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Abstract

We study constructions of irreducible modules for group algebras of finite groups. Inspired by
James’s submodule theorem for the symmetric group, we introduce James triples (U, V, N) of
subgroups of a finite group GG. To a James triple we associate a subfactor of a permutation

module and show that it is either zero or absolutely irreducible.

To overcome certain limitations of this construction we extend the framework to James quadru-
ples (U,V, N, D), which allow a broader class of irreducible modules to be obtained. In partic-
ular, if D =1 and (U,V, N, 1) is a James quadruple, then (U, V, N) is a James triple.

We proceed to investigate the representation theory of GL,, (IF,), where we construct an alterna-
tive generator for the unipotent Specht module associated to a partition on n. The construction

is ad hoc, and does not rely on James triples or quadruples, despite certain similarities.

In addition, we study Wedderburn embeddings of the group rings Z GL3([F,), Z[HT*E] GL3(F),
Z2)[G5)" SLy(Fy) . The respective image inside a product of matrix rings is an isomorphic copy

of the group ring. We describe it via congruence conditions.

Finally, we consider cuspidal representations of GLy(F,). We formulate a conjecture concerning
a construction of a cuspidal representation over a minimal field, supported by computational

evidence.
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Zusammenfassung

In der Darstellungstheorie einer endlichen Gruppe G sind die irreduziblen Moduln die grundle-
genden Bausteine. Es gibt jedoch kein einheitliches Verfahren, um diese zu erstellen. Gordon
James konstruiert fiir die symmetrische Gruppe S,, und einen Kérper K alle einfachen K'S,-
Moduln als Subfaktoren von Permutationsmoduln M*, die fiir Partitionen u = n definiert sind.
Hierbei macht er sich das Zusammenspiel bestimmter Untergruppen von S,,, die von einem
pu-Tableau stammen, zunutze. Ziel des ersten Kapitels ist es, diesen Mechanismus von James’
Konstruktion fiir eine beliebige endliche Gruppe G und einen Korper K nachzubauen. Dabei
werden Bedingungen an ein Tripel von Untergruppen von G gestellt, die gewahrleisten, dass
der resultierende K G-Modul null oder irreduzibel ist. Es ist allerdings nicht moglich, jeden
irreduziblen Modul mit Hilfe eines solchen James-Tripels zu erzeugen. Um die Grenzen der
Konstruktion auszuweiten, wird die Methode auf James-Quadruple verallgemeinert. Mitunter
kann so ein Tripel, das nicht alle Bedingungen fiir ein James-Tripel erfiillt, zu einem James-

Quadruple “repariert” werden. Aber auch dieser Ansatz liefert nicht alle einfachen Moduln.

Nicht nur die Darstellungstheorie der symmetrischen Gruppe, sondern auch die Darstellungsthe-
orie der endlichen allgemeinen linearen Gruppe GL,,(F,) wurde mafigeblich durch die Arbeiten
von Gordon James gepragt. Er konstruiert die unipotenten Specht-Moduln, deren Quotienten
die irreduziblen K GL,,(F,)-Moduln liefern. Er gibt einen Erzeuger fiir den Specht-Modul mit
Koeffizienten in K an, der als Produkt iiber Wurzeluntergruppen der unitriangularen Gruppe
konstruiert ist. Diese Form erweist sich in konkreten Rechnungen oft als schwer handhab-
bar. James ersetzt daher in [13] diesen Produkterzeuger durch einen als Summe konstruierten
Erzeuger, dessen Koeffizienten jedoch in K((,) statt in K liegen. Ziel des zweiten Kapitels ist
es, einen alternativen Erzeuger bereitzustellen, der ebenfalls als Summe konstruiert ist, jedoch
Koeffizienten in K hat.

Im dritten Kapitel untersuchen wir die Gruppenringe Z GL3(F,), Z[HT*E] GL3(F5) und
Z2)[G5) " SLg(Fy) jeweils mittels ihrer Wedderburn-Einbettung in ein Produkt von Matrixal-

gebren tliber Integritatsbereichen. Das Bild einer solchen Einbettung ist eine isomorphe Kopie

3



4 Zusammenfassung

des betrachteten Gruppenrings. Es wird eine explizite Beschreibung des jeweiligen Bildes tiber

Kongruenzen von Matrixeintragen angegeben.

Desweiteren geben wir Présentationen der lokalisierten  Algebren  Z) GL3(F),
Z(g)[HTﬁ] GL3(F2) und Z)[¢5]" SLa(FF4) als Pfadalgebren modulo Relationen an. Im Fall
von Zzy GL3(F,) bestimmen wir zudem das Zentrum Z(Z) GL3(F)).

Im letzten Kapitel betrachten wir kuspidale Darstellungen von GLy(I,) fiir p > 3. Ausgehend
von computergestiitzten Berechnungen formulieren wir eine Vermutung zur Konstruktion einer

kuspidalen Darstellung iiber einem minimalen Grundkorper.



Preface

Introduction

James triples

In the representation theory of a finite group G, the fundamental building blocks are the
irreducible modules. However, there is no uniform method to obtain them in general. Therefore,
a recurring theme is the construction of irreducible modules of a group algebra from subgroup
data. In case of the symmetric group S,,, this concept is carried out systematically by Gordon
James in [11]. There, for a field K the irreducible K'S,-modules are obtained as quotients of
explicitly constructed submodules of permutation modules M*, defined for partitions u F n.
The structural input is the interplay between certain subgroups of S,, attached to a p-tableau ¢:
namely the row stabiliser and the column stabiliser of ¢. The row stabiliser is used to define
M*. For a fixed u-tableau ¢, one forms the polytabloid e, € M* as an alternating sum over the
column stabiliser. The Specht module S* is the submodule of M* generated by e;. If K has
characteristic zero, the modules S* are irreducible and exhaust the irreducible K'S,-modules. If
K has positive characteristic, the non-zero quotients S*/ (S N (S“)L) provide the irreducible
KS,-modules [11, 4.9, 11.5].

The goal of the first chapter is to generalize and rebuild this mechanism of James’s construction
and construct irreducible K G-modules for an arbitrary finite group G and a field K. We shall
identify intrinsic conditions on a triple of subgroups in G ensuring that the associated module

is irreducible or zero.

This leads us to the notion of James triples:

Definition (Definition 33). Suppose given k € Z-, .

A James triple in G of index k is a triple 7 = (U,V, N) of subgroups in G such that the
conditions (J 1,2, 3) hold.
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(J1) We have UNV < N.
(J2) We have N <V such that |V/N| = k.

(J3) For h € G\ (UV) and w € V, we have

lwNNU" = [INNU" .

Consider the permutation KG-module My = K(U\G) and let ax : K = K be a field
automorphism. Then Mg carries a canonical non-degenerate G-invariant sesquilinear form. To
define a suitable submodule of M, we need a group morphism f from V' to the group of roots

of unity p(K) that is in some sense compatible with the structure of K and (U, V, N):

Definition (Definition 23). Let f : V — u(K) be a group morphism. The morphism f is
said to fit the triple (U, V, N) with respect to ax : K — K if the following conditions (1, 2)
hold.

(1) We have
(vf)arx = (vf)™

forvelV.

(2) (i) If char(K) does not divide |V/N|, then
N <ker(f) < V.
(i) If char(K') does divide |V/N|, then
N <ker(f) < V.

Definition (Definition 39). Given a James triple 7 = (U,V,N) and a group morphism
f:V = u(K) fitting T, we let

Sz;’f = <ZUU-Uf> < Mg .
veV KG

So S[C’f is the K G-submodule of the permutation module Mg generated by the single element
> Uv-vf. Aslong as char(K) does not divide |U N V|, this module is non-zero. If V< Ng(U)

veV
and if char(K') divides neither |U| nor |V, the generator is a quasi-idempotent element in K G,

cf. Lemma 41.

L
Using the canonical non-degenerate G-invariant sesquilinear form on My to form (S;f ) , we

were able to show the following.



Theorem (Theorem 44). The KG-module
T.f 10 aT 7.\"
St/ (SEn <SK7f> )
18 absolutely irreducible or zero.

If K is a subfield of C that is closed under complex conjugation ac, then
1
Skin(sk?) =0

and Sz;’f is absolutely irreducible, cf. Remark 45.

In experiments using Magma [2], we observed that if |G| < 190, then a substantial portion of
the absolutely irreducible QG-modules can be constructed this way, the exceptions being listed

in Example 90.

In particular, the construction of the Specht modules of S,, can be phrased in terms of James
triples in the expected way: Let ¢ be a p-tableau. Let U; < S,, be the row stabiliser of .
Let Vi < S,, be the column stabiliser of ¢t. Let f = sgnly, : V; — {—1,1} : v — wvsgn. Let
N := ker(f), so the elements of N are the even permutations within the column stabiliser V;.
Then, (U, Vi, N) is a James triple, f fits this triple and the associated module ng“V“N)’f is
the Specht module S*.

James quadruples

The James triple construction does not exhaust all irreducible K G-modules. Certain modules
fail to arise from any James triple, indicating limitations of the construction. It seemed like
(J3) is too restrictive. Motivated by these observations, we extend the setup from triples
to quadruples of subgroups, subject to suitably adapted conditions. The main idea was not
merely to enlarge the class of modules obtained, but to be able to take a given triple (U, V, N),
for which (J1,2) hold, but not (J3), and extend it to a quadruple (U, V, N, D) such that an

irreducible module arises.

Definition (Definition 66). Suppose given k € Z .

A James quadruple in G of index k is a quadruple @ = (U, V, N, D) of subgroups in G such
that the following conditions hold.

(J1) We have UNV < N.

(J2) We have N <9V such that |[V/N| = k.
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(J3) (i) Write T := {h € G~ (UV) : we have [wNNU" = |[NNU"| forwe V}.
We have G = (T"UUV) D.

(i) We have [D,V] C N, ie. d v 'dve N forde D andv € V.

In particular, if D =1 and (U, V, N, 1) is a James quadruple, then (U,V, N) is a James triple.

An idempotent ¢ € Z(K D) is called simple if K De is a division ring, and absolutely simple if

dimg (K De) = 1. Tt is called symmetricife = >, A\g-d = > Mgag -d .
deD deD

Definition (Definition 77). Given a James quadruple Q@ = (U, V, N, D), a group morphism f
fitting (U, V, N) and a simple, symmetric idempotent ¢ € Z(K D), we let

Sgte = O Uv-vf-e)ke < Mg =K({U\G).

L
Again, using the canonical non-degenerate G-invariant sesquilinear form on M to form (SI% F E) ,

we obtain the following.

Theorem (Theorem 84). The KG-module

spre/ (52740 (s27) )

18 1rreducible or zero.

Theorem (Theorem 85). Let L|K be a field extension and ap, € Aut(L) such that ar|% = ax .
Suppose that

1
S}%’f7€/ <S§7f75m<5’[%7f78> )
18 1rreducible.

Then the following holds.

(1) Suppose that € € Z(K D) remains simple in Z(LD). Then the LG-module

1
Lok (sl%f’f/ <S§’f’5ﬂ (s2) ))

18 1rreducible.

(2) Suppose that € € Z(K D) is absolutely simple. Then the KG-module

sgre/ (52740 (s27) )

15 absolutely irreducible.



If K is a subfield of C that is closed under complex conjugation ac , then
L
5255 n (sl%f’s) —0

and the KG-module S/ is either irreducible or zero if € is simple. It is either absolutely

irreducible or zero if € is absolutely simple, cf. Remark 86.

Although even this generalized setup does not exhaust all irreducible K G-modules, it provides

a possibility to, in a sense, repair triples that only satisfy (J1) and (J2).

To illustrate this, in Example 71 we consider G = Djs, certain subgroups U,V < G with
|U| = |V| =2,and N = 1. Then (J1) and (J2) hold. The set 7"U UV, however, has only 8
elements. So TUUV # G, i.e. (J3) fails to hold, so that (U, V, N) is not a James triple in G.
We choose a suitable subgroup D < G with |D| = 2. Then G = (TUUV) D, ie. (J3).(i)
holds. Since also (J3').(ii) is satisfied, @ = (U, V, N, D) is a James quadruple in G.

For K = Q and G being a nilpotent group, a complete set of orthogonal primitive idempotents
can be constructed explicitly using strong Shoda pairs, as shown in the work of Jespers, Olteanu,
and del Rio [15]. In particular, these idempotents generate all irreducible QG-modules in this

case. Strong Shoda pairs and James triples/quadruples are entirely different concepts, however.

Unipotent Specht modules

It is not only the representation theory of the symmetric group that has been shaped profoundly
by the work of Gordon James, but also the representation theory of finite general linear groups
GL,(F,). In order to construct the unipotent Specht module Sy x over a field K, for a partition
A F n, James introduced morphisms v, : My x — M, x between permutation modules for
certain partitions p - n and characterised Sy x as intersection of their kernels [13]. He gives a
generator for the Specht module with coefficients in K that is built using a product over root
subgroups of the unitriangular group [12]. While this multiplicative construction is conceptually
natural, the resulting generator can be difficult to manipulate in concrete calculations. In [13],
instead of this product generator, James uses a generator constructed as a sum, but having
coefficients in K((,) instead of K.

The aim of the second chapter is to provide an alternative generator of the Specht module that

still is constructed as a sum, and that has coefficients in K.

Our construction, like James’s, takes place inside the permutation K GL,(F,)-module
M,k = K (P)\\GL,(F,)), where P, is the parabolic subgroup consisting of upper block-

triangular matrices whose block sizes are determined by the partition A F n.
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We parametrise a basis of M) x using layered row-echelon forms compatible with \. We con-

struct a subgroup
Perm) —1

PV 1= (Vi)™ < GL,(F,)

and call it the reflection container subgroup, cf. Definition 116: The group Vj« consists of block
matrices with block sizes determined by A". The diagonal blocks are permutation matrices,
the blocks above the diagonal are zero and the blocks below the diagonal have row sum zero
in each row. Then, to obtain “* V), these matrices are conjugated by the permutation matrix

whe™ determined by .

Finally, let
f : wAVAtr — {—1, 1}

Perm) -

map an element v(@ " with v € Vi« to the signum of the permutation corresponding to

the diagonal blocks of v.

Using this data we construct a module Sy x with generator S§ :

Definition (Definition 160). We define

SE" = Z Pyz-zf .

ZE(P/\m(wAV)\tr))\wAV)\tr
We then define the K GL,,(FF,)-submodule

Sax = (SSMkaL.mE,) < Myk .

gen

The key step is to prove that Sy is contained in the kernel of ¢, for each ¥, : My x — M, k
used in James’s Kernel Intersection Theorem [13, 11.12.(iii), 15.18], cf. also Theorem 166,
Corollary 167.

We obtain the following.

Theorem (Theorem 168). Suppose that char(K) = 0. Then
Syk = Sik -

Le. in characteristic 0, our construction yields the unipotent Specht modules Sy i as constructed

by James.
So

Sax = (S5 ke, < Mok -

is an absolutely irreducible K GL,,(F,)-module.
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In particular, S\q is an absolutely irreducible Q GL,,(IF,)-module.

Using the canonical GL,,(F,)-invariant bilinear form on My g to form (Sy x)*, we obtain the

following.

Proposition (Proposition 170). Suppose that char(K) # 0 and char(K) # p. Then

Sk /(Sykx N (S/\,K)J_)

15 absolutely irreducible or zero.

If it is non-zero, then we have an isomorphism
Svic/(Snk N (Sak)™) = S/ (Snx N (Sax)) -

So, in non-defining characteristic, our construction yields the same factor modules as those
obtained by James, or otherwise yields zero. In all the cases we tested, however, the resulting

module was always non-zero, cf. Lemma 172, Example 173.

Furthermore, we investigate whether the triple (Py,”* Viu, ker(f)) is a James triple in GL,,(F,)
or whether it can be expanded into a James quadruple, cf. Example 185. For instance, when
g € {2,3} and A = (2,1), it is a James triple, whereas for ¢ = 4 this is no longer the case,
although it can be extended to a James quadruple. In contrast, for A = (1,1,1,1,1) and ¢ = 2 it
is neither. Moreover, even in cases where it expands to a James quadruple, there is no uniform

choice for the simple symmetric idempotent e.

Descriptions of group rings

In the third chapter we study the group rings ZGL3(), Z[HT‘E] GL;3(Fy),
Z2)[G5) T SLo(Fy), each via its Wedderburn embedding into a product of matrix algebras over
integral domains. Our main objective is to describe the image of the embedding explicitly in

terms of congruence conditions on matrix entries, called ties.

We use these descriptions to give presentations of the localised algebras Z ) GL3(F,) (Proposi-

tion 202), Zg) [H*F] GL3(IF2) (Proposition 220) and Z)[(5] " SLa(IF4) (Proposition 228) as path

algebras modulo relations. In case of Z) GL3(I,), we also determine its center Z(Z) GL3(I)),
cf. Lemma 2009.

A deeper understanding of these descriptions in terms of congruences would require a more
detailed knowledge of lattices in all irreducible modules involved, in particular the unipotent
Specht modules considered in Chapter 2 and the remaining irreducible modules. We confine
ourselves to identifying the unipotent Specht modules within our description and to observing

their behaviour there.



12 Preface

A conjecture on cuspidal modules

The last chapter is largely independent of the preceding ones.

The irreducible complex cuspidal representations of GLy(F,) are well understood, and their
classification and character tables are described in standard references such as the work of
Israel Gel’fand [6] and James A. Green [7].

Irreducible cuspidal representations belong to the class of generic representations. In particular,
they can be realised as direct summands of the Gel’fand-Graev representation, which is defined
over Q(¢,). This viewpoint is developed, for example, in the work of Ilknur Tulunay [20]. For
a recent overview on generic representations and their associated Bessel functions, we refer for
instance to Elad Zelingher [21].

For our purposes, we are primarily interested in explicit realisations of these cuspidal repre-
sentations. An account of the construction of cuspidal representations of Gel’fand is provided
by Gordon James [14, §3]. This approach yields matrix entries for the cuspidal representations
of GL,(IF,) which lie in cyclotomic extensions generated by values of additive characters of
F, and cuspidal character values. In addition, Roger W. Carter gives formulas for cuspidal
representations of GLy(F,) and GL3(FF,) in [4].

Explicit realisations over minimal coefficient fields remain of interest, especially in computa-
tional contexts. The coefficient field in the construction of Gel’fand is not minimal in general.
Determining smaller fields over which these representations can be defined is therefore a worth-
while task.

We try to investigate such realisations for the case GLy(F,) with p > 3. Our approach is based
on the natural permutation action of G := PGLy(E,) = GLy(F,)/Z(GLy(F,)) on the projective
line PY(F,). Let T := QP*(F,) be the permutation module on the G-set P!(F,), which is a
QG-module.

Based on computational evidence, we formulate a conjectural description of a generator of a
module M < Sym?(T) whose endomorphism ring is isomorphic to Q(¢pe1)™ = Q(¢pr1) NR.
If p > 5 and if p+1 has at most two distinct prime factors we conjecture that there exists g € G
of order p+ 1 if p =4 1, and of order p — 1 if p =4 3 such that M = S (=D g
i€[0,[{g)[—1] QG
as QG-submodules of Sym?*(T), where £ = [1 : 0] o [0 : 1] € Sym*(T), cf. §4.1. The module

C ® M is a cuspidal C GLy(F,)-module. Cf. Conjecture 230.
Qp+1)*
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Conventions

Let R be a commutative ring. Let K be a field. Let H, G be finite groups. Let V' be a subgroup

of GG.

Let p € Z-5 be a prime and ¢ be a power of p.

Given a set X, for x € X means for all x € X.

Given a set X, we write X’ C X to denote that X’ is a subset of X, and X’ C X to
denote that X’ is a proper subset of X.

Maps will be written on the right: Suppose given sets X,Y, Z and maps X 5 Y LNy
The image of x € X under a is written xa. The composite of a and b is written X @ 7.

Exceptions are made for standard mappings like det.

Given sets X, Y, subsets X' C X, Y ' CY and amap f: X — Y such that X'f C Y’ we
write f|% : X’ — Y’ for the restriction of f to X’ and Y'. If Y/ =Y, then we also write

flxr = flx -

Let X be a set. We denote by Sx the symmetric group on X, consisting of the bijections
from X to X. We write 1g, = idy. For n > 1 we abbreviate S,, := Sy .

Let I be a set and let X; be a set for ¢« € I. We have the exterior disjoint union

|_|XZ~ ={(z,i):i1€l, ve€X}.

iel
For a,b € Z we denote by [a,b] := {z € Z : a < z < b} the integral interval.
Write R* := R\ {0}.
We denote by F, the finite field with ¢ elements.

We denote by Z, the localisation at the prime ideal (p), that is,

Z(p)::{g:TEZ, seZ\(p)}gQ.

We write p(K) := {z € K : 3s € Z>; such that 2® = 1} for the group of roots of unity
of K.

We denote by Aut(K) the automorphism group of K.

Suppose given z,y, z € R. We write x =, y if there exists a € R such that x — y = az.
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Preface

We denote Kronecker’s delta by 0. Le. for elements z,y € R, we let 0,, :=1if z =y
and 0., :=0if x #y.

We denote Euler’s totient function by ¢guer-
Given n,m > 0, we denote by R"*™ the R-module of n X m matrices over R.

We have the standard R-linear basis (E;;)ic,n)jen,m of R, where E;; is the n x m

matrix with entry 1 at position (7, j) and entry 0 elsewhere.

Let n € Nand m, € Nfor r € [1,n]. The standard R-linear basis of [][ R™ ™" is given
re[l,n]
by (Eijw)ijentmirefn], where E; j,. is the tuple of matrices whose matrix at position r

has the entry 1 at position (¢, j), and whose other matrix entries are 0.
For n € N, we denote by Dy, = {a,b|a™ b?, (ab)?) the dihedral group of order 2n.

Let I be a set and let X; be an abelian group for i € I. We denote by ; the projection
@Xz — Xj, (xi)iel = X fOI'j el.

i€l
We denote by ¢y the embedding V — G, v — v.
We denote by [G : V] :=|G/V] the index of V in G.

For g,x € G we write 92 := g-z-¢g' and 9V := {% : v € V}. Moreover, we write
29 =gt x-gand V9 :={v9:v eV}



Chapter 1

Irreducible submodules of a
permutation module

The construction of irreducible K G-modules for a field K and an arbitrary finite group G is a
fundamental problem in representation theory. For the symmetric group S,, Gordon James [11]
gave an explicit solution using subgroup data associated to a u-tableau t for partitions p - n. From
the corresponding row and column stabilisers, he constructed the Specht modules and obtained a
complete set of irreducible S,,-modules in characteristic zero and, via quotients of these modules,

a complete set of irreducible S,-modules in modular settings.

In this chapter, we want to investigate in which way James’s method can be extended beyond
symmetric groups. Our aim is to identify suitable subgroup data from an arbitrary finite group

and use it to construct a module such that an associated factor module is irreducible.

Our first construction is closely related to James’s original approach, where we make use of sub-
groups U, V < G with properties modelled on those of the row stabiliser and the column stabiliser
of a tableau. This James-triple-construction already yields quite a few irreducible K G-modules —
but not all of them. As a remedy, we add a further subgroup D < G such that a primitive central
idempotent of K D helps in constructing an irreducible K G-module. This construction then yields
more irreducible K G-modules, but still not all of them.

Let K be a field. Let ax € Aut(K) be an automorphism of K. We write A := Aay for A € K.

Let L|K be a field extension and suppose given an automorphism oy, € Aut(L) such that «j,

restricts to ap|¥ = ax. We write (= lay, for L € L.

Let G be a finite group.

1.1 Preliminaries

1.1.1 Turning irreducible modules into absolutely irreducible modules

Let M be a irreducible KG-module with commutative endomorphism ring £ := Endgg(M).
So E|K is a field extension of finite degree.

We let m - lg:= (m)l-gforme M, ¢ € E, g€ G. Thus M is an EG-module.

15
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Lemma 1. We have
El’ldEg(M) = EIlng(M) =F s

whence M is an absolutely irreducible EG-module.

Proof. As KG C EG, any EG-linear endomorphism is K G-linear. Hence

Endge(M) C Endga(M) = E |

Suppose given f € Endgg(M). Suppose given £ € E, g € G. Then for m € M we have

(mf)-Lg = (m)(fl)-g=m){lf)-g=((ml)f)g= ((mL)-g)f =(m-Lg)f .

So f S EndEg(M)
Thus Endgg(M) = Endgg(M) = E.

As F is a field, Schur’s lemma implies that M is an absolutely irreducible EG-module. o

1.1.2 Using an algebraic closure

Let K|K be an algebraic closure of K. Recall the automorphism ax € Aut(K).

Lemma 2. There exists az € Aut(K) such that ag|% = ax .

Proof.  Consider the fixed field F' := Fix(ax) = {\ € K such that A = Aax} C K. Consider
theembeddingSLK:K—)[A(:)\H)\andLF:F%K:)\H)\.

By [3, Chapitre V, §9, Proposition 1] there exists an F-automorphism v € Aut(f( ) prolonging

the F-morphism u = agtg, i.e. v|g = agtlk.

We have the following commutative diagram.

So, we may take oz = v. o
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1.1.3 Preliminaries on sesquilinear forms

Let M and N be a KG-modules that are finite-dimensional over K.

Definition 3.

(1) A sesquilinear form with respect to ax on M is a map

=] :MxM = K

(m,m') — [m,m/]

such that for m, m’; my,mg, m},my, € M, A € K we have

[m,my +mby] = [m,mi] + [m, ms)]
[my +mo,m'] = [mq,m'] + [mg,m]
[mA, m/| [m, m/|\
[m,m'\] = [m,m/]\
(2) It is called G-invariant if
[mg, m'g] = [m,m’]

for m,m’ € M and g € G.

(3) It is called non-degenerate if [m, M| = 0 implies m = 0 for m € M.

Lemma 4. Let ac : C — C be the complex conjugation. Suppose that K|Q is a subfield of
C that s closed under the complex conjugation ac, i.e. kac € K for k € K. Suppose that

ag = ac|¥ .

(1) A sesquilinear form [—, =] is called positive definite if [m, m] € K NRsq for m € M\ {0}.

A positive definite sesquilinear form on M is non-degenerate.

(2) There exists a positive definite G-invariant sesquilinear form on M.

Proof. Ad (1). Suppose that [—, =] is positive definite. Then we have [n,n] > 0 for n € M\ {0}
and therefore [m, M] = 0 implies m = 0 for m € M.

Hence [—, =] is a non-degenerate sesquilinear form on M.
Ad (2). We choose a K-linear basis (m;)icpn of M. For \j,v; € K, 4,5 € [1,n], we set
—=]:MxM — K

(Z mi)\i, Z mjl/j) — |VZ mi)\i, Z mjyj—‘ = Z )\iy_i .
i=1 =1 i=1 j=1 i=1



18 Irreducible submodules of a permutation module

Suppose given \;, S\i,uj € K for i,j € [1,n] and k,k € K. Then

{(imiAi)ﬁ+(imi;i) zm} _ {imi<Aiﬁ+Aig>,zmjyj}

= (Zil AM) K+ (Zi S\im) s

1
n n n ~ n ~

= | Yo muN, > myy | k4| DD i, Y miv | R
i=1 j=1 i=1 j=1

n

S (St (£ma) x| = | S £ 30|

=1 1=

Note that
|VZ mi)\i, E m]’)\j“ = Z )\ZXl e KN R>Q
i=1 =1 i=1

=1

So [—,=] is a positive definite and non-degenerate sesquilinear form on M. We define
[—=lk=[-=]: MxM — K
(m,m') — [m,m']:= > [mz,mx]
zeG
Note that [—, =] is a positive definite sesquilinear form, as [—, =] is.
Moreover, [—, =] is G-invariant, since for ¢ € G we obtain

[mg, m'g] = ZG [mgx, m'gr] = ~ZG [mz,m'z] = [m,m'] .
Tre TE

Definition 5. The sesquilinear dual of the KG-module M is defined as

M =M = {M L K:(mA+m/N)f =mfr+m/fN for \N € K, m,m’ € M} .
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Lemma 6. Let G act on M* as follows: For g € G, f € M* and m € M, we set

(m)(f - g) = (mg™")f .
Then the sesquilinear dual M* is a KG-module.

Proof.

We show that
fv+ foe M*

for f,f € M*, v,v € K. For m,m’ € M and A\, N € K we have

(mX\ +m/X)(fv+ fp)

(mX\ +m/X) fv 4 (m\+m/N) f

() + (X f)or + (mA)f + (m/N)

((m) A+ (m) fX ) + ((m )X+ (m) f)

((m)fv+ (m)fR)X+ ((m) fv + (m') fR)N

(m)(fv+ fO)A+ (m)(fv + fO)N .

So, fv+ fﬁ € M*. Consequently, note that M* is a K-subspace of the K-vector space of all
maps from M to K.

We show that f-g € M*. For \, ' € K, m,m' € M we have

(mA+m'XN)(f - g)
((mA+m'N)g™") f
((mg= A+ (m'g=")N) f
= (mg7'\N)f + (m'g '\ f
(mg™ ") fA+ (m'g ) fN
(m)(f - @)X+ (m)(f - g)N

Hence, f-g e M*.
For f € M*, m € M and g, h € G we have

m(f-(gh)) =
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Suppose given f, f € M*, v,v € K. We show that (fu—i—fz?) cg=(f-gv+(f-g)v. For

m € M we have

(m)((fv +f2)-9) = (mg=")(fv+ f7)
(

Let

For g, h € G we have
(gh)p = (gp) - (hp)
and M* 2% M*, f — f- g is indeed K-linear.
This shows that M* is a KG-module. o

Lemma 7. Suppose given a K-linear basis (m;)jcpn of M. Fori € [1,n] we let

Y_myv; — U, wherev; € K forj e [1,n].
j=1

Then (fi)icnn is a K-linear basis of M*.
We call (fi)icp,n the dual basis of (m;) epn-

Proof. First we show that f; € M* for i € [1,n]. Suppose given v;,v; € K for j € [1,n],
A, N € K. Then

(émj””” émﬂf?)”) i = (2 my (A + Vm) j

= A+ U N

= A+ l;Z’X’

= (Smufi A (S m)fi- N
J= j=

We show that (f;)icp,n) is K-linearly independent. Suppose given v; € K for i € [1,n| such

that > fiv; = 0. Suppose given j € [1,n]. Then
i=1
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0= (m;) <Z fz%) = Z (m;fi)vi=v; .

1€[1,n]

We show that M* is K-linearly generated by (fi)icpn. Suppose given f € M*. Set v; :== m;f
for ¢ € [1,n]. We show that

f = Zfi% .
i=1

Suppose given v; € K for j € [1,n]. We have

i
VR

<Z§L:1 mjVj> (1:2”:1 fz%‘) = > i mj”j) fivi

I
;\

s
Il
—

I

s
Il
—

(mi) [
(mvy) f

I
NE

~
—_

I
/_\H.

So, f =) fivi- Thus, M* is K-linearly generated by (f;)ic[1,n-

=1
Hence (fi)icp,n is a K-linear basis of M*. o
Lemma 8. Suppose given a non-degenerate G-invariant sesquilinear form [—, =] on M. Then

we have the KG-module isomorphism

M 5 M
m +— ([m,=]:m' — [m,m]) .

Proof. We show that for m € M the map [m,—] : M — K is contained in M*. Suppose given
m/,m” € M and X, \" € K. We have

[m’ m/)\/ + mIIA//] — [m7 m/)\/] + [m7 m//A//]

= [m, I\ + [m, m"|\’

So, p is well-defined. We show that p is K-linear. Suppose given m, m’,m” € M and X', \" € K.

We have
[m/)\/ + m//)\//) m] — [,’,.',L/A/7 m] + [m//)\//’ m]

= [m/;mIN + [m”, m|\'

So, [N 4+ m"N', =] = [m/, =N + [m”, —=]\". Consequently, p is K-linear.
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We show that 1 commutes with the action of G. Suppose given g € G and m,m’ € M. We

have
(m') (Img, =]) = [mg,m/]
= [m,m'g]
= (m'g™Y) (Im,—])
= (m)([m,=]-9g)
So [mg, =] = [m,—]-g.

All in all this shows that p is K G-linear.

It remains to show that pu is bijective.

The map p is injective as ker(u) = {m € M : [m,m/] = 0 for m’ € M} = 0 since [—,=] is
non-degenerate.

By Lemma 7 we have dimg (M*) = dimg(M). So p is a KG-module isomorphism. g

Lemma 9. Suppose given KG-modules S, T of finite dimension over K. Each KG-linear map
@ : S — T determines a map ¢*% = ¢* : T* — S* by setting (7)p* =@ -7 forT € T*.
We call * the sesquilinear dual of . The map ¢* is a KG-linear map.

Proof. For A, € K and s,s" € S and 7 € T*, we have
(SA+8N)(p-7) = (59X + 8'oN)T = 50T A + 8T N

and thus ¢ -7 € S*.
Suppose given g € G, 7,7/ € T* and v,/ € K. Then

s((t¢*) - g) =

= s(p-(19))

s((rv +7'V)e*) = s(p-(tv+71V))
(sp)(Tv +1'V)
stV + s’V
s(te*)v + s(t'p* )/
= s((re")v + (T'e")V)

for s € S. So, (T¢*) - g = (19)¢* and (Tv + 7V )* = (To*)v + (T*)V. o
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Remark 10. Suppose given KG-modules S, T, () of finite dimension over K. Suppose given
KG-linear maps ¢ : S - T and ¢ : T'— Q.
Then

(o) =9 ¢

as for p € * we have
(P) () =(p-¥)-p=wp-(P-p)=p-((p)V*) = ((P)*) " = (p) (" - ¢*) .

Moreover, we have
(idg)* = idg=
as for o € S* we have

(0)(idg)" =idg-oc =0 .

In other words, the correspondence S +— S*, ¢ — ¢* is a contravariant functor from the

category of finite dimensional K G-modules to itself.

Lemma 11. Suppose that o = idg. Recall that M and N are KG-modules of finite dimension
over K. Suppose given a KG-linear map M > N.

(1) We have an isomorphism of KG-modules

M eval M

~

m (evalm o f — feval, := m_f)

(2) We have the following commutative quadrangle.

M - e
© (P**

N eval N**

Proof. Ad (1). We show that for m € M the evaluation map eval,, : M* — K, f + mf is
contained in M**.

An element p of M** is a map M* — K such that (fA+ f/XN)u = ful + f'uN for \, N € K,
[ fe M.

For each m € M, f, f' € M* we have

(m)(fA+ fN) =m(fA) +m(fN) = (mHX+ (mf )N =mfr+mfx
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by the definition of addition and scaling in M*. So, (fA+ f'X)eval,, = feval,, - A+ f'eval,, -
and eval,, € M™*.

Now we define a map M — M** by m > eval,, . This is additive since for m,m’ € M and
f € M* we have

(Hevalyrm = (m+m))f =mf+m'f =mf+m'f = (f)(eval,, + eval,,) ,
so eval,, 1, = eval,, + eval,,,. Moreover,

(flevaly = (mA) f = (mf)X = (feval,\ |
so eval,,» = eval,, A\ form e M and )\ € K.

Additionally, for ¢ € G and m € M, we have

(f)evalyg = (mg)f = (m)(f - g~1) = (f - g~ ")eval, = (f)(evaly, - g) .

So sending m to eval,, is an K G-linear map M — M™** for all KG-modules M.

We will now show that our map M — M**, m — eval,, is an isomorphism as M is finite

dimensional over K.

Suppose given a K-linear basis (1m;);cp1,n) of M. Let (fi)icpn be the dual K-linear basis of
M*, cf. Lemma 7.

Suppose given m € M such that eval,, = 0. Write m = Y m;\; € M where \; € K for
j=1

j € [1,n]. For i € [1,n] we have

0 = fieval,, = mf; = (ij)\]) fi= )\:Z =\ .
j=1

This shows the only element m € M for which 0 = eval,,, € M** holds is given by m = 0. So
the map M — M** : m > eval,, is injective.

Choose i € M**. We want to find an m € M such that u = eval,,, i.e. fu= (m)f for f € M*.

Let w; := (f;)u € K for i € [1,n] and define m = ) m;w,;. Then

=1
(fn = w; =W; = mf; = fievaly,

for i € [1,n]. So p = eval,,.

Thus, M = M**, m ~ eval,, for all finite dimensional K G-modules M.
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Ad (2). We need to show that eval,,, = (eval,,) ¢** for m € M.

For f € N* we have
(f)evalmcp - mgof

and
(f) (evaly) @™ = (f) (" - evaly,)
(fe)evaly,
(¢ flevaly,
= mpf
Thus, the quadrangle commutes. o

1.1.4 Compatibility of James’s subfactor construction with field ex-

tensions

Recall the field extension L|K and aj € Aut(L) such that az | = ak.

Let U < G be a subgroup of G.

Consider the permutation module My := K(U\G) over KG. Let r € Z>,. Suppose given
&1,...,& € Mg. Let Sk :=(&1,...,& ) ke © Mi. We denote by i the embedding Sk <— M.
For k € K and s € Sk, we also write ks := sk. Let [—, =]k : Mg x Mg — K be a G-invariant
non-degenerate sesquilinear form.

Let My, := L(U\G). Let Sp, := (&, ..., &) e € M. We denote by ¢, the embedding S, < M.
For ¢ € L and s € Sp, we also write {s := sl. Let [—,=|; : My x M — L be G-invariant a
non-degenerate sesquilinear form such that [—, =] |y xme = [—, =] k-

We have inclusion maps
Mg —— My,

S
SK(—> SL .

Remark 12. Suppose given a KG-module X. Then the L-vector space L ®x X is an LG-

module via
G L Autg(X) 2255 Aut(Leg X)

g Pg — L ®k py -
For g € G,/ € L and x € X, we have
(l®z)-g = ((@z)(L Ok py)

= (® (zpy)
= (® (zg) .
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So, for " {,9 € LG, we have

geG

(C@x) Y lyg=>Y l,-((®(xg) =) (L) ® (zg) .

gelG geG geG

Remark 13. Let Y be an LG-module. Let X C Y be a KG-submodule.

Then we have the additive map
LogX 5 Y
l@x — [|-x

as for 0, 01,0, € L, k € K and z, 21,29 € X, we have lk -z = (- kx, ({ + {3) - x = l1x + lox
and (- (1 + x3) = by + lxs.

The map ~ is LG-linear as for E,g €L, x e X and g € G, we have

(@ x)y- lg = llxg
= (lt®xg)y
= ((f@x)-@)v.

Lemma 14. We have the LG-module isomorphisms

L®x Sk > S

~

I®s — [-s

L ®r Mg LN My,

~

(@ Uh — (Uh) .

Proof. By Remark 13, ¢ and v are a well-defined LG-linear maps.
Let t := [G : U]. Choose right-coset representatives h; for U\G, where i € [1,¢]. Le.

G = Uiep,gUh; .

Then (Uh;)icpy is a K-linear basis of My and an L-linear basis of M.

The map 1 is bijective, as it maps the L-linear basis (1® Uh;)cp1,q of L ®x My to the L-linear
basis (Uh;)ien g of M.
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We have the following commutative quadrangle.

L®KMK—w>ML

L®KLKT LLT

L ®x Sx —— S

Since (g is injective, so is L ®k Lx.
As L ®k tx and 1 are injective, the injectivity of ¢ follows.

The LG-linear map ¢ is surjective, since the LG-linear generators &; of Sy are in the image of
pas (1®&)p=¢ forie[l,r].

Hence ¢ is an LG-module isomorphism. o

Lemma 15. The subset Si = {x € My : [z, Sk]x = 0} C My is a KG-submodule.

Proof. Note that Sp is a subspace of Mg. Suppose given z € Sg, g € G and A € K. For

s € Sk we have sg~! € Sk and so

[zgA, 5] = [2g, 5]\ = [2,597' N =0 .
~——
€Sk

Thus zg\ € Si. Hence, Si is a KG-submodule of M. 5

Remark 16.

(1) We have the following commutative diagram.

M

MK Ly
1335¢

*K *K
M —— S}

Here, ¢}, is the sesquilinear dual of the inclusion map tx : Sk — Mk, cf. Lemma 9, and

px : Mg = MX, x — [z, —|k, cf. Lemma 8.
(2) We have Sx = ker(ugty) as for v € My we have zux = [z, —] and thus zux iy = [z, —]|s,-
(3) We have the left exact sequence

HELY

1
1 LK £37¢
St My i
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Lemma 17. Suppose that K|Q is a subfield of C that is closed under the complex conjugation
ac, i.e. kac € K for k € K. Let ax = ac|¥. Suppose the G-invariant non-degenerate

sesquilinear form |[—,=]x on My to be positive definite. Consider

SIL(:{IEMK[JI,SK]K:O}QMK .

Then

SkNSE=0.
Proof. Suppose given x € S C My with x # 0. As [—,=|x : Mg X Mg — K is positive
definite, we have [z, z] > 0. So, # & Sx and therefore S N Sx = 0. -

Remark 18. We have the LG-module isomorphism
St Ly (L ek Sk)*

as sesquilinear dual of ¢ : L ® Sk — S, cf. Lemma 14, Lemma 9.

Lemma 19. We have the LG-module isomorphism

Lok (S5) 2 (L®x Sk)™
(@c = (Bro: L@®xk Sk —L:a®@s— (a®s)B,=1{-a-(s0)) .

Proof. Suppose given ¢ € L and o € S;X. We show that the map
Bro: L@k Sk =+ L:b@s— (b (so)

is well-defined and contained in (L ® Sk)™*.

For k€ K, b,ce L, s,t € Sk we have

0-b-k-(so) = £-b-(k-s)o
0-(b+¢)-(so) = £-b-(so)+L-¢-(s0)
(-b-((s+t)o) = L-b-(so)+L-b-(to)

So, the map Sy, is well-defined and additive.

Moreover, for a € L we get
(b®@s)-a)Bro=(ab®s) e =L-ab-(so) =L-b-(s0)-a=(b®5) Sy a.

So Bf,a € (L QK SK)*L
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We have for k € K and ¢,{';a € L, s € Sk, and 0,0’ € S3X that

(a® 8)Beyere = (U+L)a(so)
= Vla(so) + l'a(so)
= (CL ® S)B&a + (CL X S)Bﬁ’,a

(0 ® $)Broror = la(s(o+0"))
= la(so) + la(so’)
= (4 ®8)Bre+ (a® s)Be

(a®s)Bree = (kl)a(so)
= la(so - k)
= (CL (029 S)ﬂgﬂ.k
S0, Bryv .o = Bio + Beos Brotor = Bro + Beor and Breo = Brok-
Hence, 0 is a well-defined, additive map.
We have (¢ ® s)({ ® 0)d) = (a® 5)fpe =L -a-(so) fora,l € L, s € Sk, 0 € SiK.

Moreover, ¢ is LG-linear, as for £,a,b € L, s € S and g € GG, we have

(a®s)({®a)-bg)d =

So, (l®0)-bg)d = (L ®0c)d - by.
We show that ¢ is an LG-module isomorphism.
Choose a K-linear basis (s;); of Skg. Then we have the L-linear basis (1 ® s;); of L @ Sk.

A K-linear basis of S}X is given by (0;);, where ¢; sends s; to 1 and sy, to zero for k # j, cf.

Lemma 7.
An L-linear basis of L ®f (Sk)*¥ is given by (1 ® 0;); .

Now (1 ® 5;)((1® 0;)0) = s,0;, =1 and (1 ® sx)((1 ® 0;)0) = sgo; = 0 for i # k. So  sends an

L-linear basis to an L-linear basis and is therefore an isomorphism. o
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Lemma 20. The following diagram of LG-modules and LG-linear maps commutes
L ®g Mg ; My,
ZLL®KNK ZlﬂL
L ®@g MX M;*-
lL@KL}‘( lfi
[ @ Si& S
~ I
1) ©*
(L @k Sk)1’

Cf. Lemma 8, Lemma 9, Lemma 14, Remark 18, Lemma 19

Proof. Suppose given ¢ € L, m € Mg. On the one hand, we have

(L@m)purtip™ = (Im)ppiye*
= ([fmr])biw*
= ([fm,~]ls,)p

L®KSK — L
a®s — [fm,as|

On the other hand, we have
[m, =])(L & 1) )0

®
® ([m, —]lsx)) 0
{L@KSK — L

(l@m)(L® uk)(L® )0
a®s — L(-a-|m,s|g=[lm,as|y

as [—, =|r|mexmx = [—, =]k and as [—, =] is a sesquilinear form.

Lemma 21. We have the LG-module isomorphisms

Lox St 5 St

[®s — [-s
Lok (SkNSE) > SpnSt
I®s — l-s.

Proof. Consider the inclusion maps (% : S — My and 7 : S — M.
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We have the left exact sequence
il 'R B e *
S — Mg — S,
cf. Remark 16.(3). As L ®f — is exact, we have the left exact sequence

Ly (i

LJ_
Lox St 225% [ 9w My \ Lok S5 .

Moreover, by Remark 16.(3), we have the left exact sequence
1 Li BLty, *
Sy — My, — S;* .

By Lemma 20, the quadrangle

L@k (K ti)

L ®x Mk L ®k S¥
zldj s~ |1
M, HLLY SZL
commutes.
Then, the diagram
L v L e
Lon SI%&)L@)K My Ok (1 i) L @ Six
lc zlw 2l5(s0*)’1
S+ 2 M a Srr
L L L

commutes and ( is an isomorphism.

Consider the inclusion maps
St Sk N SE = Sk Sk NSy — S and S N SE — SELL S NSE =S,

The quadrangles

Sr —X o My S; —2L s My

& & 2] 4
K AL K and L AL L

SN St 5 gL SN SE L gt
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are pullbacks. As L ®k — is exact, the quadrangle

L ®k Sk Lo L ®x My
L) Lot
fT L(@L%’L T f

is a pullback as well.

Then, using Lemma 14, we have the following commutative diagram of LG-modules and LG-

linear maps

LSk S L ®x My
L®KLK
J_/L@)}(LFKLL e L%
L@K(SKHSK) L®KSK K
| C
S, M,
/7
LO,J_ Li
S, N Sk Z i

and there exists a unique LG-linear map L®x (SxNSy) LN SpNSE such that (if = (L@g 1)
and (10" = (L @ (2 7)C. As @, ¢ and 1) are bijective, so is . As ¢ and ¢ are restrictions of

1, the claimed mapping rule follows from Lemma 14. o

Corollary 22. We have the LG-module isomorphism

Lok (Sk/(SkNSx)) = S./(SLNSt)

~

(® (s+(SxkNSg)) — (@s+(SLNSE)

Proof. Consider the inclusion maps 7 : Sg N S — Sk and «f : Sp N SE — Sy

Using Lemma 21 and the exactness of L ® ¢ —, we obtain the commutative diagram with short

exact rows

L®KL?< L®Kpjk

L@k (Sk N Sk) L ®k Sk L ®k (Sk/(Sk N Sk))

ok !

Sp NS - Sy o~ 8./(SL N SE)

where
pK : Sk — Sk /(SxkNSE) : s+ s+(SxkNSx) and pr : Sp, — S/ (SLNSE) s+ s+(SL,NSE) .

So, v is an isomorphism. By commutativity of the quadrangle on the right, the claimed mapping

rule ensues. o
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1.2 Construction of irreducible modules via James triples

and via James quadruples

1.2.1 Initial remarks and lemmas

Recall that K is a field and that ak is an automorphism of K. Recall that L is a field extension
L|K and oy € Aut(L) such that az|¥ = ak. Recall that G is a finite group.

We write w(K) := {z € K : 3s € Z>; such that 2* = 1} for the group of roots of unity of K.

Let T = (U,V,N) be a triple of subgroups in G such that the following conditions hold.

(J1) We have U NV < N.

(J2) We have N < V. The index k := % € Z>, is called the indez of T = (U, V, N).

Conditions (J 1,2) can be summarized in the following diagram. We write a solid line to indicate

a subgroup and a dashed line to indicate a normal subgroup.

: 1

|

|

/N

Unv
Let
Ty = {h€G~(UV):wehave [N U = [NOU" forw eV} G~ (UV)
T(/U,V,N) = TwvnyUUV)CG.

We often abbreviate T := T(yv,n) and T" := T(’UMN).
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Definition 23. Let f : V — p(K) be a group morphism. The morphism f is said to fit the
triple (U, V, N) with respect to ax : K — K if the following conditions (1, 2) hold.

(1) We have
(Wfax = (Wf) " =v7'f

forveV.
(2) (i) If char(K) does not divide |V/N|, then
N < ker(f) <V .
(i) If char(K') does divide |V/N]|, then
N <ker(f) <V .

Remark 24. In Definition 23, N = ker(f) is allowed. Then the factor group V/ker(f) is cyclic

since it is isomorphic to a finite subgroup of p(K).

Lemma 25. Suppose given a group morphism f : V' — u(K) that fits the triple (U, V, N) with
respect to ag. Then f:V — w(L) : v vf fits the triple (U, V, N) with respect to ay,.

Proof. We have
(wfar = (vf)ar = (Wf)ax = (vf) " =vT f=vT'f
~—~

eK

for v € V, so condition (1) of Definition 23 holds.

We have char(L) = char(K), so, as ker(f) = ker(f), condition (2) of Definition 23 holds. o

Lemma 26.

(1) Suppose given a finite group A and a group morphism f : A — w(K) such that |Af| # 1.

Then
fozO .

T€EA

(2) Suppose given a group morphism f fitting T = (U, V, N) with respect to ag. Then

Z wf=0.

weV/N
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Proof. Ad (1). We show that for any finite group A and a group morphism f : A — pu(K) such
that |Af| # 1, we have . xf = 0. Pick y € A with yf # 1. Then

€A

S = 3 (o) = (z ﬁ) oF

z€A TEA TEA

and we have

0=(1-yf) (%ZAxf> -
£0

Thus, Y zf = 0.

€A

Ad (2). The morphism f fits the triple 7 = (U, V, N), cf. Definition 23.
Regardless of char(K), if N < ker(f) <V then [(V/N)f| > 1 and hence > zf =0 by (1).

z€V/N

If char(K) does divide |V/N| and ker(f) =V then > zf= >  1=|V/N|=0. o
2€V/N 2€V/N

Lemma 27. Suppose given a group morphism f fitting T = (U,V, N). Suppose given g € UV .
Suppose giwven u, uw € U and v, v € V such that g = uv = uv. Then we have vf =vf.

Proof. We have
tlu=00"teuUnNV.
AsUNV < N < ker(f), we have (ov™1)f =1 and thus vf = 0f. o
Lemma 28. Let My := K(U\G) be the permutation KG-module belonging to U.
Letmy :=U-1€ Mg . Note that m;-g=Ug € Mg for g € G.

We have the non-degenerate G-invariant sesquilinear form

[—,:]K:[—,:] . MK X MK - K
(ml g, Mp- h) — [ml cg,ma - h] = amyg,ml-h s
where g, h € G.
Explicitly, for x = Y g\, y = Y. hvy € KG, we have
geq heG
[my-@,my -yl = [ma )0 gAg,ma 3o hu
geG heG
= X [mi-g,mu-hjAwy
g,heG
= z amlgvmlhAgV_h
g9,heG
= Y AT
g,heG

Ug=Uh
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Proof. We show that [—,=]| is sesquilinear. Suppose given )\g,j\g,Vg € K for g € G and
k,k € K. Then

<Z my -g)\g> K+ (Z m1~5\g> Ry > ml-hz/h]

i geG geG heG

=|> m1- gk + 5\9/%), > my - hl/h]
| 9€G heG

= 3 (Agk+ A\R)D
g,heG
Ug=Uh

= > N+ X ANon|FR
g,heG g,heG
Ug=Uh Ug=Uh

= Zml'gAga Z my - hyy,
| 9€G heG

K+

> my -gS\g, > omy - huh] K
geG hed

and

> my - huyy, (Z ml‘gkg> K -+ (Z my -gS\g> /2;]

heG geG geG

= >>my-hup, >, my - g(A\gk + ;\g/%)
_hEG geG

= 2 w(Agr + AR)
g,heG
Ug=Uh

= Z Vh/\g K+ Z Vh>\g 1:1
g,h€G g9,heG
Ug=Uh Ug=Uh

= | > ma-hup, 30 ma - g
| heG 9eG

R4 | S my-huy, S omy-ghg| R

hed geG

Suppose given m € M such that [m,m] = 0 for m € Mg. Write m = ) my - g\, with
geU\G
Ag € K. For m = Uh we have

0=[moi] = | D mi-ghgmi-h| = > Gnpgomndy = M-
geU\G geU\G
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So, m = 0 follows. Hence, [—, =] is non-degenerate.

It is G-invariant as for d € G, Ay, A\, € K for g,h € G, we have

geqG heG gelG heG

_ \/
= X AN
g,heG
Ugd=Uhd

_ N/

= 2 AN
g,heG
Ug=Uh

= [Z ml'gAgv Zmlh)\;l] .0

geq heG

() ()] - [ o]

Remark 29. Let a¢c : C — C be the complex conjugation. Suppose that K|Q is a subfield
of C that is closed under the complex conjugation ac, i.e. kac € K for k € K. Suppose that

ax = ac|¥ .

Note that the non-degenerate G-invariant sesquilinear form [—,=] on My of Lemma 28 is

positive definite:

Write m = > my - g\, with A, € K. Then
geU\G

[m,m]:[z m1 - gAg, Z my - gAg] = Z ANy € K NRoy

geU\G geU\G geU\G

if m # 0.

Definition 30. For h € G, we define the K-linear coefficient function

XUh:MK_>K

m +— [m,mq-h].

