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0 Introduction

0.1 The Riemann sphere

Riemann projects the complex plane to the sphere S?, having its north pole N on the complex
plane C [4, §B.3, p. 80-81]. Then the point z € C, its projection p(z) € S? and the south pole
S lie on a straight line. To C, a point oo is added, which is mapped to the south pole S.

N Z
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Figure 0.1: Symbolic sketch of the Riemann sphere

As a variant, one can place the sphere such that its equator lies in the complex plane C. In this
variant, the point z € C, its projection d;(z) € S? and the south pole S are still required to lie
on a straight line. The point oo is still mapped to the south pole S.
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Figure 0.2: Symbolic sketch of the variant of the Riemann sphere



0 Introduction

So more formally, identifying z € C with (1 : z) € P1(C), this variant gives a map

61: PHC) — CxR
1

20:21) — ———
oz 2) = TP

(2721, |2 = |21 )
restricting to the bijection
5% : PHC) =5 §2

and mapping oo := (0: 1) to the south pole S = (0, —1) of S2.

0.2 A generalisation: the discriminant embedding

We generalize the variant §; from §0.1 to the map
On P*(C) — c("3) x r(":)

1

e (CEYzea N W (PO N
VYo fugl? e R
=0

(ug : ...t up) —>

called the discriminant embedding.
We show that &, is injective; cf. Proposition 12.

We show that §,, is an immersion; cf. Theorem 43. To do so we use the standard charts i, .

P"(C) on () « (T
Hn,k
{
R2n \Wi{_@iﬂ/ﬁ/ﬂ@“h;l)
ﬁn,k

We calculate the Jacobian matrix J on such a standard chart, i.e. the Jacobian matrix of ¥, .
We show that this matrix J has full rank. More precisely, we calculate that

2n
det(JTJ) = (2(”“)) : ! s > 0
n n
(1 + 2 jelon\ (k) ‘“J“Q)

In the process it turned out to be convenient to use the Jacobian matrix of Sn, see diagram.



0.3 Similar embeddings by Mannoury and Fuks

We show that d,, maps to s3("3)-1 C c("2) x R( ; cf. Proposition 11. Since P"(C) has real

dimension 2n, which is smaller than 3(";1) — 1 for n > 2, the image of 4, is strictly contained
in this sphere in this case.

n-24-1)

In addition, we construct partial retractions: For each [ € [0,n], we consider the standard chart
open (n+1

open n+1
A; C P™(C). We choose D; C C\ 2 ) x R("3). We find a continuous map
En,l : Dl — Al

such that €, o ((Mﬁf) =idy,; cf. Proposition 16.

pr(C) — (")

X
5al!

A D,
\’/

En,l

R(":")

0.3 Similar embeddings by Mannoury and Fuks

G. Mannoury embedded P?(C) into RY by a map similar to the discriminant embedding, but
not directly generalising the Riemann sphere [3, eq. (10) on p. 121].

B. A. Fuks constructed a generalisation of the Riemann sphere that resembles closely our dis-
criminant embedding, the difference being that he uses fewer real components [1, p. 81-85,
Th. 5.3]. So he maps into a smaller space, whereas our map seems to have a more symmetric
shape.

0.4 A visual application

We use 62 : P?(C) — S® C C? x R3 to depict the image of the graph of y = 23 — x. More
precisely, letting
I:={(z:y:2) € P*C):yz* =2 — 122} C P*C)

we depict do(I') C S®. Note that even for || large, the point S2((z : a® — 2 1)) is still in SB.
Applying 2 has the effect of a kind of a fish-eye lens [2, §5, §7].

The source [2] contains a mistake, which is corrected here; cf. [2, §5, footnote 1].






1 Preliminaries

1.1 Conventions

1. Suppose given a,b € Z. Let [a,b] :={z € Z: a < z < b}.
2. We often abbreviate ”for all” to ”for”.

3. Suppose given p,q > 0. For w = (z1,...,2p,21,...,24) € CP x R? we let

P q
lwl = | > 172 + > ad.
j=1 k=1

4. Suppose given n > 1.

We order a tuple (ars)o<r<s<n using the lexicographical ordering of the indices, that is,

(ajk)o<j<ken = (@01, @02, -+, GOp s Q1,25 Q135 vy Gl s --- s Gn-1,n) -
Similarly,
(ajk,bjk)o<i<k<n = (@01, bo1, a2, bo2, ..., Gon s bon
ai2, bi2, a13,b13, ..., @10, b0, ., Guein, bu—1n) -
5. Given tuples (ag, a1,...,a;) and (bg, b1, ..., b;) with entries in some set, we write

(ao,al,...,aj)l_l(bo,bl,...,bk) = (ao,al,...,aj,bo,bl,...,bk)

for their concatenation.

For example, (1,2,5) U (8,9) = (1,2,5,8,9).
6. Given D Opgen R* and a differential map
f:D—TR,
we denote by
J(f)(x) € R

the Jacobian matrix of f at x € D.
We often write J(f) := J(f)(x).



1 Preliminaries

1.2 Geometry

Suppose given p,q > 0 and n > 1.

Definition 1. Let
gpta—1.— {w e CP xR?: |Jw|| =1}

be the (p + ¢ — 1)-dimensional sphere.

Definition 2. The n-dimensional projective space (over C) is defined to be the set P"(C) of
the subspaces of C-dimension 1 in C**1.

Note that as a real manifold, P"(C) has dimension 2n.

Suppose given (ug, ..., u,) € C*™\{(0,...,0)}. The one dimensional subspace generated by
(ug, ..., uy) will be denoted by (ug : ... : up).

Note that for (uf),...,ul), (u],...,ul) € C*™\{(0,...,0)} we have

) n i n

(ug :oerup) = (ug : ... tul)

if and only if there exists A € C\{0} with

A (Ufyy - eoul) = (ugy o ul) .
Definition 3. Suppose given (ug : ... : u,) € C*L,
The set {j € [0,n] : u; # 0} is called the support of u := (ug : ... : u,). So the support is the

set of all indices of entries not equal to zero.

1

2= lusl?

Remark 4. Suppose given (ug,...,u,) € C*™1\{0}. Write v}, := uy, for k € [0,n].

Then

(wop:o.tup) = (vo ... vp)

and

n
> lulf=1.
=0

1.3 Linear Algebra

Lemma 5. Suppose given A € R™*™. Then
rk(A) = k(AT A) .
Proof. We show that

ker(A) = ker(ATA) .

The inclusion C follows, since Az = 0 implies AT Az = 0 for x € R™*!.

10



1.4 Real and complex matrices

The inclusion D follows, since AT Az = 0 implies 2T AT Az = 0, i.e. (Az)T - (Ax) = 0, which
implies Az = 0.

We conclude that
rk(A) = n — dim(ker(A)) = n — dim(ker(AT A)) = 1k(AT A) .

O]

1
Remark 6. Over C, the assumption of Lemma 5 is false. For instance, for A = () e C?x1
i

we have

but
rk(ATA) =0.

1.4 Real and complex matrices

Definition 7. We have the injective ring morphism

v: C — R2x2

a+ib — .
—b a

So given n > 0 we have the injective ring morphism
JxXn. onxn — (R2><2)n><n — RQnX2n
(kg = ((2h,0) )t -

Remark 8. Given a,b € R, then we have

-b a
=la + ib|?

det(v(a +1b)) = det ( “ b)

Lemma 9. For A € C"*"™ we have

det ("™ (A)) = |det(A)|*.

Proof. Choose S € C™ ™ invertible such that S~'AS = J is in Jordan normal form.
Let

11



1 Preliminaries

Then A =SJS 1. So

det(A)
Therefore we get
det(¢"*™(A)) =
Jrxn rirg morph.

j=s}

@
IIE

oo

12

— |det(S757)|*

= |det(S) det(J) det(S) !
= |det(.J)|”

=Are A

=M A

2

i Lnxn(J) . Lnxn(s—l))

det (¢(A1)) - ... - det (¢e(An))
AP 2
det(A)|* .



2 The discriminant embedding

2.1 Definition of the discriminant embedding

Suppose given n > 1.

Definition 10. We define the discriminant embedding to be the following map.

n+1 n+1

S : P(C) — C("3) x R("2)

1 —

L . <(\/§ " + 1U7JUI€>O< j<k< ’ (|u]|2 N |Uk|2>0< <k< )
VYo |ugl? R e
7=0

(up @ ... up) —

We have to show that the discriminant embedding is well-defined. So we have to show that,
given (ug, ..., un), (vo,...,v,) € C"\{0} such that (ug :...: u,) = (vo:...: v,), the image
using the representative (ug, ..., u,) equals the image using the representative (vo,...,vy).

By definition of P"(C), there exists a A € C such that
(ug, -y up) = (Avg, ..., Avy).

Then we obtain the following.

1
((vevirTme) (P =), )
0<j<k<n 0<j<k<n

VY ugl?
=0
. .
=W ((\/im)‘vﬂ)‘vk)k‘ k<n (‘)\Uj|2 a |/\Uk|2>0<’ k< >
\/ﬁ Z ‘)\Uj|2 <I<k<n <g<k<n
i=0
1
= <(|)‘|2\/§\/m”j”’f)o< SN (AR T ) N )
A2V 3 fy o o
i=0
1

AP <<\/§\/n 170, (132 = lol?) >
0<j<k<n 0<j<k<n

RYRVAD Zolvj|2
J:

1 e
=" ((\/ﬁ\/mvjvk’)m i<k<n (|Uj|2 - |Uk|2)0<'<k’< )
\/ﬁ Z ‘Uj|2 <G<k<n <g<k<n
j=0

Proposition 11. For x € P"(C) we have

Sn(z) € $3("3) L

13



2 The discriminant embedding

Proof. Suppose given x = (ug : ... : up) € P*(C). We have to show that ||, (z)]| L 1. We
square both sides and have to show that

2

1

l=||l—F"" <<\/§\/mujuk>o<'<k< ’ (|uj|2 B |uk|2)0<'<k< ) ’
. N = ST
vin 3 Jusl? J ]
J:

i.e. that

2

n
2 — 2 2
P = ((vevesTm) s (= )
Vst | = |((vavaFtma), (=), )

J=0

2

We calculate.

2
(371 (o8,
0<j<k<n 0<j<k<n
__ 2
= > WVavhn+imuwl + Y (il - wl?)
0<j<k<n 0<j<k<n
= > 20+ D Plukl® + D (gt = 2fuy Pkl + Juxl!)
0<j<k<n 0<j<k<n
= > 2+ DwPlal + Y0 Jwlt = Y 2Pl + ) el
0<j<k<n 0<j<k<n 0<j<k<n 0<j<k<n
= > Pl + > fult YD fuyl
0<j<k<n 0<j<k<n 0<k<j<n
= > Pl + D]yl
0<j<k<n 4.k€[0.n],j#k
_ 2 2 4
= > 2fuPlwl + 0 Y fuyl
0<y<k<n 0<jsn
n
=W< o 2wl ] + Z|uj|4)
0<j<k<n j=0

2
n
=V luyl?
=0

14



2.2 Injectivity of the discriminant embedding
2.2 Injectivity of the discriminant embedding

Proposition 12 (Injectivity of the discriminant embedding).

Recall that we have the discriminant embedding

O : P(C) — C("3) x R("3")

1

—— (v tmn), (el e?), )
VYo fugl? S e
7=0

(ug : ...t up) —>

from Definition 10.

Then the map 9, is injective.

Proof. Suppose given u = (ug : ... : up) € P*(C) and v = (uj : ... : uj,) € P"(C) such

n

that d,(u) = dn(u'). Without loss of generality, we may assume that > ., luj|> = 1, and
> i \u;\Q =1 cf. Remark 4. Multiplication with y/n leads to

(V2vn + 1Tguy, ..., V2V + Lt 1un , |uol?® = [uil?, ... Jun—1]* = [unl?)
= (V2Vn+1ujuh, ... . V2vn+ Tul,_jul,, Jugl> — [y, fu, P = Jun )

So we get
uguUy = uibull
Up_1Un = ul,_jul,
By conjugation, we get
Uiug = ui’luf)
UpUp—1 = UlLU,_;
So overall we have
(%) Tjuy, = wjuj,
for j,k € [0,n].
Moreover we have
Juol? = Jw|* = Jugl® — |ui |
tn—1? = Jun|?> = |up_y|* = |up, |

15



2 The discriminant embedding

By multiplication with —1, we get

ur|* = |uo®* = |uf|* — |ug|?
| = Jun—1* = |up|* — Jup_y |
So overall we have
() i |* = ugl® = [ * — |ug|?

for j, k € [0, n].

