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Abstract

We study constructions of irreducible modules for group algebras of finite groups. Inspired by

James’s submodule theorem for the symmetric group, we introduce James triples (U, V,N) of

subgroups of a finite group G. To a James triple we associate a subfactor of a permutation

module and show that it is either zero or absolutely irreducible.

To overcome certain limitations of this construction we extend the framework to James quadru-

ples (U, V,N,D), which allow a broader class of irreducible modules to be obtained. In partic-

ular, if D = 1 and (U, V,N, 1) is a James quadruple, then (U, V,N) is a James triple.

We proceed to investigate the representation theory of GLn(Fq), where we construct an alterna-

tive generator for the unipotent Specht module associated to a partition on n. The construction

is ad hoc, and does not rely on James triples or quadruples, despite certain similarities.

In addition, we study Wedderburn embeddings of the group rings ZGL3(F2), Z[1+
√
−7

2
] GL3(F2),

Z(2)[ζ5]
+ SL2(F4) . The respective image inside a product of matrix rings is an isomorphic copy

of the group ring. We describe it via congruence conditions.

Finally, we consider cuspidal representations of GL2(Fp). We formulate a conjecture concerning

a construction of a cuspidal representation over a minimal field, supported by computational

evidence.
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2 Abstract



Zusammenfassung

In der Darstellungstheorie einer endlichen Gruppe G sind die irreduziblen Moduln die grundle-

genden Bausteine. Es gibt jedoch kein einheitliches Verfahren, um diese zu erstellen. Gordon

James konstruiert für die symmetrische Gruppe Sn und einen Körper K alle einfachen KSn-

Moduln als Subfaktoren von Permutationsmoduln Mµ, die für Partitionen µ ⊢ n definiert sind.

Hierbei macht er sich das Zusammenspiel bestimmter Untergruppen von Sn , die von einem

µ-Tableau stammen, zunutze. Ziel des ersten Kapitels ist es, diesen Mechanismus von James’

Konstruktion für eine beliebige endliche Gruppe G und einen Körper K nachzubauen. Dabei

werden Bedingungen an ein Tripel von Untergruppen von G gestellt, die gewährleisten, dass

der resultierende KG-Modul null oder irreduzibel ist. Es ist allerdings nicht möglich, jeden

irreduziblen Modul mit Hilfe eines solchen James-Tripels zu erzeugen. Um die Grenzen der

Konstruktion auszuweiten, wird die Methode auf James-Quadruple verallgemeinert. Mitunter

kann so ein Tripel, das nicht alle Bedingungen für ein James-Tripel erfüllt, zu einem James-

Quadruple “repariert” werden. Aber auch dieser Ansatz liefert nicht alle einfachen Moduln.

Nicht nur die Darstellungstheorie der symmetrischen Gruppe, sondern auch die Darstellungsthe-

orie der endlichen allgemeinen linearen Gruppe GLn(Fq) wurde maßgeblich durch die Arbeiten

von Gordon James geprägt. Er konstruiert die unipotenten Specht-Moduln, deren Quotienten

die irreduziblen K GLn(Fq)-Moduln liefern. Er gibt einen Erzeuger für den Specht-Modul mit

Koeffizienten in K an, der als Produkt über Wurzeluntergruppen der unitriangulären Gruppe

konstruiert ist. Diese Form erweist sich in konkreten Rechnungen oft als schwer handhab-

bar. James ersetzt daher in [13] diesen Produkterzeuger durch einen als Summe konstruierten

Erzeuger, dessen Koeffizienten jedoch in K(ζp) statt in K liegen. Ziel des zweiten Kapitels ist

es, einen alternativen Erzeuger bereitzustellen, der ebenfalls als Summe konstruiert ist, jedoch

Koeffizienten in K hat.

Im dritten Kapitel untersuchen wir die Gruppenringe ZGL3(F2), Z[1+
√
−7

2
] GL3(F2) und

Z(2)[ζ5]
+ SL2(F4) jeweils mittels ihrer Wedderburn-Einbettung in ein Produkt von Matrixal-

gebren über Integritätsbereichen. Das Bild einer solchen Einbettung ist eine isomorphe Kopie

3



4 Zusammenfassung

des betrachteten Gruppenrings. Es wird eine explizite Beschreibung des jeweiligen Bildes über

Kongruenzen von Matrixeinträgen angegeben.

Desweiteren geben wir Präsentationen der lokalisierten Algebren Z(2)GL3(F2),
Z(2)[

1+
√
−7

2
] GL3(F2) und Z(2)[ζ5]

+ SL2(F4) als Pfadalgebren modulo Relationen an. Im Fall

von Z(2) GL3(F2) bestimmen wir zudem das Zentrum Z(Z(2) GL3(F2)).

Im letzten Kapitel betrachten wir kuspidale Darstellungen von GL2(Fp) für p ⩾ 3 . Ausgehend

von computergestützten Berechnungen formulieren wir eine Vermutung zur Konstruktion einer

kuspidalen Darstellung über einem minimalen Grundkörper.



Preface

Introduction

James triples

In the representation theory of a finite group G, the fundamental building blocks are the

irreducible modules. However, there is no uniform method to obtain them in general. Therefore,

a recurring theme is the construction of irreducible modules of a group algebra from subgroup

data. In case of the symmetric group Sn, this concept is carried out systematically by Gordon

James in [11]. There, for a field K the irreducible KSn-modules are obtained as quotients of

explicitly constructed submodules of permutation modules Mµ, defined for partitions µ ⊢ n.
The structural input is the interplay between certain subgroups of Sn attached to a µ-tableau t:

namely the row stabiliser and the column stabiliser of t. The row stabiliser is used to define

Mµ. For a fixed µ-tableau t, one forms the polytabloid et ∈Mµ as an alternating sum over the

column stabiliser. The Specht module Sµ is the submodule of Mµ generated by et. If K has

characteristic zero, the modules Sµ are irreducible and exhaust the irreducible KSn-modules. If

K has positive characteristic, the non-zero quotients Sµ/
(︂
Sµ ∩ (Sµ)⊥

)︂
provide the irreducible

KSn-modules [11, 4.9, 11.5].

The goal of the first chapter is to generalize and rebuild this mechanism of James’s construction

and construct irreducible KG-modules for an arbitrary finite group G and a field K. We shall

identify intrinsic conditions on a triple of subgroups in G ensuring that the associated module

is irreducible or zero.

This leads us to the notion of James triples:

Definition (Definition 33). Suppose given k ∈ Z⩾2 .

A James triple in G of index k is a triple T = (U, V,N) of subgroups in G such that the

conditions (J 1, 2, 3) hold.

5



6 Preface

(J 1) We have U ∩ V ⩽ N .

(J 2) We have N ◁ V such that |V/N | = k.

(J 3) For h ∈ G∖ (UV ) and w ∈ V , we have

|wN ∩ Uh| = |N ∩ Uh| .

Consider the permutation KG-module MK = K(U\G) and let αK : K
∼−→ K be a field

automorphism. Then MK carries a canonical non-degenerate G-invariant sesquilinear form. To

define a suitable submodule of MK , we need a group morphism f from V to the group of roots

of unity µ(K) that is in some sense compatible with the structure of K and (U, V,N):

Definition (Definition 23). Let f : V → µ(K) be a group morphism. The morphism f is

said to fit the triple (U, V,N) with respect to αK : K
∼−→ K if the following conditions (1, 2)

hold.

(1) We have

(vf)αK = (vf)−1

for v ∈ V .

(2) (i) If char(K) does not divide |V/N |, then

N ⩽ ker(f) < V .

(ii) If char(K) does divide |V/N |, then

N ⩽ ker(f) ⩽ V .

Definition (Definition 39). Given a James triple T = (U, V,N) and a group morphism

f : V → µ(K) fitting T , we let

ST , f
K :=

⟨︄∑︂
v∈V

Uv · vf

⟩︄
KG

⩽ MK .

So ST , f
K is the KG-submodule of the permutation module MK generated by the single element∑︁

v∈V
Uv ·vf . As long as char(K) does not divide |U ∩V |, this module is non-zero. If V ⩽ NG(U)

and if char(K) divides neither |U | nor |V |, the generator is a quasi-idempotent element in KG,

cf. Lemma 41.

Using the canonical non-degenerate G-invariant sesquilinear form on MK to form
(︂
ST , f
K

)︂⊥
, we

were able to show the following.
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Theorem (Theorem 44). The KG-module

ST , f
K /(ST , f

K ∩
(︂
ST , f
K

)︂⊥
)

is absolutely irreducible or zero.

If K is a subfield of C that is closed under complex conjugation αC, then

ST , f
K ∩

(︂
ST , f
K

)︂⊥
= 0

and ST , f
K is absolutely irreducible, cf. Remark 45.

In experiments using Magma [2], we observed that if |G| ⩽ 190, then a substantial portion of

the absolutely irreducible QG-modules can be constructed this way, the exceptions being listed

in Example 90.

In particular, the construction of the Specht modules of Sn can be phrased in terms of James

triples in the expected way: Let t be a µ-tableau. Let Ut ⩽ Sn be the row stabiliser of t.

Let Vt ⩽ Sn be the column stabiliser of t. Let f = sgn |Vt : Vt → {−1, 1} : v ↦→ v sgn. Let

N := ker(f), so the elements of N are the even permutations within the column stabiliser Vt.

Then, (Ut, Vt, N) is a James triple, f fits this triple and the associated module S
(Ut,Vt,N), f
K is

the Specht module Sµ.

James quadruples

The James triple construction does not exhaust all irreducible KG-modules. Certain modules

fail to arise from any James triple, indicating limitations of the construction. It seemed like

(J 3) is too restrictive. Motivated by these observations, we extend the setup from triples

to quadruples of subgroups, subject to suitably adapted conditions. The main idea was not

merely to enlarge the class of modules obtained, but to be able to take a given triple (U, V,N),

for which (J 1, 2) hold, but not (J 3), and extend it to a quadruple (U, V,N,D) such that an

irreducible module arises.

Definition (Definition 66). Suppose given k ∈ Z⩾2 .

A James quadruple in G of index k is a quadruple Q = (U, V,N,D) of subgroups in G such

that the following conditions hold.

(J 1) We have U ∩ V ⩽ N .

(J 2) We have N ◁ V such that |V/N | = k.
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(J 3′) (i) Write T := {h ∈ G∖ (UV ) : we have |wN ∩ Uh| = |N ∩ Uh| for w ∈ V }.
We have G = (T ∪ UV )D.

(ii) We have [D, V ] ⊆ N , i.e. d−1v−1dv ∈ N for d ∈ D and v ∈ V .

In particular, if D = 1 and (U, V,N, 1) is a James quadruple, then (U, V,N) is a James triple.

An idempotent ε ∈ Z(KD) is called simple if KDε is a division ring, and absolutely simple if

dimK(KDε) = 1. It is called symmetric if ε =
∑︁
d∈D

λd · d =
∑︁
d∈D

λdαK · d−1.

Definition (Definition 77). Given a James quadruple Q = (U, V,N,D), a group morphism f

fitting (U, V,N) and a simple, symmetric idempotent ε ∈ Z(KD), we let

SQ, f, ε
K := ⟨

∑︂
v∈V

Uv · vf · ε⟩KG ⩽ MK = K(U\G) .

Again, using the canonical non-degenerateG-invariant sesquilinear form onMK to form
(︂
SQ, f, ε
K

)︂⊥
,

we obtain the following.

Theorem (Theorem 84). The KG-module

SQ, f, ε
K /

(︃
SQ, f, ε
K ∩

(︂
SQ, f, ε
K

)︂⊥)︃
is irreducible or zero.

Theorem (Theorem 85). Let L|K be a field extension and αL ∈ Aut(L) such that αL|KK = αK .

Suppose that

SQ, f, ε
K /

(︃
SQ, f, ε
K ∩

(︂
SQ, f, ε
K

)︂⊥)︃
is irreducible.

Then the following holds.

(1) Suppose that ε ∈ Z(KD) remains simple in Z(LD). Then the LG-module

L⊗K
(︃
SQ, f, ε
K /

(︃
SQ, f, ε
K ∩

(︂
SQ, f, ε
K

)︂⊥)︃)︃
is irreducible.

(2) Suppose that ε ∈ Z(KD) is absolutely simple. Then the KG-module

SQ, f, ε
K /

(︃
SQ, f, ε
K ∩

(︂
SQ, f, ε
K

)︂⊥)︃
is absolutely irreducible.
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If K is a subfield of C that is closed under complex conjugation αC , then

SQ, f, ε
K ∩

(︂
SQ, f, ε
K

)︂⊥
= 0

and the KG-module SQ, f, ε
K is either irreducible or zero if ε is simple. It is either absolutely

irreducible or zero if ε is absolutely simple, cf. Remark 86.

Although even this generalized setup does not exhaust all irreducible KG-modules, it provides

a possibility to, in a sense, repair triples that only satisfy (J 1) and (J 2).

To illustrate this, in Example 71 we consider G = D12, certain subgroups U, V ⩽ G with

|U | = |V | = 2, and N = 1. Then (J 1) and (J 2) hold. The set T ∪ UV , however, has only 8

elements. So T ∪ UV ̸= G, i.e. (J 3) fails to hold, so that (U, V,N) is not a James triple in G.

We choose a suitable subgroup D ⩽ G with |D| = 2. Then G = (T ∪ UV )D, i.e. (J 3′).(i)

holds. Since also (J 3′).(ii) is satisfied, Q = (U, V,N,D) is a James quadruple in G.

For K = Q and G being a nilpotent group, a complete set of orthogonal primitive idempotents

can be constructed explicitly using strong Shoda pairs, as shown in the work of Jespers, Olteanu,

and del Ŕıo [15]. In particular, these idempotents generate all irreducible QG-modules in this

case. Strong Shoda pairs and James triples/quadruples are entirely different concepts, however.

Unipotent Specht modules

It is not only the representation theory of the symmetric group that has been shaped profoundly

by the work of Gordon James, but also the representation theory of finite general linear groups

GLn(Fq). In order to construct the unipotent Specht module Sλ,K over a field K, for a partition

λ ⊢ n, James introduced morphisms ψµ : Mλ,K → Mµ,K between permutation modules for

certain partitions µ ⊢ n and characterised Sλ,K as intersection of their kernels [13]. He gives a

generator for the Specht module with coefficients in K that is built using a product over root

subgroups of the unitriangular group [12]. While this multiplicative construction is conceptually

natural, the resulting generator can be difficult to manipulate in concrete calculations. In [13],

instead of this product generator, James uses a generator constructed as a sum, but having

coefficients in K(ζp) instead of K.

The aim of the second chapter is to provide an alternative generator of the Specht module that

still is constructed as a sum, and that has coefficients in K.

Our construction, like James’s, takes place inside the permutation K GLn(Fq)-module

Mλ,K = K (Pλ\GLn(Fq)), where Pλ is the parabolic subgroup consisting of upper block-

triangular matrices whose block sizes are determined by the partition λ ⊢ n.
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We parametrise a basis of Mλ,K using layered row-echelon forms compatible with λ. We con-

struct a subgroup
ϖλVλtr := (Vλtr)

(ϖλ
Perm)−1

⩽ GLn(Fq)

and call it the reflection container subgroup, cf. Definition 116: The group Vλtr consists of block

matrices with block sizes determined by λtr. The diagonal blocks are permutation matrices,

the blocks above the diagonal are zero and the blocks below the diagonal have row sum zero

in each row. Then, to obtain ϖλVλtr , these matrices are conjugated by the permutation matrix

ϖPerm
λ determined by λ.

Finally, let

f : ϖλVλtr → {−1, 1}

map an element v(ϖλ
Perm)−1

with v ∈ Vλtr to the signum of the permutation corresponding to

the diagonal blocks of v.

Using this data we construct a module Sλ,K with generator Sgen
λ :

Definition (Definition 160). We define

Sgen
λ :=

∑︂
z∈(Pλ∩(ϖλVλtr ))\

ϖλVλtr

Pλz · zf .

We then define the K GLn(Fq)-submodule

Sλ,K := ⟨Sgen
λ ⟩KGLn(Fq) ⩽ Mλ,K .

The key step is to prove that Sgen
λ is contained in the kernel of ψµ, for each ψµ :Mλ,K →Mµ,K

used in James’s Kernel Intersection Theorem [13, 11.12.(iii), 15.18], cf. also Theorem 166,

Corollary 167.

We obtain the following.

Theorem (Theorem 168). Suppose that char(K) = 0. Then

Sλ,K = Sλ,K .

I.e. in characteristic 0, our construction yields the unipotent Specht modules Sλ,K as constructed

by James.

So

Sλ,K = ⟨Sgen
λ ⟩KGLn(Fq) ⩽Mλ,K .

is an absolutely irreducible K GLn(Fq)-module.
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In particular, Sλ,Q is an absolutely irreducible QGLn(Fq)-module.

Using the canonical GLn(Fq)-invariant bilinear form on Mλ,K to form (Sλ,K)⊥, we obtain the

following.

Proposition (Proposition 170). Suppose that char(K) ̸= 0 and char(K) ̸= p. Then

Sλ,K/(Sλ,K ∩ (Sλ,K)⊥)

is absolutely irreducible or zero.

If it is non-zero, then we have an isomorphism

Sλ,K/(Sλ,K ∩ (Sλ,K)⊥) −→∼ Sλ,K/(Sλ,K ∩ (Sλ,K)
⊥) .

So, in non-defining characteristic, our construction yields the same factor modules as those

obtained by James, or otherwise yields zero. In all the cases we tested, however, the resulting

module was always non-zero, cf. Lemma 172, Example 173.

Furthermore, we investigate whether the triple (Pλ,
ϖλ Vλtr , ker(f)) is a James triple in GLn(Fq)

or whether it can be expanded into a James quadruple, cf. Example 185. For instance, when

q ∈ {2, 3} and λ = (2, 1), it is a James triple, whereas for q = 4 this is no longer the case,

although it can be extended to a James quadruple. In contrast, for λ = (1, 1, 1, 1, 1) and q = 2 it

is neither. Moreover, even in cases where it expands to a James quadruple, there is no uniform

choice for the simple symmetric idempotent ε.

Descriptions of group rings

In the third chapter we study the group rings ZGL3(F2), Z[1+
√
−7

2
] GL3(F2),

Z(2)[ζ5]
+ SL2(F4), each via its Wedderburn embedding into a product of matrix algebras over

integral domains. Our main objective is to describe the image of the embedding explicitly in

terms of congruence conditions on matrix entries, called ties.

We use these descriptions to give presentations of the localised algebras Z(2)GL3(F2) (Proposi-
tion 202), Z(2)[

1+
√
−7

2
] GL3(F2) (Proposition 220) and Z(2)[ζ5]

+ SL2(F4) (Proposition 228) as path

algebras modulo relations. In case of Z(2)GL3(F2), we also determine its center Z(Z(2) GL3(F2)),
cf. Lemma 209.

A deeper understanding of these descriptions in terms of congruences would require a more

detailed knowledge of lattices in all irreducible modules involved, in particular the unipotent

Specht modules considered in Chapter 2 and the remaining irreducible modules. We confine

ourselves to identifying the unipotent Specht modules within our description and to observing

their behaviour there.
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A conjecture on cuspidal modules

The last chapter is largely independent of the preceding ones.

The irreducible complex cuspidal representations of GL2(Fp) are well understood, and their

classification and character tables are described in standard references such as the work of

Israel Gel’fand [6] and James A. Green [7].

Irreducible cuspidal representations belong to the class of generic representations. In particular,

they can be realised as direct summands of the Gel’fand-Graev representation, which is defined

over Q(ζp). This viewpoint is developed, for example, in the work of Ilknur Tulunay [20]. For

a recent overview on generic representations and their associated Bessel functions, we refer for

instance to Elad Zelingher [21].

For our purposes, we are primarily interested in explicit realisations of these cuspidal repre-

sentations. An account of the construction of cuspidal representations of Gel’fand is provided

by Gordon James [14, §3]. This approach yields matrix entries for the cuspidal representations

of GLn(Fq) which lie in cyclotomic extensions generated by values of additive characters of

Fq and cuspidal character values. In addition, Roger W. Carter gives formulas for cuspidal

representations of GL2(Fq) and GL3(Fq) in [4].

Explicit realisations over minimal coefficient fields remain of interest, especially in computa-

tional contexts. The coefficient field in the construction of Gel’fand is not minimal in general.

Determining smaller fields over which these representations can be defined is therefore a worth-

while task.

We try to investigate such realisations for the case GL2(Fp) with p ⩾ 3. Our approach is based

on the natural permutation action of G := PGL2(Fp) = GL2(Fp)/Z(GL2(Fp)) on the projective

line P1(Fp). Let T := QP1(Fp) be the permutation module on the G-set P1(Fp), which is a

QG-module.

Based on computational evidence, we formulate a conjectural description of a generator of a

module M ⩽ Sym2(T ) whose endomorphism ring is isomorphic to Q(ζp+1)
+ = Q(ζp+1) ∩ R .

If p ⩾ 5 and if p+1 has at most two distinct prime factors we conjecture that there exists g ∈ G

of order p + 1 if p ≡4 1, and of order p − 1 if p ≡4 3 such that M =

⟨︄ ∑︁
i∈[0,|⟨g⟩|−1]

(−1)iξ · gi
⟩︄
QG

as QG-submodules of Sym2(T ), where ξ = [1 : 0] ◦ [0 : 1] ∈ Sym2(T ), cf. §4.1. The module

C ⊗
Q(ζp+1)+

M is a cuspidal CGL2(Fp)-module. Cf. Conjecture 230.
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Conventions

Let R be a commutative ring. Let K be a field. Let H,G be finite groups. Let V be a subgroup

of G. Let p ∈ Z⩾2 be a prime and q be a power of p.

• Given a set X, for x ∈ X means for all x ∈ X.

• Given a set X, we write X ′ ⊆ X to denote that X ′ is a subset of X, and X ′ ⊂ X to

denote that X ′ is a proper subset of X.

• Maps will be written on the right: Suppose given sets X, Y, Z and maps X
a−→ Y

b−→ Z.

The image of x ∈ X under a is written xa. The composite of a and b is written X
ab−→ Z.

Exceptions are made for standard mappings like det.

• Given sets X, Y , subsets X ′ ⊆ X, Y ′ ⊆ Y and a map f : X → Y such that X ′f ⊆ Y ′, we

write f |Y ′

X′ : X ′ → Y ′ for the restriction of f to X ′ and Y ′. If Y ′ = Y , then we also write

f |X′ := f |YX′ .

• Let X be a set. We denote by SX the symmetric group on X, consisting of the bijections

from X to X. We write 1SX = idX . For n ≥ 1 we abbreviate Sn := S[1,n] .

• Let I be a set and let Xi be a set for i ∈ I. We have the exterior disjoint union⨆︂
i∈I

Xi := {(x, i) : i ∈ I, x ∈ Xi} .

• For a, b ∈ Z we denote by [a, b] := {z ∈ Z : a ⩽ z ⩽ b} the integral interval.

• Write R× := R \ {0}.

• We denote by Fq the finite field with q elements.

• We denote by Z(p) the localisation at the prime ideal (p), that is,

Z(p) :=
{︂r
s
: r ∈ Z, s ∈ Z \ (p)

}︂
⊆ Q .

• We write µ(K) := {x ∈ K : ∃s ∈ Z⩾1 such that xs = 1} for the group of roots of unity

of K.

• We denote by Aut(K) the automorphism group of K.

• Suppose given x, y, z ∈ R. We write x ≡z y if there exists a ∈ R such that x− y = az.
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• We denote Kronecker’s delta by ∂. I.e. for elements x, y ∈ R, we let ∂x,y := 1 if x = y

and ∂x,y := 0 if x ̸= y.

• We denote Euler’s totient function by φEuler.

• Given n,m ≥ 0, we denote by Rn×m the R-module of n×m matrices over R.

• We have the standard R-linear basis (Ei,j)i∈[1,n],j∈[1,m] of R
n×m, where Ei,j is the n ×m

matrix with entry 1 at position (i, j) and entry 0 elsewhere.

• Let n ∈ N and mr ∈ N for r ∈ [1, n]. The standard R-linear basis of
∏︁

r∈[1,n]
Rmr×mr is given

by (Ei,j;r)i,j∈[1,mr],r∈[1,n], where Ei,j;r is the tuple of matrices whose matrix at position r

has the entry 1 at position (i, j), and whose other matrix entries are 0.

• For n ∈ N, we denote by D2n = ⟨a, b | an, b2, (ab)2⟩ the dihedral group of order 2n.

• Let I be a set and let Xi be an abelian group for i ∈ I. We denote by πj the projection⨁︁
i∈I
Xi → Xj, (xi)i∈I ↦→ xj for j ∈ I.

• We denote by ιV the embedding V ↪→ G, v ↦→ v.

• We denote by [G : V ] := |G/V | the index of V in G.

• For g, x ∈ G we write gx := g · x · g−1 and gV := {gv : v ∈ V }. Moreover, we write

xg := g−1 · x · g and V g := {vg : v ∈ V }.



Chapter 1

Irreducible submodules of a
permutation module

The construction of irreducible KG-modules for a field K and an arbitrary finite group G is a

fundamental problem in representation theory. For the symmetric group Sn, Gordon James [11]

gave an explicit solution using subgroup data associated to a µ-tableau t for partitions µ ⊢ n. From
the corresponding row and column stabilisers, he constructed the Specht modules and obtained a

complete set of irreducible Sn-modules in characteristic zero and, via quotients of these modules,

a complete set of irreducible Sn-modules in modular settings.

In this chapter, we want to investigate in which way James’s method can be extended beyond

symmetric groups. Our aim is to identify suitable subgroup data from an arbitrary finite group

and use it to construct a module such that an associated factor module is irreducible.

Our first construction is closely related to James’s original approach, where we make use of sub-

groups U, V ⩽ G with properties modelled on those of the row stabiliser and the column stabiliser

of a tableau. This James-triple-construction already yields quite a few irreducible KG-modules –

but not all of them. As a remedy, we add a further subgroup D ⩽ G such that a primitive central

idempotent of KD helps in constructing an irreducible KG-module. This construction then yields

more irreducible KG-modules, but still not all of them.

Let K be a field. Let αK ∈ Aut(K) be an automorphism of K. We write λ̄ := λαK for λ ∈ K.

Let L|K be a field extension and suppose given an automorphism αL ∈ Aut(L) such that αL

restricts to αL|KK = αK . We write ℓ̄ := ℓαL for ℓ ∈ L.

Let G be a finite group.

1.1 Preliminaries

1.1.1 Turning irreducible modules into absolutely irreducible modules

Let M be a irreducible KG-module with commutative endomorphism ring E := EndKG(M).

So E|K is a field extension of finite degree.

We let m · ℓg := (m)ℓ · g for m ∈M , ℓ ∈ E, g ∈ G. Thus M is an EG-module.

15
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Lemma 1. We have

EndEG(M) = EndKG(M) = E ,

whence M is an absolutely irreducible EG-module.

Proof. As KG ⊆ EG, any EG-linear endomorphism is KG-linear. Hence

EndEG(M) ⊆ EndKG(M) = E .

Suppose given f ∈ EndKG(M). Suppose given ℓ ∈ E, g ∈ G. Then for m ∈M we have

(mf) · ℓg = (m)(fℓ) · g = (m)(ℓf) · g = ((ml)f)g = ((mℓ) · g)f = (m · ℓg)f .

So f ∈ EndEG(M).

Thus EndEG(M) = EndKG(M) = E.

As E is a field, Schur’s lemma implies that M is an absolutely irreducible EG-module.

1.1.2 Using an algebraic closure

Let K̂|K be an algebraic closure of K. Recall the automorphism αK ∈ Aut(K).

Lemma 2. There exists αK̂ ∈ Aut(K̂) such that αK̂ |KK = αK .

Proof. Consider the fixed field F := Fix(αK) = {λ ∈ K such that λ = λαK} ⊆ K. Consider

the embeddings ιK : K → K̂ : λ ↦→ λ and ιF : F → K : λ ↦→ λ.

By [3, Chapitre V, §9, Proposition 1] there exists an F -automorphism v ∈ Aut(K̂) prolonging

the F -morphism u = αKιK , i.e. v|K = αKιK .

We have the following commutative diagram.

K̂
v
∼

→→ K̂

K
↗↘

ιK

↑↑

αK

∼
→→

u=αK ιK

→→

K
↗↘

ιK

↑↑

F

ιFαK=ιF

↗↗

↑→

ιF

↖↖

So, we may take αK̂ := v.
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1.1.3 Preliminaries on sesquilinear forms

Let M and N be a KG-modules that are finite-dimensional over K.

Definition 3.

(1) A sesquilinear form with respect to αK on M is a map

[−,=] :M ×M → K

(m,m′) ↦→ [m,m′]

such that for m,m′,m1,m2,m
′
1,m

′
2 ∈M , λ ∈ K we have

[m,m′
1 +m′

2] = [m,m′
1] + [m,m′

2]

[m1 +m2,m
′] = [m1,m

′] + [m2,m
′]

[mλ,m′] = [m,m′]λ

[m,m′λ] = [m,m′]λ̄ .

(2) It is called G-invariant if

[mg,m′g] = [m,m′]

for m,m′ ∈M and g ∈ G.

(3) It is called non-degenerate if [m,M ] = 0 implies m = 0 for m ∈M .

Lemma 4. Let αC : C → C be the complex conjugation. Suppose that K|Q is a subfield of

C that is closed under the complex conjugation αC, i.e. καC ∈ K for κ ∈ K. Suppose that

αK = αC|KK .

(1) A sesquilinear form [−,=] is called positive definite if [m,m] ∈ K ∩R>0 for m ∈M \{0}.
A positive definite sesquilinear form on M is non-degenerate.

(2) There exists a positive definite G-invariant sesquilinear form on M .

Proof. Ad (1). Suppose that [−,=] is positive definite. Then we have [n, n] > 0 for n ∈M \{0}
and therefore [m,M ] = 0 implies m = 0 for m ∈M .

Hence [−,=] is a non-degenerate sesquilinear form on M .

Ad (2). We choose a K-linear basis (mi)i∈[1,n] of M . For λi, νj ∈ K, i, j ∈ [1, n], we set

⌈−,=⌉ :M ×M → K(︄
n∑︁
i=1

miλi,
n∑︁
j=1

mjνj

)︄
↦→

⌈︄
n∑︁
i=1

miλi,
n∑︁
j=1

mjνj

⌉︄
:=

n∑︁
i=1

λiν̄i .
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Suppose given λi, λ̃i, νj ∈ K for i, j ∈ [1, n] and κ, κ̃ ∈ K. Then

⌈︄(︃
n∑︁
i=1

miλi

)︃
κ+

(︃
n∑︁
i=1

miλ̃i

)︃
κ̃,

n∑︁
j=1

mjνj

⌉︄
=

⌈︄
n∑︁
i=1

mi(λiκ+ λ̃iκ̃),
n∑︁
j=1

mjνj

⌉︄
=

n∑︁
i=1

(λiκ+ λ̃iκ̃)ν̄i

=

(︃
n∑︁
i=1

λiν̄i

)︃
κ+

(︃
n∑︁
i=1

λ̃iν̄i

)︃
κ̃

=

⌈︄
n∑︁
i=1

miλi,
n∑︁
j=1

mjνj

⌉︄
κ+

⌈︄
n∑︁
i=1

mkλ̃i,
n∑︁
j=1

mjνj

⌉︄
κ̃

⌈︄
n∑︁
j=1

mjνj,

(︃
n∑︁
i=1

miλi

)︃
κ+

(︃
n∑︁
i=1

miλ̃i

)︃
κ̃

⌉︄
=

⌈︄
n∑︁
j=1

mjνj,
n∑︁
i=1

mi(λiκ+ λ̃iκ̃)

⌉︄
=

n∑︁
i=1

νi(λiκ+ λ̃iκ̃)

=

(︃
n∑︁
i=1

νiλ̄i

)︃
κ̄+

(︃
n∑︁
i=1

νi
¯̃λi

)︃
¯̃κ

=

⌈︄
n∑︁
j=1

mjνj,
n∑︁
i=1

miλi

⌉︄
κ̄+

⌈︄
n∑︁
j=1

mjνj,
n∑︁
i=1

miλ̃i

⌉︄
¯̃κ

Note that ⌈︄
n∑︁
i=1

miλi,
n∑︁
j=1

mjλj

⌉︄
=

n∑︁
i=1

λiλ̄i ∈ K ∩ R>0

if
n∑︁
i=1

miλi ̸= 0.

So ⌈−,=⌉ is a positive definite and non-degenerate sesquilinear form on M . We define

[−,=]K = [−,=] :M ×M → K

(m,m′) ↦→ [m,m′] :=
∑︁
x∈G
⌈mx,m′x⌉

Note that [−,=] is a positive definite sesquilinear form, as ⌈−,=⌉ is.

Moreover, [−,=] is G-invariant, since for g ∈ G we obtain

[mg,m′g] =
∑︁
x∈G
⌈mgx,m′gx⌉ =

∑̃︁
x∈G
⌈mx̃,m′x̃⌉ = [m,m′] .

Definition 5. The sesquilinear dual of the KG-module M is defined as

M∗K =M∗ := {M f−→ K : (mλ+m′λ′)f = mfλ̄+m′fλ̄′ for λ, λ′ ∈ K, m,m′ ∈M} .
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Lemma 6. Let G act on M∗ as follows: For g ∈ G, f ∈M∗ and m ∈M , we set

(m)(f · g) := (mg−1)f .

Then the sesquilinear dual M∗ is a KG-module.

Proof.

We show that

fν + f̃ ν̃ ∈M∗

for f, f̃ ∈M∗, ν, ν̃ ∈ K. For m,m′ ∈M and λ, λ′ ∈ K we have

(mλ+m′λ′)(fν + f̃ ν̃)

= (mλ+m′λ′)fν + (mλ+m′λ′)f̃ ν̃

= ((mλ)f + (m′λ′)f)ν + ((mλ)f̃ + (m′λ′)f̃)ν̃

= ((m)fλ̄+ (m′)fλ̄′)ν + ((m)f̃ λ̄+ (m′)f̃ λ̄′)ν̃

= ((m)fν + (m)f̃ ν̃)λ̄+ ((m′)fν + (m′)f̃ ν̃)λ̄′

= (m)(fν + f̃ ν̃)λ̄+ (m′)(fν + f̃ ν̃)λ̄′ .

So, fν + f̃ ν̃ ∈ M∗. Consequently, note that M∗ is a K-subspace of the K-vector space of all

maps from M to K.

We show that f · g ∈M∗. For λ, λ′ ∈ K, m,m′ ∈M we have

(mλ+m′λ′)(f · g)
= ((mλ+m′λ′)g−1) f

= ((mg−1)λ+ (m′g−1)λ′) f

= (mg−1λ)f + (m′g−1λ′)f

= (mg−1)fλ̄+ (m′g−1)fλ̄′

= (m)(f · g)λ̄+ (m′)(f · g)λ̄′ .

Hence, f · g ∈M∗.

For f ∈M∗, m ∈M and g, h ∈ G we have

m(f · (gh)) = (m(gh)−1)f

= (mh−1g−1)f

= (mh−1)(f · g)
= (m)((f · g) · h)

m(f · 1) = (m · 1)f = (m)f .
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Suppose given f, f̃ ∈ M∗, ν, ν̃ ∈ K. We show that
(︂
fν + f̃ ν̃

)︂
· g = (f · g)ν + (f̃ · g)ν̃. For

m ∈M we have

(m)((fν + f̃ ν̃) · g) = (mg−1)(fν + f̃ ν̃)

= (mg−1)fν + (mg−1)f̃ ν̃

=
(︁
(m)(f · g)

)︁
ν +

(︁
(m)(f̃ · g)

)︁
ν̃

= (m)
(︁
(f · g)ν + (f̃ · g)ν̃

)︁
Let

G
ρ−→ GL(M∗)

g ↦→

(︄
M∗ → M∗

f ↦→ f · g = f(gρ)

)︄
.

For g, h ∈ G we have

(gh)ρ = (gρ) · (hρ)

and M∗ gρ−→M∗, f ↦→ f · g is indeed K-linear.

This shows that M∗ is a KG-module.

Lemma 7. Suppose given a K-linear basis (mj)j∈[1,n] of M . For i ∈ [1, n] we let

fi :M → K
n∑︁
j=1

mjνj ↦→ ν̄i , where vj ∈ K for j ∈ [1, n].

Then (fi)i∈[1,n] is a K-linear basis of M∗.

We call (fi)i∈[1,n] the dual basis of (mj)j∈[1,n].

Proof. First we show that fi ∈ M∗ for i ∈ [1, n]. Suppose given νj, ν
′
j ∈ K for j ∈ [1, n],

λ, λ′ ∈ K. Then(︄
(
n∑︁
j=1

mjνj)λ+ (
n∑︁
j=1

mjν
′
j)λ

′

)︄
fi =

(︄
n∑︁
j=1

mj(νjλ+ ν ′jλ
′)

)︄
fi

= νiλ+ ν ′iλ
′

= ν̄iλ̄+ ν̄ ′iλ̄
′

= (
n∑︁
j=1

mjνj)fi · λ̄+ (
n∑︁
j=1

mjν
′
j)fi · λ̄′ .

We show that (fi)i∈[1,n] is K-linearly independent. Suppose given νi ∈ K for i ∈ [1, n] such

that
n∑︁
i=1

fiνi = 0. Suppose given j ∈ [1, n]. Then
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0 = (mj)

(︄
n∑︂
i=1

fiνi

)︄
=
∑︂
i∈[1,n]

(mjfi)νi = νj .

We show that M∗ is K-linearly generated by (fi)i∈[1,n]. Suppose given f ∈ M∗. Set γi := mif

for i ∈ [1, n]. We show that

f
!
=

n∑︂
i=1

fiγi .

Suppose given νj ∈ K for j ∈ [1, n]. We have

(︂∑︁n
j=1mjνj

)︂(︃ n∑︁
i=1

fiγi

)︃
=

n∑︁
i=1

(︂∑︁n
j=1mjνj

)︂
fiγi

=
n∑︁
i=1

ν̄iγi

=
n∑︁
i=1

(mi)fν̄i

=
n∑︁
i=1

(miνi)f

=

(︃
n∑︁
i=1

miνi

)︃
f .

So, f =
n∑︁
i=1

fiγi. Thus, M
∗ is K-linearly generated by (fi)i∈[1,n].

Hence (fi)i∈[1,n] is a K-linear basis of M∗.

Lemma 8. Suppose given a non-degenerate G-invariant sesquilinear form [−,=] on M . Then

we have the KG-module isomorphism

M
µ−→ M∗

m ↦→ ([m,−] : m′ ↦→ [m,m′]) .

Proof. We show that for m ∈ M the map [m,−] : M → K is contained in M∗. Suppose given

m′,m′′ ∈M and λ′, λ′′ ∈ K. We have

[m,m′λ′ +m′′λ′′] = [m,m′λ′] + [m,m′′λ′′]

= [m,m′]λ̄′ + [m,m′′]λ̄′′

So, µ is well-defined. We show that µ isK-linear. Suppose givenm,m′,m′′ ∈M and λ′, λ′′ ∈ K.

We have
[m′λ′ +m′′λ′′,m] = [m′λ′,m] + [m′′λ′′,m]

= [m′,m]λ′ + [m′′,m]λ′′

So, [m′λ′ +m′′λ′′,−] = [m′,−]λ′ + [m′′,−]λ′′. Consequently, µ is K-linear.
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We show that µ commutes with the action of G. Suppose given g ∈ G and m,m′ ∈ M . We

have
(m′) ([mg,−]) = [mg,m′]

= [m,m′g−1]

= (m′g−1) ([m,−])
= (m′) ([m,−] · g)

So [mg,−] = [m,−] · g.

All in all this shows that µ is KG-linear.

It remains to show that µ is bijective.

The map µ is injective as ker(µ) = {m ∈ M : [m,m′] = 0 for m′ ∈M} = 0 since [−,=] is

non-degenerate.

By Lemma 7 we have dimK(M
∗) = dimK(M). So µ is a KG-module isomorphism.

Lemma 9. Suppose given KG-modules S, T of finite dimension over K. Each KG-linear map

φ : S → T determines a map φ∗K = φ∗ : T ∗ → S∗ by setting (τ)φ∗ = φ · τ for τ ∈ T ∗.

We call φ∗ the sesquilinear dual of φ. The map φ∗ is a KG-linear map.

Proof. For λ, λ′ ∈ K and s, s′ ∈ S and τ ∈ T ∗, we have

(sλ+ s′λ′)(φ · τ) = (sφλ+ s′φλ′)τ = sφτλ̄+ s′φτλ̄′

and thus φ · τ ∈ S∗.

Suppose given g ∈ G, τ, τ ′ ∈ T ∗ and ν, ν ′ ∈ K. Then

s ((τφ∗) · g) = s ((φτ) · g)
= (sg−1) (φτ)

= ((sg−1)φ)τ

= ((sφ)g−1)τ

= (sφ)(τg)

= s(φ · (τg))
= s((τg)φ∗)

s((τν + τ ′ν ′)φ∗) = s(φ · (τν + τ ′ν ′))

= (sφ)(τν + τ ′ν ′)

= sφτν + sφτ ′ν ′

= s(τφ∗)ν + s(τ ′φ∗)ν ′

= s ((τφ∗)ν + (τ ′φ∗)ν ′)

for s ∈ S. So, (τφ∗) · g = (τg)φ∗ and (τν + τ ′ν ′)φ∗ = (τφ∗)ν + (τ ′φ∗)ν ′.
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Remark 10. Suppose given KG-modules S, T,Q of finite dimension over K. Suppose given

KG-linear maps φ : S → T and ψ : T → Q.

Then

(φ · ψ)∗ = ψ∗ · φ∗

as for ρ ∈ Q∗ we have

(ρ) (φ · ψ)∗ = (φ · ψ) · ρ = φ · (ψ · ρ) = φ · ((ρ)ψ∗) = ((ρ)ψ∗)φ∗ = (ρ) (ψ∗ · φ∗) .

Moreover, we have

(idS)
∗ = idS∗

as for σ ∈ S∗ we have

(σ)(idS)
∗ = idS ·σ = σ .

In other words, the correspondence S ↦→ S∗, φ → φ∗ is a contravariant functor from the

category of finite dimensional KG-modules to itself.

Lemma 11. Suppose that α2
K = idK. Recall thatM and N are KG-modules of finite dimension

over K. Suppose given a KG-linear map M
φ−→ N .

(1) We have an isomorphism of KG-modules

M
eval−−→∼ M∗∗

m ↦→
(︁
evalm : f ↦→ fevalm := mf

)︁
(2) We have the following commutative quadrangle.

M

φ
↓↓

eval
∼
→→M∗∗

φ∗∗

↓↓
N eval

∼
→→ N∗∗

Proof. Ad (1). We show that for m ∈ M the evaluation map evalm : M∗ → K, f ↦→ mf is

contained in M∗∗.

An element µ of M∗∗ is a map M∗ → K such that (fλ + f ′λ′)µ = fµλ̄ + f ′µλ̄′ for λ, λ′ ∈ K,

f, f ′ ∈M∗.

For each m ∈M , f, f ′ ∈M∗ we have

(m)(fλ+ f ′λ′) = m(fλ) +m(f ′λ′) = (mf)λ+ (mf ′)λ′ = mfλ̄+mf ′λ̄′ ,



24 Irreducible submodules of a permutation module

by the definition of addition and scaling in M∗. So, (fλ+ f ′λ′)evalm = fevalm · λ̄+ f ′evalm · λ̄′

and evalm ∈M∗∗.

Now we define a map M → M∗∗ by m ↦→ evalm . This is additive since for m,m′ ∈ M and

f ∈M∗ we have

(f)evalm+m′ = (m+m′)f = mf +m′f = mf +m′f = (f)(evalm + evalm′) ,

so evalm+m′ = evalm + evalm′ . Moreover,

(f)evalmλ = (mλ)f = (mf)λ̄ = (f)evalmλ ,

so evalmλ = evalmλ for m ∈M and λ ∈ K.

Additionally, for g ∈ G and m ∈M , we have

(f)evalmg = (mg)f = (m)(f · g−1) = (f · g−1)evalm = (f)(evalm · g) .

So sending m to evalm is an KG-linear map M →M∗∗ for all KG-modules M .

We will now show that our map M → M∗∗, m ↦→ evalm is an isomorphism as M is finite

dimensional over K.

Suppose given a K-linear basis (mj)j∈[1,n] of M . Let (fi)i∈[1,n] be the dual K-linear basis of

M∗, cf. Lemma 7.

Suppose given m ∈ M such that evalm = 0. Write m =
n∑︁
j=1

mjλj ∈ M where λj ∈ K for

j ∈ [1, n]. For i ∈ [1, n] we have

0 = fievalm = mfi =

(︄
n∑︂
j=1

mjλj

)︄
fi = λi = λi .

This shows the only element m ∈ M for which 0 = evalm ∈ M∗∗ holds is given by m = 0. So

the map M →M∗∗ : m ↦→ evalm is injective.

Choose µ ∈M∗∗. We want to find an m ∈M such that µ = evalm, i.e. fµ = (m)f for f ∈M∗.

Let wi := (fi)µ ∈ K for i ∈ [1, n] and define m =
n∑︁
i=1

miwi. Then

(fi)µ = wi = wi = mfi = fievalm

for i ∈ [1, n]. So µ = evalm.

Thus, M
∼−→M∗∗, m ↦→ evalm for all finite dimensional KG-modules M .
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Ad (2). We need to show that evalmφ = (evalm)φ
∗∗ for m ∈M .

For f ∈ N∗ we have

(f)evalmφ = mφf

and
(f) (evalm)φ

∗∗ = (f) (φ∗ · evalm)
= (fφ∗)evalm

= (φ · f)evalm
= mφf .

Thus, the quadrangle commutes.

1.1.4 Compatibility of James’s subfactor construction with field ex-

tensions

Recall the field extension L|K and αL ∈ Aut(L) such that αL|KK = αK .

Let U ⩽ G be a subgroup of G.

Consider the permutation module MK := K(U\G) over KG. Let r ∈ Z⩾0. Suppose given

ξ1, . . . , ξr ∈MK . Let SK := ⟨ξ1, . . . , ξr⟩KG ⊆MK . We denote by ιK the embedding SK ↪→MK .

For k ∈ K and s ∈ SK , we also write ks := sk. Let [−,=]K :MK ×MK → K be a G-invariant

non-degenerate sesquilinear form.

LetML := L(U\G). Let SL := ⟨ξ1, . . . , ξr⟩LG ⊆ML. We denote by ιL the embedding SL ↪→ML.

For ℓ ∈ L and s ∈ SL, we also write ℓs := sℓ. Let [−,=]L : ML ×ML → L be G-invariant a

non-degenerate sesquilinear form such that [−,=]L|MK×MK
= [−,=]K .

We have inclusion maps

MK
↘ ↙ →→ ML

SK
↘ ↙ →→

↗↘
ιK
↑↑

SL .

↗↘
ιL
↑↑

Remark 12. Suppose given a KG-module X. Then the L-vector space L ⊗K X is an LG-

module via
G

ρ−→ AutK(X)
L⊗K−−−−−→ AutL(L⊗K X)

g ↦→ ρg ↦→ L⊗K ρg .

For g ∈ G, ℓ ∈ L and x ∈ X, we have

(ℓ⊗ x) · g = (ℓ⊗ x)(L⊗K ρg)
= ℓ⊗ (xρg)

= ℓ⊗ (xg) .
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So, for
∑︁
g∈G

ℓgg ∈ LG, we have

(ℓ⊗ x) ·
∑︂
g∈G

ℓgg =
∑︂
g∈G

ℓg · (ℓ⊗ (xg)) =
∑︂
g∈G

(ℓgℓ)⊗ (xg) .

Remark 13. Let Y be an LG-module. Let X ⊆ Y be a KG-submodule.

Then we have the additive map

L⊗K X
γ−→ Y

l ⊗ x ↦→ l · x

as for ℓ, ℓ1, ℓ2 ∈ L, k ∈ K and x, x1, x2 ∈ X, we have ℓk · x = ℓ · kx, (ℓ1 + ℓ2) · x = ℓ1x + ℓ2x

and ℓ · (x1 + x2) = ℓx1 + ℓx2.

The map γ is LG-linear as for ℓ, ℓ̃ ∈ L, x ∈ X and g ∈ G, we have

(ℓ⊗ x)γ · ℓ̃g = ℓ̃ℓxg

= (ℓ̃ℓ⊗ xg)γ
=

(︂
(ℓ⊗ x) · ℓ̃g

)︂
γ .

Lemma 14. We have the LG-module isomorphisms

L⊗K SK
φ−→
∼

SL

l ⊗ s ↦→ l · s

L⊗K MK
ψ−→
∼

ML

ℓ⊗ Uh ↦→ ℓ(Uh) .

Proof. By Remark 13, φ and ψ are a well-defined LG-linear maps.

Let t := [G : U ]. Choose right-coset representatives hi for U\G, where i ∈ [1, t]. I.e.

G = ⊔i∈[1,t]Uhi .

Then (Uhi)i∈[1,t] is a K-linear basis of MK and an L-linear basis of ML.

The map ψ is bijective, as it maps the L-linear basis (1⊗Uhi)i∈[1,t] of L⊗KMK to the L-linear

basis (Uhi)i∈[1,t] of ML.
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We have the following commutative quadrangle.

L⊗K MK
ψ →→ML

L⊗K SK
φ →→

L⊗K ιK

↑↑

SL

ιL

↑↑

Since ιK is injective, so is L⊗K ιK .

As L⊗K ιK and ψ are injective, the injectivity of φ follows.

The LG-linear map φ is surjective, since the LG-linear generators ξi of SL are in the image of

φ as (1⊗ ξi)φ = ξi for i ∈ [1, r].

Hence φ is an LG-module isomorphism.

Lemma 15. The subset S⊥
K = {x ∈MK : [x, SK ]K = 0} ⊆MK is a KG-submodule.

Proof. Note that S⊥
K is a subspace of MK . Suppose given x ∈ S⊥

K , g ∈ G and λ ∈ K. For

s ∈ SK we have sg−1 ∈ SK and so

[xgλ, s] = [xg, s]λ = [x, sg−1λ̄⏞ ⏟⏟ ⏞
∈SK

] = 0 .

Thus xgλ ∈ S⊥
K . Hence, S

⊥
K is a KG-submodule of MK .

Remark 16.

(1) We have the following commutative diagram.

MK
µK ι

∗
K

↘↘
µK
↓↓

M∗K
K ι∗K

→→ S∗K
K

Here, ι∗K is the sesquilinear dual of the inclusion map ιK : SK → MK , cf. Lemma 9, and

µK :MK
∼−→M∗K

K , x ↦→ [x,−]K , cf. Lemma 8.

(2) We have S⊥
K = ker(µKι

∗
K) as for x ∈MK we have xµK = [x,−] and thus xµKι

∗
K = [x,−]|SK

.

(3) We have the left exact sequence

S⊥
K

ι⊥K−→MK

µK ι
∗
K−−−→ S∗K

K .
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Lemma 17. Suppose that K|Q is a subfield of C that is closed under the complex conjugation

αC, i.e. καC ∈ K for κ ∈ K. Let αK = αC|KK. Suppose the G-invariant non-degenerate

sesquilinear form [−,=]K on MK to be positive definite. Consider

S⊥
K = {x ∈MK : [x, SK ]K = 0} ⊆MK .

Then

SK ∩ S⊥
K = 0 .

Proof. Suppose given x ∈ SK ⊆ MK with x ̸= 0. As [−,=]K : MK ×MK → K is positive

definite, we have [x, x] > 0. So, x ̸∈ S⊥
K and therefore SK ∩ S⊥

K = 0.

Remark 18. We have the LG-module isomorphism

S∗L
L

φ∗
−→∼ (L⊗K SK)∗L

as sesquilinear dual of φ : L⊗K SK −→∼ SL, cf. Lemma 14, Lemma 9.

Lemma 19. We have the LG-module isomorphism

L⊗K (S∗K
K )

δ−→∼ (L⊗K SK)∗L

ℓ⊗ σ ↦→ (βℓ,σ : L⊗K SK → L : a⊗ s ↦→ (a⊗ s)βℓ,σ = ℓ · ā · (sσ)) .

Proof. Suppose given ℓ ∈ L and σ ∈ S∗K
K . We show that the map

βℓ,σ : L⊗K SK → L : b⊗ s ↦→ ℓ · b̄ · (sσ)

is well-defined and contained in (L⊗K SK)∗L .

For k ∈ K, b, c ∈ L, s, t ∈ SK we have

ℓ · b · k · (sσ) = ℓ · b̄ · (k · s)σ
ℓ · (b̄+ c̄) · (sσ) = ℓ · b̄ · (sσ) + ℓ · c̄ · (sσ)
ℓ · b̄ · ((s+ t)σ) = ℓ · b̄ · (sσ) + ℓ · b̄ · (tσ) .

So, the map βℓ,σ is well-defined and additive.

Moreover, for a ∈ L we get

((b⊗ s) · a) βℓ,σ = (ab⊗ s) βℓ,σ = ℓ · ab · (sσ) = ℓ · b̄ · (sσ) · ā = (b⊗ s) βℓ,σ · ā .

So βℓ,σ ∈ (L⊗K SK)∗L
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We have for k ∈ K and ℓ, ℓ′, a ∈ L, s ∈ SK , and σ, σ′ ∈ S∗K
K that

(a⊗ s)βℓ+ℓ′,σ = (ℓ+ ℓ′)ā(sσ)

= ℓā(sσ) + ℓ′ā(sσ)

= (a⊗ s)βℓ,σ + (a⊗ s)βℓ′,σ

(a⊗ s)βℓ,σ+σ′ = ℓā(s(σ + σ′))

= ℓā(sσ) + ℓā(sσ′)

= (a⊗ s)βℓ,σ + (a⊗ s)βℓ,σ′

(a⊗ s)βkℓ,σ = (kℓ)ā(sσ)

= ℓā(sσ · k)
= (a⊗ s)βℓ,σ·k

So, βℓ+ℓ′,σ = βℓ,σ + βℓ′,σ, βℓ,σ+σ′ = βℓ,σ + βℓ,σ′ and βkℓ,σ = βℓ,σ·k.

Hence, δ is a well-defined, additive map.

We have (a⊗ s)((ℓ⊗ σ)δ) = (a⊗ s)βℓ,σ = ℓ · ā · (sσ) for a, ℓ ∈ L, s ∈ SK , σ ∈ S∗K
K .

Moreover, δ is LG-linear, as for ℓ, a, b ∈ L, s ∈ SK and g ∈ G, we have

(a⊗ s)((ℓ⊗ σ) · bg)δ = (a⊗ s)(b · ℓ⊗ σg)δ
= b · ℓ · ā ((s)(σg))
= b · ℓ · ā ((sg−1)σ)

= (ℓ · ā ((sg−1)σ)) · b
= ((a⊗ sg−1) ((ℓ⊗ σ)δ)) · b
= (((a⊗ s) · g−1) ((ℓ⊗ σ)δ)) · b
= ((a⊗ s) ((ℓ⊗ σ)δ)) · bg .

So, ((ℓ⊗ σ) · bg)δ = (ℓ⊗ σ)δ · bg.

We show that δ is an LG-module isomorphism.

Choose a K-linear basis (si)i of SK . Then we have the L-linear basis (1⊗ si)i of L⊗K SK .

A K-linear basis of S∗K
K is given by (σi)i, where σj sends sj to 1 and sk to zero for k ̸= j, cf.

Lemma 7.

An L-linear basis of L⊗K (SK)
∗K is given by (1⊗ σi)i .

Now (1⊗ si)((1⊗ σi)δ) = siσi = 1 and (1⊗ sk)((1⊗ σi)δ) = skσi = 0 for i ̸= k. So δ sends an

L-linear basis to an L-linear basis and is therefore an isomorphism.
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Lemma 20. The following diagram of LG-modules and LG-linear maps commutes.

L⊗K MK ψ

∼ →→

L⊗KµK≀
↓↓

ML

µL≀
↓↓

L⊗K M∗K
K

L⊗K ι
∗
K

↓↓

M∗L
L

ι∗L
↓↓

L⊗K S∗K
K

δ

∼

→→

S∗L
L

φ∗
∼

↙↙
(L⊗K SK)∗LL

Cf. Lemma 8, Lemma 9, Lemma 14, Remark 18, Lemma 19.

Proof. Suppose given ℓ ∈ L, m ∈MK . On the one hand, we have

(ℓ⊗m)ψµLι
∗
Lφ

∗ = (ℓm)µLι
∗
Lφ

∗

= ([ℓm,−])ι∗Lφ∗

= ([ℓm,−]|SL
)φ∗

=

{︄
L⊗K SK → L

a⊗ s ↦→ [ℓm, as]L

.

On the other hand, we have

(ℓ⊗m)(L⊗ µK)(L⊗ ι∗K)δ = (l ⊗ [m,−])(L⊗ ι∗K)δ
= (ℓ⊗ ([m,−]|SK

)) δ

=

{︄
L⊗K SK → L

a⊗ s ↦→ ℓ · ā · [m, s]K = [ℓm, as]L

as [−,=]L|MK×MK
= [−,=]K and as [−,=]L is a sesquilinear form.

Lemma 21. We have the LG-module isomorphisms

L⊗K S⊥
K

ζ−→∼ S⊥
L

l ⊗ s ↦→ l · s

L⊗K (SK ∩ S⊥
K)

ζ̃−→∼ SL ∩ S⊥
L

l ⊗ s ↦→ l · s .

Proof. Consider the inclusion maps ι⊥K : S⊥
K →MK and ι⊥L : S⊥

L →ML.
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We have the left exact sequence

S⊥
K

ι⊥K−→MK

µK ι
∗
K−−−→ S∗K

K ,

cf. Remark 16.(3). As L⊗K − is exact, we have the left exact sequence

L⊗K S⊥
K

L⊗K ι
⊥
K−−−−→ L⊗K MK

L⊗K(µK ι
∗
K)

−−−−−−−→ L⊗K S∗
K .

Moreover, by Remark 16.(3), we have the left exact sequence

S⊥
L

ι⊥L−→ML

µLι
∗
L−−−→ S∗L

L .

By Lemma 20, the quadrangle

L⊗K MK

L⊗K(µK ι
∗
K)

→→

ψ≀
↓↓

L⊗K S∗K
K

≀δ(φ∗)−1

↓↓
ML

µLι
∗
L →→ S∗L

L

commutes.

Then, the diagram

L⊗K S⊥
K

ζ
↓↓

L⊗K ι
⊥
K →→ L⊗K MK

L⊗K(µK ι
∗
K)
→→

ψ≀
↓↓

L⊗K S∗K
K

δ(φ∗)−1≀
↓↓

S⊥
L

ι⊥L →→ML

µLι
∗
L →→ S∗L

L

commutes and ζ is an isomorphism.

Consider the inclusion maps

ι∩,⊥K : SK ∩ S⊥
K → S⊥

K , ι
∩
K : SK ∩ S⊥

K → SK and ι∩,⊥L : SL ∩ S⊥
L → S⊥

L , ι
∩
L : SL ∩ S⊥

L → SL .

The quadrangles

SK
ιK →→MK

SK ∩ S⊥
K

ι∩K

↑↑

ι∩,⊥
K →→ S⊥

K

ι⊥K and
↑↑ SL

ιL →→ML

SL ∩ S⊥
L

ι∩L

↑↑

ι∩,⊥
L →→ S⊥

L

ι⊥L

↑↑
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are pullbacks. As L⊗K − is exact, the quadrangle

L⊗K SK
L⊗ιK →→ L⊗K MK

L⊗K (SK ∩ S⊥
K)

L⊗ι∩K
↑↑

L⊗ι∩,⊥
K →→ L⊗K S⊥

K

L⊗ι⊥K

↑↑

is a pullback as well.

Then, using Lemma 14, we have the following commutative diagram of LG-modules and LG-

linear maps

L⊗K SK
L⊗K ιK →→

φ≀

↓↓

L⊗K MK

ψ≀

↓↓

L⊗K (SK ∩ S⊥
K)

L⊗K ι
∩,⊥
K →→

L⊗K ι
∩
K

→→

L⊗K S⊥
K

L⊗K ι
⊥
K

→→

ζ≀

↓↓

SL
ιL →→ML

SL ∩ S⊥
L

ι∩,⊥
L →→

ι∩L

→→

S⊥
L

ι⊥L

→→

and there exists a unique LG-linear map L⊗K (SK∩S⊥
K)

ζ̃−→ SL∩S⊥
L such that ζ̃ι∩L = (L⊗K ι∩K)φ

and ζ̃ι∩,⊥L = (L ⊗K ι∩,⊥K )ζ. As φ, ζ and ψ are bijective, so is ζ̃. As ζ̃ and ζ are restrictions of

ψ, the claimed mapping rule follows from Lemma 14.

Corollary 22. We have the LG-module isomorphism

L⊗K
(︁
SK/(SK ∩ S⊥

K)
)︁ ν−→∼ SL/(SL ∩ S⊥

L )

ℓ⊗
(︁
s+ (SK ∩ S⊥

K)
)︁
↦→ ℓ⊗ s+ (SL ∩ S⊥

L )

Proof. Consider the inclusion maps ι∩K : SK ∩ S⊥
K → SK and ι∩L : SL ∩ S⊥

L → SL.

Using Lemma 21 and the exactness of L⊗K −, we obtain the commutative diagram with short

exact rows

L⊗K (SK ∩ S⊥
K)

ζ̃≀
↓↓

L⊗K ι
∩
K →→ L⊗K SK

ζ≀
↓↓

L⊗Kρ
⊥
K →→ L⊗K

(︁
SK/(SK ∩ S⊥

K)
)︁

ν
↓↓

SL ∩ S⊥
L

ι∩L →→ SL
ρL →→ SL/(SL ∩ S⊥

L )

where

ρK : SK → SK/(SK∩S⊥
K) : s ↦→ s+(SK∩S⊥

K) and ρL : SL → SL/(SL∩S⊥
L ) : s ↦→ s+(SL∩S⊥

L ) .

So, ν is an isomorphism. By commutativity of the quadrangle on the right, the claimed mapping

rule ensues.
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1.2 Construction of irreducible modules via James triples

and via James quadruples

1.2.1 Initial remarks and lemmas

Recall that K is a field and that αK is an automorphism of K. Recall that L is a field extension

L|K and αL ∈ Aut(L) such that αL|KK = αK . Recall that G is a finite group.

We write µ(K) := {x ∈ K : ∃s ∈ Z⩾1 such that xs = 1} for the group of roots of unity of K.

Let T = (U, V,N) be a triple of subgroups in G such that the following conditions hold.

(J 1) We have U ∩ V ⩽ N .

(J 2) We have N ◁ V . The index k := |V |
|N | ∈ Z⩾2 is called the index of T = (U, V,N).

Conditions (J 1, 2) can be summarized in the following diagram. We write a solid line to indicate

a subgroup and a dashed line to indicate a normal subgroup.

G

U V

N

U ∩ V

Let

T(U,V,N) := {h ∈ G∖ (UV ) : we have |wN ∩ Uh| = |N ∩ Uh| for w ∈ V } ⊆ G∖ (UV )

T ′
(U,V,N) := T(U,V,N) ∪ (UV ) ⊆ G .

We often abbreviate T := T(U,V,N) and T
′ := T ′

(U,V,N).
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Definition 23. Let f : V → µ(K) be a group morphism. The morphism f is said to fit the

triple (U, V,N) with respect to αK : K
∼−→ K if the following conditions (1, 2) hold.

(1) We have

(vf)αK = (vf)−1 = v−1f

for v ∈ V .

(2) (i) If char(K) does not divide |V/N |, then

N ⩽ ker(f) < V .

(ii) If char(K) does divide |V/N |, then

N ⩽ ker(f) ⩽ V .

Remark 24. In Definition 23, N = ker(f) is allowed. Then the factor group V/ ker(f) is cyclic

since it is isomorphic to a finite subgroup of µ(K).

Lemma 25. Suppose given a group morphism f : V → µ(K) that fits the triple (U, V,N) with

respect to αK . Then f̃ : V → µ(L) : v ↦→ vf fits the triple (U, V,N) with respect to αL.

Proof. We have

(vf̃)αL = (vf)⏞⏟⏟⏞
∈K

αL = (vf)αK = (vf)−1 = v−1f = v−1f̃

for v ∈ V , so condition (1) of Definition 23 holds.

We have char(L) = char(K), so, as ker(f) = ker(f̃), condition (2) of Definition 23 holds.

Lemma 26.

(1) Suppose given a finite group A and a group morphism f̃ : A→ µ(K) such that |Af̃ | ≠ 1.

Then ∑︂
x∈A

xf̃ = 0 .

(2) Suppose given a group morphism f fitting T = (U, V,N) with respect to αK. Then∑︂
w∈V/N

wf = 0 .
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Proof. Ad (1). We show that for any finite group A and a group morphism f̃ : A→ µ(K) such

that |Af̃ | ≠ 1, we have
∑︁
x∈A

xf̃ = 0. Pick y ∈ A with yf̃ ̸= 1. Then

∑︂
x∈A

xf̃ =
∑︂
x∈A

(xy)f̃ =

(︄∑︂
x∈A

xf̃

)︄
yf̃

and we have

0 = (1− yf̃)⏞ ⏟⏟ ⏞
̸=0

(︄∑︂
x∈A

xf̃

)︄
.

Thus,
∑︁
x∈A

xf̃ = 0.

Ad (2). The morphism f fits the triple T = (U, V,N), cf. Definition 23.

Regardless of char(K), if N ⩽ ker(f) < V then |(V/N)f | > 1 and hence
∑︁

x∈V/N
xf = 0 by (1).

If char(K) does divide |V/N | and ker(f) = V then
∑︁

x∈V/N
xf =

∑︁
x∈V/N

1 = |V/N | = 0.

Lemma 27. Suppose given a group morphism f fitting T = (U, V,N). Suppose given g ∈ UV .

Suppose given u, ũ ∈ U and v, ṽ ∈ V such that g = uv = ũṽ. Then we have vf = ṽf .

Proof. We have

ũ−1u = ṽv−1 ∈ U ∩ V .

As U ∩ V ⩽ N ⩽ ker(f), we have (ṽv−1)f = 1 and thus vf = ṽf .

Lemma 28. Let MK := K(U\G) be the permutation KG-module belonging to U .

Let m1 := U · 1 ∈MK . Note that m1 · g = Ug ∈MK for g ∈ G.

We have the non-degenerate G-invariant sesquilinear form

[−,=]K = [−,=] : MK × MK → K

(m1 · g , m1 · h) ↦→ [m1 · g,m1 · h] := ∂m1·g,m1·h ,

where g, h ∈ G.

Explicitly, for x =
∑︁
g∈G

gλg, y =
∑︁
h∈G

hνh ∈ KG, we have

[m1 · x,m1 · y] = [m1

∑︁
g∈G

gλg,m1

∑︁
h∈G

hνh]

=
∑︁

g,h∈G
[m1 · g,m1 · h]λgνh

=
∑︁

g,h∈G
∂m1·g,m1·hλgνh

=
∑︁

g,h∈G
Ug=Uh

λgνh .
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Proof. We show that [−,=] is sesquilinear. Suppose given λg, λ̃g, νg ∈ K for g ∈ G and

κ, κ̃ ∈ K. Then[︄(︄∑︁
g∈G

m1 · gλg

)︄
κ+

(︄∑︁
g∈G

m1 · λ̃g

)︄
κ̃,
∑︁
h∈G

m1 · hνh

]︄

=

[︄∑︁
g∈G

m1 · g(λgκ+ λ̃gκ̃),
∑︁
h∈G

m1 · hνh

]︄

=
∑︁

g,h∈G
Ug=Uh

(λgκ+ λ̃gκ̃)ν̄h

=

⎛⎜⎝ ∑︁
g,h∈G
Ug=Uh

λgν̄h

⎞⎟⎠κ+

⎛⎜⎝ ∑︁
g,h∈G
Ug=Uh

λ̃gν̄h

⎞⎟⎠ κ̃

=

[︄∑︁
g∈G

m1 · gλg,
∑︁
h∈G

m1 · hνh

]︄
κ+

[︄∑︁
g∈G

m1 · gλ̃g,
∑︁
h∈G

m1 · hνh

]︄
κ̃

and [︄∑︁
h∈G

m1 · hνh,

(︄∑︁
g∈G

m1 · gλg

)︄
κ+

(︄∑︁
g∈G

m1 · gλ̃g

)︄
κ̃

]︄

=

[︄∑︁
h∈G

m1 · hνh,
∑︁
g∈G

m1 · g(λgκ+ λ̃gκ̃)

]︄

=
∑︁

g,h∈G
Ug=Uh

νh(λgκ+ λ̃gκ̃)

=

⎛⎜⎝ ∑︁
g,h∈G
Ug=Uh

νhλ̄g

⎞⎟⎠ κ̄+

⎛⎜⎝ ∑︁
g,h∈G
Ug=Uh

νh
¯̃λg

⎞⎟⎠ ¯̃κ

=

[︄∑︁
h∈G

m1 · hνh,
∑︁
g∈G

m1 · gλg

]︄
κ̄+

[︄∑︁
h∈G

m1 · hνh,
∑︁
g∈G

m1 · gλ̃g

]︄
¯̃κ .

Suppose given m ∈ MK such that [m, m̃] = 0 for m̃ ∈ MK . Write m =
∑︁

g∈U\G
m1 · gλg with

λg ∈ K. For m̃ = Uh we have

0 = [m, m̃] =

⎡⎣ ∑︂
g∈U\G

m1 · gλg,m1 · h

⎤⎦ =
∑︂
g∈U\G

∂m1·g,m1·hλg = λh .
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So, m = 0 follows. Hence, [−,=] is non-degenerate.

It is G-invariant as for d ∈ G, λg, λh ∈ K for g, h ∈ G, we have[︄(︄∑︁
g∈G

m1 · gλg

)︄
· d,
(︃∑︁
h∈G

m1 · hλ′h
)︃
· d

]︄
=

[︄∑︁
g∈G

m1 · gdλg,
∑︁
h∈G

m1 · hdλ′h

]︄
=

∑︁
g,h∈G

Ugd=Uhd

λgλ̄
′
h

=
∑︁

g,h∈G
Ug=Uh

λgλ̄
′
h

=

[︄∑︁
g∈G

m1 · gλg,
∑︁
h∈G

m1 · hλ′h

]︄
.

Remark 29. Let αC : C → C be the complex conjugation. Suppose that K|Q is a subfield

of C that is closed under the complex conjugation αC, i.e. καC ∈ K for κ ∈ K. Suppose that

αK = αC|KK .

Note that the non-degenerate G-invariant sesquilinear form [−,=] on MK of Lemma 28 is

positive definite:

Write m =
∑︁

g∈U\G
m1 · gλg with λg ∈ K. Then

[m,m] = [
∑︂
g∈U\G

m1 · gλg,
∑︂
g∈U\G

m1 · gλg] =
∑︂
g∈U\G

λgλg ∈ K ∩ R>0

if m ̸= 0.

Definition 30. For h ∈ G, we define the K-linear coefficient function

χUh : MK → K

m ↦→ [m,m1 · h] .

In particular, (m1 · g)χUh = ∂Ug,Uh for g ∈ G.
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Lemma 31. Suppose given z ∈ G∖ (UV ). Suppose given h ∈ UzV with h ∈ T .

For w, w̃ ∈ V , we have

|wN ∩ h−1Uz| = |w̃N ∩ h−1Uz| .

Proof. Write z = uhv for some u ∈ U and some v ∈ V .

Note that h−1Uz = h−1Uuhv = Uh v.

The assertion is equivalent to having |wN ∩ Uh v| = |w̃N ∩ Uh v| for w, w̃ ∈ V , i.e. to having

|wNv−1 ∩ Uh| = |w̃Nv−1 ∩ Uh| for w, w̃ ∈ V .

As N ◁ V , this is equivalent to having |wv−1N ∩ Uh| = |w̃v−1N ∩ Uh| for w, w̃ ∈ V , i.e. to

having |wN ∩ Uh| = |w̃N ∩ Uh| for w, w̃ ∈ V , which holds by assumption on h.

Lemma 32. Suppose given a group morphism f fitting T = (U, V,N). For h ∈ T ′
(U,V,N), we set

λh :=

{︄
v−1f if h ∈ UV , where h = uv with u ∈ U and v ∈ V
0 if h ∈ T = T ′ ∖ (UV ).

Then ∑︂
v∈V

Uhv · vf = λh ·
∑︂
v∈V

Uv · vf

holds for h ∈ T ′
(U,V,N).

Proof. We need to show that for h ∈ T ′, there exists λh ∈ K such that(︄∑︂
v0∈V

Uhv0 · v0f

)︄
χUz

!
=

(︄
λh ·

∑︂
v0∈V

Uv0 · v0f

)︄
χUz

for z ∈ G.

By Remark 27, in the case where h ∈ UV this does not depend on the chosen factors u and v.

To evaluate the equation to be shown, we distinguish four cases.
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Case h ∈ UV and z ∈ UV .

Write h = uv and z = ũṽ with u, ũ ∈ U and v, ṽ ∈ V .

On the right-hand side, we obtain

(︁
λh ·

∑︁
v0∈V Uv0 · v0f

)︁
χUz =

(︃
λh ·

∑︁
v0∈V

Uv0 · v0f
)︃
χUṽ

= λh
∑︁
v0∈V

Uv0=Uṽ

v0f

= λh
∑︁

v0∈V ∩Uṽ
v0f

= λh
∑︁

v0∈(U∩V )ṽ

v0f

= λh · |U ∩ V | · ṽf

= |U ∩ V | · v−1f · ṽf .

On the left-hand side, we obtain

(︃ ∑︁
v0∈V

Uhv0 · v0f
)︃
χUz =

(︃ ∑︁
v0∈V

Uvv0 · v0f
)︃
χUṽ

=
∑︁
v0∈V

Uvv0=Uṽ

v0f

=
∑︁
v0∈V

vv0ṽ−1∈U

v0f

=
∑︁

v0∈V ∩v−1Uṽ

v0f .

We have V ∩ v−1Uṽ = v−1
(︁
vV ṽ−1 ∩ U

)︁⏞ ⏟⏟ ⏞
=U∩V

ṽ = v−1(U ∩ V )ṽ.

So,∑︂
v0∈V ∩v−1Uṽ

v0f =
∑︂

v0∈v−1(U∩V )ṽ

v0f =
∑︂

c∈U∩V

(v−1cṽ)f =
∑︂

c∈U∩V

v−1f · cf⏞⏟⏟⏞
=1

by (J 1)

· ṽf = |U∩V |·v−1f ·ṽf ,

which is the same as on the right-hand side.
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Case h ̸∈ UV and z ∈ UV .

Write z = ũṽ with ũ ∈ U and ṽ ∈ V .

On the right-hand side, we obtain, by definition of λh ,(︃
λh ·

∑︁
v0∈V

Uv0 · v0f
)︃
χUz = 0 .

On the left-hand side, we obtain

(︃ ∑︁
v0∈V

Uhv0 · v0f
)︃
χUz =

(︃ ∑︁
v0∈V

Uhv0 · v0f
)︃
χUṽ =

∑︁
v0∈V

Uhv0=Uṽ

v0f .

Now, for v0 ∈ V , we have Uhv0 = Uṽ if and only if there exists u ∈ U such that hv0 = uṽ. But

then h = uṽv−1
0 ∈ UV , which is not the case. So,∑︂

v0∈V
Uhv0=Uṽ

v0f = 0 ,

which is the same as on the right-hand side.

Case h ∈ UV and z ̸∈ UV .

Write h = uv with u ∈ U and v ∈ V .

On the right-hand side, we obtain(︃
λh ·

∑︁
v0∈V

Uv0 · v0f
)︃
χUz = λh

∑︁
v0∈V

Uv0=Uz

v0f .

Now, for v0 ∈ V , we have Uv0 = Uz if and only if z ∈ Uv0 ⊆ UV , which is not the case.

So, (︄
λh ·

∑︂
v0∈V

Uv0 · v0f

)︄
χUz = 0 .

On the left-hand side, we obtain

(︃ ∑︁
v0∈V

Uhv0 · v0f
)︃
χUz =

(︃ ∑︁
v0∈V

Uvv0 · v0f
)︃
χUz =

∑︁
v0∈V

Uvv0=Uz

v0f .

Now, for v0 ∈ V , we have Uvv0 = Uz if and only if z ∈ Uvv0 ⊆ UV , which is not the case.

So, (︄∑︂
v0∈V

Uhv0 · v0f

)︄
χUz = 0 ,
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which is the same as on the right-hand side.