In particular, (m; - g)xun = ugun for g € G.
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Lemma 31. Suppose given z € G~ (UV'). Suppose given h € UzV with h € T.

For w, w € V, we have
lwNNh Uz = |[0NNh'Uz|.

Proof. Write z = uhv for some u € U and some v € V.
Note that h~'Uz = h='Uuhv = Ul .

The assertion is equivalent to having [wN N U"v| = |wN N U"v| for w, @ € V, i.e. to having
lwNv ' NU" = [wNv ' NU"| for w,w € V.

As N <V, this is equivalent to having |wv™'N N U" = |[wv=!N N U"| for w, w € V, i.e. to
having [wN NU"| = [@N N U"| for w,w € V, which holds by assumption on h. o

Lemma 32. Suppose given a group morphism f fitting T = (U,V,N). For h € T(’U’V’N), we set

N v lf ifh e UV, where h=uv withu € U andv € V
"T Y0 ifheT =T~ (UV).

Then

ZUhU-vf = )\h-ZUv-Uf

veV veV

holds for h € T(’U,V,N).

Proof. We need to show that for h € T”, there exists A\, € K such that

(Z UhUO'Uof> Xv: = </\h' Z UUo’Uof> XU-=

o€V Vo€V

for z € G.
By Remark 27, in the case where h € UV this does not depend on the chosen factors u and v.

To evaluate the equation to be shown, we distinguish four cases.
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Case he UV and z € UV.
Write h = uwv and z = uv with v,z € U and v,v € V.

On the right-hand side, we obtain

(An - D per Uvo - vof) xu= = ()\h' > UUO'Uof) XU3

vo €V

= A o> wf

voeV
Uvo=Uv

= M > wf

vo€VNUD

= M Z vo f

voe(UNV)o

= M- UNV]-of
= [UNV]-v7fof

On the left-hand side, we obtain

<Z Uh’lJO'Uof)XUz = (Z UUUO‘UOf)XUf;

vo€EV vo €V

= Z vo f

vo€eV
Uvvg=Uv

= Z vo f
vV
vt~ teU

= Z Uof .

vo€EVNU—1U%

We have VNo 'Us =o' (0Vo ' NU) o =01 (UNV)o.

—_———
=Unv

So,

Z vof = Z vof = Z (v7led)f = Z vf- \C“L of =lUNV]-v™ fof,
]

voEVN=1UD voev~1({UNV)D ceUNV ceUNV

by (J 1)

which is the same as on the right-hand side.
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Case h ¢ UV and z € UV.
Write z = v withw € U and v € V.
On the right-hand side, we obtain, by definition of A,

()\h' > UUO'Uof)XUz = 0.

v €V

On the left-hand side, we obtain

(Z UhUO'Uof) XUz = (Z UhUO'Uof) xvs= ., uof.

vo €V vo €V voEV
Uhvo=U?

Now, for vy € V', we have Uhvg = Uv if and only if there exists u € U such that hvyg = uv. But
then h = udvy ' € UV, which is not the case. So,

Z UOfZOa

Vo€V
Uhvo=U7

which is the same as on the right-hand side.
Case h e UV and z ¢ UV.

Write h = uv with w € U and v € V.

On the right-hand side, we obtain

()\h' ZUUO'UOf)XUz = M >, wf.

voeV voEeV
Uvg=Uz

Now, for vy € V', we have Uvy = Uz if and only if 2z € Uvy C UV, which is not the case.
So,

<>\h' ZUUO'Uof> Xxv.=0.

vo€eV

On the left-hand side, we obtain

< > UhUO'Uof) XUz = < > UUUO'UOf) Xv:= ., vf.
voeV vo€eV U;}BOE:VUZ

Now, for vy € V, we have Uvvy = Uz if and only if z € Uvvy C UV, which is not the case.
So,

(Z UhUO‘U0f> Xv==0,

vo€EV
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which is the same as on the right-hand side.

Case h € UV and z ¢ UV . On the right-hand side, we obtain

<)\h' > UUO'Uof> xv:=0,

voEV
by definition of A, .

On the left-hand side, we have ( > Uhuvy - vof) Xv:= >, uof.

voEV voEV
Uhvg=Uz

For vy € V, we have

Uhvg=Uz < hvyeUz
& hvg = uz for some u € U

& h=uzvy' for some u € U.
Subcase h & UzV. We obtain
(Z UhUO'Uof> xv: =0,
Vo€V

which is the same as on the right-hand side.

Subcase h € UzV . We have

Uhvg=Uz & hyyeUz
& veh WUz .

Note that h € 7'\ (UV) = T. By Lemma 31, we have |[wuN Nh™1Uz| = [INNh7'Uz| forw € V

and therefore

(Z UhUO'U0f>XUz = > wf

Vo€V o€V

Uhvo=Uz

= Z vo f
vo€EVNh—1Uz2

= > > vof P2 S JwNOR WUz -wf
weV/N vgewNNh~1U2 weV/N

L NnEUE © ) R,

weV/N

which is the same as on the right-hand side. o
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1.2.2 James triples

1.2.2.1 Definition and first properties of James triples

Recall that given a triple of subgroups 7 = (U, V, N) in G satisfying (J 1,2) we have

T=Tuyyy = {h€G\(UV):wehave wNNU" = [NNU" forw eV} C G~ (UV)
= T(/U,V,N) = TwoymU(UV)CG,
of. §1.2.1.

Definition 33. Suppose given k € Z-s .

A James triple in G of index k is a triple T = (U,V,N) of subgroups in G such that the
conditions (J 1,2, 3) hold.

(J1) We have U NV < N.
(J2) We have N <V such that |V/N| = k.

(J3) We have T,y vy = G. Le. for h € G\ (UV) and for w € V, we have
lwNNU" = [NNU" .

Remark 34. If G has a normal subgroup N <1 G, then the triple (1, G, N) is a James triple in
G of index |G/N]|.

The following example is still close to Sz because of D15 = S3 x Co. However, we will see in §1.2.3,
Example 71, Example 87.(2) that this group provides counterexamples for the James quadruples

considered there. Cf. also Example 46.

Example 35. Consider
G =Dy = {a,b|a® b* (ab)?) .

(1) We consider the following subgroups of G.

U =1
V = G
N = (a®0D).

Now UNV = {1} < N, so (J1) holds. We have N <V and V/N =~ (a3) ~ Cy, so (J2)
holds. As G~ (UV) =0, (J3) holds as well. So (U, V, N) is a James triple in G of index 2.
Cf. also Remark 34.
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(2) We consider the following subgroups of G.

U = (b
V = (a3 a®b)
N = {(da®) .

Now UNV = {1} < N, so (J1) holds. We have N <<V and V/N = {N,a*bN} ~ Cy, so
(J2) holds.

We have G\ (UV) = {a?, a® ab,a*b}. For h € G~ (UV) we have U" = (a?b) and
INNU" = |{1}| = 1 = |[{a®b}| = |*bN N U"|.

So, (J3) holds as well.
Hence (U, V, N) is a James triple in G of index 2.

Lemma 36. Given a James triple (U,V,N) of index k and h € G~ (UV), we have

k-INNU" =|VnU" .

Proof. We have the disjoint union V' = |_|weV/N wN.
So, we have the disjoint union V NU" = Uwev/n (wN 0 Uh).
By (J 3), we conclude that |V NU" =k-|NNU"|. -

Lemma 37. Suppose given a James triple (U,V,N) of index k. Let N <V such that N < N
and |N/N| = (. Then (U,V,N) is a James triple of index k

Proof. We have UNV < N < N, so (J1) holds.

We have N <V and V/N is of order :J‘;‘I ﬁ : % =% 50 (J2) holds, with index £
It remains to show that (J3) holds for (U,V,N). As (J3) holds for (U,V,N), we have for

he G~ (UV)and w €V that
lwNNU" = INNU" .

We have the disjoint union N = Upenyn 2NV
So, we have for h € G~ (UV) and w € V that

WwN U = | || weNOU"=(NNU" =] || aNnU" =|NnU"|. .

zeN/N zeN/N
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Lemma 38. Suppose given a triple (U,V, N) of subgroups such that (J1,2) hold and such that
|[V/N| = 2.

Then (U,V, N) is a James triple in G of index 2 if and only if NNU"<VNU" forh € G (UV).

Proof. If (U,V, N) is a James triple of index 2 in G, then NNU" <V NU" for h € G~ (UV);

cf. Lemma 36.

Suppose that NNU" <V NU" for h e G~ (UV).

VU
We have IN AU (IN|=1(VnU") - N|<|V].
vnuh
So W € {1,2}. Hence, by assumption, |V NU"| = 2|N N U"|.

Suppose given w € V.
If w € N, then we have [N NU"| = |[NNU"| .
If w¢ N, then we have [wNNU" = [(VN)NU" = |[VNU" —-|NNU" = |[NNnU" .

Hence, (J3) holds. So (U,V, N) is a James triple of index 2 in G. -

1.2.2.2 Absolutely irreducible modules via James triples

We recall the permutation K G-module Mx = K(U\G) and that we write m; =U -1 € M .
Suppose given a James triple 7 = (U, V, N) in G of index k, cf. Definition 33.

Suppose given a group morphism [ : V — u(K) fitting 7 with respect to the automorphism
ag : K 5 K,z — 7, cf. Definition 23.

Definition 39. We define the K G-submodule of Mg

S[Z’f = <Z miv - vf) ke sLid <Z Uv-vfygke C Mg.
veV veV
We often abbreviate Si = S;’f )

Note that this is a special case of the definition of Sk in §1.1.4, putting £ := > mjv-vf.
veV

Lemma 40. The module ST-7 is non-zero if and only if char(K) does not divide |U NV,

Proof. Note that for w,w € V, we have Uw = Uw if and only if ww~! € UNV, i.e. if and only
if ( UNnV)w=(UNV)aw.
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We have, using UNV < N < ker(f),

Y Uv-vf = > > Uw- (cw)f

veV we(UNV)\V ceUNV
- = v % ef)eus
we(UNV)\V ceUNV
= |[UNnV]-: Uw-wf .
we(UNV)\V
£0
So, Sk is zero if and only if char(K) divides |U N V. 5

Lemma 41. Write U* = Y ue KG and €& := Y. U* -v-vf € KG.

uelU veV

(1) Suppose that char(K) does not divide |U|. Then (Y. Uv-vf kg = (m1 > U*-v-vf)ke.

veV veV

(2) We have

() = (zzxw | vf) &

veV uel

with Ay, € K as in Lemma 32.

(3) Suppose that V< Ng(U). Then
(€)=l 1U]-€.

In particular, if char(K) does not divide either |U| or |V|, the element £ is a quasi-

idempotent element in KG.

Proof. Ad (1). We have (Y. Uv-vf)ke = (mi-|U| > v-vfixec=(m1 Y, U v -vf)kq.

veV veV veV

Ad (2). By Lemma 32 we have

ZUz'hvwf:)\h (ZUE%wvf)

veV veV

for h € G.
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Then, using Lemma 32 with h = vu, we have

(€)? = <2 Uz-vmf)-(z UE-U’-v’f)

veV v’ eV

= S 3 S U vw-vf-of

veV v eV uelU

- Ty <z UE.m/-vff)-vf

veV uelU \v'eV

Li32 Z Z <>\yuZUE'UI'U/f)'Uf

veV uelU v'eVv

= (Z ZAW-vf) S UR ]

veV uelU v'eVv

- (S ).

veV uelU

Ad (3). As V € Ng(U) we have vu = u¥~ - v with v’ € U for u € U, v € V and therefore

(&) = (Z ZAW-vf) S UT o f

veV uelU v’ eV

— (Z ZAuvl.y.Uf> ZUZU/U/f
veV uelU v'eV

(S et r) U
veV uelU v eV

= XLy X Urvuf

veV uel v eV

= |VI-U|- €. o

The following proposition is due to JAMES, adapted to the present context, cf. [11, Theorem 4.8].

Proposition 42. Let X C Mg be a KG-submodule. Recall the non-degenerate G-invariant

sesquilinear form [—, =]k on My. Then

L
SEhcx or XQ(SZ(—’f> .

Proof. Case 1: Suppose that there exists © € X and g € G such that

O%Z$-vg-vf€X.

veV
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Write x = Y a,Uh with a;, € K. Then

heG
0 # > xz-v-vuf
veV
= (Zx-glv-vf>g
veV
= (ZahUhg_IZv-vf)g
heG veV
= (ZaﬁgZUﬁv-vf>g
heq veV
h82 (Zaﬁg)\;LZUv-vf>g,
;LGG veV

for certain \; € K.

Hence, there exists A € K* such that > z-v9-vf=X> my-v-vf-g.
veV veV

So, in this case Sk = (Y. m1-v-vfikg=(D.mi-v-vf g ke = (D v v vf)ke C X.

veV veV veV

Case 2: Suppose that

vag-vf:()

veV

forz € X and g € G.
We show that X C Sg, i.e. that [X,Sx] =0. Let x € X and g € G.

We have
[x,(zml-v-vf)g] Y megeglveg o

veV veV

= Yle,mi-g-g°
veV

= Y- (gt -v-g) 7 mi-gl(vfag

veV

= [U;V:v (g7 w-g)t - (vf)ag, my - g]

D23 (L2 (g7h w9 T ma g

= [Zviv-g‘l-v‘l-g-(v‘l)f,ml-g]

= [So e ofmg

veV
= [0,m; - g]
— 0 . o

bvegl(of)ax
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Corollary 43. The KG-module
1
SEINSE 0 (BT

18 1rreducible or zero.

Proof. Every submodule of Sk /(Sx NSix) is of the form X/(SxNSx) with SxNSix C X C k.
We show that X = Sk N S# or X = Sk. By Proposition 42 we have

SKQXOI"XQSIJ;.
If Sk C X, then X = Sk. IfXQSI% thenXgSKﬂSf(, henceX:SKﬂSf(. o

Theorem 44. Recall the James triple T = (U,V,N) in G of index k, the group morphism
f:V — wK) fitting T with respect to the automorphism ag : K — K,z + T.

The KG-module .
SEIISE 0 (S )

15 absolutely irreducible or zero.

Proof. Let K |K be an algebraic closure of K. By Lemma 2 there exists ay € Aut(f( ) such
that a;|K = ax. Consider the KG-module M :== K(U\G) = K @k K(U\G). We have

Sf(: <ZUU-’Uf>KG - Mf( .

We need to show that K ®@g (Sk/(Sx N SE)) is irreducible or zero.

By Corollary 22 we have a KG-module isomorphism

K @k (Sk/(Sk N SE)) = Si/(Sg N S%) .

Applying Corollary 43 yields that the K G-module S w/(SEgNS Il() is irreducible or zero. Hence,
K ®@x (Sk/(Skg N Sg)) is irreducible or zero.

As K |K is a splitting field for G, cf. [10, Corollary 9.4], this shows that the K G-module
Sk/(Sx N Sk)

is absolutely irreducible or zero. o
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Remark 45. Suppose that K|Q is a subfield of C that is closed under the complex conjugation

ac, ie. kac € K for k € K. Let ax = ac|®.

Then N
Skl (sk’) =o,

cf. Lemma 17, Remark 29.

So S[T{’f is absolutely irreducible, cf. Lemma 40, Theorem 44.

Example 46. In G = D15 = (a,b|a®, b%, (ab)?) we have the James triple

U = ) <G
|74 a®,a’*h) < G
N = (®) <G,

—~

cf. Example 35.(2). Consider K = Q. Then the group morphism

[V = wK)

a® — —1

a’h — -1
fit the triple T = (U, V, N) with respect to the automorphism a = idg.

Now the QG-module

Syt =0 Uv-vf)ge = (U—Ud® - Ua’b + Ua 'b)ge -

veV

is absolutely irreducible, cf. Remark 45.

The module Sg is of dimg(Sg) = 2 and is given by the representation

1 -1
I
1 -1
b ( 0 1>
Using Magma we confirm that Endge(Sg) ~ @, hence that Sgp is in fact an absolutely irreducible
QG-module.
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Example 47. We consider the group
G = <a, bela’ b ¢, (ab)? b°b, a” a2>

and its subgroups U = (ab, a’c*) < G,V = (¢,a®) < G, N = (a’c) < G. We have G = D13 x Cj.
Note that UNV = N, as required by (J 1), and N <V of index 3, as required by (J2). Moreover,
(J3) holds. So, T = (U,V,N) is a James triple in G.

Consider K = Q((3) and let ag(e,) : Q((3) = Q(¢3),z + Z be the complex conjugation. Then

the group morphism

fits the triple 7 = (U, V, N) with respect to the automorphism agc,). Now the module

Shdy = (X Uv-vf)oee

veV

= (U+UcC:+UPl+Ud*G+ UdPc+ UacZ + Ua®C2 + Ua®c(s + Ua602)>Q(<3)G
= (QU+UcGG + UG +Ua’G + Ud’c + Ua’c(i + Ua®CF + Ua®cG3)) oy 0

is absolutely irreducible, cf. Remark 45. The module Sg(c,) is of dimgc,)(Sg,)) = 6. Using
Magma we confirm that Endgc,)a(Sos)) =~ Q(¢3), hence that Sg(,) is in fact an absolutely
irreducible Q(¢3)G-module.

1.2.2.3 Lift of James triples via surjective group morphisms

Lemma 48. Suppose given a finite group G and a surjective group morphism v : G = G.
Note that each K G-module becomes a KG-module via 1.

Let (U,V,N) be a James triple in G of index k and let f: V — p(K) fit this James triple.

Consider the subgroups of G which are given by the inverse images U := ¢~ 1(U), V := v~ H(V)
and N := "' (N). Let f:V — w(K), o — 0 f.

Then the following holds.

(1) The triple 7 = (U, V, N) is a James triple in G of index k.

(2) Suppose that char(K') does not divide | ker(v))].

Then, we have an isomorphism of KG-modules S[C’f — Sz{—’f :
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Proof. Ad (1).
Ad (J1). We have UNV =4 HU) Ny Y (V) =4 HUNV) C 4 (N)=N.
Ad (J2). The surjective map V — V/N, @ ~ (97))N has kernel
{(peV W eNy=yp Y (N)=N.
So V/N = V/N.
Ad (J3). We need to show that for h € G~ (UV) and @ € V, we have
wN N = [NnO".

We claim that ¢~
that =1 (U)y=1(V

choose @ € U v E

V) =UV. We have UV =~ (U)y~1(V) C ¢~ {(UV). We need to show
Y=Y UV): For # € G such that #¢ = uv with v € U and v € V, we

Hu
) 2
€ V such that wiy) = v and v = v. Then

= uo = @ 3 = (@v)y,

and we may write & = @(07) for some 7 € ker(v)). As ker()) < V, we have 9 € V. This proves

the claim.

We write w := e and h := hi). First, note that h € G ~ (UV): Assume that h € UV then
h e Y (UV) =UV. Contradiction.

Moreover, we claim that for 1,7 € G and a subset Y C G we have
T Y) T =T (@ Y - 2ay)

Ad ( Q). For g € 1Y) we have 152 € (210 - Y - Totp) as (T19T2)0 € T1¢ - Y - Ta1).

Ad ( D). Suppose given Z € G such that ¢ = F1¢ - y - Z91p, where y € Y. Choose § € G
such that §i) = y. Then Z¢) = (Z,§i) and therefore z = 7 (jk)Z, for some k € ker(y)). So
sei - (Y) - dpas (G =yeY.

This proves the claim.

Hence, we have @ - ¢~ }(N) = " H(wN) and (»=HU))" = = HU").

We obtain
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As (U,V,N) is a James triple in G we know that [wN NU"| = |N NnU"|. Now,

[N NU" = [~ Y (wNNU")
= |ker(¢)| - [wN NU"|
= |ker(y)]- [N NU"|
= [ (NNUY)
= |INNU" .

Ad (2). The group morphism 1 induces a bijection U\G — U\G, U§ — U(§)) and an
isomorphism of KG-modules K (U\G) SN K(U\G).

We have
K(U\G) v K(U\G)
ST =(X U0 5f)xo S,Cvf:@VUu-mKG
eV vE

cf. Definition 39.
Write £ = Y Uv-vf and £ = foﬁ-ﬁf.

veV eV
We have B ~ B
Ep = (X U0 ofw
eV
= Y (U0 - opf
eV
= Y UGN v
eV
= 2 > U@ -vyf
veV@gqfi/v
= I—EI ;/Uv-vf
= |ker(¢)|- €.

.1
So, as char(K) does not divide |ker(¢)|, the restriction v/ |§§ ; is injective as a restriction of ¢’
K

and surjective as £ is in its image. So, we have the commutative diagram

K(U\G) ~ K(U\G)
J 'K “T
o7 f Sk o7 f
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1.2.2.4 James triples in case of G =S,

Let n,r € Zs5 and G = S,,. Recall that K is a field and ax € Aut(K).

1.2.2.4.1 Some notes on p-tableaux

Let p = (p1, p2, pi3, - - -, i) be a partition of n with r parts, written as u = n. Le. uy, o, pig, . - ., fir

T
are positive integers such that puy > ps > ps > ... > p, and |u| = > u; = n.
i=1

Definition 49.

(1)

(2)

The set of positions of a partition p = n is given by

pos, := {(4,7) 1 4,j € Zz1 with j < p;} CZzy X Ly

A p-tableau is a bijective map

t:pos, — [1,n] .

We abbreviate t; j := (i, j)t for (i, ) € pos,. Here i is called the row index and j is called

the column index of the entry t; ;.

Let t be a p-tableau. Consider the projections 7oy : pos, — [1,7], (i,7) + i and
Teolumn pOSM - [Lr]v (27]) = j

The row index map is given by row; : [1,n] — [1,n],a — at™'m,0y. The column index

map is given by column, : [1,n] — [1,n],a — at™ Teolumn-
The transposed partition p'™ is given by

(W) == max{l € [1,7] | pe =i}, fori € Zs.
So for (i,7) € Zs1 X Zs1, we have

(i,§) € pos, <= j<p <= i< (u"); <= (j,i) € pos,u .

Example 50. Let n:=7 and p:= (3,3,1) F n.

So pos, = {(1,1),(1,2),(1,3),(2,1),(2,2),(2,3),(3,1)}.

X X X

Pictorially, we write p = (3,3,1) = xxx, i.e. we mark each position (i,j) € pos, with a

X

symbol X.
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Consider the p-tableau

t:pos, — [1,7]
(1,1) — 2
(1,2) — 3
(1,3) — 5
(2,1) — 1
(2,2) — 4
(2,3) — 7
(3,1) — 6

235
Pictorially, we write t = 147. E.g. we have t; 3 = 5, so 5row; = 1 and 5 column; = 3.
6

We have the transposed partition p'* = (3,2,2) F 7.

Definition 51.

(1) A p-tableau t is called row-standard, if for (i,7), (7, j') € pos, with j < j" we have

ti; <t . Le. the numbers increase along the rows of t.

(2) A p-tableau t is called column-standard, if for (i,7), (7', j) € pos, with i < i’ we have

ti; <ty ;. Le. the numbers increase along the columns of ¢.

(3) A p-tableau t is called standard if it is row-standard and column-standard.

—1
(4) We have the terminal u-tableau t given by ¢;'; := (Y )+ for (i, j) € pos,. Note that

k=1
t* is standard.

(5) We have the initial p-tableau #* given by féfj = %tr) for (i,7) € pos,. Note that t is

standard.

Remark 52. The symmetric group S,, acts on the set of p-tableaux via composition of maps.
For each p-tableau t there is a unique permutation w,; € S,, such that t#w, = t, where t* is the

terminal p-tableau, namely w; = (t*)~! - ¢.

Let w, € S, be the permutation such that t*w, = t*. lLe. w, = wm = (t*)7! - " is the

permutation that converts the terminal p-tableau into the initial u-tableau.

Note that rowy, = h~! - row; and columny, = h~! - column, for h € S,,, cf. Definition 49.(3).
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Example 53.

235

(1) The p-tableau t = (1547 of Example 50 is row-standard as for (i, j), (i,7') € pos, with

j < j' we have t;; <t; . It is not column-standard as 2 =t;; > t5; = 1.
(2) Let n =7 and p = (3,3,1) F n. We have the terminal p-tableau t* = ;2 and the initial
p-tableau t# = %gg. We have w,, = (2, 4) <3, 6, 7).
Definition 54. Suppose given a p-tableau ¢.
(1) Let Uy ={h € S,,: h-row; = h} < S,, be the row stabiliser of t.
(2) Let V, ={h €S, : h-column, = h} < S, be the column stabiliser of t.

(3) Let ky := > v-vsgn € KS, be the signed column sum.
veV:

235
Example 55. The p-tableau t = é47 of Example 50 has row stablisier

U, = ((2,3),(2,3,5), (1,4), (1,4, 7)) < S

and column stabiliser

Vi =1((1,2),(1,2,6),(3,4),(5,7)) < S7.
We have

ke = 1id
,2) = (1,6) = (2,6) — (3,4) = (5,7)
+ 6) + (1,6,2)

+

—(1
(1,2,
(1,2)(3,4) + (1,2)(5,7) + (1,6)(3,4) + (1,6)(5,7) + (2,6)(3,4) + (2,6)(5,7) + (3,4)(5,7)
—(1,2,6)(3,4) — (1,2,6)(5,7) — (1,6,2)(3,4) — (1,6,2)(5,7)

—(1,2)(3,4)(5,7) — (1,6)(3,4)(5,7) — (2,6)(3,4)(5,7)

(1,2

+(1,2,6)(3,4)(5,7) + (1,6,2)(3,4)(5,7) -

Definition 56. Two p-tableaux ¢, t5 are said to be equivalent if and only if there is an element
u e Ut1 such that tiu = to.

A p-tabloid {t} is the equivalence class of a p-tableau ¢ under this equivalence relation.

23 523
Example 57. The p-tableau t = é4 7 of Example 55 is equivalent to the u-tableau t; = 4 17 as

=(2,5,3)(1,4) € U, and tu = t;.

235
Pictorially, we write {¢t} = 747, i.e. we draw lines between the rows of t.
6
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Remark 58. The symmetric group S,, acts on the set of p-tabloids via {t}h := {th}, where
{t} is a p-tabloid and h € S,,.

Definition 59. A p-polytabloid e; is defined by e; = {t}k;, where ¢ is a p-tableau.

235
Example 60. We consider the p-tableau t = 147 of Example 50. Then

[\
w
ot

Q)
Ry
I
| =
N
-

135 235 635 245 237
—247 — 647 — 147 — 137 — 145

6 2 6 6

635 135

4247 + 647

r 2

145 137 245 237 645 637 247
+237—|—245+637+645+137+145+135

645 637 145 137
—237 — 245 — 637 — 645
1 1 2 2

147 247 647
—235 — 635 — 135
2

@‘@
‘H

4
3

N
[y

4
3

N

V)
t
=]

+

[

_|_

‘H‘
‘w‘

Definition 61. Let M} be the KS,-permutation module with basis {{t} : ¢ is a p-tabloid}.

The Specht module S% is the K'S,, submodule of M% generated by the u-polytabloid e, for a
p-tableau ¢ [11, 4.5]. The resulting submodule is independent of the choice of the p-tableau t.

Lemma 62. Suppose given a p-tableau t. We have the isomorphism of KS,-modules

My = K(U\S,) = My
U-h — {t}-h, where h €S,
Proof. For hq, hy € S,, we have
{thl} = {thg} ~ h 1h1 celU;, & Uthl Uthg .

So, ¢, is well-defined and injective. It is surjective, since each p-tabloid is in the image. o
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1.2.2.4.2 A James triple for S,

The construction of the Specht modules of S,, [11] can be phrased in terms of James triples. In

fact, James triples have been modelled on that case.

Lemma 63. Let t be a u-tableau. Let U := U, = {h € S,, : h-row; = h} < S,, be the row
stabiliser of t. Let V :=V, = {h € S, : h-column; = h} < S, be the column stabiliser of ¢.
Let f=sgnl|y : V — {-1,1} : v +— vsgn. Let N := ker(f), so elements of N are the even

permutations within the column stabiliser V.

Then:

(1) The triple 7 = (U,V, N) is a James triple of index 2.

(2) We have the isomorphism of K'S,-modules

ST gk
> Uv-vf — e.

veV

Proof. Ad (1). We have U NV = 1, as only the element 1 = idg, stabilizes the rows and
columns of ¢ simultaneously. We have |V/N| = 2, as p has at least two parts, and therefore ¢

has at least two elements in the first column. So, (J1,2) hold.

It remains to show that (J3) holds. Suppose given h € S, \ (UV). By Lemma 38 it suffices to
show that NNU" <V NU".

For v € VNU" and n € N NU", note that v"'nv € N as N <V and that v 'nv € U" as
v,n € U". So, NNU" <V NU" We need to show that there exist at least one element in
V N U" of odd sign.

The group U" is the row stabiliser of the u-tableau th.

Assume: Whenever two elements of [1,n] are in the same column of ¢, they are in different rows
of th.

We shall construct v € V such that each entry in thv is in the same row as in t: ¢ ToW, = i TOW,;

for i € [1,n].
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e We start with the ry :=r = uf’ entries t11,...,tr 1 of the first column of ¢. The tableau

th has r rows as well. By assumption, we have for i, j € [1,r1] with i # j that
ti1 TOWy, # £j1 TOWyp, .

For i € [1,7] there is an s € [1,7] such that t5; rowy, = 4, as these r; elements lie in 7

different rows of th and there are exactly r; rows.

As V is the column stabiliser of ¢, it is possible to interchange the elements ¢;; via an

element of V. Hence, there is v; € V such that
11 TOWpy, = ti,lvfl rowy, = 1 = 1; 1 TOW,

for ¢ € [1,71] and such that ¢; j row,,, = t; jrowy, for (i, ) € pos, with j > 2. So, ¢;; can
be brought back to its original row position via some v; € V', without changing the row

positions of elements outside this first column of ¢.

Now, continue with the elements of the second column of ¢. It has ry := ul entries
t12,...tr2. Those elements lie by assumption in ry different rows of th. Note that
ro < 1. For ¢ € [1,73], we have

Lio TOWyp < T2

as any remaining positions (k, 1) for k € [ry + 1,71 need to be filled in th by elements ¢, ;
of the first column. Thus, the elements ¢, 5 lie in the first ry rows of th and in the first ro

rows of thv; as v; did not change the positions of elements of the second column of ¢.
As V is the column stabiliser of ¢, it is possible to interchange the elements ¢;, via an
element of V. Hence, there is vo € V' such that

(1) tioTOWiho vy = tinUy ' TOWi, = tioUs ' TOWy, = i = t; oW, for i € [1,75)]

(ii) i) TOWiho, vy = tijrOWyy, for (i,7) € pos, with j > 3

(iil) #ij TOWihv 0, = tij TOWiy, = t;j10W, for (i,j) € pos, with j < 1.

So, t; 2 can be brought back to its original row position via some v, € V/, without changing

the row positions of elements outside this second column of .

Now, continue with the elements of the third column of ¢. It has r3 := pf entries
t13,...try3. Those elements lie by assumption in r3 different rows of th. Note that
r3 < ro. For ¢ € [1,73], we have

i3 TOW, < T3
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as any remaining positions (k, j) for k € [r3 + 1,75] and j € {1,2} need to be filled in th
by elements ¢;1,1; 2 of the first and second column. Thus, the elements ¢; 3 lie in the first
r3 rows of th and in the first r3 rows of thvivy as vy - vo did not change the positions of

elements of the third column of .
As V is the column stabiliser of ¢, it is possible to interchange the elements ¢; 3 via an
element of V. Hence, there is v3 € V' such that
(1) i3 TOWihoyvpvs = ti3V3  TOWihyy oy = ti3Vs  TOWy, = i = t; 3Tow; for i € [1,73]
(ii) tij TOWthovpes = tijrOWy, for (i,5) € pos, with j > 4
(iii) ¢ TOWthpyvgvs = bij TOWthay vy = i j TOW: for (i,7) € pos, with j < 2.

So, t; 3 can be brought back to its original row position via some v € V, without changing

the row positions of elements outside this third column of ¢.

e We continue in this manner and obtain elements vy, ...,v,, € V suchthatinth-v;-... v,

. W_/
we have arowy,, = arow; for a € [1,n], i.e. such that =

rOW; = TOWy = v Th™ ! row,

So, u:=v 'h ™t € U, hence h = v~ v~ € UV. This is a contradiction, as h ¢ UV .

Therefore, there are elements a,b € [1,n] in the same column of ¢ which are in the same row of
th. So, the transposition (a,b) € S, is an element of V N U" and (a,b) sgn = —1.

Allinall NNUM 9V NU" for h €S, ~ (UV). So T = (U,V,N) is a James triple of index 2.

Ad (2). We have ST7 = (S Uv - vf)gs, = (Uki)ks, and (Urky)pr = {t}r; = ey, of. Lemma

veV
s : o
62. So, gpt\szf . ST7 5 S is surjective.

Hence, we have the commutative diagram

K(UN\S,) L MY

~

j <Pt|SZ;,f J

SZ;» f — R S;L(
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235
Example 64. The p-tableau t = é47 of Examples 50, 55 has row stablisier

U

<(27 3)7 (27 37 5)7 (17 4)7 (17 47 7)) < S7
and column stabiliser
V ={(1,2),(1,2,6),(3,4),(5,7)) < S7.

Let f=sgn|y:V — n(Q) : v+— vsgn. We have

ker(f) = ((1,2,6),(1,2)(3,4),(1,2)(5,7)) = N .
The triple 7 = (U, V, N) is a James triple in S;, cf. Lemma 63.(1).

(1) Let h = (1,3,4,5)(2,6) € S; ~ (UV). Then
641

th =357 .
2

Note that 1rowy, = 1 = 6rowy,. There is no element v € V such that 1row,, = 2 as no

element of the first column of ¢ is mapped in the second row of th.

(2) Let h = (1,3,4,6,2,5) € S;. Then

th = 367 .
2

Note that whenever two elements of [1, n| are in the same column of ¢, they are in different

rows of th.
We want to reconstruct ¢t from ¢h following the steps in Remark 63.

First we look for an element vy € V' such that ¢, row,,, = = t;; row; for ¢ € [1,3].

We have
ti1row,; = 2row, = 3,
to1row,; = lrow,; =1,
tzgi1r0W,; = Grow, = 2.

We take v; = (1,2,6) € V and obtain
- 542
thv, = 317 .
6
Note that ; row,; = t; jrow,;,, for (i,7) € pos, with j € [2,3].

Next we look for an element vy € V' such that ¢; o rowspy,, = @ = ;2 row, for i € [1,2].
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We have

tiprow,; = 3row, = 2,

logrOW,; = 4row, = 1.
We take vy = (3,4) € V and obtain

532
thﬂlvg——417.
6

Note that
ti3row; = Srowy; =1 = 13 TOW4 7,010,

togrow; = Trow, =2 =133 TOW iy 5
so we may take v3 =id € V.
Thus, with v = vyvev3 = (1,2,6)(3,4), we have arow, = arow,;,, for a € [1,7].

Finally, we need to rearrange the elements in each row via some u € U to match the

positions in .

We take u = (1,4)(2,5) € U and obtain

235
thou = 147 =t |
6

Soh=ulvleUV.

(3) We have
Spt = <§;VUU vf) ks
= (U-U(1,2) = U(1,6) — U(2,6) — U(3,4) — U(5,7) + U(1,2,6) + U(L,6,2)
+U(1,2)(3,4) + U(1,2)(5,7) + U(1,6)(3,4) + U(1,6)(5,7) + U(2,6)(3,4)
+U(2,6)(5,7) + U(3,4)(5,7) — U(1,2,6)(3,4) — U(1,2,6)(5,7) — U(1,6,2)(3,4)
—U(1,6,2)(5,7) — U(1,2)(3,4)(5,7) — U(1,6)(3,4)(5,7) — U(2,6)(3,4)(5,7)
+U( ) 76)( ) )(577)+U(17672)(374)(5a7)>KS7

and S% = (et)ks,. The element e, is displayed in Example 55.

We have ST/ ~ S cf. Lemma 63.(2).
Remark 65. Suppose that K = QQ. The Specht modules over QQ give all the ordinary irreducible
representations of S,,, cf. [11, Theorem 4.12].

So, by Lemma 63, every ordinary irreducible representations of S,, can be realised via a James

triple.
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1.2.3 James quadruples

This is a generalization of the James triple case. We admit 7| (/U,V, n) to be a proper subset of G,

cf. §1.2.1. As an extra datum, the subgroup D < G makes up for it.

1.2.3.1 Definition of James quadruples

Recall that given a triple of subgroups 7 = (U,V, N) in G satisfying (J 1,2), we have

T=Tuvw = {h€G\(UV):wehave wN AU = [NNU| forweV}C G\ (UV)
= T(/U,V,N) = TwoymU(UV)CG,
of. §1.2.1.

Definition 66. Suppose given k € Z-s .

A James quadruple in G of index k is a quadruple @ = (U, V, N, D) of subgroups in G such
that the following conditions hold.

(J1) We have UNV < N.
(J2) We have N <V such that |V/N| = k.

(J3) (i) We have G =Ty, yD.

)
(ii) We have [D,V] C N, ie. d'v'dv e N forde€ D and v € V.

Lemma 67. Suppose given a James quadruple @ = (U, V, N, D).
We have D < Ng(V) N Ng (V).

Proof. For d € D and v € V| (J 3'.ii) gives
d v 'dve N,andsod v 'de Nv ' CV .
Ford € D and n € N, (J3'.ii) gives

d 'n"'dn € N, which is equivalent to d"'n"'d € Nn ! = N .

Lemma 68. Ford € D and v € V, we have vf = (v%)f.

Proof. We have vN = viN as d 'vdv™* € N by (J3'.ii). Therefore vf = (v?)f holds, cf.
Definition 23. o
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Lemma 69. Let n € KD be an element. Then

(Zor)r=n (5]

Proof. Write n = > A\gd. As D < Ng(V) we have v-d=d-v? withv? €V forde D, v e V.
deD
By Lemma 68, we have for d € D and v € V that vf = (v¢)f. So,

(Soer)n = S oedoofon

veV veV deD

= > yd-vlufN

veV deD

S S det (00 f

veV deD

= 2 Y d-v-uf A

v' eV deD

= o5

Remark 70. A James quadruple Q@ = (U,V, N, D) in which we have D = 1 yields a James
triple 7 = (U, V, N), as in this case 7" = G, by (J 3. i).

Example 71. Consider
G =Dy = {(a,b|a® b? (ab)?) .

Let
U = (ab) <G
V = (ba) <G
N = {1} <G.

AsUNV = {1} < N, assertion (J 1) holds.
We have N <V and V/N ~V ~ C,, so (J2) holds.

We have G\ (UV) = {a,a™',a*, a® b, ba?, a®b,a’b}. Note that [N N U"| = 1 and that

if weUr

else

1
|wNﬂUh\:{ 0

for h € G~ (UV) and w € V. Note that

T(U,V,N) = {CL, CL4, b, a3b}
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and that
T =TU(UV) = {id,a,b,ab,ba,a’, a*, a*b} .

In particular, 7" C G, so (U,V, N) is not a James triple.
Consider the subgroup D = (a?b) < Ng(V)NNg(N) = {id, ba, a®, a?b}. Now [D, V] ={1} = N
and T"D = G. So, (J3') holds and Q is a James quadruple of index 2.

Remark 72. James quadruples are particularly useful when one wants to stick to certain
subgroups U and V' within G, but the condition (J3) for a James triple does not hold, cf.
Example 71.

Example 73. Not every triple of subgroups (U, V, N) that fullfills (J1,2) can be extended to

a James quadruple. For example, consider

and the subgroups U := 1, V := (a), N := 1. Then (J1,2) hold asUNV = N and N <V,
of index 2. We have T(yyn) = 0 and 77 = T U (UV) = V. Now, there is no subgroup
D < Ng, (V)N Ng, (V) =V NS5 =V such that S3 =T"D.

1.2.3.2 Properties of idempotents

Suppose given a James quadruple @ = (U, V, N, D) in G of index k; cf. Definition 66. Suppose

given an automorphism ax : K = K, v — 7.

Definition 74. Let ¢ € Z(K D) be an idempotent element. Write ¢ = > \gd with A € K.
deD

(1) The idempotent ¢ is called simple if K De is a divison ring.

(2) The idempotent ¢ is called absolutely simple if the K-algebra morphism K — KDe : A — \e

is an isomorphism. So, € is absolutely simple if and only if dimg (K De) = 1.

(3) The idempotent ¢ is called symmetric if e* := > Agd™' = 3 Myd = €.
deD deD

Lemma 75. Suppose given a simple idempotent ¢ € Z(KD). Suppose given n € KD with
en # 0. Then, there exists T € KD such that ent = €.

Proof. As K De is a divison ring there exists 7 € K D such that (en)(eT) =¢. As e € Z(KD),

we also have ent = (en)(eT) = &. o
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Remark 76.

(1) Suppose that K|Q is a subfield of C that is closed under the complex conjugation ag, i.e.
kac € K for k € K. Let ag = ac|®¥ . Let x be an ordinary character of D with values

in K. We have the central idempotent ¢ = % > (g7 Yx - g € Z(KD). We obtain
geG

1 -
€*=%- (7 x-97 =7 2_(9x 9= (g x-g=c¢.
| = Gl = |

So, € is symmetric.

et ¢ be a prime power. For F2 we consider the Frobenius-automorphism « : F2 — F.2 |
2) Let ¢ b i For [, ider the Frobeni t hi F, F,
r +— r, which fulfills o # id, but o? = id. Note that in general, the equality ¢ = * does

not hold for a central idempotent ¢:

Suppose that ¢ = 7 and G = C3 = (¢). Then ¢ = 3(1 + 2c + 4¢%) € Z(FyCs) is an
1
3

absolutely simple idempotent, but ¢* = $(la+2a - ® +4a - ¢) = (1 +2c¢* 4 4c) # €. So,

€ is not symmetric in this case.

1.2.3.3 Irreducible and absolutely irreducible modules via James quadruples

Suppose given a James quadruple @ = (U, V, N, D) in G of index k, cf. Definition 66.

Suppose given a group morphism f : V — p(K) fitting (U, V, N) with respect to the automor-
phism ag : K = K, x — 7.

Suppose given a simple, symmetric idempotent ¢ € Z(K D), cf. Definition 74.
Definition 77. We define the K G-submodule
SEle =" mv-vf ke =Y Uv-vf ke < Mg = K(U\G) .
veV veV

We often abbreviate Sk := S[Q(’ fe,

Note that this is a special case of the definition of Sk in §1.1.4, putting & := > mqyv-ovf - e.
veV

Remark 78. If D = 1 then ¢ = 1p and we have

Slg{vaa — S(U7‘/7N71)7f75 — S§g7‘/7N)7f

K )

cf. Remark 70, Definition 39, Definition 77.
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Lemma 79. Suppose that char(K) does not divide |D|. Suppose given a simple idempotent
e € Z(KD) of the form ¢ = % E -(dYHx € Z(KD), where x : D — w(K) is a group
€D
morphism.
Then the module SI% 12 is non-zero if and only if the following conditions (1, 2) hold.
(1) We have >  wvf-(d')x#0.

(v,d)eVxD
vdeU

(2) We have > xf-xx #0.

zeVND

Note that (2) is equivalent to xf -xx =1 forx € VN D, c¢f. Lemma 26.(1).

Proof. We make the following preliminary considerations.
Note that VD < G as D < Ng(V), cf. Lemma 67.

For an element y € VD we may choose elements v, € V and J, € D with
Uy 0y =1 .

Note that this is unique up to an element x € VN D: Suppose that y = vd = v'd’ with v,v" € V,
d,d € D. Then vd = v'd" implies v'"'v = d'd! =2 € VN D, sov = vr! and d' = zd.
Conversely, for € V N D we have vz~ - 26, = v, - 6, = y. Hence {(v,d) € V x D : vd =
yt={(yy -zt z-0,): x € VN D}

So, forv eV, d € D, we have v,q = v~§:;1d and 0,4 = T, 4-d for a unique element 7, 4 € VN D.

For ¢,z € VD we have

Ve = VeV, T~

5(:2:*% c 0z

z

——
ev eD

-1
AS C2 =V, 0V, 0, = V-1 8,0,
~——

Now, we obtain

Y Uv-vf-e =

veV

Z;)Uvd cuf - (d7 Yy
ZV: E%%D Uy - (vy -2 ) f - ((x-0,)")x
> > Uc-z- (Ve -7 f - ((2-02) ")

>

ze(UNVD)\VD ce(UnVD)zeVND
>
\%4

> >, Uc -z (Ver- x_l)f ’ (6::;1)96 ’ (75_1))(

D)\VD ce(UNVD) z€VND

c|~ b|~

SIS

|
ol

ze(UN
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|~

= 2 XY U (et i ) ((E g <6 6) X (27 x

1] ze(UNVD)\VD ce(UNVD) zeVND VC‘V;SC_»I(SC‘5Z Vevz©,0c0z
= X Uz (6O X w07 X @ e @ ~x—1)x)
2e(UNVD)\VD ce(UNV D) zeVND VeV ,6c:8; Ve vz ,0c0z
—1 N N
S NN N TNCDN (Do ary
ze(UNVD)\VD ce(UNV D) #€vVND
S Un G S wfenf G0 ( S af )
ze(UNVD)\VD ce(UNV D) #eVnD
- ﬁ( > Uz-vzf-(ckl)x)( > vcf-(5cl)x)( > ff-fx)
ze(UNVD)\VD ce(UNV D) zevnD

|~

( > UZ'sz'<521>X>’|v% PR RN (Z ozf-ozx)

- 2z€(UNVD)\VD YEV XD #€VND
v'd' eU
= ﬁ'vém( > UZ‘sz‘(5z1)X> > Weag ) (Fwa - d) X ( > i"f-i"x>
ze(UNVD)\VD (v, d"eVxD zeVND
v'd' eU
= ﬁvém( > Uzvf ~<6;1>x> S S @l D) (Fl )X
ze(UNVD)\VD (v',d")eVxD £eVND
v'd'eU

IS

= o v > Uzowf-(02Nx > v f-(dhx ( > ff-ch>.
26(UNVD)\V D (v’«i,’c)llee‘;]xD F€VND

>

This element > Uv-vf - ¢ is non-zero if and only if

veV
> vf(d)x#AO0and Y Ef-ix #0
(v',d")eVxD zeVnD
v'd'eU
i.e. if and only if conditions (1, 2) hold. -
Remark 80.

(1) Condition (1) of Lemma 79 implies that char(K’) does not divide |[U N V|:
First, note that force UNV,w eV, d € D we have cwd € U < wd € U as c € U.
We have as U NV < ker(f)

> vf-(dhx = 2 > (cw)f - (d7h)x
(v,d)eVxD (w,d)e((UNV)\V)xD ceUNV
vdeU wdelU

= > > cf wf-(d7h)x
(w,d)€(UNV)\V)x D c€UNV
wdeU
= [UnV]- > wf-(d)x .
(w,d)e((UNV)\V)xD
wdelU
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(2) The simple idempotent € = % Z is permitted in Lemma 79 as dxy =1 for d € D.
€D

(3) If D =1 then condition (1) and (2) of Lemma 79 reduce to U NV < ker(f) and 1f =1

which is in line with Lemma 40.

Lemma 81. Write U* = Y  ue KG and €& := > U* -v-vf - € KG.

uelU veV

(1) Suppose that char(K) does not divide |U|. Then

O Uv-vf-e)ka=(m Y U” v-vf-ehka = (m& )k

veV veV

(2) We have (5’2)2 =% .q for somen € KD.

(3) Suppose that € € Z(K D) is absolutely simple. Then (52)2 =\-& for some ) € K.

Proof. Ad (1). We have

<ZU’U-Uf'€>KG:<m1-’U|ZU-’l}f'E>KG:<mlez-U'Uf-€>KG

veV veV veV

Ad (2, 3). By Lemma 32 we have

ZUE-hv-vf:)\h (ZUz-v-vf>

veV veV

forhGTUVN Write e =: Z)\ddwhere M EK.

deD

According to (J 3'), for g € G we may choose ¢, € T" and d, € D with g = t;czg.

Then, using Lemma 32 with h =t/ , |, we have

vdu

(52)2 _ <Z U2~v~vf~£>'(z UZ-U’-U’wa)

veV v'ev

= > > ZUZ.U.g.u.U/.U/f.Uf.g

veV v eV uelU

= Y S U v Aedou-v -V fuf e

veV v eV uel deD

= > ¥ (Z Uz~v-d-u-v’-v’f>-vf-5\d-a

veV uelU deD \v' eV
= > 2.
D

UEV uelU de

ST U=t dogu -V ’Uf)'Uf'S\d'E

v'eVvV

= <z UE tvdu ( )Jvdlu'vlf) Uf >\d vdu * €

UGV uGU deD \v'eV



1.2 Construction of irreducible modules via James triples and via James quadruples 69

L.68 g1 1

g (£ 0%t 05 (0 )dvdu)f> of Fa
veV uelU deD \v' eV

= (Z UZ t;du U (f})f) Uf )\d vdu * €
veV uel deD \veV

L.32 S o~ -

= )\t’d ZU '/U'Uf Uf )\d vdu * €
vEV u€l deD v eV

Eezg{D) Z (Z UZ v - 6f : E) )‘tg Uf )\d vdu

veV uelU deD \veV

= ( Z)\t’ Uf >\d vdu) .

veV ueU deD
—nEKD

If € is absolutely simple, we have for d € D that e - d = ida for some id € K, cf. Definition 74.
So,

© = (S5 5 h ol Aadon

veV uel deD
= ZUE-’U/-’U/f-(ZZZ)\t/ cof - M- € - dvdu)
VEV veV ueU dep  °
= ¥ UE-U/-U/f-E(ZZZ)\t; SUEPYE /\~Udu>
v'eV veV uel deD
= A&7 e o

=:AeK
Remark 82. If D = 1 then Lemma 81 reduces to Lemma 41.(1, 2).

The following proposition is due to JAMES, adapted to the present context, cf. [11, Theorem 4.8].

Proposition 83. Let X C Mg be a KG-submodule. Recall the non-degenerate G-invariant

sesquilinear form [—,=|x on My. Then

1
Sl%f’agX or X C (S%’f"f)

Proof. Case 1: Suppose that there exists x € X and g € GG such that

O%x(ng-vffg) € X.

veV

Write x = »_ Uh - a;, with aj, € K.
heG

According to (J 3'), for h € G we may choose tj, € T" and dj, € D with h = t},d},.
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We have
0 # :L’(ng-ﬂf-ef?)
veV

— :L\ngl.v.vf.g.g
veV

fd ZUh.ah.gfle./Uf.g.g
heG R veV

= > ap Uh Y v-vf-e-g
ﬁeG veV

= ZUt’Bd;L(Zv-vf>-€-g-a;Lg
iLEG veV

L.69 ,

= EUtB(ZU-vf)-d;L-s-g-a,;g
hea veV

ang{D) ZUt;}(Zvvfgd};g>aﬁg

hea veV

= 2 (ZUt%v~vf>-€~d,~L~g~a;lg
heG \veV

L.32

= z)\ﬂ(ZUU'Uf)&'dE'g'a;w
he@ b \wev

= (ZUU-Uf)a Zaﬁg&\t;}-dﬁ g
vev hea

:ﬁng

where -1 # 0. As ¢ is simple in KD, we may choose 7 € KD with ¢-n-7 = ¢, by Lemma 75.
As KD C K@, note that

(S voer)emme < (S 0o ne

<(:§Uv~vf>€'n>m 5 ((:ng'vf)é‘nﬂKc: (S oeor) e

We obtain <(z Uv-vf)e-n) - <(z Uv~vf) &)k .

veV veV
So, in this case, we obtain

X2 e(g s e

veV

= <(Z Uv'vf>6-n'g>z<c

veV

- <(Z Uv-vf>€-n>Kc

veV

- <(z Uv-vf) S y—

veV

Hence, Sk C X.
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Case 2: Suppose that

oo (S

veV

forz € X and g € G.
We show that X C Si, i.e. that [X, Sk] = 0.
Recall that e is symmetric, i.e. € = €*, cf. Definition 74.

Let z € X and g € G. We have

[x’vezvmlv-vf-s-g] - v;v[%ml'g'gfl'v'g'g]vf

= [Xag v gufm g

= [vgfx-g_l-a-v_l'g'ﬁﬂnl’g]

D.23 [vgfx g leecvl g (v fmy - g

- [vg/x-g_lf-v'g'vf’ml'g]

_ [l.,g—l.g.(vg/v.vf>-g,m1~g]

E Zv-vf)-é"g»ml'g]
veV

bt (Seer) oo
vev

- [I(v;/vg-vf-&"),ml'g]

= [0,mi-g]=0. )

Theorem 84. Recall the James quadruple @ = (U, V, N, D) in G of indez k, the group mor-
phism f:V — w(K) fitting (U, V, N) with respect to the automorphism ag : K — K,z +— T
and the simple, symmetric idempotent ¢ € Z(KD). Recall the non-degenerate G-invariant
sesquilinear form [—,=]x on Mg, cf. Lemma 28. Recall S = (3. Uv - vf - €)ka, cf.

veV
Definition 77.

The KG-module N
sgre/ (5274 (s84)")

18 1rreducible or zero.

Proof. Every submodule of S /(Sx N Si) is of the form X/(Skx N Si) with

Sk NSy C X C Sk .



72 Irreducible submodules of a permutation module

We show that X = S N Sll( or X = Sk.

By Proposition 83 we have
Sk C X or X CSx.

