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Chapter O

Introduction

0.1 Simplicial and semisimplicial sets

Let A be the category with objects the ordered sets [n] = {0,1,...,n} and with morphism the
monotone maps between them. A simplicial set is a functor X from A°P to Set. So X € Ob(Set®”) =
Ob(Simp(Set)). The image X,, of [n] is interpreted as the set of n-simplices. The image of the injective
monotone map 0} : [n — 1] — [n] that leaves out ¢ € [n] is the map from X, to X,,_; that sends an
n-simplex to its i-th face, which is an (n — 1)-simplex. The image of the surjective monotone map
o' : [n+ 1] — [n] that doubles i € [n] is the map from X, to X, that sends an n-simplex to a
degenerate (n + 1)-simplex.

Let Ajpj € A be the subcategory consisting of the injective monotone maps of A. A semisimplicial
set is a functor X from A?fj to Set. So X € Ob(SetA?fﬂ) = Ob(SemiSimp(Set)). Again, the image X,
of [n] is interpreted as the set of n-simplices. We still have the face maps at our disposal. But we no
longer have the possibility of forming degenerate simplices.

0.2 Simplicial and semisimplicial objects

Let C be a category.

A simplicial object in C is a functor X : A°? — C. The functor category Simp(C) := C*" is called the
category of simplicial objects in C.

op

P _y C. The functor category SemiSimp(C) := C%ini is

A semisimplicial object in C is a functor X : Ainj
called the category of semisimplicial objects in C.

0.3 Simplicial resolutions

Consider a category C with finite limits. Suppose given a resolving subcategory P C C. That means
that P C C is a full subcategory and that for each X € Ob(C) there exists a morphism P 2y X that is

P-epic, where P € Ob(P). Here, a morphism A Js Bin C is called P-epic if for each morphism P % B
with P € Ob(P) there exists a lift of g along f. For example, in C = R-Mod we have the resolving
subcategory of projective modules. Then P-epic morphisms are just surjective R-linear maps.

Given X € Ob(C), there exists a simplicial resolution by an infinite process of alternately choosing
P-epic morphisms from an object in P and forming simplicial kernels, which is due to Tierney and
Vogel; cf. [2, p. 3], see also [1, §3.2]. It is analogous to the process of projective resolution in the



category R-Mod. Instead of obtaining a complex, we obtain a semisimplicial object in P, called a
semisimplicial resolution of X.

Consider the forgetful functor V : Simp(P) — SemiSimp(P). If P is required to have finite coprod-
ucts one can show that V has a left adjoint, which we call F : SemiSimp(P) — Simp(P), cf. [1,
Proposition 65]. So applying F to our semisimplicial resolution yields a simplicial resolution of X.

We aim to turn this construction into a functor from C to the homotopy category of Simp(P). The
construction is done in two steps, the first due to Tierney and Vogel, cf. [2, Theorem 2.4], the second
being taken care of here.

0.4 Homotopy categories

Recall that continuous maps f,g : X — Y between topological spaces are homotopic if there exists a
continuous function H : X x [0,1] — Y, called homotopy, making the following diagram commutative.

This motivates a definition of elementary homotopy between morphisms in the category Simp(Set)
as follows. An elementary homotopy from (f : X — Y) € Mor(Simp(Set)) to (¢ : X — Y) €
Mor(Simp(Set)) is a simplicial map H : X x Al — Y making the diagram

commutative, where 1o, ¢ are suitably defined inclusions and where Al := A(—,[1]) is the simplicial
version of an interval. One can show that the existence of an elementary homotopy is equivalent to

ht
the existence of a tuple ((X; — Yi11)ic[0,¢)e0 satisfying certain relations that involve the face maps,
the degeneracy maps and the components of f and g.

This can be cut down to a definition of elementary homotopy between morphisms of semisimplicial
sets by leaving out the conditions involving degeneracy maps.

Such tuples are also useable to define elementary homotopy for Simp(C) and SemiSimp(C) for an
arbitrary category C.

The relation of elementary homotopy on Simp(C) generates a congruence, called homotopy, and thus
yields a homotopy category HoSimp(C). Analogously, we obtain a homotopy category HoSemiSimp(C).



0.5 The simplicial resolution functor

We keep the situation of §0.3. Tierney and Vogel show the existence of a semisimplicial resolution
functor C — HoSemiSimp(P), cf. [2, p. 6], see also §4. So we are in the following situation.

SemiSimp(P) Simp(P)
7
coggtruétion
\
functor
HoSemiSimp(P) HoSimp(P)

We need a functor F : HoSemiSimp(P) — HoSimp(P) on homotopy categories induced by F. For
this we need that F maps homotopic morphisms to homotopic morphisms.

This is shown in Proposition 37, its main ingredient being Proposition 25 for C = Set and Proposi-
tion 30 for general C. Whereas Proposition 30 has Proposition 25 as special case, we nonetheless kept
the proof of Proposition 25, since it proceeds using elements. The proof of Proposition 30, in contrast,
has to work with morphisms.

So we obtain the following diagram.

F

SemiSimp(P)
7
congtruétion

-
N

functor
t . ]:—
HoSemiSimp(P) —— HoSimp(P)

Simp(P)

Resc, p

The composite functor Resc p is the sought resolution functor.

0.6 Dold-Puppe-Kan

Let R be a ring. Let A := R-Mod. Let C(A)>o be the category of complexes over A bounded above
at position 0. The functor NV : C(A)>p — SemiSimp(A) adds, roughly speaking, to a complex a
couple of zero maps, such that it becomes a semisimplicial R-module. The Moore complex functor
M : SemiSimp(A) — C(A)>o replaces, roughly speaking, the modules in a semisimplicial R-module
by the intersection of the kernels of all face maps starting in this module except one and takes the
remaining face map as differential at the respective position to form a complex. The Dold-Puppe-Kan
correspondence is the statement that FoN and M o) are mutually inverse equivalences of categories;



cf. [5, Ths. 8.1, 8.2], [6, Th. 1.5] and, for abelian categories, [7, Satz 3.6].

N l
C(A)>0 L SemiSimp(A) __ 1 Simp(A)
M %
FoN
Moy

The isotransformations that arise are constructed directly, without reference to a stepwise procedure.
We show that N is not an equivalence of categories. Consequently, neither are F, M nor V.

We show that A is not compatible with homotopy and thus does not induce a functor from K(A)=q
to HoSemiSimp(.A).



Chapter 1

Conventions

e We use the notation of [1].

e All categories C under consideration are small. This means that Mor(C) and Ob(C) are sets. We
choose universes U € V such that the categories Set of sets in U and R-Mod of left modules over
a ring R in U become small, with respect to V.

e Composition of morphisms is written naturally: the composite of morphisms X = Y bz
is written X 2% Y, or sometimes ab := a - b. Contrarily, composition of functors is written

traditionally: the composite of functors C . p S € is written G o F.
e Rings are unitary.
e For i € Z we write the set {j € Z:0 < j < i} =:[0,7]. We sometimes write [i] := [0, 7].
e For i € Z we write theset {j € Z:j > i} =: Z>;.

e Suppose given a category C.

Suppose given a,b € Z such that a < b+ 1 and morphisms (X; <% X;,1) in C for i € [a,b]. We
write
Xa Xb+1 .
H ;=g ap Xg = Xpt1 ifa<b
i€la,b]
and
Xa Xpt1 . .
H a; =1idx, : Xg = X4 ifa=b+1.
i€la,b]

Suppose given a,b € Z such that a < b+ 1 and morphisms (X; <~ X;,1) in C for i € [a,b]. We

write
Xb+1 Xa :
=g Xpr1 — X ifa<b
i€|b,al
and
Xpr1y77Xea . .
a; =1idx, : Xg = X4 ifa=b+1.
i€lb,al

e The category A has as objects intervals [n] := [0,n] ={k €Z : 0 <k <n} forn >0 and as
morphisms monotone maps. The category A is called the simplex category.

e The category Aj,; € A is the subcategory of injective monotone maps.



Let C be category. We have Simp(C) := C2”" the category of simplicial objects and morphisms
op
in C. We have SemiSimp(C) := C%ini the category of semisimplicial objects and morphisms in C.

We write surj := {f € Mor(A) : f is surjective} C Mor(A).

For n > 0 and ¢ € [0, n] we have a map
ol [n+1] — [n]

. . 7 for j <1
J j—1 forj>1

For a simplicial object X : A°? — C we write sf(’n = Xon. We sometimes we just write
Xn
sii=s5; .

The following relations hold for n > 0:

ot ot = oMo for 0< i< j<n+2

Vi K2 (2
and
6;-”1-0?:0?__11-8? for i € [0,n] and j € [0,i — 1]
G?H-Ui":id[n] for i € [0,n] and j € [i,i + 1]
8?*1.0;‘202”1-8;[1 for i € [0,n] and j € [i +2,n + 1]

So for a simplicial object X : A°? — C the following relations hold for n > 0:

X X1 X X,ntl
n ot Mg for 0

5, -85 =801 5 <i<js<n+2
and
X"-dX"H—dX"'sfi’?_l for i € [0,n] and j € [0,i — 1]
Xn an+1 idx, for i € [0,n] and j € [i,7 + 1]

Xn Xn+1 X,n Xn—1
i d dj_1 .55

for i € [0,n] and j € [i + 2,n + 1]
We will use these relations without reference.

Let A be a statement. We set

1 if A is true
|A] = o
0 if A is false.

For a set A and n > 0, we write A*"™ := A x --- x A for the n-fold cartesian product of A.
Concerning indices, we sometimes write as ap =: a(b).
Suppose given a category C and X € Ob(C).

We write the Hom-functor from C to Set mapping (Y EN Z) to ¢(X,Y) = (X, Z),9 — gf as
C(X’ 7)

We write the Hom-functor from C° to Set mapping (Y ER Z)toc(Y,X) = c(Z,X),g fg as
C(_a X)

Transformations that are isomorphisms in the functor category are called isotransformations.



Chapter 2

Preliminaries

2.1 A remark on equivalence relations

Remark 1. Suppose given a set X. Suppose given a relation (~) C X x X. Let (~) C X x X be
the equivalence relation generated by (~), i.e. the intersection of all equivalence relations containing
(~). Suppose given a map f : X — Y satisfying zf = 2/f for xz,2’ € X with x ~» 2’/. Then we have
xf = 2’ f whenever given z,2’ € X such that  ~ 2’. In particular, we have the map f: X/(~) =Y,
(2] >[5 = of

Proof. Let the relation (?) C X x X be defined by x ~ 2 & of = 2'f, where z,2/ € X. We have

(~) C (7) and (?) is an equivalence relation. Therefore we have (~) C (?) O

2.2 Congruences and precongruences on categories

Let C and D be a categories.

Definition 2. A precongruence on C is a relation (~) on Mor(C) having the properties (Con 1-2).

(Conl) Given f, g € Mor(C) such that f ~~» g, we have Source(f) = Source(g) and Target(f) =
Target(g).

(Con2) Given
!

X Y XCYH” Y’

g

in C such that f ~» g, we have ufv ~» ugv.

A precongruence (~) on C is called a congruence if it is, in addition, an equivalence relation of Mor(C).

The equivalence class of f € Mor(C) with respect to (~) is then written [f]~ or just [f].

Lemma 3. Suppose given a congruence (~) on C.
We aim to form the category C/(~) as follows.

Let Ob(C/(~)) := Ob(C).

Let Mor(C/(~)) = Mor(C)/(~) = {[f] : f € Mox(C)}.

10
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Let Source([f]) := Source(f) and Target([f]) := Target(f) for f € Mor(C).

Given

X [£] v (9] 7

in C/(~), we let their composite be defined by [f][g] := [fg].
The following assertions (1-3) hold.

(1) We have the category C/(~), called the factor category of C modulo (~).

(2) We have the residue class functor Re .y :C — C/(~) that maps X Lyiwox iy,

(3) Given a functor F' : C — D such that F'f = Ff for f, f/ € Mor(C) with f ~ f’, we have a
unique functor F' : C/(~) — D such that F = F o R ().

The functor F maps X 2 v to (Fx 29 Fy) = (rx 2L, Py,
Proof. Ad (1). We show that composition is well-defined. Suppose given X i) Y and X i Y such
that [f] =[] and Y & Z and Y <5 Z such that [g] = [¢/]. We have fg ~ fg' ~ f'g’, by (Con 2). So
it follows that [fg] = [f'¢’]. This shows that composition is well-defined.

Furthermore, given X Ly % zh% Nm C, we obtain ([f]lg])[h] = [f9llh] = [(fg9)h] = [f(gh)] =
[fllgh] = [f](lg][h])- So associativity of the composition holds.

Moreover, for X L v % Z in € we have [fllidy] = [fidy] = [f] and [idy][g] = [idy ¢g] = [g]. So we
have 1dc/( ) = [id§] for X € Ob(C).

Ad (3). Uniqueness. Suppose given a functor F' : C — D with F = Fo Re (~y- We have F[f] =
(Fo Re ())(f) = Ff for f € Mor(C).

RN (]

FY) for (X — Y) in C/(~). To show that this

Existence. We define F(X —> Y) = (FX
= [f'] implies Ff = Ff'. To prove functoriality, we note that

is well-defined, we note that [f]

— f .
F(f]-lg) = F(f-g) = F(f - g) = Ff - Fg = F[f] - Flg] for (X ——=Y —>Z) in C and
F[idy] = Fidy = idFy = idpy for Y € Ob(C/(N)) Il
Lemma 4. Suppose given a functor F': C — D. Then for f,g € Mor(C) the relation

f Y9 (Ff = Fg and Source(f) = Source(g) and Target(f) = Target(g))

defines a congruence (,;) on C. We call this congruence the congruence induced by F.

Proof. The relation (r;) is an equivalence relation on Mor(C).

Ad (Con 1). This follows from the construction.

f
Ad (Con 2). Suppose given X' —“= X :i: Y —>=Y" in C such that f ~ 9 Then Source(ufv) =
9
X' = Source(ugv) and Target(ufv) =Y’ = Target(ugv) and F(ufv) = Fu-Ff-Fv=Fu-Fg-Fv=
F(ugv). So ufv ~ ugv. O
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Lemma 5. Suppose given a precongruence (~) on C.

Let (~) be the equivalence relation on Mor(C) generated by (~-). Let (wa) be the equivalence relation
on ¢(X,Y) generated by (~)N¢(X,Y) 2

Let (~):= U (~).
U (X,Y)eOb(c)x2 XY

Then (~) = (~).

