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Chapter 0

Introduction

0.1 Projective resolutions

Let A be a commutative ring. Let G be a finite group. Then A becomes a module over
the group ring AG via the trivial group operation.

For instance, for G = C,,, the cyclic group of order n, the AC,, module A has a periodic
projective resolution over AC,; cf. Example 3.

1 %
1—(c—1) AC, Hie[o%%]c AC, 1—(c—1)

AC, AC, 0

In [1, Theorems 5.14.2 and 5.14.5] Benson proposes a generalization to an arbitrary finite
group G, where the trivial module does not have a periodic projective resolution in general.
Instead, he constructs a projective resolution of the trivial module over G as a total
complex of an n-fold complex in which the rows, columns, etc. are all periodic. This
construction does not necessarily yield a minimal projective resolution.

0.2 Projective resolution of Z)[(3] over Z)[(3]A4

We consider the case of G = Ay, the alternating group on four elements, and the ground
ring Z2)[(3].

In [5, Example on page 50] Carlson gives a minimal projective resolution for Fy over FyAy.
Note that F4 = Z(Q) [Cg]/(Z) .

We construct the minimal projective resolution @ of Z9)[(3] over Z9)[¢3]A4, which shows
regular behavior; cf. Theorem 28.

do dy

Q2

Q=<”' Q3 ) do Qo 0)

The appearing maps can be visualized in the following diagram, where every row and
column is periodic.
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b1,0
Py
Nr
S
|
—bg.2 —ba1
Py

—bo,1

—ba1 —b1,0

on /
b

—b2,0
251)1
—b1,2

Y Q 2
s e / A

, , b2,1
Py Py Py

Py

Py — P Py : Py

For k € N, the projective modules Qi of the projective resolution are a direct sum of
the indecomposable projective modules Fy, Py and P of Z ) [(3]A4; cf. Lemma 23. More
precisely, Q) is the direct sum of the entries in the k-th diagonal of the above diagram,

starting with Qg = Py; cf. Definition 25.

Q= < b P oP,dPy® P ®Ps by PhhoePoPeh LN Py Pyd Py L PiaP, L Py ——=0 )

Furthermore, the differentials dy, are matrices having as entries multiples of the Z9)[(3]A4-
linear maps b; ; for ¢,j € {0,1,2} as indicated in the diagram; cf. Definition 25.

After reduction modulo 2, all diagonal maps vanish and we are in the double complex
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situation as described by Benson.

To construct the projective resolution @ of Zy)[(3] over Z)[(3]A4 we find the projective
indecomposable modules Fy, P; and P of Z3) [¢3]A4 as projective indecomposable modules
of the Wedderburn image A of Z)[(3]A4; cf. §0.4 and Definition 23. We define the
Z(3)[C3]Ag-linear maps b; ; for i, j € {0,1,2} by multiplication with suitable basis elements
of A; cf. Lemma 24.

To verify that @ is in fact a projective resolution of Z)[(3] over Zy)[(3]A4 we construct
Z(3)[C3]-linear homotopies; cf. Definition 30.

da dy do

> Q3 Q2 Q1 Qo ——— Z2)[¢3]

AT T

ho 1 1 1 0 1 -1 1

Al VAR VAl Vs

> Q3 Q2 — Q1 > Qo —— Z2)[(3]

These homotopies show a regular behavior as well.

0.3 Attempt to projectively resolve Z) over Z)Ay

Using the projective resolution of Zy)[(3] over Z9)[(3]A4 described in §0.2, we attempt to
construct a projective resolution of Zy) over Z)A4.

We find the projective indecomposable modules Py and P; of Z(2)A4 as projective inde-
composable modules of the Wedderburn image A of Z2)A4; cf. §0.4 and Definition 35.

In §4.2 we give the first terms Q of an augmented projective resolution of L) over Zz)Aq.

Qf(@‘*@5& Qi =2 Qs =25 0, 1 0 2 G éZm)‘

S . o o dsg o~ o o o dy o~ o o dg o~ o o dy -~ o~ dy « dy = g
(PO@PO@P1@P1EBP045>P1@P0@P0@P144>P1@P1@P043>P0@P0@P142>P1@P0 "> Py > Py —= Z(z))

To verify that @ is in fact an exact sequence, we show that

dy ds da

Z@m]®Q%(Q6% Qs —2> Q4 —2- Qs

Z(2)
cf. Remark 44.

In §4.3 we consider Py, P; and P, as modules over A via an injective ring homomorphism
t: A — A to obtain an augmented projective resolution

ds da

Q4JL Q3JL
of Z) ® Zg) over ZoyAy; cf. Corollary 52.

Qol. —= L) ® L)

We construct isomorphisms Po = Py, J ey P, and J e P,|,. This allows us to
show that

do

) ; ; @2
(Qs & Q2 & Q1 & Qo — Z(z)) g(Q:J,JL & Q2] & Q1l. Qol. Z(z)@Z(2)>;
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cf. Remark 54.

Of course, we would have liked to construct a minimal augmented projective resolution
Q' of Z3) over ZyA4, not only the first few terms. But, using the augmented projective
resolution Q' of Zy)[(3] over Z9)[(3]A4, neither the condition

-

Zole) ® @ =Q

Z2)

nor the condition
allowed us to detect a regularly behaving Q'

0.4 Wedderburn images

To perform the constructions described in §0.2 and §0.3, we construct Wedderburn iso-
morphisms and describe the Wedderburn images via congruences in §2.

Write ¢ := (3.
Let TV := Z x Z[¢] x Z3*3. We have

~/ a b c = — = = .
Zw—>A/:{(u,r+SC,<d . f))ef": u=g3r+s u=q4t g=40, h=40, }QF’;

g h e—a=48=d, r—e=4b+d=50

cf. Lemma 5.
By localization, i.e., roughly put, by retaining only the congruences modulo 2 respectively

4, we obtain Z2)A4 = A; cf. Corollary 7.

Let I := Z[¢] x Z[¢] x Z[¢] x Z[¢]>*3. We have

) a b ¢ b=2c=2d=2 f=29g=2h=20
Z[G3]Ay 25 N = u,r,8,|d e f er’ U=41, T=4€ S=4a cr;
g h i ut+r+s=30, r=1_¢s

cf. Lemma 13.

By localization and further conjugation, we obtain Z,)[¢]A4 “ A; cf. Corollary 15.

In addition to a direct proof we also give a construction for w based on @ via scalar exten-
sion and conjugation; cf. Lemma 10. The isomorphism obtained this way accomplishes a
compatibility with Galois conjugation in sense of Lemma 18.

Let R := Z(Q) Let ® : = ®.
R

The overall situation can be depicted as follows; cf. Lemma 10.
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RA, = > AC I' = R x R[¢] x R3<3
R[C] ® RA, sl RI¢]® (R x R[] x R3*?)
R[¢(]®w R[¢]®t1
R[(J®A w2
Pl
v |2 R[¢] x (R[¢] ® R[¢]) x R[¢]**®
Yy |2
R[C]A4 S I’ = R[¢] x R[¢] x R[¢] x R[¢]*** ——— QI
5‘7\ v /
A wIE | 2
1 K k|2
A€ Tk
R[(]A4 - Ic Qr

0.5 Conventions

Let X,Y and Z be sets. Let A be a commutative ring and let B be a ring.

e In the case of X NY = (), we often write X UY for X UY.
o Let a,b € Z. We write [a,b] :={i € Z:a <i<b}.
e Given z,y € X, let 0,y =1 for x = y and 6., = 0 for z # y.

e We write maps on the right. This means, given maps X i) Y4 Zand z € X we

denote the image of x under f by zf and the composite of f and g by X ﬁ> Z.

o Let X i> Y be a map. Given X’ € X and Y’ C Y such that X'f C Y’, we write
f |§’, for the restriction of f to X’ and Y’. In the case of Y = Y’ we also write
flx: := fl% . In the case of X = X’ we also write f|¥" := f|¥ .

Let X’ C X be a subset. We often write X’ < X for the embedding.

We denote the symmetric group on the set X by Sx.

Let a,b,z € A. We write a =, b if there exists a ¢ € A such that a — b = cz.

e We write U(B) for the group of units of B.
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e If not specified otherwise, by a B-module we understand a left B-module.

e Let M be a B-module. We write
rad(M) := m{N : N is a maximal submodule of M}

for the radical of M.

e Let e and f be two idempotent elements of B. We identify along

Homp(Be, Bf) — eBf
prrep
(e — peXf) «—elf.

e When writing a complex of B-modules, we often omit to denote zero objects therein.

e Let n,m € N. We denote the A-module of n x m matrices over A by A" ™. In the
case of n = m we denote the identity matrix of A™*" by I,,.

e Let n,m € N. The standard A-linear basis (€i,;j)ic[1,n], je[1,m] Of A™*" consists of the
n x m matrices e; ; having the entry 1 at position (7, j) and 0 elsewhere.

e Let n € Nand k. € N for r € [I,n]. The standard A-linear basis of [] AFr*kr
re(l,n]

consists of (e; ;) where e; ;.. is the tuple of matrices, whose matrix
7]7 l).]a )

ivje[lvk’r]rre[lvn},
at position r has the entry 1 at position (i, 7), and whose other matrix entries are 0.

e The standard Z-linear basis of Z[(3] consists of (1, (3).

e Let n € Nand M,T € A™" with T being invertible. We write AT := T"TAT for
the conjugation of A with 7.

e For a € A we write (a) := {Aa: A € A} C A, for the ideal generated by this element.

e By an A-order, we understand a finitely generated free A-algebra.

Acknowledgments
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spend on reviewing this thesis.



Chapter 1

Preliminaries

Remark 1 Let A be a ring. Let G be a group. We recall the following facts.

(1) For every m € M, where M is an A-module, the map
p: A= M, a—~a-m
is an A-linear map.

(2) Let M be an A-module and F' a free A-module with basis (b1, ...,b,) where n € N.
For every my,...,m, € M the map

IDZF—>M, ZaibiHZaimi

i€[1,n] i€[1,n]
is & homomorphism of A-modules.

(3) Suppose that A is commutative. Let M be an A-module. For every group homo-
morphism ¢ : G — Aut4(M) the map

¢ : AG — Enda (M), Z agg — Z agp(g)
geG geG

is a ring homomorphism.

(4) Suppose that A is commutative. Then A together with

AG x A — A, Zagg,s HZags
geG geG

is an AG-module, called the trivial module.

Lemma 2 Let A be a ring. Let A be an A-algebra.

A complex of A-modules

dy do d_q

>X2
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is acyclic if there exist A-linear maps h; : X; — X;41 such that h;d; + d;—1h;—1 = 1 for
every X; .

d_
> Xo a X1 do Xo - X1 >
hl/l ho/l hl/ 1
/d1 /d() /d—l
> Xo X1 Xo X_q >

Proof. We show that Ker(d;) = Im(d;41) for every i € Z.

(1) Let x € Ker(d;) € X;41 so that zd; = 0. Using that h; is A-linear we have
r =zid = rhiy1diy1 + xdih; = vhividipr + 0hy = whividipr € Xigadiy
Thus x € Im(d;11).

(2) Let x € Im(d;+1). Hence there exists a y € X; 19 with yd;11 = .
So xzd; = yd;+1d; = 0 since d;+1d; = 0. Thus = € Ker(d;).

Example 3 Let A be a commutative ring. Let C,, = (¢ : ¢™ = 1) be the cyclic group of
order n.

Consider the maps
e AC,, - A4, 1—1
di : AC,, - AC,, 1 = (¢ —1)
dy: ACy — ACy, 15 Y .

i€[0,n—1]
Then
X = “o-AC, “ . Ac, il AC, c A
1— Z ct 1'—)(0—1) 1—1
i€[0,n—1]

is an augmented projective resolution of A as an AC,-module. Note that it is periodic.

Proof. By Remark 1 the maps ¢, d; and ds are all well defined homomorphisms of AC,, -
modules. In addition AC,, is projective as a free module.

We show that X is a periodic complex.

We have

ldie=(c—1)e=1-1=0

>0
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ldad; = Z | d = Z dlc—1)= Z (- =c"-"=0

i€[0,n—1] i€[0,n—1] i€[0,n—1]

ldida = (¢ — 1)de = Z A - Z dl=c"-=0
i€[0,n—1] i€[0,n—1]
and X is a complex since €, d; and dy are AC,-linear maps.

We show that X is acyclic by using Lemma 2. Therefore we have to find A-linear maps
h; : AC,, — AC, for i € {1,2} and hy : A — AC, where hoe = 1, hidy + chy = 1,
hods + di1h1 = 1 and hidy + dohy = 1.

Using Remark 1 we define

ho: A— AC,, 1—1

hi: AC, — AC,, ¢ — > ¢, forie[0,n—1]
j€[0,i—1]
hy @ AC, — AC,, ¢" v 8§; 51, fori € [0,n — 1]

as shown in the following diagram.

d d d
> AC, - AC, > AC, : AC, < A 0
1|—>(cl)/ > 3 1—(c—1) 1»—>1/
iE[O,ny /
hi:ct— > ¢l oy i hi:ct— > 1 .
1 jelo—1 L 7H Sim_1 1 el ho:151 1 1
/ d d / d
~ AC, ——— = AC, . > AC, : AC, < A 0
1 (c—1) - > ¢ L (c—1) 11
i€[0,n—1]

Since €, dy, da, ho, h1 and hg are A-linear maps it suffices to examine ¢ for all i € [0,n —1].
Given i € {0,...,n — 1} we have

1h0€ =le=1
cihldl—&—ci&‘ho: Z bl di+1hg = Z (C‘j+l —C]) +1
j€[0,i—1] j€[0,i—1]

=cd-d+1=¢

c'hads + c'dihy = (6 p—1)d2 + (¢ —¢') Iy

= 0in-1 Z d+ (1= 0ip1) ch — Z d

Jj€lon—1] JE[0,d] Jel0,i—1]
0+ Y d— ¥ d=d iFn—1
je[o’i] je[ovifl]

ood+0—- > d=ct i=n-—1
jelo,n—1] j€[0,n—2]
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Ahidy + cidohy = Z A dy + Z A by
j€[0,i—1] j€[0,n—1]
— Z (- +1=c-L+1=¢".
j€[0,i—1]

So by Lemma 2 the complex X is acyclic and an augmented projective resolution of A
over AC,, . o
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Wedderburn images

Let ¢ := (3 be a third primitive root of unity over Q.
Let R :=Z) and S := Zy)[(] so that R C S. Let ® := %)

We aim to construct the Wedderburn images of RA4 and SAj4.

In §2.1.1 we determine the Wedderburn isomorphism ZA4 24 A and its image A’.
In §2.1.2 we restrict &’ to obtain the Wedderburn isomorphism RA4 25 A and its image A.

In §2.2.1 we construct the Wedderburn isomorphism SA4 2y A from ©.

In §2.2.2 we determine independently of §2.2.1 the Wedderburn isomorphism Z[¢]A4 W—/> AN
and its image A’

In §2.2.3 we restrict and conjugate w’ to obtain the same Wedderburn isomorphism SA; < A
as in §2.2.1.

This proceeding can be outlined as follows.

§2.1.1 : §2.1.2 :
ZA, <5 N ZoyAs = A

T

2.2.1:
§2.2.2: §2.2.3: same § S@w X
2 SN [T | ZlAs S A | lresun[ | SO T SOA
1 @ SAy 2 A

Remark 4 We have the following presentation of Ag.

Ay & {a, B a?, B3 (aB)?)
(1,2)(3,4) <1
(1,2,3) <+

Proof. Note that
(1,2)(3,4)) = id

13
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(1,2,3)* =id
((1,2)(3,4)(1,2,3))® = id

so that

A4 <£ <aaﬁ : 0527537 (O[B)3>
(1,2)(3,4) ++ «
(1,2,3) = 3

is a surjective group homomorphism. Using the computer algebra system Magma, cf. [2],
we calculate |(o, 8 : a2, 83, (aB)?)| = 12 = |A4|. Therefore p must be bijective. o

2.1 Wedderburn image of Z) A4

2.1.1 Wedderburn image of ZA,

Lemma 5 Let I :=Z x Z[(] x Z**3 and

a b ¢ U=3r—+s u= ) g 0 h— 0 C1
/ =, =3 5 4 1, =4 3 4 9 /
= r—+ e ’ EI : — — e = —f—(l— 0 '
A = u, S(a dg h 1 €—a=4 8=3 d7 r —4 b 2

We have the isomorphism of Z-algebras

7ZA, <y K
“1 0 0
(1,2)3,4)— | 1,1, [ -2 -1 1
4 0 1
“1 10
(1,2,3)— | 1,¢,[ -1 0 1
0 0 1

Proof. By Remark 4, the group Ay is generated by (1,2)(3,4) and (1,2,3). We define
(ng_ : ZA4 — f/ by

-1 0 0 -1 10
(1,2)3,4) — 1,1, -2 -1 1 (1,2,3)—~ [1.¢,| -1 0 1
4 0 1 0 0 1
We have
1 0 o0\\ 100
1,1,{-2 -1 1] =(1,1,{0o 1 0
4 0 1 00 1
~1 1 0\V\ 110\ /0 -1 1 10 0
L=t 0 1|l={,{=10 1)1 -1 1]]=(1,1,{01 0
0 0 1 o 01/ \o o0 1 00 1
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1 0 0 11 0\\V 1 -1 0\\
L1, {2 -1 1 Le -1 0 1 =[1,¢[3 -2 0
4 0 1 0 0 1 4 —4 1
1 -1 0\ /-2 1 0 100
—(1,1,!3 2 o] [=3 1 o |=1{1,1,{0 1 0
4 —4 1) \=4 0 1 001

so that the images of the generators of A, fulfill the relations of Remark 4. Hence &/, is
a well-defined Z-algebra homomorphism.

Now we calculate the images under &/, for all elements in A4.

100 -1 0 0
id— [1,1,{0 1 0 (1,2)3,4) — [ 1,1, -2 -1 1
00 1 -4 0 1
1 -2 1 -1 2 -1
(1,4)(2,3)— [ 1,1,{2 -3 1 (1,3)(2,4)— (1,1, 0 3 —2
4 —4 1 0 4 -3
-2 10 1 -1 0
(1,4,3)— [1,-1-¢,[-3 1 0 (1,3,49)— 1,6, 13 =2 0
—4 0 1 4 -4 1
-1 -1 1 0 1 -1
(2,4,3)— [1,¢,1-3 0 1 (2,3,4)— [1,-1-¢, | -1 3 —2
—4 0 1 0 4 -3
2 -1 0 11 -1
(1,2,4)— [1,-1-¢, [3 -3 1 (1,4,2)— [1,¢, 11 2 -2
4 —4 1 0 4 -3
-1 10 -
(1,2,3)— [1,¢, -1 0 1 (1,3,2)— [1,-1-¢, [1 -1 1
0 0 1 0 0 1

Note that every image fulfills the congruences of A’ so that the restriction

- .
wly /Z\A4 = ZAy — N

is a well-defined Z-algebra homomorphism.

Using the standard Z-linear basis of IV and
(id’ (17 2)(37 4)’ (17 4)(27 3)’ (17 3)(27 4)’ (17 47 3)’ (17 37 4)’ (2’ 47 3)7 (2’ 37 4)7 (1’ 2’ 4)7 (1’ 4’ 2)7 (17 2’ 3)7 (17 3’ 2))



16 CHAPTER 2. WEDDERBURN IMAGES

as a basis for ZA4, the map @/, can be described with the following matrix.

