Nonisomorphic Verdier octahedra on the same base
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Abstract

We show by an example that in a Verdier triangulated category, there may exist two
mutually nonisomorphic Verdier octahedra containing the same commutative triangle.
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0 Introduction

0.1 Is being a 3-triangle characterised by 2-triangles?

VERDIER (implicitly) defined a Verdier octahedron to be a diagram in a triangulated category
in the shape of an octahedron, four of whose triangles are distinguished, the four others com-
mutative [5, Def. 1-1]; cf. also [1, 1.1.6]. It arises as follows.

To a morphism in a triangulated category, we can attach an object, called its cone. The morphism
we start with and its cone are contained in a distinguished triangle. To the morphism we started
with, we refer as the base of this distinguished triangle.

Now given a commutative triangle, we can form the cone on the first morphism, on the second
morphism and on their composite, yielding three distinguished triangles. These three cones
in turn are contained in a fourth distinguished triangle. The whole diagram obtained by this
construction is a Verdier octahedron. We shall refer to the commutative triangle we started with
as the base of this Verdier octahedron.

A distinguished triangle has the property of being determined up to isomorphism by its base.
Moreover, any morphism between the bases of two distinguished triangles can be extended to a
morphism between the whole distinguished triangles.

We shall show that the analogous assertion is not true for Verdier octahedra. In §3, we give an
example of two nonisomorphic Verdier octahedra on the same base. In particular, the identity
morphism between the bases cannot be prolonged to a morphism between the whole Verdier
octahedra.

The reader particularly interested in Verdier octahedra can read §1.1, §1.2, §1.4 and §3.

In the terminology of Heller triangulated categories, a Verdier octahedron is a periodic
3-pretriangle X such that Xd# is a 2-triangle (i.e. a distinguished triangle) for all injective
periodic monotone maps Ajg LS As.

One of the two Verdier octahedra in our example will be a 3-triangle in the sense of [4, Def. 1.5],
i.e. a “distinguished octahedron”, whereas the other will not.

Note that unlike a Verdier octahedron, a 3-triangle is uniquely determined up to isomorphism
by its base in the Heller triangulated context; cf. [4, Lem. 3.4.(6)].



0.2 Is being an n-triangle characterised by (n — 1)-triangles?

The situation of §0.1 can be generalised in the following manner.
Suppose given a closed Heller triangulated category (C, T,4); cf. [4, Def. 1.5], Definition 13.

The Heller triangulation ¥ = (9,,)n>0 on (C, T) can be viewed as a means to distinguish certain
periodic n-pretriangles as n-triangles. Namely, a periodic n-pretriangle X is, by definition, an
n-triangle if Xv,, = 1; cf. [4, Def. 1.5.(ii.2)]. For instance, 2-triangles are distinguished triangles
in the sense of Verdier; 3-triangles are particular, “distinguished” Verdier octahedra.

0.2.1 The example

Let n > 3. Let X be a periodic n-pretriangle. Suppose that Xd# is an (n — 1)-triangle for all

injective periodic monotone maps A,, S A, _1. One might ask whether X is an n-triangle.

We shall show in §2 by an example that this is, in general, not the case.

0.2.2 Consequences

Suppose given n > 3 and a subset of the set of periodic n-pretriangles. We shall say for the
moment that determination holds for this subset if for X and X out of this subset, X| A, = X A,
implies that there is a periodic isomorphism X ~ X. We shall say that prolongation holds for
this subset, if for X and X out of this subset and a morphism X A, — X |4, there exists a
periodic morphism X —» X that restricts on A,, to that given morphism. If prolongation holds,
then determination holds.

e Consider the subset of periodic n-pretriangles X such that Xd# is an (n — 1)-triangle for
all injective periodic monotone maps A, S A, _1. Our example shows that in general,
determination and prolongation do not hold for this subset. In fact, if X is such an

n-pretriangle, but not an n-triangle, then the n-triangle on the base X| A,, 18 not isomorphic
to X; cf. [4, Lem. 3.4.(1,4)].

e BERNSTEIN, BEILINSON and DELIGNE considered the subset of periodic n-pretriangles
X such that Xd# is a 2-triangle (i.e. a distinguished triangle) for all injective periodic
monotone maps A, S A, [1, 1.1.14]. Our example shows that in general, determination
and prolongation do not hold for this subset. In fact, this subset contains the previously
described subset.

In both of the cases above, if n = 3, then the condition singles out the subset of Verdier
octahedra.

e By [4, Lem. 3.4.(6); Lem. 3.2], determination and prolongation hold for the set of
n-triangles.



So morally, our example shows that it makes sense to let the Heller triangulation ¥ distinguish
n-triangles for all n > 0. There is no “sufficiently large” n we could be content with.

0.3 An appendix on transport of structure

Suppose given a Frobenius category &£; that is, an exact category with enough bijective objects
(relative to pure short exact sequences). Let B C & denote the full subcategory of bijective
objects.

There are two variants of the stable category of £. First, there is the classical stable category
&, defined as the quotient of £ modulo B. Second, there is the stable category £, defined as the
quotient of the category of purely acyclic complexes with entries in B modulo the category of
split acyclic complexes with entries in B. The categories £ and £ are equivalent. The advantage
of the variant £ is that it carries a shift automorphism, whereas £ carries a shift autoequivalence.

In [4, Cor. 4.7], we have endowed £ with a Heller triangulation. Now in our particular sit-
uation, also &£ carries a shift automorphism. Since £ is better suited for calculations within
that category, the question arises whether the equivalence £ ~ £ can be used to transport the
structure of a Heller triangulated category from £ to £. This is indeed the case; cf. Proposi-
tion 22.(1). Moreover, we give recipes how to detect and how to construct n-triangles in &; cf.
Propositions 22.(2, 3), 25.

Roughly put, the variant £ is rather suited for theoretical purposes, the variant £ is rather suited
for practical purposes, and we had to pass a result from £ to £. Not surprisingly, to do so, we
had to grapple with the various equivalences and isomorphisms involved.
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0.5 Notations and conventions

We use the conventions listed in [4, §0.6]. In addition, we use the following conventions.

i) If x and y are elements of a set, we let 9, , :=1if z =y, and we let 0, , := 0 if x # y.
Y Y
(ii) Given a € Z, we write Z/a := Z/aZ.

(iii) Given a ring R and R-modules X and Y, we write, by choice, p(X,Y) = r.mod(X,Y) = Hompg(X,Y).
Moreover, given k > 0, we write X% .= EBZ.E[L,C] X.



(iv) An automorphism T of a category C is an endofunctor on C for which there exists an endofunctor S such
that ST = 1¢ and T'S = 1¢. An autoequivalence T of a category C is an endofunctor on C for which there
exists an endofunctor S such that ST ~ 1z and T'S ~ 1¢.

(v) Let n > 0. Recall that A2 = {3/a € A¥ : 0 < a < f < 0} C A#. We will often display an
n-triangle or a periodic n-pretriangle in a Heller triangulated category C by showing its restriction to
ALY N ({afa @ 0 < a < 0P} u{0t/0}). This is possible without loss of information, for we can
reconstruct the whole diagram by adding zeroes on a/a for 0 < a < 07! and on 0*1/0, and then by
periodic prolongation.

(vi) Suppose given a Heller triangulated category C. A Verdier octahedron in C is a periodic 3-pretriangle
X € Ob ¢tperiodic(A#Y) such that Xd# e Ob Ctperiodic(A%) s a 2-triangle for all injective periodic

_ d -
monotone maps Az <—— As.

’Henceforth, let p>2bea prime.‘

1 The classical stable category of (Z/p™)-mod

1.1 The category (Z/p™)-mod

Let m > 0. By € := (Z/p™)-mod we understand the following category.

The objects are indexed by tuples (ai)ie[o,m] with a; € Zyp. To such an index, we attach the

P @/

1€[0,m]

object

As morphisms, we take Z/p™-linear maps.
Note that we have not chosen a skeleton. The trick here is to pick several zero objects.

