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Generic Representation Theory

Where does the name generic come from?

Consider the category Fq = Fun(mod -Fq,Mod -Fq)

Fq is a finite field of characteristic p with q = ps elements

For F ∈ Fq and V ∈ mod -Fq, F (V ) becomes an
Fq[GL(V )]-module

Even an Fq[End(V )]-module for all V ∈ mod -Fq.

Every functor F gives generically rise to representations of all
the general linear groups over Fq in defining characteristic.
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Examples

Examples of such functors are:

The n-fold tensor product T n : V 7→ T s(V ) = V⊗s , s ∈ N
The symmetric powers
Λs : V 7→ Λn(V ) = T s(V )/(v ⊗ v), n ∈ N
The Fq-dual Hom(−,Fq) : V 7→ Hom(−,Fq)(V ) = V ∗
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Properties of the Category Fq
General Goal

Current Approach

The category Fq[mod -Fq]

Fq = Fun(mod -Fq,Mod -Fq)∼= Add(Fq[mod -Fq],Mod -Fq)

Ob(Fq[mod -Fq]) = Ob(mod -Fq)

HomFq [mod -Fq ](V ,W ) =Fq[HomFq(V ,W )]

=
{∑m

i=1 λi [fi ]| fi ∈ HomFq(V ,W )
}

Denote such a morphism by [f ].
Note also: dimFq HomFq [mod -Fq ](Fs

q,Ft
q) = qst .
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Projectives

Fq is an abelian category. It has enough projectives and injectives.

The standard projectives are (by Yoneda):

HomFq [mod -Fq ](V ,−), V ∈ mod -Fq

We denote this by:
(V ,−).
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Projectives 2

The standard projectives decompose into indecomposables:

(V ,−) =
∑
Sλ

P⊕dλλ

Sum is over all simple Fq[End(V )]-modules Sλ

and dλ = dimFq Sλ.
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General Goal

Want to prove the Artinian Conjecture. Or at least get closer to it.

Conjecture

(L. Schwartz) : The representable functors, so the finitely
generated projectives, in the category Fq are Noetherian.
Dually: The corresponding injectives are Artinian.
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General Goal

Equivalently: If F ∈ Fq is finitely generated, then there is

· · · →
m1⊕
i=1

(V 1
i ,−)→

m0⊕
i=1

(V 0
i ,−) � F → 0

a projective resolution of F with V j
i ∈ mod -Fq.
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General Goal
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Partial Results

Theorem (Schwartz)

Such a resolution exists if F has only finitely many simple
composition factors or (more generally) when the difference
endo-functor ∆ returns a projective after finitely many iterations.

∆F defined via the split exact sequence
0→ F → F (Fq ⊕−)→ ∆F → 0.
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Partial Results 2

Furthermore

well known that (Fq,−) is noetherian for all q.

(F2
2,−) is noetherian (Powell)

(F3
2,−) is noetherian (Djament)
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Examples

Lemma (Kuhn)

A functor F has only finitely many composition factors iff the
function

n 7→ dimFq F (Fq
n)

is polynomial in n.

So T s is of has only finitely many composition factors for all s.

The same holds for Λs , which is even simple.
But (V ,−) has infinitely many composition factors! (unless
V = 0)

Phillip Linke Computational Approach to the Artinian Conjecture



Properties of the Category Fq
General Goal

Current Approach

Examples

Lemma (Kuhn)

A functor F has only finitely many composition factors iff the
function

n 7→ dimFq F (Fq
n)

is polynomial in n.

So T s is of has only finitely many composition factors for all s.
The same holds for Λs , which is even simple.

But (V ,−) has infinitely many composition factors! (unless
V = 0)

Phillip Linke Computational Approach to the Artinian Conjecture



Properties of the Category Fq
General Goal

Current Approach

Examples

Lemma (Kuhn)

A functor F has only finitely many composition factors iff the
function

n 7→ dimFq F (Fq
n)

is polynomial in n.

