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Introduction

1.1 Graphs and graph morphisms

The graphs considered in this text are directed and consist of vertices and edges. Suppose given a graph
G, we denote its vertex set by Vi and its edge set by E. The direction of each edge e € Eg is given by
maps sg, te : E¢ = Vg, and is always from the source vertex e s¢; to the target vertex e tg. The following

example illustrates what a graph G may look like:

The vertex set of G is Vg = {1, 2, 3}, and the edge set is Eq = {a1, a2, a3, a4 }. To explain the direction of
an edge of G, we use arrows, which are pointed from source vertex to target vertex. Take a5 as an example.
The source vertex of sy is as s = 3, and the target vertex of aw is ai tg = 2. The direction of « is from

3 to 2.

A graph morphism f : G — H maps vertices in G to vertices in H, and edges in G to edges in H,
while respecting sources and targets. We use Vy : Vg — Vg and E; : Eq — Ep to denote the maps between
vertices and between edges, respectively. Then for every e € E¢ with source vertex e s and target vertex
etg in G, its image e E; in H must satisfy eEy sy = esq Vy and eEf ty = etg Vy. The following diagram
illustrates what a graph morphism f : G — H may look like:

B

SN

H - 1 5

N7

B3

2

Figure 1.1
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The vertex map V; and the edge map E; of this graph morphism f are given by

[e% —
1= 1 ' “
ay = B
VfﬁVG—>VH3 2 = 2 and EfiEg—>EH:
ag = [
3 — 1
ay = s

A graph morphism f : G — H is a monomorphism (respectively, epimorphism, isomorphism) if and only
if both its vertex map V; and edge map E; are injective (respectively, surjective, bijective). If there is an
isomorphism between G and H, we say the graphs G and H are isomorphic.

Since the composites of graph morphisms are graph morphisms, graphs together with graph mor-

phisms form a category, denoted by Gph.

1.2 Quasi-isomorphisms based on cyclic graphs

In the category Gph, the cyclic graph C,,, where n € Zx1, has n edges and n vertices, and is of a
cyclic shape. We label the n vertices and edges of C,, with the aid of the elements of Z /57, and for each

e;iynz € Ec,,, we set €47 Sc,, = Viynz and e;4,7 tc, = Vit14nz. Take C4 as an example:
€1447
/_\
V1447 V2447,
C4 : €44-47, €2447,
V4147, V3+4z
~_ -

€3+447

The cyclic subgraphs of a graph G are the subgraphs of GG that are isomorphic to some cyclic graph C,,,
where n € Zx,.

Every graph morphism f : G — H together with a cyclic graph C,, induces a map

(Cna f) : (Cna G)Gph — (Cn7H>Gph)SO = Q- f

C, 4 G
\lf
"

H

If the map (C,,, f) is bijective for every n € Zx,, we say that f : G — H is a quasi-isomorphism. This
definition is due to T. Bisson and A. Tsemo, where the original term used is “acyclics” ; cf. [1, Definition
4.2, Definition 4.3]. The graph morphism f : G — H in Figure 1.1 is a example of quasi-isomorphism;
cf. Example 4.9. Using quasi-isomorphisms as weak equivalences, Bisson and Tsemo have defined a model
category structure on Gph; cf. [1, Corollary 4.8], cf. also [4, Proposition 204].

However, determining whether a graph morphism f is a quasi-isomorphism based solely on the defi-

nition can be challenging, since the determination process is generally infinite. Therefore, we shall provide
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several lifting results for quasi-isomorphisms; see section 1.4 below. Using one of them, we give a crite-
rion that allows to decide in finitely many steps whether a graph morphism between finite graphs is a

quasi-isomorphism.

1.3 Quasi-cyclic graphs

To investigate the properties of quasi-isomorphisms, quasi-cyclic graphs can be employed. A graph
C is said to be quasi-cyclic if it can be covered by finitely many cyclic subgraphs (C;)!,, m € Z1, where
every C; in this sequence has at least a common vertex with the union graph of C, ..., C;_;. The quasi-
cyclic subgraphs of a graph G are the subgraphs of G that are isomorphic to some quasi-cyclic graph.

As examples, both G and H in Figure 1.1 are quasi-cyclic.

Quasi-cyclic graphs are connected in a strong sense. The discussion of the connectivity of general
undirected graphs in [2, Chapter 3] gave rise to the idea of discussing the connectivity of quasi-cyclic
graphs. The connectivity in this book corresponds to the weak connectivity in this text, that is, if a graph
G is weakly connected, then for every v,w € Vg, we have a vertex sequence (v;)}_,, with vy = v and
v, = w, satisfying that for any 0 < ¢ < n — 1, there exists e; € Eg such that v;, v;;1 are both end vertices
of e;. This definition is equivalent to stating that G' cannot be written as the union of two disjoint nonempty
subgraphs. If one demands that all e; point into the target direction, one obtains a stronger version of the
notion of connectivity.

To this end, we first define the notion of a path in our graphs. A path of length n € Z>( in a graph
G is a sequence (e;)!; C Eg of n edges starting from a certain vertex vy € Vg such that eg s = vy and
e;sqg =e;_1tgforl <i < n—1. Whenn = 0, we consider the path to be the single vertex vy. For n > 0,
the direction of the path (ei)?gol is from vy = eg sg to v, = e,_1 tg. We say that a graph G is strongly
connected if for every v,w € Vg, there exists a path from v to w and a path from w to v. All strongly
connected graphs are weakly connected, and indeed, all quasi-cyclic graphs are also strongly connected.

On the other hand, each quasi-cyclic graph is derived from a cyclic graph through a graph morphism.
More precisely, every graph morphism from a cyclic graph C,, has a quasi-cyclic image graph; cf. Lemma 3.8.
Conversely, for every given quasi-cyclic graph C, we can construct an epimorphism f : C,, — C from a
certain cyclic graph C,,; cf. Lemma 3.9. In this way, starting from any vertex in the quasi-cyclic graph C, we
can find such a path that passes through all the vertices and edges in C and finally returns to the starting
point. Therefore, we define the circumferential length ¢(C') of a quasi-cyclic graph as the length of the

shortest path that satisfies the above conditions, that is,
¢(C) :=min{n € Z>, : there exists a graph epimorphism from C,, to C' } .

It is worth mentioning here that we cannot predict the circumferential length of a quasi-cyclic graph by

the number of its edges. In fact, for every k € Z>4, there exists a quasi-cyclic graph C' such that % >
k; so this ratio is unbounded. In Section 3.3, we provide a reasonably fast method for calculating the

circumferential length of a quasi-cyclic graph through the covering method; cf. Algorithm 5.14.

1.4 Lifting results for quasi-isomorphisms

In Chapter 4, we present several lifting results for a quasi-isomorphism f : G — H, which can also

serve as inspiration for constructing examples of quasi-isomorphisms. In fact, one can view those results
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as necessary conditions for a graph morphism to be a quasi-isomorphism. Moreover, a sufficient condition
for a morphism f to be quasi-isomorphic has been provided in [4].

Suppose that we are given a quasi-isomorphism
f:G-=+H

between graphs G, H. Here, the graphs GG, H can also be infinite. We denote the image graph of a subgraph
G’ < G under f by (G')f; cf. Remark 2.10.

Then we conclude that for every cyclic subgraph C
C(©) < @G such that (C(G)) f = C); and the restriction f’gig; of f is an isomorphism.

(H) < H, there exists a unique cyclic subgraph

If, in addition, G is a finite graph, then the following relationship holds among those pairs of such C(%)
and C"): Suppose that Cl(H), CéH) are cyclic subgraphs of H sharing a common vertex. Let CfG), CéG)
denote the cyclic subgraphs of G corresponding to C’fH), C’Q(H), respectively. The cyclic C{G), Q(G) sub-
graphs may have no common vertex in G, but they must be contained in a common quasi-cyclic subgraph
of G; cf. Lemma 4.19, cf. Example 4.20.

Next, we consider the lifting results for quasi-cyclic subgraphs along quasi-isomorphisms. For every

(H) (@)

quasi-cyclic subgraph Q) < H, there exists a quasi-cyclic subgraph Q') < G of the same circum-

(H

ferential length as Q) such that the restriction f‘g(@ : Q9 — QU is an epimorphism. However,
()

such a Q(®) may not be the unique, and the restriction f ’g@) is not necessarily a quasi-isomorphism; cf.

Example 4.15, cf. Remark 4.16. But if we restrict f to the subgraph

¢(@") = J{C <G : Ciscyclicand (C)f < QMY (1.1)
we obtain a i-i hi o a(@) (H),
quasi-isomorphism f|G(Q(H)) -G — QY cf. Lemma 4.17.
In Section 4.4, we restrict our discussion of quasi-isomorphisms to finite graphs. A subgraph G’ of G
is called maximal quasi-cyclic if G’ is quasi-cyclic and the only quasi-cyclic subgraph that includes G’ is G
itself. Write the set of all maximal quasi-cyclic subgraphs of G as Si*(G), if G, H are finite graphs, then
the map

fioSEG) — SMN(H)
G = (O
induced by f is bijective and every restriction f |(§;)f (G- (é) f is a quasi-isomorphism. Conversely, ev-

ery graph morphism between finite graphs that satisfies these properties is a quasi-isomorphism; cf. Propo-
sition 4.22.

Furthermore, if G, H are finite graphs, then for every quasi-cyclic subgraph Q#") < H, the subgraph
G (Q(H)) defined in Equation (1.1) is also a quasi-cyclic subgraph of G. This results in section 4.4 also enable

us to restrict our investigation of quasi-isomorphisms on finite graphs to quasi-cyclic graphs.

1.5 A characterization of quasi-isomorphisms between finite graphs

In section 4.5, we focus on the graph morphisms from a quasi-cyclic graph to a finite graph.
Let f : G — H be a graph morphism, where G is quasi-cyclic and H is finite. The pullback graph
P of
!
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1

G % H
can be constructed as follows. Let
P(G) = <V @ ,E @ Sp@,t (G)) , (1.2)
f Pf Pf Pf Pf

where

fo(G) ={(vtvT) EVex Vo t vTVp =0T Vi)

Epf(c) = {(€+,67) € Eg XEg : €+Ef =e Ef} ;
and where for every (e*,e7) € E @), we set
¥

Sp(@ (et,e”) — (eTsg, e sq);
tpien (et e”) — (et tg, e ta) -

With this construction, we conclude that the map (C,,, f) is injective for all n € Z, if and only if the

following conditions hold (see Proposition 4.25):
1) Fore;,es € Eg with e; €2, €1 Sg = €9 8g and e tg = es tg, we have e; e Er.
(i) F Eg with d h E; E;
1) For ever € S and every (v7,v" ) € (¢) with v v, we have (v, v C -
i) F y C € Se(P”) and every (v* V@ with vt h + V.
f

To ensure that (C,,, f) is also surjective, we employ the notion of adjacency matrices of finite graphs.

We label the vertices of G and of H as v%G), . ’vl(\i;)l and ng), . ,vl(\l,{H) L respectively. The adjacency

matrix Ag € QYo IXIVe | of G is a square matrix with

?

T -

fori,j € [1,| Vi |]. We denote by Ay the adjacency matrix of H in the same sense. We also define the
matrix A; € QIVe XV | by

if v, = v,
(A= | L0V =0
PO 00 i@ vy ol

K2

fori € [1,| Vg | and j € [1, |V |]. Here is our main result:

Let f : G — H be a graph morphism between finite graphs, where G is quasi-cyclic. The following

conditions (1) and (2) are equivalent:
(1) The graph morphism f : G — H is a quasi-isomorphism.

(2) (i) Fore;,es € Eg withe; # es, e15¢ = e25¢ and e tg = ea tg, we have ey Ef # e Ef.
(ii) For every C € SC(P}G)) and every (vt,v7) € V) with vt # 0™, we have (vF,v7) ¢ Ve.
§

(iii) We have A}(Af)™8A; = (Af;)% for every 1 <k < | Vo |+ | Ve |.
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Combining with Proposition 4.22, we may decide whether a graph morphism between finite graphs

is a quasi-isomorphism in finitely many steps:

Let f : G — H be a graph morphism between finite graphs. The following conditions (1) and (2) are

equivalent:
(1) The graph morphism f : G — H is a quasi-isomorphism.

(2) (a) The map

is bijective.
(b) For every restriction fG = f |(éé)f .G — (G)f with G e Sqe  (G), the following conditions
hold:
(i) For e, ez € Ex with 1 # €9, €1 5¢ = e25¢ and e tg = es tg, we have eg Ef # €2 Ey.
(i) For every cyclic subgraph C' < P;g) and every (vt,v7) € V@) with vt # v~, we have
e
(vt v7) ¢ V.

(iii) We have AT (A%)5€A o = (AF

(é)f)diag forevery 1 <k <[V |+ Vgl

1.6 Conventions
Throughout this paper, we adopt the following conventions for commonly used mathematical symbols.

o Let A be a set. We denote the cardinality of A as |A|. If A is a finite set, then |A| is the count of

elements in A.

e Let A be a set. For n € Z 1, we denote the cartesian product A*" := A x --- x A.
—_—

n times

e For integers n, m € Z, we denote
[n,m] :={ke€Z|n<k<m},
which is understood as integer interval.

e Foramap f : X — Y and z € X, we write the image of z under f as = f, or as (z) f if necessary.

Similarly, the image of X’ C X under f is written as X' f, or as (X') f if necessary.

e Composites of maps are written from left to right. So formaps f : X — Y andg : Y — Z, the
composite of f and g is written as f - g : X — Z. For z € X, we have

a(f-9):=((=)f)g-

e Let X, Y besets,and f : X — Y be a map. Suppose that X’ C X and Y’ C Y such that X'f C Y".
The restriction f|%, : X' — Y of f is the map with zf|%, = xf for every z € X'. If X' = X, we

YLIFY! =Y, we may simply write f|x := f|%..

may simply write f|¥ := f
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e A graph G consists of a vertex set Vi, an edge set E¢, a source map s¢ : E¢ — Vi and a target map

ta : Eg — Vg; cf. Definition 2.1.
e Given a graph G, we write G’ < G to express that G’ is a subgraph of G; cf. Definition 2.6.

e Given two graphs G and H, a graph morphism f : G — H consists of a vertex map V; : Vg — Vg
and an edge map E; : Eq — Eg such that Ef -sg = sq - Vy and Ef -ty = tg - Vy; cf. Definition 2.9.
Let G’ < G. The image graph of G’ under f is written as (G') f; cf. Remark 2.10.

e Composites of graph morphisms are also written from left to right; cf. Remark 2.11.

e Let G, H be graphs, and f : G — H be a graph morphism. Suppose that G’ < G and H' < H
such that (G')f < H'. The restriction f|¥ : G’ — H’ is the graph morphism between G’ and
H' consisting the vertex map V; |§g: and the edge map E; |Eg; . If G = G, we may simply write
I = fIE": G — H';If H = H, we may simply write f|¢ := f|Z : G’ — H.

e Let A be a matrix. The symbol AT states for the transformation matrix of A.

e Let A € Q"*" be an X n-matrix with n € Zs,. We denote by (A)%2 € Q"*" the matrix with

(ayioe = 0 0=
Aij i
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Preliminaries

2.1 Graphs

In this section, we present the mathematical framework for describing graphs and investigating their

internal structure.

(Graphs)
A graph G = (Vg,Eg; sg, tg) is a 4-tuple, where

o Vg is the vertex set of G,
« Eg is the edge set of G,

« sqg : Eg — Vg and tg : Eg — Vi are the source map and target map of G, and specify the source

vertex and target vertex of each edge e € Eq, respectively.

Each edge e € E is considered to be directed from e s¢ to e tg. Depending on the context and the infor-

mation to be provided, we may also write G = (Vg,Eg), or simply G.

In the literature, the type of graph considered in this text is often referred to as a directed graph. However, the term "graph” throughout

this text will exclusively refer to an object satisfying Definition 2.1.

Generally, graphs can be represented visually. For a graph G = (Vg, Eg; sg, te), the vertices are depicted
as the names of the elements of Vi;. An edge e € Eg is represented by an arrow from e s¢ to e tg, labeled

by e, that is,

e
esqg — etg.

Moreover, we may also define a graph directly by providing a picture, from which all the necessary infor-

mation for constructing this graph can be extracted.

To illustrate how the tuple definition of a graph corresponds to its diagrammatic representation, we consider

the following example. Let G = (Vi, Eg; sg, te) be a graph, where
M VG - {vh V2, U3, V4, ’U5}

° EG = {61762763764765766767768769}
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€1 — U1 €1 > Vs
€o > Vs €2 > U3
€3 — U3 €3 > Uy
€4 > Uy €4 > Vo
s S5¢c =14 es—~ vy pandtg =14 e5— vy
€g > U1 €6 F> V4
e7 — Uy €7 > Uy
eg —r Uy eg — U1
€9 > U1 €9 > VU2

The graph G possesses also a diagrammatic representation given in Figure 2.1.

//\

Figure 2.1

A graph G is said to be
(1) finite if both V; and E¢ are finite.

(2) simple if for every given ey, es € E¢ the following is valid:

(e1sg =easg) N (e1tg =eatg) = e =es.

For a graph G = (Vi, Eg;sa, tg) and v € Vg, we define the following sets:

(1) The set of all edges in G with source vertex v is denoted as
Eg(v, %) :={e € Eg | es¢g = v}.
(2) The set of all vertices in G reachable from v via a single edge is
Ve (v, %) :={w € Vg : Je € Eg suchthatesg = v, etg = w}.
(3) The set of all edges in G with target vertex v is
Eq(x,v) :={e € Eg | etg = v}.
(4) The set of all source vertices of edges in Eg (%, v) is

Vi (*x,v) :={w € Vi : Je € Eg suchthatets =v, esqg = w}.
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With these notations, we say that a vertex w € Vg is adjacent to v if
w € Vg(v, %) U Vg(*,0).

The vertex v is called isolated if
Eg(v,*) UEg(x,v) = 0.

(Subgraph)
Let G = (Vg,Eg; sa, tg) be a graph. A graph G’ = (Vor, Er; sar, tor) is called subgraph of G, denoted by
G' < @, if the following conditions hold:

. VG/ g VG and EG/ g EG;

. EG/ sag C Vg/ and Eg/ tg C VG’,

Vo

Vg
* Sgr = Sg |Ez, and tgr = tg |EG"

We denote by S(G) the set of all subgraphs of G. Moreover, if G’ < G and G’ # G, we write G’ < G.

(Union of subgraphs)
Let G = (Vg,Eg; sa, tg) be a graph. For a given index set A and a tuple (G)aea of subgraphs of G we

define their union

G = U Gy = (VG‘?EG; Sé,té)

AEA

by setting
* Ve = Usea Voo
* Ecl' = UAeA Eg,,
« 55 =S¢ ;]2 and ty = tg ;‘3/2

The union G = U,ea G of subgraphs of G is itself a subgraph of G. Since for every e € Eg thereis a
A € A such that e € Eg,, we have esg = esg ‘gZi = esq, € Vg, C Vi. Similar argument for etg € Vg.
In the case |A| = 2, for instance A = {1, A2}, we may also write | J,., G as G, U G,. Moreover,

for a given M C S(G), we also use | J M to denote the union of all subgraphs in M.

(Partition)
Let G be a graph, and let (G5 ), ., be a tuple of nonempty subgraphs of G, where A is an index set. We say

that (G5) ., is a partition of G if the following conditions are satisfied:

- JGi =6,

AEA
. VG,\1 ﬂVG/\2 = () for A1, A € A with \; 7é Aa.
Note that the second condition ensure that

EGM mEGA2 =0 for )\1,)\2 € A with \; 75 Aa.

In this case, we write G = [G)\],cp; 01 G =[Gy, ..., Gy, Jif A = {A1,..., A}, n € Zy, is finite.
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2.2 Graph Morphisms

In this section, we review the definition of graph morphisms and discuss some of their properties. In
particular, we give some equivalent conditions for graph morphisms to be monomorphisms, epimorphisms,

or isomorphisms.

