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Motivation and Overview
@ Resolutions @ Singularities

DV(CohY) — " — >Perf(X) C D(CohX)

‘categorical resolution’ ‘smooth’

Aim
Use representation theory to describe the triangulated quotients
Relati
Ax(¥) m DY(CohY) (5) Relations Dos(X) = D(Coh X))
X " Perf(X) b " Perf(X)

@ Relative singularity categories @ Singularity categories
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1. Singularities

Definition/Theorem (Auslander, Buchsbaum & Serre)

Let R be a commutative Noetherian ring of finite Krull dimension.
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1. Singularities

Definition/Theorem (Auslander, Buchsbaum & Serre)

Let R be a commutative Noetherian ring of finite Krull dimension. Then

Spec(R) is regular < kr.dim(R) = gl.dim(R) < oo

This suggests the following definition for (non-commutative) rings R:

Definition

e R is regular/smooth :& gl.dim(R) < oo;
e R is singular :& gl.dim(R) = oc.
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1. Singularities (Examples)

Let k£ be a field.
(i) For R = k[x]/(«?) the simple module k = R/(z) has infinite
projective dimension
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1. Singularities (Examples)

Let &k be a field.

(i) For R = k[x]/(«?) the simple module k = R/(z) has infinite
projective dimension (--- > RS R % ... 5 R — R/(2) — 0)
= R is singular.

(ii) More generally, let A be a finite-dimensional selfinjective k-algebra
(i.e. Ais an injective A-module).For example, Frobenius algebras,
symmetric algebras, Hopf algebras and group algebras are selfinjective.

Lemma: gl.dim(A) < oo < A is semi-simple.
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1. Singularities (Examples)

(iii) Let S = Clxzg,...,zq], m = (xg,...,24) €S and f € m.
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1. Singularities (Examples)

(iii) Let S = C[xo,...,zq], m = (zo,...,24) €S and f € m. Then
the hypersurface ring S/(f) is singular < 0 # f € m?

Some curve
singularities
=23 —y? =gt — 2

Some surface
singularities

f=a? 42422 f=ay+yP+ 22
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Overview

@ Resolutions @ Singularities

DV(CohY) —  >Perf(X) C D(CohX)

‘categorical resolution’ ‘smooth’

Aim
Use representation theory to describe the triangulated quotients
@ Relations

DY(CohY)
Perf(X)

DP(Coh X)

A= Perf(X)

Dsy(X) :=

@ Relative singularity categories @ Singularity categories

i
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2. Singularity categories

Definition/Theorem

Let R be a Noetherian ring. Then the bounded derived category D°(R)
of R
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Definition/Theorem

Let R be a Noetherian ring. Then the bounded derived category D°(R)
of R is equivalent to the homotopy category K *(proj —R).

Definition of K ~*(proj —R):

Objects: Right bounded complexes P* of projective R-modules, i.e.
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2. Singularity categories

Definition/Theorem

Definition of K ~*(proj —R):
Objects: Right bounded complexes P* of projective R-modules, i.e.

P*=.. G, pt t P 1‘1‘_%... dj+1 Pi—0— - didiy1=0

with bounded cohomology, i.e. H(P*) :=kerd;/imd; 1 = 0 fori>> 0.
In other words, these are projective resolutions of bounded complexes.

Morphisms: morphisms of complexes f*, i.e
di+1 P ds Py di—1 o djt1 Pj dj C
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2. Singularity categories

Definition/Theorem

Definition of K ~*(proj —R):
Objects: Right bounded complexes P* of projective R-modules, i.e.

P*=.. G, pt t P 1‘1‘_%... dj+1 Pi—0— - didiy1=0

with bounded cohomology, i.e. H(P*) :=kerd;/imd; 1 = 0 fori>> 0.
In other words, these are projective resolutions of bounded complexes.

Morphisms: (equivalence classes of) morphisms of complexes f*, i.e

di+1 ds di—1 djt1 d;

Pt Pt—]. P] N 500
ft+1 O O ft—1 f5
GECT SR M B B, F
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2. Singularity categories

Let R = k[x]/(x?). Then the indecomposable objects in D°(R) are
completely classified. Up to shift of complexes, they are given by:
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2. Singularity categories
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N > [ terms

+—0—R>R5S ... RS R—0— ---€ Kproj—R)
N
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The derived category D°(R) has a triangulated structure,
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@ an equivalence X: D°(R) — D°(R) (the shift functor, given by
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@ and a class of (distinguished) triangles, i.e. diagrams
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2. Singularity categories

RENEILS

The derived category D°(R) has a triangulated structure, it consists of

@ an equivalence X: D°(R) — D°(R) (the shift functor, given by
shifting complexes)

@ and a class of (distinguished) triangles, i.e. diagrams
X—-Y—>Z7-3%X)

with X, Y, Z € D°(R), satisfying certain axioms.
We will make use of the following properties:
(i) Every f: X — Y yields a triangle X Ly C(f) — 2(X).
(i) C(f)=0 < fi |s an isomorphism.
In particular, X 4 x-0- ¥(X) is a triangle.
(iii) The shift Y — Z — X(X) — X(Y) of a triangle, is a triangle.
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2. Singularity categories

Remark
The derived category D°(R) has a triangulated structure, it consists of

@ an equivalence X: D°(R) — D°(R) (the shift functor, given by
shifting complexes)
@ and a class of (distinguished) triangles, i.e. diagrams

X—-Y—>Z7-3%X)

with X, Y, Z € D°(R), satisfying certain axioms.
We will make use of the following properties:
(i) Every f: X — Y yields a triangle X Ly C(f) — 2(X).
(i) C(f)=0 < fi |s an isomorphism.
In particular, X 4 x-0- ¥(X) is a triangle.
(iii) The shift Y — Z — X(X) — X(Y) of a triangle, is a triangle.

o id . .
In particular, 0 — X — X — 0 is a triangle.
Martin Kalck (Bielefeld) Relative Singularity Categories
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2. Singularity categories

(iv) The short exact sequence of complexes
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2. Singularity categories

(iv) The short exact sequence of complexes

dy di—q dsi1

d, d, d, di— d
Vet M, Sl B S S
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2. Singularity categories