The duality contrafunctor z,m(—,Z/p™) on &, which sends Z/p* to Z/p" for i € [1,m], shows
that an object in this category is injective if and only if it is projective. An object of & is
bijective if and only if it is isomorphic to a finite direct sum of copies of Z/p™. The category
£ is an abelian Frobenius category, with all short exact sequences stipulated to be pure; cf. e.g.
[4, Def. A.5.(2)].

1.2 The shift on (Z/p™)-mod

To define a shift automorphism on the classical stable category £ = (Z/p™)-mod, we shall
distinguish certain (pure) short exact sequences in &; cf. §A.4.2.1, [4, Def. A.7].

1 1
Let By = , denote the unit matrix of size k x k; let E} := (1 ) denote the reversed

unit matrix of size k x k.



As distinguished (pure) short exact sequences we take those of the form

meaO JoU
pmf 1 Eal

P Ean, E!

Diciom (Z/p)*" (Z)p™)® Zictom) AL Diciom (Z/p) 0=

So roughly speaking, distinguished short exact sequences are direct sums of those of the form

m—1

. 1 .
Z/p e Z/p" LT
where i € [0, m]; we reorder the summands the cokernel term consists of.
With this choice, conditions (i, ii, ii) of §A.4.2.1 are satisfied.

On indecomposable objects and morphisms between them, the shift automorphism induced on
& by our set of distinguished short exact sequences is given by

a

(Zfp — T = (Z)pm Pz

where 7, j € [0,m], and where a is a representative in Z. Note that if i < j, then a is divisible
by pi~.

min(m—i, j)

Note that Z/p’ —“~ Z/p’ represents zero in £ if and only if @ is divisible by p

1.3 A Heller triangulation on (Z/p™)-mod

Concerning the notation E9(ALY), cf. §A.3. Given n > 0 and X € ObE&Z(AL), we form
X7 € Qb gHperiedic(ALY) with respect to the set of distinguished short exact sequences of §1.2
as described in §A.4.2.3. That is, we replace the rightmost column of X by the column ob-
tained using distinguished short exact sequences, so that (X7)o+1/ = ((X7).0)t = (Xy0)th;
of. §A.4.2.3.

Remark 1 If the short exact sequences

T

Xa/() (ﬂ Xa/a @XOH/O H_E» X0+1/a

appearing in the diagram X for 1 < a < n already are distinguished, then the image of X in
Ob ET(ALY) equals X™.

Concerning the notion of a closed Heller triangulated category, cf. Definition 13 in §A.2.

Remark 2 The classical stable category € = (Z/p™)-mod carries a closed Heller triangulation

such that given n > 0 and X € Ob&EZ(ALY), the periodic prolongation of X7 to an object of
Eperiodic(A#Y s an n-triangle.

Proof. The assertion follows by Proposition 22.(1) in §A.4.2.1 and Proposition 25 in §A.4.2.4. o



1.4 A Verdier triangulation on (Z/p™)-mod

By [3, Th. 2.6], £ = (Z/p™)-mod is a Verdier triangulated category, i.e. a triangulated category
in the sense of VERDIER [5, Def. 1-1].

This also follows by Remark 2 and by [4, Prop. 3.6], which says that any Heller triangulated category
in which idempotents split is also Verdier triangulated. The 2-triangles in the Heller context are

the distinguished triangles in the Verdier context.

Given a morphism X Jevineg , using the distinguished short exact sequence X ——~ B -~ X1,
where B is bijective, we can form the morphism

Y—Q»Z—|—>X+1
1
X —>B—+—= XT1

of short exact sequences, from which the sequence

X4f>Y—0—>Z—|—>X+1

represents a distinguished triangle in the Verdier triangulated category £.

2 Nonisomorphic periodic n-pretriangles

Nonisomorphic periodic n-pretriangles whose periodic (n — 1)-pretriangles are all (n — 1)-triangles,

to be specific.

Let n > 3. Let C := (Z/p*")-mod, and let it be endowed with a shift automorphism as in §1.2
and a Heller triangulation as in §1.3.

2.1 A (2n — 1)-triangle

Let Y be the following (2n — 1)-triangle in C.



1 1 1

Z/pl L Z/p2n74 LR Z/pznfg P, Z/pznfz

IT 1 1 1

p p _ p n—2 P n—
Z/p! Z/pn3 - 7,/p?n2 ~ 7 /p¥1

P P P p e P e
Z/pt —=Z/p? Z/p" ™ ——=1Z/p""!

p

Here we have made use of the convention from §0.5 that we display of Y only its restriction to the

subposet {8/a € A¥ | : 0< a< B <0, B/a # 01/0}, which is possible without loss of
2n—1

information. Similarly below.

It arises from a diagram on A2V with values in (Z/p®*)-mod that consists of squares, has entry
Z/p* at position 071 /0, and has the quadrangle

Z/p2”*2 P Z/p2n71

! |-

Z/pZn—l p Z/p2n
in its lower right corner. This diagram contains the necessary distinguished short exact sequences
with the necessary signs inserted for Y to be in fact a (2n — 1)-triangle; cf. Remarks 1, 2.
2.2 An n-triangle and a periodic n-pretriangle

We apply the folding operator f,_; to the (2n — 1)-triangle Y obtained in §2.1, yielding the
n-triangle Yf,_1, which we shall display now; cf. [4, Lem. 3.4.(2), §1.2.2.3].



8%

Z/p'®Z/p" !

6]

(0

(07
(67)

(05)

(69)

Z/pl @Z/p2n—1 4 Z/p

(69)

Z/p'eZ/p —=Z/p"

(05)

(07)

(07

==L /p" QL " =L [p" PR L T —= L /p"

(05) v

-1
2@Z/p2n—2 R Z/pn

Z/p"
),

n—2 p

-p

p

p

()

p0 p0 p0 p0 —-p
Z/p'®Z/p*"~ 8 )Z/ POZ/p™ A8 )'--g)z/p"‘2®z/p”+2@Z/p"*@z/p”“(;l) Z/p"
T(lp"‘l) T(lp"—"’) (1-p") (1-p)
Z/pt ——Z/p" Z/pt — L Z/p" L Z/p"

Let X be the n-triangle obtained from Yf,_; by isomorphic substitution along (0 1) on all
terms consisting of two summands; cf. [4, Lem. 3.4.(4)]. So X can be displayed as follows.

t2)

Z/p'@Z/p" T —=

01
Z/pl EBZ/an—l < Z/p

(0p

(0

(67)

pO0

pO

Z/p'oZ/p T —=Z/p"

(07

(0p

(05

S Ly S 2Ly 2

p

o)

QEBZ/pQ'IL—Q 5 Z/pn

) P

p

(1)

(0p) (op (67 P
N (1) T% TG e B () M N ) U
Z/p*®Z/p —=Z/p*®Z/p — ==L/ P RL/p" T —=Z[p" DL/ —=Z[p

T(wl) T(w”) (17°) (1n)

Z/p" —L—=Z/p" £ A — Z/p" £ Z/p"

Let X be the following periodic n-pretriangle.
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Z/p"

n—1 p

-p

1
Z/pl@z/anfl R Z/pn

(15| PR

(69)

Z/p ©Z/p !~ L)y Ly "
(07 (0 g
(05) (05) v

p0 pO

01

(1)

STy e S 2y e L S Ty

(po) (%)g> (_p}l732> (7p) p
.. ii Z/pnf2@z/pn+2 . Z/pn—l@z/pwrl ‘1> Z/p"

p 0
D)

p

2tz L
(0p)
2n— l(po) T 21— 2(80)
Z/p'®Z/p" ' —=Z/p*®Z/p :
T(m ) T(w-?)
Z/p" L v

(1p)

Z/p"

Z/p" Z/p"

To verify that X actually is an n-pretriangle, a comparison with X reduces us to show
that the three quadrangles depicted in full in the lower right corner of X are weak
Of these three, the middle quadrangle arises from the corresponding one of X

1 0
pn73 1

—_—
~

squares.

by an isomorphic substitution along Z/p"~' @ Z/p"™! Z/p"' @ Z/p™tt, and

thus is a weak square. For the lower one, we may apply [4, Lem. A.17] to the diagram
(Xl/o, X, 1/05 Xn/o, X0+1/0, X1/17 X, 115 Xn/l, X0+1/1) and compare with X to show that it
is a weak square. For the right hand side one, we may apply [4, Lem. A.17] to the diagram
(Xn/o, Xn/1, Xn/g, Xn/n, X0+1/0, X0+1/1, X0+1/2, X0+1/n) and compare with X to show that it is
a weak square.