IfSKQX, thenX:SK
IfXgSjgthenXgSKOS[L(,henceX:SKﬂS}(. a

Theorem 85. Recall the James quadruple @ = (U, V, N, D) in G of indez k, the group mor-
phism f:V — w(K) fitting (U, V, N) with respect to the automorphism ag : K — K,z +— T
and the simple, symmetric idempotent ¢ € Z(K D). Recall that L is a field extension LK and

ar, € Aut(L) such that ar|¥ = ax. Recall the non-degenerate G-invariant sesquilinear form

[—, =]k on Mg, cf. Lemma 28. Recall S7¢ = (3. Uv-vf -€)kq, cf. Definition 77.

veV
Suppose that

sgre/ (52740 (s27))

18 1rreducible.

Then the following holds.

(1) Suppose that € € Z(LD) is simple. Then the LG-module

1
L ®x (Sf%fva/ (S]%f’fm (s27) ))

18 1rreducible.

(2) Suppose that € € Z(K D) is absolutely simple. Then the KG-module

sgre/ (5274 (s84)")

15 absolutely irreducible.

Proof. Ad (1). Consider the LG-module M}, := L(U\G) = L&k K(U\G). The group morphism
f:V =) : v of fits (U, V, N) with respect to oz, cf. Lemma 25. We have the submodule
SL: <Z UU'Uf'€>LG < ML .

veV
By Corollary 22, we have an LG-module isomorphism

Note that S /(Sx N S#) is zero if and only if S;/(S;, N SE) is zero.
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By Theorem 84, the LG-module Sy, /(S;, N S7) is irreducible or zero.

Hence,
L®k (Sk/(Sk N S[L())

is irreducible.

Ad (2). Since ¢ € Z(K D) is absolutely simple, ¢ € Z(LD) is simple for every field extension
z|K . In particular, it is simple if one considers the algebraic closure L = K | K, which is a
splitting field for G, cf. [10, Corollary 9.4]. By Lemma 2, there exists o; € Aut(L) such that
a;|E = ag . By Lemma 25, the group morphism f : V — w(L) : v — vf fits (U,V, N) with

respect to aj .

Hence, by Theorem 84, the LG-module S; /(S; N S7) is irreducible or zero. By Corollary 22,
so is L ®g (Sk/(Sk N Si)), which is not zero.

So, the K G-module
Sk/ (SK N SIL()

is absolutely irreducible. o

Remark 86. Suppose that K|Q is a subfield of C that is closed under the complex conjugation

ac, ie. kac € K for k € K. Let ax = acl|®.

Then .
S2Fen (S%f,g> ~0.

Cf. Lemma 17, Remark 29 .

So, in this case, by Theorem 84, the KG-module S}% ¢ is either irreducible or zero if  is

simple. It is either absolutely irreducible or zero if € is absolutely simple.
Example 87.

(1) Let K = Q. Let G = ODyg = (a,b|a®, b% baba®). We have |G| = 16.

We consider the following subgroups of G:

(b) = {1,0},

= (ba*) = {1,ba"},
1
{

O =2 < g
I

ba®) = {1,ba?, a*, ba®}.

Note that UNV =1 < N, as required by (J 1), and N <V of index 2, as required by (J 2).
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Moreover, T" = {aba?, a, 1, aba*, ba*, a®, ab,a*, b, aba®,a’,a®} and G = T'D, as required
by (J3, (i)) and [D,V] C N as required by (J3'. ii). So, @ = (U,V,N, D) is a James
quadruple of index 2. The group morphism

fVo = wQ
ba* — -1
fits (U, V, N') with respect to ag = idg.

Consider the idempotent ¢ = § — 2a* € Z(QD). In Z(QD) the element ¢ is simple, as

QDe ~ Q(i), but not absolutely simple.
By Theorem 85 the QG-module

S§7% = (X Uv-vf -chae = (U = Uba*) (3 - Jat))ee
= (U~ Ua"))ag

is irreducible.

The QG-module S(g’f '€ is given by the representation

0O 0 0 -1
0 0 1 0
a = 1 0 O 0
0 1 0 0
1 0 0 0
0 1 0 0
b = 0O 0 -1 0
0 O 0 —1

Using Magma, we confirm that Sg’ 7% is an irreducible, but not absolutely irreducible
QG-module.

Over Q(i) the idempotent € decomposes orthogonally into the absolutely simple, symmet-

ric idempotents e1,e2 € Z(Q(i)D), where &1 = 1 — fa* + }iba® — }iba® and
€9 = 21; — %a‘l — iiba2 + %ibaﬁ.

The resulting Q(i)G-modules

SSLE — (U - Ud + iU — iUa%) gy

and
Seily® = (U = Ud" - iUa® + 1Ua®))gu)c

are absolutely irreducible by Remark 86. See also Example 94 below.
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(2) In G = D1y = {(a,b|a® b%, (ab)?) we have the James quadruple

|
=
SRS
= =

//\//\//\//\
QQQQ

O =<9
|
LETS
g

cf. Example 71. Consider K = QQ. Then the group morphism

[V = uK)
ba — -1

fits (U, V, N) with respect to the automorphism ag = idg.

Using Magma we note that the QG-module

Se = 3" Uv-vf)ge = (U — Uba)ge -

veV

is not irreducible. Which is in line with Corollary 43, as (U, V, N) is not a James triple.
In Z(K D) we have the absolutely simple, symmetric idempotent element ¢ = % — %aQb.

Now, by Remark 86 the QG-module

Sk = S%]’V’N’D)’f’e = <Z Uv-vfe)oe = (U — Uba)gg - € = (U — Ua®b — Uba + Ud®)ga

veV

is absolutely irreducible.

The module Sg is of dimg(Sg) = 2 and is given by the representation

G — GL(Q)
-1 1
a = (3))
01
b — <1 O)
Using Magma we confirm that Endge(Sg) ~ @, hence that Sg is in fact an absolutely
irreducible QG-module.
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1.3 Examples

1.3.1 Modules not generated by a James triple or a James quadruple

We consider the case K = Q. We give some examples which show that there are nontriv-
ial absolutely irreducible modules which can not be generated by a James triple or a James
quadruple. We have used the computer algebra system Magma [2] and its SmallGroups library

to obtain these examples.

Recall that if G is of odd order, then G has exactly one absolutely irreducible representation
over Q, namely the trivial module [9, Ch. V, Theorem 13.8 (Burnside)]. So we could restrict

our search to the case where (G is of even order.

We tested up to order 190. Here we observed that, at least up to this order, James triples

already provide the same set of absolutely irreducible modules as James quadruples.

The smallest example of a group G with absolutely irreducible QG-module which could not be

generated via a James triple or a James quadruple is:
Example 88. Consider the group given by

G = (i,j,a,b]i", j*, (ij)* = i?,i* = j°,a® 0%, (ab)?,i" = ij,1" = i, = i°), 5" = j) .

SOG2Q8>483.

The character table of irreducible representations of GG over C is given by Magma as follows.

1 42 a b g i i2b? ai ai®  jb ib ib? | realisable over
x1 |1 1 1 1 1 1 1 1 11 1 1]Q
x2 |1 1 -1 1 1 -1 1 1 11 -1 -1|0Q
x3 |1 1 1 1 1 -1 1 -1 -1 1 -1 -1|Q
x4 |1 1 -1 1 1 1 1 -1 -1 1 1 1]Q
xs |2 2 0 -1 2 —2 -1 0 0 -1 Q
x6 |2 2 0 2 -2 0 2 0 0 -2 0 0|Q
x7 |2 2 0 -1 2 2 -1 0 0 -1 -1 -1|Q
xs |2 2 0 -1 -2 0 -1 0 0 1 —-1-2¢ 1+2¢ | Q(¢3)
xo |2 2 0 -1 -2 0 -1 0 0 1 142G —1-2G | Q)
x0]2 -2 0 2 0 0 -2 (3+¢ —¢-¢ 0 0 0| Q(¢s)
xui |2 -2 0 2 0 0 -2 -G ¢+ 0 0 0| Q¢s)
X2 |4 -4 0 -2 0 0 2 0 0 0 0 0|Q
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One can construct the absolutely irreducible QG modules with character y, for t € [2,7] using

James triples.

One can construct the absolutely irreducible Q((3)G modules with character y, for ¢t € [2,9]

using James triples.

One can construct the absolutely irreducible Q((s)G modules with character y, for ¢t € [2, 7] U [10, 11]

using James triples.

Let S be the QG-module given by the representation

0 -1 0 1
i 0 -1 1 1
1 -1 0 O
-1 -1 1 1
—1 0 1 1
s —1 0 1 0
J -1 -1 1 1
—1 1 0 O
1 0 0 0
a 1 -1 0 0
1 0 0 —1
1 0 —1 0
o 1 -1 -1
0 0 0 —1
b = 1 0 -1 -1
0 1 0 —1

Using Magma we confirm that Endgg(S) ~ @, hence S is an absolutely irreducible QG-module.
The module S has character xi12. Regardless of whether one considers K = QQ or an extension
such as Q((3), Q(¢s), Q(Cu4s) a module with character xi2 could not be generated via a James

triple or a James quadruple.

Example 89. Let
G = (a,b,c|a® B2, &, (ab)’,b° = b,a° = d7) .

SO,GnggNCP,.
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The character table of irreducible representations of GG over C is given by Magma as follows.

1 b a® c? c abc abc? a ac ac? | realisable over
X1 1 1 1 1 1 1 1 1 1 1] Q
X2 1 -1 1 1 1 —1 —1 1 1 1] Q
x3 |1 -1 1 G (3 14 —(3 1 2 ¢3 | Q(¢3)
xa |1 -1 1 3 G —¢3 14+ 1 G3 3| Q¢)
xs [1 1 1 3 G €] 3 1 € 3 | Q)
x6 |1 1 1 G (3 & ¢3 1 & ¢ | Q(¢s)
X7 2 0 2 2 2 0 0o -1 —1 -1 Q
Xxs | 2 0 2 2¢s (23 0 0 -1 1+ —C3 | Q(¢3)
xXo |2 0 2 —2-2(3 2C3 0 0 -1 —¢3 1+4+¢ | Q(¢3)
X10 | 6 0 -3 0 0 0 0 0 0 0| Q

One can construct the absolutely irreducible QG-modules with character x; for ¢ € {2, 7} using

James triples.

A module with character yi¢ is an absolutely irreducible QG-module. Over K = Q this module

could not be generated via a James triple or a James quadruple.

However, if we extend to the field Q((3) , a module with character x19 can be constructed using

a James triple as follows.

In Example 47 we considered the James triple T = (U,V, N) = ({ab,a’c?), (c, a®), (a’c)) with
fitting group morphism
[V = wK)
c = G
ad = G

and agq(¢,) being the complex conjugation.

We have

T, .
S@(é) = { ;/ Uv-vf)a)
= (U4UcG+UPG+UdG+ Udc+ Ud*c(s + UaSG + Ua®cls + Ua®c?)) g
= (QU+ UGG+ UG+ UG+ UdPc+ UdPeG + UaSCE + Ua®cCs))aiese = Syro-
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Example 90. The following table lists all groups G of order at most 190 for which at least

one absolutely irreducible QG-module could not be generated via a James triple or a James

quadruple, in the latter case using absolutely simple idempotents of Z(QD).

For each such

group, every absolutely irreducible QG-module that could not be generated is also listed. The

group is specified by its number in the SmallGroups-library of Magma and the Magma function

GroupName. The module is specified by its character.

-3,-3,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0)

Order of G | SmallGroups Gr(')upName(G) Dim | Character
as in Magma

48 17 Qg : S3 4 | (4,-4,0,-2,0,0,2,0,0,0,0,0)

54 6 Do : C3 6 (6,0,-3,0,0,0,0,0,0,0)

72 23 C2:Dy 4 | (4,-4,0,0,-2,-2,1,0,2,2,—1,0,0,0,0)

96 15 C3z:(Cg:Cy) 4 (4,-4,-4,4,-2,0,0,0,0,0,0,-2,2,2,0,0,0,0,0,0,0,0,0,0)

96 16 Cs : (D4 : Cy) 4 (4,—-4,-4,4,0,0,-2,0,0,0,0,2,2,-2,0,0,0,0,0,0,0,0,0,0)

96 42 (C3%Qg): C 4 | (4,-4,4,-4,-2,0,0,0,0,0,0,—2,2,2,0,0,0,0,0,0,0,0,0,0)

96 148 Ca2 % Qg : S3 4 (4,—4,4,-4,0,0,-2,0,0,0,0,2,2,-2,0,0,0,0,0,0,0,0,0,0)

96 148 Ca2 Qg : S3 4 (4,—4,-4,4,0,0,-2,0,0,0,0,-2,2,2,0,0,0,0,0,0,0,0,0,0)

96 193 SL(2,3) : C2 : Co 4 (4,-4,0,0,0,-2,0,0,2,0,0,0,0)

96 201 Qg-As 4 (4,-4,0,0,0,-2,-2,0,0,0,0,2,2,0,0,0,0,0,0)

108 9 C18.Cs 6 (6,6,-3,0,0,0,0,-3,0,0,0,0,0,0,0,0,0,0,0,0)

108 26 Ca*xDg : C3 6 (6,6,0,0,-3,0,0,-3,0,0,0,0,0,0,0,0,0,0,0,0)

108 26 CoxDg : C3 6 (6,—6,0,0,-3,0,0,3,0,0,0,0,0,0,0,0,0,0,0,0)

144 18 Qg : Do 4 (4,-4,0,4,0,0,—4,0,0,-2,-2,-2,0,0,0,2,2,2,0,0,0,0,0,0,0,0,0)

144 57 C2:Ds 4 | (4,4,0,0,—2,-2,1,-4,-2,-2,1,0,0,0,0,2,2,—1,—1,2,0,0,0,0)

144 58 Di2.S3 4 (4,-4,0, 24 -2,0,0,-4,2,2,0,0,0,0,0,0,0,0,0,0)

144 59 C4.52 4 | (4,4,0,—-2,-2,1,-4,0,-2,-2,1,0,0,0,0,2,2,—1,—1,2,0,0,0,0)

144 60 Csz:(Cs:S3) 4 (4,740724720027420000000000000)

4 (4, 4,0 -2,1,-4,0,-2,-2,1,0,0,2,2,2,-1,-1,0,0,0,0,0,0)

144 62 C3 : (C24.C2) 4 (4,4, 2,1, -4,0,0,-2,-2,1,0,0,2,2,2,—-1,-1,0,0,0,0,0,0)

144 64 (Ce % S3) : Cy 4 | @4,- 4—4400—2 —2,1,0,0,0,0,—2,-2,2,2,2,2,—1,—1,1,0,0,0,0,0,0,0,0)

144 65 3:(Dg : Cq) 4 | (4,-4,-4,4,0,0,-2,-2,1,0,0,0,0,2,2,-2,-2,2,2,—1,1,—1,0,0,0,0,0,0,0,0),
(4,-4,4,-4,0,0,-2,-2,1,0,0,0,0,2,-2,2,2,-2,2,-1,-1,1,0,0,0,0,0,0,0,0)

144 66 Cg.D12 4 | (4,4,-4,-4,-2,-2,1,0,0,0,0,0,0,2,2,2,—2,-2,2,—1,—1,1,0,0,0,0,0,0,0,0)

144 82 C3*Qg: S 4 (4,—4,0,4,4,-2,-2,-2,0,0,—-4,—4,2,2,2,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0)

144 98 3:(Qg :S3) 4 (4,-4,0,-2,-2,-2,4,0,0,—4,2,2,2,0,0,0,0,0,0,0,0,0,0,0,0,0,0),
(4,—-4,0,4,-2,-2,-2,0,0,2,—4,2,2,0,0,0,0,0,0,0,0,0,0,0,0,0,0),
(4,—4,0,— 2,-2,0,0,2,2,—4,2,0,0,0,0,0,0,0,0,0,0,0,0,0,0),
(4,—40—2—24—20022,2,—400000000000000)

144 125 Cs : GL(2,3) 4 | (4,-4,0,-2,1,1,-2,0,2,2,—1,—1,0,0,0),
(4, 4072721,1,0271271000)
(4,-4,0,-2,1,-2,1,0,2,-1,-1,2,0,0,0)

144 151 Co%C2:Dy 4 | (4,4,-4,-4,0,0,0,0,—2,-2,1,0,0,—2,-2,2,2,2,2, —1,1,—1,0,0,0,0,0,0,0,0),
(4,—4,4,-4,0,0,0,0,-2,-2,1,0,0,2,2,-2,-2,2,2,-1,-1,1,0,0,0,0,0,0,0,0)

160 85 (C5xQg) : C (8, 80000000000 -2,0,0,2,0,0,0)

162 5 C3:Dg : C3 (6,0 -3,-3,6,-3,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0)
(6,0 -3,-3,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0)

162 6 9:Cy (6066 3 -3,-3,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0)

162 36 C3z*Dg : C3 (6066 -3,-3,-3,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0)

162 42 Cg : (C3 % S3) (6, -3,6,-3,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0)
(6,
(

606 3—3—3000000000000000)
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Conjecture 91. A CG-module whose character has Frobenius-Schur indicator —1 can not be

generated via James triples or via James quadruples.

Note that there are no absolutely irreducible QG-modules with Frobenius-Schur indicator —1,
as Q is a subfield of R, [10, Corollary 4.15].

Example 92. Let
G .= <a,b\ a®, bt ab = a2> )
SO, G = C3 X Cy.

The character table of irreducible representations of G over C is given by Magma as follows.

b3 b ab® realisable over

1 a
x1 |1 1 1 1 1 1 Q
x2 | 1 1 1 -1 -1 1 Q
x3|1 —1 1 —i i -1 Q1)
x4 |1 —1 1 —-i -1 Q1)
X512 2 -1 0 -1 Q
X6 |2 —2 -1 1 Q(¢s)

One can construct the absolutely irreducible QG-modules with character y; for ¢ € {2,5} using

James triples.

A module with character xg is an absolutely irreducible Q({3)G-module. Regardless of whether
one considers K = Q((3) or an extension to the splitting field Q({2), a module with character

X6 could not be generated via a James triple or a James quadruple.

The character g has Frobenius-Schur indicator —1.
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1.3.2 Examples of modules realisable by James quadruples but not

by James triples over Q((¢)

We give examples for modules that can not be constructed via a James triple but which can

be constructed via a James quadruple.

Example 93. Let K = Q((3) and ax be the complex conjugation. Let

G =SLo(Fy) = ((31), (%))

The character table of irreducible representations of G' over K is given as follows.

(9 (G9) (32) (33) (35) (31) (13)
X1 1 1 1 1 1 1 1
X2 1 1 2 3 1 3 G
X3 1 1 3 2 1 G Cs
X4 2 -2 —1 —1 0 1 1
X5 2 -2 1+4¢3 —(3 0 3 G
X6 2 -2 —¢3 1+ 0 G 3
X7 3 3 0 0 —1 0 0

One can construct modules with character y; for i € {2,3, 7} using James triples.

Regardless of whether one considers K = Q((3) or an extension to Q((24), a module with
character x4 could not be generated via a James triple or via a James quadruple. Note that it

has Frobenius-Schur indicator —1.

The modules with character ys5, xg can not be obtained via James triples but they can be

constructed via a James quadruple as follows.

Let Sy, be the Q({3)G-module given by the representation

G — GL(Q(G))
(i) - (:8)
() =~ (%)

Using Magma we confirm that Endgc,)c(Sy;) =~ Q(¢s), hence Sy, is an absolutely irreducible
Q(¢3)G-module.
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We consider the subgroups

S =2 < <
Il

e e T

NN N

Note that UNV = {(é?)} C N, as required by (J1), and that N <V is of index 3 , whence
(J2) holds.

Moreover,
20 02 12 20 21 10
(12)-(11) - (22) . (22) . (1) (%)
(01)(36) - (32) - (42) - (o2) - 62) - (22) )
i C N as required by (J3'. ii).

The module S,, can be obtained via the James quadruple @ = (U,V, N, D), the absolutely
simple idempotent € € Z(Q((3)D) = % <(1)(1]> — % (33) and the group morphism

[V = wQ(G))
(30) ~ @

fitting (U, V, N) with respect to agc,).-
We have
o, f, ._
Seicy = (UZ Uv-vf - e)ae)a

= (U () v (2) rar (2)) (3 (32) - 1 (22) o = s

Let Sy, be the Q((3)G-module given by the representation

G — GL(Q(¢))
(51) = (:8)
() = (H0)
Using Magma we confirm that Endgc,)c(Sys) =~ Q(¢3), hence Sy, is an absolutely irreducible
Q(¢3)G-module.
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The module S,, can be obtained via the James quadruple @ = (U,V, N, D), the absolutely

simple idempotent € and the group morphism

fitting (U, V, V) with respect to agc,)-

We have
Sedy” = <v§/UU'Uf/'5>Q(C3)G
— (U () et (2) +av (92)) (3 (0) = 5 () D M= s,

Example 94. Let K = Q(i) and let ax be the complex conjugation. Let G = (a,b|a®, b2, baba®).
We have |G| = 16, cf. Example 87.(1).

The character table of irreducible representations of G' over K is given by

1 a* b ab a® ba? a® ba® ba a
x1 |1 1 1 1 1 1 1 1 1 1
x2 |1 1 1 1 1 1 -1 -1 -1 -1
x3 | 1 1 -1 1 1 -1 -1 1 1 -1
xa |1 1 -1 1 1 -1 1 -1 -1 1
x5 |1 1 -1 -1 —1 1 —i i —i i
xe |1 1 -1 -1 -1 1 i =i i —i
x7 | 1 1 1 -1 -1 -1 i i -1 —i
xs |1 1 -1 -1 -1 —-i —i i
X9 | 2 -2 0 21 —2i 0 0 0 0 0
X10 | 2 -2 0 —2i 2i 0 0 0 0 0

One can construct Q(i)G modules with character x; for i € [2,8] using James triples.

The Q(i)G-modules with character yg , x10 can not be obtained via James triples but they can

be constructed via a James quadruple as follows.

Let Sy, be the Q(i)G-module given by the representation
G — GLy(Q(i))
a +— (? _Oi>
b (04)



84 Irreducible submodules of a permutation module

Let Sy,, be the Q(i)G-module given by the representation

G — GL(Q(i))
a = (%)
b (30)
Using Magma we confirm that Endgi)a(Sy,) =~ Q(i) ~ Endgi)a(Sy,,), hence Sy, and S, are

absolutely irreducible Q(i)G-modules. The module S,, has character xo. The module S,,, has

character y1g.
In Example 87.(1) we considered the James quadruple Q = (U, V, N, D) = ({b), (ba*), (1), (ba?)).

The module S,, can be obtained via this James quadruple Q, the absolutely simple idempotent

g1 =1 — za* + 1iba® — %iba® € Z(Q(i)D) and the group morphism

[V = wQ())

ba* — —1

fitting (U, V, N') with respect to agqy;).

We have
Magma
G

S&f;’el = (U - Ua* +1iUd® — iUa®%))q()c

The module S,,, can be obtained via the James quadruple Q, the absolutely simple idempotent

g9 = 1 — a* — 1iba® + 1iba® € Z(K D) and the group morphism f.

We have
Magma
= SXIO‘

Soiy ™ = (U = Ud* = iUa* + iUa®))g(i)c

Extending to K = Q({s) with ax being the complex conjugation, it is possible to realise
Q(¢s)G-modules with character xo and 1o via James triples as follows: We let V= (ab) and
consider the subgroups U and N. Then UNV =1 = N, as required by (J1), and N <« Vs
of index k = 8, so (J2) holds. As UV = G, the condition (J3) holds. So, T = (U,V,N) is a

James triple in G.
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We consider the group morphisms

fo: Vo= w(Q(G))

and

fio: Vo = w(Q(G))

ab +— —Cg

fitting (U, V, N) with respect to agc)-
The absolutely irreducible Q((s)G-module

7—7
S@(CJ;Q) = <Z Uv - v fo)aes)
eV

has character yo.

The absolutely irreducible Q({s)G-module
T?
Saicy = <Z Uv - v fio)o(c)
veV

has character yig.

Example 95. Let K = Q((5) and let ax be the complex conjugation.
Let G = (a,b,c|a® b, (ab)?, ¢, ac = ca,bc = cb).

So G = S5 x Cs.

The character table of irreducible representations of G over K is given by Magma as follows.

|
-

25 25 26 263
265 26 268 22

-G 6 -G ¢
- ¢ —¢ ¢

X14
X15

1 a b c? c3 ct c act ac®  ac? ac  bcd bc? bt be
X1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
X2 1 -1 1 1 1 1 1 -1 —1 —1 —1 1 1 1 1
xs |11 1 ¢ & & G ¢ ¢ & 6 & ¢ ¢ G
xa |1 -1 1 ¢ & & G ¢ ¢ ¢ - & & & G
x5 |1 1 T ¢ ¢ 3 ¢ s 2 s ¢ ¢ 2
xe |1 -1 1¢¢ ¢ ¢ - - ¢ ¢ ¢ e s &
x7 |1 1 1 ¢¢ ¢ ¢ ¢ Cs ¢ 2 ¢ ¢ e s &
xs |1 1 1 ¢ G ¢ ¢ 2 s e ¢ e s 2 e
xo [1 -1 1 ¢ ¢ & & - ¢ -G ¢ & ¢ @& &
xo |1l -1 1 &G G H PG 6 -G ¢ G G G @
X11 | 2 -1 2 2 2 2 0 0 0 0 -1 -1 -1 —1
xiz | 2 -1 22 23 20t 2 - -G -G G
xis | 2 263 202 265 2 -GG -G -6 -G

2

2

o O O o
o O o o
o O o o
o O o o

|
-

o oo oo
|
—

One can construct Q(¢5)G-modules with character x; for i € [2,11] using James triples.
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The Q(¢5)G-modules with character x12 , X13, X14, X15 can not be obtained via James triples

but they can be constructed via a James quadruple as follows.

Let Sy,, be the Q(¢5)G-module given by the representation

G — GLy(Q(G))

01
a = (%)

Let Sy,, be the Q(¢;)G-module given by the representation

G — GLx(Q(¢))

Let S,,, be the Q({s)G-module given by the representation

G — GLy(Q(G))
—
b (920
c o (4034%) :
Let Sy,, be the Q(¢5)G-module given by the representation

G — GL(Q(G))
a (?é)

b +— (?j)

c o~ (f%) .

The Q(¢5)G-module S,, has character y; for ¢ € [12,15]. Using Magma we confirm that for
i € [12,15] we have Endg¢,)a(Sy,) =~ Q((5), hence Sy, is an absolutely irreducible Q(¢5)G-module.
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We consider the subgroups

= (ab) ={1,ab} <

= () ={l,a} <
1 <G,

o = = <
|

= {(c)={l,c,2 ¢, '} < Ng(V)NNg(V).

Note that UNV =1 C N, as required by (J1), and that N <V is of index 2, whence (J2)
holds.

Moreover, T" = {1, ac®V?, ac®b?, ach?, c*b, ab, b, b, ab?, b?, cb, ac*V?, c*b,a} and G = T'D, as re-
quired by (J3'. i). Note that [D,V] C N as required by (J 3. ii).
So, @ = (U,V, N, D) is a James quadruple.
Consider the group morphism
[V = wK)
a — —1
which fits (U, V, N) with respect to the complex conjugation a-.

The module S,,, can be obtained via the James quadruple Q, the absolutely simple idempotent

X12
€12 =3 + (et 3 + 133 + £, € Z(Q(¢) D) and the group morphism f.
We have
Sady” = <§VUU of - en)ac)e
Magma
= ((U-"Ua) ( 5<56+ 5 gCQ +3 5263 + 5<5C ))Q(Cs)G £ Sxiz-

The module S, ,, can be obtained via the James quadruple Q, the absolutely simple idempotent
€13 =1 + :Ge+ G + 23 + ¢ c* € Z(Q(¢5)D) and the group morphism f.
We have

Q,
Say™ = <ZVUU'Uf'513>@(<5)
ve

Magma
= (U~=Ua) (3 +3Ge+ 356G + 33 + 3¢ = 8

X13*

The module Sy,, can be obtained via the James quadruple Q, the absolutely simple idempotent

E14 = 5§5c+ 3 dc? + 5C5C + 1 z 3¢t € Z(Q(¢5) D) and the group morphism f.
We have
Sqy = (q;/ Uv-vf - e14)q)

Magma
= SX14 :

= ((U—=Ua) (; + 3Gc+ 3G + 566 + 26 ha)
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The module S,,, can be obtained via the James quadruple Q, the absolutely simple idempotent

e15 =1 +:CGc+ 2P + 1P + 13t € Z(Q(¢s) D) and the group morphism f.

We have
Q, fe .
Soin * = <ZV Uv-vf - €15)q(c)
vE
Magma
= ((U=Ua) (§ + G+ 3G+ 5GE +1G3¢))QG) = Sy,

Extending to K = Q((y5), it is possible to realise Q((;5)G-modules with character xi2, x13,

X14, X15 via James triples as follows: We consider the subgroups

U = (a),
vV o= (b, c),
N = 1.

Then UNV =1 = N, as required by (J1) and N <V is of index k = 15, so (J2) holds. As
UV = G the condition (J3) holds. So, T = (U, V, N) is a James triple in G.

We consider the group morphisms

fia: Vo - w(Q(¢is))
b — (?
c — (2

fiz: Vo= w(Q(C1s))
b = (f
¢ = (s

fi: Vo= w(Q(Gs)
b — (?
¢ = (P

fis Vo= w(Q(¢is))
b Gl
¢ = (s

which fit (U, V, N) with respect to the complex conjugation agc,s)-
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The absolutely irreducible Q((;5)G-module

T, fiz2 __ 7
S@(Cl5) o <Z Uv-

veV

has character xis.

The absolutely irreducible Q((5)G-module

T7 fl( _ &
S@(Cls) - <Z Uv-

veV

has character yis.

The absolutely irreducible Q((;5)G-module

T, fia _ )
S@(C;;) o <Z Uv-

UEV

has character xi4.

The absolutely irreducible Q((;5)G-module

T, fis __ -
S@(C1155) o <Z Uv-

veV

has character xis.

v f12)Q(¢1s)

v f13)Q(cis)

U f14)Q(cr5)

Uf15>Q(C15)
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Chapter 2

Generators for unipotent Specht
modules over GL;,(F)

For a field K, unipotent Specht modules of K GL,,(F,) are introduced by Gordon James in [13].
Indexed by partitions of n, they are analogues of the Specht modules for the symmetric group and
are constituents of permutation modules on parabolic subgroups. James gave two constructions of
these unipotent Specht modules and proved analogues of several results from the representation
theory of symmetric groups. In particular, he established a kernel-intersection description, ob-
tained a g-analogue of the hook-length dimension formula, and showed that each unipotent Specht

module has a unique maximal submodule.

James gave a generator for the Specht module with coefficients in K that is built using a product
over root subgroups of the unitriangular group [12]. While this multiplicative construction is
conceptually natural, the resulting generator can be difficult to manipulate in concrete calculations.
In [13], instead of this product generator, James uses a generator constructed as a sum, but having
coefficients in K((,) instead of K.

In this chapter, we focus on his kernel-intersection description as a tool to characterise the unipo-
tent Specht modules. Our main aim is to construct a new explicit generator for the unipotent

Specht module that still is constructed as a sum and that has coefficients in K.

Let r,n € Z-,. Let p be a prime. Let q := p* for some u € Z~q. Let F be a field with |F| = q.
For k € Z~( we also write Gy, := GL(F).

Let A = (A1, A2, A3,...,A,) be a composition of n with r parts, written as A = n, ie.

A1, A2, Ag, ..., A, are non-negative integers and |\ = > A\ =n.
1€[1,r]

For s € [0,7] we denote \, := > A
ke(l,s]

We write A F n if X is a partition of n, ie. if My > X > X3 > ... 2 A\, > 0.

91
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2.1 Notation and preliminary remarks

2.1.1 Block and permutation matrices

Recall that A = n.

Definition 96. Let k, k € Zs,, i € [1,k] and j € [1, /2] We denote by
Ei,j c Fk><l~€

the matrix whose entry at position (7, 7) is 1 and whose other matrix entries are 0.

If k = k then we also write Ef, := E;; € F¥* and By, := 3 E;; € FFxF,
1€[1,k]

Definition 97.

(1) We write

Fr— @ i — {((yk;i)ie[lvAk])ke[l,r} tyki € F for k€ [1,r] and i € [1,Ak]} .
i€[1,7]
We often write (y;); € F*, where y; = (Yj;1)ieq1,n,) € FV.
For i € [1,r] we define inclusion maps
=1 FN — A

0 forje[l,r]\{i}

r +— (y;);, where y; :{ o
x forj=1

and projection maps

m=m FY = PN

(xj)j = Z; .

Note that 7 = { 0 forje [Lrl\ {3} }

idps, forj=1
We identify F* and F" via
F)\

((yk;i)ié[l,)\k])ke[l’r]

FTL
(y1;17 e YA Y2s1y - Y2 05 - Yridy e e 7y7“;)\r) .

USIRR

771

We identify E, = >° 7, which is the identity on F.
i€[1,7]
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(2) Recall that A= (\y,...,\) En. Let mt € Zoy and v = (v1,...,11) Em.

Let FM = @  Fw,

i€[l,r],j€(1,t]

We identify F-linear maps F*» — F" with their matrix representation in F**¥.

Elements of F**¥ are written as matrices with entries in the respective summands, for

instance

Q11 | A12 | --- | A1
Q21

A= (aiz)i; = : ,
Qr 1 Ce e | Qrg

where a;; = (] Ar¥ € F*>% for i € [1,7], j € [1,t].

We also write A= Y > mM}Anhy.

i€[1,r] j€[1,]

We identify F™*™ and FMV via

Fnxmeo F)\xu

(@i)iemo+1, 1), @ii)iepot1, 5, | (“w')iemﬂ,m,

Jj€Po+1,71] JE[PT+1, 73] je[m=i+1, 7]

(aiyj)z‘e[,\;lJer, (aiyj)ie[ﬂ+1,,\*2]Y (aivj)i6m+1,m,

L) . j€@o+1, 7] JjEPT+1, 73] €U _1+1,7¢
(a’z,J)ze[l,n]» = - - ! : Je[y_t L+ o]

JE1,m] : : . :

(ai,j)ie Xr—1+1, Ar, (ai5);e N1+, | (aivj)ie[)\r_lJrl,m,

JjE€Po+1,771] JEPT+1, 73] JE[Ti=1+1, 7]

If v = (m) then we also write F*V = FAxm,

Likewise, if A\ = (n) then we also write F**? = F™v,

(3) Let A € F™™. For i € [1,n] we denote by iy the block row of i in A € F**™ which is

the unique element i) € [1, 7] such that ¢ € [A\;,_1 + 1, \;,]. We call

pa: [L,n] — [1,7]

1 Zp)\ =1

the block row map.
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Example 98. Let n:=5, m:=4, A\ :=(3,1,1) En and v := (2,2) = m. A matrix A € F**

has the following block structure.

11 1,2
A=
21 2,2
3,1 3,2
10
A v o __ 0 1 A v __ )\QXl/l — 1x2
We have eg. g =( 0 0 of1]o0 ), 7y = o and (3 Ay =29, € I = Fx=
00
00
1 0 o0lofo o 0
A v __ A v o__ M XV2 3x2
We haveeg. ¢t = 0o 1 ojojo |, 7} = o and (1 ATl =z12 € F = F°x2
00 1]|0]o0
0 1

Remark 99. Recall the A-tableau t*, cf. Definition 51.(4). We have the following commutative

diagram
t)\ —1
[1,n] ——pos,

~
Trow

[1,7]
cf. Definition 49.(3), Definition 97.(3).

Example 100. In Example 53 we considered n = 7 and A = (3,3,1) &= n. We have the

123
A-tableau t* = 4715 6, which is the bijective map

th :pos, — [1,7]
(1,1) — 1
(1,2) — 2
(1,3) — 3
(2,1) — 4
(2,2) — 5
(2,3) — 6
(3,1) — 7.

For instance, we have
4t Mow = (2, D Tpow = 2

and 4py =2as4 €A1+ 1, 0] =[3+1,3+3] =[4,6].



2.1 Notation and preliminary remarks 95

Definition 101. Suppose given k € Z-;.

(1) Suppose given o € Sj. Let gPerm . — > Euew € F*>*k be its matrix representation.
Le(l,n]

(2) We denote by
Permy, := {o"™ € F*** .5 € S;.}

the set of permutation matrices of size k x k.

(3) For B € Permy we let op € Sy be the corresponding permutation such that

B= Y Euuo, -
]

e[k
We let Bsgn := (0p) sgn.
1
(4) Let oney, := (1);ep = | © | € F* be the vector having entry 1 at each position.
1 0
0
!
For i € [1,7] let one),; := m}oney, = | : | € F™*! be the vector having entry 1 in the
block ¢ and entry 0 elsewhere. (1)
0

Remark 102. Suppose given o € S,. For the permutation matrix 7™ € Perm, and

i,j € [1,n], we have

P _ _
o B = > BB =Eiy
Le(ln]
and  Ei;o™™ = Ei; 3 B =B,
Le(l,n]

as B, ;- Esy =E;,0;5 for s,t € [1,n].
Lemma 103. Suppose given k € Z,.

(1) Suppose given 0,5 € S,. We have (o - 5)Pe™ = gPerm . gPerm,
(2) We have Permy < Gy, .
Proof. Ad (1). We have
(0-a)™ = 3 Euws
Le(1,n]
= Y EuwEpws
L€[1,n]

= Z Z E&KU Em,m&

Le(l,n] me[l,n]
— UPerm . 5_Perm )



96 Generators for unipotent Specht modules over GL,,(F')

Ad (2). We have id™™ = E,, € Permy.

For oPerm gPerm ¢ Permy, we have
OPerm . &Perm — (0_ . 6)Perm c Permk ]

Moreover
’ O_Perm . (O_—I)Perm — (0_ . O_—l)Perm — idPerm — Ek )

So, (aPerm)_l = (o~ hFem € Permy,.

Hence, Perm,;, < Gy,.

Lemma 104. Suppose given o € S,, and A = (a; ;)i jenn € F™*". Then

(O_Perm)—l . (ai,j)i,jE[l,n] . O_Perm = (aiafl,jcr*l)i,jE[lan] :

Proof. We have

i,j€[1,n]
> @ijEicjo
i,J€[1,n]

= Y. g1 jiot By

i,j'€[1,n]

(O.Perm)—l . (ai,j>i,j€[1,n] . O.Perm — (O.Perm)—l . ( Z aij Ei,j) . O.Perm

R. 102

= (az'afl,jofl)i,je[lml : ?

Lemma 105. Suppose given a,b € [1,n]. Let ay = apy and by = bp,, cf. Definition 97.(3).
Write a = A, _1 + @ with @ € [1, A, ] and b= Ny, _1 + b with b € [1, Ay, ].

Suppose given i € [1,7].

We obtain

ORE TS S
o Eap fi=0bx

A e
ab by if 1 = ay

ALER — 0 ifz';éa,\
@ 2 -E {E

Proof. Ad (1). For ((xk;s)se[lv\k})ke[Lr] € [ and i € [1,r] we obtain

0 if i % by
n A A _ . . - s —
(('rk;s)SG[l,)\k])ke[lﬂ'Ea,b T = xa,\;&'El,b T = .Ta/\;a'EL)\b)\_l_,'_b = Taysa El,b if i = b
~—
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and
((xk;8>8€[1»/\k])k€[1,r] 'Wix : Ea,B = (waA;S)se[L/\aﬂ 'Ed,B = Taya El,B .
—
EF”‘)\XbA
Ad (2). For i € [1,r] we obtain
0 ifs 0 ifs
@y ] L OREe P
Ty Epa i =ay (Edf) -LbA) if 1 = ay
0 ifs
So, i} - Ej, = A ?Z.#ak o
’ Eipth, Hi=ay

2.1.2 Hall’s matching theorem, version for relations

Theorem 106 ( [1, §30, Th. 3] ). Suppose given a finite set X. Suppose given £ > 1 and
Ay, ..., Ar C X. Suppose that for I C [1,¢] we have

Jail =11
iel

Then there ezist elements a; € A; fori € [1,0] such that a; # a; fori,j € [1,¢] with i # j.

Lemma 107. Let XY be finite sets and let W C X XY be a relation. Let
W, ={yeY:(r,y) e W}

for x € X. Suppose that

z€Xo

for Xo C X. Then there exists an injective map v : X — 'Y such that (z,xvy) € W forxz € X.

Proof. Write X = {z1,...,z,} for { =|X]|.

As | Uzex, Wel = |Xo| for Xo € X, we may choose y; € Wy, for i € [1,/] such that y; # y; for
i,7 € [1,¢] with i # j, cf. Theorem 106. Then (x;,y;) € W for ¢ € [1,/]. Define

v: X — Y
Ty = Y

for i € [1,¢]. So (z;,z;v) € W for i € [1,£] and 7 is injective. o
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2.2 Two subgroups of GL,(F)

Suppose given d,w € Zxq such that 1 <d <rand 0 < w < A\gy1. Let

M= Udw = (Mla"')l’l'r) = ()\17"'7)\d—17)\d+)\d+1 _w7w7>‘d+27"-7>\r) ): n.
For example, if A = (3,2,3,4) =12 and d = 2 we have

H2o = (3757074)
,u2,1 - (3747 174)
/11272 = (3,3,2,4) .

2.2.1 The parabolic subgroup P,

Definition 108. We define the parabolic subgroup P, < G,, = GL,(F,) as
Py:={g € G, :}gn} =0fori,j e [1,r] withi> j},

cf. Definition 97.(1).
Lemma 109. Let F =F,. Then Py < G,, is of order

H )ﬁl(q/\i _ qj) . grsk<esr

i€[l,r] j=0
Proof. We have the surjective group morphism

W P)\ — GL/\l(]Fq) X GL/\2(F(1) X ... X GL)\Tan)

g +— (gm, tagma,. .. L-g7;)

Note that GLy, (F,) x GLy,(F,) x ... x GL,,(F,) is of order [] 1 (¢ —¢).

i€[l,r] 7€[0,A;—1]

An element g of ker(w) satisfies ¢;gm; = Ey, for ¢ € [1,r] and has arbitrary entries in the blocks
Y > AN
LigT;j € F;"Y for i,j € [1,7] with j > 4. So ker(w) is of order g'<<<t<r -

Example 110. Let n := 7 and X := (2,2,3) = n. The subgroup P, < G, consists of the

elements of the form

O O OO O *
O O OO O|F *
O O Of* X | x x
O O Of* X | x *
Xk X [ o [ X
Xk b [ o [ X
L S I e
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where each % is an arbitrary element of F', subject to the condition that the diagonal blocks

are invertible.

Let d :=2and w:=1. Then p = poq = (A1, Ao+ A3 —w,w) = (2,4, 1). The subgroup P, < G,

consists of the elements of the form

OO O O Ofx F
OO O O Ofx F

D% X > | * x
D% X% o | * x
D% X X X |* X*
D% X o X |* X*
| X X [ b

where each % is an arbitrary element of F', subject to the condition that the diagonal blocks

are invertible.

Lemma 111. Recall that j1 = piq. . We have
Pan PM = {g ePy: le\—klgﬂc)l\—kl € P(Ad+1_w:w)} :
In other words, P\ NP, =P,, where v := (A1,..., g, Aay1 — W, w, Agya, ..., \p).

Notice that the only difference between P and P, lies in the treatment of the d-th and (d+1)-th
layers. In Py these layers have sizes Ay and Ag41, while in P, they are merged into a layer of size

Ad + Ag+1 and then re-split into layers of sizes Ay + Ag11 — w and w.

Proof. An element

can be written in block form with respect to the composition A = (Ay,..., \,) as
g11 g12 -+ gld-1 91,d 91,d+1 gi,d+2  c Glr—1 g1,r
0  g22 -  g2.d-1 g2,d 92,d+1 92,d+2 e g2,r—1 g2,r
0 0 9d—1,d—1 9d—1,d  9d—1,d+1 Gd—1,d+2 *°° Gd—1,r—1 YGd—1,r
0 o . 0 9d,d 9d,d+1 gdd+2 o Ydr—1 9gd,r
g = . A B
0 0 . 0 0 c b gd+1,d+2 - Gd+l,r—1 Gd+ir |
0 gd+2,d+2 0 9d+2,r—1  gd+2,r
0
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where g;; = 1} g} € Gy, for j € [1,7]\ {d + 1} and

Ae F(/\d+1*w)><(>\d+1*w), Be F(/\d+1*w)><w, C e Fw><(>\d+1*w)’ D e Fwxw

The conditions for g € Py to lie in P, is that the entries corresponding to C' vanish, and that

the matrices A and D are invertible.

Thus, g € P, is contained in Py NP, if and only if

A A
lgy19Tay1 € P(>\d+1—w7w) :

Example 112. In Example 110, the subgroup P, NP

form

OO OO Of* *
OO O|C Of* *
OO O X * [ * >
OO O|* * [ X% *
O % X | % * [ %
O % > | % | * x
X[ o [ k| X X

[m]

w1 < Gy consists of the elements of the

where each % is an arbitrary element of I, subject to the condition that the diagonal blocks

are invertible.

Lemma 113. Ford € [1,7 — 1] let

S\d = Hdo = (5\17---;)\7“) = ()\1;'--7)\d—1;)\d+>\d+1707>\d+27-"7)\r) ):TL

Then Py < Psa.

Proof. By Lemma 111 we have Py N P54 = P,, where v := (A1, ..., A, Aat1,0, Ao, - - .

So P, = P,. Hence Py NP5, =P, ,ie Py <Pja.

Example 114. In the setting of Example 110, we consider the subgroup
Pio =Pi=Ppaso <G,

consisting of the elements of the form

O O O O Ofx *
O O O O Ofx *
b S T I e
b S o I
b S S R o S
LR S S I
L S S o R
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where each % is an arbitrary element of F', subject to the condition that the diagonal blocks

are invertible.

Note that P5. < G,, indeed contains Py, cf. Lemma 113, Example 110.
Lemma 115. Recall that j1 = pig. . We have the bijection

P (P/\ N PM)\PA - P(/\d+1*w,w)\G>\d+1
<P>\OP#>9 = P(/\d+1—w7w) (L3+197T2+1) .

Proof. We show that the map ¢ is well-defined. Suppose given g, ¢’ € P, such that ¢ = hg
for some h € Py N P,.

Write the relevant (Ag + Ag11) X (Ag + Age1) block, corresponding to the d-th and (d + 1)-th
positions of h as
(Lg‘hwé‘ Lé‘hﬂé‘_H )
0 L2+1hﬂ'é‘+1 )

Then, by the rules of block matrix multiplication, the (d 4+ 1)-th diagonal-block of ¢’ is given

by

PV U by A P
Lar19 T = ta Aoy - tap 19t -

Since h € P, , the block ¢}, A, lies in the parabolic subgroup P(y,,, —w.w) < Ga,,,, cf. Lemma 111.
Hence, ¢}, ,gmy,, and ), ¢'m),, differ by right multiplication by an element of Py, —w.w),

which means they represent the same coset in

P(>\d+1*w7w) \G/\d+1 :
This shows that the map ¢ is well-defined.

Now, ¢ is surjective as for each coset P, —ww)g € P()\d+1_w,w)\G)\d+17 one can choose a

representative g := > T | + Ty Gey, € Py with o), gy, = G
e[l \{d+1}

We show that ¢ is injective. Suppose given g, ¢’ € P, such that

(PanPLg) e =((PxNPL)J) ¢

Then by definition of ¢, we have
A A A A
Poxi—ww) (Ld+1g7rd+1> =Po—ww) <Ld+19/77d+1>-
Thus, there exists an element i € Py, —w.w) such that

A A 1A A
Lg+19T a1 = h bg+19 Tgy1 -
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Let g :=g(¢')~' € Px. We show that g € P, .

We have

A=A A nN—1_X\ A A A ! A _
Lg+19T g1 = Ld+19(9) Tg+1 = lag+1 9 Tge1 (Ld+1 g 7Td+1) =he€ P(Ad+1—w,w) .

So, g € P, by Lemma 111. Altogether, § € PxNP, and g¢' = g. So (PANP,)g=(PxNP,)d"

Thus ¢ is injective.

So, injectivity follows from the fact that any quotient of two representatives in P that yield the

same coset in Py, —w.w)\Gr,y, must liein PxNP,.

d+1

All in all, ¢ is bijective. o

2.2.2 The subgroup V)

Recall the set of permutation matrices Permy := {o7™ = > E,4 € F¥* : 5 € S;} for
Le(1,n]
k € Z and the vectors oney := (1) € F**!, oney; = mioney, € F**! for i € [1,7], cf.

Definition 101.

Definition 116. For v € G,,, we consider the following conditions.

(1) t}vm} € Permy, for i € [1,7].

(2) tpomy =0 fori,j € [1,r] with i < j.

(3) w}um} - oney, =0 for i,j € [1,r] with i > j.

%

Let
Vi :={v € G,, : v satisfies (1,2,3)} C G, .

Suppose given v € Vy and let o; € S,, be the permutation corresponding to t}vm* € Permy, for
€ [1,r]. We define the signum of v as vsgn:= [[ o;sgn € {—1,1}.
1€[1,r]

Lemma 117. Suppose given v € G,, such that conditions (1,2) of Definition 116 hold.

Then (3) holds if and only if v - one) , = oney . for k € [1,r].
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Proof. Suppose given v € G,, such that ¢;om; € Perm,, for i € [1,7] and ¢;om; = 0 for ¢, 5 € [1,7]
with ¢ < j. Then

A A
veoone,, = ), TiliUTls One,

i,s€[1,7]

= ) TMLUTs- LgTE  -oney,
i,s€[1,r] ~

=0for s #k

= ) LU - Oney,

1€[1,r]

= >, mi-uumg-oney, | + > miLuTg - oney, | 4+ - LgUT - oney,
S—~— S—~—

ic(1,k—1 i€ k41
ZE[ ’ } =0 ZE[ + ’T] GPermAk

= > miLumg - oney, | + my - oney,
i€[k+1,7]

= S miumg - oney, | + onel .
i€[k+1,r]

for k€ [1,r]. So, v-one), = onep, for k € [1,7] if and only if Y7  miumy - oney, = 0 for
i€lk+1,r]
k€ [1,r]. Le. if and only if t;um; - oney, = 0 for 4,5 € [1,7] with i > j. o

Lemma 118. We have Vy\ < G,,.

Proof. We have 1 € Vj.
Suppose given v, € V). We show that vv satisfies (1,2,3) of Definition 116.
Ad (1). For i € [1,7], we have

LOOT; = Lﬂ)( > WSLS) oTT;

s€(1,r]
= > umg 0w | 4 oy om; + > Lums L0y
s€[1,i—1] \7/0" seli+lr] 7
= (yom) (1;0m;) € Permy, ,
since both ¢;um; and ¢;0m; are in Perm,, < G, .
Ad (2). For i,j € [1,r] with ¢ < j, we have
LUOTy = Y LUTsLOT; =y LUl = 0.

s€[1,7] s€[l,i]
Ad (3). Using Lemma 117, we have v - one), , = one , for k € [1,7] and © - one), , = one), , for
ke [l,r]. So

~ A . A
VU - Onen’k =70 Onen7k — Onen’k
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for k € [1,7]. Hence v0 satisfies (3) by Lemma 117. So, vd € V.
We show that v~! satisfies (1,2,3) of Definition 116.
Write v = D+ L with D := ) yovm and L := > wom;. The matrix D captures the

i€[1,r] 1<<igr
diagonal blocks of v, the matrix L captures the strictly lower triangular blocks.

We have
v=D-(E, —|—D_1L)

and therefore
v!'=(E,+D'L)""- D7,

As y;Lmj =0 for 4,5 € [1,7] with ¢ < j, we have
;D' Lm; = Z D7ty - lm;  =0.
N—— \V/
ellrl —oiti#e  —oifr—i<y

Note that the matrix D~1L is nilpotent as every eigenvalue is zero. Hence, there exists m € Z-,
such that (D~'L)™ = 0. So,

3

(E.+D7'L)-Y (-D'L)Y =E, .

=0
m—1
Therefore (E,+D'L)™!' = Y (=D~ 'L)? which is a sum of matrices T with (,T7; = 0 for
j=0

i,7 € [1,r] with ¢ < j. This leads to (v~ m; = 0 for 4,5 € [1,7] with ¢ < j. So, (2) holds.
We have ;o™ m; = ;D 'm; € Permy, for i € [1,7]. So, (1) holds.

We have v - one) , = one) , and therefore one), = v~' - onep ; for k € [1,7]. So, (3) holds by
Lemma 117.

Hence, V), is a subgroup of G,, . 0

Example 119.
(1) Let A= (2,1) and F' = F;. Then

( 0 1 0o 1 0o )
o1, 0 1 |0 [, o 1|0 |,
1 1 -1]1 -1 11

\( )

(2) Let A:=(2,2,3) =7 and F = F5. For instance,

= o

[l

[e=]
o

Vi =

o= O
oo =
P
\—/
-~
== o
I

—lo =
}—“oo
SN——
—
|

== o
o =
—~|lo o
N

0o 1| o o0 0 0O
1 0ol 0 0[0 0 0
2 -2/ 1 0[0 0 0
1 -1 0 10 0 0 evV,.
0 0[-1 1[0 1 0
2 -2 1 -1/0 0 1

-2 2| 0 0|1 0 0
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2.3 The layered row-echelon-form

2.3.1 Definition

Definition 120. Suppose given 0 < m < n. Let A = (a;;);; € F™".

