Y

12. Exercise Sheet “Lie algebras and Chevalley groups’
Professor Meinolf Geck, SoSe 2020

Exercise 1. Define matrices eq, s, f1, f2 € gl;(C) as follows:
1

ex:| - - -, 62:....1..7

Al R

(A dot . stands for 0.) Use a computer to verify that
hi := [e1, f1] = diag(0,1,—1,0,1,—1,0),
ho := [ea, fo] = diag(1,—1,2,0,—-2,1,—1),
and that the Chevalley relations (Chl), (Ch2) hold with respect to the generalised Cartan matrix

A of type G (as in Table 4). Deduce that L = (ey, ez, f1, f2)alg C gl7(C) is a simple Lie algebra of
type Ga.

Exercise 2. (Schriftlich)

Let L be a simple Lie algebra of Cartan—Killing type. Let B = {h;r | jeltUu{el | a € &} be
Lusztig’s basis. Let ¢ € I and m > 1 be an integer. Show that the matrices (with respect to B) of
the linear maps —;ady(e;)™: L — L and -Ladp(f;)™: L — L have all their entries in Z. (See again
the proof of Theorem 3.5.1.) Check that ady(e;)* = adr(f;)* = 0.

Exercise 3. (Schriftlich) Let k be a field and R = k[Xi,...,X,] the polynomial ring in n

indeterminates.

(a) Assume that |k| = oco. Let f € R. Show that f = 0 if and only if f(z1,...,2,) = 0 for all

T1,...,Ty € k.

(b) Assume that k is algebraically closed. Let f € R be non-constant, where n > 2. Show that
there are infinitely many tuples (z1,...,z,) € k™ such that f(zy,...,2z,) =0.
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