! !
Proof. Ad (C). It suffices to show that (vay) C (~) for X, Y € Ob(C), i.e. (X Y) C (~)Ne(X, )2

) )

)
We have (~) C (~) and hence (~) N ¢(X,Y)** C (~) Ne(X,Y) 2 Since (~) Ne(X,Y)*? is an
equivalence relation on ¢(X,Y) it follows that ( Y) C (~)Ne(X, V)2

|
Ad (D). We show that (~~) C (r‘j) Suppose given f,g € Mor(C) such that f ~» g. Then Source(f) =
Source(g) =: X and Target(f) = Target(g) =: Y by (Con1). Hence f o9 and thus f ~ g We show

that (rlj) is an equivalence relation on Mor(C). To show reflexivity we note that for (X ER Y) € Mor(C)
we have f € ¢(X,Y) and therefore f fad f and therefore f ~ f. To show symmetry we note that

for f,g € Mor(C) satisfying f ~ g there exist X,Y € Ob(C) such that f ~, 9 whence g ot f

)

and therefore g ~ f. To show transitivity we consider f,g,h € Mor(C) satlsfylng [~ ~ 9 and g h.
So there exist X,Y € Ob(C) such that f ~. 9 and X', Y’ € Ob(C) such that g e h. We have

X = Source(g) = X’ and Y = Target(g) = Y’ Hence g ot h. So f o h and thus f ~ h. So it
follows that (~) C (DJ) 7 7
L]

Lemma 6. Suppose given a precongruence (~») on C. Let (~) be the equivalence relation on Mor(C)
generated by (~»). Then (~) is a congruence.

Proof. Let ( Y) be the equivalence relation on ¢(X,Y) generated by (~) N ¢(X,Y)*2. Let (flj) =

7
o

e Xy) By Lemma 5 it holds that ( ) =(~).
X,Y)eOb(C)*

Ad (Con1). Suppose given f,g € Mor(C) such that f ~ g, i.e. f ~g. Then there exist X,Y € Ob(C)
such that f 9 Hence Target(f) =Y = Target(g) and Source(f) = X = Source(g).

)

f
Ad (Con2). Suppose given X' —= X 3 Y —%=Y" in C such that f ~ g. We have to show that
g

ufv ~ Uuguv.
Consider the map ¢ : ¢(X,Y) = ¢(X',Y")/(~), h — [uhv]. For hy,hy € ¢(X,Y) such that hy ~ ho

we have uhiv ~» uhgv by (Con2). Hence uhjv ~ uhgv, i.e. [uhiv] = [uhgv]. By Remark 1 the map ¢
has the property that for hy ot ho , we have (hi)t = (ho)t.

Since it follows from f ~ g thatf ~9 and thus f o3, 9 one gets (f)t = (g)t, i.e. ufv ~ ugv. O

)

Definition 7. Let (~) be a precongruence on C. Let (~) be the equivalence relation on Mor(C)
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generated by (~»). By Lemma 6, (~) is a congruence on C. We say that (~) is the congruence
generated by (~).

Lemma 8. Suppose given a functor F' : C — D. Let (~) be a precongruence on C. Suppose that F'
has the property that for f,g € Mor(C) with f ~» g, we have F'f = Fg. Let (~) be the congruence
generated by (~~). Recall the functor R¢ ) :C — C/(~), cf. Lemma 3.

There exists a unique functor F : C/(~) — D such that F o R¢ () = F.

The functor F maps X 5 v to (FXx 22 Fy) = (rx Z4 Fy).

Proof. By Lemma 3 it suffices to show that for f, g € Mor(C) such that f ~ g we have F'f = Fg.
But this follows from Remark 1, applied to Mor(C) — Mor(D), f +— Ff. O

Lemma 9. Let (~) be a congruence on C. Let F': C — D and G : C — D be functors such that for
f,9 € Mor(C) satisfying f ~ g we have F'f = Fg and Gf = Gg. Let a = (ax)xcobc) : F' — G be a
transformation.

By Lemma 3 we have the functors F:C/(~) = D and G : C/(~) = D satistying F o R¢ () = F
and G o Re () = G. Recall that Ob(C/(~)) = Ob(C). The tuple & := (ax)xecobc/(~) is the unique
transformation from F' to G satisfying aRe ) = .

Proof. Existence. We show that & is a transformation.

Let (X W, Y) € Mor(C/(~)). We have ax - Glf] = ax -G[f] = ax - (Go Re)(f) = ax - Gf =
Ff-ay = (FoRe)(f) ay =F[f]-ay.

Furthermore for X € Ob(C) we have (aRc~)x = ar, x = ax.

Uniqueness. Suppose that a tranformation 8 : F — G satisfies paRe () = a.

For X € Ob(C) we have Bx = BRc,(N)X = (5RC,(N))X =ox . L]



Chapter 3

Semisimplicial and simplicial homotopy

3.1 Two lemmas on the simplex category A

Lemma 10. Let 0 < k£ < n. Let [n] ERN [k] be a surjective monotone map.

Let Dy i={i € [n—1]: (0)f = (i +1)f} C [n—1].

k
(i) We write Dy = {i1,...,in—k}, where 0 < iy < -+ < ip_p <n—1. We have f = [n]H[ | Zk]ﬂ 1
jEIn—k,1|
k
(ii) Suppose given 0 < i < --+ < i < n — 1 such that f = n }H[ } aiﬂ !
Then Df:{il,...,in_k}. Jj€ln—Fk,1]

So every surjective monotone map [n] ERN [k] has a unique factorisation f = JZ:C ---oF such that

i1 < -+ <ip_p, where existence follows from (i) and uniqueness follows from (ii).

Proof.

Ad (i). We prove this by induction on n — k.

Let n —k = 0. Then we have f = id}, = [n]H[n]UZ+j_1. Since f = id}, is injective, we have
Diq ., = 0. j€10,1]

(n]
Let n — k > 1. Suppose that (i) is proven for all surjective maps [n — 1] — [k].

Since 0 < k < n, the map f is not injective. So Dy # (). Let e := max Dy = iy, .
First claim. We have g% . 9" v 1 - f = f. We prove this by evaluating at each element x € [n].
Case x < e.

We have (z)(o21- 9% - f) = (2)(0% - f) = (z) .
Case z = e+ 1.

We have (e + 1)(o271- 9%, - f) = (e)(0%1 - f) = (e)f = (e + 1) [, since e € Dy.
Case x > e + 2.

We have (z)(0p ™" - 941 - f) = (z = 1)(0¢4 - f) = ().
This proves the first claim.
Second claim. We have Dy = Dgr, | 5 U{e}.

14
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Ad (C).

Let x € Dy\{e}. We have (z)(02,-f) =e () f=(x+1)f TAIse (x+1)(02 - f),since z,z+1 € [0, ¢].
Hence x € D(<92+1-f)

Ad (2) and ad e ¢ D(63+1-f)'
Let z € D(angl_f).

Assume that x > e+ 1. We have (z +1)f = (2)(9); - f) = (@ +1)(0}, - f) = (z +2)f. Hence
x+1¢€ Dy and x + 1 > e, which contradicts the maximality of e.

Assume that © = e. We have (e)f = (e)(97, - f) = (e+1)(0) - f) =(e+2)f. So(e)f =(e+1)f =
(e +2)f, whence e + 1 € Dy f, which contradicts the maximality of e.

So we have r < e — 1.

We have (z)f = ()07 - f) = (x+1)(8%, - f) = (x +1)f. Hence x € Dy. Moreover, Do, .p) €
[0,e — 1], and thus e ¢ Dear, 1) -

So Dy = D(agﬂ.f)U{e}.
This proves the second claim.

Since e € Dy, the map 97, - f is surjective. So we may use the induction hypothesis to write

—1 k

Oy = e ]H[ ] Zﬂ ! where D(gn_ . ={i1,. yin_k—1} and i < -+ < ip_g_1.

j€ln—k—1,1]

_ _ n=1y7plkl  ptj—1 nlyrkl ki1
Hence we have f = o7 1. vy o f = ot H Z]] = H Z]J and
jE|ln—k—1,1] j€|ln—k,1]

Dy ={i1,...,ip—p—1}U{e} and e > ip_f_1 > --- > i3 > 0.
Ad (ii).

We prove this by induction on n — k.

Suppose that n —k = 0. Then we have f = id, = [n]H[n}JZ_H ' Since J = id[, is injective, we
have Did[n] = 0. J€l0,1]

Suppose that n — k > 1. Suppose that (ii) is proven for all surjective maps [n — 1] — [k].

k1] ] s
Write g := " }H[ }Jiﬂfl. By induction hypothesis we have Dy = {i1,...,%n—k—1}-

j€ln—1,1]
We claim that Dy = Dy U {ip_1}.
Ad (©).
Let z € Dy .

Assume that x > i,_p .

We have (2)f = (@)(o7"! - ) = (2 — 1)g and (4 1)f = (z+ 1)(o7"} - g) = ()g.

in
Since x — 1 = dy—p > ip_p—1 > --- > 11 and Dy = {i1,...,ip——1}, we have z — 1 ¢ D,. Hence
(x—1)g # (x)g. It follows that (z)f = (x —1)g # (x)g = (x+1)f, so x & Dy. This is a contradiction.

So x < in—k-

We may assume that x < i, — 1.

(@)(o7 7, 9) = (@)f = (@+1)f = (x+1)(]} - 9)

Ty k T+1<ty 1

We have (z)g (x+1)g. Sox € Dy.
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Ad (D).

Let z € Dy. We have (2)f = (@)(07 " -g) "2 (@)g = (x+1)g " =" (a4+1)(07"" -g) = (x+1)f.
Sox € Dy.

We have (in—k)f = (Zn—k)(asj_i : g) = (in—k + 1)(0}”,;_1 : g) = (in—k + 1)f S0 in—k € Df~

This proves the claim. O

Lemma 11. Let £ > 0. Let k € [0,¢+ 1].
Let 0 < iy <ig < -+ <idp_gy1 < L. Write igp_gio := €+ 2. Suppose given j € [0,¢+ 1].
Let ¢ :=min({m € [1, —k+1] 14y, > jU{l—k+2}) =min({m € [1,{ —k + 2] : i, > j}).
Then
VAR U o L
8]- . H o

im

me|[l—k+1,1]

meq ks [k+q—21H[k 0 gima g

1m—1 zm Jj—q+1
me|l—k+1,q] me|q—1,1]
4 k+q—2 k+q—2 k
N A T | if g€ [2,0—k+2 and j € [ig_1,iq—1 +1] .
me|l—k+1,q] me|qg—2,1]
We remark that if & = 0, we have iy = s — 1 for s € [1,£+1]. So j > i1. Hence ¢ > 2 and j = iq_1 .

So we are in the second case.

We remark that if ¢ € [2,{ —k+ 2] and j € [ig—1 +2,ig — 1], then i, — 1 > j > ig—1 +2 > ig1.
Moreover, if ¢ € [3,{ — k+ 2] and j € [ig—1,iq—1 + 1], then i; —1 > iq_1 > ig_2. So in both cases we
get a strictly decreasing sequence of the indices of the surjective maps.

Proof. Note that for n > 0, u € [0,n] and v € [0,n + 1], we have

o'1-on  ifve0,u—1] (Case 1)
ot gl = idp) if v € [u,u+ 1] (Case 2)
or=l.on | ifvefu+2,n+1] (Case3).

Ifg=1or (g€ 2,{—k+2]and j € [ig—1 + 2,9 — 1]), then for the factors aker ! indexed by
me€ [l —k+1,q], Case 1 applies, yielding
[e]H[Hq 2] Ghtm=2 k+q 1 eta—1] [kl Ghtm=1

zm—l

me|l—k+1,q] me|g—1,1]

Zm

For the factors ak+m !indexed by m € |¢ — 1, 1|, Case 3 applies since firstly, j > ig—1 + 2, then

J—=12452+2, then J—22>1i4-3+ 2, and so on. This then yields
[E]H[kJFQ*Z}U]H_m_Q ) [k+<1*2]H[k 1] k+m 2 8k

im—1 im q+1
me[l—k+1,q] méelg—1,1]

as claimed.
Ifge 2,0 —k+2]and j € [ig—1,iq—1 + 1], then for the factors O'f:m_l indexed by m € [ —k+1, q],
Case 1 applies, yielding

V]H[’”q 2 kpm—2 8k+q 1 [’”‘I—HH[ | ktm—1

zm—l

me[l—k+1,q]| me|g—1,1]

lm

ifg=1lor(ge 2,/ —k+2]and j € [ig—1 + 2,05 —

1)
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By Case 2, we get
[E]H[Hq*?}(j;ﬁm_g ' [k+q*2]H[k]Uk+m_1

im—1 im

me|l—k+1,q] me|g—2,1]

as claimed. O

3.2 Cartesian products of simplicial sets

Remark 12. Let X : A°? — Set and Y : A°? — Set be simplicial sets. Then X x Y : A°P — Set is

the functor defined by
[m] — Xp, xY, for[m]eObA
f = XyxYy for feMorA.

Remark 13. We have a functor

(x): Simp(Set) x Simp(Set) — Simp(Set)
(X,Y) X xY for (X,Y) € Ob Simp(Set) x Simp(Set)
((fn)n=0, (gn)n=0) (fn X gn)n=0 for (f,g) € Mor Simp(Set) x Simp(Set) .

11

3.3 Homotopy over the category Set

3.3.1 Simplicial homotopy for simplicial sets

Definition 14. Let n > 0. We define the functor A" := A(—, [n]) : A°? — Set. So

[m] . = a([m],[n]) for [m] € Ob A
([m1] 255 ma]) = ((ma] 2 [n]) = (] 2% [n]))  for (ma] <& [ma]) € Mor A

Remark 15. The functor A" = aA(—,[n]) is a simplicial set, namely the image of [n] under the
Yoneda embedding from A to Simp(Set).

Example 16.
(i) For [n] € Ob A there is exactly one map O, : [n] — [0], so A% = {0, } is a set with exactly one
element. Moreover, for ([m] EN [n]) € Mor A, we have (On)A(} = Op,.
(ii) For [n] € Ob A and i € [0,n + 1] we define a map
ani: [n] — [1]
) 0 ifj<i
J —
1 ifj>i.
We find that AL = {an; :i € [0,n+1]}.
Remark 17. We have simplicial maps A? 2% Al and AY 25 Al defined by

1 0 1
— A tn: O, — A

n and ;T n n
On — an70 On — an’nﬂ.

i 0
ton s O,

These are the images of 8} : [0] — [1] and 9] : [0] — [1] under the Yoneda embedding.
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Definition 18 (simplicial homotopy). Let X,Y be simplicial sets. Let ¢ : X — X x AY be the
simplicial map defined by

on: Xp — (X xAY),
x = (x,0,).

We remark that ¢ is an isomorphism.

Let f: X - Y and g : X — Y be simplicial maps. A simplicial map H : X x A! — Y is called an
elementary simplicial homotopy from f to g if the following diagram commutes.

XxAN0— % x

id X1 !
X x Al Y
id x¢o g
X x AV X

So we require (z, an0)H, = ()gn and (x, appni1)Hp = () fr forn > 0 and z € X, .

We call f elementary simplicially homotopic to g if there exists an elementary simplicial homotopy
from f to g. We then write f ~ g.