1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 -1 0 0-1-1 0 0 —1
o 0 0 0 -1 1 1 -1 -1 1 1 -1
1 -1 1 -1 -2 1 -1 0 2 1 -1 0
o 0 -2 2 1 -1 -1 1 -1 1 1 -1
il o o 1 1 0 0 1 -1 0-1 0 1
0 -2 2 0 -3 3 -3 -1 3 1 -1 1
1 -1 -3 3 1 -2 0 3 -3 2 0 -1
o 1 1 -2 0 0 1 -2 1 -2 1 1
0 -4 4 0 —4 4 —4 0 0 0 0
0 —4 4 0 -4 0 4 -4 4 0 0
1 1 1 -3 1 1 1 -3 1 -3 1 1

We have det(A) = —12288 # 0 so that @/, and its restriction &’ are injective.

We already know that (ZA,)&’ € A’. To show the equality we calculate the index of
(ZAy)&" in TV,

I (ZAL)] = |7/ (ZAL)

= |det(A)| = 12288 = 3 - 2*

By using a Z-linear basis of A’ and the standard Z-linear basis of I”, the embedding
A’ — T" can be described by the following matrix.

1 0o 0 0 0 0 0 0 0 0 0 O
1 1 00 0 0 O OOTO0O OO
o 2 3 0 0 0 0 0 0 0 0 O
1 -1 1.2 0 0 0 0 0 0 0 O
o 0 -1 2 2 0 0 0 0 0 0 O
B o 0 0 0 0 1 0 0 0 0 0O
o 0 1 0 2 0 4 0 0 0O 0 O
1 1 0 2 0 0 0 4 0 0 0 O
0o 0 o0 0 0O 0 O 0 1 0 0 O
0o 0 o0 0 0 0 0 0 0 4 0 O
o 0 o0 0 0 0 0 0 0O O 4 O
1 0O 0 0 0 0 0O 0 0 0 0 4
We have det(B) = 12288 and calculate
[ : A= |I'/N| = |det(B)| = 12288 = 3 - 2'2.

Therefore we obtain
[T A [N (ZA)D ] = [TV (ZAL)D ] =3 -2 = [T A]
so that the equality (Z[¢]A4)w’ = A’ holds.

In conclusion, &’ : ZA,; — A’ is an isomorphism of Z-algebras. 0

Remark 6 Independently, we may calculate the index of (ZA4) & in I’ to be

1/2
_ (312_224> / 4 g,

v ) 1912

)

cf. [6, Proposition 1.1.5].
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2.1.2 Wedderburn image of Z)A4

Corollary 7 Recall that R = Z(3).
Let I' := R x R[¢] x R**3 and

a b c u=41, g=40, h=40
3 . =41 4 Y, 4 Y cr
= : =4 8= —€= = ‘
A u,r+ ¢, | d Z { el e—a=4s=2d, r—e=4b+d=20

We have the isomorphism of R-algebras

Remark 8

e Let X be an RA4-module.
Given ¢ € A and z € X we define

§-x::§(b_1-x.

Thus X becomes a A-module.

We identify RA4-modules and A-modules in this way.

e Note that R with the action given by

A — R

(u,v, N) — u

is the trivial RAs-module. We also refer to this module as the trivial A-module.

So given z € R and (u,v, N) € A we have

(u,v,N) -z =u-x.

2.2 Wedderburn image of Z)[(3]A4

2.2.1 Scalar extension
Recall that R = Z) and S = R[(] = Z9)[¢]. Recall that @ := ®.
R

Let 0 € Gal(Q(¢)|Q) with (o = (2. We have Gal(Q(¢)|Q) = {id,s}. Given £ € S, we
write £ := £o.
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We aim to construct the Wedderburn isomorphism w : SAy — A.
We also obtain an isomorphism ¢ : S ® A — A.

Lemma 9 We have the following isomorphism of S-algebras.

§: 808 S 8SxS, E@ves (€v,£0)

Proof. Let n € Gal(Q(¢)|Q). We have the following S-algebra homomorphism.
SxS =S, (a,b) — a(bn)

Using the universal property of the tensor product we obtain a well defined S-algebra
homomorphism

S®S—S, a®bw— a(bn).

Using the above homomorphism for each component we obtain a well defined S-algebra
homomorphism

0: 9085 —=>85xS, v (§(vid),&(vo)) = (&, &),

also known as the Dedekind embedding.

Using (1 ® 1,1 ® () as an S-linear basis for S ® S and ((1,0),(0,1)) as an S-linear basis
for S x S, the S-algebra homomorphism § can be described with the following matrix.

1 1
D:<< c?)

We have that Ng¢)g(det(D)) = Ng)(¢? — ¢) = 3 € U(S) so that § is bijective and an

isomorphism. o

Lemma 10 Recall that @ : RAy — A; cf. Corollary 7.
Let ¢1 : A — T be the natural embedding and @, := & : RA; — T
We define the R-algebra homomorphisms

T : RAy — R[(J®RAy, s — 1®@x

7 A — RN A— 1@\
T — R, zr— 1.

Furthermore we define the S-algebra isomorphisms

Y : R[(]® RAy = R[(]A4, E@710 > Ero
¥y : R[] @ (R x R[(] x R¥®) = R[(] x (R[¢] @ RI()) x RICIP, €@ (u,0,N) = (€u,§ @ 0,EN)
and using Lemma 9

Wy R[¢) > (R @ RIC]) x RICI™® = RIC] x R[¢] x RIC) x R[¢]™, (w, € ® v, N) v (u, 0,60, N).

Let @ = v L (R[¢] @ @)\ « R[C]As — R[¢] x R[¢] x R[¢] x R[¢]**3 and A := (R[(]A4)@.
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We define the S-algebra isomorphism v’ := (wi%) [}N\{[g]@]\’

Rl A 54,
(€ ® (u,v,N)) — (&u, &, §0,EN) .

Let T' = R[(] x R[¢] x R[¢] x R[¢]**3 and define x := (1,1,1,T) € T’ with

1 ¢ 0\ /1 00\ /1 0O\ /1-C00 1 ¢ 0
T:=10 1 01 1 0fJ]0 10 -2 1 0|l=(¢c 1 o0
001/ \0oo0 1/ \o o0 2 0 0 ¢ 0 0 2¢2

Using this we define the Q(()-algebra isomorphism
k : QI = QT, (u,r,s,N)— z Y (u,r,s, N)x = (u,r,s, NT).
Let A := Ax and we obtain the isomorphism of S-algebras
W= (&yx) (m%) . R[JAs = A.
Let ¢35 : A — T be the natural embedding and w4 := wis.

We have an isomorphism of S-algebras ¢ := ¢'k|2,
¢ R©A A, €0 (u,0,N) — (§u,&0,&0,ENT)

The following diagram commutes.

RAy4 = AC & I'= R x R[¢] x R3*3
R[(] ® RA4 Ridea RIC]® (R x R[] x R¥*?)
R[] ® A A
P |
v R[¢) x (R[¢] ® RIC]) x RI¢J*<
v\? ¥y |2
R[(JA4 = I = R[¢] x R[¢] x R[¢] x R[¢(]*** ——— QT
w‘x /
A KIEF |2
1 wIge ] 2 k|2
A€ T'x
SA, s

19
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We calculate the images of the S-linear generators of SA, under w.

1 0 0 s4C-1) 3(2¢°-2) 3(2¢-2)
(L,2)3,49wr= (1,11, [ -2 -1 1] |x=|1,1,1,[3(2¢-2) f(43-1) i(2¢*>-2)
-4 0 1 —2¢ —2¢? 1
~11 0 5AC—¢?) 3(2¢°—20) 3(2¢-2)
(17273)6’%: 1>C3C2a -1 0 1 K= 1a<7<27 %(2<72C2) %(4<27C) %(2<272)
0 01 0 0 1
In conclusion, we have an isomorphism of S-algebras
SA; = A
s(4¢—1) 32¢2-2) 3(2¢-2)
(1,2)3,4) = | 1,1,1, | 3(2¢ —2) 5(4¢*—1) 3(2¢*—2)
—2C —2¢? 1
(40— 32 -20) (2 -2)
(17 27 3) = 1’ Ca CQa %(2C - 242) %(4<2 - <) %(24-2 - 2)
0 0 1
Remark 11 The conjugating element
1 ¢ 0\ /1 0 0\ /1 0 0\ /1-¢2 0 0
z:=|(1,1,1,]10 1 O 110 010 -2 1 0 el
00 1/ \0 0 1/ \0 0 2 0 0 ¢?

was constructed using the computer algebra system Magma, cf. [2].

The first three matrix factors have the purpose of simplifying the congruences of A. The
last matrix then accomplishes a compatibility with the Galois conjugation in sense of

Lemma 18.

Corollary 12 Consider the following maps from Lemma 10

Y R[(]®Ay — R[(]Ay, E@ 10— Ero

¢ : R(®A— A, £® (u,v,N) — (Eu,&v,£0,6ENT)
T : RAs — R[(J®RAy, z— 1®x

7 A—R[(®A N— 1.

Then
RA4




2.2. WEDDERBURN IMAGE OF Z3)[(3]A4 21

is a commutative diagram of R-algebras and

RI()® Ay —9%° R @ A
2 | ‘P‘/Z
R[C|Aq v A

is a commutative diagram of S-algebras.

We obtain an injective ring homomorphism ¢ := 7/¢,

AL A
(u,v,N) — (u,v,@,NT).

RA4 g A
R[{]®w -
Ri(]© Ay —29%9 _ pijed |
2 | Y @12
R[C]A4 = A

2.2.2 Wedderburn image of Z[(3]A,

We verify independently of § 2.2.1 that w : SAy — A is an isomorphism of S-algebras.
This can be done for the more general ground ring Z[(].

Lemma 13 Let I := Z[(] x Z[¢] x Z[¢] x Z[¢]>*3 and

a b c b=sc=2d=9 f=29g=2h=20
AN o= u,r, 8, |d e f el”: U=4%, T=4€ S=40 crI.
g h i u+r+s=30,r=1_¢s

We have the isomorphism of Z[(]-algebras

Z[C)Ay 2 N

~

-3 2¢? -2«
(1,2)(3,4) — [ 1,1,1, [ —2¢ 1 —2¢2
2¢2 —2¢ 1

¢ -2¢ -2
(1,2,3) — (1,@& (o ¢ 242)) )
0 0 1
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Proof. Recall that Ay is generated by (1,2)(3,4) and (1,2,3); cf. Remark 4. We define
Wi o Z[CJAy — T by

-3 22 - ¢z —20 -2«
(1,2)(3,4) — [ 1,1,1, [ —=2¢ 1 —2¢? (1,2,3) — | 1,650 ¢ —2¢2 )
202 —2¢ 1 0 0 1

We have
-3 22 -2
17 ) a 2( 1 _2C2
202 —2¢ 1
¢ -2 -2 1 00
17<7C27 O < _2<2 O 1 0
0 0 0 0 1
-3 22 -2
L11, [ -2¢ 1 —2¢? 1,¢.¢%
202 —2¢ 1

—3¢2 4¢-2¢2 0\\
= 1)C7C2ﬂ -2 4<2+C 0
2 2A-2 1

so that the images of the generators of A, fulfill the relations of Remark 4. Hence w’, is
a well-defined Z[(]-algebra homomorphism.

A
~
oo
o= o
—_— o O
~_ —
~

Now we calculate the images under w/, for all elements in Ay.

1 0 0 -3 22 -2
ide [1,1,1,{0 1 0 Je | L =20 -2¢*
0 0 1 202 —2¢ 1
4g+1 22 1-4¢ 2-4¢C 4¢-2
’_> 7 7 7 2 4C +1 2 ’_> 7 7 7 2( 2< 4C+1 2<2_2<
20— 2 2 -3
4§ +¢ 27 —4( 0 —3< 4¢—-2¢* 0
(1,4,3) — | 1,¢%,¢, 2 —3¢2 (1,3,4) — | 1,¢, ¢, 424¢ 0
—2¢ 20-2 1
¢ - a2 2-2 —3§ —4¢ 4<; 2
1,¢,¢% 2—2< 4+¢ 2 (2,3,4)— [ 1,¢%¢, —2< -3¢* 2¢* - C))
2 -3
(14 <,< s (

,QC

¢ 4C 6¢ — 4+< 2 4C—2

202 -2 5( 2 Y [ 1,¢,¢3, ¢ 202 -2
20 —2 1 2 -3

¢ 72< —2( ¢ 2¢ 2-2
(1,2,3) = | 1,¢, ¢, ¢ —2¢ (1,3,2) = | L,%¢ [0 ¢ 2%
O 0 1 0 0 1

Note that every image fulfills the congruences of A’ so that the restriction
is a well-defined Z[(]-algebra homomorphism.

Using the standard Z[(]-linear basis of I and
(id, (1,2)(3,4),(1,4)(2,3),(1,3)(2,4), (1,4, 3),(1,3,4),(2,4,3),(2,3,4), (1,2,4),(1,4,2),(1,2,3), (1, 3,2))
as a basis for Z[(]A4, the map w/, can be described with the following matrix.
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1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 ¢? ¢ ¢ ¢? ¢ ¢ ¢
1 1 1 1 ¢ ¢? ¢? ¢ ¢ ¢ ¢?
1 -3 4C+1 1—4¢ 42 +¢ —3¢2 (?-4 -3¢ (¢ —4¢? 442 &
0 2¢ 6¢ 2—4¢ 202 —4¢ 4¢—2¢? 4¢? —4¢ 6¢ —2¢? 2 -2
0 —-2¢ 2—-2 4¢-2 0 0 2—-2¢ 4C-2 —2¢  4C-2 =2
0 —-2¢ 202 2¢ —2¢? 2 -2 2-2 202 2¢? -2 2¢ 0
1 1 4¢2+1 4C+1 —3¢%  4C?+¢ 4+¢ —3¢2 5¢2 ¢ ¢
0 —2¢2 20 202 -2 0 0 20 2¢2 -2 —2¢% 202 —2¢ —2¢2
0 2 2¢ 2 2¢2 20 2¢2 2 2¢ 2 0
0 —-2¢ 2¢(-2 2 —-2¢ 2(-2 -2 2 20 —2 2 0
1 1 1 -3 1 1 1 -3 1 -3 1

We have det(A) = 24576¢ + 12288 # 0 so that «’, and its restriction w’ are injective.

We already know that (Z[(]A4)w’ C A’. To show the equality we calculate the index of
(Z[{JAg)w" in T".

CZ

2¢
2 -2

2¢
0
0
1

[ (Z[C)As)w'] = |T"/(Z[{]Ag)w'| = |Nge)a(det(A))| = 245764122882 —24576-12288 = 3%.2%

By using a Z[(]-linear basis of A’ and the standard Z[(]-linear basis of I, the embedding
A — T" can be described by the following matrix.

1 0 00O0O0OO0OOTO0OTU 0O
1 ¢-1 00 0O0O0O0O0O0TO00O0

1 ¢>-1300000O0O0TO00O0

1 ¢2—13 400000000

0 0 0020000O0O0TO0
g0 0 0002000000
' 0 0 00O0O0OZ2000O00
1 ¢—1 0000040000

0 0 00O0O0OOGO0Z2O000

0 0 00O0O0OOTOOZ200

0 0 00O0O0ODOGO0DOO 0?20

1 0 00O0O0OO0OOTO0OT 04

We have det(B) = 12288¢ — 12288 and calculate
[I": A'] = [I'/N| = |[Ng()o(det(B))| = 12288% [Ng(c)o(det(¢ — 1)) = 3% - 2°4.
Therefore we obtain
I A [N (ZIQAN) = [ 5 (ZIGAN] = 35228 = IV A
so that the equality (Z[¢]A4)w’ = A’ holds.

In conclusion, w’ : Z[(]A4 — A’ is an isomorphism of Z[(]-algebras. 0

Remark 14 Independently, we may calculate the index of (Z[(]A4)w’ in IV to be

12
[T+ (Z[CJA9)w'] = [T/ (Z[As)w'| = \/‘N@(C)I@ <11121(39)>‘

312, 924\ \ 1/2 312 924\ 2 1/2 s o
Z(N@@)@( 39 >> = ( 39 > =327

cf. [6, Proposition 1.1.5].
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2.2.3 Wedderburn image of Z,[(3]A4

Corollary 15 Recall that S = Z)[(].
Let I':= S x S x S x $3%3 and

A:{(u,r,s,(d e f))eF: bQCQd.QfZQQhQO}CI‘,
. U=41 T"=4€ S=4a
g h 1

We have the isomorphism of S-algebras

SAs = A
Jac-1) Je¢-2) iec-2)
(1,2)(3,4) — | 1,1,1, [ 2(2¢ —2) 3(4¢2—-1) 1(2¢2-2)

—2¢ —2¢? 1

s4C—¢) 5(2¢ =20 3(2¢-2)

(1,2,3) > [1,¢,¢% | 320 —2¢) 14t -¢) L2229
0 0 1

See also Lemma 10 and [9, Beispiel 2, page 47].

1-¢2 0 0
Proof. Let z:= | ¢%,1,3(¢>-1),| -2 1 0 e U(A).
0 0 ¢?

We have the following S-algebra generators of A’(z), cf. Lemma 13.

-3 22 -2
(1,2)(3,4)' = [ 1,1,1, | —2¢ 1 —2¢2
202 —2¢ 1

¢ =20 -2
(1,2,3)&/ = (17C7C27 (0 C 2C2>>
0 0 1

We obtain
3 22 ¢ 34C—1) 3(2¢*-2) 3(2¢-2)
z! (1, 1,1, (2g 1 =20 ) z=|1,1,1,[3(2¢(-2) $4-1) 1(2¢*-2)
202 -2¢ 1 —9¢ —9¢? 1
1

¢ —20 -2« s(4C—¢%)  3(2¢* —20) 3(2¢-2)
mil (1747 <27 (0 C _2C2 ) T = 17C7<27 %(QC - 2C2) %(4<2 - C) %(QCQ - 2)

0 0 1 0 0 1
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Remark 16 A can be visualized as follows.

Remark 17

e Let M be an SAy-module. Given £ € A and z € M we define
E-xi=¢w !
Thus M becomes a A-module. We identify SA4-modules and A-modules in this way.

e Note that S with the operation given by

A— gt
(u,r,8,N) —> u
is the trivial SAs-module. We also refer to this module as the trivial A-module.
So given x € S and (u,r,s, N) € A we have

(u,7,8,N)-x =u-x.

2.3 Wedderburn and Galois conjugation

Recall that S = Z)[(].
Let o € Gal(Q(¢)|Q) such that o(¢) = ¢2. For £ € R[(] = S we often write £ := £o.

We denote the R-linear expansion of a|§ to an R-algebra automorphism of SAy by
SA4 % SA,.

Lemma 18 We define the R-algebra automorphism

o A — A, (u,7,8N)— (@357 NY) with U := =U"%L

O = O
O O =
_= O O

The following diagram commutes.

SAy ~

zla zlg,

SAy - A

~
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Proof. We show wo’ = ow.

Since ¢’ is an R-algebra homomorphism, it suffices to verify the equality for the R-algebra
generators ((1,2)(3,4),(1,2,3),¢) of SA4.

Using that o\ﬁi = idy, we have

FAC—1) §2¢*-2) §(2¢-2)
(1,2)(3,4)wo’ = | 1,1,1, §<2< 2) la-1) fee-2)| |
—2¢? 1
5 442 —-1) 3(2¢-2) 3(2¢°-2)
=|1,1,1,U | 32¢>*-2) 2(4¢—-1) 1(2¢-2) |U
—2(2 —2C 1
ldc-1) 1e-2) L2¢-2
= % 24 2 F4¢t - 1) §(2¢2-2)
—2¢? 1
=(1,2)(3,4)w ,4)ow
%(44—@) 322 -20) 3(2¢-2)
(1,2,3)wo’ = [ 1,¢,¢% | 5(2¢—2¢%)  3(4¢7—¢) 5(2¢*—-2)| | o
0 0 1
-0 3(20—-2¢3) 3(2¢*-2)
0 0 1

34— 322 -2) (2¢-2)
=[1.¢¢ (%,@C —-2¢%) (42 -¢) (¢ - 2))
0 0 1
=(1,2,3)w = (1,2,3)ow

¢ 00 2 0 0
(wo' = (Cid)wo' = [ ¢, ¢, ¢, [0 ¢ 0] o' =[G |0 ¢ 0
00 ¢ 0 0 ¢

= CPw = (ow.