(iv) The short exact sequence of complexes

d di— ds

X=--. 0 0 PP 5. P50
J oJ oJ idJ idJ idJ oJ

d d, d di— d
Vet M, Tl B S S
pJ idJ idJ OJ OJ OJ OJ

dits dit2
Z:_’Pt—l—Z_’Pt—i—l_’O_’O_’_)O_’O_’
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2. Singularity categories

(iv) The short exact sequence of complexes

d di dsi1

X=-.. 0 0 PP 5. EPp 50—
ZJ OJ OJ idJ idJ id OJ

d d d diy dy
Vet M, Tl B S S
pJ idJ idJ OJ OJ OJ OJ

dit3 diy2
Z:_’Pt—l—Z_’Pt—i—l_’O_’O_’_)O_’O_’

yields a triangle X Ly2zo Y(X) in DP(R).
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2. Singularity categories

(iv) The short exact sequence of complexes

d di dsi1

X =... 0 0 PP 5. EPp 50—
J OJ oJ idJ idJ idJ oJ

d d d dey d
Y= "p, , "p Mp%p %3 . Yp _0—...
”J idJ idJ OJ oJ oJ oJ

dit3 diyo
J =... — t+2*)‘Pt+1*)0*)0*)"'4)0*>0*>"’

yields a triangle X Ly2zo Y(X) in DP(R).
(v) A triangulated subcategory U/ of D°(R) is a full subcategory, s.th.
Y:U = U and C(f) € U for every morphism f: X — Y in U.
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2. Singularity categories

Let U C D*(R) be a triangulated subcategory.
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2. Singularity categories

Let U C D°(R) be a triangulated subcategory. The triangulated
quotient category D°(R)/U has the same objects as D°(R).
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2. Singularity categories

Definition

Let U C D°(R) be a triangulated subcategory. The triangulated
quotient category D°(R)/U has the same objects as D°(R).
We will need the following property of morphisms in D*(R)/U:
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2. Singularity categories

Definition

Let U C D°(R) be a triangulated subcategory. The triangulated
quotient category D°(R)/U has the same objects as D°(R).

We will need the following property of morphisms in D*(R)/U:
fxLy -z Y(X) is a triangle in D’(R) such that Z € U, then f
is an isomorphism in D’(R)/U.
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2. Singularity categories

Let U C D°(R) be a triangulated subcategory. The triangulated
quotient category D°(R)/U has the same objects as D°(R).

We will need the following property of morphisms in D°(R) /U:
fxLy -z- Y(X) is a triangle in D’(R) such that Z € U, then f
is an isomorphism in D’(R)/U.

Definition
Let R be a Noetherian ring. The singularity category of R is the
quotient category

__ DR
Pl = Fproj )
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2. Singularity categories

Definition

Let R be a Noetherian ring. The singularity category of R is the
quotient category
D°(R)

Do) := g b(proj —R)
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2. Singularity categories

Definition

Let R be a Noetherian ring. The singularity category of R is the
quotient category
D°(R)

DaglR) = b(proj —R)

v

Remark
o Ris regular (i.e. gl.dim(R) < 00) & K®(proj —R) = D(R).
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2. Singularity categories

Definition

Let R be a Noetherian ring. The singularity category of R is the
quotient category
D°(R)

DaglR) = b(proj —R)

v

Remark
o Ris regular (i.e. gl.dim(R) < 00) & K®(proj —R) = D(R).
o In particular, Dyy(R) = 0 in this case.
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2. Singularity categories

Definition

Let R be a Noetherian ring. The singularity category of R is the
quotient category
D°(R)

DaglR) = b(proj —R)

v

Remark
o Ris regular (i.e. gl.dim(R) < 00) & K®(proj —R) = D(R).
o In particular, Dyy(R) = 0 in this case.

o Moreover, this suggests to view K°(proj —R) C D’(R) as the
‘smooth part’
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2. Singularity categories

Definition

Let R be a Noetherian ring. The singularity category of R is the
quotient category

D'(R)

DaglR) = b(proj —R)

v

Remark

o Ris regular (i.e. gl.dim(R) < 00) & K®(proj —R) = D(R).
o In particular, Dyy(R) = 0 in this case.

o Moreover, this suggests to view K°(proj —R) C D’(R) as the

‘smooth part’ and D,,(R) as a measure for the complexity of the
singularities of Spec(R).

v
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2. Singularity categories

Let R = k[x]/(x?). We determine the indecomposables in Dy (R).
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2. Singularity categories

Let R = k[x]/(2%). We determine the indecomposables in Ds,(R). Recall,

-—0—>R>R5 ... 5 RS R—0— - € Kproj—R)
N
SRS RSRS .. SRS R—0— - € K%proj—R)

are the indecomposables in D°(R) (up to shift).
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2. Singularity categories

Example
Let R = k[x]/(2%). We determine the indecomposables in Ds,(R). Recall,

. —0—RLREL ... R R 0— - € K'proj—R)
N
S RERERE .S RER—0— - € K(proj—R)

are the indecomposables in D°(R) (up to shift). The bounded complexes
vanish in the singularity category.
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2. Singularity categories

Consider the following exact sequence of complexes

v
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2. Singularity categories

Consider the following exact sequence of complexes

n terms
X=.—0—0—R5SR5... 5 R—0—
Y=.SRERERERES...E5ER—0—
»Y)=---S5SRS5R—0—0—--—0—0—

v
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2. Singularity categories

Consider the following exact sequence of complexes

n terms
X=..—0—0—R5R>S... 5R—0—
zJ OJ OJ id id idJ OJ
Y= —“5RS5RS5RSRS ... 5 R—0—
PJ id id OJ OJ OJ OJ

»Y)=---S>5R5R—0—0—---—0—0—

This yields the triangle X Ly 5y ¥MY) - ¥(X),

v

Martin Kalck (Bielefeld) Relative Singularity Categories Bad Boll 2013



2. Singularity categories

Consider the following exact sequence of complexes

n terms
X=..—0—0—R5R>S... 5R—0—
zJ OJ OJ id id idJ OJ
Y= —“5RS5RS5RSRS ... 5 R—0—
PJ id id OJ OJ OJ OJ

