→ m−

GC
1;1

Cξ0,1−−−→ M ′

(1, (m′,m)) 7−→ m′

GC
1

Cξ0,0−−−→ P
(p, (m′,m)) 7−→ p ·m′µ′ ;

cf. Lemma 108.
This yields the transformation

ξ = (Cξ)C∈Ob(CrSq) : (Tr ▲ To ▲ Rec) ▲ Šq −→ IdCrSq ;

cf. Lemma 110.
We let

η := (Tr ▲ To ▲ Rec)ψ ▲ ξ : (Tr ▲ To ▲ Rec) ▲ Sq −→ IdCrSq ;

cf. Lemma 111.
Altogether, we have the following functors

⌊2, 0⌋-SimpGrp CrSq .

Sq

Tr ▲ To ▲ Rec

Proving commutativity of the adjunction triangles, we obtain that

(Sq, Tr ▲ To ▲ Rec, ε, η)

is an adjunction. In particular, we have

Sq ⊣ Tr ▲ To ▲ Rec .

9



Chapter 0: Introduction

Leitfaden

⌊2, 0⌋-SimpGrp︸ ︷︷ ︸
§§4.1, 4.2

CrSq︸ ︷︷ ︸
§§3.1, 3.2

2-CrMod︸ ︷︷ ︸
§§4.3, 4.4

CrSq︸ ︷︷ ︸
§§3.1, 3.2

§5.3︷︸︸︷
Sq

§4.5.3︷︸︸︷
N̂

Tr︸︷︷︸
§3.3

∼
Rec︸ ︷︷ ︸
§4.6.3

∼

To︸︷︷︸
§6.3

︸︷︷︸
§7.3

⊥
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1 Conventions

Suppose given a group G.

• We use ( ▲ ) to denote composition in a category.
We compose on the right, i.e. the composite of X u−→ Y

v−→ Z is written X
u ▲ v−−−→ Z.

Here, u ▲ v reads “u comp v”.
• Categories are supposed to be small with respect to a suitable universe.
• For n ∈ Z⩾0, we write [0, n] = {a ∈ Z : 0 ⩽ a ⩽ n}.

• For n ∈ Z⩾0, we write ⌊n, 0⌋ := {a ∈ Z : 0 ⩽ a ⩽ n}, ordered decreasingly.
• We write g− := g−1 for the inverse element of g ∈ G.
• Suppose given g, h ∈ G.

We write hg := g− · h · g and [g, h] := g− · h− · g · h.

• Suppose given a group H acting on G.

Suppose given a group K acting on H.

Suppose given g ∈ G, h ∈ H and k ∈ K.

We write ghk := g(hk).

• Suppose given subgroups M, N ⩽ G.

We write [M,N ] := ⟨[m, n] : m ∈M, n ∈ N⟩ P G.

Note that if M, N P G, then [M, N ] P G.

• Given a group isomorphism φ : G ∼−→ H, we sometimes write

φ : G −→ H
g 7−→ gφ

hφ− ←−p h.

11
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2 Preliminaries

2.1 A remark on functors

Remark 1 Suppose given a functor F : C −→ D.
Suppose given a map F̌ : Ob(C) −→ Ob(D).
Suppose given an isomorphism Xa : XF ∼−→ XF̌ for X ∈ Ob(C).
For X u−→ X ′ in C we define uF̌ := (Xa)−

▲ uF ▲X ′a.

Then F̌ : C −→ D is a functor and a = (Xa)X∈Ob(C) is an isotransformation from F to F̌ .
Proof. We have

idX F̌ = (Xa)−
▲ idX F ▲Xa

= (Xa)−
▲Xa

= idXF̌ .

Suppose given morphisms X u−→ X ′ v−→ X ′′ in C.
Then we have

(uF̌ ) ▲ (vF̌ ) = ((Xa)−
▲ uF ▲X ′a) ▲ ((X ′a)−

▲ vF ▲X ′′a)
= (Xa)−

▲ uF ▲X ′a ▲ (X ′a)−
▲ vF ▲X ′′a

= (Xa)−
▲ uF ▲ vF ▲X ′′a

= (Xa)−
▲ (uF ▲ vF ) ▲X ′′a

= (Xa)−
▲ (u ▲ v)F ▲X ′′a

= (u ▲ v)F̌ .

So F̌ : C −→ D is a functor.
By construction, a is an isotransformation from F to F̌ :

XF XF̌

X ′F X ′F̌

Xa
∼

uF uF̌ = (Xa)−
▲ uF ▲ X′a

X′a
∼

⟲

□

2.2 Remarks on transformations

Remark 2 Suppose given functors F : C −→ D, F̃ : C −→ D and G : D −→ E .
Suppose given a transformation a : F −→ F̃ .

C D E

F

F̃

Ga

13



Chapter 2: Preliminaries

Then we have that
aG : F ▲G −→ F̃ ▲G,

defined by X(aG) := (Xa)G for X ∈ Ob(C), is also a transformation.
We often write XaG := X(aG) = (Xa)G.

Proof. We have that X(F ▲G) X(aG)−−−−→ X(F̃ ▲G) for X ∈ Ob(C).
Given a morphism u : X −→ X ′ in C, we get

(u(F ▲G)) ▲ (X ′(aG)) = ((uF )G) ▲ ((X ′a)G)
= ((uF ) ▲ (X ′a))G

a trans-=
formation

((Xa) ▲ (uF̃ ))G
= ((Xa)G) ▲ ((uF̃ )G)
= (X(aG)) ▲ (u(F̃ ▲G)).

So we have the following commutative quadrangle.

X(F ▲G) X(F̃ ▲G)

X ′(F ▲G) X ′(F̃ ▲G)

X(aG)

u(F ▲ G) u(F̃ ▲ G)

X′(aG)

⟲

□

Remark 3 Suppose given functors F : C −→ D, G : D −→ E and G̃ : D −→ E .
Suppose given a transformation b : G −→ G̃.

C D EF

G

G̃

b

Then we have that
Fb : F ▲G −→ F ▲ G̃,

defined by X(Fb) := (XF )b for X ∈ Ob(C), is also a transformation.
We often write XFb := X(Fb) = (XF )b.

Proof. We have that X(F ▲G) X(Fb)−−−−→ X(F ▲ G̃) for X ∈ Ob(C).
Given a morphism u : X −→ X ′ in C, we get

(u(F ▲G)) ▲ (X ′(Fb)) = ((uF )G) ▲ ((X ′F )b)
b trans-=

formation
((XF )b) ▲ ((uF )G̃)

= (X(Fb)) ▲ (u(F ▲ G̃)).
So we have the following commutative quadrangle.

X(F ▲G) X(F ▲ G̃)

X ′(F ▲G) X ′(F ▲ G̃)

X(Fb)

u(F ▲ G) u(F ▲ G̃)

X′(Fb)

⟲

□

14
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2.3 Adjoint functors

Definition 4 Suppose given functors F : C −→ D and G : D −→ C.
Suppose given transformations ε : IdC −→ F ▲G and η : G ▲F −→ IdD such that the following
adjunction triangles are commutative.

F F ▲G ▲F

F

εF

idF

Fη

G G ▲F ▲G

G

Gε

idG

ηG

Then
(F, G, ε, η)

is an adjunction.
We call F a left adjoint to G and G a right adjoint to F.
We call ε the unit of the adjunction.
We call η the counit of the adjunction.
Notation. We often write F ⊣ G to express that there exists an adjunction (F, G, ε, η).

Remark 5 Suppose given functors F : C −→ D and G : D −→ C.
Suppose given transformations ε : IdC −→ F ▲G and η : G ▲F −→ IdD such that (F, G, ε, η) is an
adjunction.
Then we have the bijection

HomD(XF, Y ) ∼−→ HomC(X,Y G)
u 7−→ (Xε) ▲ (uG)

with inverse
HomC(X,Y G) ∼−→ HomD(XF, Y )

v 7−→ (vF ) ▲ (Y η)

for X ∈ Ob(C) and Y ∈ Ob(D).

2.4 Actions of groups

Remark 6 Suppose given groups G and H.

Suppose given a map
H ×G −→ H

(h, g) 7−→ hg.

15
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Suppose that for g, g̃ ∈ G and h, h̃ ∈ H the following properties hold.
(1) h1 = h

(2) hg·g̃ = (hg)g̃

(3) (h · h̃)g = hg · h̃g

Then we have the group morphism

G −→ Aut(H)
g 7−→ (gγ : h 7→ hg).

Proof. We have that
gγ : H −→ H

h 7−→ hg

is a group morphism for g ∈ G, due to (3).
Furthermore, for g ∈ G and h ∈ H, we have

(h)(gγ ▲ g−γ) = (hg)g−

(2)= hg·g−

= h1

(1)= h

and
(h)(g−γ ▲ gγ) = (hg−)g

(2)= hg
−·g

= h1

(1)= h.

So we get
gγ ▲ g−γ = id

and
g−γ ▲ gγ = id .

Therefore, gγ ∈ Aut(H) for g ∈ G, having (gγ)− = g−γ.

Moreover, for g, g̃ ∈ G and h ∈ H, we have

h((g · g̃)γ) = hg·g̃

(2)= (hg)g̃

= (h(gγ))g̃γ
= h(gγ ▲ g̃γ).

So we get
(g · g̃)γ = gγ ▲ g̃γ.

Altogether, we get that
G −→ Aut(H)
g 7−→ gγ

is a group morphism. □

Remark 7 Suppose given groups G and H.

Suppose given a group morphism

γ : G −→ Aut(H)
g 7−→ (gγ : h 7→ hg).

16



Chapter 2: Preliminaries

We form the semidirect product G⋉γ H = {(g, h) : g ∈ G, h ∈ H}, carrying the multiplication

(g, h) · (g′, h′) = (g · g′, hg
′ · h′),

for (g, h), (g′, h′) ∈ G⋉γ H.

Then G⋉γ H is a group.
Furthermore, the following maps are group morphisms.

G⋉γ H −→ G
(g, h) 7−→ g

G −→ G⋉γ H
g 7−→ (g, 1)

H −→ G⋉γ H
h 7−→ (1, h)

Remark 8 Suppose given a semidirect product G⋉γ H.

(1) We have
(g, h)− = (g−, (h−)g−)

for (g, h) ∈ G⋉γ H.

(2) We have
(g, h)(g′,h′) = (gg′

, (h′ −)gg′
· hg′ · h′)

for (g, h), (g′, h′) ∈ G⋉γ H.

In particular,
(1, h)(g′,1) = (1, hg′)

for (1, h), (g′, 1) ∈ G⋉γ H.

(3) We have
[(g, h), (1, h′)] = (1, ((h′ −)g)h · h′)

for (g, h), (1, h′) ∈ G⋉γ H.

Proof.

Ad (1). We have
(g, h) · (g−, (h−)g−) = (g · g−, hg

− · (h−)g−)
= (1, (h · h−)g−)
= (1, 1).

Ad (2). We have
(g, h)(g′,h′) = (g′, h′)− · (g, h) · (g′, h′)

= (g′ −, (h′ −)g′ −) · (g, h) · (g′, h′)
= (g′ − · g, (h′ −)g′ −· g · h) · (g′, h′)
= (g′ − · g · g′, ((h′ −)g′ −· g · h)g′ · h′)
= (g′ − · g · g′, (h′ −)g′ −· g· g′ · hg′ · h′)

= (gg′
, (h′ −)gg′

· hg′ · h′).

17
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Ad (3). We have

[(g, h), (1, h′)] = (g, h)− · (1, h′)− · (g, h) · (1, h′)
= (g−, (h−)g−) · (1, h′ −) · (g, h) · (1, h′)
= (g−, (h−)g− · h′ −) · (g, h · h′)
= (g− · g, ((h−)g− · h′ −)g · h · h′)
= (1, (h−)g−· g · (h′ −)g · h · h′)
= (1, h− · (h′ −)g · h · h′)
= (1, ((h′ −)g)h · h′).

□

Remark 9 Suppose given a group isomorphism

q : G ∼−→ H.

Then we have the group isomorphism

q̂ : Aut(G) ∼−→ Aut(H)
α

q̂7−→ q−
▲α ▲ q

q ▲ β ▲ q− q̂−

←−p β.

Cf. also [1, Rem. 18].

2.5 Crossed modules

2.5.1 The notion of a crossed module

We recall e.g. from [1, Def. 23] the notion of a crossed module.

Definition 10 Suppose given groups M and B.

Suppose given a group morphism

γ : B −→ Aut(M)
b 7−→ bγ.

We write
bγ : M −→ M

m 7−→ m(bγ) =: mb.

We have (m · m̃)b = mb · m̃b and mb · b̃ = (mb)b̃ for m, m̃ ∈M, b, b̃ ∈ B.

Suppose given a group morphism f : M −→ B.

Suppose the following properties (CM 1, 2) to hold.

(CM 1) (mb)f = (mf)b for m ∈M and b ∈ B.

(CM 2) mn = mnf for m, n ∈M (Peiffer identity).

Then the quadruple
(M, B, γ, f)

is called a crossed module.

Notation. We sometimes refer to (M, B, γ, f) just by f . E.g. we may say that (CM 2) holds
for f.

18
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2.5.2 The category of crossed modules

We recall e.g. from [1, Def. 26] the notion of a morphism of crossed modules.

Definition 11 Suppose given crossed modules (M, B, γ, f) and (M ′, B′, γ′, f ′).
Suppose given group morphisms µ : M −→M ′ and β : B −→ B′ such that f ▲ β = µ ▲ f ′ and such
that (mb)µ = (mµ)bβ for m ∈M and b ∈ B.

M B

M ′ B′

f

µ β

f ′

⟲

Then we call
(µ, β) : (M, B, γ, f) −→ (M ′, B′, γ′, f ′)

a morphism of crossed modules.

Remark 12 Suppose given morphisms of crossed modules

(M, B, γ, f) (µ,β)−−−→ (M ′, B′, γ′, f ′) (µ′,β′)−−−−→ (M ′′, B′′, γ′′, f ′′).

Then the composite
(µ, β) ▲ (µ′, β′) := (µ ▲ µ′, β ▲ β′)

is a morphism of crossed modules from (M, B, γ, f) to (M ′′, B′′, γ′′, f ′′).
Cf. [1, Rem. 27].

Remark 13 Suppose given a crossed module (M, B, γ, f).
Then its identity, given by

id(M,B, γ, f) := (idM , idB) : (M, B, γ, f) −→ (M, B, γ, f)

is a morphism of crossed modules.
Cf. [1, Rem. 28].

Definition 14 We have the category of crossed modules, written CrMod .

It has crossed modules as objects and crossed modules morphisms as morphisms; cf. Definition 10
and Definition 11.
The composite of morphisms is described in Remark 12.
The identity on an object is described in Remark 13.
Cf. [1, Rem. 29].
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3 Crossed Squares

3.1 The notion of a crossed square

We shall recall the notion of a crossed square; cf. e.g. from [1, Def. 57]. Originally, the notion
of a crossed square is due to Guin-Waléry, Loday [6] and Loday [7, Def. 5.1].

Definition 15 Suppose given groups L, M, M ′, P and group morphisms

L M ′

M P .

λ′

λ µ′

µ

Suppose given group morphisms

M
γM,L−−−→ Aut(L) : m 7−→ (l 7→ (l)(mγM,L) =: lm)

M ′ γM′,L−−−→ Aut(L) : m′ 7−→ (l 7→ (l)(m′γM ′,L) =: lm′)
P

γP,L−−−→ Aut(L) : p 7−→ (l 7→ (l)(pγP,L) =: lp)
P

γP,M−−−→ Aut(M) : p 7−→ (m 7→ (m)(pγP,M ) =: mp)
P

γP,M′
−−−→ Aut(M ′) : p 7−→ (m′ 7→ (m′)(pγP,M ′) =: m′ p)

and a map
M ×M ′ χ−→ L
(m,m′) 7−→ (m,m′)χ =: ⌈m,m′⌉,

also called Loday bracket.
Suppose that the following properties (CS 1, 2, 3, 4) hold.

(CS 1) We have λ ▲ µ = λ′
▲ µ′.

We write κ := λ ▲ µ = λ′
▲ µ′ : L −→ P.

(CS 2) We have the following crossed modules; cf. Definition 10.
(1) (L, M, γM,L, λ)
(2) (L, M ′, γM ′,L, λ

′)
(3) (L, P, γP,L, κ)
(4) (M, P, γP,M , µ)
(5) (M ′, P, γP,M ′ , µ′)

(CS 3) We have the following morphisms of crossed modules; cf. Definition 11.
(1) (idL, µ) : (L, M, γM,L, λ) −→ (L, P, γP,L, κ)
(2) (idL, µ′) : (L, M ′, γM ′,L, λ

′) −→ (L, P, γP,L, κ)
(3) (λ, idP ) : (L, P, γP,L, κ) −→ (M, P, γP,M , µ)
(4) (λ′, idP ) : (L, P, γP,L, κ) −→ (M ′, P, γP,M ′ , µ′)
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(CS 4)
(1) m · ⌈m,m′⌉λ = mm′µ′ for m ∈M and m′ ∈M ′

(2) m′mµ · ⌈m,m′⌉λ′ = m′ for m ∈M and m′ ∈M ′

(3) l · ⌈lλ,m′⌉ = lm
′ for l ∈ L and m′ ∈M ′

(4) lm · ⌈m, lλ′⌉ = l for m ∈M and l ∈ L

(5) ⌈m · m∗, m′⌉ = ⌈m,m′⌉m∗ · ⌈m∗,m′⌉ for m, m∗ ∈M and m′ ∈M ′

(6) ⌈m, m′ · m∗′⌉ = ⌈m,m∗′⌉ · ⌈m,m′⌉m∗′ for m ∈M and m′, m∗′ ∈M ′

(7) ⌈m,m′⌉p = ⌈mp,m′ p⌉ for m ∈M, m′ ∈M ′ and p ∈ P

Then
C := (L, M, M ′, P, γM,L , γM ′,L , γP,L , γP,M , γP,M ′ , λ, λ′, µ, µ′, χ)

is called a crossed square.

Notation. We write

C1,1 := L γC1,0 := γM,L λ
1,0
C := λ

C1,0 := M γC0,1 := γM ′,L λ
0,1
C := λ′

C0,1 := M ′ γ
1,1
C := γP,L µC1,0 := µ

C0,0 := P γ
1,0
C := γP,M µC0,1 := µ′

γ
0,1
C := γP,M ′ χC := χ

κC := κ.

Notation. We often write just C = (L, M, M ′, P ) to denote this crossed square.
This definition of a crossed square is equivalent to the one in [1, Def. 57]; cf. Remark 17 below.

Remark 16 Suppose given a crossed square

C = (L, M, M ′, P, γM,L , γM ′,L , γP,L , γP,M , γP,M ′ , λ, λ′, µ, µ′, χ).

Suppose given l ∈ L, m ∈M, m′ ∈M ′ and p ∈ P.

Then we have
lm = lmµ

and
lm

′ = lm
′µ′
.

Furthermore, we have
(lp)λ = (lλ)p

and
(lp)λ′ = (lλ′)p.
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Proof. We have the following commutative diagram of groups and group morphisms.

L L M ′

L P P

M P

idL

idL κ

λ′

µ′

κ

λ

idP

idP

µ

Due to (CS 3.1) and (CS 3.2) we have the following morphism of crossed modules.

(idL, µ) : (L, M, γM,L, λ) −→ (L, P, γP,L, κ)
(idL, µ′) : (L, M ′, γM ′,L, λ

′) −→ (L, P, γP,L, κ)

So we have
(lm) idL = (l idL)mµ

and
(lm′) idL = (l idL)m′µ′

.

Altogether, we obtain
lm = lmµ

and
lm

′ = lm
′µ′
.

Due to (CS 3.3) and (CS 3.4) we have the following morphism of crossed modules.

(λ, idP ) : (L, P, γP,L, κ) −→ (M, P, γP,M , µ)
(λ′, idP ) : (L, P, γP,L, κ) −→ (M ′, P, γP,M ′ , µ′)

So we have
(lp)λ = (lλ)p idP

= (lλ)p

and
(lp)λ′ = (lλ′)p idP

= (lλ′)p.
□

Remark 17 Suppose given a crossed square

C = (L, M, M ′, P, γM,L , γM ′,L , γP,L , γP,M , γP,M ′ , λ, λ′, µ, µ′, χ).

The property (CS 4.8) from [1, Def. 57] can be derived from (CS 2.1, 2.4, 3.1, 3.2, 4.1).
That is, given l ∈ L, m ∈M and m′ ∈M ′, we have

((lm′)m)⌈m,m′⌉ = (lm)m′
.
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Proof. We obtain
((lm′)m)⌈m,m′⌉ (CM 2)=

for λ
((lm′)m)⌈m,m′⌉λ

(CS 4.1)= ((lm′)m)m−·mm′µ′

= ((lm′)m·m−)mm′µ′

= (lm′)mm′µ′

Rem. 16= (lm′µ′)(mm′µ′ )µ

(CM 1)=for µ (lm′µ′)(mµ)m′µ′

= (lm′µ′)(m′µ′)−·mµ ·m′µ′

= lm
′µ′· (m′µ′)−·mµ ·m′µ′

= (lmµ)m′µ′

Rem. 16= (lm)m′
.

□

Remark 18 Suppose given a crossed square

C = (L, M, M ′, P, γM,L , γM ′,L , γP,L , γP,M , γP,M ′ , λ, λ′, µ, µ′, χ).

Then we have
⌈m, 1⌉ = 1

and
⌈1,m′⌉ = 1

for m ∈M and m′ ∈M ′.

Proof. We have
⌈m, 1⌉ = ⌈m, 1 · 1⌉

(CS 4.6)= ⌈m, 1⌉ · ⌈m, 1⌉.

So we have
⌈m, 1⌉ = 1.

Moreover, we have
⌈1,m′⌉ = ⌈1 · 1,m′⌉

(CS 4.5)= ⌈1,m′⌉ · ⌈1,m′⌉.

Therefore, we have
⌈1,m′⌉ = 1.

□

3.2 The category of crossed squares

We shall recall the notion of a morphism of crossed squares; cf. e.g. from [1, Def. 59].

Definition 19 Suppose given crossed squares

(L, M, M ′, P, γM,L , γM ′,L , γP,L , γP,M , γP,M ′ , λ, λ′, µ, µ′, χ)

and
(L̃, M̃ , M̃ ′, P̃ , γM̃,L̃ , γM̃ ′,L̃ , γP̃ ,L̃ , γP̃ ,M̃ , γP̃ ,M̃ ′ , λ̃, λ̃′, µ̃, µ̃′, χ̃).

We write κ := λ ▲ µ = λ′
▲ µ′ : L −→ P and κ̃ := λ̃ ▲ µ̃ = λ̃′

▲ µ̃′ : L̃ −→ P̃ .
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Suppose given group morphisms l, m, m′, p fitting into the following diagram.

L M ′

M P

L̃ M̃ ′

M̃ P̃

λ′

l

λ

m′

µ′

µ

m λ̃′

λ̃

µ̃′

µ̃

p

Suppose that the following properties (CSM 1, 2) hold.

(CSM 1) We have the following morphisms of crossed modules; cf. Definition 11.
(1) (l, m) : (L, M, γL,M , λ) −→ (L̃, M̃ , γL̃,M̃ , λ̃)

(2) (l, m′) : (L, M ′, γL,M ′ , λ′) −→ (L̃, M̃ ′, γL̃,M̃ ′ , λ̃′)

(3) (m, p) : (M, P, γP,M , µ) −→ (M̃, P̃ , γP̃ ,M̃ , µ̃)

(4) (m′, p) : (M ′, P, γP,M ′ , µ′) −→ (M̃ ′, P̃ , γP̃ ,M̃ ′ , µ̃′)

(5) (l, p) : (L, P, γP,L, κ) −→ (L̃, P̃ , γP̃ ,L̃, κ̃)
(CSM 2) We have

⌈mm, m′m′⌉ = ⌈m,m′⌉l

for m ∈M and m′ ∈M ′.

Then we call
c := (l, m, m′, p) : (L, M, M ′, P ) −→ (L̃, M̃ , M̃ ′, P̃ )

a morphism of crossed squares.

We also write this morphism of crossed squares (l, m, m′, p) as follows.

L M ′

M P

L̃ M̃ ′

M̃ P̃

λ′

l

λ

m′

µ′

µ

m λ̃′

λ̃

µ̃′

µ̃

p

Notation. We write
c1,1 := l
c1,0 := m
c0,1 := m′

c0,0 := p.

So c = (c1,1, c1,0, c0,1, c0,0) = (l, m, m′, p).
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Remark 20 Suppose given morphisms of crossed squares
(l, m, m′, p) : (L, M, M ′, P ) −→ (L̃, M̃ , M̃ ′, P̃ )

and
(̃l, m̃, m̃′, p̃) : (L̃, M̃ , M̃ ′, P̃ ) −→ ( ˜̃L, ˜̃M,

˜̃
M ′, ˜̃P ).

Then the composite

(l, m, m′, p) ▲ (̃l, m̃, m̃′, p̃) := (l ▲ l̃, m ▲ m̃, m′
▲ m̃′, p ▲ p̃) : (L, M, M ′, P ) −→ ( ˜̃L, ˜̃M,

˜̃
M ′, ˜̃P )

is also a morphism of crossed squares.
Cf. [1, Rem. 60].

Remark 21 Suppose given a crossed square (L, M, M ′, P ).
Then its identity, given by

id(L,M,M ′,P ) := (idL, idM , idM ′ , idP ) : (L, M, M ′, P ) −→ (L, M, M ′, P ),

is a morphism of crossed squares.
Cf. [1, Rem. 61].

Definition 22 We have the category of crossed squares, written CrSq .

It has crossed squares as objects and morphisms of crossed squares as morphisms; cf. Defini-
tion 15 and Definition 19.
Composition of morphisms is described in Remark 20.
The identity on an object is described in Remark 21.
Cf. [1, Def. 62].

Example 23 Suppose given a group P and normal subgroups M, M ′ P P.

Let L P P with [M,M ′] ⩽ L ⩽M ∩M ′.

For instance, we may take L := M ∩M ′ or L := [M,M ′].
The inclusion morphisms yield the following commutative diagram.

L M ′

M P .

λ′

λ µ′

µ

⟲

Conjugation in P gives

M
γM,L−−−→ Aut(L) : m 7−→ (l 7→ lm)

M ′ γM′,L−−−→ Aut(L) : m′ 7−→ (l 7→ lm
′)

P
γP,L−−−→ Aut(L) : p 7−→ (l 7→ lp)

P
γP,M−−−→ Aut(M) : p 7−→ (m 7→ mp)

P
γP,M′
−−−→ Aut(M ′) : p 7−→ (m′ 7→ m′ p).

The commutator bracket in P gives

M ×M ′ χ−→ L

(m,m′) 7−→


⌈m,m′⌉ := [m,m′]

= m− ·m′− ·m ·m′

= m− ·mm′

= (m′m)− ·m′

 .
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Then
(L, M, M ′, P, γM,L , γM ′,L , γP,L , γP,M , γP,M ′ , λ, λ′, µ, µ′, χ)

is a crossed square.
Cf. [1, Ex. 64]. For another example, see [1, Ex. 65].

3.3 The transposition functor Tr

Remark 24 Suppose given a crossed square

C = (L, M, M ′, P, γM,L , γM ′,L , γP,L , γP,M , γP,M ′ , λ, λ′, µ, µ′, χ).

L M ′

C :

M P

λ′

λ µ′

µ

We define the map

M ′ ×M χtr
−→ L

(m′,m) 7−→ (m′,m)χtr := ⌈m′,m⌉tr := ⌈m,m′⌉−.

Then

Ctr = (L, M, M ′, P, γM,L , γM ′,L , γP,L , γP,M , γP,M ′ , λ, λ′, µ, µ′, χ)tr

:= (L, M ′, M, P, γM ′,L , γM,L , γP,L , γP,M ′ , γP,M , λ′, λ, µ′, µ, χtr)

is also a crossed square.
L M

Ctr :

M ′ P

λ

λ′ µ

µ′

Proof.

Ad (CS 1). By (CS 1) for C, we have λ′
▲ µ′ = λ ▲ µ.

We write κ := λ ▲ µ = λ′
▲ µ′ : L −→ P.

Ad (CS 2.1). By (CS 2.2) for C, we have that (L, M ′, γM ′,L, λ
′) is a crossed module.

Ad (CS 2.2). By (CS 2.1) for C, we have that (L, M, γM,L, λ) is a crossed module.
Ad (CS 2.3). By (CS 2.3) for C, we have that (L, P, γP,L, κ) is a crossed module.
Ad (CS 2.4). By (CS 2.5) for C, we have that (M ′, P, γP,M ′ , µ′) is a crossed module.
Ad (CS 2.5). By (CS 2.4) for C, we have that (M, P, γP,M , µ) is a crossed module.
Ad (CS 3.1). By (CS 3.2) for C, we have the morphism

(idL, µ′) : (L, M ′, γM ′,L, λ
′) −→ (L, P, γP,L, κ)

of crossed modules.
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Ad (CS 3.2). By (CS 3.1) for C, we have the morphism

(idL, µ) : (L, M, γM,L, λ) −→ (L, P, γP,L, κ)

of crossed modules.
Ad (CS 3.3). By (CS 3.4) for C, we have the morphism

(λ′, idP ) : (L, P, γP,L, κ) −→ (M ′, P, γP,M ′ , µ′)

of crossed modules.
Ad (CS 3.4). By (CS 3.3) for C, we have the morphism

(λ, idP ) : (L, P, γP,L, κ) −→ (M, P, γP,M , µ)

of crossed modules.
Ad (CS 4.1). Suppose given m′ ∈M ′ and m ∈M.

Then we have
m′ · ⌈m′,m⌉trλ′ = m′ · ⌈m,m′⌉−λ′

(CS 4.2)=
for C

m′ ·m′ − ·m′mµ

= m′mµ.

Ad (CS 4.2). Suppose given m′ ∈M ′ and m ∈M.

Then we have
mm′µ′ · ⌈m′,m⌉trλ = mm′µ′ · ⌈m,m′⌉−λ

(CS 4.1)=
for C

mm′µ′ · (mm′µ′)− ·m
= m.

Ad (CS 4.3). Suppose given l ∈ L and m ∈M.

Then we have
l · ⌈lλ′,m⌉tr = l · ⌈m, lλ′⌉−

(CS 4.4)=
for C

l · l− · lm

= lm.

Ad (CS 4.4). Suppose given l ∈ L and m′ ∈M ′.

Then we have
lm

′ · ⌈m′, lλ⌉tr = lm
′ · ⌈lλ,m′⌉−

(CS 4.3)=
for C

lm
′ · (lm′)− · l

= l.

Ad (CS 4.5). Suppose given m′, m∗′ ∈M ′ and m ∈M.

Then we have
⌈m′ ·m∗′,m⌉tr = ⌈m,m′ ·m∗′⌉−

(CS 4.6)=
for C

(⌈m,m′⌉m∗′)− · ⌈m,m∗′⌉−

= (⌈m,m′⌉−)m∗′ · ⌈m,m∗′⌉−
= (⌈m′,m⌉tr)m∗′ · ⌈m∗′,m⌉tr.

Ad (CS 4.6). Suppose given m′ ∈M ′ and m, m∗ ∈M.

Then we have
⌈m′,m ·m∗⌉tr = ⌈m ·m∗,m′⌉−

(CS 4.5)=
for C

⌈m∗,m′⌉− · (⌈m,m′⌉m∗)−

= ⌈m∗,m′⌉− · (⌈m,m′⌉−)m∗

= ⌈m′,m∗⌉tr · (⌈m′,m⌉tr)m∗
.
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Ad (CS 4.7). Suppose given m′ ∈M ′, m ∈M and p ∈ P.

Then we have
⌈m′ p,mp⌉tr = ⌈mp,m′ p⌉−

(CS 4.7)=
for C

(⌈m,m′⌉p)−

= (⌈m,m′⌉−)p
= (⌈m′,m⌉tr)p.

□

Remark 25 Suppose given crossed squares

C = (L, M, M ′, P, γM,L , γM ′,L , γP,L , γP,M , γP,M ′ , λ, λ′, µ, µ′, χ)

and
C̃ = (L̃, M̃ , M̃ ′, P̃ , γM̃,L̃ , γM̃ ′,L̃ , γP̃ ,L̃ , γP̃ ,M̃ , γP̃ ,M̃ ′ , λ̃, λ̃′, µ̃, µ̃′, χ̃).

We write κ := λ′
▲ µ′ = λ ▲ µ : L −→ P and κ̃ := λ̃′

▲ µ̃′ = λ̃ ▲ µ̃ : L̃ −→ P̃ .

Suppose given a morphism of crossed squares c = (l, m, m′, p) : C −→ C̃.

L M ′

M P

L̃ M̃ ′

M̃ P̃

λ′

l

λ

m′

µ′

µ

m λ̃′

λ̃

µ̃′

µ̃

p

Then
ctr = (l, m, m′, p)tr := (l, m′, m, p) : Ctr −→ C̃tr

is a morphism of crossed squares.

L M

M ′ P

L̃ M̃

M̃ ′ P̃

λ

l

λ′

m

µ

µ′

m′ λ̃

λ̃′

µ̃
µ̃′

p

Proof.

Ad (CSM 1.1). By (CSM 1.2) for c, we have the morphism of crossed modules

(l, m′) : (L, M ′, γL,M ′ , λ′) −→ (L̃, M̃ ′, γL̃,M̃ ′ , λ̃′).

Ad (CSM 1.2). By (CSM 1.1) for c, we have the morphism of crossed modules

(l, m) : (L, M, γL,M , λ) −→ (L̃, M̃ , γL̃,M̃ , λ̃).
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Ad (CSM 1.3). By (CSM 1.4) for c, we have the morphism of crossed modules

(m′, p) : (M ′, P, γP,M ′ , µ′) −→ (M̃ ′, P̃ , γP̃ ,M̃ ′ , µ̃′).

Ad (CSM 1.4). By (CSM 1.3) for c, we have the morphism of crossed modules

(m, p) : (M, P, γP,M , µ) −→ (M̃, P̃ , γP̃ ,M̃ , µ̃).

Ad (CSM 1.5). By (CSM 1.5) for c, we have the morphism of crossed modules

(l, p) : (L, P, γP,L, κ) −→ (L̃, P̃ , γP̃ ,L̃, κ̃).

Ad (CSM 2). Suppose given m′ ∈M ′ and m ∈M.

Then we have
⌈m′m′,mm⌉tr = ⌈mm,m′m′⌉−

(CSM 2)=
for c

(⌈m,m′⌉l)−

= (⌈m,m′⌉−)l
= ⌈m′,m⌉trl.

□

Remark 26

(1) Suppose given a crossed square C.
Then (idC)tr = idCtr .

(2) Suppose given morphisms of crossed squares C c−→ C̃
c̃−→ ˜̃C.

Then (c ▲ c̃)tr = ctr
▲ c̃tr.

Proof.

Ad (1). With C =: (L, M, M ′, P ), we have

(idC)tr = (idL, idM , idM ′ , idP )tr

= (idL, idM ′ , idM , idP )
= idCtr .

Cf. Remark 21.
Ad (2). With c =: (l, m, m′, p) and c̃ =: (̃l, m̃, m̃′, p̃), we have

(c ▲ c̃)tr = (l ▲ l̃, m ▲ m̃, m′
▲ m̃′, p ▲ p̃)tr

= (l ▲ l̃, m′
▲ m̃′, m ▲ m̃, p ▲ p̃)

= ctr
▲ c̃tr.

Cf. Remark 20. □

Definition 27 We shall define the following functor, called transposition.

CrSq Tr−→ CrSq
C

C̃

c

 7−→


Ctr

C̃tr

ctr


Cf. Remarks 24 and 25.
By Remark 26, we have that Tr : CrSq −→ CrSq is a functor.
So C Tr = Ctr for C ∈ Ob(CrSq) and cTr = ctr for c ∈ Mor(CrSq).
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Remark 28 We have Tr ▲ Tr = idCrSq .

Proof. Suppose given m ∈M and m′ ∈M ′. Then we have
(m,m′)(χtr)tr = ((m′,m)χtr)−

= ((m,m′)χ)−)−

= (m,m′)χ.

So it holds that (χtr)tr = χ.

Suppose given C = (L, M, M ′, P ) ∈ Ob(CrSq).
Then we have

C(Tr ▲ Tr) = (Ctr)tr

= ((L, M, M ′, P, γM,L , γM ′,L , γP,L , γP,M , γP,M ′ , λ, λ′, µ, µ′, χ)tr)tr

= (L, M ′, M, P, γM ′,L, γM,L , γP,L , γP,M ′ , γP,M , λ′, λ, µ′, µ, χtr)tr

= (L, M, M ′, P, γM,L , γM ′,L , γP,L , γP,M , γP,M ′ , λ, λ′, µ, µ′, χ)
= C.

Suppose given c = (l, m, m′, p) ∈ Mor(CrSq).
Then we have

c(Tr ▲ Tr) = (ctr)tr

= ((l, m, m′, p)tr)tr

= (l, m′, m, p)tr

= (l, m, m′, p)
= c.

This shows Tr ▲ Tr = idCrSq . □

3.4 A construction of an isomorphism of crossed squares

We shall recall how to transport structure from a crossed square via four group isomorphisms;
cf. [1, Rem. 67].

Remark 29 Suppose given a crossed square

C = (L, M, M ′, P, γM,L , γM ′,L , γP,L , γP,M , γP,M ′ , λ, λ′, µ, µ′, χ).

Suppose given group isomorphisms L l−→
∼

L̃, M
m−→
∼

M̃, M ′ m′
−→

∼
M̃ ′ and P

p−→
∼

P̃ .

Let λ̃ := l− ▲ λ ▲m : L̃ −→ M̃.

Let λ̃′ := l− ▲ λ′
▲m′ : L̃ −→ M̃ ′.

Let µ̃ := m−
▲ µ ▲ p : M̃ −→ P̃ .

Let µ̃′ := m′−
▲ µ′

▲ p : M̃ ′ −→ P̃ .

L M ′

M P

L̃ M̃ ′

M̃ P̃

λ′

l ∼

λ

m′∼

µ′

µ

m ∼ λ̃′

λ̃

µ̃′

µ̃

p∼
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Recall from Remark 9 that a group isomorphism q : G ∼−→ H yields the group isomorphism

q̂ : Aut(G) ∼−→ Aut(H)
α 7−→ q−

▲α ▲ q.

Let γM̃,L̃ := m−
▲ γM,L ▲ l̂ : M̃ −→ Aut(L̃).

Let γM̃ ′,L̃ := m′−
▲ γM ′,L ▲ l̂ : M̃ ′ −→ Aut(L̃).

Let γP̃ ,L̃ := p−
▲ γP,L ▲ l̂ : P̃ −→ Aut(L̃).

Let γP̃ ,M̃ := p−
▲ γP,M ▲ m̂ : P̃ −→ Aut(M̃).

Let γP̃ ,M̃ ′ := p−
▲ γP,M ′ ▲ m̂′ : P̃ −→ Aut(M̃ ′).

Let χ̃ := (m− ×m′−) ▲χ ▲ l : M̃ × M̃ ′ −→ L̃.

(1) Then

C̃ := (L̃, M̃ , M̃ ′, P̃ , γM̃,L̃ , γM̃ ′,L̃ , γP̃ ,L̃ , γP̃ ,M̃ , γP̃ ,M̃ ′ , λ̃, λ̃′, µ̃, µ̃′, χ̃)tildeχ)

is a crossed square.
(2) Moreover, (l, m, m′, p) is an isomorphism of crossed squares from C to C̃.

Cf. [1, Rem. 67].
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4 ⌊2, 0⌋-simplicial groups and 2-crossed modules

4.1 The notion of a ⌊2, 0⌋-simplicial group

We recall e.g. from [1, Def. 39] the notion of a ⌊2, 0⌋-simplicial group.

Definition 30 Suppose given groups G0, G1 and G2.

Furthermore, suppose given the following group morphisms.

dG,20 , dG,21 , dG,22 : G2 −→ G1

sG,10 , sG,11 : G1 −→ G2

dG,10 ,dG,11 : G1 −→ G0

sG,00 : G0 −→ G1

We display these data as follows.

G2 G1 G0
dG,2

1

dG,2
2

dG,2
0

dG,1
1

dG,1
0sG,1

0

sG,1
1

sG,0
0

Suppose that the conditions (1, 2) hold.

(1) We have
sG,00 ▲ dG,10 = idG0

sG,00 ▲ dG,11 = idG0

sG,10 ▲ dG,20 = idG1

sG,10 ▲ dG,21 = idG1

sG,11 ▲ dG,21 = idG1

sG,11 ▲ dG,22 = idG1

sG,10 ▲ dG,22 = dG,11 ▲ sG,00

sG,11 ▲ dG,20 = dG,10 ▲ sG,00

dG,21 ▲ dG,10 = dG,20 ▲ dG,10

dG,22 ▲ dG,10 = dG,20 ▲ dG,11

dG,22 ▲ dG,11 = dG,21 ▲ dG,11

sG,00 ▲ sG,10 = sG,00 ▲ sG,11 .

33



Chapter 4: ⌊2, 0⌋-simplicial groups and 2-crossed modules

(2) We have
[ker dG,20 , ker dG,21 ∩ ker dG,22 ] = 1
[ker dG,21 , ker dG,20 ∩ ker dG,22 ] = 1
[ker dG,22 , ker dG,20 ∩ ker dG,21 ] = 1.

Then we call

G := (G2, G1, G0, dG,20 , dG,21 , dG,22 , sG,10 , sG,11 , dG,10 , dG,11 , sG,00 )

a ⌊2, 0⌋-simplicial group.
Often, we write the face morphisms di := dG,ni for n ∈ [1, 2] and i ∈ [0, n] and the degeneracy
morphisms si := sG,ni for n ∈ [0, 1] and i ∈ [0, n].
Furthermore, we sometimes write just G = (G2, G1, G0) to denote this ⌊2, 0⌋-simplicial group.
Condition (2) is also called the Conduché condition.

4.2 The category of ⌊2, 0⌋-simplicial groups

We recall e.g. from [1, Def. 40] the notion of a morphism of ⌊2, 0⌋-simplicial groups.

Definition 31 Suppose given ⌊2, 0⌋-simplicial groups G and H and a tuple of group morphism
φ = (φn)n∈⌊2,0⌋.

Then φ is called a morphism of ⌊2, 0⌋-simplicial groups if

Gn Hn

Gn−1 Hn−1

φn

dG,n
i dH,n

i

φn−1

⟲

for n ∈ [1, 2], i ∈ [0, n] and
Gn Hn

Gn+1 Hn+1

φn

sG,n
j sH,n

j

φn+1

⟲

for n ∈ [0, 1], j ∈ [0, n].

Remark 32 Suppose given morphisms of ⌊2, 0⌋-simplicial groups φ = (φn)n∈⌊2,0⌋ : G −→ H and
φ′ = (φ′

n)n∈⌊2,0⌋ : H −→ K.

Then the composite
φ ▲φ′ := (φn ▲φ′

n)n∈⌊2,0⌋ : G −→ K

is also a morphism of ⌊2, 0⌋-simplicial groups.
Cf. [1, Rem. 42].