(Graph morphisms)
Let G = (Vg,Eq; sg, te) and H = (Vy,Ep; sy, ty) be graphs. A graph morphism f : G — H consists of
a vertex map Vy : Vg — Vy and an edge map E; : E; — Ep such that the following conditions hold:

. Ef'SH:SG-Vf
. Ef'tHZtG'Ef

These conditions ensure that the direction of each edge is respected by f, that is, if e is an edge of G with
source vertex e s and target vertex etg, then eEy is an edge of H with source vertex esg Vy and target
vertex e tg Vy.
We denote by
(G,H)gph :={f : G — H | f is a graph morphism}

the set of all graph morphisms from G to H.

(Image graphs)
Let f : G — H be a graph morphism between graphs G, H. We define the image graph of G under f as

(@) f = (Morr-EBayr s tar) »

where
Ve f = {’U(H) eVy : D evy: 0@ Vi = ’U(H)},
Er = {e(H) € Eg : Je@) e Eg : (@ E; = e(H)},
and
— Vie) s
S(@)f = SH |E(G>f7
.7 Viers
t(G)f =ty ‘E(Z); .

The image graph (G) f is a subgraph of H.
Proof. Let e)) € E) . and e(®) € Eg be an edge in G mapped to H. Then we have
sy = DEyrsr = eV Ersy =9 sa V€ Vi)

6<H) t((;)f = 6(G) Ef t((;)f = 6(G) Ef tH = B(G) tG Vf S V((;)f .

Hence (G)f is a subgraph of H. O

For any given graph morphisms f : G — H and g : H — K, we write f - g for the composite of f and
g; cf. [4, Definition 60]. Then f - g is a graph morphism with Vy., = V;-V, and E;.,, = E;-E, ; cf. [4,
Definition 60].
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For every given graph G, we define
(1) the identity idg : G — G as the graph morphism consisting of the vertex map Vi, := idy, and edge
map Eiy, :=idg,, .

(2) the embedding of a subgraph G’ < G to G as the graph morphism «$, : G’ — G consisting of the

vertex map V,c and edge map E,c , which are both inclusion maps in the usual sense. Sometimes,
G G

LG,
we use G’ <~ G to denote the embedding of G’ to G.

With graphs as objects, and with graph morphisms as morphisms, we obtain a category Gph; see [4,
Definition 64].

(Monomorphisms, epimorphisms, isomorphisms)
Let G, H be graphs. A graph morphism f € (G, H), is called
(1) a monomorphism if for every given graph X and every graph morphisms g1, g2 : X — G, we have
g-f=9f = g=9
(2) an epimorphism if for every given graph Y and every graph morphisms hy, hy : H — Y, we have
f‘hlzf'hg = hlzhg.
(3) an isomorphism, denoted as G LH , if there exists a graph morphism f~! : H — G such that
f-f'=idgand f~!- f =idy. We say that G and H are isomorphic, denoted as G ~ H, if there

exists a graph isomorphism between G and H. Furthermore, if G = H, we call the isomorphism f

an automorphism.

Let G, H be graphs. A graph morphism f : G — H is an isomorphism if and only if the vertex map V;
and the edge map E are bijective.

Proof. Suppose that f ia isomorphism; so there exists a graph morphism f~' : H — G such that f- f~! =
idg and f~!- f = idy. Then we have

Vf 'Vf—l = Vf.f—l = Vid(; and Vf—l -Vf == Vf—l,f == VidH .

Hence Vy is bijective. The bijectivity of E; can be proved similarly.
To show the converse implication, suppose that V; and E; are bijective. We define f~' by

Vi1 1= (Vp) 7, Epor o= (Bp) 7
We claim that f~! is a graph morphism. The property s - V; = E; - s implies that
Ef—l Sg = Ef—l -Tel ’ich = Ef—l *S@ 'V/' ‘\/f—l = Ef—l 'E/' “SH ~Vf—1 = idE(; S ~Vf—1 =Sy ~Vf—1 .

Analogously, we obtain
Ej‘—l . tG = tH 'Vj‘—l
on the target side. Hence f~! is a graph morphism. Since f~! - f = idg and f - f~! = idg, we conclude

that f is an isomorphism. O
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Let G, H be graphs, and f € (G, H )Gph be a graph morphism. Then f is an epimorphism if and only if V
and E; are surjective.

Proof. The statement that surjectivity of V¢, E; implies that f is an epimorphism is given in [4, Remark 72].

Here, we prove only the reverse direction.
An example illustrating the proof principle is given in Example 2.17.

Suppose that f is an epimorphism. We show that V;, E are surjective maps.

First, we assume that E; is not surjective; so we may choose an edge ey € Ep that is not in the image
(G)f. By taking a copy of H and inserting two additional edges from ey sy to ey ty, We construct a new
graph H with

Vi := Vi, Eg :=Ex U {egp, eﬁ)} :
and
esy fore € Eg

egsy foree {eg),eg)},

ety fore € Eg

ety =
" egty foree {eg),eg)}.

We consider the graph morphisms £, hy defined as

hy: H — H hy: H — H
Vib: v — W and V,,: v — v
Ehl: e €Eh1 EhQZ e 6Eh2 s
where
e fore € Ey \{en}
eEp, = (1)
ey fore=epy,
and
e fore € Ey \{en}
6Eh2 = (2)
ey fore=epy .
Since Vj, |V(G)f = Vi, |V, and Ep, |E(G)f =E, |E(G)f ,we have f - hy = f - hy. However hy # hy, which

contradicts f being an epimorphism. Therefore, E; is surjective.
Now assume that V; is not surjective. Then we may choose vy € Vy that is not a vertex of (G) f.
Since E; is surjective, vy is an isolated vertex in /1. We duplicate vy in order to obtaining another vertex

vy ¢ Vg and construct a new graph H' by defining
VH’ = VHU {U}I} 5 EH’ = EH;

and for every e € Ej;,, we set
esg, =esy, ety :=ety .
Then H is a subgraph of H', and vy, v’y are isolated vertices in H'. We consider the graph morphisms

W, hly: H — H', where R} satisfies

Vi,

VH o o
v = idy,, Epr = idg,,
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and hf is defined as

Vvh.’_,

- —_ 0 -—_ / o— 1
Vi \{onr} = Yy [V \{ou} » U Vi = Vg, Epy i=1idg,, .

Since vy is not a vertex of (G) f, we have f - b = f - h,. However, b # h), which contradicts f being a

graph epimorphism. Thus V; is also surjective, which completes the proof. O]

This example illustrates the proof of Lemma 2.16.

«
G: a; —— as

|

H: BlC by i)%

]7,1‘ L/LQ

B3
B4

B2 —> bg

Y.

Figure 2.2

The graph morphism f : G — H is defined as

\Y
al*—f>b1
\Y
f: ag*—f>b1

Ef
o — B

We choose the edge 3, in H as ey. By adding the copies of 35, namely f5, 84, we obtain H such that
H < H. We define hi,hy : H — H as follows:

by Sy by by 3 by
by s, by 2
R S and hy:q oy
81— b1 b1 —> B4
Epq Eny
Ba — B3 52*L>54-

Note that we have f - hy = f - ho, but by # ho; so f is not an epimorphism.

Let G, H be graphs. A graph morphism f € (G, H )Gph is a monomorphism if and only if V; and E; are

injective.
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Proof. Suppose that V; and E; are injective. For an given graph X and g1,9> € (X, G)cpn satisfying
g91f = g2f, we show that g, = g». We claim that V,, =V, andE;, = E,, . We have

Vgl 'Vf - Vgl'f :ng'f :ng 'Vf7

and
Eg -Ef =Eg,.y =Eg,.; = Eg, -Ef.
Since V; and E are injective, it follows that V;, =V,, andE;, = E,. Hence g1 = g2, and f is a monomor-
phism.
To show the converse direction, we assume that f is a monomorphism, but V; or E; is not injective.
In the case where E; is not injective, we choose e, e, € Eg, with e; # e, such that e; Ef = e2 Ey.

We consider the graph

and two different graph morphisms g1, g2 : X — G defined as

Voot Vi = Vg Vet Vi = Vg
= e1Sa 1 = essq
g1 2 = ety and ¢ : 2 = estg
E,: Ex — Eg E,: Ex — Eg

e €1 e €9

We show that g, f = g2 f:

¢Bgp =By By = 1By = e By = eBy, By = By,
1Vglj':1Vg1Vf:615GVf:€1EfSH:egEf'SHIGQSGVf:1Vg2Vf:1V92f
2ngf = 2V92 Vf = eltGvf = 6lE‘ftH = eZEftH = €1tGVf = 2V92Vf = 2V92f

Since f is a monomorphism, we obtain g; = g». But g; # g2. Hence this case does occur.

Now, we consider the case where V; is not injective. We choose vy, v, € E4, with v1 # v, such that
v1 Vy = vy Vy. Let X be the graph with exactly one vertex and no edges. We denote this vertex as v. We
consider two different graph morphisms g1, g» : X — G defined as

V91 : Vx — Vo Vg2 : Vx — Vg
g1 and g¢s:
vo—= 0 v U2

We show that g1 f = g2 f:
Vg g =0V, Vp =01V =02 Vp =0 Vg, Vi = 0V, 5.

Since f is a monomorphism, we obtain g; = g>. However, g1 # ¢»; so this case cannot occur. As neither
case is possible, we reach a contradiction to our assumption that Vy or E; is not injective. Hence, if f is a

monomorphism, then both E; and V; must be injective. O

Let GG, H be graphs, with G being simple. Let f : G — H be a graph morphism. If the vertex map V; of f

@r
G

is injective, then the edge map Ey is also injective. More precisely, the restriction f| is an isomorphism.
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Proof. Let ey, e5 € E¢ be such that e; Ef = e E; € Eyy. Then we have
€1 SGVf =€ Ef Sy = 62Ef SH = €2 sGVf

and

eltGVf :elEftH :GQEftH :ethVf .

Since Vy is injective, we have e; s¢ = e8¢ and e tg = exte. As G is a simple graph, we have e; = es.
Hence E; is injective.

By Remark 2.10 we know that the vertex map V; |¥(GG” and the edge map E; |Ef) " of £\ are surjec-
tive. Since they are also injective as restrictions of Vy and E;, we conclude that f |(GG)f is a graph isomor-

phism; cf. Remark 2.15. O
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Quasi-cyclic Subgraphs

3.1 From cyclic graphs to quasi-cyclic graphs

(Cyclic graphs)
Let n € Zs;. The cyclic graph C,, = (Vc,,, Ec, ; sc,,, tc, ) is defined by
Ve, = {Vi-i-nZ | 1€ Z},
ECn = {ei_._nz | 1€ Z},
where e;; 7z Sc, = Viynz and e;ynz tc, = Vit14nz forall i € Z.

Throughout this text, if known from the context that we are discussing the vertices and edges in the

cyclic graph C,,, we may abbreviate
Vi '= Vitnz,
€ ‘= Citnz -

For example, the cyclic graph C, is as shown below:

Figure 3.1: the cyclic graph Cy

Let C,,, C,,, be cyclic graphs, where n,m € Zx;. Then we have (C,,, C,,)gpn # () if and only if m is a divisor

of n.

Proof. Suppose that (C,,, C,,)cpn # 0, and we choose a graph morphism u € (C,,, C;,)gph. Suppose that
the vertex vo1,z € Ve, is mapped to v,z € V,, . We first show that for every i € Zx, the vertex

Vitnz € Vo, is mapped to vy j4mz € Ve, , that is,

Vignz Vu = Vitj+mZ for every ¢ € Z}U .
Due to the structure of cyclic graphs and the property of graph morphisms, we have

€o+mz Eu S¢,, = €0+mz Sc,, Vu = Vo+nZ Vf = VitmZ -

Since ez € Ec,, isthe unique edge in Ec,, that have the source vertex v;,,,z, we have g1,z E,, = €1 mz.

We proceed one step further by considering the target of eg1,,z € Ec, and e; .,z € Ec,,:

Vi+nZz vu, = €0+nz tCn vu, = €0+nz Ej tC777 = €jrmz tCm = €14+j+mz -

19
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Therefore, we obtain the following implication:
Votnz Vu = Votjtmz = Vignz Yu = Vigjtmz - (3.1)
By iterating the implication (3.1), we may conclude that
Vignz Vu = Vit j+mz foreveryi € Zxg .
In particular, for ¢ = n, we have

Vin+ji+mZ = VYn4nZ Vu = Vo+nz Vu = Vjtmz -

Note that we have j +mZ = j + n + mZ in Z/mZ if and only if m is a divisor of n, which proves the
implication.
To show the converse implication, we suppose that n = am witha € Z~;. We give a graph morphism

u : C,, = C,,,, where the vertex map V,, and the edge map E,, is defined as follows:

\/1 - Vcn — VC

m

VitnzZ t7 Viemz

Eu : Ecn — EC m

€i+nz — €i+m7z
« We verify that V,, and E,, are well-defined. For z,y € Z with v,z = Vv, ynz, thereis a k € Z such
that ¢ = y + nk. Then we have x = y + mak, which implies

Va4nZ Vu = VatmZ = Vy+mak+mZ = Vy+mZ = Vy4nZ Vu .
Hence V, is well-defined. The verification for E, is analogous.

« We verify that v is a graph morphism. Let e, € Ec, . Then we have:

€i+nz Eu Sc,, = €ixmzSc,, = VitmZ = VitnZ Yu = €i4nz Sc,, Vu ;

€irnz Eute,, = €ixmztc,, = Vit14mz = Vix14nz Vu = €itnz te, Vu -

Hence we find a graph morphism u € (C,,, Cyy,)Gphs S0 (Crs Ci ) epn 7 0. O

Let n,m € Zs; and C,, C,, be two cyclic graphs. Suppose that m is a divisor of n. Then each u €

(Ciis Cin) g 1s an epimorphism. Furthermore, if n = m, then each u € (C,,, C;,) g, is an automorphism.

Proof. Letu € (Cy,Cy,)gph. Assume that u is not an epimorphism. It follows from Lemma 2.16 that V,, or
E, is not surjective.

We first discuss the case that V, is not surjective. Suppose that v;;,,z € V¢, is not in the image (C,,)u.
Then e;,,7 is not in the image (C,,)u, for otherwise, we may choose e; 1,z € Ec, with e;;,7E, = €;1mz
such that we have

VitnZ Vi = €i+nZSc, Vi = €jrnz E, Sc,, = Vi+mZ

which is inconsistent with v, .z & V(c,,)u . Therefore, E, is not surjective. Furthermore, if €; .z & E(c, yu>

then v, 11mz ¢ Vic,)u- Otherwise, there exists a vertex vy,z € V¢, such that vy 1,7V, = vi{14mz. Then

we have

€r—14nZ Eu tCm = €k—14+nZ tCn Vu = Vik+nZ \/u = Vit14mZ -
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Since e; .7 is the only edge in Ec , having the target vertex v;14mz, we have e; 11,7 E, = €;1mz, which

is inconsistent with e; .,z ¢ E(c, ). . From the above, we obtain the following implications:

€itmZ ¢ E(C,,,)u = Vit14+mZ éé V(C,,,)u = Cit14+m7Z ¢ E(C,,L)u .
By iterating this argument, we conclude that

Ve ﬂV(C“)u =10.

m

This contradicts the existence of u. Hence both V,, and E, are bijective, and hence u is an epimorphism.
If n = m, then E, and V,, are maps between sets with the same cardinality. Since V-, and Ec, are

finite, the surjective maps E,, and V,, are bijective. Hence u is an automorphism. OJ

(Cyclic subgraphs)
Let G be a graph. We say a subgraph G’ < G cyclic if there exists a cyclic graph Cy, k € Z>; such that
Ci ~ G'. We denote the set of all cyclic subgraphs of G by S.(G).

(Quasi-cyclic subgraphs)
Let G be a graph.

(1) A subgraph G’ < G is called quasi-cyclic in G if G’ is the union of finitely many cyclic subgraphs
G1,Ga,...,G, € S(G) for some n € Z>; such that the condition

i1
Ve, N <U VG].> £ 0 (3.2)
j=1
holds for all ¢ € [2,n]. In this case, we write G’ = G; ® G2 @ --- & G, or we may abbreviate
G' = @], Gi. We denote the set of all quasi-cyclic subgraphs of G by Sy.(G).

Note that the subgraphs G1, ..., G, < G in the definition above are not necessarily pairwise distinct.

(2) If G is quasi-cyclic as a subgraph of itself, we say G is a quasi-cyclic graph.

In Definition 3.5 the order of the given sequence of cyclic subgraphs informs us about how the quasi-cyclic
subgraph is constructed. Therefore, this order cannot be arbitrarily changed. In this text, the given order
of the cyclic subgraphs always corresponds to the property defined via Equation (3.2). For example, the
following graph

Figure 3.2
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is a quasi-cyclic graph, and the subgraphs

G with Ve, = {1,2}, Eg, = {Oél,ag},
G2 Wlth VG2 = {1,2,3,4}, EG2 = {OZQ, Qg, O3, Oé5},
Gg with VG3 = {3,4}, EG3 = {043,044}

are cyclic subgraphs of G. Then we can write G = G; & G2 & G5 or G = G5 & G & G3. However, the

expression G = G @& G5 @ G, is incorrect, since G; and G3 do not share a common vertex.

(Maximal quasi-cyclic)
Let G be a graph. A subgraph G’ < G is said to be maximal quasi-cyclic if G’ € So.(G) and there does not
exist G" € Sq(G) such that G’ < G”. We denote the set of all maximal quasi-cyclic subgraphs of G by
See (G).

(Image of cyclic graphs)
Let G be a graph. For every k € Z>, and every u € (C, G)g,, the image graph (Cy) u is a quasi-cyclic
subgraph of G, i.e., (Cy)u € Sq(G). More precisely, there exists cyclic subgraphs G4,...,G, < G, for
some n € Zx1, such that (Cy)u = @), G; and such thatk = > | Vg,

Proof. Assume that the set

there exists u € (Cy, G)g,, such that for every n € Z3, and

!

is nonempty; so we may choose the smallest kg € K and consider a uy € (Cy,, G)Gph satisfying the

K —{k S Z}l

every (G;)i; € S.(G)*", we have (Cy)u # @ G;ork # Z | Vg,
i=1 i=1

condition from the definition of K. We proceed by distinguishing two cases depending on whether V,,, is
injective or not.

Case: V,,, is injective. Since Cy, is a simple graph, it follows from Lemma 2.19 that (Cg, ) u is isomor-
phic to Cy,,. Hence (Cy, ) ug is a cyclic subgraph of G. Writing Gy = (Cy, ) ug, we have (Cy, ) uo = @,_, G,
and kg = 23:1 [V, |, which implies that kg ¢ K; so this case does not occur.

Case: V,,, is not injective. We shall construct Ce S.(G) and G e Sqc(G) such that (Cy, )up = CuG
and Vi N'Vg # 0.

Ad construction ofé: Since V,,, is not injective, we have ko > 1; and in the sequence (v; VuO)fil

exist n,m € [1, ko|, with n # m, such that
\ \]u() = Vm vuo )

where (v; V,, )fi | is the image sequence of vertices v; € V¢, under V,,,. Hence we may choose the minimal
m € [1, ko] such that there exists a n € [1,7 — 1] satisfying v; V,,, = vi5, V,,,. Note that, since mn is the
minimal element satisfying this condition, the element 7 in the range [1,7 — 1] that satisfies v; V,,, =
Vi Vi, 1s unique. It follows that V,,, is injective on {vy, ..., Vs—1}. Now, we construct a graph morphism
uy : Ci_n — G, in order to get

~

C= (Cﬁz,—ﬁ,)ul .
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The vertex map and edge map of u; are defined as follows:

Vi, 0 Ve, — Ve
Vi(l) = Viga—1 Vg, fori € [1,m —n],
and
E, ¢ Ec, , — Eq

egl) —  €itin—1Ey, forie[l,m—n],

where Vi(l) and el(-l) denote the vertex vi; ;7 —n)z and the edge ;1 (;s,—n)z of Cy,—4, respectively. We verify

that u; = (V,,,, E,, ) is a well-defined graph morphism. For i € [1,m — 7], we have:

(1) _ _ _ _ oM _ (1)
e, By, s¢ = eita—1Ey, sS¢ = €irn—15c,, Vup = Vita—1Vuo = Vi Vuy =€ Sc i Vs

1 ) 1
eg ) Eu1 tG = €itn—1 Euo tG = €i+n—1 tCkO V’uo = Vitn Vuo - V7,(+)1 Vu1 - e( )tC

i

Vul?

where the equality () holds in particular for i = m — i because

Vitn Vuo = Vi Vuo = Vp Vuo - V§1) Vu1 - Vr(%lb)_ﬁ+1 Vu1 = Vi(i)l Vul .

