On adjoint functors of the Heller operator

Matthias Kunzer

December 16, 2011

Abstract

Given an abelian category A with enough projectives, we can form its stable category
A = A/Proj(A). The Heller operator 2 : A— A is characterised on an object X
by a choice of a short exact sequence QX —e—+ P+ X in A with P projective. If A is
Frobenius, then 2 is an equivalence, hence has a left and a right adjoint. If A is hereditary,
then € is zero, hence has a left and a right adjoint. In general, ) is neither an equivalence
nor zero. In the examples we have calculated via MAGMA, it has a left adjoint, but in
general not a right adjoint. If A has projective covers, then ) preserves monomorphisms;
this would also follow from €2 having a left adjoint. I do not know an example where 2
does not have a left adjoint.
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0 Introduction

0.1 The question

Let € be an exact category. Let Proj(&£) be its full additive subcategory of relative projectives,
i.e. for P € Ob& we have P € ObProj(€) if and only if ¢(P,—) maps pure short exact
sequences of £ to short exact sequences of abelian groups. Suppose that £ has enough relative
projectives, i.e. suppose that for any X € Ob &, there exists a pure epimorphism P —+ X in &
with P € ObProj(€).

Write € := £/ Proj(€). The Heller operator 2 : £ — £ is characterised on a given X € Ob¢&
by a choice of a pure short exact sequence

QX — P 4+~ X

in £ with P relatively projective. This then is extended to morphisms.
We ask whether Q2 has a left adjoint; cf. Question 1. I do not know a counterexample.
If £ is a Frobenius category, then €2 is an equivalence, thus has both a left and a right adjoint.

If £ is hereditary, i.e. if 2 ~ 0, then ) has both a left and a right adjoint, viz. 0.

0.2 Monomorphisms
If a functor has a left adjoint, then it preserves monomorphisms. So first of all, we ask whether
the Heller operator {2 : £ — £ preserves monomorphisms.

It turns out that if £ is weakly idempotent complete and has relative projective covers in the
sense of §1.3, then {2 maps monomorphisms even to coretractions; cf. Proposition 4.

0.3 Construction of a left adjoint to the Heller operator ()

Let p € [2,997] be a prime. Let R := F,[X] and 7 := X.

Let A := (R/7%)(e > f) ~ (R/O’Ts gﬂi) Let £ := mod-A .

Using MAGMA [1], we construct a left adjoint S : £ — &€ to Q. We do so likewise for certain
factor rings of A. Cf. Propositions 6, 9 and 11.

Let now k be a field, R := k[X] and 7 := X. Let n > 1. An (R/7")(e - f)-module is given by

a morphism X —L+ Y in mod{R/7"). The full subcategory of mod{R/n")(e — f) consisting

of injective morphisms X J+ ¥V as modules has been intensely studied; it is of finite type if

n < 5, tame if n = 6, wild if n > 7; cf. [7, (0.1), (0.6)].
0.4 Two counterexamples

The functor Q2 : £ — £ does not have a right adjoint in general; cf. Remark 13.
Provided S H € exists, the composite (205 : £ — £ is not idempotent in general; cf. Remark 12.



0.5 Acknowledgements

SEBASTIAN THOMAS asked whether there exists a category with set of weak equivalences (C, W)
that carries the structure of a Brown fibration category, but whose Q on C[W 1] () does not
have a left adjoint. In our exact category context, this is Question 1.

I thank STEFFEN KONIG for help with monomorphisms, cf. §1.2. I thank SEBASTIAN THOMAS
and MARKUS KIRSCHMER for help with MAGMA. I thank MARKUS SCHMIDMEIER for help

with mod{ R/7")(e — f).

0.6 Notations and conventions

e Given a, b € Z, we write [a,b]:={z€Z :a<2z<b}.

b b b
e Composition of morphisms is written naturally, ( 2 s )= 2= 5

F G GoF
Composition of functors is written traditionally, (— — ) = —.

e In a category C, given X, Y € Ob(, we write ¢(X,Y) for the set of morphisms from X to Y.

e Given an isomorphism f, we write f~ for its inverse.