Case h ̸∈ UV and z ̸∈ UV . On the right-hand side, we obtain(︄
λh ·

∑︂
v0∈V

Uv0 · v0f

)︄
χUz = 0 ,

by definition of λh .

On the left-hand side, we have

(︃ ∑︁
v0∈V

Uhv0 · v0f
)︃
χUz =

∑︁
v0∈V

Uhv0=Uz

v0f .

For v0 ∈ V , we have

Uhv0 = Uz ⇔ hv0 ∈ Uz
⇔ hv0 = uz for some u ∈ U
⇔ h = uzv−1

0 for some u ∈ U .

Subcase h ̸∈ UzV . We obtain (︄∑︂
v0∈V

Uhv0 · v0f

)︄
χUz = 0 ,

which is the same as on the right-hand side.

Subcase h ∈ UzV . We have

Uhv0 = Uz ⇔ hv0 ∈ Uz
⇔ v0 ∈ h−1Uz .

Note that h ∈ T ′ \ (UV ) = T . By Lemma 31, we have |wN ∩ h−1Uz| = |N ∩ h−1Uz| for w ∈ V
and therefore

(︃ ∑︁
v0∈V

Uhv0 · v0f
)︃
χUz =

∑︁
v0∈V

Uhv0=Uz

v0f

=
∑︁

v0∈V ∩h−1Uz

v0f

=
∑︁

w∈V/N

∑︁
v0∈wN∩h−1Uz

v0f
D.23
=

∑︁
w∈V/N

|wN ∩ h−1Uz| · wf

L.31
= |N ∩ h−1Uz| ·

∑︁
w∈V/N

(w)f
L.26(2)
= 0 ,

which is the same as on the right-hand side.
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1.2.2 James triples

1.2.2.1 Definition and first properties of James triples

Recall that given a triple of subgroups T = (U, V,N) in G satisfying (J 1,2) we have

T = T(U,V,N) = {h ∈ G∖ (UV ) : we have |wN ∩ Uh| = |N ∩ Uh| for w ∈ V } ⊆ G∖ (UV )

T ′ = T ′
(U,V,N) = T(U,V,N) ∪ (UV ) ⊆ G ,

cf. §1.2.1.

Definition 33. Suppose given k ∈ Z⩾2 .

A James triple in G of index k is a triple T = (U, V,N) of subgroups in G such that the

conditions (J 1, 2, 3) hold.

(J 1) We have U ∩ V ⩽ N .

(J 2) We have N ◁ V such that |V/N | = k.

(J 3) We have T ′
(U,V,N) = G. I.e. for h ∈ G∖ (UV ) and for w ∈ V , we have

|wN ∩ Uh| = |N ∩ Uh| .

Remark 34. If G has a normal subgroup N ◁G, then the triple (1, G,N) is a James triple in

G of index |G/N |.

The following example is still close to S3 because of D12
∼= S3×C2. However, we will see in §1.2.3,

Example 71, Example 87.(2) that this group provides counterexamples for the James quadruples

considered there. Cf. also Example 46.

Example 35. Consider

G = D12 = ⟨a, b | a6, b2, (ab)2⟩ .

(1) We consider the following subgroups of G.

U = 1

V = G

N = ⟨a2, b⟩ .

Now U ∩ V = {1} ⩽ N , so (J 1) holds. We have N ◁ V and V/N ≃ ⟨a3⟩ ≃ C2 , so (J 2)

holds. As G∖(UV ) = ∅, (J 3) holds as well. So (U, V,N) is a James triple in G of index 2.

Cf. also Remark 34.
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(2) We consider the following subgroups of G.

U = ⟨b⟩
V = ⟨a3, a2b⟩
N = ⟨a3⟩ .

Now U ∩ V = {1} ⩽ N , so (J 1) holds. We have N ◁ V and V/N = {N, a2bN} ≃ C2 , so

(J 2) holds.

We have G∖ (UV ) = {a2, a5, ab, a4b}. For h ∈ G∖ (UV ) we have Uh = ⟨a2b⟩ and

|N ∩ Uh| = |{1}| = 1 = |{a2b}| = |a2bN ∩ Uh|.

So, (J 3) holds as well.

Hence (U, V,N) is a James triple in G of index 2.

Lemma 36. Given a James triple (U, V,N) of index k and h ∈ G∖ (UV ), we have

k · |N ∩ Uh| = |V ∩ Uh| .

Proof. We have the disjoint union V =
⨆︁
w∈V/N wN .

So, we have the disjoint union V ∩ Uh =
⨆︁
w∈V/N(wN ∩ Uh).

By (J 3), we conclude that |V ∩ Uh| = k · |N ∩ Uh|.

Lemma 37. Suppose given a James triple (U, V,N) of index k. Let Ñ ◁ V such that N ⩽ Ñ

and |Ñ/N | = ℓ. Then (U, V, Ñ) is a James triple of index k
ℓ
.

Proof. We have U ∩ V ⩽ N ⩽ Ñ , so (J 1) holds.

We have Ñ ◁ V and V/Ñ is of order |V |
|Ñ |

= |V |
|N |
· |N |
|Ñ |

= k
ℓ
, so (J 2) holds, with index k

ℓ
.

It remains to show that (J 3) holds for (U, V, Ñ). As (J 3) holds for (U, V,N), we have for

h ∈ G∖ (UV ) and w ∈ V that

|wN ∩ Uh| = |N ∩ Uh| .

We have the disjoint union Ñ =
⨆︁
x∈Ñ/N xN .

So, we have for h ∈ G∖ (UV ) and w ∈ V that

|wÑ ∩ Uh| = |
⨆︂

x∈Ñ/N

wxN ∩ Uh| = ℓ|N ∩ Uh| = |
⨆︂

x∈Ñ/N

xN ∩ Uh| = |Ñ ∩ Uh| .
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Lemma 38. Suppose given a triple (U, V,N) of subgroups such that (J 1, 2) hold and such that

|V/N | = 2.

Then (U, V,N) is a James triple in G of index 2 if and only if N∩Uh◁V ∩Uh for h ∈ G∖(UV ).

Proof. If (U, V,N) is a James triple of index 2 in G, then N ∩ Uh ◁ V ∩ Uh for h ∈ G∖ (UV );

cf. Lemma 36.

Suppose that N ∩ Uh ◁ V ∩ Uh for h ∈ G∖ (UV ).

We have
|V ∩ Uh|
|N ∩ Uh|

· |N | = |(V ∩ Uh) ·N | ⩽ |V |.

So
|V ∩ Uh|
|N ∩ Uh|

∈ {1, 2}. Hence, by assumption, |V ∩ Uh| = 2|N ∩ Uh|.

Suppose given w ∈ V .

If w ∈ N , then we have |wN ∩ Uh| = |N ∩ Uh| .

If w ̸∈ N , then we have |wN ∩ Uh| = |(V ∖N) ∩ Uh| = |V ∩ Uh| − |N ∩ Uh| = |N ∩ Uh| .

Hence, (J 3) holds. So (U, V,N) is a James triple of index 2 in G.

1.2.2.2 Absolutely irreducible modules via James triples

We recall the permutation KG-module MK = K(U\G) and that we write m1 = U · 1 ∈MK .

Suppose given a James triple T = (U, V,N) in G of index k, cf. Definition 33.

Suppose given a group morphism f : V → µ(K) fitting T with respect to the automorphism

αK : K
∼−→ K, x ↦→ x, cf. Definition 23.

Definition 39. We define the KG-submodule of MK

ST , f
K := ⟨

∑︂
v∈V

m1v · vf⟩KG
§1.1.4
= ⟨

∑︂
v∈V

Uv · vf⟩KG ⊆MK .

We often abbreviate SK = ST , f
K .

Note that this is a special case of the definition of SK in §1.1.4, putting ξ :=
∑︁
v∈V

m1v · vf .

Lemma 40. The module ST , f
K is non-zero if and only if char(K) does not divide |U ∩ V |.

Proof. Note that for w, w̃ ∈ V , we have Uw = Uw̃ if and only if ww̃−1 ∈ U ∩ V , i.e. if and only

if (U ∩ V )w = (U ∩ V )w̃.
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We have, using U ∩ V ⩽ N ⩽ ker(f),

∑︁
v∈V

Uv · vf =
∑︁

w∈(U∩V )\V

∑︁
c∈U∩V

Uw · (cw)f

=
∑︁

w∈(U∩V )\V
Uw

(︃ ∑︁
c∈U∩V

cf

)︃
· wf

= |U ∩ V | ·
∑︂

w∈(U∩V )\V

Uw · wf

⏞ ⏟⏟ ⏞
̸=0

.

So, SK is zero if and only if char(K) divides |U ∩ V |.

Lemma 41. Write UΣ =
∑︁
u∈U

u ∈ KG and ξΣ :=
∑︁
v∈V

UΣ · v · vf ∈ KG.

(1) Suppose that char(K) does not divide |U |. Then ⟨
∑︁
v∈V

Uv ·vf⟩KG = ⟨m1

∑︁
v∈V

UΣ ·v ·vf⟩KG.

(2) We have (︁
ξΣ
)︁2

=

(︄∑︂
v∈V

∑︂
u∈U

λvu · vf

)︄
ξΣ

with λvu ∈ K as in Lemma 32.

(3) Suppose that V ⩽ NG(U). Then (︁
ξΣ
)︁2

= |V | · |U | · ξΣ .

In particular, if char(K) does not divide either |U | or |V |, the element ξΣ is a quasi-

idempotent element in KG.

Proof. Ad (1). We have ⟨
∑︁
v∈V

Uv · vf⟩KG = ⟨m1 · |U |
∑︁
v∈V

v · vf⟩KG = ⟨m1

∑︁
v∈V

UΣ · v · vf⟩KG.

Ad (2). By Lemma 32 we have

∑︂
v∈V

UΣ · hv · vf = λh

(︄∑︂
v∈V

UΣ · v · vf

)︄

for h ∈ G.
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Then, using Lemma 32 with h = vu, we have

(︁
ξΣ
)︁2

=

(︃∑︁
v∈V

UΣ · v · vf
)︃
·
(︃ ∑︁
v′∈V

UΣ · v′ · v′f
)︃

=
∑︁
v∈V

∑︁
v′∈V

∑︁
u∈U

UΣ · vuv′ · v′f · vf

=
∑︁
v∈V

∑︁
u∈U

(︃ ∑︁
v′∈V

UΣ · vuv′ · v′f
)︃
· vf

L.32
=

∑︁
v∈V

∑︁
u∈U

(︃
λvu

∑︁
v′∈V

UΣ · v′ · v′f
)︃
· vf

=

(︃∑︁
v∈V

∑︁
u∈U

λvu · vf
)︃ ∑︁
v′∈V

UΣ · v′ · v′f

=

(︃∑︁
v∈V

∑︁
u∈U

λvu · vf
)︃
ξΣ .

Ad (3). As V ∈ NG(U) we have vu = uv
−1 · v with uv

−1 ∈ U for u ∈ U , v ∈ V and therefore

(︁
ξΣ
)︁2

=

(︃∑︁
v∈V

∑︁
u∈U

λvu · vf
)︃ ∑︁
v′∈V

UΣ · v′ · v′f

=

(︃∑︁
v∈V

∑︁
u∈U

λuv−1 ·v · vf
)︃ ∑︁
v′∈V

UΣ · v′ · v′f

L.32
=

(︃∑︁
v∈V

∑︁
u∈U

v−1f · vf
)︃ ∑︁
v′∈V

UΣ · v′ · v′f

=
∑︁
v∈V

∑︁
u∈U

∑︁
v′∈V

UΣ · v′ · v′f

= |V | · |U | · ξΣ .

The following proposition is due to James, adapted to the present context, cf. [11, Theorem 4.8].

Proposition 42. Let X ⊆ MK be a KG-submodule. Recall the non-degenerate G-invariant

sesquilinear form [−,=]K on MK. Then

ST , f
K ⊆ X or X ⊆

(︂
ST , f
K

)︂⊥
.

Proof. Case 1: Suppose that there exists x ∈ X and g ∈ G such that

0 ̸=
∑︂
v∈V

x · vg · vf ∈ X .
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Write x =
∑︁
h∈G

ahUh with ah ∈ K. Then

0 ̸=
∑︁
v∈V

x · vg · vf

=

(︃∑︁
v∈V

x · g−1v · vf
)︃
g

=

(︃∑︁
h∈G

ahUhg
−1
∑︁
v∈V

v · vf
)︃
g

=

(︄∑̃︁
h∈G

ah̃g
∑︁
v∈V

Uh̃v · vf

)︄
g

L.32
=

(︄∑̃︁
h∈G

ah̃gλh̃
∑︁
v∈V

Uv · vf

)︄
g ,

for certain λh̃ ∈ K.

Hence, there exists λ ∈ K× such that
∑︁
v∈V

x · vg · vf = λ
∑︁
v∈V

m1 · v · vf · g.

So, in this case SK = ⟨
∑︁
v∈V

m1 · v · vf⟩KG = ⟨
∑︁
v∈V

m1 · v · vf · g⟩KG = ⟨
∑︁
v∈V

x · vg · vf⟩KG ⊆ X.

Case 2: Suppose that ∑︂
v∈V

xvg · vf = 0

for x ∈ X and g ∈ G.

We show that X ⊆ S⊥
K , i.e. that [X,SK ] = 0. Let x ∈ X and g ∈ G.

We have

[x,

(︃∑︁
v∈V

m1 · v · vf
)︃
g] = [x,

∑︁
v∈V

m1 · g · g−1v · g · vf ]

=
∑︁
v∈V

[x,m1 · g · g−1 · v · g](vf)αK

=
∑︁
v∈V

[x · (g−1 · v · g)−1,m1 · g](vf)αK

= [
∑︁
v∈V

x · (g−1v · g)−1 · (vf)αK ,m1 · g]
D.23
= [

∑︁
v∈V

x · (g−1 · v · g)−1 · (v−1)f,m1 · g]

= [
∑︁
v∈V

x · g−1 · v−1 · g · (v−1)f,m1 · g]

= [
∑︁
v∈V

x · vg · vf,m1 · g]

= [0,m1 · g]
= 0 .
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Corollary 43. The KG-module

ST , f
K /(ST , f

K ∩
(︂
ST , f
K

)︂⊥
)

is irreducible or zero.

Proof. Every submodule of SK/(SK∩S⊥
K) is of the form X/(SK∩S⊥

K) with SK∩S⊥
K ⊆ X ⊆ SK .

We show that X = SK ∩ S⊥
K or X = SK . By Proposition 42 we have

SK ⊆ X or X ⊆ S⊥
K .

If SK ⊆ X, then X = SK . If X ⊆ S⊥
K then X ⊆ SK ∩ S⊥

K , hence X = SK ∩ S⊥
K .

Theorem 44. Recall the James triple T = (U, V,N) in G of index k, the group morphism

f : V → µ(K) fitting T with respect to the automorphism αK : K
∼−→ K, x ↦→ x.

The KG-module

ST , f
K /(ST , f

K ∩
(︂
ST , f
K

)︂⊥
)

is absolutely irreducible or zero.

Proof. Let K̂|K be an algebraic closure of K. By Lemma 2 there exists αK̂ ∈ Aut(K̂) such

that αK̂ |KK = αK . Consider the K̂G-module MK̂ := K̂(U\G) = K̂ ⊗K K(U\G). We have

SK̂ = ⟨
∑︂
v∈V

Uv · vf⟩K̂G ⊆MK̂ .

We need to show that K̂ ⊗K (SK/(SK ∩ S⊥
K)) is irreducible or zero.

By Corollary 22 we have a K̂G-module isomorphism

K̂ ⊗K
(︁
SK/(SK ∩ S⊥

K)
)︁ ν−→

∼
SK̂/(SK̂ ∩ S

⊥
K̂
) .

Applying Corollary 43 yields that the K̂G-module SK̂/(SK̂ ∩S⊥
K̂
) is irreducible or zero. Hence,

K̂ ⊗K (SK/(SK ∩ S⊥
K)) is irreducible or zero.

As K̂|K is a splitting field for G, cf. [10, Corollary 9.4], this shows that the KG-module

SK/(SK ∩ S⊥
K)

is absolutely irreducible or zero.
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Remark 45. Suppose that K|Q is a subfield of C that is closed under the complex conjugation

αC, i.e. καC ∈ K for κ ∈ K. Let αK = αC|KK .

Then

ST , f
K ∩

(︂
ST , f
K

)︂⊥
= 0 ,

cf. Lemma 17, Remark 29.

So ST , f
K is absolutely irreducible, cf. Lemma 40, Theorem 44.

Example 46. In G = D12 = ⟨a, b | a6, b2, (ab)2⟩ we have the James triple

U = ⟨b⟩ ⩽ G

V = ⟨a3, a2b⟩ ⩽ G

N = ⟨a3⟩ ⩽ G ,

cf. Example 35.(2). Consider K = Q. Then the group morphism

f : V → µ(K)

a3 ↦→ −1
a2b ↦→ −1

fit the triple T = (U, V,N) with respect to the automorphism α = idQ.

Now the QG-module

ST , f
Q = ⟨

∑︂
v∈V

Uv · vf⟩QG = ⟨U − Ua3 − Ua2b+ Ua−1b⟩QG .

is absolutely irreducible, cf. Remark 45.

The module SQ is of dimQ(SQ) = 2 and is given by the representation

G → GL2(Q)

a ↦→
(︂

1 −1

−1 0

)︂
b ↦→

(︂
1 −1

0 −1

)︂
Using Magma we confirm that EndQG(SQ) ≃ Q, hence that SQ is in fact an absolutely irreducible

QG-module.
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Example 47. We consider the group

G =
⟨︁
a, b, c | a9, b2, c3, (ab)2, bc b, ac a2

⟩︁
and its subgroups U = ⟨ab, a6c2⟩ ⩽ G, V = ⟨c, a3⟩ ⩽ G, N = ⟨a3c⟩ ⩽ G. We have G ∼= D18⋊C3.

Note that U∩V = N , as required by (J 1), and N◁V of index 3, as required by (J 2). Moreover,

(J 3) holds. So, T = (U, V,N) is a James triple in G.

Consider K = Q(ζ3) and let αQ(ζ3) : Q(ζ3)→ Q(ζ3), x ↦→ x̄ be the complex conjugation. Then

the group morphism

f : V → µ(Q(ζ3))

c ↦→ ζ23

a3 ↦→ ζ3 .

fits the triple T = (U, V,N) with respect to the automorphism αQ(ζ3). Now the module

ST , f
Q(ζ3)

:= ⟨
∑︁
v∈V

Uv · vf⟩Q(ζ3)G

= ⟨(U + Ucζ23 + Uc2ζ3 + Ua3ζ3 + Ua3c+ Ua3cζ23 + Ua6ζ23 + Ua6cζ3 + Ua6c2)⟩Q(ζ3)G

= ⟨(2U + Ucζ23 + Uc2ζ3 + Ua3ζ3 + Ua3c+ Ua3cζ23 + Ua6ζ23 + Ua6cζ3)⟩Q(ζ3)G

is absolutely irreducible, cf. Remark 45. The module SQ(ζ3) is of dimQ(ζ3)(SQ(ζ3)) = 6. Using

Magma we confirm that EndQ(ζ3)G(SQ(ζ3)) ≃ Q(ζ3), hence that SQ(ζ3) is in fact an absolutely

irreducible Q(ζ3)G-module.

1.2.2.3 Lift of James triples via surjective group morphisms

Lemma 48. Suppose given a finite group G̃ and a surjective group morphism ψ : G̃ → G.

Note that each KG-module becomes a KG̃-module via ψ.

Let (U, V,N) be a James triple in G of index k and let f : V → µ(K) fit this James triple.

Consider the subgroups of G̃ which are given by the inverse images Ũ := ψ−1(U), Ṽ := ψ−1(V )

and Ñ := ψ−1(N). Let f̃ : Ṽ → µ(K), ṽ ↦→ ṽψf .

Then the following holds.

(1) The triple T̃ = (Ũ, Ṽ, Ñ) is a James triple in G̃ of index k.

(2) Suppose that char(K) does not divide | ker(ψ)|.

Then, we have an isomorphism of KG̃-modules ST , f
K → ST̃ , f̃

K .
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Proof. Ad (1).

Ad (J 1). We have Ũ ∩ Ṽ = ψ−1(U) ∩ ψ−1(V ) = ψ−1(U ∩ V ) ⊆ ψ−1(N) = Ñ .

Ad (J 2). The surjective map Ṽ → V/N , ṽ ↦→ (ṽψ)N has kernel

{ṽ ∈ Ṽ : ṽψ ∈ N} = ψ−1(N) = Ñ .

So V/N ∼= Ṽ/Ñ .

Ad (J 3). We need to show that for h̃ ∈ G̃∖ (Ũ Ṽ ) and w̃ ∈ Ṽ , we have

|w̃Ñ ∩ Ũ h̃| = |Ñ ∩ Ũ h̃| .

We claim that ψ−1(UV ) = Ũ Ṽ . We have Ũ Ṽ = ψ−1(U)ψ−1(V ) ⊆ ψ−1(UV ). We need to show

that ψ−1(U)ψ−1(V ) ⊇ ψ−1(UV ): For x̃ ∈ G̃ such that x̃ψ = uv with u ∈ U and v ∈ V , we

choose ũ ∈ Ũ , ṽ ∈ Ṽ such that ũψ = u and ṽψ = v. Then

x̃ψ = uv = ũψ · ṽψ = (ũṽ)ψ ,

and we may write x̃ = ũ(ṽỹ) for some ỹ ∈ ker(ψ). As ker(ψ) ⩽ Ṽ , we have ṽỹ ∈ Ṽ . This proves

the claim.

We write w := w̃ψ and h := h̃ψ. First, note that h ∈ G ∖ (UV ): Assume that h ∈ UV then

h̃ ∈ ψ−1(UV ) = Ũ Ṽ . Contradiction.

Moreover, we claim that for x̃1, x̃2 ∈ G̃ and a subset Y ⊆ G we have

x̃1 · ψ−1(Y ) · x̃2 = ψ−1(x̃1ψ · Y · x̃2ψ) .

Ad ( ⊆). For ỹ ∈ ψ−1(Y ) we have x̃1ỹx̃2 ∈ ψ−1(x̃1ψ · Y · x̃2ψ) as (x̃1ỹx̃2)ψ ∈ x̃1ψ · Y · x̃2ψ.

Ad ( ⊇). Suppose given z̃ ∈ G̃ such that z̃ψ = x̃1ψ · y · x̃2ψ, where y ∈ Y . Choose ỹ ∈ G̃

such that ỹψ = y. Then z̃ψ = (x̃1ỹx̃2)ψ and therefore z̃ = x̃1(ỹk̃)x̃2 for some k̃ ∈ ker(ψ). So

z̃ ∈ x̃1 · ψ−1(Y ) · x̃2 as (ỹk̃)ψ = y ∈ Y .

This proves the claim.

Hence, we have w̃ · ψ−1(N) = ψ−1(wN) and (ψ−1(U))h̃ = ψ−1(Uh).

We obtain
w̃Ñ ∩ Ũ h̃ = w̃ · ψ−1(N) ∩ (ψ−1(U))h̃

= ψ−1(wN) ∩ ψ−1(Uh)

= ψ−1(wN ∩ Uh) .
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As (U, V,N) is a James triple in G we know that |wN ∩ Uh| = |N ∩ Uh|. Now,

|w̃Ñ ∩ Ũ h̃| = |ψ−1(wN ∩ Uh)|
= | ker(ψ)| · |wN ∩ Uh|
= | ker(ψ)| · |N ∩ Uh|
= |ψ−1(N ∩ Uh)|
= |Ñ ∩ Ũ h̃| .

Ad (2). The group morphism ψ induces a bijection Ũ\G̃ → U\G, Ũ g̃ ↦→ U(g̃ψ) and an

isomorphism of KG̃-modules K(Ũ\G̃) ψ′
−→∼ K(U\G).

We have

K(Ũ\G̃) ψ′

∼
→→ K(U\G)

ST̃ , f̃
K = ⟨

∑̃︁
v∈Ṽ

Ũ ṽ · ṽf̃⟩KG

↗↘

↑↑

ST , f
K = ⟨

∑︁
v∈V

Uv · vf⟩KG

↗↘

↑↑

cf. Definition 39.

Write ξ =
∑︁
v∈V

Uv · vf and ξ̃ =
∑̃︁
v∈Ṽ

Ũ ṽ · ṽf̃ .

We have
ξ̃ψ = (

∑̃︁
v∈Ṽ

Ũ ṽ · ṽf̃)ψ′

=
∑̃︁
v∈Ṽ

(Ũ ṽ)ψ′ · ṽψf

=
∑̃︁
v∈Ṽ

U(ṽ)ψ · ṽψf

=
∑︁
v∈V

∑̃︁
v∈Ṽ
ṽψ=v

U(ṽ)ψ · ṽψf

= |Ṽ |
|V |
∑︁
v∈V

Uv · vf

= | ker(ψ)| · ξ .

So, as char(K) does not divide | ker(ψ)|, the restriction ψ′|S
T , f
K

ST̃ , f̃
K

is injective as a restriction of ψ′

and surjective as ξ is in its image. So, we have the commutative diagram

K(Ũ\G̃) ψ′

∼
→→ K(U\G)

ST̃ , f̃
K

↗↘

↑↑

ψ′|
S
T , f
K

S
T̃ , f̃
K

∼
→→ ST , f
K

↗↘

↑↑
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1.2.2.4 James triples in case of G = Sn

Let n, r ∈ Z⩾2 and G = Sn. Recall that K is a field and αK ∈ Aut(K).

1.2.2.4.1 Some notes on µ-tableaux

Let µ = (µ1, µ2, µ3, . . . , µr) be a partition of n with r parts, written as µ ⊢ n. I.e. µ1, µ2, µ3, . . . , µr

are positive integers such that µ1 ⩾ µ2 ⩾ µ3 ⩾ . . . ⩾ µr and |µ| =
r∑︁
i=1

µi = n.

Definition 49.

(1) The set of positions of a partition µ ⊢ n is given by

posµ := {(i, j) : i, j ∈ Z⩾1 with j ⩽ µi} ⊆ Z⩾1 × Z⩾1 .

(2) A µ-tableau is a bijective map

t : posµ → [1, n] .

We abbreviate ti,j := (i, j)t for (i, j) ∈ posµ. Here i is called the row index and j is called

the column index of the entry ti,j .

(3) Let t be a µ-tableau. Consider the projections πrow : posµ → [1, r], (i, j) ↦→ i and

πcolumn : posµ → [1, r], (i, j) ↦→ j.

The row index map is given by rowt : [1, n] → [1, n], a ↦→ at−1πrow. The column index

map is given by columnt : [1, n]→ [1, n], a ↦→ at−1πcolumn.

(4) The transposed partition µtr is given by

(µtr)i := max{ℓ ∈ [1, r] | µℓ ⩾ i}, for i ∈ Z≥1.

So for (i, j) ∈ Z⩾1 × Z⩾1, we have

(i, j) ∈ posµ ⇐⇒ j ⩽ µi ⇐⇒ i ⩽ (µtr)j ⇐⇒ (j, i) ∈ posµtr .

Example 50. Let n := 7 and µ := (3, 3, 1) ⊢ n.

So posµ = {(1, 1), (1, 2), (1, 3), (2, 1), (2, 2), (2, 3), (3, 1)}.

Pictorially, we write µ = (3, 3, 1) =
× × ×
× × ×
×

, i.e. we mark each position (i, j) ∈ posµ with a

symbol ×.
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Consider the µ-tableau

t : posµ → [1, 7]

(1, 1) ↦→ 2

(1, 2) ↦→ 3

(1, 3) ↦→ 5

(2, 1) ↦→ 1

(2, 2) ↦→ 4

(2, 3) ↦→ 7

(3, 1) ↦→ 6

Pictorially, we write t =
2 3 5
1 4 7
6

. E.g. we have t1,3 = 5, so 5 rowt = 1 and 5 columnt = 3.

We have the transposed partition µtr = (3, 2, 2) ⊢ 7.

Definition 51.

(1) A µ-tableau t is called row-standard, if for (i, j), (i, j′) ∈ posµ with j < j′ we have

ti,j < ti,j′ . I.e. the numbers increase along the rows of t.

(2) A µ-tableau t is called column-standard, if for (i, j), (i′, j) ∈ posµ with i < i′ we have

ti,j < ti′,j . I.e. the numbers increase along the columns of t.

(3) A µ-tableau t is called standard if it is row-standard and column-standard.

(4) We have the terminal µ-tableau tµ given by tµi,j := (
i−1∑︁
k=1

µk)+ j for (i, j) ∈ posµ. Note that

tµ is standard.

(5) We have the initial µ-tableau t̃µ given by t̃µi,j := t
(µtr)
j,i for (i, j) ∈ posµ. Note that t̃µ is

standard.

Remark 52. The symmetric group Sn acts on the set of µ-tableaux via composition of maps.

For each µ-tableau t there is a unique permutation ϖt ∈ Sn such that tµϖt = t, where tµ is the

terminal µ-tableau, namely ϖt = (tµ)−1 · t.

Let ϖµ ∈ Sn be the permutation such that tµϖµ = t̃µ. I.e. ϖµ = ϖt̃
µ = (tµ)−1 · t̃µ is the

permutation that converts the terminal µ-tableau into the initial µ-tableau.

Note that rowth = h−1 · rowt and columnth = h−1 · columnt for h ∈ Sn, cf. Definition 49.(3).
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Example 53.

(1) The µ-tableau t =
2 3 5
1 4 7
6

of Example 50 is row-standard as for (i, j), (i, j′) ∈ posµ with

j < j′ we have ti,j < ti,j′ . It is not column-standard as 2 = t1,1 ⩾ t2,1 = 1.

(2) Let n = 7 and µ = (3, 3, 1) ⊢ n. We have the terminal µ-tableau tµ =
1 2 3
4 5 6
7

and the initial

µ-tableau t̃µ =
1 4 6
2 5 7
3

. We have ϖµ =
(︂
2, 4
)︂(︂

3, 6, 7
)︂
.

Definition 54. Suppose given a µ-tableau t.

(1) Let Ut = {h ∈ Sn : h · rowt = h} ⩽ Sn be the row stabiliser of t.

(2) Let Vt = {h ∈ Sn : h · columnt = h} ⩽ Sn be the column stabiliser of t.

(3) Let κt :=
∑︁
v∈Vt

v · v sgn ∈ KSn be the signed column sum.

Example 55. The µ-tableau t =
2 3 5
1 4 7
6

of Example 50 has row stablisier

Ut = ⟨(2, 3), (2, 3, 5), (1, 4), (1, 4, 7)⟩ ⩽ S7

and column stabiliser

Vt = ⟨(1, 2), (1, 2, 6), (3, 4), (5, 7)⟩ ⩽ S7 .

We have

κt = id

−(1, 2)− (1, 6)− (2, 6)− (3, 4)− (5, 7)

+(1, 2, 6) + (1, 6, 2)

+(1, 2)(3, 4) + (1, 2)(5, 7) + (1, 6)(3, 4) + (1, 6)(5, 7) + (2, 6)(3, 4) + (2, 6)(5, 7) + (3, 4)(5, 7)

−(1, 2, 6)(3, 4)− (1, 2, 6)(5, 7)− (1, 6, 2)(3, 4)− (1, 6, 2)(5, 7)

−(1, 2)(3, 4)(5, 7)− (1, 6)(3, 4)(5, 7)− (2, 6)(3, 4)(5, 7)

+(1, 2, 6)(3, 4)(5, 7) + (1, 6, 2)(3, 4)(5, 7) .

Definition 56. Two µ-tableaux t1, t2 are said to be equivalent if and only if there is an element

u ∈ Ut1 such that t1u = t2.

A µ-tabloid {t} is the equivalence class of a µ-tableau t under this equivalence relation.

Example 57. The µ-tableau t =
2 3 5
1 4 7
6

of Example 55 is equivalent to the µ-tableau t1 =
5 2 3
4 1 7
6

as

u = (2, 5, 3)(1, 4) ∈ Ut and tu = t1.

Pictorially, we write {t} =
2 3 5
1 4 7
6

, i.e. we draw lines between the rows of t.
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Remark 58. The symmetric group Sn acts on the set of µ-tabloids via {t}h := {th}, where
{t} is a µ-tabloid and h ∈ Sn.

Definition 59. A µ-polytabloid et is defined by et = {t}κt, where t is a µ-tableau.

Example 60. We consider the µ-tableau t =
2 3 5
1 4 7
6

of Example 50. Then

et =
2 3 5
1 4 7
6

−
1 3 5
2 4 7
6
−

2 3 5
6 4 7
1
−

6 3 5
1 4 7
2
−

2 4 5
1 3 7
6
−

2 3 7
1 4 5
6

+
6 3 5
2 4 7
1

+
1 3 5
6 4 7
2

+
1 4 5
2 3 7
6

+
1 3 7
2 4 5
6

+
2 4 5
6 3 7
1

+
2 3 7
6 4 5
1

+
6 4 5
1 3 7
2

+
6 3 7
1 4 5
2

+
2 4 7
1 3 5
6

−
6 4 5
2 3 7
1
−

6 3 7
2 4 5
1
−

1 4 5
6 3 7
2
−

1 3 7
6 4 5
2

−
1 4 7
2 3 5
6
−

2 4 7
6 3 5
1
−

6 4 7
1 3 5
2

+
6 4 7
2 3 5
1

+
1 4 7
6 3 5
2

.

Definition 61. Let Mµ
K be the KSn-permutation module with basis {{t} : t is a µ-tabloid}.

The Specht module SµK is the KSn submodule of Mµ
K generated by the µ-polytabloid et for a

µ-tableau t [11, 4.5]. The resulting submodule is independent of the choice of the µ-tableau t.

Lemma 62. Suppose given a µ-tableau t. We have the isomorphism of KSn-modules

MK = K(Ut\Sn)
φt−→∼ Mµ

K

Ut · h ↦→ {t} · h , where h ∈ Sn

Proof. For h1, h2 ∈ Sn we have

{th1} = {th2} ⇔ h−1
2 h1 ∈ Ut ⇔ Uth1 = Uth2 .

So, φt is well-defined and injective. It is surjective, since each µ-tabloid is in the image.



1.2 Construction of irreducible modules via James triples and via James quadruples 57

1.2.2.4.2 A James triple for Sn

The construction of the Specht modules of Sn [11] can be phrased in terms of James triples. In

fact, James triples have been modelled on that case.

Lemma 63. Let t be a µ-tableau. Let U := Ut = {h ∈ Sn : h · rowt = h} ⩽ Sn be the row

stabiliser of t. Let V := Vt = {h ∈ Sn : h · columnt = h} ⩽ Sn be the column stabiliser of t.

Let f = sgn |V : V → {−1, 1} : v ↦→ v sgn. Let N := ker(f), so elements of N are the even

permutations within the column stabiliser V .

Then:

(1) The triple T = (U, V,N) is a James triple of index 2.

(2) We have the isomorphism of KSn-modules

ST , f
K → SµK∑︁

v∈V
Uv · vf ↦→ et .

Proof. Ad (1). We have U ∩ V = 1, as only the element 1 = idSn stabilizes the rows and

columns of t simultaneously. We have |V/N | = 2, as µ has at least two parts, and therefore t

has at least two elements in the first column. So, (J 1,2) hold.

It remains to show that (J 3) holds. Suppose given h ∈ Sn∖ (UV ). By Lemma 38 it suffices to

show that N ∩ Uh ◁ V ∩ Uh.

For v ∈ V ∩ Uh and n ∈ N ∩ Uh, note that v−1nv ∈ N as N ◁ V and that v−1nv ∈ Uh as

v, n ∈ Uh. So, N ∩ Uh P V ∩ Uh. We need to show that there exist at least one element in

V ∩ Uh of odd sign.

The group Uh is the row stabiliser of the µ-tableau th.

Assume: Whenever two elements of [1, n] are in the same column of t, they are in different rows

of th.

We shall construct v ∈ V such that each entry in thv is in the same row as in t: i rowthv = i rowt

for i ∈ [1, n].
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• We start with the r1 := r = µtr
1 entries t1,1, . . . , tr1,1 of the first column of t. The tableau

th has r1 rows as well. By assumption, we have for i, j ∈ [1, r1] with i ̸= j that

ti,1 rowth ̸= tj,1 rowth .

For i ∈ [1, r1] there is an s ∈ [1, r1] such that ts,1 rowth = i, as these r1 elements lie in r1

different rows of th and there are exactly r1 rows.

As V is the column stabiliser of t, it is possible to interchange the elements ti,1 via an

element of V . Hence, there is v1 ∈ V such that

ti,1 rowthv1 = ti,1v
−1
1 rowth = i = ti,1 rowt

for i ∈ [1, r1] and such that ti,j rowthv1 = ti,j rowth for (i, j) ∈ posµ with j ⩾ 2. So, ti,1 can

be brought back to its original row position via some v1 ∈ V , without changing the row

positions of elements outside this first column of t.

• Now, continue with the elements of the second column of t. It has r2 := µtr
2 entries

t1,2, . . . tr2,2. Those elements lie by assumption in r2 different rows of th. Note that

r2 ⩽ r1. For i ∈ [1, r2], we have

ti,2 rowth ⩽ r2

as any remaining positions (k, 1) for k ∈ [r2+1, r1] need to be filled in th by elements ti,1

of the first column. Thus, the elements ti,2 lie in the first r2 rows of th and in the first r2

rows of thv1 as v1 did not change the positions of elements of the second column of t.

As V is the column stabiliser of t, it is possible to interchange the elements ti,2 via an

element of V . Hence, there is v2 ∈ V such that

(i) ti,2 rowthv1v2 = ti,2v
−1
2 rowthv1 = ti,2v

−1
2 rowth = i = ti,2 rowt for i ∈ [1, r2]

(ii) ti,j rowthv1v2 = ti,j rowth for (i, j) ∈ posµ with j ⩾ 3

(iii) ti,j rowthv1v2 = ti,j rowthv1 = ti,j rowt for (i, j) ∈ posµ with j ⩽ 1.

So, ti,2 can be brought back to its original row position via some v2 ∈ V , without changing

the row positions of elements outside this second column of t.

• Now, continue with the elements of the third column of t. It has r3 := µtr
3 entries

t1,3, . . . tr3,3. Those elements lie by assumption in r3 different rows of th. Note that

r3 ⩽ r2. For i ∈ [1, r3], we have

ti,3 rowth ⩽ r3
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as any remaining positions (k, j) for k ∈ [r3 + 1, r2] and j ∈ {1, 2} need to be filled in th

by elements ti,1, ti,2 of the first and second column. Thus, the elements ti,3 lie in the first

r3 rows of th and in the first r3 rows of thv1v2 as v1 · v2 did not change the positions of

elements of the third column of t.

As V is the column stabiliser of t, it is possible to interchange the elements ti,3 via an

element of V . Hence, there is v3 ∈ V such that

(i) ti,3 rowthv1v2v3 = ti,3v
−1
3 rowthv1v2 = ti,3v

−1
3 rowth = i = ti,3 rowt for i ∈ [1, r3]

(ii) ti,j rowthv1v2v3 = ti,j rowth for (i, j) ∈ posµ with j ⩾ 4

(iii) ti,j rowthv1v2v3 = ti,j rowthv1v2 = ti,j rowt for (i, j) ∈ posµ with j ⩽ 2.

So, ti,3 can be brought back to its original row position via some v3 ∈ V , without changing

the row positions of elements outside this third column of t.

• We continue in this manner and obtain elements v1, . . . , vµ1 ∈ V such that in th · v1 · . . . · vµ1⏞ ⏟⏟ ⏞
=:vwe have a rowthv = a rowt for a ∈ [1, n], i.e. such that

rowt = rowthv = v−1h−1 rowt .

So, u := v−1h−1 ∈ U , hence h = u−1v−1 ∈ UV . This is a contradiction, as h ̸∈ UV .

Therefore, there are elements a, b ∈ [1, n] in the same column of t which are in the same row of

th. So, the transposition (a, b) ∈ Sn is an element of V ∩ Uh and (a, b) sgn = −1.

All in all N ∩ Uh ◁ V ∩ Uh for h ∈ Sn ∖ (UV ). So T = (U, V,N) is a James triple of index 2.

Ad (2). We have ST , f
K = ⟨

∑︁
v∈V

Uv · vf⟩KSn = ⟨Uκt⟩KSn and (Uκt)φt = {t}κt = et, cf. Lemma

62. So, φt|
Sµ
K

ST , f
K

: ST , f
K → SµK is surjective.

Hence, we have the commutative diagram

K(Ut\Sn)
φt

∼
→→Mµ

K

ST , f
K

↗↘

↑↑

φt|
S
T , f
K

∼
→→ SµK

↗↘

↑↑ .
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Example 64. The µ-tableau t =
2 3 5
1 4 7
6

of Examples 50, 55 has row stablisier

U = ⟨(2, 3), (2, 3, 5), (1, 4), (1, 4, 7)⟩ ⩽ S7

and column stabiliser

V = ⟨(1, 2), (1, 2, 6), (3, 4), (5, 7)⟩ ⩽ S7 .

Let f = sgn |V : V → µ(Q) : v ↦→ v sgn. We have

ker(f) = ⟨(1, 2, 6), (1, 2)(3, 4), (1, 2)(5, 7)⟩ =: N .

The triple T = (U, V,N) is a James triple in S7, cf. Lemma 63.(1).

(1) Let h = (1, 3, 4, 5)(2, 6) ∈ S7 ∖ (UV ). Then

th =
6 4 1
3 5 7
2

.

Note that 1 rowth = 1 = 6 rowth. There is no element v ∈ V such that 1 rowthv = 2 as no

element of the first column of t is mapped in the second row of th.

(2) Let h̃ = (1, 3, 4, 6, 2, 5) ∈ S7. Then

th̃ =
5 4 1
3 6 7
2

.

Note that whenever two elements of [1, n] are in the same column of t, they are in different

rows of th̃.

We want to reconstruct t from th̃ following the steps in Remark 63.

First we look for an element v1 ∈ V such that ti,1 rowthv1 = i = ti,1 rowt for i ∈ [1, 3].

We have
t1,1 rowth̃ = 2 rowth̃ = 3,

t2,1 rowth̃ = 1 rowth̃ = 1,

t3,1 rowth̃ = 6 rowth̃ = 2.

We take v1 = (1, 2, 6) ∈ V and obtain

th̃v1 =
5 4 2
3 1 7
6

.

Note that ti,j rowth̃ = ti,j rowth̃v1
for (i, j) ∈ posµ with j ∈ [2, 3].

Next we look for an element v2 ∈ V such that ti,2 rowthv1v2 = i = ti,2 rowt for i ∈ [1, 2].
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We have
t1,2 rowth̃ = 3 rowth̃ = 2,

t2,2 rowth̃ = 4 rowth̃ = 1.

We take v2 = (3, 4) ∈ V and obtain

th̃v1v2 =
5 3 2
4 1 7
6

.

Note that
t1,3 rowt = 5 rowt = 1 = t1,3 rowth̃v1v2

t2,3 rowt = 7 rowt = 2 = t2,3 rowth̃v1v2
,

so we may take v3 = id ∈ V .

Thus, with v = v1v2v3 = (1, 2, 6)(3, 4), we have a rowt = a rowth̃v for a ∈ [1, 7].

Finally, we need to rearrange the elements in each row via some u ∈ U to match the

positions in t.

We take u = (1, 4)(2, 5) ∈ U and obtain

th̃vu =
2 3 5
1 4 7
6

= t .

So h̃ = u−1v−1 ∈ UV .

(3) We have

ST , f
K = ⟨

∑︁
v∈V

Uv · vf⟩KS7

= ⟨U − U(1, 2)− U(1, 6)− U(2, 6)− U(3, 4)− U(5, 7) + U(1, 2, 6) + U(1, 6, 2)

+U(1, 2)(3, 4) + U(1, 2)(5, 7) + U(1, 6)(3, 4) + U(1, 6)(5, 7) + U(2, 6)(3, 4)

+U(2, 6)(5, 7) + U(3, 4)(5, 7)− U(1, 2, 6)(3, 4)− U(1, 2, 6)(5, 7)− U(1, 6, 2)(3, 4)
−U(1, 6, 2)(5, 7)− U(1, 2)(3, 4)(5, 7)− U(1, 6)(3, 4)(5, 7)− U(2, 6)(3, 4)(5, 7)
+U(1, 2, 6)(3, 4)(5, 7) + U(1, 6, 2)(3, 4)(5, 7)⟩KS7

and SµK = ⟨et⟩KS7 . The element et is displayed in Example 55.

We have ST , f
K ≃ SµK , cf. Lemma 63.(2).

Remark 65. Suppose thatK = Q. The Specht modules overQ give all the ordinary irreducible

representations of Sn, cf. [11, Theorem 4.12].

So, by Lemma 63, every ordinary irreducible representations of Sn can be realised via a James

triple.
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1.2.3 James quadruples

This is a generalization of the James triple case. We admit T ′
(U,V,N) to be a proper subset of G,

cf. §1.2.1. As an extra datum, the subgroup D ⩽ G makes up for it.

1.2.3.1 Definition of James quadruples

Recall that given a triple of subgroups T = (U, V,N) in G satisfying (J 1,2), we have

T = T(U,V,N) = {h ∈ G∖ (UV ) : we have |wN ∩ Uh| = |N ∩ Uh| for w ∈ V } ⊆ G∖ (UV )

T ′ = T ′
(U,V,N) = T(U,V,N) ∪ (UV ) ⊆ G ,

cf. §1.2.1.

Definition 66. Suppose given k ∈ Z⩾2 .

A James quadruple in G of index k is a quadruple Q = (U, V,N,D) of subgroups in G such

that the following conditions hold.

(J 1) We have U ∩ V ⩽ N .

(J 2) We have N ◁ V such that |V/N | = k.

(J 3′) (i) We have G = T ′
(U,V,N)D.

(ii) We have [D, V ] ⊆ N , i.e. d−1v−1dv ∈ N for d ∈ D and v ∈ V .

Lemma 67. Suppose given a James quadruple Q = (U, V,N,D).

We have D ⩽ NG(V ) ∩ NG(N).

Proof. For d ∈ D and v ∈ V , (J 3′.ii) gives

d−1v−1dv ∈ N , and so d−1v−1d ∈ Nv−1 ⊆ V .

For d ∈ D and n ∈ N , (J 3′.ii) gives

d−1n−1dn ∈ N , which is equivalent to d−1n−1d ∈ Nn−1 = N .

Lemma 68. For d ∈ D and v ∈ V , we have vf = (vd)f .

Proof. We have vN = vdN as d−1vdv−1 ∈ N by (J 3′.ii). Therefore vf = (vd)f holds, cf.

Definition 23.
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Lemma 69. Let η ∈ KD be an element. Then(︄∑︂
v∈V

v · vf

)︄
η = η

(︄∑︂
v∈V

v · vf

)︄
.

Proof. Write η =
∑︁
d∈D

λdd. As D ⩽ NG(V ) we have v · d = d · vd with vd ∈ V for d ∈ D, v ∈ V .

By Lemma 68, we have for d ∈ D and v ∈ V that vf = (vd)f . So,(︃∑︁
v∈V

v · vf
)︃
η =

∑︁
v∈V

∑︁
d∈D

v · d · vf · λd

=
∑︁
v∈V

∑︁
d∈D

d · vd · vf · λd
L.68
=

∑︁
v∈V

∑︁
d∈D

d · vd · (vd)f · λd

=
∑︁
v′∈V

∑︁
d∈D

d · v′ · v′f · λd

= η

(︃∑︁
v∈V

v · vf
)︃
.

Remark 70. A James quadruple Q = (U, V,N,D) in which we have D = 1 yields a James

triple T = (U, V,N), as in this case T ′ = G, by (J 3′. i).

Example 71. Consider

G = D12 = ⟨a, b | a6, b2, (ab)2⟩ .

Let
U = ⟨ab⟩ ⩽ G

V = ⟨ba⟩ ⩽ G

N = {1} ⩽ G .

As U ∩ V = {1} ⩽ N , assertion (J 1) holds.

We have N P V and V/N ≃ V ≃ C2 , so (J 2) holds.

We have G∖ (UV ) = {a, a−1, a4, a3, b, ba2, a2b, a3b}. Note that |N ∩ Uh| = 1 and that

|wN ∩ Uh| =

{︄
1 if w ∈ Uh

0 else

for h ∈ G∖ (UV ) and w ∈ V . Note that

T(U,V,N) = {a, a4, b, a3b}
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and that

T ′ = T ∪ (UV ) = {id, a, b, ab, ba, a2, a4, a3b} .

In particular, T ′ ⊂ G, so (U, V,N) is not a James triple.

Consider the subgroup D = ⟨a2b⟩ ⩽ NG(V )∩NG(N) = {id, ba, a3, a2b}. Now [D, V ] = {1} = N

and T ′D = G. So, (J 3′) holds and Q is a James quadruple of index 2.

Remark 72. James quadruples are particularly useful when one wants to stick to certain

subgroups U and V within G, but the condition (J 3) for a James triple does not hold, cf.

Example 71.

Example 73. Not every triple of subgroups (U, V,N) that fullfills (J 1,2) can be extended to

a James quadruple. For example, consider

S3 = ⟨a, b | a2, b3, (ba)2⟩

and the subgroups U := 1, V := ⟨a⟩, N := 1. Then (J 1,2) hold as U ∩ V = N and N ◁ V ,

of index 2. We have T(U,V,N) = ∅ and T ′ = T ∪ (UV ) = V . Now, there is no subgroup

D ⩽ NS3(V ) ∩ NS3(N) = V ∩ S3 = V such that S3 = T ′D.

1.2.3.2 Properties of idempotents

Suppose given a James quadruple Q = (U, V,N,D) in G of index k; cf. Definition 66. Suppose

given an automorphism αK : K
∼−→ K, x ↦→ x.

Definition 74. Let ε ∈ Z(KD) be an idempotent element. Write ε =
∑︁
d∈D

λdd with λ ∈ K.

(1) The idempotent ε is called simple if KDε is a divison ring.

(2) The idempotent ε is called absolutely simple if theK-algebra morphismK → KDε : λ ↦→ λε

is an isomorphism. So, ε is absolutely simple if and only if dimK(KDε) = 1.

(3) The idempotent ε is called symmetric if ε⋆ :=
∑︁
d∈D

λdd
−1 =

∑︁
d∈D

λdd = ε.

Lemma 75. Suppose given a simple idempotent ε ∈ Z(KD). Suppose given η ∈ KD with

εη ̸= 0. Then, there exists τ ∈ KD such that εητ = ε.

Proof. As KDε is a divison ring there exists τ ∈ KD such that (εη)(ετ) = ε. As ε ∈ Z(KD),

we also have εητ = (εη)(ετ) = ε.
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Remark 76.

(1) Suppose that K|Q is a subfield of C that is closed under the complex conjugation αC, i.e.

καC ∈ K for κ ∈ K. Let αK = αC|KK . Let χ be an ordinary character of D with values

in K. We have the central idempotent ε = (1)χ
|G| ·

∑︁
g∈G

(g−1)χ · g ∈ Z(KD). We obtain

ε⋆ =
(1)χ

|G|
·
∑︂
g∈G

(g−1)χ · g−1 =
(1)χ

|G|
·
∑︂
g∈G

(g)χ · g = (1)χ

|G|
·
∑︂
g∈G

(g−1)χ · g = ε .

So, ε is symmetric.

(2) Let q be a prime power. For Fq2 we consider the Frobenius-automorphism α : Fq2 → Fq2 ,

r ↦→ rq, which fulfills α ̸= id, but α2 = id. Note that in general, the equality ε = ε⋆ does

not hold for a central idempotent ε:

Suppose that q = 7 and G = C3 = ⟨c⟩. Then ε = 1
3
(1 + 2c + 4c2) ∈ Z(F49C3) is an

absolutely simple idempotent, but ε⋆ = 1
3
(1α+2α · c2 +4α · c) = 1

3
(1 + 2c2 +4c) ̸= ε. So,

ε is not symmetric in this case.

1.2.3.3 Irreducible and absolutely irreducible modules via James quadruples

Suppose given a James quadruple Q = (U, V,N,D) in G of index k, cf. Definition 66.

Suppose given a group morphism f : V → µ(K) fitting (U, V,N) with respect to the automor-

phism αK : K
∼−→ K, x ↦→ x.

Suppose given a simple, symmetric idempotent ε ∈ Z(KD), cf. Definition 74.

Definition 77. We define the KG-submodule

SQ, f, ε
K := ⟨

∑︂
v∈V

m1v · vf · ε⟩KG
§1.1.2
= ⟨

∑︂
v∈V

Uv · vf · ε⟩KG ⩽MK = K(U\G) .

We often abbreviate SK := SQ, f, ε
K .

Note that this is a special case of the definition of SK in §1.1.4, putting ξ :=
∑︁
v∈V

m1v · vf · ε.

Remark 78. If D = 1 then ε = 1D and we have

SQ, f, ε
K = S

(U,V,N,1), f, ε
K = S

(U,V,N), f
K ,

cf. Remark 70, Definition 39, Definition 77.
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Lemma 79. Suppose that char(K) does not divide |D|. Suppose given a simple idempotent

ε ∈ Z(KD) of the form ε = 1
|D|
∑︁
d∈D

d · (d−1)χ ∈ Z(KD), where χ : D → µ(K) is a group

morphism.

Then the module SQ, f, ε
K is non-zero if and only if the following conditions (1, 2) hold.

(1) We have
∑︁

(v,d)∈V×D
vd∈U

vf · (d−1)χ ̸= 0 .

(2) We have
∑︁

x∈V ∩D
xf · xχ ̸= 0.

Note that (2) is equivalent to xf · xχ = 1 for x ∈ V ∩D, cf. Lemma 26.(1).

Proof. We make the following preliminary considerations.

Note that V D ⩽ G as D ⩽ NG(V ), cf. Lemma 67.

For an element y ∈ V D we may choose elements νy ∈ V and δy ∈ D with

νy · δy = y .

Note that this is unique up to an element x ∈ V ∩D: Suppose that y = vd = v′d′ with v, v′ ∈ V ,

d, d′ ∈ D. Then vd = v′d′ implies v′−1v = d′d−1 =: x ∈ V ∩ D, so v′ = vx−1 and d′ = xd.

Conversely, for x ∈ V ∩ D we have νyx
−1 · xδy = νy · δy = y. Hence {(v, d) ∈ V × D : vd =

y} = {(νy · x−1, x · δy) : x ∈ V ∩D}.

So, for v ∈ V , d ∈ D, we have νvd = v · x̃−1
v, d and δvd = x̃v, d ·d for a unique element x̃v, d ∈ V ∩D.

For c, z ∈ V D we have

νcz = νc · νδ
−1
c
z · x̃−1

νc·νδ
−1
c

z ,δc·δz
δcz = x̃

νc·νδ
−1
c

z ,δc·δz
· δc · δz

as cz = νc · δc · νz · δz = νc · νδ
−1
c
z⏞ ⏟⏟ ⏞

∈V

· δc · δz⏞ ⏟⏟ ⏞
∈D

.

Now, we obtain∑︁
v∈V

Uv · vf · ε = 1
|D|
∑︁
v∈V

∑︁
d∈D

Uvd · vf · (d−1)χ

= 1
|D|

∑︁
y∈V D

∑︁
x∈V ∩D

Uy · (νy · x−1)f · ((x · δy)−1)χ

= 1
|D|

∑︁
z∈(U∩V D)\V D

∑︁
c∈(U∩V D)

∑︁
x∈V ∩D

Uc · z · (νcz · x−1)f · ((x · δcz)−1)χ

= 1
|D|

∑︁
z∈(U∩V D)\V D

∑︁
c∈(U∩V D)

∑︁
x∈V ∩D

Uc · z · (νcz · x−1)f · (δ−1
cz )χ · (x−1)χ
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= 1
|D|

∑︁
z∈(U∩V D)\V D

∑︁
c∈(U∩V D)

∑︁
x∈V ∩D

Uz · (νc · νδ
−1
c
z · x̃−1

νc·νδ
−1
c

z ,δc·δz
· x−1)f · ((x̃

νc·νδ
−1
c

z ,δc·δz
· δc · δz)−1)χ · (x−1)χ

= 1
|D|

∑︁
z∈(U∩V D)\V D

Uz · (δ−1
z )χ

∑︁
c∈(U∩V D)

νcf · (νδ
−1
c
z )f · (δ−1

c )χ

(︃ ∑︁
x∈V ∩D

(x̃−1

νc·νδ
−1
c

z ,δc·δz
· x−1)f · (x̃−1

νc·νδ
−1
c

z ,δc·δz
· x−1)χ

)︃
= 1

|D|
∑︁

z∈(U∩V D)\V D
Uz · (δ−1

z )χ
∑︁

c∈(U∩V D)

νcf · (νδ
−1
c
z )f · (δ−1

c )χ

(︃ ∑︁
x̂∈V ∩D

x̂f · x̂χ
)︃

L.68
= 1

|D|
∑︁

z∈(U∩V D)\V D
Uz · (δ−1

z )χ
∑︁

c∈(U∩V D)

νcf · νzf · (δ−1
c )χ

(︃ ∑︁
x̂∈V ∩D

x̂f · x̂χ
)︃

= 1
|D|

(︄ ∑︁
z∈(U∩V D)\V D

Uz · νzf · (δ−1
z )χ

)︄(︄ ∑︁
c∈(U∩V D)

νcf · (δ−1
c )χ

)︄(︃ ∑︁
x̂∈V ∩D

x̂f · x̂χ
)︃

= 1
|D|

(︄ ∑︁
z∈(U∩V D)\V D

Uz · νzf · (δ−1
z )χ

)︄
· 1
|V ∩D|

⎛⎜⎝ ∑︁
(v′,d′)∈V×D

v′d′∈U

νv′d′f · (δ−1
v′d′)χ

⎞⎟⎠(︃ ∑︁
x̂∈V ∩D

x̂f · x̂χ
)︃

= 1
|D| ·

1
|V ∩D|

(︄ ∑︁
z∈(U∩V D)\V D

Uz · νzf · (δ−1
z )χ

)︄⎛⎜⎝ ∑︁
(v′,d′)∈V×D

v′d′∈U

(v′ · x̃−1
v′,d′)f · ((x̃v′,d′ · d′)−1)χ

⎞⎟⎠(︃ ∑︁
x̂∈V ∩D

x̂f · x̂χ
)︃

= 1
|D| ·

1
|V ∩D|

(︄ ∑︁
z∈(U∩V D)\V D

Uz · νzf · (δ−1
z )χ

)︄ ∑︁
(v′,d′)∈V×D

v′d′∈U

∑︁
x̂∈V ∩D

v′f · (d′−1)χ · (x̃−1
v′,d′ · x̂)f · (x̃

−1
v′,d′ · x̂)χ

= 1
|D| ·

1
|V ∩D|

⎛⎝ ∑︂
z∈(U∩V D)\V D

Uz · νzf · (δ−1
z )χ

⎞⎠
⏞ ⏟⏟ ⏞

̸=0

⎛⎜⎝ ∑︁
(v′,d′)∈V×D

v′d′∈U

v′f · (d′−1)χ

⎞⎟⎠(︃ ∑︁
x̌∈V ∩D

x̌f · x̌χ
)︃
.

This element
∑︁
v∈V

Uv · vf · ε is non-zero if and only if

∑︂
(v′,d′)∈V×D

v′d′∈U

v′f · (d′−1)χ ̸= 0 and
∑︂

x̌∈V ∩D

x̌f · x̌χ ̸= 0

i.e. if and only if conditions (1, 2) hold.

Remark 80.

(1) Condition (1) of Lemma 79 implies that char(K) does not divide |U ∩ V |:
First, note that for c ∈ U ∩ V , w ∈ V , d ∈ D we have cwd ∈ U ⇔ wd ∈ U as c ∈ U .
We have as U ∩ V ⩽ ker(f)∑︁

(v,d)∈V×D
vd∈U

vf · (d−1)χ =
∑︁

(w,d)∈((U∩V )\V )×D
wd∈U

∑︁
c∈U∩V

(cw)f · (d−1)χ

=
∑︁

(w,d)∈((U∩V )\V )×D
wd∈U

∑︁
c∈U∩V

cf · wf · (d−1)χ

= |U ∩ V | ·
∑︁

(w,d)∈((U∩V )\V )×D
wd∈U

wf · (d−1)χ .
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(2) The simple idempotent ε = 1
|D|
∑︁
d∈D

d is permitted in Lemma 79 as dχ = 1 for d ∈ D.

(3) If D = 1 then condition (1) and (2) of Lemma 79 reduce to U ∩ V ⩽ ker(f) and 1f = 1

which is in line with Lemma 40.

Lemma 81. Write UΣ =
∑︁
u∈U

u ∈ KG and ξΣ :=
∑︁
v∈V

UΣ · v · vf · ε ∈ KG.

(1) Suppose that char(K) does not divide |U |. Then

⟨
∑︂
v∈V

Uv · vf · ε⟩KG = ⟨m1

∑︂
v∈V

UΣ · v · vf · ε⟩KG = ⟨m1ξ
Σ⟩KG .

(2) We have
(︁
ξΣ
)︁2

= ξΣ · η for some η ∈ KD.

(3) Suppose that ε ∈ Z(KD) is absolutely simple. Then
(︁
ξΣ
)︁2

= λ · ξΣ for some λ ∈ K.

Proof. Ad (1). We have

⟨
∑︂
v∈V

Uv · vf · ε⟩KG = ⟨m1 · |U |
∑︂
v∈V

v · vf · ε⟩KG = ⟨m1

∑︂
v∈V

UΣ · v · vf · ε⟩KG .

Ad (2, 3). By Lemma 32 we have

∑︂
v∈V

UΣ · hv · vf = λh

(︄∑︂
v∈V

UΣ · v · vf

)︄

for h ∈ T ′
(U,V,N). Write ε =:

∑︁
d∈D

λ̃dd where λ̃d ∈ K.

According to (J 3′), for g ∈ G we may choose t′g ∈ T ′ and d̃g ∈ D with g = t′gd̃g .

Then, using Lemma 32 with h = t′vdu , we have

(︁
ξΣ
)︁2

=

(︃∑︁
v∈V

UΣ · v · vf · ε
)︃
·
(︃ ∑︁
v′∈V

UΣ · v′ · v′f · ε
)︃

=
∑︁
v∈V

∑︁
v′∈V

∑︁
u∈U

UΣ · v · ε · u · v′ · v′f · vf · ε

=
∑︁
v∈V

∑︁
v′∈V

∑︁
u∈U

∑︁
d∈D

UΣ · v · λ̃d · d · u · v′ · v′f · vf · ε

=
∑︁
v∈V

∑︁
u∈U

∑︁
d∈D

(︃ ∑︁
v′∈V

UΣ · v · d · u · v′ · v′f
)︃
· vf · λ̃d · ε

=
∑︁
v∈V

∑︁
u∈U

∑︁
d∈D

(︃ ∑︁
v′∈V

UΣ · t′vdu · d̃vdu · v′ · v′f
)︃
· vf · λ̃d · ε

=
∑︁
v∈V

∑︁
u∈U

∑︁
d∈D

(︃ ∑︁
v′∈V

UΣ · t′vdu · (v′)d̃
−1
vdu · v′f

)︃
· vf · λ̃d · d̃vdu · ε
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L.68
=

∑︁
v∈V

∑︁
u∈U

∑︁
d∈D

(︃ ∑︁
v′∈V

UΣ · t′vdu · (v′)d̃
−1
vdu · ((v′)d̃−1

vdu)f

)︃
· vf · λ̃d · d̃vdu · ε

=
∑︁
v∈V

∑︁
u∈U

∑︁
d∈D

(︃∑̃︁
v∈V

UΣ · t′vdu · ṽ · (ṽ)f
)︃
· vf · λ̃d · d̃vdu · ε

L.32
=

∑︁
v∈V

∑︁
u∈U

∑︁
d∈D

(︃
λt′vdu

∑̃︁
v∈V

UΣ · ṽ · ṽf
)︃
· vf · λ̃d · d̃vdu · ε

ε∈Z(KD)
=

∑︁
v∈V

∑︁
u∈U

∑︁
d∈D

(︃∑̃︁
v∈V

UΣ · ṽ · ṽf · ε
)︃
λt′vdu · vf · λ̃d · d̃vdu

= ξΣ

(︄∑︂
v∈V

∑︂
u∈U

∑︂
d∈D

λt′vdu · vf · λ̃d · d̃vdu

)︄
⏞ ⏟⏟ ⏞

=:η∈KD

.

If ε is absolutely simple, we have for d ∈ D that ε · d = ˜̃λdε for some ˜̃λd ∈ K, cf. Definition 74.

So, (︁
ξΣ
)︁2

= ξΣ
(︃∑︁
v∈V

∑︁
u∈U

∑︁
d∈D

λt′vdu · vf · λ̃d · d̃vdu
)︃

=
∑︁
v′∈V

UΣ · v′ · v′f ·
(︃∑︁
v∈V

∑︁
u∈U

∑︁
d∈D

λt′vdu · vf · λ̃d · ε · d̃vdu
)︃

=
∑︁
v′∈V

UΣ · v′ · v′f · ε

(︄∑︂
v∈V

∑︂
u∈U

∑︂
d∈D

λt′vdu · vf · λ̃d ·
˜̃λd̃vdu

)︄
⏞ ⏟⏟ ⏞

=:λ∈K= λ · ξΣ .

Remark 82. If D = 1 then Lemma 81 reduces to Lemma 41.(1, 2).

The following proposition is due to James, adapted to the present context, cf. [11, Theorem 4.8].

Proposition 83. Let X ⊆ MK be a KG-submodule. Recall the non-degenerate G-invariant

sesquilinear form [−,=]K on MK. Then

SQ, f, ε
K ⊆ X or X ⊆

(︂
SQ, f, ε
K

)︂⊥
.

Proof. Case 1: Suppose that there exists x ∈ X and g ∈ G such that

0 ̸= x

(︄∑︂
v∈V

vg · vf · εg
)︄
∈ X .

Write x =
∑︁
h∈G

Uh · ah with ah ∈ K.

According to (J 3′), for h ∈ G we may choose t′h ∈ T ′ and dh ∈ D with h = t′hdh.
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We have

0 ̸= x

(︃∑︁
v∈V

vg · vf · εg
)︃

= x
∑︁
v∈V

g−1 · v · vf · ε · g

=
∑︁
h∈G

Uh · ah · g−1
∑︁
v∈V

v · vf · ε · g

=
∑̃︁
h∈G

ah̃gUh̃
∑︁
v∈V

v · vf · ε · g

=
∑̃︁
h∈G

Ut′
h̃
dh̃

(︃∑︁
v∈V

v · vf
)︃
· ε · g · ah̃g

L.69
=

∑̃︁
h∈G

Ut′
h̃

(︃∑︁
v∈V

v · vf
)︃
· dh̃ · ε · g · ah̃g

ε∈Z(KD)
=

∑̃︁
h∈G

Ut′
h̃

(︃∑︁
v∈V

v · vf · ε · dh̃ · g
)︃
· ah̃g

=
∑̃︁
h∈G

(︃∑︁
v∈V

Ut′
h̃
v · vf

)︃
· ε · dh̃ · g · ah̃g

L.32
=

∑̃︁
h∈G

λt′
h̃

(︃∑︁
v∈V

Uv · vf
)︃
ε · dh̃ · g · ah̃g

=

(︃∑︁
v∈V

Uv · vf
)︃
ε

⎛⎝∑︂
h̃∈G

ah̃g · λt′h̃ · dh̃

⎞⎠
⏞ ⏟⏟ ⏞

=:η∈KD

g

where ε · η ̸= 0. As ε is simple in KD, we may choose τ ∈ KD with ε · η · τ = ε, by Lemma 75.

As KD ⊆ KG, note that

⟨
(︃∑︁
v∈V

Uv · vf
)︃
ε · η⟩KG ⊆ ⟨

(︃∑︁
v∈V

Uv · vf
)︃
ε⟩KG

⟨
(︃∑︁
v∈V

Uv · vf
)︃
ε · η⟩KG ⊇ ⟨

(︃∑︁
v∈V

Uv · vf
)︃
ε · η · τ⟩KG = ⟨

(︃∑︁
v∈V

Uv · vf
)︃
ε⟩KG .

We obtain ⟨
(︃∑︁
v∈V

Uv · vf
)︃
ε · η⟩ = ⟨

(︃∑︁
v∈V

Uv · vf
)︃
ε⟩KG .

So, in this case, we obtain

X ⊇ ⟨x
(︃∑︁
v∈V

vg · vf · εg
)︃
⟩KG

= ⟨
(︃∑︁
v∈V

Uv · vf
)︃
ε · η · g⟩KG

= ⟨
(︃∑︁
v∈V

Uv · vf
)︃
ε · η⟩KG

= ⟨
(︃∑︁
v∈V

Uv · vf
)︃
ε⟩KG = SK .

Hence, SK ⊆ X.
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Case 2: Suppose that

0 = x

(︄∑︂
v∈V

vg · vf · εg
)︄

for x ∈ X and g ∈ G.

We show that X ⊆ S⊥
K , i.e. that [X,SK ] = 0.

Recall that ε is symmetric, i.e. ε = ε⋆, cf. Definition 74.

Let x ∈ X and g ∈ G. We have

[x,
∑︁
v∈V

m1v · vf · ε · g] =
∑︁
v∈V

[x,m1 · g · g−1 · v · ε · g]vf

= [
∑︁
v∈V

x · g−1 · ε⋆ · v−1 · g · vf,m1 · g]

= [
∑︁
v∈V

x · g−1 · ε · v−1 · g · vf,m1 · g]
D.23
= [

∑︁
v∈V

x · g−1 · ε · v−1 · g · (v−1)f,m1 · g]

= [
∑︁
v∈V

x · g−1 · ε · v · g · vf,m1 · g]

= [x · g−1 · ε ·
(︃∑︁
v∈V

v · vf
)︃
· g,m1 · g]

L.69
= [x · g−1 ·

(︃∑︁
v∈V

v · vf
)︃
· ε · g,m1 · g]

= [x · g−1 ·
(︃∑︁
v∈V

v · vf
)︃
· g · g−1 · ε · g,m1 · g]

= [x

(︃∑︁
v∈V

vg · vf · εg
)︃
,m1 · g]

= [0,m1 · g] = 0 .

Theorem 84. Recall the James quadruple Q = (U, V,N,D) in G of index k, the group mor-

phism f : V → µ(K) fitting (U, V,N) with respect to the automorphism αK : K
∼−→ K, x ↦→ x

and the simple, symmetric idempotent ε ∈ Z(KD). Recall the non-degenerate G-invariant

sesquilinear form [−,=]K on MK, cf. Lemma 28. Recall SQ, f, ε
K = ⟨

∑︁
v∈V

Uv · vf · ε⟩KG, cf.

Definition 77.

The KG-module

SQ, f, ε
K /

(︃
SQ, f, ε
K ∩

(︂
SQ, f, ε
K

)︂⊥)︃
is irreducible or zero.

Proof. Every submodule of SK/(SK ∩ S⊥
K) is of the form X/(SK ∩ S⊥

K) with

SK ∩ S⊥
K ⊆ X ⊆ SK .
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We show that X = SK ∩ S⊥
K or X = SK .

By Proposition 83 we have

SK ⊆ X or X ⊆ S⊥
K .

If SK ⊆ X, then X = SK .

If X ⊆ S⊥
K then X ⊆ SK ∩ S⊥

K , hence X = SK ∩ S⊥
K .

Theorem 85. Recall the James quadruple Q = (U, V,N,D) in G of index k, the group mor-

phism f : V → µ(K) fitting (U, V,N) with respect to the automorphism αK : K
∼−→ K, x ↦→ x

and the simple, symmetric idempotent ε ∈ Z(KD). Recall that L is a field extension L|K and

αL ∈ Aut(L) such that αL|KK = αK. Recall the non-degenerate G-invariant sesquilinear form

[−,=]K on MK, cf. Lemma 28. Recall SQ, f, ε
K = ⟨

∑︁
v∈V

Uv · vf · ε⟩KG, cf. Definition 77.

Suppose that

SQ, f, ε
K /

(︃
SQ, f, ε
K ∩

(︂
SQ, f, ε
K

)︂⊥)︃
is irreducible.

Then the following holds.

(1) Suppose that ε ∈ Z(LD) is simple. Then the LG-module

L⊗K
(︃
SQ, f, ε
K /

(︃
SQ, f, ε
K ∩

(︂
SQ, f, ε
K

)︂⊥)︃)︃
is irreducible.

(2) Suppose that ε ∈ Z(KD) is absolutely simple. Then the KG-module

SQ, f, ε
K /

(︃
SQ, f, ε
K ∩

(︂
SQ, f, ε
K

)︂⊥)︃
is absolutely irreducible.

Proof. Ad (1). Consider the LG-moduleML := L(U\G) = L⊗KK(U\G). The group morphism

f̃ : V → µ(L) : v ↦→ vf fits (U, V,N) with respect to αL, cf. Lemma 25. We have the submodule

SL = ⟨
∑︁
v∈V

Uv · vf̃ · ε⟩LG ⩽ML .

By Corollary 22, we have an LG-module isomorphism

L⊗K (SK
/︁
(SK ∩ S⊥

K))
ν−→
∼
SL/(SL ∩ S⊥

L ) .

Note that SK/(SK ∩ S⊥
K) is zero if and only if SL/(SL ∩ S⊥

L ) is zero.
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By Theorem 84, the LG-module SL/(SL ∩ S⊥
L ) is irreducible or zero.

Hence,

L⊗K (SK/(SK ∩ S⊥
K))

is irreducible.

Ad (2). Since ε ∈ Z(KD) is absolutely simple, ε ∈ Z(L̃D) is simple for every field extension

L̃|K. In particular, it is simple if one considers the algebraic closure L̃ = K̂|K, which is a

splitting field for G, cf. [10, Corollary 9.4]. By Lemma 2, there exists αL̃ ∈ Aut(L̃) such that

αL̃|KK = αK . By Lemma 25, the group morphism f̃ : V → µ(L̃) : v ↦→ vf fits (U, V,N) with

respect to αL̃ .

Hence, by Theorem 84, the L̃G-module SL̃/(SL̃ ∩ S⊥
L̃
) is irreducible or zero. By Corollary 22,

so is L̃⊗K (SK/(SK ∩ S⊥
K)), which is not zero.

So, the KG-module

SK/
(︁
SK ∩ S⊥

K

)︁
is absolutely irreducible.

Remark 86. Suppose that K|Q is a subfield of C that is closed under the complex conjugation

αC, i.e. καC ∈ K for κ ∈ K. Let αK = αC|KK .

Then

SQ, f, ε
K ∩

(︂
SQ, f, ε
K

)︂⊥
= 0 .

Cf. Lemma 17, Remark 29 .

So, in this case, by Theorem 84, the KG-module SQ, f, ε
K is either irreducible or zero if ε is

simple. It is either absolutely irreducible or zero if ε is absolutely simple.

Example 87.

(1) Let K = Q. Let G = OD16 = ⟨a, b | a8, b2, baba3⟩. We have |G| = 16.

We consider the following subgroups of G:

U := ⟨b⟩ = {1, b},
V := ⟨ba4⟩ = {1, ba4},
N := 1

D := ⟨ba2⟩ = {1, ba2, a4, ba6}.

Note that U ∩V = 1 ⩽ N , as required by (J 1), and N◁V of index 2, as required by (J 2).
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Moreover, T ′ = {aba2, a, 1, aba4, ba4, a5, ab, a4, b, aba6, a7, a3} and G = T ′D, as required

by (J 3′, (i)) and [D, V ] ⊆ N as required by (J 3′. ii). So, Q = (U, V,N,D) is a James

quadruple of index 2. The group morphism

f : V → µ(Q)

ba4 ↦→ −1

fits (U, V,N) with respect to αQ = idQ.

Consider the idempotent ε = 1
2
− 1

2
a4 ∈ Z(QD). In Z(QD) the element ε is simple, as

QDε ≃ Q(i), but not absolutely simple.

By Theorem 85 the QG-module

SQ, f, ε
Q := ⟨

∑︁
v∈V

Uv · vf · ε⟩QG = ⟨(U − Uba4)
(︁
1
2
− 1

2
a4
)︁
⟩QG

= ⟨(U − Ua4)⟩QG

is irreducible.

The QG-module SQ, f, ε
Q is given by the representation

G → GL4(Q)

a ↦→

⎛⎝0 0 0 −1

0 0 1 0

1 0 0 0

0 1 0 0

⎞⎠
b ↦→

⎛⎝1 0 0 0

0 1 0 0

0 0 −1 0

0 0 0 −1

⎞⎠
Using Magma, we confirm that SQ, f, ε

Q is an irreducible, but not absolutely irreducible

QG-module.