In conclusion, we have wo’ = ow so that the diagram commutes. o

2.4 A remark on Outg, ¢)-ag(Z(2) [(3]A4)

For an S-algebra A we write Aut(A) := Autg.aig(A), Inn(A) := Inng_,5(A) and Out(A) :=
OUtS-alg(A)'

Definition 19 We define the following idempotent elements of A.
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0 0 0 00 1 00
E&=11,0,0,10 0 &=10,1,0,10 1 0 E=10,0,1,{0 0 O
0 1 0 00 0 00

Note that &y, & and & are pairwise orthogonal.

A oo o

Remark 20 For 7 € 8{071’2} we denote the permutation matrix of 7 by P, := (5if,j)i,j.
Let m: A - S xSxS, (u,r,8,N) — (u,r,s). By Corollary 15 we have Ar =S x S x S.

Let p € Aut(A). We show that there exists exactly one p € Aut(S x S x S) such that the
following diagram commutes.

A P A

S><S><57>S><S><S

Consider Q(6)A = Q(¢) @ A = Q(€) x Q(C) x QC) x QO™ ?. We view

A= Q) 9 A = QOA
A= 1RA=:A

as an embedding of a subring.

Let £ be a primitive central idempotent of Q(¢)A. Then we have

dimg¢) (E(Q(¢)A)) = dimge) (€(Q(C) ® p)(QOA)).

Consider the following orthogonal decomposition of 1g ), into central primitive idempo-

tents of Q(¢)A.
lo@yor = (1,0,0,( ))4—(0,1707( ))+<0,0,1,< ))4—(0,0707(

1 0 O
Therefore £ := [ 0,0,0, (O 10 is the only central primitive idempotent of Q(¢)A
0 0 1

o O O
o O O
o O O
o O O
o O O
o O O
o O O
o O O
o O O
S O =
o = O

})

with dimg¢)(E(Q(C)A)) = 9. Hence £(Q(¢) ® p) = €.
Suppose x € Ker(7) so that x = €. We have

zp = (@€)p = (@€)(Q(Q) ® p) = 2(QUC) ® p)E = zpé.

Thus Ker(7)p C Ker (7).
We define

p:SxXSxS—=-85x85%xS

(a,b,c) — (a, b, c, (

SO0
o o O

))-
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Suppose given (u,r,s, N) € A. Since

s 00
(u,r,s, N)— | u,r,s,[0 7 0 € Ker(m)
0 0 u
s 00
= (u,r,s,N)p— | u,r,s, {0 r 0] | pe€Ker(m)p C Ker(m),
0 0 u
we have
s 00
(u,r, 8, N)mp = (u,r,8)p= [ u,r,s, |0 r 0 pm = (u,r, s, N)pm.
0 0 u

Therefore the above diagram commutes.
The uniqueness of p follows by surjectivity of .

Note that &, E1m and sy are the only primitive idempotents of Am; cf. Definition 19.
Hence, for every i € {0, 1,2} there exists a unique j € {0,1,2} such that

(&Em)p = Sjﬂ'.

For p € Aut(A) and i € {0,1,2} let k;, € {0,1,2} be such that (&7)p = &, 7

We define the following group homomorphisms.

7o 8{07172} — Out(A) LT ((ag,al,ag,A) — (agT,alT,agT,APT)) IDH(A)

0+ kO,p
Yo ¢ Out(A) — Sqo12y 1 pInn(A) — ¢ 1+ ki,
2+ kQ,p

Hereby 72 is well defined since for p € Inn(A) we obtain p = idgxsxs-
We have v1y2 = ids{mg} and therefore S5 is isomorphic to a subgroup of Out(A).
In comparison, we have Out(A4) = Cs.

We do not know whether we also have 271 = idgyg(a)-



Chapter 3

Projective resolution over L) (3]A4

Let ¢ := (3 be a third primitive root of unity over Q. Let S := Z4)[(].

3.1 Indecomposable projective modules

Recall that

a b c
A= lurs|de fl]lesxsxsxgys, b=e=d=T=29=20=0
T g h ’ U=40, T =46, S=40 ’

cf. Corollary 15.

~

Lemma 21 S = Z)[(] is a discrete valuation ring with maximal ideal (2) C 5.

Proof. Note that Z[(] is the integral closure of Z over Q(¢) and therefore is a Dedekind
domain. Hence S = Zy)[¢] = Z[(](2) is a principal ideal domain with prime ideals

{p2) € 51 p C Z[(] prime ideal with (2)Z[(] C p}.

We show that (2) C Z[(] is maximal so that (2) C S is the only maximal ideal of S.
We have that p¢o(X) =X 2 + X +1 is irreducible over Fy. Hence we obtain

Z[¢]/(2) = Z[X]/ (ne,(X), 2) = Fo[X]/(fic,0(X)) = Fy.

Lemma 22 Recall from Definition 19, that

000 000 100
&=1_1001{0 0 0|| &=1[0101]0 1 0|| &=/[0,01,10 0 0] ].
00 1 000 000

We have the orthogonal decomposition 15 = £ +E1+E&2 into primitive idempotent elements
of A. We obtain the Peirce decomposition

A = EGAEY D EGAE L B EgAES D E1AEY B E1AEL B E1AES D EoANEY D EaANEL D EaNE, .

29
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Proof. We show that &, &1 and & are primitive. Let j € {0,1,2}.
Suppose £; = a; + B with a;, 3; € A\{0} orthogonal idempotent elements. We have

Ozj + 5] Q; Oé] + ﬁj) Sjajé’j € 5jA5j .

0 0 0 0
0 € &, (rye) = 7,0,0,[0 e O SRAVAYS
1 0 0 0

0
0
0
) € & Agg .

Then there exist z;,y; € S with z; =4 y; and o = (z;,y;) since a;; € £;AE;. In addition
we have §; = (1 — z;,1 — y;) since a; + 85 = &1 = (1, 1).

0
We write (u, 7) u, 0,0, (O
0

0

0

0

a 0
and (s,a) := | ,0,0, (0 0
0 0

The element «; is idempotent, therefore x;,y; are idempotent as well. Since 0 and 1 are
the only idempotent elements in .S, we obtain a; € {(0,0), (1,0),(0,1),(1,1)}.

However, oj # 0 and B; = (1,1) — o # 0, so a;j = (0,0) or a; = (1,1) is not possible.
Furthermore we know that x; =4 y; so that a; = (1,0) and a; = (0, 1) is also not possible.
This is a contradiction. So we obtain that there exist no such z; and y; and &; must be
primitive. o

Definition 23 We denote the indecomposable projective modules belonging to the idem-
potent elements from Lemma 22 by

0 0 c u,C,f,iES
POIA(E‘O: U,0,0, 0 0 f U=41. C=50= f

00 i et
0 b 0

— A& = 0,7,0,{0 e 0 : . :T,eba Zail EOS: )
0 h 0 e
a 0 0

— A(C/’2 — 0,0737 d 0 0 : . :S,aaygaz EOS:
g 0 0 =q4a, d=U=29g

By abuse of notation we often write

c 0 0 c
u, | f =1u00,{0 0 f e b
) 0 0 1
b 0 b 0
r, |e =10,70,{0 e O epP
h 0 h O
a a 0 0
s, | d =10,0,s,1d 0 O e b,
g g 0 0
a v
So given A := |/, 7", s, | d € f € A and
g/ h/ ,L'/
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c b a
x:=1|u,|f ePyL,y=1|nr]|e ePand z:=|s,|d € P, we have
i h g
a v c
Ax=|du, |d € f f € Py,
g n i) \i
a v b
Ney=[r'r, | d € f e € P,
g n 7 h
a bv a
Aoz=|[ds, [d € f]]|d € Ps.
g/ h/ 7:/ g
Lemma 24 Let
000 000 0 0 2
boo = | 1,0,0,{0 0 0 bio= 10,000 0 2 bao=0,0,0,{0 0 0
0 01 0 00 0 00
000 000 0 20
bor = [0,0,0,{0 0 0 bii= 101,010 1 0 byr = [0,0,0,{0 0 0
0 20 000 000
000 0 0 0 1 00
boo = [0,0,0,{0 0 0 bio= 10,002 0 0 byo=0,0,1,{0 0 0
2 00 000 0 00
N 00 0\\ _ 00 0\\ _ 400
boo = [ 0,0,0,{0 0 0 bii= 10,000 4 0 byo = (0,0,0,{0 0 0
0 0 4 0 00 0 00

Then (b”,g“) is an S-linear basis of &AE; for i € {0,1,2} and (b; ;) is an S-linear basis
of &AE; for i, € {0,1,2} with i # j.

So altogether, (b;j : 4,5 € {0,1,2}) U (b;; : 4 € {0,1,2}) is an S-linear basis of A.

Let i,7 € {0,1,2}. We identify along

Homy (P, P;) — EAE;
o — Eip
(;Lgi = [Lgl)\gj) — 51)\(% .

This yields the following map.

b@j
f)i — Pj
§ > &b

This map can also be written as an S-linear matrix; cf. Appendix, Remark 56.

We have the following multiplication table for the basis elements.
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() |boo bo1i boz bio bia bia  bao  bay ban boo  bii boo
boo | boo boi boz O 0 0 0 0 0 boo O 0
boi| O 0 0 by boy 2662 O 0O 0O 0 4by; O
boo| O 0 0 0 0 0 by 2bo1 bop O 0  4byy

) )

bio|bio big 22 0O 0 0O 0 0 0 4bo 0O 0
bii| 0 0 0 by by b O 0 0 0 by O
bio| 0O 0 0 0 0 0 2o biy bia 0 0 4dby
boo oo 2ba1 booa O 0O 0O 0 0 0 4bygy O 0
boi| O 0 0 2bog byy bpo O 0O 0O 0 4by; O
bop| O O 0 0 0 0 bag byy bya O 0 by
boo | boo 4boy 4bpa O 0O 0O 0 0 0 4bo O 0
bii| 0 0 0 4dbig byy 4y O 0 0O 0 4by; O

boo| O 0 0 0 0 0 4dbog 4byy byy O 0 4byy

For i,7,7,s € {0,1,2} the multiplication can be written as
0 s JFT

b“‘ s 1= ] =r=s

bij-brs=9 bii , i=s#j=r
25 , 1FJ=TFSNIFES

bis , i=j=r#sVi#j=r=s
N 0 , LFET
biyi - brs = bii , L=r=s
4b;s , i=rF#s
) 0, j#r
bl?] 'b’rﬂn = b?",’f’ ) i:j:r
4bi7j s 275]:7“
~ o~ 0 , 1#T
bii by, = ~
LT { 4b;; , i=1.

3.2 Projective resolution of Z)[(3] over Z)[(3]A4

We aim to construct the minimal projective resolution

do dq do

Qs Q2 Q1 Qo

of the trivial module S over A.

For | € Z we write [ for the element in {0, 1,2} such that [ =3 [. Recall that S can be seen
as a A-module called the trivial module over A; cf. Remark 17.

Definition 25 We define the following projective A-modules.
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Qo = ( O (P @P2l+2z+1)> S F, forl>0

i€[0,l—1]
Qa1 = ( &b (P2l+2i+1 & P2l+2z+2)> for 1 >0
1€[0,1]
For [ > 0 let
Tori ¢ Qar = Popay ® Porsrs (%5, 95) jejog—11 2) — (i, i) for i € (0,1 — 1]

mhy + Qu = P, ((5,9))jep04-1), 2) — 2
Tor+1i ¢ Qa1 — PQHQH P2[+21+2> ((ffjayj)je[o,l]) = (i, y:)  fori €0,1]

Tt @ Pog— P, (ny) o

and
L2l * P21+2i 2] P 20+2i+1 — QQl) (':C y) ((517] z, 52,] y)jG[O,l—l]’ 0) for i € [Ovl - 1]
ty P — Qa, 2 ((070%6[0171], )
L2l+1,4 P2[+27;+1 S P A+t Q2l+1> (.%' y) ((5i,j xz, 5i,j y)jE[O,l]) for i € [07 l]

s P = P @ Py @ (2,0).

Definition 26 Let

B$:(m]4m>:ﬂ@ﬁﬁ%@ﬂ, :Cm_ﬂm>:&@%%ﬂ®&
baop —ba21 bop  —boz
b —2b b —2b
sz( 0,2 0’0>:P0@P1—>P2€BP0, =< 1.0 11) PPoP—Poh
bi2  —bio bayg —bo
Bf = bai —2b22 ) Po®Py— P @ P, — ( Doz =20 PP Po P
boi  —bo2 bio  —bip
0 —b 2b11 —b
CJ:(O 2b0’1 >IPO@P1_>PO@P17 < - 12>2P1@P2—>P1@P2
—2b11
0 —b —b
Cf = 20 ). por o Po P, = 200.0 01 cheohP—-Poh
0 —2byg 0
0 —b —b
C;—(O _2;2’22>1P1@P2—>P1@P2, < 20>:P2@P0—>P2@P0.

So for i € {0, 1,2} we have Bf = B and

b —2b—y =y
Bt = ( —itl,—1 —it+l, -+l ) : Pm7® P75 — P ® P71
‘ b—z’+2,—7‘ b—z+2,—z+1 o e o
b— —2b— :
B = izl —i+2, 42 > : P ® P — P—7® P
7 ( bji,—i—&—l _bji,—i+2 i+2 7 i+1 i+2
0 —b———
C*:( —t =i+l );P ® P57 — P& Py
‘ 0 26—1—1—1 —i+1 1
O = 2b—i+1,—i+1 _b—i+1,—z‘+2 ) P S P D P
i 0 0 . —141 —1+2 —i+1 —i+2



do

dq

do

ds

dy

ds
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Using this, we define the following A-linear maps for [ > 0.

c
e Qo—=S, lu, | f —u
i

dy = > Mot B;;—i Lo | + <W2l+1,l (BQ—JETFPT) le[)
1€[0,l—1]

+ < > MoUglitl C;;—i L2z,¢> D Qa1 — Qo

i€[0,—1]
doj41 = > M2 B ta
1€[0,]]

_ , _ _
+ ( > Tu42i+1 O L21+1,i> + (7?21+2 (P C5) L2l+1,l> D Qo — Qo
i€[0,l—1]

Remark 27 The differentials from Definition 26 can be written as follows.

b
<1’0>1 Qi=PioP, — P=Qo

b2 o

b1 —2boo

boi —bo2 | Q=P @ PR ® P — P ®P=0Q
2011 —bi2

boo —2bpp O

big —bio O
0 —boo boa
0 *Qb(],o bgyl

Qs =Phd PO PP —PoP® P =Q

bl,O —2b1’1 0 0
boo —b21 0 0
2bp0  —bo1  bo2 —2boo|: Qu=PiOPo,O PO PP — PRSP OP® P =03
0 0 bLQ —b1’0
0 0 2bss —bag
bo1 —2b22 O 0 0
bO,l —bo’g 0 0 0
0 —b172 b170 —2()171 0 ) Q5:P2@PO@PIEBP2@POEBPI
0 —2by2 bao —b21 0 |~ — P oPoPh®P &P
0 0 0 —bys bos
0 0 0 —2bi1 bio
bos —2000 O 0 0 0
bo by O 0 0 0
222 —bro oy 2622 0 0 Q=P oP oo oP oo h
0 0 bo1 —1)072 0 0 :
0 0 2611 —bia bio —2bi4 — PheohohPhoPRheRoh
0 0 0 0 bap  —b21
0 0 0 0 2b0’0 _bO,l
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bio —2b17 O 0 0
oo by O 0 0
0 —bo1 bo2 —2bpp O

o O O

0 —21)171 b172 —b170 0 0

0 0 0 *b270 b271 *2[)2’2
0 0 0 —2[)070 bO,l —bojg 0
0 0 0 0 0 —by by
0 0 0 0 0 —2bos bog

Qr=PePeoPRePeoP,oPyeoPia P,
. —sPoPoPRoPoPoPRoPR

de =

O O O O O

These differentials can be visualized in the following diagram.
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Theorem 28 Consider the following sequences of projective A-modules from
Definition 25 with the differentials from Definition 26.

Q= ( Qs Q> o

da di do

Qo——S 0

da di

Q= ( Qs Q2 Q1 &0 Qo 0 )

Then @' is an augmented minimal projective resolution of the trivial A-module S and @
the corresponding minimal projective resolution.

Proof. Let I > 0.

We wverify that Q' is a complex. In Section 3.2.1 we show that the composition of two
successive differentials is the zero map. For this we have to consider the three cases

doe = 0, shown in §3.2.1.1,

dopy1 - dog = 0, shown in §3.2.1.2 and

dojya - dory1 = 0, shown in §3.2.1.3.

We wverify that Q' is acyclic. In Section 3.2.2 we show that Q’ is acyclic via a homotopy
h defined in Definition 30. Again we have to distinguish several cases:

h_i1e =1, hodg+ch_1 =1, shown in §3.2.2.1,

horr1dojr1 + dojhoy = 1, shown in §3.2.2.2 and

h2l+2d2l+2 + d2l+1h2l+1 =1, shown in §3.2.2.3.

Then @’ is an augmented projective resolution of S by Lemma 2.

We verify that Q is minimal. In Section 3.2.3 we show that the projective resolution @ is
minimal.

3.2.1 Differential condition

3.2.1.1 Differential condition at 0

b a
We show that dpe = 0. Suppose given | r, | € € P and |s,|d € b
h g
We obtain
b a 2b 2a
r, | e , s, | d doe =10, | 2e e+ |0,]2d e=04+0=0.
h g 2h 29

3.2.1.2 Differential condition, odd-even case

We want to show that dojy1 - do; L 0 for [ > 0. We have

. = B - CBEX o
dopy1 - doy § T+, Bt § Moit1,j By tan
1€[0,]] Jj€E[0,1—1]
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/
+ Z T2, B tai1,i (TF21+1,1 (B%TFPT) Lgl)
1€[0,1]

+ Z Toit2,i B tar41, Z W21+1]+1C S L2l

i€[0,] je[0,-1]
+ § mo142,i+1 C T Lel L § o141, Br— talj
1€]0,l—1] j€[0,l—1]

+ ’
+ ) mg2in C T 2L (7T21+1,l (Bymr,) L2l>
i€[0,l—1]

+ E Tarv2,i+1 O tait i E T2U41,j+1 C Lo1,5
i€[0,l1—1] jelo,l-1]

/
+ <W25+2 (e C5) ¢ 21+1,z> > mag1y By
j€[0,l—1]

+ (Wém (P Cx) L2l+1,l> (Wzlﬂ,l (Bymp;) L'zz)

/
+ (772z+2 (¢ Pz+1C*) 2l+1,l) Z T2U41,j+1 C' lalj
j€0,l-1]

i€[0,1—1]

= . B— pt+ . -+ /
= ( Z Tar2i B Brs i | + (TF21+2,1 (ByzBgmr,) ng)

ic[0,l—1] i€[0,l—1]

+ .
DD maaie CriCr taa | +0

i€[0,1—2]

+ . Z 4 — BT 1o
+( Z T2U42,i+1 BHHICH Lo | + T2U42,i+1 CZH.BZH. tor; | +0

+ (7‘&' 2142 LPZ+1O B 7TP) L/2[> + (F/QH_Q (LPZJTCQZC; 1) Lag1— 1)

= Z T2 B B 2ot | + (TF21+2J (BQ%B%WPT) L/21)
1€[0,l—-1]

+
+ Z 142,41 ( 1+ HCZH—FC B )Lglz
i€[0,i—1]
+ Z Torr2,i42 Co—Ct 1
it IHir1 T4 =0t
i€[0,1—2]
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+ (77/21+2 (P C5 Bymp,) L21> + (77/2z+2 (tp1C5C5—) ¢ 2z,z-1)
() 00 0
= Z T2U42,i <0 0) Lari | + <7T21+2,l <0> L'gz)
i€[0,1—1]
0 0 00
+ | Z T2U+2,i+1 (0 O) Lai | + Z T2U+2,i+2 (0 0) Lal,i
i€l0,0—1] i€[0,1-2]

+ (w1 12(0)ey) + (T2 (0 0) L210-1)

=0.

