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Basic setting

• g ⊃ b ⊃ h a semisimple Lie algebra, a Borel and a Cartan
subalgebra.

• S := U(h) = S(h).

• A := S(0) the localization of S at the maximal ideal generated
by h ⊂ S.

• R ⊃ R+ the root system of g and the system of positive roots.

• For α ∈ R+ we denote its coroot by α∨.

• Let W be the Weyl group.

To simplify things, we take λ ∈ h∗ as antidominant, integral and
regular. Hence the Weyl group associated to the block of λ is just
W.
Want to associate a moment graph to the data given by
(R,R+,W):
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The associated moment graph

• V := W

• E := {{x , y} ∈ P(V) | ∃β ∈ R+ : x = sβy }
• α({x , sβx}) = β∨

• We define the order by

w ≤ w ′ ⇔ w · λ ≤ w ′ · λ

for all w ,w ′ ∈W.
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Modules with a Verma flag

• OVF
A,λ denotes the subcategory of OA,λ which consists of

modules with a Verma flag.

• Subquotients of a Verma flag of M ∈ OVF
A,λ are of the form

∆A(w · λ) for w ∈W

• Z = Z(G) is the structure algebra over A.

• Z -modf is the category of Z-modules which are finitely
generated as A-modules and torsion free over A.
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The structure functor

We already know:

EndgA(PA(λ)) ∼= {(tx) ∈
∏
x∈W

A | tx ≡ tsαx mod α∨∀x ∈W, α ∈ R+}

∼= Z(G)

Since Z(G) is commutative, we get a functor

V : OVF
A,λ → Z -modf

M 7→ HomgA(PA(λ),M)
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The structure functor

• For M ∈ OVF
A,λ we know

HomgA(PA(λ),M)

is a free A-module of finite rank.

• Goal: Want a functor

L : Z -modf → SHA(G)
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Localization

Let Q := Quot(A) be the quotient field of A.

Then all α(E ) are
invertible and we get a decomposition

Z⊗A Q →̃
∏

x∈V Q

We write
1 = 1⊗ 1 ∈ Z⊗A Q

as
1 =

∑
x∈V

ex

where ex are orthogonal idempotents.
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Localization

For M ∈ Z -modf we set

• L(M)x := exM for every vertex x

• Define

M(E ) := (ex + ey )M + α∨exM = (ex + ey )M + α∨eyM

⊂ ex(M ⊗A Q)⊕ ey (M ⊗ Q)

for every edge E : x
α∨

−−− y . We get L(M)E via the pushout

M(E )

πy

��

πx // L(M)x

ρx,E
��

L(M)y
ρy,E // L(M)E
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Localization

We have thus constructed a functor

L : Z -modf → SHA(G)
M 7→ ({L(M)x}, {L(M)E}, {ρx ,E})

In [Fie3] the following statements are shown:

• (L, Γ) is a pair of adjoint functors

• We have
Γ(M) →̃ Γ(L(Γ(M)))

for M ∈ SHA(G), and

L(M) →̃ L(Γ(L(M)))

for M ∈ Z -modf .
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Localization

Conclusion: We get an equivalence of categories

Γ(SHA(G))
L−→ L(Z -modf )

J.Kuebel - N.Sivanesan A localization of modules with a Verma flag



The structure functor Localization F-projective objects A functor into sheaves Relation to the Kazdhan-Lusztig conjecture Bibliography References

Localization

Conclusion: We get an equivalence of categories

Γ(SHA(G))
L−→ L(Z -modf )

J.Kuebel - N.Sivanesan A localization of modules with a Verma flag



The structure functor Localization F-projective objects A functor into sheaves Relation to the Kazdhan-Lusztig conjecture Bibliography References

F-projective objects

Definition

A sheaf P ∈ SHA(G) is called F-projective, if it fulfills

• P is flabby

• The map
Γ(P) → Px

is surjective for each x ∈ V

• Each Px is a projective A-module

• For each E : y
α∨
→ x the map

ρy ,E : Py → PE

induces an isomorphism

Py/α∨Py −̃→ PE
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F-projective objects

One can show that the sheafs in the image of

L : Z -modf → SHA(G)

fulfill the second property in the preceding definition.
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The Braden-MacPherson sheaf

Let B(z) be the Braden-MacPherson sheaf associated to a vertex
z ∈ V. We denote by BA(z) := B(z)⊗S A the sheaf

({B(z)x ⊗S A}, {B(z)E ⊗S A}, {ρx ,E ⊗S idA})

Theorem

The sheaf BA(z) is F-projective and indecomposable.
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The Braden-MacPherson sheaf

Proposition

Let P be a F-projective sheaf. Then there exists an isomorphism of
sheafs

P →̃ BA(z1)⊕ ...⊕BA(zn)

for suitable vertices z1, ..., zn.