10
e In an additive category, a morphism of the form X a9, X @Y, or isomorphic to such a morphism, is

1
called split monomorphic; a morphism of the form X &Y @» X, or isomorphic to such a morphism,
is called split epimorphic.

e In exact categories, pure monomorphisms are denoted by —e—, pure epimorphisms by —— and pure
squares, i.e. bicartesian squares with pure short exact diagonal sequence, by a box [J in the diagram.

e Given a ring A, an A-module is a finitely generated right A-module.
e Given a commutative ring A and a € A, we often write A/a := A/(a) = A/aA.

e Given a noetherian ring A, we write mod-A := mod-A for the factor category of mod-A modulo the full
additive subcategory of projectives.

So in the language of §1.1 below, we consider the abelian category mod-A as an exact category with all
short exact sequences declared to be pure and write mod-A for its classical stable category.

1 The Heller operator ()

1.1 Notation

Let £ be an exact category in the sense of QUILLEN [5, p. 99] with enough relative projectives.
We will use the notation of [4, §A.2] concerning pure short exact sequences, pure monomor-
phisms and pure epimorphisms.

Let Proj(€) C & denote the full subcategory of relative projectives. Let
£ = &/Proj(€)
denote the classical stable category of £. The residue class functor shall be denoted by
E — &
xLv) — x-Lov)

LCf. also [6, p. 210].



For each X € Ob &, we choose a pure short exact sequence

(%) ax Sopx B x
with PX relatively projective. Let the Heller operator [3]

Q& —£

be defined on the objects by the choice just made. Suppose given a morphism X Y yin E.

Choose a morphism

ix X
QX ——=PX —+—=X

o, A, b

QY ——=PY —+—Y

of pure short exact sequences. Let

Different choices of pure short exact sequences (*) yield mutually isomorphic Heller operators.
Question 1 Does ) have a left adjoint?

I do not know a counterexample.

1.2 Preservation of monomorphisms

If Q: &—& has a left adjoint, then it preserves monomorphisms. So if, for some &, the
functor 2 did not preserve monomorphisms, then €2 could not have a left adjoint. Under certain
finiteness assumptions, however, we will show that € maps monomorphisms to coretractions,
so in particular to monomorphisms. This is to be compared to the case of £ being Frobenius,
where in the triangulated category £ all monomorphisms are split.

Lemma 2 Suppose that for X € Ob€& and for s € {PX,PX) such that spx = px, the
endomorphism s is an isomorphism.

Suppose given X Ty inég.
If [f] is a monomorphism, then Q[f] is a coretraction.

In particular, ) preserves monomorphisms.

Proof. Choose a morphism of pure short exact sequences as shown below. Insert a pullback
(T, X, PY,Y) and the induced morphism PX —“~ T, having vg = f and vq = px . Insert a



kernel j of ¢ with jg =1y .

QX

fl

QY
We have f'j = ixv, since f'jg=0=1ixpy = ixvg and f'jg = fliy = ixf = ixvg.

We have [q][f] = [gpy] = 0. Since [f] is monomorphic, we infer that [¢] = 0. Hence there exists
T —+ PX such that upyx = ¢. On the kernels, we obtain QY ——~ QX such that u/ix = ju.

X Px
99.¢ . PX % X

® <

QY

PY % Y

We have vupx = vq = px . Hence vu is an isomorphism by assumption.

We obtain f'u'ix = f'ju = ixvu. So (f'u',vu,idx) is a morphism of pure short exact sequences.
Hence f'u’ is an isomorphism. Thus f” is a coretraction. We conclude that Q[f] = [f'] is a
coretraction. 0

1.3 Relative projective covers

Suppose € to be weakly idempotent complete; cf. [2, Def. 7.2].

A morphism S '+ M in € is called small if in each pure square

HT

O

1
.,

o~

nN<—mx

in £, the morphism T+ M s purely epimorphic; cf. [8, Def. 2.8.30]. In other words, i is
small iff (i) being purely epimorphic entails ¢ being purely epimorphic for each morphism ¢
with same target as i. E.g. ¢« = 0 is small, for (‘2) = ((1)) t is purely epimorphic only if ¢ is;
cf. [2, Prop. 2.16].



If S —o» M is small and split monomorphic, then there exists

0—9

| o b

7

S’—o—>M7

forcing ' to be an isomorphism and thus S to be isomorphic to 0.

Given S 2+ S —“+ M with S —~ M small, then S 2 M is small. In fact, given t such that (Jj)
is a pure epimorphism, the factorisation (]Z) = (6(1)) ( i) shows that (é) is a pure epimorphism;
cf. [2, Cor. 7.7]. Thus ¢ is purely epimorphic by smallness of i.