»Y)=---S>5R5R—0—0—---—0—0—

This yields the triangle X Ly 5y X™M(Y) — X(X), which we may shift to

obtain
X(3)
—_—

Yy L sn(y) - B(X) 2(Y)

v
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2. Singularity categories

Example

This yields the triangle X Ly d X™M(Y) — X(X), which we may shift to
obtain a triangle

2(5)

Y L oY) - B(X) =5 2(Y)

Since ¥(X) € K%(proj —R), we see that p: Y — X"(Y) is an
isomorphism in the singularity category.
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2. Singularity categories

Example

This yields the triangle X Ly d X™M(Y) — X(X), which we may shift to
obtain a triangle

2(5)

Y L oY) - B(X) =5 2(Y)

Since ¥(X) € K%(proj —R), we see that p: Y — X"(Y) is an
isomorphism in the singularity category. This shows:

o all shifts of Y are isomorphic in Dy, (R).
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2. Singularity categories

Example

This yields the triangle X Ly d X™M(Y) — X(X), which we may shift to
obtain a triangle

2(5)

Y L oY) - B(X) =5 2(Y)

Since ¥(X) € K%(proj —R), we see that p: Y — X"(Y) is an
isomorphism in the singularity category. This shows:

@ all shifts of Y are isomorphic in Dsy(R). In other words, there is
precisely one indecomposable object in Dyy(R).
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2. Singularity categories

Example

This yields the triangle X Ly d X™M(Y) — X(X), which we may shift to
obtain a triangle

Y 2 5y) — (X)) 22 5(v)
Since ¥(X) € K%(proj —R), we see that p: Y — X"(Y) is an
isomorphism in the singularity category. This shows:

@ all shifts of Y are isomorphic in Dsy(R). In other words, there is
precisely one indecomposable object in Dyy(R).

@ Moreover, the endomorphism algebra of Y in Dy, (R) is isomorphic to
k.
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2. Singularity categories

Example

This yields the triangle X Ly d X™M(Y) — X(X), which we may shift to
obtain a triangle

Y 2 5y) — (X)) 22 5(v)

Since ¥(X) € K%(proj —R), we see that p: Y — X"(Y) is an
isomorphism in the singularity category. This shows:

@ all shifts of Y are isomorphic in Dsy(R). In other words, there is
precisely one indecomposable object in Dyy(R).

@ Moreover, the endomorphism algebra of Y in Dy, (R) is isomorphic to
k. This gives an equivalence of additive categories

Dyy(R) = mod —k
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2. Singularity categories

We can also consider the stable category

R mod — R

d—R:=
= proj—R
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2. Singularity categories

We can also consider the stable category

R mod — R

d—R:=
= proj—R

o It is triangulated since R is self-injective, by work of Happel.
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2. Singularity categories

We can also consider the stable category

d—
mod — R := M

proj—R
o It is triangulated since R is self-injective, by work of Happel.

@ Moreover, as an additive category

mod — R = mod —k = Dyy(R)
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2. Singularity categories

Let R be two-sided Noetherian. R is called (Iwanaga—)Gorenstein ring if

inj.dimp R < 0o and inj.dim Rp < o0.
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2. Singularity categories

Let R be two-sided Noetherian. R is called (Iwanaga—)Gorenstein ring if

inj.dimp R < 0o and inj.dim Rp < o0.

The category of maximal Cohen—Macaulay modules (MCM) is defined as

MCM(R) = {M € mod —R | Ext(M, R) = 0 for all i > 0} C mod —R.
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2. Singularity categories

Let R be two-sided Noetherian. R is called (Iwanaga—)Gorenstein ring if

inj.dimp R < 0o and inj.dim Rp < o0.

The category of maximal Cohen—Macaulay modules (MCM) is defined as

MCM(R) = {M € mod —R |Exty(M, R) = 0 for all i > 0} C mod —R.

(i) Regular rings R are Gorenstein and MCM(R) = proj —R.

y
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2. Singularity categories

Let R be two-sided Noetherian. R is called (Iwanaga—)Gorenstein ring if

inj.dimp R < 0o and inj.dim Rp < o0.

The category of maximal Cohen—Macaulay modules (MCM) is defined as

MCM(R) = {M € mod —R |Exty(M, R) = 0 for all i > 0} C mod —R.

(i) Regular rings R are Gorenstein and MCM(R) = proj —R.
(ii) Self-injective algebras are Gorenstein and MCM(R) = mod —R.

&
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2. Singularity categories

Let R be two-sided Noetherian. R is called (Iwanaga—)Gorenstein ring if

inj.dimp R < 0o and inj.dim Rp < o0.

The category of maximal Cohen—Macaulay modules (MCM) is defined as

MCM(R) = {M € mod —R |Exty(M, R) = 0 for all i > 0} C mod —R.

(i) Regular rings R are Gorenstein and MCM(R) = proj —R.
(ii) Self-injective algebras are Gorenstein and MCM(R) = mod —R.
(iii) For local commutative Gorenstein rings R,
MCM(R) = {M € mod —R |depthp (M) = kr.dim(R)}.
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2. Singularity categories

Let R be two-sided Noetherian. R is called (Iwanaga—)Gorenstein ring if

inj.dimp R < 0o and inj.dim Rp < o0.

The category of maximal Cohen—Macaulay modules (MCM) is defined as

MCM(R) = {M € mod —R |Exty(M, R) = 0 for all i > 0} C mod —R.

(i) Regular rings R are Gorenstein and MCM(R) = proj —R.
(ii) Self-injective algebras are Gorenstein and MCM(R) = mod —R.
(iii) For local commutative Gorenstein rings R,
MCM(R) = {M € mod —R |depthp (M) = kr.dim(R)}.

(iv) Hypersurface rings R = k[zo,...,xq]/(f) are Gorenstein.

&
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2. Singularity categories

(i) MCM(R) is a Frobenius category with proj MCM(R) = proj —R.
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2. Singularity categories

(i) MCM(R) is a Frobenius category with proj MCM(R) = proj —R.
(ii) In particular, MCM(R) := MCM(R)/ proj —R is triangulated by
work of Happel.
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2. Singularity categories

(i) MCM(R) is a Frobenius category with proj MCM(R) = proj —R.
(ii) In particular, MCM(R) := MCM(R)/ proj —R is triangulated by
work of Happel.
(iii) If R is regular, then MCM(R) = 0.
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2. Singularity categories

(i) MCM(R) is a Frobenius category with proj MCM(R) = proj —R.
(ii) In particular, MCM(R) := MCM(R)/ proj —R is triangulated by
work of Happel.
(i) If R is regular, then MCM(R) = 0.