Remark 33 Suppose given a ⌊2, 0⌋-simplicial group G.

Then its identity, given by

idG := (idG2 , idG1 , idG0) : G −→ G,

is a morphism of ⌊2, 0⌋-simplicial groups.
Cf. [1, Rem. 43].
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Definition 34 We have the category of ⌊2, 0⌋-simplicial groups, written ⌊2, 0⌋-SimpGrp.

It has ⌊2, 0⌋-simplicial groups as objects and ⌊2, 0⌋-simplicial group morphisms as morphisms;
cf. Definition 30 and Definition 31.
The composite of morphisms is described in Remark 32.
The identity on an object is described in Remark 33.
Cf. [1, Def. 44].

Remark 35 There is a truncation functor from the category of simplicial groups to ⌊2, 0⌋-SimpGrp.

Cf. e.g. [1, Def. 52].

4.3 The notion of a 2-crossed module

The notion of a 2-crossed module is due to Conduché [2, Déf. 2.2].

Definition 36 Suppose given groups and group morphisms

N2
∂2−→ N1

∂1−→ N0 .

Suppose given group morphisms

N0
β1−→ Aut(N1)

n0 7−→ (n1 7→ (n1)(n0β1) =: nn0
1 )

and
N0

β2−→ Aut(N2)
n0 7−→ (n2 7→ (n2)(n0β2) =: nn0

2 ).
Suppose given a map

N1 ×N1
ζ−→ N2

(n1, n
′
1) 7−→ (n1, n

′
1)ζ =: ⌊n1, n

′
1⌋,

also called Conduché bracket.
Suppose that the following properties (2CM 1–9) hold.

(2CM)
(1) ⌊n′

2∂2, n2∂2⌋ = [n2, n
′
2] for n2, n

′
2 ∈ N2

(2) ⌊n1, n2∂2⌋ · ⌊n2∂2, n1⌋ = n−
2 · n

n1∂1
2 for n1 ∈ N1 and n2 ∈ N2

(3) ⌊n1, n
′
1⌋∂2 = (n−

1 )n′
1 · nn

′
1∂1

1 for n1, n
′
1 ∈ N1

(4) ⌊n1, n
′
1⌋n0 = ⌊nn0

1 , n′n0
1 ⌋ for n0 ∈ N0 and n1, n

′
1 ∈ N1

(5) n2∂2∂1 = 1 for n2 ∈ N2

(6) (nn0
1 )∂1 = (n1∂1)n0 for n0 ∈ N0 and n1 ∈ N1

(7) (nn0
2 )∂2 = (n2∂2)n0 for n0 ∈ N0 and n2 ∈ N2

(8) ⌊n1, n
′
1 · n′′

1⌋ = ⌊nn
′
1

1 , n′′
1⌋ · ⌊n1, n

′
1⌋n

′′
1∂1 for n1, n

′
1, n

′′
1 ∈ N1

(9) ⌊n1 · n′
1, n

′′
1⌋ = ⌊n1, n

′′
1⌋ · ⌊n

′n′′
1

1 , ⌊n1, n
′′
1⌋∂2⌋ · ⌊n′

1, n
′′
1⌋ for n1, n

′
1, n

′′
1 ∈ N1

Then
N := (N2, N1, N0, ∂2, ∂1, β1, β2, ζ)

is called a 2-crossed module.
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Notation. We often write just N = (N2
∂2−→ N1

∂1−→ N0) or N = (N2, N1, N0) to denote this
2-crossed module. The group morphisms ∂2 and ∂1 are called the differentials of N.

Remark 37 Suppose given a 2-crossed module (N2, N1, N0).
Then we have

⌊n1, 1⌋ = 1

and
⌊1, n1⌋ = 1

for n1 ∈ N1.

Proof. We have
⌊n1, 1⌋ = ⌊n1, 1 · 1⌋

(2CM 8)= ⌊n1
1, 1⌋ · ⌊n1, 1⌋1∂1

= ⌊n1, 1⌋ · ⌊n1, 1⌋.
So we have

⌊n1, 1⌋ = 1.

Moreover, we have

⌊1, n1⌋ = ⌊1 · 1, n1⌋
(2CM 9)= ⌊1, n1⌋ · ⌊1n1 , ⌊1, n1⌋∂2⌋ · ⌊1, n1⌋

= ⌊1, n1⌋ · ⌊1, ⌊1, n1⌋∂2⌋ · ⌊1, n1⌋
(2CM 3)= ⌊1, n1⌋ · ⌊1, (1−)n1 · 1n1∂1⌋ · ⌊1, n1⌋

= ⌊1, n1⌋ · ⌊1, 1⌋ · ⌊1, n1⌋
see above= ⌊1, n1⌋ · 1 · ⌊1, n1⌋

= ⌊1, n1⌋ · ⌊1, n1⌋.

Therefore, we have
⌊1, n1⌋ = 1.

□

Example 38 Suppose given m ⩾ 1. Let N2 := ⟨d : dm = 1⟩. So N2 = ⟨d⟩ ≃ Cm.

Suppose given a finite group N0.

Suppose given c ∈ Z(N0). Let N1 := ⟨c⟩ P N0. Write k := |⟨c⟩|. So ⟨c⟩ ≃ Ck.

We consider the group morphisms

N2
∂2:=!−−−→ N1 : n2 7−→ 1

N1
∂1−→ N0 : n1 7−→ n1

N0
β1−→ Aut(N1) : n0 7−→ (n1 7→ nn0

1 := n1)
N0

β2−→ Aut(N2) : n0 7−→ (n2 7→ nn0
2 := n2).

Suppose given z ∈ Z with k · z divisible by m.
We consider the map

N1 ×N1 := ⟨c⟩ × ⟨c⟩ ζ−→ N2 := ⟨d⟩
(c i, c j) 7−→ ⌊c i, c j⌋ := d i·j·z.

Let i′ ≡k i and j′ ≡k j.
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So we have c i = c i
′ and c j = c j

′
.

Furthermore, we get, for some x, y, a ∈ Z,

d i·j·z = d (k·x+i′)· (k·y+j′)·z

= d i
′·j′·z+k·z·(i′·y+j′·x+k·x·y)

= d i
′·j′·z+m·a·(i′·y+j′·x+k·x·y)

= d i
′·j′·z.

So the map ζ is well-defined.
Then

(N2, N1, N0, ∂2, ∂1, β1, β2, ζ)

is a 2-crossed module.

N2
∂2=!−−−→ N1

∂1
↪−→ N0

Proof. Suppose given n2, n
′
2 ∈ N2, n1, n

′
1, n

′′
1 ∈ N1 and n0 ∈ N0.

Ad (2CM 1). We have
⌊n′

2∂2, n2∂2⌋ = ⌊1, 1⌋
= 1
= [n2, n

′
2].

Ad (2CM 2). We have

⌊n1, n2∂2⌋ · ⌊n2∂2, n1⌋ = ⌊n1, 1⌋ · ⌊1, n1⌋
= 1
= n−

2 · n2
= n−

2 · n
n1∂1
2 .

Ad (2CM 3). We have
⌊n1, n

′
1⌋∂2 = 1

= n−
1 · n1

= (n−
1 )n′

1 · n1

= (n−
1 )n′

1 · nn
′
1∂1

1 .

Ad (2CM 4). We have
⌊n1, n

′
1⌋n0 = ⌊n1, n

′
1⌋

= ⌊nn0
1 , n′n0

1 ⌋.

Ad (2CM 5). We have
n2∂2∂1 = 1∂1

= 1.

Ad (2CM 6). We have
(nn0

1 )∂1 = nn0
1

= n1
= n1∂1
= (n1∂1)n0 .

Ad (2CM 7). We have
(n2)n0∂2 = 1

= n2∂2
= (n2∂2)n0 .
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Ad (2CM 8). We want to show that

⌊n1, n
′
1 · n′′

1⌋
!= ⌊nn

′
1

1 , n′′
1⌋ · ⌊n1, n

′
1⌋n

′′
1∂1

= ⌊nn
′
1

1 , n′′
1⌋ · ⌊n1, n

′
1⌋

= ⌊n1, n
′′
1⌋ · ⌊n1, n

′
1⌋.

We write c i = n1, c
j = n′

1 and c l = n′′
1, for suitably chosen i, j, l ∈ Z.

So we have to show that
⌊c i, c j · c l⌋ != ⌊c i, c l⌋ · ⌊c i · c j⌋.

We get
⌊c i, c j · c l⌋ = ⌊c i, c j+l⌋

= d i·(j+l)·z

= d i·j·z · d i·l·z
= d i·l·z · d i·j·z
= ⌊c i, c l⌋ · ⌊c i · c j⌋.

Ad (2CM 9). We want to show that

⌊n1 · n′
1, n

′′
1⌋

!= ⌊n1, n
′′
1⌋ · ⌊n

′n′′
1

1 , ⌊n1, n
′′
1⌋∂2⌋ · ⌊n′

1, n
′′
1⌋

= ⌊n1, n
′′
1⌋ · ⌊n

′n′′
1

1 , 1⌋ · ⌊n′
1, n

′′
1⌋

= ⌊n1, n
′′
1⌋ · ⌊n′

1, n
′′
1⌋.

We write c i = n1, c
j = n′

1 and c l = n′′
1, for suitably chosen i, j, l ∈ Z.

So we have to show that
⌊c i · c j , c l⌋ != ⌊c i, c l⌋ · ⌊c j , c l⌋.

We get
⌊c i · c j , c l⌋ = ⌊c i+j , c l⌋

= d (i+j)·l·z

= d i·l·z · d j·l·z
= ⌊c i, c l⌋ · ⌊c j , c l⌋.

□

For another example, see Example 97 below in which we apply the functor To to the crossed square
of Example 23.

4.4 The category of 2-crossed modules

Definition 39 Suppose given 2-crossed modules

(N2, N1, N0, ∂2, ∂1, β1, β2, ζ)

and
(Ñ2, Ñ1, Ñ0, ∂̃2, ∂̃1, β̃1, β̃2, ζ̃).

Suppose given group morphisms ν2, ν1, ν0 fitting into the following commutative diagram.

N2 N1 N0

Ñ2 Ñ1 Ñ0

∂2

ν2

∂1

ν1 ν0

∂̃2 ∂̃1
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Suppose that the following properties (2CMM 1, 2) hold.

(2CMM 1)
(1) We have

(nn0
1 )ν1 = (n1ν1)(n0ν0)

for n0 ∈ N0 and n1 ∈ N1.

(2) We have
(nn0

2 )ν2 = (n2ν2)(n0ν0)

for n0 ∈ N0 and n2 ∈ N2.

(2CMM 2) We have
⌊n1, n

′
1⌋ν2 = ⌊n1ν1, n

′
1ν1⌋

for n1, n
′
1 ∈ N1.

Then we call
ν := (ν2, ν1, ν0) : (N2, N1, N0)→ (Ñ2, Ñ1, Ñ0)

a morphism of 2-crossed modules.
We also write this morphism of 2-crossed modules (ν2, ν1, ν0) as follows.

N2 N1 N0

Ñ2 Ñ1 Ñ0

∂2

ν2

∂1

ν1 ν0

∂̃2 ∂̃1

Remark 40 Suppose given morphisms of 2-crossed modules

(ν2, ν1, ν0) : (N2, N1, N0)→ (Ñ2, Ñ1, Ñ0)

and
(ν̃2, ν̃1, ν̃0) : (Ñ2, Ñ1, Ñ0)→ ( ˜̃N2,

˜̃N1,
˜̃N0)

Then the composite

(ν2, ν1, ν0) ▲ (ν̃2, ν̃1, ν̃0) := (ν2 ▲ ν̃2, ν1 ▲ ν̃1, ν0 ▲ ν̃0) : (N2, N1, N0) −→ ( ˜̃N2,
˜̃N1,

˜̃N0)

is also a morphism of 2-crossed modules.
Proof. First, we have the following commutative diagram.

N2 N1 N0

Ñ2 Ñ1 Ñ0

˜̃N2
˜̃N1

˜̃N0

∂2

ν2

∂1

ν1 ν0

∂̃2

ν̃2

∂̃1

ν̃1 ν̃0

˜̃∂2
˜̃∂1
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Second, we have to show (2CMM 1, 2).
Ad (2CMM 1.1). Suppose given n0 ∈ N0 and n1 ∈ N1.

Then we have
(nn0

1 )(ν1 ▲ ν̃1) = (nn0
1 ν1)ν̃1

= ((n1ν1)(n0ν0))ν̃1
= ((n1ν1)ν̃1)((n0ν0)ν̃0)

= (n1(ν1 ▲ ν̃1))(n0(ν0 ▲ ν̃0)).

Ad (2CMM 1.2). Suppose given n0 ∈ N0 and n2 ∈ N2.

Then we have
(nn0

2 )(ν2 ▲ ν̃2) = (nn0
2 ν2)ν̃2

= ((n2ν2)(n0ν0))ν̃2
= ((n2ν2)ν̃2)((n0ν0)ν̃0)

= (n2(ν2 ▲ ν̃2))(n0(ν0 ▲ ν̃0)).

Ad (2CMM 2). Suppose given n1, n
′
1 ∈ N1.

Then we have
⌊n1, n

′
1⌋(ν2 ▲ ν̃2) = (⌊n1, n

′
1⌋ν2)ν̃2

= ⌊n1ν1, n
′
1ν1⌋ν̃2

= ⌊(n1ν1)ν̃1, (n′
1ν1)ν̃1⌋

= ⌊n1(ν1 ▲ ν̃1), n′
1(ν1 ▲ ν̃1)⌋.

□

Remark 41 Suppose given a 2-crossed module (N2, N1, N0).
Then its identity, given by

id(N2,N1,N0) := (idN2 , idN1 , idN0) : (N2, N1, N0) −→ (N2, N1, N0),

is a morphism of 2-crossed modules; cf. Definition 39.

Definition 42 We have the category of 2-crossed modules, written 2-CrMod .

It has 2-crossed modules as objects and morphisms of 2-crossed modules as morphisms; cf.
Definition 36 and Definition 39.
Composition of morphisms is described in Remark 40.
The identity on an object is described in Remark 41.

Remark 43 Suppose given a morphism of 2-crossed modules

(ν2, ν1, ν0) : (N2, N1, N0)→ (Ñ2, Ñ1, Ñ0),

such that ν2, ν1 and ν0 are bijective.
Then

(ν−
2 , ν

−
1 , ν

−
0 ) : (Ñ2, Ñ1, Ñ0)→ (N2, N1, N0).

is also a morphism of 2-crossed modules.
Proof. We show that the tuple of group morphisms (ν−

2 , ν
−
1 , ν

−
0 ) is a morphism of 2-crossed

modules.
The required quadrangles commute; cf. Definition 39.
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Ad (2CMM 1.1). Suppose given ñ0 ∈ Ñ0 and ñ1 ∈ Ñ1.

Then we have
(ññ0

1 )ν−
1 = ((ñ1ν

−
1 ν1)ñ0ν

−
0 ν0)ν−

1
(2CMM 1.1)=for ν1

((ñ1ν
−
1 )ñ0ν

−
0 )ν1ν

−
1

= (ñ1ν
−
1 )ñ0ν

−
0 .

Ad (2CMM 1.2). Suppose given ñ0 ∈ Ñ0 and ñ2 ∈ Ñ2.

Then we have
(ññ0

2 )ν−
2 = ((ñ2ν

−
2 ν2)ñ0ν

−
0 ν0)ν−

2
(2CMM 1.2)=for ν2

((ñ2ν
−
2 )ñ0ν

−
0 )ν2ν

−
2

= (ñ2ν
−
2 )ñ0ν

−
0 .

Ad (2CMM 2). Suppose given ñ1, ñ
′
1 ∈ Ñ1.

Then we have
⌊ñ1, ñ

′
1⌋ν−

2 = ⌊ñ1ν
−
1 ν1, ñ

′
1ν

−
1 ν1⌋ν−

2
(2CMM 2)=for ν2

⌊ñ1ν
−
1 , ñ

′
1ν

−
1 ⌋ν2ν

−
2

= ⌊ñ1ν
−
1 , ñ

′
1ν

−
1 ⌋.

□

4.5 From ⌊2, 0⌋-simplicial groups to 2-crossed modules

4.5.1 The construction for the objects

Suppose given a ⌊2, 0⌋-simplicial group G; cf. Definition 30.

Definition 44 We write
(1) G1;X := ⋂

i∈X
ker dG,1i P G1

(2) G2;Y := ⋂
i∈Y

ker dG,2i P G2

for X ⊆ {0, 1} and Y ⊆ {0, 1, 2}.
We usually omit the set-braces of X and Y when used as an index.
For example we write G1;1 = G1;{1}, G2;1,2 = G2;{1,2}, etc.
Note that for X ′ ⊆ X ⊆ {0, 1} and Y ′ ⊆ Y ⊆ {0, 1, 2}, we have G1,X P G1,X′ and G2,Y P G2,Y ′ .

Cf. [1, Def. 53].

Definition 45 Let

GN0 := G0

GN1 := G1;1 = ker(dG,11 ) P G1

GN2 := G2;1,2 = ker(dG,21 ) ∩ ker(dG,22 ) P G2 .

Note that for g ∈ GN2 we have
g d0 d1 = g d2 d0

= 1 · d0
= 1.

So g d0 ∈ GN1.
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Let
∂2 := d0|GN1

GN2

∂1 := d0|GN0
GN1

= d0|GN1 .

Then we have
GN2

∂2−→ GN1
∂1−→ GN0 .

Cf. also [1, Def. 45].

Lemma 46 We have the following group morphism.

GN0
β1−→ Aut(GN1)

n0 7−→ (n1 7→ nn0
1 := nn0 s0

1 )

Since GN1 P G1, the element nn0 s0
1 is contained to GN1.

Proof. We use Remark 6.
Suppose given n0, ñ0 ∈ GN0 and n1, ñ1 ∈ GN1.

Then we have
n1

1 = n1.

Moreover, we obtain
nn0· ñ0

1 = n
(n0· ñ0) s0
1

= nn0 s0 · ñ0 s0
1

= (nn0 s0
1 )ñ0 s0

= (nn0 s0
1 )ñ0

= (nn0
1 )ñ0 .

Finally, we calculate
(n1 · ñ1)n0 = (n1 · ñ1)n0 s0

= nn0 s0
1 · ñn0 s0

1
= nn0

1 · ñ
n0
1 .

□

Lemma 47 We have the following group morphism.

GN0
β2−→ Aut(GN2)

n0 7−→ (n0 7→ nn0
2 := nn0 s0 s0

2 )

Since GN2 P G2, the element nn0 s0 s0
2 is contained to GN2.

Proof. We use Remark 6.
Suppose given n0, ñ0 ∈ GN0 and n2, ñ2 ∈ GN2.

Then we have
n1

2 = n2.

Moreover, we obtain
nn0· ñ0

2 = n
(n0· ñ0) s0 s0
2

= nn0 s0 s0 · ñ0 s0 s0
2

= (nn0 s0 s0
2 )ñ0 s0 s0

= (nn0 s0 s0
2 )ñ0

= (nn0
2 )ñ0 .

Finally, we calculate
(n2 · ñ2)n0 = (n2 · ñ2)n0 s0 s0

= nn0 s0 s0
2 · ñn0 s0 s0

2
= nn0

2 · ñ
n0
2 .

□
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Remark 48 Suppose given n1, ñ1 ∈ GN1.

Then (n−
1 s0)ñ1 s0 · (n1 s0)ñ1 s1 ∈ GN2.

Proof. We have

((n−
1 s0)ñ1 s0 · (n1 s0)ñ1 s1) d1 = (n−

1 s0)ñ1 s0 d1 ·(n1 s0)ñ1 s1 d1
= (n−

1 s0 d1)ñ1 s0 d1 · (n1 s0 d1)ñ1 s1 d1

= (n−
1 )ñ1 · (n1)ñ1

= 1

and
((n−

1 s0)ñ1 s0 · (n1 s0)ñ1 s1) d2 = (n−
1 s0)ñ1 s0 d2 ·(n1 s0)ñ1 s1 d2

= (n−
1 s0 d2)ñ1 s0 d2 · (n1 s0 d2)ñ1 s1 d2

= (n−
1 d1 s0)ñ1 d1 s0 · (n1 d1 s0)ñ1

= 1.
□

Lemma 49 Recall the Conduché condition of a ⌊2, 0⌋-simplicial group G from Definition 30:

[ker dG,20 , ker dG,21 ∩ ker dG,22 ] = 1
[ker dG,21 , ker dG,20 ∩ ker dG,22 ] = 1
[ker dG,22 , ker dG,20 ∩ ker dG,21 ] = 1 .

Using the Conduché condition, we show that the following assertions (CC 1–4) hold.
(CC)

(1) nn1 d0
2 = nn1 s1

2 for n1 ∈ GN1 and n2 ∈ GN2

(2) ñn2 d0 s0
2 = ñn2

2 for n2, ñ2 ∈ GN2

(3) (n−
2 d0 s0)n1 s0 · (n2 d0 s0)n1 s1 = (n−

2 )n1 s0 · nn1 s1
2 for n1 ∈ GN1 and n2 ∈ GN2

(4) (n1 s0)n2 d0 s1 = (n1 s0)n−
2 ·n2 d0 s0 for n1 ∈ GN1 and n2 ∈ GN2

Proof.

Ad (CC 1). Suppose given n1 ∈ GN1 and n2 ∈ GN2.

Note that
n2 ∈ GN2 = ker dG,21 ∩ ker dG,22 .

Moreover,
n1 d0 s0 s0 ·n−

1 s1 ∈ ker dG,20 ,

since
(n1 d0 s0 s0 ·n−

1 s1) d0 = n1 d0 s0 s0 d0 ·n−
1 s1 d0

= n1 d0 s0 ·n−
1 d0 s0

= 1.

So we have [n1 d0 s0 s0 ·n−
1 s1, n2] = 1.

Therefore
n
n1 d0 s0 s0 ·n−

1 s1
2 = n2

⇔ nn1 d0 s0 s0
2 = nn1 s1

2
⇔ nn1 d0

2 = nn1 s1
2 .

Ad (CC 2). Suppose given n2, ñ2 ∈ GN2.

Note that
ñ2 ∈ GN2 = ker dG,21 ∩ ker dG,22 .
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Moreover,
n2 d0 s0 ·n−

2 ∈ ker dG,20 ,

since
(n2 d0 s0 ·n−

2 ) d0 = n2 d0 s0 d0 ·n−
2 d0

= n2 d0 ·n−
2 d0

= 1.

So we have [n2 d0 s0 ·n−
2 , ñ2] = 1.

Therefore
ñ
n2 d0 s0 ·n−

2
2 = ñ2

⇔ ñn2 d0 s0
2 = ñn2

2 .

Ad (CC 3). Suppose given n1 ∈ GN1 and n2 ∈ GN2.

We have
n1 s1 ·n−

1 s0 ∈ ker dG,21 .

since
(n1 s1 ·n−

1 s0) d1 = n1 s1 d1 ·n−
1 s0 d1

= n1 · n−
1

= 1.
Moreover,

n2 d0 s0 ·n−
2 ∈ ker dG,20 ∩ ker dG,22 ,

since
(n2 d0 s0 ·n−

2 ) d0 = n2 d0 s0 d0 ·n−
2 d0

= n2 d0 ·n−
2 d0

= 1
and

(n2 d0 s0 ·n−
2 ) d2 = n2 d0 s0 d2 ·n−

2 d2
= n2 d0 s0 d2
= n2 d0 d1 s0
= n2 d2 d0 s0
= 1.

So we have [n1 s1 ·n−
1 s0, n2 d0 s0 ·n−

2 ] = 1.
Therefore

(n2 d0 s0 ·n−
2 )n1 s1 ·n−

1 s0 = n2 d0 s0 ·n−
2

⇔ (n2 d0 s0 ·n−
2 )n1 s1 = (n2 d0 s0 ·n−

2 )n1 s0

⇔ (n2 d0 s0)n1 s1 · (n−
2 )n1 s1 = (n2 d0 s0)n1 s0 · (n−

2 )n1 s0

⇔ (n−
2 d0 s0)n1 s0 · (n2 d0 s0)n1 s1 = (n−

2 )n1 s0 · nn1 s1
2 .

Ad (CC 4). Suppose given n1 ∈ GN1 and n2 ∈ GN2.

We have
n1 s0 ∈ ker dG,22 .

since
(n1 s0) d2 = n1 d1 s0

= 1.
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Moreover,
n2 d0 s1 ·n−

2 d0 s0 ·n2 ∈ ker dG,20 ∩ ker dG,21 ,

since
(n2 d0 s1 ·n−

2 d0 s0 ·n2) d0 = n2 d0 s1 d0 ·n−
2 d0 s0 d0 ·n2 d0

= n2 d0 s1 d0 ·n−
2 d0 ·n2 d0

= n2 d0 s1 d0
= n2 d0 d0 s0
= n2 d1 d0 s0
= 1

and
(n2 d0 s1 ·n−

2 d0 s0 ·n2) d1 = n2 d0 s1 d1 ·n−
2 d0 s0 d1 ·n2 d1

= n2 d0 s1 d1 ·n−
2 d0 s0 d1

= n2 d0 ·n−
2 d0

= 1.

So we have [n1 s0, n2 d0 s1 ·n−
2 d0 s0 ·n2] = 1.

Therefore
(n1 s0)n2 d0 s1 ·n−

2 d0 s0 ·n2 = n1 s0

⇔ (n1 s0)n2 d0 s1 = (n1 s0)n−
2 ·n2 d0 s0 .

□

Example 50 With the help of Lemma 49 we get that

n
(ñ2 d0) s1
2

(CC 1)= n
(ñ2 d0) d0
2

= nñ2 d1 d0
2

= n2

for n2, ñ2 ∈ GN2.

Lemma 51 Consider the groups GN2, GN1 and GN0.

With the help of Definition 45, Lemma 46 and Lemma 47 we have the group morphisms

GN2
∂2−→ GN1 : n2 7−→ n2∂2 = n2 d0

GN1
∂1−→ GN0 : n1 7−→ n1∂1 = n1 d0

GN0
β1−→ Aut(GN1) : n1 7−→ (n1 7→ nn0

1 := nn0 s0
1 )

GN0
β2−→ Aut(GN2) : n2 7−→ (n0 7→ nn0

2 := nn0 s0 s0
2 ) .

With the help of Remark 48 let

GN1 ×GN1
ζ−→ GN2

(n1, ñ1) 7−→ ⌊n1, ñ1⌋ := (n−
1 s0)ñ1 s0 · (n1 s0)ñ1 s1 .

Then
G N̂ := (GN2, GN1, GN0, ∂2, ∂1, β1, β2, ζ)

is a 2-crossed module.
So G N̂i = GNi for i ∈ [0, 2].

The “hat” on “N̂” is meant to indicate the extra data attached to the diagram

GN2
∂2−→ GN1

∂1−→ GN0

needed to yield a 2-crossed module, viz. β1, β2, ζ.

45



Chapter 4: ⌊2, 0⌋-simplicial groups and 2-crossed modules

Proof. Note that
⌊n2 d0, n1⌋ = (n−

2 )n1 s0 · nn1 s1
2

for n1 ∈ GN1 and n2 ∈ GN2; cf. Lemma 49, (CC 3).
We verify the conditions (2CM 1–9) of Definition 36.
Ad (2CM 1). Suppose given n2, ñ2 ∈ GN2.

Then we have
⌊ñ2∂2, n2∂2⌋ = ⌊ñ2 d0, n2 d0⌋

(CC 3)= (ñ−
2 )n2 d0 s0 · ñn2 d0 s1

2
(CC 2)= (ñ−

2 )n2 · ñn2 d0 s1
2

(CC 1)= (ñ−
2 )n2 · ñn2 d0 d0

2
= (ñ−

2 )n2 · ñ2
= n−

2 · ñ
−
2 · n2 · ñ2

= [n2, ñ2].

Ad (2CM 2). Suppose given n2 ∈ GN2 and n1 ∈ GN1.

Then we have n−
1 s0 ·(n1 s0)n−

2 ∈ GN2, since

(n−
1 s0 ·(n1 s0)n−

2 ) d1 = n−
1 s0 d1 ·(n1 s0)n−

2 d1

= n−
1 s0 d1 ·(n1 s0 d1)n−

2 d1

= n−
1 s0 d1 ·n1 s0 d1

= 1
and

(n−
1 s0 ·(n1 s0)n−

2 ) d2 = n−
1 s0 d2 ·(n1 s0)n−

2 d2

= n−
1 s0 d2 ·(n1 s0 d2)n−

2 d2

= n−
1 s0 d2 ·n1 s0 d2

= 1.
Therefore we have

⌊n1, n2∂2⌋ · ⌊n2∂2, n1⌋ = ⌊n1, n2 d0⌋ · ⌊n2 d0, n1⌋
= (n−

1 s0)n2 d0 s0 · (n1 s0)n2 d0 s1 · ⌊n2 d0, n1⌋
(CC 3)= (n−

1 s0)n2 d0 s0 · (n1 s0)n2 d0 s1 · (n−
2 )n1 s0 · nn1 s1

2
(CC 1)= (n−

1 s0)n2 d0 s0 · (n1 s0)n2 d0 s1 · (n−
2 )n1 s0 · nn1 d0

2
(CC 4)= (n−

1 s0)n2 d0 s0 · (n1 s0)n−
2 ·n2 d0 s0 · (n−

2 )n1 s0 · nn1 d0
2

= (n−
1 s0 · (n1 s0)n−

2 )n2 d0 s0 · (n−
2 )n1 s0 · nn1 d0

2
(CC 2)= (n−

1 s0 · (n1 s0)n−
2 )n2 · (n−

2 )n1 s0 · nn1 d0
2

= (n−
1 s0)n2 · n1 s0 · (n−

2 )n1 s0 · nn1 d0
2

= n−
2 · n

−
1 s0 ·n2 · n1 s0 · (n1 s0)− · n−

2 · n1 s0 ·nn1 d0
2

= n−
2 · n

n1 d0
2

= n−
2 · n

n1∂1
2 .

Ad (2CM 3). Suppose given n1, ñ1 ∈ GN1.

Then we have
⌊n1, ñ1⌋∂2 = ((n−

1 s0)ñ1 s0 · (n1 s0)ñ1 s1) d0
= (n−

1 s0)ñ1 s0 d0 ·(n1 s0)ñ1 s1 d0
= (n−

1 s0 d0)ñ1 s0 d0 · (n1 s0 d0)ñ1 s1 d0

= (n−
1 )ñ1 · nñ1 d0 s0

1

= (n−
1 )ñ1 · nñ1 d0

1

= (n−
1 )ñ1 · nñ1∂1

1 .
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Ad (2CM 4). Suppose given n1, ñ1 ∈ GN1 and n0 ∈ GN0.

Then we have

⌊n1, ñ1⌋n0 = ⌊n1, ñ1⌋n0 s0 s0

= ((n−
1 s0)ñ1 s0 · (n1 s0)ñ1 s1)n0 s0 s0

= (n−
1 s0)ñ1 s0 ·n0 s0 s0 · (n1 s0)ñ1 s1 ·n0 s0 s0

= (n−
1 s0)ñ1 s0 ·n0 s0 s0 · (n1 s0)ñ1 s1 ·n0 s0 s1

= (n−
1 s0)n0 s0 s0 · (n0 s0 s0)−· ñ1 s0 ·n0 s0 s0 · (n1 s0)n0 s0 s1 · (n0 s0 s1)−· ñ1 s1 ·n0 s0 s1

= (n−
1 s0)n0 s0 s0 · (ñ1 s0)n0 s0 s0 · (n1 s0)n0 s0 s1 · (ñ1 s1)n0 s0 s1

= (n−
1 s0)n0 s0 s0 · ñn0 s0

1 s0 · (n1 s0)n0 s0 s1 · ñn0 s0
1 s1

= (n−
1 s0)n0 s0 s0 · ñn0 s0

1 s0 · (n1 s0)n0 s0 s0 · ñn0 s0
1 s1

= ((nn0 s0
1 )− s0)(ñn0 s0

1 ) s0 · ((nn0 s0
1 ) s0)(ñn0 s0

1 ) s1

= ((nn0
1 )− s0)(ñn0

1 ) s0 · ((nn0
1 ) s0)(ñn0

1 ) s1

= ⌊nn0
1 , ñn0

1 ⌋.

Ad (2CM 5). Suppose given n2 ∈ GN2.

Then we have
n2∂2∂1 = n2 d0 d0

= n2 d1 d0
= 1.

Ad (2CM 6). Suppose given n1 ∈ GN1 and n0 ∈ GN0.

Then we have
(nn0

1 )∂1 = (nn0 s0
1 ) d0

= (n1 d0)n0 s0 d0

= (n1 d0)n0

= (n1∂1)n0 .

Ad (2CM 7). Suppose given n2 ∈ GN2 and n0 ∈ GN0.

Then we have
(nn0

2 )∂2 = (nn0 s0 s0
2 ) d0

= (n2 d0)n0 s0 s0 d0

= (n2 d0)n0 s0

= (n2 d0)n0

= (n2∂2)n0 .

Ad (2CM 8). Suppose given n1, ñ1, ˜̃n1 ∈ GN1.

We have to show that

⌊n1, ñ1 · ˜̃n1⌋
!= ⌊nñ1

1 , ˜̃n1⌋ · ⌊n1, ñ1⌋˜̃n1∂1 .

In order to calculate, we write a := n1, b := ñ1 and c := ˜̃n1.

Then a, b, c ∈ GN1.

We have to show that
⌊a, b · c⌋ != ⌊ab, c⌋ · ⌊a, b⌋c∂1 .
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We obtain
⌊a, b · c⌋ = (a− s0)(b·c) s0 · (a s0)(b·c) s1

= (a− s0)b s0 · c s0 · (a s0)b s1 · c s1

= (a− s0)b s0 · c s0 · (a s0)b s0 · c s1 · (a− s0)b s0 · c s1 · (a s0)b s1 · c s1

= (a− s0)b s0 · c s0 · (a s0)b s0 · c s1 · ((a− s0)b s0 · (a s0)b s1)c s1

= (a− s0)b s0 · c s0 · (a s0)b s0 · c s1 · ⌊a, b⌋c s1

(CC 1)= (a− s0)b s0 · c s0 · (a s0)b s0 · c s1 · ⌊a, b⌋cd0

= ((ab)− s0)c s0 · (ab s0)c s1 · ⌊a, b⌋cd0

= ⌊ab, c⌋ · ⌊a, b⌋cd0

= ⌊ab, c⌋ · ⌊a, b⌋c∂1 .

Ad (2CM 9). Suppose given n1, ñ1, ˜̃n1 ∈ GN1.

We have to show that

⌊n1 · ñ1, ˜̃n1⌋
!= ⌊n1, ˜̃n1⌋ · ⌊ñ

˜̃n1
1 , ⌊n1, ˜̃n1⌋∂2⌋ · ⌊ñ1, ˜̃n1⌋.

In order to calculate, we write a := n1, b := ñ1 and c := ˜̃n1.

Then a, b, c ∈ GN1.

We have to show that

⌊a · b, c⌋ != ⌊a, c⌋ · ⌊bc, ⌊a, c⌋∂2⌋ · ⌊b, c⌋.

We obtain
⌊a · b, c⌋

= ((a · b)− s0)c s0 · ((a · b) s0)c s1

= (b− s0 · a− s0)c s0 · (a s0 · b s0)c s1

= (b− s0)c s0 · (a− s0)c s0 · (a s0)c s1 · (b s0)c s1

= (b− s0)c s0 · (a− s0)c s0 · (a s0)c s1 · (b s0)c s0 · (b− s0)c s0 · (b s0)c s1

= (b− s0)c s0 · ⌊a, c⌋ · (b s0)c s0 · ⌊b, c⌋
= ⌊a, c⌋(b s0)c s0 · ⌊b, c⌋
= ⌊a, c⌋(bc) s0 · ⌊b, c⌋

(CC 3)= ⌊a, c⌋(bc) s1 · ⌊⌊a, c⌋ d0, b
c⌋− · ⌊b, c⌋

= ⌊a, c⌋(bc) s1 · ⌊⌊a, c⌋∂2, b
c⌋− · ⌊b, c⌋

(2CM 2)= ⌊a, c⌋(bc) s1 · (⌊a, c⌋−)(bc)∂1 · ⌊a, c⌋ · ⌊bc, ⌊a, c⌋∂2⌋ · ⌊b, c⌋
= ⌊a, c⌋(bc) s1 · (⌊a, c⌋−)(bc) d0 · ⌊a, c⌋ · ⌊bc, ⌊a, c⌋∂2⌋ · ⌊b, c⌋

(CC 1)= ⌊a, c⌋(bc) s1 · (⌊a, c⌋−)(bc) s1 · ⌊a, c⌋ · ⌊bc, ⌊a, c⌋∂2⌋ · ⌊b, c⌋
= ⌊a, c⌋ · ⌊bc, ⌊a, c⌋∂2⌋ · ⌊b, c⌋.

□

4.5.2 The construction for the morphisms

Suppose given a morphism φ : G −→ H of ⌊2, 0⌋-simplicial groups; cf. Definition 31.

Remark 52

(0) We have the group morphism

φN0 := φ0 : GN0 −→ HN0
n0 7→ n0φ0.

Recall that GN0 = G0 and HN0 = H0.
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(1.0) We have the group morphism

φ1;0 := φ1|
H1;0
G1;0

: G1;0 −→ H1;0
n1 7→ n1φ1.

(1.1) We have the group morphism

φ1;1 := φN1 := φ1|HN1
GN1

: GN1 −→ HN1
n1 7→ n1φ1.

(2) We have the group morphism.

φ2;1,2 := φN2 := φ2|HN2
GN2

: GN2 −→ HN2
n2 7→ n2φ2.

Proof.

Ad (1.0). Suppose given x ∈ G1;0 . This means x d0 = 1.
Therefore we have

xφ1 d0 = x d0 φ0
= 1.

So we have xφ1 ∈ H1;0 .

Altogether,
(G1;0)φ1 ⊆ H1;0 .

Ad (1.1). Suppose given x ∈ GN1. This means x d1 = 1.
Therefore we have

xφ1 d1 = x d1 φ0
= 1.

So we have xφ1 ∈ HN1.

Altogether,
(GN1)φ1 ⊆ HN1.

Ad (2). Suppose given x ∈ GN2. This means x d1 = 1 and x d2 = 1.
Therefore we have

xφ2 d1 = x d1 φ1
= 1

and
xφ2 d2 = x d2 φ1

= 1.

So we have xφ2 ∈ HN2.

Altogether,
(GN2)φ2 ⊆ HN2.

Cf. also [1, Rem. 71]. □

49



Chapter 4: ⌊2, 0⌋-simplicial groups and 2-crossed modules

Lemma 53 Recall that we have the 2-crossed modules

G N̂ =: (GN2, GN1, GN0, ∂2, ∂1, β1, β2, ζ)

and
H N̂ =: (HN2, HN1, HN0, ∂

′
2, ∂

′
1, β

′
1, β

′
2, ζ

′).

Cf. Lemma 51.
Recall the group morphisms φ2;1,2, φ1;1, φ0; cf. Definition 31 and Remark 52.
Then

φ N̂ := (φ2;1,2, φ1;1, φ0) = (φN2, φN1, φN0) : (GN2, GN1, GN0)→ (HN2, HN1, HN0)

is a morphism of 2-crossed modules; cf. Definition 39.

GN2 GN1 GN0

HN2 HN1 HN0

∂2

φ2;1,2

∂1

φ1;1 φ0

∂′
2 ∂′

1

Proof. First, we have to show that the diagram is commutative.
Suppose given n2 ∈ GN2 and n1 ∈ GN1.

Then we have
n2(∂2 ▲φ1;1) = (n2∂2)φ1;1

= n2 d0 φ1
= n2φ2 d0
= (n2φ2;1,2)∂′

2
= n2(φ2;1,2 ▲ ∂′

2)
and

n1(∂1 ▲φ0) = (n1∂1)φ0
= (n1 d0)φ0
= n1φ1 d0
= (n1φ1;1)∂′

1
= n1(φ1;1 ▲ ∂′

1).

So we have
∂2 ▲φ1;1 = φ2;1,2 ▲ ∂′

2

and
∂1 ▲φ0 = φ1;1 ▲ ∂′

1.

Second, we have to show (2CMM 1, 2).
Ad (2CMM 1.1). Suppose given n1 ∈ GN1 and n0 ∈ GN0.

Then we have
(nn0

1 )φ1;1 = (nn0 s0
1 )φ1;1

= nn0 s0
1 φ1

= (n1φ1)n0 s0 φ1

= (n1φ1)n0φ0 s0

= (n1φ1)n0φ0

= (n1φ1;1)n0φ0 .
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Ad (2CMM 1.2). Suppose given n2 ∈ GN2 and n0 ∈ GN0.

Then we have
(nn0

2 )φ2;1,2 = (nn0 s0 s0
2 )φ2;1,2

= nn0 s0 s0
2 φ2

= (n2φ2)n0 s0 s0 φ2

= (n2φ2)n0 s0 φ1 s0

= (n2φ2)n0φ0 s0 s0

= (n2φ2)n0φ0

= (n2φ2;1,2)n0φ0 .

Ad (2CMM 2). Suppose given n1, ñ1 ∈ GN1.

Then we have

⌊n1, ñ1⌋φ2;1,2 = ((n−
1 s0)ñ1 s0 · (n1 s0)ñ1 s1)φ2;1,2

= ((n−
1 s0)ñ1 s0 · (n1 s0)ñ1 s1)φ2

= (n−
1 s0 φ2)ñ1 s0 φ2 · (n1 s0 φ2)ñ1 s1 φ2

= (n−
1 φ1 s0)ñ1φ1 s0 · (n1φ1 s0)ñ1φ1 s1

= ((n1φ1;1)− s0)ñ1φ1;1 s0 · (n1φ1;1 s0)ñ1φ1;1 s1

= ⌊n1φ1;1, ñ1φ1;1⌋.

□

4.5.3 The functor N̂

Definition 54 We shall define the following functor.

N̂ : ⌊2, 0⌋-SimpGrp −→ 2-CrMod
G

H

φ

 7−→


G N̂

H N̂

φ N̂


(1) Suppose given a ⌊2, 0⌋-simplicial group G.

The 2-crossed module G N̂ has been defined in Lemma 51.
For short:

G N̂ =
(
GN2 GN1 GN0

∂2 ∂1
)

(2) Suppose given a morphism of ⌊2, 0⌋-simplicial groups G φ−→ H.

The following diagram morphism is a morphism of 2-crossed modules, by Lemma 53.


G

H

φ

 N̂ :=



GN2 GN1 GN0

HN2 HN1 HN0

∂2

φ2;1,2

∂1

φ1;1 φ0

∂′
2 ∂′

1


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In particular,
n2(φ N̂)2 = n2(φN2) = n2φ2
n1(φ N̂)1 = n1(φN1) = n1φ1
n0(φ N̂)0 = n0(φN0) = n0φ0

for n2 ∈ N2, n1 ∈ N1 and n0 ∈ N0.

(3) Suppose given morphisms of ⌊2, 0⌋-simplicial groups G φ−→ H
φ′
−→ K.

Then we have
(a) (idG) N̂ = id(G N̂)

(b) (φ ▲φ′) N̂ = φ N̂ ▲φ′ N̂ .