Given k € [0,n], we let An& A,_1 be the periodic monotone map determined by
[0,n —1]dy = [0,n] \ {k}.

Lemma 3 Suppose given k € [0,n].

(1) The diagram Xdi

is an (n — 1)-triangle.

(2) We have Xdi ~ Xd¥ in Ctreriodic(A# |y,
Proof. Since X is an n-triangle, Xd7 is an (n — 1)-triangle; cf. [4, Lem. 3.4.(1)]. Since
Xd,ﬁ#u%1 = Xd,ﬂAnil, the diagram Xd7 is an (n — 1)-triangle if and only if it is isomorphic to
Xdf in ¢toperiodic(A# ). of [4, Lem. 3.4.(4,6)]. So assertions (1) and (2) are equivalent. We
will prove (2).



11

When referring to an object on a certain position in the diagram X d,’f resp. X dk#, we shall also
mention in parentheses its position as an object in the diagram X resp. X for ease of orientation.

When constructing a morphism in CHPeriedic(A# ) e will give its components on
{j/i - 0<i<j<n—1}CA” | the remaining components result thereof by periodic rep-

n—1>
etition.

Case k € {1, n}. We have Xd¥ = Xd¥ and Xd# = Xd#.

Case k = 0. We claim that Xdz)éé is isomorphic to XdééE in C+’peri°dic(5#_1). In fact, an isomor-
phism Xd} -~ Xd7 is given by

1 0
V/ n—1 7 n+1 (p7L73 1) i/ n—1 V/ n+41
/" @Lp"T ———~ Z[/p"T ®ZL/p

at position (n — 1)/0 (position n/1 in X resp. X), and by the identity elsewhere. This proves
the claim.

Case k € [2,n — 1]. We claim that Xd} is isomorphic to Xd}* in ¢TPeriedic(A# ) In fact, an
isomorphism X dk# e X dk# is given as follows.
At position j/0 for j € [1,n — 1] (position j/0if j < k—1and (j+1)/0if j > k in X resp. X),
it is given by the identity on Z/p™.
At position j/i for i, j € [1,k — 1] such that ¢ < j (position j/i in X resp. X)), it is given by
the identity on Z/p’~* @ Z /p*" I+
At position j/i for i, j € [k,n — 1] such that i < j (position (j +1)/(i+ 1) in X resp. X), it is
given by the identity on Z/p7~" & Z/p*" 7+
At position j/i for i € [1,k — 1] and j € [k,n — 1] such that j/i # (n — 1)/1 (position (j +1)/i
in X resp. X), it is given by
(oh1)
; ) . .\ —piTltl X X . X

Z/ijrlfz D Z/p2nfj*1+2 p _ Z/ijrlfz D Z/p2n7j71+7,

At position (n—1)/1 (position n/1 in X resp. X), it is given by the identity on Z/p"~ ' @& Z/p"t!.

This proves the claim. o

Lemma 4 X is not isomorphic to X in CTPeriodic(A#),

In particular, X is not an n-triangle; cf. [4, Lem. 3.4.(6)].

Proof. We assume the contrary. By [4, 3.4.(4)], X and X are n-triangles. Thus, by [4, 3.4.(6)],
there is an isomorphism X <~ X that is identical at i/0 and at 0*!/i for i € [1,7n]. Let

( O‘Z/k p2n—213+2kbe/k )
Coe/k L

Z/pffk@z/p2nf€+k Z/pffk@z/pQTLféJrk

denote the entry of this isomorphism at ¢/k, where 1 < k < /¢ < n.
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If ¢ — k > 2, we have the following commutative quadrangle in C on £/k — (/(k + 1).

10
(0p)
Z/pé—k@z/p2n—£+k p Z/pf—k—l@z/p2n—é+k+1

(az/k p2n—2[+2kbz/k) (W/(k+1) p2n—22+2k+2be/(k+1))
Co/k dy/g, Co/(k+1) dg/(k+1)

Z/pffk@z/p2nf€+k Z/péfkfl @Z/p2n76+k+1

((1)2) = O/k,n/1 (pn073 8)

We read off the congruences

(i) ok — Oupin/t D" 2o Zpe-n-1 PCoj(t)
(ii) bk =pe-r-1 Dbyt -

From (i) we infer

(iii) cn/l—pnf?’dn/l =pn-2 plcn/Q =2 p2cn/3 =2 ... =pn2 p"fzcn/(n_l) =2 0.
From (ii) we infer

(iv) byt =pn-2 Pz Zpn-2 pbusz Zpn-2 .. Zpa-2 P bpjno1) =gz 0.

On n/1—071/1, we have the following commutative quadrangle in C.

—-p

Z/pnfl@z/prwrl @) Z/pn
Ap ) p2bn/
(Cn/i d*n/ll)l
Z/p oL/ =2 /p"
(%)
We read off the congruence

(V) —an/l + dn/l Epn—l 1.

On n/0—n/1, we have the following commutative quadrangle in C.

n(lp) n— n
Z/p"—=Z/p" ' ®ZL/p"T!

An /1 p2bn/1
Cn/1 dn/l

n n—1 n+1
Z/p" gy /0" L)
We read off the congruence

(Vi) pbn/l + dn/l =pn-1 1.
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By (iii) resp. (iv) we conclude from (v) resp. (vi) that

(V/) (1—pn_2)dn/1 =pn-t 1
(Vi/> dn/l =pn-1 1.

which is absurd. o

3 Nonisomorphic Verdier octahedra

Since in §2, the category C is also a Verdier triangulated category, specialising to n = 3 yields
two nonisomorphic Verdier octahedra on the same base. In this particular case, we shall now
give a somewhat longer argument alternative to that given in §2 that is independent of [4], whose

techniques might not be familiar to all readers. Nonetheless, §3 is a particular case of §2.

Let C := (Z/p®) -mod, and let it be endowed with a shift automorphism as in §1.2 and a Verdier
triangulation as in §1.4.

Let the diagram X be given by
Z/p’

Z/pléfz/pf’(i)* Z%‘”’

pO (0p) —p P

Z/p'®ZL/p° @ Z/p*oZ/p’ Q) Z/p’
(1) lan

Z/p?———Z7/p  ————=Z/p’

Let the diagram X be given by
Z/p’

,plz) TP

Z/JOITZ/ZD5 — Z/Tp3

by (-17) I

Z/pl@Z/p"’@Z/pz@z/p“Q*Z/p3
T(w?) Tup)

Z/pP——=1Z)p  ——— 7P’
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Lemma 5 Both X and X are Verdier octahedra.
In contrast to the procedure in §2, to prove this, we will not make use of the folding operation.

Proof. For the periodic monotone map As S A, that maps 0«0, 1 <1 and 2 <2, we obtain
X df =X d?f, horizontally displayed as

(1) (%)

Z/p® —=Z)p* = Z/pBL)p° =L [p* .

The following morphism of short exact sequences in (Z/p%) -mod shows Xd¥ to be a distinguished

(15?) ()

Z/p* —s=Z/p®Z/p° —=Z1/p*

pT T(o 1)
p3

Z/p’

triangle.

Z./p® ———Z/p°

For the periodic monotone map As A A, that maps 0<—0, 241 and 3 <2, we obtain the
distinguished triangle Xd¥ = Xd¥ = Xd7¥ again.

For the periodic monotone map As L A, that maps 040, 1«41 and 3 <42, we obtain the
diagram X A =X df , horizontally displayed as

—-p

20 20 Doz g

The following morphism of short exact sequences in (Z/p%) -mod shows X df to be a distinguished

(1)

Z/p? 0z Z/p*®L/p* —+=7Z/p?

