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n €N, eis an integer such that e > 2;
K is the ground field;

&£ € K* such that e is the minimal positive integer satisfying
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Motivation

Type A lwahori—Hecke algebras at roots of unity

Notations
n €N, eis an integer such that e > 2;
K is the ground field;

&£ € K* such that e is the minimal positive integer satisfying
T+E+E 4+ 1=0;

He(Sp) is the lwahori-Hecke algebra (over K) associated to
the symmetric group &, with parameter ¢;

Pn is the set of partitions of n.
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Specht modules, simple modules and decomposition
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S,A(: the Specht module corresponding to A € Pp;
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D)¢: the simple module corresponding to 1 € P, with 1 being
e-restricted (i.e., uj — pjr 1 < e for all i);
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Specht modules, simple modules and decomposition
numbers

S,A(: the Specht module corresponding to A € Pp;

D)¢: the simple module corresponding to 1 € P, with 1 being
e-restricted (i.e., uj — pjr 1 < e for all i);

df, =[Sk : Di] € Z=°: the decomposition number (i.e., the
multiplicity of Dl as a composition factor in Sj).
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Motivation

Specht modules, simple modules and decomposition
numbers

S,A(: the Specht module corresponding to A € Pp;

D)¢: the simple module corresponding to 1 € P, with 1 being
e-restricted (i.e., uj — pjr 1 < e for all i);

df, =[Sk : Di] € Z=°: the decomposition number (i.e., the
multiplicity of Dl as a composition factor in Sj).

Problem A: Compute (or find a simple algorithm to compute)
dim Dy and df .
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Motivation

Independent of K or not?

In the case char K = 0, there is a solution to Problem A(due to
Ariki—Leclerc—Thibon—Lascoux) which uses the theory of Fock
spaces, canonical bases and affine parabolic Kazhdan—Lusztig
polynomials.
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In general, the problem remains open.
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Motivation

Independent of K or not?

In the case char K = 0, there is a solution to Problem A(due to
Ariki—Leclerc—Thibon—Lascoux) which uses the theory of Fock
spaces, canonical bases and affine parabolic Kazhdan—Lusztig
polynomials.

In general, the problem remains open.

James’s Conjecture (James, Geck, Fayers, - - -)

Letp:=charK. If pe > norp > w, where w is the e-weight of
u, then dff = df = and dim Djc = dim DZ.

There is a similar g-Schur algebra version of the above
conjecture.
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Cyclotomic Hecke algebras and quiver Hecke algebras

Cyclotomic Hecke algebras of type G(¢, 1, n)
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Cyclotomic Hecke algebras and quiver Hecke algebras

Cyclotomic Hecke algebras of type G(¢, 1, n)

The cyclotomic Hecke algebras Hn(q, Q) of type G(¢, 1, n) are
some generalisations of the type A Iwahori—-Hecke algebras
He(Sp) and the type B lwahori-Hecke algebras.
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some generalisations of the type A Iwahori—-Hecke algebras
He(Sp) and the type B lwahori-Hecke algebras.

g € K*, the Hecke parameter;

(K1,...,k¢) € Z*: the multi-charge.

Hu Jun[0.5cm] (Joint work with Andrew Mathas)[0.8cm] University  quiver Schur algebras



Cyclotomic Hecke algebras and quiver Hecke algebras

Cyclotomic Hecke algebras of type G(¢, 1, n)

The cyclotomic Hecke algebras Hn(q, Q) of type G(¢, 1, n) are
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Cyclotomic Hecke algebras and quiver Hecke algebras

Cyclotomic Hecke algebras of type G(¢, 1, n)

The cyclotomic Hecke algebras Hn(q, Q) of type G(¢, 1, n) are
some generalisations of the type A Iwahori—-Hecke algebras
He(Sp) and the type B lwahori-Hecke algebras.

g € K*, the Hecke parameter;

(K1,...,k¢) € Z*: the multi-charge.

Q= (9gx,---,9s,): the cyclotomic parameters,
where for an integer a € Z we define

{qa, it g #1,
Qa = .
a |ifg=1.
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Cyclotomic Hecke algebras and quiver Hecke algebras

Cyclotomic Hecke algebras of type G(¢, 1, n)

Definition

The cyclotomic Hecke algebra 7 ,(q, Q) of type G(¢, 1, n) and
with parameters g and Q is the unital associative K-algebra
with generators Ly,...,Ln, T1,..., To_4 and relations
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Cyclotomic Hecke algebras of type G(¢, 1, n)

Definition

The cyclotomic Hecke algebra 7 ,(q, Q) of type G(¢, 1, n) and
with parameters g and Q is the unital associative K-algebra
with generators Ly,...,Ln, T1,..., To_4 and relations

(L‘l_qlﬁ)"-(L'l_qﬂg):O; Lth:LtLﬁ
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Cyclotomic Hecke algebras of type G(¢, 1, n)

Definition

The cyclotomic Hecke algebra 7 ,(q, Q) of type G(¢, 1, n) and
with parameters g and Q is the unital associative K-algebra
with generators Ly,...,Ln, T1,..., To_4 and relations

(L1 _qlﬁ)"-(L'I _qﬂg) :07 Lth: LtLﬁ
(Tr+1)(Tr—Q) =0, Lr+1(Tr_q+1) = TrLr‘|‘5q1a
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Cyclotomic Hecke algebras and quiver Hecke algebras

Cyclotomic Hecke algebras of type G(¢, 1, n)

Definition

The cyclotomic Hecke algebra 7 ,(q, Q) of type G(¢, 1, n) and
with parameters g and Q is the unital associative K-algebra
with generators Ly,...,Ln, T1,..., To_4 and relations

(L‘l_qlﬁ)"-(L'l_qﬂg):O; Lth:LtLﬁ
(Tr"’ 1)(Tr— CI) =0, Lr+1(Tr —q+ 1) = TrLr‘|‘5q1a
Ts Ts+1 Ts = Ts+1 Ts TS+13

Hu Jun[0.5cm] (Joint work with Andrew Mathas)[0.8cm] University  quiver Schur algebras



Cyclotomic Hecke algebras and quiver Hecke algebras

Cyclotomic Hecke algebras of type G(¢, 1, n)

Definition

The cyclotomic Hecke algebra 7 ,(q, Q) of type G(¢, 1, n) and
with parameters g and Q is the unital associative K-algebra
with generators Ly,...,Ln, T1,..., To_4 and relations

(L1 = Qxy)--- (L1 — Qs,) =0, LeLt = LeLy,
(Tr+1)(Tr—q) =0, L1(Tr—qg+1)=TLr+ g1,
TsTs+1 Ts: Ts+1 TSTS+13

TLy = LTy, ift£r,r+1; T, Ts = TsTy, if|r—s| > 1;
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Cyclotomic Hecke algebras and quiver Hecke algebras

Cyclotomic Hecke algebras of type G(¢, 1, n)

Definition

The cyclotomic Hecke algebra 7 ,(q, Q) of type G(¢, 1, n) and
with parameters g and Q is the unital associative K-algebra
with generators Ly,...,Ln, T1,..., To_4 and relations

(L1 = Qxy)--- (L1 — gx,) =0, LeLy= LiLy,
(Tr+1)(Tr—q)=0, L 4(Tr—q+1)=TiLr+ g1,
TsTs+1 Ts = Ts+1 TSTS+13

TLy = LTy, ift£r,r+1; T, Ts = TsTy, if|r—s| > 1;

where1 <r<ni1<s<n-—-1t1and1<t<n.
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Cyclotomic Hecke algebras and quiver Hecke algebras

Cyclotomic Hecke algebras of type G(¢, 1, n)

@ If g # 1, then H,(g, Q) is isomorphic to the non
degenerated cyclotomic Hecke algebra of type G(¢, 1, n);
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@ If g # 1, then H,(g, Q) is isomorphic to the non
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Cyclotomic Hecke algebras and quiver Hecke algebras

Cyclotomic Hecke algebras of type G(¢, 1, n)

@ If g # 1, then H,(g, Q) is isomorphic to the non
degenerated cyclotomic Hecke algebra of type G(¢, 1, n);

e If g =1, then H,(q, Q) is isomorphic to the degenerate
cyclotomic Hecke algebra of type G(¢, 1, n).

Let e be the minimal positive integer such that
1+9+¢°+---+q° 1 =0;
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Cyclotomic Hecke algebras of type G(¢, 1, n)

@ If g # 1, then H,(g, Q) is isomorphic to the non
degenerated cyclotomic Hecke algebra of type G(¢, 1, n);

e If g =1, then H,(q, Q) is isomorphic to the degenerate
cyclotomic Hecke algebra of type G(¢, 1, n).