Lemma 19. We have the following equalities for n > 0.

(i) (9;”1 “Antl4 = Ang for0<i<j<n+1

(ii) 8;‘“ COpt1,i = Anji—1 for0<j<i<n+2
(iii) o Qi = An41 for0<i<j<n
(iv) 0% ni = Ant1,i41 for0<j<i<n+1

Proof. By Definition we have (j)an; = |j > i].

Ad (i). Let £ € [n]. We have €0 - any14) = (007 2| = [(+ 2] >i] = [£ 2] = (O)an, -

Ad (ii). Let € € [n]. We have £(07*! - app1,) = (O 2i| = U+ [0 >j] 2i] = [£>i—-1] =
(f)an’i,1 .

Ad (iii). Let £ € [n+ 1]. We have £(07 - an;) = [(£)o] 2 i| = [L—[{>j]| Zi| = [£ =] = (D)ant1,; -
Ad (iv). Let £ € [n+1]. We have {(07 - an;) = [(()o] 2 i] = [{—|[L>j] Zi|=[L>i+1] =
(g)an+1,z‘+1 .

Lemma 20 (Characterization of being simplicially homotopic). Suppose given simplicial sets X and
Y and simplicial maps f,¢g : X — Y. Then f is elementary simplicially homotopic to g if and only
if there exist maps hf : X, — Yyy1 for £ > 0 and i € [0, /] such that the following conditions (i - viii)
hold for ¢ > 0.

(i)  hFLd TP =a ot fordi €0, and j € [i +2,0+ 2]

() AT AP =nid? forie (0,4 and j=i+1



19
(i) AT ed=nid? fordie [1,0+1] and j =i

(iv)  hFLdPP=atopt forie (1,04 1] and j € [0,i— 1]

(v)  hfes =Pl ntt fori€ (0,4 and j € [i+1,0+1]

i)
(vi) R - s}/’ZH = sj(’z . hfill for i € [0,/] and j € [0, ]
. Y041
(vii) hg . dm’_fr = fp
(viii)  hb-dy T =g

Note that (ii) and (iii) are equivalent.

The tuple ((hf)ie[o’g])g>0 is also called an elementary simplicial homotopy from [ to g.

Proof. Ad =.

Suppose given an elementary simplicial homotopy H : X x A! — Y between f : X — Y and
g: X =Y. Let H be given by a tuple H = (H,, : X,, x AL — Y},),>0. Recall that Al is given by the
set of all monotone maps from [n] to [1], viz. AL = {a,,; :i € [0,n + 1]}, cf. Example 16.

For £ > 0 and i € [0, ¢] we define the map

‘.
R X, = Yo
X0
z = (s a1 He

We have to show that the tuple of tuples ((hf)ie[07g]) >0 satisfies the conditions (i) - (viii).
Ad (i).

For ¢ > 0 and i € [0, (] we verify equality by evaluating the maps at each element = € X,,1. We have

Y, 042 X, 0+1 Y, 042 X, 0+1 X x AL 042
w(hy ™ d ) = (87 apggi) (Hopo - d %) = (w87 agyin)(d; 2T Hyy)

( J
XOH1 X042
= (1:(51 * 'dj * )’a§+2

Op2,i41)Hoqr

Since j € [i+ 2,4+ 1] we have j > i+1, so S;X’Hl ~dj{’g+2 = d]X_’KIH 5% and

ott2
i J
cf. Lemma 19 (i).

CAp42541 = Q41,i+1,

So continuing the chain of equalities above we get

Y042 X041 X0 X,0+1
flf(hfﬂ ~d; )= (l‘(djffr 285 ) aegriv) Hepr = x(djffr ’ hf)

Ad (ii).
For £ > 0 and ¢ € [0, ¢] we verify equality by evaluating the maps at each element z € Xj.
We have

¢ ¢ ¢ ¢ Alg
w(hf - d] ) = (257 g1 i) Hesr - dy ) = (287 agg ) (d) 5 Hy)
X0 X
= (z(s; " - d; +1)>6f+1 s agq,iv1) Hy

X0 X 0+1
y .d'er

. . . . /41 .
Since j =i+ 1 we have s; ’ =idy, and 8j+ Q41,41 = agit1, cf. Lemma 19 (i).

So continuing the chain of equalities above we get

a(hith d;/’Hz) = (z,a+1)Hy .
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On the other hand we get

2y - 4] = (s aeeninn) Hern - 4 ) = (@87 agen o) (@74 Hy)
= (a(s fiﬁ A, 05 gy i 0) He = (v, a0,441) Hy
since we have j = ¢ + 1 and therefore 83“1 Q41342 = Qp41,i+1, cf. Lemma 19 (ii).
Ad (iv).
For £ > 0 and ¢ € [0, ¢] we verify equality by evaluating the maps at each element z € Xj.
We have

? / V2
w(hf - d] M) = (257 gy i) (Hegr - d) ) = (28]

0 X x Al 0+1
D ae,i)(d; *AH 1Y)
= ({4, ot

“apq,ip1)He

X0 GX0+1 X0 Xl
Since j < i we have s; dj’Jr :dj’ -5, and 8“ “ Q41,41 = g, cf. Lemma 19 (ii).

So continuing the chain of equalities above we get

Yl Xl Xé X0
w(h{T d ) = (a(d - s, i) He = a(d; " - hiZ)).

Ad (v).
For £ > 0 and ¢ € [0, ¢] we verify equality by evaluating the maps at each element z € Xj.
We have

x(hf . 3¥7£+1) — Yﬁ-{-l) )( XxAL Z—}—l H—

X0 X0
(9531- Ty, i+1)(Hpqr - s = (9681» T Qo1 41 0+2)

_ X XJA+1 /41
= (2(s; 7 - s777) 05 - aeyriv1) Hepo
. . X X _ X X+ 041 _
Since j > we have s; " - s =s;1-8; and 07" - agp1i41 = Gego,i4+1 cf. Lemma 19 (iii).

So continuing the chain of equalities above we get

¢ Ye+1 Xt X+l ¢
(h; - )= (2(s;2 - 57, appain) oo = a(s3 - BT,

Ad (vi).
For £ > 0 and i € [0, ¢] we verify equality by evaluating the maps at each element z € X,.
We have

Y, 0+1 X0 H

(he- s = (s apr1iv1) (Hegr -
X0 X0+1

= (2(s; " -85 i )a"fﬂ apy1,i41) Heqo

Y€+1) )( XXA €+1 H

X0
= (w87 ", apr1,i41 0+2)

. o Xk Xl _ Xl Xt 041 _ :
Since j <4 we have s; " - S5 =s;" s and 07 Qi1 = Q2,42 cf. Lemma 19 (iv).

So continuing the chain of equalities above we get

¢ Y£+1 X0 X4+1 Xl e
z(h; - ) = (ﬁ(Sj " Sit1 ); ag+2, i+2)Hpio = I( h,ﬁ)

Ad (vii).

We verify equality by evaluating the maps at each element x € Xj.
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We have

Y41 X0 Y41 X0 Xx AL+
w(hy-dh) = (wsy " appren)(Hepr - dygy ) = (w5 o) (d = - Hy)

X6 X041
= (a(s;" - dpyy™), 00t - apgr o) He = (@, ap,041) Hy,

cf. Lemma 19 (i).

Since H is an elementary simplicial homotopy between f and g, we have (x, ap¢41)Hy = () fo .
Ad (vii).

We verify equality by evaluating the maps at each element x € X,.

We have

(i dy ) = (@} s aen) (Heer- dy ) = (wsyar ) (dy <8 - Hy)
= (x(s5°" - dy" ), 05 - apyr 1) He = (,a00) He

cf. Lemma 19 (ii).
Since H is an elementary simplicial homotopy between f and g, we have (x,ap0)H; = (z)ge -

Ad <.
h™
Suppose given a tuple ((Xn — Yn+1)ic(o,n))nz0 satisfying (i) - (viii).

For n > 0, we define

H,: X,xAL. — Y,
w(h? - dX™ Y for i e [1,n)
(x,an;) TGn fori=0
T fn fori=n+1

It remains to verify that (Hy),>0 is a simplicial map.

I.Let n > 0and i € [0,n+1]. We verify dZXXAl’"H “Hp, = Hy, 1 -df’”“ by evaluating at each element
(2, an41,5) € Xpg1 x AL, where j € [0,n + 2].

Case 0 <j<i<n+ 1.

We have (z, an+1,j)(dXXA1 MUHL) = (@d"T O 4 ) Ha Lm 19 () (zd>" M a, ) H, =

dY,n-‘r 1 ) .

(dX n+1 hn dYn+1) () (hn+1 dYn+2 dYn+1) (hn+1 dYn+2 dY?"H—l) _ (x,an+1,j)(Hn+1 -d)

i+1 J
Case 0=j<i<n+1.

We have (z,an41, ())(alXXA ntl H,) = (a:dX’"+1 O ayi10)Hy Lm 19 (i) (mdf(’"+1,an7o)Hn =
w(d?wrl 9n) = T(gn+1 - dz/’nJrl) = (=, an+1,0)(Hn+1 dyn+1)'

Case 0<i=j5<n

We have (z, anJr“-)(dXXAl’"+1 - Hy) = (o dX’n+1 Ot - ani14)Hy Lm 19 (i) (x dX’nJrl,am-)Hn =
x(len—H hp dYn—H)( v) (hﬁﬁl dYn+2 dYn—H) (h?fll dzﬁm dly,nﬂ) (iii) (hn+1 dzjﬁw d}/,n—i—l):
R(RIH @Y YY) = (2 ) (g - dV).

Case 0=171=7j < n.

We have (z,a,4+1 ())(clg(XAl’"Jrl - H,) = (:EdX’"Jrl Ot api10)Hy Lm 19 () (acdg(’"ﬂ,an,o)Hn =

0 “Gn) = Z(gnt1 - dYnH)

= (2, ant1,0) (Hpg1 - dy™ )
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Case0<i=j7=n+1.

We have (m,anﬂ,nﬂ)(dfﬁAl’"H -Hy,) = (xdfjﬁﬂ L ang1ns1)Hy m2 (zdfﬁ“, annt1)Hp =
o ) = el - ) St AT = w4 =
(%, ant1n41)(Hpyr - dszrl)
Case 0<i<j=i+1<n+2

Lm 19 (if)

We have (2, ang1i41) (72 HY) = (2d5" 00 - ap i i00) Hy,

m(anH hp- dYn+1)( v) (h;fll dYn+2_d2§f,n+1) (h?j_ll dzinl+2 dz/n+1)

Case 0<i<j=i+1l=n+2.

(xdf(m—i_l?an Z)Hn =
= (@, api1i01) (Hppr-d) ™).

1
X XA n+1 H

We have (Z’, an+1,n+2)(dn+1 ’ 77») = ('/L.de—’—l

n+1 8n+1 An+1 n+2)H
X,n41 Y,n+1 Yn+1
(dn—s-q—i_ “fn) = 2(frnr1- dnff_ ) = (=, an+1,n+2)(Hn+1 dn-ﬁ_ )

Case 0=i<j=i+1<n+2.

Lm 19 (ii) X 1
= (xdn-iT_ s Onnr1) Hy =

We have (x,an+1’1)<dXXA MUH) = (wdy " O ang11)Ha Lm 19 () (zdy"™ a4 o) Hy =

(an+1 gn) = @(gns1 - dYn+1) (viii) x(hn—‘d dYn+2 dYn+1) _ x(hgﬂ dYn+2_d())f,n+1) (i)

(hn+1 dYn+2 dYTH—l) _ (x’ an+1,1)(Hn+1 dYTH—l)

Case0<i<j<n+1landj>i+2.

We have (2, ani1,)(d) 4" Ho) = @d S0 g )l 2 @d M a1 Hy =

x(dX,n—i-l'hn dYn—H) (iv) (hn-l—l 4V gty (hn+1 dYn+2 dYn—H) Yintly

[ i j—1 i (x7an+1,j)( n+1d

Case 0<i<j=n+2andj>1i+2.

Lm 19 (ii
We have (z, anq1, n+2)(dX><A mHLUHL) = (ajle,n—i-l’ O i1 o) Hy, m 19 (if) (xdf(’”“, 1) Hr =
2(d"™ M fo) = 2 (fagr - d]TY) = (@, angrng2) (Har - d} ")

II. Let n > 0 and 4 € [0,n]. We verify SXXA " Hp = Hy - sZ’n by evaluating at each element
(z,an;) € Xn x AL, where j € [0,n + 1].

Case 0 <i<j<n+1.

XxA! X Lm 19 (iv) X
We have (z,a,,;)(s; = " Hpy1) = (ws] ", 00 - anj)Hpy1 = ¥ (zs;", aps1,j+1)Hng1 =

X,n n Yn (Vl) n Yn Y.n n Y.n Yn Yn
(s ™ B AR S a(hy s AT = (R AT ) = (@ an ) (H 5"

Case0<i<j=n+1.

Lm 19 (iv)

X xAL X X
We have (z,ann41)(s5; ~= " - Hyp1) = (287", 07 - anni1) Hos (87", ant1n42) Hnsr =

)

x(s;X’n frrr) = 2(fo- SzY’n) = (z, an,n+1)(Hn ) sz/7n) .
Case 0 < j<i<n.

L 10 (i
We have (z, an])(sxXA " Hpgq) = (:US‘-X’n,J” <) Hpt1 m 19 () (xsf{7n,an+17j)Hn+1 =
o5 Wy Yy S a7 ) = (@ang) (Ha 5],

Case 0=j5<i<n.

X x AL X Lm 19 (iii) X
We have (x, an,0)(s; O Hp) = (zs; ™, 0l ano)Hnt1 = (zs; ", aps1,0)Hog1 =

(53" gur1) = 2(gn si") = (2, an0)(Hy - 57 ")
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Remark 21. The conditions (ii) and (iii) in Lemma 20 are equivalent to each other.

Remark 22. The constructions in the proof of Lemma 20 invert each other.
Suppose given an elementary simplicial homotopy H from f to g. By = we attach to H a tuple

hi
(Xn == Yat1)ieo,n))n=0

satisfying (i) - (viii) by setting

h? : Xn — Yn+1

X,n
r = (@8] angriv1) Hgt -

To this tuple, we attach an elementary simplicial homotopy H as in < by setting
H,: X,xA. — Y,
x(hy - d; ) forie[1,n]
(x,an;) +— TGn fori=0
T fn fori=n+1

Then

~ Al ~
(2, @) Hy = x(h - d)™ ) = (257" apg1i41) Hogr - d) ") = (255" angrien) (dS " Hy,) =

7 7

(a(s; ™ "), O G i) Hy = (2, an) Ho

for i € [1,n] and x € X,,.

