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Joint work with Bob Gray (and others)
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Shona says Hi ...
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Partition Monoids

o letn={1,...,n}and ' ={1',... . n'}.
@ The partition monoid on n is

Pn = {set partitions of nUn’}

o Eg: o = {{1,3,4/},{2,4},{5,6, 1,6}, {2,3, {5’}} € P
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Partition Monoids

o letn={1,...,n}and ' ={1',... . n'}.
@ The partition monoid on n is
Pn = {set partitions of nUn’}

= {graphs on vertex set nUn’}.

o Eg a={{1,3,4),{2,4},{5,6,1,61},{2,3},{5'} } € P
1 2 3 4 5 6
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Partition Monoids

o letn={1,...,n}and ' ={1',... . n'}.
@ The partition monoid on n is
Pn = {set partitions of nUn’}

= {graphs on vertex set nUn’}.

o Eg a={{1,3.4},{2,4},{56,1,6},{2,3},{5}} € Ps
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Partition Monoids

o letn={1,...,n}and ' ={1',... . n'}.
@ The partition monoid on n is
Pn = {set partitions of nUn’}

= {(equiv. classes of) graphs on vertex set nUn'}.
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Partition Monoids

o letn={1,...,n}and ' ={1',... . n'}.
@ The partition monoid on n is
Pn = {set partitions of nUn’}

= {(equiv. classes of) graphs on vertex set nUn'}.

o Eg: o = {{1,3,4’},{2,4},{5,6, 1,6}, {2/, 3], } € Ps

o Note: P, is the basis of the partition algebra P2.
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Let o, 8 € P,.

James East Idempotent generation in partition monoids



Product in P,

Let o, 8 € P,. To calculate af:

(1) connect bottom of « to top of f,
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Product in P,

Let o, 8 € P,. To calculate af:
(1) connect bottom of « to top of f,
(2) remove middle vertices and floating components,

(3) smooth out resulting graph to obtain «af.
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Product in P,

Let o, 8 € P,. To calculate af:
(1) connect bottom of « to top of f,
(2) remove middle vertices and floating components,

(3) smooth out resulting graph to obtain «af.

ﬁ{ﬁ;ﬁiﬁiﬁ%}aﬁ

The operation is associative, so P, is a semigroup (monoid, etc).
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Product in P,

Let o, 8 € P,. To calculate af:
(1) connect bottom of « to top of f,
(2) remove middle vertices and floating components,

(3) smooth out resulting graph to obtain «af.

| e - -

NG *
A ’ '
The operation is associative, so P, is a semigroup (monoid, etc).

o Note: usual multiplication in partition algebra P9 with § = 1.
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Submonoids of P,
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Submonoids of P,

o By={aeP,:|Al=2(VAca)} — Brauer monoid
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James East Idempotent generation in partition monoids



Submonoids of P,

o By={aeP,:|Al=2(VAca)} — Brauer monoid
>
o TL,= {a eB,:ais pIanar} — Temperley-Lieb monoid

(aka Jones or Kauffman monoid)
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Submonoids of P,

o By={aeP,:|Al=2(VAca)} — Brauer monoid
>
o TL,= {a eB,:ais pIanar} — Temperley-Lieb monoid

(aka Jones or Kauffman monoid)

L
w € TLs
¢« » «

o Sp={aeB,:|Ann|=|Ann|=1 (VA€ a)}

— symmetric group
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Submonoids of P,

o Th={acP,:|Ann|=1 (VA€ a)}

— full transformation semigroup

DA
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— full transformation semigroup

DA
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o In={aeP,:|Ann|<land |[ANn| <1 (VA€ a)}
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Submonoids of P,

o Th={acP,:|Ann|=1 (VA€ a)}

— full transformation semigroup

DA

o TF={aeP,:|ANn| =1 (VA€ a)} — Ty =P T,

o In={aeP,:|Ann|<land |[ANn| <1 (VA€ a)}

— symmetric inverse monoid (aka rook monoid)

€ Is

@ In many ways, P, is just like a transformation semigroup.
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Generators

Proposition

There is a factorization P, = T, Z, 7,7. Consequently,

Pn = <51,...,Sn_1,61,.. -5 €n, t1,...,tn_1>.
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Presentations

Theorem (Halverson and Ram, 2005; E, 2011)