Let e be the minimal positive integer such that
1+9+¢°+---+q° 1 =0;
The representation theory of H,(q, Q) is very similar to that of
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Cyclotomic Hecke algebras and quiver Hecke algebras

Cyclotomic Hecke algebras of type G(¢, 1, n)

@ If g # 1, then H,(g, Q) is isomorphic to the non
degenerated cyclotomic Hecke algebra of type G(¢, 1, n);

e If g =1, then H,(q, Q) is isomorphic to the degenerate
cyclotomic Hecke algebra of type G(¢, 1, n).

Let e be the minimal positive integer such that
1+9+¢°+---+q° 1 =0;

The representation theory of H,(q, Q) is very similar to that of
Problem B: To which extent the representation theory of
Hn(qg, Q) depends only on e but not on the characteristic of the
ground field K?.
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Cyclotomic Hecke algebras and quiver Hecke algebras

Quiver Hecke algebras of type A

In 2008, Khovanov and Lauda, and Rouquier have introduced a
remarkable family of Z-graded algebras which are now known
to categorify the canonical bases of Kac-Moody algebras.
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Quiver Hecke algebras of type A

In 2008, Khovanov and Lauda, and Rouquier have introduced a
remarkable family of Z-graded algebras which are now known
to categorify the canonical bases of Kac-Moody algebras.

Brundan and Kleshchev initiated the study of cyclotomic
quotients of these algebras by showing that in the case of type
A they are isomorphic to the degenerate and non-degenerate
cyclotomic Hecke algebras of type G(¢, 1, n).
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Quiver Hecke algebras of type A

In 2008, Khovanov and Lauda, and Rouquier have introduced a
remarkable family of Z-graded algebras which are now known
to categorify the canonical bases of Kac-Moody algebras.

Brundan and Kleshchev initiated the study of cyclotomic
quotients of these algebras by showing that in the case of type
A they are isomorphic to the degenerate and non-degenerate
cyclotomic Hecke algebras of type G(¢, 1, n).

In this talk, | will concentrated on the type A and linear quiver
case. We assume that e = 0 and q is not a root of unity.
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remarkable family of Z-graded algebras which are now known
to categorify the canonical bases of Kac-Moody algebras.

Brundan and Kleshchev initiated the study of cyclotomic
quotients of these algebras by showing that in the case of type
A they are isomorphic to the degenerate and non-degenerate
cyclotomic Hecke algebras of type G(¢, 1, n).

In this talk, | will concentrated on the type A and linear quiver
case. We assume that e = 0 and q is not a root of unity.

Hu Jun[0.5cm] (Joint work with Andrew Mathas)[0.8cm] University  quiver Schur algebras



Cyclotomic Hecke algebras and quiver Hecke algebras

Quiver Hecke algebras of type Awhen e =0

Definition (Khovanov-Lauda, Rouquier)

Let « € @ and R, be the unital associative K-algebra with
generators:
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Cyclotomic Hecke algebras and quiver Hecke algebras

Quiver Hecke algebras of type Awhen e =0

Definition (Khovanov-Lauda, Rouquier)

Let « € @ and R, be the unital associative K-algebra with

generators: {¢1,...,¢¥p_1}U{y1,...,¥nt U {e(i)|ie [*} and
relations
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Cyclotomic Hecke algebras and quiver Hecke algebras

Quiver Hecke algebras of type Awhen e =0

Definition (Khovanov-Lauda, Rouquier)

Let « € @ and R, be the unital associative K-algebra with
generators: {¢1,...,¢¥p_1}U{y1,...,¥nt U {e(i)|ie [*} and

relations
e(i)e(i) = gje(i), Diceli) =1,
yre(i) = e(i)yr, vre(i) = e(sri)vr, ¥rys = ysyr,
Yrys = Ystr, ifsF£r,r+1; Yrips = Ysihy, if|r—s| > 1,
o e+ 1)e(i), if iy = iryq,
et al = {yrwre(i), i, # iy
(ryr +1)e(i), if ir = ipyq,
T/Jr}/re(i), |f ir 75 ir+1

Yrp1re(i) = {
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Cyclotomic Hecke algebras and quiver Hecke algebras

Quiver Hecke algebras of type Awhen e =0

0, if i = iryq,
e(i), A =
Vre1 —yr)e(i), i1 =ir+1,
Vr = Yrgr)e(i), ifiq =i —1,
(Vra1orbrr +1)e(i) i =ir = irypq — 1,
Yrbrrpre(l) = S (Vrp1torbrr — 1)e(i) i ipo =i = g + 1,
Yrid ¢r7/)r+1 e(i), otherwise.

Vee(i) =

fori,j € I* and all admissible r, s.
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Cyclotomic Hecke algebras and quiver Hecke algebras

Quiver Hecke algebras of type A

@ The algebra R, is called Khovanov-Lauda-Rouquier
algebra of type A, or quiver Hecke algebra of type A,
associated to the linear quiver;
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Cyclotomic Hecke algebras and quiver Hecke algebras

Quiver Hecke algebras of type A

@ The algebra R, is called Khovanov-Lauda-Rouquier
algebra of type A, or quiver Hecke algebra of type A,
associated to the linear quiver;

There is a unique 7Z-grading on R,, such that e(i) is of degree 0,

yr is of degree 2, and « (i) is of degree —a;, ; , for each r and

iel*.

ir+1
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Cyclotomic Hecke algebras and quiver Hecke algebras

Cyclotomic quiver Hecke algebras of type A

Let A € P, be a fixed dominant weight.
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Cyclotomic Hecke algebras and quiver Hecke algebras

Cyclotomic quiver Hecke algebras of type A

Let A € P, be a fixed dominant weight.

Definition
The cyclotomic Khovanov-Lauda-Rouquier algebras associated
to the weight A and o € Q. is the quotient algebra of R,, by the

two-sided ideal generated by yfA’a"‘)e(i), for alli € /.
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Let A € P, be a fixed dominant weight.

Definition
The cyclotomic Khovanov-Lauda-Rouquier algebras associated
to the weight A and o € Q. is the quotient algebra of R,, by the

two-sided ideal generated by yfA’a"‘)e(i), for alli € /.
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Cyclotomic Hecke algebras and quiver Hecke algebras

Cyclotomic quiver Hecke algebras of type A

Let A € P, be a fixed dominant weight.

Definition

The cyclotomic Khovanov-Lauda-Rouquier algebras associated
to the weight A and o € Q. is the quotient algebra of R,, by the

two-sided ideal generated by yfA’a"‘)e(i), for alli € /.

Note that from the above definition, the algebra RQ inherited a
natural Z-grading from R,,.
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Cyclotomic Hecke algebras and quiver Hecke algebras

Cyclotomic quiver algebras of type A

Recall that
1“ = {i:(l'lv ,in) GZn’aﬁ +'”+ain :Oé}.

We define
Ai=NAg, + -+ A,

H,/7\ = Hn(q7 Q)
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Cyclotomic Hecke algebras and quiver Hecke algebras

Cyclotomic quiver algebras of type A

Recall that
1“ = {i:(l'lv ,in) GZn’aﬁ +'”+ain :Oé}.

We define
Ai=NAg, + -+ A,
HI/I\ = Hn(q, Q)

Recall that e(a) = } icja €(i).
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Cyclotomic Hecke algebras and quiver Hecke algebras

Cyclotomic quiver algebras of type A

Recall that
1“ = {i:(l'lv ,in) GZn’aﬁ +'”+ain :Oé}.

We define
Ni= Ny + -+ Ny,
H) = H,(q,Q).
Recall that e(a) = } icja €(i).
Assume that e(«) # 0.

Hu Jun[0.5cm] (Joint work with Andrew Mathas)[0.8cm] University  quiver Schur algebras



Cyclotomic Hecke algebras and quiver Hecke algebras

Cyclotomic quiver algebras of type A

Recall that
1“ = {i:(l'lv ,in) GZn’aﬁ +'”+a/’n :Oé}.

We define
Ai=NAg, + -+ A,
HI/I\ = Hn(q, Q)
Recall that e(a) = > i o €(i).

Assume that e(«) # 0. That says, there exists t € Std(\) for
some multipartition ), such that it € /.
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Cyclotomic Hecke algebras and quiver Hecke algebras

Cyclotomic quiver algebras of type A

Recall that
1“ = {i:(l'lv ,in) GZn’aﬁ +'”+a/’n :Oé}.