For (x) we use the following auxiliary calculations; cf. Lemma 22 and Definition 26.

B-.pt — (bz,lbl,o — 2baoba g —2b21b11 + 2b27zbz,1> _ (222,0 —2by0 —2by1 + 2b2,1)
00 bo,1b1,0 — bo2b2,0  —2bo,1b1,1 + bo 2021 boo —boo  —2bo1 + 2boa
B-.pt <b1 obo 2 —2b1,1b12  —2b1,0bo,0 + 2b1,1b1,0) _ (291,2 — 2012 —2b10+ 2b1,0>
- baobo2 — b21b12  —2b20bo,o + b2,1010 boo —baa  —2bog + 2bag

0
- (0 0)
5. pt (bo 2b21 — 2000001 —2bp,2b2,2 + 2bo,obo,z) _ (290,1 — 2001 —2bo + 250,2)
22 b1,2b21 — biobo1  —2b1,2b2,2 + b10bo 2 bi1—biq  —2b12+ 2b1o
0
- (0 0)

By -Cy+Cy -Bf =

By -CH+Cy-Bf =

[an}

0 0

)

—ba,0bo,1 + 2b2,1b1 1

—31,1 +4b11 i 2b10 — 2019 —4b1 +51,1
—2by1 + 2bys 0 0

)

o O

)

0 0

)

—b1,2b2,0 + 2b1,0b0,0

—50,0 + 4bo,0 2bp2 — 2bgo  —4bopo +go,0
—le,o + 2b1,0 0 0

)

o O O

Il
7~ N~ N /\/O\O/—\ N\

o

—b10bo1 + 4b171b171) (21317151,0 —b12b2o —4b11b11 + b1 2b21

—bo2bao + 4b0,0b070) (250,0170,2 —bo1bi2  —4bo,oboo + bo,1b1,0

)
)
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By -Cy +Cy - By

—b21b1,2 + 4ba 2b2 2

)[¢3]A4

) (252,252,1 — baobo1
+ 0

39

—4bg 2b2 2 + b2 0bo 2

—bp,1b1,2 + 2bg 2b2 2 0
0 —52,2 + 4bo 2 n 2by1 — 2byy  —4boo +52,2
0 —2b0,2 + 2b0,2 0 0
(00
0 O

c-.0F — 0 _2b0,0b0,1 —{—2[)0’1()171 o 0 —2b071 —|—2b071 . 0 0
1 o - 0 0 —\0 0 ~\0 0
- .0t — 0 —2b272b270 -{—21)270()070 o 0 —262,0 +2b270 o 0 0
2 Lo 0 0 —\0 0 ~\0 0
.ot — 0 —2b11b12+ 2012022\ (0 —2b12+2b12) (0 O
0 2 0 0 —\0 0 ~\0 0
_ b
vp,Cy - Bimp, = (2011 —biz ) ( b;’g ) = (2b1,1b1,0 — b1,2b20) = (2b1,0 — 2b1,0) = (0)
_ b
vpCy - Bfmp, = (2boo —bo1 ) ( boi ) = (2b9,0bo,2 — bo,1b1,2) = (2bg2 — 2bg 2) = (0)
_ b
1p,Cy - Bimp, = (2baa —bop ) ( b2’1 ) = (2bg.9ba1 — bagbo1) = (2021 — 2b91) = (0)

3.2.1.3 Differential condition, even-odd case

We want to show that dojys - dojiq L 0 for [ > 0. We have

dojyo - dojy1 =
1€[0,]

Z To143,i B l+ T Lel42,

1€[0,]]

g 7T21+Sz l++1 L2142,

1€[0,1]

+ 7T2z+3 141 (BE

+

_|_

+ E o1 43,i+1 C- l+ o7 L2l+2,

1€[0,]]

. Bt .
> oy Bl a2,

20+2

+
(W 2143041 (By

(7T21+3,z+1 (Byrs™

2.

Toi+2,5 B Ty L2l

J€[0,]]

j€[0,l—

/
(W21+2

Z Tar+2j+1 O

L2l+1 7
1]

e L21+1,z>

Pz+1) 42l+2) Z Tor42,5 B 7 Ly
Jj€l0,l]
!/
TPy) L21+2) > Mmoo Crpy a1
]G[Ol 1]
/
Pl+1 21+2 7T21 l+1 L2141,

jel

E Tory2,j B

L21+1,g
[0,1]

)
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i€[0,1] JE0,i-1]

/
T20+3,i+1 Cl+z+1 b21+2,i (7721+2 (trC5) o l)

+ (Z T2U+3,i+1 C+z+1 L21+2,i Z Tav2,5+1 O 7 L2l

+ B- ) Z . + — .
7T21+3 i HZ“ e | T2U43,i+1 Bl+i+20l+i L1y | +0
1€[0 ,l] 1€[0,l—1]

+
(BQZJr2 PP Cgp) 21+1,l>

+

Jr —
7r2¢+3 i1 Cl+z‘+1Bsz' L1 |+ E T9143,i+2 C T +201+ L1 | +0
1€[0,]] 1€[0,1—1]

~

7T21+3z . +1Bl+i L21+1,i
1€[0,1]

+ + - ‘
T3+ (Bl Oy + Oy Br) b
ze[ J1—1]

- ot
+ (m”?’ r1 By P ti O + Oy By) 2t l)

D> oz OOy ot
1€[0,l—1]

= Z T214-3,i (0 0) L21+1,3

1€[0,]]

0 0

1€[0,l—1]

+ <7T2l+3 I4+1 (0 O> L2l+1,l)

0 0
+ ( Z T2U+3,i+2 (0 0) Lal+1,i

1€[0,l—1]

=0.
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For (xx) we use the following auxiliary calculations; cf. Lemma 22 and Definition 26.

Bt.p- (bo,zb2,1 — 2bgobo,1  —2bg2b22 + 2b0,obo,2> _ (220,1 — 2001 —2bo2 + 2bo,2)
Lo bi2ba1 — biobo1  —2b12022 + b1,0bo,2 big—bin  —2b12+2b12
Bt.p- — (bQ 1b1 0 = 2b22b20 —2b2,1b11 + 2527252,1) _ (222,0 — 2020 —2b21+ 2b2,1>
2 bo 1b1 0 —bo2bao  —2bg1b1,1 + bo2b21 boo —boo  —2bo1 + 2bo1
Bt . B~ — (bl obo 9 —2b11b12 —2by1 oboo + 2b1,1b1,o> _ (2@,2 —2b12 —2b1p+ 2bl,o)
0 2 b2,0b0,2 — ba, 1b1 2 —2bapboo + b2,1b10 bo2 —baa  —2b20 + 2b20

- (0 o)

_ _ 2b9.1b —bg1b —ba b ba ob
Bf - C; Lo By = 2,101,1 2,1 13) n < 2,000,1 2,0 072>

200,101,1 —bo,1b12 200,0b0,1  2bo,0bo 2
2()271 —b272 2b21 b272 B 0 0

)+ (Gt )= (0 o)
2b1,0bo,0  —b1,0b0

<Qbo,1 —2bo,2 (
—by9b b1 2b
+ + o .0bo, 1 1,2b20  bi2bo
By -Cr +Cy - By <252,obo,0 —52050,1> < 2b2 2b2. 0 252,252,1>

2b1 9 —51,1 —2b1,0 31,1 _(0 0
2[)2,0 —26271 2b20 2[)271 0 0
2bg 202 2 —50,252,0> n < —bo,1b1,2 b0,151,0>
2b1,2b22  —b12b2g —2b11b12  2b1,1b10

2bo 2 —30,0 + —2bg 2 g0,0 _ (0 0
2()12 —2()10 —2b172 2[)170 ~\0 O

B -Cy +Cf -By =

_ _ by 0 —=byo b —2b
B2+7rpl . LP1C0 _{_Cfr 'BO = boi ) 2b1’1 —bLQ )—1— < 0 —2[)(;0 ) < b?;i _b02,22 )
2b2,1b1 1 —b2,1bl,2> n ( —b2obo1 b2,0b0,2

2bg1b1,1 —bo,1b12 —2boobo,1  2bo,0b02

o1 —boo L (—2b2a bea) (0 O

%01 —2bo2 “9bp1 2bos)  \O O

b1,0 0 —bie ><b10 —2511>
(200 —bo1 )+ 7 7 ’

b2,0 ) 08 o1 ) < 0 —2bypo boo —bo

<
<

<

<2b bo, b1,0b b1 ,2b b1 ,2b

<

<

<

<

BJTFPO'LPOCT—{—C;'BJ =

2by obo 0 —baobos —2ba b2 2b22b2 1

2b1 0 *bl 1 > + <2()170 b171 > _ <0 0)

2b20 —2b21 —2byo  2b21 0 0

bo 2 0 —bo1 boo —2boo
b1,2 ) 2b22 ~bao )+ < 0 —2by; > < bio  —bip )
2bg 2b2 2 —50,252,0> n ( —bo,1b12  bo,1b1,0 >

2b12b22 —b12b20 —2b11b12 2011019

2[)02 —500 + —2[)072 50,0 _ 0 0
215 —2b1o —2b15 2b1g) \0 O

, , _ 0 0
Cf-Cy = Cf-¢f = Cf ¢y = (o 0)

Bf_Trp2'Lp202_+Ca--BQ_ =
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Definition 29 We define the following S-linear maps.

0 .
CEO,l .

0

1,2 -

Py

Py

P

Py

Py

Py

Py

Py

Py

P

— fﬁ,

— fﬁ,

— Iﬁ,

? P25

— fﬁ,

— I%,

— fﬁ,

— fb,

— fﬁ,

u,

C

~

.

S0 S0 > S0

S 0D QAR @ oae

o

~

.

Q@ Qa9 L asg o 0 0 -

C

u7 a071 :

S

=
0o o >0 e o
Q
=
=

a

s, | d 0‘%,0
g
a

s, | d a%’l
Y
c

u7(f aéo
i
c

u, (f 0‘(1),1
i
b

r, | e a?,
h ;
b

r,|e 0‘%,0
h
a

s, | d 0%72
g
a

s, | d a%,o
g
b

r, | e (1)?2
h

0
1
:i f7 f
0
c
1
:i C, 0
T — U
1 0
:§ r—e, |r—e
0
1 0 0
= - ,le—1r
2 0
1. (
_2 g7
g
a—s
1
:Q d, d
0
1 0
=—|u-—rt, 0
2 u—1
( :
207
T — U
1 b
=3 b,le—r
0
0
=—1|h,[0
2 h
s—a
1
:5 s —a, 0
0
a—Ss
1
25 0, 0
0
b
1
:i b7 O
0
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0 .
51,0 :

0 .
/81,1 :

0 .
Baa

ﬁg,o :

0

2,1+

1 .
Bo -

1

0,2 -

1.
ﬁo,o :

1.
Bia:

1

1,2+

1.
Pio:

2 .
52,0 :

2

2.1 -

2 .
Bag

Py

Py

P

Py

P

Py

Py

Py

P,

Py

Py

P07

P17

P27

P07

P17

P27

P17

P27

Q@ QA @ A Ly oo 0

S Sh 0O

o

~

~.

S0 ST T SO

Q@ QA L a8 L a e

@ QA @ A e oo 0

S

o

~

.

S0 o= >0 o e = aw o

Q@ QA L e L a9

0 .
51,0 :

0 .
By

0 .
Bao

0 .
Pro:

0 .
Pai

1 .
Po -

1

0,2 -

1.
50,0 :

1.
51,1 :

1.
Bio:

1.
Pro:

2 .
52,0 :

2

21"

2 .
B3o

43
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C C 1 0
T S PN 1 IS O 2 D P P O

i { u—1

C cC 1 0
6(2)’1: r — B, u, | f — u, | f 53,1 ::Q I f

¢ i 1—u

C c 1 c
58,21 P, — Py, u, | f — u, | f 58’2 ;:§ e, |0

1 7 0

These maps can also be written as S-linear matrices; cf. Appendix, Remark 56.

Definition 30

1 ho h1 1 ho 1 h_1 1
/d /d /d 4
> Q3 : Q2 - Q1 ° Qo : S
Let
= % %2 V.pen —nen = M2 %0 ). nern—ren
0o — _ao _ao . 0 1 1 2 0o ‘— 10 _BO . 1 2 2 0
1,1 1,2 2,2 2,0
H-‘r— R O‘%,O a%,l - P EBP s P @P H- = /6(1),1 5672 - P EBP — P @P
1 = —alk —alk - 42 0 0 1) 1 = _pl *Bl - 40 1 1 25
0,0 0,1 1,1 1,2
Hy = ol ol : PheP,— P®P), Hy = s9 g : &P — Py®P
2 =\ a2 L2 P eR 2O, Hy =\ g g e 0D P,
2,2 2,0 0,0 0,1
0
GS_ = ( 06871 04872 ) : Php— P3P, Ga = < _IBBl’gll > : PL® P — Py,
17
G—li_ = ( 04570 04571 ) : Pbhb— Py P, Gl_ = < _/35’1100 > : Phd P — Py,
27
G+ ( 0412 Oéio ) PP — P3P, GQ_ = ( _5;2)22 ) PPy — Ps.

So for i € {0, 1,2} we have

VA
o TS

H+i Oé% —1+1 aiji,—i—i—? . P P P P
- SOy I S o

fii Bs —
—i+1,—1i+2 —i4+1,—1 .
—i+2,—1+2 —14+2,—1

<a—z—z+1 —1—1—1—2): P:HPTH@PT—Q—%

—H—l —it+1 .
D Py @ Py — Py
—z+2 —i+1
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Using this we define the following S-linear maps for [ > 0.

0
ho1:8—=>Qyg, r—|r|0
r

._ + It )
hoy = ( > T Hi L21+1,i> + <7T21 G5 62z+1,z) D Qo — Qa1
1€[0,1—1]

_ _, '
hoi1 = < Yo oy H— L2l+2,i> + (7T21+1,l G5 LQ[+2) D Qa1 — Qoo
1€[0,]

3.2.2.1 Homotopy condition at (-1) and 0

Cc

We show that h_1e =1 and hgdg + eh_1 = 1. Suppose given r € S, | u, | f € Py.

l

We obtain
0
r-h_ie = r, |0 e=r
T
c c c
u, | f || (GS(Bymp) +ehy) = |u | f] ] (afibio+ afoboo) + | u, | f
0 c 0
= 0,1 f + 10, 0 +|u |0
0 i —u U
c
= |u | f
)
3.2.2.2 Homotopy condition at odd positions
d d
> Q2142 2 Q2141 z Qa1 >
1 hai11 1 hzl/ 1
/d /d
> Q2142 2 Q2141 z Q2 >

We want to show that hojy1do+1 + dojhyy L 1 for [ > 0. We have

hoi11doi1 + dajhoy = § T2l+1,i Hl_? 12142,i E T21+2,j Bz:Tj 1214+1,j
1€]0,l] J€10,1]

45

€h,1
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+ § Toit1,i Hi— ta42, E T2U42,j+1 C' < 1241,
1€[0,1] j€[0,l—1]

/
+ Z Tol+1,i H T Lel+2 (772;+2 (¢ Pl+1C ) L2l+1l>
1€[0,1]

— !
+ (772l+1,l ng Lzl+2> E Tor+2,5 Br— tai+1,5
J€[0,]]

— !
+ <7Tzl+1,z G5 L21+2> E Tou42,5+1 C g 2L
j€[0,l—1]

/
+ 772l+1l G2l L2l+2> <W25+2 (LleC ) L2l+1,l>

E 7TQZ+11 + L2l § 7T21,g L2l+1,]

i€[0,l—1] j€[0,1-1]
It
E Toi41,i By tar (ng G L2l+1,z>
i€[0,l—1]

+ ' +
+ 7T2l+1z (Bymp,) Lg;) > muy Hy o141,
J€[0,1-1]

/ / +
+ 772l+1l Pf) 621) (TFgl G27 b21+1,l)

E 7T21+17,+1C - 121, E o5 H. T4 2L

i€[0,l—1] j€[0,1—-1]
C b G
T2141,i+1 L2lz T 5L21+1,l
1€[0,1—1]

= ( Z Tt 1,i H B tarai | + Z T2U4+1,i+1 l+z+1q+i L2141,

1€[0,]] 1€[0,l—1]

+0+04+0+ <7T2[+1’l Gi((,pmcgl) L21+1’l>

> ot BI-H' 41 | +0+0+ (TF21+1,1 (Bymp)G L2z+1,l>

_|_
1€[0,1—1]
+ (

> ot 1i+1 O I a1 | +0
i€[0,1—1]
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_ + ot ,
a Z T2l+1s *Bm + Bl+zHl+z) L2415
1€[0,1—1]

- + g+ ,
+ Z Tor41,i+1 ( ZHHCHZ + CZHHHZ) L2141,i
i€[0,1—1]

+<7T2l+1,z (HQ—_ZBQ—_l-i-G (tpC5) + (B ;;WPZ)G%) 621+1,l)

I+1

(%) 10
= Z T2l4+1,i <0 1) L2l+1,i

i€[0,i—1]

0 0
+ Z ToU+1,i4+1 (0 O> L2l4+1,i

i€[0,l—1]

1 0
+ | mar+1y 0 1)t

=1y .