In particular every indecomposable F-projective object is
isomorphic to a BMP.
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Cut-off functors

We return to representation theory.

Consider sets D ⊂ h∗ such that

µ ∈ D, ν ≤ µ⇒ ν ∈ D

We define endofunctors

OD , [D] : OA → OA

by setting

ODM :=
∑
µ6∈D

U(gA)Mµ

and
M[D] := M/ODM

J.Kuebel - N.Sivanesan A localization of modules with a Verma flag



The structure functor Localization F-projective objects A functor into sheaves Relation to the Kazdhan-Lusztig conjecture Bibliography References

Cut-off functors

We return to representation theory. Consider sets D ⊂ h∗ such that

µ ∈ D, ν ≤ µ⇒ ν ∈ D

We define endofunctors

OD , [D] : OA → OA

by setting

ODM :=
∑
µ6∈D

U(gA)Mµ

and
M[D] := M/ODM

J.Kuebel - N.Sivanesan A localization of modules with a Verma flag



The structure functor Localization F-projective objects A functor into sheaves Relation to the Kazdhan-Lusztig conjecture Bibliography References

Cut-off functors

We return to representation theory. Consider sets D ⊂ h∗ such that

µ ∈ D, ν ≤ µ

⇒ ν ∈ D

We define endofunctors

OD , [D] : OA → OA

by setting

ODM :=
∑
µ6∈D

U(gA)Mµ

and
M[D] := M/ODM

J.Kuebel - N.Sivanesan A localization of modules with a Verma flag



The structure functor Localization F-projective objects A functor into sheaves Relation to the Kazdhan-Lusztig conjecture Bibliography References

Cut-off functors

We return to representation theory. Consider sets D ⊂ h∗ such that

µ ∈ D, ν ≤ µ⇒ ν ∈ D

We define endofunctors

OD , [D] : OA → OA

by setting

ODM :=
∑
µ6∈D

U(gA)Mµ

and
M[D] := M/ODM

J.Kuebel - N.Sivanesan A localization of modules with a Verma flag



The structure functor Localization F-projective objects A functor into sheaves Relation to the Kazdhan-Lusztig conjecture Bibliography References

Cut-off functors

We return to representation theory. Consider sets D ⊂ h∗ such that

µ ∈ D, ν ≤ µ⇒ ν ∈ D

We define endofunctors

OD , [D] : OA → OA

by setting

ODM :=
∑
µ6∈D

U(gA)Mµ

and
M[D] := M/ODM

J.Kuebel - N.Sivanesan A localization of modules with a Verma flag



The structure functor Localization F-projective objects A functor into sheaves Relation to the Kazdhan-Lusztig conjecture Bibliography References

Cut-off functors

We return to representation theory. Consider sets D ⊂ h∗ such that

µ ∈ D, ν ≤ µ⇒ ν ∈ D

We define endofunctors

OD , [D] : OA → OA

by setting

ODM :=
∑
µ6∈D

U(gA)Mµ

and
M[D] := M/ODM

J.Kuebel - N.Sivanesan A localization of modules with a Verma flag



The structure functor Localization F-projective objects A functor into sheaves Relation to the Kazdhan-Lusztig conjecture Bibliography References

Cut-off functors

We return to representation theory. Consider sets D ⊂ h∗ such that

µ ∈ D, ν ≤ µ⇒ ν ∈ D

We define endofunctors

OD , [D] : OA → OA

by setting

ODM :=
∑
µ6∈D

U(gA)Mµ

and
M[D] := M/ODM

J.Kuebel - N.Sivanesan A localization of modules with a Verma flag



The structure functor Localization F-projective objects A functor into sheaves Relation to the Kazdhan-Lusztig conjecture Bibliography References