We define
Ai=NAg, + -+ A,
HI/I\ = Hn(q, Q)
Recall that e(a) = > i o €(i).
Assume that e(«) # 0. That says, there exists t € Std(\) for
some multipartition ), such that it € /. We define

H) .= e(a)HA.

«
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Cyclotomic Hecke algebras and quiver Hecke algebras

Brundan-Kleshchev’s isomorphism

Theorem (Brundan-Kleshcheyv, Invent. Math., 178, (2009))
There is a K -algebra isomorphism R} = H.
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Brundan-Kleshchev’s isomorphism

Theorem (Brundan-Kleshcheyv, Invent. Math., 178, (2009))
There is a K -algebra isomorphism R} = H.
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Cyclotomic Hecke algebras and quiver Hecke algebras

Brundan-Kleshchev’s isomorphism

Theorem (Brundan-Kleshcheyv, Invent. Math., 178, (2009))
There is a K -algebra isomorphism R} = H.

Note that
Hrll\ = @QEQ;F e(oz)H;,\ = @QEQ;H({Y\‘
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Cyclotomic Hecke algebras and quiver Hecke algebras

Brundan-Kleshchev’s isomorphism

Theorem (Brundan-Kleshcheyv, Invent. Math., 178, (2009))
There is a K -algebra isomorphism R} = H.

Note that
Hrll\ = @QEQ;F e(oz)H;,\ = @QEQ;H({Y\‘

Henceforth, We shall use Brundan-Kleshchev’s
isomorphism to identify H with R for each o € Q}.
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Cyclotomic Hecke algebras and quiver Hecke algebras

Brundan-Kleshchev’s isomorphism

Theorem (Brundan-Kleshcheyv, Invent. Math., 178, (2009))
There is a K -algebra isomorphism R} = H.

Note that

Hrll\ = @QEQ;F e(oz)H;,\ = @QEQ;H({Y\‘
Henceforth, We shall use Brundan-Kleshchev’s
isomorphism to identify H with R for each o € Q}.

In particular, each block algebra H? was endowed with a
nontrivial Z-grading, and the cyclotomic Hecke algebra H
becomes a Z-graded algebra.
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Cyclotomic Hecke algebras and quiver Hecke algebras

Brundan-Kleshchev’s isomorphism

As an application of Brundan-Kleshchev’s isomorphism, to
study the representation theory of HY when g is not a root of
unity,
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Cyclotomic Hecke algebras and quiver Hecke algebras

Brundan-Kleshchev’s isomorphism

As an application of Brundan-Kleshchev’s isomorphism, to
study the representation theory of HY when g is not a root of

unity, we can further assume without loss of generality that g is
an indeterminate over Z.
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Cyclotomic Hecke algebras and quiver Hecke algebras

Some combinatorics

Ppn: the set of multipartitions A = (A( ... X)) of n;
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Cyclotomic Hecke algebras and quiver Hecke algebras

Some combinatorics

Ppn: the set of multipartitions A = (A( ... X)) of n;

Pn is partially ordered by the dominance order “&>", where
Al if

s—1 J s—1 )i
SO+ 3TN S0 3
t=1 i=1 t=1 i=1

forall1 <s</andallj>1;
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Cyclotomic Hecke algebras and quiver Hecke algebras

Some combinatorics

Ppn: the set of multipartitions A = (A( ... X)) of n;

Pn is partially ordered by the dominance order “&>", where
Al if

s—1 ) s—1 J
PBLSED SIS BIAIED By
t=1 i=1 t=1 i=1

forall1 <s</andallj>1;

For A € Pp, the Young diagram [)] is defined to be the set
= {(r,c.hi<c< A1 <1<

A \-tableau tis a bijective map t: [\]| — {1,2,...,n}. We can
write t = (¢, ... 4(9),

Hu Jun[0.5cm] (Joint work with Andrew Mathas)[0.8cm] University  quiver Schur algebras



Cyclotomic Hecke algebras and quiver Hecke algebras

Some combinatorics

Ppn: the set of multipartitions A = (A( ... X)) of n;

Pn is partially ordered by the dominance order “&>", where
Al if

s—1 ) s—1 J
PBLSED SIS BIAIED By
t=1 i=1 t=1 i=1

forall1 <s</andallj>1;

For A € Pp, the Young diagram [)] is defined to be the set
= {(r,c.hi<c< A1 <1<

A \-tableau tis a bijective map t: [\]| — {1,2,...,n}. We can
write t = (¢, ... 4(9),
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Cyclotomic Hecke algebras and quiver Hecke algebras

Some more combinatorics

Std(\): the set of standard A-tableaux.
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Cyclotomic Hecke algebras and quiver Hecke algebras

Some more combinatorics

Std(\): the set of standard A-tableaux.

For s € Std(\), let s be the subtableau of s labelled by
1 ,27 cee k,
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Cyclotomic Hecke algebras and quiver Hecke algebras

Some more combinatorics

Std(\): the set of standard A-tableaux.

For s € Std(\), let s be the subtableau of s labelled by
1 ,27 cee k,

Given s € Std(\), t € Std(u), we write s > t if
Shape(sk) > Shape(tx), fork =1,...,n.

Hu Jun[0.5cm] (Joint work with Andrew Mathas)[0.8cm] University  quiver Schur algebras



Cyclotomic Hecke algebras and quiver Hecke algebras

Some more combinatorics

Std(\): the set of standard A-tableaux.

For s € Std(\), let s be the subtableau of s labelled by
1 ,27 cee k,

Given s € Std(\), t € Std(u), we write s > t if
Shape(sk) > Shape(tx), fork =1,...,n.

For A € P,and v = (r,c,/) € [\]. The residue of v is

res(y)=c—r+x €Z.
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Cyclotomic Hecke algebras and quiver Hecke algebras

If tis a A-tableau and 1 < k < n set resy(k) = res(v), where ~
is the unique node in [A] such that t() = k.
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Cyclotomic Hecke algebras and quiver Hecke algebras

If tis a A-tableau and 1 < k < n set resy(k) = res(v), where ~
is the unique node in [A] such that t() = k.

If tis a \-tableau then its residue sequence res(t) is the
sequence
res(t) = (res¢(1),...,res¢(n)).
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Cyclotomic Hecke algebras and quiver Hecke algebras

If tis a A-tableau and 1 < k < n set resy(k) = res(v), where ~
is the unique node in [A] such that t() = k.

If tis a \-tableau then its residue sequence res(t) is the
sequence
res(t) = (res¢(1),...,res¢(n)).

We write

it=res(t), Std(i)= J] {te Std())|res(t) =i}.
AEPn
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Cyclotomic Hecke algebras and quiver Hecke algebras

Degree of tableaux

Let A € Ppand t € Std(\). For k = 1,...,nlet A(k) be the set
of addable nodes of the multipartition Shape(tx) which are
below t~'(k).
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Cyclotomic Hecke algebras and quiver Hecke algebras

Degree of tableaux

Let A € Ppand t € Std(\). For k = 1,...,nlet A(k) be the set
of addable nodes of the multipartition Shape(tx) which are
below t~'(k). Let R(k) be the set of removable nodes of
Shape(tx) which are below t~'(k).
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Cyclotomic Hecke algebras and quiver Hecke algebras

Degree of tableaux

Let A € Ppand t € Std(\). For k = 1,...,nlet A(k) be the set
of addable nodes of the multipartition Shape(tx) which are
below t~'(k). Let R(k) be the set of removable nodes of
Shape(tx) which are below t~'(k).

Definition (Brundan-Kleshchev-Wang)
We define

Al (k) = {a € A(k)|res(a) = res(k)},
R (k) = {p € Ru(k)|res(p) = res((k)},

n

degt =" (JANK)| - IR(K)I)-

k=1
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Cyclotomic Hecke algebras and quiver Hecke algebras

Ungraded cellular basis

Recall that (Dipper-James-Mathas) the cyclotomic Hecke
algebra H) is a cellular algebra with cellular basis

{Mg s, t € StA(A), A = (A, -+ AO) k- n}.
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Cyclotomic Hecke algebras and quiver Hecke algebras

Ungraded cellular basis

Recall that (Dipper-James-Mathas) the cyclotomic Hecke
algebra H) is a cellular algebra with cellular basis

{mss, t € Std(A), A = (A, .- AO) -},
The corresponding cell module (i.e., Specht module) Sy has a
natural basis of the form
{mA Td(t) + Hrll>/\‘f S Std()\)},

where d(t) € &, such that t*d(t) = t, t* is the initial standard
A-tableau.
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Cyclotomic Hecke algebras and quiver Hecke algebras

Ungraded cellular basis

Recall that (Dipper-James-Mathas) the cyclotomic Hecke
algebra H) is a cellular algebra with cellular basis

{Mg s, t € StA(A), A = (A, -+ AO) k- n}.

