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Conventions
Let X,Y and Z be sets.
e Composition of maps is written on the right, i.e., X Ty 9,7 — x 19 7 and for
x € X we write x f for the image of z under f.
e We denote the identity map on X by 1 :=1x :=idx.
e We write X CY if X is a subset of Y.

B
e Let X L5 Y bea map. Let A C X and B CY. We write AM B for the map given by
af|B :=af foraec A. If A= X, we write f|® := f|§ and if B =Y we write f|4 := f|}.

o If X is a finite set, write | X| for the number of elements in X.

o For a € Z we write Z>q :={2 € Z: 2> a}.

o Fora,beZlet [a,b] :={z€Z:a<z<b} denote the integer interval.

o If z,y € X thenlet 0,4 :=1 for x =y and 0, := 0 for x # y.

o For m € Z>(, we write S,, for the symmetric group on m symbols.

e Forz,y € Q and a € Z we write x =, y for x — y € aZ.

« For a matrix A we write AT for its transpose.

o All rings have a multiplicative identity.

o For a ring R we write R* := R\ {0}.

« For aring R and a € R we write R —%+ R for the R-linear map given by r — ra.

o We denote (left, right, two-sided) ideals in a ring R by fraktur letters a,b,.... We call
two-sided ideals simply ideals.

o Let R be a ring. We denote its centre by Z(R) and its group of units by U(R).
e Let R be a ring. Then by an R-module we understand a left R-module.
e Let R and S be rings. For an R-S-bimodule M we sometimes write Mg := M.

o Let Rbearing, n € Z>g and let (Mi),-e[l,n} be R-modules. We denote the R-linear inclusion
into the k-th summand by M, —* Dicj1,n) Mi and the R-linear projection onto the k-th
summand by ;e n) Mi Tk M.

e Let R be a ring. A complex of R-modules is a sequence of R-modules and R-linear maps
of the form

dy do d_1 d_o

> Pg P1 P() P_1 E— P_2 >,

such that dpdi_1 = 0 for k € Z. The maps d;. are called differentials.

If there is some n € Z such that P, = 0 for kK < n we write

dny2 dn+1 dn,

> Pn+3 E— Pn+2 Pn+1 Pn 0.
If there is some n € Z such that P, = 0 for k£ > n we write
dn_ dn— dn—
0 Pn - Pn—l = Pn—2 : Pn—3 7.



e Let C,D and & be categories and C - D and D —%+ £ be functors. For a morphism

AL Bin € we write FA £Ls FB for its image in D. We compose functors in a traditional
way, i.e. we write C €25 £ for the composition of F' with G.



Chapter 0O

Introduction

0.1 Projective resolutions

Let R be a commutative ring and let A be an R-algebra. Let M be an A-module. A projective
resolution P of M over A is a complex

P:(... p—%,p 4, p _d, p o)

of projective A-module P}, and A-linear maps dj, for k € Z>( such that there is an A-linear map
Py —%— M and we have an acyclic complex

P’:(... p—,p h.p d,p =y 0).

The latter complex P’ is called the augmented projective resolution corresponding to P and ¢ is
called the augmentation map.

Suppose given a finite group G. Then a special case of the construction above is given when
A := RG is the group ring of G over R and M := R is the trivial RG-module.

For the case that G has a cyclic Sylow p-subgroup and a discrete valuation ring R with residue
field of characteristic p it is known that there is a periodic projective resolution of the trivial
RG-module R, cf. [4, Theorem (62.56)].

In [1, Theorems 5.14.2 and 5.14.5] Benson proposes a generalisation to the case of non-cyclic
Sylow p-subgroups. For an arbitrary finite group G his construction gives a projective resolution
of the trivial RG-module R that is given by the n-fold tensor product of eventually periodic
complexes.

Let v C A be the Jacobson radical of A. A projective resolution P of an A-module M is called

minimal if im(dy) C vPy, for all k € Z>, cf. [2, Proposition 9, §3.6]. Benson’s construction does
not necessarily give a minimal projective resolution, cf. [1, p. 206].

0.2 Wedderburn images

Let G be a finite group. Let K be a field such that the characteristic of K does not divide the
order of the group. Let m be the exponent of the group G, i.e. the least common multiple of all
orders of element of G. Suppose that K contains all m-th roots of unity. In this case, the group
algebra K G is split semisimple, i.e. there is an isomorphism of K-algebras

t

@ g X1

KG -2 [ K™,
=1



where t € Z>1 and n; € Z>; for i € [1,¢], cf. [3, Theorems (3.34), (17.1)]. We call @ a Wedderburn
isomorphism.

Suppose R C K is a subring. Restricting @, we obtain an embedding
t
RG - H K[,
i=1

We call w the Wedderburn embedding and its image im(w) the Wedderburn image.

Now let Dg = (a,b | a*,b?, (ba)?) be the dihedral group of order 8. A Wedderburn isomorphism
for the group algebra QDsg is given by

QDs —2— QxQxQxQxQ*?
1))

9)).
Write I’ := Z x Z x Z x Z x Z**2. Restricting & to the integral group ring ZDg C QDg, we

obtain a Wedderburn embedding ZDg —“— I'. In Lemma 15 we calculate the Wedderburn image
to be

a — (1,1,—1,—1,(

1
-2
b o—— (1,-1,1,-1 (_;

=9 @ =or=9S=ot=yw, q—T =4V, q— S =4 2u,
Ac=im(w) =< (p,g,ms (L)) €T P=2q=2r=25=2t=21, 14 40: 4 4 2u, |
pHq=ar+s, prqgt+r+s=32(t+w)

0.3 Projective resolution of Z over ZDg and localisation

We give a projective resolution of the trivial ZDg-module Z over ZDg, which can be written as
the total complex of the following double complex.

| | | |
1 1 1 1
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |
v

|
1
|
|
|
|
v D v D v D N v

77777777 yZDs — 2t 7Dy — 2= 7Dy — 2" 7Dy — 2= s 7D
Cy B, B, B, By

(1]
I

77777777 sy ZDs — L ZDg — A 7Dy — 2, ZDy — = 5 7ZDg



The maps in this double complex are given by multiplication with the following elements of A.
Here we identified the group ring ZDg with its Wedderburn image A along the Wedderburn
embedding.

A :(0,2,0,2,(33)) =1-b B_ = (0,2,2,0,(35)) =1 bad
A, :(2,0,2,0,(,38)) =14b By = (2,0,0,2,(8*%)) =1+ ba?
C_ :(0,4,—4,0,(88)) —a+d>—b—ba® D_:= (0,4,0,—4,(83)) = a+d® — ba — ba
Cy = (4,0,0, 4,(33)) —a+d+b+ba® Dy:= (4,0, 4,0,(33)) = a+a®+ ba+ ba®

Note that all rows and columns of the double complex = become eventually periodic.

Theorem (cf. Theorems 20 and 30). The total complex of =

P= (... — (ZDg)® — (ZDg)® —y (ZDg)*? —2s ZDg —— 0)

is a projective resolution of the trivial ZDg-module Z. By extending scalars from Z to Z(y), we
arrive at a minimal projective resolution Py of the trivial Zy)Ds-module Z3) over Z)Ds.

To verify that P is indeed acyclic and hence a projective resolution, we construct a Z-linear
contracting homotopy for the corresponding augmented projective resolution P’.

In [6] and [9], the Wall-Hamada resolution of the trivial ZDg-module Z over ZDg is constructed.
The Wall-Hamada resolution can be written as the total complex of a double complex ZWVH and
is minimal after localisation at (2). We use the sign convention of [7].

Now both = and its mirror image are not isomorphic to

| | | | |
i i i i i
| | | | |
| | | | |
| | | | |
| | | | |
| | | | |
MO 24a® 7 —1 MO 2ra® 7 -1 T
14 ZDS tata’ta ZDS 4 ZDS tatatta ZDS a ZDg
b+1 ba+1 b—1 ba—1 b+1
~1-a—a’*—a a—1 ~1-a—a?—a® a—1
14 ZDg ZDg ZDS ZDg ZDg
b—1 ba—1 b+1 ba+1 b—1
1 2, .3 -1 1 2443 -1
y ZDg totetal 7, ¢ ZDg At 7he @ ZDs
b+1 ba+1 b—1 ba—1 b+1
—1l—a—a2—a3 1 —1l—a—a2—a3 -1
14 ZDg S ZDg 4 ZDg S ZDg a ZDg
b—1 ba—1 b+1 ba+1 b—1
1 2 3 -1 1 2 3 -1
y ZDg 0Tt 7pg @ ZDg 1ttt 7pg  © ZDs

—=WH

—

as double complexes, cf. Remark 22.



0.4 Automorphisms

In order to describe symmetries of the double complex corresponding to our projective resolution,
we investigate Z-algebra automorphisms of the Wedderburn image A of ZDg.

We start by using the isomorphism Q ® A ~ Q x Q x Q x Q x Q?*2 to see that any Z-algebra
automorphism of A is given by permutation on the first four entries and conjugation by an
element of GL2(Q) on the 2 x 2-matrix block, cf. Lemma 34.

After giving a description of the group of central automorphisms of A, i.e. the group of automor-
phism that fix the centre of A pointwise, we are able to give an isomorphism

Outcentz.aig(A) —= Co,

cf. Lemma 40. This result is also established in [5, Theorem 5.6] using different methods.
With knowledge of Outcentyz_1s(A) at hand and using ZDg ~ A, we obtain the
Theorem (cf. Theorem 43 and Corollary 44). We have

Outz_alg(ZDg) — Dg X Cg
for the full outer automorphism group. Moreover, the residue class map
Autz_alg(ZDs) L> Outz_alg(ZDg)

is a retraction.

We describe how certain double complexes of A-modules can be twisted using automorphisms of
A. We show that some automorphisms of A describe symmetries of = using the twisted double
complex =¥,

The following two diagrams show examples of such symmetries, the first one shows a reflection
along the diagonal, the second one a shift along the diagonal.

7777777 }X Cy X c- X Cy X C_ /}V\
Dy Aq Ay Ay Ay
,,,,,,, NI O CRN (U N P <CRN |
=1 = D- D- A A A
fffffff R
D+ D+ D.+.i Ay Ay
,,,,,,, > A By A B- A B+ A C_ A
D- D- D- D_ A
,,,,,,, s A B+ A B- A By A B_ A




fffffff

C_ B_ B_ B_ B_

7777777 N LN SN (NN W N |

=Yz — Cy Cy B+ B By
7777777 N Ly SN (N N |

C_ C_ C_ B_ B_

7777777 N LNy (N (=R S SN |

c, o ol ol B,

7777777 N L N (NN S SN Y

Since the Wedderburn image A C Z x Z x Z x Z x Z**? involves one 2 x 2-block, we have an
antiautomorphism given by tranposition of this matrix and conjugation by a rational matrix to
respect the congruences in A. On the other hand, in ZDg we have an antiautomorphism given
by inversion on the group elements, which form a basis of the group ring.

In Remark 41, we relate these two antiautomorphisms using the Wedderburn embedding w, an
inner automorphism f, and a non-inner central automorphism .

g ZDs ——2—— A (v a,m5 (4 2))
4K Ut
g ZDg A (p.as, (41))
U fa L P |
a~lg~la ZDy ——2—— A (g (074)

0.5 Cohomology

In a final chapter, we calculate the groups H*(Dg) for k € Z>, of the integral group cohomology
for Dg using our projective resolution from Chapter 2. In Lemma 54, we obtain the following
result of Hamada, who used the Wall-Hamada resolution in [6, Corollary 1].

(Z/2)%%2 3 Z/4 if k=40
(Z/2)0k=1)/2 if k=41
H*(Dg) ~ k+2)/2 e
(Z/2)®k+2)/ if k=42
(Z/2)8k=1)/2 if k=43

Our computation of the cohomology groups can be seen as a test whether the constructed
projective resolution P can be used for such calculations.

10



Chapter 1

Preliminaries

1.1 The dihedral group of order 8

Define the dihedral group Dg by
Dg := (a,b | a*,b?, (ba)?).
Remark 1 We have an isomorphism of groups

Dg +> <(17472a3)7 (374)> < S4
a E— (1,4,2,3)
b (3,4).

Moreover, |Dg| = 8.

Proof. To show that 0 is a well-defined group morphism, we calculate.
(1,4,2,3)* > =1
(3,4)%

((3,4)(1,4,2,3))

((1,2)(3,4)
1
((1,4)(2,3))* =1

By construction, 6 is surjective. We calculate.
((1,4,2,3),(3,4)) 2 {1,(1,4,2,3),(1,2)(3,4),(1,3,2,4), (1,2),(3,4), (1,4)(2,3),(1,3)(2,4) }

Hence |Dg| > 8. From (ba)? = 1 it follows that ba = a~'b~!, and with a* = b?> = 1 this shows
that ba = a®b. Hence an arbitrary element of Dg can be written as a’d’ with i € [0, 3] and
j € 10,1]. Thus |Dg| < 8. Therefore |Dg| = 8 and 6 is bijective. O

1.2 Complexes and scalar extensions

1.2.1 Complexes

Let R be a commutative ring and let A be an R-algebra.

Suppose given a complex of A-modules C, i.e. a sequence of A-modules C} and A-linear maps
Cr+1 LN Cy, called differentials, such that dx1dy =0 for k € Z.

di41 d dk—1
Cri2 Crr1 —> Cp — Clp —— ...

11



If there is some ¢ € Z with C = 0 for k < £ we call the complex C' bounded and we write
s Cg.;,.g % Cg.,.l % Cg — 0.

Any A-module M becomes an R-module M|g by restricting the scalar multiplication, i.e. by

r-m:=(rlg)mforr € Rand me M. If M I, N is an A-linear map, then M|g 1, N|g is
R-linear and this assignment defines an additive functor A-Mod — R-Mod.

We write C|g for the restricted complex with differentials given by Cii1|r LN Ck|Rr-

The complex of A-modules C' is called acyclic if im(dg1) = ker(dy) for all k& € Z. The complex
C' is acyclic if and only if the restricted complex C|p is acyclic as a complex of R-modules.

Furthermore, C' is acyclic if and only if the sequence
Ok .
m(dpy1) —=2 Cpyp —2%— im(dy) (%)

is short exact for all k € Z, were ¢ denotes the submodule embedding and J; := dk|im(dk). The
complex of A-modules C'is called split acyclic if the sequence (x) is split short exact for all k£ € Z.

Suppose given an A-module M. An augmented projective resolution of M is an acyclic complex
of the form

d_1

PI:<... Pg dz P2 d Pl do PO M 0)?

where Py is a projective A-module for k£ > 0. The map Py 921y M s called the augmentation
map and is often denoted by e := d_1. In this case, the complex of A-modules

P:(... P, p ., p _d, p 0)

is called a projective resolution of M.

Suppose we are given a complex of R-modules D. A contracting homotopy (hi)kez for D consists
of R-linear maps D, LN Dy 1 such that hgi1dgy1 +dphy =1 for all k € Z.

di41 dy, di_1
> Do ——— Diya Dy, D1 ——— .
hit1 hy; hi—1
e v g
dk41 dy, di_1
———— Dpyos ———— Dy Dy, D1 ——— .

Lemma 2 A complex of R-modules D 1is split acyclic if and only if there is a contracting
homotopy (hi)kez for D.

Proof. Ad (=). Since D is split acyclic, for all & € Z there is an isomorphism 7, such that the
following diagram of R-modules commutes, where both rows are short exact.

im(dy) Dy, Ohot im(dg_1)
6
im(dy,) o), im(dg) ® im(dg—1) ——— im(dg_1)

For k € Z a define R-linear h; maps by
0 1\ ;4
hy = i 0 0 Me+1° Dy —— Dy4.

12



We claim that (hg)gez is a contracting homotopy for D. For k € Z we compute using the
commutativity of the diagram above and di = dxti

0 1\ _ 0 1
hir1di1 + dghg = Mgq <0 0> nkigdkﬂ + dgmy (0 0) 77;#1

01\ . o 1)\ _,
= Nk+1 0 ) Me20k+1 k141 + M1 Okt | o | | Mt

<
w0 0o A
waff o g

Ad («). Since D is a complex we have di;1d; = 0 and hence im(dyy1) C ker(dy). For the
converse inclusion let m € ker(dy). We calculate

m = ml = m(hgr1di+1 + dph) = mhgprdirr + mdighg = (mhggr)dgg-
So m € im(dg41).
It remains to show that the short exact sequence
im(dpy1) 2 My —% im(dy)
is split for all & € Z. To show this, we construct an R-linear map im(dy,) ks My, with rdy, = 1.
Let 7. = hilim(a,)- Then since mdy,_1 = 0 for m € im(dy) = ker(dy—1)
mridi = mhygdi = mhgdi + mdg_1hg—1 = m(hpdg + dg—1hgp—1) =
So D is split acyclic. O

Remark 3 Suppose C is a complex of A-modules and we are given a R-linear contracting

homotopy (Ck+1|r N Cilr), cz on the restricted complex C|g. Lemma 2 then implies that
the restricted complex C|p is split acyclic. Hence the complex of A-modules C' is acyclic (but in
general not split acyclic anymore).

1.2.2 Scalar extensions

Let R and S be commutative rings and let R —*~ S be a ring morphism. We extend ¢ to a ring
morphism RG —2+ SG by (r¢)® := (rp)g for r € R and g € G.

Let G be a finite group. All modules are assumed to be finitely generated.

Then S becomes a right R-module S, by s *r := s(pr) for s € S and r € R.

Likewise, SG becomes a right RG-module SGg by y * x := y(®x) for y € SG and = € RG.

Remark 4 Consider RG as an R-module by restriction. We have an isomorphism of Z-modules
SGoe —— S,®RG
R

sg — sSQ®g
s(rp)g = s(rg®) «——— s®rg.

Let M be an RG-module. Then we obtain an isomorphism of Z-modules by
S, @M —L— SGp @ M
R RG
s@m —— sQm
s@gm <+——— SsgRm.

13



Since SG is an SG-module by left-multiplication, we can regard SGo ® M as an SG-module
RG
and by transport of structure along the isomorphisms above we make the Z-module S, ® M into

R
an SG-module. In concrete terms, for s,t € S, g € G and m € M the scalar multiplication is

given by
(s9) - (t@m) = ((s9)((t @ m)a))a™" = ((sg)(t @ m))a™" = (stg @ m)a™" = st ® gm.

Let C be a complex of R-modules and R-mod —£~ S-mod an additive functor. We write FC
for the complex of S-modules one obtains by applying F' to all modules and maps in C, i.e. the
complex with modules (F'Cy)rez and differentials F'dy, for k € Z.

Remark 5 Suppose R-mod —£ S-mod is an additive functor and C' is a split acyclic complex
of R-modules. Then F'C is a split acyclic complex of S-modules.

Proof. By Lemma 2 there is a contracting homotopy (hi)rez for C. But then (Fhy)rez is a
contracting homotopy for F'C, since for k € Z using additivity of F’

1=F1= F(hgy1dgs1 + diphy) = Fhyy1 Fdgy1 + Fdi Fhy. Ul

Lemma 6 Let P be a projective resolution of an RG-module M. Suppose that the restriction
M|g is projective as an R-module. Then S, ® P is a projective resolution of the SG-module
R

Sp @ M.

Proof. We claim that the restriction of the corresponding augmented projective resolution P’|g
is split acylic.

We claim further that for £ > 0 the module im(dy) is projective as an R-module. We use
induction on k. For base of the induction consider the short exact sequence of R-modules and
R-linear maps

im(d()) L> PQ A M.

Since M is projective as an R-module, this sequence splits. Hence Py ~ im(dy) ® M as R-modules
and as a direct summand of a projective module im(dy) is projective as an R-module.

Now let £ > 1 and suppose that im(dy_1) is projective as an R-module. Consider the short exact
sequence of R-modules

im(dy,) —%— Py 2 im(dy_y).

By assumption, im(di_1) is projective an R-module, so the short exact sequence splits. Then
we have Py, ~ im(dj) @ im(dk—1) as R-modules and as a direct summand of a projective module
im(dy) is projective as an R-module.

Hence for all £ > —1 the short exact sequence of R-modules

im(dpy1) 225 Pey —% im(dy,)
splits since im(dy) is projective as an R-modules, so the restriction P’|g is split acyclic.
Consider the complex of S-modules

S,® P = ( *>S¢®P2Ldl>5@®P1%S¢®POL®—‘M>S@®M*>O>.
R R R R R

By Remark 5 the complex S, ® P’ is a split acyclic over S, hence acyclic over SG.
R

It remains to show that S, ® Py, is projective for k£ > 0. By construction (cf. Remark 4) there is
R
an isomorphism of SG-modules S, ® P, ~ SG¢o ® Py. Since Py, is a finitely generated projective
R RG

14



RG-module projective, there is an my > 1 and an RG-module Ny such that (RG)®™* ~ P, & N,.
By additivity of the tensor product, we have

(SG)EBmk ~ SGp ® (RG)®mk ~ SGep ® (Pk @Nk) ~ (SG@ & Pk) D (SG@ ® Nk)
RG RG RG RG

Hence S, ® Py is isomorphic to a direct summand of a free SG-module, hence a projective
R
SG-module. O

1.3 Automorphism groups

1.3.1 Generalities

Let R be a commutative ring and let A be an R-algebra.