The injectivity of V,,, on {v, ..., Vs_1} yields the injectivity of V,,,. Write C = (Cp—pn)ui. As Cpy_jy is
simple, it follows from Lemma 2.19 that u, \é : Cusy — C'is an isomorphism. Therefore, C is a cyclic
subgraph of G.

Ad construction of G: We construct a graph morphism us : Ci,_spysn — G, in order to get

G = (Cro—rm+a)u2-

The vertex map and edge map of u, are defined as follows:

Vu2 : Vcko—m+ﬁ — Vo
VZ‘(Q) = Vitm—1 Vuo, fori € [1, kﬁo —m + ﬁ],
and
Ey, : ECkO—erﬁ - Eq
652) = €irm—1 Euoa fori € [1, ko —m+ ﬁ],
where Vi(2) and e§2) denote the vertex v;(r,—m+n)z and the edge e; | (xy—sm+n)z of Cry—pm+n, respectively.

We verify that us = (V,,, E,,) is a well-defined graph morphism. For i € [1, kg — 7 + 71, we have:

(2) _ _ _ _ (2 _ (2
e, Eu, 86 = €ipm—1Eu, S¢ = €irm—1 SCh, Vug = Vigrn—1 Vo = V; Vi, = € SChy—m+n Vi

(2) _ _ _ (&) (2 _ (2
e, Eu,te = eitm—1Ey, ta = €ipm—1te,, Vug = Vit Vuy = Vitq Vi, = €;7 tog i Vuas

where the equality (/) holds in particular for i = kg — 1 + 72 because

_ _ _ ) ) _ 2
Vit Vug = Viotn Vuo = Vo Vug = Vin Vug = V1 Vuy = Vi " Ve = Viga Vs -

Note that, since ko — i + 7 < ko, G isa quasi-cyclic subgraph of G.
Ad (Cy, ) ug = C UG: Based on the above construction, we have (Cy, )uo > C'UG. It remains to prove

the reverse inclusion. According to the definition of wy, us, for each v; € Vcko, we have

v ke Vi €V ifi € [1,7— 1]
Vi Vg = S v Vi €V, ifi € [f,7m — 1]

v Vu, €V ifd € [, ko).
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Hence we have ViCky)uo & Ve U Ve Similarly, for each e; € Ec,,, we have

(2) y A
€ i14ko Eus € Bg ifi € [1,7 —1]
¢;Ey, = el E, €Eg ifi € [n,m —1]
ez('i)ﬁ’b-kl Eu., €Eg if i € [rin, ko).

Hence we have E(c, )., € Es UEg. Hence, (Cy,)uo = Cud.
Ad Vi NV # (: We have

ViV, = vi Vi = v Vi = VPV, € VANV

Since G = (Cho—rmtn)u2 and ko — m + n < ko, we can write G = @ézl G, for some [ € Z~,, where
Gi,...,Gr € S(G) and ko —ri+i = S1_, | Va, |- Since Vi 1V # 0, we have (Cy, Jug = (€D, G ) &C
and 3" [ Ve, | + [Va| = ko — i+ 7 + (1h — 7) = ko, which yields ko ¢ K so this case does not occur.

Since both case do not occur, we have a contradiction. This finishes the proof. ]

Suppose given a graph G and a quasi-cyclic subgraph G’ < G with G’ = @], G;, where G; are cyclic
subgraphs of G for i € [1,n]; cf. Definition 3.5. Then there exists an epimorphism f : C,, — G’, where
m =3, [Ec,|.
Proof. To prove this statement, we show by induction that for all | € [1, n], we can find an epimorphism
from Cy, to @,_, G, with k = 22:1 |Ecq, |-

For [ = 1, the subgraph @3:1 G, = G isacyclic subgraph of G, which is isomorphic to Cg,, | = Cy.
Any isomorphism from the set (Cy, G1) Gph €an be chosen, for it is an epimorphism.

Suppose that for a given ! € [1, n—1], we can find an epimophism « from a cyclic graph Cy, to @221 G,
where k = 22:1 |Ec;,|. We show that our statement still holds for I + 1.

We denote CM) := C,, and C@ := C‘ ’ Then C'? is isomorphic to G;4 1. In addition, we denote

Gy
Vi(l) = V’i+kZ in 0(1)7 fori c [1, k}
e7(ll) 1= epypz in CW, fori € [1,k]

Vj(z) — inC®, forj € [1,|Eq,,, |]

=V,
i+[Ea |2

el? =

J ej+|EGl+l‘Z in 0(2)’ forj € [1’ |EG1+1H'

By Definition 3.5, we may choose a vertex

l
[ONS (UVG7'> OVGHI .
i=1

Then, we choose an automorphism a € (C’ N, (1)) Gph such that

(V;l)) w =,

=lu]

and an isomorphism us € (C @) Gz+1) Goh satisfying VP uy = v. We now consider the cyclic graph Cy/

with
1+1

Ko=k+|Eq,, |=) [Ec,

i=1
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+1

and define the graph morphism v’ : C;, — @, G; as follows:

v, .4 Vitwz o vV, ifie (1K
U viewz o VOV, ifie b+ 1K)

E, - €irk'z E, — 651) Eu1 ifi € [1, k?]
‘o €i1k'7 Eu’ — e(Q_)k Eu2 if7 € [k + 1, k/]

i

We provide an illustration to the construction of u’ by Example 3.10.

We show that «/ is an epimorphism in (Ck/, @ii} Gi) . Write G* := @ig G;. According to the
Gph
definition of ’, we have

(2)

1
Vit 14kz Vo = V) Vy, =0 = V§ )Vu1 =v1 Vi . (33)

Using equation (3.3), we can now prove that «’ is a graph morphism. For i € [1, k|, the map v’ satisfies the

following properties

(1) (1) (1) .
e Bysgr =e€; "By sg-=¢€; " scay Vi, =V "V, = Vi iy = e8¢, Vi ;

1 1 1
e By tar = eV By, tor = eV tom Vi, = v Vi, = viy Vi = eite,, Vi (3.4)

In particular, for ¢ = k, the penultimate equation in (3.4) is valid, since via (3.3) we have
1 1
Vl(f-‘zl Vul = V§ )Vu1 = Vi+1 Vu’ .

Moreover, for i € [k + 1, k'], we have

_ . _ .2 _ 2 _ _ .
€; Eu’ Sgx = €, 1. Euz Sgx = €, L Sc®@ Vu2 =V, & Vug =V; Vu’ =€ SCk/ Vu’ )

2 2 2
e; Byt = el(‘_)k Eug to = ez(’—)k toe Vug = Vi(—)k+1 Vu2 =Vig1 Vuw = ¢ tCk/ Vur . (3~5)

In particular, for i = k’, the penultimate equation in (3.5) is valid, since via (3.3) we have

(2) (2)
Vi i1 Vuz = V1 Vuy = Vigwz Var = Viep14kz Vs -

Since the image of u; is @,lizl G; and the image of us is G} 1, the image of v’ is

l
(@ Gi> UG =G".

i=1
Hence «/ is an epimorphism.

With the principle of induction we obtain especially for | = n an epimorphism im (C,,, G’ )Gph, where
m= Z?:l ‘EGZ : [

We give an example for the induction step in the proof of Lemma 3.9.

og
e 57 76
o T(\G )aq
c® =Cs L SN 4K\3 7 PR Cy =: c®
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We choose the common vertex v = 3 of image graphs (C7)u; and (Cy4)us. The definitions of uq, us
and v’ are as follow. Since for a graph morphism f from a cyclic graph to an arbitrary graph, the edge map
E; determines the vertex map V; via source and target maps, we provide here only the edge maps of w1, u2

and u':

egl) — Qg €1 — o
egl) rar es — ay
egl) — o e — Qs
Uy = efll) — Qs €4 Q3
eél) — oy es -5 oy
eél) — o u = eq — Qg
egl) — Qg er 5
652) — Qg eg > Qg
eéQ) — Qg €9 — Qg
Uo 1=
’ 6%2) — Qg €10 > Qg
64(12) = Q1 €11 — Qg

Let f : G — H be a graph morphism and G’ < G be a quasi-cyclic subgraph. Then H’' := (G')f is
quasi-cyclic subgraph of H.

Proof. By Lemma 3.9, we may construct an epimorphism v : C,, — G’ from a certain cyclic graph C,,.

o / . . . . . .
Thenu - f& : C, — H'is an epimorphism as a composite of two epimorphisms; and we have

()] = (G118 = (Cayw sl = (o) (u- f4) .
By Lemma 3.8, (G') f is a quasi-cyclic subgraph of H. O
Based on Lemmas 3.8 and 3.9, we may measure the size of quasi-cyclic subgraphs:

(circumferential length)

The circumferential length of a quasi-cyclic subgraph G’ < G is defined as follows:

{(G') := min {k € Zz1 : 3f € (C, ')y, such that f is an epimorphism }

Let G’ be a quasi-cyclic subgraph of G. If there is an epimorphism f € (Cy, G')g,,, then it follows that
k> 0(G).

Let G, H be graphs and f : G — H be a graph morphism. Suppose that G’ < G, H' < H are quasi-cyclic
subgraphs such that (G') f = H'. Then we have ((G") > ((H').
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Proof. According to Definition 3.12, we may choose an epimorphism u € (Cg((;/), G’)Gph. Then we have
(Cg((y)) (u - f g;) = (G")f = H',sothatu- f g,/ € (Cé(G/>’H/)Gph
implies £(G") > ((H'). O

is an epimorphism. The Remark 3.13

For a given quasi-cyclic graph G, the edge count |Eg| does not provide a bound for its circumferential

length ¢(G). In fact, for every k € Z>, there exists a simple quasi-cyclic graph G such that

)

— > k.
|Eq|

Proof. For each n € Zx,, we set GG, as the following simple quasi-cyclic graph:

1

)

Uy Vg e Un,

- Y
/ Un—1
\ Uy 2
Y~

\

Then we have |Eg, | = 3n and /(G,,) = n(n + 2). For each k € Z>,, we choose n = 3k. Then we have

(G,) nn+2) 3k+2

= >k
|EG” 3n 3 ’

which completes the proof. O

3.2 Connectivity of quasi-cyclic graphs

In the following, we characterize quasi-cyclic graphs by describing their connectivity properties. This

characterization will later be used in Algorithm 5.13 to determine whether a given graph is quasi-cyclic.

(Weakly connected graphs)
We say a graph G is weakly connected if we have

{f € (G, H)gy, & Vy is surjective} =0,

where H is the graph presented in Figure 3.3.

1 2
H: Laj Laj

Figure 3.3
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A nonempty weakly connected graph G admits a unique partition into subgraphs, namely G = [G].

Proof. Assume that [G],., is another partition of G, where A is a index set with [A| > 1. Suppose that
A1 € A and write G := UAE[\\{M} Gy. Then [G),,G'] is a partition of GG, and we may define a graph
morphism u € (G, H)gph, where H is the graph presented in Figure 3.3, by setting:

Vo,: Vo — Vyg
v +— 1, forwe Ve,
v +— 2, forvée Vg,

s
<
<
S
4
s
T

Q)
1
R

fore € Eq, ,

e > g, fore€Eq.
Since for e € Eq Ao WE have

esqg V,=1=¢eE,sy and etg V,=1=¢€cE,ty,
~—~ ~—

GV(;M GVGA1

and since for e € Eg/, we have

esqV,=2=¢eE,sy and etqgV,=2=¢E, ty,
~—~ ~—
EVgr EVgr

the graph morphism u is well-defined. However, the surjectivity of V,, contradicts the weak connectivity of

G. Hence, GG does not admit a partition indexed by A with |A| > 1, completing the proof. O]

Since the graphs under consideration are directed, imposing restrictions on the direction of paths allows us to define stronger

notions of connectivity. To this end, we first introduce the definition of paths in a graph.

(Directed path graphs)
For n € Z>, we define the directed path graph D,, = (\p,,,Ep, ; sp, , tp, ) of length n as follows:

and for each 7 € [0,n — 1] we set

€ Sp, = Vi, ¢€itp, = Viy1.

An example for directed path graph D,,:

Dy : Vo Vi > Vo > V3 > Vg

For iy, jo € [0,n] with iy < jo, we use DI*7°] to denote the subgraph of D,, defined by

Voliool = {Vi © @ € [io, jo]} and  Epueuo = {& : i € [io,jo — 1]}
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An example for DLM] < Dy:

~ é ~ é ~
DLI’B] : A%l -ty Vo = V3

For further properties of directed path graphs, we refer the reader to [4, Definition 56].

(Paths)
Let G be a graph. A path in the graph G is defined as a graph morphism p : D,, — G for some n € Zx,,
where D,, denotes the directed path graph of length n. The start vertex and end vertex of path p are given

by ps := %V, and p, := V,, V,, respectively. Furthermore, we denote

Vg (v, ) := U {’U’ € Vg : 3p € (D, G)g,, suchthat p, = v, pi= v'}

n=0

as the set of all vertices that appear as the end vertex of a path in G starting with v.

(Star-connected graphs and strongly connected graphs)
A graph G is said to be star-connected if there is a vertex v € Vi such that

VG = VG (U, *) .
A nonempty graph G is called strongly connected if for every vertex v € Vg, it holds that

Vo = VG(Uv *) .

From Definitions 3.16 and 3.20, we can conclude that
(1) every nonempty strongly connected graph is star-connected,
(2) every star-connected graph is weakly connected.
However, the converses do not hold in general:
(3) There exists a graph that is star-connected, but not weakly connected.
(4) There exists a nonempty graph that is star-connected, but not strongly connected.

For instance, in Figure 3.4, G; is weakly connected but not star-connected; G is star-connected but not

strongly connected.

1

Gy 3/ Gyt
N

W b =

2

Figure 3.4: Graphs illustrating different types of connectivity.
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Proof. Here, we give a proof to (2). Let G be a star-connected graph, so we may choose v € Vi such that
V& € Vg (v, *). We prove that there does not exist any f € (G, H), »n With [ defined in Figure 3.3 such
that Vy is surjective:

Let f : G — H be a graph morphism, and v' € V. As G is star-connected, we have v’ € Vg (v, *) and
we may consider a path p in G with length n € Z, which has start vertex p; = v and end vertex p, = v'.

Then, the composite p - f : D,, — H is a graph morphism, and for each i € [0,n — 1] we have
ViVpf =@€isp, Vor =€ Eppsy =& Eppty =& tp, Vioy = Vig1 Vpy .
This implies Vo V,,; = ¥,, V,,5. Hence
oVy =%V, V; =¥, V,- Vs =0 V.

Asv' € Vi was chosen arbitrarily, it follows that all the vertices of G are mapped to the same vertex in H.

Hence, V; is not surjective, which completes our proof. OJ

Before we come to the characterization of quasi-cyclic graphs, we first prove the following lemma,

which serves as a preparation:

Let G be a graph and GV, G < G be quasi-cyclic subgraphs such that Vi) N V) # 0. Then the union
G UG® is also a quasi-cyclic subgraph of G.

Proof. According to Definition 3.5, we may suppose that GO = @, GV and G = DL, G;Q), where
n,m € Zxi, G(l) ..,GY and G?) G are cyclic subgraphs of G(*) and G, respectively. Choose
v € Vg NVge). Then there exists j € [1,m] such that v € V2, and we let

Jo = min{j ell,m] : ve VG(_Z)},
J

so that
1 (2 _ (1) (2
GWuGy = (@G )@G

is a quasi-cyclic subgraph.

In the case j, = 1: We have G’;i) = G(2), which implies

GOua® =gV ucPua® =gV ueP ug? = <@ G > oGP o <€B G§2>) :

i=1

Therefore, GV U G?) is a quasi-cyclic subgraph.

In the case j, > 1: Since @‘];:0—1 G(-Q) is a quasi-cyclic subgraph of G, by Definition 3.5, we can
choose j; € [1,jo — 1] such that V, o nv o # 0. If j;1 # 1, we can similarly find j, € [1,j; — 1]
such that V o nv o = (. Proceedlng 1nduct1vely, if j; # 1, we choose j;11 € [1,j; — 1] such that
NV, @ 75 0. We continue this process until, for some k£ > 1, we reach j, = 1. Now, we have
obtained a monotomcally decreasing sequence 1 = j < jp—1 < --- < j1 < Jo that satisfies

Vv (2)ﬂVG(2) 750) fOI‘aHlE[O,kfl].

GJL Ji41
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Finally, we have

k
GO UG® = gy (@ Gf)) uUGg®
1=0

n k m
- (ar)u(@er) o (der)
i=1 =0 j=1
n k m
(@) () (6)
=1

1=0 j=1
which indicates that G™") U G®) is a quasi-cyclic graph. O
By iteratively applying Lemma 3.22, we obtain the following corollary:

(to Lemma 3.22)
Let G beagraph, andlet Gy, G, . . ., G,, be quasi-cyclic subgraphs of G satisfying the following conditions:

e Vg, NVg, 75 0,

e (Vo, UVg,) NVg, # 0,

M s

. (VG1 UVg, U--- UVGn_l) NVg, #+ 0.

Then |J;_, G is a quasi-cyclic subgraph of G.

(Characterization of quasi-cyclic graphs)

For a given graph G, the following are equivalent:
(1) G is a quasi-cyclic graph.
(2) G is a finite, strongly connected graph with E¢; # ().

Proof. (1) = (2): Let G be a quasi-cyclic graph and v,w € Vg. Then G is finite and has Eq # (; cf.
Definition 3.5. We show that G'is strongly connected. By Lemma 3.9, we may consider a graph epimorphism
f +C, — G foracertain n € Zsq. Suppose that v, ,z,V,4nz € V¢, for some ¢,j7 € Z such that
Vitnz Vr = v and v, 1,7 Vy = w. We choose iy € ¢ + nZ and jy € ¢ + nZ that satisfy 0 < jo — 79 < n.
Now we consider the graph morphism v : D;,_;, — C,,, where D, _;, is a directed path graph, defined by

V, : VDJ'o*iU — Vcn
Vi = Vit
and
Eu : EDjO—iU — EC,L
ék = €kt -

We claim that u is a graph morphism: For every k € [0, jo — i — 1], we have

€L Eu, Sc,, = €k+ig Sc,, = Vk+ig — Vk Vu, = €k Sp \/u 5

Jo =10

€k Eu tCn = €k+ig tCn = Vktio+1 = Vk+1 Vu = € tDJ‘u*iO Vu :

It follows that the composite u - f : D; _;, — G is a path with start vertex v and end vertex w. Hence,

we may conclude that for arbitrary v, w € Vg, we can find a path p such that its start vertex p; = v and
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its end vertex p, = w. Hence, for every v € Vg, we have Viz C Vi (v, *). By Definition 3.20, G is strongly
connected.

(2) = (1): Let G be a finite, strongly connected graph with Eg # (). First, we prove that for each

e € Eq there exists a quasi-cyclic subgraph G, < G such that e € E¢;,. As G is strongly connected, there

isapathp: D,, — G, with a certain directed path graph D,, of length n € Z, such that p; = vy V, = etg

and p, = ¥, V, = esg. We claim that the subgraph G. = (Vg,,Eq,) defined by Vi, := Vip,)p, Ec, =

E(p,)p U{e} is a quasi-cyclic subgraph. For this purpose, we construct a graph morphism @ : C, 11 — G
with

Va: Ve — Vo

vi = %1V, forie[l,n+1]

e

and
Eﬁ : EC"Jrl — EG

e

e; — &_1E,, forie[l, n

€pt1 e.