The corresponding cell module (i.e., Specht module) Sy has a
natural basis of the form

{mA Td(t) + Hrll>/\‘f S Std()\)},

where d(t) € &, such that t*d(t) = t, t* is the initial standard
A-tableau.

However, both of these bases are in general not homogeneous.
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Cyclotomic Hecke algebras and quiver Hecke algebras

Graded cellular algebras

Let R be a Z-graded commutative integral domain.
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Cyclotomic Hecke algebras and quiver Hecke algebras

Graded cellular algebras

Let R be a Z-graded commutative integral domain.

Definition (Graded cellular algebras)

Suppose that A is a Z-graded R-algebra which is free of finite
rank over R. A graded cell datum for A is an ordered
quadruple (P, T, C,deg), where (P, >) is the weight poset,
T()) is afinite set for A € P, and

C— [] T)xT(\) = Ai(s,t) — ¢, and deg : [ T())
AEP AEP
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Cyclotomic Hecke algebras and quiver Hecke algebras

Graded cellular algebras (continued)

Definition (Graded cellular algebras (continued))
are two functions such that C is injective and
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Cyclotomic Hecke algebras and quiver Hecke algebras

Graded cellular algebras (continued)

Definition (Graded cellular algebras (continued))
are two functions such that C is injective and
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Cyclotomic Hecke algebras and quiver Hecke algebras

Graded cellular algebras (continued)

Definition (Graded cellular algebras (continued))
are two functions such that C is injective and

(GC1) {c t|5 te T(\),\ € P}is an R-basis of A.
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Cyclotomic Hecke algebras and quiver Hecke algebras

Graded cellular algebras (continued)

Definition (Graded cellular algebras (continued))
are two functions such that C is injective and

(GC1) {cs,t € T(\),\ € P} is an R-basis of A.
5,t

(GC2) Each basis element cgt is homogeneous of degree
degc)  =degs +degt, for A € Pands,t € T(\).
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Cyclotomic Hecke algebras and quiver Hecke algebras

Graded cellular algebras (continued)

Definition (Graded cellular algebras (continued))
are two functions such that C is injective and

(GC1) {cds,t € T(\),\ € P} is an R-basis of A.
(GC2) Each basis element cgt is homogeneous of degree
degc)  =degs +degt, for A € Pands,t € T(\).

(GC3) Ifs,t € T(\), forsome X\ € P, and a € A then there exist
scalars r¢ y(a), which do not depend on s, such that

ca= > np(ac, (mod A™),
veT(N)
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Cyclotomic Hecke algebras and quiver Hecke algebras

Graded cellular algebras (continued)

Definition (Graded cellular algebras (continued))

where A>* is the R-submodule of A spanned by
{egplu>Aand a,b e T(u)}.
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Cyclotomic Hecke algebras and quiver Hecke algebras

Graded cellular algebras (continued)

Definition (Graded cellular algebras (continued))

where A>* is the R-submodule of A spanned by
{egplu>Aand a,b e T(u)}.
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Cyclotomic Hecke algebras and quiver Hecke algebras

Graded cellular algebras (continued)

Definition (Graded cellular algebras (continued))
where A>* is the R-submodule of A spanned by
{egplu>Aand a,b e T(u)}.

(GC4) The R-linear map * : A — A determined by (c2)* = ¢, for
all A € Pand all s,t € P, is an anti-isomorphism of A.
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Cyclotomic Hecke algebras and quiver Hecke algebras

Graded cellular algebras (continued)

Definition (Graded cellular algebras (continued))
where A>* is the R-submodule of A spanned by
{egplu>Aand a,b e T(u)}.

(GC4) The R-linear map * : A — A determined by (c2)* = ¢, for
all A € Pand all s,t € P, is an anti-isomorphism of A.
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Cyclotomic Hecke algebras and quiver Hecke algebras

Graded cellular algebras (continued)

Definition (Graded cellular algebras (continued))

where A>* is the R-submodule of A spanned by
{egplu>Aand a,b e T(u)}.

(GC4) The R-linear map * : A — A determined by (c2)* = ¢, for
all A € Pand all s,t € P, is an anti-isomorphism of A.

A graded cellular algebra is a graded R-algebra which has a
graded cell datum. The basis {cﬁtp\ €Pands,te T(\)}isa
graded cellular basis of A.
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Cyclotomic Hecke algebras and quiver Hecke algebras

Graded cellular bases

Let A € Ppand t € Std()).
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Cyclotomic Hecke algebras and quiver Hecke algebras

Graded cellular bases

Let A € P, and t € Std(\). Recall that
AMK) = {a € A(k)| res(a) = res (k)}. We define e* := e(it").
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Cyclotomic Hecke algebras and quiver Hecke algebras

Graded cellular bases

Let A € P, and t € Std(\). Recall that
AMK) = {a € A(k)| res(a) = res (k)}. We define e* := e(it").

Definition
Let A € P,. We define

n

|AY (k)|

y>\ = H yk & .
k=1

In particular, deg(y*) = 2deg(t}).
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Cyclotomic Hecke algebras and quiver Hecke algebras

Graded cellular bases

Let A € P, and t € Std(\). Recall that
AMK) = {a € A(k)| res(a) = res (k)}. We define e* := e(it").

Definition
Let A € P,. We define

n

|AY (k)|

y>\ = H yk & .
k=1

In particular, deg(y*) = 2deg(t}).
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Cyclotomic Hecke algebras and quiver Hecke algebras

Graded cellular bases

Let A € P, and t € Std(\). Recall that
AMK) = {a € A(k)| res(a) = res (k)}. We define e* := e(it").

Definition
Let A € P,. We define

n

|AY (k)|

y>\ = H yk & .
k=1

In particular, deg(y*) = 2deg(t}).

For each t € Std(\), we fix a reduced expression s;, s, - - - s, of
d(t) and define ¢ = v, 1y, - - - Y.
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Cyclotomic Hecke algebras and quiver Hecke algebras

Graded cellular bases

Recall that H) has a unique K-linear anti-automorphism “x
which fixes each of the graded generators.
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Cyclotomic Hecke algebras and quiver Hecke algebras

Graded cellular bases

[738EL]

Recall that H) has a unique K-linear anti-automorphism “x
which fixes each of the graded generators.

Theorem (Hu-Mathas)
For each \ € P, and s, t € Std(\), we define

Yst 1= Pre Y by,

The algebra H! is a graded cellular algebra with weight poset
(Pn,>) and graded cellular basis {1 s, t € Std(\) for A € Pp}.
In particular, deg(vs1) = deg s + degt, for all s, t € Std(\),

A EPn.
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Cyclotomic Hecke algebras and quiver Hecke algebras

Graded cellular bases

The relation between the graded cellular basis 5 ¢ and the
ungraded cellular basis m; ¢ is given by the following result.
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Cyclotomic Hecke algebras and quiver Hecke algebras

Graded cellular bases

The relation between the graded cellular basis 5 ¢ and the
ungraded cellular basis m; ¢ is given by the following result.

Let A € P, and s, t € Std(\). Then there exists a non-zero
scalar c € K, such that

Yst = CMg ¢ + Z Mo My o,
(u,0)>(s,t)

for somer,, € K.
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Cyclotomic Hecke algebras and quiver Hecke algebras

Homogeneous trace form

Definition (Homogeneous trace)

Suppose that o € Q. Then 7, : H) — K is the map which on a
homogeneous element a € H is given by

(a) T(a), if deg(a) =2defq,
To = .
0, otherwise.

<

We define a homogeneous bilinear form { , ), on H? of degree
—2defa by (a, b), = 7,(ab*).
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Cyclotomic Hecke algebras and quiver Hecke algebras

Homogeneous trace form

Definition (Homogeneous trace)

Suppose that o € Q. Then 7, : H) — K is the map which on a
homogeneous element a € H is given by

(a) T(a), if deg(a) =2defq,
To = .
0, otherwise.

<

We define a homogeneous bilinear form { , ), on H? of degree
—2defa by (a, b), = 7,(ab*).
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Cyclotomic Hecke algebras and quiver Hecke algebras

Homogeneous trace form

Definition (Homogeneous trace)

Suppose that o € Q. Then 7, : H) — K is the map which on a
homogeneous element a € H is given by

(a) T(a), if deg(a) =2defq,
To = .
0, otherwise.