Over Q(i) the idempotent ε decomposes orthogonally into the absolutely simple, symmet-

ric idempotents ε1, ε2 ∈ Z(Q(i)D), where ε1 = 1
4
− 1

4
a4 + 1

4
iba2 − 1

4
iba6 and

ε2 =
1
4
− 1

4
a4 − 1

4
iba2 + 1

4
iba6.

The resulting Q(i)G-modules

SQ, f, ε1
Q(i) = ⟨

(︁
U − Ua4 + iUa2 − iUa6

)︁
⟩Q(i)G

and

SQ, f, ε2
Q(i) = ⟨

(︁
U − Ua4 − iUa2 + iUa6

)︁
⟩Q(i)G

are absolutely irreducible by Remark 86. See also Example 94 below.
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(2) In G = D12 = ⟨a, b | a6, b2, (ab)2⟩ we have the James quadruple

U = ⟨ab⟩ ⩽ G

V = ⟨ba⟩ ⩽ G

N = {id} ⩽ G

D = ⟨a2b⟩ ⩽ G ,

cf. Example 71. Consider K = Q. Then the group morphism

f : V → µ(K)

ba ↦→ −1

fits (U, V,N) with respect to the automorphism αQ = idQ.

Using Magma we note that the QG-module

S
(U,V,N)
Q = ⟨

∑︂
v∈V

Uv · vf⟩QG = ⟨U − Uba⟩QG .

is not irreducible. Which is in line with Corollary 43, as (U, V,N) is not a James triple.

In Z(KD) we have the absolutely simple, symmetric idempotent element ε = 1
2
− 1

2
a2b.

Now, by Remark 86 the QG-module

SK = S
(U,V,N,D), f, ε
K = ⟨

∑︂
v∈V

Uv · vfε⟩QG = ⟨U − Uba⟩QG · ε = ⟨U − Ua2b− Uba+ Ua3⟩QG

is absolutely irreducible.

The module SQ is of dimQ(SQ) = 2 and is given by the representation

G → GL2(Q)

a ↦→
(︂
−1 1

−1 0

)︂
b ↦→

(︂
0 1

1 0

)︂
Using Magma we confirm that EndQG(SQ) ≃ Q, hence that SQ is in fact an absolutely

irreducible QG-module.
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1.3 Examples

1.3.1 Modules not generated by a James triple or a James quadruple

We consider the case K = Q. We give some examples which show that there are nontriv-

ial absolutely irreducible modules which can not be generated by a James triple or a James

quadruple. We have used the computer algebra system Magma [2] and its SmallGroups library

to obtain these examples.

Recall that if G is of odd order, then G has exactly one absolutely irreducible representation

over Q, namely the trivial module [9, Ch. V, Theorem 13.8 (Burnside)]. So we could restrict

our search to the case where G is of even order.

We tested up to order 190. Here we observed that, at least up to this order, James triples

already provide the same set of absolutely irreducible modules as James quadruples.

The smallest example of a group G with absolutely irreducible QG-module which could not be

generated via a James triple or a James quadruple is:

Example 88. Consider the group given by

G :=
⟨︁
i, j, a, b | i4, j4, (ij)2 = i2, i2 = j2, a2, b3, (ab)2, ia = ij, ib = i, ja = i2j, jb = j

⟩︁
.

So G ∼= Q8 ⋊ S3 .

The character table of irreducible representations of G over C is given by Magma as follows.

1 i2 a b j i i2b2 ai ai3 jb ib ib2 realisable over

χ1 1 1 1 1 1 1 1 1 1 1 1 1 Q
χ2 1 1 −1 1 1 −1 1 1 1 1 −1 −1 Q
χ3 1 1 1 1 1 −1 1 −1 −1 1 −1 −1 Q
χ4 1 1 −1 1 1 1 1 −1 −1 1 1 1 Q
χ5 2 2 0 −1 2 −2 −1 0 0 −1 1 1 Q
χ6 2 2 0 2 −2 0 2 0 0 −2 0 0 Q
χ7 2 2 0 −1 2 2 −1 0 0 −1 −1 −1 Q
χ8 2 2 0 −1 −2 0 −1 0 0 1 −1− 2ζ3 1 + 2ζ3 Q(ζ3)

χ9 2 2 0 −1 −2 0 −1 0 0 1 1 + 2ζ3 −1− 2ζ3 Q(ζ3)

χ10 2 −2 0 2 0 0 −2 ζ38 + ζ8 −ζ38 − ζ8 0 0 0 Q(ζ8)

χ11 2 −2 0 2 0 0 −2 −ζ38 − ζ8 ζ38 + ζ8 0 0 0 Q(ζ8)

χ12 4 −4 0 −2 0 0 2 0 0 0 0 0 Q
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One can construct the absolutely irreducible QG modules with character χt for t ∈ [2, 7] using

James triples.

One can construct the absolutely irreducible Q(ζ3)G modules with character χt for t ∈ [2, 9]

using James triples.

One can construct the absolutely irreducibleQ(ζ8)Gmodules with character χt for t ∈ [2, 7] ∪ [10, 11]

using James triples.

Let S be the QG-module given by the representation

G → GL4(Q)

i ↦→

⎛⎝ 0 −1 0 1

0 −1 1 1

1 −1 0 0

−1 −1 1 1

⎞⎠

j ↦→

⎛⎝−1 0 1 1

−1 0 1 0

−1 −1 1 1

−1 1 0 0

⎞⎠

a ↦→

⎛⎝1 0 0 0

1 −1 0 0

1 0 0 −1

1 0 −1 0

⎞⎠

b ↦→

⎛⎝0 1 −1 −1

0 0 0 −1

1 0 −1 −1

0 1 0 −1

⎞⎠
Using Magma we confirm that EndQG(S) ≃ Q, hence S is an absolutely irreducible QG-module.

The module S has character χ12 . Regardless of whether one considers K = Q or an extension

such as Q(ζ3), Q(ζ8), Q(ζ48) a module with character χ12 could not be generated via a James

triple or a James quadruple.

Example 89. Let

G :=
⟨︁
a, b, c | a9, b2, c3, (ab)2, bc = b, ac = a7

⟩︁
.

So, G ∼= D18 ⋊ C3 .
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The character table of irreducible representations of G over C is given by Magma as follows.

1 b a3 c2 c abc abc2 a ac ac2 realisable over

χ1 1 1 1 1 1 1 1 1 1 1 Q
χ2 1 −1 1 1 1 −1 −1 1 1 1 Q
χ3 1 −1 1 ζ3 ζ23 1 + ζ3 −ζ3 1 ζ23 ζ3 Q(ζ3)

χ4 1 −1 1 ζ23 ζ3 −ζ3 1 + ζ3 1 ζ3 ζ23 Q(ζ3)

χ5 1 1 1 ζ23 ζ3 ζ3 ζ23 1 ζ3 ζ23 Q(ζ3)

χ6 1 1 1 ζ3 ζ23 ζ23 ζ3 1 ζ23 ζ3 Q(ζ3)

χ7 2 0 2 2 2 0 0 −1 −1 −1 Q
χ8 2 0 2 2ζ3 ζ233 0 0 −1 1 + ζ3 −ζ3 Q(ζ3)

χ9 2 0 2 −2− 2ζ3 2ζ3 0 0 −1 −ζ3 1 + ζ3 Q(ζ3)

χ10 6 0 −3 0 0 0 0 0 0 0 Q

One can construct the absolutely irreducible QG-modules with character χi for i ∈ {2, 7} using
James triples.

A module with character χ10 is an absolutely irreducible QG-module. Over K = Q this module

could not be generated via a James triple or a James quadruple.

However, if we extend to the field Q(ζ3) , a module with character χ10 can be constructed using

a James triple as follows.

In Example 47 we considered the James triple T = (U, V,N) = (⟨ab, a6c2⟩, ⟨c, a3⟩, ⟨a3c⟩) with
fitting group morphism

f : V → µ(K)

c ↦→ ζ23

a3 ↦→ ζ3

and αQ(ζ3) being the complex conjugation.

We have

ST , f
Q(ζ3)

:= ⟨
∑︁
v∈V

Uv · vf⟩Q(ζ3)

= ⟨(U + Ucζ23 + Uc2ζ3 + Ua3ζ3 + Ua3c+ Ua3cζ23 + Ua6ζ23 + Ua6cζ3 + Ua6c2)⟩Q(ζ3)G

= ⟨(2U + Ucζ23 + Uc2ζ3 + Ua3ζ3 + Ua3c+ Ua3cζ23 + Ua6ζ23 + Ua6cζ3)⟩Q(ζ3)G = Sχ10 .
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Example 90. The following table lists all groups G of order at most 190 for which at least

one absolutely irreducible QG-module could not be generated via a James triple or a James

quadruple, in the latter case using absolutely simple idempotents of Z(QD). For each such

group, every absolutely irreducible QG-module that could not be generated is also listed. The

group is specified by its number in the SmallGroups-library of Magma and the Magma function

GroupName. The module is specified by its character.

Order of G SmallGroups
GroupName(G)

as in Magma
Dim Character

48 17 Q8 : S3 4 (4,−4, 0,−2, 0, 0, 2, 0, 0, 0, 0, 0)

54 6 D9 : C3 6 (6, 0,−3, 0, 0, 0, 0, 0, 0, 0)

72 23 C2
3 : D4 4 (4,−4, 0, 0,−2,−2, 1, 0, 2, 2,−1, 0, 0, 0, 0)

96 15 C3 : (C8 : C4) 4 (4,−4,−4, 4,−2, 0, 0, 0, 0, 0, 0,−2, 2, 2, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

96 16 C3 : (D4 : C4) 4 (4,−4,−4, 4, 0, 0,−2, 0, 0, 0, 0, 2, 2,−2, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

96 42 (C3 ∗Q8) : C4 4 (4,−4, 4,−4,−2, 0, 0, 0, 0, 0, 0,−2, 2, 2, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

96 148 C2 ∗Q8 : S3 4 (4,−4, 4,−4, 0, 0,−2, 0, 0, 0, 0, 2, 2,−2, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

96 148 C2 ∗Q8 : S3 4 (4,−4,−4, 4, 0, 0,−2, 0, 0, 0, 0,−2, 2, 2, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

96 193 SL(2, 3) : C2 : C2 4 (4,−4, 0, 0, 0,−2, 0, 0, 2, 0, 0, 0, 0)

96 201 Q8.A4 4 (4,−4, 0, 0, 0,−2,−2, 0, 0, 0, 0, 2, 2, 0, 0, 0, 0, 0, 0)

108 9 C18.C6 6 (6, 6,−3, 0, 0, 0, 0,−3, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

108 26 C2 ∗D9 : C3 6 (6, 6, 0, 0,−3, 0, 0,−3, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

108 26 C2 ∗D9 : C3 6 (6,−6, 0, 0,−3, 0, 0, 3, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

144 18 Q8 : D9 4 (4,−4, 0, 4, 0, 0,−4, 0, 0,−2,−2,−2, 0, 0, 0, 2, 2, 2, 0, 0, 0, 0, 0, 0, 0, 0, 0)

144 57 C2
3 : D8 4 (4, 4, 0, 0,−2,−2, 1,−4,−2,−2, 1, 0, 0, 0, 0, 2, 2,−1,−1, 2, 0, 0, 0, 0)

144 58 D12.S3 4 (4,−4, 0,−2, 4,−2, 0, 0,−4, 2, 2, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

144 59 C4.S23 4 (4, 4, 0,−2,−2, 1,−4, 0,−2,−2, 1, 0, 0, 0, 0, 2, 2,−1,−1, 2, 0, 0, 0, 0)

144 60 C3 : (C8 : S3) 4 (4,−4, 0,−2, 4,−2, 0, 0, 2,−4, 2, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

4 (4, 4, 0,−2,−2, 1,−4, 0,−2,−2, 1, 0, 0, 2, 2, 2,−1,−1, 0, 0, 0, 0, 0, 0)

144 62 C3 : (C24.C2) 4 (4, 4,−2,−2, 1,−4, 0, 0,−2,−2, 1, 0, 0, 2, 2, 2,−1,−1, 0, 0, 0, 0, 0, 0)

144 64 (C6 ∗ S3) : C4 4 (4,−4,−4, 4, 0, 0,−2,−2, 1, 0, 0, 0, 0,−2,−2, 2, 2, 2, 2,−1,−1, 1, 0, 0, 0, 0, 0, 0, 0, 0)

144 65 C3 : (D6 : C4) 4 (4,−4,−4, 4, 0, 0,−2,−2, 1, 0, 0, 0, 0, 2, 2,−2,−2, 2, 2,−1, 1,−1, 0, 0, 0, 0, 0, 0, 0, 0),

(4,−4, 4,−4, 0, 0,−2,−2, 1, 0, 0, 0, 0, 2,−2, 2, 2,−2, 2,−1,−1, 1, 0, 0, 0, 0, 0, 0, 0, 0)

144 66 C6.D12 4 (4, 4,−4,−4,−2,−2, 1, 0, 0, 0, 0, 0, 0, 2, 2, 2,−2,−2, 2,−1,−1, 1, 0, 0, 0, 0, 0, 0, 0, 0)

144 82 C3 ∗Q8 : S3 4 (4,−4, 0, 4, 4,−2,−2,−2, 0, 0,−4,−4, 2, 2, 2, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

144 98 C3 : (Q8 : S3) 4 (4,−4, 0,−2,−2,−2, 4, 0, 0,−4, 2, 2, 2, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0),

(4,−4, 0, 4,−2,−2,−2, 0, 0, 2,−4, 2, 2, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0),

(4,−4, 0,−2, 4,−2,−2, 0, 0, 2, 2,−4, 2, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0),

(4,−4, 0,−2,−2, 4,−2, 0, 0, 2, 2, 2,−4, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

144 125 C3 : GL(2, 3) 4 (4,−4, 0,−2, 1, 1,−2, 0, 2, 2,−1,−1, 0, 0, 0),

(4,−4, 0,−2,−2, 1, 1, 0, 2,−1, 2,−1, 0, 0, 0),

(4,−4, 0,−2, 1,−2, 1, 0, 2,−1,−1, 2, 0, 0, 0)

144 151 C2 ∗ C2
3 : D4 4 (4, 4,−4,−4, 0, 0, 0, 0,−2,−2, 1, 0, 0,−2,−2, 2, 2, 2, 2,−1, 1,−1, 0, 0, 0, 0, 0, 0, 0, 0),

(4,−4, 4,−4, 0, 0, 0, 0,−2,−2, 1, 0, 0, 2, 2,−2,−2, 2, 2,−1,−1, 1, 0, 0, 0, 0, 0, 0, 0, 0)

160 85 (C5 ∗Q8) : C4 8 (8,−8, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,−2, 0, 0, 2, 0, 0, 0)

162 5 C3 : D9 : C3 6 (6, 0,−3,−3, 6,−3, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

(6, 0,−3, 6,−3,−3, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

162 6 D9 : C9 6 (6, 0, 6, 6,−3,−3,−3, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

162 36 C3 ∗D9 : C3 6 (6, 0, 6, 6,−3,−3,−3, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

162 42 C9 : (C3 ∗ S3) 6 (6, 0,−3,−3, 6,−3, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

(6, 0,−3, 6,−3,−3, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

(6, 0, 6,−3,−3,−3, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)
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Conjecture 91. A CG-module whose character has Frobenius-Schur indicator −1 can not be

generated via James triples or via James quadruples.

Note that there are no absolutely irreducible QG-modules with Frobenius-Schur indicator −1,
as Q is a subfield of R, [10, Corollary 4.15].

Example 92. Let

G :=
⟨︁
a, b | a3, b4, ab = a2

⟩︁
.

So, G ∼= C3 ⋊ C4.

The character table of irreducible representations of G over C is given by Magma as follows.

1 b2 a b3 b ab2 realisable over

χ1 1 1 1 1 1 1 Q
χ2 1 1 1 −1 −1 1 Q
χ3 1 −1 1 −i i −1 Q(i)

χ4 1 −1 1 i −i −1 Q(i)

χ5 2 2 −1 0 0 −1 Q
χ6 2 −2 −1 0 0 1 Q(ζ3)

One can construct the absolutely irreducible QG-modules with character χi for i ∈ {2, 5} using
James triples.

A module with character χ6 is an absolutely irreducible Q(ζ3)G-module. Regardless of whether

one considers K = Q(ζ3) or an extension to the splitting field Q(ζ12) , a module with character

χ6 could not be generated via a James triple or a James quadruple.

The character χ6 has Frobenius-Schur indicator −1.
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1.3.2 Examples of modules realisable by James quadruples but not

by James triples over Q(ζ)

We give examples for modules that can not be constructed via a James triple but which can

be constructed via a James quadruple.

Example 93. Let K = Q(ζ3) and αK be the complex conjugation. Let

G = SL2(F3) = ⟨
(︂

1 1
0 1

)︂
,
(︂

0 1
2 0

)︂
⟩ .

The character table of irreducible representations of G over K is given as follows.

(︂
1 0
0 1

)︂ (︂
2 0
0 2

)︂ (︂
0 1
2 2

)︂ (︂
2 2
1 0

)︂ (︂
0 1
2 0

)︂ (︂
0 1
2 1

)︂ (︂
1 2
1 0

)︂
χ1 1 1 1 1 1 1 1

χ2 1 1 ζ23 ζ3 1 ζ3 ζ23
χ3 1 1 ζ3 ζ23 1 ζ23 ζ3

χ4 2 −2 −1 −1 0 1 1

χ5 2 −2 1 + ζ3 −ζ3 0 ζ3 ζ23
χ6 2 −2 −ζ3 1 + ζ3 0 ζ23 ζ3

χ7 3 3 0 0 −1 0 0

One can construct modules with character χi for i ∈ {2, 3, 7} using James triples.

Regardless of whether one considers K = Q(ζ3) or an extension to Q(ζ24), a module with

character χ4 could not be generated via a James triple or via a James quadruple. Note that it

has Frobenius-Schur indicator −1.

The modules with character χ5, χ6 can not be obtained via James triples but they can be

constructed via a James quadruple as follows.

Let Sχ5 be the Q(ζ3)G-module given by the representation

G → GL2(Q(ζ3))(︂
1 1
0 1

)︂
↦→

(︂
1 ζ23
0 ζ3

)︂
(︂

0 1
2 0

)︂
↦→

(︂
0 1

−1 0

)︂
.

Using Magma we confirm that EndQ(ζ3)G(Sχ5) ≃ Q(ζ3), hence Sχ5 is an absolutely irreducible

Q(ζ3)G-module.
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We consider the subgroups

U = ⟨
(︂

1 1
0 1

)︂
⟩ = {

(︂
1 0
0 1

)︂
,
(︂

1 1
0 1

)︂
,
(︂

1 2
0 1

)︂
} ⩽ G ,

V = ⟨
(︂

2 1
2 0

)︂
⟩ = {

(︂
1 0
0 1

)︂
,
(︂

2 1
2 0

)︂
,
(︂

0 2
1 2

)︂
} ⩽ G ,

N = {
(︂

1 0
0 1

)︂
} ⩽ G ,

D = {
(︂

1 0
0 1

)︂
,
(︂

2 0
0 2

)︂
} ⩽ NG(V ) ∩ NG(N) .

Note that U ∩ V =
{︂(︂

1 0
0 1

)︂}︂
⊆ N , as required by (J 1), and that N ◁ V is of index 3 , whence

(J 2) holds.

Moreover,

T ′ =
{︂(︂

1 1
2 0

)︂
,
(︂

2 1
2 0

)︂
,
(︂

2 0
1 2

)︂
,
(︂

0 2
1 1

)︂
,
(︂

1 2
2 2

)︂
,
(︂

2 0
2 2

)︂
,
(︂

2 1
1 1

)︂
,
(︂

1 0
1 1

)︂
,(︂

1 1
0 1

)︂
,
(︂

0 1
2 0

)︂
,
(︂

0 1
2 2

)︂
,
(︂

0 2
1 2

)︂
,
(︂

1 0
0 1

)︂
,
(︂

1 2
0 1

)︂
,
(︂

1 1
1 2

)︂}︂
and G = T ′D, as required by (J 3′. i) and [D, V ] ⊆ N as required by (J 3′. ii).

The module Sχ5 can be obtained via the James quadruple Q = (U, V,N,D), the absolutely

simple idempotent ε ∈ Z(Q(ζ3)D) = 1
2

(︂
1 0
0 1

)︂
− 1

2

(︂
2 0
0 2

)︂
and the group morphism

f : V → µ(Q(ζ3))(︂
2 1
2 0

)︂
↦→ ζ23

fitting (U, V,N) with respect to αQ(ζ3).

We have

SQ, f, ε
Q(ζ3)

:= ⟨
∑︁
v∈V

Uv · vf · ε⟩Q(ζ3)G

= ⟨
(︂
U
(︂

1 0
0 1

)︂
+ ζ23U

(︂
2 1
2 0

)︂
+ ζ3U

(︂
0 2
1 2

)︂)︂(︂
1
2

(︂
1 0
0 1

)︂
− 1

2

(︂
2 0
0 2

)︂)︂
⟩Q(ζ3)G

Magma
= Sχ5 .

Let Sχ6 be the Q(ζ3)G-module given by the representation

G → GL2(Q(ζ3))(︂
1 1
0 1

)︂
↦→

(︂
1 ζ3
0 ζ23

)︂
(︂

0 1
2 0

)︂
↦→

(︂
0 1

−1 0

)︂
.

Using Magma we confirm that EndQ(ζ3)G(Sχ6) ≃ Q(ζ3), hence Sχ6 is an absolutely irreducible

Q(ζ3)G-module.
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The module Sχ6 can be obtained via the James quadruple Q = (U, V,N,D), the absolutely

simple idempotent ε and the group morphism

f ′ : V → µ(Q(ζ3))(︂
2 1
2 0

)︂
↦→ ζ3

fitting (U, V,N) with respect to αQ(ζ3).

We have

SQ, f ′, ε
Q(ζ3)

:= ⟨
∑︁
v∈V

Uv · vf ′ · ε⟩Q(ζ3)G

= ⟨
(︂
U
(︂

1 0
0 1

)︂
+ ζ3U

(︂
2 1
2 0

)︂
+ ζ23U

(︂
0 2
1 2

)︂)︂(︂
1
2

(︂
1 0
0 1

)︂
− 1

2

(︂
2 0
0 2

)︂)︂
⟩Q(ζ3)G

Magma
= Sχ6 .

Example 94. LetK = Q(i) and let αK be the complex conjugation. LetG = ⟨a, b | a8, b2, baba3⟩.
We have |G| = 16, cf. Example 87.(1).

The character table of irreducible representations of G over K is given by

1 a4 b a6 a2 ba2 a3 ba3 ba a

χ1 1 1 1 1 1 1 1 1 1 1

χ2 1 1 1 1 1 1 −1 −1 −1 −1

χ3 1 1 −1 1 1 −1 −1 1 1 −1

χ4 1 1 −1 1 1 −1 1 −1 −1 1

χ5 1 1 −1 −1 −1 1 −i i −i i

χ6 1 1 −1 −1 −1 1 i −i i −i

χ7 1 1 1 −1 −1 −1 i i −i −i

χ8 1 1 1 −1 −1 −1 −i −i i i

χ9 2 −2 0 2i −2i 0 0 0 0 0

χ10 2 −2 0 −2i 2i 0 0 0 0 0

One can construct Q(i)G modules with character χi for i ∈ [2, 8] using James triples.

The Q(i)G-modules with character χ9 , χ10 can not be obtained via James triples but they can

be constructed via a James quadruple as follows.

Let Sχ9 be the Q(i)G-module given by the representation

G → GL2(Q(i))

a ↦→
(︂

0 −i
1 0

)︂
b ↦→

(︂
1 0
0 −1

)︂
.
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Let Sχ10 be the Q(i)G-module given by the representation

G → GL2(Q(i))

a ↦→
(︂

0 i
1 0

)︂
b ↦→

(︂
1 0
0 −1

)︂
.

Using Magma we confirm that EndQ(i)G(Sχ9) ≃ Q(i) ≃ EndQ(i)G(Sχ10), hence Sχ9 and Sχ10 are

absolutely irreducible Q(i)G-modules. The module Sχ9 has character χ9. The module Sχ10 has

character χ10.

In Example 87.(1) we considered the James quadrupleQ = (U, V,N,D) = (⟨b⟩, ⟨ba4⟩, ⟨1⟩, ⟨ba2⟩).

The module Sχ9 can be obtained via this James quadruple Q, the absolutely simple idempotent

ε1 =
1
4
− 1

4
a4 + 1

4
iba2 − 1

4
iba6 ∈ Z(Q(i)D) and the group morphism

f : V → µ(Q(i))

ba4 ↦→ −1

fitting (U, V,N) with respect to αQ(i).

We have

SQ, f, ε1
Q(i) = ⟨(U − Ua4 + iUa2 − iUa6)⟩Q(i)G

Magma
= Sχ9 .

The module Sχ10 can be obtained via the James quadruple Q, the absolutely simple idempotent

ε2 =
1
4
− 1

4
a4 − 1

4
iba2 + 1

4
iba6 ∈ Z(KD) and the group morphism f .

We have

SQ, f, ε2
Q(i) = ⟨(U − Ua4 − iUa2 + iUa6)⟩Q(i)G

Magma
= Sχ10 .

Extending to K = Q(ζ8) with αK being the complex conjugation, it is possible to realise

Q(ζ8)G-modules with character χ9 and χ10 via James triples as follows: We let Ṽ = ⟨ab⟩ and
consider the subgroups U and N . Then U ∩ Ṽ = 1 = N , as required by (J 1), and N ◁ Ṽ is

of index k = 8, so (J 2) holds. As UṼ = G, the condition (J 3) holds. So, T = (U, Ṽ, N) is a

James triple in G.
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We consider the group morphisms

f9 : Ṽ → µ(Q(ζ8))

ab ↦→ −ζ38

and
f10 : Ṽ → µ(Q(ζ8))

ab ↦→ −ζ8

fitting (U, V,N) with respect to αQ(ζ8).

The absolutely irreducible Q(ζ8)G-module

ST , f9
Q(ζ8)

= ⟨
∑︂
v∈Ṽ

Uv · vf9⟩Q(ζ8)

has character χ9.

The absolutely irreducible Q(ζ8)G-module

ST , f10
Q(ζ8)

= ⟨
∑︂
v∈Ṽ

Uv · vf10⟩Q(ζ8)

has character χ10.

Example 95. Let K = Q(ζ5) and let αK be the complex conjugation.

Let G = ⟨a, b, c | a2, b3, (ab)2, c5, ac = ca, bc = cb⟩.

So G ∼= S3 × C5.

The character table of irreducible representations of G over K is given by Magma as follows.

1 a b c2 c3 c4 c ac4 ac2 ac3 ac bc3 bc2 bc4 bc

χ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

χ2 1 −1 1 1 1 1 1 −1 −1 −1 −1 1 1 1 1

χ3 1 1 1 ζ25 ζ35 ζ45 ζ5 ζ45 ζ25 ζ35 ζ5 ζ35 ζ25 ζ45 ζ5

χ4 1 −1 1 ζ25 ζ35 ζ45 ζ5 −ζ45 −ζ25 −ζ35 −ζ5 ζ35 ζ25 ζ45 ζ5

χ5 1 1 1 ζ45 ζ5 ζ35 ζ25 ζ35 ζ45 ζ5 ζ25 ζ5 ζ45 ζ35 ζ25
χ6 1 −1 1 ζ35 ζ25 ζ5 ζ45 −ζ5 −ζ35 −ζ25 −ζ45 ζ25 ζ35 ζ5 ζ45
χ7 1 1 1 ζ35 ζ25 ζ5 ζ45 ζ5 ζ35 ζ25 ζ45 ζ25 ζ35 ζ5 ζ45
χ8 1 1 1 ζ5 ζ45 ζ25 ζ35 ζ25 ζ5 ζ45 ζ35 ζ45 ζ5 ζ25 ζ35
χ9 1 −1 1 ζ45 ζ5 ζ35 ζ25 −ζ35 −ζ45 −ζ5 −ζ25 ζ5 ζ45 ζ35 ζ25
χ10 1 −1 1 ζ5 ζ45 ζ25 ζ35 −ζ25 −ζ5 −ζ45 −ζ35 ζ45 ζ5 ζ25 ζ35
χ11 2 0 −1 2 2 2 2 0 0 0 0 −1 −1 −1 −1

χ12 2 0 −1 2ζ25 2ζ35 2ζ45 2ζ5 0 0 0 0 −ζ35 −ζ25 −ζ45 −ζ5
χ13 2 0 −1 2ζ35 2ζ25 2ζ5 2ζ45 0 0 0 0 −ζ25 −ζ35 −ζ5 −ζ45
χ14 2 0 −1 2ζ5 2ζ45 2ζ25 2ζ35 0 0 0 0 −ζ45 −ζ5 −ζ25 −ζ35
χ15 2 0 −1 2ζ45 2ζ5 2ζ35 2ζ25 0 0 0 0 −ζ5 −ζ45 −ζ35 −ζ25

One can construct Q(ζ5)G-modules with character χi for i ∈ [2, 11] using James triples.
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The Q(ζ5)G-modules with character χ12 , χ13, χ14, χ15 can not be obtained via James triples

but they can be constructed via a James quadruple as follows.

Let Sχ12 be the Q(ζ5)G-module given by the representation

G → GL2(Q(ζ5))

a ↦→
(︂

0 1
1 0

)︂
b ↦→

(︂
0 −1
1 −1

)︂
c ↦→

(︂
ζ5 0
0 ζ5

)︂
.

Let Sχ13 be the Q(ζ5)G-module given by the representation

G → GL2(Q(ζ5))

a ↦→
(︂

0 1
1 0

)︂
b ↦→

(︂
0 −1
1 −1

)︂
c ↦→

(︂
ζ45 0
0 ζ45

)︂
.

Let Sχ14 be the Q(ζ5)G-module given by the representation

G → GL2(Q(ζ5))

a ↦→
(︂

0 1
1 0

)︂
b ↦→

(︂
0 −1
1 −1

)︂
c ↦→

(︂
ζ35 0
0 ζ35

)︂
.

Let Sχ15 be the Q(ζ5)G-module given by the representation

G → GL2(Q(ζ5))

a ↦→
(︂

0 1
1 0

)︂
b ↦→

(︂
0 −1
1 −1

)︂
c ↦→

(︂
ζ25 0
0 ζ25

)︂
.

The Q(ζ5)G-module Sχi
has character χi for i ∈ [12, 15]. Using Magma we confirm that for

i ∈ [12, 15] we have EndQ(ζ5)G(Sχi
) ≃ Q(ζ5), hence Sχi

is an absolutely irreducibleQ(ζ5)G-module.
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We consider the subgroups

U = ⟨ab⟩ = {1, ab} ⩽ G,

V = ⟨a⟩ = {1, a} ⩽ G,

N = 1 ⩽ G,

D = ⟨c⟩ = {1, c, c2, c3, c4} ⩽ NG(V ) ∩ NG(V ) .

Note that U ∩ V = 1 ⊆ N , as required by (J 1), and that N ◁ V is of index 2, whence (J 2)

holds.

Moreover, T ′ = {1, ac3b2, ac2b2, acb2, c2b, ab, b, c3b, ab2, b2, cb, ac4b2, c4b, a} and G = T ′D, as re-

quired by (J 3′. i). Note that [D, V ] ⊆ N as required by (J 3′. ii).

So, Q = (U, V,N,D) is a James quadruple.

Consider the group morphism

f : V → µ(K)

a ↦→ −1

which fits (U, V,N) with respect to the complex conjugation αK .

The module Sχ12 can be obtained via the James quadruple Q, the absolutely simple idempotent

ε12 =
1
5
+ 1

5
ζ45c+

1
5
ζ35c

2 + 1
5
ζ25c

3 + 1
5
ζ5c

4,∈ Z(Q(ζ5)D) and the group morphism f .

We have

SQ, f, ε12
Q(ζ5)

:= ⟨
∑︁
v∈V

Uv · vf · ε12⟩Q(ζ5)G

= ⟨(U − Ua)
(︁
1
5
+ 1

5
ζ45c+

1
5
ζ35c

2 + 1
5
ζ25c

3 + 1
5
ζ5c

4
)︁
⟩Q(ζ5)G

Magma
= Sχ12 .

The module Sχ13 can be obtained via the James quadruple Q, the absolutely simple idempotent

ε13 =
1
5
+ 1

5
ζ5c+

1
5
ζ25c

2 + 1
5
ζ35c

3 + 1
5
ζ45c

4 ∈ Z(Q(ζ5)D) and the group morphism f .

We have

SQ, f, ε13
Q(ζ5)

:= ⟨
∑︁
v∈V

Uv · vf · ε13⟩Q(ζ5)

= ⟨(U − Ua)
(︁
1
5
+ 1

5
ζ5c+

1
5
ζ25c

2 + 1
5
ζ35c

3 + 1
5
ζ45c

4
)︁
⟩Q(ζ5)

Magma
= Sχ13 .

The module Sχ14 can be obtained via the James quadruple Q, the absolutely simple idempotent

ε14 =
1
5
+ 1

5
ζ25c+

1
5
ζ45c

2 + 1
5
ζ5c

3 + 1
5
ζ35c

4 ∈ Z(Q(ζ5)D) and the group morphism f .

We have

SQ, f, ε14
Q(ζ5)

:= ⟨
∑︁
v∈V

Uv · vf · ε14⟩Q(ζ5)

= ⟨(U − Ua)
(︁
1
5
+ 1

5
ζ25c+

1
5
ζ45c

2 + 1
5
ζ5c

3 + 1
5
ζ35c

4
)︁
⟩Q(ζ5)

Magma
= Sχ14 .
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The module Sχ15 can be obtained via the James quadruple Q, the absolutely simple idempotent

ε15 =
1
5
+ 1

5
ζ35c+

1
5
ζ5c

2 + 1
5
ζ45c

3 + 1
5
ζ25c

4,∈ Z(Q(ζ5)D) and the group morphism f .

We have

SQ, f, ε15
Q(ζ5)

:= ⟨
∑︁
v∈V

Uv · vf · ε15⟩Q(ζ5)

= ⟨(U − Ua)
(︁
1
5
+ 1

5
ζ35c+

1
5
ζ5c

2 + 1
5
ζ45c

3 + 1
5
ζ25c

4
)︁
⟩Q(ζ5)

Magma
= Sχ15 .

Extending to K = Q(ζ15), it is possible to realise Q(ζ15)G-modules with character χ12, χ13,

χ14, χ15 via James triples as follows: We consider the subgroups

Ũ = ⟨a⟩,

Ṽ = ⟨b, c⟩,

N = 1 .

Then Ũ ∩ Ṽ = 1 = N , as required by (J 1) and N ◁ Ṽ is of index k = 15, so (J 2) holds. As

Ũ Ṽ = G the condition (J 3) holds. So, T = (Ũ, Ṽ, N) is a James triple in G.

We consider the group morphisms

f12 : Ṽ → µ(Q(ζ15))

b ↦→ ζ1015

c ↦→ ζ1215

f13 : Ṽ → µ(Q(ζ15))

b ↦→ ζ1015

c ↦→ ζ315

f14 : Ṽ → µ(Q(ζ15))

b ↦→ ζ1015

c ↦→ ζ615

f15 : Ṽ → µ(Q(ζ15))

b ↦→ ζ1015

c ↦→ ζ915

which fit (U, V,N) with respect to the complex conjugation αQ(ζ15).



1.3 Examples 89

The absolutely irreducible Q(ζ15)G-module

ST , f12
Q(ζ15)

= ⟨
∑︂
v∈Ṽ

Ũv · vf12⟩Q(ζ15)

has character χ12.

The absolutely irreducible Q(ζ15)G-module

ST , f13
Q(ζ15)

= ⟨
∑︂
v∈Ṽ

Ũv · vf13⟩Q(ζ15)

has character χ13.

The absolutely irreducible Q(ζ15)G-module

ST , f14
Q(ζ15)

= ⟨
∑︂
v∈Ṽ

Ũv · vf14⟩Q(ζ15)

has character χ14.

The absolutely irreducible Q(ζ15)G-module

ST , f15
Q(ζ15)

= ⟨
∑︂
v∈Ṽ

Ũv · vf15⟩Q(ζ15)

has character χ15.
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Chapter 2

Generators for unipotent Specht
modules over GLn(F )

For a field K, unipotent Specht modules of K GLn(Fq) are introduced by Gordon James in [13].

Indexed by partitions of n, they are analogues of the Specht modules for the symmetric group and

are constituents of permutation modules on parabolic subgroups. James gave two constructions of

these unipotent Specht modules and proved analogues of several results from the representation

theory of symmetric groups. In particular, he established a kernel-intersection description, ob-

tained a q-analogue of the hook-length dimension formula, and showed that each unipotent Specht

module has a unique maximal submodule.

James gave a generator for the Specht module with coefficients in K that is built using a product

over root subgroups of the unitriangular group [12]. While this multiplicative construction is

conceptually natural, the resulting generator can be difficult to manipulate in concrete calculations.

In [13], instead of this product generator, James uses a generator constructed as a sum, but having

coefficients in K(ζp) instead of K.

In this chapter, we focus on his kernel-intersection description as a tool to characterise the unipo-

tent Specht modules. Our main aim is to construct a new explicit generator for the unipotent

Specht module that still is constructed as a sum and that has coefficients in K.

Let r, n ∈ Z⩾1. Let p be a prime. Let q := pu for some u ∈ Z⩾0. Let F be a field with |F | = q.

For k ∈ Z⩾0 we also write Gk := GLk(F ).

Let λ = (λ1, λ2, λ3, . . . , λr) be a composition of n with r parts, written as λ |= n, i.e.

λ1, λ2, λ3, . . . , λr are non-negative integers and |λ| =
∑︁

i∈[1,r]
λi = n.

For s ∈ [0, r] we denote λs :=
∑︁

k∈[1,s]
λk.

We write λ ⊢ n if λ is a partition of n, i.e. if λ1 ⩾ λ2 ⩾ λ3 ⩾ . . . ⩾ λr > 0.
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2.1 Notation and preliminary remarks

2.1.1 Block and permutation matrices

Recall that λ |= n.

Definition 96. Let k, k̃ ∈ Z⩾1, i ∈ [1, k] and j ∈ [1, k̃]. We denote by

Ei,j ∈ F k×k̃

the matrix whose entry at position (i, j) is 1 and whose other matrix entries are 0.

If k = k̃ then we also write Eki,j := Ei,j ∈ F k×k and Ek :=
∑︁

i∈[1,k]
Ei,i ∈ F k×k .

Definition 97.

(1) We write

F λ :=
⨁︂
i∈[1,r]

F λi =
{︂(︁

(yk;i)i∈[1,λk]
)︁
k∈[1,r] : yk;i ∈ F for k ∈ [1, r] and i ∈ [1, λk]

}︂
.

We often write (yj)j ∈ F λ, where yj = (yj;i)i∈[1,λj ] ∈ F λj .

For i ∈ [1, r] we define inclusion maps

ιi = ιλi : F
λi → F λ

x ↦→ (yj)j, where yj =

{︄
0 for j ∈ [1, r] \ {i}
x for j = i

and projection maps

πi = πλi : F λ → F λi

(xj)j ↦→ xi .

Note that ιλi π
λ
j =

{︄
0 for j ∈ [1, r] \ {i}
idFλi for j = i

}︄
.

We identify F λ and F n via

F λ ∼−→ F n(︁
(yk;i)i∈[1,λk]

)︁
k∈[1,r] ↦→ (y1;1, . . . , y1;λ1 , y2;1, . . . , y2;λ2 , . . . , yr;1, . . . , yr;λr) .

We identify En =
∑︁

i∈[1,r]
πλi ι

λ
i , which is the identity on F λ.
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(2) Recall that λ = (λ1, . . . , λr) |= n. Let m, t ∈ Z⩾1 and ν = (ν1, . . . , νt) |= m.

Let F λ×ν :=
⨁︁

i∈[1,r],j∈[1,t]
F λi×νj .

We identify F -linear maps F λ → F ν with their matrix representation in F λ×ν .

Elements of F λ×ν are written as matrices with entries in the respective summands, for

instance

A = (ai,j)i,j =

⎛⎜⎜⎜⎜⎜⎝
a1,1 a1,2 . . . a1,t

a2,1
. . . . . .

...
...

...
. . .

...

ar,1 . . . . . . ar,t

⎞⎟⎟⎟⎟⎟⎠ ,

where ai,j = ιλiAπ
ν
j ∈ F λi×νj for i ∈ [1, r], j ∈ [1, t].

We also write A =
∑︁

i∈[1,r]

∑︁
j∈[1,t]

πλi ι
λ
iAπ

ν
j ι
ν
j .

We identify F n×m and F λ×ν via

F n×m ↦→ F λ×ν

(ai,j) i∈[1,n],
j∈[1,m]

↦→

⎛⎜⎜⎜⎜⎜⎜⎝

(ai,j)i∈[λ0+1, λ1],
j∈[ν0+1, ν1]

(ai,j)i∈[λ0+1, λ1],
j∈[ν1+1, ν2]

. . . (ai,j)i∈[λ0+1, λ1],
j∈[νt−1+1, νt]

(ai,j)i∈[λ1+1, λ2],
j∈[ν0+1, ν1]

(ai,j)i∈[λ1+1, λ2],
j∈[ν1+1, ν2]

. . . (ai,j)i∈[λ1+1, λ2],
j∈[νt−1+1, νt]

...
...

. . .
...

(ai,j)i∈[λr−1+1, λr],
j∈[ν0+1, ν1]

(ai,j)i∈[λr−1+1, λr],
j∈[ν1+1, ν2]

. . . (ai,j)i∈[λr−1+1, λr],
j∈[νt−1+1, νt]

⎞⎟⎟⎟⎟⎟⎟⎠
If ν = (m) then we also write F λ×ν = F λ×m.

Likewise, if λ = (n) then we also write F λ×ν = F n×ν .

(3) Let A ∈ F n×m. For i ∈ [1, n] we denote by iλ the block row of i in A ∈ F λ×m, which is

the unique element iλ ∈ [1, r] such that i ∈ [λiλ−1 + 1, λiλ ]. We call

ρλ : [1, n] ↦→ [1, r]

i ↦→ iρλ := iλ

the block row map.
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Example 98. Let n := 5, m := 4, λ := (3, 1, 1) |= n and ν := (2, 2) |= m. A matrix A ∈ F λ×ν

has the following block structure.

A =

⎛⎜⎜⎝ x1,1 x1,2

x2,1 x2,2

x3,1 x3,2

⎞⎟⎟⎠

We have e.g. ιλ2 = ( 0 0 0 1 0 ), πν1 =

⎛⎝ 1 0

0 1

0 0

0 0

⎞⎠ and ιλ2Aπ
ν
1 = x2,1 ∈ F λ2×ν1 = F 1×2.

We have e.g. ιλ1 =

(︄
1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

)︄
, πν2 =

⎛⎝ 0 0

0 0

1 0

0 1

⎞⎠ and ιλ1Aπ
ν
2 = x1,2 ∈ F λ1×ν2 = F 3×2.

Remark 99. Recall the λ-tableau tλ, cf. Definition 51.(4). We have the following commutative

diagram

[1, n]
(tλ)−1

→→

ρλ

↘↘

posλ

πrow
↓↓

[1, r]

,

cf. Definition 49.(3), Definition 97.(3).

Example 100. In Example 53 we considered n = 7 and λ = (3, 3, 1) |= n. We have the

λ-tableau tλ =
1 2 3
4 5 6
7

, which is the bijective map

tλ : posλ → [1, 7]

(1, 1) ↦→ 1

(1, 2) ↦→ 2

(1, 3) ↦→ 3

(2, 1) ↦→ 4

(2, 2) ↦→ 5

(2, 3) ↦→ 6

(3, 1) ↦→ 7 .

For instance, we have

4(tλ)−1πrow = (2, 1)πrow = 2

and 4ρλ = 2 as 4 ∈ [λ2−1 + 1, λ2] = [3 + 1, 3 + 3] = [4, 6].
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Definition 101. Suppose given k ∈ Z⩾1.

(1) Suppose given σ ∈ Sk . Let σ
Perm :=

∑︁
ℓ∈[1,n]

Eℓ,ℓσ ∈ F k×k be its matrix representation.

(2) We denote by

Permk := {σPerm ∈ F k×k : σ ∈ Sk}

the set of permutation matrices of size k × k.
(3) For B ∈ Permk we let σB ∈ Sk be the corresponding permutation such that

B =
∑︂
ℓ∈[1,k]

Eℓ,ℓσB .

We let B sgn := (σB) sgn.

(4) Let onek := (1)i∈[1,k] =

⎛⎝ 1

...

1

⎞⎠ ∈ F k×1 be the vector having entry 1 at each position.

For i ∈ [1, r] let oneλn,i := πλi oneλi =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

0...

0

1...

1

0...

0

⎞⎟⎟⎟⎟⎟⎟⎟⎠
∈ F n×1 be the vector having entry 1 in the

block i and entry 0 elsewhere.

Remark 102. Suppose given σ ∈ Sn. For the permutation matrix σPerm ∈ Permn and

i, j ∈ [1, n], we have

σPerm Ei,j =
∑︁

ℓ∈[1,n]
Eℓ,ℓσ Ei,j = Eiσ−1,j

and Ei,j σ
Perm = Ei,j

∑︁
ℓ∈[1,n]

Eℓ,ℓσ = Ei,jσ

as Ei,j ·Es,t = Ei,t ∂j,s for s, t ∈ [1, n].

Lemma 103. Suppose given k ∈ Z⩾1.

(1) Suppose given σ, σ̃ ∈ Sk. We have (σ · σ̃)Perm = σPerm · σ̃Perm.

(2) We have Permk ⩽ Gk .

Proof. Ad (1). We have

(σ · σ̃)Perm =
∑︁

ℓ∈[1,n]
Eℓ,ℓσσ̃

=
∑︁

ℓ∈[1,n]
Eℓ,ℓσ Eℓσ,ℓσσ̃

=
∑︁

ℓ∈[1,n]

∑︁
m∈[1,n]

Eℓ,ℓσ Em,mσ̃

= σPerm · σ̃Perm .
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Ad (2). We have idPerm = Ek ∈ Permk.

For σPerm, σ̃Perm ∈ Permk we have

σPerm · σ̃Perm = (σ · σ̃)Perm ∈ Permk .

Moreover,

σPerm · (σ−1)Perm = (σ · σ−1)Perm = idPerm = Ek .

So,
(︁
σPerm

)︁−1
= (σ−1)Perm ∈ Permk.

Hence, Permk ⩽ Gk.

Lemma 104. Suppose given σ ∈ Sn and A = (ai,j)i,j∈[1,n] ∈ F n×n. Then

(σPerm)−1 · (ai,j)i,j∈[1,n] · σPerm = (aiσ−1,jσ−1)i,j∈[1,n] .

Proof. We have

(σPerm)−1 · (ai,j)i,j∈[1,n] · σPerm = (σPerm)−1 ·

(︄ ∑︁
i,j∈[1,n]

ai,j Ei,j

)︄
· σPerm

R. 102
=

∑︁
i,j∈[1,n]

ai,j Eiσ,jσ

=
∑︁

i′,j′∈[1,n]
ai′σ−1,j′σ−1 Ei′,j′

= (aiσ−1,jσ−1)i,j∈[1,n] .

Lemma 105. Suppose given a, b ∈ [1, n]. Let aλ = aρλ and bλ = bρλ, cf. Definition 97.(3).

Write a = λaλ−1 + ã with ã ∈ [1, λaλ ] and b = λbλ−1 + b̃ with b̃ ∈ [1, λbλ ].

Suppose given i ∈ [1, r].

We obtain

(1) Ena,b ·πλi =

{︄
0 if i ̸= bλ

πλaλ · Eã,b̃ if i = bλ ,

(2) ιλi · Ena,b =

{︄
0 if i ̸= aλ

Eã,b̃ ·ιλbλ if i = aλ .

Proof. Ad (1). For
(︁
(xk;s)s∈[1,λk]

)︁
k∈[1,r] ∈ F

λ and i ∈ [1, r] we obtain

(︁
(xk;s)s∈[1,λk]

)︁
k∈[1,r]·E

n
a,b ·πλi = xaλ;ã·E1,b ·πλi = xaλ;ã·E1,λbλ−1+b̃

·πλi =

⎧⎪⎪⎨⎪⎪⎩
0 if i ̸= bλ

xaλ;ã · E1,b̃⏞⏟⏟⏞
∈Fλbλ

if i = bλ .



2.1 Notation and preliminary remarks 97

and (︁
(xk;s)s∈[1,λk]

)︁
k∈[1,r] · π

λ
aλ
· Eã,b̃⏞⏟⏟⏞
∈Faλ×bλ

= (xaλ;s)s∈[1,λaλ ] · Eã,b̃ = xaλ;ã · E1,b̃ .

Ad (2). For i ∈ [1, r] we obtain

(︁
ιλi · Ena,b

)︁⊤
= Enb,a ·πλi

(1)
=

{︄
0 if i ̸= aλ

πλbλ · Eb̃,ã if i = aλ
=

{︄
0 if i ̸= aλ(︁

Eã,b̃ ·ιλbλ
)︁⊤

if i = aλ .

So, ιλi · Ena,b =

{︄
0 if i ̸= aλ

Eã,b̃ ·ιλbλ if i = aλ .

2.1.2 Hall’s matching theorem, version for relations

Theorem 106 ( [1, §30, Th. 3 ] ). Suppose given a finite set X. Suppose given ℓ ⩾ 1 and

A1, . . . , Aℓ ⊆ X. Suppose that for I ⊆ [1, ℓ] we have

|
⋃︂
i∈I

Ai| ⩾ |I| .

Then there exist elements ai ∈ Ai for i ∈ [1, ℓ] such that ai ̸= aj for i, j ∈ [1, ℓ] with i ̸= j.

Lemma 107. Let X, Y be finite sets and let W ⊆ X × Y be a relation. Let

Wx := {y ∈ Y : (x, y) ∈ W}

for x ∈ X. Suppose that

|
⋃︂
x∈X0

Wx| ⩾ |X0|

for X0 ⊆ X. Then there exists an injective map γ : X → Y such that (x, xγ) ∈ W for x ∈ X.

Proof. Write X = {x1, . . . , xℓ} for ℓ = |X|.

As |
⋃︁
x∈X0

Wx| ⩾ |X0| for X0 ⊆ X, we may choose yi ∈ Wxi for i ∈ [1, ℓ] such that yi ̸= yj for

i, j ∈ [1, ℓ] with i ̸= j, cf. Theorem 106. Then (xi, yi) ∈ W for i ∈ [1, ℓ]. Define

γ : X → Y

xi ↦→ yi

for i ∈ [1, ℓ]. So (xi, xiγ) ∈ W for i ∈ [1, ℓ] and γ is injective.
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2.2 Two subgroups of GLn(F )
Suppose given d, w ∈ Z⩾0 such that 1 ⩽ d < r and 0 ⩽ w < λd+1. Let

µ = µd,w := (µ1, . . . , µr) = (λ1, . . . , λd−1, λd + λd+1 − w,w, λd+2, . . . , λr) |= n.

For example, if λ = (3, 2, 3, 4) |= 12 and d = 2 we have

µ2,0 = (3, 5, 0, 4)

µ2,1 = (3, 4, 1, 4)

µ2,2 = (3, 3, 2, 4) .

2.2.1 The parabolic subgroup Pλ

Definition 108. We define the parabolic subgroup Pλ ⩽ Gn = GLn(Fq) as

Pλ := {g ∈ Gn : ιλi gπ
λ
j = 0 for i, j ∈ [1, r] with i > j},

cf. Definition 97.(1).

Lemma 109. Let F = Fq. Then Pλ ⩽ Gn is of order⎛⎝ ∏︂
i∈[1,r]

λi−1∏︂
j=0

(qλi − qj)

⎞⎠ · q ∑︁
1⩽k<ℓ⩽r

λkλℓ
.

Proof. We have the surjective group morphism

ω : Pλ → GLλ1(Fq)×GLλ2(Fq)× . . .×GLλr(Fq)
g ↦→ (ι1gπ1, ι2gπ2, . . . , ιrgπr)

.

Note that GLλ1(Fq)×GLλ2(Fq)× . . .×GLλr(Fq) is of order
∏︁

i∈[1,r]

∏︁
j∈[0,λi−1]

(qλi − qj).

An element g of ker(ω) satisfies ιigπi = Eλi for i ∈ [1, r] and has arbitrary entries in the blocks

ιigπj ∈ Fλi×λjq for i, j ∈ [1, r] with j > i. So ker(ω) is of order q

∑︁
1⩽k<ℓ⩽r

λkλℓ
.

Example 110. Let n := 7 and λ := (2, 2, 3) |= n. The subgroup Pλ ⩽ Gn consists of the

elements of the form ⎛⎜⎜⎜⎜⎜⎝
⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆

⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆

0 0 ⋆ ⋆ ⋆ ⋆ ⋆

0 0 ⋆ ⋆ ⋆ ⋆ ⋆

0 0 0 0 ⋆ ⋆ ⋆

0 0 0 0 ⋆ ⋆ ⋆

0 0 0 0 ⋆ ⋆ ⋆

⎞⎟⎟⎟⎟⎟⎠,
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where each ⋆ is an arbitrary element of F , subject to the condition that the diagonal blocks

are invertible.

Let d := 2 and w := 1. Then µ = µ2,1 = (λ1, λ2+λ3−w,w) = (2, 4, 1). The subgroup Pµ ⩽ Gn

consists of the elements of the form⎛⎜⎜⎜⎜⎜⎝
⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆

⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆

0 0 ⋆ ⋆ ⋆ ⋆ ⋆

0 0 ⋆ ⋆ ⋆ ⋆ ⋆

0 0 ⋆ ⋆ ⋆ ⋆ ⋆

0 0 ⋆ ⋆ ⋆ ⋆ ⋆

0 0 0 0 0 0 ⋆

⎞⎟⎟⎟⎟⎟⎠,

where each ⋆ is an arbitrary element of F , subject to the condition that the diagonal blocks

are invertible.

Lemma 111. Recall that µ = µd,w . We have

Pλ ∩ Pµ =
{︁
g ∈ Pλ : ιλd+1gπ

λ
d+1 ∈ P(λd+1−w,w)

}︁
.

In other words, Pλ ∩ Pµ = Pν, where ν := (λ1, . . . , λd, λd+1 − w,w, λd+2, . . . , λr).

Notice that the only difference between Pλ and Pµ lies in the treatment of the d–th and (d+1)–th

layers. In Pλ these layers have sizes λd and λd+1, while in Pµ they are merged into a layer of size

λd + λd+1 and then re-split into layers of sizes λd + λd+1 − w and w.

Proof. An element

g ∈ Pλ ⩽ Gn

can be written in block form with respect to the composition λ = (λ1, . . . , λr) as

g =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

g1,1 g1,2 · · · g1,d−1 g1,d g1,d+1 g1,d+2 · · · g1,r−1 g1,r

0 g2,2 · · · g2,d−1 g2,d g2,d+1 g2,d+2 · · · g2,r−1 g2,r

.

..
. . .

. . .
...

...
...

...
...

...

0 0
. . . gd−1,d−1 gd−1,d gd−1,d+1 gd−1,d+2 · · · gd−1,r−1 gd−1,r

0 0
. . . 0 gd,d gd,d+1 gd,d+2 · · · gd,r−1 gd,r

0 0
. . . 0 0

(︄
A B

C D

)︄
gd+1,d+2 · · · gd+1,r−1 gd+1,r

...
...

...
... 0 gd+2,d+2 · · · gd+2,r−1 gd+2,r

...
...

...
...

... 0
. . .

...

...
...

...
...

...
...

. . .
. . .

...

0 0 · · · 0 0 0 0 · · · 0 gr,r

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,



100 Generators for unipotent Specht modules over GLn(F )

where gj,j = ιλj g π
λ
j ∈ Gλj for j ∈ [1, r] \ {d+ 1} and

A ∈ F (λd+1−w)×(λd+1−w), B ∈ F (λd+1−w)×w, C ∈ Fw×(λd+1−w), D ∈ Fw×w .

The conditions for g ∈ Pλ to lie in Pµ is that the entries corresponding to C vanish, and that

the matrices A and D are invertible.

Thus, g ∈ Pλ is contained in Pλ ∩ Pµ if and only if

ιλd+1gπ
λ
d+1 ∈ P(λd+1−w,w) .

Example 112. In Example 110, the subgroup Pλ ∩ Pµ2,1 ⩽ Gn consists of the elements of the

form ⎛⎜⎜⎜⎜⎜⎜⎝
⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆

⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆

0 0 ⋆ ⋆ ⋆ ⋆ ⋆

0 0 ⋆ ⋆ ⋆ ⋆ ⋆

0 0 0 0 ⋆ ⋆ ⋆

0 0 0 0 ⋆ ⋆ ⋆

0 0 0 0 0 0 ⋆

⎞⎟⎟⎟⎟⎟⎟⎠,

where each ⋆ is an arbitrary element of F , subject to the condition that the diagonal blocks

are invertible.

Lemma 113. For d ∈ [1, r − 1] let

λ̃d := µd,0 = (λ̃1, . . . , λ̃r) = (λ1, . . . , λd−1, λd + λd+1, 0, λd+2, . . . , λr) |= n .

Then Pλ ⩽ Pλ̃d .

Proof. By Lemma 111 we have Pλ ∩ Pλ̃d = Pν , where ν := (λ1, . . . , λd, λd+1, 0, λd+2, . . . , λr).

So Pν = Pλ. Hence Pλ ∩ Pλ̃d = Pλ , i.e. Pλ ⩽ Pλ̃d .

Example 114. In the setting of Example 110, we consider the subgroup

Pµ2,0 = Pλ̃2 = P(2,5,0) ⩽ Gn

consisting of the elements of the form⎛⎜⎜⎜⎜⎜⎝
⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆

⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆

0 0 ⋆ ⋆ ⋆ ⋆ ⋆

0 0 ⋆ ⋆ ⋆ ⋆ ⋆

0 0 ⋆ ⋆ ⋆ ⋆ ⋆

0 0 ⋆ ⋆ ⋆ ⋆ ⋆

0 0 ⋆ ⋆ ⋆ ⋆ ⋆

⎞⎟⎟⎟⎟⎟⎠,
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where each ⋆ is an arbitrary element of F , subject to the condition that the diagonal blocks

are invertible.

Note that Pλ̃2 ⩽ Gn indeed contains Pλ, cf. Lemma 113, Example 110.

Lemma 115. Recall that µ = µd,w . We have the bijection

φ : (Pλ ∩ Pµ)\Pλ → P(λd+1−w,w)\Gλd+1

(Pλ ∩ Pµ)g ↦→ P(λd+1−w,w)
(︁
ιλd+1gπ

λ
d+1

)︁
.

Proof. We show that the map φ is well-defined. Suppose given g, g′ ∈ Pλ such that g′ = h g

for some h ∈ Pλ ∩ Pµ.

Write the relevant (λd + λd+1) × (λd + λd+1) block, corresponding to the d–th and (d + 1)–th

positions of h as (︃
ιλdhπ

λ
d ιλdhπ

λ
d+1

0 ιλd+1hπ
λ
d+1

)︃
.

Then, by the rules of block matrix multiplication, the (d + 1)–th diagonal-block of g′ is given

by

ιλd+1g
′πλd+1 = ιλd+1hπ

λ
d+1 · ιλd+1gι

π
d+1.

Since h ∈ Pµ , the block ι
λ
d+1hπ

λ
d+1 lies in the parabolic subgroup P(λd+1−w,w) ⩽ Gλd+1

, cf. Lemma 111.

Hence, ιλd+1gπ
λ
d+1 and ιλd+1g

′πλd+1 differ by right multiplication by an element of P(λd+1−w,w),

which means they represent the same coset in

P(λd+1−w,w)\Gλd+1
.

This shows that the map φ is well-defined.

Now, φ is surjective as for each coset P(λd+1−w,w)g̃ ∈ P(λd+1−w,w)\Gλd+1
, one can choose a

representative g :=

(︄ ∑︁
i∈[1,r]\{d+1}

πλi ι
λ
i

)︄
+ πλd+1g̃ι

λ
d+1 ∈ Pλ with ιλd+1gπ

λ
d+1 = g̃.

We show that φ is injective. Suppose given g, g′ ∈ Pλ such that

((Pλ ∩ Pµ)g)φ = ((Pλ ∩ Pµ)g
′)φ.

Then by definition of φ, we have

P(λd+1−w,w)

(︂
ιλd+1gπ

λ
d+1

)︂
= P(λd+1−w,w)

(︂
ιλd+1g

′πλd+1

)︂
.

Thus, there exists an element h ∈ P(λd+1−w,w) such that

ιλd+1gπ
λ
d+1 = h ιλd+1g

′πλd+1 .



102 Generators for unipotent Specht modules over GLn(F )

Let g̃ := g(g′)−1 ∈ Pλ. We show that g̃ ∈ Pµ .

We have

ιλd+1g̃π
λ
d+1 = ιλd+1g(g

′)−1πλd+1 = ιλd+1 g π
λ
d+1

(︂
ιλd+1 g

′ πλd+1

)︂−1

= h ∈ P(λd+1−w,w) .

So, g̃ ∈ Pµ by Lemma 111. Altogether, g̃ ∈ Pλ ∩Pµ and g̃g′ = g. So (Pλ ∩Pµ)g = (Pλ ∩Pµ)g′.
Thus φ is injective.

So, injectivity follows from the fact that any quotient of two representatives in Pλ that yield the

same coset in P(λd+1−w,w)\Gλd+1
must lie in Pλ ∩ Pµ .

All in all, φ is bijective.

2.2.2 The subgroup Vλ

Recall the set of permutation matrices Permk := {σPerm =
∑︁

ℓ∈[1,n]
Eℓ,ℓσ ∈ F k×k : σ ∈ Sk} for

k ∈ Z⩾1 and the vectors onek := (1)i∈[1,k] ∈ F k×1, oneλk,i = πλi oneλi ∈ F k×1 for i ∈ [1, r], cf.

Definition 101.

Definition 116. For v ∈ Gn , we consider the following conditions.

(1) ιλi vπ
λ
i ∈ Permλi for i ∈ [1, r].

(2) ιλi vπ
λ
j = 0 for i, j ∈ [1, r] with i < j.

(3) ιλi vπ
λ
j · oneλj = 0 for i, j ∈ [1, r] with i > j.

Let

Vλ := {v ∈ Gn : v satisfies (1, 2, 3)} ⊆ Gn .

Suppose given v ∈ Vλ and let σi ∈ Sλi be the permutation corresponding to ιλi vπ
λ
i ∈ Permλi for

i ∈ [1, r]. We define the signum of v as v sgn :=
∏︁

i∈[1,r]
σi sgn ∈ {−1, 1}.

Lemma 117. Suppose given v ∈ Gn such that conditions (1,2) of Definition 116 hold.

Then (3) holds if and only if v · oneλn,k = oneλn,k for k ∈ [1, r].
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Proof. Suppose given v ∈ Gn such that ιivπi ∈ Permλi for i ∈ [1, r] and ιivπj = 0 for i, j ∈ [1, r]

with i < j. Then

v · oneλn,k =
∑︁

i,s∈[1,r]
πiιivπsιs · oneλn,k

=
∑︁

i,s∈[1,r]
πiιivπs · ιsπk⏞⏟⏟⏞

=0 for s ̸= k

· oneλk

=
∑︁

i∈[1,r]
πiιivπk · oneλk

=

⎛⎝ ∑︁
i∈[1,k−1]

πi · ιivπk⏞ ⏟⏟ ⏞
=0

· oneλk

⎞⎠+

(︄ ∑︁
i∈[k+1,r]

πiιivπk · oneλk

)︄
+ πk · ιkvπk⏞ ⏟⏟ ⏞

∈Permλk

· oneλk

=

(︄ ∑︁
i∈[k+1,r]

πiιivπk · oneλk

)︄
+ πk · oneλk

=

(︄ ∑︁
i∈[k+1,r]

πiιivπk · oneλk

)︄
+ oneλn,k

for k ∈ [1, r]. So, v · oneλn,k = oneλn,k for k ∈ [1, r] if and only if
∑︁

i∈[k+1,r]

πiιivπk · oneλk = 0 for

k ∈ [1, r]. I.e. if and only if ιivπj · oneλj = 0 for i, j ∈ [1, r] with i > j.

Lemma 118. We have Vλ ⩽ Gn.

Proof. We have 1 ∈ Vλ.

Suppose given v, ṽ ∈ Vλ. We show that vṽ satisfies (1,2,3) of Definition 116.

Ad (1). For i ∈ [1, r], we have

ιivṽπi = ιiv

(︄ ∑︁
s∈[1,r]

πsιs

)︄
ṽπi

=

⎛⎝ ∑︁
s∈[1,i−1]

ιivπs ιsṽπi⏞⏟⏟⏞
=0

⎞⎠+ ιivπiιiṽπi +

⎛⎝ ∑︁
s∈[i+1,r]

ιivπs⏞⏟⏟⏞
=0

ιsṽπi

⎞⎠
= (ιivπi) (ιiṽπi) ∈ Permλi ,

since both ιivπi and ιiṽπi are in Permλi ⩽ Gλi .

Ad (2). For i, j ∈ [1, r] with i < j, we have

ιivṽπj =
∑︁

s∈[1,r]
ιivπsιsṽπj =

∑︁
s∈[1,i]

ιivπsιsṽπj = 0 .

Ad (3). Using Lemma 117, we have v · oneλn,k = oneλn,k for k ∈ [1, r] and ṽ · oneλn,k = oneλn,k for

k ∈ [1, r]. So

vṽ · oneλn,k = v · oneλn,k = oneλn,k
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for k ∈ [1, r]. Hence vṽ satisfies (3) by Lemma 117. So, vṽ ∈ Vλ.

We show that v−1 satisfies (1,2,3) of Definition 116.

Write v = D + L with D :=
∑︁

i∈[1,r]
ιivπi and L :=

∑︁
1⩽j<i⩽r

ιivπj . The matrix D captures the

diagonal blocks of v, the matrix L captures the strictly lower triangular blocks.

We have

v = D · (En+D−1L)

and therefore

v−1 = (En+D
−1L)−1 ·D−1 .

As ιiLπj = 0 for i, j ∈ [1, r] with i ⩽ j, we have

ιiD
−1Lπi =

∑︂
ℓ∈[1,r]

ιiD
−1πℓ⏞ ⏟⏟ ⏞

=0 if i ̸= ℓ

· ιℓLπj⏞ ⏟⏟ ⏞
=0 if ℓ = i ⩽ j

= 0 .

Note that the matrix D−1L is nilpotent as every eigenvalue is zero. Hence, there exists m ∈ Z⩾1

such that (D−1L)m = 0. So,

(En+D
−1L) ·

m−1∑︂
j=0

(−D−1L)j = En .

Therefore (En+D
−1L)−1 =

m−1∑︁
j=0

(−D−1L)j which is a sum of matrices T with ιiTπj = 0 for

i, j ∈ [1, r] with i < j. This leads to ιiv
−1πj = 0 for i, j ∈ [1, r] with i < j. So, (2) holds.

We have ιiv
−1πi = ιiD

−1πi ∈ Permλi for i ∈ [1, r]. So, (1) holds.

We have v · oneλn,k = oneλn,k and therefore oneλn,k = v−1 · oneλn,k for k ∈ [1, r]. So, (3) holds by

Lemma 117.

Hence, Vλ is a subgroup of Gn .

Example 119.

(1) Let λ = (2, 1) and F = F3. Then

Vλ =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

⎛⎜⎝ 1 0 0

0 1 0

0 0 1

⎞⎟⎠ ,

⎛⎜⎝ 1 0 0

0 1 0

1 −1 1

⎞⎟⎠ ,

⎛⎜⎝ 1 0 0

0 1 0

−1 1 1

⎞⎟⎠ ,

⎛⎜⎝ 0 1 0

1 0 0

0 0 1

⎞⎟⎠ ,

⎛⎜⎝ 0 1 0

1 0 0

1 −1 1

⎞⎟⎠ ,

⎛⎜⎝ 0 1 0

1 0 0

−1 1 1

⎞⎟⎠

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
.

(2) Let λ := (2, 2, 3) |= 7 and F = F5. For instance,⎛⎜⎜⎜⎜⎜⎝
0 1 0 0 0 0 0

1 0 0 0 0 0 0

2 −2 1 0 0 0 0

1 −1 0 1 0 0 0

0 0 −1 1 0 1 0

2 −2 1 −1 0 0 1

−2 2 0 0 1 0 0

⎞⎟⎟⎟⎟⎟⎠ ∈ Vλ .
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2.3 The layered row-echelon-form

2.3.1 Definition

Definition 120. Suppose given 0 ⩽ m ⩽ n. Let A = (ai,j)i,j ∈ Fm×n.

(1) The matrix A is in reduced row-echelon-form of full row rank or, for short, in full row-

echelon-form, if there exists a strictly increasing map pivA : [1,m] → [1, n] : i ↦→ i pivA

such that ai,j pivA = ∂i,j for i, j ∈ [1,m], and ai,j = 0 for i ∈ [1,m] and j ∈ [1, i pivA−1].

In this case we also call pivA the pivot map of A. A matrix in full row-echelon-form

determines its pivot map uniquely.

We call the positions (i, i pivA) for i ∈ [1,m] pivot positions. So each pivot position of A

corresponds to a leading 1 with zeroes to the left, above and below.

If A is in full row-echelon-form, then ai,j = 0 if position (i, j) is to the left of, above or

below (i, i pivA) for i ∈ [1,m], j ∈ [1, n] .

A pivot column is a column that contains a pivot position.

(2) Suppose A is in full row-echelon-form. Let PivA = (∂i,j pivA)i,j ∈ F n×m . Note that

A · PivA = Em. We call PivA the pivot matrix corresponding to A.

Example 121. The matrix

A = (ai,j)i ∈ [1, 3],
j ∈ [1, 4]

:=

(︄
1 2 0 0

0 0 1 0

0 0 0 1

)︄

is in full row-echelon-form as there exists the strictly increasing map

pivA : [1, 3] → [1, 4]

1 ↦→ 1

2 ↦→ 3

3 ↦→ 4

such that

a1,1 = a1,1 pivA = ∂1,1 = 1 a1,3 = a1,2 pivA = ∂1,2 = 0 a1,4 = a1,3 pivA = ∂1,3 = 0

a2,1 = a2,1 pivA = ∂2,1 = 0 a2,3 = a2,2 pivA = ∂2,2 = 1 a2,4 = a2,3 pivA = ∂2,3 = 0

a3,1 = a3,1 pivA = ∂3,1 = 0 a3,3 = a3,2 pivA = ∂3,2 = 0 a3,4 = a3,3 pivA = ∂3,3 = 1

a2,1 = a2,2 pivA −2 = 0 a2,2 = a2,2 pivA −1 = 0

a3,1 = a3,3 pivA −3 = 0 a3,2 = a3,3 pivA −2 = 0 a3,3 = a3,3 pivA −1 = 0
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Note that e.g. a2,1 = 0 follows from both conditions.

We have the pivot matrix PivA = (si,j)i∈[1,4],j∈[1,3] with

s1,1 = ∂1,1 pivA = 1 s1,2 = ∂1,2 pivA = 0 s1,3 = ∂1,3 pivA = 0

s2,1 = ∂2,1 pivA = 0 s2,2 = ∂2,2 pivA = 0 s2,3 = ∂2,3 pivA = 0

s3,1 = ∂3,1 pivA = 0 s3,2 = ∂3,2 pivA = 1 s3,3 = ∂3,3 pivA = 0

s4,1 = ∂4,1 pivA = 0 s4,2 = ∂4,2 pivA = 0 s4,3 = ∂4,3 pivA = 1

So, PivA =

⎛⎝ 1 0 0

0 0 0

0 1 0

0 0 1

⎞⎠ and A · PivA = E3 .

Definition 122. A matrix B ∈ F λ×n is said to be in layered row-echelon-form if the following

conditions (1, 2) hold. Write Bi := (ιiB) ∈ F λi×n for i ∈ [1, r].

(1) For i ∈ [1, r] the matrix Bi is in full row-echelon-form. We have the corresponding pivot

matrix PivBi
for i ∈ [1, r].

(2) We have Bi · PivBj
= 0 for i, j ∈ [1, r] with i < j.

We then define

Lλ := {A ∈ Gn : A is in layered row-echelon-form} ⊆ Gn .

Example 123. Let n := 7 and λ := (2, 2, 3) |= n. Every matrix of the form

B =

⎛⎜⎜⎜⎜⎜⎝
0 1 0 0 0 0 0

0 0 0 0 0 0 1

}︄
B1

0 0 1 0 0 0 ⋆

0 0 0 0 1 0 ⋆

}︄
B2

1 ⋆ ⋆ 0 ⋆ 0 ⋆

0 0 0 1 ⋆ 0 ⋆

0 0 0 0 0 1 ⋆

⎫⎪⎬⎪⎭B3

⎞⎟⎟⎟⎟⎟⎠ ,

where each ⋆ is an arbitrary element of F , is in layered row-echelon form.

We have

PivB1 =

⎛⎜⎜⎜⎜⎜⎝
0 0

1 0

0 0

0 0

0 0

0 0

0 1

⎞⎟⎟⎟⎟⎟⎠ PivB2 =

⎛⎜⎜⎜⎜⎜⎝
0 0

0 0

1 0

0 0

0 1

0 0

0 0

⎞⎟⎟⎟⎟⎟⎠ PivB3 =

⎛⎜⎜⎜⎜⎜⎝
1 0 0

0 0 0

0 0 0

0 1 0

0 0 0

0 0 1

0 0 0

⎞⎟⎟⎟⎟⎟⎠
and B1 · PivB2 = 0, B1 · PivB3 = 0 and B2 · PivB3 = 0.
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2.3.2 Sets of right-coset representatives of Pλ in GLn(F )

Lemma 124 ([8, §1.4, Theorem 5]). Let A ∈ Fm×n with rkA = m. There exists a matrix

H ∈ GLm(F ) such that H · A is in full row-echelon-form.

Lemma 125. Suppose given A ∈ Fm×n in full row-echelon-form. Suppose given H ∈ GLm(F )

such that H · A is in full row-echelon-form. Then H = Em follows.

Proof. We have

Em = A · PivA
Em = H · A · PivH·A

We claim that PivA = PivH·A, i.e. that the positions of the pivot columns of A and HA are the

same.

For k ∈ [1, n] we denote by Ak := A ·
(︁

Ek

0n−k,k

)︁
the submatrix of A of rank rkAk

, consisting of

the first k columns of A. Likewise, HAk = HA ·
(︁

Ek

0n−k,k

)︁
is the submatrix of HA of rank rkHAk

,

consisting of the first k columns of HA.

As H ∈ GLm(F ) we have rkAk
= rkHAk

.

We have

i pivA = min{k ∈ [1, n] : rkAk
= i} = min{k ∈ [1, n] : rkHAk

= i} = i pivHA

for i ∈ [1,m].

So, PivA = PivH·A follows.

This proves the claim.

Now, H = H · Em = H · A · PivA = H · A · PivHA = Em .

Lemma 126. Suppose given x ∈ Pλ and g ∈ Lλ such that xg ∈ Lλ. Then x = 1 follows.

Proof. Note that, as x ∈ Pλ, we have ιjxπk = 0 for j, k ∈ [1, r] with j > k.

To show that x = 1, we will prove by descending noetherian induction on k ∈ [1, r] that

ιkxπk = Eλk and ιjxπk = 0 for j ∈ [1, k − 1].

Since xg, g ∈ Lλ , the submatrices ιkxg and ιkg are in full row-echelon-form with corresponding

pivot matrices Pivιkxg and Pivιkg , respectively.

Induction step. By induction hypothesis, ιixπi = Eλi and ιjxπi = 0 for j ∈ [1, i − 1] holds for

i ∈ [k + 1, r]. We show that ιkxπk = Eλk and ιjxπk = 0 for j ∈ [1, k − 1].
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We have

ιkxg =
∑︂
s∈[1,r]

ιkxπsιsg = (
∑︂

s∈[1,k−1]

ιkxπsιsg) + ιkxπkιkg + (
∑︂

s∈[k+1,r]

ιkxπsιsg) = (ιkxπk)(ιkg) .

So ιkxg emerges from ιkg via left-multiplication with ιkxπk . Now,

ιkxπk = Eλk

follows by Lemma 125. Hence ιkxg = ιkg.

