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Chapter 1

Introducing Lie algebras

This chapter introduces Lie algebras and describes some fundamental
constructions related to them, e.g., representations and derivations.
This is illustrated with a number of examples, most notably certain
matrix Lie algebras. As far as the general theory is concerned, we
will arrive at the point where we can single out the important class
of “semisimple” Lie algebras.

Throughout this chapter, k denotes a fixed base field. All vector
spaces will be understood to be vector spaces over this field k. We use
standard notions from Linear Algebra: dimension (finite or infinite),
linear and bilinear maps, matrices, eigenvalues. Everything else will
be formally defined but we will assume a basic familiarity with general
algebraic constructions, e.g., substructures and homomorphisms.

1.1. Non-associative algebras

Let A be a vector space (over k). If we are also given a bilinear map
AxA— A, (z,y) = z -y,

then A is called an algebra (over k). Familiar examples from Linear
Algebra are the algebra A = M, (k) of all n X n-matrices with en-
tries in k (and the usual matrix product), or the algebra A= k[T
of polynomials with coefficients in k (where T denotes an indeter-
minate). In these examples, the product in A is associative; in the
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6 1. Introducing Lie algebras

second example, the product is also commutative. But for us here,
the term “algebra” does not imply any further assumptions on the
product in A (except bi-linearity). — If the product in A happens to
be associative (or commutative or ...), then we say explicitly that A
is an “associative algebra” (or “commutative algebra” or ...).

The usual basic algebraic constructions also apply in this general
setting. We will not completely formalize all this, but assume that
the reader will fill in some (easy) details if required. Some examples:

e If A is an algebra and B C A is a subspace, then B is called
a subalgebra if x -y € B for all z,y € B. In this case, B itself is
an algebra (with product given by the restriction of A x A — A to
B x B). One easily checks that, if {B;}icr is a family of subalgebras
(where I is any indexing set), then (,.; B; is a subalgebra.

e If A is an algebra and B C A is a subspace, then B is called an
idealif -y € Band y-x € B for all x € A and y € B. In particular,
B is a subalgebra in this case. Furthermore, the quotient vector space
A/B = {x+ B |z € A} is an algebra with product given by

A/Bx A/B— A/B, (x+B,y+B)—z-y+ B.

(One checks as usual that this product is well-defined and bilinear.)
Again, one easily checks that, if {B;}icr is a family of ideals (where
I is any indexing set), then (,.; B; is an ideal.

e If A, B are algebras, then a linear map ¢: A — B is called an
algebra homomorphism if p(z-y) = p(z)*@(y) for all z,y € A. (Here,
“” ig the product in A and “+” is the product in B.) If, furthermore,
 is bijective, then we say that ¢ is an algebra isomorphism. In this
case, the inverse map ¢~ !: B — A is also an algebra homomorphism
and we write A 2 B (saying that A and B are isomorphic).

o If A B are algebras and ¢: A — B is an algebra homomor-
phism, then the kernel ker(y) is an ideal in A and the image p(A) is
a subalgebra of B. Furthermore, we have a canonical induced homo-
morphism @: A/ ker(p) — B, x + ker(p) — ¢(x), which is injective
and whose image equals ¢(A). Thus, we have A/ ker(p) = ¢(A).

Some further pieces of general notation. If V is a vector space
and X C V is a subset, then we denote by (X); C V the subspace
spanned by X. Now let A be an algebra. Given X C A, we denote by
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(X)alg C A the subalgebra generated by X, that is, the intersection
of all subalgebras of A which contain X. One easily checks that
(X)alg = <X}k where X = Un>1 X,, and the subsets X,, C A are
inductively defined by X; := X and

Xpn={z-y|lzeX,ye X,_sforl1<i<n—1} forn>2.

Thus, the elements in X,, are obtained by taking the iterated prod-
uct, in any order, of n elements of X. We call the elements of X,
monomials in X (of level n). For example, if X = {z,y, 2}, then
((z-(z-y))-2)-((z-y) - (z-x)) is a monomial of level 8 and, in general,
we have to respect the parentheses in working with such products.

Example 1.1.1. Let M be a non-empty set and u: M x M - M
be a map. Then the pair (M, u) is called a magma. Now the set
of all functions f: M — k is a vector space over k, with pointwise
defined addition and scalar multiplication. Let k[M] be the subspace
consisting of all f: M — k such that {x € M | f(z) # 0} is finite.
For z € M, let e, € k[M] be defined by e,(y) = 1 if z = y and
ez(y) = 0if £ # y. Then one easily sees that {e; | € M} is a basis
of k[M]. Furthermore, we can uniquely define a bilinear map

k[M] x k[M] — k[M] such that (eg,&y) = €u(a,y)-
Then A = k[M] is an algebra, called the magma algebra of M over k.

Example 1.1.2. Let r > 1 and A,,..., A, be algebras (all over k).
Then the cartesian product A := A; X ... X A, is a vector space with
component-wise defined addition and scalar multiplication. But then
A also is an algebra with product

AXA_)Aa ((x1’~":x'r)a(yla“wyr)) H(xl'ylr"ax’r'y'r')’

where, in order to simplify the notation, we denote the product in each
A, by the same symbol “.”. For a fixed ¢, we have an injective algebra
homomorphism ¢;: A; — A sending z € A; to (0,...,0,z,0,...,0) €
A (where z appears in the i-th position). If A, C A denotes the image
of ¢;, then we have a direct sum A = A; & ... ® A, where each A4,
is an ideal in A and, for ¢ # j, we have z -y = 0 for all z € A; and
y € A;. The algebra A is called the direct product of Ay, ..., A,.

Remark 1.1.3. Let A be an algebra. For x € A, we have linear
maps L,: A—> A, y—x-y,and R,: A — A, y — y-z. Then note:
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A is associative & LpoRy,=RyolL, forall z,yc A

This simple observation is a useful “trick” in proving certain identi-
ties. Here is one example. For z € A, we denote ad4(z) := L, — R, €
End(A). Thus, ada(z)(y) = z-y—y-z for all z,y € A. The following
result may be regarded as a generalised binomial formula; it will turn
out to be useful at several places in the sequel.

Lemma 1.1.4. Let A be an associative algebra with identity ele-
ment 14. Let x,y € A, a,b €k andn > 0. Then

(z+(a+b)14)" -y
—~ (n AN n—i
= Z (z) (ada(z) +bida)'(y) - (x +ala)™ "
i=0
(Here, ida: A — A denotes the identity map.)

Proof. As above, we have ada(z) = Ly — Ry. Now Loy (a4)1,(y) =
z-y+ (a+by=(Ly+ (a+b)ida)(y) for all y € A and so

Lm+(a+b)1A =L,+ (a + b)idA = (Rz + aidA) + (adA(a:) + bidA).

Since A is associative, L, and R, commute with each other and,
hence, ad4(z) commutes with both L, and R,. Consequently, the
maps ad(z) + bids and Ryy41, = Rs + aidg commute with each
other. Hence, working in End(A), we can apply the usual binomial
formula to L,y (q45)1, = Rota1, + (ada(z) + bida) and obtain:

n - n n—i . i
Ly (atbyia = Z (i)Rx+a1A o(ada(z) +bida)*.
i=0

Evaluating at y yields the desired formula. O

After these general considerations, we now introduce the partic-
ular (non-associative) algebras that we are interested in here.

Definition 1.1.5. Let A be an algebra (over k), with product z - y
for z,y € A. We say that A is a Lie algebra if this product has the
following two properties:

o (Anti-symmetry) We have -z = 0 for all z € A. Note that,
using bi-linearity, this implies -y = —y - for all z,y € A.
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e (Jacobi identity) We have z- (y-2)+y-(z-z)+2z-(z-y) =0

for all z,y,z € A.
The above two rules imply the formula z- (y-2) = (z-y)-2+y- (z-2)
which has some resemblance to the rule for differentiating a product.

Usually, the product in a Lie algebra is denoted by [z,y] (instead
of z - y) and called bracket. So the above formulae read as follows.

[z,2] =0 and  [z,[y,2]] + [y [2, 2]] + [z [z, 9]] = O.

Usually, we will use the symbol “L” (or “g”) to denote a Lie algebra.

Example 1.1.6. Let L = R® (row vectors). Let (z,y) be the usual
scalar product of z,y € R, and zxy be the “vector product” (perhaps
known from a Linear Algebra course). That is, given = = (21, z2,Z3)
and y = (y1,Y2,y3) in L, we have x x y = (v1,v2,v3) € L where

V1 = T2Y3 — XT3Y2, V2 = T3Y1 — 21Y3, U3 = T1Y2 — T2Y1.

One easily verifies the “Grassmann identity” z x (y x z) = (z,2)y —
(z,y) 2 for z,y, 2 € R3. Setting [z,y] := x x y for z,y € L, a straight-
forward computation shows that L is a Lie algebra over k = R.

Example 1.1.7. Let L be a Lie algebra. If V C L is any subspace,
the normalizer of V is defined as
IL(V):={z €L |[z,v] €V forallve V}.

Clearly, I, (V) is a subspace of L. We claim that I (V) is a Lie
subalgebra of L. Indeed, let z,y € I (V) and v € V. By the Jacobi
identity and anti-symmetry, we have

([, 9], 0] = —[v, [z,9]] = [z, [y, v]] — [y, [z, v]] € V.
S~~~ S~~~
ev ev

If V is a Lie subalgebra, then V C I1,(V) and V is an ideal in I (V).

Exercise 1.1.8. Let L be a Lie algebra and X C L be a subset.

(a) Let V C L be a subspace such that [z,v] € V for all x € X
and v € V. Then show that [y,v] € V for all y € (X)az and v € V.
Furthermore, if X C V, then (X),, C V.

(b) Let I := (X)aig € L. Assume that [y,z] € I for all z € X,
y € L. Then show that I is an ideal of L.
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(c) Let L' be a further Lie algebra and ¢: L — L’ be a linear
map. Assume that L = (X)a.,. Then show that ¢ is a Lie algebra
homomorphism if ¢([z,y]) = [p(z), p(y)] for all z € X and y € L.

Example 1.1.9. (a) Let V be a vector space. We define [z,y] := 0
for all z,y € V. Then, clearly, V is a Lie algebra. A Lie algebra in
which the bracket is identically 0 is called an abelian Lie algebra.

(b) Let A be an algebra that is associative. Then we define a new
product on A by [z,y] ==z -y —y -z for all z,y € A. Clearly, this is
bilinear and we have [z, z] = 0; furthermore, for z,y, z € A, we have

[z, [y, 2] +[y [z, z]] + [2, [z, ]
=[zy-z—z-yl+tlyz-z—z-2+ |5z y—y-a
=z-(y-2—z-y—(y-2—z-y)z

t+y-(zrz—z-2)—(2-z—z-2)-y
tr@y-ya)—(@y-yoo)
By associativity, we have z- (y-2) = (z-y)-z and so on. We then leave

it to the reader to check that the above sum collapses to 0. Thus,
every associative algebra becomes a Lie algebra by this construction.

A particular role in the general theory is played by those algebras
that do not have non-trivial ideals. This leads to:

Definition 1.1.10. Let A be an algebra such that A # {0} and the
product of A is not identically zero. Then A is called a simple algebra
if {0} and A are the only ideals of A.

We shall see first examples in the following section.

Exercise 1.1.11. This exercise (which may be skipped on a first
reading) presents a very general method for constructing algebras
with prescribed properties. Recall from Example 1.1.1 the definition
of a magma. Given a non-empty set X, we want to define the “most
general magma” containing X, following Bourbaki [3, Chap. I, §7,
no. 1]. For this purpose, we define inductively sets X, forn =1,2,...,
as follows. We set X; := X. Now let n > 2 and assume that X is
already defined for 1 < ¢ < n — 1. Then define X,, to the disjoint
union of the sets X; x X,,_; for 1 < i < n — 1. Finally, we define
M(X) to be the disjoint union of all the sets X,,, n > 1.
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Now let w,w’ € M(X). Since M(X) is the disjoint union of
all X,,, there are unique p,p’ > 1 such that w € X, and v’ € X,.
Let n := p+p’. By the definition of X,,, we have X, x X,y C X,,. Then
define w * w’ € X,, to be the pair (w,w’) € X, x X,y C X,,. In this
way, we obtain a product M(X) x M(X) —» M(X), (w,w’) — wxw'.
So M(X) is a magma, called the free magma on X.

Thus, one may think of the elements of M (X) as arbitrary “non-
associative words” formed using X. For example, if X = {a, b}, then
(axb)xa,(bxa)*a,ax(bxa), (ax(axb))*b, (a*a)*(bxb) are pairwise
distinct elements of M(X); and all elements of M(X) are obtained
by forming such products.

(a) Show the following universal property of the free magma. For
any magma (N, v) and any map ¢: X — N, there exists a unique map
@: M(X) — N such that ¢|x = ¢ and ¢ is a magma homomorphism
(meaning that $(w * w') = v($(w), p(w')) for all w,w’ € M(X)).

(b) As in Example 1.1.1, let Fy(X) := k[M(X)] be the magma
algebra over k of the free magma M(X). Note that, as an algebra,
Fi(X) is generated by {e; | x € X}. We denote the product of two
elements a,b € Fi,(X) by a - b. Let I be the ideal of Fj,(X) which is
generated by all elements of the form

a-a or a-(b-c)+b-(c-a)+c-(a-b),

for a,b,c € F,(X). (Thus, I is the intersection of all ideals of F(X)
that contain the above elements.) Let L(X) := Fi,(X)/I and ¢: X —
L(X), z — €5+ 1. Show that L(X) is a Lie algebra over k which has
the following universal property. For any Lie algebra L’ over k and
any map ¢: X — L', there exists a unique Lie algebra homomorphism
¢: L(X) — L' such that ¢ = ¢ o ¢. Deduce that ¢ is injective.

The Lie algebra L(X) is called the free Lie algebra over X. By
taking factor algebras of L(X) by an ideal, we can construct Lie al-
gebras in which prescribed relations hold. (See, e.g., Exercise 1.2.11.)

1.2. Matrix Lie algebras and derivations

We have just seen that every associative algebra can be turned into
a Lie algebra. This leads to the following concrete examples.
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Example 1.2.1. Let V be a vector space. Then End(V) denotes as
usual the vector space of all linear maps ¢: V' — V. In fact, End(V) is
an associative algebra where the product is given by the composition
of maps; the identity map idy: V' — V is the identity element for
this product. Applying the construction in Example 1.1.9, we obtain
a bracket on End(V) and so End(V') becomes a Lie algebra, denoted
gl(V). Thus, gl(V) = End(V) as vector spaces and

[p, ] =pop—pop  forall p,¢ € gl(V).

Now assume that dim V' < oo and let B = {v; | € I'} be a basis of V.
We denote by M (k) the algebra of all matrices with entries in k£ and
rows and columns indexed by I, with the usual matrix product. For
¢ € End(V), we denote by Mp(y) the matrix of ¢ with respect to B;
thus, Mp(p) = (aij)ijer € M(k) where p(v;) = 3, as;jv; for all 5.
Now applying the construction in Example 1.1.9, we obtain a bracket
on Mj(k) and so M;(k) also becomes a Lie algebra, denoted gl; (k).
Thus, gl;(k) = M;(k) as vector spaces and

[X,)Y]=X-Y-Y-X forall X,Y € gl;(k).

The map ¢ — Mp(p) defines an isomorphism of associative algebras
End(V) = M;(k). Consequently, this map also defines an isomor-
phism of Lie algebras gl(V) & gl;(k). (Of course, if I = {1,...,n}
where n = dim V, then we write as usual M, (k) and gl,,(k) instead
of M;(k) and gl;(k), respectively.)

Example 1.2.2. Let gl(V) be as in the previous example, where
dimV < oco. Then consider the map Trace: gl(V) — k which sends
each ¢ € gl(V) to the trace of ¢ (that is, the sum of the diagonal
entries of Mg(p), for some basis B = {v; | ¢ € I} of V). Since
Trace(p o 1) = Trace(e) o @) for all p, 9 € gl(V'), we deduce that

sl(V) :={p € gl(V) | Trace(yp) = 0}

is a Lie subalgebra of gl(V). (Note that s[(V') is not a subalgebra with
respect to the matrix product!) Considering matrices as above, we
have analogous definitions of sl; (k) and sl,, (k) (where I = {1,...,n}).

Exercise 1.2.3. Let L be a Lie algebra. If dimL = 1, then L is
clearly abelian. Now assume that dim L = 2 and that L is not abelian.
Show that L has a basis {z, y} such that [z, y] = y; in particular, (y)
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is a non-trivial ideal of L and so L is not simple. Show that L is
isomorphic to the following Lie subalgebra of gly(k):

((38) s}

In particular, if L is a simple Lie algebra, then dim L > 3.

Exercise 1.2.4. This is a reminder of a basic result from Linear
Algebra. Let V be a vector space and ¢: V — V be a linear map.
Let v € V. We say that ¢ is locally nilpotent at v if there exists some
d > 1 (which may depend on v) such that ¢%(v) = 0. We say that ¢
is nilpotent if o* = 0 for some d > 1. Assume now that dimV < oo.

(a) Let X C V be a subset such that V = (X);. Assume that ¢
is locally nilpotent at every v € X. Show that ¢ is nilpotent.

(b) Show that, if ¢ is nilpotent, then there is a basis B of V such
that the matrix of ¢ with respect to B is triangular with 0 on the

diagonal; in particular, we have 3™ " = 0 and the trace of ¢ is 0.

Example 1.2.5. Let L be a Lie algebra. In analogy to Remark 1.1.3
and Example 1.1.9(b), we define for « € L the linear map

adp(z): L —» L, y > [z,y].
Hence, we obtain a linear map ady: L — End(L), z — adr(z). By
the Jacobi identity and anti-symmetry, we have

ad([z,y])(2) = [[z,y], 2] = —[2, [z, 1]

= [.’L', [y’ z]] + [y’ [z’ .’L‘]] = [.’17, [ya Z]] - [ya ["1"’ z]]

= (adp(z) o ady(y) — adL(y) o adL(x))(2)
for all z € L and so adr([z,y]) = [adr(z),ad(y)]. Thus, we obtain a
Lie algebra homomorphism ady,: L — gl(L). (See also Example 1.4.3
below.) The kernel of ady, is called the center of L and will be denoted
by Z(L); thus, Z(L) is an ideal of L and

Z(L) =ker(ady) ={z € L | [z,y] =0 for all y € L}.
Finally, for z,y, z € L, we also have the identity
adL(z)([x, y]) = [Z, [a:,y]] = —[.’L', [y7 Z]] - [y7 [Z,IL‘]]
= [z,[z,y]] + [[2, 2], y] = [z,adL(2)(y)] + [adL(2)(x), V]

which shows that ad(z) is a derivation in the following sense.
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Definition 1.2.6. Let A be an algebra. A linear map §: A — A is
called a derivation if 6(z - y) =z - 6(y) + 6(z) -y for all z,y € A. Let
Der(A) be the set of all derivations of A. One immediately checks
that Der(A) is a subspace of End(A).

Exercise 1.2.7. Let A be an algebra.
(a) Show that Der(A) is a Lie subalgebra of gl(A).

(b) Let 6: A — A be a derivation. Show that, for any n > 0, we
have the Leibniz rule

n

(z-y) = Z (?) §(z)- 6" (y) for all z,y € A.

=0

Derivations are a source for Lie algebras which do not arise from as-
sociative algebras as in Example 1.1.9; see Example 1.2.9 below. The
following construction with nilpotent derivations will play a major
role in Chapter 3.

Lemma 1.2.8. Let A be an algebra where the ground field k has
characteristic 0. If d: A — A is a derivation such that d™ = 0 for
some n > 0 (that is, d is nilpotent), we obtain a map

exp(d): A — A, T Z @:Z@
0<i<n v >0 v

Then exp(d) is an algebra isomorphism, with inverse exp(—d).

Proof. Since d' is linear for all i > 0, it is clear that exp(d): A — A
is a linear map. For z,y € A, we have

exp(d) ) - expld) 1) = (Z 2@) (Z4w)

i>0 §>0
dt &’
- Y f@- -3 ( T f0-50)
1,70 m>0 " >0
0> ( )o@ i) = 5w
m>0 m! oi<m m=0 :

where the last equality holds by the Leibniz rule. Hence, the right
side equals exp(d)(z - y). Thus, exp(d) is an algebra homomorphism.
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Now, we can also form exp(—d) and exp(0), where the definition
immediately shows that exp(0) = id4. So, for any z € A, we obtain:

r = exp(0)(z) = expl(d(~d)) () = 3 LFEDD),

Since d and —d commute with each other, we can apply the binomial
formula to (d + (—d))™. So the right hand side evaluates to

1 m!, , dio(—d)?)(z
Z — Z rj!(dzo(_d)a)(z) — Z ((1'.73)()

dt 7 (—d)I d —dy
- > 5(Fw) =T H(E 5 )
»3>0 i20 j=0
- 2 (exp(~d) ) = exp(exp(~d) (z)).

Hence, we see that exp(d) o exp(—d) = ida; similarly, exp(—d) o
exp(d) =id4. So exp(d) is invertible, with inverse exp(—d). O

Example 1.2.9. Let A = k[T, T!] be the algebra of Laurent poly-
nomials in the indeterminate T". Let us determine Der(A). Since A =
(T, T~ ')a1g, the product rule for derivations implies that every § €
Der(A) is uniquely determined by §(T) and 6(T!). Now 6(1) =
§(T-T7Y) =T6(T~1)+6(T)TL. Since 6(1) = 5(1) + (1), we have
§(1) =0 and so 6(T~!) = —T~2§(T). Hence, we conclude:

(a) Every ¢ € Der(A) is uniquely determined by its value §(T').
For m € Z we define a linear map L,,: A — A by
Lo(f) = =T™"'D(f) forall f € A,

where D: A — A denotes the usual formal derivate with respect
to T, that is, D is linear and D(T™) = nD(T™!) for all n € Z.
Now D € Der(A) (by the product rule for formal derivates) and so
L,, € Der(A). We have L,,(T) = —T™* ' D(T) = —T™*!. Hence, if
§ € Der(A) and 6(T) = >, a;T* with a; € k, then —¢ and the sum
>;aiL;_1 have the same value on T. So —d¢ must be equal to that
sum by (a). Thus, we have shown that

(b) Der(A) = (Ly, | m € Z).
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In fact, {L,, | m € Z} is a basis of Der(A). (Just apply a linear
combination of the L,,’s to T and use the fact that L, (T) = —T™*1.)
Now let m,n € Z. Using the bracket in gl(A), we obtain that

[Lon, Ln)(T) = (L 0 Ly — Ly 0 Ly )(T) = ... = (n — m)T™ "+

which is also the result of (m —n) L, (T). By Exercise 1.2.7(a), we
have [Ly,, Ly] € Der(A). So (a) shows again that

(c) [Lm,Ly) = (m —n)Lpy, for all m,n € Z.

Thus, Der(A) is an infinite-dimensional Lie subalgebra of gl(A), with
basis {L,, | m € Z} and bracket determined as above; this Lie algebra
is called a Witt algebra (or centerless Virasoro algebra; see also the
notes at the end of this chapter).

Proposition 1.2.10. Let L = Der(A) be the Witt algebra in Exam-
ple 1.2.9. If char(k) =0, then L is a simple Lie algebra.

Proof. Let I C L be a non-zero ideal and 0 # = € I. Then we
can write £ = ¢1Lyp,, + ... + ¢ Ly, Where r 2 1, m; < ... < m,
and all ¢; € k are non-zero. Choose x such that r is as small as
possible. We claim that » = 1. Assume, if possible, that r > 2.
Since [Lo, L] = —mL,, for all m € Z, we obtain that [Lo,z] =
—c1miLy, —...—¢rmyLy,. € I. Hence,

m,z + [Lo,z] = c1(my —my) Ly, + ...+ cr1(my — Myp1) Ly,

is a non-zero element of I, contradiction to the minimality of . Hence,
r=1and so Ly, € I. Now [Ly—m,, Lm,] = (m — 2m1)L,, and so
L, €IforalmeZ,m#2my. But [Lm,+1, Lm,—1] = 2Ly, and
so we also have Lo,,, € I. Hence, we do have I = L, as desired. [

Exercise 1.2.11. Let L = sl»(k), as in Example 1.2.2. Thendim L =
3 and L has a basis {e, h, f} where

=(50) () = (08)

(a) Check that [e, f] = h, [h,e] = 2e, [h, f] = —2f. Show that L is
simple if char(k) # 2. What happens if char(k) = 2? Consider also
the Lie algebra L’ in Example 1.1.6. Is L' & sl3(R)? Is L' simple?
What happens if we work with C instead of R?



1.2. Matrix Lie algebras and derivations 17

(b) Let L be the free Lie algebra over the set X = {E, H, F}; see
Exercise 1.1.11. Let I C L be the ideal generated by [E,F] — H,
[H,E]|—2E, [H, F]+2F (that is, the intersection of all ideals contain-
ing those elements). By the universal property, there is a unique ho-
momorphism of Lie algebras : I — L such that o(E) = e, o(H) = h
and ¢(F) = f. By (a), we have I C ker(p). Show that the induced
homomorphism @: L/I — L is an isomorphism.

Exercise 1.2.12. (a) Show that Z(gl,,(k)) = {al, | a € k} (where
I,, denotes the n x n-identity matrix). What happens for Z(sl,(k))?

(b) Let X C L be a subset. Let z € L be such that [z, z] = 0 for
all z € X. Then show that [y, 2] =0 for all y € (X)ai.

Exercise 1.2.13. This exercise describes a useful method for con-
structing new Lie algebras out of two given ones. So let S, I be Lie al-
gebras over k and 6: S — Der(I), s — 6, be a homomorphism of Lie
algebras. Consider the vector space L = SxI = {(s,z) | s € S,z € I}
(with component-wise defined addition and scalar multiplication).
For s1,s9 € S and z1,z9 € I we define

[(s1,21), (52, 22)] := ([51, 82], [£1, 2] + b5, (x2) — O, (21)).
Show that L is a Lie algebra such that L = S & I, where
S:={(s,0)| s€ S} C L isasubalgebra,
I:={(0,z) |z I} CL isanideal

We also write L = S xg I and call L the semidirect product of I
by S (via ). If 8(s) = 0 for all s € S, then [(s1,21),(s2,22)] =
([s1, 82], [%1, z2]) for all s1,s2 € S and z1,z2 € I. Hence, in this case,
L is the direct product of S and I, as in Example 1.1.2.

Exercise 1.2.14. Let A be an algebra where the ground field k£ has
characteristic 0. Let d: A — A and d’': A — A be nilpotent deriva-
tions such that d o d’ = d’ o d. Show that d + d’ also is a nilpotent
derivation and that exp(d + d') = exp(d) o exp(d’).

Exercise 1.2.15. This exercise gives a first outlook to some con-
structions that will be studied in much greater depth and generality
in Chapter 3. Let L C gl(V) be a Lie subalgebra, where V is a finite-
dimesional C-vector space. Let Aut(L) be the group of all Lie algebra
automorphisms of L.
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(a) Assume that a € L is nilpotent (as linear map a: V — V).
Then show that the linear map adp(a): L — L is nilpotent. (Hint:
use the “trick” in Remark 1.1.3.) Is the converse also true?

(b) Let L = sl3(C) with basis elements e, h, f as in Exercise 1.2.11.
Note that e and f are nilpotent matrices. Hence, by (a), the deriva-
tions adp(e): L — L and adp(f): L — L are nilpotent. Conse-
quently, tady(e) and tadr(f) are nilpotent derivations for all ¢ € C.
By Lemma 1.2.8, we obtain Lie algebra automorphisms

exp(tadp(e)): L—L and  exp(tadp(f)): L — L;

we will denote these by z(t) and y(t), respectively. Determine the
matrices of these automorphisms with respect to the basis {e, h, f}
of L. Check that z(t +t') = z(t)x(t') and y(¢t + t') = y(t)y(¢') for all
t,t’ € C. The subgroup G := (z(t),y(t') | t,t’ € C) C Aut(L) is called
the Chevalley group associated with the Lie algebra L = sly(C). The
elements of G are completely described as follows. First, compute the
matrices of the following elements of G, where u € C*:

w(u) := z(u)y(—u )z (u) and h(u) := w(u)w(-1).

Check the relations w(u)z(t)w(u)™! = y(—u~2t) and h(u)h(v') =
h(u')h(u) for all t € C and u, v’ € C*. In particular, we have

G = (z(t),w(u) | t € C,u € C*).

Finally, show that every element g € G can be written uniquely as
either g = z(t)h(u) (with ¢t € C and u € C*) or g = z(t)w(u)z(t')
(with t,t' € C and u € C*).

1.3. Solvable and semisimple algebras
Let A be an algebra. If U,V C A are subspaces, then we denote
U-Vi=(w-v|ueUwveV), CA.

In general, U - V will only be a subspace of A, even if U, V are
subalgebras or ideals. On the other hand, taking U =V = A, then

A=A - A=(z-y|z,yc A



1.3. Solvable and semisimple algebras 19

clearly is an ideal of A, and the induced product on A/A? is identically
zero. So we can iterate this process: Let us set A := A and then

AD = A2, A® — (‘,4(1))27 AB) .— (A(Z))Q’

Thus, we obtain a chain of subalgebras A = A® > A® > A@) > ..
such that AGt1) is an ideal in A® for all i and the induced product

on A® /AUG+Y is identically zero. An easy induction on j shows that
AG+) = (AD)0) for all 4,5 > 0.

Definition 1.3.1. We say that A is a solvable algebra if AT™ = {0}
for some m > 0 (and, hence, A) = {0} for all I > m.)

Note that the above definitions are only useful if A does not have
an identity element which is, in particular, the case for Lie algebras
by the anti-symmetry condition in Definition 1.1.5.

Example 1.3.2. (a) All Lie algebras of dimension < 2 are solvable;
see Exercise 1.2.3.

(b) Let n > 1 and b,(k) C gl,(k) be the subspace consisting
of all upper triangular matrices, that is, all (ai;)i<ij<n € 00,(K)
such that a;; = 0 for all 4 > j. Since the product of two upper
triangular matrices is again upper triangular, it is clear that b, (k)
is a Lie subalgebra of gl (k). An easy matrix calculation shows that
b (k) = [b,,(k), b, (k)] consists of upper tiangular matrices with 0
on the diagonal. More generally, b, (k)" for 1 < r < n consists of
upper triangular matrices (a;;) such that a;; =0 for all ¢ < j <i+r.
In particular, we have b, (k)™ = {0} and so b, (k) is solvable.

Exercise 1.3.3. For a fixed 0 # 6§ € k, we define

a b 0
Li={(0 0 0 (a,b,cek C gl (k).
0 ¢ ad

Show that L;s is a solvable Lie subalgebra of gl3(k), where [Ls, Ls] is
abelian. Show that, if Ls = Ls/, then § = & or 6! = §’. Hence,
if |k| = oo, then there are infinitely many pairwise non-isomorphic
solvable Lie algebras of dimension 3. (See [11, Chap. 3] for a further
discussion of “low-dimensional” examples of solvable Lie algebras.)

[Hint. A useful tool to check that two Lie algebras cannot be isomorphic is as fol-
lows. Let Lj, Lo be finite-dimensional Lie algebras over k. Let ¢: Ly — Lo be an
isomorphism. Show that ¢ o adr;(z) = adr,(e(z)) o ¢ for z € Li. Deduce that
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adr,(z): L1 = L1 and adr, (¢(z)): L2 = L2 must have the same characteristic poly-
nomial. Try to apply this with the element x € Ls where a =1, b=c=0.]

Exercise 1.3.4. Let L be a Lie algebra over k with dim L = 2n + 1,
n > 1. Suppose that L has a basis {z} U {e;, f; | 1 < i < n} such
that [e;, f;] = z for 1 < 7 < r and all other Lie brackets between
basis vectors are 0. Then L is called a Heisenberg Lie algebra (see
[25, §1.4] for further background). Check that [L,L] = Z(L) = (z)x;
in particular, L is solvable. Show that, for n =1,

0 a b
L={(00 ¢ (a,b,cek C aly(k)
00 0

is a Heisenberg Lie algebra; find a basis {z} U {e1, f1} as above.
Lemma 1.3.5. Let A be an algebra.

(a) Let B be an algebra and p: A — B be a surjective algebra
homomorphism. Then p(A®) = B® for all i > 0.

(b) Let B C A be a subalgebra. Then B® C A for all i > 0.

(c) Let I C A be an ideal. Then A is solvable if and only if I
and A/I are solvable.

Proof. (a) Induction on i. If i = 0, then this holds by assumption.
Let i > 0. Then p(AUTY) = o(AD-AD) = (p(2)-¢(y) | 2,y € AD)y
which equals B® - B® since p(A®) = B® by induction.

(b) Induction on . If i = 0, then this is clear. Now let ¢ > 0. By
induction, B®) C A® and so BO+Y) = (B®)2 C (A®)2 = AG+1),

(c) If A is solvable, then I and A/I are solvable by (a), (b).
Conversely, let m,l > 0 be such that I®) = {0} and (A4/1)(™ = {0}.
Let ¢: A — A/I be the canonical map. Then o(A(™) = (A/I)(™ =
{0} by (a), hence, A™ C ker(¢) = I. Using (b), we obtain A(m+!) =
(A C 1M = {0} and so A is solvable. O

Corollary 1.3.6. Let A be an algebra with dim A < co. Then the
set of all solvable ideals of A is non-empty and contains a unique
mazimal element (with respect to inclusion). This unique mazimal
solvable ideal will be denoted rad(A) and called the radical of A. We
have rad(A/rad(A)) = {0}.
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Proof. First note that {0} is a solvable ideal of A. Now let I C A be
a solvable ideal such that dim I is as large as possible. Let J C A be
another solvable ideal. Clearly, B := {z+y |z € I,y € J} C Aalsois
an ideal. We claim that B is solvable. Indeed, we have I C B and so I
is a solvable ideal of B; see Lemma 1.3.5(b). Let ¢: B — B/I be the
canonical map. By restriction, we obtain an algebra homomorphism
¢+ J — B/I, z — z+I. By the definition of B, this map is surjective.
Hence, since J is solvable, then so is B/I by Lemma 1.3.5(a). But
then B itself is solvable by Lemma 1.3.5(c). Hence, since dim I was
maximal, we must have B = I and so J C I. Thus, I = rad(A) is the
unique maximal solvable ideal of A.

Now consider B := A/rad(A) and the canonical map ¢: A — B.
Let J C B be asolvable ideal. Then ¢~!(J) is an ideal of A containing
rad(A). Now ¢~ 1(J)/rad(A) = J is solvable. Hence, ¢~*(J) itself is
solvable by Lemma, 1.3.5(c). So ¢~!(J) =rad(A) and J = {0}. O

Now let L be a Lie algebra with dim L < oc.

Definition 1.3.7. We say that L is a semisimple Lie algebra if
rad(L) = {0}. By Corollary 1.3.6, L itself or L/rad(L) is semisimple.

Note that L = {0} is considered to be semisimple. Clearly, simple
Lie algebras are semisimple. For example, L = sl3(C) is semisimple.

Remark 1.3.8. Since the center Z(L) is an abelian ideal of L, we
have Z(L) C rad(L). Hence, if L semisimple, then Z(L) = {0} and
so the homomorphism ady,: L — gl(L) in Example 1.2.5 is injective.
Thus, if L is semisimple and n = dim L, then L is isomorphic to a Lie
subalgebra of gl,, (k) = gl(L).

Lemma 1.3.9. Let H C L be an ideal. Then H® is an ideal of L
for all i > 0. In particular, if H # {0} is solvable, then there exists a
non-zero abelian ideal I C L with I C H.

Proof. To show that H® is an ideal for all ¢, we use induction on 4. If
i =0, then H® = H is an ideal of L by assumption. Now let i > 0;
we have H0HD = [H® H®]. So we must show that [z,[z,y]] €
[H®, H®] and [[z,y], 2] € [H®, H?)], for all z,y € H®, 2 € L. By
anti-symmetry, it is enough to show this for [z, [z,y]]. By induction,
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[2,2] € H® and [z,y] € H®. Using anti-symmetry and the Jacobi
identity, [z, [z,y]] = —[z, [y, 2]] - [y, [z, 2]] € [H?, HY], as required.

Now assume that H = H©® # {0} is solvable. So there is some
m > 0 such that I := H(™~1 #£ {0} and I? = H™ = {0}. We have
just seen that I is an ideal of L, which is abelian since I? = {0}. O

By Lemma 1.3.9, L is semisimple if and only if L has no non-zero
abelian ideal: this is the original definition of semisimplicity given by
Killing. This now sets the programme that we will have to pursue:

1) Obtain some idea of how solvable Lie algebras look like.
2) Study in more detail semisimple Lie algebras.

In order to attack 1) and 2), the representation theory of Lie algebras
will play a crucial role. This is introduced in the following section.

1.4. Representations of Lie algebras

A fundamental tool in the theory of groups is the study of actions
of groups on sets. There is an analogous notion for the action of
Lie algebras on vector spaces, taking into account the Lie bracket.
Throughout, let L be a Lie algebra over our given field k.

Definition 1.4.1. Let V be a vector space (also over k). Then V is
called an L-module if there is a bilinear map

LxV =YV, (z,v) — zw

such that [z,y].v = z.(y.v) — y.(z.v) for all z,y € Land v € V. In
this case, we obtain for each x € L a linear map

pz: V=V, v T,

and one immediately checks that p: L — gl(V), x — p,, is a Lie alge-
bra homomorphism, that is, pjzy] = [pz, py] = pzopy — pyop, for all
z,y € L. This homomorphism p will also be called the corresponding
representation of L on V. If dimV < oo and B = {v; | i € I} is a
basis of V, then we obtain a matriz representation

pB: L — gl;(k), z — Mp(p(x)),

where Mp(p(x)) denotes the matrix of p(x) with respect to B. Thus,
we have Mp(p(x)) = (ai;)i,jer where x.v; = >, ; a;;v; for all j.
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If V is an L-module with dimV < oo, then all the known tech-
niques from Linear Algebra can be applied to the study of the maps
pz: V — V: these have a trace, a determinant, eigenvalues and so on.

Remark 1.4.2. Let p: L — gl(V) be a Lie algebra homomorphism,
where V' is a vector space over k; then p is called a representation
of L. One immediately checks that V is an L-module via

LxV =V, (z,v)~ p(x)();

furthermore, p is the homomorphism associated with this L-module
structure on V as in Definition 1.4.1. Thus, speaking about “L-
modules” or “representations of L” are just two equivalent ways of
expressing the same mathematical fact.

Example 1.4.3. (a) If V is a vector space and L is a Lie subalgebra
of gl(V), then the inclusion L < g[(V) is a representation. So V is an
L-module in a canonical way, where p,: V — V is given by v — z(v),
that is, we have p, = x for all z € L.

(b) The map adr: L — gl(L) in Example 1.2.5 is a Lie algebra
homomorphism, called the adjoint representation of L. So L itself is
an L-module via this map.

Exercise 1.4.4. Let V be an L-module and V* = Hom(V, k) be the
dual vector space. Show that V* is an L-module via L x V* — V*,
(x, 1) ¥ pg, where p, € V* is defined by py(v) = —p(z.v) forv e V.

Example 1.4.5. Let V be an L-module and p: L — gl(V') be the cor-
responding representation. Now V is an abelian Lie algebra with Lie
bracket [v,v'] = 0 for all v,v’ € V. Hence, we have Der(V) = gl(V)
and we can form the semidirect product L x, V, see Exercise 1.2.13.
We have [(z,0), (0,v)] = (0,z.v) forallz € Landv € V.