’| Jon
p3

Z/p’ A ——

triangle.

For the periodic monotone map As o A, that maps 1 <40, 241 and 3 <2, we obtain the
periodic isomorphism X do# =~ X d# , horizontally displayed as

() (52) (973"

Z/p®Z[p® —Z/p*DL/p* ——Z/pDZL/p°

Z/pdZ/p°

ay 1O e (%)

Z/p®Z/p° ——=ZL/p*DL/p* —Z/pSZ/p® Z/p®Z/p° .

So we are reduced to show that X d# is a distinguished triangle, which it is as a direct sum of
two distinguished triangles, as the following morphisms of short exact sequences in (Z/p®)-mod
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show.
Z/p—>Z/p* ——>Z[p Z/pt 5= Z/p ——~Z/p
o It
Z/pP —=Z/pb ——~Z/p Z)pP —o=Z/p° ——~Z/p

Lemma 6 The Verdier octahedra X and X are not isomorphic in C+’peri°di°(A§£).

That is, there is no isomorphism between the displayed parts of X resp. of X such that its entries
on the rightmost vertical column arise by an application of the shift functor of C to its entries
on the lower row.

We will not use the fact that X is a 3-triangle, which in conjunction with [4, 3.4.(4,6)] would
permit us to restrict ourselves to consider isomorphisms that are identical on the lower row and the

rightmost vertical column, as we did in Lemma 4.

Proof. We assume the contrary and depict an isomorphism X —~~ X as follows.

Z/p?

() /

Z/p@Z/p® ————=Z/p’

(1) p
B) (1) e )

5 ot 2 4 3
Z/pSZL/p ———Z/p*®L/p* —— = Z/p

X

(‘;,'f pd”)
Z/p® . Z/p? - Z/p* Z/p
() (272 ) /
‘ Z/p®Z/p® —— | —>L[p"
i) (%)
Z/pSZ/p° —Z/p*®Z/p* ———Z/p*
( V (1)
Z/p® - Z/p® - Z/p®

Note that all vertical quadrangles commute in C.

The commutative quadrangles on 1/0 —2/0—3/0 yield u =,2 v =2 w.
The commutative quadrangle on 3/0 — 3/1 yields pb + d =,2 w.

The commutative quadrangle on 3/1—» 07! /1 yields —pc + d =2 u.
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The commutative quadrangle on 3/1 — 3/2 yields b =, 0 and ¢ =, d.
Altogether, we have

U =p w = pb+d = d Zp utpe = u+pd,

whence

0

» d =, w.
Since Z/p> —~ Z/p* is an isomorphism in C, we have w #, 0. This is absurd. o

In [1, 1.1.13], it is described how an octahedron gives rise to two “extra” triangles. As cone of
the diagonal of a quadrangle appearing in that octahedron, we take the direct sum of the non-
diagonal terms of the subsequent quadrangle, the morphisms being taken from the octahedron,
with one minus sign inserted to ensure that the composition of two morphisms in the constructed
triangle vanishes.

Remark 7 The triangles arising from X and from X as described in [1, 1.1.13] are distin-
guished.

Proof. (') The morphism of short exact sequences in (Z/p®)-mod

(19 -p) @)

Z/p’——=Z/pDZL/p° ®L/p* —+>ZL[p* DL/p*
D) gy 16T g
Z/p* S L)y ——>Z/p° ® L) —+—ZL/p* S L/p*

and the isomorphism of diagrams with coefficients in C

(1) (1) (%)

Z/p’ Z/p®Z/p°®Z)p® ———=Z/p*SZ/p* Z/p’
PRI
Z/p? ———>(Z/pDZ/p")OL)p —————Z[P*SZL/p* Z/p’

show one of the triangles mentioned in loc. cit. to be distinguished in X and in X.
The morphism of short exact sequences in (Z/p®) -mod

(52.1) ()

Z/p* & Z/p* Z/p®Z/p° S L)y —=1Z/p’
T(pr) T(Olo)
3 1

Z/p’ - 2/ ————Z/)p’

1Strictly speaking, we should reorder summands in the diagrams that follow; cf. §1.1. But then the proof
would be more difficult to read.
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and the isomorphism of diagrams with coefficients in C

[

10 A
(v ") 2 4 \Y p-1) 5 3 4 3
Z/p’ Z/p*®Z/p (Z/p®Z/p°)SZ/p Z/p
(4.5
(o1 1 2
10 p) 10 14p < B
~1p-1
zZ/p’ Z/p*eZ/p* - (Z/p@Z/p°)SL/p* —— Z/p’
show the other of the triangles mentioned in loc. cit. to be distinguished in X and in X. o

A Transport of structure

We use the notation of [4, §1,§2].

A.1 Transport of a Heller triangulation

Concerning weakly abelian categories, see e.g. [4, §A.6.3]. Recall that an additive functor between weakly abelian
categories is called subexact if it induces an exact functor on the Freyd categories; cf. [4, §1.2.1.3]. For instance,
an equivalence is subexact.

Setup 8

Suppose given a Heller triangulated category (C,T,); cf. [4, Def. 1.5]. Suppose given a weakly
abelian category C’ and an automorphism T’ on C’, called shift; cf. [4, Def. A.26].

F G
Assume given subexact functors C — C’ and C’ — C, and isotransformations 1¢/ —i» GF and
TG2~GT.

Suppose given n > 0. By abuse of notation, we write F' := F*(A¥) : Ct(A#) — C'*(A¥) for the functor

obtained by pointwise application of F'.

Similarly, we write € := et (A¥) : (1) (A#) = (GF)*(A¥) for the isotransformation obtained by pointwise
application of e.

More generally speaking, for notational convenience, induced functors of type AT (A#) will often be abbrevi-
ated by A, and induced transformations of type at(A#) will often be abbreviated by «. For instance, given
X € Ob Ct(A¥#), we will allow ourselves to write X T = XTT(A#) ( = [X*]).

Given X’ € Ob C't(A#) = Ob C'*(A¥), we define the isomorphism [X’]*! XTﬁ"» [X'*1] in C't(A¥) by the

following commutative diagram.

[X’]“ % [X’+1]
[X’e]'*'lll zl[x/“]a
[X'GF|*™ [X’“}GF
o
X' GﬁnF

[X'GIHF — 2 [(X'G) Y F
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In other words, we let
X' = ([X'e]™(X'GY,F)(X'o” F)([X'])e) .

As a composite of isotransformations, (X'd7,) v, ¢ o, ¢+ (A#) is an isotransformation. Let ¥ = (9 n>o0-

Lemma 9 The triple (C',T',9") is a Heller triangulated category.

Cf. [4, Def. 1.5]. We will say that @' is transported from (C,T,9) via F and G. Strictly speaking, we should
mention ¢ and ¢ here as well.

Proof. Suppose given m, n > 0, a periodic monotone map A, ~— A,, and X’ € Ob C"*(A#). We claim that
X'q#0,, = X'9],q%. We have

X'qg#, = ((X'g*el)(X'q*GoF) (X g#o~ F)([X'g#* 1))
X% = ([X'e]T¢#) (X' GO Fq#) (X o~ Fg#)([X' e~ q¥) .
By respective pointwise definition, we have [X'q#e]*™ = [X'e]*!¢# (using that ¢ is periodic), X'¢# o™ F =
X'0™ Fg* and [X’Q#H]s* = [X'T!]e¢#. Moreover, since (C, T, ¥) is Heller triangulated, we get
X'q* GO F = X'Gq#0,,F = X'GOq"F = X'GY,,Fq” .
This proves the claim.