Let Autgr.ag(A) == {A T,A. f R-algebra isomorphism} be the group of R-algebra automor-
phisms of A. This is a group under composition of morphisms.

For any u € U(A) an R-algebra automorphism f of A is given by af, := v~ 'au for a € A. Such
an automorphism is called an inner automorphism of A. We write Inng_a15(A) for the group of
inner R-algebra automorphism of A, cf. the following Remark 7.

Remark 7 The inner automorphisms Inng_a14(A) form a normal subgroup of Autpg_aig(A).
Proof. Let fy, fo € Inng_aig(A). Then for a € A

aful )" = (wtau) fy = vu aws ™ = afy .

So Innpg a15(A) is a subgroup of Autp.ae(A). Let o € Autpaig(A). Then for f, € Inng,ie(A)
and a € A

ala™t fua) = (aa™Y) fua = (uH(aa ™ Hu)a = (ua) ta(ua) = afua.
So Innp.a1e(A) is a normal subgroup of Autp.,e(A). O
Now we can define the outer automorphism group Outp.aig(A) := Autpalg(A)/Inngae(A).
We write [f] € Outp.aig(A) for the equivalence class of an automorphism f € Autpg aig(A).

Remark 8 Let A —*+ B be an isomorphism of R-algebras. Then there is an isomorphism of
groups
OutR_alg(A) % OutR_alg(B)
[/l —— Lol fy]

Proof. Consider the following bijection between the automorphism groups.

AUtR—alg (A) % AUtR-alg (B)
fo— ¢'fe
pgp™! ——— g
This is an isomorphism of groups, because for f, f’ € Autp.a5(A) we have
(Y= ffo=0" oo o= (fO)f').
For an inner automorphism f,, € Inng ), we have for b € B

b(fu) = a(o™" fup) = (u” (b~ HYu)p = (up) "'b(up) = bfup.

15



Since ¢ is an isomorphism the isomorphism ¢ restricts to an isomorphism

Flioma)
IHDR_alg(A) — InnR—alg(B)

Ju ——— fucp

Gup—1 ' Gu-

So 1 induces the isomorphism Out p_a14(A) 25 Out R-alg(B) between the outer automorphism
groups. [l

In Autp.ae(A) we have the subgroup of central automorphisms
Autcentpaig(A) 1= {f € Autp.ag(A) : 2f = z for all z € Z(A)}

keeping the centre of A pointwise fixed. For an inner automorphism f, € Innp.,g(A4) we

1

have zf, = v '2u = u~luz = z for all z € Z(U), hence the group of inner automorphisms

Innp.ag(A) < Autcentp.aig(A) is a normal subgroup.

The quotient Outcentp aig(A) := Autcentp.aig(A)/ Innp a1 (A) < Outp.ag(A) is called the group
of outer central automorphisms.

1.3.2 Direct products of matrix rings over fields

Let K be a field.
Let A be a finite-dimensional K-algebra.

Recall that an element ¢ € A is called a central idempotent if ¢ € Z(A) and ¢? = c. We say that
a set of central idempotents {¢; € A :i € [1,t]} for some ¢t € Z> is an orthogonal decomposition
of 1 into primitive central idempotents if (1-3) hold.

(1) We have 1 =3",c; 4 ¢
(2) For i,j € [1,t] we have cjc; = 0 for i # j. Le. the central idempotents are orthogonal.

(3) For i € [1,t] and ¢; = d; + d} with central idempotents d;,d; € A satisfying d;d;, = 0 we
have d; = 0 or d; = 0. Le. the central idempotents are primitive in Z(A).

Lemma 9 Let ¢ € Autg.as(A) and suppose that {c; € A : i € [1,t]} is an orthogonal
decomposition of 1 into primitive central idempotents.

Then there is a permutation o € Sy with ¢;v = ¢y

Proof. First note that for a central idempotent ¢ € A one has ¢ € Z(A) and

() () = (ce)yp = ey,

so c1) is again a central idempotent. Moreover, if d’,d” € A are orthogonal central idempotents,
we have

(cd)(cd) = 2d®* =cd and  (cd)(cd') = c*dd =0,
so cd and cd’ are also orthogonal central idempotents.

For i € [1,t] let d; := ¢;9. We claim that {d; : i € [1,t]} is also an orthogonal decomposition of 1
into primitive central idempotents. In fact, for 7,5 € [1,¢] with i # j we have

didj = (cith)(cjp) = (cicj)b = 0,

and d; is a central idempotents for ¢ € [1,¢] by the note above.
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Let also d’,d" € Z(A) be orthogonal central idempotents with d; = d’ +d”. Then ¢; = d;p~" =
d' vy 4d"p 1 with (d'p~1)(d"p—1) = (d'd")p~' = 0. So d'yp~! and d"+p~! are central orthogonal
idempotents, hence ¢; = d'v~! or ¢; = d’~!, because ¢; is primitive. But then d; = d’ or
d; = d”, hence d; is also primitive.

Finally, we have
1y =141 = (Z ci)wz > di.
i€[1,t] i€[1,t]
Hence the claim follows.
For ¢ € [1,t] consider
di=d;i- 14 =d; ( > cj) = > dic;.
JE[1,4] 1€[1,1]

By the note at the beginning, the sum on the right-hand side consists of orthogonal central
idempotents. Since d; is a primitive central idempotent, we have d; = d;c; for some j € [1,¢]. On
the other hand, we have

CjzlA’Cj:(Z dk)Cj: Z dij.

ke(L,) ke[l

Since d; = d;c; # 0 takes part in the sum on the right-hand side and ¢; is primitive, we have
Cj = diCj. So di = Cﬂl) = Cj.

Hence the automorphism ¢ restricts to a bijection on the set {¢; : i € [1,¢]}. Therefore there
exists a permutation o € S; with ¢;1) = ¢, for i € [1,¢]. O

Let t € Z>1 and n; € Z>; for i € [1,¢] and let

Q:= H KX,
1€[1,]

We will write w = (w;); with w; € K™*"™ for a general element of (.

For n € Z>1 and k,¢ € [1,n] let eg := (Ok,i0p;)i; € K™ " be the matrix with 1 at position
(k,¢) and 0 everywhere else. We will write ey, := ey, for k € [1,n].

Note that I, = 3 ycp o) €k is the identity matrix in K™

Lemma 10 Letn € Z>1.

(1) The K-algebra K™ ™ is a simple algebra. Ie. its only ideals are 0 and K™*™.
(2) We have Z(K™") = K1,.

(3) We have Z(2) = [Liep o K1n, -

Proof. Ad (1). Suppose 0 # I C K™*" is a two-sided ideal. Then there is X € I with X # 0.
Write X = (z;;);;. Hence there are k, ¢ € [1,n] such that x;, # 0. Then we have

1 1

—eppXery = —¢€k (Z 5Ui,j€i,j)e£,£ =epp € 1.

Now let 4,5 € [1,n]. Then e;; = e;rereer; € I. So I contains a K-basis of K™*", hence
I =K"" So K™" is simple as a K-algebra.
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Ad (2). We observe that K1, C Z(K™*™). For the other inclusion, let X € Z(K™*™) with
X = (xj;)ij. For k, ¢ € [1,n] with k # { we have

0=0-X=¢eppereX =epeXegs=ery (Z ~Ti,j€i,j>€k,£ = €T KEIKCK L = T KCE L-
i?j

Therefore x,; = 0. Hence X = )", x;;e;;. Again let k,¢ € [1,n] with k # ¢. Then
Tk kCkk = €k k (Z wi,iei,i) = eger kX
i

= e Xegp = ey (Z wi,iei,i)ez,k = CRUTOICLICLE = T4 0Ch -

)

Therefore xyy = xj 1. Hence X = x1 11, and the assertion follows.

Ad (3). Since multiplication in € is declared componentwise, an element w = (w;); is central in
Q2 if and only if w; is central in K™*™ for all i € [1,¢].

Hence (2) implies that Z(Q) = [[;c;1q Z(K™™) = Iliep,q Kln,- O

Lemma 11 The set {(Okiln,)i : k € [1,t]} is an orthogonal decomposition of 1q into primitive
central idempotents.

Proof. We observe that

lo=(n)i= > (Okiln,)i-

ke[l,t]

For k,¢ € [1,t] we have

(Ok,iln; )i ifk=14

(O0ilo 00T )s = (Ouidil) {0 r

For primitivity, suppose that for k € [1,¢] we have (0 ;l,,)i = ¢ + d for central orthogonal
idempotents ¢, d. Then there are ¢;,d; € K for i € [1,t] such that ¢ = (¢;1,,); and d = (d;iI,).

ni
Since ¢ + d = (Ok,iIn;); we have ¢; +d; = 0 for i # k and ¢; + d; = 1 for i = k. Since c¢d = 0 we
have ¢;d; = 0 for all ¢ € [1,¢]. This implies ¢; = d; = 0 for i # k.

For i = k note that ¢> = ¢ and d? = d imply that ¢ = ¢4 and d} = dj, and thus c, dx, € {0,1}.
Since ¢, + dy, = 1 we either have ¢, =1 and d, = 0 or ¢, = 0 and dj, = 1, so either ¢ = 0 or
d=0. O

All K™ ™modules are assumed to be finitely-generated.

Lemma 12 Letn € Z>.

(1) Suppose given K™*"™-modules M and N. Then there is an isomorphism of K -vector spaces
Hom gnxn(M,N) —25— Hompg(e;M,e1N)

(2) Suppose given a K™*™-module M. If M # 0, then ey M # 0.

(3) Suppose given simple K™*"™-modules M and N. Then M ~ N as K™*"-modules.

(4) Any simple K™"-module is isomorphic to K", where K™ := K™ is the K™ "-module
with operation given by matriz multiplication.
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Proof. Ad (1). For well-definedness of /3 note that for m € M and f € Homgnxn(M, N) we have
(exm)f = e1(mf) € el N, since f is K"*"-linear. Moreover, we observe that /3 is K-linear.

To show that g is an isomorphism of K-vector spaces, consider the map

Hom enxn (M, N) «+———  Homg(e; M, e N)

(m — Z ei’1<(€1’im)g)) < g
i€[1,n]
For well-definedness of «, note that for i € [1,n] we have (e1,m)g = (e1,1€1,,m)g with ej 1e1,m =
ei(e1im) € exM. Moreover, gy is K"*"-linear, since for a basis element ey, € K"*", where
k.l € [1,n], and m € M we have

(er,em)(gy) = > eir((erierem)g) = er1((e1,0m)g)
i€[1,n]

eke(m(g7)) = exe( D ein((erim)g)) = exn((e1em)g).

i€[1,n]

We want to show that Sy = 1. Suppose given m € M and f € Homgnxn(M, N). Then, using
that f is K™*"-linear, we obtain

m(fBy) = > eii((erim)(fB) = > 6i,1<(€1,im)f’2j\N/[> = Y eillerim)f)

1€[1,n] 1€[1,n] 1€[1,n]
= Y eeni(mf) = ( > €i,i>(mf) = I,(mf) =mf.
i€[1,n] 1€[1,n]

Hence fBvy = f, so 5y = 1.

We want to show that 78 = 1. Suppose given g € Homyg (e1 M, e1N) and eym € ey M. Then

(exm)(g7B) = (e1m)(g7)|<13; = (exm)(g7)

= Y eix((erier,im)g) = er1((erim)g) = (exm)g,
i€[1,n]

where (eym)g € e1 N and thus e ((e1m)g) = (exm)g. Hence gy83 = g, so 78 = 1.

Ad (2). If M # 0, then Homgnxn (M, M) # 0, as the identity 1), is K™*"-linear. Using the
isomorphism in (1) this shows that Hompg (e1 M, e; M) # 0, hence e; M # 0.

Ad (3). Since M and N are simple, they are non-zero and by (2) we also have ey M # 0 and ey N #
0. Then dimg(Homg(e1M,e1N)) = dimg (e M) dimg (e N) > 1, so Homg(egM,e1N) # 0.
Using the isomorphism in (1) we conclude that Hom jnxn (M, N) # 0, hence there is a K"*"-
linear map M 1y N with f#0.

Since M is simple, we must have ker(f) = 0 and since N is simple we must have im(f) = N.

Hence M~ N is an isomorphism of K™*"-modules.

Ad (4). We show that K™ is a simple K™*™-module. Let M be a nonzero K™*"™-module. Consider
the K-algebra morphism
K —2 Endg (M)
X (m Xm).
Since Ina = 1) and M # 0, we have a # 0. But then ker(«) is a two-sided ideal properly

contained in K™*". Now K"*" is a simple K-algebra by Lemma 10.(1), hence ker(a) = 0 and «
must be injective. This implies n? = dimy (K™*") < dimg (Endg(M)) = (dimg (M))2.

Hence the K™*"™-module K™ is of minimal K-dimension for all non-zero K™*"-modules, therefore
must be simple.

By (3), any two simple K"™*™-modules are isomorphic, so any simple K™*"-module is isomorphic
to K. O
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Lemma 13 Let n € Z>y. Suppose given a K-algebra automorphism ) € Autg_ao(K™*").
Then there is Q € GL,(K) such that X1 = Q71 XQ for all X € K"*".

Proof. Let K™ := K™*! be the K™*"-module with operation given by matrix multiplication. By
Lemma 12.(4) this is, up to isomorphism, the only simple K"*"-module.

Now consider the K™ "-module K™% with operation twisted by %, i.e. for X € K™*" and

ve K™ we have X - v:=(X¢)v.
Knw~!

Since @ is an automorphism, a subset U C K™ is a K™*™ submodule of K™ if and only if it is a
submodule of K™% ™", Hence K™%~ is also a simple K™*"-module.

By Lemma 12.(4), there is an isomorphism of K™*"-modules K™% L K™ Let Q € GL,(K)
be the representing matrix of f using the standard K-linear basis of K™, so vf = Qu for v € K™.

Since f is K"™*"-linear, we have XQu = X (vf) = (X v)f = ((X¢)v)f = Q(X)v for all

wfl
ve K™,
K"ﬂ/’_l Q(-) K"
Kn,w*1 Q(—) Kn
Hence X¢ = Q71 XQ. O

Lemma 14 Let ¢ € Autg_aig(Q2). Then there is a unique permutation o € Sy with ni; = n; and
invertible matrices Q; € GLy,, (K) for i € [1,t], such that

(wi); ¥ = (@ 'win Qi)

Proof. By Lemma 11 we have an orthogonal decomposition of 1 into primitive central idempo-
tents given by

lo= Y (Okiln,):-

ke[1,t]
Let ¢ € Autg a15(€2). By Lemma 9 there is a permutation o € S; such that for all k € [1,1]
(Ok,idn)it = (Oko—1,iln, )i-
Now 1 restricts to an isomorphism of K-algebras
(Ok,idn,; )i N (Oko—1i1n, )i
(Ok,iln,)i(wi)i  ——  ((Ok,iln;)i(wi)i) ¥ = (Oko—1 100, )i ((wi)ith).
For each k € [1,] there is an isomorphism of K-algebras
(il )i —Z KX

(8k,iIni)i(wi)i — Wk

So
ni = dimK((‘)k,iIni)iQ = dimK(c‘)k(,fl,iIni)iQ = nig,l.

Hence ng, = ny, for k € [1,t]. Moreover, the map Hk_alwkgé?k: K% X% = Ko XMko sy [T XTk ig
a K-algebra automorphism of a full matrix algebra. By Lemma 13 there is a Q) € GL,, (K) with

—1 —1
Wkolpy Vol = Qf Wiko Qe

20



for wy € K™>™. Now for (w;); € Q we have

(wi)ih = ( Z (8k1wz)z) P

ke[1,t]

= > (Oriln)i(wi)i)

kel

= > (b v

ke[1,¢]

= > wily

ke[1,¢]

= Z wkaek_glwka

kel

= > WOt Vi Oy '
ke[1,¢]

= Y (Qy wkeQr)0; "

kel

= Z (O iln,)i(Q; ' winQi)i

kel
= (Q; 'winQi)i-

Finally, uniqueness of ¢ follows since the permutation is already uniquely determined by the
action of 1 on the central idempotents. O
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Chapter 2

Projective resolutions

In this chapter, we construct a minimal projective resolution of the trivial Zy)Ds-module Zy).

In §2.1 we give a Wedderburn image A of the integral group ring ZDg with its Wedderburn
embedding ZDg —<- A.

In §2.2 we work out a projective resolution of the trivial ZDg-module Z. We present the resolution
on both sides of the Wedderburn embedding.

Finally, §2.3 we extend scalars from Z to Z) and show that the resulting projective resolution
of the trivial Zy)Ds-module Z3) is minimal.

We use the following presentation of the dihedral group of order 8, cf. Remark 1.

Dg = < a,b:at, b, (ba)2>

2.1 Wedderburn

Lemma 15 Let T :=Z x Z x Z x Z x Z*>*? and define the following Z-submodule of T.

. P=2q=2Tr=2s8=t=w, v=20, ¢g—1 =40,
q—s=42u, pHq=4r+s, pHqg+r+s=s20t+w)

A= {(p,q,r,s, (5};)) el

We have an injective morphism of Z-algebras

ZDsg Z x Z x Z x Z x Z** =T

|t

b — |

—_
|

—_

—_

Cor (49

Its image is given by (ZDg)® = A. In particular, by w := w|™ we obtain an isomorphism of
Z-algebras ZDg —<~ A.

Write ® := ®. Note that
z

QDs ~ QRZDs —229 . QeI ~ Q x Q x Q x Q x Q>*?

is a Wedderburn isomorphism in the sense of Wedderburn’s Theorem on finite-dimensional semisimple

algebras over a field.
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Proof. We verify that the images of @ and b under @ fulfill all relations of Dg.
(11,11, (4 ) = (759 = 11,1, (59)
(L-1,1,-1,(3.9)" = (1111(49))
((1,—1,1,—1,(,5 ,9))(1,1,—1,—1,(,5 7%)))2: (1,—1,—1,1,(5;)) (1,1,1,1,( 9))

We conclude that @ is a well-defined Z-algebra morphism.

Now we want to show that (ZDg)w C A. We calculate

10 = (1,111( )) awz(1,1,—1,—1,(_;_%))
o =(1,1,1,1,(759)) *o = (1,1,-1,-1,(74 1))
bio = (1,-1,1, 1,(_;_9)) bai = (1,1, 1,1,(3_%))
ba*e = (1,-1,1,-1,(719)) ba’s = (1,-1,-1,1, (4 1))

and note that all images satisfy the congruences in the definition of A.

To show the equality (ZDg)& = A consider ZDg with the basis (1,a,a?, a3, b, ba, ba?, ba®) and T’
with the standard basis, consisting of matrix tuples having entry 1 at one position 0 elsewhere.
Using these bases, the map @ has the following matrix.

1 1 1 1 1 0 0 1

1 1 -1 -1 1 1 -2 -1

1 1 1 1 -1 0 0 -1

A — 1 1 -1 -1 -1 1 2 1
11T -1 1 -1 1 0 -2 -1

1 -1 -1 1 1 1 0 -1

1 -1 1 -1 -1 0 2 1

1 -1 -1 1 -1 1 0 1

The matrix has determinant det(Ag;) = —1024, hence @ is injective and one has

T : (ZDs)3] = |T/(ZDs)i| = |det(As)| = 1024.

We already know that (ZDg)w C A. To show equality consider the following Z-linear basis of A.
= (1,1,1,1, ( )) az = (0,2,0,-2, (gg)) = (0,0,2,— (20)) as = (0,0,0,4, (38))
as = (0,0,0,0, (gg)) ag = (0,0,0,0, (gg)) az = (0,0,0,0, (gg)) as = (0,0,0,0, (82))

Now the embedding A <~ I" has the following matrix with respect to the chosen bases.

111 110 0 1
020 -200 20
002 -201220
A = 000 42000
‘ 000 0200 2
000 O0O0 200
000 O0O0O0OM4O0
000 O0O0O0OO0 4

We calculate the determinant det(A,) = 1024, which gives
[[': A] = |I'/A| = |det(A,)| = 1024.

Puttings these two results together, we obtain [A : (ZDg)w] = [I' : A]/[I" : (ZDg)®] = 1. Since
(ZDg)&> C A this implies (ZDg)@ = A. Hence the restriction onto the image w := @|* is
well-defined and an isomorphism of Z-algebras. O
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Remark 16 Using [8, Proposition 1.1.5], we may calculate the index of A in I to be

/ 88 10

which is in line with our results above.
Notation 17 Throughout this chapter, we identify ZDg and A via w, cf. Lemma 15.

Remark 18 We have the following more condensed description of the Wedderburn image A in
I', cf. Lemma 15.

A= {(p,q,r,s,(f)}fj)) el

q=27T, S=2t=qw, q—7 =40,
g—s5=42u, p+q+r+s=g2(t+w)

Proof. Since we only dropped some congruences in the definition of A in Lemma 15, the inclusion
C is clear. For the converse inclusion, we show that the dropped congruences are already implied
by those we have left here.

Adr=9s. Using g=9rand ¢ — s =4 2u we have 0 =0 2u=9q— s =971 — 8.

Adp=2q. From g =21 =9 sand p+ q+r+ s =g 2(t + w) we conclude
0=22(t+w)=2p+q+r+s=2p+3¢g=2p—q.