Theorem (Buchweitz)

The composition of functors

MCM(R) € mod —R C D’(mod —R) — D, (R)
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2. Singularity categories

(i) MCM(R) is a Frobenius category with proj MCM(R) = proj —R.
(ii) In particular, MCM(R) := MCM(R)/ proj —R is triangulated by
work of Happel.
(i) If R is regular, then MCM(R) = 0.

Theorem (Buchweitz)

The composition of functors
MCM(R) € mod —R C D’(mod —R) — D, (R)
induces an equivalence of triangulated categories

MCM(R) = D,y (R).
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Overview

@ Resolutions @ Singularities

DV(CohY) —  >Perf(X) C D(CohX)

‘categorical resolution’ ‘smooth’

Aim
Use representation theory to describe the triangulated quotients
@ Relations

DY(CohY)
Perf(X)

DP(Coh X)

A= Perf(X)

Dsy(X) :=

@ Relative singularity categories @ Singularity categories

i
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3. Resolutions

X = Spec(R')

DY(CohY) " Perf(X)




3. Resolutions

X = Spec(R')

DY(CohY) " Perf(X)
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Kapranov & Vasserot

Derived McKay Correspondence



3. Resolutions

X = Spec(R
T (1=2) X
Db(A) ~ Db(Cth LT Perf(X
Tilting

Kapranov & Vasserot

Derived McKay Correspondence



3. Resolutions

X = Spec
e M(1==32)
2 Morita 4>
Sk;“;j,‘;”" CX,Y|*2Z/27Z

Db(Cth <L—) Perf(X

b ~
D (A) Tilting
Kapranov & Vasserot

Derived McKay Correspondence



3. Resolutions

X = Spec
T M(1==2)
2 Morita 4>
Sk:r;i'f;”" CX,Y|*2Z/27Z
DP(A) — Db(Cth <L—) Perf(X

A= Endy(T> = EndR/(ﬂ'*(Oy D ﬁ)) = EndR/(R’ D M)



3. Resolutions

X = Spec
T M(1==2)
2 Morita 4>
Sk:f;jf;”" CX,Y|*2Z/27Z
Db(A) ~ Db(Cth <L—) Perf(X
Tilting

A= Endy(T> = EndR/(ﬂ'*(Oy ) ﬁ)) = EndR/(R’ S%) M)
with M € MCM(R/).



3. Resolutions

X = Spec
T M(1==2)
2 Morita 4>
Sk:f;j,‘;”" CX,Y|*2Z/27Z
Db(A) ~ Db(Cth <L—) Perf(X
Tilting

A= Endy<7> = EndR/(ﬂ'*(Oy ) ﬁ)) = EndR/(R’ S%) M)
with M € MCM(R').
Idea (Van den Bergh)

Replace D*(Y') by D°(A) for a ‘nice’ algebra A (e.g. gl.dim(A) < c0)




3. Resolutions

e na=)| )/
2 Morita
S CIX,Y] 2/22 A

Db(A) — Db(CohY)

Tilting
A= Endy<T) = EndR/(ﬂ'*(Oy ) ﬁ)) = EndR/(R’ S%) M)
with M € MCM(R/).
Idea (Van den Bergh)

Replace D*(Y') by D°(A) for a ‘nice’ algebra A (e.g. gl.dim(A) < c0)
and consider it as categorical resolution of X if there is an embedding

Perf(X) — D°(A).
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3. Resolutions

Idea (Van den Bergh)

Replace D*(Y') by D(A) for a ‘nice’ algebra A (e.g. gl.dim(A) < c0) and
consider it as categorical resolution of X if there is an embedding

Perf(X) — D°(A).
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3. Resolutions

|dea (Van den Bergh)

Replace D*(Y') by D(A) for a ‘nice’ algebra A (e.g. gl.dim(A) < c0) and
consider it as categorical resolution of X if there is an embedding

Perf(X) — D°(A).

Definition (see Dao, lyama, Takahashi & Vial)
Let R be an Iwanaga—Gorenstein ring. Let

M € MCM(R) := { N € mod —R | Ext}(N, R) = 0 for all i > 0} be a
maximal Cohen—-Macaulay module and A := Endgr(R & M).

Martin Kalck (Bielefeld) Relative Singularity Categories Bad Boll 2013



3. Resolutions

|dea (Van den Bergh)

Replace D*(Y') by D(A) for a ‘nice’ algebra A (e.g. gl.dim(A) < c0) and
consider it as categorical resolution of X if there is an embedding

Perf(X) — D°(A).

Definition (see Dao, lyama, Takahashi & Vial)

Let R be an Iwanaga—Gorenstein ring. Let

M € MCM(R) := { N € mod —R | Ext}z(N,R) =0 for all i >0} be a
maximal Cohen—Macaulay module and A := Endg(R® M). If
gl.dim(A) < oo, then A is a non-commutative resolution (NCR) and
D(A) is a categorical resolution of R.
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3. Resolutions

Definition (see Dao, lyama, Takahashi & Vial)

Let R be an Iwanaga—Gorenstein ring. Let

M € MCM(R) := { N € mod —R | Ext%(N, R) = 0 for all i > 0} be a
maximal Cohen—Macaulay module and A := Endg(R & M). If
gl.dim(A) < oo, then A is a non-commutative resolution (NCR) and
DP(A) is a categorical resolution of R.

v

Example
Let R = k[z]/(x?). Then the Auslander algebra of R

Aus(R) = Endr(R & k)

y
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3. Resolutions

Definition (see Dao, lyama, Takahashi & Vial)

Let R be an Iwanaga—Gorenstein ring. Let

M € MCM(R) := { N € mod —R | Ext%(N, R) = 0 for all i > 0} be a
maximal Cohen—Macaulay module and A := Endg(R & M). If
gl.dim(A) < oo, then A is a non-commutative resolution (NCR) and
DP(A) is a categorical resolution of R.

v

Example
Let R = k[z]/(x?). Then the Auslander algebra of R

Aus(R) = Endp(R& k) = k(1) >2)/(ab)

y
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3. Resolutions

Definition (see Dao, lyama, Takahashi & Vial)