Let I = {j € [0,n] : uj # 0} be the support of u and, analogously, let I’ = {j € [0,n] : uz # 0}
be the support of ; cf. Definition 3. We remark that I, 1" # (.

We claim that T = T'.
!
By symmetry, it suffices to show I C I'.

Suppose given j € I. We want to show that j é r.
We have u; # 0 and we want to show that u; # 0.
Assumption: u; = 0.

Case 1: I = {j}.

Then uy = 0 for k € [0,n]\{j}. Choose an element k € [0,n]\{j}. So

(+%)
0 < Juy? = [us* — fur? "= [uj? — |ui)? = —|uz]* <0,
which is impossible.
Case 2: 1 D {j}.
Choose k € I\{j}. So uy # 0. Then
0= ;c (;) ujug

hence u; = 0, which is not possible.
So we have a contradiction in both cases. This proves the claim, i.e. I = I'.

Case 1: |[I| = 1. Let I =: {j}.

So
u:(O:...:O:uj:O:...:O):(O:...:O:u;-:O:...:O):u/
Case 2: |I| = 2. Let I =: {j, k}, with j # k.
We have 1 = |ug|® + ...+ |un|? = ]u]]2+\uk\ and 1= [up|? + ...+ [u,|> = ]u ]2+]uk]2

We have wjuy, © u?u% and |uj|? — |up? = (%) ot 2~

Thus

1= 2uil* = Ju* + Jupl? = 2fupl® = Juy[? = ugl* = Juj? = [ = Juj? + [up]? = 2Jup =1 - 2Juj].

16



2.2 Injectivity of the discriminant embedding

2,2 2 _ 1, |2
Hence |u;[* = [u}|* and [ug|® = [u|*.
So
U walul T
Ui _ Uil TGk D5 TE Uk
/ ! 555,/ ! ==,/ ! 755,/
wpo wjuy wiljuy wiliuy o uy
Therefore
. . . .. . . . . . . —_— . . . /- . . . /; . . —_— /
u=0:...:0:u;:0:...:0:up:0:...:0)=(0:...:0:u;:0:...:0:up:0:...:0)=u'.

Case 3: Let |I| > 3. Suppose given j,k € I.

U U
We have to show that —f L —f
(T

Choose [ € I\{j, k}, which is possible because of |I| > 3. Then

—

0 U (x) U
u

EE

So

(up : oot up) = (ug: ... u)

17






3 Partial retractions

Suppose given n > 1.
In the following we want to establish a partial retraction for the discriminant embedding 4,

Suppose given [ € [0, n].

Definition 13. Consider the open subset

Ap={(up:...:up) € PYC):u; #0} CP*(C).
Let
Ny = {((zi0)jee (@r)jar) € CU) < ROZ) c1 4y S0 g =0}
keo,n]\{l}

Consider the open subset
D= (€03 xRUP) \W € €3 < ROE).
Definition 14. Consider the continuous map

En,l - Dl —)Al
((zj,k)j<tr (i) jar) ¥ (210 0 -t 21021

2 2
Vot o, o e

kelo,n)\{l}

Comment 15. So N; consists of all the points for which the formula does not give an element
of Al.

Proposition 16. We have ¢, ; o 5n’§f = idy,.

. (n+l) (n+1> .
Given an element ((zjx)j<k, (Tjk)j<k) € CL 2 / xRV 2 ) we write xy, j := —xj ) and 2z j := Zj
for0<j<k<n.

19



3 Partial retractions

Proof. Given (ug : ...: u,) € Aj, we obtain the following.
() 2L ]2 e]® = Jug]?
(n+1)n (n+1) S

k0N VI 2 [
]:
2 _ 2
_ 2 L+ |ua|® — [u]
(n+1)n

kelon\{} > |ujl?
j=0

2 1 "
R rEs S+ D (=l
> Jujil? \g=0 ke[0,n]\{1}

j=0

2 1
= 0 ((n + 1))
(n+1)n T
Jj=0

Vevn+ 1 lwlf?  V2vn+ Ty
n - n
Vn Zo\ujl2 Vn ZOI%P
Jj= Jj=

We calculate as follows.

n,1(0n (ug Up))
1
= Enil ( C_a ((\/5 nt 12Tjuk)o<j<l~c< ’ <‘uj|2 N |uk|2)o< i<k<
]:

B ( V2/n + 1 aug ) ) V2 + 1 au—q )
= - - :
\/HZOIUJ'!2 \/HZO\UJ\Q
J= J=

\/ 2 \/ 2 Jw® — ux*
(nt+Dn =Y 0+ 1), o= m > Jusf?
=

Vavntlwuy, - V2Vt 1,
: S ;
vin 2 Jusl? vin 3 Jusl?
J= J=

20



n n
vn Yo |ul? vn Yo |ul?
§=0 §=0
\@\/n-i- 1wy ]
—_—
vn Yo |usl?
j=0
V2vn 4+ 1T aug ) ) V2 + 1 auy,
vn Yo lul? vn o ul?
j=0 =0
=(Up e UG UG U] S et Upy)

(%) V2v/n + 1 qug . ) V2y/n + T .

21






4 The Riemann sphere

4.1 Introduction

In this chapter we want to show that the discriminant embedding §; amounts to the standard
map from P!(C) to the Riemann sphere. In this sense the discriminant embedding d,, generalises
the Riemann sphere construction.

We will consider the variant of the Riemann sphere that has the equator sitting in the complex
plane and the south pole, here denoted by U, corresponding to the point co := (0 : 1) at infinity.
We write ¢(1 : 2) := (z,0).

(2).jpg

u

Figure 4.1: Riemann sphere

23



4 The Riemann sphere
4.2 The Riemann sphere map

Write oo := (0:1). Let

¢ : PHC)\{o0} — C xR
(1:2)— (2,0)

And let
91(00) =(0,-1) =:U .

We want to show that ¢(1: 2), 61(1: z) and U are on the same real straight line for z € C.

In coordinates, this means that (z,0) (22,1 — |2]?) and (0,—1) are shown to be on the

_1
9 1+|Z|2
same real straight line.

For r € R* we have

r.<(z,0)—(o,—1)>é L 01— =) = (0,-1)

1+ |z
|
sro(z,1)= ——(22,(1 -2 1 2
P L (2 R 1P
1
- (22,2
1+|z!2(z’)
- 2
7’:7
1+ |22

So ﬁ(%, 1 — |2|?) lies in the straight line passing through (z,0) and (0, —1).

4.3 The partial retraction ¢, for 4,

In §3 we have found a partial retraction €,; of the discriminant embedding. In this section we
want to illustrate €19 as an example.

Example 17. We have
A = {(U() : ul) S Pl(C) T U 7é 0} .
We have

Dy = ((C X R)\NO = {(20,171'0,1) cCxR: To,1 7'5 —1} .

In Definition 14 we have considered the map

€1,0 : DO — AO

(2071,1‘0’1) — (1 + zo,1 - ZO,l) .

24



4.3 The partial retraction €1, for 61

For (ug : u1) € Ap, we calculate directly

1 — 2 2
51,0(51(U0 : Ul)) =£1,0 <\u0|2—|—]ul|2 : (QUOUL |U0’ - ‘U1| ))

_ (1 L ol = Jwf? - 2ugu )
[uol? + |ual? * Juol? + fua |2

= (luo?® + Jua]® + [uo|* — Ju|® : 2uguy)

Remark 18. Note that U, (20.1,201) and ¢(e1,0(20.1,%0.1)) = (7522—,0) lie on a real straight

line.

1+xzo,1”

25






5 The discriminant embedding is an immersion

5.1 Calculation of the matrix entries of the Jacobian matrix J(4,,)

Suppose given n > 1.

Definition 19. We have the bijective map

n+1 n+1

Mn - c("3h) «r(3) 5 r3("3Y)
((ZT,S)O<r<s<na (Ur,s)0<r<s<n) — <(Re(zr,s)a Im(Zr,s))0<r<sgn L (Ur,s)0<r<s<n> .

Definition 20. We have the surjective map

o R*2\{0} — P"(C)
(ao,bg,al,bl,...,an,bn) — (ao +ibg:ay +1iby ;... an + ibn> .
Definition 21. For z := (ag, by, . . ., an, by) € R?"2 | we let
5n(pn(§)) = 571(@0 + ibO oe.lap Tt 1bn) = ((fr,s(&) + igr,s(£>)0<r<s<na (vr,s (g))0<7‘<s<n)~

This amounts to the following.

2(n + 1)(aras + bybs)
Vi yTio(ad +b3)
ora(z) = V2(n+1)(arbs — bras)
@ B

_ (a7 +7) — (af +b)
B N SN

If unambiguous we write f,.s(z) =: frs, grs(2) =: grs and v, s(z) =1 v, for 0 <r < s < n.

fr,s(&) =

In addition we let fs, = frs, gsr := —grs and v, = —v; 5.

That is, we extend the definitions above for f s, grs and v, s to the case r, s € [0,n] such that
r#s.
We also abbreviate o := o(z) := Z;L:O(a? + 6]2)

Definition 22. Let

O 1= M © O O Py R2”+2\{0} — R3(n-2ﬂ)
L = (a0a bo,...,an, bn) — <(f7",57 gr,s)0<r<s<n (W (Ur,s>0<r<s<n)

27



5 The discriminant embedding is an immersion

Definition 23. For k € [0,n], we let

Unik : R?" — R*"T2\ {0}
(a0, b0y -+ Qk—1,bk—1, Ak41, Okt1s - -« Ay b)) — (@0, b0y -+ oy ag—1,05-1, 1,0, Qr1, b1, -, Gn,by) -
Definition 24. For k € [0,n], we let

Pk *= Pn O Unk R2" — P"(C)
(ao,bo, .-, ak—1,bk—1, k41, bk41, -+ 500, bp) > (ao+ibo:...:ap_1 +ibp_1:1
D1+ ibgrr . an +1by) .
Definition 25. For k € [0, n] we let.
Unk i= Op © Unk . R RB’(ngl)
(GO; b07 cees AK—1, bkfla Af41, bk+17 <oy Qn, bn) — <(fr,s; gr,s>0<7"<s<n U (UT,5)0<r<s<n> .
ap=1,b,=0

So we get the commutative diagram:

P"(C) On c("3") x r("TY
Hn,k
Pn L[ Mn
R2" - R22\ (0} o R3("3)
ﬂn,k

Remark 26. To show that the discriminant embedding J,, is an immersion, we have to show
that the Jacobian matrix J(,, ) of 9, has rank 2n for k € [0, n].

To show this we shall prove that J(ﬁn,k)T - J(Up 1) has rank 2n, i.e. that its determinant is
nonzero; cf. 5.

We proceed by a calculation of J(8,) - J(4,,), then using a relation between J(3,,) and J(Wn k).

Remark 27. The Jacobian matrix J(gn) has entries a%tfr,s, %gm, a%t”ﬁs’ aibtfﬁs’ aibtgm,
é)ibtv,ﬂ,sWithO<15<7L5:LI1d0<7“<sgn.