The partition monoid P, has presentation

P E <51, e ySp—1,€1,.-.,6n,t1,. .., th—1 : (Rl—R16)>,
where
(R1) s? = (RO) & =
(R2) sjs; = sjs; (R10) tjtj = tJt,
(R3) sisjsi = sjsis; (R11) sitj = tjs;
(R4) €2 = ¢ (R12) sisjt; = tjsis;
(R5) ejej = gje; (R13) tisi = sit; =t
(R6) siej = e;s; (R14) tiej = ejt;
(R7) siej = ej11S; (R15) tiejt; =t
(R8) ejeir1si = ejeit1 (R16) ejtiej = ;.
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Presentations

Theorem (Halverson and Ram, 2005; E, 2011)

The partition algebra 73,‘3 has presentation

732 = <517 e ySp—1,€1,...,6n,t1,. .., th—1 : (Rl—R16)>,
where
(R1) s? = (RO) & =
(R2) sjs; = sjs; (R10) t;tj = tJt,
(R3) sisjsi = sjsis; (R11) sitj = tjs;
(R4) €2 = Je; (R12) sisjt; = tjs;s;
(R5) ejej = gje; (R13) tisi = sit; =t
(R6) siej = e;s; (R14) tiej = ejt;
(R7) siej = ej11S; (R15) tiejt; =t
(R8) ejeir1si = €jeit1 (R16) ejtiej = ;.
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Presentations

Theorem (E, 2011)

The singular partition monoid P, \ S, has presentation

Pn\Sn = <el,...,e,,,t,-j (1 <i<j< n) : (Rl—RlO)),

where

(R1) €2 =g (R6) extijex = ek

(R2) eiej = gje; (R7) tijex = extj;

(R3) t2 = t; (R8) tijtik = tixti = tuit;j

(R4) tjtiy = titjj (R9) extuieitijejtiex = extyjejtjieitinex
[N e = i (R10) extiieitjeitietiwex = extuertieitiejtinex.

1 i n 1 i Jj n

= L el THHT

James East Idempotent generation in partition monoids




Presentations

Theorem (Kudryavtseva and Mazorchuk, 2006; see also

Birman-Wenz| and Barcelo-Ram)

The Brauer monoid B,, has presentation

Bn = <51, ..y Sp_1,U1,...,Up—1 (Rl—RlO)),

where

(Rl) Si2 = (R5) ujuj = ujuj (Rg) s,-uju,- = sju,-
(R2) sisj=s;si (RO) siuj = ujsi  (R10) wiujs = ujs;.
(R3) sisjsi = sjsisj  (RT) siuj = ujsi = uj

(R4) u? = y; (R8) wjuju; = u;

1 i n 1 i n

Cd SRS /0 SRS ] SN D B
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Presentations

Theorem (Maltcev and Mazorchuk, 2007)

The singular Brauer monoid B, \ S, has presentation

Bn\Sn 2 (uj (1<i<j<n):(RI—R6)),

where

(R1) uf = uy (R4) vjjuikuj = ujjujx
(R2) wjjup = ukujj (R5) wjjujkup = ujjujug
(R3) wjujuj = uj (R6) ujuiui = ujujuj.
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Presentations

Theorem (Borisavljevi¢, DoZen, Petri¢, 2002; see also Jones,

Kauffman, etc)
The (singular) Temperley-Lieb monoid 7L, has presentation
TLp = (u1,...,un—1: (RI—R3)),

where
(R1) v? =y (R2) wjuj = uju; (R3) wvjuju; = u;.
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Idempotent generation — questions

So the singular parts of P, B,, TL, are idempotent generated . ..
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Idempotent generation — questions

So the singular parts of P, B,, TL, are idempotent generated . ..

@ What is the smallest number of (idempotent) partitions
required to generate P, \ S,?

i.e., What is the rank and idempotent rank, rank(P,\ S,) and
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Idempotent generation — questions

So the singular parts of P, B,, TL, are idempotent generated . ..

@ What is the smallest number of (idempotent) partitions
required to generate P, \ S,?

i.e., What is the rank and idempotent rank, rank(P,\ S,) and
idrank(P, \ Sn)?

e How many (idempotent) generating sets of minimal size are
there?

@ What about other ideals of P,?

How many idempotents does P, contain?

What about infinite partition monoids Px?