As xg ∈ Lλ, we have for j ∈ [1, k − 1] that

0 = ιjxg · Pivιkxg = ιjxg · Pivιkg =

(︄ ∑︁
s∈[1,r]

ιjxπsιsg

)︄
· Pivιkg

=

⎛⎜⎝ ∑︁
s∈[1,k−1]

ιjxπs ιsg · Pivιkg⏞ ⏟⏟ ⏞
=0 as g ∈ Lλ

⎞⎟⎠+ ιjxπkιkg · Pivιkg +

⎛⎜⎝ ∑︁
s∈[k+1,r]

ιjxπs⏞ ⏟⏟ ⏞
=0 by induction

· ιsg · Pivιkg

⎞⎟⎠
= ιjxπk · Eλk = ιjxπk .

So, ιkxπk = Eλk and ιjxπk = 0 for j ∈ [1, k − 1].

Lemma 127. For g ∈ Gn there exists x ∈ Pλ such that xg ∈ Lλ.

Proof. We will prove by descending noetherian induction on k ∈ [1, r] that there exists an

element y ∈ Pλ such that for j ∈ [k, r] the layer ιjyg is in full row-echelon-form with pivot

matrix Pivιj(yg) such that ιiyg Pivιj(yg) = 0 for i ∈ [1, j − 1].

Induction step. By induction hypothesis we may choose an element y ∈ Pλ such that for

j ∈ [k + 1, r] the layer ιjyg is in full row-echelon-form with pivot matrix Pivιj(yg) and

ιiyg Pivιj(yg) = 0 for i ∈ [1, j − 1]. We write g̃ := yg.

We show that there exists an element yk ∈ Pλ such that for j ∈ [k, r], ιjykg̃ is in full row-

echelon-form and ιi(ykg̃) Pivιj(yk g̃) = 0 for i ∈ [1, j − 1].

There exists a unique invertible ck ∈ F λk×λk such that ck · ιkg̃ is in full row-echelon-form, cf.

Lemma 124. Let

c̃k := πkckιk +
∑︂

ℓ∈[1,r]\{k}

πℓιℓ .
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Now,

ιkc̃k = ιk

(︄
πkckιk +

∑︁
ℓ∈[1,r]\{k}

πℓιℓ

)︄
=

(︄
ckιk +

∑︁
ℓ∈[1,r]\{k}

ιkπℓιℓ

)︄
= ckιk

and ιic̃k = ιi

(︄
πkckιk +

∑︁
ℓ∈[1,r]\{k}

πℓιℓ

)︄
=

(︄ ∑︁
ℓ∈[1,r]\{k}

ιiπℓιℓ

)︄
= ιi

(∗)

for i ∈ [1, r] \ {k}.

Then c̃k ∈ Pλ as we have ιic̃kπi = Eλi for i ∈ [1, r] \ {k}, we have ιkc̃kπk = ck and we have

ιic̃kπj = 0 for i, j ∈ [1, r] with i ̸= j.

With the corresponding pivot matrix Pivιk(c̃k g̃) = Pivckιk g̃ we set

x̃k := −
∑︂

ℓ∈[1,k−1]

πℓ ιℓg̃ Pivιk(c̃k g̃)⏞ ⏟⏟ ⏞
∈Fλℓ×λk

ιk +
∑︂
ℓ∈[1,r]

πℓιℓ .

Then x̃k ∈ Pλ as we have ιix̃kπi = Eλi for i ∈ [1, r] and we have ιjx̃kπi = 0 for i, j ∈ [1, r] with

i < j.

Let yk := x̃kc̃k ∈ Pλ.

Note that

ιkykg̃ = ιkx̃kc̃kg̃ = ιk

⎛⎝− ∑︂
ℓ∈[1,k−1]

πℓιℓg̃ Pivιk(c̃k g̃) ιk +
∑︂
ℓ∈[1,r]

πℓιℓ

⎞⎠ c̃kg̃ = ιkc̃kg̃ = ck · ιkg̃

is in full row-echelon-form with pivot matrix Pivιkyk g̃ = Pivιk(c̃k g̃) .

We have for j ∈ [k + 1, r] that

ιjykg̃ = ιjx̃kc̃kg̃

= ιj

(︄
−

∑︁
ℓ∈[1,k−1]

πℓιℓg̃ Pivιk(c̃k g̃) ιk +
∑︁

ℓ∈[1,r]
πℓιℓ

)︄
c̃kg̃

= ιj c̃kg̃
(∗)
= ιj g̃ .

(∗∗)

Hence, ιjykg̃ is in full row-echelon-form by induction hypothesis.
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For i ∈ [1, k − 1] we have

(ιiykg̃) · Pivιk(yk g̃) = (ιix̃kc̃kg̃) · Pivιk(c̃k g̃)

= ιi

(︄
−

∑︁
ℓ∈[1,k−1]

πℓιℓg̃ Pivιk(c̃k g̃) ιk +
∑︁

ℓ∈[1,r]
πℓιℓ

)︄
c̃kg̃ · Pivιk(c̃k g̃)

= (−ιig̃ Pivιk(c̃k g̃) ιk + ιi)c̃kg̃ · Pivιk(c̃k g̃)
= (−ιig̃ Pivιk(c̃k g̃) ιkc̃k + ιic̃k)g̃ · Pivιk(c̃k g̃)
(∗)
= (−ιig̃ Pivιk(c̃k g̃) ιkc̃k + ιi)g̃ · Pivιk(c̃k g̃)
= −ιig̃ Pivιk(c̃k g̃) ιkc̃kg̃ · Pivιk(c̃k g̃)⏞ ⏟⏟ ⏞

Eλk

+ιig̃ Pivιk(c̃k g̃)

= 0 .

So altogether, ιkykg̃ is in full row-echelon-form and ιiykg̃ · Pivιkyk g̃ = 0 for i ∈ [1, k − 1].

Suppose given j ∈ [k + 1, r] and i ∈ [1, j − 1]. We have

ιiykg̃ Pivιj(yk g̃)
(∗∗)
= ιix̃kc̃kg̃ Pivιj(g̃)

= ιi

(︄
−

∑︁
ℓ∈[1,k−1]

πℓιℓg̃ Pivιk(c̃k g̃) ιk +
∑︁

ℓ∈[1,r]
πℓιℓ

)︄
c̃kg̃ Pivιj(g̃)

=

(︄
−

∑︁
ℓ∈[1,k−1]

ιiπℓιℓg̃ Pivιk(c̃k g̃) ιk

)︄
c̃kg̃ Pivιj(g̃) +ιic̃kg̃ Pivιj(g̃) .

Case i ∈ [1, k − 1]. We continue to obtain

ιiykg̃ Pivιj(yk g̃) =

(︄
−

∑︁
ℓ∈[1,k−1]

ιiπℓιℓg̃ Pivιk(c̃k g̃) ιk

)︄
c̃kg̃ Pivιj(g̃) +ιic̃kg̃ Pivιj(g̃)

(∗)
= −ιig̃ Pivιk(c̃k g̃) ck ιkg̃ Pivιj(g̃)⏞ ⏟⏟ ⏞

=0 by induction

+ ιig̃ Pivιj(g̃)⏞ ⏟⏟ ⏞
=0 by induction

= 0 .

Case i = k. We continue to obtain

ιiykg̃ Pivιj(yk g̃) =

(︄
−

∑︁
ℓ∈[1,k−1]

ιiπℓιℓg̃ Pivιk(c̃k g̃) ιk

)︄
c̃kg̃ Pivιj(g̃) +ιic̃kg̃ Pivιj(g̃)

(∗)
= ck ιkg̃ Pivιj(g̃)⏞ ⏟⏟ ⏞

=0 by induction

= 0 .
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Case i ∈ [k + 1, j − 1]. We continue to obtain

ιiykg̃ Pivιj(yk g̃) =

(︄
−

∑︁
ℓ∈[1,k−1]

ιiπℓιℓg̃ Pivιk(c̃k g̃) ιk

)︄
c̃kg̃ Pivιj(g̃) +ιic̃kg̃ Pivιj(g̃)

(∗)
= ιig̃ Pivιj(g̃)⏞ ⏟⏟ ⏞

=0 by induction

= 0 .

Letting ỹ := yky ∈ Pλ, we have ỹg = ykg̃. So for j ∈ [k, r], the layer ιj ỹg is in full row-echelon-

form with pivot matrix Pivιj(ỹg) such that ιiỹg Pivιj(ỹg) = 0 for i ∈ [1, j − 1].

Proposition 128. For g ∈ Gn there exists a unique x ∈ Pλ such that xg ∈ Lλ.

Proof. Lemma 127 ensures existence. As to uniqueness, suppose given x, x̃ ∈ Pλ with

xg, x̃g ∈ Lλ . Then

(x̃x−1)⏞ ⏟⏟ ⏞
∈Pλ

(xg) ∈ Lλ .

By Lemma 126 we obtain x̃x−1 = 1 i.e. x = x̃.

Example 129. Let n := 7 and λ := (2, 2, 3) |= 7. We consider the invertible matrix

g :=

⎛⎜⎜⎜⎜⎜⎝
−1 1 0 2 0 1 0

−1 0 0 −1 0 2 1

2 0 −2 2 1 1 2

−2 0 1 0 −1 1 0

1 −1 −1 −2 0 1 −1

−2 2 2 2 1 1 2

2 −2 −2 1 0 1 1

⎞⎟⎟⎟⎟⎟⎠ ∈ Fλ×7
5 .

We want to compute the layered row-echelon-form of g ∈ G7.

First, we reduce ι3g to full row-echelon-form. Let c3 :=

(︄
−2 −1 −2

2 2 1

2 0 −1

)︄
∈ F3×3

5 . Then

c3ι3g =

(︄
1 −1 −1 0 −1 0 −2

0 0 0 1 2 0 −2

0 0 0 0 0 1 2

)︄

is in full row-echelon-form with pivot matrix Pivc3ι3g =

⎛⎜⎜⎜⎜⎜⎝
1 0 0

0 0 0

0 0 0

0 1 0

0 0 0

0 0 1

0 0 0

⎞⎟⎟⎟⎟⎟⎠.
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We have ι2g · Pivc3ι3g =
(︂

2 2 1

−2 0 1

)︂
and ι1g · Pivc3ι3g =

(︂
−1 2 1

−1 −1 2

)︂
.

Let x̃3 :=

⎛⎜⎜⎜⎜⎜⎝
1 0 0 0 1 −2 −1

0 1 0 0 1 1 −2

0 0 1 0 −2 −2 −1

0 0 0 1 2 0 −1

0 0 0 0 1 0 0

0 0 0 0 0 1 0

0 0 0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎠ ∈ Fλ×λ5 .

Let c̃3 :=

⎛⎜⎜⎜⎜⎜⎝
1 0 0 0 0 0 0

0 1 0 0 0 0 0

0 0 1 0 0 0 0

0 0 0 1 0 0 0

0 0 0 0 −2 −1 −2

0 0 0 0 2 2 1

0 0 0 0 2 0 −1

⎞⎟⎟⎟⎟⎟⎠ ∈ Fλ×λ5 .

Now,

x̃3c̃3g

=

⎛⎜⎜⎜⎜⎜⎝
1 0 0 0 1 −2 −1

0 1 0 0 1 1 −2

0 0 1 0 −2 −2 −1

0 0 0 1 2 0 −1

0 0 0 0 1 0 0

0 0 0 0 0 1 0

0 0 0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎠ ·
⎛⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0

0 1 0 0 0 0 0

0 0 1 0 0 0 0

0 0 0 1 0 0 0

0 0 0 0 −2 −1 −2

0 0 0 0 2 2 1

0 0 0 0 2 0 −1

⎞⎟⎟⎟⎟⎟⎠ ·
⎛⎜⎜⎜⎜⎜⎝

−1 1 0 2 0 1 0

−1 0 0 −1 0 2 1

2 0 −2 2 1 1 2

−2 0 1 0 −1 1 0

1 −1 −1 −2 0 1 −1

−2 2 2 2 1 1 2

2 −2 −2 1 0 1 1

⎞⎟⎟⎟⎟⎟⎠

=

⎛⎜⎜⎜⎜⎜⎝
1 0 0 0 1 −2 −1

0 1 0 0 1 1 −2

0 0 1 0 −2 −2 −1

0 0 0 1 2 0 −1

0 0 0 0 1 0 0

0 0 0 0 0 1 0

0 0 0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎠ ·
⎛⎜⎜⎜⎜⎜⎝

−1 1 0 2 0 1 0

−1 0 0 −1 0 2 1

2 0 −2 2 1 1 2

−2 0 1 0 −1 1 0

1 −1 −1 0 −1 0 −2

0 0 0 1 2 0 −2

0 0 0 0 0 1 2

⎞⎟⎟⎟⎟⎟⎠

=

⎛⎜⎜⎜⎜⎜⎝
0 0 −1 0 0 0 0

0 −1 −1 0 1 0 −2

0 2 0 0 −1 0 −2

0 −2 −1 0 2 0 −1

1 −1 −1 0 −1 0 −2

0 0 0 1 2 0 −2

0 0 0 0 0 1 2

⎞⎟⎟⎟⎟⎟⎠ = g̃ .

So, ι3g̃ is in full row-echelon-form and

ι2g̃ Pivι3g̃ = ι2g̃ Pivc3ι3g = 0

ι1g̃ Pivι3g̃ = ι1g̃ Pivc3ι3g = 0 .

Next, we reduce ι2g̃ to full row-echelon-form. Let c2 :=
(︂

−2 0

−1 −1

)︂
∈ F2×2

5 . Then

c2ι2g̃ =
(︂

0 1 0 0 2 0 −1

0 0 1 0 −1 0 −2

)︂



2.3 The layered row-echelon-form 113

is in full row-echelon-form with pivot matrix Pivc2ι2g̃ =

⎛⎜⎜⎜⎜⎜⎝
0 0

1 0

0 1

0 0

0 0

0 0

0 0

⎞⎟⎟⎟⎟⎟⎠.

We have ι1g̃ · Pivc2ι2g̃ =
(︂

0 −1

−1 −1

)︂
.

Let x̃2 :=

⎛⎜⎜⎜⎜⎜⎝
1 0 0 1 0 0 0

0 1 1 1 0 0 0

0 0 1 0 0 0 0

0 0 0 1 0 0 0

0 0 0 0 1 0 0

0 0 0 0 0 1 0

0 0 0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎠ ∈ Fλ×λ5 . Let c̃2 :=

⎛⎜⎜⎜⎜⎜⎝
1 0 0 0 0 0 0

0 1 0 0 0 0 0

0 0 −2 0 0 0 0

0 0 −1 −1 0 0 0

0 0 0 0 1 0 0

0 0 0 0 0 1 0

0 0 0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎠ ∈ Fλ×λ5 .

We obtain

x̃2c̃2g̃

=

⎛⎜⎜⎜⎜⎜⎝
1 0 0 1 0 0 0

0 1 1 1 0 0 0

0 0 1 0 0 0 0

0 0 0 1 0 0 0

0 0 0 0 1 0 0

0 0 0 0 0 1 0

0 0 0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎠ ·
⎛⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0

0 1 0 0 0 0 0

0 0 −2 0 0 0 0

0 0 −1 −1 0 0 0

0 0 0 0 1 0 0

0 0 0 0 0 1 0

0 0 0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎠ ·
⎛⎜⎜⎜⎜⎜⎝

0 0 −1 0 0 0 0

0 −1 −1 0 1 0 −2

0 2 0 0 −1 0 −2

0 −2 −1 0 2 0 −1

1 −1 −1 0 −1 0 −2

0 0 0 1 2 0 −2

0 0 0 0 0 1 2

⎞⎟⎟⎟⎟⎟⎠

=

⎛⎜⎜⎜⎜⎜⎝
1 0 0 1 0 0 0

0 1 1 1 0 0 0

0 0 1 0 0 0 0

0 0 0 1 0 0 0

0 0 0 0 1 0 0

0 0 0 0 0 1 0

0 0 0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎠ ·
⎛⎜⎜⎜⎜⎜⎝

0 0 −1 0 0 0 0

0 −1 −1 0 1 0 −2

0 1 0 0 2 0 −1

0 0 1 0 −1 0 −2

1 −1 −1 0 −1 0 −2

0 0 0 1 2 0 −2

0 0 0 0 0 1 2

⎞⎟⎟⎟⎟⎟⎠=

⎛⎜⎜⎜⎜⎜⎝
0 0 0 0 −1 0 −2

0 0 0 0 2 0 0

0 1 0 0 2 0 −1

0 0 1 0 −1 0 −2

1 −1 −1 0 −1 0 −2

0 0 0 1 2 0 −2

0 0 0 0 0 1 2

⎞⎟⎟⎟⎟⎟⎠ =: ˜̃g .

So, ι3 ˜̃g, ι2 ˜̃g are in full row-echelon-form and

ι2 ˜̃g Pivι3 ˜̃g = ι2 ˜̃g Pivc3ι3g = 0

ι1 ˜̃g Pivι3 ˜̃g = ι1 ˜̃g Pivc3ι3g = 0

ι1 ˜̃g Pivι2 ˜̃g = ι1 ˜̃g Pivc2ι2g̃ = 0 .

Finally, we reduce ι1 ˜̃g to full row-echelon-form.

Let c1 :=
(︂

0 −2

2 1

)︂
∈ F2×2

5 .

Then

c1ι1 ˜̃g =
(︂

0 0 0 0 1 0 0

0 0 0 0 0 0 1

)︂
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is in full row-echelon-form with pivot matrix Pivc1ι1 ˜̃g =

⎛⎜⎜⎜⎜⎜⎝
0 0

0 0

0 0

0 0

1 0

0 0

0 1

⎞⎟⎟⎟⎟⎟⎠.

Let x̃1 := E7 . Let c̃1 :=

⎛⎜⎜⎜⎜⎜⎝
0 −2 0 0 0 0 0

2 1 0 0 0 0 0

0 0 1 0 0 0 0

0 0 0 1 0 0 0

0 0 0 0 1 0 0

0 0 0 0 0 1 0

0 0 0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎠ ∈ Fλ×λ5 .

Then

x̃1c̃1 ˜̃g =

⎛⎜⎜⎜⎜⎜⎝
0 −2 0 0 0 0 0

2 1 0 0 0 0 0

0 0 1 0 0 0 0

0 0 0 1 0 0 0

0 0 0 0 1 0 0

0 0 0 0 0 1 0

0 0 0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎝
0 0 0 0 −1 0 −2

0 0 0 0 2 0 0

0 1 0 0 2 0 −1

0 0 1 0 −1 0 −2

1 −1 −1 0 −1 0 −2

0 0 0 1 2 0 −2

0 0 0 0 0 1 2

⎞⎟⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎜⎝
0 0 0 0 1 0 0

0 0 0 0 0 0 1

0 1 0 0 2 0 −1

0 0 1 0 −1 0 −2

1 −1 −1 0 −1 0 −2

0 0 0 1 2 0 −2

0 0 0 0 0 1 2

⎞⎟⎟⎟⎟⎟⎠ =: h

is in layered row-echelon-form.

The product of the matrices in Pλ used in the calculation yields x := x̃1c̃1x̃2c̃2x̃3c̃3 ∈ Pλ. So,

xg = h ∈ Lλ. The element x ∈ Pλ is uniquely determined by g ∈ G7 .

Definition 130. Let B ∈ F n×λ be in layered row-echelon-form. Write Bi := (ιiB) ∈ F λi×n for

i ∈ [1, r]. We denote by

σPerm
B ∈ Permn

the permutation matrix having

ιiσ
Perm
B := PivtrBi

for i ∈ [1, r], cf. Definition 120.

So the non-zero entries of the permutation matrix σPerm
B are exactly at the pivot-positions of all

layers Bi of B. Recall that σPerm
B =

∑︁
ℓ∈[1,n]

Eℓ,ℓσB for a corresponding permutation σB ∈ Sn , cf.

Definition 101. The pivot element in row i of B lies at position (i, iσB) and the pivot element

in column j of B lies at (jσ−1
B , j).



2.3 The layered row-echelon-form 115

Example 131. The matrix

h =

⎛⎜⎜⎜⎜⎜⎝
0 0 0 0 1 0 0

0 0 0 0 0 0 1

0 1 0 0 2 0 −1

0 0 1 0 −1 0 −2

1 −1 −1 0 −1 0 −2

0 0 0 1 2 0 −2

0 0 0 0 0 1 2

⎞⎟⎟⎟⎟⎟⎠
of Example 129 is in layered row-echelon-form.

We have

σPerm
h =

⎛⎜⎜⎜⎜⎜⎝
0 0 0 0 1 0 0

0 0 0 0 0 0 1

0 1 0 0 0 0 0

0 0 1 0 0 0 0

1 0 0 0 0 0 0

0 0 0 1 0 0 0

0 0 0 0 0 1 0

⎞⎟⎟⎟⎟⎟⎠
and σh =

(︁
1, 5
)︁(︁
2, 7, 6, 4, 3

)︁
∈ S7 .

Remark 132.

(1) Note that the set Lλ of matrices in layered row-echelon-form is a set of right-coset rep-

resentatives of Pλ in Gn, cf. Definition 122, Proposition 128: For g ∈ Gn there exists a

unique x ∈ Pλ such that xg ∈ Lλ so Pλg = Pλxg. Hence each right-coset Pλg has exactly

one element in layered row-echelon-form.

(2) Let

u :=
n∑︂
i=1

Ei,n−i+1 .

Then Lλ · u := {ℓ · u : ℓ ∈ Lλ} is a set of right-coset representatives of Pλ in Gn .

The set Lλ is defined using the usual notion of row-echelon-forms. The construction of the module

Sλ below requires the “mirrored version” Lλ · u of Lλ . See also Example 136 below.
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Remark 133. Recall the block row map ρλ , cf. Definition 97.(3).

Suppose given B = (bi,j)i,j∈[1,n] ∈ Lλ . Write

B = σPerm
B + (B − σPerm

B )

as the sum of the permutation matrix σPerm
B , cf. Definition 130, and the matrix (B − σPerm

B )

containing the remaining non-pivot entries ofB. These non-pivot entries correspond to positions

in

P̃osB := {(s, t) ∈ [1, n]× [1, n] : sσB < t and (tσ−1
B )ρλ < sρλ} .

So B − σPerm
B =

∑︁
(i,j)∈P̃osB

bi,j Ei,j and

B = σPerm
B +

∑︂
(i,j)∈P̃osB

bi,j Ei,j .

Example 134. In Example 131 we have λ = (2, 2, 3) |= 7 and

h =

⎛⎜⎜⎜⎜⎜⎝
0 0 0 0 1 0 0

0 0 0 0 0 0 1

0 1 0 0 2 0 −1

0 0 1 0 −1 0 −2

1 −1 −1 0 −1 0 −2

0 0 0 1 2 0 −2

0 0 0 0 0 1 2

⎞⎟⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎜⎝
0 0 0 0 1 0 0

0 0 0 0 0 0 1

0 1 0 0 0 0 0

0 0 1 0 0 0 0

1 0 0 0 0 0 0

0 0 0 1 0 0 0

0 0 0 0 0 1 0

⎞⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

σPerm
h

+

⎛⎜⎜⎜⎜⎜⎝
0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 2 0 −1

0 0 0 0 −1 0 −2

0 −1 −1 0 −1 0 −2

0 0 0 0 2 0 −2

0 0 0 0 0 0 2

⎞⎟⎟⎟⎟⎟⎠ .

Write h = (hi,j)i,j∈[1,7]. We have σh =
(︁
1, 5
)︁(︁
2, 7, 6, 4, 3

)︁
∈ S7 .

E.g. we have (3, 5) ∈ P̃osh = {(s, t) ∈ [1, 7]× [1, 7] : sσh < t and (tσ−1
h )ρλ < sρλ} as

3σh = 2 < 5 and (5σ−1
h )ρλ = 1ρλ = 1 < 2 = 3ρλ .

Likewise, (5, 2) ∈ P̃osh as

5σh = 1 < 2 and (2σ−1
h )ρλ = 3ρλ = 2 < 3 = 5ρλ .

We obtain P̃osh = {(3, 5), (3, 7), (4, 5), (4, 7), (5, 2), (5, 3), (5, 5), (5, 7), (6, 5), (6, 7), (7, 7)} and⎛⎜⎜⎜⎜⎜⎝
0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 2 0 −1

0 0 0 0 −1 0 −2

0 −1 −1 0 −1 0 −2

0 0 0 0 2 0 −2

0 0 0 0 0 0 2

⎞⎟⎟⎟⎟⎟⎠ =
∑︂

(i,j)∈P̃osh

hi,j Ei,j .
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Remark 135.

(1) Suppose that r = 2. We have λ = (λ1, λ2) |= n. Then Lλ is a set of right-coset represen-

tatives of Pλ in Gn , cf. Remark 132.(1).

Each element x̃ = (x̃i,j)i,j∈[1,n] ∈ Lλ is of the form

x̃ = σPerm
x̃ +

∑︂
(k,ℓ)∈P̃osx̃

x̃k,ℓ · Ek,ℓ

with P̃osx̃ := {(s, t) ∈ [1, n] × [1, n] : sσx̃ < t and (tσ−1
x̃ )ρλ < sρλ} and x̃k,ℓ ∈ F for

(k, ℓ) ∈ P̃osx̃ , cf. Remark 133.

As λ only has two parts, an element (s, t) ∈ [1, n]× [1, n] fullfills

(tσ−1
x̃ )ρλ < sρλ

if and only if

(tσ−1
x̃ )ρλ = 1 and sρλ = 2

i.e. if and only if

s ∈ [λ1 + 1, n] and tσ−1
x̃ ⩽ λ1 .

So, we obtain

P̃osx̃ = {(s, t) ∈ [1, n]× [1, n] : sσx̃ < t and (tσ−1
x̃ )ρλ < sρλ}

= {(s, t) ∈ [λ1 + 1, n]× [1, n] : sσx̃ < t and tσ−1
x̃ ⩽ λ1} .

These are the positions (s, t) ∈ [λ1 + 1, n]× [1, n] such that in row s the pivot element at

position (s, sσx̃) is to the left of column t and such that the pivot element in column t at

position (tσ−1
x̃ , t) is in the first layer of x̃.

Hence, each element x̃ ∈ Lλ is of the form

x̃ = σPerm
x̃ +

∑︂
(k,ℓ)∈P̃osx̃

x̃k,ℓ · Ek,ℓ

with P̃osx̃ = {(s, t) ∈ [λ1 + 1, n] × [1, n] : sσx̃ < t and tσ−1
x̃ ⩽ λ1} and x̃k,ℓ ∈ F for

(k, ℓ) ∈ P̃osx̃ .

(2) Let u =
n∑︁
i=1

Ei,n−i+1 ∈ Permn . Let x̃ ∈ Lλ . Let x := x̃ · u. Then σPerm
x = σPerm

x̃ · u and
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σx = σx̃σu . Then x is of the form

σPerm
x +

∑︂
(k,ℓ)∈Posx

xk,ℓ · Ek,ℓ

with

Posx = {(s, t) ∈ [λ1 + 1, n]× [1, n] : t < sσx and tσ−1
x ⩽ λ1} .

These are the positions (s, t) ∈ [λ1 + 1, n]× [1, n] such that in row s the pivot element at

position (s, sσx) is to the right of column t and such that the pivot element in column t

at position (tσ−1
x , t) is in the first layer of x.

Example 136. Let λ := (2, 1) |= 3 and F = F3 . Note that n = 3 and r = 2.

The subgroup Pλ ⩽ G3 consists of the elements of the form⎛⎜⎝ ⋆ ⋆ ⋆

⋆ ⋆ ⋆

0 0 ⋆

⎞⎟⎠ ,

where each ⋆ is an arbitrary element of F3 subject to the condition that the diagonal blocks are

invertible.

The subgroup Pλ is of order⎛⎝ ∏︂
i∈[1,2]

∏︂
j∈[0,λi−1]

(qλi − qj)

⎞⎠ · q ∑︁
1⩽k<ℓ⩽2

λkλℓ
= (32 − 1)(32 − 3)(3− 1) · 32·1 = 864 .

So, we obtain |Lλ| = [GL3(F3) : Pλ] = 11232
864

= 13 and

Lλ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎛⎜⎝ 1 0 0

0 1 0

0 0 1

⎞⎟⎠ ,

⎛⎜⎝ 0 1 0

0 0 1

1 0 0

⎞⎟⎠ ,

⎛⎜⎝ 0 1 0

0 0 1

1 0 1

⎞⎟⎠ ,

⎛⎜⎝ 0 1 0

0 0 1

1 0 −1

⎞⎟⎠ ,

⎛⎜⎝ 0 1 0

0 0 1

1 1 0

⎞⎟⎠ ,

⎛⎜⎝ 0 1 0

0 0 1

1 1 1

⎞⎟⎠ ,

⎛⎜⎝ 0 1 0

0 0 1

1 1 −1

⎞⎟⎠ ,

⎛⎜⎝ 0 1 0

0 0 1

1 −1 0

⎞⎟⎠ ,

⎛⎜⎝ 0 1 0

0 0 1

1 −1 1

⎞⎟⎠ ,

⎛⎜⎝ 0 1 0

0 0 1

1 −1 −1

⎞⎟⎠ ,

⎛⎜⎝ 1 0 0

0 0 1

0 1 0

⎞⎟⎠ ,

⎛⎜⎝ 1 0 0

0 0 1

0 1 1

⎞⎟⎠ ,

⎛⎜⎝ 1 0 0

0 0 1

0 1 −1

⎞⎟⎠

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
.

For example, for x̃ = (x̃i,j)i,j∈[1,3] =

(︄
0 1 0

0 0 1

1 −1 1

)︄
we have σPerm

x =

(︄
0 1 0

0 0 1

1 0 0

)︄
and σx̃ =

(︁
1, 2, 3

)︁
.

So, P̃osx̃ = {(s, t) ∈ {3}× [1, 3] : s
(︁
1, 2, 3

)︁
< t and t

(︁
1, 3, 2

)︁
⩽ 2} = {(3, 2), (3, 3)} . So we may
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calculate in Fλ×3
3 to get

x̃ =

(︄
0 1 0

0 0 1

1 0 0

)︄
+ (−1) ·

(︄
0 0 0

0 0 0

0 1 0

)︄
+ 1 ·

(︄
0 0 0

0 0 0

0 0 1

)︄
= σPerm

x̃ +
∑︂

(k,ℓ)∈P̃osx̃

x̃k,ℓ · Ek,ℓ .

We have u =
3∑︁
i=1

Ei,3−i+1 =

(︄
0 0 1

0 1 0

1 0 0

)︄
. Then

Lλ · u =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎛⎜⎝ 0 0 1

0 1 0

1 0 0

⎞⎟⎠ ,

⎛⎜⎝ 0 1 0

1 0 0

0 0 1

⎞⎟⎠ ,

⎛⎜⎝ 0 1 0

1 0 0

1 0 1

⎞⎟⎠ ,

⎛⎜⎝ 0 1 0

1 0 0

−1 0 1

⎞⎟⎠ ,

⎛⎜⎝ 0 1 0

1 0 0

0 1 1

⎞⎟⎠ ,

⎛⎜⎝ 0 1 0

1 0 0

1 1 1

⎞⎟⎠ ,

⎛⎜⎝ 0 1 0

1 0 0

−1 1 1

⎞⎟⎠ ,

⎛⎜⎝ 0 1 0

1 0 0

0 −1 1

⎞⎟⎠ ,

⎛⎜⎝ 0 1 0

1 0 0

1 −1 1

⎞⎟⎠ ,

⎛⎜⎝ 0 1 0

1 0 0

−1 −1 1

⎞⎟⎠ ,

⎛⎜⎝ 0 0 1

1 0 0

0 1 0

⎞⎟⎠ ,

⎛⎜⎝ 0 0 1

1 0 0

1 1 0

⎞⎟⎠ ,

⎛⎜⎝ 0 0 1

1 0 0

−1 1 0

⎞⎟⎠

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

Letting x := x̃ · u = (xi,j)i,j∈[1,3] =

(︄
0 1 0

1 0 0

1 −1 1

)︄
, we have σPerm

x =

(︄
0 1 0

1 0 0

0 0 1

)︄
= σPerm

x̃ · u and

σx =
(︁
1, 2
)︁
. So, Posx = {(s, t) ∈ {3}× [1, 3] : t < s

(︁
1, 2
)︁
and t

(︁
1, 2
)︁
< 3} = {(3, 1), (3, 2)} . So

we may calculate in Fλ×3
3 to get

x =

(︄
0 1 0

1 0 0

0 0 1

)︄
+ 1 ·

(︄
0 0 0

0 0 0

1 0 0

)︄
+ (−1) ·

(︄
0 0 0

0 0 0

0 1 0

)︄
= σPerm

x +
∑︂

(k,ℓ)∈Posx

xk,ℓ · Ek,ℓ .

Lemma 137. For (Pλ ∩ Pµd,w)\Pλ we have the set of right-coset representatives

Xd,w :=

⎧⎨⎩
⎛⎝ ∑︂
i∈[1,r]\{d+1}

πλi ι
λ
i

⎞⎠+ πλd+1xι
λ
d+1 : x ∈ L(λd+1−w,w) · uλd+1

⎫⎬⎭ ⊆ Pλ .

Proof. In P(λd+1−w,w)\Gλd+1
we have a system of right-coset representatives L(λd+1−w,w) · uλd+1

,

cf. Remark 135.(2).

By Lemma 115, we have a bijection

(Pλ ∩ Pµ)\Pλ
φ−→∼ P(λd+1−w,w)\Gλd+1

(Pλ ∩ Pµ)g ↦→ P(λd+1−w,w)ι
λ
d+1gπ

λ
d+1 .
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Consider the map

φ′ : L(λd+1−w,w) · uλd+1
→ Pλ

x ↦→

(︄ ∑︁
i∈[1,r]\{d+1}

πλi ι
λ
i

)︄
+ πλd+1xι

λ
d+1 .

We have (︁
P(λd+1−w,w)x

)︁
φ−1 = (Pλ ∩ Pµ) (xφ

′)

for x ∈ L(λd+1−w,w) · uλd+1
, since

((Pλ ∩ Pµ) (xφ
′))φ = P(λd+1−w,w)ι

λ
d+1

⎛⎝⎛⎝ ∑︂
i∈[1,r]\{d+1}

πλi ι
λ
i

⎞⎠+ πλd+1xι
λ
d+1

⎞⎠ πλd+1 = P(λd+1−w,w)x .

So, {xφ′ : x ∈ L(λd+1−w,w) · uλd+1
} is a set of right-coset representatives of (Pλ ∩ Pµd,w)\Pλ .

Example 138. Let λ = (λ1, λ2) = (2, 2) and F = F3 . Suppose given d = w = 1. Then

µ = µ1,1 = (3, 1) and λd = λ1 = 2 and λd+1 = λ2 = 4.

In P(λd+1−w,w)\Gλd+1
= P(1,1)\G2, we have

L(1,1) =
{︂(︂

0 1

1 0

)︂
,
(︂

0 1

1 1

)︂
,
(︂

0 1

1 −1

)︂
,
(︂

1 0

0 1

)︂}︂
L(1,1) · u =

⎧⎪⎪⎨⎪⎪⎩
(︄

1 0

0 1

)︄
⏞ ⏟⏟ ⏞

=:x1

,
(︄

1 0

1 1

)︄
⏞ ⏟⏟ ⏞

=:x2

,
(︄

1 0

−1 1

)︄
⏞ ⏟⏟ ⏞

=:x3

,
(︄

0 1

1 0

)︄
⏞ ⏟⏟ ⏞

=:x4

⎫⎪⎪⎬⎪⎪⎭ .

So, for (Pλ ∩ Pµ)\Pλ we may choose the set of right-coset representatives

X1,1 =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
⎛⎝ 1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

⎞⎠
⏞ ⏟⏟ ⏞

=:y1

,

⎛⎝ 1 0 0 0

0 1 0 0

0 0 1 0

0 0 1 1

⎞⎠
⏞ ⏟⏟ ⏞

=:y2

,

⎛⎝ 1 0 0 0

0 1 0 0

0 0 1 0

0 0 −1 1

⎞⎠
⏞ ⏟⏟ ⏞

=:y3

,

⎛⎝ 1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

⎞⎠
⏞ ⏟⏟ ⏞

=:y4

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
,

cf. Lemma 137.
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2.3.3 Certain reflections

Recall that n, r ∈ Z⩾1. Suppose that the composition λ = (λ1, . . . , λr) is a partition, i.e. λ ⊢ n.
Suppose given d, w ∈ Z⩾0 such that 1 ⩽ d < r and 0 ⩽ w < λd+1. Let

µ = µd,w := (µ1, . . . , µr) = (λ1, . . . , λd−1, λd + λd+1 − w,w, λd+2, . . . , λr) |= n.

Recall that in (Pλ ∩ Pµd,w)\Pλ we have a system of right-coset representatives Xd,w consisting

of the elements of the form ⎛⎝ ∑︂
i∈[1,r]\{d+1}

πλi ι
λ
i

⎞⎠+ πλd+1xι
λ
d+1 ,

with x ∈ L(λd+1−w,w) · uλd+1
, cf. Lemma 137.

Definition 139. Suppose given

y =

⎛⎝ ∑︂
i∈[1,r]\{d+1}

πλi ι
λ
i

⎞⎠+ πλd+1xι
λ
d+1 ∈ Xd,w ,

where x ∈ L(λd+1−w,w) · uλd+1
. Write

x = σPerm
x +

∑︂
(k,ℓ)∈Posx

xk,ℓ · Ek,ℓ ∈ F λd+1×λd+1

with Posx = {(s, t) ∈ [λd+1−w+1, λd+1]× [1, λd+1] : t < sσx and tσ−1
x ⩽ λd+1−w}, cf. Remark

135.(2). Note that σx ∈ Sλd+1
.

(1) We consider the transposition

τy :=
(︂
λd + 1σx, λd−1 + 1σx

)︂
∈ Sn

and its corresponding permutation matrix τPermy =
∑︁

ℓ∈[1,n]
Eℓ,ℓτy ∈ Gn. We have |⟨τy⟩| = 2.

(2) We let

ry := τPermy +
∑︁

k∈[λd+1−w+1,λd+1]
(k,1σx)∈Posx

xk,1σx

(︂
Eλd+kσx,λd+1σx

−Eλd+kσx,λd−1+1σx

)︂
= τPermy +

∑︁
(k,1σx)∈Posx

xk,1σx

(︂
Eλd+kσx,λd+1σx

−Eλd+kσx,λd−1+1σx

)︂
∈ F n×n

be the reflection attached to y.
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Example 140. We continue Example 138. Let λ = (λ1, λ2) = (2, 2) and F = F3. Suppose that
d = 1 and w = 1. Then µ = µ1,1 = (3, 1) and λd = λ1 = 2 and λd−1 = λ0 = 0.

As in Example 138, we have

X1,1 =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
⎛⎝ 1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

⎞⎠
⏞ ⏟⏟ ⏞

=:y1

,

⎛⎝ 1 0 0 0

0 1 0 0

0 0 1 0

0 0 1 1

⎞⎠
⏞ ⏟⏟ ⏞

=:y2

,

⎛⎝ 1 0 0 0

0 1 0 0

0 0 1 0

0 0 −1 1

⎞⎠
⏞ ⏟⏟ ⏞

=:y3

,

⎛⎝ 1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

⎞⎠
⏞ ⏟⏟ ⏞

=:y4

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
.

E.g. y3 contains the block x3 = (x3;i,j)i,j∈[1,2] =
(︂

1 0

−1 1

)︂
. We have Posx3 = {(2, 1)} and

σx3 = id, cf. Remark 135.

With τy3 =
(︂
λd + 1σx3 , λd−1 + 1σx3

)︂
=
(︂
3, 1
)︂
∈ S4 and τPermy3

=

⎛⎝ 0 0 1 0

0 1 0 0

1 0 0 0

0 0 0 1

⎞⎠, we obtain

ry3 =

⎛⎝ 0 0 1 0

0 1 0 0

1 0 0 0

0 0 0 1

⎞⎠+
∑︁

(k,1)∈Posx3

x3;k,1 (E2+kσ3,3−E2+kσ3,1)

=

⎛⎝ 0 0 1 0

0 1 0 0

1 0 0 0

0 0 0 1

⎞⎠+ x3;2,1⏞⏟⏟⏞
=−1

(E4,3−E4,1)

=

⎛⎝ 0 0 1 0

0 1 0 0

1 0 0 0

0 0 0 1

⎞⎠+

⎛⎝ 0 0 0 0

0 0 0 0

0 0 0 0

0 0 −1 0

⎞⎠+

⎛⎝ 0 0 0 0

0 0 0 0

0 0 0 0

1 0 0 0

⎞⎠

=

⎛⎝ 0 0 1 0

0 1 0 0

1 0 0 0

1 0 −1 1

⎞⎠ .
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Remark 141. Suppose given y ∈ Xd,w . Consider τy , cf. Definition 139.(1).

We have

τPermy =
∑︂
ℓ∈[1,n]

Eℓ,ℓτy =

⎛⎝ ∑︂
ℓ∈[1,n]\{λd−1+1σx,λd+1σx}

Eℓ,ℓ

⎞⎠+ Eλd−1+1σx,λd+1σx
+Eλd+1σx,λd−1+1σx

.

Using Lemma 105.(2) we obtain for i ∈ [1, r]

ιλi τ
Perm
y =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

ιλi if i ̸∈ {d, d+ 1}(︄ ∑︁
ℓ∈[1,λd]\{1σx}

Eℓ,ℓ

)︄
ιλd + E1σx,1σx ι

λ
d+1 if i = d(︄ ∑︁

ℓ∈[1,λd+1]\{1σx}
Eℓ,ℓ

)︄
ιλd+1 + E1σx,1σx ι

λ
d if i = d+ 1 .

Lemma 142. Suppose given

y =

⎛⎝ ∑︂
i∈[1,r]\{d+1}

πλi ι
λ
i

⎞⎠+ πλd+1xι
λ
d+1 ∈ Xd,w ,

where x ∈ L(λd+1−w,w) · uλd+1
. Write

x = σPerm
x +

∑︂
(k,ℓ)∈Posx

xk,ℓ · Ek,ℓ ∈ F λd+1×λd+1

with Posx = {(s, t) ∈ [λd+1 − w + 1, λd+1] × [1, λd+1] : t < sσx and tσ−1
x ⩽ λd+1 − w}, cf.

Remark 135.(2).

Suppose given k ∈ [λd+1 − w + 1, λd+1] with (k, 1σx) ∈ Posx . Suppose given (s, t) ∈ Posx.

Suppose given j ⩽ d . Then we have

(1) kσx ̸= 1σx ,

(2) λd−1 + 1σx < λd + kσx ,

(3) (λj + kσx)ρλ = j + 1 ,

(4) (s, kσx) ̸∈ Posx .
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Proof. Ad (1). As σx ∈ Sλd+1
and 1 < λd+1 − w + 1 ⩽ k , we have kσx ̸= 1σx .

Ad (2). As σx ∈ Sλd+1
and λ ⊢ n, we have 1σx ⩽ λd+1 ⩽ λd, and therefore

λd + kσx = λd−1 + λd + kσx > λd−1 + 1σx .

Ad (3). As λj < λj + kσx ⩽ λj + λd+1 ⩽ λj + λj+1 ⩽ λj+1 , we have λj + kσx ∈ [λj + 1, λj+1]

and therefore (λj + kσx)ρλ = j + 1 .

Ad (4). We have (kσx)σ
−1
x = k ∈ [λd+1 − w + 1, λd+1]. So, (s, kσx) ̸∈ Posx .

Lemma 143. For y ∈ Xd,w we have

ry · ry = En ,

cf. Definition 139.(2). So, ry is of order 2 as ry ̸= En.

Proof. We have ry = τPermy +
∑︂

(k,1σx)∈Posx

xk,1σx

(︂
Eλd+kσx,λd+1σx

−Eλd+kσx,λd−1+1σx

)︂
⏞ ⏟⏟ ⏞

=:A

.

So (ry)
2 = (τPermy )2⏞ ⏟⏟ ⏞

=En

+τPermy A+ AτPermy + A2.

First, we claim that τPermy A = −AτPermy .

We have

τPermy ·
∑︁

(k,1σx)∈Posx
xk,1σx

(︂
Eλd+kσx,λd+1σx

−Eλd+kσx,λd−1+1σx

)︂
R.102
=

∑︁
(k,1σx)∈Posx

xk,1σx

(︂
E(λd+kσx)τ

−1
y ,λd+1σx

−E(λd+kσx)τ
−1
y ,λd−1+1σx

)︂
(τy)2 = id

=
∑︁

(k,1σx)∈Posx
xk,1σx

(︂
E(λd+kσx)τy ,λd+1σx

−E(λd+kσx)τy ,λd−1+1σx

)︂
L.142.(1,2)

=
∑︁

(k,1σx)∈Posx
xk,1σx

(︂
Eλd+kσx,λd+1σx

−Eλd+kσx,λd−1+1σx

)︂
and ∑︁

(k,1σx)∈Posx
xk,1σx

(︂
Eλd+kσx,λd+1σx

−Eλd+kσx,λd−1+1σx

)︂
· τPermx

R.102
=

∑︁
(k,1σx)∈Posx

xk,1σx

(︂
Eλd+kσx,(λd+1σx)τy

−Eλd+kσx,(λd−1+1σx)τy

)︂
=

∑︁
(k,1σx)∈Posx

xk,1σx

(︂
Eλd+kσx,λd−1+1σx

−Eλd+kσx,λd+1σx

)︂
.

This proves the claim.

Moreover, we claim that A2 = 0.

Let k, k̃ ∈ [λd+1 − w + 1, λd+1] such that (k, 1σx), (k̃, 1σx) ∈ Posx .
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Using Remark 102 we obtain

Eλd+kσx,λd+1σx
·Eλd+k̃σx,λd+1σx

L.142.(1)
= 0

Eλd+kσx,λd+1σx
·Eλd+k̃σx,λd−1+1σx

L.142.(1)
= 0

Eλd+kσx,λd−1+1σx
·Eλd+k̃σx,λd+1σx

L.142.(2)
= 0

Eλd+kσx,λd−1+1σx
·Eλd+k̃σx,λd−1+1σx

L.142.(2)
= 0 .

Therefore, ⎛⎝ ∑︂
(k,1σx)∈Posx

xk,1σx

(︂
Eλd+kσx,λd+1σx

−Eλd+kσx,λd−1+1σx

)︂⎞⎠2

= 0 .

This proves the claim.

All in all we obtain ry · ry = En .

Example 144. We continue Examples 138, 140. Let λ = (λ1, λ2) = (2, 2) and F = F3. Suppose
that d = 1 and w = 1. Then µ = µ1,1 = (3, 1) and λd = λ1 = 2 and λd−1 = λ0 = 0. We have

ry3 =

⎛⎝ 0 0 1 0

0 1 0 0

1 0 0 0

1 0 −1 1

⎞⎠ .

We obtain

ry3 · ry3 =

⎛⎝ 0 0 1 0

0 1 0 0

1 0 0 0

1 0 −1 1

⎞⎠ ·
⎛⎝ 0 0 1 0

0 1 0 0

1 0 0 0

1 0 −1 1

⎞⎠ =

⎛⎝ 1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

⎞⎠
which is in line with Lemma 143.

Lemma 145. For y ∈ Xd,w we have

Pµy · ry = Pµy ,

cf. Definition 139.(2).

Proof. We write y =

(︄ ∑︁
i∈[1,r]\{d+1}

πλi ι
λ
i

)︄
+ πλd+1xι

λ
d+1 where x ∈ L(λd+1−w,w) · uλd+1

.

Write

x = σPerm
x +

∑︂
(k,ℓ)∈Posx

xk,ℓ · Ek,ℓ ∈ F λd+1×λd+1

with Posx = {(s, t) ∈ [λd+1 − w + 1, λd+1] × [1, λd+1] : t < sσx and tσ−1
x ⩽ λd+1 − w}, cf.

Remark 135.(2). Note that λd+1 − w + 1 ⩾ 2.
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We have

y · ry

=

(︄ ∑︁
i∈[1,r]\{d+1}

πλi ι
λ
i + πλd+1xι

λ
d+1

)︄
·

(︄
τPermy +

∑︁
(k,1σx)∈Posx

xk,1σx

(︂
Eλd+kσx,λd+1σx

−Eλd+kσx,λd−1+1σx

)︂)︄

=

(︄ ∑︁
i∈[1,r]\{d+1}

πλi ι
λ
i · τPermy

)︄
+ πλd+1xι

λ
d+1 · τPermy

+
∑︁

i∈[1,r]\{d+1}

∑︁
(k,1σx)∈Posx

xk,1σxπ
λ
i ι

λ
i

(︂
Eλd+kσx,λd+1σx

−Eλd+kσx,λd−1+1σx

)︂
⏞ ⏟⏟ ⏞

=0 by L.142.(3),L.105.(2)

+
∑︁

(k,1σx)∈Posx
xk,1σxπ

λ
d+1xι

λ
d+1

(︂
Eλd+kσx,λd+1σx

−Eλd+kσx,λd−1+1σx

)︂

L.105.(2)
=

(︄ ∑︁
i∈[1,r]\{d+1}

πλi ι
λ
i · τPermy

)︄
+ πλd+1xι

λ
d+1 · τPermy

+
∑︁

(k,1σx)∈Posx
xk,1σxπ

λ
d+1x

(︁
Ekσx,1σx ι

λ
d+1 − Ekσx,1σx ι

λ
d

)︁

=

(︄ ∑︁
i∈[1,r]\{d,d+1}

πλi ι
λ
i · τPermy

)︄
+ πλd ι

λ
d · τPermy + πλd+1xι

λ
d+1 · τPermy

+
∑︁

(k,1σx)∈Posx
xk,1σxπ

λ
d+1x

(︁
Ekσx,1σx ι

λ
d+1 − Ekσx,1σx ι

λ
d

)︁

L.141
=

(︄ ∑︁
i∈[1,r]\{d,d+1}

πλi ι
λ
i

)︄
+ πλd

(︄(︄ ∑︁
ℓ∈[1,λd]\{1σx}

Eℓ,ℓ

)︄
ιλd + E1σx,1σx ι

λ
d+1

)︄

+ πλd+1x

(︄(︄ ∑︁
ℓ∈[1,λd+1]\{1σx}

Eℓ,ℓ

)︄
ιλd+1 + E1σx,1σx ι

λ
d

)︄
+

∑︁
(k,1σx)∈Posx

xk,1σxπ
λ
d+1x

(︁
Ekσx,1σx ι

λ
d+1 − Ekσx,1σx ι

λ
d

)︁

=

(︄ ∑︁
i∈[1,r]\{d,d+1}

πλi ι
λ
i

)︄
+ πλd

(︄ ∑︁
ℓ∈[1,λd]\{1σx}

Eℓ,ℓ

)︄
ιλd + πλd E1σx,1σx ι

λ
d+1

+ πλd+1

(︄ ∑︁
a∈[1,λd+1]

Ea,aσx +
∑︁

(s,t)∈Posx
xs,t · Es,t

)︄(︄(︄ ∑︁
ℓ∈[1,λd+1]\{1σx}

Eℓ,ℓ

)︄
ιλd+1 + E1σx,1σx ι

λ
d

)︄

+
∑︁

(k,1σx)∈Posx
xk,1σxπ

λ
d+1

(︄ ∑︁
a∈[1,λd+1]

Ea,aσx +
∑︁

(s,t)∈Posx
xs,t · Es,t

)︄(︁
Ekσx,1σx ι

λ
d+1 − Ekσx,1σx ι

λ
d

)︁
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L.102
=

(︄ ∑︁
i∈[1,r]\{d,d+1}

πλi ι
λ
i

)︄
+ πλd

(︄ ∑︁
ℓ∈[1,λd]\{1σx}

Eℓ,ℓ

)︄
ιλd + πλd E1σx,1σx ι

λ
d+1

+ πλd+1

(︄ ∑︁
ℓ∈[2,λd+1]

Eℓ,ℓσx

)︄
ιλd+1 + πλd+1 E1,1σx ι

λ
d + πλd+1

(︄ ∑︁
(s,t)∈Posx

xs,t · Es,t

)︄(︄ ∑︁
ℓ∈[1,λd+1]\{1σx}

Eℓ,ℓ

)︄
ιλd+1

+ πλd+1

(︄ ∑︁
(s,1σx)∈Posx

xs,1σx · Es,1σx

)︄
ιλd

+
∑︁

(k,1σx)∈Posx
xk,1σxπ

λ
d+1

⎛⎜⎜⎜⎜⎜⎝Ek,1σx ι
λ
d+1 − Ek,1σx ι

λ
d +

∑︂
(s,t)∈Posx

xs,t · Es,t
(︁
Ekσx,1σx ι

λ
d+1 − Ekσx,1σx ι

λ
d

)︁
⏞ ⏟⏟ ⏞

=0 by L.142.(4)

⎞⎟⎟⎟⎟⎟⎠

=

(︄ ∑︁
i∈[1,r]\{d,d+1}

πλi ι
λ
i

)︄
+ πλd

(︄ ∑︁
ℓ∈[1,λd]\{1σx}

Eℓ,ℓ

)︄
ιλd + πλd E1σx,1σx ι

λ
d+1

+ πλd+1

(︄ ∑︁
ℓ∈[2,λd+1]

Eℓ,ℓσx

)︄
ιλd+1 + πλd+1 E1,1σx ι

λ
d

+ πλd+1

(︄ ∑︁
(s,1σx)∈Posx

xs,1σx · Es,1σx

)︄
ιλd − πλd+1

(︄ ∑︁
(k,1σx)∈Posx

xk,1σx Ek,1σx

)︄
ιλd

+ πλd+1

(︄ ∑︁
(k,1σx)∈Posx

xk,1σx Ek,1σx

)︄
ιλd+1 + πλd+1

⎛⎜⎝ ∑︁
(s,t)∈Posx
t̸=1σx

xs,t · Es,t

⎞⎟⎠ ιλd+1

=

(︄ ∑︁
i∈[1,r]\{d,d+1}

πλi ι
λ
i

)︄
+ πλd

(︄ ∑︁
ℓ∈[1,λd]\{1σx}

Eℓ,ℓ

)︄
ιλd + πλd E1σx,1σx ι

λ
d+1

+ πλd+1

(︄ ∑︁
ℓ∈[2,λd+1]

Eℓ,ℓσx

)︄
ιλd+1 + πλd+1 E1,1σx ι

λ
d

+ πλd+1

(︄ ∑︁
(s,t)∈Posx

xs,t Es,t

)︄
ιλd+1 .

Let

py :=
(︁
λd−1 + 1σx, λd + 1

)︁Perm
=

⎛⎜⎜⎜⎝ ∑︂
ℓ∈[1,n]

ℓ ̸∈{λd+1,λd−1+1σx}

Eℓ,ℓ

⎞⎟⎟⎟⎠+ Eλd−1+1σx,λd+1+Eλd+1,λd−1+1σx
.

We claim that py ∈ Pµ and that py · y = y · ry .

We have Pµ = {g ∈ Gn : ιµi gπ
µ
j = 0 if i > j for i, j ∈ [1, r]} and µi = λi for i ∈ [1, r]\{d, d+1}.
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There are two non-diagonal non-zero entries in py. These have positions (λd−1 + 1σx, λd + 1)

and (λd + 1, λd−1 + 1σx). Note that as w < λd+1 ⩽ λd

λd−1⏞⏟⏟⏞
=µd−1

< λd−1 + 1σx ⩽ λd−1 + λd+1 ⩽ λd < λd+1 − w⏞ ⏟⏟ ⏞
=µd

λd−1⏞⏟⏟⏞
=µd−1

< λd + 1 ⩽ λd + λd+1 − w = λd+1 − w⏞ ⏟⏟ ⏞
=µd

.

So, the only non-diagonal non-zero entries are in the block ιµdpyπ
µ
d and we have py ∈ Pµ .

Now, we calculate py · y.

We have

py · y

=

⎛⎜⎜⎝
⎛⎜⎜⎝ ∑︁

ℓ∈[1,n]
ℓ̸∈{λd+1,λd−1+1σx}

Eℓ,ℓ

⎞⎟⎟⎠+ Eλd−1+1σx,λd+1+Eλd+1,λd−1+1σx

⎞⎟⎟⎠
(︄(︄ ∑︁

i∈[1,r]\{d+1}
πλi ι

λ
i

)︄
+ πλd+1xι

λ
d+1

)︄

L.105.(1)
=

⎛⎜⎜⎝ ∑︁
i∈[1,r]\{d+1}

∑︁
ℓ∈[1,n]

ℓ̸∈{λd+1,λd−1+1σx}

Eℓ,ℓ π
λ
i ι
λ
i

⎞⎟⎟⎠+

⎛⎜⎝ ∑︁
i∈[1,r]\{d+1}

Eλd−1+1σx,λd+1 π
λ
i⏞ ⏟⏟ ⏞

=0 for i ̸= d+ 1

ιλi

⎞⎟⎠

+

⎛⎜⎝ ∑︁
i∈[1,r]\{d+1}

Eλd+1,λd−1+1σx
πλi⏞ ⏟⏟ ⏞

=0 for i ̸= d

ιλi

⎞⎟⎠+

⎛⎜⎜⎝ ∑︁
ℓ∈[1,n]

ℓ̸∈{λd+1,λd−1+1σx}

Eℓ,ℓ π
λ
d+1xι

λ
d+1

⎞⎟⎟⎠+ πλd E1σx,1 xι
λ
d+1

+ Eλd+1,λd−1+1σx
πλd+1⏞ ⏟⏟ ⏞

=0

xιλd+1

L.105.(1)
=

⎛⎜⎜⎝ ∑︁
i∈[1,r]\{d,d+1}

∑︁
ℓ∈[1,n]

ℓ̸∈{λd+1,λd−1+1σx}

Eℓ,ℓ π
λ
i ι
λ
i

⎞⎟⎟⎠+

⎛⎜⎜⎝ ∑︁
ℓ∈[1,n]

ℓ̸∈{λd+1,λd−1+1σx}

Eℓ,ℓ π
λ
d ι
λ
d

⎞⎟⎟⎠+ πλd+1 E1,1σx ι
λ
d

+

⎛⎜⎜⎝ ∑︁
ℓ∈[1,n]

ℓ̸∈{λd+1,λd−1+1σx}

Eℓ,ℓ π
λ
d+1xι

λ
d+1

⎞⎟⎟⎠+ πλd E1σx,1 xι
λ
d+1
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L.105.(1)
=

(︄ ∑︁
i∈[1,r]\{d,d+1}

πλi ι
λ
i

)︄
+ πλd

(︄ ∑︁
ℓ∈[1,λd]\{1σx}

Eℓ,ℓ

)︄
ιλd + πλd+1 E1,1σx ι

λ
d

+ πλd+1

(︄ ∑︁
ℓ∈[1,λd+1]\{1}

Eℓ,ℓ x

)︄
ιλd+1 + πλd E1σx,1 xι

λ
d+1

=

(︄ ∑︁
i∈[1,r]\{d,d+1}

πλi ι
λ
i

)︄
+ πλd

(︄ ∑︁
ℓ∈[1,λd]\{1σx}

Eℓ,ℓ

)︄
ιλd + πλd+1 E1,1σx ι

λ
d

+ πλd+1

(︄ ∑︁
ℓ∈[2,λd+1]

Eℓ,ℓ

(︄ ∑︁
a∈[1,λd+1]

Ea,aσx +
∑︁

(s,t)∈Posx
xs,t · Es,t

)︄)︄
ιλd+1

+ πλd E1σx,1

(︄ ∑︁
a∈[1,λd+1]

Ea,aσx +
∑︁

(s,t)∈Posx
xs,t · Es,t

)︄
ιλd+1

=

(︄ ∑︁
i∈[1,r]\{d,d+1}

πλi ι
λ
i

)︄
+ πλd

(︄ ∑︁
ℓ∈[1,λd]\{1σx}

Eℓ,ℓ

)︄
ιλd + πλd+1 E1,1σx ι

λ
d

+ πλd+1

(︄ ∑︁
ℓ∈[2,λd+1]

Eℓ,ℓσx

)︄
ιλd+1 + πλd+1

(︄ ∑︁
ℓ∈[2,λd+1]

∑︁
(s,t)∈Posx

xs,t · Eℓ,ℓ ·Es,t

)︄
ιλd+1

+ πλd E1σx,1σx ι
λ
d+1 + πλd

⎛⎝ ∑︁
(s,t)∈Posx

xs,t · E1σx,1 Es,t⏞ ⏟⏟ ⏞
=0

⎞⎠ ιλd+1

=

(︄ ∑︁
i∈[1,r]\{d,d+1}

πλi ι
λ
i

)︄
+ πλd

(︄ ∑︁
ℓ∈[1,λd]\{1σx}

Eℓ,ℓ

)︄
ιλd + πλd+1 E1,1σx ι

λ
d

+ πλd+1

(︄ ∑︁
ℓ∈[2,λd+1]

Eℓ,ℓσx

)︄
ιλd+1 + πλd+1

(︄ ∑︁
(s,t)∈Posx

xs,t · Es,t

)︄
ιλd+1

+ πλd E1σx,1σx ι
λ
d+1

Hence py · y = y · ry.

So, Pµy ry = Pµpyy = Pµy.

Example 146. We continue Examples 138, 140, 144. Let λ = (λ1, λ2) = (2, 2) and F = F3.
Suppose that d = 1 and w = 1. Then µ = µ1,1 = (3, 1) and λd = λ1 = 2 and λd−1 = λ0 = 0.

We have

y3 =

⎛⎝ 1 0 0 0

0 1 0 0

0 0 1 0

0 0 −1 1

⎞⎠ , ry3 =

⎛⎝ 0 0 1 0

0 1 0 0

1 0 0 0

1 0 −1 1

⎞⎠
and σx3 = id.
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As in the proof of Lemma 145, we have

py3 =
(︁
λd−1 + 1σx, λd + 1

)︁Perm
= (1, 3)Perm

=

⎛⎝ 0 0 1 0

0 1 0 0

1 0 0 0

0 0 0 1

⎞⎠ ∈ Pµ .

We have

y3 · ry3

=

⎛⎝ 1 0 0 0

0 1 0 0

0 0 1 0

0 0 −1 1

⎞⎠ ·
⎛⎝ 0 0 1 0

0 1 0 0

1 0 0 0

1 0 −1 1

⎞⎠ =

⎛⎝ 0 0 1 0

0 1 0 0

1 0 0 0

0 0 −1 1

⎞⎠ =

⎛⎝ 0 0 1 0

0 1 0 0

1 0 0 0

0 0 0 1

⎞⎠ ·
⎛⎝ 1 0 0 0

0 1 0 0

0 0 1 0

0 0 −1 1

⎞⎠
= py3 · y3 .

So,

Pµy3 · ry3 = Pµpy3y3 = Pµy3 ,

cf. Lemma 145.

Lemma 147. For y ∈ Xd,w we have

(ϖPerm
λ )−1 ryϖ

Perm
λ ∈ Vλtr

and
(︁
(ϖPerm

λ )−1 ryϖ
Perm
λ

)︁
sgn = −1, cf. Definition 116, Definition 139.(2).

Proof. Write λtr =: (λtr1 , . . . , λ
tr
h′), so h

′ = λ1 . We write y =

(︄ ∑︁
i∈[1,r]\{d+1}

πλi ι
λ
i

)︄
+ πλd+1xι

λ
d+1,

where x ∈ L(λd+1−w,w) · uλd+1
.

Write

x = σPerm
x +

∑︂
(k,ℓ)∈Posx

xk,ℓ · Ek,ℓ ∈ F λd+1×λd+1

with Posx = {(s, t) ∈ [λd+1 − w + 1, λd+1] × [1, λd+1] : t < sσx and tσ−1
x ⩽ λd+1 − w}, cf.

Remark 135.(2).

We make the following preliminary considerations:

(i) For s ∈ [1, λd+1] we have (λd + sσx⏞⏟⏟⏞
⩽λd+1

)ρλ = d + 1 and therefore (λd + sσx) rowtλ = d + 1, cf.

Remark 52. Likewise, (λd−1 + sσx) rowtλ = d, using λd+1 ⩽ λd .
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Let as := (λd + sσx) columntλ . Note that as = (λd−1 + sσx) columntλ .

Consider k ∈ [λd+1 − w + 1, λd+1] such that (k, 1σx) ∈ Posx . Then 1σx < kσx and therefore

a1 < ak as (λd + 1σx) rowtλ = d+ 1 = (λd + kσx) rowtλ and as tλ is standard.

(ii) Let bs :=

(︃
as−1∑︁
i=1

λtri

)︃
+ d = λtras−1 + d . Then, using Remark 52,

(λd + sσx)ϖλ = (d+ 1, as)t
λϖλ = (d+ 1, as)t

λ(tλ)−1t̃λ = (d+ 1, as)t̃
λ = (as, d+ 1)tλ

tr
= bs + 1

and

(λd−1 + sσx)ϖλ = (d, as)t
λϖλ = (d, as)t

λ(tλ)−1t̃λ = (d, as)t̃
λ = (as, d)t

λtr = bs .

In particular, (bs)ρλtr = bs rowtλtr = as = (bs+1) rowtλtr = (bs+1)ρλtr . So, using Lemma 105.(1,2)

we have
Em,bs+1 π

λtr

j = 0

Em,bs π
λtr

j = 0

ιλ
tr

j Ebs+1,m = 0

for j ∈ [1, h′] \ {as} and m ∈ [1, n].

We have

ϖ−1
λ τyϖλ = ϖ−1

λ

(︂
λd+1σx, λd−1+1σx

)︂
ϖλ =

(︂
(λd+1σx)ϖλ, (λd−1+1σx)ϖλ

)︂
=
(︂
b1, b1+1

)︂
=: τ̃y .

(iii) We have

τ̃Permy =
∑︂
ℓ∈[1,n]

Eℓ,ℓτ̃y =

⎛⎝ ∑︂
ℓ∈[1,n]\{b1,b1+1}

Eℓ,ℓ

⎞⎠+ Eb1,b1+1 +Eb1+1,b1 .

Note that

ιλ
tr

s (τ̃Permy )πλ
tr

s = Eλtrs

for s ∈ [1, h′] \ {a1} and
ιλ

tr

a1
(τ̃Permy )πλ

tr

a1
∈ Permλtra1

.

Moreover,

ιλ
tr

s τ̃Permy πλ
tr

t = 0

for s, t ∈ [1, h′] with s ̸= t.
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We have

(ϖPerm
λ )−1 ryϖ

Perm
λ

= (ϖPerm
λ )−1

(︄
τPermy +

∑︁
(k,1σx)∈Posx

xk,1σx

(︂
Eλd+kσx,λd+1σx

−Eλd+kσx,λd−1+1σx

)︂)︄
ϖPerm
λ

R.102
= (ϖPerm

λ )−1τPermy ϖPerm
λ +

∑︁
(k,1σx)∈Posx

xk,1σx

(︂
E(λd+kσx)ϖλ,(λd+1σx)ϖλ

−E(λd+kσx)ϖλ,(λd−1+1σx)ϖλ

)︂
(ii)
= τ̃Permy +

∑︁
(k,1σx)∈Posx

xk,1σx (Ebk+1,b1+1−Ebk+1,b1) .

We show that conditions (1,2,3) of Definition 116 hold.

Ad (1). We have for s ∈ [1, h′] \ {a1}

ιλ
tr

s ((ϖPerm
λ )−1 ryϖ

Perm
λ )πλ

tr

s

(iii)
= ιλ

tr

s

(︄
τ̃Permy +

∑︁
(k,1σx)∈Posx

xk,1σx (Ebk+1,b1+1−Ebk+1,b1)

)︄
πλ

tr

s

= ιλ
tr

s (τ̃Permy )πλ
tr

s +
∑︁

(k,1σx)∈Posx
xk,1σx

⎛⎜⎝ιλtrs Ebk+1,b1+1 π
λtr

s⏞ ⏟⏟ ⏞
=0 by (ii)

−ιλtrs Ebk+1,b1 π
λtr

s⏞ ⏟⏟ ⏞
=0 by (ii)

⎞⎟⎠
= ιλ

tr

s (τ̃Permy )πλ
tr

s
(iii)
= Eλtrs .

Moreover

ιλ
tr

a1
((ϖPerm

λ )−1 ryϖ
Perm
λ )πλ

tr

a1

(iii)
= ιλ

tr

a1

(︄
τ̃Permy +

∑︁
(k,1σx)∈Posx

xk,1σx (Ebk+1,b1+1−Ebk+1,b1)

)︄
πλ

tr

a1

= ιλ
tr

a1
(τ̃Permy )πλ

tr

a1
+

∑︁
(k,1σx)∈Posx

xk,1σx

⎛⎜⎝ ιλ
tr

a1
Ebk+1,b1+1⏞ ⏟⏟ ⏞

=0 by (ii), as a1 < ak

πλ
tr

a1
− ιλ

tr

a1
Ebk+1,b1⏞ ⏟⏟ ⏞

=0 by (ii), as a1 < ak

πλ
tr

a1

⎞⎟⎠
= ιλ

tr

a1
(τ̃Permy )πλ

tr

a1

(iii)
∈ Permλtra1

.

So (1) is satisfied.

Ad (2). We need to show that ιλ
tr

s ((ϖPerm
λ )−1 ryϖ

Perm
λ )πλ

tr

t = 0 for s, t ∈ [1, h′] with s < t. As

τ̃Permy is block-diagonal with respect to λtr by (iii), it remains to show that

ιλ
tr

s (
∑︂

(k,1σx)∈Posx

xk,1σx (Ebk+1,b1+1−Ebk+1,b1))π
λtr

t = 0 .

Case t = a1. By (i) we have a1 < ak for (k, 1σx) ∈ Posx. So, s < t = a1 < ak. Hence by (ii),
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we have

ιλ
tr

s

⎛⎝ ∑︂
(k,1σx)∈Posx

xk,1σx (Ebk+1,b1+1−Ebk+1,b1)

⎞⎠ πλ
tr

a1
= 0 .

Case t ̸= a1. We have

ιλ
tr

s

(︄ ∑︁
(k,1σx)∈Posx

xk,1σx (Ebk+1,b1+1−Ebk+1,b1)

)︄
πλ

tr

t

=
∑︁

(k,1σx)∈Posx
xk,1σx

⎛⎜⎝ιλtrs Ebk+1,b1+1 π
λtr

t⏞ ⏟⏟ ⏞
=0 by (ii)

−ιλtrs Ebk+1,b1 π
λtr

t⏞ ⏟⏟ ⏞
=0 by (ii)

⎞⎟⎠
= 0 .

So (2) is satisfied.

Ad (3). We have for s ∈ [1, h′] \ {a1}

((ϖPerm
λ )−1 ryϖ

Perm
λ )oneλ

tr

n,s

(iii)
=

(︄
τ̃Permy +

∑︁
(k,1σx)∈Posx

xk,1σx (Ebk+1,b1+1−Ebk+1,b1)

)︄
πλ

tr

s oneλtrs

= τ̃Permy πλ
tr

s⏞ ⏟⏟ ⏞
=πλtr

s

oneλtrs +
∑︂

(k,1σx)∈Posx

xk,1σx (Ebk+1,b1+1−Ebk+1,b1) π
λtr

s⏞ ⏟⏟ ⏞
=0 by (ii)

oneλtrs

= πλ
tr

s oneλtrs

= oneλ
tr

n,s .

Moreover,

((ϖPerm
λ )−1 ryϖ

Perm
λ )oneλ

tr

n,a1

(iii)
=

(︄
τ̃Permy +

∑︁
(k,1σx)∈Posx

xk,1σx (Ebk+1,b1+1−Ebk+1,b1)

)︄
πλ

tr

a1
oneλtra1

=

(︄
τ̃Permy +

∑︁
(k,1σx)∈Posx

xk,1σx

(︂
Eλtrak−1+d+1,λtra1−1+d+1−Eλtrak−1+d+1,λtra1−1+d

)︂)︄
πλ

tr

a1
oneλtra1

L.105.(1)
= τ̃Permy πλ

tr

a1
oneλtra1 +

∑︁
(k,1σx)∈Posx

xk,1σxπ
λtr

ak

(︂
Ed+1,d+1 oneλtra1 − Ed+1,d oneλtra1

)︂
⏞ ⏟⏟ ⏞

=0
(iii)
= πλ

tr

a1
oneλtra1

= oneλ
tr

n,a1
.
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So, (3) holds by Lemma 117. Thus, (ϖPerm
λ )−1 ryϖ

Perm
λ ∈ Vλtr .

So, (ϖPerm
λ )−1 ryϖ

Perm
λ is a lower block-triangular matrix and as τ̃y is a transposition, we obtain

((ϖPerm
λ )−1 ryϖ

Perm
λ ) sgn = (ιλ

tr

a1
(τ̃Permy )πλ

tr

a1
) sgn = −1

and therefore ry f = −1.

Example 148. We continue Examples 138, 140, 144, 146. Let λ = (λ1, λ2) = (2, 2) and F = F3.
Suppose that d = 1 and w = 1. Then µ = µ1,1 = (3, 1) and λd = λ1 = 2 and λd−1 = λ0 = 0.

We have

ry3 =

⎛⎝ 0 0 1 0

0 1 0 0

1 0 0 0

1 0 −1 1

⎞⎠ .

We have the λ-tableaux tλ = 1 2
3 4 and t̃λ = 1 3

2 4 . So, ϖλ =
(︂
2, 3
)︂
, cf. Remark 52.

We have ϖPerm
λ =

⎛⎝ 1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 1

⎞⎠, cf. Definition 101.(1).

We have λtr = (2, 2) and

Vλtr =

⎧⎨⎩
⎛⎝ 1 0 0 0

0 1 0 0

u v 1 0

x y 0 1

⎞⎠ ,

⎛⎝ 0 1 0 0

1 0 0 0

u v 1 0

x y 0 1

⎞⎠ ,

⎛⎝ 1 0 0 0

0 1 0 0

u v 0 1

x y 1 0

⎞⎠ ,

⎛⎝ 0 1 0 0

1 0 0 0

u v 0 1

x y 1 0

⎞⎠ :
(︂

u v

x y

)︂
∈ F 2×2

with
u+ v = 0

x+ y = 0

⎫⎬⎭ ,

cf. Definition 116.

We obtain

(ϖPerm
λ )−1 ry3 ϖ

Perm
λ =

⎛⎝ 1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 1

⎞⎠·
⎛⎝ 0 0 1 0

0 1 0 0

1 0 0 0

1 0 −1 1

⎞⎠·
⎛⎝ 1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 1

⎞⎠ =

⎛⎝ 0 1 0 0

1 0 0 0

0 0 1 0

1 −1 0 1

⎞⎠ ∈ Vλtr
which is in line with Lemma 147.
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2.4 A construction of the unipotent Specht module

Recall that n, r ∈ Z⩾1 and that we have the composition λ = (λ1, . . . , λr) |= n.

Recall the field F . We keep the notation Gn = GLn(F ).

Let R be a commutative ring.

2.4.1 The permutation module Mλ

We consider the parabolic subgroup Pλ = {g ∈ Gn : ιigπj = 0 for i, j ∈ [1, r] with i > j} ⩽ Gn,

cf. Definition 108.

Suppose given d, w ∈ Z⩾0 such that 1 ⩽ d < r and 0 ⩽ w < λd+1. Let

µ = µd,w := (µ1, . . . , µr) = (λ1, . . . , λd−1, λd + λd+1 − w,w, λd+2, . . . , λr) |= n.

Definition 149. We define the permutation module

Mλ,R := R(Pλ\Gn) .

It is an RGn-module. As an R-module, it is of rank [Gn : Pλ] with basis {Pλg : g ∈ Gn}.

The Gn-action on Mλ,R is given by

Mλ,R ×Gn → Mλ,R

(Pλg, g̃) ↦→ (Pλg) · g̃ := Pλ(gg̃) .

We often abbreviate Mλ =Mλ,R .

Example 150. We continue Example 136. Let R = Q, λ = (2, 1) |= 3 and F = F3 .