A relative projective cover of X € Ob€& is a pure epimorphism P+ X in € such that P is
relatively projective and such that Kernp - P is small; cf. [8, 2.8.31].

We say that £ has relative projective covers if for each X € Ob¢&, there exists a relative

projective cover P X,

Lemma 3 Suppose given a relative projective cover P X in€. Suppose given P —» P such
that sp = p. Then s is an isomorphism.

k
Proof. We complete to a pure short exact sequence K ——+ P A+ X. We obtain a morphism

k p
K—=P——=X

| o1,

K—=P—=X .

of pure short exact sequences. Since the left hand side quadrangle is a pure square, we conclude
that s is purely epimorphic by smallness of K &+ P. Hence s is split epimorphic by relative
projectivity of P; cf. [2, Rem. 7.4]. Let L —&+ P be a kernel of s. Since ¢ factors over the small
morphism £, it is small as well. Since ¢ is split monomorphic, we have L ~ 0. Thus s is an
isomorphism. 0

Proposition 4 Suppose that the exact category £ is weakly idempotent complete and has rela-
tive projective covers.

Then 2 : € —& maps each monomorphism to a coretraction. In particular, 2 preserves
monomorphisms.

Proof. We may use relative projective covers to construct € in (x). Then Lemma 3 allows us
to apply Lemma 2. o

2 Examples for adjoints of the Heller operator )

Let R be a principal ideal domain, with a maximal ideal generated by an element m € R.



Let
A= (R/) (e ]).

Le. A is the path algebra of e —~ f over the ground ring R/7%. It has primitive idempotents e
and f, and a € eAf.

An object in mod-A is given by a morphism X — Y in mod{R/7*). A morphism in mod-A
is given by a commutative quadrangle in mod{ R/7?).

2.1 Example of a left adjoint
2.1.1 A list of indecomposables

Define the following objects in mod-A.

P (R/m® ——~ R/ P, (0 —~ R/7%)

X (R/m —+ R/n) X1 (R/7® "+ R/7%)

X, (R/n? ——~ R/7?) Xis (R/7® — 0)

X; = (R/m®—— R/m) X5 = (R/m®® R/x® @ R/m ® R/7%)
X, = (R/n® 1+ R/ X1y = (R/m&® R/ @1) R/7*@® R/n%)
Xs; = (R/x® "~ R/7% Xis = (R/m®R/x> (%) R/7 & R/73)
Xo¢ = (R/m "~ R/n?) X1 = (R/m "~ R/7%)

X; = R/ YL Rir@ R/} Xay = (R/7® —~ R/n)

Xs = (R/m&® R/ ), R/r?)  Xa = (R/m—0)

Xg = (R/7r3 — R/7r3) Xy = (0—— R/m)

Xy = (R/7?—0) Xy = (R/7® "+ R/7?)

Xu = (00— R/7) Xoy = (R/7? "~ R/

X9 = (R/m® R/m® @ R/7%) X = (R/n®> "~ R/7?)

X1y = (R/m* "% Rim e R/n%)

A matrix inspection yields the
Lemma 5

(1) For each projective indecomposable A-module P, there exists a unique i € [1,2] such that
P~P.

(2) For each nonprojective indecomposable A-module X, there exists a unique i € [1,25] such



2.1.2 Construction of a left adjoint

Our aim in this section is to computationally verify the

Proposition 6 Suppose given a prime p € [2,997]. Suppose that R = F,[X]| and 7 = X.
Then the Heller operator € : mod-A — mod-A has a left adjoint.

For ease of MAGMA input, we have used that

A ~ Fp<uCe*a>va>/(u3, v?, ua — av)

as Fp-algebras.

To reduce the calculation of this adjoint functor to the proof of the representability of certain
functors, we use

Lemma 7 ([9, 16.4.5, 4.5.1]) Suppose given categories C and D and a functor c-Lp.
Suppose that

p(YV,F (=)

— " Sets

(X =X) ——— (oY, FX)

(Y, F'z)

Y, FX"))

1s representable for each Y € ObD.
Then F has a left adjoint.

More precisely, given a map ObC <~ ObD and an isomorphism
oY, F(=)) == Y7, -)
for'Y € Ob D, there exists a left adjoint C Do F,i.e. GAF, such that, writing
ey = (Iy))(py(Y7)” + ¥ — F(Y7y)

for'Y € Ob D, we have

(y-eY) ey (Y'y))

Y'y)
forY 2+Y in D.
Thus in order to construct the left adjoint to €2 on mod-A, it suffices to show that the functor

mod-A(Xi, Q(—)) is representable ¢ € [1,25]. We shall do so by an actual construction of an
isotransformation from a Hom-functor.