(1)

(2)

The matrix A is in reduced row-echelon-form of full row rank or, for short, in full row-
echelon-form, if there exists a strictly increasing map pivy : [1,m] — [1,n] : i — ipivy
such that a; jpiv, = 0;; for 4,7 € [1,m|, and a;; = 0 for i € [1,m] and j € [1,ipiv, —1].
In this case we also call piv, the pivot map of A. A matrix in full row-echelon-form
determines its pivot map uniquely.

We call the positions (i, pivy) for i € [1,m] pivot positions. So each pivot position of A
corresponds to a leading 1 with zeroes to the left, above and below.

If A is in full row-echelon-form, then a; ; = 0 if position (i, 7) is to the left of, above or
below (i,ipivy) fori € [1,m], j € [1,n] .

A pivot column is a column that contains a pivot position.

Suppose A is in full row-echelon-form. Let Pivy = (0; piv,)i; € F™*™. Note that
A - Pivy = E,,. We call Pivy the pivot matriz corresponding to A.

Example 121. The matrix

s in

such

S O N
(= =)

0
0
1

full row-echelon-form as there exists the strictly increasing map

1
A=(tg)icpy = ( 8

Jj€e4

piv, @ [1,3] [1,4]

I 114

1 1
2 3
3 4

that

a11 = A1,1pivy, — 31,1 =1 a13 = A12piv, — (91,2 =0 14 = A13piv, — 31,3 =0
Az = Qg1piv, = Oo1 = 0 a3 = G2opiv, = Gop =1  a24 = A23piv, = O23 =0

asy) = a3ipiv, = 031 =0 az3 = a3opiv, = G32 =0 a3y = azzpiv, = O33 = 1

A21 = A22piv, —2 = 0 A22 = A22piv, —1 = 0

az1 = a33piv, -3 = 0 az2 = a33piv,—2 = 0 az3 = az3zpiv, -1 = 0
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Note that e.g. as; = 0 follows from both conditions.

We have the inOt matrix PiVA = <5i,j)i€[1,4},j6[1,3] with

512 = al,QpivA 51,3 = 81,3pivA

511 = 81,1 pivy

=0

S22 = a2,2pivA =0 $2,3 = aZ,SpivA =
=1
=0

S21 = a2,1 pivy

53,1 = 33,1pivA 532 = a3,2pivA 533 = a3,3pivA =0

I
o o o -

S41 = 34,1pivA S42 = a4,2pivA S43 = a4,3inA =1

SO, PiVA = and A - PiVA = E3 .

o O o =
o = O O
= O O O

Definition 122. A matrix B € F**" is said to be in layered row-echelon-form if the following
conditions (1,2) hold. Write B; := (;B) € FA*" for i € [1,7].

(1) For i € [1,7] the matrix B; is in full row-echelon-form. We have the corresponding pivot

matrix Pivg, for i € [1,7].

(2) We have B; - Pivg, = 0 for 4,5 € [1,r] with i < j.
We then define
Ly:={A € G, : Aisin layered row-echelon-form} C G, .

Example 123. Let n:=7 and X := (2,2,3) = n. Every matrix of the form

0O 1 0 0 O 0 O
B1
0O 0 0 0 O 0 1
0 0 1 0 0 0 « B
B= 0000 1 0 :
1 » x 0 %= 0 «*
0 0 0 1 % 0 =« B3
0 0 00 0 1 =«

where each x is an arbitrary element of F', is in layered row-echelon form.

We have

PiVB1 = P iVB2 =

O O O O O O =
O O O = O O O
o = O O O O O

0
0
0
0 PiVB3 =
1
0
0

O O O O O = O
= O O O O © O
O O O O+ O O

and B - Pivg, =0, B; - Pivg, = 0 and Bs - Pivg, = 0.
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2.3.2 Sets of right-coset representatives of P) in GL,(F)

Lemma 124 ([8, §1.4, Theorem 5]). Let A € F™ " with tky = m. There exists a matriz
H € GL,,,(F) such that H - A is in full row-echelon-form.

Lemma 125. Suppose given A € F™ ™ in full row-echelon-form. Suppose given H € GL,,(F)
such that H - A is in full row-echelon-form. Then H = E,, follows.

Proof. We have
Em = A. PiVA
E, = H-A-Pivg.a

We claim that Pivy = Pivy.4, i.e. that the positions of the pivot columns of A and H A are the

same.

For k € [1,n] we denote by Ay, := A - (, Ef’; k) the submatrix of A of rank rk,,, consisting of

the first £ columns of A. Likewise, HA, = HA - (0 Bk k) is the submatrix of HA of rank rkg 4, ,

n—k,

consisting of the first &£ columns of HA.
As H € GL,,(F') we have rky, = rkpa,.

We have
ipivy = min{k € [1,n] : rtky, =i} = min{k € [1,n] : tkya, =i} = i pivy,

for i € [1,m].
So, Pivy = Pivy. 4 follows.
This proves the claim.

Now, H=H -E,, =H -A-Piva=H A -Pivgy =E,,. o

Lemma 126. Suppose given x € Py and g € Ly such that xg € Ly. Then x =1 follows.

Proof. Note that, as x € Py, we have (;om, =0 for j,k € [1,r] with j > k.

To show that = = 1, we will prove by descending noetherian induction on k € [1,r] that
vexm, = By, and ;xm, =0 for j € [1,k —1].
Since xg, g € L), the submatrices (yxg and ;g are in full row-echelon-form with corresponding

pivot matrices Piv,, ,, and Piv,, , , respectively.

Induction step. By induction hypothesis, ¢;zm; = E), and ¢jzm; = 0 for j € [1,7 — 1] holds for
i € [k+1,7]. We show that (,am, = Ey, and ¢jom, =0 for j € [1,k —1].
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We have

LTy = Z LprTstsg = ( Z LTTsLsg) + texTRLEg + ( Z xmstsg) = (tpxmy)(tkg) -
s€[l,r] s€[l,k—1] s€[k+1,r]

So txg emerges from 1xg via left-multiplication with (pzmg . Now,
L X = E)\k
follows by Lemma 125. Hence (29 = 119.

As zg € Ly, we have for j € [1, k — 1] that

s€[1,r]

0 = xg-Piv, g =tjzg - Piv,, = < > Lj:msesg) - Piv,

= Yoo yamsisg - Pivyg | + tjampieg - Piv, g + > LxTs - Lsg - Piv,,,
s€[1,k—1] — selk+1,7] S~~~
=0as g€ Ly =0 by induction

= xmy - By, = yiam, .

So, wrm, = Ey, and ¢jem, =0 for j € [1,k —1]. 5

Lemma 127. For g € G,, there exists x € Py such that xg € L.

Proof. We will prove by descending noetherian induction on k € [1,r] that there exists an
element y € P, such that for j € [k, r| the layer ¢;yg is in full row-echelon-form with pivot
matrix Piv,;(,g) such that t;yg Piv, e = 0 for i € [1,7 — 1].

Induction step. By induction hypothesis we may choose an element y € P, such that for
j€k+1,r] the layer t5yg is in full row-echelon-form with pivot matrix Piv, . and

Liyyg Piv,,(yg) = 0 for i € [1, j — 1]. We write § := yg.

We show that there exists an element y, € P such that for j € [k,r], ¢;yxg is in full row-

echelon-form and ¢;(yxg) Piv,, (5 = 0 for i € [1,j — 1].

There exists a unique invertible ¢, € F**** such that ¢ - g is in full row-echelon-form, cf.
Lemma 124. Let

6k = MECrplg + Z Tely .
Le(1,r\{k}
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Now,

LCr = g (chkbk -+ Z ngg) = (Ckbk -+ Z Lkﬂ'ng> = Cplk

Le(1,r\{k} Le(1,r\{k}

and ¢, = 1 (chkbk—l— z ngg)z( Z LﬂTng)ZLZ-
Lefl,r]\{k} Cefl,r]\{k}

for i € [1,7]\ {k}.

Then ¢, € Py as we have v;éym; = Ey, for i € [1,r] \ {k}, we have 1,éxm, = ¢ and we have

tiégm; =0 for 4, j € [1,7] with ¢ # j.
With the corresponding pivot matrix Piv,, ,5) = Pive,,, 5 we set
SikZ:— Z Ty ZW@L(.

ng PiVLk(Ekg) Lk +
N———
Le(l,k—1] CF XA Le(l,r]

Then 7, € Py as we have ;7,1 = E,, for ¢ € [1,r] and we have ¢;7,m; = 0 for 4,5 € [1,7] with

1< 7.

Let Y 1= TrCr € Piy.

Note that

bk = ke = o | = Y TG Pivi g e+ Y Tote | 6§ = ik = Ck - g

0e[1,k—1] e[l

is in full row-echelon-form with pivot matrix Piv,,,,; = Piv,, (5,4) -

We have for j € [k + 1,r] that

LiYkg = LjTrCrG
= b (‘ > Mg Piv gyt 20 mw) kg
Ce[1,k—1] Le[1,r]
== Ljékg
I
- ng .

Hence, ¢y is in full row-echelon-form by induction hypothesis.
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For i € [1,k — 1] we have

(Liyrg) - Pivi ()

—~
*
~

(4iZ1CrG) - Pivy, (a.5)

Li (— Yo meug Pivi, g e+ D 7Tg[,g> kg - Pivi, (er9)
le1,k—1) Le(l,r]

(—:G Pivi, (6,5) te + 1) CrG - Pivi, (.9)

(—:g Piv,, (6,5) teCr + iCk)G - Pivi,(6.9)

(—:g Pivi, (6,5) teCr + i) - Pivi, (6.9)

—4ig Pivbk(ﬁkﬁ) fkéké ) PiVLk(ﬁkQ +u:g PiVLk(éké)

~
0. Ex,

So altogether, ¢y g is in full row-echelon-form and ¢;yxg - Piv,,,,; = 0 for i € [1,k — 1].

Suppose given j € [k + 1,r] and i € [1,j — 1]. We have

LYk Pivi, y,5)

Lijkékg PiVLj @)

Li (— Z nggg PiVLk(gkg) Ly + Z 71'ng> 5k§ PiVL].(g)

lel,k—1] Le(l,r]

— Z [1Zk : LiTpleq PiVLk(akg) Lk) Crg PiVLj(g) +1;CLg PiVLj(g) .
e[l,k—

Case i € [1,k — 1]. We continue to obtain

Liykg P1vi; (y,9)

—~

*)

(— . DZ,; : LiTpleq PiVLk(Ekg) Lk) Crg PiVLj(g) +1;Crg PiVLJ,(g)
€[l,k—

_LiginLk(Ekg) Ck fkf]PiVLj(g)j + fz’f]PiVLj(g)l

Vv TV
=0 by induction = =0 by induction

0.

Case 1 = k. We continue to obtain

Lzykg PiVLj (Y 9)

—
*
~

<— , [§ . Lﬂ'zbgé PiVLk(Ekg) Lk> 5k§ PiVLj(g) +Li6k;§ PiVLj(g)
c k—

Cr Lk g PiVLj(g)
N——

=0 by induction

0.
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Case i € [k+ 1,7 — 1]. We continue to obtain

Lz'ykg PiVLj(ykg) = <_ , [lzk: . Lﬂebef? PiVLk(Ekﬁ) Lk) ékg PiVLj @ +Liék§ PiVLj @
el,k—

—

*

= g Piv,qg)
—_——

=

=0 by induction

= 0.

Letting ¢ := yry € P», we have gg = y3g. So for j € [k, ], the layer ¢;7¢ is in full row-echelon-
form with pivot matrix Piv,, (54 such that ¢;5g Piv,, g4 = 0 for i € [1, 5 — 1]. 0

Proposition 128. For g € G,, there exists a unique x € Py such that xg € L.

Proof. Lemma 127 ensures existence. As to uniqueness, suppose given z,¥ € P, with
xg,zg € Ly. Then
(Zx 1) (xg) € Ly.
——
epPy

1

By Lemma 126 we obtain zz7" =1 1i.e. x = 2. o

Example 129. Let n:=7 and A := (2,2,3) = 7. We consider the invertible matrix

[\
o OO
|
)
N
—
O N|= O

c F>7

—_
o
|
—
e e N I
[}

We want to compute the layered row-echelon-form of g € Gy.

—2 -1 -2
First, we reduce t3g to full row-echelon-form. Let c3 := ( 2 2 1 ) € F2*. Then
2 0 -1

is in full row-echelon-form with pivot matrix Piv,,,,, =

O O O O O O =
O O O = O O O
o R O O O O O
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o O O

o O O

2

1| e BN
010 O

0 010

o O O

o O O

1
0

0

0
2

-2

—2

1

0 0]0
010 O

0 0|0

0 010 O
0 010 O
0 010 O

oS O O

o O O

0|0 O

1

S O O

o O O

T3C39

We have 199 - Pive,,,4

112

Let 73 :=
Let 63 :
Now,

) € B2 Then

0
1

)

—2

-1
-1
-2

2 0
-1

0

ng PiVCSLS.(] =0.
0

t2g Pivey .9 = 0

0

0 0

g

(

t2g Piv,,
ng PiVL3
Calog =

_9 _
0
0
-1 0 -2

0|0 O
0 0|0 O
0 0|0 O
0 0|0 O
2 0 0

Next, we reduce 1o to full row-echelon-form. Let ¢y := (

So, t3g is in full row-echelon-form and
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O O 4 O O O O

SO 4 O © © © O

(

7

is in full row-echelon-form with pivot matrix Piv,,,,

7

We have ¢,§ - Piv,,,,

] c

0

0

0

0 0
1

0

1

0|0 0 O
0|10 0 O
010 0 O

0
0
-2

0|0

0
0

010 O

0

0

0

0
1

1

0|0

= 0 0]0

Let 532 .

0 0|0 O

We obtain

ToCag

un>™

N O~ NN N ™
B EE—— | [
09_-ﬁ_|_A?_~9_~20000001

— NN~ NN O
o Ol O © | 1|
ST YT YT ooloo|o~o

o o|lo |- o ©
o o|lo o|lo - © |
.|_A1_AD_|_..|_AOOOOIO_|,.OO
04244000000100
o o|lo o|lH o ©
———_ o 8|~ a|a aa

[ O O R

o o|lo o|lo o ~

o o|lo o|lo o ~
o o|lo o|lo - ©

O =N — |- N O
o o|lo ol o © (.
0001_.000 ©c o|lo ojlo ~ ©

— =[O [ O O
009_.1_.000 [ I

o —H|lH ol © o
o H|lo o|lo o © | I
— o|lo o|lo o o o o|lo o~ o o
o olo oloo - o o|lo o|lo o ~
o olo o|lo - o o o|lo ol ~ o
o ol oW oo o oloo|l~ o o
— |l Ao oo A —A|lo |0 o o
O H|lH O|lo oo o A+ olo o o
o H|lo o|lo oo o -H|loolo o o
—~ o|lo oo oo —~ o|lo o|lo o o

o O O
I
> S >
& 98
5 & 8
> > >
. p— or— or—
A A A
oy Ny, Ny
N — —
~ ~ ~
I
Sy Yy >y
2 8
A
o— e —
A A A
oy N,y Ny
N — —
~ ~ ~

g are in full row-echelon-form and
Finally, we reduce ¢1g to full row-echelon-form.

3 L3§a %]

So

—2 2x2
1)€F5X.

0
2

Let ¢; := (

Then

)

0

0 0 0 0 1
0 0 0 0 0 O

(

cig
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is in full row-echelon-form with pivot matrix Piv, , = =

O O = O O O O
= O O O © © ©

0o —2/0 olo o0 o
2 1(0 0/0 0 O
0o ofl1 oflo o0 o0
Let 2y :=E;. Let ¢;:= | 0o o]0 1{0 0 0 EIE‘g\X’\.
0 o0l0 o1 0 0
0 0|0 00 1 0
0 0|0 0|0 0 1
Then
0o —2/0 olo 0 o 0 0 0 0 —-1 0 -2 0 0 00 1 0 0
2 1]/0 0|0 0 0O 0 0 0 0 0 0 0O 0 00 0 0 1
~ 0o ofl1 0fl0 0 0 0 1 0 0 0 -1 0o 1 00 2 0 -1
Z1¢0g=1 0 0/0 1]/0 0 0 o 0 10 -10 -2 |=]0 0 10 -1 0 -2
0 0]/0 ofl1 0 o 1 -1 -1 0 -1 0 -2 1 -1 -1 0 -1 0 -2
0 0|0 0|0 1 0 0 0 0 1 2 0 -2 0 0 01 2 0 -2
0 0|0 0|0 0 1 0 0 00 0 1 2 0 0 00 0 1 2

is in layered row-echelon-form.

xg = h € Ly. The element z € P, is uniquely determined by g € G7.

Definition 130. Let B € F™* be in layered row-echelon-form. Write B; := (1;B) € F**" for
€ [1,r]. We denote by

Perm

og’ " € Perm,,

the permutation matrix having

Lo = Pivg

for ¢ € [1, 7], cf. Definition 120.

So the non-zero entries of the permutation matrix o5™™ are exactly at the pivot-positions of all
layers B; of B. Recall that o™ = Y Ey4,, for a corresponding permutation o5 € S,,, cf.
Le(l,n]

Definition 101. The pivot element in row ¢ of B lies at position (i,i0p) and the pivot element

in column j of B lies at (jogz', 7).
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Example 131. The matrix

0 0 0 0 0 0
0 0 0 0 0o 1
0 1 0 0 0 —1
h=]1o0o o 10 -1 0 -2
1 -1 -1 0 -1 0 -2
0 0 01 2 0 -2
0 0 00 0 1 2
of Example 129 is in layered row-echelon-form.
We have
0000100
000000 1
01 00000
o =1 0010000
1 00000 O
0001000
0000010

and o, = (1,5)(2,7,6,4,3) € S7.

Remark 132.

(1) Note that the set Ly of matrices in layered row-echelon-form is a set of right-coset rep-
resentatives of Py in G,,, cf. Definition 122, Proposition 128: For g € G,, there exists a
unique x € P, such that xg € Ly so Pyg = P zg. Hence each right-coset Pg has exactly

one element in layered row-echelon-form.

(2) Let
U = ZEz‘,anl .
i=1

Then Ly -u:={¢-u: ¥l € Ly} is a set of right-coset representatives of P, in G,, .

The set Ly is defined using the usual notion of row-echelon-forms. The construction of the module

Sy below requires the “mirrored version” Ly - u of Ly . See also Example 136 below.
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Remark 133. Recall the block row map p, , cf. Definition 97.(3).
Suppose given B = (b; ;)i jenin € L. Write

B = O_germ 4 (B - Jgerm)

as the sum of the permutation matrix o5™™, cf. Definition 130, and the matrix (B — o5™)
containing the remaining non-pivot entries of B. These non-pivot entries correspond to positions
in

Posp == {(s,t) € [I,n] x [1,n] : sop < t and (tog)pr < spr} -
So B — O.Eerm = Z b@j Ei,j and

(i,j)€Posp

B = O_germ —|— Z b‘J‘ Ei,j .

(4,7)EPosp

Example 134. In Example 131 we have A = (2,2,3) |= 7 and

0 0 0 0 1 0 0 0O 0 0 0 1 0 O 0 0 0 O 0 0 0
0 0 0 0 0 0 1 0 0 00 0 0 1 0 0 0 0 0 0 0
0 1 0 0 2 0 -1 0 1.0 0 0 0 O 0 0 0 0 2 0 -1
h = 0 0 1 0 -1 0 -2 = 0 01 0 0 0 O + 0 0 0 0 -1 0 -2
1 -1 -1 0 -1 0 =2 1 0 0 0 0 0 O o -1 -1 0 -1 0 -2
0 0 0 1 2 0 =2 0O 0 0 1 0 0 O 0 0 0 O 2 0 -2
0 0 0 0 0 1 2 0 0 00 0 1 0 0 0 0 0 0 0 2
af?gm

Write h = (hi,j)i,je[l,ﬂ- We have op = (1, 5) (2, 7, 6,4, 3) S S7 .
E.g. we have (3,5) € Posy, = {(s,t) € [1,7] x [1,7] : so, < t and (to; )px < spx} as

30, =2 <5and (5o, pr = 1pp=1<2=3p, .
Likewise, (5,2) € Posy, as
50, =1 <2 and (20, )pr = 3py =2 < 3= 5p, .

We obtain Posy, = {(3,5), (3,7), (4,5), (4,7), (5,2), (5,3), (5,5), (5,7), (6,5), (6,7), (7,7)} and

0O 0 00 00 0

0O 0 00 00 0

o 0 00 2 0 -1

0o 0 00 -1 0 -2 |= E hi;Ei; .
0 -1 -1 0 -1 0 -2 (/) Posn

0O 0 00 2 0 -2

0o 0 00 00 2
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Remark 135.

(1) Suppose that r = 2. We have A = (A, \2) = n. Then L, is a set of right-coset represen-
tatives of Py in G,,, cf. Remark 132.(1).

Each element & = (Z; ;)i jepn] € La is of the form

T = O_germ + Z jk,ﬁ : Ek%g
(k,0)€Posz

with Posz := {(s,t) € [1,n] x [I,n] : soz < tand (to;')px < spx} and Zp, € F for
(k,0) € Pos; , ¢f. Remark 133.

As X only has two parts, an element (s,t) € [1,n] x [1,n] fullfills
(toz")px < spa

if and only if
(toz")pr =1 and spy = 2

i.e. if and only if

s€ M +1,nand to;' < Ay .

So, we obtain

Pos; = {(s,t) €[1,n] x [1,n] : so5 <t and (to;")px < spr}
= {(s,t) € [\ +1,n] x[1,n]: 503 <tand to;' < \}.

These are the positions (s,t) € [A\; + 1,n] x [1,n] such that in row s the pivot element at
position (s, soz) is to the left of column ¢ and such that the pivot element in column ¢ at

position (to;*',t) is in the first layer of 7.

Hence, each element & € L) is of the form

~ _ _Perm § ~
T =03 + Lk - Ek,é
(k,£)EPos;

with Posz = {(s,t) € [\ + 1,n] x [1,n] : soz < tand to;' < A} and d, € F for

(k,¢) € Pos; .

n
2) Let u = Ein_it1 € Perm,,. Let £ € L. Let z := Z - u. Then oF®™ = gP*™ . ¢ and
( ) + T

x
i=1
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0y = 030, . Then z is of the form

aferm + Z T Bry
(k,£)ePosy
with
Pos, = {(s,t) € [\{ +1,n] x [1,n] : t < so, and to, ' < A} .

These are the positions (s,t) € [\; + 1,n] x [1,n] such that in row s the pivot element at
position (s, so,) is to the right of column ¢ and such that the pivot element in column ¢

at position (to;!,t) is in the first layer of .

Example 136. Let A := (2,1) =3 and F' = F3. Note that n = 3 and r = 2.

The subgroup P, < Gz consists of the elements of the form

*
* | * ,
*

where each % is an arbitrary element of I3 subject to the condition that the diagonal blocks are

invertible.

The subgroup P, is of order

(32 —1)(3*=3)(3—1)-3*! =864 .

H H (q&' _ qj) L LR

i€[1,2] 0,0 —1]

So, we obtain |Ly| = [GL3(F3) : P)] = 11232 = 13 and

864
(/1 0 0 01 0 01 0 01 0 01 0 )
o1 0 |, o0 1|, o0 1|, oo 1|, 00
0 1 1 0 0 1 0 1 1 0 -1 10
0 0 01 0 0 10 0 10 0 1 0
L, = 00 1 00 1 o o 1|, 0 0 1 0o o0 1
1 11 -1 1 -1 0 1 -1 1 1 -1 -1
00 1 0 0 1 0 0
00 1 00 1 00 1
L\ 0 0 0 1 1 0 1 -1 J
0 1 0 01 0
For example, for & = (Z; ;)i jep,s = [ 0 0 1 | wehave oberm = 0 0 1 |andoz = (1, 2, 3).
1 -1 1 1 0 0

So, Pos; = {(s,t) € {3} x [1,3] : 5(1,2,3) < t and #(1,3,2) < 2} = {(3,2), (3,3)} . So we may
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calculate in F3*3 to get

=lo O
oo =
o= O
—
—_
N—
oo O
o O
oo O
[S—y
oo O
oo ©

o O

(k,£)EPos;

(/0 0 1
010,(
1 0 0

0 1 0 0 1 0 0 1 0

Ly -u= 1007(100),(1 00)

11 1 -1 1 1 0 -1 1

0 1 0 01 0

Letting # := & - u = (2;;)ijepng = | 1 0 0 |, wehave o™ =| 1 0 0 | =0;"™ u and
1 1 1 0 0 1

0z = (1,2). So, Pos, = {(s,t) € {3} x [1,3] : t < s(1,2) and ¢(1,2) <3} ={(3,1), (3,2)} . So

we may calculate in F;*? to get

01 0 00 0 0 0 0
r={10 0 ]4+1-{00 0 |4+(=1)- o0 0 o0 :axperm—i— Z T Egyg .
0 0 1 1 0 0 01 0 (k,0)ePoss

Lemma 137. For (Py NP, )\Px we have the set of right-coset representatives

R E A A A .
Xd,w = ez + 7Td+1wbd+1 X e L()\d+1,w’w) . u)\d+1 g P)\ .
ie[1,r]\{d+1}

Proof. In P(x,,,—wu) \Gx,,, we have a system of right-coset representatives Ly, , —ww) - Uy,
cf. Remark 135.(2).

By Lemma 115, we have a bijection

(PXQPM)\P/\ % P(/\d+1*w7w)\G>\d+1

(P/\ N Pu)g — P(Ad+17w,w)bé+1g7r5l\+1 .
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Consider the map

90, : L()‘d+1_w7w) ’ u>\d+1 — P>\

AN A A
T = > Tl | g Ty -
ie[Lr\{d+1}

We have
(P(Adﬂ—w,w)x) 9071 =(Pan Pu) (z¢")

for x € Loy, —ww) « Ung,,, since

(PanPy) (z¢) ¢ = P()\d+1_w7w)l’g+l Z ma |+ WQH“QH ﬂ-c)l\+1 = Povi—ww)® -
i€[1r)\{d+1}

So, {w¢" 1 2 € Ly, —ww) * Urg,,  is a set of right-coset representatives of (Px NPy, )\Px. o

Example 138. Let A = (A, \2) = (2,2) and F' = F;. Suppose given d = w = 1. Then
p=p11=(3,1) and A\g = A\ = 2 and A\gpy = Ao = 4.

In P(/\d+1—w,w)\G>\d+1 = P(171)\G2, we have

Lo = {(F) () (F=) (6 5))

L u = 1 0 1 0 1 0 0 1

@y o 1 /J7\V1 1)\ -1 1)7\1 o0
—_— ——— — ) —

=1 =:I2 =:x3 =4

So, for (PxNP,)\P, we may choose the set of right-coset representatives

(

1 0,00 1 0,00 1.0, 00 1 0,0 0
Py 0 1,0 0 0 1,0 0 0 1, 0 0 0 1,0 0
L1 = 0 0'1 0 |’ 0 0'1 0 |’ 0o 0" 1 0 |’ 0 010 1 ’
0o 0fo 1 o of1 1 0o o"-1 1 0o 01 o
- - - -
\ =Y1 =Y2 =Y3 =Y4 J

cf. Lemma 137.
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2.3.3 Certain reflections

Recall that n,r € Z>;. Suppose that the composition A = (Aq,...,\,) is a partition, i.e. A - n.
Suppose given d,w € Zxq such that 1 <d <rand 0 < w < A\gy1. Let

H = Hdw = (Mlu"'?/“LT) = (/\1)"'7>\d—1)/\d+)\d+1 _w7w7)\d+27"'7)\'r) }:n

Recall that in (Px NP, )\P\ we have a system of right-coset representatives Xy, consisting

of the elements of the form
A A A A
Z Titi | + Tap1lagr
1€[1,r]\{d+1}

with € Ly, —ww) * Uny,,, cf. Lemma 137.

Definition 139. Suppose given
y= Z m | F T € Xaw
i€[l,r\{d+1}

where x € Ly, —ww) * Ung,,- Write

_ Perm . )\d+1 X >\d+1
T =0, + E Tke Ekj eF
(k,£)ePosy

with Pos, = {(s,t) € [Agr1 —w+1, Agy1] X [1, Ags1] : t < s0, and to; ! < A\gy1 —w}, cf. Remark
135.(2). Note that o, € Sy,,,-

(1) We consider the transposition

Ty = <Xd + 10y, Mg + 10m> €S,

and its corresponding permutation matrix 7,°"™ = % Egs, € G,. We have |(7,)] = 2.
Le(1,n]
(2) We let
_ P
ry T Ty o + Z xkylo'a: (Exd-‘rk}O‘z,Xd-‘rlO'I - EXd—&-kzam,Xd_l—&-laI)

k€Mar1—w+1,Ag41]
(k,10z)€EPos,

_ Perm - _ I nil _ nxn
= Ty + > Lk,loy (E)\d+kaz,)\d+10'm E)\d—&-k’ag;,/\d_l—&—lagg) €Fr
(k,10z)EPosy

be the reflection attached to y.
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Example 140. We continue Example 138. Let A = (A1, \2) = (2,2) and F' = F;. Suppose that
d=T1and w=1. Then = py; = (3,1) and \y = A\ =2 and \y_; = Ay = 0.

As in Example 138, we have

4 3\
10 0 0 1 00 0 1 0 0 0 10 0 0
Py 01 0 0 01 0 0 01 0 0 01 0 0
L1 = 00 1 0 |° 00 1 0 | o0 1 0 |’ 00 0 1
00 0 1 00 1 1 00 -1 1 00 1 0

NG J/ J/ A J/
vV vV vV vV
\ =Y1 =Y2 =.Y3 =Y4 J

E.g. y3 contains the block x5 = (23,;)ijen2 = ( _1 ? > We have Pos,, = {(2,1)} and
0.4 = id, cf. Remark 135.

With 7, = (Xd + 10m3,xd_1 + 1%3) = <3, 1) €S, and leerm = , we obtain

o = O O
o O = O
o O O =
= o O O

00 1 0
01 0 0
e = | L o 0 o | T 2 @3kt (Bxvkoss — Barkoyn)
00 o0 1 (k,1)€Posgq4
0 0 1 0
01 0 0
= Lo o o | T %321 (E43—E41)
~—~—
0 0 0 1 =1
00 1 0 00 0 O 0 0 0 O
01 0 0 00 0 O 0 0 0 O
- 1 0 0 O + 00 0 O + 0 0 0 O
0 0 0 1 00 -1 0 1 0 0 0
00 1 0
. 01 0 0
- 1 0 0 O
1 0 -1 1
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Remark 141. Suppose given y € Xy, . Consider 7, , cf. Definition 139.(1).

We have

Perm __ § _ § . _ _ _
Ty - E&K'ry - E€7K + E/\d_1+10'x7>\(i+10'x + EAd“!‘lO'xy)\d—l"FlUm :
Ce(1,n] e[, \{Ng—1+1low,Ng+1oz}

Using Lemma 105.(2) we obtain for ¢ € [1, 7]

(

I if i ¢ {d,d+1}

A__Perm Z E&K L:} + Elaw,laa; L3+1 ifi=d
ily = e[1,2g)\{1oz}

(e [1,A Z]\{1 }EM> L3+1 F Bt 02 Hi=dat
L €l Aa+1\ oz

Lemma 142. Suppose given

A A A
y= Z T | g Tig € Xaw,
ie[Lr\{d+1}

where T € Loy, —ww) " Uny,, - Write

P A A
x = Jxerm + E T E;ag € Frd+1XAd+1
(k,£)ePosy

with Pos, = {(s,t) € Map1 — w + 1L, Agp1] X [1, Agp1] : ¢ < s0, and to;t < Agy1 — w}, cf.
Remark 135.(2).

Suppose given k € [Agy1 — w + 1, A\g1] with (k,1o,) € Pos,. Suppose given (s,t) € Pos,.
Suppose giwen j < d. Then we have

(1) ko, # 1o,
(2) Xd—l + 1o, < Xd + k’O’x 5
(3) (\j+koy)pr=j+1,

(4) (s, ko) & Pos, .
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Proof. Ad (1). As 0, €Sy, and 1 < A\gy1 —w +1 <k, we have ko, # 1o, .

Ad (2). As 0, €8S,,,, and A n, we have 1o, < Ag41 < Ag, and therefore

Xd + ko, = Xd—l + g+ ko, > Xd—l + 1o, .

Ad (3) As Xj < Xj + kO’m < Xj + )‘d-‘rl < Xj + >\j+1 < Xj—i—l , We have Xj + /{30'33 S [X] + 1,Xj+1]
and therefore (\; + ko, )py =7 + 1.

Ad (4). We have (ko,)o;' =k € [Ags1 — w + 1, A\g11]. So, (s,ko,) & Pos, . o
Lemma 143. Fory € X, we have

r, -1, = E,,
cf. Definition 139.(2). So, r, is of order 2 as r, # E,,.

_ ~Perm 7 _ N N _
Proof. We have 1, = T, + E Tk o, (E/\ﬁk%)\dﬂgz E/\d+kazyl\d71+1%).
(k,10z)€EPosy

S/

-~

=A
2 Perm 2 Perm Perm 2
So (ry)* = (7,™)" +7, M A + A7, 4 A%
——
—E,
First, we claim that TyP em A = —AT; erm,
We have
Perm 7 _ I N _
Ty : > Lk,loy <E)\d+k0'z,)\d+1o'z E,\d+ka$,>\d,1+1az)
(k,1o;)€Pos,
R.102
= Z Tilo, (E(Xd—i-kam)’rgl,xd-‘rlag; - E(Xd—l—kaz)’r?;l,xd_l-‘rlagg)
(k,10;)€Pos,
(ry)* =id
= Z Lk,loy E(Xd—l—kax)n,,xd—f—lom - E(Xd—&-kax)@,xd_l—‘rlaw
(k,10z)€EPosy
L.142.(1,2)
= Z xk»lgz (Exd+ka‘z,xd+lo‘z - Exd#»kdz,xd,l#»la‘z)
(k,1oz)€EPosy
and

_ _ _F- _ . ~Perm
> Lk,loy <E)\d+ko'z,)\d+10'z E,\d+kaz,,\d,1+1az) T
(k,1o;)€Pos,

R.102 E* B E* B
- Z Tk,1o, Aatkoe,(Ag+1log)Ty — “Agtkor,(Ag—1+1loz)Ty
(k,10z)€EPosy

- Z Tklog <Exd+k0'acyxd—1+10'x - Exd'f'ko'xyxd""lo'x) :
(k,10z)EPosy

This proves the claim.
Moreover, we claim that A? = 0.

Let k, k € [Agr1 —w + 1, A\g11] such that (k, 1o,), (l;:, lo,) € Pos, .
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Using Remark 102 we obtain

L.142.(1
Exd“!‘ka'xaxd"rlffx 'EXdJrI%az,XdHaz . = 0
142.(1
Exd—&-kax,xd-i-lax 'Ederfwz,quJrlaz :( ) 0
L.142.(2
Exd"rka'xaxd—l"!‘la'ac 'Exd+ngzyxd+1Uz :( ) 0
L.142.(2
Exd-‘rk/‘dz,xd,l-‘rloz ’ Exd-&—fmm,xd,l—s—l% :( ) O :
Therefore,
2
Z xk710'96 <Exd+k‘0'x,xd+10'x - Exd-‘rkgw,xd_l-i-la'x) = 0 .
(k,10z)€Posy
This proves the claim.
All in all we obtain r, -1, = E,, . o

Example 144. We continue Examples 138, 140. Let A = (A1, A2) = (2,2) and F' = F;. Suppose
that d =1 and w = 1. Then p = 1 = (3,1) and M=XM=2and \g_1 = Mo = 0. We have

00 1 0
01 0 0
Tys =
1 0 0 0
1 0 -1 1
We obtain
00 1 o0 00 1 o0 1 0 00
b op — 01 0 o0 o1 0 o | _ 01 0 0O
Y3 “Ys T 1 0 0 0 1 0 0 0 - 00 1 0
1 0 -1 1 1 0 -1 1 00 0 1
which is in line with Lemma 143.
Lemma 145. For y € Xy, we have
Py-1,=P.y,

cf. Definition 139.(2).

Proof. We write y = S mad |+, where 2 € Ly, —ww) * Ungy, -
ie[L,r)\{d+1}

Write
T = gferm + Z Thy - Ek,é c F/\d+1 XAdt1
(k,£)ePosy
with Pos, = {(s,t) € [Aay1 — w + 1, X\ge1] X [1,Aa1] : t < so, and to;! < Ay — w}, cf.
Remark 135.(2). Note that A\gy1 —w +1 > 2.
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We have
Y- Ty
_ AN A A Perm - _ _ k- _
= > Tty gl || Ty + > Tk,1oy (E)\d—b—koz,)\d—l-loz E,\d+kaz,>\d,1+1oz>
€[l \{d+1} (k,1oz)€Posy
_ A A Perm A A Perm
= > TG T, + gl t T,
€[l \{d+1}
A (o _ R _
+ > Yo Thie T 4 (BX ikes Xyt1o. E,\d+kax,>\d,1+1ox)
1€[1,r]\{d+1} (k,1o4)EPosy ~ _
=0 by L.142.(3), L.105.(2)
A A _ _ P _
+ > LhloeTgr1Tli11 <E/\d+kaz,)\d+lol E)\dJrkcrz,)\d,lJrlom)

(k,10z)EPosy

L.105.(2) A A Perm A A Perm
= > TG T, + Ty TG T,
i€[1,r]\{d+1}
A A A
+ > Lhloe g1 (Ekoz,loz tav1 — Bkoy 10, Ld)
(k,1oz)EPosy
_ A A Perm A A Perm A A Perm
= > T T, +mgig T, T XLy Ty
ie[1r]\{d,d+1}
A A A
+ > Lklop g1 T (Ekgz710'z tiv1 — Bko o, Ld)
(k,10z)€EPosy
L.141 A\ A A A
= > T | + T > Eoe | tg + Eio, 10, Lo
i€[1,r]\{d,d+1} Le[1,2g)\{loz}
A A A
+ T > Eoe ) tai1 + Eio, 10, 03
e[l a1\ {1loz}
A A A
+ > TkloeTgr1T (Ekaac,lax tar1 — Ekoy 10, Ld)
(k,10z)€EPosy
_ AN A A A A
= > Tl | Ty > Eoe ) g+ 73 Eio, 10, Lo
i€[l,r]\{d,d+1} e, 2g)\{1o2}
A A A
+ a1 > EBaao,+ Do Tei- By > Eve ) tgi1 + Eio, 10, Ly
ae[l,/\d+1] (S,t)GPOSz Ze[l,)\d+1]\{101}
A A A
+ > Lkloy Tgq1 > Eg a0, > Tsyp - Egy (Ek‘71710'z bgy1 — Eko, 100 Ld)

(k,1o;)€Pos, a€[l, g41] (s,t)EPosy
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L.102 A A A A A
= ( > T Li) + 7y > Eoo | tg+ 75 Eio, 10, ta
i€

1,7\{d,d+1} Le[1,Mg]\{lox}

+ 7T2+1 ( > EMUI> LQH + WQH Eq 10, Lﬁl\ + 7Tc)l\Jrl ( > Tsit ES,t> < Z\{l }E£,€> LQH

L€(2,Xq+41] (s,t)EPosy €1, Mg 41]
A A
+ Tar Z Ts 1o, ° Es,lam Ly
(s,10z)€Posy
A A A E A A
+ Z xk»lazﬂ-d-i-l Ekyla'cc Ld-‘rl - Ekylo'z [’d + :Cs,t ’ Eszt (EkUzylgz Ld-i-l - EkUzylgz Ld)
(k,1oz)€Posy (s,t)€Posg
NS >y

~—
=0 by L.142.(4)

= < > 771'“?) + 772\ < > EM) Lé\ + 7T2 Eis, 10, L:i\-s-l
€|

1,7‘]\{d,d+1} Ze[lv)‘d]\{ng}
A A A A
+ i > Evto, | tar1 + Tap1 Er1o, ta
46[2,)\(14_1]

(s,102)EPosy (k,10z)EPos,

A A A A
+ 7Td+1 Z xs,la'z ’ E3710'1> [’d - ﬂ-d-i-l < Z xk,lo'z EkJ”z) [’d

A A A A
+  Tan > Tro, Brjo, |t + 7o DI A O
(k,1o;)€Pos, (s,t)€Posg
t#loy

= Z W?Lg\ + 71'2\ Z E&g Lg + 7T¢)i\ Elaz,laz L2+1
i€[1,r]\{d,d+1} Le[1,Mg]\{lox}

A A A A
+  Taa > Evto, | tar1 + 7ar1 Er10, tg
56[2,)\(14_1]

A A
+ g < > Tei By byl -
(st

)EPos,

Let

) Perm

Py = (Xd_l + 10_35’Xd +1 - Z EZ’K + Exd—l‘f'lo'mvxd‘i‘l + Exd+1,xd—1+1% :

_ tefln]
LZ{Aa+1, q_1+105}

We claim that p, € P, and that p, -y =y -1, .

We have P, = {g € G, : ¢j’gn = 0if i > j for 4, j € [1,7]} and p; = \; for i € [1,7]\{d,d+1}.
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There are two non-diagonal non-zero entries in p,. These have positions (Xd_l + 104, Mg + 1)

and (Mg + 1, \g_1 + 10,). Note that as w < Agy1 < Mg

A1 < a1+ 1oy <A1+ A < Ag < Mgy —w
—_——

=[d—1 =Ha

At <A+ 1< A+ Mg —w = Agy1 —w .
~— ——
=Hq

=Hq_1

So, the only non-diagonal non-zero entries are in the block ¢;p, 7" and we have p, € P, .

Now, we calculate p, - y.

We have
Dy -y

_ _ _ I PYP A A
> Eee | + E,\d,1+1aw,>\d+1 + E,\d+1,xd,1+1a$ > Tty |+ Tl
i€[l,r]\{d+1}

_ tefln]
LZ{Aa+1, g 1+10s}

L.105.(1) XA A
= >, > Epemie; | + > Ex e xaa T
i€[1,r\{d+1} ¢e(1,n] i€ 1\ {d+1} ~ 4
Z{g+1 g_1+10o4} =0fori#d+1
N XA A A A A
+ > Ex i it1e. ™ G |+ > Epemgxigyy | + 75 Eio, 1 20544
i€[1,r\ {d+1} ~~ 4 e[
=0fori#d EQ{)\d+1,)\d,1+101}
- _ A A
+ ]*3Ad+1,xd_1+1az Tgy1 Tlayq
=0
L.105.(1) A A A A
= > > Egemie; | + > Egemgeg | + 701 Evo, 03
ie[1,r\{d,d+1} Le[1,n] _ Le[ln)]
LZ{xa+1, a—1+1os}

¢{xa+1,Xa-1+10z}

A A A A
+ > Eoemyoigyy | + 75 Bio, 1 20y,

Le(l,n]
Z{ Mg+, g_1+10z}
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L.105.(1) 5 A +7Tf1\
i€[1,r]\{d,d+1} c

+ 7721\+1 >
e[l q+1])\{1}

= > T |+ )
i€[1,r]\{d,d+1}

+  mal| X Ew
L€[2,Mq41] a€l

) Eaa0, + >

A
+  my B
a€[1,>\d+1]

- > w4
i€[1,r]\{d,d+1}

A A
> Evro, |t + 7o

A
+ Td+1
KE[Q,)\d_;,_ﬂ

A A A
+ Ty Biop o, Ly + 75

L€[2,Mq41]

A A
+ Ta Bio, 10, taa
Hence p, -y =y - 1y.

So, Pyyry = P,p,y = P,y.

2

(s,t)EPosy

= > w4+
i€[1,r]\{d,d+1}

A A A
+ Tat1 > EM%) Lgp1 T Tayn

e[, g)\{1o2}

e[, g)\ {102}

Le1,2g)\ {102}

2.

L€[2,Mg+1] (s,t)EPosy

e, g)\{1o2}

AL A A
EM) tg + 7o E1o, 0

A A A
E&E A Ld+1 + ﬂ-d Elo—m’l ZL‘LdJrl

AL A A
EM) tg + 7o B0, 0

A
Tst - Esi)) bd+1

A
bd+1

> Eaa0, + >

1,Ad+1] (s,t)EPosg

Tsyt - Es,t

A A A
EM) g+ a1 Ero, g

Tsyt - Elam,l Es,t

=0
AL A A
EM) tg + o Bio, 4y

2.

(s,t)€Posg

A
b1

A
Tst - Eog Es,t> bgy1

A
Tsyt - Es,t) Ld+1

Example 146. We continue Examples 138, 140, 144. Let A = (A, A2) = (2,2) and F = F;.
Suppose that d = 1 and w = 1. Then g = 13 = (3,1) and M=M=2and Mgy = N = 0.

We have

Ys =

S O O =
o O = O

and o, = id.

0

= O O O

= = O O

S O = O

= O O O
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As in the proof of Lemma 145, we have

-~ - Perm
Dys = ()\d_1+10'$,)\d+1)
Perm
(1,3)
00 1 0
01 0 0
= P,.
10006“
0 0 0 1
We have
y3'ry3
10 0 0 0 0 1 0 00 1 0 00 1 0 1 0 0 0
. 01 0 0 o1 0 o) o1 o0 o) [o 100 01 0 0
- 00 1 0 1 0 o o) |l 10 o o) |10 00 00 1 0
0 0 -1 1 1 0 -1 1 0 0 -1 1 0 0 0 1 0 0 -1 1
:pyg'y3'
So,

P,uyS sy = Pupy3y3 = Puy3 )

cf. Lemma 145.

Lemma 147. Fory € Xy, we have
(errm)_l ry wferm c V/\tr

and ((@{™) 1, @i™) sgn = —1, ¢f. Definition 116, Definition 139.(2).

Proof. Write A =: (A}',...,Al}), so b/ = A\;. We write y = S| g,
i1\ {d+1}
where x € L, —ww) * Urg,, -
Write
T = O_Eerm + Z Thy- Ek,é c a1 X Ad+1
(k,0)EPosy
with Pos, = {(s,t) € [Aay1 — w + 1, gs1] X [1,Aay1] : t < so, and to;! < Ay — w}, cf.
Remark 135.(2).

We make the following preliminary considerations:

(i) For s € [1, A\g41] we have (Ag + s0, )px = d + 1 and therefore (A\g + s0,) row,n = d + 1, cf.

SAd+1
Remark 52. Likewise, (Ag_1 + s0,) row, = d, using Agp1 < Ag.
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Let a, := (Ag + s0,) columny . Note that ay = (Ag_; + 50,) column, .

Consider k € [A\g11 — w + 1, A\g41] such that (k,1o,) € Pos,. Then lo, < ko, and therefore

ay < ag as (Mg + lo,)rowp =d + 1 = (Mg + ko,) rown and as t* is standard.

as—1 .
(ii) Let by := ( > )\Er> +d = A", 1+ d. Then, using Remark 52,

i=1

(N + 50,)wy = (d+ 1, a,) wy = (d+ 1, a,)t () = (d + 1, a,)t = (as,d+ 1)t*" = b, + 1

and
(Xd_1 + so,)wy = (d, as)t)‘wA = (d, as)t)‘(tA)*lf)‘ = (d, as)P‘ = (as, cl)t)‘tr = b,.

In particular, (bs)par = bsrow e = a5 = (bs+1) row,ner = (bs+1)paer. So, using Lemma 105.(1,2)

we have
Em7b5+1’/TJ)«\tr = O
Emp, 70 = 0
L;\trEbs—l—l,m = 0

for j € [1, ']\ {as} and m € [1,n].
We have

w;lTyw,\ = w;l (Xd—i-loz,xd_ﬁ—l%)w)\ = ((Xd—I—law)wA, (Xd_l—i-lam)w)\) = (bl, bﬁ—l) =:7,.

(iii) We have

~Perm
Ty = E Erez, = E Eee | 4 Epppit1 + Eoyrpy -
te1n] ¢ef1,n]\{b1,b1+1}

Note that

A ~Permy AT
L, (Ty Jmy = Ejw

for s € [1,h'] \ {a1} and

)\t

AT ~Perm
L, ( o

o (T, ) € Permyy .

Moreover,

Abr ~Pe1rmﬂ_/\tr -0

lg Y t

for s,t € [1,h'] with s # ¢.
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We have
Perm\—1 Perm
(@3 ™) " 1y )
_ Perm\—1 Perm . _ I N _ Perm
= (@™) Ty + > Tk,log (E/\d+koz,)\d+loz E,\d+kam,>\d,1+1oz) W
(k, 1o, )€Pos,
R.102

20 Perm\—1,-Perm ,—_Perm _ _ _ _ _
- (w>\ ) Ty WA + ( z): Lk,10s (E()\d‘f‘ko'z)w)\a()\d"‘lﬂz)w/\ E()\d"l‘ko'z)w)u()‘d—l‘f‘lo'm)w)\>
k,loz)EPosy

"/ ~Perm
= 7,"+ > Trio, (Eptipi+1 — Eprrp)
(k,10z)€EPosy

We show that conditions (1,2,3) of Definition 116 hold.
Ad (1). We have for s € [1, ]\ {a1}

Atr Perm\—1 Perm\, A\
s ((wk ) Iy W) )7Ts
(iii) )\tr ~P )\tr
= 5 |7 X Thae, (Bprisirn — Eygan) | 7

(k,1oz)€EPosy

o AT/ ~P AbT P\ tr AtT At
= s (Ty erm)ﬂ.s + Z Lklo, | Ls Ebk+17bl+1 Ty —ls Ebk-i-l,bl T
(k‘,lo’x)EPOSx ~ ~ - N ~

=0 by (ii) =0 by (ii)

Atr (,;:Perm),].r)\”

= Y s

= EAgr
Moreover

A () e

(i) e [ ~Perm Atr
= o |7 2 ke, By — Byie) | T,
(k,1oz)€EPosy
_ ¥ ~Perm) At At AbT Abr AbT
= g (Ty )7Ta1 + z Lo, bay Ebk+17b1+1 Ty — bay Ebk-i-l,bl T,
(k,10p)EPoss —_———
=0 by (i), as a1 < ay, =0 by (ii), as a1 < ai
_ A ~Perm,_AtT (i22)
=t (7,77, € Permyu

So (1) is satisfied.
Ad (2). We need to show that 2" ((cwhe™) =1 r, wherm™)n}" = 0 for s,t € [1,h/] with s < t. As

7, ™ is block-diagonal with respect to A" by (iii), it remains to show that

tr

270 Y ke, Bogane — Byip)m =0

(k,10z)EPos,

Case t = a;. By (i) we have a; < a; for (k,1o,) € Pos,. So, s <t = a; < a,. Hence by (ii),
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we have

)\tr )\tr
L ) Trioe (Ebpr10041 — Epgr1n) | 1y =0
(k,1oz)€Pos,

Case t # ay. We have

/\tr )\tr
s Z Tk,1o, (Ebk+1,bl+1 - Ebk+1,b1> T
(k,10z)EPos,

tr

)\tr )\tr A
—ls Ebk+17b1 Ty

_ Atr
- Yo Thio, |4 Enripm
(k,10z)€EPosy N 4

—0 by (i) =0 by (i)
- 0.

So (2) is satisfied.

Ad (3). We have for s € [1, 1]\ {a1}

() e, = oney

i) [ ~p o
= |5t X Trio. (Burisrr — Eppip,) | 75 oneny
(k,10z)EPosy
~Perm _\* Atr
= Ty Tg ONE)tr + E Tk1lo, (Ebk+1,b1+1 — Ebk+17b1) T ONEjtr
~—_———

(k,10z)EPosy

:ﬂ_é\tr N -—
=0 by (ii)
)\tr

== ﬂ-S One)\tgr

. )\tr

= onep

Moreover,
Perm\—1 Perm Abr
((@\™™) ™ 1y @™ oney, ,,
(iif) ~Perm AbT
= T, > Tkie, (Boripi1 — Bopip) | 7o, onexs
(k,10z)€EPosy
_ ~Perm - _ I _ Atr
- Ty T o1 ;EP Lk1o, (E»rak,1+d+1,,\tra1,1+d+1 E»rak,1+d+1,»ral,1+d> Tay OMeAL:
Aoy 0S4
L.105.(1) ~Pe AT Atr
= FPenmyA* oneye + > Thdos oy, | Edi1di1 oneyur — Eit14 onejy
(k,10z)EPosy N —~— P
=0
(iif) G
= 7Ta1 One)\(tlr1
tr

= one}

n,ay °
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So, (3) holds by Lemma 117. Thus, (=},*™) ' 1, @)™ € Viu.

So, (whe™) =1 r, whe™ is a lower block-triangular matrix and as 7, is a transposition, we obtain

(@) vy o) sgm = (2 (7 m)") sgn = —1

and therefore r, f = —1. o

Example 148. We continue Examples 138, 140, 144, 146. Let A = (A, A2) = (2,2) and F' = [F;.
Suppose that d =1 and w = 1. Then g = py1; = (3,1) and M=MN=2and \y_; = N = 0.
We have

Y3

- = o o
o o~ o
o o
- o o o

We have the M-tableaux t* = :1“21 and t* = ;i So, wy = <2, 3), cf. Remark 52.