With that we get

( \/2(n+1)as .
%a)a _Zngr,s ift=r
no g )
“2oef it te [0,n)\{r, s}
2 1)bs .
YD -
0 _
a5 frs = %_%fm ift=s
—2ef o ift € [0,n]\{r, s}
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0
Ba; Irs =

o] _
. 9rs =

ol
Dar Ur s

o] _
var,s =

Necesy

5.1 Calculation of the matrix entries of the Jacobian matrix J (Sn)

N 2‘”gm ift=r
_\/ZE’}?{’T 2Wsg, s ift=s
—@grs if t € [0,n]\{r, s}
\/@as ift=r
\/2‘(}?@,. 2e grs ift=s
—Q—b’fgrs if t € [0,n]\{r, s}
2‘:;7 QZT v ift=r
—% 2gsvr7s ift=s
—%vm if t € [0,n]\{r, s}
22’;7 % rs ft=r
5%50 — %vw ift=s
%btvm if t € [0,n]\{r, s}

Example 28. Suppose that n = 2. Then:

Q=

fo1

8a0 f(] 1

9
37090 1

aao fO 2
370902
Bao fl 2

8a0 91,2
0
Oag

0
Bag V0,2

0
dao V1,2

0,1

V3a1 — 2a0fo1
V/3b1 — 2a090,1
V3as — 2a0 fo2
V/3ba — 2a09g0,2
—2a0 f1,2
—2a09g1,2
V2ag — 2avo0,1
V2a0 — 2av 2
—2apv1,2

V/3b1 — 2bo fo,1
—v/3a1 — 2bogo1
V/3ba — 2bo fo 2
—V/3as — 2bogo 2
—2bo f1,2
—2bog1,2
V/2by — 2bovo 1
V/2bg — 2bvg 2
—2bgv1,2

V3ag — 2a1 fo,1
—V/3bg — 2a1 90,1
—2a1 fo,2
—2a190,2
V3az — 2a1 f1,2
V3ba — 2a1g1,2
—V2a;1 — 2a1v0,1
—2a1v9,2
V2a1 — 2a1v1 2

V/3by — 2b1 fo,1
V3ag — 2b1go,1
—2b1 fo,2
—2b1go0,2
V/3by — 2b1 f1,2
—V/3ag — 2b1g1,2
—V/2b1 — 2b1v0,1
—2byvo,2
V/2by — 2b1v1 2

a%—i—b% —a% —b%
ﬁa

_ V3(apai+bob1) _ V3(apb1—boa1)

- o » 90,1 = o )

_ V/3(agaz+bobs) _ V3(agba—boas)

- o » 90,2 = o ;

_ V3(ara2+b1b2) _ V3(a1ba—b1a2)

= Y12 =
a?24+b2—a2—b2 a2+b2—a2—b2

= g, 02 = T v =

e} o) 0 e} 0

o l01 garfon Forfor ga;fon gp;fon

0 o) 0 o) o)

by 90,1 37190 1 3p 901 87290 1 9901

o) g Js]

705102 3a1 fo2  z5 foz2 8(12 fo2 75, foz2

el Js] o)

db 90,2 37190 2 75902 37290 2 95,90,2

el 0 0

aTofl,? aa1f12 Tlnflﬂ 3a2f12 372f1,2 =...

0 o) o)

o 91,2 37191,2 a6, 91,2 37291,2 b, 91,2

o) o) a o) o)

o V0,1 3 V0,1 3p V0,1 5g, V0,1 By, V0,1

o) o) o) o) o)

Ao V0,2 5a,; V0,2 3p V02 5g, V0,2 Fp, V0,2

el o o) o) o

o V1,2 Ba V12 Fp V1.2 Fg, V1.2 Fp, V1,2

—2a2 fo,1
—2a2go,1
V3ag — 2a2fo 2
—V/3by — 2a290,2
V3a1 — 2aaf1,2
—/3b1 — 2a291 2
—2a2v0,1
—V2as — 2a2v0,2
—V2a2 — 2azv1 2

—2ba fo,1
—2bago,1
V/3bo — 2b2.fo 2
V3ag — 2b2go 2
V/3by — 2baf1 2
V3ai — 2bagi 2
—2b2vo,1
—/2ba — 2bavg 2
—/2ba — 2bov1 2
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5 The discriminant embedding is an immersion

5.2 Preparation of the calculation of the matrix entries of J(5,)7J(0,)

Remark 29. Given 1;; = (a0, b0, - -+, Qk—1,b6—_1, @kt 1,Dki1,- -0, bn) € RZT2 the chain rule

gives

)= J(Sn)(Vn,k(g ) - I(vnk)

K
In other words, J(¥, %) € R3("3")*2 5 obtained from J(6,) € R3("3 ) x(@n+2) by deleting the
columns belonging to a; and by and then by putting ax = 1 and by = 0.

S0 J(n )™ - I(Uns) € RZ2" is obtained from J(6,)T - J(4,) € RZ2x(27+2) by deleting the
columns and rows belonging to a; and b; and then by putting ax = 1 and by = 0.

The result turns out to be of the form J(9,, )T - J(9y ) = ¢"*"(K, ) for a hermitian matrix
K, € C™™,

In order to calculate the matrix entries for J(8,)T - J(6,), but first we need two auxiliary calcu-
lations.

Remark 30. Let t € [0,n]. Suppose given ¢; € R for j € [0,n].
We get

20§r<s<n and t=r Cs + Zogr<s<n and t=s Cr
= Zt<s<n Cs + 20<r<t Cr

rename r=s
= Zt<s<n Cs + ZO<s<t Cs

- Zogsgn and s#t Cs

Remark 31. Let t,1 € [0,n] with ¢t < [. Suppose given d;j € R for j, k € [0,n].

(1) We get
20<r<s§n and t=r, l#s dT,S =+ EO<T<s§n and t=s dsﬂ"
= Zt<8<n and I#s dt,s + 20<r<t dtﬂ"
rename r=s
= Zt<s<n and l#s dt,s + 20<s<t dt,s
= Zogsgn and t#s, [#s dt,s
(2) We get
20§r<s<n and I=r dr,s + 20<r<s<n and t#r, l=s dsﬂ"
= Zl<s<n dl15 + ZO<7’<Z and t#r dlvT
rename r=s
= Zl<r<n dlﬂ’ + 20<r<l and t#r dlﬂ’

- Zogrgn and t#r, l#r dlﬂ“

Definition 32. Such given k € [0,n]. The column of J(Sn) belonging to ay, is (4,. The column

of J(9,) belonging to by, is (p, -

We have to calculate the following.
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5.2 Preparation of the calculation of the matrix entries of J(6,)%J(

- (g, for t € ]0,n]
- Cp, for t € [0,n]
- (p, for t € [0, n]
- (g, for t,1 € [0,n] with t <1
- (p, for t,1 € [0,n] with ¢t <
- Cp, for t,1 € [0,n] with t <1

5

n)
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5 The discriminant embedding is an immersion

5.3 Calculation of the matrix entries of J(,)7J(6,)

Calculation 33. Suppose given t € [0,n]. We calculate.

32

C(’ZI; : Cat =

9 9
> o<r<s<n(a fris) - (ga; frs)
9 9
+ ZO§r<s<n(87atg7‘75> ) (Tatgﬁs)
+ ZO§T<5<n(8iatU7"»3) ’ (Biatvﬁs)

o) o)
20<r<s<n and t= T‘(Bat fT S) ' ( day f )
8

+ ZO<7"<5<n and t= S(Bat fTS (T
0 0
+ ZO<r<s<n and t€[0,n] {r s}\O th ) dar
+¥ (5 975) (50,9
0<r<s<n and t=r aat Ir,s 8a T8

(
u%

T8

\/

+ ZO<r<s<n and t€[0,n \{r s}\Da; Ir.s day

+ Zo<r<s<n and t= r(aat 78 78

s

ﬂmam

(
(74
i
Bat

2(n+1)a 2a,
ZO<r<s<n and t:r(% - %fr,sy

)
(
)
+ ZO<r<s<n and t= s(aat Grs) -
(2
)
+ ZO<r<s<n and t= s(aaz VUp,s) *

(

s)
(
)
)
(i
)
)
<a%

\_/

+ zO<r<s<n and te[0,n]\{r,s}

A

Ir.s)

)

2(n+1)ar _ 2asf )2
7,8

+ 20<r<5<n and tzs(T

2 2
+ ZO<r<s<n and tE[O,n}\{r,s}(_ﬂfT s)
2(n+1)bs 2ar

+ ZO<r<s<n and t:r( \/ﬁg gr s)
\/ 2(n+1)b 2 s 2
+ ZO<T<5<TL and t:s(_TT - % r,s)

_2a4 2
+ ZO<r<s<n and tE[O,n}\{r,s}( o gr,s)
2a 2a
+ ZO<T<S<7Z and t:r(\/ﬁro - TTUT,S)
2a 2a 2
- 20<r<s<n and t:s(_ \/ﬁz -5 'Ur,s)

T 2
+ 20<r<s<n and tG[O,n}\{r,s}( o Uﬁs)

2(n+1)a? 4ata5\/2(n+1 ft .

Zﬂgr<s<n and t:?“( no?

2(n+1)a2 4arat\/2(n+1

+ ZO<r<s<n and t:s( no? Vno?
+ 20<r<s<n and tE[O,n}\{r,s}(

2(n+1)b2  44/2(n+1)ards

Gt,s

Tt

+ Zogr<s<n and t:r( no? Vno?
2(n41)b 4\/mbrat
+ Zo<r<s<n and t—s( no2 Vno?
+ ZO<r<s<n and t€[0,n \;[r s}(
8a
+ Zo<r<s<n and t= r(na2 o faz Ut,s
4a? 8at

+ ZO<r<s<n and t:s(m + V/no? Uryt
+ Zogr<s<n and tE[O,n}\{T,S}(

frt



Theorem 11

Rem. 30

5.3 Calculation of the matrix entries of J(6,)TJ(

Eo<r<sgn and t:r(% _ dawas 2(n+1 — s ft.s)
+ 2 0<r<s<n and t= s(%z)ar 4aTaifgan frit)
+ ZO<T<s<n and t= r(% %gas)
+ ZO<r<s<n and t= (% 4 2%12 Jort gr,t)
+ Eo<r<s<n and t= r(nfgz \/8322 (% s)
+ Zo<r<s<n and t:s(% +%Um)

4,
+ at Zo<r<s<n( 35 + g?%s + ’U%S)

Z 2(ntDa3
0<r<s<n and t=r = no2 )
+ 20<r<s§n and t=s %
+ 20<r<s<n and t=r %
=+ 20<r<s§n and t=s %
+ 20<r<s<n and t=r %
+ 20<r<s<n and t=s %

4datasy/2(n+1)
+ ZO<T<s§n and t:r( S\fUQ ft s)

4daraty/2(n+1)
+ ZO<T<5<7L and t= s( \fg2 frt)
n+1 atbs
+EO<7‘<S§TL and t= r( T mo2 t,s)
4+/2( n—l—l brat
+ 20<r<s<n and t= s( \/’02 gr,t)
+ 20<r<s<n and t= r( \fg2 Ut S)
8(zt
+ 20<r<s<n and t= s( V/no? Ur t)
4a§
+2% 1
Z 2(n+1)a?
0<s<n and s#t no? )
2(n+1)b
+ 20<s<n and s#t  no? -
4at
+?’LG'2 n

datasr/2(n+1)
+ Zo<s<n and s;ét( ata\ﬁaf ft S)

4+/2(n+1)atbs
+ ZOSsgn and s#t(_ﬁ t,s)

+ ZOésén and s;ét( \fgz Ut S)
4a?
o2

+1)
770—2 ((ZO<s<n ) —a
e

o2

+

+ (Z(]gsén bg) - b%)

dasasy/2(n+1)
+ ZOéSén and s;ét( ata\f(ﬂn ft S)

2(n+1)atbs
+ ZOSsgn and s;ét(_fioatgtﬁ)

+ ZOésén and s;ét( \fcr? Ut S)

o)
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5 The discriminant embedding is an immersion

Def. o 2(n+1) 2 2
“hoZ (o —a; —b;)
o2

+
datas/2(n+1)
+ ZOésén and 57£t( : S\fgz ft s)
44/2(n+1)abs
+ Zogsgn and s;ﬁt(_T t,s)
8a?2
+ Z()ésén and sit(_ \/52;2 vt,s)

_ 2n+41) a2 — b? Ba%
" no? ( — b ) o2

- 4at2 ZO<s<n and s#t (ls \/Tﬂft st b )gt s+ 2atvt S)

_ 2(n+1) 9 9 8a?
= 5(c—a; —bf) + —F

4 \/ 2 n+1 (atas+bibs)
at2 ZO<s<n and s;ét as\/ni_{—1 - -
+b, \/T—H\/T—H )(atbs—bias)

a?+b?)—(a?+b?
20, o) le 480

2(n+1) (O’ b2) Sat

T no?

Sat ZO<s<n and s#t( CLS(TL + 1)(atas + btbs)
+bs(n + 1)(arbs — bras)
+ag((af +07) — (a3 +b7)))

_ 2(:;1) (O‘ b2) 8‘115

sat ZO<s<n and 57£t( (n + 1)(0,,5(13 + atbg)
+(a} + ab?) — (aa? + ab?))

_ 2(n+1) 2 8a?
p (o0 —a; —b7)+ -
Sa%

T o3 Zogsgn and s#t( (as + b?) + (a% + bg))

no?

2
Bay

_m(n(at + bt + ZO<s<n and s#t n(ag + bg))

b2 ) Sat
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5.3 Calculation of the matrix entries of J(6,)TJ(

Calculation 34. Suppose given t € [0,n]. We calculate.