Ad v =5 0. This one follows from ¢ — r =4 v using that ¢ — r =2 0.

Adp+q=4r+s. Usingt+w=920and p+q+1r+s=g2(t+ w), as well as r =2 s, we obtain

0=42(t+w)=4p+qg+r+s=4p+q—r—s+2(r+s)=4p+q—1r—s. O

2.2 Projective resolution over ZDyg

2.2.1 Definitions

Recall T = Z x Z x Z x Z x Z**? and the image A of ZDg under the Wedderburn embedding @,
cf. Lemma 15.

P=2q=2r=2s=t=w, v=0, g—1=4v,
A= (p,qms,(ig,)) erl: R B B
q—8=42u, p+q=47+5s, ptq+tr+s=g2(t+w)

For m € A we denote by A <+ A the A-linear map given by right-multiplication with m.

A Ty A

A —— M

So we have A\rh = Am for m, A € A.

Definition 19 Define the following elements of A.

A =(0,2,02,(99)) =1-b B = (0,2,2,0,(34)) =1-ba®
Ay =(2,0,2,0,(38)) =1+ By = (2,0,0,2,(§71)) = 1+ba®
Coi=(0,4,-4,0,(38) =a+da®*—b—ba> D= (0,4,0,—4,(88)) = a+a’® —ba— ba®
Cyi=(4,0,0,-4,(88)) =a+da® +b+ba®>  Dy:= (4,0,-4,0,(88)) = a+a®+ ba+ ba®
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Alternatively, for i € Z>( we write for these elements

Xi — X+ lf’lEQO
X_ ifi=s 1.

Now let k € Z>o and let A®(2k+2) _dak  N®(+1) gpd ABCEH3) G241 £G(2k42) g given by the
formulas

k+1 2k+1 k ) 2k+1 .
da = <Z WiAiLz’) + ( Z WiDiLi> + (Z 7Ti+1(_1)ZOiLi> + ( Z 771'—&-1(_1)131’//1')
i=1 i=k+2 i=1 i=k+1
k+1 2k+2 k+1 2k+2
d2k+1 = Zﬂ'jAj_;,.le + Z 7Tij+1Lj - Zﬂj—l—l(_l)jcjbj - Z 7Tj+1(—1)]Bij .
J=1 j=k+2 Jj=1 Jj=k+2

As sums of A-linear maps the maps do and da11 are again A-linear for k € Zx.

The first few differentials from Definition 19 can be visualised as matrices as follows.

do:( 4_) A0 0 0 0
~B_ -C- Ay 0.0 0
G| 0 criAto 0
. Y o 0o -B.iD, 0
Ay 0 o o 0 B. D_
dy=|C- D 0 0 0 0 -B_
0 —By
A, 0 0 0 0 0
A0 0 c. A _0...0..0 0
b |G- A0 o T
0 By Do =0 0 iC. D_io 0
0 0 -B- 0O 0 :i0 -B.iD, 0
. e SRR
A 0 0 0 0 0 0 0 0 —-B.
C.  A_ 0 0
d3=10 —-Cp Dy 0 A_ 0 0 0 0 0 0
o 0 B D ~C- Ay . 0..0....0..0 0
0 0 0 -By 0 Cy i A 0 0:0 0
gl 0 0 i-Cco A 00 0
71 0 o0 0 B, D_:o0 0
0 0 0 0 —-B_iD, 0
o R B B
0 0 0 0 0 0 -B_

Here we marked the reappearance of dy in dy4, of dy in ds etc.

We denote a general element of ZDg by 3 cp, 799 With 74 € Z without further comment. Let Z
be the trivial A-module. Recall the A-linear augmentation map

AN —=— Z
(p.ars, (L4) —— p

Z Tgg +——— Z Tg-

g€Dsg geDg
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Theorem 20 Consider the following sequences of A-modules and A-linear maps.

= ( yA®S B pea B, pes B pe2 Doy o)
Pl = < N AEBB ds A@4 da A@g d1 AEBQ do A € 7 0 >

Then P is a projective resolution of the trivial A-module Z and P’ is the corresponding augmented
projective resolution.

Proof. All modules of P are free, hence projective.

We have to show that P’ is an acyclic complex of A-modules. In Lemma 24 we show that P’
(and thus also P) is a complex. Acyclicity of P’ is verified in §2.2.3, Lemmas 27, 28 and 29. [

Remark 21 Consider the following diagram of A-modules and A-linear maps.

A
By
AP
B_ B_
A D* AP A
B+§ By By
AL A D* AP
B_ B,é B_ B_
== SN SN D* A=A
""" R R
S QTN QSN O I (- S
C_ C_ c_ B_ B_ B_
NG SEENN (E N (N (N U QEE SN |
...... e . .
SN SN SE NN (S (N (S G SN |
JC o o C- C- C_ C_ B_
A A A A A Ay A Ay

By Remark 23 in §2.2.2 = is a double complex, i.e. a complex of complexes of A-modules. Hence
all rows and columns in = are complexes and all squares are commutative. One obtains the
complex P from Theorem 20 as the total complex of the double complex =. Here, our sign
convention for the total complex is that we change signs in every second column starting from
the right-most.
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Note that the dotted lines in the diagram above describe a self-similarity of the double complex
after shifting along the diagonal. This behaviour corresponds to the reappearence of earlier
differentials after four steps as submatrices seen above after Definition 19. Additionally, note
that all rows and columns in = become eventually periodic.

In [1, Theorems 5.14.2 and 5.14.5] Benson shows that for any Noetherian ring R and finite group
G, such that for any prime p dividing |G| either p is invertible in R or R/(p) is Artinian, there is
a projective resolution of the trivial RG-module that can be expressed as the total complex of
an n-fold complex, in which all rows, columns, etc. are periodic.

In general, a minimal projective resolution can not be written as the total complex of such
an n-fold complex. This was observed by Benson, who gives a counterexample in [1, p. 206].
However, in [1, Remark at p. 205], Benson notes that the minimal projective resolution can
always be written as the total of an n-fold complex in which all rows and columns become
eventually periodic.

In Theorem 30 in §2.3 we will see that the complex P localised at (2) becomes a minimal
projective resolution of the trivial Z,)Dg-module. One obtains the localised complex also as the
total complex of the double complex = localised at (2). So we construct a minimal projective
resolution of the trivial Z,)Dg-module that can be expressed as the total complex of a double
complex with eventually periodic rows and columns.

Remark 22 In [6] and [9], the Wall-Hamada resolution of the trivial A-module Z is constructed.
The Wall-Hamada resolution can be written as the total complex of the following double complex.

777777 N /VX (1+a+a?+ad) L (a—1) ]\ (1+a+a?+a3) X (a—1) X
(b+1) (ba+1)" (b—1)" (ba—1)" (b11)
,,,,,, . A (-1-a—a®—d®)’ A (a—1) A (~1-a—a®—a3) A (a—1) )
“WH (b-1) (ba—1) (b+1)° (ba+1)° (b-1)
= |l A (1+a+a?+a3) ) (a—1) X (1+a+a2+a®) (a_1) X
(b+1) (ba+1) (b—1) (ba—1)° (b11)
,,,,,, , ) (Clmee?=?) f (@) f(clmad’—d?) 1 (a-]) X
(b—1) (ba—1) (b+1) (bat1)° (1)
777777 . A (1+a+a?+a3)’ X (a—1)" X (1+a-+a2+a3) X (1) :

Then the double complex ZWH is neither isomorphic to =, nor to the double complex =T obtained
after reflecting = along its top left to down right diagonal.

WH

Suppose = is isomorphic to =. Looking at the bottommost row of morphisms in the second

column in both complexes, this implies that there are A-linear isomorphisms A 19 A such that
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the following diagram commutes.
A L) A
U f g
2 (l3 .
A (14+a+a?+a?) A
Since Homp (A, A) ~ A, the isomorphisms f and g are just multiplication with units £, &, € U(A)
from the right. Using the identification along the Wedderburn embedding w from Lemma 15
we see that 1+ a + a? + a® = (4,4,0,0, <8 8)). Since A4 = (2,0,2,0, (_22 8)) has non-zero

2 x 2-matrix block, A} # &p(1+a+a® + (13)59_1-

W

Hence ZWH and = can not be isomorphic as double complexes.

Next suppose that ZWH is isomorphic to ZT. Again looking at the bottommost row of morphisms

in the second column in both complexes, this implies that are A-linear isomorphisms A BTN
such that the following diagram commutes.

U f L9
A (14+a+a?+a?) A

As above, the isomorphisms f and g are just multiplication with units {¢,&, € U(A) from the
right. Since B} = (2,0,0,2, (8 _21 )) has non-zero 2 x 2-matrix block, By # ff(1+a+a2+a3)§g_1.

W

Hence ZWH and ZT can not be isomorphic as double complexes.

2.2.2 Differential condition

Remark 23 Recall the notation used in Definition 19. Suppose given i € Z>¢. Then (1-11)
hold.

A1 =0
BiBi1 =0
CiCit1 =0

DiDit1 =0

)

)

)

)
5) AiDiy1 =0

) BiCis1=0

) C;A; — D;B; =0

) AiC — CiA; =0

) Cidi — Ai1Ci =0
10) D;B; — BiD; =0

11) BiDiy1 — Dit1Bi =0
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Proof. The map
A -0 Homy (A,A), m—— 10
is an isomorphism of rings, which allows us to prove (1-11) in A, effectively ignoring the dot.

From their Wedderburn images in Definition 19 we see that Cy,C_, Dy, D_ € Z(A).

Ad (1). We have to consider the cases i =2 0 and ¢ =5 1.
ApA-=(2,0,2,0,(38))(0,2,0,2,(88)) =0
A_Ay = (0,2,0,2, (gg))(2,0,2,0, (,g 8)) —0
Ad (2). We have to consider the cases i =2 0 and ¢ =2 1.
BB =(2,0,0,2,(§71))(0,2,2,0,(34)) =0

BBy =(0,2,2,0,(3}))(2,0,0,2, (1))

0

Ad (3). Since Cy,C_ € Z(A), we only have to consider the case i =2 0.
CLC- = (4,0,0,—4,(88))(0,4,-4,0,(§8)) =0

Ad (4). Since D4, D_ € Z(A), we only have to consider the case i =3 0.
DyD- = (4,0,-4,0,(§8))(0,4,0,—4,(§3)) =0

Ad (5). We have to consider the cases i =9 0 and ¢ =3 1.

AyD- = (2,0,2,0,(_38))(0,4,0,—4,(88)) =0

ADy = (0,2,0,2,(89))(4,0,-4,0,(§8)) =0
Ad (6). We have to consider the cases i =2 0 and i =5 1.

ByC- = (2,0,0,2,(§71))(0,4,-4,0,(88)) =0

B_Cy =(0,2,2,0,(34))(4,0,0,—4,(88)) =0

Ad (8-11). These follow since Cy,C_, Dy, D_ € Z(A).

Lemma 24 Recall the differentials from Definition 19 and the augmentation map €.
Suppose given k € Z>o. Then (1-3) hold.

In particular, the sequences P and P’ from Theorem 20 are complexes of A-modules.
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(1) d08 =0
(2) dogs1dar, =0
(3) dogtadory1 =0

Proof.  Ad (1). For ((p,q,r,s, (f, )),(p q,r,s (g, ))) € A%2 we obtain

i
W
((p,q,r,s,(f)ff,)) (. q,r,s (2 ;‘),))) dosz(p,q,r s, ( ) (. q,r,s (f}l, L‘)l,))B_)e
= (020 =24, -2 25, ( o))
=0,
hence dye = 0.
Ad (2). Recall the differentials from Definition 19.

k+1 2k+1 2k+1
dgk = (Z 7T1'AZ'L1'> + < Z ’R’Z'Dibi> (Z 7T2+1 CL1> ( Z 7Ti+1(—1)iBiLi>
i=1

i=k+2 i=k+1

k+1 2k+2 k+1 2k+2
dop41 = Z“JAJ‘HLJ + Z D1t Z”JH Y Cjt | = Z mj+1(=1) Bjt
j=1 j=k+2 j=k+2

We calculate using (1-11) from Remark 23.

k1 k1 o
dog+1dar = (Z miAi1 Ag Lz) + (ZﬂiAi—i—l(_l)llC’i—lbi—l)
i—2

2k+1 2kt2 o
+ ( miDi 1 D; Lz) ( > 7TiDi+1(_1)z_le'1Li1>
i=k+2 i=k+2
k+1 k+1 . ] .
(Z Tir1(—1)'CiA; Lz) - (Z 7Tz'+1(—1)ZCi(—1)Z_1Ci—1Lz‘—1>
i—2
2k+1 2%k-+2 N o
( Tir1(—1)'B;D; Lz) - ( Z 7Ti+1(_1)ZBi(_1)Z_1Bi—1Li—1>
i=k+2 i=k+2
k+1 k41
(Zm A1 A; Lz) + ( > i DiaD; Li)
W—/ P T
Yo
k+1 2%k-+2 o
+ (ZW 1 CiCicy tie 1) + < > w1 BB Lil)
i=2 — i=k+2 —
@), @
k
+<Z%+1 (Ac CA) )
—_— ———
®),
2k+1 . . . . .
+ ( Z 7Ti+1<—1)1 (Dsz — BzDz) Lz’>
i=k+2 —_——
(10,

+ Ty (—1)F (Ck-i-lAlc—f—l - Dk+1Bk+1) Lk+1

(7)0

=0
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Ad (3). Recall the differentials from Definition 19.

K1 ht2 k+1 242 N
dopy1 = (Z WiAi+1bi> + ( Z 7TiDi+1bi> (Z Tip1(— 0L1> - < Z 771'—&-1(_1)231'%)
i=1

i=k+2 i=k+2
k+2 2k+3 k+1 2k+3 )
dokyo = <Z7TjAij> + ( > 77ij%> (Z%H ) C; LJ) ( > 7Tj+1(—1)]BM>
j=1 j=k+3 j=k+2

We calculate using (1-11) from Remark 23.

k+1 k+2
dogt2dog+1 = (Z miA; Az—i—l%) + Mpp2Appo Diystiys — <Z miAi(—1)" Cim1eim 1)
2%h+2 %43 o
+ ( 7TzD D1+1Lz> — ( Z WiDi(—l)Z_lBiml)
i=k+3 i=k+3
k+1 k+1 .. . .
+ (Z Tir1(—1)'C; Az+1bz> - <Z 7Tz‘+1(—1)202‘(—1)2_101—1%—1)
i=2
2k+2 , .
+ ( Tiy1(—1)'B; Dz+1Lz> — T3 (= 1) 2 By (= 1) Chpr e
i=k+2
2k+3 N o
( Tit1(— )ZBi(_l)Z_lBilbil>
i=k+3
k+1 k2
( > omAiAip Lz) + Tyo ApDigt thya — ( > miDiDigy Li)
W—/ ——— i3
®) @
=) =)
k+1 o 2%k+3 o
+ ( mit1 Ci Cz 1Li— 1) + Tkt3 BeCrt1 tiet1 + < > mit1 BiBi Li—l)
=2 — i=k+3 T
(s) ®), @,
k+1 .
+ ( mir1(— (C Aipr — Ai+10i) Li)
i=1
©),
2k+2 '
+ ( ip1(—1)° <B Diy1 — Di+1Bi) Li)
i=k+2
an,
=0
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2.2.3 Acyclicity

Recall that we identify ZDg with its Wedderburn image A via w, cf. Notation 17. So a general
element of A can be written as > cp 79 with 4 € Z for g € Ds.

Definition 25 Define the following Z-linear maps from A to A.

A 2= A, Z reg +—— (=res —rp)l + 1020 — Tha@> + Tpab — T42ba% + (=74 — Tpa2 )ba®

g€Dg

A A, Z reg > (=Ta3 + 7)1 + 1re2a 4 Tpaa® + Tpab + Ta2ba® + (14 — Tha2)ba’
g€Dsg

A P A, Z reg > (Ta +7pa3)l + rpa2a — 742a% + (145 + 1pa)b + ra2ba — rp2ba’
g€Ds

A Py A, Z r9g  ——  (—Ta +Tpaz)l + Tpa2a + re2a® + (ras — Tpa)b + Ta2ba + rpe2ba’
g€Ds

A T A, Z reg  ——  (—ras —1p) 1+ (=72 — Tpa)a® + (ra2 + Tpa)b 4 (=70 — Tpa2)ba®
g€Dg

A T A, Z reg > (—=Tas + 1)1+ (—7az 4+ Tpa)a® + (—7az + Tpa)b + (1o — Tpa2)ba®
g€Dsg

A A, Z reg ——  (—re2 +rpe2)l
g€Ds

A Oy A, Z reg +——  (Te2 + Tpe2)1
g€Ds

Alternatively, for i € Z>¢ we write for these maps

£+ leEQO

S D

Define the Z-linear map

For k € Z>¢ define

k 241
hor = (Z Wioéiéi) + (TraVer1ter1) + | Y. miBivisr | 0 AR o AS(EEH2)
i=1 i=k+1
k+1 %42
, 242 2%+3
hopr1 = — | Y mjoyes | = (Mer1dhritere) — | Y. miBje1ejer |+ ATERT ) NSRS
j=1 j=k+2

As sums of Z-linear maps hgi and hogy; are again Z-linear for k € Z>o.

The first few maps can be visualised as matrices as follows. Note that we find hg as a submatrix
in hg, h1 in hs and so on. We have already seen that the differentials show the same behaviour.
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a 0 0 O 0 O
0 ay 0.0 0 0
ho_(fy_ ﬁ_) hg=[0 0 :1v - p-i0 0
0O 0 0 0 p4 O
(o 5.0 0O 0 0 0 0 p-
! 0 0 A
a 0 0O O 0 0 O
0 ar 0.0 .0 0 0
a- 000 0 0 fa_ 6. 0:0 O
ho= 10 v By 0 hs = — :
0 0 0 /3 0 0 0 ....... 0 ...... ﬁf 0 0
B O 0 0 o0 0 p+ O
o o0 o0 o o0 0 p-
a 0 0 0 O
hy—— |0 o 0+ 00 a_ 0 0 0 0 0 0 0
0 0 0 pL 0
0 0 0 0 B 0 Q4 0 ...... 0. .. 0. 0.0 0
- 0 0 (e 0 O 0:0 O
he=[(0 0 0 ~v B4+ 0 :0 O
0 0:0 0 0 B-;0 0
o 0 0 0O 0 0 p+ O
o o o0 0 0 0 0 pg-
Now recall the asserted augmented projective resolution P’ from Theorem 20.
P’:( P A®S G, pe1 _dpes b, per oy e g o)

We will use Lemma 2 to show that P’ is acyclic, i.e. we show that (hy) keZ_, defines a contracting
homotopy for P’.

For this, we have to show that hodg + ch_1 = 1, hogtodopt2 + dogr1hopr1 = 1 and hogt1dop+1 +
dorhoy, = 1 for k € Zzo.

In that case, note that by Lemma 2 the complex P’ is also split acyclic.

Lemma 26 Suppose we are given i € Z>o. Then (1-12) hold.

1) a;A; — Az+1Oéz =1

2) —o;A z+1 + Ajo; =1
(—1)'B; — (—1)'Bip18i = 1

4 5z+1( 1)'B; — (=1)'Biy1Bi41 = 1

3

oy z+1 + Cz+1al+1 =0
7 (&%) z+1+5( )1024'141'71:1

8

)
)
) B
)
5) BiDis1 = Dit1fBit1 =0
)
) —
) Biyi =0
)

(
(
(
(
(
(6
(
(
(
(

9) —&Di+ AiBi =0

10) Bi(—1)'B; + viA; — (—1)'Ci11641 = 1
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(11) Aidii1 =0

(12) 7iCip1 + Civr0ip1 =0

Proof. Write (71,74, 742, 7435 Tbs Thas Tha2: Thad) = 2. geDg Tgg for a general element of A. For each
equation (1-12) we have to consider the cases i =2 0 and i =5 1.