1 0 0 0
We have cwherm = | 2 % 1% | "o Definition 101.(1).
A o1 0 0 |
00 0 1
We have A" = (2,2) and
1 0lo 0 0 1 0 1 0lo o 0 1]0 o
. 0 1|0 0 10 0 0 1/0 0 1 0l00 | (uw 9%2  u+4wv = 0
V)‘tr_ u v|1l 0 ’ u v 0 ’ u 0 1 ’ u 0 1 (.T y)eF Wlthz-}-y:O
z y|0 1 r oy 1 T 1 0 T 1 0
cf. Definition 116.
We obtain
1 0 0 0 0 0 0 1 000 0 1 0 0
Perm —1 Peem | 0 0 1 0 01 0 o0 0 01 0 B 1 0 0 0
(w)\ ) Tys WA - 01 0 0 1 0 0 0 01 0 0 - 0 0 1 0 € Vo
0 0 0 1 1 0 -1 1 0 0 0 1 1 -1 0 1

which is in line with Lemma 147.
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2.4 A construction of the unipotent Specht module

Recall that n,r € Z>; and that we have the composition A = (A,...,\,) = n.
Recall the field F. We keep the notation G,, = GL,(F).

Let R be a commutative ring.

2.4.1 The permutation module M)

We consider the parabolic subgroup Py = {g € G,, : t;gm; =0 for 4, j € [1,7] with i > j} < Gy,
cf. Definition 108.

Suppose given d,w € Zxq such that 1 <d <rand 0 < w < A\gy1. Let

K= Hdw = (,ul,...,ur) = (Al,...,)\d_l,/\d+)\d+1—w,w,)\d+2,...,)\r) ’:TL

Definition 149. We define the permutation module
M)\’R = R(P)\\Gn) .

It is an RG,-module. As an R-module, it is of rank [G,, : P,| with basis {P,g: g € G, }.
The G-action on M) g is given by

M/\,RXGn — M)\’R
(Prxg,5) — (Pxg)-g:=Pi(99) .

We often abbreviate My = My i .

Example 150. We continue Example 136. Let R=Q, A = (2,1) 3 and F = F;.

The Q-vector space M, is a of dimension [GL3(F;) : P)] = 12232 = 13 with basis {Py- g : g € Ly - u}

where

oo =
=|lOo O
SN——
/N
== o
oo =
=|lOo O
\_—/
/N

I
=)
ol =
Il K= =]

\_/
/N
o= O
—|lo —
=|lOo O
\_/
J
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0 1 0 -1 1 0 0 1
Pyl o 11 1 | =Pyt 1 | =Py 1 o )
1 10 0 1 -1 -1 0

Lemma 151. Recall the set of right-coset representatives for (P N P,)\Px given by Xy, , cf.
Lemma 137. We have the RG,,-linear map

We have e.g.

o= O
o|lo =
o o
I K= =]

¢d,w = d}gw : M)\,R — MM,R
P)\ -1l = Z P,uy s
yeXd,w

cf. [13, Definition 15.1].

Proof. As > P,y= > Pyz-yforz € PyNP, the map wffw is independent of the
yeXd,w yeXd,w

"
chosen set of right-coset representatives X, = {2,y : y € Xy} for (Py N P,)\Py instead of
Xiw -

Suppose given x € Py. Then

Z Puy-x= Z P,y

yeXd,w yEXd,w
as Xy, - 2 is a set of right-coset representatives for (Py N P,)\P, .
So, wgw is a well-defined RG,,-linear map. 0

Lemma 152. Let K be a field. Let L|K be a field extension. Then we have the isomorphism
of LG,,-modules

L ®g ker(@bé’(w) = ker(@/ziw)
lQax — (- -x.

Proof. We have the left exact sequence in KG,-Mod

K
wd,w

ker(@bfw) L—A> M)\,K — MM,K .

As L ® g — is exact, we have the left exact sequence in LG,,-Mod

L L® d)Kw
L Qg ker(@béfw) m L ®x My L} L Qg MIMK .

We have

A

Lok Max 2 My

~

E@PA-g — éPAg
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and
L ®K M,U,,K —{i; MM,L
(@P,-g — (Pug,
cf. Lemma 14, using ag = idg and oy = idy.

We have the following commutative diagram, with left exact rows

LogyX,
L @ ker(f,) L®k Myx S
Zlf)\ f,ull
L Vi
ker(¢,,) My M1

By the universal property of the kernels ker(L ® @szw) and ker(@/)iw), we get the isomorphism

in LG,-Mod

ker(¢k ~
fx L@Kﬁer vy L OK ker(v5,) = ker(¥f,,) -

[m]

Example 153. We continue Example 138. Let A = (A, Ay) = (2,2) and F = F3. Suppose
given d = w = 1. Then p = p;1 = (3,1). For (PxNP,)\P\ we may choose the set of right-coset

representatives
1 0,0 0 1 0,0 0 1 0, 00 1 0,0 0
P 0 1,0 0 0 1,0 0 0 1, 0 0 0 1,0 0
L1 = 0o o't o |’ 0o o't o |’ o0’ 1 0 |’ 0 0'0 1
00’0 1 0o 0f1 1 0 0'-11 00’1 0
We now obtain
Y11 Mgy — Mgy
1.0 0 0 10 0 0 10 0 0
01 0 0 01 00 01 00
Peogyl o571 = Panl o o1 0] TPl 0 01 0
00 0 1 0 0 0 1 00 1 1
10 0 0 1 0 0 0
01 0 0 01 0 0
+ Py oo 10 |T P 00 0 1 ’
0 0 -1 1 00 1 0

cf. Lemma 151.
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2.4.2 The submodule S, < M,

Let K be a field. Suppose that the composition A of n is actually a partition A = (A1,...,\) Fn
with » > 2.

Let b’ = A;. We denote by A™ = (A, ... A} the transposed partition of A, cf. Definition 49.(4).

Recall the permutation w, which converts the terminal A-tableau into the initial A-tableau, i.e.

t*wy = ¢, cf. Remark 52. Let w/\Perm = > Eyim, be the corresponding permutation matrix.
L€(1,n]

2.4.2.1 Definition and first properties of the generator

Definition 154. We denote by

Perm) -1

P e = (V)\tr)(W)\ <G,

the reflection container subgroup, cf. Definition 116.

For v € ™ \Vyu we let vf := ((@,\"™)'vw,\"*™) sgn, cf. Definition 116.

N

-~

vatr

This defines the group morphism

f . wAV)\tr —> {_17 1}
v — uf.

Remark 155.

(1) Note that the group morphism f in Definition 154 is surjective, as A has at least two

parts: So, in V)« there is a diagonal block of size > 2.

(2) For 1 < d < rand 0 < w < Agyq, suppose given y € Xy,. Then r, f = —1, cf.
Lemma 147.

Example 156. We continue Example 148. Let A = (A, A\y) = (2,2) and F' = F;. We have
s = (2,3), A = (2,2) and

1 0]o o 0 1]lo0 0 1 0lo o 0 1o o
0 1]/0 0 1 0]/0 0 0 1/0 0 1 0[0 0 — 2%2 utv =
= : F ith
Vier u o 'l w vj1t o'\ wow]o1 ]| w w01 (:z:y)e VIR by =
z y|0 1 T 01 z y|1l O T 1 0
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We obtain
1 0 0 O 0 0 1 0 1 0 0 O 0 0 1 0
v 1 v 0 v 1 v 0 u 0 v 1 u 0 v 1 |  [u v 2%2 .. u+t+v =
0010’1000’0010’1000‘<xy>€F with Ly =
z 0 y 1 z 0 y 1 z 1 y O z 1 y O
Note that e.g.
0O 0 1 0
u 0 v 1
= n=1.
IOOOf 58
z 1 y O

Lemma 157. We have
w’\V)\tr N P)\ < ker(f) .

Eerm)— 1

More precisely, given v € Vye such that v(® € “ Ve NPy, then Li‘trvwl’c\“ = E/\;f for

ke [1,n].
Proof. Let v € ® V& NP, . Then

U= (Dij)ijenn] = (Vieyjwn )igelln]

with v = (v ;)i jep,n) € Var , cf. Lemma 104.
To show that vf = 1, it suffices to show that vsgn = 1.

Assume that there is k € [1, #'] such that

tr tr
1/2 ’Uﬂ-]i\ 7& E/\Zr .

Le. as 1} vm" € Perm,e , there is an entry v; ; = 1 for some i,5 € [A}" | + 1, A7) with i > j.

The entries of the k-th column of the A-tableau * are the numbers A | + 1, \] in ascending

order, as this is a standard tableau, cf. Definition 51.(5).

So i column; = jcolumnp = k. As i > j we have a; := itowp > jrowp =: a;.

1

As we have t*wy = t*, the number itoy " is the element at position (a;, k) of #*. Likewise, the

number jow, ! is the element at position (a;, k) of t*.

The entries of the a;-th row of the A-tableau * are the numbers [A,,_1 + 1, \,,] in ascending
order, as this is a standard tableau, cf. Definitions 51(4). So, i)' € [A,_1 + 1, Ao,

Likewise j, ' € [Ag,—1 + 1, Aq,]-

But 0,1 ;-1 = v;; = 1 and thus Lgi@ng # 0 which is in contradiction to v € P .

So i vm)" = Eyu for k € [1,1/] and thus vf = 1, cf. Definition 116, 154. o

o o
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Lemma 158. Suppose that A = (n —1,1). Then

WAV)\“ N P)\ = ker(f) .

Proof. We have \ = (2,1,...,1) and w, = (2,3,4,...,n) € S,. By Lemma 157 we have
WAV)\tr N P)\ g ker(f) .

Conversely, let & € ker(f). We write § = (@™

with v = (vi;)ijep,n) € Vaer.
Then

0= (Vig)ijenm = (Viey e Jijeltn] »
cf. Lemma 104. As @ € ker(f) we have ¢} v = Ey. In particular, vy = 0.

We have (3017 = (Une, joy )jeltn)Tr = (V25w )jefin-1] = (0)jef1,n—1] » cf. Definition 97.(1). So,

v € Py. o

Example 159. In Example 156 we obtain

1000
u 1 v O

DVe NPy = cU, v € Fwith utv = 0 » |
0010
0001

which is in line with Lemma 157.

Definition 160. Recall the KG,-module M) g, cf. Definition 149.
We define the KG,,-submodule

Sax = Z Pz z2f)ka, < Myx -

z€(PxN(®x V)\tr N\FA V)\tr

We often abbreviate Sy = Sy k. We write S§" := > Pyz-zf € Sy.

ZE(P)\Q(WX VAtr))\wA VAtr

We consider the G,-invariant bilinear form

—=hx : Mg X Mg — K
(Px-g , Px-h) = [Px-g,Px-hlxk = Op,gr,h,

where g, h € G,,, cf. Lemma 28 for ay = id.
We consider the KG,-submodule (S )t = {r € Myg : [2,8k]x = 0} C Mg, cf.

Lemma 15.

Remark 161. Note that for z, Z € ®Vju, we have Pyz = P)Z if and only if 2271 € PyN ("2 Vyu),
i.e. if and Only if (P)\ N (wAV)\tr))Z = (P)\ N (w’\‘/}\tr))g.
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In particular, Sy i is non-zero, regardless of the characteristic of K.

By Lemma 157, we have Py N (**Vyu) < ker(f). Consequently, S, i is independent of the

choice of coset representatives for (P N (> Vi ))\®* Vier.

Example 162. We continue Example 150.
Let A = ()\1,)\2):(2,1) = ix "3, F:IF:J, andK:Q.

We have the A-tableaux t* = 3% and # = ,°. So, wy =

/N

2,3), cf. Remark 52.

10 0
We have )™ = ( 00 1 >, cf. Definition 101.(3).
01 0
We have the Q-vector space M) of dimension [G,, : P,] = 13 with basis {P,g : g € L, - u}, cf.
Example 150.

We have A" = (2,1) and

( 1
0
0

V)\“ = ;

|

o= O
»—l‘OD
\—/
/
—|lo ~
| = o
—
H‘OO
SN——
o
|
—|lo ~
el =)
o O
\—/
J

|l O
oo =
o p
N———
~//
e =)
|

—|o
H‘OO
N————
Y
I

== o
—|lo

cf. Example 119.

So, we obtain

@A V)\tr -

and
10 0 1 0 o0 1 00
P,\O(WAV/\tr):{(Olo)’ (11—1) (—111)},
0 0 1 0 0 1 0 0 1
We have
SNo = > Pyz-zf
2€(PAN(FAV, 0 )\ AV, tr
1 00 0 0 1
= Py-{ o1 0o ]—=Py-[ o010
0 0 1 1 0 0
01 0 0 0 1
= Py-[ 100 ]|]—=Py-l o010 |.
0 0 1 1 00
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0
S/\,Q:<P)\'<>—P)\~<O>> <M}\
! QGs

2.4.2.2 Absolute irreducibility
To show that Sy k is irreducible if char(K) = 0, we show that 0 # Sx x € N_o ﬂ;‘i:_ol ker(wg_Lw) = S)\0;
the latter being irreducible by JAMES [13].

We have

o= O
oo =
o O
o= O
oo =

Remark 163. Let V[, := {z € V)« : 2f = 1} = ker(f) and ™V, := {2 € "V : 2f = —1},
cf. Definition 154. Suppose given r € “*V & with r f = —1. Then the map

K —
“A v)\—"t_r %) “A V)\tr

Z B ZKi=T-Z

is bijective. In particular, |"* V| = [**V,

Lemma 164. Recall that Py N (V) < ™V, of. Lemma 157. Write 3 := %.
Suppose given v € XVye withr f = —1.

There exists a system of right-coset representatives
{z1,...,23} for (PxN(PVae))\™V

such that

{#1,...,23,1-21,...,1-28}

is a system of right-coset representatives for (Py N (7 Vyu))\™* Ve .

Proof. Write U := Py N (*Vy). Let X := U\™V}, and Y := {Uz : z € ®V,;,}. Note that
| X[ =Y.
Let W := {(Uz,Uzk,) : z € ®*V,} C X x Y, cf. Remark 163. Note that U(uz)k, may
depend on the choice of a representative uz € Uz, where u € U. So, an element Uz € X is
in relation to an element UZ € Y with respect to W if and only if there exists u € U such
that(uz)k, =ruz € UZ.
Let

W, ={yeY:(x,y e W}

for r € X.

We claim that
| Wl = X0l

z€Xo
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for Xy C X.

Let
}/0 = UJEGXQ Ww g Y
Xo = {z€ WAV/\TT Uz € Xo} C WAV;;
Yo = {2€™VL:Uz€Y} C™VyL .

X . N
Note that |Xo| = |U| - | Xo| and |Yo| = |U]| - |Yo|. So, it suffices to show that |Yy| > | X

Suppose given z € X,. Then Uz € X,. Moreover, (Uz,Uzk,) € W. Hence, Uzk, € Wy, C Y.
So, 2k, € Yy. Therefore Xor, C Yy. Since , is bijective, this leads to |YO| > |X0|.

This proves the claim.

By Lemma 107, there exists an injective map v : X — Y such that (z,2v) € W for x € X.
Since | X| = |Y|, the map ~ is bijective.

For x € X, we have (z,z7) € W, ie. (z,27) = (Uz, Uzk,) for some chosen z, € >V i, .
So{Uz:x € X} =X and {Uzk,:x € X} ={ay: 2z € X} =Y, as v is bijective.

In particular, {z, : © € X} U{zk : © € X} is a system of right-coset representatives as

required. o

Lemma 165. Recall wdlfw, cf. Lemma 151. The KG,-module Sy k is a submodule of

MGt s ker(E,)

Proof. We show that 8§ € N1 ! ker ()

Suppose given d € [1,7—1]. Suppose given w € [0, A\g41 —1]. For y € &y, we have the reflection
r, € “Vyu with r, f = —1 and 1,, of order 2, cf. Lemmas 147, 143.

By Lemma 151 we have

SE Mg = ( > Pyz - 2f)bgw = S (S Puy)z-(2f) -

z€(PxN(®A Vytr N\FA Vytr ze€(PxN(®x ‘/vAtlr))\wA Vitr YEXG w

Choose {z1,...,23,Ty21,...,I, 23} as system of right-coset representatives for (PN (%> Vyu )\ Vyer,
cf. Lemma 164.
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We have
> ( > Puy)z-(2f)

z€(PxN(®A V)\tr))\wA V)\tr YEX 4w

= 2 2 Puy-2-(2f)

yeXd,w ZE(P)\r-](WA V)\tr ))\WA V)\tr

L.164 > > Pz (zef)+ >0 Puy-ryoze- (v 'Zé)f>

yeXd,w Ee[lyﬁ] ée[l,,B}

L.145, 147 5 S Pz (zf)+ X Puy-ze- (r,)f - (Ze)f)

YyE€EXgw \LE[L,B] Le[1,8]

N Sl (o8 WIS Puy-zmzof)

YEXaw \LE[1,0] Le(1,B]

So, 8B € M) MM ker(Yg. ).

Theorem 166 (James’s Kernel Intersection Theorem). Suppose that char(K) # p. Let

S = M2 My ™ ker(vh,) < M

In [13, 11.12.(iii), 15.18] James shows that

Sk (Snscc) N (Sn i)™
is a selfdual, absolutely irreducible K((,)G,-module.

Corollary 167. Suppose that char(K) # p and that L|K is a field extension.
(1) We have the isomorphism of LG,-modules

L®k Syx — Sir
lQx — (- -x.

Suppose that (Ky,...,ke) is a KGy-linear generating tuple of Sy k. Then (kq,...

a LG,,-linear generating tuple of S r.

(2) The KG,-module
Sxri/(Sxk N (S)\,K)J_)

15 absolutely irreducible.

(3) The QG,,-module Sy q is absolutely irreducible.

,Ke) 18
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Proof. Ad (1). As the tensor functor is exact and compatible with intersections it follows that

Lok S = Lex (Mo o™ ker(ws,)
(Mt s ™ (L @ ker () -

Using Lemma 152 we obtain the LG,-module isomorphism

~

_ Ad+1—1
L QK S)\7K i) ﬂgzi ﬂwd:*(} ker(ﬂ}iw) = S)\,L

lQx — flx.

As (K1,...,Ke) is a KG,-linear generating tuple of Sy x we have that (1 ® K’i)ie[l,c] is a LG,,-
linear generating tuple of L ®x Sy x and that ((1® K)¢);cy g = (K1, Kc) is a LGy-linear

generating tuple of S) .
Ad (2). Letting L = K((,), ag = idg and ag(,) = idk(,) . Corollary 22 gives the K((,)Gy-

module isomorphism

K(G) @x (Sar/(Sak N (Sy)h) = Sarie)/ (Snki) N (Sx k) ™)
{® (S -+ (S,\’K N S/\L,K)) — (®s+ (SAvK(Cp) N (SA,K(CI,)>L ,

Therefore K((,) ®x (S,\,K/(S,\VK N (S)\7K)J_)) is an irreducible K((,)G,-module, cf. Theorem
166.

Now, assume that 0 # T < Sy x/(Sax N (Syx)* is a submodule. But then

0 # K(G) ®x T < K(G) ©x (Sv/(Sa N (Sr)™))

the latter being irreducible. Contradiction .

Ad (3). This follows as
Sxo N (Sag)™ =0,

cf. Lemma 17, Remark 29 . o

Theorem 168. Suppose that char(K) = 0. Then

Sax = ( Z Pz z2f)ka, < Mk .

z€(PAN(®A V>\tr N\ZA VAtr

s an absolutely irreducible KG,,-module. In particular, S\q is an absolutely irreducible QG,,-

module.

Moreover, we have Sy xk = Sx i, cf. Definition 160 and Theorem 166.
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Proof. By Theorem 165 we have 0 # Sxo C N_} ﬂ’\d“ ! ker(4.,) = S\, the latter being an
absolutely irreducible QG,,-module by Corollary 167.(2).

So, Sxo = Ni_ 1 ﬂ’\d“ ! ker(¢4.,) = Sy and Sy is an absolutely irreducible QG,,-module.
By definition of absolute irreducibility, it follows that K ®g Sy is absolutely irreducible as
KG,,-module.

Setting oy = idg we obtain by Lemma 14 the KG,,-module isomorphism

K ®q Sro RN Sx Kk
Ek®s — k-s.

Hence, Sy i is an absolutely irreducible K G,,-module.

As K ®g Shg = K ®qg Syq, we obtain Sy x = S\ x by Corollary 167.(1). g

Lemma 169. Suppose that char(K) does not divide |Py N (F>Vyer)].

Then

Proof. Note that for z,Z € ®Vyu, we have Pyz = P,Z if and only if 227! € Py N ™V, i.e. if
and only if (P)\ N w)‘V)\tr)Z = (P)\ N w)‘V)\tr)g.

We have, using Py N ®*V e« < ker(f); cf. Lemma 157,

> Pyw-uf = > > Pyz-(c2)f

vETA V)\tr ZE(P,\QW)\ V;\tr)\WA VAtr ceEP\NTA V/\tr

= 2 Pyz > cf|-zf
ZG(P/\HW)\VA”)\W/\V)\U CEP)\QW)\VA“
= ]P)\ﬂwAV,\u}- Z P)\Z'Zf
ZG(PAQWA Vv)\tr)\wA V)\tr

= ’P)\mw)‘VAtr 'Sgen .

So,

Proposition 170. Suppose that char(K) # 0 and char(K) # p. Then

S/ (Sak N (Sxk)h)

is absolutely irreducible or zero, cf. Definition 160.
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If it s non-zero, then we have an isomorphism

Sk /(Sxkx N (S)\,K)L) = Sk /(Srkx N (S)\,K)L) .

Proof. By Theorem 165 we know that S§** € N!_, ﬂf‘ud:_ol ker(Yg—1w) = Sa k-

So, we have Sy ¥ < Sy k. We have the injective K G,,-linear map

Srk/ (S)\,K N (S,\,K N (SM()L)) — Svk/(Sak N (Sxyk)™)

T+ (SA,K N (SA,K N (SA,K)L)) — x4+ (Sax N (Syk)h) -

The module Sy x/(Sax N (Syx)") is absolutely irreducible by Corollary 167.(2).
Note that S)\,K N <S)\7K N (S)\7K)l> = S,\,K N (S,\,K)L as 8)\7[( < S)\,K-

Thus,
Sk /(Sxkx N (SA,K)L)

is absolutely irreducible or zero. If it is non-zero, it is isomorphic to Sy x/(Sx.x N (Sxx)™) -
We have the surjective K G,,-linear map

Sax/(Sxkx N (SA,K)L) — S\x/(SrxN (S/\,K)L>
x + (8,\,}( N (S)\’K)L) — T+ (SA,K N (S)HK)l)

as (S,\’K)J_ = {m c M)\,K : [m, S)\,K] = O} < {m c M)\jK : [m,S,\,K] = O} = (SA’K)J_.

Hence,

Sai/(Sak N (S/\,K)L>

is absolutely irreducible or zero. If it is non-zero, it is isomorphic to Sy x/(Sx.x N (S), K)l) and
thus isomorphic to Sy g /(Sxx N (S,\,K)L) ) 5
Proposition 171. Suppose that char(K) # 0 and char(K) # p. Suppose that there is an

element v € Py such that 2’xz"' € Py for z,2 € ®Vyu with 2,2 € Py N (A V).

Then
Sk /(Sxkx N (SA,K)L>

15 absolutely irreducible.
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Proof. We have

[Siena Sien : ZE])\,K - Z PAZ ’ Zf7 Z PAZ/J; ) Z/f
2E(PAN(TAVy 1 ))\TA Vytr 2 €(PAN(FAVyer)\FA Vyor MK
- Z 8P,\z,P,\z’x : Zf ) Z/f

Z,Z/G(P)\Q(WAVAtr))\WAV/\tr
= 1#0
since Pyz’x = Pyz only if 2,2’ € Py and 1f = 1.
So 85" ¢ (Sy.x)" . Hence the module Sy i /(Sx.x N (Sxx)™) is non-zero.
By Proposition 170, we conclude that it is absolutely irreducible. o

Lemma 172. Suppose that A = (1,...,1) Fn. Let

1 1 1 e 1
0 1 if i<
xTr = 1 = Z xi,jEi,j ’lUZth.TZJ: ~J
,. 0 else.
. 1 1,J€[1,n]
0 0 1

Then x € Py such that 2’xz"' & Py, for 2,2 € ™ Vyu with z,2" & Py N (A V).
In particular, if char(K) # 0 and char(K) # p, then the KG,,-module

S/ (Sai N (Sxk)™)

1s absolutely irreducible, cf. Proposition 171.

Proof. We have A\ = (n). We have t* = t*. So, w) = id, cf. Remark 52. Hence,
Ve = V(ny = Perm,, = {gPem ¢ Fn 5 €8,},

cf. Definiton 116 .

Note that Py N V) = {E,.} .

We show that for id # o € S,, and id # p € S,, we have oP*™ .z . pPerm & P,
We have

Perm Perm _ . . ~Perm 1. . ,Perm
o (Tig)ig e p = ) myo M -Eijp
i,j€[1,n]
R.102

=7 2 mEipy,
i,j€[Ln]

= Z Iia,jp—l Ez‘,j = (xio,jp_l)i,j .
i,j€[1,n]
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We want to show that there is a pair (k,£) € [1,n] x [1,n] such that k& > ¢ and ko < {p~'.
As p # id we may choose ¢ € [1,n] with £ < £p~*.

Assume that for k € [( + 1,n] we have ko € [{p~! + 1,n]. But this is impossible since o € S,,

is injective. Contradiction.
So, we may choose k € [¢ + 1,n] such that ko < ¢p~'.
S0, (Tigjp-1)i; & Pa as there is a position (k,¢) such that £ > ¢ with an non-zero entry

xk‘o’,ﬁp71 =1. o

Example 173. In the following table we give further examples for partitions A and elements
x € Py such that 2’zz7! € P, for 2,2’ € ®Vyu with 2,2" € Py N (®*Vju), cf. Proposition 171,
cf. Lemma 172.

2,1) | (3,1) (2,2) | (2,1,1) (4,1) (3,2) (3,1,1) | (2,2,1) |(2,1,1,1)
2035235235235 235 | 2[3|5 | 2|35 | 2[3|5 | 2|35

11111 11111 11111 01111 11111
(431) (égﬁ) (gégi) (éiﬁ) S L) L (ootit) | (atit) | (asdid) | (6etid
0ot/ [ \8861) | 6816/ | \88oi/ | \ 89851/ | \8888e) | \88381) | 38481/ | \ o884t

2.4.2.3 Comparing James’s product generator and S;™

Suppose that char(K) # p.

Definition 174 ( [13, 11.15]). Given a € F' and (k,¢) € [1,n] x [1,n] with k # £. We write
Ej (a) :=E,+aE;, € G, .

Let @, :={(j+1,7) : j € [I,n — 1], jeolumn; = (j + 1)columng, }, cf. Definition 49.(3).

Let @y := {(4,5) : 1 <j <i<n, (i,7) € ®1, irows > jrowy }, cf. Definition 49.(3).

In the group algebra KG,,, we let

me= ][ (ZE;,j(a))- I E.—E;1) € KG,.

(7’?])6(1)2 ack (7’7])6(1)1

Let
gien = P)\WEermﬂ/\ S M)\ .

We write SA,K = <g§en>KGn < MA-
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Example 175. We continue Examples 136, 150, 162. Let A = (A1, X\2) = (2,1) = 2~ F 3,
F=T; and K = Q.

We have the M-tableaux t* = :1,)2 and t* = ;3. So, wy = <2, 3), cf. Remark 52.

10 0

We have o)™ = ( 00 1 ), cf. Definition 101.(3).
010

We have ®; = {(2,1)} and &, = 0.

We have

mo = (Bs—E(1))

100 100
= 010 ) — [ 110 .
001 001

qggen  __ P
S}\ — P)\w erm
100 100
= 001 001
010 110
0 1 0 0 1
= P, 00 |—=Py-{ 1 o0 o0 |.
0 1 0 11 0

Remark 176. In [13, 11.15, Theorem 11.16, Theorem 15.18] James shows the following.

We have

O»—‘O

(1) The QG,-module Sy g is absolutely irreducible.

(2) As K((,)Gp-modules, we have
Snite) = Mtk My ker(Y™) = Sucy) = K(G) ®x Sa -

Lemma 177. Suppose that char(K) = 0. Then we have Sy x = S’A,K.

Proof. As S ik and S vk are irreducible, cf. Remark 176.(1), Theorem 168, we have either
Sak =Sk N g/\,K = g)\,K

or SA’KQS',\,K:O .

As K(¢,)Gp-modules we have 0 # Sh k(c,) = Sy k(c,) = Sr k() cf. Remark 176.(2), Theorem 168.
Since the tensor functor is compatible with intersections, it follows that

0# S\k@) = Snk@) NONKEG)
SxK(G) N ONK(G)
(K(¢) ®K Sak) N (K (G) @k Sxk)

= K({) ®x (S)\,K N gA,K)

SO, S)\’Kﬂg)\’](#o . o
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Remark 178. In [13, Definition 11.11] James gives another generator for Sy g (c,) which is not

defined over K. He comments on his generator in [13, Definition 11.15].

Remark 179. We want to compare the generators S and S by counting non-zero coeffi-

cients with respect to the basis {Pyg : g € Ly - u} of M), cf. Definition 149, Remark 132.

Note that for two-part partitions of the form (n — 1,1), both generators involve two basis

elements:

e By Lemma 158 we have “(-10V, ;o N P,—11) = ker(f). So,
w(nfl,l)‘/(n_l’l)tr N P(n_l’l) g w(nf1,1>v(n_1’1)tr

is a normal subgroup of index 2. So S(gslil 1 involves two basis elements, cf. Definition

160.

e In Definition 174 we obtain

Oy = {(j+1,4): jeln—1], jeohumny, = (j+Lcohummg  }={(2 1)},
0,

Oy = {(4,5) s 1<j<i<n, (i,)) & Py, irOWﬂnq,n > jrow;<n7171)}
w(n—l,l) = (2, 3, . ,n) .

We have
w&eﬂl,l) El2,1(1) = W%?fi?l) (En+E21)
Ri02 Perm
- (w("_lvl) + B T 1) )
So,

S(g;nl 1) = P 1)w%)nerr? 1) (En - El21(1))
= P(nfl,nwaef“f,n —Puo1 (w(nrl 1) + En 1) :

Thus, ggenl 1) involves two basis elements, as w?erm has entry zero at position (n, 1)
and <w5frf§1 y+ En,1> € G, has entry one at position (n,1).
Example 175 illustrates the case of A = (2, 1).

The following table lists further examples. Write #S5™ and #55" for the respective number

of non-zero coeflicients.

A | (1,1,1) 2,2) | 2,1,1)](1,1,1,1)] 3,2 ] 3,1,1)](2,2,1)
¢ | 21315 |2] 3|5 | 23 203 |23 2 2
#S55"| 616]6 |8]12]20| 6|6 | 24|24 |8|12] 6 24
#8550 | 81220 | 8[12]20| 812 | 64216 |8|12| 8 32
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2.5 Examples

2.5.1 Examples for S, g

Example 180. We continue Examples 136, 150, 162.
Let A = ()\1,/\2):(2,1) = ix "3, F:Fg andK:Q.

We have the A-tableaux t* = :1,)2 and t* = ;3. So, wy = (2, 3), cf. Remark 52.

0

100
We have wwfem = < 00 1 >, cf. Definition 101.(3).
01 0

1
0 0
100 |=Py-lo0o 1 0
1 1

We consider the QG-module homomorphism

We have

|~ O
ol =
o
o= O

ol =

Sfen = P>\ . (

We have 19 = (3,0).

wl,O:MA — M,

M1,0
Py-1 — Z PMZL' ,
IEXL()

cf. Lemma 151.

Now we verify that S5 < ker )y o.

1
We have Py NP, , = Py, cf. Lemma 113. Therefore we may choose &} ¢ := { ( 0
0

o~ o
~ o o
N———
——
&

a system of right-coset representatives of (Px NP, ,)\Pa.

We have
01 0 0 0 1
Sfenlbl,o = (Py- ( 1 00 ) - P, ( 0 1 0 ))gbm
0 0 1 1 0 0

In fact, we have Sy g = (8§ )oas = ker(¢19) = Sy which is an absolutely irreducible QGs-
module, cf. Theorem 168.
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2.5 Examples

X X

()‘1>>\27)\3) = (2,2,1) =xx k5 F

[ and K = Q.

Example 181. Let A

X

12 14

We have the A-tableaux t* = 34 and t* = 25. So, w,

(2,4, 5,3>, cf. Remark 52.

3

5

) , cf. Definition 101.(3).

o © © —H O

o - O O O
S O O o
o O +H O O

— O

0
0
0

We have the free Q-module M) of dimension [G,, : P,] = 1085 with basis {P g : g € Ly - u}, cf.

Definition 149, Remark 132.

We have w}*™

X X X
«« and

We have A\ = (3,2)

— -
o o oloc H ~
o o o|H ©
o o o~ ©
o o o|o H
— O O3 w
S —H O3 w
O O H|l 2 D>
o o |2 >
o —~ O3 8
~ - — O O3 8
- N~
.~ -
o o olo A ~
o o o|H ©
o o o|l—~ ©
o o o|o -
o — O3 w
— O O3 w
S O —H|l 2 D>
o —= Ofl2 >
— O O3 8
~ S o |3 8
- N~
— -
o o olo A ~ ~~
© o o|H ©
o o o|l—+ ©
o o o|lo —H
— O O3 w
o O ~H|3 N
o —H ol >
- O OoOfl2 >
o o —H[3 8
~ - o - O3 8
- N~
— N
o o o|lo ~ — .
© o o|H ©
o o o|l—+ ©
o o o|lo ~
o O —=H|3 n
o O ~H|3 ®N
— O Ol D
o —H Ol D
O~ O3 8
~ ” — O O3 8
- N—
— ~
o o o|lo ~ —
o o o|o H
o o ol ©
o o o|H ©
o O —=H|3 n
oS — O3 N
o H o2 >
— O Ol D
— O O3 8
~ S o —H|3 8
Il
2
=~

u—+v+w
T+y+z

<

b=

=3

<9

w

Q

>

8

3

Y

3
—
o o o+ ©
o o oo ~
o = O3 w
— O Ol >
o o —~=[3 8
N—
—
o o o+ ©
o o oo ~
— O O3 N
S O —H| 2 D
o —~ o3 8
/|\

cf. Definition 116.

We have

—
—~ 3 o n o
o o o~ o
o 20 >
o - o o o
o 3~ 8 O
N—
—~
© 3~ n o
o o o~ o
o 20 >
o -+ o o o
— 3 © 8 O

o o —H O

— & O

0 0 0 O

2
= =]
3

S 8 —

0 0 0 O
0 0 0 O

0
u
1

0 00 O

1 v

01 0 O
r 0 y 1 =z
0 0 0 0 1

|

),

1 0 0 0 0
u

./ 0 0 0 O
y 0
001 0 O

1
w
0
z
0 0 0 O

i

0 0 0 0
u 0 v 1 w
1 0 0 0 O
z 1 y O
0 0 0 O

il

10 0 0 O
u v

00 1 0 O
z 1 y 0 =z
00 0 0 1

00 1 0 O
v w
1],
z
1 0 0 0 O

0 0 0 O
z 0 y 1

@A V)\tr

u+v+w
T+y+=z

<

B

E

€3

w

N}

>

s

3

=

3
—
© 3 H N o
o - o o o
- 2 © > 0o
o o o — o
o 3 ©o 8 -
/|\
—
— 3 O w o
o - o o o
o 2O >~
o o o —~ o
o 3 H 8 ©
(\
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1000 0
1 v 0 w
0010 0 |:uvwy,zeF with
0 0 y 1
We choose the following system of right-coset representatives V; o for (Py N (%A Vyu))\** Vyer.

{

which is in line with Lemma 157.

154
We obtain

u+v+w

z
1

0 0 0 O

@ ‘/Atr fﬁ I))

o o = O O
o - O O O
o H O —H -
o O © —= O
- — O - O
N——
—
— O O = O
o o o —= O
o O O O -
o - O O O
o O - = O
N—
—
o = O O
o - O O O
-\ — O = O
o O © —= O
o O - = O
N —
—
— O O = O
o - O O O
o O - = O
o o © —= O
S O ©o o -
N —
—
o o = O O
o o © = O
— O O O O
o - O O O
o O O O -
N—
—
o o o o -
o o © = O
o o = O O
o - O O O
— O O O O
N—

1,0
L0

., (1,0)

AZ5

Azil’o)

(1,0)

23

., (1,0)

AZZ

(1,0)

=

i

—
o O O =
o H © O O
— O O O O
o O O = O
O O = —= O
N
—
o O O —=
o O o = O
O A - O O
o H © O O
— - O - O
N
—
o - - O O
o O o = O
— - O - O
o H © O O
o O O =
N
—
— - O O O
o +H © O O
o - - O O
o O o = O
o O o O
N~N——
—
— - O O O
o O o = O
o - O — -
o H © O O
O O — — O
N
—
O O —~ — O
o H © O O
o O O —
o O o = O
— O O O O

1,0)
1Z§2

1,0)
ZZ§1

(1,0)
219

.,(1,0)
1zg

0
1

0
0 0 O

0
1

1

0 0 01
01 0 00
0 0 0 O

5(1,0)
%6

5(1.0)
%5

#4

5(1,0)

~(1,0)
23

.5(1,0)
#2

~(1,0)

Zq

0
1
1

1.0 0 0O 0 1

1 0 011 1 100

0 1 O, 1 0 00O
1 1 0 0 0 010
0 0 0 01 0 0 0 O

I

0 0 0 O
0 0 0 O

0
1
0
1

|

01 0 0 O
1 0
1 1

0 0 0 O

0

0

10 0 0O

Recall that zf € {—1,1} for z € ®*V)u, cf. Definition 154. We have zél’o)f =1 and

for ¢ € [1,12].

1.0 0 0O 0 0 0 01
01 1 01 1 0
000O0OT1]|,] 10O O0O
0 0 0 10 0

1 0

—1

1,0)f

(

¢

z

.5(1,0)
215

.5(1,0)
297

te[1,12]

.5(1,0)
210

Pyz-zf= > Paz-zf= > P,\Zél’o)—P)\Eél’O)
z€V1,0

.5(1,0)
Zg

2.

2EPANTA V3t )\ ™A Ve

.5(1,0)
:Zg

gen
A

S

.5(1,0)
27

Following Definition 160, we have
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and
Sao = (S5 aa, < Mg -

We consider the QG-linear maps

rébd,'u) : M)\ — Mﬂd,w

mGXd,w

lu'd,w:E )

for (d,w) € {(1,0),(1,1),(2,0)}, cf. Lemma 151.
We have Hio = (4, 0, 1), Hi1 = (3, 1, 1), H20 = (2, 3, 0)

For sake of illustration, we verify that S8 € N2_, M\ ™" ker(1hg.).
Ad d = ]., w = 0, Hi0 = (4,07 ].)

We have Py NP, , =Py, cf. Lemma 113. Therefore we may choose

( )
1 0 0 0 0O
01 0 0 O
Xio = 00 0 1 0
001 0 0
00 0 0 1
1,0
\ =iy(() ) J

as a system of right-coset representatives of (Py NP, ,)\P», cf. Lemma 137.

The element y(()l’o) contains the block

B = 0= (21) € e (31)
We have 0,, = (1,2) € Sy and Pos,, = 0, cf. Remark 135.

We have
Ty(1,0) = <X1 + 10'350, 10350) = (47 2) € S5 ,
0

cf. Definition 139.(1).

We obtain 1 .0 = TRem = , cf. Definition 139.(2).
0 Yo

O O O O
o = O O O
o O = O O
o O O = O
= O O O O

Note that L0 T 00 = Es5, which is in line with Lemma 143.
0 0
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Then
(wferm)_l . ry(1,0) -?ﬂ/\Perm = € Vyer
0
with r,00 f = —1. This is in line with Lemma 147.
0
The system Vg is of the form {zgl’o), o 7z$ 01 o -z%l’o), co T 000 -z%o)}, cf. Lemma 164.
Yo
~(10) ~(10)
1 12
As p110 = (4,0,1), note that
1,0 1,0
Pul,oy(() )l"y(()1,o) = PHI,O = PM(1 oy[() )
as yél’o) € P, ,and I, 0 € P, ,.This is in line with Lemma 145.
: § :
So, we obtain
SMho = > (X2 Puy)z-(2f)
z€V1,0 yEXl 0
= ¥ Pz (2f)
zEVl,oH/—/
=P,z
1,0 1,0) 1,0 1,0
= | X P&+ X Pur Y ()f - (5 >>f)
te[1,12] te[1,12]
1,0 1,0 1,0 1,0
= | X P& - ¥ Pur, 5 (4 >>f>
te1,12] te[1,12]
1,0 1,0 1,0 1,0
= | = P N - X Pt (4 >>f>
te1,12] te1,12]

So 8}g\en € ker(ww).
Add=1,w=1, p11; =(3,1,1).

0.

3

1 00 0 0 100 00 1 00 0 0

01 0 0 0 01 0 0 0 01 0 0 0
We choose X = o010 0|, o010 0|, 00 0 1 0 as a system of

00 0 1 0 00 1 1 0 00 1 0 0

000 0 1 000 0 1 000 0 1

(1 1) (1 1) =:y§1’1)

right-coset representatlves of (P)\ NP1 )\Pa, cf Lemma 137.

(1,1 (1,1) (1,1) .
We treat the elements y, "/, y; " simultaneously. For a € {0,1}, the element yq, '~ contains

the block

By = o= () € Lan - (50) -
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)=GB1)ess,

M+ 1o, 1o,

i

T

We have 0,, = id € Sy and Pos,, = {(2,1)}, cf. Remark 135.

We have
cf. Definition 139.(1).

2.5 Examples

) , cf. Definition 139.(2).

0 0
0 0
0 0
1 0
0 1

1
0
0
a
0

(1,1)
0
0 0 0 0 1

Ya

We obtain r

IR]

Perm
A

Ya

( Eerm)fl ‘T () -0

a

T o = Es, which is in line with Lemma 143.

Ya
We choose the following system of right-coset representatives V1., for (Py N (%2 Vyu ))\™* Vyer.

with r 11 f = —1. This is in line with Lemma 147.

Note that ra

Then

],

— O O O O
o H O O O
o - = O O
o O ©o = O
o = O O
N——
—
— O O —= O
o O o = O
o © O O
o H O O O
o O - = O
N ———
—
O H O =
o -+ O O O
— O O —= O
o O © = O
o - = O O
N ——
—
— = O = O
o —H O O O
O H - = O
o O o = O
o © O O
N———
—
o O - O O
o O o = O
— O O O O
o -+ O O O
o © O O
N——
—
o © O O
o O o = O
o O +H O O
o -+ O O O
— O O O O
N——

(1 1)

264

(1)

=%55a

(1,1)

(11

=:iz3.,

(1)

=25,

(1,1)

—
o O O —
o —H O O O
— O O O O
o © © = O
O O~ —= O
N——
—
O O~ —= O
o © © = O
— O O — O
o -H O O O
o O o O
N——
—
o - O o
o o © = O
O —H — = O
o —H O O O
— O O — O
N——
—
o O - O O
o —H O O O
o - O o
o © © = O
— = O O O
N—
—
— - O O O
o © © = O
o - O o
o —H O O O
o O - O O
N ——
—
O O~ —= O
o -H O O O
o - o o
o © © = O
— - O — O

(1,1)

=i%10sa

1,1)

—o

1,1)

a7

],

00100
10110
00O0O01
01 a 0 a
10000

)

0

0

0

0
1+4a 0 0 1 1+4a

1

— O O o
N—
—
S~ O —~ -
o - O O O
[S]
oo - 4+ o
i
o o o —= O
— = O 3 O
N—
—
[S]
o - - 4+ O
—
o - O O O
S]
- — O 4+ O
—
S o O = O
o O o o -
N———
—
— O O -8 O
S ©o o = O
o O~ g8 O
S - O O O
o O o o -
N———
—
S o o o -
S o o —H O
— O O 8 O
o - O O O
o O - g O

|

1,1)

~

|

o O O —H
o - O O O
o o - 3 O
S O ©O +H O
3
— o o 4+ ©
—
N
—
3
- o o 4+ o
—
S O o = O
3
oo - 4+ o
—
S - O O O
o O O O -
(\
—
S - O O -
S O o +H O
3
- = o 4+ O
—
o - O O O
S
oo~ + o
—
N
—
— O O 8 O
o - O O O
S - O O
S O © = O
o — = 38 O
N
—
O~ = 8 O
S ©O O —H O
S - O O
S - O O O
- O O 8 O
N —
—
3
- o o 4+ o
—
S - O O O
S - O O
S O o = O
IS]
o = - 4+ O
—
(\

2(1,1)
%12;a

(1,1)
10;a

:Z

.5(1,1)
29,0

(1,1)
8;a

:Z,
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We have zzal)f =1 and zeal)f = —1for ¢ € [1,12].

The system V) 1,4 is of the form {z1 A zg a), T - z% al), T 0 zﬁi}}, cf. Lemma 164.
\W—/ ———
g ne

As p111 = (3,1,1) note that

1 0 0 0 O 0 01 00
01 0 0 0 01 0 00
Pu“y,(lll) ran = P,,l 00100 1 00 0 0
0 0 a 1 O a 0 a 1 O
00 0 0 1 0 0 0 0 1

00 1 00

01 0 0 0

= Pm,1 1 00 00

0 0 a 1 O

00 0 0 1

1 0 0 0 O

01 0 0 0

Pm’1 00 1 0 0

0 0 a 1 O

00 0 0 1

= Pﬂllyf(lll)

for k € [1,12].This is in line with Lemma 145.

The element yél’l) = yél’ ) contains the block L2y(1 1)7T2 =Ty = <Ol> € Layy - (%) We have
0z, = (1,2) € Sy and Pos,, = (), cf. Remark 135.

We have
Tany =T a0 = (4,2) €55,
Yo Yo

cf. Definition 139.(1).

We obtain ran =T a0 = , cf. Definition 139.(2).
2 0

o O O O
o = O O O
o O = O O
o O O = O
= O O O O

Note that ran T = Es, which is in line with Lemma 143.
2 2

Then

Perm\—1 Perm
(w)\ ) ryél’l) Wy, =

ey

with Lo f = —1. This is in line with Lemma 147.
2



2.5 Examples

159

We choose the system of right-coset representatives Vi 1.0 = Vo for (PyN (Ve ))\®* Ve, The

- 1,0 1,0 1,0
system V1.2 is of the form {z{ ). ,z%z ),ry(1,1> ~z§ o NS 252 }, cf. Lemma 164.
2
———
~(1,0 ~(1,0
251 ) Z§2 )

As p111 = (3,1,1) note that

1 00 00O 1 00 0 0
@) 01 0 0 0 00 0 1 0
Pui1¥s Lo = Py, 0001 0 001 00
00 1 00 01 0 0 0
00 0 0 1 00 0 0 1

1 00 0 O

00 0 1 0

= Pm,l 01 0 0 0

001 00

000 0 1

1 0 0 0 0

01 0 0 0

= Pm,l 00 0 1 0

00 1 0 0

00 0 0 1

_ (1,1)
- PM1,1y2 .
This is in line with Lemma 145.
So, we obtain
gen _
Sy Yy = > ( > Puy)z-(2f)

2E(PAN(FAV, )\ A Vytr YEXT L

= 3 PusVr e+ X Putz(2f)+ X PusVze(2f)

2€V1,1,0 z€V1,11 2€V1,1;2

1,1 1,1 1,1 1,1 1,1
= Puyé ). zé;o ). (2. ( )f) + > Puyo r Yy 'Zeg;o . (ry<1,1))f (Zzgo ))f
(€[1,12] 12 ——
P, yLD) =21
Ly (11 1,1 1,1 1,1
+ Puyi™ -2 VN + X Pt w2 - () f ()
Ce[1,12] ¢elt, 12}_/_/ —_—
(1,1) =—1
Puy;

Le(1,12] Le[1,12] \—,_/ ——
P,y -1

| X P A GO+ Y Pus e 5 (e f ()
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So Sfen € ker(@/;ljl).
Ad d= 2, w = 0, H20 = (2,3,0)

We have Py N P,,, =Py, cf. Lemma 113. Therefore we may choose

( )
1 0 0 0 0O
01 0 0 0
KXo = 00 1 0 O
00 0 1 0
00 0 0 1
2,0
—

as a system of right-coset representatives of (Py NP, )\Px, cf. Lemma 137.

The element y(()2’0) contains the block zg =1 € L1y - 1. We have o,, = id € S; and Pos,,

cf. Remark 135.

We have
Ty(2,0) = <X2 + 10'350,X1 + 10900) = (5,3) < S5 ,
0

cf. Definition 139.(1).

1 00 0 0
01 0 0 0
We obtain r oy = | 0 0 0 o 1, cf Definition 139.(2).
0 00 0 1 0
001 0 0
Note that I 20 T 20 = Es5, which is in line with Lemma 143.
0 0
We have
(wferm)—l . Iy(()2,0) 'errm = S V)\tr

with 20 f = —1. This is in line with Lemma 147.
0

We choose the following system of right-coset representatives Vy o for (Py N (%A Vyu))\#* Vyer.

1 0 0 0 O 00 1 0 O 00 0 0 1 00 0 0 1 00 0 0 1 1 0 0 0O
01 0 00 01 0 0O 000 10 01 0 00 10 0 11 01 1 01
oo061ro0o0}J),)]000O0O011},001o0©0¢}),)]2000O0],/]0010O0],0]0O0100O0
000 10 00 0 10 01 101 1 0 0 11 11100 1 0 0 11
00 0 01 1.0 0 0 O 1.0 0 0 O 001 00 1.0 0 0 O 00 0 01
::z§2,0) ::zgz’o) ::z§2,0) ::2512,0) ::zéz’o) ::222,0)
1 0 0 0 O 0 00 01 00100 00100 00100 1 0 0 0 O
101 10 01 0 0O 101 10 100 11 11100 100 11
00 001/, 1 00 0 0 |, 1 00 0 0 |, 1 00O0O]|J,)] OO0 0O0OT1],] 00 0 01
01 0 0O 101 10 01 0 0O 01 1 01 0 0 1 11 11100
00 1 0 O 001 0 O 0 0 0 01 0 0 0 01 10 0 0 O 001 0O
::z;Q’O) ::zz(f’o) ::zé2’0) ::zﬁ)’o) ::zg’o) ::z%%’o)
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10000 00100 00001 00001 00001 10000
01000 01000 00010 01000 10011 01101
ooootf|,f1o0o000f[10000f]00100]|10000]]0000T1],
00010 00010 01101 10011 11100 100 1 1
00100 00001 00100 1000 0 00100 00100
—520) —520) —:z(20) —520 —:5(20) =520
10000 00001 00100 00100 00100 1000 0
10110 01000 10110 10011 11100 10011
oo100|,fooroof[ooo0oo0o1||]ooo0oo01]|,]10000][]00100
01000 10110 01000 01 101 001 11 11100
00001 10000 10000 10000 00001 00001
=529 =329 =329 =529 =520 =529
2,0 (2,0
We have 2% f =1 and 2% f = —1 for ¢ € [1,12).
{4 {4 )
As p190 = (2, 3,0) note that r o € P 5.0 -This is in line with Lemma 145.
: 2,0 2,0 2,0 2,0
The system Vs is of the form {z% )z ( ),yéZ 0)-z ( ),...,ry620)-z§2 )}, cf. Lemma 164.
ﬁ_/ ’
—_———
~(2,0)
z (2,0
! Z§2>
So, we obtain
gen
Sxeo = 2 (2 Puy)z-(2f)
z€V2 0 yEX2 0
— (2,0)
= 2 Py z(2))
2E€V o S~
=P,z
_ (2,0) (2,0) (2,0) (2,0)
= 2 Py (T X Purpeo -z (reo)f(270) f
C€[1,12] STRE N
_P“
= 0.

So S/%en c kel"(@/Jgjo).

All in all, S§" € N2_ )““1 kef(wd w)-
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2.5.2 Examples for James triples/quadruples and S) x

Example 182. In Example 180 we considered the partition A = (A, \2) = (2,1) F 3, F =3
and K = Q.

Using Magma, we note that in this case
T = (P)\,wk V)\tr7 ker(f))

is a James triple of index 2 in Gg, cf. Definition 33. So,

Swo=1( >, Pw-(wf)oa, =557,

'er)\VAtr
cf. Lemma 169, Definition 39.

Example 183. In Example 181 we considered the partition A = (A1, Ao, A3) = (2,2,1) F 5,
F=F and K = Q.

Using Magma, we note that in this case
T = (P, Vyu, ker(f))
is a James triple of index 2 in Gs, cf. Definition 33. So,

Swo=1{( Y, Pw-@f)oc, =557,

vEFAV, tr
cf. Lemma 169, Definition 39.

Lemma 184. Suppose that A = (1,1,...,1) = n and that there is an element a € F with
a*# 1. Then
(P2, Ve, ker (f))

1s not a James triple in G,,, cf. Definition 33.
Proof. We have A\ = (n). We have t* = t*. So, w) = id, cf. Remark 52. Hence,
3V = Vi) = Perm, = {o""™ € F"" 10 € S,.} ,

cf. Definiton 116 . The elements of P, are the invertible upper triangular matrices.

Note that Py NV, = {E,} < ker(f) and that ker(f) < Vi, is of index 2. So, (J1,2) of
Definition 33 hold.
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We show that (J 3) does not hold. By Lemma 38 it suffices to show that ker(f) NP} = V{,)NP%
for some h € G, \ (PaVin)).

We choose a € F such that a? # 1. We consider the element h = E,, +a - Es1 € G, . Then,
h € G, \ (PA\V(»)), since h cannot be converted into an upper triangular matrix by column

permutation. We need to show that there exists no element in V(,) N P} of odd sign.

Suppose given an element v € V{,) with vf = —1. We have to show that v ¢ P}, i.e. that
hvh=' € Ph. Write v = Y. Ey4, = o™ with 0 € S,,.