We define a homogeneous bilinear form { , ), on H? of degree
—2defa by (a, b), = 7,(ab*).

Theorem (Hu-Mathas)

Suppose that o € Q.. Then H is a graded symmetric algebra
with homogeneous trace form 1, of degree —2 def a.
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An x-deformation of the quiver Hecke algebras of type A

In Andrew’s talk, for each e-idempotent local subring R, we can
give a KLR-like presentation for the cyclotomic Hecke algebra
defined M}, , over O.
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An x-deformation of the quiver Hecke algebras of type A

In Andrew’s talk, for each e-idempotent local subring R, we can
give a KLR-like presentation for the cyclotomic Hecke algebra
defined My, ., over O. We shall call H}, ,, an x-deformation of
the cyclotomlc quiver Hecke algebra of type A.
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An x-deformation of the quiver Hecke algebras of type A

In Andrew’s talk, for each e-idempotent local subring R, we can
give a KLR-like presentation for the cyclotomic Hecke algebra
defined My, ., over O. We shall call H}, ,, an x-deformation of
the cyclotomlc quiver Hecke algebra of type A.

We already noticed KLR-like presentation for n.o is not always
homogeneous in an obvious way.
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An x-deformation of the quiver Hecke algebras of type A

In Andrew’s talk, for each e-idempotent local subring R, we can
give a KLR-like presentation for the cyclotomic Hecke algebra
defined My, ., over O. We shall call H}, ,, an x-deformation of
the cyclotomlc quiver Hecke algebra of type A.

We already noticed KLR-like presentation for n.o is not always
homogeneous in an obvious way. However, for certain choices
of the e-idempotent local subring, we can make the
presentation homogeneous.
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An x-deformation of the quiver Hecke algebras of type A

Some notations

Let g, x®, xP1, xP2 ... xPe—1 be ¢ + 1 commuting
indeterminates over Z.
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An x-deformation of the quiver Hecke algebras of type A

Some notations

Let g, x®, xP1, xP2 ... xPe—1 be ¢ + 1 commuting
indeterminates over Z. We define

A= Q(q)[x%, xPr . xPe])
./40 — @(q)[XQ17XD1 R 7XD271](XQ1 7XD1,---,XD£71)7

K= Q(XQ17XD1 P aXD£_1 ) q)
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An x-deformation of the quiver Hecke algebras of type A

Some notations

Let g, x®, xP1, xP2 ... xPe—1 be ¢ + 1 commuting
indeterminates over Z. We define

A= Q(q)[x%, xPr . xPe])
./40 — @(q)[XQ17XD1 R 7XD271](XQ1 7XD1,---,XD£71)7

K= Q(XQ17XD1 P aXD£_1 ) q)

We regard A as a Z-graded algebra by putting
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An x-deformation of the quiver Hecke algebras of type A

Some notations

Let g, x®, xP1, xP2 ... xPe—1 be ¢ + 1 commuting
indeterminates over Z. We define

A= Q(q)[x%, xPr . xPe])
./40 — @(q)[XQ17XD1 R 7XD271](XQ1 7XD1,---,XD£71)7

K= Q(XQ17XD1 P aXD£_1 ) q)

We regard A as a Z-graded algebra by putting

degx® =2, degx® :=0, V1 <i<l-1,
degu:=0, Vue Q(q).
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An x-deformation of the quiver Hecke algebras of type A

mp-adic completion

Let m be the maximal ideal of A generated by

XQ1,XD1,"' 7XDIZ—1_
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An x-deformation of the quiver Hecke algebras of type A

mp-adic completion

Let m be the maximal ideal of A generated by
x@ xP1 ... xPe-1 et mg be the unique maximal ideals Ap.
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An x-deformation of the quiver Hecke algebras of type A

mp-adic completion

Let m be the maximal ideal of A generated by
x@ xP1 ... xPe-1 et mg be the unique maximal ideals Ap.

)

We use ﬁo to denote the corresponding mg-adic completion of
Aop.
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An x-deformation of the quiver Hecke algebras of type A

mp-adic completion

Let m be the maximal ideal of A generated by
x@ xP1 ... xPe-1 et mg be the unique maximal ideals Ap.

)

We use ﬁo to denote the corresponding mg-adic completion of
Ap. By definition,

T K~ k
Ap = lim Ao /mf = lim A/m
k k>0
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An x-deformation of the quiver Hecke algebras of type A

An x-deformation of the quiver Hecke algebras of type
A

We consider the cyclotomic Hecke algebras H, 4, and Hp x
with parameters g; x@ + g1, x@4Pr gt Lo xQiADer o gre

Theorem (Hu-Mathas)

the algebra H, 4, is isomorphic to the Aq-algebra which has a
presentation given by the generators:

{Foliemufu[1<r<nfu{y®|1<r<n}l (1)

and the following relations:

[ (@"y —xa+Pnffe =o,

1<i<¢
i1 =K/
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An x-deformation of the quiver Hecke algebras of type A

Generators and relations (continued)

fiAo fjAo — 5 fiAo7 Z fiAo 1,
ieln
yiorte = loyfe, gforto — g, yrloyge = yloyt,
¢r yr+1 flo = ( ;4071);40 lr/r+1)fA0’ ;i()1¢AOﬁAO = (ﬂ’r Yr o 4 5lrlr+1)fA
wr yeo = yioute,  ifsA 4,
Aoyl — yoyAo if |r — 5] > 1,

(yr - y,+1)fA° if ir — irg,
( ;40)2fiAo _ (Yr+1 Yr )fiAO’ ?f ’:f‘_.ir-Ha

0, if ir = fry1,

fiAO, otherwise.
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An x-deformation of the quiver Hecke algebras of type A

Theorem (continued)

Moreover, the isomorphism sends (gL — 1) £ to y; £ for

eachi e I"and 1 < k < n. Similar results are also true if we
replace Ap by K.
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An x-deformation of the quiver Hecke algebras of type A

Theorem (continued)

Moreover, the isomorphism sends (gL — 1) £ to y; £ for
eachi e I"and 1 < k < n. Similar results are also true if we

replace Ap by K.

“

Let “x” be the anti-involution which is identity on the generators

(1).
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An x-deformation of the quiver Hecke algebras of type A

Theorem (continued)

Moreover, the isomorphism sends (gL — 1) £ to y; £ for
eachi e I"and 1 < k < n. Similar results are also true if we

replace Ap by K.

Let “x” be the anti-involution which is identity on the generators

(1).

Definition

For each X\ € P,, we define

n
yﬁo = H H ((XQ1+D"1+q“’)qC_r—Lk), 95\40 e fi-:‘ko'
k=1 a=(1,r,c)e,» (k)
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An x-deformation of the quiver Hecke algebras of type A

Definition (continued)

For any s, t € Std(\), we define
A Ao,
=Y eron%(t)

Similarly, we have the corresponding definitions with Ag
replaced by K.

We define
deg(f*) =0, deg(y/)=2, deg(¢;°f®)=-a;,_,,

where (a; ) is the Cartan matrix associated to the linear quiver.
With these definitions, we remark that all the relations
appeared in the previous lemma are homogeneous.
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An x-deformation of the quiver Hecke algebras of type A

Homogeneous cellular basis

Lemma

Let \ € P, ands,t € Std()\).
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An x-deformation of the quiver Hecke algebras of type A

Homogeneous cellular basis

Lemma

Let \ € P, ands,t € Std()\).
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An x-deformation of the quiver Hecke algebras of type A

Homogeneous cellular basis

Lemma

Let X € P, ands,t € Std(\). Then zp;‘}f is a homogeneous
element of degree deg s + deg t.
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An x-deformation of the quiver Hecke algebras of type A

Homogeneous cellular basis

Let X € P, ands,t € Std(\). Then zp;‘}f is a homogeneous
element of degree degs + degt. Furthermore, The set
{2¢ | s,t € Std(N), X € P,} is a cellular Ao-basis of Hp 4,
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An x-deformation of the quiver Hecke algebras of type A

Homogeneous cellular basis

Let X € P, ands,t € Std(\). Then zp;‘}f is a homogeneous
element of degree degs + degt. Furthermore, The set
{2¢ | s,t € Std(N), X € P,} is a cellular Ao-basis of Hp 4,

The above lemma is also true if we replace Aq by Ag.
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An x-deformation of the quiver Hecke algebras of type A

Homogeneous cellular basis

Let X € P, ands,t € Std(\). Then zp;‘}f is a homogeneous
element of degree degs + degt. Furthermore, The set
{2¢ | s,t € Std(N), X € P,} is a cellular Ao-basis of Hp 4,

