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Base field C.
Locally simple Lie algebras:

g1 C g2 C ... Cgn C Gnt1-

gn simple, lim,_,o(dim g,) = 00, g = I_rg,,ez>1 dn-
Three classes:

|. g — finitary (classical):

sl(o0) = limnez., s1(n),

0(00) = limnez. ; o(n),

sp(00) = limpez.., 5p(2n).
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g — diagonal: example s[(2>°) = limnez., 51(2")

A 0
A < 0 A )
Classification by A.Baranov and A.Zhilinskii
(A. A. Baranov, A. G. Zhilinskii, Diagonal direct limits of

semisimple Lie algebras, Comm. Algebra 27 (1999),
2749-2766)

g — general non-diagonal: example adj, (o)
sl(n) C sl(n®> —1) C ...
No classification
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g admits no non-trivial finite-dimensional representations and
2y = C

I C U(g), degree filtration yields gr/ C S'(g), gr/ is G-stable
(Poisson)

U(g) admits a non-zero ideal of locally infinite codimension

4

S(g) admits a non-zero Poisson ideal of locally infinite
codimension

associated variety Var(l) = zeroes of gr/
Var(/) C g = limpez., 9,

I has locally finite codimension < Var(/) =0 \J cons
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Theorem (first main result)

If S:(g) admits a non-zero Poisson ideal of locally infinite
codimension, then g ~ sl(c0), 0(00), sp(c0).

Theorem (A. G. Zhilinskii, Coherent finite-type systems of
inductive families of non-diagonal inclusions, (Russian) Dokl.
Acad. Nauk Belarusi 36:1 (1992), 9-13, 92)

If U(g) admits a non-zero ideal of locally infinite codimension,
then g is diagonal.

Corollary (Baranov’s conjecture)

If g is not diagonal, then the augmentation ideal is the only proper
ideal in U(g).
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Idea of proof of Theorem 1. Let I, = /N U(gn). We have

Var(ln+m) C g;kr+m
4 L pnm
Var(l,) < g}

Key Proposition: O C g}, O — Goim — orbit, pp m(O) is not
dense in g} =

dim(gnVatm) < 2(dim G, — rkG,)(rkG, + 1)
or

2dim G, +2 > dim Vi 4p
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Identify: g = gn. Set
=" ={X €gu3N € C: rk(X — Aldy,) < r}.
We have a well-defined projective system
N T S

for g = sl(00), 0(00), sp(c0). In fact, the above maps are
surjective. We obtain Poisson ideals J=" of S'(g) whose zero-sets
are respectively limpez., gsr C gt

Theorem (second main result)

Let g = sl(00), 0(c0), sp(o0) and let J C S*(g) be a non-zero
radical Poisson ideal. Then J = J<" for some r.
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In the remainder g = sl(c0), 0(00), sp(00).
Definition

I C U(g) is integrable if for any n, I, = 1N U(gp) is the
intersection of ideals of finite codimension in U(g,).

Definition (Zhilinskii)

A coherent local system (cls) of simple finite-dimensional
gn-modules is a set {MX} such that

n\Lgn—l

Yk ME, =@ mME .
k/

A cls is of finite type if for any fixed n it contains finitely many
gn-modules /\/I,’j.
A cls is irreducible if it is not the union of two cls. ‘7
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The following are basic cls:

for g = sl(c0) : £« ANV, Ly« NPV, LF + S(V @ CP),
Rq < N(Vi), RY < S ((Ve) ® C9), £ (all modules);

for g = 0(00) : £ = AV, Lp NPV, L + S:(V ® CP),
R (spinor modules), £ (all modules);

for g =sp(00) : E AV, L, < NV, LT + S(V®CP),
£ (all modules);

where p,q € Z>1

N, , JACOBS
UNIVERSITY

lvan Penkov Ideals in U(g) for locally simple Lie algebras g



Product and tensor product of cls are well-defined. Moreover, any
cls has the form

([’(fo)@)v®(R(fo)®w®((ﬁ)1(vﬂﬁgu+2...ﬁfLU)gm(RiWHREWH‘ sz ))

R,
for g = sl(o0), and
(L£1°)%" @ (L1 L3772 LT )EMR)
for g = 0(00),
(L)EY @ (L7 LY.L )E™)

for g = sp(o0).
For g = sl(00) AnnL3° = AnnR{°, so the notation /(v, Qf) makes

Sense.
N, , JACOBS
UNIVERSITY

lvan Penkov Ideals in U(g) for locally simple Lie algebras g



Theorem

The correspondence

Q = I(U, Qf)

is a bijection between the set of irreducible left cls and the set of
prime integrable ideals in U(sl(o0)). The same correspondence is a
bijection between the set of all irreducible cls and all prime ideals

in U(g) for g = 0(00), sp(0).

Fact: An integrable ideal of U(g) is prime if and only if it is
primitive.
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Open questions:

Conjecture: The augmentation ideal is the unique maximal ideal in
U(sl(c0)); U(o(o0)) has two maximal ideals: the augmentation
ideal and /(R); U(sp(co)) has two maximal ideals: the
augmentation ideal and the kernel of the homomorphism
U(sp(0)) = W

Question: Are there non-integrable ideals in U(sl(c0)), U(0(0))?

Question: What is a good analogue of Duflo’s theorem?
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