TheQ-vector spaceMλ is a of dimension [GL3(F3) : Pλ] = 11232
864

= 13 with basis {Pλ · g : g ∈ Lλ · u}
where

Lλ · u =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎛⎜⎝ 0 0 1

0 1 0

1 0 0

⎞⎟⎠ ,

⎛⎜⎝ 0 1 0

1 0 0

0 0 1

⎞⎟⎠ ,

⎛⎜⎝ 0 1 0

1 0 0

1 0 1

⎞⎟⎠ ,

⎛⎜⎝ 0 1 0

1 0 0

−1 0 1

⎞⎟⎠ ,

⎛⎜⎝ 0 1 0

1 0 0

0 1 1

⎞⎟⎠ ,

⎛⎜⎝ 0 1 0

1 0 0

1 1 1

⎞⎟⎠ ,

⎛⎜⎝ 0 1 0

1 0 0

−1 1 1

⎞⎟⎠ ,

⎛⎜⎝ 0 1 0

1 0 0

0 −1 1

⎞⎟⎠ ,

⎛⎜⎝ 0 1 0

1 0 0

1 −1 1

⎞⎟⎠ ,

⎛⎜⎝ 0 1 0

1 0 0

−1 −1 1

⎞⎟⎠ ,

⎛⎜⎝ 0 0 1

1 0 0

0 1 0

⎞⎟⎠ ,

⎛⎜⎝ 0 0 1

1 0 0

1 1 0

⎞⎟⎠ ,

⎛⎜⎝ 0 0 1

1 0 0

−1 1 0

⎞⎟⎠

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
.
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We have e.g.

Pλ

(︄
0 0 1

0 1 0

1 0 0

)︄
·

(︄
1 0 −1

1 1 1

1 0 0

)︄
= Pλ

(︄
1 0 0

1 1 1

1 0 −1

)︄
= Pλ

(︄
0 1 0

1 0 0

−1 0 1

)︄
.

Lemma 151. Recall the set of right-coset representatives for (Pλ ∩ Pµ)\Pλ given by Xd,w , cf.
Lemma 137. We have the RGn-linear map

ψd,w = ψRd,w :Mλ,R → Mµ,R

Pλ · 1 ↦→
∑︁

y∈Xd,w

Pµy ,

cf. [13, Definition 15.1].

Proof. As
∑︁

y∈Xd,w

Pµy =
∑︁

y∈Xd,w

Pµzy⏞⏟⏟⏞
=Pµ

·y for zy ∈ Pλ ∩ Pµ, the map ψRd,w is independent of the

chosen set of right-coset representatives X ′
d,w = {zyy : y ∈ Xd,w} for (Pλ ∩ Pµ)\Pλ instead of

Xd,w .

Suppose given x ∈ Pλ. Then ∑︂
y∈Xd,w

Pµy · x =
∑︂
y∈Xd,w

Pµy

as Xd,w · x is a set of right-coset representatives for (Pλ ∩ Pµ)\Pλ .

So, ψRd,w is a well-defined RGn-linear map.

Lemma 152. Let K be a field. Let L|K be a field extension. Then we have the isomorphism

of LGn-modules

L⊗K ker(ψKd,w)
∼−→ ker(ψLd,w)

ℓ⊗ x ↦→ ℓ · x .

Proof. We have the left exact sequence in KGn-Mod

ker(ψKd,w)
ιλ−→Mλ,K

ψK
d,w−−→Mµ,K .

As L⊗K − is exact, we have the left exact sequence in LGn-Mod

L⊗K ker(ψKd,w)
L⊗K ιλ−−−−→ L⊗K MK

L⊗Kψ
K
d,w−−−−−→ L⊗K Mµ,K .

We have

L⊗K Mλ,K
fλ−→∼ Mλ,L

ℓ⊗ Pλ · g ↦→ ℓPλg
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and

L⊗K Mµ,K
fµ−→∼ Mµ,L

ℓ⊗ Pµ · g ↦→ ℓPµg ,

cf. Lemma 14, using αK = idK and αL = idL.

We have the following commutative diagram, with left exact rows

L⊗K ker(ψKd,w)
→→ L⊗K Mλ,K

L⊗Kψ
K
d,w →→

≀ fλ
↓↓

L⊗K Mµ,K

≀fµ
↓↓

ker(ψLd,w)
→→Mλ,L

ψL
d,w →→Mµ,L

By the universal property of the kernels ker(L⊗K ψKd,w) and ker(ψLd,w), we get the isomorphism

in LGn-Mod

fλ|
ker(ψL

d,w)

L⊗Kker(ψK
d,w)

: L⊗K ker(ψKd,w)
∼−→ ker(ψLd,w) .

Example 153. We continue Example 138. Let λ = (λ1, λ2) = (2, 2) and F = F3 . Suppose

given d = w = 1. Then µ = µ1,1 = (3, 1). For (Pλ∩Pµ)\Pλ we may choose the set of right-coset

representatives

X1,1 =

⎧⎨⎩
⎛⎝ 1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

⎞⎠,
⎛⎝ 1 0 0 0

0 1 0 0

0 0 1 0

0 0 1 1

⎞⎠,
⎛⎝ 1 0 0 0

0 1 0 0

0 0 1 0

0 0 −1 1

⎞⎠,
⎛⎝ 1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

⎞⎠⎫⎬⎭ .

We now obtain

ψ1,1 :M(2,2) → M(3,1)

P(2,2)

⎛⎝ 1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

⎞⎠ ↦→ P(3,1)

⎛⎝ 1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

⎞⎠+ P(3,1)

⎛⎝ 1 0 0 0

0 1 0 0

0 0 1 0

0 0 1 1

⎞⎠
+P(3,1)

⎛⎝ 1 0 0 0

0 1 0 0

0 0 1 0

0 0 −1 1

⎞⎠+ P(3,1)

⎛⎝ 1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

⎞⎠ ,

cf. Lemma 151.
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2.4.2 The submodule Sλ ⩽Mλ

LetK be a field. Suppose that the composition λ of n is actually a partition λ = (λ1, . . . , λr) ⊢ n
with r ⩾ 2.

Let h′ = λ1. We denote by λtr = (λtr1 , . . . λ
tr
h′) the transposed partition of λ, cf. Definition 49.(4).

Recall the permutation ϖλ which converts the terminal λ-tableau into the initial λ-tableau, i.e.

tλϖλ = t̃λ, cf. Remark 52. Let ϖPerm
λ =

∑︁
ℓ∈[1,n]

Eℓ,ℓϖλ
be the corresponding permutation matrix.

2.4.2.1 Definition and first properties of the generator

Definition 154. We denote by

ϖλVλtr := (Vλtr)
(ϖλ

Perm)−1

⩽ Gn

the reflection container subgroup, cf. Definition 116.

For v ∈ ϖλVλtr we let vf :=
(︁
(ϖλ

Perm)−1vϖλ
Perm

)︁⏞ ⏟⏟ ⏞
∈Vλtr

sgn, cf. Definition 116.

This defines the group morphism

f : ϖλVλtr → {−1, 1}
v ↦→ vf .

Remark 155.

(1) Note that the group morphism f in Definition 154 is surjective, as λ has at least two

parts: So, in Vλtr there is a diagonal block of size ⩾ 2.

(2) For 1 ⩽ d < r and 0 ⩽ w < λd+1, suppose given y ∈ Xd,w. Then ry f = −1, cf.

Lemma 147.

Example 156. We continue Example 148. Let λ = (λ1, λ2) = (2, 2) and F = F3. We have

ϖλ =
(︂
2, 3
)︂
, λtr = (2, 2) and

Vλtr =

⎧⎨⎩
⎛⎝ 1 0 0 0

0 1 0 0

u v 1 0

x y 0 1

⎞⎠ ,

⎛⎝ 0 1 0 0

1 0 0 0

u v 1 0

x y 0 1

⎞⎠ ,

⎛⎝ 1 0 0 0

0 1 0 0

u v 0 1

x y 1 0

⎞⎠ ,

⎛⎝ 0 1 0 0

1 0 0 0

u v 0 1

x y 1 0

⎞⎠ :
(︂

u v

x y

)︂
∈ F 2×2

with
u+ v = 0

x+ y = 0

⎫⎬⎭ .
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We obtain

ϖλVλtr =

⎧⎨⎩
⎛⎝ 1 0 0 0

u 1 v 0

0 0 1 0

x 0 y 1

⎞⎠ ,

⎛⎝ 0 0 1 0

u 1 v 0

1 0 0 0

x 0 y 1

⎞⎠ ,

⎛⎝ 1 0 0 0

u 0 v 1

0 0 1 0

x 1 y 0

⎞⎠ ,

⎛⎝ 0 0 1 0

u 0 v 1

1 0 0 0

x 1 y 0

⎞⎠ :
(︂

u v

x y

)︂
∈ F 2×2

with
u+ v = 0

x+ y = 0

⎫⎬⎭.
Note that e.g. ⎛⎝ 0 0 1 0

u 0 v 1

1 0 0 0

x 1 y 0

⎞⎠f =

⎛⎝ 0 1 0 0

1 0 0 0

u v 0 1

x y 1 0

⎞⎠ sgn = 1 .

Lemma 157. We have
ϖλVλtr ∩ Pλ ⩽ ker(f) .

More precisely, given v ∈ Vλtr such that v(ϖ
Perm
λ )−1 ∈ ϖλVλtr ∩ Pλ, then ιλ

tr

k vπλ
tr

k = Eλtrk for

k ∈ [1, h′].

Proof. Let ṽ ∈ ϖλVλtr ∩ Pλ . Then

ṽ = (ṽi,j)i,j∈[1,n] = (viϖλ,jϖλ
)i,j∈[1,n]

with v = (vi,j)i,j∈[1,n] ∈ Vλtr , cf. Lemma 104.

To show that ṽf = 1, it suffices to show that v sgn = 1.

Assume that there is k ∈ [1, h′] such that

ιλ
tr

k vπλ
tr

k ̸= Eλtrk .

I.e. as ιλ
tr

k vπλ
tr

k ∈ Permλtrk
, there is an entry vi,j = 1 for some i, j ∈ [λtrk−1 + 1, λtrk ] with i > j.

The entries of the k-th column of the λ-tableau t̃λ are the numbers [λtrk−1 + 1, λtrk ] in ascending

order, as this is a standard tableau, cf. Definition 51.(5).

So i columnt̃λ = j columnt̃λ = k. As i > j we have ai := i rowt̃λ > j rowt̃λ =: aj.

As we have tλϖλ = t̃λ, the number iϖ−1
λ is the element at position (ai, k) of t

λ. Likewise, the

number jϖ−1
λ is the element at position (aj, k) of t

λ.

The entries of the ai-th row of the λ-tableau tλ are the numbers [λai−1 + 1, λai ] in ascending

order, as this is a standard tableau, cf. Definitions 51(4). So, iϖ−1
λ ∈ [λai−1 + 1, λai ].

Likewise jϖ−1
λ ∈ [λaj−1 + 1, λaj ].

But ṽiϖ−1
λ ,jϖ−1

λ
= vi,j = 1 and thus ιλai ṽπ

λ
aj
̸= 0 which is in contradiction to ṽ ∈ Pλ .

So ιλ
tr

k vπλ
tr

k = Eλtrk for k ∈ [1, h′] and thus vf = 1, cf. Definition 116, 154.
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Lemma 158. Suppose that λ = (n− 1, 1). Then

ϖλVλtr ∩ Pλ = ker(f) .

Proof. We have λtr = (2, 1, . . . , 1) and ϖλ = (2, 3, 4, . . . , n) ∈ Sn. By Lemma 157 we have
ϖλVλtr ∩ Pλ ⩽ ker(f) .

Conversely, let ṽ ∈ ker(f) . We write ṽ = v(ϖ
Perm
λ )−1

with v = (vi,j)i,j∈[1,n] ∈ Vλtr .

Then

ṽ = (ṽi,j)i,j∈[1,n] = (viϖλ,jϖλ
)i,j∈[1,n] ,

cf. Lemma 104. As ṽ ∈ ker(f) we have ιλ
tr

1 vπλ
tr

1 = E2. In particular, v2,1 = 0.

We have ιλ2 ṽπ
λ
1 = (vnϖλ,jϖλ

)j∈[1,n]π
λ
1 = (v2,jϖλ

)j∈[1,n−1] = (0)j∈[1,n−1] , cf. Definition 97.(1). So,

ṽ ∈ Pλ.

Example 159. In Example 156 we obtain

ϖλVλtr ∩ Pλ =

⎧⎨⎩
⎛⎝ 1 0 0 0

u 1 v 0

0 0 1 0

0 0 0 1

⎞⎠ : u, v ∈ F with u+ v = 0

⎫⎬⎭ ,

which is in line with Lemma 157.

Definition 160. Recall the KGn-module Mλ,K , cf. Definition 149.

We define the KGn-submodule

Sλ,K := ⟨
∑︂

z∈(Pλ∩(ϖλVλtr ))\
ϖλVλtr

Pλz · zf⟩KGn ⩽Mλ,K .

We often abbreviate Sλ = Sλ,K . We write Sgen
λ :=

∑︁
z∈(Pλ∩(ϖλVλtr ))\

ϖλVλtr

Pλz · zf ∈ Sλ.

We consider the Gn-invariant bilinear form

[−,=]λ,K : Mλ,K × Mλ,K → K

(Pλ · g , Pλ · h) ↦→ [Pλ · g,Pλ · h]λ,K := ∂Pλ·g,Pλ·h ,

where g, h ∈ Gn, cf. Lemma 28 for αK = id.

We consider the KGn-submodule (Sλ,K)⊥ = {x ∈ Mλ,K : [x,Sλ,K ]K = 0} ⊆ Mλ,K , cf.

Lemma 15.

Remark 161. Note that for z, z̃ ∈ ϖλVλtr , we have Pλz = Pλz̃ if and only if zz̃−1 ∈ Pλ∩(ϖλVλtr),

i.e. if and only if (Pλ ∩ (ϖλVλtr))z = (Pλ ∩ (ϖλVλtr))z̃.
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In particular, Sλ,K is non-zero, regardless of the characteristic of K.

By Lemma 157, we have Pλ ∩ (ϖλVλtr) ⩽ ker(f). Consequently, Sλ,K is independent of the

choice of coset representatives for (Pλ ∩ (ϖλVλtr))\ϖλVλtr .

Example 162. We continue Example 150.

Let λ = (λ1, λ2) = (2, 1) = × ×
× ⊢ 3, F = F3 and K = Q.

We have the λ-tableaux tλ = 1 2
3 and t̃λ = 1 3

2 . So, ϖλ =
(︂
2, 3
)︂
, cf. Remark 52.

We have ϖPerm
λ =

(︄
1 0 0

0 0 1

0 1 0

)︄
, cf. Definition 101.(3).

We have the Q-vector space Mλ of dimension [Gn : Pλ] = 13 with basis {Pλg : g ∈ Lλ · u}, cf.
Example 150.

We have λtr = (2, 1) and

Vλtr =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

⎛⎜⎝ 1 0 0

0 1 0

0 0 1

⎞⎟⎠ ,

⎛⎜⎝ 1 0 0

0 1 0

1 −1 1

⎞⎟⎠ ,

⎛⎜⎝ 1 0 0

0 1 0

−1 1 1

⎞⎟⎠ ,

⎛⎜⎝ 0 1 0

1 0 0

0 0 1

⎞⎟⎠ ,

⎛⎜⎝ 0 1 0

1 0 0

1 −1 1

⎞⎟⎠ ,

⎛⎜⎝ 0 1 0

1 0 0

−1 1 1

⎞⎟⎠

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
,

cf. Example 119.

So, we obtain

ϖλVλtr =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

⎛⎜⎝ 1 0 0

0 1 0

0 0 1

⎞⎟⎠ ,

⎛⎜⎝ 1 0 0

1 1 −1

0 0 1

⎞⎟⎠ ,

⎛⎜⎝ 1 0 0

−1 1 1

0 0 1

⎞⎟⎠ ,

⎛⎜⎝ 0 0 1

0 1 0

1 0 0

⎞⎟⎠ ,

⎛⎜⎝ 0 0 1

1 1 −1

1 0 0

⎞⎟⎠ ,

⎛⎜⎝ 0 0 1

−1 1 1

1 0 0

⎞⎟⎠

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
and

Pλ ∩ (ϖλVλtr) =

{︄ ⎛⎜⎝ 1 0 0

0 1 0

0 0 1

⎞⎟⎠ ,

⎛⎜⎝ 1 0 0

1 1 −1

0 0 1

⎞⎟⎠ ,

⎛⎜⎝ 1 0 0

−1 1 1

0 0 1

⎞⎟⎠
}︄

.

We have
Sgen
λ,Q =

∑︁
z∈(Pλ∩(ϖλVλtr ))\

ϖλVλtr

Pλz · zf

= Pλ ·

(︄
1 0 0

0 1 0

0 0 1

)︄
− Pλ ·

(︄
0 0 1

0 1 0

1 0 0

)︄

= Pλ ·

(︄
0 1 0

1 0 0

0 0 1

)︄
− Pλ ·

(︄
0 0 1

0 1 0

1 0 0

)︄
.
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We have

Sλ,Q =

⟨︄
Pλ ·

(︄
0 1 0

1 0 0

0 0 1

)︄
− Pλ ·

(︄
0 0 1

0 1 0

1 0 0

)︄⟩︄
QG3

⩽Mλ .

2.4.2.2 Absolute irreducibility

To show that Sλ,K is irreducible if char(K) = 0, we show that 0 ̸= Sλ,K ⊆ ∩rd=2 ∩
λd−1
w=0 ker(ψQ

d−1,w) = Sλ,Q,

the latter being irreducible by James [13].

Remark 163. Let ϖλV +
λtr := {z ∈ ϖλVλtr : zf = 1} = ker(f) and ϖλV −

λtr := {z ∈ ϖλVλtr : zf = −1},
cf. Definition 154. Suppose given r ∈ ϖλV λtr with r f = −1. Then the map

ϖλV +
λtr

κr−→∼ ϖλV −
λtr

z ↦→ zκr := r ·z

is bijective. In particular, |ϖλV +
λtr| = |ϖλV −

λtr|.

Lemma 164. Recall that Pλ ∩ (ϖλVλtr) ⩽ ϖλV +
λtr, cf. Lemma 157. Write β := | ker(f)|

|Pλ∩(ϖλVλtr )|
.

Suppose given r ∈ ϖλVλtr with r f = −1.

There exists a system of right-coset representatives

{z1, . . . , zβ} for (Pλ ∩ (ϖλVλtr))\ϖλV +
λtr

such that

{z1, . . . , zβ, r ·z1, . . . , r ·zβ}

is a system of right-coset representatives for (Pλ ∩ (ϖλVλtr))\ϖλVλtr .

Proof. Write U := Pλ ∩ (ϖλVλtr). Let X := U\ϖλV +
λtr and Y := {Uz : z ∈ ϖλV −

λtr}. Note that

|X| = |Y |.

Let W := {(Uz, Uzκr) : z ∈ ϖλV +
λtr} ⊆ X × Y , cf. Remark 163. Note that U(uz)κr may

depend on the choice of a representative uz ∈ Uz, where u ∈ U . So, an element Uz ∈ X is

in relation to an element Uz̃ ∈ Y with respect to W if and only if there exists u ∈ U such

that(uz)κr = ruz ∈ Uz̃.

Let

Wx := {y ∈ Y : (x, y) ∈ W}

for x ∈ X.

We claim that

|
⋃︂
x∈X0

Wx| ⩾ |X0|



2.4 A construction of the unipotent Specht module 143

for X0 ⊆ X.

Let
Y0 :=

⋃︁
x∈X0

Wx ⊆ Y

X̂0 := {z ∈ ϖλV +
λtr : Uz ∈ X0} ⊆ ϖλV +

λtr

Ŷ0 := {z ∈ ϖλV −
λtr : Uz ∈ Y0} ⊆ ϖλV −

λtr .

Note that |X̂0| = |U | · |X0| and |Ŷ0| = |U | · |Y0|. So, it suffices to show that |Ŷ0|
!

⩾ |X̂0|.

Suppose given z ∈ X̂0. Then Uz ∈ X0. Moreover, (Uz, Uzκr) ∈ W . Hence, Uzκr ∈ WUz ⊆ Y0.

So, zκr ∈ Ŷ0. Therefore X̂0κr ⊆ Ŷ0. Since κr is bijective, this leads to |Ŷ0| ⩾ |X̂0|.

This proves the claim.

By Lemma 107, there exists an injective map γ : X → Y such that (x, xγ) ∈ W for x ∈ X.

Since |X| = |Y |, the map γ is bijective.

For x ∈ X, we have (x, xγ) ∈ W , i.e. (x, xγ) = (Uzx, Uzxκr) for some chosen zx ∈ ϖλV +
λtr .

So {Uzx : x ∈ X} = X and {Uzxκr : x ∈ X} = {xγ : x ∈ X} = Y , as γ is bijective.

In particular, {zx : x ∈ X} ∪ {zxκr : x ∈ X} is a system of right-coset representatives as

required.

Lemma 165. Recall ψKd,w , cf. Lemma 151. The KGn-module Sλ,K is a submodule of

∩r−1
d=1 ∩

λd+1−1
w=0 ker(ψKd,w) .

Proof. We show that Sgen
λ ∈ ∩r−1

d=1 ∩
λd+1−1
w=0 ker(ψd,w).

Suppose given d ∈ [1, r−1]. Suppose given w ∈ [0, λd+1−1]. For y ∈ Xd,w we have the reflection

ry ∈ ϖλVλtr with ry f = −1 and ry of order 2, cf. Lemmas 147, 143.

By Lemma 151 we have

Sgen
λ ψd,w = (

∑︂
z∈(Pλ∩(ϖλVλtr ))\

ϖλVλtr

Pλz · zf)ψd,w =
∑︂

z∈(Pλ∩(ϖλVλtr ))\
ϖλVλtr

(
∑︂
y∈Xd,w

Pµy)z · (zf) .

Choose {z1, . . . , zβ, ry ·z1, . . . , ry ·zβ} as system of right-coset representatives for (Pλ∩(ϖλVλtr))\ϖλVλtr ,

cf. Lemma 164.
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We have ∑︁
z∈(Pλ∩(ϖλVλtr ))\

ϖλVλtr

(
∑︁

y∈Xd,w

Pµy)z · (zf)

=
∑︁

y∈Xd,w

∑︁
z∈(Pλ∩(ϖλVλtr ))\

ϖλVλtr

Pµy · z · (zf)

L.164
=

∑︁
y∈Xd,w

(︄ ∑︁
ℓ∈[1,β]

Pµy · zℓ · (zℓf) +
∑︁

ℓ∈[1,β]
Pµy · ry ·zℓ · (ry ·zℓ)f

)︄
L.145, 147

=
∑︁

y∈Xd,w

(︄ ∑︁
ℓ∈[1,β]

Pµy · zℓ · (zℓf) +
∑︁

ℓ∈[1,β]
Pµy · zℓ · (ry)f · (zℓ)f

)︄
L.147
=

∑︁
y∈Xd,w

(︄ ∑︁
ℓ∈[1,β]

Pµy · zℓ · (zℓf)−
∑︁

ℓ∈[1,β]
Pµy · zℓ · (zℓ)f

)︄
= 0 .

So, Sgen
λ ∈ ∩r−1

d=1 ∩
λd+1−1
w=0 ker(ψd,w).

Theorem 166 (James’s Kernel Intersection Theorem). Suppose that char(K) ̸= p. Let

Sλ,K := ∩r−1
d=1 ∩

λd+1−1
w=0 ker(ψKd,w) ⩽MK .

In [13, 11.12.(iii), 15.18] James shows that

Sλ,K(ζp)/(Sλ,K(ζp) ∩ (Sλ,K(ζp))
⊥)

is a selfdual, absolutely irreducible K(ζp)Gn-module.

Corollary 167. Suppose that char(K) ̸= p and that L|K is a field extension.

(1) We have the isomorphism of LGn-modules

L⊗K Sλ,K
∼−→ Sλ,L

ℓ⊗ x ↦→ ℓ · x .

Suppose that (κ1, . . . , κc) is a KGn-linear generating tuple of Sλ,K. Then (κ1, . . . , κc) is

a LGn-linear generating tuple of Sλ,L.

(2) The KGn-module

Sλ,K/(Sλ,K ∩ (Sλ,K)
⊥)

is absolutely irreducible.

(3) The QGn-module Sλ,Q is absolutely irreducible.



2.4 A construction of the unipotent Specht module 145

Proof. Ad (1). As the tensor functor is exact and compatible with intersections it follows that

L⊗K Sλ,K = L⊗K
(︂
∩r−1
d=1 ∩

λd+1−1
w=0 ker(ψKd,w)

)︂
=

(︂
∩r−1
d=1 ∩

λd+1−1
w=0 (L⊗K ker(ψKd,w)

)︂
.

Using Lemma 152 we obtain the LGn-module isomorphism

L⊗K Sλ,K
φ−→∼ ∩r−1

d=1 ∩
λd+1−1
w=0 ker(ψLd,w) = Sλ,L

ℓ⊗ x ↦→ ℓx .

As (κ1, . . . , κc) is a KGn-linear generating tuple of Sλ,K we have that (1⊗ κi)i∈[1,c] is a LGn-

linear generating tuple of L ⊗K Sλ,K and that ((1⊗ κi)φ)i∈[1,c] = (κ1, . . . , κc) is a LGn-linear

generating tuple of Sλ,L.

Ad (2). Letting L = K(ζp), αK = idK and αK(ζp) = idK(ζp) . Corollary 22 gives the K(ζp)Gn-

module isomorphism

K(ζp)⊗K
(︁
Sλ,K/(Sλ,K ∩ (Sλ,K)

⊥)
)︁ ν−→∼ Sλ,K(ζp)/(Sλ,K(ζp) ∩ (Sλ,K(ζp))

⊥)

ℓ⊗
(︁
s+ (Sλ,K ∩ S⊥

λ,K)
)︁
↦→ ℓ⊗ s+ (Sλ,K(ζp) ∩ (Sλ,K(ζp))

⊥ ,

Therefore K(ζp) ⊗K
(︁
Sλ,K/(Sλ,K ∩ (Sλ,K)

⊥)
)︁
is an irreducible K(ζp)Gn-module, cf. Theorem

166.

Now, assume that 0 ̸= T < Sλ,K/(Sλ,K ∩ (Sλ,K)
⊥ is a submodule. But then

0 ̸= K(ζp)⊗K T < K(ζp)⊗K
(︁
Sλ,K/(Sλ,K ∩ (Sλ,K)

⊥)
)︁

the latter being irreducible. Contradiction .

Ad (3). This follows as

Sλ,Q ∩ (Sλ,Q)
⊥ = 0 ,

cf. Lemma 17, Remark 29 .

Theorem 168. Suppose that char(K) = 0. Then

Sλ,K = ⟨
∑︂

z∈(Pλ∩(ϖλVλtr ))\
ϖλVλtr

Pλz · zf⟩KGn ⩽Mλ,K .

is an absolutely irreducible KGn-module. In particular, Sλ,Q is an absolutely irreducible QGn-

module.

Moreover, we have Sλ,K = Sλ,K, cf. Definition 160 and Theorem 166.
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Proof. By Theorem 165 we have 0 ̸= Sλ,Q ⊆ ∩r−1
d=1 ∩

λd+1−1
w=0 ker(ψd,w) = Sλ,Q , the latter being an

absolutely irreducible QGn-module by Corollary 167.(2).

So, Sλ,Q = ∩r−1
d=1 ∩

λd+1−1
w=0 ker(ψd,w) = Sλ,Q and Sλ,Q is an absolutely irreducible QGn-module.

By definition of absolute irreducibility, it follows that K ⊗Q Sλ,Q is absolutely irreducible as

KGn-module.

Setting αK = idK we obtain by Lemma 14 the KGn-module isomorphism

K ⊗Q Sλ,Q
φ−→
∼
Sλ,K

k ⊗ s ↦→ k · s .

Hence, Sλ,K is an absolutely irreducible KGn-module.

As K ⊗Q Sλ,Q = K ⊗Q Sλ,Q , we obtain Sλ,K = Sλ,K by Corollary 167.(1).

Lemma 169. Suppose that char(K) does not divide |Pλ ∩ (ϖλVλtr)|.

Then

Sλ,K = ⟨
∑︂

v∈ϖλVλtr

Pλv · (vf)⟩KGn .

Proof. Note that for z, z̃ ∈ ϖλVλtr , we have Pλz = Pλz̃ if and only if zz̃−1 ∈ Pλ ∩ ϖλVλtr , i.e. if

and only if (Pλ ∩ ϖλVλtr)z = (Pλ ∩ ϖλVλtr)z̃.

We have, using Pλ ∩ ϖλVλtr ⩽ ker(f); cf. Lemma 157,

∑︁
v∈ϖλVλtr

Pλv · vf =
∑︁

z∈(Pλ∩ϖλVλtr )\
ϖλVλtr

∑︁
c∈Pλ∩ϖλVλtr

Pλz · (cz)f

=
∑︁

z∈(Pλ∩ϖλVλtr )\
ϖλVλtr

Pλz

(︄ ∑︁
c∈Pλ∩ϖλVλtr

cf

)︄
· zf

= |Pλ ∩ ϖλVλtr | ·
∑︁

z∈(Pλ∩ϖλVλtr )\
ϖλVλtr

Pλz · zf

= |Pλ ∩ ϖλVλtr | · Sgen
λ .

So,

Sλ,K = ⟨Sgen
λ ⟩KGn = ⟨

∑︂
v∈ϖλVλtr

Pλv · (vf)⟩KGn .

Proposition 170. Suppose that char(K) ̸= 0 and char(K) ̸= p. Then

Sλ,K/(Sλ,K ∩ (Sλ,K)⊥)

is absolutely irreducible or zero, cf. Definition 160.
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If it is non-zero, then we have an isomorphism

Sλ,K/(Sλ,K ∩ (Sλ,K)⊥) −→∼ Sλ,K/(Sλ,K ∩ (Sλ,K)
⊥) .

Proof. By Theorem 165 we know that Sgen
λ ∈ ∩hd=2 ∩

λd−1
w=0 ker(ψd−1,w) = Sλ,K .

So, we have Sλ,K ⩽ Sλ,K . We have the injective KGn-linear map

Sλ,K/
(︂
Sλ,K ∩

(︂
Sλ,K ∩ (Sλ,K)

⊥
)︂)︂

→ Sλ,K/(Sλ,K ∩ (Sλ,K)
⊥)

x+
(︂
Sλ,K ∩

(︂
Sλ,K ∩ (Sλ,K)

⊥
)︂)︂

↦→ x+ (Sλ,K ∩ (Sλ,K)
⊥) .

The module Sλ,K/(Sλ,K ∩ (Sλ,K)
⊥) is absolutely irreducible by Corollary 167.(2).

Note that Sλ,K ∩
(︂
Sλ,K ∩ (Sλ,K)

⊥
)︂
= Sλ,K ∩ (Sλ,K)

⊥ as Sλ,K ⩽ Sλ,K .

Thus,

Sλ,K/(Sλ,K ∩ (Sλ,K)
⊥)

is absolutely irreducible or zero. If it is non-zero, it is isomorphic to Sλ,K/(Sλ,K ∩ (Sλ,K)
⊥) .

We have the surjective KGn-linear map

Sλ,K/(Sλ,K ∩ (Sλ,K)
⊥) → Sλ,K/(Sλ,K ∩ (Sλ,K)⊥)

x+ (Sλ,K ∩ (Sλ,K)
⊥) ↦→ x+ (Sλ,K ∩ (Sλ,K)⊥)

as (Sλ,K)
⊥ = {m ∈Mλ,K : [m,Sλ,K ] = 0} ⩽ {m ∈Mλ,K : [m,Sλ,K ] = 0} = (Sλ,K)⊥.

Hence,

Sλ,K/(Sλ,K ∩ (Sλ,K)⊥)

is absolutely irreducible or zero. If it is non-zero, it is isomorphic to Sλ,K/(Sλ,K ∩ (Sλ,K)⊥) and
thus isomorphic to Sλ,K/(Sλ,K ∩ (Sλ,K)

⊥) .

Proposition 171. Suppose that char(K) ̸= 0 and char(K) ̸= p. Suppose that there is an

element x ∈ Pλ such that z′xz−1 ̸∈ Pλ for z, z′ ∈ ϖλVλtr with z, z
′ ̸∈ Pλ ∩ (ϖλVλtr).

Then

Sλ,K/(Sλ,K ∩ (Sλ,K)⊥)

is absolutely irreducible.
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Proof. We have

[Sgen
λ , Sgen

λ · x]λ,K =

[︄ ∑︁
z∈(Pλ∩(ϖλVλtr ))\

ϖλVλtr

Pλz · zf ,
∑︁

z′∈(Pλ∩(ϖλVλtr ))\
ϖλVλtr

Pλz
′x · z′f

]︄
λ,K

=
∑︁

z,z′∈(Pλ∩(ϖλVλtr ))\
ϖλVλtr

∂Pλz,Pλz′x · zf · z′f

= 1 ̸= 0

since Pλz
′x = Pλz only if z, z′ ∈ Pλ and 1f = 1.

So Sgen
λ ̸∈ (Sλ,K)⊥ . Hence the module Sλ,K/(Sλ,K ∩ (Sλ,K)⊥) is non-zero.

By Proposition 170, we conclude that it is absolutely irreducible.

Lemma 172. Suppose that λ = (1, . . . , 1) ⊢ n. Let

x =

⎛⎜⎜⎜⎜⎜⎝
1 1 1 . . . 1

0
. . .

. . .
. . .

...

...
. . .

. . .
. . .

1

...
. . .

. . .
. . .

1

0 . . . . . . 0 1

⎞⎟⎟⎟⎟⎟⎠ =
∑︂

i,j∈[1,n]

xi,j Ei,j with xi,j =

{︄
1 if i ⩽ j

0 else .

Then x ∈ Pλ such that z′xz−1 ̸∈ Pλ for z, z′ ∈ ϖλVλtr with z, z
′ ̸∈ Pλ ∩ (ϖλVλtr).

In particular, if char(K) ̸= 0 and char(K) ̸= p, then the KGn-module

Sλ,K/(Sλ,K ∩ (Sλ,K)⊥)

is absolutely irreducible, cf. Proposition 171.

Proof. We have λtr = (n). We have tλ = t̃λ. So, ϖλ = id, cf. Remark 52. Hence,

ϖλVλtr = V(n) = Permn = {σPerm ∈ F n×n : σ ∈ Sn} ,

cf. Definiton 116 .

Note that Pλ ∩ V(n) = {En} .

We show that for id ̸= σ ∈ Sn and id ̸= ρ ∈ Sn we have σPerm · x · ρPerm ̸∈ Pλ .

We have
σPerm · (xi,j)i,j · ρPerm =

∑︁
i,j∈[1,n]

xi,jσ
Perm · Ei,j ·ρPerm

R.102
=

∑︁
i,j∈[1,n]

xi,j Eiσ−1,jρ

=
∑︁

i,j∈[1,n]
xiσ,jρ−1 Ei,j = (xiσ,jρ−1)i,j .
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We want to show that there is a pair (k, ℓ) ∈ [1, n]× [1, n] such that k > ℓ and kσ ⩽ ℓρ−1.

As ρ ̸= id we may choose ℓ ∈ [1, n] with ℓ < ℓρ−1.

Assume that for k ∈ [ℓ + 1, n] we have kσ ∈ [ℓρ−1 + 1, n]. But this is impossible since σ ∈ Sn

is injective. Contradiction.

So, we may choose k ∈ [ℓ+ 1, n] such that kσ ⩽ ℓρ−1.

So, (xiσ,jρ−1)i,j ̸∈ Pλ as there is a position (k, ℓ) such that k > ℓ with an non-zero entry

xkσ,ℓρ−1 = 1.

Example 173. In the following table we give further examples for partitions λ and elements

x ∈ Pλ such that z′xz−1 ̸∈ Pλ for z, z′ ∈ ϖλVλtr with z, z
′ ̸∈ Pλ ∩ (ϖλVλtr), cf. Proposition 171,

cf. Lemma 172.

λ (2, 1) (3, 1) (2, 2) (2, 1, 1) (4, 1) (3, 2) (3, 1, 1) (2, 2, 1) (2, 1, 1, 1)

q 2 | 3 | 5 2 | 3 | 5 2 | 3 | 5 2 | 3 | 5 2 | 3 | 5 2 | 3 | 5 2 | 3 | 5 2 | 3 | 5 2 | 3 | 5

x
(︂

1 1 1
0 1 1
0 0 1

)︂ (︃
1 1 1 1
0 1 1 1
0 0 1 1
0 0 0 1

)︃ (︃
0 1 1 1
1 0 1 1
0 0 0 1
0 0 1 0

)︃ (︃
1 1 1 1
0 1 1 1
0 0 1 1
0 0 0 1

)︃ (︄
1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

)︄ (︄
1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 0
0 0 0 0 1

)︄ (︄
1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

)︄ (︄
0 1 1 1 1
1 0 1 1 1
0 0 0 1 1
0 0 1 0 1
0 0 0 0 1

)︄ (︄
1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

)︄

2.4.2.3 Comparing James’s product generator and Sgen
λ

Suppose that char(K) ̸= p.

Definition 174 ( [13, 11.15]). Given a ∈ F and (k, ℓ) ∈ [1, n]× [1, n] with k ̸= ℓ. We write

E′
k,ℓ(a) := En+aEk,ℓ ∈ Gn .

Let Φ1 := {(j + 1, j) : j ∈ [1, n− 1], jcolumnt̃λ = (j + 1)columnt̃λ}, cf. Definition 49.(3).

Let Φ2 := {(i, j) : 1 ⩽ j < i ⩽ n, (i, j) ̸∈ Φ1, i rowt̃λ
> j rowt̃λ

}, cf. Definition 49.(3).

In the group algebra KGn, we let

ηλ :=
∏︂

(i,j)∈Φ2

(︄∑︂
a∈F

E′
i,j(a)

)︄
·
∏︂

(i,j)∈Φ1

(︁
En−E′

i,j(1)
)︁
∈ KGn .

Let

S̃gen
λ := Pλϖ

Perm
λ ηλ ∈Mλ .

We write S̃λ,K = ⟨S̃gen
λ ⟩KGn ⩽Mλ.
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Example 175. We continue Examples 136, 150, 162. Let λ = (λ1, λ2) = (2, 1) = × ×
× ⊢ 3,

F = F3 and K = Q.

We have the λ-tableaux tλ = 1 2
3 and t̃λ = 1 3

2 . So, ϖλ =
(︂
2, 3
)︂
, cf. Remark 52.

We have ϖPerm
λ =

(︄
1 0 0

0 0 1

0 1 0

)︄
, cf. Definition 101.(3).

We have Φ1 = {(2, 1)} and Φ2 = ∅.

We have
ηλ =

(︁
E3−E′

2,1(1)
)︁

=

(︃
1 0 0
0 1 0
0 0 1

)︃
−
(︃

1 0 0
1 1 0
0 0 1

)︃
.

We have
S̃gen
λ = Pλϖ

Perm
λ ηλ

= Pλ

(︃(︃
1 0 0
0 0 1
0 1 0

)︃
−
(︃

1 0 0
0 0 1
1 1 0

)︃)︃
= Pλ ·

(︄
0 0 1

1 0 0

0 1 0

)︄
− Pλ ·

(︄
0 0 1

1 0 0

1 1 0

)︄
.

Remark 176. In [13, 11.15, Theorem 11.16, Theorem 15.18] James shows the following.

(1) The QGn-module S̃λ,Q is absolutely irreducible.

(2) As K(ζp)Gn-modules, we have

Sλ,K(ζp) = ∩r−1
d=1 ∩

λd+1−1
w=0 ker(ψ

K(ζp)
d,w ) = S̃λ,K(ζp)

∼= K(ζp)⊗K S̃λ,K .

Lemma 177. Suppose that char(K) = 0. Then we have Sλ,K = S̃λ,K.

Proof. As Sλ,K and S̃λ,K are irreducible, cf. Remark 176.(1), Theorem 168, we have either

Sλ,K = Sλ,K ∩ S̃λ,K = S̃λ,K

or Sλ,K ∩ S̃λ,K = 0 .

AsK(ζp)Gn-modules we have 0 ̸= Sλ,K(ζp) = Sλ,K(ζp) = S̃λ,K(ζp), cf. Remark 176.(2), Theorem 168.

Since the tensor functor is compatible with intersections, it follows that

0 ̸= Sλ,K(ζp) = Sλ,K(ζp) ∩ Sλ,K(ζp)

= Sλ,K(ζp) ∩ S̃λ,K(ζp)

=
(︁
K(ζp)⊗K Sλ,K

)︁
∩
(︁
K(ζp)⊗K S̃λ,K

)︁
= K(ζp)⊗K

(︂
Sλ,K ∩ S̃λ,K

)︂
.

So, Sλ,K ∩ S̃λ,K ̸= 0 .
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Remark 178. In [13, Definition 11.11] James gives another generator for Sλ,K(ζp) which is not

defined over K. He comments on his generator in [13, Definition 11.15].

Remark 179. We want to compare the generators S̃gen
λ and Sgen

λ by counting non-zero coeffi-

cients with respect to the basis {Pλg : g ∈ Lλ · u} of Mλ , cf. Definition 149, Remark 132.

Note that for two-part partitions of the form (n − 1, 1), both generators involve two basis

elements:

• By Lemma 158 we have ϖ(n−1,1)V(n−1,1)tr ∩ P(n−1,1) = ker(f) . So,

ϖ(n−1,1)V(n−1,1)tr ∩ P(n−1,1) P ϖ(n−1,1)V(n−1,1)tr

is a normal subgroup of index 2. So Sgen
(n−1,1) involves two basis elements, cf. Definition

160.

• In Definition 174 we obtain

Φ1 = {(j + 1, j) : j ∈ [1, n− 1], jcolumnt̃(n−1,1)
= (j + 1)columnt̃(n−1,1)

} = {(2, 1)} ,

Φ2 = {(i, j) : 1 ⩽ j < i ⩽ n, (i, j) ̸∈ Φ1, i rowt̃(n−1,1)
> j rowt̃(n−1,1)

} = ∅ ,
ϖ(n−1,1) = (2, 3, . . . , n) .

We have
ϖPerm

(n−1,1) E
′
2,1(1) = ϖPerm

(n−1,1) (En+E2,1)
R.102
=

(︂
ϖPerm

(n−1,1) + E2ϖ−1
(n−1,1)

,1

)︂
=

(︂
ϖPerm

(n−1,1) + En,1

)︂
∈ Gn .

So,

S̃gen
(n−1,1) = P(n−1,1)ϖ

Perm
(n−1,1)

(︁
En−E′

2,1(1)
)︁

= P(n−1,1)ϖ
Perm
(n−1,1) − P(n−1,1)

(︂
ϖPerm

(n−1,1) + En,1

)︂
.

Thus, S̃gen
(n−1,1) involves two basis elements, as ϖPerm

(n−1,1) has entry zero at position (n, 1)

and
(︂
ϖPerm

(n−1,1) + En,1

)︂
∈ Gn has entry one at position (n, 1).

Example 175 illustrates the case of λ = (2, 1).

The following table lists further examples. Write #Sgen
λ and #S̃gen

λ for the respective number

of non-zero coefficients.

λ (1, 1, 1) (2, 2) (2, 1, 1) (1, 1, 1, 1) (3, 2) (3, 1, 1) (2, 2, 1)

q 2 | 3 | 5 2 | 3 | 5 2 | 3 2 | 3 2 | 3 2 2

#Sgen
λ 6 | 6 | 6 8 | 12 | 20 6 | 6 24 | 24 8 | 12 6 24

#S̃gen
λ 8 |12| 20 8 | 12 | 20 8 |12 64 | 216 8 | 12 8 32
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2.5 Examples

2.5.1 Examples for Sλ,K

Example 180. We continue Examples 136, 150, 162.

Let λ = (λ1, λ2) = (2, 1) = × ×
× ⊢ 3, F = F3 and K = Q.

We have the λ-tableaux tλ = 1 2
3 and t̃λ = 1 3

2 . So, ϖλ =
(︂
2, 3
)︂
, cf. Remark 52.

We have ϖPerm
λ =

(︄
1 0 0

0 0 1

0 1 0

)︄
, cf. Definition 101.(3).

We have

Sgen
λ := Pλ ·

(︄
0 1 0

1 0 0

0 0 1

)︄
− Pλ ·

(︄
0 0 1

0 1 0

1 0 0

)︄
.

We have µ1,0 = (3, 0).

We consider the QG-module homomorphism

ψ1,0 :Mλ → Mµ1,0

Pλ · 1 ↦→
∑︁

x∈X1,0

Pµx ,

cf. Lemma 151.

Now we verify that Sgen
λ,Q ⩽ kerψ1,0.

We have Pλ ∩Pµ1,0 = Pλ, cf. Lemma 113. Therefore we may choose X1,0 :=

{︄(︄
1 0 0

0 1 0

0 0 1

)︄}︄
as

a system of right-coset representatives of (Pλ ∩ Pµ1,0)\Pλ.

We have

Sgen
λ ψ1,0 = (Pλ ·

(︄
0 1 0

1 0 0

0 0 1

)︄
− Pλ ·

(︄
0 0 1

0 1 0

1 0 0

)︄
)ψ1,0

= Pµ ·

(︄
0 1 0

1 0 0

0 0 1

)︄
− Pµ ·

(︄
0 0 1

0 1 0

1 0 0

)︄
= 0 .

In fact, we have Sλ,Q = ⟨Sgen
λ ⟩QG3 = ker(ψ1,0) = Sλ,Q which is an absolutely irreducible QG3-

module, cf. Theorem 168.
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Example 181. Let λ = (λ1, λ2, λ3) = (2, 2, 1) =
× ×
× ×
×
⊢ 5, F = F2 and K = Q.

We have the λ-tableaux tλ =
1 2
3 4
5

and t̃λ =
1 4
2 5
3
. So, ϖλ =

(︂
2, 4, 5, 3

)︂
, cf. Remark 52.

We have ϖPerm
λ =

⎛⎜⎜⎝
1 0 0 0 0

0 0 0 1 0

0 1 0 0 0

0 0 0 0 1

0 0 1 0 0

⎞⎟⎟⎠, cf. Definition 101.(3).

We have the free Q-module Mλ of dimension [Gn : Pλ] = 1085 with basis {Pλg : g ∈ Lλ · u}, cf.
Definition 149, Remark 132.

We have λtr = (3, 2) = × × ×
× × and

Vλtr =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

u v w 1 0

x y z 0 1

⎞⎟⎟⎟⎟⎟⎟⎠ ,

⎛⎜⎜⎜⎜⎜⎜⎝
0 1 0 0 0

1 0 0 0 0

0 0 1 0 0

u v w 1 0

x y z 0 1

⎞⎟⎟⎟⎟⎟⎟⎠ ,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 1 0 0

0 1 0 0 0

1 0 0 0 0

u v w 1 0

x y z 0 1

⎞⎟⎟⎟⎟⎟⎟⎠ ,

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0

0 0 1 0 0

0 1 0 0 0

u v w 1 0

x y z 0 1

⎞⎟⎟⎟⎟⎟⎟⎠ ,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 1 0 0

1 0 0 0 0

0 1 0 0 0

u v w 1 0

x y z 0 1

⎞⎟⎟⎟⎟⎟⎟⎠ ,

⎛⎜⎜⎜⎜⎜⎜⎝
0 1 0 0 0

0 0 1 0 0

1 0 0 0 0

u v w 1 0

x y z 0 1

⎞⎟⎟⎟⎟⎟⎟⎠ ,

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

u v w 0 1

x y z 1 0

⎞⎟⎟⎟⎟⎟⎟⎠ ,

⎛⎜⎜⎜⎜⎜⎜⎝
0 1 0 0 0

1 0 0 0 0

0 0 1 0 0

u v w 0 1

x y z 1 0

⎞⎟⎟⎟⎟⎟⎟⎠ ,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 1 0 0

0 1 0 0 0

1 0 0 0 0

u v w 0 1

x y z 1 0

⎞⎟⎟⎟⎟⎟⎟⎠ ,

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0

0 0 1 0 0

0 1 0 0 0

u v w 0 1

x y z 1 0

⎞⎟⎟⎟⎟⎟⎟⎠ ,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 1 0 0

1 0 0 0 0

0 1 0 0 0

u v w 0 1

x y z 1 0

⎞⎟⎟⎟⎟⎟⎟⎠ ,

⎛⎜⎜⎜⎜⎜⎜⎝
0 1 0 0 0

0 0 1 0 0

1 0 0 0 0

u v w 0 1

x y z 1 0

⎞⎟⎟⎟⎟⎟⎟⎠ : u, v, w, x, y, z ∈ F with
u+ v + w = 0

x+ y + z = 0

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
,

cf. Definition 116.

We have

ϖλVλtr =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0

u 1 v 0 w

0 0 1 0 0

x 0 y 1 z

0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎠ ,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 1 0 0

u 1 v 0 w

1 0 0 0 0

x 0 y 1 z

0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎠ ,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 0 0 1

u 1 v 0 w

0 0 1 0 0

x 0 y 1 z

1 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠ ,

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0

u 1 v 0 w

0 0 0 0 1

x 0 y 1 z

0 0 1 0 0

⎞⎟⎟⎟⎟⎟⎟⎠ ,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 0 0 1

u 1 v 0 w

1 0 0 0 0

x 0 y 1 z

0 0 1 0 0

⎞⎟⎟⎟⎟⎟⎟⎠ ,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 1 0 0

u 1 v 0 w

0 0 0 0 1

x 0 y 1 z

1 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠ ,

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0

u 0 v 1 w

0 0 1 0 0

x 1 y 0 z

0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎠ ,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 1 0 0

u 0 v 1 w

1 0 0 0 0

x 1 y 0 z

0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎠ ,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 0 0 1

u 0 v 1 w

0 0 1 0 0

x 1 y 0 z

1 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠ ,

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0

u 0 v 1 w

0 0 0 0 1

x 1 y 0 z

0 0 1 0 0

⎞⎟⎟⎟⎟⎟⎟⎠ ,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 0 0 1

u 0 v 1 w

1 0 0 0 0

x 1 y 0 z

0 0 1 0 0

⎞⎟⎟⎟⎟⎟⎟⎠ ,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 1 0 0

u 0 v 1 w

0 0 0 0 1

x 1 y 0 z

1 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠ : u, v, w, x, y, z ∈ F with
u+ v + w = 0

x+ y + z = 0

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
.
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We obtain

ϖλVλtr ∩ Pλ =

⎧⎪⎪⎨⎪⎪⎩
⎛⎜⎜⎝

1 0 0 0 0

u 1 v 0 w

0 0 1 0 0

0 0 y 1 z

0 0 0 0 1

⎞⎟⎟⎠ : u, v, w, y, z ∈ F with
u+ v + w = 0

y + z = 0

⎫⎪⎪⎬⎪⎪⎭ ,

which is in line with Lemma 157.

We choose the following system of right-coset representatives V1,0 for (Pλ ∩ (ϖλVλtr))\ϖλVλtr .

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z
(1,0)
1

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 1 0 0

0 1 0 0 0

0 0 0 0 1

0 0 0 1 0

1 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z
(1,0)
2

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 0 0 1

0 0 0 1 0

0 0 1 0 0

0 1 1 0 1

1 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z
(1,0)
3

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 1 0 0

0 0 1 1 1

1 0 0 0 0

1 1 1 0 0

0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z
(1,0)
4

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 0 0 1

0 1 0 0 0

1 0 0 0 0

1 0 0 1 1

0 0 1 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z
(1,0)
5

,

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0

1 0 1 1 0

0 0 0 0 1

1 1 1 0 0

0 0 1 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z
(1,0)
6

,

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0

0 0 0 1 0

0 0 0 0 1

0 1 1 0 1

0 0 1 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z
(1,0)
7

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 0 0 1

0 1 1 0 1

1 0 0 0 0

1 0 1 1 0

0 0 1 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z
(1,0)
8

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 0 0 1

0 0 1 1 1

0 0 1 0 0

0 1 0 0 0

1 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z
(1,0)
9

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 1 0 0

0 1 1 0 1

0 0 0 0 1

1 0 1 1 0

1 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z
(1,0)
10

,

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0

1 1 1 0 0

0 0 1 0 0

1 0 0 1 1

0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z
(1,0)
11

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 1 0 0

0 0 0 1 0

1 0 0 0 0

1 1 0 0 1

0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z
(1,0)
12

,

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0

0 0 0 1 0

0 0 1 0 0

0 1 0 0 0

0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z̃
(1,0)
1

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 1 0 0

0 0 0 1 0

0 0 0 0 1

0 1 0 0 0

1 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z̃
(1,0)
2

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 0 0 1

0 1 1 0 1

0 0 1 0 0

0 0 0 1 0

1 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z̃
(1,0)
3

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 1 0 0

1 1 1 0 0

1 0 0 0 0

0 0 1 1 1

0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z̃
(1,0)
4

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 0 0 1

1 0 0 1 1

1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z̃
(1,0)
5

,

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0

1 1 1 0 0

0 0 0 0 1

1 0 1 1 0

0 0 1 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z̃
(1,0)
6

,

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0

0 1 1 0 1

0 0 0 0 1

0 0 0 1 0

0 0 1 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z̃
(1,0)
7

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 0 0 1

1 0 1 1 0

1 0 0 0 0

0 1 1 0 1

0 0 1 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z̃
(1,0)
8

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 0 0 1

0 1 0 0 0

0 0 1 0 0

0 0 1 1 1

1 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z̃
(1,0)
9

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 1 0 0

1 0 1 1 0

0 0 0 0 1

0 1 1 0 1

1 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z̃
(1,0)
10

,

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0

1 0 0 1 1

0 0 1 0 0

1 1 1 0 0

0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z̃
(1,0)
11

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 1 0 0

1 1 0 0 1

1 0 0 0 0

0 0 0 1 0

0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z̃
(1,0)
12

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

Recall that zf ∈ {−1, 1} for z ∈ ϖλVλtr , cf. Definition 154. We have z
(1,0)
ℓ f = 1 and z̃

(1,0)
ℓ f = −1

for ℓ ∈ [1, 12].

Following Definition 160, we have

Sgen
λ =

∑︁
z∈(Pλ∩(ϖλVλtr ))\

ϖλVλtr

Pλz · zf =
∑︁

z∈V1,0

Pλz · zf =
∑︁

ℓ∈[1,12]
Pλz

(1,0)
ℓ − Pλz̃

(1,0)
ℓ
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and

Sλ,Q := ⟨Sgen
λ ⟩QGn ⩽Mλ,Q .

We consider the QG-linear maps

ψd,w :Mλ → Mµd,w

Pλ · 1 ↦→
∑︁

x∈Xd,w

Pµd,wx ,

for (d, w) ∈ {(1, 0), (1, 1), (2, 0)}, cf. Lemma 151.

We have µ1,0 = (4, 0, 1), µ1,1 = (3, 1, 1), µ2,0 = (2, 3, 0).

For sake of illustration, we verify that Sgen
λ ∈ ∩2d=1 ∩

λd+1−1
w=0 ker(ψd,w).

Ad d = 1, w = 0, µ1,0 = (4, 0, 1).

We have Pλ ∩ Pµ1,0 = Pλ , cf. Lemma 113. Therefore we may choose

X1,0 :=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0

0 1 0 0 0

0 0 0 1 0

0 0 1 0 0

0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:y
(1,0)
0

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
as a system of right-coset representatives of (Pλ ∩ Pµ1,0)\Pλ , cf. Lemma 137.

The element y
(1,0)
0 contains the block

ιλ2y
(1,0)
2 πλ2 = x0 =

(︂
0 1
1 0

)︂
∈ L(2,0) ·

(︂
0 1
1 0

)︂
.

We have σx0 = (1, 2) ∈ S2 and Posx0 = ∅, cf. Remark 135.

We have

τ
y
(1,0)
0

=
(︂
λ1 + 1σx0 , 1σx0

)︂
= (4, 2) ∈ S5 ,

cf. Definition 139.(1).

We obtain r
y
(1,0)
0

= τPerm
y
(1,0)
0

=

⎛⎜⎜⎝
1 0 0 0 0

0 0 0 1 0

0 0 1 0 0

0 1 0 0 0

0 0 0 0 1

⎞⎟⎟⎠, cf. Definition 139.(2).

Note that r
y
(1,0)
0
· r
y
(1,0)
0

= E5, which is in line with Lemma 143.
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Then

(ϖPerm
λ )−1 · r

y
(1,0)
0
·ϖPerm

λ =

⎛⎜⎜⎝
1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 0 1

0 0 0 1 0

⎞⎟⎟⎠ ∈ Vλtr
with r

y
(1,0)
0

f = −1. This is in line with Lemma 147.

The system V1,0 is of the form {z(1,0)1 , . . . , z
(1,0)
12 , r

y
(1,0)
0
·z(1,0)1⏞ ⏟⏟ ⏞

z̃
(1,0)
1

, . . . , r
y
(1,0)
0
·z(1,0)12⏞ ⏟⏟ ⏞

z̃
(1,0)
12

}, cf. Lemma 164.

As µ1,0 = (4, 0, 1), note that

Pµ1,0y
(1,0)
0 r

y
(1,0)
0

= Pµ1,0 = Pµ(1,0y
(1,0)
0

as y
(1,0)
0 ∈ Pµ1,0 and r

y
(1,0)
0
∈ Pµ1,0 .This is in line with Lemma 145.

So, we obtain

Sgen
λ ψ1,0 =

∑︁
z∈V1,0

(
∑︁

y∈X1,0

Pµy)z · (zf)

=
∑︁

z∈V1,0

Pµy
(1,0)
0 z⏞ ⏟⏟ ⏞

=Pµz

·(zf)

=

(︄ ∑︁
ℓ∈[1,12]

Pµz
(1,0)
ℓ · (z(1,0)ℓ )f +

∑︁
ℓ∈[1,12]

Pµ ry ·z(1,0)ℓ · (ry)f · (z(1,0)ℓ )f

)︄

=

(︄ ∑︁
ℓ∈[1,12]

Pµz
(1,0)
ℓ · (z(1,0)ℓ )f −

∑︁
ℓ∈[1,12]

Pµ ry ·z(1,0)ℓ · (z(1,0)ℓ )f

)︄

=

(︄ ∑︁
ℓ∈[1,12]

Pµz
(1,0)
ℓ · (z(1,0)ℓ )f −

∑︁
ℓ∈[1,12]

Pµz
(1,0)
ℓ · (z(1,0)ℓ )f

)︄
= 0 .

So Sgen
λ ∈ ker(ψ1,0).

Ad d = 1, w = 1, µ1,1 = (3, 1, 1).

We choose X1,1 :=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:y
(1,1)
0

,

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 1 1 0

0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:y
(1,1)
1

,

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0

0 1 0 0 0

0 0 0 1 0

0 0 1 0 0

0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:y
(1,1)
2

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
as a system of

right-coset representatives of (Pλ ∩ Pµ1,1)\Pλ, cf. Lemma 137.

We treat the elements y
(1,1)
0 , y

(1,1)
1 simultaneously. For a ∈ {0, 1}, the element y

(1,1)
a contains

the block

ιλ2y
(1,1)
a πλ2 = xa =

(︂
1 0
a 1

)︂
∈ L(1,1) ·

(︂
0 1
1 0

)︂
.
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We have σxa = id ∈ S2 and Posxa = {(2, 1)}, cf. Remark 135.

We have

τ
y
(1,1)
a

=
(︂
λ1 + 1σx, 1σx

)︂
= (3, 1) ∈ S5 ,

cf. Definition 139.(1).

We obtain r
y
(1,1)
a

=

⎛⎜⎜⎝
0 0 1 0 0

0 1 0 0 0

1 0 0 0 0

−a 0 a 1 0

0 0 0 0 1

⎞⎟⎟⎠ char(F )=2
=

⎛⎜⎜⎝
0 0 1 0 0

0 1 0 0 0

1 0 0 0 0

a 0 a 1 0

0 0 0 0 1

⎞⎟⎟⎠, cf. Definition 139.(2).

Note that r
y
(1,1)
a
· r
y
(1,1)
a

= E5, which is in line with Lemma 143.

Then

(ϖPerm
λ )−1 · r

y
(1,1)
a
·ϖPerm

λ =

⎛⎜⎜⎝
0 1 0 0 0

1 0 0 0 0

0 0 1 0 0

0 0 0 1 0

a a 0 0 1

⎞⎟⎟⎠ ∈ Vλtr
with r

y
(1,1)
a

f = −1. This is in line with Lemma 147.

We choose the following system of right-coset representatives V1,1;a for (Pλ ∩ (ϖλVλtr))\ϖλVλtr .

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z
(1,1)
1;a

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 1 0 0

0 1 0 0 0

0 0 0 0 1

0 0 0 1 0

1 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z
(1,1)
2;a

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 0 0 1

0 0 1 1 1

0 0 1 0 0

0 1 1 0 1

1 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z
(1,1)
3;a

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 1 0 0

1 0 0 1 1

1 0 0 0 0

0 1 1 0 1

0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z
(1,1)
4;a

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 0 0 1

0 1 0 0 0

1 0 0 0 0

1 0 0 1 1

0 0 1 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z
(1,1)
5;a

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 0 0 1

1 0 1 1 0

0 0 1 0 0

0 1 0 0 0

1 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z
(1,1)
6;a

,

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0

1 0 1 1 0

0 0 0 0 1

1 1 0 0 1

0 0 1 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z
(1,1)
7;a

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 0 0 1

0 1 1 0 1

1 0 0 0 0

0 0 0 1 0

0 0 1 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z
(1,1)
8;a

,

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0

1 0 1 1 0

0 0 0 0 1

0 1 0 0 0

0 0 1 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z
(1,1)
9;a

,

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0

0 1 1 0 1

0 0 1 0 0

1 0 1 1 0

0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z
(1,1)
10;a

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 1 0 0

0 1 0 0 0

0 0 0 0 1

0 0 1 1 1

1 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z
(1,1)
11;a

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 1 0 0

0 0 0 1 0

1 0 0 0 0

1 1 0 0 1

0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z
(1,1)
12;a

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 1 0 0

0 1 0 0 0

1 0 0 0 0

a 0 a 1 0

0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z̃
(1,1)
1;a

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 0 0 1

0 1 0 0 0

0 0 1 0 0

0 0 a 1 a

1 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z̃
(1,1)
2;a

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 1 0 0

0 0 1 1 1

0 0 0 0 1

0 1 1 + a 0 1 + a

1 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z̃
(1,1)
3;a

,

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0

1 0 0 1 1

0 0 1 0 0

a 1 1 + a 0 1

0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z̃
(1,1)
4;a

,

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0

0 1 0 0 0

0 0 0 0 1

1 + a 0 0 1 1 + a

0 0 1 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z̃
(1,1)
5;a

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 1 0 0

1 0 1 1 0

0 0 0 0 1

0 1 a 0 a

1 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z̃
(1,1)
6;a

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 0 0 1

1 0 1 1 0

1 0 0 0 0

1 + a 1 0 0 1 + a

0 0 1 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z̃
(1,1)
7;a

,

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0

0 1 1 0 1

0 0 0 0 1

a 0 0 1 a

0 0 1 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z̃
(1,1)
8;a

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 0 0 1

1 0 1 1 0

1 0 0 0 0

a 1 0 0 a

0 0 1 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z̃
(1,1)
9;a

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 1 0 0

0 1 1 0 1

1 0 0 0 0

1 + a 0 1 + a 1 0

0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z̃
(1,1)
10;a

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 0 0 1

0 1 0 0 0

0 0 1 0 0

0 0 1 + a 1 1 + a

1 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z̃
(1,1)
11;a

,

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0

0 0 0 1 0

0 0 1 0 0

1 + a 1 a 0 1

0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z̃
(1,1)
12;a

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
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We have z
(1,1)
ℓ;a f = 1 and z̃

(1,1)
ℓ;a f = −1 for ℓ ∈ [1, 12].

The system V1,1;a is of the form {z(1,1)1;a , . . . , z
(1,1)
12;a , ry(1,1)a

·z(1,1)1;a⏞ ⏟⏟ ⏞
z̃
(1,1)
1;a

, . . . , r
y
(1,1)
a
·z(1,1)12;a⏞ ⏟⏟ ⏞

z̃
(1,1)
12;a

}, cf. Lemma 164.

As µ1,1 = (3, 1, 1) note that

Pµ1,1y
(1,1)
a r

y
(1,1)
a

= Pµ1,1

⎛⎜⎜⎝
1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 a 1 0

0 0 0 0 1

⎞⎟⎟⎠
⎛⎜⎜⎝

0 0 1 0 0

0 1 0 0 0

1 0 0 0 0

a 0 a 1 0

0 0 0 0 1

⎞⎟⎟⎠

= Pµ1,1

⎛⎜⎜⎝
0 0 1 0 0

0 1 0 0 0

1 0 0 0 0

0 0 a 1 0

0 0 0 0 1

⎞⎟⎟⎠

= Pµ1,1

⎛⎜⎜⎝
1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 a 1 0

0 0 0 0 1

⎞⎟⎟⎠
= Pµ1,1y

(1,1)
a

for k ∈ [1, 12].This is in line with Lemma 145.

The element y
(1,1)
2 = y

(1,0)
0 contains the block ιλ2y

(1,1)
2 πλ2 = x2 =

(︂
0 1
1 0

)︂
∈ L(1,1) ·

(︂
0 1
1 0

)︂
. We have

σx2 = (1, 2) ∈ S2 and Posx3 = ∅, cf. Remark 135.

We have

τ
y
(1,1)
2

= τ
y
(1,0)
0

= (4, 2) ∈ S5 ,

cf. Definition 139.(1).

We obtain r
y
(1,1)
2

= r
y
(1,0)
0

=

⎛⎜⎜⎝
1 0 0 0 0

0 0 0 1 0

0 0 1 0 0

0 1 0 0 0

0 0 0 0 1

⎞⎟⎟⎠, cf. Definition 139.(2).

Note that r
y
(1,1)
2
· r
y
(1,1)
2

= E5, which is in line with Lemma 143.

Then

(ϖPerm
λ )−1 · r

y
(1,1)
2
·ϖPerm

λ =

⎛⎜⎜⎝
1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 0 1

0 0 0 1 0

⎞⎟⎟⎠ ∈ V tr
λ

with r
y
(1,1)
2

f = −1. This is in line with Lemma 147.
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We choose the system of right-coset representatives V1,1;2 = V1,0 for (Pλ∩ (ϖλVλtr))\ϖλVλtr . The

system V1,1;2 is of the form {z(1,0)1 , . . . , z
(1,0)
12 , r

y
(1,1)
2
·z(1,0)1⏞ ⏟⏟ ⏞

z̃
(1,0)
1

, . . . , r
y
(1,1)
2
·z(1,0)12⏞ ⏟⏟ ⏞

z̃
(1,0)
12

}, cf. Lemma 164.

As µ1,1 = (3, 1, 1) note that

Pµ1,1y
(1,1)
2 r

y
(1,1)
2

= Pµ1,1

⎛⎜⎜⎝
1 0 0 0 0

0 1 0 0 0

0 0 0 1 0

0 0 1 0 0

0 0 0 0 1

⎞⎟⎟⎠
⎛⎜⎜⎝

1 0 0 0 0

0 0 0 1 0

0 0 1 0 0

0 1 0 0 0

0 0 0 0 1

⎞⎟⎟⎠

= Pµ1,1

⎛⎜⎜⎝
1 0 0 0 0

0 0 0 1 0

0 1 0 0 0

0 0 1 0 0

0 0 0 0 1

⎞⎟⎟⎠

= Pµ1,1

⎛⎜⎜⎝
1 0 0 0 0

0 1 0 0 0

0 0 0 1 0

0 0 1 0 0

0 0 0 0 1

⎞⎟⎟⎠
= Pµ1,1y

(1,1)
2 .

This is in line with Lemma 145.

So, we obtain

Sgen
λ ψ1,1 =

∑︁
z∈(Pλ∩(ϖλVλtr ))\

ϖλVλtr

(
∑︁

y∈X1,1

Pµy)z · (zf)

=
∑︁

z∈V1,1;0

Pµy
(1,1)
0 z · (zf) +

∑︁
z∈V1,1;1

Pµy
(1,1)
1 z · (zf) +

∑︁
z∈V1,1;2

Pµy
(1,1)
2 z · (zf)

=

⎛⎜⎜⎜⎝ ∑︁
ℓ∈[1,12]

Pµy
(1,1)
0 · z(1,1)ℓ;0 · (z

(1,1)
ℓ;0 f) +

∑︁
ℓ∈[1,12]

Pµy
(1,1)
0 r

y
(1,1)
0⏞ ⏟⏟ ⏞

=Pµy
(1,1)
0

·z(1,1)ℓ;0 · (ry(1,1)0
)f⏞ ⏟⏟ ⏞

=−1

·(z(1,1)ℓ;0 )f

⎞⎟⎟⎟⎠

+

⎛⎜⎜⎜⎝ ∑︁
ℓ∈[1,12]

Pµy
(1,1)
1 · z(1,1)ℓ;1 · (z

(1,1)
ℓ;1 f) +

∑︁
ℓ∈[1,12]

Pµy
(1,1)
1 r

y
(1,1)
1⏞ ⏟⏟ ⏞

=Pµy
(1,1)
1

·z(1,1)ℓ;1 · (ry(1,1)1
)f⏞ ⏟⏟ ⏞

=−1

·(z(1,1)ℓ;1 )f

⎞⎟⎟⎟⎠

+

⎛⎜⎜⎜⎝ ∑︁
ℓ∈[1,12]

Pµy
(1,1)
2 · z(1,0)ℓ · (z(1,0)ℓ f) +

∑︁
ℓ∈[1,12]

Pµy
(1,1)
2 r

y
(1,1)
2⏞ ⏟⏟ ⏞

=Pµy
(1,1)
2

·z(1,0)ℓ · (r
y
(1,1)
2

)f⏞ ⏟⏟ ⏞
=−1

·(z(1,0)ℓ )f

⎞⎟⎟⎟⎠
= 0 .
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So Sgen
λ ∈ ker(ψ1,1).

Ad d = 2, w = 0, µ2,0 = (2, 3, 0).

We have Pλ ∩ Pµ2,0 = Pλ, cf. Lemma 113. Therefore we may choose

X2,0 :=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:y
(2,0)
0

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
as a system of right-coset representatives of (Pλ ∩ Pµ2,0)\Pλ , cf. Lemma 137.

The element y
(2,0)
0 contains the block x0 = 1 ∈ L(1,0) · 1. We have σx0 = id ∈ S1 and Posx0 = ∅,

cf. Remark 135.

We have

τ
y
(2,0)
0

=
(︂
λ2 + 1σx0 , λ1 + 1σx0

)︂
= (5, 3) ∈ S5 ,

cf. Definition 139.(1).

We obtain r
y
(2,0)
0

=

⎛⎜⎜⎝
1 0 0 0 0

0 1 0 0 0

0 0 0 0 1

0 0 0 1 0

0 0 1 0 0

⎞⎟⎟⎠, cf. Definition 139.(2).

Note that r
y
(2,0)
0
· r
y
(2,0)
0

= E5, which is in line with Lemma 143.

We have

(ϖPerm
λ )−1 · r

y
(2,0)
0
·ϖPerm

λ =

⎛⎜⎜⎝
1 0 0 0 0

0 0 1 0 0

0 1 0 0 0

0 0 0 1 0

0 0 0 0 1

⎞⎟⎟⎠ ∈ Vλtr
with r

y
(2,0)
0

f = −1. This is in line with Lemma 147.

We choose the following system of right-coset representatives V2,0 for (Pλ ∩ (ϖλVλtr))\ϖλVλtr .

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z
(2,0)
1

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 1 0 0

0 1 0 0 0

0 0 0 0 1

0 0 0 1 0

1 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z
(2,0)
2

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 0 0 1

0 0 0 1 0

0 0 1 0 0

0 1 1 0 1

1 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z
(2,0)
3

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 0 0 1

0 1 0 0 0

1 0 0 0 0

1 0 0 1 1

0 0 1 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z
(2,0)
4

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 0 0 1

1 0 0 1 1

0 0 1 0 0

1 1 1 0 0

1 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z
(2,0)
5

,

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0

0 1 1 0 1

0 0 1 0 0

1 0 0 1 1

0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z
(2,0)
6

,

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0

1 0 1 1 0

0 0 0 0 1

0 1 0 0 0

0 0 1 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z
(2,0)
7

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 0 0 1

0 1 0 0 0

1 0 0 0 0

1 0 1 1 0

0 0 1 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z
(2,0)
8

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 1 0 0

1 0 1 1 0

1 0 0 0 0

0 1 0 0 0

0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z
(2,0)
9

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 1 0 0

1 0 0 1 1

1 0 0 0 0

0 1 1 0 1

0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z
(2,0)
10

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 1 0 0

1 1 1 0 0

0 0 0 0 1

0 0 1 1 1

1 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z
(2,0)
11

,

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0

1 0 0 1 1

0 0 0 0 1

1 1 1 0 0

0 0 1 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z
(2,0)
12

,
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⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0

0 1 0 0 0

0 0 0 0 1

0 0 0 1 0

0 0 1 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z̃
(2,0)
1

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 1 0 0

0 1 0 0 0

1 0 0 0 0

0 0 0 1 0

0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z̃
(2,0)
2

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 0 0 1

0 0 0 1 0

1 0 0 0 0

0 1 1 0 1

0 0 1 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z̃
(2,0)
3

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 0 0 1

0 1 0 0 0

0 0 1 0 0

1 0 0 1 1

1 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z̃
(2,0)
4

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 0 0 1

1 0 0 1 1

1 0 0 0 0

1 1 1 0 0

0 0 1 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z̃
(2,0)
5

,

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0

0 1 1 0 1

0 0 0 0 1

1 0 0 1 1

0 0 1 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z̃
(2,0)
6

,

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0

1 0 1 1 0

0 0 1 0 0

0 1 0 0 0

0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z̃
(2,0)
7

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 0 0 1

0 1 0 0 0

0 0 1 0 0

1 0 1 1 0

1 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z̃
(2,0)
8

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 1 0 0

1 0 1 1 0

0 0 0 0 1

0 1 0 0 0

1 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z̃
(2,0)
9

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 1 0 0

1 0 0 1 1

0 0 0 0 1

0 1 1 0 1

1 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z̃
(2,0)
10

,

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 1 0 0

1 1 1 0 0

1 0 0 0 0

0 0 1 1 1

0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z̃
(2,0)
11

,

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0

1 0 0 1 1

0 0 1 0 0

1 1 1 0 0

0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:z̃
(2,0)
12

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
We have z

(2,0)
ℓ f = 1 and z̃

(2,0)
ℓ f = −1 for ℓ ∈ [1, 12].

As µ2,0 = (2, 3, 0) note that r
y
(2,0)
0
∈ Pµ(2,0) .This is in line with Lemma 145.

The system V2,0 is of the form {z(2,0)1 , . . . , z
(2,0)
12 , y

(
02, 0) · z

(2,0)
1⏞ ⏟⏟ ⏞

z̃
(2,0)
1

, . . . , r
y
(
02,0)
·z(2,0)12⏞ ⏟⏟ ⏞

z̃
(2,0)
12

}, cf. Lemma 164.

So, we obtain

Sgen
λ ψ2,0 =

∑︁
z∈V2,0

(
∑︁

y∈X2,0

Pµy)z · (zf)

=
∑︁

z∈V2,0

Pµy
(2,0)
0 z⏞ ⏟⏟ ⏞

=Pµz

·(zf)

=

⎛⎜⎜⎝ ∑︁
ℓ∈[1,12]

Pµ · z(2,0)ℓ · (z(2,0)ℓ f) +
∑︁

ℓ∈[1,12]
Pµ ry(2,0)0⏞ ⏟⏟ ⏞

=Pµ

·z(2,0)ℓ · (r
y
(2,0)
0

)f⏞ ⏟⏟ ⏞
=−1

·(z(2,0)ℓ )f

⎞⎟⎟⎠
= 0 .

So Sgen
λ ∈ ker(ψ2,0).

All in all, Sgen
λ ∈ ∩2d=1 ∩

λd+1−1
w=0 ker(ψd,w).
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2.5.2 Examples for James triples/quadruples and Sλ,K

Example 182. In Example 180 we considered the partition λ = (λ1, λ2) = (2, 1) ⊢ 3, F = F3
and K = Q.

Using Magma, we note that in this case

T = (Pλ,
ϖλ Vλtr , ker(f))

is a James triple of index 2 in G3, cf. Definition 33. So,

Sλ,Q = ⟨
∑︂

v∈ϖλVλtr

Pλv · (vf)⟩QGn = ST , f
Q ,

cf. Lemma 169, Definition 39.

Example 183. In Example 181 we considered the partition λ = (λ1, λ2, λ3) = (2, 2, 1) ⊢ 5,

F = F2 and K = Q.

Using Magma, we note that in this case

T = (Pλ,
ϖλ Vλtr , ker(f))

is a James triple of index 2 in G5, cf. Definition 33. So,

Sλ,Q = ⟨
∑︂

v∈ϖλVλtr

Pλv · (vf)⟩QGn = ST , f
Q ,

cf. Lemma 169, Definition 39.