The above lemma is also true if we replace Aq by Ag.
As a result, we can regard HQE as a generalised Z-graded
»/0

cellular Ap-algebras.
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An x-deformation of the quiver Hecke algebras of type A

Remark

Let x be an indeterminant over Z.
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An x-deformation of the quiver Hecke algebras of type A

Remark

Let x be an indeterminant over Z. Assume that Qq,---, Q, are
pairwise distinct positive integers. We define O := Q[x, q](x)
and K := Q(x,q).
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An x-deformation of the quiver Hecke algebras of type A

Remark

Let x be an indeterminant over Z. Assume that Qq,---, Q, are
pairwise distinct positive integers. We define O := Q[x, q](x)
and K :=Q(x,q). Let Re {0y, K}. We can also consider the
cyclotomic Hecke algebras H,, g with parameters

q;XO1 +qn1’”. ’XQZ_‘_qHZ-
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An x-deformation of the quiver Hecke algebras of type A

Remark

Let x be an indeterminant over Z. Assume that Qq,---, Q, are
pairwise distinct positive integers. We define O := Q[x, q](x)
and K :=Q(x,q). Let Re {0y, K}. We can also consider the
cyclotomic Hecke algebras H,, g with parameters

q;XO1 +qn1’”. ’XQZ_‘_qHZ-

It is clear that the algebra H, x := Hno ®0, K is semisimple.
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An x-deformation of the quiver Hecke algebras of type A

Remark

Let x be an indeterminant over Z. Assume that Qq,---, Q, are
pairwise distinct positive integers. We define Op := Q[x, q](x)
and K :=Q(x,q). Let Re {0y, K}. We can also consider the
cyclotomic Hecke algebras H,, g with parameters

q;XO1 +qn1’”. ’XQZ + qﬁz'

It is clear that the algebra H, x := Hno ®0, K is semisimple.

All the previous results (except those involve homogeneous)
are true if we replace Ag and K by Oy and K respectively.
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An x-deformation of the quiver Hecke algebras of type A

Homogeneous trace form

Suppose that 5 € Q;f.
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An x-deformation of the quiver Hecke algebras of type A

Homogeneous trace form

Suppose that 5 € Q;f.
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An x-deformation of the quiver Hecke algebras of type A

Homogeneous trace form

Suppose that 5 € Q. Let Tg‘AO : ng — (Ag)o be the map
w0
which on a homogeneous element a € Hg = is given by
b} 0
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An x-deformation of the quiver Hecke algebras of type A

Homogeneous trace form

Suppose that 5 € Q. Let Tg‘o : ng — (Ag)o be the map
w0
which on a homogeneous element a € Hg = is given by
b} 0

z"(a) ] (7(a))o, ifdeg(a)=2defp,
o, otherwise,
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An x-deformation of the quiver Hecke algebras of type A

Homogeneous trace form

Suppose that 5 € Q. Let Tg‘o : ng — (Ag)o be the map
w0
which on a homogeneous element a € Hg = is given by
b} 0

z"(a) ] (7(a))o, ifdeg(a)=2defp,
o, otherwise,

where (7(a))o means the degree 0 component of 7(a) € Ay.
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An x-deformation of the quiver Hecke algebras of type A

Homogeneous trace form

Suppose that 5 € Q. Let Tg‘o : ng — (Ag)o be the map
w0
which on a homogeneous element a € Hg = is given by
b} 0

z"(a) ] (7(a))o, ifdeg(a)=2defp,
o, otherwise,

where (7(a))o means the degree 0 component of 7(a) € Ay.
Let 7j Hg &= K be the natural K-linear extension of the map

)
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An x-deformation of the quiver Hecke algebras of type A

Homogeneous trace form

Suppose that 3 € Q. Then 75 is a non-degenerate
“homogeneous” trace form on Hg I of “degree” —2 def 3.
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An x-deformation of the quiver Hecke algebras of type A

Homogeneous trace form

Lemma

Suppose that 3 € Q. Then 75 is a non-degenerate
“homogeneous” trace form on Hg I of “degree” —2 def 3.

Lemma

Let )\, 1% € Pn.

S} = (S5 (det ). )
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An x-deformation of the quiver Hecke algebras of type A

Homogeneous trace form

Lemma

Suppose that 3 € Q. Then 75 is a non-degenerate
“homogeneous” trace form on Hg I of “degree” —2 def 3.

Lemma

Let )\, 1% € Pn.

S} = (S5 (det ). )
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An x-deformation of the quiver Hecke algebras of type A

Homogeneous trace form

Lemma

Suppose that 3 € Q. Then 75 is a non-degenerate
“homogeneous” trace form on Hg I of “degree” —2 def 3.

Let )\, 1% € Pn. R
S = (S5)®(def 8). )
Furthermore,

(fygTin (~degt))” = eyt Hp (~degt’ —2deff). (3)

Hu Jun[0.5cm] (Joint work with Andrew Mathas)[0.8cm] University  quiver Schur algebras



Cyclotomic g-Schur and quiver Schur algebras

(Ungraded) permutation modules

Let A € PA.
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Cyclotomic g-Schur and quiver Schur algebras

(Ungraded) permutation modules

Let e PMIf1<k<nandt= (... t9)is atableau then
comp,(k) = s if k appears in t(5).
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Cyclotomic g-Schur and quiver Schur algebras

(Ungraded) permutation modules

Let \e PAIf1 <k <nandt=(t",... t?)is atableau then
comp,(k) = s if k appears in (). Define m* = u*x* where

n 14
v =] II (k-9 and x*=>" T,
k=1 s=comp, (k)+1 weSy

Definition
We define M* := m*H).
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Cyclotomic g-Schur and quiver Schur algebras

(Ungraded) permutation modules

Let \e PAIf1 <k <nandt=(t",... t?)is atableau then
comp,(k) = s if k appears in (). Define m* = u*x* where

n 14
v =] II (k-9 and x*=>" T,
k=1 s=comp, (k)+1 weSy

Definition
We define M* := m*H).
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Cyclotomic g-Schur and quiver Schur algebras

(Ungraded) permutation modules

Let \e PAIf1 <k <nandt=(t",... t?)is atableau then
comp,(k) = s if k appears in (). Define m* = u*x* where

n 4
v =] II (k-9 and x*=>" T,
k=1 s=comp, (k)+1 wes),

Definition

We define M* := m*H. We call M* (the ungraded)
permutation module associated to \.
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Cyclotomic g-Schur and quiver Schur algebras

Graded cyclotomic g-Schur algebras

Definition
The cyclotomic Schur algebra is the algebra

SR = EndHA(@ MA).
AePh

By a result of Lyle—Mathas and of Brundan—Kleshchey,
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Cyclotomic g-Schur and quiver Schur algebras

Graded cyclotomic g-Schur algebras

Definition
The cyclotomic Schur algebra is the algebra

SR = EndHA(@ MA).
AePh

By a result of Lyle—Mathas and of Brundan—Kleshchey,
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Cyclotomic g-Schur and quiver Schur algebras

Graded cyclotomic g-Schur algebras

Definition
The cyclotomic Schur algebra is the algebra

SR = EndHA(@ MA).
AePh

By a result of Lyle-Mathas and of Brundan—Kleshchey, the
blocks of S?M are again labelled by Q7.
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Cyclotomic g-Schur and quiver Schur algebras

Graded permutation modules

Reference:
Hu—Mathas, Quiver Schur algebras for the linear quivers, I,
arXiv:1110.1699, (2011).
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Cyclotomic g-Schur and quiver Schur algebras

Graded permutation modules

Reference:
Hu—Mathas, Quiver Schur algebras for the linear quivers, I,
arXiv:1110.1699, (2011).

Definition
Let u € PA.
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Cyclotomic g-Schur and quiver Schur algebras

Graded permutation modules

Reference:
Hu—Mathas, Quiver Schur algebras for the linear quivers, I,
arXiv:1110.1699, (2011).

Definition
Let u € PA.
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Cyclotomic g-Schur and quiver Schur algebras

Graded permutation modules

Reference:
Hu—Mathas, Quiver Schur algebras for the linear quivers, I,
arXiv:1110.1699, (2011).

Definition
Let 1 € P). We define

G = e'y* RN (—deg t*).
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Cyclotomic g-Schur and quiver Schur algebras

Graded permutation modules

Reference:
Hu—Mathas, Quiver Schur algebras for the linear quivers, I,
arXiv:1110.1699, (2011).