Moreover, (x, an,0)Hn = gn = (a:,an’o)I:In and (x, appnt1)Hp = fn = (x,amnﬂ)ﬁn for z € X,,.
So we get H = H.

hn
Conversely suppose given a tuple ((X;, — Yn41)ic[o,n])n>0 satisfying (i) - (viii) of Lemma 20.
By < we attach to this tuple an elementary simplicial homotopy H from f to g by setting

H,: X,xAL — Y,
n Y.,n+1 .
xz(h}-d;""") for i€ [1,n]

1
(x,an;) +— TGn fori=0

T fn fori=n+1

h?
To H, we attach a tuple ((X, — Yy t1)ig[o,n))n>0 satisfying (i) - (viii) of Lemma 20 as in = by setting

hl - Xn — Yn+1

(2

X,n
r = (@8] angriv1) Hpgt -

n o _ Xn o Xny/7n+1 Y,n+2 (z) in Yn+1 Yn+2y _  In
Then xh} = (zs; ", ant1,i01)Hor1 = (ws; ") (M - di77) = x(h] - s ~di;7) = xh} for

i€[0,n] and z € X,,. So we find h?* = h? for i € [0, n).
3.3.2 Semisimplicial homotopy for semisimplicial sets

Definition 23.
Let f: X - Y and g: X — Y be morphisms in SemiSimp(Set).
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An elementary semisimplicial homotopy from f to g is a tuple
((h§ + X¢ = Yesr)iepp.q)es0
of maps such that the following conditions (i - vi) hold for ¢ > 0.
(i) hFLedP=d e forie[0,4] and j € [i +2,0+2]

() AL dPTP =Rl AP forie 0,6 and j =i+ 1

J i1
(i) AETLd PP =nt - d™ forie 1,0+ 1) and j =1
(iv)  hPLdPP=atpt forie (1,04 1] and j € [0,i— 1]
V) hfedTt =1
(vi)  hf-dyT =g

Note that (ii) and (iii) are equivalent.

We call f elementary semisimplicially homotopic to g if there exists an elementary semisimplicial
homotopy from f to g. We then write f ~~ g.

3.3.3 From semisimplicial to simplicial homotopy

We recall the functor Fget : SemiSimp(Set) — Simp(Set) from [1, Lemma 53].

Lemma 24. Let X € ObSemiSimp(Set) be a semisimplicial set.
Write X := Fset(X) € ObSimp(Set). Write cif = Xaj‘i for £ > 1 and j € [0,/].
Let ¢ > 0. Suppose given

o Y e € e,

im

me|l—k+1,1]
where k € [0,¢ + 1], where £ > iy_p1q1 > -+ > i3 > 0 and where x € X, .
Write ip_j10 := £+ 2.
Suppose given j € [0,£ + 1]. Let ¢ :=min({m € [1,£ —k+1] : iy, > jTU{l — k+2}).
Ifg=1or (g€ (2, —k+2]and j € [ig—1 + 2,ig — 1]) then we have

(:L‘, [Z‘H]H[k] 0k+m,1)d*§+1 _ ($d§_q+1 : [@H[k+q_2]0k+m72 . [k+q_2}H[k_1}o_k+m72) )

im im—1 im

me|l—k+1,1] me|l—k+1,q] me|q—1,1]

Ifge (2,0 —k+2]and j € [ig—1,iq—1 + 1] then we have

(m’ [£+1]H[k] O_k+m_]_)d§+1 — (l‘, [é}H[k+q_2]o_k+m_2 . [k+q_2}H[k}o_k+m_]_) )

im im—1 im

me|l—k+1,1] me|l—k+1,q| me|g—2,1]
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Proof. By Lemma 11, we have

Pl [“”H[k] htm—1
J

7/7n

me|l—k+1,1]
4 k+q—2 k+q—2 k—1
I otmer AT k2 gk g =1 or (g€ [2,0— K +2) and § € [ig1 + 2,7 — 1))
me|l—k+1,q] melq—1,1] (Case 1)
4 k 2 k+q—2 k
HH[ +a=2] Zj’ﬁ g [kta ]H[ ]gﬁjm*I ifge (2, —k+2]and j € [ig_1,ig—1 + 1]
me|l—k+1,q] me|g—2,1] (Case 2).

\

In particular, we may read off the factorisation into a surjective monotone map, followed by an injective
monotone map. The latter is 0 _4+1 In Case 1, and id) in Case 2.

So by [1, Lemma 50.(ii)], we have

(@ [“”H[’“] k-+m— 1)d£+1

me|l—k+1,1]
VAR L m L
)- s 6] . H O-im >

me|l—k+1,1]

lm

= (zX
(a‘f“- [Z+1}H[k} —
J

me|f—k+1,1]

[f] k+q=2] py o [kre=2yplk—1] pi o\ .
(.ﬁXd;c 1 o, T H o ) in Case 1
mELE k+1,q] me|qg—1,1]
o k+q—2 k+q—2 k
<w i) > [ 2 Z: 1 2, et ]H[ ]Jf:m_l) in Case 2
mGLE k+1,q] me|g—2,1]
k+q—2 k+q—2 k—1
<a: g1 [ - Zj:”l 2, e }H[ }af;m_2> in Case 1
mGLZ k+1,q] me|g—1,1]
N Oy l+a—2 k+q—2] 1k
(x , : ] o= }Jf:f‘lﬂ Mt ]H[ ]Uf’jmfl) in Case 2.
me \_Z k+1,q] me|g—2,1]

O

Proposition 25. Suppose given semisimplicial maps f: X — Y and g : X — Y and an elementary
semisimplicial homotopy ((hf)ie[o’g])go from f to g.

Then there exists an elementary simplicial homotopy from Fget(f) to Fget(g), cf. [1, Lemma 53].
Proof. We write X := Fet(X), Y := Fger(Y), fi= Fset(f)s G := Fset(9).
We write & := Xaf’ for £ >0 and i € [0, ). We write d¢ := X'ag for £ > 1 and i€ [0,4].

We write 3¢ := Y, for £ > 0 and i € [0,/]. We write d¢ := Yy for £ > 1 and i € [0, ).
We recall that

X, = {(z,h):h:[{] = [k] surjective monotone, = € X}
h

Y, = {(y,h) : h: [¢] — [k] surjective monotone, y € Yj} .

We recall that for a monotone map h : [¢] — [k], there exists a unique surjective monotone map
h: [f] — [n] and a unique injective montone map h : [n] — [k] such that h = h - h.
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It holds that 5/ : X; — Xoy1, (2,h) = (@X (e pye,0f - h) and df = Xy — Xyy, (2, h) = (2d, 00 - h).
In particular, for h = idy we have (, id[g]).'éf = (z,0!) and (z, idm)cif) = (xdf,idm).
Furthermore, we have f: X =Y, (z, h: [(] = [k]) — () fx, h : [(] = [k]).
~ At -

We have to construct a tuple ((X¢; — Yz)ic(o,q)e=0 of maps satisfying conditions (i) - (viii) in Lemma
20.
We define ~ ~ ~

h8 : XO - Y

(:U,id[o]) — (.%‘hg, idm) .

Let £ > 1. Suppose izf_l already has been constructed for i € [0,¢ — 1]. For a monotone surjective

Oy lk
map v : [¢] — [k] we use Lemma 10 to write v = HH[ ! a,ﬁ:m_l, where { —1 >4y >--- >4 > 0.
me[l—k,1|
Given i € [0, 4], we define
(xhf,idgs 1)) for ¢ =k
1)y lk -
Ayl . (z, [ ]H[ ! aﬁjm_l)(hf_l : §fz_k+1) for ¢ > k and ip_j > i
(z, H Ui:m_ ) me|l—k—1,1]
me |-k, 1| 1] [K]
(z, H afrjmfl)(hfj% : §fe_k) for £ > k and ip_p < i
meli—k—1,1]
fLZ

We have to verify that the tuple ((X, —» }}é+1)ie[o7g]>€>0 satisfies (i) - (viii) in Lemma 20.
Ad (i).

We prove hit . dg” = (jﬁﬂ -h¢ for i € [0,4] and j € [i + 2, + 2] by induction on £ > 0.
Let £ = 0. We verify equality by evaluating at each element (x,v) € X,.

Case v = idpj) and = € X.

We have (z,idjy) () d3) = (ah}, idpg)d3 = (a(h}-d3).id) = ¥ (e(d}- 1Y), idpy) = (wd}, idjg))hY =
(ar,idy) (d} - D).

Case v = o) and = € Xo.

We have (x,09)(h} - d3) = (:U,id[o])(ﬁg 5l d3) = (x,id[g])ﬁg = (xhg,idpy)).

We have (z,00)(d} - h) = (£X g2.50)0, Of - 09) k) = (x,idjg)hf = (whf, idy))-

Let £ > 1. Suppose we have ﬁf . d~§+1 = ng . ﬁffl .

C+1) -k -
We verify equality by evaluating at each element (z, [ ]H[ ! oftm=1y ¢ X, |, where k € [0,£ +1]

im
me|[l—k+1,1]
and x € Xi and £ > ip_p11 > -+ > 41 = 0. Write 4y_gy0 =0+ 2.

Let ¢ :==min({m e 1,0 —k+1] 1 ip, > j— 1} U{l — k +2}).
Suppose that £k = ¢+ 1.
We have
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(@,idjey) (T dF2) = why ™ idjp ) d
J

(
(x(hé—i-l dz+2) 1d[g+1])
= @ (dt] R, i)
(wdStY,idjg )

(@, 1d[£+1])( 1 ‘ Bf)-
Suppose that k£ < 2.

Case g € 2,/ —k+1] and j — 1 € [ig—1,%g—1 + 1]. Note that both in case j — 1 < iy_; and in case
j—1€ [ig_k,ig—r + 1], we have ¢ = min({m € [1, — k] : iy, > j— 1} U{l — k + 1}). Note that
q €2, —k+1] implies £ — k + 1 > 2, which means ¢ — k > 1

We have
(z, [Z—i—l}H[/d f:m 1)(d£+1 h@)
me|b—k+1,1]
Lm 24 (=, [Z}H[kJrq 2] f,:fi 2 [k+q—2}H[k}o_§;m_l)ﬁf
me|l—k+1,q| me|g—2,1]
[=1]yylk+q—2] m—a [kta—2]ylkl m— ~
- (z, H Jll'cn—i_fl 2 H ﬁ: 1>(hz b fe k+1)'
me|l—k,q] melg—2,1]
We have
(@ Wl]H[k] Fm=1) G+ de+2)
me|l—k+1,1] "
(€] (%] m—l1\/T0 ~ >
=z, [ ot hG-sE L 4
me|[f—k,1|
(4] [k] m— .
mELZ—k,lj
ind. hyp. (€] (%] M1, 5 01~
= @, I eE O R L)
me|l—k, 1]
Lm 24 U=1yrlk+a-2] ;.o [kte=2y7lkl pip_ -
= (z, H Uz{g,:_fl 2. H i: 1)<h’€ b fe k+1)'
me|l—k,q] me|g—2,1]

Caseq=(¢—k+2and j—1 € [iy_gt1,%—k+1 + 1]. Note that ip_g1 > i, since iy_x 1 < i— 1 together
with 7 > 74 2 would imply j — 1 > %¢_g+1 + 2, which is not the case.

We have (ARNY 11
(@, I oErmh@tt m P @ T okt
me|f—k+1,1] me|l—k,1]
We have
[e-+1] K] 16y K] 3 .
TR | S TR I | WS (T IR
me | l—k+1,1] me |-k, 1]
[y ] Shtm—17,¢
= (z, [ oFm it
me|l—k,1]

0+1-1 .

Case ¢ = 1. This implies k > 1, since otherwise we would have a factor o in the product, hence

i1=0,buti; >j5—-12>1.
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We have
(x [€+1]H[’€] O_k_,'_m_l)(d'é_’_% ) iLZ) Lm:24 ( dk . [E}H[kfl] k+7n1 2>hg
b Tm 71— 7 g—1> Zm (2
me|[f—k+1,1] me|[l—k+1,1]
[=1]gylk—1] m /-1 -
= (diy, 0 I AT, L)
me|l—k,1]
We have
+1 k - - [4 k -
(=, [+ ]H[ | O_f:-m—lth-l-l _ dﬁ“) _ (a, HH[ ] afim_l)(he §fj1k+1+1 dﬁ“)
me|l—k+1,1] me|l—k,1|
- [K]H[k] Ermoy(Re ger gty
- ) im ’LZ k+1
me|l—k,1]
ind. hyp. [y (k] m— =01 -~
=, I en g R
me|l—k,1]
Lm 24 =1y 7plk=1] i -
= (z d? 13 H fﬂj 1 2)“’/5 I'Sfe,kﬂ)-
me[l—k,1]

Case g € 2,/ —k+ 1] and j — 1 € [ig—1 + 2,ig — 1]. This implies £ > 1, because otherwise k = 0
and therefore i, = ¢ — 1 and i3—1 = ¢ — 2 because they must fit into the strictly decreasing sequence
020 > >0g >0g—1 >--->14 =20,leadingtoqg—1=i;>7—-124i31+2=q—-2+2=gq,
which is impossible, cf. also the Remark in Lemma, 11.

Note that both in case j — 1 < iy_g and in case j — 1 € [ig— + 2,ip—k+1 — 1], we still have
g=min({m € [1,{ —k]:ipm >j—1}U{l—k+1}).

We have
(ZL‘, [Z—H]H[k] ﬁ:m 1)(df+1 hf)
me[l—k+1,1]
Lm 24 Uy lk+a—2] (k+q—2yplk—1] o
s T Yk ST e
me|l—k+1,q] me|g—1,1]
feps1 — 134 =1 yyplbt+a—2 i ta—2ypl—1 4 ~
e (xd;?—fI’ H fr: 1 2 H Z: 2)(h€ b fz k+1)
me|l—k,q| me|qg—1,1]
We have
(.’E, [£+1]H[k] ZkT:rm 1)(h€+1 d@+2)
me|l—k+1,1]
B (@ [‘Z]H[’“] =1y (je . 5+ 44+
- ’ Tim o—p+1tl g
me|l—k,1]
[ ylkl m— -
= @ I ke s )
me|l—k,1]
ind. hyp. [y [¥] m— =01 -
=0 I e TS L)
me|l—k,1]
Lm 24 [t=1]yylk+q—2] (k+a—=2yrlk—1] ;o .
- ( d? q° H 7{(:7: 1 e H fm—i_ 2)(}% L fé k+1)'

me[l—k,q| me|g—1,1]
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Caseq=(—k+2and j—1 € [ig_r1+1,0+1] and iy_g1q1 > i. Note that we have iy_p+1 < ip_j11+1 <
j — 1 and therefore j —2 > iy +2. Somin({m € [1, —k] 14, >j—2}U{{—k+1})=0—k+ 1.