For (x) we use Calculations 1 to 3; cf. Lemma 22, Definition 26 and Definition 30.
Calculation 1

We want to show

H-B- 4+ BfH+ — < BYobax + BT obo1  —280 9ban — B gbo 2 )
00 0770 —B99b21 — B gbo1 289 2baa + B9 gbo2
517()&871 + 2b1’104(1)71 617006872 + 2b1710¢(1)72 1 1 0
. ( bg7oa8’1 + 52,104(1)71 b27006872 + 6271(1(1]72 ) - (0 1) '
b a
Suppose given |, | e € P and |s,|d € P,. We obtain
h g

r,|e (5(1),252,1 + B?,obm + b1,0048,1 + 251,101(1)71)

h
b 0 0 0
=10, 0 +10,|e—r +1le|e +|r—e |r—e =|rle
h 0 0 h

0 b 0 0
0,{e—r 4+ (510 +10,{e—r =(0,10

) —207 b2.2 — B gbo.2 + b1,00g 5 + 2b1107 5)
( h h 0 0
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a
d /3221721 520b01+b200401+521a11)
g
a—s 0 0 0
0, 0 +1|d,|d + | —d, | —d =10,[0
0 0 0 0
a
d (289 9b2.2 + B9 gbo.2 + bapal 5 + b2 10d 5)
g

)LD O)- ()0

We want to show

— Biabio+ Biabao  —2B51b11 — B ob2a
H B + BfHT = 174 272, 1V 272,
! ! ! ! _ﬁ11,1b1,0 - ﬂing,O 251171171,1 + 51172172,1

b072a%70 + 2()070046’0 b()g()é%’l + 21)0700[(1)71 L 1 0
bioog g +bioagy  bigagy +bioag, 0 1)

c b
Suppose given (u, (f)) € Py and (7“, (e)) € P;. We obtain
) h

C
u, | f] ] (Boabro + Boabao + bo2cd g + 2b00c o)
)
0 c 0 0 c

)

_l’_

—205 1011 — By ab21 + bo2as 1 + 2bo o ;)

)
)(f’()) L)) PG (L)) ()
o

S

B 11,0 — Bl 9bao + b1 20 o + b1 pag )

o)) ) 0)- () ()
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b

role | | (2611011 + Bl b2y + bigag; + bioag )
h

(o)) el 6D R -6

We want to show

e B2 obo2 + B51b12  —2B82boo — B3 1b10
H B —|— B+fl+ e < P ’ P ’ 5 ’ s y
272 272 —B50bo2 — Biabiz 285 0boo + 851010

< baaafy + 202205, ba1af g+ 2b2203 ) L <1 0)
bo,10 o +bo2ad,  bo1afg +bo203 01

c
Suppose given (5, (d)) € P and (u7 (f)) € Py. We obtain
g )

(5%,()()0,2 + 5%,1171,2 + b2,1a%,2 + 2b2,2a%72)

L)) () ) () ()

+

Q

S,

~
Q Q2
N———

252 ()bOO 52 1b10 + by 1a10+2b2 2005 0)

()

. ()) ()L O£ C)-C0)
E
)

/_\
Q Q2
~__

s}

( ) (Q(i))*(@(%))*(C’(J))(Ov@)

c
(f 25ooboo+5o 1b1,0 + bo, 1a10+b0 2005 0)
i

L)) B ) -0)
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Calculation 2

We want to show

H{ Cy +CiHY =

c
Suppose given (u, ( f
{

S-S 0

gt
d
d

We want to show

>0 o0 o o

H,Cy +C{Hf

Suppose given (s, (

A/\/ ~~
S S, o L a8

S

d
9

CHAPTER 3. PROJECTIVE RESOLUTION OVER Z)[(3]A4

< 26&7161’1 _63715112 > +< 50,10‘(1),1 50,106(1),2

—2B1 b1y Biibia

)) € Py and (r, (
c 0
Uu, (f)) (25371131,1 + b07104(1)71) = (f, (

b
e
h

f
0

)

201107, 2bi1af,

)) € P;. We obtain
0
essrese ()
0
0
) ) 2B11,1b1,1 + 2b171a?,1) = _ (7« —e, (r _ e)
0
)) (BL1b12 +2b110Y ) = (0, (

=) o

(o
)

< 2650b00 B3 0b0.1 ) +< baocgy  b2,000,

—2630b00 B3 oboa

)) € Py. We obtain

)) Py ((

C

S

1

L a2
SN—
SN——
—~
\)
=y
[\V)
(=)
S
(=)
=)
+
=
V)
[
Q
(=)

(=)
~
A
e
T
L O O
SN——
N——
+
|
=

|
QOO
SN——
SN——
I
T
=

0
) Qﬁg,gbo,o + 2170,004(1)70) =— (u —1, ( 0 )
u—1

1 1
2bo,ogo 200000,y

):65)

0)-46)
)-¢6)
()40
)

)63
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We want to show

— (= 2/30 b? 2 —60 bQ 0 bl 2042 b1 20&2 ! 0 0
H gt — 1,202, 1,202, 2009 9 20 o L _
0z + O3 H; ( 209 5b22  BYbao * 2bo o5 2by 205 00

b a
Suppose given (r, (e)) € P, and (s, (d)) € P,. We obtain
h g

b 0
e b))
h 0
b b b 0
{)eomeneae () )-46)
h 0 0 0
s, Z (—258,252,2-%21)27204272) = - (sa, ( 0 )) + (SCL, (SOQ)> = (O, (
9 0 0
a s—a a—3s 0
s, | d | | (89920 + 202003 ) = (o( 0 )) - (o( 0 )) = (0, (o)).
9 0 0 0

Calculation 3

We want to show

—p— - - BYoba1 + BYobor =26 b2 — B oo 2
H B +G C7)+ (BF Gt = 272, ,0%0, 1,2Y2, 1,070,
0 Po o (br.Cy) + (By mp,) Gy ( —58,2b2,1 — 58,050,1 258’262,2 + Bgobo,g

+( 2601011 =102 ) N ( broag: bioags > * (1 0)
2891011 B3 D12 b200p;  D2,000 9 0 1)

b
Suppose given (r, (e)) € P; and (s, (d)) € P,. We obtain
h g

r|e (5?,252,1 + 5?,050,1 + Qﬁ?,lbm + bmag,l)
h

SO HE D

S

280 3ba2 — BY gbo2 — BY1b12 + b1,008 )

)
G -0 6)
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-39 b2 — By obo — 253,151,1 + b27004871)

() _
| )( () (0,(ags))(d,(§))+(d,(§))(0,@)

[ ))+(O’ (“ss))% ()6 C0)

We want to show

-B- - — Bo1bro + Bogbao  —2851b11 — Byaban
H B + G L C + B+ G+ g 71 ’ ) ’ 71 ) 0,2 )
151 1 (brC1) + (B 7p,)GY —511,1171,0 — /811,2[72,0 2/811715171 + 511721)271

+( 26,0000 —Bg0boa ) N ( bo2asg  bo20, > L (1 0)
—2B19bo0  Bigbo bioa g bizag; 0 1)

c b
Suppose given (u, (f)) € Py and (7“, (e)) € P;. We obtain
) h

C
u, | f || (Boabro + Bo2b2o + 285,0bo,0 + bo2as o)
i

I L)) 6D - ()

(—2@1),151,1 - 5(1),252 1— B4 0bo,1 + bo 2&2 1

OECCC)-C0)-L0)

(*5{&1,0 - 5%7252,0 - 2511701?0,0 + b1,201%70)

() L)) R 6) ()
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b
T, e (281 11,1 + Bl ob2,1 + Bl oo, + br2ah ;)
h

o)) ) ) ) -6

We want to show

e _ _ B2 obo2 + B3 b1 —2824boo — B35 1b10
H; By, +G; (tp,Cy) + (Bfm G*:( D7 2 075 17
22 2 (tnCy) + (Bymm) Gy —Bgoboz — Biabiz 283 0boo + B3 1b10

+< 285922 —B39b20 ) N ( briafy baiaig ) L <1 0)
20635022 B3 ab20 boios oy boacdg 0 1)°

a c
Suppose given (5, (d)) € P and (u7 (f)) € Py. We obtain
g ]

(5%,()()0,2 + 5%,1171,2 + 2,83,2132,2 + b2,105%,2)

L)L) C(2) (6)-()

)
) () C0) - (6)- ()
<u7 (f)) (~BRobus — BRabrs — 2Rabs +borads)
(
)

S,

~
Q Q2
N———

) L)L) ) G- ()
(L)) )G ) -(0)
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3.2.2.3 Homotopy condition at even positions

dojq2 dojy1
> Q2143 Q2142 Q2141 >
1 hai42 1 hai+1 1
darvo /dzz+1
> Q2143 Q2142 Q2141 >

We want to show that hojyodoio + dojr1hoji1 L1 for I > 0. We have

— gt ) Z . Rt )
hoi+2dait2 + doi1hoi41 Z TU+2,i H7l+i+1 L2143,i T21+3,j Bﬁjﬂ 12142,
1€[0,1] j€[0,]]

1€[0,]]

+ +
E Tor2i ey taig s, E T2U43,5+1 Cm L2142,j
1€[0,]] j€[0,]]

. + !
+ ( Z 2142, H"H‘l LQZ-H’),Z) (71—2l+3,l+1 (Bmﬁpm) 521+2)

+
L . ,
2l+2 21+3,z+1> E T21+3,j Bl+j+1 12142,
Jjelo,d]

/ /
+ (WQHQ ] Lzz+3,l+1> (7T25+3,z+1 (le+2 Py L2l+2)

2 : ) + .
+ 7T 2042 G2l+2 L21+3,l+1> T2I+3,5+1 Cm L21+2,5
Jelo,]]

+ Z o142, B T Ll Z o141, H 77 bl
i€[0,] JEl0,]]

-
+ | D morres Bt (7T21+1,l G5 L21+2>

1€[0,]]
+ E Tart2,i+1 O ot E o1, H a5 22,
i€[0,l—1] J€E0,]]

_ -/
+ Z o241 O 2141 (7T2l+1,l G L21+2>
1€[0,1—1]

/
+ (7725+2 (e C5 )L21+1,1) Z o1, Hi= a2,
J€[0,]

-/
+ <72z+2 ( CQZ) L2141 z> <7T2l+1,l Gg L21+2)
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E gt Bt :
- o2, Hpgg By tae | +0
1€[0,1]

+ ot
> o Hy s Oy a2 | +0
i€[0,l—1]

/
+ <W21+2 st QHQ Th:r) L2z+2) + (W2l+2 GQHQCQZH L2l+2,l)

1€[0,1]

> Tarv2,i+1 Ol tarai | +0
i€[0,l—1]

_ e
Tar2i B Hi oty | + (Tarv2n B G torpo
+1 l+ 21 21

+ <7T a1v2 (P O H; L21+2l> + (W'zm (1P C5) Gy Lzz+z>

_ + -
- Z T2lt2;0 l+z+lBl+i+1 + B His) v
i€[0,1]

+ - H- .
Z a2+ ( l+z+2cl+1+1 + C[TiHm) L2142,
1€[0,l— 1]

+ =\
2l+2 B21+2 Pz+1) + (mecgj)ng) 521+2)

+ (!

Joas S
+ (7” ( 2012 21+1+(LPZTIC§)H§) L21+2,l)
+(

T2, B5Go; L21+2>

Tor+

(%)
= g T214-2,i L2142,

1€[0,1]

0 0
+ Z T2U4+2,i+1 <0 0> L2l4+2,i

i€[0,l—1]

0
# (s (1) o) + (hea 0 0)arsas) + (v () s

=Ig41 -
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For (xx) we use Calculations 1 to 5; cf. Lemma 22, Definition 26 and Definition 30.
Calculation 1

We want to show
HfBf + BTH- = 0‘%,060,2 + 045,151,2 —2045,050,0 - 04%,151,0
Lo —agbo2 — agibie  2ag0boo + ag1bro
( b21 805 + 2022835 b2,1B7 g + 2b2289 ) L (1 0)
bo.1BY2 +bo2B3,  bo1BT o+ bo2B5, 0 1)

_l’_

a c
Suppose given | s, | d ePyand |u, | f € Py. We obtain
g ]

s, | d | | (edgboz + g bia + 2185 + 202265 5)

0 a—Ss a s—a a
=10,10 + 10, d +1a |0 +|s—a, 0 =|s1d
g 0 0 0 g
a
s, | d (—2@%7013070 — 045,1171,0 + 52’15?70 + 2b2’25870)
g
0 a—Ss 0 a—s 0
=— 19 0 - 07 d + 9, d + 0’ 0 = 07 0
g 0 g 0 0
c
u, | £ | (—agobo2 — agibiz + o187 5 + bo2335)
7
0 0 c —c 0
=—10, 0 — |0, 0 4+ 1c |0 +|—c | O =(0,10
uU—1 1 —u 0 0 0
c
u, [ ] ] (2a0b00 + g 11,0 + bo,1 57 g + bo,259,)
7
0 0 0 c c
= | u—1, 0 + 10, 0 + i | f 4+ 10,10 =\|u|f
u—1 71— U 7 0 7

We want to show
2 2 2 2
o ag obo 1 + af ob —2a% 5bo o — af b
HyBf + B{H] = ( g Z,l S 2,1 oL 2,2 ;10 0,2 )
2,2021 — @5 00,1 Q3 92,2 + a3 00,2
i < b1,oBg1 + 211811 b1,0800 + 201151 o ) 1 (1 O>
boofBg1 +b21B11 20850 + 21815 0 1)
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b a
Suppose given (r, (e)) € P, and (s, (d)) € P,. We obtain
h g

b
| e | | (afab21 +af gbo + D108y + 261,151 ;)
h

o)) ) ) be))- (6

(—204%21)2,2 - Oé%,obo,z + b1,053,2 + 2b1,15%72)

|
()L ) C6)- 0 (50
(s, @) (—aBba1 — adobos + b20B41 + b215L4)
|
|

0O L) (G- 0 )

a
(S, (d (20[%725272 + Oé%obo,z + bz,oﬂég + b271ﬁ1172)
g
s—a a—s a 0 a
=1|s—a, +10,{ O 4+{a, |0 + 10, 1d)l ]l =1|s|d]].
0 9 0 9

We want to show
HYBY + B H- — < ag1b1o+afsbag  —200 111 — af gba >
oo e —af 1bio —afsbao 209 b1+ af pba
n bo2850 + 2b00650 Do2B51 + 200085, \ L (1 0
b126850+b10650 1203, +b1.055, 0 1)

c b
Suppose given (u, (f)) € Py and (r, (e)) € P;. We obtain
i h

c
u, | f (a8,1bl,0 + 0487252,0 + 50,25370 + Qbo,oﬁg,o)
)

PG CO) C L) ()

o O

S
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2040 1b11 — ao 9b2 1+ bo 252 1+ 2bo 033 1)

)

L))
=
)

. D CO)-CE)-0
CCE-0)-0)-(0)

Calculation 2

c
f

We want to show

o 0 —afybao — 207 gboo
Ho+ HS = 1,274 Lo
2 O +Cy Hy ( 0 a3aba0+ 203 5boo

2b1,15[1],2+b1,258,2 2b1,1/3(1),0+b1,25[2],0 ; 0 0
0 0 0 0/

b
Suppose given (r, (e)) € P, and (s, (d)) € P,. We obtain
h g

r,|e (0 + 251,1,3?72 + 5172,88’2)
h

6 (0 () (6))

— o (o] +{elo)]+(=b(0]]=1]0]0
0 0 0
041 obao — 203 0boo + 201 15¢ otb 29 0)

)
S E) LD 6O 6
() ()

S}



3.2. PROJECTIVE RESOLUTION OF Z3)[¢s] OVER Z3)[(3]A4 59

(043721)27() + 204%701)0,0 + 0)

)0 00)-(6)

— o r— 0 —040 b1 2 — 2040 bg 2
Yo+ H- — 0,191, 0,292,
0 02 + Cl 1 < 0 06(1)711)172 + 20[9’2172’2

200,080,1 +bo,1Bl1 2bo,0Bo2 +boaBls ) L (0 0
0 0 0 0/

c b
Suppose given (u, (f)) € Py and (7", (e)) € P;. We obtain
) h

C
u, [ f ]| (0+ 20,085, + o181 1)
i

)0 () ()

=10, Ll f +|-=f|-f =10,10
0 0 0
a01b12 2a02b22+2b00[302+b01612)

)
B0 )LD 0)-66)
()6}
R
FEIEE -0

We want to show

[
PR
Q Q2
~—_

_l’_

S

b
e
h
b
e
h

0 —Ozl b 1 — 2041 bl 1
HTot - = 2,090, 2,1%1,
1 Cy +C5 H, ( 0 04(1),050,1 —|—2a(1),1b171

2b2,25§,0+52,053,0 252,253,1+b2,053,1 1 (00
0 0 0 0/
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c
Suppose given (3, (d)) € P, and (u, (f)) € Py. We obtain
g 1

(0 + 202,233 o + b2,055,)

L) 6 () (6

a
(d ) —ad oboa — 2042 1011+ 2bo 2521 + by 050 1)
g

| ) (LN C00)) ) 6)
)

[
); el (§))
(2 (@(ﬁ)%(@@)(Ov(é))‘

Calculation 3

Q

S,

~/
Q Q2
~

S

S
N—————

We want to show

G;(B;ﬂ'pl) + (Lp1 CJ)GE = ( a%’2b271 + Oé%ob()’l ) ( 2by 1B1 1+ b1 2ﬁ2 1 ) ; (1) .

b
Suppose given (r, (e)) € P;. We obtain
h

| e | | (afabat +af gbo + 201,167 1 +b1253 ;)
h

O3 O 0L (5 6)-(6)

We want to show

G(T(BJTFPO) + (LPOCT)GI = ( a8’1b170 + O£872b2’0 ) ( 2bg 050 ot bo 1ﬁ1 0 ) ; (1) .
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c
Suppose given (u, (f)) € Py. We obtain
)

C
u, | f] ] (af b0+ af ob20 + 200,085 o + o151 o)
i

L)) ) C0)-(0)

We want to show

61

GY (B mp,) + (1p,Cy )Gy = ( adgboz + g b ) + ( 2022655 + D205, ) =

a
Suppose given (5, (d)) € P,. We obtain
g

S,

(1)

~
Q Q2
~—_

(az0bo2 + aj 1b12 + 2223 5 + 02,0533 5)

L)) () 6D C6)

Calculation 4

We want to show
G3Cl 4+ (pCy)Hy = (0 —afsbo—2a7boo )
1
+ (201180 + 01289y 201187 +D12B3y ) = (0 0).

b
Suppose given (r, (e)) € P;. We obtain
h

r, e (042011575 + 1239 5)
h
)06 () ()
— (o (o] )+ (o (o] +=0]0]])=10/0

0 0 0

7( )) 0412[?20—204101)004—2[)115104-1)12520)

()06 )
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We want to show

GyCy 4+ (trCT)HT = (0 —ag bia—2a0,b22 )
1
+ (2000851 + 0181 2000859 +b01Ble ) = (0 0).

c
Suppose given (u, (f)) € Py. We obtain
i

C
u, | f (04 2b0,0851 + bo,181 1)
7

L) () C))- (6

C
u, (f (—048715)1,2 — 20487252,2 + 2b0,05(%,2 + 50,1511,2)
)

PO (D) L)) 00D (6)

We want to show
GTCJ— + (LPQCQ_)Hz_ = ( 0 —a%70b071 — 20[%’11)171 )
|
+ 2b2,25§,0 +b2,05(2),o 2522@,1 + 527053,1 )=(0 0).

a
Suppose given (s, (d)) € P,. We obtain
g

a
s, | d (0+ 2b2,2ﬁ22,0 + bz,oﬁg,o)

()6 (-()-66)

(—04570170,1 - 204%&1,1 =+ 2b2,25§71 + b2,05(2)71)

) D)) L))

Calculation 5

n
~
Q Q2
~—

We want to show

o 2B 202263\ 1 (0
ByGy = | o o = lo)
0,16171 + 0,2/62,1
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Suppose given (s, (d)) € P, and (u, (;)) € Py. We obtain
g 1
a 0
s (<(3)- )
g 0
c 0
e ()66
i 0

We want to show
o b1,0850 + 2611810 \ 1 (0
B Gy = 1 1 =10/
b2 oﬂo 0 t021810
a
Suppose given | 7, | e € P; and d € P,. We obtain
g
b
| e (bl 050 o+ 2b1 151 0
h
0 0
s, [ d| | (b20850 + 2181 0) = | —9, 0 vlglo]l]=1010]].
g —g g 0

We want to show

B — bo,283 5 + 2b0,055 2 1 (
272 b1,265 5 + b1,065 2

c
Suppose given (u, (f)) € Py and (r,
7
c —c c
(u’ (f) ) (b0726§72 + 2b070ﬁ872) - (C, ( O ) ) + (C’ (0
i 0 0
b —b b
r,|e (b1’2,822’2 =+ bl,Oﬁg’z) = —b, 0 + b, 0
h 0 0

Q

S QO
o O O

)
))

S - O
O O O

S

)) c Py We obtsn
)
44

()
))
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3.2.3 Minimality
We aim to prove that the projective resolution @ of the trivial A-module S is minimal.
By [3, Proposition 9, §3.6] we have to show that Q,+1d, C rad(A)Q, for every n € Z>.