(1) For i = 0 we calculate

(1, Tay Ta2, T3y Tby Thay Tha?; rbas)(a+A+ - A_a+)
= (_"na3 + 7y, Ta2, 07 Tbas Tha, 0; Ta2y Tq — 'rbaQ)AJr
— (11— Tby Ta — Tbad, Ta2 — TbaZs Tad — Thas —T1 + Tby —Ta3 + Toa, —Ta2 + Tpaz, —Ta + Tpas )yt
= (_"na3 + 76+ Toay Ta + Ta2 — Tba2s Ta2, Tbas —Ta3 + T + Toas Toas Ta2, Ta + Ta2 — Tba2)
- (_Tl — T3 +Tb + Tha, Ta2 — Tba2, 07 —T¢3 + Tbas —Ta3 + Tba, 07 Ta2 — Tha2s Ta + Ta2 — Tha2 — Tba3)

= (7"1, Tas Ta2; Ta3y Tby Tbay Tba?, rba3)~

Hence a+A+ — A_a+ =1

For ¢ =5 1 we calculate

(1, Tas Ta2s Tad, Tby Tbas Toa2, Thas ) (0—A_ — ALa_)

= (_rai‘ —Tb, Tq2, 07 —Tbay Tba, 0» —Tq2, —Taq — TbaQ)Af

- (Tl + 7o, Ta + Tha3; Ta2 + Tha2, Ta3 + Tba, T1 + T, Ta3 + Toa, Ta2 + Tha2, Ta + TbaS)a—

= (_ra?’ — T — Tbay Ta + Ta2 + Tbha2; Ta2y —Thas Tad3 + Tb + Tbas Tbay —Ta2, —Ta —Ta2 — rba2)

- (_Tl —Tad —Tb = Tba, Ta2 T Tha2s 0y —Ta3 — Thay Ta3 + Toas 0, —Ta2 — Tha2, —Ta — Ta2 — Tha2 — TbaS)

= (Tla Tas Ta2y Ta3y Tbs Tbay Tha2, Tba3)~
Hence a_A_ — Aya_ =1.
(2) For i =2 0 we calculate

(rla Tas Ta2; Ta35 Tby Thay Tha2, TbaS)(_a-i-A— + A+a+)

—(=raz + 1, a2, 0, Tpa, Tbas 0, Taz, Ta — Tpa2)A_

+ (Tl + 7oy Ta + Tha3, Ta2 + Tha2s Tad + Thas T1 + Ty Ta3 + Thas Ta2 + Tha2, Ta + Tba3)a+

7(77‘a3 +7rp — Tbay —Ta + 7Te2 + Tpa2, —Ta2; Tbay Ta3 — Tb + Tbay —Tbay Ta2, Ta — Ta2 — rbaQ)
+ (Tl —Ta3 T Tb = Thas Ta2 + Tpa2, 0, Tg3 + Tha, Ta3 + Thay 0, Ta2 + Tha2, Tq — Tq2 — Tpe2 + Tba3)

= (11, Tas Ta2; Ta3, Tby Tbay Tbas Tbad)-

Hence —ay A+ A ay =1.

For 7+ =5 1 we calculate

(Tla Tas Ta2y Ta35 Tby Tbay Tha2, ’rba3)(_a7A+ + A7a7>
= —(—rgzs — 1y, a2, 0, —Tpa, Tbas 0, —Tqz, —T4 — Tpez) At
+ (7"1 —Thy Ta — Tha3, Ta2 — Tba2; Ta3 — Tba, —T1 + Tby =73 + Thay —Ta2 + Tha2, —Ta + Tba3)a7
= 7(77"(13 —Tb + Tba, —Ta + Ta2 — Tba2, —Ta2; —Tbas —Ta3 — Tb + Tba; —Tbas —Ta2, —Ta + Ta2 — Tbaz)
+ (7'1 —Tg3 —Tb+ Thay Ta2 — Tba2, 07 Ta3 — Tba, —Ta3 + Tbas 07 —Ta2 + Tpa2, —Ta + T2 — Tpa2 + rba3)
= (Tla Tas Ta2, Ta3, Tby Tbay Tha?, Tba3)'
Hence —a_ A4 +A_a_ =1.
(3) For i =5 0 we calculate

(7"1, Tas Ta2y Ta3y Tbs Tbay Tha2, rba3)(5+B+ - B*ﬁJr)
= (_Ta + Tba35 Tha?, 07 Ta2, Tg3 — Tha, Ta2, 07 Tb(lz)B-‘r

- (7’1 — Tha3s Ta — Tha2s Ta2 — Thas Tad3 — Vb —Ta3 +Tb, —Ta2 + Thas —Ta + Tpa2, —T1 + Tba3)ﬂ+

34



= (=74 4 Tbaz + Toa3, Tba2s Ta2, Ta2 + Tad — Tha, Ta2 + Tad — Toas Ta2, Tha2, —Ta + Tha2 + Tbad)

- <_T1 —Ta + Tpa2 + Tha3; —Ta + Tpa2, Oa Ta2 — Tha, Ta2 + Ta3 — Tb — Thas Ta2 — Tbas 07 —Trq + ’rbaQ)

= (11, Tas Ta2, Ta3, Tby Tha, Tba2s Tba?)-

Hence B+B+ — B,ﬁ+ =1.
For 7+ =5 1 we calculate

(T1, Tas Ta2, Tad, Ty Thas Tha2, Thas)(—B-B_ + B1A_)
= —(rq + Tbaz, Tha2, 0, =742, T4z + Tha, Taz, 0, —rbaz)B,
+ (71 + a3, Ta + Tha2s Ta2 4 Thas Ta3 + Ty Ta3 4 Ty Ta2 4 Thas Ta + Tha2, T1 4 Thas ) B
—T43 — Tha, Ta2 + Taz + Tha, Ta2s —Tha2, —Ta — Tha2 — Tba?)

- _(ra + Tpa2 + Tba3y Tha2y —Ta2, —Ta2
Ta2 = Tha, Ta2 + T¢3 + Tp + Tha, Ta2 + Tha, 0, —T¢ — rbaQ)

+ (rl + Ta + Tpa2 + Tha3; Ta + Tha2, 0, —

= (7"17 Tas Ta2, Ta3y Tby Tbay Tba?, Tba?’)'

Hence —3_B_ + B, f_ = 1.
(4) For i =2 0 we calculate

(rla Tay Ta2y Ta3y Tby Thay Tha2s Tbag)(ﬁ—B-‘r - B—ﬁ—)

= (ra + Tba3s Toa2, 0, —Ta2, Taz + Tha, Ta2, 0, —Tpe2) By
- (Tl — Tha3, Ta — Tba2s Ta2 — Thas Tad — Tby, —Ta3 + Tb, —Ta2 + Tbay —Ta + Tha2, =71+ Tba3)ﬁ—

(ra — Tpa2 + Tba3y Tba2, Ta2, —Ta2 + rgs + Tbay —Ta2 + g3 + Tbay Ta2y Tba2y Ta — T'ba? + 7/'ba?’)
— (=714 7a — Tha2 + Tbaz, —Ta + Thaz, 0, —Ta2 + Tbay, —Ta2 + 743 — T6 + Thay Ta2 — Tha, 0, Ta — Fpa2)

= (11, Tay Ta2, Ta3, Tby Tha, Tba2s Tba?)-

Hence f_By — B_f_ = 1.
For i =5 1 we calculate

(Th Tay Ta2s Tad, Tby Thay Tha2, rbag')(_ﬂ-‘rB— + B+6+)

= _(_Ta + Tpa3, Tba2, 07 Ta2, Ta3 — Tba, Ta2, 07 Tbaz)Bf
+ (7‘1 + Tpa3s Ta + Tha2s Ta2 + Toas Ta3 + Tbs Ta3 + b, Ta2 + Thas Ta + Tha2, 71 + TbaS)ﬁ-‘r

_(_ra — Tha2 + Tha3, Tha2, —Ta2, Tq2 — T3 + Tha, —Ta2 +Tg3 — Tbas Ta2y —Tba2s Ta T Tba2 — rbaS)
+ (11— Ta — Tba2 + Tva3, Ta + Tba2s 0, Ta2 + Thay —Ta2 + 743 + 76 — Thay Ta2 + Tba, 0, Ta + Tha2)

= (Tla Tay Ta2, Ta3y Tby Tbay Tba?, Tba3)~

Hence —3,B_ + B,y = 1.
(5) For i =2 0 we calculate

(T1, Ta, Ta2, Tas, Th, Thas Tha?s Toat)(B+ D — D_B_)
= (=74 + Tbas, Tha2, 0, Ta2, Ta3 — Tha, Ta2, 0, rbaz)D,
- (ra +Ta3 — Tha — Tha3, 1+ Ta2 — Tb — Tha2, Ta + 743 — Tba — Thad, T1 + Ta2 — T'b — Tha2,

=11 — T2 + Ty + Tpa2, —Taq — T3 + Toa + Tha3, —T1 — T'a2 + Tp + Tpa2) 5

—Ta — T3 + Tha + Thas,
Ta —Ta3 + Toa + a3, 0, Ta + Ta3 — Toa — Tba, 0, Ta + Ta3 — Tha — Tpa3)

= (O, —Ta — T3 + Tbha + Tha3, 0, —
- (Ov —Taq = Ta3 + Tha + Tha3, 0, —Ta — T3 + Tha + Tha3, 0, Ta + T3 — Tha — Tha3, 0, Tq + T3 — Tpa — rba3)

=0.
Hence . D_ — D_S_ = 0.
For 7 =5 1 we calculate

(rla Tay Ta2y Ta3y Tby Tbas Tha2?, rba:’)(B*DJr - D+ﬁ+)
= (Ta + Tba35 Tha?, 0) —Tq2, T3 + Tbas Ta2, 03 —Tba2)D+
- (Ta + 73 + Tha + Toa3, T1 + T2 + 75 + Tha2, Ta + 763 + Tba + Tpa3, 71 + T2 + 76 + Tpa2,
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Ta +Ta3 4 Tha + Tba3, T1 + a2 + 76 + Tha2, Ta + a3 + Toa + Toas, 71 + T2 + 7% + 7pa2) By
= (0, Ta+Ta3 + Toa + Tba3, 0, Ta + 743 + Tha + Tpa3, 0, Ta + 73 + Toa + Taz, 0, 7o + a3 + Toa + Tba3)
- (0, Tq + 763 + Tpe + Tba3, 07 Tq + 763 + Tpa + Tbha3, Oa Tq 763 + Tpa + Tba3, 07 Tq + 763 + Tpe + Tba?’)
=0.
Hence f_Dy — D, 4 = 0.
(6) For i =2 0 we calculate
(Tla Tas Ta2y Ta3y Tbs Tbay Tha2, ’I"ba3)(Oé+C, + C,Oz,)
= (77"0.3 + Ty, Ta2, 07 Tbas Tba, 07 Ta2, Ta — erQ)C—
+ (ra + T3 —Th — Tpa2, "1+ 762 — Tbha — Tha3, Ta + 743 — Tb — Tpa2, 1 + T2 — Tba — Tba?,
—T1 —Tg2 +Thg + Thad3, —Taq — Ta3 +Tb+ Tpa2, —T1 — T2 + Thg + Tba3, —Tq — Tq3 +Tp + rbaz)a_
=0, =7rg —Tq3 + 76+ Tpa2, 0, =74 — 743 + 75 + Tha2, Ta + Ta3 — T — Tpa2, 0, Tq + T'q3 — 75 — Tpge2, 0)
+ (0, ro +7razs — 1 — Tpaz, 0, o + 743 — Th — Tha2, —Ta — Tad + 76 + Thaz, 0, =74 — Tq3 + T + rpez, 0)

=0.

Hence a+C’_ +C_a_ =0.

For ¢ =5 1 we calculate

(le Tays Ta2y Ta3, Tby Thay Tha2, Tba3)(a—o+ + C—i-a-l-)
= (=rgs — 1y, T2z, 0, —Tpa, Tpa, 0, —Tg2, —T¢ — rbaz)C’+
+ (ra +Te3 + Ty + Tpa2, "1+ 762 + Tba + Tba3, Ta + Ta3 + T+ Tha2, "1 + 762 + Tha + Tha3,
1+ 7q2 + Thg + Tba3, Ta +7Ta3 + 7T+ Tpa2, ™1 + 762 + Tha + Tha3, Ta + T3 + 7Tp + rbaz)a+
= (0, =g —Ta3 —Tp — Tpa2, 0, —Tq — T43 — Th — Tpa2, —Taq — T'a3 — T — Tpa2, 0, =T — Tg3 — Tp — Tpg2, 0)
+ (0, rq +7rgz + 75+ 7paz, 0, 7 + 703 + 76 + Thaz, Ta + Taz + 7o+ Toaz, 0, 74 + 73 + 75 + Tpez, 0)
=0.
Hence a_Cy + Cray = 0.
(7) For i =2 0 we calculate
(P1y Tay Ta2s Tad, Thy Toas Tha?s Thas)(—ap A +6,.C4 + Ayryy)
= —(—=rgs + 1, 72, 0, Tpa, Tbas 0, Taz, Tq — rbaz)A_
+ (12 4 7342, 0, 0, 0, 0, 0, 0, 0)C
+ (r1 + 7oy Ta + Tbads Taz + Tha2, Ta® + Toa, T1 + Thy Ta3 + Thas Taz + Tha2, Ta + Toa3 )Y+
= —(=743 + 7 — Thay —Ta + Ta2 + Tba2, —Ta2, Tbar Ta® — b + Tbay, —Thas Ta2, Ta — Ta2 — Tha?)
+ (0, rq2 4 rpaz, 0, 7oz + Tha2, T2 + Tpaz, 0, Ta2 + rpaz, 0)
+ (11 —7Ta3 + 76 — Tba, 0, 0, =742 + 743 + Tha — Tha2, —Ta2 + Ta3 + Tba — Tpa2, 0, 0, T — Ta2 — Tpg2 + Tpa3)
= (7‘1, Tas Tazy Ta3s Thy Thas Tha2, ’I"baa).
Hence —ayA_ +0,Cy + Ayy, = 1.
For i =5 1 we calculate
(1, Tay Ta2y Ta3y Ty Tha, Tha?, mms)(fa_AJr —6_C_+ A_’y_)
= —(—Tas —Tby T2, 07 —Tbas Tba, 0, —Tq2y, —Tq — Tba2>A+
— (=72 + 7442, 0,0, 0, 0, 0, 0, 0)C_
+ (Tl —Tb, Ta — Tba3s Ta2 — Tha2s Ta3 — Thay —T1 + Ty, —T¢3 + Tbay, —Ta2 + Tpa2, —Taq + Tbas)’y,
= —(—7es — b+ Tbas —Ta +Ta2 — a2y —Ta2y, —Tbas —Ta3 — Tb + Tbas —Tbay —Ta2; —Ta + Ta2 — Tpa2)
— (O, —Ta2 +Tha2, 0, —Tg2 + Tpa2, +762 — Tha2, 0, +762 — Tha2, 0)
+(r1 —7es — 1o 4 Toay 0, 0, —Tg2 4+ 743 — Tpa + Toa2, Ta2 — T3 + Tha — Tpa2, 0, 0, —Tq 4 72 — Tpa2 + Tpgs)

= (rla Tay Ta2y Ta3, Tby Tbas Tha?, rba3)-

Hence —a_A, —0_C_ +A_~_=1.
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(8) For i =5 0 we calculate

(Tlv Tas Ta2s Ta35 Tby Tbay Tha2, TbaS)(B+7+)
= (Tl + Tba3, T'a + Tba2, Tq2 + Tbay Ta3 + Tby, T3 + Ty, T2 + Tbas Ta + Tba2, T1 + Tba3)'7+
=0.

Hence B+'y+ =0.

For i =5 1 we calculate

(Tla Tas Ta2; Ta35 Tby Tbay Tba?, rba3)(B—fY—)
= (r1 — Tpa3, Ta — Tba2s Ta2 — Tbas Tad —

Thy —Ta3 + Thy —Ta2 + Tbay —Ta + Tha2, —T1 + Tba )V
=0.

Hence B_~v_ = 0.
(9) For i =5 0 we calculate

(1, Tay Ta2, Tady Tby Tbay Tha2, rbas)(—6+D+ + A+5+)

= (T2 4 a2, 0, 0, 0, 0,0, 0, 0) D
+ (11 + 7T, Ta + Tha3s Ta2 + Tha2, Tad + Thay 71+ Ty Ta3 + Thas Ta2 + Tha2, Ta + Tha3) By
= —(0, a2 + Tpa2, 0, Tq2 + Tpa2, 0, g2 + Tpe2, 0, 142 + ’I“baz)

+ (0, a2 + Tpa2, 0, Ta2 + Tpa2, 0, 742 + T2, 0, Tg2 + 7pa2)

=0

Hence —6, D, + A, B, = 0.

For 7 =5 1 we calculate

(1, Tay a2, Ta3s Ty Thay Tha?, rbaa)(f6_D_ + A_B_)
= —(=rg2 + 742, 0,0, 0,0, 0,0, 0)D_
+ (11— Tby Ta — Thad, Ta2 — Tha2s Ta® — Thay —T1 + Tby —Ta3 + Toay, —Ta2 + Tbaz, —Ta + Tpaz)B—
= —(0, —Tg2 + Tpa2, 0, =72 + Tpa2, 0, T2 — Tpa2, 0, 72 — Tba2)

+ (0, —7ra2 + Tpa2, 0, =72 + Tpaz, 0, o2 — Tpa2, 0, g2 — Tbaz)
=0.
Hence —6_D_ + A_f_ = 0.

(10) For i =2 0 we calculate

(11, Tas Ta2, Tad, Thy Thas Toa2, Thas)(B+ By +v4 Ay — C_4-)

= (=74 + Thas, Tha?, 0, Ta2, Ta3 — Thas Ta2, 0, Tha2 ) By

+ (=7ez2 + 75, 0,0, =742 + Tpa, —Ta2z + Tpa, 0, 0, 74 — rbaz)A_,_

- (Ta F 73 —Th —Tpa2, "1+ Tq2 — Tba — Tba3s Ta T Ta3 — Tb — Tba2, "1+ T¢2 — Tba — Tba3,

—T1 =72 +Thg + Tha3, —Taq — Ta3 T Th + Tha2, —T1 — Tq2 + Tha + Tba3, —Tq — Tq3 +Tp + Tbaz)é_

= (=7a + Tbaz + Tbad, Tba2, Ta2s Ta2 + Ta3 — Toa, Ta2 + Ta3 — Thas Ta2y Toa2, —Ta + Tba2 + Toa3)

+ (=Tez = Ta3 + 76+ Toa, Ta — Tha2, 0, —Ta2 + Thay —Ta2 — T'a3 + T + Tbay —Ta2 + Thas 0y Ta — Tpa2)
—(=r1—ra —7Te2 — T3 + T+ Tpa + Tpa2 + Tpas, 0, 0, 0, 0, 0, 0, 0)

= (Tla Tas Ta2; Ta3, Tby Thay Tba2, Tba?’)'

HGHCG 6+B+ + ’}/_A,_AJ,_ — 0_5_ =1.

For 7+ =5 1 we calculate

(7"17 Tas Ta2s Ta3y Tby Tbay Tha2, TbaS)(_ﬂfB* +’Y*A* + C+5+)

= _(ra + Tpa3, Thaz, 0, —Ta2, a3 + Tha, Ta2, 0, _Tba2)B—
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+(=7ez =75, 0,0, =742 — Tpq, a2 + Tpa, 0, 0, =74 — rbaz)A_

+ (ra +Te3 + Ty + Tpa2, "1+ 762 + Tba + Tba3, Ta + Ta3 + T + Tha2, "1 + 762 + Tha + Tha3,

71+ 7Tq2 + Tha + Tba3, Ta +Ta3 + 7T+ Tpa2, ™1 + 762 + Tha + Tha3, Ta + T3 + 7Tp + Tbaz)5+
= —(Ta + Tba2 + Tba3, Tha2, —Ta2, —Ta2 — Ta? — Tbas a2 + a3 + Toay Ta2y —Tba2, —Ta — Tba2 — Tba3)
F+(=Tez —Te3 —Thb — Tha, Ta + Toaz, 0, —Ta2 — Thay Taz +Ta3 + 76 + Thay Taz + Toa, 0, —T4 — Tpa2)
+(r1+7re+re2+ 73 + 75+ Tha + Toaz + a3, 0, 0, 0, 0, 0, 0, 0)

= (Tlv Tas Ta2, Ta3, Tby Tbay Tha?, erS).
Hence —3_B_ +~v A +C 6y = 1.
(11) For i =3 0 we calculate

(7‘1, Tas Ta2y Ta3y Tbs Tbay Tha2, rba3)(A+57)
== (Tl + Thy Ta + Tba3, Ta2 + Tba2, T3 + Tba, T1 + Tby Tg3 + Tba, Ta2? + Tba2, Ta + rba?’)a—
=0.
Hence A;d_ = 0.

For 7 =5 1 we calculate

(Th Tas Ta2s Ta35 Tby Tbay Tha2, Tba3)(A75+)
= (11— "5, Ta = Tha®, Ta? — Tha2; Ta3 — Tbas =11+ Ty =743 + Tha, —Ta2 + Tha2, —Ta + Tpas )0
=0.
Hence A_d4 = 0.

(12) For ¢ =2 0 we calculate

(T1, Tas Ta2, Tad, Ty Thas Tha2, Thas) (10— + C_a)
= (=rgs + 1y, 0,0, =742 + Tha, —T42 + Tpa, 0, 0, 74 — rbaz)CL
+ (Ta +7Ta3 —Th — Tha2, "1+ Ta2 — Tha — Tha3, Ta + Ta3 — b — Tha2, T1 + 742 — Tba — Tha3,
—T1 —7Ta2 +Thg T Thad3, —Ta — Ta3 T Tb + Tpa2, —T1 — Tq2 + Thg + Tba3, —Ta — Tq3 +7p + rbaz)a,
=(0, =7rg = Ta3 + 76+ Tpa2, 0, =7 — 743 + 75 + Tha2, Ta + Ta3 — T — Tpa2, 0, Tq + 7q3 — 75 — Tpg2, 0)
+ (0, ro +7razs — 1 — Tpaz, 0, 7o +Ta3 — Th — Tha2, —Ta — Taz + 7o + Tpaz, 0, =74 — T3 + 7 + Tpe2, 0)
=0.
Hence 7+C'_ +C_a_=0.