Definition

Let 1 € P). We define

G = e'y* RN (—deg t*).

We call G* the graded permutation module associated to p.
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Cyclotomic g-Schur and quiver Schur algebras

Graded permutation modules

Reference:
Hu—Mathas, Quiver Schur algebras for the linear quivers, I,
arXiv:1110.1699, (2011).

Definition

Let 1 € P). We define

G = e'y* RN (—deg t*).

We call G* the graded permutation module associated to p.

If 1, A € PA define
Std“(\) = {s € Std()\) | s > t* and res(s) = i*} }.
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Cyclotomic g-Schur and quiver Schur algebras

(Ungraded) permutation modules

Suppose that ;i € P). Then G* is a free module with basis
given by

{tet | s € Std"(v) and t € Std(v) forv € Pﬁ,‘}
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Cyclotomic g-Schur and quiver Schur algebras

(Ungraded) permutation modules

Suppose that ;i € P). Then G* is a free module with basis
given by

{tet | s € Std"(v) and t € Std(v) forv € Pﬁ,‘}
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Cyclotomic g-Schur and quiver Schur algebras

(Ungraded) permutation modules

Suppose that ;i € P). Then G* is a free module with basis
given by

{tet | s € Std"(v) and t € Std(v) forv € Pﬂ,‘}

Definition (Hu—Mathas)

Let G) = @D ,.cpr G*. The quiver Schur algebra of type (T'e, A)
is the endomorphism algebra

8} = SM(Te) = ENDRp(GR).
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Cyclotomic g-Schur and quiver Schur algebras

Quiver Schur algebras

For A € P}, let T* := {(u,5) | s € Std"(\) for p € Pp}.
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Cyclotomic g-Schur and quiver Schur algebras

Quiver Schur algebras

For A € P}, let T* := {(u,5) | s € Std"(\) for p € Pp}.

Theorem (Hu—Mathas)

Suppose that e = 0 or e > n and let Z be an integral domain
such that e is invertible in Z whenever e # 0 and e is not
prime.
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Cyclotomic g-Schur and quiver Schur algebras

Quiver Schur algebras

For A € P}, let T* := {(u,5) | s € Std"(\) for p € Pp}.

Theorem (Hu—Mathas)

Suppose that e = 0 or e > n and let Z be an integral domain
such that e is invertible in Z whenever e # 0 and e is not
prime.
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Cyclotomic g-Schur and quiver Schur algebras

Quiver Schur algebras

For A € P}, let T* := {(u,5) | s € Std"(\) for p € Pp}.

Theorem (Hu—Mathas)

Suppose that e = 0 or e > n and let Z be an integral domain
such that e is invertible in Z whenever e # 0 and e is not
prime. Then S} is a graded cellular algebra with cellular basis
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Cyclotomic g-Schur and quiver Schur algebras

Quiver Schur algebras

For A € P}, let T* := {(u,5) | s € Std"(\) for p € Pp}.

Theorem (Hu—Mathas)

Suppose that e = 0 or e > n and let Z be an integral domain
such that e is invertible in Z whenever e # 0 and e is not
prime. Then S} is a graded cellular algebra with cellular basis

{wgty (M,ﬁ), (Va t) € TA and \ € ’PA\’
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Cyclotomic g-Schur and quiver Schur algebras

Quiver Schur algebras

For A € P}, let T* := {(u,5) | s € Std"(\) for p € Pp}.

Theorem (Hu—Mathas)

Suppose that e = 0 or e > n and let Z be an integral domain
such that e is invertible in Z whenever e # 0 and e is not
prime. Then S} is a graded cellular algebra with cellular basis

{wgty (M,ﬁ), (Va t) € TA and \ € ’PA\’

weight poset (P, >)
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Cyclotomic g-Schur and quiver Schur algebras

Quiver Schur algebras

For A € P}, let T* := {(u,5) | s € Std"(\) for p € Pp}.

Theorem (Hu—Mathas)

Suppose that e = 0 or e > n and let Z be an integral domain
such that e is invertible in Z whenever e # 0 and e is not
prime. Then S} is a graded cellular algebra with cellular basis

{wgty (M,ﬁ), (Va t) € TA and \ € ’PA\’

weight poset (P}, >) and degree function

deg Vi = degs — degt" + degt— degt".
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Cyclotomic g-Schur and quiver Schur algebras

Quiver Schur algebras

Corollary

Suppose thate =0 ore > n.
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Cyclotomic g-Schur and quiver Schur algebras

Quiver Schur algebras

Corollary

Suppose thate =0 ore > n.
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Cyclotomic g-Schur and quiver Schur algebras

Quiver Schur algebras

Suppose that e = 0 or e > n. Then S is quasi-hereditary
graded cellular algebra.
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Cyclotomic g-Schur and quiver Schur algebras

Quiver Schur algebras

Corollary

Suppose that e = 0 or e > n. Then S is quasi-hereditary
graded cellular algebra.

Theorem (Hu—Mathas)
Suppose that Z is a field and that e = 0 or e > n.
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Cyclotomic g-Schur and quiver Schur algebras

Quiver Schur algebras

Corollary

Suppose that e = 0 or e > n. Then S is quasi-hereditary
graded cellular algebra.

Theorem (Hu—Mathas)
Suppose that Z is a field and that e = 0 or e > n.
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Cyclotomic g-Schur and quiver Schur algebras

Quiver Schur algebras

Corollary

Suppose that e = 0 or e > n. Then S is quasi-hereditary
graded cellular algebra.

Theorem (Hu—Mathas)

Suppose that Z is a field and that e = 0 or e > n. Then there
is an equivalence of highest weight categories

ERm: SN-Mod = S2M_Mod .
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Cyclotomic g-Schur and quiver Schur algebras

Quiver Schur algebras

Corollary

Suppose that e = 0 or e > n. Then S is quasi-hereditary
graded cellular algebra.

Theorem (Hu—Mathas)

Suppose that Z is a field and that e = 0 or e > n. Then there
is an equivalence of highest weight categories

ERm: SN-Mod = S2M_Mod .

In particular, up to Morita equivalence, §EJM depends only
on e, A and the characteristic of Z.
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An x-deformation of the quiver Schur algebras

Some notations

Recall that

D D,_
Ao i= Q@K XP o X oy oy oy,

Op := Q[Xa q](X)
We assume that Q; < Q < --- < @Qy, and define

Di:=Qi1—Q, V1<i<(—1.
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An x-deformation of the quiver Schur algebras

Let R € {Ap, Op}.
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An x-deformation of the quiver Schur algebras

Let R e {Ap, Op}.

Lemma

Let\,u € Ppands,t € Std"(\).

ew Mathas)[0.8 niversity  quiver Schur algebras



An x-deformation of the quiver Schur algebras

Let R e {Ap, Op}.

Lemma

Let\,u € Ppands,t € Std"(\).

ew Mathas)[0.8 niversity  quiver Schur algebras



An x-deformation of the quiver Schur algebras

Let R € {Ap, Op}.

Lemma

Let\,u € Ppands,t € Std“()\). Then the elements in the
following set

{0 | s € Std"(\),0 € Std(A), A € Pp}

] Koy i g\
form an R-basis of egygH)) g,
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An x-deformation of the quiver Schur algebras

Let R € {Ap, Op}.

Lemma

Let\,u € Ppands,t € Std“()\). Then the elements in the
following set

{0 | s € Std"(\),0 € Std(A), A € Pp}

form an R-basis of egyrH, g, and the elements in the following
set
{0, | t€ Std*(\),u € Std(A), A € Py}

form an R-basis of H), peryp-
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An x-deformation of the quiver Schur algebras

A cellular basis for the x-deformation

Definition
Let \, u,v € Ppand s € Std”()\), t € Std”(\). We define

w,y v VN oo g\
Viir: erYRHnRr — €rYoHnR

eqyph— vih, VYhe Mg
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A cellular basis for the x-deformation

Definition
Let \, u,v € Ppand s € Std”()\), t € Std”(\). We define
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Viir: erYRHnRr — €rYoHnR
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An x-deformation of the quiver Schur algebras

A cellular basis for the x-deformation

Let \, u,v € Ppand s € Std”()\), t € Std”(\). We define
ViiR: eryRHN R — ERYEHN R
eqyph— vih, VYhe Mg

The elements in {Wi(z | s € Std"()), t € Std”(\), A € P} form
an R-basis of Homy, (G(v)r, G(1)R)-
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A cellular basis for the x-deformation

Let \, u,v € Ppand s € Std”()\), t € Std”(\). We define
ViiR: eryRHN R — ERYEHN R
eqyph— vih, VYhe Mg