Cut-off functors

We return to representation theory. Consider sets D ⊂ h∗ such that

µ ∈ D, ν ≤ µ⇒ ν ∈ D

We define endofunctors

OD , [D] : OA → OA

by setting

ODM :=
∑
µ6∈D

U(gA)Mµ

and
M[D] := M/ODM

J.Kuebel - N.Sivanesan A localization of modules with a Verma flag



The structure functor Localization F-projective objects A functor into sheaves Relation to the Kazdhan-Lusztig conjecture Bibliography References

Cut-off functors

For example consider Verma modules. We get

OD∆A(µ) =

{
∆A(µ) if µ 6∈ D

0 otherwise

and

∆A(µ)[D] =

{
0 if µ 6∈ D

∆A(µ) otherwise
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Cut-off functors

Proposition

Consider a short exact sequence

0→ L
ϕ→ M

ψ→ N → 0

in OA and assume that N ∈ OVF
A,λ.

Then the sequence

0→ L[D]→ M[D]→ N[D]→ 0

is exact.
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Cut-off functors

Sketch of proof:

• Since A is a local ring, OA contains enough projectives.

• The functor
M 7→ M[D]

is right exact.

• Compute left derived functors and show that the higher
derived functors vanish on Verma modules.

• Induction on the length of Verma flag yields the claim.
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Subgraphs

Let H = (V′,E′, α′,≤′) be an open subgraph of G.

Set
DH := {ν ∈ h∗ | ∃x ∈ V′ : ν ≤ x · λ }

Since H is open, we get for any w ∈W that w · λ ∈ D if and only
if w ∈ V′.
For any M ∈ OVF

A,λ we set

OHM := ODHM

and
M[H] := M[DH]
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Subgraphs

Proposition

Let M ∈ OVF
A,λ. Then L(V(M)) is flabby and for each open

subgraph H ⊂ G we get an isomorphism

Γ(H,L(V(M))) →̃ V(M[H])
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A functor into sheaves

Lemma

Let P ∈ OVF
A,λ be projective and w ∈W. Then

L(VP)w

is a free A-module of rank (P : ∆A(w · λ)).

Proposition

Let P ∈ OVF
A,λ be projective. Then

L(VP)

is F-projective .
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A functor into sheaves

We already know

• L(VP) is flabby

•
Γ(L(VP)) � L(VP)w ∀w ∈W

• L(VP)w is a free (projective) A-module for each w ∈W.

Left to show: For each x ∈W and α ∈ R+ with x · λ ≤ sαx · λ and
E : x −−sαx that

L(VP)x/α∨L(VP)x →̃ L(VP)E
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A functor into sheaves

We use

• ρx ,E : L(VP)x → L(VP)E is surjective

• α∨L(VP)x ⊂ ker ρx ,E

It remains to proof

ker ρx ,E ⊂ α∨L(VP)x

Idea:

• Denote by Ap the localization of A at a prime ideal p ⊂ A.

•
A =

⋂
p⊂A prime

ht p=1

Ap
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A functor into sheaves

Hence we get

•

L(VP)x =
⋂

p⊂A prime
ht p=1

L(VP)x ⊗A Ap ⊂ L(VP)x ⊗A Q

• and similarly for α∨L(VP)x .

• It suffices to show

ker ρx ,E ⊂ α∨(L(VP)x ⊗A Ap) for all p ⊂ A with ht p = 1
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Example:

If L(VP) is a sheaf on

e
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Example.

then L(VP)⊗A Ap for p = Aα∨ decomposes into A1-cases and can
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A functor into sheaves

Proposition

The functors V and L induce natural isomorphisms

HomgA(M,N)→̃HomZ(VM,VN)→̃HomSHA(G)(L(VM),L(VN))

for any M and N in OVF
A,λ.

Corollary

(L ◦ V) induces an algebra isomorphism

EndgA(M) →̃ EndSHA(G)(L(VM))

for any M ∈ OVF
A,λ.
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A functor into sheaves

Theorem

We have

L(VPA(w · λ)) ∼= BA(w) for all w ∈W

Proof:

• L(VPA(w · λ)) is F-projective, hence isomorphic to a direct
sum of suitable BA(zi ) for suitable zi ∈W.