In particular, N̂ : ⌊2, 0⌋-SimpGrp −→ 2-CrMod is a functor.
Proof.

Ad (3.a). Write G =: (G2, G1, G0).
We have idG = (idG2 , idG1 , idG0); cf. Remark 33.

We have (idG) N̂ = (idG2 |
G2;1,2
G2;1,2

, idG1 |
G1;1
G1;1

, idG0) = (idG2;1,2 , idG1;1 , idG0); cf. Lemma 53 and
Remark 52.
On the other hand, we have G N̂ = (GN2, GN1, GN0); cf. Lemma 51.
So we have idG N̂ = (idGN2 , idGN1 , idGN0); cf. Remark 41.
But we already know that GN2 = G2;1,2, GN1 = G1;1 and GN0 = G0; cf. Definition 44 and
Definition 45.
So (idG) N̂ = idG N̂ .

Ad (3.b). Write G =: (G2, G1, G0), H =: (H2, H1, H0), K =: (K2, K1, K0),
φ =: (φ2, φ1, φ0) and φ′ =: (φ′

2, φ
′
1, φ

′
0).

So

(G φ−→ H
φ′
−→ K) = ((G2, G1, G0) (φ2, φ1, φ0)−−−−−−−→ (H2, H1, H0)

(φ′
2, φ

′
1, φ

′
0)

−−−−−−−→ (K2, K1, K0)).

We have

(G N̂ φ N̂−−→ H N̂ φ′ N̂−−→ K N̂)

= ((GN2, GN1, GN0) (φ2;1,2, φ1;1, φ0)−−−−−−−−−−→ (HN2, HN1, HN0)
(φ′

2;1,2, φ
′
1;1, φ

′
0)

−−−−−−−−−−→ (KN2, KN1, KN0));

cf. Lemma 51 and Lemma 53.
So we have

(G N̂ φ N̂ ▲ φ′ N̂−−−−−−→ K N̂) = ((GN2, GN1, GN0)
(φ2;1,2 ▲ φ′

2;1,2, φ1;1 ▲ φ′
1;1, φ0 ▲ φ′

0)
−−−−−−−−−−−−−−−−−−−−−−→ (KN2, KN1, KN0));

cf. Remark 40.
On the other hand, we have

(G φ ▲ φ′
−−−→ K) = ((G2, G1, G0)

(φ2 ▲ φ′
2, φ1 ▲ φ′

1, φ0 ▲ φ′
0)

−−−−−−−−−−−−−−−−→ (K2, K1, K0));

cf. Remark 32.
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Hence

(G N̂ (φ ▲ φ′) N̂−−−−−−→ K N̂)
= ((GN2, GN1, GN0) ((φ ▲ φ′)2;1,2, (φ ▲ φ′)1;1, (φ ▲ φ′)0)−−−−−−−−−−−−−−−−−−−−−−→ (KN2, KN1, KN0))

= ((GN2, GN1, GN0)
((φ2 ▲ φ′

2)|
K2;1,2
G2;1,2

, (φ1 ▲ φ′
1)|

K1;1
G1;1

, φ0 ▲ φ′
0)

−−−−−−−−−−−−−−−−−−−−−−−−−−→ (KN2, KN1, KN0))

= ((GN2, GN1, GN0)
(φ2|

H2;1,2
G2;1,2

▲ φ′
2|

K2;1,2
H2;1,2

, φ1|
H1;1
G1;1

▲ φ′
1|

K1;1
H1;1

, φ0 ▲ φ′
0)

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→ (KN2, KN1, KN0))

= ((GN2, GN1, GN0)
(φ2;1,2 ▲ φ′

2;1,2, φ1;1 ▲ φ′
1;1, φ0 ▲ φ′

0)
−−−−−−−−−−−−−−−−−−−−−−→ (KN2, KN1, KN0));

cf. Lemma 53. □

4.6 From 2-crossed modules to ⌊2, 0⌋-simplicial groups

4.6.1 The construction for the objects

Suppose given a 2-crossed module

N = (N2, N1, N0, ∂2, ∂1, β1, β2, ζ);

cf. Definition 36.

Lemma 55 We have the following group morphism.

N1
ε2−→ Aut(N2)

n1 7−→ (n2 7→ nn1
2 := n2 · ⌊n1, n2∂2⌋)

Proof. We use Remark 6.
Suppose given n1, n

′
1 ∈ N1 and n2, n

′
2 ∈ N2.

Then we have
n1

2 = n2 · ⌊1, n2∂2⌋
Rem. 37= n2.

Moreover, we obtain

(nn1
2 )n′

1 = (n2 · ⌊n1, n2∂2⌋)n
′
1

= n2 · ⌊n1, n2∂2⌋ · ⌊n′
1, (n2 · ⌊n1, n2∂2⌋)∂2⌋

= n2 · ⌊n1, n2∂2⌋ · ⌊n′
1, n2∂2 · ⌊n1, n2∂2⌋∂2⌋

(2CM 3)= n2 · ⌊n1, n2∂2⌋ · ⌊n′
1, n2∂2 · (n−

1 )n2∂2 · nn2∂2∂1
1 ⌋

(2CM 5)= n2 · ⌊n1, n2∂2⌋ · ⌊n′
1, n2∂2 · (n−

1 )n2∂2 · n1⌋
(2CM 8)= n2 · ⌊n1, n2∂2⌋ · ⌊n′n2∂2

1 , (n−
1 )n2∂2 · n1⌋ · ⌊n′

1, n2∂2⌋((n
−
1 )n2∂2 ·n1)∂1

= n2 · ⌊n1, n2∂2⌋ · ⌊n′n2∂2
1 , (n−

1 )n2∂2 · n1⌋ · ⌊n′
1, n2∂2⌋(n

−
1 ∂1)n2∂2∂1 ·n1∂1

(2CM 5)= n2 · ⌊n1, n2∂2⌋ · ⌊n′n2∂2
1 , (n−

1 )n2∂2 · nn2∂2∂1
1 ⌋ · ⌊n′

1, n2∂2⌋n
−
1 ∂1·n1∂1

= n2 · ⌊n1, n2∂2⌋ · ⌊n′n2∂2
1 , (n−

1 )n2∂2 · nn2∂2∂1
1 ⌋ · ⌊n′

1, n2∂2⌋
(2CM 3)= n2 · ⌊n1, n2∂2⌋ · ⌊n′n2∂2

1 , ⌊n1, n2∂2⌋∂2⌋ · ⌊n′
1, n2∂2⌋

(2CM 9)= n2 · ⌊n1 · n′
1, n2∂2⌋

= n
n1·n′

1
2 .

53



Chapter 4: ⌊2, 0⌋-simplicial groups and 2-crossed modules

Finally, we calculate

(n2 · n′
2)n1

= n2 · n′
2 · ⌊n1, (n2 · n′

2)∂2⌋
= n2 · n′

2 · ⌊n1, n2∂2 · n′
2∂2⌋

(2CM 8)= n2 · n′
2 · ⌊n

n2∂2
1 , n′

2∂2⌋ · ⌊n1, n2∂2⌋n
′
2∂2∂1

= n2 · n′
2 · ⌊n

n2∂2∂1
1 · (n−

1 )n2∂2∂1 · nn2∂2
1 , n′

2∂2⌋ · ⌊n1, n2∂2⌋n
′
2∂2∂1

(2CM 3)= n2 · n′
2 · ⌊n

n2∂2∂1
1 · (⌊n1, n2∂2⌋∂2)−, n′

2∂2⌋ · ⌊n1, n2∂2⌋n
′
2∂2∂1

(2CM 5)= n2 · n′
2 · ⌊n1 · (⌊n1, n2∂2⌋∂2)−, n′

2∂2⌋ · ⌊n1, n2∂2⌋
(2CM 9)= n2 · n′

2 · ⌊n1, n
′
2∂2⌋ · ⌊((⌊n1, n2∂2⌋∂2)−)n′

2∂2 , ⌊n1, n
′
2∂2⌋∂2⌋ · ⌊(⌊n1, n2∂2⌋∂2)−, n′

2∂2⌋ · ⌊n1, n2∂2⌋
= n2 · n′

2 · ⌊n1, n
′
2∂2⌋ · ⌊((⌊n1, n2∂2⌋)−)n′

2∂2, ⌊n1, n
′
2∂2⌋∂2⌋ · ⌊⌊n1, n2∂2⌋−∂2, n

′
2∂2⌋ · ⌊n1, n2∂2⌋

(2CM 1)= n2 · n′
2 · ⌊n1, n

′
2∂2⌋ · [⌊n1, n

′
2∂2⌋, ((⌊n1, n2∂2⌋)−)n′

2 ] · [n′
2, ⌊n1, n2∂2⌋−] · ⌊n1, n2∂2⌋

= n2 · n′
2 · ⌊n1, n

′
2∂2⌋ · ⌊n1, n

′
2∂2⌋− · ⌊n1, n2∂2⌋n

′
2 · ⌊n1, n

′
2∂2⌋ · ((⌊n1, n2∂2⌋)−)n′

2 · n′ −
2 · ⌊n1, n2∂2⌋ · n′

2
· ⌊n1, n2∂2⌋− · ⌊n1, n2∂2⌋

= n2 · n′
2 · ⌊n1, n2∂2⌋n

′
2 · ⌊n1, n

′
2∂2⌋ · ((⌊n1, n2∂2⌋)−)n′

2 · ⌊n1, n2∂2⌋n
′
2

= n2 · n′
2 · ⌊n1, n2∂2⌋n

′
2 · ⌊n1, n

′
2∂2⌋

= n2 · n′
2 · n′ −

2 · ⌊n1, n2∂2⌋ · n′
2 · ⌊n1, n

′
2∂2⌋

= n2 · ⌊n1, n2∂2⌋ · n′
2 · ⌊n1, n

′
2∂2⌋

= nn1
2 · n

′n1
2 .

□

Remark 56 We have
n
n′

2∂2
2 = n

n′
2

2

for n2, n
′
2 ∈ N2.

Proof. We obtain
n
n′

2∂2
2

Lem. 55= n2 · ⌊n′
2∂2, n2∂2⌋

(2CM 1)= n2 · [n2, n
′
2]

= n2 · n−
2 · n

′ −
2 · n2 · n′

2

= n
n′

2
2 .

□

Remark 57 We have
nn1

2 ∂2 = (n2∂2)n1

for n1 ∈ N1 and n2 ∈ N2.

Proof. We obtain
nn1

2 ∂2
Lem. 55= (n2 · ⌊n1, n2∂2⌋)∂2

= n2∂2 · ⌊n1, n2∂2⌋∂2
(2CM 3)= n2∂2 · (n−

1 )n2∂2 · nn2∂2∂1
1

(2CM 5)= n2∂2 · (n−
1 )n2∂2 · n1

= n2∂2 · (n2∂2)− · n−
1 · n2∂2 · n1

= n−
1 · n2∂2 · n1

= (n2∂2)n1 .

□
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Remark 58 We have
nn1

2 = ⌊n1, n
−
2 ∂2⌋− · n2

= ⌊n−
2 ∂2, n1⌋ · nn1∂1

2

for n1 ∈ N1 and n2 ∈ N2.

Proof. We obtain

nn1
2

Lem. 55= ((n−
2 )n1)−

Lem. 55= (n−
2 · ⌊n1, n

−
2 ∂2⌋)−

= ⌊n1, n
−
2 ∂2⌋− · n2

= ⌊n1, n
−
2 ∂2⌋− · n2 · (n−

2 )n1∂1 · nn1∂1
2

(2CM 2)= ⌊n1, n
−
2 ∂2⌋− · ⌊n1, n

−
2 ∂2⌋ · ⌊n−

2 ∂2, n1⌋ · nn1∂1
2

= ⌊n−
2 ∂2, n1⌋ · nn1∂1

2 .

□

Lemma 59 We have the following group morphism.

N0 ⋉β1 N1
ε1,2−−→ Aut(N1 ⋉ε2 N2)

(n0, n1) 7−→ ((ň1, n2) 7→ (ň1, n2)(n0,n1) := ((ňn0
1 )n1 , ⌊ňn0

1 , n1⌋ · nn0·n1∂1
2 ))

Proof. We use Remark 6.
Suppose given n0, n

′
0 ∈ N0, ň1, n1, n

′
1 ∈ N1 and n2, n

′
2 ∈ N2.

In order to facilitate calculations, we write a := n0, b := n′
0, c := ň1, d := n1, e := n′

1, f := n2
and g := n′

2.

Then a, b ∈ N0, c, d, e ∈ N1 and f, g ∈ N2.

We have
(n1, n2)1 = (n1, n2)(1,1)

= ((n1
1)1, ⌊n1

1, 1⌋ · n1·1∂1
2 )

Rem. 37= (n1, n2).

We have to show that

((ň1, n2)(n0,n1))(n′
0,n

′
1) != (ň1, n2)(n0,n1)·(n′

0,n
′
1).

So we have to show that
((c, f)(a,d))(b,e) != (c, f)(a,d)·(b,e).

We obtain
((c, f)(a,d))(b,e) = ((ca)d, ⌊ca, d⌋ · fa · d∂1)(b,e)

= ((((ca)d)b)e, ⌊((ca)d)b, e⌋ · (⌊ca, d⌋ · fa · d∂1)b · e∂1)
= ((((ca)d)b)e, ⌊((ca)d)b, e⌋ · ⌊ca, d⌋b · e∂1 · fa · d∂1· b · e∂1)
= (((d− · ca · d)b)e, ⌊(d− · ca · d)b, e⌋ · ⌊ca, d⌋b · e∂1 · fa · d∂1· b · e∂1)
= (e− · (d− · ca · d)b · e, ⌊(d− · ca · d)b, e⌋ · ⌊ca, d⌋b · e∂1 · fa · d∂1· b · e∂1)
= (e− · (db)− · ca · b · db · e, ⌊(db)− · ca · b · db, e⌋ · ⌊ca, d⌋b · e∂1 · fa · d∂1· b · e∂1)
= ((ca · b)db· e, ⌊(ca · b)db

, e⌋ · ⌊ca, d⌋b · e∂1 · fa · d∂1· b · e∂1)
= ((ca · b)db· e, ⌊(ca · b)db

, e⌋ · (⌊ca, d⌋b)e∂1 · fa · d∂1· b · e∂1)
(2CM 4)= ((ca · b)db· e, ⌊(ca · b)db

, e⌋ · ⌊ca · b, db⌋e∂1 · fa · d∂1· b · e∂1)
(2CM 8)= ((ca · b)db· e, ⌊ca · b, db · e⌋ · fa · d∂1· b · e∂1)

= ((ca · b)db· e, ⌊ca · b, db · e⌋ · fa · b · b−· d∂1· b · e∂1)
= ((ca · b)db· e, ⌊ca · b, db · e⌋ · fa · b · (d∂1)b· e∂1)

(2CM 6)= ((ca · b)db· e, ⌊ca · b, db · e⌋ · fa · b · db∂1· e∂1)
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= ((ca · b)db· e, ⌊ca · b, db · e⌋ · fa · b · (db· e)∂1)
= (c, f)(a · b,db· e)

= (c, f)(a,d)·(b,e).

Moreover, we have to show that

((ň1, n2) · (n′
1, n

′
2))(n0,n1) != (ň1, n2)(n0,n1) · (n′

1, n
′
2)(n0,n1).

So we have to show that

((c, f) · (e, g))(a,d) != (c, f)(a,d) · (e, g)(a,d).

We obtain
((c, f) · (e, g))(a,d)

= (c · e, fe · g)(a,d)

= (((c · e)a)d, ⌊(c · e)a, d⌋ · (fe · g)a · d∂1)
Lem. 55= (((c · e)a)d, ⌊(c · e)a, d⌋ · (f · ⌊e, f∂2⌋ · g)a · d∂1)

= ((ca)d · (ea)d, ⌊ca · ea, d⌋ · fa · d∂1 · ⌊e, f∂2⌋a · d∂1 · ga · d∂1)
(2CM 9)= ((ca)d · (ea)d, ⌊ca, d⌋ · ⌊(ea)d, ⌊ca, d⌋∂2⌋ · ⌊ea, d⌋ · fa · d∂1 · ⌊e, f∂2⌋a · d∂1 · ga · d∂1)
(2CM 4)= ((ca)d · (ea)d, ⌊ca, d⌋ · ⌊(ea)d, ⌊ca, d⌋∂2⌋ · ⌊ea, d⌋ · fa · d∂1 · ⌊ea · d∂1 , (f∂2)a · d∂1⌋ · ga · d∂1)
(2CM 7)= ((ca)d · (ea)d, ⌊ca, d⌋ · ⌊(ea)d, ⌊ca, d⌋∂2⌋ · ⌊ea, d⌋ · fa · d∂1 · ⌊ea · d∂1 , fa · d∂1∂2⌋ · ga · d∂1)
Lem. 55= ((ca)d · (ea)d, ⌊ca, d⌋ · ⌊(ea)d, ⌊ca, d⌋∂2⌋ · ⌊ea, d⌋ · (fa · d∂1)ea · d∂1 · ga · d∂1)

= ((ca)d · (ea)d, ⌊ca, d⌋ · ⌊(ea)d, ⌊ca, d⌋∂2⌋ · ⌊ea, d⌋ · (fa · d∂1)(ea)d· ((ea)−)d· (ea)d∂1 · ga · d∂1)
(2CM 3)= ((ca)d · (ea)d, ⌊ca, d⌋ · ⌊(ea)d, ⌊ca, d⌋∂2⌋ · ⌊ea, d⌋ · (fa · d∂1)(ea)d· ⌊ea,d⌋∂2 · ga · d∂1)

= ((ca)d · (ea)d, ⌊ca, d⌋ · ⌊(ea)d, ⌊ca, d⌋∂2⌋ · ⌊ea, d⌋ · ((fa · d∂1)(ea)d)⌊ea,d⌋∂2 · ga · d∂1)
Rem. 56= ((ca)d · (ea)d, ⌊ca, d⌋ · ⌊(ea)d, ⌊ca, d⌋∂2⌋ · ⌊ea, d⌋ · ((fa · d∂1)(ea)d)⌊ea,d⌋ · ga · d∂1)

= ((ca)d · (ea)d, ⌊ca, d⌋ · ⌊(ea)d, ⌊ca, d⌋∂2⌋ · ⌊ea, d⌋ · ⌊ea, d⌋− · (fa · d∂1)(ea)d · ⌊ea, d⌋ · ga · d∂1)
= ((ca)d · (ea)d, ⌊ca, d⌋ · ⌊(ea)d, ⌊ca, d⌋∂2⌋ · (fa · d∂1)(ea)d · ⌊ea, d⌋ · ga · d∂1)

Lem. 55= ((ca)d · (ea)d, ⌊ca, d⌋(ea)d · (fa · d∂1)(ea)d · ⌊ea, d⌋ · ga · d∂1)
= ((ca)d · (ea)d, (⌊ca, d⌋ · fa · d∂1)(ea)d · ⌊ea, d⌋ · ga · d∂1)
= ((ca)d, ⌊ca, d⌋ · fa · d∂1) · ((ea)d, ⌊ea, d⌋ · ga · d∂1)
= (c, f)(a,d) · (e, g)(a,d).

□

Remark 60 We have the following group morphism.

N0 ⋉β1 N1
dN Rec,1

0−−−−−→ N0
(n0, n1) 7−→ n0 · n1∂1

Proof. Suppose given n0, n
′
0 ∈ N0 and n1, n

′
1 ∈ N1.

Then we have
(n0, n1) dN Rec,1

0 · (n′
0, n

′
1) dN Rec,1

0 = n0 · n1∂1 · n′
0 · n′

1∂1
= n0 · n′

0 · n′ −
0 · n1∂1 · n′

0 · n′
1∂1

= n0 · n′
0 · (n1∂1)n′

0 · n′
1∂1

(2CM 6)= n0 · n′
0 · n

n′
0

1 ∂1 · n′
1∂1

= n0 · n′
0 · (n

n′
0

1 · n′
1)∂1

= (n0 · n′
0, n

n′
0

1 · n′
1) dN Rec,1

0
= ((n0, n1) · (n′

0, n
′
1)) dN Rec,1

0 .

□
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Remark 61 We have the following group morphism.

N0 ⋉β1 N1
sN Rec,1
0−−−−−→ (N0 ⋉β1 N1) ⋉ε1,2 (N1 ⋉ε2 N2)

(n0, n1) 7−→ ((n0, 1), (n1, 1))

Proof. Suppose given n0, n
′
0 ∈ N0 and n1, n

′
1 ∈ N1.

Then we have

(n0, n1) sN Rec,1
0 · (n′

0, n
′
1) sN Rec,1

0 = ((n0, 1), (n1, 1)) · ((n′
0, 1), (n′

1, 1))
= ((n0, 1) · (n′

0, 1), (n1, 1)(n′
0,1) · (n′

1, 1))
Lem. 59= ((n0, 1) · (n′

0, 1), (nn
′
0

1 , ⌊nn
′
0

1 , 1⌋) · (n′
1, 1))

Rem. 37= ((n0, 1) · (n′
0, 1), (nn

′
0

1 , 1) · (n′
1, 1))

= ((n0 · n′
0, 1), (nn

′
0

1 · n′
1, 1))

= (n0 · n′
0, n

n′
0

1 · n′
1) sN Rec,1

0
= ((n0, n1) · (n′

0, n
′
1)) sN Rec,1

0 .

□

Remark 62 We have the following group morphism.

(N0 ⋉β1 N1) ⋉ε1,2 (N1 ⋉ε2 N2)
dN Rec,2

0−−−−−→ N0 ⋉β1 N1
((n0, n1), (ň1, n2)) 7−→ (n0 · n1∂1, ň1 · n2∂2)

Proof. Suppose given n0, n
′
0 ∈ N0, n1, n

′
1, ň1, ň

′
1 ∈ N1 and n2, n

′
2 ∈ N2.

We have to show that

((n0, n1), (ň1, n2)) dN Rec,2
0 · ((n′

0, n
′
1), (ň′

1, n
′
2)) dN Rec,2

0
!= (((n0, n1), (ň1, n2)) · ((n′

0, n
′
1), (ň′

1, n
′
2))) dN Rec,2

0 .

In order to calculate, we write a := n0, b := n′
0, c := n1, d := n′

1, e := ň1, f := ň′
1, g := n2 and

h := n′
2.

Then a, b ∈ N0, c, d, e, f ∈ N1 and g, h ∈ N2.

We have to show that

((a, c), (e, g)) dN Rec,2
0 · ((b, d), (f, h)) dN Rec,2

0
!= (((a, c), (e, g)) · ((b, d), (f, h))) dN Rec,2

0 .

We obtain

((a, c), (e, g)) dN Rec,2
0 · ((b, d), (f, h)) dN Rec,2

0
= (a · c∂1, e · g∂2) · (b · d∂1, f · h∂2)
= (a · c∂1 · b · d∂1, (e · g∂2)b · d∂1 · f · h∂2)
= (a · c∂1 · b · d∂1, e

b · d∂1 · (g∂2)b · d∂1 · f · h∂2)
(2CM 7)= (a · c∂1 · b · d∂1, e

b · d∂1 · gb · d∂1∂2 · f · h∂2)
= (a · b · b− · c∂1 · b · d∂1, (eb)d · ((eb)−)d · eb · d∂1 · gb · d∂1∂2 · f · h∂2)
= (a · b · (c∂1)b · d∂1, (eb)d · ((eb)−)d · eb · d∂1 · gb · d∂1∂2 · f · h∂2)

(2CM 6)= (a · b · cb∂1 · d∂1, (eb)d · ((eb)−)d · (eb)d∂1 · gb · d∂1∂2 · f · h∂2)
(2CM 3)= (a · b · cb∂1 · d∂1, (eb)d · ⌊eb, d⌋∂2 · gb · d∂1∂2 · f · h∂2)

= (a · b · cb∂1 · d∂1, (eb)d · f · ⌊eb, d⌋∂2 · gb · d∂1∂2 · (gb · d∂1∂2)− · (⌊eb, d⌋∂2)− · f−

· ⌊eb, d⌋∂2 · gb · d∂1∂2 · f · h∂2)
= (a · b · cb∂1 · d∂1, (eb)d · f · ⌊eb, d⌋∂2 · gb · d∂1∂2 · (f−)⌊eb,d⌋∂2· gb · d∂1∂2 · f · h∂2)
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= (a · b · (cb · d)∂1, (eb)d · f · ⌊eb, d⌋∂2 · gb · d∂1∂2 · (f−)(⌊eb,d⌋· gb · d∂1 )∂2 · f · h∂2)
(2CM 5)= (a · b · (cb · d)∂1, (eb)d · f · ⌊eb, d⌋∂2 · gb · d∂1∂2 · (f−)(⌊eb,d⌋· gb · d∂1 )∂2 · f (⌊eb,d⌋· gb · d∂1 )∂2∂1 · h∂2)
(2CM 3)= (a · b · (cb · d)∂1, (eb)d · f · ⌊eb, d⌋∂2 · gb · d∂1∂2 · ⌊f, (⌊eb, d⌋ · gb · d∂1)∂2⌋∂2 · h∂2)

= (a · b · (cb · d)∂1, (eb)d · f · (⌊eb, d⌋ · gb · d∂1 · ⌊f, (⌊eb, d⌋ · gb · d∂1)∂2⌋)∂2 · h∂2)
Lem. 55= (a · b · (cb · d)∂1, (eb)d · f · (⌊eb, d⌋ · gb · d∂1)f∂2 · h∂2)

= (a · b · (cb · d)∂1, (eb)d · f · ((⌊eb, d⌋ · gb · d∂1)f · h)∂2)
= ((a · b, cb · d), ((eb)d · f, (⌊eb, d⌋ · gb · d∂1)f · h) dN Rec,2

0
= ((a, c) · (b, d), ((eb)d, ⌊eb, d⌋ · gb · d∂1) · (f, h)) dN Rec,2

0
Lem. 59= ((a, c) · (b, d), (e, g)(b,d) · (f, h)) dN Rec,2

0

= (((a, c), (e, g)) · ((b, d), (f, h))) dN Rec,2
0 .

□

Remark 63 We have the following group morphism.

(N0 ⋉β1 N1) ⋉ε1,2 (N1 ⋉ε2 N2)
dN Rec,2

1−−−−−→ N0 ⋉β1 N1
((n0, n1), (ň1, n2)) 7−→ (n0, n1 · ň1)

Proof. Suppose given n0, n
′
0 ∈ N0, n1, n

′
1, ň1, ň

′
1 ∈ N1 and n2, n

′
2 ∈ N2.

We have to show that

((n0, n1), (ň1, n2)) dN Rec,2
1 · ((n′

0, n
′
1), (ň′

1, n
′
2)) dN Rec,2

1
!= (((n0, n1), (ň1, n2)) · ((n′

0, n
′
1), (ň′

1, n
′
2))) dN Rec,2

1 .

In order to calculate, we write a := n0, b := n′
0, c := n1, d := n′

1, e := ň1, f := ň′
1, g := n2 and

h := n′
2.

Then a, b ∈ N0, c, d, e, f ∈ N1 and g, h ∈ N2.

We have to show that

((a, c), (e, g)) dN Rec,2
1 · ((b, d), (f, h)) dN Rec,2

1
!= (((a, c), (e, g)) · ((b, d), (f, h))) dN Rec,2

1 .

We obtain
((a, c), (e, g)) dN Rec,2

1 · ((b, d), (f, h)) dN Rec,2
1

= (a, c · e) · (b, d · f)
= (a · b, (c · e)b · d · f)
= (a · b, cb · eb · d · f)
= (a · b, cb · d · d− · eb · d · f)
= (a · b, cb · d · (eb)d · f)
= ((a · b, cb · d), ((eb)d · f, (⌊eb, d⌋ · gb ·d∂1)f · h) dN Rec,2

1

= ((a, c) · (b, d), ((eb)d, ⌊eb, d⌋ · gb ·d∂1) · (f, h)) dN Rec,2
1

Lem. 59= ((a, c) · (b, d), (e, g)(b,d) · (f, h)) dN Rec,2
1

= (((a, c), (e, g)) · ((b, d), (f, h))) dN Rec,2
1 .

□

Lemma 64 Consider the groups (N0⋉β1N1)⋉ε1,2 (N1⋉ε2N2), N0⋉β1N1 and N0; cf. Lemma 55,
Lemma 59 and Definition 36.
With the help of Remark 7 we have the group morphism

N0
sN Rec,0
0−−−−−→ N0 ⋉ε2 N1 : n0 7−→ (n0, 1).
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With the help of Remark 60 and Remark 7 we have the group morphisms

N0 ⋉β1 N1
dN Rec,1

0−−−−−→ N0 : (n0, n1) 7−→ n0 · n1∂1

N0 ⋉β1 N1
dN Rec,1

1−−−−−→ N0 : (n0, n1) 7−→ n0.

With the help of Remark 61 and Remark 7 we have the group morphisms

N0 ⋉β1 N1
sN Rec,1
0−−−−−→ (N0 ⋉β1 N1) ⋉ε1,2 (N1 ⋉ε2 N2) : (n0, n1) 7−→ ((n0, 1), (n1, 1))

N0 ⋉β1 N1
sN Rec,1
1−−−−−→ (N0 ⋉β1 N1) ⋉ε1,2 (N1 ⋉ε2 N2) : (n0, n1) 7−→ ((n0, n1), (1, 1)).

With the help of Remark 62, Remark 63 and Remark 7 we have the group morphisms

(N0 ⋉β1 N1) ⋉ε1,2 (N1 ⋉ε2 N2)
dN Rec,2

0−−−−−→ N0 ⋉β1 N1 : ((n0, n1), (ň1, n2)) 7−→ (n0 · n1∂1, ň1 · n2∂2)

(N0 ⋉β1 N1) ⋉ε1,2 (N1 ⋉ε2 N2)
dN Rec,2

1−−−−−→ N0 ⋉β1 N1 : ((n0, n1), (ň1, n2)) 7−→ (n0, n1 · ň1)

(N0 ⋉β1 N1) ⋉ε1,2 (N1 ⋉ε2 N2)
dN Rec,2

2−−−−−→ N0 ⋉β1 N1 : ((n0, n1), (ň1, n2)) 7−→ (n0, n1).

Then

N Rec := ((N0 ⋉β1 N1) ⋉ε1,2 (N1 ⋉ε2 N2), N0 ⋉β1 N1, N0, dN Rec,2
0 , dN Rec,2

1 , dN Rec,2
2 , sN Rec,1

0 , sN Rec,1
1 ,

dN Rec,1
0 , dN Rec,1

1 , sN Rec,0
0 )

is a ⌊2, 0⌋-simplicial group; cf. Definition 30.

(N0 ⋉β1 N1) ⋉ε1,2 (N1 ⋉ε2 N2) N0 ⋉β1 N1 N0
dN Rec,2

1

dN Rec,2
2

dN Rec,2
0

dN Rec,1
1

dN Rec,1
0sN Rec,1

0

sN Rec,1
1

sN Rec,0
0

So N Rec2 = (N0 ⋉β1 N1) ⋉ε1,2 (N1 ⋉ε2 N2), N Rec1 = N0 ⋉β1 N1 and N Rec0 = N0.

Proof. We verify the conditions (1, 2) of Definition 30.

In order to calculate, we abbreviate di := dN Rec,k
i and si := sN Rec,k

i , for all occurring i, k.
Ad (1). Suppose given n0 ∈ N0, n1, ň1 ∈ N1 and n2 ∈ N2.

We calculate as follows.

n0(s0 ▲ d0) = (n0 s0) d0
= (n0, 1) d0
= n0

n0(s0 ▲ d1) = (n0 s0) d1
= (n0, 1) d1
= n0

(n0, n1)(s0 ▲ d0) = ((n0, n1) s0) d0
= ((n0, 1), (n1, 1)) d0
= (n0, n1)
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(n0, n1)(s0 ▲ d1) = ((n0, n1) s0) d1
= ((n0, 1), (n1, 1)) d1
= (n0, n1)

(n0, n1)(s1 ▲ d1) = ((n0, n1) s1) d1
= ((n0, n1), (1, 1)) d1
= (n0, n1)

(n0, n1)(s1 ▲ d2) = ((n0, n1) s1) d2
= ((n0, n1), (1, 1)) d2
= (n0, n1)

(n0, n1)(s0 ▲ d2) = ((n0, n1) s0) d2
= ((n0, 1), (n1, 1)) d2
= (n0, 1)
= n0 s0
= ((n0, n1) d1) s0
= (n0, n1)(d1 ▲ s0)

(n0, n1)(s1 ▲ d0) = ((n0, n1) s1) d0
= ((n0, n1), (1, 1)) d0
= (n0 · n1∂1, 1)
= (n0 · n1∂1) s0
= ((n0, n1) d0) s0
= (n0, n1)(d0 ▲ s0)

((n0, n1), (ň1, n2))(d1 ▲ d0) = (((n0, n1), (ň1, n2)) d1) d0
= (n0, n1 · ň1) d0
= n0 · (n1 · ň1)∂1

(2CM 5)= n0 · (n1 · ň1)∂1 · n2∂2∂1

= n0 · n1∂1 · (ň1 · n2∂2)∂1
= (n0 · n1∂1, ň1 · n2∂2) d0
= (((n0, n1), (ň1, n2)) d0) d0
= ((n0, n1), (ň1, n2))(d0 ▲ d0)

((n0, n1), (ň1, n2))(d2 ▲ d0) = (((n0, n1), (ň1, n2)) d2) d0
= (n0, n1) d0
= n0 · n1∂1
= (n0 · n1∂1, ň1 · n2∂2) d1
= (((n0, n1), (ň1, n2)) d0) d1
= ((n0, n1), (ň1, n2))(d0 ▲ d1)

((n0, n1), (ň1, n2))(d2 ▲ d1) = (((n0, n1), (ň1, n2)) d2) d1
= (n0, n1) d1
= n0
= (n0, n1 · ň1) d1
= (((n0, n1), (ň1, n2)) d1) d1
= ((n0, n1), (ň1, n2))(d1 ▲ d1)

n0(s0 ▲ s0) = (n0 s0) s0
= (n0, 1) s0
= ((n0, 1), (1, 1))
= (n0, 1) s1
= (n0 s0) s1
= n0(s0 ▲ s1)
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Altogether, we have
sN Rec,0
0 ▲ dN Rec,1

0 = idN Rec0

sN Rec,0
0 ▲ dN Rec,1

1 = idN Rec0

sN Rec,1
0 ▲ dN Rec,2

0 = idN Rec1

sN Rec,1
0 ▲ dN Rec,2

1 = idN Rec1

sN Rec,1
1 ▲ dN Rec,2

1 = idN Rec1

sN Rec,1
1 ▲ dN Rec,2

2 = idN Rec1

sN Rec,1
0 ▲ dN Rec,2

2 = dN Rec,1
1 ▲ sN Rec,0

0

sN Rec,1
1 ▲ dN Rec,2

0 = dN Rec,1
0 ▲ sN Rec,0

0

dN Rec,2
1 ▲ dN Rec,1

0 = dN Rec,2
0 ▲ dN Rec,1

0

dN Rec,2
2 ▲ dN Rec,1

0 = dN Rec,2
0 ▲ dN Rec,1

1

dN Rec,2
2 ▲ dN Rec,1

1 = dN Rec,2
1 ▲ dN Rec,1

1

sN Rec,0
0 ▲ sN Rec,1

0 = sN Rec,0
0 ▲ sN Rec,1

1 .

Ad (2). We have

ker dN Rec,2
0 = {((n−

1 ∂1, n1), (n−
2 ∂2, n2)) : n1 ∈ N1, n2 ∈ N2}

ker dN Rec,2
1 = {((1, n1), (n−

1 , n2)) : n1 ∈ N1, n2 ∈ N2}
ker dN Rec,2

2 = {((1, 1), (n1, n2)) : n1 ∈ N1, n2 ∈ N2}
ker dN Rec,2

1 ∩ ker dN Rec,2
2 = {((1, 1), (1, n2)) : n2 ∈ N2}

ker dN Rec,2
0 ∩ ker dN Rec,2

2 = {((1, 1), (n−
2 ∂2, n2)) : n2 ∈ N2}

ker dN Rec,2
0 ∩ ker dN Rec,2

1
(2CM 5)= {((1, n2∂2), (n−

2 ∂2, n2)) : n2 ∈ N2}.

We want to show that

[ker dN Rec,2
0 , ker dN Rec,2

1 ∩ ker dN Rec,2
2 ] != 1.

Suppose given n1 ∈ N1 and n2, n
′
2 ∈ N2.

We have to show that

((n−
1 ∂1, n1), (n−

2 ∂2, n2)) · ((1, 1), (1, n′
2)) != ((1, 1), (1, n′

2)) · ((n−
1 ∂1, n1), (n−

2 ∂2, n2)).

In order to calculate, we write a = n1, b = n2 and c = n′
2.

Then a ∈ N1 and b, c ∈ N2.

So we have to show that

((a−∂1, a), (b−∂2, b)) · ((1, 1), (1, c)) != ((1, 1), (1, c)) · ((a−∂1, a), (b−∂2, b)).

We obtain
((a−∂1, a), (b−∂2, b)) · ((1, 1), (1, c)) = ((a−∂1, a), ((b−∂2, b) · (1, c)))

= ((a−∂1, a), (b−∂2, b · c))
= ((a−∂1, a), (b−∂2, b · c · b− · b))
= ((a−∂1, a), (b−∂2, c

b− · b))
Rem. 56= ((a−∂1, a), (b−∂2, c

b−∂2 · b))
= ((a−∂1, a), (1, c) · (b−∂2, b))

Rem. 37= ((a−∂1, a), (1, ⌊1, a⌋ · c) · (b−∂2, b))
= ((a−∂1, a), (1, ⌊1, a⌋ · c a−∂1· a∂1) · (b−∂2, b))

Lem. 59= ((a−∂1, a), (1, c)(a−∂1, a) · (b−∂2, b))
= ((1, 1), (1, c)) · ((a−∂1, a), (b−∂2, b)).
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We want to show that

[ker dN Rec,2
1 , ker dN Rec,2

0 ∩ ker dN Rec,2
2 ] != 1.

Suppose given n1 ∈ N1 and n2, n
′
2 ∈ N2.

We have to show that

((1, n1), (n−
1 , n2)) · ((1, 1), (n′ −

2 ∂2, n
′
2)) != ((1, 1), (n′ −

2 ∂2, n
′
2)) · ((1, n1), (n−

1 , n2)).

In order to calculate, we write a = n1, b = n2 and c = n′
2.

Then a ∈ N1 and b, c ∈ N2.

So we have to show that

((1, a), (a−, b)) · ((1, 1), (c−∂2, c))
!= ((1, 1), (c−∂2, c)) · ((1, a), (a−, b)).

We obtain

((1, a), (a−, b)) · ((1, 1), (c−∂2, c))
= ((1, a), (a−, b) · (c−∂2, c))
= ((1, a), (a− · c−∂2, b

c−∂2 · c))
Rem. 56= ((1, a), (a− · c−∂2, b

c− · c))
= ((1, a), (a− · c−∂2, c · b · c− · c))
= ((1, a), (a− · c−∂2, c · b))
= ((1, a), (a− · c−∂2, (c a)a

− · b))
Lem. 55= ((1, a), (a− · c−∂2, c

a · ⌊a−, c a∂2⌋ · b))
Rem. 58= ((1, a), (a− · c−∂2, ⌊c−∂2, a⌋ · c a∂1 · ⌊a−, c a∂2⌋ · b))
Rem. 57= ((1, a), (a− · c−∂2, ⌊c−∂2, a⌋ · c a∂1 · ⌊a−, (c∂2)a⌋ · b))

= ((1, a), (a− · c−∂2 · a · a−, ⌊c−∂2, a⌋ · c a∂1 · ⌊a−, (c∂2)a · (c−∂2)a∂1 · (c∂2)a∂1⌋ · b))
= ((1, a), ((c−∂2)a · a−, ⌊c−∂2, a⌋ · c a∂1 · ⌊a−, (c∂2)a · (c−∂2)a∂1 · (c∂2)a∂1⌋ · b))

(2CM 7)= ((1, a), ((c−∂2)a · a−, ⌊c−∂2, a⌋ · c a∂1 · ⌊a−, (c∂2)a · (c−∂2)a∂1 · ca∂1∂2⌋ · b))

(2CM 3)= ((1, a), ((c−∂2)a · a−, ⌊c−∂2, a⌋ · c a∂1 · ⌊a−, ⌊c−∂2, a⌋∂2 · c a∂1∂2⌋ · b))
= ((1, a), ((c−∂2)a · a−, ⌊c−∂2, a⌋ · c a∂1 · ⌊a−, (⌊c−∂2, a⌋ · c a∂1)∂2⌋ · b))

Lem. 55= ((1, a), ((c−∂2)a · a−, (⌊c−∂2, a⌋ · c a∂1)a− · b))
= ((1, a), ((c−∂2)a, ⌊c−∂2, a⌋ · c a∂1) · (a−, b))

Lem. 59= ((1, a), (c−∂2, c)(1,a) · (a−, b))
= ((1, 1), (c−∂2, c)) · ((1, a), (a−, b)).

Finally, we want to show that

[ker dN Rec,2
2 , ker dN Rec,2

0 ∩ ker dN Rec,2
1 ] != 1.

Suppose given n1 ∈ N1 and n2, n
′
2 ∈ N2.

We have to show that

((1, 1), (n1, n2)) · ((1, n′
2∂2), (n′ −

2 ∂2, n
′
2)) != ((1, n′

2∂2), (n′ −
2 ∂2, n

′
2)) · ((1, 1), (n1, n2)).

In order to calculate, we write a = n1, b = n2 and c = n′
2.

Then a ∈ N1 and b, c ∈ N2.
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So we have to show that

((1, 1), (a, b)) · ((1, c∂2), (c−∂2, c))
!= ((1, c∂2), (c−∂2, c)) · ((1, 1), (a, b)).

We obtain
((1, 1), (a, b)) · ((1, c∂2), (c−∂2, c)) = ((1, c∂2), (a, b)(1,c∂2) · (c−∂2, c))

Lem. 59= ((1, c∂2), (ac∂2 , ⌊a, c∂2⌋ · b c∂2∂1) · (c−∂2, c))
(2CM 5)= ((1, c∂2), (ac∂2 , ⌊a, c∂2⌋ · b) · (c−∂2, c))

= ((1, c∂2), (ac∂2 · c−∂2, (⌊a, c∂2⌋ · b) c
−∂2 · c))

= ((1, c∂2), (c−∂2 · a · c∂2 · c−∂2, (⌊a, c∂2⌋ · b)c
−∂2 · c))

= ((1, c∂2), (c−∂2 · a, (⌊a, c∂2⌋ · b)c
−∂2 · c))

Rem. 56= ((1, c∂2), (c−∂2 · a, (⌊a, c∂2⌋ · b)c
− · c))

= ((1, c∂2), (c−∂2 · a, c · ⌊a, c∂2⌋ · b · c− · c))
= ((1, c∂2), (c−∂2 · a, c · ⌊a, c∂2⌋ · b))

Lem. 55= ((1, c∂2), (c−∂2 · a, c a · b))
= ((1, c∂2), (c−∂2, c) · (a, b))
= ((1, c∂2), (c−∂2, c)) · ((1, 1), (a, b)).

