
Motivation
Cyclotomic Hecke algebras and quiver Hecke algebras

An x-deformation of the quiver Hecke algebras of type A
Cyclotomic q-Schur and quiver Schur algebras
An x-deformation of the quiver Schur algebras

Quiver Schur algebras

Hu Jun

(Joint work with Andrew Mathas)

University of Stuttgart

September 27, 2012

Hu Jun[0.5cm] (Joint work with Andrew Mathas)[0.8cm] University of Stuttgart[0.5cm] September 27, 2012quiver Schur algebras



Motivation
Cyclotomic Hecke algebras and quiver Hecke algebras

An x-deformation of the quiver Hecke algebras of type A
Cyclotomic q-Schur and quiver Schur algebras
An x-deformation of the quiver Schur algebras

Outline

1 Motivation

2 Cyclotomic Hecke algebras and quiver Hecke algebras

3 An x-deformation of the quiver Hecke algebras of type A

4 Cyclotomic q-Schur and quiver Schur algebras

5 An x-deformation of the quiver Schur algebras

Hu Jun[0.5cm] (Joint work with Andrew Mathas)[0.8cm] University of Stuttgart[0.5cm] September 27, 2012quiver Schur algebras



Motivation
Cyclotomic Hecke algebras and quiver Hecke algebras

An x-deformation of the quiver Hecke algebras of type A
Cyclotomic q-Schur and quiver Schur algebras
An x-deformation of the quiver Schur algebras

Outline

1 Motivation

2 Cyclotomic Hecke algebras and quiver Hecke algebras

3 An x-deformation of the quiver Hecke algebras of type A

4 Cyclotomic q-Schur and quiver Schur algebras

5 An x-deformation of the quiver Schur algebras

Hu Jun[0.5cm] (Joint work with Andrew Mathas)[0.8cm] University of Stuttgart[0.5cm] September 27, 2012quiver Schur algebras



Motivation
Cyclotomic Hecke algebras and quiver Hecke algebras

An x-deformation of the quiver Hecke algebras of type A
Cyclotomic q-Schur and quiver Schur algebras
An x-deformation of the quiver Schur algebras

Outline

1 Motivation

2 Cyclotomic Hecke algebras and quiver Hecke algebras

3 An x-deformation of the quiver Hecke algebras of type A

4 Cyclotomic q-Schur and quiver Schur algebras

5 An x-deformation of the quiver Schur algebras

Hu Jun[0.5cm] (Joint work with Andrew Mathas)[0.8cm] University of Stuttgart[0.5cm] September 27, 2012quiver Schur algebras



Motivation
Cyclotomic Hecke algebras and quiver Hecke algebras

An x-deformation of the quiver Hecke algebras of type A
Cyclotomic q-Schur and quiver Schur algebras
An x-deformation of the quiver Schur algebras

Outline

1 Motivation

2 Cyclotomic Hecke algebras and quiver Hecke algebras

3 An x-deformation of the quiver Hecke algebras of type A

4 Cyclotomic q-Schur and quiver Schur algebras

5 An x-deformation of the quiver Schur algebras

Hu Jun[0.5cm] (Joint work with Andrew Mathas)[0.8cm] University of Stuttgart[0.5cm] September 27, 2012quiver Schur algebras



Motivation
Cyclotomic Hecke algebras and quiver Hecke algebras

An x-deformation of the quiver Hecke algebras of type A
Cyclotomic q-Schur and quiver Schur algebras
An x-deformation of the quiver Schur algebras

Outline

1 Motivation

2 Cyclotomic Hecke algebras and quiver Hecke algebras

3 An x-deformation of the quiver Hecke algebras of type A

4 Cyclotomic q-Schur and quiver Schur algebras

5 An x-deformation of the quiver Schur algebras

Hu Jun[0.5cm] (Joint work with Andrew Mathas)[0.8cm] University of Stuttgart[0.5cm] September 27, 2012quiver Schur algebras



Motivation
Cyclotomic Hecke algebras and quiver Hecke algebras

An x-deformation of the quiver Hecke algebras of type A
Cyclotomic q-Schur and quiver Schur algebras
An x-deformation of the quiver Schur algebras

Type A Iwahori–Hecke algebras at roots of unity

Notations

n ∈ N, e is an integer such that e ≥ 2;