Definition 1.4.6. Let V be an L-module; for z € L, we denote by
pg: V. — V the linear map defined by z. Let U C V be a subspace.
We say that U is an L-submodule (or an L-invariant subspace) if
pz(U) C U for all z € L. If V # {0} and {0},V are the only L-
invariant subspaces of V', then V is called an érreducible module.

Assume now that U is an L-invariant subspace. Then U itself
is an L-module, via the restriction of L x V' — V to a bilinear map
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L x U — U. Furthermore, V/U is an L-module via
LxV/U—V/U, (z,v+U)—»zv+U.

(One checks as usual that this is well-defined and bilinear.) Finally,
assume that n =dimV < coand let d = dimU. Let B = {v1,...,v,}
be a basis of V such that B’ = {v1,...,vq} is a basis of U. Since
z.v; € U for 1 < i < d, the corresponding matrix representation has
the following block triangular shape:

pe(z) = ( plél‘) p/tx) ) forall z € L,

where p': L — gl (k) is the matrix representation corresponding to
U (with respect to the basis B’ of U) and p”: L — gl,,_4(k) is the
matrix representation corresponding to V/U (with respect to the basis
B"={vg41+U,...,v, + U} of V/U).

Corollary 1.4.7. Let V # {0} be an L-module with dimV < oo.
There is a sequence of L-submodules {0} = Vo S Vi S Vo & ... &
V.. = V such that V;/V;_1 is irreducible for 1 < i < r. Let n; =
dim(V;/V;_1) for all i. Then there is a basis B of V such that the

matrices of the representation p: L — gl(V') have the following shape

p(z) * ... %
pp(z) = 0 pa(z) - forallx € L,
: c. o *
0 ... 0 px)

where p;: L — gl,, (k) is an irreducible matriz representation corre-
sponding to the L-module V;/V;_1.

Proof. Let U g V be an L-submodule with dim U as large as pos-
sible. If W C V/U is a submodule, then one easily checks that
{veV |v+Ue W} CV is a submodule containing U, so W = {0}
or W =V/U. Hence, V/U is irreducible and we continue with U. [

Example 1.4.8. If V is an L-module with dimV = 1, then V is
obviously irreducible. Let V' = (v)) where 0 # v € V. Then, for all
x € L, we have z.v = p(x)v where () € k. It follows that ¢: L — k
is linear. Furthermore, ¢([z,y])v = [z,y].v = z.(y.v) — y.(z.v) =
o(y)z.v — p(z)y.v =0 and so ¢([z,y]) =0 for all z,y € L.
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Exercise 1.4.9. Let k be a field of characteristic 2 and L be the
Lie algebra over k with basis {z,y} such that [z,y] = y (see Exer-
cise 1.2.3). Show that the linear map defined by

00 01
p: L — gly(k), $'_>(01), yH(lO)’

is a Lie algebra homomorphism and so V' = k? is an L-module. Show
that V is an irreducible L-module. Check that L is solvable.

There is a version for modules of the generalised binomial formula:

Lemma 1.4.10. Let V be an L-module. Letv € V, x,y € L and
c € k. Then, for all n > 0, we have

(pz — cidy)"(y.v) = Z (?) ?dL(x)i(yz.«pw - cidv)"_i(vp.

=0 €L ev

Proof. Consider the associative algebra A := End(V). Then p,, p, €
A and y.v = py(v). So Lemma 1.1.4 (with a := —c and b := 0) implies
that the left hand side of the desired identity equals

n

(- =ity o)) = Y- (7)s((ps ~ cidv) ).

=0
where 1; := ad s(pz)(py) € A for i > 0. Now note that

p(adz(2)(y)) = p([z,9]) = Play) = [Pz, py] = ada(pa)(py)-

A simple induction on i shows that p(adz () (y)) = ada(ps)*(py) for
all 4 > 0. Thus, we have 9; = p(adz(z)*(y)), as desired. O

Up to this point, k& could be any field (of any characteristic).
Stronger results will hold if & is algebraically closed.

Lemma 1.4.11 (Schur’s Lemma). Assume that k is algebraically
closed. Let V be an irreducible L-module, dimV < oco. If ¢ € End(V)
is such that po py = pgyop for all x € L, then ¢ = cidy where c € k.

Proof. We check that ker(y) is an L-submodule of V. Indeed, let
v € ker(¢) and z € L. Then p(z.v) = ¢(pz(v)) = pz(¢(v)) = 0 and so
z.v € ker(p). Since V is irreducible, ¢ = 0 or ker(p) = {0}. If ¢ =0,
then the desired assertion holds with ¢ = 0. Now assume that ¢ # 0.
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Then ker(p) = {0} and ¢ is bijective. Since k is algebraically closed,
there is an eigenvalue ¢ € k for ¢. Setting ¢ := ¢ — cidy € End(V),
we also have ¢¥(z.v) = z.(¢(v)) for all z € L and v € V. Hence, the
previous argument shows that either ¢ = 0 or v is bijective. But an
eigenvector for c lies in ker(¢) and so ¢ = 0. O

Proposition 1.4.12. Assume that k is algebraically closed and L is
abelian. Let V' # {0} be an L-module with dimV < co. Then there
exists a basis B of V such that, for any x € L, the matriz of the linear
map py: V =V, v x.v, with respect to B has the following shape:

A(r) * ... %
Mp(p)= | 0 2@ (n = dimV),
0 ()' /\n?x)

where A\;: L — k are linear maps for 1 < i < n. In particular, if V is
irreducible, then dimV = 1.

Proof. Assume first that V is irreducible. We show that dimV = 1.
Let z € L be fixed and ¢ := p,. Since L is abelian, we have 0 = pg =
Pla,y] = PO py—pyoy for all y € L. By Schur’s Lemma, ¢ = A(z) idy
where A(z) € k. Hence, if 0 £ v € V, then z.v = A(z)v for all z € L
and so (v)y C V is an L-submodule. Clearly, A\: L — k is linear.
Since V is irreducible, V = (v);, and so dim V = 1. The general case
follows from Corollary 1.4.7. O

Example 1.4.13. Assume that k is algebraically closed. Let V be a
vector space over k with dimV < co. Let X C End(V') be a subset
such that @ o9 =1 o p for all p,9 € X. Then there exists a basis B
of V such that the matrix of any ¢ € X with respect to B is upper
triangular. Indeed, just note that L := (X); C gl(V) is an abelian
Lie subalgebra and V is an L-module; then apply Proposition 1.4.12.
(Of course, one could also prove this more directly.)

Exercise 1.4.14. This exercise establishes an elementary result from
Linear Algebra that will be useful at several places. Let k be an
infinite field and V' be a k-vector space with dimV < oco. Let V* :=
Hom(V, k) be the dual space.
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(a) Show that, if X C V is a finite subset such that 0 ¢ X, then
there exists g € V* such that uo(x) # 0 for all z € X.

(b) Similarly, if A C V* is a finite subset such that 0 € A (where
0: V — k denotes the linear map with value 0 for all v € V), then
there exists vgp € V' such that f(vg) # 0 for all f € A.

1.5. Lie’s Theorem

The content of Lie’s Theorem is that Proposition 1.4.12 (which was
concerned with representations of abelian Lie algebras) remains true
for the more general class of solvable Lie algebras, assuming that &
is not only algebraically closed but also has characteristic 0. (Exer-
cice 1.4.9 shows that this will definitely not work in positive charac-
teristic.) So, in order to use the full power of the techniques developed
so far, we will assume that k = C.

Let L be a Lie algebra over k = C. If V is an L-module, then we
denote as usual by p,: V — V the linear map defined by x € L. Our
approach to Lie’s Theorem is based on the following technical result.

Lemma 1.5.1. Let V be an irreducible L-module (over k = C), with
dimV < co. Let H C L be an abelian ideal in L such that Trace(p,) =
0 for allz € H. Then p, =0 for all x € H.

Proof. Let x € H and consider the linear map p,: V — V. Since
k = C, this map has eigenvalues. Let ¢ € C be an eigenvalue and
consider the generalised eigenspace

Ve(pz) :={v € V| (pz — cidy)'(v) = 0 for some [ > 1} # {0}.

We claim that V,(p,) C V is an L-submodule. To see this, let v €
Ve(pz) and y € L. We must show that y.v € Ve(p;). Let I > 1 be
such that (p, — cidy)!(v) = 0. Using Lemma 1.4.10, we obtain
(141 : .
(po—cidy)™ (yv) = Z( ; )adL(w)’(y).(pz—cidv)’“"(v).
=0
If i = 0,1, then I+ 1 —4 > and so (p; — cidy)"*1~(v) = 0. Now
let i > 2. Then adz(z)'(y) = adr(z)""%([z, [z,]]). But [z,y] € H
because H is an ideal, and [z, [z,y]] = 0 because H is abelian. So
adr,(z)!(y) = 0. We conclude that y.v € V,(p,), as desired.
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Now, since V is irreducible and V.(p,) # {0}, we conclude that
V = Vi(ps). Let 1, := p, —cidy. Then, for v € V, there exists some
! > 1 with ¢! (v) = 0. So Exercise 1.2.4 shows that v, is nilpotent and
Trace(1;) = 0. But then Trace(p;) = Trace(¢, + cidy) = (dim V)e.
So our assumption on Trace(p,) implies that ¢ = 0. Thus, we have
seen that 0 is the only eigenvalue of p,, for any z € H.

Finally, regarding V' as an H-module (by restricting the action
of L on V to H), we can apply Proposition 1.4.12. This yields a
basis B of V such that, for any x € H, the matrix of p, with respect
to B is upper triangular; by the above discussion, the entries along
the diagonal are all 0. Let v; be the first vector in B. Then z.v; =
pz(v1) =0 for all x € H. Hence, the subspace

U={veV]|zwv=0foralzeH}

is non-zero. Now we claim that U is an L-submodule. Let v € V
and y € L. Then, for x € H, we have z.(y.v) = [z,y].v + y.(z.v) =
[z,y].v = 0 since v € U and [z,y] € H. Since V is irreducible, we
conclude that U =V and so p, =0 for all z € H. O

Proposition 1.5.2 (Semisimplicity criterion). Let k = C and V be
a vector space with dimV < co. Let L C sl(V') be a Lie subalgebra
such that V' is an irreducible L-module. Then L is semisimple.

Proof. If rad(L) # {0} then, by Lemma 1.3.9, there exists a non-
zero abelian ideal H C L such that H C rad(L). Since L C sl(V),
Lemma 1.5.1 implies that £ = p, = 0 for all x € H, contradiction. [

Example 1.5.3. Let £ = C and V be a vector space with dim V' < oc.
Clearly (1), V is an irreducible gl(V)-module. Next note that gl(V) =
sI(V)+Cidy. Hence, if U C V is an sl(V)-invariant subspace, then U
will also be gl(V)-invariant. Consequently, V' is an irreducible sI(V)-
module. Hence, Proposition 1.5.2 shows that s[(V) is semisimple.

Note that, if char(k) = p > 0 and L = sl,(k), then Z := {al, |
a € k} is an abelian ideal in L and so L is not semisimple in this case.

Theorem 1.5.4 (Lie’s Theorem). Let k = C. Let L be solvable and
V # {0} be an L-module with dimL < oo and dimV < oco. Then
the conclusions in Proposition 1.4.12 still hold, that is, there exists a
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basis B of V such that, for any x € L, the matriz of the linear map
pe: V=V, v z.v, with respect to B has the following shape:

A(z) * ... %
Mp(p)= | O 2@ (n = dimV),
0 O' )\,:Ex)

where A\;: L — k are linear maps such that [L, L] C ker();) for 1 <
i < n. In particular, if V is irreducible, then dimV = 1.

Proof. First we show that, if V is irreducible, then dimV = 1. We
use induction on dim L. If dim L = 0, there is nothing to prove. Now
assume that dim L > 0. If L is abelian, then see Proposition 1.4.12.
Now assume that [L, L] # {0}. By Lemma 1.3.9, there exists a non-
zero abelian ideal H C L such that H C [L,L]. Let z € H. Since
H C [L, L], we can write z as a finite sum = = ) ,[y;, z;] where y;, z; €
L for all . Consequently, we also have p; = >, (py, © pz; — Pz © py.)
and, hence, Trace(p;) = 0. By Lemma 1.5.1, p, = 0 for all z € H.
Let Ly := L/H. Then V also is an L;-module via

LixV =YV, (y+ H,v) — y.v.

(This is well-defined since z.v = 0forx € H,v e V.) V' CV
is an Li-invariant subspace, then V' is also L-invariant. Hence, V is
an irreducible Li-module. By Lemma 1.3.5(c), L; is solvable. So, by
induction, dimV = 1.

The general case follows again from Corollary 1.4.7. The fact
that [L, L] C ker();) for all 4 is seen as in Example 1.4.8. O

Lemma 1.5.5. In the setting of Theorem 1.5.4, the set of linear maps
{A1,...,An} does not depend on the choice of the basis B of V.
We shall call P(V) :={)\,...,A,} the set of weights of L on V.

Proof. Let B’ be another basis of V such that, for any € L, the
matrix of p,: V — V with respect to B’ has a triangular shape with
A (z), ..., Al (z) along the diagonal, where A,: L — k are linear
maps such that [L, L] C ker()}) for 1 < ¢ < n. We must show that
{1, A} = {A\],..., Al,}. Assume, if possible, that there exists
some j such that )\} #Xforl <i<n. LetA:= {)\i—)\; |1<i<n}
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Then A is a finite subset of Hom(L,C) such that 0 ¢ A. So, by
Exercise 1.4.14(b), there exists some zo € L such that \}(zo) # Ai(zo)
for 1 <4 < n. But then X} (zo) is an eigenvalue of Mp/(p,) that is not
an eigenvalue of Mp(ps, ), contractiction since Mg(pz,) and Mp:(pz,)
are similar matrices and, hence, they have the same characteristic
polynomials. Thus, we have shown that {\},..., A} C {A1,..., A}
The reverse inclusion is proved analogously. O

Exercise 1.5.6. Let £ = C and L be solvable with dim L < co. Let
V be a finite-dimensional L-module and U C V be a non-zero, proper
L-submodule. Show that P(V) = P(U) U P(V/U) (where the set of
weights of a module is defined by Lemma 1.5.5).

Exercise 1.5.7. Assume that £ C C. Show that

0t «
L= —t 0 y |t,x,y€k
0 0 O

is a solvable Lie subalgebra of gl;(k). Regard V = k3 as an L-module
via the inclusion L — gl3(k) (cf. Example 1.4.3). If k£ = C, find a
basis B of V such that the corresponding matrices of L will be upper
triangular. Does this also work with k£ = R?

Finally, we develop some very basic aspects of the representation
theory of sl3(C). As pointed out in [25, §2.4], this is of the utmost
importance for the general theory of semisimple Lie algebras. So, for
the remainder of this section, let L = s[3(C), with standard basis

01 1 0 00
=(50) (o) 7-(15)
where [e, f] = h, [h,€e] = 2e, [h, f] = —2f (see Exercise 1.2.11). The
following result is obtained by an easy application of Lie’s Theorem.

Lemma 1.5.8. Let V be an sly(C)-module with dimV < co. Then
there exists a non-zero vector vt € V such that evt =0 and h.ot =
cvt for some c € C.

Proof. Let S := (h,e)c C sl3(C). This is precisely the subalgebra of
5l5(C) consisting of all upper triangular matrices with trace 0. Since
[h, €] = 2e, we have [S,S] = (e)c and so S is solvable. By restricting
the action of sl3(C) on V to S, we can regard V as S-module. So, by
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Theorem 1.5.4, there exist a basis B of V and Ay, ..., A, € S* (where
n = dim V') such that, for any = € S, the matrix of p,: V — V is up-
per triangular with A;(z), ..., A, (z) along the diagonal; furthermore,
[S, 8] C ker(\;) for 1 < i < n. Let vt be the first vector in B. Then
pz(vT) = Ai(z)v™ for all z € S. So vt has the required properties,
where ¢ := \;(h) € C; we have e.v™ = 0 since e € [S, S]. O

Remark 1.5.9. Let V # {0} be an sl3(C)-module with dim V' < co.
Let v+ € V be as in Lemma 1.5.8; any such vector will be called a
primitive vector of V. Then we define a sequence (v, )n>0 in V by

+

Vg =V and Up41 1= %Hf.vn for all n > 0.

Let V' := (v, | m = 0)¢c C V. We claim that the following relations
hold for all n > 0 (where we also set v_; := 0):
(a) h.v, = (¢ — 2n)vy, and evn, = (c—n+1)vp_1.
We use induction on n. If n = 0, the formulae hold by definition.
Now let n > 0. First note that f.v,_; = nv,. We compute:
(n+1l)e.vpt1 = e.(f-vn) = [e, flvn + f.(evy) = ho, + f.(evy)
=(c—2n)v,+ (c—n+1)fo,_1 (by induction)
= (c—2n)v, + (c—n+ )nv, = ((n + 1)c — n? — n)v,,

and so e.vp4+1 = (¢ — n)vy, as required. Next, we compute:

(n 4+ Dhvpyr = ho(fovn) = [hy flon + f.(hoy)
= —-2fv, + (c—2n)fv, = (c—2n—2)(n+ 1)vp41,

so (a) holds. Now, if v, # 0 for all n, then vy, vy, va,... are eigen-
vectors for p,: V. — V with distinct eigenvalues (see (a)) and so
Vg, V1, V2, ... are linearly independent, contradiction to dimV < oc.
So there is some ng > 0 such that vg, v1,...,v,, are linearly indepen-
dent and v,,4+1 = 0. But then, by the definition of the v,, we have
v, = 0 for all n > ny and so V' = (vg,v1,...,Un,)c. Furthermore,
0 =e.0 = e.vpyt1 = (¢ — Mg)y, and so ¢ = ng. Thus, we obtain:

(b) hot =cvt  where c=dimV’'—1¢€ Z,.

So, the eigenvalue of our primitive vector v has a very special form!
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If ¢ > 1, then the above formulae also yield an expression of
vT = v in terms of v, = vy, ; indeed, by (a), we have [e,v.] = ve_1,
[€,Ve—1] = 2Uc—2, [€,Vc—2] = 3v.—3 and so on. Thus, we obtain:

(c) e, e - - e, ve] .. ]l = (123 ... -c) v
c times

We now state some useful consequences of the above discussion.

Corollary 1.5.10. In the setting of Remark 1.5.9, assume that V is
irreducible. Write dimV =m+1, m > 0. Then py, is diagonalisable
with eigenvalues {m —2i | 0 <3 < m} (each with multiplicity 1).

Proof. Using the formulae in Remark 1.5.9 and an induction on n,
one sees that h.v, € V', ew, € V', fov, € V' for all n > 0. Thus,
V' C V is an sl3(C)-submodule. Since V' # {0} and V is irreducible,
we conclude that V/ =V and m = ¢. By Remark 1.5.9(a), we have
h.v, = (¢ — 2n)vy, for all n > 0. Hence, p, is diagonalisable, with
eigenvalues as stated above. 0

Proposition 1.5.11. Let V be any finite-dimensional sla(C)-module,
with e, h, f as above. Then all the eigenvalues of pr,: V — V are
integers and we have Trace(pr) = 0. Furthermore, if n € Z is an
eigenvalue of pp, then so is —n (with the same multiplicity as n).

Proof. Note that the desired statements can be read off the char-
acteristic polynomial of pp: V — V. If V is irreducible, then these
hold by Corollary 1.5.10. In general, let {0} =V, S Vi &V G... &
V. = V be a sequence of L-submodules as in Corollary 1.4.7, such
that V;/V;_; is irreducible for 1 < ¢ < r. It remains to note that the
characteristic polynomial of pj,: V — V is the product of the charac-

teristic polynomials of the actions of h on V;/V;_y for 1 <i<r. O

1.6. The classical Lie algebras

Let V be a vector space over k and 3: V x V — k be a bilinear map.

Then we define go(V, 8) to be the set of all ¢ € End(V') such that
Blp(v),w) + B(v, p(w)) =0 for all v,w € V.

(The symbol “go” stands for “general orthogonal”.) One checks that
go(V, B) is a Lie subalgebra of gl(V') (see exercises), called a classical
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Lie algebra. The further developments will show that these form an
important class of semisimple Lie algebras (for certain 3, over k = C).

We assume throughout that 3 either is a symmetric bilinear form
or an alternating bilinear form. This means that there is a sign e = £1
such that B(v,w) = ef(w,v) for all v,w € V. (If e = +1, then 8 is
symmetric; if € = —1, then § is alternating.) We shall also assume
throughout that char(k) # 2. (This avoids the consideration of some
special cases that are not relevant to us here.)

For any subset X C V, we can define
Xt :={veV|B(v,z)=0forall z € X},

where it does not matter if we write “G(v,z) = 0” or “B(z,v) = 0”.
Note that X is a subspace of V (even if X is not a subspace). We
say that 8 is a non-degenerate bilinear form if V- = {0}.

As in Example 1.4.3(a), the vector space V is a go(V, 8)-module
in a natural way. Again, this module turns out to be irreducible.

Proposition 1.6.1. Assume that 3 < dimV < oo and B is non-
degenerate. Then V is an irreducible go(V, 8)-module.

Proof. First we describe a method for producing elements in go(V, 3).
For fixed z,y € V we define a linear map ¢z ,: V — V by ¢z 4(v) :=
B(v,z)y — B(y,v)x for all v € V. We claim that ¢, , € go(V,p).
Indeed, for all v,w € V, we have
B(@z,y(v), w) + B(v, pz,y(w))
= (,8('0, x)B(y’ w) - IB(y’ U)IB(Z? w))
+ (Bw, 2)B(v, y) — By, w)B(v, z))

= _/B(y’ ’U)IB('%" w) + 6('[1), .Z'),B(U, y)a
which is 0 since B(v,y) = e8(y,v) and B(w, z) = ef(w, ).

Now let W C V be a go(V, 8)-submodule and assume, if possible,
that {0} # W # V. Let 0 # w € W. Since S is non-degenerate, we
have B(y,w) # 0 for some y € V. If z € V is such that 8(z,w) = 0,
then g,y (1) = B, 2)y—B(y, W) = —B(y,w)z. But then g, (1) €
W (since W is a submodule) and so z € W. Thus,

Uy, ={z€V|B(zx,w)=0} CW.
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Since U, is defined by a single, non-trivial linear equation, we have
dimU,, =dimV — 1 and so dimW > dimV — 1. Since W # V, we
have dimW = dimU,, and U,, = W. This holds for all 0 £ w € W
and so W C W+. Since 8 is non-degenerate, we have dimV =
dim W + dim W+ (by a general result in Linear Algebra); hence,

dimV = dim W +dim W+ > 2dim W > 2(dim V — 1)

and so dimV < 2, a contradiction. O

In the sequel, it will be convenient to work with matrix descrip-
tions of go(V, B); these are provided by the following exercise.

Exercise 1.6.2. Let n = dimV < oo and B = {v1,...,v,} be a
basis of V. We form the corresponding Gram matrix

Q = (ﬂ(via vj))lgi,jgn € Mn(k)
The following equivalences are well-known from Linear Algebra.:
Q" =Q & B symmetric,

Q" =—-Q < B alternating,
det(Q) #0 < [ non-degenerate.

Recall that we are assuming char(k) # 2.

(a) Let ¢ € End(V) and A = (a;;) € My (k) be the matrix of ¢ with
respect to B. Then show that ¢ € go(V,8) & A"Q + QA = 0, where
A" denotes the transpose matrix. Hence, we obtain a Lie subalgebra,

90,(Q, k) == {A € My (k) | A"Q + QA = 0} C gl,, ().
Deduce that V = k™ is an irreducible go,,(Q, k)-module if Q% = +Q,
det(Q) # 0 and n > 3.

(b) Show that if det(Q) # 0, then go,(Q, k) C sl, (k). (In particular,
for n =1, we have go,(Q, k) = {0} in this case.)

Proposition 1.6.3. Letn > 3 and k = C. If Q¥ = +Q and
det(Q) # 0, then go,,(Q,C) is semisimple.

Proof. This follows from Exercise 1.6.2 and the semisimplicity crite-
rion in Proposition 1.5.2. 0
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Depending on what @ looks like, computations in go,,(Q, k) can
be more, or less complicated. Let us assume from now on that £ = C,
n=dimV < oo and Q is given by!

0 --- 0 &,

Q=0Q,— O leM(© (@6i=x1)
0 6
66 0 --- 0

where 8;0,+1—; = € for all i and, hence, Q,, = eQ*, det(Q,) # 0.
Exercise 1.6.4. (a) Assume that n = 2. Determine go,(Q2, C).
(b) Assume that n = 3 and Q3 = QY. Show that

a b 0
903(Q3, C) = c 0 —db a,b,ceC ((5 = (51(52)
0 —éc —a

is isomorphic to slz(C).
(c) Assume that n =4 and Q4 = QF. Show that

a 0 b 0
0 0 —b

Li=3| . o _a o ||abeceChCaoi(@Qs0)
0—c 0 —a

is an ideal and L; = sl3(C). Show that go,(Q4,C) = sl3(C) x slz(C)
(where the direct product of two algebras is defined in Example 1.1.2).

Example 1.6.5. We have the following implication:
A€go,(Qn,C) = A" € go,(Qn,C).
Indeed, if A"Q,, + Q,A = 0, then Q;*A" + AQ,;! = 0. Now note
that Q' = Q% = €Q,,. Hence, we also have Q, A" + AQ,, = 0.
Finally, we determine a vector space basis of go,,(Qn,C). We set
Aij =0;E;; —6;Epnt1_jn+1—i € My (C)
for 1 < 4,j < n, where E;; denotes the elementary matrix with 1 at

position (i, 5), and 0 otherwise. With this notation, we have:

Iif k = C and B is non-degenerate, then one can always find a basis B of V
such that @ has this form. For S alternating, this holds even over any field k; see
[16, Theorem 2.10]. For 8 symmetric, this follows from the fact that, over C, any two
non-degenerate symmetric bilinear forms are equivalent; see [16, Theorem 4.4].
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Proposition 1.6.6. Recall that k = C and Q = Q,, is as above.

(a) If Q = Qn, then {Ai; | 1 < 4,5 < n,i+j < n} isa basis
of 90,(@n, C) and so dimgo,,(Qn,C) = n(n —1)/2.

(b) If Q¥ = —Qn, then {A;; |1 <i,j<n,i+j<n+1}isa
basis of g0,,(Qn,C) and so dim go,,(Qn,C) =n(n+1)/2.

Proof. Let A € M,(C). We have A € go,(Qn,C) if and only if
A"Q, = —QnrA. Since A¥Q,, = ¢(Q,A)¥, this is equivalent to the
condition (Q,A)* = —eQ@,A. Thus, we have a bijective linear map

90,(Qn,C) = {S € M,,(C) | S* = —eS}, A Q,A.

If e = —1, then the space on the right hand side consists precisely of all
symmetric matrices in M, (C); hence, its dimension equals n(n+1)/2;
similarly, if e = 1, then its dimension equals n(n —1)/2.

It remains to prove the statements about bases. All we need
to do now is to find the appropriate number of linearly independent
elements. First note that Q,E;; = §; E, 41—, ;. Hence, we have

QnAij =06;QnEi; — 0;QnEni1—jny1—i
2
= 0; Bnt1-i,j = 0j0n+1-jEjnt1-i = Ent1-ij — €Bjny1—i:

Furthermore, A%Q, = €(QnAi)" = e(E}y,_; ; — B}, ;) and so
A¥Qn + QnAij = 0, that is, A;; € go,,(Qn,C) for all 1 < 4,5 < n.

Consider the set I := {(i,5) | 1 < 4,5 < n,i+ j < n}; note that
|[I| = n(n—1)/2. Furthermore, if (,5) € I, then (n+1—i)+(n+1—
j)=>n+2andso (n+1—jn+1—1) ¢ I. This implies that the set
{Aij | (¢,4) € I} C go,,(Qn,C) is linearly independent. Furthermore,
for 1 <i<n,wehave (i,n+1—49) &I, (n+1—1i,i) ¢ I and

A=A ny1-i = 6;(1 — €) Ej n1—-
Hence, if e = —1, then A; # 0 and {A;; | (¢,j) € I[}JU{A4; |1 <i<n}
is linearly independent. Thus, (a) and (b) are proved. O

Remark 1.6.7. Denote by diag(zi,...,z,) € M,(C) the diagonal
matrix with diagonal coefficients x1,...,z, € C. Let H be the sub-
space of go,,(@Qn,C) consisting of all matrices in go,,(Q,,C) that are
diagonal. Let m > 1 be such that n = 2m+1 (if n is odd) or n = 2m
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(if » is even). Then H consists precisely of all diagonal matrices of
the form
diag(z1,...,Zm, 0, —Tm,..., —T1) if n is odd,
{ diag(z1, ..., Zm, —Tm,- .., —21) if n is even.

(See exercises.) In particular, dim H = m. With the above definition
of m, the dimension formulae in Proposition 1.6.6 are re-written as
follows:
, 2m? —m  if n=2m and Q¥ = Q,,
dim go,,(@n,C) = { Qn =@

2m? +m  otherwise.

Corollary 1.6.8 (Triangular decomposition). Let L = go,,(Qn,C),
as above. Then every € L has a unique expression x = h+nt +n~
where h € L is a diagonal matriz, n™ € L is a strictly upper triangular
matriz, and n~ € L s a strictly lower triangular matriz.

Proof. Note that A;; is diagonal if ¢ = j, strictly upper triangular if
i < j, and strictly lower triangular if 7 > j. So the assertion follows
from Proposition 1.6.6. O

We shall see later that the algebras sl,,(C) and go,,(@x, C) are not
only semisimple but simple (with the exceptions in Exercise 1.6.4).
The following result highlights the importance of these algebras.

Theorem 1.6.9 (Cartan—Killing Classification). Let L be a semisim-
ple Lie algebra over C with dim L < oo. Then L is a direct product
of simple Lie algebras, each of which is isomorphic to either sl,(C)
(n > 2), or go,(Qn,C) (n > 3 and Q. as above), or to one of five
“exceptional” algebras that are denoted by Go, Fy, Eg, E7, Es and
are of dimension 14, 52, 78, 133, 248, respectively.

This classification result is proved in textbooks like those of Carter
[7], Erdmann—Wildon [11] or Humphreys [18], to mention just a few
(see also Bourbaki [5]). It is achieved as the culmination of an elab-
orate chain of arguments. Here, we shall take a shortcut around
that proof. Following Moody—Pianzola [25], we will work in a setting
where the existence of something like a “triangular decomposition”
(as in Corollary 1.6.8) is systematically adopted at the outset.






Chapter 2

Semisimple Lie algebras

In this chapter we develop the theory of semisimple Lie algebras us-
ing the aproach mentioned at the end of Chapter 1. This approach
provides a uniform framework for studying the various Lie algebras
appearing in Theorem 1.6.9. It is completely self-contained; no prior
knowledge about simple Lie algebras is required. One advantage is
that it allows us to reach more directly the point where we can deal
with certain more modern aspects of the theory of Lie algebras, and
with the construction of Chevalley groups.

The last section contains the highlight of this chapter: the con-
struction of Lusztig’s “canonical basis” for a semisimple Lie algebra.
This is a relatively recent development in the theory of Lie algebras,
dating from around 1990.

Throughout this chapter, we work over the base field k = C.

2.1. Weights and weight spaces

Let H be a finite-dimensional Lie algebra, and p: H — gl(V) be a
representation of H on a finite-dimensional vector space V' # {0} (all
over k = C). Thus, V is an H-module as in Section 1.4. Assume that
H is solvable. By Lie’s Theorem 1.5.4, there exists a basis B of V
such that, for any = € H, the matrix of the linear map p,: V — V,

39
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v — z.v, with respect to B has an upper triangular shape as follows:

A(z) o+ ... %
Mp(pr)=| O M@ (n=dimV),
0 ... 0 )\,:Ex)

where \; € H* := Hom(H,C) are linear maps for 1 < ¢ < n. By
Lemma 1.5.5, the set P(V) := {A1,...,A\n} € H* does not depend
on the choice of the basis B and is called the set of weights of H on V.
We will from now on make the stronger assumption that

A particularly favourable situation occurs when the matrices Mp(p,)
are diagonal for all z € H. This leads to the following definition.

Definition 2.1.1. In the above setting (with H abelian), we say
that the H-module V is H-diagonalisable if, for each x € H, the
linear map p,: V — V is diagonalisable, that is, there exists a basis
of V such that the corresponding matrix of p, is a diagonal matrix
(but, a priori, the basis may depend on the element = € H).

A linear map p: H — End(V) is a representation of Lie algebras if
and only if p([z, z']) = p(x)op(z’)—p(z')op(x) for all x,2’ € H. Since
H is abelian, this just means that the maps {p(z) | z € H} C End(V)
commute with each other. Thus, the following results are really state-
ments about commuting matrices, but it is useful to formulate them
in terms of the abstract language of modules for Lie algebras in view
of the later applications to “weight space decompositions”.

Lemma 2.1.2. Assume that V is H-diagonalisable. Let U C V be
an H-submodule. Then U is also H-diagonalisable.

Proof. Let z € H and Aq,...,\, € C (where 7 > 1) be the distinct
eigenvalues of p,: V — V. Then V = V; +... 4+ V.. where V; is the
A;-eigenspace of p,. Setting U; :=UNV; for 1 < i < r, we claim
that U =U; +...+ U,. Now, let u € U and writeu =v; + ...+ v,
where v; € V; for 1 < i < r. We must show that v; € U for all 7. For
this purpose, we define a sequence of vectors (u;);>1 by u1 := u and
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u; 1= x.u;—1 for j > 2. Then a simple induction on j shows that
u; = A{_lvl +.o XNy, for all j > 1.

Since the Vandermonde matrix ()\Z _1) is invertible, we can

1<i,5<r
invert the above equations (for j = 1,...,r) and find that each v; is
a linear combination of ui,...,u,. Since U is an H-submodule of V,

we have u; € U for all j, and so v; € U for all 7, as claimed.

Now U; =UNV; ={u €U | z.u = \u} for all i. Hence, all non-
zero vectors in U; are eigenvectors of the restricted map p,|y: U — U.
Consequently, U = Uj + ...+ U, is spanned by eigenvectors for p,|v
and, hence, p, |y is diagonalisable. O

Proposition 2.1.3. Assume that V is H-diagonalisable; let n =
dimV > 1. Then there exist A1,...,\, € H* and one basis B of V
such that, for all x € H, the matrix of p,: V — V with respect to B
is diagonal, with A\1(x), ..., An(z) along the diagonal.

Proof. We proceed by induction on dim V. If dim V' = 1, the result
is clear. Now assume that dim V' > 1. If p, is a scalar multiple of the
identity for all z € H then, again, the result is clear. Now assume
that there exists some y € H such that p, is not a scalar multiple of
the identity. Since p, is diagonalisable by assumption, there are at
least two distinct eigenvalues. So let Aq,..., A € C be the distinct
eigenvalues of py, where r > 2. Then V=V, @ ... ®V, where V; is
the A;-eigenspace of p,. We claim that each V; is an H-submodule
of V. Indeed, let v € V; and € H. Since H is abelian, we have
Pz © py = py © po- This yields py(z.v) = (py © ps)(v) = (pz © py)(v) =
Pz (y.v) = Xi(y)pz(v) = Ai(y)(z.v) and so z.v € V;. By Lemma 2.1.2,
each subspace V; is H-diagonalisable. Now dim V; < dim V' for all .
So, by induction, there exist bases B; of V; such that the matrices of
pz|lv,: Vi = V; are diagonal for all z € H. Since V =V, &...®V,, the
set B := By U...UB, is a basis of V with the required property. O

Given A € H*, a non-zero vector v € V is called a weight vector
(with weight ) if z.v = A(z)v for all x € H. We set

Vni={veV|zv=A(z)vforall z € H}.
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Clearly, V) is a subspace of V. If V) # {0}, then V) is called a
weight space for H on V. In the setting of Proposition 2.1.3, write
B ={v1,...,v,}. Then z.v; = \;(z)v; for all z € H and so v; € Vj,.
Thus, we have V = Zlgign Vi, that is, V' is a sum of weight spaces.

Proposition 2.1.4. Assume that V is H-diagonalisable. Recall the
definition of the set of weights P(V) C H* above.

(a) For A € H*, we have A € P(V) if and only if V), # {0}.
(b) We have V =@ cpy Va-

(c) IfU CV is an H-submodule, then U = @, ¢ p(rr) Ux where
PU)CPV)and Uy =UNV, forall x € P(U).

Proof. Let B and Aq,...,\, € H* as in Proposition 2.1.3. Then
P(V)={A1,...,An}. Writing B = {v1,...,v,}, we already observed
above that v; € V), for all 4. Consequently, V =3, ;. V..

(a) Assume first that A € P(V). By definition, this means that
A = \; for some i. Then z.v; = A;(z)v; for all x € H and so v; € Vj,.
Conversely, if V) # {0}, then there exists some 0 # v € V such
that z.v = A(z)v for all z € H. Thenv € V =3, ,, Vi, and so
Exercise 2.1.5 below shows that A = \; for some 1.

(b) The A; need not be distinct. So assume that |[P(V)| =7 >1
and write P(V) = {u1,...,pr}; then V=37, ., V,,. We now show
that the sum is direct. If r = 1, there is nothing to prove. So assume
now that r > 2 and consider the finite subset

{wi—py | 1<i<j<r}CH".

By Exercice 1.4.14, we can choose x¢ € H such that all elements of
that subset have a non-zero value on . Thus, u1(zo), . - -, tr(Zo) are
all distinct. Then V =V, ®...®V, where V; is the u;(x)-eigenspace
of V. Now, we certainly have

V=> V.S D Vi=V;
1<i<r 1<igr

note that V,,, = {v € V | z.v = p;(x)v for all z € H} C V;. Hence,
we must have V,, = V; for all i.
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(c) By Lemma 2.1.2, U is H-diagonalisable. So, applying (b)
to U, we obtain that U = @ AeP(U) Uy. Now, we certainly have

Uy={ueU|zu=Az)uforallze H} =UNV,
for any A\ € H*. Using (a), this shows that P(U) C P(V). O

Exercise 2.1.5. Let H be abelian and V be an H-module. Let r > 1
and A\, A1, ..., A € H*. Assume that 0 #v € Viandv € 37, ;. Vi,
Then show that A = \; for some i. (This generalises the familiar fact
that eigenvectors corresponding to pairwise distinct eigenvalues are
linearly independent.)

Now assume that H is a subalgebra of a larger Lie algebra L
with dim L < co. Then L becomes an H-module via the restriction
of adr: L — gl(L) to H. So, for any A\ € H*, we have

Ly={y€L|[z,y] = A(z)y for all z € H}.
In particular, Ly = C(H) :={y € L | [z,y] =0forallz € H} D H,

where 0 € H* denotes the 0-map. If L is H-diagonalisable, then we
can apply the above discussion and obtain a decomposition

L= @ Ly where P(L) is the set of weights of H on L.
AeP(L)
Proposition 2.1.6. We have [Lx,L,] C Ly, for all \,p € H*;
furthermore, Lo is a subalgebra of L. If L is H-diagonalisable, then
we have the implication: Lo =} ycpr)[Lr, L-x] = L=[L,L].