@ Same questions for B, and 7L, ...
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Number of idempotents — B

n

Theorem (Dolinka, E, Evangelou, FitzGerald, Ham, Hyde, Loughlin, 2014)

The number of idempotents in the Brauer monoid B, is equal to

n!
€n = % gl ! - 202 ..(2k)M2k
where k = |n/2] — i.e, n=2k or 2k + 1.
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Number of idempotents — B

n

Theorem (Dolinka, E, Evangelou, FitzGerald, Ham, Hyde, Loughlin, 2014)

The number of idempotents in the Brauer monoid B, is equal to

n!
en_%ﬂll”'ﬂn! .2#2...(2k)u2k
where k = |n/2| — i.e., n=2k or 2k + 1. The numbers e,

satisfy the recurrence
e e =1,
® ey =a1ep—1 t+ axep—2+ -+ an€

where a; = (2'7,:11) (2i = 1)! and apj41 = (";il) (2i + 1)
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Number of idempotents — Bf;

Theorem (DEEFHHL, 2014)

The number of idempotent basis elements in the Brauer algebra B?

is equal to
n!
zu: prlps! - - pokyr!
where
o k— LnglJ'

@ the sum is over all integer partitions p = n with only odd
parts,

@ J is not a root of unity.

James East Idempotent generation in partition monoids



Number of idempotents — P

n

Theorem (DEEFHHL, 2014)

The number of idempotents in the partition monoid P, is equal to

_s c(1) - c(n)Hn

ppl e ! (1!)#1 boa (n!)un’

pEn
where
k
o c(k) = Z (14 rs)c(k, r,s), and
r,s=1

@ c(k,r,1) = S(k,r)
c(k,1,s) = S(k,s)
c(k,rys)=s-clk—1,r—1,s)+r-c(k—1,r,s —1)+rs-c(k —1,r,s)

k=2 ) o\ r=1s=1
+Z( )ZZ(a(s—b)+b(r—a))c(m,a,b)c(k—m—l,r—a,s—b)
m=1 > M 7/ a=1 b1

ifr,s > 2.
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Number of idempotents — 73,(3

Theorem (DEEFHHL, 2014)

The number of idempotent basis elements in the partition algebra
P? is equal to

n! Z c(1)# ... c(n)kn

M}_n /“Ll' oo Mn| o (1')“1 o0 a (n!)l*%’

where

k
o c'(k)= Z rs - c(k,r,s), and

r,s=1

@ ¢ is not a root of unity.
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Less algebra, more diagrams. . .
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Number of idempotents — 7L,-TL7 (GAP)

The number of idempotents in 7L, is currently unknown.

E B
[

E 5] [-[] [




Number of idempotents — 7TLg—TL1; (GAP)

The number of idempotents in 7L, is currently unknown.

® % B |

IBREENERRAEH

‘\ T \‘H
[EREREEREEE!

Fooie s
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Number of idempotents — inside TL15—TL17 (GAP)

Thanks to Attila Egri-Nagy for these ...



Rank and idempotent rank — P, \ S,
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Rank and idempotent rank — P, \ S,

Theorem (E, 2011)

@ P, \ S, is idempotent generated.
@ Pp\Sp=(e1,...,entj (1<i<j<n)).

1 r n 1 i Jj n

g SR 0 U A B o
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Rank and idempotent rank — P, \ S,

Theorem (E, 2011)

@ P, \ S, is idempotent generated.

@ Pp\Sp=(e1,...,entj (1<i<j<n)).

SRR NN}
n+1)zm

o rank(P, \ Sp) = idrank(P, \ Sn) = n+ (5) = ("3 e

o“——e
*——o
*——o
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Minimal idempotent generating sets — P, \ S,

Any minimal idempotent generating set for P, \ S, is a subset of
{ef 11<r< n}U{tiﬁﬁj?fji:gibgji 1<i<j< n}-

N

i J

| THH
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Minimal idempotent generating sets — P, \ S,

Any minimal idempotent generating set for P, \ S, is a subset of
{ef 11<r< n}U{tiﬁﬁj?fji:gibgji 1<i<j< n}-

N

i J

| THH

se] M| w-] TR

To see which subsets generate P, \ S,, we create a graph. ..
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Minimal idempotent generating sets — P, \ S,

Let ', be the di-graph with vertex set

V() ={ACn:|Al=1or|A =2}
and edge set

E(lr,)={(A,B): ACBor BCA}.