Let R be an Iwanaga—Gorenstein ring. Let

M € MCM(R) := { N € mod —R | Ext%(N, R) = 0 for all i > 0} be a
maximal Cohen—Macaulay module and A := Endg(R & M). If
gl.dim(A) < oo, then A is a non-commutative resolution (NCR) and
DP(A) is a categorical resolution of R.

v

Example
Let R = k[z]/(x?). Then the Auslander algebra of R

Aus(R) = Endg(R® k) = k(17" >2)/(ab)

~p—

has global dimension 2.

v
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3. Resolutions

Definition (see Dao, lyama, Takahashi & Vial)

Let R be an Iwanaga—Gorenstein ring. Let

M € MCM(R) := { N € mod —R | Ext%(N, R) = 0 for all i > 0} be a
maximal Cohen—Macaulay module and A := Endg(R & M). If
gl.dim(A) < oo, then A is a non-commutative resolution (NCR) and
DP(A) is a categorical resolution of R.

v

Example
Let R = k[z]/(x?). Then the Auslander algebra of R

Aus(R) = Endp(R& k) = k(1) >2)/(ab)

has global dimension 2. In particular, Aus(R) is an NCR of R.

v
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3. Resolutions

Definition (see Dao, lyama, Takahashi & Vial)

Let R be an Iwanaga—Gorenstein ring. Let

M € MCM(R) := { N € mod —R | Ext%(N, R) = 0 for all i > 0} be a
maximal Cohen—Macaulay module and A := Endg(R & M). If
gl.dim(A) < oo, then A is a non-commutative resolution (NCR) and
DP(A) is a categorical resolution of R.

v

Example
Let R = k[z]/(x?). Then the Auslander algebra of R
Aus(R) = Endp(R& k) = k(1) >2)/(ab)

has global dimension 2. In particular, Aus(R) is an NCR of R.

@ For k = C there is an equivalence of categories

mod — Aus(R) = Oy (slz(C)) (principal block of category O)

v
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3. Resolutions

Let R = k[z]/(x?). Then the Auslander algebra of R

Aus(R) = Endg(R@® k) = k(1" 72)/(ab)

Kb/

has global dimension 2. In particular, Aus(R) is an NCR of R.

v
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3. Resolutions

Let R = k[z]/(x?). Then the Auslander algebra of R

Aus(R) = Endg(R@® k) = k(1" 72)/(ab)

~p—
has global dimension 2. In particular, Aus(R) is an NCR of R.

o For k = C there is an equivalence of categories

mod — Aus(R) = Oy (sl2(C)) (principal block of category O)

v

Martin Kalck (Bielefeld) Relative Singularity Categories Bad Boll 2013



3. Resolutions

Let R = k[z]/(x?). Then the Auslander algebra of R

Aus(R) = Endg(R@® k) = k(1" 72)/(ab)

~p—
has global dimension 2. In particular, Aus(R) is an NCR of R.

o For k = C there is an equivalence of categories

mod — Aus(R) = Oy (sl2(C)) (principal block of category O)

o If char k = 2, then the Schur algebra Si(2,2) is Morita-equivalent
to Aus(R). Moreover, it is an NCR of the group algebra k[Zs] = R.

v
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3. Resolutions

Let R = k[z]/(x?). Then the Auslander algebra of R

Aus(R) = Endg(R@® k) = k(1" 72)/(ab)

~p—
has global dimension 2. In particular, Aus(R) is an NCR of R.

o For k = C there is an equivalence of categories

mod — Aus(R) = Oy (sl2(C)) (principal block of category O)

o If char k = 2, then the Schur algebra Si(2,2) is Morita-equivalent
to Aus(R). Moreover, it is an NCR of the group algebra k[Zs] = R.

@ More generally, if char k = p, then the Schur algebra Si(p, p) gives an
NCR of the group algebra k[G,).

v
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3. Resolutions

Theorem (Auslander, Auslander & Roggenkamp, lyama)

Let R be a commutative complete Gorenstein k-algebra of Krull dimension
d, with k = R/m algebraically closed.
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3. Resolutions

Theorem (Auslander, Auslander & Roggenkamp, lyama)

Let R be a commutative complete Gorenstein k-algebra of Krull dimension
d, with k = R/m algebraically closed. If R has only finitely many
indecomposable MCMs, then the Auslander algebra

Aus(R) := Endp b o
Meind MCM(R)
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3. Resolutions

Theorem (Auslander, Auslander & Roggenkamp, lyama)

Let R be a commutative complete Gorenstein k-algebra of Krull dimension
d, with k = R/m algebraically closed. If R has only finitely many
indecomposable MCMs, then the Auslander algebra

Aus(R) := Endp b o
Meind MCM(R)

has global dimension at most max{2, kr.dim(R)}.
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3. Resolutions

Theorem (Auslander, Auslander & Roggenkamp, lyama)

Let R be a commutative complete Gorenstein k-algebra of Krull dimension
d, with k = R/m algebraically closed. If R has only finitely many
indecomposable MCMs, then the Auslander algebra

Aus(R) := Endp b o
Meind MCM(R)

has global dimension at most max{2, kr.dim(R)}.
In particular, Aus(R) is an NCR of R.
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3. Resolutions

Theorem (Auslander, Auslander & Roggenkamp, lyama)

Let R be a commutative complete Gorenstein k-algebra of Krull dimension
d, with k = R/m algebraically closed. If R has only finitely many
indecomposable MCMs, then the Auslander algebra

Aus(R) := Endpg b o
Meind MCM(R)

has global dimension at most max{2, kr.dim(R)}.
In particular, Aus(R) is an NCR of R.

v

RENETLS

All ADE-singularities satisfy the conditions of this theorem, e.g. type (A,):

klzo,...,zq]/(zgtt + 22 + ... + 23).

v
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Overview

@ Resolutions @ Singularities

DV(CohY) —  >Perf(X) C D(CohX)

‘categorical resolution’ ‘smooth’

Aim
Use representation theory to describe the triangulated quotients
@ Relations

DY(CohY)
Perf(X)

DP(Coh X)

A= Perf(X)

Dsy(X) :=

@ Relative singularity categories @ Singularity categories

i
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4. Relative singularity categories

Let A be an NCR of R, i.e.