For i =5 1 we calculate

(1, Tay Ta2y Tady by Tbay Tha?, rbas)(7_0+ + C"+a+)
= (=res — 1, 0, 0, =742 — Tha, Taz + Tha, 0, 0, —1¢ — rbaz)C+
+ (ra +Te3 + T+ Tpa2, "1+ 762 + Tha + Thad3, Ta T Ta3 + T + Tha2, T1 + Ta2 + Tbag + Tha3,
1 +7¢2 + Tha + Tba3, Ta +7Ta3 + 76+ Tha2, "1 + 702 + Tbg + Tha3, Ta + 73 + 75 + rbaz)a+
= (0, —1q —7Tq3 —Tp — Tpa2, 0, =T — T3 — Th — Tha2, —Ta — Ta3 — T'b — Tpa2, 0, —Tq — Tg3 — Tp — Tpa2, 0)

+ (0, 7q + 743 + 15 4+ T1a2, 0, Tq +Tg3 + T + Tpa2, Ta + g3 + 75 + Tha2, 0, Tq + 743 + 76 + a2, 0)
=0.

Hence v_Cy + Cyray = 0. ]

Lemma 27 We have hody + ch_1 = 1.

Proof. We write (71,7a,742, 743, Tbs Tbas Tba?» Tha?) = 2_gepg Tgd € A for a general element of A
and obtain

(Tlv Tas Ta2s Ta35 Tby Tbay Tha2, Tba3)(h0d0 + 8h*l)
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= ((r1, Tas Ta2z, Ta3, Tby Toayr Tba2s Tbad)Y—s (T1, Tas TaZs Tads Tby Tbas Tba?s Tha?)B—)do
+ (11, Ta, Ta2s Tady Tby Tbay Tha2y Toad )EN—1
= ((—re3 — 71, 0,0, =742 — Tpa, Taz + Tha, 0,0, =14 — Tpa2),
(T + Toa3, Tha2, 0y —Ta2, Ta3 + Tpa, Ta2, 0, —Tpa2))do
F(r14+7re+7re2 + 7103 + 1+ Tha + Toaz + ez )h—1
= (=rgs — 1, 0, 0, =742 — Tba, Ta2 + Tha, 0,0, =74 — rbaz)A,
— (ra + a3, Thaz, 0, —Ta2, 743 + Tpa, Ta2, 0, —rba2)B_
F(r1 470+ 7102 + 743 + 1+ Tha F Toaz + Thaz )1
(=Ta2 = Ta8 = Tb = Thas Ta + Tha2, 0, —Ta2 = Thay Ta2 + 743 + T + Thas Taz + Thas 0, —Ta — Tpa2)
— (Ta + Tba2 + Tha3, Tba2s —Ta2, —Ta2 — Ta® — Tha, Ta2 + Ta3 + Tha, Ta2s —Toa2, —Ta — Tha2 — Tba?)
+ (1 + 7 +7a2 +7e3 +Tb + Toa + Toaz + a3, 0, 0,0, 0, 0, 0, 0)

= (7’1, Tay Ta2y Ta3, Tby Tbay Tha?, Tbas)‘
Hence hodg +ch_1 = 1.

Lemma 28 For k € Z>o we have hopiodap42 + dop1hor+1 = 1.

Proof. Recall the differentials from Definition 19 and the homotopies from Definition 25.

k1 2h42 k1 k42 '
dop41 = <Z 7TiAi+1Li) + ( Z 7TiDi+1Li> (Z Tit1(— CLz) - ( Z 7T1',+1(1)ZBiLi>
i=1

i=k+2 i=k+2

k+2 2k+3 k+1 2k+3 )
d2k+2 = (Z WjAij) + < Z WijLj) <Z 7T]+1 O LJ> < Z 7Tj+1(1)]Bij>
Jj=1

j=k+3 Jj=k+2

k+1 2k+2
hogy1 = — E miogty | = (Mer10kgrtnre) — | > miBiriti
j=k+2

1 2k+3
hok+a = (Z 7Ti04iLi> + (Thg2Vht2thre) + ( Z 7T1'5M+1>
im1

i=k+2
We calculate using (1-12) from Lemma 26.

hokt2dogy2 + dopy1hog1

k+1 k+1
= (Z ”io‘iAiLi> + <Z Wiai(—ly_lcz‘—lbi—l) + (Wk+2’¥k+2z4k+2bk+2)
=1 =2

2%k+2 2%+3
+ (7%+27k+2(*1)k+10k+1bk+1) + | D miBiDijavia | + | Y. miBi(—1)'Bi
i=k+2 i=ht2
k1 _ 2ht2
< uo z+1asz> - <7Tk+1Ak+25k+1Lk+2) — | D miDip1Biritin
i=1 i=ht2
k1 . 2%h+2 N
+ ( Tiy1(—1)'C; am) (Wk+2(—1)k+lck+15k+1Lk+2> + 1 Y mii(=1)'BiBiitin
=1 i=k+2
k1 _ . _
(Z T OAZA Az+1041) 1) + <7Tk+2 (Bk(—l)kBk + YA — (—1)ka+15k+1> Lk+2>
=1
W, 1),
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2%k+3
+ < Z T (/Bi(_l)le' — (—1)ZBz‘+15i) Lz’)
i=k+3
®),
k1
+ ( mi(—1)"! (aici+1 + Oi+1ai+1) L¢1> + (—1)kH! <7Tk;+2 ('chk-i-l + C’k+1ak+1> Lkz+1>
= ®), a2

2h+2
>oom (ﬁiDiH - Di+1/8i+1) Li+1> - (7Tk+1 A1 Lk+2)
; N——

(©) Wy

Lemma 29 For k € Z>o we have hop1dog41 + dorhor, = 1.

Proof. Recall the differentials from Definition 19 and the homotopies from Definition 25.

k+1 2k+1 2k+1
dgk = (Z 7T1'A1'Li> + ( Z WiDiLZ‘) <Z 7Tl+1 C Lz) ( Z 7Ti+1(1)iBiLi>
i=1 i=k+2 i=k+1
k+1 2k+2 k+1 2k+2
d2k+1 = (Z?TjAj+1Lj) + ( Z J+1L]) (ZWJJrl C L]) - ( Z 7Tj+1(_1)ijLj)
Jj=1 j=k+2 j=k+2

Jj=1 Jj=k+1

X 2k+1
hay, = (Zw ajbj) (Th41Vkt1th41) + ( > 7TJ’BJ’LJ’H)

f+1 2Wit2
hok41 = E Tty | — (Th10k410k42) — E TiBit1tiv1

i=k+2
We calculate using (1-12) from Lemma 26.

hok+1dog+1 + doghoy

k1 k1
- ( > WiOéiAiHLi) ( > mion(— Ci1tie 1) - (Wk+15k+1Dk+3Lk+2)
i=1

2%+1 2%k +2
+ (Wk+15k+1(—1)k+10k+1bk+1) - ( > Wi5i+1Di+2Lz'+1> + ( > Wi6i+1(_1)ZBibi>

i=k+2 i=k+2

(R

241
+ WiAiaiLz) + (M+1Ak+1’7k+1bk+1) + (7rk+1Ak+1/3k+1//k+2> + < > WiDiBibz‘H)
=1 i=k+2
. k41 N
(— )Coézbz) (7%+2<_1)k+1Bk+1'}/k+1Lk+1) + ( > 7ri+1(_1)ZBi5iLi+1>
i=1 i=k+1

_l’_
TN /N o/
S
t

(R

@
I
—

i ( — A1 + Aiai> Li) + Th1 ( — a1 Apro + O (DTG + Ak+17k+1) Lk+1

@, @,
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2k+2 .. ..
+ ( > om (5z’+1(—1)ZBi - (—1)le'+1ﬁz‘+1) Li)

i=k+42

OR

k+1
+ <Z mi(—1)" (aici—f—l + Ci—i—lai—i-l) Li—l) + Tht1 ( — Op+1Dp41 + Ak+15k+1> Lk+2

i=2
(2)0 @o
. 2%h+1 o
+ (—1)FH! <7Tk+2 (Bk+17k+1> Lk+1> - ( d>om (5%1171' - Dzﬂi) Li+1)
—_—— i=k+2
®), ®),

2k+2
i=1
1

2.3 Projective resolution over Z)Dg

2.3.1 Scalar extension
We extend scalars from Z to the discrete valuation ring Z ) and prove minimality of the resulting
projective resolution of the trivial Z)Ds-module.
We will make use of the results in §1.2.2. We will extend scalars from Z to Zy) along the injective
ring morphism Z — Zy, z— z/1.
Hence we have to apply the functor Z ) ® — to our projective resolution P.
Z

For a ZDs-module M recall the following isomorphism of Z)Ds-modules from Remark 4.

Z(2)D8 —2 Z(z) (%) ZDg

rg —— TRg
Tzg +— TR 29

Now let m € ZDs. We identify ZDs C Z(3)Ds by identifying Z C Z3) along injective ring
morphism 1.
We have the following commutative diagram of Z,)Dg-modules.

Z(s) © ZDs —" Z(z) © ZDy

oz} a}
Z(2Ds ——"—— Z» Dy
Indeed, for zg € Z3)Ds we have
(zg)a(l@m)a™t = (z @ ¢)(1 @ m)a (z @ gm)a™! = zgm = zgm.
Now a gives rise to an isomorphism (Z2)Dg)®™ 2= Z ) (%) (ZDg)®™ for n € Z>(, where we used

additivity of the tensor product.

Define (Z(Q)Dg)@(2k+2) m (Z(Q)D8)®(2k+1) and (Z(Q)D8)®(2k+3) % (Z(Q)D8)®2k+2) for
k € Z>( by the formulas.

k+1 2k+1 k _ 2k+1 _
d(g),gk = (Z 7T1'A1'Li> + ( Z 7T1'D7;LZ‘> =+ <Z 7Ti+1(1)ZOiLZ‘> =+ ( Z 7Ti+1(1)ZBZ‘Li>
=1

i=1 i=k+2 i=k+1

41



k+1 2k+2 k+1 2k+2 ‘
doyoerr = | Y mAiy |+ Y. mDjy ZWJH YCii | = D min(=1) By

i=1 J=k+2 j=k2
Then the following diagram commutes for all n € Z>.

Z(2) %) (ZD8)®(n+2) % Z(2) %) (ZDS)@(nH)

an+21\l an«l»l]l

d n
(Z(2)Ds) P +2) = (Z(2)Ds) @)

Let Z be the trivial ZDg-module, let Z ) be the trivial Z9)Dg-module. We have an isomorphism
of Z2)Dg-modules

2o o 27
r — x®1
rz — Tz

We verify Z ) Dsg-linearity of 8. But for g € G and = € Z3) we have using Remark 4
(gr)f=af=201l=22(g-1)=g(xz®1) =g(zp).

Finally, let Z9)Ds SON Z () be the Z3)Dsg-linear augmentation map. Then the following diagram
of Z2yDg-modules commutes.

13
Z(Ds ———— Z)

Indeed, for zg € Z3)Ds we have

(zg)a(l@e)f ' =(@®g)(1ee)s ' =@ 1)f ! =1 = (z9)c).

Theorem 30 Consider the following sequences of (Z2)Dg)-modules and (Z3)Ds)-linear maps.

d d d
Pg) = ( » (Z2)Ds)®* 2% (Z(9)Ds)®? —2% (Z(9)Ds)®? —2% Z(5)Dg — 0 )
d dioy 1 d
Pl = ( v (Z2)Ds)® —22 (Z5)Dg)®3 22N (Z,5, D)2 2% 7,5 Dy — 2 Zo) 0 )

Then Py is a minimal projective resolution of the trivial (Z(Z)Dg)—module Zy) and P(/Q) is the
corresponding augmented resolution.

Proof. By construction, the complex P, (2) is isomorphic to the complex Zy) (%) P’ where P’ is
the augmented projective resolution of the trivial ZDg-modules Z from Theorem 20.
But Lemma 6 implies Z3) ® P’ is a projective resolution of the Z3)Dg-module Zy) ® Z.

Z Z
Hence P('Q) is an augmented projective resolution of the trivial Z,)Dg-module Z) and P(y) is
the corresponding projective resolution.

Minimality of P(2) now follows from Lemma 32 below. O
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2.3.2 Minimality

Let v C Z()Dg be the Jacobson radical of Z)Ds. We will use [2, Proposition 9, §3.6] to show
that Py from Theorem 30 is indeed minimal. Since all modules Py are finitely generated, it

suffices to show that im(dg) ;) C t((Z(z)Dg)@(k“)) for all k € Z>.

Remark 31 We have the Z;)Dg-linear augmentation map Z)Ds L@, Zy). Let a:= ker(g(y))
be its kernel, called the augmentation ideal of Z)Dg. We have

Cl_{ZT‘gQGZ(Q)Dgt 27"9—0}

g€Dsg g€Dg

Now by [3, Corollary (5.25)] the radical of Z)Dsg is given by v = 2Z9)Ds + a, so

tZ{ZTQQEZ(g)DSZ Z'I"gEQO}.

g€Ds g€Ds

Lemma 32 For k € Z>o we have im(d() ;) C t((Z(z)Dg)EB(kJrl)). In particular, the projective
resolution Py from Theorem 30 is minimal.

Proof. Recall that by identifying Z in Z) we identify ZDsg in Z3)Ds. Recall the following
elements of ZDg C Z5)Dg from Definition 19.

A :=1-b B_:=1-ba® C_:=a+dad°>—-b—ba®> D_:=a+a°—ba—ba*
A, :=14+b By:=1+4+ba® Cr:=a+a*>+b+ba®> Dy :=a+a+ba+bd®

We observe that all these generators are contained in t, cf. Remark 31.

Let b be the left-ideal in Z4)Dg generated by these eight elements. Then by the definition of the
differentials d(y) j, for k € Z>o above, im(d(y) ;) C b((Z(Q)Dg)@(kH)). Now all the generators of
b are contained in ¢, so b C t.

Therefore im(d9) 1) = b((z(2)D8)®(k+l)> - t((Z(Q)D8)®(k+1)) for k € Z>p. Thus minimality of
P(yy follows from [2, Proposition 9, §3.6]. O
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Chapter 3

Automorphisms and Symmetries

We determine the outer automorphism group Outz.,is(ZDg) and use some outer automorphisms to
describe certain symmetries of our projective resolution from Chapter 2. Recall the isomorphism
ZDg %~ A with the Wedderburn image A from Lemma 15.

T5;1,1 T5;1,2 2X2 ,
A:{(xl,xz,xg,m,(%m xsm)) EZXZXZXZxZ™:

T1 =2 T2 =2 T3 =2 T4 =2 T5;1,1 =2 5;2,2, T2 — T4 =4 25105;1,27
Ty — X3 =4 T5:2,1, L1+ T2 =4 T3+ T4, 1+ T2+ 23 + 24 =5 2(25,1,1 + 5:2,2)

The isomorphism w gives rise to an isomorphism Outz_,e(ZDg) = Outz_aig(A), cf. Remark 8.
In this chapter, we will work in the Wedderburn image A exclusively.

3.1 Central automorphisms

We have the group Autcentz aig(A) := {¢ € Autz aig(A) : 2¢p = 2 for all z € Z(A)} of automor-
phisms of A that fix the centre of A pointwise and the corresponding group of outer central
automorphisms Outcentz aig(A) := Autcentz_aig(A)/ Inngz ai5(A), see §1.3 for details.

In this section, we shall calculate Outcentz aig(A) =~ Ca, cf. Lemma 40 below.
Remark 33 Suppose given o € Sy and @ € GL3(Q) and consider the map

A —P L QxQxQxQxQ2?

T5;1,1 T5;1,2 —1( *T5;1,1 T5;1,2
(xl, T9, T3, T4, <Z5;271 T5.22 )) — ($1m P20, T30, Tdoy Q <I5;2,1 *5;2,2 )Q)

If Ayp C A, then ¢ € Endz_g(A).

Proof. We verify that ¢ is an Z-algebra morphism.
Let & := (ml,mz,xg,a:4,( o) oy )) ¢ = (2, 2hy, b, o), (1’/5;1,1 xf’”m)) € A. Then

T5.21 T5;2,2

T5; T5;1,
&) = (w12}, wowh, waxh, waxy, (3341 543 )

. / / ! ! T5:1,1 T5;1 T5.1,1 T5:1,2
= (T10%1 05 L2020 s T30 T35 TaoTags Q@ (a:s 2,1 T5;2 )(152 ) :13522)Q)

—1( ws; . _1 (T T
— ($10,$20,$3g,x40,Q (iz:;ﬁ igé:;)@) (m,10-7$/207x30ax4o-7c2 ( ;’),1,1 ?1’2>Q)

— (e0)(€). |

m511$512)

m521 "’5522
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Moreover, for z € Z we have

’ i
(z6+ & = (2:101 + 2, 2%0 + Th, 223 + X%, 274 + T, (222;1 ﬁ?;z) + (IS‘I’1 51,2 ))w

3fif);2,1 901:,;2,2
= (s010 + 8l 2020 + g, 2030 + s 20a0 + 20, @ (22 2202 ) + (500 202)) Q)
= Z(xlm T20,T30,Ldos Q71 (iiéi ig;i )Q) + (xllm xl2m xém xilm Qil < i;:;i zi;z )Q)
= 2&p + &Y.
We conclude that ¢ € Endz_aiq(A). O

Lemma 34 (1) Let ¢ € Autz.aiz(A). Then there is a unique permutation o € Sy and an
invertible matriz Q € GL2(Q) such that for all (x1,z2, x3, T4, (ii;} 055 )) €A

i1, i1, _ -1 i1, i1,
(21, w2, T3, T4, (iiﬁ ey ))1/1 = (%10, T20, T30, Tdo, Q (igéi Taas )Q)

(2) Suppose given o € Sy and Q € GLa(Q) with Q° = uly for some £ € Z>q and u € Q and
consider the map

A —% 5 QxQxQxQx Q22
T5:1,1 T5;1,2

(1,2, 25,24, (52315233 )) ——— (910 D20, 30, 140, Q1 (221 5222) Q).
If A C A, then 1 := ¥|* € Autz ag(A).
Proof. Ad (1). Let ® := % and write Q := Q x Q x Q x Q x Q*>*2. Then Q ® A becomes a
Q-algebra by
(z@AN)(2 @N) =22/ @A\ and a(z@\) =azx @\ fora,z,2' € Q, \,\ € A.
We have the isomorphism of Q-algebras

QA —2— Q

TN +— T

Let ¢ € Autz aig(A). Then ¢ induces 1 ® 1 € Autq-aig(Q® A), which in turn gives the Q-algebra
automorphism p~ (1 ® ¢)p € Autq alg(9).

By Lemma 14 there is 0 € Sy and Q € GL2(Q) such that for all (y1,y2, y3, ya, (52;} voaa )) €N

Ys5;1,1 Y5;1,2 Y5;1,1 Y5;1,2

(yla Y2,Y3, Y4, (y5;2,1 Y5:2,2 ))p_l(l X lb)ﬂ = (ylav Y205, Y305 Ydos Q_l (y5;2,1 Y5;2,2 )Q)

But for A € A C Q we have \p 1 (1 ®¢)p = (1@ A)(1®9)p = (1 ® M) = A\, hence existence of
o and @ follows.

For uniqueness of o, suppose there is ¢’ € S; and Q' € GL2(Q) and let ¢' € Autz_a14(A) be given
by

T5;1,1 Z5;1,2 L 1—1( 5;1,1 T5;1,2 /
(-Tla T2,T3,T4, (x5;271 52,2 ))w = (x10/7 L2g'y X307’y Ldo' Q (CL‘5;2,1 52,2 )Q )

for (z1,z2, 3, T4, (ig;} o5 )) € A, such that ¢’ = 1. Then p~ (1 ®¢')p € Autqae(Q ® A) is
given by

Ys5;1,1 Ys;1, -1 — —1( Y511 Y51,
(s 2,3, wa, (300 0222 ) (L@ )0 = (U107, Y207, Ysors aors @ (121 1242 ) Q)
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1Ys
195

Ys5;1,2
Y5;2,2

21 vas )) € Q. But then by Lemma 14 the permutations ¢ = ¢/ must be

for (y1, Y2, Y3, Y4, (Z;
equal.