Proof. Let v € Ly and w € L,. Thus, [z,v] = A(z)v and [z,w] =
u(z)w for all x € H. Using anti-symmetry and the Jacobi identity,
we obtain that

[z, [v,w]] = —[v, [w, z]] — [w, [z,7]] = [v, [z, w]] + [[z, v], w]
= p(@)[v, w] + A(@)[v, w] = (A(2) + p(@))[v, w]
for all x € H and so [v,w]| € Lx,. Furthermore, since H is abelian,
HCLy={yelL||zy =0forall x € H}. We have [Lg, L] C
Ly and so Ly € L is a subalgebra. Now assume that L is H-
diagonalisable and that Lo = 3 ¢ p(z)[Lx, L-»]. Then Ly C [L, L].
Now let A € P(L), A # 0. Then there exists some h € H such that
A(h) # 0. For any v € Ly we have [h,v] = A(h)v. So v is a non-zero

ab hier Woche 4
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multiple of [h,v] € [L, L]. Tt follows that Ly C [L, L]. Consequently,
we have L =}, cp(r) Lx € [L, L] and so L = [L, L]. O

The following result will be useful to verify H-diagonalisability.

Lemma 2.1.7. Let H C L be abelian and X C L be a subset such
that L = (X)a1z. Assume that there is a subset {\,; | z € X} C H*
such that « € Ly, for allx € X. Then L is H-diagonalisable, where
every A € P(L) is a Zxo-linear combination of {\; | x € X}.

Proof. Recall from Section 1.1 that (X)az = (X, | n > 1)¢, where
X, consists of all Lie monomials in X of level n. Let us also set

Ay ={AeH | A=X;, +...+ ), for some z; € X}.

We show by induction on n that, for each x € X,,, there exists some
A € A, such that x € Ly. If n = 1, then this is clear by our assump-
tions on X. Now let n > 2 and z € X,,. So z = [y, 2] where y € X,
z € Xp—;and 1 < i < n—1. By induction, there are A € A; and
u € Ap,_; such that y € Ly and z € L,. By Proposition 2.1.6, we
have z = [y, 2] € [Lx,Ly] C L4y, where A+ p € Aj(n—iy = Ap, as
desired. We conclude that L is H-diagonalisable; more precisely,

L=(Xp|n>lc=)_ Y Ly,

n>1A€eA,

and each A € P(L) is a non-negative sum of various A\, (x € X). O

The following result will allow us to apply the exponential con-
struction in Lemma 1.2.8 to many elements in L.

Lemma 2.1.8. Let H C L be abelian and L be H-diagonalisable. Let
0#X€ P(L) andy € Ly. Then adr(y): L — L is nilpotent.

Proof. Let p € P(L)andv € L,. Thenad(y)(v) = [y,v] € L4, by
Proposition 2.1.6. A simple induction on m shows that adz(y)™(v) €
Ly for all m > 0. Since {mA+p | m > 0} € H* is an infinite
subset and P(L) is finite, there is some m > 0 such that mA + p ¢
P(L) and so adr,(y)™(v) = 0. Hence, since L = (L, | p € P(L))c, we
conclude that ady(y) is nilpotent (see Exercise 1.2.4(a)). a
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Exercise 2.1.9. In the setting of Lemma 2.1.8, let y € Ly where
0# A€ P(L). Then adr(y): L — L is a nilpotent derivation and so
we can form ¢ := exp(adr(y)) € Aut(L). Show that, if J C L is an
ideal, then @(J) C J.

Example 2.1.10. Let L = gl,(C), the Lie algebra of all n x n-
matrices over C. A natural candidate for an abelian subalgebra is

H := {z € L | z diagonal matrix} (dim H = n).

For 1 < i < n,let e; € H* be the map that sends a diagonal matrix to
its i-th diagonal entry. Then {e1,...,e,} is a basis of H*. If n =1,
then L = H. Assume now that n > 2; then H ;Cé L. For i # j let
eij € L be the matrix with entry 1 at position (i, j), and 0 everywhere
else. Then a simple matrix calculation shows that

(a) [z,e:;] = (ei(x) —ej(x))e;;  forallz € H.

Thus, ¢; —¢; € P(L) and e;; € L, ;. Furthermore, we have

(b) L = H o Ces; .
CL lj.jin \”L-J/
=0 \i;éj\ gLEi—Ej

So L is H-diagonalisable, where P(L) = {0} U{e; —¢; | ¢ # j}. Next,
note that the weights ¢; — ¢; for ¢ # j are pairwise distinct and non-
zero. Since there are n? — n of them, Proposition 2.1.4 shows that
dimL = dimLo + 3, ,;dimLe,—; > n+ (n? —n) = n? = dim L.
Hence, all the above inequalities and inclusions must be equalities.
We conclude that

(c) Ly=H and L., _.; = (esj)c foralli#j.

Finally, as in Corollary 1.6.8, we have a triangular decomposition
L = Nt @ H® N~ where Nt is the subalgebra consisting of all
strictly upper triangular matrices in gl,,(C) and N~ is the subalgebra
consisting of all striclty lower triangular matrices in gl,,(C). This
decomposition is reflected in properties of P(L) as follows. We set

Pt ={e;—¢j|1<i<j<n} and @ :=-9%.

Then P(L) = {0} U®* L ®~ (disjoint union) and N* = @+ La.
Thus, the decomposition L = NT @ H @ N~ gives rise to a partition
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of P(L) \ {0} into a “positive” part ®* and a “negative” part ®~.
We also note that, for 1 < i < j < n, we have

€ —€&j = (Ei — 5i+1) + (5i+1 — 5i+2) +...+ (Ej_l — €j).
Hence, if we set a; :=¢; — ;41 for 1 <i < n —1, then
(d) <I>i:{:|:(a1-+ai+1+...+aj_1)|1<i<j<n}.
Thus, setting A = {a1,...,an_1}, every non-zero weight of H on L
can be expressed uniquely as a sum of elements of A or of —A. (Read-
ers familiar with the theory of abstract root systems will recognise the
concept of “simple roots” in the above properties of A; see, e.g., Bour-
baki [4, Ch. VI, §1].) In any case, this picture is the prototype of what
is also going on in the Lie algebras sl,(C) and go,,(Qn,C), and this

is what we will formalise in Definition 2.2.1 below. For the further
discussion of examples, the following remark will be useful.

Remark 2.1.11. Let L C g[,(C) be a subalgebra, and H C L be
the abelian subalgebra consisting of all diagonal matrices that are
contained in L. First we claim that

(a) L is H-diagonalisable.

Indeed, by the previous example, ady (c)(z): gl,(C) — gl,(C) is
diagonalisable for all diagonal matrices = € gl,,(C) and, hence, also
for all z € H. Thus, gl,(C) is H-diagonalisable. Now [H,L] C L
and so L is an H-submodule of gl,,(C). So L is H-diagonalisable by
Lemma 2.1.2. Furthermore, we have the following useful criterion:

(b) We have H = Cp(H) if there exists some zo € H with
distinct diagonal entries.

Indeed, let o = diag(z,...,z,) € H with distinct entries z; € C
and y = (y;;) € L be such that [zo,y] = 20 -y —y - 2o = 0. Then
Z;Yi = Yijx; for all 4, j and so y;; = 0 for ¢ # j. Thus, y is a diagonal
matrix. Since y € L, we have y € H, as required.

For example, if L = s[,,(C), then H will consist of all diagonal
matrices with trace 0. In this case, we can take

zo = diag(1,2,...,n—1,—-n(n —1)/2) € H.

If L = go,(Qn,C), then the diagonal matrices in L are described in
Remark 1.6.7. In these cases, writing n = 2m + 1 (if m if odd) or
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n = 2m (if n is even), we may take

oo — diag(1,...,m,0,—m,...,—1) if n is odd,
0= diag(1,...,m,—m,...,—1) if n is even.

Example 2.1.12. Consider the subalgebra Ls C gl3(C) in Exer-
cise 1.3.3, where 0 # § € C. Then the elements

010 100 000
e=( 000}, R==(000], fF=[0 0 0
000 006 010

form a basis of Ly and one checks by an explicit computation that

[h’e]=e’ [h’f]=5fa [e’f]=0'

Hence, we have a triangular decomposition Ls = NT®H®N~, where
Nt =(e)¢c, N~ = (f)c and H := (h)c. We have Cr,(H) = H since
h satisfies the condition (b) in Remark 2.1.11. The corresponding set
of weights is given by P(Ls) = {0, o, da}, where o € H* is defined by
a(h) = 1. Thus, if § = —1, then we have a partition of P(Ls) \ {0}
into a “positive” and a “negative” part (symmetrical to each other).
On the other hand, if § = 1, then we only have a “positive” part but
no “negative” part at all. So this example appears to differ from that
of gl,,(C) in a crucial way. We shall see that this difference has to do
with the property that [e, f] = 0, that is, [NT, N~] = {0}. We also
know from Exercise 1.3.3 that Ls is solvable, while gl,(C) is not.

2.2. Lie algebras of Cartan—Killing type

Let L be a finite-dimensional Lie algebra over k = C, and H C L be an
abelian subalgebra. Then we regard L as an H-module via the restric-
tion of ady: L — gl(L) to H. Let P(L) C H* be the corresponding
set of weights. Motivated by the examples and the discussion in the
previous section, we introduce the following definition.

Definition 2.2.1 (Cf. Kac [21, Chap. 1] and Moody-Pianzola [25,
§2.1 and 84.1]). We say that (L, H) is of Cartan—Killing type if there
exists a linearly independent subset A = {a; | ¢ € I} C H* (where I
is a finite index set) such that the following conditions are satisfied.

(CK1) L is H-diagonalisable, where Lo = H.
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(CK2) Each A € P(L) is a Z-linear combination of A = {a; |7 € I}
where the coefficients are either all > 0 or all < 0.

(CK3) We have Lo = 3 ;c;[Laws L—as]-

We set @ := {a € P(L) | a # 0}. Thus, L = H® @,y La, which
is called the Cartan decomposition of L. Then H is called a Cartan
subalgebra and ® the set of roots of L with respect to H. We may
also speak of (®,A) as a based root system.

We say that o € ® is a positive rootif a = Zie 7 nio; wheren; > 0
for all ¢ € I; similarly, o € ® is a negative rootif oo = Zie 1 Nio; where
n; < 0 for all i € I. Let ®* be the set of all positive roots and &~
be the set of all negative roots. Thus, ® = &+ LI ®~ (disjoint union).

Remark 2.2.2. We will see later that a Lie algebra L as in Defini-
tion 2.2.1 is semisimple; so all of the above notions (“Cartan subal-
gebra”, “roots” etc.) are consistent with the common usage in the
general theory of semisimple Lie algebras. Conversely, any semisim-
ple Lie algebra is of Cartan—Killing type. This result is in fact proved
along the proof of the classification result in Theorem 1.6.9.

The further theory will now be developed from the axioms in
Definition 2.2.1. We begin with the following two basic results.

Lemma 2.2.3. Assume that L is H-diagonalisable. Let A € H* be
such that [Lx,L_,] C H. If the restriction of A to [Lx,L_,] is zero,
then adr(xz) =0 for all z € [Ly, L_,].

Proof. Let y € Ly, z € L_j, and set = := [y, 2] € [Lx,L_,] C H.
Consider the subspace S := {z,y,z)c C L. Since A(z) = 0, we have
[z,9] = A(z)y =0, [z,2] = —A(z)z = 0 and [y, 2] = . Thus, S is
a subalgebra of L; furthermore, [S,S] = (z)c and so S is solvable.
We regard L as an S-module via the restriction of adr: L — gl(L)
to S. Since S is solvable, Lie’s Theorem 1.5.4 shows that there is
a basis B of L such that, for any s € S, the matrix of ady(s) with
respect to B is upper triangular. Now z = [y, 2] and so ady(z) =
ady, (y)oadr(z)—ady (z)oadr (y). Hence, the matrix of ady, () is upper
triangular with 0 along the diagonal. But ad () is diagonalisable and
so ady,(z) = 0, as desired. O
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Lemma 2.2.4. Assume that L is H-diagonalisable. Let A € H* be
such that [Lx, L_,] C H and the restriction of X to [Lx, L_,] is non-
zero; in particular, A # 0 and Ly # {0}. Then we have dim Ly =1
and P(L)N{nA |n € Z} ={0,£A}.

Proof. By assumption, there exist elements e € Ly and f € L_)
such that h := [e, f] € [La, L_»] C H and A(h) # 0. Note that e # 0,
f #0, h # 0. Replacing f by a scalar multiple if necessary, we may
assume that A(h) = 2. Then we have the relations

[6, f] =h, [h’ e] = )‘(h)e = 2e, [h’ f] = _)‘(:B)f = —2f.

Thus, S := (e, h, f)c is a 3-dimensional subalgebra of L that is isomor-
phic to sl2(C) (see Exercise 1.2.11). Let p := max{n > 1| L, # {0}}
and consider the subspace

M =CfeH®L\DLpP®... DL, CL,

where Cf C L_5, H C Ly and some terms L,) may be {0} for
2 < n < p. By Proposition 2.1.6, we have [Lnx, Lma] € L(nqm)s for
all n,m € Z. Furthermore, [f,y] € H for all y € Ly (by assumption),
[z, f] = —A(z)f € Cf for all z € H, and [H,L,)] C Ly for all
n € Z. It follows that [S,M] C M and so M may be regarded as
an S-module via the restriction of adr: L — gl(L) to S. The set of
eigenvalues of h on M is contained in {-2,0,2,4,...,2p}, where —2
has multiplicity 1 as an eigenvalue and 0, 2,2p have multiplicity at
least 1. Now, if we had p > 2, then —2p should also be an eigenvalue
by Proposition 1.5.11, contradiction. So we have p = 1. But then the
trace of h on M is —2 + 2m where m > 1 is the multiplicity of 2 as
an eigenvalue. By Proposition 1.5.11, that trace is 0 and so m = 1.
Thus, we have shown that dim Ly =1 and nA € P(L) for all n > 2.

Finally, since [Lx,L_»] # {0}, we have L_, # {0} and so we
can repeat the whole argument with the roles of A and —\ reversed.
Thus, we also have dimL_y =1 and L_,» = {0} for all n > 2. d

Proposition 2.2.5. Assume that the conditions in Definition 2.2.1
hold. Then, for each i € I, we have

dim L,, =dim L_,, = dim[L,,,L_,,] =1,

and there is a unique h; € [Lq,, L_q,] with a;(h;) = 2. Furthermore,
A ={a;|i €1} is a basis of H* and {h; | i € I} is a basis of H.
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Proof. Let I’ be the set of all i € I such that the restriction of
a; to [La,;, L—q,] is non-zero; in particular, [Le,,L—o,] # {0} and
Lio, # {0} for i € I'. Now let us fix s € I’. By Lemma 2.2.4,
we have dimL,, = dimL_,, = 1. So there are elements e; # 0
and f; # 0 such that L,, = (e;)c, L_a, = (fi)c. Consequently, we
have [Lq,,L_o;] = (hi)c where 0 # h; = [e;, fi] and a;(h;) # 0.
So, replacing f; by a scalar multiple if necessary, we can assume that
a;(h;) = 2; then h; is uniquely determined (since dim[L,,;, L_q,] = 1).
Thus, by (CK3), we have

H=H'+(hi|i€I')c where H':= Y [Laj,L_q,].

JEINI’

Now let j € I'\ I'. Then the restriction of o to [La;,L_q,] is zero

and so Lemma 2.2.3 shows that adr(z) =0 for all € [Lo,, L_q,] C

H. On the other hand, if z € H, then adp(z) is diagonalisable,

with eigenvalues given by A(z) for A € P(L). We conclude that, if

z € [La;,L_q,], then A(z) = 0 for all A € P(L). In particular, the

restrictions of all o (i € I) to [Lq,, L_q,] are zero.

Assume, if possible, that I’ & I. Then the restrictions of the
linear maps «; (¢ € I) to the subspace (h; | j € I')c are lin-
early dependent. So there are scalars ¢; € C, not all 0, such that
> icr cici(h;) = 0forall j € I'. But, we have just seen that o;(z) = 0
for all z € H'. Hence, ), ; cia;(x) = 0 for all z € H, contradiction
to {e; | © € I} being linearly independent. So we must have I’ = I,
which shows that H = (h; | ¢ € I)c. On the other hand, since
{a; | i € I} is linearly independent, we have dim H = dim H* > |I|.
Hence, {h; | i € I'} isa basis of H and {a; | i € I} isabasisof H*. O

Definition 2.2.6. Assume that the conditions in Definition 2.2.1
hold. Let h; € H (i € I) be as in Proposition 2.2.5. Then
A= (aj(hi))i,jef
is called the structure matriz of L (with respect to A).
Note that, since {h; | ¢ € I} is a basis of H and {o; |1 € I} isa
basis of H*, we certainly have det(A) # 0.

Example 2.2.7. Let L = 5(,(C) (n > 2) and H C L be the abelian
subalgebra of all diagonal matrices in L; we have dim H = dim H* =
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n — 1. By Remark 2.1.11, L is H-diagonalisable and CL(H) = H.
Thus, (CK1) holds. For 1 < ¢ < n, let ¢; € H* be the map which
sends a diagonal matrix to its ¢-th diagonal entry. (Note that, now,
we have the linear relation €1 +...+¢€, =0.) Fori # j let e;; € L
be the matrix with entry 1 at position (¢, 7), and 0 everywhere else.
Then we have again L = H @ @# y Ce;j. By the same computations
as in Example 2.1.10, we see that P(L) = {0} U ®, where

O :={t(i+a1+...+aj_1)|1<i<j<n}

and o; = €; — €41 for 1 < 4 < n—1. Thus, (CK2) holds, but we
still need to check that {a1,...,an—1} C H* is linearly independent.
For this purpose, let U := (a1,...,on_1)c. If we had U & H*, then
U°:={xz € H| Az) =0for all A\ e U} # {0}, by standard duality
properties in Linear Algebra. Let 0 # z € U°. Then a;(z) = 0 and
so the first two diagonal entries of = are equal. Next, since as(z) = 0,
the second and third diagonal entries are equal. Hence, we conclude
that all diagonal entries are equal and so Trace(z) # 0, contradiction.
Hence, since dim H* = n — 1, the set {a1,...,a,_1} is a basis of H*.
Given the above description of ®, this now shows that |®| = n? — n,
and so a dimension argument as in Example 2.1.10 yields that

Lo=H and dimL, =1 forall o € ®.

Finally, we set e; := €;;41 € Lo, and f; :=e;41; € L_q, for 1 <14 <
n—1. Then h; := [e;, f;] € H is the diagonal matrix with entries 1, —1
at positions ¢,i+1 (and 0 otherwise). We see that {hi,...,h,—1}isa
basis of H and, hence, that H =3, ;. ;[La;; L—q,]. Thus, (CK3)
also holds and so (L, H) is of Cartan—Killing type with respect to
A={o,...,an_1}. We compute that

2 -1
-1 2-1
1 2-1
A= (aj(hi) = o € M,_1(Z)
1 2-1
“1 2

where all non-specified entries are 0. Note that h; € [Lq,, L_q,] and
a;(h;) = 2. Hence, the above elements {hq,...,h,_1} are indeed
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the elements whose existence and uniqueness is proved in Proposi-
tion 2.2.5. We know that det(A) # 0 but we leave it as an exercise
to compute that det(A) = n.

Assume from now on that (L, H) is of Cartan—Killing type with
respect to A = {a; | ¢ € I}, as in Definition 2.2.1.

Lemma 2.2.8. Let o € & and i € I. If o + ma; € ® for some
m € Z, then a = o or a+ma; € &,

Proof. Write a =3, nja; where n; € Zxo for all j. Assume that
o # a;; since o € ®1, we also have a # —a;. By Proposition 2.2.5,
the restriction of a; to [Lq,,L_q,] is non-zero and so Lemma 2.2.4
implies that o ¢ Za;. Hence, we must have n;, > 0 for some i # <.
But then n;, > 0 is also the coefficient of a;, in a4+ ma;. Since every

root is either in ®* or in ®~, we conclude that o + ma; € ®+. O

Remark 2.2.9. Let ¢ € I and h; € [Lq,,L_q,] be as in Proposi-
tion 2.2.5. Let e; € Ly, and f; € L_,, be such that h; = [e;, fi]-
Since dim Ly, = 1, we have L,, = (e;)c and L_,, = (f;)c. Fur-
thermore, since «;(h;) = 2, we have [h;, ;] = 2¢; and [h;, f;] = —2f;.
Thus, S; := {e;, hi, fi)c C L is a 3-dimensional subalgebra isomorphic
to sl2(C). We call {e;, hi, f;} an slo-triple in L. This will provide a
powerful tool in the study of L. The elements {e;, f; | ¢ € I} are
called Chevalley generators of L. Note that the f; are determined
once the e; are chosen (via the relations h; = [e;, fi]); the e; are only
unique up to non-zero scalar multiples.

Remark 2.2.10. In the proof of Lemma 2.2.4, we used the results
on representations of sl;(C) that we obtained in Section 1.5. We can
now push this argument much further. So let us fix ¢ € I and let
{ei, hi, fi} be a corresponding slp-triple, as above. Then sly(C) =
S; = {es, hi, fi)c € L. Let us also fix 8 € ® such that 8 # +a;.
Since @ is finite, there are well-defined integers p,q > 0 such that

B_qa’iv LR} /B_a’iv Ba ;B+ai’ sy IB+pal

are all contained in @, but 8+ (p+1)a; € @ and 8 — (¢ + 1)a; & P.
(It could be that p = 0 or ¢ = 0.) The above sequence of roots is
called the a;-string through B. Now consider the subspace

M = Lﬂ—qai S...0 L,B—Otz‘ &) Lﬁ &) Lﬂ"l‘ai D...0 LB+P0¢z‘ C L.
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We claim that M is an S;-submodule of L. Now, we certainly have
[H,M] C M and so M is invariant under h;. By Proposition 2.1.6,
we have [Lia,;, Lgina;] € Lat(nt1)a, for all n € Z. This shows that
all subspaces Lgina, With —g < n < p are invariant under e; and f;.
Finally, by Lemma 2.2.4 (applied to A = «;), we have 8 # na; for
all n € Z. Hence, 0 # S+ (p+ 1)a; € ® and so [La,, Lgypa;] C
Lgy(pt1)a; = {0}. Similarly, we have [L_ai,Lg_qai] C Lg_(g+1)a; =
{0}. Thus, M is an S;-submodule of L, as claimed. Now recall
that the module action is given by adr: L — gl(L). Since L is H-
diagonalisable, the eigenvalues of any = € H are given by A(z) for
A € P(L) (each with multiplicity dim Ly > 1). So the eigenvalues
of h; on M are given by (8 + na;)(h;) for —¢ < n < p, each with
multiplicity dim Lgynqa, > 1. Explicitly, the list of eigenvalues (not
counting multiplicities) is given by

B(hi) —2q, ..., B(hs) =2, B(hi), B(hi) +2, ..., B(h:) + 2p.

By Proposition 1.5.11, all eigenvalues of h; are integers, and if m € Z
is an eigenvalue, then so is —m. In particular, the largest eigenvalue
is the negative of the smallest eigenvalue. First of all, this implies
that B(h;) + 2p = —(B(h;) — 2q) and so

(a) B(hi) =q-p€EL.

Furthermore, —¢ < p — ¢ = —B(h;) < p. Thus, we conclude that

(b) B — B(hi)a; € @ belongs to the a;-string through 5.

We can go even one step further. Let 0 # vt € Lgypa, be fixed.
Then h;.v" = cvt where ¢ = B(h;) +2p = (¢ —p) +2p = p+q. Since
lei,vt] € Lat(pt1)a; = {0}, We have e;.vT = {0} and so v € M is
a primitive vector, as in Remark 1.5.9. Correspondingly, we have a
subspace E := (v, | n > 0)c C M, where

v :=v7T

and Upa1 i= n%rl[fi,vn] for all m > 0.
(We also set v_1 :=0.) As shown in Remark 1.5.9, we have
dmE=c+1=p+qg+1 and E = (v,v1,...,Uptq)C-

In particular, vg,v1,...,Vp4+q are all non-zero. We can exploit this
as follows. First, vo = v* € Lgipa,. Hence, if p > 1, then v, =
[fisvo] € [L—a;s Lgtpa;] € Lgy(p—1)a,; furthermore, if p > 2, then
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vy = %[fi,vl] € [L—OémL,B-l-(p—l)ai] C Lgy(p—2)a;- Going on in this
way, we find that 0 # v, € Lg. Since [e;,vp] = (c—p+1) = (¢+1)vp—1
(see Remark 1.5.9), we conclude that

(C) [fi7 [ei""p]] = (q + 1) [fza 'Up—l] = p(q + 1)”17’
[ei, [fis vpl] = (P + 1) [es, vp+1] = q(p + 1)vp.

In particular, since 0 # v, € L, this implies that

(@) {0} # [La“Lﬂ] C Lgta, if p> 0, that is, 8+ «a; € P,
{0} # [L_qo,,Ls] € Lg—q, if ¢ > 0, that is, 8 — a; € .

Remark 2.2.11. For future reference, we note that 3(h;) € Z for
all B € ® and all ¢« € I. Indeed, if 8 # +«;, then this holds by
Remark 2.2.10(a). But if 8 = £, then B(h;) = £a;(h;) = £2.

Corollary 2.2.12. Consider the matrix A = (a;j)ijer @ Defini-
tion 2.2.6, where a;; = a;(h;) fori,j € I. Then the following hold.

(a) a;j €Z and a;; =2 for alli,j € 1.
(b) a;; <O foralli,jel,i+#j.
(€) a;j #0 e a;; #0 foralli,jeI.

Proof. (a) See Proposition 2.2.5 and Remark 2.2.11.

(b) Assume, if possible, that a;; > 0. Then, by Remark 2.2.10(b),
we have oi; —na; € ®, where n = a;(h;) > 0, contradiction to (CK2).

(c) This is clear for ¢ = j. Now assume that ¢ # j and a;; # 0;
then aj; < 0 by (b). By Remark 2.2.10(b), we have o; + na; € @,
where n = —o;(h;) = —aj; > 0; furthermore, a; +na; belongs to the
a-string through ;. Hence, since n > 0, we also have that a; +a; €
® belongs to that oj-string. Now we reverse the roles of o; and o
and consider the o;-string through ;. Let p,q > 0 in Remark 2.2.10
be defined with respect to o; and o := ;. Since a; + o; € @, we
have p > 1. By (CK2), we have a; — a; ¢ ® and so ¢ = 0. Hence,
Remark 2.2.10(a) shows that a;; = a;(h;) = —p < 0. O

Exercise 2.2.13. In the setting of Remark 2.2.10, show that p =
max{n > 0| B+ na; € &} and ¢ = max{n > 0 | 8 — na; € P}.
Deduce that, if 8 + na; € ® for some n > 0, then 8 + «; € .
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2.3. The Weyl group

We keep the basic setting of the previous section, where (L, H) is of
Cartan—Killing type with respect to A = {o; | ¢ € I} C H*. The
formula in Remark 2.2.10(b) suggests the following definition.

Definition 2.3.1. For i € I, let h; € [L,,,L_q,] be as in Proposi-
ton 2.2.5. We define a linear map s;: H* — H* by

$i(A) ==X = A(hy)oy for A € H*.

Note that s;(;) = a; —20; = —a; and s;(A\) = A for all A € H* with
A(h;) = 0. Since H* = (a;)c ® {X € H* | A(h;) = 0}, we conclude
that s; is diagonalisable, with one eigenvalue equal to —1 and |I| — 1
eigenvalues equal to 1. In particular, s? = idg~, det(s;) = —1 and
s; € GL(H*). The subgroup

W = (s; | i € I) C GL(H*)

is called the Weyl group of L (with respect to A). Note that, since

s;t = s; for all i € I, every element w € W can be written as a

3
product w = s;, ---s;, where r > 0 and 4j,...,4, € I. (Such an

expression for w is by no means unique; we have w =id if r = 0.)

Remark 2.3.2. By Remark 2.2.10, we have s;(a) € ® for all a € @
with a # +a;. But we also have s;(a;) = —a; and so s;(®) = ®.
Consequently, we have w(®) = ® for all w € W. So we have an action
of the group W on the finite set ® via

Wx®— (w, @) = w(a).

Let Sym(®) denote the symmetric group on ®. Then we obtain a
group homomorphism 7: W — Sym(®), w — m,, where m,(a) :=
w(a) for all & € ®. If 1, = idg, then w(a) = a for all & € . In
particular, w(a;) = a; for all ¢ € I. Since {¢; | % € I} is a basis of H*,
it follows that w = idg~. Thus, 7 is injective and W is isomorphic to
a subgroup of Sym(®); in particular, W is a finite group.

In order to prove the “Key Lemma” below, we shall use a con-
struction that essentially relies on the fact that W is a finite group.
For this purpose, let E := (o; | 4 € I)r € H*. Then E is an R-vector
space, and {«; | i € I} still is a basis of E. By (CK2), we have ® C E.
Since a(h;) € Z for all « € ® and i € I (see Remark 2.2.11), we also

ab hier Woche 5
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have s;(E) C E for all ¢ € I and so w(E) C E for all w € W. Thus,
we may regard W as a subgroup of GL(E) (but we will not introduce
a separate notation for this). Let (, )o: F X E — R be the standard
scalar product for which {ea; | ¢ € I} is an orthonormal basis. Thus,
for v,v’ € E we have (v,v")o =3, ;c; z;x; where v =3, z;; and

v =31 Tiay, with z;, 2 € R for all 4, j € I. Then we define a new

map (, ): EXE — R by
(v,0') == Z (w),w(v))y  for v,v' € E.
weWw

Since F — E, v — w(v), is linear for each w € W, it is clear that
(, ) is a symmetric bilinear form. For v € E, we have

(v,v) = Y (w(v), w(v)) > 0.
—_—
weWw >0

If (v,v) = 0, then (w(v), w(v))o = 0 for all w € W. In particular, this
holds for w = idg and so (v,v)o = 0. But (, )¢ is positive-definite
and so v = 0. Thus, (, ) is also positive-definite. Finally, taking the
sum over all w € W implies the following invariance property:

(w(),w(")) = (v,v')  forallw e W and v,v' € E.
Indeed, for a fixed w € W, we have

(w),w(®)) = Y (Ww),w'w®))o.
w'eW

Now, since W is a group, the map W — W, w’ — w'w, is a bijection.
Hence, up to reordering terms, the sum on the right hand side is the
same as the sum in the definition of (v,v’).

Remark 2.3.3. Let i € I and )\ € E; recall that E = {a; | i € I)g C
H*. Using the relation s;(o;) = —a;, the defining formula for s;(A),
and the above invariance property, we obtain the following identities:
—{@i; A) = (si@), A) = (87 (@), (V) = (@i, 85(N))
= (0, A = A(hi)ai) = (o, A) — A(hi) (s, o).

Since (o, ;) € R, this yields the fomula

<ai’ >‘>
<aia az>

This formula shows that each s;: E — FE is a reflection with root ;.

A(h;) =2 foral A€ Fand i€l
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Lemma 2.3.4 (Key Lemma). Let « € ® but a ¢ A. Then there
exists some © € I such that a(h;) € Zso. Furthermore, we have
si(@) = a — a(h))a; € D+ and o — a; € DT,

Proof. We write a = Zie ;0 where n; € Zyo for all 4. Since
0 # a € E, we can apply the above discussion and obtain

Zni (o, @) = {a,a) > 0.

i€l R

Since n; > 0 for all ¢, there must be some ¢ € I such that n; > 0
and (a;,a) > 0. Furthermore, since (a;,a;) > 0, the formula in
Remark 2.3.3 shows that we also have a(h;) > 0. By Remark 2.2.11,
a(h;) € Z and so a(h;) € Zso, as desired. Now, since a € @7\ A, we
have @ # to;. Hence, Remark 2.2.10(b) shows that oo — ae(h;)a; € ®
belongs to the a;-string through a. Since a(h;) € Z~q, we conclude
that a — «; also belongs to that oy-string and so o — a; € ®. It
remains to show that o — a; € ®* and o — a(h;)a; € ®*. But this
follows from Lemma 2.2.8, since o # ;. O

Remark 2.3.5. Since {«; | ¢ € I} is a basis of H*, we can define a
linear map ht: H* — C by ht(e;) :=1for ¢ € I. Let a € ® and write
a = ) cynio; where n; € Z for all 4. Then ht(a)) = >, ;n; € Z is
called the height of . Since ® = & LI ®~, we have

i€l

ht(a) =1 a€A; ht(a) 21 a€®™; ht(a) < -1 acd .

The “Key Lemma” often allows us to argue by induction on the height
of roots; here is a first example. Let & € &+ and n = ht(a) > 1. Then
we can write o = oy, + ... + oy, where ¢; € I for all j and, for each
j€{1,...,n}, we also have o, + ...+ ;, € ®*.

We argue by induction on n := ht(a) > 1. If n = 1, then a = «;
for some ¢ € I and we are done. Now let n > 2. Then o € A and so,
by Lemma 2.3.4, we have 8 := a — a;;, € & for some i; € I. Now
ht(8) = n — 1. By induction, there exist is,...,%, € I such that the
required conditions hold for 8. But then o = o, + o, + ... +
and the required conditions hold for a.

Theorem 2.3.6. Recall that (L,H) is of Cartan—Killing type with
respect to A = {a; |1 € I}. Then the following hold.
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(a) & = {w(a;) |weW,s €I} and ™ = —P™.
(b) If a € ® and 0 # c € C are such that co. € @, then ¢ = £1.

Proof. (a) Let @y := {w(e;) | w € W,i € I}. By Remark 2.3.2,
Py C ®. Next, let o € . We show by induction on n := ht(a) > 1
that a € ®9. If n = 1, then o = «; for some 7 € I and so o =
id(a;) € ®9. Now let n > 2. By Lemma 2.3.4, there is some j € I
such that a(h;) € Zs and B := s;(a) = o — a(h;)a; € +. We have
ht(8) = n — a(h;) < n. By induction, 8 € ®¢ and so f = w'(«;) for
some w' € W and i € I. But then o = s3(a) = s;(s;(a)) = s;(8) =
sjw'(a;) € Do, as required. Thus, we have shown that &+ C @,

Next, let o € ®. Since a € ¥y, we can write @ = w(a;),
where w € W and i € I, as above. Since s;(a;) = —a;, we obtain
—a = w(—a;) = ws;(a;) € D9 C ®. Furthermore, since o € &+, we
have —a € ®~. Thus, we have shown that —®T C &~ N ®,.

Now, there is a symmetry in Definition 2.2.1. If we set o := —q;
for all ¢ € I, then (L, H) also is of Cartan—Killing type with respect
to A’ := {a} | i € I}. Then, clearly, " := &~ is the corresponding
set of positive roots and ¥~ := &% is the set of negative roots. Now,
the previous argument applied to A’ instead of A shows that —®~ =
—Ut CU N®y =P NPy C & and, hence, = C —dT C P,.
Consequently, ® = ®+ U®~ C ®; and, hence, & = ®,.

(b) Assume that ¢ € ® and ca € ®, where 0 # ¢ € C. By
(a) we can write & = w(a;) for some w € W and ¢ € I. Then
ca; = cw™ Y (a) = w(ca) € ® and so ca;(h;) € Z by Remark 2.2.11.
But «a;(h;) = 2 and so 2¢ € Z; thus, ca; € ®, where ¢ = n/2 with
n € Z. On the other hand, we also have 8 :=ca € Pandc 'f=a €
®. Hence, a similar argument shows that ¢ 'a; € ® for some j € I,
where c=! = m/2 for some m € Z. Thus, we have nm = 4. If m = £1,
then n = +4 and so ¢ = +2; hence, +2a; € ®, contradiction to
Lemma 2.2.4 (applied to A = ;). Similarly, if n = +1, then m = +4
and so ¢! = £2; hence, +20; € ®, contradiction to Lemma 2.2.4
(applied to A = ;). Thus, we must have n = +2 and so ¢ = +1. [

We would like to make it completely explicit that W and & are
determined by the single knowledge of the structure matrix A of L.
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Remark 2.3.7. Recall that A = (a;;)i jer, where a;; = a;(h;) € Z
for all 4,5 € I. Thus, the defining equation of s; yields that

si(aj) =05 — G for all 1,] € I.

Hence, if A € H* and A =), _; A\ja; € H* with \; € C, then we have

i€l
(%) si(N) =D Nj(ay —aieq) = A~ (Z aij/\j)ai-
JeI jer

This shows that the action of s; on H* is completely determined by A.
For each w € W, let M,, € GL;(C) be the matrix of w with respect
to the basis {o; | ¢ € I} of H*. We have w = s;, ---s;, for some
41,...,%; € I and, hence, also M,, = Msi1 . -Msil. The above
formulae show that each M, is completely determined by A, and has
entries in Z. Hence, the set of matrices {M,, | w € W} C GL;(Z)
is also determined by A. Finally, by Theorem 2.3.6(a), every o € ®
can be written as o := w(a;) where w € W and ¢ € I. Then a =
> ier niq; where (n;);er € Z! is the i-th column of M,,. Thus,

%(A) = {(ni)ie[ € VAl | Zniai € (I)} - 7T
iel
is completely determined by A. More concretely, every o € ® is
obtained by repeatedly applying the generators s; of W to the var-
ious o, using formula (&). If, in the process, we avoid the relation

si(a;) = —ay, then we just obtain the set
¢ (A) = {(ni)iel € 7L Zniai € <I>+} cz!.
i€l

(See the proof of Theorem 2.3.6.) Here are a few examples.

Example 2.3.8. Let L = sl3(C), where A = {a, a2} and

A= ( _% _% ) . see Example 2.2.7.

The matrices of s1,s9 € W with respect to the basis A are given by:

(-1 1 (1 0.
stilbo 1 )0 2701 -1 )

see (). A direct computation shows that the product s;so € W
has order 3 and so W & &3. Applying s, so repeatedly to o, as
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(avoiding w;(a;) = —a; for i = 1,2), we obtain that
%-{P(A) = {(170)7(()’ 1)7(171)} or ot = {a17a27051 +052}

which is, of course, consistent with the general description of the set
of roots @ for sl,(C), n > 2, in Example 2.2.7.

Example 2.3.9. Let L = go,(Q4,C) where Qff = —Q4, as in Sec-
tion 1.6. We will see later that L is of Cartan—Killing type with
respect to a set A = {a, as} and structure matrix

A=(_§ ‘%)

Using (&), the matrices of s1,s2 € W with respect to A are:

(-1 1 (1 0
81 ¢ 0o 1) 82.2_1.

Now s182 € W has order 4 and W consists of 8 elements with matrices:

(0 3)=(0 1) 9)=( )

As above, we obtain that ¢+ (A) = {(1,0), (0,1), (1,1), (1,2)}. Of
course, this will turn out to be consistent with the general description
of the set of roots @ for go,,(Qn,C) (to be obtained later).

Example 2.3.10. Consider the matrix A = ( _:2)) _%

We have not yet seen a corresponding Lie algebra but we can just
formally apply the above procedure, where {a1, a2} denotes the stan-
dard basis of C2. Using (), the matrices of sy, s5 € GL2(C) are:

(-1 1 (1 o0
81 ¢ 0o 1) 82.3_1.