Gy =

o 0
> o<r<s<n(Bar fris) - (g5 fris)
0
+ 20<r<s<n<67atgﬁs) ' (abtgf )
0
=+ 20<r<s<n(87atvrvs) ’ (l%t )
K3

s)

20<r<s<n and t= r(aatfrs) ’ ( bt f
8
+20<r<s<n and t= 5(3at f7" S) (T
frs) - (35 frs)

s) -

+ ZO<T<S<’VL and t€[0 n]\{’/‘ s}\Oay

B

+20<r<s<n and t= r(aatgrs (Bbt Gr,s
(

+ Zo<r<s<n and t€[0 n]\{r s}( daz 9 ) % )

(2%
)
+ 20<r<s<n and t=s ( Oay gr, 5)
+ ZO<r<s<n and t= ’I’(Bat 8)

) -

(% s
(i

9
+ 20<r<s<n and t€[0,n]\{r,s} (Tat )

v/ 2(n+1)as ar V 2(n+1)bs .
20<r<s<n and t:r(% - 20 fr,S) : (% - 23 fr,S)

2(n+1)ar 94, 2(n+1)br  2p,
+ZO<T<5§7L and t:s(% - g fr,s) : (T - fr,s)

+ ZO<r<s<n and tG[O,n]\{r,s}(_@fT‘ S) ) (_%fT,S)
v 2(n+1)bs 2a'r

s)
(
)
6bt Ir,s)
(
)
+ D 0<r<s<n and t= s(aat Ur,s) + (5p; Vr.s)
Uy (a%tv s)

2(n+1)as 2%,

+ 20<r<s<n and t:r( o gr, 5) (—T _ gns)
2(n+1)br 94, 2(n+ar  9p,

+EO<T‘<S<TL and t:S(_T — 3 gTS) . (% _ grs)

2 2b
+ ZO<r<s<n and tG[O,n]\{r,s}(_%gﬁS) ’ ( 497" 8)

2 2 2b 2b

+ ZO<T<s<n and t:r( \/%:7 - gT UT,S) ’ ( - — , )
2 2 2b 2b

+ ZO<T<s§n and t:s(_ \/%; ;S ,UT,S) ' (_ = — = )

2 2b
+ ZO<T<s<n and t€[0,n]\{r,s} (_%UT,S) ' (_Ttvns)

2(n+1)asbs 2+/2(n+1)(atbs+asbt) daiby
20<r<s§n and t:r( no? - /no? f s + o2
2(n+1)arby, 24/2(n+1)(atbr+arby) datbs
+ 20<r<s<n and t:s( no2 - V/no? fr t + o2
4atbt
+ 20<r<s§n and tG[O,n]\{r,s}( o2
( 2(n+1ashs  24/2(n+1)(bsbi—asar) darby
+ 20<r<s§n and t=r\" ~  no2 - /no? t,s +
2(n+1)arby  24/2(n+1)(arat—brby) daibs 2
+ ZO<T<s<n and t=s (_ no? - Vno? grit + o2
4CLzbi
+ 20<r<s$n and tG[O,n]\{r,s}( o2 Irys
4atby  8aiby daby .2
+ 20<r<s<n and t:r( no? Vno? 't v, +
4a+be 8abt 4a+bs .2
+ ZO<T<S<N and t:s( no? + Jno? Urt +702
4atbt
+ 20<r<s<n and tG[O,n]\{r,s}( o2

on)
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5 The discriminant embedding is an immersion

36

Theorem 11

Rem. 30

(2(n+1)asbS 2+/2(n+1)(atbs+asby)
ZO§r<s§n and t=r no? - \/EJQ
2(n+1)arby 2 2(n+1)(atbr+arbt
+ ZO<r<s<n and t= s( T no? - /no?
Z ( 2(n+1)asbs 24/2(n+1)(bsbt—asat)
+ 0<r<s<n and t=r no?2 - /no?
2(n+1)arby, 2+/2(n+1)(ara;—brbt)
Y ocr<scn and s (— 2 - N
U«tbt 8a+bt
+ ZO<r<s<n and t= 7‘( \f02 Ut S)
4atbt 8aibs
+ 20<r<s<n and t:s( no2 + Jno? (%% t)

4aibt 2 2 2
+ o2 Zogr<s<n(fr,s + 9r.s + U'r,s)
Z 2(n+1)asbs
0<r<s<n and t=r no? ( )
2(n+1)a,by
+ ZO<T<s<n and t=s 7(w? )
2(n+1)asbs
+ 20<r<s<n and t:r(_T
2(n+1)a, b,
+ Zo<r<s<n and t:s(*T)
4a4+ by
+ ZO<r<s<n and t=r no2
4atbt
+ ZO<T<s<n and t=s ng2

2\/2(n+1) atb +a5bt)
+ 20<r<s<n and t:r(_ V/no? f )
\/m(atbr+arbt)
+ 20<r<s<n and t= s( J/no2 fTﬂf)
24/2(n+1)(bsbt—asar)
+ 20<r<s<n and t= 7‘( \fJSZ - gt,s)
2y/2(n+1)(aras—brby)
+ 20<r<s<n and t= s( V/no? gT,t)
8atbh
+ ZO<r<s<n and t= 7‘( atgt? Ut 5)
+ 20<r<s<n and t= s( n0'2 Uy t)
+‘4C;t2bt -1
gt o
24/2(n+1)(atbs+asbr)
+ Zogsgn and s;ét(_ V/no? ft 3)
2m(bsbt—asat)
+ Zogsgn and s;ét(_ Vno? gt,s)
8ah.
+ 20<s<n and s;ét( \/';tg'g Vg 3)
+4C;t2bt
8a+bt
o2
2(n+1)(atbs+asbt)
+ Zogsgn and s;ét(_ V/no? ft 8)
2\/2(7’1—"-1)(1) bi—a at)
+ ZOésén and s;ét(_ \/5;2 = gt,s)
8aib
+ Zogsgn and s;ét( fgév )
8(ltbt
o2

+\f02 > _0<s<n and s;ét( V2(n + 1) (atbs + asbe) fi.s

+ 2(n + 1)(b8bt - asat)gt,s

—|—4atbtvt7$)

fts

Tt

Gt,s

9

7t

)
fr)
)
)



5.3 Calculation of the matrix entries of J(6,)TJ(

8(171521%

+ﬁi2 2_0<s<n and st V2(n+ 1)(aths + asby) 2("“\)/(;;““@1’8)
+/2(n + 1)(bsbr — asar) 2<"+1§g;bs—btas>
+dagb, (it )

8@7,5212,5

5 D 0cscn and s (2(n 4+ 1) - (205026, + 2a3a;by)
+4 - (afbt + atbf — azatbt — atbgbt))

8a+bt
o2

+ _Sggbt Zogsgn and s;ét((n + 1) : (az + bg)
+(a? + b7 — a% — b?)

8atb:
2

4 =Sahy (n+1)(o — (a2 +b?)) + (n+1)(a? +b?) — o)

TLO’

8ab —8(n+1-1
Z—t2t + ( )

oAbt

8atby _ 8aibt
o2 o2

0

The following calculation is analogous to Calculation 33 for C(}; - Cay-

Calculation 35. Suppose given ¢ € [0,n]. We calculate.

G Gy =

20§r<s<n(é)ibtf7",3)2
o]

+ 20<r<s<n(87btg7“78)2
Js]

+ ZO<r<s<n ( {)THUT,SV

o) 2
ZO<r<s<n and t= r(abt fT 8)

2
+ 20<r<s<n and t= 5(3bt f?‘ s

\Qa

5 frs)?

+ ZO<T<s<n and te[0,n \{r s}

N

+ ZO<r<s<n and t= r(abt Gr,s

\m

5, 0r.s)”

+ Zo<r<s<n and t€[0,n \{T s}

N

+ D 0<r<s<n and t= r(c’?bt T,

[\

+ ZO<r<s<n and t= s(abt Ur,s
0

)
(
)
+ Y 0cr<scn and t=s (a3 9rs)”
(
)
)
(8btv )

+ ZO<r<s<n and te[0,n]\{r,s}

on)
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5 The discriminant embedding is an immersion

38

2(n+1)bs 20
20§r<s<n and t:r(Ts - TTfr,s)

V2(n+1Dbr  2p 2
+ ZO<r<s<n and t:s( /no - ffr,s)

2b
+ 20<r<s<n and t€[0,n]\{r,s} (_thr 3)2
V2(ntT)as  gb,

+ 20<r<s<n and t:r(_ N - 9r, S)
V2(ntlar 9
+ 20<r<s<n and t:s( /no = gT‘ S)

2bt 2
+ 20<r<s<n and te[O,n}\{r,s}(_ o gT,S)
2b 2b 2
+ 20<r<s§n and t:r( \/77:7 - TT’UT,S)

2b 2b 2
+ ZO<T<5<71 and t:s(_ \/ﬁsg - o's ’UT,S)

2by 2
+ 20<r<s§n and tG[O,n}\{r,s}(_ o 'Ur,s)

0<r<s<n and t=r no? V/no? t,s + o2 Jrs
2(n+1)b2  4brbe/2(n+1) 462 4o
+ ZO<r<s<n and t:s( no? V/no? fT t +? 7’:3)
4b? 2
+ ZO<7‘<S<TL and tE[O,n}\{r,s}( t57 r,s)
2(n+1)a? 44/2(n+1)asb; 4b? o
+ ZO<T<s<n and t:r( no? + /no? Gt,s +?gr75)
2(n+1)a2  44/2(n+1)arb 4b? o
+ ZO<T<S<n and t:s( no? s V/no? Grt +T2tgr,s)
4b? 2
+ ZO<T<S<TL and te[O,n}\{r,s}( +?gr,s)
4b? 8b2 4b? o
+ 20<r<s<n and t:r(mﬂ - \/ﬁaz Vt,s +?UT s)
4b? o
+ 20<r<s<n and t=s ( natQ + \/502 Urt +72tvr s)
4b% 2
+ ZO<T<s<n and tE[O,n}\{r,s}( +?UT 5)
) (2(n+1)b§ _ Abibsy/2(n+1) f )
0<r<s<n and t=r no? T Vno?2 tys
(n+1)b 4brbm/ n+1
=+ 20<r<s<n and t= s( n<72 T Vno?2 t)
2(n+1)a 44/2(n+1)asbe
+ 20<r<s<n and t= 7"( no? + /no? gt,s)
2(n+1)a 4+/2(n+1)a,bt
+ EO<T<s§n and t= s( nUZ - V/no? gr,t)
8!)2
+ ZO<T<S<71 and t= T‘(no'2 - fg2 Vg 8)
4b? 8b2
=+ EO<T<s§n and t=s\ng2 + 72 faz Ur t)

4b7 2 2 2
+o-72t : 20<r<5<n(fr,s + g'r,s + Ur,s)



Theorem 11

Rem. 30

5.3 Calculation of the matrix entries of J(6,)TJ(

> A1)t
0<r<s<n and t=r = no2 5
+ Z(]gr<s<n and t=s 2(%:12)1)2
+ 2 0<r<s<n and t=r %
+ ZO<r<s<n and t=s 2(2:_%
+ Zo<r<s<n and t=r %
+ ZO<r<s<n and t=s :g

4bbs+/2(n+1) ft )
s

+ 20<r<s<n and t:r( fo2

4byber/2(n+1)
+ 20<r<s<n and t:s( \fg2 f7' t)

44/2(n+1)btas
+ ZO<T<s<n and t=r V/no? Gt,s

44/2(n+1)arb

+ 20§r<s<n and t:s(_%gm‘)
8b?

+ ZO<r<s<n and t:r(_\/’T(t,zvt,s)

2

8b
+ ZO<r<s<n and t:s(fT;QUr,t)

ne
+5 -1
2(n+1)b3
Zogsgn and s#t  no? 5
2(n+1)a
+ Zogsgn and s#t TS
)
noz "

4b+bs (n+1)
+ Zogsgn and s;ﬁt( - \%jft S)

4y/300E Dbias
+ ZOésgn and s#t V/no? Gt,s
8b2
+ Zogsgn and S;ét( \[02 Ut S)
4b?
+2%

[

(n+1)
77:02 ((Zo<s<n ) - b% + (20<8<7’L ag) - CL?)
+8 2

(o

4bibs+/2(n+1)
+20<s§n and s;ét( - fo-Q ft S)

4/2 Dbeas
+ Zogsgn and s#t Tgt’s
2

8b
+ Zogsgn and s;ﬁt(_ \/ﬁ;2 Ut,s)
2(n+1) (O‘ —p2 2)

no? t — Qi
82
+-5

4bbs+/2(n+1)
+ Zogsgn and s;ﬁt( fo'Q ft S)

4\/2(7’1-"-1 btas
+ ZOésén and s#t ~ \/no? Gt,s
82
+ Zogsgn and s;ét( fo'2 Ut 8)

o)

39



5 The discriminant embedding is an immersion

- \/%;2 2 0<s<n and st (0s v/ 2(n + 1) frs — as\/2(n + 1)ge,s + 2byvrs)

2(n+1
= (7?0_2 )(O' —2 at b2)
25

(e

__4b be \/m(btstratas
Vno? ZOSsén and s;ét( TL +1
\/T\/TH btas —atbs)

19b, %)

= Mo —a? - 1)
— 225 Y 0<s<n and st bs(n + 1)(btbs + aras)
+as(n + 1)(bras — abs)
+be((bF + af) — (b3 + a3)))

Sbt ZO<8<n and syét( (n + 1)(btbg + btag)
-l-(b? + bta%) — (btbﬁ + btag))

8b?
_Tﬁ Zogsgn and s;ét(n(bg + az) + (b% + a%))

2(n+1

(ggz)( _2at 52)
8b?2
T

8b

na3 ( (b% + a%) + Zogsgn and s#t n(b? + az))

= (o —a} - b})

no?