I's (with loops omitted)
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Minimal idempotent generating sets — P, \ S,

For only $59.95. ..
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Minimal idempotent generating sets — P, \ S,

A subgraph H of a di-graph G is a permutation subgraph if
V(H) = V(G) and the edges of H induce a permutation of V(G).
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Minimal idempotent generating sets — P, \ S,

A subgraph H of a di-graph G is a permutation subgraph if
V(H) = V(G) and the edges of H induce a permutation of V(G).
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Minimal idempotent generating sets — P, \ S,

A subgraph H of a di-graph G is a permutation subgraph if
V(H) = V(G) and the edges of H induce a permutation of V(G).

@
©) ©)
® ® ©)
®» ©®
® &\
® ®

James East Idempotent generation in partition monoids



Minimal idempotent generating sets — P, \ S,

A subgraph H of a di-graph G is a permutation subgraph if
V(H) = V(G) and the edges of H induce a permutation of V(G).

James East Idempotent generation in partition monoids



Minimal idempotent generating sets — P, \ S,

A subgraph H of a di-graph G is a permutation subgraph if
V(H) = V(G) and the edges of H induce a permutation of V(G).

James East Idempotent generation in partition monoids



Minimal idempotent generating sets — P, \ S,

A subgraph H of a di-graph G is a permutation subgraph if
V(H) = V(G) and the edges of H induce a permutation of V(G).

op!

®

James East Idempotent generation in partition monoids



Minimal idempotent generating sets — P, \ S,

A subgraph H of a di-graph G is a permutation subgraph if
V(H) = V(G) and the edges of H induce a permutation of V(G).
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Minimal idempotent generating sets — P, \ S,

A subgraph H of a di-graph G is a permutation subgraph if
V(H) = V(G) and the edges of H induce a permutation of V(G).
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Minimal idempotent generating sets — P, \ S,

A subgraph H of a di-graph G is a permutation subgraph if
V(H) = V(G) and the edges of H induce a permutation of V(G).
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Minimal idempotent generating sets — P, \ S,

A subgraph H of a di-graph G is a permutation subgraph if
V(H) = V(G) and the edges of H induce a permutation of V(G).
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Minimal idempotent generating sets — P, \ S,

A subgraph H of a di-graph G is a permutation subgraph if
V(H) = V(G) and the edges of H induce a permutation of V(G).

A permutation subgraph of I, is determined by:

@ a permutation of a subset A of n with no fixed points or
2-cycles (A= {2,3,5}, 2+ 3+—5—2), and

@ a function n\ A — n with no 2-cycles (1 + 4, 4+ 4).

James East Idempotent generation in partition monoids



Minimal idempotent generating sets — P, \ S,

Theorem (E+Gray, 2014)

The minimal idempotent generating sets of P, \ S, are in one-one
correspondence with the permutation subgraphs of I',,.

The number of minimal idempotent generating sets of P, \ S, is

equal to
n

Z <Z> akbn,n—ka

k=0
where ag =1, a; = a» =0, ax11 = kax + k(k — 1)ak_», and
4]

bk ::j{j(-qqf<;3>(2i-1)unk—2ﬂ
i=0

n|0O 1 2 3 4 5 6 7
|1 1 3 20 201 2604 40915 754368
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Ideals — P, \ S,

The ideals of P, are
Ir ={a € Pp: « has < r transverse blocks}

for0 <r<n.
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Ideals — P, \ S,

The ideals of P, are
Ir ={a € Pp: « has < r transverse blocks}
for0 <r<n.

Theorem (E+Gray, 2014)

If 0 <r<n-—1, then I, is idempotent generated, and

)t — éS(n,j) (Jr>
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Ideals — P, \ S,

The ideals of P, are
Ir ={a € Pp: « has < r transverse blocks}

for0 <r<n.

Theorem (E+Gray, 2014)

If 0 <r<n-—1, then I, is idempotent generated, and

)t — éS(n,j) (i)

The idempotent generating sets of this size have not been
classified /enumerated (for 1 < r < n—2).
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Rank and idempotent rank — B, \ S,
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Rank and idempotent rank — B, \ S,

Theorem (Maltcev and Mazorchuk, 2007)

e B,\ S, is idempotent generated.
°© By\Sp=(uj (1<i<j<n)).