We verify that @ is a graph morphism: For i € [1, n] we have

e;Basg, =€ 1E,8q., =€ 15D, Vi, =V; 1V, =V; Va =¢€;5¢,, Va,

eiEate, =€ 1Eptg. =€ 1tp, Vb, = ViV, =vip1 Vo = eite,,, Va s
and for e,, .1 we have

€n+1 Ea Sg, = €Sg, = Vp, Vp = Vp+1 Vﬁ = €p+1 SCnJrl V& y

€n+1 Eﬂ tGe == 6’[@(3 = \AIO Vp =V Va = Vp+2 Vﬁ = €n+1 tCn+1 Vﬂ .

Hence, @ is a graph morphism. Since G, = (C,,41) 4, it follows from Lemma 3.8 that G, is a quasi-cyclic
subgraph with e € E¢;, .

As G is a strongly connected graph with | E¢ | > 1, no vertex in G is isolated. Therefore,

¢a=Je=U U ¢

eCEq EVG e€G(x,%)

Corollary 3.23 implies that for every € Vg, the subgraph

¢w.= | G

e€G(x,*)

is quasi-cyclic. It remains to show that the union | J, ., G (@) is quasi-cyclic.

We begin by proving that for each V' C Vg, V' # (), there exists a y € Vg \V such that G and
U,cy G share at least one vertex. Since Vi \V # (), we can choose a vertex z € Vi \V. For a given
x € V, we consider a path p’ : D,,, — G of length m € Z, which has start vertex p, = z and end vertex
p; = z. Next, we let

lo:=min{l € [I,m] : ,V,y € Vg \V}

and set g = V;,_1 Vi, ¥ = ¥, V,». Then we have

€,—1Eptec=¢,_1tp, Vpy =%, V, =y € Vg \V,

€,-1Eysag=¢,_15p, Vy =Vi,—1V, =9 € Vv,

m
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which indicates that &, 1 E,» € G(x¢,*) and y is a vertex of G(*°). Hence, y is a vertex of Upey G
Since ¥ is also a vertex of G¥), we conclude that y is a vertex of G and of Usev G®),

Now we prove that G = J, .
{v1} € Vg, we can select v € Vi \{v1} such that

G®) is a quasi-cyclic graph. Choose an arbitrary vertex v; € Vg. If

Vo N U Vo) 79 0.

ve{vy}

If {v1,v2} € Vg, we may choose vs € Vi \{v1, v2} such that

Vaws) N U Voo # 0.

ve{vi,va}

[ Vo |

Continuing in this way, we construct a sequence (v;),—=;' such that {vy,..., vy, |} = Vi, and each corre-

sponding subgraph G(*) satisfies

Vg N U Vaw # 0, forallr € [2,]| Vg ]

ve{vi,...,vp—1}

By Corollary 3.23, the graph G = UL\;CI‘ G is quasi-cyclic. O

According to Lemma 3.24, the graph with pyramid structure illustrated in the following figure is quasi-

cyclic.

U1
€1 eg
es

% €3

U3

V2 V4

3.3 Covering quasi-cyclic graphs

In this section, we present an alternative method for computing the circumferential length of a quasi-
cyclic graph G. Compared to the direct approach based on the definition, this method allows for a relatively
more efficient computation; cf. Algorithm 5.14.

Let G be a quasi-cyclic graph. From the definition, we know that G is the union of finitely many
subgraphs in S.(G). Therefore, G is a finite graph with G C | JS.(G), which also implies that the set S.(G)

is nonempty and finite, i.e., 0 < [S.(G)| < co. Based on these premises, we can derive the following lemma:

For a quasi-cyclic graph G, we have

°GQ) = min{ 3 e ’M C S.(G) such that | M 2 G}

ceM
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Proof. Ad “<”. Let M C S.(G) satisfying | JM DO G. First, we prove that for every nonempty subset
M’ C M we can choose C' € M \ M’ such that

\Z18 U Vor # 0.

creM’
To prove this claim, we distinguish two cases.

Case | JM' = G. Since V. C Vg = Jcvepyr Vor and Vi # (), we have

Ve N U Ver = Ve NVg 75@
c'eM’

Case | JM' # G. By Lemma 3.24, the quasi-cyclic graph G is strongly connected with |Eg | > 1,

which implies that for every v € Vg,
Ec(v,%x) #0 and Eg(x,v) # 0,
and we may conclude that E y;» C Eq: Assume that Ej ;s = Eg. Then we have
Ve =Eaqte =Eym te € Vymr,

which implies that | J M’ = G, contradicting the precondition | J M’ # G.
We claim that there exists e € Eg \EU v such that

{esg,etg} N U Vo # 0. (3.6)

creM’
Assume not. We consider the subgraph G' < G given by
Eé :Eg\EUM/ and VG :Eé SgLJEéth.

Asevery e € Eg, satisfies {esq, eta} N Jereny Vor = 0, we have Vi, NV = 0. Moreover, Ex UE(j ar =
G implies that G'U |J M’ = G. Therefore we can partition G into [G JJM } , which contradicts to G being
strongly connected; cf. Remark 3.17. So we may choose e € E¢ \ E(j a satisfying (3.6). Since G = |J M,
there exists C' € M such that e € Es and C € M\ M'. Hence, we find C' € M \ M’ satisfying

Ve N U Vor # 0.

creM’

Now, we choose Cy € M. If [M| > 2, select Cy € M \ {C} such that
Ve, NV, =+ 0.
If {C1,Cy} € M, then select C3 € M \ {C1,C3} such that

VCsm U VCi 7é®

i€[1,2]

Continue this process until {C1, ..., C, } = M for some n € Z,. Then we may write G = @_, C;. By

Lemma 3.9, there exists a graph epimorphism u from cyclic graph Cy, to G, where

n
L= Z ‘Eci
i=1

By Remark 3.13, we have ¢(G) < L. As M is chosen arbitrarily, we complete the proof of ”<” direction.
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Ad “>”. We consider a graph epimorphism u € (Cg(G), G) from the cyclic graph Cy). By

Gph’
Lemma 3.8, there exists a sequence (C;)’"_, of cyclic subgraphs of G such that G = @], C; and ¢(G) =
S [Ec,|. We denote M = {C; : i € [1,n]}. Note that C;, i € [1,n], are not necessarily to be pairwise

distinct; hence we have

UG) = i Ec,| > ) [Ec| > min{ > [Ecl ’M C S¢(G) such that |_JM D G} ,
1=1

Cenr ceM

which completes our proof. O
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Quasi-isomorphisms

4.1 Notion of a quasi-isomorphism

Let G, H be graphs and f : G — H be a graph morphism. For an arbitrary graph X we define the map
(X, f) as follows:
(X, f): (X,G)pn — (X, H)cpn
u — u- f

X 25 G

N
H
Figure 4.1: Illustration for the map (X, f).

(quasi-isomorphism)
Let G, H be graphs. A graph morphism f € (G, H )gpn is called a quasi-isomorphism, and denoted as
G % H, if for every k € Zx4, the map (Cy, f) is bijective; that is, for each given graph morphism
v € (Ck, H )cph, there exists a unique graph morphism v € (Cy,, G)gph such that u - f = v.

Ck Il G

N

Figure 4.2: Graph morphism f is quasi-isomorphism, if the map (Cy, f) is bijec-
tive forall k € Z>;.

(Quasi-isomorphism)
Let f : G — H be a graph morphism, where G is an arbitrary graph and H is a graph with S.(H) = ).
Then we have S¢.(H) = 0, and hence (Cy, H)gpn = () for every k € Z>; by Lemma 3.8. On the other hand,
we have S.(G) = 0, for otherwise, by Lemma 3.9, we would have a graph morphism v : C;, — G from
some cyclic graph Cy; and there would be a graph morphism u - f in (Cy, H )gpn. Therefore, we also have

(Ck, G)gpn = 0 for every k € Z4. Altogether, f is a quasi-isomorphism.

4.2 A review of a sufficient condition to be a quasi-isomorphism

J. Hess provided a sufficient condition for a graph morphism to be a quasi-isomorphism; [4, Chapter

7]. We briefly review this method here.

37
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(Etale fibration [4, Definition 127.(2)])
A graph morphism f : G — H is said to be an etale fibration if for every v € Vi, the map

Ef’vi Eg(v,*) — EH(’UVf,*)
e — eEf

is bijective.

(Unitargeting [4, Definition 206])
For a given graph morphism f : G — H, an edge ey € Ey is called unitargeting with respect to f if

{ectc : ec €Eq, ecEp =en}|=1.

([4, Proposition 210])
Let G, H be graphs and f : G — H be an etale fibration. If for every n € Z>; and every u € (C,,, H)gph,
there exists ¢ € Z such that e; E,, € Ep is unitargeting with respect to f, where e; = €;1,z € Ec, , then the

graph morphism f : G — H is a quasi-isomorphism.

We provide an example demonstrating how Proposition 4.6 can be used to decide that a graph morphism
is a quasi-isomorphisms.

Let f : G — H be the graph morphism between the graphs in following diagram.

B1

VRN

B — 2

N

B3

H: 1

The vertex map Vy and edge map E; of f are given by

[e% —
Lo 1 1 B
ay = B
Vi:Vg = Vg 2 = 2 and E;:Eg — Ep:
ag = B
3 — 1
ay B3

We show that f : G — H is a quasi-isomorphism. First, we observe that f is an etale fibration.
It remains to prove that for every graph morphism v : C,, — H from a cyclic graph C,,, there exists a
unitargeting edge in the image graph (C,,)u with respect to f. Let w : C,, — H be a graph morphism from
a certain cyclic graph C,,. Then the image graph (C,)u is a quasi-cyclic subgraph of H; cf. Lemma 3.8.
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Since all cyclic subgraphs of H contain (3, the edge (3; is also contained in (C,,)u; so there exists i € Z
such that the edge e, 1,7 € Ec, is mapped to (2, which is unitargeting in (C, )u < H with respect to f.

Hence f is a quasi-isomorphism by Proposition 4.6.

For a given graph G = (Viz, Eg; sq, te), its opposite graph G = (Vgor, Egor; SGor, tger) is defined as the
graph having the identical vertex set and edge set as GG, and the direction of every edge e € Eg is reversed,

that is, esgw = etg and etge = es¢g for e € Eqo. So we have
G = (Vgw,Egw; sgor, tge ) := (Vg, Eq; ta, sa)-
For a given graph morphism f : G — H, we may also define its opposite graph morphism
[P = (Viw,Ep) : G — H?®

as Viw := Vy and Efe := E;. It has been reasoned in [4, Definition 211.(2)] that f°? is a well-defined
graph morphism. Moreover, if f : G — H is a quasi-isomorphism, its opposite graph morphism f is
also a quasi-isomorphism; cf. [4, Remark 214]. In Example 4.9 we demonstrate how to determine a quasi-

isomorphism by this criterion.

Let f : G — H be the graph morphism defined in Example 4.7. The graph morphism shown in the
following diagram is the opposite graph morphism of f. Since f is a quasi-isomorphism, the following

graph morphism is a quasi-isomorphism as well. However, it should be note that f°P is not an etal fibration.

Gop - 1 2 3

I*

B1

Fop - 1 5 2

B3

4.3 Lifting results for quasi-isomorphisms of graphs

Let G, H be graphs and f : G — H be a quasi-isomorphism. Then for each H' € S.(H), there exists
G’ € S.(@) such that (G")f < H’ and f|%, is an isomorphism.

Proof. We consider a cyclic subgraph H' < H. Let 1, be the embedding. According to the definition

of a cyclic subgraph, there exists a unique k € Z>; such that C;, ~ H’, namely k& = |Ey/|. Hence we
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may choose a graph isomorphism v € (Cy, H')gph. Since f is a quasi-isomorphism, there exists a unique
u € (Cy, G)gpn such that u- f = v-H,. Since v- 11, is composed of an isomorphism and a monomorphism,
the composites V, ‘V,/g/ and E, 'ELg, are injective. It follows that u also consists of injective maps V,, and

E., and hence u is a monomorphism; cf. Lemma 2.18. Write
G = (Cp)u,
then u|§k/ is an isomorphism, which implies that G’ is a cyclic subgraph; and we have
(G f=(Cx)(u-f)=(Cp) (v-efp) <H .

From the above, we obtain the following diagram:

Figure 4.3

Now we verify that f |g; is an isomorphism. We have

u‘f:u|G/-Lg/'f:v-Lg,
= w9 fE A =yt

< fE =

1 ’ -1
= S8 = () v

u

Y

Therefore, f |g; is the composite of two isomorphisms, which implies that f |g; isitself an isomorphism. [J

Let G, H be graphs and f : G — H be a quasi-isomorphism. Suppose that G’ < G and H' < H are

cyclic subgraphs of G and H, respectively, such that (G’) f < H'. Then the restriction f|Z, is a graph

isomorphism.

Proof. Let C,,, C,, with n, m € Z>; be cyclic graphs such that C,, ~ G’ and C,, >~ H'. So we may choose
graph isomorphisms g € (C,,G') and h € (Cy,, H'),. Then the composite g - fI& - h='is a graph
morphism in (C,,, Cn)Gph, which implies by Lemma 3.2 that n is a divisor of m. That means there exists a
oo lis
G/

. . . — . . [ . . .
an epimorphism. Since g and h~! are isomorphisms, f|Z, is an epimorphism. From the above, we obtain

k € Z>1 such that we can write m = k - n. Furthermore, it follows from Remark 3.3 that g - f

the following commutative diagram. Recall that .&, and %, are embeddings from G’ to G and from H' to

H, respectively.
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Cp g G q

7
g 118 A i a|s

} La
Cp = H' - = H

Figure 4.4: G’ < G, H' < H are cyclic subgraphs.

Note that by Lemma 4.10, we may choose a cyclic subgraph G’ < G such that f |g,' is a graph isomor-

phism and we have

f| =g, f (4.1)
and hence
LH' = (f|G') ° Lg/ . f . (42)
~ .G,
G — 5@
F1E 2 2| f
LH,
H —  H

Figure 4.5: lllustration of Equations (4.1) and (4.2)

Now we discuss the relationship between G’ and G’

Com g el < G
e
epim.
y3\0
H ‘H' H

Figure 4.6: Relationship between G’ and G’

According to Figure 4.6 and Equation (4.2), we have

—1
’
g.Lg/-f [,H, g/) .Lg/.f‘

.<f

A —1
fg/> '[/g/'

Since f is a quasi-isomorphism, we have
a _ H'
gt =9- fle (

When two graph morphisms are equal, their images are the same. Moreover, note that f |g,/ is an epimor-

phism and the images of all the maps in the above equation are known. Thus, we obtain
’ ’ -1 ~
6= () (9-48) =€) (912 - (1) &) =@,
as subgraphs of G. The equality G’ = G’ implies that
Cn~G =G ~H ~C,.
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B is equal to the

I . h~'is a graph isomorphism; cf. Remark 3.3. Then f

Therefore, m = n and g - f
composite g - (g . f|g/l : h_l) - h, which is composed of graph isomorphisms. Thus f|g,/ is a graph

isomorphism. O

Let G, H be graphs and f : G — H be a quasi-isomorphism. For each H' € S.(H), there is a unique
G’ € S.(G) such that (G")f < H'. In this case, f|Z is a graph isomorphism.

Proof. Lemma 4.10 states that there exists G’ € S.(G) such that (G’)f < H' and f|Z, is an isomorphism.
We prove the uniqueness of such a cyclic subgraph G'.

Suppose given G” € S.(G) such that (G”)f < H'. By Lemma 4.11, f|Z, is a graph isomorphism. We
consider the cyclic graph C,,, for a certain n € Zx1, that is isomorphic to H’. Choose a graph isomorph
v € (Cp, H')g,,- Then

A -1
u::U-(f\g,) -Lg,:C"—>G
is a graph morphism such that u - f = v - t{,. On the other hand,
-1
u=v- (f|g,,) 18, :C, = G

is a graph morphism which also satisfies v’ - f = v - 12,. Since f is a quasiisomorphism, we have u = u'.

Hence G’ = (C,)u = (C,,)u’ = G”. This completes our proof of uniqueness.

G - == G
9
A& G | f
9
LH,
Cn 2 s H' « = H

Figure 4.7: An illustration to the proof of Lemma 4.12

Proposition 4.12 implies that if f : G — H is a quasi-isomorphism, then for every H' € S.(H), there exists
a unique G’ € Sy(G) such that (G')f < H'. Furthermore, for every G” € S.(G) \ Sc(G), the image
(G")fisinSqc(H) \ Sc(H).

Proof. Let H' € S.(H ). By Proposition 4.12, there is a unique G’ € S.(G) such that (G')f < H'. Assume
that there exists G” € Sq.(G) \ Sc(G) such that (G”)f < H’. Then we have |S.(G"”)| > 2; and for
every C' € S.(G"”) C S.(G), we have (C)f < H'. This is a contradiction. Hence GG’ is the unique quasi-
cyclic subgraph of G such that (G')f < H’. As H’ has been chosen arbitrarily, we may also conclude
that for every G” € Si.(G) \ S¢(G), the image graph (G”)f is not cyclic in H, however, quasi-cyclic by
Lemma 3.8. O

Let G and H be graphs, and let f : G — H be a quasi-isomorphism. For each quasi-cyclic subgraph
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H' < H, there exists a quasi-cyclic subgraph G’ < G such that ¢ (G’) = ¢ (H') and such that the restriction

H' . . .
fl¢ is an epimorphism.

Proof. By Lemma 3.9 and Definition 3.12, we can choose an epimorphism v € (CZ(H’); H’) . Since f
Gph such thatu - f = v - . Let
G’ = (Cy(zr)) u . By Lemma 3.8 and Remark 3.13, G’ is a quasi-cyclic subgraph of G with E(G/) < E(H’).

is a quasi-isomorphism, there exists a graph morphism u € (C[( H)s G)

Moreover, we have
(G")f = (Coaarn) (u- f) = (Coiar) (v-eqp) = H',

which implies that f|Z, exists and is an epimorphism.

Comny

Figure 4.8: Commutative diagram for Lemma 4.14

Remark 3.14 asserts that ¢/(G’) > ¢(H’). Altogether, we have {(G’') = ((H'). Therefore, G’ is a
quasi-cyclic subgraph of G with £(G”") = ¢(H'), and f|Z is an epimorphism. O

For a given quasi-isomorphism f : G — H, Proposition 4.12 and Remark 4.13 have shown that for every
Cu € Sc(H), there exists a unique C; € Sqc(G) such that (C¢)f = Cy; and f |gg is an isomorphism. In
comparison, for Q € Sqc(H ), Lemma 4.14 states the existence of Q¢ € Sy(G) that satisfies (Q¢)f = Qu
and /(Q¢) = {(Qn), whereas the uniqueness of such a Q¢ can not be guaranteed. In fact, the following

graph morphism gives a counterexample:

Otl

AN

C2—>330¢3

(l()
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The graph morphism f is defined by

a; = B

az = B

az — [

1 = 1 ay — P

Vii=<¢ 2 = 1 and E;f:=<¢ a5 — [
30— 1 a P

a7 = B

ag = [

ag — [

Since for every v € Vg, the map E;,, : Eq(v, %) — Eg (v Vy, %) is bijective, and since for every ey € Ep,
we have |{egte : eq € Eg, ecEf =en}| = 1, thatis, all ey € Ep are unitargeting, f is a quasi-
isomorphism by Proposition 4.6. Note that the graph H is quasi-cyclic. Meanwhile G’ = ({1, 2,3}, {ou, a5, as})
and G"” = ({1,2,3},{ar, as, ag}) are cyclic subgraphs in G that satisfy

(GYf=(G"f=H and ((G")=4G")=((H)=3.