= (o —a} - b})

no?
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5.3 Calculation of the matrix entries of J(6,)TJ(

Calculation 36. Suppose given t,[ € [0,n] with ¢ <. We calculate.

C;zI; . Cal =

0 )
ZO<r<s<n(aat fr,s) : (8al f’r‘,s)
0 d
+ ZO<r<s<n(aat gr,s) . (370497«75)
9 3
+ ZO§T<S<n(8at U'I‘,s) : (87111,07’75)

0

a
+ZO<7‘<S<n and ¢=r, z;és(aatfrs) (52 fr,s)
+ > 0<r<s<n and t=s, l;és( ar frs) - ( day fﬁs)
+Zo<r<s<n and t#r, = r(ifm) (ifm)
+ 2 0<r<s<n and tr, 1= s(a%tfr,s) ( “fr.s)
+ 2 0<r<scn and {30510 (oms Frs) - (7o frs)
+ZO<T<s<n and t=r, |= s(a%tgrs) : (igr,s)
+ 2 0<r<s<n and t=r, l;és(aat Ir,s) * (%Qns)
+ D 0cr<s<n and ts, s (FarIrs) (a%lgr,s)
+ 2 0<r<s<n and tr, = r(i rs) - (3% Gr,s)
+ 2 0<r<s<n and tr, = s(a?ltgrs) (a%lgr, )

+ ZO<r<s<n and {t,l}ﬂ{r,s}:@(aat gT,S) ’ (871197‘75)

+ 2 0<r<s<n and tr, I s(a%tvr s) (8%1”“5)
+ Zo<r<s<n and t=r, l;ﬁs(aat Urs) - (8%1”“5)
+Zo<r<s<n and t=s, l;és( g Urys) - (%v’"vs)
+ 2 0<r<s<n and tr, 1= r(%vrvs) ' (8%1“’”75)
+ > 0<r<s<n and t#r, 1= s(aitvﬁs) : (B%zv’"’s)

5

n)
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5 The discriminant embedding is an immersion

V2(n+la, %f ) (\/2(n+1)at _

ZO<r<s<n and t=r, l:s( Vno V/no
\/mas o 20,
S frs) - (=55 frs

V2 +1
t 2atfrs) ( %fr,s

+ ZO<T<s<n and t=r, l#s
+ ZO<r<s<n and t=s, l#s
Vno

2at ) 2(n+1)ar _ 2a
+ ZO<r<s<n and t#r, l=s fT s ( Vno Tfr,s

+ 20<r<s<n and {t,l}ﬁ{r,s}:@(77f7ﬁs) : (*%fT,S)

(7
(=
+ ZO<T<5<TL and t#r, |= r(
(-

)
)
2‘“ frs) (VQ(”“)“S —2ap )
)

2 frs)

2(1[
o

V2n4+Db 24, v/ 2(n+1)by
+ ZO<T<S<TL and t=r, [= s(ﬁ - 797“,3) ’ (_70 -
V2 n+1 bs 9 2
+ ZO<r<s<n and t=r, l;és( . gt r,s) : (_ﬂgT s)
\/2(n+1 )b 2 2
+ ZO<7‘<S<TL and t=s, l;és( - %gr S) (_ﬂgr s
2 \/2 n+1 b 2
+ 20<r<s<n and t#r, = r(_ﬂgr S) ( > — % r,s)
2 (n+1)b 2
+ 20<r<s<n and t#r, = s( - - I, 5) ( D - % r,s)
2
+ 20§r<s§n and {t,l}ﬁ{r,s}:@(_TgT,s) : (_ﬂgT S)
2 2 2 2
+20<r<s<n and t=r, |= s(\/giy - %'U'r,s) ’ (_% - %UT,S)
Qat 2at 2a;

(7 Ur,s) + (=5 Urs)
+ 20<r<s<n and t=s, l;és( 2:7” UT,S) : (‘%Uns)
+Zo<r<s<n and t#r, = (= 2at Urs) ) (53”0 - %Ur,s)

(= ,s) (=T~ Zuy)
T2 0<r<s<n and {t1}N{rs}= @( “tops) - (=5t vrs)

2(n+1Data;  y/2(nt+1)

+ ZO<7‘<S<TL and t=r, l#s

‘ [\

+ 20<r<s<n and t#r, l=s

= D 0<r<s<n and t=r, I=s(— o2 Jno? (24 + 2a7) fr.s
+ 2 0<r<s<n and t=r, 1£s(— \2; D (2asa;) fr.s
+ Zo<r<s<n and t=s, l;és( @(%ral)fr,s
+ X 0<r<s<n and tor, 1=r(— \2;7”;1) (2asat) fr.s
2 0<r<s<n and tor, 1=s(— @(mrat)fr,s
+ D 0<r<s<n and {t.30{rs}=0(
+ 2 0<r<s<n and t=r, I= s(_2(n:;%btbl + \/\@(2%(% —2a1by)gr s

T

+ ZO<T<s<n and t=r, l;és( (2(11() )gr s
+ 2 0<r<s<n and t=s, 15 \2/(5 + ) (2a1b;) gr.s
+ 2 0<r<s<n and tor, 1=r(— \/(77 D (2a¢bs)grs
+ 2 0<r<s<n and tr, 1=s( \2/(7“,2 (2a¢br)gr s
+ ZO<7‘<S<TL and {t,l}ﬁ{r,s}:@(

+ ZO<T<s<n and t=r, I= s( 4;;;1;1

+ 20<r<s<n and t=r, l;és( il;*tglz Ur,s

+ ZO<r<s<n and t=s, l#g(%”r,s

+ ZO<7‘<S<TL and t#r, = 'r( j%tgé Ur,s

+ 20<r<s<n and t#r, = s( 4atgé Ur,s

42 + 20<r<s<n and {t,l}ﬂ{r,s}:@(

Gr.s)

4ata,l )
4““” )
4atal )
4‘”‘” 7o)
4atal )
4atal )
4:(1;2@ 93 s)
4?2@ 93 s)
4?;2(” 93 s)
4?2@ gg s)
4(?2(” 93 5)
4?;2(” 93 s)
4zztal 2,5)
4‘“‘” Urs)
2 )
o2 )
2 )
o2 )



2(n+1)aca;

zo<r<s<n and t=r, l:s( no?
+ ZO<r<s<n and t=r, l;és(
+ ZO<r<s<n and t=s, l;és(

+ ZO<r<s<n and t#r, l=s
+ Zo<r<s<n and t=r, l=s
+ ZO<r<s<n and t=r, l#s

+ 20<r<s<n and t=s, l;és(

(
(=
(
(
(=
(

+ ZO<r<s<n and t#r, l= r(
(

+ Zo<r<s<n and t#r, l=r

+ ZO<r<s<n and t#r, l=s

,;;

+ ZO<r<s<n and t=r, l=s
+ 20<r<s<n and t=r, l#s
+ ZO<T<S<7’L and t=s, l#s(
+ 20<r<s<n and t#r, l= 7“(
s

+ ZO<r<s<n and t#£r, = (

2(n+1)bt bl
no?

S5
Q.»J
Q
Y
—
)
=
—
V)
=
@)
=
@]
=
—~
=
@
93
I
=S,
"
D
=
+
3.
D
95}
Qo
"H
—
—~
Ofn
\/
H
[
—
Ofn
\_/

4
+ atal 20<r<s<n( +g + 3 )

Theorem 119 v and e, 1= Y2050 (22 4 20D) £,0)
+ D 0<r<s<n and t=r, 1£s(— \/\2/?(2%01)]% s)
+ 20<r<s<n and t:s(_ \2/(;; )(2aral)f7“,8)
+ 2 o<r<s<n and 1=r(— \2/(;:;1) (2asat) fr,s)
+ 2 0<r<s<n and ter, 1=s(— \/\@(2%"@15)]07",5)
+ 2 0<r<s<n and tr, I=s \/(ﬁn+1) (2atbt — 2a1by) gy, s
+ 2 0<r<s<n and t=r, i£s(— %(ﬁlbs)gr,s)

+ ZO<r<s<n and t=s \2/%”(;1) (2alb7“)g7’75

+ ZO<r<s<n and l:r(_ \2/(;;1) (Q‘ItbS)gr,S)
+ 20<r<s<n and t#r, l=s \2;:;1) (
+ 20<r<s<n and t=r, l;és( f/ﬂigé Ur S)
+ 20gr<s<n and t=s %;ﬁtgl? Ur,s

dara;

+ ZO<r<s<n and l:r(_mvr,s)

2a¢ br)gr,s

dara;
+ 20§r<s<n and t#r, I=s | /no? Ur,s

A
+

2(n+1)ata;  2(nd1)bib;  4azay
no? no? no?




5 The discriminant embedding is an immersion

44

Rem. 31

rename

ﬁ

\(202 +20}) fr,)
(2asar) fr,s)

D (2a,az) fr1)
\(
)

20<r<s§n and t=r, l:s( no

3

n+1
(n+1
+ Zogsgn and t#s, l;és( f

i

I

+ Zogrén and t#r, l;ér(

Tﬂ

n+1
\F o2
n+1

+ ZO<T<s<n and t=r, l=s 2a4by — 2albl)g7"75

s

+ ZOésén and t+#s, l;és( - Jno? 2alb5)gt,s)
2(n+1)
+ Zogrgn and t#r, I#r | /no? (2 atbr)gr,l
4a
+ ZOésén and t#s, l#s( \/*t;lé Ut s)
4
+ Zogrgn and t#r, l#r \;ﬁtglz (%
(6n—2)ata; 2(n+1)bib;
+ no? o no?
v/ 2(n+1)
20<r<s<n and t=r, lzs(_ 7? (2al% + 2a12)f1“,8)
v 2(n+1)
+ Zogsgn and t#s, l;és( Vno? (2a$al>ft75)
\/2(n+1
+ 20<s<n and t#£s, l#s( /no? (2asat)fl,s)
v 2(n+1)
+ EO<T<s§n and t=r, l=s = \/no? (2atbt - 2albl)g7“,s
2(n+1)
+ Eogsgn and t#s, l;és(_ /no? (2alb8)gt,5)
2(n+1)
+ ZOésgn and t#s, l;és(_ V/no? (Qatbs)gl,s)
+ Zogsgn and t#s, l;és( \/ajgé Ut 5)
4
+ ZO<s<n and t#s, l;és( \;lgé )
(6n—2)ata, 2(n+1)bib;
+ no?2 o no?2
2(n+1
- \/(ﬁngz )(2at2 + 2a12)ft,l
2(n+1
+ \/(;702 )(2atbt — 2a;b1) g1,
2(n+1)
2D 0cscn and ts, 1£s (T~ gz (@s@fis + asatfis))
V2(n+1)

—

W(albsgt,s + absgrs))
daray (Ut s + (% s))

+2- EOésén and t#s, l#£s\ "
+ Zogsgn and t#s, l;és(

Vno?
+(6n—2)atal _ 2(n—|—1)btbl
no? no?
. \2/(7 2 )(2 + 2 )\/2(714—1 (atal—l—btbl

+ \/(Tl:+1)( tbt 2alb )\/m(atbl bray)

2\/2 (n+1) v 2(n+1)(atas+bebs)
T Vno? ZO<s<n and t#s, l;és(a’s ! Vno
2\/2 (n+1) v 2(n+1)(atbs—b as)
T no? ZO<s<n and t#s, l;és(alb \/ﬁtg : + a:bs

daga (a7 +b7)—(a3+b2

\/ 2(n+1 (ala5+blbs )

v 2(n+1)( albS blas)

(a2+b?)—(a2+b2)

)
ZO<s<n and t#s, l;és( Vno + V/no
_'_%é; 2)ara; 2(n+1)bib;

no? no?