□

4.6.2 The construction for the morphisms

Suppose given 2-crossed modules

N = (N2, N1, N0, ∂2, ∂1, β1, β2, ζ)

and
Ñ = (Ñ2, Ñ1, Ñ0, ∂̃2, ∂̃1, β̃1, β̃2, ζ̃);

cf. Definition 36.
Recall that we have the group morphisms

N1
ε2−→ Aut(N2)

n1 7−→ (n2 7→ nn1
2 := n2 · ⌊n1, n2∂2⌋)

and
Ñ1

ε̃2−→ Aut(Ñ2)
ñ1 7−→ (ñ2 7→ ññ1

2 := ñ2 · ⌊ñ1, ñ2∂̃2⌋);
cf. Lemma 55.
Recall that we have the group morphisms

N0 ⋉β1 N1
ε1,2−−→ Aut(N1 ⋉ε2 N2)

(n0, n1) 7−→ ((ň1, n2) 7→ (ň1, n2)(n0,n1) := ((ňn0
1 )n1 , ⌊ňn0

1 , n1⌋ · nn0·n1∂1
2 ))

and

Ñ0 ⋉β̃1
Ñ1

ε̃1,2−−→ Aut(Ñ1 ⋉ε̃2 Ñ2)
(ñ0, ñ1) 7−→ ((˜̌n1, ñ2) 7→ (˜̌n1, ñ2)(ñ0,ñ1) := ((˜̌nñ0

1 )ñ1 , ⌊˜̌nñ0
1 , ñ1⌋ · ññ0· ñ1∂̃1

2 ));

cf. Lemma 59.
Suppose given a morphism

ν = (ν2, ν1, ν0) : (N2, N1, N0)→ (Ñ2, Ñ1, Ñ0)

of 2-crossed modules; cf. Definition 39.
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Remark 65 We have the following group morphism.

N0
ν Rec0−−−−→ Ñ0

n0 7−→ n0ν0

So ν Rec0 := ν0. Cf. Definition 39.

Lemma 66 We have the following group morphism.

N0 ⋉β1 N1
ν Rec1−−−−→ Ñ0 ⋉β̃1

Ñ1
(n0, n1) 7−→ (n0ν0, n1ν1)

Proof. Suppose given n0, n
′
0 ∈ N0 and n1, n

′
1 ∈ N1.

We have

((n0, n1) · (n′
0, n

′
1))(ν Rec1) = (n0 · n′

0, n
n′

0
1 · n′

1)(ν Rec1)

= ((n0 · n′
0)ν0, (n

n′
0

1 · n′
1)ν1)

= (n0ν0 · n′
0ν0, (n

n′
0

1 )ν1 · n′
1ν1)

(2CMM 1.1)= (n0ν0 · n′
0ν0, (n1ν1)n′

0ν0 · n′
1ν1)

= (n0ν0, n1ν1) · (n′
0ν0 · n′

1ν1)
= (n0, n1)(ν Rec1) · (n′

0, n
′
1)(ν Rec1).

□

Remark 67 We have
(nn1

2 )ν2 = (n2ν2)n1ν1

for n1 ∈ N1 and n2 ∈ N2.

Proof. We obtain
(nn1

2 )ν2
Lem. 55= (n2 · ⌊n1, n2∂2⌋)ν2

= n2ν2 · ⌊n1, n2∂2⌋ν2
(2CMM 2)= n2ν2 · ⌊n1ν1, n2∂2ν1⌋

Def. 39= n2ν2 · ⌊n1ν1, n2ν2∂̃2⌋
Lem. 55= (n2ν2)n1ν1 .

□

Lemma 68 We have the following group morphism.

N1 ⋉ε2 N2
ν Rec1,2−−−−−→ Ñ1 ⋉ε̃2 Ñ2

(n1, n2) 7−→ (n1ν1, n2ν2)

Proof. Suppose given n1, n
′
1 ∈ N1 and n2, n

′
2 ∈ N2.

We have

((n1, n2) · (n′
1, n

′
2))(ν Rec1,2) = (n1 · n′

1, n
n′

1
2 · n′

2)(ν Rec1,2)

= ((n1 · n′
1)ν1, (n

n′
1

2 · n′
2)ν2)

= (n1ν1 · n′
1ν1, (n

n′
1

2 )ν2 · n′
2ν2)

Rem. 67= (n1ν1 · n′
1ν1, (n2ν2)n′

1ν1 · n′
2ν2)

= (n1ν1, n2ν2) · (n′
1ν1, n

′
2ν2)

= (n1, n2)(ν Rec1,2) · (n′
1, n

′
2)(ν Rec1,2).

□
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Lemma 69 We have

((ň1, n2)(n0,n1))(ν Rec1,2) = ((ň1, n2)(ν Rec1,2))(n0,n1)(ν Rec1)

for n0 ∈ N0, n1, ň1 ∈ N1 and n2 ∈ N2.

Proof. We obtain

((ň1, n2)(n0,n1))(ν Rec1,2) Lem. 59= ((ňn0
1 )n1 , ⌊ňn0

1 , n1⌋ · nn0·n1∂1
2 )(ν Rec1,2)

= ((ňn0
1 )n1ν1, (⌊ňn0

1 , n1⌋ · nn0·n1∂1
2 )ν2)

= ((ňn0
1 )n1ν1, ⌊ňn0

1 , n1⌋ν2 · (nn0·n1∂1
2 )ν2)

= (((ňn0
1 )ν1)n1ν1 , ⌊ňn0

1 , n1⌋ν2 · (nn0·n1∂1
2 )ν2)

(2CMM 2)= (((ňn0
1 )ν1)n1ν1 , ⌊(ňn0

1 )ν1, n1ν1⌋ · (nn0·n1∂1
2 )ν2)

(2CMM 1.1)= (((ň1ν1)n0ν0)n1ν1 , ⌊(ň1ν1)n0ν0 , n1ν1⌋ · (nn0·n1∂1
2 )ν2)

(2CMM 1.2)= (((ň1ν1)n0ν0)n1ν1 , ⌊(ň1ν1)n0ν0 , n1ν1⌋ · (n2ν2)(n0·n1∂1)ν0)
= (((ň1ν1)n0ν0)n1ν1 , ⌊(ň1ν1)n0ν0 , n1ν1⌋ · (n2ν2)n0ν0·n1∂1ν0)

Def. 39= (((ň1ν1)n0ν0)n1ν1 , ⌊(ň1ν1)n0ν0 , n1ν1⌋ · (n2ν2)n0ν0·n1ν1∂̃1)
Lem. 59= (ň1ν1, n2ν2)(n0ν0,n1ν1)

= ((ň1, n2)(ν Rec1,2))(n0,n1)ν Rec1 .

□

Lemma 70 We have the following group morphism.

(N0 ⋉β1 N1) ⋉ε1,2 (N1 ⋉ε2 N2) ν Rec2−−−−→ (Ñ0 ⋉β̃1
Ñ1) ⋉ε̃1,2 (Ñ1 ⋉ε̃2 Ñ2)

((n0, n1), (ň1, n2)) 7−→ ((n0ν0, n1ν1), (ň1ν1, n2ν2)) = ((n0, n1)(ν Rec1), (ň1, n2)(ν Rec1,2))

Proof. Suppose given n0, n
′
0 ∈ N0, n1, ň1, n

′
1, ň

′
1 ∈ N1 and n2, n

′
2 ∈ N2.

We have

(((n0, n1), (ň1, n2)) · ((n′
0, n

′
1), (ň′

1, n
′
2)))(ν Rec2)

= ((n0, n1) · (n′
0, n

′
1), (ň1, n2)(n′

0,n
′
1) · (ň′

1, n
′
2))(ν Rec2)

= (((n0, n1) · (n′
0, n

′
1))(ν Rec1), ((ň1, n2)(n′

0,n
′
1) · (ň′

1, n
′
2))(ν Rec1,2))

Lem. 66=
Lem. 68

((n0, n1)(ν Rec1) · (n′
0, n

′
1)(ν Rec1), ((ň1, n2)(n′

0,n
′
1))(ν Rec1,2) · (ň′

1, n
′
2)(ν Rec1,2))

Lem. 69= ((n0, n1)(ν Rec1) · (n′
0, n

′
1)(ν Rec1), ((ň1, n2)(ν Rec1,2))(n′

0,n
′
1)(ν Rec1) · (ň′

1, n
′
2)(ν Rec1,2))

= ((n0, n1)(ν Rec1), (ň1, n2)(ν Rec1,2)) · ((n′
0, n

′
1)(ν Rec1), (ň′

1, n
′
2)(ν Rec1,2))

= ((n0, n1), (ň1, n2))(ν Rec2) · ((n′
0, n

′
1), (ň′

1, n
′
2))(ν Rec2).

□

Lemma 71 Recall that we have the ⌊2, 0⌋-simplicial groups

N Rec := ((N0 ⋉β1 N1) ⋉ε1,2 (N1 ⋉ε2 N2), N0 ⋉β1 N1, N0, dN Rec,2
0 , dN Rec,2

1 , dN Rec,2
2 , sN Rec,1

0 ,

sN Rec,1
1 , dN Rec,1

0 , dN Rec,1
1 , sN Rec,0

0 )

and

Ñ Rec := ((Ñ0 ⋉β̃1
Ñ1) ⋉ε̃1,2 (Ñ1 ⋉ε̃2 Ñ2), Ñ0 ⋉β̃1

Ñ1, Ñ0, dÑ Rec,2
0 , dÑ Rec,2

1 , dÑ Rec,2
2 , sÑ Rec,1

0 ,

sÑ Rec,1
1 , dÑ Rec,1

0 , dÑ Rec,1
1 , sÑ Rec,0

0 ).

Cf. Lemma 64.
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Recall the group morphisms ν Rec2, ν Rec1, ν Rec0; cf. Lemma 70, Lemma 66 and Remark 65.
Then

ν Rec := (ν Rec2, ν Rec1, ν Rec0) : (N Rec2, N Rec1, N Rec0)→ (Ñ Rec2, Ñ Rec1, Ñ Rec0)

is a morphism of ⌊2, 0⌋-simplicial groups; cf. Definition 31.

(N0 ⋉β1 N1) ⋉ε1,2 (N1 ⋉ε2 N2) N0 ⋉β1 N1 N0

(Ñ0 ⋉β̃1
Ñ1) ⋉ε̃1,2 (Ñ1 ⋉ε̃2 Ñ2) Ñ0 ⋉β̃1

Ñ1 Ñ0

dN Rec,2
1

dN Rec,2
2

dN Rec,2
0

ν Rec2

dN Rec,1
1

dN Rec,1
0sN Rec,1

0

sN Rec,1
1

ν Rec1

sN Rec,0
0

ν Rec0

dÑ Rec,2
1

dÑ Rec,2
2

dÑ Rec,2
0

dÑ Rec,1
1

dÑ Rec,1
0sÑ Rec,1

0

sÑ Rec,1
1

sÑ Rec,0
0

Proof. Suppose given n0 ∈ N0, n1, ň1 ∈ N1 and n2 ∈ N2.

We calculate as follows.

n0(ν Rec0 ▲ s0) = (n0(ν Rec0)) s0
Lem. 64= (n0(ν Rec0), 1)
Rem. 65= (n0ν0, 1)
Lem. 66= (n0, 1)(ν Rec1)
Lem. 64= (n0 s0)(ν Rec1)

= n0(s0 ▲ ν Rec1)

(n0, n1)(ν Rec1 ▲ d0) = ((n0, n1)(ν Rec1)) d0
Lem. 66= (n0ν0, n1ν1) d0
Lem. 64= n0ν0 · n1ν1∂̃1
Def. 39= n0ν0 · n1∂1ν0

= (n0 · n1∂1)ν0
Rem. 65= (n0 · n1∂1)(ν Rec0)
Lem. 64= ((n0, n1) d0)(ν Rec0)

= (n0, n1)(d0 ▲ ν Rec0)
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(n0, n1)(ν Rec1 ▲ d1) = ((n0, n1)(ν Rec1)) d1
Lem. 66= (n0ν0, n1ν1) d1
Lem. 64= n0ν0
Rem. 65= n0(ν Rec0)
Lem. 64= ((n0, n1) d1)(ν Rec0)

= (n0, n1)(d1 ▲ ν Rec0)

(n0, n1)(ν Rec1 ▲ s0) = ((n0, n1)(ν Rec1)) s0
Lem. 66= (n0ν0, n1ν1) s0
Lem. 64= ((n0ν0, 1), (n1ν1, 1))
Lem. 70= ((n0, 1), (n1, 1))(ν Rec2)
Lem. 64= ((n0, n1) s0)(ν Rec2)

= (n0, n1)(s0 ▲ ν Rec2)

(n0, n1)(ν Rec1 ▲ s1) = ((n0, n1)(ν Rec1)) s1
Lem. 66= (n0ν0, n1ν1) s1
Lem. 64= ((n0ν0, n1ν1), (1, 1))
Lem. 70= ((n0, n1), (1, 1))(ν Rec2)
Lem. 64= ((n0, n1) s1)(ν Rec2)

= (n0, n1)(s1 ▲ ν Rec2)

((n0, n1), (ň1, n2))(ν Rec2 ▲ d0) = (((n0, n1), (ň1, n2))(ν Rec2)) d0
Lem. 70= ((n0ν0, n1ν1), (ň1ν1, n2ν2)) d0
Lem. 64= (n0ν0 · n1ν1∂̃1, ň1ν1 · n2ν2∂̃2)
Def. 39= (n0ν0 · n1∂1ν0, ň1ν1 · n2∂2ν1)

= ((n0 · n1∂1)ν0, (ň1 · n2∂2)ν1)
Lem. 66= (n0 · n1∂1, ň1 · n2∂2)(ν Rec1)
Lem. 64= (((n0, n1), (ň1, n2)) d0)(ν Rec1)

= ((n0, n1), (ň1, n2))(d0 ▲ ν Rec1)

((n0, n1), (ň1, n2))(ν Rec2 ▲ d1) = (((n0, n1), (ň1, n2))(ν Rec2)) d1
Lem. 70= ((n0ν0, n1ν1), (ň1ν1, n2ν2)) d1
Lem. 64= (n0ν0, n1ν1 · ň1ν1)

= (n0ν0, (n1 · ň1)ν1)
Lem. 66= (n0, n1 · ň1)(ν Rec1)
Lem. 64= (((n0, n1), (ň1, n2)) d1)(ν Rec1)

= ((n0, n1), (ň1, n2))(d1 ▲ ν Rec1)

((n0, n1), (ň1, n2))(ν Rec2 ▲ d2) = (((n0, n1), (ň1, n2))(ν Rec2)) d2
Lem. 70= ((n0ν0, n1ν1), (ň1ν1, n2ν2)) d2
Lem. 64= (n0ν0, n1ν1)
Lem. 66= (n0, n1)(ν Rec1)
Lem. 64= (((n0, n1), (ň1, n2)) d2)(ν Rec1)

= ((n0, n1), (ň1, n2))(d2 ▲ ν Rec1)
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So we have
ν Rec0 ▲ sÑ Rec,0

0 = sN Rec,0
0 ▲ ν Rec1

ν Rec1 ▲ dÑ Rec,1
0 = dN Rec,1

0 ▲ ν Rec0

ν Rec1 ▲ dÑ Rec,1
1 = dN Rec,1

1 ▲ ν Rec0

ν Rec1 ▲ sÑ Rec,1
0 = sN Rec,1

0 ▲ ν Rec2

ν Rec1 ▲ sÑ Rec,1
1 = sN Rec,1

1 ▲ ν Rec2

ν Rec2 ▲ dÑ Rec,2
0 = dN Rec,2

0 ▲ ν Rec1

ν Rec2 ▲ dÑ Rec,2
1 = dN Rec,2

1 ▲ ν Rec1

ν Rec2 ▲ dÑ Rec,2
2 = dN Rec,2

2 ▲ ν Rec1 .

Altogether, we have
N Recn Ñ Recn

N Recn−1 Ñ Recn−1

ν Recn

dN Rec,n
i

dÑ Rec,n
i

ν Recn−1

⟲

for n ∈ [1, 2], i ∈ [0, n] and

N Recn Ñ Recn

N Recn+1 Ñ Recn+1

ν Recn

sN Rec,n
j

sÑ Rec,n
j

ν Recn+1

⟲

for n ∈ [0, 1], j ∈ [0, n].
Cf. Definition 31. □

4.6.3 The functor Rec

Definition 72 We shall define the following functor.

Rec : 2-CrMod −→ ⌊2, 0⌋-SimpGrp
N

Ñ

ν

 7−→


N Rec

Ñ Rec

ν Rec


(1) Suppose given a 2-crossed module N.

The ⌊2, 0⌋-simplicial group N Rec has been defined as follows in Lemma 64.

N Rec = ((N0 ⋉β1 N1) ⋉ε1,2 (N1 ⋉ε2 N2), N0 ⋉β1 N1, N0, dN Rec,2
0 , dN Rec,2

1 , dN Rec,2
2 , sN Rec,1

0 ,

sN Rec,1
1 , dN Rec,1

0 , dN Rec,1
1 , sN Rec,0

0 )
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(N0 ⋉β1 N1) ⋉ε1,2 (N1 ⋉ε2 N2) N0 ⋉β1 N1 N0
dN Rec,2

1

dN Rec,2
2

dN Rec,2
0

dN Rec,1
1

dN Rec,1
0sN Rec,1

0

sN Rec,1
1

sN Rec,0
0

(2) Suppose given a morphism of 2-crossed modules N ν−→ Ñ .

We have the morphism

ν Rec = (ν Rec2, ν Rec1, ν Rec0) : N Rec→ Ñ Rec

of ⌊2, 0⌋-simplicial groups; cf Lemma 71.

(N0 ⋉β1 N1) ⋉ε1,2 (N1 ⋉ε2 N2) N0 ⋉β1 N1 N0

(Ñ0 ⋉β̃1
Ñ1) ⋉ε̃1,2 (Ñ1 ⋉ε̃2 Ñ2) Ñ0 ⋉β̃1

Ñ1 Ñ0

dN Rec,2
1

dN Rec,2
2

dN Rec,2
0

ν Rec2

dN Rec,1
1

dN Rec,1
0sN Rec,1

0

sN Rec,1
1

ν Rec1

sN Rec,0
0

ν Rec0

dÑ Rec,2
1

dÑ Rec,2
2

dÑ Rec,2
0

dÑ Rec,1
1

dÑ Rec,1
0sÑ Rec,1

0

sÑ Rec,1
1

sÑ Rec,0
0

(3) Suppose given morphisms of 2-crossed modules N ν−→ Ñ
ν̃−→ ˜̃N.

Then we have
(a) (idN ) Rec = id(N Rec)

(b) (ν ▲ ν̃) Rec = ν Rec ▲ ν̃ Rec .

In particular, Rec : 2-CrMod −→ ⌊2, 0⌋-SimpGrp is a functor, called reconstruction functor.
Proof.

Ad (3.a). Write N =: (N2, N1, N0).
We have idN = (idN2 , idN1 , idN0); cf. Remark 41.
We have (idN ) Rec = (idN Rec2 , idN Rec1 , idN Rec0); cf. Remark 65, Lemma 66, Lemma 68,
Lemma 70 and Lemma 71.
We have idN Rec = (idN Rec2 , idN Rec1 , idN Rec0); cf. Remark 33.
So (idN ) Rec = idN Rec .
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Ad (3.b). Write ν =: (ν2, ν1, ν0) and ν̃ =: (ν̃2, ν̃1, ν̃0).
We have

(ν Rec ▲ ν̃ Rec)k = ν Reck ▲ ν̃ Reck
for k ∈ [0, 2]; cf. Remark 32.
So we have to show that

((ν ▲ ν̃) Rec)k
!= ν Reck ▲ ν̃ Reck

for k ∈ [0, 2].
Note that ν ▲ ν̃ = (ν2 ▲ ν̃2, ν1 ▲ ν̃1, ν0 ▲ ν̃0); cf. Remark 40.
Suppose given n0 ∈ N0, n1, ň1 ∈ N1 and n2 ∈ N2.

We have
n0((ν ▲ ν̃) Rec0) Rem. 65= n0(ν0 ▲ ν̃0)

= n0ν0ν̃0
Rem. 65= n0ν0(ν̃ Rec0)
Rem. 65= n0(ν Rec0)(ν̃ Rec0)

= n0(ν Rec0 ▲ ν̃ Rec0).

We have
(n0, n1)((ν ▲ ν̃) Rec1) Lem. 66= (n0(ν0 ▲ ν̃0), n1(ν1 ▲ ν̃1))

= (n0ν0ν̃0, n1ν1ν̃1)
Lem. 66= (n0ν0, n1ν1)(ν̃ Rec1)
Lem. 66= (n0, n1)(ν Rec1)(ν̃ Rec1)

= (n0, n1)(ν Rec1 ▲ ν̃ Rec1).

Moreover, we have

((n0, n1), (ň1, n2))((ν ▲ ν̃) Rec2) Lem. 70= ((n0(ν0 ▲ ν̃0), n1(ν1 ▲ ν̃1)), (ň1(ν1 ▲ ν̃1), n2(ν2 ▲ ν̃2)))
= ((n0ν0ν̃0, n1ν1ν̃1), (ň1ν1ν̃1, n2ν2ν̃2))

Lem. 70= ((n0ν0, n1ν1), (ň1ν1, n2ν2))(ν̃ Rec2)
Lem. 70= ((n0, n1), (ň1, n2))(ν Rec2)(ν̃ Rec2)

= ((n0, n1), (ň1, n2))(ν Rec2 ▲ ν̃ Rec2).

□

Example 73 Suppose given m ⩾ 1. Let N2 := ⟨d : dm = 1⟩. So N2 = ⟨d⟩ ≃ Cm.

Suppose given a finite group N0.

Suppose given c ∈ Z(N0). Let N1 := ⟨c⟩ P N0. Write k := |⟨c⟩|. So ⟨c⟩ ≃ Ck.

Suppose given z ∈ Z with k · z divisible by m.
We apply the functor Rec to the 2-crossed module of Example 38.
Recall that we have the group morphisms

N2
∂2:=!−−−→ N1 : n2 7−→ 1

N1
∂1−→ N0 : n1 7−→ n1

N0
β1−→ Aut(N1) : n0 7−→ (n1 7→ nn0

1 := n1)
N0

β2−→ Aut(N2) : n0 7−→ (n2 7→ nn0
2 := n2)

70



Chapter 4: ⌊2, 0⌋-simplicial groups and 2-crossed modules

and the map
N1 ×N1 := ⟨c⟩ × ⟨c⟩ ζ−→ N2 := ⟨d⟩

(c i, c j) 7−→ ⌊c i, c j⌋ := d i·j·z,

yielding the 2-crossed module (N2, N1, N0, ∂2, ∂1, β1, β2, ζ).
With the help of Lemma 55 we obtain the group morphism

N1
ε2−→ Aut(N2)

n1 7−→

n2 7→

 nn1
2 := n2 · ⌊n1, n2∂2⌋

= n2 · ⌊n1, 1⌋
= n2


 .

So
N0 ⋉β1 N1 = N0 ×N1
N1 ⋉ε2 N2 = N1 ×N2

are direct products.
With the help of Lemma 59 we obtain the group morphism

N0 ×N1
ε1,2−−→ Aut(N1 ×N2)

(n0, n1) 7−→

(ň1, n2) 7→

 (ň1, n2)(n0,n1) := ((ňn0
1 )n1 , ⌊ňn0

1 , n1⌋ · nn0·n1∂1
2 )

= (ňn1
1 , ⌊ň1, n1⌋ · n2)

= (ň1, ⌊ň1, n1⌋ · n2)


 .

Suppose given d i, d j ∈ N2, c
l, c p, c l̃, c p̃ ∈ N1 and n0, n

′
0 ∈ N0 for suitably chosen i, j, l, p, l̃,

p̃ ∈ Z.

Then we have

((n0, c
l), (c l̃, d i)) · ((n′

0, c
p), (c p̃, d j)) = ((n0, c

l) · (n′
0, c

p), (c l̃, d i)(n′
0,c

p) · (c p̃, d j))
= ((n0, c

l) · (n′
0, c

p), (c l̃, ⌊c l̃, c p⌋ · d i) · (c p̃, d j))
= ((n0, c

l) · (n′
0, c

p), (c l̃, d l̃·p·z+i) · (c p̃, d j))
= ((n0 · n′

0, c
l · c p), (c l̃ · c p̃, d l̃·p·z+i+j)).

By Lemma 64, we obtain the group morphisms

N0
sN Rec,0
0−−−−−→ N0 ×N1 : n0 7−→ (n0, 1),

and
N0 ×N1

dN Rec,1
0−−−−−→ N0 : (n0, n1) 7−→ n0 · n1∂1

N0 ×N1
dN Rec,1

1−−−−−→ N0 : (n0, n1) 7−→ n0.

Furthermore, we get the group morphisms

N0 ×N1
sN Rec,1
0−−−−−→ (N0 ×N1) ⋉ε1,2 (N1 ×N2) : (n0, n1) 7−→ ((n0, 1), (n1, 1))

N0 ×N1
sN Rec,1
1−−−−−→ (N0 ×N1) ⋉ε1,2 (N1 ×N2) : (n0, n1) 7−→ ((n0, n1), (1, 1))

and

(N0 ×N1) ⋉ε1,2 (N1 ×N2)
dN Rec,2

0−−−−−→ N0 ×N1 : ((n0, n1), (ň1, n2)) 7−→ (n0 · n1∂1, ň1)

(N0 ×N1) ⋉ε1,2 (N1 ×N2)
dN Rec,2

1−−−−−→ N0 ×N1 : ((n0, n1), (ň1, n2)) 7−→ (n0, n1 · ň1)

(N0 ×N1) ⋉ε1,2 (N1 ×N2)
dN Rec,2

2−−−−−→ N0 ×N1 : ((n0, n1), (ň1, n2)) 7−→ (n0, n1).
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Recall that ∂1 : N1 −→ N0 is the inclusion morphism.
Then

((N0 ×N1) ⋉ε1,2 (N1 ×N2), N0 ×N1, N0, dN Rec,2
0 , dN Rec,2

1 , dN Rec,2
2 , sN Rec,1

0 , sN Rec,1
1 ,

dN Rec,1
0 , dN Rec,1

1 , sN Rec,0
0 )

is a ⌊2, 0⌋-simplicial group.

(N0 ×N1) ⋉ε1,2 (N1 ×N2) N0 ×N1 N0
dN Rec,2

1

dN Rec,2
2

dN Rec,2
0

dN Rec,1
1

dN Rec,1
0sN Rec,1

0

sN Rec,1
1

sN Rec,0
0

4.7 Equivalence of the categories ⌊2, 0⌋-SimpGrp and 2-CrMod

4.7.1 The isotransformation ζ : Rec ▲ N̂ ∼−→ Id2-CrMod

Lemma 74 Suppose given a 2-crossed module

N = (N2, N1, N0, ∂2, ∂1, β1, β2, ζ);

cf. Definition 36.
We have the following group isomorphisms.

(N Rec N̂)2
Nζ2−−→ N2

((1, 1), (1, n2)) 7−→ n2

(N Rec N̂)1
Nζ1−−→ N1

(1, n1) 7−→ n1

(N Rec N̂)0
Nζ0−−→ N0

n0 7−→ n0

Then

Nζ := (Nζ2, Nζ1, Nζ0) : ((N Rec N̂)2, (N Rec N̂)1, (N Rec N̂)0) 7→ (N2, N1, N0)

is an isomorphism of 2-crossed modules.
Proof. Recall thatN Rec2 = (N0⋉β1N1)⋉ε1,2(N1⋉ε2N2), N Rec1 = N0⋉β1N1 andN Rec0 = N0;
cf. Lemma 64.
Recall that

((n0, n1), (ň1, n2)) d1 = (n0, n1 · ň1)
((n0, n1), (ň1, n2)) d2 = (n0, n1)

for ((n0, n1), (ň1, n2)) ∈ N Rec2; cf. Lemma 64.
Therefore

(N Rec N̂)2 = ker d1 ∩ ker d2
= {((1, 1), (1, n2)) : n2 ∈ N2}.
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Recall that
(n0, n1) d1 = n0

for (n0, n1) ∈ N Rec1; cf. Lemma 64.
Therefore

(N Rec N̂)1 = ker d1
= {(1, n1) : n1 ∈ N1}.

Finally, (N Rec N̂)0 = N Rec0 = N0.

So we have the group isomorphisms Nζ2, Nζ1, Nζ0 as described above; cf. Remark 7.
We show that the tuple of group morphisms (Nζ2, Nζ1, Nζ0) is a morphism of 2-crossed
modules.
Recall that the 2-crossed module N Rec N̂ has the differentials ∂̃2 := d0|(N Rec N̂)1

(N Rec N̂)2
and

∂̃1 := d0|(N Rec N̂)0
(N Rec N̂)1

; cf. Lemma 51.

First, we have to show that the following diagram is commutative.

(N Rec N̂)2 (N Rec N̂)1 (N Rec N̂)0

N2 N1 N0

∂̃2

Nζ2

∂̃1

Nζ1 Nζ0

∂2 ∂1

Suppose given n1 ∈ N1 and n2 ∈ N2.

Then we have

((1, 1), (1, n2))(∂̃2 ▲Nζ1) = (((1, 1), (1, n2))∂̃2)(Nζ1)
= (((1, 1), (1, n2)) d0)(Nζ1)

Lem. 64= (1, n2∂2)(Nζ1)
= n2∂2
= (((1, 1), (1, n2))(Nζ2))∂2
= ((1, 1), (1, n2))(Nζ2 ▲ ∂2)

and
(1, n1)(∂̃1 ▲Nζ0) = ((1, n1)∂̃1)(Nζ0)

= ((1, n1) d0)(Nζ0)
Lem. 64= (n1∂1)(Nζ0)

= n1∂1
= ((1, n1)(Nζ1))∂1
= (1, n1)(Nζ1 ▲ ∂1).

So we have
∂̃2 ▲Nζ1 = Nζ2 ▲ ∂2

and
∂̃1 ▲Nζ0 = Nζ1 ▲ ∂1.
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Second, we have to show (2CMM 1, 2).
Ad (2CMM 1.1). Suppose given n0 ∈ N0 and n1 ∈ N1.

Then we have

((1, n1)n0)(Nζ1) Lem. 51= ((1, n1)n0 s0)(Nζ1)
Lem. 64= ((1, n1)(n0,1))(Nζ1)

= ((n−
0 , 1) · (1, n1) · (n0, 1))(Nζ1)

= ((n−
0 , 1) · (n0, n

n0
1 ))(Nζ1)

= (1, nn0
1 )(Nζ1)

= nn0
1

= ((1, n1)(Nζ1))n0(Nζ0).

Ad (2CMM 1.2). Suppose given n0 ∈ N0 and n2 ∈ N2.

Then we have

(((1, 1), (1, n2))n0)(Nζ2) Lem. 51= (((1, 1), (1, n2))n0 s0 s0)(Nζ2)
Lem. 64= (((1, 1), (1, n2))(n0,1) s0)(Nζ2)
Lem. 64= (((1, 1), (1, n2))((n0,1),(1,1)))(Nζ2)

= (((n−
0 , 1), (1, 1)) · ((1, 1), (1, n2)) · ((n0, 1), (1, 1)))(Nζ2)

= (((n−
0 , 1), (1, 1)) · ((n0, 1), (1, n2)(n0,1)))(Nζ2)

= ((1, 1), (1, n2)(n0,1))(Nζ2)
Lem. 59= ((1, 1), (1, ⌊1, 1⌋ · nn0

2 ))(Nζ2)
Rem. 37= ((1, 1), (1, nn0

2 ))(Nζ2)
= nn0

2
= (((1, 1), (1, n2))(Nζ2))n0(Nζ0).

Ad (2CMM 2). Suppose given n1, n
′
1 ∈ N1.

Then we have

⌊(1, n1), (1, n′
1)⌋(Nζ2)

Lem. 51= (((1, n−
1 ) s0)(1,n′

1) s0 · ((1, n1) s0)(1,n′
1) s1)(Nζ2)

Lem. 64= (((1, 1), (n−
1 , 1))((1,1),(n′

1,1)) · ((1, 1), (n1, 1))((1,n′
1),(1,1)))(Nζ2)

Rem. 7= (((1, 1), ((n−
1 )n′

1 , 1)) · ((1, 1), (n1, 1))((1,n′
1),(1,1)))(Nζ2)

= (((1, 1), ((n−
1 )n′

1 , 1)) · ((1, n′ −
1 ), (1, 1)) · ((1, 1), (n1, 1)) · ((1, n′

1), (1, 1)))(Nζ2)
= (((1, 1), ((n−

1 )n′
1 , 1)) · ((1, n′ −

1 ), (1, 1)) · ((1, n′
1), (n1, 1)(1,n′

1)))(Nζ2)
= (((1, 1), ((n−

1 )n′
1 , 1)) · ((1, 1), (n1, 1)(1,n′

1)))(Nζ2)
Lem. 59= (((1, 1), ((n−

1 )n′
1 , 1)) · ((1, 1), (nn

′
1

1 , ⌊n1, n
′
1⌋)))(Nζ2)

= ((1, 1), ((n−
1 )n′

1 , 1) · (nn
′
1

1 , ⌊n1, n
′
1⌋))(Nζ2)

= ((1, 1), (1, ⌊n1, n
′
1⌋))(Nζ2)

= ⌊n1, n
′
1⌋

= ⌊(1, n1)(Nζ1), (1, n′
1)(Nζ1)⌋.

Since Nζ2, Nζ1, Nζ0 are group isomorphisms, Nζ = (Nζ2, Nζ1, Nζ0) is an isomorphism of
2-crossed modules with inverse Nζ− = (Nζ−

2 , Nζ−
1 , Nζ−

0 ); cf. Remark 43. □
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Lemma 75 We have the isotransformation

ζ = (Nζ)N∈Ob(2-CrMod ) : Rec ▲ N̂ ∼−→ Id2-CrMod .

Cf. Lemma 74.
Proof. To show that ζ is an isotransformation, it remains to show that the quadrangle

N(Rec ▲ N̂) N Id2-CrMod

Ñ(Rec ▲ N̂) Ñ Id2-CrMod

Nζ

ν Rec N̂ ν Id2-CrMod

Ñζ

commutes for N ν−→ Ñ in 2-CrMod .

To this end, we show that Nζk ▲ νk
!= (ν Rec N̂)k ▲ Ñζk for k ∈ {0, 1, 2}; cf. Remark 40,

Lemma 74.
Suppose given n0 ∈ N0, n1 ∈ N1 and n2 ∈ N2.

We have
((1, 1), (1, n2))((ν Rec N̂)2 ▲ Ñζ2) = (((1, 1), (1, n2))(ν Rec N̂)2)(Ñζ2)

Def. 54= (((1, 1), (1, n2))(ν Rec2))(Ñζ2)
Lem. 70= ((1, 1), (1, n2ν2))(Ñζ2)

= n2ν2
= (((1, 1), (1, n2))(Nζ2))ν2
= ((1, 1), (1, n2))(Nζ2 ▲ ν2).

We have
(1, n1)((ν Rec N̂)1 ▲ Ñζ1) = ((1, n1)(ν Rec N̂)1)(Ñζ1)

Def. 54= ((1, n1)(ν Rec1))(Ñζ1)
Lem. 66= (1, n1ν1)(Ñζ1)

= n1ν1
= ((1, n1)(Nζ1))ν1
= (1, n1)(Nζ1 ▲ ν1).

Moreover, we have

n0((ν Rec N̂)0 ▲ Ñζ0) = (n0(ν Rec N̂)0)(Ñζ0)
Def. 54= (n0(ν Rec0))(Ñζ0)
Rem. 65= n0ν0(Ñζ0)

= n0ν0
= (n0(Nζ0))ν0
= n0(Nζ0 ▲ ν0).

Altogether, we have

ν Rec N̂ ▲ Ñζ = ((ν Rec N̂)2, (ν Rec N̂)1, (ν Rec N̂)0) ▲ (Ñζ2, Ñζ1, Ñζ0)
Rem. 40= ((ν Rec N̂)2 ▲ Ñζ2, (ν Rec N̂)1 ▲ Ñζ1, (ν Rec N̂)0 ▲ Ñζ0)

= (Nζ2 ▲ ν2, Nζ1 ▲ ν1, Nζ0 ▲ ν0)
Rem. 40= (Nζ2, Nζ1, Nζ0) ▲ (ν2, ν1, ν0)

= Nζ ▲ ν.

□
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4.7.2 The isotransformation ϑ : N̂ ▲ Rec ∼−→ Id⌊2,0⌋-SimpGrp

Lemma 76 Suppose given a ⌊2, 0⌋-simplicial group G; cf. Definition 30.
We have the following group isomorphisms.

(G N̂ Rec)2
Gϑ2−−→ G2

((n0, n1), (ň1, n2)) 7−→ n0 s0 s1 ·n1 s1 · ň1 s0 ·n2(
(g2 d2 d1, g

−
2 d2 d1 s0 · g2 d2),

(g−
2 d2 · g2 d1, g

−
2 d1 s0 · g2 d2 s0 · g−

2 d2 s1 · g2)
) ←−p g2

(G N̂ Rec)1
Gϑ1−−→ G1

(n0, n1) 7−→ n0 s0 ·n1
(g1 d1, g

−
1 d1 s0 · g1) ←−p g1

(G N̂ Rec)0
Gϑ0−−→ G0

n0 7−→ n0
g0 ←−p g0

Then

Gϑ := (Gϑ2, Gϑ1, Gϑ0) : ((G N̂ Rec)2, (G N̂ Rec)1, (G N̂ Rec)0) 7→ (G2, G1, G0)

is an isomorphism of ⌊2, 0⌋-simplicial groups.
Proof. Recall that given a 2-crossed module N = (N2, N1, N0), we have
N Rec2 = (N0 ⋉β1 N1)⋉ε1,2 (N1 ⋉ε2 N2), N Rec1 = N0 ⋉β1 N1 and N Rec0 = N0; cf. Lemma 64.
Here, ε2 is given as in Lemma 55 and ε1,2 is given as in Lemma 59.
Recall the data of the 2-crossed module

G N̂ = (GN2, GN1, GN0, ∂2, ∂1, β1, β2, ζ)

from Lemma 51.
So

(G N̂ Rec)2 = (GN0 ⋉β1 GN1) ⋉ε1,2 (GN1 ⋉ε2 GN2)
(G N̂ Rec)1 = GN0 ⋉β1 GN1
(G N̂ Rec)0 = GN0 .

We recall from [1, Lem. 55] with the help of [1, Rem. 56] the following group morphisms.

γ1 : GN0 −→ Aut(GN1)
n0 7−→ (n0γ1 : n1 7→ nn0 s0

1 )

γ′′
2 : GN1 −→ Aut(GN2)

n1 7−→ (n1γ
′′
2 : n2 7→ nn1 s0

2 )

γ2 : GN0 ⋉γ1 GN1 −→ Aut(GN1 ⋉γ′′
2
GN2)

(n0, n1) 7−→
(

(n0, n1)γ2 : (ň1, n2) 7→
(
ňn0 s0 ·n1

1 , (ň−
1 s0)n0 s0 s1 ·n1 s0

· (ň1 s0)n0 s0 s1 ·n1 s1 · nn0 s0 s1 ·n1 s1
2

) )
.
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Then we know that

(GN0 ⋉γ1 GN1) ⋉γ2 (GN1 ⋉γ′′
2
GN2) Gϑ2−−→ G2

((n0, n1), (ň1, n2)) 7−→ n0 s0 s1 ·n1 s1 · ň1 s0 ·n2(
(g2 d2 d1, g

−
2 d2 d1 s0 · g2 d2),

(g−
2 d2 · g2 d1, g

−
2 d1 s0 · g2 d2 s0 · g−

2 d2 s1 · g2)
) ←−p g2

GN0 ⋉γ1 GN1
Gϑ1−−→ G1

(n0, n1) 7−→ n0 s0 ·n1
(g1 d1, g

−
1 d1 s0 · g1) ←−p g1

GN0
Gϑ0−−→ G0

n0 7−→ n0
g0 ←−p g0,

are group isomorphisms; cf. [1, Lem. 55].
Moreover, these group isomorphisms form an isomorphism of ⌊2, 0⌋-simplicial groups in
[1, Lem. 55].
Note that the maps d′

i and s′
j in [1, Lem. 55] are defined as the according morphisms in

Lemma 64.
So it suffices to show that

β1
!= γ1

ε2
!= γ′′

2

ε1,2
!= γ2,

in order to show that Gϑ is an isomorphism of ⌊2, 0⌋-simplicial groups.
Suppose given n0 ∈ GN0 and n1 ∈ GN1.

Then we have
(n1)(n0β1) Lem. 51= nn0 s0

1
= (n1)(n0γ1).

Suppose given n1 ∈ GN1 and n2 ∈ GN2.

Using the assertions (CC 2, 4) from Lemma 49, we obtain

(n2)(n1ε2) Lem. 55= n2 · ⌊n1, n2∂2⌋
= n2 · ⌊n1, n2 d0⌋

Lem. 51= n2 · (n−
1 s0)n2 d0 s0 · (n1 s0)n2 d0 s1

(CC 4)= n2 · (n−
1 s0)n2 d0 s0 · (n1 s0)n−

2 ·n2 d0 s0

= n2 · (n−
1 s0 ·(n1 s0)n−

2 )n2 d0 s0

= nn2
2 · (n−

1 s0 ·n2 · n1 s0 ·n−
2 )n2 d0 s0

(CC 2)= nn2 d0 s0
2 · (n−

1 s0 ·n2 · n1 s0 ·n−
2 )n2 d0 s0

= (n2 · n−
1 s0 ·n2 · n1 s0 ·n−

2 )n2 d0 s0

= ((nn1 s0
2 )n−

2 )n2 d0 s0

(CC 2)= ((nn1 s0
2 )n−

2 )n2

= nn1 s0
2

= (n2)(n1γ
′′
2 ).
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Suppose given n0 ∈ GN0, n1, ň1 ∈ GN1 and n2 ∈ GN2.

Using the assertion (CC 1) from Lemma 49, we obtain

(ň1, n2)((n0, n1)ε1,2) Lem. 59= ((ňn0
1 )n1 , ⌊ňn0

1 , n1⌋ · nn0·n1∂1
2 )

= ((ňn0
1 )n1 , ⌊ňn0

1 , n1⌋ · nn0·n1 d0
2 )

Lem. 51= ((ňn0
1 )n1 , ((ňn0

1 )− s0)n1 s0 · (ňn0
1 s0)n1 s1 · nn0·n1 d0

2 )
β1= ((ňn0 s0

1 )n1 , ((ňn0 s0
1 )− s0)n1 s0 · ((ňn0 s0

1 ) s0)n1 s1 · nn0·n1 d0
2 )

β2= ((ňn0 s0
1 )n1 , ((ňn0 s0

1 )− s0)n1 s0 · ((ňn0 s0
1 ) s0)n1 s1 · n(n0·n1 d0) s0 s0

2 )
= (ňn0 s0 ·n1

1 , (ň−
1 s0)n0 s0 s0 ·n1 s0 · (ň1 s0)n0 s0 s0 ·n1 s1 · nn0 s0 s0 ·n1 d0 s0 s0

2 )
= (ňn0 s0 ·n1

1 , (ň−
1 s0)n0 s0 s1 ·n1 s0 · (ň1 s0)n0 s0 s1 ·n1 s1 · (nn0 s0 s1

2 )n1 d0 s0 s0)
Lem. 51= (ňn0 s0 ·n1

1 , (ň−
1 s0)n0 s0 s1 ·n1 s0 · (ň1 s0)n0 s0 s1 ·n1 s1 · (nn0 s0 s1

2 )n1 d0)
(CC 1)= (ňn0 s0 ·n1

1 , (ň−
1 s0)n0 s0 s1 ·n1 s0 · (ň1 s0)n0 s0 s1 ·n1 s1 · (nn0 s0 s1

2 )n1 s1)
= (ňn0 s0 ·n1

1 , (ň−
1 s0)n0 s0 s1 ·n1 s0 · (ň1 s0)n0 s0 s1 ·n1 s1 · nn0 s0 s1 ·n1 s1

2 )
= (ň1, n2)((n0, n1)γ2).