However, G’ # G". Hence we do not obtain uniqueness.

In Lemma 4.14, the restriction f |g, is in general not a quasi-isomorphism. The graph morphism presented

in the following figure gives a counterexample.

H - 11/\_/21/\/3
Ba Bs
The graph morphism f : G — H is defined by

ar = B

1 = 1 az By

2 = 2 as > [

V=< 20— 2 and Ef:=4q ay — [

3 0~ 3 as = o

3 = 3 ag = s

ar = B
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By [4, Example 215], f is a quasi-isomorphism. We consider a restriction f|Z, as follows.

ar
/. Qg
G : [} \

FIE
B B2
H/ . H_ 1 PR X 3
- X — *_ —
Ba B3

Note that G, H' are quasi-cyclic subgraphs of G and H, respectively, both having the same circumferential
length £(G") = £(H') = 4. At the same time, we have (G’)f = H'; so f|Z, is an epimorphism. However,
Proposition 4.12 implies that f |g,/ is not a quasi-isomorphism. In fact, for the cyclic subgraph Cpr < H',

with Vo, = {1,2} and E¢,,, = {f1, B4}, there exists no cyclic subgraph in G’ that is isomorphic to it.

Let G, H be graphs and f : G — H be a graph morphism. For H' € S,.(H), we define the subgraph
GH) < G as
G = J{Ces(G) - (O)f <H'},
and denote
FO = f s G S Y
Then f is a quasi-isomorphism if and only if for every H' € S.(H ), the graph morphism f ) is a quasi-

isomorphism.

Proof. Let f be a quasi-isomorphism. Suppose a subgraph H' € S (H) is given. We show that fH) is a
quasi-isomorphism, that is, that the map (C717 fH />) is bijective for every n € Zx;.
We begin by proving that for every n € Z>4, the map (Cn, f(H/)) is injective. For a givenn € Z>, let

1 2 ’ 1 ’ 2 /
u(G()H/), “(GRHU € (c,,g" ))Gph be such that u(c()H/> CfED = u(GRH/) - ) Then we have

ey

G _ (1) H) H _ (2 H' H (2) G
UG(U') o f - “G(n/) 'f( f( ). e1e: 1) 'fv

U = UGy LEr = Uhinn
where Lg< «ry» Uay, are embeddings; cf. Definition 2.12. Since f is a quasi-isomorphism, we have

(1) a _ 2 G
Ui * e = UGinrn * Lo

o, ®

and since ¢ oy = Uoar-

,g<H,) is a monomorphism, we have u Hence (Cn, f(H/>) is injective for every
n e L.

Next, we prove that for every n € Zs, the map (C,, f(H/)) is surjective. For a given n € Z>1,
let ug € (C,,L,H’)Gph. Then uy = ug - 1%, is a graph morphism in (Cpn, H)gpn. Since f is a quasi-
isomorphism, there is a unique ug € (C,,, G)gpn such that ug - f = upy. By Lemma 3.8, (C,,)uc is a quasi-
cyclic subgraph of G; so there exist C1, ..., C,, € S¢(G) for some m € Zx such that (C,,)ug = ;- C..

Then for each i € [1,m], we have

(Cb)f < ((CW)UG)f - (Cn)uH < H'.
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It follows from the definition of G that C; < G#"). Hence

ZGCi<G(H)

i=1

(H (H")
Therefore, we may let ug ) = uG|G . Then ug = uG|G . Lg(H/). Hence we have
Re, H
qu(H/ f( LH’ —UG(H’) ° G(H/) f:ugf:UH:UH/ 'LH/,

which implies that v /) - f(H/) = upy . Hence (Cn, f(H/)) is surjective for every n € Z>.

Combining the results above, we conclude that f(I') is a quasi-isomorphism.

To show the converse implication, we first prove that for every n € Z, the map (C,,, f) is surjective.
Let uy € (Cp, H)gpn. Write H' = (C,,)uy;. By Lemma 3.8, H' is a quasi-cyclic subgraph of H. Since
1B, is a monomorphism, the restriction uy|?" is the unique graph morphism in (C,,, H’ )oph satisfying
wg |14, = up. Note that f(") is a quasi-isomorphism; so there exists a unique ug ) € (Cpy GH)gn

such that ugm - f(H/) = uH\H,. Set ug := ugumr - Then we have

G
Loy

G H’ H H' H
ug - f = Ug(H") * LG(H’) . f = U‘G(H') . f( ) lgr = UH| lgr = Uupg .

Hence (C,,, f) is surjective for every n € Z>;.

Now, it remains to show that for every n € Z>1, the map (Cn, f) is injective. For a given n € Z>1,
let ug),ug) € (Cy, G)cph be such that ug) - f=uyg = uG - f for some uy € (C,, H)gph. We denote
H' = (C,,)uy. We claim that (C )u(é) (Cn)ug) < G Since (Cn)ug) is a quasi-cyclic subgraph of G,

m(l) .
we may choose C\”, - - ,Cfnl()l) € S.(Q), for some mY € Z, (Sl?Ch that (Cn)ug) = UL, ¢, Since
cVr < )P f = (C)uy = H', we have (C,))uY = ()™, ¢V < GH), Similarly, (C,)u'? <

i a a i=1 Vi Yy a
G follows as well. For each ug), i € [1,2], there is a unique graph morphism u(c?(H,) = ug) |G(H "in
Cn,G(H Goh Such that u! o G = u(l), and hence u'") , -G ., - f=uD . f = wy. Using the
p G(H GH") G aw’y " ltaan G g
commutativity, we also have
1) 1 2 2 2
ué(H, f(H ) LH/ - ué()H/) LG(H/) f == U/G . f =ug = U/(C;) . f - /Uz(C;()H/) LG(HI) f (G()Hl) f LH/ .
Since ¢4, is a monomorphism, we have uG(H, U =2 fED Since f (') is a quasi-isomorphism,
we have ug()H,) = ug()H/). Hence ug) = ug()H, . Lg(H,) = ug()H/) = Lg(H,) = uG This completes the proof
of the injectivity of (C,,, f) for every n € Z;.
So finally, f is a quasi-isomorphism.
G
ug
G |
Cn gun ~ e
El'uG(H’)
ide,, FED= f\H(H, !
Flugyri=u \H/
e aakk
LH
H/
uH
H

Figure 4.9: Commutative diagram for Lemma 4.17
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In Lemma 4.17, if G is a finite graph and f : G — H is a quasi-isomorphism, then for every H' € So.(H),
the subgraph G(") < @ is quasi-cyclic, as will be shown in Remark 4.23 below.

4.4 Lifting results for quasi-isomorphisms of finite graphs

Let f : G — H be a quasi-isomorphism of graphs, where the graph G is finite. Then for every C',C" €
S¢(Q) satisfying
Viens MViens # 0,

there exist paths p’ : D, — G and p” : D, — G, for some x,y € Z>, such that

p; € Voo, pi € Vo and pg/ € Vo, pil € Voo

Proof. Let N := | Vg |. Since C’,C" € S.(G), we have N > 1. We denote H' := (C")f, H" := (C")f,
and choose a vertex v € Vg N V.
Let M’ := N - |Ec/ |, M" := N - |Ecn

morphism ug € (Cas, H)gpn. Recall that as f is a quasi-isomorphism, there is a unique ug € (Car, G)cph

,and M := M' + M". We first construct a specific graph

such that ug - f = uy . Later, we will show that both C” and C” share at least one vertex with the image
graph (Cp)ug < G.
To construct uz, let ¢’ € (Cpyr, C’)Gph and ¢” € (Cpyr, C”)Gph be such that

Vornrrz(Ver - Vig, - Vi) = v = Voyarvz (Ve - Vg, - V).
The graph morphism uy : Cy; — H is defined as follows:

VILH . VCﬂ,] — VH
VieMz VY VieM'z th/ Vf ifi e [O,A_/[/}

VieMz v VieM/+M"7Z th” Vi if7 € []\/[/, ]\/[]

Evy: Ec, — Vu

eiinz — einzEy By ifi € [0, M — 1]

eiymz — €iamomrzEp Ep ifi e (M, M —1]
This is possible, since

Vo+rmz Vg Vi =0 =V pry sz Voo Vy

and

Vamr+mz Vo Vi =0 = Vg ppr vz Vg Vs

Next, let u¢ € (Cur, G)gpn be the unique graph morphism with ug - f = uy. We prove that

Vor WV ue # ¢ and Ve NVica)ug 7 0. We first discuss the C” side. We consider a path pM Dy = G
in G with

\/p(l) : VDM/ — VG and Ep(l) : EDM/ — EG

Vi = Vigmz Vue e +— ermzEuq
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Then p'V) is also a path in the subgraph (Cys)ug < G.
Assume that V(c,,)u; N Ver = 0. Then Vi, pm NVer = (). We claim that this implies the set

I:={%V,0) € Vg |i€[0,M]andi € |Ec |Z}

has cardinality |[I| = N + 1. Recall that M’ = N - |E¢ |.
0 <ip <jo<N-|Ec | =M are divisible by | Ec/ |. Write

Q = (D[It})}jo]) p(l).

Assume that V;, V,o) = ¥;, V,) , where

jo — @ .
Then )’ < G is a quasi-cyclic subgraph. Let k := ]|OE |O € Zz1;50 k- |Ecr | = jo — i9. We construct the
C/
graph epimorphism
[0 Ck-\EC/ | — QI
by defining
V, ¢ — Vo E.: E — Eo-
“ kol N and ko] “
VitklEa/Z P Vigie Vp €likEw|Z P €lip By
for I € Z. We construct the graph epimorphism
ﬁ : Ck-|Ec,| — '
by defining
Vs : — Ve Es: — Ec/
7 Ck"Ec/‘ “ and ’ Ck"Ec/‘ “
Vitk[Eer|Z P Vidig+M'Z V! €l4k[Ee/Z P €ltig+mz B
Ck-|EC/\ #} Q/ DM/
B LG
Q p»
‘Pl / "g/ uG
Crr C G Cum
118 ! -
JH,
H ————— H

We verify that a - 1§, - f = 818, - f € (Cpop, ‘,H)Gph. For every | € [0,k - [Ec/| — 1], since [ + iy €
[io, jo — 1] € [0, M" — 1], we have

CitklEes |z Ba Eug, By = €140 By B, Ey
= €14i, Epm) Ey
= €4ig+MZ Eug Ef
= €l4io+MZ Euy
= €1yio+m'zEy Ef

= eiyk|ee 2B By = eryrjeq, 2z Es B, Ef
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and
Vitk[ees |2 Vo Vig, Vi = Vitio Vo Vig, Vs
= \All+i0 Vp(l) Vf
= Vitio+ M2 Vug V§
= Vitio+MZ Vuy
= Vitig+ Mz Vipr Vi
= Vit Ee 12 V8 Vi = Vigk|Ee, 2 VB Vig, Vi -

Hence o - Lg, - f = B8 - f. Since (Ck-\chl) (aw%) =Q = (D%?i'jo])p(l) < (Dy)p™ and
(CMEc/ ‘) (/3 . Lg/) = (', and since Vio,,p NVer = (), we have

e G
a1l #F Beic

This contradicts f being a quasi-isomorphism. Hence |I| = N + 1. Recall that N = | Vg |, which is less
than [I| = N + 1; so such a subset I C Vi can not exist. This is a contradiction. Therefore, we have
Vicayue NVer # 0. On the C” side, Vic,,yue NVer # 0 follows analogously by considering the path
p® : Dy — G in G with

Vp(z) : VDJ\I” — VG and Ep(2) : EDJ\I” — EG

Vi = Viemr+mz Vue e+ eiyn+mzEug
Now, let v" € V¢, )us N Ver and v € V¢, yu; NV . Since (Cyr) ug is a quasi-cyclic subgraph of G,
it is also strongly connected by Lemma 3.24. Hence, there exist paths p’ : D, — G and p” : D,, — G such

11
S

that p, =o', p{ = v" and p/ = v", p’ = v, completing the proof. Ol

(For Lemma 4.19)
We provide an example to illustrate the result of Lemma 4.19. Consider the quasi-isomorphism f : G — H

given in the Remark 4.16.

5
G o — 2
1T e
f
B1
Je 1 2 3
Ba

Let C’ be the cyclic subgraph of G with Voo = {1,2}. Let C” be the cyclic subgraph of G with
Ve = {3, 2'}. The image graphs (C”) f, (C") f < H have a common vertex 2 € V. Although C" and C”
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are disjoint subgraphs of G, there exist paths
p': Dy =G fromC'toC”, and p’: D -G fromC”toC’,
such that the image graphs are

(D2)pl = ({27 3, 2/}7 {043, 044}) , and (Dl)p// = ({2I7 1}7 {047}) :

Let G be a finite graph and f : G — H be a quasi-isomorphism. Let G’, G” < G be quasi-cyclic subgraphs
such that
Vigns NViams # 0.

Then there exists a quasi-cyclic subgraph ¢ < G such that G/, G” < G.

Proof. Let vy € Vig)s NVigr)s. Since G' and G can be covered by cyclic subgraphs, we may choose
C" < S(G') and C” < S.(G") such that vy € Vo) NVicryy. By Lemma 4.19, we may choose paths
p' :D, = Gandp’ :D, = G, with z,y € Z>, such that

pe € Vor € Vo, pr € Vor CVgr  and  p] € Ve € Var, p € Vor € Ve

By Lemma 3.24, there also exist paths p(G') : D,y — G’ and p(G”) : Dy = G”, withn',n” € Z>( such
that

(G") (G") (G")

) =p!, p7) =p, and p{©) =p, p” ) =pl.

D
Note that (D, )p(¢") U (D,)p" U (D,)p” U (D, )p(&") is a quasi-cyclic subgraph of G. We define

G =G U ((Dp)p'“) U (Dy)p' U (Dy)p" U (D )p €Yy UG,

It follows from Corollary 3.23 that ( is quasi-cyclic subgraph of G that satisfies G’, G < G. O

Let G, H be finite graphs and f : G — H be a graph morphism. The following are equivalent:
(1) f isa quasi-isomorphism.

(2) The map
[ SE™(G) — SE(H)

~

G = (G)f

is bijective, and for each G € Sqe  (G), the restriction f |(§)f is a quasi-isomorphism.
Proof. Ad (1) = (2): Suppose that f is a quasi-isomorphism.

We begin by proving that f is well-defined, that is, for every G € See (G), we have (G)f € S (H).
By Remark 3.11, (&) f is quasi-cyclic. It remains to show the maximality of (G) f as a quasi-cyclic subgraph
in H. Assume that (G)f ¢ Sqe(H). Then there exists H € Se(H) such that (G)f < H. This implies that
E(é)f C Ep, for otherwise, due to Lemma 3.9 we have

Viers = By sm = Egsm = Vi

which indicates (G) f = H. This is not the case. Then fora givene € E; \E);, thereis apathp® : D,, —
H, with m € Zs,, such that p{ € Ve and ¥ = esy. If (D,)p'® < (G)f, we retain the notation e
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for this given edge; otherwise, we replace e with the edge &; E, ), where 4 is minimal in [0, m — 1] with

& Eye) ¢ Egy- Thene € Ef \E ) isanedge withesy € Vg, . Since H € Sy(H) canbe covered by its

cyclic subgraphs, we may choose Cé{ € SC(H ) such that e € E ) . By Proposition 4.12, there is a unique
H

C’g") € Sc(G) such that (C(Ge))f — C};)_ Since e € By, \Eg)» we have (C(Ge))f £ (G)f, and thus

C’g) £ G. Then G, C’éf) < @ are quasi-cyclic subgraphs withesy € Vg, NV, () By Corollary 4.21,

there exists é € S¢c(G) such that G < é and C’é G Since C’é) % G, we have G < C:. This contradicts
G being maximal quasi-cyclic in G. Therefore, G f € Sqe (H).

Next, we prove the bijectivity of f .

Injectivity of f: Let G/,G" € Sge (G) such that G'f = (G)f = (G")f = G"f. Then, by Corol-
lary 4.21, thereisa G e Sq(G) such that G/, G < G. The maximality of G, G implies that G’ = G=a¢.
Hence f is injective.

Surjectivity of f: Let H & Sge (H). It follows from Lemma 4.14 that there exists G e Sqc(G) such
that (G)f = H. Slnce G is ﬁmte there exists G € Sg(G) such that G < &. Then we have & fe See (H)
and H = (G)f < (G )f Gf Hence H = Gf and f is surjective.

Now, let ¢ € Sge (G). We show that f |(GG is a quasi-isomorphism. Denote H := (G)f. We claim
that

¢ = {c €S.(G) : (O)f < H}

is a subgraph of G. By Corollary 4.21, for every C € S.(G) with (C)f < H, there exists G € Sqc(G) such
that G, C < G. Due to the maximality of G’, we have C' < G = G. Hence G ), being the union of such
C, is a subgraph of G. Since every Cea €S, (G) is a cyclic subgraph of GM) as well, we have G = G,

By Lemma 4.17, the restriction f |H is a quasi-isomorphism.

Hean

Ad (2) < (1): We show that for every n € Z1, the map (C,,, f) is bijective.

Surjectivity of (C,,, f): Let uy : C, — H be a graph morphism. Then (C,)uy is a quasi-cyclic
subgraph in H. Since H is finite, there exists H € Sqe (H) such that (C,,)up < H.LetG e Sqe (G) with
Gf = H, using the bijectivity of f. Since f |g is a quasi-isomorphism, there is a ug € (Cp,, G)ph such that
ug - fI4 = up|". Then we have ug - 1% - f = ué-fg = ug|? o
ug is a graph morphism in (C,,, G)gpn satisfying ug f = up. Hence (Cy, f) is surjective.

Injectivity of (C,,, f): Let u(G),ug) € (Cy, G)cph such that uG f = u(GQ) - f. Then, by Corollary 4.21,
and since @ is finite, there exist G € Sqe (G such that (C, )ug), (Cn)ug) < G. Write H = (G)f. It

follows that

= uy. Write ug := ugz - L G Then

1,6 g 1 2 2)1G g
ug 1% fle -y =g - f=ud - f=ul 1% G-

Since ¢1] is a monomorphism, we have u(G) & f|H = )|G f1Z. Since f|Z is a quasi-isomorphism, we

have u(Gl)|G = ug)|G Hence ug) = ug)|G g = |G 1 = u(GQ and hence (C,,, f) is injective.
Therefore, f is a quasi-isomorphism. O]

In the situation of Lemma 4.17, suppose that G is finite and that f : G — H is a quasi-isomorphism. Then
for every H' € Sy.(H), the subgraph G ) < G is quasi-cyclic.

Proof. By Lemma 4.17, f |g(IH,) is a quasi-isomorphism. We remark that the unique maximal quasi-cyclic
subgraph of H' is H' itself; so by Proposition 4.22, G#") also has only one maximal quasi-cyclic subgraph,
and we denote this as G < G, This implies every C' € S.(G"")) is a subgraph of G&. Hence by
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definition of G"), we have C' < G for every C' € S.(G) with (C')f < H'. Hence G < G. 1t follows
that G#') = &, which indicates G is a quasi-cyclic graph. O

4.5 A characterization of quasi-isomorphisms between finite graphs

In Proposition 4.22, we have proved that to verify a graph morphism f : G — H between finite graphs is a quasi-isomorphism,

a key step is to verify for every maximal quasi-cyclic subgraph G in G, the restriction f | (@é)f (G = (G ) f is a quasi-isomorphism.

In this section, we provide a method for a verification whether a graph morphisms from a quasi-cyclic graph is a quasi-isomorphism.
To begin with, we need the notion of a pullback for the later construction.

(Pullback)
Let Xy, X5, Y be graphs, and f; : X7 — Y, fo : Xo — Y be graph morphisms. In the category Gph, a
graph P, together with graph morphisms g; : P — X; and g2 : P — X, is called a pullback of fi, fs, or
of the diagram

X5
lfl
X, sy |

if the following conditions hold:

(1) We have g; fi = g2 fa, i.e., the following square is commutative:

P2, X,

b

(2) For every graph W and graph morphisms wy : W — Xj, wy : W — X, such that wy fi = wa fo,

there exists a unique graph morphism w : W — P such that wy = wg; and we = wgs.