• PA(w · λ) indecomposable

• So 0 and 1 are the only idempotents in EndgA(PA(w · λ))

• Corollary yields that 1 and 0 are the only idempotents in
EndSH(G)(L(VPA(w · λ))

• Hence L(VPA(w · λ)) is indecomposable
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A functor into sheaves

• So there exists z ∈W with

L(VPA(w · λ)) ∼= BA(z)

• Now z is the smallest element x ∈W such that B(z)x 6= 0

• Hence it is the smallest x ∈W such that L(VPA(w · λ))x 6= 0

• But we have seen that z is the smallest x ∈W such that

0 6= (PA(w · λ) : ∆A(x · λ)) = [∆A(x · λ) : LA(w · λ)]

• Hence z = w 2

J.Kuebel - N.Sivanesan A localization of modules with a Verma flag



The structure functor Localization F-projective objects A functor into sheaves Relation to the Kazdhan-Lusztig conjecture Bibliography References

A functor into sheaves

• So there exists z ∈W with

L(VPA(w · λ)) ∼= BA(z)

• Now z is the smallest element x ∈W such that B(z)x 6= 0

• Hence it is the smallest x ∈W such that L(VPA(w · λ))x 6= 0

• But we have seen that z is the smallest x ∈W such that

0 6= (PA(w · λ) : ∆A(x · λ)) = [∆A(x · λ) : LA(w · λ)]

• Hence z = w 2

J.Kuebel - N.Sivanesan A localization of modules with a Verma flag



The structure functor Localization F-projective objects A functor into sheaves Relation to the Kazdhan-Lusztig conjecture Bibliography References

A functor into sheaves

• So there exists z ∈W with

L(VPA(w · λ)) ∼= BA(z)

• Now z is the smallest element x ∈W such that B(z)x 6= 0

• Hence it is the smallest x ∈W such that L(VPA(w · λ))x 6= 0

• But we have seen that z is the smallest x ∈W such that

0 6= (PA(w · λ) : ∆A(x · λ)) = [∆A(x · λ) : LA(w · λ)]

• Hence z = w 2

J.Kuebel - N.Sivanesan A localization of modules with a Verma flag



The structure functor Localization F-projective objects A functor into sheaves Relation to the Kazdhan-Lusztig conjecture Bibliography References

A functor into sheaves

• So there exists z ∈W with

L(VPA(w · λ)) ∼= BA(z)

• Now z is the smallest element x ∈W such that B(z)x 6= 0

• Hence it is the smallest x ∈W such that L(VPA(w · λ))x 6= 0

• But we have seen that z is the smallest x ∈W such that

0 6= (PA(w · λ) : ∆A(x · λ)) = [∆A(x · λ) : LA(w · λ)]

• Hence z = w 2

J.Kuebel - N.Sivanesan A localization of modules with a Verma flag



The structure functor Localization F-projective objects A functor into sheaves Relation to the Kazdhan-Lusztig conjecture Bibliography References

A functor into sheaves

• So there exists z ∈W with

L(VPA(w · λ)) ∼= BA(z)

• Now z is the smallest element x ∈W such that B(z)x 6= 0

• Hence it is the smallest x ∈W such that L(VPA(w · λ))x 6= 0

• But we have seen that z is the smallest x ∈W such that

0 6= (PA(w · λ) : ∆A(x · λ)) = [∆A(x · λ) : LA(w · λ)]

• Hence z = w 2

J.Kuebel - N.Sivanesan A localization of modules with a Verma flag



The structure functor Localization F-projective objects A functor into sheaves Relation to the Kazdhan-Lusztig conjecture Bibliography References

A functor into sheaves

Corollary

[∆A(x · λ) : LA(w · λ)] = rkSBA(w)x for all w , x ∈W

Proof:

• We have

[∆A(x · λ) : LA(w · λ)] = (PA(w · λ) : ∆A(x · λ))

by BGG-reciprocity.

• We have seen that this number is equal to the rank of the
A-module L(VPA(w · λ))x .

• Applying the Theorem yields the claim. 2
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Relation to the Kazdhan-Lusztig conjecture

We can reformulate our results in the following

Conjecture

(A combinatorial version of the Kazdhan-Lusztig conjecture)

rkSB(w)x = hx ,w (1) for all x ,w ∈W
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