To verify this we first have to calculate rad(A).

By Lemma 22 we have the following orthogonal decomposition of 1, into primitive idem-

potent elements.
0
0 =&+ E+ &
1

1
Iy = <1,1,1, (0
0
00 0 00 0 100
:(1,0,0, (0 0))+(0,1,0,<o 1 o>>+<0,0,1, <0 0 o))
00 1 00 0 00 0

We show that &A = &;A if and only if ¢ = j for 4,5 € {0,1,2}.

Suppose EA = EA for i,j € {0,1,2} with i # j. Let rg, : A = A, XA — A&; be the right
multiplication with &. Then the images of &A and &;A under rg; must have the same
rank over S, since &A = £;A. However rank(E;AE;) = 2 whereas rank(E;AE;) = 1, cf.
Lemma 24.

OO O~ O

)

We want to use [7, Proposition 217] to calculate rad(A). Therefore we have to check two
requirements.

By Lemma 21, the ground ring S is a discrete valuation ring with maximal ideal (2) C S.

The S-order A must be stable, which means that for every primitive idempotent £ € A
the idempotent £ + 2A € A/2A must also be primitive, cf. [7, Definition 207]. However,
by [7, Remark 208] the S-order A fulfills this condition.

So we obtain by [7, Proposition 217] that

(%) rad(A) =rad(EAE) @ rad(E1AEr) & rad(EaAEs) D
(EAE) © (M) @ (E1AE) ® (E1AE) & (E20E)) ® (E2AE)).

Let 2:={(z,y) € Sx S:x =4y} CS xS. We have isomorphisms of S-algebras

0 :

(1]

1> 80A807 (x,y) = <$70707 (

N——
N——

[1]

91 : l) 511\51, (.T,y) — (O,x,O, (

[1]

09 :

oor O OO OO Oo
OO0 ow O OO0 o

OO0 OO0 W oo
SN——
SN——

= EAE, (z,y) — (0,0,x, (

N——
N——

Let K := frac(S). Then 1x= = (1,1) = (1,0) + (0, 1) is the orthogonal decomposition into
central primitive idempotent elements &; := (1,0) and &, := (0,1) of KE.
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We determine the radical of &2 C S x S and &2 C S x S.

rad(£12)
rad(£2E)

rad({ (,

—
=)
—

By [7, Remark 208], the S-order
222] to calculate

0):xzeS})={(z,0):x € S,x=20}
rad({(0,y) :y € §}) = {(0,y) : y € 5,y =2 0}

is stable as well so that we can use [7, Proposition

rad(Z) = 2N (rad(&2) @ rad(£2:2))

={(z,y) € SxS:x=4y}
{(z,y) € S xS :z=4y}
{

N ({(z,0):2€8,2=20}B{(0,y) :y € S,y =20})
N{(z,y) €S xS:x=20=,y}

={(z,y) € Sx S:x=4y=20}.

By means of 6y, #; and 65 we obtain

0 0
rad(EgA&y) = {(u,0,0, <0 0
0 0
0 0
rad(E1AE) = {(0,7”,0, <O e
0 0
a 0
rad(EAE) = {(0,0,8, (0 0
0 0

Together with equation (*) we have

C

f

1

a b
rad(A) = u,r,8, [d e
g h

so that

rad(A) Py = rad(A)& = { (u, 0,0, (
rad(A)P; =rad(A)&; = { (O,T,O, (

rad(A) Py = rad(A)&y = { (0, 0, s, (

€9 xS xS x 833,

-
|

:s,aES,sz4a520}.

0

O)) tu,i €S u=y1
)

0
)

0

0
)
0

re€ S r=4e=50

bEQCEQdEQfEQQEQhEQO

}
}
)

u, ¢, f,i €8
TU=41=20,¢c=20=sf

) r,bye,h €S
T r=4e=20,b=20=2h

OO O =0

N—— N—

s,a,d,g € S
T s=4a=20,d=20=5y¢g

Q@ Q2 oo oo o

SO O TToo o0 OO O

o O O

N——

By [4, Proposition 6, §9.3] we have rad(A)P = rad(P) for a projective A-module P so
that we will often write rad(P;) = rad(A)P; for i € {0, 1, 2}.

Now we verify that Qp41d, C rad(A

)Qn for n > 0, cf. Definition 25 and Definition 26.

First we note that Im(b;;) C rad(P;) for all ¢,j € {0,1,2} with ¢ # j and
Im(2b;;) C rad(P;) for all i € {0, 1,2}; cf. Lemma 24.

u=41=90,r=4e=20, s=4a=20,
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Let 1 € {0,1,2} and x € P15, y € P75, z € P . Then we have

+ _ b yb
(x,y)Bf = |z ey Yo o ! s o x2b i, —it 1 yb*i+2 it
H,_/

—_———r
€ rad(P=;) € rad(P=;) € rad(P—77) € rad(P—77)
and therefore Im(B;") C rad(P=;) @ rad(P=z7).
Similarly we have
(y,2)B; = ( b =i + 2= = V20— — b 1+2)
(279‘7)0? = <07 —bez‘,—i+1 - 3725—1‘+1,—z‘+1)
(z,y)C; = <$267i+1,7i+17 _xbfi+1,7i+2)
and therefore
Im(B;") C rad(P_Z.H) @ rad(P_H_Q)
Im(C;") C rad(P=;) & rad(P=y)
Im(C;") € rad(P—77) © rad(P=15)

Let [ > 0.
Recall the formula for the differentials; cf. Definition 26.

_ + '
dy= | Y mopr Lol |+ <W25+1,z (Bgmp,) Lgl) +{ ). mupnin C’ = L2l
1€[0,l—1] 1€[0,1—1]

/
dyyr = | D moyai B Ll | Y Mzt Crg g | + (7T21+2 (L C5) L21+17l)
1€[0,]] 1€[0,l—-1]

By [4, Corollary 2, §9.1] and Definition 25 we obtain

rad(A)Qo = rad(Qo) = @ rad(Py;) ® rad(Pyggoy) | © rad(Fy)
i€[0,1—1]

rad(A)leH = rad(Q2[+1) = @ I‘ad(Pm) D I‘ad(Pm)
1€10,1]

Thus we have

Qurda = | D (Pozs @ Prarra) | du
1€10,1]

+ +
< Z (Porrarrt © Porraira) Br o | + ((PlTl ® Pr3) (Bgmp) L’21>
1€[0,l—1]
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+ ( Y (Pors ® Popzg) Cr L2l,i)

i€[0,l—1]

N

( Z (rad( Py5;) @ rad(Pypra)) L2l,i) (rad(Py) vy)

i€[0,l—1]

i€[0,0—1]

+( Z (rad(Pyr3;) @ rad(Pogiy) L2l,i)

= ( @ rad( 2H_2Z)@rad( 214_2@4—1)) @ rad(F)

i€[0,l—1]

= rad(Qy) = rad(A)Qy

Qo1 y2dair1 = (( GB (P2,+2Z-+2 D P21+22)) ® P+) dai+1

1€[0,]]

Py @ Pogz) Bt
zE[O l]

+ ( Py © Porarra) O L2l+1,i> + <Pl+1 (P Co) L21+1,l)
1€[0,l—1]

N

N

( rad 2l+2z+1)@rad( 21+2¢+2)) L2l+17i)

1€[0,l—1]
+ ((rad(Py) @ rad(Ps)) tors1,)

= (@ rad( m) @rad( 2l+21+2))

1€[0,]]
= I‘ad(Q21+1) = rad(A)Q2l+1 .

rad 2l+2l+1)@rad( 2l+2z+2)) L21+17i)

67



Chapter 4

Projective resolution over Z Ay

Let ¢ := (3 be a third primitive root of unity over Q.
Let R := Z) and S := Z)[(]. Let ® := %.
Let 0 € Gal(Q(¢)|Q) with o = ¢2. Given ¢ € S, we write £ := 0.

We attempt to projectively resolve the trivial RAs-module R.

We arrive at some terms of a projective resolution of R over RA,4 via two methods and at an

entire projective resolution of R ® R over RA4.

4.1 Indecomposable projective modules

Recall that

A = u, 4 5, U=414, g=40, h=40,

e—a=48=d, r—e=4 b+d=420 ;

€ R x R[¢] x R¥*3 .

L Qe
> o o
S-S 0

cf. Corollary 7.

Definition 31 We define the following idempotent elements of A.

0 0O 1 00
E:=|(10,{0 0 O &=10,1,{0 1 0
0 01 0 00

68
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Lemma 32 Let

00 0 00 0
b :=1,0,{0 0 0 b= 0,0,{0 0 0
00 1 00 4
00 0 00 0
bs:=(0,0,{0 0 0 by:=10,0,{0 0 0
400 04 0
00 1 00 0
bs:=(0,0,[0 0 0 bs:=(0,0,[0 0 1
00 0 00 0

100 0 10

br:i=0,14+0¢ [0 1 0 b= [0,1+1¢[-1 1 0

00 0 0 00

00 0 00 0

by:=[0,2+0¢ (2 0 0 bio:=[0,2+2¢, [0 2 0

00 0 00 0

00 0 00 0

b= [0,4+0¢, [0 0 0 bio:=[0,0+4¢, [0 0 0

00 0 00 0

Then (b1, bo) is an R-linear basis of EgA&y, (b3, bs) is an R-linear basis of 50]\?1, (bs, bg) is
an R-linear basis of & A&, and (b7, bs, by, b1o, b11, b12) is an R-linear basis of £&;AE;.

So altogether, (b; : i € [1,12]) is an R-linear basis of A.

We have the following multiplication table for the basis elements.

() [[ b1 b | b3 by | bs be
by || b1 b2 b3 by 0

by || by 4bs 4bs 4b, 0

bs || 0 0 0 0 by

by | O 0O 0 0 0 by
bs || bs 4bs | 4bs — 2b1o + bys  Abs + 2bg — 2b1g — byy | O 0
be || bg 4bg 2bg — b1 2b1g — b11 — b1a 0 0
by 0 0 0 0 bs be
bs || O 0 0 0 —bs b5 + b
by || O 0 0 0 2bg 0
b || 0 0 0 0 0 2
b11 1 0 0 0 0 0 0
b2 || O 0 0 0 0 0
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() || br bs bg b1o b11 b12 ‘
by 0 0 0 0 0 0

bo 0 0 0 0 0 0

bs || b3 by 0 0 0 0

by || bs by — b3 2b3 2by 0 0

bs 0 0 0 0 0 0

be 0 0 0 0 0 0

b7 || b7 bs by b1o b1 bia

bg || bs  bg —b7  2b7+bg —big+biz 20g+bg— b1 by + b2 —b11

by || by bio b1 b1 + bio 2b11 2b12

bio || bio  —bg + b1o 2b9 + b12 2010 — b1 2(b11 + b12) —2b11

bir || bir b1 + b2 2b11 2(b11 + b12) 4b11 4b1o

bia || b1z —b11 2b12 —2b1y 4b1 —4(b11 + b12)

Lemma 33 We have

rad(goAgo) = R<2b17 b2>,
rad(E1A&;) = R(2b7, 2bs, by, b1o, b11, b12)

with

(g()]\go)/ rad(goﬁfo) = FQ (51]\51)/ rad(glﬁgl) = F4.

PTOOf. Let Io = R<2b1,b2> - SOASO and Il = R<2b7,2b8,b9,b10,b11,b12> - 51]\51. Note
that both Iy and I; are ideals, as we verify using the multiplication table of Lemma 32.

First we show that (£9A&y) /I and (£;AE;)/I; are semi-simple.

We have §
(50/\50)/[0 = R<b1 + Io) =y

with p(b1 + Ip) = Fa : (b1 + Ip) — 1p, .
By Lemma 32 we have
(bg + 1) = (bg+ 1) —(br+ 1) = (bs +I1) — 1
so that (bg + I1) has the minimal polynomial 2 + z + 1 € Fa[z]. So we obtain
(E1A&E1) /I = g(br + I1,bs + I1) = Fo[z]/(2* + = + 1) = Fy

with Foz]/(z? + 2+ 1) = glbr+ I1,bs + 1) : o+ (2> + 2+ 1) (bs+ [1).

Since they are isomorphic to fields, (£gA&y)/Ip and (£;A&;)/I; are semi-simple and we
obtain that rad(£9A&y) C I and rad(£;A&;) C I by [8, Theorem (6.10)].

Using the multiplication table of Lemma 32 we see that Ig C 2&AEy and If C 2&,AE.
So we obtain Iy C rad(£yA&) and I; C rad(£,A&)) by [7, Lemma 213].

In conclusion we have Iy = rad(£yA&y) and I; = rad(£,A&;). o
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Lemma 34 We have the orthogonal decomposition 15 = Eo+E; into primitive idempotent
elements of A. We obtain the Peirce decomposition

A= goAgo D g()]\gl ) glAgo D glAgl.

Proof. We show that & and &; are primitive. Let j € {0,1}.
Suppose &; = o + B; with o, 35 € A\{0} orthogonal idempotent elements. We have
a; = (aj + Bj)aj(a; + ;) = Eja;€; € EAE; .
By Lemma 33 we have that (E0A&p)/rad(EgAEy) = Fy and (£1AE1)/ rad(E1AE)) = Fy.
Hence, both & A&y and E1AE; are local rings by [7, Remark 192].
Since local rings have only 0 and 1 as idempotent elements, we obtain a; =0 or o; = 1.

Therefore there exists no nontrivial orthogonal decomposition of & or &; into idempotent
elements. .

Definition 35 We denote the indecomposable projective modules belonging to the idem-
potent elements from Definition 31 by

0 0 ¢

by = Ay = [wo. [0 0 f)): welick
00 i w=at
a b 0 r,s,a,b,d,e,g,h € R
= A& = 0,r+sC, |d e 0O : g=40=4h ;
g h O a—e=48=9d, r—e=4b+d=20

cf. Corollary 7.

By abuse of notation we often write

c 0 0 ¢
u, | f =1u0,{0 0 f € b
i 0 0 4
a b a b 0
r+s¢ |d e =10,r+s(,|d e O e P
g h g h O
/ b/ C/
Sogiven A := | v/, v+ | d e f €A,
/ h/ Z‘/
a b i
ePyandy:=|r+s¢ |d e € P, we have
g h
a’ c
Ax=|du, | d e’ f’ f € Py,
g n i) \i

a b
ANy= 0"+ +s0),|d € f||d e cp.
g h
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Remark 36
We identify along

HOHIA(pZ,pJ> ;> »LA j
p =iy
(/Lgi — ugikgj) <«— gl')\ vj

for i,7 € {0,1}.

Let i € {1,2}, j € {3,4}, k € {5,6} and | € {7,8,9,10,11,12}. The above identification
yields the following maps; cf. Lemma 32.

By Y By B Y B P2 By P2 P
€ > Eb; £ &b, £ s &by £ &by

4.2 Attempt to projectively resolve Z) over ZAy

Recall that R = Z9) and S = R[(] = Z(y[¢].
We attempt to construct a projective resolution

Q= ( o & Q2 & Q1 i Qo >

of the trivial module R over A such that R[¢(] ® Q = Q; cf. Remark 8 and Theorem 28.

Remark 37 We have the isomorphism of S-algebras

SAs S Ay = A

-3 22 -2«
(1,2)(3,4) — | 1,1,1, [ —2¢ 1 —2¢?
202 —2¢ 1
¢ -2¢ -2
(13233) — 17CaC27 0 C _242
0 0 1

as a consequence of Lemma 13.

Recall the isomorphism of S-algebras

e S®A A, €@ (u,v,N) — (€u, v, €0,ENT),

1 ¢ 0
withT=1¢ 1 0 |;cf. Lemma 10.
0 0 2¢2
1-¢2 0 0
Let z:= [ (% 1,3(C2-1),| -2 1 0 € U(A); cf. Corollary 15.

0 0 ¢?
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We have the isomorphism of S-algebras
7 SOA A, €0 (w0, N) — o((€® (u,0,N)) p)at = (6w 0, 60,6NT),

N —¢* ¢ 0
with T = 1 1 0]. In the notation of Remark 11 this means, we only conjugate
0 2

0
with the first three matrix factors.

Experiments have shown that isomorphic replacement via ¢ is better suited than via ¢ in
order to find the differentials of our projective resolution; cf. Corollary 40.

Remark 38 Let X be a A-module.

(1) S® X is an S ® A-module via
E@A)-moz)=Ene Iz
for &,ne S,Ae Aand z € X.
(2) S ® X is also a A-module by identifying along @'
(3) Given £ € S® A and A € A we have
A9 =(ATHE)e=r0"10-€0=1-(£9)

so that ¢ is A-linear.

Lemma 39 We have (1® &)@ = & and (1® &)3 = (& + &2).

§ 0 0 0 } 1 00
Proof. Recall that &= (1,0, {0 0 0 and £&1=10,1,{0 1 0
0 0 1 0 0 0
] 00 o0\ 00 0
1eé&)e= 10010 0 0| |={100]{0 0 0]]|=¢&
0 0 1 0 0 1
] 10 0\ 100
Qeée=o011(0 1 0| |={011{0 1 0]]|=6+&
0 00 0 0 0
Corollary 40 We have the isomorphisms of A-modules @g := (Z\g‘é A and @7 1= g5|§£§ 2

so that
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S®P1%>P1@P2

a b 0 a b 0 g
E® (0,7“—1—3(, (d e 0)) — 0,§(T+SC),§('I‘+SC2),§ <d e O)
g h 0 g h O

where u,r,s,a,b,¢c,d,e, f,g,h,i € Rand £ € S.

Proof. We show (S ® Py)@o = Py and (S

(S® Py)po = (S®
(S®P)g1=(S®
Hence @y = @|§%pﬂ and 1 = 5’5%6?31;2

®

P)pr=P @

P using Lemma 39.

A)o = (S@ Mg (1® &0 = A = Py
AeNG1 =SNG (10E)p1 =AE+E)=PL o P,
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are isomorphisms of A-modules since @ is an

isomorphism of A-modules; cf. Remark 38, (3).

Remark 41 When considering P; @ P» as an external direct sum, we obtain

S@Poa—[))PO
o (o

So P 2% P g P
g(<(

a b
d e))H ((5(7“—1—3@)75(
g h

c

f

-

]

2(c = fQ)
—2(c+ /)

)

al+b—d¢?—e
—al —b—d— eC?
3(9C+h)

where u,7,s,a,b,¢c,d,e, f,g,h,i € Rand £ € S.

oo

o

—al’+b+d—eC
a¢? —b+d¢ — e¢?
3(=9¢* +h)

Corollary 42 We have the following commutative diagrams; cf. Lemma 24 and
Lemma 32.
S® po — Py S ® P() — Py
S ® b1 b(),o S ® bQ 50’0
. o . %o
S® Pg = P() S® PO = PO
%o . %o
S® Py — Py S® Py — Py
S ® bs l (Cbor  —C%bo2) S ® by (bo,1 boz2)
S®P1 — PP S®P1 = Paeh

)
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. ®1 . ®1
S@QP ——P o P S@QP ——P o P
—b —C%
S ® by ( b21(;0> S ® bg k < —Cgb;g))
. %o 7 ) ’
S® Py — Py S® Py — Py
! !
S@QP ———P1o P S@Pl———P o P
b1y O —(%h1; 0
@b } ( 0 b2,2> S bs N ( Chay —Chaa
S@P———=P &P S@P———=P ®P
! .91
S® P — P ® P S® P —= P& P
211 — b1 Chio —2¢%b11 —(%b1
S@b 1 b1 6, S®b , ,
@00 l _ ( —(%bo 252,2) @010 _ < —Cba1 —2(Cba
S® Py — P& P S® Py — PO P
.91
S® P — PP,
abyy — b1y 0
S®b ’ ' ~
@ ou l _ ( 0 Abys — bm)
. ©1
SQP,———=P oP
3 o1
SOQP———=P oP
C(4b1q — b1y) 0
S®b ' ' ~
X 012 l _ ( 0 C2(462,2 —ba2)
SQP———=P &P

Proof. Since all appearing maps are A-linear, we only have to consider the A-linear gen-
erators (1 ® &) of S® Py and (1 ® &) of S ® P; to show that the diagrams commute.

