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0 Introduction

0.1 Preoperads and operads

Operads determine algebra structures. For instance, there is an operad ASS such that algebras over
ASS are associative algebras; cf. �0.3.1. There is an operad COM such that algebras over COM are
commutative algebras; cf. �0.3.3 and the diagram in �0.3.5. Here the principle of forming an algebra
over an operad is the same as the principle of forming a module over a ring.

The theory of operads we develop di�ers from the classical notion of an operad. In fact, the linear
operads we de�ne in �6 closely resemble the PROPs, as de�ned by S. Mac Lane. Concerning the
notion of an operad in the classical sense and the connection to Mac Lane's PROPs, cf. also �0.4
below.

With all de�nitions and constructions we will always handle two di�erent cases. On the one hand,
we will de�ne set-preoperads and set-operads, where all involved maps are mere maps between sets.
On the other hand, we will de�ne linear preoperads and linear operads over a commutative ring R
where all involved sets are R-modules and all involved maps are R-linear. This may lead to some
repetition, yet the distinction is usually necessary.

0.1.1 Preoperads

In �2 we treat the basic theory of set-preoperads and linear preoperads as well as basic examples.

A set-preoperad is essentially a strict monoidal category (cf. [10, VII.1]) with Z¥0 as the set of
objects, where the monoid structure is given by addition in Z¥0 . More precisely, a set-preoperad
pP0,b, �q consists of a biindexed set P0 � pP0pm,nqqm,n¥0 with distinguished identity elements
idm P P0pm,mq for m P Z¥0 , an associative multiplication, given by multiplication maps

pbq : P0pm,nq � P0pm
1, n1q ÝÑ P0pm�m1, n� n1q,

and an associative composition, given by composition maps

p�q : P0pm,nq � P0pn, kq ÝÑ P0pm, kq,

such that certain compatibility conditions are satis�ed; cf. De�nition 2.6.

A linear preoperad pP,b, �q over a commutative ring R is de�ned similarly, with the additional
properties that we ask Ppm,nq to be an R-module and that we ask for the multiplication maps

pbq : Ppm,nq b Ppm1, n1q ÝÑ Ppm�m1, n� n1q

and the composition maps

p�q : Ppm,nq b Ppn, kq ÝÑ Ppm, kq

to be R-linear maps.

A morphism of (set- or linear) preoperads is a biindexed map φ � pφpm,nqqm,n¥0 : P ÝÑ Q that is
compatible with the structure of the preoperad, that is, compatible with multiplication, composition
and identities.

A subpreoperad of a (set- or linear) preoperad is a biindexed subset Q � P that contains all identity
elements idP,m and that is closed under multiplication and composition of P. In the case of linear
preoperads we additionally ask for Qpm,nq � Ppm,nq to be a submodule.

5



For a (set- or linear) preoperad P and a biindexed subset X � P, the subpreoperad generated by X
is the smallest subpreoperad of P containing X, i.e.

preop
xX y �

£ 
R � P : R is a subpreoperad with X � R

(
.

A basic example is the set-preoperad Map0 , where Map0pm,nq consists of maps f : r1,ms ÝÑ r1, ns
with the usual composition of maps and with multiplication de�ned by stacking and renumbering,
i.e. for f P Map0pm,nq, f

1 P Map0pm
1, n1q we have f b f 1 P Map0pm�m1, n� n1q given by

ipf b f 1q :�

#
if if i P r1,ms

pi�mqf 1 � n if i P rm� 1,m�m1s.

The set-subpreoperad of Map0 consisting only of monotone maps is called Ass0 . Similarly, the set-
subpreoperad of Map0 consisting only of bijective maps is called Sym0 . By linearly extending to
Mappm,nq :� RMap0pm,nq and pbMapq :� RpbMap0

q and p�Mapq :� Rp�Map0
q, we obtain the linear

preoperad Map � RMap0 . Similarly, the linear subpreoperads Ass � Map and Sym � Map are
de�ned.

For a set X, the set-preoperad End0pXq has End0pXqpm,nq consisting of all maps f : X�m ÝÑ X�n

with the usual composition of maps and with multiplication de�ned by joining tuples.

Similarly, for an R-module V , the linear preoperad EndpV q has EndpV qpm,nq consisting of R-linear
maps f : V bm ÝÑ V bn with the usual composition of maps and with the tensor product of maps
as multiplication.

In �3 we establish the connection between linear preoperads and operads in the classical sense, as
de�ned by J.P. May [13, De�nition 1.1], which for our purposes we call �absolute operads�.

In �4 we construct the free set-preoperad Free0pXq for a biindexed set X and the linear preoperad
FreepXq � RFree0pXq. Furthermore, we de�ne presentations of preoperads, so that we may write a
set-preoperad as P0 � spo

xX | Y y and a linear preoperad as P �
lpo
xX | Y y using a biindexed set

X of generators and a biindexed set Y of relations.

More precisely, the free set-preoperad Free0pXq over a biindexed setX has Free0pXqpm,nq consisting
of equivalence classes of certain words which are built from letters being elements of X that are
formally multiplied by identities on both sides.

Theorem (cf. Theorem 4.32, Theorem 4.33) We have

Ass0
�
ÐÝ

spo
x ε̂, µ̂ |

�
pµ̂b id1qµ̂ , pid1b µ̂qµ̂

�
,
�
pid1b ε̂qµ̂ , id1

�
,
�
pε̂b id1qµ̂ , id1

�
y

Ass
�
ÐÝ

lpo
x ε̂, µ̂ |

�
pµ̂b id1qµ̂� pid1b µ̂qµ̂

�
,
�
pid1b ε̂qµ̂� id1

�
,
�
pε̂b id1qµ̂� id1

�
y,

where µ̂ maps to µ, the unique element in Ass0p2, 1q and where ε̂ maps to ε, the unique element in
Ass0p0, 1q.

In �5 we de�ne algebras over preoperads and take a closer look at Ass0-algebras and Ass-algebras.

For a set-preoperad P0 , a P0-algebra pX, ϱ0q is a set X together with an action morphism of set-
preoperads ϱ0 : P0 ÝÑ End0pXq. Similarly, for a linear preoperad P, a P-algebra pV, ϱq is an
R-module V together with an action morphism of linear preoperads ϱ : P ÝÑ EndpV q.

The set-preoperad Ass0 and the linear preoperad Ass have the property that every Ass0-algebra
pX,ψ0q is an associative monoid and every Ass-algebra pV, ψq is an associative algebra over R.

Conversely, we show that every associative monoid can be turned into an Ass0-algebra and that
every associative algebra over R can be turned into an Ass-algebra. We show this with two di�erent
approaches. One uses the usual convention of dropping all brackets when associativity is known and
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leads to an explicit formula for the action morphism, the other involves the presentations for Ass0
and Ass, yet merely shows the existence of an action morphism.

It turns out that a morphism ϱ0 from Map0 to End0pXq does not, however, have to yield a commu-
tative monoid, since the image of the transposition p1, 2q P Map0p2, 2q under ϱ0 is in End0pXqp2, 2q
but does not necessarily have to be the map

τX : X�2 ÝÑ X�2

px, yq ÞÝÑ py, xq.

If we could prescribe p1, 2qϱ0 � τX , then τXµX � p1, 2qϱ0 � µϱ0 � pp1, 2q � µqϱ0 � µϱ0 � µX would
force the resulting monoid to be commutative.

So in order to obtain similar results for commutative monoids, commutative algebras or for Lie
algebras, we need to impose some extra structure and study set-operads and linear operads.

0.1.2 Operads

In �6 we treat the basic theory of set-operads and linear operads as well as algebras over set-operads
and linear operads.

For the de�nition of set-operads and linear operads we need certain elements of Map0 .

Form,n P Z¥0 we have the blockwise transposition sm,n P Sym0pm�n,m�nq � Map0pm�n,m�nq,
which we can illustrate as follows.

m

n

n

m

Furthermore, for k,m P Z¥0 the map hk,m P Map0pkm,mq maps k blocks of size m to one such
block. For the case k � 3 this can be illustrated as follows.

m

m

m

m

A set-operad P0 � pPpre
0 , p0q is a set-preoperad P

pre
0 together with a morphism of set-preoperads

p0 : Map
op
0 ÝÑ P

pre
0

satisfying the following two conditions.

(so1) We always have psopm,m1p0q � pf b f
1q � pf 1 b fq � psopn,n1p0q for f P P

pre
0 pm,nq, f 1 P P

pre
0 pm1, n1q.

(so2) We always have phopk,mp0q � f
bk � f � phopk,np0q for f P P

pre
0 pm,nq.
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We can illustrate the conditions (so1) and, e.g. for the case k � 3, (so2) as follows.

m

m1

m1

m

n

n1

f

f 1

�

m1 n1f 1

m
n

f

n

n1

m

m

m

m

n

n

n

f

f

f

� m nf

n

n

n

Equivalently, the morphism p0 has to satisfy the following assertion B0paq for all a P Map0pm,nq.

B0paq: For l � pliqiPr1,ns P pZ¥0q
�n and r � priqiPr1,ns P pZ¥0q

�n and for fi P P
pre
0 pli, riq we have� ò

iPr1,ns

fi



�
�
a
op

rrsp0
�
�
�
a
op

rlsp0
�
�

� ò
jPr1,ms

fja



,

where arrs :
�
1,

°
jPr1,ms

rja
�
ÝÑ

�
1,

°
iPr1,ns

ri
�
and arls :

�
1,

°
jPr1,ms

lja
�
ÝÑ

�
1,

°
iPr1,ns

li
�
are block versions of

the map a : r1,ms ÝÑ r1, ns; cf. De�nition 6.8.

Whenever necessary, the multiplication on P
pre
0 is also written pbP

pre
0
q or simply pbP0

q. Likewise,
the composition is also written p�Ppre

0
q or simply p�P0

q.

Given set-operads P0 � pPpre
0 , p0q and Q0 � pQpre

0 , q0q, then a morphism of set-operads φ0 is given
by a morphism of set-preoperads φpre

0 : P
pre
0 ÝÑ Q

pre
0 that satis�es p0φ

pre
0 � q0 .

P
pre
0

φ
pre
0 // Q

pre
0

Map
op
0

p0

cc

q0

;;

So if we consider the morphism of set-operads φ0 as a mere morphism of set-preoperads, we often
write it φpre

0 .

A set-suboperad of a set-operad P0 � pPpre
0 , p0q is given by a set-subpreoperad Q0 � P

pre
0 such that

Impp0q � Q0 , together with the restriction p0
��Q0 .

For example, de�ning the morphism e0 : Map
op
0 ÝÑ End0pXq for a set X to send fop P Map

op
0 pm,nq

to the map

X�m ÝÑ X�n

px1, . . . , xmq ÞÝÑ px1f , . . . , xnf q

in End0pXqpm,nq, we obtain the set-operad END0pXq :� pEnd0pXq, e0q. So in particular, we have
END0pXqpre � End0pXq.
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For a set-operad P0 , a P0-algebra pX, ϱ0q consists of a set X and an action morphism of set-operads
ϱ0 : P0 ÝÑ END0pXq.

Unlike with preoperads, linear operads can not be de�ned in complete analogy to set-operads, since
there seems to be no sensible de�nition of a morphism of linear preoperads from Mapop to EndpV q
for an R-module V . Moreover, we have to drop condition (so2) when passing to the linear case.

A linear operad P � pPpre, pq is a linear preoperad Ppre together with a morphism of linear preop-
erads

p : Symop ÝÑ Ppre

satisfying the following condition.

(lo) We always have psopm,m1pq � pf b f 1q � pf 1 b fq � psopn,n1pq for f P Pprepm,nq, f 1 P Pprepm1, n1q.

Equivalently, the morphism p has to satisfy the assertion Bpaq for all a P Sym0pm,nq.

Bpaq: For l � pliqiPr1,ns P pZ¥0q
�n and r � priqiPr1,ns P pZ¥0q

�n and for fi P Pprepli, riq we have� ò
iPr1,ns

fi



�
�
a
op

rrsp
�
�
�
a
op

rlsp
�
�

� ò
jPr1,ms

fja



;

cf. De�nition 6.8.

Whenever necessary, the multiplication in Ppre is also written pbPpreq or simply pbPq. Likewise, the
composition is also written p�Ppreq or simply p�Pq.

Given linear operads P � pPpre, pq and Q � pQpre, qq, then a morphism of linear operads φ is given
by a morphism of linear preoperads φpre : Ppre ÝÑ Qpre that satis�es pφpre � q .

Ppre φpre

// Qpre

Symop

p

dd

q

::

A linear suboperad of a linear operad P � pPpre, pq is given by a linear subpreoperad Q � Ppre such

that Imppq � Q , together with the restriction p
��Q.

For a linear operad P and a biindexed subset X � Ppre, the linear suboperad generated by X is the
smallest linear suboperad of P containing X, i.e.

op
xX y �

£ 
R � P : R is a linear suboperad with X � Rpre

(
.

For example, de�ning the morphism e : Symop ÝÑ EndpV q for an R-module V to send an element
fop P Symoppm,mq to the map

V bm ÝÑ V bm

v1 b . . .b vm ÞÝÑ v1f b . . .b vmf

in EndpV qpm,mq, we obtain the linear operad ENDpV q :� pEndpV q, eq. So ENDpV qpre � EndpV q.

For a linear operad P , a P-algebra pV, ϱq consists of an R-module V and an action morphism of
linear operads ϱ : P ÝÑ ENDpV q.
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0.2 Particular set-operads

In �7 we discuss the set-operad ASS0 , in �9 we discuss the set-operad COM0 .

0.2.1 The set-operad ASS0

The set-operad ASS0 is de�ned using fractions of elements of Ass0 and Map0 .

For m,n P Z¥0 the set ASS
pre
0 pm,nq consists of fractions f z a, where f P Map0pk,mq and where

a P Ass0pk, nq for some k P Z¥0 . We have idASS0,m � idMap0,m
z idAss0,m .

The product of fractions f z a P ASS
pre
0 pm,nq and f 1 z a1 P ASS

pre
0 pm1, n1q is de�ned using multipli-

cation in Map0 and Ass0 , i.e.

pf z aqbASS0 pf
1 z a1q :� pf bMap0

f 1q z pabAss0 a
1q.

The composite of fractions f z a P ASS
pre
0 pm,nq and g z b P ASS

pre
0 pn, pq is de�ned using what we call

a sorted pullback. A sorted pullback pr1, ss, ĝ, âq of a P Ass0pk, nq and g P Map0pl, nq is a pullback of

a and g with the additional property that â is monotone and that ĝ
��a�1pigq

â�1piq
is monotone for i P r1, ls.

This yields a diagram
r1, ss

ĝ

~~
â

  
r1, ks

f

}}
a

  

r1, ls
g

~~
b

  
r1,ms r1, ns r1, ps

and allows us to de�ne pf z aq �ASS0 pg z bq :� pĝfq z pâbq.

Then ASS0 :� pASSpre0 , a0q is a set-operad, where a0 : Map
op
0 ÝÑ ASS

pre
0 has a0pm,nq mapping

fop P Map
op
0 pm,nq to f z idAss0,n P ASS

pre
0 pm,nq.

We have the morphism of set-preoperads α0 : Ass0 ÝÑ ASS
pre
0 de�ned by

α0pm,nq : Ass0pm,nq ÝÑ ASS
pre
0 pm,nq

a ÞÝÑ idMap0,m
z a.

0.2.2 The set-operad COM0

The set-preoperad COM
pre
0 has COM

pre
0 pm,nq consisting of equivalence classes of tuples pf, aq where

f : X ÝÑ r1,ms and a : X ÝÑ r1, ns are maps and X is a �nite set. Two tuples pf, aq and pf̃ , ãq with

r1,ms
f

ÐÝ X
a

ÝÑ r1, ns and r1,ms
f̃

ÐÝ X̃
ã

ÝÑ r1, ns, where X and X̃ are �nite sets, are considered
equivalent if there exists a bijective map u : X ÝÑ X̃ such that uf � f̃ and ua � ã. We denote the
equivalence class of a tuple pf, aq by f z a.

So, similar to the elements of ASSpre0 , the elements of COM
pre
0 are fractions of maps, but, in contrast

to the case ASS
pre
0 , in COM

pre
0 we allow expansion by bijective maps. By abuse of notation, we use

the same fraction notation in both cases.

The identity elements of COM
pre
0 are idCOM0,m :� idMap0,m

z idMap0,m
. The multiplication in

COM
pre
0 is de�ned using the disjoint union of the maps and renumbering in the image; cf. De�-

nition 9.3.
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The composite of fractions f z a P COM
pre
0 pm,nq and g z b P COM

pre
0 pn, pq is de�ned using a pullback

of a and g. So we have the following diagram.

Z
ĝ

��
â

��
X

f

��
a

��

Y
g

��
b

��
r1,ms r1, ns r1, ps

This allows us to de�ne pf z aq �COM0
pg z bq :� pĝfq z pâbq.

Then COM0 :� pCOM
pre
0 , c0q is a set-operad, where c0 : Map

op
0 ÝÑ COM

pre
0 has c0pm,nq mapping

fop P Map0pm,nq to f z idMap0,n
P COM

pre
0 pm,nq.

We have the morphism of set-operads κ0 : ASS0 ÝÑ COM0 that has κpre0 pm,nq mapping a fraction
f z a P ASS

pre
0 pm,nq to the fraction pf z aqκpre0 :� f z a P COM

pre
0 pm,nq. The maps κ

pre
0 pm,nq are

surjective, but in general not injective.

0.2.3 Overview of the discussed set-preoperads and set-operads

The following diagram illustrates the set-preoperads and morphisms of such under consideration.
Here X is a set.

Free0ptε̂, µ̂uq

��
Ass0

α0

��
ψ0

��

ASS
pre
0

κ
pre
0 //

Ψ
pre
0 ..

COM
pre
0

Φ
pre
0 &&

End0pXq

Map
op
0

a0

OO

c0

@@

e0

33

In �5 we show that for a given morphism of set-preoperads ψ0 : Ass0 ÝÑ End0pXq, i.e. for a
given Ass0-algebra pX,ψ0q, we get a monoid pX,µX , εXq with multiplication µX � µψ0 and unit
εX � εψ0 .

Conversely, given a monoid pX,µX , εXq, then there exists a morphism of set-preoperads
ψ0 : Ass0 ÝÑ End0pXq such that µX � µψ0 and εX � εψ0 , which turns pX,ψ0q into an
Ass0-algebra.

Given a morphism of set-operads Ψ0 : ASS0 ÝÑ END0pXq, i.e. given an ASS0-algebra pX,Ψ0q,
then pX,α0Ψ

pre
0 q � pX,ψ0q is an Ass0-algebra. Hence pX,µX , εXq is a monoid with multiplication

µX � µψ0 � µα0Ψ
pre
0 � pid2 zµqΨpre

0 and unit εX � εψ0 � εα0Ψ
pre
0 � pid0 z εqΨpre

0 .

Conversely, given a monoid pX,µX , εXq, we can de�ne the morphism of set-preoperads
ψ0 : Ass0 ÝÑ End0pXq as explained above. Then a universal property of the diagram

Ass0
α0 // ASS

pre
0 Map

op
0

a0oo

11



of set-preoperads induces, when compared with the diagram

Ass0
ψ0 // End0pXq Map

op
0

e0oo

of set-preoperads, a uniquely determined morphism of set-preoperads Ψ
pre
0 : ASS

pre
0 ÝÑ End0pXq

satisfying α0Ψ
pre
0 � ψ0 and a0Ψ

pre
0 � e. In particular, Ψ0 : ASS0 ÝÑ END0pXq is a morphism of

set-operads.

So pX,Ψ0q is an ASS0-algebra and we have µX � µψ0 � pµα0qΨ
pre
0 � pid2 zµqΨ

pre
0 as well as

εX � εψ0 � pεα0qΨ
pre
0 � pid0 z εqΨ

pre
0 .

Theorem (cf. Propositions 5.3, 5.4, 7.16 and 7.18). A monoid corresponds to an Ass0-algebra,
which in turn corresponds to an ASS0-algebra, using the correspondences just described.

Given a morphism of set-operads Φ0 : COM0 ÝÑ END0pXq, i.e. given a COM0-algebra pX,Φ0q,
then pX,µX , εXq is a commutative monoid with the multiplication µX � pid2 zµqΦ

pre
0 and the unit

εX � pid0 z εqΦ
pre
0 .

Given a morphism of set-operads Ψ0 : ASS0 ÝÑ END0pXq, the morphism of set-operads κ0 has
a universal property that ensures that, under certain circumstances, there exists a morphism of
set-operads Φ0 : COM0 ÝÑ END0pXq satisfying κ0Φ0 � Ψ0 .

More precisely, if Ψ0 : ASS0 ÝÑ END0pXq satis�es pid2 zµqΨ
pre
0 � pp1, 2q zµqΨpre

0 , where µ is the
unique element in Ass0p2, 1q and where p1, 2q P Sym0p2, 2q is the transposition, then there exists a
uniquely determined morphism of set-operads Φ0 : COM0 ÝÑ END0pXq satisfying κ0Φ0 � Ψ0 .

So conversely, given a commutative monoid pX,µX , εXq, then it is in particular an associative
monoid, hence there exists a uniquely determined morphism of set-operads Ψ0 : ASS0 ÝÑ END0pXq
with µX � pid2 zµqΨ

pre
0 and εX � pid0 z εqΨ

pre
0 . Since pX,µX , εXq is a commutative monoid, the

morphism of set-operads Ψ0 satis�es the condition of the universal property, hence there exists a
unique morphism of set-operads Φ0 : COM0 ÝÑ END0pXq satisfying κ0Φ0 � Ψ0 .

So pX,Φ0q is a COM0-algebra with µX � pid2 zµqΨ
pre
0 � pid2 zµqκ

pre
0 Φ

pre
0 � pid2 zµqΦ

pre
0 and

εX � pid0 z εqΨ
pre
0 � pid0 z εqκ

pre
0 Φ

pre
0 � pid0 z εqΦ

pre
0 .

Theorem (cf. Propositions 9.11 and 9.15). Commutative monoids correspond to COM0-algebras,
using the correspondence just described.

Omitting the set-preoperads Free0ptε̂, µ̂uq and Ass0 , the above diagram of set-preoperads can be
written as the following diagram of set-operads.

ASS0
κ0 //

Ψ0 **

COM0

Φ0

&&
END0pXq

We can also interpret this diagram as follows. The fact that every commutative monoid is in
particular an associative monoid translates to the fact that, by composition of the action morphism
with κ0, every COM0-algebra can be turned into an ASS0-algebra.

0.3 Particular linear operads

In �7 we discuss the linear operad ASS, in �8 we discuss the linear operad BIALG, in �9 we discuss
the linear operad COM and in �10 we discuss the linear operad LIE.
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0.3.1 The linear operad ASS

We de�ne the linear preoperad ASSpre � RASS
pre,bij
0 , where ASS

pre,bij
0 is the set-subpreoperad of

ASS
pre
0 de�ned by

ASS
pre,bij
0 pm,nq :� tf z a P ASS

pre
0 pm,nq : f is bijectiveu.

Let a � R
�
a0
��ASS

pre,bij
0

Sym
op
0

	
: Symop ÝÑ ASSpre. Then ASS :� pASSpre, aq is a linear operad.

We have the morphism of linear preoperads α : Ass ÝÑ ASSpre de�ned by

αpm,nq : Asspm,nq ÝÑ ASSprepm,nq
a ÞÝÑ idMap0,m

z a for a P Ass0pm,nq.

0.3.2 The linear operad BIALG

The linear operad BIALG :� pBIALGpre, bq is de�ned as follows. We let BIALGpre :� RASS
pre
0 and

b :� R
�
a0
��
Sym

op
0

�
: Symop ÝÑ BIALGpre.

So ASS is a set-suboperad of BIALG, consisting of formal linear combinations of fractions with
bijective denominators. Viewed from their origin, both ASS and BIALG arise from ASS0 . For
BIALG we use all denominators, whereas for ASS we only use bijective denominators.

0.3.3 The linear operad COM

We de�ne the linear preoperad COMpre � RCOM
pre,bij
0 , where COM

pre,bij
0 is the set-subpreoperad

of COM
pre
0 de�ned by

COM
pre,bij
0 pm,nq :� tf z a P COM

pre
0 pm,nq : f is bijectiveu.

Let c � R
�
c0
��COM

pre,bij
0

Sym
op
0

	
: Symop ÝÑ COMpre. Then COM :� pCOMpre, cq is a linear operad.

We have the morphism of linear operads κ : ASS ÝÑ COM which has κpm,nq mapping a fraction
f z a P ASS

pre,bij
0 pm,nq to the fraction pf z aqκ :� f z a P COM

pre,bij
0 pm,nq for m,n P Z¥0 .

0.3.4 The linear operad LIE

The linear operad LIEq is the linear suboperad of ASS generated by the element

λ :� pid2 zµq � pp1, 2q zµq P RpASSpre,bij0 p2, 1qq � ASSprep2, 1q.

So we have LIE �
op
xλ y, that is, LIE � pLIEpre, lq, where LIEpre �

preop
xtλu Y Impaq y � ASSpre

and where l :� a
��LIEpre

: Symop ÝÑ LIEpre .

In the context of absolute operads, Aguiar and Livernet have de�ned the operad Lie as a suboperad
of Ass generated by a commutator element; cf. [1, �5.3].

13



0.3.5 Overview of the discussed linear preoperads and linear operads

The following diagram illustrates the linear preoperads and morphisms of such under consideration.
Here V is an R-module.

Freeptε̂, µ̂uq

��
Ass

α

��

ψ

��

BIALGpre

Θpre

��

LIEpre �

� //

Λpre
22

ASSpre
κ
pre

//

Ψpre

,,

)

	

66

COMpre

Φpre

&&
EndpV q

Symop

l

^^

a

OO

b

DD

c

77

e

22

In �5 we show that for a given morphism of linear preoperads ψ : Ass ÝÑ EndpV q, i.e. for a given
Ass-algebra pV, ψq, we get an R-algebra pV, µV , εV q with multiplication µV � µψ and unit εV � εψ .

Conversely, given an associative algebra pV, µV , εV q, then there exists a morphism of linear pre-
operads ψ : Ass ÝÑ EndpV q such that µV � µψ and εV � εψ , which turns pV, ψq into an
Ass-algebra.

Given a morphism of linear operads Ψ : ASS ÝÑ ENDpV q, i.e. given an ASS-algebra pV,Ψq, then
pV,αΨpreq � pV, ψq is an Ass-algebra. Hence pV, µV , εV q is an associative algebra with multiplication
µV � µψ � µαΨpre � pid2 zµqΨ

pre and unit εV � εψ � εαΨpre � pid0 z εqΨ
pre .

Conversely, given an associative algebra pV, µV , εV q, we de�ne a morphism of linear preoperads
ψ : Ass ÝÑ EndpV q as explained above. Then a universal property of the diagram

Ass
α // ASSpre Symopaoo

of linear preoperads induces, when compared with the diagram

Ass
ψ // EndpV q Symopeoo

of linear preoperads, a uniquely determined morphism of linear preoperadsΨpre : ASSpre ÝÑ EndpV q
satisfying αΨpre � ψ and aΨpre � e. In particular, Ψ : ASS ÝÑ ENDpV q is a morphism of linear
operads.

So pV,Ψq is an ASS-algebra that satis�es µV � µψ � pµαqΨpre � pid2 zµqΨ
pre as well as

εV � εψ � pεαqΨpre � pid0 z εqΨ
pre.

Theorem (cf. Propositions 5.6, 5.7, 7.22 and 7.24). An algebra corresponds to an Ass-algebra,
which in turn corresponds to an ASS-algebra, using the correspondences just described.

Proposition (cf. Proposition 8.3). Given a morphism of linear operads Θ : BIALG ÝÑ ENDpV q,
i.e. given a BIALG-algebra pV,Θq, then pV, µV , εV ,∆V , ηV q is a bialgebra with

multiplication µV � pid2 zµqΘ
pre P EndpV qp2, 1q

unit εV � pid0 z εqΘ
pre P EndpV qp0, 1q

comultiplication ∆V � pµ z id2qΘ
pre P EndpV qp1, 2q

counit ηV � pε z id0qΘ
pre P EndpV qp1, 0q.
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Given a morphism of linear operads Φ : COM ÝÑ ENDpV q, i.e. given a COM-algebra pV,Φq,
then pV, µV , εV q is a commutative algebra with the multiplication µV � pid2 zµqΦ

pre and the
unit εV � pid0 z εqΦ

pre.

Given a morphism of linear operads Ψ : ASS ÝÑ ENDpV q, the morphism of linear operads κ has a
universal property that ensures that, under certain circumstances, there exists a morphism of linear
operads Φ : COM ÝÑ ENDpV q satisfying κΦ � Ψ.

More precisely, if Ψ : ASS ÝÑ ENDpV q satis�es pid2 zµqΨpre � pp1, 2q zµqΨpre, where µ is the
unique element in Ass0p2, 1q and where p1, 2q P Sym0p2, 2q is the transposition, then there exists a
uniquely determined morphism of linear operads Φ : COM ÝÑ ENDpV q satisfying κΦ � Ψ.

So conversely, given a commutative algebra pV, µV , εV q, then it is in particular an associative algebra,
hence there exists a uniquely determined morphism of linear operads Ψ : ASS ÝÑ ENDpV q with
µV � pid2 zµqΨ

pre and εV � pid0 z εqΨ
pre . Since pV, µV , εV q is a commutative algebra, the mor-

phism of linear operads Ψ satis�es the condition of the universal property, hence there exists a unique
morphism of linear operads Φ : COM ÝÑ ENDpV q satisfying κΦ � Ψ .

So pV,Φq is a COM-algebra and we have µV � pid2 zµqΨ
pre � pid2 zµqκ

preΦpre � pid2 zµqΦ
pre and

εV � pid0 z εqΨ
pre � pid0 z εqκ

preΦpre � pid0 z εqΦ
pre.

Theorem (cf. Propositions 9.19 and 9.21). Commutative algebras correspond to COM-algebras,
using the correspondence just described.

Proposition (cf. Proposition 10.2). Suppose 2 P UpRq. Let V be an R-module. Given a morphism
of linear operads Λ : LIE ÝÑ ENDpV q, i.e. given a LIE-algebra pV,Λq, then pV, r�,�sq is a Lie
algebra with Lie bracket rv, ws :� pv b wqλV for v, w P V , where

λV :� λΛpre � ppid2 zµq � pp1, 2q zµqqΛpre.

Omitting the linear preoperads Freeptε̂, µ̂uq and Ass , the above diagram of linear preoperads can be
written as the following diagram of linear operads.

BIALG

Θ

��

LIE
�

� //

Λ
11

ASS
κ //

Ψ --

,

�

99

COM

Φ
%%

ENDpV q

The fact that every commutative algebra is in particular an associative algebra translates to the
fact that, by composition of the action morphism with κ, every COM-algebra can be turned into an
ASS-algebra.

The fact that a bialgebra has an underlying associative algebra, obtained by forgetting comultiplica-
tion and counit, translates to the fact that we may restrict the action morphism BIALG ÝÑ ENDpV q
from BIALG to ASS.

Given an associative algebra V , we have the ASS-algebra pV,Ψq. So by restricting Ψ to LIE we
obtain the LIE-algebra pV,Ψ

��
LIE

q � pV,Λq. So in this case V is a Lie algebra with Lie bracket

rv, ws � pv b wqppid2 zµq � pp1, 2q zµqqΛpre

� pv b wqppid2 zµqΨ
pre � pp1, 2q zµqΨpreq

� pv b wqµV � pw b vqµV
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for v, w P V . That is, pV, r�,�sq is the commutator Lie algebra for the associative algebra
pV, µV , εV q.

In other words, the fact that each associative R-algebra has a commutator Lie algebra translates to
the fact that we may restrict the action morphism ASS ÝÑ ENDpV q from ASS to LIE.

However, starting with a morphism of linear operads Λ : LIE ÝÑ ENDpV q, we do not know whether
there exists a morphism of linear operads Ψ : ASS ÝÑ ENDpV q with Ψ

��
LIE

� Λ.

0.4 Historical Context

In his 1963 thesis, F. W. Lawvere de�ned algebraic theories, which are, except for one additional
property, a �rst version of what would later be known as PROPs; cf. [7, p.869, l.14].

Then, also in 1963, S. Mac Lane, one of the interlocutors of Lawvere, de�ned a PROP (short
for product and permutation category) as follows; cf. [8, �6] and [9, �V.24], written partially in
collaboration with J. F. Adams. Using his notation, he takes a category H with the natural numbers
as objects such that for n P Z¥0 , the symmetric group Spnq is a subgroup of the group of all

invertible elements of H

�
n

n



:� homHpn, nq, together with a functor b : H�H ÝÑ H with object

function m b m1 � m�m1 satisfying (1)�(3) below.

(1) b is associative, so we have f b pf 1 b f2q � pf b f 1q b f2.

(2) For σ P Spnq and σ1 P Spn1q we have that σ b σ1 P H

�
n� n1

n� n1



is the permutation that acts

on the �rst n letters as σ does and on the remaining n1 letters as σ1 does.

(3) The blockwise transposition τpn,n1q P H

�
n� n1

n� n1



that interchanges the �rst block of n letters

with the second block of n1 letters satis�es the following. For f P H

�
m

n



and f 1 P H

�
m1

n1



we have

τpn,n1q � pf b f 1q � pf 1 b fq � τpm,m1q .

Note that pf � gq b pf 1 � g1q � pf b f 1q � pg b g1q, whenever de�ned, since b is a functor.

So essentially, a PROP, enriched in R-modules, is the same as a linear operad, we merely use di�erent
notation. For instance, in linear operads, we obtain symmetric group elements as images of Symop-
elements under the action morphism. Moreover, property (3) is equivalent to condition (lo) for a
linear operad.

Our concept of set-operads, however, does not entirely �t into the concept of a PROP. In set-operads
we consider the image of every map r1,ms ÝÑ r1, ns under the action morphism, not only of bijective
maps, and thus have the additional condition (so2).

From the theory of PROPs and their complex version, called PACTs, later the theory of operads
was developed as a somewhat reduced version. Operads in the classical sense can be de�ned in
any symmetric monoidal category. The �rst de�nition was by J. P. May in 1972 over compactly
generated Hausdor� spaces; cf. [13, De�nition 1.1].

An operad in the category of R-modules is given by R-modules Ppmq for m P Z¥0 , each carrying a
symmetric group action. There are structure morphisms

γn;m1,...,mn : Ppnq b Ppm1q b . . .b Ppmnq ÝÑ Ppm1 � . . .�mnq
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for n,m1, . . . ,mn P Z¥0 and a unit morphism η : R ÝÑ Pp1q satisfying certain associativity, unity
and equivariance axioms; cf. [13, De�nition 1.1] or [12, De�nition II.1.4.].

There is an equivalent de�nition of an operads using not the composition morphisms γn;m1,...,mn but
partial composition products �

�
i

	
: Ppmq b Ppnq ÝÑ Ppm� n� 1q

for i P r1,ms with suitable associativity, unity and equivariance axioms; cf. [1, �1.1] or under the
name �pseudo-operad� in [12, De�nition II.1.16]. The equivalence of these de�nitions was shown
e.g. in [12, II.1.7.1].

Forgetting the symmetric groups actions on the R-modules Ppmq, we obtain a nonsymmetric operad;
cf. [1, �1.1] or [12, De�nition II.1.18 and �II.1.7.1] (�nonsymmetric pseudo-operads with unit�).
These nonsymmetric operads are equivalent to the absolute operads we consider in �3. An absolute
operad can be obtained from a linear preoperad P by forgetting those Ppm,nq with m � 1, de�ning
Ppmq :� Ppm, 1q and by de�ning the partial composition products �

i
by

f �
i
g :� pidi�1b g b idm�iq � f P Ppm� n� 1q

for f P Ppmq and g P Ppnq.

0.5 Open Questions

Recall that we show that associative algebras correspond to Ass-algebras and to ASS-algebras.

However, in �8, we only show that every BIALG-algebra is a bialgebra. Moreover, in �10, we only
show that for certain commutative rings R, every LIE-algebra is a Lie algebra. In both situations
we do not show the converse statement, i.e. we do not show that every bialgebra can be turned into
a BIALG-algebra or that every Lie algebra can be turned into a LIE-algebra.

One way to show this would be to de�ne the free linear operad FREEpXq for a biindexed set X and
to �nd generators and relations, i.e. presentations for BIALG and LIE.

More generally, we may ask for a left adjoint to the forgetful functor from linear operads to linear
preoperads � which should then map FreepXq to FREEpXq, as well as Ass to ASS.
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0.6 Conventions

1. Let R be a commutative (unital) ring. We denote by 1R the unit of R. The ring R will play
the role of the ground ring, if applicable. A linear map between R-modules is an R-linear map.

2. We write Z for the set of integers. We write Z¥m :� tn P Z : n ¥ mu for m P Z.

3. For m,n P Z¥0 we write rm,ns :� ti P Z¥0 : m ¤ i ¤ nu. Note that if m ¡ n, then we have
rm,ns � ∅.

4. For a �nite set X we denote by |X| the cardinality of X.

5. We will often write m ¥ 0 instead of m P Z¥0 for brevity, so the abbreviation m ¥ 0 will
always imply that m is an integer.

6. We write maps on the right, so for sets X and Y and a map f : X ÝÑ Y we write xf for
the image of x P X under f . However, we write the inverse image on the left, so for a subset
S � Y we let

f�1pSq � tx P X : xf P Su.

Furthermore, for y P Y we abbreviate f�1pyq :� f�1ptyuq � tx P X : xf � yu.

7. Composition of morphisms in a category is also written on the right, i.e.�
X

a // Y
b // Z

	
�

�
X

ab // Z
	
.

8. The identity morphism on an object X of a category is written idX .

9. Suppose given sets X and Y and a map f : X ÝÑ Y . For a subset S � X we write f
��
S
for

the restricted map

f
��
S
: S ÝÑ Y

s ÞÝÑ spf
��
S
q :� sf.

Moreover, suppose given a subset T � Y such that xf P T for x P X, i.e. Impfq � T . Then

we write f
��T for the restricted map

f
��T : X ÝÑ T

x ÞÝÑ xpf
��T q :� xf.

We will also use a combined version of this. Suppose given a subset S � X and a subset T � Y

such that sf P T for s P S. Then we have the restricted map

f
��T
S
� pf

��
S
q
��T : S ÝÑ T

s ÞÝÑ spf
��T
S
q :� sf.

10. Suppose given �nite and linearly ordered sets X and Y . Suppose given a map f : X ÝÑ Y .
Then we say that f is isotone, if it is bijective and monotone.

Note that the composite of isotone maps is again isotone. Moreover, given the isotone maps
f, g : X ÝÑ Y , then we have f � g, so there exists at most one isotone map between the �nite
and linearly ordered sets X and Y .

11. In �2 we will introduce the set-preoperad End0pXq for some set X and the linear preoperad
EndpV q for some R-module V . We will not use EndpV q to denote the endomorphism ring of
V .
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12. Let n P Z¥0 and let X be a set. We abbreviate X�n :� X � . . . �X for the n-fold cartesian
product. For n � 0 this means X�0 � tp qu, where p q is the empty tuple. Furthermore, for
m,n P Z¥0 we can de�ne a bijective map X�m�X�n ÝÑ X�pm�nq by joining the tuples, i.e.
we have

X�m �X�n ÝÑ X�pm�nq�
px1, . . . , xmq, pxm�1, . . . , xm�nq

�
ÞÝÑ px1, . . . , xm, xm�1, . . . , xm�nq,

thus identifying X�m �X�n � X�pm�nq. We will write

px1, . . . , xmq � pxm�1, . . . , xm�nq :� px1, . . . , xm, xm�1, . . . , xm�nq

for x1, . . . , xm�n P X.

Moreover, we identify X�1 � X via the bijective map X�1 ÝÑ X, pxq ÞÝÑ x.

Note that joining tuples is associative, i.e. for m,m1,m2 P Z¥0 and x1, . . . , xm�m1�m2 P X we
have �

px1, . . . ,xmq � pxm�1, . . . , xm�m1q
�
� pxm�m1�1, . . . , xm�m1�m2q

� px1, . . . , xm, xm�1, . . . , xm�m1 , xm�m1�1, . . . , xm�m1�m2q

� px1, . . . , xmq �
�
pxm�1, . . . , xm�m1q � pxm�m1�1, . . . , xm�m1�m2q

�
.

13. Suppose given �nite sets X1, X2 and Y1, Y2 and maps f1 : X1 ÝÑ Y1 and f2 : X2 ÝÑ Y2 . The
cartesian product of f1 and f2 is the map

f1 � f2 : X1 �X2 ÝÑ Y1 � Y2

px1, x2q ÞÝÑ x1f1 � x2f2 .

14. A monoid pX,µX , εXq is a set X together with a multiplication map µX : X �X ÝÑ X and
a unit map εX : tp qu � X�0 ÝÑ X such that µX is associative, i.e.

pµX � idXqµX � pidX �µXqµX : X�3 ÝÑ X,

and such that
pεX � idXqµX � idX � pidX �εXqµX .

Note that this is equivalent to the de�nition of a monoid pX, , 1Xq with associative multi-
plication pq and neutral element 1X if we de�ne x  y :� px, yqµX P X for x, y P X and
1X :� p qεX P X.

We de�ne τX : X�2 ÝÑ X�2 to be the map that maps px, yq P X�2 to px, yqτX � py, xq. The
monoid pX,µX , εXq is said to be commutative, if τXµX � µX .

15. For n P Z¥0 and for an R-module V we write V bn :� V b . . .bV for the n-fold tensor product.
Furthermore, we identify Xb0 � R, V b1 � V and Rbn � R for n P Z¥0 .

16. An R-algebra pV, µV , εV q is an R-module V together with an R-linear multiplication map
µV : V b V ÝÑ V and an R-linear unit map εV : R � V b0 ÝÑ V such that µV is associative,
i.e.

pµV b idV qµV � pidV bµV qµV : V b3 ÝÑ V,

and such that
pεV b idV qµV � idV � pidV b εV qµV .

Note that this is equivalent to the de�nition of an R-algebra pV, , 1V q with associative mul-
tiplication pq and neutral element 1V if we de�ne v  w :� pv, wqµV P V for v, w P V and
1V :� 1RεV P V .

We de�ne τV : V b2 ÝÑ V b2 to be the map that maps v b w P V b2 to pv b wqτV � w b v for
v, w P V . The R-algebra pV, µV , εV q is said to be commutative, if τV µV � µV .
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17. A bialgebra pV, µV , εV ,∆V , ηV q is an R-module V together with an R-linear multiplication map
µV : V b2 ÝÑ V , an R-linear unit map εV : R � V b0 ÝÑ V , an R-linear comultiplication map
∆V : V ÝÑ V b2 and an R-linear counit map ηV : V ÝÑ V b0 � R such that the following
hold.

� pV, µV , εV q is an R-algebra, that is, we have pµV b idV qµV � pidV bµV qµV and
pεV b idV qµV � idV � pidV b εV qµV .

� pV,∆V , ηV q is an R-coalgebra, that is, we have ∆V p∆V b idV q � ∆V pidV b∆V q and
∆V pηV b idV q � idV � ∆V pidV b ηV q.

� The following compatibility conditions are satis�ed.

� We have µV∆V � p∆V b∆V qpidV b τV b idV qpµV b µV q, where τV is the R-linear
map τV : V b V ÝÑ V b V, v b w ÞÝÑ w b v as above.

� We have µV ηV � ηV b ηV .

� We have εV∆V � εV b εV .

� We have εV ηV � idR .

Cf. [4, De�nition 4.1.3].

18. We denote by UpRq the set of units of R. That is, UpRq consists of all invertible elements of
R.
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1 Preliminaries

1.1 Tensor products

We will give a brief de�nition and some properties of the tensor product of R-modules. For all proofs
and for further properties we refer to [14, �1.3].

De�nition 1.1. Letm P Z¥0 . Let V1, . . . , Vm be R-modules. We denote by
Â

iPr1,ms

Vi � V1 b . . .b Vm
the tensor product of V1, . . . , Vm over R; cf. e.g. [14, De�nition 13].

Note that the tensor product V1 b . . .b Vm has the R-linear generating set

tv1 b . . .b vm : vi P Vi for i P r1,msu ;

cf. [14, Lemma 14].

Let µV1,...,Vm be the map

µV1,...,Vm : V1 � . . .� Vm ÝÑ V1 b . . .b Vm

pv1, . . . , vmq ÞÝÑ v1 b . . .b vm .

In the case m � 0 we identify
Â

iPr1,0s

Vi � R.

Furthermore, for an R-module V we also write V bm :�
Â

iPr1,ms

V . In particular, V b0 � R.

Lemma 1.2 (Universal property of the tensor product). Let m P Z¥0 and let V1, . . . , Vm and M be
R-modules. Let f : V1 � . . .� Vm ÝÑM be an R-multilinear map; cf. [14, De�nition 7].

There exists a unique R-linear map f̄ : V1 b . . .b Vm ÝÑM such that µV1,...,Vm f̄ � f .

Proof. For the proof see [14, Lemma 16].

Lemma 1.3. Let m P Z¥0 and let V1, . . . , Vm be R-modules. Let j P r2,ms. There exists the unique
R-linear isomorphism

ψ :

� â
iPr1,j�1s

Vi



b

� â
iPrj,ms

Vi



ÝÑ

â
iPr1,ms

Vi

pv1 b . . .b vj�1q b pvj b . . .b vmq ÞÝÑ v1 b . . .b vm .

Proof. For the proof see [14, Lemma 19].

Remark 1.4. We will use the isomorphism ψ to identify

� Â
iPr1,j�1s

Vi



b

� Â
iPrj,ms

Vi



�
Â

iPr1,ms

Vi for
m P Z¥0 and R-modules V1, . . . , Vm .

In particular, given an R-module V , then we identify V bm b V bn � V bpm�nq for m,n P Z¥0 using
ψ.

Remark 1.5. Furthermore, we identify Rb V � V � V bR and V b1 � V for any R-module V .

Remark 1.6. Note that by identi�cation via ψ we have

pξ b ξ1q b ξ2 � ξ b ξ1 b ξ2 � ξ b pξ1 b ξ2q

for m,m1,m2 P Z¥0 and ξ P V bm, ξ1 P V bm1
and ξ2 P V bm2

, as can be seen on elementary tensors.
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De�nition 1.7. Let m P Z¥0 . Let V1, . . . , Vm andW1, . . . ,Wm be R-modules and let fi : Vi ÝÑWi

be an R-linear map for i P r1,ms. We de�ne the tensor product of f1, . . . , fm as follows. Let

f1 b . . .b fm : V1 b . . .b Vm ÝÑW1 b . . .bWm¸
jPr1,ms

rjpv1,j b . . .b vm,jq ÞÝÑ
¸

jPr1,ms

rjpv1,jf1 b . . .b vm,jfmq.

This is a well-de�ned R-linear map, as proven in [14, De�nition/Lemma 20].

1.2 The free R-module on a set X

De�nition 1.8. Let X be a set. Then we can de�ne the free R-module with basis X by taking all
formal R-linear combinations of elements in X, i.e.

RX :�
! ¸
xPX

rxx : rx P R, tx P X : rx � 0u �nite
)
.

Referring to an element of RX by
°
xPX

rxx, we suppose that rx P R for x P X and that the set

tx P X : rx � 0u is �nite without further comment.

Identifying along the injective map

X ÝÑ RX

y ÞÝÑ
¸
xPX

δx,yx,

where δx,y �

"
1 if x � y

0 if x � y

*
, we obtain X � RX.

Given sets X,Y and a map u : X ÝÑ Y then the map

Ru : RX ÝÑ RY¸
xPX

rxx ÞÝÑ
¸
xPX

rx pxuq

is R-linear.

We have Rpuvq � pRuqpRvq for sets X, Y and Z and maps u : X ÝÑ Y , v : Y ÝÑ Z. Furthermore,
we have R idX � idRX for a set X and the identity map idX : X ÝÑ X. So X ÞÑ RX and u ÞÑ Ru

de�nes a functor from the category of sets to the category of R-modules.

Remark 1.9. Let X be a set. Let M be an R-module and let φ : X ÝÑ M be a map. Then the
map

φ̄ : RX ÝÑM¸
xPX

rxx ÞÝÑ
¸
xPX

rxpxφq

is the uniquely determined R-linear map RX ÝÑM such that xφ̄ � xφ for x P X.

Remark 1.10. We have the following isomorphism.

RX bRY ÝÑ R pX � Y q� ¸
xPX

rxx



b

� ¸
yPY

syy



ÞÝÑ

¸
px,yqPX�Y

rxsypx, yq¸
px,yqPX�Y

tpx,yqpxb yq ÞÝÑ
¸

px,yqPX�Y

tpx,yqpx, yq

We use this isomorphism to identify RpX � Y q � RX bRY .
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1.3 Equivalence relations

Lemma 1.11 (Generated equivalence relation). Let X be a set and p�q � X � X be a relation
on X. We de�ne a relation p�q on X as follows. For x, x1 P X let x � x1 if there exist n ¥ 1

and c1, . . . , cn P X such that x � c1 , x1 � cn and such that pci, ci�1q P p�q or pci�1, ciq P p�q for
i P r1, n� 1s.

Then p�q is an equivalence relation on X.

We say that p�q is the equivalence on X generated by p�q.

Proof. Re�exivity. Suppose given x P X. Then, setting n :� 1 and c1 :� x, we have x � x.

Symmetry. Suppose given x, x1 P X such that x � x1. So there exist n ¥ 1 and c1, . . . cn P X such
that x � c1 , x1 � cn and such that pci, ci�1q P p�q or pci�1, ciq P p�q for i P r1, n� 1s.

De�ne c1i :� cn�i�1 P X for i P r1, ns.

Then we have c11 � cn�1�1 � cn � x1 and c1n � cn�n�1 � c1 � x and for i P r1, n � 1s we have
pc1i, c

1
i�1q � pcn�i�1, cn�iq P p�q or pc1i�1, c

1
iq � pcn�i, cn�i�1q P p�q, hence x1 � x.

Transitivity. Suppose given x, x1, x2 P X such that x � x1 and x1 � x2. So there exist n, n1 ¥ 1

and c1, . . . , cn, c11, . . . c
1
n1 P X such that x � c1 , x1 � cn and pci, ci�1q P p�q or pci�1, ciq P p�q for

i P r1, n�1s and such that x1 � c11 , x
2 � c1n1 and pc1j , c

1
j�1q P p�q or pc

1
j�1, c

1
jq P p�q for j P r1, n

1�1s.

De�ne n2 :� n� n1. For i P r1, n2s de�ne c2i :�

"
ci if i P r1, ns
c1i�n if i P rn� 1, n� n1s

*
.

Then we have x � c21 , x
2 � c2n2 and since c2n � cn � x1 � c11 � c2n�1 we have pc2i , c

2
i�1q P p�q or

pc2i�1, c
2
i q P p�q for i P r1, n� n1s. Hence x � x2.

Lemma 1.12. Let X,Y be sets. Let p�q � X�X be a relation on X and let p�q be the equivalence
relation on X generated by p�q; cf. Lemma 1.11. Let f : X ÝÑ Y be a map such that for x, x1 P X
with x � x1 we have xf � x1f .

Then for x, x1 P X with x � x1 we have xf � x1f .

So there exists a unique map f̄ : X
p�q ÝÑ Y that maps the equivalence class of x P X to xf .

Proof. Suppose given x, x1 P X with x � x1. So there exist n ¥ 0 and c1, . . . , cn P X such that x � c1 ,
x1 � cn and such that ci � ci�1 or ci�1 � ci for i P r1, n� 1s. So by assumption we have xf � c1f ,
cnf � x1f and cif � ci�1f for i P r1, n� 1s. So we have xf � c1f � c2f � . . . � cnf � x1f .

1.4 Disjoint unions

De�nition 1.13. Let n P Z¥0 and let Xi be a set for i P r1, ns. Then the (exterior) disjoint union
of X1, . . . , Xn is de�ned as follows.§

iPr1,ns

Xi :� X1 \X2 \ . . .\Xn :� tpi, xiq : i P r1, ns, xi P Xiu

De�nition 1.14. Let n P Z¥0 and let Xi and Yi be sets for i P r1, ns. Let fi : Xi ÝÑ Yi be a map
for i P r1, ns. The disjoint union of f1, . . . fn is de�ned as follows.§

iPr1,ns

fi :� f1 \ . . .\ fn :
§

iPr1,ns

Xi ÝÑ
§

iPr1,ns

Yi

pi, xiq ÞÝÑ pi, xifiq

23



Remark 1.15.

(1) Suppose given a set X and n P Z¥0 . Then we write X\n :�
�

iPr1,ns

X � X \ . . .\X.

Note that in the case n � 0 this means that X\0 �
�

iPr1,0s

X � ∅. Furthermore, we identify
X\1 � X.

(2) Suppose given sets X and Y and a map f : X ÝÑ Y and n P Z¥0 . Then we write
f\n :�

�
iPr1,ns

f � f \ . . .\ f : X\n ÝÑ Y \n.

Note that in the case n � 0 this means that f\0 : X\0 � ∅ ÝÑ Y \0 � ∅, so f\0 � id∅ .
Furthermore, we identify f\1 � f .

De�nition 1.16. LetX,X 1, X2 be sets. De�ne the maps γpX,X 1q,X2 : X\X 1\X2 ÝÑ pX\X 1q\X2

and γX,pX 1,X2q : X \X 1 \X2 ÝÑ X \ pX 1 \X2q as follows.

γpX,X 1q,X2 : X \X 1 \X2 ÝÑ pX \X 1q \X2

p1, xq ÞÝÑ p1, p1, xqq
p2, x1q ÞÝÑ p1, p2, x1qq
p3, x2q ÞÝÑ p2, x2q

γX,pX 1,X2q : X \X 1 \X2 ÝÑ X \ pX 1 \X2q

p1, xq ÞÝÑ p1, xq
p2, x1q ÞÝÑ p2, p1, x1qq
p3, x2q ÞÝÑ p2, p2, x2qq

These are bijective maps.

Lemma 1.17. Let X,X 1, X2, Y, Y 1, Y 2 be sets and f : X ÝÑ Y , f 1 : X 1 ÝÑ Y 1 and f2 : X2 ÝÑ Y 2

be maps. Then we have the following commutative diagrams (i) and (ii).

(i)

X \X 1 \X2 f\f 1\f2 //

γpX,X1q,X2

��

Y \ Y 1 \ Y 2

γpY,Y 1q,Y 2

��
pX \X 1q \X2

pf\f 1q\f2
// pY \ Y 1q \ Y 2

(ii)

X \X 1 \X2 f\f 1\f2 //

γX,pX1,X2q

��

Y \ Y 1 \ Y 2

γY,pY 1,Y 2q

��
X \ pX 1 \X2q

f\pf 1\f2q
// Y \ pY 1 \ Y 2q

Proof. We will show that (i) is a commutative diagram. Suppose given z P X \X 1 \X2. We have
to show that

zpf \ f 1 \ f2qγpY,Y 1q,Y 2
!
� zγpX,X 1q,X2ppf \ f 1q \ f2q.

Case 1: z � p1, xq for some x P X. Then we have

p1, xqpf \ f 1 \ f2qγpY,Y 1q,Y 2 � p1, xfqγpY,Y 1q,Y 2

� p1, p1, xfqq
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and on the other hand we have

p1, xqγpX,X 1q,X2ppf \ f 1q \ f2q � p1, p1, xqqppf \ f 1q \ f2q

� p1, p1, xqpf \ f 1qq

� p1, p1, xfqq.

Case 2: z � p2, x1q for some x1 P X 1. Then we have

p2, x1qpf \ f 1 \ f2qγpY,Y 1q,Y 2 � p2, x1f 1qγpY,Y 1q,Y 2

� p1, p2, x1f 1qq

and on the other hand we have

p2, x1qγpX,X 1q,X2ppf \ f 1q \ f2q � p1, p2, x1qqppf \ f 1q \ f2q

� p1, p2, x1qpf \ f 1qq

� p1, p2, x1f 1qq.

Case 3: z � p3, x2q for some x2 P X2. Then we have

p3, x2qpf \ f 1 \ f2qγpY,Y 1q,Y 2 � p3, x2f2qγpY,Y 1q,Y 2

� p2, x2f2q

and on the other hand we have

p3, x2qγpX,X 1q,X2ppf \ f 1q \ f2q � p2, x2qppf \ f 1q \ f2q

� p2, x2f2q.

So in all three cases we have zpf \ f 1 \ f2qγpY,Y 1q,Y 2 � zγpX,X 1q,X2ppf \ f 1q \ f2q.

De�nition 1.18. Let n P Z¥0 and k � pkiqiPr1,ns , where ki P Z¥0 for i P r1, ns. We have the
bijective map

φk :
�
1,

¸
iPr1,ns

ki

�
ÝÑ

§
iPr1,ns

r1, kis

t ÞÝÑ
�
tχk , t�

¸
sPr1,tχk�1s

ks

	
,

where χk is the map

χk :
�
1,

¸
iPr1,ns

ki

�
ÝÑ r1, ns

t ÞÝÑ min
 
u P r1, ns :

¸
sPr1,us

ks ¥ t
(
.

Its inverse map is

φ�1
k :

§
iPr1,ns

r1, kis ÝÑ
�
1,

¸
iPr1,ns

ki

�
pi, xq ÞÝÑ

� ¸
sPr1,i�1s

ks

	
� x.
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Example 1.19. Suppose given m,n P Z¥0 and k � pkiqiPr1,ns , where ki � m for i P r1, ns.

Then for s P r1, ns we have
°

iPr1,ss

ki � sm.

For t P
�
1,

°
iPr1,ns

ki
�
� r1, nms we can write t � tm � t̄ in a unique way with t P r0, n � 1s and

t̄ P r1,ms. Then we have

tχk � min
 
u P r1, ns :

¸
sPr1,us

ks ¥ t
(

� min
 
u P r1, ns : um ¥ tm� t̄

(
� t� 1.

Hence we have

tφk �
�
tχk , t�

¸
sPr1,tχk�1s

ks

	
� pt� 1 , t� tmq

� pt� 1 , t̄ q

for t P r1, nms.

Moreover, for pi, jq P r1,ms\n we have

pi, jqφ�1
k � pi� 1qm� j.

Lemma 1.20. Let m,m1,m2 P Z¥0 . We have the following commutative diagrams (i) and (ii).

(i)

r1,ms \ r1,m1s \ r1,m2s
φ�1

pm,m1,m2q //

γpr1,ms,r1,m1sq,r1,m2s

��

r1,m�m1 �m2s

pr1,ms \ r1,m1sq \ r1,m2s
φ�1

pm,m1q
\ idr1,m2s

// r1,m�m1s \ r1,m2s

φ�1

pm�m1,m2q

OO

(ii)

r1,ms \ r1,m1s \ r1,m2s
φ�1

pm,m1,m2q //

γr1,ms,pr1,m1s,r1,m2sq

��

r1,m�m1 �m2s

r1,ms \ pr1,m1s \ r1,m2sq
idr1,ms\φ

�1

pm1,m2q

// r1,ms \ r1,m1 �m2s

φ�1

pm,m1�m2q

OO

Proof. We will show that (i) is a commutative diagram. So let z P r1,ms \ r1,m1s \ r1,m2s. We
have to show that

zφ�1
pm,m1,m2q

!
� zγpr1,ms,r1,m1sq,r1,m2spφ

�1
pm,m1q \ idr1,m2sqφ

�1
pm�m1,m2q .

Case 1: z � p1, iq for some i P r1,ms. Then we have

p1, iqφ�1
pm,m1,m2q � i

26



and on the other hand we have

p1, iqγpr1,ms,r1,m1sq,r1,m2spφ
�1
pm,m1q \ idr1,m2sqφ

�1
pm�m1,m2q � p1, p1, iqqpφ�1

pm,m1q \ idr1,m2sqφ
�1
pm�m1,m2q

� p1, p1, iqφ�1
pm,m1qqφ

�1
pm�m1,m2q

� p1, iqφ�1
pm�m1,m2q

� i.

Case 2: z � p2, i1q for some i1 P r1,m1s. Then we have

p2, i1qφ�1
pm,m1,m2q � m� i1

and on the other hand we have

p2, i1qγpr1,ms,r1,m1sq,r1,m2spφ
�1
pm,m1q \ idr1,m2sqφ

�1
pm�m1,m2q � p1, p2, i1qqpφ�1

pm,m1q \ idr1,m2sqφ
�1
pm�m1,m2q

� p1, p2, i1qφ�1
pm,m1qqφ

�1
pm�m1,m2q

� p1,m� i1qφ�1
pm�m1,m2q

� m� i1.

Case 3: z � p3, i2q for some i2 P r1,m2s. Then we have

p3, i2qφ�1
pm,m1,m2q � m�m1 � i2

and on the other hand we have

p3, i2qγpr1,ms,r1,m1sq,r1,m2spφ
�1
pm,m1q \ idr1,m2sqφ

�1
pm�m1,m2q � p2, i2qpφ�1

pm,m1q \ idr1,m2sqφ
�1
pm�m1,m2q

� p2, i2 idr1,m2sqφ
�1
pm�m1,m2q

� p2, i2qφ�1
pm�m1,m2q

� pm�m1q � i2.

De�nition 1.21. Let k P Z¥1 . Let X be a set. De�ne the bijective map

γk,X : X\k ÝÑ X\pk�1q \X

pi, xq ÞÝÑ

#
p1, pi, xqq if i P r1, k � 1s

p2, xq if i � k.

Lemma 1.22. Let k P Z¥1 . Let X,Y be sets and let f : X ÝÑ Y be a map. Then we have

γk,Xpf
\pk�1q \ fq � f\kγk,Y .

So we have the following commutative diagram.

X\k f\k

//

γk,X

��

Y \k

γk,Y

��
X\pk�1q \X

f\pk�1q\f

// Y \pk�1q \ Y
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Proof. Suppose given pi, xq P X\k, that is, i P r1, ks and x P X. Since γk,Y is bijective, we have to
show that

pi, xqγk,Xpf
\pk�1q \ fqγ�1

k,Y

!
� pi, xqf\k .

We have

pi, xqγk,Xpf
\pk�1q \ fqγ�1

k,Y �

#
p1, pi, xqqpf\pk�1q \ fqγ�1

k,Y if i P r1, k � 1s

p2, xqpf\pk�1q \ fqγ�1
k,Y if i � k

�

#
p1, pi, xqf\pk�1qqγ�1

k,Y if i P r1, k � 1s

p2, xfqγ�1
k,Y if i � k

�

#
p1, pi, xfqqγ�1

k,Y if i P r1, k � 1s

p2, xfqγ�1
k,Y if i � k

�

#
pi, xfq if i P r1, k � 1s

pk, xfq if i � k

� pi, xfq

� pi, xqf\k .

Lemma 1.23. Let m P Z¥0 , k P Z¥1 . Let li :� m for i P r1, ks and let l :� pliqiPr1,ks P pZ¥0q
�k

and l̂ :� pliqiPr1,k�1s P pZ¥0q
�pk�1q. Then we have

φ�1
l � γk,r1,mspφ

�1

l̂
\ idr1,msqφ

�1
ppk�1qm,mq .

So we have the following commutative diagram.

r1,ms\k
φ�1
l //

γk,r1,ms

��

r1, kms

r1,ms\pk�1q \ r1,ms
φ�1

l̂
\ idr1,ms

// r1, pk � 1qms \ r1,ms

φ�1
ppk�1qm,mq

OO

Proof. Suppose given pi, jq P r1,ms\k. We have

pi, jqγk,r1,mspφ
�1

l̂
\ idr1,msqφ

�1
ppk�1qm,mq �

#
p1, pi, jqqpφ�1

l̂
\ idr1,msqφ

�1
ppk�1qm,mq if i P r1, k � 1s

p2, jqpφ�1

l̂
\ idr1,msqφ

�1
ppk�1qm,mq if i � k

�

#
p1, pi, jqφ�1

l̂
qφ�1

ppk�1qm,mq if i P r1, k � 1s

p2, j idr1,msqφ
�1
ppk�1qm,mq if i � k

�

#
p1, pi� 1qm� jqφ�1

ppk�1qm,mq if i P r1, k � 1s

p2, jqφ�1
ppk�1qm,mq if i � k

�

#
pi� 1qm� j if i P r1, k � 1s

pk � 1qm� j if i � k

� pi� 1qm� j

� pi, jqφ�1
l .

28



Lemma 1.24. Let X,Y, Z,X 1, Y 1, Z 1 be sets and let f : X ÝÑ Y , f 1 : X 1 ÝÑ Y 1, g : Y ÝÑ Z and
g1 : Y 1 ÝÑ Z 1 be maps. Furthermore, let idr1,0s : r1, 0s ÝÑ r1, 0s be the unique map from the empty
set to itself. For some set T de�ne the following bijective maps.

uT : T \ r1, 0s ÝÑ T vT : r1, 0s \ T ÝÑ T

p1, tq ÞÝÑ t p2, tq ÞÝÑ t

Then (i), (ii) and (iii) hold.

(i) We have pf \ f 1qpg \ g1q � pfgq \ pf 1g1q.

(ii) We have pf \ idr1,0squY � uXf .

(iii) We have pidr1,0s\fqvY � vXf .

Proof. Ad (i). Note that for x P X we have

p1, xqpf \ f 1qpg \ g1q � p1, xfqpg \ g1q � p1, xfgq � p1, xqppfgq \ pf 1g1qq

and for x1 P X 1 we have

p2, x1qpf \ f 1qpg \ g1q � p2, x1f 1qpg \ g1q � p2, x1f 1g1q � p2, x1qppfgq \ pf 1g1qq.

So we have pf \ f 1qpg \ g1q � pfgq \ pf 1g1q.

Ad (ii). Let ξ P X \ r1, 0s. Then ξ � p1, xq for some x P X. Then we have

p1, xqpf \ idr1,0squY � p1, xfquY � xf � p1, xquXf.

Ad (iii). Let ξ P r1, 0s \X. Then ξ � p2, xq for some x P X. Then we have

p2, xqpidr1,0s\fqvY � p2, xfqvY � xf � p2, xqvXf.

Remark 1.25. Let n P Z¥0 . Note that

ur1,ns : r1, ns \ r1, 0s ÝÑ r1, ns � r1, n� 0s vr1,ns : r1, 0s \ r1, ns ÝÑ r1, ns � r1, 0� ns

p1, iq ÞÝÑ i p2, iq ÞÝÑ i � 0� i.

So ur1,ns � φ�1
pn,0q and vr1,ns � φ�1

p0,nq .

1.5 Pullbacks

De�nition 1.26. Let X,Y, Z be sets and f : X ÝÑ Z, g : Y ÝÑ Z be maps. Furthermore, let P
be a set and f̂ : P ÝÑ Y and ĝ : P ÝÑ X be maps. We say that the tuple pP, ĝ, f̂q is a pullback of
f and g if (P1) and (P2) hold.

(P1) We have f̂ g � ĝf , that is, the following diagram commutes.

P
f̂ //

ĝ

��

Y

g

��
X

f
// Z
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(P2) Given a set T and maps f 1 : T ÝÑ X and g1 : T ÝÑ Y such that f 1g � g1f , then there exists
a unique map u : T ÝÑ P such that uf̂ � f 1 and uĝ � g1.

T
f 1

!!

g1

��

u

  
P

f̂ //

ĝ

��

Y

g

��
X

f
// Z

In the above situation we will also often say that the quadrangle pP,X, Y, Zq is a pullback, drawing
the attention closer to the involved sets than the involved maps, which then need to be known from
context.

A quadrangle being a pullback is often expressed graphically as follows.

P
f̂ //

ĝ

��

Y

g

��
X

f
// Z

Remark 1.27. Let X,Y, Z be sets and f : X ÝÑ Z and g : Y ÝÑ Z be maps. Suppose given two
pullbacks pP, ĝ, f̂q and pP 1, ĝ1, f̂ 1q of f and g. Then there exists a uniquely determined bijective map
u : P 1 ÝÑ P such that uĝ � ĝ1 and uf̂ � f̂ 1.