K is the ground field;

ξ ∈ K× such that e is the minimal positive integer satisfying
1 + ξ + ξ2 + · · ·+ ξe−1 = 0;

Hξ(Sn) is the Iwahori–Hecke algebra (over K ) associated to
the symmetric group Sn with parameter ξ;

Pn is the set of partitions of n.
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Specht modules, simple modules and decomposition
numbers

Sλ
K : the Specht module corresponding to λ ∈ Pn;

Dµ
K : the simple module corresponding to µ ∈ Pn with µ being

e-restricted (i.e., µi − µi+1 < e for all i);

dK
λ,µ := [Sλ

K : Dµ
K ] ∈ Z≥0: the decomposition number (i.e., the

multiplicity of Dµ
K as a composition factor in Sλ

K ).

Problem A: Compute (or find a simple algorithm to compute)
dim Dµ

K and dK
λ,µ.
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Independent of K or not?

In the case char K = 0, there is a solution to Problem A(due to
Ariki–Leclerc–Thibon–Lascoux) which uses the theory of Fock
spaces, canonical bases and affine parabolic Kazhdan–Lusztig
polynomials.

In general, the problem remains open.

James’s Conjecture (James, Geck, Fayers, · · · )
Let p := char K . If pe > n or p > w, where w is the e-weight of
µ, then dK

λ,µ = dC
λ,µ and dim Dµ

K = dim Dµ
C.

There is a similar q-Schur algebra version of the above
conjecture.
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Cyclotomic Hecke algebras of type G(`, 1, n)

The cyclotomic Hecke algebras Hn(q,Q) of type G(`,1,n) are
some generalisations of the type A Iwahori–Hecke algebras
Hξ(Sn) and the type B Iwahori–Hecke algebras.

q ∈ K×, the Hecke parameter;

(κ1, . . . , κ`) ∈ Z`: the multi-charge.

Q = (qκ1 , . . . ,qκ`
): the cyclotomic parameters,

where for an integer a ∈ Z we define

qa =

{
qa, if q 6= 1,
a, if q = 1.
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Cyclotomic Hecke algebras of type G(`, 1, n)

Definition
The cyclotomic Hecke algebra Hn(q,Q) of type G(`,1,n) and
with parameters q and Q is the unital associative K -algebra
with generators L1, . . . ,Ln,T1, . . . ,Tn−1 and relations

(L1 − qκ1) . . . (L1 − qκ`
) = 0, Lr Lt = LtLr ,

(Tr + 1)(Tr − q) = 0, Lr+1(Tr − q + 1) = Tr Lr + δq1,

TsTs+1Ts = Ts+1TsTs+1,

Tr Lt = LtTr , if t 6= r , r + 1; Tr Ts = TsTr , if |r − s| > 1;

where 1 ≤ r < n, 1 ≤ s < n − 1 and 1 ≤ t ≤ n.
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Cyclotomic Hecke algebras of type G(`, 1, n)

If q 6= 1, then Hn(q,Q) is isomorphic to the non
degenerated cyclotomic Hecke algebra of type G(`,1,n);

If q = 1, then Hn(q,Q) is isomorphic to the degenerate
cyclotomic Hecke algebra of type G(`,1,n).

Let e be the minimal positive integer such that
1 + q + q2 + · · ·+ qe−1 = 0;

The representation theory of Hn(q,Q) is very similar to that of
Hξ(Sn).

Problem B: To which extent the representation theory of
Hn(q,Q) depends only on e but not on the characteristic of the
ground field K ?.
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Quiver Hecke algebras of type A

In 2008, Khovanov and Lauda, and Rouquier have introduced a
remarkable family of Z-graded algebras which are now known
to categorify the canonical bases of Kac-Moody algebras.

Brundan and Kleshchev initiated the study of cyclotomic
quotients of these algebras by showing that in the case of type
A they are isomorphic to the degenerate and non-degenerate
cyclotomic Hecke algebras of type G(`,1,n).