We have

[e+1] gkl N ~¢y Lm 24 U yrplk—1] N
(z, H ot 1)(d§ﬂ'hf) = (xd§_5+k—27 H ort Q)hf

me|l—k+1,1] " me|l—k+1,1] "
C=yple=1 pim_oy 701 -
- ($d§7€+k72 ’ H 0-17: 2)(h1 ! ' Sf@,k+1+l) *
me|l—k,1]
We have
/+1 k ~ ~ 4 k ~ ~
(I, [e+ ]H[ ] Uf;mil)(hf+1 ) Cl§+2) _ (.T, []H[ ] Ufrjmfl)(hf . gfilk+1+1 . d§+2)
me|f—k+1,1] me[l—k,1]
B Uyl krm—1 Pl gttt gt
= (z, H Oin )(hi - -1 Su_k+1+1)
me|l—k,1]
ind. hyp. [y k] m—1x s 5 S0~
:y (337 H O-Zkrj 1)(d§72 ’ h‘f L. 8f27k+1+1)
me|l—k,1]
Lm 24 [e-1] [k—1] kdtm—2\/70—1 ~
= ($d§—£+k—2 ) H 01'7:_ J(hi ™ Sfe_k+1+1) -
me|l—k, 1|

Caseq =(—k+2and j—1 € [ig_gr1+1,0+1] and iy_g11 < i. Note that we have iy_p+1 < ip_j11+1 <
j — 1 and therefore j —2 > iy + 1. Somin({m € [1, — k] 14, >j—2}U{{—k+1})=0—k+ 1.

We have

[e+1] (k] M1\, 3 ~py Lm 24 [ yylE—1l m—
(2, H oft 1)(d§ﬂ'h5> = ($d§_4+k—2a H ort Q)hf

me|[l—k+1,1] " me[l—k+1,1] "
=1y le=1 oy 5021 -
= ($d§75+k72 ’ H O-lkrj 2)(]7’5—% ’ Sf[,k+1) .
me|l—k,1]
We have
/+1 k ~ ~ 4 k ~ ~
R | R e (Tt B A | (R e (TR AW
me|l—k+1,1] me|l—k,1)
_ AT Jheme1y e gert g
= (z, H Oim )(hi_y - j—1" Sz‘[_kﬂ)
me[l—k,1|
ind. hyp. 4] (K] m— £ T0—1  ~
= @ ] eIy kS
me[f—k,1]
Lm 24 C=1yrlt—1 g2\ 70-1 -
= (xd§—£+k—2’ H Uzky: ?)(hiZy - Sfﬁ—k-&-l)'
me|l—k,1]
Ad (ii).
We prove hit - Jf:[f = fzfi% : inf for i € [0, /] by induction on ¢ > 0.

Let £ = 0. We verify equality by evaluating at each element (z,v) € X;.
Case v =idp) and x € X7.

We have (z,id;y)(hi - d}) = (zh},idg)d] = (z(h - d}),idpy)) = (x(h] - d}),idpy)) = (zhi,idpy))d? =
(z,idp)) (k] - dF) .
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Case v = 08 and z € Xj.
We have (x,09)(h} - d?) = (=, id[o])(ﬁo 5L d?) = (x, 1d[0])
We have (z,09)(hl - d?) = (, 1d[0])(h0 5y d2) = (x, 1d[0])i~zo.

Let ¢ > 1. Suppose we have hf df:[ll hf 11 df:[ll

4+ lk -
We verify equality by evaluating at each element (x, [ ]H[ ! aﬁ:m_l) € Xyy1, where k € [0, 4] and

)

0> ip_pyq > >1i1 = 0. me|[f—k+1,1|
Suppose that ¢+ 1 = k.
We have
(@ idps) (g difT) = (ehi™idjeyo)dif
= (™ dfif),ld[e+1])
= (@ (hfﬁ dfﬁ) idje41))
= (ahifysidpa)d;
= (z,idpyy) (hit] - dif)

Suppose that k < /.

Case ig—g4+1 = ¢ + 1. It follows that ¢ < ip_gy1 < 2.

We have
[+1] g lK] m— [y lkl me1\/T0  ~ =
(z, I e Hott-dify = (@ T o hHet-57 - dify)
me|l—k+1,1] me|l—k,1]
[y lkl me1s /5 .
= (@ ] el hGfdiE, L)
me|l—k, 1]
ind. hyp 4] (k] k+m—1 7/ R
(@, I ol i, -dift -5, )
me|l—k,1]
AT kvm—1y 70 s041 S0+2
= (, H Oim )(hi+1'sie,k+1+1‘di+1)
me|l—k,1|
S — e
=z I et - i)
me|l—k+1,1]
Case tp—_g4+1 = 0.
We have
1)y [k ~ - -
@ VY ek = @ L ok G )
me|l—k+1,1| me|[l—k,1|
l k
- (= HH[] ﬁ:m l)hf.
me |-k, 1]

We have
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[€+1]y7lF] — ]y lk] — -
(r, [ kG A = (@ [ okt )

me|l—k+1,1] me|l—k,1]

4 k ~
= (=, HH[ ] Jé‘:'m_l)hf.

me|l—k,1]

Case typ_p+1 < 1.

We have
04 1]y [k Oy [k -
@ Y oGy = @ T e, st dt)
me[l—k+1,1] me[l—k,1]
YT hemetyqe gt g
= (:C’ H 7/m )(h d 1,@ k+1)
me|l—k,1)]
ind._hyp. (z V]H[’“] FEm=ly( G g
me|[l—k,1] " ek
€] [k] m— -
me|l—k,1
(1] [k
- ua[*ﬁfl ol (L dLEY).
me|l—k+1,1]
Ad (iv).

We prove ALt Jﬁ” = Jﬁ“ -h¢ | fori€[1,£+ 1] and j € [0,i — 1] by induction on £ > 0

Let £ = 0. We verify equality by evaluating at each element (z,v) € X;.

Case v =idp and = € X;.

We have fx,id[l])(ﬁ% Jg) = (:Bh%,id[g])ci% = (z(hl - d%),idm) = (w(d} - h8),id[1]) = (xd(l),id[o])ﬁo =
(2, id))(df - hY) -

Case v = 08 and x € Xp.

We have (z,09)(h] - d3) = (=, 1d[0])(h0 50 - d3) = (x, 1d[0])h

We have (2, 00)(d) - h) = (£X 51,5010, 0§ - 09) k) = (x,idjg)) A -

Let ¢ > 1. Suppose we have ﬁf . Jﬁ“ = df . ﬁfj .

(+1 k ~
We verify equality by evaluating at each element (z, “ ]H[ ! oftm=1y ¢ X, 1, where k € [0, /] and

Tm
me[l—k+1,1]
=041 > >11 2 0.

Let ¢ :=min({m € [1,{ —k+ 1] : i, > j}U{l — k + 2}).
Suppose that kK = ¢+ 1.

We have
(2, idjgq)) (T d5T2) = (whitidjpg))dsT
(w(hy ™ - d5F?),id g )
= (2(dfT - hLy),idjey)
(xd*, 1d[g])hf )
(

x 1d[e+1])( hf 1)
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Suppose k < /.

Caseq >2and j € [ig—1,ig—1+1] and 4p_g41 > i. It follows that /1 —k+1 > gand j < i <ip_py1 < L.
Therefore we have ¢ = min({m € [1,£ — k] : i, > j}U{l -k + 1}).

We have
/+1 k ~ ~
CRN | e (R
me|l—k+1,1]
Lm 24 Ayrlk+a-2] oo [k+ra=2ly7plk] i 1.7
= (z, H Uf,:—1 2. H Uzﬁ: 1)hf—1
me[f—k+1,q| me|g—2,1]
=1 yrlk+a-2] ;.. _o [k+a—2]ylk M1 l—1 ~
= ( H anjfl 2. H Ufer 1)(%711 . Sfé,kﬂ)-
me|l—k,q| me|qg—2,1]
We have
/+1 k ~ -
(112‘, [¢+ ]H[ ] O_Z(gw-i—m—l)(hf—i-l . d§+2)
me|[l—k+1,1]
EyrlE) ktm—1\ 50 ~041 F0+2
= (z, H Jii )(hi 'SJ_HIH ) dj+ )
mell—k, 1|
(€] (%] m—1\/3e0 -
= (&, [ el h(t-dit s, L)
me[l—k,1|
ind. hyp. (4] (%] m— W Tl—1 ~
=" (, H O—fr: 1)(d§ ’ hffll ) sf€7k+1)
me |-k, 1]
Lm 24 =1)yrlk+a=2] ;1o [Eta=2l37k 1o 1y, 701 -
= @ I ghtm=2. | R (R R
me|l—k,q| me|g—2,1]

Case { —k+1>qg>2and j € [ig_1,9g—1 + 1] and 4p_g+1 < i. Note that j < i, < dp_g41 < i@ since
¢ —k+ 1> q. Therefore we have ¢ = min({m € [1,{ — k] : i, > j}U{l — k + 1}).

We have

) ety 1
R | e (C Ry

melb—ki1,1]
Lm:24 (.’E [Z]H[k+q*2}o_k+rml_2. [k+q72]H[k]O'k+m_1)iL£ .
me|l—k+1,q] " me|g—2,1] "
C=Uyplkt+a=2] pip_o [ta=2y7H pim_1y 501 -
= (@ I Tentm® [T oimHizs -5, -0
me|l—k,q| me|q—2,1]

We have
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T mety st 5
($’ H O,k+ 1)(hf+1 . d§+2)

me|[l—k+1,1] "
- @ [‘]H[’“l BtmolyGe gL G2
- ’ Tim =1 Zig g1 7
me|l—k,1]
[y (¥ 1~/ 7 -
= (m, H Uf,j 1)(%71 ’ de ’ ng,kﬂfl)
mell—k, 1]
ind. hyp. R m—1\,30 Fl—1 =
=" @, ] el Ry
me|l—k,1|
Lm 24 [—1]yp[k+q—2] m—a [kta—2]y7lkl M1~/ l—1 ~
2w I e | A [ S A P
me|l—k,q| me|q—2,1]

Case q={0—k+2and j € [ip—kt1,%—k+1 + 1]. It follows that iy < j <.
We have

TR | SR TR R ESN R | L T

me|f—k+1,1] " mell—k, 1] "
We have
04 1)y [ . 5 Iy h I
O | B (A B OO | (A (TR A Y
me|l—k+1,1] me|l—k,1]
- ~
_ (x’ HH[] Uii:_m—l)hf{_l.
me|l—k,1]

Case g€ 2,0 —k+2] and j € [ig—1 + 2,ig — 1] and iy_py1 > 4. It follows that j < ¢ <ip_p1; < £ and
thus £ — k + 1 > q. Therefore we have ¢ = min({m € [1,£ — k| : i, > jU{l — k+ 1}).

We have

A ety 1
A ] i [ any )

im
me|[l—k+1,1]
Lm 24 i Uyplkta—2l pimo Kra=2y7lh—1 i o5y

= (zdj_g115 H Oj1 H o )iy

me[l—k+1,q] me|g—1,1]

1] [k+g—2] [k+¢—2] [k—1] ~
_ k [ ktm—2 ktm—2\(il—1 0
= (edj_gp; H Ti—1 H o, ) (hi Ty S )

me|l—k,q| me|g—1,1]

We have
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(@ [e+1]H[k] k+m— 1)(%/“ d€+2)

me[l—k+1,1] "
. ( [K]H[k] k+m— 1)(h€ o+ _dg+2)
- T, Tim i Sig_gpat1 "
me|l—k,1]
_ S (R N AR
- (‘T? H 'lm )(hl : d] ’ Si[,k+1
mell—k, 1)
ind. hyp. [4] (K] k4+m— Ti— ~
= (z LH J o (S iy -8, L)
me|l—k,1
Lm 24 [—1]ylk+q—2] m—2 kta—2]y7lk—1] M—2n T l—1  ~
= ( d? g+ H Ufnj—l 2. H Uf,: 2)(hff%'sz€,k+1)-

me|l—k,q| me|q—1,1]

Case ¢ € 2,0 —k+ 1] and j € [ig—1 + 2,ig — 1] and 4yp_p11 < i. Note that j < iy < ig_g41 < £ and
J <ig—k+1 < i and therefore i —1 > j. Again we have ¢ = min({m € [1,{ —k] : i, > jU{l{—k+1}).

We have

(J} [Z—H]H[k] k+m— 1)(dﬁ+1 hf )

me|l—k+1,1] "
Lm 24 Wyrlk+a-21 4., (k+g—2lyrlk—1 1o
= (wdy g ] o I o 2n,
me|l—k+1,q] me|qg—1,1]
C=1yrlk+a—2] .., 2 k+a—2ly7lk—1 pim_o\ 501 -
- (xd.]; q+1» H 7fm+—1 H ’L:l_ )hl—Q' ’Le[_]H_l—l‘
me|l—k,q| me|q—1,1]
We have
UTTH pmts iren
N R
me|l—k+1,1]
[ ylk m— _ 5
= (@ [ ot Yk -5, 4
me|[l—k,1]
yyl*l m— -
= (@, [ efm Yt - ditt s, 1)
mell—k, 1]
ind. hyp. [ ylk] m— -
S GO (] s [CERY i R Y
me[l—k,1|
Lm 24 [—1]yplk+q—2] m—a [kta—2]yplk—1] — -
- ( dk —g+1 H f’r: 1 2 H 7{{:’,: 2)(hf 21 fg k+1*1)'
me|l—k,q| me|q—1,1]

Case ¢ =0(—k+2and j € [ip—gt1+2,0+1]. It follows that ip_g+1 +2 < j < i and thus ip_g41 < i—1.
Note that j —1 > 4p_g+1 + 1 2 ip—r + 2. We have

(x, [HI]H[H pEm= 1)(d£+1 hy) X ($dy (k-1 [K}H[k_l] z]:rm e,

'5 m

me[l—k+1,1] me|[l—k+1,1|

e
= (xd§—€+k—1’ H oyt 2)<hi—21'sz€_k+1)'
me[l—k,1|



We have

l+1 k l k ~
TR | I TR B O || IR A (IR A Y )
me[l—k+1,1] me|l—k,1|
(€] y k] m— = .
- (z, H Jzk: 1)(hf71 'djti ' féfchrl)
me|l—k, 1]
ind. hyp. [ylk] m— S0l -
= (@, T el RS, L)
me|l—k,1|
Lm 24 =1 ypk—1] p.,,_ ) -
= ($d§—£+k—17 H Z: 2)(h17% ’ ng,qu) .
me|l—k,1]
Case ¢ =1 and 4y_j11 < ¢. Note that j < i1 <ip_py1 <.
Therefore we have ¢ = min({m € [1,{ — k] : 4, > j}U{l — k + 1}).
We have
[e+1] gkl m— Lm 24 [yplk—1] N
(z, H f: 1)(d€+1 hiy) % (mdf, H O-Zj—l Vhi_y
me|l—k+1,1] me[l—k+1,1]
=y rlk-1 pim -1 -~
= (wd;?, H z,:—l 2)(}%—% ng op1— 1) -
me|l—k,1)
We have
/+1 k 4 k ~ ~
N | S (A @ T bR
me|l—k+1,1] me|l—k,1]
O keme1yge L ger g
= (ﬂf, H Zm )(hl— d 7,[ k+1— 1)
me|l—k,1]
ind. hyp. [ ylkl m— -
:yp (.Z', H k: 1)(dZ hf 21 fz k+1_1)
me|l—k,1|
Lm 24 [—1] g [k—1] M9 T l—1  ~
= di s T eSS
me|l—k,1]
Case ¢ =1 and 4y_g11 = ¢. Note that j < i <ip_g11 < L.
Therefore we have ¢ = min({m € [1,{ — k] : 4, > j}U{l — k + 1}).
We have
[+ 1]l m— Lm 24 U y7plk—1] m
(z, H zk:— 1)(d£+1 hf—1) = ($d§7 H zky:_—l 2)hf—1
me[l—k+1,1] me[l—k+1,1]
=y p—1] gy -1 -
= (xdf, H 27: 1 2)(}%711 Sfl,kﬂ)
me|l—k,1|

We have
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(@ [4+1}H[ ]

k+m

Zm

me|l—k+1,1]

Ad (v).