V/no



5.3 Calculation of the matrix entries of J(6,)TJ(

—%(2@% + 2a?) (ara; + biby)

+2(n+1) (QCLtbt — 2albl)(atbl — btal)

no3
_4(;;31) ’ Zogsgn and t#s, l#s(asal(atas + bibs) + asar(aras + bibs))

4 1
A e and tts, 12 (A1bs (arbs — byas) + agbg(arbs — biay))

_4;::7%[ ZOgsgn and t#s, l;és((a? + b%) - ((Ig + bz) + (a12 + blz) - (ag + bz))
(6n—2)atal 2(n+1)btbl

+ no? B no?
200 (902 + 207) (asan + biby)

"‘72(:0—21) (QCLtbt — 2albl)(atbl — btal)
4(n+1

_4(:(73 . D 0<s<n and ts, s (2050001)

+1

B (:a?’ ) ’ EOSsgn and t#s, l;és(2atalb§)
4

- ;letrgl ZOésgn and t#s, l;és(a% + b? + al2 + bl2 - 2(&? + bg))
(6n—2)asay 2(n+1)beb;

+ no? - no?
4(:;1) (at a; + atal + atalbt + atale)

_8(ni1)

nod ZOésgn and t#£s, l#s (asalat + alatbg)
4
— il Zogsgn and t#s, l;ﬁs(a’% + b% + a’l2 + bl2 - Q(GE + bg))

nos

+ (6n72)atal o 2(n+1)btbl
no? no?
4(TL+1)

“Haa(af + af + b7 + b2)
St aar (5 _ (g2 432 4 a? + b7))

no3
—4a18 ((n + 1) (a? + b7 + a? + b?) — 20)
(6n—2)ata; 2(n+1)beb;
+ no? B no?
_ 8(n+1)ata
no?
1
(6n72)atal 2(n+1)btbl
+ no? - no?
2 1
— (::_2 )(atal + btbl)

on)
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5 The discriminant embedding is an immersion

Calculation 37. Suppose given t,[ € [0,n] with ¢ <. We calculate.

46

Cg; : Cbl =

) d
ZO<r<s<n(aT“fr,s) . (87blf7’75)
0 )
+ ZO<r<s<n(aTLtgr,s) . (aTngr,s)
) )
+ ZO<T<S<”(3THU7"75) ) (8717107“,8)

(2%

+ Zo<r<s<n and t£r, = A%fras
+ 2 0<r<s<n and tr, 1—=s(

+ 2 0<r<s<n and {t,l}ﬂ{r,s}:@(aat fr.s
+ 2 0<r<s<n and t=r, i= s(a%tgr s)
+ 2 0<r<s<n and t=r, I£s Gat Gr.s) -
9o, Ir.s) -
o Grs) -
a?zt Jr, s)
+ 2 0<r<s<n and {t,l}ﬂ{r,s}:@(aat Gr,s) - (Bbl 9r.s)

(52
+ ZO<r<s<n and t=s, l;«és(
+ 20<r<s<n and t#r, l= r(

(

+ ZO<r<s<n and t#r, l=s abl 9r,s

9
+ ZO<r<s<n and t=r, l= s(@iatvr 5) :

(
+ Yo<ras<n and ter, s (FayUrs) * (V)
+ 2 0<r<s<n and tes, 15 (Z Ur,s) - (3, Vr,s)
+ 2 0<r<scn and t#r, 1= r(%vﬁs) ' (a%vr,s)
+ 2 0<r<scn and tr, 1= s(aitvr,s) : (%’Ur,s)

3]
0 0
+ ZO<r<s<n and {¢,l}N{r,s}=0 (Tatv”' ) (8bl Ur 5)



5.3 Calculation of the matrix entries of J(6,)TJ(5,)
VRO Do ap (V20D 2y
EO<T<s<n and t=r, l:s( /no fT S) ( V/no o fns)
(VM+1 — ) (<2
( "+1 2atf7‘s) (_le frs
(=
(=

)
)
Zatfrs) ( 2%1 bs - 27blfr,s)
)

2 V2(n+1)br  2p
+ 2 0<r<s<n and t#r, 1=s(— 5 frs) - (T = FHfrs
2b
+ 20<r<s<n and {t,l}ﬂ{r,s}:@(i%fﬁs) ' (77lf7”78)

+ 20<r<5§n and t=r, l#s
+ 20<r<s<n and t=s, l#s

+ 20<r<s<n and t#r, l=r

+ 20<r<s<n and t=r, |= s(@ - %QT,S) ) (@ - 27@97“,3)
+ 2 o<r<s<n and t=r, z;ss(mbs 2 ,.5) - (—22grs)

+ 0er<ocn and tms, s (= “’Tl gy ) (g,

+ Zo<r<s<n and t#£r, = (= 2at9r s) (_@ - 27blgr,s)

+ 2 0<r<s<n and t£r, 1=s(— 2 r,s) : (\/@ar 2 g,s)

+ Y 0cresen and (tyn(rs =0 (— 22 0rs) - (—2gys)

2 2 2b 2b
+ 20<r<s<n and t=r, I= s(\/gtg ;t Ur,s) : (_Tlo - fvr,s)

2at _ 2a¢ 7”78) . (_2bl 7 )

+ 2 0<r<s<n and t=r, s
+ 2 0<r<s<n and t=s, l;és( 2at - %Uns) : (—%vm)
+ 2 o<r<s<n and tr, i=r(—
+ 2 0<r<s<n and tr, 1= S

+ ZO<r<s<n and {t,l}N{r,s}= 0( UT 5) ) (_7UT75)

Z (2(n+1)albt _ 2\/ 2(n+1) ( b + b )f 4thl
0<r<s<n and t=r, l=s no2 V/no? Qt0¢ ap0;) Jrs
+ Z ( 2\/2 ?’L—l—l asblf 4atblf
0<r<s<n and t=r, l#s \fg2 r,s s
2(n+1)arb; 4atbl
+ 20§r<s<n and t=s, l;ﬁs( N fT s
+ Z ( 2\/2 7L+1 atbsf 4atblf
0<r<s<n and t#r, l=r N 7,8 s
+ E ( 2+/2(n+1) atbrf 4lltbz
0<r<s<n and t#r, l=s /no? 7,8
4atbl
+ 20<r<s<n and {t,l}ﬂ{r,s}zﬁ(
+ Z (2(n+1)atbl o 2 2("+1)( 2 + b2) 4atbl
0<r<s<n and t=r, I=s no? V/no? a 1 )9r,s
2\/2(77,-}—1 bibs 4atbl

+ ZO<T<8<7L and t=r, I#£s\" ~  /ng? 9r,s

vs)
)
rs)
)
7s)
vs)
vs)
vs)
2¢/2(n+1)byby 4atb
Jra? Irs Lgr.s)
vs)
7s)
vs)
7s)
7s)
)
)
)
)

+ 20<r<s<n and t=s, l#s

+ 20<r<s<n and t#r, l=r

(=
(e
(QMQSW 4atbl
(=

r.s
+ 20<r<s<n and t#r, l=s %gr,s 4atbl

+ 20<r<s<n and {t,l}ﬂ{r,s}:(l)( 4atbl

+ 20<r<s<n and t=r, I= s(_ 47;1;? 4atbl r.s
+ ZO<r<s<n and t=r, l;és( \4/%212 Ur,s 4atbl r.s
+ ZO<r<s<n and t=s, l#s(%vﬁs 4atbl 38
+ ZO<r<s<n and t#r, |= r( %UT,S U%S
+ ZO<r<s<n and t#£r, = s(%vhs 4atb 3
+ 20<r<s<n and {t,l}ﬂ{r,s}:@( 7%

47
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Theorem 11

_ 2¢/2(n+1)

(2(n+1)albt

20<r<s§n and t=r, I=s no?

+ ZO<T<s<n and t=r, l#s
+ 20<r<s<n and t=s, l#s
+ ZO<r<s<n and t#r, I=r

+ 20<r<s<n and t#r, [=s

2(n+1)atd;

J/no? (atbt + albl)fr s
24/2(n+1)asb;
Wf?“s
2\/2 n+1 a,nbl
Wf?‘s
24/2(n+1)atbs
W.}CTS
2\/2(7’1-"-1 azbq«
Wf?‘s

+ Zogr<s§n and t=r, l=s

no?
+ 20<r<s<n and t=r, l#s
+ ZO<T<s§n and t=s, l#s
+ ZO<T<s<n and t#r, I=r
+ ZO<T<5<n and t#r, l=s
4atbl

+ 20<r<s<n and t=r, [=s
=+ ZO<T<5§TL and t=r, l#s
+ 20<r<s<n and t=s, l#s
=+ EO<T<s§n and t#r, I=r

(
(
(
(
(
(
(
(
(
(=
(
(
(
(

+ 20<r<s<n and t#£r, [=s
4azbl
+ 20<r<s<n(

+ 20<r<s<n and t=r, l#s(

2(n+1

+ ZO<T<s§n and t:s( \f
24/2(n+1)

no

+ 20<r<s<n and l:’r( \ﬁgz

+ ZO<T<5<n and t#r, = 5(
=+ 20<r<s<n and t=r, [= s(
(-

+ 20<r<s<n and t=r, l#s

2«/2(n+1)
=+ ZO<T<s§n and t=s V/no?

24/2(n+1)
+ 20<r<s<n and l=r /no?

=+ ZO<T<s§n and t#r, l:s(_

4aby

21/2(n+1 (

2\/2(n+1
- no?
2 2(n+1(

+ ZO<T<s§n and t=s \/ﬁg2 Ur,s

4aiby

+ 20<r<s<n and l:r(_ V/no? Ur,s

4aby
+ ZO<T<s§n and t#r, I=s /no? Ur,s
4atb
P
2(n+1)a;b: 2(n+1)ath;  darly
+ no? + no? no?

24/2(n+1
- \/gz )(at +bz )Gr.s
24/2(n+1)bibs
T Vnoz s
2\/2(n+1)blbr
Tgﬁs
24/2(n+1)asat
T Vnoz s
2/2(n+1)ara;
T Jmoz Ins

—_ — — —  —  —  — Y~~~

+ g’l" S + ,UT‘ S)
24/2(n+1)

20<r<s<n and t=r, l:s(_ V/no?

2/2(n+1)
© /no?

(abs + arby) fr.s)

N(ashi) frs)
rb1) fr.s)
s)fr.s)
r) fr,s)
X(af + 07)gr.s)
bibs)gr,s)

(bl br)QT,s

(asat)gr,s
24/2(n+1)

Vno?
+ Z ( 4atbl v
0<r<s<n and t=r, l#s Vno2 “8

(arat)gr,S)



Rem. 31

rename

5.3 Calculation of the matrix entries of J(6,)TJ(

2+/2(n+1)
20<r<s§n and t=r, l:s( \f(g2 (atbt + albl)fr s)
a bl)ft s)

+ D 0<s<n and tes, 15 (— = féﬁil (

+ 2 0<r<n and ter, i£r(— 2\/\2/;?(@ br) fr.1)

+ 2 0<r<s<n and t=r, l:s(—%@(at + b7)gr.s)
+ 2 0<s<n and t+s, l#s(_%(blbs)gt,s)

24/2(n+1)
+ Zogrgn and t#r, l#r(_W(aTat)gT,l)

]

~—

_ 4agb
+ ZOésén and t#s, l;és( Vno? s
4aby
+ Zogrgn and t#r, I#r \/no? Ur,l
+(6n_2;atbl 4 2(n+1)albt

no?

24/2(n+1)

20<r<s<n and t=r, l:s( T Vno? (atbt + albl)fr s)
24/2(n+1)

+ Zogsgn and t#s, l;és( T Vno? (a )ft S)
24/2(n+1)

+ Zogsgn and t#s, l;és( \fUZ (a ) )

2+/2(n+1)
+ 20<r<s§n and t=r, = s( T /no? % + bz)gT S)

(a
220D (4h,)gr.)