Le[1,n]

Then

Le[1,n]

RéOQ (( 2 EZ,[U) +a- EZ,lU) (E” —a- E2’1)
£e(1,n]

R.102 9
= < > Ee,&:) +a-Eyi,—a-Eo-11—-001,2E2,1

Le(l,n]

hvh™t = (En+a-E2,1)< > Ee,&;) (En —a-Ez1)

— Perm 2
= 0 +a-Ey1o—a-Eyp1) —a°0152 g

As o # id, there is at least one element k € [2,n| with k& > ko.

Case 1: Tt is possible to choose k € [3,n]. Then «} (hvh™') 7, € {1, 1—a}, hence 1} (hvh™Y) 7, # 0
and thus hvh=! € P.

Case 2: The only possible choice is k = 2. Then 2 > 20 and therefore 20 = 1. As 2 is the only
element such that a > aco for a € [1,n], it follows that o = (1, 2).

Then
hoh™t = > Eww | +a-Egr1p—a-Egp-1; _a2810,2 Eo1
Le(1,n]
= Y Eip | +a-Ess—a-Eq —a? Eqo;
L€(1,n]
= —aEj1+aEys+E2+(1—0a®)Ea1+ > Egp .
Le(3,n]
As a® # 1 we have 13 (hoh ') 7 = 1 — a? # 0 and hence hvh ™! € P, . -

Example 185. In the following table we list all the examples in which we tested via Magma

whether (P, Vi, ker(f)) is a James triple or can be expanded to a James quadruple.

If it can be expanded to a James quadruple Q = (Py,”* Vyu, ker(f), D) such that S) g = Sg’ fe
for a simple idempotent € € QD, then we list D and the idempotent €. Whenever possible, we
choose ¢ = ﬁ > d. Cf. Definitions 77, 160.

deD
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Recall that a James triple (U, V, N) is a James quadruple of the form (U, V, N, 1), cf. Remark 78.

A= (1,1)

q 2134 5 7 8 9 11
James triple VIV X X X X X X
wnoe L @G G G G Edy [
e s [T il (MG s
q 13 16

James triple X X

James quadruple ( )>
with D =

: #((

( (Ts Cls) (d% C%g) (qr) (51;5)>
C15 ¢fs iz it ¢is <15

q 17 19 23 25 27
James triple X X X X X
James quadruple 112 47 115 Goa €34 2 ¢S,
o (1)) GO [T H(aet ) (& B )
1 ((1 0)7(4213 <§Z)+<Cé3 c%Z)
. l((lo)_<01)) sl sy 6 \\OV B3 a3 ) T\l ddd 1y
2l lo1 10 Dl " |10 =, _(0 1>+(<§§ C%Z’)_(C%Z C%i‘)) deD
LOJTN ¢dd 2 ¢ i
q 29 31
James triple X X
James quadruple 115 1 27
with D = <(15 1)> ((271))
10 28 24 5 11 26 10 27 22 123 1 5 8 17
4 ((0 1)—(24 28)+(11 5 )""(10 26)_<22 27)+(23 1 )‘( 5 11)+(17 8 ) L J
c 1
01 22 27 23 1 24 28 17 8 10 26 2]
*(1 0>+<27 22)*( 1 23)+(28 24)*( 8 17)*(26 10)) dep
A (2,1) (1,1,1) 3,1 | (22) ] (2,1,1) | (1,1,1,1) (4,1) ] 3,2) | 3,1,1) ] (2,2,1) | (1,1,1,1,1)
q 2034 203 4] 2 2 2 2 2 2 2 2 2
James triple Vv X s [ X |V v v X v v v v X
James quadruple ¢30¢3 022 0111
o I gres )oK zoz X ({1501 ) x
with D = ¢30¢s 0 1110
1 1 1
¢ | o 2 d o7 24| o7 2 4
deD deD deD

Note that not in every case, (Py,”* Viu, ker(f)) is a James triple or can be expanded into a

James quadruple. If it expands to a James quadruple there is no obvious canonical choice for €.



Chapter 3

Description of some group rings

For a finite group G, the rational group algebra QG admits a Wedderburn isomorphism to a
product of matrix algebras over division algebras. The integral group ring ZG forms an order
inside QG. We are interested in the case G = GL,(F,) for small n and small ¢g. To begin with, we
want to describe the integral group rings Z GL3(F), Z[%] GL3(F2), Z2)[¢s]" SLa(FFy), each
via its image in a product of integral matrix algebras under a chosen Wedderburn isomorphism, by
means of congruence conditions on the entries of the corresponding matrices. Note that GLa(Fy) =
SLa(Fy) x Cs.

Such a description allows to read off an orthogonal decomposition into primitive idempotents and
the associated Morita multiplicities to be determined explicitly. After localisation at a prime, the
description can for instance be used to obtain a presentation of the Morita-reduced localised group
ring as quotient of a path algebra modulo relations. This will be demonstrated for Z ) GL3(F),
L2y M=) GL3(F2) and Z(9y[Cs]* SLa(Fy).

3.1 Description of Z GL3(I%)

Let ¢ := H\Q—m We have
Gal(Q()|Q) = {id : 9+ 0,0 : 9+ 1 — D} .
Write A? := (ai7j0)2-7j€[17n] for A= (ai,j)i,je[l,n} € Q(é})nxn

Let R be a subring of Q. Writing an element of R[¢] in the form a + b9, it is understood that
a,be R.

We denote the identity matrix of R"*"™ by 1,,x,, the zero matrix of R™*" by 0,«,. We write

E}; € R™™ for the n x n matrix that has entry 1 at position (4, j) and 0 elsewhere.

165
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3.1.1 The result

Proposition 186. Z GL3(F3) can be embedded into
[ =7 x Z)>° x 27° x L7 x 7%

via the injective Z-algebra morphism w from Lemma 189 below, such that the image A allows

the following description.

(v, (wij 4+ Wi j0); jen 3> (ig)ijeno)> Wig)ijen,7s (Zig)ijens) €T :
v =3 Z1,1
21 =3 0, ke [2,8]
Yij =3 Zitlj+1 » i,j €[1,7]
v =7 1,1
T =7 0, k€ [2,6]
Zij =T Titlj+l s i,j € [1,5]
zij =7 0, i€[1,5], j€][6,8
Wi —3Wij =7 Zits5j45 i,je1,3]
A= _
v =8 Y1
vy =8 0, ke [2,7
Ysg =2 0, s€[2,4], te 5,7
Ysg =2 0, s€[5,7), te[24]
Yit1,j+1 =2 Zij , i,j €[1,3]
Yitlj+1 =2 Tij , i,j € [4,6]
Yitlj+1 =4 Tij , i€l,3], je€[4,6]
Yirljrl =4 2Tij , i€ [4,6], j€1,3]
Wi+ 2% =8 Yit1j41 + 2Wiva 44, 1,7 € [1,3]
\ Wi+ 25+ 2Ti13,543 =8 OYit1,j41 — Yita g4 » 1] € [1,3] )

In particular, 7Z. GL3(IFy) is isomorphic to A as Z-algebras.

Cf. also the symbolic illustrations in Corollary 192 at 3, Corollary 195 at 7, Corollary 199 at 2.
We will show Proposition 186 in §3.1.2.



3.1 Description of Z GL3(IF)

3.1.2 A Wedderburn embedding

Lemma 187. We have the following presentation.

(0,0 1, (@), (b)) D5 GLy(Fy)
a +— g:= (ésl;
b — ggﬁz(g§

Proof. As

2

the map r; is a well-defined group morphism. Use the computer algebra system Magma to

compare group orders to verify that r; is bijective.

Lemma 188. We have a set of irreducible representations {@y,ws, s, w7, Ws} which gives a

Wedderburn-embedding @ = (@1, W3, Wg, W7, W0s), mapping as follows.

w
7ZGL3(Fy) = Z x Z[q?]3X3 X 7.6%6 X 777

10 20—1—1 1 000 000
1 00 01 10-1 0 8(1)8? 888
— (1 0 -10 00-10 1 1 0 010 000
g1 ’ d9-11) "’ 00-21 2 0 10 000-100
88 88 (1) [1) 0 000 001
0 000 010
11 10 0 O 0100000
9 10 00—-10 1 0 0010000
- (1 L 91 —1o-11 0 0 0000100

g2 ) ) 00 00-1 1 | >
~11-90 00 01 0-1 0000010
- 0001000
00 01 0 O 0000001

Proof. Use Lemma 187 to verify that @ is a ring morphism and compare characters to verify

that @, for i € {1,3,6,7,8} is irreducible.
We show that

OO~ OO

. . . 4 .
@ = id, ¢¢ = id, (qg?)" = id, and (ggig391) =id

I
| cooorR—RO

OO0 OO0 OO

OO OHROO OOCOOOOOH
[eleleloloial ]

QGL3(]F2) a’;(% @ % Q(ﬁ)?)x?) % @6><6 % Q7><7 % @8><8

g1 = 1wg = 1w
g2 > golg = Gow

is bijective. It suffices to show that wg is injective.

We have Gal(Q(9)|Q) = {id : ¥ — ¥,0 : ¥ — 1 — 9¥}. We have the Wedderburn-isomorphism

CCLy(F,) 25 C x C¥3 x C¥ x C6 x C77

~, g

g = (o, oy, (iw3) , g1

g = (w1, g3, (9203)7 , g0

qgiwr

gowr

ZS><8
0 40
0-10
0 00
1 00
0-10
0-11
0 00
0 00
0 0
0 0
1 1
0 -1
0 0
2 00—
1 0
0 0-—

O WOOOoO O

NON— OO |

OO OOCOO RO, OFORFN

HOROOOOO

% CS><8

G1s)

Gollg) -
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As the following diagram commutes, @g is injective. As source and target have dimension 168

over Q, Wy is bijective.

Q GL3(F>) ) Q x Q(ﬁ)Sxi’s x Q%6 x Q7><7 % Q8x8
T (a,b,c,d,e)
| - !
T (a,b,b%,¢,d, e)

CGL3(F2) <5 € x €33 x 3 x C06 x 77T x (3%8

We want to construct a suitable Wedderburn-embedding whose image allows the description in
Proposition 186. The individual construction steps can be followed with the help of Magma [2]
and the digital appendix. The file Conj_Z from the digital appendix should be loaded in Magma

via load "Conj_Z";.

The list B consists of the images of every group element under w, where B[8] is the image of
g1 and B[2] is the image of go. Use charactercheck(B,i,CT) to obtain the number of the
character of @; in the character table CT of GL3(F5).

Lemma 189. We have the Wedderburn-embedding

ZGL3(Fy) 2 Z X ZPPP x T x zTT x 78S
110

g1 = (8 0 ?) = (g, Jr1ws . W, QiwWr ,  giws)
001

92 = <é ? 8) = (gawr Gaws3 . GaWe ,  GaWr ,  Gaws)

where

g = (1)

gowr = (1)
1794140034279 — 121737950813 150498112359 — 9883559713 13997710619 — 901160140
QIW3 e —57412445208209 + 3895614382704 —4815936609329 + 316273914539 —447926463169 + 28837125232
3873153248975909 — 26279948449106 32489222257169 — 2133592844876 3021796575059 — 194535963727
189263529639 + 738076797374 8114315559 + 62190885839 326607369 + 5799695555
92(,(}3 = —6056491058439 — 23618440802285 —2596631036119 — 1990106951436 —104519083819 — 185590128337
40843929412789 + 159335040035476 1750540715849 + 13425683045321 70399573989 + 1252030154062



g1We

Ga2We

giwr

Gawr

g1Ws

Gals

—437651238716159 —880064781238083 —4648909147576079558578 —2628186865831940 —115861785249929342848 —99847002094
6044157312 12109140965 63979935910078278 36296423858 1594530966179088 1368762
—23426475576199296 —47107866145717350  —248845533417264017933061 —140680866350821814 —6201817854028804358512 —5344582899130
—491678784 —988707771 —5222811660404019 —2952633530 —130164790016184 —112173
939978238366230528  1890184841881692311 9984830426840254928331102 5644765150188873952  248845533854906100141793  214449314067138
—13248 —44219 —228166564825 —79557 —5686449160 —6
669083978035894 457280125396227 2689340964441509638771 3635949816469754 67024722638141800266 42703327422
—1843787217 —3762538804 —19858546682928973 —11014468398 —494921840384258 —443902
35814494490423288 24477148216492975 143954190905960224317120 194623863945948998 3587678113575961722224 2285811035384
751681320 513730738 3021336361662329 4084802043 75298831317584 47975
—1437042688285948431 —982136070188219024 —5776106027263409199433949  —7809206988088899654  —143954191575044524616253 —91717280445775
3635999 782053 6143871698853 18452466 153119780877 0
153 72624 99952 —387304 2456  —6344 424
—184 —101195 —139271 539666 —3152 8160 —494
—374 —103728  —142785 553252 —3562 9000 —982
—131 —45736 —62952 243927 —1510 3852  —346
—180 —96588  —132930 515094  —3232 8376  —501
—69 —36948 —50850 197040 —1236 3203 —192
—26 —11836 —16290 63122 —397 1024 —-72
33 18840 25928  —100472 912 —2392 160
—112 —49292 —67835 262891 —2374 6282 —858
—62  —47331 —65150 252331 —1166 2690 1414
—37 —21456 —29531 114406 —746 1872 204
—42  —22428 —30864 119618  —1233 3288  —453
—16 —8566 —11788 45686 —470 1253 —171
—6 —3402 —4682 18142 —154 401 —16

353179624998519997396
69933141203318657902322
—489579432818817515795329
2494416378823319458
—13201172015996403292
3427042199879231996230379
169621372935406042802811442
—23989308456674018239038747

—44905364678429697137
—8891716810741348546610
62248036808305725852912
—333771959097041158
1770296333148905932
—435734408475136984361812
—21566664923020470674779712
3050142610362654590184967

20405550240743810677968
4040505525547601649441456
—28286279859034420247119882
144119134127667091918
—T762720090285281471297
198003159970074839935315338
9800161737389052919568107791
—1386022874210840444764129601

—2594612081753697880782
—513759459028821013369503
3596663996087438460827276
—19285146203299944194
102286663232491362674
—25176541127912636980307706
—1246112347027283830978375990
176235889069241349896210253

28570267812776399121161577
5657202261245661198541940958
—39604253816499799009548343994
201784426803924102322392
—1067901477215871343578010
277228657957269580550272113255
13721425893562337083801607569692
—1940601661981665245953729495525

—3632774457705781949251785
—719326119418653313821022320
5035769774534165700891027478
—27001564915904613364479
143213846979170783098245
—35250238826083662793196936697
—1744709792090699646448086428644
246751813438361948298194079285

29455009053788593002
5832389983743462543187
—40830686728592550330464
208029392007090081
—1100950730252597259
285813653717046430803126
14146340056269150697676205
—2000696664989719258598439

—3733533993616467474
—T739277527579253851120
5175443133329545135465
—27755544815915780
147213975159989920
—36227948159716975988835
—1793101494158507863150594
253595782730405070192406

41244034397914642965660
8166736349402946598933931
—57172694968428064978750894
291290740793159345836
—1541593477301542120602
400207249767700315803437835
19808248397408435857880138157
—2801452273192053114070189720

—5227838482812157515237
—1035164944196318682643139
7246855345173714268338736
—38864385371743586492
206134691229195268141
—50727772096499025585057865
—2510769959715950949640175551
355094608567577770563382813

39998374937918814046901382489
7920083165750233345349680681154
—55445955343143876564420276948983
282498197525718681670762907
—1495062068103410308644235891
388120121140486517180608023768221
19209996251002571032821526531053477
—2716842326776495076384284363071439

—5085884240791987553972411136
—1007056567186885458112817413179
7050077684353228234331630408183
—37802190882295460318684966
200499385770992932685386087
—49350334356554901521380100066922
—2442593708928849109067283466850036
345452538813971143045965149920937

7918927931378007870868370344719
1568027898569412150780900861701488
—10977259079406131573795802297737949
55929343882839275934747439533
—295994244441257910139971788451
T76840503465442469548255441777498083
3803218908514147399779833639829252458
—537883817031389136710373230004331670

—1006909653514571509851232412286
—199378304956822120886248730954506
1395783101287700009232305671394625
—7484124524210580230576659606
39695116478584835077885878222
—9770440245027736863140408893973412
—483587724118431267390324481176931240
68393120978454373780591319807652827

55998133187369557370758529787249
11088197274491614363411092985109494
—77624903432336018721679900406124503
395500360020130377352520788643
—2093102155563158651885589478135
543372131244236284136085387387423714
26894190833055996164082186522546238473
—3803606989035073387116939928939085016

—7120289687429539273059185579262
—1409889441149049547704912020352233
9870180494642965529977449195321960
—52923451953375004961056647914
280701180604633043669295092694
—69090970252884536422572716536704126
—3419656046587061240577082973341758996
483637069417531646015137975449684962
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whose image allows the description in Proposition 186.

Proof. We conjugate the embedding w of Lemma 188 from the right with the following element.

C:=<1,&*Conj_2,&*Conj_3,&*Conj_4,&*Conj_5> =

—64081694-4522284 —5796894-379489 —56249+435304

( 1 —27454799—1200002 —2271149—106712 —209489—10259
’ 1602049 —1130563 144929 —94872 140608826 )

1 744 1024 —-3968 14 —36 2

12328 15720 85836123000 48 2139238721 0 9 3636 5004 —19392 150 —394 54
60 0 1 1372 1888 —7316 26 —68 0

4800 8 3015073985 28825 751427
163473 43968 320034928906 831409 7976025626 1 1 372 512 _1984 32 _s4 6

2896062785 27672 721767200 | >
—3 —1116 —1536 5952 —44 114 —12
159057 35121 273290795307 804890 6811051522 0

158673 34736 271137700299 802584 6757391314 0 —3 —1212 —1668 6464 —48 126 —18

11 5092 7008 —27156 178 —462 40
838146253 48425290522 67801333598180 69844955 97799590955 94921867037526912 18792748979383273758 132891581969708540874
—1218194948 —70382734555 —98544442720122 —101505681 —142132157297 —137962219808279570 —27313931391509507017 —193148514696392248513
2488392714 143770205173 201295883671610 207526341 290586349475 281814237140478420 55793932557795370688 394542808508031410924
—96446896 —5572334992 —7801951010945 —8168020 —11437166680 —10922731415333244 —2162496171028749192 —15291937197864889863
—3644594743 —210570452393 —294824405791831 —304647729 —426579396913 —412754168108900898 —81717584028680298650 —577860058057636685818
196 29106 40751165 24108 33755330 57051631295 11342327900302 80206427484414
—136766885 —7902368947 —11064283650679 —11253409 —15757465923 —15489997110960995 —3066728559188185559 —21686151938342679791
—44594004 —2576562106 —3607502292492 —3751202 —5252574811 —5050503209493224 —999904958716584593 —7070756488475931314

to obtain the embedding w := (wq,ws, ws, wr,ws) . The list B_conj consists of the images of

every group element under w, where B_conj[8] is the image of g; and B_conj[2] is the image

of go.

We use the Z-linear standard basis of I', with respect to which an element

§:= (U> (wi,j + ﬁ)i,jﬂ)i,jeu,:&], (xi,j)i,je[l,fi]a (yi,j)i,je[l,ﬂa (Zz’,j>i,j€[1,8]) el
has the coordinate vector

._ ~ ~ 1x168
coor 1= (U, Wi1,1,W1,1, W12, W12y ---,T11,L1,2,---5Y1,1,Y1,2,-- -, 21,1, 21,2y - - - 728,8> S/ .

Let Bmat be the representation matrix of w with respect to the Z-linear basis
(9 : g € GL3(Fy)) of Z GL3(F2) as listed in G_List and the standard basis of I'. Note that

ZBmat_inv := 168Bmat_inv is contained in Z168%168

Let £ := (U, (wij + Wi j0)ijen s, (Tig)ijene) (Yig)ijen,n (Zi,j>i,j€[1,8]) € I'. We have

5 < (Z GL3(]F2))W

., %8,8) = rBmat

1x168 : e g
& dr e’ with (v,wl,l,wl,l,wl?g,wl,g,...,:1:1?1,;1;172,...,yl,l,ym,...,zl’l,zm,..
e o . 1x168
A (U7 W11, W11, W12, W12y - -+ 5 L1175, L1,2y - - -5 Y1,1, Y1,25 -+ -5 21,15, 21,25+ -+ 28,8) Bmat_inv € Z
) ) ; 1x168
<~ (’U, W1,1, W11, W12, W12y -+ -5 L11, X125+ -5 Y11, Y1,25 - -+ 5 1,15 21,25« -+ 28,8) ZBmat_inv € 1687

Simplifying ZBmat_inv separately modulo 3, 7 and 8 with elementary column operations H_3,

H_7 and H_8, leads to the congruences in Proposition 186.

Let
E_mod3 := RMatrixSpace(Integers(3),168,168)!ZBmat_inv*H_3,
E_mod7 := RMatrixSpace(Integers(7),168,168)!ZBmat_inv*H_7 and
E_mod8 := RMatrixSpace(Integers(8),168,168)!ZBmat_inv*H_8 .
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The columns of E_mod3, E_mod7, E_mod8 are the congruences mod 3, 7 and 8 respectively. The

entries of {0y are labeled (1,...,168). The lists E_3,E_7,E_8 contain the congruences, e.g
E_8[10] = [< 10,1 >,< 27,2 >,< 72,7 >,< 96,6 >|

means that an element g = (U, (wm- +U~Ji,j79)i,je[1,3]7 (xi’j)i7j6[176], (yi,j)i,j€[1,7]a (Zi,j)i,je[l,S}) - F

which lies in the image of wzy) satisfies
Wa2 + 2722 + Tyz3 + 6ys6 =5 0 .
To verify that the images in B_conj satisfy the congruences, note that

RMatrixSpace(Integers(3),168,168) !Bmat*E_mod3 ,
RMatrixSpace(Integers(7),168,168) !Bmat*E_mod7 and
RMatrixSpace(Integers(8),168,168) !Bmat*E_mod8

are zero. o

Remark 190. Theory predicts that the index of A in I', i.e the order of the cokernel of
Z.GL3(Fy) = Z x Z[9)3*3 x 7576 x Z7<7 x Z8*® as abelian group is given by

168168 " - .
\/1-79.39-2_636.749.864:2 L3577 ’

cf. [17, Proposition 1.1.5]. We actually obtain | det(Bmat)| = 2138 . 357 . 755,

So our calculation is in accordance with the theory.

Remark 191. In Chapter 2 we considered unipotent Specht modules. Calculating the dimen-
sions using [13, 15.16] we obtain that

e the Wedderburn component Z corresponds to the trivial unipotent module associated
with the partition A = (3).

e the Wedderburn component Z°<% corresponds to the unipotent module associated with
the partition A = (2,1).

e the Wedderburn component Z%*® corresponds to the unipotent module associated with
the partition A = (1, 1,1).
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3.1.3 Localisation at 3: Z) GL3(F2)

Let R :=Z). Recall that ¥ = 5Y=". We write I3 := R x R[J]**® x RO x R7<7 x R®*%,
Corollary 192. We have

(v, (wij +Wi,39); jeq,3)> (@ig)ijen,o) Wid)ijen,n (Zii)ijen,s) € L)

A(3) — v =3 21,1
21 =3 0, ke [2,8]
Yi,j =3 Zit+1,j4+1 > Z»] € [177]

More symbolically written, we may describe A3 as follows.

R R R R R R R
R R R R R R R R[9]3%3
R R R R R R R R6X6
R R R R R R R
R R R R R R R
R R R R R R R
R R R R R R R

(3) (3) (3) (3) (3) (3) (3)
R R R R R R R R
R R R R R R R R
R R R R R R R R
R R R R R R R R
R R R R R R R R
R R R R R R R R
R R R R R R R R
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Remark 193. Note that there is a congruence connecting the Wedderburn block corresponding
to the unipotent Specht module associated to the partition (3) with the Wedderburn block
corresponding to the unipotent Specht module associated to (1,1,1), cf. Remark 191. The

latter also has ties to a Wedderburn component not associated to a unipotent Specht module.

Lemma 194. We have the orthogonal decomposition 1y , = > e into primitive idempotent
1€[1,17]
elements of A(z), where

0 O3><37 6 6 O7><77 08><8)

0,033, 066, E1 1 E3 2)

»

1,033, Opx6, O7x7, B €10 =

0 El 1 06><67 07><77 08><8

e =

€y = €11 =

ez = 0E22a06><6a07><7a08><8 ey = 003><3706><6aE22aE

ey = OE53706><6707><7708><8 ey = OO3><3706><67E337E

0, 03x3, Osx6, E4 45 Eg 5

. . 8
es = (0,03x3, 22a07><7a08><8 els = 003><3706><6aE55aE66

er = (0,03x3, 33707><7708><8 elg = 003x3a06x6’E66’E

(
(
( 3)
( 4)
( )
( )
( 7)
err = (0,03x3,06x6, BT 7, B 5)

eg = (0,03x3, 44707><7708><8

( 1)
( )
( )
( )
es = (0,05x3,E§, 0757, Osxs) €1y =
( )
( )
( )
( )

eg = (0,05x3,ES 5,077, Ogxs
Moreover,

€2 A(g) = €3 A(3) = €4 A(g)

I
I

12

€5 A(g)
€11 A(3)

Ce A(g)
€12 A(3)

e7 A(g)
€13 A(3)

esNi3y = egl) e10 M)

I
I
I
I
I

SYRIES e1s A3) e Az) = err A

as N(z)-modules. So, the R-algebra A is Morita equivalent to

Afgy = (e1+ex+es+en)A@(er+ex+es+en) .

More symbolically written, we may describe Al(g) as follows.
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Proof. Note that e; is primitive for i € [2,10]. As R-algebra we have for k € {1} U[11,17] that
erAgyer =2 {(a,0) ERxR:a=3b} =%

We have Z = ((1,1), (0,3))g. Observe that the ideal I := ((3,3), (0, 3)) satisfies I* C 3= and
that Z/I = F3. Thus, Jac(Z) = I and = is local, cf. e.g. [16, Corollary 160]. So, ej A(s) ey, is
local and therefore the idempotent e is primitive for £ € {1} U [11, 17].

To show that e; Ay = e, Ay for s € [3,4] it suffices to show that there exist ey, € e Ags) e,

and e, 2 € e, A(3) e such that e; = ey, e, and e, = e;2¢,. Then

€2A(3) ;) eSA(3)
T = €527

eQ,sy A y .

Choose for s € [3,4]
€25 = (OaEis—laOGXGaO?X?a08><8) €52 = (OaEg—l,laO6><6707><7708><8)

To show that es A3 = e, Ag) for s € [6,10] it suffices to show that there exist e5, € e5 Ay e,

and ey5 € e, A(g) e5 such that es = es5 e, 5 and e, = e, 5e5. Then

€5 A(g) <:> Cg A(g)
T = €57

eS,sy A Yy

Choose for s € [6, 10]

o 6 ._ 6
ess = (0,033, ES 4, O7x7, Ogxs) s = (0,03x3,ES_, 1,077, 08xs) -

To show that e1; Ag) = e; A(g) for s € [11,17] it suffices to show that there exist e11 5 € e11 Ag) es

and ey 11 € e A3)eqp such that e;; = ejse,11 and ey = ey 11 €11,5. Then

e11/\(3) < esA(B)
r = €511

l1,sY <Y

Choose for s € [12,17]

o 7 8 — 7 8
C11,s = (0703><3706><67E1,s—107E2,s—9) Cs11 = (O’O3X3’06X67Es—1071’Es—9,2) -0
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3.1.4 Localisation at 7: Z7) GL3(F2)

Let R := Z(;). Recall that ¥ = X5Y=". We write ['(7) := R x R[J]**® x R6*® x R7<T x R®*®,
We consider the R-linear maps m : R[Y] = R,a+ bJ — a and 7y : R[] — R,a + b — b.

Corollary 195. We have

(v, (wij +@i,39); jen,3)> @ig)igen,o) Wiiijen,m Ziiigen,s) € L)

v
— X1,k
Ay =
Zi,j
Zi,j
W45 — 3W;, 5

x1,1

0, k€ [2,6]
Tit1,541, i, €[1,5]

0, i €[1,5], j €16,8]
Zits5,5+5 5 67 €[1,3]

More symbolically written, we may describe Ay as follows.

(7 (7 (7) (7 (7

R R R R R R
R R R R R R
R R R R R R
R R R R R R
R R R R R R

1

@

—1
R R R R R (7) (7) (7)
R R R R R (7) (7 (7)
R R R R R (M (7) (7
R R R R R (7 (7) (7
R R R R R (7 (7) (7)
R R R R R R R R
R R R R R R R R
R R R R R R R R

R7TXT7

R[] R[] R[Y]
R[Y] R[9] R[Y]
R[Y] R[9] R[Y]
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Remark 196. Note that there is a congruence connecting the Wedderburn block corresponding
to the unipotent Specht module associated to the partition (3) with the Wedderburn block
corresponding to the unipotent Specht module associated to (2, 1), cf. Remark 191. Moreover,
there are congruences connecting the Wedderburn block corresponding to the unipotent Specht
module associated to the partition (2,1) with the Wedderburn block corresponding to the
unipotent Specht module associated to (1,1,1). The latter also has ties to a Wedderburn

component not associated to a unipotent Specht module.

Remark 197. Note that

a+bd — a—3b+TZ
is a ring morphism, as pyo(X) = X? — X 4+ 2 and as puyo(—3) = 14 = 0.

Lemma 198. We have the orthogonal decomposition Iaq = > e into primitive idempotent
i€[1,16]
elements of A7), where

er = (1,03x3,ES, 077, Osxs)
e = (0,3, 1, 06x6,07u7, EF 4 py)  forie[2,4]
¢; = (0,0303,E¢ 5, 4,077, B} 4, ) forie[5,9]
e; = (0,03x3,06x6, ET_g; g, Osxs) for i € [10,16] .
Moreover,

eAmy = eshm = el

es Ny = el = et = oesAp = e

ey = enlrp = enplrn = esArn = euln = esAn = e

as Azy-modules. So, the R-algebra A7y is Morita equivalent to
AI(7) = (e1 +eo+e5+ 810)/\(7)<61 +es+e5+ 610) .

More symbolically written, we may describe A,(7) as follows.
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Proof. Note that e; is primitive for ¢ € [10,16]. As R-algebras we have for j € {1} U [5,9] and
k € [2,4] that

e;Amne; = {(a,b) e RxR:a=7b} =%
{(a,b+c¥) € RxR[J]:a=7b—3c} =:0.

2

€k A(7) Ck

We have = = ((1,1),(0,7))r.

Observe that I := ((7,7),(0,7))g satisfies I* C 7= and that Z/I = F;. Thus, Jac(Z) = I and
E is local, cf. e.g. [16, Corollary 160]. So, e; A()e; is local and therefore the idempotent e; is
primitive for j € {1} U [5,9].

We claim that 1g = (1, 1) is a primitive idempotent of ©.

We have the R-linear basis by := (1,1), by := (0,14 59), b3 := (0,79) of © and the following

multiplication table for the basis elements.

() | by b bs
by | by b bs
by | by | 40b5 — 49b, | 56bs — T0b,
by | bs | 56bs — 70by | TTbs — 98bs

The R-algebra morphism
© &5 R
(a,b+c¥) — a

is surjective and has ker(m) = (b, b3) g.

For r € Z>1, we let

(ker(m))" := ((ker(m) + 7©)/70)" = ((ker(n))" + 70)/70 .

As

(ker(7))> = (5b3+ 7O)g
(ker(m))* = (0+7O)g

we have (ker(m))* C 76. As a consequence, ker(m) does not contain a non-zero idempotent

element. We show that 1¢g is a primitive idempotent.
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Assume that 1g = fi + fo is an orthogonal decomposition into idempotents with fi, fo # 0. So
1gr = fim + fow is an orthogonal decomposition into idempotents. As R is an integral domain,
we have without loss of generality fim = 0 and fomr = 1. But then f; € ker(m), which is a
contradiction. Thus, lg is primitive. This proves the claim. As lg is primitive, so is e; for

ke [2,4].

To show that ey A7) = e, A7y for s € [3,4] it suffices to show that there exist ey € e3 A¢) e,

and ey € e, A(7y e such that e; = ey e, and e, = e, 25 Then

€9 A(7) <:> Cg A(7)
T = €52%

62,3 Yy <~y
Choose for s € [3,4]

o 3 8 — 3 8
€25 = (OaE1,371706><6707><77E6,5+4)7 €s2 = (07E371,1706><6707><77Es+4,6)

To show that e; A7y = e; A¢py for s € [6,9] it suffices to show that there exist e5, € e5 A¢ry e,

and ey5 € e; A(7) e5 such that e; = e5 e, 5 and e; = e, 5e5. Then

e5A(3) (l> esA(7)
T = €57

e5,sy < Yy

Choose for s € [6, 9]

— 6 8 — 6 8
€55 = (07 O3><37 E2,3737 O7><77 E1,374) y €s5 & (07 O3><37 E573,27 O7><77 E574,1)

To show that e1g A7) = e A7) for s € [11,16] it suffices to show that there exist ejo s € e19 A¢7) €5

and e, 19 € es A7) ejo such that ejg = ejgs €510 and e, = €510 €10,5. Then

eloA(7) é esA(7)
r = €510%

€10,s Y oy

Choose for s € [11, 16]

._ 7 o 7
e, = (0,03x3,06x6, E] s_g,08xs) , €s10 = (0,03x3,06x6, EL_g1,0sxs) - o
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3.1.5 Localisation at 2: Z) GL3(F»)

3.1.5.1 Description via congruences

Let R := Z). Recall that ¢ = =7 We write T(g) := R x R[> x R6*6 x R7T x R3¥S,
We consider the R-linear maps m : R[Y] = R,a+ b — a and m : R[Y] — R,a+ bd — D.

Corollary 199. We have
(

v
Y1,k

Ys,t

Ys,t
Yi+1,5+1
Yit1,5+1
Yi+1,5+1
Yi+1,5+1
wq,j + 2T,

Wi + 2@i5 + 20i43,543

=8
=8
=2
=2
=2
=2
=4
=4
=8
=8

(v, (Wi j + @i, j9)i jen,a) (@i5)i5e1.6) Wi )igen,7s (7i3)ien,8) € D)

Ti,j »
Ti,j »
Lij5 »
25 ,

Yit1,j+1 T 2Yitd,j+4
S5Yit1,5+1 — Yitd,j+4 »

More symbolically written, we may describe A2y as follows.

Rk 7 [ ©®©

ke2,7
s€[2,4], te[57]
s€ 5,7, te(2,4]
i,j €[1,3]
1,7 € [4,6]

i€ [1,3], j€[4,6]
i€4,6], j€1,3]
i,j € [1,3]

i,j €[1,3]

R R R (2) (2) (2) 5 R[]
R R R ) ) ) E R[]
R R . R R R R ®" R[9)]
AN
) 3
R R R R R R \ o
R R
1 1
. ,
@\ ©® ®) (®)
R (2) (2) (2)
1
2 R R R R (2) (2) (2)
% R R R Rl @ @ @)
. \
R ) ) ) R R 7
R (2) (2) (2) R R R
R (2) (2) (2) R R R

RSXB

/
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Remark 200. Note that

unipotent Specht modules, cf. Remark 191.

unipotent Specht module

there are no ties between the Wedderburn blocks corresponding to

associated to the partition (2,1) and to the partition (3) each have

ties to a Wedderburn component not associated to a unipotent Specht module.

Lemma 201. We have the orthogonal decomposition 14, =

elements of A(2), where

i€[1,12]

er = (1,03x3,06x6, E] 1, Osxs)
€ = (0> E?—l,i—lv E?—l,i—l + E?+2,i+2’ EZZ + EZ+3,¢+3> 08><8) fori € [2,4]
e; = (0,03x3, Ogxe, O7x7, By ;_4) fori € [5,12] .
Moreover,
el = el = el
es Ny = e = erAp) ZegAo) ZegNg) Zeglp) Eep M) Eepy)

as N(z)-modules. So, the R-algebra A is Morita equivalent to

We obtain

(

(v,(w+m79),(

/ —
2 —

\

A/(Q) = (61 +e9 +€5)A(2)<61 +e9 +€5) .

1,1 1,2 Y1,1 41,2 y1,:3 2X 2 3x3 . )
121112,2),(5211 v22 Z;g),z) € RXR[Y] xR X R X R:
v =8 Y11
yl,k =8 0 ) k € [2,3}
y2,3 =2 0
ys2 =2 0
Y2,2 =2 T1,1
Y3,3 =2 T2,2
Y2,3 =4 T12
Y32 =4 2x2;1
w+2r11 =8 Y22 +2y33
W+ 2x11 + 222 =8 Sy2,2 — Y33 )

g
g 1

The Wedderburn blocks corresponding to the

> e into primitive idempotent



3.1 Description of Z GL3(IF) 181
Proof. Note that ey, is primitive for k € [5,12]. As R-algebras we have for k € [2, 4] that
elA(g)el = {(a,b) ERxR: a =g b} ==
( a+2c =g g+2j )
b+2c+2f+39g+j5 =5 O
c =2 g
ekA(g)ek = (CL—i—bﬂ,(z?),(f};)) ER[&] XR2X2 XR2X2 : d+h =4 0 = 0.
2e+1 =4 0
f =3
\ h =2 0 )
We have = = ((1,1),(0,8))z. Observe that I = ((2,2),(0,8))r satisfies I*> C 2Z and that

E/I = F,. Thus, Jac(Z) = I and Z is local, cf. e.g. [16, Corollary 160]. So, e; Az)e; is local

and therefore the idempotent e; is primitive.

To show that ey, e3 and ey are primitive, we show that 1g = (1, 1ok, loxe) is a primitive
idempotent of ©. Use the R-linear basis (1,30 — 1) of R[J]. We obtain the following R-linear
basis of O .

a = (1(39).(39))

e = (30-1(50). (50))

es = (0,(10).(30))

cs = (0, (88) ; (28))

s = (0,(53).(5))

o = (0.(55).(20))

e = (0,(35).(5))

e = 0,(30). (56))

o = (0,(39).(39))

cio = (0, <38) : (82)) :

We have the following multiplication table for the basis elements .

() | a c2 c3 c4 cs ce cr cs c9 c10
C1 C1 C2 C3 Cq C5 C6 c7 C8 €9 C10
c2 c2 co — 16¢1 + 8(07 + 09) — 2(610 + Cg) 0 0 cs ce cr cg 0 0
c3 c3 c3 0 0 c9 2cg —c10 | 2¢c3+cq | 4ea 0 0
cq cq cq 0 c10 0 4ey 8cy 0 0
cs5 cs 0 cr cg 0 0 0 0 4cs — ¢ 8cs — 4cg
ce ce 0 2c7 — cg 0 0 0 0 0 2cq 0
cr cr cr 0 0 4cs — cg 2cq 2c7 4+ cg | 4csg 0 0
cs cs cs 0 0 8cs — 4cg 0 4cg 8cg 0 0
c9 c9 0 2c3 +cq4 | 4ey 0 0 0 0 2¢cg + c10 4cqg
c10 | c10 0 4ey 8cy 0 0 0 0 4cio 8cio
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We have the surjective R-algebra morphism © = R[], (a + bY, <Z?> : (‘Z’;)) — a + b. More-
over, we have ker(m) = g(c; : j € [3,10]).

We show that (ker(r))® C 20. Write, for 7 € Z>,

(ker(m))" := ((ker(m) +20)/20)" = ((ker(7))" + 20)/20 .

Calculate
(ker(m))* C (ca+20,¢6 +20,c7 4 20,5+ 20, c9 + 20, ¢10 + 20)
(ker(m))* C (cs +20,c10 +20)R
(ker(m))® C (0+20)x.

Thus, (ker(m))® C 20. As a consequence ker(m) does not contain a non-zero idempotent
element. Assume that 1¢ = f; + f2 is an orthogonal decomposition into idempotents with
fi,f2 # 0. So lgy = fimr + fom is an orthogonal decomposition into idempotents. As R[V]
is an integral domain, we have, without loss of generality, fim = 0 and fom = 1. But then

f1 € ker(m) which is a contradiction. Thus, 1g is primitive.

To show that ey A(g) = e, A(g) for s € [3,4], it suffices to show that there exist ey, € ez Ay e,

and e, € e, A(g) € such that e; = ey, e, and e, = e;2e,. Then

€9 A(Q) ;) Cg A(Q)
X — €527

6275 ) < Yy

Choose for s € [3,4]

o 3 6 6 7 7
€25 = (07 El,s—h El,sfl + E4,s+27 EQ,S + E5,S+3’ OSXS)

o 3 6 6 7 7
Cs2 = (07 Es—l,l? Es—l,l + Es+2,47 Es,? + Es+3,57 08><8) :

To show that e; Ay = e; A for s € [6,12], it suffices to show that there exist e5, € e5 A e,

and e, 5 € e; A(g) €5 such that es = e5,e,5 and e, = eg5e5,. Then

€5 A(g) <:> Cq A(g)
X = €557

e5,s Yy < Yy
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Choose for s € [6, 12]

65,5

3.1.5.2 As path algebra modulo relations

(Oa 03><3’ 06><Eh 07><7’ E§,3_4)
(0,03x3,06x6,07x77E§_4,1) :

Recall that R = Z) . We shall to write A(y) , up to Morita equivalence, as path algebra modulo

relations. Recall that the R-algebra A () is Morita equivalent to

Afgy = (e1+eg+e5)Ag)(er +ex +e5)

and that

r
~ 11 w12
(U, (w + w0), (1211 22

, J—

2 —

\

cf. Lemma 201.
We have the R-linear basis of A

cew

1,2
2,2
3,2

Y1,
). (%
Y3

P
Qe

v

Y1,k

Y2,3

Y3,2

Y2,2

Y3,3

Y2,3

Y3,2

w+ 2211

W+ 2x1,1 + 2222

/!
(2

er = (1,0,(30).(888).0) ’
e = (0.1,(32).(§19).0) h
e = (00.(30). (§88)1) ’
o= (50.(50).(388)-0) "’
- (0,30—1,(58>7(§§§)’0) B
o = (0.0.(89). (331).0) N
o = (0.0,(52).(889).0) :
o = (00.(30). (488).0) "
ar = (0,0,(35).(888).0)

=8
=8
=2
=2
=2
=2
=4
=4
=8
=8

1,3
2,3),z) € Rx R x R2X2 x R3*3 x R:
3,3

Y1,1

0, k€ [2,3]
0

0

1,1

2,2

1,2

221

y2,2 +2y3 3

5y2,2 — ¥3,3

(00.(25)- (148) 0)
(00.(55)- (115) 0)
(00.(53) (143) 0)
(00.(52) (£48) 0)
(00.(55). (£55) 0)
(00.(55) (143) 0)
(00.(55)- (£48) 0)
(00.(35) (48)-0) -
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Note that ¢; = c5c3, g = c5¢4 , g = 3¢5 and c19 = c4c5. Hence, as an algebra A’(Q), is generated
by €1, €2, €5, 71, C2, C3, C4, C5, Cg, V1, (2, 517 52‘

Consider the quiver )

a2
a1 4 C3
V.= |5 Cél €9 L)éz €5
0 Cs
i B2 1

We have a surjective R-algebra morphism ¢ : RV — A'(Q) by sending

él = e, él = G for: € [2, 6], 51 — 51 R
€ — e, ay — ap, Ba = Pa,
é5 = €5 , CNYQ = Q9 , 7~'1 = T .

We establish the following multiplication trees, where we underline the elements that are not

in a R-linear relation with previously underlined elements.

agcg =0 ag2c3 = 2 agcq4 = 4o a1y = o arecz3 =0 a1cq4 =0

B1
a1y =8e; —71

azf1 =0 az er o a1 A
c6 T1 c6
C5 (353

ages =0 1 a1fB2 =0 ajcg =0 ajcs = 2a

agfB2 =8e1 —71 ascg =0 L
%Zl x

T =0 Tiae =0 7'12 =871




=0
coc3g =
)
+ c5ca
2(cqcs
)
+ c3cs
8(c5ce3
6eg +
3 = co —1
2

=0
cecs =
=0
cecq =
— C5¢4
= 2cpc3 : w
0 c6c3 .
= 5 :
) nm c6B1
— s
\ ———
omnm <6 B1
—0 i
cacy = \o
: ; ceB2 =
cy _ ;
- B1 |
co —
1
| B2
c2 81 nm |
T1
1 . )
c6 Ba D )
Ba ) |
=c4
: B2oz
c2c6
= 2cq4
B2
=0
cafB2 =
=0
0= -
cscqc3 N
1
S 5caPB1 = 8B
C
— 4cg
5 = 8cp h . )
C
Cc5C4
c5¢q
cq
ay g nm nm \o
cscqace =
I = c5cq
| ’ cscqcy =
= c5¢cq Ho
Brog |
=0
o =
cs5cqB
. =45
0 c5c3cq cq . o
cqcy
m . = ¢5¢3
c3 =c4 co €3 81 o1, |
co = E NH .
2 =c3 o ¢4 o c5c3 N :
c3c
s / =0 | nmuo
c3cy = nm o
— cyqcs : .
cs5
\k c3ce = 2c¢3 nm
—0 )
o = - cacsB1
owmml nm = [
=0
- cseg =
czecsee =0 co B1 A n»
= 4cy
c3 c3Ch : -
cq - -
= 2c3 + | -
o xnme "
2_p
czcy
B2 = 4B2
c3cs

— cges
c5€3C2 = Cj

—cg
= 4cp
csc3es =
o =
c5c3f
c4

5

B2 /

3 5 =0
c4c5C6

cqcy =0 .

2

5P2

= 2cq
csc3ce
= 8¢y
cqacscyq

= 4dcy
c4c5C3
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So, the kernel of ¢ contains the elements from the following list.

¢ — o + 1682 — 8(C5¢3 + €385) + 2(cacs + c5ca) Caé3
C3Cg — C3 E%
G3858a| 38583 — 283 — &4
CqCo — C4q C4C3
G485 G48583 — 484
C5C2
G58380 — 583 é583
C5CqCg — C5Cq €5C4C3
G682|EaEs — 28585 + E584
Gy — aq & c3

€3¢4
G385 — A3y
Gt

G458, — 884

Goéy — 4é7

T1a2

Cq|B1O2 — 4C5 + 286

B2bi2 — CaCs

E5é485 — 885 + 4Eg

o5 — C5

E5é585 — A5 + &g

C6Cs
G185 — 2@0

a2Cs5

éoCg — Cg

E38¢ — 28385 + G485

€3C5Ce

é2p1 — B1 22
e3P — 282 382
é385P1 é3é5P2 — 482

E4P1 — 482 éap2
é485P1 E485B2 — 8B

é5p1 ésP2 — 261

é5é3B1 — 4B1 é583P2
é5cafr — 8B 5842
G 1 &6 B2

a1B1 — 881 + 71 a1 82
agpB1|azBa — 881 + 71

Let I be the ideal in RV generated by these elements. So, I C ker(yp). Therefore, ¢ induces a

surjective R-algebra morphism ¢’ from RV /I to A’(Q) .

Note that R¥/I is R-linearly generated by

N =@+ LAa+L+ 1P+ ey + 1,85+ 1,6+ 1,6+ 1,é4+1,6+1,6+1,
CsCs + 1,050, + 1,E305 + I,6485 + 1,60+ I,c0 + 1} .

To see that, note that a product £ of k generators may be written as an underlined product

of k' generators and a product of k” generators, where k = k' + k" and where k' is choosen

maximal. We call k" the excess of €. If k” > 1 then, using the trees above, we may write £ as

an R-linear combination of products of generators that have excess < k" —

Moreover, note that |N| = 17 = rkr(A)).

1.

Since we have a surjective R-algebra morphism ¢’ from RW/I to A’(Q), this rank argument shows

this morphism to be bijective. In particular, I = ker(¢p).

Let I' be the ideal in R¥ generated by the following elements.

G2 — &y + 1683 — 8(E583 + €3C5) + 2(cacs + cxcq)

é3C2 — C3

G3é583 — 283 — &4

G983 — 261

Br1a1 — ¢Es5¢a

Bad — 284

&35 — 485 + &g

&2p1 — B
é3B1 — 282

é5B2 — 2P

G185 —

2ag

B1éz — 45 + 286

B2bi2 — €4Cs

GoBy — 881 + 71

We claim that T = I'. By construction, I’ C I. We need to show that I C I'.

As 635563 — 263 — 64, 5263, (~33(~32 - 53, 6262 el s it follows that

T T T T T /
CoCq, C3C4, C3, C4C3, C4, C5C3C2 — C5C3, C5C3, C5C3C4, C332, Cs5C3P2 € 1" .
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AS C5C3C5 — 4C5 + Cg, C3C5C3 — 203 — Cq, C5Co € 1", it follows that
C3Cg — 2C3C5 + CaCs, Celo € I .
As C5C3C5 — 4C5 + Cg, Cols — C5 € I’ | it follows that
Gols — g € I .
AS CGsCy, Cols — Cs, Cale — G, Cofy — Bu, Gnés € I', it follows that
C3Csla, G2, C3t, C3lslo, C3CsPi, Calsla, Calh, Cslo,Calsls, CsPi, CalsPi, Ginls, Galo, GuPy € 1.
AS C3G50y — 203 — Cq, Csfa — 281, G301 — 2B, € T', it follows that
C3CsBo — ABa, E4P1 — APa, CalsPr — 8P €T

AS B1@y — G5Cy, Botiy — 284, 3P — 285 € I', it follows that

Calsly — iy € T' .
AS Boliy — E4Cs, Bian — 4G5 + 26, G5By — 28, € I' | it follows that

C5CaCs — 8C5 +4cg € I .

As C3Cg — 2C3C5 + C4Cs, C5C3C5 — 4Cx + Cg, C5CaCs — 8Cx + 4¢g € I' | it follows that

Gotals — 265 € T .
As &1 — 2B, P2 — 281 € I', it follows that

655361 - 461 el
AS 3Gy — C3, C3C5C3 — 203 — ¢4 € I' | it follows that

CaCo —Cs € 1.
AS Gyl — Gy, Cols, Cola, Coflo € I', it follows that
C5CaCy — CsCa, C5Caly, CsCy, Cafla, CsCafa € 1.

AS Botiy — G4Cs, Giols — 20, Pty — 264 € I', it follows that

CaCsC3 —4c, € 1.
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AS G431 — 4Ps, 5Py — 2By € I, it follows that

CsiafBy — 8B €I .

s s = ~ s s ~ s s s s S =2 = p == 7 2 '
As C3C5C3 — 2C3 — €4, C5C3C5 — 4C5 + Cg, C3C5Cq — 4Cy, CaCsC3 — 4Cq, CZ, C5f1, C3Cs5P2 — 4P € 1,
it follows that

Coly — 28503 + Csla, Cola, Cals, CsCals, CoCs, Cgy CoPr, GoPz € 1.
As 636563 — 263 — 64, 636554 — 454 el s it follows that
Gybsiy — 8, €T
AS @Gy — @1, Cols, Cola, Cof3s € I', it follows that
G1C3, €y, Gifa €1’ .
As 656365 — 4&5 + 66, 541&5 — 25[2, 6[263 — 2@1 < I s it follows that
Q1Cg € I .
As 536553 — 263 — 54, 65263 — 26&1, 5[155 — 26&2 c I y it follows that
QaCs — 40 € I .
As 5[252 — 8@1 + 7:1, BQ&Q - 5465, d264 - 46&1, O~[165 - 26./2 S ]/ s it follows that
~ o~ ~2 ~ /
T102, Tq —87’1 < I .
AS Gy — 881 + 71, Babis — 284, Goés — 4d; € I' | it follows that
TI0q € I .
As ngg - 8é1 + 7:1,31072 - 465 + 266, 6552 - 251, 6652 € I 5 it follows that
pinel .
As 5(232 - 861 + ’7'1,62542 — 6465, 6532 — 261, 6461 — 432 € I s it follows that
527:1 el .

This proves the claim.
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Proposition 202. Recall that Z ) GL3(IFy) is Morita

that

G2 — Gy + 1685 — 8(C5¢3 + C35) + 2(Pada + frdny)

&b — B

&3P — 2Bs

&P — 261

Q1Cs — 200
Gins — 26
Bréiy — 485 + 266

Let

~n

3B — &y + 1689 — 8(C583 + E385) + 2(Bada + frdn)

&b — B,
&3 — 2B
&2 — 251
Q165 — 203
QoC3 — 207

P10 + 4¢5 — 2C5¢3C5

We obtain the isomorphism of Z)-algebras

€1
€9
€5
1
aq
&%)
Ca
C3
Cq
Cs
Ce
P
o

A}

2

rrTrrrrTTTTTTTY

T1 Cél

/1

as
@m &
é@@ €5

equivalent to A/(2)7 cf. Lemma 201. Recall

)

CaC3 CoCs — C5
&2 C3Co — C3
C3C5C3 — 2C3 — C4 C5Co
C5C3Cs —4C5 +C6 ,  Q1Cy — Oy
a1 B — 86 + 7 Gy
Gofy — 881 + 71, Prdu — Esés
Bobiy — 28y, Padn — Eals

Gl Gals — B

é2Pa C3Co — C3

C5Co

Q1Cy — Q1

(9 Co

<2

N A

OB — 1P,

Bodry — 2(C3é5e3 — 2¢3)

&+ 1
&y + 1
&+ 1
88y — B+ 1
an + 1
G+ 1
G+ 1
Gy + 1
Cylsly — 205 + 1
e+ 1
ACs — CsCals + 1
B+ 1
By +1

Bréy — E5(E3é5C3 — 283)

B — (E385¢3 — 2¢3)¢s

(1]
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An R-linear basis of = is given by

(& + 1,60+ 1,65 +1,88)—f14+ 1,00 +1,Go+1,641,05+1,030505 — 205+ 1,05+1,
Ay — Cs5Cals + 1, Py + I, By + 1,5l + I | C5(C3Cnly — 205) + I, 3¢ + I, (G353 — 263)05 + 1)
Corollary 203. Recall that Fo GL3(F2) is Morita equivalent to A’(Q)/QA’@), ¢f. Lemma 201.