We prove s

(@ (4] H[k}

me|l—k,1]

4
Jj—

LRt =Rt

k—i—m 1) G XE,

im

Let e :=max({m € [1,£ — k] : j — 1 > i, } U{0}).

We have

@ mH[k] kbt

4
j 1

)(8

im

me|[l—k,1|

Ad (vi).

We prove s

Ayl
(@ 11

me|l—k, 1|

7041
hz+1 7

k+m 1) 6 X£7

'LWL

_ i
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A )
HEETER) = (@ T ek st - de)
me|l—k, 1|
ArrE el
= (e, ] (- dittE, L)
me |-k, 1|
ind. hyp. (4] (K] k4+m—1\/ 3¢ Tl—1 ~¢
= (m, H Zer )(d] : hi_l : Si[,kﬂ)
melt—k 1]
Lm 24 [¢—1] [k—1] k+m Y ~
= (.’L‘d?, H zm+—1 2)(hz—1 ’ 8f1€—k+1)'
me[l—k,1|
ﬁ“ for i € [0,¢] and j € [i + 1,¢ + 1] by evaluating at each element
where k € [0,/] and £ — 1 > dp_j > --- >3 = 0.
~ ¢ k
YA N R R | R U
me|l—k,1|
/41 k+e+1 k+e k ~
_ (Z’, [+ }H[ te+ ]O_lk;ﬁ . O';?jle ) [ }H[ }O_i:mfl)hf+l
me|l—k,e+1]| me|e,1]
e eyl kpm—1\ 7 kte Vire2 TTYe42 <ot
= (woftp ] eErmh(Eer [T s
me|e,1] mefe+1,0—k]
k+e k ~ Yite Y,
SO | R AR R | A
mele,1] mefe+1,0—k]
kt-€] y—y [k Vire \7
_ (J}, [k+ ]H[ ] f;&—m 1)(hk+e o TRt +1H e+1§fﬂ:_f1 Sf—l—l)
mele, 1] mefe+1,4—k]
- [‘Z]H[’He] ktm—1 [’HE]HV‘?] Etm=1y (e ~z+1)
me|l—k,e+1] " mele,1] "
_ (SE, [Z]H[k] icn—l-m 1)(hé ~€+1)
me|l—k,1]

§§+1 for i €

where k € [0,/] and £ —1 > dp_j > -+ > i3 > 0.

Let e := max({m € [1,{ — k] : j > i} U{0}).
Let ¢ := max({m € [1,£ — k] : i > i, } U{0}).

We have ¢ >

We have

e, since 7 > j.

[0,¢] and j € [0,i by evaluating at each element
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I
(@, [ ol hit)

7 i+1
me|l—k, 1]
Aqlkl =
_ ¢ | ktm—1\7 0+1
= (ffvaj ) H Oim )it
me |-k, 1]
el yypletett] pom ke Rrelypll gimo1y7001
= (= H Timat1 75 - H O i
me|l—k,e+1] me|e,1]
_ (x [0+ 1)y [k+c+1] ktm [k+c+1]yrlk+et]] ktm | _kte | [k+e] (k] k—i—m—l)flf—i-l
= (@ O +1 i1 "5 Tim i+1
me|l—k,c+1] me|c,et+1] me|e,1]
et ypletett] pim  hre  FHelTTH gpm—t1y htedt  Yhrer2 V2 domat
= (z, H Tig 195 H T AT H Simt2 )
me|c,e+1] mele,1] me[c+1,4—k]
= (z ohte. [kJre]H[k]Jk—&-m—l)(iLk-l-e—H . Y’“+€+2HY’“+C+2§k+m+1 ) Yk+c+2HYZ+2§k+m+1)
= &0 i i+1—(c—e) im+1 im+2
mele, 1] mefe+1,c] me[e+1,0—k)|
= (z [k+e}H[k}o.k+m—l)(ﬁk+e . ghtetl Yk+e+2HYk+C+2§k+m+1 . Yk+c+2HYf+2§k+m+1)
- ’ Zm i—(c—e) J 'Lm“l‘l Zm+2
mele,1] mefe+1,c| mée[ct+1,0—k]
— ( [ktel (k] k+m—1)(ﬁk+e . Y/k+e+1 Y/k+0+1 sk+m Y/Ic-m-&-l ?Z-o—l sktm ~g+1)
= & i i—(c—e) Sim im+1 %)
me|e,1] mefe+1,c] me[cet+1,0—k]
letelpplete]l gpme1 FrelyplE) ppmety fhre Vet TV hbm 2041
= (= H Ty, ' H T (G H Bipi1 " 55 )
me|c,et+1] mel|e, 1] me[e+1,0—k]
Aypleted gpmo1  ktdyplhte g1 Breyp pimo1y 50 2011
= (@ II" ettt LD ettt T e g s
me|l—k,c+1] me|c,e+1] me|e,1]
ETH km—1y,50 2041
= (=, H Oim )(h; © 85 ).
me|l—k, 1]

Ad (vii).

We prove ﬁﬁ : Jﬁﬂ = fg by induction on £ > 0.

Let £ = 0. We verify equality by evaluating at each element (z,id() € Xo.

We have (z,idg)) (A} - d}) = (2hf,idp))di = ((h§ - di),idje) = (= fo,id[e) = (,id[g)) fo

Let £ > 1. Suppose we have iLﬁj . Jﬁ = fg,l.

. : . Oyl jimt 5
We verify equality by evaluating at each element (z, H o; ) € Xy, where k € [0,¢] and

im
me|l—k, 1|
=120 >--->1 =2 0.

Case ¢ = k.

We have (z,idy) (A - dpf7) = (whf,idieg)diiy = (e(hf - i), idjg) = (e idy) = (z,idig) fo-
Case ¢ > k.

We have
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O lk S —1] [k - -
@ "I ek dh = @ U s
me|l—k, 1] me|l—k—1,1|
_ (z, [efl]H[k] U{c—f—m—l)(i&g—%_dg_gtf—l)
melt—ko11] o
ind. hyp. [e—1] (%] k+m—1\/ F ~0—1
= (= I o (-5
me|b—k—1,1] o
U krm—1y20-1 7
= (z, H O )(S, - fe)
me|l—k—1,1| o
Oy lk -
= @ I e
me|l—k,1]

Ad (viii).
We prove iLg . ciﬁ“ = gy by induction on £ > 0.

Let £ = 0. We verify equality by evaluating at each element (z, id[o}) € Xp.

We have (z, idy)) (h§ - db) = («hg, idp)dg = (2(hg - db),idpg)) = (xgo.idg)) = (2, idjg))do -
Let ¢ > 1. Suppose property (viii) is proven for £ — 1.

Tm

me|l—k,1]

4 k ~
We verify equality by evaluating at each element (z, HH[ } oktm=1y ¢ X, where k € [0, ¢] and

=120 >--->11 =2 0.

Case { = k.

We have (z,idjg)(hf - dy™) = (ehf, idp))ds™ = (w(hf - do*™),idyg) = (2ge,idgg) = (2, idgg)ge
Case ¢ > k.

We have
[l ylkl m—1r/50 [e=1] 3y [&] M1y T0—1 ~ 5
(z, H Uf:f 1)(h€'d€+1) = (z, H Uf,: 1)(h€1'3i4_k+1‘d€+1)
me|f—k,1] me|f—k—1,1]
=1y lK] me1N/il—1 50 ~i—
= (@ ] et g5
me|l—k—1,1]
ind. hyp. [e—1] g [k] 1/ ~ —
=" @, T e Y@ -8
me|l—k—1,1|
[e=1]ylk] M1y fe1  ~
= (@ I el hEs )
me|l—k—1,1]
R ikl me1y ~
= (33', H O-lkrj 1)96-

mel—k 1]

3.4 Homotopy over a general category

Let C be a category.
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3.4.1 Homotopy for simplicial and semisimplicial objects

Definition 26 (simplicial homotopy).
Let f: X =Y and g: X — Y be morphisms in Simp(C).

An elementary simplicial homotopy from f to g is a tuple

((h§ + X¢ = Yes1)iepp.)es0

of morphism in C such that the following conditions (i - viii) hold for ¢ > 0. Cf. Lemma 20.

(i)  hEFLdP =t forie[0,4) and j € [i +2,0+ 2]

J
() AL AP =Rl A forie (0,4 and j =i+ 1
(i) AP =t d™ forie 1,0+ 1] and j =1

(iv)  hPLdPP=aopt forie (1,04 1] and j € [0,i— 1]
(v)  hfes)™ =8Pl Rt fori€ (0,4 and j € i+ 1,0+1]

(vi)  mf-sTTT =S R forie 0,4 and j € [0, 4]

i 5 j i+1
. ¢ Ve
(vii) hy-d, " = fo
(vill)  hG-dy =g

Note that (ii) and (iii) are equivalent.

We call f elementary simplicially homotopic to g if there exists an elementary simplicial homotopy
from f to g. This defines a relation (~) of elementary simplicial homotopy on Mor(Simp(C)). We
write ()2'\;,) = (W) N Simp(C) (X7 Y)XQ'

Definition 27 (semisimplicial homotopy).
Let f: X =Y and g : X — Y be morphisms in SemiSimp(C).
An elementary semisimplicial homotopy from f to g is a tuple

((hi = X¢ = Yer1)iep,q)e0

of morphism in C such that the following conditions (i - vi) hold for ¢ > 0.

i) A dr TP =d R forie 0,6 and j € [i+ 2,0+ 2]

() APLdPTP =Rl A forie (0,6 and j =i+ 1
(i) AL dPP=nt AP forie 1,0+ 1] and j =1

(iv)  hFLdPP=atpt forie (1,04 1] and j € [0,i— 1]
Y.l
v) hy - de+1+1 = fe

. Y41
(Vi) hg-dg"T =g
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Note that (ii) and (iii) are equivalent.

We call f elementary semisimplicially homotopic to g if there exists an elementary semisimplicial
homotopy from f to g. This defines a relation (~) of elementary semisimplicial homotopy on
Mor(SemiSimp(C)). We write (=) = (~) N simp(c) (X, Y)*2,

3.4.2 From semisimplicial to simplicial homotopy

Suppose that C has finite coproducts.

Reminder 28. Let X € Ob SemiSimp(C) be a semisimplicial object.

Write X := Fe(X) € ObSimp(C), cf. [1, Lemmas 58, 60]. Write df = Xaf for £ > 1 and j € [0, /].
Write & := X'Uf for £ >0 and i € [0, /).

We write g := F¢(g) for a semisimplicial morphism g.

We recall that for a monotone map v : [¢] — [k], there exists a unique surjective monotone map
v : [{] = [n] and a unique injective montone map v : [n] — [k] such that v =0 - 0.

We recall from [1, Lemma 58 (i)] that

X, = | | Xk
(v:[€]—[k])Esurj
for some k € [0, ¢]

for £ > 0, where

«(f)
(Xm E— |_| Xk) (f:[(]—=[m])€surj
(v:[f]—[K]) €surj for some m € [0, ]
for some k € [0, ]

is a chosen coproduct of the tuple (X) (1.1 [k)esurj -
for some k € [0, ¢]
For m € [0,¢] and (f : [(] — [m]) € surj we call the morphism t(f): X,, — L] Xk

incluston morphism. (v:[€]—[k])esurj
for some k € [0, ¢

Lemma 29. Let X € ObSemiSimp(C) be a semisimplicial object.

Let ¢ > 0. Suppose given
[4+1}H[k} Shtm—1

im

me[l—k+1,1]

€ surj ,

where k € [0,¢+ 1] and where £ > iy_jy1 > - >3 = 0.

Write t¢_g10 := £ + 2.

Suppose given j € [0, + 1]. Let ¢ ;= min({m € [1,{ —k + 1] : iy, > j}U{l — k + 2}).
Ifg=1lor(qge2,{—k+2| and j € [ig—1 + 2,i; — 1]) then we have

(| [KH]HUC] O_kerfl) _Jngl _ d?—q—i—l ‘ L([E]H[k+q_2}ak+m’2- ["3+‘1_2]H[’“_1]Uk+m72) ‘

im im—1 im

me[l—k+1,1] me[l—k+1,q] melg—1,1]

Ifge (2,0 —k+2]and j € [ig—1,iq—1 + 1] then we have

Tm im—1 im

me|l—k+1,1] me|l—k+1,q| me|g—2,1]

[e+1] K] — 5 (] yplkta—2] m—o k+a=2]ylK] —
L( H U(c+ 1)-d§+1zt( H U(c+ 2 H U(c+ 1).



Proof. By Lemma 11, we have
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VAREE G o LR .
0" H Timm
me[f—k+1,1]
Oy [k+q—2 kg2 [k—1
HH[ e ]UZ:TI—Q et ]H[ ]af:“m—Q : 8;?_q+1 ifg=1lor(¢e(2,{—k+2) and j € [ig—1 +2,ig — 1])

me|l—k+1,q] me|g—1,1]

k+q=2] pipy_o [k+a-2]
0’ .

im—1

(k] _
Uf:m

4] H

me|l—k+1,q]

I1

me|g—2,1]

(Case 1)

! if g€ [2,0—k+2]and j € [ig_1,ig—1 + 1]

(Case 2).

In particular, we may read off the factorisation into a surjective monotone map, followed by an injective
monotone map. The latter is 8]"?7q 41 in Case 1, and idj; in Case 2.