@ (asat)gl,s)

+ Zogsgn and t#s, l;és(
2
(
( 4aiby )
(—
bt

+ Zogsén and t#s, l#s

+ Zogsgn and t#s, l#s\ | /no? Ut,s

dagb
+ Zo<s<n and t#s, l#s \/a*tcrl2 ! S)
(6n— 2)a b 2(n+1)a
+ — tO1 + Py l
_2y/2(n+1
\/g(atbt + aiby) fia
_2/2(n+1)
20D @ + )y

+ Zogsgn and t#s, l#s

2 jSZ;rl (asblft s + atb fl s))
2+4/2
Vno? ) blbsgt,s - asatgl,s))

(=
v 2(n+1
+ ZOésén and t#s, l#s(ii(
dab,
+ ZO<s<n and t#s, l;és( \/%UZQ ('Ut,s + Ul,s))
+ (6n—2)atb; + 2(n+1)a;be

no? no?

5

n)
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. 2\/2(n+1) (atbt + albl) w/2(n+1)(atal+btbl)

V/no? Vno
. 2\/\/2&71;»1) (a% + bl2) 2(n+1\)/(iltbl*btal)
24/2(n+1 2(n+1)(atas+bibs) \/2 n+1)(ajas+bibs)
+20<s<n and t#s, l;és( \/\fcﬂ )( b \/ \)ffy : ( \(fjf : ))
24/2(n+1 2(n+1)(atbs—bras n+1)(a;bs—bjas
+ Zogsgn and t#s, l;és( \/fo-Q )(b b \/ \/ﬁ; : ) — Qs % \)/(Tuly : )))
at a?+b?)—(a2+b2 a?+b2)—(aZ+b?
+ZO<s<n and t#s, l;és( \4[0512( t+ t\)/ﬁgr ! + = l\)/ﬁgr )))
+ (6nn2)atbl + (n;r;%alb
4(::31) (atbt + albl)(atal + btbl)
— 1o (af + bf) (arh — bua)
A S e and ts, 12 (@sbU(ras + biby) + agbs(aras + biby))

4(77:31) > _0<s<n and ts, l;és(blb (abs — bras) — asai(arbs — bias))

47’?;? ZO<s<n and t#s, l;és((at + 62) (ag + bg) + (al2 + bl2) - (ag + bg))
(Gn 2)atbl + (n+1)albt
no

(nH) (atbs + arby)(asa; + biby)
“””( + 03 (auby — biay)
)

+

no3
+1
:(73 D 0<s<n and i, 1 (2a5atby + 2a;b3by)

45;? 20<s<n and t#s, l;és((at + b2) (al + b2) - 2(@3 + bg))

(6n— 2)a b 2(n+1)a;b
R =+ no? =
4(::31) (Gl atby + atbiby + ab, + atb3)

+1)
:;;3 D 0<s<n and s, s (@3athy + abiby)

b
A S v and s, 125 ((aF + ) + (a + BF) — 2(a2 + b2))
(Gn 2)atbl + 2(n+1)albt

+

—AED by (aF + bF + aF + b2)

no3

53(71%2‘”’31(0 _ (at + bt + al + b2))
—49h ((n +1)(a? + b7 + a + b?) — 20)
(Gn Q)atbl + (n+1)albt

+

_ 8(n+l)ach
b
8atby
Ray=a no?
+(6n 2)atbl + 2(n+1)a;be

no no?

(n+1)(

aib; + a;by)



5.3 Calculation of the matrix entries of J(6,)TJ(

The following calculation is analogous to Calculation 36 for C(}; “Cay -

Calculation 38. Suppose given t,[ € [0,n] with ¢ <. We calculate.

C(’)It‘ ' Cbl =

9 d
2ocr<s<n(ag Jrs) - (g frs)
> 9 d
+ O§r<s<n(aT,tgr,s) : (671197"75)
9 d
+ ZO<T<S<H(BT),5UT,S) . (BT)lvT,S)

e ol
ZO<r<s<n and t=r, [= s(aT)thS) ’ (aT)lfT’S)

+ X 0<r<s<n and t=r, l;ﬁs(abt frs) - (abl fr,s)
+ > 0<r<s<n and t=s, l;és(ab frs) - (5 “fr.s)
+ ZO<r<s<n and t#r, = r(%fﬂS) (%fm)
+ 2 0<r<s<n and tr, 1= Jaifr ) (aifrs)
+ ZO<r<s<n and {¢,I}N{r,s} (Z)(abf fT S> ) ( ?; fr S)
+ > 0<r<s<n and t=r, l:s(a%gr s) (a%gr,s)
+ 2 0<r<s<n and t=r, l;ﬁs(a%gr 5) - (%9 s)
+ 2 0<r<s<n and t=s, l;és(a%gr s) (%g s)
+ 2 0<r<s<n and tr, l:r(a%gr s) (a%g )
+ 2 0<r<s<n and tr, l:s(@ibth s) (aig s)
+ 2 0<r<s<n and {t,l}ﬂ{r,s}z@(abt Irs) - (8bl 9r,s)
+ 2 0<r<s<n and t=r, I s(a%vr s) a%vr,s)
+ D 0<r<s<n and t=r, Is 8bt Ur,s 8bl Ur,s
a

(79 r,s) -
+ > 0<r<s<n and t=s, l;és( 36, Vr.s) -
+ D 0<r<s<n and tr, 1= r(abt Urs) -
+ D 0<r<s<n and tor, 1= s<8bi Ur s) 8bl Ur,s

0
+ 20§r<s<n and {t,l}ﬂ{r,s}:@( Ob; 'Ur,s) ’ (abl ,UT,S)

on)

o1
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(VLD gy (VO )

ZO<r<s<n and t=r, l=s

+ Yocrescn and t=r, 1s (Y vmg ”*“’ —2ef ) (< 2fr)
+ 2 0<r<s<n and t=s, l#s(mbr g ) (=2 fs)
+ D 0<r<scn and tor, 1=r(— 22t frs) - (\/Tﬂbs — 2y )
+ D 0cr<scn and tr, 1=s(— 22 frs) - ( mbr -

+ ZO<T<s<n and {t,l}ﬂ{r,s}:@(77f7”,8) ’ ( 2bl fr s)

+ ZO<7‘<S<TL and t=r, = s(_@ - 27bt9r,8) (@at 27blgr,s)
+ 2 0<r<s<n and tr, 1£s(— \/TH 2% rs) * (_ngrs)

+ 2 0<r<s<n and t=s, l#s(mar Brg, o) (- ngrs)

+ Zo<r<sgn and t#£r, = r( *gr s) (—@ - 271)197“,5)

+ 2 0<r<s<n and t£r, 1=s(— e s) : (@M Zig.s)

+ 2 gcr<scn and {(103n(rs)=0(— 2 grs) - (=22 grs)

2 2b 2b 2b
+20<r<s<n and t=r, I= s(fa - Ttvhs> ' (_TZU - TZUT,S)

= ) ()

=
I

+ ZO<T<s<n and t=r, I#s\/n

- v'r,s) : (_%blvr,s)
V(2 _ 2,

+ 20<r<s<n and t=s, l#s

(7
(=
b
+ ZO<T<5<71 and t#r, = 7"( a o Urs
(=

N
+ 2 0<r<s<n and tr, =s 7t r,s ) (—% — 2y, )

+ Y 0cr<scn and {tiyn(rs=o(— 20rs) - (— 2,5

2_0<r<s<n and t=r, zzs(Q(HI;%btbl - \2/(571;1) (267 + 2b7) f.s b g2 )
+ 2 0<r<s<n and t=r, 12s(~ \2/@+1 (2bsby) fr.s 30 p2 )
+ 2 0<r<s<n and t=s, 12s(— \/\2/@ (2b,by) frs A g2 )
+ 2 0<r<s<n and tr, 1=r(— \2;%1) (2bsby) frs + 4l;t2bl vs)
+ 2 0<r<s<n and tor, 1=s(— \/\Q}T (20:-¢) fr.s e p2 )
+ 2 0<r<s<n and {30 {r,s}=0( e f2)
+ ZO<r<s<n and t=r, = —s(— (n+1)2aml - @Qatbt — 2a;b1) gr,s +4Zt2bl 38)
+ 2 0<r<s<n and t=r, 15 W(Qasbl)gr s 3t g2 )
+ 2 0<r<s<n and t=s, 12s(— @ (2a,b1)gr,s +4bhg2 )
+ 2 0<r<s<n and tr, i=r( %(%sbt)gr s g2 )
+ 2 0<r<s<n and tr, 1=s(— \/\an? (2a,bt)gr,s +abhg2
+ 2 0<r<s<n and {0} {r,s}=0( Wb g2 )
+ D grscn and ter, ims (— 1 2eig2 )
+ 2 0<r<s<n and t=r, £s(— \4/%?2 rs +2eig2 )
+ 2 0<r<s<n and t=s, 12s( jbff;é Ur,s + 4?21” 7s)
+ 2 0<r<s<n and t£r, i=r(— jlﬁfié r,s +2eig2 )
+ D 0<r<s<n and tr, i=s( j”iﬁé Ur.s g2 )
+ 2 0<r<s<n and {t,l}m{r,s}:w( 4?;” vf}s)




Theorem 11

5.3 Calculation of the matrix entries of J(6,)TJ(

+ ZO<r<s<n and l:r(_
+ 20<r<s<n and t#r, =
+ 20<r<s<n and t=r, [=
+ ZO<r<s<n and t=r, l#s

+ 20<r<3<n and t:s( n

0crscn and e, 1ms (gt - j%?;l) (207 + 267) fr.5)
+ 2 0<r<s<n and t=r, 15 — \2;7?21) (2bsby) fr.s)
+ 2 0<r<s<n and tes, 1zs( - \/\Qﬁ?(?b bi) fr.s)
+ 2 0<r<s<n and tr, 1= - @(zbsbt)fr,s)
+ 2 0<r<s<n and tr, 1=s \/\/W 20b,-bt) fr.s)
+ 2 0<r<s<n and t=r, 1=s(— % — 3(5”;1) (2a¢by — 2a;b1) gr.s)
+ D 0<r<s<n and tr, 15 \/(ﬁnﬂ) (2asby)gr,s)
+ 20<r<s<n and t=s, l;és( - \2/(;::;1) (2arbl)gr,8)
+ > 0<r<s<n and tr, 1= \2/(;::;1) (2asbt)gr,s)
+ 20<r<s<n and t#£r, = s( - 2:;;1) (2a7‘bt)gr,8)
+ 2 0<r<s<n and t=r, 1=s(— 4btbl)

+ 2 0<r<s<n and tr, 125 - \%?2 Vrs)
+ 2 0<r<s<n and tes, I£s( \%312 Vr,s)
+ 20§r<s<n and t#£r, 1= 7“( j%ﬁé UT,S)
+ 2 o<r<s<n and tr, 1=s( %312 Ur,s)

4btbl ZO<T<s<n( st g?s + 25)

V20t D) 952 4+ 962) £,.,)

ZO<T<s<n and t=r, l:s(_ V/no?

1

2(n+1

+ ZO<r<s<n and t=r, l;és(_ \/no? (2bsbl)fr,5)
+1
+ ZOST‘<8<n and t:s(_ "U (2b bl)fr s

0

S

N
+

(n+1

loa

LS

S

)

(2bsbt) frs)

(2D (2, by) fr )

<(— Q(nH (2a¢by — 2a;b;) gr.s)
(7 (2asbz)grs)

<2arbl)gr s)

7

T

i,

N

(

=

8,

)

~
S
—_

+

+ ZO<r<s<n and l:’r( o2 ( asbt)gr s)

Tﬂ

2(n+1)

+ 20§r<s<n and t#r, I= s( /no? (2a7“bt)gr,s)

Abib )

+20<r<s<n and t=r, l;és( \foz Ur,s

4bi by )

+ zogr<s<n and t=s( f0'2 UT s

4bsby )

+ ZO<r<s<n and = 'r( V/no? Ur,s

4bib; )

+ 20<r<s<n and t#r, = s( V/no? Ur,s

2(n+1)atal . 4beby

no? no?

on)

53



5 The discriminant embedding is an immersion

Rem. 31 2(n+1)
= 20<r<s<n and t=r, l:s(_ \/\/T(2b% + 2bl2)f7‘,8)
+ Zogsgn and t#s, l;és(_ \/\2/(“7 2bsbl)ft,s)
(n+1)
+ Zog’rén and t#r, l;ér(_ \/T(2brbt)fr,l)
2(n+1)
+ 20<r<s<n and t=r, l:s(_ \/’7102 (Qatbt - 2albl)gr s)
T D 0<s<n and tos, is \2/(;;1) (2asby) gz,
2(n+1)
+ Zogrgn and t#r, l;ér(_ \/7:;.2 <2a’rbt)gr,l)
bib
+ ZOésén and t#s, l;és(_ \4/%;2 Ut,s)
4bed
+ Zogrgn and t#r, l#r \/?ZUZQ (%
(6n—2)btbl 2(n+1)atal
+ no? - no?
2(n+1)
e 20<r<s<n and t=r, l:s(_ \/77 (2()% + Qb%)fr,s)
+ ZOSsén and t#s, l;és( \/\2/?(2173[)[).]19
+1)
+ ZOésén and t#s, l#s( \/\/?(21) bt)fl,s)
2(n+1)
+ 2 0<r<s<n and t=r, 1=s(— ¥ gz (20tbt — 2a1b1)grs)
+ D 0<s<n and tos, I ytl)(%sbz)gm
<s<n an s, l#s no )
v 2(n+1)
+ Zogsén and t#s, l#s %(QQSbt)gl,s
4bsb,
+ Zogsgn and t#s, l;és( \/lo-lQ t 8)

bk,
+ Zogsgn and t#s, l;és( Vno? Uy s)
4 (6n—2)biby 2(n+1)ata;

5 _

no no?