So T s is of has only finitely many composition factors for all s.
The same holds for Λs , which is even simple.
But (V ,−) has infinitely many composition factors! (unless
V = 0)

Phillip Linke Computational Approach to the Artinian Conjecture



Properties of the Category Fq
General Goal

Current Approach

Examples

Lemma (Kuhn)

A functor F has only finitely many composition factors iff the
function

n 7→ dimFq F (Fq
n)

is polynomial in n.

So T s is of has only finitely many composition factors for all s.
The same holds for Λs , which is even simple.
But (V ,−) has infinitely many composition factors! (unless
V = 0)

Phillip Linke Computational Approach to the Artinian Conjecture



Properties of the Category Fq
General Goal

Current Approach

Current Approach

First try to prove that the projectives of finite type are coherent.
That is: If F is finitely presented, then there exists a projective
resolution.

Given
m⊕
j=1

(Wj ,−)
([f ],−)−−−−→

n⊕
i=1

(Vi ,−) � F → 0,

then Ker([f ],−) is finitely generated.
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Current Approach

This can be reduced:

Given (W ,−)
([f ],−)−−−−→ (V ,−) � F → 0,

then Ker([f ],−) is finitely generated.

And we will get all (interessting) finitely presented functors that
way.
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The Closed Form

We define the following function

φ : Fq × Z≥0 → Z≥0

by
φ(F , n) = dimFq F (Fn

q)

We say that φ(F , n) has closed form if

φ(F , n) =
s∑

i=0

pi (n)qin

with pi (n) polynomials in n for all i .
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Behavior of φ(ker([f ],−), n)

Theorem (L. 2012)

φ(ker([f ],−), n) is of closed form for all representable morphisms
([f ],−) in the category Fq.

This easily shown to be true for ([f ],−) : (V ,−)→ (W ,−) and
[f ] a matrix.
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Sketch of Proof

Use induction to prove it for ([f ],−) :
⊕m

i=1(Vi ,−)→ (W ,−) and
the components of [f ] matrices.
Next step is to show the closed form for
([f ],−) : (V ,−)→ (W ,−), [f ] arbitrary.

For this result we need
compatibility of the closed form with intersections of (certain kinds
of) functors.
The reduction argument before then yields the result.
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The category Fq is coherent

Theorem (L. 2012)

Every finitely presented functor in the category Fq has a resolution
by finitely generated projectives.

This is equivalent to Fq being coherent.
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Sketch of Proof

Given (W ,Fq
n)

([f ],Fq
n)−−−−−→ (V ,Fq

n) � F (Fq
n)→ 0

We can always find (U,−) and [g ] s.t.

(U,Fq
n)

([g ],Fq
n)−−−−−→ (W ,Fq

n)
([f ],Fq

n)−−−−−→ (V ,Fq
n) � F (Fq

n)→ 0

is exact at (W ,Fq
n) as Fq[Mn(Fq)] modules. This works since all

the spaces are finite length Fq[Mn(Fq)] modules.
It will even stay exact if we pass to Fq

k for k < n. But this does
not need to be true if k > n!
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not need to be true if k > n!
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Let [g ] be defined as above. We know that both φ(ker([f ],−), n)
and φ(Im([g ],−), n) are of closed form.

Then so is φ(H, n) with
H ∼= ker([f ],−)/Im([g ],−), say φ(H, n) =

∑s
i=0 pH

i (n)qin.
If H 6= 0 we can show that we can find (U ′,−) and [g ′] s.t.

Im([g ],−) ( Im([g ′],−) ⊂ ker([f ],−)

and H ′ ∼= ker([f ],−)/Im([g ′],−).
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Let us now look at the closed form of φ(H ′, n),

φ(H ′, n) =
∑s′

i=0 pH′
i (n)qin. Because of the choice of (U ′,−) and

the structure of (W ,−) we must have s ′ < s.

After finitely many
steps this yields an H ′ with only finitely many composition factors.
But this we can control and therefore obtain exactness for all
Fq

n.
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The End

Thank you for your attention!

Announcement: A Summer School of the Birep group will be
held in Bad Driburg from 26th to 30th of August 2013.
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