(1®&)(S@b1)po=(1®b1)go = | 1, ( )) = Eoboo = (1 ® &) Boboo

oo = OO

(1®&)(S®ba)go = (1®b2)@o = |0, ( )) = Eobo,o = (1 ® E0)obo,o

0 0
(1®&)(S®@b3)p1 = (12b3)@ = (07 (0 )) , (0, < 0 ))) =& (Cbor  —(2bo2)
% o2
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=(1®&)Po (Cbo1  —¢2 bo,2)

(1®&)(S@b)g1 = (1 @by)p1 = (( (8)) ( ()))50(1)0,1 bo,2)
2

= (1®&)%o (box  bo2)

(1® &) (S ®bs)go = (1 ® bs)o = ( , ( ) 51,52 by, 0>

b2,0
b
- @elm(b“))
2,0

) —2< C2b
(1© €1)(S @ be)@o = (1@ be)Go = | 0, [ —2¢> “51’52 —~Cb w)
0 2,0

=(1®&)3 ( CCbb;EJO>

0
wasssonn (0] ) -t 2
0 2,2

bi,1 O
(1 ®51)(,01 < 0 bg )

2¢ —¢ 2
3 _ —(*br, 0
(1®&)(S®bs)pr = (1 ®bs)pr = ((1+C, ( g )) (1+C2 ( 0 ))) = (&1,&) <_Cb2711 _<b2)2)

by
(1®51)<,01( Cb21 —Cbz,2>

_o¢2 2 -
5 ~ _ ~ _ 2b11 — b1 Chig
(1@ &E)(S®bg)pr1 = (1@ by)p1 = ((27 ( —02 )) ; (2, (QOC) )) = (&1,&2) ( OIS 2b2,2>

s~ (2b11 —biq (b
—(1aé 1,1 — b1 1,2)
( 2 ( —(%bay 2bos

-2 -2
astyssm - aonp - (e (26 (rere (6]
0 0

_ —2C%b11 —C%bip
= (51752) ( _CbQ,l —2<b2,2

s~ (2 —CPh 2)
Y ’ :
(1®&)8 ( —Cba1 —2Cb22

0 0 =
5 ~ ~ 4by 1 — b1 0
el e =0ema = ((4’ (8)) ’ (47 (8) )) - &) ( 0 4bs o —52,2)

<~ (4by1 —b1,y 0
= (1 5 ’ ’ ~
1®&)5 ( 0 4by 2 — b2,2>

0 0
(1®E)(S@bi2)p1 = (1®@b12)@1 = ((4C> (0)) ) <4C27 (0>))
0 0

_ C(4b11 — 1) o
= (81,82) ( 0 C2(4b2)2 - b2,2)>
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_ <5 (bt —D1a) 0
=(1®&)er ( 0 C?(4ba o —@,2)) .

Definition 43 We define the following A-linear maps.

C
E:Ph—>R, |ul|f — U
1
dvo = (b5) : p1—>P0

Jl = <b10) : pl D P() — pl

b4
§ —by 20,
do = b3 0 PO PP —>P®F
big —2bg b5
3 —bs 0 2b7 — by 3 5 3 5 3 5
ds := 0 —bs  2bg + by — b1g - PPeoeP P P eoFPhe P
0 -2 by
—b1o 2b7 —bs
5 by 0 0 ~ = ~ ~ ~ ~ ~
dy := 0 by 0 cPPoPRhoPhoPL—-POoPI® R
0 —2b7 + 2bg +bg —b1g b3
b3 0 0 bs + by
by 261 O by . . . . .
Ci5 := | 2bg + 2bg — big — b11 b5 0 2bg + 2bg — b1 : Po @ P:@gl@@]vaple;@;o@ P
0 0 b5 2bg+by—bi 19O LoD M
0 0 2b by

Remark 44 Recall the trivial A-module R; cf. Remark 8.
Consider the following sequence of A-modules with the maps from Definition 43.

d’l . d 0 -~

P Py

o L o dy o o o dy o o o dy . o dy o
Q= (P0®P0@P1EBP1@P04>P1€BP0€BP0@P1 > PloP 0P —> Py@Pa P, > Poh
Then Q is an exact sequence and & surjective.

Proof. Since S = R|[(] is free of rank 2, hence faithfully flat over R, it suffices to verify
that S ® Q) is an exact sequence and that S ® € is surjetcive.

With regard to Corollary 42 we define the following A-linear maps.

(Z) = ~b1o PP P,— By
ba0

~ —2C%b11 —C?by 2
dy = _Cb2,1 —2([)272 PO - PL®P
bo.1 bo.2
—bo1 —1270,2 2bo0
~ b —(*b 0
dy = | S0 —C o2  Py@ Ry @ P &P, — PL®Py® Ry

0 —(*b12 —biy
Cba 1 0 b2.,0
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b1,0 0 —2¢b1,1 b1
B —ba o 0 G2, —2¢?by 5
dz = 0 bl,O 2b171—b171 —b1,2 PO P O PPy RO PR DP R
0 *bz,o b2,1 2b2,2
0 —2bg o bo,1 bo,2
2¢%b11 (Pbip 2b1a 0 b1,0
Cba1 2Cba 0 2byo  —bay
C’i’._ bO,l b0,2 0 0 0 . Pl@PQ@Po@Po@Pl@PQ
4= 0 0 bg’l bo,2 0 ’ P OP,OP OPd R
0 0 b1 b2 —bip
0 0 b271 0 b2,0
Cbo,1 —(?bo 2 0 0 —(%bo,1 (1—¢?)bo,2
bo,1 bo,2 2bo 0 0 bop bo,2
B —b11 (C=Dbr2 —bio 0 —2¢%b11 —bis 2Cb12
ds == | (1 =¢*bay ba,2 ba0 0 2ba1 —2(ba 2 + b2 2
0 0 0 —b170 2b171 — b1,1 —b172
0 0 0 bog ba.y 2, 5
0 0 0 2boe bos bo.s
PBOPROPLOPROPLOPROPR > PLOPROR OO O
Let @ :=

d; d, d-
Py®Py® P& Pad P& Po®Py —> PI®PadPy®Po®PidP; —> PL&Py® P& Pa® Py —> Py®Po®PLBP; - -

&2 PoPoP & PoP; d0 Py —=S
Using the projective A-modules from Definition 25 and the differentials from Definition
26 we define
ds d d: d d d
Q-1,6] == (Qs Qs —>Qs—>Qs—>Q2—> Q1 —> Qo — 5> :

By Theorem 28 the sequence Q[_; g] is exact and € surjective. We show that S ® Q= @ =~
Q[-1,6) as complexes over A.

For this we define the following A-linear maps.

-1
T11< 0> 1P1@P2*>P1@P2

0 1
¢ 0 0
To:=|0 ¢ 0] :PeoPRePR—>PeoPoh
0 0 -1
1 ¢2 0 0
1 —¢ 0 0
T3 := 0 0 1 0  PhoPho PP, >P PP Py
0 0 0 1
1 0 —¢2 0 —Chypo
0o 1 0 = 0
Ty:=|-1 0 —¢ 0 —Chio|:PPoPoPoP,oPh—>PioPRoPoPokl
0 -1 0 - 0

0 0 0 0 1
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¢ 0 0 —Cbio —¢ 0
0 ¢ o 0 0 —¢?
Ty = 0 0 1 ¢*boo—1) o1 O hebhohehebP &b
0 0 1 —C(boo—1) —Cboxr O —POPROPROPROP R
¢ 0 0 (b1 ¢? 0
0 ¢ 0 0 0 <
¢2 -1 0 0 2¢%bp. 0 2
¢ 1 0 0 Cho,1 0 ¢
2% 0 1 0 2 0 —%
Ts := ibzlg) 0 0 1 CO ¢ —Cgb;g) PhohbhoPoPoP ool
by 0 -1 0 ¢ 0 (g ~RhoRhOPOROPOROR
Chao 0 0 —1 0 1-¢ Chag
1 0 0 0 —Cby 0 0

Row and column operations show that det(7;) € {1, —1} C U(S) for i € [1, 6], so that the
above maps are all isomorphisms.

Recall the trivial A-module S and the A-linear map

c
e:Py—=S, |u, | f — U
i
cf. Remark 17 and Definition 26.
We have the trivial A-module R, so that S® R becomes a A-module via ¢~ '; cf. Remark 38.
Let v : S R — S, s®r +> sr, which is S-linear. We show that v is A-linear. Given
se€S,reRand A= (1® AP € A for some A =: (u,v,N) € A, it suffices to verify that
(A-(s@r)=A(s@r)).

In fact, we have A = (u,v, 7, NT) and so

A-semy=0g"s@n)v=(1aN(s®r)y=_5X 1)Y= (s@ur)p
=sur=XA-sr=XA((s®r))

Hence 9 is A-linear.

We show that the following diagram commutes.



ds dy ds3 do dq
PhOPLOP2 S P0OPLO PP —————————>PROPOPIL®OPRoP®OP ————>PIOPROPOPLOP, —————> PO PIO PPy —————> PO P& P —> P & P
1 0 0 0 0 0 0
0 0 1 0 0 0 0 8 (1) ? 8 8 8 1 0 0 0 0 1 0 0 0
0O 0 0 0o o0 1 0 0 0o 0 o 1 0 0O 0 O 1 0 0 0 1 0 0 0 1
(I) Ug:=/0 0 0O O 0 0 1 Us'=log 0 0o o0 o0 1 Uy:=[0 0 0 0 1 Usi=lg o0 o 1 Ug:=(0 0 1 Uy 7(0 )
0O 0 o0 0 1 0 0 0 0o o 1 0o o 0o o0 1 0 0 0 1 0o o 1 0 0
0O 0 o0 1 0O 0 O 1 0o 0 o 0o o 0 1 0O 0 0
0 1 0 0 0 0 0 l/
Py®Py®OPLO®Po®PLO P2 P) ———————>P1OPRROPO PO PLO P —————>P1 O P OPL® PO P) ————> PO PO PL® P ——————> PO P& Py —> P1® P2
¢z -1 0 0 2¢2%bg 1 0 ¢? ¢ 0 0 —¢b1,0 —¢ 0
L6100 by o ¢ 0 ¢ o 0 0 —¢2 10 —¢2 0 —CPhip 120 o
¢pro 010 ¢ 0 —¢hio 0 0 1 ¢%(boo—1) ¢%bo1 O o1 0 —¢ 0 1 2¢ o0 o ¢ 9 0 “1 0
(I1) ¢bao O 0 1 0 ¢ —Cbao " ’ -1 0 =S 0 —¢b1,0 0 ¢ 0
52 2 % 0 0 1 —¢(bgo—1) —Cbp1 O 5 , 0 0 -1 o0 0o 1
—¢%b10 0 -1 0 ¢ 0 (b1 c o 0 2 o -1 0 = 0 o o o 1 o o0 -1
—Cbao O 0 -1 0 1—¢ Cbao 5 1,0 0 0 0 0 1
1 0 0 0 —¢%bg. 0 0 0¢% 0 0 0 ¢
ds dy d3 do 1
Py®PyDPLOP,OPLOPo O P) —————>PIOP2O PO PO PLO P —————> PO P2 OPLOPo,OP) —————> PO PO PLO P, —————> PLO P &Py —> P1 ® P2
@0 0 0 0 0 ~
— 0 0 0 ~ ~
0 @ 0 0 0 S % o0 o &1 0 Zo 0 s 0
(111) 0 0 @ 0 0 0 00 = o 0 @1 0 0 @ O (01 = ) (71
0 0 0o & 0 ©o 0 0 & 0 0o & ¥0
o o0 o0 &
0 0 0 0 @0 1

. . . . . S®ds . . . . S®dy . . . S®d3 . . . S®dsy N . S®dy . S®dg . S®e
(S®Po) ® (S®FPp) ® (S®P1) & (S®P1) ® (S®Py) —— (S®P1) & (S®FPy) & (S®Py) & (S®P1) —= (S®P1) © (S®P1) ® (S®Py) —— (S®Py) @ (S®Py) & (S®P1) —> (S®P1) ® (S®Py) ——> (S®P1) —= (S®Py) —> S® R

Py PyoPLoPLa Py

PL@®Py®Py® Py

a3

da

PLoPLd Py ————————> P @ Ph® P ————— > P13 Py

dg

Py

dg

o




4.2. ATTEMPT TO PROJECTIVELY RESOLVE Z ) OVER Z2)A4 81

We show that Part (III) of the diagram commutes.

We shall verify the equality poe = (S ® £)1. All other quadrangles commute because of
Corollary 42. We have

(12E)foe 2 Ce=1=1® 1) =(1®E&)(S®e)N.

Since g, @o and ¢ are A-linear, the equality goe = (S ® €)1 holds.
We show that part (I) and (IT) commute. For this we verify

Uit1Tip1d; = d;U;T;
for i € [0, 5]. Recall the differentials d; for i € [0, 5]; cf. Remark 27. We have

U1T16A{0 = (bl’()) = doUpTp

b2.0
_ —ba1  —2b22
UsTody = | —bo1  —bo2 | =diUiTh
—2b11  —big

0 (%boa 2boo
~ 0 (b bio |
UsTszds = Chos 0 boo | = d2UT5
Cbo,1 0 2bo,0
bio (b1 2011 O
B boo (%o boa 0
UsTyds = 0 —2boo  bo1  boo | =dsUsTs
—bio Cbipo 0 b1,2
—bao (b 0 2b23
boi  2b2o —(%bay 2(%bap *%ibz,o
bop  bo2 —C%bon Czbo,z —C220,0
S~ 211 b 20 Chie (C—C)bio |
UsTsds = bag  2bao  Cbai 2¢%bas (€ —52)52,0 = Uiy
boi  boe Cbo,t  —Cbo,2 ¢bo,o
2b1,1 bio  2Cbin —Cbip 2¢b1,0

0 Pbo2  —2boo  —2¢2(bo,o — bo,o) —242~bo,1 —(%bo 2
0 (b —bi —3¢%b1,0 —(?b1g —(%b1 2
B Cbo 0 —bao —Cibzo —(%bay 2b2 2
U6T6d5 = Cbo,l —<2b0,2 0 <2b070 ~C2b0,1 —Cbo,g = d5U5T5.
0 —Cbhio bio (2¢2 = Q)b o —Cbi —2b11  —Cbip
—Cba1 0 b2,0 *Cbz,gv —Cban 0
—Cbo.1 0 2bo,0 ¢(2bo,0 — bo,0) —(bo,1 0

Hence the diagram is commutative.

Therefore, since gy and ¢ as well as T; and U; are isomorphisms for i € [1,6], we have
S® Q= Q= Q-6 as complexes over A.

As a result, S ® @ is an exact sequence with S ® & being surjective. Hence, Q is an exact
sequence and £ surjective. o

Remark 45 We have ended our experimental calculation with ds and ds . The further
differentials seem to be out of reach with our methods.
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In particular, there is no regular behaviour in sight of the differentials calculated to this
point. This might be caused by automorphisms of projective modules, which we cannot
control.

4.3 Projective resolution of Z) ® Z) over Z)Ay

Recall that R = Z9) and S = Z9)[¢]. Recall that ® = ®.
R

We attempt to construct a projective resolution of R over RA4 by restricting the projective

resolution ) of S over SA4 to a projective resolution of R @ R over RAy; cf. Theorem 28.

1 ¢ 0
WriteT:=(( 1 0
0 0 22

Recall the isomorphism of S-algebras
2 S®A L> Aa §® (’LL,U,N) — (fu,&v,gﬁ,fNT) ;

cf. Lemma 10

Recall the injective ring homomorphism
v A=A, (u,v,N) — (u,v,f),NT)
and let
T A SQA N> 1@\

Then ¢ = T7¢; cf. Corollary 12.

Remark 46

e Given a A-module X, we denote its restriction to a A-module via ¢ by X|, .

In this way, we obtain the A-modules Pp|,, Pi],, P»], and S|,; cf. Definition 23 and
Remark 17.

e We have the isomorphism of A-modules

ps: ROR = S|, (z,y) — xC + yC2

Definition 47 Let

7t R[] — R, 2 +y*— 2
m + R[(] — R, a{+y(®—y

where z,y € R.
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For N :=

Q Q. 9

b
e
h

S

€ §33 and i € {1,2} we write

am; bm; em;
= |dm em fm| e R3S
gm; hm  am

3x3 .
N7

Define the R-linear maps

R ®A 25 A
(CRt)+ (CCow)—t

where t,w € A.

R(I®A 2 A
(®t)+ (@ w) —w.

We shall construct isomorphisms
Py® Py = Pyl @ Pol, :

and their inverses.

Lemma 48 The inverse S-algebra isomorphism of

o SOA A, €0 (u,0,N) — (€u, v, 5,6NT)
is given by

ol A—S®A

(u,r, 8, N) — (® (um, % ((C2 —Dr+(¢—1)s) ,Nlei)’X?’)

Proof. Let T := R x R[¢] x R**3 and
o A—SeT

(u,r, 5, N) = (@ (“7”’ 3 (@ =D+ (¢~ 1)9) ,Nlei”X$>

#¢0 (wm 3 (€~ O (€ - 15) N7 1))

Given ¢ := x¢ +y¢? € R[¢] and X := (u,v, N) € A we have

(@ Ny = (€u, v, €0, ENT) ¢/

83
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=(® (wué — D)(@¢ 4y + (¢ — (@ + y)v) va>
+3® (yu; )(@¢ + yCPv + (¢ = 1) (x¢® + yl)v) ,yN>
:<®<xu,; (x—a(+z—2C+y( — yCQ+yCQ—yC)va>

+¢® yu,3(afC2—xC+wC—xC2+y—yC2+y—yC)v7yN>
=2(® (u,v,N) +y* @ (u,v, N) =€ ® (u,v,N) = ®@ A

Hence Ay’ = ((S® A)p)¢’ € S® A and we have o |5~ = idggj - Since A and S ® A

/|S®A _ -1

are free S-modules of the same rank, we obtain ¢ . o

Corollary 49 Recall the following idempotent elements of A.

000 000 100
&=11,001{0 0 0 &=10,1,0{0 1 0 &=10,01,{0 0 0
0 1 000 000

0
We have
~ /00 oy 00 0
Eor=11,0,0,{0 0 0 =1(1,0,0,{0 0 O =&
00 1 00 1
) /10 oy 10 0
Eie=1(0,1,1,{0 1 0 =10,1,1,{0 1 O =&+&
00 0 00 0
Let

Then we have

Erp v =p =&
Sl =q=5¢"'n
and
&1 =&~ —1g) = 07 (11 — 1)
=—p—q.
In particular,
i =(ep+(ag
Ep !l =(®q+C@p.