As Fay-algebras, we have

~ 5 /\ % _ = ~
AI(Q)/QAI(Q) — Fy | & 8%52 €5 /I — [y

I B ] &y
e1+f — ) é1+f’ ]
G+ 1 — Ay
65+ 1 > &+ I'
&+ 1 - &+ I
c3+f > 63+f’
&+ 1 — G+ 1
a1+f — o?l—i-[:’
012—|-I: — d2—|—[:/
B1+f — B1+I:/
624—]: — Bg-i-]:,
é1+[: < é1+f’

Gy — Gy + 1 i &+ I
62+]: i é’2+1:’
&+ 1 < &5+ I
&+ 1 i Gy + 1
554-1E < 65—|-[:’
a1+]: Y d1+f’
G+ 1 < Gy + I
Bl"‘[i A B1+Ii'
By + 1 <~ Bo+ T
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where
3 —é, C2C3 C2C5 — C5
&b — B, &b, C3C2 — C3 &b
- &b, Cs5C2 , - P2
I = &b Q163 — a1 , and I' = QiCs ,
ai16s , Q26 , G283, Gofa—a1f1, Pra1 — Es5E38ss
G283, Gofa—a1f1, Pra1 — G388, Bras , Bodn , Podo — E38583Cs
Brée B2dn , Podo — 3858385

In particular, é; + [isa non-primitive idempotent, as €y + I= <52 + f) + <é2 —Cy + I)

Remark 204. The block F / I’ of the quiver algebra corre-

sponds to the entry D(3K) in the list of Karin Erdmann [5, p. 296, D(3K)], with parameters
a=2,b=1c=1.

3.1.5.3 The center of Zx) GL3(IF)

3.1.5.3.1 Preliminaries

Let S be a an integral domain. Let K be the field of fractions of S.

Definition 205. Let V' be an S-module. An S-submodule U C V is pure if for x € V such
that there exists s € S\ {0} with sz € U, we have x € U. In other words, U C V is pure if

and only of V/U is torsion-free.

Remark 206. Suppose given an S-module W and a chain of submodules U C V. C W. If
U C W is pure, then U C 'V is pure.

Proof. Suppose given s € S\ {0} and v € V such that sv € U. We need to show that v € U.

We have v € W as V C W. As U C W is pure, it follows that v € U. Hence U C V is pure. o

Remark 207. Recall that for each commutative ring R and each finite group G, the set
{2 he(wgr-1jeecy P19 € G} is an R-linear basis of Z(RG), cf. [22, Lemma 1.5.3].

Remark 208. Recall that for Morita-equivalent S-algebras A and B we have Z(A) = Z(B),
cf. [22, Proposition 4.3.1].



192 Description of some group rings

3.1.5.3.2 Calculation of the center of Z) GL3(IF,)

Recall that Z) GL3(F2) is Morita equivalent to A’(Z), cf. Lemma 201. Recall the Z)-linear

bases from Proposition 202.

Lemma 209. We have Z3)-algebra-isomorphisms

Z(Z2) GL3(F>))

e1 +ez,es5,71,

Z(A/ ) csc3t+cezest4er,
(2) 2c¢sc3+cscqat+2c3c5+cacs+16er,
8co+4czcs—cqcs+8ey Z(2)

2| e
é1+ea+1,e5+1,71+1,
C5C3+C3C5+4¢1+1,
2C5C3+C5C4+2C3C5+CaCs+16€1+1,
8Co+4C3Cs5—CyCr+8€1+1 Z(Q)
2| 3 3 o
€1+eéx+1,e5+1,861—a181+1,
Z(:) GsCatescst4e1+1,
- G535 C3+C3C5C3C5+1681 +1,
8Co+6C3C5—C3C5C3C5+861+1 Z<2)

Here, @' is obtained by restriction of (¢')~" and ¥ is obtained by restriction of ¥, c¢f. Proposi-
tion 202.

Moreover, e + ey, €5, respectively € + €5 + I~, e + f, are primitive idempotents of the center.
Proof. By Remark 208, we have
Z(Z2) GL3(F2)) = Z(Afy) -

As GL3(IFy) has 6 different conjugacy classes, rk(Z(Z) GL3(F2))) = 6, cf. Remark 207.

Note that the elements

o 10 100
e1t+e = <1’1’(01)’<85?>’0>
00 000
o = (0.0(a0)- (448) 1)
00 000
no= (50.(35) (388).0)
400
CsCs + Cacs +dey = (4,0,(32),(832),0)
2 2 16e;, = (16,0 <4°> (1610 °> 0)
C5C3 + C5C4 + 2305 + c4c5 + 160 = ( Urloa) L 9160,
. . 80 800
8y +deges — cacs + 8er = (8,240 -8, (32)(839).0)
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of Al(z) are central and Z,)-linearly independent.

We show that
X = <€1 + €92, €5, 71, C5C3 +c3cs +4 €1, 20503 +C5C4—|—26305 “+cyc5+ 16 €1, 802 +40305 — CyCs +8 €1>Z(2)

is a pure submodule of Z (A’(2)>.

With respect to the Z)-linear basis (e1, 2, €5, 71, €2, €3, €4, Cs5, Cg, C5C3, C5C4, C3C5, C4Cs, 1, 2, 1, Ba)

we obtain the following embedding matrix of X in A’(2).

11 0 0 0 0 0 OO O O O O 0 o0 00O
o 01 0 0O OO OOO0OOO0O O O 0 0o
o 0 0 1 0 O O OOOUOO O o0 0 o0 o0
4 0 0 0O O 0 0 0 0 1 01 O 0 0 00O
6 0 0 00 OO0 OO 21 2 1 00 00
8 0 0 O8 0 0OO OO O 4 -1 0 0 00O

Using Magma to compute the Smith normal form of this matrix over Z, we note that every
elementary divisor is 1. So, the quotient A’(Q) /X is torsion-free. Thus X C A’(z) is pure. Now
X CZ(A{y) € A" and by Remark 206, the submodule X C Z(A{y)) is pure.

We want to show that X = Z(A(,)).

We have rk(X) = rk (Z(A’(z))> — 6.

By the elementary divisor theorem, there exist bases (z1,...,2¢) of X and (21, ... 26) of Z(A(y))
such that z; = d;z; for ¢ € [1,6] and certain d; € Z(Xz).
We need to show that d; € U(Z)) for i € [1,6], then X = Z(A{,) follows.

As X C Z(A’(2)) is pure, d; € Z(XZ) and x; = d;z;, it follows that z; € X for i € [1,6].

Thus, X = Z(Aly).

Note that

e; +ea,e5, 71, e1+ea+1,e5+1,71+1,
csc3+cescest4er, ( /)*1 _ C5C3+C3cs+4e1+1,
2c5c3+c5c4+2c3c5+cacs+16eq, ® T\ 2C5C3+4-C5C4+2C3C5+CaC5+1681+1,
8co+4cszes—cqc5+8er Z(Q) 8Co+4C3Cs—CqC5+861+1

Z(2)
and that

81+80+1,85+1, 7141, 81+8a+1,85+1,881—a1 f1+1,

__ CsC3téscstder+l, 2/}: CsCatCgls+4e1+1,

285C3+C5Ca+2¢3C5+-Cals+1681+1, C5C3C5C3+C3C5C385+1681+1,
Z(2)

8Cy 448385 —Cals+881+1 83463385 — 38533854881 +1 Z(2)
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3.2 Description of Z[J] GL3(Fs)

Again, let ¥ := HTﬁ

We will directly construct a Wedderburn-embedding, using representations from the consider-
ation of Z GL3(F2) and their Galois conjugates to start with. Of course, the result in Propo-
sition 210 is isomorphic to tensoring the result in Proposition 186 with Z[)]. However, using

this tensor product would have led to intricacies as well.

3.2.1 The result

Proposition 210. Z[J] GL3(F2) can be embedded into
[ = Z[Y] x Z[9)>? x Z[9]>? x Z[9)%° x Z[9]™" x Z[9]>*®

via the injective Z[Y]-algebra morphism w below, such that the image A allows the following

description.
(v, (Wi 3)ien,8) (@ig)igen,s)s (Tig)ijen.e) Wig)igen.s (2ig)ijens) €T )
v =3 Z1,1
zik =3 0, k€ [2,8]
Yij =3 Zitlj+1 i,j €[1,7]
v =7 T11
Tk =7 0, k€ [2,6]
Zij =7 Titlg+1 i,7 € [1,5]
zij =1 0, 1 €[1,5], j€16,8]
wij+ Wi =7 22i45,4+5 i,5 € [1,3]
A — (1 + 519)1:[17;73' =7 (1 + 519)Zi+5,]'+5 s i,J € [1, 3]
v =8 Y11
e =8 0, ke 2,7
ysg =2 0, s€[2,4], t€[57]
yt,s =2 0, s€[2,4], te[57]
Yitl,j+1 =2 Tij , i,5 €[1,3]
Yitl,j+1 =2 Tij , 1,5 € [4,6]
Yi+1l+1 =4 Tij 1 €[1,3], j € [4,6]
Yi+l,i+1 =4 2x5; , i€ [1,3], j€[4,6]
wij +20x; 5 + (6 +29)xi43 543 =8 (2—Nyit1,j41 + O +5Nyita,j44a, 1,5 €[1,3]
\ Wi+ (6+20)wi; + 292543543 =s  (5+59)Yit1,5+1 + (2= Nyivajta, 4,5 €[L,3] J

In particular, Z[9] GL3(F,) is isomorphic to A as Z[V]-algebras.

Cf. also the symbolic illustrations in Corollary 213 at 3, Corollary 215 at 7, Corollary 217 at 2.
We will show Proposition 210 in §3.2.2
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3.2.2 A Wedderburn embedding

Recall that Gal(Q(9)|Q) = {id: ¥ — 9,0 : 9 — 1 —V}.

Recall that ¢, = (é é %),92 = ( §é> and that GL3(F2) = (g1, g2), cf. Lemma 187.

Lemma 211. Recall the irreducible representations wy, w3, ws, wr, ws from §3.1.2. We have a
set of irreducible representations {w, @, 03, we, wr, ws} which gives a Wedderburn-embedding

w = (wy,ws, 03, we, wr,ws), mapping as follows

T GLs(Fy) % Z[0] x ZP x ZPP x ZPC x ZT x ZP
[ = (w , (w3)” . qiws ., qiws  , Giwr,  G1ws)
92 = (gawr  , (92@3)7 gy, Gawg . GaWr,  GoWs)

We want to construct a suitable Wedderburn-embedding whose image allows the description in
Proposition 210. The individual construction steps can be followed with the help of Magma [2]
and the digital appendix. The file Conj_Zth from the digital appendix should be loaded in
Magma via load "Conj_Zth";.

The list B_th consists of the images of every group element, where B_th[8] is the image of ¢;

and B_th[2] is the image of gs.

Proof. We use Lemma 187 to verify that w is a Z[J]-algebra morphism, i.e. we verify the
relations on the tuple entries of B_th[8] and B_th[2].

We have the Wedderburn-isomorphism we = ¢(wi, @3, @3, we, wr,ws). Note via compari-
son of characters that wc consists of irreducible representations. Moreover, wc restricts to

_ ~1 ~2
wzp) =z (w1, W3, 0F, We, Wy, Ws).

In particular, wzy is injective and rkzy(I') = 168 = | GL3(IF,)|, so that wzy is a Wedderburn-
embedding. o
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We conjugate this embedding wzs from the right with the following element

¢ = <1,C.31,C_32,C_6,C_7,C_8> =

5990627394-179752777 12224669+3669470 42787707294-1283873759
( 1, | 23962509209+7194387688 488986409+146866119 1711508288004-51385495784 |,

4823 0 34448
1798538639+169002 3667398942072 12845957609+4-1207087
71941545209+11036688 1466959209+170199 5138383040019+-78828904 |,
4823 0 34448
10000 O 0 0
1000000
42 87319 0 2073 0 0 01018000 00100 o 0 0
0 0 1 0 0 0 0010000 00010 O 0 0
0001000
0 12432 429428 295 0 0 ’ 0000 1120 ’ 00001 0 0 0 )
0 522144 1764941176 12390 87319 2072 0000010 00000109 3610152 299193
0 0 0 012432 295 000800y 00000 0 32941 2730
00000 6 198744 16471
3 4 / P / /1 12 / / /
to obtain the embedding wy, = zu)(w], wy , w5, wg, wr, wy).

The list B_conj_th consists of the images of every group element, where B_conj_th[8] is the

image of g; and B_conj_th[2] is the image of g5.

We use the Z[J]-linear standard basis of I', with respect to which an element

§:= (’U, (wi,j)i,je[l,i’)]a (wi,j)i,je[l,i’m]a (xi,j)i,je[lﬁ]a (yi,j)i,je[m], (Zi,j)i,je[l,S]) el

has the coordinate vector

. e e 1x168
fcoor Cha (U7wl,1a wl,?a <. 7wl,17w1,27 v 7xl,17$l,2a <. 7yl,17y1,2a <. 7Zl,17 21,27 ceey 28,8) € Z[/ﬂ] .

Let Bmat_th be the representation matrix of «’ with respect to the Z[J]-linear basis
(9 : g € GL3(IF2)) of Z[J] GL3(FF3) as listed in G_list and the standard basis of I'.

Let Bmat_th_inv € Q(¢)'%*!68 be its inverse. Note that

Z_K_Bmat_inv := 168 - Bmat_th_inv € Z[J]'%*1%®

Let § := (Ua (wi,j)i,je[l,fi]a (wi,j)i,je[l,fi]a (xi,j)i,je[l,(%}a (yz',j)i,jeu,ﬂ, (Zi,j)i,je[l,S]) € I'. We have

§ € (Z[Y] GL3(F2))w’

there exists € Z[9]'*16 with Eeor = & - Bnat_th

Eeoor - Bmat_th_inv € Z[0] <168

coor - Z_K_Bmat_inv € 168Z[9]1 <168

Ecoor - Z_K_Bmat_inv € 3Z[19]1x168 and Eeoor - Z_K_Bmat_inv € 72[19]1“68 and
eoor * Z_K_Bmat_inv € 8Z[9]1*168

t o0

Simplifying Z_K_Bmat_inv separately modulo 3,7 and 8 with elementary column operations

H_3,H_7 and H_8, lead to the congruences in Proposition 210.
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Let

E_mod3 := Z_K_Bmat_inv*H_3 , E_mod7 := Z_K_Bmat_inv * H_7, E_mod8 := Z_K_Bmat_inv *
H_8.

The columns of E_mod3, E_mod7, E_mod8 are the congruences mod 3,7 and 8 respectively. The

entries of {0 are labeled (1,...,168). The lists E_3,E_7,E_8 contain the congruences, e.g
E_8[10] = [<10, [1, 01>, <34, [0, 21>, <55, [6, 21>, <80, [6, 11>, <104, [3, 31>]
means that an element

€= (v, (Wiy)igen s (Wig9)igen ), (wig)ijenels Yigligenm, (2ig)ijens) €T
which lies in the image of wzy) satisfies
(140-9) w33+ (04+2-9) - Z35+ (6+2-9) 266+ (6+1-9)-yua+ (3+3-9) -yr7s+=50.

Denote Z_K_q := Z[J]/qZ[V] for q € {3,7,8}. To check that the images in B_conj_th satisfy

the congruences, note that

MatrixRing(Z_K_3,168) !Bmat_th*E_mod3,
MatrixRing(Z_K_7,168) !Bmat_th*E_mod7 and that
MatrixRing(Z_K_8,168) !Bmat_th*E_mod8 are zero.

Remark 212. Theory predicts that the index of A in I', i.e the order of the cokernel of
Z[9] GL3 (Fa) < Z[9] x Z[9]**3 x Z[9]P*3 x Z[9]76 x Z[9]7*7 x Z[9]**® as abelian group is given
by

B 168168 | = 9276 . g4 7119
Q()|Q 1.39.39.636. 749 . g64 - ’

cf. [17, Proposition 1.1.5]. We actually obtain |Ng)g(det(Bmat_th))| = 227 . 3114 7119 So

our calculation is in accordance with the theory.
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3.2.3 Localisation at 3: Z)[J] GL3(F2)

Write R := Z). Recall that ¢ := =", Let T3, := R[] x R[0]>*®x R[0]5*6 x R[0]7x R[0]**%.

Corollary 213. We have

( A
v, (wij) S(Wiz) S (Tig) L (Wig) 5 (2iyg) €l :
ije[1,3]  ige[,3]  i,j€[1,6]  ij€[L,7]  i,5€[L,8]
A(3) - v =3 21,1
21 =3 0, k€ [2,8]
. Yij =3 Zip1j41, 4,J€[1,7] |

More symbolically written, we may describe Ay as follows.

R[] R[®] R[] R[9] R[] R[9] R[]
R[9] R[9] R[¥] R[9] R[¥] R[9] R[¥] R[9]3%3 R[9]3%3
R[9] R[9] R[V] R[9] R[¥] R[9] R[9] R[9]6%6
R[9] R[®] R[9] R[®] R[9] R[®] R[9]
R[] R[¥] R[] R[®] R[¥] R[®] R[¥]
R[¥] R[¥] R[¥] R[¥] R[V] R[¥] R[¥]
R[] R[®] R[] R[¥] R[] R[¥] R[]

(3) (3) (3) (3) (3) (3) (3)
R[W] R[V] R[W] R[V] R[V] R[V] R[V] R[V]
R[W] R[V] R[W] R[V] R[V] R[v] R[V] R[V]
R[V] R[V] R[¥] R[V] R[¥] R[V] R[¥] R[V]
R[V] R[9] R[] R[¥] R[] R[¥] R[] R[V]
R[] R[V] R[W] R[V] R[W] R[¥] R[W] R[W]
R[W] R[V] R[V] R[V] R[V] R[V] R[¥] R[W]
R[V] R[V] R[¥] R[V] R[¥] R[V] R[¥] R[V]
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Lemma 214. We have the orthogonal decomposition 14, = > e into primitive idempotent
i€[1,20]
elements of A(s), where

1,033, 03x3, O 6, 077, B ;)
0, B3 1 11, 05x3, 066, 077, Ogxs) for k € [2,4]

(
(
er = (0,055 Fl_ypss O, Orx, Oss)  for k € [5,7)
(
o,

e =

e =

er = (0,03x3,03x3,E}_ 7,k77707><7708><8) for k € [8,13]
Moreover,
€9 A(g) = €3 A(3) = €4 A(g)
es A(g) = gq A(g) = ey A(g)
esA@) = eglg) = el = oenlg = oeplg = ey
el = esAg = egAp = erAp = e = oepAm = eyl

as Aggy-modules. So, the R[V]-algebra A3y is Morita equivalent to

Algy = (er+ex+es+eg+ew)Ag)(er +ex+es+eg+ew)

More symbolically written, we may describe A23) as follows.
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Proof. Note that e; is primitive for ¢ € [2,13]. As R[J]-algebra we have for k € 1U[14,20] that
erNgyer = {(a,b) € RW] x R[Y] :a=3b} = =
We have = = ((1,1), (0,3))gjg. Consider the surjective R[¢J]-algebra morphism

= 5 R

(a,b) — a

We have ker(m) = ((0, 3)) rjs) which does not contain a non-zero idempotent element.

Assume that 1z = fi + fy is an orthogonal decomposition into idempotents with fi, fo # 0.
So 1g = fim + fom is an orthogonal decomposition into idempotents. As R[] is an integral
domain, we have without loss of generality fim = 0 and for = 1. But then f; € ker(w) which

is a contradiction.

Thus, 1z is primitive and so is e for k € 1 U [14, 20].

To show that e; A3y = e; Ay for s € [3,4] it suffices to show that there exist e, € e Agg) ey

and e, € e, A(3) e such that e; = ey, e, and e, = e;2¢ . Then

€9 A(g) g) Cq A(g)
T = €527

62,5 Yy A Yy

Choose for s € [3, 4]

._ 3 o 3
eos = (0,E{, 1, 0343, Osx6, 077, Osxs) esp = (0,E2_; 1, 0343, Osx6, 077, Osxs)
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To show that e; Ay = e, Ay for s € [6,7] it suffices to show that there exist e5, € e5 Ag) e,

and e, 5 € e, A(3)e5 such that es = e5,e,5 and e, = eg5e5,. Then

~

€x A(g) < €4 A(g)
x — es5 T

65,5 ) A Yy

Choose for s € [6,7]

._ 3 o 3
es,s = (0,033, EY,_4, Opx6, 077, Osxs) es5 = (0,033, B2, 1, 06x6, 077, Osxs)

To show that es A3) = e, Ag) for s € [9,13] it suffices to show that there exist eg; € eg A3y es

and eyg € e; A(g) eg such that eg = egse,5 and e; = e;geg . Then

egA(g) (l> esA(g)
T = €87

eS,sy < Yy

Choose for s € ]9, 13]

- 6 — 6
€8s ‘= (Oa03><3>03><37E17577>O7><7708><8) Cs,8 1= (0703><3>03><37E577,1>07><7708><8) .

To show that e14 Ag) = e; A(g) for s € [15,20] it suffices to show that there exist e1q s € €14 Ay €5

and e, 14 € e; A(3)eq such that ey = ey €514 and e, = €514 €145. Then

614A(3) é esA(3)
T = €514

Cl4slYy < Y

Choose for s € [15,20]

— 7 8 o 7 8
€145 = (0703><3703><3706><67E1,37137E2,3712) Cs,14 1= (0=O3x3=O3x3=OﬁxﬁvEsfl?»,lvEsfHQ) ’
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3.2.4 Localisation at 7: Z)[J] GL3(F2)

Let R = Zr). Recall that ¢ = HY=". Let Ty := R[9] x R[Y]>*3 x R[9]%*6 x R[W]™*7 x R[¥]**®.
Note that (7) = (1 + 59)? as ideals. Write p, := 1 + 59. In particular, p—j € R[Y].
Corollary 215. We have

(
<v7 (wig) S (Wiy) S (wag) s Weg) 5 (2i5) > €lmy:v =7 = )
i,5€[1,3]  4,5€[1,3]  i,5€[1,6] 4,5€[1,7]  i,5€[1,8]
Ty =7 0, ke [2,6]
A(7) - Zij =7 Titl,j+1 s i,7 € [1,5]
Zi.j =7 0 ) (&S [LSL j S [678]
wij+ Wiy =r 0 2245545, 4,5 € [1,3]
. Wij Sp;  Zit5,j+5 i,j €[1,3] )

More symbolically written, we may describe Ay as follows.

(7 (7) (7 (7)

R[9) R[9] R[9) R[¥)] R[9] R[¥)] R[9]7X7
R[Y)] R[9] R[9] R[9) R[9] R[9)
R[9)] R[9] R[9] R[9) R[9] R[9)
R[9)] R[9] R[9] R[9) R[9] R[9)
R[9] R[9] R[9] R[9) R[9] R[]

1

—1
R[] R[9] R[9] R[0] R[9] (7) (7 (7)
R[] R[9] R[9] R[9] R[9] (7) (7 (7)
R[] R[9] R[9] R[9] R[9] (7) (7 (7)
R[] R[9] R[9] R[9) R[9] (7) (7 (7)
R[] R[9] R[9] R[9) R[9] (7) (7) (7)
R[9] R[9] R[9] R[9) R[9] R[9) R[9] R[]
R[9] R[9] R[9] R[] R[9] R[] R[9] R[9)]
R[9] R[9] R[]

R[0] R[9]

R[¥] R[9] R[¥] R[9] R[9] R[9]

R[¥] R[9] R[¥] R[9] R[9] R[9]
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Lemma 216. We have the orthogonal decomposition 14, = > e into primitive idempotent
i€[1,16]
elements of A7), where

er = (1,0343,03x3, ES 1, 077, Osxs)

€ = (0 Ej_ Lk—15 Ej_ Lk— 1706><6707><77E2+4k+4> for k € [2,4]

ep = (() 033, 03x3, E% 3.k 3> 077, B 4,k— 4) for k€ [5,9]

er = (0,03x3,03x3, 06x6, Ef g 49, Osxs) for k € [10,16] .

Moreover,

el = e lg = el

1
I

es A(7) €g A(7) er A(7) = eg A(7) = gg A(7)

1%
1%

e10 A7) er1 Ay ey = ey = euly = esAp = ey

as Nr)-modules. So, the R[V]-algebra Ay is Morita equivalent to
AI(7) = (e1 + Co + €5 + elo)A(7) <61 + €o + €5 + 610) .

More symbolically written, we may describe A/(7) as follows.

(7 R[V]




204 Description of some group rings

Proof. Note that e; is primitive for i € [10,16]. As R[J]-algebras we have for j € 1 U [5,9] and
k € [2,4] that

1%

e; A7y ej {(a,b) € R[Y] x R[Y] : a=7;b} = =

b = c

— b7

b =, 2
ex Nmyer, = {(a,b,c)GR[ﬁ]xR[ﬂ]xRW]: ot 7 C}:;@,

We have = = ((1,1),(0,7))gs). Consider the surjective R[J]-algebra morphism = = R[J],
(a,b) — a. Moreover, we have ker(m) = ((0, 7)) rg), which does not contain a non-zero idempo-

tent element.

Assume that 1=z = f; + fy is an orthogonal decomposition into idempotents with fi, fo # 0.
So 1 = fim + for is an orthogonal decomposition into idempotents. As R[J] is an integral
domain, we have without loss of generality fim = 0 and for = 1. But then f; € ker(7), which

is a contradiction. Thus, 1z is primitive and so is e; for j € 1U [5,9].

To show that ey, is primitive for k € [2,4] we show that 1g = (1,1, 1) is a primitive idempotent
of ©. We have the R[d]-linear basis by := (1,1,1), by := (0, 1+ 59, 2(1 4+ 59)), b3 := (0,0,7) of

©. We have the following multiplication table for the basis elements.

() | by by bs
b | by by bs
by | by | prba — g—gbz’) %53

by | bs | Zby | Th

Consider the surjective R[J]-algebra morphism © = R[¥], (a,b,c) + a. Moreover, we have
ker(m) = (ba, bs) pgy. Write for r € Z,

(ker(m))" := ((ker(m) + 70)/70)" = ((ker(w))" + 70)/76 .

(E(TF)F = <4 p7 bg — %bg + 7@>R[19]
(ker(m))* = (0+ 7O) gy
we have (ker(m))* C 70. As a consequence ker(r) does not contain a non-zero idempotent

element. We show that 1¢g is a primitive idempotent.
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Assume that 19 = f; + fo is an orthogonal decomposition into idempotents with fi, fo # 0.
So 1g = fim + fom is an orthogonal decomposition into idempotents. As R[J] is an integral
domain, we have without loss of generality fim = 0 and for = 1. But then f; € ker(m) which

is a contradiction. Thus, 1g is primitive.

To show that ey A7y = e; A¢py for s € [3,4] it suffices to show that there exist es, € e A¢ry e

and ey s € e, A(7y ey such that ey = ey e, and e; = e;2e2. Then

€9 A(7) < €5 A(7)
T > €59l
e?,s ) < Yy
Choose for s € [3,4]
€25 = (07E?,S_pEis_pOGx&O?x?’E275+4) €s,2 = (07E§_1,1aEg_1,1706><6707><7’E§+476)

To show that e; A7y = e; A¢py for s € [6,9] it suffices to show that there exist e5, € e5 A¢ryes

and ey5 € e, A(7ye5 such that e; = e5 se,5 and e, = eg5e5. Then

€5 A(g) (l> (A A(7)
T = €557

6578 Yy < Y
Choose for s € [6, 9]
es,s 1= (0,03x3,03x3,ES ,_3,07,7,E§ ,_,) es,5 1= (0,03x3,03x3,ES 55,077, B8, )

To show that e A7) = e, A7) for s € [11,16] it suffices to show that there exist e19,s € €19 A¢7) €5

and e, 19 € e; A7) e1o such that e;g = ejgs €10 and e, = e; 1019, . Then

€10 A(7) > €s A(?)
r = e510%

€10,s Y Yy

Choose for s € [11, 16]

._ 7 ._ 7
e10,s = (0,03x3,03x3, 06x6, B] g, 08xs) €s,10 := (0,03x3,03x3, 06x6, BT g 1,08xs)



206 Description of some group rings

3.2.5 Localisation at 2: Z)[J] GL3(F2)

3.2.5.1 Description via congruences

Write R = Zg). Write Ty := R[] x R[0>*® x R[9]5<6 x R[W]™" x R[Y]**®, where ¢ := /=T,

2

Corollary 217. We have Ay =

( (v, (ws 5), (Wi 3)s,5eq1,3]> @i5)i,jen,6) Wing)igen,ms (Zig)ijen,s) € Dy )
vo=g Y11
vie =8 O, ke [2,7]
yst =2 0, s €1[2,4], te€[57]
yst =2 0, s €[5,7], t€[2,4]
Yitlj+l =2 Tij , i,5 € [1,3]
Yitl,j+1 =2 Tij, i,j € [4,6]
Yitl,j+1 =4 Tij , i€[L,3], j€[4,6]
Yitl,j+1 =4 2T45 , i€ [4,6], j€lL,3]
Wi j + 20T 5 + (6 +20)ziy3,543 =g (2= )yit1,5+41 + (5 +50)yita 44, 4,5 €[L,3)]
L Wij+ (6 +20)zij +202iy3543 =8  (5+59)yir1j+1+ (2 - Nyitajra, 67 €[1,3] )

More symbolically written, we may describe Ay as follows.

R[0] R[9] R[0] (2) (2) (2)
R[] R[] R[] (2) (2) (2) " 3 R[] R[] R[9]
29
R[] R[9) R[9) @) @ @ ’ R[9) R[9) R[9)
: \ (6+29)
{ R R[] RID) RI9] R[] RI9) (O R[9] R[] R[9]
R[9] R[#] R9]| \.| R9] R[9] R[9] o \:
- L,
R . R9) R9) R[9] R[9) R[V] A : R0 R9] R[9
- . (9-2) (3439) !
H 1
R[9] R[V) R[9]
® 1\ ® ®»\® ®) ® R[9] R[9] R[9]
, :
249 H B > -
(o+20) RI[9] R[] R[9) R[] @ @ @)
1
. R[9] R[v] R[9] R[v] (2) @ i @
@\ R[9] R9) R[9) R[9) @ @ @
: \2[«23" @ @ @ R[] R[] R[]
(3439) }
* R[9) (2) (2) (2) R[9) R[D) R[V) ; i
; R[0] (2) (2) (2) R[] R[Y] R[9]

N
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Lemma 218. We have the orthogonal decomposition

+ey +ey+es+e+e) + Z e;

/
2

1A(2) =e;+te

i€[5,12]

into primitive idempotent elements of A(), where

- 7
i (L 03><3, 03><37 O6><Ga 1,15 08><8)

€1

708X8

708X8

708X8

708X8

708X8

cocoocoo
coocoocoo
)
0400%00
I
coocoocoo
coocoocoo

EN
o fooRoo
~

[elejlelalofol]

[elejelalelol]
[=lejleleleolel]

]
oNoo+oo
>

cocoocooo
coococooo
—
| >
0000400
|
coococooo

cococococoo
~

coNnoco+o
>

[e]elojolele))
[elelojiolele)e)

OOAUOOQO

OO OoOoOO
[ejejoiaolole)a)

N ]
coofloo ]
[elelelelelale]
[elelelelolole]

P oo
coco fooR

[a\]

[e]elelelolal)
[elelelelola])
[e]elelelolaj)

[\
cooNoOo+
)

[e]eleleYevlenen]
cococococoo

i

| 2
OOOOU OOn/_~

|
[ev]enlen}enNevlenen]
[e]elele)olol)
[en]enlenenNevlenen]

[=leleleiale]
[=lelele)ala)

—
400_00
>

[e=jelela)ale)
[=lelele)ale]

coococoo
omNnoo | o

[=lelelolel]
[elelelolel]

—
o | coxo

~

>
comNoo |
™

oo oOoOoO
[elejojiolelo]

Al
oo | oo

—

400%00 | conoo ® coococoo ocooooo
™ > COOC0O0O OCO000O O0000O coocococo
/N N /N /N /N /N
coco coco ococo ococo coo co-
coco coco coco oo coco coco
coco oo ococo ococo coo coco
SN—— SN—— SN— SN— N—— SN——
/N /N /N /N /N /N
coco coco coco ococo co- coco
coco coco oo ococo coo coco
—oo coco coco ococo coco coco
N— N— N—— SN—— N— N—
ja=) =) ) @) (@) S
N NN ) ) < SN
) o) ) o) ) "o

€ = (0703><3703><3;O6><6707><77 2_47k_4) for ke [5,12] .

Moreover,

(e} +ei) A2

[

(e +e5)A)

[

(en +e3)A)

SegNo) ZerAp Zeg Aoy Zeg Ay ZegAp) Zenn A ey

es A(z)

as N)-modules. So, the R[V]-algebra Ay is Morita equivalent to

More symbolically written, we may describe A?Q) as follows.
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R[V]

Proof. Write

— 3 3 6 6 7 7 _ o "
62 . (O, E1,17 E1’17 E171 E4’4, E2,2 + E5757 08><8) — 62 62

N 3 3 6 6 7 7 N "
63 . (()7 E272, E272, E272 E5’57 E373 + E6,67 08X8> — 63 63

— 3 3 6 6 7 7 — o 1"
64 . (O, E373’ E3’37 E373 E6,67 E4’4 + E777, 08><8) — e4 64 .

Note that e; is primitive for i € [5,12]. As R[J]-algebra we have
e1Apyer = {(a,b) € R[Y] x R[Y] :a =g b} = E

We have = = ((1,1),(0,8))gs. Consider the surjective R[J]-algebra morphism = = R[J],
(a,b) — a. Moreover, we have ker(m) = ((0,8)) gy} which does not contain a non-zero idempo-

tent element.

Assume that 1z = f; + fy is an orthogonal decomposition into idempotents with fi, fo # 0.
So lgp = fim + for is an orthogonal decomposition into idempotents. As R[J] is an integral
domain, we have without loss of generality fim = 0 and for = 1. But then f; € ker(7) which

is a contradiction. Thus, 1z is primitive and therefore the element e is primitive.
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As R[v]-algebras we have

( (a,b, (£9),(214)) € R x RI9) x RI92¥2 x R)2<2 ;

a+20c+ (64+29)f =3 (2-9)g+(5+59)j (x)
b+20f +(64+20)c = (2—9)j+ (5+50)g (xx)
c =2 g

»
e A€ — 4 = h
2e =4 1
f = 3
h = 0
\ 7 =2 0 )

Note that as R[U]-algebras we have ey A(2) €2 = e3 Ay e3 = eg A(9) €4

We identify

e = (eh)e = (1,0, (2 ), (%5 520))
and

e = () = (0.1, ("5"5% ) (o o22))
Note that for an element of © as above with a = b = 0, we have

(xx) — (%) : 6c — 6f =5 (=3 —60)j + (3+60)g

and therefore

0=2j+g.

So, f =2 j =2 g =2 ¢ and (x) leads to ¢ =, 0 in this case.
Moreover, if @ = b= ¢ = 0 then (54 59)(*%) + (¢ — 2)(x) implies that g =g 0.

We have the R[¢]-linear basis of ©

€1 = (17 L, (1)(1)> ) <(1)(1])) Ce = (0707 83 ’ 88
G2 = (Oa L 1981 —019> ) (7107191992>) Cr = (07 0, (2)8 ) 38
C3 = (0’07 (1)8 ) (2)8 ) G = (070’ 88 ) 28
C4 = <0707 88 ) 2(0] ) Cg = (0707 8(2) ) 82
s = (0,0,(00)(00)) co = (0,0,{00): (05

Write b; := €}, - ¢; - €, and d; :== €} - ¢; - €} for ¢ € [1,10].

Now €50 ¢y = (b; : i € [1,10]) gy and €5 © €5 = (d; : i € [1,10]) grg). We have

~— ~— ~— ~— —
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b= (10 (%) () dio= 0.1 (%"%) (T i)
by (=0 — 1)bs + Vb4 dy = di+ (=9 —2)d3+ Vdy
b3 (07 07 2254 —21%-1—2 ) <7fgq;8 41984-4)) d3 = (07 07 221;2 4—4219 7?5931;4 4198—&-8) )
by ( 88) J <7§?g1916 &;iB)) dy = (07 0, 88) ) (7—8;96798 8191—316))
bs Jbg — Jby ds = U(d3—dy)
be 29b3 — by dg = 20d3 —9d,
b7 (19 - 2)[?3 - 19[)4 d7 == (19 - 1)d3 - lgd4
bs (=09 —2)by ds = (=1—1)dy
bo (—9 4+ 1)bs + Jby dy (2 —)ds + Jdy4
blO == (79 + 1)b4 d10 == (19 + 2>d4

Therefore, we have the R[J]-linear basis (by, bs, by) of €}, © ¢}, and the R[J]-linear basis (dy, ds, d4)

of e O €.
We claim that €, and e) are primitive idempotents.

We have the following multiplication tables for the basis elements.

() b1 b3 by () dy ds dy
b1 | b1 b3 ba di | di ds da
by | by | —2b3 — by | —4by ds | d3 | 2d3 +dyg | 4dy
bg | ba —4by —8by dg | da 4dy 8d4

We have the surjective R[v]-algebra morphisms

/ /
e, O ej

wn (). () - o

eh Oel N R[]
cd h
(Cl,b, (ef>’<gj>) = b
(b2, b3) Rpw) (d3, da) ro).-
Note that (ker(my))" C 2¢O ¢} and that (ker(my))! C 2¢5 O €] .

and ker(rey) do not contain a non-zero idempotent element. Assume that e, = f; + fo is an

and

Moreover, we have ker(r; ) = and ker(mey) =

As a consequence ker ()

orthogonal decomposition into idempotents with fi, fa # 0. So lgy = fime, + fome, is an
orthogonal decomposition into idempotents. As R[J] is an integral domain, we have without
loss of generality fimy = 0 and fome, = 1. But then f; € ker(m,) which is a contradiction.

Thus, €] is primitive. Likewise, €} is primitive. This proves the claim.

In the same manner, €}, €}, €}, €] are primitive.
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To show that ey Aoy = e, Ay for s € [3,4] it suffices to show that there exist ey € €3 Ay e,

and e, 2 € e, A(g) €2 such that e; = ey, e, and e, = e;2€,. Then

egA(g) <:> eSA(Q)
T = €527

eZ,sy A Yy

Choose for s € [3,4]

o 3 3 6 6 7 7
€25 = (O, E17s—1a El,s—lv El,s—l + E4,s+2’ EQ,S + E5,8+3’ 08X8)

— 3 3 6 6 7 7
€s2 := (O, B B By F B Bl + Elg s, 08x8) :

To show that e5 Ag) = e, Ay for s € [6,12] it suffices to show that there exist 5, € e5 Ay es
and ey5 € e; Aoy e5 such that es = e5 5,5 and e; = e, 5 5. Then

e5A(2) (l> esA(g)
T = €557

e5,sy < Yy

Choose for s € [6,12]

L 8
€5s = (0703><3703><3706><6707><77E17574) Cs,5

= (0703><3703><3706><6707><77E§74,1) . o

Remark 219. From the proof of Lemma 218, we take that as R[V]-algebras we have

4

cd
e f

), (21) € R[] x R[Y] x R[¥]**? x R[Y]**?:

€2 A(2) €2 (a,b, (

= O.

We identify
&b = (eh)e = (1,0, ("5 )24
and

—9—1 2
—29 942

e; = (e3)p = (0,1, (19512i9> ) <
cf. Lemma 218. We have the R[¢]-linear basis (c;

a+20%c+ (64+29)f =s
b+29f + (6 +29)c =3

c =2
d =4
2e =4
f =2
h =2
7 =2

) ) (2;1_919 71319>)

i

2—9)g+ (5+59)j )
2 —19)j + (5+59)g

: i € [1,10]) of ©, the R[J]-linear basis

(b1, b3, by) of €, © ¢y, the R[¥]-linear basis (dy, ds, d3) of € O €}, cf. proof of Lemma 218.

We want to obtain an R[¥]-linear basis of €, © ¢} and an R[J]-linear basis of e} ©¢,. Write

gi:=¢y-ci-eyand f;:=el-¢; - €}, for i € [1,10].
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Write v1 := g2+ gs, Y2 1= 5(=0+ 1)ga+ 5(=0 +4)gs + g4, 1 := fo and 1y := (=0 +4) fo + fa.
We have

1= 0,0, (5% %) (3 00)
%2 = (0,0, (00) 5 (o80-28 —as0-40))
m = (0,0, ?gig —2;979+—f8 J :1;97;}260 :23112))
n2 = (0,0, 88) ) (1221391978 _254))
Note that
g =0 i =0
92 30+ 4 + 757 (=39 — 58) 7 fo = m
g3 3(0 = 1)y 4 5= (30 + 58)7, fs = 20— +mn
g4 (=39 +69)7, fa = (=0+2)n
gs %(—19 —2)n + %7(—3?9 — 58)72 s = %(—19 —3)m —n2
g6 = (=20 — 4 + 75 (750 — T4)7 fo = 2(=20—6)m+ (0 —1)mp
gr = —%19’71 + 517(—1179 —128), fr = %(—419 + 2)m — 312
gs = 137(—600 — 144)y, fo = —4dn
go = 20+ 5=(119 +128)y, fo = L(40 — 2)m + 3y
gio = 13=(600 + 144)7y, fio = 4, .

So, we have the R[J]-linear basis (71, 72) of €}, © ¢) and the R[J]-linear (n;,72) basis of ¢j O ¢

3.2.5.2 As path algebra modulo relations

Recall that R = Z) . We shall to write A(z) , up to Morita equivalence, as path algebra modulo
relations. Recall that the R[¢]-algebra Ay is Morita equivalent to

Afgy = (e1+eh +el +e5)Ag)(er + e, + e + e5)

cf. Lemma 218.
We identify A’(Q) =

( o 1,1 1,2 y
v, w, w, <062:1 x2:2) Y

\

W=
e
T e
WN =
NN N
e
WN =
www

k )z) € R[] x R[¥] x R[9])2%2 x R[¥]3*3 x R[]

voo=8 Y1,1

vie =s 0, k€ [2,3]

y2,3 =2 0,

ys2 =2 0,

Y22 =2 T1,1 =
Y3,3 =2 X222

Y23 =4 T1,2

Y32 =4 2T21

w+20z1,1 + (6 +20)722 =5 (2—)y2,2+ (5+59)ys,3
\ w + (6 —+ 219)1‘171 + 219332’2 =8 (5 —+ 519)y2’2 + (2 - ﬁ)yg’g )
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We have the R[{]-linear basis of A,

0 0

00.(32). (3 e

0 0
88) , {0 8Y
0 129-8

= (o (). (31D -
— (8,0,0.(55).(888)) v
942 —2 0.9, 0 =
— ((),1,0,( o 1971)7<8792J[92 _531>’0> h
B 204 4 9 0.5 9 fa =
= (070707< 20 2—219)’(8 fzﬁ84198+4)’0) ’
= (0:0,0,(36) (87530 28, ) 0) e
0 —160 8948
-1 2 o 8.9

= (0,071>< 9 719+2>7<87_192:9119—2F2>’0> e
B 20-2 4 0 34 2
= (0,0,07< 29 —279+4>7<8 %1944&8)’0) =
— (0.0.0. (00 0—si—s 16 ).0
= (; ) a(()o)’(o 169 819+16)’ ) .
= (0,0,0,(28).(383).1)
Note that

o= 1—11(—219—1)04252+861

dy = 5720 = Dmm 4 55 (30 + 7) Bacs

ds = #(20+1)Bx

(

Yo = m(=69 = 5)mmy + (58 — 320)7
M = sg(—40 — By — £ (120 — 18)n,

Hence, as an algebra Ay, is generated by e1, €5, €3, €5, a1, as, b1, B2, 71, 1.

Consider the quiver

We have a surjective R[]-algebra morphism ¢ : R[J]¥ — A(, by sending

€ — ey,
e — e,
~Il 1
2 = 62 )
é5 — €5

63}
Qo

B

= o,
— Q9 ,

= ﬁ17

Bz = P,
Yo M,
m = M,

249416 —89—-24

)

0 0
9—12 4—109 7()

9—14 12—-8Y

0
+40) 1(—49-88)
0 1(680—28) 1 (—489—40)

8 20+6 0 0
—6—29+8 | »

0

)

0 49—16 —69+10 ) , 0)
0 —29—20 —49+16

0
—49—4
-89

)0)
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We establish the following multiplication trees, where we underline the elements that are not

in an R[VY]-linear relation with previously underlined elements.

a1B1 = 17

Y1

a1y = (2 — 4%)ae

B
L (49 — 9)asfs =— a1

agfoor = (24 — 169) o

Brag = == ((49 — 6)y1my1 + (—489 — 60)11)

Braam =

Q2

|

a3

|

1

agfron = (24 — 169) a2

agn = (419 — 6)a1

7 B2 = (49 —6)51

Bra1 = == ((49 — 6)miyim + (—489 — 60)m1)

|

m1my182 = (489 — 248) 51

1

2 B2
B1
b1 & " n
a 1
Broa o Braafr = (169 — 8)B1 Mm
Y1
Y1 B1
7 (480 — 72)v1 + == (160 + 20)yimm1 nmmn yimpBr = (20 + 169) 51

yimiyim = (6 — 120)yin1 + 778101

mpbr = (=49 +2)52

a1 B1
B2
B2 ey m m
a2 Y1
Baaz P Baaa B2 = (=169 + 24)B2 mm
n1
n1 B2
Baaamy = 2= (—1449 + T44) 1 + &= (=320 + )myim mynt my Bz = (20 + 169)82

|

nyimpPr = (1129 + 168) 52

Y1

myimy1 = (6 — 129)n1y1 + (289 — 63) B2z
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So, the kernel of ¢ contains the elements from the following list

6181 — £ (49 — 9)az B2 @191 — (2 — 49)an @iy — (49 — 6)an
Gafad — (24 — 169)a1 Gofads — (24 — 169)G2 Brén — %((419 —6)71my1 + (489 — 60)71)
Y12 — (49 — 6)p1 F1iji B — (20 + 160) 51 Branyn — 15 (489 — 72)%1 — == (160 + 20)7171 71
Braifi — (160 — 8)51 FuiA1 B — (489 — 248)5: i — (6 — 120)717 — TTi1éa
Bada — = ((49 — 6)i A1 + (—480 — 60)71) 1B1 — (2 — 40)B2 Badiafr — (24 — 160) 52
171 B2 — (20 + 169) B2 A8 — (1120 +168)F2  AimAr — (6 — 120)71 71 — (289 — 63)Ba2dz

Badaiy — 2= (— 1449 + T44)71 — 2 (—320 + ) St

Let I be the ideal in R[J]¥ generated by those elements. So, I C ker(y). Therefore, ¢ induces
a surjective R[J]-algebra morphism ¢’ from R[J]W¥/I to Ay, .

Note that R[¥]W¥/I is R[¥]-linearly generated by

Ni={&+1a+ 1+ 1, a0y +1,8+1, 6+ 1, 3 + 1, fran + I, uin + I, ninAy + 1,

& AT, By+ 1T i+ 1, Boty+ I, mAn + 1, inAnim + 1,6 +1}.

To see that, note that a product £ of k generators may be written as an underlined product
of k' generators and a product of k” generators, where k = k' + k" and where k' is choosen
maximal. We call k" the excess of €. If k” > 1 then, using the trees above, we may write £ as

an R[V]-linear combination of products of generators that have excess < k" — 1.
Moreover, note that |[N'| = 17 = rkg(Afy)).

Since we have a surjective R[V]-algebra morphism from R[J]¥/I to A(,), this rank argument

shows this morphism to be bijective. In particular, I = ker(¢p).

Let I’ be the ideal in R[J]W¥ generated by the following elements.

a151 — 35 (49 — 9)a2 B2 &1 — (2 — 49)as Gaf — (49 — 6)ay
Braz — 2= (40 — 6)71 7191 + (—480 — 60)71)
F1B2 — (49 — 6)p1
A AL — (6 — 120)3171 — 77B1éa
Bad — 7= (40 — 6)/ A7 + (—489 — 60)in) 7 Br — (2 — 49)52
MALmAL — (6 — 120)71 %1 — (289 — 63)B2d2

!
We claim that T = I'. By construction I’ C I. We need to show that I C I'.

As Body — L ((49 — 6)iAuin + (—489 — 60)ii1), @11 — (2 — 40)da, Goifi — (40 — 6)ay € I' , it
follows that
ooty — (24 — 160)ay € I'

As a1 B — (40— 9)afa, Brdin— & (49— 6)F17 A + (=489 — 60)71), d1dn — (2—40)ds, il —
(49 — 6)ay € I' | it follows that

(i faliy — (24 — 160)ay € I'
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As a1 — (40— 9)ao B, Bibn — (49 — 6)FihAn + (=489 — 60)71), 182 — (49 —6)B1, i B —
(2—49)py € I', it follows that

Brén By — (169 — 8)B, € I' .
As i fh — (—49 + 2)52, 1By — (49 — 6)51 e I' , it follows that
A By — (20 +160)5, € T

As @11 — (2 — 49)aa, Brds — = ((49 — 6)7fiAn + (—489 — 60)3;) € I' , it follows that

~ 1 ~ 1 o
Brany — ﬁ(4819 —T72)3 — 7—7(1619 +20)3 A € I

AS :7152 - (4?9 - 6)31, ’3/177161 — (20 + 1619)51 c I/ y it fOHOWS that

A By — (4809 — 248)B, € I' .

As 7152 — (49 — 6)317 77131 — (=49 + 2)52 e I’ , it follows that
1B — (20 + 1619)62 el .

As @181 — £ (49— 9)anfo, Batis — == (40 —6)in A + (=489 —60)if1), 7151 — (2—40)Ba, 717152 —
(20 + 169)3, € I', it follows that

Badin By — (—169 + 24)62 el .
As 18y — (=49 4 2)Ba, A1 P2 — (20 + 160) 5, € I’ it follows that

A B — (—1129 + 168)3, € I' .
As @il — (40 — 6)d1, Padn — = ((49 — 6)mAnm + (—489 — 60)7,) € I’ , it follows that

~ 1 1
Badiam — ﬁ(—14419 + 744)7, — 7—7(—3219 + DinAm eI

This proves the claim.
We summarise:

Proposition 220. Recall that Z)[J] GL3(F2) is Morita equivalent to Ay, cf. Lemma 218.
Recall that

a1fr — 15 (49 — 9)azps a1y — (2 —49)aq , Gl — (49 — 6)an
I = | Bia2— 7 ((49 = 6)Mii + (—489 — 60)71) ,  F1B2 + (49 — 6)B1, A — (6 — 120)31 71 — T7B1éq |
B2d1 — == (40 — 6) A1t + (=480 — 60)71) ,  P1 — (2—49)B2 ,  MAA — (6 — 120)71F1 — (280 — 63)B2d2

We obtain the isomorphism of Z2)[V]-algebras
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S,

!
M)

/1

2

9
rrr1rr1r1r111

m
Corollary 221. Recall that 9> = 9 — 2. Write 9 := O + 2Z@)[¥]. We have Fo[J] =

Z)[V])2Z2)[9] = Fy x Fy. Recall that Fo[9] GL3(Fa) is Morita equivalent to Ny /20y, Cf.

Lemma 218. As Fy[0]-algebras, we have

Ny /20y 5 Folf] /T
e —|—2A’(2) = &+ ) ]
ey +2A, = &+ 1
el —1—21\'(2) e+ 1
es —|—2A’(2) — 85+ 1

o+ 20, = o+l

g + 2A’(2) = G+ 1

Bi+2My = B+l

Bo+ 2Ny = Bt 1

Y+ 2/\/(2) = o+

m + 2/\/(2) e

where _ &b —dofa, @i, o
I = ( /%’1562 ; ’715127 AT —/5’3071 ; )
Baaa , mpi, My — faaz

Remark 222. Instead of calculating directly, the result in Corollary 221 can already be seen

in Corollary 203 via tensoring there with Fy[?)].
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3.3 Description of Z)[(s]" SLa(Fy)

Let v := (¢ + (5. Write R := Z)[(s]" = RN Z)[(s) = Z)[v]. Note that R is a discrete
valuation ring with maximal ideal (2) and residue field isomorphic to F.

Write Fy = Fy[y], where 42 = v + 1.

Note that Cs x SLy(F,) = GL2(F4) and that RCs ®p RSLa(Fy) = R GLy(F,) [22, L. 1.7.13].
Note that SLo(Fy) = Aj.

3.3.1 The result
Proposition 223. RSLy(F,) can be embedded via the injective R-algebra morphism w from
Lemma 225 below, into
=R x R3><3 % R3><3 % R4><4 % R5><5
such that the image A allows the following description.