The product s;85 has order 6 and so (s1, s3) C GLy(C) is a dihedral
group of order 12. Applying s1,s2 repeatedly to a1, (avoiding
si(a;) = —a; for i = 1,2), we find the following set ¢ (A):

{®0), (O, 1), 1,2), 13), (2,3)}

(or {a1,az, a1 + ag, a1 + 209, a1 + 3as, 201 + 3z} C C2).
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Table 1. A Python program for computing 4t (A)

>>> def refl(A,n,r,i): # apply s_i to root r
nr=r[:] # make a copy of the root r
nr[i]-=sum(A[i] [jl*nr[j] for j in range(n))
return nr

>>> def rootsystem(A): # A=structure matrix
n=len(4)

R=[[0]*n for i in range(n)] # initialise R with
for i in range(n): # unit basis vectors
R[i1[i1=1

for r in R:
for i in range(n):

if R[i]!=r: # avoid s_i(alpha_i)=-alpha_i
nr=refl(A,n,r,i) # apply s_i tor
if not nr in R: # check if we get something new
R.append(nr)
R.sort(reverse=True) # sort list nicely
R.sort (key=sum)
return R

>>> rootsystem([[2, -1], [-3, 2]]) # see Example 2.3.10
(ra, ol, fo, 11, 1, 11, [1, 21, [1, 31, [2, 3]1]

The above examples illustrate how ® = &+ U (—®") can be com-
puted by a purely mechanical procedure from the structure matrix A.
In fact, we do not have to do this by hand, but we can simply write a
computer program for this purpose. Table 1 contains such a program
written in the Python language; it outputs the set ¥t (A). (The func-
tion refl(A, |I|,r,i) implements the formula (&) in Remark 2.3.7.)
If we apply the program to an arbitrary matrix A, then it will either
return some nonsense or run into an infinite loop.

Exercise 2.3.11. Of course, the above procedure will not work with
any integer matrix A, even if the entries of A satisfy the various
conditions that we have seen so far. For example, let A be

2 -1 -1 2 -1 0
-1 2 -1 or -2 2 -1 1.
-1 -1 2 0 -3 2

Define s1, 52,83 € GL3(C) using (é); show that |(s1, s2, s3}| = oo.
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Remark 2.3.12. Consider the structure matrix A = (a;;); jer. The
formula in Remark 2.3.3 shows that

(*) a;; = aj(hi) = 28:;%1; for all 1,] € I.

This has the following implication on A. Let us set d; := {a;, a;) for
i € I. Since all elements w € W are represented by integer matrices
with respect to the basis A of H* (see Remark 2.3.7), we see from

the above definition of (, ) that d; € Z~¢. Then (*) implies that
diaij = 2(05,-,0@) = 2(aj,ai) = (J,jidj for all i,7 € 1.

Hence, if we denote by D € M;(Z) the diagonal matrix with diagonal
entries d; (i € I), then D - A € M;(Z) is a symmetric matrix. In fact,
D- A is (up to the factor 2) the Gram matrix of { , ) with respect to the
basis A of E. Since (, ) is positive-definite, a well-known result from
Linear Algebra shows that det(D - A) > 0; since also det(D) > 0,
we have det(A) > 0. Even more is true: Let I’ C I be any (non-
empty) subset and consider the matrix Ay := (ai;); jer; similarly,
let Dy € My (Z) be the diagonal matrix with diagonal entries d;
(i € I'). Then, by the same argument as above, Dy - Ays is the Gram
matrix of the restriction of ( , ) to the subspace {(a; | 2 € I')g C E.
That restriction is still positive-definite and so det(A;/) > 0. Thus,
all principal minors of A are positive integers.

2.4. Semisimplicity

We continue to assume that (L, H) is of Cartan—Killing type with re-
spect to A = {«; | ¢ € I'}. In this section, we establish the main struc-
tural properties of L. For each i € I let {e;, h;, f;} be a corresponding
slo-triple, as in Remark 2.2.9; then sl3(C) 22 S; = (e;, hi, fi)c C L.

The first step consists of “lifting” the generators s; of W to Lie
algebra automorphisms of L. Let ¢ € I. By Lemma 2.1.8, the deriva-
tions adr(e;): L — L and adr(f;): L — L are nilpotent. Hence,
tady(e;) and tadp(f;) are nilpotent derivations for all ¢ € C. So we
can apply the exponential construction in Lemma 1.2.8, and set

z;(t) :=exp(tads(e;)) € Aut(L) forallteC,
yi(t) :== exp(tadr(f;)) € Aut(L) forallt e C.
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Lemma 2.4.1. With the above notation, we set
ni(t) = z;(t) oy (—t™ ) o z;(t) € Aut(L) for0#teC.
Then the following hold.
(a) We have n;(t)(h) = h — aj(h)h; € H for allh € H.
(b) We have A(ni(t)(h)) = si(A)(h) for all \ € H* and h € H.
(c) We have n;(t)(La) = L, (a) for all o € .

Proof. (a) Let h € H. Let us first determine z;(¢)(h). For this
purpose, we need to work out ady(e;)™(h) for all m > 1. Now, we
have ady(e;)(h) = [e;, h] = —[h,e;] = —ay(h)e; and, consequently,
adr(e;)™(h) =0 for all m > 2. This already shows that

wit)(n) = 3 LA o e,
m=0
Similarly, we have adp(f;)(h) = [fi,h] = —[h, fi] = ai(h)f; and,
consequently, ady, (f;)™(h) = 0 for all m > 2. This shows that
vit)(h) =" W‘;ﬂ = h+ oy (h)tfi.
m>0 )

Next, we determine y;(t)(e;). We have adr(f;)(e;) = —[ei, fi] = —ha,
ad2 (fi)(ei) = —[fi, hi] = —2f; and, consequently, adz (f;)™(e;) = 0
for all m > 3. This yields that

yi(t) (o) = 3 2Rl ()

m!
m2>=0

=e; —th; — tzfi.

Combining the above formulae, we obtain that
(yi(—t™ ) o zi(t)) (h) = yi(—t 1) (h — ci(h)te;)

= (h— (W)t fi) — ai(h)t(e; +t 1 hy —t72f)
= h — a;(h)h; — a;(h)te;.

Finally, adr(e;)™(e;) = 0 for all m > 1 and so z;(¢)(e;) = e;. Hence,

n;(t)(h) = z;(t) (h — a;(h)h; — ci(h)te;)

= (h - ai(h)tei) —a;(h) (hi - 2tei) — a;(h)te;
= h — a;(h)h;.
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(b) Recall that s;(\) = X\ — A(h;)a;. Using (a), this yields:
= (A= A(hi))(h) = s:(A)(h)
for all h € H, as desired.
(c) Let h € H and set h' := n;(t)(h) € H. Since a;(h;) = 2, we
see using (a) that n;(¢)(h;) = —h;; furthermore,
Now let y € L, and set 3y’ := n;(t)(y) € L. Then

(B, '] = [na(8) ('), ma () ()] = ma(t) (IR, 1)
= ni(t) ((h)y) = (R )ni(t) (y) = (W),

where the second equality holds since n;(t) is a Lie algebra automor-
phism. Now, by (b), we have a(h') = s;(c)(h) and so y' = n;(t)(y) €
Ly, (o). Hence, n(t)(La) € Ls;(a) and dim L, < dim Ly, (4. Since
s? = idg~, we also obtain that n;(t)(Ls,(a)) C Ls2(a) = Lo and so
dim L, (o) < dim L,. Hence, we must have n;(t)(La) = L, (a)- O

Proposition 2.4.2. We have dim L, =1 and dim[L,,L_,] =1 for
all o € ®. In particular, dim L = |I| + |®|.

Proof. Let a € ®. By Theorem 2.3.6(a) we can write o = w(e;) for
some w € W and i € I. Furthermore, we can write w = s;, - s;,,
where 7 > 0 and 41,...,%, € I. Let us set ¢ :=mn;,(1)o...0on; (1) €
Aut(L). Now Lemma 2.4.1(c) and a simple induction on r show that

L, = L(Sil"'sir)(ai) = (ni1 (1) 0...0 nir(l))(Lai) = SO(LOM)'

Since ¢ € Aut(L), we conclude that dim L, = dim L,, = 1, where
the last equality holds by Proposition 2.2.5. Furthermore, since —a =
—w(a;) = w(—aqy), the same argument shows that L_, = ¢(L_,,).
Again, since ¢ € Aut(L), we also have

[Las L—a] = [p(La,)s p(L-a;)] = ‘P([LamL—ai])7

and this is 1-dimensional by Proposition 2.2.5. Finally, the formula for
dim L follows from the direct sum decomposition L = H ©@ @ ¢4 La
and the fact that {h; | ¢ € I'} is a basis of H. O
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Proposition 2.4.3. For each a € ®, there exists a unique element
ha € [La, L_4] such that a(hy) = 2. (We have hy, = h; fori e I.)
Furthermore, h_o = —hq and hg, (o) = ni(1)(ha) for alli € I.

Proof. By Proposition 2.4.2, we have [Ly, L_,] = (h)c for some 0 #
h € H. If a(h) = 0, then Lemma 2.2.3 would imply that ad(h) = 0.
In particular, all eigenvalues of ady (h) are zero and so a;(h) = 0 for
all ¢ € I, contradiction since {a; | ¢ € I} is a basis of H*. Thus,
a(h) # 0 and so there is a unique scalar multiple of h on which «
takes value 2. This defines the required element h,,.

Since —a € ® and [L_q,Lo| = [La, L—4] is 1-dimensional, we
have h_, = &h, for some 0 # £ € C. But then we conclude that
2= (—a)(h_q) = —€a(hy) = —2€ and so £ = —1.

Finally, let i € I and 8 := s;(a). We set n; := n;(1) € Aut(L). As
in the above proof, Lg = n;(La), L_g =n;(L_,) and so [Lg,L_g] =
ni([La, L-a]) = (ni(ha))c. Hence, hg = &n;(hq) for some 0 # € € C.
Now, by Lemma 2.4.1(b), we have S(n;(h)) = s;(8)(h) for all h € H.
Since s;(8) = sZ(a) = a, this yields 8(n;(hq)) = a(hs) = 2 and so
2 = B(hg) = £B(ni(ha)) = 2, that is, € = 1 and hy,(g) = ns(ha). O
Exercise 2.4.4. (a) By Lemma 2.4.1, we have n;(t)(H) C H for
alli € I and 0 # t € C. Show that n;(t)?(h) = h for all h € H.

Furthermore, show that the matrix of n;(t)|g: H — H with respect to
the basis {h; | ¢ € I'} of H has integer coefficients and determinant —1.

(b) Let o € ® and write @« = w(a;) where w € W and i € I;
further write w = s;, - - - s;, where i1,...,4, € I. Show that
ho = (nil (1) o... Onir(l))(hi) € <hj | je I>Z.

The following result shows that the “Chevalley generators” in
Remark 2.2.9 are indeed generators for L as a Lie algebra.

Proposition 2.4.5. We have L = (e;, f; | ¢ € I)alq-

Proof. Let Lo := (e;, fi | i € I)aig C L. Since h; = [e;, fi] € Lo for
all 4, we have H C Lg. So it remains to show that L., C Lg for all
a € ®*. We proceed by induction on ht(c).

If ht(a) = 1, then a = «; for some ¢ € I. Since Lo, = (e;)c
and L_,, = (fi)c, we have Ly,, C Ly by the definition of Ly. Now
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let ht(a) > 1. By the Key Lemma 2.3.4, there exists some j € I
such that 8 := @ — a; € ®*. We have ht(8) = ht(a) — 1 and so,
by induction, Lig C Lo. By Remark 2.2.10(c’), since o + f =
a € ®, we have {0} # [Lqa,,Lg] € La,+p = L. Since dimL, =1
(see Proposition 2.4.2), we conclude that L, = [La,, Lg|, and this is
contained in Lo because Lo is a subalgebra and L,; C Lo, Lg C Lo.
Similarly, —a = —oa;; — B and L_, = [L_o,;,L_g] C Lo. O

Proposition 2.4.6. Let J C L be an ideal. If J # {0}, then there
exists some © € I such that S; C J. In particular, J is non-abelian
and so L is semisimple.

Proof. Assume that J # {0}. We have [H,J] C J and so J is an
H-submodule of L. Hence, by Proposition 2.1.4(b), we have

J=(nH)e@UnL).
acd
So there are two cases: JNH # {0} or J N L, # {0} for some
o € ®. Assume first that J N H # {0}. Let 0 ## h € J N H. Since
{a; | i € I'} is a basis of H*, we have a;(h) # 0 for some ¢ € I. Then
a;(h)e; = [h,e;] € J and so e; € J. Hence, also h; = [e;, fi] € J;
furthermore, —2f; = [h;, fi] € J and so S; C J, as desired. Now
assume that J N L, # {0} for some a € ®. By Proposition 2.4.2, we
have dim L, = 1 and so L, C J. Consequently, by Proposition 2.4.3,
we also have h, € [Ly,L_,] C J and we are back in the previous
case. Thus, in any case, S; C J for some i € I, as claimed. Since
S; & sl5(C) is not abelian, this shows that J is not abelian. Hence, by
Lemma 1.3.9, we must have rad(L) = {0} and so L is semisimple. [

Definition 2.4.7. Consider the structure matrix A = (a;;); jer of L
or, somewhat more generally, any matrix A = (a;;);,jer such that the
a;; satisfy the conditions (a), (b), (c) in Corollary 2.2.12. We say that
A is decomposable if there is a partition I = I; U I, (where I, I, g I
and I; NI, = &) such that a;; =aj; =0foralli€ [; and j € I,. In
this case we can label I such that A has a block diagonal shape

“(3)
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where A; has rows and columns labelled by I3, and As has rows and
columns labelled by I5. If no such partition of I exists, then we say
that A is indecomposable. Note that A can be written as a block
diagonal matrix where the diagonal blocks are indecomposable.

Remark 2.4.8. Given A we define a graph with vertex set I; two
vertices ¢,j € I, ¢ # j, are joined by an edge if a;; # 0. (Recall that
a;j # 0 < aj; #0.) Then a standard argument in graph theory shows
that this graph is connected if and only if A is indecomposable (see,
e.g., [4, Ch. IV, Annexe, Cor. 1]). Hence, the indecomposability of A
can be alternatively expressed as follows. For any 4,5 € I such that
i # j, there exists a sequence of distinct indices i = ig,%1,...,4 = J
in I, where 7 > 1 and a;;5,,, #0for 0 <I <7 —1.

Lemma 2.4.9. Assume that the structure matric A = (a;j)ijer of
L is decomposable and write I = I U Iy (disjoint union), as above.
We define By := {a; | i € I1)r C H* and Ey := (o, | 1 € L)gr C H*.
Then Ey N Ey = {0} and ® = &, U &y (disjoint union), where

P, :=PNE, #0 and Dy := 0N Ey # O
furthermore, a £ 8 & ® U {0} for all & € ®; and B € ®,.
Proof. Since I is the disjoint union of I; and I3, we certainly have
Ei1NE; ={0}. Leti € I; and j € I. Then s;(0j) = aj — o (hs)o; =

a; — a;jo;. Hence, if j € I, then s;(oy) € Ei; if j € I, then
si(0y) = a;, since a;; = 0. Consequently, we have:

(a) ielhb, = s;(E) CE; and s;(v)=v forall ve Es.
Similarly, we see that
(b) i€l = s;(E;) CE; and s;(v)=wv forallve Ej.

It follows that w(E;) C E; and w(E3) C Es for all w € W. (Indeed,
by (a) and (b), the desired property holds for all generators s; of W
and, hence, it holds for all elements of W.) Now, by Theorem 2.3.6(a),
we have ® = {w(a;) | w € W,i € I} and so ® = ¥; U ¥y, where
Uy i={w() |lweW,ie 1} C{w() |we W,v e E1} C Ey,
Uy = {w(a) |weW,i€ I} C{w()|we W,v € Ey} C Es.
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Thus, ¥; C PN E; =P and ¥y C &N Ey = ®,. This yields that
=T, U¥, C P UD, C D.

Furthermore, since F1 N E3 = {0} and 0 € ®, we have ¥y N ¥y = &
and ®; N &, = &. So we conclude that all of the above inclusions
must be equalities; hence, ¥; = ®; and ¥y = &5,

Finally, let « € ®; and 8 € 3. f a =8 =0, then a = 5 €
E1NE; = {0}, a contradiction. Now let a3 € ®. Since ® = &;UP,,
we have a £ 8 € ®; or a = 3 € ®5. In the first case, a £ 5 € E; and
so £8 = (a+B) —a € E; N Ey; = {0}, a contradiction. In the second
case, a+ 3 € Ey and so a = (¢ £ 8) F 8 € E1 N E; = {0}, again a
contradiction. Thus, we have a + 8 ¢ ® U {0}. O

Exercise 2.4.10. In the above setting, consider the subgroups
Wy :=<Si|i€Il>§W and W2:=<Si|i€IQ>gW

Use (a), (b) in the above proof to show that W = Wy - Wy = W, - W,
and W1 N W, = {id}. Also show that ®; = {w(a;) | w € Ws,i € I}
for s =1,2. Thus, ®; and P, are entirely determined by I; and I5.

Lemma 2.4.11. Let I' C I be any subset. We set
H :=(hj|i€Il')c, E :={(a|i€el''x CH*, ®:=dnNE.
Then L' := H' ® @, co Lo € L is a subalgebra of L.

Proof. Since H is abelian and [H, L,] C L, for all « € ®, it is clear
that [H,L'] C H'. Now let o, € ®'. Again, we have [L,, H| =
[H,L,] € L, C L'. Finally, we must show that [L,,Lg] C L. If
[La, Lg) = {0}, then this is clear. Now assume that [L,, Lg] # {0}.
By Proposition 2.1.6, we have [Lq, Lg] C Lqa4 g, and so either a+ 3 =
Qor a+ B € ®. In the second case, since « € E' and § € E', we
also have a + 8 € ®NE' = ® and so Lo4s C L', as required. Now
assume that a + 8 = 0, that is, 8§ = —a. Then [Lq, Lg] = (ha)c by
Propositions 2.4.2 and 2.4.3. It remains to show that h, € H' for
all & € ®'. Since h_, = —h, (see Proposition 2.4.3), it is enough to
do this for & € & N ®*. We now argue by induction on ht(a). If
ht(a)) = 1, then a = ¢, for some ¢ € I. Since also o; € @' C E', we
have ¢ € I’ and so h; = ho, € H'. Now assume that ht(a) > 1. By
the Key Lemma 2.3.4, there exists some 7 € I such that n = a(h;) >0



2.4. Semisimplicity 69

and o/ := s;(a) = a—na; € ®*. Since a € E’ and every root is either
positive or negative, we must have i € I’ and so o € ® N ®*. Since
ht(e/) = ht(e) — n < ht(e), we can apply induction; thus, hy € H'.
Now a = s;(¢/) and so hy = n;(1)(ha); see again Proposition 2.4.3.
Finally, Lemma 2.4.1(a) shows that hy = hor — a;(he)h; € H'. O

Exercise 2.4.12. Assume that we are in the set-up of Lemma 2.4.11.
For any A\ € H*, denote by X € H'* the restriction of A to H'.

Use Remark 2.3.12 to show that A’ := {a} | i € I'} C H'* is linearly
independent; furthermore, o’ # 0 and L, = L, for any o € @'.
Deduce that (L', H') is of Cartan—Killing type with respect to A’,
and that the corresponding structure matrix is A’ = (ai;); jer -

Proposition 2.4.13. Assume that A is decomposable and write [ =
I, U I, as above. Let ® = @, LI @5 as in Lemma 2.4.9 and set
Li:=H & @ Lo where Hy:=(h;|i€ I)c+#{0},
acd;
Ly:=Hy® @ Lo where Hy:=(h;|i€ I)c #{0}.
acdy
Then Ly, Ly are ideals such that L = Ly & Ly and [Lq, Ls] = {0}.

Proof. Since H = H; ® Hy and & = ®; U &5 is a disjoint union, we
have L = L; & Ly (direct sum of vector spaces). By Lemma 2.4.11, L;
and Lo are subalgebras of L. It remains to show that [Lq, L2] = {0}.
(Note that this implies that L; and Lo are ideals). We can do this
term by term according to the above direct sum decompositions.

First, since H is abelian, it is clear that [H;, Ho] = {0}. Next, let

i1 € I; and B € ®5. We write = Zjelz njo;. For y € Lg, we have

[hisy] = B(ha)y = Y nja;(ha)y = Y njaiy =0,
Jjelz Jj€I>
by the conditions on I = I; U I,. Thus, [Hq,Lg] = {0}. A com-
pletely analogous argument also shows that [Lo, Hz] = {0} for all
a € ®;. Finally, let o € ®; and § € ®,. If we had [L,, Lg] # {0},
then Loig # {0} (see Proposition 2.1.6) and so a + 8 € @ U {0},
contradiction to Lemma 2.4.9. O

Theorem 2.4.14. Assume that L # {0}. Then L is simple if and
only if A is indecomposable.
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Proof. By Proposition 2.4.13, L is not simple if A is decomposable.
Conversely, assume now that L is not simple. Since L # {0}, we have
I # @ and L is not abelian (see Definition 2.2.1). Let J C L be an
ideal such that {0} # J # L. Let s € I. Then S; N J is an ideal of S;.
So, since S; & sly(C) is simple, either S; C J or S; N J = {0}. Thus,
we have I = I; U I, (disjoint union) where

L:={icI|S;CJ} and L:={iel|S;nJ={0}}

Now, since J # {0}, we have I; # & by Proposition 2.4.6. If we had
I, = &, then I = I; and so e;, f; € J for all ¢ € I; hence, we would
have L = (e;, f; | i € I)aig C J by Proposition 2.4.5, contradiction to
our assumptions. Thus, we also have I # &. Now let ¢ € I; and j €
I,. We claim that a;; = 0. To see this, consider the relation [h;, e;] =
a;(h;)e; = a;jej. Since h; C J, we also have a;je; = [hi,e;] € J.
Hence, if a;; # 0, then e; € J and so J N S; # {0}, contradiction.
Thus, we must have a;; = 0, as claimed. Since this holds for all ¢ € I;
and j € I, we conclude that A is decomposable. O

Remark 2.4.15. The above results lead to a simple (!) method for
testing if L is a simple Lie algebra. Namely, we claim that L is simple
if I # @ and there exists some oy € ® with

ap =Zniai and 0#n; €Zforalliel.
il
Indeed, if L were not simple, then A would be decomposable by The-
orem 2.4.14 and so I = I; U I, (disjoint union), where I & I and
I ; I. But then Proposition 2.4.13 would imply that every a € ® is
a linear combination of {a; | ¢ € I } or of {«; | ¢ € I}, contradiction
to the existence of o as above.

Example 2.4.16. Let L = sl,(C), where n > 2. In Example 1.5.3,
we have already seen that L is semisimple. Now we claim that L is
simple. This is seen as follows. By Example 2.2.7, L is of Cartan—
Killing type with respect to A = {a1,...,a,—1}; furthermore, the
explicit description of ® shows that g = a1 +...+a,—1 € ®. Hence,
L is simple by Remark 2.4.15. — In the next section, we will employ a
similar argument to show that the Lie algebras go,,(Qr, C) are simple.

If A is indecomposable, then there is always a particular root ayq
with the property in Remark 2.4.15.
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Proposition 2.4.17. Assume that A is indecomposable (and I # & ).
Then there is a unique positive Toot ag € ® (called “highest root”)
such that ht(ap) = max{ht(y) | v € ®}. We have ap = ), nicvi,
where n; > 0 for all i € I. Furthermore, ag + a; & ® for alli € I,
and this property characterises ag (among all positive roots).

Proof. Since |®| < oo, there exists at least some root ap € ®* such
that ht(ao) = max{ht(y) | v € ®}. Then a9+ ; ¢ ® for all ¢ € I.
Now let 8 € ®* also be such that B+ a; & ® for all i € I. We must
show that 8 = ag. For this purpose, let 0 # eg € Lg and define
U C L to be the subspace spanned by all v € L of the form

(%) v={[fi,s[fizs[---s[firep]-..]]l, wherel >0, i1,...,% €.

First note that, by Proposition 2.1.6, any v as above belongs to the
subspace Lg_(q;, +...+as,) C L. Thus, since Lg = (eg)c, we have

U= Z Lﬁ—(ai1+...+ail)'

91,...,50 €15 120

In particular, this shows that [H,U] C U. By construction, we also
have [f;, U] C U for all i € I. We claim that U is an ideal in L. By
Proposition 2.4.5 and Exercise 1.1.8, it remains to show that [e;, U] C
U forallieI. Solet i€ I and v be as in (x). We show by induction
on ! that [e;,v] € U. If | =0, then v = eg and [e;, eg] € Lgta, = {0}
(since B+ a; & ®); so [e;,eg] =0 € U, as required. Now let [ > 1 and
set v' := [fi,, [fis, [ -5 [fises] .. .]]]- Then v = [f;,,v’] and so

[ei’v] = [€i7 [fil’vl]] = _[fiu [vlvei” - [1/7 [ei’fh]]'

By induction, [v/,e;] = —[e;,v'] € U and so [f;,,[v',e]] € U. Fur-
thermore, if ¢ = i, then [e;, fi;] = h; and so [V/, [e;, fi,]] = [V, hi] =
—[hi,v'] € U. Finally, if i # i1, then [e;, fi;,] € La,—a,, = {0} and so
[[e1, fi,],v'] = 0. Thus, in all cases, we have [e;,v] € U, as desired.
But then we conclude that U = L, since A is indecomposable and,
hence, L is simple (see Theorem 2.4.14). Now we can argue as follows.
For any a € ®, we have L, C L = U and so the above description of U
implies that o = S — (e, +...+«,) for some iy,...,%, € I, I > 0 (see
Exercise 2.1.5). Taking o = «y yields that ht(ag) > ht(8) = ht(ag)+1
and so | = 0, that is, 8 = «g, as desired. Taking a = «; for some



72 2. Semisimple Lie algebras

i € I yields that a9 = 8 = a; + (i, + ... + @;,). Hence, writing
Qo = Y _;cy Ni; With n; € Z, we have n; > 0 for all 7. O
2.5. Classical Lie algebras revisited

We return to the classical Lie algebras introduced in Section 1.6. Our
aim is to show that these algebras are simple. Let

0 --- 0 &,

. 0 = Q.
Qn = € Mn((c); Q(g: :E% )

0 62 =

56 0 --- 0

where d; = +1 are such that 0;0,,41—; = € for all i. Then

L:=g0,,(Qn,C) :={A € M,(C) | A"Q,, + Q,A =0} C gl,(C).
We assume throughout that n > 3. Then we have already seen in
Proposition 1.6.3 that go,,(Qn,C) is semisimple.

Let H be the subspace of diagonal matrices in L. Let m > 1 be
such that n = 2m + 1 (if n is odd) or n = 2m (if n is even). By the
explicit description of H in Remark 1.6.7, we have dim H = m and
H = {h(z1,...,Zm) | z; € C}, where

h(xl,...,xm)::{
Furthermore, by Remark 2.1.11, we have Cr.(H) = H and L is H-

diagonalisable. Thus, we have a weight space decomposition

L=H®@ L. where H=1L, and ®C H"\{0}.
acd

diag(z1,...,Tm,0,—Tm,...,—x1) if n = 2m+1,
diag(z1, ..., Tm, —Tm,-..,—x1) if n=2m.

In order to determine ®, we use the basis elements
Aij = 8iEij — 0;Eni1-_jni1—i € §0,(Qn,C)

for all 1 <4,j < n, where E;; denotes the elementary matrix with 1
at position (4,5), and 0 otherwise. (See Proposition 1.6.6.) If z =
diag(z1,...,z,) € H, we write g;(x) = z; for 1 < ! < n; this defines
a linear map ¢;: H — C. Note that ¢, +e,41;=0for 1 <l < n.

Lemma 2.5.1. We have [z, A;;] = (ei(z) — ;(x)) Aj for allz € H.
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Proof. If z = diag(z1,...,z,), then [z, E;;] = (z; — z;)E;; and so
[z, Aij] = bilz, Eij] — 6;]z, Eny1—jn+1-i]
= 0i(x; — x;) Eij — 6j(Tny1—j — Tnt1-i) Eny1—jnt1—i-

But, since x € H, we have x,41-; = —z; for 1 < I < n and so
[z, Aij] = (mi — %;)(0:iBij — 6 Eny1—jnt1-i) = (%5 — ;) Aij. O

Remark 2.5.2. Later on, we shall also need to know at least some
Lie brackets among the elements A;;. A straightforward computation
yields the following formulae. If i + j # n + 1, then

[Aij, Aji] = 6:6;(Eii — Ejj) + 6;0i(Ent1—jn+1-j — Ent1-int1-i);

note that this is a diagonal matrix in H. Furthermore, a particular
situation occurs when ¢ 4+ j =n 41 and € = —1. Then

Aij = 2(51'Eij and [Aij, A]l] = 4(Ejj — E“) € H.
Lemma 2.5.3. Recall that m > 1 is such that n = 2m+1 orn = 2m.

(a) In all cases, {+e; £e; | 1 < 4,5 < m,i # j} C ®. This
subset contains precisely 2m(m — 1) distinct elements.

(b) {£e; |1<i<m}C®ifn=2m+1 is odd and Q¥ = Q..
(€) {£2e; |1 <i<m}C®ifn=2m is even and QY = —Q,,.

Proof. (a) Let 1 < 4,j < m, ¢ # j. Then Lemma 2.5.1 shows that
g, —€e; € @, with A;; as a corresponding eigenvector. (We have
A;j # 0 in this case.) Now set | := n+1—j. Then ! # ¢ and so
Lemma 2.5.1 also shows that €; —e; € ®. (Note that, again, A; # 0.)
But e, = ep41-; = —¢; and so €;+¢; € ®. Similarly, let k :=n+1—1;
then k¥ # j and so ey —e; € ®. But € = epy1-s = —¢; and so
—g; —¢; € ®. Since {e1,...,em} € H* are linearly independent, the
functions +e; £e; € H* (1 < i< j < m) are all distinct. So we have
precisely 2m(m — 1) such functions.

(b) Let 1 < % < m. Then [z, A4; mt1] = (i — Tm+1)Aim+1 for
all z € H. But Tym41 = —ZTpy1—(m41) = —Tm+1 and 80 Ty = 0.
Hence, we have [z, Ai m+1] = i Aim+1 = €i() A m+1 for all z € H.
So g; € ® (since A; mt+1 # 0). Similarly, we see that [z, Apmt1,i] =
—€;(x)Amy1,; for all z € H. Hence, —¢; € ®.
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(¢c) Let 1 < 4 < mand z € H. Since Zopmi1—; = —T;, we
have [z, A; om+1—i] = (i — Tom+1—i)Aiomt1—i = 26;(x)Ai2m+1—i-
Since Q¥ = —Qp, we have §; = —dam41—; and S0 A; am+1-; # 0.
This shows that 2¢; € ®. Similarly, we see that [z, Aomy1—i] =
—2¢i(x)Agm+1-4, for all x € H. Hence, —2¢; € ®. O

Proposition 2.5.4. Let H C L = go,,(Qn,C) as above.

(a) If Q% = Q, and n = 2m is even, then we have |®| =
2(m% —m) and ® = {£e; ;| 1 < 4,5 <m,i#j}.

(b) If QF = Q,, and n = 2m+1 is odd, then we have |®| = 2m?
and ® = {xe; tej,+e; |1 <4,5 <m,i #j}.

(c) If Q¥ = —Q,, then n = 2m is necessarily even, we have
|®| = 2m? and & = {*e; +&;,+2¢; | 1 < 4,5 < m,i#j}.

Proof. By Lemma 2.5.3, |®| > 2m? — 2m (if n = 2m and Q¥ = Q,,)
and |®| > 2m? (otherwise). Since dim H = m, this implies that
dimL > dim H + |®| > 2m? —m (if n = 2m and Q¥ = Q,,) and
dimL > 2m? + m (otherwise). Combining this with the formulae
in Remark 1.6.7, we conclude that equality holds everywhere. In
particular, ® is given by the functions described in Lemma 2.5.3. In
(c), note that Q¥ = —@Q,, implies that n must be even. a

Remark 2.5.5. In all three cases in Proposition 2.5.4, we have ®' :=
{e: —¢€; | 1 <i,j <m,i+# j} C @, which is like the set of roots of
sl (C) in Example 2.2.7. We reverse the notation there® and set

Q; i = Em41—i — Em+2—i for 2 < % <m.

Thus, a,, = €1 — €2, 1 = €2 — €3, ..., Q3 = Ep_1 — Em; O
Qm+t2—; = €i—1 — €;. For 1 < i < j < m, we obtain:

Qiy1 + 042+ ...+ 0 =Emti1—j — Em+l—i

and so ®’ = {+(ait1+airo+...+0y) | 1 <i < j < m}. Furthermore,
in all three cases, we have ®" := {£(e; +¢;) |1 <i<j <m} C ®.
We will now try to obtain convenient descriptions for ®”.

3The reason for this notational reversion is to maintain consistence with the la-
belling of Dynkin diagrams that we will classify in Chapter 3; see also Remark 2.5.7.
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e In case (a), ® = &' U P". If we also set a3 := 1 + €, then
Qa1,Q2,...,Qn, are linearly independent. For 1 < i < j < m, we have

a+...+ 0 =Ent1—i —Emy, O3+ ...+ 0 =Emti—j — Em—1,

and so (041 +as+... —+—ai) + (a3 +oag+... —|—ozj) =Em+1—i +Em+1—j-
(Note that m > 2 since n > 3.) Hence, these expressions describe all
elements of ®”.

e In case (b), ® = &' UD" U{xe; | 1 < i < m}. If we also set
Qa1 = €p, then a1, as,...,a,, are linearly independent. We have

ot (e +...+ o) =em+ (Emti—i — Em) = Em+1—i
for 1 < ¢ < m. Furthermore, for 1 < ¢ < j < m, we obtain
20n+as+...+ o) a1 Fapo+ .. oy
= 26mt1—i + (Emt1—j — Em41-i) = Em4i—i + Em4i—j-
Hence, the above expressions describe all elements of ®”.

e In case (¢), ® = &' UP”" U {£2¢; | 1 < i < m}. If we also set
Qi = 2, then ay,aq,...,a,, are linearly independent. We have

o1+ 2(ae+ ...+ o) =2 4+ 2(Emt1—i — Em) = 2Emy1—i
for 1 < i < m. Furthermore, for 1 < ¢ < j < m, we obtain
a1+2(oe+... o)+ F e+ oy
=26mt1—i + (Emti—j — Emt+1—i) = Emt1—i + Emti—j-
Hence, again, the above expressions describe all elements of ®”.

Corollary 2.5.6. Let L = go,(C). Then, with notation as in Re-
mark 2.5.5, A :={a1,...,an} is a basis of H* and each oo € ® can
be written as a = £33, ;. nio; with n; € {0,1,2} for all i.

Proof. We already noted that {aj,...,an} is linearly independent.
The required expressions of « are explicitly given above. O

Remark 2.5.7. Let z € L = go,(Qnr,C) and write 2 = h +nt +
n~ as in Corollary 1.6.8. Then one easily checks that our choice of
ai,...,an, in Remark 2.5.5 is such that n* € Yo L+a where the sum
runs over all a € ® such that a = Z1<¢<m n;o; with n; > 0.
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Table 2. Structure matrices A for the Lie algebras L = go,,(Qn,C)

2 0-1
0 2-1
-1-1 2-1
-1 2-1 (QF = @, and n = 2m),
-1 2-1
-1 2
2 -2 2 -1
-1 2-1 —2 2-1
-1 2 -1 -1 2-1
-‘ .' -. and .. .~ .-
-1 2-1 -1 2-1
-1 2 -1 2
(Q:Lr =Qn andn=2m+l) (Q:Lr = _Qn andn=2m)

Proposition 2.5.8. Let L = go,(Qn,C) and H C L be as above;
also write n = 2m + 1 orn = 2m with m > 1. Then (L,H) is
of Cartan—Killing type with respect to A = {o1,...,an} C H*, as
defined in Remark 2.5.5; the structure matriz A is given in Table 2.
(Each of those matrices has size m x m.)

Proof. We already noted that L is H-diagonalisable and Cr(H) =
H; hence, (CK1) in Definition 2.2.1 holds. Furthermore, (CK2) holds
by Corollary 2.5.6. It remains to verify (CK3). For this purpose,
we specify e; € Lo, and f; € L_,, such that a;(h;) = 2, where
h; :=[e;, fi] € H. For 2 < i < m, we have a; = €;p41—i — Em42—i, OF
Qmt2—i = €i—1 — €;. So Lemma 2.5.1 shows that

emt2—i = 0;—1A4i—1i € Lo, 5_;»
fm2—i = 8Aii1 €L_q, .y ;-
Using the formulae in Remark 2.5.2, we find that
hm+2—i = [em+2—ia fm+2—i] = h(O’ ce 70’ 17 _1707 ce 70) € Ha

where the entry 1 is at the (i — 1)-th position and —1 is at the i-th
position. Hence, a;(h;) = 2 for 2 < ¢ < m, as required.
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If Q¥ = @, and n = 2m, then we have a; = ,—1 + €. As in

the proof of Lemma 2.5.3(a), we see that
€1 = 5m—1Am—1,m+1 € Lo, and fy:= 5m+1Am+1,m—1 €L_,,.

Using Remark 2.5.2, we find that hy := [e1, f1] = h(0,...,0,1,1) € H
and a;(h1) = 2, as required. If Q¥ = Q,, and n = 2m + 1, then we
have a1 = &,,. As in the proof of Lemma 2.5.3(b), we see that

e1 :=0mAmm+1 € Lo, and f1:=20pm11Ami1,m € Lo, .
Now h; := [e1, f1] = h(0,...,0,2) € H and a;(h1) = 2, as required.
Finally, if Q' = —Q,, and n = 2m, then we have a; = 2¢,,,. As in
the proof of Lemma 2.5.3(c), we see that

€1 = %dmAm,m—i-l S Lal, fl = %6m+1Am+l,m S L—al-
Now hy := [e1, f1] = h(0,...,0,1) € H and oy (h1) = 2, as required.

In all cases, we see that H = (hq, ..., hy)c and so (CK3) holds.
Finally, A is obtained by evaluating o;(h;) for all 4, j. O

Theorem 2.5.9. Recall thatn > 3. If Q¥ = Q,, and n is even, also
assume that n > 6. Then L = go,,(Qn,C) is a simple Lie algebra.
(Note that, by Exercise 1.6.4(c), we really do have to exclude the case
where n =4 and Q4 = QY.)

Proof. By Proposition 2.5.8, (L, H) is of Cartan—Killing type with
respect to A = {au,...,an}. Wenow use Remark 2.4.15 to show that
L is simple (exactly as for L = sl,,(C) in Example 2.4.16). Assume
first that Q¥ = @, and n = 2m, where m > 3. Then the explicit
description of ® in Remark 2.5.5 shows that

a1 t+as+2as+...tam_1)+a,€® ifm>4,
and a1 + az + az € @ if m = 3. Similarly, we have
21 tas+...tam_1)+am €® ifn=2m+1and Q¥ = Q,,
a1 +2(ae+ ...+ Qpo1 +ay) €P if n=2m and QF = —Q,,.
Hence, in each case, L is simple. O
Using the above descriptions of ®, it is now not too difficult to

describe the Weyl group of L. We will only do this here for the Lie
algebra sl,,(C).
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Remark 2.5.10. Let us determine the Weyl group of the Lie algebra
L = s(,(C), where n > 2. For this purpose, we use the inclusion
L C L = gl,(C). Let H := {diag(z1,...,2n) | 2 € C} C L be
the subspace of all diagonal matrices in L. For 1 <i<n,let & €
H* be the map that sends a diagonal matrix to its i-th diagonal
entry. Then {&1,...,&,} is a basis of H*. Another basis is given by
{5, 6(1, ey &n_l} where

0:=6&+...4+&, and &;:=§&;,—&;41 forl<i<n-—1

Now consider the Weyl group W = (s1,...,8,-1) C H* of L, where
H = ker(§) C H. We define a map m: W — GL(H*) as follows.
Let w € W and write w(a;) = Y., mij(w)o; with m;j(w) € Z for
1 <i,j <n-—1 Thus, My, = (my(w)) € GL,_1(C) is the matrix
of w with respect to the basis A = {ay,...,a,—1} C H*. Then we
define @ € GL(H*) by setting

() =6 and (&)= D myw)d forl<j<n-—L1.
1<i<n—1
Thus, the matrix of @ with respect to the basis {3, &1,...,&,—1} of

H* is a block diagonal matrix of the following shape:

(o)

Now 7: W — GL(H*), w — ®, is an injective group homomorphism,
and we have 7(W) = (81,...,8,-1). Since §(h;) = 0 for all 7, we see
that §;: H* — H* is given by the formula

8i(p) = p— p(hy)é; for all € H*.
A straightforward computation shows that
§z(§z) = éi+1, §i(éi+1) =¢; and §¢(§j) = éj ifj ¢ {i,i + 1}.