Proof. By (P2) there exist uniquely determined maps u : P 1 ÝÑ P and v : P ÝÑ P 1 satisfying
uĝ � ĝ1, uf̂ � f̂ 1, vĝ1 � ĝ and vf̂ 1 � f̂ .

So we get a map vu : P ÝÑ P satisfying pvuqĝ � vĝ1 � ĝ and pvuqf̂ � vf̂ 1 � f̂ . But the identity
map idP : P ÝÑ P also satis�es idP ĝ � ĝ and idP f̂ � f̂ . Since pP, ĝ, f̂q is a pullback of f and g we
have vu � idP . Similarly, we get uv � idP 1 . Thus u is bijective.

We generalize Remark 1.27 somewhat.

Lemma 1.28. Let X,Y, Z,X 1, Y 1, Z 1 be sets and let f : X ÝÑ Z, g : Y ÝÑ Z, f 1 : X 1 ÝÑ Z 1 and
g1 : Y 1 ÝÑ Z 1 be maps. Let pP, ĝ, f̂q be a pullback of f and g and let pP 1, ĝ1, f̂ 1q be a pullback of f 1

and g1. Let u : X 1 ÝÑ X, v : Y 1 ÝÑ Y and w : Z 1 ÝÑ Z be maps such that uf � f 1w and vg � g1w.
That is, we have the following commutative diagram.

Y 1 g1

//

v

��

Z 1

w

��

P 1

f̂ 1
>>

ĝ1
// X 1

f 1

>>

u

��

Y
g // Z

P

f̂
==

ĝ
// X

f

==

Then (1) and (2) hold.
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(1) There exists a unique map s : P 1 ÝÑ P such that sf̂ � f̂ 1v and sĝ � ĝ1u.

(2) If u, v, w are bijective, then so is s.

Proof. Ad (1). Since pP 1, ĝ1, f̂ 1q is a pullback of f 1 and g1 we have f̂ 1g1 � ĝ1f 1. Moreover, since
uf � f 1w and vg � g1w we have

f̂ 1vg � f̂ 1g1w � ĝ1f 1w � ĝ1uf.

So we have the following commutative diagram.

P 1 f̂ 1v //

ĝ1u

��

Y

g

��
X

f
// Z,

Since pP, ĝ, f̂q is a pullback of f and g, by (P2) there exists a unique map s : P 1 ÝÑ P such that
sf̂ � f̂ 1v and sĝ � ĝ1u.

Ad (2). If u, v, w are bijective, we can apply (1) to pu�1, v�1, w�1q and obtain a map s̃ : P ÝÑ P 1

satisfying s̃f̂ 1 � f̂v�1 and s̃ĝ1 � ĝu�1. This implies

idP f̂ � f̂ � f̂v�1v � s̃f̂ 1v � s̃sf̂

idP ĝ � ĝ � ĝu�1u � s̃ĝ1u � s̃sĝ.

By (P2) for pP, ĝ, f̂q, we have idP � s̃s.

In the same way we obtain ss̃ � idP 1 . Hence s is bijective.

Lemma 1.29. Let X,Y, Z be sets and f : X ÝÑ Z and f : Y ÝÑ Z be maps. De�ne

S :� tpx, yq P X � Y : xf � ygu

and the maps
ǧ : S ÝÑ X f̌ : S ÝÑ Y

px, yq ÞÝÑ x px, yq ÞÝÑ y.

Then pS, ǧ, f̌q is a pullback of f and g. We often refer to it as the standard pullback of f and g.

Proof. Ad (P1). Suppose given px, yq P S, that is, xf � yg. Then we have

px, yqf̌ g � yg � xf � px, yqǧf.

Hence f̌ g � ǧf .

Ad (P2). Suppose given a set T and maps g1 : T ÝÑ X and f 1 : T ÝÑ Y such that f 1g � g1f .
We have to show that there exists a uniquely determined map u : T ÝÑ S such that uf̌ � f 1 and
uǧ � g1.

Existence. De�ne u by tu :� ptg1, tf 1q for t P T . We have ptg1qf � tpg1fq � tpf 1gq � ptf 1qg, hence
tu P S for t P T . Moreover, we have

tpuf̌q � ptg1, tf 1qf̌ � tf 1

tpuǧq � ptg1, tf 1qǧ � tg1

for t P T . Hence we have uf̌ � f 1 and uǧ � g1.
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Uniqueness. Let v : T ÝÑ S be a map satisfying vf̌ � f 1 and vǧ � g1. Then de�ne pxt, ytq :� tv for
t P T with xt P X and yt P Y such that xtf � ytg. Then we have

tf 1 � tpvf̌q � pxt, ytqf̌ � yt

tg1 � tpvǧq � pxt, ytqǧ � xt ,

so tu � ptf 1, tg1q � pxt, ytq � tv for t P T . Hence we have u � v.

Remark 1.30. Let X,Y, Z be sets and let f : X ÝÑ Z and g : Y ÝÑ Z be maps. Let pP, ĝ, f̂q be
a pullback of f and g. Then pP, f̂ , ĝq is a pullback of g and f , as we take from (P1) and (P2).

Remark 1.31. Consider the following commutative diagram.

P̃
f̃ //

g̃

��

Y

g

��
X

f
// Z

Then for y P Y and p̃ P f̃�1pyq we have p̃f̃ � y and

p̃pg̃fq � p̃pf̃ gq � yg,

hence p̃g̃ P f�1pygq. So we have the restricted map g̃
��f�1pygq

f̃�1pyq
for y P Y .

The next property is a criterion to decide whether a tuple pP, ĝ, f̂q is a pullback.

Lemma 1.32. Let X,Y, Z be sets and f : X ÝÑ Z and g : Y ÝÑ Z be maps. Let P be a set and
ĝ : P ÝÑ X and f̂ : P ÝÑ Y be maps.

Then pP, ĝ, f̂q is a pullback of f and g if and only if (P1) holds and the following condition (P) is
satis�ed.

(P) The map ĝ
��f�1pygq

f̂�1pyq
is bijective for y P Y .

Proof. First assume that pP, ĝ, f̂q satis�es the conditions (P1) and (P). We have to show that it also
satis�es condition (P2).

Let T be a set and g1 : T ÝÑ X and f 1 : T ÝÑ Y be maps such that f 1g � g1f . We have to show
that there exists a uniquely determined map u : T ÝÑ P such that uf̂ � f 1 and uĝ � g1.

Existence. Let t P T . Then tf 1 P Y and tg1 P f�1ptf 1gq since ptg1qf � tf 1g. Since ĝ
��f�1ptf 1gq

f̂�1ptf 1q
is

bijective we can de�ne u : T ÝÑ P as follows. Let

tu :� tg1
�
ĝ
��f�1ptf 1gq

f̂�1ptf 1q

	�1

P f̂�1ptf 1q � P

for t P T .

Then u satis�es tuf̂ � tf 1 and

tuĝ � tu
�
ĝ
��f�1ptf 1gq

f̂�1ptf 1q

	
� tg1

�
ĝ
��f�1ptf 1gq

f̂�1ptf 1q

	�1 �
ĝ
��f�1ptf 1gq

f̂�1ptf 1q

	
� tg1

for t P T . Hence uf̂ � f 1 and uĝ � g1.
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Uniqueness. Let v : T ÝÑ P be a map satisfying vĝ � g1 and vf̂ � f 1. Then for t P T we have
tv P f̂�1ptf 1q. We have

tv
�
ĝ
��f�1ptf 1gq

f̂�1ptf 1q

	
� tvĝ � tg1,

hence

tv � tg1
�
ĝ
��f�1ptf 1gq

f̂�1ptf 1q

	�1

� tu

for t P T . So v � u.

Now let pP, ĝ, f̂q be a pullback of f and g. We have to show that pP, ĝ, f̂q satis�es condition (P),

that is, that ĝ
��f�1pygq

f̂�1pyq
is bijective for y P Y . We will �rst show that this is true for the standard

pullback pS, ǧ, f̌q; cf. Lemma 1.29.

So suppose given y P Y . Note that we have f̌�1pyq � tpx, y0q P S : y � y0u.

Injectivity. Suppose given px, yq, px1, yq P f̌�1pyq with px, yqǧ
��f�1pygq

f̌�1pyq
� px1, yqǧ

��f�1pygq

f̌�1pyq
. Then we

have
x � px, yqǧ � px, yqǧ

��f�1pygq

f̌�1pyq
� px1, yqǧ

��f�1pygq

f̌�1pyq
� px1, yqǧ � x1.

Surjectivity. Suppose given x P f�1pygq. This means that xf � yg, hence px, yq P S. Moreover, we
have px, yq P f̌�1pyq. Hence we have

px, yqǧ
��f�1pygq

f̌�1pyq
� px, yqǧ � x.

This shows that the standard pullback pS, ǧ, f̌q satis�es (P).

Now let pP, ĝ, f̂q be a pullback of f and g. Then there exists a unique bijective map u : P ÝÑ S

such that uf̌ � f̂ and uǧ � ĝ; cf. Remark 1.27.

P
f̂

""

ĝ

��

u

  
S

f̌ //

ǧ

��

Y

g

��
X

f
// Z

Suppose given y P Y . We already know that ǧ
��f�1pygq

f̌�1pyq
is bijective.

Note that for t P f̂�1pyq we have tuf̌ � tf̂ � y, hence tu P f̌�1pyq. So the restriction u
��f̌�1pyq

f̂�1pyq
is

de�ned and injective.

Conversely, given r P f̌�1pyq, we have ru�1f̂ � ru�1uf̌ � rf̌ � y, hence ru�1 P f̂�1pyq. Moreover,

pru�1qu
��f̌�1pyq

f̂�1pyq
� ru�1u � r. Hence u

��f̌�1pyq

f̂�1pyq
is bijective. We have

ĝ
��f�1pygq

f̂�1pyq
� puǧq

��f�1pygq

f̂�1pyq
�

�
u
��f̌�1pyq

f̂�1pyq

	�
ǧ
��f�1pygq

f̌�1pyq

	
,

so ĝ
��f�1pygq

f̂�1pyq
is bijective as the composite of bijective maps.

Note that with Remark 1.30 we can also interchange the roles of ĝ and f̂ in Lemma 1.32 and ask

for f̂
��g�1pxfq

ĝ�1pxq
to be bijective for x P X.
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Lemma 1.33. Let X,Y, Z, T be sets and let f : X ÝÑ Z, g : Y ÝÑ Z, f 1 : T ÝÑ Y and
g1 : T ÝÑ X be maps such that f 1g � g1f and such that g and g1 are bijective maps. Then pT, g1, f 1q
is a pullback of f and g.

T
f 1 //

g1

�

��

Y

g�

��
X

f
// Z

Proof. By Lemma 1.32 and Remark 1.30, we have to show that f 1
��g�1pxfq

g1�1pxq
is bijective for x P X.

But since g and g1 are bijective we have |g1�1pxq| � |g�1pxfq| � 1 for x P X. So f 1
��g�1pxfq

g1�1pxq
is bijective

for x P X.

Corollary 1.34. Let X be a set, n P Z¥0 and let f : X ÝÑ r1, ns be a map. Then pX, idX , fq is a
pullback of f and idr1,ns .

X
f //

idX

��

r1, ns

idr1,ns
��

X
f

// r1, ns

Lemma 1.35. Consider the following pulback.

P
f̂ //

ĝ

��

Y

g

��
X

f
// Z

(i) If f is injective, then so is f̂ .

(ii) If f is surjective, then so is f̂ .

(iii) If f is bijective, then so is f̂ .

Proof. Ad (i). Suppose given p, p̃ P P with pf̂ � p̃f̂ .

We have pĝf � pf̂g � p̃f̂g � p̃ĝf . Since f is injective, this implies that pĝ � p̃ĝ.

Now since pf̂ � p̃f̂ , we have p, p̃ P f̂�1ppf̂q. By Lemma 1.32 we know that ĝ
��f�1ppf̂gq

f̂�1ppf̂q
is injective, so

pĝ
��f�1ppf̂gq

f̂�1ppf̂q
� pĝ � p̃ĝ � p̃ĝ

��f�1ppf̂gq

f̂�1ppf̂q

implies p � p̃.

Ad (ii). Suppose given y P Y . Since f is surjective, there exists x P X such that xf � yg, so

y P g�1pxfq. Since by Lemma 1.32 and Remark 1.30 the map f̂
��g�1pxfq

ĝ�1pxq
is surjective, there exists

p P ĝ�1pxq such that

pf̂ � pf̂
��g�1pxfq

ĝ�1pxq
� y.

Ad (iii). Since f is bijective, the map f̂ is injective by (i) and surjective by (ii).
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Lemma 1.36. Let X,Y, Z, Z̃ be sets and let f : X ÝÑ Z and g : Y ÝÑ Z be maps. Let pP, ĝ, f̂q be
a pullback of f and g and let u : Z ÝÑ Z̃ be an injective map. Then pP, ĝ, f̂q is also a pullback of
fu and gu.

P
f̂ //

ĝ
��

Y

g

�� gu

��

X
f //

fu ,,

Z
u

��
Z̃

Proof. First note that we have f̂ gu � ĝfu.

Suppose given y P Y . We have to show that ĝ
��pfuq�1pyguq

f̂�1pyq
is bijective.

Suppose given x P X. Since u is injective, we have x P pfuq�1pyguq if and only if xfu � ygu, i.e.
xf � yg, i.e. x P f�1pygq. This implies that pfuq�1pyguq � f�1pygq.

Now since pP, ĝ, f̂q is a pullback of f and g, we know that ĝ
��pfuq�1pyguq

f̂�1pyq
� ĝ

��f�1pygq

f̂�1pyq
is bijective;

cf. Lemma 1.32.

Lemma 1.37. Let X,Y,X 1, Y 1, X2, Y 2 be sets and let f : X 1 ÝÑ X, g : Y ÝÑ X, f 1 : X2 ÝÑ X 1,
ĝ : Y 1 ÝÑ X 1, f̂ : Y 1 ÝÑ Y , ˆ̂g : Y 2 ÝÑ X2 and f̂ 1 : Y 2 ÝÑ Y 1 be maps such that pY 1, ĝ, f̂q is a
pullback of f and g and pY 2, ˆ̂g, f̂ 1q is a pullback of f 1 and ĝ.

Y 2 f̂ 1 //

ˆ̂g
��

Y 1 f̂ //

ĝ

��

Y

g

��
X2

f 1
// X 1

f
// X

Then pY 2, ˆ̂g, pf̂ 1f̂qq is a pullback of pf 1fq and g.

Proof. Since ˆ̂gpf 1fq � pˆ̂gf 1qf � pf̂ 1ĝqf � f̂ 1pĝfq � f̂ 1pf̂ gq � pf̂ 1f̂qg, by Lemma 1.32 and Re-

mark 1.30 it su�ces to show that pf̂ 1f̂q
��g�1px2f 1fq
ˆ̂g�1px2q

is bijective for x2 P X2.

So suppose given x2 P X2. We have

pf̂ 1f̂q
��g�1px2f 1fq
ˆ̂g�1px2q

�
�
f̂ 1
��ĝ�1px2f 1q
ˆ̂g�1px2q

	�
f̂
��g�1px2f 1fq

ĝ�1px2f 1q

	
.

Since pY 1, ĝ, f̂q is a pullback of f and g, we know that f̂
��g�1px2f 1fq

ĝ�1px2f 1q
is bijective. Moreover, since

pY 2, ˆ̂g, f̂ 1q is a pullback of f 1 and ĝ, we know that f̂ 1
��ĝ�1px2f 1q
ˆ̂g�1px2q

is bijective. So pf̂ 1f̂q
��g�1px2f 1fq
ˆ̂g�1px2q

is

bijective as the composite of bijective maps.

Finally, we are going to need compatibility of disjoint unions and pullbacks.

Lemma 1.38. Let X,Y, Z,X 1, Y 1, Z 1 be sets and let f : X ÝÑ Z, g : Y :ÝÑ Z, f 1 : X 1 ÝÑ Z 1 and
g1 : Y 1 ÝÑ Z 1 be sets. Let pP, ĝ, f̂q be a pullback of f and g and pP 1, ĝ1, f̂ 1q be a pullback of f 1 and
g1.

P
f̂ //

ĝ

��

Y

g

��
X

f
// Z

P 1 f̂ 1 //

ĝ1

��

Y 1

g1

��
X 1

f 1
// Z 1
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Then pP \P 1, ĝ\ ĝ1, f̂\ f̂ 1q is a pullback of f\f 1 and g\g1; cf. De�nition 1.13 and De�nition 1.14.

P \ P 1 f̂\f̂ 1 //

ĝ\ĝ1

��

Y \ Y 1

g\g1

��
X \X 1

f\f 1
// Z \ Z 1

Proof. Ad (P1). By Lemma 1.24 (i) and since pP, ĝ, f̂q is a pullback of f and g and pP 1, ĝ1, f̂ 1q is a
pullback of f 1 and g1 we have

pf̂ \ f̂ 1qpg \ g1q � f̂ g \ f̂ 1g1 � ĝf \ ĝ1f 1 � pĝ \ ĝ1qpf \ f 1q.

Ad (P). Suppose given ξ P Y \ Y 1. We have to show that pĝ \ ĝ1q
��pf\f 1q�1pξpg\g1qq

pf̂\f̂ 1q�1pξq
is bijective.

Case 1: ξ � p1, yq for some y P Y . Then ξpg \ g1q � p1, yqpg \ g1q � p1, ygq P Z \ Z 1. We have
pf̂ \ f̂ 1q�1p1, yq � tp1, pq : p P f̂�1pyqu and pf \ f 1q�1p1, ygq � tp1, xq : x P f�1pygqu.

Injectivity. Suppose given p1, pq, p1, p̃q P pf̂ \ f̂ 1q�1p1, yq, that is, p, p̃ P f̂�1pyq, and suppose that

p1, pqpĝ \ ĝ1q � p1, pqpĝ \ ĝ1q
��pf\f 1q�1p1,ygq

pf̂\f̂ 1q�1p1,yq
� p1, p̃qpĝ \ ĝ1q

��pf\f 1q�1p1,ygq

pf̂\f̂ 1q�1p1,yq
� p1, p̃qpĝ \ ĝ1q.

But this means that
p1, pĝq � p1, pqpĝ \ ĝ1q � p1, p̃qpĝ \ ĝ1q � p1, p̃ĝq,

hence pĝ � p̃ĝ.

Since p, p̃ P f̂�1pyq and since ĝ
��f�1pygq

f̂�1pyq
is injective, this implies that p � p̃.

Surjectivity. Suppose given p1, xq P pf\f 1q�1p1, ygq, that is, x P f�1pygq. Since ĝ
��f�1pygq

f̂�1pyq
is surjective

there exists p P f̂�1pyq such that pĝ � pĝ
��f�1pygq

f̂�1pyq
� x. So we have p1, pq P pf̂ \ f̂ 1q�1p1, yq and

p1, pqpĝ \ ĝ1q
��pf\f 1q�1p1,ygq

pf̂\f̂ 1q�1p1,yq
� p1, pqpĝ \ ĝ1q � p1, pĝq � p1, xq.

Case 2: ξ � p2, y1q for some y1 P Y 1. Then ξpg \ g1q � p2, y1qpg \ g1q � p2, y1g1q P Z \ Z 1. We have
pf̂ \ f̂ 1q�1p2, y1q � tp2, p1q : p1 P f̂ 1�1py1qu and pf \ f 1q�1p2, y1g1q � tp2, x1q : x1 P f 1�1py1g1qu.

Injectivity. Suppose given p2, p1q, p2, p̃1q P pf̂ \ f̂ 1q�1p2, y1q, that is p1, p̃1 P f̂ 1�1py1q and suppose that

p2, p1qpĝ \ ĝ1q � p2, p1qpĝ \ ĝ1q
��pf\f 1q�1p2,y1g1q

pf̂\f̂ 1q�1p2,y1q
� p2, p̃1qpĝ \ ĝ1q

��pf\f 1q�1p2,y1g1q

pf̂\f̂ 1q�1p2,y1q
� p2, p̃1qpĝ \ ĝ1q.

But this means that

p2, p1ĝ1q � p2, p1qpĝ \ ĝ1q � p2, p̃1qpĝ \ ĝ1q � p2, p̃1ĝ1q,

hence p1ĝ1 � p̃1ĝ1.

Since p1, p̃1 P f̂ 1�1py1q and since ĝ1
��f 1�1py1g1q

f̂ 1�1py1q
is injective, this implies that p1 � p̃1.

Surjectivity. Suppose given p2, x1q P pf \ f 1q�1p2, y1g1q, that is, x1 P f 1�1py1g1q. Since ĝ1
��f 1�1py1g1q

f̂ 1�1py1q
is

surjective, there exists p1 P f̂ 1�1pyq such that p1ĝ1 � p1ĝ1
��f 1�1py1g1q

f̂ 1�1py1q
� x1. This means that we have

p2, p1q P pf̂ \ f̂ 1q�1p2, y1q and

p2, p1qpĝ \ ĝ1q
��pf\f 1q�1p2,y1g1q

pf̂\f̂ 1q�1p2,y1q
� p2, p1qpĝ \ ĝ1q � p2, p1ĝ1q � p2, x1q.
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2 Preoperads

2.1 Biindexed sets

De�nition 2.1. A biindexed set pX, s, tq consists of a set X and of maps s : X ÝÑ Z¥0 and
t : X ÝÑ Z¥0 .

Suppose given m,n, P Z¥0 . Let Xpm,nq :� tx P X : xs � m and xt � nu. We will often also write
X � pXpm,nqqm,n¥0 for the biindexed set.

Note that for x P X we have x P Xpxs, xtq.

De�nition 2.2. Let pX, sX , tXq and pY, sY , tY q be biindexed sets and let φ : X ÝÑ Y be a map.
Then φ is called a biindexed map, if for x P X we have

pxφqsY � xsX and pxφqtY � xtX .

This means that given m,n P Z¥0 , then the restrictions φ
��Y pm,nq
Xpm,nq

: Xpm,nq ÝÑ Y pm,nq are maps.

De�ne φpm,nq :� φ
��Y pm,nq
Xpm,nq

. We will often also write φ � pφpm,nqqm,n¥0 for a biindexed map.

Remark 2.3. Let pX, sX , tXq, pY, sY , tY q and pZ, sZ , tZq be biindexed sets and let φ : X ÝÑ Y and
ψ : Y ÝÑ Z be biindexed maps. The composite φψ : X ÝÑ Z is a biindexed map, since for x P X
we have pxpφψqqsZ � ppxφqψqsZ � pxφqsY � xsX and pxpφψqqtZ � ppxφqψqtZ � pxφqtY � xtX .

So for m,n P Z¥0 we have pφψqpm,nq � φpm,nqψpm,nq.

De�nition 2.4. Let pX, s, tq be a biindexed set. A biindexed subset of X is given by pY, s
��
Y
, t
��
Y
q

for some subset Y � X.

Note that this means Y pm,nq � Xpm,nq for m,n P Z¥0. We will write Y � X to indicate that Y
is a biindexed subset of X.

De�nition 2.5. Let pX, sX , tXq and pY, sY , tY q be biindexed sets. We de�ne

X���Y :�
 
px, yq P X � Y : xsX � ysY and xtX � ytY

(
.

Furthermore, we de�ne maps sx���Y and tX���Y follows.

sX���Y : X���Y ÝÑ Z¥0 tX���Y : X���Y ÝÑ Z¥0

px, yq ÞÝÑ xsX � ysY px, yq ÞÝÑ xtX � ytY

Then we have the biindexed set pX���Y, sX���Y , tX���Y q.

Note that for m,n P Z¥0 we have pX���Y qpm,nq � Xpm,nq � Y pm,nq.

2.2 Set-preoperads and linear preoperads

De�nition 2.6. A set-preoperad P0 � pP0,b, �q consists of

� a biindexed set pP0pm,nqqm,n¥0 ,

� identity elements idm :� idP0,m P P0pm,mq for m P Z¥0 ,

� multiplication maps

pbq :� pbP0
q : P0pm,nq � P0pm

1, n1q ÝÑ P0pm�m1, n� n1q�
f, f 1

�
ÞÝÑ f bP0

f 1 �: f b f 1

for m,n,m1, n1 P Z¥0 ,
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� composition maps

p�q :� p�P0
q : P0pm,nq � P0pn, kq ÝÑ P0pm, kq

pf, gq ÞÝÑ f �P0
g �: f � g �: fg

for m,n, k P Z¥0

such that the following axioms hold.

� concerning multiplication

(m1) Associativity: We have pf b f 1q b f2 � f b pf 1 b f2q for m,n,m1, n1,m2, n2 P Z¥0 and
f P P0pm,nq, f 1 P P0pm

1, n1q and f2 P P0pm
2, n2q.

(m2) We have id0b f � f b id0 � f for m,n P Z¥0 and f P P0pm,nq.

� concerning composition

(c1) Associativity: We have pf � gq � h � f � pg � hq for m,n, k, l P Z¥0, and f P P0pm,nq,
g P P0pn, kq, and h P P0pk, lq.

(c2) We have idm �f � f and f � idn � f for m,n P Z¥0 and f P P0pm,nq.

� concerning multiplication and composition

(mc1) We have pf b f 1q � pg b g1q � pf � gq b pf 1 � g1q for m,n, k,m1, n1, k1 P Z¥0, f P P0pm,nq,
f 1 P P0pm

1, n1q, g P P0pn, kq and g1 P P0pn
1, k1q.

(mc2) The identity elements satisfy idm � idbm1 for m P Z¥0 , where for m,n, k P Z¥0 and
f P P0pm,nq the product fbk P P0pkm, knq is de�ned as follows. We let fb0 :� id0 and
for k ¥ 1 we let fbk :� fbpk�1q b f .

Remark 2.7. Note that (mc2) implies that idmb idn � idm�n for m,n P Z¥0 .

Remark 2.8. One could summarize this de�nition by saying that a set-preoperad is a strict monoidal
category with Z¥0 as set of objects; cf. [10, VII.1].

A linear-preoperad over the ring R can be de�ned similarly.

De�nition 2.9. A linear preoperad P � pP,b, �q over R consists of

� a biindexed set pPpm,nqqm,n¥0 , where Ppm,nq is an R-module for m,n P Z¥0 ,

� identity elements idm :� idP,m P Ppm,mq for m P Z¥0 ,

� R-linear multiplication maps

pbq :� pbPq : Ppm,nq b Ppm1, n1q ÝÑ Ppm�m1, n� n1q

f b f 1 ÞÝÑ f bP f
1 �: f b f 1

for m,n,m1, n1 P Z¥0 ,

� R-linear composition maps

p�q :� p�Pq : Ppm,nq b Ppn, kq ÝÑ Ppm, kq

f b g ÞÝÑ f �P g �: f � g �: fg

for m,n, k P Z¥0
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such that the following axioms hold.

� concerning multiplication

(M1) Associativity: We have pf b f 1q b f2 � f b pf 1 b f2q for m,n,m1, n1,m2, n2 P Z¥0, and
f P Ppm,nq, f 1 P Ppm1, n1q and f2 P Ppm2, n2q.

(M2) We have id0bf � f b id0 � f for m,n P Z¥0 and f P Ppm,nq.

� concerning composition

(C1) Associativity: We have pf � gq � h � f � pg � hq for m,n, k, l P Z¥0 and f P Ppm,nq,
g P Ppn, kq and h P Ppk, lq.

(C2) We have idm �f � f and f � idn � f for m,n P Z¥0 and f P Ppm,nq.

� concerning multiplication and composition

(MC1) We have pf b f 1q � pg b g1q � pf � gqb pf 1 � g1q for m,n, k,m1, n1, k1 P Z¥0 and f P Ppm,nq,
f 1 P Ppm1, n1q, g P Ppn, kq and g1 P Ppn1, k1q.

(MC2) The identity elements satisfy idm � idbm1 for m P Z¥0 , where for m,n, k P Z¥0 and
f P Ppm,nq the product fbk P Ppkm, knq is de�ned as follows. We let fb0 :� id0 and
for k ¥ 1 we let fbk :� fbpk�1q b f .

So basically the de�nitions of a set-preoperad and of a linear preoperad over R are the same except
in the R-linear case we ask for the multiplication and composition maps to be R-linear maps. We
will often write an index 0 as in P0 to indicate that we are dealing with set-preoperads and not
linear preoperads.

Furthermore, we will often drop the additional �over R �. In these cases, all occuring linearities are
R-linearities.

Remark 2.10. We can always view a linear preoperad pP,b, �q as a set-properad by forgetting that
Ppm,nq is an R-module form,n P Z¥0 and instead viewing it as a set and by using the multiplication
maps

Ppm,nq � Ppm1, n1q ÝÑ Ppm�m1, n� n1q

pf, f 1q ÞÝÑ f b f 1

for m,n,m1, n1 P Z¥0 and the composition maps

Ppm,nq � Ppn, kq ÝÑ Ppm, kq

pf, gq ÞÝÑ f � g

for m,n, k P Z¥0 and by forgetting that they are R-bilinear.

Whenever we do not want to make the distinction between linear preoperads and set-preoperads
(e.g. if the statement is true for both) we will simply write preoperad.

Lemma 2.11. Let pP,b, �q be a preoperad. We have the preoperad pP���P,bP���P , �P���Pq with

� identity elements idP���P,m :� pidP,m, idP,mq for m P Z¥0 ,

� multiplication de�ned by pf, f̃q bP���P pf 1, f̃ 1q :� pf b f 1, f̃ b f̃ 1q for m,n,m1, n1 P Z¥0 and
f, f̃ P Ppm,nq, f 1, f̃ 1 P Ppm1, n1q,
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� composition de�ned by pf, f̃q �P���P pg, g̃q :� pf � g, f̃ � g̃q for m,n, k P Z¥0 and f, f̃ P Ppm,nq,
g, g̃ P Ppn, kq.

Proof. We have pP���Pqpm,nq � Ppm,nq � Ppm,nq for m,n P Z¥0 ; cf. De�nition 2.5.

Note that in case P is a linear preoperad, these cartesian products are again R-modules. Moreover,
since in that case pbq and p�q are R-linear maps, so are pbP���Pq and p�P���Pq.

The properties (m1) � (mc2) follow from the respective properties of P since pbP���Pq and p�P���Pq
are de�ned entry-wise.

Recall that given sets X,Y and a map u : X ÝÑ Y then the map Ru : RX ÝÑ RY is R-linear.
Furthermore, recall that we can identify RpX � Y q � RX bRY and that by identifying along some
injective map X ÝÑ RX we may write X � RX; cf. De�nition 1.8.

Remark 2.12. Let P0 be a set-preoperad. Then RP0 � pRP0pm,nqqm,n¥0 is a linear preoperad over
R with R-linear multiplication maps

R pbP0
q : RP0pm,nq bRP0pm

1, n1q � R
�
P0pm,nq � P0pm

1, nq
�
ÝÑ RP0pm�m1, n� n1q

for m,n,m1, n1 P Z¥0, R-linear composition maps

R p�P0
q : RP0pm,nq bRP0pn, kq � R

�
P0pm,nq � P0pn, kq

�
ÝÑ RP0pm, kq

for m,n, k P Z¥0 and identity elements idRP0,m :� idP0,m for m P Z¥0 .

Proof. Note that� ¸
fPP0pm,nq

rf f



bRP0

� ¸
f 1PP0pm1,n1q

r1f 1 f
1



�

¸
fPP0pm,nq
f 1PP0pm1,n1q

rf r
1
f 1pf bP0

f 1q

� ¸
fPP0pm,nq

rf f



�RP0

� ¸
gPP0pn,kq

r1g g



�

¸
fPP0pm,nq
gPP0pn,kq

rf r
1
g pf �P0

gq

for m,n, k,m1, n1 P Z¥0 . So the required properties for RP0 follow from the properties of P0 .

De�nition 2.13. Let pP,b, �q be a preoperad. Then the opposite preoperad Pop is de�ned as follows.

� Let Poppm,nq :� tfop : f P Ppn,mqu for m,n P Z¥0 .

� Let idPop,m :� pidP,mq
op for m P Z¥0 .

� Multiplication is given by

pbopq :� pbPopq : Poppm,nq � Poppm1, n1q ÝÑ Poppm�m1, n� n1q

pfop, f 1 opq ÞÝÑ fop bop f
1 op :� pf b f 1qop

for m,n,m1, n1 P Z¥0 .

� Composition is given by

p�opq :� p�Popq : Poppm,nq � Poppn, kq ÝÑ Poppm, kq

pfop, gopq ÞÝÑ fop �op g
op :� pg � fqop

for m,n, k P Z¥0 .
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2.3 Morphisms of preoperads

Now we will be interested in studying maps between (both set- and linear) preoperads
that respect the basic structure.

De�nition 2.14. Let P0, Q0 be set-preoperads. A morphism φ0 : P0 ÝÑ Q0 of set-preoperads is a
biindexed map φ0 � pφ0pm,nqqm,n¥0 such that (1) and (2) hold.

(1) We have idP0,m φ0pm,mq � idQ0,m for m P Z¥0 .

(2) Suppose given m,n,m1, n1, k P Z¥0 . The following two diagrams both commute.

P0pm,nq � P0pm
1, n1q

φ0pm,nq�φ0pm1,n1q //

pbP0q
��

Q0pm,nq �Q0pm
1, n1q

pbQ0q
��

P0pm�m1, n� n1q
φ0pm�m1,n�n1q // Q0pm�m1, n� n1q

P0pm,nq � P0pn, kq
φ0pm,nq�φ0pn,kq //

p�P0q
��

Q0pm,nq �Q0pn, kq

p�Q0q
��

P0pm, kq
φ0pm,kq // Q0pm, kq

That is, for f P P0pm,nq, f 1 P P0pm
1, n1q, g P P0pn, kq we have

pfφ0pm,nqqbQ0

�
f 1φ0pm

1, n1q
�
�

�
f bP0

f 1
�
φ0pm�m1, n� n1q

pfφ0pm,nqq �Q0
pgφ0pn, kqq � pf �P0

gqφ0pm, kq.

Remark 2.15. Since φ0 : P0 ÝÑ Q0 is a map, cf. De�nition 2.2, we can write the equations in
De�nition 2.14 (2) as

fφ0 bQ0
f 1φ0 �

�
f bP0

f 1
�
φ0

fφ0 �Q0
gφ0 � pf �P0

gqφ0

for f P P0pm,nq, f
1 P P0pm

1, n1q, g P P0pn, kq and m,n,m1, n1, k P Z¥0 .

Again we can de�ne morphisms of linear preoperads similarly.

De�nition 2.16. Let P, Q be linear preoperads. A morphism φ : P ÝÑ Q of linear preoperads is
a biindexed map φ � pφpm,nqqm,n¥0 such that (0), (1) and (2) hold.

(0) The maps φpm,nq are linear for m,n P Z¥0 .

(1) We have idP,m φpm,mq � idQ,m for m P Z¥0 .

(2) Suppose given m,n,m1, n1, k P Z¥0 . The following two diagrams both commute.

Ppm,nq b Ppm1, n1q
φpm,nqbφpm1,n1q //

pbP q
��

Qpm,nq bQpm1, n1q

pbQq
��

Ppm�m1, n� n1q
φpm�m1,n�n1q // Qpm�m1, n� n1q
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Ppm,nq b Ppn, kq
φpm,nqbφpn,kq //

p�P q
��

Qpm,nq bQpn, kq

p�Qq
��

Ppm, kq
φpm,kq // Qpm, kq

That is, for f P Ppm,nq, f 1 P Ppm1, n1q, g P Ppn, kq we have

pfφpm,nqqbQ

�
f 1φpm1, n1q

�
�

�
f bP f

1
�
φpm�m1, n� n1q

pfφpm,nqq �Q pgφpn, kqq � pf �P gqφpm, kq.

Note that, as with morphisms of set-preoperads, we may abbreviate fφ � fφpm,nq for m,n P Z¥0

and f P Ppm,nq when it is clear which linear map φpm,nq is needed.

Remark 2.17. Recall that given linear preoperads P and Q then by Remark 2.10 we can view them
as set-preoperads. Furthermore, given a morphism of set-preoperads φ : P ÝÑ Q we can then view
this as a morphism of set-preoperads by forgetting that φpm,nq is linear for m,n P Z¥0 .

The following De�nition 2.18, De�nition 2.19 and Lemma 2.20 pertain to set-preoperads and to
linear preoperads.

De�nition 2.18.

(1) Let P be a preoperad. The identity morphism idP � pidPpm,nqqm,n¥0 � pidPpm,nqqm,n¥0 is
given by f idPpm,nq � f for m,n P Z¥0 and f P Ppm,nq.

(2) Given morphisms of preoperads φ : P ÝÑ Q and ψ : Q ÝÑ R, then the composite φψ is given
by pφψqpm,nq � φpm,nqψpm,nq for m,n P Z¥0 .

This is again a morphism of preoperads since for m,m1, n, n1 P Z¥0 and f P Ppm,nq and
f 1 P Ppm1, n1q we have �

fpφψq
�
bR

�
f 1pφψq

�
�

�
pfφqψ

�
bR

�
pf 1φqψ

�
�

�
pfφqbQ pf 1φq

�
ψ

�
�
pf bP f

1qφ
�
ψ

� pf bP f
1qpφψq

and since for m,n, k P Z¥0 and f P Ppm,nq and g P Ppn, kq we have�
fφψq

�
�R

�
gpφψq

�
�

�
pfφqψ

�
�R

�
pf 1φqψ

�
�

�
pfφq �Q pgφq

�
ψ

�
�
pf �P gqφ

�
ψ

� pf �P gqpφψq.

Furthermore, note that if φ and ψ are morphisms of linear preoperads over R, then the com-
posite φpm,nqψpm,nq for m,n P Z¥0 is again an R-linear map.

De�nition 2.19. Let P and Q be preoperads and let φ : P ÝÑ Q be a morphism of preoperads.
Then φ is called an isomorphism if there exists a morphism of preoperads ψ : Q ÝÑ P such that
φψ � idP and ψφ � idQ .

We then say that P and Q are isomorphic and write P � Q.

Lemma 2.20. Let P and Q be preoperads and let φ : P ÝÑ Q be a morphism of preoperads. Then
φ is an isomorphism if and only if φpm,nq is bijective for m,n P Z¥0 .
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Proof. The morphism φ is an isomorphism if and only if there exists a morphism of preoperads
ψ : Q ÝÑ P such that φψ � idP and ψφ � idQ , i.e. we have

φpm,nq � ψpm,nq � pφ � ψqpm,nq � idPpm,nq � idPpm,nq

ψpm,nq � φpm,nq � pψ � φqpm,nq � idQpm,nq � idQpm,nq ,

i.e. φpm,nq is bijective.

Remark 2.21. Note that the given preoperads P, Q and R and isomorphisms of preoperads
φ : P ÝÑ Q and ψ : Q ÝÑ R, then the composite φψ : P ÝÑ R is also an isomorphism of
preoperads.

De�nition 2.22. Let P0 be a set-preoperad. Since P0pm,nq � pRP0qpm,nq � RpP0pm,nqq for
m,n P Z¥0 ; cf. De�nition 1.8 and Remark 2.12, we can de�ne a morphism βP0

: P0 ÝÑ RP0 by
fβP0

� f for f P P0pm,nq and m,n P Z¥0 .

Lemma 2.23. Let P0 be a set-preoperad and Q be a linear preoperad. Recall that we can also view
Q as a set-preoperad. Let φ0 : P0 ÝÑ Q be a morphism of set-preoperads. Then there exists a unique
morphism of linear preoperads φ̂ : RP0 ÝÑ Q such that βP0

φ̂0 � φ0 ; cf. De�nition 2.22.

P0
φ0 //

βP0

��

Q

RP0

D! φ̂0

==

Proof. By Remark 1.9, for m,n P Z¥0 there exists a uniquely determined linear map
φ̂0pm,nq : pRP0qpm,nq ÝÑ Qpm,nq such that fφ̂ � fφ̂0pm,nq � fφ0pm,nq � fφ for f P P0pm,nq.
So it remains to show that φ̂0 :� pφ̂0pm,nqqm,n¥0 : RP0 ÝÑ Q is a morphism of linear preoperads.

First note that for m P Z¥0 we have idRP0,m φ̂0 � idP0,m φ0 � idQ .

Suppose givenm,n,m1, n1 P Z¥0 and
°

fPP0pm,nq

rf f P pRP0qpm,nq and
°

f 1PP0pm1,n1q

sf 1 f 1 P pRP0qpm
1, n1q.

Then we have�� ¸
fPP0pm,nq

rf f



bRP0

� ¸
f 1PP0pm1,n1q

sf 1 f 1




φ̂0 �

� ¸
fPP0pm,nq
f 1PP0pm1,n1q

rf sf 1

�
f bP0

f 1
�

φ̂0

�
¸

fPP0pm,nq
f 1PP0pm1,n1q

rf sf 1

��
f bP0

f 1
�
φ0

�
�

¸
fPP0pm,nq
f 1PP0pm1,n1q

rf sf 1

�
fφ0 bQ f

1φ0

�

�

� ¸
fPP0pm,nq

rf pfφ0q



bQ

� ¸
f 1PP0pm1,n1q

sf 1 pf 1φ0q




�

� ¸
fPP0pm,nq

rf f



φ̂0 bQ

� ¸
f 1PP0pm1,n1q

sf 1 f 1


φ̂0 .

In the same way we can see that given m,n, k P Z¥0 and
°

fPP0pm,nq

rf f P pRP0qpm,nq and°
gPP0pn,kq

sg g P pRP0qpn, kq, then we have

�� ¸
fPP0pm,nq

rf f



�RP0

� ¸
gPP0pn,kq

sg g




φ̂0 �

� ¸
fPP0pm,nq

rf f



φ̂0 �Q

� ¸
gPP0pn,kq

sg g



φ̂0 .
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Lemma 2.24. Let P0 and Q0 be set-preoperads and let φ0 : P0 ÝÑ Q0 be a morphism of set-
preoperads. Then Rφ0 :�

�
Rpφ0pm,nqq

�
m,n¥0

: RP0 ÝÑ RQ0 is the unique morphism of linear
preoperads such that βP0

pRφ0q � φ0βQ0
.

P0
φ0 //

βP0

��

Q0

βQ0

��
RP0

Rφ0

// RQ0

Proof. Note that RQ0 is a linear preoperad over R that we can view as a set-preoperad and that
ψ0 :� φ0βQ0

: P0 ÝÑ RQ0 is a morphism of set-preoperads.

So by Lemma 2.23, there exists a uniquely determined morphism ψ̂0 : RP0 ÝÑ RQ0 of linear
preoperads such that βP0

ψ̂0 � ψ0 � φ0βQ0
.

Since for m,n P Z¥0 and f P P0pm,nq we have

fβP0
pRφ0q � fpRφ0q � fφ0 � pfφ0qβQ0

,

we have Rφ0 � ψ̂0 .

Remark 2.25.

(1) Let P0 , Q0 andR0 be set-preoperads and let φ0 : P0 ÝÑ Q0 and ψ0 : Q0 ÝÑ R0 be morphisms
of set-preoperads. Then we have pRφ0qpRψ0q � Rpφ0ψ0q.

(2) Let P0 be a set-preoperad. Then we have R idP0
� idRP0

.

(3) Let P0 and Q0 be set-preoperads and let φ0 : P0 ÝÑ Q0 be an isomorphism of set-preoperads.
Then Rφ0 : RP0 ÝÑ RQ0 is an isomorphism of linear preoperads.

2.4 Subpreoperads of set-preoperads and linear preoperads

De�nition 2.26. Let P0,Q0 be set-preoperads. Then Q0 is said to be a set-subpreoperad of P0 if
(1),(2) and (3) hold.

(1) We have Q0pm,nq � P0pm,nq for m,n P Z¥0 , so Q0 � P0 is a biindexed subset.

(2) We have idP0,m P Q0pm,mq for m P Z¥0 .

(3) The composition maps as well as the multiplication maps of P0 restrict to the respective maps
of Q0, that is, for m,n,m1, n1, k P Z¥0 and f P Q0pm,nq, f 1 P Q0pm

1, n1q and g P Q0pn, kq we
have f bP0

f 1 � f bQ0
f 1 and f �P0

g � f �Q0
g.

Lemma 2.27. Let pP0,bP0
, �P0

q be a set-preoperad and Q0 � pQ0pm,nqqm,n¥0 a biindexed set
satisfying (s1), (s2) and (s3).

(s1) We have Q0pm,nq � P0pm,nq for m,n P Z¥0 .

(s2) We have idP0,m P Q0pm,mq for m P Z¥0 .

(s3) We have Q0pm,nqbP0
Q0pm

1, n1q � Q0pm�m1, n�n1q and Q0pm,nq �P0
Q0pn, kq � Q0pm, kq

for m,n, k,m1, n1 P Z¥0, that is, Q0 is closed under multiplication and composition.
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De�ne idQ0,m :� idP0,m for m P Z¥0 and de�ne pbQ0
q by f bQ0

f 1 :� f bP0
f 1 for m,m1, n, n1 P Z¥0

and f P Q0pm,nq, f 1 P Q0pm
1, n1q and de�ne p�Q0

q by f �Q0
g :� f �P0

g for m,n, k P Z¥0 and
f P Q0pm,nq, g P Q0pn, kq.

Then pQ0,bQ0
, �Q0

q is a set-subpreoperad of P0 .

Proof. Let Q0 � pQ0pm,nqqm,n¥0 be a biindexed set satisfying (s1), (s2) and (s3). Since the mul-
tiplication and composition maps of P0 restrict to those of Q0 by de�nition and by (s2) we have
idP0,m P Q0 for m P Z¥0 , all that needs to be shown is that Q0 is in fact a set-preoperad.

Since (m2),(c2) and (mc2) are true for P0 they hold for Q0 since idQ0,m � idP0,m for m P Z¥0 and
since Q0pm,nq � P0pm,nq for m,n P Z¥0 .

The properties (m1), (c1) and (mc1) for Q0 are inherited from P0 .

De�nition 2.28. Let P,Q be linear preoperads over R. Then Q is said to be a linear subpreoperad
of P if (1),(2) and (3) hold.

(1) The R-module Qpm,nq is a submodule of Ppm,nq for m,n P Z¥0 .

(2) We have idP,m P Qpm,mq for all m P Z¥0 .

(3) The composition maps as well as the multiplication maps of P restrict to the respective maps
of Q, that is for m,n,m1, n1, k P Z¥0 and f P Qpm,nq, f 1 P Qpm1, n1q and g P Qpn, kq we have
f bP f

1 � f bQ f
1 and f �P g � f �Q g.

Lemma 2.29. Let pP,bP , �Pq be a linear preoperad over R and Q � pQpm,nqqm,n¥0 a biindexed
set satisfying (S1), (S2) and (S3).

(S1) Qpm,nq is a submodule of Ppm,nq for m,n P Z¥0 .

(S2) We have idP,m P Qpm,mq for m P Z¥0 .

(S3) We have Qpm,nq bP Qpm1, n1q � Qpm � m1, n � n1q and Qpm,nq �P Qpn, kq � Qpm, kq for
m,m1, n, n1, k P Z¥0, that is, Q is closed under multiplication and composition.

De�ne idQ,m :� idP,m for m P Z¥0 and de�ne pbQq by f bQ f
1 :� f bP f

1 for m,m1, n, n1 P Z¥0 and
f P Qpm,nq, f 1 P Qpm1, n1q and de�ne p�Qq by f �Q g :� f �P g for m,n, k P Z¥0 and f P Qpm,nq,
g P Qpn, kq.

Then pQ,bQ, �Qq is a linear subpreoperad of P.

Proof. Let Q � pQpm,nqqm,n¥0 be a biindexed set satisfying (S1), (S2) and (S3). Note that this
implies that pbQq and p�Qq de�ne R-linear maps.

Again we only need to show that Q is a linear preoperad over R.

Since (M2), (C2) and (MC2) are true for P, they also hold for Q, since idQ,m � idP,m for m P Z¥0

and since Qpm,nq � Ppm,nq for m,n P Z¥0 .

The properties (M1), (C1) and (MC1) are inherited from P.

Since the de�nitions for set-subreoperads and linear subpreoperads are the same except for the fact
that in the R-linear case we are dealing with submodules instead of mere subsets, we are often going
to write subpreoperad instead of set-subpreoperad or linear subpreoperad. In these cases, when it
comes to verifying that a biindexed subset is a subpreoperad, we are often going to write (s1), (s2)
and (s3) for the properties from Lemma 2.27 and 2.29.

The following Example 2.30, Lemma 2.31 and De�nition 2.32 pertain to set-preoperads and to linear
preoperads.
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Example 2.30.

(1) Let P and Q be preoperads. Let φ : P ÝÑ Q be a morphism of preoperads. The image
Impφq � pImpφpm,nqqqm,n¥0 is a subpreoperad of Q.

(2) Let P be a preoperad and let Q � P be a subpreoperad of P. Then the inclusion

ιQ,P : Q ÝÑ P

f ÞÝÑ f

is a morphism of preoperads.

Lemma 2.31. Let I be a set. Let P be a preoperad. Let Qi � P be a subpreoperad for i P I. Then

the intersection
�
iPI

Qi �

� �
iPI

Qipm,nq



m,n¥0

is a subpreoperad of P.

Proof. Ad (s1). Since Qipm,nq � Ppm,nq for i P I, we have
�
iPI

Qipm,nq � Ppm,nq. In the case of

linear preoperads the intersection is again an R-module.

Ad (s2). We have idP,m P Qipm,mq for i P I, hence idP,m P
�
iPI

Qipm,mq.

Ad (s3). Suppose givenm,n,m1, n1 P Z¥0 and f P
�
iPI

Qipm,nq, f 1 P
�
iPI

Qipm
1, n1q, hence f P Qipm,nq

and f 1 P Qipm
1, n1q for i P I. By (s3) for Qi we have f bP f

1 P Qipm �m1, n � n1q for i P I, hence
f bP f

1 P
�
iPI

Qipm�m1, n� n1q.

Now suppose given m,n, k P Z¥0 and f P
�
iPI

Qipm,nq, g P
�
iPI

Qipn, kq, so f P Qipm,nq and

g P Qipn, kq for i P I. By (s3) for Qi we have f �P g P Qipm, kq for i P I, hence fg P
�
iPI

Qipm, kq.

De�nition 2.32. Let P be a preoperad and let X � P be a biindexed subset. We de�ne the
subpreoperad of P generated by X by

preop
xX y :�

£
tQ � P : Q is a subpreoperad with X � Qu .

The biindexed subset
preop

xX y is a subpreoperad of P by Lemma 2.31. It is the smallest sub-
preoperad of P that contains X, i.e. given a subpreoperad Q � P with X � Q, then we have

preop
xX y � Q.

2.5 Congruences on set-preoperads

De�nition 2.33. Let pP0,b, �q be a set-preoperad. A congruence on P0 is a biindexed subset
p�q � P0���P0 such that (1), (2) and (3) hold. For pf, f̃q P p�qpm,nq with m,n P Z¥0 we also write
f � f̃ .

(1) For m,n P Z¥0 the subset p�qpm,nq � P0pm,nq � P0pm,nq is an equivalence relation on
P0pm,nq.

(2) Suppose given m,n,m1, n1 P Z¥0 and pf, f̃q P p�qpm,nq and pf 1, f̃ 1q P p�qpm1, n1q. Then we
have pf b f 1, f̃ b f̃ 1q P p�qpm�m1, n� n1q.

So if we have f � f̃ and f 1 � f̃ 1, then we have pf b f 1q � pf̃ b f̃ 1q.
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(3) Suppose given m,n, k P Z¥0 and pf, f̃q P p�qpm,nq and pg, g̃q P p�qpn, kq, then we have
pf � g, f̃ � g̃q P p�qpm, kq.

So if f � f̃ and g � g̃, then we have pf � gq � pf̃ � g̃q.

We will denote the congruence classes of P0 with respect to p�q by rf s� for f P P0pm,nq and
m,n P Z¥0 . So for m,n P Z¥0 we have rf s� � rf̃ s� for f, f̃ P P0pm,nq if and only if f � f̃ , i.e.
pf, f̃q P p�qpm,nq.

Lemma 2.34. Let I be a set. Let P0 be a set-preoperad. Let p�iq � P0���P0 be a congruence on P0

for i P I. Then the intersection
�
iPI
p�iq �

� �
iPI
p�iqpm,nq



m,n¥0

is a congruence on P0 .

Proof. First note that the intersection
�
iPI
p�iqpm,nq again de�nes an equivalence relation on P0 .

Suppose given m,n,m1, n1 P Z¥0 and pf, f̃q P
�
iPI
p�iqpm,nq, pf 1, f̃ 1q P

�
iPI
p�iqpm

1, n1q. So we have

pf, f̃q P p�iqpm,nq and pf 1f̃ 1q P p�iqpm
1, n1q for i P I. Since p�iq is a congruence for i P I, we have

ppf b f 1q, pf̃ b f̃ 1qq P p�iqpm�m1, n� n1q for i P I, hence pf b f 1, f̃ b f̃ 1q P
�
iPI
p�iqpm�m1, n� n1q.

Now suppose given m,n, k P Z¥0 and pf, f̃q P
�
iPI
p�iqpm,nq, pg, g̃q P

�
iPI
p�iqpn, kq for i P I. So we

have pf, f̃q P p�iqpm,nq and pg, g̃q P p�iqpn, kq for i P I. Since p�iq is a congruence for i P I, we
have pfg, f̃ g̃q P p�iqpm, kq for i P I, hence pfg, f̃ g̃q P

�
iPI
p�iqpm, kq.

De�nition 2.35. Let P0 be a set-preoperad and X � P0���P0 be a biindexed subset. The congru-
ence generated by X is de�ned by

p�Xq :�
£ 

C � P0���P0 : C is a congruence with X � C
(
.

We call X the generating set for p�Xq.

The congruence p�Xq is the smallest congruence on P0 containing X, i.e. given a congruence
p�q � P0���P0 with X � p�q, then we have p�Xq � p�q.

For the congruence class of f P P0pm,nq for m,n P Z¥0 we will often write rf sX :� rf s�X
.

Remark 2.36. Note that given a congruence p�q � P0���P0 for a set-preoperad P0 , then the
congruence generated by p�q is p�q itself. So every congruence has a generating set.

In the following Lemma we will introduce a certain kind of congruence on a set-preoperad.

Lemma 2.37. Let P0, T0 be set-preoperads and let τ0 : P0 ÝÑ T0 be a morphism of set-preoperads.
De�ne the biindexed subset p�τ0q � P0���P0 by

p�τ0qpm,nq :�
 
pf, f̃q P P0pm,nq � P0pm,nq : fτ0 � f̃ τ0

(
for m,n P Z¥0 . Then p�τ0q is a congruence on P0 .

Proof. First note that p�τ0qpm,nq de�nes an equivalence relation on P0pm,nq for m,n P Z¥0 .

Suppose given m,n,m1, n1 P Z¥0 and f, f̃ P P0pm,nq with pf, f̃q P p�τ0qpm,nq and f 1, f̃ 1 P P0pm,nq
with pf 1, f̃ 1q P p�τ0qpm1, n1q. That is, we have fτ0 � f̃ τ0 and f 1τ0 � f̃ 1τ0. Then we have

pf bP0
f 1qτ0 � pfτ0qbT0 pf

1τ0q � pf̃ τ0qbT0 pf̃
1τ0q � pf̃ bP0

f̃ 1qτ0 ,
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hence
�
pf bP0

f 1q, pf̃ bP0
f̃ 1q

�
P p�τ0qpm�m1, n� n1q.

Now suppose given m,n, k1 P Z¥0 and f, f̃ P P0pm,nq with pf, f̃q P p�τ0qpm,nq and g, g̃ P P0pn, kq
with pg, g̃q P p�τ0qpn, kq. That is, we have fτ0 � f̃ τ0 and gτ0 � g̃τ0. Then we have

pf �P0
gqτ0 � pfτ0q �T0 pgτ0q � pf̃ τ0q �T0 pg̃τ0q � pf̃ �P0

g̃qτ0 ,

hence
�
pf �P0

gq, pf̃ �P0
g̃q
�
P p�τ0qpm, kq.

De�nition 2.38 (factor set-preoperad). Let P0 be a set-preoperad and let p�q � P0���P0 be a
congruence on P0 . We de�ne the factor set-preoperad P0

p�q as follows.

� Let
�

P0

p�q

	
pm,nq :�

 
rf s� : f P P0pm,nq

(
.

� Let id� P0
p�q

�
,m

:� ridP0,ms� for m P Z¥0 .

� The multiplication is given by

pbq :�
�
b P0

p�q

�
:
�
P0

p�q

	
pm,nq �

�
P0

p�q

	
pm1, n1q ÝÑ

�
P0

p�q

	
pm�m1, n� n1q�

rf s� , rf
1s�

�
ÞÝÑ rf s� b rf 1s� :� rf bP0

f 1s�

for m,n,m1, n1 P Z¥0 .

� The composition is given by

p�q :�
�
� P0
p�q

�
:
�
P0

p�q

	
pm,nq �

�
P0

p�q

	
pn, kq ÝÑ

�
P0

p�q

	
pm, kq�

rf s� , rf
1s�

�
ÞÝÑ rf s� � rf 1s� :� rf �P0

f 1s�

for m,n, k P Z¥0 .

We will show now that this is a set-preoperad. Denote the multiplication and composition on P0

p�q

by pbq and p�q and on P0 by pbP0
q and p�P0

q.

First note that given m,n,m1, n1 P Z¥0 and f, f̃ P P0pm,nq with f � f̃ and f 1, f̃ 1 P P0pm
1, n1q

with f 1 � f̃ 1, we have f bP0
f 1 � f̃ bP0

f̃ 1, since p�q is a congruence on P0. Hence we have
rf bP0

f 1s� � rf̃ bP0
f̃ 1s� . So the multiplication pbq is well-de�ned.

Moreover, given m,n, k P Z¥0 and f, f̃ P P0pm,nq with f � f̃ and g, g̃ P P0pn, kq with g � g̃, we
have f �P0

g � f̃ �P0
g̃, since p�q is a congruence on P0. Hence rf �P0

gs� � rf̃ �P0
g̃s� . So the

composition p�q is well-de�ned.

Ad (m1). Suppose given m,n,m1, n1,m2, n2 P Z¥0 and rf s� P
�

P0

p�q

	
pm,nq, rf 1s� P

�
P0

p�q

	
pm1, n1q

and rf2s� P
�

P0

p�q

	
pm2, n2q. We have

prf s� b rf 1s�qb rf2s� � rf bP0
f 1s� b rf2s�

� rpf bP0
f 1qbP0

f2s�

� rf bP0
pf 1 bP0

f2qs�

� rf s� b rf 1 bP0
f2s�

� rf s� b prf 1s� b rf2s�q.

Ad (m2). Suppose given m,n P Z¥0 and rf s� P
�

P0

p�q

	
pm,nq. Then we have

rf s� b ridP0,0s� � rf bP0
idP0,0s� � rf s� � ridP0,0bP0

f s� � ridP0,0s� b rf s� .
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Ad (c1). Suppose given m,n, k, l P Z¥0 and rf s� P
�

P0

p�q

	
pm,nq, rgs� P

�
P0

p�q

	
pn, kq and

rhs� P
�

P0

p�q

	
pk, lq. We have

prf s� � rgs�q � rhs� � rf �P0
gs� � rhs�

� rpf �P0
gq �P0

hs�

� rf �P0
pg �P0

hqs�

� rf s� � rg �P0
hs�

� rf s� � prgs� � rhs�q.

Ad (c2). Suppose given m,n P Z¥0 and rf s� P
�

P0

p�q

	
pm,nq. Then we have

rf s� � ridP0,ns� � rf �P0
idP0,ns� � rf s� � ridP0,n �P0

f s� � ridP0,ns� � rf s� .

Ad (mc1). Suppose given m,n, k,m1, n1, k1 P Z¥0 and rf s� P
�

P0

p�q

	
pm,nq, rf 1s� P

�
P0

p�q

	
pm1, n1q,

rgs� P
�

P0

p�q

	
pn, kq and rg1s� P

�
P0

p�q

	
pn1, k1q. We have

prf s� b rf 1s�q � prgs� b rg1s�q � rf bP0
f 1s� � rg bP0

g1s�

� rpf bP0
f 1q �P0

pg bP0
g1qs�

� rpf �P0
gqbP0

pf 1 �P0
g1qs�

� rf �P0
gs� b rf 1 �P0

g1s�

� prf s� � rgs�qb prf 1s� � rg1s�q.

Ad (mc2). Suppose given m P Z¥0 . We have

ridP0,ms� �
�
id
bP0

m

P0,1

�
�
� ridP0,1s

bm
� .

Hence P0

p�q is a set-preoperad.

De�nition 2.39. Let P0 be a set-preoperad and p�q be a congruence on P0. The congruence class
morphism ρ0 :� ρ0,p�q : P0 ÝÑ

P0

p�q is de�ned as follows. For m,n P Z¥0 we let

ρ0pm,nq : P0pm,nq ÝÑ
�
P0

p�q

	
pm,nq

f ÞÝÑ rf s� .

This de�nes a morphism since ρ0pm,nq for m,n P Z¥0 maps identity elements to identity elements
and the composition and multiplication on P0

p�q are de�ned using the composition and multiplication
of representatives.

Lemma 2.40 (Universal property of the factor set-preoperad). Let P0 and Q0 be set-preoperads.
Let p�q � P0���P0 be a congruence on P0 with generating set X � P0���P0 , i.e. p�q � p�Xq.

Let φ0 : P0 ÝÑ Q0 be a morphism of set-preoperads such that fφ0pm,nq � f̃φ0pm,nq form,n P Z¥0

and pf, f̃q P Xpm,nq. Then there exists a uniquely determined morphism of set-preoperads
φ̄0 :

P0

p�q ÝÑ Q0 such that ρ0φ̄0 � φ0.

P0
φ0 //

ρ0   

Q0

P0

p�q

D! φ̄0

>>
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Proof. Existence. De�ne φ̄0 � pφ̄0pm,nqqm,n¥0 by

φ̄0pm,nq :
�
P0

p�q

	
pm,nq ÝÑ Q0pm,nq

rf s� ÞÝÑ fφ0pm,nq

for m,n P Z¥0 .

For m,n P Z¥0 and pf, f̃q P Xpm,nq we have fφ0 � f̃φ0 , hence pf, f̃q P p�φ0qpm,nq;
cf. Lemma 2.37. So p�φ0qpm,nq is a congruence on P0 with X � p�φ0q. So by the de�nition of the
generated congruence we have p�q � p�Xq � p�φ0q. So for m,n P Z¥0 and for f, f̃ P P0pm,nq with
rf s� � rf̃ s� we have fφ0 � f̃φ0 , so the map φ̄0 is well-de�ned.

Now we have to show that φ̄0 is a morphism of set-preoperads.

First note that for m P Z¥0 we have ridP0,ms�φ̄0 � idP0,m φ0 � idQ0,m .

Moreover, for m,n, k,m1, n1 P Z¥0 and f P P0pm,nq, f 1 P P0pm
1, n1q, g P Ppn, kq we have

prf s� b rf 1s�qφ̄0 � rf bP0
f 1s�φ̄0

� pf bP0
f 1qφ0

� fφ0 bQ0
f 1φ0

� rf s�φ̄0 bQ0
rf 1s�φ̄0

and

prf s� � rgs�qφ̄0 � rf �P0
gs�φ̄0

� pf �P0
gqφ0

� fφ0 �Q0
gφ0

� rf s�φ̄0 �Q0
rgs�φ̄0.

So φ̄0 is a morphism of set-preoperads. Moreover, for m,n P Z¥0 and f P P0pm,nq we have
fpρ0φ̄0q � rf s�φ̄0 � fφ0. Hence ρ0φ̄0 � φ0.

Uniqueness. Let χ0 : P0

p�q ÝÑ Q0 be a morphism of set-preoperads such that ρ0χ0 � φ0. Then for
m,n P Z¥0 and f P P0pm,nq we have rf s�φ̄0 � fφ0 � fpρ0χ0q � rf s�χ0, hence φ̄0 � χ0 .

2.6 Ideals of linear preoperads

Much like in the study of rings we will now introduce ideals of linear preoperads. This
will lead to linear factor preoperads similar to the construction for set-preoperads.

De�nition 2.41. Let P be a linear preoperad over R and let I � pIpm,nqqm,n¥0 be a biindexed
set. We say that I is an ideal of P if (I1) and (I2) hold.

(I1) Ipm,nq � Ppm,nq is a submodule for m,n P Z¥0 .

(I2) For m,n, k,m1, n1 P Z¥0 we have

(mr) Ipm,nqb Ppm1, n1q � Ipm�m1, n� n1q

(ml) Ppm,nqb Ipm1, n1q � Ipm�m1, n� n1q

(cr) Ipm,nq � Ppn, kq � Ipm, kq

(cl) Ppm,nq � Ipn, kq � Ipm, kq.
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Example 2.42. Let P,Q be linear preoperads over R and let φ : P ÝÑ Q be a morphism of linear
preoperads. The kernel of φ given by pkerφq pm,nq :� kerpφpm,nqq is an ideal of P.

Ad (I1). Since the maps φpm,nq : Ppm,nq ÝÑ Qpm,nq are linear maps, kerpφpm,nqq � Ppm,nq is
a submodule for m,n P Z¥0 .

Ad (I2). Suppose given m,n,m1, n1 P Z¥0 and f P Ppm,nq, f 1 P Ppm1, n1q. Then we have�
f bP f

1
�
φ � pfφqbP

�
f 1φ

�
.

If we choose f P kerpφpm,nqq, then fφpm,nq � 0. Since pbPq is R-linear, we have pf bP f
1qφ � 0,

which shows (mr). If we choose f 1 P kerpφpm1, n1qq, then f 1φpm1, n1q � 0. Hence pf bP f
1qφ � 0,

showing (ml).

Now suppose given m,n, k P Z¥0 and f P Ppm,nq, g P Ppn, kq. Then we have

pf �P gqφ � pfφq �P pgφq .

If we choose f P kerpφpm,nqq then fφpm,nq � 0. Since p�Pq is R-linear, we have pf �P gqφ � 0,
which shows (cr). If we choose g P kerpφpn, kqq then gφpn, kq � 0. Hence pf �P gqφ � 0, showing
(cl).

Lemma 2.43. Let J be a set. Let P be a linear preoperad. Let Ij � P be an ideal of P for j P J .

Then the intersection
�
jPJ

Ij �

� �
jPJ

Ijpm,nq



m,n¥0

is also an ideal of P.

Proof. Ad (I1). The intersection
�
jPJ

Ijpm,nq � Ppm,nq is a submodule since Ijpm,nq � Ppm,nq
is a submodule for j P J .

Ad (I2). Suppose given m,n,m1, n1 P Z¥0 and f P
�
jPJ

Ijpm,nq and f 1 P Ppm1, n1q. That is, we have
f P Ijpm,nq for j P J .

Then by (I2) for Ij we have f bPf
1 P Ijpm�m

1, n�n1q for j P J , hence f bP f
1 P

�
jPJ

Ijpm�m1, n� n1q,
which shows (mr). Analogously, (ml) holds.

Now suppose given m,n, k, l P Z¥0 and f P
�
jPJ

Ijpm,nq, g P Ppn, kq and h P
�
jPJ

Ijpk, lq, so

f P Ijpm,nq and h P Ijpk, lq for j P J . By (I) for Ij we have f �P g P Iipm, kq and g �P h P Ijpn, lq
for j P J , so f �P g P

�
jPJ

Ijpm, kq and g �P h P
�
jPJ

Ijpn, lq, which shows (cr) and (cl).

De�nition 2.44. Let P be a linear preoperad and let X � P be a biindexed subset. The ideal
generated by X is de�ned by

ideal
xX y :�

£ 
I � P : I is an ideal with X � I

(
.

From Lemma 2.43 we know that
ideal

xX y is an ideal of P. It is the smallest ideal of P containing
X, i.e. given an ideal I � P with X � I, then we have

ideal
xX y � I .

We say that X is a generating set for the ideal
ideal

xX y.

Remark 2.45. Let I � P be an ideal of the linear preoperad P. Then the ideal generated by I is
I itself. So every ideal has a generating set.

Similar to factor set-preoperads we are now able to de�ne linear factor preoperads.