Lemma 184. Suppose that λ = (1, 1, . . . , 1) ⊢ n and that there is an element a ∈ F with

a2 ̸= 1. Then

(Pλ,
ϖλ Vλtr , ker(f))

is not a James triple in Gn, cf. Definition 33.

Proof. We have λtr = (n). We have tλ = t̃λ. So, ϖλ = id, cf. Remark 52. Hence,

ϖλVλtr = V(n) = Permn = {σPerm ∈ F n×n : σ ∈ Sn} ,

cf. Definiton 116 . The elements of Pλ are the invertible upper triangular matrices.

Note that Pλ ∩ V(n) = {En} ⩽ ker(f) and that ker(f) P V(n) is of index 2. So, (J 1, 2) of

Definition 33 hold.
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We show that (J 3) does not hold. By Lemma 38 it suffices to show that ker(f)∩Phλ = V(n)∩Phλ
for some h ∈ Gn \ (PλV(n)).

We choose a ∈ F such that a2 ̸= 1. We consider the element h = En+ a · E2,1 ∈ Gn . Then,

h ∈ Gn \ (PλV(n)), since h cannot be converted into an upper triangular matrix by column

permutation. We need to show that there exists no element in V(n) ∩ Phλ of odd sign.

Suppose given an element v ∈ V(n) with vf = −1. We have to show that v ̸∈ Phλ , i.e. that

hvh−1 ̸∈ Phλ. Write v =
∑︁

ℓ∈[1,n]
Eℓ,ℓσ = σPerm with σ ∈ Sn.

Then

hvh−1 = (En+a · E2,1)

(︄ ∑︁
ℓ∈[1,n]

Eℓ,ℓσ

)︄
(En−a · E2,1)

R.102
=

(︄(︄ ∑︁
ℓ∈[1,n]

Eℓ,ℓσ

)︄
+ a · E2,1σ

)︄
(En−a · E2,1)

R.102
=

(︄ ∑︁
ℓ∈[1,n]

Eℓ,ℓσ

)︄
+ a · E2,1σ−a · E2σ−1,1−a2∂1σ,2 E2,1

= σPerm + a · E2,1σ−a · E2σ−1,1−a2∂1σ,2 E2,1

As σ ̸= id, there is at least one element k ∈ [2, n] with k > kσ.

Case 1: It is possible to choose k ∈ [3, n]. Then ιλk (hvh
−1) πλkσ ∈ {1, 1−a}, hence ιλk (hvh−1) πλkσ ̸= 0

and thus hvh−1 ̸∈ Pλ.

Case 2: The only possible choice is k = 2. Then 2 > 2σ and therefore 2σ = 1. As 2 is the only

element such that a > aσ for a ∈ [1, n] , it follows that σ = (1, 2).

Then

hvh−1 =

(︄ ∑︁
ℓ∈[1,n]

Eℓ,ℓσ

)︄
+ a · E2,1σ−a · E2σ−1,1−a2∂1σ,2 E2,1

=

(︄ ∑︁
ℓ∈[1,n]

Eℓ,ℓσ

)︄
+ a · E2,2−a · E1,1−a2 E2,1

= −aE1,1+aE2,2+E1,2+(1− a2) E2,1+
∑︁

ℓ∈[3,n]
Eℓ,ℓ .

As a2 ̸= 1 we have ιλ2 (hvh
−1) πλ1 = 1− a2 ̸= 0 and hence hvh−1 ̸∈ Pλ .

Example 185. In the following table we list all the examples in which we tested via Magma

whether (Pλ,
ϖλ Vλtr , ker(f)) is a James triple or can be expanded to a James quadruple.

If it can be expanded to a James quadrupleQ = (Pλ,
ϖλ Vλtr , ker(f), D) such that Sλ,Q = SQ, f, ε

Q ,

for a simple idempotent ε ∈ QD, then we list D and the idempotent ε. Whenever possible, we

choose ε = 1
|D|
∑︁
d∈D

d. Cf. Definitions 77, 160.
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Recall that a James triple (U, V,N) is a James quadruple of the form (U, V,N, 1), cf. Remark 78.

λ = (1, 1)

q 2 3 4 5 7 8 9 11

James triple ✓ ✓ ✗ ✗ ✗ ✗ ✗ ✗

James quadruple

with D =
⟨
(︂

ζ3 ζ23
ζ23 ζ3

)︂
⟩ ⟨
(︂

1 2
2 1

)︂
⟩ ⟨

(︂
5 4
4 5

)︂
⟩ ⟨
(︂

ζ7 ζ37
ζ37 ζ7

)︂
,
(︂

ζ47 ζ57
ζ57 ζ47

)︂
⟩ ⟨
(︂

ζ8 ζ28
ζ28 ζ8

)︂
⟩ ⟨

(︂
2 1
1 2

)︂
⟩

ε 1
|D|

∑︁
d∈D

d 1
2

(︂(︂
1 0
0 1

)︂
−
(︂

0 4
4 0

)︂)︂
1

|D|
∑︁

d∈D
d 1

|D|
∑︁

d∈D
d 1

2

(︂(︂
1 0
0 1

)︂
−
(︂

0 2
2 0

)︂)︂
1

|D|
∑︁

d∈D
d

q 13 16

James triple ✗ ✗

James quadruple

with D =
⟨
(︂

5 11
11 5

)︂
⟩ ⟨

(︃
ζ415 ζ15

ζ15 ζ415

)︃
,

(︃
ζ1115 ζ1215

ζ1215 ζ1115

)︃
,

(︃
ζ715 ζ915

ζ915 ζ715

)︃
⟩

ε 1
6

(︂(︂
1 0
0 1

)︂
−
(︂

10 6
6 10

)︂
+
(︂

6 3
3 6

)︂
−
(︂

0 1
1 0

)︂
+
(︂

6 10
10 6

)︂
−
(︂

3 6
6 3

)︂)︂
1

|D|
∑︁

d∈D
d

q 17 19 23 25 27

James triple ✗ ✗ ✗ ✗ ✗

James quadruple

with D =
⟨
(︂

1 12
12 1

)︂
⟩ ⟨

(︂
4 7
7 4

)︂
⟩ ⟨

(︂
1 15
15 1

)︂
⟩ ⟨

(︃
ζ24 ζ1424

ζ1424 ζ24

)︃
⟩ ⟨

(︂
2 ζ626

ζ626 2

)︂
⟩

ε 1
2

(︂(︂
1 0
0 1

)︂
−
(︂

0 1
1 0

)︂)︂
1

|D|
∑︁

d∈D

d 1
|D|

∑︁
d∈D

d

1
6

(︃(︂
1 0
0 1

)︂
−
(︃

ζ1324 ζ2224

ζ2224 ζ1324

)︃
+

(︃
ζ1424 ζ1724

ζ1724 ζ1424

)︃
−
(︂

0 1
1 0

)︂
+

(︃
ζ2224 ζ1324

ζ1324 ζ2224

)︃
−
(︃

ζ1724 ζ1424

ζ1424 ζ1724

)︃)︃ 1
|D|

∑︁
d∈D

d

q 29 31

James triple ✗ ✗

James quadruple

with D =
⟨
(︂

1 15
15 1

)︂
⟩ ⟨

(︂
1 27
27 1

)︂
⟩

ε

1
14

(︂(︂
1 0
0 1

)︂
−
(︂

28 24
24 28

)︂
+
(︂

5 11
11 5

)︂
+
(︂

26 10
10 26

)︂
−
(︂

27 22
22 27

)︂
+
(︂

1 23
23 1

)︂
−
(︂

11 5
5 11

)︂
+
(︂

8 17
17 8

)︂
−
(︂

0 1
1 0

)︂
+
(︂

22 27
27 22

)︂
−
(︂

23 1
1 23

)︂
+
(︂

24 28
28 24

)︂
−
(︂

17 8
8 17

)︂
−
(︂

10 26
26 10

)︂)︂ 1
|D|

∑︁
d∈D

d

λ (2, 1) (1, 1, 1) (3, 1) (2, 2) (2, 1, 1) (1, 1, 1, 1) (4, 1) (3, 2) (3, 1, 1) (2, 2, 1) (1, 1, 1, 1, 1)

q 2 | 3 | 4 2 | 3 | 4 2 2 2 2 2 2 2 2 2

James triple ✓ | ✓| ✗ ✓ | ✗ | ✗ ✓ ✓ ✓ ✗ ✓ ✓ ✓ ✓ ✗

James quadruple

with D =
| | ⟨

(︄
ζ3 0 ζ23
ζ3 1 ζ3
ζ23 0 ζ3

)︄
⟩ |⟨

(︃
0 2 2
2 0 2
2 2 0

)︃
⟩| ✗ ⟨

(︄
0 1 1 1
1 0 1 1
1 1 0 1
1 1 1 0

)︄
⟩ ✗

ε | | 1
|D|

∑︁
d∈D

d | 1
|D|

∑︁
d∈D

d | 1
|D|

∑︁
d∈D

d

Note that not in every case, (Pλ,
ϖλ Vλtr , ker(f)) is a James triple or can be expanded into a

James quadruple. If it expands to a James quadruple there is no obvious canonical choice for ε.



Chapter 3

Description of some group rings

For a finite group G, the rational group algebra QG admits a Wedderburn isomorphism to a

product of matrix algebras over division algebras. The integral group ring ZG forms an order

inside QG. We are interested in the case G = GLn(Fq) for small n and small q. To begin with, we

want to describe the integral group rings ZGL3(F2), Z[ 1+
√
−7

2 ] GL3(F2), Z(2)[ζ5]
+ SL2(F4), each

via its image in a product of integral matrix algebras under a chosen Wedderburn isomorphism, by

means of congruence conditions on the entries of the corresponding matrices. Note that GL2(F4) ∼=
SL2(F4)× C3.

Such a description allows to read off an orthogonal decomposition into primitive idempotents and

the associated Morita multiplicities to be determined explicitly. After localisation at a prime, the

description can for instance be used to obtain a presentation of the Morita-reduced localised group

ring as quotient of a path algebra modulo relations. This will be demonstrated for Z(2) GL3(F2),
Z(2)[

1+
√
−7

2 ] GL3(F2) and Z(2)[ζ5]
+ SL2(F4).

3.1 Description of ZGL3(F2)

Let ϑ := 1+
√
−7

2
. We have

Gal(Q(ϑ)|Q) = {id : ϑ ↦→ ϑ, σ : ϑ ↦→ 1− ϑ} .

Write Aσ := (ai,jσ)i,j∈[1,n] for A = (ai,j)i,j∈[1,n] ∈ Q(ϑ)n×n.

Let R be a subring of Q. Writing an element of R[ϑ] in the form a+ bϑ, it is understood that

a, b ∈ R.

We denote the identity matrix of Rn×n by 1n×n, the zero matrix of Rn×n by 0n×n. We write

Eni,j ∈ Rn×n for the n× n matrix that has entry 1 at position (i, j) and 0 elsewhere.
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3.1.1 The result

Proposition 186. ZGL3(F2) can be embedded into

Γ := Z× Z[ϑ]3×3 × Z6×6 × Z7×7 × Z8×8 ,

via the injective Z-algebra morphism ω from Lemma 189 below, such that the image Λ allows

the following description.

Λ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(︁
v, (wi,j + w̃i,jϑ)i,j∈[1,3], (xi,j)i,j∈[1,6], (yi,j)i,j∈[1,7], (zi,j)i,j∈[1,8]

)︁
∈ Γ :

v ≡3 z1,1

z1,k ≡3 0 , k ∈ [2, 8]

yi,j ≡3 zi+1,j+1 , i, j ∈ [1, 7]

v ≡7 x1,1

x1,k ≡7 0 , k ∈ [2, 6]

zi,j ≡7 xi+1,j+1 , i, j ∈ [1, 5]

zi,j ≡7 0 , i ∈ [1, 5], j ∈ [6, 8]

wi,j − 3w̃i,j ≡7 zi+5,j+5 , i, j ∈ [1, 3]

v ≡8 y1,1

y1,k ≡8 0 , k ∈ [2, 7]

ys,t ≡2 0 , s ∈ [2, 4], t ∈ [5, 7]

ys,t ≡2 0 , s ∈ [5, 7], t ∈ [2, 4]

yi+1,j+1 ≡2 xi,j , i, j ∈ [1, 3]

yi+1,j+1 ≡2 xi,j , i, j ∈ [4, 6]

yi+1,j+1 ≡4 xi,j , i ∈ [1, 3], j ∈ [4, 6]

yi+1,j+1 ≡4 2xi,j , i ∈ [4, 6], j ∈ [1, 3]

wi,j + 2xi,j ≡8 yi+1,j+1 + 2yi+4,j+4 , i, j ∈ [1, 3]

w̃i,j + 2xi,j + 2xi+3,j+3 ≡8 5yi+1,j+1 − yi+4,j+4 , i, j ∈ [1, 3]

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
In particular, ZGL3(F2) is isomorphic to Λ as Z-algebras.

Cf. also the symbolic illustrations in Corollary 192 at 3, Corollary 195 at 7, Corollary 199 at 2.

We will show Proposition 186 in §3.1.2 .
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3.1.2 A Wedderburn embedding

Lemma 187. We have the following presentation.

⟨a, b : a2, b3, (ab2)7, (bab2a)4⟩ r1−→∼ GL3(F2)

a ↦→ g1 :=
(︂

1 1 0
0 1 0
0 0 1

)︂
b ↦→ g2 :=

(︂
0 0 1
1 0 0
0 1 0

)︂
Proof. As

g21 = id, g32 = id, (g1g
2
2)

7
= id, and

(︁
g2g1g

2
2g1
)︁4

= id

the map r1 is a well-defined group morphism. Use the computer algebra system Magma to

compare group orders to verify that r1 is bijective.

Lemma 188. We have a set of irreducible representations {ω̃1, ω̃3, ω̃6, ω̃7, ω̃8} which gives a

Wedderburn-embedding ω̃ := (ω̃1, ω̃3, ω̃6, ω̃7, ω̃8), mapping as follows.

ZGL3(F2)
ω̃−→ Z × Z[ϑ]3×3 × Z6×6 × Z7×7 × Z8×8

g1 ↦→ (1 ,
(︂ −1 0 0

0 −1 0
ϑ ϑ−1 1

)︂
,

⎛⎝ 1 0 2 0 −1 −1
0 1 1 0 −1 0
0 0 −1 0 1 1
0 0 −2 1 2 0
0 0 0 0 0 1
0 0 0 0 1 0

⎞⎠ ,

⎛⎝ 1 0 0 0 0 0 0
0 −1 0 0 0 0 0
0 0 0 1 0 0 0
0 0 1 0 0 0 0
0 0 0 0 −1 0 0
0 0 0 0 0 0 1
0 0 0 0 0 1 0

⎞⎠ ,

⎛⎜⎜⎝
1 0 0 0 4 0 1 2
0 1 1 0 −1 0 0 −1
0 0 −1 0 0 0 0 0
0 0 −1 1 0 0 0 1
0 0 0 0 −1 0 0 0
0 0 0 0 −1 1 −3 −1
0 0 0 0 0 0 −1 0
0 0 0 0 0 0 0 −1

⎞⎟⎟⎠)

g2 ↦→ (1 ,
(︂ −ϑ 1 0

1 ϑ 1
−1 1−ϑ 0

)︂
,

⎛⎝ 1 1 1 0 0 0
0 0 −1 0 1 0

−1 0 −1 1 0 0
0 0 0 0 −1 1
0 0 0 1 0 −1
0 0 0 1 0 0

⎞⎠ ,

⎛⎝ 0 1 0 0 0 0 0
0 0 1 0 0 0 0
1 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 1 0 0 0
0 0 0 0 0 0 1

⎞⎠ ,

⎛⎜⎜⎝
0 1 0 0 0 0 1 0
0 0 1 0 0 0 1 0
1 0 0 −1 1 0 0 0
0 0 0 0 −1 0 0 0
0 0 0 0 0 0 −1 0
0 0 0 2 0 −1 2 1
0 0 0 1 0 0 0 0
0 0 0 0 0 −1 2 0

⎞⎟⎟⎠)

Proof. Use Lemma 187 to verify that ω̃ is a ring morphism and compare characters to verify

that ω̃i for i ∈ {1, 3, 6, 7, 8} is irreducible.

We show that

QGL3(F2)
ω̃Q−→ Q×Q(ϑ)3×3 ×Q6×6 ×Q7×7 ×Q8×8

g1 ↦→ g1ω̃Q := g1ω̃

g2 ↦→ g2ω̃Q := g2ω̃

is bijective. It suffices to show that ω̃Q is injective.

We have Gal(Q(ϑ)|Q) = {id : ϑ ↦→ ϑ, σ : ϑ ↦→ 1− ϑ}. We have the Wedderburn-isomorphism

CGL3(F2)
ω̃C−→ C × C3×3 × C3×3 × C6×6 × C7×7 × C8×8

g1 ↦→ (g1ω̃1 , g1ω̃3 , (g1ω̃3)
σ , g1ω̃6 , g1ω̃7 , g1ω̃8)

g2 ↦→ (g2ω̃1 , g2ω̃3 , (g2ω̃3)
σ , g2ω̃6 , g2ω̃7 , g2ω̃8) .
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As the following diagram commutes, ω̃Q is injective. As source and target have dimension 168

over Q, ω̃Q is bijective.

QGL3(F2)
↙ ↖

↓↓

ω̃Q →→ Q × Q(ϑ)3×3

↙ ↖

↓↓

× Q6×6 × Q7×7 × Q8×8

x_

↓↓
⟲

(a, b, c, d, e)
_

↓↓
x (a, b, bσ, c, d, e)

CGL3(F2)
ω̃C−→ C × C3×3 × C3×3 × C6×6 × C7×7 × C8×8

We want to construct a suitable Wedderburn-embedding whose image allows the description in

Proposition 186. The individual construction steps can be followed with the help of Magma [2]

and the digital appendix. The file Conj_Z from the digital appendix should be loaded in Magma

via load "Conj_Z";.

The list B consists of the images of every group element under ω̃, where B[8] is the image of

g1 and B[2] is the image of g2. Use charactercheck(B,i,CT) to obtain the number of the

character of ω̃i in the character table CT of GL3(F2).

Lemma 189. We have the Wedderburn-embedding

ZGL3(F2)
ω−→ Z × Z[ϑ]3×3 × Z6×6 × Z7×7 × Z8×8

g1 =
(︂

1 1 0
0 1 0
0 0 1

)︂
↦→ (g1ω1 , g1ω3 , g1ω6 , g1ω7 , g1ω8)

g2 =
(︂

0 0 1
1 0 0
0 1 0

)︂
↦→ (g2ω1 , g2ω3 , g2ω6 , g2ω7 , g2ω8)

where

g1ω1 = (1)

g2ω1 = (1)

g1ω3 =

(︃
179414003427ϑ − 121737950813 15049811235ϑ − 9883559713 1399771061ϑ − 901160140

−5741244520820ϑ + 3895614382704 −481593660932ϑ + 316273914539 −44792646316ϑ + 28837125232

38731532489759ϑ − 26279948449106 3248922225716ϑ − 2133592844876 302179657505ϑ − 194535963727

)︃
g2ω3 =

(︃
18926352963ϑ + 738076797374 811431555ϑ + 62190885839 32660736ϑ + 5799695555

−605649105843ϑ − 23618440802285 −25966310361ϑ − 1990106951436 −1045190838ϑ − 185590128337

4084392941278ϑ + 159335040035476 175054071584ϑ + 13425683045321 7039957398ϑ + 1252030154062

)︃
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170 Description of some group rings

whose image allows the description in Proposition 186.

Proof. We conjugate the embedding ω̃ of Lemma 188 from the right with the following element.

C:=<1,&*Conj_2,&*Conj_3,&*Conj_4,&*Conj_5> =

( 1,

(︃
−2745479ϑ−1200002 −227114ϑ−106712 −20948ϑ−10259
−640816ϑ+4522284 −57968ϑ+379489 −5624ϑ+35304
160204ϑ−1130563 14492ϑ−94872 1406ϑ−8826

)︃
,

⎛⎝ 12328 15720 85836123000 48 2139238721 0
4800 8 3015073985 28825 75142760 0

163473 43968 320034928906 831409 7976025626 1
4608 8 2896062785 27672 72176720 0

159057 35121 273290795307 804890 6811051522 0
158673 34736 271137700299 802584 6757391314 0

⎞⎠,
⎛⎜⎜⎝

1 744 1024 −3968 14 −36 2
9 3636 5004 −19392 150 −394 54
1 1372 1888 −7316 26 −68 0
1 372 512 −1984 32 −84 6
−3 −1116 −1536 5952 −44 114 −12
−3 −1212 −1668 6464 −48 126 −18
11 5092 7008 −27156 178 −462 40

⎞⎟⎟⎠,
⎛⎜⎜⎜⎝

838146253 48425290522 67801333598180 69844955 97799590955 94921867037526912 18792748979383273758 132891581969708540874
−1218194948 −70382734555 −98544442720122 −101505681 −142132157297 −137962219808279570 −27313931391509507017 −193148514696392248513
2488392714 143770205173 201295883671610 207526341 290586349475 281814237140478420 55793932557795370688 394542808508031410924
−96446896 −5572334992 −7801951010945 −8168020 −11437166680 −10922731415333244 −2162496171028749192 −15291937197864889863

−3644594743 −210570452393 −294824405791831 −304647729 −426579396913 −412754168108900898 −81717584028680298650 −577860058057636685818
196 29106 40751165 24108 33755330 57051631295 11342327900302 80206427484414

−136766885 −7902368947 −11064283650679 −11253409 −15757465923 −15489997110960995 −3066728559188185559 −21686151938342679791
−44594004 −2576562106 −3607502292492 −3751202 −5252574811 −5050503209493224 −999904958716584593 −7070756488475931314

⎞⎟⎟⎟⎠ )

to obtain the embedding ω := (ω1, ω3, ω6, ω7, ω8) . The list B_conj consists of the images of

every group element under ω, where B_conj[8] is the image of g1 and B_conj[2] is the image

of g2.

We use the Z-linear standard basis of Γ, with respect to which an element

ξ :=
(︁
v, (wi,j + w̃i,jϑ)i,j∈[1,3], (xi,j)i,j∈[1,6], (yi,j)i,j∈[1,7], (zi,j)i,j∈[1,8]

)︁
∈ Γ

has the coordinate vector

ξcoor := (v, w1,1, w̃1,1, w1,2, w̃1,2, . . . , x1,1, x1,2, . . . , y1,1, y1,2, . . . , z1,1, z1,2, . . . , z8,8) ∈ Z1×168 .

Let Bmat be the representation matrix of ω with respect to the Z-linear basis
(g : g ∈ GL3(F2)) of ZGL3(F2) as listed in G_List and the standard basis of Γ. Note that

ZBmat_inv := 168Bmat_inv is contained in Z168×168.

Let ξ :=
(︁
v, (wi,j + w̃i,jϑ)i,j∈[1,3], (xi,j)i,j∈[1,6], (yi,j)i,j∈[1,7], (zi,j)i,j∈[1,8]

)︁
∈ Γ. We have

ξ ∈ (ZGL3(F2))ω

⇔ ∃x ∈ Z1×168 with (v, w1,1, w̃1,1, w1,2, w̃1,2, . . . , x1,1, x1,2, . . . , y1,1, y1,2, . . . , z1,1, z1,2, . . . , z8,8) = xBmat

⇔ (v, w1,1, w̃1,1, w1,2, w̃1,2, . . . , x1,1, x1,2, . . . , y1,1, y1,2, . . . , z1,1, z1,2, . . . , z8,8) Bmat_inv ∈ Z1×168

⇔ (v, w1,1, w̃1,1, w1,2, w̃1,2, . . . , x1,1, x1,2, . . . , y1,1, y1,2, . . . , z1,1, z1,2, . . . , z8,8) ZBmat_inv ∈ 168Z1×168

Simplifying ZBmat_inv separately modulo 3, 7 and 8 with elementary column operations H_3,

H_7 and H_8, leads to the congruences in Proposition 186.

Let
E_mod3 := RMatrixSpace(Integers(3),168,168)!ZBmat_inv ∗ H_3 ,
E_mod7 := RMatrixSpace(Integers(7),168,168)!ZBmat_inv ∗ H_7 and

E_mod8 := RMatrixSpace(Integers(8),168,168)!ZBmat_inv ∗ H_8 .
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The columns of E_mod3, E_mod7, E_mod8 are the congruences mod 3, 7 and 8 respectively. The

entries of ξcoor are labeled (1, . . . , 168). The lists E_3, E_7, E_8 contain the congruences, e.g

E_8[10] = [< 10, 1 >,< 27, 2 >,< 72, 7 >,< 96, 6 >]

means that an element ξ =
(︁
v, (wi,j + w̃i,jϑ)i,j∈[1,3], (xi,j)i,j∈[1,6], (yi,j)i,j∈[1,7], (zi,j)i,j∈[1,8]

)︁
∈ Γ

which lies in the image of ωZ[ϑ] satisfies

w2,2 + 2x2,2 + 7y3,3 + 6y6,6 ≡8 0 .

To verify that the images in B_conj satisfy the congruences, note that

RMatrixSpace(Integers(3),168,168)!Bmat*E_mod3 ,

RMatrixSpace(Integers(7),168,168)!Bmat*E_mod7 and

RMatrixSpace(Integers(8),168,168)!Bmat*E_mod8

are zero.

Remark 190. Theory predicts that the index of Λ in Γ, i.e the order of the cokernel of

ZGL3(F2)
ω−→ Z× Z[ϑ]3×3 × Z6×6 × Z7×7 × Z8×8 as abelian group is given by√︃

168168

1 · 79 · 39·2 · 636 · 749 · 864
= 2138 · 357 · 755 ,

cf. [17, Proposition 1.1.5]. We actually obtain | det(Bmat)| = 2138 · 357 · 755.

So our calculation is in accordance with the theory.

Remark 191. In Chapter 2 we considered unipotent Specht modules. Calculating the dimen-

sions using [13, 15.16] we obtain that

• the Wedderburn component Z corresponds to the trivial unipotent module associated

with the partition λ = (3).

• the Wedderburn component Z6×6 corresponds to the unipotent module associated with

the partition λ = (2, 1).

• the Wedderburn component Z8×8 corresponds to the unipotent module associated with

the partition λ = (1, 1, 1).
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3.1.3 Localisation at 3: Z(3)GL3(F2)

Let R := Z(3). Recall that ϑ = 1+
√
−7

2
. We write Γ(3) := R×R[ϑ]3×3 ×R6×6 ×R7×7 ×R8×8.

Corollary 192. We have

Λ(3) =

⎧⎪⎨⎪⎩
(︁
v, (wi,j + w̃i,jϑ)i,j∈[1,3], (xi,j)i,j∈[1,6], (yi,j)i,j∈[1,7], (zi,j)i,j∈[1,8]

)︁
∈ Γ(3) :

v ≡3 z1,1

z1,k ≡3 0 , k ∈ [2, 8]

yi,j ≡3 zi+1,j+1 , i, j ∈ [1, 7]

⎫⎪⎬⎪⎭ .

More symbolically written, we may describe Λ(3) as follows.

R R R R R R R

R R R R R R R R[ϑ]3×3

R R R R R R R R6×6

R R R R R R R

R R R R R R R

R R R R R R R

R R R R R R R

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

R 3
1

−1

3

1

−1

R (3) (3) (3) (3) (3) (3) (3)

R R R R R R R R

R R R R R R R R

R R R R R R R R

R R R R R R R R

R R R R R R R R

R R R R R R R R

R R R R R R R R

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
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Remark 193. Note that there is a congruence connecting the Wedderburn block corresponding

to the unipotent Specht module associated to the partition (3) with the Wedderburn block

corresponding to the unipotent Specht module associated to (1, 1, 1), cf. Remark 191. The

latter also has ties to a Wedderburn component not associated to a unipotent Specht module.

Lemma 194. We have the orthogonal decomposition 1Λ(3)
=

∑︁
i∈[1,17]

ei into primitive idempotent

elements of Λ(3), where

e1 :=
(︁
1, 03×3, 06×6, 07×7,E

8
1,1

)︁
e2 :=

(︁
0,E3

1,1, 06×6, 07×7, 08×8

)︁
e3 :=

(︁
0,E3

2,2, 06×6, 07×7, 08×8

)︁
e4 :=

(︁
0,E3

3,3, 06×6, 07×7, 08×8

)︁
e5 :=

(︁
0, 03×3,E

6
1,1, 07×7, 08×8

)︁
e6 :=

(︁
0, 03×3,E

6
2,2, 07×7, 08×8

)︁
e7 :=

(︁
0, 03×3,E

6
3,3, 07×7, 08×8

)︁
e8 :=

(︁
0, 03×3,E

6
4,4, 07×7, 08×8

)︁
e9 :=

(︁
0, 03×3,E

6
5,5, 07×7, 08×8

)︁

e10 :=
(︁
0, 03×3,E

6
6,6, 07×7, 08×8

)︁
e11 :=

(︁
0, 03×3, 06×6,E

7
1,1,E

8
2,2

)︁
e12 :=

(︁
0, 03×3, 06×6,E

7
2,2,E

8
3,3

)︁
e13 :=

(︁
0, 03×3, 06×6,E

7
3,3,E

8
4,4

)︁
e14 :=

(︁
0, 03×3, 06×6,E

7
4,4,E

8
5,5

)︁
e15 :=

(︁
0, 03×3, 06×6,E

7
5,5,E

8
6,6

)︁
e16 :=

(︁
0, 03×3, 06×6,E

7
6,6,E

8
7,7

)︁
e17 :=

(︁
0, 03×3, 06×6,E

7
7,7,E

8
8,8

)︁
.

Moreover,

e2 Λ(3)
∼= e3 Λ(3)

∼= e4 Λ(3)

e5 Λ(3)
∼= e6 Λ(3)

∼= e7 Λ(3)
∼= e8 Λ(3)

∼= e9 Λ(3)
∼= e10 Λ(3)

e11 Λ(3)
∼= e12 Λ(3)

∼= e13 Λ(3)
∼= e14 Λ(3)

∼= e15 Λ(3)
∼= e16 Λ(3)

∼= e17 Λ(3)

as Λ(3)-modules. So, the R-algebra Λ(3) is Morita equivalent to

Λ′
(3) := (e1+e2+e5+e11)Λ(3)(e1+e2+e5+e11) .

More symbolically written, we may describe Λ′
(3) as follows.

R 3
1

−1

R[ϑ]

R (3) R
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
R R

3

1

−1
R
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Proof. Note that ei is primitive for i ∈ [2, 10]. As R-algebra we have for k ∈ {1} ∪ [11, 17] that

ek Λ(3) ek ∼= {(a, b) ∈ R×R : a ≡3 b} =: Ξ

We have Ξ = ⟨(1, 1), (0, 3)⟩R. Observe that the ideal I := ⟨(3, 3), (0, 3)⟩R satisfies I2 ⊆ 3Ξ and

that Ξ/I ∼= F3. Thus, Jac(Ξ) = I and Ξ is local, cf. e.g. [16, Corollary 160]. So, ek Λ(3) ek is

local and therefore the idempotent ek is primitive for k ∈ {1} ∪ [11, 17].

To show that e2 Λ(3)
∼= es Λ(3) for s ∈ [3, 4] it suffices to show that there exist e2,s ∈ e2 Λ(3) es

and es,2 ∈ es Λ(3) e2 such that e2 = e2,s es,2 and es = es,2 e2,s. Then

e2 Λ(3)
∼←→ es Λ(3)

x ↦→ es,2 x

e2,s y ←[ y .

Choose for s ∈ [3, 4]

e2,s :=
(︁
0,E3

1,s−1, 06×6, 07×7, 08×8

)︁
es,2 :=

(︁
0,E3

s−1,1, 06×6, 07×7, 08×8

)︁
.

To show that e5 Λ(3)
∼= es Λ(3) for s ∈ [6, 10] it suffices to show that there exist e5,s ∈ e5 Λ(3) es

and es,5 ∈ es Λ(3) e5 such that e5 = e5,s es,5 and es = es,5 e5,s. Then

e5 Λ(3)
∼←→ es Λ(3)

x ↦→ es,5 x

e5,s y ←[ y

Choose for s ∈ [6, 10]

e5,s :=
(︁
0, 03×3,E

6
1,s−4, 07×7, 08×8

)︁
es,5 :=

(︁
0, 03×3,E

6
s−4,1, 07×7, 08×8

)︁
.

To show that e11 Λ(3)
∼= es Λ(3) for s ∈ [11, 17] it suffices to show that there exist e11,s ∈ e11 Λ(3) es

and es,11 ∈ es Λ(3) e11 such that e11 = e11,s es,11 and es = es,11 e11,s. Then

e11 Λ(3)
∼←→ es Λ(3)

x ↦→ es,11 x

e11,s y ←[ y

Choose for s ∈ [12, 17]

e11,s :=
(︁
0, 03×3, 06×6,E

7
1,s−10,E

8
2,s−9

)︁
es,11 :=

(︁
0, 03×3, 06×6,E

7
s−10,1,E

8
s−9,2

)︁
.
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3.1.4 Localisation at 7: Z(7)GL3(F2)

Let R := Z(7). Recall that ϑ = 1+
√
−7

2
. We write Γ(7) := R × R[ϑ]3×3 × R6×6 × R7×7 × R8×8.

We consider the R-linear maps π1 : R[ϑ]→ R, a+ bϑ ↦→ a and π2 : R[ϑ]→ R, a+ bϑ ↦→ b.

Corollary 195. We have

Λ(7) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

(︁
v, (wi,j + w̃i,jϑ)i,j∈[1,3], (xi,j)i,j∈[1,6], (yi,j)i,j∈[1,7], (zi,j)i,j∈[1,8]

)︁
∈ Γ(7) :

v ≡7 x1,1

x1,k ≡7 0 , k ∈ [2, 6]

zi,j ≡7 xi+1,j+1 , i, j ∈ [1, 5]

zi,j ≡7 0 , i ∈ [1, 5], j ∈ [6, 8]

wi,j − 3w̃i,j ≡7 zi+5,j+5 , i, j ∈ [1, 3]

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ .

More symbolically written, we may describe Λ(7) as follows.

R 7
1

−1

R (7) (7) (7) (7) (7)

R R R R R R R7×7

R R R R R R

R R R R R R

R R R R R R

R R R R R R
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⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

7

1

−1

R R R R R (7) (7) (7)

R R R R R (7) (7) (7)

R R R R R (7) (7) (7)

R R R R R (7) (7) (7)

R R R R R (7) (7) (7) 7

π1−3π2
−1

R R R R R R R R R[ϑ] R[ϑ] R[ϑ]

R R R R R R R R
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⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
R[ϑ] R[ϑ] R[ϑ]

R R R R R R R R
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R[ϑ] R[ϑ] R[ϑ]
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Remark 196. Note that there is a congruence connecting the Wedderburn block corresponding

to the unipotent Specht module associated to the partition (3) with the Wedderburn block

corresponding to the unipotent Specht module associated to (2, 1), cf. Remark 191. Moreover,

there are congruences connecting the Wedderburn block corresponding to the unipotent Specht

module associated to the partition (2, 1) with the Wedderburn block corresponding to the

unipotent Specht module associated to (1, 1, 1). The latter also has ties to a Wedderburn

component not associated to a unipotent Specht module.

Remark 197. Note that
R[ϑ] → F7

a+ bθ ↦→ a− 3b+ 7Z

is a ring morphism, as µϑ,Q(X) = X2 −X + 2 and as µϑ,Q(−3) = 14 ≡7 0.

Lemma 198. We have the orthogonal decomposition 1Λ(7)
=

∑︁
i∈[1,16]

ei into primitive idempotent

elements of Λ(7), where

e1 :=
(︁
1, 03×3,E

6
1,1, 07×7, 08×8

)︁
ei :=

(︁
0,E3

i−1,i−1, 06×6, 07×7,E
8
i+4,i+4

)︁
for i ∈ [2, 4]

ei :=
(︁
0, 03×3,E

6
i−3,i−3, 07×7,E

8
i−4,i−4

)︁
for i ∈ [5, 9]

ei :=
(︁
0, 03×3, 06×6,E

7
i−9,i−9, 08×8

)︁
for i ∈ [10, 16] .

Moreover,

e2 Λ(7)
∼= e3 Λ(7)

∼= e4 Λ(7)

e5 Λ(7)
∼= e6 Λ(7)

∼= e7 Λ(7)
∼= e8 Λ(7)

∼= e9 Λ(7)

e10 Λ(7)
∼= e11 Λ(7)

∼= e12 Λ(7)
∼= e13 Λ(7)

∼= e14 Λ(7)
∼= e15 Λ(7)

∼= e16 Λ(7)

as Λ(7)-modules. So, the R-algebra Λ(7) is Morita equivalent to

Λ′
(7) := (e1+e2+e5+e10)Λ(7)(e1+e2+e5+e10) .

More symbolically written, we may describe Λ′
(7) as follows.

R 7
1

−1

R (7) R
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

R R

7

1

−1

R (7)

R R

7

−1

π1−3π2
R[ϑ]
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Proof. Note that ei is primitive for i ∈ [10, 16]. As R-algebras we have for j ∈ {1} ∪ [5, 9] and

k ∈ [2, 4] that

ej Λ(7) ej ∼= {(a, b) ∈ R×R : a ≡7 b} =: Ξ

ek Λ(7) ek ∼= {(a, b+ cϑ) ∈ R×R[ϑ] : a ≡7 b− 3c} =: Θ .

We have Ξ = ⟨(1, 1), (0, 7)⟩R.

Observe that I := ⟨(7, 7), (0, 7)⟩R satisfies I2 ⊆ 7Ξ and that Ξ/I ∼= F7. Thus, Jac(Ξ) = I and

Ξ is local, cf. e.g. [16, Corollary 160]. So, ej Λ(7) ej is local and therefore the idempotent ej is

primitive for j ∈ {1} ∪ [5, 9].

We claim that 1Θ = (1, 1) is a primitive idempotent of Θ.

We have the R-linear basis b1 := (1, 1), b2 := (0, 1 + 5ϑ), b3 := (0, 7ϑ) of Θ and the following

multiplication table for the basis elements.

(·) b1 b2 b3

b1 b1 b2 b3

b2 b2 40b3 − 49b2 56b3 − 70b2

b3 b3 56b3 − 70b2 77b3 − 98b2

The R-algebra morphism

Θ
π−→ R

(a, b+ cϑ) ↦→ a

is surjective and has ker(π) = ⟨b2, b3⟩R.

For r ∈ Z≥1, we let

(ker(π))r := ((ker(π) + 7Θ)/7Θ)r = ((ker(π))r + 7Θ)/7Θ .

As
(ker(π))2 = ⟨5b3 + 7Θ⟩R
(ker(π))4 = ⟨0 + 7Θ⟩R

we have (ker(π))4 ⊆ 7Θ. As a consequence, ker(π) does not contain a non-zero idempotent

element. We show that 1Θ is a primitive idempotent.
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Assume that 1Θ = f1 + f2 is an orthogonal decomposition into idempotents with f1, f2 ̸= 0. So

1R = f1π + f2π is an orthogonal decomposition into idempotents. As R is an integral domain,

we have without loss of generality f1π = 0 and f2π = 1. But then f1 ∈ ker(π), which is a

contradiction. Thus, 1Θ is primitive. This proves the claim. As 1Θ is primitive, so is ek for

k ∈ [2, 4].

To show that e2 Λ(7)
∼= es Λ(7) for s ∈ [3, 4] it suffices to show that there exist e2,s ∈ e2 Λ(7) es

and es,2 ∈ es Λ(7) e2 such that e2 = e2,s es,2 and es = es,2 e2,s. Then

e2 Λ(7)
∼←→ es Λ(7)

x ↦→ es,2 x

e2,s y ←[ y

.

Choose for s ∈ [3, 4]

e2,s :=
(︁
0,E3

1,s−1, 06×6, 07×7,E
8
6,s+4

)︁
, es,2 :=

(︁
0,E3

s−1,1, 06×6, 07×7,E
8
s+4,6

)︁
.

To show that e5 Λ(7)
∼= es Λ(7) for s ∈ [6, 9] it suffices to show that there exist e5,s ∈ e5 Λ(7) es

and es,5 ∈ es Λ(7) e5 such that e5 = e5,s es,5 and es = es,5 e5,s. Then

e5 Λ(3)
∼←→ es Λ(7)

x ↦→ es,5 x

e5,s y ←[ y

Choose for s ∈ [6, 9]

e5,s :=
(︁
0, 03×3,E

6
2,s−3, 07×7,E

8
1,s−4

)︁
, es,5 :=

(︁
0, 03×3,E

6
s−3,2, 07×7,E

8
s−4,1

)︁
.

To show that e10 Λ(7)
∼= es Λ(7) for s ∈ [11, 16] it suffices to show that there exist e10,s ∈ e10 Λ(7) es

and es,10 ∈ es Λ(7) e10 such that e10 = e10,s es,10 and es = es,10 e10,s. Then

e10 Λ(7)
∼←→ es Λ(7)

x ↦→ es,10 x

e10,s y ←[ y

Choose for s ∈ [11, 16]

e10,s :=
(︁
0, 03×3, 06×6,E

7
1,s−9, 08×8

)︁
, es,10 :=

(︁
0, 03×3, 06×6,E

7
s−9,1, 08×8

)︁
.
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3.1.5 Localisation at 2: Z(2)GL3(F2)

3.1.5.1 Description via congruences

Let R := Z(2). Recall that ϑ = 1+
√
−7

2
. We write Γ(2) := R×R[ϑ]3×3 ×R6×6 ×R7×7 ×R8×8.

We consider the R-linear maps π1 : R[ϑ]→ R, a+ bϑ ↦→ a and π2 : R[ϑ]→ R, a+ bϑ ↦→ b.

Corollary 199. We have

Λ(2) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(︁
v, (wi,j + w̃i,jϑ)i,j∈[1,3], (xi,j)i,j∈[1,6], (yi,j)i,j∈[1,7], (zi,j)i,j∈[1,8]

)︁
∈ Γ(2) :

v ≡8 y1,1

y1,k ≡8 0 , k ∈ [2, 7]

ys,t ≡2 0 , s ∈ [2, 4], t ∈ [5, 7]

ys,t ≡2 0 , s ∈ [5, 7], t ∈ [2, 4]

yi+1,j+1 ≡2 xi,j , i, j ∈ [1, 3]

yi+1,j+1 ≡2 xi,j , i, j ∈ [4, 6]

yi+1,j+1 ≡4 xi,j , i ∈ [1, 3], j ∈ [4, 6]

yi+1,j+1 ≡4 2xi,j , i ∈ [4, 6], j ∈ [1, 3]

wi,j + 2xi,j ≡8 yi+1,j+1 + 2yi+4,j+4 , i, j ∈ [1, 3]

w̃i,j + 2xi,j + 2xi+3,j+3 ≡8 5yi+1,j+1 − yi+4,j+4 , i, j ∈ [1, 3]

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
.

More symbolically written, we may describe Λ(2) as follows.

R R R (2) (2) (2)

R R R (2) (2) (2) R[ϑ] R[ϑ] R[ϑ]

R R R (2) (2) (2) R[ϑ] R[ϑ] R[ϑ]

R R R R R R 8

2

2 π2

3

1

R[ϑ] R[ϑ] R[ϑ]

R R R R R R

R R R R R R

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
4

1

1

R 8
1

−1

2

1

1

2

1

1

R8×8

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

R (8) (8) (8) (8) (8) (8)

R R R R (2) (2) (2)

R R R R (2) (2) (2)

4

2

1
R R R R (2) (2) (2)

R (2) (2) (2) R R R

R (2) (2) (2) R R R

R (2) (2) (2) R R R

8

2

−1

π1

−2

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
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Remark 200. Note that there are no ties between the Wedderburn blocks corresponding to

unipotent Specht modules, cf. Remark 191. The Wedderburn blocks corresponding to the

unipotent Specht module associated to the partition (2, 1) and to the partition (3) each have

ties to a Wedderburn component not associated to a unipotent Specht module.

Lemma 201. We have the orthogonal decomposition 1Λ(2)
=

∑︁
i∈[1,12]

ei into primitive idempotent

elements of Λ(2), where

e1 :=
(︁
1, 03×3, 06×6,E

7
1,1, 08×8

)︁
ei :=

(︁
0,E3

i−1,i−1,E
6
i−1,i−1 + E6

i+2,i+2,E
7
i,i + E7

i+3,i+3, 08×8

)︁
for i ∈ [2, 4]

ei :=
(︁
0, 03×3, 06×6, 07×7,E

8
i−4,i−4

)︁
for i ∈ [5, 12] .

Moreover,

e2 Λ(2)
∼= e3 Λ(2)

∼= e4 Λ(2)

e5 Λ(2)
∼= e6 Λ(2)

∼= e7 Λ(2)
∼= e8 Λ(2)

∼= e9 Λ(2)
∼= e10 Λ(2)

∼= e11 Λ(2)
∼= e12 Λ(2)

as Λ(2)-modules. So, the R-algebra Λ(2) is Morita equivalent to

Λ′
(2) := (e1+e2+e5)Λ(2)(e1+e2+e5) .

We obtain

Λ′
(2) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(︃
v, (w + w̃ϑ),

(︂
x1,1 x1,2
x2,1 x2,2

)︂
,

(︃
y1,1 y1,2 y1,3
y2,1 y2,2 y2,3
y3,1 y3,2 y3,3

)︃
, z

)︃
∈ R×R[ϑ]×R2×2 ×R3×3 ×R :

v ≡8 y1,1

y1,k ≡8 0 , k ∈ [2, 3]

y2,3 ≡2 0

y3,2 ≡2 0

y2,2 ≡2 x1,1

y3,3 ≡2 x2,2

y2,3 ≡4 x1,2

y3,2 ≡4 2x2,1

w + 2x1,1 ≡8 y2,2 + 2y3,3

w̃ + 2x1,1 + 2x2,2 ≡8 5y2,2 − y3,3

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
.

More symbolically written, we may describe Λ′
(2) as follows.

R (2)

R R 8
π2

2

2

3

1

R[ϑ]

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

R

R 8
1

−1

2

1

1

2

1

1

4

1

14

2

1
R (8) (8)

R R (2)

R (2) R

8

2

π1

−1

−2
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Proof. Note that ek is primitive for k ∈ [5, 12]. As R-algebras we have for k ∈ [2, 4] that

e1 Λ(2) e1 ∼= {(a, b) ∈ R×R : a ≡8 b} =: Ξ

ek Λ(2) ek ∼=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
(a+ bϑ, ( c d

e f ) , (g h
i j )) ∈ R[ϑ]×R2×2 ×R2×2 :

a+ 2c ≡8 g + 2j

b+ 2c+ 2f + 3g + j ≡8 0

c ≡2 g

d+ h ≡4 0

2e+ i ≡4 0

f ≡2 j

h ≡2 0

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
=: Θ .

We have Ξ = ⟨(1, 1), (0, 8)⟩R. Observe that I = ⟨(2, 2), (0, 8)⟩R satisfies I2 ⊆ 2Ξ and that

Ξ/I ∼= F2. Thus, Jac(Ξ) = I and Ξ is local, cf. e.g. [16, Corollary 160]. So, e1 Λ(2) e1 is local

and therefore the idempotent e1 is primitive.

To show that e2, e3 and e4 are primitive, we show that 1Θ = (1, 12×2, 12×2) is a primitive

idempotent of Θ. Use the R-linear basis (1, 3ϑ− 1) of R[ϑ]. We obtain the following R-linear

basis of Θ .
c1 := (1,

(︂
1 0
0 1

)︂
,
(︂

1 0
0 1

)︂
)

c2 := (3ϑ− 1,
(︂

1 0
0 0

)︂
,
(︂

1 0
0 0

)︂
)

c3 := (0,
(︂

0 0
1 0

)︂
,
(︂

0 0
2 0

)︂
)

c4 := (0,
(︂

0 0
0 0

)︂
,
(︂

0 0
4 0

)︂
)

c5 := (0,
(︂

0 2
0 0

)︂
,
(︂

0 2
0 0

)︂
)

c6 := (0,
(︂

0 4
0 0

)︂
,
(︂

0 0
0 0

)︂
)

c7 := (0,
(︂

2 0
0 0

)︂
,
(︂

4 0
0 0

)︂
)

c8 := (0,
(︂

0 0
0 0

)︂
,
(︂

8 0
0 0

)︂
)

c9 := (0,
(︂

0 0
0 2

)︂
,
(︂

0 0
0 4

)︂
)

c10 := (0,
(︂

0 0
0 0

)︂
,
(︂

0 0
0 8

)︂
) .

We have the following multiplication table for the basis elements .

(·) c1 c2 c3 c4 c5 c6 c7 c8 c9 c10

c1 c1 c2 c3 c4 c5 c6 c7 c8 c9 c10

c2 c2 c2 − 16c1 + 8(c7 + c9)− 2(c10 + c8) 0 0 c5 c6 c7 c8 0 0

c3 c3 c3 0 0 c9 2c9 − c10 2c3 + c4 4c4 0 0

c4 c4 c4 0 0 c10 0 4c4 8c4 0 0

c5 c5 0 c7 c8 0 0 0 0 4c5 − c6 8c5 − 4c6

c6 c6 0 2c7 − c8 0 0 0 0 0 2c6 0

c7 c7 c7 0 0 4c5 − c6 2c6 2c7 + c8 4c8 0 0

c8 c8 c8 0 0 8c5 − 4c6 0 4c8 8c8 0 0

c9 c9 0 2c3 + c4 4c4 0 0 0 0 2c9 + c10 4c10

c10 c10 0 4c4 8c4 0 0 0 0 4c10 8c10
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We have the surjective R-algebra morphism Θ
π−→ R[ϑ], (a+ bϑ,

(︂
c d
e f

)︂
,
(︂
g h
i j

)︂
) ↦→ a+ bϑ. More-

over, we have ker(π) = R⟨cj : j ∈ [3, 10]⟩.

We show that (ker(π))5 ⊆ 2Θ. Write, for r ∈ Z≥1,

(ker(π))r := ((ker(π) + 2Θ)/2Θ)r = ((ker(π))r + 2Θ)/2Θ .

Calculate

(ker(π))2 ⊆ ⟨c4 + 2Θ, c6 + 2Θ, c7 + 2Θ, c8 + 2Θ, c9 + 2Θ, c10 + 2Θ⟩R
(ker(π))4 ⊆ ⟨c8 + 2Θ, c10 + 2Θ⟩R
(ker(π))5 ⊆ ⟨0 + 2Θ⟩R.

Thus, (ker(π))5 ⊆ 2Θ. As a consequence ker(π) does not contain a non-zero idempotent

element. Assume that 1Θ = f1 + f2 is an orthogonal decomposition into idempotents with

f1, f2 ̸= 0. So 1R[ϑ] = f1π + f2π is an orthogonal decomposition into idempotents. As R[ϑ]

is an integral domain, we have, without loss of generality, f1π = 0 and f2π = 1. But then

f1 ∈ ker(π) which is a contradiction. Thus, 1Θ is primitive.

To show that e2 Λ(2)
∼= es Λ(2) for s ∈ [3, 4], it suffices to show that there exist e2,s ∈ e2 Λ(2) es

and es,2 ∈ es Λ(2) e2 such that e2 = e2,s es,2 and es = es,2 e2,s. Then

e2 Λ(2)
∼←→ es Λ(2)

x ↦→ es,2x

e2,s y ← [ y

Choose for s ∈ [3, 4]

e2,s :=
(︁
0,E3

1,s−1,E
6
1,s−1 + E6

4,s+2,E
7
2,s + E7

5,s+3, 08×8

)︁
es,2 :=

(︁
0,E3

s−1,1,E
6
s−1,1 + E6

s+2,4,E
7
s,2 + E7

s+3,5, 08×8

)︁
.

To show that e5 Λ(2)
∼= es Λ(2) for s ∈ [6, 12], it suffices to show that there exist e5,s ∈ e5 Λ(2) es

and es,5 ∈ es Λ(2) e5 such that e5 = e5,s es,5 and es = es,5 e5,s. Then

e5 Λ(2)
∼←→ es Λ(2)

x ↦→ es,5 x

e5,s y ← [ y
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Choose for s ∈ [6, 12]

e5,s :=
(︁
0, 03×3, 06×6, 07×7,E

8
1,s−4

)︁
es,5 :=

(︁
0, 03×3, 06×6, 07×7,E

8
s−4,1

)︁
.

3.1.5.2 As path algebra modulo relations

Recall that R = Z(2) . We shall to write Λ(2) , up to Morita equivalence, as path algebra modulo

relations. Recall that the R-algebra Λ(2) is Morita equivalent to

Λ′
(2) = (e1+e2+e5)Λ(2)(e1+e2+e5) ,

and that

Λ′
(2) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(︃
v, (w + w̃ϑ),

(︂
x1,1 x1,2
x2,1 x2,2

)︂
,

(︃
y1,1 y1,2 y1,3
y2,1 y2,2 y2,3
y3,1 y3,2 y3,3

)︃
, z

)︃
∈ R×R[ϑ]×R2×2 ×R3×3 ×R :

v ≡8 y1,1

y1,k ≡8 0 , k ∈ [2, 3]

y2,3 ≡2 0

y3,2 ≡2 0

y2,2 ≡2 x1,1

y3,3 ≡2 x2,2

y2,3 ≡4 x1,2

y3,2 ≡4 2x2,1

w + 2x1,1 ≡8 y2,2 + 2y3,3

w̃ + 2x1,1 + 2x2,2 ≡8 5y2,2 − y3,3

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

,

cf. Lemma 201.

We have the R-linear basis of Λ′
(2)

e1 :=
(︂
1, 0,

(︂
0 0
0 0

)︂
,
(︂

1 0 0
0 0 0
0 0 0

)︂
, 0
)︂

e2 :=
(︂
0, 1,

(︂
1 0
0 1

)︂
,
(︂

0 0 0
0 1 0
0 0 1

)︂
, 0
)︂

e5 :=
(︂
0, 0,

(︂
0 0
0 0

)︂
,
(︂

0 0 0
0 0 0
0 0 0

)︂
, 1
)︂

τ1 :=
(︂
8, 0,

(︂
0 0
0 0

)︂
,
(︂

0 0 0
0 0 0
0 0 0

)︂
, 0
)︂

c2 :=
(︂
0, 3ϑ− 1,

(︂
1 0
0 0

)︂
,
(︂

0 0 0
0 1 0
0 0 0

)︂
, 0
)︂

c3 :=
(︂
0, 0,

(︂
0 0
1 0

)︂
,
(︂

0 0 0
0 0 0
0 2 0

)︂
, 0
)︂

c4 :=
(︂
0, 0,

(︂
0 0
0 0

)︂
,
(︂

0 0 0
0 0 0
0 4 0

)︂
, 0
)︂

c5 :=
(︂
0, 0,

(︂
0 2
0 0

)︂
,
(︂

0 0 0
0 0 2
0 0 0

)︂
, 0
)︂

c6 :=
(︂
0, 0,

(︂
0 4
0 0

)︂
,
(︂

0 0 0
0 0 0
0 0 0

)︂
, 0
)︂

c7 :=
(︂
0, 0,

(︂
2 0
0 0

)︂
,
(︂

0 0 0
0 4 0
0 0 0

)︂
, 0
)︂

c8 :=
(︂
0, 0,

(︂
0 0
0 0

)︂
,
(︂

0 0 0
0 8 0
0 0 0

)︂
, 0
)︂

c9 :=
(︂
0, 0,

(︂
0 0
0 2

)︂
,
(︂

0 0 0
0 0 0
0 0 4

)︂
, 0
)︂

c10 :=
(︂
0, 0,

(︂
0 0
0 0

)︂
,
(︂

0 0 0
0 0 0
0 0 8

)︂
, 0
)︂

α1 :=
(︂
0, 0,

(︂
0 0
0 0

)︂
,
(︂

0 8 0
0 0 0
0 0 0

)︂
, 0
)︂

α2 :=
(︂
0, 0,

(︂
0 0
0 0

)︂
,
(︂

0 0 8
0 0 0
0 0 0

)︂
, 0
)︂

β1 :=
(︂
0, 0,

(︂
0 0
0 0

)︂
,
(︂

0 0 0
1 0 0
0 0 0

)︂
, 0
)︂

β2 :=
(︂
0, 0,

(︂
0 0
0 0

)︂
,
(︂

0 0 0
0 0 0
1 0 0

)︂
, 0
)︂
.
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Note that c7 = c5c3, c8 = c5c4 , c9 = c3c5 and c10 = c4c5. Hence, as an algebra Λ′
(2), is generated

by e1, e2, e5, τ1, c2, c3, c4, c5, c6, α1, α2, β1, β2.

Consider the quiver

Ψ :=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
ẽ1τ̃1 →→

α̃1

→→

α̃2

↘↘
ẽ2 c̃2←←

c̃4 ↓↓
c̃3

←←

c̃5

↑↑
c̃6

↑↑

β̃1

←←

β̃2

↖↖ ẽ5

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

We have a surjective R-algebra morphism φ : RΨ→ Λ′
(2) by sending

ẽ1 ↦→ e1 ,

ẽ2 ↦→ e2 ,

ẽ5 ↦→ e5 ,

c̃i ↦→ ci for i ∈ [2, 6],

α̃1 ↦→ α1 ,

α̃2 ↦→ α2 ,

β̃1 ↦→ β1 ,

β̃2 ↦→ β2 ,

τ̃1 ↦→ τ1 .

We establish the following multiplication trees, where we underline the elements that are not

in a R-linear relation with previously underlined elements.

e5

α2c2 = 0 α2c3 = 2α1 α2c4 = 4α1 α1c2 = α1 α1c3 = 0 α1c4 = 0

α2β1 = 0 α2

β1←←
β2

←←

c2
←←

c3

↑↑

c6

↓↓

c4

→→

c5 →→

e1
α2←←

τ1

↓↓

α1

→→ α1
β1

→→
β2

↙↙

c2
↖↖

c3

↑↑

c6

↓↓

c4

→→

c5 →→

α1β1 = 8 e1 −τ1

α2β2 = 8 e1 −τ1 α2c6 = 0 α2c5 = 0 τ1
α1

↙↙
α2

↓↓
τ1 ↘↘

α1β2 = 0 α1c6 = 0 α1c5 = 2α2

τ1α1 = 0 τ1α2 = 0 τ21 = 8τ1
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So, the kernel of φ contains the elements from the following list.

c̃22 − c̃2 + 16ẽ2 − 8(c̃5c̃3 + c̃3c̃5) + 2(c4c5 + c5c4) c̃2c̃3 c̃2c̃4 c̃2c̃5 − c̃5 c̃2c̃6 − c̃6 c̃2β̃1 − β̃1 c̃2β̃2

c̃3c̃2 − c̃3 c̃23 c̃3c̃4 c̃3c̃6 − 2c̃3c̃5 + c̃4c̃5 c̃3β̃1 − 2β̃2 c̃3β̃2

c̃3c̃5c̃2 c̃3c̃5c̃3 − 2c̃3 − c̃4 c̃3c̃5c̃4 − 4c̃4 c̃3c̃
2
5 c̃3c̃5c̃6 c̃3c̃5β̃1 c̃3c̃5β̃2 − 4β̃2

c̃4c̃2 − c̃4 c̃4c̃3 c̃24 c̃4c̃6 c̃4β̃1 − 4β̃2 c̃4β̃2

c̃4c̃5c̃2 c̃4c̃5c̃3 − 4c̃4 c̃4c̃5c̃4 − 8c̃4 c̃4c̃
2
5 c̃4c̃5c̃6 c̃4c̃5β̃1 c̃4c̃5β̃2 − 8β̃2

c̃5c̃2 c̃25 c̃5c̃6 c̃5β̃1 c̃5β̃2 − 2β̃1

c̃5c̃3c̃2 − c̃5c̃3 c̃5c̃
2
3 c̃5c̃3c̃4 c̃5c̃3c̃5 − 4c̃5 + c̃6 c̃5c̃3c̃6 − 2c̃6 c̃5c̃3β̃1 − 4β̃1 c̃5c̃3β̃2

c̃5c̃4c̃2 − c̃5c̃4 c̃5c̃4c̃3 c̃5c̃
2
4 c̃5c̃4c̃5 − 8c̃5 + 4c̃6 c̃5c̃4c̃6 c̃5c̃4β̃1 − 8β̃1 c̃5c̃4β̃2

c̃6c̃2 c̃6c̃3 − 2c̃5c̃3 + c̃5c̃4 c̃6c̃4 c̃6c̃5 c̃26 c̃6β̃1 c̃6β̃2

α̃1c̃2 − α̃1 α̃1c̃3 α̃1c̃4 α̃1c̃5 − 2α̃2 α̃1c̃6 α̃1β̃1 − 8ẽ1 + τ̃1 α̃1β̃2

α̃2c̃2 α̃2c̃3 − 2α̃1 α̃2c̃4 − 4α̃1 α̃2c̃5 α̃2c̃6 α̃2β̃1 α̃2β̃2 − 8ẽ1 + τ̃1

τ̃2
1 − 8τ̃1 τ̃1α̃1 τ̃1α̃2

β̃1τ̃1 β̃1α̃1 − c̃5c̃4 β̃1α̃2 − 4c̃5 + 2c̃6

β̃2τ̃1 β̃2α̃1 − 2c̃4 β̃2α̃2 − c̃4c̃5

Let I be the ideal in RΨ generated by these elements. So, I ⊆ ker(φ). Therefore, φ induces a

surjective R-algebra morphism φ′ from RΨ/I to Λ′
(2) .

Note that RΨ/I is R-linearly generated by

N := {ẽ1 + I, τ̃1 + I, β̃1 + I, β̃2 + I, ẽ2 + I, ẽ5 + I, c̃2 + I, c̃3 + I, c̃4 + I, c̃5 + I, c̃6 + I,

c̃5c̃3 + I, c̃5c̃4 + I, c̃3c̃5 + I, c̃4c̃5 + I, α̃1 + I, α̃2 + I} .

To see that, note that a product ξ of k generators may be written as an underlined product

of k′ generators and a product of k′′ generators, where k = k′ + k′′ and where k′ is choosen

maximal. We call k′′ the excess of ξ. If k′′ ≥ 1 then, using the trees above, we may write ξ as

an R-linear combination of products of generators that have excess ≤ k′′ − 1.

Moreover, note that |N | = 17 = rkR(Λ(2)).

Since we have a surjective R-algebra morphism φ′ from RΨ/I to Λ′
(2), this rank argument shows

this morphism to be bijective. In particular, I = ker(φ).

Let I ′ be the ideal in RΨ generated by the following elements.

c̃22 − c̃2 + 16ẽ2 − 8(c̃5c̃3 + c̃3c̃5) + 2(c4c5 + c5c4) c̃2c̃3 c̃2c̃5 − c̃5 c̃2β̃1 − β̃1 c̃2β̃2

c̃3c̃2 − c̃3 c̃3β̃1 − 2β̃2

c̃3c̃5c̃3 − 2c̃3 − c̃4

c̃5c̃2 c̃5β̃2 − 2β̃1

c̃5c̃3c̃5 − 4c̃5 + c̃6

α̃1c̃2 − α̃1 α̃1c̃5 − 2α̃2 α̃1β̃1 − 8ẽ1 + τ̃1

α̃2c̃2 α̃2c̃3 − 2α̃1 α̃2β̃2 − 8ẽ1 + τ̃1

β̃1α̃1 − c̃5c̃4 β̃1α̃2 − 4c̃5 + 2c̃6

β̃2α̃1 − 2c̃4 β̃2α̃2 − c̃4c̃5

We claim that I
!
= I ′. By construction, I ′ ⊆ I. We need to show that I ⊆ I ′.

As c̃3c̃5c̃3 − 2c̃3 − c̃4, c̃2c̃3, c̃3c̃2 − c̃3, c̃2β̃2 ∈ I ′ , it follows that

c̃2c̃4, c̃3c̃4, c̃
2
3, c̃4c̃3, c̃

2
4, c̃5c̃3c̃2 − c̃5c̃3, c̃5c̃23, c̃5c̃3c̃4, c̃3β̃2, c̃5c̃3β̃2 ∈ I ′ .
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As c̃5c̃3c̃5 − 4c̃5 + c̃6, c̃3c̃5c̃3 − 2c̃3 − c̃4, c̃5c̃2 ∈ I ′ , it follows that

c̃3c̃6 − 2c̃3c̃5 + c̃4c̃5, c̃6c̃2 ∈ I ′ .

As c̃5c̃3c̃5 − 4c̃5 + c̃6, c̃2c̃5 − c̃5 ∈ I ′ , it follows that

c̃2c̃6 − c̃6 ∈ I ′ .

As c̃5c̃2, c̃2c̃5 − c̃5, c̃2c̃6 − c̃6, c̃2β̃1 − β̃1, α̃2c̃2 ∈ I ′ , it follows that

c̃3c̃5c̃2, c̃
2
5, c̃3c̃

2
5, c̃3c̃5c̃6, c̃3c̃5β̃1, c̃4c̃5c̃2, c̃4c̃

2
5, c̃5c̃6, c̃4c̃5c̃6, c̃5β̃1, c̃4c̃5β̃1, α̃2c̃5, α̃2c̃6, α̃2β̃1 ∈ I ′ .

As c̃3c̃5c̃3 − 2c̃3 − c̃4, c̃5β̃2 − 2β̃1, c̃3β̃1 − 2β̃2 ∈ I ′ , it follows that

c̃3c̃5β̃2 − 4β̃2, c̃4β̃1 − 4β̃2, c̃4c̃5β̃2 − 8β̃2 ∈ I ′ .

As β̃1α̃1 − c̃5c̃4, β̃2α̃1 − 2c̃4, c̃3β̃1 − 2β̃2 ∈ I ′ , it follows that

c̃3c̃5c̃4 − 4c̃4 ∈ I ′ .

As β̃2α̃2 − c̃4c̃5, β̃1α̃2 − 4c̃5 + 2c̃6, c̃5β̃2 − 2β̃1 ∈ I ′ , it follows that

c̃5c̃4c̃5 − 8c̃5 + 4c̃6 ∈ I ′ .

As c̃3c̃6 − 2c̃3c̃5 + c̃4c̃5, c̃5c̃3c̃5 − 4c̃5 + c̃6, c̃5c̃4c̃5 − 8c̃5 + 4c̃6 ∈ I ′ , it follows that

c̃5c̃3c̃6 − 2c̃6 ∈ I ′ .

As c̃3β̃1 − 2β̃2, c̃5β̃2 − 2β̃1 ∈ I ′ , it follows that

c̃5c̃3β̃1 − 4β̃1 ∈ I ′.

As c̃3c̃2 − c̃3, c̃3c̃5c̃3 − 2c̃3 − c̃4 ∈ I ′ , it follows that

c̃4c̃2 − c̃4 ∈ I ′ .

As c̃4c̃2 − c̃4, c̃2c̃3, c̃2c̃4, c̃2β̃2 ∈ I ′ , it follows that

c̃5c̃4c̃2 − c̃5c̃4, c̃5c̃4c̃3, c̃5c̃24, c̃4β̃2, c̃5c̃4β̃2 ∈ I ′ .

As β̃2α̃2 − c̃4c̃5, α̃2c̃3 − 2α̃1, β̃2α̃1 − 2c̃4 ∈ I ′ , it follows that

c̃4c̃5c̃3 − 4c̃4 ∈ I ′ .
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As c̃4β̃1 − 4β̃2, c̃5β̃2 − 2β̃1 ∈ I ′ , it follows that

c̃5c̃4β̃1 − 8β̃1 ∈ I ′ .

As c̃3c̃5c̃3 − 2c̃3 − c̃4, c̃5c̃3c̃5 − 4c̃5 + c̃6, c̃3c̃5c̃4 − 4c̃4, c̃4c̃5c̃3 − 4c̃4, c̃
2
5, c̃5β̃1, c̃3c̃5β̃2 − 4β̃2 ∈ I ′ ,

it follows that

c̃6c̃3 − 2c̃5c̃3 + c̃5c̃4, c̃6c̃4, c̃4c̃6, c̃5c̃4c̃6, c̃6c̃5, c̃
2
6, c̃6β̃1, c̃6β̃2 ∈ I ′ .

As c̃3c̃5c̃3 − 2c̃3 − c̃4, c̃3c̃5c̃4 − 4c̃4 ∈ I ′ , it follows that

c̃4c̃5c̃4 − 8c̃4 ∈ I ′ .

As α̃1c̃2 − α̃1, c̃2c̃3, c̃2c̃4, c̃2β̃2 ∈ I ′ , it follows that

α̃1c̃3, α̃1c̃4, α̃1β̃2 ∈ I ′ .

As c̃5c̃3c̃5 − 4c̃5 + c̃6, α̃1c̃5 − 2α̃2, α̃2c̃3 − 2α̃1 ∈ I ′ , it follows that

α̃1c̃6 ∈ I ′ .

As c̃3c̃5c̃3 − 2c̃3 − c̃4, α̃2c̃3 − 2α̃1, α̃1c̃5 − 2α̃2 ∈ I ′ , it follows that

α̃2c̃4 − 4α̃1 ∈ I ′ .

As α̃2β̃2 − 8ẽ1 + τ̃1, β̃2α̃2 − c̃4c̃5, α̃2c̃4 − 4α̃1, α̃1c̃5 − 2α̃2 ∈ I ′ , it follows that

τ̃1α̃2, τ̃
2
1 − 8τ̃1 ∈ I ′ .

As α̃2β̃2 − 8ẽ1 + τ̃1, β̃2α̃1 − 2c̃4, α̃2c̃4 − 4α̃1 ∈ I ′ , it follows that

τ̃1α̃1 ∈ I ′ .

As α̃2β̃2 − 8ẽ1 + τ̃1, β̃1α̃2 − 4c̃5 + 2c̃6, c̃5β̃2 − 2β̃1, c̃6β̃2 ∈ I ′ , it follows that

β̃1τ̃1 ∈ I ′ .

As α̃2β̃2 − 8ẽ1 + τ̃1, β̃2α̃2 − c̃4c̃5, c̃5β̃2 − 2β̃1, c̃4β̃1 − 4β̃2 ∈ I ′ , it follows that

β̃2τ̃1 ∈ I ′ .

This proves the claim.
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Proposition 202. Recall that Z(2) GL3(F2) is Morita equivalent to Λ′
(2), cf. Lemma 201. Recall

that

I =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

c̃22 − c̃2 + 16ẽ2 − 8(c̃5c̃3 + c̃3c̃5) + 2(β̃2α̃2 + β̃1α̃1) , c̃2c̃3 , c̃2c̃5 − c̃5 ,
c̃2β̃1 − β̃1 , c̃2β̃2 , c̃3c̃2 − c̃3 ,
c̃3β̃1 − 2β̃2 , c̃3c̃5c̃3 − 2c̃3 − c̃4 , c̃5c̃2 ,

c̃5β̃2 − 2β̃1 , c̃5c̃3c̃5 − 4c̃5 + c̃6 , α̃1c̃2 − α̃1 ,

α̃1c̃5 − 2α̃2 , α̃1β̃1 − 8ẽ1 + τ̃1 , α̃2c̃2 ,

α̃2c̃3 − 2α̃1 , α̃2β̃2 − 8ẽ1 + τ̃1 , β̃1α̃1 − c̃5c̃4 ,
β̃1α̃2 − 4c̃5 + 2c̃6 , β̃2α̃1 − 2c̃4 , β̃2α̃2 − c̃4c̃5

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Let

Ĩ :=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

c̃22 − c̃2 + 16ẽ2 − 8(c̃5c̃3 + c̃3c̃5) + 2(β̃2α̃2 + β̃1α̃1) , c̃2c̃3 , c̃2c̃5 − c̃5 ,
c̃2β̃1 − β̃1 , c̃2β̃2 , c̃3c̃2 − c̃3 ,
c̃3β̃1 − 2β̃2 , c̃5c̃2 ,

c̃5β̃2 − 2β̃1 , α̃1c̃2 − α̃1 ,

α̃1c̃5 − 2α̃2 , α̃2c̃2 ,

α̃2c̃3 − 2α̃1 , α̃2β̃2 − α̃1β̃1 , β̃1α̃1 − c̃5(c̃3c̃5c̃3 − 2c̃3) ,

β̃1α̃2 + 4c̃5 − 2c̃5c̃3c̃5 , β̃2α̃1 − 2(c̃3c̃5c̃3 − 2c̃3) , β̃2α̃2 − (c̃3c̃5c̃3 − 2c̃3)c̃5

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

We obtain the isomorphism of Z(2)-algebras

Λ′
(2)

φ′
←−
∼

R

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
ẽ1τ̃1 →→

α̃1

→→

α̃2

↘↘
ẽ2 c̃2←←

c̃4 ↓↓
c̃3

←←

c̃5

↑↑
c̃6

↑↑

β̃1

←←

β̃2

↖↖ ẽ5

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
/I

∼−→
ψ

R

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
ẽ1

α̃1

→→

α̃2

↘↘
ẽ2 c̃2←←

c̃3

←←

c̃5

↑↑

β̃1

←←

β̃2

↖↖ ẽ5

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
/Ĩ =: Ξ

e1 ←[ ẽ1 + I ↦→ ẽ1 + Ĩ

e2 ←[ ẽ2 + I ↦→ ẽ2 + Ĩ

e5 ←[ ẽ5 + I ↦→ ẽ5 + Ĩ

τ1 ←[ τ̃1 + I ↦→ 8ẽ1 − α̃1β̃1 + Ĩ

α1 ←[ α̃1 + I ↦→ α̃1 + Ĩ

α2 ←[ α̃2 + I ↦→ α̃2 + Ĩ

c2 ←[ c̃2 + I ↦→ c̃2 + Ĩ

c3 ←[ c̃3 + I ↦→ c̃3 + Ĩ

c4 ←[ c̃4 + I ↦→ c̃3c̃5c̃3 − 2c̃3 + Ĩ

c5 ←[ c̃5 + I ↦→ c̃5 + Ĩ

c6 ←[ c̃6 + I ↦→ 4c̃5 − c̃5c̃3c̃5 + Ĩ

β1 ←[ β̃1 + I ↦→ β̃1 + Ĩ

β2 ←[ β̃2 + I ↦→ β̃2 + Ĩ
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An R-linear basis of Ξ is given by

(ẽ1 + Ĩ , ẽ2 + Ĩ , ẽ5 + Ĩ , 8ẽ1 − α̃1β̃1 + Ĩ , α̃1 + Ĩ , α̃2 + Ĩ , c̃2 + Ĩ , c̃3 + Ĩ , c̃3c̃5c̃3 − 2c̃3 + Ĩ , c̃5 + Ĩ ,

4c̃5 − c̃5c̃3c̃5 + Ĩ , β̃1 + Ĩ , β̃2 + Ĩ , c̃5c̃3 + Ĩ , c̃5(c̃3c̃5c̃3 − 2c̃3) + Ĩ , c̃3c̃5 + Ĩ , (c̃3c̃5c̃3 − 2c̃3)c̃5 + Ĩ) .

Corollary 203. Recall that F2GL3(F2) is Morita equivalent to Λ′
(2)/2Λ

′
(2), cf. Lemma 201.