Ad (2). By assumption, we have for £ := (21, 22, x3, T4, (msﬂ’l a2 )) €A

T5;2,1 T5;2,2

¢ -/ 51,1 T5;1,2 14
EPN = (21010, Tagior1es Taglianies Taglories @ |<U>|(w5;2,1 xs;z,Q)Q [l
T5;1,1 T5;1,2
= (3717 €r2,T3, T4, (335;2,1 T5;2,2 ))
Hence ¢/{1€ = 1, thus 1 is bijective. The claim follows with Remark 33. O

Lemma 35 We have

T5:1,1 = T5;2,2

Z5;1,1 T5;1,2 . s 32,29

Z(A) = | (z1, 22, 23, 24, (355;271 ms;m)) eA: )
T51,2 = T52,1 = 0

Proof. We observe that each element of the right-hand side is central. For the converse inclusion
suppose given (z1, 2, x3, 4, (ig;i ii;g)) € Z(A). Since (0,0,0,0, (8 %)) (0,0,0,0, ( )) €A
we have

(07 O, 0, 0, (0 2x5;1,1 ))

5:1,1 T5;1,2 02

0 25,21 Z1,x2,T3, T4, <$5;2,1 52,2 )) (07 0,0,0, (0 0))
0 51,1 T5:1,2

0,0,0,0, (o ))($1>$27$37$4a <x5;2,1 xs;z,z))

0,0,0,0, (%32,1 20502 >)

(
(0,
(
(w1, 22,3, w4, (5201 5243 ))(0,0,0,0,(8))
(
(

(0,0,0,0, (4905;1,2 0))

4522 0

4xs5.1,1 45:1,2

0 0 0 0 ( ))(1’1,1’2,.’1}3,374, ( T5;2,1 T5;2,2 ))
0 0

0, 0; 0, 0, (4;105;171 45,12 ))

We conclude that x5.01 = 5,12 = 0 and x5,1,1 = 25,22. Hence every central element is contained
in the right-hand side. O

Lemma 36 Let ¢ € Autcentz_ais(A). Then there is an invertible matriz @ € GL2(Q) such that

T5:1,1 X5;1,2
for all (x1, 2, x3, x4, (Is;m P )) €A
T5;1,1 T5;1,2 _ —1( ®51,1 T5;1,2
(:Elv T2, X3, T4, <x5;271 I;;ZQ )) - (l'l, T2,T3,T4, Q (l’;;Q’l $;;2,2 )Q) .
Proof. By Lemma 34 (1) there is a permutation o € S4 and an invertible matrix @ € GL2(Q)
such that for all (z1, 2, 3, 24, (}ﬁ;;i ﬁg;; )) eA
T5:1,1 T5;1,2 _ —1( %5;1,1 ®5;1,2
(331; X2,T3,T4, (15;271 52,2 ))w = (x10'7 P20, T30, Tdo, @ (x5;271 52,2 )Q)
Consider the following elements of A.

(8,0,0,0,(88)), (0,8,0,0,(88)), (0,0,8,0,(88)), (0,0,0,8,(83))

By Lemma 35, all these elements are central. Since central elements are fixed under v, it follows
that o = id. O

Remark 37 Let ¢ € Autz.aig(A) such that for all (z1, z2, 3, 24, (“”’1 a2 )) €A

T5;2,1 T5;2,2

! !
T5:1,1 T5;1,2 o T5.1,1 T5:1,2
(:Ub x2,3,24, (1’5;2,1 52,2 ))"/} - (xla X2, X3, T4, <I/52 | Thioo ))

for some 2% 1, 5.1 9, T5.91, Thoo € Z. Then ¢ € Autcentz_,15(A).
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Proof. By Lemma 34 (1) there is Q € GL2(Q) such that

1’%;1,1 x%;l,z _ Qfl T51,1  T5;1,2 0

5'3%;2,1 50/5;2,2 T52,1 5;2,2
But since multiples of the identity matrix are fixed under conjugation, the automorphism v fixes
the centre of A by Lemma 35, hence 9 is central. U

Recall the Z-linear basis (ay,...,as) of A given by the following.

Let

T5:1,1 5;1,2 T5:1,1 T5;1,2
(xla X2,T3, T4, (965;2,1 T5;2,2 ) T5;2,1 T5;2,2

be the projection onto the 2 x 2-matrix block. Then a Z-linear basis of Ams is given by
20 0 1 00 10
0 0/)7\0 0)”\2 0/” \0 1))
=, d,
Ams = @ b : “= )
c d c=20

G :=U(Ams) = GLo(Z) N Ay = {(Z Z) € GLy(Z): c =2 0} .

Moreover, we have

Remark 38 We have

Proof. For the second asserted equality, we only need to show the inclusion D. For this, note
that (¢ Z) € GL2(Z) with ¢ =9 0 implies that 1 =9 ad — be =3 ad, so a =9 d =5 1.

To prove the first asserted equality, note that the inclusion C follows since GLg(Z) = U(Z**?)
and Ars C Z**2. For the converse inclusion let Q := (24) € GLy(Z) € GLa(Z) N Ams. We need
to show that @ is invertible in Ams. We have

1 d b
-1 _
@ _ad—bc<—c a>'

Then —5- =2 ¢, since ad — bc € {1, —1} and the diagonal entries ﬁ =y —%- =2 1 are again

odd numbers. So Q7! € Ans. O

Lemma 39 Write Z := U(Z)I, < GLy(Z). We have an isomorphism of groups

G/Z — Autcentz_alg(A)

QL — <(3317332,373,$4, (ggéi ﬁg;g)) - (961,962,5637334762_1(;?1;:1 igx)Q))
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Proof. We claim the existence of a surjective group morphism

G —& Autcentz_alg(A)
Q — ($1,x27x3,f]}47 (igé:i ggéjg)) - (37171'271'37‘%47@_1(?2;;1 ﬁgéé)@)

Let Q = (‘é g) € G and let € = ad — bc = det(Q) € U(Z) = {1,—1}. We have to show that
Qd € Autcentz o). For this, we have to show that for all £ := (z1, xg, 23, 24, (%;1’1 w2 )) eA

T52,1 T5;2,2
we also have £(Qa) € A. We calculate.

§(Qa)

—1( T5;1,1 T5;1,2
x17x27x37$47Q (1'5;2,1 935;2,2>Q)

~ (
(w1, w0, s, e (40 (521 202 ) (44))
(
(

d —b ars;1,1+crs;1,2 brs;1,1+dws;1,2
$1,$2,$3,x4,6(70 a )(ax5;2,1+0905;2,2 brs;2,1+drs;2,2 )

adzs,1+edrs,1 o—abxso 1 —bexs,a o bdrs,1+d?xs1,2—b%2s5.0,1—bdxs;2 2
561727271173,334,5( )

—aczs1,1—Cc2x5,1,2+aT5,0,1Facrs,0,0 —bews;1,1—cdrs;1 2+abxso 1+ads;2 o
We have to verify the congruences in the definition of A. We use that £ € A and Q € G.

5(adx5;1,1 + cdws;1 2 — abrsa — bews,e2) =2 cadrs;1 =2 51,1 =2 T4

2 €adTs02 =2 T5;2,2 =2 T4
2 2
2e(bdxs1 1 + d @512 — b w501 — bdxs.0 0

)

E(—bC.’L‘5;171 — Cd.’L‘5;172 + abx5;271 + adx5;272)
) 4 28bd($5;1,1 - $5;272) + 2€d21‘5;172 =4 2.135;1,2 =4 T2 — T4
)

2 2 _ 2 _ _
e(—acws; — w50 + a7 w501 + acTs22) =4 cac(Ts2 — Ts1,1) + 0 Ts21 =4 T2 =4 To — T3

The congruence modulo 8 is fulfilled since conjugation preserves matrix traces. By Remark 33
we have Qa € Endz.ag(A). Since its inverse is given by Q7 'a with Q@' € G, we have
Qa € Autz_ae(A) and by Remark 37 also Q& € Autcentz_aig(A). Hence @ is a well-defined group
morphism.

For surjectivity of &, let ¢ € Autcentz.,(A). By Lemma 36 there is an invertible matrix
Q= (‘; g) € GL2(Q) such that

(1,22, s, (5551 5305 )00 = (o, a0, Q7 (5201 5223 Q).

Note that we obtain the same automorphism if we rescale @), i.e. multiply the matrix by an
element of Q*. By rescaling, we can assume without loss of generality that a,b,c,d € Z with
ged(a, b, c,d) = 1.

T5;1,1 5;1,2 .
For & = (21, x2, x3, 24, (xw,l T5i22 )) € A write
51,1 T5:1,2 Thia1 T2 /
(ﬂ?l,$2, x3,24, (:B5;2:1 1‘5;2:2 ))¢ = (I1,x2,$3, x4, (mg;’l 13/5?272 )) = § ,

where 2% 1, 519, T5o1, Thoo € Z. Since § and ¢’ are contained in A, we obtain the following
congruences.

/ — — / — 1 —
L5;1,1 =2 T4 =2 T5:1,1 T5:1,2 =2 5(1’2 —x4) =2 T5:1,2 (%)
*
/ . J— / J— .
Ty21 =4 T2 — T3 =4 52,1 Tr.09 =2 T4 =2 52,2
Calculating as above, we obtain with A = ad — be = det(Q) € Z

Q—1($5;1,1 Z5:1,2 )Q _ i( adzs1,1+cdrs;1,0—abxso 1 —bewsa e bdrsi,1+d?zs1,2—b%T5:0,1—bdTs;2,2 )
52,1 £5;2,2 A\ —acws;1,1—c?xs;1 0+a’ws2, 1 Facas,e 2 —bews;1,1—cdws; 2+abrs; 1 +adrs2 s )
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Write

A 5 Z2><2

T5:1,1 T5;1,2 T5;1,1 T5;1,2
(3317 €T2,T3,T4, (15;2,1 T5;2,2 )) (555;2,1 T5;2,2 )

Then a Z-linear basis of Ams is given by

(G0)-6 o) 20)-6 )

Consider the congruences (x) for the first three of these matrices, as the identity matrix is fixed
under conjugation. We obtain the following congruences for a, b, ¢, d, A.

20 2ad 2bd 2ac 2bc
For <0 o>- 7 2l =0 =0 =0
0 1 cd d? 2
For <0 O> . Z =9 0, Z =9 1, E =4 0
0 0 2ab 22 242
For <2 o>- TN N A N

In particular, it follows that A divides all elements of {a?, b2, c?,d?, ab, ac, ad, be, bd, cd}.

Since ged(a, b, ¢, d) = 1, there are k,l,m,n € Z with 1 = ka + lb + mc + nd. Hence

1 = (ka+1b+mc+nd)? = k*a® + 120> + m?*c® +n?d* + 2klab + 2kmac + 2knad + 2lmbc + 2Inbd + 2mncd.
Then A divides all summands on the right-hand side, hence A € {1,—1}. So Q € GL2(Z).
Finally, from % =, 0 we conclude that ¢ =52 0. So @ € G with ¢ = Q&. Hence & is surjective.
To show that « is an isomorphism, we show that ker(&) = Z. Suppose @ = (‘é 3) € ker(a).

Then for all £ = (z1, 22, x3, 24, (ﬁ;;} P )) € A we have £(Qa) = &, hence
—1( 51,1 T5;1,2 _ (7511 51,2 . 5:1,1 T5;1,2 _ x5,1,1 25;1,2
Q (335;2,1 52,2 )Q = <9E5;2,1 335;2,2)a L.e. ($5;2,1 x5:2,2 >Q = Q(x5;2,1 275;2,2)'
Consider the elements (0,0, 0, 0,
2c 2d | — 02) — (02a
00 _ 00/) — \02
00)Y_(00 ab) — [ab 00) — (4b0
4a 4b ) — \ 40 cd)  \cd 40) 7 \4d0 )"

Soa=dand b=c=0. Since det(Q) = ad — bc = a® € U(Z), we have a € U(Z). Hence Q € Z,
therefore ker(Q)) C Z. The converse inclusion follows since conjugation with central elements

/
[e]es)
on

N—
SN—
—

9
p
p
=

/
i)
[e]es)

N—
S~—

m
=
—
=
[}
=

gives the identity. O

Let Co = (c: %) be the cyclic group of order 2.

Lemma 40 We have an isomorphism of groups

C, —=— Outcentz_alg(A)

c —— [l
where ¢ € Autcentz_ai,(A) is given by
A —2— A

51,1 T5;1,2 51,1 —T5;1,2
($1,$2,$33$47 <m5;2,1 935;2,2)) —_ (ml’x2’$3’x4’ (*%;2,1 z5;2,2))'
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Proof. We show that ¢ is a central automorphism of A. Let @ := ({ _{). Then
—1( T5;1,1 T5;1,2 _ 10 T5;1,1 T5;1,2 10
(1'17 T2, 3, T4, Q (w5;2,1 z5:2,2 )Q) = (5517 X2,X3, T4, (0 71> <x5;2,1 T5,2,2 ) (0 71))

_ 51,1 T5;1,2 10
= (xly T2,T3,T4, —T5;2,1 —T5;2,2 0 -1 )

o 51,1 —%51,2
— (.fL‘l,fL'Q,l'g,ﬂf;l, (—15;2,1 52,2 )

So by Lemma 39 the map ¢ is a central automorphism and the conjugating matrix @) is unique
up to multiplication with a unit in Z. Moreover, ¢ is of order 2 in Autcentz_ajs(A).

We show that ¢ is not an inner automorphism. Assume the contrary.

Then there are 1,2, 3,64 € {1, —1} such that § := (g1, 2, €3, €4, ((1) _01)) € A. Theneg—e3 =40
and €9 — g4 =4 0, s0 €9 = €3 = 4. But then €1 + €9 =4 €3 + 4 implies that 61 = g9 = €3 = 4.
Hence we obtain

e1+er+est+es=g4#30=52(1-1),

in contradiction to £ € A.
We show that Autcentz_ais(A) = 1Inng_ae(A) U ¢ Inng a(A).
Let ¢ € Autcentz aig(A). By Lemma 39 there is (24) € GLy(Z) with a = d =3 1 and ¢ =3 0

such that for all (z1, 2, x3, 24, (ig;i P )) €A
T51,1 T5;1,2 b -1 51,1 5;1,2 b
(21,2, T3, T4, (%;2;1 x5;2;2))1/} = (@1, 22, 23, T4, (ﬁ d) (%;2;1 x5;232)(‘; d)).

We distinguish eight cases (1-8). For the cases (5-8) consider ¢ € Autcentz_aig(A). Then ¢ is
a central automorphism with conjugation of the 2 x 2-matrix block given by

(5) = (22) = () 22)
Case 1: a+d=42,b=20, c=40.
Then 1 is given by conjugation with (1,1,1,1, (g 3)) e U(A).
Case 2: a+d=40,b=50, c =4 2.
Then 1 is given by conjugation with (1,—1,1,—1, (ﬁ g)) e U(A).
Case 3: a+d=40,b=21, c=40.
Then 1) is given by conjugation with (1,—-1,-1,1, (‘é 2)) e U(A).
Case 4: a+d=40,b=21, c =4 2.
Then 9 is given by conjugation with (1,1, -1, -1, (‘; g)) e UA).
Case 5: a+d=40,b=20, c=40.
Then a’ +d =4 a—d =42,V =50 and ¢/ =4 0, so by Case 1 the automorphism 1) is inner.
Case 6: a+d=42,b=20, c=42.
But then @' +d =4 a —d =40, b =5 0 and ¢/ =4 2, so by Case 2 the automorphism ¢ is inner.
Case 7: a+d=42,b=91, c=40.
But then @' +d' =4 a—d =40,V =5 1 and ¢ =4 0, so by Case 3 the automorphism ¢ is inner.
Case 8: a+d=42,b=91, c=42.
Then o' +d =4a—d=40,b =51 and ¢ =4 2, so by Case 4 the automorphism ¢1) is inner. [
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Consider the following antiautomorphism of A.

A —— A

T5;1,1 T5;1,2 T5;2,2 T5;1,2
('CCla X2,x3,T4, (15;271 T5;2,2 )) (.'171, x2,X3,T4, <$5;271 51,1 ))

In fact, since

01\ (@1 @52\ (01 _ (01)(zs11 @521\ (01
10 )\ zsi21 w522 i0) =(10) =52 as22 ){ 10
(o1 T5:2,1 T5:1,1 \__ [ T5;2,2 T5:1,2
—\10 T52,2 51,2 | — | 52,1 5511
and all congruences in the definition of A remain valid if we permute x5.11 and 5,22, this is

indeed an antiautomorphism of A.

In ZDg with Z-linear basis given by the group elements Dg = (a,b | a*,b%, (ba)?) we have the
following antiautomorphism given by inversion on the group elements g € Dg

ZDs —L - ZDg

g —— g

The following remark relates these two antiautomorphisms.

Remark 41 Let A —t~ A and ZDg —% ZDg be as above.

Let ZDg —2- A be the Wedderburn embedding from Lemma 15.

Let ZDg % ZDg, x — a~'za denote the inner Z-algebra automorphism given by conjugation
with the group element a € ZDg.

Let A —2- A be the central automorphism from Lemma 40.

Then the following diagram of Z-algebra automorphisms and antiautomorphisms commutes.

ZDs w A
U2 Ut
ZDs A
U fa L P
ZDs w A

Proof. We only have to show this on the Z-algebra generators of ZDg given by the group elements
a,b € ZDg. For a we have

awtp = (1,1,-1,-1, (4 _H)te = (1,1,-1,-1, (31 )¢ = (1,1, -1,-1, ("1 1))
aifow = a®fow = adw = (1,1, -1, —1, (*% *%))
Hence awty = aif,w. For b we have
bwte = (1,-1,1,-1, (4 9 )to = (1,-1,1,-1, (59 )¢ = (1,-1,1,-1,( 1 9))
bifaw = bfaw = (ba®)w = (1,-1,1,~1, (71 9)).

hence bwtp = bif,w. We conclude that wtyp = if,w, i.e. the diagram commutes. O
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3.2 The outer automorphism group

We shall construct the following group morphisms. For the construction of 7 see Lemma 42
below. For 8 being an isomorphism see Theorem 43 below. Here p denotes the quotient map.

Dg X CQ Outz_alg(A)

T~

Autz_alg(A)

Recall that we use the presentations Dg = (a, b : a*,b?, (ba)?) and Coy = (c: c?).
Lemma 42 We have the following group morphism.

DgxCy —— AutZ—alg(A)

T5;1,1 T5;1,2 0l T5;1,1 T5;1,2 01
(a71) (.751,.%'2,1}3,1‘4, (Is;zyl w5;2,2>) — (.1347.7)3,1'1,1‘27 (1 a)(ws?z'l w5;2,2><20 )

T5;1,1 T5;1,2 0ol T5;1,1 T5;1,2 01
(bv]-) ? (351,1'2,1'3,$4, (Is;z,l 15;2,2)) — (x1,$2,1'4,$3, (1 6)(15;2,1 135;2,2)(2 0))

T5;1,1 T5;1,2 1 0 T5;1,1 T5;1,2 1 0
(170) > (x17:1/‘27$3)x47 (:Es;gyl T5,2,2 )) — (x17x27x37$47 (O —1) (215;2,1 T5.2,2 ) (O _1>)>

Proof. We have to show that the asserted images of (a,1) and (b,1) under 7 are automorphisms
of A. For (1,c)7 this follows from Lemma 40, as (1,¢)7 = .

Suppose given & = (21,22, T3, T4, (ig;} o5 )) € A. To see that {((a,1)7) € A we calculate.

1 . . 5. loe
g((aa 1)7—) = (374,.1‘3,:E1,$2, <(1) 8)(22;1 ig;,g)(g (1)>) = ($4,$3,$1,$2, (;;;{1 2;;12;1))

We observe that £((a,1)7) € A, by a verification of the congruences in the definition of A.

Moreover, we calculate
2
01 2 0

Hence Lemma 34.(2) implies that (a,1)7 € Autz_ag(A).
For £((b,1)7) € A we calculate.
1 1 s, oo Lus.
E((0,)7) = v,z s, (§3) (5031 2333 ) (38) = (v, s, (222 57220 ))

Again we observe that £((b,1)7) € A, by verifying all congruences in the definition of A. Using
(*) we conclude using Lemma 34.(2) that (b,1)7 € Autz a5(A).

Furthermore, we have to verify the relations of the presentation of Dg and Cs, as well as the
relations

((a, )7)((1,¢)7) = (1, )7)((a, )7) and (b, 1)7)((1,¢)7) = ((1,¢)7)((b, 1)7)

arising from the direct product Dg x Cy. For £ = (21, z2, x3, 24, (i;;} ﬁ:;; )) € A we calculate.

) (2 ) (38) (@ )r)?
) (@2 (39)) (@ )r)?
) (51 223 (88) (@, 1))

52

(0, ))r)* = (4,23, 21,2,

= (962,9?1,3?4,963,(

= o oNnR = O
OovI= = o ONI=

= ($3,ZE4,$2,CE1, (



O Nl
N= O

T5:1,1 T5:1,2 20 )
T5;2,1 T5;2,2 02

= (561756273337334,(

=¢
é( (xlvx?vx‘lvw?n([l)%)(;ggj i:;g)(gé))((b,lﬁ')
(m,xz,xs,m,(%g)(iiiiigiﬁ) 32))
=¢
(b, )7 (0, )7)* = (a1, w2, w0, (0 2) (5251 5232 ) (36)) (@ DP)((b, )7 (@, 1))
= (s, wnanan (1) (3220 5222) (3 (@ D7) (@ 1))
= (wg,wa,ma,mn, (0 3) (5200 5222 ) (86)) (G, 1))
= (ovan,as, o, (5 1) (3220 5222 ) (39)
=¢
E(((a, )P)(1,07) = (wa, s, wn,a, (69) (07) (5230 5222 (98) (5.9%)

1
% 1 5:1,1 ©5;1,2 1
0 0 -1 T5:2,1 T5;2,2 0 -1

10 )\(03)(%s112512) (01 )

0—1 10 52,1 T5;2,2 20 —1
10 T5;1,1 T5;1,2 10
0 -1 r5;2,1 T5;2,2 0 -1

4,»’6373317332,(
1

= (z
(L, 97)((a,
(@
= (z

(0, D7)((1,0)7)) =

L1,T2,T4,T3,

X1, T2, Tq, T3,
= S(((L7)((0, 1)7))

Hence the group morphism 7 exists as asserted. [l

Recall the representation of Dg as a permutation group given by the following isomorphism, cf.
Remark 1.
Dy —2— ((1,4,2,3),(3,4)) <S4
a — (1,4,2,3)
b — (3,4

For the reminder of this section, we will identify Dg as a subgroup in Sy via 6.
Lemma 43 Recall the group morphism T from Lemma 42. Then we have an isomorphism of

groups
B :=71p: Dg x Cy = Outz_alg(A).