1 i j n

o= JAR]]
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Rank and idempotent rank — B, \ S,

Theorem (Maltcev and Mazorchuk, 2007)

e B,\ S, is idempotent generated.
°© By\Sp=(uj (1<i<j<n)).

1 i j n
‘ [ ] L ] }
[EE) IR

e rank(B,\ S,) = idrank(B, \ S,) = (’21) = w
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Minimal idempotent generating sets — B, \ S,

Let A, be the di-graph with vertex set
V(IA,) ={ACn:|Al =2}

and edge set

E(N,) ={(A,B): AN B # 0} .
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Minimal idempotent generating sets — B, \ S,

Theorem (E+Gray, 2014)

The minimal idempotent generating sets of B, \ S, are in one-one
correspondence with the permutation subgraphs of A,,.

No formula is known for the number of minimal idempotent
generating sets of B, \ S, (yet). Very hard!

n|0 1 2 3 4 5 6 7
1 1 1 6 265 126,140 855966441 nn
11 1 2 12 288 34,560 24,883,200

There are (way) more than (n —1)!-(n—2)!...31.21. 11

e Thanks to James Mitchell for n = 5,6 (GAP).
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|deals — B, \ S,

The ideals of B, are
Ir ={a € B, : a has < r transverse blocks}

for0<r=n-2k<n.

Theorem (E+Gray, 2014)

If 0 <r=n—2k < n-—2, then /, is idempotent generated and

nl

rank(/,) = idrank(/,) = <2';<> (2k =l = .

James East Idempotent generation in partition monoids



Rank and idempotent rank — 7L,

Theorem (Borisavljevi¢, Dogen, Petri¢, 2002, etc)

@ TL, is idempotent generated.

@ TL,=(u1,...,up-1).

e rank(7L,) = idrank(7L,) = n—1.
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Minimal idempotent generating sets — 7L,

Let =, be the di-graph with vertex set

V(Z,) = {{1,2},{2,3},....{n—1,n}}

and edge set
E(=,)={(A,B): AnNB #(}.

=5
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Minimal idempotent generating sets — 7L,

Theorem (E+Gray, 2014)

The minimal idempotent generating sets of 7L, are in one-one
correspondence with the permutation subgraphs of =,,.

The number of minimal idempotent generating sets of 7L, is F,,
the nth Fibonacci number.

n|0 1 2 3 4
1 1.1 2 3

7
13

5 6
5 8

James East Idempotent generation in partition monoids



ldeals — 7L,

The ideals of 7L, are
Ir ={a € TL,: a has < r transverse blocks}

for0<r=n-2k<n.

Theorem (E+Gray, 2014)

If 0 <r=n—2k < n-—2, then /, is idempotent generated and

1 1
rank(/;) = idrank(/;) = % <n—}(_ )
n
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ldeals — 7L,

Values of rank(/,) = idrank(/,):

n\r|]0 1 2 3 4 5 6 7 8 9 10
0 |1

1 1

2 |1 1

3 2 1

4 |2 3 1

5 5 4 1

6 |5 9 5 1

7 14 14 6 1

8 |14 28 20 7 1

9 42 48 27 8 1
10 | 42 90 75 35 9 1
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| have more problems but | should stop now. ..
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| have more problems but | should stop now. ..

.unless | have a few minutes to spare. ..
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Infinite partition monoids — Px
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Infinite partition monoids — Px

Theorem

PX = <SX,Oé,ﬁ> where

1X]
——
/1 [ B |
ST S (N
1X] [X] 1X] 1X]
1X] 1X] 1X] 1X]
N AN N AN
[ Ry S| [
6 _ 1X|
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Infinite partition monoids — Px

Proof: Let v € Px.
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Infinite partition monoids — Px

Proof: Let v € Px.

A C
—_—~ —_——
I D
—
N—— N——
B D
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Infinite partition monoids — Px

Proof: Let v € Px. We'll show that v = anf for some 7 € Sx.

A C
—_—~ —_——
I D
—
N—— N——
B D
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Infinite partition monoids — Px

Proof: Let v € Px. We'll show that v = anf for some 7 € Sx.

A C
—_—~ —_——
I D
—
N—— N——
B D

T AN 4
SO [ S A 4

D
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Infinite partition monoids — Px

Proof: Let v € Px. We'll show that v = anf for some 7 € Sx.