As F2-algebras, we have

Λ′
(2)/2Λ

′
(2)

∼−→ F2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
ẽ1

α̃1

→→

α̃2

↘↘
ẽ2 c̃2←←

c̃3

←←

c̃5

↑↑

β̃1

←←

β̃2

↖↖ ẽ5

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
/ ¯̃I

∼←→ F2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ẽ1

α̃1

→→

α̃2

↘↘

ẽ′2

β̃1

←←

c̃5

↙↙

ẽ5

ẽ′′2

β̃2

↖↖

c̃3

↗↗

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
/ ¯̃I ′

ẽ1 +
¯̃I ↦→ ẽ1 +

¯̃I ′

ẽ2 +
¯̃I ↦→ ẽ′2 + ẽ′′2 +

¯̃I ′

ẽ5 +
¯̃I ↦→ ẽ5 +

¯̃I ′

c̃2 +
¯̃I ↦→ ẽ′2 +

¯̃I ′

c̃3 +
¯̃I ↦→ c̃3 +

¯̃I ′

c̃5 +
¯̃I ↦→ c̃5 +

¯̃I ′

α̃1 +
¯̃I ↦→ α̃1 +

¯̃I ′

α̃2 +
¯̃I ↦→ α̃2 +

¯̃I ′

β̃1 +
¯̃I ↦→ β̃1 +

¯̃I ′

β̃2 +
¯̃I ↦→ β̃2 +

¯̃I ′

ẽ1 +
¯̃I ←[ ẽ1 +

¯̃I ′

ẽ2 − c̃2 + ¯̃I ←[ ẽ′′2 +
¯̃I ′

c̃2 +
¯̃I ←[ ẽ′2 +

¯̃I ′

ẽ5 +
¯̃I ←[ ẽ5 +

¯̃I ′

c̃3 +
¯̃I ←[ c̃3 +

¯̃I ′

c̃5 +
¯̃I ←[ c̃5 +

¯̃I ′

α̃1 +
¯̃I ←[ α̃1 +

¯̃I ′

α̃2 +
¯̃I ←[ α̃2 +

¯̃I ′

β̃1 +
¯̃I ←[ β̃1 +

¯̃I ′

β̃2 +
¯̃I ←[ β̃2 +

¯̃I ′
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where

¯̃I =

⎛⎜⎜⎜⎜⎜⎝
c̃22 − c̃2 , c̃2c̃3 , c̃2c̃5 − c̃5 ,

c̃2β̃1 − β̃1 , c̃2β̃2 , c̃3c̃2 − c̃3 ,

c̃3β̃1 , c̃5c̃2 ,

c̃5β̃2 , α̃1c̃2 − α̃1 ,

α̃1c̃5 , α̃2c̃2 ,

α̃2c̃3 , α̃2β̃2 − α̃1β̃1 , β̃1α̃1 − c̃5c̃3c̃5c̃3 ,

β̃1α̃2 , β̃2α̃1 , β̃2α̃2 − c̃3c̃5c̃3c̃5

⎞⎟⎟⎟⎟⎟⎠ and ¯̃I ′ =

⎛⎜⎜⎝
c̃3β̃1 ,

c̃5β̃2 ,

α̃1c̃5 ,

α̃2c̃3 , α̃2β̃2 − α̃1β̃1 , β̃1α̃1 − c̃5c̃3c̃5c̃3 ,

β̃1α̃2 , β̃2α̃1 , β̃2α̃2 − c̃3c̃5c̃3c̃5

⎞⎟⎟⎠ .

In particular, ẽ2 +
¯̃I is a non-primitive idempotent, as ẽ2 +

¯̃I =
(︂
c̃2 +

¯̃I
)︂
+
(︂
ẽ2 − c̃2 + ¯̃I

)︂
.

Remark 204. The block F2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ẽ1

α̃1

→→

α̃2

↘↘

ẽ′2

β̃1

←←

c̃5

↙↙
ẽ′′2

β̃2

↖↖

c̃3

↗↗

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
/ ¯̃I ′ of the quiver algebra corre-

sponds to the entry D(3K) in the list of Karin Erdmann [5, p. 296, D(3K)], with parameters

a = 2, b = 1, c = 1.

3.1.5.3 The center of Z(2)GL3(F2)

3.1.5.3.1 Preliminaries

Let S be a an integral domain. Let K be the field of fractions of S.

Definition 205. Let V be an S-module. An S-submodule U ⊆ V is pure if for x ∈ V such

that there exists s ∈ S \ {0} with sx ∈ U , we have x ∈ U . In other words, U ⊆ V is pure if

and only of V/U is torsion-free.

Remark 206. Suppose given an S-module W and a chain of submodules U ⊆ V ⊆ W . If

U ⊆ W is pure, then U ⊆ V is pure.

Proof. Suppose given s ∈ S \ {0} and v ∈ V such that sv ∈ U . We need to show that v ∈ U .
We have v ∈ W as V ⊆ W . As U ⊆ W is pure, it follows that v ∈ U . Hence U ⊆ V is pure.

Remark 207. Recall that for each commutative ring R and each finite group G, the set

{
∑︁

h∈{xgx−1|x∈G} h | g ∈ G} is an R-linear basis of Z(RG), cf. [22, Lemma 1.5.3].

Remark 208. Recall that for Morita-equivalent S-algebras A and B we have Z(A) ∼= Z(B),

cf. [22, Proposition 4.3.1].
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3.1.5.3.2 Calculation of the center of Z(2) GL3(F2)

Recall that Z(2)GL3(F2) is Morita equivalent to Λ′
(2), cf. Lemma 201. Recall the Z(2)-linear

bases from Proposition 202.

Lemma 209. We have Z(2)-algebra-isomorphisms

Z(Z(2)GL3(F2))
∼

↓↓
Z(Λ′

(2))

∼ φ̌′

↓↓

⟨︃
e1 +e2, e5,τ1,
c5c3+c3c5+4 e1,

2c5c3+c5c4+2c3c5+c4c5+16 e1,
8c2+4c3c5−c4c5+8 e1

⟩︃
Z(2)

⟨︃ ẽ1+ẽ2+I, ẽ5+I, τ̃1+I,
c̃5c̃3+c̃3c̃5+4ẽ1+I,

2c̃5c̃3+c̃5c̃4+2c̃3c̃5+c̃4c̃5+16ẽ1+I,
8c̃2+4c̃3c̃5−c̃4c̃5+8ẽ1+I

⟩︃
Z(2)

∼ ψ̌
↓↓

Z(Ξ)

⟨︄
ẽ1+ẽ2+Ĩ, ẽ5+Ĩ,8ẽ1−α̃1β̃1+Ĩ,

c̃5c̃3+c̃3c̃5+4ẽ1+Ĩ,

c̃5c̃3c̃5c̃3+c̃3c̃5c̃3c̃5+16ẽ1+Ĩ,

8c̃2+6c̃3c̃5−c̃3c̃5c̃3c̃5+8ẽ1+Ĩ

⟩︄
Z(2)

Here, φ̌′ is obtained by restriction of (φ′)−1 and ψ̌ is obtained by restriction of ψ, cf. Proposi-

tion 202.

Moreover, e1+e2, e5, respectively ẽ1 + ẽ2 + Ĩ , ẽ5 + Ĩ, are primitive idempotents of the center.

Proof. By Remark 208, we have

Z(Z(2)GL3(F2)) ∼= Z(Λ′
(2)) .

As GL3(F2) has 6 different conjugacy classes, rk(Z(Z(2)GL3(F2))) = 6, cf. Remark 207.

Note that the elements

e1+e2 =
(︂
1, 1,

(︂
1 0
0 1

)︂
,
(︂

1 0 0
0 1 0
0 0 1

)︂
, 0
)︂

e5 =
(︂
0, 0,

(︂
0 0
0 0

)︂
,
(︂

0 0 0
0 0 0
0 0 0

)︂
, 1
)︂

τ1 =
(︂
8, 0,

(︂
0 0
0 0

)︂
,
(︂

0 0 0
0 0 0
0 0 0

)︂
, 0
)︂

c5c3 + c3c5 + 4 e1 =
(︂
4, 0,

(︂
2 0
0 2

)︂
,
(︂

4 0 0
0 4 0
0 0 4

)︂
, 0
)︂

2c5c3 + c5c4 + 2c3c5 + c4c5 + 16 e1 =
(︂
16, 0,

(︂
4 0
0 4

)︂
,
(︂

16 0 0
0 16 0
0 0 16

)︂
, 0
)︂

8c2 + 4c3c5 − c4c5 + 8 e1 =
(︂
8, 24ϑ− 8,

(︂
8 0
0 8

)︂
,
(︂

8 0 0
0 8 0
0 0 8

)︂
, 0
)︂
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of Λ′
(2) are central and Z(2)-linearly independent.

We show that

X := ⟨e1+e2, e5, τ1, c5c3+c3c5+4 e1, 2c5c3+c5c4+2c3c5+c4c5+16 e1, 8c2+4c3c5−c4c5+8 e1⟩Z(2)

is a pure submodule of Z
(︂
Λ′

(2)

)︂
.

With respect to the Z(2)-linear basis (e1, e2, e5, τ1, c2, c3, c4, c5, c6, c5c3, c5c4, c3c5, c4c5, α1, α2, β1, β2)

we obtain the following embedding matrix of X in Λ′
(2).⎛⎜⎜⎜⎜⎝

1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

4 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0

16 0 0 0 0 0 0 0 0 2 1 2 1 0 0 0 0

8 0 0 0 8 0 0 0 0 0 0 4 −1 0 0 0 0

⎞⎟⎟⎟⎟⎠
Using Magma to compute the Smith normal form of this matrix over Z, we note that every

elementary divisor is 1. So, the quotient Λ′
(2)/X is torsion-free. Thus X ⊆ Λ′

(2) is pure. Now

X ⊆ Z(Λ′
(2)) ⊆ Λ′ and by Remark 206, the submodule X ⊆ Z(Λ′

(2)) is pure.

We want to show that X = Z(Λ′
(2)).

We have rk(X) = rk
(︂
Z(Λ′

(2))
)︂
= 6.

By the elementary divisor theorem, there exist bases (x1, . . . , x6) of X and (z1, . . . z6) of Z(Λ
′
(2))

such that xi = dizi for i ∈ [1, 6] and certain di ∈ Z×
(2).

We need to show that di ∈ U(Z(2)) for i ∈ [1, 6], then X = Z(Λ′
(2)) follows.

As X ⊆ Z(Λ′
(2)) is pure, di ∈ Z×

(2) and xi = dizi, it follows that zi ∈ X for i ∈ [1, 6].

Thus, X = Z(Λ′
(2)).

Note that

(︄⟨︃
e1 +e2,e5, τ1,
c5c3+c3c5+4 e1,

2c5c3+c5c4+2c3c5+c4c5+16 e1,
8c2+4c3c5−c4c5+8 e1

⟩︃
Z(2)

)︄
(φ′)−1 =

⟨︃ ẽ1+ẽ2+I, ẽ5+I, τ̃1+I,
c̃5c̃3+c̃3c̃5+4ẽ1+I,

2c̃5c̃3+c̃5c̃4+2c̃3c̃5+c̃4c̃5+16ẽ1+I,
8c̃2+4c̃3c̃5−c̃4c̃5+8ẽ1+I

⟩︃
Z(2)

and that (︄⟨︃ ẽ1+ẽ2+I, ẽ5+I, τ̃1+I,
c̃5c̃3+c̃3c̃5+4ẽ1+I,

2c̃5c̃3+c̃5c̃4+2c̃3c̃5+c̃4c̃5+16ẽ1+I,
8c̃2+4c̃3c̃5−c̃4c̃5+8ẽ1+I

⟩︃
Z(2)

)︄
ψ =

⟨︄
ẽ1+ẽ2+Ĩ, ẽ5+Ĩ, 8ẽ1−α̃1β̃1+Ĩ,

c̃5c̃3+c̃3c̃5+4ẽ1+Ĩ,

c̃5c̃3c̃5c̃3+c̃3c̃5c̃3c̃5+16ẽ1+Ĩ,

8c̃2+6c̃3c̃5−c̃3c̃5c̃3c̃5+8ẽ1+Ĩ

⟩︄
Z(2)

.
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3.2 Description of Z[ϑ] GL3(F2)

Again, let ϑ := 1+
√
−7

2
.

We will directly construct a Wedderburn-embedding, using representations from the consider-

ation of ZGL3(F2) and their Galois conjugates to start with. Of course, the result in Propo-

sition 210 is isomorphic to tensoring the result in Proposition 186 with Z[ϑ]. However, using

this tensor product would have led to intricacies as well.

3.2.1 The result

Proposition 210. Z[ϑ] GL3(F2) can be embedded into

Γ := Z[ϑ]× Z[ϑ]3×3 × Z[ϑ]3×3 × Z[ϑ]6×6 × Z[ϑ]7×7 × Z[ϑ]8×8 ,

via the injective Z[ϑ]-algebra morphism ω below, such that the image Λ allows the following

description.

Λ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(︁
v, (wi,j)i,j∈[1,3], (w̃i,j)i,j∈[1,3], (xi,j)i,j∈[1,6], (yi,j)i,j∈[1,7], (zi,j)i,j∈[1,8]

)︁
∈ Γ :

v ≡3 z1,1

z1,k ≡3 0 , k ∈ [2, 8]

yi,j ≡3 zi+1,j+1 , i, j ∈ [1, 7]

v ≡7 x1,1

x1,k ≡7 0 , k ∈ [2, 6]

zi,j ≡7 xi+1,j+1 , i, j ∈ [1, 5]

zi,j ≡7 0 , i ∈ [1, 5], j ∈ [6, 8]

wi,j + w̃i,j ≡7 2zi+5,j+5 , i, j ∈ [1, 3]

(1 + 5ϑ)w̃i,j ≡7 (1 + 5ϑ)zi+5,j+5 , i, j ∈ [1, 3]

v ≡8 y1,1

y1,k ≡8 0 , k ∈ [2, 7]

ys,t ≡2 0 , s ∈ [2, 4], t ∈ [5, 7]

yt,s ≡2 0 , s ∈ [2, 4], t ∈ [5, 7]

yi+1,j+1 ≡2 xi,j , i, j ∈ [1, 3]

yi+1,j+1 ≡2 xi,j , i, j ∈ [4, 6]

yi+1,j+1 ≡4 xi,j , i ∈ [1, 3], j ∈ [4, 6]

yj+1,i+1 ≡4 2xj,i , i ∈ [1, 3], j ∈ [4, 6]

wi,j + 2ϑxi,j + (6 + 2ϑ)xi+3,j+3 ≡8 (2− ϑ)yi+1,j+1 + (5 + 5ϑ)yi+4,j+4 , i, j ∈ [1, 3]

w̃i,j + (6 + 2ϑ)xi,j + 2ϑxi+3,j+3 ≡8 (5 + 5ϑ)yi+1,j+1 + (2− ϑ)yi+4,j+4 , i, j ∈ [1, 3]

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

.

In particular, Z[ϑ] GL3(F2) is isomorphic to Λ as Z[ϑ]-algebras.

Cf. also the symbolic illustrations in Corollary 213 at 3, Corollary 215 at 7, Corollary 217 at 2.

We will show Proposition 210 in §3.2.2
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3.2.2 A Wedderburn embedding

Recall that Gal(Q(ϑ)|Q) = {id : ϑ ↦→ ϑ, σ : ϑ ↦→ 1− ϑ}.

Recall that g1 =
(︂

1 1 0
0 1 0
0 0 1

)︂
, g2 =

(︂
0 0 1
1 0 0
0 1 0

)︂
and that GL3(F2) = ⟨g1, g2⟩, cf. Lemma 187.

Lemma 211. Recall the irreducible representations ω1, ω̃3, ω6, ω7, ω8 from §3.1.2. We have a

set of irreducible representations {ω1, ω̃
1
3, ω̃

2
3, ω6, ω7, ω8} which gives a Wedderburn-embedding

ω := (ω1, ω̃
1
3, ω̃

2
3, ω6, ω7, ω8), mapping as follows

Z[ϑ] GL3(F2)
ω−→ Z[ϑ] × Z[ϑ]3×3 × Z[ϑ]3×3 × Z[ϑ]6×6 × Z[ϑ]7×7 × Z[ϑ]8×8

g1 ↦→ (g1ω1 , (g1ω̃3)
σ , g1ω̃3 , g1ω6 , g1ω7, g1ω8)

g2 ↦→ (g2ω1 , (g2ω̃3)
σ , g2ω̃3 , g2ω6 , g2ω7, g2ω8)

We want to construct a suitable Wedderburn-embedding whose image allows the description in

Proposition 210. The individual construction steps can be followed with the help of Magma [2]

and the digital appendix. The file Conj_Zth from the digital appendix should be loaded in

Magma via load "Conj_Zth";.

The list B_th consists of the images of every group element, where B_th[8] is the image of g1

and B_th[2] is the image of g2.

Proof. We use Lemma 187 to verify that ω is a Z[ϑ]-algebra morphism, i.e. we verify the

relations on the tuple entries of B_th[8] and B_th[2].

We have the Wedderburn-isomorphism ωC = C(ω1, ω̃
1
3, ω̃

2
3, ω6, ω7, ω8). Note via compari-

son of characters that ωC consists of irreducible representations. Moreover, ωC restricts to

ωZ[ϑ] = Z[ϑ](ω1, ω̃
1
3, ω̃

2
3, ω6, ω7, ω8).

In particular, ωZ[ϑ] is injective and rkZ[ϑ](Γ) = 168 = |GL3(F2)|, so that ωZ[ϑ] is a Wedderburn-

embedding.
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We conjugate this embedding ωZ[ϑ] from the right with the following element

C = <1,C_31,C_32,C_6,C_7,C_8> =

( 1,

(︃
59906273ϑ+179752777 1222466ϑ+3669470 427877072ϑ+1283873759

2396250920ϑ+7194387688 48898640ϑ+146866119 17115082880ϑ+51385495784
4823 0 34448

)︃
,(︃

179853863ϑ+169002 3667398ϑ+2072 1284595760ϑ+1207087
7194154520ϑ+11036688 146695920ϑ+170199 51383830400ϑ+78828904

4823 0 34448

)︃
,

⎛⎜⎝
1 0 0 0 0 0

42 87319 0 2072 0 0
0 0 1 0 0 0
0 12432 42ϑ+28 295 0 0
0 522144 1764ϑ+1176 12390 87319 2072
0 0 0 0 12432 295

⎞⎟⎠ ,

⎛⎜⎝
1 0 0 0 0 0 0
0 1 0 18 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 12 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

⎞⎟⎠ ,

⎛⎜⎜⎝
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 109 3610152 299193
0 0 0 0 0 0 32941 2730
0 0 0 0 0 6 198744 16471

⎞⎟⎟⎠ )

to obtain the embedding ω′
Z[ϑ] := Z[ϑ](ω

′
1, ω

′1
3 , ω

′2
3 , ω

′
6, ω

′
7, ω

′
8).

The list B_conj_th consists of the images of every group element, where B_conj_th[8] is the

image of g1 and B_conj_th[2] is the image of g2.

We use the Z[ϑ]-linear standard basis of Γ, with respect to which an element

ξ :=
(︁
v, (wi,j)i,j∈[1,3], (w̃i,j)i,j∈[1,3], (xi,j)i,j∈[1,6], (yi,j)i,j∈[1,7], (zi,j)i,j∈[1,8]

)︁
∈ Γ

has the coordinate vector

ξcoor := (v, w1,1, w1,2, . . . , w̃1,1, w̃1,2, . . . , x1,1, x1,2, . . . , y1,1, y1,2, . . . , z1,1, z1,2, . . . , z8,8) ∈ Z[ϑ]1×168 .

Let Bmat_th be the representation matrix of ω′ with respect to the Z[ϑ]-linear basis

(g : g ∈ GL3(F2)) of Z[ϑ] GL3(F2) as listed in G_list and the standard basis of Γ.

Let Bmat_th_inv ∈ Q(ϑ)168×168 be its inverse. Note that

Z_K_Bmat_inv := 168 · Bmat_th_inv ∈ Z[ϑ]168×168 .

Let ξ :=
(︁
v, (wi,j)i,j∈[1,3], (w̃i,j)i,j∈[1,3], (xi,j)i,j∈[1,6], (yi,j)i,j∈[1,7], (zi,j)i,j∈[1,8]

)︁
∈ Γ. We have

ξ ∈ (Z[ϑ] GL3(F2))ω
′

⇔ there exists x ∈ Z[ϑ]1×168 with ξcoor = x · Bmat_th
⇔ ξcoor · Bmat_th_inv ∈ Z[ϑ]1×168

⇔ ξcoor · Z_K_Bmat_inv ∈ 168Z[ϑ]1×168

⇔ ξcoor · Z_K_Bmat_inv ∈ 3Z[ϑ]1×168 and ξcoor · Z_K_Bmat_inv ∈ 7Z[ϑ]1×168 and

ξcoor · Z_K_Bmat_inv ∈ 8Z[ϑ]1×168

Simplifying Z_K_Bmat_inv separately modulo 3, 7 and 8 with elementary column operations

H_3, H_7 and H_8, lead to the congruences in Proposition 210.
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Let

E_mod3 := Z_K_Bmat_inv ∗ H_3 , E_mod7 := Z_K_Bmat_inv ∗ H_7, E_mod8 := Z_K_Bmat_inv ∗
H_8 .

The columns of E_mod3, E_mod7, E_mod8 are the congruences mod 3, 7 and 8 respectively. The

entries of ξcoor are labeled (1, . . . , 168). The lists E_3, E_7, E_8 contain the congruences, e.g

E_8[10] = [<10, [1, 0]>, <34, [0, 2]>, <55, [6, 2]>, <80, [6, 1]>, <104, [3, 3]>]

means that an element

ξ =
(︁
v, (wi,j)i,j∈[1,3], (w̃i,jϑ)i,j∈[1,3], (xi,j)i,j∈[1,6], (yi,j)i,j∈[1,7], (zi,j)i,j∈[1,8]

)︁
∈ Γ

which lies in the image of ωZ[ϑ] satisfies

(1 + 0 · ϑ) · w3,3 + (0 + 2 · ϑ) · x̃3,3 + (6 + 2 · ϑ) · x6,6 + (6 + 1 · ϑ) · y4,4 + (3 + 3 · ϑ) · y7,7+ ≡8 0 .

Denote Z_K_q := Z[ϑ]/qZ[ϑ] for q ∈ {3, 7, 8}. To check that the images in B_conj_th satisfy

the congruences, note that

MatrixRing(Z_K_3,168)!Bmat_th*E_mod3 ,

MatrixRing(Z_K_7,168)!Bmat_th*E_mod7 and that

MatrixRing(Z_K_8,168)!Bmat_th*E_mod8 are zero.

Remark 212. Theory predicts that the index of Λ in Γ, i.e the order of the cokernel of

Z[ϑ] GL3(F2)
ω′
−→ Z[ϑ]×Z[ϑ]3×3×Z[ϑ]3×3×Z[ϑ]6×6×Z[ϑ]7×7×Z[ϑ]8×8 as abelian group is given

by √︄
|NQ(ϑ)|Q

(︃
168168

1 · 39 · 39 · 636 · 749 · 864

)︃
| = 2276 · 3114 · 7119 ,

cf. [17, Proposition 1.1.5]. We actually obtain |NQ(ϑ)|Q(det(Bmat_th))| = 2276 · 3114 · 7119. So

our calculation is in accordance with the theory.
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3.2.3 Localisation at 3: Z(3)[ϑ] GL3(F2)

WriteR := Z(3). Recall that ϑ := 1+
√
−7

2
. Let Γ(3) := R[ϑ]×R[ϑ]3×3×R[ϑ]6×6×R[ϑ]7×7×R[ϑ]8×8.

Corollary 213. We have

Λ(3) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

(︄
v, (wi,j

i,j∈[1,3]
) , (w̃i,j

i,j∈[1,3]
) , (xi,j

i,j∈[1,6]
) , (yi,j

i,j∈[1,7]
) , (zi,j

i,j∈[1,8]
)

)︄
∈ Γ(3) :

v ≡3 z1,1

z1,k ≡3 0 , k ∈ [2, 8]

yi,j ≡3 zi+1,j+1 , i, j ∈ [1, 7]

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
.

More symbolically written, we may describe Λ(3) as follows.

R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ]

R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ]3×3 R[ϑ]3×3

R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ]6×6

R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ]

R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ]

R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ]

R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ]

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

R[ϑ] 3
1

−1

3

1

−1

R[ϑ] (3) (3) (3) (3) (3) (3) (3)

R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ]

R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ]

R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ]

R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ]

R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ]

R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ]

R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ]

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
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Lemma 214. We have the orthogonal decomposition 1Λ(3)
=

∑︁
i∈[1,20]

ei into primitive idempotent

elements of Λ(3), where

e1 :=
(︁
1, 03×3, 03×3, 06×6, 07×7,E

8
1,1

)︁
ek :=

(︁
0,E3

k−1,k−1, 03×3, 06×6, 07×7, 08×8

)︁
for k ∈ [2, 4]

ek :=
(︁
0, 03×3,E

3
k−4,k−4, 06×6, 07×7, 08×8

)︁
for k ∈ [5, 7]

ek :=
(︁
0, 03×3, 03×3,E

6
k−7,k−7, 07×7, 08×8

)︁
for k ∈ [8, 13]

ek :=
(︁
0, 03×3, 06×6,E

7
k−13,k−13,E

8
k−12,k−12

)︁
for k ∈ [14, 20] .

Moreover,

e2 Λ(3)
∼= e3 Λ(3)

∼= e4 Λ(3)

e5 Λ(3)
∼= e6 Λ(3)

∼= e7 Λ(3)

e8 Λ(3)
∼= e9 Λ(3)

∼= e10 Λ(3)
∼= e11 Λ(3)

∼= e12 Λ(3)
∼= e13 Λ(3)

e14 Λ(3)
∼= e15 Λ(3)

∼= e16 Λ(3)
∼= e17 Λ(3)

∼= e18 Λ(3)
∼= e19 Λ(3)

∼= e20 Λ(3)

as Λ(3)-modules. So, the R[ϑ]-algebra Λ(3) is Morita equivalent to

Λ′
(3) := (e1+e2+e5+e8+e14)Λ(3)(e1+e2+e5+e8+e14) .

More symbolically written, we may describe Λ′
(3) as follows.

R[ϑ] 3
1

−1

R[ϑ]

R[ϑ] (3) R[ϑ]⎧⎪⎪⎪⎪⎪⎪⎪⎩
⎫⎪⎪⎪⎪⎪⎪⎪⎭

R[ϑ] R[ϑ] R[ϑ]

3

1

−1
R[ϑ]
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Proof. Note that ei is primitive for i ∈ [2, 13]. As R[ϑ]-algebra we have for k ∈ 1∪ [14, 20] that

ek Λ(3) ek ∼= {(a, b) ∈ R[ϑ]×R[ϑ] : a ≡3 b} =: Ξ

We have Ξ = ⟨(1, 1), (0, 3)⟩R[ϑ]. Consider the surjective R[ϑ]-algebra morphism

Ξ
π−→ R[ϑ]

(a, b) ↦→ a

We have ker(π) = ⟨(0, 3)⟩R[ϑ] which does not contain a non-zero idempotent element.

Assume that 1Ξ = f1 + f2 is an orthogonal decomposition into idempotents with f1, f2 ̸= 0.

So 1R[ϑ] = f1π + f2π is an orthogonal decomposition into idempotents. As R[ϑ] is an integral

domain, we have without loss of generality f1π = 0 and f2π = 1. But then f1 ∈ ker(π) which

is a contradiction.

Thus, 1Ξ is primitive and so is ek for k ∈ 1 ∪ [14, 20].

To show that e2 Λ(3)
∼= es Λ(3) for s ∈ [3, 4] it suffices to show that there exist e2,s ∈ e2 Λ(3) es

and es,2 ∈ es Λ(3) e2 such that e2 = e2,s es,2 and es = es,2 e2,s . Then

e2 Λ(3)
∼←→ es Λ(3)

x ↦→ es,2 x

e2,s y ← [ y

Choose for s ∈ [3, 4]

e2,s :=
(︁
0,E3

1,s−1, 03×3, 06×6, 07×7, 08×8

)︁
es,2 :=

(︁
0,E3

s−1,1, 03×3, 06×6, 07×7, 08×8

)︁
.
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To show that e5 Λ(3)
∼= es Λ(3) for s ∈ [6, 7] it suffices to show that there exist e5,s ∈ e5 Λ(3) es

and es,5 ∈ es Λ(3) e5 such that e5 = e5,s es,5 and es = es,5 e5,s. Then

e5 Λ(3)
∼←→ es Λ(3)

x ↦→ es,5 x

e5,s y ← [ y

Choose for s ∈ [6, 7]

e5,s :=
(︁
0, 03×3,E

3
1,s−4, 06×6, 07×7, 08×8

)︁
es,5 :=

(︁
0, 03×3,E

3
s−4,1, 06×6, 07×7, 08×8

)︁
.

To show that e8 Λ(3)
∼= es Λ(3) for s ∈ [9, 13] it suffices to show that there exist e8,s ∈ e8 Λ(3) es

and es,8 ∈ es Λ(3) e8 such that e8 = e8,s es,8 and es = es,8 e8,s. Then

e8 Λ(3)
∼←→ es Λ(3)

x ↦→ es,8 x

e8,s y ← [ y

Choose for s ∈ [9, 13]

e8,s :=
(︁
0, 03×3, 03×3,E

6
1,s−7, 07×7, 08×8

)︁
es,8 :=

(︁
0, 03×3, 03×3,E

6
s−7,1, 07×7, 08×8

)︁
.

To show that e14 Λ(3)
∼= es Λ(3) for s ∈ [15, 20] it suffices to show that there exist e14,s ∈ e14 Λ(3) es

and es,14 ∈ es Λ(3) e14 such that e14 = e14,s es,14 and es = es,14 e14,s. Then

e14 Λ(3)
∼←→ es Λ(3)

x ↦→ es,14 x

e14,s y ←[ y

Choose for s ∈ [15, 20]

e14,s :=
(︁
0, 03×3, 03×3, 06×6,E

7
1,s−13,E

8
2,s−12

)︁
es,14 :=

(︁
0, 03×3, 03×3, 06×6,E

7
s−13,1,E

8
s−12,2

)︁
.
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3.2.4 Localisation at 7: Z(7)[ϑ] GL3(F2)

Let R = Z(7). Recall that ϑ = 1+
√
−7

2
. Let Γ(7) := R[ϑ]×R[ϑ]3×3×R[ϑ]6×6×R[ϑ]7×7×R[ϑ]8×8.

Note that (7) = (1 + 5ϑ)2 as ideals. Write p7 := 1 + 5ϑ. In particular,
p27
7
∈ R[ϑ].

Corollary 215. We have

Λ(7) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(︄
v, (wi,j

i,j∈[1,3]

) , (w̃i,j
i,j∈[1,3]

) , (xi,j
i,j∈[1,6]

) , (yi,j
i,j∈[1,7]

) , (zi,j
i,j∈[1,8]

)

)︄
∈ Γ(7) : v ≡7 x1,1

x1,k ≡7 0 , k ∈ [2, 6]

zi,j ≡7 xi+1,j+1 , i, j ∈ [1, 5]

zi,j ≡7 0 , i ∈ [1, 5], j ∈ [6, 8]

wi,j + w̃i,j ≡7 2zi+5,j+5 , i, j ∈ [1, 3]

w̃i,j ≡p7
zi+5,j+5 , i, j ∈ [1, 3]

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
.

More symbolically written, we may describe Λ(7) as follows.

7
1

−1

R[ϑ]

R[ϑ] (7) (7) (7) (7) (7)

R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ]7×7

R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ]

R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ]

R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ]

R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ]

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

7

1

−1

R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] (7) (7) (7)

R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] (7) (7) (7)

R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] (7) (7) (7)

R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] (7) (7) (7)

R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] (7) (7) (7)

R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ]

R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ]

R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ]

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

7

1

1

−2

p7

1

−1

R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ]

R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ]

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
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⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ]
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Lemma 216. We have the orthogonal decomposition 1Λ(7)
=

∑︁
i∈[1,16]

ei into primitive idempotent

elements of Λ(7), where

e1 :=
(︁
1, 03×3, 03×3,E

6
1,1, 07×7, 08×8

)︁
ek :=

(︁
0,E3

k−1,k−1,E
3
k−1,k−1, 06×6, 07×7,E

8
k+4,k+4

)︁
for k ∈ [2, 4]

ek :=
(︁
0, 03×3, 03×3,E

6
k−3,k−3, 07×7,E

8
k−4,k−4

)︁
for k ∈ [5, 9]

ek :=
(︁
0, 03×3, 03×3, 06×6,E

7
k−9,k−9, 08×8

)︁
for k ∈ [10, 16] .

Moreover,

e2 Λ(7)
∼= e3 Λ(7)

∼= e4 Λ(7)

e5 Λ(7)
∼= e6 Λ(7)

∼= e7 Λ(7)
∼= e8 Λ(7)

∼= e9 Λ(7)

e10 Λ(7)
∼= e11 Λ(7)

∼= e12 Λ(7)
∼= e13 Λ(7)

∼= e14 Λ(7)
∼= e15 Λ(7)

∼= e16 Λ(7)

as Λ(7)-modules. So, the R[ϑ]-algebra Λ(7) is Morita equivalent to

Λ′
(7) := (e1+e2+e5+e10)Λ(7)(e1+e2+e5+e10) .

More symbolically written, we may describe Λ′
(7) as follows.

R[ϑ] 7
1

−1

R[ϑ] (7) R[ϑ]
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

R[ϑ] R[ϑ]

7

1

−1

R[ϑ] (7)

R[ϑ] R[ϑ]

7

1

−2

1

p7

−1

1

R[ϑ] R[ϑ]



204 Description of some group rings

Proof. Note that ei is primitive for i ∈ [10, 16]. As R[ϑ]-algebras we have for j ∈ 1 ∪ [5, 9] and

k ∈ [2, 4] that

ej Λ(7) ej ∼= {(a, b) ∈ R[ϑ]×R[ϑ] : a ≡7 b} =: Ξ

ek Λ(7) ek ∼=

{︄
(a, b, c) ∈ R[ϑ]×R[ϑ]×R[ϑ] :

a+ b ≡7 2c

b ≡p7 c

}︄
=: Θ .

We have Ξ = ⟨(1, 1), (0, 7)⟩R[ϑ]. Consider the surjective R[ϑ]-algebra morphism Ξ
π−→ R[ϑ],

(a, b) ↦→ a. Moreover, we have ker(π) = ⟨(0, 7)⟩R[ϑ], which does not contain a non-zero idempo-

tent element.

Assume that 1Ξ = f1 + f2 is an orthogonal decomposition into idempotents with f1, f2 ̸= 0.

So 1R[ϑ] = f1π + f2π is an orthogonal decomposition into idempotents. As R[ϑ] is an integral

domain, we have without loss of generality f1π = 0 and f2π = 1. But then f1 ∈ ker(π), which

is a contradiction. Thus, 1Ξ is primitive and so is ej for j ∈ 1 ∪ [5, 9].

To show that ek is primitive for k ∈ [2, 4] we show that 1Θ = (1, 1, 1) is a primitive idempotent

of Θ. We have the R[ϑ]-linear basis b1 := (1, 1, 1), b2 := (0, 1 + 5ϑ, 1
2
(1 + 5ϑ)), b3 := (0, 0, 7) of

Θ. We have the following multiplication table for the basis elements.

(·) b1 b2 b3

b1 b1 b2 b3

b2 b2 p7 b2 −
p27
28
b3

p7
2
b3

b3 b3
p7
2
b3 7b3

Consider the surjective R[ϑ]-algebra morphism Θ
π−→ R[ϑ], (a, b, c) ↦→ a. Moreover, we have

ker(π) = ⟨b2, b3⟩R[ϑ]. Write for r ∈ Z≥1,

(ker(π))r := ((ker(π) + 7Θ)/7Θ)r = ((ker(π))r + 7Θ)/7Θ .

As
(ker(π))2 = ⟨4 p7 b2 −

p27
7
b3 + 7Θ⟩R[ϑ]

(ker(π))4 = ⟨0 + 7Θ⟩R[ϑ]

we have (ker(π))4 ⊆ 7Θ. As a consequence ker(π) does not contain a non-zero idempotent

element. We show that 1Θ is a primitive idempotent.
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Assume that 1Θ = f1 + f2 is an orthogonal decomposition into idempotents with f1, f2 ̸= 0.

So 1R = f1π + f2π is an orthogonal decomposition into idempotents. As R[ϑ] is an integral

domain, we have without loss of generality f1π = 0 and f2π = 1. But then f1 ∈ ker(π) which

is a contradiction. Thus, 1Θ is primitive.

To show that e2 Λ(7)
∼= es Λ(7) for s ∈ [3, 4] it suffices to show that there exist e2,s ∈ e2 Λ(7) es

and es,2 ∈ es Λ(7) e2 such that e2 = e2,s es,2 and es = es,2 e2,s . Then

e2 Λ(7)
∼←→ es Λ(7)

x ↦→ es,2 x

e2,s y ←[ y

.

Choose for s ∈ [3, 4]

e2,s :=
(︁
0,E3

1,s−1,E
3
1,s−1, 06×6, 07×7,E

8
6,s+4

)︁
es,2 :=

(︁
0,E3

s−1,1,E
3
s−1,1, 06×6, 07×7,E

8
s+4,6

)︁
.

To show that e5 Λ(7)
∼= es Λ(7) for s ∈ [6, 9] it suffices to show that there exist e5,s ∈ e5 Λ(7) es

and es,5 ∈ es Λ(7) e5 such that e5 = e5,s es,5 and es = es,5 e5,s . Then

e5 Λ(3)
∼←→ es Λ(7)

x ↦→ es,5 x

e5,s y ←[ y

.

Choose for s ∈ [6, 9]

e5,s :=
(︁
0, 03×3, 03×3,E

6
2,s−3, 07×7,E

8
1,s−4

)︁
es,5 :=

(︁
0, 03×3, 03×3,E

6
s−3,2, 07×7,E

8
s−4,1

)︁
.

To show that e10 Λ(7)
∼= es Λ(7) for s ∈ [11, 16] it suffices to show that there exist e10,s ∈ e10 Λ(7) es

and es,10 ∈ es Λ(7) e10 such that e10 = e10,s es,10 and es = es,10 e10,s . Then

e10 Λ(7)
∼←→ es Λ(7)

x ↦→ es,10 x

e10,s y ←[ y

.

Choose for s ∈ [11, 16]

e10,s :=
(︁
0, 03×3, 03×3, 06×6,E

7
1,s−9, 08×8

)︁
es,10 :=

(︁
0, 03×3, 03×3, 06×6,E

7
s−9,1, 08×8

)︁
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3.2.5 Localisation at 2: Z(2)[ϑ] GL3(F2)

3.2.5.1 Description via congruences

Write R := Z(2). Write Γ(2) := R[ϑ]×R[ϑ]3×3×R[ϑ]6×6×R[ϑ]7×7×R[ϑ]8×8, where ϑ := 1+
√
−7

2
.

Corollary 217. We have Λ(2) =⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(︁
v, (wi,j), (w̃i,j)i,j∈[1,3], (xi,j)i,j∈[1,6], (yi,j)i,j∈[1,7], (zi,j)i,j∈[1,8]

)︁
∈ Γ(2) :

v ≡8 y1,1

y1,k ≡8 0 , k ∈ [2, 7]

ys,t ≡2 0 , s ∈ [2, 4], t ∈ [5, 7]

ys,t ≡2 0 , s ∈ [5, 7], t ∈ [2, 4]

yi+1,j+1 ≡2 xi,j , i, j ∈ [1, 3]

yi+1,j+1 ≡2 xi,j , i, j ∈ [4, 6]

yi+1,j+1 ≡4 xi,j , i ∈ [1, 3], j ∈ [4, 6]

yi+1,j+1 ≡4 2xi,j , i ∈ [4, 6], j ∈ [1, 3]

wi,j + 2ϑxi,j + (6 + 2ϑ)xi+3,j+3 ≡8 (2− ϑ)yi+1,j+1 + (5 + 5ϑ)yi+4,j+4 , i, j ∈ [1, 3]

w̃i,j + (6 + 2ϑ)xi,j + 2ϑxi+3,j+3 ≡8 (5 + 5ϑ)yi+1,j+1 + (2− ϑ)yi+4,j+4 , i, j ∈ [1, 3]

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
.

More symbolically written, we may describe Λ(2) as follows.
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R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] 8

2ϑ

(6+2ϑ)

1

(ϑ−2) (3+3ϑ)
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R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ] R[ϑ]
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1

1

R[ϑ] R[ϑ] R[ϑ]

R[ϑ] 8
1

−1

2

1

1

2

1

1

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

R[ϑ] R[ϑ] R[ϑ]

R[ϑ] (8) (8) (8) (8) (8) (8) R[ϑ] R[ϑ] R[ϑ]

R[ϑ] R[ϑ] R[ϑ] R[ϑ] (2) (2) (2)

R[ϑ] R[ϑ] R[ϑ] R[ϑ] (2) (2) (2)

4

2

1

R[ϑ] R[ϑ] R[ϑ] R[ϑ] (2) (2) (2)

R[ϑ] (2) (2) (2) R[ϑ] R[ϑ] R[ϑ]

R[ϑ] (2) (2) (2) R[ϑ] R[ϑ] R[ϑ] R[ϑ]8×8

R[ϑ] (2) (2) (2) R[ϑ] R[ϑ] R[ϑ]

8

(6+2ϑ)

(3+3ϑ)

1

(ϑ−2)

2ϑ

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
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Lemma 218. We have the orthogonal decomposition

1Λ(2)
= e1+e′2+e′′2 +e′3+e′′3 +e′4+e′′4 +

∑︂
i∈[5,12]

ei

into primitive idempotent elements of Λ(2), where

e1 :=
(︁
1, 03×3, 03×3, 06×6,E

7
1,1, 08×8

)︁
e′2 :=

⎛⎜⎝0,
(︂

1 0 0
0 0 0
0 0 0

)︂
,
(︂

0 0 0
0 0 0
0 0 0

)︂
,

⎛⎝ 2−ϑ 0 0 −2 0 0
0 0 0 0 0 0
0 0 0 0 0 0
−ϑ 0 0 ϑ−1 0 0
0 0 0 0 0 0
0 0 0 0 0 0

⎞⎠,
⎛⎜⎝

0 0 0 0 0 0 0
0 2+ϑ 0 0 −2 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 2ϑ 0 0 −1−ϑ 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

⎞⎟⎠, 08×8

⎞⎟⎠
e′′2 :=

⎛⎜⎝0,
(︂

0 0 0
0 0 0
0 0 0

)︂
,
(︂

1 0 0
0 0 0
0 0 0

)︂
,

⎛⎝ ϑ−1 0 0 2 0 0
0 0 0 0 0 0
0 0 0 0 0 0
ϑ 0 0 2−ϑ 0 0
0 0 0 0 0 0
0 0 0 0 0 0

⎞⎠,
⎛⎜⎝

0 0 0 0 0 0 0
0 −ϑ−1 0 0 2 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 −2ϑ 0 0 ϑ+2 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

⎞⎟⎠, 08×8

⎞⎟⎠
e′3 :=

⎛⎜⎝0,
(︂

0 0 0
0 1 0
0 0 0

)︂
,
(︂

0 0 0
0 0 0
0 0 0

)︂
,

⎛⎝ 0 0 0 0 0 0
0 2−ϑ 0 0 −2 0
0 0 0 0 0 0
0 0 0 0 0 0
0 −ϑ 0 0 ϑ−1 0
0 0 0 0 0 0

⎞⎠,
⎛⎜⎝

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 2+ϑ 0 0 −2 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 2ϑ 0 0 −1−ϑ 0
0 0 0 0 0 0 0

⎞⎟⎠, 08×8

⎞⎟⎠
e′′3 :=

⎛⎜⎝0,
(︂

0 0 0
0 0 0
0 0 0

)︂
,
(︂

0 0 0
0 1 0
0 0 0

)︂
,

⎛⎝ 0 0 0 0 0 0
0 ϑ−1 0 0 2 0
0 0 0 0 0 0
0 0 0 0 0 0
0 ϑ 0 0 2−ϑ 0
0 0 0 0 0 0

⎞⎠,
⎛⎜⎝

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 −ϑ−1 0 0 2 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 −2ϑ 0 0 ϑ+2 0
0 0 0 0 0 0 0

⎞⎟⎠, 08×8

⎞⎟⎠
e′4 :=

⎛⎜⎝0,
(︂

0 0 0
0 0 0
0 0 1

)︂
,
(︂

0 0 0
0 0 0
0 0 0

)︂
,

⎛⎝ 0 0 0 0 0 0
0 0 0 0 0 0
0 0 2−ϑ 0 0 −2
0 0 0 0 0 0
0 0 0 0 0 0
0 0 −ϑ 0 0 ϑ−1

⎞⎠,
⎛⎜⎝

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 2+ϑ 0 0 −2
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 2ϑ 0 0 −1−ϑ

⎞⎟⎠, 08×8

⎞⎟⎠
e′′4 :=

⎛⎜⎝0,
(︂

0 0 0
0 0 0
0 0 0

)︂
,
(︂

0 0 0
0 0 0
0 0 1

)︂
,

⎛⎝ 0 0 0 0 0 0
0 0 0 0 0 0
0 0 ϑ−1 0 0 2
0 0 0 0 0 0
0 0 0 0 0 0
0 0 ϑ 0 0 2−ϑ

⎞⎠,
⎛⎜⎝

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 −ϑ−1 0 0 2
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 −2ϑ 0 0 ϑ+2

⎞⎟⎠, 08×8

⎞⎟⎠
ek :=

(︁
0, 03×3, 03×3, 06×6, 07×7,E

8
k−4,k−4

)︁
for k ∈ [5, 12] .

Moreover,

(e′2+e′′2)Λ(2)
∼= (e′3+e′′3)Λ(2)

∼= (e′4+e′′4)Λ(2)

e5 Λ(2)
∼= e6 Λ(2)

∼= e7 Λ(2)
∼= e8 Λ(2)

∼= e9 Λ(2)
∼= e10 Λ(2)

∼= e11 Λ(2)
∼= e12 Λ(2)

as Λ(2)-modules. So, the R[ϑ]-algebra Λ(2) is Morita equivalent to

Λ′
(2) := (e1+e′2+e′′2 +e5)Λ(2)(e1+e′2+e′′2 +e5) .

More symbolically written, we may describe Λ′
(2) as follows.
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R[ϑ] (2)

R[ϑ] R[ϑ] 8
1

2ϑ

6+2ϑ

ϑ−2
3+3ϑ

R[ϑ]

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

R[ϑ]

R[ϑ] 8
1

−1

2

1

1

2

1

1

4

1

1

R[ϑ]

4

2

1

R[ϑ] (8) (8)

R[ϑ] R[ϑ] (2)

R[ϑ] (2) R[ϑ]

8

6+2ϑ

2ϑ

1

3+3ϑ

ϑ−2

Proof. Write

e2 :=
(︁
0,E3

1,1,E
3
1,1,E

6
1,1 + E6

4,4,E
7
2,2 + E7

5,5, 08×8

)︁
= e′2+e′′2

e3 :=
(︁
0,E3

2,2,E
3
2,2,E

6
2,2 + E6

5,5,E
7
3,3 + E7

6,6, 08×8

)︁
= e′3+e′′3

e4 :=
(︁
0,E3

3,3,E
3
3,3,E

6
3,3 + E6

6,6,E
7
4,4 + E7

7,7, 08×8

)︁
= e′4+e′′4 .

Note that ei is primitive for i ∈ [5, 12]. As R[ϑ]-algebra we have

e1 Λ(2) e1 ∼= {(a, b) ∈ R[ϑ]×R[ϑ] : a ≡8 b} =: Ξ

We have Ξ = ⟨(1, 1), (0, 8)⟩R[ϑ]. Consider the surjective R[ϑ]-algebra morphism Ξ
π−→ R[ϑ],

(a, b) ↦→ a. Moreover, we have ker(π) = ⟨(0, 8)⟩R[ϑ] which does not contain a non-zero idempo-

tent element.

Assume that 1Ξ = f1 + f2 is an orthogonal decomposition into idempotents with f1, f2 ̸= 0.

So 1R[ϑ] = f1π + f2π is an orthogonal decomposition into idempotents. As R[ϑ] is an integral

domain, we have without loss of generality f1π = 0 and f2π = 1. But then f1 ∈ ker(π) which

is a contradiction. Thus, 1Ξ is primitive and therefore the element e1 is primitive.
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As R[ϑ]-algebras we have

e2 Λ(2) e2
φ−→
∼

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(a, b,
(︂

c d
e f

)︂
,
(︂

g h
i j

)︂
) ∈ R[ϑ]×R[ϑ]×R[ϑ]2×2 ×R[ϑ]2×2 :

a+ 2ϑc+ (6 + 2ϑ)f ≡8 (2− ϑ)g + (5 + 5ϑ)j (⋆)

b+ 2ϑf + (6 + 2ϑ)c ≡8 (2− ϑ)j + (5 + 5ϑ)g (⋆⋆)

c ≡2 g

d ≡4 h

2e ≡4 i

f ≡2 j

h ≡2 0

i ≡2 0

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
=: Θ .

Note that as R[ϑ]-algebras we have e2 Λ(2) e2 ∼= e3 Λ(2) e3 ∼= e4 Λ(2) e4

We identify

e′2 = (e′2)φ = (1, 0,
(︂

2−ϑ −2
−ϑ ϑ−1

)︂
,
(︂

2+ϑ −2
2ϑ −1−ϑ

)︂
)

and

e′′2 = (e′′2)φ = (0, 1,
(︂
ϑ−1 2
ϑ 2−ϑ

)︂
,
(︂

−ϑ−1 2
−2ϑ ϑ+2

)︂
) .

Note that for an element of Θ as above with a = b = 0, we have

(⋆⋆)− (⋆) : 6c− 6f ≡8 (−3− 6ϑ)j + (3 + 6ϑ)g

and therefore

0 ≡2 j + g .

So, f ≡2 j ≡2 g ≡2 c and (⋆) leads to c ≡2 0 in this case.

Moreover, if a = b = c = 0 then (5 + 5ϑ)(⋆⋆) + (ϑ− 2)(⋆) implies that g ≡8 0.

We have the R[ϑ]-linear basis of Θ

c1 := (1, 1,
(︂

1 0
0 1

)︂
,
(︂

1 0
0 1

)︂
)

c2 := (0, 1,
(︂
ϑ−1 0
0 −ϑ

)︂
,
(︂

−1−ϑ 0
0 ϑ−2

)︂
)

c3 := (0, 0,
(︂

0 0
1 0

)︂
,
(︂

0 0
2 0

)︂
)

c4 := (0, 0,
(︂

0 0
0 0

)︂
,
(︂

0 0
4 0

)︂
)

c5 := (0, 0,
(︂

0 2
0 0

)︂
,
(︂

0 2
0 0

)︂
)

c6 := (0, 0,
(︂

0 4
0 0

)︂
,
(︂

0 0
0 0

)︂
)

c7 := (0, 0,
(︂

2 0
0 0

)︂
,
(︂

4 0
0 0

)︂
)

c8 := (0, 0,
(︂

0 0
0 0

)︂
,
(︂

8 0
0 0

)︂
)

c9 := (0, 0,
(︂

0 0
0 2

)︂
,
(︂

0 0
0 4

)︂
)

c10 := (0, 0,
(︂

0 0
0 0

)︂
,
(︂

0 0
0 8

)︂
) .

Write bi := e′2 · ci · e′2 and di := e′′2 · ci · e′′2 for i ∈ [1, 10].

Now e′2Θe′2 = ⟨bi : i ∈ [1, 10]⟩R[ϑ] and e′′2 Θe′′2 = ⟨di : i ∈ [1, 10]⟩R[ϑ]. We have
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b1 = (1, 0,
(︂

−ϑ+2 −2
−ϑ ϑ−1

)︂
,
(︂
ϑ+2 −2
2ϑ −ϑ−1

)︂
)

b2 = (−ϑ− 1)b3 + ϑb4

b3 = (0, 0,
(︂

2ϑ−4 4
2ϑ −2ϑ+2

)︂
,
(︂

−4ϑ−8 8
−8ϑ 4ϑ+4

)︂
)

b4 = (0, 0,
(︂

0 0
0 0

)︂
,
(︂

−8ϑ−16 16
−16ϑ 8ϑ+8

)︂
)

b5 = ϑb3 − ϑb4
b6 = 2ϑb3 − ϑb4
b7 = (ϑ− 2)b3 − ϑb4
b8 = (−ϑ− 2)b4

b9 = (−ϑ+ 1)b3 + ϑb4

b10 = (ϑ+ 1)b4

d1 = (0, 1,
(︂
ϑ−1 2
ϑ 2−ϑ

)︂
,
(︂

−ϑ−1 2
−2ϑ ϑ+2

)︂
)

d2 = d1 + (−ϑ− 2)d3 + ϑd4

d3 = (0, 0,
(︂

2ϑ−2 4
2ϑ 4−2ϑ

)︂
,
(︂

−4ϑ−4 8
−8ϑ 4ϑ+8

)︂
)

d4 = (0, 0,
(︂

0 0
0 0

)︂
,
(︂

−8ϑ−8 16
−16ϑ 8ϑ+16

)︂
)

d5 = ϑ(d3 − d4)
d6 = 2ϑd3 − ϑd4
d7 = (ϑ− 1)d3 − ϑd4
d8 = (−1− ϑ)d4
d9 = (2− ϑ)d3 + ϑd4

d10 = (ϑ+ 2)d4 .

Therefore, we have the R[ϑ]-linear basis (b1, b3, b4) of e
′
2Θe′2 and the R[ϑ]-linear basis (d1, d3, d4)

of e′′2 Θe′′2.

We claim that e′2 and e′′2 are primitive idempotents.

We have the following multiplication tables for the basis elements.

(·) b1 b3 b4

b1 b1 b3 b4

b3 b3 −2b3 − b4 −4b4

b4 b4 −4b4 −8b4

(·) d1 d3 d4

d1 d1 d3 d4

d3 d3 2d3 + d4 4d4

d4 d4 4d4 8d4

We have the surjective R[ϑ]-algebra morphisms

e′2Θe′2
πe′2−−→ R[ϑ]

(a, b,
(︂
c d
e f

)︂
,
(︂
g h
i j

)︂
) ↦→ a

and

e′′2 Θe′′2
πe′′2−−→ R[ϑ]

(a, b,
(︂
c d
e f

)︂
,
(︂
g h
i j

)︂
) ↦→ b .

Moreover, we have ker(πe′2) = ⟨b2, b3⟩R[ϑ] and ker(πe′′2 ) = ⟨d3, d4⟩R[ϑ].

Note that (ker(πe′2))
4 ⊆ 2 e′2Θe′2 and that (ker(πe′′2 ))

4 ⊆ 2 e′′2 Θe′′2 . As a consequence ker(πe′2)

and ker(πe′′2 ) do not contain a non-zero idempotent element. Assume that e′2 = f1 + f2 is an

orthogonal decomposition into idempotents with f1, f2 ̸= 0. So 1R[ϑ] = f1πe′2 + f2πe′2 is an

orthogonal decomposition into idempotents. As R[ϑ] is an integral domain, we have without

loss of generality f1πe′2 = 0 and f2πe′2 = 1. But then f1 ∈ ker(πe′2) which is a contradiction.

Thus, e′2 is primitive. Likewise, e′′2 is primitive. This proves the claim.

In the same manner, e′3, e
′′
3, e

′
4, e

′′
4 are primitive.
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To show that e2 Λ(2)
∼= es Λ(2) for s ∈ [3, 4] it suffices to show that there exist e2,s ∈ e2 Λ(2) es

and es,2 ∈ es Λ(2) e2 such that e2 = e2,s es,2 and es = es,2 e2,s. Then

e2 Λ(2)
∼←→ es Λ(2)

x ↦→ es,2 x

e2,s y ←[ y

.

Choose for s ∈ [3, 4]

e2,s :=
(︁
0,E3

1,s−1,E
3
1,s−1,E

6
1,s−1 + E6

4,s+2,E
7
2,s + E7

5,s+3, 08×8

)︁
es,2 :=

(︁
0,E3

s−1,1,E
3
s−1,1,E

6
s−1,1 + E6

s+2,4,E
7
s,2 + E7

s+3,5, 08×8

)︁
.

To show that e5 Λ(2)
∼= es Λ(2) for s ∈ [6, 12] it suffices to show that there exist e5,s ∈ e5 Λ(2) es

and es,5 ∈ es Λ(2) e5 such that e5 = e5,s es,5 and es = es,5 e5,s. Then

e5 Λ(2)
∼←→ es Λ(2)

x ↦→ es,5 x

e5,s y ←[ y

.

Choose for s ∈ [6, 12]

e5,s :=
(︁
0, 03×3, 03×3, 06×6, 07×7,E

8
1,s−4

)︁
es,5 :=

(︁
0, 03×3, 03×3, 06×6, 07×7,E

8
s−4,1

)︁
.

Remark 219. From the proof of Lemma 218, we take that as R[ϑ]-algebras we have

e2 Λ(2) e2
φ−→
∼

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
(a, b, ( c d

e f ) , (g h
i j )) ∈ R[ϑ]×R[ϑ]×R[ϑ]2×2 ×R[ϑ]2×2 :

a+ 2ϑc+ (6 + 2ϑ)f ≡8 (2− ϑ)g + (5 + 5ϑ)j

b+ 2ϑf + (6 + 2ϑ)c ≡8 (2− ϑ)j + (5 + 5ϑ)g

c ≡2 g

d ≡4 h

2e ≡4 i

f ≡2 j

h ≡2 0

i ≡2 0

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
=: Θ .

We identify

e′2 = (e′2)φ = (1, 0,
(︂

2−ϑ −2
−ϑ ϑ−1

)︂
,
(︂

2+ϑ −2
2ϑ −1−ϑ

)︂
)

and

e′′2 = (e′′2)φ = (0, 1,
(︂
ϑ−1 2
ϑ 2−ϑ

)︂
,
(︂

−ϑ−1 2
−2ϑ ϑ+2

)︂
) ,

cf. Lemma 218. We have the R[ϑ]-linear basis (ci : i ∈ [1, 10]) of Θ, the R[ϑ]-linear basis

(b1, b3, b4) of e
′
2Θe′2, the R[ϑ]-linear basis (d1, d2, d3) of e

′′
2 Θe′′2, cf. proof of Lemma 218.

We want to obtain an R[ϑ]-linear basis of e′2Θe′′2 and an R[ϑ]-linear basis of e′′2 Θe′2. Write

gi := e′2 · ci · e′′2 and fi := e′′2 · ci · e′2 for i ∈ [1, 10].
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Write γ1 := g2+ g3, γ2 :=
1
3
(−ϑ+1)g2+

1
3
(−ϑ+4)g3+ g4, η1 := f2 and η2 :=

1
7
(−ϑ+4)f2+ f3.

We have
γ1 := (0, 0,

(︂
−6 6ϑ

3ϑ−3 6

)︂
,
(︂

8ϑ−12 −10ϑ+4
2ϑ−14 −8ϑ+12

)︂
)

γ2 := (0, 0,
(︂

0 0
0 0

)︂
, 1
3

(︂
48ϑ+40 −4ϑ−88
68ϑ−28 −48ϑ−40

)︂
)

η1 := (0, 0,
(︂

2ϑ−8 2ϑ+6
5ϑ−6 −2ϑ+8

)︂
,
(︂

4ϑ−16 −6ϑ+10
−2ϑ−20 −4ϑ+16

)︂
)

η2 := (0, 0,
(︂

0 0
0 0

)︂
,
(︂

8ϑ −4ϑ−4
12ϑ−8 −8ϑ

)︂
)

Note that

g1 = 0

g2 = 1
3
(−ϑ+ 4)γ1 +

1
127

(−3ϑ− 58)γ2

g3 = 1
3
(ϑ− 1)γ1 +

1
127

(3ϑ+ 58)γ2

g4 = 1
127

(−3ϑ+ 69)γ2

g5 = 1
3
(−ϑ− 2)γ1 +

1
127

(−3ϑ− 58)γ2

g6 = 1
3
(−2ϑ− 4)γ1 +

1
127

(75ϑ− 74)γ2

g7 = −2
3
ϑγ1 +

1
127

(−11ϑ− 128)γ2

g8 = 1
127

(−60ϑ− 144)γ2

g9 = 2
3
ϑγ1 +

1
127

(11ϑ+ 128)γ2

g10 = 1
127

(60ϑ+ 144)γ2

f1 = 0

f2 = η1

f3 = 1
7
(ϑ− 4)η1 + η2

f4 = (−ϑ+ 2)η2

f5 = 1
7
(−ϑ− 3)η1 − η2

f6 = 1
7
(−2ϑ− 6)η1 + (ϑ− 1)η2

f7 = 1
7
(−4ϑ+ 2)η1 − 3η2

f8 = −4η2
f9 = 1

7
(4ϑ− 2)η1 + 3η2

f10 = 4η2 .

So, we have the R[ϑ]-linear basis (γ1, γ2) of e
′
2Θe′′2 and the R[ϑ]-linear (η1, η2) basis of e

′′
2 Θe′2

3.2.5.2 As path algebra modulo relations

Recall that R = Z(2) . We shall to write Λ(2) , up to Morita equivalence, as path algebra modulo

relations. Recall that the R[ϑ]-algebra Λ(2) is Morita equivalent to

Λ′
(2) = (e1+e′2+e′′2 +e5)Λ(2)(e1+e′2+e′′2 +e5)

cf. Lemma 218.

We identify Λ′
(2) =⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(︃
v, w, w̃,

(︂
x1,1 x1,2
x2,1 x2,2

)︂
,

(︃
y1,1 y1,2 y1,3
y2,1 y2,2 y2,3
y3,1 y3,2 y3,3

)︃
, z

)︃
∈ R[ϑ]×R[ϑ]×R[ϑ]2×2 ×R[ϑ]3×3 ×R[ϑ] :

v ≡8 y1,1

y1,k ≡8 0 , k ∈ [2, 3]

y2,3 ≡2 0 ,

y3,2 ≡2 0 ,

y2,2 ≡2 x1,1

y3,3 ≡2 x2,2

y2,3 ≡4 x1,2

y3,2 ≡4 2x2,1

w + 2ϑx1,1 + (6 + 2ϑ)x2,2 ≡8 (2− ϑ)y2,2 + (5 + 5ϑ)y3,3

w̃ + (6 + 2ϑ)x1,1 + 2ϑx2,2 ≡8 (5 + 5ϑ)y2,2 + (2− ϑ)y3,3

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
.
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We have the R[ϑ]-linear basis of Λ′
(2)

e1 :=
(︂
1, 0, 0,

(︂
0 0
0 0

)︂
,
(︂

1 0 0
0 0 0
0 0 0

)︂
, 0
)︂

τ1 :=
(︂
8, 0, 0,

(︂
0 0
0 0

)︂
,
(︂

0 0 0
0 0 0
0 0 0

)︂)︂
e′2 :=

(︂
0, 1, 0,

(︂
−ϑ+2 −2
−ϑ ϑ−1

)︂
,
(︂

0 0 0
0 ϑ+2 −2
0 2ϑ −ϑ−1

)︂
, 0
)︂

b2 :=
(︂
0, 0, 0,

(︂
2ϑ−4 4
2ϑ 2−2ϑ

)︂
,
(︂

0 0 0
0 −4ϑ−8 8
0 −8ϑ 4ϑ+4

)︂
, 0
)︂

b3 :=
(︂
0, 0, 0,

(︂
0 0
0 0

)︂
,
(︂

0 0 0
0 −8ϑ−16 16
0 −16ϑ 8ϑ+8

)︂
, 0
)︂

e′′2 :=
(︂
0, 0, 1,

(︂
ϑ−1 2
ϑ −ϑ+2

)︂
,
(︂

0 0 0
0 −ϑ−1 2
0 −2ϑ ϑ+2

)︂
, 0
)︂

d2 :=
(︂
0, 0, 0,

(︂
2ϑ−2 4
2ϑ −2ϑ+4

)︂
,
(︂

0 0 0
0 −4ϑ−4 8
0 −8ϑ 4ϑ+8

)︂
, 0
)︂

d3 :=
(︂
0, 0, 0,

(︂
0 0
0 0

)︂
,
(︂

0 0 0
0 −8ϑ−8 16
0 −16ϑ 8ϑ+16

)︂
, 0
)︂

e5 :=
(︂
0, 0, 0,

(︂
0 0
0 0

)︂
,
(︂

0 0 0
0 0 0
0 0 0

)︂
, 1
)︂

α1 :=
(︂
0, 0, 0,

(︂
0 0
0 0

)︂
,
(︂

0 24ϑ+16 −8ϑ−24
0 0 0
0 0 0

)︂
, 0
)︂

α2 :=
(︂
0, 0, 0,

(︂
0 0
0 0

)︂
,
(︂

0 −24ϑ−8 8ϑ+32
0 0 0
0 0 0

)︂
, 0
)︂

β1 :=
(︂
0, 0, 0,

(︂
0 0
0 0

)︂
,
(︂

0 0 0
ϑ 0 0
ϑ−1 0 0

)︂
, 0
)︂

β2 :=
(︂
0, 0, 0,

(︂
0 0
0 0

)︂
,
(︂

0 0 0
1−ϑ 0 0
2−ϑ 0 0

)︂
, 0
)︂

γ1 :=
(︂
0, 0, 0,

(︂
−6 6ϑ

3ϑ−3 6

)︂
,
(︂

0 0 0
0 8ϑ−12 4−10ϑ
0 2ϑ−14 12−8ϑ

)︂
, 0
)︂

γ2 :=

(︃
0, 0, 0,

(︂
0 0
0 0

)︂
,

(︃
0 0 0
0 1

3
(48ϑ+40) 1

3
(−4ϑ−88)

0 1
3
(68ϑ−28) 1

3
(−48ϑ−40)

)︃
, 0

)︃
η1 :=

(︂
0, 0, 0,

(︂
2ϑ−8 2ϑ+6
5ϑ−6 −2ϑ+8

)︂
,
(︂

0 0 0
0 4ϑ−16 −6ϑ+10
0 −2ϑ−20 −4ϑ+16

)︂
, 0
)︂

η2 :=
(︂
0, 0, 0,

(︂
0 0
0 0

)︂
,
(︂

0 0 0
0 8ϑ −4ϑ−4
0 12ϑ−8 −8ϑ

)︂
, 0
)︂

Note that
τ1 = 1

11
(−2ϑ− 1)α2β2 + 8 e1

d2 = 1
21
(2ϑ− 1)η1γ1 +

1
33
(3ϑ+ 7)β2α2

d3 = 1
11
(2ϑ+ 1)β2α2

b2 = 1
21
(1− 2ϑ)γ1η1 +

1
21
(5ϑ+ 1)β1α1

b3 = 1
7
(2ϑ− 1)β1α1

γ2 = 1
231

(−6ϑ− 5)γ1η1γ1 +
1
77
(58− 32ϑ)γ1

η2 = 1
539

(−4ϑ− 5)η1γ1η1 − 1
77
(12ϑ− 18)η1

Hence, as an algebra Λ′
(2) is generated by e1, e

′
2, e

′′
2, e5, α1, α2, β1, β2, γ1, η1.

Consider the quiver

Ψ :=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ẽ1

α̃1

→→

α̃2

↘↘

ẽ′2

β̃1

←←

γ̃1

↙↙

ẽ5

ẽ′′2

β̃2

↖↖

η̃1

↗↗

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

We have a surjective R[ϑ]-algebra morphism φ : R[ϑ]Ψ→ Λ′
(2) by sending

ẽ1 ↦→ e1 ,

ẽ′2 ↦→ e′2 ,

ẽ′′2 ↦→ e′′2 ,

ẽ5 ↦→ e5 .

α̃1 ↦→ α1 ,

α̃2 ↦→ α2 ,

β̃1 ↦→ β1 ,

β̃2 ↦→ β2 ,

γ̃1 ↦→ γ1 ,

η̃1 ↦→ η1 ,



214 Description of some group rings

We establish the following multiplication trees, where we underline the elements that are not

in an R[ϑ]-linear relation with previously underlined elements.

e5

α1β1 = 1
11

(4ϑ− 9)α2β2 α1

β1←←

γ1

←←

e1
α1←←

α2

→→ α2 η1
→→

β2

↓↓

α2η1 = (4ϑ− 6)α1

α1γ1 = (2− 4ϑ)α2 α2β2
α1

←←
α2

↓↓
α2β2α1 = (24− 16ϑ)α1 α2β2α2 = (24− 16ϑ)α2

β1α2 = 1
77

((4ϑ− 6)γ1η1γ1 + (−48ϑ− 60)γ1) γ1β2 = (4ϑ− 6)β1

β1

α2

↑↑

α1

↓↓

e′2
β1←←

γ1

→→ γ1

β2

↑↑

η1

↓↓
β1α1

γ1

↓↓

β1

→→ β1α1β1 = (16ϑ− 8)β1 γ1η1
γ1

←←
β1

↓↓
β1α1γ1 = 1

11
(48ϑ− 72)γ1 + 1

77
(16ϑ+ 20)γ1η1γ1 γ1η1γ1

η1 →→
β2

↓↓

γ1η1β1 = (20 + 16ϑ)β1

γ1η1γ1β2 = (48ϑ− 248)β1 γ1η1γ1η1 = (6− 12ϑ)γ1η1 + 77β1α1

β2α1 = 1
77

((4ϑ− 6)η1γ1η1 + (−48ϑ− 60)η1) η1β1 = (−4ϑ+ 2)β2

β2

α1

↑↑

α2

↓↓

e′′2
β2←←

η1
→→ η1

β1

↑↑

γ1

↓↓
β2α2

η1

↓↓

β2

→→ β2α2β2 = (−16ϑ+ 24)β2 η1γ1
η1

←←
β2

↓↓
β2α2η1 = 1

77
(−144ϑ+ 744)η1 + 1

77
(−32ϑ+ 4)η1γ1η1 η1γ1η1

γ1 →→
β1

↓↓

η1γ1β2 = (20 + 16ϑ)β2

η1γ1η1β1 = (−112ϑ+ 168)β2 η1γ1η1γ1 = (6− 12ϑ)η1γ1 + (28ϑ− 63)β2α2
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So, the kernel of φ contains the elements from the following list

α̃1β̃1 − 1
11

(4ϑ− 9)α̃2β̃2 α̃1γ̃1 − (2− 4ϑ)α̃2 α̃2η̃1 − (4ϑ− 6)α̃1

α̃2β̃2α̃1 − (24− 16ϑ)α̃1 α̃2β̃2α̃2 − (24− 16ϑ)α̃2 β̃1α̃2 − 1
77

((4ϑ− 6)γ̃1η̃1γ̃1 + (−48ϑ− 60)γ̃1)

γ̃1β̃2 − (4ϑ− 6)β̃1 γ̃1η̃1β̃1 − (20 + 16ϑ)β̃1 β̃1α̃1γ̃1 − 1
11

(48ϑ− 72)γ̃1 − 1
77

(16ϑ+ 20)γ̃1η̃1γ̃1

β̃1α̃1β̃1 − (16ϑ− 8)β̃1 γ̃1η̃1γ̃1β̃2 − (48ϑ− 248)β̃1 γ̃1η̃1γ̃1η̃1 − (6− 12ϑ)γ̃1η̃1 − 77β̃1α̃1

β̃2α̃1 − 1
77

((4ϑ− 6)η̃1γ̃1η̃1 + (−48ϑ− 60)η̃1) η̃1β̃1 − (2− 4ϑ)β̃2 β̃2α̃2β̃2 − (24− 16ϑ)β̃2

η̃1γ̃1β̃2 − (20 + 16ϑ)β̃2 η̃1γ̃1η̃1β̃1 − (−112ϑ+ 168)β̃2 η̃1γ̃1η̃1γ̃1 − (6− 12ϑ)η̃1γ̃1 − (28ϑ− 63)β̃2α̃2

β̃2α̃2η̃1 − 1
77

(−144ϑ+ 744)η̃1 − 1
77

(−32ϑ+ 4)η̃1γ̃1η̃1

Let I be the ideal in R[ϑ]Ψ generated by those elements. So, I ⊆ ker(φ). Therefore, φ induces

a surjective R[ϑ]-algebra morphism φ′ from R[ϑ]Ψ/I to Λ′
(2) .

Note that R[ϑ]Ψ/I is R[ϑ]-linearly generated by

N := {ẽ1 + I, α̃1 + I, α̃2 + I, α̃2β̃2 + I, ẽ′2 + I, β̃1 + I, γ̃1 + I, β̃1α̃1 + I, γ̃1η̃1 + I, γ̃1η̃1γ̃1 + I,

ẽ′′2 + I , β̃2 + I , η̃1 + I , β̃2α̃2 + I , η̃1γ̃1 + I , η̃1γ̃1η̃1 + I, ẽ5 + I} .

To see that, note that a product ξ of k generators may be written as an underlined product

of k′ generators and a product of k′′ generators, where k = k′ + k′′ and where k′ is choosen

maximal. We call k′′ the excess of ξ. If k′′ ≥ 1 then, using the trees above, we may write ξ as

an R[ϑ]-linear combination of products of generators that have excess ≤ k′′ − 1.

Moreover, note that |N | = 17 = rkR(Λ
′
(2)).

Since we have a surjective R[ϑ]-algebra morphism from R[ϑ]Ψ/I to Λ′
(2), this rank argument

shows this morphism to be bijective. In particular, I = ker(φ).

Let I ′ be the ideal in R[ϑ]Ψ generated by the following elements.

α̃1β̃1 − 1
11

(4ϑ− 9)α̃2β̃2 α̃1γ̃1 − (2− 4ϑ)α̃2 α̃2η̃1 − (4ϑ− 6)α̃1

β̃1α̃2 − 1
77

((4ϑ− 6)γ̃1η̃1γ̃1 + (−48ϑ− 60)γ̃1)

γ̃1β̃2 − (4ϑ− 6)β̃1

γ̃1η̃1γ̃1η̃1 − (6− 12ϑ)γ̃1η̃1 − 77β̃1α̃1

β̃2α̃1 − 1
77

((4ϑ− 6)η̃1γ̃1η̃1 + (−48ϑ− 60)η̃1) η̃1β̃1 − (2− 4ϑ)β̃2

η̃1γ̃1η̃1γ̃1 − (6− 12ϑ)η̃1γ̃1 − (28ϑ− 63)β̃2α̃2

We claim that I
!
= I ′. By construction I ′ ⊆ I. We need to show that I

!

⊆ I ′.

As β̃2α̃1 − 1
77
((4ϑ− 6)η̃1γ̃1η̃1 + (−48ϑ− 60)η̃1), α̃1γ̃1 − (2− 4ϑ)α̃2, α̃2η̃1 − (4ϑ− 6)α̃1 ∈ I ′ , it

follows that

α̃2β̃2α̃1 − (24− 16ϑ)α̃1 ∈ I ′ .

As α̃1β̃1− 1
11
(4ϑ−9)α̃2β̃2, β̃1α̃2− 1

77
((4ϑ−6)γ̃1η̃1γ̃1+(−48ϑ−60)γ̃1), α̃1γ̃1−(2−4ϑ)α̃2, α̃2η̃1−

(4ϑ− 6)α̃1 ∈ I ′ , it follows that

α̃2β̃2α̃2 − (24− 16ϑ)α̃2 ∈ I ′ .
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As α̃1β̃1− 1
11
(4ϑ−9)α̃2β̃2, β̃1α̃2− 1

77
((4ϑ−6)γ̃1η̃1γ̃1+(−48ϑ−60)γ̃1), γ̃1β̃2− (4ϑ−6)β̃1, η̃1β̃1−

(2− 4ϑ)β2 ∈ I ′ , it follows that

β̃1α̃1β̃1 − (16ϑ− 8)β̃1 ∈ I ′ .

As η̃1β̃1 − (−4ϑ+ 2)β̃2, γ̃1β̃2 − (4ϑ− 6)β̃1 ∈ I ′ , it follows that

γ̃1η̃1β̃1 − (20 + 16ϑ)β̃1 ∈ I ′ .

As α̃1γ̃1 − (2− 4ϑ)α̃2, β̃1α̃2 − 1
77
((4ϑ− 6)γ̃1η̃1γ̃1 + (−48ϑ− 60)γ̃1) ∈ I ′ , it follows that

β̃1α̃1γ̃1 −
1

11
(48ϑ− 72)γ̃1 −

1

77
(16ϑ+ 20)γ̃1η̃1γ̃1 ∈ I ′ .

As γ̃1β̃2 − (4ϑ− 6)β̃1, γ̃1η̃1β̃1 − (20 + 16ϑ)β̃1 ∈ I ′ , it follows that

γ̃1η̃1γ̃1β̃2 − (48ϑ− 248)β̃1 ∈ I ′ .

As γ̃1β̃2 − (4ϑ− 6)β̃1, η̃1β̃1 − (−4ϑ+ 2)β̃2 ∈ I ′ , it follows that

η̃1γ̃1β̃2 − (20 + 16ϑ)β̃2 ∈ I ′ .

As α̃1β̃1− 1
11
(4ϑ−9)α̃2β̃2, β̃2α̃1− 1

77
((4ϑ−6)η̃1γ̃1η̃1+(−48ϑ−60)η̃1), η̃1β̃1−(2−4ϑ)β̃2, η̃1γ̃1β̃2−

(20 + 16ϑ)β̃2 ∈ I ′, it follows that

β̃2α̃2β̃2 − (−16ϑ+ 24)β̃2 ∈ I ′ .

As η̃1β̃1 − (−4ϑ+ 2)β̃2, η̃1γ̃1β̃2 − (20 + 16ϑ)β̃2 ∈ I ′ , it follows that

η̃1γ̃1η̃1β̃1 − (−112ϑ+ 168)β̃2 ∈ I ′ .

As α̃2η̃1 − (4ϑ− 6)α̃1, β̃2α̃1 − 1
77
((4ϑ− 6)η̃1γ̃1η̃1 + (−48ϑ− 60)η̃1) ∈ I ′ , it follows that

β̃2α̃2η̃1 −
1

77
(−144ϑ+ 744)η̃1 −

1

77
(−32ϑ+ 4)η̃1γ̃1η̃1 ∈ I ′ .