Given graphs GG, H and a graph morphism f : G — H, we construct a graph

G
P; ) — (VP;G),EP;G); SP;G),tPf(G)) , (4.3)

where

Vo = {(t,v7) Ve x Vg : vt Vp=0v" Vy} ;

f
EP;G) = {(€+,€7) € Eqg XEg 6+Ef = efEf} ;
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and where for every (e*,e7) € EP;G), we set

Sp(@ : (et,e7) — (eTsg, e sg);
tpen (et e”) — (et tg, e ta) -
We have (et sg, e sq), (e" tg, e ta) € Vp©), since et sqVy = et Eysy = ¢" Epsy = e sq Vy, and
f

the same argument applies to (e tg, €™ tg).

We may also construct graph morphisms g, g_ : P;G) — G such that the diagram
PJSG) 9+ G
|- lf (4.4)
G—1 5 H

is commutative. The graph morphism g, = (V,, ,E,, ) is given by

9+
VgJr : VP(G) — Vi EgJr : EP(G) — Egq
¥ and 4
(v, v7) — oT (et,e”) — et
The graph morphism g_ = (V, ,E, ) is given by
V97 : VP}G) — VG and E97 : EPf(G) — EG
(vH 7)) — v (et,e”) — e

The graph morphisms g, g_ are well-defined, since for every (e*,e™) € E p(@), We have
¥

(6+’e*)EgJr s¢ =€ sg = (eJF Sag,e Sg)VgJr = (e+’ei>spﬁc) Vo s

(€+, 67) EgJr tg = €+ tg = (6+ ta, e tG) Vg+ = (€+, 67) tPJ(cG> \/gJr 5
and since (eT,e”)E, sg = (ef,e7) Sp(e) V, , as well as (eT,e7)E, tg = (et,e7) tP}F’ V,_ can be
verified analogously.

Our construction employs the method given by J. Hess in [4, Construction 97], and Hess has proved

that the square (4.4) obtained in this way is a pullback.

Let f : G — H be a graph morphism between finite graphs, where G is quasi-cyclic. The following

conditions (1) and (2) are equivalent:
(1) The map (C,,, f) : (Cp, G)ph — (Cp, H)gpn is injective for every n € Zx .

(2) (i) Forey,es € Eg withe; # €2, e15¢ = e2s¢g and e; tg = eat, we have e1 Ef # e Ey.
(ii) For every C' € SC(P}G)) and every (v*,v7) € Ve with vt # v™, we have (vt,v7) & Vo .
§
Proof. Suppose that (C,,, f) is injective for every n € Z>,. We assume that (2) does not hold.

If (2).(i) does not hold, then we may choose e1,e5 € Eg, with e; # e, such that e; s¢ = e3sg,

eitg = estg and e; Ef = e; Ef. We denote the source vertex of ey, e; as v and the target vertex as v'.
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Since G is quasi-cyclic, thus strongly connected, there is a path p : D,,, — G, for some m € Z>, such that
ps = v' and p; = v; cf. 3.24. We consider graph morphisms @1, @2 : C,,11 — G given by

' Ve,.. — Vg
Vit (m4+1)Z 7 V; Vp fori € [O,m]
©1 E,, : Ec,. ., —  Eg
€it(minz > &E, forie[0,m—1]
€it(m+1)z — e fori=m
and
Voo 0 Ve, - Vg
Vit(menz = ViV, fori e [0,m]
©a : Eg, : Ec,. .1 —  Eg
€it(minz +— &E, forie[0,m—1]
€it(m+n)z ez fori=m
Since ¢ and ¢, differ only at e, (m4+1)z € Ec,..,, and since e, 4 (m+1)2Ep, Ef = e1Ef = exEp =

€m+(m+1)z Egy, We have 1 - f = ¢y - f. This is impossible, since (C,,, 41, f) is injective. Therefore, (2).(i)
must hold.
If (2).(ii) does not hold, we may choose C' € SC(PJEG)) that possesses a vertex (v, v™) € Vo with

vt # v~ in Vg. Suppose that C' ~ C,,,, with ng € Z>1; so we may choose a graph morphism
w:Cp, — P;G)

such that (C,,,)w = C, such that Vo, ,,,z Vi, = (v*,v ™) and such that w|“ is an isomorphism.
Cr,

P(G) 9+ G

j

G%H

~

Then we have w - g, w - g— € (Cy,, G)gph- Since the square (4.4) is commutative, we have

(w-gy) f=(w-g-) f

However, we also have Vo ,,,2 Vo, Vg, = v # 07 = Voyn,z Vo V., which yields w - g, # w - g_. This is
impossible, since (C,, 41, f) is injective. Therefore, (2).(il) must hold.

Since both (2).(i) and (2).(ii) hold, we obtain a contradiction.

Now, we show the converse direction. Suppose that (2) is true. We derive that (C,,, f) is injective for
every n € Zs;. Assume that (C,,, f) is not injective for some n, € Z-1; so we may choose w,,w_ :
C,, = G with w; # w_ such that w, f = w_ f. We proceed by distinguishing two cases depending on
whether V,,, , V,,_ are equal.

Case V,,, = V,,_: To ensure w # w_, we must have Ew, # E,_; so we may choose i € [0, n*] with

€i4n.zEuw, # €iyn.zE,_ € Eg. The edges e;,,,zE,, and e;;, zE,_ have the same source and target

W

vertices, since

€itn.Z E11)+ SG = €i4+n.z SCn* va_'_ = €i4n.Z SCn* \/w_ = €i4n,Z Ew_ Nel
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and
€itn,Z Euur tg = €itn.Z tC,,L* Vw+ = €i+n.Z tC,,,* Vw, = €itn.Z Ew, tg .

However, we have (e;1,zEw, )Ef = €i1n.zEw, f = €itn.zEw_f = (€i4n.zEw_) Ef. The condition (2).(i)
ensures that this case does not occur.
Case 'V,

w4

# V,,_: We choose i € [0,n, — 1] such that vi 1, 7 Vi, # Vign.z Vi_ . Since square (4.4) is a
pullback, by Definition 4.24, there exists a unique graph morphismw : C,,, — P}G) such that w- g, = w4

andw-g_ =w_.

wy

P}G) 9+ G

bk

Note that Vitn.z Vi = (Vign.z Vo, s Vign.z Vio_ ), since Vi 2 Vo Vg, = Vign 2 Vi, and vig, 2V, Vo =
Vitn.z Vio_ . By Lemma 3.8, the image (C,,, )w is a quasi-cyclic subgraph of P}EG). Hence there exist cyclic
subgraphs C1,...,Cy < PJEG) with N € Z>; such that (C,, )w = Uk]yzl C).; see Definition 3.5. Hence
there is kg € [1, N] such that (V.2 Vi, s Vitn,z Vo) € Ve, s whereas Vi, z Vi, # Vign,z V_ The
condition (2).(ii) ensure that this case also does not occur.

Altogether, whether V,,, =V,,_ orV,,, # V,,_, neither can occur under condition (2). We obtain a
contradiction to (C,,_, f) not being injective. Therefore, we conclude that (C,, f) is injective for all n €
VASE O

=

To ensure (C,,, f) being bijective for all n € Z, we still need a condition for the surjectivity. In the rest of this section, we give

a possible condition using adjacency matrices of graphs.

Given a finite graph G, we label the vertices of G as ng), e ’UI(\C;G) |-

(Adjacency matrices)

The adjacency matrix Ag € QYo 1¥1Ve | of G is a square matrix with
(AG)l] = ’{e c EG’ . eSg = UZ(G) and etG _ U§G)}‘

fori,j € [1,| Vel

Let A be the adjacency matrix of G. For k € Z>, and i, j € [1,| Vg

], we have
(Ag)ij = ’{p € (DkaG)Gph DPps = UEG) and P = UJ(G)}‘ y (4.5)

where p : D — G is a path in G of length k. In particular, if ¢ = j, then we have

(48), = HP € Dk, G)gph © ps =pr = ng)H : (4.6)
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Proof. Fixi,j € [1,| Vi |]. We prove the first statement of this lemma by induction on k.

For k = 1, we consider the map

a: {pe (D1, G)gph - ps:UEG), pt:v;-c)} — {eGEG : esG:vgc), etG:v;G)}

p — éo Ep

The map a is well-defined and bijective. Hence (4.5) holds for k = 1.

Suppose that (4.5) holds for & = k¢ € Z=,. We prove that it remains valid for k = ky, + 1. In fact, we

obtain
Ve |
(AgH)i =D (A)a(Ac);
1=1
|V |
€] a a €
- Z ‘{p S (DkouG)Gph L Ps = ’UE )7 Pt = Ul( )}‘ . ‘{p S <D17G>Gph L Ps = vl( )7 Pt = ’UJ(- )}’
1=1
— ‘{p € (DkoJrl; CTY)Gph L Ps = UEG)> Pt = UJ(G)}’ .
Therefore, the Equation (4.5) is valid for every k € Z>; . U

For a graph morphism f : G — H between finite graphs G and H, we define the matrix A; € QIYe [xIVi |
by

(H)

. G
(Apy e LTV =
! 0 if vz(G) Vi # ’UJ(H)

fori € [1,|Vg|land j € [1,|Vy|]. Thenfor k € Z>q and 4, j € [1,| Vg

|, we have

(1) (ATAEA):; = [{p € D0 Gl = p.Vy = 0™, vy = o}

5

(@) (ARAE) A = [{p € Dk Cla + pe =m0 2V =i Vy =0}

(3) AJ(Ak)ieA; = (AT(AL)eA )b

Proof. Let k € Z>,.
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To prove (1), we fix i, j € [1, |V ||]. We have

(ATAEAR); = (A ( &Af)

x=1
[ Ve | [ Ve |

= Z(A})m< (Ag)zy(Af)ya>
=1 y=1
[ Ve |

= (A}")m< > (A?;)my>
o=l yell| Ve [l o5 vp=o{")

[ Ve |

Lemma 4.27 Z(AT) ( Z {p € Dk, G)gpn : ps = ol p = Ug(/G)H)
S

w=1 elLIVe ), vi® vp=v (™

§

(A} )ia

8
Il
—

> {pe 0w Clam : =2, pvy =i}

zelL,| Ve [], o8P vy=o{"

= {PG Dk, G)aph = ps Vi :U( , P Vy *U(H)}

)

completing the proof of (1).
To prove (2), we fix i € [1,|Vy |]. We have

[ Ve |

(AF(AE) ™A = Y (AD)i ((A5)**¢4y)

[ Ve |
= (AD)in < > (4§ )d‘ag(Af)m)

r=1

= Z (AF)ia (A58

21, Ve |], 089 V=0

= > (A&

2€[1,| Vg [}, v$9 vy =o{D

{p € (D, G)oph : ps =i, DsVy =p Vyp = v(H)}

Y

completing the proof of (2).
To prove (3), we fix i, j € [1, |V |] with i # j. We have

[ Vo |

(AF(AE) ™ Ap)i; = Y (AD)w ((AE) 7 2Af)
Ve | | Va |
:Z(AT (Z Ak dxag >
= > (AF)ia(AE)55E

z€[1,| Va |, v{?) Vf:vj(.H)

- Z (Alé)z:c

€1, Vg |], w5 Vp=0{"), 0(%) vy =p ()

=0.
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Hence A7 (Af)"€A; is a diagonal matrix; so we obtain A7(Ag)" €A, = (A}(Af)™EAs)%¢. This com-
pletes the proof of (3). O

Let G be a graph, which may also be infinite. For every k € Z>; and v € Vg, the following maps are

bijective:

Ak {p € Dr,Gopn : ps=p =} — {ue (Cr,G)aph : Vorrz Vi =0}
V, iV =%V, fori € [0, k| . Vit Vigrz — V; V, fori € [0,k — 1]
p: u: ’
E,:é —¢&E, foriel0,k—1] E,:ekz— &E, foriel0,k—1]

a,;j} : {U € (Ck,G)oph : Voprz Vu = v} — {p € (Dk, G)oph = ps =pr = v}
V, : VitkZ 7 Vitkz V, forie [0, k — 1] L Vp 1V VitkZ V., fori € [0, k‘]

U p: .

E,:epz > ez By forie[0k—1] E,:é —eiyzE, forie[0,k—1]

Let f : G — H be a graph morphism between finite graphs, where G is quasi-cyclic. The following

conditions (1) and (2) are equivalent:
(1) The graph morphism f : G — H is a quasi-isomorphism.

(2) (i) Fore;,es € Eg withe; # €2, €1 8¢ = e25¢ and e1 tg = ez tg, we have e; Ef # e Ey.

(ii) For every C' € SC(PJEG)) and every (v',v7) € Vy with vt # v~, we have (v',v™) ¢ Vi
f
cf. (4.3).

(iii) We have A}(Af)™€A; = (Af;)%¢ for every k € Zs;.
Proof. In Proposition 4.25, we have proved that the maps (Cy, f) : (C, G)gpn — (Ci, H)gph are injective
for all k € Z, if and only if the conditions (2).(i) and (2).(ii) hold. It remains to show the implication from
(1) to (2).(iii) and how condition (2).(iii) ensure the surjectivity of all the maps (Cy, f) with k € Z>. To
this end, we first provide an equivalent statement of (2).(iii).

We fix a k € Z31. By Lemma 4.28.(3), the matrix A}(A%)% A, € Q' X1Vl is a diagonal matrix.

Hence (2).(iii) is valid if and only if A}(Af;)%*€ Ay and (A};) have the same diagonal, that is,

(A}(Alé)diag/lf)n = (A];—[)u (4.7)

for every i € [1,| Vg |[].
We consider the left side of Equation (4.7). By Lemma 4.28.(2) and Remark 4.29, we have

(AF(AG) A )i = HP € Dy, Gloph  Ps =pu, psVy =i Vp = UZU”H
- Z ‘{p S (Dk'/G)Gph L Ps =P = 1)(;}
vg€EVG, va Vf:vgn)
- Z HUC € (Cr, G)gph * Vorkz Vue = /UG}’

vG EVG, vG VfiUEH)

U {uc € (Ci, G)oph * Vorkz Vue = v } ‘

vaEVE,

v Vf:fo)
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for every i € [1,|Vy |]. We consider the right side of Equation (4.7). By Equation (4.6) and Remark 4.29,

we have
(A = HP € (D, H)gph = ps =pr = WZ(H)H
= ‘ {UH € (Crs H)gph * Votrz Vuy = UE,H)} ‘
for every i € [1,| Vg |]. Hence (2).(iii) is valid if and only if we have

U {uc € (C, Gopn © Vorkz Vue = Ve } ‘ = ‘ {UH € (Cr, H)gph * Vornz Vuy = UEH)} ‘ (4.8)

vaEVG,
el Vf ZEEH)

forevery i € [1,|Vy |].
Now, we show the implication from (1) to (2).(iii). Suppose that f : G — H is a quasi-isomorphism.
We show that Equation (4.8) is valid for every i € [1, |V |]. Write

M = U {uc € (Ck,G)opn * Vo4nz Vue = VG }

vGEVG,
(el Vf ZUEH)

and write
M = Chy H)opn V,, = o
2 ug € (Cg, )Gph D VO+kZ Vuy = U; .

()

Then the restriction (Cy, f) |j\éz(,>
1

i € [1,| Vg |]. Due to the equivalence between (2).(iii) and (4.8), we conclude that (2).(iii) is valid.

is bijective for every i € [1, | Vi |]. Hence Equation (4.8) is valid for every

Next, we show the implication from (2) to (1). Suppose that all conditions in (2) hold. By Proposi-

tion 4.25, the map (Cy, f) is injective. It remains to show that (Cy, f) is surjective. Since

[ Vi |
|(Ck7G)Gph| - Z U {UG S (Ck’aG)Gph : V()+kZVuG = ’UG}
=1 v EVG,
’L)GVf:’L)EH)
and since
[ Vi |
|(C}“H>Gph| = Z {UH € (CkaH)Gph : VO+kZVuH - USH)} 5
=1
we have

[(C> G)ph| = [(Crs H )Gph|

due to the equivalence between (2).(iii) and (4.8). Since (Cy,, G)gphn and (Cy, H )ph are finite sets, and since
(Ck, f) = (Ck, G)gph — (Ci, H)gph is injective, it follows that (Cy, f) is bijective. Since our k € Z>; is
chosen arbitrarily, (Ck, f) is bijective for all kK € Z>,. Hence f : G — H is a quasi-isomorphism. O

To verify f € (G, H)gpn being a quasi-isomophism, the condition (2).(iii) given in Theorem 4.30 is still

infinite. In the following lemma, We reduce this infinite condition to a finite one.

Let f : G — H be a graph morphism between finite graphs. The following are equivalent:
(1) AT(AE)5 e Ay = (Af;)%ee for every k € Zs;.

(2) AT(AE)5eAp = (Af;)%e for every k € [1,|Va | + | Vi [].
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Proof. We have to show the implication (2) = (1). Let g(X), pr(X) € Q[X] be minimal polynomials of

adjacency matrices Ag and Ay, respectively. Write

Za X' = pe(X) - pr(X)

where ko = deg(ug (X)) + deg(pm (X)), where the coefficients aq, . . ., ax,—1 are in Q and where a;, = 1

. Since for a matrix, the minimal polynomial is a divisor of the characteristic polynomial, we have

ko = deg(pa (X)) + deg(un (X)) < | Ve | + | Var |

so according to the precondition given in (2), we have A% (Af)" €A, = (Af;)% for every k € [1, ko).
We proceed to prove by induction that for given ky € Zsy,, if AJ(Ag)"€A; = (Af;) is known for
k € [1,ky — 1], then AT(Ag)%e Ay = (Af})%e¢ follows.

Let ky € Z~y,, and let h := k; — ko. We have u(Ag) = 0 and pu(Ay) = 0. These imply that
w(Ag) - A = ZZ 0 GAT" = 0and p(Ay) - Aly = Zfo o @i A" = 0. Hence we may represent A%} and
A% in the following form:

ko—1 ko—1
Af = AT = =" 0 AG" and Af = AT == gAY (4.9)
i=0 1=0

Substituting (4.9) into the equation to be proved, we obtain

ko—1

diag
AT(AL ) A, = AT (— > A> A

=0

ko—1 '

()

i=0
k}o—l

— ; a; (A} (A Af)
ko—1

==Y a (A
1=0
_ (A’}_})dlag -

Therefore, if we have A} (Af)" €A, = (Af)%¢ for k € [1,| Vi | 4 | Vi [], it actually holds for k € Zs.
This complete the proof for the implication (2) = (1). OJ

Let f : G — H be a graph morphism between finite graphs, where G is quasi-cyclic. The following

conditions (1) and (2) are equivalent:
(1) The graph morphism f : G — H is a quasi-isomorphism.

(2) (i) Foreq,es € Eg with ey # €3, €1 8¢ = €2 5¢ and e tg = ea tg, we have eq Ef # e Ef.

(ii) For every C € SC(P;G)) and every (v*,v7) € Vo with v # v~, we have (vt,v7) ¢ Vg
#
cf. (4.3).

(iii) We have A}(Af)%eA; = (Af;)%°¢ for every k € [1,| Vg |+ | Vi [].
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Proof. This follows from Proposition 4.30 and Lemma 4.31. O

Together with Proposition 4.22, we can determine whether a given graph morphism f : G — H is
quasi-isomorphism for any finite graphs G, H. First, we need to verify f : Sqe (G) — Se™(H), G (O f

is bijective. Second, we verify that f |éé)f is a quasi-isomorphism for every G € Sqe(G) by Corollary 4.32.

Let f : G — H be a graph morphism between finite graphs. The following conditions (1) and (2) are

equivalent:
(1) The graph morphism f : G — H is a quasi-isomorphism.