= U+ ) iy
2( — )(Qtht — 2a;b;) gt

n+1)
+2- Zogsgn and t#s, l#s(_%(b blft stb btfl s))

2 D 0<s<n and ts, Is ~ng? (@sbige,s + asbigr,s)
4btb
+ Zogsgn and t#s, l#s(_ﬁ(vt s T 'Ul,s))
(6n—2)b¢b; 2(n+1)azay
+ no? B no?
_ V2(n+1) o oy V/2(n+1) (arar+bibr)
= — oz (267 + 207) N
V2(n+1 2(n+1)(ach;—b
_ \/(ETLO.Q )(2atbt _ 2albl) (n \)/(il;ﬁ- 1 tal)

\/2(n+1) (b b v 2(n+1) (azas—&—btbs T b, bt\/2(n+1 (alas+blbs ))

+2- Zogsén and t#s, l;és(_ /no?
\/2(n+1)( l\/z(n+1)(atbs bras)
asb

(n+1)(alb5 bias)

+2- ZOSsgn and t#s, I#s ~ \/no? Jno + asby Vno
_ Abgby ((af+b7)—(aZ+b3) | (af+b})—(aZ+03)

+ ZO<s<n and t#s, l;és( V/no? ( V/no + \/no ))

+(6n72)btbl _ 2(n+Daray

2

no no?

54



5.4 Calculation of K

= 2D B2 452 (aga; + biby)

o3
(,:L;l) (atbe — arby)(asby — bray)
—4 ::31 ZO<s<n and t#s, l;és(b bi(atas + bebs) + bsbi(aras + bibs))
+ (:;} * D_0<s<n and t#s, l;és(asbl(atbs bas) + asbi(aibs — bias))
_A;it,gl Zogsgn and t+#£s, l;és((atQ +b7) — (a3 +b3) + (alQ + bl2) — (a2 + 1))

+(6n;§%btbl _ 2(n:i)2aial
= 4(:;31) (b3bl + btb3 + a%btbl + a; btbl)
8 +1)
’rTchr?’ ZO<s<n and t+#s, l;ﬁs(a bibe + blbtbQ)
by,

no3 Zﬂgsén and t#s, l;és(at + b2 + al + b2 - Q(az + bg))
+ (6n—2)beb; . 2(n+1)aca;
no? no?

Pebo _Anthlbbr (2 4 g2 4 32 4 B2)

a ot
(n:a) t l( (a% 4 b2 +a12 4 b2))
— 2l (0 + 1) (a} + b7 + a? + b?) — 20)
(6n—2)bib; 2(n+1)aca;
+ no? B no?
_ 8(n+1)bid;
- T no?
e
(6n—2)beb; 2(n+1)ata;
+ no? o no?
2(n+1)

= ==z (awa + biby)

Example 39. Now that we calculated our matrix entries for J(82)TJ(82) we want to continue
our Example 28.

3(82)T3(55)
3(0‘ — ag — b(Q)) 0 73(a0a1 + bobl) 73(a0b1 — albo) 73(a0a2 + bobg) 3(a0b2 — CLQbQ)
0 3(0’ — ag — bg) 3(a0b1 — albo) —3(&0&1 + bobl) 3(a0b2 — agbo) 3(&0&2 + bobg)
_ 1 —3(apa1 + bob1)  3(agbi — aibo) 3(oc — a% - b%) 0 —3(a1az2 + bib2) —3(ai1ba — a2b1)
o2 3(a0b1 - albo) 73(a0a1 =+ bobl) 0 3(0’ - a% - b%) 3(a1b2 - a2b1) 3(a1a2 =+ blbg)
3(0,00,2 + bobg) 3(a0b2 — agbo) —3(0,1&2 + blbg) 3(a1b2 — agbl) 3(0’ — a% — bg) 0
3(a0b2 — agbo) —3((1()(12 + bobz) —3((1162 — azbl) —3((11(12 —+ blbz) 0 3(0 — a% — b%)

5.4 Calculation of K,

Example 40. We continue Example 39. To calculate J(J, 1) J(J5 k), we eliminate in
J(0,)"J(0,,) all the rows and columns belonging to ag and by and set in the remaining ma-
trix ag = 1 and by = 0.
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5 The discriminant embedding is an immersion

3(a§ -+ b% -+ 1) 0 73((11(12 -+ blbg) 73(a1b2 - a2b1)
_ 1 0 3((1% + b% + 1) 3(a1b2 — agbl) 73((11(12 + blbz)
T 0% | “3(araz +b1b2)  3(arby —azbi)  3(a? + b3 +1) 0
—3(a1by — azb1) —3(ai1az + biba) 0 3(a? +b2 +1)

Here, o9 =1+ Z?Zl(a? + b?)

Remark 41. Suppose given k € [0,n]. We want to convert our real matrix J(J, ) J (V1) €
R2"%2% into a complex matrix K, € C™*™.

To that end, we use the injective ring morphism ¢; cf. Definition 7. We proceed as follows.
Write
op =1+ Z (a?er?).
Jjelon]\{k}

Suppose given 4,1 € [0,n]\{k}. We get the 2 x 2-block of the real matrix J(8,)TJ(d,).

C(;I;- Cal C(;I; Cbl
Cl;[]‘ Cal Cl;l; Cbl

If j = [, we obtain, using Calculations 33, 34 and 35,

2(n+1
Ca,T- Caj aT-ij no? )(Uk B a? B bj2) 0 2(n+1) 2 2 :
ij Ca, ij ij 0 no? (o — a; — bj) F
If j # [, we obtain, using Calculations 36, 37 and 38,
B ) _ (- em b 2R o)
ngal Cz;l;Cbl ﬂn%;”(—azbj + a;b;) —2(:;%1) (ajar + b;br)
=1 (— 2(:(;%1) (ajal + bjbl) +1- 2(:;;%1) (—ajbl + albj)) .

Recall that J(9, )" - J(Wn) € R?"™?" is obtained from J(3,)T - J(6,) € REH2x(2n+2) 1y
deleting the columns and rows belonging to a; and b; and then by putting ax = 1 and by = 0;
cf. Remark 29.

This amounts to

J@Ons) " IO g) = (K p)

)

56



5.5 Calculation of the determinant of K, 1, leading to ¢,, being an immersion

with
20
2(n+1) Zk—1 - _
Knp:=—%5= |0k En — <zo cee Zh 1 Pkl --- zn>
noy, 241
Zn

with zj := a; +1ib; for j € [0,n]\{k} and o}, =1 + ZjE[O,n}\{k}(a? + b?), note that
Zjz] = (aj + ibj)(al —iby) = (ajal + bjbl) + i(—ajbl + albj) .

Example 42. Now we continue the Example 40 and calculate the complex matrix Koo € C2*2.

3 a; +ib
Koo = — (aO.E2 — ( ! ] 1) (a1 +iby a2+ib2>>
N as + 1b2
Here, g =1+ Z?Zl(a? + b?)

5.5 Calculation of the determinant of K, ;, leading to ¢, being an
immersion

Theorem 43. The discriminant embedding 0, is an immersion.

More precisely,

2n+1)\*" 1
det(J(9p )T IO 1)) = <> = >0
n O‘i(n—H)

for k € [0,n], where o, =1+ ZjE[O,n]\{k}(a? + b?)
Proof. We have

20

2(n+1 Zk—
J(ﬂmk)TJ(ﬂn,k) = Kn,k = (72) o - B, — kol (70 coo Zk—1 Zkt1l .- z)
noy 241
Zn
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5 The discriminant embedding is an immersion

Write
20

Zk—1

Zk+1

Zn
The matrix uu! has rank 1.

Since it is hermitian, it has eigenvalue 0 to the algebraic multiplicity n—1. It has the eigenvector

u to the eigenvalue u"' - u = o} — 1 since (u-u") -u=u- (" - u).

Therefore, K, ;, has eigenvalue

2(n+1) 2(n+1)
_— .= —=
no? F noy,

with algebraic multiplicity n — 1 and

2 1 2 1
(”72).(%_(%_1)):(”72)
noj, noj,
with algebraic multiplicity 1.
So
2(n+1)\" 1
det(Kp k) = ( ( " >> Tt
k
So

det(J(Vnp)TT0np)) "2 |det (K 0)|* = (
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6 A visual

application

We consider the graph

I'={(z,y) € C*:y=2a -2} CC%.

In Figure 6.1 we display a projection of a part of I' to R? (and then to R?).

The real xz-axis is shown in green, the real y-axis is shown in blue.
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Figure 6.1: I', without the discriminant embedding
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6 A visual application

Now we consider the graph

D={(z:y:2) € PXC):yz? = 2® — 222} C P}(C).

The discriminant embedding &2 : P2(C) — C3 x R3 maps it to
S(T) € 8¥ C C® x R3.

In Figure 6.2, we display a projection of a part of 52(f) to R? (and then to R?).

The real z-axis is shown in green, the real y-axis is shown in blue. The real part of the graph is
emphasized with a thick line.

We obtain a kind of a “fish-eye effect”.

Figure 6.2: The image d5(I") of I' under the discriminant embedding &y
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German summary

Die Riemannsche Zahlenkugel ist eine Abbildung
61 : P1(C) — S c C xR,

die den unendlichen Punkt auf den Siidpol der Sphiire S2 abbildet. Wir verallgemeinern dies zu
einer Abbildung

n+1 n+1

Op - PH(C) — S3( 2 )_1 C (C( 2 ) X R(n;1)7
genannt Diskriminanteneinbettung.
n+1
Hierbei ist P"(C) der n-dimensionale komplex-projektive Raum und $3("2)1 die (3(";1) —1)-
dimensionale Sphére.
Es wird gezeigt, dass d, eine injektive Immersion ist. Die Injektivitat ergibt sich aus einer
direkten Rechnung. Um zu erhalten, dass d,, eine Immersion ist, wird die Jacobimatrix J der

Finschrankung von 6, auf die k-te Standardkarte herangezogen. Hierzu wird die Determinante
an der Stelle (ug : ... : ug_1 : 1 : Ups1:...: up) € P?(C) von JTJ berechnet und als positive

reelle Zahl )
2n+1)\>" 1
( n ) ' 2ntl) ~ 0
( )

L+ cton\fr} 14512

erkannt.

63



Versicherung

Hiermit versichere ich,
1. dass ich meine Arbeit selbststandig verfasst habe,

2. dass ich keine anderen als die angegeben Quellen benutzt habe und alle wortlich oder
sinngeméafl aus anderen Werken iibernommenen Aussagen als solche gekennzeichnet habe,

3. dass die eingereichte Arbeit weder vollstdndig noch in wesentlichen Teilen Gegenstand
eines anderen Priifungsverfahrens gewesen ist und

4. dass das elektronische Exemplar mit den anderen Exemplaren iibereinstimmt.

Stuttgart, den 05.07.2021

Svea Doring



	Introduction
	The Riemann sphere
	A generalisation: the discriminant embedding
	Similar embeddings by Mannoury and Fuks
	A visual application

	Preliminaries
	Conventions
	Geometry
	Linear Algebra
	Real and complex matrices

	The discriminant embedding
	Definition of the discriminant embedding
	Injectivity of the discriminant embedding

	Partial retractions
	The Riemann sphere
	Introduction
	The Riemann sphere map
	The partial retraction 1,0 for 1

	The discriminant embedding is an immersion
	Calculation of the matrix entries of the Jacobian matrix J(n)
	Preparation of the calculation of the matrix entries of J(n)TJ(n)
	Calculation of the matrix entries of J(n)TJ(n)
	Calculation of Kn,k
	Calculation of the determinant of Kn,k, leading to n being an immersion

	A visual application