(

(v, (Wi 3)i5em,3)> (®i,5)s, e8] Wini)ijena) (Zig)ijen,s) €T )
v+wi+x33+233 =4 0
Wi =4 Zig2,j42 1€[1,3], j€1[2,3]
A= ) Tij =4 Zig o, 1€[L,3], j€[1,2]
wi1 =2 Zi+2,3 1€ [1,3]
Ti3 =2 2,3, 1 €[1,3]
zij =2 0, 1€[1,3], j €[4,5]
. zij =2 0, i€[3,5], j€[1,2] )

In particular, RSLy(Fy) is isomorphic to A as R-algebras.

More symbolically written, we may describe A as follows.

R R R (rx)
R R R




3.3 Description of Z)[(5]" SLa(Fy) 219

3.3.2 A Wedderburn embedding and a Morita reduction

Lemma 224. We have the following presentation.

<CL, b: CLS, b37 (ab)57 (ab2a2b2)2) % SLQ(FZL)
a

b

Proof. As

. : ] 2 i
gi)) - 1d7 gg = 1d7 (9192>5 = 1d7 and (glg;g%gg) :ld

the map r; is a well-defined group morphism. We use the computer algebra system Magma to

compare group orders to verify that r; is bijective. o

We want to construct a suitable Wedderburn-embedding w whose image allows the description in
Proposition 223. The individual construction steps can be followed with the help of Magma [2]
and the digital appendix. The file SL_2_4 from the digital appendix should be loaded in Magma
via load "SL_2_4";.

Lemma 225. We have the Wedderburn-embedding

w
RSLy(Fy) = R X R¥3 x R¥3 x RY* x RYS
_ (0 1 2
g1 = <0 72> = (glwl y  gi1Wsg y  g1wsg y  g1wg ) glw5)
_ (11 1 2
g2=010) = (w1 , gowy , Gws , Gaws , gows)
where
g = (1)
Gaw1 (1)
1 2U+3 201430 448
qlwy = —50—10 —117v—196 —32v—48
240436  473v+753 11504193
1 1 —86v—144 —24v-36
Gows = —4v—3  189v+306  49v+79
Tv+17 —734v—1186 —189v—307
—3v—14 —v+2 —6v—6
Gws = L(—12v454)  v-3 L1(27v+16)
300412 —6v+2 w17
50—16 —2v—6  —dv—1
w: = L(_51v+82) w45 1(23v—1
92 3 5 5
54v—8 12046 —6uv+11
10-10
_ 01-10
g1y = <0 0 -1 1)
00-10
0010
gows = 1000
0001
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—Tv+18 —229v+266 —178v+86 —184r+240 2v+20
4v—6 113v—-95 T5v—42 92r—80 —4
JQ1ws = —10v —150v+110 —96vr+51 —112v+98 0
2  —10v+36 —17v+4 —9v+-36 4
—6 30v—96 46v—12 25v—95 —v—11
—23v—20 —282v—254 —12v+97 —318v—226 —62v—24
Iv+4-6 113v+73 150—39 1260462 24v+6
gows = 14v+36 15204446 —102v—49 138v+448 200472
0 8v—8 6r—3 v—2 —3v+43
2u+2 10v+40 —11v—-3 26v+26 11v—3

whose image allows the description in Proposition 223.

Proof. The list B consists of the images of every group element under w, where B[6] is the

image of g; and B[2] is the image of gs.

We use the R-linear standard basis of I', with respect to which an element

§ = (117 (wi,j)i,j€[1,3]7 (xi,j)i,je[l,?)]a (yi,j)i,j€[1,4]a (Zi,j)i,je[l,s}) el

has the coordinate vector

— 1x60
coor = (U> W11, W12 -+ -5 1,1, L1,25 - - -5 Y1,1, 1,25 - -+ 5 1,15, 21,25 - - - 25,5) €ER .

Let Bmat be the representation matrix of w with respect to the R-linear basis
(9 : g € SLa(Fy)) of RSLy(F,) as listed in G_List and the standard basis of I'. Note that

RBmat_inv := 60Bmat_inv is contained in R60*60

Let § = (717 (wi,j>i,j€[1,3]a (xi,j)i,j€[1,3]7 (yi,j)i,je[1,4]> (Zi,j)i,j€[1,5]) € I'. We have

¢ € w(RSLy(Fy))
< Jre R1X60 with gcoor — zBmat
A fcooerat_inv c R1x60
g fcoorRBmat_inv € 6OR1*60

Simplifying RBmat_inv modulo 4 with elementary column operations H_4, leads to the congru-
ences in Proposition 223.
Let

E_mod4 := RBmat_invx*H_4.

The columns of E_mod4 are the congruences mod 4. The entries of &0 are labeled (1,...,60).

The list E_4 contains the congruences, e.g
E_4[2] = [<2,[2,2] >,< 48,[2,2] >]

means that an element 6 = (U, (wi7j>i7je[173], (xi,j>i,j€[1,3]> (yi,j)i,j€[1,4]> (Zi,j)i,j€[1,5]) € I' which lies
in the image of w satisfies
(2+20)win+ (2+20)233 =4 0
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i.e. it satisfies w1 =2 233.

Denote Z_K_2 := Z)[v]|/4Z)[v]. To check that the images in B satisfy the congruences, note
that MatrixRing(Z_K_2,60) !Bmat*E_mod4 is zero. o

Remark 226. Theory predicts that the index of A in I', i.e the order of the cokernel of
RSLy(Fy) & R x R¥3 x R33 x R4 x R as abelian group is given by the 2-part of

N, 6060 _ 288 342 535
‘ Q)lQ 1.39.39.416.52 ‘_ ' ' ’

namely 2%, cf. [17, Proposition 1.1.5]. We actually obtain |Ng(g(det(Bmat))| = 2% . 342 . 535

which has 2-part 2%8. So our calculation is in accordance with the theory.

Lemma 227. We have the orthogonal decomposition 15 = > e; into primitive idempotent
1€[1,9]
elements of A, where

€1 = (17E?717E§73a04x4aE§,3)
e; = (0,E3,03x3, 0sxcs, B 1o, 15) fori € [2,3]
e; = (0,0303,E 5, 4,004, B} 5, 5) forie[4,5]
€ = (0703><3703><37E;l_5,i_5705><5) fOTiG[G,Q]
Moreover,

egA = €3A

e4A = e5A

eGA = 67A = egA = egA

as A-modules. So, the R-algebra A is Morita equivalent to

A= (e1+ex+es+eg)A(er +eg+es+eg) .

More symbolically written, we may describe A’ as follows.
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Proof. Note that ey is primitive for k € [6,9]. As R-algebras we have for k € [2, 5] that
erNep, = {(a,b)) e RxR:a=,b} =2 .
We have = = ((1,1),(0,4))g. Observe that I = ((2,2),(0,4))r satisfies I? C 2Z and that

=/1 = Fy. Thus, Jac(Z) = I and E is local, cf. e.g. [16, Corollary 160]. So, e; A ey is local and

therefore the element e, is primitive for k € [2,5].

We have

C =9 d

a+b+c+d =4 0
egAe; =2 ¢ (a,b,c,d) e RXRXx RXR: b = d p=:0.

To show that e; is primitive, we show that 1¢ = (1,1,1, 1) is a primitive idempotent of ©.

We obtain the R-linear basis of ©

aq = (1,1,1,1)
e = (0,2,2,0)
c3 = (0,0,2,2)
cs = (0,0,0,4)

We have the following multiplication table for the basis elements.
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QRES Co c3 cy
c1 | Co C3 Cq
Co | Co 2co 2c3 —cq | O

C3 | C3 263 — C4 203 2(34
Cq | C4 0 204 404

We have the surjective R-algebra morphism © = R, (a,b,c,d) — a. Moreover, we have
ker(m) = (¢; : j € [2,4])r.

We show that (ker(r))? C 20. Write for r € Zs1,

(ker(m))" := ((ker(m) +20)/20)" = ((ker(n))" +20)/20 .

Calculate

(ker(m))? = (ca+20)r
(ker(m))> = (0+20)g .

Thus, (ker(m))® C 20. As a consequence ker(m) does not contain a non-zero idempotent
element. Assume that 1¢ = f1 + f2 is an orthogonal decomposition into idempotents with
fi,f2 # 0. So 1g = fim + fom is an orthogonal decomposition into idempotents. As R is an
integral domain, we have, without loss of generality, fim = 0 and for = 1. But then f; € ker(m),

which is a contradiction. Thus, lg is primitive. o

3.3.3 As path algebra modulo relations

Recall that R = Z)[v]. We shall to write A, up to Morita equivalence, as path algebra modulo
relations. Recall that the R-algebra A is Morita equivalent to

A= (er+ex+eqgteg)A(er +ex+es+eg)

cf. Lemma 227. We identify

( wi,1 W12 x1,1 1,2 21’1 21’2 21’3 2X 2 2X2 3x3 . )
<U7(w2,1 w2,2)’(392,1 x2,2>’y’(2§:} zi; 2§2)> €ERXR X R XRxR )
v+twil+x22+222 =4 0
w2 =4 Zi+1,3 » 1€ [1,2]
Ti 1 =4 Zil , 1€ [1,2]
A = w21 =2 23,2
w11 =2 22,2
Ti2 =2 21,2
Too =2 222
21 =9 0, 1€ [2,3]
\ zi3 =2 0, i€ [1,2] )
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We have the R-linear basis of A’

02
00

12

[eleslen]
o—HO

00
01

10
00

oo
oo

00
00

00
00

OO
[ejele)

00
01

00
00

aia

(]l
ooo

10
00

00
00

[elenjen)
(el

00
00

00
00

[ejelen)
[e]elen)

00
00

00
00

[ejenjen)
[l
[ejelen)

1) () 0.

00

(o

az

[ejelen)
[ejelen)

00
02

20
00

oo
OON

00
00

oo
oNO
oo

00
02

00
00

a2 4

[eelen)
oo
[elejen)

00
00

00
00

[ejenien)
—OO

00
00

a4

SO
[ejelen)

)
)

00
00

)

00
00

(o

a2 2

[ejenjen)
NOO
oo

00
00

00
00

[ejelen)
[ejele)
oo

00 00
00/>\00

(o

Q4.4

00
00

aq.2

Note that

(1,404,101 2

/
ay o

12021 + Q14041 — 1,202,107 4041

ai

/

12021071 4

14 —
/
Qs

a

/

a1,40a4.1

1,1
"

A2,1071,404 1

1

)

1202101 4041

1,1

a

a2,101.4

a2 4

A2101,404,107 2

a2 9

Q41012021

/
4,1

a

(4101202107 4

aq.4

Q4,107 2

Q42

Hence, as an algebra A’ is generated by eq, es, €4, €5, 41,2, 014,021, G4 1.

Consider the quiver

ai,2

a4,1

az,1

a1,4

We have a surjective R-algebra morphism ¢ : RU — A’ by sending

— Q12 ,

a2

= €1 ,
= €9 ,

€1

— a14 ,

ai4

€2

— a1 ,

Q21

= €4 ,

€4

= a4 -

Qa1

= €6 ,

€6
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We establish the following multiplication trees, where we underline the elements that are not
in an R-linear relation with previously underlined elements.
€6
ai,2
A1,202101404 1012 = 2a1,4a4,1a1,2 12 €1
ai,2 a2,1l
a4.1 a4
1,202,101 4041 <~ 012021014 <~ Q12021 ——>> 012021012 = 2(11,2
al,4\L ai,4
a1202101 404101 4 = 2611,2@2,1@1,4
aia aq.1
1,404,101 4 = 2CL1,4 Q1,4Q4,1 Q1.4
ai,2
az 1
(1,404,107 2021 = A1 202101 4041 ay1,404101 2
A2,101 4041014 = 202101 4
ail,4
a4,1 ai,4 az,1
2,101,404 1 A2101 4 a2 1 €2
alygl/ a1,2l
A2 10140410712 a2101,2 = 2e9
a2,1l/
(21014041071 2021 = 26L2,1CL1,4CL4,1
Q4,101,2021012 = 2614,1@1,2
a2
a1 ai,2 asq,1
Q4,101,202 1 Q410712 Q41 €4

a1,4l/ a1,4\L

(41012021071 4 (41014 = 2ey

a4,1l

Q4,101,2021071 4041 = 2614,1(11,2&2,1
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So, the kernel of ¢ contains the elements from the following list

1,2092,101,404,101,2 — 2014041012 01,202101,404,101,4 — 201,202,101 4
a1,202,101,2 — 2012

a1,404,101,4 — 201 4 1,404,101 202 1 — A1,202,101 404 1
2,101,404,101 4 — 202101 4 2,101,404,101 2021 — 202,101,404,1
9,101,2 — 26

(4,101,2021012 — 204,101 2 (4,101,202,101,404,1 — 204,101,202,

A4,101,4 — 2€4
Let I be the ideal in R¥ generated by those elements. So, I C ker(y). Therefore, ¢ induces a
surjective R-algebra morphism ¢’ from RV /I to A .
Note that R¥/I is R-linearly generated by
N ={& + I,a12021 + I,a1,4041 + I, 012021014041 + 1,80+ I,a9101,4G41012 + I,

€y + 1, a4101 2021014 + 1,010+ 1,01 4041012 + 1,014 + 1,01 2001014 + 1,

o1 + 1,02101 4041 + I, 821814 + 1, Qa7 + I, G41012G21 + 1, Ga1010 + 1,8+ 1} .

To see that, note that a product £ of k generators may be written as an underlined product
of k' generators and a product of k" generators, where k& = k' + k” and where k&’ is choosen
maximal. We call k" the excess of €. If k” > 1 then, using the trees above, we may write £ as

an R-linear combination of products of generators that have excess < k" — 1.
Moreover, note that [N =19 = rkr(A’).

Since we have a surjective R-algebra morphism from RW/I to A’, this rank argument shows

this morphism to be bijective. In particular, I = ker(yp).

Let I' be the ideal in RU generated by the following elements.

1,404,101 2021 — A1 202101 4041
A21Q12 — 2¢9
a4,101,4 — 2¢4

!
We claim that T = I'. By construction I’ C I. We need to show that I C I'.
As d271(~11’2 — 2@2 S I,, it follows that

~ o~ o~ ~ ~ o~~~ ~ o~ /
a1,202,1012 — 2012, (41012021012 — 204,012 € 1" .
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As ay1014 — 284 € I', it follows that

~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ [
1202101 4041014 — 2CL1,2(12,1CE1,47 (1,4041071.4 — 2CL1,47 A2101,4041014 — 2a2,1a1,4 el .

As &174&471&172(3271 — &172&271&174&471, &471&172&271&172 — 2&471&172 < [,, it follows that
1,909,101 4l 1 r 9 — 201 441019 € T
a1,202101,404 1012 1,404,101 2 .
As d174d47161’2d271 — d172&2’1d1746~b471, C~L271(’i172 - 2é2 € ]/, it follows that
lio,1 01 4l in 9,1 — 209101 4614 € T'
2101404101 2021 A2101,404,1 .
As &1,4&4’161172&271 — &172512’1&174&471, &4’1&1’4 — 264 € Il, it follows that
(4,101 902,100y 40141 — 2004 131 92y € T
Q4,101,202101 4041 Q4,101,202 1 .

This proves the claim.

Proposition 228. Recall that v = (& + (& and that Z)|v] = Z)[G)T = RN Z)[¢s]. Recall
that Zo)[v] SLa(Fy) is Morita equivalent to ', cf. Lemma 227. Recall that

I = < (1,404 1012021 — Q12021014041 , A2101,2 — 2ey a4,101,4 — 2¢4 )

We obtain the isomorphism of Zs)[v|-algebras

a4,1 a2

~/_’\~/\~ ~

~

NE Zipylv] | & -~ - ¢ -~ &y & | /1
a4 az2,1
e < €1+ I
€y < €+ 1
€q4 < €, +1
€g < eg + 1
arz < C~l172 +1
a4 < arq+ 1
(g < agy + 1
(g1 < agq + 1

Remark 229. In [19, (10)] Roggenkamp and Scott have given a description via congruences
for ZAs. Tensoring their description with Z)[(5]" does not directly give the description found

here.
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Chapter 4

Conjectures on a cuspidal
GLy([Fy)-module over a minimal field

In this chapter we attempt to establish a realisation of a cuspidal module for GLy(F,) with p > 3
over a minimal field. As any character of GLo(IF,) has Schur index 1 [18, 2.21], this means that we
ask for a realisation over the character field. Our approach is based on the natural permutation
action of G := PGL2(F,) = GL3(F,)/Z(GLa(F,)) on the projective line P1(F,). Let T := QP'(F,)
be the permutation module on the G-set P* (F,), which is a QG-module, and consider its symmetric
square SymZ(T). In experiments, we note that among its rational irreducible constituents there

. . . . . 1
is a constituent M whose complexification decomposes into %@H

mutually Galois-conjugate
cuspidal representations, forming a full Galois orbit under Gal(Q(¢,+1)*|Q). These cuspidal rep-
resentations appear to be parametrised by the Frobenius orbits of characters of order p + 1 of IE"pXQ
or, equivalently, by the quotient of the unit group of Z/(p+1)Z modulo {£+1}. The endomorphism
ring Endgg (M) is conjectured to be isomorphic to Q(¢,+1)" which then is also the correspond-
ing character field of the cuspidal representations involved. Using the action of Q((p+1)", the
module M becomes a Q({p+1)" G-module, which conjecturally is absolutely irreducible. Each em-

bedding Q(¢,+1)* — C yields a cuspidal representation C @ M. Different embeddings give
Q(¢p+1) T
Galois-conjugate cuspidal representations corresponding to different Frobenius orbits.

4.1 Setting

Let p € Z=3 be a prime. Let G := PGLy(F,) = GLy(F,)/Z(GL(E,)).
We write [””} = (ZZ) Z(GLy(F,)) € G for the coset of (gi) € GLy(F,).

w T

Let PL(F,) := {[a : }] : (a,b) € F2\(0,0)} be the projective line. Two elements [a : b], [a : b] € PY(F,)

are equal if there is an element s € F, \ {0} such that a = s- @ and b = s - b.
The projective line P}(F,) is a G-set via
[a: 0] - [:};} = [au + bw : av + bx]

for [u v} € G and [a : b] € PY(F,), i.e. via matrix multiplication.

w T

229
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Let T := QP!(F,) be the permutation module on the G-set P!(F,), which is a QG-module.
We consider the QG-module T'® T'.

For s,t € T we write sot:=s®t+1t®s. Let
Sym*(T) :=(sot:s5,t€T)gCTRT

denote the symmetric square of 7. Note that Sym*(7T) is a QG-submodule of T ® T.

Let £ :=[1:0]0[0:1] € Sym*(T). So { =[1:0]@[0:1]+[0:1]®[1:00€TRT.

4.2 Generating a submodule

If p=4 1, we let Candidates(p) := {g € G : g has order p+ 1}.

If p =4 3, we let Candidates(p) := {g € G : g has order p — 1}.

Let Candidates; (p) := {g € Candidates(p) : ¢ is of the form [2 ﬂ for some = € [, }.

For g € Candidates(p) we define the submodule

Sg:=< > (_1)@-§_gi> < Sym?(T) .
QG

i€[0,(g)|-1]

4.3 Conjectures

We write Q(¢pr1)™ := Q((pr1) NR. Choose u € B with |(u)| =p — 1.

For f € Endgg(Sym*(T)), we obtain the QG-submodule Sym?*(T)f C Sym?*(T). We may
consider Sym*(T) f as a Q GLy(F,)-module via the residue class morphism p : GLy(E,) — G.

Let € be a generator of F;. For k € Z/(p* — 1)Z let 6 : F — C be the character deter-
mined by € — (,2_;. Following the parametrisation of cuspidal representations by Frobenius-
conjugate characters, the cuspidal representation associated with 6% depends on the Frobenius
orbit {6% 6P%} or, equivalently, on Green’s 2-simplex {k,pk} C Z/(p* — 1)Z, see [7, Theorem
12].
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Conjecture 230. There is a central primitive idempotent e € Endgg(Sym*(T)) such that
M := Sym?*(T) e satisfies the following assertions (1,2, 3). It is unique with respect to (1).

(1) The module M has the following properties.

o M is an irreducible Q GLy(F,)-module

Endge(M) ~ Q(Gpr1)*

M is an absolutely irreducible Q((p41)" GLo(F,)-module, cf. Lemma 1
C ® M is a cuspidal C GLy(IE,)-module

Q¢p+1)*
(2) For each embedding Q(Cpi1)™ — C, the cuspidal module C ® M is associated to
Qp+1)*
a Frobenius orbit {(p — 1)a,p(p — 1)a} C Z/(p* — 1)Z for some a that is invertible in
Z/(p+1)Z.

(3) The element e maps the element &€ = [1:0]0 [0 : 1] € Sym*(T) to

fe = p(p2+1) (@Eulerz(p+1) (p—1)¢— wEulerQ(pH) D (1:0]oz+z0[0:1]))
z€P (Fp)\{[1:0],[0:1]}

+ > > aj([l:ui]o[lzu”j])) eM,

j€N, 5] i€0,p=2]

with some a; € Z for j € [1,21].

(4) If p = 5 and if p + 1 has at most two distinct prime factors, then there exists
g € Candidates(p) such that M = S, as QG-submodules of Sym*(T).

Concerning (2):

1. This assertion can be stated equivalently: the character 6 used in [7][Theorem 12] to obtain

a cuspidal module needs to have order p+1 to yield C & M.
Q(<p+l)+

2. We have p(p — 1)a = —(p — 1)a as elements of Z/(p* — 1)Z.

3. We have pgue(p + 1) invertible elements a in Z/(p + 1)Z, leading to mmT(pH) Frobe-

nius orbits {(p — 1)a,p(p — 1)a} C Z/(p* — 1)Z, corresponding to %@H) embeddings

Q((p+1)" — C. The resulting modules form a single Galois-Orbit under Gal(Q((y+1)1]Q).

Concerning (4), it might be possible to find g € Candidates;(p) for this purpose.
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4.4 Some evidence

We provide some evidence for Conjecture 230, calculated using Magma [2]. When considering

a certain prime number, we refer to the assertions (1, 2, 3, 4) of Conjecture 230.

4.4.1 The case of p=3

Let p = 3.

Using Magma to decompose Sym?(T"), we observe that there exists a unique irreducible sub-
module M C Sym?*(T) of dimension dimg(M) = 2. Let e € Endge(Sym?(T)) be the unique
central primitive idempotent such that M = Sym?(T)e.

Assertion (1): We have dimg(M) = %‘IQTTM(S -1)=2.
Furthermore, we have Endgg(M) ~ Q({4)™ = Q.

Moreover, the module M is an absolutely irreducible Q GLz(FF3)-module and C ® M is a cuspidal
Q
C GLy(Fs)-module.

Assertion (2): The module C @ M = C® M is the cuspidal GLo(F;)-module indexed by
Q(¢a)t Q
the Frobenius orbit {2,6} C Z/8Z.

Assertion (3): The element e maps the element ¢ to
e = %(25— 3 ([L:0]ox+z0[0:1])
z€P(B)\{[1:0],[0:1]}

Y [1:21'10[1;2@'“]) .

1€[0,1]

Assertion (4): Wehave p+1=4=2-2and p=3=, 1.

So p = 3 satisfies the assumption made in (3), where Candidates(3) = {g € G : g has order 3 — 1}.
We have | Candidates(3)| = 9 but S, # M for g € Candidates(3).

For g € Candidates(3) we have dimg(S,) € {4,6} and S, is not a irreducible QG-module.

Hence the submodule M is not isomorphic to a submodule S, for some g € Candidates(3).

However, M is isomorphic to S{O 1}. But [(1) ﬂ is not in Candidates(3) as it has order 8.
11



4.4 Some evidence 233

4.4.2 The case of p=15

Let p = 5.

Using Magma to decompose Sym?*(T"), we observe that there exists a unique irreducible sub-
module M C Sym?*(T) of dimension dimg(M) = 4. Let e € Endge(Sym*(T)) be the unique
central primitive idempotent such that M = Sym?(T)e.

Assertion (1): We have dimg(M) = “"E““rTM@ —-1)=4.
Furthermore, we have Endgg(M) ~ Q(()" = Q.

Moreover, the module M is an absolutely irreducible Q GLy(F5)-module and C ® M is a cuspidal
Q
C GLy(F5)-module.

Assertion (2): The module C ®@ M = C® M is the cuspidal GLo(Fs)-module indexed by
Q(¢e)t Q
the Frobenius orbit {4,20} C Z/24Z.

Assertion (3): The element e maps the element ¢ to

e = %(45— 3 ([L1:0]ox+z0[0:1])
€P! (F5)\{[1:0],[0:1]}
— 3 [1:270][1: 2
1€[0,3]
+2 3 [1:20(1: 242 | .
1€[0,3]

Assertion (4): Wehave p+1=6=2-3 and p=>5=, 1.

So p = 5 satisfies the assumption made in (3), where Candidates(5) = {g € G : ¢ has order 5+ 1}.
We have | Candidates(5)| = 20 and S, = M for g € Candidates(5).

We have Candidates; (5) = {[g}]} C Candidates(5). E.g. for g = [g” we have S, = M.
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4.4.3 The case of p=7

Let p=1T1.

Using Magma to decompose Sym?(T), we observe that there exists a unique irreducible sub-
module M C Sym*(T) of dimension dimg(M) = 12. Let e € Endge(Sym*(T)) be the unique
central primitive idempotent such that M = Sym?(T)e.

Assertion (1): We have dimg(M) = SDE‘““T(HU(? —1) =12.

Furthermore, we have Endgg (M) ~ Q(¢s)™ = Q(v/2).

Moreover, the module M is an absolutely irreducible Q(v/2) GLy(F;)-module and C ® M is
a cuspidal C GLy(F;)-module. Av2)

Assertion (2): There are 2 embeddings Q(¢g)™ — C. The resulting modules C ® M are the
Q(¢s)t
cuspidal GLy(F;)-modules indexed by the Frobenius orbits {6,42} and {18,30} in Z/48Z.

Assertion (3): The element e maps the element ¢ to

fe = %(125—2 3 ([1:0]oz+z0[0:1])

x€P1(F7)\{[1:0],[0:1]}
+4 3 [1:37o[1: 3

1€[0,5]

-2 3> [1:3o1: 3”3]) )

i€[0,5)

Assertion (4): We have p+1=8=23and p=17 =, 3.
So p = 7 satisfies the assumption made in (3), where Candidates(7) = {g € G : g has order 7 — 1}.

We have | Candidates(7)| = 56. There are 42 elements g € Candidates(7) with S, = M. The
other 14 elements yield a GLy(IF;)-module of dimension 8 over Q. For example the, element
g= [32] € G is of order 6 and dimg(S,) = 8.

We have Candidates; (7) = {[3}] }. For g = [(2)1] we have S, = M.

Moreover, note that the subset {¢g € Candidates(7) : S, = M} C Candidates(7) is not closed
under conjugation. For example, for g = [g” and h = [?_}] we have S; = M and Sy # M
since dimg(S,») = 8.
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4.4.4 The case of p =11

Let p = 11.

Using Magma to decompose Sym?(T"), we observe that there exists a unique irreducible sub-
module M C Sym?*(T) of dimension dimg(M) = 20. Let e € Endge(Sym*(T)) be the unique
central primitive idempotent such that M = Sym*(T)e.

Assertion (1): We have dimg(M) = w(ll —1)=20.

Furthermore, we have Endgg(M) ~ Q(Ci2)™ = Q(v/3). Moreover, the module M is an abso-

lutely irreducible Q(\/g) GLy(F1)-module and C ® M is a cuspidal C GLy(IFj; )-module.
Q(v3)

Assertion (2): There are 2 embeddings Q((;2)" — C. The resulting modules C ® M are the
Q(Gi2)+
cuspidal GLy(IFy;)-modules indexed by the Frobenius orbits {10,110} and {50, 70} in Z/120Z.

Assertion (3): The element e maps the element ¢ to

e = %(205—2 > (1:0lox+2x0]0:1])
2P (Fi1)\{[1:0],0:1]}

+8 3 [1:2] 0121+
1€10,9]

-2 57 [1:2]0]1: 203
i€[0,9]

—4 Y [1:27of1:21+4] ) .
1€[0,9]

Assertion (4): We have p+1=12=2?-3 and p =11 =4 3.

So p = 11 satisfies the assumption made in (3), where

Candidates(11) = {g € G : g has order 11 — 1} .

We have | Candidates(11)| = 264. There are 110 elements g € Candidates(11) with S, = M.
There are 110 elements in Candidates(11) which yield a GLy(F;)-module of dimension 30 over
Q. The other 44 elements yield a GLg(F;)-module of dimension 12 over Q. For example, the
element g = [3(1)] € G is of order 10 and dimg(.S,) = 12.

We have Candidates; (11) = {[gﬂ : [(1)}]} For g = [(1)}] we have S, = M. For g = [8}] we
obtain dimg(.S,) = 30.
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4.4.5 The case of p =13

Let p = 13.

Using Magma to decompose Sym?(T'), we observe that there exists a unique irreducible sub-
module M C Sym?*(T) of dimension dimg(M) = 36. Let e € Endge(Sym*(T)) be the unique
central primitive idempotent such that M = Sym?(T)e.

Assertion (1): We have dimg(M) = w(m —1) = 36.

Furthermore, we have Endgg(M) ~ Q(¢14)T = Q. Moreover, the module M is an abso-

lutely irreducible Q(¢14)* GLo(IFi3)-module and C ® 5, is a cuspidal C GLy(IF;3)-module
14)7T

for g € Candidates(13). @)

Assertion (2): There are 3 embeddings Q((y4)™ — C. The resulting modules C ® M are the

Q(Cra)*
cuspidal GLy(F3)-modules indexed by the Frobenius orbits {12,156}, {36,132} and {60, 108}

in 7,/168Z.

Assertion (3): The element e maps the element ¢ to

fe = & (365 3 > (1:0lox4+z0]0:1])

z€P!(Fi3)\{[1:0],[0:1]}

+3 >0 [1:2]o[1: 2]
1€[0,11]
=8 > [1:27]o][1:277]
1€[0,11]
— > [1:2]0]1:279
i€[0,11]
+8 ST [1:2o0[1: 20
1€[0,11]
— > [1:2]0]l:279]
1€[0,11]
+2 > [1: Qi] ofl: 2“‘6] .
i€[0,11]

Assertion (4): Wehavep+1=14=2-7Tand p=13=4 1.

So p = 13 satisfies the assumption made in (3), where
Candidates(13) = {g € G : g has order 13+ 1} .

We have | Candidates(13)| = 468 and S, = M for g € Candidates(13).



4.4 Some evidence 237

4.4.6 The case of p =17

Let p = 17.

Using Magma to decompose Sym?(T"), we observe that there exists a unique irreducible sub-
module M C Sym*(T) of dimension dimg(M) = 48. Let e € Endgg(Sym?(T)) be the unique
central primitive idempotent such that M = Sym?*(T)e.

Assertion (1): We have dimg(M) = w(l? 1) = 48.

Furthermore, we have Endgg(M) ~ Q(¢18)*. Moreover, the module M is an absolutely irre-

ducible Q(¢18)" GLy(Fi7)-module and C  ® M is a cuspidal C GLy(F;7)-module.
Q(¢18)*

Assertion (2): There are 3 embeddings Q(¢15)T — C. The resulting modules C ® M are the
Q(¢s) T
cuspidal GLy(IF;7)-modules indexed by the Frobenius orbits {16,272}, {80,208} and {112,176}

in Z,/2887Z.

Assertion (3): The element e maps the element & to

e = 306<48§ 3 > ([1:0]oczxz+20(0:1])

x€PL(Fi7)\{[1:0],[0:1]}

—6 > [1:37]o[1:3]
1€[0,15]

—12 > [1:37o[1:3"2

i€[0,15]

+6 > [1:3]o0[1: 3
i€[0,15]

+6 > [1:3]0]1: 3]
1€[0,15]

+6 > [1:3]o[l: 37
1€[0,15]

i€[0,15]

+3 > [1:3]0ol: 3”7]) :

Assertion (4): We have p+1=18=2-3*and p =17 =4 1.

So p = 17 satisfies the assumption made in (3), where

Candidates(17) = {g € G : g has order 17+ 1} .

We have | Candidates(17)| = 816. There are 272 elements g € Candidates(17) with S, = M
The other 544 elements yield a GLg(IF;7)-module of dimension 64 over Q. For example, the
element g = [0 7} € G is of order 18 and dimg(S,) = 64.
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We have Candidates; (17) = {[104}] : [%] : [1001} }.
For g = [100}] we have S, = M.

For g € {[104}] , [%]} we have S, # M as dimg(S,) = 64.

Let W := {¢ € Candidates(17) : S, = M}. For w € W the set of corresponding minimal

polynomials is

{X?+5X +5, X?248X+6, X?4+7X+3, X?+X+7,
X24+9X 46, X24+4X+10, X%2412X +5, X?24+10X + 3,
X2 +3X +12, X2+ 14X +12, X?+16X+7, X2+13X+10}

Whereas for w € Candidates(17) \ W we have

{X?24+2X +12, X2+ 13X +14, X?24+10X +11, X2+ 16X + 3,
X?2411X+3, X?2+6X+3, X?2+3X+10, X?2+X+3,
X2 414X +10, X?2+15X +6, X?2+15X +12, X?2+13X +7,
X2 +7X +11, X?248X+5, X?24+5X+12, X?24+11X +6,
X?24+3X+5  X?246X+6, X?+14X+5, X?24+16X + 10,
X2 4+9X 45, X?24+4X+7, X 4+X+10, X?2+12X +12,
X2 4+2X +6 1.

Note that these sets are disjoint.

4.4.7 The case of p =19

Let p = 19.

Using Magma to decompose Sym?(T"), we observe that there exists a unique irreducible sub-
module M C Sym?*(T) of dimension dimg(M) = 72. Let e € Endge(Sym*(T)) be the unique
central primitive idempotent such that M = Sym?(T)e.

Assertion (1): We have dimg(M) = W(w —1) =72

Furthermore, we have Endge(M) ~ Q({a0)*. Moreover, the module M is an absolutely irre-
ducible Q(()" GLy(Fig)-module and C  ® M is a cuspidal C GLy(Fjg)-module.
Q(C20)F

Assertion (2): There are 4 embeddings Q((9)" — C. The resulting modules C ® M are
Q(C20)
the cuspidal GLg(Fi9)-modules indexed by the Frobenius orbits {18,342}, {54,306}, {126,234}

and {162,198} in Z/360Z.

Assertion (3): The element e maps the element ¢ to
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e

z€P! (Fi9)\{[1:0],[0:1]}

+8 3 [1:270(1: 20
1€[0,17]

+8 > [1:2o0[1: 202

i€[0,17]

+4 37 [1:2]o0[1: 203
1€[0,17]

—4 > [1:270[1: 2]
i€[0,17]

380 <72§ 4 >

—14 37 [1:2]0[1:27]
1€[0,17]

—6 6[0217][ 2o [1:2%7]

+4 > [1:2]0[1: 208
1€[0,17]

Y 1261 2i+9]> |
1€[0,17]

(1:0lox+2x0]0:1])

Assertion (4): We have p+1=20=2%.5and p =19 =, 3.

So p = 19 satisfies the assumption made in (3), where

Candidates(19) = {g € G : g has order 19 — 1} .

We have | Candidates(19)| = 1140. There are 342 elements g € Candidates(19) with S, = M
There are 114 elements in Candidates(19) which yield a GLy(FFi9)-module of dimension 20 over
Q. The other 684 elements yield a GLy(Fg)-module of dimension 90 over Q. For example, the
element g = [g?] € G is of order 18 and dimg(.S,) = 20.

We have Candidates;(19) = {[01} : [2}] : [111]} For g = [2}] we have S, =

g e {[(ﬁ] : [111]} we have S, # M as dimg(S,) = 90.

M. For
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4.4.8 The case of p =23

Let p = 23.

Using Magma to decompose Sym?(T'), we observe that there exists a unique irreducible sub-
module M C Sym?*(T) of dimension dimg(M) = 88. Let e € Endgg(Sym*(T)) be the unique
central primitive idempotent such that M = Sym?(T)e.

Assertion (1): We have dimg(M) = %%H)(% —1) =88.

Furthermore, we have Endgg(M) ~ Q((24)". Moreover, the module M is an absolutely irre-

ducible Q((24)" GLy(Fo3)-module and C  ® M is a cuspidal C GLg(Fy3)-module.
Q(¢2a)*

Assertion (2): There are 4 embeddings Q((24)™ — C. The resulting modules C ® M are the
Q(Caa)*
cuspidal GLy(FFo3)-modules indexed by the Frobenius orbits {22,506}, {110,418}, {154,374}

and {242,286} in Z/528Z.

Assertion (3): The element e maps the element ¢ to

e = %(885—4 3 ([L:0]ox+z0[0:1])
x€P1(F23)\{[1:0],[0:1]}
+8 > [1:570([1: 5!
i€[0,21]
+8 > [1:570([1:5]
i€[0,21]
—8 > [1:50[l:5
1€[0,21]
—12 > [1:570][1: 5]
i€[0,21]

+8 > [1:5]0[l: 5

i€[0,21]

+8 > [1:570[1: 5"

i€[0,21]

—8 Y [1:50[l:5Y]

1€[0,21]

+8 > [1: 5i] ofl: 5i+10]
i€[0,21]

—8 > [1:570]l: 5”11]) )

i€[0,21]

Assertion (4): We have p+1=24 =23.3 and p = 23 =4 3.
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So p = 23 satisfies the assumption made in (3), where

Candidates(23) = {g € G : g has order 23 — 1} .

We have | Candidates(23)| = 2760. There are 506 elements g € Candidates(23) with S, = M.
There are 230 elements in Candidates(23) which yield a GLy(FFo3)-module of dimension 24 over
Q. The other 2024 elements yield a GLy(Fo3)-module of dimension 132 over Q. For example,
the element g = [8(1)] € G is of order 22 and dimg(S,) = 24.

We have Candidates;(23) = {[3}}, [g}], [g”, [102}], [1081]}. For g = [3}] we have
Sy =M. For g € {[gﬂ ) [2” , [1021} , [108}]} we have S, # M as dimg(S,) = 132.

4.4.9 The case of p =29

Let p = 29.

Using Magma to decompose Sym?(T"), we observe that there exists a unique irreducible sub-
module M C Sym?*(T) of dimension dimg(M) = 112. Let e € Endgg(Sym?(T)) be the unique
central primitive idempotent such that M = Sym?(T)e.

Assertion (1): We have dimg(M) = W(% —1)=112.

Furthermore, we have Endge(M) ~ Q((30)*T. Moreover, the module M is an absolutely irre-

ducible Q((30)" GLa(Fp9)-module and C  ® M is a cuspidal C GLg(Fy9)-module.
Q(C29) "

Assertion (2): There are 4 embeddings Q((39)" — C. The resulting modules C ® M are the
Q(Cz0)*™
cuspidal GLy(Fy9)-modules indexed by the Frobenius orbits {28,812}, {196,644}, {308,532}

and {364,476} in Z/840Z.

Assertion (3): The element e maps the element ¢ to
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fe = & <112§ 4 > (1:0lox+20]0:1])

a:EPl(Fzg)\{[lto}»[O:l]}

1€[0,27]
—6 > [1:27]o[1:272
1€[0,27]
-3 > [1:270[1:213
i€]0,27]
+12 57 [1: 20 [1: 20
i€[0,27]
+ > [1:290][1: 2]
i€]0,27]
=12 > [1:270[1: 2119
i€]0,27]
+4 > [1:20[1: 207
i€]0,27]
—10 > [1:27o][1: 218
1€[0,27]
+4 30 (1270127
1€[0,27]
+10 >0 [1:27 012719
i€[0,27]
+ > [1:2] 0120
1€[0,27]
—6 > [1:270]1: 212
1€[0,27]
—15 >0 [1:270][1: 219
1€[0,27]
+12 37 [1:27o0[1: 201 | .
i€[0,27)

Assertion (4):

Note that p+ 1 =30 =2-3 -5 has three distinct prime factors, so the conclusion of (3) is not

conjectured.

For ¢ € Candidates(29) we have dimg(S,) € {140,168,196} and S, is not a irreducible
QG-module. Hence the submodule M is not isomorphic to a submodule S, for some g €
Candidates(29).

In fact, we do not know a generating element of M of the form > &-u-e,, where U < G and
uelU
en €{-1,1} foru e U.
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4.4.10 The case of p = 31

Let p = 31.

Using Magma to decompose Sym?(T"), we observe that there exists a unique irreducible sub-
module M C Sym?*(T) of dimension dimg (M) = 240. Let e € Endgg(Sym?(T)) be the unique
central primitive idempotent such that M = Sym*(T)e.

Assertion (1): We have dimg(M) = %M(Sl — 1) = 240.

Furthermore, we have Endgg(M) ~ Q((32)". Moreover, the module M is an absolutely irre-

ducible Q((32)" GLa(Fs1)-module and C @ M is a cuspidal C GLg(Fs;)-module.
Q(¢s2)™

Assertion (2): There are 8 embeddings Q((32)™ — C. The resulting modules C ® M are
Q(¢s2) T
the cuspidal GLy(IFs1)-modules indexed by the Frobenius orbits {30,930}, {90, 870}, {150,810},

{210, 750}, {270,690}, {330,630}, {390,570} and {450,510} in Z/960Z.

Assertion (3): For size reasons it was not possible to calculate the idempotent e with help of a

computer.
Assertion (4): We have p+1=32=2° and p = 31 =, 3.

So p = 31 satisfies the assumption made in (3), where
Candidates(31) = {g € G : g has order 31 — 1} .

We have | Candidates(31)| = 3968. There are 3720 elements g € Candidates(31) with S, = M.
There are 248 elements in Candidates(31) which yield a GLg(F;;)-module of dimension 32 over
Q. For example, the element g = <g?> € G is of order 30 and dimg(S,) = 32.

We have Candidates;(31) = {[?ﬂ : [g}] : [200” ) [2051}}.

For g € Candidates;(31) we have S, = M.
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4.4.11 The case of p =37

Let p = 37.

Using Magma to decompose Sym2(T), we observe that there exists a unique irreducible sub-
module M C Sym?*(T) of dimension dimg(M) = 324. Let e € Endgg(Sym?(T)) be the unique
central primitive idempotent such that M = Sym?*(T)e.

Assertion (1): We have dimg(M) = M(ZS? — 1) =324

Furthermore, we have Endgg(M) ~ Q((35)". Moreover, the module M is an absolutely irre-

ducible Q((3s)" GLa(F37)-module and C ® M is a cuspidal C GLy(Fs7)-module.
Q(¢ss) ™
Assertion (2): There are 9 embeddings Q((33)™ — C. The resulting modules C ® M
Q(¢s8) ™
are the cuspidal GLy(Fs7)-modules indexed by the Frobenius orbits {36, 1332}, {108, 1260},

{180,1188}, {252,1116}, {324,1044}, {396,972}, {468,900}, {540,828} and {612,756} in
7./1368Z.

Assertion (3): For size reasons it was not possible to calculate the idempotent e with help of a

computer.
Assertion (4): We have p+1=38=2-19 and p=37=4 1.

So p = 37 satisfies the assumption made in (3), where
Candidates(37) = {g € G : g has order 37 + 1} .

We have | Candidates(37)| = 11988 and and S, = M for g € Candidates(37).

4.4.12 The case of p =41

Let p = 41.

Using Magma to decompose Sym?(T"), we observe that there exists a unique irreducible sub-
module M C Sym?*(T') of dimension dimg(M) = 240. Let e € Endgg(Sym?(T)) be the unique
central primitive idempotent such that M = Sym?*(T)e.

Assertion (1): We have dimg(M) = w(ﬂ — 1) = 240.

Furthermore, we have Endge(M) ~ Q({s2)*. Moreover, the module M is an absolutely irre-

ducible Q((42)" GLa(Fy;)-module and C  ® M is a cuspidal C GLy(Fy; )-module.
Q(Ca2)t

Assertion (2): There are 6 embeddings Q((4;2)"™ — C. The resulting modules C ® M
Q(Caz)*
are the cuspidal GLy(Fy;)-modules indexed by the Frobenius orbits {40, 1640}, {200, 1480},

{440, 1240}, {520, 1160}, {680, 1000} and {760,920} in Z/1680Z.
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Assertion (3): For size reasons it was not possible to calculate the idempotent e with help of a

computer.

Assertion (4): Note that p+1 =42 = 2-3-7 has three distinct prime factors, so the conclusion

of (3) is not conjectured.

For g € Candidates(41) we have dimg(S,) € {360,400} and S, is not a irreducible QG-module.

Hence the submodule M is not isomorphic to a submodule S, for some g € Candidates(41).

In fact, we do not know a generating element of M of the form >  &-u-e,, where U < G and
uel
en €{-1,1} foru e U.

4.4.13 The case of p =43

Let p = 43.
Using Magma to decompose Sym?*(T"), we observe that there exists a unique irreducible sub-

module M C Sym*(T) of dimension dimg(M) = 420. Let e € Endge Sym*(T)) be the unique
central primitive idempotent such that M = Sym?(T)e.

Assertion (1): We have dimg(M) = W(% — 1) = 420.

Furthermore, we have Endge(M) ~ Q((u4)t. Moreover, the module M is an absolutely irre-

ducible Q(¢y)" GLy(Fy3)-module and C  ® M is a cuspidal C GLy(Fy3)-module.
Q(Caa) T

Assertion (2): There are 10 embeddings Q({44)™ — C. The resulting modules C ® M
Q(Caa) ™
are the cuspidal GLy(Fy3)-modules indexed by the Frobenius orbits {42,1806}, {126,1722},

{210,1638}, {294, 1554}, {378,1470}, {546, 1302}, {630, 1218} , {714,1134}, {798,1050} and
{882,966} in Z/1848Z.

Assertion (3): For size reasons it was not possible to calculate the idempotent e with help of a

computer.
Assertion (4): We have p+1 =44 =2%.11 and p = 43 =, 3.

So p = 43 satisfies the assumption made in (3), where

Candidates(43) = {g € G : g has order 43 — 1} .

We have | Candidates(43)| = 11352.
We have Candidates; (43) = {[gﬂ , [81] ’ [103” ; [204}} ; (205%) ) [401 i]}
For g € {[Zﬂ , [103}]} we have S, = M.

For g € {[g” , [204}] : [205” , [401 1]} we have S, # M as dimg(S,) = 462.
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4.4.14 The case of p =47

Let p = 47.

Using Magma to decompose Sym?(T"), we observe that there exists a unique irreducible sub-
module M C Sym?*(T') of dimension dimg(M) = 368. Let e € Endgg(Sym?(7T)) be the unique
central primitive idempotent such that M = Sym?*(T)e.

Assertion (1): We have dimg(M) = w(ﬂ — 1) = 368.

Furthermore, we have Endgg(M) ~ Q((4s)™. Moreover, the module M is an absolutely irre-

ducible Q((45)" GLy(Fy7)-module and C  ® M is a cuspidal C GLy(Fy7)-module.
Q(¢a8)t

Assertion (2): There are 8 embeddings Q({4s)™ — C. The resulting modules C ® M
Q(Cas)*
are the cuspidal GLg(IFy7)-modules indexed by the Frobenius orbits {46,2162}, {230, 1978},

{322,1886}, {506, 1702}, {598,1610}, {782,1426}, {874,1334} and {1058, 1150} in Z,/2208Z.

Assertion (3): For size reasons it was not possible to calculate the idempotent e with help of a

computer.
Assertion (4): We have p+1 =48 =2*.3 and p = 47 =, 3.

So p = 47 satisfies the assumption made in (3), where

Candidates(47) = {g € G : g has order 47 — 1} .

We have | Candidates(47)| = 24816.
We have

Candidates; (47) = {[8}] , [Zﬂ ; [8” ) [3” ) [1021] ) [106}} ; [Qiﬂ ) [205}] ; [306” ) [307}] ) [421

For g € {[Z”} we have S, = M.

st [ 1] o) Tl [0 (2] o). 8] [

we have S, # M as dimg(S,) = 552.

For



Literature

1]
2]

3]

[4]

[5]
[6]

[7]

8]
[9]
[10]
[11]

[12]

[13]

[14]

M. Aigner and G. Ziegler. Proofs from The Book. Springer, 6th edition, 2018.

W. Bosma, J. Cannon, and C. Playoust. The Magma algebra system. I. The user language.
Journal of Symbolic Computation, 24:235-265, 1997.

N. Bourbaki. Eléments de mathématique, Algebre, Chapitres 4 a 7. Springer, 2007.

R. W. Carter. Cuspidal matrix representations for GLy(q) and GL3(q). Proceedings of the
London Mathematical Society, 64:487-523, 1992.

K. Erdmann. Blocks of Tame Representation Type and Related Algebras. Springer, 1990.

S. I. Gel'fand. Representations of the full linear group over a finite field. Mat. Sb. (N.S.),
83(125):15-41, 1970.

J. A. Green. The characters of the finite general linear groups. Transactions of the
American Mathematical Society, 80:402—-447, 1955.

K. Hoffman and R. Kunze. Linear Algebra. Prentice-Hall, 2nd edition, 1971.

B. Huppert. Finite Groups I. Springer, 2025.

I. M. Isaacs. Character Theory of Finite Groups. Academic Press, 1976.

G. James. The Representation Theory of the Symmetric Groups. Springer, 1978.

G. James. Unipotent Representations of the Finite General Linear Groups. Journal of
Algebra, 74:443-465, 1982.

G. James. Representations of General Linear Groups. Cambridge University Press, 1984.

G. James. The irreducible Representations of the Finite General Linear Groups. Proceed-

ings of the London Mathematical Society, 52:236-268, 1986.

247



248

Literature

[15]

[16]

[17]

[18]

[19]

E. Jespers, G. Olteanu, and A. del Rio. Rational Group Algebras of Finite Groups. Springer,
2010.

N. Kraufl. Descriptions of some double Burnside rings. Master’s thesis, Universitat
Stuttgart, 2017. URL: http://elib.uni-stuttgart.de/handle/11682/11429.

M. Kiinzer. Ties for the integral group ring of the symmetric group. PhD thesis, Universitat
Bielefeld, revised edition, 2001. URL: https://elib.uni-stuttgart.de/handle/11682/
18196.

Z. Ohmori. On the Schur indices of GL(n, q) and SL(2n+1, q). Journal of the Mathematical
Society of Japan, 29(4):693-707, 1977.

K. W. Roggenkamp. The isomorphism problem and units in group rings of finite groups.
In Groups—St Andrews 1981, volume 71 of London Mathematical Society Lecture Note
Series, pages 313-327. Cambridge University Press, Cambridge, 1982.

[. Tulunay. Cuspidal modules as summands of a Gel'fand-Graev module. Journal of
Algebra, 312:543-566, 2007.

E. Zelingher. On values of the Bessel function for generic representations of finite general
linear groups. Advances in Mathematics, 434:109314, 2023.

A. Zimmermann. Representation Theory: A Homological Algebra Point of View. Springer,
2014.


http://elib.uni-stuttgart.de/handle/11682/11429
https://elib.uni-stuttgart.de/handle/11682/18196
https://elib.uni-stuttgart.de/handle/11682/18196

List of Symbols

Symbol Description

R a commutative ring

K a field

Aut(K) automorphism group of K

QK an automorphism of K

z image rag of x € K

K an algebraic closure of K

w(K) the group of roots of unity of K

L a field extension L|K

P a prime number

q a power of a prime number

F T, a field with ¢ elements

G a finite group

Z(G) the center of G

Gg finite general linear group GLy(F)

Sn symmetric group on n elements

sgn signum of a permutation

PEuler Euler’s totient function

Ei; matrix in R™™ whose entry at position (i,j) is 1 and
whose other matrix entries are 0

U a subgroup of G

M a KG-module

My a permutation module K (U\G) over KG

Sk a certain submodule of My
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Description

a sesquilinear form on M

the sesquilinear dual of the K G-module M

Sg ={x € Mg : [z, Sk]x =0}

a triple of subgroups in G such that (J1,2) hold

subset of G\ (UV)

the set Tyvny U (UV) C G

a certain submodule of My associated to a James triple T
a quadruple of subgroups in G such that (J1,2,3’) hold
an idempotent element of Z(K D)

a certain submodule of M associated to a James quadru-

ple @ and a simple, symmetric
transposed partition of A Fn

permutation which converts the terminal A-tableau into
the initial A-tableau

inclusion map F* — FA

projection map FA — F

matrix representation in F™*" of a permutation o € S,
the set of permutation matrices of size n x n

the corresponding permutation in S,, for B € Perm,,
the vector in F**! having entry 1 at each position

a certain composition of n

parabolic subgroup associated to a composition A = n
a certain subgroup of G,

the pivot matrix of a matrix A

the set of matrices in layered row-echelon-form associated

to a composition A = n

set of right-coset representatives for (Pyx NPy, )\Px
transposition corresponding to y € Xy,

reflection 1, € G, attached to y € &y,

certain RG,-linear map

Location
Definition 3
Definition 5
Lemma 15
Section 1.2.1
Section 1.2.1
Section 1.2.1
Definition 39
Definition 66
Definition 74
Definition 77

Definition 49
Remark 52

Definition 97

Definition 97

Definition 101
Definition 101
Definition 101
Definition 101
Section 2.2.1

Definition 108
Definition 116
Definition 120
Definition 122

Lemma 137
Definition 139
Definition 139

Lemma 151
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Symbol
FAVyer
Sxx
Seen

Sx K

Jgen
S)\

Description

reflection container subgroup

a certain submodule of Mg
generator of Sy x

James’s unipotent Specht module

a generator of James for the unipotent Specht module

Location

Definition 154
Definition 160
Definition 160
Theorem 166
Definition 174
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