Suppose given n > 0 and X’ € Ob C"“(Afnﬂ). We claim that X'f 9,1 = X'05,,,f . We have

XG0 = (X elP)X'f Glur F)X'f o~ F)([X'] e,

X'af, = (X'eMf )X 'GOopi1 Ff )X o~ Ff (X))

By additivity of F, G and T’ and by respective pointwise definition, we have [X’ jna]‘*‘l = [X ’5]+1jn (using
shiftcompatibility of f ), X'f 07 F = X'o™Ff and [X’jnﬂ}e_ = [X"“l]e_jn. Moreover, since (C, T, ) is Heller
triangulated, we get

X'f GOnirF = X'Gf 9y F = X'GUspirf F = X'Glz i1 FY .

This proves the claim. o

A.2 Detecting n-triangles

Setup 10

Suppose given a Heller triangulated category (C, T,®); cf. [4, Def. 1.5]. Suppose given an additive
category C’ and an automorphism T’ on C’, called shift.

F G
Suppose given mutually inverse equivalences C — C’ and C' — C. Note that G 4 F, whence

there exist isotransformations 1c- % GF and FG% 1¢ such that both (Fe)(nF) = 1p and
(eG)(Gn) = 1¢ hold. We fix such € and 7.

Suppose given an isotransformation T’ G — G T.

Note that C’ is weakly abelian, being equivalent to the weakly abelian category C.
Let ¢' be transported from (C,T,d) via F and G.

That is, we let X'9!, = ([X'e]™)(X'GY,F)(X'0c~F)([X'*]e™) for n > 0 and X’ € Ob C't(A¥), defining
V= (?9%)7120



19

By Lemma 9, the triple (C’, T',%') is a Heller triangulated category.

Moreover, let

Lo FT) = TP FaTF L FT GF 5 FTY) .

~

(TF

Notation 11 Suppose given n > 0. Concerning the full subposet

AY = {Blac A¥:0<a<B<0T} C AF

of. [4, §2.5.1].

(1) Suppose given X’ € Ob /T pericdic(A#) " where periodic means [X']*1 = [X'F1]; cf. [4, §2.5.3].
Consider the diagram X'G|z.. Denote by X'G|3,, € Ob C't(A¥) the diagram X'G|a» with
(X’G)0+1/.i = )g6+1/iG = X;/O T’ G isomorphically replaced via Xl(/oo by Xz{/oG T. Denote by X'G? €
Ob ¢t periodic(A#) its periodic prolongation, characterised by X'G7|zs = X'G|% 4 cf. [4, §2.5.3]. Using,

for k >0,
([X/G]+k ~, [XIG+1]+(]€71) I~y [X/G+k]) ‘AAV ’
given by
Trk=1 570 Trk—2 51 /0 5 Th-1
Xéj/i)+kG = Xj,/lT/kGTO — X;/iT/k_lGTl —_ . — X;/lT/OGTk

r— =

T o -
at j/i for 0 < i < j < 07!, and similarly for k¥ < 0, using T G —— G T, we obtain an isomorphism
@ - - ~ ,
X'G —+ X'G" in CT(A¥) such that ¢; /o = 1x; ¢ and @o+1/; = X} g0 forie [l n].
(2) Suppose given X € Ob C*t:periodic(A#) - Consider the diagram XF|zs- Denote by XF|%,, € Ob C* (AF)
the diagram XF|A$LV with (XF)o+1/; = Xor1F = X;0 TF isomorphically replaced via X;/0p by

Xi/oF T'. Denote by XF? € Ob C'*t-periodic(A#) its periodic prolongation, characterised by X F*|xs =
XF|%,.; cf. [4, §2.5.3].

Similarly as in (1), we have an isomorphism XF—f»XFP in C'*(A¥) such that Yijo = 1x,,,r and
¢0+1/i = Xz/Op fOI‘ 7 S [l,n]

Lemma 12 Suppose given n > 0.

(1) Suppose given X' € Ob C/+-periodic(A#) " Then X' is an n-triangle if and only if X'G? is an n-triangle.

(
(2) Suppose given X € Ob Ct pericdic(A#) - Then X is an n-triangle if and only if X F? is an n-triangle.

Cf. [4, Def. 1.5.(ii.2)].

Proof. Ad (1). Since ¥, is a transformation, there exists a commutative quadrangle

xGot 2 xgey
ZTM“ ?T[so“]
G — X9 Gyt

in CT(A7). Therefore, X'G° is an n-triangle if and only if [p]T! = (X'GY,)[¢T!]. By [4, Prop. 2.6], this
equation is equivalent to [¢] 1|5 = (X'G¥n)|a [9T']|4 5 cf [4, §2.1.1]; in other words, to

)(/O'lA71 = X’G’l?n‘An
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as morphisms from X'T G|y to X'GT|[, in C(A,). This, in turn, is equivalent to X'c = X'G¥, as
morphisms from X' T'G to X’G T in C*(A¥) by [4, Prop. 2.6].
Now X' being an n-triangle is equivalent to X', = 1; i.e. to

((X'e] ™) (X' GO, F) (X' o F)([X'T]e™) = 1.

Since [X']™!1 = [X'*!], we have [X'e]"! = [X']Tle = [X'*l]e, whence this equation is equivalent to
(X'GY,F)(X'o~F) = 1. Since F is an equivalence, this amounts to (X'G9,,)(X'c™) =1, as was to be shown.

Ad (2). Since ), is a transformation, there exists a commutative quadrangle

XFPy,

et (e peyt
ZTW]“ ?T[w“]
XF] — 2 (X F)HY

in C'*(A¥). Therefore, X F” is an n-triangle if and only if [¢]*! = (X F9,)[»*1]. By [4, Prop. 2.6], this equation

is equivalent to [¢] ™|z = (XF,)|5 [¢ 1|4 ; in other words, to
Xpla, = XFU,|4,

as morphisms from X T F|; to XF T |A, in C'(A,). This, in turn, is equivalent to Xp = X F¥/, as morphisms
from X TF to XF T in C'*(A¥) by [4, Prop. 2.6]. Which amounts to

(Xn"TF)(XFo F)(XFT'e) = (XFe]"™ ) (XFGY,F)(XFo~ F)([XF*)e);

i.e. to
Xn~TF = ([Xn FI"™)(XFG9Y,F) .

Since [Xn~ F]*! = [X7~|T1F and since ¥,, is a transformation, the right hand side equals (X9, F)([(Xn ™) F),
and therefore we can continue the string of equivalent assertions with

Xy~ TF = (X0.F)((Xn7 ) H]F) ;
i.e. with XdJ,F = 1; i.e. with X9,, = 1; i.e. with X being an n-triangle. o
Definition 13 A Heller triangulated category (C, T, ) is said to be closed if every morphism X 1, Y therein

can be completed to a 2-triangle; i.e. if for all morphisms X Ly C, there exists U € Ob CT?=1(A¥) with
(X = Y) = (Ui s Us o). If this is the case, then also the Heller triangulation ©J is called closed.

For instance, a Heller triangulated category whose idempotents split is closed; cf. [4, Prop. 3.6].

Recall that ¢ is transported from (C, T,®) via F and G.

Lemma 14 If (C,T,V) is a closed Heller triangulated category, then (C',T',9') is a closed Heller triangulated
category.

Proof. By Lemma 9, it remains to prove closedness of (C’, T',%9’). Suppose given X’ .+ ¥’ in C’. We have to
prove that it can be prolonged to a 2-triangle. Using closedness of (C, T,4), we find a 2-triangle

xc*S yvae 2 7 % XGT.
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We claim that

Moo= (X/ i/, v/ (Y'e)(wF) 7F (WF)(X'o" F)(X'T'e™) X/ T/)

is a 2-triangle in C'. By Lemma 12.(1), it suffices to show that M’'G? is a 2-triangle in C. Consider the periodic
isomorphism with upper row M’'G? and lower row a 2-triangle

G (Y'eG)(vFQG) (WFG)(X'o " FG)(X'T'e” G)(X o)

X'G Y'G ZFG X'GT
[
X'G v Yv'G d 7z w X'GT .

In fact, we have (Y'eG)(vFG) = (Y'Gn™)(vFG) = v(Zn~) and

(Zn ) wFG)(X'o"FG) (X' T e~ G)(X'o0) = w(X'GTn )Xo FG)(X' T e~ G)(X'o)
w(X'o ) X' T Gy ) (X' T e~ G)(X'o)
w(X'oc7)(X'o)

- w .