Suppose given i € [1,25]. Such an isotransformation is necessarily of the form

mod A(SXi,Y)  —  meaa(X;,QY)
[/ — la]-QLf]



for some SX; € Obmod-A and some A-linear map ¢; : X; — QSX;, where Y € Obmod-A.

So it suffices to find an A-module SX; and an A-linear map ¢; : X; — Q5X; such that the
induced map

mod-A(SXi, Xj)  —  moa-a(Xi, QX))

() f — el

is an isomorphism for j € [1,25].

In particular, given an automorphism « of X; in mod-A, an automorphism [ of SX; in mod-A
and a valid such morphism [¢;], then « - [¢;] - 23 is another valid such morphism, sometimes of
a simpler shape.

To show that a guess for SX; is in fact the sought-for representing object, we make use of
the fact that y0q.4(X;,2SX;) is finite, so that we have only a finite set of candidates for ¢; .
Then to check whether the candidate-induced maps (%) are isomorphisms, is also feasible via
MAGMA, using in particular its commands ProjectiveCover, AHom and PHom; cf. [1].

We obtain
SX, = X, QSX, = X SXu = X; OSXy = Xig
SX, = Xy QSXy, = Xo SXi5 = 0 QSX1;s = 0
SX; = X, OSX; = X; SXig = Xo® Xy OWSXig = X1 X5
SXy = Xy QSX, = X, SXyr = X168 X5 QSX17 = Xo® Xy
SXy; = Xy OSXs = Xj SXig = Xg OSXig = Xy
SXy = X, QSX; = Xg SX = X; QSX,, = Xy
SX;, = X; OSX; = Xy SXy = Xy OWSXy = Xy
SXg = Xy OSXg = X, SXo1 = 0 WSXy = 0
SXyg = Xy 0SXy = X5 SXe = X1 WS Xy = Xoo
SXi = 0 QSXy,y = 0 SXy = Xy Q5Xo = Xg
SXn = Xg QSX, = Xu SXoy = X OSXy = Xy
SXi = Xy WSX,, = X5 SXo = Xy WS X = X
SXi3 = Xg 0SXy3 = Xy
and

X1 R/7r41>R/7T X14 R/W3i>R/7T3

EW = 1¢ ¢1 614¢ = 1J/ . ¢1

QSX, R/m ——>R/r QS X4 R/r —" > R/x®

X R/7* —— R/n? Xi5 R/7® —>0

S N N N

QS X, R/m? . R/7> 0S5 X5 0——0

) (15)

X3 R/n? ——=R/7 X6 R/7?® R/n® —> R/7n & R/~3

s = | 4 h <¢ ) = | GOV oy Y

QSX; R/m — =R/ 09X R/n® R/n? ~—% R/7 & R/x®
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R/m3 *1>R/7r2

1| 1

R/n? —> R/n?

R/n?* "= R/n®

1) I

R/n? —= R/m*

R/m —= R/m?

1¢ \Ll

R/m —= R/n?

1
R/7? ar) R/m® R/73

T

R/7? —— R/7 ® R/7

s

R/m & R/m3 gRﬁ#

()} I

R/7* ——> R/x?

R/n® —— R/m®

1) I

R/n? ——~ R/n®

R/7? ——=0

| J

0 0

0 — R/n?

Lo

0 — R/n?

()

R/n® R/7® — R/73

(D} b

R/n? ——— R/m*

1n
R/m3 £ R/m® R/7?

T 1

R/n* —— R/7n ® R/73

Remark 8 Keep the assumptions of Proposition 6.

We have (Q0S5)?Y ~ (Q0S)Y for Y € Obmod-A.

R/m @ R/n® > R/x? & R/x>
(To)l (5%) @)

R/m?® R/n — R/7?> ® R/n3

™
1

0 71,2
R/m® R/m3 S R/m® R/m®
(D} (69)

1n
R/m? Sl R/m® R/73

R/ﬂ'i>R/ﬂ'3

- L

R/m —— R/n®

R/m® ——>R/x

-4

R/t —>R/x

R/m ——

- |
0

_—

0——R/m

-l b

0——R/x

R/m* —— R/m?
o

R/m — R/n?