In this talk, I will concentrated on the type A and linear quiver
case. We assume that e = 0 and q is not a root of unity.
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Quiver Hecke algebras of type A when e = 0

Definition (Khovanov-Lauda, Rouquier)

Let α ∈ Q+
n and Rα be the unital associative K -algebra with

generators: {ψ1, . . . , ψn−1} ∪ {y1, . . . , yn} ∪ {e(i)|i ∈ Iα} and
relations

e(i)e(j) = δije(i),
∑

i∈Iαe(i) = 1,
yr e(i) = e(i)yr , ψr e(i) = e(sr ·i)ψr , yr ys = ysyr ,

ψr ys = ysψr , if s 6= r , r + 1; ψrψs = ψsψr , if |r − s| > 1,

ψr yr+1e(i) =

{
(yrψr + 1)e(i), if ir = ir+1,

yrψr e(i), if ir 6= ir+1

yr+1ψr e(i) =

{
(ψr yr + 1)e(i), if ir = ir+1,

ψr yr e(i), if ir 6= ir+1
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Quiver Hecke algebras of type A when e = 0

ψ2
r e(i) =


0, if ir = ir+1,

e(i), if ir 6= ir+1 ± 1,
(yr+1 − yr )e(i), if ir+1 = ir + 1,
(yr − yr+1)e(i), if ir+1 = ir − 1,

ψrψr+1ψr e(i) =


(ψr+1ψrψr+1 + 1)e(i) if ir+2 = ir = ir+1 − 1,
(ψr+1ψrψr+1 − 1)e(i) if ir+2 = ir = ir+1 + 1,
ψr+1ψrψr+1e(i), otherwise.

for i, j ∈ Iα and all admissible r , s.
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Quiver Hecke algebras of type A

The algebra Rα is called Khovanov-Lauda-Rouquier
algebra of type A, or quiver Hecke algebra of type A,
associated to the linear quiver;

Corollary

There is a unique Z-grading on Rα such that e(i) is of degree 0,
yr is of degree 2, and ψr e(i) is of degree −air ,ir+1 for each r and
i ∈ Iα.
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Cyclotomic quiver Hecke algebras of type A

Let Λ ∈ P+ be a fixed dominant weight.

Definition
The cyclotomic Khovanov-Lauda-Rouquier algebras associated
to the weight Λ and α ∈ Q+ is the quotient algebra of Rα by the

two-sided ideal generated by y
(Λ,αi1

)

1 e(i), for all i ∈ Iα.

Note that from the above definition, the algebra RΛ
α inherited a

natural Z-grading from Rα.
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Cyclotomic quiver algebras of type A

Recall that

Iα := {i = (i1, · · · , in) ∈ Zn|αi1 + · · ·+ αin = α}.

We define
Λ := Λκ1 + · · ·+ Λκ`

,

HΛ
n := Hn(q,Q).

Recall that e(α) =
∑

i∈Iα e(i).

Assume that e(α) 6= 0. That says, there exists t ∈ Std(λ) for
some multipartition λ, such that it ∈ Iα. We define

HΛ
α := e(α)HΛ

n .
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Brundan-Kleshchev’s isomorphism

Theorem (Brundan-Kleshchev, Invent. Math., 178, (2009))

There is a K -algebra isomorphism RΛ
α
∼= HΛ

α .

Note that
HΛ

n = ⊕α∈Q+
n

e(α)HΛ
n = ⊕α∈Q+

n
HΛ

α .

Henceforth, We shall use Brundan-Kleshchev’s
isomorphism to identify HΛ

α with RΛ
α for each α ∈ Q+

n .

In particular, each block algebra HΛ
α was endowed with a

nontrivial Z-grading, and the cyclotomic Hecke algebra HΛ
n

becomes a Z-graded algebra.
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Brundan-Kleshchev’s isomorphism

As an application of Brundan-Kleshchev’s isomorphism, to
study the representation theory of HΛ

n when q is not a root of
unity, we can further assume without loss of generality that q is
an indeterminate over Z.
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Some combinatorics

Pn: the set of multipartitions λ = (λ(1), · · · , λ(`)) of n;

Pn is partially ordered by the dominance order “D”, where
λD µ if

s−1∑
t=1

|λ(t)|+
j∑

i=1

λ
(s)
i >

s−1∑
t=1

|µ(t)|+
j∑

i=1

µ
(s)
i

for all 1 ≤ s ≤ ` and all j > 1;

For λ ∈ Pn, the Young diagram [λ] is defined to be the set

[λ] := {(r , c, l)|1 ≤ c ≤ λ(l)
r ,1 ≤ l ≤ `}.