So by [1, Lemma 58.(ii)], we have

e+ 4
(T

me|[l—k+1,1]

O,k+m—1

im

)i

= X . L<8€+1 . [ZH]H[M gf+m—1>
TR | ’ me|f—k+1,1] "
Bj . H o ,
me|[L—k+1,1]
Oypkta=2 jipmo  [Fra=2ypk—1 i, )
Xor i L( H ot H ot 2) in Case 1
mel—k+1,q] me|qg—1,1]
N Oy [k+q—2 k+q—2] [k
Xidyy L<HH[ +q ]Uf:Tl_Q' [k+q ]H[ ]Uf:m_1> in Case 2
me|l—k+1,q] me|g—2,1]
O [k+q—2 k+q—2]y—lk—1
d?—q—kl . L<[ }H[ +q ]Uf,:_inl_Q' (k+q }H[ }O_Z:-m—Z) in Case 1
me|l—k+1,q] me|g—1,1]
N Oy lk+q—2 k+q—2] v [k
L(HH[ +q }Jfﬂjian . [k+q ]H[ ]Uzlijmfl) in Case 2.
mell—k+1,q] melq—2,1]

O
Proposition 30. Suppose given semisimplicial morphisms f : X — Y and g : X — Y and an
elementary semisimplicial homotopy ((hf)i€[07g])g>0 from f to g.

Then there exists an elementary simplicial homotopy from F¢(f) to Fe(g). Cf. [1, Lemma 60].

Proof. Let v : [¢] — [k] be a surjective, monotone map.

It holds that t(v) - 8§ =1 =

ot ), for i € [0,/]. In particular, for v = idy; we have (idy) - 52
i [l (€)%

It holds that ((v) - d = X gty (& - v) for £ > 1 and i € [0,4]. In particular, for v = id) we have
Widy) - df = df - (idy_y))-

Furthermore, we have (v) - fr = fi - ((v).

he
— Y2)ie[o,q)e=0 of morphisms satisfying conditions (i — viii) in

We have to construct a tuple ((Xp
Definition 26.
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We define l~18 to be the unique morphism making the following diagram commute.

SR
Xo—=";

L(id[O])T TL(id[ll)

Xo——=Y;
0 I 1
Let ¢ > 1. Suppose that Bf_l has already been constructed for i € [0, — 1].

Given i € [0,/], we define the morphism Bf to be the unique morphism making a diagram as follows
commute for each k € [0,[] and each surjective monotone map v : [¢] — [k].

. [yl _ . .
We use Lemma 10 to write v = H aﬁjm 1, where £ — 1 > 4p_p > -+ >11 = 0.
me|l—k,1|

Case k = {. Note that v = idjy.

Case k € [0, — 1] and ip_p, > 1.

Xy - Yo
Y(v) Efil‘gfe,k-s-l
k X
[e=1]yplk]
(N |
mef—k—1,1)
Case k € [0, — 1] and iy_j < 1.
- Rt -
Xy Yo
Y(v) iy, L
Xk -1

{— k
L( [ I]H[ ]O_f”::mfl)

me|l—k—1,1]

~ Rt -~
We have to verify that the tuple ((X¢ — Yi11)ic[o,q)e=0 satisfies (i) - (viii) in Definition 26.

Ad ().
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We prove ALt Jﬁ” = dfﬂ -h¢ for i € [0,4] and j € [i + 2, + 2] by induction on £ > 0.

Let £ = 0. We verify equality by precomposing with each inclusion morphism t(v) for all surjective
maps v : [1] = [k], where k € {0,1}.

Case v =id[y.

_ S . . _ Def 27 (i . . -
We have w(idy) - bt - d2 = hb - ((idy) - d2 = b} - d2 - (idpy) P2 Y db B - (idpy) = db - u(idgy) - BY =

w(idpy) - di - A,
Case v = 0.

We have () - hi - d3 = (id)) - h) - 51 - d3 = W(idpg)) - 1)

We have (o) - d} - b = X(p1.4000 - L} - 0) - h = W(idyg)) - -
Let ¢ > 1.

tm

me|[f—k+1,1]|

. . . . . . . AR ket
We verify equality by precomposing with each inclusion morphism t H o; ), where

kel0,0+1] and £ > ip_g41 > -+ > i1 = 0, cf. Lemma 10.

Write tg_g10 1= £ + 2.

Let g :=min({m e [1,{ —k+ 1] :ip, > j— 1} U{l — k4 2}).

Suppose that £k = ¢+ 1.

We have

RHdE? = R (idy ) - T
= hi e di e (id )
= d;t R didgeyyy)
= di - didy) - hf
= Widjpy)) - dit] - R

t(ides1))

Suppose that k < /.

Case g € 2,/ —k+ 1] and j —1 € [ig—1,iq—1 + 1]. Note that both in case j — 1 < iy_;, and in case
j—1€ [ig—k,ip—k + 1], we have ¢ = min({m € [1,£ — k| : i, > j — 1} U{€ — k + 1}). Note that
q € (2,0 —k+ 1] implies £ — k 4+ 1 > 2, which means ¢ — k > 1.

We have 1] ]
(] el - d Ry
me|l—k+1,1]
Lm 29 [ yleta—2] m—a [kta—2]y7lkl m—1\ I

=T gt [T ol - nt
me|l—k+1,q] me|q—2,1]
[—1] g [k+q—2] m—a [kta—2]ylkl m— 01 -~

= 1 H Uf,:—l 2. H O-zk:: 1) ) hf b Sf@—lﬂ»l ’

me[l—k,q| me|g—2,1]
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We have 41 s K]
L( H Ufrjm_l) . Bf-i—l . J§+2
me|l—k+1,1]
_ ™ rtm-1y ge . st e
= 4 H Ti ) i85
me|l—k,1|
4 k ~ ~
_ l,( HH[ ] O_f;mfl) . hf . d§+1 X §5é7k+1
me|l—k, 1|
ind. . 4 k ~ -
d. hyp N HH[ ] Uf,:m_l) 'd§—1 ) hf_l . §fl_k+1
me|l—k,1|
Lm 29 (t—1]yylk+q—2] m—2 ta—2]ylkl m—1\ -1 ~
= ] ot I ol -htes,
me|l—k,q| me|qg—2,1]

Case q=0—k+2and j—1 € [ig_gt1,%—k+1 + 1]. Note that ip_11 > i, since iy_g+1 < 7 — 1 together
with 7 > 74 2 would imply j — 1 > 4¢_g+1 + 2, which is not the case.

We have (ARI— -
m— k7 7 Lm 29 m— ~
(LY oyt b O ok e
me|l—k+1,1] me|l—k,1]
We have
[e+1] 37 (K] e ~ = ] y7lk] m—1s T/ ~ 7
T | R BT T | (e TR ST
me|[f—k+1,1]| me |-k, 1]
[ k .
= Y e
me|[l—k,1]|

04+1-1

Case ¢ = 1. This implies k > 1, since otherwise we would have a factor oy in the product, hence

i1=0,buti; >j—-1> 1

We have
[e+1] y (K] — = =y Lm 29 [ yple—1] m—2\ T
| I & h-dti-nt 727 dab o [ oftm?) - b
me|l—k+1,1] me|l—k+1,1]
C=1yplk—1 4oy o1 -~
= d?—l | H 0-57:—1 %) h; b ng_kﬂ
me|l—k, 1|
We have
+1 k - ~ fjp— - -
L( [ ]H[ ] aﬁ:m_l) ) hf“ -d§+2 _ W« HH[ ] O_Zi_m—l) ) hf ) §th+1+1 ) d§+2
me[l—k+1,1] me|l—k,1]
_ ™ Jktm-1y Ge . gevr |z
= 4 H Ti )i 5,
me|l—k, 1|
ind. . l k - -
dhve ”HH oftm=ly gl s
me|l—k,1|
Lm 29 =1yplk—1 ooy 7o-1 -
= d;?fl | H O-zkrj—l 2) : hf b Sfe,kﬂ .
me|l—k,1]

Case ¢ € 2,/ —k+ 1] and j — 1 € [ig—1 + 2,ig — 1]. This implies & > 1, because otherwise k = 0
and therefore i, = ¢ — 1 and i,—1 = ¢ — 2 because they must fit into the strictly decreasing sequence
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20 > >0g >0g—1 >--->14 =20,leadingtoqg—1=i;>7—-12i31+2=q—-2+2=gq,
which is impossible, cf. also the Remark in Lemma 11.

Note that both in case j —1 < iy_x and in case j — 1 € [ig— + 2,ip—k+1 — 1], we still have
g=min({m € [1,{ —k]:ipm >75—1}U{l—k+1}).

We have
/+1 k ~ -
T | e e
me|l—k+1,1]
Lm 29 Ayrlk+a-2] oo [kte=2ly7plh—1] i, 9. =
= di_ I e I[I° o) -h
me|l—k+1,q| me|g—1,1]
ié—k+1__12i k [¢—1] [k+q—2] k+m—2 [k+q—2] (k—1] k+m—2 T0—1 ~¢
- dj_q - | H Tip—1 H Ti )T S
me|l—k,q| mée|q—1,1]
We have
+1 k ~ ~
i e+ 11—[[ ] O_ﬁjmfl) R d§+2
me|l—k+1,1]
[y K] m—1\ ¢ ~ =
= I el s A
me|l—k,1|
[y K] m—1\ ¢ 3 -
- L( H Ufn—: 1) ' hf ) d§+1 ) sféfkﬂ
me|l—k,1]
ind. hyp. [y K] m— = 01 ~
= Y H O'f;: 1) ’ dg—l “hy t Sfe—kﬂ
me|l—k, 1|
Lm 29 =1yrplk+a—2] pi_o [Kte—2lqpk-1] i o0 7,1 -
= d o I e ] R A B - A
me|l—k,q| me|q—1,1]

Caseq={—k+2and j—1 € [iy—p+1+2,0+1] and iy_11 > i. Note that we have ip_p+1 < ip_p11+1 <
j — 1 and therefore j —2 > iy +2. Somin({m € [1, — k] 1, >j—2}U{{—k+1})=0—k+ 1.

We have

[+1] (K] — = ~p Lm 29 W yle—1] me9 T
T R R PRI | AR
me|[l—k+1,1] me[l—k+1,1]
k=1 pym—2y 7e-1 =
= d§—€+k—2 Y H Uz'm+ ) hi Sf,g_k+1+1 .
me|l—k,1]
We have
0+1 k - ~ Oy |k - -
| [e+ ]H[ ] af;mfl) ) hf+1 -dﬁ“ _ L( HH[ ] O_Z{:rmfl) ) hf ] gltlemﬁl ) d§+2
me|[l—k+1,1] me|l—k,1]
-y WHW R M1y L G gt
- im v Tj=1 0 Zdgpqa+1
me[l—k,1|
ind. hyp. U kvm-1y 50 -1
= L( H O—Z'm+ ) . d‘]72 . hl . Si47k+1+1
me |-k, 1]

Lm29 Ul jpm—2y 701
ST G [ R A B R AR
melt=k, 1]
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Caseq=(—k+2and j—1 € [ig_gr1+2,0+1] and iy_r11 < i. Note that we have iy_p+1 < ip_j11+1 <
j — 1 and therefore j —2 > iy + 1. Somin({m € [1,€ — k] :ip, >j—2}U{{—k+1})=0—k+ 1.

We have

AT jmety | 41 7¢ Lm29 AT prme2y 7
] ey R T dE o ] o) B

im Tm (]
me|[l—k+1,1] me|[l—k+1,1]
k E=Uplh—1 jym—2y 7e-1
djf£+k72 1 H o ") iz S0 ki1
me[l—k,1]
We have
TR ppme1y 7e41 G042 A1* kpm-1y 7 041 042
(D e e = T e R
me|l—k+1,1] me|l—k,1]
Akl ktm-1y 70 41 e
= i H o ") by dj—l S g
me|l—k,1]
ind. hyp. [€] (K] k+m—1 0 70—1 ~¢
= Y H Uimm ) - dij hi S0 41
me|l—k,1]
Lm29 U=t jim—2y 5e-1 =
= dj—é+k—2 | H Uz‘mm ) hiy - Sio—hg1
me|l—k,1)]
Ad (ii).
We prove AL Jf:[f = fzfi% : NZI% for i € [0, 4] by induction on ¢ > 0.

Let £ = 0. We verify equality by precomposing with each inclusion morphism t(v) for all surjective
maps v : [1] = [k], where k € {0,1}.

Case v =id[y.

We have t(idpy))-hy-d3 = hi-u(idy)-d} = hf-d}-u(idpy)) = hl-d?-u(idy)) = hi-uidpy)-d} = u(id}y))-hi-d}.
Case v = 08.

We have () - h{ - d? = (idg) - hY - 51 - d3 = W(idyg)) - ).
We have (o) - 1l - d? = w(id)) - hY - 8§ - d3 = W(idpg)) - 1)
Let ¢ > 1.

1)y lk
We verify equality by precomposing with each inclusion morphism t [ ]H[ ] al.“+m_1), where

im

kel0,6+1] and £ > ip_gyq1 > -+ > i1 = 0, cf. Lemma 10. me[l—k+1,1]

Suppose that £+ 1 = k.

We have
Gidge) B = T fidgya) - 2
W i)
BT idge)
= Wil i) - dif

= (idpyy) - AT it

Suppose that k < /.
Case ip_gy+1 = ¢ + 1. It follows that ¢ < ép_gy1 < 2.
We have



[0+1] 3 %] 1\ 3 5 [ yl#] 1N 3p o~ 5
IO ) B KR antc v S (O I Ry R R AR
me[l—k+1,1] me|l—k, 1]
Uyl prm—1y 3¢ 5041 ~
= 1 H O-irjm )'hf'dz‘il'si_kﬂ
me|l—k,1|
ind. hyp. [€] (K] k — b 0 ~
=TT ey kb i -
me|l—k,1]
Uyrk prmo1y 7 v kT4
- Y H zim 1)'hf+1'8iei+1+1'diﬁ
me|l—k,1]
[e+1] [k] _ ~ ~
L | A R et v
me|l—k+1,1]
Case tp—_g11 = t.
We have
TR ppmet1y 41 Get2 AT kvm—1y 50 s 042
( H %:m )‘hi+ 'diil = H Uz';m )'hze'sig—tlk+1+1‘ iil
me|[f—k+1,1| me|[l—k,1|
[ yl¥] 1\ 7
=[] eEmh-aL
me|l—k,1]
We have
TR ppme1y 7e41 Ge42 AT kpm—1y 50 se41 Ge42
! H Ui,:m )'hiil’diil = H O-irjm )’hf'si;kﬂ' i—tl
me|[l—k+1,1| me|l—k,1|
[ yl#] 1\ 7
= o [ eEmh At
me|l—k,1]
Case tp_g11 < i.
We have
[e+1] (K] 1\ 7 = [ yl¥] 1\ 7 - 5
(T e md = o T e RS
me|l—k+1,1] me|l—k,1]
[ yl¥] 1\ 3 ~ -
= T el Rl A s,
me|l—k,1]
ind. hyp. [l (%] k+m—1 ]jbg dprl ~¢
= L( H Gim ) . i . i . Sig,k+1
me[l—k,1]
_ S 5 (P N S RIS R O
= u( H Tim ) i Sip ey Fitl
me|l—k,1)]

Ad (iv).