This shows that M'G? is a 2-triangle; cf. [4, Lem. 3.4.(4)]. This proves the claim. o

Remark 15 Suppose given n > 0.

(1) Given X € Ob CH(A¥), we have (X9, F)(Xp) = XFV!, in C'H(AF).

)
(2) Given X' € Ob C'F(A¥), we have (X'9,G)(X'0) = X'GY,, in CT(AF).

Proof. Ad (1). We have

(X9, F)(Xp) = (X9, F)(Xn TF)(XFo F)(XFT'¢e7)

(X0 F)((Xn™)PF) (X Fo F)([XF*eT)
([Xn )P F)(XFGY,F)(XFo~ F)([XF™e™)
(IXy~ FI*)(XFGY, F)(X Fo~ F)([X F*1]e")
([XFe] "' WX FGY, F)(XFo~ F)([XF+l]e™)

= XFV, .

Ad (2). We have
(X'"9,G)(X'0) = ([X'e]TG)X'GY,.FG)(X'0~FG)([ X' )e=G)(X'0)

(X' e FIG)X' G FG) (X o™ FG)([X"H]Gn)(X'o)

([X'e] G (X GO FG)([X' G n) (X 07) (X o)

([(X'eGI (X' GO FG) (X G )

(X'Gn P (X' GO FG)([X'GTn)

(X' ) (X' GO FG)([X'GH]n)

(X' GO) ([ X' GHn ™) ((X'GHn)
= X'GY,
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A.3 Some lemmata

Let € be a Frobenius category, let B C £ be its full subcategory of bijective objects; cf. e.g. [4, Def. A.5]. We

use the notations and conventions of [4, §A.2.3], in particular those of [4, Ex. A.6.(2)].

Let n > 0. Let E C A¥ be a convex full subposet, i.e. whenever &, ( € E and A € A such that £ < A < ¢,
then \ € E; cf. [4, §2.2.2.1]. For instance, A%Y C A% is such a convex full subposet; cf. Notation 11.

A pure square in £ is a commutative quadrangle (A, B,C,D) with pure short exact diagonal sequence
(A,B@® C,D); cf. [4, §A.4].

Denote by E9(E) C £(E) the full subcategory determined by

ObER(E) := { X € Ob&(E)

D

2)

Xo /o isin ObB for all @ € A, such that o/ € E, and
X410 is in Ob B for all & € A,, such that o™ /a € E.

Foral6 '<a<pf<y<di<atlin A,
such that v/a, /3, 0/c and §/3 are in E,
the quadrangle

Xyp ——= X5/

T . T .

Xyja —>Xs/a

is a pure square.

A particular case of this definition has been considered in [4, §4.1].

A.3.1 Cleaning the diagonal

Lemma 16 Suppose given X € ObED(ALY). Suppose given B € A,, such that 0 < § < 01,

There exists X € ObEP(ALY) such that the following conditions (1a,1b,2) hold.

(1a) We have )N(a/a = Xoja for0<a< 0T such that o # 3.

(1b) We have Xg/@ =0.

(2) There exists an isomorphism X < X in E(ALY).

Proof. Pars pro toto, we consider the case n =4 and 3 = 2. We display X as follows.

Xo/0

X0+1/0+1

X4/4H$X0+1/4

x O x

X3/3 — Xy/3 —> Xo+1/3

T O T O T

Xo/2 - X3/2 - X2 - Xot1/2

X1 Xoj1 — Xzn — Xyy1 —== Xo+11
X1/0 Xo/0 —= X370 —— X490 —= Xo+1/0
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Set X to be the following diagram.

X0+1/0+1
X4/4%ZX0+1/4
x O x
X3/3 z Xay3 2 Xo+1/3
T O T O T
0 X3/2 ° X2 z Xo+1)2
s (o] sl s
X ——Xoy ——— > X310 Xo 0 — Xy 1 © X9 — Xor1,1D X0
o e e 1) IR o (39)
(z2) z 0 z 0

1 . 01 01
Xo/o Xi/0 X2/0 X300 Xo/s — Xy/0 B Xoj2 —= Xo+1/0 © Xo/2

Using the Gabriel-Quillen-Laumon embedding theorem, we see that X is actually an object of ED(ALY),
cf. [4, §A.2.2; Lem. A.11].

Since Xy is bijective, inserting the zero morphism on all copies of X/ and the identity on all other summands
yields an isomorphism X = X in £(ALY). o
Lemma 17 Suppose given X € ObED(ALY),

There exists X' € ObEY(ALY) such that the following conditions (1,2) hold.

(1) We have X;/a =0 for alla € A, such that 0 < o < 0.

(2) There exists an isomorphism X' —> X in E(ALY).

Proof. This follows by application of Lemma, 16 consecutively for 3 =0, 3=1, ..., 3 =0%'. o

A.3.2 Horseshoe lemma

Recall that B2 denotes the category of purely acyclic complexes with entries in B, i.e. of complexes with entries
in B that decompose into pure short exact sequences in &; cf. [4, §A.2.3].

Suppose given Y € Ob&. An object B of B¢ is called a (both-sided) bijective resolution of Y if Y is isomorphic
to Im(BY — B'). Note that a bijective resolution of a bijective object is split acyclic.

We have a full and dense functor (2)

ge F.o¢

B s Im(B° — B!)
We n_lgke the additional convention that if the image_fac@orisation of a pure morphism d in £ is chosen to be
d = dd, then we choose the image factorisation —d = d(—d) over the same image object.

2A functor induced by F will play the role of F of Setup 10; cf. §A.4.2.2 below.
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_ I _
Pointwise application yields a functor B2(ALY) — E(ALY), which is an abuse of notation.
Suppose given X € Ob EF(ALY) such that Xaj/a =0foral 0<a< 0+t
In particular, X3/, —> X, /o —> X,/ is a pure short exact sequence for 0 <a < <y < ot

Recall that for n € A,,, we have n + 1 = 0% cf. [4, §1.1].

Lemma 18 Suppose given a bijective resolution Coy1/0 of Xagi1/a for all a € A,, such that 0 < a < n.

Then there exists B € Ob(B*)9(AY) such that (1,2,3) hold.

(1) We have BF ~ X in EJ(A#).
2) We have By, =0 for all 0 < o < 011,
/

(3) We have Boti/a = Coqi1/a for all a € A,, such that 0 < a < n.

If n = 2, and if we restrict to {1/0, 2/0, 2/1} C ALY, we recover the classical horseshoe lemma in its bothsided

Frobenius category variant.

d N
Proof. For 0 < a < n, we denote <02+1/a — Xa+1/a> = (C’gH/Q —+> Cog1/al — Xa+1/a).

By duality and by induction, it suffices to find a morphism ¥ — X in EP(AAY) such that (i, ii, iii) hold.

(i) We have Y3/, € ObB forall 0 < a < < 0te.
(ii) We have Y, /o =0 for all 0 < a < 01

d _
(iii) We have (Yoi1/a — Xay1/a) = (CY —> X, 41/0) for all @ € A, such that 0 < o < n.

at+l/a
Note that any morphism Y — X fulfilling (i, ii, iii) consists pointwise of pure epimorphisms, and that the kernel
of such a morphism ¥ —» X taken in £(A2Y) is in ObEY(ALY).

To construct Y — X, we let

— 0
Yyja = @ CB+1/6
BEA,, a<fB<y

for 0 < a < v < 0FL For y/a < '/, the diagram morphism Y, /o — Y,/ is stipulated to be identical on
the summands Cg +1/p With o/ <8 <y and zero elsewhere. This yields Y € Ob EF(AL).