De�nition 2.46 (linear factor preoperad). Let P be a linear preoperad over R. Let I be an ideal
of P. We de�ne the linear factor preoperad P

I
as follows.
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� Let
�
P
I

	
pm,nq :� Ppm,nq

Ipm,nq �
 
f � Ipm,nq : f P Ppm,nq

(
for m,n P Z¥0 .

We often write rf sI :� f � Ipm,nq for f P Ppm,nq and m,n P Z¥0 .

� Let id�P

I

�
,m

:� idP,m�Ipm,mq � ridP,msI for m P Z¥0 .

� The multiplication is given by

pbq :�
�
bP

I

�
:
�
P

I

	
pm,nq b

�
P

I

	
pm1, n1q ÝÑ

�
P

I

	
pm�m1, n� n1q

rf sI b rf 1sI ÞÝÑ rf sI b rf 1sI :�
�
f bP f

1
�
I

for m,n,m1, n1 P Z¥0 .

� The composition is given by

p�q :�
�
�P
I

�
:
�
P

I

	
pm,nq b

�
P

I

	
pn, kq ÝÑ

�
P

I

	
pm, kq

rf sI b rgsI ÞÝÑ rf sI � rgsI :� rf �P gsI

for m,n, k P Z¥0 .

First we will show that the multiplication and composition maps are well-de�ned. Note that by
Lemma 1.2 it su�ces to show that the corresponding maps�

P

I

	
pm,nq �

�
P

I

	
pm1, n1q ÝÑ

�
P

I

	
pm�m1, n� n1q�

rf sI , rf
1sI

�
ÞÝÑ rf bP f

1sI

for m,n,m1, n1 P Z¥0 and�
P

I

	
pm,nq �

�
P

I

	
pn, kq ÝÑ

�
P

I

	
pm, kq�

rf sI , rgsI
�
ÞÝÑ rf �P gsI

for m,n, k P Z¥0 are well-de�ned and bilinear.

Suppose given m,n,m1, n1 P Z¥0 and f, f̃ P Ppm,nq such that rf sI � rf̃ sI and f 1, f̃ 1 P Ppm1, n1q
such that rf 1sI � rf̃ 1sI , that is f � f̃ P Ipm,nq and f 1� f̃ 1 P Ipm1, n1q. Since pbPq is linear we have

f bP f
1 � f̃ bP f̃

1 � f bP f
1 � f̃ bP f

1 � f̃ bP f
1 � f̃ bP f̃

1

� pf � f̃qbP f
1 � f̃ bP pf 1 � f̃ 1q.

Now since f � f̃ P Ipm,nq, by (mr) we have pf � f̃q bP f 1 P Ipm � m1, n � n1q. Moreover,
since f 1 � f̃ 1 P Ipm1, n1q, by (ml) we have f̃ bP pf 1 � f̃ 1q P Ipm � m1, n � n1q. Hence we have
f bP f 1 � f̃ bP f̃ 1 P Ipm �m1, n � n1q, so rf bP f 1sI � rf̃ bP f̃ 1sI . This shows that the map is
well-de�ned.

It is bilinear since for m,n,m1, n1 P Z¥0 and f1, f2 P Ppm,nq, f 1 P Ppm1, n1q and r P R we have
pprf1sI � rrf2sIq, rf

1sIq � prf1 � rf2sI , rf
1sIq and�

pf1 � rf2qbP f
1
�
I
�
�
pf1 bP f

1q � rpf2 bP f
1q
�
I
�
�
f1 bP f

1
�
I
� r

�
f2 bP f

1
�
I

and analogously for the second argument.
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Now suppose given m,n, k P Z¥0 and f, f̃ P Ppm,nq such that rf sI � rf̃ sI and g, g̃ P Ppn, kq such
that rgsI � rg̃sI , that is, f � f̃ P Ipm,nq and g � g̃ P Ipn, kq. Since p�Pq is linear we have

fg � f̃ g̃ � fg � f̃ g � f̃ g � f̃ g̃

� pf � f̃qg � fpg � g̃q.

Now since f � f̃ P Ipm,nq, by (cr) we have pf � f̃qg P Ipm, kq. Moreover, since g � g̃ P Ipn, kq, by
(cl) we have f̃pg � g̃q P Ipm, kq. Hence we have f �P g � f̃ �P g̃ P Ipm, kq, so rf �P gsI � rf̃ �P g̃sI .
This shows that the map is well-de�ned. Using the de�nition of the residue classes rf sI and the
linearity of p�Pq we see that it is a bilinear map.

This shows that pbq and p�q are well-de�ned.

Ad (M1). Suppose given m,n,m1, n1,m2, n2 P Z¥0 , as well as f P Ppm,nq, f 1 P Ppm1, n1q and
f2 P Ppm2, n2q. Then we have

rf sI b prf 1sI b rf2sIq � rf sI b rf 1 bP f
2sI

� rf bP pf 1 bP f
2qsI

� rpf bP f
1qbP f

2sI

� rf bP f
1sI b rf2sI

� prf sI b rf 1sIqb rf2sI .

Ad (M2). Suppose given m,n P Z¥0 and f P Ppm,nq. Then we have

rf sI b ridP,0sI � rf bP idP,0sI � rf sI � ridP,0bPf sI � ridP,0sI b rf sI .

Ad (C1). Suppose given m,n, k, l P Z¥0 and f P Ppm,nq, g P Ppn, kq and h P Ppk, lq. Then we have

rf sI � prgsI � rhsIq � rf sI � rg �P hsI

� rf �P pg �P hqsI

� rpf �P gq �P hsI

� rf �P gsI � rhsI

� prf sI � rgsIq � rhsI .

Ad (C2). Suppose given m,n P Z¥0 and f P Ppm,nq. Then we have

rf sI � ridP,nsI � rf �P idP,nsI � rf sI � ridP,m �Pf sI � ridP,msI � rf sI .

Ad (MC1). Suppose given m,n, k,m1, n1, k1 P Z¥0 and f P Ppm,nq, f 1 P Ppm1, n1q, g P Ppn, kq and
g1 P Ppn1, k1q. Then we have

prf sI b rf 1sIq � prgsI b rg1sIq � rf bP f
1sI � rg bP g

1sI

�
�
pf bP f

1q �P pg bP g
1q
�
I

�
�
pf �P gqbP pf 1 �P g

1q
�
I

� rf �P gsI b rf 1 �P g
1sI

� prf sI � rgsIqb prf 1sI � rg1sIq.

Ad (MC2). For m P Z¥0 we have ridP,msI �
�
id
bPm
P,1

�
I
� ridP,1s

bm
I

.
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De�nition 2.47. The residue class morphism ρ :� ρI : P ÝÑ P
I

is de�ned as follows. For
m,n P Z¥0 we let

ρpm,nq : Ppm,nq ÝÑ
�
P

I

	
pm,nq

f ÞÝÑ f � Ipm,nq � rf sI .

This de�nes a morphism since the ρpm,nq are R- linear, map identity elements to identity ele-
ments and since the composition and multiplication on P

I
are de�ned using the composition and

multiplication of representatives.

Lemma 2.48 (Universal property of the linear factor preoperad). Let P and Q be linear preoperads
over R. Let I be an ideal of P with generating set X � P, i.e. I �

ideal
xX y.

Let φ : P ÝÑ Q be a morphism of linear preoperads such that xφpm,nq � 0 for m,n P Z¥0 and
x P Xpm,nq. Then there exists a uniquely determined morphism of linear preoperads φ̄ : P

I
ÝÑ Q

such that ρφ̄ � φ.

P
φ //

ρ
��

Q

P
I

D! φ̄

@@

Proof. Existence. De�ne φ̄ � pφ̄pm,nqqm,n¥0 by

φ̄pm,nq :
�
P

I

	
pm,nq ÝÑ Qpm,nq

rf sI ÞÝÑ fφpm,nq

for m,n P Z¥0 .

Form,n P Z¥0 and x P Xpm,nq we have xφpm,nq � 0, hence x P kerpφqpm,nq; cf. Example 2.42. So
kerpφq is an ideal in P with X � kerpφq. Hence we have

ideal
xX y � I � kerpφq. So for m,n P Z¥0

and f P Ipm,nq we have fφpm,nq � 0. This shows that the biindexed map φ̄ is well-de�ned.

Now we have to show that φ̄ is a morphism of linear preoperads.

First note that for m P Z¥0 we have ridP,msIφ̄ � idP,m φ � idQ,m .

Moreover, for m,n,m1, n1, k P Z¥0 and f P Ppm,nq, f 1 P Ppm1, n1q and g P Ppn, kq we have�
rf sI b rf 1sI

�
φ̄ � rf bP f

1sIφ̄

�
�
f bP f

1
�
φ

� fφbQ f
1φ

� rf sIφ̄bQ rf 1sIφ̄

and

prf sI � rgsIq φ̄ � rf �P gsIφ̄

� pf �P gqφ

� fφ �Q gφ

� rf sIφ̄ �Q rgsIφ̄.

So φ̄ is a morphism of linear preoperads. Furthermore, for m,n P Z¥0 and f P Ppm,nq we have
f pρφ̄q � rf sIφ̄ � fφ. Hence ρφ̄ � φ.

Uniqueness. Let χ : P
I
ÝÑ Q be a morphism of linear preoperads such that ρχ � φ. Then for

m,n P Z¥0 and f P Ppm,nq we have rf sIφ̄ � fφ � f pρχq � rf sIχ, hence φ̄ � χ.
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Lemma 2.49. Let P and Q be linear preoperads over R and let φ : P ÝÑ Q be a morphism of
linear preoperads. Recall that the kernel kerpφq of φ is an ideal in P; cf. Example 2.42 and that the
image Impφq of φ is a linear-subpreoperad of Q; cf. Example 2.30 (1).

We have the isomorphism ψ : P
kerpφq ÝÑ Impφq de�ned by

ψpm,nq :
�

P

kerφ

	
pm,nq ÝÑ Impφqpm,nq

rf skerpφq ÞÝÑ fφ

for m,n P Z¥0 .

Proof. Since fφpm,nq � 0 for m,n P Z¥0 and f P pkerpφqqpm,nq, by Lemma 2.48 there exists a
uniquely determined morphism of linear preoperads φ̄ such that ρφ̄ � φ. It is de�ned by

φ̄pm,nq :
�

P

kerpφq

	
pm,nq ÝÑ Qpm,nq

rf skerpφq ÞÝÑ fφpm,nq.

So given rf skerpφq P
�

P
kerφ

	
pm,nq, we have rf skerpφqφ̄pm,nq P Impφqpm,nq. So de�ne ψ :� φ̄

��Impφq.
We know that ψ : P

ker pφq ÝÑ Impφq is a morphism of linear preoperads. We have to show that it is
an isomorphism. By Lemma 2.20 it su�ces to show that ψpm,nq is bijective for m,n P Z¥0 .

Injectivity. Suppose given rf skerpφq, rf̃ skerpφq P
P

kerpφqpm,nq with rf skerpφqψpm,nq � rf̃ skerpφqψpm,nq.
But that implies

fφpm,nq � rf skerpφqφ̄pm,nq � rf skerpφqψpm,nq � rf̃ sψpm,nq � rf̃ skerpφqφ̄pm,nq � f̃φpm,nq,

hence 0 � fφpm,nq � f̃φpm,nq � pf � f̃qφpm,nq. So we have f � f̃ P kerpφqpm,nq, hence
rf skerpφq � rf̃ skerpφq. This shows that ψpm,nq is injective.

Surjectivity. Suppose given g P Impφqpm,nq. Then there exists f P Ppm,nq with g � fφpm,nq,
hence rf skerpφqψpm,nq � fφpm,nq � g. This shows that ψpm,nq is surjective.

2.7 A comparison Lemma for congruences and ideals

De�nition 2.50. Let P0 be a set-preoperad and Y � P0���P0 be a biindexed subset. De�ne the
biindexed subset DY :� pDY pm,nqqm,n¥0 � RP0 as follows. For m,n P Z¥0 let

DY pm,nq :�
 
f � f̃ : pf, f̃q P Y pm,nq

(
� RP0 .

Then we can de�ne an ideal of RP0 by

IY :�
ideal

xDY y � RP0 .

Note that for biindexed subsets Y, Z � P0���P0 with Y � Z we have DY � DZ , hence IY � IZ .

In particular, given a biindexed subset Y � P0���P0 , then DY � Dp�Y q , hence IY � Ip�Y q .

De�nition 2.51. Let P0 be a set-preoperad and let I � RP0 be an ideal. We de�ne the biindexed
subset CI � pCIpm,nqqm,n¥0 � P0���P0 as follows. For m,n P Z¥0 let

CIpm,nq :�
 
pf, f̃q P pP0���P0qpm,nq : f � f̃ P Ipm,nq

(
� P0���P0.

Lemma 2.52. The biindexed subset CI � P0���P0 is a congruence on P0 .
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Proof. Let m,n P Z¥0 . We show that CIpm,nq is an equivalence relation on P0pm,nq.

For f P P0pm,nq we have f � f � 0 P Ipm,nq, so pf, fq P CIpm,nq. Moreover, for f, f̃ P P0pm,nq
with pf, f̃q P CIpm,nq we have f � f̃ P Ipm,nq, so we have f̃ � f � �pf � f̃q P Ipm,nq, hence

pf̃ , fq P CIpm,nq. Furthermore, suppose given f, f̃ ,
˜̃
f P P0pm,nq with pf, f̃q, pf̃ ,

˜̃
fq P CIpm,nq.

This means that f � f̃ , f̃ �
˜̃
f P Ipm,nq. So we have f � ˜̃

f � pf � f̃q � pf̃ �
˜̃
fq P Ipm,nq, hence

pf,
˜̃
fq P CIpm,nq.

Now we show that CI is a congruence on P0 .

Suppose given m,n,m1, n1 P Z¥0 and pf, f̃q P CIpm,nq, pf 1, f̃ 1q P CIpm
1, n1q. That is, we have

f � f̃ P Ipm,nq and f 1 � f̃ 1 P Ipm1, n1q. Then we have

pfbf 1q�pf̃bf̃ 1q � pfbf 1q�pf̃bf 1q�pf̃bf 1q�pf̃bf̃ 1q �
�
pf�f̃qbf 1

�
�
�
f̃bpf 1�f̃ 1q

�
P Ipm�m1, n�n1q,

since I is an ideal in RP0 . So we have pf b f 1, f̃ b f̃ 1q P CIpm�m1, n� n1q.

Now suppose givenm,n, k P Z¥0 and pf, f̃q P CIpm,nq, pg, g̃q P CIpn, kq. So we have f�f̃ P Ipm,nq
and g � g̃ P Ipn, kq. Then we have

pf � gq � pf̃ � g̃q � pf � gq � pf̃ � gq � pf̃ � gq � pf̃ � g̃q �
�
pf � f̃q � g

�
�
�
f̃ � pg � g̃q

�
P Ipm, kq,

since I is an ideal in RP0 . So we have pf � g, f̃ � g̃q P CIpm, kq.

This shows that CI is a congruence on P0 .

Lemma 2.53. Let P0 be a set-preoperad and let Y � P0���P0 be a biindexed subset. Then we have
IY � Ip�Y q ; cf. De�nition 2.50.

Proof. Since we already know that IY � Ip�Y q , we have to show that Ip�Y q

!
� IY .

Moreover, since IY �
ideal

xDY y and Ip�Y q � ideal
xDp�Y q y , it su�ces to show that Dp�Y q

!
� IY ,

since then we have that IY is an ideal of RP0 containing Dp�Y q , so by the de�nition of the generated
ideal we have Ip�Y q � IY ; cf. De�nition 2.44.

Let m,n P Z¥0 . First note that for pf, f̃q P Y pm,nq we have f � f̃ P DY pm,nq, so in particular
f � f̃ P IY pm,nq. So we have pf, f̃q P CIY pm,nq. Hence we have Y � CIY . Since p�Y q is the
congruence on P0 generated by Y , we have p�Y q � CIY , since CIY is also a congruence on P0

containing Y ; cf. Lemma 2.52.

Now let d P Dp�Y qpm,nq. So there exist f, f̃ P P0pm,nq such that d � f� f̃ and pf, f̃q P p�Y qpm,nq.

Since p�Y q � CIY , we have pf, f̃q P CIY pm,nq , hence d � f � f̃ P IY pm,nq.

This shows that Dp�Y q � IY is a biindexed subset and completes the proof.

Lemma 2.54 (Comparison Lemma). Let P0 be a set-preoperad and let Y � P0���P0 be a biindexed
subset. Recall that we have de�ned the biindexed subset DY � pDY pm,nqqm,n¥0 � RP0 by

DY pm,nq �
 
f � f̃ : pf, f̃q P Y pm,nq

(
for m,n P Z¥0 and the ideal IY :�

ideal
xDY y in RP0 in De�nition 2.50.

Let p�Y q � P0���P0 be the congruence on P0 generated by Y .

Then there exists the isomorphism of linear preoperads

χP0,Y : R
�

P0

p�Y q

	
ÝÑ

RP0

IY¸
fPP0pm,nq

rf rf s�Y
ÞÝÑ

� ¸
fPP0pm,nq

rf f
�
IY

�
¸

fPP0pm,nq

rf rf sIY

for m,n P Z¥0 .
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Proof. Note that by Lemma 2.53 we have IY � Ip�Y q. We abbreviate I :� IY � Ip�Y q. Further-
more, we denote by rf sY :� rf s�Y

the congruence class of f P P0pm,nq for m,n P Z¥0 with respect
to p�Y q.

Let φ0 : P0 ÝÑ
RP0

I
be the composed morphism of set-preoperads

P0

βP0 //

φ0

33RP0
ρ // RP0

I
;

cf. De�nition 2.22 and De�nition 2.47.

Suppose given m,n P Z¥0 and pf, f̃q P Y pm,nq. Then we have f� f̃ P DY pm,nq, hence in particular
f � f̃ P Ipm,nq, i.e. rf sI � rf̃ sI . So we have

fφ0 � fβP0
ρ � fρ � rf sI � rf̃ sI � f̃ρ � f̃βP0

ρ � f̃φ0 .

So by the universal property of the factor set-preoperad there exists a uniquely determined morphism
φ̄0 :

P0

p�Y q
ÝÑ RP0

I
of set-preoperads such that ρ0φ̄0 � φ0 ; cf. Lemma 2.40.

Since RP0

I
is a linear preoperad and since φ̄0 : P0

p�Y q
ÝÑ RP0

I
is a morphism of set-preoperads,

by Lemma 2.23 there exists a uniquely determined morphism p̄φ0 : R
�

P0

p�Y q

	
ÝÑ RP0

I
of linear

preoperads such that β P0
p�Y q

p̄φ0 � φ̄0 .

So we have the following commutative diagram.

P0

βP0 //

ρ0

��

RP0
ρ // RP0

I

P0

p�Y q

φ̄0

55

β P0
p�Y q ��

R
�

P0

p�Y q

	
p̄φ0

<<

Note that for m,n P Z¥0 and
°

fPP0pm,nq

rf rf sY P
�
R
�

P0

p�Y q

		
pm,nq we have

� °
fPP0pm,nq

rf rf sY

	 p̄φ0
2.23
�

°
fPP0pm,nq

rf prf sY φ̄0q

2.40
�

°
fPP0pm,nq

rf pfφ0q

�
°

fPP0pm,nq

rf pfβP0
ρq

�
°

fPP0pm,nq

rf pfρq

�
°

fPP0pm,nq

rf rf sI

�
� °
fPP0pm,nq

rf f
�
I
,

so χP0,Y � p̄φ0 .
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On the other hand, let ψ0 : P0 ÝÑ Rp P0

p�Y q
q be the composed morphism of set-preoperads

P0
ρ0 //

ψ0

44
P0

p�Y q

β P0
p�Y q // R

�
P0

p�Y q

	
.

Since R
�

P0

p�Y q

	
is a linear preoperad and since ψ0 : P0 ÝÑ R

�
P0

p�Y q

	
is a morphism of set-preoperads,

by Lemma 2.23 there exists a uniquely determined morphism ψ̂0 : RP0 ÝÑ R
�

P0

p�Y q

	
of linear

preoperads such that βP0
ψ̂0 � ψ0 .

Suppose given m,n P Z¥0 and x P DY pm,nq. This means that x � f � f̃ for some pf, f̃q P Y pm,nq.
In particular, we have rf sY � rf̃ sY . Then we have

xψ̂0 � pf � f̃qψ̂0

� fψ0 � f̃ψ0

� fpρ0 β P0
p�Y q

q � f̃pρ0 β P0
p�Y q

q

� rf sY β P0
p�Y q

� rf̃ sY β P0
p�Y q

� rf sY � rf̃ sY

� 0.

So we have DY � kerpψ0q. Since I �
ideal

xDY y, we can apply Lemma 2.48.

Hence there exists a uniquely determined morphism of linear preoperads ¯̂
ψ0 :

RP0

I
ÝÑ R

�
P0

p�Y q

	
such

that ρ ¯̂ψ0 � ψ̂0 .

So we have the following commutative diagram.

P0
ρ0 //

βP

��

P0

p�Y q

β P0
p�Y q // R

�
P0

p�Y q

	

RP0

ψ̂0

44

ρ

��
RP0

I

¯̂
ψ0

88

Note that for m,n P Z¥0 and
� °
fPP0pm,nq

rf f
�
I
P
�
RP0

I

	
pm,nq we have

� °
fPP0pm,nq

rf f
�
I

¯̂
ψ0

2.48
�

� °
fPP0pm,nq

rf f
	
ψ̂0

2.23
�

°
fPP0pm,nq

rf pfψ0q

�
°

fPP0pm,nq

rf
�
fρ0 β P0

p�Y q

�
�

°
fPP0pm,nq

rf
�
rf sY β P0

p�Y q

�
�

°
fPP0pm,nq

rf rf sY .
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So for m,n P Z¥0 we have� ¸
fPP0pm,nq

rf rf sY

	 p̄φ0
¯̂
ψ0 �

� ¸
fPP0pm,nq

rf f
�
I

¯̂
ψ0 �

¸
fPP0pm,nq

rf rf sY� ¸
fPP0pm,nq

rf f
�
I

¯̂
ψ0 p̄φ0 �

� ¸
fPP0pm,nq

rf rf sY

	 p̄φ0 �
� ¸
fPP0pm,nq

rf f
�
I
,

hence p̄φ0
¯̂
ψ0 � id

R
�

P0
p�Y q

� and ¯̂
ψ0 p̄φ0 � idRP0

I

.

So χP0,Y � p̄φ0 : R
�

P0

p�Y q

	
ÝÑ RP0

I
is an isomorphism of linear preoperads.

2.8 Some basic examples

2.8.1 Some preoperads

We will now give basic examples of both set-preoperads and linear preoperads over R
that will be needed later.

De�nition 2.55. Let X be a set. De�ne the set-preoperad End0pXq as follows.

� Let End0pXqpm,nq :�
 
f : X�m f

ÝÑ X�n is a map
(
for m,n P Z¥0 .

� Let idm :� idEnd0,m :� idV �m for m P Z¥0 .

� Let the multiplication pbq :� pbEnd0q be the cartesian product of maps, that is, given
m,n,m1, n1 P Z¥0 and f P End0pXqpm,nq, f 1 P End0pXqpm1, n1q then for x1, . . . , xm�m1 P X
we have

px1, . . . xm�m1qpf b f 1q :� px1, . . . , xmqf � pxm�1, . . . , xm�m1qf 1,

where px1, . . . , xmqf � pxm�1, . . . , xm�m1qf 1 is de�ned by joining the tuples, that is, given
y1, . . . , yn�n1 P X, then py1, . . . , ynq � pyn�1, . . . , yn�n1q :� py1, . . . , yn, yn�1, . . . , yn�n1q.

� Let the composition p�q :� p�End0q be given by the composition of maps, so given m,n, k P Z¥0

and f P End0pXqpm,nq, g P End0pXqpn, kq, then for x1, . . . xm P X we have

px1, . . . , xmqpf �End0 gq � px1, . . . , xmqpfgq �
�
px1, . . . , xmqf

�
g.

Now we will show that this is actually a set-preoperad.

Ad (m1). First note that joining tuples is associative. Suppose given m,n, k,m1, n1, k1 P Z¥0 ,
f P End0pm,nq, f 1 P End0pXqpm1, n1q and f2 P End0pXqpm2, n2q. Then for x1, . . . , xm�m1�m2 P X
we have

px1, . . . , xm�m1�m2q
�
pf b f 1qb f2

�
� px1, . . . , xm�m1qpf b f 1q � pxm�m1�1, . . . , xm�m1�m2qf2

�
�
px1, . . . , xmqf � pxm�1, . . . , xm�m1qf 1

�
� pxm�m1�1, . . . , xm�m1�m2qf2

� px1, . . . , xmqf �
�
pxm�1, . . . , xm�m1qf 1 � pxm�m1�1, . . . , xm�m1�m2qf2

�
� px1, . . . , xmqf � pxm�1, . . . , xm�m1�m2qpf 1 b f2q

� px1, . . . , xm�m1�m2q
�
f b pf 1 b f2q

�
.
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Ad (m2). Suppose given m,n P Z¥0 and f P End0pXqpm,nq. Then for x1, . . . , xm P X we have

px1, . . . , xmqpf b id0q �
�
px1, . . . , xmq � p q

�
pf b id0q

� px1, . . . , xmqf � p q id0

� px1, . . . , xmqf � p q

� px1, . . . , xmqf,

where p q is the empty tuple, the only element of X�0.

In the same way we see that px1, . . . , xmqpid0bfq � px1, . . . , xmqf for x1, . . . , xm P X. So we have
f b id0 � f � id0bf .

Ad (c1). The composition of maps is known to be associative.

Ad (c2). Suppose given m,n P Z¥0 and f P End0pXqpm,nq. Then for x1, . . . , xm P X we have

px1, . . . , xmqpf � idnq �
�
px1, . . . , xmqf

�
idn

� px1, . . . , xmqf

�
�
px1, . . . , xmq idm

�
f

� px1, . . . , xmqpidm �fq.

Ad (mc1). Suppose given m,n, k,m1, n1, k1 P Z¥0 and f P End0pXqpm,nq, f 1 P End0pXqpm1, n1q,
g P End0pXqpn, kq and g1 P End0pn

1, k1q. For x1, . . . , xm�m1 P X we have

px1, . . . , xm�m1qpf b f 1q � pg b g1q �
�
px1, . . . xmqf � pxm�1, . . . , xm�m1qf 1

�
pg b g1q

�
�
px1, . . . , xmqf

�
g �

�
pxm�1, . . . , xm�m1qf 1

�
g1

� px1, . . . , xmqpf � gq � pxm�1, . . . , xm�m1qpf 1 � g1q

� px1, . . . , xm�m1q
�
pf � gqb pf 1 � g1q

�
.

Ad (mc2). Suppose given m P Z¥0 and x1, . . . , xm P X. We have

px1, . . . , xmq idm � px1, . . . , xmq � ppx1 id1q, . . . , pxm id1qq � px1, . . . , xmqpid
bm
1 q.

This shows that End0pXq is in fact a set-preoperad.

We will also need a similar linear preoperad over R.

De�nition 2.56. Let V be an R-module. De�ne the linear preoperad EndpV q as follows.

� Let EndpV qpm,nq :� HomR pV
bm, V bnq for m,n P Z¥0 .

� Let idm :� idEnd,m :� idV bm for m P Z¥0 .

� The multiplication pbEndq :� pbq is given by the tensor product of R-linear maps, that is,
given m,n,m1, n1 P Z¥0 and f P EndpV qpm,nq, f 1 P EndpV qpm1, n1q, we have

pv1 b . . .b vm b vm�1 b . . .b vm�m1q
�
f b f 1

�
� pv1 b . . .b vmq f b pvm�1 b . . .b vm�m1q f 1

for v1, . . . , vm�m1 P V . This de�nes an R-linear map.

� The composition p�Endq :� p�q is given by the composition of maps, so given m,n, k P Z¥0 and
f P EndpV qpm,nq, g P EndpV qpn, kq, we have

pv1 b . . .b vmqpf �End gq � pv1 b . . .b vmqpfgq � ppv1 b . . .b vmqfqg

for v1, . . . , vm P V . This also de�nes an R-linear map.
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We now have to show that this in fact is a linear preoperad over R.

Ad (M1). The tensor product pbq of R-linear maps is known to be associative.

Ad (M2). Suppose given m,n P Z¥0 and f P EndpV qpm,nq. Since V b0 � R we have

pv1 b . . .b vmq pidV b0 bfq � pv1 b . . .b vmq f

for v1, . . . , vm P V , hence id0bf � f . In the same way we obtain f b id0 � f .

Ad (C1). The composition of maps is known to be associative.

Ad (C2). Suppose given m P Z¥0 and f P EndpV qpm,nq. Then for v1, . . . , vm P V we have

pv1 b . . .b vmq pidm �fq � pv1 b . . .b vmq f

�
�
pv1 b . . . vmqf

�
idn

� pv1 b . . .b vmqpf � idnq.

So we have idm �f � f � f � idn .

Ad (MC1). Suppose given m,n, k,m1, n1, k1 P Z¥0 and f P EndpV qpm,nq, f 1 P EndpV qpm1, n1q,
g P EndpV qpn, kq and g1 P EndpV qpn1, k1q. Then for v1, . . . , vm�m1 P V we have

pv1 b . . .b vm b vm�1 b . . .b vm�m1q
�
pf b f 1q � pg b g1q

�
�
�
pv1 b . . .b vm b vm�1 b . . .b vm�m1qpf b f 1q

�
pg b g1q

�
�
pv1 b . . .b vmqf b pvm�1 b . . .b vm�m1qf 1

�
pg b g1q

�
�
pv1 b . . .b vmqf

�
g b

�
pvm�1 b . . .b vm�m1qf 1

�
g1

� pv1 b . . .b vmqpf � gq b pvm�1 b . . .b vm�m1qpf 1 � g1q

� pv1 b . . .b vm b vm�1 b . . .b vm�m1q
�
pf � gq b pf 1 � g1q

�
.

So pf b f 1q � pg b g1q � pf � gq b pf 1 � g1q.

Ad (MC2). For m P Z¥0 and v1, . . . , vm we have

pv1 b . . .b vmq idm � v1 b . . .b vm � pv1 id1q b . . .b pvm id1q � pv1 b . . .b vmq id
bm
1 .

So idm � idbm1 .

This shows that EndpV q is in fact a linear preoperad.

We will also often use the following set-preoperad.

De�nition 2.57. The set-preoperad Map0 is de�ned as follows.

� Let Map0pm,nq :�
 
f : r1,ms

f
ÝÑ r1, ns is a map

(
for m,n P Z¥0 .

� Let idm :� idMap0,m
:� idr1,ms, the identity map on r1,ms for m P Z¥0 .

� The multiplication is given by

pbq :� pbMapq : Map0pm,nq �Map0pm
1, n1q ÝÑ Map0pm�m1, n� n1q

pf, f 1q ÞÝÑ f b f 1

for m,n,m1, n1 P Z¥0 , where for i P r1,m�m1s we have

i
�
f b f 1

�
:�

#
if if i P r1,ms

pi�mqf � n if i P rm� 1,m�m1s.

61



� The composition p�q :� p�Map0
q is the composition of maps, so given m,n, k P Z¥0 and

f P Map0pm,nq, g P Map0pn, kq then for i P r1,ms we let

ipf �Map0
gq � ipfgq � pifqg.

Informally, multiplication is given by stacking the maps and renumbering. Pictorially, we have e.g.

1
2
3
4

1
2
3
4
5

b

1
2
3

1
2 �

1
2
3
4
5
6
7

1
2
3
4
5
6
7

Now we will show that this de�nes a set-preoperad.

Note that for m,n,m1, n1 P Z¥0 , f P Map0pm,nq and f
1 P Map0pm

1, n1q and i P r1,m�m1s we have

ipf b f 1q P r1, ns ô i P r1,ms.

Ad (m1). Suppose given m,n,m1, n1,m2n2 P Z¥0 and f P Map0pm,nq, f
1 P Map0pm

1, n1q and
f2 P Map0pm

2, n2q. Then for i P r1,m�m1 �m2s we have

i
�
f b pf 1 b f2q

�
�

#
if if i P r1,ms

pi�mqpf 1 b f2q � n if i P rm� 1,m�m1 �m2s

�

$'&'%
if if i P r1,ms

pi�mqf 1 � n if i�m P r1,m1s

ppi�mq �m1qf2 � n� n1 if i�m P rm1 � 1,m1 �m2s

�

$'&'%
if if i P r1,ms

pi�mqf 1 � n if i P rm� 1,m�m1s

pi� pm�m1qqf2 � pn� n1q if i P rm�m1 � 1,m�m1 �m2s

�

#
ipf b f 1q if i P r1,m�m1s

pi� pm�m1qqf2 � pn� n1q if i P rm�m1 � 1,m�m1 �m2s

� i
�
pf b f 1qb f2

�
.

Ad (m2). Suppose given m,n P Z¥0 and f P Map0pm,nq. Then for i P r1,m� 0s we have

i pid0bfq �

#
i id0 if i P r1, 0s � ∅

pi� 0qf � 0 if i P r0� 1, 0�ms

� if

�

#
if if i P r1,ms

pi�mq id0�n if i P rm� 1,m� 0s � ∅

� i pf b id0q .

Ad (c1). The composition of maps is known to be associative.

Ad (c2). Suppose given m,n P Z¥0 and f P Map0pm,nq then for i P r1,ms we have

ipf � idnq � pifq idn � if � pi idmqf � ipidm �fq.
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Ad (mc1). Suppose given m,n, k,m1, n1, k1 P Z¥0 and f P Map0pm,nq, f
1 P Map0pm

1, n1q,
g P Map0pn, kq and g

1 P Map0pn
1, k1q. Then for i P r1,m�m1s we have

i
�
f b f 1

� �
g b g1

�
�

#
i pf b f 1q g if ipf b f 1q P r1, ns

pipf b f 1q � nqg1 � k if ipf b f 1q P rn� 1, n� n1s

�

#
i pf b f 1q g if i P r1,ms

pipf b f 1q � nqg1 � k if i P rm� 1,m�m1s

�

#
pifqg if i P r1,ms�
ppi�mqf 1 � nq � n

�
g1 � k if i P rm� 1,m�m1s

�

#
ipfgq if i P r1,ms

pi�mqpf 1g1q � k if i P rm� 1,m�m1s

� i
�
pfgqb pf 1g1q

�
.

Ad (mc2). We prove this via induction on m ¥ 0. For m � 0 this is the de�nition. Now let m ¥ 1

and assume that we already know idm�1 � id
bpm�1q
1 P Map0pm� 1,m� 1q. Then for i P r1,ms we

have

i idbm1 � i
�
id
bpm�1q
1 b id1

�
�

#
i id

bpm�1q
1 if i P r1,m� 1s

pi� pm� 1qq id1�pm� 1q if i � m

�

#
i idm�1 if i P r1,m� 1s

pi� pm� 1qq � pm� 1q if i � m

� i � i idm .

This proves that Map0 is a set-preoperad.

The next two examples are certain set-subpreoperads of the set-preoperad Map0 .

De�nition 2.58. De�ne the set-subpreoperad Ass0 of Map0 by

Ass0pm,nq :�
 
f P Map0pm,nq : f is monotone

(
� Map0pm,nq

for m,n P Z¥0 .

We have to verify the axioms (s1)�(s3) from Lemma 2.27 to show that Ass0 is a set-subpreoperad
of Map0 and hence a set-preoperad.

Ad (s1). We know that Ass0pm,nq � Map0pm,nq for m,n P Z¥0 .

Ad (s2). Suppose given m P Z¥0 . The identity map idm � idMap0,m
: r1,ms ÝÑ r1,ms is monotone,

hence idm P Ass0 .

Ad (s3). Suppose given m,n,m1, n1 P Z¥0 , f P Ass0pm,nq and f 1 P Ass0pm
1, n1q. Then for

i, j P r1,m�m1s with i   j we have

i
�
f b f 1

�
�

#
if if i P r1,ms

pi�mqf 1 � n if i P rm� 1,m�m1s

j
�
f b f 1

�
�

#
jf if j P r1,ms

pj �mqf 1 � n if j P rm� 1,m�m1s.
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Case 1: j P r1,ms. Then, since i   j, we have i P r1,ms. Now since f is monotone, we have

ipf b f 1q � if ¤ jf � jpf b f 1q.

Case 2: j P rm� 1,m�m1s. There are two possibilities: either also i P rm� 1,m�m1s or i P r1,ms.

If i P r1,ms, then
ipf b f 1q � if ¤ n ¤ pj �mqf 1 � n � jpf b f 1q.

If i, j P rm� 1,m�m1s, then i�m   j �m and since f 1 is monotone we have

ipf b f 1q � pi�mqf 1 � n ¤ pj �mqf 1 � n � jpf b f 1q.

This shows that ipf b f 1q ¤ jpf b f 1q for i P r1,m � m1s. So f b f 1 is a monotone map, hence
f b f 1 P Ass0pm�m1, n� n1q.

Now suppose given m,n, k P Z¥0 , f P Ass0pm,nq and g P Ass0pn, kq. Then f �Map0
g is also a

monotone map, since for i, j P r1,ms with i   j we have

ipfgq � pifqg ¤ pjfqg � jpfgq.

This shows (s3).

So Ass0 is a set-subpreoperad of Map0 . Hence Ass0 is a set-preoperad.

De�nition 2.59. De�ne the set-subpreoperad Sym0 of Map0 by

Sym0pm,nq :�
 
f P Map0pm,nq : f is bijective

(
� Map0pm,nq

for m,n P Z¥0 .

Again, to show that this is a set-preoperad we are going to verify the axioms (s1)�(s3) from
Lemma 2.27 to show that Sym0 is a set-subpreoperad of Map0 .

Ad (s1). We already know that Sym0pm,nq � Map0pm,nq for m,n P Z¥0 .

Ad (s2). Suppose given m P Z¥0 . The identity map idm � idMap0,m
: r1,ms ÝÑ r1,ms is bijective,

hence idm P Sym0pm,mq.

Ad (s3). Suppose given m,n,m1, n1 P Z¥0 and f P Sym0pm,nq, f
1 P Sym0pm

1, n1q. Since f and f 1

are bijective, there exist inverse maps f�1 P Map0pn,mq and f
1�1 P Map0pn

1,m1q. That is, we have
ff�1 � idm , f�1f � idn , f 1f 1�1 � idm1 and f 1�1f 1 � idn1 .

So by (mc2) for Map0 we have

pf b f 1qpf�1
b f 1�1q � pff�1qb pf 1f 1�1q

� idmb idm1

� idm�m1

pf�1
b f 1�1qpf b f 1q � pf�1fqb pf 1�1f 1q

� idnb idn1

� idn�n1 ,

so f b f 1 is bijective. Hence f b f 1 P Sym0pm�m1, n� n1q.

Now let m,n, k P Z¥0 and f P Sym0pm,nq, g P Sym0pn, kq. The composite of bijective maps is
known to be bijective. Hence fg P Sym0pm, kq.

This shows that Sym0 is a set-subpreoperad of Map0 and hence a set-preoperad.
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De�nition 2.60. We de�ne the following linear preoperads; cf. Remark 2.12.

� Map :� RMap0 with multiplication pbMapq :� RpbMap0
q and composition p�Mapq :� Rp�Map0

q.
Recall that this means that for m,n, k,m1, n1 P Z¥0 and

°
fPMap0pm,nq

rf f P Mappm,nq,°
f 1PMap0pm

1,n1q

r1f 1 f
1 P Mappm1, n1q and

°
gPMap0pn,kq

sg g P Mappn, kq we have

� ¸
fPMap0pm,nq

rf f



bMap

� ¸
f 1PMap0pm

1,n1q

r1f 1 f
1



�

¸
fPMap0pm,nq
f 1PMap0pm

1,n1q

rf r
1
f 1

�
f bMap0

f 1
�

� ¸
fPMap0pm,nq

rf f



�Map

� ¸
gPMap0pn,kq

sg g



�

¸
fPMap0pm,nq
gPMap0pn,kq

rf sg
�
f �Map0

g
�
.

� Ass :� RAss0 with multiplication pbAssq :� RpbAss0q and composition p�Assq :� Rp�Ass0q.

� Sym :� R Sym0 with multiplication pbSymq :� RpbSym0
q and composition p�Symq :� Rp�Sym0

q.

The linear preoperads Ass and Sym are linear subpreoperads of the linear preoperad Map.

2.8.2 Some morphisms of preoperads

De�nition 2.61. Let X be a set. De�ne the biindexed map

e0 � pe0pm,nqqm,n¥0 : Map
op
0 ÝÑ End0pXq

as follows. Given fop P Map0pm,nq (corresponding to a map f : r1, ns ÝÑ r1,ms), we de�ne

fope0pm,nq : X�m ÝÑ X�n

px1, . . . , xmq ÞÝÑ px1f , . . . , xnf q.

Lemma 2.62. The biindexed map e0 : Map
op
0 ÝÑ End0pXq is a morphism of set-preoperads.

Proof. First note that for m P Z¥0 and x1, . . . , xm P X we have

px1, . . . , xmqpidMap
op
0 ,m e0q � px1, . . . , xmq

�
pidMap0,m

qope0
�

� px1 idMap0,m
, . . . , xm idMap0,m

q

� px1, . . . , xmq.

Hence idMap
op
0
e0 � idX�m � idEnd0,m .

Now suppose given m,n,m1, n1 P Z¥0 and fop P Map
op
0 pm,nq, f 1 op P Map

op
0 pm1, n1q. Then for

x1, . . . , xm�m1 P X by de�ning yi :� xi�m for i P r1,m1s we have

px1, . . . , xm�m1qpfop bMap
op
0
f 1 opqeo � px1, . . . , xm�m1qpf bMap0

f 1qope0

� px1pf bMap0
f 1q, . . . , xpn�n1qpf bMap0

f 1qq

� px1f , . . . , xnf , xpn�1�nqf 1�m, . . . , xpn�n1�nqf 1�mq

� px1f , . . . , xnf , x1f 1�m, . . . , xn1f 1�mq

� px1f , . . . , xnf , y1f 1 , . . . , yn1f 1q

� px1, . . . , xmqpf
ope0q � py1, . . . , ym1qpf 1 ope0q

� px1, . . . , xm, y1, . . . , ym1qpfope0 bEnd0 f
1 ope0q

� px1, . . . , xm�m1qpfope0 bEnd0 f
1 ope0q.
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So we have pfop bMap
op
0
f 1 opqe0 � pfope0qbEnd0 pf

1 ope0q.

Now suppose given m,n, k P Z¥0 and fop P Map
op
0 pm,nq, gop P Map

op
0 pn, kq.

Then for x1, . . . , xm P S by de�ning yi :� xif for i P r1, ns we have

px1, . . . , xmqpf
ope0q �End0 pg

ope0q � px1f , . . . , xnf qpg
ope0q

� py1, . . . , ynqpg
ope0q

� py1g, . . . , ykgq

� pxp1gqf , . . . , xpkgqf q

� px1pgfq, . . . , xkpgfqq

� px1, . . . , xmqppg �Map0
fqope0q

� px1, . . . , xmq
�
pfop �Map

op
0
gopqe0

�
.

So we have pfope0q �End0 pg
ope0q � pfop �Map

op
0
gopqe0 .

This shows that e0 is a morphism of set-preoperads.

Example 2.63. Suppose given a set X. Let p1, 2q P Sym0p2, 2q be the transposition. Then
p1, 2qope0 P End0pXqp2, 2q is the map

p1, 2qope0 : X�2 ÝÑ X�2

px1, x2q ÞÝÑ px1p1,2q, x2p1,2qq � px2, x1q.

De�nition 2.64. Let V be an R-module. De�ne the biindexed map

e � pepm,nqqm,n¥0 : Sym
op ÝÑ EndpV q

as follows. Using linear extension, it su�ces to de�ne e by the images of elements fop P Sym
op
0 pm,mq

for m P Z¥0 since Symop � R Sym
op
0 .

So given m P Z¥0 and fop P Sym
op
0 pm,mq we de�ne

fopepm,mq : V bm ÝÑ V bm

v1 b . . .b vm ÞÝÑ v1f b . . .b vmf .

We need to verify that this map is well-de�ned. In order to do this, consider the corresponding map

yfopepm,mq : V �m ÝÑ V bm

pv1, . . . , vmq ÞÝÑ v1f b . . .b vmf

for m P Z¥0 . By Lemma 1.2 it su�ces to show that this map is R-multilinear.

Let i P r1,ms and v1, . . . , vi�1, vi�1, . . . , vm P V . Let k P Z¥0 and vi,j P V and rj P R for j P r1, ks.
We have to show that we have�

v1, . . . , vi�1,
¸

jPr1,ks

rjvi,j , vi�1, . . . , vm

	�yfope� !
�
¸

jPr1,ks

rj pv1, . . . , vi�1, vi,j , vi�1, . . . , vmq
�yfope�.

De�ne vi :�
°

jPr1,ks

rjvi,j . Since f is bijective, there exists a unique l P r1,ms such that lf � i, in

particular, uf P r1,msztiu for u P r1,msztlu.
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So we have�
v1, . . . , vi�1,

¸
jPr1,ks

rjvi,j ,vi�1, . . . , vm

	�yfope�
� pv1, . . . , vmq

�yfope�
� v1f b . . .b vpl�1qf b vlf b vpl�1qf b . . .b vmf

� v1f b . . .b vpl�1qf b vi b vpl�1qf b . . .b vmf

� v1f b . . .b vpl�1qf b
� ¸
jPr1,ks

rjvi,j

	
b vpl�1qf b . . .b vmf

�
¸

jPr1,ks

rj pv1f b . . .b vpl�1qf b vi,j b vpl�1qf b . . .b vmf q

�
¸

jPr1,ks

rj pv1f b . . .b vpl�1qf b vlf,j b vpl�1qf b . . .b vmf q

�
¸

jPr1,ks

rj pv1, . . . , vi�1, vi,j , vi�1, . . . , vmq
�yfope�.

This shows that pyfopeqpm,mq is a multilinear map for m P Z¥0 , hence pfopeqpm,mq is a well-de�ned
linear map for m,n P Z¥0 .

Lemma 2.65. The biindexed map e : Symop ÝÑ EndpV q is a morphism of linear preoperads.

Proof. Recall that by Lemma 2.23 it su�ces to show that the restricted map Sym
op
0 ÝÑ EndpV q is

a morphism of set-preoperads.

First note that for m P Z¥0 and v1, . . . , vm P V we have

pv1 b . . .b vmqpidSymop
0 ,m eq � pv1 b . . .b vmq

�
pidSym0,m

qope
�

� v1 idSym0,m
b . . .b vm idSym0,m

� v1 b . . .b vm,

hence idSymop
0 ,m e � idV bm � idEndpV q,m .

Now suppose given m,m1 P Z¥0 and fop P Sym
op
0 pm,mq, f 1 op P Sym

op
0 pm1,m1q.

Then for v1, . . . , vm�m1 P V by de�ning wi :� vi�m for i P r1,m1s we have

pv1 b . . .b vm�m1qpfop bSym
op
0
f 1 opqe � pv1 b . . .b vm�m1qpf bSym0

f 1qope

� v1pf bSym0
f 1q b . . .b vpm�m1qpf bSym0

f 1q

� v1f b . . .b vnf b vpm�1�mqf 1�m b . . .b vpm�m1�mqf 1�m

� v1f b . . .b vmf b v1f 1�m b . . .b vm1f 1�m

� v1f b . . .b vmf b w1f 1 b . . .b wm1f 1

� pv1 b . . .b vmqf
opeb pw1 b . . .b wm1qf 1 ope

� pv1 b . . .b vm b w1 b . . .b wm1qpfopeb f 1 opeq

� pv1 b . . .b vm�m1qpfopebEnd f
1 opeq.

So pfop bSym
op
0
f 1 opqe � fopeb f 1 ope � fopebEnd f

1 ope.
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Now suppose given m P Z¥0 and fop, gop P Sym
op
0 pm,mq. Then for v1, . . . , vm P V by de�ning

wi :� vif for i P r1,ms we have

pv1 b . . .b vmqpf
opeq �End pg

opeq � pv1f b . . .b vmf qpg
opeq

� pw1 b . . .b wmqpg
opeq

� w1g b . . .b wmg

� vp1gqf b . . .b vpmgqf

� v1pgfq b . . .b vmpgfq

� pv1 b . . .b vmqpg �Sym0
fqope

� pv1 b . . .b vmqpf
op �Symop

0
gopqe.

So pfop �Symop
0
gopqe � fope �End g

ope.

Hence by Lemma 2.23 the biindexed map e : Symop ÝÑ EndpV q is a morphism of linear preoperads.

Example 2.66. Suppose given an R-module V . Let p1, 2q P Sym0p2, 2q be the transposition. Then
p1, 2qope P EndpV qp2, 2q is the R-linear map de�ned by

p1, 2qope : V b2 ÝÑ V b2

v1 b v2 ÞÝÑ v1p1,2q b v2p1,2q � v2 b v1

for v1, v2 P V .
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3 Absolute operads

The original concept of an operad is not the same as the preoperads described above. In
this section we will give the usual de�nition of a (non-symmetric) operad and show how
an operad (which we will call an absolute operad) can be obtained from a preoperad.

De�nition 3.1. An absolute operad Pabs in the category of R-modules consists of

� R-modules Pabspmq for m P Z¥0 ,

� an element I P Pabsp1q called unit,

� R-linear composition maps�
�
i

	
: Pabspmq b Pabspnq ÝÑ Pabspm� n� 1q

f b g ÞÝÑ f �
i
g

for i P r1,ms and m,n P Z¥0 ,

such that for m,n, k P Z¥0 , f P Pabspmq, g P Pabspnq and h P Pabspkq the following axioms hold.

(A1) We have
�
f �
i
g
	

�
j�n�1

h �
�
f �
j
h
	
�
i
g for i, j P r1,ms with i   j.

(A2) We have
�
f �
i
g
	

�
j�i�1

h � f �
i

�
g �
j
h
	
for i P r1,ms and j P r1, ns.

(U) We have I �
1
f � f � f �

i
I for i P r1,ms;

cf. [1, 1.1] or [12, De�nition II.1.16 ] (�pseudo-operad�).

Lemma 3.2. Let pP,b, �q be a linear preoperad over R. De�ne Pabspmq :� Ppm, 1q for m P Z¥0.
Then Pabs together with I :� idP,1 and the composition maps�

�
i

	
: Pabspmq b Pabspnq ÝÑ Pabspm� n� 1q

f b g ÞÝÑ f �
i
g :� pidP,i�1b g b idP,m�iq � f

is an absolute operad as in De�nition 3.1.

Proof. Ad (A1). Suppose given i, j P r1,ms with i   j. Then we have�
f �
i
g
	

�
j�n�1

h � pidj�n�2bhb idm�n�1�pj�n�1qq � pf �
i
gq

� pidj�n�2bhb idm�jq � pf �
i
gq

� pidj�n�2bhb idm�jq � pidi�1b g b idm�iq � f
(MC2)
� pidi�1b idnb idj�i�1bhb idm�jq � pidi�1b g b idj�i�1b id1b idm�jq � f

(MC1)
� pidi�1b pidn �gqb idj�i�1b ph � id1qb idm�jq � f
(C2)
� pidi�1b pg � id1qb idj�i�1b pidk �hqb idm�jq � f

(MC1)
� pidi�1b g b idj�i�1b idkb idm�jq � pidi�1b id1b idj�i�1bhb idm�jq � f

(MC2)
� pidi�1b g b idm�k�1�iq � pidj�1bhb idm�jq � f

� pidi�1b g b idm�k�1�iq � pf �
j
hq

�
�
f �
j
h
	
�
i
g.
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Ad (A2). Let i P r1,ms and j P r1, ns. Then we have�
f �
i
g
	

�
j�i�1

h � pidj�i�2bhb idm�n�1�pj�i�1qq � pf �
i
gq

� pidj�i�2bhb idm�n�i�jq � pf �
i
gq

� pidj�i�2bhb idm�n�i�jq � pidi�1b g b idm�iq � f
(MC2)
� pidi�1b idj�1bhb idn�j b idm�iq � pidi�1b g b idm�iq � f

(MC1)
� pidi�1b ppidj�1bhb idn�jq � gqb idm�iq � f

� pidi�1b pg �
j
hqb idm�iq � f

� f �
i

�
g �
j
h
	
.

Ad (U). We have

I �
1
f � f � I � f � id1

(C2)
� f

and for i P r1,ms we have

f �
i
I � pidi�1b id1b idm�iq � f

(MC2)
� idn �f

(C2)
� f.

De�nition 3.3. Let Pabs and Qabs be absolute operads. A morphism φabs : Pabs ÝÑ Qabs of
absolute operads consists of R-linear maps φabspmq : Pabspmq ÝÑ Qabspmq such that (1) and (2)
hold.

(1) We have IPabsφp1q � IQabs .

(2) We have
�
f �
i
g
	
φabspm� n� 1q � pfφabspmqq �

i
pgφabspnqq for m,n P Z¥0 and f P Pabspmq,

g P Pabspnq and i P r1,ms;

cf. [3, �4] or [11, De�nition 6], called �homomorphism� in the latter.

We write φabs � pφabspmqqm¥0 : P
abs ÝÑ Qabs for the morphism.

For m P Z¥0 and f P Pabspmq we will also write fφabs :� fφabspmq if it is clear which map φabspmq
is involved.

Lemma 3.4. Let P,Q be linear preoperads over R and let φ � pφpm,nqqm,n¥0 : P ÝÑ Q be a
morphism of linear preoperads. De�ne φabspmq :� φpm, 1q for m P Z¥0 .

Then φabs � pφabspmqqm¥0 : P
abs ÝÑ Qabs is a morphism of absolute operads as in De�nition 3.3.

Proof. Since φ is a morphism of linear preoperads we have

IPabsφabsp1q � idP,1 φp1, 1q � idQ,1 � IQabs .

Suppose given m,n P Z¥0 and f P Pabspmq � Ppm, 1q, g P Pabspnq � Ppn, 1q and i P r1,ms. Then
we have �

f �
i
g
	
φabs � pf �

i
gqφ

�
�
pidP,i�1b g b idP.m�iqf

�
φ

�
�
pidP.i�1b g b idP,m�iqφ

�
� pfφq

�
�
pidP,i�1 φqb pgφqb pidP,m�i φq

�
� pfφq

� pidQ,i�1b pgφabsqb idQ,m�iq � pfφ
absq

� pfφabsq �
i
pgφabsq.
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Note that during this calculation φ had to be applied to terms that do not appear in the absolute
operad.

Remark 3.5.

(1) Let P be a linear preoperad over R and idP : P ÝÑ P be the identity morphism. Then
idabsP : Pabs ÝÑ Pabs is the identity morphism of absolute operads.

(2) Let P, Q and R be linear preoperads over R. Let φ : P ÝÑ Q and ψ : Q ÝÑ R be morphisms
of linear preoperads. Then we have pφψqabs � φabsψabs.

This means that

p�qabs : plinear preoperadsq ÝÑ pabsolute operadsq

P ÝÑ Pabs

φ ÝÑ φabs

is a functor from the category of linear preoperads to the category of absolute operads.
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4 The free preoperad

Our aim in this chapter will be to de�ne the free set-preoperad Free0pXq on a biindexed
set X. By construction, the set-preoperad Free0pXq will contain equivalence classes of
words which are built from letters being elements ofX, formally multiplied with identities
on both sides.

4.1 Operations on words

For all of �4.1, let pX, s, tq be a biindexed set.

Recall that this means that X is a set and that s : X ÝÑ Z¥0 and t : X ÝÑ Z¥0 are maps. Recall
that we write Xpm,nq � tx P X : xs � m and xt � nu for m,n P Z¥0 and X � pXpm,nqqm,n¥0 .
Note that for x P X we have x P Xpxs, xtq.

Furthermore, for x P X we write xd :� xt� xs P Z.

De�nition 4.1. We de�ne

WordspXq :� tq0pl1, x1, r1qq1pl2, x2, r2qq2 � � � qk�1plk, xk, rkqqk : k P Z¥0 ,

li, ri P Z¥0 , xi P X for i P r1, ks,

qi�1 � li � xis� ri and qi � li � xit� ri for i P r1, ksu.

Note that for w � q0pl1, x1, r1qq1pl2, x2, r2qq2 � � � qk�1plk, xk, rkqqk P WordspXq we have

li � xit� ri � qi � li�1 � xi�1s� ri�1

for i P r1, k � 1s.

Given w � q0pl1, x1, r1qq1pl2, x2, r2qq2 � � � qk�1plk, xk, rkqqk P WordspXq, we say that w has length k.
Note that words of length 0 are of the form w � q0 for q0 P Z¥0 .

Furthermore, we extend the maps s : X ÝÑ Z¥0 and t : X ÝÑ Z¥0 on WordspXq as follows. For
w � q0pl1, x1, r1qq1pl2, x2, r2qq2 � � � qk�1plk, xk, rkqqk P WordspXq we let ws � q0 and wt � qk . So if
k ¥ 1 we have ws � q0 � l1 � x1s � r1 and wt � qk � lk � xkt � rk . We have the biindexed set
pWordspXq, s, tq.

Remark 4.2. We have the biindexed map

X ÝÑ WordspXq

x ÞÝÑ xsp0, x, 0qxt.

We can de�ne a composition on the biindexed set WordspXq as follows:

p�q : WordspXqpm,nq �WordspXqpn, pq ÝÑ WordspXqpm, pq

pw, vq ÞÝÑ wv

for m,n, p P Z¥0 , where for w � q0pl1, x1, r1qq1 � � � qk�1plk, xk, rkqqk P WordspXq such that q0 � m

and qk � n and for v � p0pλ1, y1, ρ1qp1 � � � pκ�1pλκ, yκ, ρκqpκ P WordspXq such that p0 � n and
pκ � p we have

wv � q0pl1, x1, r1qq1 � � � qk�1plk, xk, rkqqkpλ1, y1, ρ1qp1 � � � pκ�1pλκ, yκ, ρκqpκ .

Note that qk � n � p0 .
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Remark 4.3. Note that this composition is associative, i.e. given w, v, u P WordspXq such that
wt � vs and vt � us, then we have

pwvqu � wpvuq.

We will often illustrate such words as follows.

w �

q0

�

x1

�

l1

x1s

r1

l1

x1t

r1

q1

�

x2

�

l2

x2s

r2

l2

x2t

r2

q2

qk�1

�

xk

�

lk

xks

rk

lk

xkt

rk

qk

Remark 4.4. Suppose given a word w � q0pl1, x1, r1qq1 � � � qk�1plk, xk, rkqqk P WordspXq. Then for
i P r1, ks we have

qi � qi�1 � pli � xit� riq � pli � xis� riq

� xt � xs

� xid

and for i, j P r0, ks with i   j we have

qj � qi �
¸

uPri�1,js

pqu � qu�1q �
¸

uPri�1,js

xud.

Now consider the following relation on WordspXq.

De�nition 4.5 (Elementary equivalence of words). Let

w � q0 pl1, x1, r1q q1 � � � qk�1 plk, xk, rkq qk P WordspXq

w̃ � q̃0pl̃1, x̃1, r̃1qq̃1 . . . q̃k̃�1
pl̃
k̃
, x̃

k̃
, r̃
k̃
qq̃
k̃
P WordspXq

be two words. We say that w is elementarily equivalent to w̃, written w � w̃, if k � k̃ and if there
exists i P r1, k � 1s such that

� li � xit ¤ li�1

� lj � l̃j , rj � r̃j and xj � x̃j for j P r1, ks z ti, i� 1u

� qj � q̃j for j P r0, ks z tiu

� l̃i � li�1 � xid, x̃i � xi�1 and r̃i � ri�1

� l̃i�1 � li, x̃i�1 � xi and r̃i�1 � ri � xi�1d

� q̃i � qi�1 � qi�1 � qi .
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Note that if k P t0, 1u, then w � w̃.

Pictorially, we have that the word w described by

qi�1

�

xi

�

li

xis

ri

li

xit

ri

qi

�

xi�1

�

li�1

xi�1s

ri�1

li�1

xi�1t

ri�1

qi�1

is elementarily equivalent to the word w̃ described by

qi�1

�

xi�1

�

l i
�
1
�
x
id

xi�1s

ri�1

li�
1
�
x
i d

xi�1t

ri�1

qi�1 � qi�1 � qi

�

xi

�

li

xis

r i
�
x
i�

1
d

li

xit

r
i
�
x
i�

1 d

qi�1

where the dotted regions of w and w̃ coincide.

Remark 4.6. Let w � q0 pl1, x1, r1q q1 � � � qk�1 plk, xk, rkq qk P WordspXq. Suppose that there exists
i P r1, k � 1s such that li � xit ¤ li�1 . De�ne

� l̃j :� lj , r̃j :� rj and x̃j :� xj for j P r1, ks z ti, i� 1u

� q̃j :� qj for j P r0, ks z tiu

� l̃i :� li�1 � xid, x̃i :� xi�1 and r̃i :� ri�1

� l̃i�1 :� li , x̃i�1 :� xi and r̃i�1 :� ri � xi�1d

� q̃i :� qi�1 � qi�1 � qi .

Then w̃ :� q̃0pl̃1, x̃1, r̃1qq̃1 . . . q̃k�1pl̃k, x̃k, r̃kqq̃k P WordspXq and w � w̃.

Proof. We have to show that w̃ P WordspXq; cf. De�nition 4.1.

First note that l̃i � li�1 � xid � li�1 � xit� xis ¥ li � xis ¥ 0 and that

r̃i�1 � ri � xi�1d

� ri � xi�1t� xi�1s

� pqi � li � xitq � xi�1t� xi�1s

� ri�1 � xi�1s� li�1 � li � xit� xi�1t� xi�1s

� ri�1 � pli�1 � li � xitq � xi�1t

¥ ri�1 � xi�1t ¥ 0.
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Moreover, for j P r1, ks z ti, i� 1u we have

l̃j � x̃jt� r̃j � lj � xjt� rj � qj � q̃j .

Finally, we have

l̃i � x̃is� r̃i � li�1 � xid� xi�1s� ri�1

� qi � xid

� qi � pqi � qi�1q

� qi�1

� q̃i�1

l̃i � x̃it� r̃i � li�1 � xid� xi�1t� ri�1

� li�1 � xi�1s� ri�1 � xi�1s� xid� xi�1t

� qi � xi�1d� xid

� qi � pqi�1 � qiq � pqi � qi�1q

� qi�1 � qi�1 � qi

� q̃i

l̃i�1 � x̃i�1s� r̃i�1 � li � xis� ri � xi�1d

� li � xit� ri � xit� xis� xi�1d

� qi � xid� xi�1d

� qi � pqi � qi�1q � pqi�1 � qiq

� qi�1 � qi�1 � qi

� q̃i

l̃i�1 � x̃i�1t� r̃i�1 � li � xit� ri � xi�1d

� qi � xi�1d

� qi � pqi�1 � qiq

� qi�1

� q̃i�1 .

Thus, w̃ P WordspXq. By construction, we have w � w̃.

When dealing with elementary equivalence of words we will often omit those parts of the words that
coincide, writing�

� � � qi�1pli, xi, riqqipli�1, xi�1, ri�1qqi�1 � � �
�

�
�
� � � qi�1pli�1 � xid, xi�1, ri�1qpqi�1 � qi�1 � qiqpli, xi, ri � xi�1dqqi�1 � � �

�
.

Remark 4.7. Let w � q0 pl1, x1, r1q q1 � � � qk�1 plk, xk, rkq qk P WordspXq. Suppose thet there exists
i P r1, k � 1s such that li ¥ li�1 � xi�1s. De�ne

� l̃j :� lj , x̃j :� xj and r̃j :� rj for j P r1, k � 1s z ti, i� 1u

� q̃j :� qj for j P r0, ks z tiu

� l̃i :� li�1 , x̃i :� xi�1 and r̃i :� ri�1 � xid

� l̃i�1 :� li � xi�1d, x̃i�1 :� xi and r̃i�1 :� ri

� q1i :� qi�1 � qi�1 � qi .
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Then w̃ :� q̃0pl̃1, x̃1, r̃1qq̃1 � � � q̃k�1pl̃k, x̃k, r̃kqq̃k P WordspXq and w̃ � w.

Proof. We have to show that w̃ P WordspXq; cf. De�nition 4.1.

First note that l̃i�1 � li � xi�1d ¥ li�1 � xi�1s� xi�1d � li�1 � xi�1t � l̃i � x̃i�1t ¥ 0 and that

r̃i � ri�1 � xid

� ri�1 � xit� xis

� pqi � li�1 � xi�1sq � xit� xis

� li � xit� ri � li�1 � xi�1s� xit� xis

� pli � li�1 � xi�1sq � ri � xis

¥ ri � xis

¥ 0.

Moreover, for j P r1, ks z ti, i� 1u we have

l̃j � x̃jt� r̃j � lj � xjt� rj � qj � q̃j .

Finally, we have

l̃i � x̃is� r̃i � pli�1 � xi�1s� ri�1q � xid

� pli � xit� riq � pxit� xisq

� li � xis� ri

� qi�1

� q̃i�1

l̃i � x̃it� r̃i � li�1 � xi�1t� ri�1 � xid

� li�1 � xi�1s� ri�1 � xi�1d� xid

� qi � pqi�1 � qiq � pqi � qi�1q

� qi�1 � qi�1 � qi

� q̃i

l̃i�1 � x̃i�1s� r̃i�1 � li � xi�1d� xis� ri

� li � xit� ri � xid� xi�1d

� qi � pqi � qi�1q � pqi�1 � qiq

� qi�1 � qi�1 � qi

� q̃i

l̃i�1 � x̃i�1t� r̃i�1 � li � xi�1d� xit� ri

� pli � xit� riq � pxi�1t� xi�1sq

� pli�1 � xi�1s� ri�1q � pxi�1t� xi�1sq

� li�1 � xi�1t� ri�1

� qi�1

� q̃i�1 .

So w̃ P WordspXq.
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Recall that li ¥ li�1 � xi�1s implies l̃i�1 ¥ l̃i � x̃it. Therefore we have

w1 �
�
� � � q̃i�1pl̃i, x̃i, r̃iqq̃ipl̃i�1, x̃i�1, r̃i�1qq̃i�1 � � �

�
�

�
� � � q̃i�1pl̃i�1 � x̃id, x̃i�1, r̃i�1qpq̃i�1 � q̃i�1 � q̃iqpl̃i, x̃i, r̃i � x̃i�1dqq̃i�1 � � �

�
�

�
� � � qi�1pli � xi�1d� xi�1d, xi, riqqipli�1, xi�1, ri�1 � xid� xidqqi�1 � � �

�
�

�
� � � qi�1pli, xi, riqqipli�1, xi�1, ri�1qqi�1 � � �

�
� w.

Hence w̃ � w.

Pictorially, we have that w is described by

qi�1

�

xi

�

li

xis

ri

li

xit

ri

qi

�

xi�1

�

li�1

xi�1s

ri�1

li�1

xi�1t

ri�1

qi�1

and that w̃ is described by

qi�1

�

xi�1

�

li�1

xi�1s

r i
�
1
�
x
id

li�1

xi�1t

r
i�

1
�
x
i d

qi�1 � qi�1 � qi

�

xi

�

l i
�
x
i�

1
d
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ri
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�
x
i�

1 d

xit

ri

qi�1

De�nition 4.8 (The equivalence relation p�q). Now we de�ne p�q to be the equivalence relation
on WordspXq generated by p�q.

Recall that this means w � w̃ if and only if there exist words v1, . . . , vn for some n ¥ 1 such that
w � v1, w̃ � vn and such that vi � vi�1 or vi�1 � vi for i P r1, n� 1s; cf. De�nition 1.11.

Write rws for the equivalence class of the word w with respect to p�q.

Note that given w, w̃ P WordspXq such that w � w̃, then we have ws � w̃s, wt � w̃t and the two
words have the same length.