□

Lemma 77 We have the isotransformation

ϑ = (Gϑ)G∈Ob(⌊2,0⌋-SimpGrp) : N̂ ▲ Rec ∼−→ Id⌊2,0⌋-SimpGrp .

Cf. Lemma 76.
Proof. To show that ϑ is an isotransformation, it remains to show that the quadrangle

G(N̂ ▲ Rec) G Id⌊2,0⌋-SimpGrp

G̃(N̂ ▲ Rec) G̃ Id⌊2,0⌋-SimpGrp

Gϑ

φ N̂ Rec φ Id⌊2,0⌋-SimpGrp

G̃ϑ

commutes for G φ−→ G̃ in ⌊2, 0⌋-SimpGrp.

To this end, we show that Gϑk ▲φk
!= φ N̂ Reck ▲ G̃ϑk for k ∈ {0, 1, 2}; cf. Remark 32, Lemma 76.

Suppose given n0 ∈ GN0, n1, ň1 ∈ GN1 and n2 ∈ GN2.

We have

((n0, n1), (ň1, n2))((φ N̂ Rec)2 ▲ G̃ϑ2) = (((n0, n1), (ň1, n2))(φ N̂ Rec)2)(G̃ϑ2)
Def. 54.(2)=

Lem. 70
((n0φ0, n1φ1), (ň1φ1, n2φ2))(G̃ϑ2)

= n0φ0 s0 s1 ·n1φ1 s1 · ň1φ1 s0 ·n2φ2
Def. 31= n0 s0 s1 φ2 · n1 s1 φ2 · ň1 s0 φ2 · n2φ2

= (n0 s0 s1 ·n1 s1 · ň1 s0 ·n2)φ2
= (((n0, n1), (ň1, n2))(Gϑ2))φ2
= ((n0, n1), (ň1, n2))(Gϑ2 ▲φ2).
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We have
(n0, n1)((φ N̂ Rec)1 ▲ G̃ϑ1) = ((n0, n1)(φ N̂ Rec)1)(G̃ϑ1)

Def. 54.(2)=
Lem. 66

(n0φ0, n1φ1)(G̃ϑ1)
= n0φ0 s0 ·n1φ1

Def. 31= n0 s0 φ1 · n1φ1

= (n0 s0 ·n1)φ1
= ((n0, n1)(Gϑ1))φ1
= (n0, n1)(Gϑ1 ▲φ1).

Moreover, we have

n0((φ N̂ Rec)0 ▲ G̃ϑ0) = (n0(φ N̂ Rec)0)(G̃ϑ0)
Def. 54.(2)=

Rem. 65
(n0φ0)(G̃ϑ0)

= n0φ0
= (n0(Gϑ0))φ0
= n0(Gϑ0 ▲φ0).

Altogether, we have

φ N̂ Rec ▲ G̃ϑ = ((φ N̂ Rec ▲ G̃ϑ)2, (φ N̂ Rec ▲ G̃ϑ)1, (φ N̂ Rec ▲ G̃ϑ)0)
Rem. 32= ((φ N̂ Rec)2 ▲ G̃ϑ2, (φ N̂ Rec)1 ▲ G̃ϑ1, (φ N̂ Rec)0 ▲ G̃ϑ0)

= (Gϑ2 ▲φ2, Gϑ1 ▲φ1, Gϑ0 ▲φ0)
Rem. 32= ((Gϑ ▲φ)2, (Gϑ ▲φ)1, (Gϑ ▲φ)0)

= Gϑ ▲φ.

□

4.7.3 Rec and N̂ are equivalences

Proposition 78 We have the isotransformation

ζ : Rec ▲ N̂ ∼−→ Id2-CrMod

from Lemma 75.
We have the isotransformation

ϑ : N̂ ▲ Rec ∼−→ Id⌊2,0⌋-SimpGrp

from Lemma 77.
So we have the equivalences of categories

⌊2, 0⌋-SimpGrp 2-CrMod .

N̂

Rec
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5 From ⌊2, 0⌋-simplicial groups to crossed
squares

5.1 The construction for the objects

Suppose given a ⌊2, 0⌋-simplicial group G; cf. Definition 30.

Lemma 79 Consider the groups

L := G2;1,2
M := G2;1/G2;0,1
M ′ := G2;2/G2;0,2
P := G2/G2;0

and the group morphisms

G2;1,2
λ−→ G2;1/G2;0,1 : k 7−→ kG2;0,1

G2;1/G2;0,1
µ−→ G2/G2;0 : gG2;0,1 7−→ gG2;0

G2;1,2
λ′
−→ G2;2/G2;0,2 : k 7−→ kG2;0,2

G2;2/G2;0,2
µ′
−→ G2/G2;0 : hG2;0,2 7−→ hG2;0 .

G2;1,2 G2;2/G2;0,2

G2;1/G2;0,1 G2/G2;0

λ′

λ µ′

µ

We have the group morphisms

G2;1/G2;0,1
γM,L−−−→ Aut(G2;1,2) : gG2;0,1 7−→ (k 7→ kgG2;0,1 := kg)

G2;2/G2;0,2
γM′,L−−−→ Aut(G2;1,2) : hG2;0,2 7−→ (k 7→ khG2;0,2 := kh)

G2/G2;0
γP,L−−−→ Aut(G2;1,2) : fG2;0 7−→ (k 7→ kfG2;0 := kf )

G2/G2;0
γP,M−−−→ Aut(G2;1/G2;0,1) : fG2;0 7−→ (gG2;0,1 7→ (gG2;0,1)fG2;0 := gfG2;0,1)

G2/G2;0
γP,M′
−−−→ Aut(G2;2/G2;0,2) : fG2;0 7−→ (hG2;0,2 7→ (hG2;0,2)fG2;0 := hfG2;0,2).

Here g ∈ G2;1, h ∈ G2;2, f ∈ G2 and k ∈ G2;1,2 .

We have the map

G2;1/G2;0,1 ×G2;2/G2;0,2
χ−→ G2;1,2

(gG2;0,1, hG2;0,2) 7−→ [g, h] =: ⌈gG2;0,1, hG2;0,2⌉,

where g ∈ G2;1 and h ∈ G2;2 .
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Then

G Sq := (G2;1,2, G2;1/G2;0,1, G2;2/G2;0,2, G2/G2;0, γM,L , γM ′,L , γP,L , γP,M , γP,M ′ , λ, λ′, µ, µ′, χ)

is a crossed square.
Cf. e.g. [1, Lem. 70], where a construction of Porter has been slightly adapted; cf.
[8, Prop. 7, Proof of Lem. A].

5.2 The construction for the morphisms

Suppose given a morphism φ : G −→ H of ⌊2, 0⌋-simplicial groups; cf. Definition 31.

Remark 80 We have the group morphisms

φ2;1,2 = φ2|
H2;1,2
G2;1,2

: G2;1,2 −→ H2;1,2
g2 7−→ g2φ2

φ̄2;∅ : G2/G2;0 −→ H2/H2;0
g2G2;0 7−→ g2φ2H2;0

φ̄2;1 : G2;1/G2;0,1 −→ H2;1/H2;0,1
g2G2;0,1 7−→ g2φ2H2;0,1

φ̄2;2 : G2;2/G2;0,2 −→ H2;2/H2;0,2
g2G2;0,2 7−→ g2φ2H2;0,2 .

Cf. Remark 52.(2), [1, Rem. 71], [1, Rem. 72] and [1, Rem. 73].

Lemma 81 Recall that we have the crossed squares

G Sq = (L, M, M ′, P, γM,L , γM ′,L , γP,L , γP,M , γP,M ′ , λ, λ′, µ, µ′, χ)
= (G2;1,2, G2;1/G2;0,1, G2;2/G2;0,2, G2/G2;0, γM,L , γM ′,L , γP,L , γP,M , γP,M ′ , λ, λ′, µ, µ′, χ)

and

H Sq = (L̃, M̃ , M̃ ′, P̃ , γM̃,L̃ , γM̃ ′,L̃ , γP̃ ,L̃ , γP̃ ,M̃ , γP̃ ,M̃ ′ , λ̃, λ̃′, µ̃, µ̃′, χ̃)
= (H2;1,2, H2;1/H2;0,1, H2;2/H2;0,2, H2/H2;0, γM̃,L̃ , γM̃ ′,L̃ , γP̃ ,L̃ , γP̃ ,M̃ , γP̃ ,M̃ ′ , λ̃, λ̃′, µ̃, µ̃′, χ̃).

Cf. Lemma 79.
Let φSq := (φ2;1,2, φ̄2;1, φ̄2;2, φ̄2;∅); cf. Remark 80.
Then

φSq : G Sq −→ H Sq

is a morphism of crossed squares.
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G2;1,2 G2;2/G2;0,2

G2;1/G2;0,1 G2/G2;0

H2;1,2 H2;2/H2;0,2 .

H2;1/H2;0,1 H2/H2;0

λ′

φ2;1,2

λ

φ̄2;2

µ′

µ

φ̄2;1
λ̃′

λ̃

µ̃′

µ̃

φ̄2;∅

Cf. [1, Lem. 74].

5.3 The functor Sq

Definition 82 We shall define the following functor.

Sq : ⌊2, 0⌋-SimpGrp −→ CrSq
G

H

φ

 7−→


G Sq

H Sq

φSq


(1) Suppose given a ⌊2, 0⌋-simplicial group G.

The crossed square G Sq has been defined as follows in Lemma 79.

G Sq =



G2;1,2 G2;2/G2;0,2

G2;1/G2;0,1 G2/G2;0

λ′

λ µ′

µ


In the notation of Definition 15 and Lemma 79, we have

(G Sq)1,1 = G2;1,2 γ
G Sq
1,0 = γM,L λ

1,0
G Sq = λ

(G Sq)1,0 = G2;1/G2;0,1 γ
G Sq
0,1 = γM ′,L λ

0,1
G Sq = λ′

(G Sq)0,1 = G2;2/G2;0,2 γ
1,1
G Sq = γP,L µ

G Sq
1,0 = µ

(G Sq)0,0 = G2/G2;0 γ
1,0
G Sq = γP,M µ

G Sq
0,1 = µ′

γ
0,1
G Sq = γP,M ′ χG Sq = χ .
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(2) Suppose given a morphism of ⌊2, 0⌋-simplicial groups G φ−→ H.

The following diagram morphism is a morphism of crossed squares, by Lemma 81.


G

H

φ

Sq :=



G2;1,2 G2;2/G2;0,2

G2;1/G2;0,1 G2/G2;0

H2;1,2 H2;2/H2;0,2

H2;1/H2;0,1 H2/H2;0

λ′

φ2;1,2

λ

φ̄2;2

µ′

µ

φ̄2;1
λ̃′

λ̃

µ̃′

µ̃

φ̄2;∅


For short, φSq = (φ2;1,2, φ̄2;1, φ̄2;2, φ̄2;∅).
So we have

(φ Sq)1,1 = φ2;1,2 λ
1,0
G Sq = λ λ

1,0
H Sq = λ̃

(φ Sq)1,0 = φ̄2;1 λ
0,1
G Sq = λ′ λ

0,1
H Sq = λ̃′

(φ Sq)0,1 = φ̄2;2 µ
G Sq
1,0 = µ µ

H Sq
1,0 = µ̃

(φ Sq)0,0 = φ̄2;∅ µ
G Sq
0,1 = µ′ µ

H Sq
0,1 = µ̃′

χG Sq = χ χH Sq = χ̃ .

(3) Suppose given morphisms of ⌊2, 0⌋-simplicial groups G φ−→ H
φ′
−→ K.

Then we have
(a) (idG) Sq = id(G Sq)

(b) (φ ▲φ′) Sq = φSq ▲φ′ Sq .

In particular, Sq : ⌊2, 0⌋-SimpGrp −→ CrSq is a functor.
Cf. [1, Def. 75].

Remark 83 The functor Sq : ⌊2, 0⌋-SimpGrp −→ CrSq is not an equivalence.
More precisely Sq is not dense.
Cf. [1, Rem. 83].

5.4 The functor Šq

Remark 84 Suppose given a ⌊2, 0⌋-simplicial group G.

We have the following group isomorphisms.
(1)

Gψ1,0 : G2;1/G2;0,1
∼−→ G1;0

g2G2;0,1 7−→ g2 d0
(g1 s0 · g−

1 s1)G2;0,1 ←−p g1

84



Chapter 5: From ⌊2, 0⌋-simplicial groups to crossed squares

(2)
Gψ0,1 : G2;2/G2;0,2

∼−→ G1;1
h2G2;0,2 7−→ h2 d0

h1 s0G2;0,2 ←−p h1

(3)
Gψ0,0 : G2/G2;0

∼−→ G1
k2G2;0 7−→ k2 d0

k1 s0G2;0 ←−p k1

Cf. [1, Rem. 76].
Moreover, we have Gψ1,1 = idG2;1,2 : G2;1,2

∼−→ G2;1,2 .

Definition 85 Suppose given a ⌊2, 0⌋-simplicial group G.

We have the crossed square

G Sq = (G2;1,2, G2;1/G2;0,1, G2;2/G2;0,2, G2/G2;0, γM,L , γM ′,L , γP,L , γP,M , γP,M ′ , λ, λ′, µ, µ′, χ);

cf. Lemma 79, where we have written

L = G2;1,2
M = G2;1/G2;0,1
M ′ = G2;2/G2;0,2
P = G2/G2;0 .

Let
L̃ := G2;1,2
M̃ := G1;0
M̃ ′ := G1;1
P̃ := G1 .

We have the group isomorphisms

L = G2;1,2
Gψ1,1−−−→

∼
G2;1,2 = L̃

M = G2;1/G2;0,1
Gψ1,0−−−→

∼
G1;0 = M̃

M ′ = G2;2/G2;0,2
Gψ0,1−−−→

∼
G1;1 = M̃ ′

P = G2/G2;0
Gψ0,0−−−→

∼
G1 = P̃ ;

cf. Remark 84.
We abbreviate Gψ1,1 =: ψ1,1, Gψ1,0 =: ψ1,0, Gψ0,1 =: ψ0,1, Gψ0,0 =: ψ0,0 .

Let λ̃ := ψ−
1,1 ▲ λ ▲ψ1,0 = λ ▲ψ1,0 : G2;1,2 −→ G1;0 .

Let λ̃′ := ψ−
1,1 ▲ λ′

▲ψ0,1 = λ′
▲ψ0,1 : G2;1,2 −→ G1;1 .

Let µ̃ := ψ−
1,0 ▲ µ ▲ψ0,0 : G1;0 −→ G1.

Let µ̃′ := ψ−
0,1 ▲ µ′

▲ψ0,0 : G1;1 −→ G1.
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G2;1,2 G2;2/G2;0,2

G2;1/G2;0,1 G2/G2;0

G2;1,2 G1;1

G1;0 G1

λ′

ψ1,1 ∼

λ

ψ0,1∼

µ′

µ

ψ1,0 ∼

λ̃′

λ̃

µ̃′

µ̃

ψ0,0∼

Recall from Remark 9 that a group isomorphism q : G ∼−→ H yields the group isomorphism

q̂ : Aut(G) ∼−→ Aut(H)
α 7−→ q−

▲α ▲ q.

Let γM̃,L̃ := ψ−
1,0 ▲ γM,L ▲ ψ̂1,1 = ψ−

1,0 ▲ γM,L : G1;0 −→ Aut(G2;1,2).

Let γM̃ ′,L̃ := ψ−
0,1 ▲ γM ′,L ▲ ψ̂1,1 = ψ−

0,1 ▲ γM ′,L : G1;1 −→ Aut(G2;1,2).

Let γP̃ ,L̃ := ψ−
0,0 ▲ γP,L ▲ ψ̂1,1 = ψ−

0,0 ▲ γP,L : G1 −→ Aut(G2;1,2).

Let γP̃ ,M̃ := ψ−
0,0 ▲ γP,M ▲ ψ̂1,0 : G1 −→ Aut(G1;0).

Let γP̃ ,M̃ ′ := ψ−
0,0 ▲ γP,M ′ ▲ ψ̂0,1 : G1 −→ Aut(G1;1).

Let χ̃ := (ψ−
1,0 × ψ

−
0,1) ▲χ ▲ψ1,1 = (ψ−

1,0 × ψ
−
0,1) ▲χ : G1;0 ×G1;1 −→ G2;1,2

Then

GŠq := (G2;1,2, G1;0, G1;1, G1, γM̃,L̃, γM̃ ′,L̃, γP̃ ,L̃, γP̃ ,M̃ , γP̃ ,M̃ ′ , λ̃, λ̃′, µ̃, µ̃′, χ̃)

is a crossed square.
Cf. Remark 29.
In other words, we have

(GŠq)1,1 = G2;1,2 γ
GŠq
1,0 = γM̃,L̃ = ψ−

1,0 ▲ γM,L λ
1,0
GŠq = λ̃ = λ ▲ψ1,0

(GŠq)1,0 = G1;0 γ
GŠq
0,1 = γM̃ ′,L̃ = ψ−

0,1 ▲ γM ′,L λ
0,1
GŠq = λ̃′ = λ′

▲ψ0,1

(GŠq)0,1 = G1;1 γ
1,1
GŠq = γP̃ ,L̃ = ψ−

0,0 ▲ γP,L µ
GŠq
1,0 = µ̃ = ψ−

1,0 ▲ µ ▲ψ0,0

(GŠq)0,0 = G1 γ
1,0
GŠq = γP̃ ,M̃ = ψ−

0,0 ▲ γP,M ▲ ψ̂1,0 µ
GŠq
0,1 = µ̃′ = ψ−

0,1 ▲ µ′
▲ψ0,0

γ
0,1
GŠq = γP̃ ,M̃ ′ = ψ−

0,0 ▲ γP,M ′ ▲ ψ̂0,1 χGŠq = χ̃ = (ψ−
1,0 × ψ

−
0,1) ▲χ

κGŠq = κ̃ = λ̃ ▲ µ̃ = λ̃′
▲ µ̃′ .

Cf. Definition 15.
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GŠq =



G2;1,2 G1;1

G1;0 G1

λ′
▲ Gψ0,1

λ ▲ Gψ1,0 Gψ−
0,1 ▲ µ′

▲ Gψ0,0

Gψ−
1,0 ▲ µ ▲ Gψ0,0


=



G2;1,2 G1;1

G1;0 G1

λ′
▲ ψ0,1

λ ▲ ψ1,0 ψ−
0,1 ▲ µ′

▲ ψ0,0

ψ−
1,0 ▲ µ ▲ ψ0,0



Note that the actions and morphisms in GŠq are given as follows.
Suppose given g2 ∈ G2;1,2, h2 ∈ G2;1, k2 ∈ G2;2, g1 ∈ G1;0, h1 ∈ G1;1 and k1 ∈ G1.

gg1
2 = (g2)(g1γ

GŠq
1,0 ) (action via γ

GŠq
1,0 )

= (g2)(g1(ψ−
1,0 ▲ γM,L))

= (g2)((g1ψ
−
1,0)γM,L)

= (g2)(((g1 s0 · g−
1 s1)G2;0,1)γM,L)

= g
g1 s0 · g−

1 s1
2 (action via conjugation)

gh1
2 = (g2)(h1γ

GŠq
0,1 ) (action via γ

GŠq
0,1 )

= (g2)(h1(ψ−
0,1 ▲ γM ′,L))

= (g2)((h1ψ
−
0,1)γM ′,L)

= (g2)((h1 s0G2;0,2)γM ′,L)
= gh1 s0

2 (action via conjugation)

gk1
2 = (g2)(k1γ

1,1
GŠq) (action via γ

1,1
GŠq)

= (g2)(k1(ψ−
0,0 ▲ γP,L))

= (g2)((k1ψ
−
0,0)γP,L)

= (g2)((k1 s0G2;0)γP,L)
= gk1 s0

2 (action via conjugation)

gk1
1 = (g1)(k1γ

1,0
GŠq) (action via γ

1,0
GŠq)

= (g1)(k1(ψ−
0,0 ▲ γP,M ▲ ψ̂1,0))

= (g1)(((k1ψ
−
0,0)γP,M )ψ̂1,0)

= (g1)(((k1 s0G2;0)γP,M )ψ̂1,0)
= (g1)(ψ−

1,0 ▲ ((k1 s0G2;0)γP,M ) ▲ψ1,0)
= ((g1ψ

−
1,0)((k1 s0G2;0)γP,M ))ψ1,0

= (((g1 s0 · g−
1 s1)G2;0,1)((k1 s0G2;0)γP,M ))ψ1,0

= ((g1 s0 · g−
1 s1)k1 s0G2;0,1)ψ1,0

= (g1 s0 · g−
1 s1)k1 s0 d0

= (g1 s0 d0 · g−
1 s1 d0)k1 s0 d0

= (g1 · g−
1 d0 s0)k1

= gk1
1 (action via conjugation)
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hk1
1 = (h1)(k1γ

0,1
GŠq) (action via γ

0,1
GŠq)

= (h1)(k1(ψ−
0,0 ▲ γP,M ′ ▲ ψ̂0,1))

= (h1)(((k1ψ
−
0,0)γP,M ′)ψ̂0,1)

= (h1)(((k1 s0G2;0)γP,M ′)ψ̂0,1)
= (h1)(ψ−

0,1 ▲ ((k1 s0G2;0)γP,M ′) ▲ψ0,1)
= ((h1ψ

−
0,1)((k1 s0G2;0)γP,M ′))ψ0,1

= ((h1 s0G2;0,2)((k1 s0G2;0)γP,M ′))ψ0,1
= ((h1 s0)k1 s0G2;0,2)ψ0,1
= (h1 s0)k1 s0 d0
= (h1 s0 d0)k1 s0 d0

= hk1
1 (action via conjugation)

g2λ
1,0
GŠq = g2(λ ▲ψ1,0)

= (g2λ)ψ1,0
= (g2G2;0,1)ψ1,0
= g2 d0

g2λ
0,1
GŠq = g2(λ′

▲ψ0,1)
= (g2λ

′)ψ0,1
= (g2G2;0,2)ψ0,1
= g2 d0

g1µ
GŠq
1,0 = g1(ψ−

1,0 ▲ µ ▲ψ0,0)
= ((g1ψ

−
1,0)µ)ψ0,0

= (((g1 s0 · g−
1 s1)G2;0,1)µ)ψ0,0

= ((g1 s0 · g−
1 s1)G2;0)ψ0,0

= (g1 s0 · g−
1 s1) d0

= g1 s0 d0 · g−
1 s1 d0

= g1 · g−
1 d0 s0

= g1

h1µ
GŠq
0,1 = h1(ψ−

0,1 ▲ µ′
▲ψ0,0)

= ((h1ψ
−
0,1)µ′)ψ0,0

= ((h1 s0G2;0,2)µ′)ψ0,0
= (h1 s0G2;0)ψ0,0
= h1 s0 d0
= h1

⌈g1, h1⌉ = (g1, h1)χGŠq
= (g1, h1)((ψ−

1,0 × ψ
−
0,1) ▲χ)

= ((g1, h1)(ψ−
1,0 × ψ

−
0,1))χ

= ((g1 s0 · g−
1 s1)G2;0,1, h1 s0G2;0,2)χ

= [g1 s0 · g−
1 s1, h1 s0] (commutator bracket)

Moreover,

Gψ := (Gψ1,1, Gψ1,0, Gψ0,1, Gψ0,0) = (ψ1,1, ψ1,0, ψ0,1, ψ0,0) : G Sq −→ GŠq

is an isomorphism of crossed squares.
Cf. Remark 29.
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Remark 86 Suppose given a morphism G
φ−→ H of ⌊2, 0⌋-simplicial groups.

We have the following commutative quadrangles; cf. Remark 52.(1), Remark 80 and Remark 84.

(1)
G2;1/G2;0,1 G1;0

H2;1/H2;0,1 H1;0

Gψ1,0
∼

φ̄2;1 φ1;0

Hψ1,0

∼

⟲

(2)
G2;2/G2;0,2 G1;1

H2;2/H2;0,2 H1;1

Gψ0,1
∼

φ̄2;2 φ1;1

Hψ0,1

∼

⟲

(3)
G2/G2;0 G1

H2/H2;0 H1

Gψ0,0
∼

φ̄2;∅ φ1

Hψ0,0

∼

⟲

Proof.

Ad (1). Suppose given g2 ∈ G2;1 .

Then we have
(g2G2;0,1)(φ̄2;1 ▲Hψ1,0) = ((g2G2;0,1)φ̄2;1)(Hψ1,0)

= (g2φ2H2;0,1)(Hψ1,0)
= g2φ2 d0
= g2 d0 φ1
= (g2 d0)φ1;0
= ((g2G2;0,1)(Gψ1,0))φ1;0
= (g2G2;0,1)(Gψ1,0 ▲φ1;0).

Ad (2). Suppose given g2 ∈ G2;2 .

Then we have
(g2G2;0,2)(φ̄2;2 ▲Hψ0,1) = ((g2G2;0,2)φ̄2;2)(Hψ0,1)

= (g2φ2H2;0,2)(Hψ0,1)
= g2φ2 d0
= g2 d0 φ1
= (g2 d0)φ1;1
= ((g2G2;0,2)(Gψ0,1))φ1;1
= (g2G2;0,2)(Gψ0,1 ▲φ1;1).
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Ad (3). Suppose given g2 ∈ G2.

Then we have
(g2G2;0)(φ̄2;∅ ▲Hψ0,0) = ((g2G2;0)φ̄2;∅)(Hψ0,0)

= (g2φ2H2;0)(Hψ0,0)
= g2φ2 d0
= g2 d0 φ1
= (g2 d0)φ1
= ((g2G2;0)(Gψ0,0))φ1
= (g2G2;0)(Gψ0,0 ▲φ1).

□

Definition 87 Given a morphism G
φ−→ H of ⌊2, 0⌋-simplicial groups, we let, following Re-

mark 1,
φŠq := (Gψ)−

▲φSq ▲Hψ : GŠq −→ HŠq,

which is a morphism of crossed squares; cf. Lemma 81 and Definition 85.
By Remark 1, we have the following functor

Šq : ⌊2, 0⌋-SimpGrp −→ CrSq
G

H

φ

 7−→


GŠq

HŠq

φŠq

 .

In addition, Remark 1 gives the isotransformation

ψ = (Gψ)G∈Ob(⌊2,0⌋-SimpGrp) : Sq ∼−→ Šq.

Recall that
Gψ = (Gψ1,1, Gψ1,0, Gψ0,1, Gψ0,0)

as defined in Remark 84.
Recall from Definition 85 that given the crossed square

G Sq =



G2;1,2 G2;2/G2;0,2

G2;1/G2;0,1 G2/G2;0

λ′

λ µ′

µ


we have defined the crossed square

GŠq =



G2;1,2 G1;1

G1;0 G1

λ′
▲ Gψ0,1

λ ▲ Gψ1,0 Gψ−
0,1 ▲ µ′

▲ Gψ0,0

Gψ−
1,0 ▲ µ ▲ Gψ0,0


.
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We write

GŠq = (G2;1,2, G1;0, G1;1, G1, γ
GŠq
1,0 , γGŠq

0,1 , γ1,1
GŠq, γ

1,0
GŠq, γ

0,1
GŠq, λ

1,0
GŠq, λ

0,1
GŠq, µ

GŠq
1,0 , µGŠq

0,1 , χGŠq)

and

HŠq = (H2;1,2, H1;0, H1;1, H1, γ
HŠq
1,0 , γHŠq

0,1 , γ1,1
HŠq, γ

1,0
HŠq, γ

0,1
HŠq, λ

1,0
HŠq, λ

0,1
HŠq, µ

HŠq
1,0 , µHŠq

0,1 , χHŠq).

So we get


G

H

φ

 Šq =



G2;1,2 G1;1

G1;0 G1

H2;1,2 H1;1

H1;0 H1

λ
0,1
GŠq

φ2;1,2

λ
1,0
GŠq

Gψ−
0,1 ▲ φ̄2;2 ▲ Hψ0,1

µ
GŠq
0,1

µ
GŠq
1,0

Gψ−
1,0 ▲ φ̄2;1 ▲ Hψ1,0

λ
0,1
HŠq

λ
1,0
HŠq

µ
HŠq
0,1

µ
HŠq
1,0

Gψ−
0,0 ▲ φ̄2;∅ ▲ Hψ0,0



.

In other words,

(φŠq)1,1 = φ2;1,2

(φŠq)1,0 = Gψ−
1,0 ▲ φ̄2;1 ▲Hψ1,0

Rem. 86.(1)= φ1;0

(φ Sq)0,1 = Gψ−
0,1 ▲ φ̄2;2 ▲Hψ0,1

Rem. 86.(2)= φ1;1

(φ Sq)0,0 = Gψ−
0,0 ▲ φ̄2;∅ ▲Hψ0,0

Rem. 86.(3)= φ1 .

So we get


G

H

φ

 Šq =



G2;1,2 G1;1

G1;0 G1

H2;1,2 H1;1

H1;0 H1

λ
0,1
GŠq

φ2;1,2

λ
1,0
GŠq

φ1;1

µ
GŠq
0,1

µ
GŠq
1,0

φ1;0

λ
0,1
HŠq

λ
1,0
HŠq

µ
HŠq
0,1

µ
HŠq
1,0

φ1



.
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6 From crossed squares to 2-crossed modules

The following construction of the functor To : CrSq −→ 2-CrMod is due to Conduché
[3, Cor. 3.5].

6.1 The construction for the objects

Suppose given a crossed square

C = (L, M, M ′, P, γM,L , γM ′,L , γP,L , γP,M , γP,M ′ , λ, λ′, µ, µ′, χ).

L M ′

C :

M P

λ′

λ µ′

µ

Cf. Definition 15.

Remark 88 The following map is a group morphism as a composite of group morphisms.

α := µ ▲ γP,M ′ : M −→ Aut(M ′)
m 7−→ (m′ 7→ (m′)(mα) = (m′)(m(µ ▲ γP,M ′)) = m′mµ =: m′m)

In particular, we may form the semidirect product M ⋉αM
′, in which

(m,m′) · (m̃, m̃′) = (m · m̃,m′ m̃ · m̃′)
= (m · m̃,m′ m̃µ · m̃′),

for (m,m′), (m̃, m̃′) ∈M ⋉αM
′.

Remark 89 Suppose given (m,m′), (m̃, m̃′) ∈M ⋉αM
′.

Then we have
(m,m′)(m̃,m̃′) = (mm̃µ, (m̃′ −)(mµ)m̃µ ·m′ m̃µ · m̃′).

Proof. We have

(m,m′)(m̃,m̃′) Rem. 8.(2)= (mm̃, (m̃′ −)mm̃ ·m′ m̃ · m̃′)
Rem. 88= (mm̃, (m̃′ −)(mm̃)µ ·m′ m̃µ · m̃′)

= (mm̃, (m̃′ −)(mµ)m̃µ ·m′ m̃µ · m̃′)
(CM 2)=for µ (mm̃µ, (m̃′ −)(mµ)m̃µ ·m′ m̃µ · m̃′).

□
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Remark 90 We have the following group morphism.

L
∂2−→ M ⋉αM

′

l 7−→ (lλ, l−λ′)

Proof. Suppose given l, l̃ ∈ L.

Then we have
(l · l̃)∂2 = ((l · l̃)λ, (l · l̃)−λ′)

= (lλ · l̃λ, l̃−λ′ · l−λ′)
= (lλ · l̃λ, l̃−λ′ · l−λ′ · l̃λ′ · l̃−λ′)
= (lλ · l̃λ, (l−λ′)l̃λ′ · l̃−λ′)

(CM 2)=
for µ′ (lλ · l̃λ, (l−λ′)l̃λ′µ′ · l̃−λ′)

= (lλ · l̃λ, (l−λ′)l̃κ · l̃−λ′)
= (lλ · l̃λ, (l−λ′)(l̃λ)µ · l̃−λ′)
= (lλ, l−λ′) · (l̃λ, l̃−λ′)
= l∂2 · l̃∂2.

□

Remark 91 We have the following group morphism.

M ⋉αM
′ ∂1−→ P

(m,m′) 7−→ mµ ·m′µ′

Proof. Suppose given (m,m′), (m̃, m̃′) ∈M ⋉αM
′.

Then we have

((m,m′) · (m̃, m̃′))∂1 = (m · m̃,m′ m̃µ · m̃′)∂1
= (m · m̃)µ · (m′ m̃µ · m̃′)µ′

= mµ · m̃µ ·m′ m̃µµ′ · m̃′µ′

(CM 1)=
for µ′ mµ · m̃µ · (m′µ′)m̃µ · m̃′µ′

= mµ · m̃µ · m̃−µ ·m′µ′ · m̃µ · m̃′µ′

= mµ ·m′µ′ · m̃µ · m̃′µ′

= (m,m′)∂1 · (m̃, m̃′)∂1.

□

Lemma 92 We have the following group morphism.

P
β1−→ Aut(M ⋉αM

′)
p 7−→ ((m,m′) 7→ (m,m′)p := (mp,m′ p))

Proof. We recall that
(m,m′) · (m̃, m̃′) = (m · m̃,m′ m̃ · m̃′)

= (m · m̃,m′ m̃µ · m̃′)

for m, m̃ ∈M and m′, m̃′ ∈M ′.

We use Remark 6.
Suppose given p, p̃ ∈ P and (m,m′), (m̃, m̃′) ∈M ⋉αM

′.

Then we have
(m,m′)1 = (m1,m′ 1)

= (m,m′).
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Moreover, we obtain
((m,m′)p)p̃ = (mp,m′ p)p̃

= (mp · p̃,m′ p · p̃)
= (m,m′)p · p̃.

Finally, we calculate

((m,m′) · (m̃, m̃′))p = (m · m̃,m′ m̃µ · m̃′)p
= ((m · m̃)p, (m′ m̃µ · m̃′)p)
= (mp · m̃p, (m′ m̃µ)p · m̃′ p)
= (mp · m̃p,m′ m̃µ · p · m̃′ p)
= (mp · m̃p,m′ p · p−· m̃µ · p · m̃′ p)
= (mp · m̃p, (m′ p)p−· m̃µ · p · m̃′ p)
= (mp · m̃p, (m′ p)(m̃µ)p · m̃′ p)

(CM 1)=for µ (mp · m̃p, (m′ p)m̃pµ · m̃′ p)
= (mp,m′ p) · (m̃p, m̃′ p)
= (m,m′)p · (m̃, m̃′)p.

□

The following construction of the total 2-crossed module of a crossed square is due to Conduché
[3, Cor. 3.5], refining a construction of Loday [7, Def. and Lem. 3.1, Def. 5.1].

Lemma 93 Consider the groups L, M ⋉αM
′ and P ; cf. Remark 88.

With the help of Remark 90, Remark 91, Lemma 92 and Definition 15 we have the group
morphisms

L
∂2−→ M ⋉αM

′ : l 7−→ (lλ, l−λ′)
M ⋉αM

′ ∂1−→ P : (m,m′) 7−→ mµ ·m′µ′

P
β1−→ Aut(M ⋉αM

′) : p 7−→ ((m,m′) 7→ (m,m′)p = (mp,m′ p))
P

γP,L−−−→ Aut(L) : p 7−→ (l 7→ lp).

Let
(M ⋉αM

′)× (M ⋉αM
′) ζ−→ L

((m,m′), (m̃, m̃′)) 7−→ ⌊(m,m′), (m̃, m̃′)⌋ := ⌈mm̃, m̃′⌉.

In other words, ((m,m′), (m̃, m̃′))ζ = (mm̃, m̃′)χ.
Then

C To := (L, M ⋉αM
′, P, ∂2, ∂1, β1, γP,L, ζ)

is a 2-crossed module, called the total 2-crossed module of C.

L
∂2−→M ⋉αM

′ ∂1−→ P

Proof.

Ad (2CM 1). Suppose given l, l̃ ∈ L.

Then we have
⌊l̃∂2, l∂2⌋ = ⌊(l̃λ, l̃−λ′), (lλ, l−λ′)⌋

= ⌈(l̃λ)lλ, l−λ′⌉
= ⌈(l̃l)λ, l−λ′⌉

(CS 4.3)= (l̃l)− · (l̃l)l−λ′

95



Chapter 6: From crossed squares to 2-crossed modules

(CM 2)=
for λ′ (l̃l)− · (l̃l)l−

= (l̃l)− · l̃
= l− · l̃− · l · l̃
= [l, l̃].

Ad (2CM 2). Suppose given (m,m′) ∈M ⋉αM
′ and l ∈ L.

Then we have

⌊(m,m′), l∂2⌋ · ⌊l∂2, (m,m′)⌋ = ⌊(m,m′), (lλ, l−λ′)⌋ · ⌊(lλ, l−λ′), (m,m′)⌋
= ⌈mlλ, l−λ′⌉ · ⌈(lλ)m,m′⌉

(CM 1)=
for λ

⌈mlλ, l−λ′⌉ · ⌈(lm)λ,m′⌉
(CS 4.4)= l(m

lλ) · l− · ⌈(lm)λ,m′⌉
(CS 4.3)= l(m

lλ) · l− · (lm)− · (lm)m′

= ll
−λ·m·lλ · l− · (lm)− · (lm)m′

= ((ll−λ)m)lλ · l− · (lm)− · (lm)m′

(CM 2)=
for λ

((ll−)m)lλ · l− · (lm)− · (lm)m′

= (lm)lλ · l− · (lm)− · (lm)m′

(CM 2)=
for λ

(lm)l · l− · (lm)− · (lm)m′

= l− · lm · l · l− · (lm)− · (lm)m′

= l− · (lm)m′

Rem. 16= l− · (lmµ)m′µ′

= l− · lmµ·m′µ′

= l− · l(m,m′)∂1 .

Ad (2CM 3). Suppose given (m,m′), (m̃, m̃′) ∈M ⋉αM
′.

We have to show that

⌊(m,m′), (m̃, m̃′)⌋∂2
!= ((m,m′)−)(m̃,m̃′) · (m,m′)(m̃,m̃′)∂1 .

In order to calculate, we write a := m, b := m̃, c := m′ and d := m̃′.

Then a, b ∈M and c, d ∈M ′.

We have to show that

(a, c)(b.d) · ⌊(a, c), (b, d)⌋∂2
!= (a, c)(b,d)∂1 .

We obtain

(a, c)(b,d) · ⌊(a, c), (b, d)⌋∂2
Rem. 89= (abµ, (d−)(aµ)bµ · cbµ · d) · ⌊(a, c), (b, d)⌋∂2

= (abµ, (d−)(ab)µ · cbµ · d) · ⌊(a, c), (b, d)⌋∂2
(CM 2)=for µ (ab, (d−)(ab)µ · cbµ · d) · ⌊(a, c), (b, d)⌋∂2

= (ab, (d−)(ab)µ · cbµ · d) · ⌈ab, d⌉∂2
= (ab, (d−)(ab)µ · cbµ · d) · (⌈ab, d⌉λ, (⌈ab, d⌉λ′)−)

(CS 4.1)= (ab, (d−)(ab)µ · cbµ · d) · ((ab)− · (ab)dµ′
, (⌈ab, d⌉λ′)−)

(CS 4.2)= (ab, (d−)(ab)µ · cbµ · d) · ((ab)− · (ab)dµ′
, d− · d(ab)µ)

= (ab · (ab)− · (ab)dµ′
, (d−)(ab)µ · ((ab)−· (ab)dµ′ )µ · cbµ · ((ab)−· (ab)dµ′ )µ · d((ab)−· (ab)dµ′ )µ · d− · d(ab)µ)
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= ((ab)dµ′
, (d−)(ab)µ · ((ab)µ)−· ((ab)dµ′ )µ · cbµ · ((ab)µ)−· ((ab)dµ′ )µ · d((ab)µ)−· ((ab)dµ′ )µ · d− · d(ab)µ)

= ((ab)dµ′
, (d−)((ab)dµ′ )µ · cbµ · ((ab)µ)−· ((ab)dµ′ )µ · d((ab)µ)−· ((ab)dµ′ )µ · d− · d(ab)µ)

(CM 1)=for µ ((ab)dµ′
, (d−)((ab)µ)dµ′

· cbµ · ((aµ)bµ)−· ((ab)µ)dµ′
· d((ab)µ)−· ((ab)µ)dµ′

· d− · d(ab)µ)
= ((ab)dµ′

, (d−)(dµ′)−· (ab)µ · dµ′ · cbµ · (bµ)−· (aµ)−· bµ · (dµ′)−· (ab)µ · dµ′ · d((ab)µ)−· (dµ′)−· (ab)µ · dµ′ · d− · d(ab)µ)
= ((ab)dµ′

, (d−)(dµ′)−· (ab)µ · dµ′ · c(aµ)−· bµ · (dµ′)−· (ab)µ · dµ′ · d((ab)µ)−· (dµ′)−· (ab)µ · dµ′ · d− · d(ab)µ)
= ((ab)dµ′

, ((d−)(dµ′)−)(ab)µ · dµ′ · c(aµ)−· bµ · (dµ′)−· (ab)µ · dµ′ · d((ab)µ)−· (dµ′)−· (ab)µ · dµ′ · d− · d(ab)µ)
(CM 2)=
for µ′ ((ab)dµ′

, ((d−)d−)(ab)µ · dµ′ · c(aµ)−· bµ · (dµ′)−· (ab)µ · dµ′ · d((ab)µ)−· (dµ′)−· (ab)µ · dµ′ · d− · d(ab)µ)
= ((ab)dµ′

, (d−)(ab)µ · dµ′ · c(aµ)−· bµ · (dµ′)−· (ab)µ · dµ′ · d((ab)µ)−· (dµ′)−· (ab)µ · dµ′ · d− · d(ab)µ)
= ((ab)dµ′

, d− · d · (d−)(ab)µ · dµ′ · c(aµ)−· bµ · (dµ′)−· (ab)µ · dµ′ · d((ab)µ)−· (dµ′)−· (ab)µ · dµ′ · d− · d(ab)µ)
= ((ab)dµ′

, d− · ((d−)(ab)µ · dµ′ · c(aµ)−· bµ · (dµ′)−· (ab)µ · dµ′ · d((ab)µ)−· (dµ′)−· (ab)µ · dµ′)d− · d(ab)µ)
(CM 2)=
for µ′ ((ab)dµ′

, d− · ((d−)(ab)µ · dµ′ · c(aµ)−· bµ · (dµ′)−· (ab)µ · dµ′ · d((ab)µ)−· (dµ′)−· (ab)µ · dµ′)d−µ′ · d(ab)µ)
= ((ab)dµ′

, d− · (d−)(ab)µ · dµ′ · d−µ′ · c(aµ)−· bµ · (dµ′)−· (ab)µ · dµ′ · d−µ′ · d((ab)µ)−· (dµ′)−· (ab)µ · dµ′ · d−µ′ · d(ab)µ)
= ((ab)dµ′

, d− · (d−)(ab)µ · c(aµ)−· bµ · (dµ′)−· (ab)µ · d((ab)µ)−· (dµ′)−· (ab)µ · d(ab)µ)
= ((ab)dµ′

, d− · (c(aµ)−· bµ · (dµ′)−· (ab)µ · d((ab)µ)−· (dµ′)−· (ab)µ)d(ab)µ)
(CM 2)=
for µ′ ((ab)dµ′

, d− · (c(aµ)−· bµ · (dµ′)−· (ab)µ · d((ab)µ)−· (dµ′)−· (ab)µ)(d(ab)µ)µ′)
(CM 1)=
for µ′ ((ab)dµ′

, d− · (c(aµ)−· bµ · (dµ′)−· (ab)µ · d((ab)µ)−· (dµ′)−· (ab)µ)(dµ′)(ab)µ)
= ((ab)dµ′

, d− · c(aµ)−· bµ · (dµ′)−· (ab)µ · (ab)−µ · dµ′ · (ab)µ · d((ab)µ)−· (dµ′)−· (ab)µ · (ab)−µ · dµ′ · (ab)µ)
= ((ab)dµ′

, d− · c(aµ)−· bµ · (ab)µ · d)
= ((ab)dµ′

, d− · c(aµ)−· bµ ·(aµ)bµ · d)
= ((ab)dµ′

, d− · c(aµ)−· bµ ·(bµ)−· aµ · bµ · d)
= ((ab)dµ′

, d− · cbµ · d)
= ((ab)dµ′

, (cbµ)d)
(CM 2)=
for µ, µ′ ((abµ)dµ′

, (cbµ)dµ′)
= (a, c)bµ · dµ′

= (a, c)(b,d)∂1 .