Given 0 < a < v < 071, we let Y, a — Xy/a be defined as follows. For 0 < B < n, we choose

YBJFI/B i’ XBJFI/O such that
e xr d_
(Ya41/8 — Xpr10 = Xpy1/8) = (YVayrs —= Xpray8) -
The component of the morphism

— 0
(Yyja == Xy/a) = D Chps — X
BeA,, a<f<y

at 3 is defined to be the composite

0 L 0 e x
(Cﬁ+1/5 — X,/0) = (CB+1/[3 — Xpt+170 — Xy/a) -
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A.3.3 Applying F to a standard pure short exact sequence

Recall that for X € ObB?, we have chosen, in a functorial manner, a pure short exact sequence
X —> X | -+ X T with a bijective middle term X |, where the letter | stands for “injective”; cf. [4, §A.2.3].

Lemma 19 Suppose given X € ObB?. There exists an isomorphism of pure short exact sequences in £ as
follows.

XF — X | [ = XTF

|

Xp————>X!—+—XTF

Therein, the upper sequence results from an application ofF to the pure short exact sequence X —e—+ X | —++ X T
in B2°. The lower sequence is taken from the purely acyclic complex X .

Proof. Consider the following part of the pure short exact sequence X —+ X | —— X T in 5°; cf. [4, Ex. A.6].

(14) (79
. X?o X3 % X3

(1d) 0 1
X0 . X’ X

d . d 5 .4
We have added the image factorisations X? —+= X F —e= X! and X°®X! -+ X | F' —e~ X'@®X? of the respective
differentials, resulting from an application of F. Factoring the differential of X T as

B i i
(Xli)(?) - (Xl%XTF%X2>

follows the additional convention made above.
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0
( 1 ) 10
Moreover, we have added the image factorisation X°@ X! —+~ X! G X'®X? and, accordingly, the isomorphism

X' =+ X | F that satisfies k6 = (10) and ((1)) K=0.
. d d .
The horizontal pure short exact sequence X F' —e—~ X! —+ X T F lets all four arising parallelograms commute.

Now the sequence X —= X| -+ XT maps to XF LN XIFE ol XTF‘, for the commutativities
(dk)§ = d (14) and §(k—d) = (*Cf) d hold.

In particular, the sequence (X —o— X | ——+ X T)F actually is purely short exact. o

A.4 Stable vs. classically stable

Let £ be a Frobenius category, let B C £ be its full subcategory of bijective objects.

A.4.1 n-triangles in the stable category

Recall that B?¢ denotes the category of purely acyclic complexes with entries in B; cf. §A.3.2. Let BSP2¢ C
B2¢ denote the subcategory of split acyclic complexes. Let £ = B2¢/BP2¢ denote the stable category of &;
cf. [4, Def. A.7]. Let T be the automorphism on £ that shifts a complex to the left by one position, inserting
signs; cf. [4, Ex. A.6.(1)]. Then (£, T) carries a Heller triangulation ¥; cf. [4, Cor. 4.7]. In fact, we may, and
will, choose the tuple of isotransformations ¥ = (¢,,)n>0 constructed in the proof of [4, Th. 4.6].

Suppose given n > 0 and X € Ob(B2)Y(A#); cf. [4, §4.1] or §A.3. Now X maps to an object X € ObET(A#);

Xy . X . .
cf. [4, Lem. A.29]. Thus we have an isomorphism [X]T! — [X*!] in £T(A¥). By the construction in the

X0 .
proof of [4, Th. 4.6], there is a representative [X]*! — [X 1] in £+ (A¥) of X1, such that in particular, there
exists a morphism of pure short exact sequences

x

(zz)

Xi)0 Xiyi®Xo+1/0 s Xot1/i
l lXéi/O

1

Xi/O T XZ/O I } X;;O

for each i € [1,n]; where X 0, /0 is a representative in B% for the morphism X6;/o in £; where the upper pure
short exact sequence stems from the diagram X; and where the lower pure short exact sequence is the standard
one as in [4, Ex. A.6.(1)]. In particular, X6, /o is an isomorphism in £.

Let X? € Obgt periodic(A#) be defined as periodic prolongation of the image of the diagram X[aw in
ObET(ALY) with Xg+1; isomorphically replaced via X6;,o by X;;é for all i € [1,n]. For short, the rightmost
column of the image of X|A$\7 becomes standardised; cf. [4, §2.1.3]. Using

([X]+k o (XD ey [X+’f]) ‘

A AV
A’!L

for k£ > 0, and similarly for k£ < 0, we obtain an isomorphism X > X% in ET(AY) such that wijo = lx,,, and
wo+1/; = X0;0 for i € [1,n]; cf. Notation 11.(1).

Lemma 20 Given n >0 and X € Ob(B*)P(A#), the periodic n-pretriangle X° is an n-triangle.

The following proof is similar to the proof of Lemma 12.
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Proof. We have to show that X7, = 1; cf. [4, Def. 1.5.(ii.2)]. Since ¥,, is a transformation, we have a
commutative quadrangle

9
) (X))
z%w+1 sz+ﬂ
[X] T —2 s [X ]
in £¥(A¥). So we have to show that (X9,)wt!] = [w]t'. By [4, Prop. 2.6], it suffices to show that
X)) [wla =[w]T A . Now [wtl)|s = Ijx+1, and, by construction, (X9,)|x = [w]T A - o
A, A, A, A, (XA A, A,

Corollary 21 The Heller triangulated category (£, T,9) is closed.

Cf. Definition 13.

Proof. We can extend any morphism X ) — X3/ of B* to an object of (BaC)D(Af) by choosing X1 /o —> X1 /1
with X/ bijective and by choosing X¢+1,9 = 0, then forming pushouts, then choosing X5/, — X5 /5 with X35
bijective, etc. Dually in the other direction. Then we apply Lemma 20. o

A.4.2 The classical stable category under an additional hypothesis

A.4.2.1 The hypothesis
Let £ := £/B denote the classical stable category of €.

Suppose given a set D of distinguished pure short exact sequences in £ such that the following conditions hold.

(i) The middle term of each distinguished pure short exact sequence is bijective.
(ii) For all X € Ob¢&, there exists a unique distinguished pure short exact sequence with kernel term X.

(iii) For all X € Ob¢&, there exists a unique distinguished pure short exact sequence with cokernel term X.

A.4.2.2 Consequences
We shall define an endofunctor T’ of £.

On objects. Given X € Ob& = Ob &, there exists a unique distinguished pure short exact sequence with kernel
term X. Let X T’ be the cokernel term of this sequence.

On morphisms. The image under T’ of the residue class in £ of a morphism X I Y in & is represented by the

morphism X T’ —2+ Y T in € if there exists a morphism of distinguished pure short exact sequences as follows.

X——=B—+—=XT

|k

Y——(C—+—=YT
Then T’ is an automorphism of &; i.e. there exists an inverse T'~, constructed dually, such that T' T~ = 1g and
T T =1¢.
As usual, we shall write X! := X T’ for X € Ob¢&; etc.

The functor

T iy
|
g
9
|
)
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induced by Fis an equivalence; cf. §A.3.2; [4, Lem. A.1]. Splicing purely acyclic complexes from distinguished

G
pure short exact sequences, we obtain an inverse equivalence £ <— &. Define T' G 2+ GTatY € ObE = ObE
by letting

(Yo') = (~lyayn) -
Note that YoF = ]-YT’ GF — ]-YGTF§ cf. §A32

Suppose given Y € Ob&. We have a commutative diagram

A

Y ————YGF
N
yey©

consisting of two image factorisations of the differential (Y G)? — (Y'G)! and the induced isomorphism between
the images Y > Y G'F that makes the upper and the lower triangle in this diagram commute.

Y
The residue class in £ of this induced morphism Y —» Y GF shall be denoted by Y T€> YGF. Letting YV
vary, this gives rise to an isotransformation 1g —+ GF. Since ¢ is a transformation, we have (Ye)(YGFe) =

(Ye)(YeGPF), whence GFe = eGF. Thus there is an isotransformation FG—» lg such that (¢G)(Gn) = 1g
and (Fe)(nF) = 1p. Namely, for n we may take the inverse image under F of Fe™.

So we are in the situation of Setup 10 of §A.2. Define (T F —~ FT') as in §A.2.