De�nition 4.9. Let w � q0 pl1, x1, r1q q1 � � � qk�1 plk, xk, rkq qk P WordspXqpq0, qkq and let q P Z¥0 .
De�ne

w � q :� pq0 � qq pl1, x1, r1 � qq pq1 � qq � � � pqk�1 � qq plk, xk, rk � qq pqk � qq

q � w :� pq � q0q pq � l1, x1, r1q pq � q1q � � � pq � qk�1q pq � lk, xk, rkq pq � qkq.
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Note that w � q, q � w PWordspXqpq0 � q, qk � qq.

Lemma 4.10 (Properties of p�q and p�q). Let m,n, h P Z¥0 and let w, w̃ P WordspXqpm,nq with
rws � rw̃s and v PWordspXqpn, hq. Let p, q P Z¥0 . Then we have

(i) pw � qq � p � pw � pq � q � w � pp� qq and p� pq � wq � q � pp� wq � pp� qq � w

(ii) p� pw � qq � pp� wq � q

(iii) pwvq � q � pw � qq pv � qq and q � pwvq � pq � wq pq � vq

(iv) rw � qs � rw̃ � qs and rq � ws � rq � w̃s.

Proof. Write

w � q0pl1, x1, r1qq1 � � � qk�1plk, xk, rkqqk

w̃ � q̃0pl̃1, x̃1, r̃1qq̃1 � � � q̃k�1pl̃k, x̃k, r̃kqq̃k

v � p0pλ1, y1, ρ1qp1 � � � pκ�1pλκ, yκ, ρκqpκ .

So q0 � m � q̃0, qk � n � q̃k � p0 and pκ � h.

Ad (i). We will show the property for p�q. We have

pw� qq � p

�
�
pq0 � qqpl1, x1, r1 � qqpq1 � qq � � � pqk�1 � qqplk, xk, rk � qqpqk � qq

�
� p

� pq0 � q � pqpl1, x1, r1 � q � pqpq1 � q � pq � � � pqk�1 � q � pqplk, xk, rk � q � pqpqk � q � pq

� w � pq � pq

� pw � pq � q.

Ad (ii). We have

p� pw � qq

� p�
�
pq0 � qqpl1, x1, r1 � qqpq1 � qq � � � pqk�1 � qqplk, xk, rk � qqpqk � qq

�
� pp� q0 � qqpp� l1, x1, r1 � qqpp� q1 � qq � � � pp� qk�1 � qqpp� lk, xk, rk � qqpp� qk � qq

�
�
pp� q0qpp� l1, x1, r1qpp� q1q � � � pp� qk�1qpp� lk, xk, rkqpp� qkq

�
� q

� pp� wq � q.

Ad (iii). We will show the property for p�q. We have

pwvq � q

�
�
q0pl1, x1, r1qq1 � � � qk�1plk, xk, rkqp0pλ1, y1, ρ1qp1 � � � pκ�1pλκ, yκ, ρκqpκ

�
� q

� pq0 � qqpl1, x1, r1 � qqpq1 � qq � � � pqk�1 � qqplk, xk, rk � qqpp0 � qqpλ1, y1, ρ1 � qqpp1 � qq � � �

� � � ppκ�1 � qqpλκ, yκ, ρκ � qqppκ � qq

� pw � qqpv � qq.

Ad (iv): Consider the map

f : WordspXq ÝÑ
WordspXq

p�q

w ÞÝÑ rw � qs.

Recall that we have w, w̃ PWordspXqpm,nq with rws � rw̃s and that we have to show that wf � w̃f .
By Lemma 1.12, we can assume w � w̃.
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So there exists i P r1, k � 1s such that li � xit ¤ li�1 and we have l̃j � lj , r̃j � rj and x̃j � xj for
j P r1, k� 1s z ti, i� 1u and q̃j � qj for j P r0, ks z tiu as well as l̃i � li�1� xid, x̃i � xi�1 , r̃i � ri�1 ,
q̃i � qi�1 � qi�1 � qi , l̃i�1 � li , x̃i�1 � xi and r̃i�1 � ri � xi�1d; cf. De�nition 4.5.

Then

w � q � pq0 � qq � � � pqi�1 � qqpli, xi, ri � qqpqi � qqpli�1, xi�1, ri�1 � qqpqi�1 � qq � � � pqk � qq

w̃ � q � pq0 � qq � � � pqi�1 � qqpl̃i, x̃i, r̃i � qqpq̃i � qqpl̃i�1, x̃i�1, r̃i�1 � qqpqi�1 � qq � � � pqk � qq.

We have li�xit ¤ li�1 and l̃j � lj , r̃j�q � rj�q and x̃j � xj for j P r1, k�1s z ti, i�1u and q̃j � qj
for j P r0, ks z tiu. Moreover, we have l̃i � li�1 � xid, x̃i � xi�1 , l̃i�1 � li and x̃i�1 � xi , as well as
r̃i�q � ri�1�q, r̃i�1�q � ri�q�xi�1d and q̃i�q � qi�1�qi�1�qi�q � pqi�1�qq�pqi�1�qq�pqi�qq.

So we have w � q � w̃ � q. So in particular wf � rw � qs � rw̃ � qs � w̃f .

The corresponding property for p�q follows analogously, except for the inequality, which is satis�ed
since pli � qq � xit ¤ li�1 � q.

De�nition 4.11. Let w P WordspXq. Let q P Z¥0 . De�ne rws�q :� rw�qs and q�rws :� rq�ws.

Lemma 4.12. Let w, v P WordspXq be words of length 1, i.e. w � wspl, x, rqwt and v � vspλ, y, ρqvt
for some l, r, λ, ρ P Z¥0 and x, y P X. Then we have

pv � wsq � pvt� wq � pvs� wq � pv � wtq.

Proof. We have λ�yt � vt�ρ ¤ vt�l, so by the de�nition of elementary equivalence in De�nition 4.5
we have

pv � wsq � pvt� wq � pvs� wsqpλ, y, ρ� wsqpvt� wsqpl � vt, x, rqpwt� vtq

� pvs� wsqpl̃, x, rqq̃pλ, y, ρ̃qpwt� vtq,

where

l̃ :� l � vt� yd � l � pλ� yt� ρq � pyt� ysq � l � pλ� ys� ρq � l � vs

q̃ :� pwt� vtq � pws� vsq � pvt� wsq � wt� vt� ws� vs� vt� ws � wt� vs

ρ̃ :� ρ� ws� xd � ρ� pl � xs� rq � pxt� xsq � ρ� pl � xt� rq � ρ� wt.

So we have

pv � wsq � pvt� wq � pvs� wsqpλ, y, ρ� wsqpvt� wsqpl � vt, x, rqpwt� vtq

� pvs� wsqpl � vs, x, rqpwt� vsqpλ, y, ρ� wtqpwt� vtq

� pvs� wq � pv � wtq.

Pictorially, we have that, given
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ws

�

x

�

l

xs

r

l

xt

r
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�
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�

λ
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λ
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ρ

vt
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then
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�
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Lemma 4.13. Suppose given w, v P WordspXq such that v is of length 1. Then we have

pv � wsq � pvt� wq � pvs� wq � pv � wtq.

Proof. Write v � vspλ, y, ρqvt, where λ, ρ P Z¥0 and y P X and write

w � q0pl1, x1, r1qq1 � � � qk�1plk, xk, rkqqk .

Note that q0 � ws and qk � wt.

If k � 0 the assertion holds because then w � q0 P Z¥0 and we have

pv � wsq � pvt� wq � pv � q0q � pq0 � vtq � v � q0 � pvs� q0q � pv � q0q � pvs� wq � pv � wtq.

So we may assume that k ¥ 1.

For i P r1, ks de�ne wi :� qi�1pli, xi, riqqi P WordspXq, which is of length 1. We have wis � qi�1
and wit � qi for i P r1, ks, so wit � wi�1s for i P r1, k� 1s. Moreover, we have w � w1w2 � � �wk . By
Lemma 4.10 (iii), we have

pq � wq � pq � pw1w2 � � �wkqq � pq � w1qpq � w2q � � � pq � wkq

for q P Z¥0 . So using Lemma 4.12 iteratively, we get

pv � wsqpvt� wq � pv � w1sqpvt� pw1 � � �wkqq
4.10 (iii)
� pv � w1sqpvt� w1q � � � pvt� wkq
4.12
� pvs� w1qpv � w1tqpvt� w2q � � � pvt� wkq

� pvs� w1qpv � w2sqpvt� w2q � � � pvt� wkq
4.12
� pvs� w1qpvs� w2qpv � w2tq � � � pvt� wkq

� � � �

� pvs� w1qpvs� w2q � � � pvs� wkqpv � wktq
4.10 (iii)
� pvs� pw1 � � �wkqqpv � wktq

� pvs� wqpv � wtq.

So we have pv � wsqpvt� wq � pvs� wqpv � wtq.
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Lemma 4.14. Let v, w PWordspXq. We have

pv � wsq � pvt� wq � pvs� wq � pv � wtq.

Proof. Note that if v has length 0, then v � p0 P Z¥0 and we have

pv � wsq � pvt� wq � pp0 � wsq � pp0 � wq � p0 � w � pp0 � wq � pp0 � wtq � pvs� wq � pv � wtq.

So in this case the assertion holds and we may assume that the length of v is at least 1.

As in the proof of Lemma 4.13, we can write

v � v1v2 . . . vκ ,

where κ ¥ 1 and where vj P WordspXq of length 1 for j P r1, κs such that v1s � vs, vκt � vt and
vjt � vj�1s for j P r1, κ� 1s.

Again we can use Lemma 4.10 (iii). By using Lemma 4.13 iteratively, we get

pv � wsqpvt� wq � ppv1v2 � � � vκq � wsqpvt� wq
4.10 (iii)
� pv1 � wsqpv2 � wsq � � � pvκ � wsqpvκt� wq
4.13
� pv1 � wsq � � � pvκ�1 � wsqpvκs� wqpvκ � wtq

� pv1 � wsq � � � pvκ�1 � wsqpvκ�1t� wqpvκ � wtq
4.13
� pv1 � wsq � � � pvκ�1s� wqpvκ�1 � wtqpvκ � wtq

� � � �

� pv1s� wqpv1 � wtqpv2 � wtq � � � pvκ � wtq
4.10 (iii)
� pv1s� wqppv1v2 � � � vκq � wtq

� pvs� wqpv � wtq.

4.2 De�nition of the free set-preoperad

De�nition 4.15. Let pX, s, tq be a biindexed set. We de�ne the free set-preoperad Free0pXq on X
as follows.

As a biindexed set, de�ne Free0pXq :�
WordspXq

p�q together with the maps

s : Free0pXq ÝÑ Z¥0 t : Free0pXq ÝÑ Z¥0

rws ÞÝÑ ws rws ÞÝÑ wt.

So for
w � q0pl1, x1, r1qq1 � � � qk�1plk, xk, rkqqk PWordspXq

we have rwss � ws � q0 and rwst � wt � qk ; cf. Remark 4.2.

Hence for m,n P Z¥0 the set Free0pXqpm,nq consists of equivalence classes rws with respect to the
equivalence relation p�q of words of the form

w � q0 pl1, x1, r1q q1 pl2, x2, r2q q2 � � � qk�1 plk, xk, rkq qk PWordspXq,

where m � q0 and n � qk .
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The composition in Free0pXq is given by

p�q : Free0pXqpm,nq � Free0pXqpn, pq ÝÑ Free0pXqpm, pq

prws, rvsq ÞÝÑ rws � rvs :� rwvs

for m,n, p P Z¥0 .

The multiplication is given by

pbq : Free0pXqpm,nq � Free0pXqpm
1, n1q ÝÑ Free0pXqpm�m1, n� n1q�

rws, rw1s
�
ÞÝÑ rwsb rw1s :� prws � w1sq � pwt� rw1sq

for m,n,m1, n1 P Z¥0 .

For m P Z¥0 , the identity element in Free0pXqpm,mq is idm :� idFree0pXq,m :� rms, the empty word,
which has length k � 0 and rmss � rmst � m.

Now we have to show that this in fact de�nes a set-preoperad.

First we show that the composition is well-de�ned. It su�ces to show that forw, w̃ PWordspXqpm,nq
with w � w̃ and v, ṽ PWordspXqpn, pq with v � ṽ we have wv � w̃v and wv � wṽ; cf. Lemma 1.12.

So suppose given w, w̃ PWordspXqpm,nq with w � w̃ and v PWordspXqpn, pq. Write

w � q0pl1, x1, r1qq1 � � � qk�1plk, xk, rkqqk

w̃ � q̃0pl̃1, x̃1, r̃1qq̃1 � � � q̃k�1pl̃k, x̃k, r̃kqq̃k

v � p0pλ1, y1, ρ1qp1 � � � pκ�1pλκ, yκ, ρκqpκ ,

where m � q0 � q̃0, n � qk � q̃k � p0, p � pκ and where for some i P r1, ks we have li � xit ¤ li�1

and we have l̃j � lj , r̃j � rj and x̃j � xj for j P r1, ks z ti, i � 1u and q̃j � qj for j P r0, ks z tiu,
as well as l̃i � li�1 � xid, x̃i � xi�1 , r̃i � ri�1 , l̃i�1 � li , x̃i�1 � xi , r̃i�1 � ri � xi�1d and
q̃i � qi�1 � qi�1 � qi ; cf. De�nition 4.5.

Then we have

wv � q0pl1, x1, r1qq1 � � � qk�1plk, xk, rkqqkpλ1, y1, ρ1qp1 � � � pκ�1pλκ, yκ, ρκqpκ

w̃v � q̃0pl̃1, x̃1, r̃1qq̃1 � � � q̃k�1pl̃k, x̃k, r̃kqq̃kpλ1, y1, ρ1qp1 � � � pκ�1pλκ, yκ, ρκqpκ .

So the conditions of De�nition 4.5 are still satis�ed for wv and w̃v. Hence wv � w̃v, so in particular
wv � w̃v.

Analogously we can also conclude that given w P WordspXqpm,nq and v, ṽ P WordspXqpn, pq with
v � ṽ, then we have wv � wṽ.

This shows that the composition is well-de�ned.

Now we show that the multiplication is well-de�ned. But we already know that rws � w1s and
ws� rw1s are well-de�ned for v P WordspXqpm,nq and w1 P WordspXqpm1, n1q; cf. Lemma 4.10 (iv)
and De�nition 4.11. So since the composition is well-de�ned, the multiplication is also well-de�ned.

Ad (c1). Suppose given m,n, p, q P Z¥0 and words w P WordspXqpm,nq, v P WordspXqpn, pq and
u PWordspXqpp, qq. That is, we have w, v, u PWordspXq with wt � n � vs and vt � p � us. Then
we have

prws � rvsq � rus � rwvs � rus

� rpwvqus

4.3
� rwpvuqs

� rws � rvus

� rws � prvs � rusq.
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Ad (c2). Suppose given m,n P Z¥0 and w P WordspXqpm,nq, i.e. ws � m and wt � n. Then we
have

rws � idn � rws � idwt � rws � rwts � rw � wts � rws � rws � ws � rwss � rws � idws �rws � idm �rws.

Ad (m1). Suppose given w,w1, w2 P WordspXq. Note that we have pwt � rw1sqt � wt � w1t and
prw1s � w2sqs � w1s� w2s. Then we have

prwsb rw1sqb rw2s �
�
prws � w1sq � pwt� rw1sq

�
b rw2s

�
��
prws � w1sq � pwt� rw1sq

�
� w2s

�
�
�
pwt� w1tq � rw2s

�
�

��
pw � w1sqpwt� w1q

�
� w2s

�
� rpwt� w1tq � w2s

4.10 (iii)
�

��
pw � w1sq � w2s

��
pwt� w1q � w2s

��
� rpwt� w1tq � w2s

4.10 (i)
�

��
w � pw1s� w2sq

��
pwt� w1q � w2s

��
� rwt� pw1t� w2qs

4.10 (ii)
�

��
w � pw1s� w2sq

��
wt� pw1 � w2sq

��
� rwt� pw1t� w2qs

� rw � pw1s� w2sqs �
��
wt� pw1 � w2sq

��
wt� pw1t� w2q

��
4.10 (iii)
� rw � pw1s� w2sqs �

�
wt�

�
pw1 � w2sqpw1t� w2q

��
�

�
rws � pw1s� w2sq

�
�
�
wt�

�
prw1s � w2sq � pw1t� rw2sq

��
� rwsb

�
prw1s � w2sq � pw1t� rw2sq

�
� rwsb prw1sb rw2sq.

Ad (m2). Suppose given w P WordspXq. We have

rwsb id0 � prws � id0 sq � pwt� id0q

� prws � r0ssq � pwt� r0sq

� rws � rwts

� rws

� rwss � rws

� pr0s � wsq � pr0st� rwsq

� pid0�wsq � pid0 t� rwsq

� id0brws.

Ad (mc1). Suppose given w,w1, v, v1 P WordspXq such that wt � vs and w1t � v1s. We have

prws � rvsqb prw1s � rv1sq � rwvsb rw1v1s

� prwvs � w1sq � pvt� rw1v1sq

� rpwvq � w1ss � rvt� pw1v1qs

4.10 (iii)
� rpw � w1sqpv � w1sqs � rpvt� w1qpvt� v1qs

� rw � w1ss � rpv � w1sqpvt� w1qs � rvt� v1s

4.14
� rw � w1ss � rpvs� w1qpv � w1tqs � rvt� v1s

� rpw � w1sqpwt� w1qs � rpv � v1sqpvt� v1qs

�
�
prws � w1sq � pwt� rw1sq

�
� pprvs � v1sq �

�
vt� rv1sq

�
� prwsb rw1sq � prvsb rv1sq.
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Ad (mc2). We have to show that for m ¥ 0 we have idm
!
� idbm1 . We show this via induction on

m ¥ 0.

For m � 0 this is the de�nition. So let m ¥ 1 and assume that the statement is true for m � 1.
Then we have

idbm1 � id
bpm�1q
1 b id1

ind.
� idm�1b id1

� rm� 1sb r1s

� prm� 1s � r1ssq � prm� 1st� r1sq

� rpm� 1q � 1s � rpm� 1q � 1s

� rms � rms

� rms

� idm .

This shows that Free0pXq is in fact a set-preoperad.

Remark 4.16. Given a �nite biindexed set X � tx1, . . . , xnu, then we often also abbreviate
Free0px1, . . . , xnq :� Free0ptx1, . . . , xnuq.

Remark 4.17. Let m,n, p P Z¥0 and let rws P Free0pXqpm,nq. Then we have rws � p � rwsb idp
and p� rws � idpb rws.

Proof. We have

rwsb idp � prws � idp sq � pwt� idpq

� prws � pq � pwt� rpsq

� prws � pq � pwt� pq

� rws � p

idpb rws � pidp�wsq � pidp t� rwsq

� prps � wsq � pp� rwsq

� pp� wsq � pp� rwsq

� p� rws.

4.3 The universal property of the free set-preoperad

Recall that set-preoperads have underlying biindexed sets and that morphisms of set-preoperads are
biindexed maps that are compatible with composition, multiplication and identities.

De�nition 4.18. Let pX, s, tq be a biindexed set and let Free0pXq be the free set-preoperad on X;
cf. De�nition 4.15.

We de�ne the biindexed map ι0 :� ι0,X : X ÝÑ Free0pXq as follows.

ι0,X : X ÝÑ Free0pXq

x ÞÝÑ rxsp0, x, 0qxts
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Theorem 4.19 (Universal property of the free set-preoperad). Let pX, s, tq be a biindexed set. Let
T0 be a set-preoperad and φ0 : X ÝÑ T0 be a biindexed map.

Then there exists a uniquely determined morphism of set-preoperads ϕ0 : Free0pXq ÝÑ T0 such that
ι0ϕ0 � φ0 .

X
φ0 //

ι0

��

T0

Free0pXq

D!ϕ0

::

Proof. Uniqueness. First note that given w � q0pl1, x1, r1qq1 � � � qk�1plk, xk, rkqqk P WordspXq we
can write

w � w1w2 � � �wk ,

where wi :� qi�1pli, xi, riqqi for i P r1, ks, provided k ¥ 1. If k � 0, then w � q0 � qk .

For i P r1, ks we have

idli b rxis p0, xi, 0qxitsb idri
4.17
� li � prxis p0, xi, 0qxits � riq

� rpli � xis� riq pli, xi, riq pli � xit� riqs

� rqi�1 pli, xi, riq qis

� rwis .

Hence we have

rws � idq0 �rw1w2 � � �wks � idqk
� idq0 �rw1s � rw2s � � � rwks � idqk
� idq0 � pidl1 b rx1s p0, x1, 0qx1tsb idr1q � � � pidlk b rxks p0, xk, 0qxktsb idrkq � idqk
� idq0 � pidl1 bx1ι0 b idr1q � � � pidlk bxkι0 b idrkq � idqk .

Now suppose given a morphism of set-preoperads χ0 : Free0pXq ÝÑ T0 satisfying ι0χ0 � φ0 . Then
we have

rwsχ0 �
�
idq0 �pidl1 bx1ι0 b idr1q � � � pidlk bxkι0 b idrkq � idqk

�
χ0

� pidq0 χ0q � pidl1 bx1ι0 b idr1qχ0 � � � pidlk bxkι0 b idrkqχ0 � pidqk χ0q

� pidq0 χ0q � pidl1 χ0 b px1ι0qχ0 b idr1 χ0q � � � pidlk χ0 b pxkι0qχ0 b idrk χ0q � pidqk χ0q

� idT0,q0 �pidT0,l1 bx1φ0 b idT0,r1q � � � pidT0,lk bxkφ0 b idT0,rkq � idT0,qk ,

so such a morphism of set-operads χ0 is uniquely determined by φ0 .

Existence. First we de�ne a biindexed map ϕ̂0 : WordspXq ÝÑ T0 as follows.

For w � q0pl1, x1, r1qq1 � � � qk�1plk, xk, rkqqk PWordspXq de�ne

wϕ̂0 :� idT0,q0 pidT0,l1 bx1φ0 b idT0,r1q � � � pidT0,lk bxkφ0 b idT0,rkq idT0,qk .

Furthermore, de�ne ϕ0 : Free0pXq ÝÑ T0 by

rwsϕ0 :� wϕ̂0 � idT0,q0 pidT0,l1 bx1φ0 b idT0,r1q � � � pidT0,lk bxkφ0 b idT0,rkq idT0,qk .

From now on, during this proof we will often write idm instead of idT0,m .

By Lemma 1.12, in order to show that ϕ0 is well-de�ned, it su�ces to show that for w, w̃ PWordspXq
with w � w̃ we have wϕ̂0 � w̃ϕ̂0 .
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So suppose given w, w̃ PWordspXq with w � w̃. We write

w � q0pl1, x1, r1qq1 � � � qi�1pli, xi, riqqipli�1, xi�1, ri�1qqi�1 � � � qk�1plk, xk, rkqqk

w̃ � q0pl1, x1, r1qq1 � � � qi�1pl̃i, x̃i, r̃iqq̃ipl̃i�1, x̃i�1, r̃i�1qqi�1 � � � qk�1plk, xk, rkqqk ,

where li�xit ¤ li�1 and l̃i � li�1�xid, x̃i � xi�1 , r̃i � ri�1 , l̃i�1 � li , x̃i�1 � xi , r̃i�1 � ri�xi�1d

and q̃i � qi�1 � qi�1 � qi .

Note that we have

wϕ̂0 � pq0pl1, x1, r1qq1q ϕ̂0 � pq1pl2, x2, r2qq2q ϕ̂0 � � � pqk�1plk, xk, rkqqkq ϕ̂0 .

So it su�ces to show that

pqi�1pli, xi, riqqiqϕ̂0 � pqipli�1, xi�1, ri�1qqi�1qϕ̂0
!
� pqi�1pl̃i, x̃i, r̃iqq̃iqϕ̂0 � pq̃ipl̃i�1, x̃i�1, r̃i�1qqi�1qϕ̂0 .

Note that li � xit� ri � qi � li�1 � xi�1s� ri�1, hence

ri � xi�1d� pli�1 � li � xitq � ri � xi�1t� xi�1s� li�1 � li � xit

� ri � xit� li � pli�1 � xi�1sq � xi�1t

� qi � pqi � ri�1q � xi�1t

� xi�1t� ri�1.

This means that li�1 � li � xit� xi�1t� ri�1 � ri � xi�1d and li�1 � li � xit� xi�1s� ri�1 � ri .
We have

pqi�1pl̃i, x̃i, r̃iqq̃iqϕ̂0 � pq̃ipl̃i�1, x̃i�1, r̃i�1qqi�1qϕ̂0

�
�
qi�1pli�1 � xid, xi�1, ri�1qpqi�1 � qi�1 � qiq

�
ϕ̂0 �

�
pqi�1 � qi�1 � qiqpli, xi, ri � xi�1dqqi�1

�
ϕ̂0

� idqi�1
pidli�1�xidbxi�1φ0 b idri�1

q idqi�1�qi�1�qipidli bxiφ0 b idri�xi�1dq idqi�1

� pidli�1�xidbxi�1φ0 b idri�1
q � pidli bxiφ0 b idri�xi�1dq

� pidli b idxisb idli�1�li�xitbxi�1φ0 b idri�1
q � pidli bxiφ0 b idli�1�li�xitb idxi�1tb idri�1

q

� pidli b idxis �xiφ0 b idli�1�li�xitbxi�1φ0 � idxi�1tb idri�1
q

� pidli bxiφ0 � idxitb idli�1�li�xitb idxi�1s �xi�1φ0 b idri�1
q

� pidli bxiφ0 b idli�1�li�xitb idxi�1sb idri�1
q � pidli b idxitb idli�1�li�xitbxi�1φ0 b idri�1

q

� pidli bxiφ0 b idriq � pidli�1
bxi�1φ0 b idri�1

q

� idqi�1
pidli bxiφ0 b idriq idqipidli�1

bxi�1φ0 b idri�1
q idqi�1

� pqi�1pli, xi, riqqiqϕ̂0 � pqipli�1, xi�1, ri�1qqi�1qϕ̂0 .

This completes the proof that ϕ0 : Free0pXq ÝÑ T0 is a well-de�ned biindexed map. It remains to
show that it is a morphism of set-preoperads.

First note that we have idFree0pXq,m ϕ0 � rmsϕ0 � idT0,m for m P Z¥0 .

For w, v PWordspXq with wt � vs we have

prws � rvsqϕ0 � rwvsϕ0 � pwvqϕ̂0 � pwϕ̂0q � pvϕ̂0q � prwsϕ0q � prvsϕ0q.

Note that for w � q0pl1, x1, r1qq1 � � � qk�1plk, xk, rkqqk PWordspXq, where k ¥ 1, and for p P Z¥0 we
have

prws � pqϕ0 �
�
pq0 � pqpl1, x1, r1 � pqpq1 � pq � � � pqk�1 � pqplk, xk, rk � pqpqk � pq

�
ϕ0

� idq0�ppidl1 bx1φ0 b idr1�pq � � � pidlk bxkφ0 b idrk�pq idqk�p

� pidl1 bx1φ0 b idr1 b idpq � � � pidlk bxkφ0 b idrk b idpq
(mc1)
�

�
pidl1 bx1φ0 b idr1q � � � pidlk bxkφ0 b idrkq

�
b pidp � � � idpq

� rwsϕ0 b idp .
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This also holds for w � m P WordspXq for m P Z¥0 since rws � rms � idFree0pXq,m , hence

prws � pqϕ0 � rm� psϕ0 � idm�p � idmb idp � idm ϕ0 b idp � rwsϕ0 b idp .

In the same way we obtain pp� rwsqϕ0 � idpbrwsϕ0 for w P WordspXq and p P Z¥0 .

Now suppose given w,w1 P WordspXq. We have

prwsb rw1sqϕ0 �
�
prws � w1sq � pwt� rw1sq

�
ϕ0

� prws � w1sqϕ0 � pwt� rw1sqϕ0

� prwsϕ0 b idw1sq � pidwtb rw1sϕ0q
(mc2)
� prwsϕ0 � idwtqb pidw1s �rw

1sϕ0q

� rwsϕ0 b rw1sϕ0 .

4.4 The universal property of the free linear preoperad

De�nition 4.20. Let X � pXpm,nqqm,n¥0 be a biindexed set. We de�ne the linear preoperad
FreepXq on X by FreepXq :� RFree0pXq; cf. De�nition 4.15 and Remark 2.12. Recall that this
means the following.

� We have FreepXqpm,nq � RFree0pXqpm,nq for m,n P Z¥0 .

� We have idFreepXq,m � idFree0pXq,m � rms for m P Z¥0 .

� Suppose given m,n,m1, n1 P Z¥0 .

Then for
°

fPWordspXqpm,nq

rf rf s P FreepXqpm,nq and
°

f 1PWordspXqpm1,n1q

rf 1 rf 1s P FreepXq pm1, n1q

we have� ¸
fPWordspXqpm,nq

rf rf s



bFree

� ¸
f 1PWordspXqpm1,n1q

rf 1 rf 1s



�

¸
fPWordspXqpm,nq
f 1PWordspXqpm1,n1q

rf rf 1

�
rf s bFree0 rf

1s
�
.

� Suppose given m,n, p P Z¥0 .

Then for
°

fPWordspXqpm,nq

rf rf s P FreepXqpm,nq and
°

gPWordspXqpn,pq

rg rgs P FreepXqpn, pq we have

� ¸
fPWordspXqpm,nq

rf rf s



�Free

� ¸
gPWordspXqpn,pq

rg rgs



�

¸
fPWordspXqpm,nq
gPWordspXqpn,pq

rf rg
�
rf s �Free0 rgs

�
.

As in the non-linear case, we will often abbreviate Freepx1, . . . , xnq :� Freeptx1, . . . , xnuq for a �nite
biindexed set tx1, . . . , xnu.

De�nition 4.21. Let pX, s, tq be a biindexed set and let FreepXq be the free linear preoperad on
X; cf. De�nition 4.20.

We de�ne the biindexed map ι :� ιX : X ÝÑ FreepXq as follows.

ιX : X ÝÑ FreepXq

x ÞÝÑ rxsp0, x, 0qxts
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Theorem 4.22 (Universal property of the free linear preoperad). Let pX, s, tq be a biindexed set.
Let T be a linear preoperad and φ : X ÝÑ T be a biindexed map.

Then there exists a uniquely determined morphism of linear preoperads ϕ : FreepXq ÝÑ T such that
ιϕ � φ .

X
φ //

ι

��

T

FreepXq

D!ϕ

;;

Proof. Viewing T as a set-preoperad, by Theorem 4.19 we know that there exists a uniquely deter-
mined morphism of set-preoperads ϕ0 : Free0pXq ÝÑ T such that ι0ϕ0 � φ.

Moreover, since FreepXq � RFree0pXq, by Lemma 2.23, there exists a uniquely determined mor-
phism of linear preoperads ϕ : FreepXq ÝÑ T such that rf sϕ � rf sϕ0 for rf s P Free0pXqpm,nq and
m,n P Z¥0 .

So we have a uniquely determined morphism of linear preoperads ϕ : FreepXq ÝÑ T such that

xιϕ � rxsp0, x, 0qxtsϕ � rxsp0, x, 0qxtsϕ0 � xι0ϕ0 � xφ

for x P X, hence ιϕ � φ.

4.5 Presentations of preoperads

De�nition 4.23. LetX be a biindexed set. Let Y � Free0pXq���Free0pXq be a biindexed subset and
let p�Y q � Free0pXq���Free0pXq be the congruence on Free0pXq generated by Y ; cf. De�nition 2.35.

Then we de�ne the set-preoperad
spo
xX | Y y :� Free0pXq

p�Y q
.

Let P0 be a set-preoperad. If P0 �
spo
xX | Y y for a biindexed set X and a biindexed subset

Y � Free0pXq���Free0pXq, then we say that
spo
xX | Y y is a presentation of P0 .

We call X a set of generators and Y a set of relators for P0 .

Given �nite biindexed sets X � tx1, . . . , xnu and Y � ty1, . . . , ymu � Free0pXq���Free0pXq, we also
often write

spo
xx1, . . . , xn | y1, . . . , ym y :�

spo
xtx1, . . . , xnu | ty1, . . . , ymu y .

Lemma 4.24 (Universal property). Let X be a biindexed set. Let Y � Free0pXq���Free0pXq be a
biindexed subset and let p�Y q � Free0pXq���Free0pXq be the congruence generated by Y . Let T0 be
a set-preoperad and let φ0 : X ÝÑ T0 be a biindexed map such that rf sϕ0 � rf̃ sϕ0 for m,n P Z¥0

and prf s, rf̃ sq P Y pm,nq.

Recall that we have a uniquely determined morphism of set-preoperads ϕ0 : Free0pXq ÝÑ T0 such
that ι0ϕ0 � φ0 ; cf. Theorem 4.19.

Recall the congruence class morphism

ρ0 :� ρ0,p�Y q : Free0pXq ÝÑ
Free0pXq

p�Y q
�

spo
xX | Y y

rf s ÞÝÑ
�
rf s

�
Y
;

cf. De�nition 2.39.
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Then there exists a uniquely determined morphism of set-preoperads ϕ̄0 :
spo
xX | Y y ÝÑ T0 such

that pι0ρ0qϕ̄0 � φ0 , i.e. such that
�
rxsp0, x, 0qxts

�
Y
ϕ̄0 � xφ0 for x P X.

X
φ0 //

ι0

��

T0

Free0pXq

ϕ0

99

ρ0

��

spo
xX | Y y

ϕ̄0

CC

Proof. By Theorem 4.19 the morphism of set-preoperads ϕ0 : Free0pXq ÝÑ T0 exists uniquely.

Moreover, since rf sϕ0 � rf̃ sϕ0 for m,n P Z¥0 and prf s, rf̃ sq P Y pm,nq, by Lemma 2.40 there exists
a uniquely determined morphism of set-preoperads ϕ̄0 :

Free0pXq
p�Y q

ÝÑ T0 such that ρ0ϕ̄0 � ϕ0 .

So we have a unique morphism of set-preoperads ϕ̄0 : spo
xX | Y y ÝÑ T0 such that

ι0ρ0ϕ̄0 � ι0ϕ0 � φ0 .

De�nition 4.25. Let X be a biindexed set. Let Y � FreepXq be a biindexed subset and let
I :�

ideal
xY y � FreepXq be the ideal generated by Y ; cf. De�nition 2.44.

Then we de�ne the linear preoperad
lpo
xX | Y y :� FreepXq

I
.

Let P be a linear preoperad. If P �
lpo
xX | Y y for a biindexed set X and a biindexed subset

Y � FreepXq���FreepXq, then we say that
lpo
xX | Y y is a presentation of P.

We call X a set of generators and Y a set of relations for P.

Given �nite biindexed sets X � tx1, . . . , xnu and Y � ty1, . . . , ymu � FreepXq, we also often write

lpo
xx1, . . . , xn | y1, . . . , ym y :�

lpo
xtx1, . . . , xnu | ty1, . . . , ymu y .

Lemma 4.26. Let X be a biindexed set. Let Y � FreepXq be a biindexed subset and let
I :�

ideal
xY y � FreepXq be the ideal generated by Y . Let T be a linear preoperad and let φ : X ÝÑ T

be a biindexed map such that fϕ � 0 for m,n P Z¥0 and f P Y pm,nq.

Recall that we have a uniquely determined morphism of linear preoperads ϕ : FreepXq ÝÑ T such
that ιϕ � φ ; cf. Theorem 4.22.

Recall the residue class morphism

ρ :� ρI : FreepXq ÝÑ
FreepXq

I
�

lpo
xX | Y y

rf s ÝÑ
�
rf s

�
I
;

cf. De�nition 2.47.

Then there exists a uniquely determined morphism of linear preoperads ϕ̄ :
lpo
xX | Y y ÝÑ T such

that pιρqϕ̄ � φ , i.e. such that
�
rxsp0, x, 0qxts

�
I
ϕ̄ � xφ for x P X.

X
φ //

ι

��

T

FreepXq

ϕ

99

ρ

��

lpo
xX | Y y

ϕ̄

CC
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Proof. By Lemma 4.22 the morphism of linear preoperads ϕ : FreepXq ÝÑ T exists uniquely.

Moreover, since fϕ � 0 for m,n P Z¥0 and f P Y pm,nq, by Lemma 2.48 there exists a uniquely
determined morphism of linear preoperads ϕ̄ :

FreepXq
I

ÝÑ T such that ρϕ̄ � ϕ .

So we have a unique morphism of linear preoperads ϕ̄ :
lpo
xX | Y y ÝÑ T such that

ιρϕ̄ � ιϕ � φ.

Lemma 4.27. Let X be a biindexed set and let Y � Free0pXq���Free0pXq be a biindexed subset. Let
p�Y q � Free0pXq���Free0pXq be the congruence on Free0pXq generated by Y .

Suppose given a set-preoperad P0 and an isomorphism of set-preoperads σ0 : spo
xX | Y y ÝÑ P0 .

Let DY pm,nq :�
 
f � f̃ : pf, f̃q P Y pm,nq

(
for m,n P Z¥0 ; cf. De�nition 2.50.

Then we have the isomorphism of linear preoperads σ :
lpo
xX | DY y ÝÑ RP0 such that we have the

following commutative diagram.

spo
xX | Y y

βFree0pXq
p�Y q //

σ0

�

��

R
�
Free0
p�Y q

	
χ //

lpo
xX | DY y

σ

�

��
P0

βP0

// RP0

Here we abbreviate χ :� χFree0pXq,Y ; cf. Lemma 2.54.

So in particular,
spo
xX | Y y � P0 implies

lpo
xX | DY y � RP0 .

Proof. Let I :� IY �
ideal

xDY y. By Lemma 2.54 there exists the isomorphism of linear preoperads

χ � χFree0pXq,Y : R
�Free0pXq

p�Y q

	
ÝÑ

FreepXq

I
�

lpo
xX | DY y¸

fPP0pm,nq

rf rf s�Y
ÞÝÑ

� ¸
fPP0pm,nq

rf f
�
IY

�
¸

fPP0pm,nq

rf rf sIY

for m,n P Z¥0 . Moreover, by Remark 2.25 (3), the linear extension Rσ0 : R
�
Free0pXq
p�Y q

	
ÝÑ RP0

is an isomorphism of linear preoperads; cf. Lemma 2.23. Hence by Remark 2.21, the composite
σ :� χ�1

�
Rσ0

�
:

lpo
xX | DY y ÝÑ RP0 is an isomorphism of linear preoperads.

4.6 A presentation for Ass0

De�nition 4.28. Recall that the set-preoperad Ass0 has Ass0pm,nq consisting of monotone maps
r1,ms ÝÑ r1, ns for m,n P Z¥0 ; cf. De�nition 2.58. Now de�ne

ε :r1, 0s ÝÑ r1, 1s

µ :r1, 2s ÝÑ r1, 1s

to be the unique elements in Ass0p0, 1q and Ass0p2, 1q, respectively.

Pictorially, we have
ε �

µ �
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Note that in Ass0 we have pµb id1qµ � pid1bµqµ and pid1b εqµ � pεb id1qµ � id1 .

De�nition 4.29. We can more generally de�ne µm P Ass0pm, 1q to be the unique element in
Ass0pm, 1q for m P Z¥0 . Note that we have µ0 � ε P Ass0p0, 1q, µ1 � id1 P Ass0p1, 1q and
µ2 � µ P Ass0p2, 1q.

Furthermore, note that for m P Z¥0 we have pµm b id1qµ P Ass0pm� 1, 1q, so pµm b id1qµ � µm�1 .
Hence every µm can be written as product and composite of ε, id1 and µ.

Remark 4.30. Suppose given m,n P Z¥0 and a P Ass0pm,nq. Then we have

a � µi1 b µi2 b . . .b µin ,

where ij � |a�1pjq| for j P r1, ns.

Proof. De�ne ã :� µi1 b µi2 b . . . b µin P Ass0pm,nq. Then by the de�nition of pbq � pbAss0q we
have

hã �
�
h�

¸
kPr1,ha�1s

ik

	
µiha �

¸
kPr1,ha�1s

1

� 1� ha� 1 � ha

for h P r1, ns. So a � ã � µi1 b µi2 b . . .b µin .

De�nition 4.31. De�ne the biindexed set X :� tε̂, µ̂u with ε̂ P Xp0, 1q and µ̂ P Xp2, 1q.

Recall the injective biindexed maps

X ÝÑ WordspXq X ÝÑ Free0pXq
x ÞÝÑ xsp0, x, 0qxt x ÞÝÑ rxsp0, x, 0qxts.

Abusing notation, we will refer to both 0p0, ε̂, 0q1 P WordspXqp0, 1q and r0p0, ε̂, 0q1s P Free0pXqp0, 1q
also by ε̂ and to both 2p0, µ̂, 0q1 P WordspXqp2, 1q and r2p0, µ̂, 0q1s P Free0pXqp2, 1q also by µ̂.

Furthermore, de�ne

γ :�
�
pµ̂bFree0 idFree0,1q �Free0 µ̂ , pidFree0,1bFree0 µ̂q �Free0 µ̂

�
P Free0pXqp3, 1q � Free0pXqp3, 1q

νl :�
�
pε̂bFree0 idFree0,1q �Free0 µ̂ , idFree0,1

�
P Free0pXqp1, 1q � Free0pXqp1, 1q

νr :�
�
pidFree0,1bFree0 ε̂q �Free0 µ̂ , idFree0,1

�
P Free0pXqp1, 1q � Free0pXqp1, 1q

and �nally Y :� tγ, νl, νru.

Then we have the biindexed map φ0 : X ÝÑ Ass0 mapping ε̂ to ε and µ̂ to µ.

Recall the congruence class morphism ρ0 : Free0pXq ÝÑ Free0pXq
p�Y q

de�ned by

ρ0pm,nq : Free0pXqpm,nq ÝÑ
�Free0pXq

p�Y q

	
pm,nq

f ÞÝÑ rf sY

form,n P Z¥0 ; cf. De�nition 2.39, where rf sY :� rf s�Y
is the congruence class of f P Free0pXqpm,nq

with respect to p�Y q.

By Theorem 4.19, there exists a uniquely determined morphism of set-preoperads

ϕ0 : Free0pXq ÝÑ Ass0
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such that ι0ϕ0 � φ0 , i.e. such that rxsp0, x, 0qxtsϕ0 � xφ0 for x P X. We have�
pµ̂bFree0 idFree0,1q �Free0 µ̂

�
ϕ0 � pµb id1q � µ

� pid1bµq � µ

�
�
pidFree0,1bFree0 µ̂q �Free0 µ̂

�
ϕ0�

pε̂bFree0 idFree0,1q �Free0 µ̂
�
ϕ0 � pεb id1q � µ

� id1

� idFree0,1 ϕ0�
pidFree0,1bFree0 ε̂q �Free0 µ̂

�
ϕ0 � pid1b εq � µ

� id1

� idFree0,1 ϕ0 .

So fϕ0 � f̃ϕ0 for m,n P Z¥0 and pf, f̃q P Y pm,nq. By Lemma 4.24 there exists a uniquely
determined morphism of set-preoperads ϕ̄0 : spo

xX | Y y � Free0pXq
p�Y q

ÝÑ Ass0 such that ι0ρ0ϕ̄0 � φ0 .

X

ι0

��

φ0 // Ass0

Free0pXq

ρ0
��

D!ϕ0

99

Free0pXq
p�Y q

D!ϕ̄0

GG

So de�ne Ass0,P :�
spo
xX | Y y � Free0pXq

p�Y q
and consider the morphism of set-preoperads

ϕ̄0 : Ass0,P �
Free0pXq

p�Y q
ÝÑ Ass0

that is uniquely determined and given by rf sY ϕ̄0 � fϕ0 for f P Free0pXqpm,nq for m,n P Z¥0 .

So in particular, we have
�
rxsp0, x, 0qxts

�
Y
ϕ̄0 � rxsp0, x, 0qxtsϕ0 � xι0ϕ0 � xφ0 for m,n P Z¥0 and

x P Xpm,nq, which implies rε̂sY ϕ̄0 � ε and rµ̂sY ϕ̄0 � µ.

Theorem 4.32. The morphism ϕ̄0 : Ass0,P ÝÑ Ass0 of set-preoperads is an isomorphism.

So in particular, abbreviating pbq :� pbFree0q, p�q :� p�Free0q and id1 :� idFree0,1 we have

Ass0
�
ÐÝ

spo
x µ̂, ε̂ |

�
pµ̂b id1q � µ̂ , pid1b µ̂q � µ̂

�
,
�
pid1b ε̂q � µ̂ , id1

�
,
�
pε̂b id1q � µ̂ , id1

�
y .

Proof. We have to show that ϕ̄0pm,nq is bijective for m,n P Z¥0 ; cf. Lemma 2.20.

Surjectivity. Suppose given a P Ass0pm,nq. By Remark 4.30 we can write a � µi1 b µi2 b . . .b µin ,
where ij � |a�1pjq| for j P r1, ns and where µi is the unique element in Ass0pi, 1q for i P Z¥0 ; cf.
De�nition 4.29.

Now de�ne recursively

µ̂i :�

$'&'%
ε̂ if i � 0

idFree0,1 if i � 1

pµ̂i�1 bFree0 idFree0,1q �Free0 µ̂ if i ¥ 2
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for i P Z¥0 . Note that µ̂i P Free0pXqpi, 1q for i P Z¥0 , hence rµ̂isY ϕ̄0 � µ̂iϕ0 � µi for i P Z¥0 . So
we have�

µ̂i1 bFree0 µ̂i2 bFree0 . . .bFree0 µ̂in
�
Y
ϕ̄0 �

�
rµ̂i1sY bAss0,P rµ̂i2sY bAss0,P . . .bAss0,P rµ̂insY

�
ϕ̄0

� rµ̂i1sY ϕ̄0 b rµ̂i2sY ϕ̄0 b . . .b rµ̂insY ϕ̄0

� µi1 b µi2 b . . .b µin

� a.

Hence ϕ̄0pm,nq is surjective for m,n P Z¥0 .

Injectivity. In order to show that ϕ̄0pm,nq is injective for m,n P Z¥0 we will need a couple of steps.

Step 1: Finding a standard form for elements in Free0pXq.

Claim 1.1. Let m,n P Z¥0 and rws P Free0pXqpm,nq with length u ¥ 2, that is,

w � q̃0pl̃1, x1, r̃1qq̃1 � � � q̃u�1pl̃u, xu, r̃uqq̃u P WordspXqpm,nq,

where l̃i, r̃i P Z¥0 and xi P tε̂, µ̂u for i P r1, us and m � q̃0 � l̃1 � x1s � r̃1, n � q̃u � l̃u � xut � r̃u
and l̃i � xit� r̃i � q̃i � l̃i�1 � xi�1s� r̃i�1 for i P r1, u� 1s.

Then there exists

v � q0pl1, µ, r1qq1pl2, µ, r2qq2 � � � qk�1plk, µ, rkqqkpλκ, ε, ρκqpκ�1 � � � p2pλ1, ε, ρ1qp1 P WordspXqpm,nq

with li ¤ li�1 for i P r1, k � 1s and λi ¤ λi�1 for i P r1, κ� 1s such that rws �Y rvs.

We say that v is in standard form.

Note that words of length 0 or 1 are already in standard form.

Proof of Claim 1.1. For the proof of this Claim we denote by pbq and p�q the multiplication and
composition in Free0 and for m P Z¥0 we denote by idm the identity element in Free0pm,mq.

For a word w � q̃0pl̃1, x1, r̃1qq̃1 � � � q̃u�1pl̃u, xu, r̃uqq̃u P WordspXqpm,nq we de�ne the measure

σw �
�
u ,

°
iPr1,us

l̃i

	
P Z¥0 � Z¥0 . Let Σw be the set of all measures for the di�erent representa-

tives of the element
�
rws

�
Y
, that is, Σw � tσz : rws �Y rzs, z P WordspXqpm,nqu.

Now we endow Σw with the lexicographic order, that is, for pi, jq, pi1, j1q P Σw we have pi, jq   pi1, j1q
if and only if i   i1 or (i � i1 and j   j1).

Since for w P WordspXqpm,nq we have Σw � Z¥0 � Z¥0 there has to be a representative
z P WordspXqpm,nq with rzs �Y rws that has minimal measure σz � mintΣwu ¥ p0, 0q .

Assume now that this representative z is not in standard form.

Write z � q̌0pľ1, x̌1, ř1qq̌1 � � � q̌ǔ�1pľǔ, x̌ǔ, řǔqq̌ǔ . Since z is not in standard form, at least one of the
following occur in z.

(1) There exists i P r1, ǔ� 1s such that x̌i � ε̂ and x̌i�1 � µ̂.

(2) There exists i P r1, ǔ� 1s such that x̌i � µ̂ � x̌i�1 but ľi ¡ ľi�1 .

(3) There exists i P r1, ǔ� 1s such that x̌i � ε̂ � x̌i�1 but ľi   ľi�1 .

To arrive at a contradiction, we search for an element z1 P WordspXqpm,nq with rz1s �Y rzs and
σz1   σz .

For the following calculation note that µ̂d � µ̂t� µ̂s � 1� 2 � �1 and ε̂d � ε̂t� ε̂s � 1� 0 � 1.

Case (1). There are two di�erent ways how to obtain z1: using the congruence on Free0pXq or using
the equivalence relation valid in Free0pXq. We have the following four cases.
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(1.a.i) Case ľi � ľi�1. Since ľi�1� ři � q̌i � ľi�1�2� ři�1 that implies ři � ři�1�1. Furthermore,
we have q̌i�1 � ľi � ři � ľi�1 � ři�1 � 1 � q̌i�1 . So we have�
q̌i�1pľi, ε̂, řiqq̌ipľi�1, µ̂, ři�1qq̌i�1

�
� pidľi b ε̂b idřiq � pidľi�1

b µ̂b idři�1
q

� pidľi�1
b ε̂b idři�1�1q � pidľi�1

b µ̂b idři�1
q

�
�
idľi�1

b pε̂b id1qb idři�1

�
� pidľi�1

b µ̂b idři�1
q

� pidľi�1
b ppε̂b id1q � µ̂qb idři�1

q

�Y pidľi�1
b id1b idři�1

q (using νl)

� idľi�1�1�ři�1

� idq̌i�1
� rq̌i�1s.

So by de�ning

z1 � q̌0pľ1, x̌1, ř1qq̌1 � � � q̌i�2pľi�1, x̌i�1, ři�1qq̌i�1pľi�1, x̌i�1, ři�1qq̌i�2 � � � q̌ǔ�1pľǔ, x̌ǔ, řǔqq̌ǔ ,

we obtain a word z1 P WordspXqpm,nq with rz1s �Y rzs �Y rws and

σz1 �
�
ǔ� 2 ,

� ¸
jPr1,ǔs

ľj

	
� ľi � ľi�1

	
  σz ,

a contradiction.

(1.a.ii) Case ľi � ľi�1 � 1. This implies ři � ři�1 and q̌i�1 � ľi � ři � ľi�1 � 1� ři�1 � q̌i�1 . Then
we have�
q̌i�1pľi, ε̂, řiqq̌ipľi�1, µ̂, ři�1qq̌i�1

�
� pidľi b ε̂b idřiq � pidľi�1

b µ̂b idři�1
q

� pidľi�1�1b ε̂b idři�1
q � pidľi�1

b µ̂b idři�1
q

�
�
idľi�1

b pid1b ε̂qb idři�1

�
� pidľi�1

b µ̂b idři�1
q

� pidľi�1
b ppid1b ε̂q � µ̂qb idři�1

q

�Y pidľi�1
b id1b idři�1

q (using νr)

� idľi�1�1�ři�1

� idq̌i�1
� rq̌i�1s.

So again by de�ning

z1 � q̌0pľ1, x̌1, ř1qq̌1 � � � q̌i�2pľi�1, x̌i�1, ři�1qq̌i�1pľi�1, x̌i�1, ři�1qq̌i�2 � � � q̌ǔ�1pľǔ, x̌ǔ, řǔqq̌ǔ ,

we get a word z1 P WordspXqpm,nq with rz1s �Y rzs �Y rws and

σz1 �
�
ǔ� 2 ,

� ¸
jPr1,ǔs

ľjq � ľi � ľi�1

	
  σz ,

a contradiction.

(1.b.i) Case ľi   ľi�1. This implies that ľi�1 ¥ ľi�1 � ľi� ε̂t, so by the de�nition of the equivalence
relation p�q on WordspXq we have

q̌i�1pľi, ε̂, řiqq̌ipľi�1, µ̂, ři�1qq̌i�1 � q̌i�1pľi�1 � ε̂d, µ̂, ři�1qpq̌i�1 � q̌i�1 � q̌iqpľi, ε̂, ři � µ̂dqq̌i�1

� q̌i�1pľi�1 � 1, µ̂, ři�1qpq̌i�1 � q̌i�1 � q̌iqpľi, ε̂, ři � p�1qqq̌i�1 .

So de�ne
z1 � q̌10pľ

1
1, x̌

1
1, ř

1
1qq̌

1
1 � � � q̌

1
ǔ�1pľ

1
ǔ, x̌

1
ǔ, ř

1
ǔqq̌

1
ǔ

with
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� ľ1i � ľi�1 � 1, ř1i � ři�1 and x̌1i � x̌i�1

� ľ1i�1 � ľi, ř1i�1 � ři � 1 and x̌1i�1 � x̌i

� ľ1j � ľj , ř1j � řj and x̌1j � x̌j for j P r1, ǔs z ti, i� 1u.

Then we have rz1s � rzs and

σz1 �
�
ǔ ,

¸
jPr1,ǔs

ľ1j

	
�
�
ǔ ,

� ¸
jPr1,ǔs

ľj

	
� 1

	
 
�
ǔ ,

¸
jPr1,ǔs

ľj

	
� σz ,

a contradiction.

(1.b.ii) Case ľi ¡ ľi�1 � 1. This implies ľi ¥ ľi�1 � 2 � ľi�1 � µ̂s, so using the equivalence relation
p�q on WordspXq we have

q̌i�1pľi, ε̂, řiqq̌ipľi�1, µ̂, ři�1qq̌i�1 � q̌i�1pľi�1, µ̂, ři�1 � ε̂dqpq̌i�1 � q̌i�1 � q̌iqpľi � µ̂d, ε̂, řiqq̌i�1

� q̌i�1pľi�1, µ̂, ři�1 � 1qpq̌i�1 � q̌i�1 � q̌iqpľi � p�1q, ε̂, řiqq̌i�1

So de�ne
z1 � q̌10pľ

1
1, x̌

1
1, ř

1
1qq̌

1
1 � � � q̌

1
ǔ�1pľ

1
ǔ, x̌

1
ǔ, ř

1
ǔqq̌

1
ǔ

with

� ľ1i � ľi�1, ř1i � ři�1 � 1 and x̌1i � x̌i�1

� ľ1i�1 � ľi � 1, ř1i�1 � ři and x̌1i�1 � x̌i

� ľ1j � ľj , ř1j � řj and x̌1j � x̌j for j P r1, ǔs z ti, i� 1u.

Then we have rz1s � rzs and

σz1 �
�
ǔ ,

¸
jPr1,ǔs

ľ1j

	
�
�
ǔ ,

� ¸
jPr1,ǔs

ľj

	
� 1

	
 
�
ǔ ,

¸
jPr1,ǔs

ľj

	
� σz ,

a contradiction.

Case (2). Again we can either use the congruence p�Y q or the equivalence relation p�q onWordspXq.
We have the following two cases.

(2.a) Case ľi � ľi�1 � 1. Since ľi � 1� ři � q̌i � ľi�1 � 2� ři�1 this implies ři � ři�1. So we have�
q̌i�1pľi, µ̂, řiqq̌ipľi�1, µ̂, ři�1qq̌i�1

�
� pidľi b µ̌b idřiq � pidľi�1

b µ̂b idři�1
q

� pidľi�1�1b µ̂b idři�1
q � pidľi�1

b µ̂b idři�1
q

�
�
idľi�1

b pid1b µ̂qb idři�1

�
� pidľi�1

b µ̂b idři�1
q

� pidľi�1
b ppid1b µ̂qµ̂qb idři�1

q

�Y pidľi�1
b ppµ̂b id1qµ̂qb idři�1

q (using γ )

�
�
idľi�1

b pµ̂b id1qb idři�1

�
� pidľi�1

b µ̂b idři�1
q

� pidľi�1
b µ̂b idři�1�1q � pidľi�1

b µ̂b idři�1
q

� pidľi�1b µ̂b idři�1q � pidľi�1
b µ̂b idři�1

q

� q̌i�1pľi � 1, µ̂, ři � 1qq̌ipľi�1, µ̂, ři�1qq̌i�1 .

So in this case de�ne

z1 � q̌10pľ
1
1, x̌

1
1, ř

1
1qq̌

1
1 � � � q̌

1
ǔ�1pľ

1
ǔ, x̌

1
ǔ, ř

1
ǔqq̌

1
ǔ P WordspXqpm,nq

with
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� ľ1i � ľi � 1, ř1i � ři � 1 and x̌1i � x̌i�1

� ľ1i�1 � ľi�1, ř1i�1 � ři�1 and x̌1i�1 � x̌i

� ľ1j � ľj , ř1j � řj and x̌1j � x̌j for j P r1, ǔs z ti, i� 1u.

Then we have rz1s � rzs and

σz1 �
�
ǔ ,

¸
jPr1,ǔs

ľ1j

	
�
�
ǔ ,
� ¸
jPr1,ǔs

ľj

	
� 1
	
 
�
ǔ ,

¸
jPr1,ǔs

ľj

	
� σz ,

a contradiction.

(2.b) Case ľi ¡ ľi�1� 1. This means that ľi ¥ ľi�1� 2 � ľi�1� µ̂s, so using the equivalence relation
p�q on WordspXq we have

q̌i�1pľi, µ̂, řiqq̌ipľi�1, µ̂, ři�1qq̌i�1 � q̌i�1pľi�1, µ̂, ři�1 � µ̂dqpq̌i�1 � q̌i�1 � q̌iqpľi � µ̂d, µ̂, řiqq̌i�1

� q̌i�1pľi�1, µ̂, ři�1 � p�1qqpq̌i�1 � q̌i�1 � q̌iqpľi � p�1q, µ̂, řiqq̌i�1

Now de�ne
z1 � q̌10pľ

1
1, x̌

1
1, ř

1
1qq̌

1
1 � � � q̌

1
ǔ�1pľ

1
ǔ, x̌

1
ǔ, ř

1
ǔqq̌

1
ǔ P WordspXqpm,nq

with

� ľ1i � ľi�1, ř1i � ři�1 � 1 and x̌1i � x̌i�1

� ľ1i�1 � ľi � 1, ř1i�1 � ři and x̌1i�1 � x̌i

� ľ1j � ľj , ř1j � řj and x̌1j � x̌j for j P r1, ǔs z ti, i� 1u.

Then we have rz1s � rzs and

σz1 �
�
ǔ ,

¸
jPr1,ǔs

ľ1j

	
�
�
ǔ ,
� ¸
jPr1,ǔs

ľj

	
� 1
	
 
�
ǔ ,

¸
jPr1,ǔs

ľj

	
� σz ,

a contradiction.

Case (3). We have ľi   ľi�1. This means that ľi� ε̂t � ľi�1 ¤ ľi�1, so using the equivalence relation
p�q on WordspXq we obtain

q̌i�1pľi, ε̂, řiqq̌ipľi�1, ε̂, ři�1qq̌i�1 � q̌i�1pľi�1 � ε̂d, ε̂, ři�1qpq̌i�1 � q̌i�1 � q̌iqpľi, ε̂, ři � ε̂dqq̌i�1

� q̌i�1pľi�1 � 1, ε̂, ři�1qpq̌i�1 � q̌i�1 � q̌iqpľi, ε̂, ři � 1qq̌i�1 .

Now de�ne
z1 � q̌10pľ

1
1, x̌

1
1, ř

1
1qq̌

1
1 � � � q̌

1
ǔ�1pľ

1
ǔ, x̌

1
ǔ, ř

1
ǔqq̌

1
ǔ P WordspXqpm,nq

with

� ľ1i � ľi�1 � 1, ř1i � ři�1 and x̌1i � x̌i�1

� ľ1i�1 � ľi, ř1i�1 � ři � 1 and x̌1i�1 � x̌i

� ľ1j � ľj , ř1j � řj and x̌1j � x̌j for j P r1, us z ti, i� 1u.

Then we have rz1s � rzs and

σz1 �
�
ǔ ,

¸
jPr1,ǔs

ľ1j

	
�
�
ǔ ,
� ¸
jPr1,ǔs

ľj

	
� 1
	
 
�
ǔ ,

¸
jPr1,ǔs

ľj

	
� σz ,
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a contradiction.

This proves Claim 1.1.

Step 2: Injectivity of the map restricted to words in standard form.

Now we will show that di�erent standard forms are being sent to di�erent elements of Ass0 by ϕ̄0.

Let m P Z¥1 . Let

v � q0pl1, µ̂, r1qq1pl2, µ̂, r2qq2 � � � qk�1plk, µ̂, rkqqkpλκ, ε̂, ρκqpκ�1 � � � p1pλ1, ε̂, ρ1qp0 P WordspXqpm,nq

be in standard form, that is, li ¤ li�1 for i P r1, k � 1s and λi ¤ λi�1 for i P r1, κ� 1s.

Note that n ¥ 1. Furthermore, note that k P r0,m� 1s and κ P r1, n� 1s.

Then we have�
rvs

�
Y
ϕ̄0 � pidl1 bµb idr1q � � � pidlk bµb idrkq � pidλκ b εb idρκq � � � pidλ1 b εb idρ1q.

By abuse of notation we will also write�
rvs

�
Y
ϕ̄0 � pl1, µ, r1q � � � plk, µ, rkq � pλκ, ε, ρκq � � � pλ1, ε, ρ1q P Ass0pm,nq,

the same notation we know from Free0pXq. In particular, if k � 0 and κ � 0, then m � q0 � p0 � n

and the empty composite is idm � idn .

We know that
�
rvs

�
Y
ϕ̄0 P Ass0pm,nq, so it is a monotone map from r1,ms to r1, ns.

Claim 2.1. Any monotone map f P Ass0pm,nq can be written in a unique way as the composite of a
surjective monotone map fsur P Ass0pm, pq and an injective monotone map fin P Ass0pp, nq for some
p P Z¥0 , so f � fsur � fin .

Proof of Claim 2.1. This is the factorisation over the image. In particular p � | Impfq|. This proves
Claim 2.1.

Now de�ne

a :� pl1, µ, r1q � pl2, µ, r2q � � � plk, µ, rkq P Ass0pm,m� kq

b :� pλκ, ε, ρκq � pλκ�1, ε, ρκ�1q � � � pλ1, ε, ρ1q P Ass0pn� κ, nq.

We have m�k �
�� Im ��

rvs
�
Y
ϕ̄0

��� � n�κ and a is surjective and b is injective. So Claim 2.1 implies
that

�
rvs

�
Y
ϕ̄0 � ab is the unique decomposition.

We will show in Claim 2.2 and Claim 2.3 that the indices li and λj for i P r1, ks, j P r1, κs can be
obtained from the sizes of the �bres of the maps a and b.

Claim 2.2. Consider a � pl1, µ, r1q � pl2, µ, r2q � � � plk, µ, rkq P Ass0pm,m� kq. Recall that k P r0,ms
and that li ¤ li�1 for i P r1, k � 1s. De�ne l0 :� 0. For i P r1,m� ks de�ne fi :� |a�1piq|. Then (i)
and (ii) hold.

(i) We have ls � 1 � mintj P r1,m� ks :
°

iPr1,js

pfi � 1q ¥ su for s P r1, ks.

(ii) We have fi � 1 � 0 for i P rlk � 2,m� ks.

Proof of Claim 2.2. We will show this via induction on the number of factors k.

Case k � 0. Then a � idm . So we have fi � 1 for all i P r1,ms, hence (ii) is true. In particular
f1 � 1 � 0, hence mintj P r1,m� ks :

°
iPr1,js

pfi � 1q ¥ 0u � 1 � l0 � 1, so (i) holds.

Case k ¡ 0. We have a � pl1, µ, r1q � � � plk�1, µ, rk�1q � plk, µ, rkq P Ass0pm,m� kq.

By induction, (i) and (ii) hold for a1 � pl1, µ, r1q � � � plk�1, µ, rk�1q P Ass0pm,m�k�1q. So denoting
the �bre sizes of a1 by f 1i :� |a�1piq| for i P r1,m� k � 1s, then (i1) and (ii1) hold.
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(i1) We have
°

iPr1,lss

pf 1i � 1q   s and
°

iPr1,ls�1s

pf 1i � 1q ¥ s for s P r1, k � 1s.

(ii1) We have f 1i � 1 � 0 for i P rlk�1 � 2,m� k � 1s.

Note that for i P r1,m� ks the �bre sizes fi of a satisfy

fi � 1 �

$'&'%
f 1i � 1 if i P r1, lks

f 1i � f 1i�1 � 1 if i � lk � 1

f 1i�1 � 1 if i P rlk � 2,m� ks.

Ad (ii). Let i P rlk � 2,m � ks. Since lk ¥ lk�1 we have i � 1 P rlk�1 � 2,m � k � 1s and
fi � 1 � f 1i�1 � 1 � 0 by (ii1).

Ad (i). We have to show that for s P r1, ks we have
°

iPr1,lss

pfi � 1q
!
¡ s and

°
iPr1,ls�1s

pfi � 1q
!
¥ s.

Case 1: s P r1, k � 1s. We have s ¤ k � 1 ¤ k, so ls ¤ lk�1 ¤ lk . This implies that fi � 1 � f 1i � 1

for i P r1, lss and that fls�1 ¥ f 1ls�1 .

So we have ¸
iPr1,lss

pfi � 1q �
¸

iPr1,lss

pf 1i � 1q   s

by (i1) and ¸
iPr1,ls�1s

pfi � 1q �
� ¸
iPr1,lss

pfi � 1q
	
� pfls�1 � 1q

�
� ¸
iPr1,lss

pf 1i � 1q
	
� pfls�1 � 1q

¥
� ¸
iPr1,lss

pf 1i � 1q
	
� pf 1ls�1 � 1q

�
¸

iPr1,ls�1s

pf 1i � 1q ¥ s

by (i1).

Case 2: s � k. Note that
°

iPr1,m�ks

fi � m. We also know that fi � 1 for i P rlk � 2,m � ks by (ii).
This implies that ¸

iPr1,lk�1s

pfi � 1q �
� ¸
iPr1,lk�1s

fi

	
� plk � 1q

�
� ¸
iPr1,m�ks

fi

	
�
� ¸
iPrlk�2,m�ks

fi

	
� plk � 1q

� m� pm� k � plk � 2q � 1q � 1� plk � 1q

� k.

With the same argument one can see that
°

iPr1,lk�1�1s

pf 1i � 1q � k � 1, and since lk�1 ¤ lk   lk � 1
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we have °
iPr1,lks

pfi � 1q �
°

iPr1,lks

pf 1i � 1q

�
� °
iPr1,lk�1s

pf 1i � 1q
	
�
� °
iPrlk�1�1,lks

pf 1i � 1q
	

(ii1)
�

$''&''%
°

iPr1,lk�1s

pf 1i � 1q if lk�1 � lk� °
iPr1,lk�1s

pf 1i � 1q
	
� pf 1lk�1�1 � 1q if lk�1   lk

�

$''&''%
°

iPr1,lk�1s

pf 1i � 1q   k � 1 if lk�1 � lk°
iPr1,lk�1�1s

pf 1i � 1q � k � 1 if lk�1   lk

  k,

which shows (i).

This proves Claim 2.2.

Claim 2.3. Consider b � pλκ, ε, ρκq � pλκ�1, ε, ρκ�1q � � � pλ1, ε, ρ1q P Ass0pn � κ, nq. Recall that
κ P r0, n � 1s and that λi ¤ λi�1 for i P r1, κ � 1s. De�ne λ0 :� 0. For i P r1, n � κs de�ne
fi :� |b�1piq|. Then (i) and (ii) hold.

(i) We have λs � s � mintj P r1, n� κs :
°

iPr1,js

p1� fiq � su for s P r1, κs.

(ii) We have 1� fi � 0 for i P rλκ � κ� 1, ns.

Proof of Claim 2.3. Again we will show this via induction on the number of factors κ.

Case κ � 0. This means that b � idn, hence 1� fi � 0 for all i P r1, ns, so (ii) is true.