In particular, T is injective.

Proof. We have to show injectivity and surjectivity of S.

Injectivity. Let (o,¢') € ker(B) for 0 € Dg < Sy and i € [0,1]. Then (o,¢")3 = [1], so we have
(0,7 € Inng aig(A).

Since inner automorphisms are central, Lemma 36 together with the uniqueness part of Lemma 34
implies that o = 1. By Lemma 40 the automorphism (1, ¢)7 is a central automorphism that is
not inner, so ¢ = 0.

Hence ker() = 1 and f is injective.
Surjectivity. Let [1)] € Outz_alg(A) with ¢ € Autz.ag(A). By Lemma 34.(1) there is a unique
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oy € Sy and Qy € GL2(Q) such that for all (z1, 29, z3, x4, (i;;i ﬁ;;ﬁ )) € A we have

T5;1,1 T5;1,2 _ —1( T5;1,1 T5;1,2
(x17 x?; x37 CC4, (I5;2,1 T5;2,2 ))1/} - (xlo'w7 xQO'q’L, ) x?)aw; x40’¢ ) Qw (15;271 x5;2,2 )Q’LZJ)

Observe that for 1,1 € Autz_a,(A) we have ooy = oyyr. Hence we obtain a group morphism
Autz_alg(A) # S4
P Oy
We claim that im(J) = Dg = ((1,4,2,3),(3,4)) < S4. Lemma 42 implies that Dg < im(§). Since
Dg <S4 is a maximal subgroup, it suffices to show that (2,3) ¢ im(d), as (2,3) ¢ Dg. Assume
the contrary. Then there is (77? ‘31) € GL2(Q) with

1
T5:1,1 T5;1,2 _ s —q T5:1,1 T5;1,2
(1’171'271'3,374, (335;271 15;272))w - (x17x37x27x47p8_qr(_7~ P )(:1:5;2,1 15;272)(52))

xTs5: x5 . . . .
for all (x1,z2, x3, 24, (mgéi P )) € A. By rescaling the conjugating matrix, we can assume

without loss of generality that p,q,r, s € Z with ged(p, ¢, 7, s) = 1.
For € 1= (w1, 25, 23,24, (5251 5233 )) € A let € = &y with

! !
T5:1,1 Ts:1,2 ))

/ !
Ts5:2,1 T5:2,2

1
. s —q T5:1,1 5;1,2
= ($1a$37$271'4;p8_qr(_r P ><$5;271 1‘5;22)(%32))

é-/ = (xla xr3,x2,T4, (

2 2
1 ( PST5;1,1+7825;1,2—P9T5;2,1—qTT5;2,2  (ST5;1,1+5°T5;1,2—¢°T5;2,1 —¢5T5;2,2 ))

= (1'1,1'3,1'2,1'4, 2
bs —qr

—prIs;1,1—T $5;1,2+p2$5;2,1+p7“15;2,2 —qras;1,1—rSTs5;1,2+PqTs5;2,1+PSTs5;2,2

where 5 1, T5.1 9, T591, Thoo € Z. Since £, € A, we obtain using the congruences in the
definition of A , /
$5;171 =2 T4 =2 T5;1,1 2$5;172 =4 T4 — XT3

(%)

/ _ _ / _ _
Ty21 =4 T2 — L3 =4 T5;2,1 L5202 =2 T4 =2 T5;2,2-

Now consider the elements (0,2,0, -2, (g 8)), (0,-2,2,0, (8 é)) € A. We calculate.

0,2,0,-2,(88))v = (0,0,2,-2, ! (o *ZqQ))

ps—qr g
1 2
(07 _272707 (8 (1)>)1/} = (0525 _2)0) ps — qr(f:g 7;9-5))
Using (x), the calculations above give the following congruences for p, g, r, s.
4q? 2p?
— g =4 2 P =4 2
ps —qr ps —qr
9 2 2
T =2 T =0
ps —qr ps —qr
From —p;lfqr =, 2 it follows that % =9 1,802 |ps—qr.
From pff; =4 2 and pffzqr =, 2 it follows that psp_qu =5 1 and ps‘fqr =9 1. Since 2 | ps — gqr, we

conclude that 2 | p and 2 | s.

Moreover, —ps”_zqr =, 0 implies that 4 | r. Hence 4 | ps — gr. But then pffqr =, 1 implies that

2| q, in contradiction to ged(p,q,r,s) = 1.

Hence we have shown that im(§) = Dg. Then we have ((671,1)7) - ¢ € Autcentz az(A) by
Remark 37. So [((c71,1)7) - ¢] € Outcentz aig(A). By Lemma 40 there is x € Cy such that
we have [((c71,1)7) - 4] = [(1,2)7]. Then [¢/] = [(o,1)7][(1,2)7] = (0,2)8, therefore j3 is
surjective. O
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Corollary 44 The quotient map Autz_aig(A) SN Outz aig(A) is a retraction with coretraction

given by Outz aig(A) £, Autz_aie(A).

3.3 Symmetries

3.3.1 Twisted double complexes

Let R be a commutative ring and let A be an R-algebra. Suppose we are given a double complex
of A-modules of the form

DU T B T
dy dy d d3 g

. e A v,
dy 5 dy dy dy g

e A,
dy s dy s d 1 ds o

e A At

Then for ¢,j € Z>(¢ the A-linear maps d;’J and d?J are just multiplication with the element
di; € Aordj; €Afrom the right.

For m € A consider the map ¢~ 'rni). For a € A we have
a(y ™ i) = (ap ™ )mgp = ((ap™)m)y = a(my).
So ¢~ is given by multiplication with me) from the right, i.e. ¢y~ = (ma))". Hence
Yl is A-linear.
Recall that A being a double complex means that for all ¢,j € Z>o we have d?J +1d2j =0,
Vigdiy =0 and dy jd}; = dyjydyy.

Now let 1) € Autpag(A). Then we can define a double complex AY by

v,
/Lh]

~ 1[171d.h v ¥ 1[171dh v ¥ wfld'h v v
. A 3,2 A 3,1 A 3,0 A

A L N K SRR L 8t

gy Yoyl Y gmldy g

AV — y A : A ’ A A

Yy 59 Yl i Yldy 9 Yldy gy

Yy Y Yy Y 1 Yty oY

» A A A

Ydg 50 Ydg o0 g Y Yy o0
ldh A ¢ldh | A Pldh g

>
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In this section, we will investigate such “twisted” double complex of the double complex = from
Remark 21, whose total complex is the projective resolution P of the trivial A-module Z from
Theorem 20.

Remark 45 For any double complex A as above, we can form the total complex

T(A) = (... APt 2y q®8 D, q02 D, g 0).
Here the differentials dj, for k € Z>( are given by
k . . k .
dk = Z ﬂi+2(—1)kiz+1d;ﬁk7ibi+1 + Z 7ri+1d?7k7i1fi+1 : A®<k+2) — A®(k+1).
i=0 i=0

Suppose 1) € Autp.aig(A). For k € Z>( write d}f for the differentials of the total complex T(AY).
We have an isomorphism of complexes of R-modules.

A4 da 483 dr 492 do A
¥ 000
¥ 00
0400 ¥ 0
8 I CH I (COR
P P P
At B ges B qer Dy

Now suppose that the total complex T(A) is a projective resolution of some A-module M, i.e.
we have an augmentation map A —— M such that the following complex is acyclic.

o A® _d2 @3 _di g2 _do  q e 0

Let MY be the A-module with operation twisted by ¢!, i.e. for m € M and a € A we have

a - m= (ap™1) o

Then the R-linear map A Lla> MY is also A-linear, since for a,b € A we have
(ab)yr~e = (™) (B~ )e = (ap7") - (v~ e) =a - (b~"e).

We obtain the following isomorphism of complexes of R-modules.

do dy do

A®4 AGBS A@Z A € M
000
% 00
0 00 P 0
((528) @8 qen I
A4 dy A®3 dy AD2 dy A v le MY

Moreover, this implies that the complex T(AY) is a projective resolution of the A-module MY.

3.3.2 Description of symmetries

Recall the group morphisms from Lemma 42 and 43.

DgXCQ



In a first step, we shall construct a group morphism Dg —®= Autz_,is(A) such that xkp = 3|p,.
The automorphisms in the image of x have the property of acting nicely using our twisted double
complex construction described above, cf. Remarks 48, 49, 50, 51. We shall remark that x can
not be extended to a group morphism Dg x Ca SN Autyz a15(A) with £'p = 3, cf. Remark 47.

DgXCQ

\ ﬂ

Autz_alg (A) L) Outz_alg (A)
/ Blpg
Ds

Lemma 46 We have a group morphism.

Dg —£ Autz_alg(A)

—1
T5,1,1 T5;1,2 —2 -1 T5,1,1 T5;1,2 —92 1
a ” (x1,$2,$3,x4, (I;;2,1 I;;zz)) — (.’E4,$371'1,£E2, ( 2 ()) (I;;2,1 13;;2,2>< 2 0)))
T5;1,1 T5;1,2 01 -1 T5;1,1 T5;1,2 01
b ? ($1,$2,$3,J)4, (Iszzzl I5;2:2)) — (.T1,$2,l‘4,l‘3, (2 0) (I5:2:1 35;2:2)<2 O))

Moreover, we have kp = [|pg.-

Proof. Note that the image of b under the asserted map  is the same as (b, 1)7, hence bk €

Autz aig(A). cf. Lemma 42. For a we calculate for £ := (21, 22, 23, 24, (if;i if;g )) € A.

glar) = (g, ms, 1,20, 5 (9 3) (231 5522 ) (3 0))

_ 1 0 1 —2x5;1,1+2T5;1,2 —T5;1,1
- (334, 3,21, 22, 3 ( -2 —2) ( —2x5;2,1+225;2,2 —T5;2,1 )

1
—5:2,1+T5;2,2 —5%5;2,1 ))

- (1‘4, L3501, 12, (2065;1,1—2I5;1,2+2I5;2,1—2I5;2,2 T5:1,1+T5;2,1

We verify the congruences in the definition of A to show that £(ax) € A. The congruence modulo
8 is satisfied since conjugation preserves matrix traces. Also note that congruences only involving
the four 1 x 1-matrix entries are also satisfied by Lemma 42.
—T52,1 + T522 =2 522 =2 T4
T51,1 + T52,1 =2 T5;1,1 =2 X4
1 _
2. (—5335;2,1) = —T5;2,1 =4 T3 — X2
25,11 — 25,12 + 22521 — 2522 =4 2(T5;1,1 — Ts22 — 205,12 + 225,21

=4 25,12 =4 T2 — T4 =4 T3 — T

) -(a) -

By Lemma 34.(2) the map ak is indeed an automorphism of A.

We have

To show that & is a well-defined group morphism, recall the presentation Dg = {(a,b | a*, b2, (ba)?).
We calculate.

—1
glar) = (e, 21,0, (278) (S 7282 ) (7270 ) (an)?
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—1
_ 2 2 51,1 T5;1,2
= (3327-7717$4’x3) (—4 —2) (905;2,1 15;2,2)

1
_ 0 -2 T5;1,1 T5;1,2 0 -2
= (1'371'471'271'17 (4 4) (15;2,1 x5;2,2)<4 4))(6“43)
0
4

— (@n,aamsn (59) (S Eaz) (4 9))
=¢
£(br)? = (z1, T2, T4, T3, (8 5)_1(%;1 ii;; ) (8 é))(b“)
— (@nazmsan (39) (S31512)(39))
=<
§(0m)(an))? = (o1 e ez, (33) (52205282 (30)) (am) (m) (an)

Hence k is a well-defined group morphism.

To show that kp = [|p, it suffices to show this for the generators a and b. Since bx = br and
Tp = [ this follows for b by Lemma 42 and 43.

For a consider the unit element

A= (1,-1,-1,1, (—5 —i)) e U(A)

-1 -1\ (-2 -1\ (0 1
0 1 2 0/ \2 0
((a, 1)) = (AN (ar) = E(fr - (ar)),

where f)\ denotes the inner automorphism given by conjugation with A from the right. We
conclude that af|p, = (a,1)7p = akp and thus kp = [|p,. O

of order 2. Since

we have for £ € A

Remark 47 There is no group morphism Dg x Cy LN Autz a15(A) with £'p =  and &'|pg = k.

Proof. Assume the contrary. Let A € GL2(Q) be the conjugating matrix corresponding to
the automorphism (1, ¢)x/, cf. Lemma 34.(1). By assumption (1,¢)x’p = (1,¢)8 = (1,¢)7p, cf.
Lemma 42, so we have for (z1, 22, x3, 24, (ﬁ;} Toss )) €A

(w1, 00, w3, 7, (T4 5202 ) (er) = (w1, w0, 23, w0, A7 (3231 8502 ) A).

Since (1,¢)K'(a, 1)k’ = (a,1)k'(1,¢)x" and (b, 1)x'(1,¢)k’ = (1, ¢)x/(b, 1)k’ there are u,v € Q such
that



Consider the linear maps
Q2><2 % Q2><2 Q2><2 # Q2><2
v (30 M) Mo (8) ()
Then Ag = uA and Ah = vA, i.e. A is an eigenvector of g resp. h for the eigenvalue u resp. v.
Suppose A = (77? g) with p, q, r, s € Q. We calculate.

-1
-2 -1 pq -2 -1\ _ 0 1 —2p+2q —p
2 0 TS 2 0) -2 =2 —2r42s —r
—2r42s -r
4p—4q+4r—4s 2p+2r

(
(36) (%)
(

2s r
4q 2p

—
I
N[ Nl= N

N[

Using the following Q-linear basis of Q2*2

((58). (86)- (18). (1))

the maps g and h have the following representing matrices.

0o 0 2 1 0001
0 0 -2 0 0020

M, = My, =
971 -1 2 1 "“lo i 00
1 0 -2 0 100 0

The characteristic polynomials are given by
Xg(X) = (X —1D*X*+1)  xn(X)=(X -1*X +1)%

The eigenspaces for the rational eigenvalues are given by
Eig,(1) = ((59). (-9~

Bign(1) = ((49): (
Eigy(~1) = ((§ _¢

We have to consider two cases.

Case 1: Ag= A and Ah = A. We have

A < Eigy (1) N Bigy (1) = ((39). (-3-2))n((63). (86)) = ((31))-

But then the automorphism (1, ¢)x’ is given by the identity automorphism, in contradiction to
(L,e)s'p = (1,¢)B # 1, cf. Theorem 43.

Case 2: Ag= A and Ah = —A. We have
A e w1 Bigy (1) = ((31), (-0 (58, (%4)) = ((4.1)).
Consider the unit element

A=(1,1,-1,-1, (4 1)) e U,

of order 4. Then the automorphism (1, ¢)x’ is given by conjugation with A, thus (1, ¢)x’ is inner.
/

Again we have a contradiction to (1,¢)x'p = (1,¢)B # 1, cf. Theorem 43. O
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We recall the projective resolution P of the trivial A-module from Chapter 2, cf. Definition 19,
Theorem 20 and Remark 21. We have the following elements of A.

B_= (0,2,2,
B, = (2,0,0
D_= (0,4,0,—
Dy = (4,0,—

Then the projective resolution P of the trivial A-module Z is the total complex of the following

double complex.

[1]

7777777 X X D ]\ D X Dy X b
e By By By
7777777 N Ae 4D Do o D
_ c- - B_ B_
7777777 N A N A Dy D
Cy Cy Cy By
7777777 s A Ay A A_ A Ay A D_
c- - ol c-
7777777 s A Ay A A A Ay A A_
Remark 48 Consider the automorphism v := bk, given by
A S A

(xlv €r2,T3,I4, (

We have

(

T5:1,1 T5;1,2
T5;2,1 £5;2,2

01 ) -1 ( T5;1,1 51,2

It

01

0

)

) e (31)

)~

2x5:1,2 *5;1,1

20 T5:2,1 T5:2,2 )\ 20 20 )\ 22522 5,21
We calculate using that ¢ = 1 and hence 1; = ¥ L

Aoy = (0,2,2,0,( 5)):3_

At = (2,0,0,2, (g g)) =B,

Ctpr = (0,4,0,—4,(88)) = D-

Citpr = (4,0,-4,0,(89)) = Dy

)=

2x5.1,2

T5;1,1 T5;1,2
T5:2,1 5;2,2

1
T5;2,2 55;2,1

e

)(33))
)

T5;1,1

B_y =
By =A
Dy =C_
Dy =

Observe that the double complex Z¥! arises from Z by reflection along the top left to down right

diagonal.

Since wl € = ¢ the total complex of the twisted double complex T(Z%1) is again a projective
resolution of the trivial module Z, cf. Remark 45.
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fffffff eie Ge i e g

Dy o Ay Ay Ay Ay

,,,,,,, s A B+""A, SR S S |

=1 D_ DY,‘ A_ A_ A
7777777 N QN QI PN G

Dy Dy D+ Ay Ay

,,,,,,, N (N G SN (L (N

D_ D_ D_ D_ A_

7777777 N S (- (N = ) A

Remark 49 Consider the automorphism 1 := a’s given by

A —2 5 A
—1
5:1,1 T5;1,2 1 1 x5,1,1 25;1,2 1 1
($1a$2a333a554a (335;2,1 15;2,2>) ? (x2,$1,$4,x3, (—2 —1) (15;2,1 565;2,2)(—2 —1))
We have
51,2 1 1) _ (-1-1 T5,1,1—2T5;1,2 T5;1,1—T5;1,2
5;2,2 -2-1) = 2 1 T5:2,1—2T5,22 T52,1—T5;2,2

[ —7511+2w5,1,2—5,21+2T5.22  —T5,1,1+T5;1,2—T5;2,1+T5;2,2
2x5:1,1—4T5,1,2+T5,2,1—2%5;2 2 2T5:1,1—2T5;1,2+T5;2,1—25;2,2 )

Aty = (2,0,2,0,( 38)) = 44 Apy = A
By = (2,0,0,2,(§ 1)) = By Bitpy = B_
C_ty = (4,0,0, -4, (g g)) on Cliaby = C_
D ¢y = (4,0,-4,0,(88)) = Dy Ditpy=D_

Observe that the double complex Z¥2 arises from Z be shifting the double complex to the right
and downwards and cutting off one row and one column.

By Remark 45, the total complex T(Z%2) is a projective resolution of the A-module Z¥2. Recall
Dg = (a,b | a*,v?, (ba)?) and the Wedderburn embedding ZDg —“+ A. Then

(aw) o 1= (aw)y" 1= (awpiz e = (11, -1, -1 (L34 ) = (L1 —L -1 (b} ))e =1

() - 1= (bwy' 1= (bwpyle = (1,-1,1,-1, (,; ,9))%‘15 =(-11,-11, (*é ?))6 =-1

P
Hence the A-module Z¥? corresponds to the representation

Dg —_— GLQ(Z)
a ———— 1
b — -1

61



SPE
B 4o
B 4oome-

7777777 N SN W N SR . S |

7777777 N L SN (RN W N |

C_ C_ C_ B_ B_

7777777 N ECND S (. S |
o o o N B,

7777777 N RN S N QLN S

Remark 50 Consider the automorphism 3 := (ba)x given by

A —8 L A

—1
T5:1,1 T5;1,2 10 T5;1,1 T5;1,2 1 0
($17$27x37x47 <x5;2,1 xg,;z,z)) ? (xg,a:4,x1,x2, (—2 —1) (905;2,1 15;2,2)(—2 —1))

We have

10\ ! @sna w5 1 0
-2 —1 T5;2,1 T5;2,2 -2 -1

1 0 T5:1,1—2T5;1,2 —T5;1,2

-2 -1 T5:2,1—2T5,2,2 —T5;2,2

_ T5;1,1—25:1,2 —T5;1,2
—2w5;1,1+4%5;1,2—25;2,1+2T5,2,2 2%5;1,24+%5;2,2 /) °

Note that w% = 1. We calculate.

At = (0:2:02(33)) = 4 ot = 20.20.( 38)) - A,
B_th3 = (2,0,0,2,(3—;)) =B, Bits = B_

C_1p3 = (—4,0,0,4, (8 3)) - —C, Cliaby = —C_

D_t3 = (0,-4,0,4, (8 8)) - -D_ Dytps = (—4,0,4,0, (g g)) =-D,

By Remark 45 the total complex T(Z¥3) is a projective resolution of the A-module Z¥3. As in
the previous remark, we calculate.