Ad (2CM 4). Suppose given p ∈ P and (m,m′), (m̃, m̃′) ∈M ⋉αM
′.

Then we have
⌊(m,m′), (m̃, m̃′)⌋p = ⌈mm̃, m̃′⌉p

(CS 4.7)= ⌈(mm̃)p, (m̃′)p⌉
= ⌈(m̃− ·m · m̃)p, (m̃′)p⌉
= ⌈(m̃p)− ·mp · m̃p, (m̃′)p⌉
= ⌈(mp)(m̃p), (m̃′)p⌉
= ⌊(mp, (m′)p), (m̃p, (m̃′)p)⌋

Lem. 92= ⌊(m,m′)p, (m̃, m̃′)p⌋.

Ad (2CM 5). Suppose given l ∈ L.

Then we have
l∂2∂1 = (lλ, l−λ′)∂1

= lλµ · l−λ′µ′

= lκ · l−κ
= lκ · (lκ)−

= 1.
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Ad (2CM 6). Suppose given p ∈ P and (m,m′) ∈M ⋉αM
′.

Then we have
((m,m′)p)∂1

Lem. 92= (mp, (m′)p)∂1

= mpµ · (m′)pµ′

(CM 1)=
for µ, µ′ (mµ)p · (m′µ′)p

= (mµ ·m′µ′)p
= ((m,m′)∂1)p.

Ad (2CM 7). Suppose given p ∈ P and l ∈ L.

Then we have
(lp)∂2 = (lpλ, (lp)−λ′)

= (lpλ, (l−)pλ′)
Rem. 16= ((lλ)p, (l−λ′)p)
Lem. 92= (lλ, l−λ′)p

= (l∂2)p.

Ad (2CM 8). Suppose given (m,m′), (m̃, m̃′), ( ˜̃m, ˜̃m′) ∈M ⋉αM
′.

We have to show that

⌊(m,m′), (m̃, m̃′) · ( ˜̃m, ˜̃m′)⌋ != ⌊(m,m′)(m̃,m̃′), ( ˜̃m, ˜̃m′)⌋ · ⌊(m,m′), (m̃, m̃′)⌋( ˜̃m, ˜̃m′)∂1 .

In order to calculate, we write a := m, b := m̃, c := ˜̃m, d := m′, e := m̃′ and f := ˜̃m′.

Then a, b, c ∈M and d, e, f ∈M ′.

We have to show that

⌊(a, d), (b, e) · (c, f)⌋ != ⌊(a, d)(b,e), (c, f)⌋ · ⌊(a, d), (b, e)⌋(c,f)∂1 .

We obtain

⌊(a, d), (b, e) · (c, f)⌋ = ⌊(a, d), (b · c, ecµ · f)⌋
= ⌈ab ·c, ecµ · f⌉

(CS 4.6)= ⌈ab ·c, f⌉ · ⌈ab ·c, ecµ⌉f
Rem. 16= ⌈ab ·c, f⌉ · ⌈ab ·c, ecµ⌉fµ′

= ⌈ab ·c, f⌉ · ⌈(ab)c, ecµ⌉fµ′

(CM 2)=for µ ⌈ab ·c, f⌉ · ⌈(ab)cµ, ecµ⌉fµ′

(CS 4.7)= ⌈ab ·c, f⌉ · ⌈ab, e⌉cµ·fµ′

= ⌈(ab)c, f⌉ · ⌈ab, e⌉cµ·fµ′

(CM 2)=for µ ⌈(abµ)c, f⌉ · ⌈ab, e⌉cµ·fµ′

= ⌊(abµ, (e−)(aµ)bµ · dbµ · e), (c, f)⌋ · ⌊(a, d), (b, e)⌋cµ·fµ′

Rem. 89= ⌊(a, d)(b,e), (c, f)⌋ · ⌊(a, d), (b, e)⌋cµ·fµ′

= ⌊(a, d)(b,e), (c, f)⌋ · ⌊(a, d), (b, e)⌋(c,f)∂1 .

Ad (2CM 9). Suppose given (m,m′), (m̃, m̃′), ( ˜̃m, ˜̃m′) ∈M ⋉αM
′.

We have to show that

⌊(m,m′) · (m̃, m̃′), ( ˜̃m, ˜̃m′)⌋
!= ⌊(m,m′), ( ˜̃m, ˜̃m′)⌋ · ⌊(m̃, m̃′)( ˜̃m, ˜̃m′), ⌊(m,m′), ( ˜̃m, ˜̃m′)⌋∂2⌋ · ⌊(m̃, m̃′), ( ˜̃m, ˜̃m′)⌋.
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In order to calculate, we write a := m, b := m̃, c := ˜̃m, d := m′, e := m̃′ and f := ˜̃m′.

Then a, b, c ∈M and d, e, f ∈M ′.

We have to show that

⌊(a, d) · (b, e), (c, f)⌋ != ⌊(a, d), (c, f)⌋ · ⌊(b, e)(c,f), ⌊(a, d), (c, f)⌋∂2⌋ · ⌊(b, e), (c, f)⌋.

We obtain
⌊(a, d) · (b, e), (c, f)⌋ = ⌊(a · b, dbµ · e), (c, f)⌋

= ⌈(a · b)c, f⌉
= ⌈ac · bc, f⌉

(CS 4.5)= ⌈ac, f⌉bc · ⌈bc, f⌉
= (⌈ac, f⌉bc)⌈ac,f⌉·⌈ac,f⌉− · ⌈bc, f⌉
= ((⌈ac, f⌉bc)⌈ac,f⌉)⌈ac,f⌉− · ⌈bc, f⌉
= ⌈ac, f⌉ · (⌈ac, f⌉bc)⌈ac,f⌉ · ⌈ac, f⌉− · ⌈bc, f⌉
= ⌈ac, f⌉ · ((⌈ac, f⌉⌈ac,f⌉−)bc)⌈ac,f⌉ · ⌈ac, f⌉− · ⌈bc, f⌉

(CM 2)=
for λ

⌈ac, f⌉ · ((⌈ac, f⌉⌈ac,f⌉−λ)bc)⌈ac,f⌉λ · ⌈ac, f⌉− · ⌈bc, f⌉
= ⌈ac, f⌉ · ⌈ac, f⌉⌈ac,f⌉−λ·bc·⌈ac,f⌉λ · ⌈ac, f⌉− · ⌈bc, f⌉
= ⌈ac, f⌉ · ⌈ac, f⌉(bc)⌈ac,f⌉λ · ⌈ac, f⌉− · ⌈bc, f⌉

(CS 4.4)= ⌈ac, f⌉ · ⌈(bc)⌈ac,f⌉λ, ⌈ac, f⌉−λ′⌉ · ⌈bc, f⌉
= ⌈ac, f⌉ · ⌊(bc, (f−)(bµ)cµ · ecµ · f), (⌈ac, f⌉λ, ⌈ac, f⌉−λ′)⌋ · ⌈bc, f⌉

(CM 2)=for µ ⌈ac, f⌉ · ⌊(bcµ, (f−)(bµ)cµ · ecµ · f), (⌈ac, f⌉λ, ⌈ac, f⌉−λ′)⌋ · ⌈bc, f⌉
Rem. 89= ⌈ac, f⌉ · ⌊(b, e)(c,f), (⌈ac, f⌉λ, ⌈ac, f⌉−λ′)⌋ · ⌈bc, f⌉

= ⌈ac, f⌉ · ⌊(b, e)(c,f), ⌈ac, f⌉∂2⌋ · ⌈bc, f⌉
= ⌊(a, d), (c, f)⌋ · ⌊(b, e)(c,f), ⌊(a, d), (c, f)⌋∂2⌋ · ⌊(b, e), (c, f)⌋.

□

6.2 The construction for the morphisms

Suppose given crossed squares

C = (L, M, M ′, P ) = (L, M, M ′, P, γM,L , γM ′,L , γP,L , γP,M , γP,M ′ , λ, λ′, µ, µ′, χ)

and

C̃ = (L̃, M̃ , M̃ ′, P̃ ) = (L̃, M̃ , M̃ ′, P̃ , γM̃,L̃, γM̃ ′,L̃, γP̃ ,L̃, γP̃ ,M̃ , γP̃ ,M̃ ′ , λ̃, λ̃′, µ̃, µ̃′, χ̃).

Suppose given a morphism of crossed squares

c = (l, m, m′, p) : (L, M, M ′, P ) −→ (L̃, M̃ , M̃ ′, P̃ ).

L M ′

M P

c : L̃ M̃ ′

M̃ P̃

λ′

l

λ

m′

µ′

µ

m λ̃′

λ̃

µ̃′

µ̃

p
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Let α := µ ▲ γP,M ′ : M −→ Aut(M ′).
Let α̃ := µ̃ ▲ γP̃ ,M̃ ′ : M̃ −→ Aut(M̃ ′).

Remark 94 We have the following group morphism.

M ⋉αM
′ m⋉m′
−−−→ M̃ ⋉α̃ M̃

′

(m,m′) 7−→ (m,m′)(m⋉m′) := (mm,m′m′)

Proof. Suppose given (m,m′), (m̌, m̌′) ∈M ⋉αM
′.

We recall that
(m,m′) · (m̌, m̌′) = (m · m̌,m′ m̌ · m̌′)

= (m · m̌,m′ m̌µ · m̌′).

We have

(m,m′)(m⋉m′) · (m̌, m̌′)(m⋉m′) = (mm,m′m′) · (m̌m, m̌′m′)
= (mm · m̌m, (m′m′)m̌mµ̃ · m̌′m′)

(CSM 1.3)= (mm · m̌m, (m′m′)m̌µp · m̌′m′)
(CSM 1.4)= (mm · m̌m, (m′ m̌µ)m′ · m̌′m′)

= ((m · m̌)m, (m′ m̌µ · m̌′)m′)
= (m · m̌,m′ m̌µ · m̌′)(m⋉m′)
= ((m,m′) · (m̌, m̌′))(m⋉m′).

□

Lemma 95 Recall that we have the 2-crossed modules

C To =: (L, M ⋉αM
′, P, ∂2, ∂1, β1, γP,L, ζ)

and
C̃ To =: (L̃, M̃ ⋉α̃ M̃

′, P̃ , ∂̃2, ∂̃1, β̃1, γP̃ ,L̃, ζ̃).

Cf. Lemma 93.
Recall the group morphisms l, m⋉m′, p; cf. Definition 19 and Remark 94.
Then

cTo := (l, m⋉m′, p) : (L, M ⋉αM
′, P ) 7→ (L̃, M̃ ⋉α̃ M̃

′, P̃ )

is a morphism of 2-crossed modules.

L M ⋉αM
′ P

L̃ M̃ ⋉α̃ M̃
′ P̃

∂2

l

∂1

m⋉m′ p

∂̃2 ∂̃1
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Proof. First, we have to show that the diagram is commutative.
Suppose given l ∈ L and (m,m′) ∈M ⋉αM

′.

Then we have
l(∂2 ▲ (m⋉m′)) = (l∂2)(m⋉m′)

= (lλ, l−λ′)(m⋉m′)
= (lλm, l−λ′m′)

(CSM 1.1)= (llλ̃, l−λ′m′)
(CSM 1.2)= (llλ̃, l−lλ̃′)

= (llλ̃, (ll)−λ̃′)
= (ll)∂̃2
= l(l ▲ ∂̃2)

and
(m,m′)(∂1 ▲ p) = ((m,m′)∂1)p

= (mµ ·m′µ′)p
= mµp ·m′µ′p

(CSM 1.3)= mmµ̃ ·m′µ′p

(CSM 1.4)= mmµ̃ ·m′m′µ̃′

= (mm,m′m′)∂̃1
= ((m,m′)(m⋉m′))∂̃1
= (m,m′)((m⋉m′) ▲ ∂̃1).

So we have
∂2 ▲ (m⋉m′) = l ▲ ∂̃2

and
∂1 ▲ p = (m⋉m′) ▲ ∂̃1.

Second, we have to show (2CMM 1, 2).
Ad (2CMM 1.1). Suppose given (m,m′) ∈M ⋉αM

′ and p ∈ P.

Then we have
((m,m′)p)(m⋉m′) Lem. 93= (mp,m′ p)(m⋉m′)

= (mpm,m′ pm′)
(CSM 1.3)= ((mm)pp,m′ pm′)
(CSM 1.4)= ((mm)pp, (m′m′)pp)

Lem. 93= (mm,m′m′)pp

= ((m,m′)(m⋉m′))pp.

Ad (2CMM 1.2). Suppose given l ∈ L and p ∈ P.

Then we have
(lp)l (CSM 1.5)= (ll)pp.

Ad (2CMM 2). Suppose given (m,m′), (m̌, m̌′) ∈M ⋉αM
′.

Then we have
⌊(m,m′), (m̌, m̌′)⌋l = ⌈mm̌, m̌′⌉l

(CSM 2)= ⌈mm̌m, m̌′m′⌉
= ⌈mmm̌m, m̌′m′⌉
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= ⌊(mm,m′m′), (m̌m, m̌′m′)⌋
= ⌊(m,m′)(m⋉m′), (m̌, m̌′)(m⋉m′)⌋.

□

6.3 The functor To

Definition 96 We shall define the following total 2-crossed module functor.

To : CrSq −→ 2-CrMod
C

C̃

c

 7−→


C To

C̃ To

cTo


(1) Suppose given a crossed square C = (L, M, M ′, P ).

The 2-crossed module C To has been defined as follows in Lemma 93.

C To =
(
L M ⋉αM

′ P
∂2 ∂1

)
(2) Suppose given a morphism of crossed squares

c = (l, m, m′, p) : (L, M, M ′, P ) −→ (L̃, M̃ , M̃ ′, P̃ ).

The following diagram morphism is a morphism of 2-crossed modules, by Lemma 95.


C

C̃

c

To =



L M ⋉αM
′ P

L̃ M̃ ⋉α̃ M̃
′ P̃

∂2

l

∂1

m⋉m′ p

∂̃2 ∂̃1


For short, cTo = (l,m⋉m′, p).

(3) Suppose given morphisms of crossed squares C c−→ C̃
c̃−→ ˜̃C.

Then we have
(a) (idC) To = idC To

(b) (c ▲ c̃) To = cTo ▲ c̃To .

In particular, To : CrSq −→ 2-CrMod is a functor.
Cf. [2, Cor. 3.5].
Proof.

Ad (3.a). Write C =: (L, M, M ′, P ).
We have idC = (idL, idM , idM ′ , idP ); cf. Remark 21.
We have (idC) To = (idL, idM ⋉ idM ′ , idP ); cf. Lemma 95.
On the other hand, we have C To = (L, M ⋉αM

′, P ); cf. Lemma 93.
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So we have idC To = (idL, idM⋉αM ′ , idP ); cf. Remark 41.

So it suffices to show that idM ⋉ idM ′
!= idM⋉αM ′ .

In fact, suppose given (m,m′) ∈M ⋉αM
′.

We obtain
(m,m′)(idM ⋉ idM ′) = (m idM ,m′ idM ′)

= (m,m′)
= (m,m′)(idM⋉αM ′).

Ad (3.b). Write C =: (L, M, M ′, P ), C̃ =: (L̃, M̃ , M̃ ′, P̃ ), ˜̃C =: ( ˜̃L, ˜̃M, ˜̃M ′, ˜̃P ),
c =: (l, m, m′, p) and c̃ =: (̃l, m̃, m̃′, p̃).
So

(C c−→ C̃
c̃−→ ˜̃C) = ((L, M, M ′, P ) (l, m, m′, p)−−−−−−−→ (L̃, M̃ , M̃ ′, P̃ ) (̃l, m̃, m̃′, p̃)−−−−−−−→ ( ˜̃L, ˜̃M, ˜̃M ′, ˜̃P )).

We have

(C To cTo−−→ C̃ To c̃To−−→ ˜̃C To)

= ((L, M ⋉αM
′, P ) (l, m⋉m′, p)−−−−−−−→ (L̃, M̃ ⋉α̃ M̃

′, P̃ ) (̃l, m̃⋉m̃′, p̃)−−−−−−−→ ( ˜̃L, ˜̃M ⋉ ˜̃α
˜̃M ′, ˜̃P ));

cf. Lemma 93 and Lemma 95.
So we have

(C To cTo ▲ c̃To−−−−−−→ ˜̃C To) = ((L, M ⋉αM
′, P ) (l ▲ l̃, (m⋉m′) ▲ (m̃⋉m̃′), p ▲ p̃)−−−−−−−−−−−−−−−−−−→ ( ˜̃L, ˜̃M ⋉ ˜̃α

˜̃M ′, ˜̃P ));

cf. Remark 40.
On the other hand, we have

(C c ▲ c̃−−→ ˜̃C) = ((L, M, M ′, P ) (l ▲ l̃, m ▲ m̃, m′ ▲ m̃′, p ▲ p̃)−−−−−−−−−−−−−−−−→ ( ˜̃L, ˜̃M, ˜̃M ′, ˜̃P ));

cf. Remark 20.
Hence

(C To (c ▲ c̃) To−−−−−→ ˜̃C To) = ((L, M ⋉αM
′, P ) (l ▲ l̃, (m ▲ m̃)⋉(m′ ▲ m̃′), p ▲ p̃)−−−−−−−−−−−−−−−−−−→ ( ˜̃L, ˜̃M ⋉ ˜̃α

˜̃M ′, ˜̃P ));

cf. Lemma 95.
In order to show that cTo ▲ c̃To != (c ▲ c̃) To, it suffices to show that
(m⋉m′) ▲ (m̃⋉ m̃′) != (m ▲ m̃) ⋉ (m′

▲ m̃′), as morphisms from M ⋉αM
′ to ˜̃M ⋉ ˜̃α

˜̃M ′.

Suppose given (m,m′) ∈M ⋉αM
′.

We obtain
(m,m′)((m⋉m′) ▲ (m̃⋉ m̃′)) = ((m,m′)(m⋉m′))(m̃⋉ m̃′)

= (mm,m′m′)(m̃⋉ m̃′)
= (mmm̃,m′m′m̃′)
= (m(m ▲ m̃),m′(m′

▲ m̃′))
= (m,m′)((m ▲ m̃) ⋉ (m′

▲ m̃′)).
□

Example 97 Suppose given a group P and normal subgroups M, M ′ P P.

Let L P P with [M,M ′] ⩽ L ⩽M ∩M ′.

We apply the functor To to the crossed square of Example 23, in order to obtain an example of
a 2-crossed module.
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We obtain the group morphisms

L
∂2−→ M ⋉αM

′ : l 7−→ (l, l−)
M ⋉αM

′ ∂1−→ P : (m,m′) 7−→ m ·m′

P
β1−→ Aut(M ⋉αM

′) : p 7−→ ((m,m′) 7→ (mp,m′ p))
P

β2−→ Aut(L) : p 7−→ (l 7→ lp).

We obtain the map

(M ⋉αM
′)× (M̃ ⋉α M̃

′) ζ−→ L

((m,m′), (m̃, m̃′)) 7−→


⌊(m,m′), (m̃, m̃′)⌋ := [mm̃, m̃′]

= (m̃′ −)mm̃ · m̃′

= (mm̃)− · m̃′− ·mm̃ · m̃′

= (mm̃)− · (mm̃)m̃′

 .

Then
(L, M ⋉αM

′, P, ∂2, ∂1, β1, β2, ζ)

is a 2-crossed module.
For instance, we see that we have

l∂2∂1 = (l, l−)∂1
= l · l−
= 1.

as required by (2CM 5).

L
∂2−→M ⋉αM

′ ∂1−→ P

Remark 98 The functor To : CrSq −→ 2-CrMod is not full.
Proof. Let A be an abelian group with A ̸= 1.
Consider the following crossed square as a particular case of the construction in [1, Ex. 65].

A A

C :

A 1 .

λ′=idA

λ=idA µ′

µ

Let
A

λ̃−→ A
a 7−→ a−

and
A

λ̃′
−→ A

a 7−→ a−.
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Consider the following crossed square as a particular case of the construction in [1, Ex. 65].

A A

C̃ :

A 1 .

λ̃′

λ̃ µ′

µ

Consider the 2-crossed modules

C To =: (A, A×A, 1, ∂2, ∂1, β1, γP,L, ζ)

and
C̃ To =: (A, A×A, 1, ∂̃2, ∂̃1, β̃1, γP̃ ,L̃, ζ̃).

Cf. Lemma 93.
We have

A
∂2−→ A×A : a 7−→ (aλ, a−λ′) = (a, a−)

A
∂̃2−→ A×A : a 7−→ (aλ̃, a−λ̃′) = (a−, a)

and

(A×A)× (A×A) ζ−→ A : ((a, b), (a′, b′)) 7−→ ⌊(a, b), (a′, b′)⌋ := ⌈aa′
, b′⌉ = ⌈a, b′⌉ = 1

(A×A)× (A×A) ζ̃−→ A : ((a, b), (a′, b′)) 7−→ ⌊(a, b), (a′, b′)⌋ := ⌈aa′
, b′⌉ = ⌈a, b′⌉ = 1.

Let
A

ν2−→ A
a 7−→ a

A×A ν1−→ A×A
(a, b) 7−→ (b, a)

1 ν0−→ 1
1 7−→ 1.

We show that we have the following morphism of 2-crossed modules.

ν := (ν2, ν1, ν0) : (A, A×A, 1)→ (A, A×A, 1)

A A×A 1

A A×A 1

∂2

ν2

∂1

ν1 ν0

∂̃2 ∂̃1

First, we have to show that the diagram is commutative.
Suppose given a ∈ A.

Then we have
a(∂2 ▲ ν1) = (a∂2)ν1

= (a, a−)ν1
= (a−, a)
= a∂̃2
= (aν2)∂̃2
= a(ν2 ▲ ∂̃2).
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Second, we have to show (2CMM 1, 2).
Suppose given a, a′, b, b′ ∈ A.

Ad (2CMM 1.1). We have
((a, b)1)ν1 = ((a, b)ν1)(1ν0).

Ad (2CMM 1.2). We have
(a1)ν2 = (aν2)(1ν0).

Ad (2CMM 2). Furthermore, we have

⌊(a, b), (a′, b′)⌋ν2 = 1ν2
= 1
= ⌊(b, a), (b′, a′)⌋
= ⌊(a, b)ν1, (a′, b′)ν1⌋.

Suppose given a morphism of crossed squares

c := (l, m, m′, p) : (A, A, A, 1) −→ (A, A, A, 1).

A A

A 1

A A

A 1

λ′

l

λ

m′

µ′

µ

m λ̃′

λ̃

µ′

µ

p

Consider the following morphism of 2-crossed modules.

cTo := (l, m×m′, p) : (A, A×A, 1)→ (A, A×A, 1)

A A×A 1

A A×A 1

∂2

l

∂1

m×m′ p

∂̃2 ∂̃1

Cf. Lemma 95.
It suffices to show that ν and cTo are not the same.
Assume that ν = cTo .
Then l = ν2 = idA .
For a ∈ A, we obtain

a(∂2 ▲ (m×m′)) = (a∂2)(m×m′)
= (a, a−)(m×m′)
= (am, a−m′).
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Furthermore, we obtain
a(l ▲ ∂̃2) = (al)∂̃2

= a∂̃2
= (a−, a).

Hence am = a− and a−m′ = a.

Then we have
(a, 1)ν1 = (1, a)

and
(a, 1)(m×m′) = (am, 1m′)

= (a−, 1).

So a = 1 for a ∈ A. Therefore, A = 1.
This yields a contradiction to A ̸= 1. □
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7 The adjoint functors Sq ⊣ (Tr ▲ To ▲ Rec)

7.1 The transformation ε : Id⌊2,0⌋-SimpGrp −→ Sq ▲ (Tr ▲ To ▲ Rec)

Remark 99 Suppose given ⌊2, 0⌋-simplicial groups G and H and a morphism of ⌊2, 0⌋-simplicial
groups φ : G −→ H.

Cf. Definition 30 and Definition 31.
We recall that

G Sq = (G2;1,2, G2;1/G2;0,1, G2;2/G2;0,2, G2/G2;0, γM,L , γM ′,L , γP,L , γP,M , γP,M ′ , λ, λ′, µ, µ′, χ)

is a crossed square and

φ Sq = (φ2;1,2, φ̄2;1, φ̄2;2, φ̄2;∅) : G Sq −→ H Sq

is a morphism of crossed squares; cf. Definition 82.
Using the functor Tr from Definition 27 we have that

G Sq Tr = (G2;1,2, G2;2/G2;0,2, G2;1/G2;0,1, G2/G2;0, γM ′,L , γM,L , γP,L , γP,M ′ , γP,M , λ′, λ, µ′, µ, χtr)

with the map

G2;2/G2;0,2 ×G2;1/G2;0,1
χtr
−→ G2;1,2

(n2G2;0,2, ň2G2;0,1) 7−→ (n2G2;0,2, ň2G2;0,1)χtr = ⌈n2G2;0,2, ň2G2;0,1⌉tr = ⌈ň2G2;0,1, n2G2;0,2⌉−

is also a crossed square; cf. Remark 24.
Moreover,

φSq Tr = (φ2;1,2, φ̄2;2, φ̄2;1, φ̄2;∅) : G Sq Tr −→ H Sq Tr

is also a morphism of crossed squares; cf. Remark 25.
The following map is a group morphism as a composite of group morphisms; cf. Remark 88.

α = µ′
▲ γP,M : G2;2/G2;0,2 −→ Aut(G2;1/G2;0,1)

g2G2;0,2 7−→


g′

2G2;0,1 7→



(g′
2G2;0,1)((g2G2;0,2)α)

= (g′
2G2;0,1)(g2G2;0,2(µ′

▲ γP,M ))
= (g′

2G2;0,1)(g2G2;0,2)µ′

= (g′
2G2;0,1)g2G2;0

:= g′ g2
2 G2;0,1




In particular, we may form the semidirect product G2;2/G2;0,2 ⋉α G2;1/G2;0,1, in which

(g2G2;0,2, g
′
2G2;0,1) · (g̃2G2;0,2, g̃

′
2G2;0,1) = ((g2 · g̃2)G2;0,2, (g′ g̃2

2 · g̃′
2)G2;0,1),

for (g2G2;0,2, g
′
2G2;0,1), (g̃2G2;0,2, g̃

′
2G2;0,1) ∈ G2;2/G2;0,2 ⋉α G2;1/G2;0,1 .
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So we have the 2-crossed module

G Sq Tr To =:
(
G2;1,2 G2;2/G2;0,2 ⋉α G2;1/G2;0,1 G2/G2;0

∂′
2 ∂′

1

)

with the following group morphisms

G2;1,2
∂′

2−→ G2;2/G2;0,2 ⋉α G2;1/G2;0,1
n2 7−→ (n2G2;0,2, n

−
2 G2;0,1)

G2;2/G2;0,2 ⋉α G2;1/G2;0,1
∂′

1−→ G2/G2;0
(n2G2;0,2, ň2G2;0,1) 7−→ n2G2;0 · ň2G2;0

G2/G2;0
β′

1−→ Aut(G2;2/G2;0,2 ⋉α G2;1/G2;0,1)

n2G2;0 7−→

 (ň2G2;0,2, ň
′
2G2;0,1) 7→


(ň2G2;0,2, ň

′
2G2;0,1)n2G2;0

= ((ň2G2;0,2)n2G2;0 , (ň′
2G2;0,1)n2G2;0)

Lem. 79= (ňn2
2 G2;0,2, ň

′n2
2 G2;0,1))




G2/G2;0
γ′

P,L−−−→ Aut(G2;1,2)

n2G2,0 7−→

 ň2 7→

 ň
n2G2;0
2

Lem. 79= ňn2
2

 
and the map

(G2;2/G2;0,2 ⋉α G2;1/G2;0,1)× (G2;2/G2;0,2 ⋉α G2;1/G2;0,1) ζ′
−→ G2;1,2

((n2G2;0,2, ň2G2;0,1), (n′
2G2;0,2, ň

′
2G2;0,1)) 7−→



⌊(n2G2;0,2, ň2G2;0,1), (n′
2G2;0,2, ň

′
2G2;0,1)⌋

= ⌈(n2G2;0,2)n′
2G2;0,2 , ň′

2G2;0,1⌉tr

= ⌈nn
′
2

2 G2;0,2, ň
′
2G2;0,1⌉tr

= ⌈ň′
2G2;0,1, n

n′
2

2 G2;0,2⌉−
Lem. 79= [ň′

2, n
n′

2
2 ]−

= [nn
′
2

2 , ň′
2]


.

Moreover,
φ Sq Tr To := (φ2;1,2, φ̄2;2 ⋉ φ̄2;1, φ̄2;∅)

is a morphism of 2-crossed modules.
Cf. Definition 96.

Lemma 100 Suppose given a ⌊2, 0⌋-simplicial group G.

We have the following group morphisms.

G2;1,2
Gν2−−→ G2;1,2

n2 7−→ n2

G1;1
Gν1−−→ G2;2/G2;0,2 ⋉α G2;1/G2;0,1

n1 7−→ (n1 s0G2;0,2, (n−
1 s0 ·n1 s1)G2;0,1)

G0
Gν0−−→ G2/G2;0

n0 7−→ n0 s0 s0G2;0

110



Chapter 7: The adjoint functors Sq ⊣ (Tr ▲ To ▲ Rec)

Proof. We consider Gν1.

Suppose given n1, n
′
1 ∈ G1;1 .

We have
(n1 s0) d2 = n1 s0 d2

= n1 d1 s0
= 1,

(n−
1 s0 ·n1 s1) d1 = n−

1 s0 d1 ·n1 s1 d1
= n−

1 · n1
= 1.

So we have n1 s0 ∈ G2;2 and n−
1 s0 ·n1 s1 ∈ G2;1 .

We have

(n1 · n′
1)(Gν1) = ((n1 · n′

1) s0G2;0,2, ((n1 · n′
1)− s0 · (n1 · n′

1) s1)G2;0,1)
= ((n1 s0 ·n′

1 s0)G2;0,2, (n′ −
1 s0 ·n−

1 s0 ·n1 s1 ·n′
1 s1)G2;0,1)

= ((n1 s0 ·n′
1 s0)G2;0,2, ((n−

1 s0 ·n1 s1)n′
1 s0 · (n′ −

1 s0 ·n′
1 s1))G2;0,1)

= (n1 s0G2;0,2 · n′
1 s0G2;0,2, (n−

1 s0 ·n1 s1)n′
1 s0G2;0,1 · (n′ −

1 s0 ·n′
1 s1)G2;0,1)

= (n1 s0G2;0,2 · n′
1 s0G2;0,2, ((n−

1 s0 ·n1 s1)G2;0,1)n′
1 s0 G2;0,2 · (n′ −

1 s0 ·n′
1 s1)G2;0,1)

= (n1 s0G2;0,2, (n−
1 s0 ·n1 s1)G2;0,1) · (n′

1 s0G2;0,2, (n′ −
1 s0 ·n′

1 s1)G2;0,1)
= n1(Gν1) · n′

1(Gν1).

We consider Gν0.

We have that Gν0 is a group morphism as a composite of group morphisms. □

Lemma 101 Suppose given a ⌊2, 0⌋-simplicial group G.

We have the morphism

Gν := (Gν2, Gν1, Gν0) : G N̂ −→ G Sq Tr To

of 2-crossed modules.
Cf. Lemma 51, Remark 99 and Lemma 100.

G2;1,2 G1;1 G0

G2;1,2 G2;2/G2;0,2 ⋉α G2;1/G2;0,1 G2/G2;0

∂2

Gν2

∂1

Gν1 Gν0

∂′
2 ∂′

1

Proof. We abbreviate νi := Gνi for i ∈ [0, 2].
First, we have to show that the diagram is commutative.
Suppose given n1 ∈ G1;1 and n2 ∈ G2;1,2 .

We have
(n−

2 · n2 d0 s0) d0 = n−
2 d0 ·n2 d0 s0 d0

= n−
2 d0 ·n2 d0

= 1,
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(n−
2 · n2 d0 s0) d2 = n−

2 d2 ·n2 d0 s0 d2
= n−

2 d2 ·n2 d0 d1 s0
= n−

2 d2 ·n2 d2 d0 s0
= 1,

(n2 · n−
2 d0 s0 ·n2 d0 s1) d0 = n2 d0 ·n−

2 d0 s0 d0 ·n2 d0 s1 d0
= n2 d0 ·n−

2 d0 ·n2 d0 s1 d0
= n2 d0 s1 d0
= n2 d0 d0 s0
= n2 d1 d0 s0
= 1,

(n2 · n−
2 d0 s0 ·n2 d0 s1) d1 = n2 d1 ·n−

2 d0 s0 d1 ·n2 d0 s1 d1
= n−

2 d0 s0 d1 ·n2 d0 s1 d1
= n−

2 d0 ·n2 d0
= 1,

(n−
1 s1 ·n1 d0 s0 s0) d0 = n−

1 s1 d0 ·n1 d0 s0 s0 d0
= n−

1 s1 d0 ·n1 d0 s0
= n−

1 d0 s0 ·n1 d0 s0
= 1.

So we have n−
2 · n2 d0 s0 ∈ G2;0,2, n2 · n−

2 d0 s0 ·n2 d0 s1 ∈ G2;0,1 and n−
1 s1 ·n1 d0 s0 s0 ∈ G2;0 .

Then we have

n2(∂2 ▲ ν1) = (n2∂2)ν1
= (n2 d0)ν1
= (n2 d0 s0G2;0,2, (n−

2 d0 s0 ·n2 d0 s1)G2;0,1)
= (n2G2;0,2, n

−
2 G2;0,1)

= n2∂
′
2

= (n2ν2)∂′
2

= n2(ν2 ▲ ∂′
2)

and
n1(∂1 ▲ ν0) = (n1∂1)ν0

= (n1 d0)ν0
= n1 d0 s0 s0G2;0
= n1 s1G2;0
= n1 s0G2;0 · (n−

1 s0 ·n1 s1)G2;0
= (n1 s0G2;0,2, (n−

1 s0 ·n1 s1)G2;0,1)∂′
1

Lem. 100= (n1ν1)∂′
1

= n1(ν1 ▲ ∂′
1).

Second, we have to show (2CMM 1, 2).
Ad (2CMM 1.1). Suppose given n0 ∈ G0 and n1 ∈ G1;1 .

Then we have

(nn0
1 )ν1

Lem. 51= (nn0 s0
1 )ν1

Lem. 100= (nn0 s0
1 s0G2;0,2, ((n−

1 )n0 s0 s0 ·nn0 s0
1 s1)G2;0,1)

= ((n1 s0)n0 s0 s0G2;0,2, ((n−
1 s0)n0 s0 s0 · (n1 s1)n0 s0 s1)G2;0,1)

= ((n1 s0)n0 s0 s0G2;0,2, ((n−
1 s0)n0 s0 s0 · (n1 s1)n0 s0 s0)G2;0,1)
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= ((n1 s0)n0 s0 s0G2;0,2, (n−
1 s0 ·n1 s1)n0 s0 s0G2;0,1)

Rem. 99= (n1 s0G2;0,2, (n−
1 s0 ·n1 s1)G2;0,1)n0 s0 s0 G2;0

Lem. 100= (n1ν1)n0ν0 .

Ad (2CMM 1.2). Suppose given n0 ∈ G0 and n2 ∈ G2;1,2 .

Then we have
(nn0

2 )ν2 = nn0
2

Lem. 51= nn0 s0 s0
2

Rem. 99= n
n0 s0 s0 G2;0
2

= (n2ν2)n0ν0 .

Ad (2CMM 2). Suppose given n1, n
′
1 ∈ G1;1 .

Then we have

⌊n1, n
′
1⌋ν2

Lem. 51= ((n−
1 s0)n′

1 s0 · (n1 s0)n′
1 s1)ν2

= (n−
1 s0)n′

1 s0 · (n1 s0)n′
1 s1

= (n−
1 s0)n′

1 s0 · n′ −
1 s1 ·n1 s0 ·n′

1 s1

= (n−
1 s0)n′

1 s0 · n′ −
1 s1 ·n′

1 s0 · (n1 s0)n′
1 s0 · n′ −

1 s0 ·n′
1 s1

= [(n1 s0)n′
1 s0 , n′ −

1 s0 ·n′
1 s1]

Rem. 99= ⌊(n1 s0G2;0,2, (n−
1 s0 ·n1 s1)G2;0,1), (n′

1 s0G2;0,2, (n′ −
1 s0 ·n′

1 s1)G2;0,1)⌋
Lem. 100= ⌊n1ν1, n

′
1ν1⌋.

□

Lemma 102 We have the transformation

ν = (Gν)G∈Ob(⌊2,0⌋-SimpGrp) : N̂ −→ Sq ▲ Tr ▲ To .

Cf. Lemma 100 and Lemma 101.
Proof. To show that ν is a transformation, we have to show that the quadrangle

G N̂ G Sq Tr To

H N̂ H Sq Tr To

Gν

φ N̂ φ Sq Tr To

Hν

commutes for G φ−→ H in ⌊2, 0⌋-SimpGrp.

To this end, we show that Gνk ▲ (φSq Tr To)k
!= (φ N̂)k ▲Hνk for k ∈ {0, 1, 2}; cf. Remark 40,

Lemma 101.
Suppose given n0 ∈ G0, n1 ∈ G1;1 and n2 ∈ G2;1,2 .

We have
n2((φ N̂)2 ▲Hν2) = (n2(φ N̂)2)(Hν2)

Def. 54= n2φ2(Hν2)
Lem. 100= n2φ2

= n2(φ2;1,2)
Rem. 99= n2(φSq Tr To)2
Lem. 100= (n2(Gν2))(φ Sq Tr To)2

= n2(Gν2 ▲ (φ Sq Tr To)2).
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We have

n1((φ N̂)1 ▲Hν1) = (n1(φ N̂)1)(Hν1)
Def. 54= n1φ1(Hν1)

Lem. 100= (n1φ1 s0H2;0,2, (n−
1 φ1 s0 ·n1φ1 s1)H2;0,1)

= (n1 s0 φ2H2;0,2, (n−
1 s0 φ2 · n1 s1 φ2)H2;0,1)

= (n1 s0 φ2H2;0,2, (n−
1 s0 ·n1 s1)φ2H2;0,1)

Rem. 80= ((n1 s0G2;0,2)φ̄2;2, ((n−
1 s0 ·n1 s1)G2;0,1)φ̄2;1)

= (n1 s0G2;0,2, (n−
1 s0 ·n1 s1)G2;0,1)(φ̄2;2 ⋉ φ̄2;1)

Rem. 99= (n1 s0G2;0,2, (n−
1 s0 ·n1 s1)G2;0,1)(φSq Tr To)1

Lem. 100= (n1(Gν1))(φSq Tr To)1

= n1(Gν1 ▲ (φ Sq Tr To)1).

Moreover, we have

n0((φ N̂)0 ▲Hν0) = (n0(φ N̂)0)(Hν0)
Def. 54= n0φ0(Hν0)

Lem. 100= n0φ0 s0 s0H2;0

= n0 s0 φ1 s0H2;0
= n0 s0 s0 φ2H2;0

Rem. 80= (n0 s0 s0G2;0)(φ̄2;∅)
Rem. 99= (n0 s0 s0G2;0)(φ Sq Tr To)0
Lem. 100= (n0(Gν0))(φ Sq Tr To)0

= n0(Gν0 ▲ (φ Sq Tr To)0).

Altogether, we have

φ N̂ ▲Hν = ((φ N̂)2, (φ N̂)1, (φ N̂)0) ▲ (Hν2, Hν1, Hν0)
Rem. 40= ((φ N̂)2 ▲Hν2, (φ N̂)1 ▲Hν1, (φ N̂)0 ▲Hν0)

= (Gν2 ▲ (φ Sq Tr To)2, Gν1 ▲ (φSq Tr To)1, Gν0 ▲ (φ Sq Tr To)0)
Rem. 40= (Gν2, Gν1, Gν0) ▲ ((φSq Tr To)2, (φSq Tr To)1, (φSq Tr To)0)

= Gν ▲φSq Tr To .

□

Lemma 103 We have the transformation νRec = (G(νRec))G∈Ob(⌊2,0⌋-SimpGrp)
:= ((Gν) Rec)G∈Ob(⌊2,0⌋-SimpGrp)
= (GνRec)G∈Ob(⌊2,0⌋-SimpGrp)

 : N̂ ▲ Rec −→ Sq ▲ Tr ▲ To ▲ Rec .