Thus, the matrix of §; with respect to the basis {¢1,...,é,} of H*
is the permutation matrix corresponding to the transposition in the
symmetric group &, that exchanges ¢ and i+1. Since &,, is generated
by these transpositions, we conclude that W = 7(W) = &,,.
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2.6. The structure constants N, g

Returning to the general situation, let again (L, H) be of Cartan—
Killing type with respect to A = {e; | i € I}. Let ® C H* be the set
of roots of L and fix a collection of elements

{0# ey € Ly | € D}
Then, since dim L, = 1 for all o € ®, the set
{hi|i€I}U{es|a € P} isa basisof L.
If @, B € ® are such that o+ 8 € @, then [L,, Lg] C Lo+ and
[ea;ep] = Na,g€ats, where N, p €C.

The knowledge of the structure constants IV, g is, of course, crucial
for doing explicit computations inside L. Eventually, one would hope
to find purely combinatorial formulae for N, g in terms of properties
of ®. In this section, we establish some basic properties of the N, g.

It will be convenient to set N, g :=0if a+ 3 & ®.

Remark 2.6.1. Let o € &. By Proposition 2.4.3, there is a unique
ha € [Lo, L_4] such that a(h,) = 2. Now recall that ® = —®. We
claim that the elements {e, | @ € ®} can be adjusted such that

(a) [ease—a] = ho for all o € ®.

Indeed, we have ® = ®+U®~ (disjoint union), where &~ = —®+. Let
a € ®T. Then [ey, e_q] = Eh,, for some 0 # £ € C. Hence, replacing
e_ by a suitable scalar multiple if necessary, we can achieve that
[€ay€—a] = ho. Thus, the desired relation holds for all @ € ®+. Now
let B € & ; then a = —f € . So [eg,e_p] = —[eq,€—a] = —ha =
hg, where the last equality holds by Proposition 2.4.3. So (a) holds
in general. Now, writing f, := e_,, we have [eq, fo] = o, [P, €a] =
a(hg)eq = 2e4 and [hq, fo] = —2f,. Hence, as in Remark 2.2.10, we
obtain a 3-dimensional subalgebra

(b) So :=(€q, P, fa)c € L such that S, = sly(C).

Regarding L as an S,-module, we obtain results completely analogous
to those in Remark 2.2.10. Here is a first example. As in Section 2.3,
let E:={o; |t € )p C H* and (, ): E X E — R be a W-invariant
scalar product, where W is the Weyl group of (L, H).
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Lemma 2.6.2. Let a € ®. Then we have
(@, A)
(a, )
Furthermore, if B € ® is such that B # ta, then B(hy) =q—p € Z,
where p,q > 0 are defined by the condition that

B—qa, ..., B—a, B, B4+a, ..., B+pa
all belong to @, but B+ (p+1)a g€ ® and B — (¢+1)a & D.

Aha) =2 forall X € E.

In analogy to Remark 2.2.10, the above sequence of roots is called
the a-string through 5. The element h,, is also called a co-root of L.

Proof. We write a = w(c;), where w € W and i € I. Applying w~!

to the above sequence of roots and setting A’ := w~=1(8), we see that
ﬁ/_qaia LS :Bl_ai7 ﬂla /3I+a’i’ RN 5/+pai

all belong to ®. If we had 8’ + (p+1)a; € @, then also S+ (p+1)a =
w(B'+(p+1)a;) € ®, contradiction. Similarly, we have 8'—(q+1)a; &
®. Hence, the above sequence is the a;-string through 3’ and so
B'(h;) = ¢ — p; see Remark 2.2.10(a). Using the W-invariance of {, )
and the formula in Remark 2.3.3, we obtain that

/ /
2 <a7ﬁ> =9 (w(ai)7w(ﬁ )> —9 (aialB > — ﬁl(hz) =q—p.
() (w(e),w(e)) (e, o)
Furthermore, using Sy = (ha,€a, fo)c C L as above, one sees that
B(ha) = q — p, exactly as in Remark 2.2.10(a) (where ey, ho, fo play
the role of e;, h;, f;, respectively). Hence, the formula A(h,) = 2 ég’gg

holds for all A € ® such that A # *a. By the definition of A, it also
holds for A = +a. Finally, since E = (®), it holds in general. a

Lemma 2.6.3. Let o € ® and write o = ), nio; with n; € Z.
Then ho = Y ;c; 0} hi, where

ng/zwnieZ forallieI.

(a,a)

Proof. Given the expression o = ). ; n;c;, we obtain

i€l

2a 2 (o, ) (o, 04) 204
; (a,a) <a’i7ai> ; (Ol,Ol) <ai,051'>
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Now let A € E. Using the formula in Lemma 2.6.2, we obtain:

Mha) =3 i <<°‘a Z>> Ahs) = ,\(Z n; <<aa Z>> hi) .

i€l el

Since this holds for all A\, we obtain the desired formula. The fact
that the coefficients n;’ are integers follows from Exercise 2.4.4. [

Remark 2.6.4. In the following discussion, we assume throughout
that (a) in Remark 2.6.1 holds, that is, we have [eq, e_q] = hq for all
a € ®. This assumption leads to the following summary about the
Lie brackets in L. We have:

[hi, hj] =0, for all 4,5 € I,

[hi, ea] = a(h;)eq, where a(h;) € Z,
[ease—a] = ho € (h;i | i € I)z (see Lemma 2.6.3),

feares] = 0 if o+ 8 ¢ ®U {0},

lea,es] = No,g€ats ifa+ped.

Since {h; | i € I} U{es | @ € @} is a basis of L, the above formulae
completely determine the multiplication in L. At this point, the only
unknown quantities in those formulae are the constants N, g.
Lemma 2.6.5. If y1,72,73 € ® are such that y1 + v2 +v3 = 0, then
N. N. N.

Y172 — Y2573 — Y3571 .
(v3,73) (v (v2,72)

Ny = =Nypm and

Proof. Since v; + 72 = —y3 € ®, the anti-symmetry of [, | imme-
diately yields N, ,, = —N,, 4, Now, since also 7o +v3 = —71 € ®,
we have [€y,,€y,] = Ny, 337,445 = Nyp 7,65, and so

[e’ha [e’vz’ e’Ys]] = N’Yszs [671, e—’h] = N’Y27’Ysh’Y17

where we used Remark 2.6.1(a). Similarly, we obtain that

[ev2s [€75s €3]] = Nog yi By, and  [eqs, [€q,, €4,]] = Noyy i P

So the Jacobi identity [ey, , [y, €ys]]+[€42) (€155 €x1 ]|+ [€n5, [€415 €40]] =
0 yields the identity IV, v, hy, + Ny 4, by, +N,y, 4, By, = 0. Now apply
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any 8 € ® to the above relation. Using Lemma 2.6.2, we obtain

N2 3 N3:1 N1y2
2<137 7’7>’Yl+ K 7)72—'_ k 7)73>

<’71, " (72, "2 (73, Y3
_ 2N’yz,'y3</37'71> 2N73,'yl (ﬂj'}’Z) + 2N71,'yz</37'73>
{(7v1,71) (v2,72) (73,73)

= ﬂ(N'Y27'Y3h’Yl + N’Ys,’hh’m + N’Ylszh”Ys) =0.
Since this holds for all 3 € ® and since E = (®)r, we deduce that

N’Yz 3 N’Ys Y1 N’Yl Y2
M 2t 73 =0.
{(y1,71) (v2,72) (73,73)
Since v3 = —y1 — 2, we obtain

©

( N’Y27’Y3 N’Yl,’Yz ) ( N’YS771 N’Yl,’Yz ) —
- + - Y2 =
(vm) (13573) (v2,72)  (13:73)

Now {71,72} are linearly independent. For otherwise, we would have
v = £7v; and so y3 = —27v; or v3 = 0, contradiction. Hence, the
coefficients of 1, 2 in the above equation must be zero. g

Lemma 2.6.6. Let o, € ® be such that o+ € ®. Then
la+p,atpB)
B,8)

where B—qa,...,B—a,B,8+aq,...,B+pa is the a-string through 3.
In particular, this shows that N g # 0 (since p > 1 by assumption).

Na?ﬁN_O"_ﬁ = _p(q + 1)

Proof. We have [e_,, [eq, €8]] = Na,gle—a)€a+8] = Na,gN_a,a+8€8-
Applying Lemma, 2.6.5 with v = —a, 72 = a+8, 73 = —3, we obtain

Nov,a+p _ N—q,-p

B,8)  {a+Bath)
On the other hand, let sl3(C) =2 S, = (e, ha, fo) € L as in Re-
mark 2.6.1(b). Then, arguing as in Remark 2.2.10 (where eq, hq, fa
play the role of e;, h;, f;, respectively), we find that

[e-a [, €s]] = [fa; [€a, esl] = P(q+ 1)ep.
This yields the desired formula. 0

There is also the following result involving four roots.
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Lemma 2.6.7. Assume that B1, B2, 71,72 € ® are such that 1+ P2 =
Y1+Y12 €D and B — 71 € PU{0}. Then o —y1 =72 — B1 € ® and

(y2,72) (711 — B2, 71 — Ba2)
Nﬁl,ﬁzN—"rl,—’Yz = Nﬁ1,72—ﬂ1N—’Y1,71—ﬂ2 <,82 ,82> <131 1 B2, B +,32>.

Proof. By the Jacobi identity we have

[eﬁm [eﬁlie—’h]] + [eB17 [e—’Yl?eB2]] + [e—’ha [eﬁz’ 6,61]] =0.
Now [eg,,e_~,] € Lg,—, and, hence, [eg,,e_,,] = 0 since f; — 71 &
® U {0}. So the first of the above summands is zero and we obtain:
Q) le—1s [essre.]] = —[6_71, les. e8]l = [es,, [e—1, e8]
The left hand side of () evaluates to

[6—71’ [eﬂl ) €ﬂ2]] = N51,52 [6—’}’1 ) eﬂ1+,32]
= Ng, 8, [e—’h » €v1 +’72] = N, 82 N1, m+72672-
Now Ng, g, # 0 and N_., 4,4+, # 0 by Lemma 2.6.6. Hence, the left
hand side of (f) is non-zero. So we must have [e_.,,eg,] # 0, which
means that —y; + B2 € ®. Then, similarly, we find that
[651’ [e—"r’l ) 652]] =N_y, . [eﬂ1 1€—m +52]
= N—’Y1,,32 [eﬁl ) 672—[31] = N—’Y1ﬁ2 N,Bl y2—B1672-
This yields Ng, g, N—v, y14vs = N—1,8.N8, v2—p, - Finally, we have

N1, — Nyi—p3,—m — _Nevim—ps
(v1 = B2,71 — Ba) (B2, B2) (Ba, B2)
using Lemma 2.6.5 with (—vy1) + 2 + (71 — B2) = 0. Furthermore,
Ny it — Nrs—m - _ Ny
(v2,72) (71 + 72,7 +72) m+y2mn+7)’
using Lemma 2.6.5 with (—y1) + (71 +72) + (—y2) = 0. O

As observed by Chevalley [9, p. 23], the right hand side of the
formula in Lemma 2.6.6 can be simplified, as follows. Let a,8 € ®
be such that 8 # +a. Define p,q > 0 as in Lemma 2.6.2. Then

(e, )
e a)

=pB(ha) =q—pEZL.
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To simplify the notation, let us denote AV := 2X\/(\,\) € E for any
0 # X\ € E. Thus, {(aY,8) = q — p. Now, by the Cauchy—Schwartz
inequality, we have 0 < {(a, 8)? < {a,a) - (8, B). This yields that

2 . Vy\ __ <aaﬂ> . <aaﬁ>
Og (Oé ’IB> <a718 >_2<a’a> 2<,87,8> <4
Since (@, 8) and (@, 8Y) are integers, we conclude that
(‘1) <ava/3> =q—p¢c {Oailai27i3};
(Md2) (@V,8) =+20r+3 = (a,BY) ==l

Now let v := B — ga € ®; note that also v # +a. Then one immedi-
ately sees that the a-string through + is given by

% Yt ..., v+ (pt+9a
Applying (#1) to a,« yields (a",7) = —(p+¢) € {0,£1,£2,£3}. So
(#3) p+q=—(a",7) €{0,1,2,3}.

Now assume that a+ 5 € ®, as in Lemma 2.6.6. Then we claim that
(a+B,a+p) q+1

® r:=r(a,B) = =

(4 (@) (8, B) P

This can now be proved as follows. By (#3), we have 0 < p+ ¢q < 3.
Since a + 8 € ®, we have p > 1. This leads to the following cases.

’pzl, g=0orp=2, qzl.‘ Then (aV,8) = ¢ — p = —1, which
means that 2{(c, 8) = —(a, ). So (a+ B,a+ B) = (o, a) + 2(e, B) +
(B,8) = (B, B). Hence, r = 1; we also have (¢g+1)/p = 1, as required.

Then {(a",8) =q—p =0 and so (a",7) = —2, where

v = — a. By (#2), we must have (a,7") = —1 and so 2(a,v) =
—{v,7). Since v = B — a, this yields (o, a) = (B, 8). Now (a¥,8) =0
and so {a, 8) = 0. Hence, we obtain (a+8,a+8) = (o, @) +(8,8) =
2(B, 8). Thus, we have r = 2 which equals (¢ + 1)/p = 2 as required.

Then {(a",8) =q—p =1 and so (a",7) = —3, where
v := 8 — 2a. By (#2), we must have (a,7") = —1 and so 2(a,7) =
—{v,7). Since v = B — 2a, this yields that 2(a,8) = (B,8). Now
(aV,B) =1 also implies that 2(a, ) = (@, ) and so (@, a) = (B, B).
Hence, we obtain (a + 8,a + 8) = (o, a) + 2(a, B) + (B, 8) = 3(B, B)
and so r = 3, which equals (¢ + 1)/p = 3, as required.
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Then (aV,8) = —p < —2 and so (o, BY) = -1, by
(#2). This yields —p{a., @) = 2(e, B) = — (B, f) and so (a-+5, a-+f) =
(o, ) + 2{e, B) + (B, B) = %(ﬂ, B). Hence, r = 1 = 2+1 " as required.

p p’
Thus, the identity in (#4) holds in all cases and we obtain:

Proposition 2.6.8 (Chevalley). Let o, 8 € ® be such that a+ € .
Using the notation in Lemma 2.6.6, we have

Na7ﬂN_a7_ﬂ = _(q + 1)2'

Proof. Since o+ 8 € ®, we have 8 # +a. We have seen above that
then (#4) holds. It remains to use the formula in Lemma 2.6.6. [

The above formula suggests that there might be a clever choice of
the elements e, € L, such that N, g = £(g+1) whenever a+ 5 € ®.
We will pursue this issue further in the following section.

Example 2.6.9. Suppose we know all N, g, where j € I and 3 €
®*. We claim that then all structure constants Ny, o for ¢ € I and
a € @ can be determined, using only manipulations with roots in ®.

(1) First, let ¢ € I and @ € ®~. Then Proposition 2.6.8 shows how
to express N_q, o in terms of Ny, _ (which is known by assumption).

(2) Next, we determine N_q, o for i € I and o € ®*. If o —
o; € ®, then N_,, o = 0. Now assume that @« — a; € ®. Then
(—a;) + a — (@ — ;) = 0 and so Lemma, 2.6.5 yields that

(a —aj, o —ag) (o, @) N (a, @)
Since —(a — o;) € @7, the right hand side can be handled by (1).

(3) Finally, if i € I and « € ®~, then Proposition 2.6.8 expresses
Ny, o in terms of N_,, _q, which is handled by (2) since —a € ®7.

N_q; 0 _ N_(a_ai)y_ai _ N—Uéh—(a—ai)

Of course, if we want to do this in a concrete example, then we
need to be able to perform computations with roots in ®: check if
the sum of roots is again a root, or calculate the scalar product of a
root with itself. More precisely, we do not need to know the actual
values of those scalar products, but rather the values of fractions
r(a, B) = {a+ B,a+ B)/(B,B) as above; we have seen in (#4) how
such fractions are determined.



86 2. Semisimple Lie algebras

To illustrate the above results, let us consider the matrix

2 -1
-3 2 )
In Example 2.3.10, we have computed corresponding “roots”, al-
though we do not know (yet) if there is a Lie algebra with the above

matrix as structure matrix. We can now push this discussion a bit
further. First, we explain why the above matrix plays a special role.

Example 2.6.10. Let 4,5 € I, i # j. Since o; — a; ¢ ®, we have

_ (aiaaj> _
Y N an)
where p = max{m > 0 | a;j + po; € ®}; see Lemma 2.6.2 and Exer-
cise 2.2.13. By (#3), we have a;; = —p € {0,—1,—2,—3}. Assume
that A is indecomposable and a;; = —3; then a;; = —1 by (#2). We
claim that then |I| = 2 and so

A= ( _; _é ) where I={j,i}.

This is seen as follows. Suppose that |I| > 3. Since A is indecom-
posable, there is some k € I\ {4,j} such that a;z # 0 or ajr # 0
(or both). Let I' = {k, j,i} and consider the submatrix A’ of A with
rows and columns labelled by I’. Then

2 a b
A=|d 2 -1 where a,a’,b,b' € Z<o;
v -3 2

furthermore aa’ > 1 or bb' > 1 (or both). We compute that det(A) =
2 — 2aa’ — 2bb’ — ab’ — 3a’b < 0, contradiction to Remark 2.3.12. So
we must have |I| = 2 and A is given as above.

Example 2.6.11. Assume that there exists a Lie algebra L with
subalgebra H C L such that (L, H) is of Cartan—Kiling type with
respect to A = {a, a2} and corresponding structure matrix

A= ( _; _; ) (called of type G2).
Then, as in Example 2.3.10, W is dihedral of order 12 and

ot = {al, a9, a1 + ag, a1 + 2a9, oy + 3as, 200 + 30[2}.
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Table 3. Structure constants for type Ga

Nep| 10 01 11 12 13 23|-10 —01 —11 —12 —13 —23
00 . 1 . R * . 1 . .o -1
o1j-1r . -2 -3 . . . * =3 2 -1 .
1y . 2 . =3 . . -1 3 * 2 .o —1
12 . 3 3 2 -2 x 1 -1
13| -1 . . . . . . 1 e T |
23| . . . . . -1 . 1 -1 1 *

-10f = . -1 . .1 .o =1 . .o -1

-01 . =« 3 -2 1 . 1 . 2 3

-1111 -3 * -2 . 1 .o=2 . 3

-12; . -2 2 *x -1 1 . =3 =3

-3 . -1 . 1 =+ 1|1

-23j]1 . -1 1 -1 =%

(Here, e.g., —12 stands for —(a1 + 2a2) € @, and “¥” for ha.)

We have —(ai,a1) = 2{a1,02) = —3{as,as) and so (a1, 1) =
3{az, a2). From the computation in Example 2.3.10, we also see that
®; = {w(on) |w e W} = {1,010 + 3az, 201 + 3as},

Dy = {w(ag) | w € W} ={ag, 01 + ag,a1 + 200}
Thus, (a,a)/(B,B) is known for all a, 8 € ®. Let {e1,eq, f1, fo} be
Chevalley generators for L. Let us try to determine a collection of
elements {e, | @ € @} and the corresponding structure constants.
Anticipating what we will do in the following section, let us set
€y, = €1, €q, = —€2, €_o; = f17 €_ oy, = _f2'

Fori eI and a € , let ¢; o := max{m > 0| @ — ma; € ®}. In view
of the formula in Proposition 2.6.8, we define successively:

€aitas ‘= [elveaz] € LOé1+0tz (q1,a2 = 0)7
€ai+2ay = %[e2ae041+042] € La1+2a2 (q27041+042 = 1)’
€a;+3ay = %[625 e041+2012] € Lo, +3a, (q27041+2012 = 2)7

1 = s - N
€201 +3as [elaea1+3a2] € L2a1+3a2 (‘h a1+3ay — 0)

All these are non-zero by Lemma 2.6.6. Hence, for o € 7, there is a
unique e_, € L_, such that [e,,e_o] = h,. Thus, we have defined
elements e, € L, for all o € ®, such that Remark 2.6.1(a) holds.
Let N, g be the corresponding structure constants; we leave it as an
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exercise for the reader to check that these are given by Table 3. (In
order to compute that table, one only needs arguments like those in
Example 2.6.9.) Thus, without knowing that L exists at all, we are
able to compute all the structure constants N, 3 — and we see that
they are all integers! Furthermore, using Lemma 2.6.3, we obtain

hOtl-‘rOéQ = 3h1 + h27 ha1+2a2 = 3h1 + 2h2)
hai43a, = h1 + ha, h2a, 430, = 2h1 + ha.

Thus, all the Lie brackets in L are explicitly known and the whole
situation is completely rigid.

2.7. Lusztig’s canonical basis

We keep the general setting of the previous section and assume now
that the structure matrix A of L is indecomposable. The aim of
this section is to show the remarkable fact that one can single out a
“canonical” collection of elements in the various weight spaces L.

Remark 2.7.1. Let ¢ € I and 8 € ® be such that 5 # ta;. Asin
Remark 2.2.10, let 8 — qo,...,8 — a4, 8,8 + a4, ..., B + pa; be the
a;-string through . By the exercises, we have

p =p;p:=max{m > 0| 8+ ma; € D},

g = gip:=max{m > 0| S —ma; € D}.
Also note that, for any m > 0, we have 8 — ma; € ® if and only if
—B + ma; = —(B8 — mey;) € ®. Thus, we have ¢; g = p; .

Theorem 2.7.2 (Lusztig [24, Theorem 0.6]). Given Chevalley gen-
erators {e;, fi | i € I} of L, there is a collection of elements
{0# el € L, | a € ®} with the following properties:
(L1) [fiel] =[ei,ely,] forallie .
(L2) [es,el] = (G0 + 1)et,,, ificl,a€®anda+a; € 9.
(L3) [fiel] = (pia+1el_,, ificl,ac®anda—ao; €.
This collection {e} | a € ®} is unique up to a global constant, that is,

if {0 # e, € L, | @ € ®} is another collection satisfying (L1)-(L3),
then there exists some 0 # £ € C such that €, = e for all a € ®.
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The proof will be given later in this section, after the following
remarks. First note that, even for L = sl3(C), we have to modify
the standard elements e, h, f in order to obtain the above formulae.
Indeed, setting e™ := e and f+ := —f, we have

[e’f+] = _[e’f] =—h= [fae] = [f7e+]‘

Hence, {e™,f*} is a collection satisfying (L1); the conditions in (L2)
and (L3) are empty in this case.

Remark 2.7.3. Assume that a collection {e} | @ € ®} as in Theo-
rem 2.7.2 exists. Since e}, € Ly, for i € I, we have e} = clez, where
0 # ¢; € C. Similarly, we have eJ_ra € L_,, and so et = d;fi,

where 0 # d; € C. Hence, we obtain

[fied,] = cilfi, ei] = —ciles, fil = —cih,
lei, et ] = diles, fi] = dih,

and so (Ll) implies that d; = —c; for all ¢ € I. This also shows that
lel ,et, ] = —lei, fil = —h; for i € I. — Thus, Remark 2.6.1(a) does
not hold for the collection {e} | a € ®}.

Now, the possibilities for the constants c; are severely restricted,
as follows. Let ¢, € I be such that ¢ # j and a;; # 0. Then
B = a; + a; € ® (see exercises). Applying (L2) twice, we obtain:
e, e5] = [eirc; et ] = (Gia; + 1)cj_1e'g =c;'ef,

[ej7ei] = [ejacz ! a,] (QJ7G‘1 + 1) e,B =¢ 16—5
Note that +(a; — ;) € ® and 50 gj,a;, = @i,a; = 0. Since [e;,e;] =
—[e;, €], we conclude that ¢; = —c;. Thus

(%) ¢j = —c¢; whenever 4,j € I are such that a;; < 0.

Since A is indecomposable, this implies that {c; | ¢ € I'} is completely
determined by c;,, for one particular choice of ip € I. Indeed, let
i € I, i # i9. By Remark 2.4.8, there is a sequence of distinct indices
10,%1,...,4 = (r > 1) such that a;,;,, # 0 for 0 <! < r—1. Hence,
using (*), we find that ¢; = (—1)"¢;,. Consequently, if {c} | ¢ € I} is
another collection of non—zero constants satisfying (x), then ¢} = &¢;

for all ¢ € I, where £ = cmcz0 € C is a constant.
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Remark 2.7.4. Assume that a collection {e} | @ € ®} as in Theo-
rem 2.7.2 exists. Using (L1), we can define

hi=lej,ef, | =[fj,elJe H foralljel
Writing e}, = c;e; as in Remark 2.7.3, we see that b} = —c;h;. So
B:={h] |jel}U{el|aec®} isa basisof L.

We claim that the action of the Chevalley generators {e;, f; | ¢ € I}
on this basis is given as follows, where j € I and o € ®:

[ei’hj] = lajileZ,, [fi,hj_] = |ajilet,,,
(qi,a + l)egz_—}—oz.; if o+ o; € @,
[eiaei] = h:r ifa= —Qy,
0 otherwise,
(pi,a + 1)92__0” if a — o; € CD,
[fi7e;t] = hj_ ifa:ai:
0 otherwise.

Indeed, first let o € ®. If o + o; ¢ P, then [e;, e}] = 0; otherwise,
les,ef ] is given by (L2). Similarly, if @ — a; ¢ ®, then [f;,ef] = 0;
otherwise, [f;,el] is given by (L3). Now let j € I. Then

[ei, hj_ = —[h;_, ei] =Cj [hj, ei] = cjai(hj)ei = CjQ;i€;.

If i = j, then aj; = 2 and cje; = cie; = e} ; thus, [e;,h]] = 2ef .
Now let ¢ # j. If aj; = 0, then [ei,hj] =0. If aj; #0, then ¢; = —¢;
by Remark 2.7.3. So [ei,hj] = —ciajie; = —aj,-ej;i, where a;; < 0.
This yields the above formula for [e;, h;r] Finally, consider f;. We

have seen in Remark 2.7.3 that eJ_rai = —c; f;. This yields that
[fi, k] = —[b}, £il = ¢jlhy, fil = —c;ei(hy) fi = —cjajifi.
Now we argue as before to obtain the formula for [f;, hj]

Thus, all the entries of the matrices of ady,(e;) and ady(f;) with
respect to the basis {h;Ir | j € IYU{e! | a € ®} of L are non-negative
integers! This is one of the remarkable features of Lusztig’s theory of
“canonical bases” (see [23], [24] and further references there).

Remark 2.7.5. Assume that a collection {el | o € ®} as in The-
orem 2.7.2 exists. First note that, if 0 # £ € C is fixed and we
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set e/, := e} for all @ € @, then the new collection {e/, | @ € ®}
also satisfies (L1)—(L3). Conversely, we show that any two collections
satisfying (L1)—(L3) are related by such a global constant £.

Now, as above, for 7 € I we have ej;i = c;e;, where 0 # ¢; € C.
Then (L2) combined with the Key Lemma 2.3.4 determines e} for
all @ € ®*. Furthermore, as above, we have efai = —c¢if; fori € I.
But then (L3) also determines et for all @ € ®*. Thus, the whole
collection {e} | a € ®} is completely determined by {c; | i € I} and

properties of ® (e.g., the numbers p; o, ¢i a)-

Now assume that {e/, | & € ®} is any other collection that satis-
fies (L1)—(L3). For ¢ € I, we have again e[, = cje;, where 0 # ¢; € C.
Now both collections of constants {c; | ¢ € I'} and {c} | i € I} satisfy
(*) in Remark 2.7.3. So there is some 0 # £ € C such that ¢, = &¢;
for all ¢ € I. Hence, we have €], = e/ for all i € I. But then the
previous discussion shows that e/, = £e} for all o € ®. This proves
the uniqueness part of Theorem 2.7.2.

We now turn to the existence part of Theorem 2.7.2. We essen-
tially follow Lusztig’s argument in [22, Lemma 1.4], but there are
some additional complications here, since Lusztig assumes that A is
symmetric and a;; € {0,£1} for all 4 # j in I. (In [24], the proof is
based on general results on canonical bases in [23].)

Definition 2.7.6. We fix any total order C on I. (For example, let
|[I| = n and write I = {i1,...,i,}; then define iy C 4; if k < I.) Let
ap € T be the highest root in ®; see Proposition 2.4.17. Let us fix
a nonzero €., € Lo,. Then we construct a specific element e, € L,
for any v € ®* by downward induction on ht(7y), as follows. For
¥ = ag, we take the chosen e, € Lo,. Now let v € ®* be such
that ht(y) < ht(ag). Since v # ay, there exists some j € I such that
v :=~+a; € ®* (see Proposition 2.4.17). By Remark 2.2.10(c’), we
have {0} # [L_q,;,L,] € L,. So, since e, € L, is already known
by induction, we can define 0 # e, € L, by the condition that

[firev] = (pjy + 1)ey.
Note that there may be several j € I such that y+a; € ®*. In order

to make a specific choice, we let j = k() := min{l € I | y+a; € &1},
where the minimum is taken with respect to C.

ab hier Woche 8
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Once e, is defined for each vy € &%, there is a unique e_, € L_,
such that [ey,e_,] = h,. Thus, we obtain a complete collection

’ {e, | y€ ®} such that Remark 2.6.1(a) holds. ‘

Let Nq g be the structure constants with respect to the above collec-
tion; since Remark 2.6.1(a) holds (by construction), all the results in
Section 2.6 can be used.

Remark 2.7.7. Let i € I. Since 0 # ey, € Ly, we have ey, = c;e;,
where 0 # ¢; € C. Similarly, e_,, = ¢, f;, where 0 # ¢, € C. Since
he; = [€a;,€—a;] = ciciei, fi] = cicih;, we conclude that ¢, = c; .
Now let ig € I be the smallest index with respect to C. We start
the above inductive procedure all over again with e,, replaced by
o 'e,,- Then we obtain a new collection {e}, | v € @}, where €/, =
cl-_ole7 for all v € ®*, and €/, = c;,e, for all ¥ € ®~. Thus, replacing
each e, by e/, we can achieve that e,, = e;, and e_,, = fi,. (This
normalisation will play a role at one point further below.)

C

The following result is the crucial step in the proof of Theo-
rem 2.7.2. It shows that the collection of elements {e, | v € ®}
does not depend at all on the choice of the total order C on I.

Lemma 2.7.8. Let v € ®* and i € I be arbitrary such that a =
v+ o; € ®. Then we also have [f;,eq] = (Pi,a + 1)e,.

Proof. We proceed by downward induction on ht(y). If v = ay,
then the condition is empty and so there is nothing to prove. Now let
ht(y) < ht(ap) and i € I be such that o := y+a; € . We also have
B =7+ a; € ®, where j := k(7). If i = j, then the desired formula
holds by construction. Now assume that ¢ # j. Then we have two
expressions —a; +o =y = —a; + (. Since f—a = oj —a; € PU{0},
we can apply Lemma 2.6.7 with 8, = —a;, 2 = o, 1 = —j, 72 = B.
This yields the identity:

(8,8) (0',7")
(Tl) N—a,‘,aNaj,—,B = N—ai,'y’Naj,—'y’ (a, a> (7,7> ’
where 7' := a+a; = f+a; = fo—71 = 12 — 1 € . Now, one could
try to simplify the right hand side using the formulae in the previous
section. But there is a simple trick (taken from [26, §2.9, Lemma E|)
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to avoid such calculations. Namely, we can also apply Lemma 2.6.7
with 81 = o, B2 = —o, 11 = @, 72 = —B. This yields the identity:

Now, we have v/ —a; =  and ht(8) = ht(vy)+1; similarly, 7' —o; = «
and ht(a) = ht(y) + 1. So we can apply induction and obtain that

[fiey] = (piy +1)eg  and  [fj,ey] = (pjy + Dea-
Using Remarks 2.7.1 and 2.7.7, the above formulae mean that

N_oiy = ¢ (Digy +1) = ¢ (@i—y + 1),

N = ¢ (Pjoy +1) = ¢ (g, +1).
But then the formula in Proposition 2.6.8 shows that N, _, =
—¢i(¢i,— +1) and Ny, _ = —c;j(qj— + 1). Hence, the right hand
side of (1), multiplied by cicj_l, is equal to the right hand side of

(t2), multiplied by c;” 1cj. Consequently, an analogous relation holds
between the left hand sides. Thus, we obtain:

cicj_lN_ai,aNaj,_g = ci_lchai,_aN_aj,/g.

Since j = k(v), we have [fj,es] = (pjp + 1)e, and so N_q, 3 =
¢;'(pip+1) = ¢;'(gj-p + 1). Hence, No; 5 = —c;j(gj—p + 1)
by Proposition 2.6.8. Inserting this into the above identity, we de-
duce that N, o = —C?N_q, 0 and 80 ¢;N_g, o = £(gi—a + 1) =
+(ps,o + 1), again by Proposition 2.6.8 and Remark 2.7.1. It remains
to determine the sign. But this can be done using (f1) and the for-
mulae obtained above. Indeed, we have seen that

Naj,—p = —¢(gj,-p + 1),
Noy,—y = =€j(j,— +1),
N_qo;y = +C'i_1(q’i;—')’/ +1).
Inserting this into (f1), we obtain that
(8,8) ('s7")
(a, @) (7,7)
All terms on the right hand side are positive numbers and so ¢;N_q, o

must be positive. Hence, we conclude that N_,, o = c; l(pi,a +1),
and this yields [f;, ea] = (pi,o + 1)e,, as desired. O

¢iN-aia = (@j,—p + 1) (@i,—y + 1)(gj,—y + 1)
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By the discussion in Example 2.6.9, the above result should now
determine all Ni4, o for ¢ € I and a € ®. Concretely, we obtain:
Lemma 2.7.9. Let a € & and i € I be such that o+ a; € ®. Then
[eiaea] = (qi,a + 1)ea+ai .

Proof. Set o’ := a+a; € &1 and write [e;, e,] = ce,, where ¢ € C.
By Lemma 2.7.8, we have [f;,eq] = (Pi,ov + 1)eq. Next note that
Dio = max{m > 0| o+ ma; € ®}
=max{m >0|d + (m—1)a; € D}}
=max{m >0|d +ma; €®}+1=p; o +1.

Hence, we have (f;,eq] = pia€q. Consequently, we obtain the iden-
tity [fi, [€i;€al] = c[fi;ea’] = cPia€q. Since a # *a;, we can apply
Remark 2.2.10(c). This shows that the left hand side of the identity
equals p; o(gi,o + 1)es. Hence, we have ¢ = ¢; o + 1, as desired. O

Lemma 2.7.10. Leti € I and a € @~ be negative.

(a) If o+ a; € D, then [e;,eq] = —(¢i,0 + 1)€0ta, -

(b) Ifa—a; € ®, then [fi,eq] = —(Pia + 1)€a—o;-
Proof. (a) Set B := —a € ®*. Then 8 —a; = —(a + ;) € ®.
Since ht(8) > 1, we have ht(8 — a;) > 0 and so 8 — a; € . By
Lemma 2.7.8, we have [f;,e_o] = [fi,es] = (pi,s + 1)€_(a+a,;) and so

N_g—a = ci_l(pi,ﬁ +1)= ci_l(Qi,a +1);

see Remarks 2.7.1 and 2.7.7. By Proposition 2.6.8, we obtain N,, o =
—¢i(¢i,« +1) and, hence, [e;,€4] = —(¢i.0 + 1)€ata;-

(b) Set again 8 := —a € ®*. Then f+ a; = —(a — ;) €
and so Lemma 2.7.9 yields that [e;,e_q] = [ei, €8] = (¢i,8 + 1)€pta;-

Thus, we have N,, g3 = ¢;(¢; 3 + 1), and Proposition 2.6.8 shows that
N_v,o = N_o, g =—c;*(g:p +1); note again that ¢; g = p; o. 0

Thus, we have found explicit formulae for the structure constants
Niq, ., forall i € I and oo € ®, summarized as follows:
[€is€a] = +(gi,0 + 1)eata; ifae®t and a+a; € B,
[€isea] = —(gi,a + 1)€ata; fae® and a+a; € P,
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[firea] = +(Pia + 1)€a—0, ifo€e®t and o —a; € P,
[firea] = —(Di,a +1)€a—q, fae® and a—a; € .

Hence, the signs are not yet right as compared to the desired formulae
in Theorem 2.7.2. To fix this, we define for a € ®:

+'_{ €q if o € 1,
+o=

¢ (-1)rt(de, ifaecd .

We claim that (L1), (L2), (L3) in Theorem 2.7.2 hold. First consider
(L2). Let i € I and o € ® be such that a + a; € ®. If o € &,
then el = e, and the required formula holds. If @ € &, then
lei,ef] = (—1)P*e;, 0] = —(—1)P(¥(g; o + 1)eq; so the desired
formula holds again, since e}, = (—1)M(@+ade, , . The argu-
ment for (L3) is analogous. Now consider (L1). This relies on the
normalisation in Remark 2.7.7. Let ¢ € I. Since ht(a;) = 1, we have

+

g

— — + — -1
=€y, = Ci€; and el,, =—e_o =—¢ fi

€ %

Since (L2) is already known to hold, we can run the argument in
Remark 2.7.3 and find that the ¢; are all equal to each other, up to
signs. Since ¢;, = 1 for at least one iy € I (see Remark 2.7.7), we
conclude that ¢; = +1 for all 4 € I. But then we obtain

lei, ety ] = —c; '[es, fil = —¢; b,
[fi,el] =+clfie] =—cilei, fi] = —cihi.
Since ¢; = £1, we have ¢; = c; ! and so the above two expressions

are equal, as required. Thus, eventually, the proof of Theorem 2.7.2
is complete. — As a by-product, we also obtain:

Corollary 2.7.11. There is a collection of elements {e} | a € ®}
satisfying (L1)—(L3) in Theorem 2.7.2 and such that

lef, et ] = (—Dht(a)ha for all a € ®.