R/m? i>R/7T3

= Lk

R/m ——— R/n®

R/n* —— R/7?

-4

R/m — R/m?
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The unit of the adjunction S 4 €2 at an A-module X Joyis represented by a factorisation

over an image Iy of the module-defining morphism f.

I do not know why.

2.2 Another example of a left adjoint

Recall that R is a principal ideal domain, with a maximal ideal generated by an element m € R.

2.2.1 A list of indecomposables
Let

B = A/(xa) = (R/7*)(e—~ f)/(xa) .

Indecomposable nonprojective B-modules become indecomposable nonprojective A-modules
via restriction along the residue class map A — B.

We list the 24 representatives of isoclasses of indecomposable nonprojective B-modules in the
numbering used in §2.1.1 as follows.

X17 X27 X3a X57 X67 X77 X87 X9a X107 X117 X127 Xl?)) X14; X15; X167

X7, Xig, X9, Xoo, Xo1, Xog, Xog, Xosg, Xos

2.2.2 Construction of a left adjoint

Our aim in this section is to computationally verify the

Proposition 9 Suppose given a prime p € [2,997]. Suppose that R = F,[X]| and 7 = X.
Then the Heller operator ) : mod-B — mod-B has a left adjoint.

We proceed analogously to §2.1.



We obtain
SX, = X,
SX, = X4
SX; = Xi
SXs = Xy
S Xg
SX;: = X1 Xy
SXg = Xi® X
SXg = Xy
SXip = Xo
SX1u1 = X
SXip =
SXi3 =

and

12

= Xo@ X3

QSXr

Xo® Xi7
X1 @ Xy

QS X, X9
QSX, = X3

QSX; = X3

QS X5 Xos
ASXs = X @ Xo
QSX; = X3 X,
OSXg = X9 X3
QSXy = Xy
QSX1 = X
QSX1 = Xu
QSX1p = Xo1 ® Xys
QS Xy3 X3® X1y
R/?T—1>R/7r

1| J/

R/m ——0

R/m? —1>R/772

1 1

R/?TQ;R/W

R/m? $>R/7T

1J/ \Ll

R/7T2;>R/7T

R/n? ——~ R/m?

1 I

R/n? ——= R/n?

R/m — = R/n?

1 i

R/t —2>R/w

17
R/7? an) R/m® R/73

L T

R/m? ——> R/7 @ R/n*

)

SX14
SXi5
SXie
SXi7
SXig
SXig
S X
SXo1
S X
S X3
S Xy
S Xos

€18 ll

Q5Xis

= X9 Xy QSXyy =
= X5 OSX;; = Xop
= X1 0 Xir OSXe =
= X1 Xo0 Xy QSXy; =
= X1 Xy Xy QASXizs =
= X9 X, OSXyy =
= Xi 05X = X5
= X5 OS5Xy = Xo
= X3 ASXo = Xp
= X7 ASXo3 = Xys
= Xo0® X, OSXyy =
= Xi7 OSXys = Xos
X4 R/m3 LR/’N?’
o I
QSXq4 R/W*O>R/7r2
Xi5 R/m® ——0
o= i)
Q5X15 R/m —0

X9

619¢

QS X9

Xoo

€20 \L

QS5 X0

(%)

R/m?® R/n® —> R/m ® R/73

GOV oy 4(01)

R/m? & R/n?* —> R/m & R/7?

P 2

1
R/m ® R/n® —— R/7%?® R/7®

G @y 40D

R/m® R/n* —> R/7n ® R/n*

o3

0 w2
1w
R/m® R/n®* — R/7n ® R/7>

GOV oy 4G

R/m @ R/n* —— R/m ® R/x*

R/?Ti>R/7T3

- [

R/m —>> R/x?