This proves the claim.

We summarise:

Proposition 220. Recall that Z(2)[ϑ] GL3(F2) is Morita equivalent to Λ′
(2), cf. Lemma 218.

Recall that

I =

(︄
α̃1β̃1 − 1

11
(4ϑ− 9)α̃2β̃2 , α̃1γ̃1 − (2− 4ϑ)α̃2 , α̃2η̃1 − (4ϑ− 6)α̃1

β̃1α̃2 − 1
77

((4ϑ− 6)γ̃1η̃1γ̃1 + (−48ϑ− 60)γ̃1) , γ̃1β̃2 + (4ϑ− 6)β̃1, γ̃1η̃1γ̃1η̃1 − (6− 12ϑ)γ̃1η̃1 − 77β̃1α̃1 ,

β̃2α̃1 − 1
77

((4ϑ− 6)η̃1γ̃1η̃1 + (−48ϑ− 60)η̃1) , η̃1β̃1 − (2− 4ϑ)β̃2 , η̃1γ̃1η̃1γ̃1 − (6− 12ϑ)η̃1γ̃1 − (28ϑ− 63)β̃2α̃2

)︄
.

We obtain the isomorphism of Z(2)[ϑ]-algebras
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Λ′
(2)

φ′
←−
∼

R[ϑ]

⎡⎢⎢⎢⎢⎢⎣
ẽ1

α̃1

→→

α̃2

↘↘

ẽ′2

β̃1

←←

γ̃1

↙↙

ẽ5

ẽ′′2

β̃2

↖↖

η̃1

↗↗

⎤⎥⎥⎥⎥⎥⎦ /I
e1 ←[ ẽ1 + I

e′2 ←[ ẽ′2 + I

e′′2 ←[ ẽ′′2 + I

e5 ←[ ẽ5 + I

α1 ←[ α̃1 + I

α2 ←[ α̃2 + I

β1 ←[ β̃1 + I

β2 ←[ β̃2 + I

γ1 ←[ γ̃1 + I

η1 ←[ η̃1 + I

Corollary 221. Recall that ϑ2 = ϑ − 2. Write ϑ̄ := ϑ + 2Z(2)[ϑ]. We have F2[ϑ̄] ∼=
Z(2)[ϑ]/2Z(2)[ϑ] ∼= F2 × F2. Recall that F2[ϑ̄] GL3(F2) is Morita equivalent to Λ′

(2)/2Λ
′
(2), cf.

Lemma 218. As F2[ϑ̄]-algebras, we have

Λ′
(2)/2Λ

′
(2)

∼−→ F2[ϑ̄]

⎡⎢⎢⎢⎢⎢⎣
ẽ1

α̃1

→→

α̃2

↘↘

ẽ′2

β̃1

←←

γ̃1

↙↙

ẽ5

ẽ′′2

β̃2

↖↖

η̃1

↗↗

⎤⎥⎥⎥⎥⎥⎦ /Ī
e1+2Λ′

(2) ↦→ ẽ1 + Ī

e′2+2Λ′
(2) ↦→ ẽ′2 + Ī

e′′2 +2Λ′
(2) ↦→ ẽ′′2 + Ī

e5+2Λ′
(2) ↦→ ẽ5 + Ī

α1 + 2Λ′
(2) ↦→ α̃1 + Ī

α2 + 2Λ′
(2) ↦→ α̃2 + Ī

β1 + 2Λ′
(2) ↦→ β̃1 + Ī

β2 + 2Λ′
(2) ↦→ β̃2 + Ī

γ1 + 2Λ′
(2) ↦→ γ̃1 + Ī

η1 + 2Λ′
(2) ↦→ η̃1 + I

where
Ī =

(︄
α̃1β̃1 − α̃2β̃2 , α̃1γ̃1 , α̃2η̃1

β̃1α̃2 , γ̃1β̃2, γ̃1η̃1γ̃1η̃1 − β̃1α̃1 ,

β̃2α̃1 , η̃1β̃1 , η̃1γ̃1η̃1γ1 − β̃2α̃2

)︄
Remark 222. Instead of calculating directly, the result in Corollary 221 can already be seen

in Corollary 203 via tensoring there with F2[ϑ̄].
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3.3 Description of Z(2)[ζ5]
+ SL2(F4)

Let ν := ζ25 + ζ35 . Write R := Z(2)[ζ5]
+ = R ∩ Z(2)[ζ5] = Z(2)[ν]. Note that R is a discrete

valuation ring with maximal ideal (2) and residue field isomorphic to F4.
Write F4 = F2[γ], where γ

2 = γ + 1.

Note that C3 × SL2(F4) ∼= GL2(F4) and that RC3 ⊗R R SL2(F4) ∼= RGL2(F4) [22, L. 1.7.13].

Note that SL2(F4) ∼= A5 .

3.3.1 The result

Proposition 223. R SL2(F4) can be embedded via the injective R-algebra morphism ω from

Lemma 225 below, into

Γ := R×R3×3 ×R3×3 ×R4×4 ×R5×5 ,

such that the image Λ allows the following description.

Λ =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

(︁
v, (wi,j)i,j∈[1,3], (xi,j)i,j∈[1,3], (yi,j)i,j∈[1,4], (zi,j)i,j∈[1,5]

)︁
∈ Γ :

v + w1,1 + x3,3 + z3,3 ≡4 0

wi,j ≡4 zi+2,j+2 , i ∈ [1, 3], j ∈ [2, 3]

xi,j ≡4 zi,j , i ∈ [1, 3], j ∈ [1, 2]

wi,1 ≡2 zi+2,3 , i ∈ [1, 3]

xi,3 ≡2 zi,3 , i ∈ [1, 3]

zi,j ≡2 0 , i ∈ [1, 3], j ∈ [4, 5]

zi,j ≡2 0 , i ∈ [3, 5], j ∈ [1, 2]

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
.

In particular, R SL2(F4) is isomorphic to Λ as R-algebras.

More symbolically written, we may describe Λ as follows.

R R R
(︂
R4×4

)︂

R R R

(2) (2) R 2
1

−1

4

1

1

1

1

R 2
1

−1

4

1

−1

2

1

−1

2

1

−1

R R R (2) (2) R (2) (2)

R R R (2) (2) R R R

(2) (2) R (2) (2) R R R

(2) (2) R R R 2

1

−1

4

1

−1

(2) (2) R R R

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
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3.3.2 A Wedderburn embedding and a Morita reduction

Lemma 224. We have the following presentation.

⟨a, b : a3, b3, (ab)5, (ab2a2b2)2⟩ r1−→∼ SL2(F4)

a ↦→ g1 :=
(︂
γ 0
0 γ2

)︂
b ↦→ g2 := ( 1 1

1 0 )

Proof. As

g31 = id, g32 = id, (g1g2)
5 = id, and

(︁
g1g

2
2g

2
1g

2
2

)︁2
= id

the map r1 is a well-defined group morphism. We use the computer algebra system Magma to

compare group orders to verify that r1 is bijective.

We want to construct a suitable Wedderburn-embedding ω whose image allows the description in

Proposition 223. The individual construction steps can be followed with the help of Magma [2]

and the digital appendix. The file SL_2_4 from the digital appendix should be loaded in Magma

via load "SL_2_4";.

Lemma 225. We have the Wedderburn-embedding

R SL2(F4)
ω−→ R × R3×3 × R3×3 × R4×4 × R5×5

g1 =
(︂
γ 0
0 γ2

)︂
↦→ (g1ω1 , g1ω

1
3 , g1ω

2
3 , g1ω4 , g1ω5)

g2 = ( 1 1
1 0 ) ↦→ (g2ω1 , g2ω

1
3 , g2ω

2
3 , g2ω4 , g2ω5)

where
g1ω1 = (1)

g2ω1 = (1)

g1ω
1
3 =

(︂
2ν+3 20ν+30 4ν+8

−5ν−10 −117ν−196 −32ν−48
24ν+36 473ν+753 115ν+193

)︂
g2ω

1
3 =

(︂
1 −86ν−144 −24ν−36

−4ν−3 189ν+306 49ν+79
7ν+17 −734ν−1186 −189ν−307

)︂
g1ω

2
3 =

(︃
−3ν−14 −ν+2 −6ν−6

1
5
(−12ν+54) ν−3 1

5
(27ν+16)

30ν+12 −6ν+2 2ν+17

)︃
g2ω

2
3 =

(︃
5ν−16 −2ν−6 −4ν−1

1
5
(−51ν+82) ν+5 1

5
(23ν−1)

54ν−8 12ν+6 −6ν+11

)︃
g1ω4 =

(︃
1 0 −1 0
0 1 −1 0
0 0 −1 1
0 0 −1 0

)︃
g2ω4 =

(︃
0 1 0 0
0 0 1 0
1 0 0 0
0 0 0 1

)︃
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g1ω5 =

(︄ −7ν+18 −229ν+266 −178ν+86 −184ν+240 2ν+20
4ν−6 113ν−95 75ν−42 92ν−80 −4
−10ν −150ν+110 −96ν+51 −112ν+98 0

2 −10ν+36 −17ν+4 −9ν+36 4
−6 30ν−96 46ν−12 25ν−95 −ν−11

)︄

g2ω5 =

(︄ −23ν−20 −282ν−254 −12ν+97 −318ν−226 −62ν−24
9ν+6 113ν+73 15ν−39 126ν+62 24ν+6

14ν+36 152ν+446 −102ν−49 138ν+448 20ν+72
0 8ν−8 6ν−3 ν−2 −3ν+3

2ν+2 10ν+40 −11ν−3 26ν+26 11ν−3

)︄
whose image allows the description in Proposition 223.

Proof. The list B consists of the images of every group element under ω, where B[6] is the

image of g1 and B[2] is the image of g2.

We use the R-linear standard basis of Γ, with respect to which an element

ξ :=
(︁
v, (wi,j)i,j∈[1,3], (xi,j)i,j∈[1,3], (yi,j)i,j∈[1,4], (zi,j)i,j∈[1,5]

)︁
∈ Γ

has the coordinate vector

ξcoor := (v, w1,1, w1,2, . . . , x1,1, x1,2, . . . , y1,1, y1,2, . . . , z1,1, z1,2, . . . , z5,5) ∈ R1×60 .

Let Bmat be the representation matrix of ω with respect to the R-linear basis

(g : g ∈ SL2(F4)) of R SL2(F4) as listed in G_List and the standard basis of Γ. Note that

RBmat_inv := 60Bmat_inv is contained in R60×60.

Let ξ =
(︁
v, (wi,j)i,j∈[1,3], (xi,j)i,j∈[1,3], (yi,j)i,j∈[1,4], (zi,j)i,j∈[1,5]

)︁
∈ Γ. We have

ξ ∈ ω(R SL2(F4))

⇔ ∃x ∈ R1×60 with ξcoor = xBmat

⇔ ξcoorBmat_inv ∈ R1×60

⇔ ξcoorRBmat_inv ∈ 60R1×60

Simplifying RBmat_inv modulo 4 with elementary column operations H_4, leads to the congru-

ences in Proposition 223.

Let

E_mod4 := RBmat_inv ∗ H_4 .

The columns of E_mod4 are the congruences mod 4. The entries of ξcoor are labeled (1, . . . , 60).

The list E_4 contains the congruences, e.g

E_4[2] = [< 2, [2, 2] >,< 48, [2, 2] >]

means that an element ξ =
(︁
v, (wi,j)i,j∈[1,3], (xi,j)i,j∈[1,3], (yi,j)i,j∈[1,4], (zi,j)i,j∈[1,5]

)︁
∈ Γ which lies

in the image of ω satisfies

(2 + 2ν)w1,1 + (2 + 2ν)z3,3 ≡4 0



3.3 Description of Z(2)[ζ5]
+ SL2(F4) 221

i.e. it satisfies w1,1 ≡2 z3,3.

Denote Z_K_2 := Z(2)[ν]/4Z(2)[ν]. To check that the images in B satisfy the congruences, note

that MatrixRing(Z_K_2,60)!Bmat*E_mod4 is zero.

Remark 226. Theory predicts that the index of Λ in Γ, i.e the order of the cokernel of

R SL2(F4)
ω−→ R×R3×3 ×R3×3 ×R4×4 ×R5×5 as abelian group is given by the 2-part of√︄

|NQ(ν)|Q

(︃
6060

1 · 39 · 39 · 416 · 525

)︃
| = 288 · 342 · 535 ,

namely 288, cf. [17, Proposition 1.1.5]. We actually obtain |NQ(ν)|Q(det(Bmat))| = 288 · 342 · 535

which has 2-part 288. So our calculation is in accordance with the theory.

Lemma 227. We have the orthogonal decomposition 1Λ =
∑︁

i∈[1,9]
ei into primitive idempotent

elements of Λ, where

e1 :=
(︁
1,E3

1,1,E
3
3,3, 04×4,E

5
3,3

)︁
ei :=

(︁
0,E3

i,i, 03×3, 04×4,E
5
i+2,i+2

)︁
for i ∈ [2, 3]

ei :=
(︁
0, 03×3,E

3
i−3,i−3, 04×4,E

5
i−3,i−3

)︁
for i ∈ [4, 5]

ei :=
(︁
0, 03×3, 03×3,E

4
i−5,i−5, 05×5

)︁
for i ∈ [6, 9]

Moreover,

e2 Λ ∼= e3 Λ

e4 Λ ∼= e5 Λ

e6 Λ ∼= e7 Λ ∼= e8 Λ ∼= e9 Λ

as Λ-modules. So, the R-algebra Λ is Morita equivalent to

Λ′ := (e1+e2+e4+e6)Λ(e1+e2+e4+e6) .

More symbolically written, we may describe Λ′ as follows.
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R R (R)

(2) R 2
1

−1

4

1

1

1

1

R 2
1

−1

4

1

−1

2

1

−1

2

−1
1

R R (2) R (2)

(2) R (2) R R

(2) R R 2

1

−1

4

1

−1

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

Proof. Note that ek is primitive for k ∈ [6, 9]. As R-algebras we have for k ∈ [2, 5] that

ek Λek ∼= {(a, b) ∈ R×R : a ≡4 b} =: Ξ .

We have Ξ = ⟨(1, 1), (0, 4)⟩R. Observe that I = ⟨(2, 2), (0, 4)⟩R satisfies I2 ⊆ 2Ξ and that

Ξ/I ∼= F2. Thus, Jac(Ξ) = I and Ξ is local, cf. e.g. [16, Corollary 160]. So, ek Λek is local and

therefore the element ek is primitive for k ∈ [2, 5].

We have

e1 Λe1 ∼=

{︄
(a, b, c, d) ∈ R×R×R×R :

a+ b+ c+ d ≡4 0

b ≡2 d

c ≡2 d

}︄
=: Θ .

To show that e1 is primitive, we show that 1Θ = (1, 1, 1, 1) is a primitive idempotent of Θ.

We obtain the R-linear basis of Θ

c1 := (1, 1, 1, 1)

c2 := (0, 2, 2, 0)

c3 := (0, 0, 2, 2)

c4 := (0, 0, 0, 4) .

We have the following multiplication table for the basis elements.
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(·) c1 c2 c3 c4

c1 c1 c2 c3 c4

c2 c2 2c2 2c3 − c4 0

c3 c3 2c3 − c4 2c3 2c4

c4 c4 0 2c4 4c4

We have the surjective R-algebra morphism Θ
π−→ R, (a, b, c, d) ↦→ a. Moreover, we have

ker(π) = ⟨cj : j ∈ [2, 4]⟩R.

We show that (ker(π))3 ⊆ 2Θ. Write for r ∈ Z≥1,

(ker(π))r := ((ker(π) + 2Θ)/2Θ)r = ((ker(π))r + 2Θ)/2Θ .

Calculate
(ker(π))2 = ⟨c4 + 2Θ⟩R
(ker(π))3 = ⟨0 + 2Θ⟩R .

Thus, (ker(π))3 ⊆ 2Θ. As a consequence ker(π) does not contain a non-zero idempotent

element. Assume that 1Θ = f1 + f2 is an orthogonal decomposition into idempotents with

f1, f2 ̸= 0. So 1R = f1π + f2π is an orthogonal decomposition into idempotents. As R is an

integral domain, we have, without loss of generality, f1π = 0 and f2π = 1. But then f1 ∈ ker(π),

which is a contradiction. Thus, 1Θ is primitive.

3.3.3 As path algebra modulo relations

Recall that R = Z(2)[ν] . We shall to write Λ , up to Morita equivalence, as path algebra modulo

relations. Recall that the R-algebra Λ is Morita equivalent to

Λ′ := (e1+e2+e4+e6)Λ(e1+e2+e4+e6)

cf. Lemma 227. We identify

Λ′ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(︃
v,
(︂

w1,1 w1,2
w2,1 w2,2

)︂
,
(︂

x1,1 x1,2
x2,1 x2,2

)︂
, y,

(︃
z1,1 z1,2 z1,3
z2,1 z2,2 z2,3
z3,1 z3,2 z3,3

)︃)︃
∈ R×R2×2 ×R2×2 ×R×R3×3 :

v + w1,1 + x2,2 + z2,2 ≡4 0

wi,2 ≡4 zi+1,3 , i ∈ [1, 2]

xi,1 ≡4 zi,1 , i ∈ [1, 2]

w2,1 ≡2 z3,2

w1,1 ≡2 z2,2

x1,2 ≡2 z1,2

x2,2 ≡2 z2,2

zi,1 ≡2 0 , i ∈ [2, 3]

zi,3 ≡2 0 , i ∈ [1, 2]

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
.
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We have the R-linear basis of Λ′

e1 :=
(︂
1,
(︂

1 0
0 0

)︂
,
(︂

0 0
0 1

)︂
, 0,
(︂

0 0 0
0 1 0
0 0 0

)︂)︂
e2 :=

(︂
0,
(︂

0 0
0 1

)︂
,
(︂

0 0
0 0

)︂
, 0,
(︂

0 0 0
0 0 0
0 0 1

)︂)︂
e4 :=

(︂
0,
(︂

0 0
0 0

)︂
,
(︂

1 0
0 0

)︂
, 0,
(︂

1 0 0
0 0 0
0 0 0

)︂)︂
e6 :=

(︂
0,
(︂

0 0
0 0

)︂
,
(︂

0 0
0 0

)︂
, 1,
(︂

0 0 0
0 0 0
0 0 0

)︂)︂
a1,1 :=

(︂
0,
(︂

2 0
0 0

)︂
,
(︂

0 0
0 2

)︂
, 0,
(︂

0 0 0
0 0 0
0 0 0

)︂)︂
a′1,1 :=

(︂
0,
(︂

0 0
0 0

)︂
,
(︂

0 0
0 2

)︂
, 0,
(︂

0 0 0
0 2 0
0 0 0

)︂)︂
a′′1,1 :=

(︂
0,
(︂

0 0
0 0

)︂
,
(︂

0 0
0 0

)︂
, 0,
(︂

0 0 0
0 4 0
0 0 0

)︂)︂
a2,2 :=

(︂
0,
(︂

0 0
0 0

)︂
,
(︂

0 0
0 0

)︂
, 0,
(︂

0 0 0
0 0 0
0 0 4

)︂)︂
a4,4 :=

(︂
0,
(︂

0 0
0 0

)︂
,
(︂

0 0
0 0

)︂
, 0,
(︂

4 0 0
0 0 0
0 0 0

)︂)︂

a1,2 :=
(︂
0,
(︂

0 2
0 0

)︂
,
(︂

0 0
0 0

)︂
, 0,
(︂

0 0 0
0 0 2
0 0 0

)︂)︂
a′1,2 :=

(︂
0,
(︂

0 0
0 0

)︂
,
(︂

0 0
0 0

)︂
, 0,
(︂

0 0 0
0 0 4
0 0 0

)︂)︂
a1,4 :=

(︂
0,
(︂

0 0
0 0

)︂
,
(︂

0 0
2 0

)︂
, 0,
(︂

0 0 0
2 0 0
0 0 0

)︂)︂
a′1,4 :=

(︂
0,
(︂

0 0
0 0

)︂
,
(︂

0 0
0 0

)︂
, 0,
(︂

0 0 0
4 0 0
0 0 0

)︂)︂
a2,1 :=

(︂
0,
(︂

0 0
1 0

)︂
,
(︂

0 0
0 0

)︂
, 0,
(︂

0 0 0
0 0 0
0 1 0

)︂)︂
a′2,1 :=

(︂
0,
(︂

0 0
0 0

)︂
,
(︂

0 0
0 0

)︂
, 0,
(︂

0 0 0
0 0 0
0 2 0

)︂)︂
a2,4 :=

(︂
0,
(︂

0 0
0 0

)︂
,
(︂

0 0
0 0

)︂
, 0,
(︂

0 0 0
0 0 0
2 0 0

)︂)︂
a4,1 :=

(︂
0,
(︂

0 0
0 0

)︂
,
(︂

0 1
0 0

)︂
, 0,
(︂

0 1 0
0 0 0
0 0 0

)︂)︂
a′4,1 :=

(︂
0,
(︂

0 0
0 0

)︂
,
(︂

0 0
0 0

)︂
, 0,
(︂

0 2 0
0 0 0
0 0 0

)︂)︂
a4,2 :=

(︂
0,
(︂

0 0
0 0

)︂
,
(︂

0 0
0 0

)︂
, 0,
(︂

0 0 2
0 0 0
0 0 0

)︂)︂
Note that

a1,1 = a1,2a2,1 + a1,4a4,1 − a1,2a2,1a1,4a4,1
a′1,1 = a1,4a4,1

a′′1,1 = a1,2a2,1a1,4a4,1

a2,2 = a2,1a1,4a4,1a1,2

a4,4 = a4,1a1,2a2,1a1,4

a′1,2 = a1,4a4,1a1,2

a′1,4 = a1,2a2,1a1,4

a′2,1 = a2,1a1,4a4,1

a2,4 = a2,1a1,4

a′4,1 = a4,1a1,2a2,1

a4,2 = a4,1a1,2

Hence, as an algebra Λ′ is generated by e1, e2, e4, e6, a1,2, a1,4, a2,1, a4,1.

Consider the quiver

Ψ :=

⎡⎢⎣ ẽ4

ã4,1

→→
ẽ1

ã1,2

→→

ã1,4

←← ẽ2

ã2,1

←← ẽ6

⎤⎥⎦ .

We have a surjective R-algebra morphism φ : RΨ→ Λ′ by sending

ẽ1 ↦→ e1 ,

ẽ2 ↦→ e2 ,

ẽ4 ↦→ e4 ,

ẽ6 ↦→ e6 ,

ã1,2 ↦→ a1,2 ,

ã1,4 ↦→ a1,4 ,

ã2,1 ↦→ a2,1 ,

ã4,1 ↦→ a4,1 .
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We establish the following multiplication trees, where we underline the elements that are not

in an R-linear relation with previously underlined elements.

e6

a1,2a2,1a1,4a4,1a1,2 = 2a1,4a4,1a1,2 a1,2

a2,1
↓↓

e1
a1,2←←

a1,4

↓↓

a1,2a2,1a1,4a4,1

a1,2

↑↑

a1,4
↓↓

a1,2a2,1a1,4
a4,1←← a1,2a2,1

a1,4←←
a1,2

→→ a1,2a2,1a1,2 = 2a1,2

a1,2a2,1a1,4a4,1a1,4 = 2a1,2a2,1a1,4

a1,4a4,1a1,4 = 2a1,4 a1,4a4,1

a1,2
↓↓

a1,4←← a1,4
a4,1←←

a1,4a4,1a1,2a2,1 = a1,2a2,1a1,4a4,1 a1,4a4,1a1,2
a2,1←←

a2,1a1,4a4,1a1,4 = 2a2,1a1,4

a2,1a1,4a4,1

a1,4

↑↑

a1,2
↓↓

a2,1a1,4
a4,1←← a2,1

a1,4←←

a1,2
↓↓

e2
a2,1←←

a2,1a1,4a4,1a1,2

a2,1
↓↓

a2,1a1,2 = 2 e2

a2,1a1,4a4,1a1,2a2,1 = 2a2,1a1,4a4,1

a4,1a1,2a2,1a1,2 = 2a4,1a1,2

a4,1a1,2a2,1

a1,2

↑↑

a1,4
↓↓

a4,1a1,2
a2,1←← a4,1

a1,2←←

a1,4
↓↓

e4
a4,1←←

a4,1a1,2a2,1a1,4

a4,1
↓↓

a4,1a1,4 = 2 e4

a4,1a1,2a2,1a1,4a4,1 = 2a4,1a1,2a2,1
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So, the kernel of φ contains the elements from the following list

ã1,2ã2,1ã1,4ã4,1ã1,2 − 2ã1,4ã4,1ã1,2 ã1,2ã2,1ã1,4ã4,1ã1,4 − 2ã1,2ã2,1ã1,4

ã1,2ã2,1ã1,2 − 2ã1,2

ã1,4ã4,1ã1,4 − 2ã1,4 ã1,4ã4,1ã1,2ã2,1 − ã1,2ã2,1ã1,4ã4,1
ã2,1ã1,4ã4,1ã1,4 − 2ã2,1ã1,4 ã2,1ã1,4ã4,1ã1,2ã2,1 − 2ã2,1ã1,4ã4,1

ã2,1ã1,2 − 2ẽ2

ã4,1ã1,2ã2,1ã1,2 − 2ã4,1ã1,2 ã4,1ã1,2ã2,1ã1,4ã4,1 − 2ã4,1ã1,2ã2,1

ã4,1ã1,4 − 2ẽ4

Let I be the ideal in RΨ generated by those elements. So, I ⊆ ker(φ). Therefore, φ induces a

surjective R-algebra morphism φ′ from RΨ/I to Λ′ .

Note that RΨ/I is R-linearly generated by

N := {ẽ1 + I, ã1,2ã2,1 + I, ã1,4ã4,1 + I, ã1,2ã2,1ã1,4ã4,1 + I, ẽ2 + I, ã2,1ã1,4ã4,1ã1,2 + I,

ẽ4 + I, ã4,1ã1,2ã2,1ã1,4 + I, ã1,2 + I, ã1,4ã4,1ã1,2 + I, ã1,4 + I, ã1,2ã2,1ã1,4 + I,

ã2,1 + I, ã2,1ã1,4ã4,1 + I, ã2,1ã1,4 + I, ã4,1 + I, ã4,1ã1,2ã2,1 + I, ã4,1ã1,2 + I, ẽ6 + I} .

To see that, note that a product ξ of k generators may be written as an underlined product

of k′ generators and a product of k′′ generators, where k = k′ + k′′ and where k′ is choosen

maximal. We call k′′ the excess of ξ. If k′′ ≥ 1 then, using the trees above, we may write ξ as

an R-linear combination of products of generators that have excess ≤ k′′ − 1.

Moreover, note that |N | = 19 = rkR(Λ
′).

Since we have a surjective R-algebra morphism from RΨ/I to Λ′, this rank argument shows

this morphism to be bijective. In particular, I = ker(φ).

Let I ′ be the ideal in RΨ generated by the following elements.

ã1,4ã4,1ã1,2ã2,1 − ã1,2ã2,1ã1,4ã4,1

ã2,1ã1,2 − 2ẽ2

ã4,1ã1,4 − 2ẽ4

We claim that I
!
= I ′. By construction I ′ ⊆ I. We need to show that I

!

⊆ I ′.

As ã2,1ã1,2 − 2ẽ2 ∈ I ′, it follows that

ã1,2ã2,1ã1,2 − 2ã1,2, ã4,1ã1,2ã2,1ã1,2 − 2ã4,1ã1,2 ∈ I ′ .
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As ã4,1ã1,4 − 2ẽ4 ∈ I ′, it follows that

ã1,2ã2,1ã1,4ã4,1ã1,4 − 2ã1,2ã2,1ã1,4, ã1,4ã4,1ã1,4 − 2ã1,4, ã2,1ã1,4ã4,1ã1,4 − 2ã2,1ã1,4 ∈ I ′ .

As ã1,4ã4,1ã1,2ã2,1 − ã1,2ã2,1ã1,4ã4,1, ã4,1ã1,2ã2,1ã1,2 − 2ã4,1ã1,2 ∈ I ′, it follows that

ã1,2ã2,1ã1,4ã4,1ã1,2 − 2ã1,4ã4,1ã1,2 ∈ I ′ .

As ã1,4ã4,1ã1,2ã2,1 − ã1,2ã2,1ã1,4ã4,1, ã2,1ã1,2 − 2ẽ2 ∈ I ′, it follows that

ã2,1ã1,4ã4,1ã1,2ã2,1 − 2ã2,1ã1,4ã4,1 ∈ I ′ .

As ã1,4ã4,1ã1,2ã2,1 − ã1,2ã2,1ã1,4ã4,1, ã4,1ã1,4 − 2ẽ4 ∈ I ′, it follows that

ã4,1ã1,2ã2,1ã1,4ã4,1 − 2ã4,1ã1,2ã2,1 ∈ I ′ .

This proves the claim.

Proposition 228. Recall that ν = ζ25 + ζ35 and that Z(2)[ν] = Z(2)[ζ5]
+ = R ∩ Z(2)[ζ5]. Recall

that Z(2)[ν] SL2(F4) is Morita equivalent to Λ′, cf. Lemma 227. Recall that

I =
(︂
ã1,4ã4,1ã1,2ã2,1 − ã1,2ã2,1ã1,4ã4,1 , ã2,1ã1,2 − 2ẽ2 , ã4,1ã1,4 − 2ẽ4

)︂
We obtain the isomorphism of Z(2)[ν]-algebras

Λ′ φ′
←−
∼

Z(2)[ν]

⎡⎢⎣ ẽ4

ã4,1

→→
ẽ1

ã1,2

→→

ã1,4

←← ẽ2

ã2,1

←← ẽ6

⎤⎥⎦ /I
e1 ←[ ẽ1 + I

e2 ←[ ẽ2 + I

e4 ←[ ẽ4 + I

e6 ←[ ẽ6 + I

a1,2 ←[ ã1,2 + I

a1,4 ←[ ã1,4 + I

a2,1 ← [ ã2,1 + I

a4,1 ← [ ã4,1 + I

Remark 229. In [19, (10)] Roggenkamp and Scott have given a description via congruences

for ZA5. Tensoring their description with Z(2)[ζ5]
+ does not directly give the description found

here.
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Chapter 4

Conjectures on a cuspidal
GL2(Fp)-module over a minimal field

In this chapter we attempt to establish a realisation of a cuspidal module for GL2(Fp) with p ⩾ 3

over a minimal field. As any character of GL2(Fp) has Schur index 1 [18, 2.21], this means that we

ask for a realisation over the character field. Our approach is based on the natural permutation

action of G := PGL2(Fp) = GL2(Fp)/Z(GL2(Fp)) on the projective line P1(Fp). Let T := QP1(Fp)
be the permutation module on the G-set P1(Fp), which is a QG-module, and consider its symmetric

square Sym2(T ). In experiments, we note that among its rational irreducible constituents there

is a constituent M whose complexification decomposes into φEuler(p+1)
2 mutually Galois-conjugate

cuspidal representations, forming a full Galois orbit under Gal(Q(ζp+1)
+|Q). These cuspidal rep-

resentations appear to be parametrised by the Frobenius orbits of characters of order p+ 1 of F×
p2

or, equivalently, by the quotient of the unit group of Z/(p+1)Z modulo {±1}. The endomorphism

ring EndQG(M) is conjectured to be isomorphic to Q(ζp+1)
+ which then is also the correspond-

ing character field of the cuspidal representations involved. Using the action of Q(ζp+1)
+, the

module M becomes a Q(ζp+1)
+G-module, which conjecturally is absolutely irreducible. Each em-

bedding Q(ζp+1)
+ → C yields a cuspidal representation C ⊗

Q(ζp+1)+
M . Different embeddings give

Galois-conjugate cuspidal representations corresponding to different Frobenius orbits.

4.1 Setting

Let p ∈ Z⩾3 be a prime. Let G := PGL2(Fp) = GL2(Fp)/Z(GL2(Fp)).

We write
[︂
u v
w x

]︂
:=
(︂
u v
w x

)︂
Z(GL2(Fp)) ∈ G for the coset of

(︂
u v
w x

)︂
∈ GL2(Fp).

Let P1(Fp) := {[a : b] : (a, b) ∈ F2
p \(0, 0)} be the projective line. Two elements [a : b], [ã : b̃] ∈ P1(Fp)

are equal if there is an element s ∈ Fp \ {0} such that a = s · ã and b = s · b̃.

The projective line P1(Fp) is a G-set via

[a : b] ·
[︂
u v
w x

]︂
= [au+ bw : av + bx]

for
[︂
u v
w x

]︂
∈ G and [a : b] ∈ P1(Fp), i.e. via matrix multiplication.

229
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Let T := QP1(Fp) be the permutation module on the G-set P1(Fp), which is a QG-module.

We consider the QG-module T ⊗ T .

For s, t ∈ T we write s ◦ t := s⊗ t+ t⊗ s. Let

Sym2(T ) := ⟨s ◦ t : s, t ∈ T ⟩Q ⊆ T ⊗ T

denote the symmetric square of T . Note that Sym2(T ) is a QG-submodule of T ⊗ T .

Let ξ := [1 : 0] ◦ [0 : 1] ∈ Sym2(T ). So ξ = [1 : 0]⊗ [0 : 1] + [0 : 1]⊗ [1 : 0] ∈ T ⊗ T .

4.2 Generating a submodule

If p ≡4 1, we let Candidates(p) := {g ∈ G : g has order p+ 1}.

If p ≡4 3, we let Candidates(p) := {g ∈ G : g has order p− 1}.

Let Candidates1(p) := {g ∈ Candidates(p) : g is of the form
[︂
0 1
x 1

]︂
for some x ∈ Fp}.

For g ∈ Candidates(p) we define the submodule

Sg :=

⟨︄ ∑︂
i∈[0,|⟨g⟩|−1]

(−1)iξ · gi
⟩︄

QG

⩽ Sym2(T ) .

4.3 Conjectures

We write Q(ζp+1)
+ := Q(ζp+1) ∩ R. Choose u ∈ F×

p with |⟨u⟩| = p− 1.

For f ∈ EndQG(Sym
2(T )), we obtain the QG-submodule Sym2(T )f ⊆ Sym2(T ). We may

consider Sym2(T )f as a QGL2(Fp)-module via the residue class morphism ρ : GL2(Fp)→ G.

Let ε be a generator of F×
p2 . For k ∈ Z/(p2 − 1)Z let θ : F×

p2 → C be the character deter-

mined by ε ↦→ ζp2−1. Following the parametrisation of cuspidal representations by Frobenius-

conjugate characters, the cuspidal representation associated with θk depends on the Frobenius

orbit {θk, θpk} or, equivalently, on Green’s 2-simplex {k, pk} ⊆ Z/(p2 − 1)Z, see [7, Theorem

12].
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Conjecture 230. There is a central primitive idempotent e ∈ EndQG(Sym
2(T )) such that

M := Sym2(T ) e satisfies the following assertions (1, 2, 3). It is unique with respect to (1).

(1) The module M has the following properties.

• dimQ(M) = φEuler(p+1)
2

(p− 1)

• M is an irreducible QGL2(Fp)-module

• EndQG(M) ≃ Q(ζp+1)
+

• M is an absolutely irreducible Q(ζp+1)
+GL2(Fp)-module, cf. Lemma 1

• C ⊗
Q(ζp+1)+

M is a cuspidal CGL2(Fp)-module

(2) For each embedding Q(ζp+1)
+ → C, the cuspidal module C ⊗

Q(ζp+1)+
M is associated to

a Frobenius orbit {(p − 1)a, p(p − 1)a} ⊆ Z/(p2 − 1)Z for some a that is invertible in

Z/(p+ 1)Z.

(3) The element e maps the element ξ = [1 : 0] ◦ [0 : 1] ∈ Sym2(T ) to

ξ e = 2
p(p+1)

(︄
φEuler(p+1)

2
(p− 1)ξ − φEuler(p+1)

2

∑︁
x∈P1(Fp)\{[1:0],[0:1]}

([1 : 0] ◦ x+ x ◦ [0 : 1]))

+
∑︁

j∈[1, p−1
2

]

∑︁
i∈[0,p−2]

aj([1 : ui] ◦ [1 : ui+j])

)︄
∈M ,

with some aj ∈ Z for j ∈ [1, p−1
2
].

(4) If p ⩾ 5 and if p + 1 has at most two distinct prime factors, then there exists

g ∈ Candidates(p) such that M = Sg as QG-submodules of Sym2(T ).

Concerning (2):

1. This assertion can be stated equivalently: the character θ used in [7][Theorem 12] to obtain

a cuspidal module needs to have order p+ 1 to yield C ⊗
Q(ζp+1)+

M .

2. We have p(p− 1)a = −(p− 1)a as elements of Z/(p2 − 1)Z.

3. We have φEuler(p + 1) invertible elements a in Z/(p + 1)Z, leading to φEuler(p+1)
2

Frobe-

nius orbits {(p − 1)a, p(p − 1)a} ⊆ Z/(p2 − 1)Z, corresponding to φEuler(p+1)
2

embeddings

Q(ζp+1)
+ → C. The resulting modules form a single Galois-Orbit under Gal(Q(ζp+1)

+|Q).

Concerning (4), it might be possible to find g ∈ Candidates1(p) for this purpose.
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4.4 Some evidence

We provide some evidence for Conjecture 230, calculated using Magma [2]. When considering

a certain prime number, we refer to the assertions (1, 2, 3, 4) of Conjecture 230.

4.4.1 The case of p = 3

Let p = 3.

Using Magma to decompose Sym2(T ), we observe that there exists a unique irreducible sub-

module M ⊆ Sym2(T ) of dimension dimQ(M) = 2. Let e ∈ EndQG(Sym
2(T )) be the unique

central primitive idempotent such that M = Sym2(T ) e.

Assertion (1): We have dimQ(M) = φEuler(3+1)
2

(3− 1) = 2.

Furthermore, we have EndQG(M) ≃ Q(ζ4)
+ = Q.

Moreover, the moduleM is an absolutely irreducibleQGL2(F3)-module and C⊗
Q
M is a cuspidal

CGL2(F3)-module.

Assertion (2): The module C ⊗
Q(ζ4)+

M = C ⊗
Q
M is the cuspidal GL2(F3)-module indexed by

the Frobenius orbit {2, 6} ⊆ Z/8Z.

Assertion (3): The element e maps the element ξ to

ξ e = 2
12

(︄
2ξ −

∑︁
x∈P1(F3)\{[1:0],[0:1]}

([1 : 0] ◦ x+ x ◦ [0 : 1])

+
∑︁

i∈[0,1]
[1 : 2i] ◦ [1 : 2i+1]

)︄
.

Assertion (4): We have p+ 1 = 4 = 2 · 2 and p = 3 ≡4 1.

So p = 3 satisfies the assumption made in (3), where Candidates(3) = {g ∈ G : g has order 3− 1}.
We have |Candidates(3)| = 9 but Sg ̸=M for g ∈ Candidates(3).

For g ∈ Candidates(3) we have dimQ(Sg) ∈ {4, 6} and Sg is not a irreducible QG-module.

Hence the submodule M is not isomorphic to a submodule Sg for some g ∈ Candidates(3).

However, M is isomorphic to S[︃0 1
1 1

]︃. But [︂0 1
1 1

]︂
is not in Candidates(3) as it has order 8.
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4.4.2 The case of p = 5

Let p = 5.

Using Magma to decompose Sym2(T ), we observe that there exists a unique irreducible sub-

module M ⊆ Sym2(T ) of dimension dimQ(M) = 4. Let e ∈ EndQG(Sym
2(T )) be the unique

central primitive idempotent such that M = Sym2(T ) e.

Assertion (1): We have dimQ(M) = φEuler(5+1)
2

(5− 1) = 4.

Furthermore, we have EndQG(M) ≃ Q(ζ6)
+ = Q.

Moreover, the moduleM is an absolutely irreducibleQGL2(F5)-module and C⊗
Q
M is a cuspidal

CGL2(F5)-module.

Assertion (2): The module C ⊗
Q(ζ6)+

M = C ⊗
Q
M is the cuspidal GL2(F5)-module indexed by

the Frobenius orbit {4, 20} ⊆ Z/24Z.

Assertion (3): The element e maps the element ξ to

ξ e = 2
30

(︄
4ξ −

∑︁
x∈P1(F5)\{[1:0],[0:1]}

([1 : 0] ◦ x+ x ◦ [0 : 1])

−
∑︁

i∈[0,3]
[1 : 2i] ◦ [1 : 2i+1]

+2
∑︁

i∈[0,3]
[1 : 2i] ◦ [1 : 2i+2]

)︄
.

Assertion (4): We have p+ 1 = 6 = 2 · 3 and p = 5 ≡4 1.

So p = 5 satisfies the assumption made in (3), where Candidates(5) = {g ∈ G : g has order 5 + 1}.
We have |Candidates(5)| = 20 and Sg =M for g ∈ Candidates(5).

We have Candidates1(5) = {
[︂
0 1
3 1

]︂
} ⊆ Candidates(5). E.g. for g =

[︂
0 1
3 1

]︂
we have Sg =M .
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4.4.3 The case of p = 7

Let p = 7.

Using Magma to decompose Sym2(T ), we observe that there exists a unique irreducible sub-

module M ⊆ Sym2(T ) of dimension dimQ(M) = 12. Let e ∈ EndQG(Sym
2(T )) be the unique

central primitive idempotent such that M = Sym2(T ) e.

Assertion (1): We have dimQ(M) = φEuler(7+1)
2

(7− 1) = 12.

Furthermore, we have EndQG(M) ≃ Q(ζ8)
+ = Q(

√
2).

Moreover, the module M is an absolutely irreducible Q(
√
2)GL2(F7)-module and C ⊗

Q(
√
2)

M is

a cuspidal CGL2(F7)-module.

Assertion (2): There are 2 embeddings Q(ζ8)
+ → C. The resulting modules C ⊗

Q(ζ8)+
M are the

cuspidal GL2(F7)-modules indexed by the Frobenius orbits {6, 42} and {18, 30} in Z/48Z.

Assertion (3): The element e maps the element ξ to

ξ e = 2
56

(︄
12ξ − 2

∑︁
x∈P1(F7)\{[1:0],[0:1]}

([1 : 0] ◦ x+ x ◦ [0 : 1])

+4
∑︁

i∈[0,5]
[1 : 3i] ◦ [1 : 3i+1]

−2
∑︁

i∈[0,5]
[1 : 3i] ◦ [1 : 3i+3]

)︄
.

Assertion (4): We have p+ 1 = 8 = 23 and p = 7 ≡4 3.

So p = 7 satisfies the assumption made in (3), where Candidates(7) = {g ∈ G : g has order 7− 1}.

We have |Candidates(7)| = 56. There are 42 elements g ∈ Candidates(7) with Sg = M . The

other 14 elements yield a GL2(F7)-module of dimension 8 over Q. For example the, element

g =
[︂
3 0
0 1

]︂
∈ G is of order 6 and dimQ(Sg) = 8.

We have Candidates1(7) = {
[︂
0 1
2 1

]︂
}. For g =

[︂
0 1
2 1

]︂
we have Sg =M .

Moreover, note that the subset {g ∈ Candidates(7) : Sg = M} ⊆ Candidates(7) is not closed

under conjugation. For example, for g =
[︂
0 1
2 1

]︂
and h =

[︂
0 1
1 −1

]︂
we have Sg = M and Sgh ̸= M

since dimQ(Sgh) = 8.
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4.4.4 The case of p = 11

Let p = 11.

Using Magma to decompose Sym2(T ), we observe that there exists a unique irreducible sub-

module M ⊆ Sym2(T ) of dimension dimQ(M) = 20. Let e ∈ EndQG(Sym
2(T )) be the unique

central primitive idempotent such that M = Sym2(T ) e.

Assertion (1): We have dimQ(M) = φEuler(11+1)
2

(11− 1) = 20.

Furthermore, we have EndQG(M) ≃ Q(ζ12)
+ = Q(

√
3). Moreover, the module M is an abso-

lutely irreducible Q(
√
3)GL2(F11)-module and C ⊗

Q(
√
3)

M is a cuspidal CGL2(F11)-module.

Assertion (2): There are 2 embeddings Q(ζ12)
+ → C. The resulting modules C ⊗

Q(ζ12)+
M are the

cuspidal GL2(F11)-modules indexed by the Frobenius orbits {10, 110} and {50, 70} in Z/120Z.

Assertion (3): The element e maps the element ξ to

ξ e = 2
132

(︄
20ξ − 2

∑︁
x∈P1(F11)\{[1:0],[0:1]}

([1 : 0] ◦ x+ x ◦ [0 : 1])

+8
∑︁

i∈[0,9]
[1 : 2i] ◦ [1 : 2i+1]

−2
∑︁

i∈[0,9]
[1 : 2i] ◦ [1 : 2i+3]

−4
∑︁

i∈[0,9]
[1 : 2i] ◦ [1 : 2i+4]

)︄
.

Assertion (4): We have p+ 1 = 12 = 22 · 3 and p = 11 ≡4 3.

So p = 11 satisfies the assumption made in (3), where

Candidates(11) = {g ∈ G : g has order 11− 1} .

We have |Candidates(11)| = 264. There are 110 elements g ∈ Candidates(11) with Sg = M .

There are 110 elements in Candidates(11) which yield a GL2(F11)-module of dimension 30 over

Q. The other 44 elements yield a GL2(F11)-module of dimension 12 over Q. For example, the

element g =
[︂
2 0
0 1

]︂
∈ G is of order 10 and dimQ(Sg) = 12.

We have Candidates1(11) = {
[︂
0 1
9 1

]︂
,
[︂
0 1
1 1

]︂
}. For g =

[︂
0 1
1 1

]︂
we have Sg = M . For g =

[︂
0 1
9 1

]︂
we

obtain dimQ(Sg) = 30.
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4.4.5 The case of p = 13

Let p = 13.

Using Magma to decompose Sym2(T ), we observe that there exists a unique irreducible sub-

module M ⊆ Sym2(T ) of dimension dimQ(M) = 36. Let e ∈ EndQG(Sym
2(T )) be the unique

central primitive idempotent such that M = Sym2(T ) e.

Assertion (1): We have dimQ(M) = φEuler(13+1)
2

(13− 1) = 36.

Furthermore, we have EndQG(M) ≃ Q(ζ14)
+ = Q. Moreover, the module M is an abso-

lutely irreducible Q(ζ14)
+GL2(F13)-module and C ⊗

Q(ζ14)+
Sg is a cuspidal CGL2(F13)-module

for g ∈ Candidates(13).

Assertion (2): There are 3 embeddings Q(ζ14)
+ → C. The resulting modules C ⊗

Q(ζ14)+
M are the

cuspidal GL2(F13)-modules indexed by the Frobenius orbits {12, 156}, {36, 132} and {60, 108}
in Z/168Z.

Assertion (3): The element e maps the element ξ to

ξ e = 2
182

(︄
36ξ − 3

∑︁
x∈P1(F13)\{[1:0],[0:1]}

([1 : 0] ◦ x+ x ◦ [0 : 1])

+3
∑︁

i∈[0,11]
[1 : 2i] ◦ [1 : 2i+1]

−8
∑︁

i∈[0,11]
[1 : 2i] ◦ [1 : 2i+2]

−
∑︁

i∈[0,11]
[1 : 2i] ◦ [1 : 2i+3]

+8
∑︁

i∈[0,11]
[1 : 2i] ◦ [1 : 2i+4]

−
∑︁

i∈[0,11]
[1 : 2i] ◦ [1 : 2i+5]

+2
∑︁

i∈[0,11]
[1 : 2i] ◦ [1 : 2i+6]

)︄
.

Assertion (4): We have p+ 1 = 14 = 2 · 7 and p = 13 ≡4 1.

So p = 13 satisfies the assumption made in (3), where

Candidates(13) = {g ∈ G : g has order 13 + 1} .

We have |Candidates(13)| = 468 and Sg =M for g ∈ Candidates(13).
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4.4.6 The case of p = 17

Let p = 17.

Using Magma to decompose Sym2(T ), we observe that there exists a unique irreducible sub-

module M ⊆ Sym2(T ) of dimension dimQ(M) = 48. Let e ∈ EndQG(Sym
2(T )) be the unique

central primitive idempotent such that M = Sym2(T ) e.

Assertion (1): We have dimQ(M) = φEuler(17+1)
2

(17− 1) = 48.

Furthermore, we have EndQG(M) ≃ Q(ζ18)
+. Moreover, the module M is an absolutely irre-

ducible Q(ζ18)
+GL2(F17)-module and C ⊗

Q(ζ18)+
M is a cuspidal CGL2(F17)-module.

Assertion (2): There are 3 embeddings Q(ζ18)
+ → C. The resulting modules C ⊗

Q(ζ18)+
M are the

cuspidal GL2(F17)-modules indexed by the Frobenius orbits {16, 272}, {80, 208} and {112, 176}
in Z/288Z.

Assertion (3): The element e maps the element ξ to

ξ e = 2
306

(︄
48ξ − 3

∑︁
x∈P1(F17)\{[1:0],[0:1]}

([1 : 0] ◦ x+ x ◦ [0 : 1])

−6
∑︁

i∈[0,15]
[1 : 3i] ◦ [1 : 3i+1]

−12
∑︁

i∈[0,15]
[1 : 3i] ◦ [1 : 3i+2]

+6
∑︁

i∈[0,15]
[1 : 3i] ◦ [1 : 3i+4]

+6
∑︁

i∈[0,15]
[1 : 3i] ◦ [1 : 3i+5]

+6
∑︁

i∈[0,15]
[1 : 3i] ◦ [1 : 3i+6]

+3
∑︁

i∈[0,15]
[1 : 3i] ◦ [1 : 3i+7]

)︄
.

Assertion (4): We have p+ 1 = 18 = 2 · 32 and p = 17 ≡4 1.

So p = 17 satisfies the assumption made in (3), where

Candidates(17) = {g ∈ G : g has order 17 + 1} .

We have |Candidates(17)| = 816. There are 272 elements g ∈ Candidates(17) with Sg = M .

The other 544 elements yield a GL2(F17)-module of dimension 64 over Q. For example, the

element g =
[︂
0 7
1 −1

]︂
∈ G is of order 18 and dimQ(Sg) = 64.
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We have Candidates1(17) = {
[︂

0 1
14 1

]︂
,
[︂
0 1
7 1

]︂
,
[︂

0 1
10 1

]︂
}.

For g =
[︂

0 1
10 1

]︂
we have Sg =M .

For g ∈ {
[︂

0 1
14 1

]︂
,
[︂
0 1
7 1

]︂
} we have Sg ̸=M as dimQ(Sg) = 64.

Let W := {g ∈ Candidates(17) : Sg = M}. For w ∈ W the set of corresponding minimal

polynomials is

{ X2 + 5X + 5, X2 + 8X + 6, X2 + 7X + 3, X2 +X + 7,

X2 + 9X + 6, X2 + 4X + 10, X2 + 12X + 5, X2 + 10X + 3,

X2 + 3X + 12, X2 + 14X + 12, X2 + 16X + 7, X2 + 13X + 10 }

Whereas for w ∈ Candidates(17) \W we have

{ X2 + 2X + 12, X2 + 13X + 14, X2 + 10X + 11, X2 + 16X + 3,

X2 + 11X + 3, X2 + 6X + 3, X2 + 3X + 10, X2 +X + 3,

X2 + 14X + 10, X2 + 15X + 6, X2 + 15X + 12, X2 + 13X + 7,

X2 + 7X + 11, X2 + 8X + 5, X2 + 5X + 12, X2 + 11X + 6,

X2 + 3X + 5, X2 + 6X + 6, X2 + 14X + 5, X2 + 16X + 10,

X2 + 9X + 5, X2 + 4X + 7, X2 +X + 10, X2 + 12X + 12,

X2 + 2X + 6 }.

Note that these sets are disjoint.

4.4.7 The case of p = 19

Let p = 19.

Using Magma to decompose Sym2(T ), we observe that there exists a unique irreducible sub-

module M ⊆ Sym2(T ) of dimension dimQ(M) = 72. Let e ∈ EndQG(Sym
2(T )) be the unique

central primitive idempotent such that M = Sym2(T ) e.

Assertion (1): We have dimQ(M) = φEuler(19+1)
2

(19− 1) = 72.

Furthermore, we have EndQG(M) ≃ Q(ζ20)
+. Moreover, the module M is an absolutely irre-

ducible Q(ζ20)
+GL2(F19)-module and C ⊗

Q(ζ20)+
M is a cuspidal CGL2(F19)-module.

Assertion (2): There are 4 embeddings Q(ζ20)
+ → C. The resulting modules C ⊗

Q(ζ20)+
M are

the cuspidal GL2(F19)-modules indexed by the Frobenius orbits {18, 342}, {54, 306}, {126, 234}
and {162, 198} in Z/360Z.

Assertion (3): The element e maps the element ξ to
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ξ e = 2
380

(︄
72ξ − 4

∑︁
x∈P1(F19)\{[1:0],[0:1]}

([1 : 0] ◦ x+ x ◦ [0 : 1])

+8
∑︁

i∈[0,17]
[1 : 2i] ◦ [1 : 2i+1]

+8
∑︁

i∈[0,17]
[1 : 2i] ◦ [1 : 2i+2]

+4
∑︁

i∈[0,17]
[1 : 2i] ◦ [1 : 2i+3]

−4
∑︁

i∈[0,17]
[1 : 2i] ◦ [1 : 2i+4]

−14
∑︁

i∈[0,17]
[1 : 2i] ◦ [1 : 2i+5]

−6
∑︁

i∈[0,17]
[1 : 2i] ◦ [1 : 2i+7]

+4
∑︁

i∈[0,17]
[1 : 2i] ◦ [1 : 2i+8]

+4
∑︁

i∈[0,17]
[1 : 2i] ◦ [1 : 2i+9]

)︄
.

Assertion (4): We have p+ 1 = 20 = 22 · 5 and p = 19 ≡4 3.

So p = 19 satisfies the assumption made in (3), where

Candidates(19) = {g ∈ G : g has order 19− 1} .

We have |Candidates(19)| = 1140. There are 342 elements g ∈ Candidates(19) with Sg = M .

There are 114 elements in Candidates(19) which yield a GL2(F19)-module of dimension 20 over

Q. The other 684 elements yield a GL2(F19)-module of dimension 90 over Q. For example, the

element g =
[︂
2 0
0 1

]︂
∈ G is of order 18 and dimQ(Sg) = 20.

We have Candidates1(19) = {
[︂
0 1
1 1

]︂
,
[︂
0 1
4 1

]︂
,
[︂

0 1
11 1

]︂
}. For g =

[︂
0 1
4 1

]︂
we have Sg = M . For

g ∈ {
[︂
0 1
1 1

]︂
,
[︂

0 1
11 1

]︂
} we have Sg ̸=M as dimQ(Sg) = 90.
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4.4.8 The case of p = 23

Let p = 23.

Using Magma to decompose Sym2(T ), we observe that there exists a unique irreducible sub-

module M ⊆ Sym2(T ) of dimension dimQ(M) = 88. Let e ∈ EndQG(Sym
2(T )) be the unique

central primitive idempotent such that M = Sym2(T ) e.

Assertion (1): We have dimQ(M) = φEuler(23+1)
2

(23− 1) = 88.

Furthermore, we have EndQG(M) ≃ Q(ζ24)
+. Moreover, the module M is an absolutely irre-

ducible Q(ζ24)
+GL2(F23)-module and C ⊗

Q(ζ24)+
M is a cuspidal CGL2(F23)-module.

Assertion (2): There are 4 embeddings Q(ζ24)
+ → C. The resulting modules C ⊗

Q(ζ24)+
M are the

cuspidal GL2(F23)-modules indexed by the Frobenius orbits {22, 506}, {110, 418}, {154, 374}
and {242, 286} in Z/528Z.

Assertion (3): The element e maps the element ξ to

ξ e = 2
552

(︄
88ξ − 4

∑︁
x∈P1(F23)\{[1:0],[0:1]}

([1 : 0] ◦ x+ x ◦ [0 : 1])

+8
∑︁

i∈[0,21]
[1 : 5i] ◦ [1 : 5i+1]

+8
∑︁

i∈[0,21]
[1 : 5i] ◦ [1 : 5i+3]

−8
∑︁

i∈[0,21]
[1 : 5i] ◦ [1 : 5i+4]

−12
∑︁

i∈[0,21]
[1 : 5i] ◦ [1 : 5i+5]

+8
∑︁

i∈[0,21]
[1 : 5i] ◦ [1 : 5i+6]

+8
∑︁

i∈[0,21]
[1 : 5i] ◦ [1 : 5i+8]

−8
∑︁

i∈[0,21]
[1 : 5i] ◦ [1 : 5i+9]

+8
∑︁

i∈[0,21]
[1 : 5i] ◦ [1 : 5i+10]

−8
∑︁

i∈[0,21]
[1 : 5i] ◦ [1 : 5i+11]

)︄
.

Assertion (4): We have p+ 1 = 24 = 23 · 3 and p = 23 ≡4 3.



4.4 Some evidence 241

So p = 23 satisfies the assumption made in (3), where

Candidates(23) = {g ∈ G : g has order 23− 1} .

We have |Candidates(23)| = 2760. There are 506 elements g ∈ Candidates(23) with Sg = M .

There are 230 elements in Candidates(23) which yield a GL2(F23)-module of dimension 24 over

Q. The other 2024 elements yield a GL2(F23)-module of dimension 132 over Q. For example,

the element g =
[︂
5 0
0 1

]︂
∈ G is of order 22 and dimQ(Sg) = 24.

We have Candidates1(23) = {
[︂
0 1
2 1

]︂
,
[︂
0 1
3 1

]︂
,
[︂
0 1
6 1

]︂
,
[︂

0 1
12 1

]︂
,
[︂

0 1
18 1

]︂
}. For g =

[︂
0 1
2 1

]︂
we have

Sg =M . For g ∈ {
[︂
0 1
3 1

]︂
,
[︂
0 1
6 1

]︂
,
[︂

0 1
12 1

]︂
,
[︂

0 1
18 1

]︂
} we have Sg ̸=M as dimQ(Sg) = 132.

4.4.9 The case of p = 29

Let p = 29.

Using Magma to decompose Sym2(T ), we observe that there exists a unique irreducible sub-

module M ⊆ Sym2(T ) of dimension dimQ(M) = 112. Let e ∈ EndQG(Sym
2(T )) be the unique

central primitive idempotent such that M = Sym2(T ) e.

Assertion (1): We have dimQ(M) = φEuler(29+1)
2

(29− 1) = 112.

Furthermore, we have EndQG(M) ≃ Q(ζ30)
+. Moreover, the module M is an absolutely irre-

ducible Q(ζ30)
+GL2(F29)-module and C ⊗

Q(ζ29)+
M is a cuspidal CGL2(F29)-module.

Assertion (2): There are 4 embeddings Q(ζ30)
+ → C. The resulting modules C ⊗

Q(ζ30)+
M are the

cuspidal GL2(F29)-modules indexed by the Frobenius orbits {28, 812}, {196, 644}, {308, 532}
and {364, 476} in Z/840Z.

Assertion (3): The element e maps the element ξ to
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ξ e = 2
870

(︄
112ξ − 4

∑︁
x∈P1(F29)\{[1:0],[0:1]}

([1 : 0] ◦ x+ x ◦ [0 : 1])

+12
∑︁

i∈[0,27]
[1 : 2i] ◦ [1 : 2i+1]

−6
∑︁

i∈[0,27]
[1 : 2i] ◦ [1 : 2i+2]

−3
∑︁

i∈[0,27]
[1 : 2i] ◦ [1 : 2i+3]

+12
∑︁

i∈[0,27]
[1 : 2i] ◦ [1 : 2i+4]

+
∑︁

i∈[0,27]
[1 : 2i] ◦ [1 : 2i+5]

−12
∑︁

i∈[0,27]
[1 : 2i] ◦ [1 : 2i+6]

+4
∑︁

i∈[0,27]
[1 : 2i] ◦ [1 : 2i+7]

−10
∑︁

i∈[0,27]
[1 : 2i] ◦ [1 : 2i+8]

+4
∑︁

i∈[0,27]
[1 : 2i] ◦ [1 : 2i+9]

+10
∑︁

i∈[0,27]
[1 : 2i] ◦ [1 : 2i+10]

+
∑︁

i∈[0,27]
[1 : 2i] ◦ [1 : 2i+11]

−6
∑︁

i∈[0,27]
[1 : 2i] ◦ [1 : 2i+12]

−15
∑︁

i∈[0,27]
[1 : 2i] ◦ [1 : 2i+13]

+12
∑︁

i∈[0,27]
[1 : 2i] ◦ [1 : 2i+14]

)︄
.

Assertion (4):

Note that p+ 1 = 30 = 2 · 3 · 5 has three distinct prime factors, so the conclusion of (3) is not

conjectured.

For g ∈ Candidates(29) we have dimQ(Sg) ∈ {140, 168, 196} and Sg is not a irreducible

QG-module. Hence the submodule M is not isomorphic to a submodule Sg for some g ∈
Candidates(29).

In fact, we do not know a generating element of M of the form
∑︁
u∈U

ξ · u · εu, where U ⩽ G and

εu ∈ {−1, 1} for u ∈ U .



4.4 Some evidence 243

4.4.10 The case of p = 31

Let p = 31.

Using Magma to decompose Sym2(T ), we observe that there exists a unique irreducible sub-

module M ⊆ Sym2(T ) of dimension dimQ(M) = 240. Let e ∈ EndQG(Sym
2(T )) be the unique

central primitive idempotent such that M = Sym2(T ) e.

Assertion (1): We have dimQ(M) = φEuler(31+1)
2

(31− 1) = 240.

Furthermore, we have EndQG(M) ≃ Q(ζ32)
+. Moreover, the module M is an absolutely irre-

ducible Q(ζ32)
+GL2(F31)-module and C ⊗

Q(ζ32)+
M is a cuspidal CGL2(F31)-module.

Assertion (2): There are 8 embeddings Q(ζ32)
+ → C. The resulting modules C ⊗

Q(ζ32)+
M are

the cuspidal GL2(F31)-modules indexed by the Frobenius orbits {30, 930}, {90, 870}, {150, 810},
{210, 750}, {270, 690}, {330, 630}, {390, 570} and {450, 510} in Z/960Z.

Assertion (3): For size reasons it was not possible to calculate the idempotent e with help of a

computer.

Assertion (4): We have p+ 1 = 32 = 25 and p = 31 ≡4 3.

So p = 31 satisfies the assumption made in (3), where

Candidates(31) = {g ∈ G : g has order 31− 1} .

We have |Candidates(31)| = 3968. There are 3720 elements g ∈ Candidates(31) with Sg =M .

There are 248 elements in Candidates(31) which yield a GL2(F31)-module of dimension 32 over

Q. For example, the element g =
(︂

3 0
0 1

)︂
∈ G is of order 30 and dimQ(Sg) = 32.

We have Candidates1(31) = {
[︂
0 1
1 1

]︂
,
[︂
0 1
8 1

]︂
,
[︂

0 1
20 1

]︂
,
[︂

0 1
25 1

]︂
}.

For g ∈ Candidates1(31) we have Sg =M .
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4.4.11 The case of p = 37

Let p = 37.

Using Magma to decompose Sym2(T ), we observe that there exists a unique irreducible sub-

module M ⊆ Sym2(T ) of dimension dimQ(M) = 324. Let e ∈ EndQG(Sym
2(T )) be the unique

central primitive idempotent such that M = Sym2(T ) e.

Assertion (1): We have dimQ(M) = φEuler(37+1)
2

(37− 1) = 324.

Furthermore, we have EndQG(M) ≃ Q(ζ38)
+. Moreover, the module M is an absolutely irre-

ducible Q(ζ38)
+GL2(F37)-module and C ⊗

Q(ζ38)+
M is a cuspidal CGL2(F37)-module.

Assertion (2): There are 9 embeddings Q(ζ38)
+ → C. The resulting modules C ⊗

Q(ζ38)+
M

are the cuspidal GL2(F37)-modules indexed by the Frobenius orbits {36, 1332}, {108, 1260},
{180, 1188}, {252, 1116}, {324, 1044}, {396, 972}, {468, 900}, {540, 828} and {612, 756} in

Z/1368Z.

Assertion (3): For size reasons it was not possible to calculate the idempotent e with help of a

computer.

Assertion (4): We have p+ 1 = 38 = 2 · 19 and p = 37 ≡4 1.

So p = 37 satisfies the assumption made in (3), where

Candidates(37) = {g ∈ G : g has order 37 + 1} .

We have |Candidates(37)| = 11988 and and Sg =M for g ∈ Candidates(37).

4.4.12 The case of p = 41

Let p = 41.

Using Magma to decompose Sym2(T ), we observe that there exists a unique irreducible sub-

module M ⊆ Sym2(T ) of dimension dimQ(M) = 240. Let e ∈ EndQG(Sym
2(T )) be the unique

central primitive idempotent such that M = Sym2(T ) e.

Assertion (1): We have dimQ(M) = φEuler(41+1)
2

(41− 1) = 240.

Furthermore, we have EndQG(M) ≃ Q(ζ42)
+. Moreover, the module M is an absolutely irre-

ducible Q(ζ42)
+GL2(F41)-module and C ⊗

Q(ζ42)+
M is a cuspidal CGL2(F41)-module.

Assertion (2): There are 6 embeddings Q(ζ42)
+ → C. The resulting modules C ⊗

Q(ζ42)+
M

are the cuspidal GL2(F41)-modules indexed by the Frobenius orbits {40, 1640}, {200, 1480},
{440, 1240}, {520, 1160}, {680, 1000} and {760, 920} in Z/1680Z.
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Assertion (3): For size reasons it was not possible to calculate the idempotent e with help of a

computer.

Assertion (4): Note that p+1 = 42 = 2 ·3 ·7 has three distinct prime factors, so the conclusion

of (3) is not conjectured.

For g ∈ Candidates(41) we have dimQ(Sg) ∈ {360, 400} and Sg is not a irreducible QG-module.

Hence the submodule M is not isomorphic to a submodule Sg for some g ∈ Candidates(41).

In fact, we do not know a generating element of M of the form
∑︁
u∈U

ξ · u · εu, where U ⩽ G and

εu ∈ {−1, 1} for u ∈ U .

4.4.13 The case of p = 43

Let p = 43.

Using Magma to decompose Sym2(T ), we observe that there exists a unique irreducible sub-

module M ⊆ Sym2(T ) of dimension dimQ(M) = 420. Let e ∈ EndQG Sym2(T )) be the unique

central primitive idempotent such that M = Sym2(T ) e.

Assertion (1): We have dimQ(M) = φEuler(43+1)
2

(43− 1) = 420.

Furthermore, we have EndQG(M) ≃ Q(ζ44)
+. Moreover, the module M is an absolutely irre-

ducible Q(ζ44)
+GL2(F43)-module and C ⊗

Q(ζ44)+
M is a cuspidal CGL2(F43)-module.

Assertion (2): There are 10 embeddings Q(ζ44)
+ → C. The resulting modules C ⊗

Q(ζ44)+
M

are the cuspidal GL2(F43)-modules indexed by the Frobenius orbits {42, 1806}, {126, 1722},
{210, 1638}, {294, 1554}, {378, 1470}, {546, 1302}, {630, 1218} , {714, 1134}, {798, 1050} and
{882, 966} in Z/1848Z.

Assertion (3): For size reasons it was not possible to calculate the idempotent e with help of a

computer.

Assertion (4): We have p+ 1 = 44 = 22 · 11 and p = 43 ≡4 3.

So p = 43 satisfies the assumption made in (3), where

Candidates(43) = {g ∈ G : g has order 43− 1} .

We have |Candidates(43)| = 11352.

We have Candidates1(43) = {
[︂
0 1
4 1

]︂
,
[︂
0 1
6 1

]︂
,
[︂

0 1
13 1

]︂
,
[︂

0 1
24 1

]︂
,
(︂

0 1
25 1

)︂
,
[︂

0 1
41 1

]︂
}.

For g ∈ {
[︂
0 1
4 1

]︂
,
[︂

0 1
13 1

]︂
} we have Sg =M .

For g ∈ {
[︂
0 1
6 1

]︂
,
[︂

0 1
24 1

]︂
,
[︂

0 1
25 1

]︂
,
[︂

0 1
41 1

]︂
} we have Sg ̸=M as dimQ(Sg) = 462.
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4.4.14 The case of p = 47

Let p = 47.

Using Magma to decompose Sym2(T ), we observe that there exists a unique irreducible sub-

module M ⊆ Sym2(T ) of dimension dimQ(M) = 368. Let e ∈ EndQG(Sym
2(T )) be the unique

central primitive idempotent such that M = Sym2(T ) e.

Assertion (1): We have dimQ(M) = φEuler(47+1)
2

(47− 1) = 368.

Furthermore, we have EndQG(M) ≃ Q(ζ48)
+. Moreover, the module M is an absolutely irre-

ducible Q(ζ48)
+GL2(F47)-module and C ⊗

Q(ζ48)+
M is a cuspidal CGL2(F47)-module.

Assertion (2): There are 8 embeddings Q(ζ48)
+ → C. The resulting modules C ⊗

Q(ζ48)+
M

are the cuspidal GL2(F47)-modules indexed by the Frobenius orbits {46, 2162}, {230, 1978},
{322, 1886}, {506, 1702}, {598, 1610}, {782, 1426}, {874, 1334} and {1058, 1150} in Z/2208Z.

Assertion (3): For size reasons it was not possible to calculate the idempotent e with help of a

computer.

Assertion (4): We have p+ 1 = 48 = 24 · 3 and p = 47 ≡4 3.

So p = 47 satisfies the assumption made in (3), where

Candidates(47) = {g ∈ G : g has order 47− 1} .

We have |Candidates(47)| = 24816.

We have

Candidates1(47) = {
[︂
0 1
2 1

]︂
,
[︂
0 1
4 1

]︂
,
[︂
0 1
6 1

]︂
,
[︂
0 1
9 1

]︂
,
[︂

0 1
12 1

]︂
,
[︂

0 1
16 1

]︂
,
[︂

0 1
24 1

]︂
,
[︂

0 1
25 1

]︂
,
[︂

0 1
36 1

]︂
,
[︂

0 1
37 1

]︂
,
[︂

0 1
42 1

]︂
} .

For g ∈ {
[︂
0 1
4 1

]︂
} we have Sg =M .

For

g ∈ {
[︂
0 1
2 1

]︂
,
[︂
0 1
6 1

]︂
,
[︂
0 1
9 1

]︂
,
[︂

0 1
12 1

]︂
,
[︂

0 1
16 1

]︂
,
[︂

0 1
24 1

]︂
,
[︂

0 1
25 1

]︂
,
[︂

0 1
36 1

]︂
,
[︂

0 1
37 1

]︂
,
[︂

0 1
42 1

]︂
}

we have Sg ̸=M as dimQ(Sg) = 552.
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[4] R. W. Carter. Cuspidal matrix representations for GL2(q) and GL3(q). Proceedings of the

London Mathematical Society, 64:487–523, 1992.

[5] K. Erdmann. Blocks of Tame Representation Type and Related Algebras. Springer, 1990.

[6] S. I. Gel’fand. Representations of the full linear group over a finite field. Mat. Sb. (N.S.),

83(125):15–41, 1970.

[7] J. A. Green. The characters of the finite general linear groups. Transactions of the

American Mathematical Society, 80:402–447, 1955.

[8] K. Hoffman and R. Kunze. Linear Algebra. Prentice-Hall, 2nd edition, 1971.

[9] B. Huppert. Finite Groups I. Springer, 2025.

[10] I. M. Isaacs. Character Theory of Finite Groups. Academic Press, 1976.

[11] G. James. The Representation Theory of the Symmetric Groups. Springer, 1978.

[12] G. James. Unipotent Representations of the Finite General Linear Groups. Journal of

Algebra, 74:443–465, 1982.

[13] G. James. Representations of General Linear Groups. Cambridge University Press, 1984.

[14] G. James. The irreducible Representations of the Finite General Linear Groups. Proceed-

ings of the London Mathematical Society, 52:236–268, 1986.

247



248 Literature

[15] E. Jespers, G. Olteanu, and A. del Rio. Rational Group Algebras of Finite Groups. Springer,

2010.

[16] N. Krauß. Descriptions of some double Burnside rings. Master’s thesis, Universität

Stuttgart, 2017. URL: http://elib.uni-stuttgart.de/handle/11682/11429.

[17] M. Künzer. Ties for the integral group ring of the symmetric group. PhD thesis, Universität

Bielefeld, revised edition, 2001. URL: https://elib.uni-stuttgart.de/handle/11682/

18196.

[18] Z. Ohmori. On the Schur indices of GL(n, q) and SL(2n+1, q). Journal of the Mathematical

Society of Japan, 29(4):693–707, 1977.

[19] K. W. Roggenkamp. The isomorphism problem and units in group rings of finite groups.

In Groups—St Andrews 1981, volume 71 of London Mathematical Society Lecture Note

Series, pages 313–327. Cambridge University Press, Cambridge, 1982.

[20] I. Tulunay. Cuspidal modules as summands of a Gel’fand-Graev module. Journal of

Algebra, 312:543–566, 2007.

[21] E. Zelingher. On values of the Bessel function for generic representations of finite general

linear groups. Advances in Mathematics, 434:109314, 2023.

[22] A. Zimmermann. Representation Theory: A Homological Algebra Point of View. Springer,

2014.

http://elib.uni-stuttgart.de/handle/11682/11429
https://elib.uni-stuttgart.de/handle/11682/18196
https://elib.uni-stuttgart.de/handle/11682/18196


List of Symbols

Symbol Description

R a commutative ring

K a field

Aut(K) automorphism group of K

αK an automorphism of K

x̄ image xαK of x ∈ K

K̂ an algebraic closure of K

µ(K) the group of roots of unity of K

L a field extension L|K

p a prime number

q a power of a prime number

F,Fq a field with q elements

G a finite group

Z(G) the center of G

Gk finite general linear group GLk(F )

Sn symmetric group on n elements

sgn signum of a permutation

φEuler Euler’s totient function

Ei,j matrix in Rn×m whose entry at position (i, j) is 1 and

whose other matrix entries are 0

U a subgroup of G

M a KG-module

MK a permutation module K(U\G) over KG

SK a certain submodule of MK
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250 List of Symbols

Symbol Description Location

[−,=] a sesquilinear form on M Definition 3

M∗K =M∗ the sesquilinear dual of the KG-module M Definition 5

S⊥
K S⊥

K = {x ∈MK : [x, SK ]K = 0} Lemma 15

T = (U, V,N) a triple of subgroups in G such that (J 1, 2) hold Section 1.2.1

T(U,V,N) subset of G∖ (UV ) Section 1.2.1

T ′
(U,V,N) the set T(U,V,N) ∪ (UV ) ⊆ G Section 1.2.1

ST , f
K a certain submodule ofMK associated to a James triple T Definition 39

Q = (U, V,N,D) a quadruple of subgroups in G such that (J 1, 2, 3’) hold Definition 66

ε an idempotent element of Z(KD) Definition 74

SQ, f, ε
K a certain submodule ofMK associated to a James quadru-

ple Q and a simple, symmetric ε

Definition 77

λtr transposed partition of λ ⊢ n Definition 49

ϖλ permutation which converts the terminal λ-tableau into

the initial λ-tableau

Remark 52

ιλi inclusion map F λi → F λ Definition 97

πλi projection map F λ → F λi Definition 97

σPerm matrix representation in F n×n of a permutation σ ∈ Sn Definition 101

Permn the set of permutation matrices of size n× n Definition 101

σB the corresponding permutation in Sn for B ∈ Permn Definition 101

onek the vector in F k×1 having entry 1 at each position Definition 101

µd,w a certain composition of n Section 2.2.1

Pλ parabolic subgroup associated to a composition λ |= n Definition 108

Vλ a certain subgroup of Gn Definition 116

PivA the pivot matrix of a matrix A Definition 120

Lλ the set of matrices in layered row-echelon-form associated

to a composition λ |= n

Definition 122

Xd,w set of right-coset representatives for (Pλ ∩ Pµd,w)\Pλ Lemma 137

τy transposition corresponding to y ∈ Xd,w Definition 139

ry reflection ry ∈ Gn attached to y ∈ Xd,w Definition 139

ψd,w certain RGn-linear map Lemma 151
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Symbol Description Location

ϖλVλtr reflection container subgroup Definition 154

Sλ,K a certain submodule of MK Definition 160

Sgen
λ generator of Sλ,K Definition 160

Sλ,K James’s unipotent Specht module Theorem 166

S̃gen
λ a generator of James for the unipotent Specht module Definition 174
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