Such a collection {e | a € ®} is unique up to a global sign, that is, if
{el, | @ € ®} is another collection satisfying (L1)—(L3) and the above
identity, then there is some & = £1 such that e/, = e} for alla € .
We have e;ti = c;e; and efai = —c;fi, with ¢; € {£1} for allie 1.
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Proof. Since [eq,€_o] = hq, the formula for [e}, e’ ] is clear by the
definition of e} and the fact that h_, = —h,, for all « € ®. Now let
{el, | @ € @} be another collection satisyfing (L1)—(L3) and the above
identity. As discussed in Remark 2.7.5, there exists 0 # £ € C such
that e/, = ¢el for all @ € ®. But then (—1)™®h, = [e,,e’ ] =
let, et ] = €2(~1)M(h, and so € = +1, as desired. Finally, the
relations eji = c;e; and efai = —¢;f; (with ¢; = £1 for ¢ € I)
hold for the collection constructed as above; hence, they hold for any
collection satisyfing (L1)—(L3) and the above identity. O

We now establish an important consequence of Theorem 2.7.2.
Let also L be a Lie algebra of Cartan—Killing type, that is, there is
a subalgebra H C L and a subset A = {&; | i € I} (for some finite
index set I) such that the conditions in Definition 2.2.1 hold. Let
A= (@:j); je7 be the corresponding structure matrix.

Theorem 2.7.12 (Isomorphism Theorem). With the above notation,
assume that I = I and A = A. Then there is a unique isomorphism
of Lie algebras o: L — L such that p(e;) = & and @(f;) = f; for
all i € I, where {e;,fi | i € I} and {€,fi | i € I} are Chevalley
generators for L and L, respectively (as in Remark 2.2.9).

Proof. The uniqueness of ¢ is clear since L = (e;, f; | ¢ € I)alg; see
Proposition 2.4.5. The problem is to prove the existence of . Let
® C H* be the set of roots of L and ® - H* be the set of roots
of L. Since A = A, the discussion in Remark 2.3.7 shows that we
have a canonical bijection ® — &, a — @&, given as follows. If
a =) nic; € ® (with n; € Z), then & = ), nid; € &. Then
this bijection has the following property: for any «, 8 € ®, we have

() a+Bed® & a+fed.

Now fix a total order = on I and let iy € I be the smallest index, as
in Remark 2.7.7. Following the above inductive procedures, both in
L and in L, first yields collections {e, | « € ®} C L and {&; | & €
®} C L. Consequently, we obtain bases
B={hi|ieI}U{e] |a€ @} (hi := [es, fil),
B={hi|ieI}u{el|acd} (hs == [&, fil)
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for L and L, respectively, such that the relations (L1)—(L3) in Theo-
rem 2.7.2 hold. We assume that both collections are normalised as in
Remark 2.7.7, that is, eIZ_O = €,,, = €, and égio = &4, = €i,- Now
define a (bijective) linear map ¢: L — L by
o(hs) :=h; (iel) and olel) =&l (aed).

We have ej;i = c;e; and efai = —c;f; for all i € I, where ¢; € {£1};
similarly, éj{i = ¢;e; and éf&i = —¢; f; for all { € I, where &; € {£1}.
Since ¢;, = &, = 1, we conclude using Remark 2.7.3(x) that ¢; = ¢
for all ¢ € I. Consequently, we have

ple;) =& and  o(f;) = fi for all 5 € I.

Furthermore, let 2 € I and a € ® be such that a + a; € . By (©),
we also have & + &; € ® and

Similarly, if @ — o; € ®, then & — a; € ® and Di,a = Pi,a. Hence, (L2)
shows that the matrix of ady,(e;): L — L with respect to the basis B
is equal to the matrix of ad; (&;): L — L with respect to the basis B;
by (L3), similar statements also hold for ady,(f;) and ad; (f;). Since
 is linear, this implies that

o(lei, y]) = (&, o(W)] = [(e:), (W),

o([fisy]) = [fis 0 @)] = [p(fi), 0 (®)]
forall i € I, y € L. Since L = (e;, f; | © € I)alg, it follows that
o([z,y]) = [p(x), p(y)] for all z,y € L (see Exercise 1.1.8). O

Proposition 2.7.13 (Cf. Chevalley [9, 8§1]). Let {e} | a € ®} be a
collection as in Corollary 2.7.11. Then the following hold.

(a) We have w(el) = —et, for all o € ®. (Here, w: L — L is
the Chevalley involution; see Exercise Sheet 8.)

(b) Let a, € ® be such that o + 8 € ®. Then [e*‘,e;r =

a

+(g+ 1)e;r+ﬂ, where q¢ > 0 is defined as in Lemma 2.6.2.

Proof. (a) Let a € ®F. We show the assertion by induction on
ht(c). If ht(a) = 1, then a = a; for some i € I. We have e} = c;e;
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and efai = —c;f;, where ¢; € {£1} for all 7 € I. Hence, we obtain
w(el ) = ciw(e;) = ¢;fi = —et,, as required. Now let ht(a) > 1. By
the Key Lemma, 2.3.4, there exists some ¢ € I such that 8 :=a—q; €
®*. We have ht(8) = ht(a) — 1 and so w(eg) = —eJ_rﬂ, by induction.
By condition (L1) in Theorem 2.7.2, we have [e;,e}] = (¢i,5 + 1)ef.
Applying w yields that

(¢, + Dw(el) = w([ez’,e;]) = [w(ei),w(eE)] = —[fi,efg]-
Now, we have —3 — a; = —a € ® and so condition (L2) in Theo-
rem 2.7.2 yields that [fi,ef;] = (pi,—p + 1)eT,. Hence, we deduce
that w(e}) = —eT,, since p; _ 3 = ¢; s as pointed out in Remark 2.7.1.
Thus, the assertion holds for all & € ®t. But, since w? = id, we
then also have w(ef,) = w(—w(ef)) = —w?(el) = —e{, as required.

(b) We would like to use Proposition 2.6.8, but we can not do
that directly because the condition in Remark 2.6.1(a) does not hold
for the collection {e} | @ € ®}. So we revert the construction of e}
and define a collection {0 # e, € Ly | @ € @} by

o el ifaedt,
T (-D)M@ef  ifaec®.
Then [eq,e_q] = hq for all a € ®. By (a), we also have the formula:
wleq) = —(~1)"@e_,  forall o € ®.

Let Ng g be the structure constants with respect to {e, | @ € ®},
as in Section 2.6. Writing [eq,es] = Nageatp, We certainly have
[ef{,e;] = :I:Na’ﬁe;'+ﬁ. So it suffices to show that N, g = £(¢ + 1).
This is seen as follows. Using the above formula for w, we obtain
w(leasep]) = Napw(eats) = —(—1)MEHAN, se_(415. On the
other hand, we can also evaluate the left hand side as follows.

w(learep]) = [wea), w(ep)] = (—1) I+ [e_g, €]

— (_l)ht(a)+ht(ﬁ)N—a,—ﬁe—(a—ﬁ)'

Hence, we conclude that N_, _g = —N, g and so Proposition 2.6.8
implies that Ngyﬂ = (¢+1)2. Thus, N, g = £(g+1), as claimed. O



Chapter 3

Generalised Cartan
matrices

In the previous chapter we have seen that a Lie algebra L of Cartan—
Killing type is determined (up to isomorphism) by its structure matrix
A = (aij)ijer- The entries of A are integers, we have a;; = 2 and
a;j < 0 for i # j; furthermore, a;; < 0 < a;; < 0. In Section 3.1 we
show that every (indecomposable) matrix satisfying those conditions
has one of three possible types: (FIN), (AFF) or (IND). There is a
complete classification of all such matrices of types (FIN) and (AFF).
The structure matrix A of L does turn out to be of type (FIN) and,
hence, it is encoded by one of the graphs in the famous list of Dynkin
diagrams of type A, By, Cn, D, Ga, Fy, Eg, E7 and Es.

Once the results in Section 3.1 are established, the central theme
of this chapter is as follows. We start with an arbitrary matrix A as
above, of type (FIN). Then we can construct the following objects:

1) An abstract root system ®. In Section 2.3 we already made first
steps in that direction, and presented a Python program to determine
® from A. This will be further developed in Section 3.2.

2) A Lie algebra L of Cartan—Killing type with structure matrix A
and root system ®. This will be done by a process that reverses the
construction of Lusztig’s canonical basis; see Section 3.3.
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3) A Chevalley group G “of type L”, first over C and then over
any field K. Here we follow Lusztig’s simplified construction using
the canonical basis of L; see Section 3.5.

We shall emphasise the fact that the constructions are by means
of purely combinatorial procedures, which do not involve any other
ingredients (or choices) and, hence, can also be implemented on a
computer: the single input datum for the computer programs is the
matrix A (plus the field K for the Chevalley groups). We present a
specific computer algebra package with these features in Section 3.4.

3.1. Classification

Let I be a finite, non-empty index set. We consider matrices A =
(@ij)i,jer with entries in R satisfying the following two conditions:

(C1) a;; <Oforalli#jin I;
(C2) a;j #0 < aj; #0, for all 4,5 € I.

Examples of such matrices are the structure matrices of Lie algebras
of Cartan—Killing type; see Corollary 2.2.12. One of our aims will
be to find the complete list of all possible such structure matrices.
For this purpose, it will be convenient to first work in a more general
setting, where we only assume that (C1) and (C2) hold.

In analogy to Definition 2.4.7, we say that A is indecomposable if
there is no partition I = I U I (where I ,I> G I and I; N I = ©)
such that a;; = a;; =0 for alli € I; and j € I>.

Some further notation. Let u = (u;);cr € RI. We write u > 0 if
u; > 0 for all 4 € I; we write u > 0 if w; > 0 for all 4 € I. Finally,
Au € R! is the vector with i-th component given by Y. _; a;;u; (usual
product of A with u regarded as a column vector).

jeI

Lemma 3.1.1. Assume that A satisfies (C1), (C2) and is indecom-
posable. If u € R is such that v >0, Au >0, thenu =0 or u > 0.

Proof. Let Iy :=={i € I |u; =0} and I := {i € I | u; > 0}. Then
I=1LLUl, I NI, = 2. Let i € I; and v; be the i-th component of
Au; by assumption, v; > 0. On the other hand, v; = ) el
>_jer, %iju; where all terms in the sum on the right hand side are

aiju; =
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< 0 since A satisfies (C1) and u; > 0 for all j € I»; furthermore, if
a;; < 0 for some j € I, then v; < 0, contradiction to v; > 0. So we
must have a;; = 0 for all ¢ € I, j € I,. Since A satisfies (C2), we also
have a;; = 0 for all ¢ € I1,j € I5. Since A is indecomposable, either
I =1 (and so u =0) or I =1 (and so u > 0). O

Theorem 3.1.2 (Vinberg). Assume that A satisfies (C1), (C2) and
is indecomposable. Let 4 := {u € R | Au > 0}. Then ezactly one
of the following three conditions holds.

(FIN) {0} # #4 C {u € RT | u > 0} U {0}.
(AFF) #4 = {u € RY | Au = 0} = (uo)r where ug > 0.
(IND) #aN{u € R | u >0} = {0}.

Accordingly, we say that A is of finite, affine or indefinite type.

Proof. First we show that the three conditions are disjoint. If (FIN)
or (AFF) holds, then there exists some u € R! such that u > 0 and
Au > 0. Hence, (IND) does not hold. If (AFF) holds, then there
exists some u € R’ such that 4 > 0 and Au = 0 > 0. But then
also A(—u) > 0 and so (FIN) does not hold. Hence, the conditions
are indeed disjoint. It remains to show that we are always in one
of the three cases. Assume that (IND) does not hold. Then there
exists some 0 # v € #4 such that v > 0. By Lemma 3.1.1, we have
v > 0. We want to show that (FIN) or (AFF) holds. Assume that
(FIN) does not hold. Since .#4 # {0}, this means that there exists
0 # u € 4 such that up, < 0 for some h € I. We have v > 0 and
so we can consider the ratios u;/v; for ¢ € I. Let j € I be such that
uj/v; < uifv; for all ¢ € I. If uj > 0, then u; > 0 for all ¢ € I and so
u > 0. But then Lemma 3.1.1 would imply that u > 0, contradiction
to our choice of u. Hence, u; < 0 and so s := —u;/v; > 0. Now let
us look at the vector u + sv; its i-th component is

=0 ifi=j,

>0 ifi#j.
Hence, we have u + sv > 0 and A(u + sv) = Au + sAv > 0. By
Lemma 3.1.1, either v+ sv =0 or u+ sv > 0. But (u+ sv); = 0 and
so we must have u 4+ sv = 0, that is, u = —sv. But then 0 < Au =
(—s)Av < 0 (since s > 0 and Av > 0) and so Av = Au =0.

(u+ sv); = u; + sv; = v;(u;/v; — Uj/'”j) {
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Finally, consider any 0 # w € J#4. Again, let j € J be such
that w;/v; < w;/v; for all 4 € I, and set t := —w;/v;. As above, we
see that w + tv > 0 and (w + tv); = 0. Furthermore, A(w + tv) =
Aw + tAv = Aw > 0 (since Av = 0). So Lemma 3.1.1 implies that
either w + tv > 0 (which is not the case) or w + tv = 0; hence,
w= —tv € (V)g. So #a C (v)r C {2 € RT | Az = 0} and the right
hand side is contained in .#4. Hence, (AFF) holds where ug = v. O

Corollary 3.1.3. Let A be as in Theorem 8.1.2.

(a) A is of finite type if and only if there exists u € R! such that
u >0, Au > 0 and Au # 0. In this case, det(A) # 0.

(b) A is of affine type if and only if there exists 0 # u € R such
that u > 0 and Au = 0. In this case, A has rank |I| — 1.

Proof. (a) If (FIN) holds, then Theorem 3.1.2 shows that there is
some u € R! such that v > 0 and Au > 0. If we had Au = 0, then
also A(—u) = 0, contradiction to #4 C {u € RY | u > 0} U {0}.
Conversely, assume that there exists u € R? such that u > 0, Au >
0 and Au # 0; in particular, u # 0 and so (IND) does not hold.
Furthermore, Au # 0 and so (AFF) does not hold. Hence, the only
remaining possibility is that (FIN) holds.

Assume now that (FIN) holds. Let v € R be such that Av = 0.
But then v, —v € J#4 and so we must have v = 0. Hence, we have
{v € R! | Av = 0} = {0} and so det(A) # 0.

(b) If (AFF) holds, then Theorem 3.1.2 shows that there is some
u € RT such that v > 0 and Au = 0, as required. Conversely, assume
that there exists 0 # u € R such that v > 0 and Au = 0; in
particular, v € #4 and det(A) = 0. But then neither (FIN) nor
(IND) holds, so (AFF) must hold. The statement about the rank of
A is clear by condition (AFF). O

Remark 3.1.4. Let A = (a;;)i jer be the structure matrix of a Lie
algebra L of Cartan—Killing type, as in Chapter 2. Assume that
L # {0} is simple; then A is indecomposable by Theorem 2.4.14. As
already remarked above, A satisfies (C1) and (C2). So we can now
ask whether A is of finite, affine or indefinite type. We claim that A
is of finite type. To see this, let « € &1 be such that ht(«) is as large
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as possible. Write a =3, nja; where nj € Zzo. Let ¢ € I. Using
the formula in Remark 2.3.7, we obtain

o — (Z aijnj)ai = an (Oéj — aijai) = si(a) e .
jerI jeI
Now ht(s;(a)) < ht(e) and so } ;. raiym; > 0 for all ¢ € I. Hence,
we have Au > 0 where u := (n;);e; > 0. Furthermore, det(4) # 0
and so Au # 0. So A is of finite type by Corollary 3.1.3(a).

Definition 3.1.5 (Kac [21, §1.1]). Assume that A = (a;); jer sat-
isfies (C1), (C2). We say that A is a generalised Cartan matriz if
a;; €Z and a;; =2 for all 4,5 € I.

Our aim is to classify the generalised Cartan matrices of finite
and affine type. We begin with some preparations.

Lemma 3.1.6. Assume that A satisfies (C1), (C2) and is indecom-
posable. Let Ay := (aij)ijes where @ # J G I. Then, clearly, A;
also satisfies (C1), (C2). If A is of finite or affine type and if Ay is
indecomposable, then Ay is of finite type.

Proof. Since A is of finite or affine type, there exists u € R! such
that u > 0 and Au > 0. Define v’ := (u;);cs € R’. For i € J we have

0 < (Au); = ZaijUj = ZaijUj + Z QiU < (Asu');.

jeI jeJ JENT 5

Hence, v’ > 0 and v’ € %4, which means that A is of finite or affine
type (see Theorem 3.1.2). By Corollary 3.1.3, it remains to show that
Aju' # 0. Assume, if possible, that (Aju'); = 0 for all ¢ € J. Then
the above inequality shows that a;ju; = 0 and, hence, a;; = 0 for all
j €I\ J. But then A is decomposable, contradiction. 0

Lemma 3.1.7. Let A := (a;j)i jer be an indecomposable generalised
Cartan matriz of finite or affine type. Then 0 < ajja; < 4 for all
t,j€lI. If |I| > 3, then 0 < a;ja;; < 3 for alli#j in I.

Proof. If i = j, then a;; = 2 and so the assertion is clear. Now let
|[I| > 2 and J = {4, j}, where ¢ # j in I are such that a;; # 0. Then

Ay = ( _% _Czl ) where a = —a;;, b = —aji, a,b > 0. If |I| = 2,
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then A = Aj is of finite or affine type; otherwise, A is of finite type
by Lemma 3.1.6. So there exists some u € R’ such that v > 0 and
Aju > 0; we can assume that u has components 1 and ¢ > 1. Now

2 —-a 1 2—ac
o<an=( 3 5)(1)=(23% )

and so b/2 < ¢ < 2/a. Hence, we have ab < 4, as desired. Finally, if
|I] > 3, then Aj is of finite type (as already noted) and so det(A;) # 0
by Corollary 3.1.3(a). This implies that ab # 4, as claimed. O

Table 4. Dynkin diagrams of finite type

Ao o o .. —a B a<o o - . - o
n=1 nz=2

1
b, N4 .. 3 c. =2 3 . 3
n=3 nz=2

2

Eel 3 4 5 6

1 2 1 2 4
G: e==o F40—cz§—o 9

1 3 4 5 6 7 1 3 4 5 6 7 8

E; Eg
IQ IZ

(The numbers attached to the vertices define a standard labelling of the graph.)

Definition 3.1.8. Let A = (a4;)i jer be an indecomposable gener-
alised Cartan matrix of finite or affine type. Then we encode A in a
diagram, called Dynkin diagram and denoted by I'(A), as follows.

The vertices of I'(A) are in bijection to I. Now let i,5 € I, i # j.
If a;; = aj; = 0, then there is no edge between the vertices labelled
by 4 and j. Now assume that a;; # 0. By Lemma 3.1.7, we have
1 < ajja5 < 4. If a;; = aj; = —2, then the vertices labelled by 1, j
will be joined by a double edge. Otherwise, 1 < a;;a; < 4 and we can
choose the notation such that a;; = —1; let m := —a;; € {1,2,3,4}.
Then the vertices labelled by %, j will be joined by m edges; if m > 2,
then we put an additional arrow pointing towards j.
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Table 5. Dynkin diagrams of affine type

n=2 : /A n=2
1 D, 1 1
1 1 n>4 2 2 2
I — )
1
9 1 1
Bn 2 2 2
n>3 G 1 2 3
1 2 o—e
. 1 2 3 4 2 ~ 1 2 4 2 1
Fy 0—eo—e>9—o Er 0—0—2—1—2—0—0
- 2
B 1 2 3 2 1
~ 2 4 4 2 1
9 By 6 5 3
1 I3
Af) 2 2 2 2 1 AP 2 1
n O e—e— e ®
n=2
1
A® 2 2 2 1 p® 1 2 1
2:3—1 e SO == ]
1
2
D'E?-&)-l 1 1 1 1 1 Eé) 1 2 3 2 1
n>2

(Each diagram denoted X, has n+ 1 vertices; A;i), A;Zn)fl, D7(12411 have n + 1 vertices;

the numbers attached to the vertices define a vector u = (u;);cs such that Au =0.)

Note that A and I'(A) determine each other completely; the fact
that A is indecomposable means that I'(A) is connected. Examples:

IfA= ( _g _g ), then I'(A) is the graph A; in Table 5.

IfA= ( _% _g ), then I'(A) is the graph Aéz) in Table 5.
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If A corresponds to the Lie algebra sl,,(C) (n > 2), then T'(A) is
the graph A, _; in Table 4; see Example 2.2.7. If A corresponds to a
classical Lie algebra go,,(Qr,C), then Table 2 (p. 76) shows that

D,, if Q¥ = Q,, and n =2m > 6,
T'(A) is the graph ¢ B, ifQY =Q, and n=2m+1 > 5,
Cn, if Q% = —Q,, and n =2m > 4.

(In accordance with Exercise 1.6.4, we may identify B; = C; = A;.)

Lemma 3.1.9. The graphs in Table 4 correspond to indecomposable
generalised Cartan matrices of finite type; those in Table 5 to inde-
composable generalised Cartan matrices of affine type.

Proof. Let I" be one of the diagrams in Table 5. Let |I| =n+1 and

write I = {0,1,...,n} where 1,...,n correspond to the vertices “o”

and 0 corresponds to the vertex “o”. Using the conditions in Defi-
nition 3.1.8, we obtain an indecomposable generalised Cartan matrix
A such that I' = T'(A). Let u = (u;)i;er be the vector defined by the
numbers attached to the vertices in Table 5. One checks in each case
that u > 0, Au = 0 and so A is of affine type by Corollary 3.1.3(b).

For example, the graph Df’) leads to:

2 -1 0 1 0
A= -1 2 =3 ), w=(2), Au=[o0]).
0 -1 2 1 0

Finally, all graphs in Table 4 are obtained as I'(A ;) where J = I\ {0}.
Now Lemma 3.1.6 shows, without any further calculations, that A;
is of finite type. O

Lemma 3.1.10. Let A = (aij)ijer and A" = (aj;)ijer be indecom-
posable generalised Cartan matrices such that A # A’ and a;; < a;j
foralli,j € I. If A is of finite or affine type, then A’ is of finite type.

Proof. Let A be of finite or affine type. There exists some u € R’
such that © > 0 and Au > 0. Let ¢ € I. Then

(A'u); = Zagjuj = 2u; + Z aiju;
JE€I JeLj#i
= 2u; + Z Aijuj = Zaijuj = (Au); > 0.

Jel,j#i jeI
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So A’y > 0 and A’ is of finite or affine type, by Corollary 3.1.3. Since
A # A, there exist i, j € I such that a;; < aj;. Then i # j and so the
above computation shows that (A'w); > (Au); > 0. Hence, A'u # 0
and so A’ is of finite type (again, by Corollary 3.1.3). O

Lemma 3.1.11. Let A = (a;j)i jer be an indecomposable generalised
Cartan matriz of finite or affine type. Assume that there is a cycle in
T'(A), that is, there exist indices i1,12,...,% tn I (r > 3) such that

(O)  GiyinQigis - Qip_qi Giiy 70 and  i1,19,. .., are distinct.

Then A is of affine type, |I| =1 and T'(A) = A,_1 in Table 5.

Proof. Let J := {i1,...,i}. By (©) and Remark 2.4.8, the subma-
trix Ay is indecomposable. Define A’; = (a};)i jes by

! ! ! ! li
@iy = Qi = -0 =0y i =0 ;0 = —1, a;. =2

and a’; = 0 for all other j # j' in J. Then I'(A’;) is the graph Ay
and so A; is of affine type (see Lemma 3.1.9). Furthermore, by (0©),
we have a;; < a;j for all 4,5 € J. So, if A is of finite type, or of
affine type with |I| > r, then Aj is of finite type (by Lemma 3.1.6)
and, hence, also A’; (by Lemma 3.1.10), contradiction. So |I| = r and
A=A; If A; # A’}, then Lemma 3.1.10 implies that A’; is of finite
type, contradiction. O

Theorem 3.1.12. The Dynkin diagrams of indecomposable gener-
alised Cartan matrices of finite type are precisely those in Table 4.

Proof. By Lemma 3.1.9, we already know that all diagrams in Ta-
ble 4 satisfy this condition. Conversely, let A = (a;;);jer be an
arbitrary indecomposable generalised Cartan matrix of finite type.
We must show that the corresponding diagram I'(A) appears in Ta-
ble 4. If [I| = 1, then A = (2) and I'(A) = A;. Now let |I| > 2.
By Lemma 3.1.7, there are only single, double or triple edges in I'(A)
(and an arrow is attached to a double or triple edge). Hence, if |I| = 2,
then T'(A) is one of the graphs Ay, By, Cs or Gs.

Now assume that |I| > 3. By using Lemmas 3.1.6 and 3.1.10, one
obtains further restrictions on I'(A) which eventually lead to the list
of graphs in Table 4. We give full details for one example.
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Claim: T'(A) does not have a triple edge. This is seen as follows.
Assume, if possible, that there are ¢ # j in I which are connected
by a triple edge. Since |I| > 3 and A is indecomposable, there is a
further k € I connected to i or j; we choose the notation such that &
is connected to 7. By Lemma 3.1.11, there are no cyles in I'(A) and
so there is no edge between j, k. Let J := {k,4,j} and consider the
submatrix A ;. We have

2 —a O
Ayj=| -b 2 —c where a,b,c,d > 0 and cd = 3.
0 —d 2

Then A; must also be of finite type; see Lemma 3.1.6. Let

2 -1 0
=1 -1 2 —c |.
0 —d 2

Then A’} is still of finite type by Lemma 3.1.10. But I'(A4’) is the
graph G, or the graph Df’), contradiction to Lemma 3.1.9.

By similar arguments one shows that, if I'(A) has a double edge,
then there is only one double edge and no branch point (that is, a
vertex connected to at least three other vertices). Hence, I'(A) must
be one of the graphs B,,, C,, or Fy. Finally, if T'(A) has only single
edges, then one shows that there is at most one branch point, and the
remaining possibilities are A,,, D,,, Eg¢, E7 and Es. O

Remark 3.1.13. By similar arguments, one can also show that the
Dynkin diagrams of indecomposable generalised Cartan matrices of
affine type are precisely those in Table 5; see Kac [21, Chap. 4].

Exercise 3.1.14. Let A be an indecomposable generalised Cartan
matrix of type (FIN). Then det(A4) # 0 and we can form A~!. Use
condition (FIN) to show that all entries of A~! are strictly positive
rational numbers. Work out some examples explicitly.

3.2. Finite root systems

Consider an arbitrary generalised Cartan matrix A = (a;;); jer, where
I is a non-empty finite index set. Let F be an R-vector space with
a basis A = {o; | ¢ € I}. For each ¢ € I, we define a linear map
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s;: E — E by the formula
si(0y) == a; —a;jo; for j eI (cf. Remark 2.3.7).

Since a;; = 2, we have s;(a;) = —oy. Furthermore, we compute
s2(oy) = si(ey — asjou) = si(a;) + agjo; = aj for all j € I. Hence,
we have s7 = idg and so s; € GL(E). The subgroup

W = W(A) := (s; | i € I) C GL(E)

[

%

is called the Weyl group associated with A. In analogy to Theo-
rem 2.3.6(a), the corresponding abstract root system is defined by

P =®(A) :={w() | we W,ie I}

the roots {a; | ¢ € I} are also called simple roots. Clearly, if W is
finite, then so is ®. Conversely, assume that ® is finite. By definition,
it is clear that w(a) € @ for all w € W and o € ®. So there is an
action of W on ®. By exactly the same argument as in Remark 2.3.2,
it follows that W is finite. Hence, we have:

[W(A)| < oo & |®(A)| < oo.
In Example 2.3.10, we have computed W (A) and ®(A) for the matrix

A with Dynkin diagram G5 in Table 4; in this case, |IW(A4)| = 12 < co.
In Exercise 2.3.11, there are two examples where |W(A)| = co. (The

first of those matrices has affine type with Dynkin diagram As in
Table 5; the second matrix is of indefinite type.)

Remark 3.2.1. Assume that A is decomposable. So there is a par-
tition I = I LI Is such that A has a block diagonal shape

A | 0O
A=
( 0 | A2 )
where A; has rows and columns labelled by I;, and Az has rows and
columns labelled by I5. Then consider E = E; @ Es, where

E, = (ai | 1€ Il>R and Es = (ai | i€ .[2>R.

By the same argument as in Lemma 2.4.9, we have ® = ®; 1®5 where
P, := PN E; and ®5 := &N Ey. Furthermore, as in Exercise 2.4.10,
one sees that W = Wy - Wy and W7 N W, = {1}, where

W12=<Si|i611>§W and W2=<81|Z€IQ>§W
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Finally, using (a) and (b) in the proof of Lemma 2.4.9, one shows that
W1 =2 W(A;) and Wy =2 W (Az). Hence, we obtain the equivalence:

[W(A)| < o0 & [W(A1)] < oo and |W(A2)| < oo.

Thus, in order to characterise those A for which W (A) is finite, we

may assume without loss of generality that A is indecomposable.

Remark 3.2.2. Assume that |IW(A)| < oco. Then we can construct a
W (A)-invariant scalar product {, ): Ex E — R by the same method
as in Section 2.3. (In the sequel, it will not be important how exactly
(, ) is defined; it just needs to be symmetric, positive-definite and
W (A)-invariant.) This yields the formula

0y = 2400 %)

for all 4,5 € I
(@i, i) I

see the argument in Remark 2.3.3. Consequently, we have
s;(v) = v — 2{a) , v)ay; for all v € E.
Here, we write a" := 2a/(a, a) € E for any a € ®(A4).

Lemma 3.2.3. Assume that A is indecomposable and |W(A)| < co.
Then A is of type (FIN).

Proof. Let X be the set of all & € ® such that a can be written as
a Z-linear combination of A, where all coefficients are > 0. Then X
is non-empty; for example, A C X. Let ap € X be such that the
sum of the coefficients is as large as possible. Write o = ;7 nj0
where n; > 0 for all j € I. If m := (&), o) < 0 for some i € I, then

si(ap) = ap — (o) ,ap)a; = (n, - m)ai + ;njaj €,
i

>n;
where all coefficients are still non-negative but the sum of the co-
efficients is strictly larger than that of ag, contradiction. So we
must have (o, ap) > 0 for all i € I. But this means ) ; a;n; =
Yjernifa);a;) = 0. So, if u := (nj)jes € R, then u > 0, u # 0,
and Au > 0. Since det(A) # 0, we also have Au # 0. So A is of type
(FIN) by Corollary 3.1.3(a). O
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Table 6. Positive roots for exceptional types Fi, Fe, E7, Eg

Type Fu, |®@7| =24: 1000

0011 1110
0122 1221

0120 0111
1122 1231

0100
1120
1222

0010 0001 1100
1111 0121 1220
1232 1242 1342

0110
1121
2342

Type Eg, |®T| = 36:

000010 000001 101000
011100 010110 001110
001111 111110 101111
112210 111211 011221

010100
000111
011210
112211

100000
001100
111100
011111
111221

010000 001000
000110 000011
101110 011110
111210 111111
112221 112321

000100
101100
010111
011211
122321

Type E;, |®T| = 63:

1000000
1010000
0111000
0111100
0111110
0111111
1112210
1123210
1123221

0100000
0101000
0101100
0101110
0101111
1122100
1112111
1122211
1223221

0010000
0011000
0011100
0011110
0011111
1112110
0112211
1112221
1123321

0001000
0001100
0001110
0001111
1112100
1111111
1122210
1223210
1223321

0000100
0000110
0000111
1111100
1111110
0112210
1122111
1123211
1224321

0000010
0000011
1111000
1011110
1011111
0112111
1112211
1122221
1234321

0000001
1011000
1011100
0112100
0112110
1122110
0112221
1223211
2234321

Type Es, |®T| = 120:

10000000
00000010
00001100
00111000
01111000
10111100
11121000
00111111
01121110
01122110
01122210
11122111
11122211
11122221
12233210
12232221
22343210
12243321
22344321
23454321

01000000
00000001
00000110
00011100
01011100
01121000
11111100
11221000
01111111
01121111
01122111
01122211
01122221
12232210
12232211
11233221
12343211
22343221
12354321
23464321

00100000
10100000
00000011
00001110
00111100
01111100
10111110
11121100
11221100
11222100
11232100
12232100
12232110
12232111
11233211
12343210
12243221
12343321
22354321
23465321

00010000
01010000
10110000
00000111
00011110
01011110
01121100
11111110
11122100
11221110
11222110
11232110
11232210
11233210
11232221
12243211
12233321
12244321
13354321
23465421

00001000
00110000
01110000
11110000
00001111
00111110
01111110
10111111
11121110
11122110
11221111
11222210
11232111
11232211
12243210
12233221
22343211
22343321
23354321
23465431

00000100
00011000
01011000
10111000
11111000
00011111
01011111
01122100
11111111
11121111
11122210
11222111
11222211
11222221
12233211
11233321
12343221
12344321
22454321
23465432

For example, 2342 stands for 2a;+3a2+4as+2a4, I = {1,2,3,4}.
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Proposition 3.2.4. Assume that A is indecomposable and of type
(FIN). Then |[W(A)| < oo and |®(A)| < co. Furthermore, (P(A), A)
is a based root system, that is, every o € ®(A) can be written as a
Z-linear combination of A = {«a; | © € I}, where the coefficients are
either all > 0 or all <0 (as in condition (CK2) of Definition 2.2.1).
Finally, ®(A) is reduced, that is, 8(A)NRa = {ta} for alla € P(A).

Proof. We use the classification in Section 3.1 and go through the
list of Dynkin diagrams in Table 4. If A has a diagram of type 4,
B, C,, or D, then ®(A) has been explicitly described in Chapter 2;
the desired properties hold by Example 2.2.7 and Corollary 2.5.6.

Now assume that A has a diagram of type Gs, Fy, FEg, Er, or Es.
Then we take a “computer algebra approach”, based on our Python
programs in Table 1 (p. 61). We apply the program rootsystem
to A; the program actually terminates and outputs a finite list of
tuples €T (A) C N}. For example, for type Go, we obtain:

{(1,0),(0,1),(1,1),(1,2),(1,3),(2,3)} (see also Example 2.3.10).

For the types Fy, Eg, Er, Eg, these vectors are explicitly listed in
Table 6. Now we set ® := & U (—®d*), where

ot = {a = Zniai | (’ni)ie] S cg-i—(A)} CE.
i€l
By construction, it is clear that ®* C ®(A). Since s;(a;) = —a; for
i € I, it also follows that —®* C ®(A). Now we apply our program
refl to all tuples in ¥ (A) U (—=¢*(A)). By inspection, we find
that € +(A) U (—%¢*(A)) remains invariant under these operations.
In other words, we have s;(®) C ® for all 4 € I (recall that refl
corresponds to applying s; to an element of E). Since A C @, we
conclude that ®(A) C @ and, hence, that ®(A) = ®; in particular,
|®(A)| < co. The fact that (®(A4),A) is a based root system is clear
because all tuples in 4+ (A) have non-negative entries. The fact that
®(A) is reduced is seen by inspection of Table 6. O

Further properties of the root system of type Eg can be found at
https://en.wikipedia.org/wiki/E8_lattice.

Remark 3.2.5. Of course, one can avoid the classification and the
use of computer algebra methods in order to obtain the above result.
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The finiteness of W(A) follows from a topological argument, based
on the fact that W(A) is a discrete, bounded subset of GL(E); see,
e.g., [4, Ch. V, 84. no. 8]. The fact that (®(A),A) is based requires
a more elaborate argument.

Let us fix an indecomposable generalised Cartan matrix A =
(@ij)i,jer of finite type; let W = W(A) and ® = $(A). We now turn
to the discussion of some specific properties of W and ®, which can be
derived from the classification in Section 3.1. Let us fix a W-invariant
scalar product {, }: E X E — R as in Remark 3.2.2. For o € ®, the
number /(a, a) € Rsq will be called the length of a. As before, we
write @V :=2a/(a, @) € E for any a € P.

Remark 3.2.6. First we note that the arrows in the Dynkin dia-
grams in Table 4 indicate the relative length of the roots o; (¢ € I).
More precisely, let ¢ # j in I be joined by a possibly multiple edge;
then a;; < 0 and aj; < 0. We choose the notation such that a;; =

(af,a;) = =1 and aj; = (o), ;) = —r, where r > 1. Then
(i, 05) _ 05 = -1 = ayr — o (@i, o)
(o, o) CIND)

and so (a;, ;) = r{a;,a;). Now set m := min{(a;, ;) | 4 € I} and
e :=max{—a;; | 4,5 € I,i # j,a;; # 0}. By inspection of Table 4, we
conclude that we are in one of the following two cases.
(a) e =1 (the simply-laced case). This is the case for A of type
Ay, D, Eg, E7, Eg. Then (a;,a;) =m for all i € I.
(b) e € {2,3}. This is the case for A of type B, Cp, Fy (e = 2)
or Gy (e =3). Then (o, ;) € {m,em} for all i € I.
Now consider any o € ®. By definition, we can write o = w(a;)

where ¢ € I and w € W. So (a,a) = (w(w), w(e)) = (o4, o4), by
the W-invariance of (, ). Hence, we conclude that

(c) {a,a) € {m,em} for all @ € ®.

Thus, in case (a), all roots in ® have the same length; in case (b),
there are precisely two root lengths in ® and so we may speak of short
roots and long roots. In case (a), we declare all roots to be long roots.
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Lemma 3.2.7. Assume that A is indecomposable. Let e > 1 be as in
Remark 3.2.6. Then (a",p) € {0,£1,xe} for all @, € @, B # *a.

Proof. Let o, 3 € ®. We can write a = w(e;) for some w € W and
i € I. Setting B’ := w™(B) € ®, we obtain
o,y - p@B) _ wlew(®) _,i.8)
(da)  (w(ew), w(a)) (o, o)
where we used the W-invariance property of ( , ). Writing 8 =
> jer My withn; € Z, the right hand side evaluates to 3, nja;; €
Z. Thus, {(a",B) € Z for all a, 8 € ®. Now let 8 # +a. Assume that
[{aV, B)| = 2. Using the Cauchy—Schwartz inequality as in Section 2.6
(see (#2), p. 84), we conclude that (o, 3Y) = 1 and so
av, :2<aaﬂ> :2<a’IB> <IB’IB> — <ﬁa6> o, \% =+
@) = 2a00) = (6.8) (aa) ~ faya) P
The left hand side is an integer and the right side equals +e or +e™1;
see Remark 3.2.6(c). Hence, we must have (a", 8) = *e. O

= (', B,

(8,8)

(@)

Exercise 3.2.8. Assume that A is indecomposable and ® is simply-
laced. Let o, 8 € ® be such that 8 # +a. By Lemma 3.2.7, we have
(aV,B) € {0,£1}. Then show the following implications:

(@,8)= 0 = pB-ag¢gdandB+ad¢gd,
(@,8)=+1 = B-ac® f-2a¢PandB+ad®,
(@",B)=-1 = B+acd f+20¢Pandf—a¢d.

Show that, if o € ® is written as a = ZieI n;a; with n; € Z, then
a¥ =3, nia (see also Lemma 2.6.3).

Remark 3.2.9. In Section 2.5, we have given an explicit description
of the Weyl group W (A) for A of type A,,. (Similar descriptions exist
also for type B,, C,, D,.) Now assume that A is of type G2, Fy,
Eg, E7 or Eg. For G2, the computation in Example 2.3.10 shows that
W (A) is a dihedral group of order 12. For the remaining types, we use
again a “computer algebra approach’ to determine the order |W (A)|.
Let us write ®* = {ay,...,an}, where the roots are ordered in the
same way as in Table 6. Then

=0 U (-2") ={as,...,an,aNt1,-.-,02n} C E,



3.3. A glimpse of Kac—-Moody theory 115

where any; = —ag for 1 <1 < N. As discussed above, we can iden-
tify W (A) with a subgroup of the symmetric group Son = Sym(P).
The permutation o; € Gy, corresponding to s; € W(A) is obtained
by applying s; to a root a; and identifying I’ € {1,...,2N} such
that s;(aq) = ay; then o;(l) = I'. Now, a computer algebra system
like GAP [12] contains built-in algorithms to work with permutation
groups; in particular, there are efficient algorithms to determine the
order of such a group. In this way, we find the numbers in Table 7.