Case κ ¡ 0. We have b � pλκ, ε, ρκq � pλκ�1, ε, ρκ�1q � � � pλ1, ε, ρ1q P Ass0pn� κ, nq.

By induction, (i) and (ii) are true for b1 � pλκ�1, ε, ρκ�1q � � � pλ1, ε, ρ1q P Ass0pn � κ � 1, nq. So
denoting the �bre sizes of b1 by f 1i :� |b�1piq| for i P r1, ns, then (i1) and (ii1) hold.

(i1) We have
°

iPr1,λs�s�1s

p1� f 1iq   s and
°

iPr1,λs�ss

p1� f 1iq � s for s P r1, κ� 1s.

(ii1) We have 1� f 1i � 0 for i P rλκ�1 � κ, ns.

Note that for i P r1, ns the �bre sizes of b satisfy

1� fi �

$'&'%
1� f 1i if i P r1, n� ρκ � 1s � r1, λκ � κ� 1s

1 if i � n� ρκ � λκ � κ

1� f 1i if i P rn� ρκ � 1, ns � rλκ � κ� 1, ns.

Ad (ii). Let i P rλκ � κ� 1, ns � rλκ�1 � κ, ns. Then 1� fi � 1� f 1i � 0 by (ii1).

Ad (i). Let s P r1, κs. We have to show that
°

iPr1,λs�s�1s

p1� fiq
!
  s and

°
iPr1,λs�ss

p1� fiq
!
� s.

Case 1: s P r1, κ� 1s. Since s   κ we have λs ¤ λκ and λs � s   λκ � κ. Hence¸
iPr1,λs�s�1s

p1� fiq �
¸

iPr1,λs�s�1s

p1� f 1iq   s
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by (i1) and ¸
iPr1,λs�ss

p1� fiq �
¸

iPr1,λs�ss

p1� f 1iq � s

also by (i1).

Case 2: s � κ. Note that
°

iPr1,ns

fi � n� κ. Now with (ii) we have

¸
iPr1,λκ�κs

p1� fiq �
� ¸
iPr1,ns

p1� fiq
	
�
� ¸
iPrλκ�κ�1,ns

p1� fiq
	

� pn� pn� κqq � 0

� κ

and ¸
iPr1,λκ�κ�1s

p1� fiq �
� ¸
iPr1,λκ�κs

p1� fiq
	
� p1� fλκ�κq

� κ� 1,

which shows (i).

This completes the proof of Claim 2.3.

Claim 2.4. Let

v � q0pl1, µ̂, r1qq1 � � � qk�1plk, µ̂, rkqqkpλκ, ε̂, ρκqpκ�1 � � � p2pλ1, ε̂, ρ1qp1 P WordspXqpm,nq

v1 � q10pl
1
1, µ̂, r

1
1qq

1
1 � � � q

1
k1�1pl

1
k1 , µ̂, r

1
k1qq1k1pλ1κ1 , ε̂, ρ

1
κ1qp1κ1�1 � � � p

1
2pλ

1
1, ε̂, ρ

1
1qp

1
1 P WordspXqpm1, n1q

for m,n,m1, n1 P Z¥0 be two words in standard form such that
�
rvs
�
Y
ϕ̄0 �

�
rv1s

�
Y
ϕ̄0 .

Then we have v1 � v, that is, m1 � m, n1 � n, k1 � k, κ1 � κ, l1i � li for i P r1, ks and λ1j � λj for
j P r1, κs.

Proof of Claim 2.4. First note that
�
rvs
�
Y
ϕ̄0 �

�
rv1s

�
Y
ϕ̄0 implies m1 � m and n1 � n.

Case 1: m � 0. If k ¡ 0 then we have q0 � l1�µ̂s�r1 � l1�2�r1 , a contradiction, since l1, r1 P Z¥0 .
So m � 0 implies k � 0, so v is of the form v � pκpλκ, ε̂, ρκqpκ�1 � � � p2pλ1, ε̂, ρ1qp1 P WordspXqp0, nq.
Note that this implies κ � n. Hence, if κ � n � 0, the only word in WordspXqp0, 0q in standard
form is v � p0 � pκ .

So suppopse that n ¡ 0. But since 0 � pκ � λκ� ε̂s� ρκ � λκ� ρκ , we have λκ � 0. Furthermore,
since λi ¤ λi�1 for i P r1, κ� 1s, we have λκ�j ¤ λk � 0 for j P r1, κ� 1s, so λi � 0 for i P r1, κs.

So for m � 0 and n P Z¥0 the only word in WordspXqp0, nq in standard form is the word

v � 0p0, ε̂, 0q1p0, ε̂, 1q2 � � � pn� 1qp0, ε̂, n� 1qn.

Hence in this case v � v1 is uniquely determined.

Case 2: m P Z¥1 . Then Claim 2.1. states that there is a unique way of writing
�
rvs
�
Y
ϕ̄0 � ab and�

rv1s
�
Y
ϕ̄0 � a1b1 such that a and a1 are surjective and b and b1 are injective. In particular, we have

a � pl1, µ, r1q � � � plk, µ, rkq P Ass0pm,m� kq
b � pλκ, ε, ρκq � � � pλ1, ε, ρ1q P Ass0pn� κ, nq
a1 � pl11, µ, r

1
1q � � � pl

1
k1 , µ, r

1
k1q P Ass0pm,m� kq

b1 � pλ1κ1 , ε, ρ
1
κ1q � � � pλ11, ε, ρ

1
1q P Ass0pn� κ, nq.
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This implies that a1 � a and b1 � b, hence k1 � k and κ1 � κ.

Now using Claim 2.2. we get that l1i � li for i P r1, ks and with Claim 2.3. we get that λ1j � λj for
j P r1, κs.

This completes the proof of Claim 2.4.

Step 3: Injectivity of ϕ̄0pm,nq for m,n P Z¥0 . Suppose given m,n P Z¥0 and two words

w � q̃0pl̃1, x1, r̃1qq̃1 � � � q̃u�1pl̃u, xu, r̃uqq̃u P WordspXqpm,nq

w1 � q̃10pl̃
1
1, x

1
1, r̃

1
1qq̃

1
1 � � � q̃

1
u1�1pl̃

1
u1 , x

1
u1 , r̃

1
u1qq̃

1
u1 P WordspXqpm,nq

such that
�
rws

�
Y
ϕ̄0 �

�
rw1s

�
Y
ϕ̄0 .

By Claim 1.1. there exist words z P WordspXqpm,nq and z1 P WordspXqpm1, n1q in standard form
such that rzs �Y rws and rz1s �Y rw1s. Hence we have�

rzs
�
Y
ϕ̄0 �

�
rws

�
Y
ϕ̄0 �

�
rw1s

�
Y
ϕ̄0 �

�
rz1s

�
Y
ϕ̄0 .

By Claim 2.4 we have rzs � rz1s. Hence ϕ̄0pm,nq is injective for m,n P Z¥0 .

This completes the proof of the Theorem.

We can get a similar result for the linear preoperad Ass.

4.7 A presentation for Ass

Theorem 4.33. We have the presentation of linear preoperads

Ass �
lpo
x ε̂, µ̂ |

�
pµ̂b id1q � µ̂� pid1b µ̂q � µ̂

�
,
�
pid1b ε̂q � µ̂� id1

�
,
�
pε̂b id1q � µ̂� id1

�
y ,

where we abbreviate pbq :� pbFreeq, p�q :� p�Freeq and id1 :� idFree,1 .

More precisely, de�ning D :�
 �
pµ̂b id1q � µ̂�pid1b µ̂q � µ̂

�
,
�
pid1b ε̂q � µ̂� id1

�
,
�
pε̂b id1q � µ̂� id1

�(
,

X :� tε̂, µ̂u and I :�
ideal

xD y � FreepXq, then we have the isomorphism of linear preoperads

ϕ̄ :
lpo
xX | D y ÝÑ Ass

de�ned by rε̂sI ϕ̄ � ε and rµ̂sI ϕ̄ � µ.

Proof. By Theorem 4.32 we have the presentation Ass0 � spo
xX | Y y , where X � tε̂, µ̂u and

Y �
 �
pµ̂b id1q � µ̂ , pid1b µ̂q � µ̂

�
,
�
pid1b ε̂q � µ̂ , id1

�
,
�
pε̂b id1q � µ̂ , id1

�(
.

So by Lemma 4.27 we have the presentation Ass � RAss0 �
lpo
xX | DY y , where for m,n P Z¥0

we have DY pm,nq � tf � f̃ : pf, f̃q P Y pm,nqu. So in our case we have

DY �
 �
pµ̂b id1q � µ̂� pid1b µ̂q � µ̂

�
,
�
pid1b ε̂q � µ̂� id1

�
,
�
pε̂b id1q � µ̂� id1

�(
� D.

More precisely, by Lemma 4.27, we have the isomorphism of linear preoperads ϕ̄ :
lpo
xX | D y ÝÑ Ass

that satis�es βFree0pXq

p�Y q

χϕ̄ � ϕ̄0βAss0 . So in particular, we have

rε̂sI ϕ̄ � rε̂sY χϕ̄ � rε̂sY βFree0pXq

p�Y q

χϕ̄ � rε̂sY ϕ̄0βAss0 � εβAss0 � ε

rµ̂sI ϕ̄ � rµ̂sY χϕ̄ � rµ̂sY βFree0pXq

p�Y q

χϕ̄ � rµ̂sY ϕ̄0βAss0 � µβAss0 � µ.
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5 Algebras over preoperads

5.1 General notion

De�nition 5.1. Let P0 be a set-preoperad. A P0-algebra pX, ϱ0q consists of a setX and a morphism
of set-preoperads

ϱ0 : P0 ÝÑ End0pXq.

De�nition 5.2. Let P be a linear preoperad over R. A P-algebra pV, ϱq consists of an R-module
V and a morphism of linear preoperads

ϱ : P ÝÑ EndpV q.

The name �algebra� may be surprising here, but we will see that given an Ass-algebra
pV, ϱq, then the R-module V in fact can be turned into an algebra in the usual sense.
Algebras over the set-preoperad Ass0 , however, will eventually yield monoids.

5.2 Associative monoids and Ass0-algebras

Recall that the set-preoperad Ass0 has Ass0pm,nq consisting of monotone maps r1,ms ÝÑ r1, ns
for m,n P Z¥0 . Recall the unique elements ε P Ass0p0, 1q and µ P Ass0p2, 1q; cf. De�nition 4.28.
Furthermore, recall that in Ass0 we have pµb id1qµ � pid1bµqµ and pid1b εqµ � pεb id1qµ � id1 .

Proposition 5.3. Let pX,ψ0q be an Ass0-algebra, that is, X is a set and ψ0 : Ass0 ÝÑ End0pXq is
a morphism of set-preoperads.

De�ne µX :� µψ0 : X � X ÝÑ X and εX :� εψ0 : X�0 � tp qu ÝÑ X. Then pX,µX , εXq is an
(associative) monoid.

Proof. First note that since in Ass0 we have pid1bµqµ � pµb id1qµ and since ψ0 is a morphism of
set-preoperads, we have

pidX �µXqµX � pidEnd0,1bEnd0µXq �End0 µX

� pidAss0,1 ψ0 bEnd0 µψ0q �End0 µψ0

� ppidAss0,1bAss0µq �Ass0 µqψ0

� ppµbAss0 idAss0,1q �Ass0 µqψ0

� pµψ0 bEnd0 idAss0,1 ψ0q �End0 µψ0

� pµX bEnd0 idEnd0,1q �End0 µX

� pµX � idXqµX .

Furthermore, since in Ass0 we have pid1b εqµ � id1 and since ψ0 is a morphism of set-preoperads,
we have

pidX � εXqµX � pidEnd0,1bEnd0εXq �End0 µX

� pidAss0,1 ψ0 bEnd0 εψ0q �End0 µψ0

� ppidAss0,1bAss0εq �Ass0 µqψ0

� idAss0,1 ψ0

� idEnd0,1

� idX .

Finally, in the same way we see that pεb id1qµ � id1 in Ass0 implies pεX � idXqµX � idX .

This shows that pX,µX , εXq is an associative monoid.
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Our next aim will be to show the converse, that is, every (associative) monoid can be
turned into an Ass0-algebra. That is, we will show that for each monoid pX,µX , εXq we
can de�ne a morphism of set-preoperads ψ0 : Ass0 ÝÑ End0pXq satisfying µψ0 � µX
and εψ0 � εX .

Recall that any element f P Ass0pm,nq is a monotone map r1,ms ÝÑ r1, ns. That means that the
�bres f�1piq � tj P r1,ms : jf � iu yield a partition of r1,ms into n (possibly empty) subintervals.

For an interval ra, bs � Z and s P Z¥0 de�ne ra, bs�s :� ra� s, b� ss, the interval shifted to the right
by s and ra, bs�s :� ra� s, b� ss, the interval shifted to the left by s. Since the �bres of a monotone
map f : r1,ms ÝÑ r1, ns are intervals we can use that notation as follows. Given ra, bs � f�1piq for
some i P r1, ns, then for s, t P Z¥0 we can de�ne f�1piq�s :� ra, bs�s and f�1piq�t :� ra, bs�t .

Proposition 5.4. Let pX,µX , εXq be an (associative) monoid. For x, y P X de�ne x�y :� px, yqµX .

Using the usual convention of dropping brackets where associativity is known, we may de�ne

xra,bs :� xa � xa�1 � � �xb �:
¹
iPra,bs

xi

for m P Z¥0 , x1, . . . , xm P X and for any interval ra, bs � r1,ms. In particular, for ra, bs � ∅ we
have xra,bs � 1X :� p qεX P X.

Consider the biindexed map ψ0 � pψ0pm,nqqm,n¥0 : Ass0 ÝÑ End0pXq that maps f P Ass0pm,nq to
fψ0 P End0pXqpm,nq, de�ned by

fψ0 : X�m ÝÑ X�n

px1, . . . , xmq ÞÝÑ pxf�1p1q, . . . , xf�1pnqq.

Then ψ0 is a morphism of set-preoperads satisfying µψ0 � µX and εψ0 � εX .

So in particular, pX,ψ0q is an Ass0-algebra.

Proof. First note that for m P Z¥0 we have

px1, . . . , xmqpidAss0,m ψ0q � px1, . . . , xmq

for x1, . . . , xm P x, hence idAss0,m ψ0 � idEnd0,m .

From now on we will abbreviate pbq :� pbAss0q and p�q :� p�Ass0q.

Suppose given m,n,m1, n1 P Z¥0 and f P Ass0pm,nq, f 1 P Ass0pm
1, n1q. Consider the �bres of f bf 1.

For i P r1, ns we have pf b f 1q�1piq � f�1piq.

For i P rn � 1, n � n1s we have pf b f 1q�1piq � f 1�1pi � nq�m , since for j P r1,m � m1s we have
j P f 1�1pi� nq�m if and only if j �m P f 1�1pi� nq, i.e. jpf b f 1q � pj �mqf 1 � n � i� n� n � i,
i.e. j P pf b f 1q�1piq.

So for x1, . . . , xm, xm�1, . . . , xm�m1 P X we have

px1, . . . , xm�m1q
�
pf b f 1qψ0

�
� xpf b f 1q�1p1q, . . . , xpf b f 1q�1pn�n1q

� pxf�1p1q, . . . , xf�1pnq, xf 1�1p1q�m
, . . . , xf 1�1pn1q�m

q.

On the other hand, de�ning yi :� xn�i for i P r1,m1s, we obtain

px1, . . . , xm�m1qpfψ0 bEnd0 f
1ψ0q � px1, . . . , xmqfψ0 � pxm�1, . . . , xm�m1qf 1ψ0

� px1, . . . , xmqfψ0 � py1, . . . , ym1qf 1ψ0

� pxf�1p1q, . . . , xf�1pnq, yf 1�1p1q, . . . , yf 1�1pn1qq

� pxf�1p1q, . . . , xf�1pnq, xf 1�1p1q�m
, . . . , xf 1�1pn1q�m

q.
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Hence we have pf b f 1qψ0 � fψ0 bEnd0 f
1ψ0 .

Now suppose given m,n, k P Z¥0 and f P Ass0pm,nq, g P Ass0pn, kq. In order to show that
pf � gqψ0 � pfψ0q �End0 pgψ0q we will have to take a look at pfgq�1piq for i P r1, ks.

Claim: We have pfgq�1piq
!
�

�
uPg�1piq

f�1puq, as a subset of r1,ms.

Proof of the Claim. First we remark that the right hand side is a disjoint union.

Suppose given j P r1,ms. We have j P pfgq�1piq if and only if pjfqg � i, i.e. jf P g�1piq, i.e. there
exists u P g�1piq such that j P f�1puq. This proves the Claim.

Now we can show that ψ0 is compatible with composition and hence a morphism of set-preoperads.

For x1, . . . , xm P X we have

px1, . . . , xmqpfψ0 �End0 gψ0q �
�
px1, . . . , xmqfψ0

�
gψ0

� pxf�1p1q, . . . , xf�1pnqqgψ0 .

By writing yi :� xf�1piq P X for i P r1, ns, we obtain

px1, . . . , xmqpfψ0 �End0 gψ0q � py1, . . . , ynqgψ0

� pyg�1p1q, . . . , yg�1pkqq

�

�� ¹
u1Pg�1p1q

yu1



, . . . ,

� ¹
ukPg�1pkq

yuk





�

�� ¹
u1Pg�1p1q

xf�1pu1q



, . . . ,

� ¹
ukPg�1pkq

xf�1pukq





�

�
x� �

u1Pg
�1p1q

f�1pu1q

	, . . . , x� �
ukPg

�1pkq

f�1pukq

	

� pxpfgq�1p1q, . . . , xpfgq�1pkqq

� px1, . . . , xmq
�
pfgqψ0

�
.

Hence we have fψ0 �End0 gψ0 � pfgqψ0 .

This shows that ψ0 : Ass0 ÝÑ End0pXq is a morphism of set-preoperads.

Hence pX,ψ0q is an Ass0-algebra.

Moreover, for x1, x2 P X we have px1, x2qpµψ0q � xµ�1p1q � xr1,2s � x1 � x2 � px1, x2qµX , so
µψ0 � µX . Finally, we have p qpεψ0q � xε�1p1q � xr1,0s � 1X � p qεX , hence εψ0 � εX .

Remark 5.5. Recall that

Ass0 � spo
x ε̂, µ̂ |

�
pµ̂b id1q � µ̂ , pid1b µ̂q � µ̂

�
,
�
pid1b ε̂q � µ̂ , id1

�
,
�
pε̂b id1q � µ̂ , id1

�
y � Ass0,P,

where µ̂s � 2, µ̂t � 1, ε̂s � 0 and ε̂t � 1 and where we abbreviate pbq � pbFree0q, p�q � p�Free0q and
id1 � idFree0,1 ; cf. Theorem 4.32.

More precisely, if we write

Y � t
�
pµ̂b id1qµ̂ , pid1bµ̂qµ̂

�
,
�
pid1bε̂qµ̂ , id1

�
,
�
pε̂b id1qµ̂ , id1

�
u � Free0pε̂, µ̂q���Free0pε̂, µ̂q,

then, writing rf sY for the congruence class of f P Free0pε̂, µ̂qpm,nq for m,n P Z¥0 , we have the
isomorphism of set-preoperads

ϕ̄0 : Ass0,P ÝÑ Ass0

rε̂sY ÞÝÑ ε

rµ̂sY ÞÝÑ µ .
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Let ψ̃0 : Ass0,P ÝÑ End0pXq be the morphism of set-preoperads with

rε̂sY ψ̃0 :� εX P End0pXqp0, 1q

rµ̂sY ψ̃0 :� µX P End0pXqp2, 1q.

Since pµX � idXqµX � pidX �µXqµX and pidX � εXqµX � idX � pεX � idXqµX , this morphism of
set-preoperads is well-de�ned; cf. Lemma 4.24.

Note that we have rε̂sY ϕ̄0ψ0 � εψ0 � εX � rε̂sY ψ̃0 and rµ̂sY ϕ̄0ψ0 � µψ0 � µX � rµ̂sY ψ̃0. So we
have ϕ̄0ψ0 � ψ̃0 .

So using the presentation of Ass0 from Theorem 4.32, by de�ning ψ0 :� ϕ̄�1
0 ψ̃0 we obtain the

same morphism of set-preoperads ψ0 : Ass0 ÝÑ End0pXq as in Proposition 5.4, turning X into an
Ass0-algebra.

5.3 Associative algebras and Ass-algebras

Proposition 5.6. Let pV, ψq be an Ass-algebra, that is, V is an R-module and ψ : Ass ÝÑ EndpV q
is a morphism of linear preoperads over R.

De�ne µV :� µψ : V b V ÝÑ V and εV :� εψ : R � V b0 ÝÑ V . Then pV, µV , εV q is an associative
algebra.

Proof. As in the non-linear case, since in Ass we have pid1bµqµ � pµ b id1qµ and since ψ is a
morphism of linear operads, we have

pidV bµV qµV � pµV b idV qµV .

Furthermore, again with the same calculations as in the non-linear case, the fact that ψ is a morphism
of linear preoperads and the equations pid1b εqµ � id1 � pεb id1qµ in Ass imply

pidV b εV qµV � idV � pεV b idV qµV .

This shows that pV, µV , εV q is an associative R-algebra.

Our next aim will be to show that every associative algebra can be turned into an Ass-
algebra. Again, we will construct the morphism Ass ÝÑ EndpV q in two di�erent ways.
The �rst will use analogous calculations to the �rst way for Ass0-algebras and give an
explicit formula for the images of f P Asspm,nq for m,n P Z¥0 . The second will use the
presentation of Ass as seen in Theorem 4.33.

Proposition 5.7. Let pV, µV , εV q be an associative R-algebra. For v, w P V de�ne v�w :� pvbwqµV .

Using the usual convention of dropping brackets where associativity is known, we may de�ne

vra,bs :� va � va�1 � � � vb �:
¹
iPra,bs

vi

for m P Z¥0 , v1, . . . , vm P V and for any interval ra, bs � r1,ms. In particular, if ra, bs � ∅ we have
vra,bs � 1V :� 1RεV P V .

Consider the biindexed map ψ � pψpm,nqqm,n¥0 : Ass ÝÑ EndpV q that maps f P Ass0pm,nq to
fψ P EndpV qpm,nq, de�ned by

fψ : V bm ÝÑ V bn

v1 b . . .b vm ÞÝÑ vf�1p1q b . . .b vf�1pnq.

Then ψ is a morphism of linear preoperads over R satisfying µψ � µV and εψ � εV .

So in particular, pV, ψq is an Ass-algebra.
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Proof. First we will show that this map is well-de�ned. In order to do this, consider the corresponding
map

pxfψqpm,nq : V �m ÝÑ V bn

pv1, . . . , vmq ÞÝÑ vf�1p1q b . . .b vf�1pnq

for m,n P Z¥0 . We have to show that this is an R-multilinear map.

Let i P r1,ms, v1, . . . , vi�1, vi�1, . . . , vm P V and let k P Z¥0 and vi,j P V and rj P R for j P r1, ks.
Let vi :�

°
jPr1,ks

rjvi,j .

Let l :� if . Then the factor vi occurs only in vf�1plq . Moreover, we know that f�1plq is an interval.
So we can write f�1plq �: ra, bs � r1,ms for some a P r1, is and b P ri,ms. We have

vf�1plq �
¹
jPra,bs

vj

� va � � � vi � � � vb

� va � � � vi�1 �

� ¸
jPr1,ks

rjvi,j



� vi�1 � � � vb

�
¸

jPr1,ks

rjpva � � � vi�1 � vi,j � vi�1 � � � vbq.

So we have�
v1, . . . , vi�1,

¸
jPr1,ks

rjvi,j , vi�1, . . . , vm
�
pxfψq

� vf�1p1q b . . .b vf�1plq b . . .b vf�1pnq

� vf�1p1q b . . .b vf�1pl�1q b

� ¸
jPr1,ks

rjpva � � � vi�1 � vi,j � vi�1 � � � vbq



b vf�1pl�1q . . .b vf�1pnq

�
¸

jPr1,ks

rj
�
vf�1p1q b . . .b vf�1pl�1q b pva � � � vi�1 � vi,j � vi�1 � � � vbq b vf�1pl�1q b . . .b vf�1pnq

�
�

¸
jPr1,ks

rj
�
pv1, . . . , vi�1, vi,j , vi�1, . . . , vmqpxfψq�.

This shows that ψ is well-de�ned.

Note that for m P Z¥0 we have

pv1 b . . .b vmqpidAss,m ψq � v1 b . . .b vm

for v1, . . . , vm P V , hence idAss,m ψ � idEnd,m .

From now on we will abbreviate pbq :� pbAssq and p�q :� p�Assq .

Now suppose given m,n,m1, n1 P Z¥0 and f P Ass0pm,nq, f 1 P Ass0pm
1, n1q. As in the non-linear

case, for i P r1, n� n1s we have

pf b f 1q�1piq �

#
f�1piq if i P r1, ns

f 1�1pi� nq�m if i P rn� 1, n� n1s,

where f 1�1pi� nq�m is the interval f 1�1pi� nq shifted to the right by m.
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So for v1, . . . , vm�m1 P V we have

pv1 b . . .b vm�m1q
�
pf b f 1qψ

�
� vpf b f 1q�1p1q b . . .b vpf b f 1q�1pn�n1q

� vf�1p1q b . . .b vf�1pnq b vf 1�1p1q�m
b . . .b vf 1�1pn1q�m

.

On the other hand, de�ning wi :� vm�i for i P r1,m1s we get

pv1, . . . , vm�m1qpfψ b f 1ψq �
�
pv1 b . . .b vmqfψ

�
b
�
pvm�1 b . . .b vm�m1qf 1ψ

�
�
�
pv1 b . . .b vmqfψ

�
b
�
pw1 b . . .b wm1qf 1ψ

�
� vf�1p1q b . . .b vf�1pnq b wf 1�1p1q b . . .b wf 1�1pn1q

� vf�1p1q b . . . vf�1pnq b vf 1�1p1q�m
b . . .b vf 1�1pn1q�m

.

Hence we have pf b f 1qψ � fψ b f 1ψ for m,n,m1, n1 P Z¥0 and f P Ass0pm,nq, f 1 P Ass0pm
1, n1q.

Now suppose given m,n, k P Z¥0 and f P Ass0pm,nq, g P Ass0pn, kq. Recall from the proof of
Lemma 5.4 that pfgq�1piq �

�
uPg�1piq

f�1puq for i P r1, ks.

Now for v1, . . . , vm P V we have

pv1 b . . .b vmqpfψ �End gψq �
�
pv1 b . . .b vmqfψ

�
gψ

� pvf�1p1q b . . .b vf�1pnqqgψ .

By writing wi :� vf�1piq P V for i P r1, ns we obtain

pv1 b . . .b vmqpfψ �End gψq � pw1 b . . .b wnqgψ

� wg�1p1q b . . .b wg�1pkq

�

� ¹
u1Pg�1p1q

wu1



b . . .b

� ¹
ukPg�1pkq

wuk




�

� ¹
u1Pg�1p1q

vf�1pu1q



b . . .b

� ¹
ukPg�1pkq

vf�1pukq



� v� �

u1Pg
�1p1q

f�1pu1q

	 b . . .b v� �
ukPg

�1pkq

f�1pukq

	
� vpfgq�1p1q b . . .b vpfgq�1pkq

� pv1 b . . .b vmq
�
pfgqψ

�
.

Hence we have fψ �End gψ � pfgqψ for m,n, p P Z¥0 and f P Ass0pm,nq, g P Ass0pn, pq.

This shows that ψ : Ass ÝÑ EndpV q is a morphism of linear preoperads.

Hence pV, ψq is an Ass-algebra.

Moreover, fo v1, v2 P V we have pv1 b v2qµψ � vµ�1p1q � vr1,2s � v1 � v2 � pv1 b v2qµV , so µψ � µV .
Finally, we have 1Rεψ � vε�1p1q � vr1,0s � 1V � 1RεV , hence εψ � εV .

Remark 5.8. Recall that

Ass �
lpo
x µ̂, ε̂ |

�
pµ̂b id1qµ̂� pid1bµ̂qµ̂

�
,
�
pid1bε̂qµ̂� id1

�
,
�
pε̂b id1qµ̂� id1

�
y � AssP ,

where µ̂s � 2, µ̂t � 1, ε̂s � 0 and ε̂t � 1 and where we abbreviate pbq � pbFreeq, p�q � p�Freeq and
id1 � idFree,1 ; cf. Theorem 4.33.

More precisely, if we write

D � t
�
pµ̂b id1qµ̂� pid1bµ̂qµ̂

�
,
�
pid1bε̂qµ̂� id1

�
,
�
pε̂b id1qµ̂� id1

�
u � Freepε̂, µ̂q � RFree0pε̂, µ̂q
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and I :�
ideal

xD y, then we have the isomorphism of linear preoperads

ϕ̄ : AssP ÝÑ Ass

rε̂sI ÞÝÑ ε

rµ̂sI ÞÝÑ µ .

Let ψ̃ : AssP ÝÑ EndpV q be the morphism of set-preoperads with

rε̂sIψ̃ :� εV P EndpV qp0, 1q

rµ̂sIψ̃ :� µV P EndpV qp2, 1q.

Since pµV b idV qµV � pidV bµV qµV and pidV b εV qµV � idV � pεV b idV qµV , this morphism of
linear preoperads is well-de�ned; cf. Lemma 4.26.

Note that we have rε̂sI ϕ̄ψ � εψ � εV � rε̂sIψ̃ and rµ̂sI ϕ̄ψ � µψ � µV � rµ̂sIψ̃. So we have
ϕ̄ψ � ψ̃ .

So using the presentation of Ass from Theorem 4.33, by de�ning ψ :� ϕ̄�1ψ̃ we obtain the same
morphism of set-preoperads ψ : Ass ÝÑ EndpXq as in Proposition 5.7, turning V into an Ass-
algebra.
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6 Operads and algebras over operads

In this chapter we will de�ne set-operads and linear operads and consider some basic
examples.

In order to so, we will need certain elements of the set-preoperad Map0 .

De�nition 6.1. For m,n P Z¥0 de�ne sm,n P Map0pm� n,m� nq by

ism,n �

#
i� n if i P r1,ms

i�m if i P rm� 1,m� ns

for i P r1,m� ns. We get an element sopm,n P Map
op
0 pm� n,m� nq.

Note that for m,n P Z¥0 we have sm,n � sn,m � idm�n � sn,m � sm,n . So sm,n is a bijective map.

De�nition 6.2. For n, l P Z¥0 and n P r1, kls we can uniquely write n � l � u� v with v P r1, ls and
u P Z. By de�ning n :� u and n̄ :� v we can also de�ne a map

hk,l : r1, k � ls ÝÑ r1, ls

n ÞÝÑ n̄.

So we get an element hk,l P Map0pkl, lq.

Note that we have h1,l � idr1,ls � idMap0,l
for l P Z¥0 .

6.1 Set-operads

De�nition 6.3. A set-operad pP0, p0q is given by a set-preoperad pP0,b, �q and a morphism of
set-preoperads p0 : Map

op
0 ÝÑ P0 such that (so1) and (so2) hold.

(so1) We have psopm,m1p0q � pf b f
1q � pf 1 b fq � psopn,n1p0q P P0pm�m1, n� n1q for m,n,m1, n1 P Z¥0,

f P P0pm,nq, f 1 P P0pm
1, n1q.

(so2) We have phopk,mp0q � f
bk � f � phopk,np0q P P0pm, knq for k,m, n P Z¥0 and f P P0pm,nq.

For brevity, we refer to the set-operad pP0, p0q simply by P0 . We then denote by P
pre
0 the underlying

set-preoperad of P0 .

So we have P0 � pPpre
0 , p0q for the morphism of set-preoperads p0 : Map

op
0 ÝÑ P0 belonging to P0 .

Whenever necessary, the multiplication in P
pre
0 is written pbP

pre
0
q or simply pbP0

q and the composi-
tion is written p�Ppre

0
q or simply p�P0

q. Moreover, we usually denote the identity elements of Ppre
0 by

idm or idP0,m for m P Z¥0 .

Remark 6.4. Let P0 � pPpre
0 , p0q be a set-operad. Then for m P Z¥0 we have |Ppre

0 pm, 0q| � 1.

In other words, if we view P
pre
0 as a category, then 0 is a terminal element.

Proof. Let m P Z¥0 . First note that h
op
0,mp0 P P0pm, 0q, so |P0pm, 0q| ¥ 1.

Suppose given f P P0pm, 0q. We will show that f � h
op
0,mp0 .

Note that fb0 � id0 P P0p0, 0q and that hop0,0p0 � id0 P P0p0, 0q since h0,0 P Map0p0, 0q and
Map0p0, 0q � tidMap0,0

u . So by (so2) we have

phop0,mp0q � phop0,mp0q � id0 � phop0,mp0q � f
b0 (so2)

� f � phop0,0p0q � f � id0 � f.
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Example 6.5. Let X be a set. Recall the morphism of set-preoperads e0 : Map
op
0 ÝÑ End0pXq that

maps an element aop P Map
op
0 pm,nq (given by a map a P Map0pn,mq) to aope0 P End0pXqpm,nq

de�ned by
px1, . . . , xmqpa

ope0q � px1a, . . . , xnaq

for x1, . . . , xm P X; cf. De�nition 2.61.

Then END0pXq :� pEnd0pXq, e0q is a set-operad.

Ad (so1). Note that for m,m1 P Z¥0 and x1, . . . , xm�m1 P X we have

px1, . . . , xm�m1q psopm,m1e0q � px1sm,m1 , . . . , xpm�m1qsm,m1 q � pxm1�1, . . . , xm1�m, x1, . . . , xm1q.

Let m,n,m1, n1 P Z¥0 and f P End0pXqpm,nq, f 1 P End0pXqpm
1, n1q. Then for x1, . . . , xm�m1 P X

we have

px1, . . . , xm�m1q
�
psopm,m1e0q � pf b f

1q
�
�
�
px1, . . . , xm, xm�1, . . . , xm�m1qpsopm,m1e0q

�
pf b f 1q

� pxm1�1, . . . , xm1�m, x1, . . . , xm1qpf b f 1q

� pxm1�1, . . . , xm1�mqf � px1, . . . , xm1qf 1

�
�
px1, . . . , xm1qf 1 � pxm1�1, . . . , xm1�mqf

�
s
op
n,n1e0

�
�
px1, . . . , xm1 , xm1�1, . . . , xm1�mqpf

1
b fq

�
psopn,n1e0q

� px1, . . . , xm1�mq
�
pf 1 b fq � psopn,n1e0q

�
.

Hence we have psopm,m1e0q � pf b f
1q � pf 1 b fq � psopn,n1e0q.

Ad (so2). Let m,n, k P Z¥0 and f P End0pXqpm,nq. Then for x1, . . . , xm P X by de�ning
py1, . . . , ynq :� px1, . . . , xmqf we have

px1, . . . , xlq
�
phopk,me0q � f

bk
�
�
�
px1, . . . , xlqph

op
k,me0q

�
fbk

� px1hk,m , x2hk,m , . . . , xpkmqhk,mqf
bk

� px1, . . . , xm, x1, . . . , xm, . . . , x1, . . . , xmqf
bk

� px1, . . . , xmqf � px1, . . . , xmqf � . . .� px1, . . . , xmqf

� py1, . . . , ynq � py1, . . . , ynq � . . .� py1, . . . , ynq

� py1hk,n , y2hk,n , . . . , ypknqhk,nq

� py1, . . . , ynqph
op
k,ne0q

�
�
px1, . . . , xmqf

�
phopk,ne0q

� px1, . . . , xmq
�
f � phopk,ne0q

�
.

So we have phopk,me0q � f
bk � f � phopk,ne0q .

This shows that END0pXq � pEnd0pXq, e0q is a set-operad. We have END0pXq
pre � End0pXq.

Lemma 6.6. Let m,n,m1, n1 P Z¥0 and a P Map0pm,nq, a
1 P Map0pm

1, n1q. Then we have

pabMap0
a1q �Map0

sm,m1 � sn,n1 �Map0
pa1 bMap0

aq.

Proof. Let i P r1, n� n1s. Then we have

ippabMap0
a1q �Map0

sm,m1 �

#
piaqsm,m1 if i P r1, ns

ppi� nqa1 �mqsm,m1 if i P rn� 1, n� n1s

�

#
ia�m1 if i P r1, ns

ppi� nqa1 �mq �m if i P rn� 1, n� n1s

�

#
ia�m1 if i P r1, ns

pi� nqa1 if i P rn� 1, n� n1s
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and on the other hand

ipsn,n1 �Map0
pa1 bMap0

aqq �

#
pi� n1qpa1 bMap0

aq if i P r1, ns

pi� nqpa1 bMap0
aq if i P rn� 1, n� n1s

�

#
ppi� n1q � n1qa�m1 if i P r1, ns

pi� nqa1 if i P rn� 1, n� n1s

�

#
ia�m1 if i P r1, ns

pi� nqa1 if i P rn� 1, n� n1s.

So the maps are the same.

Example 6.7. We have the set-operad MAP
op
0 :� pMap

op
0 , idMap

op
0
q, where idMap

op
0

is the identity
morphism

idMap
op
0

: Map
op
0 ÝÑ Map

op
0 .

For the proof denote by pb q and p�q multiplication and composition in Map0 and by pbopq and p�opq
multiplication and composition in Map

op
0 .

Ad (so1). We have to show that form,n,m1, n1 P Z¥0 and aop P Map
op
0 pm,nq and a1 op P Map

op
0 pm1, n1q

we have
psopm,m1 idMap

op
0
q �op pa

op
bop a

1 opq
!
� pa1 op bop a

opq �op ps
op
n,n1 idMap

op
0
q.

Using the de�nition of p�opq and pbopq and Lemma 6.6 above, we get

psopm,m1 idMap
op
0
q �op pa

op
bop a

1 opq � s
op
m,m1 �op pab a

1qop

� ppab a1q � sm,m1qop

� psn,n1 � pa1 b aqqop

� pa1 b aqop �op s
op
n,n1

� pa1 op bop a
opq �op ps

op
n,n1 idMap

op
0
q.

Ad (so2). Let m,n, k P Z¥0 and fop P Map
op
0 pm,nq. We have to show that

phopk,m idMap
op
0
q �op pf

opqbk
!
� fop �op ph

op
k,n idMap

op
0
q.

Since

phopk,m idMap
op
0
q �op pf

opqbk � h
op
k,m �op pf

bkqop � pfbk � hk,mq
op

fop �op ph
op
k,n idMap

op
0
q � phk,n � fq

op,

it su�ces to show that
fbk � hk,m

!
� hk,n � f.

We will show this via induction on k ¥ 0.

Let k � 0. Then h0,m P Map0p0,mq and h0,n P Map0p0, nq are the unique elements in Map0p0,mq
and Map0p0, nq. Furthermore, fb0 � idMap0,0

is the unique map in Map0p0, 0q. So the statement is
true for k � 0 since on both sides of the equation we have a map from r1, 0s to r1,ms and this is
uniquely determined.
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Now let k ¡ 0 and assume that the statement is true for k� 1. Note that for r P Z¥0 and j P r1, krs
we have

jhk,r �

#
jhk�1,r if j P r1, pk � 1qrs

pj � pk � 1qrqh1,r if j P rpk � 1qr � 1, krs

�

#
jhk�1,r if j P r1, pk � 1qrs

j � pk � 1qr if j P rpk � 1qr � 1, krs;

cf. De�nition 6.2. Now let i P r1, kns. Then we have

ipfbk � hk,mq � ippfbpk�1q b fq � hk,m

�

#
pifbpk�1qqhk,m if i P r1, pk � 1qns�
pi� pk � 1qnqf � pk � 1qm

�
hk,m if i P rpk � 1qn� 1, kns

�

#
pifbpk�1qqhk�1,m if i P r1, pk � 1qns

ppi� pk � 1qnqf � pk � 1qmq � pk � 1qm if i P rpk � 1qn� 1, kns

�

#
ipfbpk�1q � hk�1,mq if i P r1, pk � 1qns

pi� pk � 1qnqf if i P rpk � 1qn� 1, kns

ind.
�

#
iphk�1,n � fq if i P r1, pk � 1qns

pi� pk � 1qnqf if i P rpk � 1qn� 1, kns

�

#
pihk�1,nqf if i P r1, pk � 1qns

pi� pk � 1qnqf if i P rpk � 1qn� 1, kns

� pihk,nqf

� iphk,n � fq.

This shows that MAP
op
0 � pMap

op
0 , idMap

op
0
q is in fact a set-operad.

Now recall that for n P Z¥0 and for a tuple k � pkiqiPr1,ns P pZ¥0q
�n there exists the bijective map

φk :
�
1,

°
iPr1,ns

ki

�
ÝÑ

�
iPr1,ns

r1, kis given by

φk : t ÞÝÑ
�
tχk , t�

¸
sPr1,tχk�1s

ks

	
,

where

χk :
�
1,

¸
iPr1,ns

ki

�
ÝÑ r1, ns

t ÞÝÑ min
 
u P r1, ns :

¸
sPr1,us

ks ¥ t
(
.

Its inverse map is

φ�1
k :

§
iPr1,ns

r1, kis ÝÑ
�
1,

¸
iPr1,ns

ki

�
pi, xq ÞÝÑ

� ¸
sPr1,i�1s

ks

	
� x;

cf. De�nition 1.18.
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De�nition 6.8. Let m,n P Z¥0 and let a P Map0pm,nq be a map. Let k � pkiqiPr1,ns P pZ¥0q
�n.

We write ka� :� pkjaqjPr1,ms P pZ¥0q
�m . Then de�ne

ãrks :
§

jPr1,ms

r1, kjas ÝÑ
§

iPr1,ns

r1, kis

pj, xq ÞÝÑ pja, xq

and de�ne the map arks by
arks � φka� � ãrks � φ

�1
k .

We have �
1,

°
jPr1,ms

kja

�
φka� //

�
jPr1,ms

r1, kjas
ãrks //

�
iPr1,ns

r1, kis
φ�1
k //

�
1,
°

iPr1,ns

ki

�
,

so arks P Map0
� °
jPr1,ms

kja ,
°

iPr1,ns

ki
�
.

Example 6.9.

(i) Let m � n and let a � idm , the identity map. Then for k � pkiqiPr1,ms P pZ¥0q
�m we have

k id�m � pkj idmqjPr1,ms � pkjqjPr1,ms � k, hence φk id�m � φk .

Moreover, pridmqrks is the identity map, hence pidmqrks � idΣk , where Σk :�
°

iPr1,ms

ki .

(ii) Let m � n � 2 and let a � p1, 2q be the transposition. Then for k � pk1, k2q P pZ¥0q
�2 we

have p1, 2qrks � sk2,k1 since for i P r1, k2 � k1s we have

i
�
φpk2,k1q �

�p1, 2qrpk1,k2qs � φ�1
pk1,k2q

�
�

$&%p1, iq
��p1, 2qrpk1,k2qs � φ�1

pk1,k2q

�
if i P r1, k2s

p2, i� k2q
��p1, 2qrpk1,k2qs � φ�1

pk1,k2q

�
if i P rk2 � 1, k2 � k1s

�

$&%p2, iqφ
�1
pk1,k2q

if i P r1, k2s

p1, i� k2qφ
�1
pk1,k2q

if i P rk2 � 1, k2 � k1s

�

$&%k1 � i if i P r1, k2s

i� k2 if i P rk2 � 1, k2 � k1s

� isk2,k1 .

(iii) Letm P Z¥0 and let a � µm P Map0pm, 1q; cf. De�nition 4.29. Then for k � pk1q P pZ¥0q
�1 we

have kµ�m � pkjµmqjPr1,ms � pk1, . . . , k1q P pZ¥0q
�m. We can write i � i �k1� ī for i P r1,m �k1s

with ī P r1, k1s and i P r0,m� 1s in a unique way. Then we have iφkµ�m � pi� 1, īq and thus

ipφkµ�m � p�µmqrks � φ�1
k q � pi� 1, īqpp�µmqrks � φ�1

k q

� p1, īqφ�1
k

� ī

� ihm,k1 .

Hence we have pµmqrpk1qs � hm,k1 .
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(iv) Let m,n P Z¥0 and let a P Map0pm,nq. Let k � p1, . . . , 1q P pZ¥0q
�n . Then we have

ka� � p1, . . . , 1q � k and φk is the map

φk : r1, ns ÝÑ
§

iPr1,ns

r1, 1s

i ÞÝÑ pi, 1q.

So for i P r1, ns we have

iarks � ipφk � ãrks � φ
�1
k q � pi, 1qpãrks � φ

�1
k q � pia, 1qφ�1

k � pia� 1q � 1� a � ia.

Hence we have arks � a.

Lemma 6.10. Let pP0,b, �q be a set-preoperad and let p0 : Map
op
0 ÝÑ P0 be a morphism of set-

preoperads.

For m,n P Z¥0 and a P Map0pm,nq consider the following assertion B0paq.

B0paq: For li, ri P Z¥0 and fi P P0pli, riq for i P r1, ns and for l � pliqiPr1,ns and r � priqiPr1,ns we
have � ò

iPr1,ns

fi

�
�
�
a
op

rrsp0

	
�
�
a
op

rlsp0

	
�

� ò
jPr1,ms

fja

�
.

We have

(1) The morphism of set-preoperads p0 satis�es condition (so1) from De�nition 6.3 if and only if
B0paq holds for all m,n P Z¥0 and all a P Map0pm,nq such that a is bijective.

(2) The morphism of set-preoperads p0 satis�es conditions (so1) and (so2) from De�nition 6.3 if
and only if B0paq holds for all m,n P Z¥0 and all a P Map0pm,nq.

So pP0, p0q is a set-operad if and only if B0paq holds for all m,n P Z¥0 and all a P Map0pm,nq.

Proof. We will show this using a couple of steps. Note that to prove (1) we shall only need to apply
p0 to bijective maps, using the the Claims 1.1, 1.2, 2.1, 2.2, 3.1 and 3.2.

During this proof we denote by pbP0
q and p�P0

q the multiplication and composition in P0 , by pbq
and p�q the multiplication and composition in Map0 .

Our �rst aim will be to show that B0pa
1q and B0pa

2q for m,n,m1, n1 P Z¥0 and a P Map0pm,nq,
a1 P Map0pm

1, n1q imply B0pab a
1q.

Claim 1.1. Let m1, n1,m2, n2 P Z¥0 and a1 P Map0pm
1, n1q, a2 P Map0pm

2, n2q. Then for
k � pkiqiPr1,n1�n2s P pZ¥0q

�pn�n1q we have�
a1 b a2

�
rks

� a1rk1s b a
2
rk2s ,

where k1 � pkiqiPr1,n1s P pZ¥0q
�n1

and k2 � pki�n1qiPr1,n2s P pZ¥0q
�n2

.

Proof of Claim 1.1. We will use the following abbreviations.

Σk1 :�
°

iPr1,n1s

k1i �
°

iPr1,n1s

ki Σk1a1� :�
°

jPr1,m1s

k1ja1 �
°

jPr1,m1s

kja1

Σk2 :�
°

iPr1,n2s

k2i �
°

iPr1,n2s

ki�n1 Σk2a2� :�
°

jPr1,m2s

k2ja2 �
°

jPr1,m2s

kja2�m1

Σk :�
°

iPr1,n1�n2s

ki � Σk1 � Σk2 Σk2pa1 b a2q� :�
°

jPr1,m1�m2s

kjpa1ba2q � Σk1a1� � Σk2a2�
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First note that for t P r1,Σk1s we have

tχk � min
 
u P r1, n1 � n2s :

¸
sPr1,us

ks ¥ t
(
� min

 
u P r1, n1s :

¸
sPr1,us

ks ¥ t
(
� tχk1 P r1, n

1s

and for t P rpΣk1q � 1,Σks we have

tχk � min
 
u P r1, n1 � n2s :

¸
sPr1,us

ks ¥ t
(

� n1 �min
 
u P r1, n2s : pΣk1q �

� ¸
sPr1,us

ks�n1
	
¥ t

(
� n1 �min

 
u P r1, n2s :

¸
sPr1,us

ks�n1 ¥ pt� Σk1q
(

� n1 � pt� Σk1qχk2 P rn
1 � 1, n1 � n2s.

Now suppose given t P r1,Σkpa1 b a2q�s.

Case t P r1,Σk1a1�s. So tχkpa1b a2q� � tχk1a1� P r1,m1s. Then we have

t
�
a1 b a2

�
rks

� t
�
φkpa1ba2q� � �pa1 b a2qrks � φ�1

k

�
�

�
tχkpa1ba2q� , t�

¸
sPr1,tχkpa1b a2q��1s

kspa1ba2q


� �pa1 b a2qrks � φ�1
k

�
�

�
tχk1a1� , t�

¸
sPr1,tχk1a1��1s

kspa1b a2q


� �pa1 b a2qrks � φ
�1
k

�
�

�
ptχk1a1�qpa

1
b a2q , t�

¸
sPr1,tχk1a1��1s

ksa1



φ�1
k

�

�
ptχk1a1�qa

1 , t�
¸

sPr1,tχk1a1��1s

ksa1



φ�1
k

�

� ¸
iPr1,ptχk1a1� qa

1�1s

ki



� t�

¸
sPr1,tχk1a1��1s

ksa1

and

t
�
a1rk1s b a

2
rk2s

�
� ta1rk1s

� t
�
φk1a1� � ra1rk1s � φ�1

k1

�
�

�
tχk1a1� , t�

¸
sPr1,tχk1a1��1s

ksa1


�ra1rk1s � φ�1
k1

�
�

�
ptχk1a1�qa

1 , t�
¸

sPr1,tχk1a1��1s

ksa1



φ�1
k1

�

� ¸
iPr1,ptχk1a1� qa

1�1s

ki



� t�

¸
sPr1,tχk1a1��1s

ksa1 .

So we have
t
�
a1rk1s b a

2
rk2s

	
� t

�
a1 b a2

�
rks

.
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Case t P rΣk1a1�� 1 ,Σkpa1b a2q�s. De�ne t1 :� t�Σk1a1�. So from the above calculations we know
tχkpa1b a2q� � m1 � t1χk2a2� P rm1 � 1,m1 �m2s. Then we have

t
�
a1 b a2

�
rks

� t
�
φkpa1b a2q� � �pa1 b a2qrks � φ�1

k

�
�

�
tχkpa1b a2q� , t�

¸
sPr1,tχkpa1b a2q��1s

kspa1b a2q


� �pa1 b a2qrks � φ�1
k

�
�

�
t1χk2a2� �m1 , t�

¸
sPr1,t1χk2a2��m

1�1s

kspa1b a2q


� �pa1 b a2qrks � φ�1
k

�
�

�
t1χk2a2� �m1 , t�

¸
sPr1,m1s

kspa1b a2q �
¸

sPrm1�1,t1χk2a2��m
1�1s

kspa1b a2q


� �pa1 b a2qrks � φ�1
k

�
�

�
pt1χk2a2� �m1qpa1 b a2q , t� Σk1a1� �

¸
sPrm1�1,t1χk2a2��m

1�1s

kps�m1qa2�n1



φ�1
k

�

�
pt1χk2a2�qa

2 � n1 , t1 �
¸

sPr1,t1χk2a2��1s

ksa2�n1



φ�1
k

�

� ¸
iPr1,pt1χk2a2� qa

2�n1�1s

ki



� t1 �

¸
sPr1,t1χk2pa2q��1s

ksa2�n1

and

t
�
a1rk1s b a

2
rk2s

�
� t1a2rk2s � Σk1

� t1
�
φk2a2� � ra2rk2s � φ�1

k2

�
� Σk1

�

�
t1χk2a2� , t

1 �
¸

sPr1,t1χk2a2��1s

ksa2�n1


�ra2rk2s � φ�1
k2

�
� Σk1

�

�
pt1χk2a2�qa

2 , t1 �
¸

sPr1,t1χk2a2��1s

ksa2�n1



φ�1
k2 � Σk1

�

� ¸
iPr1,pt1χk2a2� qa

2�1s

kn1�i



� t1 �

� ¸
sPr1,t1χk2a2��1s

ksa2�n1



� Σk1

�

� ¸
iPrn1�1,pn1�t1χk2a2� qa

2�1s

ki



� t1 �

� ¸
sPr1,t1χk2a2��1s

ksa2�n1



� Σk1

�

� ¸
iPr1,pt1χk2a2� qa

2�n1�1s

ki



� t1 �

� ¸
sPr1,t1χk2pa2q��1s

ksa2�n1



.

So we have
tpa1rk1s b a

2
rk2sq � t

�
a1 b a2

�
rks

.

This proves Claim 1.1.

Claim 1.2. Let m1, n1,m2, n2 P Z¥0 and a1 P Map0pm
1, n1q, a2 P Map0pm

2, n2q. If B0pa
1q and B0pa

2q
are true then so is B0pa

1 b a2q.

Proof of Claim 1.2. We have to show that for tuples l � pliqiPr1,n1�n2s P pZ¥0q
�pn1�n2q ,

r � priqiPr1,n1�n2s P pZ¥0q
�pn1�n2q and for fi P P0pli, riq for i P r1, n1 � n2s we have� ò

P0

iPr1,n1�n2s

fi

	
�P0

��
pa1 b a2qrrs

�op
p0

	
!
�
��

pa1 b a2qrls
�op

p0

	
�P0

� ò
P0

jPr1,m1�m2s

kjpa1b a2q

	
.
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De�ne f 1i :� fi, l1i :� li and r1i :� ri for i P r1, n1s and f2i :� fi�n1 , l2i :� li�n1 and r2i :� ri�n1 for
i P r1, n2s. So we have f 1i P P0pl

1
i, r

1
iq for i P r1, n1s and f2i P P0pl

2
i , r

2
i q for i P r1, n2s. So we have� ò

P0

iPr1,n1�n2s

fi



�P0

�
ppa1 b a2qrrsq

opp0
�

Cl. 1.1
�

�� ò
P0

iPr1,n1s

f 1i



bP0

� ò
P0

iPr1,n2s

f2i




�P0

�
pa1rr1s b a

2
rr2sq

opp0
�

�

�� ò
P0

iPr1,n1s

f 1i



bP0

� ò
P0

iPr1,n2s

f2i




�P0

�
pa1rr1sq

opp0 bP0
pa2rr2sq

opp0
�

(mc2)
�

�� ò
P0

iPr1,n1s

f 1i



�P0

�
pa1rr1sq

opp0
�

bP0

�� ò
P0

iPr1,n2s

f2i



�P0

�
pa2rr2sq

opp0
�


B0pa1q,
�

B0pa2q

��
pa1rl1sq

opp0
�
�P0

� ò
P0

jPr1,m1s

f 1ja1




bP0

��
pa2rl2sq

opp0
�
�P0

� ò
P0

jPr1,m2s

f2ja2




(mc2)
�

�
pa1rl1sq

opp0 bP0
pa2rl2sq

opp0q
�
�P0

�� ò
P0

jPr1,m1s

f 1ja1



bP0

� ò
P0

jPr1,m2s

f2ja2




�

�
pa1rl1s b a

2
rl2sq

opp0
�
�P0

�� ò
P0

jPr1,m1s

fja1



bP0

� ò
P0

jPr1,m2s

fja2�n1




Cl. 1.1
�

�
pa1 b a2qoprlsp0

�
�P0

� ò
P0

jPr1,m1�m2s

fjpa1b a2q



.

This proves Claim 1.2.

Our next step will be to show that given m,n, p P Z¥0 and a P Map0pm,nq, b P Map0pn, pq such
that B0paq and B0pbq hold, then B0pa � bq holds.

Claim 2.1. Let m,n, p P Z¥0 and a P Map0pm,nq, b P Map0pn, pq. For k � pkiqiPr1,ps with ki P Z¥0

for i P r1, ps we have
arkb�sbrks � pabqrks .

Proof of Claim 2.1. First note that pkb�qa� � pkuabquPr1,ps � kpabq�. So we have

�
uPr1,ms

r1, kupabqs
ãrkb�s //

�pabqrks

55

�
jPr1,ns

r1, kjas
b̃rks //

�
iPr1,ps

r1, kis

which is a commutative diagram since for pu, xq P
�

uPr1,ms

r1, kupabqs we have

pu, xqpãrkb�sb̃rksq � pua, xqb̃rks � pupabq, xq � pu, xq�pabqrks .
Hence we have ãrkb�sb̃rks � �pabqrks .
This implies that

arkb�sbrks � pφpkb�qa� � rarks � φ�1
kb�q � pφkb� �rbrks � φ�1

k q

� φkpabq� � p rabqrks � φ�1
k

� pabqrks .

This proves Claim 2.1.
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Claim 2.2. Let m,n, p P Z¥0 and a P Map0pm,nq, b P Map0pn, pq. If B0paq and B0pbq are true then
so is B0pa � bq.

Proof of Claim 2.2. We have to show that for l � pliqiPr1,ps P pZ¥0q
�p and r � priqiPr1,ps P pZ¥0q

�p

and for fi P P0pli, riq for i P r1, ps we have� ò
P0

iPr1,ps

fi



�P0

�
ppabqrrsq

opp0
� !
�
�
ppabqrlsq

opp0
�
�

� ò
P0

uPr1,ms

fupabq



.

Note that fjb P P0pljb, rjbq for j P r1, ns and B0paq imply that� ò
P0

jPr1,ns

fjb



�P0

�
parrb�sq

opp0
�
�
�
parlb�sq

opp0
�
�P0

� ò
P0

uPr1,ms

fupabq



.

So we have� ò
P0

iPr1,ps

fi



�P0

�
ppabqrrsq

opp0
� Cl. 2.1

�

� ò
P0

iPr1,ps

fi



�P0

�
parrb�s � brrsq

opp0
�

�

� ò
P0

iPr1,ps

fi



�P0

�
pbrrsq

opp0
�
�P0

�
parrb�sq

opp0
�

B0pbq
�

�
pbrlsq

opp0
�
�P0

� ò
P0

jPr1,ns

fjb



�P0

�
parrb�sq

opp0
�

B0paq
�

�
pbrlsq

opp0
�
�P0

�
parlb�sq

opp0
�
�P0

� ò
P0

uPr1,ms

fupabq



�

�
parlb�s � brlsq

opp0
�
�P0

� ò
P0

uPr1,ms

fupabq



Cl. 2.1
�

�
ppabqrlsq

opp0
�
�P0

� ò
P0

uPr1,ms

fupabq



.

This proves Claim 2.2.

Claim 3.1. The assertion B0pidmq is true for m P Z¥0 .

Proof of Claim 3.1. From Example 6.9 (i) we know that for k � pkiqiPr1,ms P pZ¥0q
�m we have

pidmqrks � idΣk , where we abbreviate Σk :�
� °
iPr1,ms

ki

	
.

So for l � pliqiPr1,ms P pZ¥0q
�m and r � priqiPr1,ms P pZ¥0q

�m and for fi P P0pli, riq for i P r1,ms we
have � ò

P0

iPr1,ms

fi



�P0

�
pidrrsq

opp0
�

�

� ò
P0

iPr1,ms

fi



�P0

��
idΣr

�op
p0
�

�

� ò
P0

iPr1,ms

fi



�P0

�
idP0,Σr

�
(c2)
�

� ò
P0

iPr1,ms

fi



(c2)
�

�
idP0,Σl

�
�P0

� ò
P0

iPr1,ms

fi



�

��
idΣl

�op
p0
�
�P0

� ò
P0

iPr1,ms

fi idm



�

��
idrls

�op
p0
�
�P0

� ò
P0

iPr1,ms

fi idm



.
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This shows that B0pidmq is true for m P Z¥0 and proves Claim 3.1.

Claim 3.2. Let p1, 2q P Sym0p2, 2q be the transposition. The assertion B0pp1, 2qq is true if and only
of p0 satis�es condition (so1).

Proof of Claim 3.2. From Example 6.9 (ii) we know that p1, 2qrpk1,k2qs � sk2,k1 for k1, k2 P Z¥0 .

So B0pp1, 2qq holds if and only if for l1, l2, r1, r2 P Z¥0 and f1 P P0pl1, r1q and f2 P P0pl2, r2q we have� ò
P0

iPr1,2s

fi



�P0

�
pp1, 2qrpr1,r2qsq

opp0
�
�
�
pp1, 2qrpl1,l2sq

opp0
�
�P0

� ò
P0

jPr1,2s

fjp1,2q



,

i.e. if and only if

pf1 bP0
f2q �P0

psopr2,r1p0q � psopl2,l1p0q �P0
pf2 bP0

f1q

for l1, l2, r1, r2 P Z¥0 and f1 P P0pl1, r1q and f2 P P0pl2, r2q, which is equivalent to condition (so1).

This proves Claim 3.2.

Claim 3.3. The assertion B0pµmq is true for all m P Z¥0 if and only if p0 satis�es condition (so2).

Proof of Claim 3.3. From Example 6.9 (iii) we know that pµmqrpk1qs � hm,k1 for k1 P Z¥0 .

So for m P Z¥0 the assertion B0pµmq is true if and only if for l1, r1 P Z¥0 and f1 P P0pl1, r1q we have� ò
P0

iPr1,1s

fi



�P0

�
ppµmqrpr1qsq

opp0
�
�
�
ppµmqrpl1qsq

opp0
�
�P0

� ò
P0

jPr1,ms

fjµm



,

i.e. if and only if

f1 �P0
phopm,r1p0q � phopm,l1p0q �P0

f
bP0

m

1

for l1, r1 P Z¥0 and f1 P P0pl1, r1q, which is equivalent to condition (so2).

This proves Claim 3.3.

Now we can show (1) and (2).

Ad (1). First note that if B0paq is true for all m,n P Z¥0 and all a P Map0pm,nq such that a
is bijective, then in particular B0pp1, 2qq is true for the transposition p1, 2q P Map0p2, 2q. So by
Claim 3.2, the condition (so1) is satis�ed.

Now suppose that p0 satis�es condition (so1) from De�nition 6.3. Letm,n P Z¥0 and a P Map0pm,nq
such that a is bijective. So m � n.

The map a is the composite of elementary transpositions, so there exist s P Z¥0 , i1, . . . , is P r1,m�1s
such that

a � pi1, i1 � 1q � pi2, i2 � 1q � � � pis, is � 1q

� pidi1�1b p1, 2qb idm�i1�1q � pidi2�1b p1, 2qb idm�i2�1q � � � pidis�1b p1, 2qb idm�is�1q.

By Claim 3.1 and Claim 3.2 we know that B0pidjq is true for j P Z¥0 and that B0pp1, 2qq is true.
By Claim 1.2, the assertion B0pidij�1b p1, 2q b idm�ij�1q is true for j P r1, ss. By Claim 2.2, the
assertion B0paq is true. This shows (1).

Ad (2). First note that if B0paq is true for all m,n P Z¥0 and all a P Map0pm,nq, then in particular
B0pp1, 2qq and B0pµmq for m P Z¥0 are true. By Claim 3.2, the condition (so1) is satis�ed since
B0pp1, 2qq is true and by Claim 3.3, the condition (so2) is satis�ed since B0pµmq is true for m P Z¥0 .
So in particular pP, p0q is a set-operad; cf. De�nition 6.3.
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Now suppose that p0 satis�es the conditions (so1) and (so2) from De�nition 6.3.

Reordering r1,ms, we see that there exist a monotone map amon P Map0pm,nq and a bijective map
abij P Map0pm,mq such that abij � amon � a.

There exist j1, . . . , jn P r0,ms such that

amon � µj1 b . . .b µjn ;

cf. Remark 4.30. By Claim 3.3, the assertion B0pµjiq is true for i P r1, ns. So by Claim 1.2, the
assertion B0pamonq is true.

By (1) we know that B0pabijq is true. Hence by Claim 2.2, B0paq is also true.

Remark 6.11. It would also be su�cient to ask B0pµ0q � B0pεq and B0pµ2q � B0pµq to be true
instead of B0pµmq for all m P Z¥0 since for m ¥ 3 every µm can be written as a composite and
product of µ2 � µ and id1 . Then by Claim 1.2 and Claim 2.2 from the proof of Lemma 6.10, B0pµmq
is also true.

Lemma 6.12. Let P0 be a set-preoperad and let p0 : Sym
op
0 ÝÑ P0 be a morphism of set-preoperads.

Consider the following condition (lo0).

(lo0) We have psopm,m1p0q � pf b f 1q � pf 1 b fq � psopn,n1p0q P P0pm �m1, n � n1q for m,n,m1, n1 P Z¥0

and f P P0pm,nq, f 1 P P0pm
1, n1q.

Furthermore, for m P Z¥0 and a P Sym0pm,mq consider the following assertion rBpaq.rBpaq: For li, ri P Z¥0 and fi P P0pli, riq for i P r1,ms and l :� pliqiPr1,ms , r :� priqiPr1,ms we have� ò
iPr1,ms

fi

�
�
�
a
op

rrsp0

	
�
�
a
op

rlsp0

	
�

� ò
jPr1,ms

fja

�
.

Then the morphism of set-preoperads p0 satis�es (lo0) if and only if rBpaq is true for all m P Z¥0

and all a P Sym0pm,mq.

Proof. This holds since in the proof of Lemma 6.10 (1) the morphism of set-preoperads p0 has only
been applied to bijective maps.

6.2 Morphisms and suboperads of set-operads

De�nition 6.13. Let P0 � pPpre
0 , p0q, Q0 � pQpre

0 , q0q be set-operads. A morphism φ0 : P0 ÝÑ Q0

of set-operads is given by a morphism φ
pre
0 : P

pre
0 ÝÑ Q

pre
0 of set-preoperads such that p0φ

pre
0 � q0 .

P
pre
0

φ
pre
0 // Q

pre
0

Map
op
0

p0

cc

q0

;;

Whether we use φ0 or φpre
0 to denote it depends on whether we are in the context of set-operads or

set-preoperads.

Note that the source of φpre
0 is Ppre

0 , whereas the source of φ0 is
�
Map

op
0

p0 // P0

�
. Similarly, the

target of φpre
0 is Qpre

0 , whereas the target of φ0 is
�
Map

op
0

q0 // Q0

�
. This prevents us from formally

equating φpre
0 and φ0 .
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Example 6.14. Let P0 � pPpre
0 , p0q be a set-operad. The identity morphism idP0

: P0 ÝÑ P0 is
given by id

pre
P0

� idPpre
0

: P
pre
0 ÝÑ P

pre
0 .

De�nition 6.15. Let P0 � pPpre
0 , p0q, Q0 � pQpre

0 , q0q and R0 � pRpre
0 , r0q be set-operads. Let

φ0 : P0 ÝÑ Q0 and ψ0 : Q0 ÝÑ R0 be morphisms of set-operads, that is, we have the following
commutative diagram.

P
pre
0

φ
pre
0 // Q

pre
0

ψ
pre
0 // R

pre
0

Map
op
0

p0

ee

q0

OO

r0

99

The composition φ0ψ0 is given by the composition φ
pre
0 ψ

pre
0 of morphisms of set-preoperads; cf.

De�nition 2.18 (2).

This de�nes a morphism φ0ψ0 of set-operads since p0pφ
pre
0 ψ

pre
0 q � pp0φ

pre
0 qψpre

0 � q0ψ
pre
0 � r0 .

De�nition 6.16. Let P0 � pPpre
0 , p0q be a set-operad. A set-operad Q0 � pQpre

0 , q0q is called a

set-suboperad of P0 if Qpre
0 � P

pre
0 is a set-subpreoperad and if Impp0q � Q

pre
0 and q0 � p0

��Qpre
0 .

Remark 6.17. Let P0 � pPpre
0 , p0q be a set-operad. Suppose given a set-subpreoperad T0 � P

pre
0

such that Impp0q � T0 . Then pT0, p0
��T0q is a set-suboperad of P0 .

De�nition 6.18. Let I be a set. Let P0 � pPpre
0 , p0q be a set-operad. LetQ0,i � pQpre

0,i , p0
��Q0,iq � P0

be a set-suboperad for i P I. Then
�
iPI

Q0,i :�
� �
iPI

Q
pre
0,i , p0

����iPI Qpre
0,i
	
is a set-suboperad of P0 since�

iPI
Q

pre
0,i � P

pre
0 is a set-subpreoperad by Lemma 2.31 and since Impp0q � Q

pre
0,i for i P I implies

Impp0q �
� �
iPI

Q0,i

	pre

�
�
iPI

Q
pre
0,i .