Cf. Definition 72 and Lemma 102.
We have, by Lemma 64, Definition 54, Remark 99,

(G N̂ Rec)2 = (G0 ⋉β1 G1;1) ⋉ε1,2 (G1;1 ⋉ε2 G2;1,2)
(G N̂ Rec)1 = G0 ⋉β1 G1;1
(G N̂ Rec)0 = G0

(G Sq Tr To Rec)2 = (G2/G2;0 ⋉β1 (G2;2/G2;0,2 ⋉α G2;1/G2;0,1)) ⋉ε1,2 ((G2;2/G2;0,2 ⋉α G2;1/G2;0,1) ⋉ε2 G2;1,2)
(G Sq Tr To Rec)1 = G2/G2;0 ⋉β1 (G2;2/G2;0,2 ⋉α G2;1/G2;0,1)
(G Sq Tr To Rec)0 = G2/G2;0 .
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Moreover, by Lemma 70, Lemma 66, Remark 65, Lemma 100, we have

(G N̂ Rec)2
GνRec2−−−−−→ (G Sq Tr To Rec)2

((n0, n1), (ň1, n2)) 7−→ ((n0 s0 s0G2;0, (n1 s0G2;0,2, (n−
1 s0 ·n1 s1)G2;0,1)), ((ň1 s0G2;0,2, (ň−

1 s0 · ň1 s1)G2;0,1), n2))

(G N̂ Rec)1
GνRec1−−−−−→ (G Sq Tr To Rec)1

(n0, n1) 7−→ (n0 s0 s0G2;0, (n1 s0G2;0,2, (n−
1 s0 ·n1 s1)G2;0,1))

(G N̂ Rec)0
GνRec0−−−−−→ (G Sq Tr To Rec)0

n0 7−→ n0 s0 s0G2;0 .

Lemma 104 We have the transformation
ε := ϑ−

▲ νRec
= (G(ϑ−

▲ νRec))G∈Ob(⌊2,0⌋-SimpGrp)
= (Gϑ−

▲GνRec)G∈Ob(⌊2,0⌋-SimpGrp)
= (Gϑ−)G∈Ob(⌊2,0⌋-SimpGrp) ▲ (GνRec)G∈Ob(⌊2,0⌋-SimpGrp)

 : Id⌊2,0⌋-SimpGrp −→ Sq ▲ (Tr ▲ To ▲ Rec)

as a composite of transformations; cf. Remark 2, Lemma 77 and Lemma 103.
So Gε = Gϑ−

▲GνRec .
In particular,

G2
Gε2−−→ (G2/G2;0 ⋉β1 (G2;2/G2;0,2 ⋉α G2;1/G2;0,1)) ⋉ε1,2 ((G2;2/G2;0,2 ⋉α G2;1/G2;0,1) ⋉ε2 G2;1,2)

g2 7−→



((g2 d2 d1 s0 s0G2;0,
((g−

2 d2 d1 s0 s0 · g2 d2 s0)G2;0,2, (g−
2 d2 s0 · g2 d2 d1 s0 s0 · g−

2 d2 d1 s0 s1 · g2 d2 s1)G2;0,1)),
((g−

2 d2 s0 · g2 d1 s0)G2;0,2, (g−
2 d1 s0 · g2 d2 s0 · g−

2 d2 s1 · g2 d1 s1)G2;0,1),
g−

2 d1 s0 · g2 d2 s0 · g−
2 d2 s1 · g2))

= ((g2 d2 d1 s0 s0G2;0,
((g−

2 d2 d1 s0 s0 · g2 d2 s0)G2;0,2, (g−
2 d2 s0 · g2 d2 d1 s0 s0 · g−

2 d2 d1 s0 s0 · g2 d2 s1)G2;0,1)),
((g−

2 d2 s0 · g2 d1 s0)G2;0,2, (g−
2 d1 s0 · g2 d2 s0 · g−

2 d2 s1 · g2 d1 s1)G2;0,1),
g−

2 d1 s0 · g2 d2 s0 · g−
2 d2 s1 · g2))

= ((g2 d2 d1 s0 s0G2;0,
((g−

2 d2 d1 s0 s0 · g2 d2 s0)G2;0,2, (g−
2 d2 s0 · g2 d2 s1)G2;0,1)),

((g−
2 d2 s0 · g2 d1 s0)G2;0,2, (g−

2 d1 s0 · g2 d2 s0 · g−
2 d2 s1 · g2 d1 s1)G2;0,1),

g−
2 d1 s0 · g2 d2 s0 · g−

2 d2 s1 · g2))


G1

Gε1−−→ G2/G2;0 ⋉β1 (G2;2/G2;0,2 ⋉α G2;1/G2;0,1)

g1 7−→

 (g1 d1 s0 s0G2;0, ((g−
1 d1 s0 s0 · g1 s0)G2;0,2, (g−

1 s0 · g1 d1 s0 s0 · g−
1 d1 s0 s1 · g1 s1)G2;0,1))

= (g1 d1 s0 s0G2;0, ((g−
1 d1 s0 s0 · g1 s0)G2;0,2, (g−

1 s0 · g1 d1 s0 s0 · g−
1 d1 s0 s0 · g1 s1)G2;0,1))

= (g1 d1 s0 s0G2;0, ((g−
1 d1 s0 s0 · g1 s0)G2;0,2, (g−

1 s0 · g1 s1)G2;0,1))


G0

Gε0−−→ G2/G2;0
g0 7−→ g0 s0 s0G2;0 .

Cf. Lemma 76 and Lemma 103.
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7.2 The transformation η : (Tr ▲ To ▲ Rec) ▲ Sq −→ IdCrSq

Remark 105 Suppose given crossed squares

C = (L, M, M ′, P, γM,L , γM ′,L , γP,L , γP,M , γP,M ′ , λ, λ′, µ, µ′, χ),

C̃ = (L̃, M̃ , M̃ ′, P̃ , γM̃,L̃ , γM̃ ′,L̃ , γP̃ ,L̃ , γP̃ ,M̃ , γP̃ ,M̃ ′ , λ̃, λ̃′, µ̃, µ̃′, χ̃)

and a morphism of crossed squares

c = (l, m, m′, p) : C = (L, M, M ′, P ) −→ C̃ = (L̃, M̃ , M̃ ′, P̃ ).

Cf. Definition 15 and Definition 19.
(1) Application of Tr .
We recall that

C Tr = (L, M ′, M, P, γM ′,L , γM,L , γP,L , γP,M ′ , γP,M , λ′, λ, µ′, µ, χtr)

is a crossed square and
cTr = (l, m′, m, p) : C Tr −→ C̃ Tr

is a morphism of crossed squares; cf. Definition 27.
The following map is a group morphism as a composite of group morphisms; cf. Remark 88.

α = µ′
▲ γP,M : M ′ −→ Aut(M)

m′ 7−→ (m 7→ (m)(m′α) = (m)(m′(µ′
▲ γP,M )) = mm′µ′ =: mm′)

In particular, we may form the semidirect product M ′ ⋉αM, in which

(m′,m) · (m̃′, m̃) = (m′ · m̃′,mm̃′ · m̃)
= (m′ · m̃′,mm̃′µ′ · m̃),

for (m′,m), (m̃′, m̃) ∈M ′ ⋉αM.

(2) Application of To .
Using the functor To from Definition 96 we have the 2-crossed module

C Tr To =
(
L M ′ ⋉αM P

∂2 ∂1
)
,

with the following group morphisms

L
∂2−→ M ′ ⋉αM : l 7−→ (lλ′, l−λ)

M ′ ⋉αM
∂1−→ P : (m′,m) 7−→ m′µ′ ·mµ

P
β1−→ Aut(M ′ ⋉αM) : p 7−→ ((m′,m) 7→ (m′,m)p = (m′ p,mp))

P
γP,L−−−→ Aut(L) : p 7−→ (l 7→ lp).

and the map

(M ′ ⋉αM)× (M ′ ⋉αM) ζ−→ L

((m′,m), (m̃′, m̃)) 7−→ ⌊(m′,m), (m̃′, m̃)⌋ := ⌈m′ m̃′
, m̃⌉tr = ⌈m̃,m′ m̃′⌉−;

cf. Lemma 93 and Remark 24.
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Moreover,
cTr To = (l, m′ ⋉m, p) : C Tr To −→ C̃ Tr To

is a morphism of 2-crossed modules, where (m′,m)(m′⋉m) = (m′m′,mm) for (m′,m) ∈M ′⋉αM ;
cf. Lemma 95.
(3) Application of Rec .
We have the following group morphism; cf. Lemma 55.

M ′ ⋉αM
ε2−→ Aut(L)

(m′,m) 7−→



l 7→



l(m
′,m) = l · ⌊(m′,m), l∂2⌋

= l · ⌊(m′,m), (lλ′, l−λ)⌋
= l · ⌈l−λ,m′ lλ′⌉−

(CS 4.3)= l · lm′ lλ′
· l−

= l · ll−λ′·m′· lλ′ · l−
= l · ((ll−λ′)m′)lλ′ · l−

(CM 2)= l · ((ll−)m′)l · l−

= l · l− · (l · l · l−)m′ · l · l−
= lm

′




We have the following group morphism; cf. Lemma 59.

P ⋉β1 (M ′ ⋉αM) ε1,2−−→ Aut((M ′ ⋉αM) ⋉ε2 L)

(p, (m′,m)) 7−→


((m̌′, m̌), l) 7→



((m̌′, m̌), l)(p,(m′,m))

= (((m̌′, m̌)p)(m′,m), ⌊(m̌′, m̌)p, (m′,m)⌋ · lp · (m′,m)∂1)
= ((m̌′ p, m̌p)(m′,m), ⌊(m̌′ p, m̌p), (m′,m)⌋ · lp ·m′µ′·mµ)
= ((m̌′ p, m̌p)(m′,m), ⌈(m̌′ p)m′

,m⌉tr · lp ·m′µ′·mµ)
Rem. 8.(2)= (((m̌′ p)m′

, (m−)(m̌′ p)m′
· (m̌p)m′ ·m),

⌈(m̌′ p)m′
,m⌉tr · lp ·m′µ′·mµ)

(CM2)= ((m̌′ p ·m′µ′
, (m−)m̌′ p · m′µ′

· m̌p ·m′µ′ ·m),
⌈m̌′ p ·m′µ′

,m⌉tr · lp ·m′µ′·mµ)




We abbreviate

GC := C Tr To Rec .

Using the functor Rec from Definition 72, we have the ⌊2, 0⌋-simplicial group

GC =


(P ⋉β1 (M ′ ⋉αM)) ⋉ε1,2 ((M ′ ⋉αM) ⋉ε2 L) P ⋉β1 (M ′ ⋉αM) P

dGC ,2
1

dGC ,2
2

dGC ,2
0

dGC ,1
1

dGC ,1
0sGC ,1

0

sGC ,1
1

sGC ,0
0


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with the following group morphisms; cf. Lemma 64.

P
sGC ,0
0−−−→ P ⋉ε2 (M ′ ⋉αM)

p 7−→ (p, (1, 1))

P ⋉β1 (M ′ ⋉αM)
dGC ,1

0−−−−→ P

(p, (m′,m)) 7−→
(

p · (m′,m)∂1
= p ·m′µ′ ·mµ

)

P ⋉β1 (M ′ ⋉αM)
dGC ,1

1−−−−→ P
(p, (m′,m)) 7−→ p

P ⋉β1 (M ′ ⋉αM)
sGC ,1
0−−−→ (P ⋉β1 (M ′ ⋉αM)) ⋉ε1,2 ((M ′ ⋉αM) ⋉ε2 L)

(p, (m′,m)) 7−→ ((p, (1, 1)), ((m′,m), 1))

P ⋉β1 (M ′ ⋉αM)
sGC ,1
1−−−→ (P ⋉β1 (M ′ ⋉αM)) ⋉ε1,2 ((M ′ ⋉αM) ⋉ε2 L)

(p, (m′,m)) 7−→ ((p, (m′,m)), ((1, 1), 1))

(P ⋉β1 (M ′ ⋉αM)) ⋉ε1,2 ((M ′ ⋉αM) ⋉ε2 L)
dGC ,2

0−−−−→ P ⋉β1 (M ′ ⋉αM)

((p, (m′,m)), ((m̌′, m̌), l)) 7−→



(p · (m′,m)∂1, (m̌′, m̌) · l∂2)
= (p ·m′µ′ ·mµ, (m̌′, m̌) · (lλ′, l−λ))
= (p ·m′µ′ ·mµ, (m̌′ · lλ′, m̌lλ′ · l−λ))
= (p ·m′µ′ ·mµ, (m̌′ · lλ′, m̌lλ′µ′ · l−λ))
= (p ·m′µ′ ·mµ, (m̌′ · lλ′, m̌lλµ · l−λ))

(CM 2)= (p ·m′µ′ ·mµ, (m̌′ · lλ′, m̌lλ · l−λ))
= (p ·m′µ′ ·mµ, (m̌′ · lλ′, l−λ · m̌ · lλ · l−λ))
= (p ·m′µ′ ·mµ, (m̌′ · lλ′, l−λ · m̌))


(P ⋉β1 (M ′ ⋉αM)) ⋉ε1,2 ((M ′ ⋉αM) ⋉ε2 L)

dGC ,2
1−−−−→ P ⋉β1 (M ′ ⋉αM)

((p, (m′,m)), ((m̌′, m̌), l)) 7−→

 (p, (m′,m) · (m̌′, m̌))
= (p, (m′ · m̌′,mm̌′ · m̌))
= (p, (m′ · m̌′,mm̌′µ′ · m̌))


(P ⋉β1 (M ′ ⋉αM)) ⋉ε1,2 ((M ′ ⋉αM) ⋉ε2 L)

dGC ,2
2−−−−→ P ⋉β1 (M ′ ⋉αM)

((p, (m′,m)), ((m̌′, m̌), l)) 7−→ (p, (m′,m))

Recall that we have

GC
2 := (P ⋉β1 (M ′ ⋉αM)) ⋉ε1,2 ((M ′ ⋉αM) ⋉ε2 L)

GC
1 := P ⋉β1 (M ′ ⋉αM)

GC
0 := P.

We abbreviate
φc := cTr To Rec : GC −→ GC̃ .

We have the following group morphism; cf. Remark 65.

P
φc

0−→ P̃
p 7−→ pp

So φc
0 := p.
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We have the following group morphism; cf. Lemma 66.

P ⋉β1 (M ′ ⋉αM)
φc

1−→ P̃ ⋉β̃1
(M̃ ′ ⋉α̃ M̃)

(p, (m′,m)) 7−→
(

(pp, (m′,m)(m′ ⋉m))
= (pp, (m′m′,mm))

)

We have the following group morphism; cf. Lemma 70.

(P ⋉β1 (M ′ ⋉αM)) ⋉ε1,2 ((M ′ ⋉αM) ⋉ε2 L)
φc

2−→ (P̃ ⋉β̃1
(M̃ ′ ⋉α̃ M̃)) ⋉ε̃1,2 ((M̃ ′ ⋉α̃ M̃) ⋉ε̃2 L̃)

((p, (m′,m)), ((m̌′, m̌), l)) 7−→
(

((pp, (m′,m)(m′ ⋉m)), ((m̌′, m̌)(m′ ⋉m), ll))
= ((pp, (m′m′,mm)), ((m̌′m′, m̌m), ll))

)

Moreover,
cTr To Rec = φc = (φc

2, φ
c
1, φ

c
0) : GC −→ GC̃

is a morphism of ⌊2, 0⌋-simplicial groups; cf. Lemma 71.

Remark 106 Suppose given a crossed square

C = (L, M, M ′, P, γM,L , γM ′,L , γP,L , γP,M , γP,M ′ , λ, λ′, µ, µ′, χ).

Cf. Definition 15.
We shall calculate the data appearing in the crossed square

GC Šq = C Tr To Rec Šq ,

namely groups, group morphisms, actions and the Loday bracket; cf. Definition 87.
(1) Groups

We recall from Remark 105.(3) that we have

GC
1 = P ⋉β1 (M ′ ⋉αM) = {(p, (m′,m)) : p ∈ P, (m′,m) ∈M ′ ⋉αM}

and we also have

GC
1;0 = ker dGC ,1

0
Rem. 105.(3)= {(m−µ · m′ −µ′, (m′,m)) : (m′,m) ∈M ′ ⋉αM}

GC
1;1 = ker dGC ,1

1
Rem. 105.(3)= {(1, (m′,m)) : (m′,m) ∈M ′ ⋉αM}

GC
2;1,2 = ker dGC ,2

1 ∩ ker dGC ,2
2

Rem. 105.(3)= {((1, (1, 1)), ((1, 1), l)) : l ∈ L}.

We often abbreviate (l) := ((1, (1, 1)), ((1, 1), l)) for l ∈ L.
So GC

2;1,2 = {(l) : l ∈ L}.

Note that for l, l̃ ∈ L, we have

(l) · (l̃) = ((1, (1, 1)), ((1, 1), l)) · ((1, (1, 1)), ((1, 1), l̃))
= ((1, (1, 1)), ((1, 1), l) · ((1, 1), l̃))
= ((1, (1, 1)), ((1, 1), l · l̃))
= (l · l̃).
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(2) Group morphisms

We have the group morphisms

GC
2;1,2

λ
1,0
GC Šq

=: λ̌
−−−−−−−→ GC

1;0
(l) 7−→ (l) d0 = ((1, (1, 1)), ((1, 1), l)) d0 = (1, (lλ′, l−λ))

GC
1;0

µ
GC Šq
1,0 =: µ̌
−−−−−−−→ GC

1
(m−µ · m′ −µ′, (m′,m)) 7−→ (m−µ · m′ −µ′, (m′,m))

GC
2;1,2

λ
0,1
GC Šq

=: λ̌′

−−−−−−−→ GC
1;1

(l) 7−→ (l) d0 = ((1, (1, 1)), ((1, 1), l)) d0 = (1, (lλ′, l−λ))

GC
1;1

µ
GC Šq
0,1 =: µ̌′

−−−−−−−→ GC
1

(1, (m′,m)) 7−→ (1, (m′,m)) .

Cf. Definition 85 and Remark 105.(3).
Using the functor Šq from Definition 87 we have the crossed square

GC Šq =



GC
2;1,2 GC

1;1

GC
1;0 GC

1

λ
0,1
GC Šq

λ
1,0
GC Šq µ

GC Šq
0,1

µ
GC Šq
1,0


=:



Ľ M̌ ′

M̌ P̌

λ̌′

λ̌ µ̌′

µ̌


.

Due to (CS 1) we have λ̌ ▲ µ̌ = λ̌′
▲ µ̌′.

We write κ̌ := κGC Šq = λ̌ ▲ µ̌ = λ̌′
▲ µ̌′.

(3) Actions

In order to simplify our computations, we need some preparations.

(3.1) For (m−µ ·m′ −µ′, (m′,m)) ∈ GC
1;0 we have

(m−µ ·m′ −µ′, (m′,m))− Rem. 8.(1)= ((m−µ ·m′ −µ′)−, ((m′,m)−)(m−µ ·m′ −µ′)−)
Rem. 8.(1)= (m′µ′ ·mµ, (m′ −, (m−)m′ −)m′µ′·mµ)

Rem. 105.(1)= (m′µ′ ·mµ, (m′ −, (m−)m′ −µ′)m′µ′·mµ)
Rem. 105.(2)= (m′µ′ ·mµ, ((m′ −)m′µ′·mµ, (m−)m′ −µ′·m′µ′·mµ))

= (m′µ′ ·mµ, (((m′ −)m′µ′)mµ, (m−)mµ))
(CM 2)= (m′µ′ ·mµ, (((m′ −)m′)mµ, (m−)m))

= (m′µ′ ·mµ, ((m′ −)mµ,m−)).
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(3.2) Suppose given l ∈ L, m ∈M, m′ ∈M ′ and p ∈ P.

Then we have

(l)((p,(1,1)),((m′,m),1))

= ((1, (1, 1)), ((1, 1), l))((p,(1,1)),((m′,m),1))

Rem. 8.(2)= ((1, (1, 1))(p,(1,1)), (((m′,m), 1)−)(1,(1,1))(p,(1,1)) · ((1, 1), l)(p,(1,1)) · ((m′,m), 1))
= ((1, (1, 1)), ((m′,m), 1)− · ((1, 1), l)(p,(1,1)) · ((m′,m), 1))
= ((1, (1, 1)), ((m′,m)−, 1) · ((1, 1), l)(p,(1,1)) · ((m′,m), 1))

Rem. 105.(3)=ε1,2
((1, (1, 1)), ((m′,m)−, 1) · ((1, 1), lp) · ((m′,m), 1))

= ((1, (1, 1)), ((m′,m)−, lp) · ((m′,m), 1))
= ((1, (1, 1)), ((m′,m)− · (m′,m), (lp)(m′,m)))
= ((1, (1, 1)), ((1, 1), (lp)(m′,m)))

Rem. 105.(3)=
ε2

((1, (1, 1)), ((1, 1), (lp)m′))
Rem. 16= ((1, (1, 1)), ((1, 1), (lp)m′µ′))

= ((1, (1, 1)), ((1, 1), lp ·m′µ′))
short= (lp ·m′µ′).

(3.3) Suppose given m, m̃ ∈M, m′, m̃′ ∈M ′ and p, p̃ ∈ P.

Then we have

(p̃, (m̃′, m̃))(p,(m′,m))

Rem. 8.(2)= (p̃ p, ((m′,m)−)p̃ p · (m̃′, m̃)p · (m′,m))
Rem. 8.(1)= (p̃ p, (m′ −, (m−)m′ −)p̃ p · (m̃′, m̃)p · (m′,m))

Rem. 105.(1)= (p̃ p, (m′ −, (m−)m′ −µ′)p̃ p · (m̃′, m̃)p · (m′,m))
Rem. 105.(2)= (p̃ p, ((m′ −)p̃ p

, (m−)m′ −µ′· p̃ p) · (m̃′ p, m̃p) · (m′,m))
= (p̃ p, ((m′ −)p̃ p · m̃′ p, ((m−)m′ −µ′· p̃ p)m̃′ p · m̃p) · (m′,m))
= (p̃ p, ((m′ −)p̃ p · m̃′ p ·m′, (((m−)m′ −µ′· p̃ p)m̃′ p · m̃p)m′ ·m))
= (p̃ p, ((m′ −)p̃ p · m̃′ p ·m′, (((m−)m′ −µ′· p̃ p)m̃′ p)m′ · (m̃p)m′ ·m))

Rem. 105.(1)= (p̃ p, ((m′ −)p̃ p · m̃′ p ·m′, (((m−)m′ −µ′· p̃ p)m̃′ pµ′)m′µ′ · (m̃p)m′µ′ ·m))
(CM 1)= (p̃ p, ((m′ −)p̃ p · m̃′ p ·m′, (((m−)m′ −µ′· p̃ p)(m̃′µ′)p)m′µ′ · (m̃p)m′µ′ ·m))

= (p̃ p, ((m′ −)p̃ p · m̃′ p ·m′, (m−)m′ −µ′· p̃ p·(m̃′µ′)p·m′µ′ · m̃p ·m′µ′ ·m))
= (p̃ p, ((m′ −)p̃ p · m̃′ p ·m′, (m−)(p̃ · m̃′µ′)p · m′µ′

· m̃p ·m′µ′ ·m)).
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We have the following group morphisms.

GC
1;0

γ
GC Šq
1,0 = γM̌,Ľ−−−−−−−−−→ Aut(GC

2;1,2)

(m−µ · m′ −µ′, (m′,m)) 7−→



(l)
7→ (l)(m−µ ·m′ −µ′,(m′,m))

Def. 85= (l)(m−µ ·m′ −µ′,(m′,m)) s0 · (m−µ ·m′ −µ′,(m′,m))− s1

(3.1)= (l)(m−µ ·m′ −µ′,(m′,m)) s0 · (m′µ′·mµ,((m′ −)mµ,m−)) s1

Rem. 105.(3)= (l)((m−µ ·m′ −µ′,(1,1)),((m′,m),1))·((m′µ′·mµ,((m′ −)mµ,m−)),((1,1),1))

= ((l)((m−µ ·m′ −µ′,(1,1)),((m′,m),1)))((m′µ′·mµ,((m′ −)mµ,m−)),((1,1),1))

(3.2)= (lm−µ ·m′ −µ′·m′µ′)((m′µ′·mµ,((m′ −)mµ,m−)),((1,1),1))

= ((1, (1, 1)), ((1, 1), lm−µ))((m′µ′·mµ,((m′ −)mµ,m−)),((1,1),1))

Rem. 8.(2)= ((1, (1, 1)), ((1, 1), lm−µ)(m′µ′·mµ,((m′ −)mµ,m−)))
Rem. 105.(3)=ε1,2

((1, (1, 1)), ((1,m ·m−), ⌈1,m−⌉tr · (lm−µ)m′µ′·mµ · (m′ −)mµµ′·m−µ))
Rem. 24= ((1, (1, 1)), ((1, 1), ⌈m−, 1⌉− · lm−µ ·m′µ′·mµ · (m′ −)mµµ′·m−µ))
Rem. 18= ((1, (1, 1)), ((1, 1), lm−µ ·m′µ′·mµ · (m′ −)mµµ′·m−µ))
(CM 1)= ((1, (1, 1)), ((1, 1), lm−µ ·m′µ′·mµ · (m′ −µ′)mµ·m−µ))

= ((1, (1, 1)), ((1, 1), lm−µ ·m′µ′·mµ ·m−µ ·m′ −µ′·mµ ·m−µ))
= ((1, (1, 1)), ((1, 1), lm−µ))

Rem. 16= ((1, (1, 1)), ((1, 1), lm−))
short= (lm−)


GC

1;1
γ

GC Šq
0,1 = γM̌′,Ľ−−−−−−−−−→ Aut(GC

2;1,2)

(1, (m′,m)) 7−→


(l) 7→



(l)(1,(m′,m)) Def. 85= (l)(1,(m′,m)) s0

Rem. 105.(3)= (l)((1,(1,1)),((m′,m),1))

(3.2)= (lm′µ′)
Rem. 16= (lm′)




GC

1
γ

1,1
GC Šq

= γP̌ ,Ľ

−−−−−−−−→ Aut(GC
2;1,2)

(p, (m′,m)) 7−→

 (l) 7→


(l)(p,(m′,m)) Def. 85= (l)(p,(m′,m)) s0

Rem. 105.(3)= (l)((p,(1,1)),((m′,m),1))

(3.2)= (lp ·m′µ′)



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GC
1

γ
1,0
GC Šq

= γP̌ ,M̌

−−−−−−−−−→ Aut(GC
1;0)

(p, (m′,m)) 7−→



(m̃−µ · m̃′ −µ′, (m̃′, m̃))
7→ (m̃−µ · m̃′ −µ′, (m̃′, m̃))(p,(m′,m))

Def. 85=(3.3) ((m̃−µ · m̃′ −µ′)p, ((m′ −)(m̃−µ · m̃′ −µ′)p · m̃′ p ·m′,

(m−)(m̃−µ · m̃′ −µ′ · m̃′µ′)p · m′µ′
· m̃p ·m′µ′ ·m))

= ((m̃−µ · m̃′ −µ′)p, ((m′ −)(m̃−µ · m̃′ −µ′)p · m̃′ p ·m′,

(m−)(m̃−µ)p · m′µ′
· m̃p ·m′µ′ ·m))

(CM 1)= ((m̃−µ · m̃′ −µ′)p, ((m′ −)(m̃−µ · m̃′ −µ′)p · m̃′ p ·m′,

(m−)((m̃−)p · m′µ′ )µ · m̃p ·m′µ′ ·m))
(CM 2)= ((m̃−µ · m̃′ −µ′)p, ((m′ −)(m̃−µ · m̃′ −µ′)p · m̃′ p ·m′,

(m−)(m̃−)p · m′µ′
· m̃p ·m′µ′ ·m))

= ((m̃−µ · m̃′ −µ′)p, ((m′ −)(m̃−µ · m̃′ −µ′)p · m̃′ p ·m′,

m̃p ·m′µ′ ·m− · (m̃−)p ·m′µ′ · m̃p ·m′µ′ ·m))
= ((m̃−µ · m̃′ −µ′)p, ((m′ −)(m̃−µ · m̃′ −µ′)p · m̃′ p ·m′, m̃p ·m′µ′))


GC

1
γ

0,1
GC Šq

= γP̌ ,M̌′
−−−−−−−−−→ Aut(GC

1;1)

(p, (m′,m)) 7−→


(1, (m̃′, m̃)) 7→



(1, (m̃′, m̃))(p,(m′,m))

Def. 85=(3.3) (1, (m′ − · m̃′ p ·m′, (m−)(m̃′µ′)p · m′µ′
· m̃p ·m′µ′ ·m))

= (1, ((m̃′ p)m′
, (m−)(m̃′µ′)p · m′µ′

· m̃p ·m′µ′ ·m))
(CM 2)= (1, ((m̃′ p)m′µ′

, (m−)(m̃′µ′)p · m′µ′
· m̃p ·m′µ′ ·m))

= (1, (m̃′ p ·m′µ′
, (m−)(m̃′µ′)p · m′µ′

· m̃p ·m′µ′ ·m))




Cf. Definition 85.

GC Šq =



GC
2;1,2 GC

1;1

GC
1;0 GC

1

λ
0,1
GC Šq

λ
1,0
GC Šq µ

GC Šq
0,1

µ
GC Šq
1,0


=



Ľ M̌ ′

M̌ P̌

λ̌′

λ̌ µ̌′

µ̌


Altogether, we have

(GC Šq)1,1 = GC
2;1,2 γ

GC Šq
1,0 = γM̌,Ľ λ

1,0
GC Šq = λ̌

(GC Šq)1,0 = GC
1;0 γ

GC Šq
0,1 = γM̌ ′,Ľ λ

0,1
GC Šq = λ̌′

(GC Šq)0,1 = GC
1;1 γ

1,1
GC Šq = γP̌ ,Ľ µ

GC Šq
1,0 = µ̌

(GC Šq)0,0 = GC
1 γ

1,0
GC Šq = γP̌ ,M̌ µ

GC Šq
0,1 = µ̌′

γ
0,1
GC Šq = γP̌ ,M̌ ′ χGC Šq = χ̌ (see (4) below)

κGC Šq = κ̌ = λ̌ ▲ µ̌ = λ̌′
▲ µ̌′.
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(4) Loday bracket

Suppose given m, m̃ ∈M and m′, m̃′ ∈M ′.

We claim that in GC Šq we have
⌈(m−µ ·m′ −µ′, (m′,m)), (1, (m̃′, m̃))⌉ = ((1, (1, 1)), ((1, 1), ⌈m−, m̃′⌉))

short= (⌈m−, m̃′⌉).

We calculate
⌈(m−µ ·m′ −µ′, (m′,m)), (1, (m̃′, m̃))⌉

Def. 85= [(m−µ ·m′ −µ′, (m′,m)) s0 · (m−µ ·m′ −µ′, (m′,m))− s1, (1, (m̃′, m̃)) s0]
(3.1)= [(m−µ ·m′ −µ′, (m′,m)) s0 · (m′µ′ ·mµ, ((m′ −)mµ,m−)) s1, (1, (m̃′, m̃)) s0]

Rem. 105.(3)= [((m−µ ·m′ −µ′, (1, 1)), ((m′,m), 1)) · ((m′µ′ ·mµ, ((m′ −)mµ,m−)), ((1, 1), 1)), ((1, (1, 1)), ((m̃′, m̃), 1))]
= [((m−µ ·m′ −µ′, (1, 1)) · (m′µ′ ·mµ, ((m′ −)mµ,m−)),

((m′,m), 1)(m′µ′·mµ,((m′ −)mµ,m−)) · ((1, 1), 1)), ((1, (1, 1)), ((m̃′, m̃), 1))]
= [((m−µ ·m′ −µ′ · m′µ′ ·mµ, (1, 1)m′µ′·mµ · ((m′ −)mµ,m−)),

((m′,m), 1)(m′µ′·mµ,((m′ −)mµ,m−))), ((1, (1, 1)), ((m̃′, m̃), 1))]
= [((1, ((m′ −)mµ,m−)), ((m′,m), 1)(m′µ′·mµ,((m′ −)mµ,m−))), ((1, (1, 1)), ((m̃′, m̃), 1))]

Rem. 105.(3)=ε1,2
[((1, ((m′ −)mµ,m−)), ((m′m′µ′·mµ · ((m′ −)mµ)µ′

,m(m′ m′µ′· mµ · ((m′ −)mµ)µ′ ) ·mm′µ′·mµ · ((m′ −)mµ)µ′ ·m−),
⌈m′m′µ′·mµ · ((m′ −)mµ)µ′

,m−⌉tr)), ((1, (1, 1)), ((m̃′, m̃), 1))]
(CM 1)= [((1, ((m′ −)mµ,m−)), ((m′m′µ′·mµ · (m′ −µ′)mµ

,m(m′ m′µ′· mµ · (m′ −µ′)mµ ) ·mm′µ′·mµ · (m′ −µ′)mµ ·m−),
⌈m′m′µ′·mµ · (m′ −µ′)mµ

,m−⌉tr)), ((1, (1, 1)), ((m̃′, m̃), 1))]
= [((1, ((m′ −)mµ,m−)), ((m′m′µ′·mµ ·m−µ ·m′ −µ′·mµ,m(m′ m′µ′· mµ · m−µ · m′ −µ′· mµ) ·mm′µ′·mµ ·m−µ ·m′ −µ′·mµ ·m−),

⌈m′m′µ′·mµ ·m−µ ·m′ −µ′·mµ,m−⌉tr)), ((1, (1, 1)), ((m̃′, m̃), 1))]
= [((1, ((m′ −)mµ,m−)), ((m′mµ,m(m′ mµ) ·mmµ ·m−), ⌈m′mµ,m−⌉tr)), ((1, (1, 1)), ((m̃′, m̃), 1))]

(CM 2)= [((1, ((m′ −)mµ,m−)), ((m′mµ,m(m′ mµ) ·mm ·m−), ⌈m′mµ,m−⌉tr)), ((1, (1, 1)), ((m̃′, m̃), 1))]
= [((1, ((m′ −)mµ,m−)), ((m′mµ,m(m′ mµ)), ⌈m′mµ,m−⌉tr)), ((1, (1, 1)), ((m̃′, m̃), 1))]

Rem. 105.(1)= [((1, ((m′ −)mµ,m−)), ((m′mµ,m(m′ mµ)µ′), ⌈m′mµ,m−⌉tr)), ((1, (1, 1)), ((m̃′, m̃), 1))]
(CM 1)= [((1, ((m′ −)mµ,m−)), ((m′mµ,m(m′µ′)mµ)), ⌈m′mµ,m−⌉tr)), ((1, (1, 1)), ((m̃′, m̃), 1))]

= [((1, ((m′ −)mµ,m−)), ((m′mµ,mm−µ ·m′µ′·mµ), ⌈m′mµ,m−⌉tr)), ((1, (1, 1)), ((m̃′, m̃), 1))]
= [((1, ((m′ −)mµ,m−)), ((m′mµ, (mm−µ)m′µ′·mµ), ⌈m′mµ,m−⌉tr)), ((1, (1, 1)), ((m̃′, m̃), 1))]

(CM 2)= [((1, ((m′ −)mµ,m−)), ((m′mµ, (mm−)m′µ′·mµ), ⌈m′mµ,m−⌉tr)), ((1, (1, 1)), ((m̃′, m̃), 1))]
= [((1, ((m′ −)mµ,m−)), ((m′mµ,mm′µ′·mµ), ⌈m′mµ,m−⌉tr)), ((1, (1, 1)), ((m̃′, m̃), 1))]

Rem. 8.(3)= ((1, (1, 1)), (((m̃′, m̃)−, 1)(1,((m′ −)mµ,m−)))((m′ mµ,mm′µ′· mµ),⌈m′ mµ,m−⌉tr) · ((m̃′, m̃), 1))
Rem. 8.(1)= ((1, (1, 1)), (((m̃′ −, (m̃−)m̃′ −), 1)(1,((m′ −)mµ,m−)))((m′ mµ,mm′µ′· mµ),⌈m′ mµ,m−⌉tr) · ((m̃′, m̃), 1))

Rem. 105.(1)= ((1, (1, 1)), (((m̃′ −, (m̃−)m̃′ −µ′), 1)(1,((m′ −)mµ,m−)))((m′ mµ,mm′µ′· mµ),⌈m′ mµ,m−⌉tr) · ((m̃′, m̃), 1))
Rem. 8.(1)= ((1, (1, 1)), (((m̃′ −, (m̃−)m̃′ −µ′), 1)(1,((m′ −)mµ,m−)))((m′ mµ,mm′µ′· mµ),⌈m′ mµ,m−⌉tr) · ((m̃′ −, (m̃−)m̃′ −)−, 1))

Rem. 105.(1)= ((1, (1, 1)), (((m̃′ −, (m̃−)m̃′ −µ′), 1)(1,((m′ −)mµ,m−)))((m′ mµ,mm′µ′· mµ),⌈m′ mµ,m−⌉tr) · ((m̃′ −, (m̃−)m̃′ −µ′)−, 1)).

In order to facilitate calculations, we write a := m, b := m′, c := (m̃−)m̃′ −µ′ and d := m̃′ −.

Then a, c ∈M and b, d ∈M ′.

We have to show that

(((m̃′ −, (m̃−)m̃′ −µ′), 1)(1,((m′ −)mµ,m−)))((m′ mµ,mm′µ′· mµ),⌈m′ mµ,m−⌉tr) · ((m̃′ −, (m̃−)m̃′ −µ′)−, 1)
!= ((1, 1), ⌈m−, m̃′⌉).
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So we have to show that

(((d, c), 1)(1,((b−)aµ,a−)))((baµ,abµ′· aµ),⌈baµ,a−⌉tr) · ((d, c)−, 1) != ((1, 1), ⌈a−, d−⌉).

We obtain

(((d, c), 1)(1,((b−)aµ, a−)))((baµ, abµ′· aµ),⌈baµ, a−⌉tr) · ((d, c)−, 1)
Rem. 105.(3)=ε1,2

((d((b−)aµ)µ′
, ad

((b−)aµ)µ′
· c((b−)aµ)µ′ · a−), ⌈d((b−)aµ)µ′

, a−⌉tr)((baµ, abµ′· aµ),⌈baµ, a−⌉tr) · ((d, c)−, 1)
Rem. 105.(1)= ((d((b−)aµ)µ′

, ad
((b−)aµ)µ′

· c(b−)aµ · a−), ⌈d((b−)aµ)µ′
, a−⌉tr)((baµ, abµ′· aµ),⌈baµ, a−⌉tr) · ((d, c)−, 1)

(CM 2)= ((d(b−)aµ
, ad

(b−)aµ

· c(b−)aµ · a−), ⌈d(b−)aµ
, a−⌉tr)((baµ, abµ′· aµ),⌈baµ, a−⌉tr) · ((d, c)−, 1)

Rem. 24= ((d(b−)aµ
, ad

(b−)aµ

· c(b−)aµ · a−), ⌈a−, d(b−)aµ⌉−)((baµ, abµ′· aµ),⌈a−, baµ⌉−) · ((d, c)−, 1)
Rem. 8.(2)= ((d(b−)aµ

, ad
(b−)aµ

· c(b−)aµ · a−)(baµ, abµ′· aµ),

⌈a−, baµ⌉(d(b−)aµ
, ad(b−)aµ

· c(b−)aµ · a−)(baµ, abµ′· aµ) · (⌈a−, d(b−)aµ⌉−)(baµ, abµ′· aµ) · ⌈a−, baµ⌉−) · ((d, c)−, 1).

We consider the first factor and calculate

(d(b−)aµ
, ad

(b−)aµ

· c(b−)aµ · a−)(baµ, abµ′· aµ)

Rem. 8.(2)= ((d(b−)aµ)baµ
, ((a−)bµ′· aµ)(d(b−)aµ )baµ

· (ad(b−)aµ

· c(b−)aµ · a−)baµ · abµ′· aµ)

= (d, ((a−)bµ′· aµ)d · (ad(b−)aµ

)baµ · (c(b−)aµ)baµ · (a−)baµ · abµ′· aµ)
= (d, ((a−)bµ′· aµ)d · ad(b−)aµ · baµ · c · (a−)baµ · abµ′· aµ)

(CM 2)= (d, ((a−)bµ′· aµ)d · ad((b−)aµ)µ′ · baµ · c · (a−)baµ · abµ′· aµ)
Rem. 105.(1)= (d, ((a−)bµ′· aµ)dµ′ · a(d((b−)aµ)µ′ · baµ)µ′ · c · (a−)(baµ)µ′ · abµ′· aµ)

(CM 1)= (d, (a−)bµ′· aµ· dµ′ · a(dµ′)(b−µ′)aµ · (bµ′)aµ · c · (a−)(bµ′)aµ · abµ′· aµ)
= (d, (a−)bµ′· aµ· dµ′ · a(bµ′)aµ· dµ′· (b−µ′)aµ· (bµ′)aµ · c · (a−)(bµ′)aµ · abµ′· aµ)
= (d, (a−)bµ′· aµ· dµ′ · aa−µ· bµ′· aµ· dµ′ · c · (a−)a−µ· bµ′· aµ · abµ′· aµ)
= (d, (a−)bµ′· aµ· dµ′ · (aa−µ)bµ′· aµ· dµ′ · c · ((a−)a−µ)bµ′· aµ · abµ′· aµ)

(CM 2)= (d, (a−)bµ′· aµ· dµ′ · (aa−)bµ′· aµ· dµ′ · c · ((a−)a−)bµ′· aµ · abµ′· aµ)
= (d, (a−)bµ′· aµ· dµ′ · abµ′· aµ· dµ′ · c · (a−)bµ′· aµ · abµ′· aµ)
= (d, c).

So we can continue

((d(b−)aµ
, ad

(b−)aµ

· c(b−)aµ · a−)(baµ, abµ′· aµ),

⌈a−, baµ⌉(d(b−)aµ
, ad(b−)aµ

· c(b−)aµ · a−)(baµ, abµ′· aµ) · (⌈a−, d(b−)aµ⌉−)(baµ, abµ′· aµ) · ⌈a−, baµ⌉−) · ((d, c)−, 1)
= ((d, c), ⌈a−, baµ⌉(d,c) · (⌈a−, d(b−)aµ⌉−)(baµ, abµ′· aµ) · ⌈a−, baµ⌉−) · ((d, c)−, 1)

Rem. 105.(3)=
ε2

((d, c), ⌈a−, baµ⌉d · (⌈a−, d(b−)aµ⌉−)baµ · ⌈a−, baµ⌉−) · ((d, c)−, 1)
= ((d, c), ⌈a−, baµ⌉d · (⌈a−, d(b−)aµ⌉baµ)− · ⌈a−, baµ⌉−) · ((d, c)−, 1)

(CS 4.6)= ((d, c), ⌈a−, d⌉− · ⌈a−, baµ · d⌉ · (⌈a−, baµ⌉− · ⌈a−, d(b−)aµ · baµ⌉)− · ⌈a−, baµ⌉−) · ((d, c)−, 1)
= ((d, c), ⌈a−, d⌉− · ⌈a−, baµ · d⌉ · (⌈a−, baµ⌉− · ⌈a−, baµ · d · (b−)aµ · baµ⌉)− · ⌈a−, baµ⌉−) · ((d, c)−, 1)
= ((d, c), ⌈a−, d⌉− · ⌈a−, baµ · d⌉ · ⌈a−, baµ · d⌉− · ⌈a−, baµ⌉ · ⌈a−, baµ⌉−) · ((d, c)−, 1)
= ((d, c), ⌈a−, d⌉−) · ((d, c)−, 1)
= ((d, c) · (d, c)−, (⌈a−, d⌉−)(d,c)− · 1)
= ((1, 1), (⌈a−, d⌉−)(d,c)−)

Rem. 8.(1)= ((1, 1), (⌈a−, d⌉−)(d−,(c−)d− ))
Rem. 105.(3)=

ε2
((1, 1), (⌈a−, d⌉−)d−)
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= ((1, 1), (⌈a−, d⌉d−)−)
(CS 4.6)= ((1, 1), (⌈a−, d−⌉− · ⌈a−, d · d−⌉)−)

= ((1, 1), (⌈a−, d−⌉− · ⌈a−, 1⌉)−)
Rem. 18= ((1, 1), ⌈a−, d−⌉).

