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category Cat of small categories.

That is: A 2-category consists of:
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> for every i, j € € a small category €(i, j) of morphisms from i to
j (objects in €(i, j) are called 1-morphisms of € and morphisms in
%(i, j) are called 2-morphisms of %);

» functorial composition €(j,k) x €(1,j) = €(i,k);
> identity 1-morphisms 1; for every i € €,

> natural (strict) axioms;
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» The category Cat of small categories (1-morphisms are functors and
2-morphisms are natural transformations);

» for k a field, the category 2 of small fully additive k-linear
categories (1-morphisms are additive k-linear functors and
2-morphisms are natural transformations);

> the full subcategory 2! of 2l consisting of small fully additive
k-linear categories with finitely many indecomposable objects up to
isomorphism;

> the category PR of small categories equivalent to module categories
of finite-dimensional associative k-algebras;
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Definition. A 2-category € is called fiat (finitary - involution -
adjunction - two category) provided that the following conditions are
satisfied:

» % has finitely many objects;
each 4(i, j) € AL;

» composition is biadditive and k-linear;

v

v

all k-spaces of 2-morphisms are finite dimensional;

v

all 1; are indecomposable;

v

% has a weak involution x;

v

% has adjunction morphisms F o F* — 1; and 15 — F*o F.

Examples. .7 is fiat; €4 is fiat if and only if A is self-injective and
weakly symmetric (i.e. the top and the socle of each indecomposable
projective are isomorphic).
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Definition. A 2-representation of a 2-category % is a 2-functor (i.e. a
functor respecting the 2-structure) to some “classical” 2-category.
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2-representations

Definition. A 2-representation of a 2-category % is a 2-functor (i.e. a
functor respecting the 2-structure) to some “classical” 2-category.

2-representations of € (into a fixed category) together with (non strict)
2-natural transformations and modifications form a 2-category.

For a k-linear 2-category % we have:

» additive representations ¥-amod into 2y
» finitary representations ¢-afmod into Af

» abelian representations ¥-mod into R

Example. The 2-category 4’4 was defined via its defining representation.
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Morphisms of 2-representations

% — 2-category; M and N — 2-representations of ¢
Home (M, N) is a category
Objects in Home (M, N): certain non-strict 2-natural transformations W

WV consists of: a function assigning to i € ¥ a functor
V; : M(i) — N(3i);

for every 1-morphism F € € a natural isomorphism
nr: Vjo0 M(F) — N(F) o ¥,

such that for any a: F — G we have
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Objects in Home (M, N): certain non-strict 2-natural transformations W

WV consists of: a function assigning to i € ¥ a functor
V; : M(i) — N(3i);
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% — 2-category; M and N — 2-representations of ¢
Home (M, N) is a category
Objects in Home (M, N): certain non-strict 2-natural transformations W

WV consists of: a function assigning to i € ¥ a functor
V; : M(i) — N(3i);

for every 1-morphism F € € a natural isomorphism
ne V0 M(F) = N(F) o Wy

such that for any a: F — G we have

na o1 (idw, o0 M(a)) = (N() g idy,) o1 7F
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Morphisms in Home (M, N): modifications
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Principal 2-representations

from now on: % is a fiat category

Definition. For i € % the corresponding principal 2-representation P; of
% is defined as the 2-functor

C(i,_): € — AL
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from now on: % is a fiat category

Definition. For i € % the corresponding principal 2-representation P; of
% is defined as the 2-functor

C(i,_): € — AL

Yoneda lemma. For any M € ¢-amod we have

Home, (Ps, M) = M(4).
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Abelianization

Definition. The abelianization 2-functor = : ¥-afmod — %-amod is
defined as follows:
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Definition. The abelianization 2-functor = : ¥-afmod — %-amod is
defined as follows:

given M € ¢-afmod and i € ¥ the category M(i) has objects
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Abelianization

Definition. The abelianization 2-functor = : ¥-afmod — %-amod is
defined as follows:
given M € ¢-afmod and i € ¥ the category M(i) has objects

X—=vY, X, Y eM(i), a:X—=Y;
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Abelianization

Definition. The abelianization 2-functor = : ¥-afmod — %-amod is
defined as follows:
given M € ¢-afmod and i € ¥ the category M(i) has objects

X—=vY, X, Y eM(i), a:X—=Y;

and morphisms

X—2>vy modulo X—2>vy
T Tk
X! Ll> y! X! L,> y!
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Definition. The abelianization 2-functor = : ¥-afmod — %-amod is
defined as follows:
given M € ¢-afmod and i € ¥ the category M(i) has objects

X—=vY, X,YeM(i), a:X—=Y

and morphisms

X—2>vy modulo X—2>vy
T Tk
X! Ll> y! X! L) y!

the 2-action of % is defined component-wise
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Abelianization

Definition. The abelianization 2-functor = : ¥-afmod — %-amod is
defined as follows:
given M € ¢-afmod and i € ¥ the category M(i) has objects

X—=vY, X,YeM(i), a:X—=Y

and morphisms

X—2>vy modulo X—2>vy
T Tk
X! Ll> y! X! L) y!

the 2-action of % is defined component-wise

extends to a 2-functor component-wise
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Multisemigroup of a fiat category

F, G are composable indecomposable 1-morphisms in %, then

~Y H
F (e} G = Z m,_—)GH.
H indec.
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Multisemigroup of a fiat category

F, G are composable indecomposable 1-morphisms in %, then

~Y H
F (e} G = Z m,_—)GH.
H indec.