(2) (a) The map
fo SEM(G) — SE(H)
¢ = (G
is bijective.
(b) For every restriction G .— fIOf . G — (G)f with G € S™(Q), the following conditions
y G qc g
hold:
i) For ey, ey € Ex with e # €3, €1 8¢ = €2 8¢ and e1 tg = es tg, we have e E es E+.
G f f
(ii) For every cyclic subgraph C < P9 and every (v, v7) € V_, with vt # v, we have
G
(v v7) & Ve.
(iii) We have A;é(Ag)d‘agAf@ = (A’(“é)f)diag forevery 1 <k < | Vg |+ | Vigys |-
Proof. This follows from Proposition 4.22 and Theorem 4.32. OJ
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Algorithms

In this chapter, we introduce several useful algorithms for finite directed graphs (hereafter simply
referred to as graphs), with a particular focus on quasi-cyclic graphs.
The algorithms presented in this text are implemented in the programming language Magma [3]. For

further details, we refer to the official documentation of Magma:
https://magma.maths.usyd.edu.au/magma/documentation/.

Besides the built-in functions provided by Magma, the implementations in this text are also based on the

framework described in [4, Chapter 10]. For example, given a graph G defined as follows:
. // \

Then in Magma it is represented by:

G := <[1,2,3,4,5],[<1,1,2>,<2,2,3>,<3,3,4>,<4,4,2>,<3,5,1>,
<1,6,4>,<4,7,4>,<4,8,1>,<1,9,2>1>;

Here, the first list G[1] stores the vertices of GG, and the second list G[2] contains the edges. There is no
prescribed order for the elements in G[1] and G[2]. As for the labeling of edges in G[2], we adopt the
following convention: for example, the edge <2,1,3> represents an edge labeled «, starting at vertex 2
and ending at vertex 3. For clarity and readability, the notation for vertices and edges in the text may differ
slightly when necessary. However, all such modifications are made in a consistent manner that preserves
the correspondence between the subscripts used in the textual descriptions and the indices employed in
the underlying code representation of the graph.

It should be noted that the following Magma functions from J. Hess [4, Chapter 10] are directly used

in this paper, whereas their explicit implementations are not provided here:

« CyclicGraph [4, p. 240]
+ ListGraphMorphisms [4, pp. 243-246]
« Is_Injective [4, p. 246]
+ Is_Surjective [4, p. 246]
« Is_Bijective [4, p. 246]
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« IsIsomorphic [4, p. 247]

The algorithms below, together with the mentioned algorithms from [4, Chapter 10], can be loaded via:

load "electronic_appendix_danning liu.m".

5.1 For general graphs

Let G be a graph and v € V. For example:

U1
v €1 eg
5 €9 €6
G: es
Vo ” V4
A /
U3
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With Magma:

G := <[1,2,3,4,5],[<1,1,2>,<2,2,3>,<3,3,4>,<4,4,2>,<3,5,1>,
<1,6,4>,<4,7,4>,<4,8,1>,<1,9,2>]1>;

i = The function GetEdgesFromVertex returns Eg (v, %), that is, the list of all edges in the graph G

starting at the vertex v; see Definition 2.5.

// Input:
// G - a graph represented as a pair <vertices, edges>
// v - a vertez of G
/7
// Output:
// A list of all edges in G with source vertez v
GetEdgesFromVertex := function(v,G)
return [e : e in G[2] | e[1] eq vI;

end function;

For example, we choose v = 1:

> GetEdgesFromVertex(1,G);
[ <1, 1, 2>, <1, 6, 4>, <1, 9, 2> ]

ii = The function GetEdgesTargetVertex returns Eg(*, v), that is, the list of all edges in the graph G

pointing to the vertex v; see Definition 2.5.

// Input:

/7 G - a graph represented as a pair <vertices, edges>
// v - a vertez of G

/7

// Output:
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// A list of all edges in G with target vertez v
GetEdgesTargetVertex := function(v,G)
return [e : e in G[2] | e[3] eq v];

end function;

For example, we choose v = 2:

> GetEdgesTargetVertex(2,G);
[ <1, 1, 2>, <4, 4, 2>, <1, 9, 2> ]

iii =~ The function GetAdjacentVertices returns the list of vertices adjacent to a given vertex v in

graph G, i.e., all the vertices in Vg (*.v) U Vi (v, x); see Definition 2.5.

// Input:
// G - a graph represented as a pair <vertices, edges>
// v - a vertez of G
/7
// Output:
// A list of all wertices that are adjacent to v.
GetAdjacentVertices := function (v,G)
adjacent := [];

for e in G[2] do
if e[3] eq v then
adjacent := adjacent cat [e[1]];
end if;
if e[1] eq v then
adjacent := adjacent cat [e[3]];
end if;
end for;
return SetToSequence (Set( adjacent ));

end function;

For example, we choose v = 3:

> GetAdjacentVertices(3,G);
(1,2, 4]

iv The function GetAl1ReachableVertices returns the set of all vertices in G that are reachable from v

via a directed path; see Definition 3.18 and Definition 3.19.

// Input:

// G - a graph

// v - a vertex of G

/7

// Output:

// Set of all wertices in G that are reachable

/7 from v wia a directed path

GetAllReachableVertices := function(v, G)
reachable := {v};
frontier := {v};

while not IsEmpty(frontier) do

nextFrontier := {};
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for u in frontier do
for e in GetEdgesFromVertex(u, G) do
w := el[3];
if w notin reachable then
Include (~reachable, w);
Include (~nextFrontier, w);
end if;
end for;
end for;
frontier := nextFrontier;
end while;
return reachable;

end function;

For example, we choose v = 5:

> GetAllReachableVertices(5,G);
{572

Or, we choose v = 2:

> GetAllReachableVertices(2,G);
{1, 2, 3, 4}

i The function IsWeaklyConnected checksif a given graph G is weakly connected (see Definition 3.16):

// Input:
// G - a graph
/7
// Output:
// true if G 1s weakly connected;
//  false otherwise
IsWeaklyConnected := function(G)
if #G[1] le 1 then
return true;
else
reachable := {G[1]1[1]1};
frontier := reachable;
while not IsEmpty(frontier) do
nextFrontier := {};
for u in frontier do
nextFrontier := nextFrontier join (Set(

GetAdjacentVertices(u,G)) diff reachable);

end for;
reachable := reachable join nextFrontier;
frontier := nextFrontier;

end while;
end if;

if reachable eq Set(G[1]) then
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return true;
else

return false;
end if;

end function;

For example, if G is the graph given in Algorithm 5.1:

> IsWeaklyConnected(G);

false
If G is the graph given in Remark 4.15:

> G :=<[1,2,3],[<1,1,1>,<2,2,2>,<3,3,3>,<2,4,1>,<1,5,3>\
,<3,6,2>,<3,7,1>,<1,8,2>,<2,9,3>]>;
> IsWeaklyConnected(G);

true

ii | The function IsStarConnected checks if a given graph G is star-connected (see Definition 3.20):

// Input:

// G - a graph

/7

// Output:

// true if G is star-connected;

//  false otherwise
IsStarConnected := function(G)
for vertex in G[1] do
if Set(GetAllReachableVertices(vertex,G)) eq Set(G[1])
then
return true;
end if;
end for;
return false;

end function;

For example, if G is the following graph:

2 3

o] N A

> G := <[1,2,3],[<2,1,1>,<3,2,1>]>;
> IsStarConnected(G);

false

If G is the following graph:

67
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> G :=

true
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2 3
G: Z:\\\ :?//ﬂ
1

<[1,2,3],[<1,1,2>,<1,2,3>]>;
> IsStarConnected(G);

iii = The function IsStronglyConnected checks if a given graph G is strongly connected (see Defini-

tion 3.20):

// Input:
// G - a graph
/7
// Output:
/7 true if G is strongly connected;
//  false otherwise
IsStronglyConnected := function(G)
if #G[1] eq O then
return false;
end if;
for v in G[1] do
if Set(G[1]) ne GetAllReachableVertices(v,G) then
return false;
end if;
end for;
return true;

end function;

For example, let G, G5 be the following graphs:

Then in Magma:

> G1

> G2 :

o5 | o 877

1

<[1,2,3],[<1,1,2>,<1,2,3>]>;
<[1,2,3],[<1,1,2>,<1,2,3>, <2,3,1>,<3,4,1>]>;

> IsStronglyConnected(G1);

false

> IsStronglyConnected(G2);

true
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5.2 For collections of graphs

Given graphs GG; and G, the function AreGraphsEqual determines if G; and G, are identical.

// Input:

/7 G1,G2 - graphs
/7

// Output:

// true ©f G1 and G2 are equal;

//  false otherwise

AreGraphsEqual := function(G1l,G2)
return Set(G1[1]) eq Set(G2[1]) and Set(G1[2]) eq Set(G2[2]);

end function;

For example, let G; and G5 be graphs given in the following figure

Gli z>\\ j;/]

1

Then in Magma, we have

> G1 <[1,2,3],[<x1,1,2>,<1,2,3>]>;
> G2 := <[1,2,3],[<1,1,2>,<1,3,3>]>;
> AreGraphsEqual(G1,G2);

false

GQI

N

1
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i Given a graph G and a set of graphs, the function IsGraphInSet checks if G is contained in the

given set.
// Input:
// G - a graph
// set - a set of graphs
/7
// Output:

// true ©f G 95 already in the set;

//  false otherwise

IsGraphInSet := function(G,set)

for graph in set do

if AreGraphsEqual (G, graph) eq true then

return true;
end if;
end for;
return false;

end function;
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For example:

> GraphSet := {<[1,2,3],[<1,1,2>,<1,2,3>]>, <[1,2,3],[<1,1,2>,<1,2,3>, <2,3,1>\
,<3,4,1>]1>, <[1,2,3],[<2,1,1>,<3,2,1>]1>};

> G := <[1,2,3],[«x1,1,2>,<1,3,3>]>;

> IsGraphInSet(G,GraphSet);

false

ii = Given a graph (G and a list of graphs, the function IsGraphInList checks if G is contained in the

given list.
// Input:
// G - a graph
// list - a list of graphs
/7
// Output:

// true if G is already in the list;
// false otherwise
IsGraphInList := function(G,list)
for graph in 1list do
if AreGraphsEqual(G,graph) eq true then
return true;
end if;
end for;
return false;

end function;

For example:

> Graphlist := [<[1,2,3],[<1,1,2>,<1,2,3>]>, <[1,2,3],[<1,1,2>,<1,2,3>, <2,3,1>\
,<3,4,1>]1>, <[1,2,3],[<2,1,1>,<3,2,1>]>];

> G := <[1,2,3],[<1,2,3>,<1,1,2>]>;

> IsGraphInList(G,GraphList);

true

The function ListToSetForGraphs eliminates duplicate graphs from a list by converting it into a set. Note

that the argument should not be an empty list.

// Input:

// list - a list of graphs

/7

// Output:

// A set containing all distinct graphs from the input list.
/7

// Error:

// empty_list_error - the input list must not be empty.
ListToSetForGraphs := function(list)
graphset := {list[1]};
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for graph in list do
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if not IsGraphInSet (graph,graphset) then

graphset :=
end if;
end for;
return graphset;

end function;

For example, in Magma, we have

> GraphList
2,3],0x1,1,2>,<1,2,3>]>];

> ListToSetForGraphs (GraphList) ;

<01, 2,31, [<1, 1, 2>, <1, 2, 3> 1>}

Suppose given a graph G and G, G2 <

[«[1,2,3],[<1,1,2>,<1,2,3>]>,

graphset join {graph};

<[1,3,2],[<1,1,2>,<1,2,3>]>, <[1,\

G. The function GetUnion computes the union of G1, Gs.

each represented as a pair

// Input:

// G1, G2 - subgraphs of a graph G,
// <vertezx list, edge list>
/7

// Output:

/7

from G1 and G2.
//
GetUnion := function(G1l,G2)
verticesInUnion :=
edgesInUnion :=
union :=

edgesInUnion) >;

return union;

end function;

For example, let G be the graph in our frontispiece:

The result ts returned as a pair <vertex list,

A subgraph given by the union of wvertices as well as edges

edge list>.

Set (G1[1]) join Set(G2[1]1);
Set (G1[2]) join Set(G2[2]);

<SetToSequence (verticesInUnion),SetToSequence (

(Yl

(}(,

%\

2 44444444444» 3 i:)as

Figure 5.1

Let

Gred = (VGred7 EGred) < G7
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where Vi, = {1,2,3} and E¢;,, = {1, a4, ar }; and let

Ggreen = (VGg,eenv EGg[een) < G7

where V.. = {1,2,3} and E¢;,., = {2, a6, as}. We compute the union Gyeq U Ggreen in Magma:

green green

> G :=<[1,2,3],[«x1,1,1>,<2,2,2>,<3,3,3>,<2,4,1>,<1,5,3>,<3,6,2>,<3,7,1>,<1,8,\
2>,<2,9,3>]>;

> G_red := <[1,2,3],[<1,1,1>,<2,4,1>,<3,7,1>]>;

> G_green := <[1,2,3],[<2,2,2>,<3,6,2>,<1,8,2>]>;

> GetUnion(G_red,G_green);

<[1, 2,371, [ <1, 1, 1>, <2, 4, 1>, <3, 7, 1>, <3, 6, 2>, <1, 8, 2>, <2, 2, 2>]>

Given a graph G and a list of graphs. Suppose that all graphs in this list are subgraphs of G. The

function GetUnionList computes the union of these subgraphs in the given list.

// Input:
// G_list - a list of subgraphs of a graph G,
// where each subgraph is represented as a pair
// <vertez list, edge list>
/7
// Output:
// The union of all subgraphs in G_list.
// The result ts returned as a pair <vertex list, edge list>.
GetUnionList := function(G_list)
verticesInUnion := &join[Set(x[1]) : x in G_list];
edgesInUnion := &join[Set(x[2]) : x in G_list];
union := <SetToSequence(verticesInUnion),SetToSequence (

edgesInUnion) >;
return union;

end function;

As an example, we still consider the graph G given in Figure 5.1 and the subgraphs G'.q and Ggreen
defined ini . Let Gye = (Vg,,..» Eay.) < G, where Vi, = {1,2,3} and Eg,,. = {as, a5, a9}. We
compute the union of the subgraphs in list [G_red, G_green, G_blue] with Magnma:

> G := <[1:2,3];[<1,1’1>:<2,2’2>’<3:3:3>:<2,4:1>;<1,5’3>:<3’6’2>’<3:7:1>:<1;8,\
2>,<2,9,3>]>;

> G_red := <[1,2,3],[<1,1,1>,<2,4,1>,<3,7,1>]>;

> G_green := <[1,2,3],[<2,2,2>,<3,6,2>,<1,8,2>]>;

> G_blue := <[1,2,3],[<3,3,3>,<1,5,3>,<2,9,3>]>;

> union := GetUnionList([G_red, G_green, G_bluel);

> union;

<[1, 2,31, [ <1, 5, 3>, <1, 1, 1>, <3, 3, 3>, <2, 9, 3>, <2, 4, 1>, <3, 7,

1>, <3, 6, 2>, <1, 8, 2>, <2, 2, 2> 1>
> AreGraphsEqual (union, G);

true
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5.3 Algorithms for computing the image of a graph morphism

For a given graph morphism f : G — H, the function ComputeImage computes the image of a subgraph
of G under f; cf. Remark 2.10.

// Input:
// subgraph - a subgraph of a graph G, represented as a pair
// <vertez list, edge list>
// f - a morphism from graph G to an arbitrary graph H,
// represented as a pair <vertex mapping, edge mapping>,
/7 where :
// - fl1] is a list of vertexz mappings <v, vV_f>
/7 - fl[2] is a list of edge mappings <e, eE_f>
/7
// Output:
// A new subgraph of H representing the image of the input subgraph
// under the morphism f. The image consists of all wvertices and
// edges that are timages of the original wvertices and edges.
ComputeImage := function(subgraph,f)
verticesInImage := [];
edgesInImage := [];

for vertexMap in f[1] do
if vertexMap[1] in subgraph[1] then
verticesInImage := verticesInImage cat [vertexMap[2]];
end if;
end for;
for edgeMap in f[2] do
if edgeMap[1] in subgraph[2] then
edgesInImage := edgesInlmage cat [edgeMap[2]];
end if;
end for;
verticesInImage := Set(verticesInImage);
edgesInImage := Set(edgesInImage);
verticesInImage := SetToSequence(verticesInImage);
edgesInImage := SetToSequence(edgesInImage);
return <verticesInlImage,bedgesInlmage>;

end function;

For example, let f : G — H be the graph morphism given in Remark 4.15. We consider the subgraph
G < G given by

VG1 = {1,2} and EG1 = {061,052,054,058} .
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The following diagram depicts G; and the image of G in H:

A

C2—>3ja3

B1

H : 32<:§;T%:>63

In Magma, we have:

> G := <[1,2,3],[<1,1,1>,<2,2,2>,<3,3,3>,<2,4,1>,<1,5,3>,<3,6,2>,<3,7,1>,<1,8,\
2>,<2,9,3>]>;

> H := <[1], [<1,1,1>,<1,2,1>,<1,3,1>]>;

> f = <[<1,1>, <2,1>, <3,1>], [<<1,1,1>,<1,1,1>>, <<2,2,2>,<1,2,1>>, <<3,3,3>\
,<1,3,1>>, <<2,4,1>,<1,1,1>>, <<1,5,3>,<1,3,1>>, <<3,6,2>,<1,2,1>>,
<<3,7,1>,<1,1,1>>, <<1,8,2>,<1,2,1>>, <<2,9,3>,<1,3,1>>]>;

> Gl := <[1,2], [k1,1,1>,<2,4,1>,<2,2,2>,<2,8,1>]>;

> ComputeImage(G1l,f);

<[ 11, [<1, 1, 1>, <1, 2, 1> 1>

Given a graph morphism f : G — H and a vertex v of graph G, the function GetImageOfVertex returns
the vertex in H that v is mapped to.

// Input:

// f - a graph morphism from G to H.

// v - a vertex in the domain of vertex map of f.
// Output:

// The vertexz in H that v %s mapped to.
GetImageOfVertex := function(f,v)
for vmap in f[1] do
if vmap[1] eq v then
return vmap [2];
end if;
end for;

end function;
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For example, let f be the graph morphism given in the Remark 4.16. We compute the images of vertices 1,

2, 2’ with Magma:

G = <[ "av, ", M3, owQre o owgum ] [oQngn ngn o nQus o gngn g gy
UMMM NGNS QNI N NGy NG G g iy g g g
U, o> 1>

Ho:= <[ "1, 2", 3" ], [ <", "in, M2U>, QUM nQn m3ny o ogngn o ngu o wguy
LN CNR RPN P

£ o= <[ QMLM, MIM>, QUM M2N> QN3N N3N QUM QN gngin ngny ]

RS L L TP SR IS LI LM SR 24, LI LN PSR LY UL N LS

S LI VI L UPSRIPID VINL U LN L SV S SRS LIS TIE UPSS
UL U LD SR L LT L LS SR LY L L SR L LR LS
LU gy g g sy 1>

GetImageOfVertex(f,"1");

GetImageOfVertex(f,"2");

GetImageOfVertex(f,"2'");

N VvV N V. » V vV V V VvV vV V V V V V

Given a graph morphism f : G — H and an edge e of graph G, the function GetImageOfEdge returns the
edge in H that e is mapped to.