The elements in {Wi(z | s € Std"()), t € Std”(\), A € P} form
an R-basis of Homy, (G(v)r, G(1)R)-
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An x-deformation of the quiver Schur algebras

A cellular basis for the x-deformation

Let \, u,v € Ppand s € Std”()\), t € Std”(\). We define
ViiR: eryRHN R — ERYEHN R
eqyph— vih, VYhe Mg

The elements in {Wi(z | s € Std"()), t € Std”(\), A € P} form
an R-basis of Homy, (G(v)g, G(i)R)- Furthermore,

deg Vi, =degs+degt—degt" —degt”.
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An x-deformation of the quiver Schur algebras

An x-deformation of the cyclotomic quiver Schur
algebras

Definition

Let 5 € Q. We define Sjj 5 := Endy <EB”€PB e‘,gy,’;HQﬁ).
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An x-deformation of the quiver Schur algebras

An x-deformation of the cyclotomic quiver Schur
algebras

Definition

Let 5 € Q. We define Sjj 5 := Endy <EB”€PB e‘,gy,’;HQﬁ).
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An x-deformation of the quiver Schur algebras

An x-deformation of the cyclotomic quiver Schur
algebras

Definition

Let 5 € Q. We define Sjj 5 := Endy <EB”€PB e‘,gy,’;HQﬁ).

We shall call S} ; an x-deformation of the cyclotomic quiver
Schur algebras.
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An x-deformation of the quiver Schur algebras

An x-deformation of the cyclotomic quiver Schur

algebras

Theorem (Hu—Mathas)
Let3 € Qf and u € Pg.
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An x-deformation of the quiver Schur algebras

An x-deformation of the cyclotomic quiver Schur

algebras

Theorem (Hu—Mathas)
Let3 € Qf and u € Pg.
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An x-deformation of the quiver Schur algebras

An x-deformation of the cyclotomic quiver Schur

algebras

Theorem (Hu—Mathas)
Let 3 € Qf and i € Pg. Then there exists an element
C c et y*HJ. such that

0
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An x-deformation of the quiver Schur algebras

An x-deformation of the cyclotomic quiver Schur

algebras

Theorem (Hu—Mathas)

Let 3 € Qf and i € Pg. Then there exists an element

Cf? 0 ¢ et y“H%O such that the map et y*h — Cf? °h defines a
primitive idempotent in 8’5\7 By’
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An x-deformation of the quiver Schur algebras

An x-deformation of the cyclotomic quiver Schur

algebras

Theorem (Hu—Mathas)

Let 3 € Qf and i € Pg. Then there exists an element

Cf? 0 ¢ et y“H%O such that the map et y*h — Cf? °h defines a
primitive idempotent in 8’5\7 By’ and

C _ fg(iiﬂ) Z a57tfgt(X7Q)’
5,teStdH (\)
,LL<I)\E'PB
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An x-deformation of the quiver Schur algebras

An x-deformation of the cyclotomic quiver Schur

algebras

Theorem (Hu—Mathas)

Let 3 € Qf and i € Pg. Then there exists an element

Cf? 0 ¢ et y“H%O such that the map et y*h — Cf? °h defines a
primitive idempotent in 8’5\7 By’ and

C _ fg(iiﬂ) Z a57tfgt(X7Q)’
5,teStdH (\)
,LL<I)\E'PB

where a, « # 0 only if degs,degt > deg t#,
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An x-deformation of the quiver Schur algebras

Applications

In Andrew’s talk, for any A € P, and any s, t € Std(\), there is
an element C.? € H) o, ,

Hu Jun[0.5¢cm] (Joint work drew Mathas)[0.8 University  quiver Schur algebras



An x-deformation of the quiver Schur algebras

Applications

In Andrew’s talk, for any A € P, and any s, t € Std(\), there is
an element C.? € H}\,, such that {C¢?} form a cellular

Oo-basis of Hy, ..
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An x-deformation of the quiver Schur algebras

Applications

In Andrew’s talk, for any A € P, and any s, t € Std(\), there is
an element C.? € H}\,, such that {C¢?} form a cellular

Oo-basis of Hy, ..

Theorem
IfDy,---,Dy,_4 are large enough with respect to n, Qy, then we
have that

@) @
C* ®3, 1a@) = Cu’w @0, 1a(g);
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An x-deformation of the quiver Schur algebras

Applications

In Andrew’s talk, for any A € P, and any s, t € Std(\), there is
an element C.? € H}\,, such that {C¢?} form a cellular

Oo-basis of Hy, ..

Theorem
IfDy,---,Dy,_4 are large enough with respect to n, Qy, then we
have that

@) @
C* ®3, 1a@) = Cu’w @0, 1a(g);
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An x-deformation of the quiver Schur algebras

Applications

In Andrew’s talk, for any A € P, and any s, t € Std(\), there is
an element C.? € H}\,, such that {C¢?} form a cellular

Oo-basis of Hy, ..

Theorem
IfDy,---,Dy,_4 are large enough with respect to n, Qy, then we
have that

@ @)
C* ®3, 1a@) = Cu’w @0, 1a(g);
and it generates (as a right ideal) the Young module Y(S( a) of

n,Q(q)"
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An x-deformation of the quiver Schur algebras

Applications (continued)

Let p be a fixed prime number.
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An x-deformation of the quiver Schur algebras

Applications (continued)

Let p be a fixed prime number. Recall that

OP = IE‘P[X7 q](X)7 0= Z[X7 q](X,p)a Op := Q[Xa q](X)
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An x-deformation of the quiver Schur algebras

Applications (continued)

Let p be a fixed prime number. Recall that

OP = IE‘P[X7 q](X)7 0= Z[X7 q](X,p)a Op := Q[Xa q](X)

Forany A € P, and any s,t € Std()), there is an element
o
Cﬁ,tp € HQ,OP’
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An x-deformation of the quiver Schur algebras

Applications (continued)

Let p be a fixed prime number. Recall that

OP = IE‘P[X7 q](X)7 0= Z[X7 q](X,p)a Op := Q[Xa q](X)

Forany A € P, and any s,t € Std()), there is an element

Cff € Hﬁ,"op, such that {Cff} form a cellular Op-basis of

A
n,Op'
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An x-deformation of the quiver Schur algebras

Applications (continued)

Let p be a fixed prime number. Recall that

OP = IE‘P[X7 q](X)7 0= Z[X7 q](X,p)a Op := Q[Xa q](X)

Forany A € P, and any s,t € Std()), there is an element

Cff € Hﬁ,"op, such that {Cff} form a cellular Op-basis of

A
n,Op'

Note that, in general it is not clear whether CfZ‘jw € Hp o or not,

not even to say

O (@)
Cyilp ®0 1r,y(q) = Culip?
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An x-deformation of the quiver Schur algebras

Corollary

Let A € Pp. Then dim, Pa(q) = dimq P@p(q) only if CS?W € HQ’O

and fQ(x.q) Q(x,9)
x,q x,q
Cfu = w w T Z rﬁ,ffs,t )
deg s,deg t>deg t*
for certain choices of Qi, Dy, --- ,Dy_1.
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An x-deformation of the quiver Schur algebras

Corollary

Let A € Pp. Then dim, Pa(q) = dimq P@p(q) only if CS?W € HQ’O

and fQ(x.q) Q(x,9)
x,q x,q
Cfu = w w T Z rﬁ,ffs,t )
deg s,deg t>deg t*
for certain choices of Qi, Dy, --- ,Dy_1.
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An x-deformation of the quiver Schur algebras

Corollary

Let A € Pp. Then dim, Pa(q) = dimq P@p(q) only if CS?W € HQ’O

and fQ(x.q) Z Q(x,9)
X,q X,q
Cfu = w w T rﬁ,ffs,t )
deg s,deg t>deg t*

for certain choices of Qy, Dy, --- ,Dy,_4. In that case,

O, O,
prw = tu?tu R0 1Fp(q)-
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An x-deformation of the quiver Schur algebras

Corollary

Let A € Pp. Then dim, Pa(q) = dimq P@p(q) only if CS?W € HQ’O

and fQ(x.q) Z Q(x,9)
X,q X,q
Cfu = w w T rﬁ,ffs,t )
deg s,deg t>deg t*

for certain choices of Qy, Dy, --- ,Dy,_4. In that case,

O, O,
prw = tu?tu R0 1Fp(q)-

It seems likely that the converse of the above corollary is also
true.
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An x-deformation of the quiver Schur algebras

Thank you!
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