A λ-tableau t is a bijective map t : [λ]→ {1,2, . . . ,n}. We can
write t = (t(1), · · · , t(`)).
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Some more combinatorics

Std(λ): the set of standard λ-tableaux.

For s ∈ Std(λ), let sk be the subtableau of s labelled by
1,2, · · · , k ;

Given s ∈ Std(λ), t ∈ Std(µ), we write s D t if
Shape(sk ) D Shape(tk ), for k = 1, . . . ,n.

For λ ∈ Pn and γ = (r , c, l) ∈ [λ]. The residue of γ is

res(γ) = c − r + κl ∈ Z.
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If t is a λ-tableau and 1 ≤ k ≤ n set rest(k) = res(γ), where γ
is the unique node in [λ] such that t(γ) = k .

If t is a λ-tableau then its residue sequence res(t) is the
sequence

res(t) = (rest(1), . . . , rest(n)).

We write

it = res(t), Std(i) =
∐

λ∈Pn

{t ∈ Std(λ)| res(t) = i}.
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Degree of tableaux

Let λ ∈ Pn and t ∈ Std(λ). For k = 1, . . . ,n let At(k) be the set
of addable nodes of the multipartition Shape(tk ) which are
below t−1(k). Let Rt(k) be the set of removable nodes of
Shape(tk ) which are below t−1(k).

Definition (Brundan-Kleshchev-Wang)
We define

AΛ
t (k) = {α ∈ At(k)| res(α) = rest(k)},

RΛ
t (k) = {ρ ∈ Rt(k)| res(ρ) = rest(k)},

deg t =
n∑

k=1

(
|AΛ

t (k)| − |RΛ
t (k)|

)
.
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Ungraded cellular basis

Recall that (Dipper-James-Mathas) the cyclotomic Hecke
algebra HΛ

n is a cellular algebra with cellular basis

{ms,t|s, t ∈ Std(λ), λ = (λ(1), · · · , λ(`)) ` n}.

The corresponding cell module (i.e., Specht module) Sλ has a
natural basis of the form

{mλTd(t) + HBλ
n |t ∈ Std(λ)},

where d(t) ∈ Sn such that tλd(t) = t, tλ is the initial standard
λ-tableau.

However, both of these bases are in general not homogeneous.
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Graded cellular algebras

Let R be a Z-graded commutative integral domain.

Definition (Graded cellular algebras)

Suppose that A is a Z-graded R-algebra which is free of finite
rank over R. A graded cell datum for A is an ordered
quadruple (P,T ,C,deg), where (P,B) is the weight poset,
T (λ) is a finite set for λ ∈ P, and

C →
∐
λ∈P

T (λ)×T (λ)→ A; (s, t) 7→ cλ
s,t, and deg :

∐
λ∈P

T (λ)→ Z
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Graded cellular algebras (continued)

Definition (Graded cellular algebras (continued))

are two functions such that C is injective and

(GC1) {cλ
s,t|s, t ∈ T (λ), λ ∈ P} is an R-basis of A.

(GC2) Each basis element cλ
s,t is homogeneous of degree

deg cλ
s,t = deg s + deg t, for λ ∈ P and s, t ∈ T (λ).

(GC3) If s, t ∈ T (λ), for some λ ∈ P, and a ∈ A then there exist
scalars rt,v(a), which do not depend on s, such that

cλ
s,ta =

∑
v∈T (λ)

rt,v(a)cλ
s,v (mod ABλ) ,
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Definition (Graded cellular algebras (continued))

where ABλ is the R-submodule of A spanned by
{cµ

a,b|µB λ and a, b ∈ T (µ)}.

(GC4) The R-linear map ∗ : A→ A determined by (cλ
s,t)

∗ = cλ
t,s, for

all λ ∈ P and all s, t ∈ P, is an anti-isomorphism of A.

A graded cellular algebra is a graded R-algebra which has a
graded cell datum. The basis {cλ

s,t|λ ∈ P and s, t ∈ T (λ)} is a
graded cellular basis of A.
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Graded cellular bases

Let λ ∈ Pn and t ∈ Std(λ). Recall that
AΛ

t (k) = {α ∈ At(k)| res(α) = rest(k)}. We define eλ := e(itλ).