// Input:
// f - a graph morphism from G to H.
// e - an edge in the domain of edge map of f.
// Output:
// The edge in H that e is mapped to.
GetImageOfEdge := function(f,e)
for emap in f[2] do
if emap[1][2] eq e then
return emap [2];
end if;
end for;

end function;

For example, let f be the graph morphism given in the Remark 4.16. We compute the images of edges 1, 2
with Magma:

> G o= <[ oAty vm, o mge, omrvongen ] [ogrgn,omgn o omns o gugn ngn gy,

PR L L L R AL LY L L R L L L SR S LT - LD RLP S

IR TR I P

> H o= <[ "1v, v2n, 030 ], [ <UL, MAn, M2U>, QUM NQn M3 ogngn . ngu o nguy
> o<mon, mgn, nins 1>

>

f = <[ <|l1|l’ |l1ll>’ <ll2ll’ II2II>’ <I|3||, I|3|l>, <|l2lll’ ll2ll>, <I13III’ II3||> :I’
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[ <<I|1I|’ Illll’ |l2|l>’ <ll1ll’ Illll, II2II>>, <<II2II’ |l2|l’ ll1ll>’ <II2II, II4II, II1I|>>’
<<||2|| ||3|l Il3|l> <"2ll ll2’| ll3’|>> <<||2| n Il4|l ll3l ll> <II2H "2" II3||>>
<<I|3II| Il5|l |l2lll> <ll3ll l13l| II2I|>> <<|l3|l Il6|l ll2lll> <l13l| II3|| II2||>>
<<I|2||| I|7|l |l1|l> <II2II "4" I|1I|>> ]>.

GetImageOfEdge (f,"1");

1" ||1|| |l2|l>

GetImageOfEdge (f,"2");

<I|2I|’ ||4||, I|1|l>
> GetImageOfEdge(f,"3");
<II2II’ II2II, Il3|l>

>

GetImageOfEdge (f,"4");

<I|2I|’ I|2||, I|3|l>

5.4 Algorithms for quasi-cyclic graphs

Given a graph G and a vertex v of G, the algorithm IsVertexinCycle determines if v is a vertex of cyclic

subgraph of G.
// Input:
// G - a graph represented as a pair <vertex list, edge list>.
// v - a vertex in the vertez list of G.
// Output:

// true ©f v is a vertexr of a cyclic subgraph of G.

// false if nmone of the cyclic subgraphs of G contains v.

IsVertexinCycle := function(G,v)
reachable := Set([]);
frontier := {v};

while not IsEmpty(frontier) do
nextFrontier := {};
for u in frontier do
for e in GetEdgesFromVertex(u,G) do
w := el[3];
if w notin reachable then
Include (~reachable ,w) ;
Include (~nextFrontier ,w);
end if;
end for;
end for;
frontier := nextFrontier;
end while;
if v in reachable then
return true;
else
return false;

end if;
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end function;

For example, let G be the following graph:

In Magma, we have

> G :=<[1,2,3],[<1,1,1>,<1,2,2>,<1,3,2>,<2,4,3>]>;
> IsVertexinCycle(G,1);

true

> IsVertexinCycle(G,2);

false

Given a graph G, the function GiveCyclicSubgraphs computes all cyclic subgraphs of G.

// Input:
// G - a graph represented as a pair <vertex list, edge list>
/7
// Output:
// A list of all cyclic subgraphs of G.
GiveCyclicSubgraphs := function(G)
cyclicSubgraphs := [];
n := #G[1];
for i in [1..n] do
C := CyclicGraph(i);
list_inj := [f : f in ListGraphMorphisms(C,G) | Is_Injective(f,C,
G)I1;
if #list_inj ge 1 then
cyclicSubgraphs cat := SetToSequence(ListToSetForGraphs ([
ComputeImage(C,f) : f in list_injl));
end if;
end for;

return cyclicSubgraphs;

end function;

For example, let G be the graph given in Figure 5.1. We compute all the cyclic subgraphs of G with Magnma:

> G := <[1,2,3],[<1,1,1>,<2,2,2>,<3,3,3>,<2,4,1>,<1,5,3>,<3,6,2>,<3,7,1>,<1,8,\
2>,<2,9,3>]>;

> GiveCyclicSubgraphs(G);

L

<[ 11, [<1, 1, 1> 1>,

<[ 31, [<3, 3, 3> 1>,

<[ 21, [ <2, 2, 2> 1>,
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<[1, 31, [ <1, 5, 3>, <3, 7, 1> 1>,
<[ 2,31, [ <2, 9, 3, <3, 6, 2> 1>,
<[1, 2171, [ <2, 4, 1>, <1, 8, 2> 1>,
<[ 1, 2,31, [ <2, 9, 3>, <3, 7, 1>, <1, 8, 2> 1>,
<[ 1, 2,31, [ <1, 5, 3>, <3, 6, 2>, <2, 4, 1> 1>

Given a graph G, the function GiveQuasiCyclicSubgraphs computes all quasi-cyclic subgraphs of G.

// Input:
// G - a graph represented as a pair <vertezx list, edge list>
/7
// Output:
// A list of all quasi-cyclic subgraphs of G.
GiveQuasiCyclicSubgraphs := function(G)

quasiCyclicSubgraphs := GiveCyclicSubgraphs(G);

for graphl in quasiCyclicSubgraphs do
for graph2 in quasiCyclicSubgraphs do
if not IsEmpty(Set(graphl[1]) meet Set(graph2[1])) then
verticesNewGraph := Set(graphl[1]) join Set(graph2[1]);
edgesNewGraph := Set(graphl[2]) join Set(graph2[2]);
newGraph := <SetToSequence(verticesNewGraph),SetToSequence (
edgesNewGraph) >;
if not IsGraphInList(newGraph,quasiCyclicSubgraphs) then
quasiCyclicSubgraphs := quasiCyclicSubgraphs cat [newGraph];
end if;
end if;
end for;
end for;
return quasiCyclicSubgraphs;

end function;

For example, let G be the following graph:

B1

Hef o, Cgpj 8

We compute all the quasi-cyclic subgraphs of G with Magma:

> H := <[1], [x1,1,1>,<1,2,1>,<1,3,1>]>;
> GiveQuasiCyclicSubgraphs (H) ;

[

<[ 117, [ <1, 1, 1> 1>,

<[ 11, [<1, 3, 1> 1>,
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<[ 11, [ <1, 2, 1> 1>,

<[ 11, [ <1, 3, 1>, <1, 1, 1> 1>,

<[ 11, [ <1, 1, 1>, <1, 2, 1> I>,

<[ 11, [<1, 3, 1>, <1, 2, 1> 1>,

<[ 11, [ <1, 3, 1>, <1, 1, 1>, <1, 2, 1> 1>
]

Given a graph G, the function IsQuasiCyclicGraph determines whether G is quasi-cyclic.

// Input:
// G - a graph represented as a pair <vertex list, edge list>
/7
// Output:
// true if G is quasi-cyclic;
// false otherwise.
IsQuasiCyclicGraph := function(G)
if #G[2] eq O then
return false;
end if;
if IsStronglyConnected(G) then
return true;
else
return false;
end if;

end function;

For example, if G is the graph given in Figure 5.1, then in Magma we have:

> G :=<[1,2,3],[<1,1,1>,<2,2,2>,<3,3,3>,<2,4,1>,<1,5,3>,<3,6,2>,<3,7,1>,<1,8,\
2>,<2,9,3>]>;
> IsQuasiCyclicGraph(G);

true

If G is the following graph:

N4

Then in Magma we have:
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> G :=<[1,2,3,4],[<1,1,2>,<2,2,4>,<2,3,1>,<4,4,2>,<3,5,1>,<3,6,4>]>;
> IsQuasiCyclicGraph(G);

false

Given a graph G, the function GetCircumferentialLength computes the circumferential length of a
quasi-cyclic graph G. Note that the circumferential length is a property possessed only by quasi-cyclic

subgraphs, so the argument of this function should be a quasi-cyclic graph.

// Input:

// G - a quasi-cyclic graph

/7

// Output:

// The circumferential length of G

GetCircumferentiallLength := function(G)
allCyclicSubgraphs := Set(GiveCyclicSubgraphs(G));
subsetCyclicSubgraphs := Subsets(allCyclicSubgraphs);
lengthStacks := [];

for set in subsetCyclicSubgraphs do
if #&join{Set(C[2]) : C in set} eq #G[2] then
length := &+[#C[2] : C in set];
Append (~lengthStacks, length);
end if;
end for;
min := Min(lengthStacks);
return min;

end function;

For example, if G is the graph given in Figure 5.1, we compute the circumferential length of G with Magma:

> G :=<[1,2,3],[<1,1,1>,<2,2,2>,<3,3,3>,<2,4,1>,<1,5,3>,<3,6,2>,<3,7,1>,<1,8,\
2>,<2,9,3>]>;

> GetCircumferentiallength(G);

9

Suppose that G is the graph given as follow:

€1 es

€9 e

We compute the circumferential length of G' with Magma:
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G := <[1,2:3’4] s [<1’1)2>:<23233>,<3’3’4>,<4’4’2>:<3’5)1>:
<1,6,4>,<4,7,4>,<4,8,1>,<1,9,2>]>;

> GetCircumferentialLength(G);

12

5.5 Algorithms for quasi-isomorphisms
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Given a graph G, the function GetAdjacencyMatrix returns the adjacency matrix of G; cf. Definition 4.26.

// Input:

// G - a graph

/7

// Output:

// The adjacency matriz of G.

GetAdjacencyMatrix := function(G) // G: Graph
n := #G[1];
AG := ZeroMatrix(Rationals(), n, n);

for e in G[2] do

AG[Index(G[1],e[1]), Index(G[1],el[3]1)] := AG[Index(GI[1],el[1]1),

Index(G[1],e[3]1)] + 1;
end for;
return AG;

end function;

For example, let G be the following graph:

We compute the adjacency matrix of G via Magma:

> G :=<[1,2,3,4,5],[<5,1,1>,<1,2,5>,<5,3,2>,<2,4,5>,<5,5,3>,<3,6,5>,<5,7,4>,<\

4,8,5>]>;

> GetAdjacencyMatrix(G);
[0 000 1]

0000 1]

[0 000 1]

[0 000 1]

[11110]
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Given a graph morphism f : G — H between finite graphs G and H, the function GetMorphismMatrix

returns the matrix A; € Q¢ I*IVir | (see Lemma 4.28) with

(H)

1 0 if vz(G) Vi # vj(.H)

fori € [1,|Vg|land j € [1,|Vy|].

// Input:

/7 G - a graph

// H - a graph

// f - a graph morphism from G to H.

// Output:
/7
GetMorphismMatrix := function(G,H,f)
Af := ZeroMatrix(Rationals (), #G[1], #H[1]);
for vmap in f£[1] do
Af [Index(G[1], vmap[1]), Index(H[1],vmap[2])] := 1;
end for;

return Af;

end function;

For example, we consider the graph morphism given in the following diagram:

1 4
(\\V
AN

2 3

—

B3
2 32
Ba

Figure 5.2
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The graph morphism f : G — H is defined by

a; = fB3

1 o 9 ay = B

2 2 o = fa

Vii={ 3 = 2 and Ej:= as = Py
4 2 as = B

5 o 1 ag B

ar = B

ag = S

We compute the matrix of A; via Magma:

> G := <[1,2,3,4,5],[<5,1,1>,<1,2,5>,<5,3,2>,<2,4,5>,<5,5,3>,<3,6,5>,<5,7,4>,<\
4,8,5>]>;

>H = <[1,2],[<1,1,2>, <1,3,2>, <2,2,1>, <2,4,1>]>;

> f <[<5,1>, <1,2>, <2,2>, <3,2>, <4,2>],[<<5,1,1>,<1,3,2>>, <<1,2,5>,<2,2,1>>,
<<5,3,2>,<1,3,2>>, <<2,4,5>,<2,4,1>>, <<5,5,3>,<1,1,2>>, <<3,6,5>,<2,2,1>>,
<<5,7,4>,<1,1,2>>, <<4,8,5>,<2,4,1>>]>;

> GetMorphismMatrix(G,H,f);
[0 1]
[0 1]
[0 1]
[0 1]
[1 0]

Given a graph morphism f : G — H, the function IsQuasiisomorphism determines whether f is a

quasi-isomorphism.

// Input:

// G - a quasti-cyclic graph represented as a pair <vertex list, edge
list>

// H - a graph represented as a pair <vertezx list, edge list>

// f - a morphism from graph G to H, represented as a pair <vertex

mapping, edge mapping>,

// where:

// - fl[1] 4s a list of wvertexz mappings <v, vV_f>
// - fl2] is a list of edge mappings <e, eE_f>
// Output:

// true ©f f 95 a quasi-tisomorphism;

/7 false otherwise.
IsQuasiisomorphism := function(G,H,f)
for el in G[2] do
for e2 in G[2] do
if el ne e2 then

if e1[1] eq e2[1] and el1[3] eq e2[3] then
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if GetImageOfEdge(f,el[2]) eq GetImageOfEdge(f,el[2])
then

return false;

end if;
end if;
end if;
end for;

end for;

AG := GetAdjacencyMatrix(G);

AH := GetAdjacencyMatrix (H);

Af := GetMorphismMatrix(G,H,f);

n := #G[1] + #HI[1];
for k in [1..n] do

Diag_AG_k := DiagonalMatrix ([(AG"k)[i]J[i] : i in [1..Nrows(AG"k
)11);
Diag_AH_k := DiagonalMatrix ([(AH"k)[i]J[i] : i in [1..Nrows(AH"k

)11);
M := Transpose(Af) * Diag AG_k * Af - Diag_AH_k;
if not IsZero(M) then

return false;

end if;
end for;
vertices := [];
edges := [];

for v_plus in G[1] do
for v_minus in G[1] do
if GetImageOfVertex(f,v_plus) eq GetImageOfVertex(f,v_minus)
then
Append (~vertices, <v_plus,v_minus>);
end if;
end for;
end for;
vertices := SetToSequence(Set(vertices));
for e_plus in G[2] do
for e_minus in G[2] do
if GetImageOfEdge (f,e_plus[2]) eq GetImageOfEdge (f,e_minus
[2]) then
Append (~edges, <<e_plus[1],e_minus[1]>,<e_plus[2],e_minus
[2]>,<e_plus[3],e_minus[3]>>);

end if;
end for;
end for;
P_f_G := <vertices, edges>;
edges := SetToSequence (Set(edges));

for v in P_f_GI[1] do
if v[1] ne v[2] then
if IsVertexinCycle(P_f_G,v) then

return false;
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end if;
end if;

end for;

return true;

end function;

For example, we verify the graph morphism f given in the Figure 5.2 via Magma:

> G :=<[1,2,3,4,5],[<5,1,1>,<1,2,5>,<5,3,2>,<2,4,5>,<5,5,3>,<3,6,5>,<5,7,4>,<\
4,8,5>]>;

>H := <[1,2],[<1,1,2>, <1,3,2>, <2,2,1>, <2,4,1>]>;

> f <[<5,1>, <1,2>, <2,2>, <3,2>, <4,2>],[<<5,1,1>,<1,3,2>>, <<1,2,5>,<2,2,1>>,
<<5,3,2>,<1,3,2>>, <<2,4,5>,<2,4,1>>, <<5,5,3>,<1,1,2>>, <<3,6,5>,<2,2,1>>,
<<5,7,4>,<1,1,2>>, <<4,8,5>,<2,4,1>>]>;

> IsQuasiisomorphism(G,H,f);

true
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List of symbols

Symbol Meaning

Vo the vertex set of graph G

Eq the edge set of graph G

e source map of graph G

ta target map of graph G

Eq (v, %) all edges in G with source vertex v
Eg(x,v) all edges in G with target vertex v

Ve (v, ) all target vertices of edges in E¢ (v, *)

Ve (*,v) all source vertices of edges in Eg(*, v)
G'<G G’ is subgraph of G

G <G G'<Gand G #G

G = [Gialyen (G\) en is a partition of G

(G, H)Gpn the set of graph morphisms from G to H
Vi vertex map of morphism f

Es edge map of morphism f

Q) f image graph of graph G under f

Cn cyclic graph with n edges, where n € Z,
vi(€ Ve,) vertex vi;nz of C,

ei(€ V) edge e; 7 of C,

S:(G) cyclic subgraphs of G

Sqc(G) quasi-cyclic subgraphs of G

See (G) maximal quasi-cyclic subgraphs of G

D, directed path graph with n edges, where n € Z
D%O’j(’], 0<ip<josn subgraph of D,, from v, to V;,

vi(€ W) the i-th vertex of D,,

é;(€ Ep,) the i-th edge of D,,

Ds start vertex of path p

Dt end vertex of path p

Ve (v, ) end vertices of all paths in G starting with v
(X, ) =X, f:G=H)) (X,f):(X,G)eph = (X, H)gpn, u — uf
G~H graphs G and H are isomorphic

G % H f G — H is an isomorphism

G % H f G — H is a quasi-isomorphism

P given f € (G, H)opn, graph P1“ is the pullback of f and f; cf. (4.3)
Ag adjacency matrix of graph G

87
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Zusammenfassung

Die hier behandelten Graphen G sind gerichtet und bestehen aus einer Knotenmenge Vi und einer
Kantenmenge E;. Wir verwenden Abbildungen sg,tq : Eq — Vg, die als Quelle bzw. Ziel bezeichnet
werden, um die Richtung einer Kante e € Eg, namlich von e s¢ nach e tg, festzustellen. Ein Graphmor-
phismus f : G — H, von einem Graphen G nach einem Graphen H, besteht aus einer Knotenabbildung
V¢ : Vg — Vg und einer Kantenabbildung E¢ : Eq — Eg, die die Richtung jeder Kante wéahrend der
Abbildung beibehalten.

Fir n > 1 haben wir den zyklischen Graph C,,. Jeder Graphmorphismus f : G — H induziert durch
Komposition eine Abbildung

(Cnaf) : (Cn7G>Gph — (Cn>H>Gph7 @ngf

C, 4 @G
\lf
P

H

Ist der Morphismus (C,,, f) bijektiv fir jedes n € Z>1, so bezeichnen wir f : G — H als Quasiisomorphis-
mus.

Die Bestimmung, ob ein Graphmorphismus f ein Quasiisomorphismus ist, kann jedoch schwierig
sein, da der Bestimmungsprozess anhand der Definition die Uberpriifung der Bijektivitit von (C,, f) fiir
n € Z>, erfordert, und also kein endliches Verfahren ist.

Zur Untersuchung der Eigenschaften von Quasiisomorphismen kénnen quasizyklische Graphen ver-
wendet werden. Ein Graph C' heifit quasizyklisch, wenn er Bild eines zyklischen Graphen unter einem
Graphmorphismus ist. Ein quasizyklischer Teilgraph von einem Graph, welcher in keinen weiteren qua-
sizyklischen Teilgraphen echt enthalten ist, heif3t maximal.

Sei f : G — H ein Quasiisomorphismus.

Jeder zyklische Teilgraph von H kann eindeutig zu einem zyklischen Teilgraphen von G gehoben
werden. Falls G endlich ist und zwei zyklische Teilgraphen von H mit wenigstens einem gemeinsamen
Punkt vorliegen, dann miissen die zu ihnen korrespondierenden Teilgraphen von G nicht unbedingt einen
gemeinsamen Vertex haben. Sie sind aber in einem gemeinsamen quasizyklischen Graphen von G enthal-
ten.

Jeder quasizyklische Teilgraph von H kann zu einem quasizyklischen Teilgraph von GG gehoben wer-
den. Falls G und H endlich sind, dann kann jeder maximale quasizyklische Teilgraph von H auf eindeutige
Weise zu einem maximalen quasizyklischen Teilgraph von G gehoben werden.

Es wird ein in endlich vielen Schritten iiberpriifbares Kriterium dafiir angegeben, zu entscheiden, ob

ein Morphismus zwischen endlichen Graphen ein Quasiisomorphismus ist.
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Versicherung

Hiermit versichere ich,

1.

dass ich meine Arbeit selbststindig verfasst habe,

. dass ich keine anderen als die angegeben Quellen benutzt habe und alle wortlich oder sinngemaf} aus

anderen Werken tibernommenen Aussagen als solche gekennzeichnet habe,

dass die eingereichte Arbeit weder vollstindig noch in wesentlichen Teilen Gegenstand eines anderen

Priifungsverfahrens gewesen ist und
dass das elektronische Exemplar mit den anderen Exemplaren iibereinstimmt.

Stuttgart 30.09.2025

Danning Liu
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