Table 7. Highest roots and |W(A)| (labelling as in Table 4, p. 104)

Type Highest root ao |[W(A)|
An (n>1) artoz+...+an (n41)!
B, (n>2) 201+ a2+ ...+ an-1) +an 2"n!
Cn (n>2) a1 +2(az+ ...+ a1+ an) 2™n!
D, (n>3) o1 +az+2(as+...+0n-1)+an 2" 1pl
Ga 2011 + 302 12

Fy 201 + 3as + 4as + 204 1152
FEs o1 + 202 + 2a3 + 3aq + 25 + ag 51840
Er 2001 + 2000 + 3oz + 4as + 3as + 206 + a7 2903040
Esg 2011 + 3a2 + 4oz 4 64 + Sas + 4as + 3ar + 2a8 696729600

Remark 3.2.10. As in Remark 2.3.5, we can define a linear map
ht: E — R such that ht(a;) = 1 foralli € I. If o € ® and a =
Y icr i with n; € Z, then ht(a) = > ,.;n; € Z is called the
height of a. Assuming that A is indecomposable, there is a unique
root ag € ® such that ht(ap) takes its maximum value; this root
ap is called the highest root of ®. One can prove this by a general
argument (see, e.g., [18, §10.4], or Proposition 2.4.17), but here we
can simply extract this from our knowledge of all root systems, using
Example 2.2.7 (A,,), Remark 2.5.5 (B,,, Cp, D), Example 2.3.10 (G2)
and Table 6 (Fy, Eg, E7, Eg). See Table 7 for explicit expressions of
ap in terms of A.

3.3. A glimpse of Kac-Moody theory

Let I be a finite, non-empty index set and A = (as;)ijer € Mi(C)
be arbitrary with entries in C. We would like to study Lie algebras

ab hier Woche 10
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for which A plays the role as a “structure matrix”. In order to find
out how this could possibly work, let us first return to the case where
A is the true structure matrix of a Lie algebra L of Cartan—Killing
type with respect to an abelian subalgebra H C L and a subset
A = {o; | i € I}, as in Section 2.2. Then we have

(Ch0) L =(es hi, fi| i € I)ayg

for a suitable collection of elements {e;, h;, f; | i € I} C L such that
the following “Chevalley relations” hold:

(Chl) [es, fi] = h; and [e;, f;] =0 for 4,5 € I such that i # j,
(Ch2)  [hi, h;] =0, [hi,e5] = aije;, [hi, fi] = —ai;f; fori,j el

Indeed, let 0 # h; € H (i € I) as in Proposition 2.2.5. Then we have
H = (h; | © € I)c; furthermore, h; = [e;, f;] for suitable e; € L,
and f; € L_,,. Since H is abelian, [h;,h;] = 0 for all 4,5 € I.
By Proposition 2.4.6, (Ch0) holds. By the definition of A, we have
[hi,ej] = aj(hi)ej = Q;;€; and [hz,fj] = —ij(hi) = —a,jifj for all
i,j € I. Finally, if i # j, then [e;, f;] € [Las L—a;] € Lag—a; = {0},
where the last two relations hold by Proposition 2.1.6 and condition
(CK2) in Definition 2.2.1. Thus, [e;, f;] = 0 for ¢ # j. So, indeed,
(Ch0), (Chl), (Ch2) hold for L.

Now we notice that (Ch0), (Chl), (Ch2) only refer to the col-
lection of elements {e;, h;, f; | ¢ € I} C L and the entries of A, but
not to any further structural properties of L (e.g., finite dimension or
H-diagonalisability). Presenting things in this way, it seems obvious
how to proceed: given any A € M;(C), we try to consider a Lie al-
gebra L for which there exist elements {e;, h;, f; | ¢ € I} such that
(Ch0), (Chl), (Ch2) hold. Two basic questions present themselves:

e Does L exist at all?

e If yes, then does L have interesting structural properties?

As Kac and Moody (independently) discovered in the 1960s, both
questions have affirmative answers, and this has led to a new area
of research with many interesting applications and connections, for
example, to mathematical physics, especially when A is a generalised
Cartan matrix of type (AFF); see the monographs [21], [25]. What
we will do in this section is the following:
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e exhibit the ingredients of a “triangular decomposition” in
any Lie algebra L satisfying (Ch0), (Chl), (Ch2);

e apply these ideas to prove the Existence Theorem 3.3.10.

So let us assume now that we are given any A € M;(C) and a Lie
algebra L, together with elements {e;, h;, f; | ¢ € I} such that the
conditions (Ch0), (Chl), (Ch2) hold. In order to avoid the discussion
of trivial cases, we assume throughout that

e #0 or fi#0 for each j € I.

(Note that, if e; = f; = 0 for some j, then also h; = 0 by (Chl) and
ej, hj, f; can simply be omitted from the collection {e;, h;, f; | ¢ € I}.)

Lemma 3.3.1. In the above setting, let H := (h; | i € I)c C L. Then
H is abelian and there is a well-defined collection of linear maps

A:={a;|jel} CH*, whereaj(h;)=a foralli,jel.
The set A C H* is linearly independent if and only if det(A) # 0.

Proof. By (Ch2), H is an abelian subalgebra of L. Next we want
to define a; € H* for j € I. Let h € H and write h = ), ; z:h;
where x; € C. Then set a;(h) := ) ;c; z:ai;. We must show that
this is well-defined. So assume that we also have h = Zie 1 Yih; where
y; € C. Then ), ;(%; — y;)h; = 0; using (Ch2), we obtain:

0= (zi —vi)lhi, ;] = (Z(xi - yi)aij)ej'
iel i€l
If e; # 0, then this implies that ), ; x;a;; = Y, ; ¥iaij;, as desired.
If f; # 0, then an analogous argument using the relation [h;, f;] =
—a;; f; yields the same conclusion. Thus, we obtain a well-defined
subset A = {a; | j € I} € H* as above. Now let 2; € C (j € I) be
such that >, ; z;a; = 0. Then

0= Z:cjaj(hi) = Zaijxj foralli e I.
jeI jeI
If det(A) # 0, then this implies z; = 0 for all j and so A is linearly
independent. Conversely, if det(A) = 0, then there exist z; € C
(j € I), not all equal to zero, such that ), ;a;xz; =0 for all i € I.
Then we also have Y jer®ioy =0 and so A is linearly dependent. [
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Example 3.3.2. Let R = C[T,T~!] be the ring of Laurent polyno-
mials over C with indeterminate 7. We consider the Lie algebra

L:{(‘é’ _2) |a,b,ceR} (=slx(R)),

with the usual Lie bracket for matrices. A vector space basis of L is
given by {T*e;, T'hy,T™ f1 | k,1,m € Z}, where we set as usual:

a(88) m=(d ) a=(20).

with relations [el,fl] = hl, [hl,el] = 261, [h17f1] = —2f1. Now set
€9 = Tfl, hg = —hl, fg = T_lel.

Then you will see in the exercises that the Chevalley relations (Ch0),

(Ch1), (Ch2) hold with respect to the matrix

A= < _g _g ) (affine type A; in Table 5).

Returning to the general setting, let H C L be as in Lemma 3.3.1.
Then dim H < oo but we have no information at all about dim L. We
can still adopt a large portion of the definitions and results concerning
weights and weight spaces from Section 2.1. For any A\ € H*, we set

Ly:={z € L|[h,z] = A(h)z for all h € H};

this is a subspace of L. If Ly # {0}, then ) is called a weight and L
the corresponding weight space. Since H is abelian, we have H C Ly,
where 0 € H* is the 0-map. The same argument as in Proposi-
tion 2.1.6 shows that [Ly, L,] C Ly, for all A\, x € H*. Let us set

Q>0 := {)\ € H* | A=),y nic; where n; € Z3 for all i},
ng = {)\ e H* | A= ZiEI n;o; where n; € Z<0 for all Z}

In the following discussion, some care is needed because A may be
linearly dependent, and so it might happen that Q>0 N Q<o # {0}.

Lemma 3.3.3. In the above setting, we have
Nt :=(e;|i€I)ag C Z/\GQ% Ly,
N™ = (fili€T)ag C ZAGQ@ L.
In particular, we have [H,NT] C Nt and [H,N"]C N~.
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Proof. Recall from Section 1.1 that N* = (X, | n > 1)¢, where X,
consists of all Lie monomials in {e; | ¢ € I} of level n. By (Ch2)
and the definition of a;, we have e; € L,, for all ¢ € I. Hence,
exactly as in Lemma 2.1.7, one sees that X, C (J, Lx, where the
union runs over all A € Qo that can be expressed as A = Y. ; n;a;
with »,.;n; = n > 1. This yields that

NtC > Ly and [HN'YCNT'
A€Q>0

The argument for N~ is completely analogous, starting with the fact
that f; € L_,, for all i € I. O

Lemma 3.3.4. We have L=NT+H+ N—.

Proof. The crucial property to show is that [f;, NT] C Nt + H for
all j € I. This is done as follows. As in the above proof, N7 is
spanned by Lie monomials in {e; | ¢ € I'}. So it is sufficient to show
that [f;,z] € Nt + H, where z € N7 is a Lie monomial of level, say
n > 1. We proceed by induction on n. If n = 1, then xz = e; for
some ¢ and so [f;,z] = —le;, f;] is either zero or equal to h; € H. So
the assertion holds in this case. Now let n > 2. Then z = [y, 2] where
Y,z € Nt are Lie monomials of level k and n — k, respectively; here,
1 < k < n— 1. Using the Jacobi identity, we obtain

[fi>2] = [£3: 1y, 21 = =y, [z, £i]] = [, [ ] = [y, [F5, 2]] + [[£5, 9], 2]-

By induction, we can write [f;, 2] = 2'+h, where 2’ € N* and h € H.
This yields [y, [fj,2]] = [v,2'] + [y,h] = [y,2'] — [h,y] € NT + H.
(We have [y,2'] € N* by the definition of NT, and [h,y] € NT by
Lemma 3.3.3.) Similarly, one sees that [[f;,y],2] € Nt + H.

Thus, we have shown that [f;, NT] C N* + H for all j € I. By
an analogous argument, one also shows that [e;, N~] C N~ + H for
all j € I. Furthermore, [e;, H] C Nt and [f;, H] C N~ for all j € I.
Hence, setting V := Nt 4+ H + N~ C L, we conclude that

[e;,V]ICV  and [f;,V]CV foralljel.

By Lemma 3.3.3, we also have [h;, V] C V. By (Ch0), we have L =
(ejshj, fj | € I)alg and so Exercise 1.1.8(a) implies that [L,V] C V.
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In particular, V' is a subalgebra. Since V contains all generators of
L, we must have L = V. O

Exercise 3.3.5. In the setting of Example 3.3.2, we certainly have
H = (h1, h2)c = (h1)c. Explicitly determine the subalgebras N* C L
and N~ CL. Showthat L=NT@eH® N".

Lemma 3.3.6. Ifdet(A) # 0, then the sum in Lemma 3.8.4 is direct;
furthermore, H = Lo, N* =3 o  Lx and N~ =37, o L.

Proof. By Lemma 3.3.1, the assumption that det(A) # 0 implies
that A = {a; | 4 € I} C H* is linearly independent. This has the
following consequence. In the proof of Lemma 3.3.3, we have seen
that N* C 3", Ly, where the sum runs over all A € Q¢ that can be
expressed as A = ), ; nya; with Y7, ;n; > 1; in particular, n; > 0
for at least some 4, and so A # 0. This shows that

Nt C Z L where Q+ :={r e Q0| X#0}.
AEQ+
Similary, we have N~ C 37, Ly, where Q_ := {\ € Q<o | X # 0}
Combined with Lemma 3.3.4, we obtain:

L=N*+H+N"C (Y L) +L+ (3 L)
AEQ+ HEQ -

So it is sufficient to show that the sum on the right hand side is
direct. Let © € Lo, y € } 5o, Ln and 2 € - o Ly be such that
y+zx+2z = 0. We must show that x = y = z = 0. Assume, if possible,
that « # 0. Then x € Ly and ¢ = —y — z € Ly, + ...+ Ly, where
r>1and 0# \; € Q4 UQ-_ for all i. But then Exercise 2.1.5 (which
also holds without any assumption on dimensions) shows that A\; =0
for some i, contradiction. O

Even if det(A) = 0, the statement of Lemma 3.3.6 remains true,
but the proof requires a more subtle argument; see Kac [21, Theo-
rem 1.2] or Moody-Pianzola [25, §4.2, Prop. 5|. The connection with
Lie algebras of Cartan—Killing type is as follows.

Proposition 3.3.7. Let A = (aj)ijer € Mi(C) and L be a Lie
algebra for which there exist elements {e;, h;, f; | i € I} C L such that
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(Ch0) and the Chevalley relations (Chl), (Ch2) hold (and, for each
j €I, we have e; #0 or f; #0). Let

H:=(hi|iel)cCL and A:={a;|jel}CH"

be defined as in Lemma 3.8.1. Assume that dim L < oo and det(A) #
0. Then (L, H) is of Cartan—Killing type with respect to A; if a;; = 2
for alli € I, then A is the corresponding structure matrix.

Proof. By Lemma 3.3.1, the set A C H* is linearly independent.
By Lemma 3.3.6, L is H-diagonalisable and Ly = H; furthermore,
every weight 0 # A € P(L) belongs to @+ or Q_. Thus, (CK1) and
(CK2) in Definition 2.2.1 hold. Finally, since e; € L,, and f; € L_,,
for all ¢ € I, we have h; = [e;, fi] € [La;, L—o;] by (Chl). Since
H = (h; | i € I)c, we conclude that (CK3) also holds. Now assume
that a;; = 2 for all ¢ € I. Then «;(h;) = 2 and so the elements
{h; | i € I} are the elements required in Definition 2.2.6. O

We now use the above ideas to solve a question that was left
open in Chapter 2. Let A be an indecomposable generalised Cartan
matrix of type (FIN). We have seen that, if A is of type A, By, Cp or
D,,, then A arises as the structure matrix of a Lie algebra of Cartan—
Killing type (namely, from L = sl,,(C) or L = go,,(Qn, C), for suitable
choices of @,,). But what about A of type Ga, Fy, Eg, E7, or Eg ? For
example, at the end of Section 2.6, we saw that all the Lie brackets
inside a Lie algebra of type G5 are easily determined — although we
did not know if such an algebra exists at all. (In principle, the same
could be done for the types Fy, Fg, E; and Eg.) We now present a
general solution of the existence problem.

Definition 3.3.8 (Cf. [14]). Let A = (ai;);,jer be an indecompos-
able generalised Cartan matrix of type (FIN) (where I # @). As in
Section 3.2, consider an R-vector space E with a basis {a; | 7 € I},
and let ® = ®(A) C F be the abstract root system determined by A.
(We have |®| < oo by Proposition 3.2.4.) Having obtained the set @,
let M be a C-vector space with a basis

B:={u;|i€I}U{vy | acd} dimM = |I| + |®|.

Taking the formulae in Lusztig’s Theorem 2.7.2 as a model, we define
for each ¢ € I linear maps e;: M — M and f;: M — M as follows,
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where j € I and o € ®:

ei(u;) = |aji|va,, £i(us) = |ajilv—a,,
(q’i,a + 1)'0a+ai if o + o; € CD,
ei(va) = U; ifa= —0,
0 otherwise,

(Pia + Va0, fa—a; €9,
fi(vy) == Uu; if a = ay,
0 otherwise.
It is obvious that the maps e;, f; are all non-zero. Now consider the
Lie algebra gl(M), with the usual Lie bracket [p,¢] = potp — oy
for ¢, € gl(M). We obtain a subalgebra by setting

L(A) == (e, ; | i € Iaig C gl(M).

Since dim gl(M) < o0, it is clear that dimL(A4) < co. Our aim is to
show that L(A) is of Cartan—Killing type, with A as structure matrix.

Lemma 3.3.9 (Cf. [14, 83]). In the setting of Definition 3.3.8, let
us also define h; := [e;, f;] € gI(M) for ¢ € I. Then the linear maps
e;, £, h; € gI(M) satisfy the Chevalley relations (Chl), (Ch2):

le:,£;] =0 foralli,j €I such that i # j;
[hi,hj] = 0, [hi,ej] = ajj;ey, [h,,f]] = —aijfj fO’l" all ’L',j el.

Proof. Assume first that A arises as the structure matrix of a Lie al-
gebra L of Cartan—Killing type with respect to an abelian subalgebra
H C L and a subset A = {o; | ¢ € I} C H*. Thus, A = (asj)i jer,
where a;; = a;(h;) and h; € H is defined by Proposition 2.2.5. We
already discussed at the beginning of this section that then (Ch0),
(Chl), (Ch2) hold for {e;, h;, fi | i € I} C L, where e, f; are Cheval-
ley generators as in Remark 2.2.9. Since ady: L — gl(L) is a homo-
morphism of Lie algebras, it follows that (Chl), (Ch2) also hold for
the maps adp,(e;),adr(f;),adr(h;) € gl(L). Now let {e} | « € ®} be
a collection of elements as in Lusztig’s Theorem 2.7.2. We consider
the vector space M := L and set

u; = [ei,efai] = [fi,e;ti] (1 eI, ve =€l (a€d).

Then the above formulae defining ¢;: M — M and f;: M — M
correspond exactly to the formulae in Remark 2.7.4; in other words,
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we have e; = ad(e;) and f; = ad(f;) for all ¢ € I. Hence, (Chl),
(Ch2) also hold for e;, f;, h; € gl(M).

This argument works for A of type A,, B,, C, or D,, using the
fact, already mentioned, that then A arises as the structure matrix of
L =5sl,(C) or L = go,,(C) (for suitable @y,). It remains to consider A
of type G, Fy, Eg, E7 or Eg. In these cases, we use again a computer
algebra approach: we simply write down the matrices of all the e; and
f; with respect to the above basis B of M, and explicitly verify (Ch1),
(Ch2) using a computer. Note that this is a finite computation since
there are only five matrices A to consider and, in each case, there
are 4|I|2 — |I| relations to verify; see Section 3.4 for further details
and examples. — Readers who are not happy with this argument may
consult [14, §3], where a purely theoretical argument is presented. [

Let L(A) = (e;,f; | ¢ € I)aig € gl{(M) be as in Definition 3.3.8
and set h; := [e;,f;] for i € I. By Lemma 3.3.9, the Chevalley
relations (Chl), (Ch2) hold. Let H = (h; | i € I'¢ C L(A); then
H is an abelian subalgebra. For each j € I we define &; € H* as
in Lemma 3.3.1, that is, ¢&;(h;) = a;; for i € I. (We write ¢; in
order to have a notation that is separate from o;; € & = ®(A).) More
generally, if @ € ®, we write a = ), ; n;a; with n; € Z and set
&= ;o nid;. Thus, we obtain a subset $:={a|aecd CH".

Theorem 3.3.10 (Existence Theorem). With the above notation,
the Lie algebra L(A) C gl(M) is of Cartan—Killing type with respect
to HC L(A) and A = {&; | j € I} C H*, such that A is the
corresponding structure matriz and & is the set of roots with respect
to H. In particular, dimL(A) = |I| + |®|; furthermore, since A is
indecomposable, L(A) is a simple Lie algebra (see Theorem 2.4.14).

Proof. We noted in Definition 3.3.8 that e; # 0 and f; # 0 for all
i € I; furthermore, dimL(A) < oo. Since h; = [e;,f;] € L(4),
it is clear that (ChO) holds. We already noted that (Chl), (Ch2)
hold. Since A is of type (FIN), we have det(A) # 0; furthermore,
a;; = 2 for i € I. Hence, all the assumptions of Proposition 3.3.7 are
satisfied and so (L(A), H) is of Cartan—Killing type with respect to
A = {a; | j € I} and with structure matrix A. The fact that ® is
the set of roots with respect to H follows from Remark 2.3.7. O
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3.4. Using computers: the ChevlLie package

Let A = (a;5)i jer be a generalised Cartan matrix with |W(A4)| < oco.
In this section, we explain how one can systematically deal with the
various constructions arising from A in an algorithmic fashion, and
effectively using a computer. Various general purpose computer alge-
bra systems contain built-in functions for dealing with root systems,
Weyl groups, Lie algebras, and so on; see the online menue of GAP
[12], for example. We introduce the basic features of the Julia [20]
package ChevLie [15], which builds on the design and the conventions
of the older GAP package CHEVIE. These packages are freely available
and particularly well suited to the topics discussed here.

Suppose you have installed Julia on your computer and down-
loaded the file chevlielrl. j1; then start Julia and load ChevLie into
your current Julia session:

julia> include("chevlielrl.jl"); using .Chevlie

The central function in Chevlie is the Julia constructor LieAlg, with
holds various fields with information about a Lie algebra of a given
type (a Julia symbol like :g) and rank (a positive integer). Let us go
through an example and add further explanations as we go along (or
just type ?LieAlg for further details and examples).

julia> 1=LieAlg(:g,2) # Lie algebra of type G_2
#I dim = 14
LieAlg(’G2?)

In the background, the following happens. When LieAlg is invoked,
then a few functions are applied in order to compute some basic data
related to the generalised Cartan matrix A with the given type and
rank, where the labelling in Table 4 is used. (If you wish to use a
different labelling, then follow the instructions in the online help of
LieAlg.) A version of the rootsystem program (Table 1) yields the
root system ®. This is stored in the component roots of LieAlg; the
Cartan matrix A and the number N := |®7| are also stored:

julia> 1.N
6
julia> l.cartan
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2 -1

-3 2
julia> l.roots

(1, 01 (o, 11 [1, 11 [1, 21 [1, 3] [2, 3]

(-1, o] [0, -1] [-1, -1] [-1, -2] [-1, -3] [-2, -3]

The roots are stored in terms of the list of tuples

©(A) = {(ni)ies € Z' | Y _mic; € @} C 7/,
iel
exactly as in Remark 2.3.7. This yields an explicit enumeration of
the 2N elements of ¢ as follows:

Bl?"';ﬂuh ﬂ|I|+1a"'7IBN 7_181""’_IBII|7_IB|I|+1""’_ﬂN?

~
simple roots further positive roots negative roots

where the simple roots are those of height 1, followed by the remaining
positive roots ordered by increasing height, followed by the negative
roots. In particular, if A is indecomposable, then 1.roots[1.N] is
the unique highest root (see Proposition 2.4.17). Once all roots are
available, the permutations induced by the generators s; € W (i € I)
of the Weyl group are computed (as explained in Remark 3.2.9) and
stored. In our example:

julia> 1.perms
(r, 3, 2, 4, 6, 5, 1, 9, 8, 10, 12, 11)
(5, 8, 4, 3, 1, 6, 11, 2, 10, 9, 7, 12)

Here, the permutation induced by any w € W is specified by the tuple
of integers (j1,...,jan) such that w(B;,) = B for 1 <1 < 2N. (We
use that convention, and not w(f;) = B;,, in order to maintain consis-
tency with GAP and CHEVIE, where permutations act from the right;
for a generator s;, both conventions yield the same tuple, because s;
has order 2.) Working with the permutations induced by W on &
immediately yields a test for equality of two elements (which would
otherwise be difficult by working with words in the generators). Mul-
tiplication inside W is extremely efficient: if we also have an element
w’ € W represented by (ji,...,Jj5y), then the product w-w' € W is
represented by (j;,,...,Jj7,, ). Thus, in our example, the permutation
induced by the element w = s5 - 7 € W is obtained as follows.
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julia> pi1=1l.perms[1]; p2=1.perms([2];

julia> ([p1[i] for i im p2]...,)

(6, 9, 4, 2, 7, 5, 12, 3, 10, 8, 1, 11)

# create a tuple

We will see later how a permutation can be converted back into a
word in the generators of W.

Table 8. Constructing G2 using Julia and ChevLie

julia> 1=LieAlg(:g,2)
julia> mats=[l.e_i[1],1.e_i[2],1.£f_i[1],1.£f_i[2]];
julia> [Array(m) for m in mats]

[..

H O H H H H HEHHHEHHEHE R

#

.]

written out as
e_1:

01000000000000
00000000000000
00000000000000
00001000000000
00000000000000
00000023000000
00000000100000
00000000000000
00000000000000
00000000001000
00000000000000
00000000000000
00000000000001
00000000000000

14 x 14 - matrices

e_2:

00000000000000
00300000000000
00020000000000
00000100000000
00000012000000
00000000000000
00000000000000
00000000010000
00000000003000
00000000000000
00000000000200
00000000000010
00000000000000
00000000000000

f_1:

00000000000000
10000000000000
00000000000000
00000000000000
00010000000000
00000000000000
00000100000000
00000000000000
00000023000000
00000000000000
00000000010000
00000000000000
00000000000000
00000000000010

julia> checkrels(l,l.e_i,1.f_i,1.h_i)
Relations OK
true

f_2:

00000000000000
00000000000000
01000000000000
00200000000000
00000000000000
00030000000000
00000000000000
00001000000000
00000000000000
00000012000000
00000000100000
00000000002000
00000000000300
00000000000000

# Chevalley relations OK

Once @ is available, it is then an almost trivial matter to set up

the matrices of the linear maps e;: M — M and f;: M — M with
respect to the basis B in Definition 3.3.8. These are contained in
the components 1.e_i and 1.f_i; there is also a component 1.h i
containing the matrices of h; = [e;,f;] for ¢ € I. In our example,
these matrices are printed in Table 8. Here, the following conventions
are used.
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e The basis B is always ordered as follows:
UBns +=+5 UByy ULy ---y UL, V—PBy,y ---5 V-8,
where I = {1,...,1}. Thus, each e; is upper triangular and

each f; is lower triangular; each h; is a diagonal matrix.

e Since the matrices representating e;, f;, h; are extremely
sparse, they are stored as Julia SparseArrays. In order to
see them in full, one has to apply the Julia function Array.

Given the matrices of e;, f;, h; for all i € I, one can then check if the
Chevalley relations (Chl), (Ch2) hold; this is done by the function
checkrels. — We rely on these programs in the proof of Lemma 3.3.9
for Lie algebras of type Ga, Fy, Eg, E7 and Fg. (Even for type FEg,
this just takes a few milliseconds.)

Table 9. Dynkin diagrams with e-function

1t 2— 3*f nt 1t 2— 3t n*
Ao o o - . . —o B, ... _e
n=1 n=2

1+

3= 4t n* 1t 2— 3t n*
Dy —e Crase o - - - —o
n=3 n=2

2* 1+ 3= 4t 5 6*

1t + + Ee

9- _ _
G e g 1027 3 4 .

+ g- 4+ 5 g+ 7— + g9- 4+ 55— g+ 77— g+
g, I3 4 57 6" 7 B LT 37 47 5 6" 77 8

2- 2-

Remark 3.4.1. Let {el | « € ®} be as in Corollary 2.7.11. We have
el = cie; and efai = —c¢;f; for all i € I, where ¢; € {£1}. Let us
define €: I — {£1} by €(?) := ¢; for ¢ € I. Then the argument in
Remark 2.7.3 shows that €(j) = —e(7) whenever ¢, j € I are such that
a;; < 0; furthermore, since A is indecomposable, there are precisely
two such functions: if € is one of them, then the other one is —e. In
Table 9, we have specified a particular € for each type of A. This is
contained in the component epsilon of LieAlg:

ab hier Woche 11
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julia> l.epsilon
1-1

Once € and the elements el are fixed for ¢ € I, the whole collection
of elements {e} | @ € ®} is uniquely determined by the conditions
(L1), (L2), (L3) in Lusztig’s Theorem 2.7.2 (see Remark 2.7.5). We
call {e} | @ € @} the e-canonical Chevalley system of L. We shall
also write e, = e} in order to indicate the dependence on €; note
that, if we replace € by —¢, then e ¢ = —e¢, for all o € ®.

The matrices of all e, (o € ®) are obtained using the function
canchevbasis. For example, for type Ejg, the matrices have size
248 x 248 but they are extremely sparse; so neither computer mem-
ory nor computing time is an issue here. (In ChevLie, they are stored
as SparseArrays, with signed 8-bit integers as entries.) Once those
matrices are available, the function structconst computes the cor-
responding structure constants Ng, 5 such that

le5,e5] = Nj ge515 fora,B,a+ped.

(Again, this is very efficient since one only needs to identify one non-
zero entry in the matrix of €, 5 and then work out only that entry
in the matrix of the Lie bracket [ef,,e3].) In our above example, we
have:

julia> l.roots

(1, o] ([0, 11 [1, 11 [1, 21 [1, 31 [2, 3]

(-1, o] [0, -1] [-1, -1] [-1, -2] [-1, -3] [-2, -3]
julia> structconst(1,2,4)

2, 4, -3, 5)

julia> structconst(1,1,3)

(1, 3, 0, 0)

Here, (2,4,—3,5) means that 1.roots[2]+1.roots[4]=1.roots[5]
is a root and that N§ ; = —3; the output (1,3,0,0) means that
1.roots[1]+1.roots[3] is not a root (and, hence, N§ 5 = 0).

[e%

Finally, we briefly discuss how one can work efficiently with the
elements of the Weyl group W. Recall that W = (s; | ¢ € I) and
that s? = id for all ¢ € I. Thus, every element of W can be written
as a product of various s; (but inverses of the s; are not required).
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Similarly to the height of roots, the length function on W is a crucial
tool for inductive arguments.

Definition 3.4.2. Let w € W. We define the length of w, denoted
£(w), as follows. We set £(id) := 0. Now let w € W, w # id. Then

Y(w) :=min{r > 0| w=s;, ---s;, for some i1,...,i € I}.

In particular, £(s;) =1forall¢ € I. If r = {(w) and i1, ...,%, € I are
such that w = s;, - - - 5;,., then we call this a reduced ezpression for w.
In general, there may be several reduced expressions for w.

Remark 3.4.3. The formula in Remark 3.2.2 shows that each s; € W
(i € I) is a reflection and so det(s;) = —1. Hence, we obtain

det(w) = (—1)*™) for any w € W.

Now let w # id and w = s;, ---s;. be a reduced expression for w,
where r = £(w) and iy,...,i, € I. Since s;' = s; for all i € I,
we have w™! = s; ---s;, and so £(w™!) < £(w). But then also
L(w) = £((w™1)7!) < 4(w™!) and so £(w) = £(w™T).

Now let ¢ € I. Then, clearly, £(ws;) < £(w) + 1. Setting w’ :=
ws; € W, we also have w = w’s; and so f(w) = f(w's;) < L(w')+1=
£(ws;) + 1. Hence, £(ws;) > £(w) — 1. But, since det(w) = (—1)*®),
we can not have £(ws;) = £(w). So we always have

L(ws;) = L(w) £1 and  f(s;w) = f(w) £ 1,
where the second relation follows from the first by taking inverses.
Lemma 3.4.4. Leti € I and w € W. Then l(ws;) = f(w) + 1 if

and only if w(a;) € ®F. Similarly, £(ws;) = £(w) — 1 if and only if
w(a;) € P

Proof. First we show the implication: £(ws;) > £(w) = w(a;) € ®T.
This is seen as follows. Let r := £(w) > 0. If r = 0, then w = id and
the assertion is clear. Now let » > 1 and write w = s;, - - - 8;,, where
1,...,4ir € I. Consider the following sequence of r + 1 roots:

iy Siy(04),  SipSi(Qw), ..., S8 (o).

Denote them by B, 81, - . . , B (from left to right). Since By = a; € @+
and B, = w(ey) € @7, there is some j € {1,2,...,r} such that
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IBO;ﬂh s 7/8j—1 € (I)+ but ﬂ] € ®~. Now '3'7 = Sij ('Bj_l) and so
Bj = Bj—1 —may, € B~ where m:= (Otlyj’ﬁj—ﬁ € Z.

Since 8;_1 € ®*, this can only happenif 8;_; = o, ; see Lemma 2.2.8.
Hence, we have

ai; = fBj—1 =y(o;) where y:=s;_,8;;_,--8;,; €EW.
This implies that ys;y~! = s;,. Indeed, let v € E and write v/ :=
y~1(v) € E. Using the W-invariance of (, ), we obtain

v _glant) _ wley@) _, fes
) = 2o a) = H e len)) ~ o, a) — )
and so (ys;y ) (v) = y(s:(v)) = y(v'— (e, v")exi) = v— (0, v ), =
si;(v), as claimed. But this means that

8i;8i;_1 """ Siy = 8i;Y = YSi = 8i;_18i;_o " SiqSi-
Inserting this into the given expression for w, we obtain

w= (sir e S'ij+1)(sij T Sil) = (Sir o S'ij+1)(sij—1 T 'sil)si'
But then ws; = (s, - 8i,,,)(Si;_, -+ 8i;) is a product with r — 1
factors, contradiction to the assumption that £(ws;) > £(w) = 7.

Thus, the above implication is proved. Conversely, let w(a;) €
&7 and assume, if possible, that £(ws;) < £(w). Setting w' := ws;,
we have w'(a;) = w(si()) = —w(a;) € @~. Hence, we must have
f(w's;) < £(w'). Since w = w's;, this implies £(w) < £(ws;), contra-
diction. Hence, we must have £(ws;) > £(w).

Finally, let w’ := ws;. Then £(w's;) = f(w) and w'(e;) =

ws;(a) = —w(ey). Consequently, having established the equivalence
L(w's;) = L(w') +1 & w'(a;) € BT, we also obtain the equivalence
L(ws;) = b(w) — 1 & w(a;) € DT. O

Corollary 3.4.5. Let w € W, w # id. Then there exists some i € 1
such that w(a;) € - and we can write w = w's;, where w' € W is
such that f(w') = 6(w) — 1.

Proof. Let r := {(w) > 1 and write w = s;, - - - 8;,, where 41,...,4, €
I. Set i :=1i, and w' := ws; = ws;, = 8;; -+ 8i,_, € W; then w =
w's;. We have £(ws;) = £(w') < r—1 < £(w) and so £(ws;) = £(w)—1.
Furthermore, Lemma 3.4.4 implies that w(o;) € ®~. O



3.5. Introducing Chevalley groups 131

Remark 3.4.6. We now obtain an efficient algorithm for computing
a reduced expression of an element w € W, given as a permutation
on the roots as above. Let (ji,...,Jan) be the tuple representing
that permutation. If j; =1 for 1 <1 < 2N, then w = id. Otherwise,
by Corollary 3.4.5, there exists some i € I such that w=!(a;) € ®~.

Using the above conventions about the tuple (j1,. .., jan), this means
that there is some ¢ € {1,...,|I|} such that j; > N. In order to
make a definite choice, we take the smallest i € {1,...,|I|} such that

ji > N. Then £(s;w) = £(w™'s;) = £(w) — 1 and we can proceed with
w’ := s;w. In Chevlie, this is implemented in the function permword.

julia> 1=LieAlg(:g,2)

julia> permword(1,(6,9,4,2,7,5,12,3,10,8,1,11))
2-element Array{Int8,1}:

21

Conversion from a word (reduced or not), like [2,1,2, 1], to a permu-
tation is done by the function wordperm. Corollary 3.4.5 also shows
how to produce all elements of W systematically, up to a given length.
Indeed, if W(n) denotes the set of all w € W such that 4(w) = n,
then the set of all elements of length n + 1 is obtained by taking the
set of all products ws;, where w € W(n) and ¢ € I are such that
£(ws;) = £(w) + 1. This procedure is implemented in the function
allwords. In our above example:

julia> allwords(1,3) # elements up to length 3
#I 1 2 2 2
(0 [11 [21 [1, 21 [2, 11 [1, 2, 1] [2, 1, 2]

(All elements are obtained by allwords(1).)

3.5. Introducing Chevalley groups

Let again L be a Lie algebra and H C L be an abelian subalgebra
such that (L, H) is of Cartan—Killing type with respect to a subset
A ={a; | i€ I} C H* Foreach i € I let {e;h;fi| i€ I}
be a corresponding slo-triple in L, as in Remark 2.2.9. Already in
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Section 2.4 we introduced the automorphisms

z;(t) := exp(tadp(e;)) € Aut(L) forallt e C,

yi(t) == exp(tadp(f;)) € Aut(L) forallt e C.
Hence, we can form the subgroup (z;(¢), y;(t) | ¢ € I,t € C) C Aut(L).
In Definition 3.5.5 below we will see that one can define a similar
group over any field instead of C.

We will assume that A indecomposable. Then we have Lusztig’s
canonical basis B of L; see Section 2.7. We also assume that the
additional conditions in Corollary 2.7.11 hold. Thus, there is a certain

function €: I — {£1} such that
5 [ 73 = _E(Z)f.”

a; = e(i)eh hj_ = —G(Z)hz

see Remark 3.4.1. A specific choice of € is defined by Table 9 (p. 127).
Note that the formulae in the following theorem are independent of
those choices.

et

e for i € I;

Theorem 3.5.1 (Lusztig [24, 82]). Fori € I and t € C, the action
of z;(t) and of y;(t) on B is given by the following formulae.

zi(t)(h}) = b + lajiltel,, zi(t)(el,,) = ety +thf +t%el,
q +’r r
e =etn  w@Ee)= ¥ (7)ot
0<r<pi,a
WA = +laglte®,  w(el,) = of, +h + et
PiatT
wet) =etes w0 = X (Pl
0<7<qi,a

where j € I and o € ®, @ # *+oy. Here, p; o, ¢i o are the non-negative
integers defining the a;-string through o (see Remark 2.7.1).

Proof. In the proof of Lemma 2.4.1, we already established the fol-
lowing formulae, where i € I, t € C and h € H:

(a) z;(t)(h) = h — a;(h)te;,
(b) vi(t)(h) = h+ ai(R)L i,
(c) zi(t)(e:) =

(d) yi(t)(es) = e; — thy — £ fi.



3.5. Introducing Chevalley groups 133

Now, since hj = —e(j)h;, we obtain using (a) that
zi(t)(h]) = —e(j)h; + e(f)ai(hy)te; = hi + e(j)ajite;.
In Remark 2.7.4, we saw that [e;, j] = €(j)ajie; = |ajlel,. This

yields the desired formula for xz(t)(hj) Similarly, using (b), we ob-
tain the desired formula for y; (t)(hj) The formula for z;(t)(ef,) im-
mediately follows from (c). Analogously to (c), we have y;(¢)(f;) = f;
and this yields the formula for y;(t)(et,,). Next, using (d), we obtain:
yi(t)(el) = e(i)e; — e(i)th; — (i)t f; = el + thi +t%eT, ,

as required. Analogously to (d), we have x;(t) ( fi) = fi +th; — t%¢;
and this yields the formula for z;(t)(et,, ). It remains to prove the
formulae for z;(t)(e}) and y;(¢)(el), where a # +a;. We only do this
here in detail for z;(t)(el); the argument for y;(t)(e}) is completely
analogous. Now, by definition, we have

tady (e;)" (e
z;(t)(el) = ef +ZM
r>1
Note that adL(ei)’”(eg) € Loyra; = {0} if 7 > p; o. So now assume
that 1 < 7 < pin. Then a+ a; € ® and adp(e;)(e}) = [e;, ef] =
(g0 + 1) €1 4,; see (L2) in Theorem 2.7.2. Furthermore,
ad(e:)?(ef) = [ei [ei, L] = (di,0 + 1) eir €3 10,]-
If pjo = 2, then o + 20; € ® and so the right hand side equals
(gi,a +1)(gi,a+a; + 1)€a+2q;, again by Theorem 2.7.2. Continuing in
this way, we find that
adz(e:)"(€3) = (¢i,a + D(@iata; + 1) (0t (—1)as + 1)€aira,
for 1 < r < p; o. Now note that
Gioto; =max{m >0|a+a; —ma; € P} =¢; o+ 1.