Definition
Let λ ∈ Pn. We define

yλ :=
n∏

k=1

y
|AΛ

tλ
(k)|

k .

In particular, deg(yλ) = 2 deg(tλ).

For each t ∈ Std(λ), we fix a reduced expression sj1sj2 · · · sjk of
d(t) and define ψt = ψj1ψj2 · · ·ψjk .
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Graded cellular bases

Recall that HΛ
n has a unique K -linear anti-automorphism “∗”

which fixes each of the graded generators.

Theorem (Hu-Mathas)

For each λ ∈ Pn and s, t ∈ Std(λ), we define

ψs,t := ψ∗s eλyλψt.

The algebra HΛ
n is a graded cellular algebra with weight poset

(Pn,D) and graded cellular basis {ψs,t|s, t ∈ Std(λ) for λ ∈ Pn}.
In particular, deg(ψs,t) = deg s + deg t, for all s, t ∈ Std(λ),
λ ∈ Pn.
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Graded cellular bases

The relation between the graded cellular basis ψs,t and the
ungraded cellular basis ms,t is given by the following result.

Lemma
Let λ ∈ Pn and s, t ∈ Std(λ). Then there exists a non-zero
scalar c ∈ K , such that

ψs,t = cms,t +
∑

(u,v)B(s,t)

ru,vmu,v,

for some ru,v ∈ K .
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Homogeneous trace form

Definition (Homogeneous trace)

Suppose that α ∈ Q+. Then τα : HΛ
α → K is the map which on a

homogeneous element a ∈ HΛ
α is given by

τα(a) =

{
τ(a), if deg(a) = 2 defα,
0, otherwise.

We define a homogeneous bilinear form 〈 , 〉α on HΛ
α of degree

−2 defα by 〈a,b〉α = τα(ab∗).

Theorem (Hu-Mathas)

Suppose that α ∈ Q+. Then HΛ
α is a graded symmetric algebra

with homogeneous trace form τα of degree −2 defα.
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In Andrew’s talk, for each e-idempotent local subring R, we can
give a KLR-like presentation for the cyclotomic Hecke algebra
defined HΛ

n,O over O. We shall call HΛ
n,O an x-deformation of

the cyclotomic quiver Hecke algebra of type A.

We already noticed KLR-like presentation for HΛ
n,O is not always

homogeneous in an obvious way. However, for certain choices
of the e-idempotent local subring, we can make the
presentation homogeneous.
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Some notations

Let q, xQ1 , xD1 , xD2 , · · · , xD`−1 be `+ 1 commuting
indeterminates over Z. We define

A := Q(q)[xQ1 , xD1 , · · · , xD`−1 ],

A0 := Q(q)[xQ1 , xD1 , · · · , xD`−1 ]
(xQ1 ,xD1 ,··· ,xD`−1 )

,

K := Q(xQ1 , xD1 , · · · , xD`−1 ,q).

We regard A as a Z-graded algebra by putting

deg xQ1 := 2, deg xDi := 0, ∀1 ≤ i ≤ `− 1,
deg u := 0, ∀u ∈ Q(q).
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m0-adic completion

Let m be the maximal ideal of A generated by
xQ1 , xD1 , · · · , xD`−1 . Let m0 be the unique maximal ideals A0.

We use Â0 to denote the corresponding m0-adic completion of
A0. By definition,

Â0 = lim←−
k
A0/m

k
0
∼= lim←−

k≥0
A/mk .
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An x-deformation of the quiver Hecke algebras of type
A

We consider the cyclotomic Hecke algebras Hn,A0 and Hn,K
with parameters q; xQ1 + qκ1 , xQ1+D1 + qκ1 , · · · , xQ1+D`−1 + qκ` .