De�nition 6.19. Let P0 � pPpre
0 , p0q be a set-operad. Let X � P

pre
0 be a biindexed subset. We

de�ne the set-suboperad of P0 generated by X by

op
xX y :�

£
tQ0 : Q0 is a set-suboperad of P0 with X � Q

pre
0 u .

Lemma 6.20. Let P0 � pPpre
0 , p0q be a set-operad and let X � P

pre
0 be a biindexed subset. Then we

have

preop
xX Y Impp0q y �

�
op
xX y

	pre

.

Equivalently, writing this as an equation of set-operads, we have�
preop

xX Y Impp0q y , p0

��� preopxXYImpp0q y	
�

op
xX y .

Proof. Note that for a set-subpreoperad T0 � P
pre
0 we have that pT0, p0

��T0q is a set-suboperad of P0

if and only if Impp0q � T0 . So we have

preop
xX Y Impp0q y �

£ 
T0 : T0 is a set-subpreoperad of Ppre

0 with X Y Impp0q � T0
(

�
£ 

T0 : T0 is a set-subpreoperad of Ppre
0 with X � T0 and Impp0q � T0

(
�
£ 

Q
pre
0 : pQpre

0 , p0
��Qpre

0 q is a set-suboperad of P0 with X � Q
pre
0

(
�
�£ 

Q0 : Q0 is a set-suboperad of P0 with X � Q
pre
0

(	pre

�
�

op
xX y

	pre

.
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6.3 Algebras over set-operads

De�nition 6.21. Let P0 � pPpre
0 , p0q be a set-operad. A P0-algebra pX, ϱ0q is a set X together

with a morphism ϱ0 : P0 ÝÑ END0pXq of set-operads.

P
pre
0

ϱ
pre
0 // END0pXq

pre

Map
op
0

p0

OO

e0

88

6.4 Linear operads

De�nition 6.22. A linear operad pP, pq over R is given by a linear preoperad pP0,b, �q over R and
a morphism of linear preoperads p : Symop ÝÑ P such that (lo) holds.

(lo) We have psopm,m1pq � pf b f 1q � pf 1 b fq � psopn,n1pq P Ppm�m1, n� n1q for m,n,m1, n1 P Z¥0 and
f P Ppm,nq, f 1 P Ppm1, n1q.

For brevity, we refer to the linear operad pP, pq simply by P. We then denote by Ppre the underlying
linear preoperad of P.

So we have P � pPpre, pq for the morphism of linear preoperads p : Symop ÝÑ P belonging to P.

Whenever necessary, the multiplication in Ppre is written pbPpreq or simply pbPq and the composition
is written p�Ppreq or simply p�Pq. Moreover, we usually denote the identity elements of Ppre by idm
or idP,m for m P Z¥0 .

Example 6.23. Let V be an R-module. Recall the morphism e : Symop ÝÑ EndpV q of linear
preoperads that maps an element aop P Sym

op
0 pm,mq to a

ope P EndpV qpm,mq de�ned by

pv1 b . . .b vmqpa
opeq � v1a b . . .b vma

for v1, . . . , vm P V ; cf. De�nition 2.64.

Then ENDpV q :� pEndpV q, eq is a linear operad.

In order to show that this is true �rst note that for m,m1 P Z¥0 and v1, . . . , vm�m1 P V we have

pv1 b . . .b vm�m1q psopm,m1eq � v1sm,m1 b . . .b vpm�m1qsm,m1 � vm1�1 b . . .b vm1�m b v1 b . . .b vm1 .

Now let m,n,m1, n1 P Z¥0 and f P EndpV qpm,nq, f 1 P End0pV qpm
1, n1q. Then for v1, . . . , vm�m1 P V

we have

pv1 b . . .b vm�m1q
�
psopm,m1eq �

�
f b f 1

�	
�
�
pv1 b . . .b vm b vm�1 b . . .b vm�m1q psopm,m1eq

	 �
f b f 1

�
� pvm1�1 b . . .b vm1�m b v1 b . . .b vm1q

�
f b f 1

�
� pvm1�1 b . . .b vm1�mq f b pv1 b . . .b vm1q f 1

�
�
pv1 b . . .b vm1q f 1 b pvm1�1 b . . .b vm1�mq f

�
s
op
n,n1e

�
�
pv1 b . . .b vm1 b vm1�1 b . . .b vm1�mq

�
f 1 b f

��
psopn,n1eq

� pv1 b . . .b vm1�mq
��
f 1 b f

�
� psopn,n1eq

	
.

Hence we have psopm,m1eq � pf b f 1q � pf 1 b fq � psopn,n1eq.

This shows that ENDpV q � pEndpV q, eq is a linear operad. We have ENDpV qpre � EndpV q.
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Example 6.24. We have the linear operad SYMop :� pSymop, idSymopq where

idSymop : Symop ÝÑ Symop

is the identity morphism.

For m,n P Z¥0 , a map a P Map0pm,nq and a tuple k � pkiqiPr1,ns with ki P Z¥0 for i P r1, ns recall
the map

arks :
�
1,

¸
jPr1,ms

kja

�
ÝÑ

�
1,

¸
iPr1,ns

ki

�
;

cf. De�nition 6.8.

Similar to the characterization of set-operads given in Lemma 6.10 we are now going to
state an equivalent characterization of linear operads.

Lemma 6.25. Let pP,b, �q be a linear preoperad over R and let p : Symop ÝÑ P be a morphism of
linear preoperads over R. For m P Z¥0 and a P Sym0pm,mq consider the following assertion Bpaq.

Bpaq: For li, ri P Z¥0 and fi P Ppli, riq for i P r1,ms and for l � pliqiPr1,ms and r � priqiPr1,ms we
have � ò

iPr1,ms

fi

�
�
�
a
op

rrsp
	
�
�
a
op

rlsp
	
�

� ò
jPr1,ms

fja

�
.

Then pP, pq is a linear operad if and only if Bpaq holds for all for m P Z¥0 and a P Sym0pm,mq.

Proof. First recall that we can view P as a set-preoperad and p
��
Sym

op
0

: Sym
op
0 ÝÑ P as a morphism

of set-preoperads; cf. Remarks 2.10 and 2.17. Since for m P Z¥0 and fop P Sym
op
0 pm,mq we

have fopp � fopp
��
Sym

op
0
, the morphism of set-preoperads p

��
Sym

op
0

satis�es the condition (lo0) from

Lemma 6.12 if and only if the morphism of linear preoperads p : Symop ÝÑ P satis�es the condition
(lo).

Hence by Lemma 6.12, the morphism of linear preoperads p : Symop ÝÑ P satis�es the condition
(lo) if and only if for all m P Z¥0 and all a P Sym0pm,mq and for li, ri P Z¥0 and fi P Ppli, riq for
i P r1,ms and for l � pliqiPr1,ms and r � priqiPr1,ms we have� ò

iPr1,ms

fi

�
�
�
a
op

rrsp
��
Sym

op
0

	
�
�
a
op

rlsp
��
Sym

op
0

	
�

� ò
jPr1,ms

fja

�
,

i.e. if and only if we have � ò
iPr1,ms

fi

�
�
�
a
op

rrsp
	
�
�
a
op

rlsp
	
�

� ò
jPr1,ms

fja

�

for all m P Z¥0 and all a P Sym0pm,mq for li, ri P Z¥0 and fi P Ppli, riq for i P r1,ms and for
l � pliqiPr1,ms and r � priqiPr1,ms, i.e. if and only if the assertion Bpaq is true for all m P Z¥0 and all
a P Sym0pm,mq.

Remark 6.26. Let P0 � pPpre
0 , p0q be a set-operad. Let Q0 � P

pre
0 be a set-subpreoperad such that

Impp0
��
Sym

op
0
q � Q0 , that is, for m P Z¥0 we have

taopp0 : a
op P Sym

op
0 pm,mqu � Q0pm,mq.

Then
�
RQ0, R

�
p0
��Q0

Sym
op
0

�	
is a linear operad.
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Proof. First note that Impp0
��
Sym

op
0
q � Q0 ensures that we can de�ne the morphism of linear preop-

erads R
�
p0
��Q0

Sym
op
0

�
: Symop ÝÑ RQ0 .

We have to show that
�
RQ0, R

�
p0
��Q0

Sym
op
0

�	
satis�es condition (lo).

Let m,n,m1, n1 P Z¥0 and ξ :�
°

fPQ0pm,nq

rf f P RQ0pm,nq, ξ1 :�
°

f 1PQ0pm1,n1q

r1f 1 f
1 P RQ0pm

1, n1q. Since

P0 is a set-operad and since Q0 � P
pre
0 is a set-subpreoperad, we have, using the de�nition of

R
�
p0
��Q0

Sym
op
0

�
, of pbRQ0

q and p�RQ0
q,

�
s
op
m,m1

�
R
�
p0
��Q0

Sym
op
0

��	
�RQ0

�
ξ bRQ0

ξ1
�

�
�
s
op
m,m1p0

�
�RQ0

� °
fPQ0pm,nq
f 1PQ0pm1,n1q

rf r
1
f 1

�
f bQ0

f 1
��

�
°

fPQ0pm,nq
f 1PQ0pm1,n1q

rf r
1
f 1

��
s
op
m,m1p0

�
�Q0

�
f bQ0

f 1
�	

�
°

fPQ0pm,nq
f 1PQ0pm1,n1q

rf r
1
f 1

��
s
op
m,m1p0

�
�P0

�
f bP0

f 1
�	

�
°

fPQ0pm,nq
f 1PQ0pm1,n1q

rf r
1
f 1

��
f 1 bP0

f
�
�P0

�
s
op
n,n1p0

�	
�

°
fPQ0pm,nq
f 1PQ0pm1,n1q

rf r
1
f 1

��
f 1 bQ0

f
�
�Q0

�
s
op
n,n1p0

�	

�

� °
fPQ0pm,nq
f 1PQ0pm1,n1q

rf r
1
f 1

�
f 1 bQ0

f
��

�RQ0

�
s
op
n,n1p0

�
�

�
ξ1 bRQ0

ξ
�
�RQ0

�
s
op
n,n1

�
R
�
p0
��Q0

Sym
op
0

��	
.

Remark 6.27. Let P0 � pPpre
0 , p0q be a set-operad. Then P

pre
0 is a set-subpreoperad of Ppre

0 with
Impp0

��
Sym

op
0
q � P

pre
0 . So by Remark 6.26 we have the linear operad�

RP
pre
0 , R

�
p0
��Ppre

0

Sym
op
0

�	
�
�
RP

pre
0 , R

�
p0
��
Sym

op
0

�	
.

6.5 Morphisms and suboperads of linear operads

De�nition 6.28. Let P � pPpre, pq, Q � pQpre, qq be linear operads. A morphism φ : P ÝÑ Q of
linear operads is given by a morphism φpre : Ppre ÝÑ Qpre of linear preoperads such that pφpre � q.

Ppre φpre

// Qpre

Symop

p

dd

q

::

Whether we use φ or φpre to denote it depends on whether we are in the context of linear operads
or linear preoperads.

Note that the source of φpre is Ppre, whereas the source of φ is
�
Symop p // P

�
. Similarly, the

target of φpre is Qpre, whereas the target of φ is
�
Symop q // Q

�
. This prevents us from formally

equating φpre and φ .
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Example 6.29. Let P � pPpre, pq be a linear operad. The identity morphism idP : P ÝÑ P is
given by id

pre
P

� idPpre : Ppre ÝÑ Ppre.

De�nition 6.30. Let P � pPpre, pq, Q � pQpre, qq and R � pRpre, rq be linear operads. Let
φ : P ÝÑ Q and ψ : Q ÝÑ R be morphisms of linear operads, that is, we have the following
commutative diagram.

Ppre φpre

// Qpre ψpre

// Rpre

Symop

p

ee

q

OO

r

88

The composition φψ is given by the composition φpreψpre of morphisms of linear preoperads; cf.
De�nition 2.18 (2).

This de�nes a morphism φψ of linear operads since ppφpreψpreq � ppφpreqψpre � qψpre � r.

De�nition 6.31. Let P � pPpre, pq be a linear operad. A linear operad Q � pQpre, qq is called a

linear suboperad of P if Qpre � Ppre is a linear subpreoperad and if Imppq � Qpre and q � p
��Qpre

.

Remark 6.32. Let P � pPpre, pq be a linear operad. Suppose given a linear subpreoperad T � Ppre

such that Imppq � T . Then pT , p
��T q is a linear suboperad of P .

De�nition 6.33. Let I be a set. Let P � pPpre, pq be a linear operad. Let Qi � pQpre
i , p

��Qiq � P

be a linear suboperad for i P I. Then
�
iPI

Qi :�
� �
iPI

Q
pre
i , p

����iPI Qpre
i
	
is a linear suboperad of P.

De�nition 6.34. Let P � pPpre, pq be a linear operad. Let X � Ppre be a biindexed subset. We
de�ne the linear suboperad of P generated by X by

op
xX y :�

£
tQ : Q is a linear suboperad of P with X � Qpreu .

Lemma 6.35. Let P � pPpre, pq be a linear operad and let X � Ppre be a biindexed subset. Then
we have

preop
xX Y Imppq y �

�
op
xX y

	pre
.

Equivalently, writing this as an equation of linear operads, we have�
preop

xX Y Imppq y , p
��� preopxXYImppq y	

�
op
xX y .

Proof. This can be proven in the same way as the analogous assertion for set-operads in
Lemma 6.20.

6.6 Algebras over linear operads

De�nition 6.36. Let P � pPpre, pq be a linear operad. A P-algebra pV, ϱq is an R-module V
together with a morphism ϱ : P ÝÑ ENDpV q of linear operads.

Ppre ϱpre // ENDpV qpre

Symop

p

OO

e

88
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7 The set-operad ASS0 and the linear operad ASS

7.1 Sorted pullbacks

In order to de�ne the set-operad ASS0 we �rst will have to de�ne the sorted pullback of maps.

Recall that a map is called isotone if it is monotone and bijective.

Furthermore, note that given a commutative diagram

r1, ss
â //

ĝ

��

r1, ls

g

��
r1, ks

a
// r1, ns

of maps, where s, k, l, n P Z¥0 , then for i P r1, ls we have that ppâ�1piqqĝ � a�1pigq since for
j P â�1piq we have pjĝqa � jpâgq � pjâqg � ig.

De�nition 7.1. A commutative diagram

r1, ss
â //

ĝ

��

r1, ls

g

��
r1, ks

a
// r1, ns

of maps, where s, k, l, n P Z¥0 , is called a sorted pullback if a and â are monotone and if ĝ
��a�1pigq

â�1piq
is

isotone for i P r1, ls.

We will indicate this by writing

r1, ss
â //

ĝ

��

r1, ls

g

��
r1, ks

a
// r1, ns

and we will also often say that the tuple pr1, ss, ĝ, âq is a sorted pullback of a and g.

Lemma 7.2. Let k, l, n P Z¥0 and let a : r1, ks ÝÑ r1, ns be a monotone map and g : r1, ls ÝÑ r1, ns
be a map. Consider the standard pullback pS, ǧ, ǎq of a and g; cf. Lemma 1.29.

S

ǧ

��

ǎ // r1, ls

g

��
r1, ks

a
// r1, ns

So we have S � tpi, jq P r1, ks � r1, ls : ia � jgu and

ǧ : S ÝÑ r1, ks ǎ : S ÝÑ r1, ls
pi, jq ÞÝÑ i pi, jq ÞÝÑ j.

Then (1) and (2) hold.

(1) There exists exactly one linear order on S such that ǎ is monotone and ǧ
��a�1pjgq

ǎ�1pjq
is monotone for

j P r1, ls. This order is the colexicographic order, i.e. for pi, jq, pi1, j1q P S we have pi, jq ¤ pi1, j1q
if and only if j   j1 or (j � j1 and i ¤ i1).
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(2) The map ǧ
��a�1pjgq

ǎ�1pjq
is isotone for j P r1, ls with respect to the linear order from (1).

Proof. Ad (1). Existence. We endow S with the colexicographic order.

Then pi, jq ¤ pi1, j1q implies pi, jqǎ � j ¤ j1 � pi1, j1qǎ, hence ǎ is monotone.

Now suppose given j P r1, ls.

Then for pi, jq, pi1, jq P ǎ�1pjq with pi, jq ¤ pi1, jq we have i ¤ i1. Hence we have

pi, jqǧ
��a�1pjgq

ǎ�1pjq
� pi, jqǧ � i ¤ i1 � pi1, jqǧ � pi1, jqǧ

��a�1pjgq

ǎ�1pjq
.

So ǧ
��a�1pjgq

ǎ�1pjq
is monotone.

Uniqueness. Now assume that p¨q is a linear order on S such that ǎ is monotone and ǧ
��a�1pjgq

ǎ�1pjq
is

monotone for j P r1, ls.

We have to show that for pi, jq, pi1, j1q P S we have that pi, jq ¨ pi1, j1q implies pi, jq ¤ pi1, jq. Then,
since p¤q and p¨q are both linear orders, they have to be the same.

So suppose given pi, jq, pi1, j1q P S with pi, jq ¨ pi1, j1q. Then, since ǎ is monotone with respect to
p¨q, we have j � pi, jqǎ ¤ pi1, j1qǎ � j1.

Now if j � j1, then we have pi, jq, pi1, jq P ǎ�1pjq. So since j P r1, ls and since ǧ
��a�1pjgq

ǎ�1pjq
is monotone

with respect to p¨q, we have i � pi, jqǧ � pi, jqǧ
��a�1pjgq

ǎ�1pjq
¤ pi1, jqǧ

��a�1pjgq

ǎ�1pjq
� pi1, jqǧ � i1.

So pi, jq ¨ pi1, j1q implies j ¤ j1, and if j � j1 then it implies i ¤ i1, hence pi, jq ¤ pi1, j1q.

Ad (2). Suppose given j P r1, ls. By Lemma 1.32, the map ǧ
��a�1pjgq

ǎ�1pjq
is bijective since pS, ǧ, ǎq is a

pullback of a and g. By (1), it is a monotone map. So ǧ
��a�1pjgq

ǎ�1pjq
is isotone.

Remark 7.3. A sorted pullback as de�ned in De�nition 7.1 is in particular a pullback of sets;
cf. De�nition 1.26.

Proof. Suppose given k, l, n P Z¥0 and maps a : r1, ks ÝÑ r1, ns and g : r1, ls ÝÑ r1, ns. Let

pr1, ss, ĝ, âq be a sorted pullback of a and g, cf. De�nition 7.1. So in particular ĝ
��a�1pigq

â�1piq
is bijective

for i P r1, ls. By Lemma 1.32, this implies that pr1, ss, ĝ, âq is a pullback of a and g.

Lemma 7.4. Let k, l, n P Z¥0 . Let a : r1, ks ÝÑ r1, ns be a monotone map. Let g : r1, ls ÝÑ r1, ns be
a map. There exists a uniquely determined s P Z¥0 and uniquely determined maps â : r1, ss ÝÑ r1, ls
and ĝ : r1, ss ÝÑ r1, ks such that

r1, ss
â //

ĝ

��

r1, ls

g

��
r1, ks

a
// r1, ns .

Proof. Existence. Recall the standard pullback pS, ǧ, ǎq of a and g; cf. De�nition 1.29. In Lemma 7.2

we showed that ǎ is monotone and ǧ
��a�1pjgq

ˇa�1pjq
is isotone for j P r1, ls with respect to the colexicographic

order p¤q on S. The map

φ : S ÝÑ r1, |S|s

x ÞÝÑ |ty P S : y ¤ xu|
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is strictly monotone, since for x1, s2 P S with x1   x2 we have ty P S : y ¤ x1u � ty P S : y ¤ x2u,
hence x1φ   x2φ. Since |S| � |r1, |S|s|, the map φ is isotone. This implies that φ�1 : r1, |S|s ÝÑ S

is also isotone.

Now de�ne s :� |S| and â :� φ�1ǎ and ĝ :� φ�1ǧ.

r1, ss

φ�1

##

â

$$

ĝ

  

S
ǎ //

ǧ

��

r1, ls

g

��
r1, ks

a
// r1, ns

Then we have âg � φ�1ǎg � φ�1ǧa � ĝa and â is monotone as the composite of monotone maps.

Now suppose given j P r1, ls. Suppose given i, i1 P â�1pjq with i   i1. Then we have�
iφ�1

�
ǎ � iâ � j � i1â �

�
i1φ�1

�
ǎ, hence iφ�1, i1φ�1 P ǎ�1pjq. Moreover, since φ�1 is isotone, we

have iφ�1   i1φ�1.

Now by construction we have

iĝ
��a�1pjgq

â�1pjq
� iĝ � piφ�1qǧ � piφ�1qǧ

��a�1pjgq

ǎ�1pjq
  pi1φ�1qǧ

��a�1pjgq

ǎ�1pjq
� pi1φ�1qǧ � i1ĝ � i1ĝ

��a�1pjgq

â�1pjq
,

hence ĝ
��a�1pjgq

â�1pjq
is strictly monotone.

So what remains to show is that ĝ
��a�1pjgq

â�1pjq
is surjective.

Suppose given i P a�1pjgq. We have to show that there exists m P â�1pjq such that mĝ
��a�1pjgq

â�1pjq
� i.

But by Lemma 7.2 (2) there exists x P S with x P ǎ�1pjq such that xǧ
��a�1pjgq

ǎ�1pjq
� xǧ � i. By

de�ning m :� xφ P r1, ss, we get mâ � pxφqφ�1ǎ � xǎ � j, hence we have m P â�1pjq and

mĝ
��a�1pjgq

â�1pjq
� mĝ � pxφqφ�1ǧ � xǧ � i. This shows that ĝ

��a�1pjgq

â�1pjq
is surjective.

Hence ĝ
��a�1pjgq

â�1pjq
is isotone for j P r1, ls.

Uniqueness. Suppose given the following sorted pullbacks.

r1, s1s
â1 //

ĝ1

��

r1, ls

g

��
r1, ks

a
// r1, ns

r1, s2s
â2 //

ĝ2

��

r1, ls

g

��
r1, ks

a
// r1, ns

Then, since pS, ǧ, ǎq as well as pr1, s1s, ĝ1, â1q and pr1, s2s, ĝ2, â2q are pullbacks of a and g, there
exist uniquely determined bijective maps ψ1 : r1, s1s ÝÑ S and ψ2 : r1, s2s ÝÑ S such that ψ1ǎ � â1,
ψ1ǧ � ĝ1, ψ2ǎ � â2 and ψ2ǧ � ĝ2; cf. Remark 7.3 and Remark 1.27. In particular, s1 � s2 � s :� |S|.

So we have the following diagram.

r1, ss â2

��â1 &&

ĝ2

''

ĝ1

��

ψ1

##
ψ2 ##

S
ǎ //

ǧ

��

r1, ls

g

��
r1, ks

a
// r1, ns
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Note that since for x � px1, x2q P S we have xǎ � x2 and xǧ � x1 , for u P r1, ss we have
uψ1 � puĝ1, uâ1q and uψ2 � puĝ2, uâ2q.

Suppose given u, v P r1, ss with u ¤ v. Since â1 is monotone we have uâ1 ¤ vâ1.

Case 1. If uâ1   vâ1 then we have uψ1 � puĝ1, uâ1q   pvĝ1, vâ1q � vψ1.

Case 2. If uâ1 � vâ1 �: j then we have j P r1, ls and u, v P â1�1pjq with u ¤ v. Since ĝ1
��a�1pjgq

â1�1pjq

is isotone, hence in particular monotone, we have uĝ1 � uĝ1
��a�1pjgq

â1�1pjq
¤ vĝ1

��a�1pjgq

â1�1pjq
� vĝ1, hence

uψ1 � puĝ1, uâ1q ¤ pvĝ1, vâ1q � vψ1.

This shows that ψ1 : r1, ss ÝÑ S is monotone. Since ψ1 is bijective, it is an isotone map. In the
same way we see that ψ2 : r1, ss ÝÑ S is isotone. So we have two isotone maps ψ1, ψ2 : r1, ss ÝÑ S,
so they have to be the same.

Hence we have â2 � ψ2ǎ � ψ1ǎ � â1 and ĝ2 � ψ2ǧ � ψ1ǧ � ĝ1.

This shows that s, â and ĝ are uniquely determined.

Now we will need some properties for the sorted pullback.

Lemma 7.5. Suppose given

r1, ts
b̂ //

ˆ̂g
��

r1, ss
â //

ĝ

��

r1, ls

g

��
r1,ms

b
// r1, ks

a
// r1, ns .

Then the quadrangle pr1, ts, r1,ms, r1, ls, r1, nsq is also a sorted pullback.

Proof. We need to verify that r1, ts, b̂â and ˆ̂g satisfy the following conditions.

� We have b̂âg � ˆ̂gba.

� The map b̂â is monotone.

� For j P r1, ls the map ˆ̂g
��pbaq�1pjgq

pb̂âq�1pjq
is isotone.

We have that pr1, ss, â, ĝq is a sorted pullback of a and g and that pr1, ts, b̂, ˆ̂gq is a sorted pullback of
b and ĝ. By Remark 7.3 this implies that pr1, ss, â, ĝq is a pullback of a and g and that pr1, ts, b̂, ˆ̂gq
is a pullback of b and ĝ.

By Lemma 1.37, pr1, ts, b̂â, ˆ̂gq is a pullback of ba and g.

So from Lemma 1.32, we know that r1, ts, b̂â and ˆ̂g satisfy the following conditions.

� We have b̂âg � ˆ̂gba.

� For j P r1, ls the map ˆ̂g
��pbaq�1pjgq

pb̂âq�1pjq
is bijective.

So it remains to show that b̂â is monotone and that ˆ̂g
��pbaq�1pjgq

pb̂âq�1pjq
is monotone for j P r1, ls.

First note that b̂â is monotone as the composite of monotone maps.

Now suppose given j P r1, ls.
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Suppose given i, i1 P pb̂âq�1pjq, that is, ib̂â � i1b̂â � j, and suppose i ¤ i1. We have to show that

iˆ̂g
��pbaq�1pjgq

pb̂âq�1pjq
� iˆ̂g

!
¤ i1 ˆ̂g � i1 ˆ̂g

��pbaq�1pjgq

pb̂âq�1pjq
.

Since b̂ is monotone, we have two possible cases: either ib̂ � i1b̂ or ib̂   i1b̂.

Case ib̂ � i1b̂ �: r P r1, ss. Then we have i, i1 P b̂�1prq. Since pr1, ts, ˆ̂g, b̂q is a sorted pullback of b

and ĝ, we know that ˆ̂g
��b�1prĝq

b̂�1prq
is isotone. This implies

iˆ̂g � iˆ̂g
��b�1prĝq

b̂�1prq
¤ i1 ˆ̂g

��b�1prĝq

b̂�1prq
� i1 ˆ̂g.

Case ib̂   i1b̂. Still we have pib̂qâ � pi1b̂qâ � j, hence ib̂, i1b̂ P â�1pjq. Since pr1, ss, ĝ, âq is a sorted

pullback of a and g, we know that ĝ
��a�1pjgq

â�1pjq
is isotone. This implies that

piˆ̂gqb � pib̂qĝ � pib̂qĝ
��a�1pjgq

â�1pjq
  pi1b̂qĝ

��a�1pjgq

â�1pjq
� pi1b̂qĝ � pi1 ˆ̂gqb.

Now since b is monotone we have to have iˆ̂g   i1 ˆ̂g.

Hence ˆ̂g
��pbaq�1pjgq

pb̂âq�1pjq
is monotone.

Lemma 7.6. Suppose given

r1, ts
ˆ̂a //

ĥ
��

r1,ms

h

��
r1, ss

â //

ĝ

��

r1, ls

g

��
r1, ks

a
// r1, ns .

Then the quadrangle pr1, ts, r1, ks, r1,ms, r1, nsq is also a sorted pullback.

Proof. We need to verify that r1, ts, ˆ̂a and ĥĝ satisfy the following conditions.

� We have ˆ̂ahg � ĥĝa.

�
ˆ̂a is a monotone map.

� pĥĝq
��a�1pjhgq
ˆ̂a�1pjq

is isotone for j P r1,ms.

First note that we have ˆ̂ahg � ĥâg � ĥĝa, since pr1, ts, ĥ, ˆ̂aq is a sorted pullback of â and h and since
pr1, ss, ĝ, âq is a sorted pullback of g and a.

Furthermore, ˆ̂a is monotone since pr1, ts, ĥ, ˆ̂aq is a sorted pullback of â and h.

Finally, for j P r1,ms we have

pĥĝq
��a�1pjhgq
ˆ̂a�1pjq

�
�
ĥ
��â�1pjhq
ˆ̂a�1pjq

	�
ĝ
��a�1ppjhqgq

â�1pjhq

	
.

Since pr1, ts, ĥ, ˆ̂aq is a sorted pullback of â and h, we know that ĥ
��â�1pjhq
ˆ̂a�1pjq

is isotone. Since pr1, ss, ĝ, âq

is a sorted pullback of g and a and since jh P r1, ls, we know that ĝ
��a�1ppjhqgq

â�1pjhq
is isotone.

So pĥĝq
��a�1pjhgq
ˆ̂a�1pjq

is isotone as the composite of isotone maps.
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Finally, we will see that multiplying sorted pullbacks via
�
bMap0

�
yields a sorted pullback.

Lemma 7.7. Suppose given sorted pullbacks

r1, ss
â //

ĝ

��

r1, ls

g

��
r1, ks

a
// r1, ns

and

r1, s1s
â1 //

ĝ1

��

r1, l1s

g1

��
r1, k1s

a1
// r1, n1s .

Then we have the sorted pullback

r1, s� s1s
âb â1 //

ĝb ĝ1

��

r1, l � l1s

gb g1

��
r1, k � k1s

ab a1
// r1, n� n1s ,

where pbq :� pbMap0
q; cf. De�nition 2.57.

So informally, stacking two sorted pullbacks yields a sorted pullback.

Proof. We have to verify that r1, s� s1s, ĝ b ĝ1 and âb â1 satisfy the following conditions.

� We have pâb â1qpg b g1q � pĝ b ĝ1qpab a1q.

� The map âb â1 is monotone.

� For j P r1, l � l1s the map pĝ b ĝ1q
��pab a1q�1pjpgb g1qq

pâb â1q�1pjq
is isotone.

Since Map0 is a set-preoperad; cf. De�nition 2.57 and since pr1, ss, ĝ, âq is a sorted pullback of a and
g and since pr1, s1s, ĝ1, â1q is a sorted pullback of a1 and g1, we have�

âb â1
�
�
�
g b g1

� (mc2)
� pâ � gqb

�
â1 � g1

�
� pĝ � aqb

�
ĝ1 � a1

� (mc2)
�

�
ĝ b ĝ1

�
�
�
âb â1

�
.

Furthermore, since Ass0 is a set-subpreoperad of Map0 ; cf. De�nition 2.58, the maps a b a1 and
âb â1 are monotone as the product of monotone maps.

Suppose given j P r1, l � l1s. Consider pĝ b ĝ1q
��pab a1q�1pjpgb g1qq

pâb â1q�1pjq
.

Strict monotonicity. Suppose given i, i1 P pâb â1q�1pjq, that is, ipâb â1q � j � i1pâb â1q, and suppose
i   i1. By the de�nition of pbq, either i, i1 P r1, ss or i, i1 P rs� 1, s� s1s; cf. De�nition 2.57.

Case 1: i, i1 P r1, ss. Then iâ � ipâ b â1q � j � i1pâ b â1q � i1â, so i, i1 P â�1pjq. Since ĝ
��a�1pjgq

â�1pjq
is

isotone, we have ipĝ b ĝ1q � iĝ � iĝ
��a�1pjgq

â�1pjq
  i1ĝ

��a�1pjgq

â�1pjq
� i1ĝ � i1pĝ b ĝ1q.

Case 2: i, i1 P rs � 1, s � s1s. Then pi � sqâ1 � l � ipâ b â1q � j � i1pâ b â1q � pi1 � sqâ1 � l, so

i� s, i1 � s P pâ1q�1pj � lq and j � l P r1, l1s. Since pĝ1q
��pa1q�1ppj�lqg1q

pâ1q�1pj�lq
is isotone, we have

ipĝ b ĝ1q � pi� sqĝ1 � k

� pi� sqpĝ1q
��pa1q�1ppj�lqg1q

pâ1q�1pj�lq
� k

  pi1 � sqpĝ1q
��pa1q�1ppj�lqg1q

pâ1q�1pj�lq
� k

� pi1 � sqĝ1 � k

� i1pĝ b ĝ1q.
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So pĝ b ĝ1q
��pab a1q�1pjpgb g1qq

pâb â1q�1pjq
is strictly monotone for j P r1, l � l1s.

Surjectivity. Suppose given x P pa b a1q�1pjpg b g1qq, that is, xpa b a1q � jpg b g1q. Again we only
have the possibilities (x P r1, ks and j P r1, ls) or (x P rk � 1, k � k1s and j P rl � 1, l � l1s); cf.
De�nition 2.57.

Case 1: x P r1, ks and j P r1, ls. Then we have xa � xpa b a1q � jpg b g1q � jg P r1, ns, hence

x P a�1pjgq. Since ĝ
��a�1pjgq

â�1pjq
is isotone, there exists y P â�1pjq � r1, ss such that yĝ � yĝ

��a�1pjgq

â�1pjq
� x.

Moreover, since y P r1, ss we have ypâ b â1q � yâ � j, hence y P pâ b â1q�1pjq. So we have

ypĝ b ĝ1q
��pab a1q�1pjpgb g1qq

pâb â1q�1pjq
� ypĝ b ĝ1q � yĝ � x.

Case 2: x P rk � 1, k � k1s and j P rl � 1, l � l1s. Then we have x � k P pa1q�1ppj � lqg1q since

px�kqa1�n � xpaba1q � jpgbg1q � pj� lqg1�n. Since j� l P r1, l1s, we know that pĝ1q
��pa1q�1ppj�lqg1q

pâ1q�1pj�lq

is isotone. So there exists y P pâ1q�1pj � lq � r1, s1s such that yĝ1 � ypĝ1q
��pa1q�1ppj�lqg1q

pâ1q�1pj�lq
� x � k. So

yâ � j � l.

Now let z :� y�s P rs�1, s�s1s. Then zpâbâ1q � pz�sqâ1�l � yâ1�l � pj�lq�l � j P rl�1, l�l1s,
hence z P pâb â1q�1pjq. So we have

zpĝ b ĝ1q
��pab a1q�1pjpgb g1qq

pâb â1q�1pjq
� zpĝ b ĝ1q � pz � sqĝ1 � k � yĝ1 � k � px� kq � k � x.

This shows that pĝ b ĝ1q
��pab a1q�1pjpgb g1qq

pâb â1q�1pjq
is surjective.

Altogether, pĝ b ĝ1q
��pab a1q�1pjpgb g1qq

pâb â1q�1pjq
is isotone.

We will now consider a special case of a sorted pullback.

Lemma 7.8. Let k, l, n P Z¥0 . Let g : r1, ls ÝÑ r1, ns be a map and a : r1, ks ÝÑ r1, ns be a
monotone map. We have the sorted pullbacks

(i)

r1, ks
a //

idk
��

r1, ns

idn
��

r1, ks
a

// r1, ns

and (ii)

r1, ls
idl //

g

��

r1, ls

g

��
r1, ns

idn

// r1, ns ,

where we abbreviate idk :� idMap0,k
, idn :� idMap0,n

and idl :� idMap0,l
.

Proof. Ad (i). The map a is monotone. The map idk
��a�1pj idnq

a�1pjq
� ida�1pjq is isotone for j P r1, ns.

Ad (ii). The map idl is monotone. The map g
��id�1

n pigq

id�1
l

piq
� g
��tigu
tiu

is isotone for i P r1, ls.

Lemma 7.9. Let k, n, t P Z¥0 . Let a : r1, ks ÝÑ r1, ns be a monotone map and let g : r1, ts ÝÑ r1, ns
be a map. We can write

a � a1 bAss0 . . .bAss0 an �:
ò
iPr1,ns

ai ,

where we omit the index �Ass0� and where ai :� µli P Ass0pli, 1q with li :� |a�1piq| P Z¥0 is the
unique monotone map r1, lis ÝÑ r1, 1s for i P r1, ns; cf. De�nition 4.29 and Remark 4.30. We have°
iPr1,ns

li � k. De�ne l :� pliqiPr1,ns P pZ¥0q
�n.
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Then we have the following sorted pullback.

�
1,

°
jPr1,ts

ljg

� Ò
jPr1,ts

ajg

//

grls

��

r1, ts

g

��
r1, ks

a
// r1, ns ,

where grls is de�ned as in De�nition 6.8.

Proof. We have to verify that
�
1,

°
jPr1,ts

ljg

�
, grls and

Ò
jPr1,ts

ajg satisfy the following conditions (1), (2)
and (3).

(1) We have
� Ò
jPr1,ts

ajg

	
g � grls a.

(2) The map
Ò

jPr1,ts

ajg is monotone.

(3) The map grls
��a�1pxgq� Ò

jPr1,ts

ajg

��1
pxq

is isotone for x P r1, ts.

During this proof we will write pbq and p�q for multiplication and composition in Map0 and pbopq
and p�opq for multiplication and composition in Map

op
0 . Recall that Ass0 is a set-subpreoperad of

Map0 ; cf. De�nition 2.58.

Ad (1). De�ne r̃ � pr̃iqiPr1,ns :� pliqiPr1,ns � l P pZ¥0q
�n and l̃ � p1, . . . , 1q P pZ¥0q

�n. So we have

l̃i � 1 and aopi P Map
op
0 pl̃i, r̃iq for i P r1, ns. Since pMap

op
0 , idMap

op
0
q is a set-operad, by Lemma 6.10

we have �
grls � a

�op
�

�
grls �

� Ò
iPr1,ns

ai



op

�

� Ò
iPr1,ns

ai


op

�op
�
grls
�op

�

� ò
op

iPr1,ns

a
op
i



�op

��
grr̃s

�op
idMap

op
0

	
B0pgq
�

��
grl̃s
�op

idMap
op
0

	
�op

� ò
op

jPr1,ts

a
op
jg




�
�
grl̃s
�op

�op

� Ò
jPr1,ts

ajg


op

�

�� Ò
jPr1,ts

ajg



� grl̃s


op

6.9 (iv)
�

�� Ò
jPr1,ts

ajg



� g


op

.

Hence we have grls � a �
� Ò
jPr1,ts

ajg

	
� g, which shows (1).

Ad (2). The map
Ò

jPr1,ts

ajg is monotone since ajg is a monotone map for j P r1,ms.
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Ad (3). Suppose given x P r1, ts. Consider grls
��a�1pxgq� Ò

jPr1,ts

ajg

��1
pxq

.

First note that we can write � ò
jPr1,ts

ajg

	�1

pxq �
�� ¸

jPr1,x�1s

ljg

	
� 1 ,

¸
jPr1,xs

ljg

�
a�1pxgq �

� ò
iPr1,ns

ai

	�1

pxgq �
�� ¸

iPr1,xg�1s

li

	
� 1 ,

¸
iPr1,xgs

li

�
.

Since |a�1pxgq| � lxg �
���� Ò

jPr1,ts

ajg

	�1

pxq
���, it su�ces to show strict monotonicity.

Given u P
� Ò
jPr1,ts

ajg

	�1

pxq, we can write u �
� °
jPr1,x�1s

ljg

	
� ũ in a unique way, where ũ P r1, lxgs.

Then we have lg� � pljgqjPr1,ts and u � px, ũqφ�1
lg� ; cf. De�nition 1.18.

This means that we have

ugrls
��a�1pxgq� Ò

jPr1,ts

ajg

��1
pxq

� ugrls

� upφlg� � g̃rls � φ
�1
r q

� ppx, ũqφ�1
rg�qpφlg� � g̃rls � φ

�1
l q

� px, ũqpg̃rls � φ
�1
l q

� pxg, ũqφ�1
l

�
� ¸
iPr1,xg�1s

li

	
� ũ.

Now suppose given u, v P
� Ò
jPr1,ts

ajg

	�1

pxq and suppose u   v.

Write u �
� °
jPr1,x�1s

ljg

	
� ũ and v �

� °
jPr1,x�1s

ljg

	
� ṽ where ũ, ṽ P r1, lxgs. Since u   v, we have

ũ   ṽ. So we have

ugrls
��a�1pxgq� Ò

jPr1,ts

ajg

��1
pxq

� ugrls

�
� ¸
iPr1,xg�1s

li

	
� ũ

 
� ¸
iPr1,xg�1s

li

	
� ṽ

� vgrls

� vgrls
��a�1pxgq� Ò

jPr1,ts

ajg

��1
pxq
.

This shows that grls
��a�1pxgq� Ò

jPr1,ts

ajg

��1
pxq

is strictly monotone.

7.2 The set-operad ASS0

De�nition 7.10. De�ne the set-preoperad ASS
pre
0 as follows. For m,n P Z¥0 the set ASSpre0 pm,nq

consists of tuples pf, aq where k P Z¥0 , where f : r1, ks ÝÑ r1,ms is a map and where
a : r1, ks ÝÑ r1, ns is a monotone map. We will also write f z a :� pf, aq P ASS

pre
0 pm,nq.
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Pictorially we have for example

1
2
3
4
5

1
2
3
4
5
6

1
2
3
4
5
6
7

P ASS
pre
0 p5, 7q.

Recall that abAss0 a
1 � abMap0

a1 for a P Ass0pm,nq, a1 P Ass0pm
1, n1q and m,n,m1, n1 P Z¥0 .

De�ne

pbq :�
�
bASS

pre
0

�
: ASS

pre
0 pm,nq �ASS

pre
0 pm1, n1q ÝÑ ASS

pre
0 pm�m1, n� n1q�

f z a , f 1 z a1
�
ÞÝÑ

�
f bMap0

f 1
�
z
�
abAss0 a

1
�

�
�
f bMap0

f 1
�
z
�
abMap0

a1
�

for m,n,m1, n1 P Z¥0 .

The composition is de�ned using the sorted pullback: Given m,n, p P Z¥0 and f z a P ASS
pre
0 pm,nq,

g z b P ASS
pre
0 pn, pq and k, l P Z¥0 such that f : r1, ks ÝÑ r1,ms, a : r1, ks ÝÑ r1, ns and such that

g : r1, ls ÝÑ r1, ns , b : r1, ls ÝÑ r1, ps, then by Lemma 7.4 there exists a uniquely determined
s P Z¥0 and uniquely determined maps â : r1, ss ÝÑ r1, ls and ĝ : r1, ss ÝÑ r1, ks such that

r1, ss
â //

ĝ

��

r1, ls

g

��
r1, ks

a
// r1, ns

is a sorted pullback.

So de�ne

pf z aq � pg z bq :� pf z aq �ASS
pre
0

pg z bq :�
�
ĝ �Map0

f
�
z
�
â �Map0

b
�
� pĝfq z pâbq,

where âb is a monotone map since both â and b are monotone. We have

r1, ss

ĝ

}}

â

  
r1, ks

f

}}

a

!!

r1, ls

g

~~

b

!!
r1,ms r1, ns r1, ps.

For m P Z¥0 de�ne idm :� idASS
pre
0 ,m :� idMap0,m

z idAss0,m .

Now we have to show that this actually de�nes a set-preoperad.

Ad (m1). Let m,n,m1, n1,m2, n2 P Z¥0 and f z a P ASS
pre
0 pm,nq, f 1 z a1 P ASS

pre
0 pm1, n1q and

f2 z a2 P ASS
pre
0 pm2, n2q. Then we have�

pf z aqb pf 1 z a1q
�
b pf2 z a2q �

�
pf bMap0

f 1q z pabAss0 a
1q
�
b pf2 z a2q

�
�
pf bMap0

f 1qbMap0
f2

�
z
�
pabAss0 a

1qbAss0 a
2
�

�
�
f bMap0

pf 1 bMap0
f2q

�
z
�
abAss0 pa

1
bAss0 a

2q
�

� pf z aqb
�
pf 1 bMap0

f2q z pa1 bAss0 a
2q
�

� pf z aqb
�
pf 1 z a1qb pf2 z a2q

�
.
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Hence the multiplication is associative.

Ad (m2). Let m,n P Z¥0 and f z a P ASS
pre
0 pm,nq. Let k P Z¥0 such that f : r1, ks ÝÑ r1,ms,

a : r1, ks ÝÑ r1, ns. Then

pf z aqb id0 � pf z aqb pidMap0,0
z idAss0,0q

� pf bMap0
idMap0,0

q z pabAss0 idAss0,0q

� f z a

� pidMap0,0
bMap0

fq z pidAss0,0bAss0aq

� pidMap0,0
z idAss0,0qb pf z aq

� id0bpf z aq.

This shows that id0 is neutral with respect to multiplication.

Ad (c1). Let m,n, p P Z¥0 and f z a P ASS
pre
0 pm,nq, g z b P ASS

pre
0 pn, pq, h z c P ASS0pp, qq

pre. That
is, we have

r1, ks
f

{{

a

##

r1, ls
g

{{

b

""

r1, rs

h

{{

c

##
r1,ms r1, ns r1, ps r1, qs

for some k, l, r P Z¥0 .

Consider
r1, zs

ˆ̂
h

}}

ˆ̂a

  
r1, ss

ĝ

}}

â

!!

r1, ts

ĥ

~~

b̂

  
r1, ks

f

}}

a

!!

r1, ls

g

}}

b

  

r1, rs

h

~~

c

  
r1,ms r1, ns r1, ps r1, qs .

Then by Lemma 7.6 the quadrangle pr1, zs, r1, ks, r1, ts, r1, nsq is a sorted pullback and by Lemma 7.5
the quadrangle pr1, zs, r1, ss, r1, rs, r1, psq is a sorted pullback.

So we have �
pf z aq � pg z bq

�
� ph z cq � pĝf z âbq � ph z cq

�
�ˆ̂
hpĝfq

�
z
�
pˆ̂ab̂qc

�
�

�
p
ˆ̂
hĝqf

�
z
�
ˆ̂apb̂cq

�
� pf z aq � pĥg z b̂cq

� pf z aq �
�
pg z bq � ph z cq

�
.

This shows that the composition is associative.

Ad (c2): Let m,n P Z¥0 and f z a P ASS
pre
0 pm,nq. Let k P Z¥0 such that f : r1, ks ÝÑ r1,ms and

a : r1, ks ÝÑ r1, ns. We have to show that

pf z aq � pidMap,n z idMap,nq
!
� f z a

!
� pidMap,m z idMap,mq � pf z aq .
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By Lemma 7.8 we have the following sorted pullbacks.

r1, ks
a //

idMap0,k

��

r1, ns

idMap0,n

��
r1, ks

a
// r1, ns

r1, ks
idMap0,k //

f

��

r1, ks

f

��
r1,ms

idMap0,m

// r1,ms

So we have
r1, ks

idMap0,k

~~

a

!!
r1, ks

f

}}

a

  

r1, ns
idMap0,n

~~

idMap0,n

!!
r1,ms r1, ns r1, ns

and
r1, ks

f

}}

idMap0,k

!!
r1,ms

idMap0,m

}}

idMap0,m

!!

r1, ks

f

}}

a

  
r1,ms r1,ms r1, ns .

Hence we have

pf z aq � pidMap0,n
z idMap0,n

q � pidMap0,k
fq z pa idMap0,n

q � f z a

pidMap0,m
z idMap0,m

q � pf z aq � pf idMap0,m
q z pidMap0,k

aqq � f z a.

This shows (c2).

Ad (mc1). Let m,n, p,m1, n1, p1 P Z¥0 and f z a P ASS
pre
0 pm,nq, f 1 z a1 P ASS0pm

1, n1qpre and
g z b P ASS

pre
0 pn, pq, g1 z b1 P ASS

pre
0 pn1, p1q. Let k, l, k1, l1 P Z¥0 such that

r1, ks
f

zz
a

$$

r1, ls
g

{{
b

##
r1,ms r1, ns r1, ps

and
r1, k1s

f 1

yy
a1

$$

r1, l1s
g1

zz
b1

$$
r1,m1s r1, n1s r1, p1s ,

We have to show that�
pf z aqb pf 1 z a1q

�
�
�
pg z bqb pg1 z b1q

� !
�

�
pf z aq � pg z bq

�
b

�
pf 1 z a1q � pg1 z b1q

�
.

From Lemma 7.7 we know that stacking sorted pullbacks yields a sorted pullback, that is, given

r1, ss

ĝ

~~

â

��
r1, ks

f

~~

a

  

r1, ls

g

��

b

��
r1,ms r1, ns r1, ps

and

r1, s1s

ĝ1

}}

â1

  
r1, k1s

f 1

}}

a1

!!

r1, l1s

g1

~~

b1

  
r1,m1s r1, n1s r1, p1s ,
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we obtain
r1, s� s1s

ĝbMap0
ĝ1

}}

âbAss0
â1

!!
r1, k � k1s

f bMap0
f 1

||

abAss0
a1

!!

r1, l � l1s
gbMap0

g1

}}

bbAss0
b1

  
r1,m�m1s r1, n� n1s r1, p� p1s .

So we have�
pf z aqb pf 1 z a1q

�
�
�
pg z bqb pg1 z b1q

�
�

�
pf bMap0

f 1q z pabAss0 a
1q
�
�
�
pg bMap0

g1q z pbbAss0 b
1q
�

�
�
pĝ bMap0

ĝ1qpf bMap0
f 1q

�
z
�
pâbAss0 â

1qpbbAss0 b
1q
�

�
�
pĝfqbMap0

pĝ1f 1q
�
z
�
pâbqbAss0 pâ

1b1q
�

�
�
pĝfq z pâbq

�
b

�
pĝ1f 1q z pâ1b1q

�
�

�
pf z aq � pg z bq

�
b

�
pf 1 z a1q � pg1 z b1q

�
.

Ad (mc2). Let m P Z¥0 . By induction on m ¥ 0 we see that

idm � idMap0,m
z idAss0,m

�
�
id
bMap0

m

Map0,1

�
z
�
id
bAss0

m

Ass0,1

�
�

�
idMap0,m�1bMap0

idMap0,1

�
z pidAss0,m�1bAss0 idAss0,1q

�
�
idMap0,m�1 z idAss0,m�1

�
b

�
idMap0,1

z idAss0,1

�
ind.
� id

bpm�1q
1 b id1

� idbm1 .

This completes the proof that ASSpre0 is a set-preoperad.

Remark 7.11. Note that Lemma 7.8 implies that given m,n, p, k, l P Z¥0 and f P Map0pk,mq,
g P Map0pl, kq, a P Ass0pk, nq, b P Ass0pl, pq and c P Ass0pn, pq, then we have

pf z idAss0,kq � pg z bq � pgfq z pidAss0,l bq � pgfq z b

pf z aq � pidMap0,l
z cq � pidMap0,k

fq z pacq � f z pacq.

De�nition 7.12. De�ne the biindexed map a0 � pa0pm,nqqm,n¥0 : Map
op
0 ÝÑ ASS

pre
0 as follows.

For m,n P Z¥0 let

a0pm,nq : Map
op
0 pm,nq ÝÑ ASS

pre
0 pm,nq

fop ÞÝÑ f z idAss0,n .

Lemma 7.13. The biindexed map a0 : Map
op
0 ÝÑ ASS

pre
0 ; cf. De�nition 7.12, is a morphism of

set-preoperads.

Proof. First let m,n,m1, n1 P Z¥0 and let fop P Map
op
0 pm,nq and f 1 op P Map

op
0 pm1, n1q. We have

pfop bMap
op
0
f 1 opqa0 � pf bMap0

f 1qopa0

� pf bMap0
f 1q z idAss0,n�n1

� pf bMap0
f 1q z pidAss0,nbAss0 idAss0,n1q

� pf z idAss0,nqb pf 1 z idAss0,n1q

� pfopa0qb pf 1 opa0q.
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For the second property let m,n, p P Z¥0 and let fop P Map
op
0 pm,nq and g P Map

op
0 pn, pq. By

Remark 7.11 we have

pfopa0q � pg
opa0q � pf z idAss0,nq � pg z idAss0,pq

� pgfq z idAss0,p

� pg �Map0
fqopa0

� pfop �Map
op
0
gopqa0 .

Lemma 7.14. We have the set-operad ASS0 :� pASSpre0 , a0q; cf. De�nitions 7.10 and 7.12 and
De�nition 6.3.

Proof. Since a0 : Map
op
0 ÝÑ ASS

pre
0 is a morphism of set-preoperads we have to verify the conditions

(so1) and (so2); cf. De�nition 6.3.

Ad (so1). Let m,n,m1, n1 P Z¥0 and f z a P ASS
pre
0 pm,nq, f 1 z a1 P ASS

pre
0 pm1, n1q. Let k, k1 P Z¥0

such that f : r1, ks ÝÑ r1,ms, a : r1, ks ÝÑ r1, ns, f 1 : r1, k1s ÝÑ r1,m1s and a1 : r1, k1s ÝÑ r1, n1s.

We have to show that

psopm,m1a0q �
�
pf z aqb pf 1 z a1q

� !
�

�
pf 1 z a1qb pf z aq

�
� psopn,n1a0q.

By Remark 7.11 we have

psopm,m1a0q �
�
pf z aqb pf 1 z a1q

�
� psm,m1 z idAss0,m�m1q �

�
pf bMap0

f 1q z pabAss0 a
1q
�

�
�
pf bMap0

f 1qsm,m1

�
z pabAss0 a

1q.

Claim. We have the following diagram.

r1, k � k1s

sk,k1

}}

abAss0
a1

!!
r1, k1 � ks

f 1bMap0
f

||

a1bAss0
a

!!

r1, n� n1s

sn,n1

}}

idAss0,n�n1

!!
r1,m1 �ms r1, n1 � ns r1, n� n1s

Proof of the Claim. Since Ass0 is a set-subpreoperad of Map0 we have

pabAss0 a
1qsn,n1 � sk,k1pa

1
bAss0 aq

by Lemma 6.6. Moreover, abAss0 a
1 is monotone as a product of monotone maps. So it remains to

show that sk,k1
��pa1bAss0

aq�1pjsn,n1 q

pabAss0
a1q�1pjq

is isotone for j P r1, n� n1s.

So suppose given j P r1, n � n1s. Suppose given i, i1 P pa bAss a
1q�1pjq, that is, we have

ipabAss a
1q � j � i1pabAss a

1q, and suppose i   i1.

By the de�nition of pbAss0q either i, i
1 P r1, ks or i, i1 P rk � 1, k � k1s; cf. De�nitions 2.57 and 2.58.

If i, i1 P r1, ks, then we have

isk,k1
��pa1bAss0

aq�1pjsn,n1 q

pabAss0
a1q�1pjq

� isk,k1 � i� k1   i1 � k1 � i1sk�k1 � i1sk,k1
��pa1bAss0

aq�1pjsn,n1 q

pabAss0
a1q�1pjq

.
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If i, i1 P rk � 1, k � k1s, then we have

isk,k1
��pa1bAss0

aq�1pjsn,n1 q

pabAss0
a1q�1pjq

� isk,k1 � i� k   i1 � k � i1sk,k1 � i1sk,k1
��pa1bAss0

aq�1pjsn,n1 q

pabAss0
a1q�1pjq

.

This shows that sk,k1
��pa1bAss0

aq�1pjsn,n1 q

pabAssa1q�1pjq
is strictly monotone.

Now let i P pa1 bAss aq
�1pjsn,n1q, that is, ipa1 bAss aq � jsn,n1 . We have to show that there exists

x P r1, k � k1s with x P pabAss a
1q�1pjq such that xsk,k1 � i.

De�ne x :� isk1,k. Then by Lemma 6.6 we have

xpabAss0 a
1q � isk1,kpabAss0 a

1q � ipa1 bAss0 aqsn1,n � jsn,n1sn1,n � j idMap0,n�n
1 � j,

so x P pabAss0 a
1q�1pjq.

Moreover, we have xsk,k1
��pa1bAss0

aq�1pjsn,n1 q

pabAss0
a1q�1pjq

� xsk,k1 � ipsk1,ksk,k1q � i idMap0,k�k
1 � i.

So sk,k1
��pa1bAss0

aq�1pjsn,n1 q

pabAss0
a1q�1pjq

is surjective.

This completes the proof of the Claim.

So we have�
pf 1 z a1qb pf z aq

�
� psopn,n1a0q �

�
pf 1 bMap0

fq z pa1 bAss0 aq
�
� psn,n1 z idAss0,n�n1q

7.11
�

�
sk,k1pf

1 bMap0
fq

�
z pabAss0 a

1q

6.6
�

�
pf bMap0

f 1qsm,m1

�
z pabAss0 a

1q

� psopm,m1a0q �
�
pf z aqb pf 1 z a1q

�
.

Ad (so2). Let m,n P Z¥0 and f z a P ASS
pre
0 pm,nq. Let k P Z¥0 such that f : r1, ks ÝÑ r1,ms and

a : r1, ks ÝÑ r1, ns. Let l P Z¥0 . We have to show that

p�q phopl,ma0q � pf z aq
b l !

� pf z aq � phopl,na0q.

By Remark 7.11 we know that

phopl,ma0q � pf z aq
b l � phl,m z idAss0,lmq � pf

bMap0
l z abAss0

lq

� pfbMap0
lhl,mq z a

bAss0
l.

Now consider the right hand side of p�q.

Claim. We have the following diagram.

r1, lks

hl,k

}}

a
bAss0

l

!!
r1, ks

f

}}

a

!!

r1, lns

hl,n

}}

idAss0,ln

!!
r1,ms r1, ns r1, lns

Proof of the Claim. Since Ass0 � Map0 is a set-subpreoperad and since pMap
op
0 , idMap

op
0
q is a

set-operad, we have abAss0
lhl,n � abMap0

lhl,n � hl,ka; cf. Lemma 6.7.
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Moreover, abAss0
l is a monotone map, since a is monotone.

So we have to show that hl,k
��a�1pjhl,nq�
a
bAss0

l
��1

pjq
is isotone for j P r1, lns.

So suppose given j P r1, lns.

Recall that we can write j � jn� j̄ in a unique way, where j P r0, l � 1s and j̄ P r1, ns.

Strict monotonicity. Let u, v P pabAss0
lq�1pjq and suppose u   v. Write u � uk� ū and v � vk� v̄,

u, v P r0, l � 1s and ū, v̄ P r1, ks. Now since u, v P pabAss0
lq�1pjq we have

ūa� un � uabAss0
l � j � vabAss0

l � v̄a� vn

and since j, j̄ are uniquely determined, we have u � j � v. Now since u   v this implies ū   v̄.

So we have

uhl,k
��a�1pjhl,nq�
a
bAss0

l
��1

pjq
� puk � ūqhl,k � ū   v̄ � pvk � v̄qhl,k � vhl,k

��a�1pjhl,nq�
a
bAss0

l
��1

pjq
.

This shows that hl,k
��a�1pjhl,nq�
a
bAss0

l
��1

pjq
is strictly monotone.

Surjectivity. Let y P a�1pjhl,nq � a�1pj̄q � r1, ks.

We have to show that there exists x P
�
abAss0

l
��1

pjq such that xhl,k
��a�1pjhl,nq�
a
bAss0

l
��1

pjq
� xhl,k � y.

Let x :� y� jk. Then we have xabAss0
l � ya� jn � j̄ � jn � j and xhl,k

��a�1pjhl,nq�
a
bAss0

l
��1

pjq
� xhl,k � y.

This shows that hl,k
��a�1pjhl,nq�
a
bAss0

l
��1

pjq
is surjective and completes the proof of the Claim.

We now have
pf z aq � phopl,na0q � pf z aq � phl,n z idAss0,lnq � phl,kfq z a

bAss0
l.

Now since pMap
op
0 , idMap

op
0
q is a set-operad by Lemma 6.7, we have hl,kf � fbMap0

lhl,m . Hence we
have

pf z aq � phopl,na0q � phl,kfq z a
bAss0

l � pfbMap0
lhl,mq z a

bAss0
l � phopl,ma0q � pf z aq

b l .

De�nition 7.15. We de�ne the morphism α0 � pα0pm,nqqm,n¥0 : Ass0 ÝÑ ASS
pre
0 of set-

preoperads as follows. For m,n P Z¥0 we let

α0pm,nq : Ass0pm,nq ÝÑ ASS
pre
0 pm,nq

a ÞÝÑ idMap0,m
z a.

In order to show that this in fact is a morphism of set-preoperads, �rst note that for m P Z¥0 we
have idAss0,m α0 � idMap0,m

z idAss0,m � idASS0,m .

Moreover, for m,n,m1, n1 P Z¥0 and a P Ass0pm,nq and a1 P Ass0pm
1, n1q we have

pabAss0 a
1qα0 � idMap0,m�m1 z pabAss0 a

1q

� pidMap0,m
bMap0

idMap0,m
1q z pabAss0 a

1q

� pidMap0,m
z aqb pidMap0,m

1 z a1q

� aα0 b a
1
α0 .

Furthermore, for m,n, k P Z¥0 and a P Ass0pm,nq and b P Ass0pn, kq we have

pa �Ass0 bqα0 � idMap0,m
z pa �Ass0 bq

7.11
� pidMap0,m

z aq � pidMap0,n
z bq � aα0 � bα0 .
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7.3 Associative monoids and ASS0-algebras

Proposition 7.16. Let X be a set and let Ψ0 : ASS0 ÝÑ END0pXq be a morphism of set-operads.
So X is an ASS0-algebra.

ASS
pre
0

Ψ
pre
0 // End0pXq

Map
op
0

a0

OO

e0

99

De�ne µX :� pid2 zµqΨpre
0 and εX :� pid0 z εqΨpre

0 , where we abbreviate idm :� idMap0,m
for

m P Z¥0 . Then pX,µX , εXq is an (associative) monoid.

Proof. We have the following commutative diagram.

Ass0

α0

��

α0Ψ
pre
0

%%
ASS

pre
0

Ψ
pre
0 // End0pXq

Map
op
0

a0

OO

e0

99

So pX,α0Ψ
pre
0 q is an Ass0-algebra. Furthermore, we have µX � pid2 zµqΨpre

0 � µpα0Ψ
pre
0 q and

εX � pid0 z εqΨpre
0 � εpα0Ψ

pre
0 q.

So according to Proposition 5.3, pX,µX , εXq is an (associative) monoid.

We aim to show the converse statement that every (associative) monoid can be turned
into an ASS0-algebra. Instead of showing this directly we will give a more general
statement.

Lemma 7.17. Let T0 � pT pre
0 , t0q be a set-operad. Let τ0 : Ass0 ÝÑ T

pre
0 be a morphism of

set-preoperads. Then there exists a uniquely determined morphism τ̂
pre
0 : ASS

pre
0 ÝÑ T

pre
0 of set-

preoperads such that the following diagram commutes.

Ass0

α0

��

τ0

$$
ASS

pre
0

D!τ̂pre0 // T0 ;

Map
op
0

a0

OO

t0

;;

cf. De�nition 7.15.

In particular, the commutativity of the lower triangle means that τ̂pre0 de�nes a morphism τ̂0 of
set-operads.

We have pf z aqτ̂pre0 � pfopt0q �T0 paτ0q for m,n P Z¥0 and f z a P ASS
pre
0 pm,nq.

Proof. Uniqueness. First assume that τ̃pre0 : ASS
pre
0 ÝÑ T

pre
0 is a morphism of set-preoperads such

that α0τ̃
pre
0 � τ0 and a0τ̃

pre
0 � t0 . Then for f z a P ASS

pre
0 pm,nq, where m,n P Z¥0 and where

f : r1, ks ÝÑ r1,ms and a : r1, ks ÝÑ r1, ns for some k P Z¥0 , we have

f z a � pf z idAss0,kq � pidMap0,k
z aq;
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cf. Remark 7.11. So we have

pf z aqτ̃pre0 �
�
pf z idAss0,kqτ̃

pre
0

�
�T0
�
pidMap0,k

z aqτ̃pre0

�
�
�
foppa0τ̃

pre
0 q

�
�T0
�
apα0τ̃0q

�
� pfopt0q�T0paτ0q,

hence such a morphism τ̃
pre
0 is uniquely determined by t0 and τ0.

Existence. We have to show that

τ̂
pre
0 : ASS

pre
0 ÝÑ T

pre
0

pf z aq ÞÝÑ pfopt0q �T0 paτ0q

is in fact a morphism of set-preoperads satisfying α0τ̂
pre
0 � τ0 and a0τ̂

pre
0 � t0 .

First note that given m,n P Z¥0 and f z a P ASS
pre
0 pm,nq, say f : r1, ks ÝÑ r1,ms and

a : r1, ks ÝÑ r1, ns, where k P Z¥0 , then we have fopt0 P T
pre
0 pm, kq and aα0 P T

pre
0 pk, nq, so

in fact pfopt0q �T0 paα0q P T
pre
0 pm,nq.

Furthermore, note that given m P Z¥0 then we have

idm τ̂
pre
0 �

�
idMap0,m

z idAss0,m

�
τ̂
pre
0 �

�
id

op
Map0,m

t0
�
�T0

�
idAss0,m τ0

�
� idT0,m �T0 idT0,m � idT0,m .

Suppose given m,n,m1, n1 P Z¥0 and f z a P ASS
pre
0 pm,nq, f 1 z a1 P ASS

pre
0 pm1, n1q. Let k, k1 P Z¥0

be such that f : r1, ks ÝÑ r1,ms, a : r1, ks ÝÑ r1, ns, f 1 : r1, k1s ÝÑ r1,m1s and a : r1, k1s ÝÑ r1, n1s.

We have �
pf z aqb pf 1 z a1q

�
τ̂
pre
0 �

�
pf bMap0

f 1q z pabAss0 a
1q
�
τ̂
pre
0

�
�
pf bMap0

f 1qopt0
�
�T0

�
pabAss0 a

1qτ0
�

�
�
pfopt0qbT0 pf

1 opt0q
�
�T0

�
paτ0qbT0 pa

1τ0q
�

�
�
pfopt0q �T0 paτ0q

�
bT0

�
pf 1 opt0q �T0 pa

1τ0q
�

�
�
pf z aqτ̂pre0

�
bT0

�
pf 1 z a1qτ̂pre0

�
.

Now suppose given m,n, p P Z¥0 and f z a P ASS
pre
0 pm,nq, g z b P ASS

pre
0 pn, pq. Let k, t P Z¥0 be

such that f : r1, ks ÝÑ r1,ms, a : r1, ks ÝÑ r1, ns, g : r1, ts ÝÑ r1, ns and b : r1, ts ÝÑ r1, ps.

Since a is monotone we can write

a � a1 bAss0 . . .bAss0 an �
ò
iPr1,ns

ai ,

where we omit the index �Ass0� and where ai � µli P Ass0pli, 1q with li � |a�1piq| P r0, ks for i P r1, ns
and

°
iPr1,ns

li � k; cf. Remark 4.30. Write l :� pliqiPr1,ns P pZ¥0q
�n and r � p1, . . . , 1q P pZ¥0q

�n.

By Lemma 7.9 we have the following sorted pullback.

�
1,

°
jPr1,ts

ljg

�
grls

��

Ò
jPr1,ts

ajg

// r1, ts

g

��
r1, ks

a
// r1, ns

So by the de�nition of composition in ASS0 we have

pf z aq � pg z bq �
�
grlsf

�
z
�� ò

jPr1,ts

ajg

	
b
	
.
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So we have�
pf z aq � pg z bq

�
τ̂
pre
0 �

��
grlsf

�
z
�� Ò

jPr1,ts

ajg

	
b
		
τ̂
pre
0

�
��
grlsf

�op
t0
�
�T0

�� Ò
jPr1,ts

ajg

	
b
	
τ0

�
�
fopt0

�
�T0

��
grls

�op
t0
�
�T0

�� Ò
jPr1,ts

ajg

	
τ0

	
�T0

�
bτ0

�
�

�
fopt0

�
�T0

��
grls

�op
t0
�
�T0

� Ò
jPr1,ts

pajgτ0q
	
�T0

�
bτ0

�
6.10
�

�
fopt0

�
�T0

� Ò
iPr1,ns

paiτ0q
	
�T0

��
grrs

�op
t0
�
�T0

�
bτ0

�
6.9 (iv)
�

�
fopt0

�
�T0

�� Ò
iPr1,ns

ai

	
τ0

	
�T0

�
gopt0

�
�T0

�
bτ0

�
�

�
fopt0

�
�T0

�
aτ0

�
�T0

�
gopt0

�
�T0

�
bτ0

�
� pf z aqτ̂pre0 �T0 pg z bqτ̂

pre
0 .