—N— ——
[ & _
N —— N——r
B D

T AN 4
1N/ 1/

N o’
D
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Infinite partition monoids — Px

Proof: Let v € Px. We'll show that v = anf for some 7 € Sx.

. T
Q%E\ﬂ
1N/ 1/
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Infinite partition monoids — Px

Proof: Let v € Px. We'll show that v = anf for some 7 € Sx.

A C
—_—~ —_——
I D
—
N—— N——
B D
A C
—— ——
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Infinite partition monoids — Px
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Infinite partition monoids — Px

Proof: Let v € Px. We'll show that v = anf for some 7 € Sx.
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Infinite partition monoids — Px

Proof: Let v € Px. We'll show that v = anf for some 7 € Sx.

A C
—_—~ —_——
[
—
N—— N——
B D
A C
—— ——
«
N———r N——
B D
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Infinite partition monoids — Px

Proof: Let v € Px. We'll show that v = anf for some 7 € Sx.

A C
—_—~ —_——
[
—
N—— N——
B D
A C
—— ——
«
—
N———r N——
B D
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Infinite partition monoids — Px

Proof: Let v € Px. We'll show that v = anf for some 7 € Sx.

A C
—_—~ —_——
[
—
N—— N——
B D
A C
—— ——
a \;
N———r N——
B D
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Infinite partition monoids — Px

Proof: Let v € Px. We'll show that v = anf for some 7 € Sx.

A C
—_—~ —_——
[
—
——— ——
B D
A C
—— ——
«
™
N——— N——
B D
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Infinite partition monoids — Px
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Infinite partition monoids — Px
Aj G
~ ~~__
Let o € Px. o= N
—— —~
B

i Dy
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Infinite partition monoids — Px
Aj G
~ ~~__
Let o € Px. o= N
—— —~
B

i Dy

o Write o = < A G

Bi | D« iel, jed, kek
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Infinite partition monoids — Px

A G
-~ . _

Let o € Px. o= ; \Q

—— —~—

B; Dy
) A; C;

o Write a = < BI- DJ .
i k Jiel, jed, keK

@ Define:

o def(a) =3 ., |Gl
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Infinite partition monoids — Px

A G
-~ . _

Let o € Px. o= ; \Q

—— —~—

B; Dy
) A; C;

o Write a = < BI- DJ .
i k Jiel, jed, keK

@ Define:

o def(a) =3 ;|G

. codef(a) = 3,k | Dil,
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Infinite partition monoids — Px

A G
-~ . _
Let o € Px. o= ; \Q
—— —~—
B; Dy
) A; C;
o Write a = < BI- DJ .
i k Jiel, jed, keK

@ Define:

o def(a) =3, |G|, codef(a) = > i [Dkl,

° CO|(OA) = E,-e/ (|Ai‘ - 1)
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Infinite partition monoids — Px

A G
-~ . _
Let a € Px. o= ; \Q
—— —~—
B; Dy
) A; C;
o Write a = < BI- DJ .
i k Jiel, jed, keK

@ Define:

o def(a) =3, |G|, codef(a) = > i [Dkl,

o col(a) =Y, (JAl = 1), cocol(a) =, (IBi] — 1),
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Infinite partition monoids — Px

A G
-~ . _
Let o € Px. o= ; \Q
—— —~—
B; Dy
) A; C;
o Write a = < BI- DJ .
i k Jiel, jed, keK

@ Define:

o def(a) =3, |G|, codef(a) = > i [Dkl,

o col(a) =Y, (JAl = 1), cocol(a) =, (IBi] — 1),

o sh(a)=#{iel:AnNB =0}
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Infinite partition monoids — Px

Theorem (E+FitzGerald, 2012)

If X is infinite, then

(E(Px)) = {1} U(P{"\ S%)

col(a) + def(a) = cocol(x) + codef(a) }

U{a € Px : > max(sh(a), No)
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Infinite partition monoids — Px

Theorem (E+FitzGerald, 2012)

If X is infinite, then

(E(Px)) = {1} U(P{"\ S%)

col(a) + def(a) = cocol(x) + codef(a) }

U{a € Px : > max(sh(a), No)

Theorem (E+FitzGerald, 2012)

For any X (finite or infinite),

(SxUE(Px)) = {a € Px : col(a)+def(cr) = cocol(a)+codef(a) }.
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