Theorem (Hu-Mathas)
the algebra Hn,A0 is isomorphic to the A0-algebra which has a
presentation given by the generators:{

fA0
i

∣∣ i ∈ In} ∪ {
ψA0

r
∣∣ 1 ≤ r < n

}
∪

{
yA0

r
∣∣ 1 ≤ r ≤ n

}
, (1)

and the following relations:∏
1≤l≤`
i1=κl

(qi1yA0
1 − xQ1+Dl−1)fA0

i = 0,
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Generators and relations (continued)

fA0
i fA0

j = δijf
A0
i ,

∑
i∈In

fA0
i = 1,

yA0
r fA0

i = fA0
i yA0

r , ψA0
r fA0

i = fA0
sr i ψ

A0
r , yA0

r yA0
s = yA0

s yA0
r ,

ψA0
r yA0

r+1fA0
i = (yA0

r ψA0
r + δir ir+1)f

A0
i , yA0

r+1ψ
A0
r fA0

i = (ψA0
r yA0

r + δir ir+1)f
A0
i ,

ψA0
r yA0

s = yA0
s ψA0

r , if s 6= r , r + 1,

ψA0
r ψA0

s = ψA0
s ψA0

r , if |r − s| > 1,

(ψA0
r )2fA0

i =


(yA0

r − yA0
r+1)f

A0
i , if ir → ir+1,

(yA0
r+1 − yA0

r )fA0
i , if ir ← ir+1,

0, if ir = ir+1,

fA0
i , otherwise.

(ψA0
r ψA0

r+1ψ
A0
r − ψ

A0
r+1ψ

A0
r ψA0

r+1)f
A0
i =


−fA0

i , if ir+2 = ir → ir+1,

fA0
i , if ir+2 = ir ← ir+1,

0, otherwise.
.
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Theorem (continued)

Moreover, the isomorphism sends
(
q−ik Lk − 1

)
fA0
i to yA0

k fA0
i for

each i ∈ In and 1 ≤ k ≤ n. Similar results are also true if we
replace A0 by K.

Let “?” be the anti-involution which is identity on the generators
(1).

Definition
For each λ ∈ Pn, we define

yλ
A0

:=
n∏

k=1

∏
α=(l,r ,c)∈A

tλ
(k)

(
(xQ1+Dl−1+qκl )qc−r−Lk

)
, eλ

A0
:= fA0

itλ
.
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Definition (continued)

Definition
For any s, t ∈ Std(λ), we define

ψA0
s,t = ψA0,?

d(s) eλ
A0

yλ
A0
ψA0

d(t).

Similarly, we have the corresponding definitions with A0
replaced by K.

We define

deg(fA0
i ) = 0, deg(yA0

r ) = 2, deg(ψA0
r fA0

i ) = −air ,ir+1 ,

where (ai,j) is the Cartan matrix associated to the linear quiver.
With these definitions, we remark that all the relations
appeared in the previous lemma are homogeneous.
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Homogeneous cellular basis

Lemma

Let λ ∈ Pn and s, t ∈ Std(λ). Then ψA0
s,t is a homogeneous

element of degree deg s + deg t. Furthermore, The set{
ψA0

s,t

∣∣ s, t ∈ Std(λ), λ ∈ Pn
}

is a cellular A0-basis of Hn,A0 .

The above lemma is also true if we replace A0 by Â0.

As a result, we can regard HΛ
n,cA0

as a generalised Z-graded

cellular Â0-algebras.
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Remark

Let x be an indeterminant over Z. Assume that Q1, · · · ,Ql are
pairwise distinct positive integers. We define O0 := Q[x ,q](x)

and K := Q(x ,q). Let R ∈ {O0,K}. We can also consider the
cyclotomic Hecke algebras Hn,R with parameters

q; xQ1 + qκ1 , · · · , xQ` + qκ` .

It is clear that the algebra Hn,K := Hn,O ⊗O0 K is semisimple.

Corollary
All the previous results (except those involve homogeneous)
are true if we replace A0 and K by O0 and K respectively.
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Homogeneous trace form

Definition

Suppose that β ∈ Q+
n . Let τ

cA0
β : HΛ

β,cA0
→ (Â0)0 be the map

which on a homogeneous element a ∈ HΛ
β,cA0

is given by

τ
cA0
β (a) =

{
(τ(a))0, if deg(a) = 2 defβ,
0, otherwise,

where (τ(a))0 means the degree 0 component of τ(a) ∈ Â0.
Let τ bKβ : HΛ

β,bK
→ K̂ be the natural K̂-linear extension of the map

τ
cA0
β .
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→ (Â0)0 be the map

which on a homogeneous element a ∈ HΛ
β,cA0

is given by

τ
cA0
β (a) =

{
(τ(a))0, if deg(a) = 2 defβ,
0, otherwise,

where (τ(a))0 means the degree 0 component of τ(a) ∈ Â0.
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Homogeneous trace form

Lemma

Suppose that β ∈ Q+
n . Then τ bKβ is a non-degenerate

“homogeneous” trace form on HΛ
β,bK

of “degree” −2 defβ.