Moreover, &t =1® & .
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Remark 50 Given a,b,c,d,e, f,g,h,i € R we have

a b

d e 0] ==

g h O
00cT1002
00 f|] ==]0 0 2
0 0 i 3 0

0\ | [a(l=0) +b((— ) +d( =) +e(l )
a(¢* =€) +b(1 = ¢*) +d(1 - ¢) +e(¢ — ¢*)

(¢ = 1) +2f(¢ 1)
(¢ —1)+2f(¢* - 1)

3]

Given a,b,c,d, e, f,g,h,i € S we have

T—l

T—l

o O O o O O

o

o O O S OO v Qo
o O O > 0o o o O O

1 (o1 =) +d(¢—¢%) a(¢®—¢)+d(l

3 a(( =) +d(1-¢) a(l—¢*)+d(¢*-0)
29(¢* —1) 2g9(¢—1)

1 (P =) +e(1—=¢%) b(1—¢)+e(C—C?)

b1 =) +e(C—¢) b¢—C)+e(1—0)
2h(¢—1) 2h((2 -1
§<c<+fc2)
3(cC? + )

1

o O O
o O O

Lemma 51 We have the following isomorphisms of A-modules.

po : Po® Py = Polis (A p) = ) + Cpe)

)

)

p11 s Pt = P, A= (A&

P12 - P1 l> PQJL, A= ()\L)(€2

The inverse maps are given by

In particular, Pp,, Pi], and P, are projective A-modules; cf. also Corollary 12.

Proof. Note that for A € Py we have A\t € Py so that pg in fact maps to Py),; cf. Remark 50.

~1 : PojL — po D Po, A= (/\(,D_ll/l, )\QD_IVQ)
: P1JL — Pl, A= — ()\(p_l(Vl + 1/2))

B, — Pl, A= — ()\go_l(lq + 1/2)) .

We show that pg, p11 and p1 2 are A-linear.

Given \, p1, i/ € A we have

(M) pi1 = (Aw)ér = (M) (e)ér = A - ()€ =
(M) pr2 = (M) = (A)(ue)€a = X - ()& =

cf. Remark 46.

a(( =) +b(1 =) +d(1—-¢%) +e(¢? =)
a(l=C)+b(* =) +d(C—¢*) +e(1—0)
3(g¢ + h¢?) 2(9¢* + hQ)

0
0
0



86 CHAPTER 4. PROJECTIVE RESOLUTION OVER Z)A4

We show that the map already denoted by py i3 the both-sided inverse of pg .

Note that for \g € Py], we have Ao~ ! € S ® Py so that pgl in fact maps to Py @ Pp; cf.
Remark 50.

Given \ € Py|,, we have A\p~! = (@t + (% ® w for some t,w € A so that

Mgt po = (AT v AT ) po = C(Ae ) + g var)
=(C@t+Cowr+E(Cot+@w)a
=((tre) + Clwre) = (Dt +Cw)p = A.

Hence, pal po = idPoJ . In particular, pg is surjective. Since Py, and Py & Py are free

L

R-modules of the same rank, py must be bijective and therefore py ! the both-sided inverse
of £0-

We show that the maps already denoted by pf& and pi% are the both-sided inverses of
p1,1 and p1 2 respectively.

Let ¢ € {1,2}. Note that for \; € P;|, we have i teS® P, so that 91_11 in fact maps
to Pp; cf. Remark 50.

Given A € P we have with Corollary 49 that

Aonipry = (A& pi1 = = (A)E) ¢~ (1 + 1) = = (Arp)&1) o' (1 + 1)
=—((rpe™) - (E1e)) M +r2) == (1@ XN) - (@p+ (P ®0q)) (1 +12)
=—(COM+ @A) (1 +12) = A(—p—q) = A1 = A.

In the same way we obtain

Ap12p1s = (M)E) pry = — (A)€) o~ (1 +12) = — (AT9)E2) 0~ (11 + 12)
= — (M) - (L™ ) (1 +12) == (1@ N) - ((®q+ D)) (1 + 12)
=@M+ (1 +1m)=A-p—q =X =A.

Since Pi],, P»|, and P, are free R-modules of the same rank, the map pf% must be the
both-sided inverse of p; 1 and pf% the both-sided inverse of p 2. o

Corollary 52 Recall the projective resolution @ of the trivial A-module S; cf.
Theorem 28.

We have the augmented projective resolution

Epg

Q4JL R®R

of the A-module R & R over RA, .

QOJL

Remark 53 We define the A-linear map

PoP Pl oP)
(A, 1) — ((COA0) + ) Ex, (CA) + P pe)) E2) -
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Let
C (QQ—P 2P‘Q> N NG
2p—q 2q-—p
cf. Corollary 49.

The inverse of C' is given by

C_l = (Z f)) Zpl@Pl—)pl@Pl

so that C' is a A-linear automorphism of P, & P, .

We have p1 = C <p [1)’1 0 ) and p; is an isomorphism of A modules.
1,2

Proof. Recall that

-1 1 0 -2 -1 0
1 1 1 1
b= 077(C2_1)77 -1 -2 0 q= 077<C_1)a7 1 -1 0 )

cf. Corollary 49. We have

1 1
2: 0_727
p ( 3<’3

Therefore we obtain

c-lo— ((Apa—p' = 207 —2pq+2¢*\ _ (&1 0N\ _.
2¢> —2pq+2p°  4pq —q° — p heh

2q—p 2p—q> (pn 0)
We show that ’ = .
<2p—q 2—p)\ 0 pa)

Given A\, € Py we have with Corollary 49 that

2q—p 2p—q\ (p1a O

(/\’“)<2p—q 2q—p>(0 p12>
= (A(2q—p) + 1(2p — q), \(2p — q) + p(2q — p)) (p“ p12>
=( (2¢ = p)e + () (2p — @)¢) 1, (W) (2p — @)e + (1) (29 — p)e) E2)
( 2e¢-1pp+(u)2@p-12q¢p) &, (AM)Q2Rp-1@q¢+ (1)(2®q— 1R p)p) &)
= () (C@Pp+ e+ P+ ®a)p) & +C(w) (CRp+C g+ (P @p+(®q)p) &,
() (K@ a+C@p)e+ P ®a+Cop)p) &+ Cu) ((®a+C@p)e+ (P ®q+(@p)p) &)
= (CA)(E1 + CE2)Er + () (E1 + CPE2)E1, C(A) (E2 + CE1)Er + (P () (E2 + (*61)E)

¢(
((COw) + () &1, (C(A) + ¢ (0) &2)
()‘7 )Pl

((A)
(M)
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In the following remark we calculate the isomorphic replacement of

1

d2 epg

QOJL

do

Q3JL QQJL QlJL R® R7

which is the first part of the augmented projective resolution of Corollary 52, via the
isomorphisms pg and p1; cf. Lemma 51 and Remark 53.

We then replace isomorphically such that every 2 x 2-block of the replaced differentials
obtains a diagonal form where both entries are the same.

Remark 54 We define

C C
e : Py®Py— R®R, u, | f S| — (u,u)
7 i
and
~ (b5 —b 0 S
d6:: 5 6 L cPPoP— PR
0 bs — bg
—2b7 + 2bs + b1o — b1 — 2b12 2(=2b7 + 2bs + bio — b11 — 2b12) S
C"i', L 1 —2(—2b7 + 2bg + b1g — b11 — 2[)12) —(—2b7 + 2bg + big — b1 — 2[)12) PP b E? Py 3
1'_3 b3—b4 2b3—2b4 — PO P
*2[)3 —+ 2b4 7b3 + b4
2(—2b3 — by) 2(—bs + bs) —2b; 0
(b3 — by) 2(—bs — 2by) 0 —2by 5 3 3 . 5 y
d“,': 2bg + 2bg — b1g — b11 0 bs + bg 0 PQ@PQ@P:LG?P:LG?POG?POV
2 0 2bg + 2bg — b1g — b11 0 bs + bg — PP ePhaoPh.
%(—bg - 2b4) %(b3 - b4) _2b1 0
%(—b3 + b4) %(—2()3 — b4) 0 —2b;
Let

Ty = ldpo@po

T = <bg —b; 0

0 bg—b7> 2P1@P1—)P1€BP1

by — bg 2(bg —bg) 0O 0
1| —2(bg —bg) —(bg—b 0 0
T2;:7 (9 8> (9 8) Ipl@Pl@Po@Po—)Pl@Pl@PO@PO
3 0 0 by 2h
0 0 —2b, —by
—3b, —3b; 0 0 —b; —2by
3b; 0 0 0 2, b
1] 0 0 by + 3bg + 2bg — 2by, 2(by + 3bg + 2bg — 2b1g) 0 0
731 0 0 —2(by + 3bs + 2by — 2b1g)  — (b + 3bs + 2bg — 2byy) 0 0
0 —3b 0 0 —b; —2b;
3b;  3b 0 0 2, by
heoehohobPobPhhoP-PRhohoPhoPoPok.
We define

g = ( 2) : Py® Py— R®R; cf. Definition 43
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d63:<b5 0> :pl@Plﬁpo@Po

0 bs
by 0
. 0 b L S
1=, )| PePeRheR»Pep
0 by
b 0 0 0
0 b 0 0
p. bio — 2bs 0 bs 0 hohePoPhohoh
2 0 bip—2bg 0 by P ePePoP.
—by 0 % 0
0 —by 0 2h

We assert that the following diagram commutes. We omit to denote the restriction arrows.

do

d d
PoPoP® Py ——————— P, Py@P ——— Pi&P, Py z S
1 0 0 O
0 0 1
01 0 0 1 0
(I) 00 1 oll Ui= ((1) (; 8) 2 (0 1) 2 (1) 2 102
0 0 0 1
PP ooy ——————— P00 ————— PO B S
po 0 0 0
(I1) 0 p 0] <p01 ) 2 (p1) |2 (po) |2 ps |2
0 0 Po Po

S d L 4 L d L o
PhobobPoPoPoP ——— PP oPoP) — PoP — > Py@P) —— ROR

(I11) | Ty L Ty 2| T 1 1=T 1

S U U AV VR A NV
PoboPoPoPoP ——— PP oPoP) — PoP, — > Py®P) —— ROR

Proof. We verify that part (I) and part (II) of the diagram commute.
Using Corollary 49, we obtain

(€0, 0)po = (C&0 + (*&) = =&
(1,60 = ((C+ P)E + E)E1 (C+ ) (EL + E2)E) = (—E1,—E2) .
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We have
(€0, E0)poe = —Eoe = —1 = C+ (% = (1,1)ps = (£0,&0)e ps -
We have
o ) 00 -2
(51751)p1d0 = (_817 _52) <b1,0> =10,0,0, 00 -2
2,0 00 0
0 0 2 0 0 2
—¢|o, 00 2||+c¢cz|o,00 {0 0 2
0 0 O 0 0 O
0 0 -1 0 0 -1
— (0,000 0 -1 0,0,0,{0 0 -1 0
0 0 O 0 0 O
(—bs — bg, —bs — be)po = (&1, E1)dpypo
We have

e s s 0
(&1,&1, 0, &0) (po1 po) Ud,

ba1  —2bao
= (=&1,—&, —&)Ud1 = (=&, =&, —&1) | oy —bo2
2011 —bio

)

—ba1 —2b11 —bo,1, 2b2 2 + by 2 + b1 2)

= (
(o 2 g)) (ooe e
=1 (0,-2,0,{0 -2 o] ].l0,02 (2 0
0 -2 0 2 0

!

~3

o O O

—(244¢) 244C 0
0,24+4¢,24+4C% [ —(2+4¢) 2+4¢ 0 (S

—(244¢) 2+4¢C 0O
—(2+4g) 24+4¢ O
7(2+4<) 244¢ 0

1 2 -2 0 — 0

== 0,24+4¢, |1 2 -2 0 0,—2 —4¢, —2 2 0 p1
3 4 4 0 4 -4 0

1
= §(+257 — 2bg — big + b11 + 2b1g — by + by, —2b7 + 2bg + big — b1y — 2b12 + bg — ba)p1

—2b7 4 2bg 4 b1 — b11 — 2b12 2(—2b7 4 2bg + b1g — b1y — 2b12)

- R- 1| —2(—2b7 + 2bg + b1g — by1 — 2b12)  —(—2by + 2bg + b1g — b11 — 2b12)
- (51) gl; 50;50)5 b3 _ b4 2b3 . 2b4
—2b3 + 2by —bs + by

= (&1,&1, €0, &0)d}pr -
We have
v po 0 0
(50350751751,50,50) 0 P1 0 d2
0 0 po

b0’2 —2()0}0 0
bio —bio O
0  —bao b2
0 721)070 b()’l

= (_507 _511 _527 _50)
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= (- 502—b1274b00+510+520, —ba1 —bo1)

( 4,0,

0 2 0 0 0
00 0]](+¢*»,(0,00,{2 0
0 2 0 2 0
0 2 0 2 0
2 0 0 0 0
—4 -4 0 -4 0

(o _14))’( 4’0’(8 : _14)»(%1 )

) ( ))

o
oo o

o O O

0

= (=b3 — by + 2bg + 2bg — b1g — b1, —bz — bsy + 2bg + 2bg — b1g — b1y,

- (SOaSOaglagl,SO,g())

_Mn+by+%,—dn+b5+bd<0 O>U
Po
2(—2b3 — by) 3(—b3 + by) —2b; 0
(bs — bs) 2(—bs — 2by) 0 —2b;
2bg + 2bg — b1g — b11 0 bs + bg 0
0 2bg + 2bg — b1 — b11 0 bs + bg
2(—bs — 2by) (b3 — by) —2b, 0
%(—bg, + b4) %(—2[)3 — b4) 0 —2by
p1 O
0 Po) u

0 0
0 0
0 0

-2
-2
—4

p1
0

91

)e)

Ju
Po

Since all appearing maps are A-linear, part (I) and part (IT) of the diagram commute.

We verify that part (III) of the diagram commutes.

Note that ¢/ = ¢’; cf. Definition 43.

g

3/
Tl 0:

Tod) = =

Tsdy =

We have

0 7
—%—%>_%

—2bg — bg + 2b11 + b12

bs — be
0

with b := 6b; — 2bg — by — 3b1o + byy + 2b1o .

We verify that T, To and T3 are isomorphisms.

2(—2bg — bg + 2b11 + b12)

=d\Ty

—2(—2bg — by + 2b11 + b12) —(—2bg — by + 2b11 + b12)
by 2by
—2()4 _b4
by — 3bs  2by — 3b3 —2by —4bq
3b3 — 2by —by 4by 2by
b 2b bs + bg 2(bs + bg) e
_ . LT
—2b —b —2(bs +bg) —(bs + bg)
by 2by — 3b3 —2b1 —4b
3bs —2by  3b3 — by 4by 2by
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Recall that

rad(EgA&y) = r(2b1,b2),
rad(E1AE;) = R(2b7, 2bs, by, big, b11,b12) ;

cf. Lemma 33. Modulo the radical ¢ := rad(A) we obtain
bs(by + bs) = by = &1 ;

cf. Lemma 32. Hence, 77 and T, are invertible modulo ¢, so that 77 and 75 are isomor-
phisms. To show that T3 is invertible mod t, we additionally use for the matrix consisting
of the outer 2 x 2-blocks of T3, that

€ GL4(Fy).

— O =
—_— =0
o= O
— o = O

Hence also T3 is an isomorphism. o

Remark 55 Note that the entry of every 2 x 2-block of the maps & and dg fori e {0,1,2}
is the same as in the differentials of Definition 43, up to row permutation.



Chapter 5

Appendix

Remark 56 Let ¢ := (3 be a third primitive root of unity over Q. Let S := Zy)[(].

The maps defined in Lemma 24 and Definition 29 used for the construction of the differ-
entials and homotopies can be written as S-linear matrices.

We have the following S-linear bases for the projective modules of A; cf. Lemma 24.
Py : (bo,o, b1,0, b2,0730,0>
P (b0,17b1,17b2,1731,1>
P (bo,z, b12, 52,2,32,2>

Using for each map the respective bases we obtain the following matrices, which alterna-
tively can be used for direct calculations.

1 0 0 O 0O 0 0 1
O 1 0 O O 1 0 O

b070 = 0 0 1 0 : P() — P() b170 = 0 0 9 0 : P1 — P()
0O 0 0 1 0O 4 0 O
0O 0 0 1 0O 0 0 1
0O 2 0 0 ~ 0 4 0 0

b270 = 0 0 1 0 : P2 — PO b(),(_) = 0 0 4 0 : Po — P(]
0O 0 4 0 0O 0 0 4
1 0 0 O 1 0 0 O
0O 0 0 1 0O 1 0 0

b071 = 0 0 9 0 : Po — P1 b171 = 0 0 1 0 : P1 — P1
4 0 0 O 0O 0 0 1
2 0 0 O 4 0 0 O
0O 0 0 1 ~ 0O 0 0 1

b271 = 0 0 1 0 : P2 — P1 bl,l = 0 0 4 0 : P1 — P1
0O 0 4 O 0O 0 0 4

93
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b1 2

: P0—>P2

bo 2

: P2—>P2

bo 2

b2.2

iy ) ) i g g
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S 8 i S a8 )
o O O O o O SO OO O oo o O O O o O
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27 27 17 17 07 07
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3 3 3 3 3 3

— — (=] @\l

8 & i ~ ) &
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& o £ < o o)
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B
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0
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g

0
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Zusammenfassung

Sei S := Z(3)[¢3] und A4 die alternierende Gruppe auf vier Elementen.

Wir konstruieren die minimale projektive Auflésung @) von S tiber SAj.

da di do

Q3 Q2 Q1 Qo 0

Dazu finden wir die projektiv unzerlegbaren Moduln Py, P; und P, von SA4 als projektiv
unzerlegbare Moduln des Wedderburn-Bildes A von SA4 und definieren zwischen diesen
SA4- lineare Abbildungen by fiir k,1 € {0, 1,2} als Multiplikation mit Basiselementen von
A. Daraus konstruieren wir fiir ¢ > 0 die projektiven Moduln @); als direkte Summe der
Py, P; und P und die Differentiale d; als Matrizen, mit Vielfachen der by ; als Eintragen.

Die so konstruierte minimale projektive Auflésung von S iiber SA, zeigt ein regelméBiges
Verhalten. Um zu zeigen, dass ) tatsichlich eine projektive Auflésung ist, konstruieren
wir S-lineare Homotopien, die ebenfalls ein regelméfliges Verhalten zeigen.

Sei R :=Z) und ® = Q.
R

Wir versuchen, R iiber RA4 mit Hilfe der projektiven Auflésung ) von S iiber SAy
projektiv aufzulésen. Dazu geben wir zunéchst die projektiv unzerlegbaren Moduln Fy
und P; von RA,4 als projektiv unzerlegbare Moduln des Wedderburn-Bildes A von RA4
an.

Wir finden die ersten Terme @ einer augmentierten projektiven Auflssung von R iiber
RA4 so, dass S ® @ isomorph zu

d5 d4 d3 d2 dl dO

Qs Qo——S

Qs Q4 Qs Qo Q1

ist.

Wir finden weiterhin eine projektive Auflésung von R @ R iiber RA4, indem wir die
Moduln von A entlang eines injektiven Ringhomomorphismus ¢ : A — A zu Moduln {iber
R einschrianken. Mittels Isomorphismen Py — Py),, Pi — Pi], und P; = P,|, zeigen wir

d = di x

dq do

d < 3 2 d
Q1 —= Qo — Z(z)) g(Q:))JL > Qal, Q1l.

Um obige Konstruktionen durchfithren zu konnen, geben wir zu Beginn Wedderburn-
Isomorphismen

RA, %A und SAL S A

an, deren Bilder A und A jeweils Teilringe von direkten Produkten von Matrixringen sind,
die sich durch Kongruenzen beschreiben lassen. Neben einem direkten Beweis geben wir
auch eine Konstruktion von w ausgehend von .

Qol. L2y L) ) -
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