Definition. The multisemigroup (5(%),¢) of a fiat category % is defined
as follows: S(%) is the set of isomorphism classes of 1-morphisms in €
(including 0),

[F] iod [G] — {({)[H] : mﬁ,G # 0}7 ;SOeG defined and 7& 0v
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F, G are composable indecomposable 1-morphisms in %, then

~Y H
F (e} G = Z m,_—)GH.
H indec.

Definition. The multisemigroup (5(%),¢) of a fiat category % is defined
as follows: S(%) is the set of isomorphism classes of 1-morphisms in €
(including 0),
{[H] : mE . #0}, Fo G defined and # 0;
[Fe el = {O e else

Sometimes S(€) := S(%) \ {0} is closed with respect to .
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Soergel bimodules.
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Further examples

Soergel bimodules.
S(7) « S,

under this identification left cells of S(.#)" correspond to right cells of S,
and vice versa
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Further examples

Soergel bimodules.
S(7) « S,

under this identification left cells of S(.#)" correspond to right cells of S,
and vice versa

The fiat category G4, A=A B - P Ax.
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Further examples

Soergel bimodules.

S(&) < S,

under this identification left cells of S(.#)" correspond to right cells of S,
and vice versa

The fiat category G4, A=A B - P Ax.

two-sided cells: {11}, {1>},..., {Ix}, J := {Aje Qx fA; : e, f-primitive}
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Further examples

Soergel bimodules.
S(7) « S,

under this identification left cells of S(.#)" correspond to right cells of S,
and vice versa

The fiat category G4, A=A B - P Ax.
two-sided cells: {11}, {1>},..., {Ix}, J := {Aje Qx fA; : e, f-primitive}
left cells of J: {Aje ®x fA; : f fixed}
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Further examples

Soergel bimodules.
S(7) « S,

under this identification left cells of S(.#)" correspond to right cells of S,
and vice versa

The fiat category G4, A=A B - P Ax.

two-sided cells: {11}, {1>},..., {Ix}, J := {Aje Qx fA; : e, f-primitive}
left cells of J: {Aje ®x fA; : f fixed}

right cells of J: {Aje Q fA; : e fixed}
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Further examples

Soergel bimodules.
S(7) « S,

under this identification left cells of S(.#)" correspond to right cells of S,
and vice versa

The fiat category G4, A=A B - P Ax.

two-sided cells: {11}, {1>},..., {Ix}, J := {Aje Qx fA; : e, f-primitive}
left cells of J: {Aje ®x fA; : f fixed}

right cells of J: {Aje Q fA; : e fixed}

note: A;f Qi eA; ®a Aje ®x fA; = dim(Aje) Aif @y fA; and dim(Aje) is

F F
constant on a right cell!!!
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@ — fiat category; L — left cell of ¥
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Duflo involution of a left cell

@ — fiat category; L — left cell of ¥
there is i € € such that every F € L belongs to some %1, j)
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Duflo involution of a left cell

@ — fiat category; L — left cell of ¥
there is i € € such that every F € L belongs to some %1, j)

consider P; and for an indecomposable 1-morphism F € £ N %4, j)
denote by P the projective object 0 — F of P;(j) and by Lg the simple
top of Pr
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@ — fiat category; L — left cell of ¥
there is i € € such that every F € L belongs to some %1, j)

consider P; and for an indecomposable 1-morphism F € £ N %4, j)
denote by P the projective object 0 — F of P;(j) and by Lg the simple
top of Pr

Proposition.
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Duflo involution of a left cell

@ — fiat category; L — left cell of ¥
there is i € € such that every F € L belongs to some %1, j)

consider P; and for an indecomposable 1-morphism F € £ N %4, j)
denote by P the projective object 0 — F of P;(j) and by Lg the simple
top of Pr

Proposition.

1. There is a unique K C Py, such that FPy,/K =0 for any F € L
while FX # 0 for any X € top(K).
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Duflo involution of a left cell

@ — fiat category; L — left cell of ¥
there is i € € such that every F € L belongs to some %1, j)

consider P; and for an indecomposable 1-morphism F € £ N %4, j)
denote by P the projective object 0 — F of P;(j) and by Lg the simple
top of Pr

Proposition.

1. There is a unique K C Py, such that FPy,/K =0 for any F € L
while FX # 0 for any X € top(K).

2. K has simple top Lg,.
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Duflo involution of a left cell

@ — fiat category; L — left cell of ¥
there is i € € such that every F € L belongs to some %1, j)

consider P; and for an indecomposable 1-morphism F € £ N %4, j)
denote by P the projective object 0 — F of P;(j) and by Lg the simple
top of Pr

Proposition.