Lemma
Let λ, µ ∈ Pn.

Sλ
bK
∼=

(
S bK

λ

)~〈defβ〉. (2)

Furthermore,(
eµ
bK
yµ
bK
HΛ

n,
bK
〈−deg tµ〉

)~ ∼= eµ
bK
yµ
bK
HΛ

n,
bK
〈−deg tµ − 2 defβ〉. (3)
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(Ungraded) permutation modules

Let λ ∈ PΛ
n . If 1 ≤ k ≤ n and t = (t(1), . . . , t(`)) is a tableau then

compt(k) = s if k appears in t(s). Define mλ = uλxλ where

uλ =
n∏

k=1

∏̀
s=comp

tλ
(k)+1

(Lk − qκs) and xλ =
∑

w∈Sλ

Tw ,

Definition

We define Mλ := mλHΛ
n . We call Mλ (the ungraded)

permutation module associated to λ.
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Graded cyclotomic q-Schur algebras

Definition
The cyclotomic Schur algebra is the algebra

SDJM
n = EndHΛ

n

( ⊕
λ∈PΛ

n

Mλ
)
.

By a result of Lyle–Mathas and of Brundan–Kleshchev, the
blocks of SDJM

n are again labelled by Q+
n .
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Graded permutation modules

Reference:
Hu–Mathas, Quiver Schur algebras for the linear quivers, I,
arXiv:1110.1699, (2011).

Definition

Let µ ∈ PΛ
n . We define

Gµ = eµyµRΛ
n 〈−deg tµ〉.

We call Gµ the graded permutation module associated to µ.

If µ, λ ∈ PΛ
n define

Stdµ(λ) =
{
s ∈ Std(λ)

∣∣ s D tµ and res(s) = iµ}
}
.
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(Ungraded) permutation modules

Theorem

Suppose that µ ∈ PΛ
n . Then Gµ is a free module with basis

given by {
ψst

∣∣ s ∈ Stdµ(ν) and t ∈ Std(ν) for ν ∈ PΛ
n
}
.

Definition (Hu–Mathas)

Let GΛ
n =

⊕
µ∈PΛ

n
Gµ. The quiver Schur algebra of type (Γe,Λ)

is the endomorphism algebra

SΛ
n = SΛ

n (Γe) = ENDRΛ
n
(GΛ

n ).
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Quiver Schur algebras

For λ ∈ PΛ
n , let T λ :=

{
(µ, s)

∣∣ s ∈ Stdµ(λ) for µ ∈ PΛ
n
}

.

Theorem (Hu–Mathas)
Suppose that e = 0 or e > n and let Z be an integral domain
such that e is invertible in Z whenever e 6= 0 and e is not
prime. Then SΛ

n is a graded cellular algebra with cellular basis{
Ψµν

st

∣∣ (µ, s), (ν, t) ∈ T λ and λ ∈ PΛ
n ,

weight poset (PΛ
n ,D) and degree function

deg Ψµν
st = deg s− deg tµ + deg t− deg tν .
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Quiver Schur algebras

Corollary

Suppose that e = 0 or e > n. Then SΛ
n is quasi-hereditary

graded cellular algebra.

Theorem (Hu–Mathas)
Suppose that Z is a field and that e = 0 or e > n. Then there
is an equivalence of highest weight categories

EΛ
DJM : SΛ

n -Mod ∼−→ SDJM
n -Mod .

In particular, up to Morita equivalence, SDJM
n depends only

on e, Λ and the characteristic of Z.
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Some notations

Recall that

A0 := Q(q)[xQ1 , xD1 , · · · , xD`−1 ]
(xQ1 ,xD1 ,··· ,xD`−1 )

,

O0 := Q[x ,q](x).