Proposition 22

(1) By transport from (£, T,9) via F and G, we obtain a closed Heller triangulation ¥’ on (£, T').
(2) Suppose given X' € Ob g+ periodic(A#) - Then X' is an n-triangle if and only if X'G is an n-triangle.

(3) Suppose given X € Ob g+ pericdic(A#) - Then X is an n-triangle if and only if X F* is an n-triangle.

Proof. Assertion (1) follows by Lemmata 9 and 14; cf. Corollary 21. Assertions (2, 3) follow by Lemma 12. o

Recall that XF = XF in Ob& = Ob& for X € Ob& = Ob B,

Lemma 23 Suppose given X € ObB?°. We have a morphism of pure short exact sequences

XF X! —+—=XTF
XF

(XFG)! —+— XFT

in € such that its morphism X TF — XF T represents Xp in £. Here, the upper pure short exact sequence is
taken from the purely acyclic complexr X ; the lower pure short exact sequence is distinguished.



29

Proof. Given X € Ob B¢, we can form a commutative diagram in £ as follows.

X2 (XFG)?

/

XFT X - XFT' GF = XFGTF

(X
XF \i
(X

XT

AN

FG)!

NN

XF

Vs
\z;:/

FG)°

XO

The morphisms (XFG)? -+~ XF, XF —» (XFG)!, (XFG)! 4+~ XFT and XFT —e> (XFG)? appear in
distinguished pure short exact sequences. Moreover, by abuse of notation, we have written X Fe resp. XF T'¢
for representatives in £ of the respective morphisms in £.

The partially displayed morphism of complexes X — X F'G represents X A, XFG in &, for F maps the
morphism represented by X —= XFG to XFe = Xn~F.

Therefore, the composite morphism

XFTe

(XTF — XFT XFT GF = XFGTF)

from this diagram represents
(X 2 XFG)TF;

note that there are no signs to be inserted at the respective pure epimorphisms of the image factorisation chosen
by F; cf. §A.3.2. Thus the morphism X T F — XF T’ from this diagram represents

Xn~TF XFT e

XFGTF = XFT GF

(XTF XFT') = (XTF =2 XFT').

A.4.2.3 Standardisation by substitution of the rightmost column

We mimic the construction X > X?¥ made in §A.4.1, now for £ instead of B2°.

Denote by EF(ALY) i ET(ALY) the residue class functor; cf. §A.3, [4, §2.1.3, §4.1]. Denote by £ () (ALY)
the full subcategory of £+ (A47) whose set of objects is given by

obeT (ALY = (ObET(AL))M' .
So £t () (AAY) is defined to be the “full image” in £ (ALY) of the residue class functor M’.

Suppose given n > 0 and X € ObEJ(ALY). Recall that A,, = [1, 7] is identified with {i/0 : i € [1,n]} C ALY,

Write X, )0 := X|3 = (i X;0) € Ob&(A,) and Xg+1/, := (i Xo+1/) € Ob&(A,), analogously for
morphisms; analogously for objects in £7(A4") and their morphisms.
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Xt

Let the isomorphism Xg+1,, ——— X j/B in & (An) be defined by morphisms of pure short exact sequences

x

Xi/O joﬂE)—> Xi/i@XOJrl/O 4;- X0+1/i

o

Xi/O . Bi/O t X{;(l)

for i € [1,n]; where X7; is a representative in £ for the morphism X7; in £; where the upper pure short exact
sequence stems from the diagram X; and where the lower pure short exact sequence is distinguished.

In this way, we get an isotransformation 7 between the functors (—)g+1,, and (—)j/lo from £+ (AL to £(A,,).

Let £+ periodic(AAV) he the (in general not full) subcategory of £7(A4Y) given by the set of objects

Obé”nperiodic(ﬁflv) = {Y € Ob§+(A7ALV) : Yo+1/* = Y;;é in Ob§(An)} R

and by the set of morphisms
et perioaic (Rer)(Vs V') = {f € graem)(YsY') + forryw = flgin E(An)},

for Y, Y’ € Ob &+ periodic(Aa7),

Given X € Ob&Y(ALY), we let X7 € Ob g+ periodic(ALY) be defined as the diagram X with Xg+1,, isomorphi-
cally replaced via X7 by X:%. For short, the rightmost column of X becomes standardised to obtain X7.
Given X, X’ € Ob&P(ALY), a morphism X o x' i ET(ALY) induces a morphism X7 X7
gt periodic (AAY) - Namely, we let fg/a = fgja for 0 < a < B < n, and we let fg+1/* be characterised by
the commutative quadrangle

XT +1
XOJrl/* HN X*/O

f0+1/*l lf(;rl/*

/ X'r +1
X0+1/* ~ X */0

in £(Ay,). In particular, since 7 is an isotransformation, we have fg,, , = ( *T/O)H.

Remark 24 The constructions made above define a functor
§+, (=) (A%V) ﬂ,

X +— X7.

5+, periodic (AAV)
& n

A.4.2.4 n-triangles in the classical stable category

Proposition 25 Suppose given n > 0 and X € Ob&EY(ALY).

The periodic prolongation of X™ € Ob £ Periodic(ALYY) 44 qn object of £+ Periodic(A#) js an n-triangle with respect
to the triangulation ¥ on (€, T') obtained as in Proposition 22.

Proof. By Lemma 17, there exists X’ € Ob&5(AAY) such that X} o =0forall0<a< 0% and such that X is
isomorphic to X’ in £T(ALY). By Remark 24, the object X7 is isomorphic to X'7 in £ Periodic(AAY)  Thus the
periodic prolongation of X7 is an n-triangle if and only if that of X'™ is; cf. [4, Lem. 3.4.(4)].

Therefore, we may assume that X/, ~ 0 for all 0 < a < 0t
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Let X € Ob(B*)P(AL) be such that there exists an 1somorphlsm X HXF in E9(ALY) and such that
Xoja =0forall 0 < a < 07! of. Lemma 18. Denote by X —+ XF the isomorphism in £+ (ALY) represented

by X —» XF.
Let X € Ob(B*)J(A#) be such that X'Aﬁv = X. By Lemma 20, the periodic n-pretriangle X? ¢

n

Ob gt periodic(A#) is an n-triangle. Note that X? depends only on X, not on the choice of X.

Thus, by Proposition 22.(3), XUFr e Obgtperiodic(A#) is an n-triangle. Therefore, it suffices to show that

X7 and XVF?| Asv are isomorphic in £1-Periodic(ALV) for then their periodic prolongations are isomorphic in
gt periodic(A#) ' which in turn shows the periodic prolongation of X7 to be an n-triangle; cf. [4, Lem. 3.4.(4)].

We have a composite isomorphism
T~ S Sy ~ w9 ~ w0
X I — X reong XF == XF|A7ALV - X FlAﬁv - X F |A$LV

in £T(ALY). We claim that it lies in £+ Periodic(ALV),

Suppose given i € [1,n]. On /0, this composite equals a; /- Thus we have to show that on 0*1/i, this composite
equals aj/lo = a0 T’. Consider, to this end, the following morphisms of pure short exact sequences in &.

Xi/0 (XijoG)' —+—— X0 T’
) | 3 [
Xi/O X0+1/0 —_—t X0+1/i
IJ/&UO Z\LdoJrl/o Z\Ld(frl/i
Ni/OF — XO+1/0F ;Sf—> XOJA/Z-F

| l |00

X joF —o—= X, )| F——+—= X, /o TF

H l H

Xi/OF (Xi/o)1 4'—>Xi/OTF

H l l

XZ/OF — > (Xl/oﬁG)l — Xz/OF Tl

The fourth sequence is purely short exact by Lemma 19.

The first morphism from above arises by definition of 7;; cf. §A.4.2.3. The second morphism is taken from a. The
third morphism arises by definition of ;,, and an application of F’; cf. §A.4.1. The fourth morphism is given by
Lemma 19. The fifth morphism is given by Lemma 23.

The first and the sixth pure short exact sequence are distinguished, and so the claim and hence the proposition
follow.
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