This shows the claim.
We have the following map.

GC
1;0 ×GC

1;1
χGC Šq = χ̌
−−−−−−→ GC

2;1,2

((m−µ · m′ −µ′, (m′,m)), (1, (m̃′, m̃))) 7−→
(

⌈(m−µ ·m′ −µ′, (m′,m)), (1, (m̃′, m̃))⌉
= (⌈m−, m̃′⌉)

)

Cf. Definition 85.

Remark 107 Suppose given crossed squares

C = (L, M, M ′, P, γM,L , γM ′,L , γP,L , γP,M , γP,M ′ , λ, λ′, µ, µ′, χ)

and
C̃ = (L̃, M̃ , M̃ ′, P̃ , γM̃,L̃ , γM̃ ′,L̃ , γP̃ ,L̃ , γP̃ ,M̃ , γP̃ ,M̃ ′ , λ̃, λ̃′, µ̃, µ̃′, χ̃).

Suppose given a morphism of crossed squares

c = (l, m, m′, p) : C = (L, M, M ′, P ) −→ C̃ = (L̃, M̃ , M̃ ′, P̃ ).

Cf. Definition 15 and Definition 19.
We have the following group morphisms; cf. Remark 105.(3) and Remark 106.(1).

GC
2;1,2

φc
2;1,2−−−→ GC̃

2;1,2

(l) 7−→
(

(l)φc
2

= (ll)

)

GC
1;0

φc
1;0−−→ GC̃

1;0

(m−µ ·m′ −µ′, (m′,m)) 7−→


(m−µ ·m′ −µ′, (m′,m))φc

1
= ((m−µ ·m′ −µ′)p, (m′m′,mm))
= ((m−µ)p · (m′ −µ′)p, (m′m′,mm))

(CSM 1.3)=(CSM 1.4) (m−mµ̃ ·m′ −m′µ̃′, (m′m′,mm))



GC
1;1

φc
1;1−−→ GC̃

1;1

(1, (m′,m)) 7−→
(

(1, (m′,m))φc
1

= (1, (m′m′,mm))

)

GC
1

φc
1−→ GC̃

1
(p, (m′,m)) 7−→ (pp, (m′m′,mm))

Moreover,
φcŠq := ((φcŠq)1,1, (φcŠq)1,0, (φcŠq)0,1, (φcŠq)0,0)

= (φc
2;1,2, φ

c
1;0, φ

c
1;1, φ

c
1)

is a morphism of crossed squares; cf. Definition 87.
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Lemma 108 Suppose given a crossed square

C = (L, M, M ′, P, γM,L , γM ′,L , γP,L , γP,M , γP,M ′ , λ, λ′, µ, µ′, χ).

We recall that we often abbreviate (l) := ((1, (1, 1)), ((1, 1), l)) for l ∈ L.
We have the following group morphisms.

GC
2;1,2

Cξ1,1−−−→ L

(l) 7−→ l

GC
1;0

Cξ1,0−−−→ M

(m−µ ·m′ −µ′, (m′,m)) 7−→ m−

GC
1;1

Cξ0,1−−−→ M ′

(1, (m′,m)) 7−→ m′

GC
1

Cξ0,0−−−→ P
(p, (m′,m)) 7−→ p ·m′µ′

Cf. Remark 106.(1).
Proof.

Suppose given l, l̃ ∈ L, m, m̃ ∈M, m′, m̃′ ∈M ′ and p, p̃ ∈ P.

Then we obtain
((l) · (l̃))(Cξ1,1) Rem. 106.(1)= (l · l̃)(Cξ1,1)

= l · l̃
= (l)(Cξ1,1) · (l̃)(Cξ1,1)

and

((m−µ ·m′ −µ′, (m′,m)) · (m̃−µ · m̃′ −µ′, (m̃′, m̃)))(Cξ1,0)
= (m−µ ·m′ −µ′ · m̃−µ · m̃′ −µ′, (m′,m)m̃−µ · m̃′ −µ′ · (m̃′, m̃))(Cξ1,0)

Rem. 105.(2)= (m−µ ·m′ −µ′ · m̃−µ · m̃′ −µ′, (m′ m̃−µ · m̃′ −µ′
,mm̃−µ · m̃′ −µ′) · (m̃′, m̃))(Cξ1,0)

Rem. 105.(1)= (m−µ ·m′ −µ′ · m̃−µ · m̃′ −µ′, (m′ m̃−µ · m̃′ −µ′
, (mm̃−µ)m̃′ − · (m̃′, m̃))(Cξ1,0)

= (m−µ ·m′ −µ′ · m̃−µ · m̃′ −µ′, (m′ m̃−µ · m̃′ −µ′ · m̃′, (mm̃−µ)m̃′−· m̃′ · m̃))(Cξ1,0)
= (m−µ ·m′ −µ′ · m̃−µ · m̃′ −µ′, (m′ m̃−µ · m̃′ −µ′ · m̃′,mm̃−µ · m̃))(Cξ1,0)
= m̃− · (m−)m̃−µ

(CM 2)= m̃− · (m−)m̃−

= m̃− · m̃ ·m− · m̃−

= m− · m̃−

= (m−µ ·m′ −µ′, (m′,m))(Cξ1,0) · (m̃−µ · m̃′ −µ′, (m̃′, m̃))(Cξ1,0).

We obtain

((1, (m′,m)) · (1, (m̃′, m̃)))(Cξ0,1) = (1, (m′,m) · (m̃′, m̃))(Cξ0,1)
= (1, (m′ · m̃′,mm̃′ · m̃))(Cξ0,1)
= m′ · m̃′

= (1, (m′,m))(Cξ0,1) · (1, (m̃′, m̃))(Cξ0,1).
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Moreover, we obtain

((p, (m′,m)) · (p̃, (m̃′, m̃)))(Cξ0,0) = (p · p̃, (m′,m)p̃ · (m̃′, m̃))(Cξ0,0)
Rem. 105.(2)= (p · p̃, (m′ p̃,mp̃) · (m̃′, m̃))(Cξ0,0)

= (p · p̃, (m′ p̃ · m̃′, (mp̃)m̃′ · m̃))(Cξ0,0)
= p · p̃ · (m′ p̃ · m̃′)µ′

= p · p̃ · (m′ p̃)µ′ · m̃′µ′

(CM 1)= p · p̃ · (m′µ′)p̃ · m̃′µ′

= p · p̃ · p̃− ·m′µ′ · p̃ · m̃′µ′

= p ·m′µ′ · p̃ · m̃′µ′

= (p, (m′,m))(Cξ0,0) · (p̃, (m̃′, m̃))(Cξ0,0).

□

Lemma 109 Suppose given a crossed square

C = (L, M, M ′, P, γM,L , γM ′,L , γP,L , γP,M , γP,M ′ , λ, λ′, µ, µ′, χ).

We have the morphism

Cξ := (Cξ1,1, Cξ1,0, Cξ0,1, Cξ0,0) : GC Šq = (GC
2;1,2, GC

1;0, GC
1;1, GC

1 ) 7→ C = (L, M, M ′, P )

of crossed squares.
Cf. Lemma 108 and Definition 85.

GC
2;1,2 GC

1;1

GC
1;0 GC

1

L M ′

M P

λ̌′

Cξ1,1

λ̌

Cξ0,1

µ̌′
µ̌

Cξ1,0
λ′

λ

µ′

µ

Cξ0,0

Proof.

We recall that we often abbreviate (l) := ((1, (1, 1)), ((1, 1), l)) for l ∈ L.
Ad (CSM 1.1). Suppose given l ∈ L, m ∈M and m′ ∈M ′.

Then we have
(l)(λ̌ ▲Cξ1,0) = ((l)λ̌)(Cξ1,0)

Rem. 106.(2)= (1, (lλ′, l−λ))(Cξ1,0)
= lλ
= ((l)(Cξ1,1))λ
= (l)(Cξ1,1 ▲ λ)

and

(l)((m−µ ,m′ −µ′),(m′,m))(Cξ1,1) Rem. 106.(3)= (lm−)(Cξ1,1)
= lm

−

= ((l)(Cξ1,1))((m−µ ,m′ −µ′),(m′,m))(Cξ1,0).

So (Cξ1,1, Cξ1,0) is a morphism of crossed modules.
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Ad (CSM 1.2). Suppose given l ∈ L, m ∈M and m′ ∈M ′.

Then we have
(l)(λ̌′

▲Cξ0,1) = ((l)λ̌′)(Cξ0,1)
Rem. 106.(2)= (1, (lλ′, l−λ))(Cξ0,1)

= lλ′

= ((l)(Cξ1,1))λ′

= (l)(Cξ1,1 ▲ λ′)
and

(l)(1,(m′,m))(Cξ1,1) Rem. 106.(3)= (lm′)(Cξ1,1)
= lm

′

= ((l)(Cξ1,1))(1,(m′,m))(Cξ0,1).

So (Cξ1,1, Cξ0,1) is a morphism of crossed modules.
Ad (CSM 1.3). Suppose given m, m̃ ∈M, m′, m̃′ ∈M ′ and p ∈ P.

Then we have

(m−µ ·m′ −µ′, (m′,m))(µ̌ ▲Cξ0,0) = ((m−µ ·m′ −µ′, (m′,m))µ̌)(Cξ0,0)
Rem. 106.(2)= (m−µ ·m′ −µ′, (m′,m))(Cξ0,0)

= m−µ ·m′ −µ′ ·m′µ′

= m−µ
= ((m−µ ·m′ −µ′, (m′,m))(Cξ1,0))µ
= (m−µ ·m′ −µ′, (m′,m))(Cξ1,0 ▲ µ)

and

(m̃−µ · m̃′ −µ′, (m̃′, m̃))(p,(m′,m))(Cξ1,0)
Rem. 106.(3)= ((m̃−µ · m̃′ −µ′)p, ((m′ −)(m̃−µ · m̃′ −µ′)p · m̃′ p ·m′, m̃p ·m′µ′))(Cξ1,0)

= (m̃−)p ·m′µ′

= ((m̃−µ · m̃′ −µ′, (m̃′, m̃))(Cξ1,0))(p,(m′,m))(Cξ0,0).

So (Cξ1,0, Cξ0,0) is a morphism of crossed modules.
Ad (CSM 1.4). Suppose given m, m̃ ∈M, m′, m̃′ ∈M ′ and p ∈ P.

Then we have

(1, (m′,m))(µ̌′
▲Cξ0,0) = ((1, (m′,m))µ̌′)(Cξ0,0)

Rem. 106.(2)= (1, (m′,m))(Cξ0,0)
= m′µ′

= ((1, (m′,m))(Cξ0,1))µ′

= (1, (m′,m))(Cξ0,1 ▲ µ′)

and

(1, (m̃′, m̃))(p,(m′,m))(Cξ0,1) Rem. 106.(3)= (1, (m̃′ p ·m′µ′
, (m−)(m̃′µ′)p · m′µ′

· m̃p ·m′µ′ ·m))(Cξ0,1)
= m̃′ p ·m′µ′

= ((1, (m̃′, m̃))(Cξ0,1))(p,(m′,m))(Cξ0,0).

So (Cξ0,1, Cξ0,0) is a morphism of crossed modules.
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Ad (CSM 1.5). Suppose given l ∈ L, m ∈M, m′ ∈M ′ and p ∈ P.

Then we have
(l)(κ̌ ▲Cξ0,0) Rem. 106.(2)= (l)((λ̌ ▲ µ̌) ▲Cξ0,0)

= (((l)λ̌)µ̌)(Cξ0,0)
Rem. 106.(2)= ((1, (lλ′, l−λ))µ̌)(Cξ0,0)
Rem. 106.(2)= (1, (lλ′, l−λ))(Cξ0,0)

= (lλ′)µ′

= l(λ′
▲ µ′)

Def. 15= lκ

= ((l)(Cξ1,1))κ
= (l)(Cξ1,1 ▲ κ)

and
(l)(p,(m′,m))(Cξ1,1) Rem. 106.(3)= (lp ·m′µ′)(Cξ1,1)

= lp ·m′µ′

= ((l)(Cξ1,1))(p,(m′,m))(Cξ0,0).

So (Cξ1,1, Cξ0,0) is a morphism of crossed modules.
The result of the first calculation also follows from the composite of two commutative quadrangles
being commutative.
Ad (CSM 2). Suppose given m, m̃ ∈M and m′, m̃′ ∈M ′.

Then we have

⌈(m−µ ·m′ −µ′, (m′,m))(Cξ1,0), (1, (m̃′, m̃))(Cξ0,1)⌉
= ⌈m−, m̃′⌉
= (⌈m−, m̃′⌉)(Cξ1,1)

Rem. 106.(3)= ⌈(m−µ ·m′ −µ′, (m′,m)), (1, (m̃′, m̃))⌉(Cξ1,1).

□

Lemma 110 We have the transformation

ξ = (Cξ)C∈Ob(CrSq) : (Tr ▲ To ▲ Rec) ▲ Šq −→ IdCrSq .

Cf. Lemma 108 and Lemma 109.
Proof. To show that ξ is a transformation, we have to show that the quadrangle

GC Šq C

GC̃ Šq C̃

Cξ

φcŠq c

C̃ξ

commutes for C c−→ C̃ in CrSq ; cf. Remark 105.(3). Concerning GC Šq; cf. Remark 106.
We write

C = (L, M, M ′, P, γM,L , γM ′,L , γP,L , γP,M , γP,M ′ , λ, λ′, µ, µ′, χ),

C̃ = (L̃, M̃ , M̃ ′, P̃ , γM̃,L̃ , γM̃ ′,L̃ , γP̃ ,L̃ , γP̃ ,M̃ , γP̃ ,M̃ ′ , λ̃, λ̃′, µ̃, µ̃′, χ̃)
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and
c = (l, m, m′, p) : C = (L, M, M ′, P ) −→ C̃ = (L̃, M̃ , M̃ ′, P̃ ).

Suppose given l ∈ L, m ∈M, m′ ∈M ′ and p ∈ P.

We recall that we often abbreviate (l) := ((1, (1, 1)), ((1, 1), l)) for l ∈ L.
We have

(l)((φcŠq)1,1 ▲ C̃ξ1,1) = ((l)(φcŠq)1,1)(C̃ξ1,1)
Rem. 107= (ll)(C̃ξ1,1)
Lem. 108= ll
Lem. 108= ((l)(Cξ1,1))l

= (l)(Cξ1,1 ▲ l).

We have

(m−µ ·m′ −µ′, (m′,m))((φcŠq)1,0 ▲ C̃ξ1,0) = ((m−µ ·m′ −µ′, (m′,m))(φcŠq)1,0)(C̃ξ1,0)
Rem. 107= (m−mµ̃ ·m′ −m′µ̃′, (m′m′,mm))(C̃ξ1,0)
Lem. 108= m−m
Lem. 108= ((m−µ ·m′ −µ′, (m′,m))(Cξ1,0))m

= (m−µ ·m′ −µ′, (m′,m))(Cξ1,0 ▲m).

We have

(1, (m′,m))((φcŠq)0,1 ▲ C̃ξ0,1) = ((1, (m′,m))(φcŠq)0,1)(C̃ξ0,1)
Rem. 107= (1, (m′m′,mm))(C̃ξ0,1)
Lem. 108= m′m′

Lem. 108= ((1, (m′,m))(Cξ0,1))m′

= (1, (m′,m))(Cξ0,1 ▲m′).

Moreover, we have

(p, (m′,m))((φcŠq)0,0 ▲ C̃ξ0,0) = ((p, (m′,m))(φcŠq)0,0)(C̃ξ0,0)
Rem. 107= (pp, (m′m′,mm))(C̃ξ0,0)
Lem. 108= pp ·m′m′µ̃′

(CSM 1.4)= pp ·m′µ′p

= (p ·m′µ′)p
Lem. 108= ((p, (m′,m))(Cξ0,0))p

= (p, (m′,m))(Cξ0,0 ▲ p).

Altogether, we have

φcŠq ▲ C̃ξ

= ((φcŠq ▲ C̃ξ)1,1, (φcŠq ▲ C̃ξ)1,0, (φcŠq ▲ C̃ξ)0,1, (φcŠq ▲ C̃ξ)0,0)
Rem. 20= ((φcŠq)1,1 ▲ C̃ξ1,1, (φcŠq)1,0 ▲ C̃ξ1,0, (φcŠq)0,1 ▲ C̃ξ0,1, (φcŠq)0,0 ▲ C̃ξ0,0)

= (Cξ1,1 ▲ l, Cξ1,0 ▲m, Cξ0,1 ▲m′, Cξ0,0 ▲ p)
Def. 19= (Cξ1,1 ▲ c1,1, Cξ1,0 ▲ c1,0, Cξ0,1 ▲ c0,1, Cξ0,0 ▲ c0,0)
Rem. 20= ((Cξ ▲ c)1,1, (Cξ ▲ c)1,0, (Cξ ▲ c)0,1, (Cξ ▲ c)0,0)

= Cξ ▲ c.

□
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Lemma 111 We have the transformation
η := (Tr ▲ To ▲ Rec)ψ ▲ ξ

= (C((Tr ▲ To ▲ Rec)ψ ▲ ξ))C∈Ob(CrSq)
= (GCψ ▲Cξ)C∈Ob(CrSq)
= (GCψ)C∈Ob(CrSq) ▲ (Cξ)C∈Ob(CrSq)

 : (Tr ▲ To ▲ Rec) ▲ Sq −→ IdCrSq .

Cf. Definition 87 and Lemma 110.
So Cη = GCψ ▲Cξ.

In particular, using Definition 82, Remark 105.(3), Remark 84 and Lemma 108,

GC
2;1,2

Cη1,1−−−→ L

(l) 7−→ l

GC
2;1/GC

2;0,1
Cη1,0−−−→ M

((1, (m′,m)), ((m′ −, (m−)m′ −), l))GC
2;0,1 7−→


(((1, (m′,m)), ((m′ −, (m−)m′ −), l)) d0)(Cξ1,0)

Rem. 105.(3)= (m′µ′ ·mµ, (m′ − · lλ′, l−λ · (m−)m′ −)(Cξ1,0)
Lem. 108= mm′ − · lλ

Rem. 105.(1)= mm′ −µ′ · lλ



GC
2;2/GC

2;0,2
Cη0,1−−−→ M ′

((1, (1, 1)), ((m′,m), l))GC
2;0,2 7−→


(((1, (1, 1)), ((m′,m), l)) d0)(Cξ0,1)

Rem. 105.(3)= (1, (m′ · lλ′, l−λ ·m))(Cξ0,1)
Lem. 108= m′ · lλ′


GC

2 /GC
2;0

Cη0,0−−−→ P

((p, (m′,m)), ((m̌′, m̌), l))GC
2;0 7−→


(((p, (m′,m)), ((m̌′, m̌), l)) d0)(Cξ0,0)

Rem. 105.(3)= (p ·m′µ′ ·mµ, (m̌′ · lλ′, l−λ · m̌))(Cξ0,0)
Lem. 108= p ·m′µ′ ·mµ · m̌′µ′ · lλ′µ′

 .

Proof. The quadrangle

GC Sq GC Šq C

GC̃ Sq GC̃ Šq C̃

GCψ
∼

φc Sq

Cξ

φcŠq c

GC̃ψ

∼
C̃ξ

commutes for C c−→ C̃ in CrSq as a composite of two commutative quadrangles; cf. Definition 85,
Definition 87 and Lemma 110.
So η is a transformation. □
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7.3 Adjunction triangles

Lemma 112 We have the following commutative diagram; cf. Lemma 104 and Lemma 111.

Sq Sq ▲ (Tr ▲ To ▲ Rec) ▲ Sq

Sq

εSq

idSq
Sq η

Proof. Suppose given a ⌊2, 0⌋-simplicial group G.

We have to show that

(Gε) Sq ▲ (G Sq)η Lem. 104= (G(ϑ−
▲ νRec)) Sq ▲ (G Sq)η

= (Gϑ−
▲GνRec) Sq ▲ (G Sq)η

= Gϑ− Sq ▲GνRec Sq ▲ (G Sq)η
!= idG Sq .

It suffices to show that
GνRec Sq ▲G Sq η

!= Gϑ Sq,

as morphisms from G N̂ Rec Sq to G Sq .
By Definition 54 and Lemma 64, we have

(G N̂ Rec)2;1 = ker dG N̂ Rec,2
1 = {((1, n1), (n−

1 , n2)) : n1 ∈ G1;1, n2 ∈ G2;1,2}

(G N̂ Rec)2;2 = ker dG N̂ Rec,2
2 = {((1, 1), (n1, n2)) : n1 ∈ G1;1, n2 ∈ G2;1,2}

(G N̂ Rec)2;1,2 = ker dG N̂ Rec,2
1 ∩ ker dG N̂ Rec,2

2 = {((1, 1), (1, n2)) : n2 ∈ G2;1,2}.

So we have; cf. Definition 82

(G N̂ Rec Sq)1,1 = (G N̂ Rec)2;1,2 = {((1, 1), (1, n2)) : n2 ∈ G2;1,2}

(G N̂ Rec Sq)1,0 = (G N̂ Rec)2;1/(G N̂ Rec)2;0,1 = {((1, n1), (n−
1 , n2)) : n1 ∈ G1;1, n2 ∈ G2;1,2}/(G N̂ Rec)2;0,1

(G N̂ Rec Sq)0,1 = (G N̂ Rec)2;2/(G N̂ Rec)2;0,2 = {((1, 1), (n1, n2)) : n1 ∈ G1;1, n2 ∈ G2;1,2}/(G N̂ Rec)2;0,2

(G N̂ Rec Sq)0,0 = (G N̂ Rec)2/(G N̂ Rec)2;0 = ((G0 ⋉β1 G1;1) ⋉ε1,2 (G1;1 ⋉ε2 G2;1,2))/(G N̂ Rec)2;0 .

Suppose given n0 ∈ G0, n1, ň1 ∈ G1;1 and n2 ∈ G2;1,2 .

Then we have
((1, 1), (1, n2))((GνRec Sq)1,1 ▲ (G Sq η)1,1)

= (((1, 1), (1, n2))((GνRec Sq)1,1))((G Sq η)1,1)
Rem. 80=
Def. 82

(((1, 1), (1, n2))(GνRec2))((G Sq η)1,1)
Lem. 103= ((1, (1, 1)), ((1, 1), n2))((G Sq η)1,1)
Lem. 111= n2
Lem. 76= ((1, 1), (1, n2))(Gϑ2)
Rem. 80=
Def. 82

((1, 1), (1, n2))(Gϑ Sq)1,1 .
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We have

(((1, n1), (n−
1 , n2))(G N̂ Rec)2;0,1)((GνRec Sq)1,0 ▲ (G Sq η)1,0)

= ((((1, n1), (n−
1 , n2))(G N̂ Rec)2;0,1)((GνRec Sq)1,0))((G Sq η)1,0)

Rem. 80=
Def. 82

(((1, n1), (n−
1 , n2))(GνRec2)(G Sq Tr To Rec)2;0,1)((G Sq η)1,0)

Lem. 103= (((1, (n1 s0G2;0,2, (n−
1 s0 ·n1 s1)G2;0,1)),

((n−
1 s0G2;0,2, (n1 s0 ·n−

1 s1)G2;0,1), n2))(G Sq Tr To Rec)2;0,1)((G Sq η)1,0)
Lem. 111= ((n−

1 s0 ·n1 s1)G2;0,1)(n−
1 s0 G2;0,2)µ′ · n2λ

Lem. 79= ((n−
1 s0 ·n1 s1)G2;0,1)n−

1 s0 G2;0 · n2G2;0,1
Lem. 79= ((n−

1 s0 ·n1 s1)n−
1 s0)G2;0,1 · n2G2;0,1

= (n1 s0 ·n−
1 s0 ·n1 s1 ·n−

1 s0 ·n2)G2;0,1
= (n1 s1 ·n−

1 s0 ·n2)G2;0,1
Lem. 76= ((1, n1), (n−

1 , n2))(Gϑ2)G2;0,1
Rem. 80=
Def. 82

(((1, n1), (n−
1 , n2))(G N̂ Rec)2;0,1)(Gϑ Sq)1,0 .

Moreover, we have

(((1, 1), (n1, n2))(G N̂ Rec)2;0,2)((GνRec Sq)0,1 ▲ (G Sq η)0,1)
= ((((1, 1), (n1, n2))(G N̂ Rec)2;0,2)((GνRec Sq)0,1))((G Sq η)0,1)

Rem. 80=
Def. 82

(((1, 1), (n1, n2))(GνRec2)(G Sq Tr To Rec)2;0,2)((G Sq η)0,1)
Lem. 103= (((1, (1, 1)), ((n1 s0G2;0,2, (n−

1 s0 ·n1 s1)G2;0,1), n2))(G Sq Tr To Rec)2;0,2)((G Sq η)0,1)
Lem. 111= n1 s0G2;0,2 · n2λ

′

Lem. 79= (n1 s0 ·n2)G2;0,2
Lem. 76= ((1, 1), (n1, n2))(Gϑ2)G2;0,2
Rem. 80=
Def. 82

(((1, 1), (n1, n2))(G N̂ Rec)2;0,2)(Gϑ Sq)0,1

and

(((n0, n1), (ň1, n2))(G N̂ Rec)2;0)((GνRec Sq)0,0 ▲ (G Sq η)0,0)
= ((((n0, n1), (ň1, n2))(G N̂ Rec)2;0)((GνRec Sq)0,0))((G Sq η)0,0)

Rem. 80=
Def. 82

(((n0, n1), (ň1, n2))(GνRec2)(G Sq Tr To Rec)2;0)((G Sq η)0,0)
Lem. 103= (((n0 s0 s0G2;0, (n1 s0G2;0,2, (n−

1 s0 ·n1 s1)G2;0,1)),
((ň1 s0G2;0,2, (ň−

1 s0 · ň1 s1)G2;0,1), n2))(G Sq Tr To Rec)2;0)((G Sq η)0,0)
Lem. 111= n0 s0 s0G2;0 · (n1 s0G2;0,2)µ′ · ((n−

1 s0 ·n1 s1)G2;0,1)µ · (ň1 s0G2;0,2)µ′ · n2λ
′µ′

Lem. 79= n0 s0 s0G2;0 · n1 s0G2;0 · (n−
1 s0 ·n1 s1)G2;0 · ň1 s0G2;0 · n2G2;0

= (n0 s0 s0 ·n1 s0 ·n−
1 s0 ·n1 s1 · ň1 s0 ·n2)G2;0

= (n0 s0 s1 ·n1 s1 · ň1 s0 ·n2)G2;0
Lem. 76= ((n0, n1), (ň1, n2))(Gϑ2)G2;0
Rem. 80=
Def. 82

(((n0, n1), (ň1, n2))(G N̂ Rec)2;0)(Gϑ Sq)0,0 .

Altogether we have

GνRec Sq ▲G Sq η

= ((GνRec Sq ▲G Sq η)1,1, (GνRec Sq ▲G Sq η)1,0, (GνRec Sq ▲G Sq η)0,1, (GνRec Sq ▲G Sq η)0,0)
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Rem. 20= ((GνRec Sq)1,1 ▲ (G Sq η)1,1, (GνRec Sq)1,0 ▲ (G Sq η)1,0,

(GνRec Sq)0,1 ▲ (G Sq η)0,1, (GνRec Sq)0,0 ▲ (G Sq η)0,0)
= ((Gϑ Sq)1,1, (Gϑ Sq)1,0, (Gϑ Sq)0,1, (Gϑ Sq)0,0)
= Gϑ Sq .

□

Lemma 113 We have the following commutative diagram; cf. Lemma 104 and Lemma 111.

Tr ▲ To ▲ Rec (Tr ▲ To ▲ Rec) ▲ Sq ▲ (Tr ▲ To ▲ Rec)

Tr ▲ To ▲ Rec

(Tr ▲ To ▲ Rec)ε

idTr ▲ To ▲ Rec
η(Tr ▲ To ▲ Rec)

Proof. Suppose given a crossed square

C = (L, M, M ′, P, γM,L , γM ′,L , γP,L , γP,M , γP,M ′ , λ, λ′, µ, µ′, χ).

We have to show that
GCε ▲φCη = GC(ϑ−

▲ νRec) ▲φCη

= GCϑ−
▲ GCνRec ▲φCη

!= idGC .

Cf. Lemma 104 and Remark 105.(2, 3).
It suffices to show that

GCνRec ▲φCη != GCϑ,

as morphisms from GC N̂ Rec to GC .

By Lemma 64, we have

(GC N̂ Rec)2 = (GC N̂0 ⋉β1GC N̂1) ⋉ε1,2 (GC N̂1 ⋉ε2GC N̂2) = (GC
0 ⋉β1 GC

1;1) ⋉ε1,2 (GC
1;1 ⋉ε2 GC

2;1,2)

(GC N̂ Rec)1 = GC N̂0 ⋉β1GC N̂1 = GC
0 ⋉β1 GC

1;1

(GC N̂ Rec)0 = GC N̂0 = GC
0 .

We recall that we often abbreviate (l) := ((1, (1, 1)), ((1, 1), l)) for l ∈ L.
We recall from Remark 105.(3) that we have

GC
0 = P,

and we also have

GC
1;1

Rem. 106.(1)= {(1, (m′,m)) : (m′,m) ∈M ′ ⋉αM}

GC
2;1,2

Rem. 106.(1)= {(l) : l ∈ L}.

So we have

(GC N̂ Rec)2 = (P ⋉β1 {(1, (m′,m)) : (m′,m) ∈M ′ ⋉αM}) ⋉ε1,2 ({(1, (m̌′, m̌)) : (m̌′, m̌) ∈M ′ ⋉αM}⋉ε2 {(l) : l ∈ L})

(GC N̂ Rec)1 = P ⋉β1 {(1, (m′,m)) : (m′,m) ∈M ′ ⋉αM}

(GC N̂ Rec)0 = P.
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Suppose given p ∈ P, (m,m′), (m̌, m̌′) ∈M ⋉αM
′ and l ∈ L.

We have
p sGC ,0

0 sGC ,1
0

Rem. 105.(3)= (p, (1, 1)) sGC ,1
0

Rem. 105.(3)= ((p, (1, 1)), ((1, 1), 1))

(1, (m′,m)) sGC ,1
0

Rem. 105.(3)= ((1, (1, 1)), ((m′,m), 1))

and

(1, (m′,m))− sGC ,1
0 · (1, (m′,m)) sGC ,1

1
= (1, (m′,m)−) sGC ,1

0 · (1, (m′,m)) sGC ,1
1

Rem. 8.(1)= (1, (m′ −, (m−)m′ −)) sGC ,1
0 · (1, (m′,m)) sGC ,1

1
Rem. 105.(3)= ((1, (1, 1)), ((m′ −, (m−)m′ −), 1)) · ((1, (m′,m)), ((1, 1), 1))

= ((1, (1, 1)) · (1, (m′,m)), ((m′ −, (m−)m′ −), 1)(1,(m′,m)) · ((1, 1), 1))
= ((1, (m′,m)), ((m′ −, (m−)m′ −), 1)(1,(m′,m)))

Rem. 105.(3)=ε1,2
((1, (m′,m)), (((m′ −)m′µ′

, (m−)(m′ −)m′µ′
· ((m−)m′ −)m′µ′ ·m), ⌈(m′ −)m′µ′

,m⌉tr))
(CM 2)= ((1, (m′,m)), (((m′ −)m′

, (m−)(m′ −)m′
· ((m−)m′ −)m′µ′ ·m), ⌈(m′ −)m′

,m⌉tr))
= ((1, (m′,m)), ((m′ −, (m−)m′ − · ((m−)m′ −)m′µ′ ·m), ⌈m′ −,m⌉tr))

Rem. 105.(1)= ((1, (m′,m)), ((m′ −, (m−)m′ − · ((m−)m′ −µ′)m′µ′ ·m), ⌈m′ −,m⌉tr))
= ((1, (m′,m)), ((m′ −, (m−)m′ −), ⌈m′ −,m⌉tr))

Rem. 105.(2)= ((1, (m′,m)), ((m′ −, (m−)m′ −), ⌈m,m′ −⌉−)).

Then we obtain

((p, (1, (m′,m))), ((1, (m̌′, m̌)), (l)))(GCνRec2 ▲φ
Cη
2 )

= (((p, (1, (m′,m))), ((1, (m̌′, m̌)), (l)))(GCνRec2))φCη
2

Lem. 103= ((p sGC ,0
0 sGC ,1

0 GC
2;0, ((1, (m′,m)) sGC ,1

0 GC
2;0,2, ((1, (m′,m))− sGC ,1

0 · (1, (m′,m)) sGC ,1
1 )GC

2;0,1)),

(((1, (m̌′, m̌)) sGC ,1
0 GC

2;0,2, ((1, (m̌′, m̌))− sGC ,1
0 · (1, (m̌′, m̌)) sGC ,1

1 )GC
2;0,1), (l)))φCη

2
see above= ((((p, (1, 1)), ((1, 1), 1))GC

2;0,

(((1, (1, 1)), ((m′,m), 1))GC
2;0,2, ((1, (m′,m)), ((m′ −, (m−)m′ −), ⌈m,m′ −⌉−))GC

2;0,1)),
((((1, (1, 1)), ((m̌′, m̌), 1))GC

2;0,2, ((1, (m̌′, m̌)), ((m̌′ −, (m̌−)m̌′ −), ⌈m̌, m̌′ −⌉−))GC
2;0,1), (l)))φCη

2
Rem. 105.(3)= (((((p, (1, 1)), ((1, 1), 1))GC

2;0)(Cη0,0),
((((1, (1, 1)), ((m′,m), 1))GC

2;0,2)(Cη0,1), (((1, (m′,m)), ((m′ −, (m−)m′ −), ⌈m,m′ −⌉−))GC
2;0,1)(Cη1,0))),

(((((1, (1, 1)), ((m̌′, m̌), 1))GC
2;0,2)(Cη0,1), (((1, (m̌′, m̌)), ((m̌′ −, (m̌−)m̌′ −), ⌈m̌, m̌′ −⌉−))GC

2;0,1)(Cη1,0)),
(l)(Cη1,1)))

Lem. 111= ((p, (m′,mm′ −µ′ · ⌈m,m′ −⌉−λ)), ((m̌′, m̌m̌′ −µ′ · ⌈m̌, m̌′ −⌉−λ), l))
(CS 4.1)= ((p, (m′,m · ⌈m,m′ −⌉λ · ⌈m,m′ −⌉−λ)), ((m̌′, m̌ · ⌈m̌, m̌′ −⌉λ · ⌈m̌, m̌′ −⌉−λ), l))

= ((p, (m′,m)), ((m̌′, m̌), l))
= ((p, (m′,m)), ((1, 1), 1)) · ((1, (1, 1)), ((m̌′, m̌), l))
= ((p, (1, 1)) · (1, (m′,m)), ((1, 1), 1)) · ((1, (1, 1)), ((m̌′, m̌), 1) · ((1, 1), l))
= ((p, (1, 1)), ((1, 1), 1)) · ((1, (m′,m)), ((1, 1), 1)) · ((1, (1, 1)), ((m̌′, m̌), 1)) · ((1, (1, 1)), ((1, 1), l))

Rem. 105.(3)= p sGC ,0
0 sGC ,1

1 · (1, (m′,m)) sGC ,1
1 · (1, (m̌′, m̌)) sGC ,1

0 · (l)
Lem. 76= ((p, (1, (m′,m))), ((1, (m̌′, m̌)), (l)))(GCϑ2).
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We obtain

(p, (1, (m′,m)))(GCνRec1 ▲φ
Cη
1 )

= ((p, (1, (m′,m)))(GCνRec1))φCη
1

Lem. 103= (p sGC ,0
0 sGC ,1

0 GC
2;0, ((1, (m′,m)) sGC ,1

0 GC
2;0,2, ((1, (m′,m))− sGC ,1

0 · (1, (m′,m)) sGC ,1
1 )GC

2;0,1))φCη
1

see above= (((p, (1, 1)), ((1, 1), 1))GC
2;0,

(((1, (1, 1)), ((m′,m), 1))GC
2;0,2, ((1, (m′,m)), ((m′ −, (m−)m′ −), ⌈m,m′ −⌉−))GC

2;0,1))φCη
1

Rem. 105.(3)= ((((p, (1, 1)), ((1, 1), 1))GC
2;0)(Cη0,0),

((((1, (1, 1)), ((m′,m), 1))GC
2;0,2)(Cη0,1), (((1, (m′,m)), ((m′ −, (m−)m′ −), ⌈m,m′ −⌉−))GC

2;0,1)(Cη1,0)))
Lem. 111= (p, (m′,mm′ −µ′ · ⌈m,m′ −⌉−λ))
(CS 4.1)= (p, (m′,m · ⌈m,m′ −⌉λ · ⌈m,m′ −⌉−λ))

= (p, (m′,m))
= (p, (1, 1)) · (1, (m′,m))

Rem. 105.(3)= p sGC ,0
0 · (1, (m′,m))

Lem. 76= (p, (1, (m′,m)))(GCϑ1).

Moreover, we obtain

p(GCνRec0 ▲φ
Cη
0 ) = (p(GCνRec0))φCη

0
Lem. 103= (p sGC ,0

0 sGC ,1
0 GC

2;0)φCη
0

see above= (((p, (1, 1)), ((1, 1), 1))GC
2;0)φCη

0
Rem. 105.(3)= (((p, (1, 1)), ((1, 1), 1))GC

2;0)(Cη0,0)
Lem. 111= p
Lem. 76= p(GCϑ0).

Altogether we have

GCνRec ▲φCη

= ((GCνRec ▲φCη)2, (GCνRec ▲φCη)1, (GCνRec ▲φCη)0)
Rem. 32= (GCνRec2 ▲φ

Cη
2 , GCνRec1 ▲φ

Cη
1 , GCνRec0 ▲φ

Cη
0 )

= (GCϑ2, GCϑ1, GCϑ0)
= GCϑ.

□

Theorem 114 Recall that we have the functors

⌊2, 0⌋-SimpGrp CrSq .

Sq

Tr ▲ To ▲ Rec

Cf. Definition 82, Definition 27, Definition 96, Definition 72 and Remark 105.
Then

(Sq, Tr ▲ To ▲ Rec, ε, η)

is an adjunction; cf. Lemma 104 and Lemma 111.
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Chapter 7: The adjoint functors Sq ⊣ (Tr ▲ To ▲ Rec)

In particular,
Sq ⊣ (Tr ▲ To ▲ Rec).

Proof. By Lemma 112, we have the following commutative triangle.

Sq Sq ▲ (Tr ▲ To ▲ Rec) ▲ Sq

Sq

εSq

idSq
Sq η

By Lemma 113, we have the following commutative triangle.

Tr ▲ To ▲ Rec (Tr ▲ To ▲ Rec) ▲ Sq ▲ (Tr ▲ To ▲ Rec)

Tr ▲ To ▲ Rec

(Tr ▲ To ▲ Rec)ε

idTr ▲ To ▲ Rec
η(Tr ▲ To ▲ Rec)

Hence
(Sq, Tr ▲ To ▲ Rec, ε, η)

is an adjunction; cf. Definition 4.
□
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Zusammenfassung

Die Simplex-Kategorie△ ist die Kategorie der totalgeordneten Mengen der Form [0, n] und ihrer
monotonen Abbildungen. Eine simpliziale Gruppe ist ein Funktor von △op in die Kategorie der
Gruppen. Somit ist eine simpliziale Gruppe G gegeben durch eine Folge von Gruppen

. . . , G3, G2, G1, G0,

zusammen mit Randmorphismen dG,ni und Ausartungsmorphismen sG,nj , die bestimmte Relatio-
nen erfüllen. Simpliziale Gruppen modellieren topologische Räume auf algebraische Weise.
Eine ⌊2, 0⌋-simpliziale Gruppe G besteht aus den Gruppen G2, G1, G0 sowie Randmorphismen
dG,ni und Ausartungsmorphismen sG,nj , die bestimmte Relationen erfüllen. Dabei soll zusätzlich
die Conduché-Bedingung gelten, die besagt, dass bestimmte Untergruppen von G2 kommu-
tieren.
Mit Hilfe der Abschneideoperation Trunc⌊2,0⌋ erhält man aus einer simplizialen Gruppe G eine
⌊2, 0⌋-simpliziale Gruppe GTrunc. Wenn man also den ⌊2, 0⌋-Teil einer simplizialen Gruppe G
untersuchen möchte, kann man GTrunc⌊2,0⌋ betrachten.
Der Begriff des verschränkten Quadrats ist eine Verallgemeinerung des Begriffs des verschränkten
Moduls. Es handelt sich um ein kommutatives Viereck von Gruppen mit Zusatzdaten, die
bestimmte Voraussetzungen erfüllen.
Wir konstruieren den Funktor Sq von der Kategorie der ⌊2, 0⌋-simplizialen Gruppen in die
Kategorie der verschränkten Quadrate.
Sei G eine ⌊2, 0⌋-simpliziale Gruppe. Dann hat G Sq die Gestalt

G Sq =



G2;1,2 G2;2/G2;0,2

G2;1/G2;0,1 G2/G2;0


,

wobei G2;1 = ker(dG,21 ), G2;1,2 = ker(dG,21 ) ∩ ker(dG,22 ), usw.
Der Funktor Sq ist nicht dicht, also keine Äquivalenz.
Sei C ein verschränktes Quadrat:

L M ′

C :

M P .

λ′

λ µ′

µ
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Dann hat das transponierte verschränkte Quadrat die Form

L M

Ctr :

M ′ P .

λ

λ′ µ

µ′

Damit erhalten wir den Transpositionsfunktor

CrSq Tr−→ CrSq .

Laut Conduché ist ein 2-verschränkter Modul ein Diagramm von Gruppen mit Zusatzdaten, die
bestimmte Voraussetzungen erfüllen:

N2
∂2−→ N1

∂1−→ N0 .

Unter Verwendung eines semidirektes Produkts erhalten wir ausgehend von einem verschränkten
Quadrat C, Conduché und Loday folgend, den totalen 2-verschränkten Modul

C To :=
(
L

∂2−→M ⋉αM
′ ∂1−→ P

)
.

Damit erhalten wir den totalen-2-verschränkten-Modul-Funktor

CrSq To−→ 2-CrMod .

Der Funktor To ist nicht voll und somit keine Äquivalenz.
Wir konstruieren die zueinander inversen Äquivalenzen

⌊2, 0⌋-SimpGrp 2-CrMod .

N̂

Rec

∼

Insgesamt erhalten wir die folgenden Funktoren:

⌊2, 0⌋-SimpGrp CrSq .

Sq

Tr ▲ To ▲ Rec

Wir konstruieren eine Adjunktion

(Sq,Tr ▲ To ▲ Rec, ε,η)

Insbesondere gilt:
Sq ⊣ Tr ▲ To ▲ Rec .
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