1. There is a unique K C Py, such that FPy,/K =0 for any F € L
while FX # 0 for any X € top(K).

2. K has simple top Lg,.
3. Both G, and G} belong to L.
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Duflo involution of a left cell

@ — fiat category; L — left cell of ¥
there is i € € such that every F € L belongs to some %1, j)

consider P; and for an indecomposable 1-morphism F € £ N %4, j)
denote by P the projective object 0 — F of P;(j) and by Lg the simple
top of Pr

Proposition.

1. There is a unique K C Py, such that FPy,/K =0 for any F € L
while FX # 0 for any X € top(K).

2. K has simple top Lg,.
3. Both G, and G} belong to L.

Definition. G, is the Duflo involution in L
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Cell 2-representation

% — fiat category; L — left cell of ©; G, — Duflo involution
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Cell 2-representation

% — fiat category; L — left cell of ©; G, — Duflo involution
Theorem. X :=add{F L¢, : F € L} is closed under the action of €
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Cell 2-representation

% — fiat category; L — left cell of ©; G, — Duflo involution
Theorem. X :=add{F L¢, : F € L} is closed under the action of €

Definition. The cell 2-representation C, of € corresponding to L is
the finitary 2-representation obtained by restricting the action of € to X.
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% — fiat category; L — left cell of ©; G, — Duflo involution
Theorem. X :=add{F L¢, : F € L} is closed under the action of €

Definition. The cell 2-representation C, of € corresponding to L is
the finitary 2-representation obtained by restricting the action of € to X.

Theorem. Let J be a 2-sided cell of € such that:
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Theorem. X :=add{F L¢, : F € L} is closed under the action of €

Definition. The cell 2-representation C, of € corresponding to L is
the finitary 2-representation obtained by restricting the action of € to X.

Theorem. Let J be a 2-sided cell of € such that:

» different left cells inside J are not comparable w.r.t. the left order;
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% — fiat category; L — left cell of ©; G, — Duflo involution
Theorem. X :=add{F L¢, : F € L} is closed under the action of €

Definition. The cell 2-representation C, of € corresponding to L is
the finitary 2-representation obtained by restricting the action of € to X.

Theorem. Let J be a 2-sided cell of € such that:

» different left cells inside J are not comparable w.r.t. the left order;

» forany £L,R C J we have |[LNR| =1;
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% — fiat category; L — left cell of ©; G, — Duflo involution
Theorem. X :=add{F L¢, : F € L} is closed under the action of €

Definition. The cell 2-representation C, of € corresponding to L is
the finitary 2-representation obtained by restricting the action of € to X.

Theorem. Let J be a 2-sided cell of € such that:

» different left cells inside J are not comparable w.r.t. the left order;
» forany £L,R C J we have |[LNR| =1;

» the function F — mg, where F* o F = mgH is constant on right
cells of J.
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% — fiat category; L — left cell of ©; G, — Duflo involution
Theorem. X :=add{F L¢, : F € L} is closed under the action of €

Definition. The cell 2-representation C, of € corresponding to L is
the finitary 2-representation obtained by restricting the action of € to X.

Theorem. Let J be a 2-sided cell of € such that:

» different left cells inside J are not comparable w.r.t. the left order;
» forany £L,R C J we have |[LNR| =1;

» the function F — mg, where F* o F = mgH is constant on right
cells of J.

The for any two left cells £ and £’ of J the corresponding cell
2-representations are equivalent.
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Endomorphisms cell 2-representation

Main theorem 1.

Under the same conditions as above we have:
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Endomorphisms cell 2-representation

Main theorem 1.
Under the same conditions as above we have:

End¢C, = k-mod.
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Endomorphisms cell 2-representation

Main theorem 1.
Under the same conditions as above we have:

End¢C, = k-mod.

Main theorem 2.
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Endomorphisms cell 2-representation

Main theorem 1.
Under the same conditions as above we have:

End¢C, = k-mod.

Main theorem 2.

If € admits a positive grading, then the third (technical) condition is
redundant.
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Endomorphisms cell 2-representation

Main theorem 1.
Under the same conditions as above we have:

End¢C, = k-mod.

Main theorem 2.

If € admits a positive grading, then the third (technical) condition is
redundant.

Main theorem 3.
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Endomorphisms cell 2-representation

Main theorem 1.
Under the same conditions as above we have:

End¢C, = k-mod.

Main theorem 2.

If € admits a positive grading, then the third (technical) condition is
redundant.

Main theorem 3.

Any J-simple fiat 2-category is biequivalent to a 2-subcategory of €a (in
which we are allowed to take special parts of endomorphisms of
identities).
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Main theorem 1.
Under the same conditions as above we have:

End¢C, = k-mod.

Main theorem 2.

If € admits a positive grading, then the third (technical) condition is
redundant.

Main theorem 3.

Any J-simple fiat 2-category is biequivalent to a 2-subcategory of €a (in
which we are allowed to take special parts of endomorphisms of
identities).
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