We have now shown that τ̂pre0 is in fact a morphism of set-preoperads.

Since by construction fopa0τ̂
pre
0 � pf z idAss0,nqτ̂

pre
0 � pfopt0q �T0 idT0,n � fopt0 for m,n P Z¥0 and

fop P Map
op
0 pm,nq, we have a0τ̂

pre
0 � t0 . So τ̂0 : ASS0 ÝÑ T0 is a morphism of set-operads.

Moreover, we have aα0τ̂
pre
0 � pidMap0,m

z aqτ̂pre0 � idT0,m �T0paτ0q � aτ0 for m,n P Z¥0 and
a P Ass0pm,nq. Hence ατ̂

pre
0 � τ0 .

We can now use this to show that an (associative) monoid X can be turned into an
ASS0-algebra.

Proposition 7.18. Let pX,µX , εXq be a monoid.

Then there exists a morphism of set-operads Ψ0 : ASS0 ÝÑ END0pXq such that µX � pid2 zµqΨ
pre
0

and εX � pid0 z εqΨ
pre
0 , where again we abbreviate idm :� idMap0,m

for m P Z¥0 .

In particular, pX,Ψ0q is an ASS0-algebra.

Proof. By Proposition 5.4, we can turn X into an Ass0-algebra using the morphism of set-preoperads
ψ0 : Ass0 ÝÑ End0pXq that satis�es µX � µψ0 and εX � εψ0 .

Then by Lemma 7.17, there exists a uniquely determined morphism Ψ0 : ASS0 ÝÑ END0pXq of
set-operads such that the following diagram commutes.

Ass0

α0

��

ψ0

''
ASS

pre
0

D!Ψpre
0 // End0pXq

Map
op
0

a0

OO

e0

88

The morphism Ψ0 satis�es pf z aqΨpre
0 � pfope0q � paψ0q for m,n P Z¥0 and f z a P ASS

pre
0 pm,nq.

So pX,Ψ0q is an ASS0-algebra.

We have pid2 zµqΨ
pre
0 � µα0Ψ

pre
0 � µψ0 � µX and pid0 z εqΨ

pre
0 � εα0Ψ

pre
0 � εψ0 � εX .
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7.4 The linear operad ASS

De�nition 7.19. Recall the set-preoperad ASS
pre
0 ; cf. De�nition 7.10. De�ne the set-subpreoperad

ASS
pre,bij
0 � ASS

pre
0 as follows. For m,n P Z¥0 let

ASS
pre,bij
0 pm,nq �

 
f z a P ASS

pre
0 pm,nq : r1,ms

f
ÝÑ r1,ms is a bijective map

(
.

We have to show that ASSpre,bij0 is closed under multiplication and composition of ASSpre0 and that
idASS

pre
0 ,m P ASS

pre,bij
0 pm,mq for m P Z¥0 ; cf. Lemma 2.27.

First note that for m P Z¥0 we have idASS
pre
0 ,m � idMap0,m

z idAss0,m P ASS
pre,bij
0 pm,mq, since

idMap0,m
is a bijective map.

Now since Sym0 � Map0 is a set-subpreoperad, we know that f bMap0
f 1 P Sym0pm�m1,m�m1q

for m,m1 P Z¥0 and f P Sym0pm,mq, f 1 P Sym0pm
1,m1q; cf. Lemma 2.27.

So for m,n,m1, n1 P Z¥0 and f z a P ASS
pre,bij
0 pm,nq, f 1 z a1 P ASS

pre,bij
0 pm1, n1q we have

pf z aqbASS0 pf
1 z a1q � pf bMap0

f 1q z pabAss0 a
1q P ASS

pre,bij
0 pm�m1, n� n1q,

since f bMap0
f 1 is a bijective map.

Now suppose given m,n, k P Z¥0 and f z a P ASS
pre,bij
0 pm,nq, g z b P ASS

pre,bij
0 pn, kq. Consider the

following diagram.
r1, ss

ĝ

}}

â

!!
r1,ms

f

||

a

!!

r1, ns

g

}}

b

!!
r1,ms r1, ns r1, ks

So pr1, ss, ĝ, âq is a sorted pullback of a and g. By Lemma 7.3, we know that pr1, ss, ĝ, âq is in
particular a pullback of a and g. Since g is bijective, by Lemma 1.35 (iii), the map ĝ is also bijective.
So we have

pf z aq �ASS0 pg z bq � pĝfq z pâbq P ASS
pre,bij
0 pm, kq,

since ĝf is bijective as the composite of bijective maps.

This completes the proof that ASSpre,bij0 is a set-subpreoperad of ASSpre0 .

De�nition 7.20. We de�ne the linear operad ASS :� pASSpre, aq as follows.

� Let ASSpre :� RASS
pre,bij
0 .

� Let a :� R
�
a0
��ASS

pre,bij
0

Sym
op
0

	
: Symop ÝÑ ASSpre .

Note that since we have Impa0
��
Sym

op
0
q � ASS

pre,bij
0 , by Remark 6.26 this is in fact a linear operad.

Recall that this de�nition means the following.

� We have ASSprepm,nq :� RASS
pre,bij
0 pm,nq for m,n P Z¥0 .

� We have idASS,m � idASS0,m for m P Z¥0 .
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� Suppose given m,n,m1, n1 P Z¥0.

Then for
°

ξPASS
pre,bij
0 pm,nq

rξ ξ P ASSprepm,nq and
°

ξ1PASS
pre,bij
0 pm1,n1q

r1ξ1 ξ
1 P ASSprepm1, n1q we have

� ¸
ξPASS

pre,bij
0 pm,nq

rξ ξ



bASS

� ¸
ξ1PASS

pre,bij
0 pm1,n1q

r1ξ1 ξ
1



�

¸
ξPASS

pre,bij
0 pm,nq

ξ1PASS
pre,bij
0 pm1,n1q

rξ r
1
ξ1

�
ξ bASS0 ξ

1
�
.

� Suppose given m,n, k P Z¥0 .

Then for
°

ξPASS
pre,bij
0 pm,nq

rξ ξ P ASSprepm,nq and
°

χPASS
pre,bij
0 pn,kq

sχ1 χ P ASSprepn, kq we have

� ¸
ξPASS

pre,bij
0 pm,nq

rξ ξ



�ASS

� ¸
χPASS

pre,bij
0 pn,kq

sχ χ



�

¸
ξPASS

pre,bij
0 pm,nq

χPASS
pre,bij
0 pn,kq

rξ sχ
�
ξ �ASS0 χ

�
.

� For m P Z¥0 and
°

fPSym0pm,mq

rf f
op P Symoppm,mq we have

� ¸
fPSym0pm,mq

rf f
op



a �

¸
fPSym0pm,mq

rf pf
opa0q �

¸
fPSym0pm,mq

rf pf z idAss0,mq.

De�nition 7.21. Recall the morphism of set-preoperads α0 : Ass0 ÝÑ ASS
pre
0 ; cf. De�nition 7.15.

For m,n P Z¥0 and a P Ass0pm,nq we have aα0 � idMap0,m
z a P ASS

pre,bij
0 pm,nq, hence the

restriction α0

��ASS
pre,bij
0 : Ass0 ÝÑ ASS

pre,bij
0 is well-de�ned, so it is a morphism of set-preoperads.

So we can de�ne the morphism of linear preoperads α :� R
�
α0

��ASS
pre,bij
0

	
: Ass ÝÑ ASSpre.

7.5 Associative algebras and ASS-algebras

Proposition 7.22. Let V be an R-module and let Ψ : ASS ÝÑ ENDpV q be a morphism of linear
operads.

ASSpre
Ψpre

// EndpV q

Symop

a

ee

e

99

That is, pV,Ψq is an ASS-algebra.

De�ne µV :� pid2 zµqΨ
pre P EndpV qp2, 1q and εV :� pid0 z εqΨ

pre P EndpV qp0, 1q, where we abbre-
viate idm :� idMap0,m

for m P Z¥0 .

Then pV, µV , εV q is an associative R-algebra.

Proof. We have the following commutative diagram.

Ass

α

��

αΨpre

%%
ASSpre

Ψpre
// EndpV q

Symop

a

OO

e

99
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So αΨpre : Ass ÝÑ ENDpV qpre � EndpV q is a morphism of linear preoperads satisfying
µpαΨpreq � pid2 zµqΨpre � µV and εpαΨpreq � pid0 z εqΨpre � εV .

So pV,αΨpreq is an Ass-algebra. By Proposition 5.6 we know that pV, µV , εV q is an associative
R-algebra.

Lemma 7.23. Let T � pT , tq be a linear operad. Let τ : Ass ÝÑ T pre be a morphism of linear
preoperads. Then there exists a uniquely determined morphism τ̂pre : ASSpre ÝÑ T pre of linear
preoperads such that the following diagram commutes.

Ass

α

��

τ

%%
ASSpre

D!τ̂pre // T pre ;

Symop

a

OO

t

99

cf. De�nition 7.21.

In particular, the commutativity of the lower triangle means that τ̂pre de�nes a morphism τ̂ of linear
operads.

We have pf z aqτ̂pre � pfoptq �T paτq for f z a P ASS
pre,bij
0 pm,nq and m,n P Z¥0 .

Proof. Uniqueness. Let τ̃pre : ASSpre ÝÑ T pre be a morphism of linear preoperads such that
ατ̃pre � τ and aτ̃pre � t. Then form,n P Z¥0 and f z a P ASS

pre,bij
0 pm,nq, where f : r1,ms ÝÑ r1,ms

and a : r1,ms ÝÑ r1, ns, we have

pf z aqτ̃pre �
�
pf z idmq�pidm z aq

�
τ̃pre �

�
pfopaq�paαq

�
τ̃pre � pfopaτ̃preq�T paατ̃preq � pfoptq�T paτq.

So such a morphism of linear preoperads τ̃pre is uniquely determined by t and τ .

Existence. To de�ne τ̂pre : ASSpre ÝÑ T pre it su�ces to de�ne its restriction to ASS
pre,bij
0 as a

morphism of set-preoperads; cf. Remark 2.23. So let

pf z aqτ̂pre :� pfoptq �T paτq

for f z a P ASS
pre,bij
0 pm,nq and m,n P Z¥0 .

First note that form,n P Z¥0 and f z a P ASS
pre,bij
0 pm,nq we have fopt P T pm,mq and aτ P T pm,nq,

so pfoptq �T paτq P T pm,nq.

Furthermore, note that for m P Z¥0 we have

idm τ̂
pre �

�
idMap0,m

z idAss0,m

�
τ̂pre �

�
id

op
Map0,m

t
�
�T

�
idAss0,m τ

�
� idT ,m �T idT ,m � idT ,m .

Suppose given m,n,m1, n1 P Z¥0 and f z a P ASS
pre,bij
0 pm,nq, f 1 z a1 P ASS

pre,bij
0 pm1, n1q. We have�

pf z aqb pf 1 z a1q
�
τ̂pre �

�
pf bMap0

f 1q z pabAss0 a
1q
�
τ̂pre

�
�
pf bSym0

f 1q z pabAss0 a
1q
�
τ̂pre

�
�
pf bSym0

f 1qopt
�
�T

�
pabAss0 a

1qτ
�

�
�
pfop bSym

op
0
f 1 opqt

�
�T

�
pabAss0 a

1qτ
�

�
�
pfoptqbT pf 1 optq

�
�T

�
paτqbT pa1τq

�
�

�
pfoptq �T paτq

�
bT

�
pf 1 optq �T pa1τq

�
� pf z aqτ̂pre bT pf 1 z a1qτ̂pre.
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Now suppose given m,n, p P Z¥0 and f z a P ASS
pre,bij
0 pm,nq, g z b P ASS

pre,bij
0 pn, pq. So we have

f : r1,ms ÝÑ r1,ms, a : r1,ms ÝÑ r1, ns, g : r1, ns ÝÑ r1, ns and b : r1, ns ÝÑ r1, ps.

Since a is monotone we can write

a � a1 bAss0 . . .bAss0 an �
ò
iPr1,ns

ai ,

where we omit the index �Ass0� and where ai � µli P Ass0pli, 1q where li P r0,ms for i P r1, ns and°
iPr1,ns

li � m; cf. Remark 4.30. Write l � pliqiPr1,ns P pZ¥0q
�n and r � p1, . . . , 1q P pZ¥0q

�n.

By Lemma 7.9 we have the following sorted pullback.

�
1,

°
jPr1,ns

ljg

�
grls

��

Ò
jPr1,ns

ajg

// r1, ns

g

��
r1,ms

a
// r1, ns

So by the de�nition of composition in ASS
pre,bij
0 we have

pf z aq � pg z bq �
�
grlsf

�
z
�� ò

jPr1,ns

ajg

	
b
	
;

cf. De�nition 7.10. So we have�
pf z aq � pg z bq

�
τ̂pre �

��
grlsf

�
z
�� Ò

jPr1,ns

ajg

	
b
		
τ̂pre

�
�
grlsf

�op
t �T

�� Ò
jPr1,ns

ajg

	
b
	
τ

�
�
fopt

�
�T
��
grls
�op

t
�
�T

�� Ò
jPr1,ns

ajg

	
τ
	
�T
�
bτ
�

�
�
fopt

�
�T
��
grls
�op

t
�
�T

� Ò
jPr1,ns

pajgτq
	
�T
�
bτ
�

6.25
�

�
fopt

�
�T

� Ò
iPr1,ns

paiτq
	
�T
��
grrs

�op
t
�
�T
�
bτ
�

6.9 (iv)
�

�
fopt

�
�T

�� Ò
iPr1,ns

ai

	
τ
	
�T
�
gopt

�
�T
�
bτ
�

�
�
fopt

�
�T
�
aτ
�
�T
�
gopt

�
�T
�
bτ
�

� pf z aqτ̂pre �T pg z bqτ̂pre .

This shows that τ̂pre is in fact a morphism of linear preoperads.

Since by construction fopaτ̂pre � pf z idAss0,mqτ̂
pre � pfoptq �T idT ,m � fopt for m P Z¥0 and

fop P Sym
op
0 pm,mq, we have aτ̂pre � t. So τ̂ : ASS ÝÑ T is a morphism of linear operads.

Moreover, note that we have aατ̂pre � pidMap0,m
z aqτ̂pre � idT ,m �T paτq � aτ for m,n P Z¥0 and

a P Ass0pm,nq. Hence ατ̂pre � τ .

Proposition 7.24. Let pV, µV , εV q be an associative R-algebra.

Then there exists a morphism of linear operads Ψ : ASS ÝÑ ENDpV q such that µV � pid2 zµqΨpre

and εV � pid0 z εqΨpre.

So pV,Ψq is an ASS-algebra.
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Proof. By Proposition 5.7 there exists the morphism of linear preoperads ψ : Ass ÝÑ EndpV q that
satis�es µV � µψ and εV � εψ. So pV, ψq is an Ass-algebra.

Then by Lemma 7.23, there exists a uniquely determined morphism Ψ : ASS ÝÑ ENDpV q of linear
operads such that the following diagram commutes.

Ass

α

��

ψ

''
ASSpre

D!Ψpre
// EndpV q

Map
op
0

a

OO

e

88

The morphism Ψ satis�es pf z aqΨpre � pfopeq � paψq for m,n P Z¥0 and f z a P ASS
pre,bij
0 pm,nq.

So pV,Ψq is an ASS-algebra. Furthermore, we have pid2 zµqΨ
pre � µαΨpre � µψ � µV and

pid0 z εqΨ
pre � εαΨpre � εψ � εV .
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8 The linear operad BIALG

Our aim in this chapter will be to de�ne a linear operad BIALG with the property that
BIALG-algebras are R-bialgebras.

De�nition 8.1. Recall the set-operad ASS0 � pASSpre0 , a0q; cf. De�nitions 7.10 and 7.12. We
de�ne the linear operad BIALG :� pBIALGpre, bq as follows. We let BIALGpre :� RASS

pre
0 and

b :� R
�
a0
��
Sym

op
0

�
: Symop ÝÑ BIALGpre. This is a linear operad by Remark 6.27.

Recall that this de�nition means that we have BIALGpm,nq � RASS0pm,nq for m,n P Z¥0 and
that for m P Z¥0 and fop P Sym

op
0 pm,mq we have fopb � fopa0 � f z idAss0,m. Furthermore, recall

that this means that multiplication and composition in BIALG work as follows.

� Form,n,m1, n1 P Z¥0 and
°

ξPASS0pm,nq

rξ ξ P BIALGpm,nq,
°

ξ1PASS0pm1,n1q

r1ξ1 ξ
1 P BIALGpm1, n1q we

have � ¸
ξPASS0pm,nq

rξ ξ



bBIALG

� ¸
ξ1PASS0pm1,n1q

r1ξ1 ξ
1



�

¸
ξPASS0pm,nq
ξ1PASS0pm1,n1q

rξ r
1
ξ1

�
ξ bASS0 ξ

1
�
.

� For m,n, p P Z¥0 and
°

ξPASS0pm,nq

rξ ξ P BIALGpm,nq,
°

χPASS0pn,pq

sχ χ P BIALGpn, pq we have

� ¸
ξPASS0pm,nq

rξ ξ



�BIALG

� ¸
χPASS0pn,pq

sχ χ



�

¸
ξPASS0pm,nq
χPASS0pn,pq

rξ sχ
�
ξ �ASS0 χ

�
.

Remark 8.2. Recall the linear operad ASS � pASSpre, aq; cf. De�nition 7.20. Note that

ASS � BIALG is a linear suboperad with a � R
�
a0
��ASS

pre,bij
0

Sym
op
0

	
� b

��ASSpre
.

Both ASS and BIALG arise from ASS0 . The linear preoperad BIALGpre consists of formal linear
combinations of elements from ASS

pre
0 , whereas in ASSpre we only allow formal linear combinations

of fractions from ASS
pre
0 with bijective denominators.

Proposition 8.3. Let V be an R-module. Suppose given a morphism of linear operads

Θ : BIALG ÝÑ ENDpV q,

that is, pV,Θq is a BIALG-algebra.

BIALGpre Θpre
// EndpV q

Symop

b

ff

e

99

De�ne

µV :� pid2 zµqΘ
pre P EndpV qp2, 1q

εV :� pid0 z εqΘ
pre P EndpV qp0, 1q

∆V :� pµ z id2qΘ
pre P EndpV qp1, 2q

ηV :� pε z id0qΘ
pre P EndpV qp1, 0q,

where we abbreviate idm :� idMap0,m
� idAss0,m for m P Z¥0 .

Then V is an R bialgebra with multiplication µV , unit εV , comultiplication ∆V and counit ηV ;
cf. [4, De�nition 4.1.3].

150



Proof. During this proof we will denote by pbq and p�q the multiplication and composition in BIALG

and in ASS0 .

Recall that we have pµ bMap0
id1q �Map0

µ � pid1bMap0
µq �Map0

µ, pε bMap0
id1q �Map0

µ � id1 and
pid1bMap0

εq�Map0
µ � id1 . Furthermore, recall the morphism of set-preoperads α0 : Ass0 ÝÑ ASS

pre
0

that maps a P Ass0pm,nq to idm z a P ASS0pm,nq for m,n P Z¥0 ; cf. De�nition 7.15.

So since Θ is a morphism of linear operads and since α0 is a morphism of set-preoprads, we have

pµV b idV qµV �
�
pid2 zµqΘ

pre b pid1 z id1qΘ
pre

�
�END pid2 zµqΘ

pre

�
�
ppid2 zµqb pid1 z id1qq � pid2 zµq

�
Θpre

�
�
pµα0 bASS0 id1 α0q � µα0

�
Θpre

�
�
ppµbMap0

id1q �Map0
µqα0

�
Θpre

�
�
ppid1bMap0

µq �Map0
µqα0

�
Θpre

�
�
pid1 α0 b µα0q � µα0

�
Θpre

�
�
ppid1 z id1qb pid2 zµqq � pid2 zµq

�
Θpre

�
�
pid1 z id1qΘ

pre b pid2 zµqΘ
pre

�
�END pid2 zµqΘ

pre

� pidV bµV qµV

pεV b idV qµV �
�
pid0 z εqΘ

pre b pid1 z id1qΘ
pre

�
�END pid2 zµqΘ

pre

�
�
pεα0 b id1 α0q � µα0

�
Θpre

�
�
ppεbMap0

id1q �Map0
µqα0

�
Θpre

� pid1 α0qΘ
pre

� pid1 z id1qΘ
pre

� idV

pidV b εV qµV �
�
pid1 z id1qΘ

pre b pid0 z εqΘ
pre

�
�END pid2 zµqΘ

pre

�
�
pid1 α0 b εα0q � µα0

�
Θpre

�
�
ppid1bMap0

εq �Map0
µqα0

�
Θpre

� pid1 α0qΘ
pre

� pid1 z id1qΘ
pre

� idV .

This shows that pV, µV , εV q is an associative R-algebra.

Moreover, since Θ is a morphism of linear operads and since a0 : Map
op
0 ÝÑ ASS0 is a morphism of

set-preoperads, we have

∆V pidV b∆V q � pµ z id2qΘ
pre �END

�
pid1 z id1qΘ

pre b pµ z id1qΘ
pre

�
�

�
µopa0 � pid

op
1 a0 b µ

opa0q
�
Θpre

�
�
pµop �Mapop pid

op
1 bMapopµ

opqqa0
�
Θpre

�
�
ppid1bMap0

µq �Map0
µqopa0

�
Θpre

�
�
ppµbMap0

id1q �Map0
µqopa0

�
Θpre

�
�
pµop �Map

op
0
pµop bMap

op
0

id
op
1 qqa0

�
Θpre

�
�
µopa0 � pµ

opa0 b id
op
1 a0q

�
Θpre

� pµ z id2qΘ
pre �END

�
pµ z id2qΘ

pre b pid1 z id1qΘ
pre

�
� ∆V p∆V b idV q
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and

∆V pηV b idV q � pµ z id2qΘ
pre �END

�
pε z id0qΘ

pre b pid1 z id1qΘ
pre

�
�

�
µopa0 � pε

opa0 b id
op
1 a0q

�
Θpre

�
�
pµop �Map

op
0
pεop bMap

op
0

id
op
1 qqa0

�
Θpre

�
�
ppεbMap0

id1q �Map0
µqopa0

�
Θpre

� pidop1 a0qΘ
pre

� pid1 z id1qΘ
pre

� idV

∆V pidV b ηV q � pµ z id2qΘ
pre �END

�
pid1 z id1qΘ

pre b pε z id0qΘ
pre

�
�

�
µopa0 � pid

op
1 a0 b ε

opa0q
�
Θpre

�
�
pµop �Map

op
0
pidop1 bMap

op
0
εopqqa0

�
Θpre

�
�
ppid1bMap0

εq �Map0
µqopa0

�
Θpre

� pidop1 a0qΘ
pre

� pid1 z id1qΘ
pre

� idV .

This shows that pV,∆V , ηV q is a coassociative R-coalgebra.

In order to complete the proof that pV, µV , εV ,∆V , ηV q is a bialgebra, we have to show that the
following compatibility conditions (i) � (iv) are satis�ed.

(i) We have
µV �END ∆V � p∆V b∆V q �END pidV b τV b idV q �END pµV b µV q,

where τV P ENDpV qp2, 2q is the linear map de�ned by

τV : V b2 ÝÑ V b2

v b w ÞÝÑ w b v

for v, w P V .

(ii) We have µV �END ηV � ηV b ηV .

(iii) We have εV �END ∆V � εV b εV .

(iv) We have εV �END ηV � idR .

Ad (i). Consider the transposition p1, 2q P Sym0p2, 2q. Since Θ is a morphism of linear operads, we
have

pp1, 2q z id2qΘ
pre � p1, 2qopbΘpre � p1, 2qope.

Moreover, we know that p1, 2qope P ENDpV qp2, 2q is the map

p1, 2qope : V b2 ÝÑ V b2

v b w ÞÝÑ w b v;

cf. Example 2.66. So we have

pp1, 2q z id1qΘ
pre � p1, 2qope � τV .

We have to show that

µV �END ∆V
!
� p∆V b∆V q �END pidV b τV b idV q �END pµV b µV q.
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On the one hand we have

µV �END ∆V � pid2 zµqΘpre �END pµ z id2qΘ
pre

� ppid2 zµq � pµ z id2qqΘ.

On the other hand we have

p∆V b∆V q �END pidV b τV b idV q �END pµV b µV q

� pppµ z id2qb pµ z id2qq � ppid1 z id1qb pp1, 2q z id2qb pid1 z id1qq � ppid2 zµqb pid2 zµqqqΘpre.

So since Θpre is a morphism of linear preoperads it su�ces to show that

pid2 zµq � pµ z id2q
!
� ppµ z id2qbpµ z id2qq�ppid1 z id1qbpp1, 2q z id2qbpid1 z id1qq�ppid2 zµqbpid2 zµqq.

Let f P Map0p4, 2q be the map de�ned by 1f � 1, 2f � 2, 3f � 1, 4f � 2.

1

2

3

4

1

2

Claim. We have the following sorted pullback.

r1, 4s

f

��

µbMap0
µ
// r1, 2s

µ

��
r1, 2s

µ
// r1, 1s

Proof of the Claim. First note that we have f �Map0
µ, pµ bMap0

µq �Map0
µ P Map0p4, 1q � tµ4u;

cf. De�nition 4.29. So the maps have to be the same and the diagram commutes. Furthermore,
µbMap0

µ is monotone as the product of monotone maps.

Finally, f
��µ�1p1µq

pµbMap0
µq�1p1q

� f
��r1,2s
r1,2s

and f
��µ�1p2µq

pµbMap0
µq�1p2q

� f
��r1,2s
r3,4s

are isotone.

This proves the Claim.

So we have
pid2 zµq � pµ z id2q

7.10
� pf id2q z

�
pµbMap0

µq id2q � f z pµbMap0
µ
�
.

On the other hand, by Remark 7.11 we have�
pµ z id2qb pµ z id2q

�
�
�
pid1 z id1qb pp1, 2q z id2qb pid1 z id1q

�
�
�
pid2 zµqb pid2 zµq

�
�

�
pµbMap0

µq z id4
�
�
�
pid1bMap0

p1, 2qbMap0
id1q z id4

�
�
�
id4 z pµbMap0

µq
�

�
��
pid1bMap0

p1, 2qbMap0
id1q �Map0

pµbMap0
µq

�
z id4

�
�
�
id4 z pµbMap0

µq
�

�
�
pid1bMap0

p1, 2qbMap0
id1q �Map0

pµbMap0
µq

�
z pµbMap0

µq.

So it su�ces to show that

pid1bMap0
p1, 2qbMap0

id1q �Map0
pµbMap0

µq
!
� f.

We have

1
�
pid1bMap0

p1, 2qbMap0
id1q �Map0

pµbMap0
µq

�
� 1pµbMap0

µq � 1µ � 1 � 1f

2
�
pid1bMap0

p1, 2qbMap0
id1q �Map0

pµbMap0
µq

�
� 3pµbMap0

µq � 1µ� 1 � 2 � 2f

3
�
pid1bMap0

p1, 2qbMap0
id1q �Map0

pµbMap0
µq

�
� 2pµbMap0

µq � 2µ � 1 � 3f

4
�
pid1bMap0

p1, 2qbMap0
id1q �Map0

pµbMap0
µq

�
� 4pµbMap0

µq � 2µ� 1 � 2 � 4f.
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1

2

3

4

1

2

3

4

1

2
�

1

2

3

4

1

2

This shows that compatibility condition (i) is satis�ed.

Ad (ii). We have to show that�
pid2 zµq � pε z id0q

�
Θpre � µV �END ηV

!
� ηV b ηV �

�
pε z id0qb pε z id0q

�
Θpre.

So it su�ces to show that

pid2 zµq � pε z id0q
!
� pε z id0qb pε z id0q.

Claim. We have the following sorted pullback.

r1, 0s

εbMap0
ε

��

id0 // r1, 0s

ε

��
r1, 2s

µ
// r1, 1s

Proof of the Claim. First note that pεbMap0
εq �Map0

µ , id0 �Map0
ε P Map0p0, 1q � tεu, so the diagram

commutes. Furthermore, the map id0 is monotone.

Finally, pεbMap0
εq

��µ�1piεq

id�1
0 piq

is isotone for i P r1, 0s � ∅.

This completes the proof of the Claim.

So we have

pid2 zµq �pε z id0q
7.10
�

�
pεbMap0

εq �Map0
id2

�
z pid0 �Map0

id0q � pεbMap0
εq z id0 � pε z id0qbpε z id0q.

This shows that compatibility condition (ii) is satis�ed.

Ad (iii). We have to show that�
pid0 z εq � pµ z id2q

�
Θpre � εV �END ∆V

!
� εV b εV �

�
pid0 z εqb pid0 z εq

�
Θpre.

So it su�ces to show that

pid0 z εq � pµ z id2q
!
� pid0 z εqb pid0 z εq.

Claim. We have the following sorted pullback.

r1, 0s

id0
��

εbMap0
ε
// r1, 2s

µ

��
r1, 0s

ε
// r1, 1s

Proof of the Claim. Again id0 �Map0
ε, pεbMap0

εq�Map0
µ P Map0p0, 1q � tεu, so the diagram commutes.

Moreover, εbMap0
ε is monotone as the product of monotone maps.

Finally, the map id0
��ε�1piq

pεbMap0
εq�1piq

is isotone for i P r1, 2s, since pε bMap0
εq�1piq � r1, 0s and

ε�1piµq � ε�1p1q � r1, 0s for i P r1, 2s.
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This completes the proof of the Claim.

So we have

pid0 z εq�pµ z id2q
7.10
� pid0 �Map0

id0q z
�
pεbMap0

εq�Map0
id2q

�
� id0 z pεbMap0

εq � pid0 z εqbpid0 z εq.

This shows that compatibility condition (iii) is satis�ed.

Ad (iv). We have to show that�
pid0 z εq � pε z id0q

�
Θpre � εV �END ηV

!
� idR � pid0 z id0qΘ

pre.

So it su�ces to show that
pid0 z εq � pε z id0q

!
� id0 z id0 .

Claim. We have the following sorted pullback.

r1, 0s

id0
��

id0 // r1, 0s

ε

��
r1, 0s

ε
// r1, 1s

Proof of the Claim. The diagram is commutative. Furthermore, the map id0 is monotone. Finally,

id0
��ε�1piεq

id�1
0 piq

is isotone for i P r1, 0s � ∅.

This completes the proof of the Claim.

So we have
pid0 z εq � pε z id0q

7.10
� pid0 �Map0

id0q z pid0 �Map0
id0q � id0 z id0 .

This shows that compatibility condition (iv) is satis�ed

This completes the proof that pV, µV , εV ,∆V , ηV q is a bialgebra.

Question 8.4. Is a bialgebra a BIALG-algebra?

That is, given a bialgebra pV, µV , εV ,∆V , ηV q, we ask if it is possible to de�ne a morphism of linear
operads Θ : BIALG ÝÑ ENDpV q such that µV � pid2 zµqΘpre, εV � pid0 z εqΘpre as well as
∆V � pµ z id2qΘ

pre and ηV � pε z id0qΘ
pre.
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9 The set-operad COM0 and the linear operad COM

Our aim in this chapter will be to de�ne a linear operad COM with the property that for
an R-module V , giving a morphism of linear operads COM ÝÑ ENDpV q is equivalent
to giving the structure of a commutative R-algebra on V .

9.1 Construction of the set-operad COM0

Recall the disjoint union of sets and maps; cf. De�nitions 1.13 and 1.14. Suppose given sets X,X 1.
Then

X \X 1 :� tp1, xq : x P Xu Y tp2, x1q : x1 P X 1u.

Suppose given sets X,Y,X 1, Y 1 and maps f : X ÝÑ Y and f 1 : X 1 ÝÑ Y 1. Then

f \ f 1 : X \X 1 ÝÑ Y \ Y 1

pi, zq ÞÝÑ

#
pi, zfq if i � 1

pi, zf 1q if i � 2.

De�nition 9.1. De�ne
E0 :� tr1,ms : m P Z¥0u

and for k ¥ 0 recursively de�ne

E 1k�1 :� tX \X 1, X �X 1 : X,X 1 P Eku Y Ek

Ek�1 :� tY : there exists X P E 1k�1 such that Y � Xu.

Note that we have Ek � Ek�1 for k P Z¥0 . Finally, de�ne

E :�
¤

kPZ¥0

Ek .

Remark 9.2. The set E has the following properties.

(1) Given X,X 1 P E , then, since Ei � Ei�1 for i P Z¥0 , there exists k P Z¥0 such that X,X 1 P Ek .
Then we have X \X 1, X �X 1 P E 1k�1 � Ek�1 . Hence X \X 1, X �X 1 P E .

(2) Given X P E and Y � X. Then there exists k P Z¥0 with X P Ek � E 1k�1 . So we have
Y P Ek�1 , hence Y P E .

(3) Given X,Y, Z P E and given maps f : X ÝÑ Z and g : Y ÝÑ Z, then recall the standard
pullback pS, ǧ, f̌q of f and g, where S � tpx, yq P X � Y : xf � ygu; cf. Lemma 1.29. By (1)
we have X � Y P E and since S � X � Y , we have S P E by (2).

(4) All elements of E are �nite sets.

For n P Z¥0 and a tuple k � pkiqiPr1,ns with ki P Z¥0 for i P r1, ns recall the bijective map

φk :
�
1,

°
iPr1,ns

ki

�
ÝÑ

�
iPr1,ns

r1, kis; cf. De�nition 1.18.

De�nition 9.3. We de�ne the set-preoperad COM
pre
0 as follows.

First consider the set

Cpm,nq :�
 
pf, aq : there exists X P E such that r1,ms

f
ÐÝ X

a
ÝÑ r1, ns

(
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for m,n P Z¥0 . Now de�ne an equivalence relation p�q on the biindexed set C � pCpm,nqqm,n¥0

as follows. Let X, X̃ P E , m,n P Z¥0 , r1,ms
f
ÐÝ X

a
ÝÑ r1, ns and r1,ms

f̃
ÐÝ X̃

ã
ÝÑ r1, ns. Then

pf, aq � pf̃ , ãq if and only if there exists a bijective map u : X̃ ÝÑ X such that uf � f̃ and ua � ã.

X
f

||
a

""
r1,ms r1, ns

X̃
f̃

bb

ã

==

�

u

OO

We denote the equivalence class of pf, aq P C with respect to p�q by f z a and de�ne

COM
pre
0 pm,nq :�

Cpm,nq

p�q
�
 
f z a : DX P E such that r1,ms

f
ÐÝ X

a
ÝÑ r1, ns

(
for m,n P Z¥0 .

The multiplication in COM
pre
0 is given by

pbq :� pbCOM0
q : COM

pre
0 pm,nq � COM

pre
0 pm1, n1q ÝÑ COM

pre
0 pm�m1, n� n1q

pf z a , f 1 z a1q ÞÝÑ ppf \ f 1qφ�1
pm,m1qq z ppa\ a1qφ�1

pn,n1qq

�: pf z aqbCOM0
pf 1 z a1q

for m,n,m1, n1 P Z¥0 .

Multiplication can be illustrated as follows.

X \X 1

f\f 1

xx

a\a1

&&
r1,ms \ r1,m1s

φ�1

pm,m1q

�

��

r1, ns \ r1, n1s

φ�1

pn,n1q

�

��
r1,m�m1s r1, n� n1s

Composition is de�ned using the pullback (�) below, letting

p�q :� p�COM0
q : COM

pre
0 pm,nq � COM

pre
0 pn, pq ÝÑ COM

pre
0 pm, pq

pf z a , g z bq ÞÝÑ pĝf z âbq �: pf z aq �COM0
pg z bq

for m,n, p P Z¥0 , where r1,ms
f
ÐÝ X

a
ÝÑ r1, ns and r1, ns

g
ÐÝ X

b
ÝÑ r1, ps and where

p�q P

ĝ

��

â // Y

g

��
X

a
// r1, ns

is a pullback, arbitrarily chosen. Composition can be illustrated as follows.

P
ĝ

��

â

��
X

f

��

a

��

Y
g

��
b

��
r1,ms r1, ns r1, ps

The identity elements are idm :� idCOM
pre
0 ,m :� idMap0,m

z idMap0,m
for m P Z¥0 .
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We now have to verify that this de�nes a set-preoperad.

First we will show that the multiplication map is well-de�ned.

Suppose given m,n,m1, n1 P Z¥0 and X, X̃,X 1, X̃ 1 P E . Suppose given r1,ms
f
ÐÝ X

a
ÝÑ r1, ns and

r1,ms
f̃
ÐÝ X̃

ã
ÝÑ r1, ns such that f z a � f̃ z ã and suppose given r1,m1s

f 1

ÐÝ X 1 a1

ÝÑ r1, n1s and

r1,m1s
f̃ 1

ÐÝ X̃ 1 ã1

ÝÑ r1, n1s such that f 1 z a1 � f̃ 1 z ã1. This means that there exist bijective maps
u : X̃ :ÝÑ X and u1 : X̃ 1 ÝÑ X 1 such that uf � f̃ , ua � ã, u1f 1 � f̃ 1 and u1a1 � ã1.

Since u\ u1 : X̃ \ X̃ 1 ÝÑ X \X 1 is a bijective map we have�
pf̃ \ f̃ 1qφ�1

pm,m1q

�
z
�
pã\ ã1qφ�1

pn,n1q

�
�

�
puf \ u1f 1qφ�1

pm,m1q

�
z
�
pua\ u1a1qφ�1

pn,n1q

�
1.24(i)
�

�
pu\ u1qpf \ f 1qφ�1

pm,m1q

�
z
�
pu\ u1qpa\ a1qφ�1

pn,n1q

�
�

�
pf \ f 1qφ�1

pm,m1q

�
z
�
pa\ a1qφ�1

pn,n1q

�
.

Hence the multiplication map is well-de�ned.

Now we will show that the composition map is well-de�ned.

Let m,n, p P Z¥0 , X, X̃, Y, Ỹ P E and let r1,ms
f
ÐÝ X

a
ÝÑ r1, ns and r1,ms

f̃
ÐÝ X̃

ã
ÝÑ r1, ns such

that f z a � f̃ z ã and r1, ns
g
ÐÝ Y

b
ÝÑ r1, ps and r1, ns

g̃
ÐÝ Ỹ

b̃
ÝÑ r1, ps such that g z b � g̃ z b̃. This

means that there exist bijective maps u : X̃ ÝÑ X and v : Ỹ ÝÑ Y such that uf � f̃ , ua � ã,
vg � g̃ and vb � b̃.

Consider the following commutative diagram.

P

ĝ

~~

â

  
X

f

~~

a

��

Y

g

��

b

��
r1,ms r1, ns r1, ps

X̃

f̃

__
ã

??
u

�

OO

Ỹ

v

�

OO

g̃

__
b̃

@@

P̃

p̃g
__

p̃a
??

Including the identity map idr1,ns � idMap0,n
, this translates to the following commutative diagram.

Ỹ
g̃ //

v

��

r1, ns

idr1,ns

��

P̃

p̃a
@@

p̃g
// X̃

ã

==

u

��

Y
g // r1, ns

P

â

??

ĝ
// X

a

<<
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By applying Lemma 1.28 (2) to pu, v, idr1,nsq, we know that there exists a unique bijective map

w : P̃ ÝÑ P such that wĝ � p̃gu and wâ � p̃av. Hence we have

pp̃gf̃q z pp̃ab̃q � pp̃gufq z pp̃avbq � pwĝfq z pwâbq � pĝfq z pâbq.

This shows that the composition map is well-de�ned.

Hence the claimed image of pf z a, g z bq under the composition map is independent from the choice
of representative of their equivalence classes and, letting u � idX and v � idY , also from the choice
of a pullback in (�).

Ad (m1). Suppose given m,n,m1, n1,m2, n2 P Z¥0 , X,X 1, X2 P E and r1,ms
f
ÐÝ X

a
ÝÑ r1, ns,

r1,m1s
f 1

ÐÝ X 1 a1
ÝÑ r1, n1s and r1,m2s

f2

ÐÝ X2 a2
ÝÑ r1, n2s.

We have to show that

ppf z aqb pf 1 z a1qqb pf2 z a2q
!
� pf z aqb ppf 1 z a1qb pf2 z a2qq.

We have�
pf z aqb pf 1 z a1q

�
b pf2 z a2q

�
�
ppf \ f 1qφ�1

pm,m1qq z pa\ a1qφ�1
pn,n1qq

�
b pf2 z a2q

�
�
pppf \ f 1qφ�1

pm,m1qq \ f2qφ�1
pm�m1,m2q

�
z
�
pppa\ a1qφ�1

pn,n1qq \ a2qφ�1
pn�n1,n2q

�
�

�
ppf \ f 1q \ f2qpφ�1

pm,m1q \ idr1,m2sqφ
�1
pm�m1,m2q

�
z
�
ppa\ a1q \ a2qpφ�1

pn,n1q \ idr1,n2sqφ
�1
pn�n1,n2q

�
.

In the same way we get

pf z aqb
�
pf 1 z a1qb pf2 z a2q

�
�

�
pf \ pf 1 \ f2qqpidr1,ms\φ

�1
pm1,m2qqφ

�1
pm,m1�m2q

�
z
�
pa\ pa1 \ a2qqpidr1,ns\φ

�1
pn1,n2qqφ

�1
pn,n1�n2q

�
.

So by the de�nition of the equivalence relation de�ning COM
pre
0 it su�ces to show that there exists

a bijective map γ̃ : X \ pX 1 \X2q ÝÑ pX \X 1q \X2 such that

γ̃ppf \ f 1q \ f2qpφ�1
pm,m1q \ idr1,m2sqφ

�1
pm�m1,m2q

!
� pf \ pf 1 \ f2qqpidr1,ms\φ

�1
pm1,m2qqφ

�1
pm,m1�m2q

γ̃ppa\ a1q \ a2qpφ�1
pn,n1q \ idr1,n2sqφ

�1
pn�n1,n2q

!
� pa\ pa1 \ a2qqpidr1,ns\φ

�1
pn1,n2qqφ

�1
pn,n1�n2q .

Consider the following diagram; cf. De�nition 1.16.

X \X 1 \X2 f\f 1\f2 //

γpX,X1q,X2

��

r1,ms \ r1,m1s \ r1,m2s
φ�1

pm,m1,m2q //

γpr1,ms,r1,m1sq,r1,m2s

��

r1,m�m1,m2s

pX \X 1q \X2

pf\f 1q\f2
// pr1,ms \ r1,m1sq \ r1,m2s

φ�1

pm,m1q
\ idr1,m2s

// r1,m�m1s \ r1,m2s

φ�1

pm�m1q,m2

OO

By Lemma 1.17 the �rst quadrangle in the diagram commutes and by Lemma 1.20 the second
quadrangle commutes. This shows that

γpX,X 1q,X2ppf \ f 1q \ f2qpφ�1
pm,m1q \ idmqφ

�1
pm�m1,m2q � pf \ f 1 \ f2qφ�1

pm,m1,m2q .

By replacing pf, f 1, f2q by pa, a1, a2q we see that

γpX,X 1q,X2ppa\ a1q \ a2qpφ�1
pn,n1q \ idnqφ

�1
pn�n1,n2q � pa\ a1 \ a2qφ�1

pn,n1,n2q .
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Furthermore, consider the following diagram.

X \X 1 \X2 f\f 1\f2 //

γX,pX1,X2q

��

r1,ms \ r1,m1s \ r1,m2s
φ�1

pm,m1,m2q //

γr1,ms,pr1,m1s,r1,m2sq

��

r1,m�m1,m2s

X \ pX 1 \X2q
f\pf 1\f2q

// r1,ms \ pr1,m1s \ r1,m2sq
idr1,ms\φ

�1

pm1,m2q

// r1,ms \ r1,m1 �m2s

φ�1

m,pm1�m2q

OO

By Lemma 1.17 the �rst quadrangle in the diagram commutes and by Lemma 1.20 the second
quadrangle commutes. This shows that

γX,pX 1,X2qpf \ pf 1 \ f2qqpidm\φ
�1
pm1,m2qqφ

�1
pm,m1�m2q � pf \ f 1 \ f2qφ�1

pm,m1,m2q

and by replacing pf, f 1, f2q by pa, a1, a2q we see that

γX,pX 1,X2qpa\ pa1 \ a2qqpidn\φ
�1
pn1,n2qqφ

�1
pn,n1�n2q � pa\ a1 \ a2qφ�1

pn,n1,n2q .

So de�ne γ̃ :� γ�1
X,pX 1,X2qγpX,X 1q,X2 : X \ pX 1 \ X2q ÝÑ pX \ X 1q \ X2. This is a bijective map.

We have

γ̃ppf \ f 1q \ f2qpφ�1
pm,m1q \ idr1,m2sqφ

�1
pm�m1,m2q

� γ�1
X,pX 1,X2qγpX,X 1q,X2ppf \ f 1q \ f2qpφ�1

pm,m1q \ idr1,m2sqφ
�1
pm�m1,m2q

� γ�1
X,pX 1,X2qpf \ f 1 \ f2qφ�1

pm,m1,m2q

� pf \ pf 1 \ f2qqpidr1,ms\φ
�1
pm1,m2qqφ

�1
pm,m1�m2q

γ̃ppa\ a1q \ a2qpφ�1
pn,n1q \ idr1,n2sqφ

�1
pn�n1,n2q

� γ�1
X,pX 1,X2qγpX,X 1q,X2ppa\ a1q \ a2qpφ�1

pn,n1q \ idr1,n2sqφ
�1
pn�n1,n2q

� γ�1
X,pX 1,X2qpa\ a1 \ a2qφ�1

pn,n1,n2q

� pa\ pa1 \ a2qqpidr1,ns\φ
�1
pn1,n2qqφ

�1
pn,n1�n2q .

This completes the proof that the multiplication pbq is associative.

Ad (m2). Suppose given m,n P Z¥0 and r1,ms
f
ÐÝ X

a
ÝÑ r1, ns. We have to show that

pf z aqb pidMap0,0
z idMap0,0

q
!
� f

!
� pidMap0,0

z idMap0,0
qb pf z aq.

We have pf z aqb pidMap0,0
z idMap0,0

q � ppf \ idMap0,0
qφ�1

pm,0qq z ppa\ idMap0,0
qφ�1

pn,0qq.

Recall the bijective map uZ : Z \ r1, 0s ÝÑ Z, p1, zq ÞÑ z for a set Z; cf. Lemma 1.24. Furthermore,
recall that in the case of intervals we have

ur1,ms � φ�1
pm,0q

for m P Z¥0 .

Hence we have

pf z aqb pidMap0,0
z idMap0,0

q � ppf \ idMap0,0
qφ�1

pm,0qq z ppa\ idMap0,0
qφ�1

pn,0qq

� ppf \ idMap0,0
qur1,msq z ppa\ idMap0,0

qur1,nsq
1.24(ii)
� puXfq z puXaq

� f z a.
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On the other hand recall the map vZ : r1, 0s \ Z ÝÑ Z, p2, zq ÞÑ z for a set Z; cf. Lemma 1.24 and
that in the case of intervals we have

vr1,ms � φ�1
p0,mq

for m P Z¥0 .

Thus we have

pidMap0,0
z idMap0,0

qb pf z aq � ppidMap0,0
\fqφ�1

p0,mqq z ppidMap0,0
\aqφ�1

p0,nqq

� ppidMap0,0
\fqvr1,msq z ppidMap0,0

\aqvr1,nsq
1.24(iii)
� pvXfq z pvXaq

� f z a.

Ad (c1). Suppose given m,n, p, q P Z¥0 and r1,ms
f
ÐÝ X

a
ÝÑ r1, ns, r1, ns

g
ÐÝ Y

b
ÝÑ r1, ps and

r1, ps
h
ÐÝ Z

c
ÝÑ r1, qs. Consider the following diagram.

R
ˆ̂
h

��

ˆ̂a

��
S

ĝ

��

â

��

T
ĥ

��

b̂

��
X

f

��

a

��

Y
g

��
b

��

Z

h

��
c

��
r1,ms r1, ns r1, ps r1, qs

So pS, ĝ, âq is a pullback of a and g, pT, ĥ, b̂q is a pullback of b and h and pR,
ˆ̂
h, ˆ̂aq is a pullback of â

and ĥ. Then by Lemma 1.37, pR, ˆ̂hĝ, ˆ̂aq is a pullback of a and ĥg and pR,
ˆ̂
h, ˆ̂ab̂q is a pullback of âb

and h. So by the de�nition of composition in COM
pre
0 we have�

pf z aq � pg z bq
�
� ph z cq � pĝf z âbq � ph z cq

� p
ˆ̂
hĝfq z pˆ̂ab̂cq

� pf z aq � pĥg z b̂cq

� pf z aq �
�
pg z bq � ph z cq

�
.

This shows that the composition p�q is associative.

Ad (c2). Suppose given m,n P Z¥0 and r1,ms
f
ÐÝ X

a
ÝÑ r1, ns. By Corollary 1.34 we know that

X
a //

idX

��

r1, ns

idr1,ns

��
X

a // r1, ns

and

X

f

��

idX // X

f

��
r1,ms

idr1,ms// r1,ms

are pullbacks. Hence we have

pf z aq � pidMap0,n
z idMap0,nq

� pidX fq z pa idMap0,n
q � pf z aq

pidMap0,m
z idMap0,m

q � pf z aq � pf idMap0,m
q z pidX aq � pf z aq.

Ad (mc1). Suppose givenm,n, p,m1, n1, p1 P Z¥0 and r1,ms
f
ÐÝ X

a
ÝÑ r1, ns, r1, ns

g
ÐÝ Y

b
ÝÑ r1, ps,

r1,m1s
f 1

ÐÝ X 1 a1

ÝÑ r1, n1s and r1, n1s
g1

ÐÝ Y 1 b1
ÝÑ r1, p1s.
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Consider the following diagrams.

Z
ĝ

~~
â

  
X

f

~~
a

��

Y
g

��
b

��
r1,ms r1, ns r1, ps

Z 1

ĝ1

}}
â1

  
X 1

f 1

}}
a1

  

Y 1

g1

~~
b1

  
r1,m1s r1, n1s r1, p1s

So pZ, ĝ, âq is a pullback of a and g and pZ 1, ĝ1, â1q is a pullback of a1 and g1 and we have

pf z aq � pg z bq � ĝf z âb

pf 1 z a1q � pg1 z b1q � ĝ1f 1 z â1b1.

By Lemma 1.38 we know that pZ\Z 1, ĝ\ ĝ1, â\ â1q is a pullback of a\a1 and g\g1. By Lemma 1.36,
pZ \Z 1, ĝ\ ĝ1, â\ â1q is also a pullback of pa\ a1qφ�1

pn,n1q and pg\ g1qφ�1
pn,n1q since φ

�1
pn,n1q is injective.

So we have the following diagram.

Z \ Z 1

ĝ\ĝ1

}}

â\â1

!!
X \X 1

f\f 1

||

a\a1

!!

}}   

Y \ Y 1

g\g1

}}

b\b1

!!

~~   

r1,ms \ r1,m1s

φ�1

pm,m1q �

��

r1, ns \ r1, n1s

φ�1

pn,n1q

�

��

r1, ps \ r1, p1s

φ�1

pp,p1q

�

��
r1,m�m1s r1, n� n1s r1, p� p1s

So since by Lemma 1.24 (i) we have pĝ \ ĝ1qpf \ f 1q � ĝf \ ĝ1f 1 and pâ\ â1qpb\ b1q � âb\ â1b1, we
have�

pf z aqb pf 1 z a1q
�
�
�
pg z bqb pg1 z b1q

�
�

�
ppf \ f 1qφ�1

pm,m1qq z ppa\ a1qφ�1
pn,n1qq

�
�
�
ppg \ g1qφ�1

pn,n1qq z ppb\ b1qφ�1
pp,p1qq

�
�

�
pĝ \ ĝ1qpf \ f 1qφ�1

pm,m1q

�
z
�
pâ\ â1qpb\ b1qφ�1

pp,p1q

�
�

�
pĝf \ ĝ1f 1qφ�1

pm,m1q

�
z
�
pâb\ â1b1qφ�1

pp,p1q

�
� pĝf z âbqb pĝ1f 1 z â1b1q

�
�
pf z aq � pg z bq

�
b

�
pf 1 z a1q � pg1 z b1q

�
.

Ad (mc2). Suppose given m P Z¥0 . We have to show that

pidMap0,m
z idMap0,m

q
!
� pidMap0,1

z idMap0,1
qbm.

We prove this via induction on m ¥ 0. In the case m � 0 this is the de�nition. So let m ¥ 1 and
suppose that we already know pidMap0,m�1 z idMap0,m�1q � pidMap0,1

z idMap0,1
qbpm�1q. Then we
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have

pidMap0,1
z idMap0,1

qbm � pidMap0,1
z idMap0,1

qbpm�1q b pidMap0,1
z idMap0,1

q
ind.
� pidMap0,m�1 z idMap0,m�1qb pidMap0,1

z idMap0,1
q

�
�
pidMap0,m�1\ idMap0,1

qφ�1
pm�1,1q

�
z
�
pidMap0,m�1\ idMap0,1

qφ�1
pm�1,1q

�
�

�
pidr1,m�1s\r1,1sqφ

�1
pm�1,1q

�
z
�
pidr1,m�1s\r1,1sqφ

�1
pm�1,1q

�
,

where idr1,m�1s\r1,1s is the identity map on the disjoint union r1,m� 1s \ r1, 1s.

The map pidr1,m�1s\r1,1sqφ
�1
pm�1,1q : r1,m� 1s \ r1, 1s ÝÑ r1,ms is bijective. So we have

idm � idMap0,m
z idMap0,m

�
�
ppidr1,m�1s\r1,1sqφ

�1
pm�1,1qq idMap0,m

�
z
�
ppidr1,m�1s\r1,1sqφ

�1
pm�1,1qqq idMap0,m

�
�

�
pidr1,m�1s\r1,1sqφ

�1
pm�1,1q

�
z
�
pidr1,m�1s\r1,1sqφ

�1
pm�1,1q

�
� pidMap0,1

z idMap0,1
qbm .

This proves (mc2) and completes the proof that COM
pre
0 is a set-preoperad.

Remark 9.4. We sometimes refer to f z a P COM
pre
0 pm,nq as a fraction. Then expanding by a

bijective map u : X̃ ÝÑ X for some X̃ P E yields the same fraction uf zua � f z a.

Remark 9.5.

(i) Let X P E and let m, k, n P Z¥0 . Let r1,ms
f
ÐÝ r1, ks

idkÝÑ r1, ks and r1, ks
g

ÐÝ X
b

ÝÑ r1, ns,
where we abbreviate idk :� idMap0,k

. Then we have

pf z idkq � pg z bq � pgfq z b.

(ii) Let X P E and let m,n, p P Z¥0 . Let r1,ms
f
ÐÝ X

a
ÝÑ r1, ns and r1, ns

idnÐÝ r1, ns
b

ÝÑ r1, ps,
where we abbreviate idn :� idMap0,n

. Then we have

pf z aq � pidn z bq � f z pabq.

(iii) Let m,n,m1, n1 P Z¥0 and let f P Map0pm,nq, f
1 P Map0pm

1, n1q. Then we have

f bMap0
f 1 � φpm,m1qpf \ f 1qφ�1

pn,n1q .

Proof. Ad (i). By Corollary 1.34 we have the following diagram.

X
g

}}

idX

��
r1, ks

f

}}

idk

!!

X

g

��

b

��
r1,ms r1, ks r1, ns

So we have pf z idkq � pg z bq � pgfq z pidX bq � pgfq z b.
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Ad (ii). By Corollary 1.34 we have the following diagram.

X
idX

��

a

!!
X

f

��

a

��

r1, ns
idn

}}

b

!!
r1,ms r1, ns r1, ps

So we have pf z aq � pidX z bq � pidn fq z pabq � f z pabq.

Ad (iii). For i P r1,m�m1s we have

ipf bMap0
f 1q �

#
if if i P r1,ms

pi�mqf 1 � n if i P rm� 1,m�m1s;

cf. De�nition 2.57. On the other hand we have

ipφpm,m1qpf \ f 1qφ�1
pn,n1qq �

#
p1, iqpf \ f 1qφ�1

pn,n1q if i P r1,ms

p2, i�mqpf \ f 1qφ�1
pn,n1q if i P rm� 1,m�m1s

�

#
p1, ifqφ�1

pn,n1q if i P r1,ms

p2, pi�mqf 1qφ�1
pn,n1q if i P rm� 1,m�m1s

�

#
if if i P r1,ms

pi�mqf 1 � n if i P rm� 1,m�m1s

for i P r1,m�m1s. So pf bMap0
f 1q � φpm,m1qpf \ f 1qφ�1

pn,n1q.

De�nition 9.6. We de�ne the biindexed map c0 � pc0pm,nqqm,n¥0 : Map
op
0 ÝÑ COM

pre
0 by

c0pm,nq : Map
op
0 pm,nq ÝÑ COM

pre
0 pm,nq

fop ÞÝÑ f z idMap0,n

for m,n P Z¥0 .

Lemma 9.7. The biindexed map c0 : Map
op
0 ÝÑ COM

pre
0 is a morphism of set-preoperads.

Proof. First let m P Z¥0 . We have idMap
op
0 ,m � pidMap0,m

qop and hence

pidMap0,m
qopc0 � idMap0,m

z idMap0,m
� idm .

Now suppose given m,n,m1, n1 P Z¥0 and fop P Map
op
0 pm,nq and f 1 op P Map

op
0 pm1, n1q, that is,

f : r1, ns ÝÑ r1,ms and f 1 : r1, n1s ÝÑ r1,m1s are maps. We have

fop bMap
op
0
f 1 op

2.13
� pf bMap0

f 1qop

9.5 (iii)
� pφpn,n1q �Map0

pf \ f 1q �Map0
φ�1
pm,m1qq

op

� pφpn,n1qpf \ f 1qφ�1
pm,m1qq

op.

We also know that

idMap0,n�n
1 � idMap0,n

bMap0
idMap0,n

1

� φpn,n1qpidMap0,n
\ idMap0,n

1qφ�1
pn,n1q.
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So since φpn,n1q is a bijective map we have

pfop bMap
op
0
f 1 opqc0 � pφpn,n1qpf \ f 1qφ�1

pm,m1qq z pφpn,n1qpidMap0,n
\ idMap0,n

1qφ�1
pn,n1qq

� ppf \ f 1qφ�1
pm,m1qq z ppidMap0,n

\ idMap0,n
1qφ�1

pn,n1qq

� pf z idMap0,n
qb pf 1 z idMap0,n

1q

� fopc0 b f
1 opc0 .

Finally, suppose given m,n, p P Z¥0 and fop P Map
op
0 pm,nq and gop P Map

op
0 pn, pq, that is,

f : r1, ns ÝÑ r1,ms and g : r1, ps ÝÑ r1, ns are maps. By Remark 9.5 (i) we have

fopc0 � g
opc0 � pf z idMap0,n

q � pg z idMap0,p
q

� pgfq z idMap0,p

� pgfqopc0

� pfop �Map
op
0
gopqc0 .

Lemma 9.8. We have the set-operad COM0 :� pCOM
pre
0 , c0q.

Proof. Ad (so1). Suppose given m,n,m1, n1 P Z¥0 . Suppose given f z a P COM
pre
0 pm,nq and

f 1 z a1 P COM
pre
0 pm1, n1q, where r1,ms

f
ÐÝ X

a
ÝÑ r1, ns and r1,m1s

f 1

ÐÝ X 1 a1
ÝÑ r1, n1s and X,X 1 P E .

We have to show that

p�q psopm,m1c0q �
�
pf z aqb pf 1 z a1q

� !
�

�
pf 1 z a1qb pf z aq

�
� psopn,n1c0q.

By Remark 9.5 (i) we have

psopm,m1c0q �
�
pf z aqb pf 1 z a1q

�
� psm,m1 z idMap0,m�m

1q �
�
ppf \ f 1qφ�1

pm,m1qq z ppa\ a1qφ�1
pn,n1qq

�
�

�
pf \ f 1qφ�1

pm,m1qsm,m1

�
z
�
pa\ a1qφ�1

pn,n1q

�
.

In order to calculate the right hand side of p�q, de�ne the map

σY,Y 1 : Y \ Y 1 ÝÑ Y 1 \ Y

p1, yq ÞÝÑ p2, yq

p2, y1q ÞÝÑ p1, y1q

for sets Y, Y 1.

Claim 1. Suppose given k, k1 P Z¥0 , Y, Y 1 P E and maps g : Y ÝÑ r1, ks and g1 : Y 1 ÝÑ r1, k1s. We
have the following pullback.

Y \ Y 1

σY,Y 1

��

pg\g1qφ�1

pk,k1q // r1, k � k1s

sk,k1

��
Y 1 \ Y

pg1\gqφ�1

pk1,kq

// r1, k1 � ks
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Proof of Claim 1. First note that the diagram is commutative, since for y P Y we have

p1, yqσY,Y 1pg1 \ gqφ�1
pk1,kq � p2, yqpg1 \ gqφ�1

pk1,kq

� p2, ygqφ�1
pk1,kq

� k1 � yg

p1, yqpg \ g1qφ�1
pk,k1qsk,k1 � p1, ygqφ�1

pk,k1qsk,k1

� pygqsk,k1

� k1 � yg

and for y1 P Y 1 we have

p2, y1qσY,Y 1pg1 \ gqφ�1
pk1,kq � p1, y1qpg1 \ gqφ�1

pk1,kq

� p1, y1g1qφ�1
pk1,kq

� y1g1

p2, y1qpg \ g1qφ�1
pk,k1qsk,k1 � p2, y1g1qφ�1

pk,k1qsk,k1

� pk � y1g1qsk,k1

� pk � y1g1q � k

� y1g1.

Now σY,Y 1 and sk,k1 are bijective maps. So by Lemma 1.33 the commutative diagram is a pullback.

This completes the proof of Claim 1.

Applying Claim 1 to a : X ÝÑ r1, ns and a1 : X 1 ÝÑ r1, n1s yields the folllowing diagram.

X \X 1

σX,X1

}}

pa\a1qφ�1

pn,n1q

""
X 1 \X

pf 1\fqφ�1

pm1,mq

}}
pa1\aqφ�1

pn1,nq   

r1, n� n1s

sn,n1

||

idMap0,n�n1

""
r1,m1 �ms r1, n1 � ns r1, n� n1s

So we have�
pf 1 z a1qb pf z aq

�
� psopn,n1c0q �

�
ppf 1 \ fqφ�1

pm1,mqq z ppa
1 \ aqφ�1

pn1,nqq
�
� psn,n1 z idMap0,n�n

1q

�
�
σX,X 1pf 1 \ fqφ�1

pm1,mq

�
z
�
pa\ a1qφ�1

pn,n1q

�
Claim 1
�

for f , f 1

�
pf \ f 1qφ�1

pm,m1qsm,m1

�
z
�
pa\ a1qφ�1

pn,n1q

�
� psopm,m1c0q �

�
pf z aqb pf 1 z a1q

�
.

This shows (so1).

Ad (so2). Suppose given m,n, k P Z¥0 and f z a P COM0pm,nq, where r1,ms
f
ÐÝ X

a
ÝÑ r1, ns and

X P E . We have to show that

p��q phopk,mc0q � pf z aq
bk !

� pf z aq � phopk,nc0q.

De�ne si :� m for i P r1, ks and ti :� n for i P r1, ks. Then let s :� psiqiPr1,ks P pZ¥0q
�k ,

t :� ptiqiPr1,ks P pZ¥0q
�k .
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First we will show that pf z aqbk !
� pf\kφ�1

s q z pa\kφ�1
t q.

We will show this via induction on k ¥ 0. If k � 0 then we have s � t � p q P pZ¥0q
�0. So we have

pf z aqb0 � id0 and f\0φ�1
p q � idMap0,0

and a\0φ�1
p q � idMap0,0

, hence

pf z aqb0 � id0 � idMap0,0
z idMap0,0

� pf\0φ�1
p q q z pa

\0φ�1
p q q.

Assume now that k ¥ 1 and that we already know that pf z aqbpk�1q � pf\pk�1qφ�1
ŝ q z pa\pk�1qφ�1

t̂
q

for ŝ � psiqiPr1,k�1s P pZ¥0q
�pk�1q and t̂ � ptiqiPr1,k�1s P pZ¥0q

�pk�1q.

Recall the bijective map γk,X : X\k ÝÑ X\pk�1q \X; cf. De�nition 1.21. We have

pf z aqbk� pf z aqbpk�1q b pf z aq

�
�
pf\pk�1qφ�1

ŝ q z pa\pk�1qφ�1

t̂
q
�
b pf z aq

�
�
ppf\pk�1qφ�1

ŝ q \ fqφ�1
ppk�1qm,mq

�
z
�
ppa\pk�1qφ�1

t̂
q \ aqφ�1

ppk�1qn,nq

�
�

�
γk,Xppf

\pk�1qφ�1
ŝ q \ fqφ�1

ppk�1qm,mq

�
z
�
γk,Xppa

\pk�1qφ�1

t̂
q \ aqφ�1

ppk�1qn,nq

�
1.24(i)
�

�
γk,Xpf

\pk�1q \ fqpφ�1
ŝ \ idmqφ

�1
ppk�1qm,mq

�
z
�
γk,Xpa

\pk�1q \ aqpφ�1

t̂
\ idnqφ

�1
ppk�1qn,nq

�
1.22
�

�
pf\kγk,r1,msqpφ

�1
ŝ \ idmqφ

�1
ppk�1qm,mqq

�
z
�
pa\kγk,r1,nsqpφ

�1

t̂
\ idnqφ

�1
ppk�1qn,nqq

�
1.23
� pf\kφ�1

s q z pa\kφ�1
t q.

Now by Remark 9.5 (i) we have

phopk,mc0q � pf z aq
bk � phk,m z idMap0,km

q � pf\kφ�1
s q z pa\kφ�1

t q

� pf\kφ�1
s hk,mq z pa

\kφ�1
t q.

In order to calculate the right hand side of p��q we de�ne the map

ηl,Y : Y \l ÝÑ Y

pj, yq ÞÝÑ y

for a set Y and l P Z¥0 .

Claim 2. Suppose given p, l P Z¥0 , Y P E and a map g : Y ÝÑ r1, ps. Let ri :� p for i P r1, ls and
r :� priqiPr1,ls P pZ¥0q

�l. We have the following pullback.

Y \l

ηl,Y

��

g\lφ�1
r // r1, lps

hl,p

��
Y

g
// r1, ps

Proof of Claim 2. Note that for pi, jq P r1, ps\l we have

pi, jqφ�1
r hl,p � ppi� 1qp� jqhl,p � j � pi, jqηl,r1,ps ,

hence we have the following commutative diagram.

r1, ps\l

ηl,r1,ps

��

φ�1
r // r1, lps

hl,p

��
r1, ps

idr1,ps

// r1, ps

167



Since φ�1
r and idr1,ps are bijective, this is a pullback by Lemma 1.33.

So by Lemma 1.37 it su�ces to show that we have the following pullback.

Y \l

ηl,Y

��

g\l

// r1, ps\l

ηl,r1,ps

��
Y

g
// r1, ps

First note that for pi, yq P Y \l we have

pi, yqpg\lηl,r1,psq � pi, ygqηl,r1,ps � yg � pi, yqηl,Y g,

hence the diagram commutes.

Now suppose given pi, jq P r1, ps\l. We have to show that ηl,Y
��g�1ppi,jqηl,r1,psq

pg\lq�1pi,jq
is bijective.

Note that pg\lq�1pi, jq � tpi, yq : y P g�1pjqu and g�1ppi, jqηl,r1,psq � g�1pjq.