Similarly, g;.a4+ra; = Gi,a; +7 for 1 <7 < p; o. Hence, we obtain that

(Qi,a+1)(Qi,a+ai + ) e (q'i,a—i-('r—l)ai + 1)
= (qi,a + 1)(qz,a + 2) e (qi,a + ’I") = (q’i,a + 'r)!/qi,a!
Inserting this into the formula for z;(¢)(e}), we obtain
T N\ (ot
.’Ei(t)(ez) _ Z t a‘dL(el) (ea) _ Z (ql 04+T) e +

+ro;?
7! 7! Catra;
>0 0<r<pia | I o
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and it remains to use the formula for binomial coefficients. O

The above result shows that the actions of z;(t) and y;(t) on L are
completely determined by the structure matrix A and the (abstract)
root system ® = ®(A). As pointed out by Lusztig [24], this seems to
simplify the original setting of Chevalley [9], where a number of signs
appear in the formulae which depend on certain choices.

Example 3.5.2. Let ¢ € I and oo € ® be such that a # +a;. If
a+ a; ¢ ®, then the above formulae show that z;(t)(e}) = ef.
Similarly, if & — o; ¢ ®, then y;(t)(e}) = el. Now assume that
o+ o; € @ and that p; o = 1. Then

atl
50D =t + (M7 Ytotia, = 0F + (@ + Dt

Similarly, if @« — o; € ® and ¢; o =1, then

atl
w)(es) = et + (™

Note that these formulae cover all cases where A is of simply-laced
type, that is, all roots in ® have the same length; see Exercise 3.2.8.
Recall from (#g) (p. 84) that, in general, we have p; o + ¢i o < 3.

)te:—al = el_ + (p":,a + 1)tel_—a1'

Remark 3.5.3. Let N = |®*| and write ®* = {f1,...,8n} where
the numbering is such that ht(8;) < ht(82) < ... < ht(By). Let also
I = |I| and simply write I = {1,...,1}. Then, as in Section 3.4, we
order the basis B as follows:

+ + Bt + ot +
€51 o1 €5, hi, ..., b, elg, -, elg .

Let N’ := 2N + 1 = |B| and denote the above basis elements by
v1,...,UNv, from left to right. Fori € I and ¢ € C, let X;(t) € My (C)
be the matrix of z;(t) with respect to the basis {v1,...,vn}; also let
Y;(t) € Mpn/(C) be the matrix of y;(t) with respect to that basis.
Then the formulae in Theorem 3.5.1 show that

X (t) is an upper triangular matrix with 1 along the diagonal,
Y;(t) is a lower triangular matrix with 1 along the diagonal.

In particular, we have det(z;(t)) = det(y;(¢)) = 1. We also notice that
each entry in X;(t) or Y;(t) is of the form at", where the coefficient
a € Z and the exponent r € Z3( do not depend on t € C. Now let
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Z[T] be the polynomial ring over Z in an indeterminate T. Replacing
each entry of the form at” by aT", we obtain matrices

Xi(T) € My/(Z[T])  and  Yi(T) € My/(Z[TY)).

Upon substituting 7' — ¢ for any ¢ € C, we get back the original
matrices X;(t) and Y;(¢). The possibility of working at a polynomial
level will turn out to be crucial later on.

Example 3.5.4. Let L = sl3(C) with standard basis {e, h, f}, such
that [e, f] = h, [h,€e] = 2e and [h, f] = —2f. In Exercise 1.2.15, we
already considered the automorphisms

z(t) = exp(tadr(e)) and y(t) =exp(tads(e)) (teO),

and worked out the corresponding matrices. Now note that B =
{e,—h,—f} (see the remark just after Theorem 2.7.2). So we obtain:

1 2t ¢ 1 00
X@t=(0 1 ¢ and Y(t)=| t 1 0 ).
0 0 1 2 2t 1
Hence, obviously, we have the following matrices over Z[T:

1 2T T2 1 0 0
xT)=[0 1 T and Y(T)=( T 1 0 |.
0 0 1 T2 2T 1

‘We now show how the definition of G can be extended to arbitrary
fields. Let K be any field. We usually attach a bar to objects defined
over K. So let L be a vector space* over K with a basis

B={h!|jel}U{el|ac 2}

For i € I and ¢ € K we use the formulae in Theorem 3.5.1 to define
linear maps Z;(¢): L — L and §;(¢): L — L. Explicitly, we set:

Zi(Q)(h)) ==k} + |ajil¢ef,, Z:(Q)(et,,) :==eT,, +(hf + (%6l
BOEL) =&, wOE)= 3 (‘”’“*’")c’“éxm,.,

r
0<r<Pi,a

4This vector space L also inherits a Lie algebra structure from L but we will not
need this here.
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Gi(Q)(h)) == b} +lazlCet,,, w:(Q)(&l) =8l +¢hi + (%6,

BOE) =, BOE)= 3 (”"’“*7")4’"6:_@,

0<r<gia

where j € I and a € ®, o # *a;. (Here, the product of an integer
in Z and an element of K is defined in the obvious way.) Let X;(()
and Y:(¢) be the matrices of z; (¢) and g;(¢), respectively, with respect
to B, where the elements of B are arranged as in Remark 3.5.3. Then
the above formulae show again that

X;(¢) is upper triangular with 1 along the diagonal,

Y;(¢) is lower triangular with 1 along the diagonal.
In particular, we have det(z;(¢)) = det(y;(¢)) = 1. Note that, if
K = C, then z;(¢) = z;(¢) and 4;({) = y:(¢) for all { € C.
Definition 3.5.5. Following Lusztig [24, §2], the Chevalley group®
of type L over the field K is defined by

G = (2:((),5:(¢) | i € I,¢ € K) € GL(L).

Note again that G’ is completely determined by the structure ma-
trix A, the (abstract) root system ®, and the field K. Also note that,
if K is a finite field, then G’ is a finite group.

Example 3.5.6. Let L = sl3(C). In Example 3.5.4, we determined
the matrices of x(t) and y(¢) for ¢ € C. Now let K be any field and
¢ € K. Then the matrices of Z(¢) and y({) are given by

i 1 2 ¢ ) 1 0 0
X(C)z(O 1 () and Y(C):(C 1 0).
0 0 1 e oo 1

In the next section we will see that G’ = ((¢),9(¢) | ¢ € K) is isomor-
phic to SLo(K)/{+xI>} and, hence, that G’ is simple when |K| > 4.

Remark 3.5.7. The definition immediately shows that z;(0) = idf
and 3;(0) =idz. Now let 0 # ¢ € K. Then

= at —at 1+ 25 at
z;(C)(el,,) =el,, + Chi + (%ef, # et
and so Z;(¢) # idz. Similarly, one sees that y;(¢) # idz.
5We denote this group by G’ because it is a normal subgroup of a slightly larger

group G that we will introduce in the next section; the distinction between G’ and the
“full” Chevalley group G already appears in Chevalley [9].
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Of course, one would hope that the elements Z;(¢) and ¢;(¢)
(over K) have further properties analogous to those of z;(¢t) and y;(t)
(over C). In order to justify this in concrete cases, some extra ar-
gument is usually required because the definition of Z;(¢) or g;(¢)
in terms of an exponential construction is not available over K (at
least not if K has positive characteristic). For this purpose, we make
crucial use of the possibility of working at a “polynomial level”, as
already mentioned in Remark 3.5.3. Here is a simple first example.

Lemma 3.5.8. Leti € I. Then z;(¢)™! = z;(—¢) and 3;(¢)™! =
7i(—C) for all { € K. Furthermore, z;(¢ + ¢') = z;({)Z;(¢") and
5i(C+¢) =4:(Quni({’) for all {,{' € K.

Proof. First we prove the assertion about Z;(¢)~!. (This would also
follow from the assertion about Z;(¢ + ¢’) and the fact that z;(0) =
idz, but it may be useful to run the two arguments separately, since
they involve different ingredients.) Let Z[T] be the polynomial ring
over Z with indeterminate T'. Let X;(T") € Mn/(Z|T]) be the matrix
defined in Remark 3.5.3; upon substituting T' +— ¢ for any t € C, we
obtain the matrix of the element z;(t) € G (over C). We claim that

X:(T)- Xi(-T) = In (equality in My (Z[TY)),
where I/ denotes the N’ x N’-times identity matrix. This is seen
as follows. Let f.; € Z[T] be the (r, s)-entry of X;(T). Writing out
the matrix product X;(T) - X;(—T), we must show that the following
identities of polynomials in Z[T] hold for all r,s € {1,...,N'}:
1 ifr=s,

ZT/fTr’ (T).f'r’s(_T) - { 0 if r ;é s.
Since z;(t)x;(—t) = idy (see Lemma 1.2.8), we have X;(¢) - X;(—t) =
In for all t € C, which means that

1 ifr=s,
zr'fTr'(t)fr’S(_t) = { 0 ifr#s.
So the assertion follows from the general fact that, if g, h € Z[T] are
such that g(t) = h(t) for infinitely many ¢ € C, then g = h in Z[T].
Now fix ¢ € K. By the universal property of Z[T], we have a
canonical ring homomorphism ¢¢: Z[T] — K such that ¢¢(T) = ¢
and ¢¢(m) =m - 1k for m € Z. Applying ¢, to the entries of X;(T),
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we obtain the matrix X;(¢) € My (K), by the above definition of
Z;(¢). Similarly, applying ¢, to the entries of X;(—T'), we obtain
the matrix X;(—¢) € My/(K). Since ¢, is a ring homomorphism,
the identity X;(T) - X;(—T) = In+ over Z[T] implies the identity
Xi(¢) - Xi(—¢) = In+ over K. Consequently, we have 7;(¢)z;(—¢) =
id;, as desired. The argument for g;(¢) is completely analogous.
Now consider the assertion about Z;(¢+¢’). First we work over C.
For t,t' € C, the derivations tady(e;) and ¢ adr(e;) of L certainly
commute with each other. Hence, Exercise 1.2.14 shows that

zi(t+t') = exp(tady(e;) +t'adp(e;))
= exp(tadp(e;)) o exp(t'ady(e;)) = zi(t)zi(t'),

where we omit the symbol “o” for the multiplication inside G. Now
we “lift” again the above identity to a polynomial level, where we
work over Z[T,T"], the polynomial ring in two commuting indeter-
minates T,7” over Z. Regarding X;(T") and X;(7”) as matrices in
Mn:(Z]T,T"]), we claim that

X{(T+T) = X;(T)- X;(T")  (equality in My+(Z[T, T"])).

This is seen as follows. Let again f., € Z[T] be the (r,s)-entry of
X;(T). Writing out the above matrix product, we must show that
the following identities in Z[T,T"] hold for all r,s € {1,...,N'}:

frs(T + TI) = Zr’frr’ (T)fr’s(Tl)'

We have just seen that these identities do hold upon substituting
T+ tand T' — t' for any t,t’ € C. Hence, the assertion now follows
from the general fact that, if g,h € Z[T,T'] are any polynomials
such that g(t,t') = h(t,t') for all ¢t,¢’ € C, then g = h in Z[T,T"].
(Proof left as an exercise; the analogous statement is also true for
polynomials in several commuting variables.) Now fix (,{’ € K.
Then we have a canonical ring homomorphism ¢¢ ¢ : Z[T,T'] -+ K
such that ¢¢ ¢ (T) = ¢, ¢, (T') = ¢ and ¢ ¢r(m) = m - 1k for
m € Z. Applying ¢¢ ¢ to the entries of X;(T), X;(T") and X;(T+T"),
we obtain the matrices X;(¢), X;(¢") and X;(¢ + ¢’). Consequently,
the identity X;(T + T") = X;(T) - X;(T") over Z[T,T'] implies the
identity X;(¢+¢") = X;(¢)-X;(¢’) over K. Hence, we have Z;(¢+¢') =
Z;(¢)Z;(¢"), as desired. The argument for g;(¢ + ¢’) is analogous. O



ab hier Woche 12

3.5. Introducing Chevalley groups 139

We will see similar arguments, or variations thereof, frequently in
the development to follow. The following result will be very useful.

Lemma 3.5.9. Let z € L be such that ady(z): L — L is nilpotent.
Let 0: L — L be any Lie algebra automorphism. Then adr(0(x)) is
nilpotent and exp(ad (0(x))) = 6 o exp(ad(z)) 0 671,

Proof. Let y € L. Since 6 is an automorphism, we have for m > 0:

adr,(0(2))" (y) = [0(2), [0(x), ..., [0(x),0(07  ())] .- ]

=0([z, [z, ..., [z,07 ()] )]) = 0(adr(2)™ (67" (1))

m terms

Hence, since adz(z)? = 0 for some d > 1, we also have adr,(6(z))? =

0, that is, ady(0(x)) is nilpotent. The above identity also yields:
_ 1 S
(60 exp(ads(@) 0 671) (y) = 0( D" - ad ()™ (67 )))

= Y 0(edi (@)™ (07 W) = 3 ads(0@)()
which equals exp(adr (6(z)))(y), as required. O

Example 3.5.10. Consider the Chevalley involution w: L — L (see
Exercise Sheet 8); we have w(e;) = fi, w(fi) = e; and w(h;) = —h;
for ¢ € I. Applying Lemma 3.5.9 with 8 = w, we obtain

1 1

woz;(t)ow ' =woexp(tadr(e;)) ow™
= exp(t adL(w(ei))) = exp(t adL(fi)) = y;(t)
for all t € C. We wish to extend this formula to any field K. For this
purpose, we first consider the action of w on B. Since hj = —€e(j)h;
for j € I, we have w(hj) = —h;r. By Proposition 2.7.13, we also have
w(ef) = —et, for o € . We use these formulae to define a linear
map &: L — L; explicitly, we set:
(D(l_z;") = —’_L;- (jel) and w(e}):=-et, (acd).

With this definition, we claim that

@oZi(¢)ow™t =7;(¢) for all ( € K.
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To prove this, we follow the argument in Lemma 3.5.8. Let Q €
Mpy+/(C) be the matrix of w with respect to B. The above formulae
show that €2 only has entries 0 and —1; we can simply regard 2 as a
matrix in My/(Z[T]). Then the above formula over C implies that

Q- X, (T)=Y(T)-Q (equality in My (Z[TY)).

Let Q € My/(K) be the matrix of @. Now fix ( € K and consider
the canonical ring homomorphism ¢.: Z[T] — K with ¢¢(T) = (.
Applying ¢ to the entries of Q, we obtain Q. Hence, the above
identity over Z[T] implies the identity Q - X;(¢) = Yi(¢) - Q over K,
which means that @ o Z;({) o@™! = 3;(¢), as desired.

3.6. First examples and further constructions

Let us look in more detail at the example where L = s(,(C), n > 2.
We use the notation in Example 2.2.7. Let H C L be the abelian
subalgebra of diagonal matrices. For 1 < 4,j < n let E;; be the n xn-
matrix with 1 as its (%, j)-entry and zeroes elsewhere. Let e =F;;11
and f; := E;y1; for 1 <i<n—1. Then {e;, fi |1 <i<n—1}are
Chevalley generators of L; furthermore, h; = [e;, fi] = E“ Eit1it1.
Also recall from Example 2.2.7 that

®={e;—¢;|1<4,j<n,i#j}, Le,—c; = (Ejj)c.

We set e := (—1)/E;; for @ = &;—¢;, i # j. By Exercise Sheet 9, the
collection {e} | a € ®} satisfies the conditions in Corollary 2.7.11.
In particular, e = —(—1)%; and ef, = (-1)if;for 1 <i<n—1;
furthermore, b = [e;,ef, ] = (1) hl. Now let K be any field.
Following the construction in the previous section, we need to consider
a vector space L over K with a basis indexed by the canonical basis B
of L. Concretely, we may take L := sl,,(K) with basis

B={h |1<j<n—-1}u{el |ac },
where h; € sl,(K) and &} € sl,(K) are defined exactly as above,

using analogues of the matrices E;; over K. For 1 <i<n—1and
¢ € K, the actions of Z;(¢) and y;(¢) are given as follows.

zi(Q)(hf) = hf +lasilcel,,  zi(Q)(e%,,) =&, + Chf + %
Q) (h}) = hf +lajilCers,,  F:(C)(ed,) = &F, + Chi + CQe_a
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We also have z;(¢)(€},) = &} and 7;(¢)(et,,) = &f,,. Now let
a€®. If a+a; € ®U{0}, then Z;(¢)(€}) = €; in particular, this
applies to a = a;. If @ — oy € ® U {0}, then ;(¢)(ef,) = ef,; in
particular, this applies to @ = —q;. By Example 3.5.2, we have

Q) (ef) =&l +tel,, ifatoed,

5:(¢) @) =&t +tef_,. ifa—a; €.
(Note that g;,o = 0 in the first case, and p; o = 0 in the second case.)
Now we exploit the fact that L = sl,(K) is not just a vector space

but a Lie algebra in its own right, with the usual Lie bracket. Then
the above formulae can be re-written as follows, where b € B:

z;(¢)(b) = b+ ¢[e, b] if b#&t,,,
7i(Q)(®) = b+ [fi,b] if b # &f,,
z (C)(étaz) = étai + C[éhétal] + <2é¢-)t;7
gz(()(ét—;) = é:, + C[ﬁ?éé_l] + CZéi_ai'

(For example, arguing as in the proof of Theorem 3.5.1, we see that
€, hf] = |ajilel,; if @+ a; € @, then [e;,&] = &}, ., and so on.)
Now let us define the following n X n-matrices over K:

2} () :=I,+¢& and y ({):=I,+(fi for1<i<n-—1

(where I, is the n x n-identity matrix over K). Then z}(¢) is upper
triangular with 1 along the diagonal; y;(¢) is lower triangular with 1
along the diagonal. In particular, det(z}({)) = det(y;(¢)) = 1.

Lemma 3.6.1. In the above setting, let A € L = sl,,(K). Then
z,(()(A) =i () - A-z; ()7 G(OA) =y - Ay (O~

Proof. We note that &2 = f? = 0. Hence, we have z} () ™! = z}(—()
and y;(¢)~! = y¥(—¢). This yields:
i (Q)-A -2 (¢) 7 = (In + (&) ATn — &) = (A + (& A)(In — (&)
= A+ (e A— A — (P& Ae; = A+ ([ei, A] — (Peie;;
furthermore, €;A€; = a;11,:€;. Similarly, we obtain

yr(Q) - Ay (O = A+ Clfi, Al - CCaiiga fi
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We have to compare these formulae with the above ones for the actions
of Z;(¢) and g;(¢). It is sufficient to do this for matrices A that belong
to the basis B. Hence, we must check the following implications:

A 75 éi_ai = Q41,4 = 0, A= éi—ai = et = —ai+1,iéi,

;

A 75 é:)ti = Gi+1 = 0, A= ézi = éi_ai = —ai,i+1fi.
The first and third implications are clear by the above description
of B. Now assume that A = éfai. Then A = (—1)!f; and so Qit1,; =

(-1)%. But then —a;1,6 = —(—1)%¢; = &, as required. The

argument for A = &} is analogous. O

Next, we need the following result (which is independent of any
theory of Lie algebras or Chevalley groups):

Proposition 3.6.2. Let n > 2 and K be any field. Then
SLn(K) = (27 (¢),yi (Q) [1<i<n—-1,( € K).

Proof. We proceed by induction on n, where we start the induction

with n = 1. Note that the assertion also holds for SL; (K) = {id}.

Now let n > 2 and assume that the assertion is already proved for

SL,—1(K). Let G, C SL,(K) be the subgroup generated by the

specified generators; we must show that G,, = SL,,(K). We set
z3;(C) = I, + (E;j forany ( € K and 1 < 14,5 < m, i # j;

in particular, 7 (¢) = z7;,(¢) and y; (¢) = z},; ;(¢). First we show:

z(¢) € G, and z1;(¢) € G, for 2 <i < n.
This is seen as follows. If n = 2, there is nothing to show. Now let
n > 3. Let 4,5,k € {1,...,n} be pairwise distinct; then the following
commutation rule is easily checked by an explicit computation:
(=) - i (=) - T3 (¢) - @35(C) = i (=¢()
for all {,¢{’ € K. Setting ¢’ = —1,7=3, j = 2 and k = 1, we obtain:
231 (1) - 252(—C) - 251 (—1) - 255(C) = 31(C)
for all ( € K. Hence, since the left hand side belongs to G,,, we also

have z3%,(¢) € Gy, for all {( € K. Next, if n > 4, then we set (' = —1,
i =4, 7 =3 and k = 1. This yields

231 (1) - 233(=C) - 231 (=1) - 223(¢) = 22, ()
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Since the left hand side is already known to belong to G, we also
have z3;(¢) € G,. Continuing in this way, we find that z¥,(¢) € G,
for all ¢ € K and 2 < i < n. The argument for z7,({) is analogous.

Now let A = (a;;) € SL,(K) be arbitrary. It will be useful to
remember that, for ¢ > 2, the matrix z};(¢) - A is obtained by adding
the first row of A, multiplied by (, to the i-th row of A. Similarly,
the matrix A - z3,(¢) is obtained by adding the first column of A,
multiplied by (, to the i-th column of A. We claim that there is a
finite sequence of operations of this kind that transforms A into a new
matrix B = (b;;) such that

110
B = ( 0B ) where B’ € SL,_1(K).

Indeed, since det(A) # 0, the first column of A is non-zero and so
there exists some i € {1,...,n} such that a;; # 0. If i > 1, then

A =2z} (ai_ll(l —ay))-A

has entry 1 at position (1,1). But then we can add suitable multiplies
of the first row of A’ to the other rows and obtain a new matrix A”
that has entry 1 at position (1,1) and entry 0 at positions (%,1) for
1 > 2. Next we can add suitable multiplies of the first column of A”
to the other columns and achieve that all further entries in the first
row become 0. Thus, we have transformed A into a new matrix B as
required. On the other hand, if there is no ¢ > 1 such that a;; # 0,
then a1; # 0 and a;; = 0 for ¢ > 2. In that case, the matrix x3,(1)- A
has a non-zero entry at position (2, 1) and we are in the previous case.

Now consider B as above. By induction, we have SL,,_1(K) =
Gp_1; so the submatrix B’ can be expressed as a product of the
specified generators of SL,,_1(K). Under the embedding

SLo_1(K) < SLu(K),  C > <%%> ,

the generators of SL,,_1 (K) are sent to the generators x} (¢) € SLy,(K)
and y;(¢) € SL,(K), where ( € K and 2 < < n— 1. Hence, any B
as above can be expressed as a product of generators z}(¢) and y;(¢)
in SL,, (K), for various ¢ € K and 2 < ¢ < n—1. Since B was obtained
from A by a sequence of multiplications with matrices z3;(¢{) € G,
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or z,(¢) € Gy, we conclude that A € G,, (and we even described an
algorithm for expressing A in terms of the specified generators). 0O

Proposition 3.6.3 (Ree). If L = sl,(C) and K is any field, then the
Chevalley group G' C GL(L) (as in Definition 3.5.5) is isomorphic
to SL,.(K)/Z, where Z = {¢I, | { € K*,{™ =1}.

Proof. As above, let L = sl,(K). We also set G* := SL,(K).
Then G* acts on L by conjugation. Thus, for ¢ € G* we define
Yg: L = L by 74(A) := g- A-g~?; then v, € GL(L). Furthermore,
the map v: G* — GL(L), g = 7, is a group homomorphism. By
Lemma 3.6.1, we have v, = z;(() for g = z}({), and 4 = %;(¢) for
g = y;(¢). Using also Proposition 3.6.2, we conclude that the im-
age of v equals the Chevalley group G’ C GL(L). Thus, we have a
surjective homomorphism v: G* — G’, and it remains to show that
ker(y) = Z. So let g € G* be such that vy =idz. Theng-A=A-g¢
for all A € L; it is a standard fact from Linear Algebra that then
g = (I, for some ¢ € K. Since det(g) = 1, we must have ¢(" = 1 and
so g € Z. Conversely, it is clear that Z C ker(v). O

Remark 3.6.4. (a) It is known that G’ = SL, (K)/Z is simple, unless
n =2 and K has 2 or 3 elements; see, e.g., [16, Theorem 1.13].

(b) The Chevalley groups associated with the classical Lie al-
gebras go,,(Qn,C) can be identified with symplectic or orthogonal
groups in a similar way; see Carter [6, Chap. 11] for further details.

(c) If K is a finite field, then G’ certainly is a finite group. Even
if K is small, then these groups may simply become enormous. For
example, if |K| = 2 and L is of type Fg, then one can show that G’
has ~ 3,38 x 1074 elements. Nevertheless, the groups G’ have a very
user-friendly internal structure, and there are highly convenient ways
how to work with their elements.

Exercise 3.6.5. The purpose of this exercise is to give at least one
example showing that the above procedure also works for the classical
Lie algebras introduced in Section 1.6. Let L = go,(Q4,C), where

1

010 :
100 | Qf=-Qa
000
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Let I = {1,2}. We have ® = {+a1, *as, +(a; + a2), (a1 + 2a2)}.
Chevalley generators for L are given as follows:

er=1Ass, fi=—%As2, hi= e, fi] = diag(0,1,—1,0);
ea=—A19, fo =—A1, hy=les, fo] =diag(l,—-1,1,—-1).

(See the proof of Proposition 2.5.8.) We have the relations [h;, e3] =
—eg and [hg, e1] = —2e;; see the structure matrix in Table 2 (p. 76).
(a) Let e: I — {1} be given by €(1) = 1 and €(2) = —1, as in
Table 9 (p. 127). Starting with el = €(i)e; and el = —e(4)f; for
i € I, determine all the elements of the canonical basis B, explicitly
as matrices in L; observe that all those matrices have entries in Z.

(b) Let K be any field and L := go,(Q4, K). The assumption in Sec-
tion 1.6 that char(K) # 2 is not important here; check that Proposi-
tion 1.6.6(b) also holds over K instead of C.

(c) Define B C L by taking analogues of the matrices in (a) over K;
check that B is a basis of L. For i € I and ¢ € K, determine the
matrices of Z;(¢) and 7;(¢) with respect to B. Check that the relations
in Lemma 3.6.1 also hold here.

(d) Let Spy(K) := {A € My(K) | A*¥Q4A = Q4}. Check that Sp,(K)
is a subgroup of GL4(K); it is called the 4-dimensional symplectic
group. Analogously to Proposition 3.6.3, show that G’ = Sp,(K)/Z,
where Z = {£1I,}. (Here, the difficult part is to show the analogue of
Proposition 3.6.2; for help and further references, see [6, Chap. 11].)

Now let us return to the general situation, where G’ is the Cheval-
ley group (over K) associated with a Lie algebra L of Cartan—Killing
type. Our next aim is to introduce the “full” Chevalley group G
over K mentioned in the footnote to Definition 3.5.5. The basic idea is
to add to G’ C GL(L) some automorphisms of L that are represented
by diagonal matrices. This involves the following constructions.

Definition 3.6.6. A map x: ® - K* is called a K-character of ®
if x(—a) = x(a)7! and x(a + B) = x(a)x(B) for all a,B € ® such
that a + 8 € ®. The set of all K-characters of ® will be denoted by
Xk (®). This set is itself an abelian group (written additively) via

(x+x)(e) :=x(@x' (@) (06X € Xk(®),a € ®);
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the neutral element is the unit character, which senc_is eacll a €_<I> to
1x € K. Given x € Xg(®), we define a linear map h(x): L — L by

h(x)(hf)==hf (G€I) and h(x)(&}):=x(a)el (a€?).

We certainly have h(x +x) = h(x) o I_}(X’) for all x,x" € Xk(®).
Furthermore, h(Y) is invertible, where h(x)~! = h(—x). Thus, we
obtain a group homomorphism

Xk (®) = GL(L),  x+~ h(x),
and one immediately sees that this is injective.

Remark 3.6.7. Let x € Xx(®). We claim that, for o € ®, we have

x(a) = H x (o)™ where o= anaj with n; € Z.
Jjel jeI

This is seen as follows. First assume that o € ®*. We proceed by
induction on ht(c). If ht(a) = 1, then o = ¢ for some j € I and the
assertion is clear. Now let ht(a) > 1. By the Key Lemma 2.3.4, there
exists some i € I such that o/ := a — a; € ®*. Then the defining
condition for x implies that x(a) = x(a)x(c;). Using induction, the
desired formula holds for x(c). Finally, if « € ®~, then —a € ®*
and x(a) = x(—a)~!. Hence, the desired formula holds for o as well.

The above formula shows that x is uniquely determined by the
values {x(c;) | 7 € I}. Conversely, given any collection of elements
(={¢ | j €I} C K*, we can define a map x¢: ® - K* by

x¢(@) = H ¢;7  where a =Y. nja; with n; € Z.
jeI
One easily sees that x¢; € Xk (®).

Example 3.6.8. Let i € I and ( € K*. Then we obtain a K-
character x; ¢ € Xx(®) by setting

Xic(a) == (ool for all o« € ®.

As in Remark 3.6.7, this K-character is associated with the cgllection
of elements { = {(%7 | j € I} € K*. We shall denote h;({) :=
h(xi,c) € GL(L); thus, for j € I and o € ®, we have

hi(Q)(R}) =k}  and  hi()(&}) = (> Ve
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We will see later that h;(¢) € G'. But in general, there can exist
X € Xk (®) such that h(x) ¢ G’; see Example 3.6.11 below. (This
is one subtlety of the definition of Chevalley groups over arbitrary
fields K; it disappears when K is algebraically closed.)

Proposition 3.6.9. Let i € I, ( € K and x € Xk(®). Then
h()Zi(Oh(x) ™ = Zi(x()¢) and A(x):()h(x) ™! = Fi(x(e)~1C).

Proof. First let K = C and L = L; to simplify the notation, we
omit the bars over the various symbols (like L, h(x), ...). Then
the defining conditions on x imply that h(x) € Aut(L). Indeed, let
a,B€d. Ifa+ B e, then

h(x)(led, e/a )= N+ (X)(e++ﬁ) = N;;;X(a + /B)e;t-}-ﬁ
= x(a)x(B)lef, ef] = [h(x)(e3), h(x)(e})];

as required. If 8 = —a, then A(x)([e},el,]) = (—1)"*h(x)(ha).
Since h(x(hj) = hj for j € I, we have h(x(ho) = ho- On the other
hand, we also have [h(x)(e}), h(x)(el,)] = x(@)x(—a)lel, e ] =
(=1)P*h,,. Finally, if a+8 ¢ ® and 8 # —a, then h(x)(lel,e5]) =

0 and [h(x)(e;t‘),h(x)(eﬂ )] = 0. Similarly, one sees that h(x) re-
spects the brackets [hj,e;r] = cz(th)eJr and [h+ h+] =0forj,j el
and a € ®. Now, having shown that h(x) € Aut( ), we can apply
Lemma 3.5.9; this yields that

h(x)zi(E)h(x) ™" = h(x) o exp(tadz (es)) o h(x) ™
= exp(tadr (h(x)(ei))) = exp(x(ei)tadr(e;)) = zs(x(cu)t)

for all ¢t € C. Similarly, we see that h(x)y:(£)h(x)™! = yi(x(a;)71t).
In order to pass from C to K, we have to lift these identities to the
appropriate polynomial level. We work over the Laurent polynomial
ring 0 = Z[T*', Z fl ( € I] in independent indeterminates T and
Z; (j €I). Let X;(T) and Y;(T) be the matrices associated wth z;(t)
and y;(¢) as in Remark 3.5.3; we regard them as matrices in My (0).
Let us write Z = (Z; | j € I). Let H(Z) € Mn+(0) be the diagonal
matrix with entry 1 at the diagonal position corresponding to a basis
element hj (j € I), and entry [];c; Z"J at the diagonal position

corresponding to a basis element e (Where a =3 njo; € ).
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Then we claim that we have the following identities in My/(0):
H(Z) - Xi(T) = Xi(Z:T) - H(Z),
H(Z) - Y(T) =Y(Z'T) - H(Z).

To see this, let us fix a collection of elements z = (z; | j € I) C C*. As
in Remark 3.6.7, we obtain a corresponding K-character x, € Xc(®);
we have x,(a;) = z; for j € I. Now we note that the matrix of
h(x.) € GL(L) with respect to the basis B is obtained from H(Z)
upon substituting Z; +— z; for all j € I. Let us also fix t € C.
Then, as in the previous section, the matrix of z;(t) € GL(K) is
obtained from X;(T) upon substituting T' +» ¢; similarly, the matrix
of y;(t) € GL(K) is obtained from y;(T") upon substituting T +— ¢.
Hence, we have the following identities in My (C):

H(z) - Xi(t) = Xi(zit) - H(2),
H(z) - Yi(T) = Yi(z; 't) - H(2).

Since this holds for all ¢ € C and all collections z = (z; | j € I) C C*,
we conclude that the above identities in My (&) do hold, as claimed.

Now we can pass from C to K, by the usual argument. We fix
¢ € K and a K-character x € Xk(®). By Remark 3.6.7, there is
a collection § = (§; | j € I) € K* such that x = x¢. We have
a canonical ring homomorphism ¢¢¢: & — K such that T — ¢,
Zij— & (jel)andm— m-1g (m € 7). Applying ¢ ¢ to the entries
of X;(T), Y;(T) and H(Z), we obtain the matrices of z;(¢), 7:(¢)
and h(x), respectively. Then the above identities between matrices
over My/(€) imply analogous identities between matrices over K.
Finally, the latter identities mean that h(x)Z;(¢) = Z:(x(c:)¢)h(x)
and h(x)7:(¢) = 7:(x(as) ~*¢)h(x), as desired. O
Definition 3.6.10 (Chevalley [9, p. 37]). We define G C GL(L) to
be the subgroup generated by G’ (as in Definition 3.5.5) and all the
elements h(x), where x € Xk (®). By Proposition 3.6.9, the genera-
tors of G’ are normalised by all h(x) (x € Xx(®)). Consequently, G’
is a normal subgroup of G and

G ={gh(x) | g € G',x € Xx(®)}.
Since all h(x) commute with each other, G/G’ is abelian.



3.6. First examples and further constructions 149

Example 3.6.11. Let L = sly(C) with the usual basis {e, h, f}. Then
H = (h)c and ® = {£a}, where o € H* is defined by a(h) = 2. By
Remark 3.6.7, we have Xk (®) = {x¢ | £ € K*} where x¢(a) := &.
Let B = {e,—h,—f} as in Example 3.5.4. Then the matrix H(¢) of
h(x¢) € GL(L) with respect to B is given by

£ 0 0
Er(g):(o 1 0 )
0 0 ¢!

On the other hand, using the calculations in Exercise 1.2.15, one
checks that h(x¢) € G’ if and only if £ is a square in K*. (We leave
this verification as an exercise for the reader.)

Lemma 3.6.12. Assume that K is algebraically closed. Then, for
any x € Xk (®), we have h(x) € (hi({) | i€ I,{ € K*) C GL(L).

Proof. As in Remark 3.6.7, we have x = x, for a suitable collection
of elements ( = (¢; | j € I) € K*. Then ){(aj) = (; for j € I. For
I € I define x; € Xg(®) by xi(au) := ¢ and x;(e;) := 1 for i # 1.
Then x = Y";c; Xi and, hence, A(x) = [I;c; h(x:). So it is sufficient
to prove the assertion for h();), where [ € I is fixed.

Now, since the structure matrix A = (a;;);,jer of L has a non-zero
determinant, there exists numbers 7; € Q such that

Z ra { 1 ifj=1,

iQij = o

Pyt 0 ifj#L

Let n € Z~o be such that nr; € Z for alli € I. Since K is algebraically
closed, there exists some £ € K* such that " = (;. Now consider

X = Zm“in',g € Xk () (with x; ¢ as in Example 3.6.8).
iel

Since y;.¢(o;) = £ = €% for j € I, we obtain

/ ) — nriia; Ny o TiGij — gn lf] = l7

Hence, we have x; = x’ and so A(x;) = h(x') = [Lc; hi(£™7). O

The above argument also shows that the assumption on K can
be dropped if det(A) = £1. The exact relation between G’ and G is
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rather subtle. It turns out that h;(¢) € G’ for all i€land (€ K.
Consequently, if K is algebraically closed, then h(x) € G’ for all
X € Xk (®), and so G' = G.

Suggestions for further reading

Systematic descriptions of the irreducible root systems of the various
types can be found in Bourbaki [4, VI, §4, no. 4.4-4.13]; see also
Benson—Grove [2, §5.3] for explicit constructions and algorithms.

See Kac [21, §1.9] for some notes about the historical develop-
ment of the study of Kac—-Moody Lie algebras. The appendix of
Moody-Pianzola [25] contains a much more thorough discussion of
Example 3.3.2. The idea of replacing C by a ring of Laurent polyno-
mials can be generalised to all Lie algebras of Cartan—Killing type;
see, e.g., Carter [7, Chap. 18] for a detailed exposition.

There are several other proofs of the important Existence Theo-
rem 3.3.10:

e Via free Lie algebras and definitions in terms of generators
and relations. See Jacobson [19, Chap. VII, 84], Serre [27,
Chap. VI, Appendix] (and also [18, §18] for further details).

e Via explicit descriptions of structure constants. There is
an elegant way to do this for A of simply-laced type; the
remaining cases are obtained by a “folding” procedure. See
Kac [21, §7.8, §7.9]. For a general approach see Tits [29].

e Via explicit constructions in all cases. Historically, this is
the original method. For the classical types A,, Bpn, Ch,
D,,, we have seen this already.

The ChevlLie package presented in Section 3.4 is one example of a
whole variety of software packages for Lie theory. The computer alge-
bra systems GAP (http://www.gap-system.org) and Magma (http:
//magma.maths.usyd.edu.au/magma/) contain large packages for Lie
theory.

One important fact (that we did not have the time to prove here)
is that G’ is almost always a simple group. At the time of Chevalley’s
article [9], this gave several new classes of finite simple groups, the
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complete list of which is seen on the next page. The finitely many
exceptions only occur when K is a finite field with 2 or 3 elements.
More precisely, there are the following four cases where G’ is not
simple. Suppose first that |K| = 2. If L is of type Ay, then G’
has order 6 and is isomorphic to the symmetric group &g; if L is of
type Ba, then G’ has order 720 and is isomorphic to the symmetric
group Gg; if L is of type Ga, then G’ has order 12096 and there is a
simple normal subgroup of index 2. The last exception occurs when
|K| = 3 and L is of type A;, in which case G’ has order 12 and is
isomorphic to the alternating group 24. For details see Chevalley [9,
Théoréme 3 (p. 63)], Carter [6, §11.1] or Steinberg [28, Chapter 4].

In general, Carter [6] and Steinberg [28] are standard references

for the further theory of Chevalley groups. In an equally famous
“Séminaire” (1956-1958) directed by Chevalley, it was shown that,
over an algebraically closed field k, the Chevalley groups G’ are essen-
tially the only semisimple algebraic groups, where the term “algebraic
group” is meant in the context of algebraic geometry. See:
C. CHEVALLEY, Classification des groupes algébriques semi-simples,
Collected works. Vol. 3. Edited and with a preface by P. Cartier.
With the collaboration of P. Cartier, A. Grothendieck and M. Lazard.
Springer-Verlag, Berlin, 2005.
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