A=Endr(R® M) = (HomR(R M) EndR(M))
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4. Relative singularity categories

Let A be an NCR of R, i.e.

A =Endp(R® M) = (HomR}(%R, M) End]\j(M)) > ((1) 8) e
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4. Relative singularity categories

Let A be an NCR of R, i.e.

A =Endp(R® M) = (HomR}(%R, M) End]\j(M)) > ((1) 8) e

Then there is an embedding of triangulated categories

- A
®eAe €

K®(proj —R) —— K"(proj —eAe) Db(A)

R eAe | eA
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4. Relative singularity categories

Let A be an NCR of R, i.e.

A =Endp(R® M) = (HomR}(%R, M) End]\j(M)) > ((13 8) e

Then there is an embedding of triangulated categories

- A
®eAe €

K®(proj —R) —— K"(proj —eAe) Db(A)

R eAe | eA

Definition

The relative singularity category of the NCR A of R is the triangulated
quotient category

__ D4  D4)

~ KP(proj—R) thick(eA)

Ag(A) :
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4. Relative singularity categories

The relative singularity category of the NCR A of R is the triangulated
quotient category

_ D D4
Ar(4) = Kb(proj—R)  thick(eA)

Remark

AR(A) may be viewed as a measure for the size of the resolution D’(A)
relative to the ‘smooth part’ K®(proj —R) C Db(A).

v
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4. Relative singularity categories

The relative singularity category of the NCR A of R is the triangulated
quotient category

_ DhA)  Db(A)
Apg(A) := Kb(proj—R)  thick(eA)

v

Remark

AR(A) may be viewed as a measure for the size of the resolution D’(A)
relative to the ‘smooth part’ K®(proj —R) C Db(A).

v

Relative singularity categories were also studied by X.-W. Chen and
Thanhoffer de Volcsey & Van den Bergh.
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4. Relative singularity categories

Let R = k[a]/(2*) and A = Aus(R) = Endp(R®k) = k(1 22)/(ab)
be the Auslander algebra of R.
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4. Relative singularity categories

Let R = k[z]/(22) and A = Aus(R) = Endr(R@k) = k(17" 2)/(ab)

~p—
be the Auslander algebra of R. Then e = e1, so R corresponds to P;.
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4. Relative singularity categories

Example

Let R = k[a]/(2*) and A = Aus(R) = Endp(R®k) = k(1 22)/(ab)
be the Auslander algebra of R. Then e = e1, so R corresponds to P;.
The indecomposable objects in D°(A) are given by
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4. Relative singularity categories

Example

Let R = k[a]/(2*) and A = Aus(R) = Endp(R®k) = k(1 22)/(ab)
be the Auslander algebra of R. Then e = e1, so R corresponds to P;.
The indecomposable objects in D°(A) are given by

Np > [ terms
00— PSP P 00— € K¥(proj —R)
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4. Relative singularity categories

Example

Let R = k[a]/(2*) and A = Aus(R) = Endp(R®k) = k(1 22)/(ab)
be the Auslander algebra of R. Then e = e1, so R corresponds to P;.
The indecomposable objects in D°(A) are given by

Np > [ terms
00— P 2P 2 PP 00— € KP(proj —R)

50 -—>0—>P2LP1EP1E 50 b—a>P1—>0—>O—> 500

Martin Kalck (Bielefeld) Relative Singularity Categories Bad Boll 2013



4. Relative singularity categories

Example

Let R = k[a]/(2*) and A = Aus(R) = Endp(R®k) = k(1 22)/(ab)
be the Auslander algebra of R. Then e = e1, so R corresponds to P;.
The indecomposable objects in D°(A) are given by

Np > [ terms
... —>0—>O—>P1%>P1ﬂ> Ce b—a>P1—>0—>0—> e c Kb(pI'Oj _R)

50 -—>0—>P2LP1&P1&> 50 b—a>P1—>0—>0—> 050

oo -—)0—>O—>P1E>P1£> oo -EP1LP2—>O—> e
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4. Relative singularity categories

Example

Let R = k[a]/(2*) and A = Aus(R) = Endp(R®k) = k(1 22)/(ab)
be the Auslander algebra of R. Then e = e1, so R corresponds to P;.
The indecomposable objects in D°(A) are given by

Np > [ terms
00— PSP Y P 00— € KP(proj—R)

o -—>0—>P2LP1&P1&> 50 b—a>P1—>0—>0—> 050

o -—)0—>O—>P1E>P1£> oo -EP1LP2—>O—> e

. ._,0_,p2i,plﬂ,plﬂ. . -EP1LP2—>O—>- ..
v
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4. Relative singularity categories

Example

Let R = k[a]/(2*) and A = Aus(R) = Endp(R®k) = k(1 22)/(ab)
be the Auslander algebra of R. Then e = e1, so R corresponds to P;.
The indecomposable objects in D°(A) are given by

Np > [ terms
00— PSP Y P 00— € KP(proj—R)
R pEp b p g ... [
00— P s P b B P 0 b € DY(A)
. -—)0—)P2L)P1b—a)P1b—a> L -b—a)PIL)PQ—)O—> .. )
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4. Relative singularity categories

= 0—0—P 2P P 0—... € KP(proj—R)
. ._,0_,p2i,p1ﬂ,plﬂ,. . .Epl_,()_,o_,. .. [
00— P P 2P Py 0 € DY(A)

Py p b p be, bepap g ..

Now, K®(proj —R) vanishes in the relative singularity category Ag(A)

v
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4. Relative singularity categories

- —0—0—P 2P P 00— € KP(proj—R)
o P e B B m [
00— 0— P 25 P 2 2P P 0 b € DY(A)

Py p b p be, bepap g ..