We assume that Q1 < Q2 < · · · < Q`, and define

Di := Qi+1 −Q1, ∀1 ≤ i ≤ `− 1.
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An x-deformation of the quiver Schur algebras

Let R ∈ {A0,O0}.

Lemma
Let λ, µ ∈ Pn and s, t ∈ Stdµ(λ). Then the elements in the
following set{

ψR
s,v

∣∣ s ∈ Stdµ(λ), v ∈ Std(λ), λ ∈ Pn
}

form an R-basis of eµ
Ryµ

RH
Λ
n,R, and the elements in the following

set {
ψR

u,t

∣∣ t ∈ Stdµ(λ), u ∈ Std(λ), λ ∈ Pn
}

form an R-basis of HΛ
n,Reµ

Ryµ
R .
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A cellular basis for the x-deformation

Definition
Let λ, µ, ν ∈ Pn and s ∈ Stdµ(λ), t ∈ Stdν(λ). We define

Ψµ,ν
s,t,R : eν

Ryν
RH

Λ
n,R → eµ

Ryµ
OH

Λ
n,R

eν
Ryν

Rh 7→ ψR
s,th, ∀h ∈ HΛ

n,R.

Theorem

The elements in
{
Ψµ,ν

s,t,R

∣∣ s ∈ Stdµ(λ), t ∈ Stdν(λ), λ ∈ Pn
}

form
an R-basis of HomHΛ

n,R

(
G(ν)R,G(µ)R

)
. Furthermore,

deg Ψµ,ν
s,t,A0

= deg s + deg t− deg tµ − deg tν .
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An x-deformation of the cyclotomic quiver Schur
algebras

Definition

Let β ∈ Q+
n . We define SΛ

β,R := EndHΛ
n,R

(⊕
µ∈Pβ

eµ
Ryµ

RH
Λ
n,R

)
.

We shall call SΛ
β,R an x-deformation of the cyclotomic quiver

Schur algebras.
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An x-deformation of the cyclotomic quiver Schur
algebras

Theorem (Hu–Mathas)

Let β ∈ Q+
n and µ ∈ Pβ . Then there exists an element

C
bO0

µ ∈ eµyµHΛ
cO0

such that the map eµyµh 7→ C
bO0

µ h defines a

primitive idempotent in SΛ
β, bO0

, and

C bO0
µ = f Q(x ,q)

tµ,tµ +
∑

s,t∈Stdµ(λ)
µCλ∈Pβ

as,tf
Q(x ,q)
s,t ,

where as,t 6= 0 only if deg s,deg t > deg tµ,
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Applications

In Andrew’s talk, for any λ ∈ Pn and any s, t ∈ Std(λ), there is
an element CO0

s,t ∈ HΛ
n,O0

, such that {CO0
s,t } form a cellular

O0-basis of HΛ
n,O0

.

Theorem
If D1, · · · ,D`−1 are large enough with respect to n,Q1, then we
have that

C bO0
µ ⊗ bO0

1Q(q) = CO0
tµ,tµ ⊗O0 1Q(q),

and it generates (as a right ideal) the Young module Y µ
Q(q) of

HΛ
n,Q(q).
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Applications (continued)

Let p be a fixed prime number. Recall that

Op := Fp[x ,q](x), O := Z[x ,q](x ,p), O0 := Q[x ,q](x).

For any λ ∈ Pn and any s, t ∈ Std(λ), there is an element
COp

s,t ∈ HΛ
n,Op

, such that {COp
s,t } form a cellular Op-basis of

HΛ
n,Op

.

Note that, in general it is not clear whether CO0
tµ,tµ ∈ HΛ

n,O or not,
not even to say

CO0
tµ,tµ ⊗O 1Fp(q) = COp

tµ,tµ?
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Corollary

Let λ ∈ Pn. Then dimq Pλ
Q(q) = dimq Pλ

Fp(q) only if CO0
tµ,tµ ∈ HΛ

n,O
and

CO0
tµ,tµ = f Q(x ,q)

tµ,tµ +
∑

deg s,deg t>deg tµ

rs,tf
Q(x ,q)
s,t ,

for certain choices of Q1,D1, · · · ,D`−1. In that case,

COp
tµ,tµ = CO0

tµ,tµ ⊗O 1Fp(q).

It seems likely that the converse of the above corollary is also
true.
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Thank you!
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