Injectivity. Suppose given pi, yq, pi, y1q P pg\lq�1pi, jq such that

pi, yqηl,Y
��g�1ppi,jqηl,r1,psq

pg\lq�1pi,jq
� pi, y1qηl,Y

��g�1ppi,jqηl,r1,psq

pg\lq�1pi,jq
.

Then we have

y � pi, yqηl,Y � pi, yqηl,Y
��g�1ppi,jqηl,r1,psq

pg\lq�1pi,jq
� pi, y1qηl,Y

��g�1ppi,jqηl,r1,psq

pg\lq�1pi,jq
� pi, y1qηl,Y � y1.

This shows that ηl,Y
��g�1ppi,jqηl,r1,psq

pg\lq�1pi,jq
is injective.

Surjectivity. Suppose given y P g�1ppi, jqηl,r1,psq � g�1pjq. We have pi, yqg\l � pi, ygq � pi, jq, so
pi, yq P pg\lq�1pi, jq and

pi, yqηl,Y
��g�1ppi,jqηl,r1,psq

pg\lq�1pi,jq
� pi, yqηl,Y � y.

This shows that ηl,Y
��g�1ppi,jqηl,r1,psq

pg\lq�1pi,jq
is surjective.

This completes the proof of Claim 2.

Recall that we have de�ned s � psiqiPr1,ks, t � ptiqiPr1,ks P pZ¥0q
�k with si � m and ti � n for

i P r1, ks.

Applying Claim 2 to the map a : X ÝÑ r1, ns and k P Z¥0 we get the following diagram

X\k

ηk,X

��

a\kφ�1
t

  
X

f

��

a

��

r1, kns

hk,n

~~

idMap0,kn

!!
r1,ms r1, ns r1, kns

So we have
pf z aq � phopk,nc0q � pf z aq � phk,n z idMap0,kn

q

� pηk,Xfq z pa
\kφ�1

t q
Claim 2
�

for f , k
pf\kφ�1

s hk,mq z pa
\kφ�1

t q.

So the left hand side and the right hand side of p��q coincide.

This shows (so2) and completes the proof that COM0 � pCOM
pre
0 , c0q is a set-operad.
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Remark 9.9. Let m,n, k,m1, n1, k1 P Z¥0 and let f P Map0pk,mq, a P Map0pk, nq, f
1 P Map0pk

1,m1q
and a1 P Map0pk

1, n1q. So we have f z a P COM
pre
0 pm,nq and f 1 z a1 P COM

pre
0 pm1, n1q.

Then we have
pf z aqb pf 1 z a1q � pf bMap0

f 1q z pabMap0
a1q.

Proof. We have

pf z aqb pf 1 z a1q �
�
pf \ f 1qφ�1

pm,m1q

�
z
�
pa\ a1qφ�1

pn,n1q

�
� pφpk,k1qpf \ f 1qφ�1

pm,m1qq z pφpk,k1qpa\ a1qφ�1
pn,n1qq

9.5 (iii)
� pf bMap0

f 1q z pabMap0
a1q.

Lemma 9.10. De�ne the biindexed map κ
pre
0 � pκpre0 pm,nqqm,n¥0 : ASS

pre
0 ÝÑ COM

pre
0 as follows.

For m,n P Z¥0 let

κ
pre
0 pm,nq : ASSpre0 pm,nq ÝÑ COM

pre
0 pm,nq

f z a ÞÝÑ f z a.

Then κ0 : ASS0 ÝÑ COM0 is a morphism of set-operads.

Proof. First note that for m P Z¥0 we have

idASS0,m κ
pre
0 � pidMap0,m

z idAss0,mqκ
pre
0 � idMap0,m

z idAss0,m � idMap0,m
z idMap0,m

� idCOM0,m .

Suppose given m,n,m1, n1 P Z¥0 and f z a P ASS
pre
0 pm,nq, f 1 z a1 P ASS

pre
0 pm1, n1q. Let k, k1 P Z¥0

such that
r1, ks

f

zz
a

##
r1,ms r1, ns

and
r1, k1s

f 1

zz
a1

$$
r1,m1s r1, n1s .

Then we have �
pf z aqbASS0 pf

1 z a1q
�
κ
pre
0 �

�
pf bMap0

f 1q z pabAss0 a
1q
�
κ
pre
0

�
�
pf bMap0

f 1q z pabMap0
a1q

�
κ
pre
0

� pf bMap0
f 1q z pabMap0

a1q
9.9
� pf z aqbCOM0

pf 1 z a1q.

Now suppose given m,n, p P Z¥0 and f z a P ASS
pre
0 pm,nq and g z b P ASS

pre
0 pn, pq. Let k, l P Z¥0

such that
r1, ks

f

zz
a

##
r1,ms r1, ns

and
r1, ls

g

{{
b

##
r1, ns r1, ps .

Let pr1, ss, ĝ, âq be the sorted pullback of a and g; cf. De�nition 7.1. By Remark 7.3 this is a pullback
of a and g. So we have �

pf z aq �ASS0 pg z bq
�
κ
pre
0 � pĝf z âbqκpre0

� ĝf z âb

� pf z aq �COM0
pg z bq.
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This shows that κpre0 is a morphism of set-preoperads. It remains to show that we have the following
commutative diagram.

ASS
pre
0

κ
pre
0 // COM

pre
0

Map
op
0

a0

dd

c0

99

But for m,n P Z¥0 and fop P Map
op
0 pm,nq we have

fopa0κ
pre
0 � pf z idAss0,nqκ

pre
0 � f z idAss0,n � f z idMap0,n

� fopc0.

Hence a0κ
pre
0 � c0 and the diagram commutes.

9.2 Commutative monoids and COM0-algebras

We will now see that given a COM0-algebra pS,Φ0q, then S can be turned into a com-
mutative monoid and that, given a commutative monoid pS, µS , εSq, then there exists
a morphism of set-operads Φ0 : COM0 ÝÑ END0pSq with µS � pid2 zµqΦpre

0 and
εS � pid0 z εqΦpre

0 , yielding a COM0-algebra pS,Φ0q.

During �9.2 we will denote by idm for m P Z¥0 the identity elements in Map0 and Ass0 and by pbq
and p�q the multiplication and composition in Map0 and Ass0 .

Proposition 9.11. Let S be a set and let Φ0 : COM0 ÝÑ END0pSq be a morphism of set-operads,
that is, pS,Φ0q is a COM0-algebra.

De�ne µS :� pid2 zµqΦpre
0 : S�2 ÝÑ S�1 � S and εS :� pid0 z εqΦpre

0 : tp qu � S�0 ÝÑ S.

Then pS, µS , εSq is a commutative monoid.

Proof. We have the following commutative diagram of set-preoperads.

ASS
pre
0

κ
pre
0 // COM

pre
0

Φ
pre
0 // End0pSq

Map
op
0

a0

ff

c0

OO

e0

77

So κ0Φ0 : ASS0 ÝÑ END0pSq is a morphism of set-operads. This means that pS, κ0Φ0q is an
ASS0-algebra.

By Proposition 7.16, the set S is an associative monoid when equipped with multiplication
pid2 zµqpκpre0 Φ

pre
0 q � pid2 zµqΦpre

0 � µS and unit pid0 z εqpκpre0 Φ
pre
0 q � pid0 z εqΦpre

0 � εS .

Note that pp1, 2q z id2qΦ
pre
0 � pp1, 2qopc0qΦ

pre
0 � p1, 2qope0 P End0pSqp2, 2q is the map

τS : S�2 ÝÑ S�2

ps, tq ÞÝÑ pt, sq;

cf. Example 2.63. In COM0 , expansion by the transposition p1, 2q : r1, 2s ÝÑ r1, 2s yields

p1, 2q zµ � pp1, 2qp1, 2qq z pp1, 2qµq � id2 zµ;

cf. De�nition 9.3 and Remark 9.4.

170



So by the de�nition of composition in COM0 we have

τSµS � pp1, 2q z id2qΦ
pre
0 �End0 pid2 zµqΦ

pre
0

�
�
p1, 2q z id2q �COM0

pid2 zµq
�
Φ
pre
0

�
�
pid2p1, 2qq z pid2 µq

�
Φ
pre
0

� pp1, 2q zµqΦpre
0

� pid2 zµqΦ
pre
0

� µS .

So pS, µS , εSq is a commutative monoid.

Lemma 9.12. Let m,n P Z¥0 and let a : r1,ms ÝÑ r1, ns and t : r1,ms ÝÑ r1,ms be maps such
that t is bijective and both a and ta are monotone.

Then we have ta � a.

Proof. Assume that there exists i P r1,ms such that ita � ia.

Case 1: ita   ia. Since ta is monotone we have jptaq ¤ iptaq   ia for j P r1, is. Since t is bijective,
the restricted map

r1, is ÝÑ tx P r1,ms : xa   iau

j ÞÝÑ jt

is injective. Since a is monotone, we have tx P r1,ms : xa   iau � r1, i� 1s. So we have an injective
map r1, is ÝÑ tx P r1,ms : xa   iau � r1, i� 1s, a contradiction.

Case 2: ita ¡ ia. Since ta is monotone we have jptaq ¥ iptaq ¡ ia for j P ri,ms. Since t is bijective,
the restricted map

ri,ms ÝÑ tx P r1,ms : xa ¡ iau

j ÞÝÑ jt

is injective. Since a is monotone, we have tx P r1,ms : xa ¡ iau � ri�1,ms. So we have an injective
map r1, is ÝÑ tx P r1,ms : xa ¡ iau � ri� 1,ms, a contradiction.

Lemma 9.13. Let A0 � ASS
pre
0 be a set-subpreoperad such that ASSpre,bij0 � A0. Let T0 be a set-

preoperad and let τ0 : A0 ÝÑ T0 be a morphism of set-preoperads such that pid2 zµqτ0 � pp1, 2q zµqτ0 .

Then we have ps zµlqτ0 � pidl zµlqτ0 for l P Z¥0 and s P Sym0pl, lq.

Proof. We prove this via induction on l ¥ 0.

If l � 0, then we have Sym0p0, 0q � tid0u, so there is nothing to show.

Now let l ¥ 1 and suppose that the statement is true for r P r1, l � 1s. Let s : r1, ls ÝÑ r1, ls be a
bijective map. Let i P r1, l � 1s be maximal with the property that js � j for j P r1, i� 1s.

Case 1: i � l � 1. Then s � idl and there is nothing to show.

Case 2: i P r2, ls. Note that by the choice of i and since s is injective, we know that is ¡ i. Since
js � j for j P r1, i�1s we can write s � idi�1b s̃ for a bijective map s̃ : r1, l� i�1s ÝÑ r1, l� i�1s.
So by induction we have ps̃ zµl�i�1qτ0 � pidl�i�1 zµl�i�1qτ0 .
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So we have

ps zµlqτ0 �
�
pidi�1b s̃q zµl

�
τ0

�
�
pidi�1b s̃q z ppidi�1bµl�i�1qµiq

�
τ0

7.11
�

�
ppidi�1b s̃q z pidi�1bµl�i�1qq �ASS0 pidi zµiq

�
τ0

�
�
ppidi�1 z idi�1qbASS0 ps̃ zµl�i�1qq �ASS0 pidi zµiq

�
τ0

�
�
pidi�1 z idi�1qτ0 bT0 ps̃ zµl�i�1qτ0

�
�T0 pidi zµiq τ0

ind.
�

�
pidi�1 z idi�1qτ0 bT0 pidl�i�1 zµl�i�1qτ0

�
�T0 pidi zµiq τ0

�
�
ppidi�1 z idi�1qbASS0 pidl�i�1 zµl�i�1qq �ASS0 pidi zµiq

�
τ0

�
�
ppidi�1b idl�i�1q z pidi�1bµl�i�1qq �ASS0 pidi zµiq

�
τ0

7.11
�

�
idl z ppidi�1bµl�i�1qµiq

�
τ0

� pidl zµlq τ0 .

Case 3: i � 1. Let j :� 1s�1 ¡ 1. Consider the set of inversions of s.

invpsq :� tpu, vq P r1, ls � r1, ls : u   v and us ¡ vsu

We proceed via induction on | invpsq|.

For u P r1, j � 1s we have pu, jq P invpsq, since u   j and us ¡ 1 � js.

De�ne the bijective map t :� idj�2b p1, 2qb idl�j � pj � 1, jq P Sym0pl, lq. So t
2 � idl . We have�

t z pidj�2bµb idl�jq
�
τ0 �

�
pidj�2b p1, 2qb idl�jq z pidj�2bµb idl�jq

�
τ0

�
�
pidj�2 z idj�2qb pp1, 2q zµqbASS0 pidl�j z idl�jq

�
τ0

� pidj�2 z idj�2q τ0 bT0 pp1, 2q zµq τ0 bT0 pidl�j z idl�jq τ0

� pidj�2 z idj�2q τ0 bT0 pid2 zµq τ0 bT0 pidl�j z idl�jq τ0

�
�
pidj�2 z idj�2qbASS0 pid2 zµqbASS0 pidl�j z idl�jq

�
τ0

�
�
pidj�2b id2b idl�jq z pidj�2bµb idl�jq

�
τ0

�
�
idl z pidj�2bµb idl�jq

�
τ0 .

Hence we have

pt zµlqτ0 �
�
t z ppidj�2bµb idl�jqµl�1q

�
τ0

7.11
�

�
pt z pidj�2bµb idl�jqq �ASS0 pidl�1 zµl�1q

�
τ0

� pt z pidj�2bµb idl�jqq τ0 �T0 pidl�1 zµl�1q τ0

� pidl z pidj�2bµb idl�jqq τ0 �T0 pidl�1 zµl�1q τ0

�
�
pidl z pidj�2bµb idl�jqq �ASS0 pidl�1 zµl�1q

�
τ0

7.11
�

�
idl z ppidj�2bµb idl�jqµl�1q

�
τ0

� pidl zµlq τ0 .

Note that we may alternatively apply Case 2 only if j ¥ 3.

Note that ts : r1, ls ÝÑ r1, ls is a bijective map and that we have invptsq � invpsqztpj� 1, jqu, hence
| invptsq|   | invpsq|.

If ts falls under Case 1 or Case 2, we have already shown that pts zµlqτ0 � pidl zµlqτ0 .

If ts falls under Case 3, then we have pts zµlqτ0 � pidl zµlqτ0 by induction on the number of
inversions.
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So we have
ps zµlq τ0 �

�
t2s zµl

�
τ0

7.11
�

�
pts z idlq �ASS0 pt zµlq

�
τ0

� pts z idlq τ0 �T0 pt zµlq τ0

� pts z idlq τ0 �T0 pidl zµlq τ0

�
�
pts z idlq �ASS0 pidl zµlq

�
τ0

7.11
� pts zµlq τ0

� pidl zµlq τ0 .

Lemma 9.14. Let pT0, t0q be a set-operad and τ0 : ASS0 ÝÑ T0 be a morphism of set-operads
satisfying pid2 zµqτ

pre
0 � pp1, 2q zµqτpre0 . Then there exists a unique morphism of set-operads τ̄0 such

that κ0τ̄0 � τ0.

ASS0
τ0 //

κ0

��

T0

COM0

τ̄0

;;

Proof. First note that for m,n P Z¥0 and f z a P COM
pre
0 pm,nq, where r1,ms

f
ÐÝ X

a
ÝÑ r1, ns for

some �nite set X P E , there exists a bijective map s : r1, |X|s ÝÑ X such that sa is a monotone
map.

Uniqueness. Let m,n P Z¥0 and f z a P COM
pre
0 pm,nq, where r1,ms

f
ÐÝ X

a
ÝÑ r1, ns for some

�nite set X P E . Let s : r1, |X|s ÝÑ X be a bijective map such that sa is monotone. Then we have
sf z sa P ASS

pre
0 pm,nq. Given a morphism τ̃0 : COM0 ÝÑ T0 of set-operads satisfying κ0τ̃0 � τ0 ,

then we have
psf z saqτpre0 � psf z saqκpre0 τ̃

pre
0 � psf z saqτ̃pre0 � pf z aqτ̃pre0 ,

so such a morphism of set-operads τ̃0 is uniquely determined by the requirement κ0τ̃0 � τ0 .

Existence. Let m,n P Z¥0 and let f z a P COM
pre
0 pm,nq, where X P E is a �nite set, f : X ÝÑ r1,ms

and a : X ÝÑ r1, ns. Let s : r1, |X|s ÝÑ X be a bijective map such that sa is a monotone map.
De�ne τ̄0 by

pf z aqτ̄pre0 :� psf z saqτpre0 .

First we have to show that this is well-de�ned.

Let s̃ : r1, |X|s ÝÑ X also be a map such that s̃a is monotone. Then de�ne t :� s̃s�1. So
t : r1, |X|s ÝÑ r1, |X|s is a bijective map.

Now de�ne f 1 :� sf : r1, |X|s ÝÑ r1,ms and a1 :� sa : r1, |X|s ÝÑ r1, ns.

Then we have s̃f � tsf � tf 1 and s̃a � tsa � ta1. So we have a bijective map t : r1, |X|s ÝÑ r1, |X|s
such that both a1 � sa and ta1 � s̃a are monotone. So by Lemma 9.12 we know that

s̃a � ta1 � a1 � sa.

We have to show that

pf 1 z a1qτpre0 � psf z saqτpre0
!
� ps̃f z s̃aqτpre0 � ptf 1 z a1qτpre0 .

Since ta1 � a1, we know that pa1�1pjqqt � a1�1pjq for j P r1, ns. Therefore, if we write

a1 � µl1 bAss0 . . .bAss0 µln ,
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where lj :� |a1�1pjq| ¥ 0 and µlj is the unique monotone map µlj : r1, ljs ÝÑ r1, 1s for j P r1, ns; cf.
Remark 4.30, then we can write

t � t1 bMap0
. . .bMap0

tn ,

where tj : r1, ljs ÝÑ r1, ljs is a bijective map for j P r1, ns. Moreover, we have
°

jPr1,ns

lj � |X|.

Since τpre0 : ASS
pre
0 ÝÑ T

pre
0 is a morphism of set-preoperads and ASS

pre,bij
0 � ASS

pre
0 is a set-

subpreoperad, we can apply Lemma 9.13. So for j P r1, ns we have ptj zµlj qτ
pre
0 � pidlj zµlj qτ

pre
0 .

So we have

ptf 1 z a1qτpre0
7.11
�

�
pf 1 z id|X|q �ASS0 pt z a

1q
�
τ
pre
0

� pf 1 z id|X|qτ
pre
0 �T0 pt z a

1qτpre0

� pf 1 z id|X|qτ
pre
0 �T0

�
pt1 b . . .b tnq z pµl1 b . . .b µlnq

�
τ
pre
0

� pf 1 z id|X|qτ
pre
0 �T0

�
pt1 zµl1qbASS0 . . .bASS0 ptn zµlnq

�
τ
pre
0

� pf 1 z id|X|qτ
pre
0 �T0

�
pt1 zµl1qτ

pre
0 bT0 . . .bT0 ptn zµlnqτ

pre
0

�
9.13
� pf 1 z id|X|qτ

pre
0 �T0

�
pidl1 zµl1qτ

pre
0 bT0 . . .bT0 pidln zµlnqτ

pre
0

�
� pf 1 z id|X|qτ

pre
0 �T0

�
pidl1 zµl1qbASS0 . . .bASS0 pidln zµlnq

�
τ
pre
0

� pf 1 z id|X|qτ
pre
0 �T0

�
pidl1 b . . .b idlnq z pµl1 b . . .b µlnq

�
τ
pre
0

� pf 1 z id|X|qτ
pre
0 �T0 pid|X| z a

1qτpre0

�
�
pf 1 z id|X|q �ASS0 pid|X| z a

1q
�
τ
pre
0

7.11
� pf 1 z a1qτpre0 .

We have now shown that given maps f : X ÝÑ r1,ms, a : X ÝÑ r1, ns and maps s : r1, |X|s ÝÑ X

and s̃ : r1, |X|s ÝÑ X such that both sa and s̃a are monotone we have

psf z saqτpre0 � ps̃f z s̃aqτpre0 ,

hence the image of f z a does not depend on the choice of s.

Suppose given f z a, f̃ z ã P COM
pre
0 pm,nq, where X, X̃ P E and where r1,ms

f
ÐÝ X

a
ÝÑ r1, ns and

r1,ms
f̃

ÐÝ X̃
ã

ÝÑ r1, ns such that f z a � f̃ z ã. That is, there exists a bijective map u : X̃ ÝÑ X

such that uf � f̃ and ua � ã. Let s : r1, |X|s ÝÑ X be a bijective map such that sa is monotone
and let s̃ : r1, |X|s ÝÑ X̃ be a bijective map such that s̃ã is monotone. But then both ps̃uqa � s̃ã

and sa are monotone, so we have

psf z saqτpre0 � pps̃uqf z ps̃uqaqτpre0 � ps̃f̃ z s̃ãqτpre0 .

Hence the image of f z a does not depend on the choice of f , a and s.

Now we have to show that τ̄0 is in fact a morphism of set-operads. For ξ � f z a P COM
pre
0 pm,nq

there exists ξ̂ P ASS
pre
0 pm,nq such that ξ̂κpre0 � ξ, since we may take ξ̂ � sf z sa for some bijective

map s such that sa is monotone.

Suppose given m,n,m1, n1 P Z¥0 and ξ P COM
pre
0 pm,nq, ξ1 P COM

pre
0 pm1, n1q. Let ξ̂ P ASS

pre
0 pm,nq
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such that ξ̂κpre0 � ξ and let ξ̂1 P ASS
pre
0 pm1, n1q such that ξ̂1κpre0 � ξ̂1. Hence we have

pξτ̄pre0 qbT0 pξ
1τ̄

pre
0 q � pξ̂κpre0 τ̄

pre
0 qbT0 pξ̂

1
κ
pre
0 τ̄

pre
0 q

� pξ̂τpre0 qbT0 pξ̂
1τ

pre
0 q

� pξ̂ bASS0 ξ̂
1qτpre0

� pξ̂ bASS0 ξ̂
1qpκpre0 τ̄

pre
0 q

� pξ̂κpre0 bCOM0
ξ̂1κ

pre
0 qτ̄pre0

� pξ bCOM0
ξ1qτ̄pre0 .

Now suppose given m,n, p P Z¥0 and ξ P COM0pm,nq, η P COM0pn, pq. Let ξ̂ P ASS0pm,nq such
that ξ̂κpre0 � ξ and let η̂ P ASS0pn, pq such that η̂κpre0 � η. We have

pξτ̄0q �T0 pητ̄0q � pξ̂κ0τ̄0q �T0 pη̂κ0τ̄0q

� pξ̂τ0q �T0 pη̂τ0q

� pξ̂ �ASS0 η̂qτ0

� pξ̂ �ASS0 η̂qpκ0τ̄0q

� pξ̂κ0 �COM0
η̂κ0qτ̄0

� pξ �COM0
ηqτ̄0 .

This shows that τ̄pre0 is a morphism of set-preoperads. Furthermore, since κ0 and τ0 are morphisms
of set-operads, we have a0κ

pre
0 � c0 and a0τ

pre
0 � t0 . So we have

c0τ̄
pre
0 � a0κ

pre
0 τ̄

pre
0 � a0τ

pre
0 � t0 .

Hence τ̄0 : COM0 ÝÑ T0 is a morphism of set-operads.

We can now use this to show that a commutative monoid can be turned into a COM0-algebra.

Proposition 9.15. Let pS, µS , εSq be a commutative (and associative) monoid. Then there exists
a morphism Φ0 : COM0 ÝÑ END0pSq of set-operads such that pS,Φ0q is a COM0-algebra with
µS � pid2 zµqΦ

pre
0 and εS � pid0 z εqΦ

pre
0 .

Proof. Since S is in particular an associative monoid, by Proposition 7.18 we get a morphism
Ψ0 : ASS0 ÝÑ END0pSq of set-operads such that pS,Ψ0q is an ASS0-algebra with µS � pid2 zµqΨ

pre
0

and εS � pid0 z εqΨ
pre
0 . We already know that pp1, 2q z id2qΨ

pre
0 � p1, 2qope0 is the map

τS : S�2 ÝÑ S�2

ps, tq ÞÝÑ pt, sq;

cf. Example 2.63. Since pS, µS , εSq is a commutative monoid, we have τSµS � µS , hence

pp1, 2q zµqΨpre
0 �

�
pp1, 2q z id2q �COM0

pid2 zµq
�
Ψ

pre
0

� pp1, 2q z id2qΨ
pre
0 �End0 pid2 zµqΨ

pre
0

� τSµS

� µS

� pid2 zµqΨ
pre
0 .

Hence by Lemma 9.14 there exists a uniquely determined morphism of set-operads

Φ0 :� Ψ̄0 : COM0 ÝÑ END0pSq

such that κ0Φ0 � Ψ0 .

Hence pS,Φ0q is a COM0-algebra with µS � pid2 zµqΨ
pre
0 � pid2 zµqκ

pre
0 Φ

pre
0 � pid2 zµqΦ

pre
0 and

εS � pid0 z εqΨ
pre
0 � pid0 z εqκ

pre
0 Φ

pre
0 � pid0 z εqΦ

pre
0 .
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9.3 The linear operad COM

We aim to de�ne a linear operad COM such that COM-algebras are commutative R-
algebras. This is developed in parallel to �9.1 and �9.2 on COM0 and COM0-algebras.
Some repetitions occur, which seemed hard to avoid.

De�nition 9.16. We de�ne the set-preoperad COM
pre,bij
0 � COM

pre
0 as follows. For m,n P Z¥0 let

COM
pre,bij
0 pm,nq :� tf z a P COM

pre
0 pm,nq : f is a bijective mapu .

We have to show that COM
pre,bij
0 � COM

pre
0 is a set-subpreoperad.

First note that COM
pre,bij
0 pm,nq � COM

pre
0 pm,nq for m,n P Z¥0 .

Suppose given m,n,m1, n1 P Z¥0 and f z a P COM
pre,bij
0 pm,nq, f 1 z a1 P COM

pre,bij
0 pm1, n1q, where

r1,ms
f
ÐÝ X

a
ÝÑ r1, ns and r1,m1s

f 1

ÐÝ X 1 a1

ÝÑ r1, n1s and where X,X 1 P E are �nite sets and f, f 1

are bijective maps.

Then we have pf z aq b pf 1 z a1q � ppf \ f 1qφ�1
pm,m1qq z ppa \ a1qφ�1

pn,n1q P COM
pre,bij
0 pm �m1, n � n1q,

since pf \ f 1qφ�1
pm,m1q is bijective as the disjoint union and composite of bijective maps.

Now suppose given m,n, k P Z¥0 and f z a P COM
pre,bij
0 pm,nq, g z b P COM

pre,bij
0 pn, kq, where

r1,ms
f
ÐÝ X

a
ÝÑ r1, ns and r1, ns

g
ÐÝ Y

b
ÝÑ r1, ks and where X,Y P E are �nite sets and f, g are

bijective maps.

Let pP, ĝ, âq be a pullback of a and g. Since g is bijective, so is ĝ by Lemma 1.35. So we have

P
ĝ

��
â

��
X

f

��
a

��

Y
g

��
b

��
r1,ms r1, ns r1, ks ,

hence pf z aq � pg z bq � ĝf z âb P COM
pre,bij
0 pm, kq, since ĝf is bijective as the composite of bijective

maps.

De�nition 9.17. We de�ne the linear operad COM � pCOMpre, cq as follows.

� Let COMpre :� RCOM
pre,bij
0 .

� Let c :� R
�
c0
��COM

pre,bij
0

Sym
op
0

	
: Symop ÝÑ COMpre.

Note that since we have Impc0
��
Sym

op
0
q � COM

pre,bij
0 , by Remark 6.26 this is in fact a linear operad.

Recall that this de�nition means the following.

� We have COMprepm,nq � RCOM
pre,bij
0 pm,nq for m,n P Z¥0 .

� We have idCOM,m � idCOM0,m for m P Z¥0 .
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� Suppose given m,n,m1, n1 P Z¥0 .

Then for
°

ξPCOM
pre,bij
0 pm,nq

rξ ξ P COMpm,nq and
°

ξ1PCOM
pre,bij
0 pm1,n1q

r1ξ1 ξ
1 P COMpm1, n1q we have

� ¸
ξPCOM

bij
0 pm,nq

rξ ξ



bCOM

� ¸
ξ1PCOM

bij
0 pm1,n1q

r1ξ1 ξ
1



�

¸
ξPCOM

bij
0 pm,nq

ξ1PCOM
bij
0 pm1,n1q

rξ r
1
ξ1

�
ξ bCOM0

ξ1
�
.

� Suppose given m,n, k P Z¥0 .

Then for
°

ξPCOM
bij
0 pm,nq

rξ ξ P COMpm,nq and
°

ηPCOM
bij
0 pn,kq

sη η P COMpn, kq we have

� ¸
ξPCOM

bij
0 pm,nq

rξ ξ



�COM

� ¸
ηPCOM

bij
0 pn,kq

sη η



�

¸
ξPCOM

bij
0 pm,nq

ηPCOM
bij
0 pn,kq

rξ sη
�
ξ �COM0

η
�
.

� For m P Z¥0 and
°

fPSymop
0 pm,mq

rf f
op P Symoppm,mq we have

� ¸
fPSymop

0 pm,mq

rf f
op



c �

¸
fPSymop

0 pm,mq

rf pf
opc0q �

¸
fPSymop

0 pm,mq

rf pf z idMap0,m
q.

De�nition 9.18. Recall the morphism of set-operads κ0 : ASS0 ÝÑ COM0 ; cf. Lemma 9.10.
Since pf z aqκpre0 P COM

pre,bij
0 pm,nq for m,n P Z¥0 and f z a P ASS

pre,bij
0 pm,nq we may de�ne the

morphism of linear operads κ : ASS ÝÑ COM by

κ
pre :� R

�
κ
pre
0

��COM
pre,bij
0

ASS
pre,bij
0

	
.

9.4 Commutative algebras and COM-algebras

Proposition 9.19. Let V be an R-module and let Φ : COM ÝÑ ENDpV q be a morphism of
linear operads, that is, pV,Φq is a COM-algebra. De�ne µV :� pid2 zµqΦ

pre P EndpV qp2, 1q and
εV :� pid0 z εqΦ

pre P ENDpV qp0, 1q. Then pV, µV , εV q is a commutative R-algebra.

Proof. We have the following commutative diagram of linear preoperads.

ASSpre
κ
pre

// COMpre Φpre
// EndpV q

Symop

a

ee

c

OO

e

99

So κΦ : ASS ÝÑ ENDpV q is a morphism of linear operads. Hence pV, κΦq is an ASS-algebra.

By Proposition 7.22, the R-module V is an associative algebra when equipped with multiplication
pid2 zµqpκ

preΦpreq � pid2 zµqΦ
pre � µV and unit pid0 z εqpκpreΦpreq � pid0 z εqΦ

pre � εV .

Note that pp1, 2q z id2qΦpre � pp1, 2qopcqΦpre � p1, 2qope P EndpV qp2, 2q is the map de�ned by

τV : V b2 ÝÑ V b2

v b w ÞÝÑ w b v
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for v, w P V ; cf. Example 2.66. In COM, expansion by the transposition p1, 2q : r1, 2s ÝÑ r1, 2s
yields

p1, 2q zµ � pp1, 2qp1, 2qq z pp1, 2qµq � id2 zµ;

cf. De�nition 9.3 and Remark 9.4. So by the de�nition of composition in COM we have

τV µV � pp1, 2q z id2qΦ
pre �End0 pid2 zµqΦpre

�
�
pp1, 2q z id2q �COM pid2 zµq

�
Φpre

� pp1, 2q zµqΦpre

� pid2 zµqΦpre

� µV .

Hence pV, µV , εV q is a commutative algebra.

Lemma 9.20. Let pT , tq be a linear operad and let τ : ASS ÝÑ T be a morphism of linear operads
satisfying pid2 zµqτpre � pp1, 2q zµqτpre. Then there exists a unique morphism of linear operads
τ̄ : COM ÝÑ T such that κτ̄ � τ .

ASS
τ //

κ

��

T

COM

τ̄

<<

Proof. For f z a P COM
pre,bij
0 , where f : X ÝÑ r1,ms, a : X ÝÑ r1, ns for some setX andm,n P Z¥0

there exists a bijective map s : r1, |X|s ÝÑ X such that sa is a monotone map.

Uniqueness. Let m,n P Z¥0 and X be a set, f : X ÝÑ r1,ms, a : X ÝÑ r1, ns such that
f z a P COM

pre,bij
0 pm,nq and let s : r1, |X|s ÝÑ X be a bijective map such that sa � a. Then

we have sf z sa P ASS
pre,bij
0 pm,nq. Given a morphism τ̃ : COM ÝÑ T of linear operads satisfying

κτ̃ � τ , then we have

psf z saqτpre � psf z saqκpreτ̃pre � psf z saqτ̃pre � pf z aqτ̃pre,

so such a morphism τ̃ is uniquely determined by the requirement κτ̃ � τ .

Existence. Let f z a P COM
pre,bij
0 pm,nq, let m,n P Z¥0 and X be a set, f : X ÝÑ r1,ms and

a : X ÝÑ r1, ns and let s : r1, |X|s ÝÑ X be a bijective map such that sa is a monotone map.
De�ne τ̄ by

pf z aqτ̄pre :� psf z saqτpre

and the usual linear extension on COMpre � RCOM
pre,bij
0 . First we have to show that this is

well-de�ned.

Let s̃ : r1, |X|s ÝÑ X also be a map such that s̃a is monotone. Then de�ne t :� s̃s�1. So
t : r1, |X|s ÝÑ r1, |X|s is a bijective map. Now de�ne f 1 :� sf and a1 :� sa.

Then we have s̃f � tsf � tf 1 and s̃a � tsa � ta1. So we have a bijective map t : r1, |X|s ÝÑ r1, |X|s
such that both a1 � sa and ta1 � s̃a are monotone. So by Lemma 9.12 we know that

s̃a � ta1 � a1 � sa.

We have to show that

pf 1 z a1qτpre � psf z saqτpre
!
� ps̃f z s̃aqτpre � ptf 1 z a1qτpre.

Since ta1 � a1, we know that pa1�1pjqqt � a1�1pjq for j P r1, ns. Therefore, if we write

a1 � µl1 bAss0 . . .bAss0 µln ,
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where lj � |a1�1pjq| ¥ 0 and µlj is the unique monotone map r1, ljs ÝÑ r1, 1s for j P r1, ns; cf.
Remark 4.30, then we can write

t � t1 bMap0
. . .bMap0

tn ,

where tj : r1, ljs ÝÑ r1, ljs is a bijective map for j P r1, ns. Moreover, we have
°

iPr1,ns

lj � |X|.

Note that we can view ASSpre and T pre as set-preoperads and τpre : ASSpre ÝÑ T pre as a morphism
of set-preoperads; cf. Remark 2.10. Since ASS

pre,bij
0 � RASS

pre,bij
0 , we can apply Lemma 9.13.

So for j P r1, ns we have ptj zµlj qτ
pre � pidlj zµlj qτ

pre.

So we have

ptf 1 z a1qτpre
7.11
�

�
pa1 z id|X|q �ASS pt z a

1q
�
τpre

� pf 1 z id|X|qτ
pre �T pt z a1qτpre

� pf 1 z id|X|qτ
pre �T

�
pt1 b . . .b tnq z pµl1 b . . .b µlnq

�
τpre

� pf 1 z id|X|qτ
pre �T

�
pt1 zµi1qbASS . . .bASS ptn zµinq

�
τpre

� pf 1 z id|X|qτ
pre �T

�
pt1 zµl1qτ

pre bT . . .bT ptn zµlnqτ
pre
�

9.13
� pf 1 z id|X|qτ

pre �T
�
pidl1 zµl1qτ

pre bT . . .bT pidln zµlnqτ
pre
�

� pf 1 z id|X|qτ
pre �T

�
pidl1 zµl1qbASS . . .bASS pidln zµlnq

�
τpre

� pf 1 z id|X|qτ
pre �T

�
pidl1 b . . .b idlnq z pµl1 b . . .b µlnq

�
τpre

� pf 1 z id|X|qτ
pre �T pid|X| z a

1qτpre

�
�
pf 1 z id|X|q �ASS pid|X| z a

1q
�
τpre

7.11
� pf 1 z a1qτpre .

We have now shown that given maps f : X ÝÑ r1,ms, a : X ÝÑ r1, ns and maps s : r1, |X|s ÝÑ X

and s̃ : r1, |X|s ÝÑ X such that both sa and s̃a are monotone we have

psf z saqτpre � ps̃f z s̃aqτpre ,

hence the image of f z a does not depend on the choice of s.

Let f z a, f̃ z ã P COM
pre,bij
0 pm,nq, r1,ms

f
ÐÝ X

a
ÝÑ r1, ns and r1,ms

f̃
ÐÝ X̃

ã
ÝÑ r1, ns such that

f z a � f̃ z ã, that is, there exists a bijective map u : X̃ ÝÑ X such that uf � f̃ and ua � ã. Let
s : r1, |X|s ÝÑ X be a bijective map such that sa is monotone and let s̃ : r1, |X|s ÝÑ X̃ be a
bijective map such that s̃ã is monotone. But then both s̃ã � ps̃uqa and sa are monotone maps from
r1, |X|s to r1, ns, so we have

psf z saqτpre � pps̃uqf z ps̃uqaqτpre � ps̃f̃ z s̃ãqτpre.

Hence τ̄pre is well-de�ned.

Now we have to show that τ̄pre in fact de�nes a morphism of linear operads τ̄ : COM ÝÑ T . Note
that given ξ P COMprepm,nq, then there exists ξ̂ P ASSprepm,nq such that ξ̂κpre � ξ.

Suppose given m,n,m1, n1 P Z¥0 and ξ P COMprepm,nq, ξ1 P COMprepm1, n1q. Let ξ̂ P ASSprepm,nq
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such that ξ̂κ � ξ and let ξ̂1 P ASSprepm1, n1q such that ξ̂1κ � ξ̂1. Hence we have

pξτ̄preqbT pξ1τ̄preq � pξ̂κpreτ̄preqbT pξ̂1κpreτ̄preq

� pξ̂τpreqbT pξ̂1τpreq

� pξ̂ bASS ξ̂
1qτpre

� pξ̂ bASS ξ̂
1qpκpreτ̄preq

� pξ̂κpre bCOM ξ̂1κpreqτ̄pre

� pξ bCOM ξ1qτ̄pre .

Now suppose given m,n, p P Z¥0 and ξ P COMprepm,nq, η P COMprepn, pq. Let ξ̂ P ASSprepm,nq
such that ξ̂κpre � ξ and let η̂ P ASSprepn, pq such that η̂κpre � η. We have

pξτ̄preq �T pητ̄preq � pξ̂κpreτ̄preq �T pη̂κpreτ̄preq

� pξ̂τpreq �T pη̂τpreq

� pξ̂ �ASS η̂
preqτpre

� pξ̂ �ASS η̂qpκ
preτ̄preq

� pξ̂κpre �COM η̂κpreqτ̄pre

� pξ �COM ηqτ̄pre .

This shows that τ̄pre is a morphism of linear preoperads. Furthermore, since κ and τ are morphisms
of linear operads, we have aκpre � c and aτpre � t. So we have

cτ̄pre � aκpreτ̄pre � aτpre � t.

Hence τ̄ : COM ÝÑ T is a morphism of linear operads.

We can now use this to show that a commutative R-algebra can be turned into a COM-algebra.

Proposition 9.21. Let pV, µV , εV q be a commutative (and associative) R-algebra. Then there exists
a morphism of linear operads Φ : COM ÝÑ ENDpV q such that pV,Φq is a COM-algebra with
pid2 zµqΦ

pre � µV and pid0 z εqΦ
pre � εV .

Proof. Since V in particular is an associative R-algebra, by Proposition 7.24 we get a morphism of
linear operads Ψ : ASS ÝÑ ENDpV q such that pV,Ψq is an ASS-algebra with µV � pid2 zµqΨ

pre

and εV � pid0 z εqΨ
pre.

Note that pp1, 2q z id2qΨpre � p1, 2qope is the map de�ned by

τV : V b2 ÝÑ V b2

v b w ÞÝÑ w b v

for v, w P V ; cf. Example 2.66. Since pV, µV , εV q is a commutative R-algebra, we have τV µV � µV ,
hence

pp1, 2q zµqΨpre �
�
pp1, 2q zµq �ASS pid2 zµq

�
Ψpre

� pp1, 2q z id2qΨ
pre �End0 pid2 zµqΨ

pre

� τV µV

� µV

� pid2 zµqΨ
pre.
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Hence by Lemma 9.20 there exists a uniquely determined morphism of linear operads

Φ :� Ψ̄ : COM ÝÑ ENDpV q

such that κΨ̄ � Ψ.

Hence pV,Φq is a COM-algebra with pid2 zµqΦ
pre � pid2 zµqκ

preΦpre � pid2 zµqΨ
pre � µV and

pid0 z εqΦ
pre � pid0 z εqκ

preΦpre � pid0 z εqΨ
pre � εV .
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10 The linear operad LIE

De�nition 10.1. Recall the linear operad ASS � pASSpre, aq over R; cf. De�nition 7.20. Let

λ :� id2 zµ� p1, 2q zµ P ASSprep2, 2q,

where p1, 2q P Sym0p2, 2q is the transposition, µ is the unique element in Ass0p2, 1q and where we
abbreviate id2 :� idMap0,2

. We de�ne the linear suboperad LIE of ASS as follows; cf. De�nition 6.34
and Lemma 6.35.

LIE :�
op
xλ y .

Recall that LIE being a linear suboperad means that Impaq � LIEpre and that LIE � pLIEpre, lq is

a linear operad, where l � a
��LIEpre

: Symop ÝÑ LIEpre; cf. De�nition 6.31.

Proposition 10.2. Suppose 2 P UpRq, so 2 is invertible in R. Let V be an R-module and let
Λ : LIE ÝÑ ENDpV q be a morphism of linear operads. So pV,Λq is a LIE-algebra.

LIEpre Λpre
// EndpV q

Symop

l

dd

e

99

De�ne λV :� λΛpre �
�
pid2 zµq � pp1, 2q zµq

�
Λpre P EndpV qp2, 1q and de�ne the bilinear map

r�,�s : V � V ÝÑ V

pv, wq ÞÝÑ rv, ws :� pv b wqλV .

Then pV, r�,�sq is a Lie algebra over R; cf. [2, De�nition 1.1].

Proof. During this proof we denote by pbq and p�q the multiplication and composition in Map0 . We
have to show the following.

(1) For u, v, w P V we have ru, rv, wss � rv, rw, uss � rw, ru, vss
!
� 0.

(2) For v P V we have rv, vs !
� 0.

Ad (1). Suppose given u, v, w P V . We have

ru, rv, wss � pub rv, wsqλV � pub pv b wqλV qλV � pub v b wqppidV bλV qλV q,

hence

rv, rw, uss � pv b w b uqppidV bλV qλV q � pub v b wqpp1, 2, 3qopeqppidV bλV qλV q

rw, ru, vss � pw b ub vqppidV bλV qλV q � pub v b wqpp1, 3, 2qopeqppidV bλV qλV q;

cf. De�nition 2.64. So we have to show that

pidV b3 �p1, 2, 3qope� p1, 3, 2qopeqppidV bλV qλV q
!
� 0EndpV q .

We have

idV b3 �p1, 2, 3qope� p1, 3, 2qope � id
op
3 lΛpre � p1, 2, 3qoplΛpre � p1, 3, 2qoplΛpre

� pid3 z id3qΛ
pre � pp1, 2, 3q z id3qΛ

pre � pp1, 3, 2q z id3qΛ
pre
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and

ppidV bλV qλV q � pidLIE,1 Λ
pre b λΛpreqpλΛpreq

� ppidLIE,1bLIEλq �LIE λqΛ
pre.

So since Λ is a morphism of linear operads, it su�ces to show that

ppid3 z id3q � pp1, 2, 3q z id3q � pp1, 3, 2q z id3qq �LIE pidLIE,1bLIEλq �LIE λ
!
� 0LIE .

Using the de�nition of multiplication and composition inASS0 andASS; cf. De�nitions 7.10 and 7.20,
we obtain

p idLIE,1bLIEλq �LIE λ

�
�
pid1 z id1qbLIE ppid2 zµq � pp1, 2q zµqq

�
�LIE

�
pid2 zµq � pp1, 2q zµq

�
�

�
pid1 z id1qbASS ppid2 zµq � pp1, 2q zµqq

�
�ASS

�
pid2 zµq � pp1, 2q zµq

�
�

��
pid1 z id1qbASS0 pid2 zµq

�
�

�
pid1 z id1qbASS0 pp1, 2q zµq

��
�ASS

�
pid2 zµq � pp1, 2q zµq

�
�

�
pid3 z pid1bµqq � ppid1b p1, 2qq z pid1bµqq

�
�ASS

�
pid2 zµq � pp1, 2q zµq

�
�

�
pid3 z pid1bµqq �ASS0 pid2 zµq

�
�

�
pid3 z pid1bµq �ASS0 pp1, 2q zµq

�
�

�
ppid1b p1, 2qq z pid1bµqq �ASS0 pid2 zµq

�
�

�
ppid1b p1, 2qq z pid1bµqq �ASS0 pp1, 2q zµq

�
�

�
pid3 z pid1bµqq �ASS0 pid2 zµq

�
�

�
pid3 z pid1bµq �ASS0 pp1, 2q zµq

�
�

�
p2, 3q z pid1bµqq �ASS0 pid2 zµq

�
�

�
p2, 3q z pid1bµqq �ASS0 pp1, 2q zµq

�
,

where p2, 3q � id1b p1, 2q P Sym0p3, 3q.

By Remark 7.11 we know that

pid3 z pid1bµqq �ASS0 pid2 zµq � id3 z ppid1bµqµq � id3 zµ3

pp2, 3q z pid1bµqq �ASS0 pid2 zµq � p2, 3q z ppid1bµqµq � p2, 3q zµ3 ,

where µ3 � pid1bµq � µ � pµb id1q � µ is the unique element in Ass0p3, 1q.

Claim. We have the following sorted pullback.

r1, 3s
µb id1 //

p1,2,3q
��

r1, 2s

p1,2q
��

r1, 3s
id1bµ

// r1, 2s

Proof of the Claim. Note that

1pµb id1qp1, 2q � 2 � 1p1, 2, 3qpid1bµq

2pµb id1qp1, 2q � 2 � 2p1, 2, 3qpid1bµq

3pµb id1qp1, 2q � 1 � 3p1, 2, 3qpid1bµq.

So the diagram is commutative. Moreover, µb id1 is monotone. Finally, the restricted maps

p1, 2, 3q
��pid1bµq�1p1p1,2qq

pµb id1q�1p1q
� p1, 2, 3q

��pid1bµq�1p2q

pµb id1q�1p1q
� p1, 2, 3q

��r2,3s
r1,2s

p1, 2, 3q
��pid1bµq�1p2p1,2qq

pµb id1q�1p2q
� p1, 2, 3q

��pid1bµq�1p1q

pµb id1q�1p2q
� p1, 2, 3q

��r1,1s
r3,3s

are isotone.

This proves the Claim.
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So by the de�nition of composition in ASS0 in De�nition 7.10, we have

pid3 z pid1bµqq �ASS0 pp1, 2q zµq � pp1, 2, 3q id3q z ppµb id1qµq � p1, 2, 3q zµ3

pp2, 3q z pid1bµqq �ASS0 pp1, 2q zµq � pp1, 2, 3qp2, 3qq z ppµb id1qµq � p1, 3q zµ3 .

So we have

pidLIE,1bLIEλq �LIE λ � pid3 zµ3q � pp1, 2, 3q zµ3q � pp2, 3q zµ3q � pp1, 3q zµ3q.

Altogether, by the de�ntion of p�ASSq and p�ASS0q and by Remark 7.11, we have�
pid3 z id3q � pp1, 2, 3q z id3q � pp1, 3, 2q z id3q

�
�LIE pidLIE,1bLIEλq �LIE λ

�
�
pid3 z id3q � pp1, 2, 3q z id3q � pp1, 3, 2q z id3q

�
�ASS

�
pid3 zµ3q � pp1, 2, 3q zµ3q � pp2, 3q zµ3q � pp1, 3q zµ3

�
� pid3 zµ3q � pp1, 2, 3q zµ3q � pp2, 3q zµ3q � pp1, 3q zµ3q

� pp1, 2, 3q zµ3q � ppp1, 2, 3qp1, 2, 3qq zµ3q � ppp2, 3qp1, 2, 3qq zµ3q � ppp1, 3qp1, 2, 3qq zµ3q

� pp1, 3, 2q zµ3q � ppp1, 2, 3qp1, 3, 2qq zµ3q � ppp2, 3qp1, 3, 2qq zµ3q � ppp1, 3qp1, 3, 2qq zµ3q

� pid3 zµ3q � pp1, 2, 3q zµ3q � pp2, 3q zµ3q � pp1, 3q zµ3q

� pp1, 2, 3q zµ3q � pp1, 3, 2q zµ3q � pp1, 2q zµ3q � pp2, 3q zµ3q

� pp1, 3, 2q zµ3q � pid3 zµ3q � pp1, 3q zµ3q � pp1, 2q zµ3q

� 0ASS

� 0LIE .

This completes the proof of (1).

Ad (2). Suppose given v P V . Note that

v b v � pv b vqpp1, 2qopeq � pv b vqpp1, 2qoplΛpreq � pv b vq
�
p1, 2q z id2

�
Λpre.

So we have

rv, vs � pv b vqλV

� pv b vq
�
pid2 zµq � pp1, 2q zµq

�
Λpre

� pv b vq
�
pp1, 2q z id2

�
Λpre �END

�
pid2 zµq � pp1, 2q zµq

�
Λpre

� pv b vq
��
p1, 2q z id2

�
�LIE

�
pid2 zµq � pp1, 2q zµq

��
Λpre

� pv b vq
��
p1, 2q z id2

�
�ASS

�
pid2 zµq � pp1, 2q zµq

��
Λpre

� pv b vq
��
pp1, 2q z id2q �ASS0 pid2 zµq

�
�

�
pp1, 2q z id2q �ASS0 pp1, 2q zµq

��
Λpre

7.11
� pv b vq

�
pp1, 2q zµq � ppp1, 2qp1, 2qq zµq

�
Λpre

� pv b vq
�
pp1, 2q zµq � pid2 zµq

�
Λpre

� �pv b vq
�
pid2 zµq � pp1, 2q zµq

�
Λpre

� �pv b vqλV

� �rv, vs .

So 2rv, vs � 0 and since 2 P UpRq we have rv, vs � 0.

This completes the proof of (2).

Remark 10.3. Note that we may not drop the condition 2 P UpRq. If 2 R UpRq, the last step
in the proof of Proposition 10.2 may fail. For instance, suppose R � F2 , the �nite �eld with two
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elements, and suppose V � F2 ` F2 �
F2
xx y`

F2
x y y. Then we can de�ne the F2-bilinear map

r�,�s : V b V ÝÑ V by

rx, xs :� y

rx, ys :� ry, xs :� 0

ry, ys :� 0.

So rV,
F2
x y ys � 0 and rV, V s �

F2
x y y.

So for u, v, w P V we have ru, rv, wss � 0, since rv, ws P
F2
x y y. So in particular

ru, rv, wss � rv, rw, uss � rw, ru, vss � 0

for u, v, w P V .

Moreover, for v, w P V we have rv, ws � rw, vs, hence rv, ws � rw, vs � 0.

So V � F2 ` F2 satis�es condition (1) for a Lie algebra and satis�es rv, ws � rw, vs � 0 for v, w P V ,
but does not satisfy condition (2) for a Lie algebra since rx, xs � y � 0.

In particular, we can not conclude from 2rv, vs � 0 that rv, vs � 0 for v P V , as was needed in the
proof of Proposition 10.2.

Question 10.4. Is a Lie algebra a LIE-algebra?

That is, we ask if, given a Lie algebra pV, r�,�sq, there exists a morphism Λ : LIE ÝÑ ENDpV q
such that pv b wq

�
λΛpre

�
� rv, ws for v, w P V .

Remark 10.5. Suppose given a morphism of linear operadsΨ : ASS ÝÑ ENDpV q, i.e. suppose given
an ASS-algebra pV,Ψq. By Lemma 7.22, pV, µV , εV q is an associative R-algebra with multiplication
µV � pid2 zµqΨ

pre and unit εV � pid0 z εqΨ
pre. Moreover, we already know that for v, w P V we

have
pv b wq

�
pp1, 2q zµqΨpre

�
� pw b vqµV ;

cf. the proof of Proposition 9.21. The restriction Ψ
��
LIE

: LIE ÝÑ ENDpV q is a morphism of linear
operads, since LIE � ASS is a linear suboperad. Hence pV,Ψ

��
LIE

q is a LIE-algebra.

We de�ne the bilinear map r�,�s : V b2 ÝÑ V as in Proposition 10.2, i.e. for v, w P V we let

rv, ws :� pv b wqpλΨpre
��
LIE

q � pv b wq
��
pid2 zµq � pp1, 2q zµq

�
Ψpre

��
LIE

�
.

For v, w P V we have

rv, ws � pv b wqpλΨpre
��
LIE

q

� pv b wqpλΨpreq

� pv b wq
��
pid2 zµq � pp1, 2q zµq

�
Ψpre

�
� pv b wq

�
pid2 zµqΨ

pre � pp1, 2q zµqΨpre
�

� pv b wqµV � pv b wq
�
pp1, 2q zµqΨpre

�
� pv b wqµV � pw b vqµV .

So pV, r�,�sq is the commutator Lie algebra of the associative algebra pV, µV , εV q.

Note that given a LIE-algebra pV,Λq, that is, given a morphism Λ : LIE ÝÑ ENDpV q of linear
operads, we do not know whether there exists a morphism Ψ : ASS ÝÑ ENDpV q of linear operads
with Λ � Ψ

��
LIE

.
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Zusammenfassung

In der vorliegenden Arbeit werden Operaden vorgestellt und einige Beispiele behandelt. Der ver-
wendete Operadenbegri� weicht dabei vom Begri� einer Operade in der Literatur ab. Klassische
Operaden, wie zum Beispiel von May (cf. [13, De�nition 1.1]) de�niert, tauchen in dieser Arbeit
in ähnlicher Form unter dem Begri� �absolute Operaden� auf; cf. �3. Gleichzeitig sind die in �6
de�nierten linearen Operaden eng verwandt mit den von S. Mac Lane 1963 eingeführten PROPs
(Abkürzung für �product and permutation category�; cf. [8, �6]), was auch der Grund dafür ist, dass
der Titel dieser Arbeit �Operads in the sense of Mac Lane� lautet.

Präoperaden

Eine erste Version der Operaden sind die Präoperaden. Eine Präoperade in Mengen ist im Wesent-
lichen eine strikte monoidale Kategorie mit Z¥0 als Menge der Objekte. Genauer gesagt ist eine
Präoperade in Mengen pP0,b, �q gegeben durch eine biindizierte Menge P0 � pP0pm,nqqm,n¥0, mit
einer assoziativen Multiplikation, gegeben durch Multiplikationsabbildungen

pbq : P0pm,nq � Ppm1, n1q ÝÑ P0pm�m1, n� n1q,

und einer assoziativen Komposition, gegeben durch Kompositionsabbildungen

p�q : P0pm,nq � Ppn, kq ÝÑ P0pm, kq,

sowie Identitäten idm P P0pm,mq für alle m, wobei noch bestimmte Kompatibilitätsbedingungen
erfüllt sind; cf. De�nition 2.6.

Eine lineare Präoperade pP,b, �q (über R) ist fast genauso de�niert, mit dem Unterschied, dass
Ppm,nq stets ein R-Modul ist und dass die Multiplikations- und Kompositionsabbildungen

pbq : Ppm,nq b Ppm1, n1q ÝÑ Ppm�m1, n� n1q

p�q : Ppm,nq b Ppn, kq ÝÑ Ppm, kq

stets R-linear sein müssen.

Es können dann grundlegende algebraische Strukturen in den Präoperaden de�niert und unter-
sucht werden. Zum Beispiel ist ein Morphismus von Präoperaden eine biindizierte Abbildung (im
R-linearen Fall von R-linearen Abbildungen), die mit der Struktur der Operade verträglich ist, al-
so mit Multiplikation und Komposition vertauscht und Identitäten auf Identitäten abbildet. Des
Weiteren werden Teilpräoperaden und Faktorpräoperaden de�niert.

Elementare Beispiele sind die Präoperade Map0 in Mengen, die aus Abbildungen f : r1,ms ÝÑ r1, ns
zwischen endlichen ganzzahligen Intervallen besteht, sowie ihre Teilpräoperaden Ass0 , bestehend aus
monotonen Abbildungen, und Sym0 , bestehend aus bijektiven Abbildungen. Durch das Bilden freier
R-Moduln und durch lineares Fortsetzen der Multiplikations- und Kompositionsabbildungen ergeben
sich auÿerdem die lineare Präoperade Map und ihre linearen Teilpräoperaden Ass und Sym.

Für eine Menge X kann zudem die Präoperade End0pXq de�niert werden, die alle Abbildungen
f : X�m ÝÑ X�n enthält, ausgestattet mit dem kartesischen Produkt von Abbildungen als Multi-
plikation und der üblichen Komposition von Abbildungen als Komposition.

In gleicher Weise kann für einen R-Modul V eine lineare Präoperade EndpV q de�niert werden, die
R-lineare Abbildungen f : V bm ÝÑ V bn enthält, ausgestattet mit dem Tensorprodukt von Abbil-
dungen als Multiplikation und der gewöhnlichen Komposition von Abbildungen als Komposition.
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Durch Einschränkung auf Ppm, 1q für m P Z¥0 geht aus einer linearen Präoperade eine nicht-
symmetrische Operade im klassischen Sinne (zum Beispiel bei May, cf. [13]) hervor, bei uns �absolute
Operade� genannt.

In �4 wird für eine biindizierte Menge X � pXpm,nqqm,n¥0 eine freie Präoperade Free0pXq de�niert,
bestehend aus Äquivalenzklassen von Wörtern, deren Buchstaben Elemente ausX sind, die künstlich
mit Identitäten multipliziert werden. Des Weiteren de�nieren wir Präsentationen von Präoperaden
und �nden eine Präsentation für die Präoperade Ass0 und für die lineare Präoperade Ass.

Theorem (cf. Theorem 4.32, Theorem 4.33). Es ist

Ass0
�
ÐÝ

spo
x ε̂, µ̂ |

�
pµ̂b id1qµ̂ , pid1b µ̂qµ̂

�
,
�
pid1b ε̂qµ̂ , id1

�
,
�
pε̂b id1qµ̂ , id1

�
y

Ass
�
ÐÝ

lpo
x ε̂, µ̂ |

�
pµ̂b id1qµ̂� pid1b µ̂qµ̂

�
,
�
pid1b ε̂qµ̂� id1

�
,
�
pε̂b id1qµ̂� id1

�
y,

wobei µ̂ auf µ, das eindeutig bestimmte Element von Ass0p2, 1q, und ε̂ auf ε, das eindeutig bestimmte
Element von Ass0p0, 1q, abgebildet wird.

Für eine Präoperade P0 in Mengen ist eine P0-Algebra gegeben durch ein Tupel pX, ϱ0q, wobei X
eine Menge und ϱ0 : P0 ÝÑ End0pXq ein Morphismus von Präoperaden in Mengen ist. Für eine
lineare Präoperade P ist eine P-Algebra gegeben durch ein Tupel pV, ϱq, wobei V ein R-Modul und
ϱ : P ÝÑ EndpV q ein Morphismus von linearen Präoperaden ist.

Wir zeigen dann, dass Ass0-Algebren zu (assoziativen) Monoiden korrespondieren. Das heiÿt einer-
seits kann bei gegebener Ass0-Algebra pX,ψ0q eine Multiplikationsabbildung µX : X � X ÝÑ X

und eine Einsabbildung εX : tp qu � X�0 ÝÑ X so de�niert werden, dass pX,µX , εXq ein Monoid
ist, andererseits kann zu einem Monoid pX,µX , εXq ein Morphismus von Präoperaden angegeben
werden, der diese Konstruktion umkehrt.

In ähnlicher Weise zeigen wir, dass Ass-Algebren zu assoziativen R-Algebren korrespondieren.

Da sich dieses Resultat nicht in naheliegender Weise auf kommutative Monoide ausdehnen lässt,
werden Operaden eingeführt.

Operaden

Eine Operade P0 � pPpre
0 , p0q in Mengen besteht aus einer Präoperade in Mengen P

pre
0 und einem

Morphismus von Präoperaden p0 : Map
op
0 ÝÑ P

pre
0 so, dass gewisse Kompatibilitätsbedingungen mit

den Bildern ausgewählter Elemente von Map
op
0 erfüllt sind; cf. De�nition 6.3. Ein Morphismus von

Operaden in Mengen φ0 : P0 ÝÑ Q0 ist dann gegeben durch einen Morphismus φpre
0 : Q

pre
0 ÝÑ Q

pre
0

von Präoperaden, der verträglich ist mit den zu P0 und Q0 gehörenden Strukturmorphismen.

P
pre
0

φ
pre
0 // Q

pre
0

Map
op
0

p0

cc

q0

;;

So kann zum Beispiel für eine Menge X die Präoperade End0pXq zu einer Operade in Mengen
END0pXq � pEnd0pXq, e0q gemacht werden.

Für eine Oprade P0 in Mengen ist eine P0-Algebra dann gegeben durch ein Tupel pX, ϱ0q, wobei X
eine Menge und ϱ0 : P0 ÝÑ END0pXq ein Morphismus von Operaden in Mengen ist.

Eine lineare Operade P � pPpre, pq besteht aus einer linearen Präoperade Ppre und einem Mor-
phismus von Präoperaden p : Symop ÝÑ Ppre so, dass Multiplikation und Komposition in Ppre in
geeigneter Weise verträglich sind mit den Bildern vorgegebener bijektiver Abbildungen unter p; cf.
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De�nition 6.22. Ein Morphismus von linearen Operaden φ : P ÝÑ Q ist dann gegeben durch einen
Morphismus φpre : Ppre ÝÑ Qpre von linearen Präoperaden, der verträglich ist mit den zu P und Q

gehörenden Strukturmorphismen.

Wir können so, ähnlich wie im Mengen-Fall, für einen R-Modul V aus der linearen Präoperade
EndpV q eine lineare Operade ENDpV q � pEndpV q, eq de�nieren. Für eine lineare Operade P ist
dann eine P-Algebra gegeben durch ein Tupel pV, ϱq, wobei V ein R-Modul und ϱ : P ÝÑ ENDpV q
ein Morphismus von linearen Operaden ist.

In den Kapiteln 7 � 10 werden einige Beispiele behandelt.

Die Operade ASS0 in Mengen besteht aus Tupeln der Form f z a, meist als Bruch bezeichnet, mit
einem Element a aus Ass0 im Zähler und einem Element f aus Map0 im Nenner. Die Strukturab-
bildung a0 : Map

op
0 ÝÑ ASS

pre
0 bildet fop P Map

op
0 pm,nq auf den Bruch f z idAss0,n ab.

Theorem (cf. Proposition 7.16 und Proposition 7.18). ASS0-Algebren korrespondieren zu assozia-
tiven Monoiden.

Die Operade COM0 in Mengen besteht, ähnlich wie ASS0 , aus Brüchen von Abbildungen. Allerdings

ist ein Bruch f z a in COM0 eine Äquivalenzklasse eines Tupels pf, aq, wobei r1,ms
f
ÐÝ X

a
ÝÑ r1, ns

für eine endliche Menge X. Brüche können hier mit bijektiven Abbildungen erweitert werden. Die
Strukturabbildung c0 : Map

op
0 ÝÑ COM

pre
0 bildet ein Element fop P Map

op
0 pm,nq auf den Bruch

f z idMap0,n
ab.

Theorem (cf. Proposition 9.11 und Proposition 9.15). COM0-Algebren korrespondieren zu kommu-
tativen Monoiden.

Um diese Operaden in Mengen nun zu linearen Operaden zu erweitern, schränken wir diese auf
Brüche mit bijektiven Nennern ein. Das liefert die Teilpräoperaden in Mengen ASS

pre,bij
0 � ASS

pre
0

und COM
pre,bij
0 � COM

pre
0 . Durch lineare Fortsetzung erhalten wir die linearen Operaden

ASS � pASSpre, aq :�
�
RASS

pre,bij
0 , R

�
a0

��ASS
pre,bij
0

Sym
op
0

��
COM � pCOMpre, cq :�

�
RCOM

pre,bij
0 , R

�
c0

��COM
pre,bij
0

Sym
op
0

��
Theorem (cf. Proposition 7.22 und Proposition 7.24). ASS-Algebren korrespondieren zu assoziati-
ven Algebren.

Theorem (cf. Proposition 9.19 und Proposition 9.21). COM-Algebren korrespondieren zu kommu-
tativen Algebren.

Schränken wir ASSpre0 nicht auf bijektive Nenner ein, so erhalten wir die lineare Operade

BIALG � pBIALGpre, bq :�
�
RASS

pre
0 , R

�
a0

��
Sym

op
0

��
.

Es ist ASS � BIALG eine lineare Teiloperade.

Proposition (cf. Proposition 8.3). Sei pV,Θq eine BIALG-Algebra. Dann ist pV, µV , εV ,∆V , ηV q
eine Bialgebra mit

Multiplikation µV :� pid2 zµqΘ
pre P EndpV qp2, 1q

Eins εV :� pid0 z εqΘ
pre P EndpV qp0, 1q

Komultiplikation ∆V :� pµ z id2qΘ
pre P EndpV qp1, 2q

Koeins ηV :� pε z id0qΘ
pre P EndpV qp1, 0q.

Die Tatsache, dass ASS � BIALG eine Teiloperade ist, ist hier in der Tatsache wiederzu�nden, dass
eine Bialgebra insbesondere eine assoziative Algebra ist.
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Das letzte Beispiel ist die lineare Operade LIE. Diese ist die von dem Element

λ :� id2 zµ� p1, 2q zµ P ASSprep2, 1q

erzeugte Teiloperade von ASS, wobei p1, 2q P Sym0p2, 2q die Transposition ist.

Proposition (cf. Proposition 10.2). Sei nun 2 P UpRq vorausgesetzt. Sei pV,Λq eine LIE-Algebra.
Dann ist pV, r�,�sq eine Liealgebra mit Lieklammer de�niert durch

rv, ws :� pv b wq
�
λΛpre

�
für v, w P V .

Jede assoziative Algebra pV, µV , εV q kann zu einer ASS-Algebra pV,Ψq gemacht werden. Da nach
De�nition LIE � ASS eine lineare Teiloperade ist, erhalten wir durch Einschränkung eine LIE-
Algebra pV,Ψ

��LIEpre

q. Die daraus entstehende Liealgebra pV, r�,�sq ist genau die Kommutator-
Liealgebra zur assoziativen Algebra pV, µV , εV q.

Allerdings muss ein Morphismus von linearen Operaden Λ : LIE ÝÑ ENDpV q nicht unbedingt
Einschränkung eines Morphismus Ψ : ASS ÝÑ ENDpV q linearer Operaden sein. Dies entspricht
der bekannten Tatsache, dass nicht jede Lielagebra die Kommutator-Liealgebra einer assoziativen
Algebra ist.

O�en bleibt die Frage, ob die Konstruktionen für BIALG und LIE auch umgekehrt werden können,
das heiÿt, ob zu einer gegebenen Bialgebra pV, µV , εV ,∆V , ηV q ein zugehöriger Morphismus linearer
Operaden Θ : BIALG ÝÑ ENDpV q existiert und ob zu einer gegebenen Liealgebra pV, r�,�sq stets
ein zugehöriger Morphismus Λ : LIE ÝÑ ENDpV q linearer Operaden existiert.

Ebenso unbeantwortet bleibt die Frage nach einer freien Operade FREEpXq und folglich nach Präsen-
tationen für die behandelten Operaden, was im Falle von BIALG und LIE auch bei der Konstruktion
obiger zugehöriger Morphismen helfen würde.
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