Now, K®(proj —R) vanishes in the relative singularity category Ag(A)
and as in the computations for singularity categories, the morphism

N > terms
X:—)O*)Oﬁplbi)f)lb—a)bi)]:ﬁ*)o*) GKb(pI'Oj—R)
f J J idJ( idJ idl J
b- ba- ba- ba-
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4. Relative singularity categories

...as in the computations for singularity categories, the morphism

N> [ terms
X=—0—0—P2p2%.. Mp_0—... €Kbproj—R)
|’ A
Y= —0—h P S p . p

shows that there exists n € Z such that
Y= En(PQ) in AR(A)

Bad Boll 2013

Martin Kalck (Bielefeld) Relative Singularity Categories



4. Relative singularity categories

...as in the computations for singularity categories, the morphism

N > [ terms

—0—0—P P 0. e Kb(proj _R)

iE | | d . d |

*>04>P24>P14>P14> 4>P14>04>

=l
)

shows that there exists n € Z such that
Y = En(PQ) in AR(A)

Similarly, one obtains isomorphisms

0P p by b p Sp L 0 2 E(Ry).
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4. Relative singularity categories

One can show that the remaining objects, i.e. shifts of

Py and ---—0—PpEple lpop 9.

are indecomposable and pairwise non-isomorphic in Ar(A).
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4. Relative singularity categories

Example
One can show that the remaining objects, i.e. shifts of

b- ba - ba-  ba .
P, and -~~HO—>P2HP1—LI>P1$---ﬁPlLPQHOH-“

are indecomposable and pairwise non-isomorphic in Ag(A). Moreover, the
quiver of irreducible morphisms of Ar(A) consists of one
Z.Ao-component and one equioriented AZ2-component.
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Overview

@ Resolutions @ Singularities

DV(CohY) —  >Perf(X) C D(CohX)

‘categorical resolution’ ‘smooth’

Aim
Use representation theory to describe the triangulated quotients
Relati
Ax(¥) m DY(CohY) (5) Relations Dos(X) = D(Coh X))
X " Perf(X) E " Perf(X)

@ Relative singularity categories @ Singularity categories

i

Martin Kalck (Bielefeld) Relative Singularity Categories Bad Boll 2013




5. Relations: Knorrer's Periodicity

Knorrer's Periodicity Theorem yields a relation between singularity
categories for different Krull dimensions:

Dsg(S/<f)) — Dsg(s[[xa y]]/(f + z? + y2))7
where S = k[zo,...,2d], f € (20,...,24) and d > 0.
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5. Relations: Knorrer's Periodicity

Knorrer's Periodicity Theorem yields a relation between singularity
categories for different Krull dimensions:

Dy (S/(f)) = Dsg(S[x,y)/(f +2* + 7)),
where S = k[zq,...,24], f € (20,...,24) and d > 0.
Example
Let R = k[z]/(x?) and R’ = k[z,y, 2]/ (z? + y* + 2?),
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5. Relations: Knorrer's Periodicity

Knorrer's Periodicity Theorem yields a relation between singularity
categories for different Krull dimensions:

Dsg(S/(f)) = Dsg(Slz.y/(f +2° +4%),
where S = k[zo,...,2d], f € (20,...,24) and d > 0.
Example
Let R = k[z]/(x?) and R’ = k[z,vy, 2]/ (2% + y* + 2?), then
Dyg(R) —2 Dy ()




5. Relations: Knorrer's Periodicity

Knorrer's Periodicity Theorem yields a relation between singularity
categories for different Krull dimensions:

Dig(S/(£)) = Dsg (S, 91/ (f + 2% +4?)),
where S = k[zo,...,2d], f € (20,...,24) and d > 0.
Example

Let R = k[z]/(x?) and R’ = k[z,vy, 2]/ (2% + y* + 2?), then
.. I(—
DSQ(R) m Dsg(R/) ‘(T) Dsg (Z)




5. Relations: Knorrer's Periodicity

Knorrer's Periodicity Theorem yields a relation between singularity
categories for different Krull dimensions:

Dsg(S/(f)) = Dsg(Slz.y/(f +2° +4%),
where S = k[zo,...,2d], f € (20,...,24) and d > 0.
Example
Let R = k[z]/(x?) and R’ = k[z,vy, 2]/ (2% + y* + 2?), then
mod —k = Dsg(R) w} Dyy(R) 1‘@ Dsg (Z>




5. Relations: Knorrer's Periodicity

Knorrer's Periodicity Theorem yields a relation between singularity
categories for different Krull dimensions:

Dig(S/(f)) = Dag (ST, w1/ (f +2° +3%),
where S = k[zo,...,2d], f € (20,...,24) and d > 0.

Example
Let R = k[z]/(x?) and R’ = k[z,vy, 2]/ (2% + y* + 2?), then

mod —k £ Dag(R) K2, Dy (R) ©2 D,y ()

= Get representation-theoretic description of DS!J(Z)
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5. Relations: Knorrer's Periodicity

Knorrer's Periodicity Theorem yields a relation between singularity
categories for different Krull dimensions:

Dig(S/(f)) = Dag (ST, w1/ (f +2° +3%),
where S = k[zo,...,2d], f € (20,...,24) and d > 0.

Example
Let R = k[z]/(x?) and R’ = k[z,vy, 2]/ (2% + y* + 2?), then

mod —k = Dsg(R) M) Dyy(R) 1‘@ Dsg (Z>

= Get representation-theoretic description of DS!J(Z)

v

Does a similar result hold for relative singularity categories?
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5. Relations: Main result

Does a similar result hold for relative singularity categories?

The following result gives a first answer to this question:
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5. Relations: Main result
Does a similar result hold for relative singularity categories?

The following result gives a first answer to this question:

Theorem (K.-Yang)

Let R and R’ be MCM-representation finite complete Gorenstein
k-algebras with Auslander algebras A = Aus(R) respectively
A" = Aus(R).
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5. Relations: Main result
Does a similar result hold for relative singularity categories?

The following result gives a first answer to this question:

Theorem (K.-Yang)

Let R and R’ be MCM-representation finite complete Gorenstein
k-algebras with Auslander algebras A = Aus(R) respectively
A" = Aus(R'). Then the following statements are equivalent.

(i) There is a triangle equivalence Dyy(R) = Dsy(R').
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5. Relations: Main result
Does a similar result hold for relative singularity categories?

The following result gives a first answer to this question:

Theorem (K.-Yang)

Let R and R’ be MCM-representation finite complete Gorenstein
k-algebras with Auslander algebras A = Aus(R) respectively
A" = Aus(R'). Then the following statements are equivalent.

~

(i) There is a triangle equivalence Dyy(R) = Dsy(R').
(i1) There is a triangle equivalence AR(A) = Ag/(A’).
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5. Relations: Main result
Does a similar result hold for relative singularity categories?