R/m® ——> R/w

-l

R/m? —1 > R/m

Xo1 @ X3

X3 @D Xos
Xo1 @ X3® X1y
Xo1 & X536 X1y
Xo1 ® X1y

Xo1 6 X101




(1)

Xg R/?T@R/TF34>R/7T2 X21 R/TI'HO
) BDF @y b | 4o
25X R/m ® R/7> —> R/7 QS Xy R/t —=0
X R/n® —"= R/m? Xo9 0——>R/w
GQJ/ 1\L ‘l/l 622¢ \L l/l
QS Xo R/m? T R/m? Q5 Xo 0——R/m
X0 R/m? ——=0 Xo3 R/n® —— R/n?
a0 1) | €2 1 |
Q5X10 R/t —>0 25 X3 R/n? —— R/n?
Xu 0—> R/n’ Xou R/n* "= Rz
enll i/ l’l EM\L li’ ill
QSX1, 0 — R/n? QS5 Xo4 R/?T*U>R/7T2
X1o R/7 @ R/7 @ R/7 Xos R/m? —"> R/n’
az (69) @ b =) 1 1
05X, R/m® R/n* —> R/7? Q5Xss R/n? —"= R/7?
Xi3 R/7T3Q>R/7TEBR/71'3
U N N O b
Q5X13 R/m* —— R/m & R/7?
Ct. §2.1.

Remark 10 Keep the assumptions of Proposition 9.
We have (20 S5)?Y ~ (Qo S)Y for Y € Obmod-B.
Given an R/m*-module X, we write X := X/72X and Ann, X :={z2€ X : nz=0}.

The unit of the adjunction S 4 at a B-module X Toyis represented by the composite

<~ i<t
|
~h

X/WKernf%?/(Anan)fa

where the vertical maps are the respective residue class maps, and the middle and lower hori-
zontal maps are the induced maps.

I do not know why.
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2.3 Further examples of left adjoints

Let

Ci = A/(m*f) = (R/m*)(e—= f)/(7*f)
Ca Af(wf) (R/7*)(e = f)/(nf)

Cs Af(w%e,m*f) = (R/7*)(e—~ f)

Cy Al(ra = (R/m*)(e— [)/(ma)

Cs Af(ma, 7% f) (R/m%)(e =~ f)/(ma, 7 f)
Cs = Af(r’) = (R/m®)(e— [)/(7%)

Cr = Af(me) = (R/m*)(e— [)/(me)

Cs = Al(n?e,ma) = (R/7%)(e - f)/(r%e, ma)

Proposition 11 Suppose given a prime p € [2,997]. Suppose that R = F,[X] and 7 = X.
Then the Heller operator € : mod-C; — mod-C; has a left adjoint for j € [1,8].

Remark 12 Keep the assumptions of Proposition 11.
We have (205)?Y ~ (Qo S)Y for Y € Obmod-C; for j € [1,8] \ {5}.
For j =5, we have
Q09X = Xi0® Xy
(Q @) S)Xgl == X21
in the notation of §2.1.1, i.e.
(QoS)(R/7?—0) = (R/7*—0)® (R/m—0)
(QoS)(R/m—0) = (R/m—0).

2.4 Counterexample: no right adjoint

Recall from §2.3 that Cs = (R/7?)(e - f). As representatives of isoclasses of nonprojective
C5-modules we obtain, in the notation of §2.1.1,

Y, = X; = (R/’/T—I>R/7T) s == X = (R/m—0)

Yo = X3 = (R/?—~R/m) Y5 = Xn = (0—R/m)

Y; = X¢ = (R/m—7~R/n?) Y; = Xo5 = (R/m*-"~R/7?).
Yy == X (R/m—0)

Remark 13 Suppose that R = F3[X] and 7 = X.
The functor €): mod-C3 — mod-C3 does not have a right adjoint.

Proof. MAGMA yields

1010100
1111101
0110110
: <7
= . . = 0102101
1100010
0111111
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1010100
0110810
! . - ] _ X7
H' = (dimp, (moa-cy(QYi,Y))) ), = | 9000000 | € (Zz)™" .
1100010
0000000

Assume that ) has right adjoint 7" : mod-C5 — mod-C} .
Write TY; ~ @yen 7 Y "5 for j € [1,7)], where U == (ug )k, € (Zz0)™*". We obtain

H' = (dimp,(mea.c,( 25, Y))),,
= (dimp,(moa-cy(Y:,TY;)) )m

— (dimF3 (‘moa-c5(Yi @ke[l,?} Yk@w’j)) )ZJ
= (Zke[lﬂ dimFs(miod-C?’(Y; ) Yk)) ' uk’j)@j
= H-U.

So every column of H' is a linear combination of columns in H with coeflicients in Z>, . However,
the third column of H’ would afford a coefficient € Z- at the first, third or fifth column of
H because its first entry equals 1. But then its second entry would also be in Z-(, because
these columns of H all have second entry equal to 1. But this second entry equals 0. We have

arrived at a contradiction. o
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