(aw) . 1= (@)’ ;1= (a)vs'e = (L1 -1,-1, (3 4 ))us'e = (-1 -1 11 (717 ))e = -1

7 3 )

(bw) - 1=y, 1= (w)us'e = (L-L1,-1 (5 §))vsle= (L-11,-1,( 3 §))e=1

Hence the module Z¥3 corresponds to the representation
Dg —_— GLQ(Z)

a —— -1
b — 1.
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,,,,,,, DG G EN QU 20 (2

—C- B B B B_

7777777 N G N (LN (=

=Ys — o —Cy By By By
7777777 N N

-C- —C- -C- B B_

7777777 N QN QRN PN G

—Cy -Cy -Cy -Cy By

7777777 N QLN (R N N

—1
T5;1,1 T5;1,2 1 1 T5:1,1 T5;1,2 1 1
(w17$27$37$47 (I5;2,1 w;;2,2)) (x4’x3’x27x17 (0 —1) (935;2,1 15;2,2)(0 —1))
We have
—1
1 1 T5;1,1 T5;1,2 1 1\ _ (1 1 T5;1,1 T5;1,1—75;1,2
(0 —1) (395;2,1 T5;2,2 ) (0 —1) - (0 —1) (x5;2,1 xs;z,l—xs;z,z)

_ [ x5;1,1+X5;2,1 X5;1,1—T5;1,2+FT5;2,1—25;2,2
—5;2,1 —5;2,1+T5;2,2

Note that ¥ = 1. We calculate.

Ay =(2,0,2,0,( 38)) = 44 Asthg = A_

By =(0,2,2,0,(34)) = B Bty = (2,0,0,2,(371)) = By
Ctpy = (0,-4,4,0,(89)) = —C- Citps = (=4,0,0,4,(§9)) = —C4
Dty = (-4,0,4,0,(88)) = -Ds Dythy = (0,-4,0,4,(88)) = -Dy

By Remark 45 the total complex T(Z%4) is a projective resolution of the A-module Z¥*. As in
the previous remarks, we calculate.

(aw) - 1= ()i 1= (aw)vie = (1,1,-1,-1, (3 )wite=(-1,-111, (74 1)e =1
(b) - 1= ()i 1= (hiy'e = (1,-1,1,-1, (3 9)wite=(-11-1,1, (38
Hence the module Z¥* corresponds to the representation
Dg —— GL(Z)

a —— -1

b — -1
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By

‘Q ‘Q
< < < <
+ + +
i B
R N < s
< < < <
| |
Q Q < <
| | + |
~ “ N b
< < < <
AT
3 I
_ | + |
+ 0 0 0
‘Q | | |
< < < <
- < - <
+ | + |
¢ 141913

A

A

A

A

=tha _
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Chapter 4

Cohomology

We calculate the integral cohomology groups H"(Dg) for n € Z>; using our projective resolution
from Chapter 2. These have already been calculated by Hamada using the Wall-Hamada
resolution in [6, Corollary 1].

4.1 Preparations

Recall the isomorphism ZDg —<+ A with the Wedderburn image A from Lemma 15.

T5;1,1 T5;1,2 2X2
A:{(xl,xz,xg,m,(%m xsm)) EZXZXZXZxZ™:

T1 =2 T2 =2 T3 =2 T4 =2 T51,1 =2 5;2,2, T2 — T4 =4 25105;1,27 }

Ty — X3 =4 T5:2,1, L1+ T2 =4 T3+ T4, 1+ T2+ 23 + 24 =5 2(25,1,1 + 5:2,2)

Let Z be the trivial A-module. Then for A := (1, x2, z3, 24, (ﬁg;i ig;;)) € Aand z € Z we
have Az = x1z.

To compute cohomology, we have to apply the contravariant additive functor Homy(—, Z) to our
projective resolution of Z over A, cf. Theorem 20.

Note that we have an isomorphism of A-modules

Homp(A,Z) —8—— Z
f— 1f

(E—&2) +—— 2z
We will identify along .

Remark 52 Suppose given A = (21, z2, x3, 24, (ﬁg;} P )) € A. The A-linear map A AL A

induces the Z-linear map

7 Homy(\,Z) 7

Tz —— Zz.

Proof. Let z € Z. Writing out the identification along ¢, we have

zoHomp(\, Z)p ™! = (£ — €2) Homp(\, Z)p

= (E— EN2)e = (E—E0))p
=z =1x212. U

65



We recall the projective resolution P of Z over A, cf. §2.2, Definition 19 and Theorem 20.

We have the following elements of A.

A== (0,2,0,2,(99)) B = (0,2.2,0,(3}))
Ar=(2020.(38))  Bi= (200.2(373))
C_:(O,4,—4,0,(88)) D — (0,4,0,—&(88))
o= (4.0,0-4.(33))  Di= (4.0.-4,0,(83))
Then the projective resolution is given by the complex
P=(.. APt 2y (@3 DL, AG2_do 0),

where for ¢ € Z>( the differentials are given by

041 2041 ¢ 241
dog = (Z WiAiLi> + < Z WiDiLz) + (Z 7i+1(_1)iOiLi> + ( Z 7Ti+1(_1>iBiLi>
=1 =042 =1 i=0+1
l+1 2042 41 2042
doe1 = (ZF;‘AJ‘HH) + ( > W.ij+1Lj> - (ZWH(_UJCJ’LJ’) - ( > 7Tj+1(—1)j3jéj) :
j=1 j=t+2 j=1 j=t+2

Recall the convention A; := Ay for i =9 0 and A; := A_ for i =5 1, for the other elements
analogously, cf. Definition 19.

Applying the contravariant functor Homa(—, Z), we obtain the complex

Homy(P',Z) = ( N 7042 g3 0 ge2 N g 0) :
Define the following elements of Z.
py =2 p— =0 g+ =4 q—:=10

Using additivity of Homp(—, Z) and Remark 52 for ¢ € Z>( the differentials are given by

(41 2041 ¢ ‘ 20+1 ‘
O9¢ = <Z Wipﬂi) + ( > Widﬂi) + (Z Wi(_l)lQiLiJrl) + ( > Wi(_l)lpiLiJrl)
i=1 i=1

i=0+2 i=0+1

{41 2042 {41 2042
Soryr = | D mpipayy |+ | Do midgraey | = [ Do m—D dim | = | DD mi (=1 By |-
=1 =042 j=1 =042

We can visualise the first few differentials by matrices as follows.

0000
50:(0 0) 51:<20 0) =10 2 2 0
0000

00 -2
20 00 00 O
20 00 0 8 (2) 2 8 8 8 00 —-40 00 O
5y = 00 -4 0 0 si=10 000 0 0 55 = 00 20 00 O
00 40 0 000420 00 00 -20 0
00 00 =2 00000 0 00 00 40 O
00 00 00 -2



4.2 Calculation of the cohomology groups

Lemma 53 The cohomology groups H*(Dg) for k € [0,4] are given by the following.

0) HO(Dg

1
N

(0)
(1) H*(Ds
(2) H

(3) H3(Dg) ~ Z/2
(4) H

4

1

(Ds)

(Ds)
2Dg)~Z/20Z)2

(Ds)

(Ds)

‘Ds)~Z/20Z/2®Z/4

Proof. Ad (0). We have H°(Dg) = H(Dg, Z) ~ ZP% = Z, since Z is the trivial ZDg-module.
Ad (1). Observe that ker(d;) = 0. So H'(Dg) ~ ker(81)/im(dg) = 0.

Ad (2). We have im(61) = 2Z © 0 @ 2Z C Z%3 and ker(d2) = Z © 0@ Z C Z¥3. Hence we have
H?(Dg) = ker(d2)/im(61) ~ Z/2 © Z/2.
Ad (3). Consider the following.

50-90 9
0000 -
00 40 O
(8338) 00 00-2
ZEB3 Z€B4 ZEBS
=02 =03

—O OO
\—/
—

oo O
[l ]
OO

[l
OoO

Rl
NOOO

)

Z@3 Z@4 ,
:03

7N
coown

Z@5

I
St
[\

Il
>

We have im(d3) = 0@ 2Z & 0 ©0C Z@jl and ker(03) =09 Z®0® 0 C Z®. Hence we have
H3(Dg) = ker(d3)/ im(d2) ~ ker(d3)/ im(d2) ~ Z/2.

Ad (4). Consider the following.

000000
YT 024000
T 000000
00 40 9 000420
7®4 - 755 000000 7,56
=03 =04 :

o
[e]elolelo]

coowo
Il |locowo

n|okocoo
onooo

coococo
\/

ZEBS Z€a6

We have im(03) = 2Z ® 0 ® 4Z & 0 @ 2Z - Zs and ker(6,) =Z®0®Z®0® Z C Z%°. Hence
we have H*(Dg) = ker(d4)/im(d3) ~ ker(d4)/im(03) ~ Z/2 ® Z/2 © Z /4. O
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Suppose m,n € Z>1. For p € [1,m] and k € [1,1 4+ n — p|] we write

o . 52 2]
L[k,k+p71] = Z Tili+k—1 - ZvP — 5 7"
i€(L,p]

and for ¢ € [1,n] and £ € [1,1 4+ m — q] we write

T(e,04q—1] = Z Tiyo_1ti @ L™ —— 799,
i€[1,q]

We will make use of these maps in the following way. Suppose we are given a Z-linear map

AN given by f = > ici1 p), jel1,q Tifijt; and k, £ as before.

Then we can build a Z-linear map Z®™ —— Z®" with f as a block at position (k,¢) by

9= W[k,k+p—1}fb[e,e+q—1} = ( Z 7Ti+k—1Li> < Z Wifi,ﬂj) ( Z WiLi—M—i)
(L,q]

i€[1,p] i€[L,p], j€ i€[1,q]
= > Tik-1figlite
i€[1,p], j€[1,q]
= > Tifiokt1,j—e4+1Lj-

i€lk,k+p—1],j€[4,l+q—1]
Lemma 54 (cf. [6, Corollary 1]) The cohomology groups for k € Z>1 are given by the following.
VOR2 o Z /4 if k=40
Z,/2)®k=1)/2 ifk=41
)
)

2)®(k+2)/2 if k=42
Z/2)8(k-1)/2 if k=43

Proof. For k € Z>( define Z-linear maps 70(k+2) Mk, 7&(k+2) by

1 if k € [0, 3]
Nk =1 —2mats — 2mpp1t, if k>4 and k=50
1 ifk>5and k=91

Note that 7 is an isomorphism for all k € Z>o. We only have to show this for £ > 4 and k =3 0.
We calculate.

k(1 4 2mots + 2mpaqtk) = 1 — 2mots + 2mots — 2mp 1ty + 2mpy1tp = 1
(1 + 271913 + 27Tk+1//k)77k =14 2mot3 — 2mat3 + 241tk — 2T 1tk = 1

It follows that ny is an isomorphism with inverse given by

77]:1 =14 2mot3 4+ 27g 110k

Now define a complex of Z-modules P with P, = 0 for k € Z and Pj, = Z8¢+D) for k > Z>g

with differentials Z&*+1 dt, 7@ (+2) given by

Ok if k e [O, 3]
Op =< 6pme  ifk>4and k=50
77;;_115k ifk>5and k=51
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Then 1 = (nx)kezs, defines an isomorphism of complexes between Homy (P, Z) and P.

[ 1 13 1 1)
0 Z —>— 7% L 7® 2 7% B, 7®s 786
zl 2‘/1 ll{l Zl{l ll{l 2[{1 Zl{"M
0 7 50=00 7,82 51=61 783 52=02 7,54 53=03 7,85 S4=064m4 A

L g@et2) %2 gee3) | 0202 geerd) | %2048 ge(2e+s)

{772@ le {Uzu—z {1

L, 7o) % 7S(20+3) 0242 @ (2+4) % g&@e+5)

— — —p—1
=N3 0001 02042M20+2 =05, 50

+2%0+3
Here we have ¢ > 2.
Define the following Z-linear maps.
=2m = 2.0 /A p— _ = 2m9ly = 00 /A A
* 00 0 2

Note that we have 51 5_ = f_p+ = 0 with ker(84)/im(8-) ~ Z/2 and ker(f_)/im(81) ~ Z/2.
Now suppose that ¢ € Z>2. We calculate.

{+1 20+1 4 ) 20+1 )
O2em2e = <<Z Wiﬁﬂi) + < > Widih‘) + <Z Wi(—l)ZQiLiH) + ( > ﬂ'i(_l)zpibi-i-l)) M2¢
=1 i=1

=042 i=0+1
= 0g¢ — 2MoPyt3 + 2m1G_13 — 2Mogy1G—tog — 2T2pPy Log
= 0gp — 4moty — 4maptag

41 20—1
= 2malo + <Z Wi?ﬂi) + ( Z Widﬂi) + 4mopiop

i=3 i=0+2
¢ 20-1

+ 47ty + (Z Wi(_l)lq#i+l> + ( Z Wi(—l)ZPiLiH) + 2Toqt2041
i=3 i=l+1

— 47T2L3 — 47T24L25

= 7T[1,2]2772L2L[1,2]

-1 20—3
+ 73,20-1) ((Z Wiﬁi%) +1 > Widi%)
i=1 i=t
= 4 20-3 '
+ (Z Wi(_l)zq#iJrl) + ( Wi(_l)zpiLiJrl) ) L[3,20]

i=1
+ (20,204 112T1L1L[2041,242)

= T1,2)8-t1,2) + (3,20 1)02(0—2) L3,2¢] T T20,20411 B+ L[2041,2642)

+1 2042
-1 -1 . .
Mg O20r1 =my [ [ Do mibines | + | D midiany
j=1 j=0+2

41 20+2
— Do mi g | = | DD mi(=1) it >
j=1

j=t42
= 0op11 + 2MaP L3 + 2oty + 2Topr14—top — 220+ 1D+ L2041

= 0o¢41 + 4mats — Ao 1t2041

+1 2/
=2mu + Zﬂ'jpj-&-ﬂj + Z g1ty | +4T2041t2041
j=3 j=0+2
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41 20
—4malz — (ij(—l)Jq'ijH) - ( Z Wj(_l)]pjbj-i-l) — 2Topq2to043
=3

=42
+4mar3 — 4mapy1ta041

= T[1,2]2T1L1L[1,2)

-1 20—2
+ 7[3,2¢) ( (Z ijjJrle) + (Z qu'jﬂbg')
j=1 =

-1 ) 20—2 )
- Zﬂj(—l)]%bﬁl - Zﬂj(—l)]ﬁjbﬂl >L[3,22+1]
j=1

j=¢
— M[2041,2042]2T2L2L[2042,26+3]

= 7T[1,2]ﬂ+b[1,2] + 7T[3,21z]52(@-2)+1L[3,2z+1] - 7T[25+1,2z+2]ﬁ—L[21{+2,2£+3]

We claim that H*(Dg) = (Z/2)%? @ H*=*(Dg) for k € Z>s. (%)

Case 1: k = 2/ for some ¢ € Z>3. Using the calculations above we have the following commutative
diagram of Z-modules.

7,20 201 7,®(20+1) 20 7,0(20+2)

V| M2e—2 1 U M2e

By O 0 - 0 0
0 0 =h-/ ya2 @ 7,8(20-3) g 782 0o 0 By

Z9? @ 29 g Z%? 792 g 702 g 792

=62471=77;él_252[_1 =82¢=02¢M2¢
It follows that

H*(Dg) = H*(Dg) = ker(02¢)/ im(02¢—1)
~ ker(ggg)/im(ggg,l)
~ ker(8_)/im(B+) ® ker(dar—4)/ im(dor—5) ® ker(S+)/ im(B-)
~ Z/2 ® H**(Dg) @ Z/2
~ (Z/2)%? ¢ H*4(Dy).

Case 2: k = 20 + 1 for some ¢ € Z>3. Using the calculations above we have the following
commutative diagram of Z-modules.

7,®(20+1) Y, 7,5(20+2) d2e+1 7,0(20+3)

1 U M2e 1

B_ 0 0 B+ O 0

0 5214_4 0 0 62(—3 0

0 0 B4+ _ 0 0 —p4-
_ 7 VAR ) Ze}(% 2) D AR B I —

=020=02¢7M2¢ =02041="M5y 05944

792 ¢ 7,0(2¢=3) @ 792 792 g 7,6(20-1) @ 782

It follows that

H"(Dg) = H**™(Ds) = ker(da41)/ im(2)
~ ker(dp41)/ im(dg)
~ ker(81)/im(B-) @ ker(dar—3)/im(dar—4) ® ker(S-)/im(S4)
~ 7/2®H*3(Dg) & Z/2
~ (Z/2)%? @ H*~4(Dy).
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This shows the claim (x).

Now let k € Z>;. Consider the following four cases.
Case k =4 0. Let m € Z>; with k = 4m.

Applying () and Lemma 53.(4) we obtain

H*(Dg) = H*™(Dg)
~ (Z/2)®2m=1 ¢ HY(Dg)
~ (Z/2)%" Y @ (Z/2)% o (2/4)
= (Z/2)%*" @ Z/4
= (Z/2)%? o 7/4.

Case k =4 1. Let m € Z>o with k = 4m + 1.
Applying () and Lemma 53.(1) we obtain

H*(Dg) = H*"*!(Dy)

~ (Z/2)%*™ @ H'(Dg)
(Z/2)%*™ 0
= (z/2)%"
= (Z/2)%¢ D/,

12

Case k =4 2. Let m € Z>o with k = 4m + 2.
Applying () and Lemma 53.(2) we obtain

H*(Dg) = H*"*+*(Dg)
~ (Z/2)%*™ @ H?(Dg)
~(2/2)%" @ (2/2)%
= (Z/2)°Cm+2)
= (Z/2)2¢+2/2

Case k =4 3. Let m € Z>o with k = 4m + 3.
Applying () and Lemma 53.(3) we obtain

H*(Dg) = H*™3(Dy)

~ (Z/2)%*™ & H? (D)
(Z/2)%*" 0 Z/2
(Z/2)®(2m+1
— (2/2)°0- VP2

12
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Zusammenfassung

Sei Dg die Diedergruppe von Ordnung 8 und ZDg der ganzzahlige Gruppenring iiber Ds.

Wir geben einen Wedderburnisomorphismus fiir ZDg, d.h. einen Ringisomorphismus ZDg —%- A,
wobei das Wedderburnbild A C Z x Z x Z x Z x Z>*? =: T von endlichem Index in T" als abelsche
Gruppen ist.

Wir konstruieren eine projektive Auflésung P des trivialen ZDg-Moduls Z der Form

. —— (ZDg)®* —2 (ZDg)® —L 5 (ZDg)®? —%0;, ZDyg 0.

Die projektive Auflosung P ldsst sich als Totalkomplex eines Doppelkomplexes = von freien
ZDg-Moduln darstellen, dessen Zeilen und Spalten letztendlich periodisches Verhalten zeigen.
Um zu zeigen, dass P tatséchlich eine projektive Auflésung ist, konstruieren wir eine Z-lineare
kontrahierende Homotopie auf der zugehorigen augmentierten Auflésung P’.

Durch eine Erweiterung der Skalare von Z zu Z(y), d.h. Anwenden des Funktors Z) @ — auf P,
VA

erhalten wir eine projektive Auflosung Py des trivialen Z)Dg-Moduls Zy). Wir zeigen, dass
P() eine minimale projektive Auflésung ist.

Der Doppelkomplex = von freien ZDg-Moduln zeigt gewisse Symmetrieeigenschaften, welche
sich durch Konjugation der Abbildungen in = mit Automorphismen von ZDg als Z-Algebra
beschreiben lassen.

Ausgehend vom Isomorphismus von Q-Algebren Q ® ZDg ~ Q x Q x Q x Q x Q?*? nutzen wir
Z

die Kenntnis von Automorphismen von K-Algebren von direkten Produkten von Matrixringen
iiber Korpern K fiir eine Beschreibung von Automorphismen von ZDg als Z-Algebra. Wir
arbeiten durchgehend auf der Bildseite des Wedderburnisomorphismus w bei der Untersuchung
von Automorphismen von ZDsg.

Wir beginnen mit der Untersuchung von zentralen Automorphismen von ZDsg, d.h. Automorphis-
men, welche das Zentrum von ZDg punktweise fixieren. Wir erhalten einen Isomorphismus

C2 —— Outcentz_alg (ZDg) s

wobei Cq die zyklische Gruppe von Ordnung 2 und Outcentz_a15(ZDg) die Gruppe der duBeren
zentralen Automorphismen von ZDg als Z-Algebra ist, d.h. der Quotient aus zentralen Auto-
morphismen mit inneren Automorphismen. Ausgehend von diesem Resultat geben wir einen
Isomorphismus der ganzen &ufleren Automorphismengruppe an.

Dg X CQ —— Outz_alg(ZDg).

Weiterhin zeigen wir, dass die Quotientenabbildung Autz_.1s(ZDsg) — Outz_a,(ZDg) eine Re-
traktion ist.

Wir vergleichen den Antiautomorphismus von ZDg, der gegeben ist durch Inversion auf den
Gruppenelementen, mit einem Antiautomorphismus des Wedderburnbildes A, welcher durch
eine Transposition im 2 x 2-Matrixblock zustande kommt. Wir erhalten, dass diese beiden
Antiautomorphismen sich um einen zentralen Automorphismus von ZDg unterscheiden, welcher
kein innerer Automorphismus ist.

In einem letzten Abschnitt berechnen wir aus unserer projektiven Auflosung P des trivialen ZDg-
Moduls Z die Gruppen H*(Dg), k > 1, der ganzzahligen Gruppenkohomologie der Diedergruppe
Dg. Die erfolgreiche Berechnung aller Kohomologiegruppen zeigt, dass unsere projektive Auflésung
P solche praktischen Berechnungen zulésst.
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