The following result gives a first answer to this question:

Theorem (K.-Yang)

Let R and R’ be MCM-representation finite complete Gorenstein
k-algebras with Auslander algebras A = Aus(R) respectively
A" = Aus(R'). Then the following statements are equivalent.

(i) There is a triangle equivalence Dyy(R) = Dsy(R').
(i1) There is a triangle equivalence AR(A) = Ag/(A’).

The implication (ii) = (i) holds more generally for arbitrary NCRs A and
A’ of arbitrary isolated Gorenstein singularities R and R'.
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5. Relations: Main result
Does a similar result hold for relative singularity categories?

The following result gives a first answer to this question:

Theorem (K.-Yang)

Let R and R’ be MCM-representation finite complete Gorenstein
k-algebras with Auslander algebras A = Aus(R) respectively
A" = Aus(R'). Then the following statements are equivalent.

(i) There is a triangle equivalence Dyy(R) = Dsy(R').
(i4) There is a triangle equivalence Ap(A) = Ag/(A’).
The implication (ii) = (i) holds more generally for arbitrary NCRs A and

A’ of arbitrary isolated Gorenstein singularities R and R’'. In fact, there
always exists a quotient functor Ar(A) — Dy, (R).
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5. Relations: Application

Let R = k[z]/(2?) and R’ = k[z,vy, 2]/ (z? + v* + 2?).
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5. Relations: Application

Let R = k[z]/(2?) and R’ = k[z,vy, 2]/ (z? + v* + 2?).

D ()
Perf(Z)

2 Derived
McKay

D°(Aus(R))
K®(proj—R')
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5. Relations: Application

Let R = k[z]/(2?) and R’ = k[z,vy, 2]/ (z? + v* + 2?).

D ()
Perf(Z)

2 Derived
McKay

D°(Aus(R))
K°(proj —R)
Db(AustR))
K®(proj —R)
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5. Relations: Application

Let R = k[z]/(2?) and R’ = k[z,vy, 2]/ (z? + v* + 2?).

b
DLt by ()

Perf ( X )
| e | T

D°(Aus(R)) . )
Kb(pI'Oj _R/) D59<R )

| K-Yang ¢ | Knorrer
DP(Aus(R
b( U.( ) N Dsg(R)
K’(proj —R)
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5. Relations: Application

Let R = k[z]/(2?) and R’ = k[z,vy, 2]/ (z? + v* + 2?).

b
DLt by ()

_1 ¢
<OE( )> Perf(Z)
| e | T

D°(Aus(R)) . )
Kb(pI'Oj _R/) D59<R )

| K-Yang ¢ | Knorrer
DP(Aus(R
b( U.( ) N Dsg(R)
K’(proj —R)
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5. Relations: Application

Let R = k[z]/(2?) and R’ = k[z,vy, 2]/ (z? + v* + 2?).

b
DLt by ()

_1 ¢
(Op(=1)) Perf(Z)

2 2| Vi | T(=)
X D°(Aus(R))

Sh)e > Do (R

< 2> Kb(pI‘OJ _R/) g( )
2 ¢ | K--Yang ¢ | Knorrer
h DP(Aus(R))

S e > Do (R

< 2> Kb(pI'OJ —R) g( )
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5. Relations: Application

Let R = k[z]/(2?) and R’ = k[z,vy, 2]/ (z? + v* + 2?).

b
D () R, Dsg()

_1 c
2 2| Vi | T(=)
X D°(Aus(R))
Sh)e > Do (R
< 2> Kb(pI‘OJ _R/) g( )
2 ¢ | K--Yang ¢ | Knorrer
h DP(Aus(R))
S e > Do (R
< 2> Kb(pI'OJ —R) g( )
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5. Relations: Application

Let R = k[z]/(2?) and R’ = k[z,vy, 2]/ (z? + v* + 2?).

b
DLt by ()

_1 ¢
(Op(=1)) Perf(Z)
2 2| Vi | T(=)
X D°(Aus(R))
Sh)e > Do (R
< 2> Kb(pI‘OJ _R/) g( )
2 ¢ | K--Yang ¢ | Knorrer
h D°(Aus(R))
S )e Do (R
< 2> Kb(pr()j —R) g( )
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o Using 'Knorrer Periodicity’ for relative singularity categories, we
get an explicit description of the quotient category

D'(H)
Perf(Z)

in terms of representation theory of finite dimensional algebras.
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@ Using 'Knorrer Periodicity' for relative singularity categories, we
get an explicit description of the quotient category

b
D'(H)
Perf(Z)
in terms of representation theory of finite dimensional algebras.
@ Moreover, this category is an ‘extension’ of two cluster categories:

o Dy (k[z]/(2%)) (1-cluster category of type Ay).
o (S5) (cluster category of type A, see Holm & Jorgensen).
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@ Using 'Knorrer Periodicity' for relative singularity categories, we
get an explicit description of the quotient category

b
D'(H)
Perf(Z)
in terms of representation theory of finite dimensional algebras.
@ Moreover, this category is an ‘extension’ of two cluster categories:

o Dy (k[z]/(2%)) (1-cluster category of type Ay).
o (S5) (cluster category of type A, see Holm & Jorgensen).

@ More generally for ADE-singularities R, the relative Auslander
singularity categories Ar(Aus(R)) admit explicit dg descriptions.
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@ Using 'Knorrer Periodicity' for relative singularity categories, we
get an explicit description of the quotient category

b
D'(H)
Perf(Z)
in terms of representation theory of finite dimensional algebras.
@ Moreover, this category is an ‘extension’ of two cluster categories:

o Dy (k[z]/(2%)) (1-cluster category of type Ay).
o (S5) (cluster category of type A, see Holm & Jorgensen).

@ More generally for ADE-singularities R, the relative Auslander
singularity categories Ar(Aus(R)) admit explicit dg descriptions.
@ Finally, in dimension 3, the 'conifold’

X=VW*+X2+Y%+7?%) C A

has a crepant resolution Y and the relative singularity category
Ax(Y) admits a very similar representation theoretic description.
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Thank you!

Martin Kalck (Bielefeld) Relative Singularity Categories Bad Boll 2013