_ [m]H[k] phm-1

me|[l—k+1,1]

7e0+1 3042
) ’ h’i—i—l ) di—i—l :

We prove bt - Jﬁ” = Jg“ -h¢_| fori € [1,£41] and j € [0,i — 1] by induction on £ > 0.
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Suppose that ¢ = 0. We verify equality by precomposing with each inclusion morphism t(v) for all
surjective maps v : [1] — [k], where k € {0, 1}.



Case v =id[y.
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We have t(idpy))-h}-d3 = h}-(idy)-d3 = hi-d3-u(idpy)) = d§-h3-u(idpy) = db-1(idg) -k = W(id}y)-dg-hY.

Case v = 0

We have 1(0)) - hl

We have (a9) - d}

0
0

Suppose that ¢ > 1.

-d3 = (idyg)) - hY - 8} - d2 = (idpg)) - A .

hG = X@ga) (35 - o) - h§ = w(id(q)) - b

0+1 k
We verify equality by precomposing with each inclusion morphism t [ ]H[ |
kel0,0+ 1] and £ > ip_g41 > -+ > i1 = 0, cf. Lemma 10.

Let ¢ :=min({m € [1,{ —k+ 1] :ip, > j}U{l — k+ 2}).

Suppose that £k = ¢+ 1.

We have

Suppose that k < /.

t(idgs1))

POHL | G042
Rt d

me[f—k+1,1]

Wt idegg) - ds
hitt- di? - u(idge )
df“ iy t(idge41))
At u(idyg) - hf

t(idpetay) - dﬁﬂ Ry

) , wWhere

Case g € 2,/ —k+2] and j € [ig—1,1q—1 + 1] and 4p_g+1 > 3. It follows that j < i < ip_g41 < £ and
¢ —k+ 1> q. Therefore we have ¢ = min({m € [1,£ — k] : i, > j}U{l — k + 1}).

We have

We have

Lm 29

ind. hyp.

Lm 29

N [E]H

[04+1] ¢ [K]
¢ H

me|l—k+1,1]

me|l—k+1,q]

« [Hl}H[k} o

Tm

im—1

k+m—1 H+1 T4

me|g—2,1]

im—1

im

me|l—k+1,1|

Oylk
W« HHH o

me|l—k,1]

% MHW o

me|l—k, 1|

I
¢ H UZ: 1)-d§-

me|l—k,1|

T ey

im

k+m—1\ 7¢
b B

im—1

me|l—k,q|

k+m—1) . }NLE X

[0—1]yy[k+q—2] m—a [k+q—2]
L( H gktm=2 H

me|g—2,1]

k—l—m—l) . hf—}—l . d§+2

~0+1
to—k+1+1

d§+1 . gZ

Bl gt

i—1 " Sip_

[k+q—2] H (K] o

o

[k+q—2] o_k+m72 ) [k+q—2] H[k] O_k+m,1

im

(K] _
O,k—i—m 1

im

| 30+2
J

k+1

k+1

melg—2,1]

kerfl

im

i—1

74—1 ¢
) ’ hi—l ' Sig,qu .
-1 ¢
) : h’i—l ’ Si¢7k+1 .
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Case g € 2, —k+ 1] and j € [ig—1,ig—1 + 1] and 4p_g+1 < i. Note that j < i; < iy_py1 < i since
¢ —k+1 > q. Therefore we have ¢ = min({m € [1,£ — k] : i, > j} U{l — k + 1}).

We have

A ety 41 7
(| H okt 1)'d§+1-hffl

me[l—k+1,1] "
Lm 29 Wyrlkt+a=21 4 o E+a=2y7lkl i1y 3
S § R asi [T oirmh iy
me|l—k+1,q] me|g—2,1]
C=1)yrlk+a—2] ,.,—o [kt+a—2]3lK] 1N 5-1 -
= H Ufﬂil 2. H Uﬁjm 1) ) hff% ) Sfe,kﬂ—l .
me|l—k,q| me|q—2,1]
We have
041 k - .
L( [e+ ]H[ ] O_ﬁ:—m—l) . hf-i-l . d§+2
me[f—k+1,1]
_ A7k km—1 R EL L g
= Y H Tir )iy -85,
me[l—k,1]
[y (k] me—ls 7 ~ -
= 1 H Ui':r 1) ) hf—l ) d?rl ’ Sfe_kﬁ—l
me[l—k,1|
ind. hyp. [y k] m— 01
=TI e s E, L
me[l—k,1]
Lm 29 C=1yrlk+a=21 4o E+a=2l771k] i1y 701 -
= «( H O-z(:r—l 2. H Uz]‘ij - hi—% : Sf[,k.“—l :
me|l—k,q| me|g—2,1]

Case =0 —k+2and j € [ig_gi1,90—k+1 + 1]. It follows that ip_p1 < j <.
We have

AT o1y g1 7o Im2o o Ay ey 7
(T ey R T T e R

me|l—k+1,1] " me|[l—k,1| "
We have
/+1 k ~ ~ 4 k ~ ~
« e+ ]H[ ] Uzjm—l) R dﬁ“ - HH[ ] Ufm—&—m—l) R gfl—tlkJrl ,d§+2
me|l—k+1,1] me[l—k,1|
[yl m—1\ 3
= H Uf; 1) ) hffl'
me[l—k,1]

Case g€ 2,0 —k+2] and j € [ig—1 + 2,ig — 1] and iy_p 41 > 4. It follows that j < i <idp_pq; < £ and
thus £ — k + 1 > q. Therefore we have ¢ = min({m € [1,£ — k| : i, > jU{l — k +1}).

We have



L( [€+1}H[k} o

im

20

k-i—m—l) . d§+1 . hf_

me[l—k+1,1]
Lm 29 dk o ([]H[k+q 2] k+m1 2 [kJFQ*Z]H[k 1] gh+m— 2) 7l .
J—q lm 'Lm i—
me|l—k+1,q] me|q—1,1]
(1) yylk+a—2] [k+q—2] g lk—1] 01 -
_ k ghtm=2 . ohtm=2 -1
dj g+1° ( H Oipn—1 H Tim ) hi—l 'Siszﬂ'
me|l—k,q| me|q—1,1]
We have
[e+1] g (K] m—1\ I ~
(I ey g @
me|[l—k+1,1]
Ay Jktme-1y je st 042
= Y H Tie ) i 8117
me[f—k,1]
[y (%] m—1\ ¢ 3 -
= Y H ka—i- 1) hf St Sf@—k-ﬁ—l
me|l—k,1)]
ind. hyp. [y k] 01 -
=T e T
me[l—k,1]
Lm 29 C=1yrlk+a=2 410 [Eta=2ly7k-1 1, o 5,1 -
= déﬂ g+1" u( H Uf,j—l 2. H Uf; 2) : hi—ll ) ng,kH-

me|l—k,q|

me|qg—1,1]

Case g € 2,0 —k+1] and j € [ig—1 + 2,ig — 1] and 4p_p11 < i. Note that j < iy < ip_g41 < £ and
J <iy_+1 < i and therefore i —1 > j. Again we have ¢ = min({m € [1,£ —k] : i, > jU{l—k+1}).

We have
[+1] K] GhHm=1y . i+l L
"( H ’Lm ) dj 'hi—
me|[f—k+1,1]
Lm 29 Eyrle+a-2] 4., etq—2lyrlk=1] 4., o 7
= A ] e 1 e RV T
me|l—k+1,q] me|g—1,1]
=1 yrlk+a—2] .., 2 kta—2lyplk—1 ;oo\ 501 -~
= d? q+1° ( H zm+—1 H z; ) hi—2 f; kr1—1"
me|l—k,q| me|q—1,1]
We have
N V“]H[k’] htm—1) el je+2
zm 7 gl
me|l—k+1,1]
[y (k] m—1v 7 - ~
= I ey nfy-E - dT
me|l—k,1]
[y k] m—1\ 7 -
= u H Zj 1) hf—rd“l fe pgr1—1
me|l—k,1]
ind. hyp. [ yl#] — .
= ety d s,
me|l—k,1]
Lm 29 =1)yrlk+a—2] k+a—2ly7lk—1 pipay 50-1 -~
= d? g+1 | H zr:—l 2. H Uinj_ 2)‘hz‘—21 Sf/ kg1 —1"

me|q—1,1]
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Case q=0—k+2and j € [ig_g11+2,¢+1]. It follows that ip_j 11 +2 < j < i and thus ip_11 < i—1.
Note that j —1 > 4p_g+1 + 1 2 ip—r + 2. We have

(1] (K] m—1\ 7 Lm 29 [Ayyplk—1 m-2y i
Y H ot 1)'d§+1'hf—1 - dk—€+k—1't( H ) R

Tm J Tm
me|l—k+1,1] me|[f—k+1,1|
C=1y7lE—1 pim_oy 5r-1 -
d§—£+k—1 Y H Uz‘,::m ) hi g ng,kﬂ .
me|l—k,1]
We have
/41 k ~ ~ l k ~ ~
[ ]H[ ] Uf,:rmfl) ] hf+1 ) d§+2 _ L( HH[ ] O_Z{:rmfl) ) hf—l ) gltfj_lk“ -dﬁ“
me[l—k+1,1] mel—k,1]
Uyrlkl  pm—1y 3 = .
= H S RV CIPRY S R
me|[l—k,1]
ind. hyp. [ ylk] _ 5 S0-1 -
BT ( H C’frjm . dﬁﬂ hiTy sz,kﬂ
me |-k, 1]
Lm 29 [e—1] [k—1] k —2\ Jl—1 ~
= d?—f—i—k—l ( H Uz‘;m ) hiZy - 5§g_k+1
me|l—k,1]
Case ¢ =1 and 4y—g1+1 < ¢. Note that j < i1 < ip_py1 <.
Therefore we have ¢ = min({m € [1,{ — k| : 4, > j}U{l — k + 1}).
We have
[+ 1]y [K] _ = = Lm 29 U yple—1] _oy 3
1 H Uf,,jm 1) ) d§+1 ) hf—l = d? | H Uf;f’fi 2) ' hf—1
me[l—k+1,1] me|l—k+1,1]
C=Uyrlk—1 pim_oy 0.1 -
= d? | H Uz’iﬁ )l 52,“171 :
mel—k 1]
We have
{41 k ~ ~ l k ~ ~
L( [ }H[ ] O_l{:rmfl) . thrl . d§+2 — L( HH[ | O_Z{c;rmfl) . hffl . glekJrl . d§+2
me|l—k+1,1] me[l—k,1]
Uyl prm—1y 3 a1~
= u( H Ui,:m ) ‘hf—l ) dj+ ) Sf@_,ﬁl—l
me|l—k,1)]
ind. hyp. [€] (k] k -1 WOTl—1 o~
= u( H Ui,:m ) 'd§ “hiZy Sfe,kﬂ—l
me[l—k,1|
Lm 29 [e—1] [k—1] k _ Ti— ~
nl: d;i' : L( H O'eriri 2) : hl—% ’ Sf[,k+1fl :
mell—k 1]

Case ¢ =1 and 4y_g11 = ¢. Note that j < i <ip_g11 < L.
Therefore we have ¢ = min({m € [1,£ — k] : i, > j} U{l -k + 1}).
We have
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0+1) [k - - m Oy lk—1 o -
L( [+ }H[ ] Uf;m_l) ) d§+1 ) hf_l L:29 dgg ] L( HH[ ] O'Z:TI 2) ) hf_l
me|l—k+1,1] me[l—k+1,1]
E=U = gpm—2y 7e-1
- d,]; ’ L( H Z,jb_ 1 ) hl*l ’ Sig,k+1 :
me[l—k,1]
We have
AUk ppm—1y o410 Uyl efm—1y 50 5
Y H ot DR ‘dj+2 = Y H i ') hi- SJ}MH : dj+2
me[l—k+1,1] me|l—k,1]
_ ( MH[M k-i-m—l) CREL gt gt
- t Tim i j Lo kt1
me|l—k, 1|
ind. hyp. [4] (k] k‘+m 1 W TA—1 ~p
= 1 H Tim ) - dj - h; =y S kg1
me|l—k,1|
tm29 g AENTEY ooy o1 o
=T dh I el ki B
mell—k, 1]
Ad (v).
We prove sZ 1 h“l Ef : §§+1 for i € [0,4] and j € [i +1,¢+ 1] by precomposing with each inclusion
k
morphism (( HH[ ! ﬁ:m D), where k € [0,4] and £ — 1 >iy_ > --- > i1 > 0, cf. Lemma 10.
me[l—k,1]
Let e :=max({m € [1,£ — k] : j — 1 > i, } U{0}).
We have
(] l¥] m_1y  ~ = (€] g [¥] m_1\ T
Y H zk,: 1) Sg—l : th L(Uf—l ) H zk:: 1) hf“
me|l—k,1| me|l—k, 1|
[+1] (kte+l] o ., kte Lktel k] =0
— L( H O-im++1 . O-jj_l . H O-zm-’_ 1) . hi+1
me|l—k,e+1]| mel|e,1]
e [k+e] (K] m— S hde Yitet2 Yoo _ m
ot B k) e, T [
mele,1] mefe+1,0—k]
k+e k ~ Yite Y,
= L([ * ]H[ ]alzcnjm_l) ) hf+8 _ §§+e+1 LR +21‘[ o2 fﬂfjl
mele, 1] mefe+1,0—k]|
Frel 7T jtm1y 7hae Yererl 7TV shbm  ~
S R | R
mele, 1] mefet+1,0—k]
(] yylktel [k+el gy ] 1N T -
_ L( H ﬁi—m 1. H Uﬁ:—m 1) hf . Sﬁ—i—l
me|l—k,e+1]| me|e,1]
(] g [¥] m— .
_ L( H krj 1) hé €+1
mell—k, 1]
Ad (vi).
We prove sz h£+1 = ht-5 ”1 for i € [0,¢] and j € [0,4] by precomposing with each inclusion morphism

¢
Y HHH Uzﬁjm 1) whereke [0,£] and £ —1 > ip_p > - 0, cf. Lemma 10.

me|l—k, 1|

>0 2
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Let e :=max({m € [1,£ — k] : j > in} U{0}).
Let ¢ := max({m € [1,£ — k] : i > i, } U{0}).
We have ¢ > e, since ¢ > j.

We have

p—
L( HHH ktmo1) gt il

zm i +1
me|l—k,1|
OylF]
ot kbm—1y | 7041
= L(Uj' H Tim ) -l
me|l—k,1]
[e+1] [k+e+1] k [k+e] (k]
_ +m k+e k+m—1 70+1
= 1 AL A | NG R
me[l—k,e+1] mele, 1]
[+1] [k+c+1] ktm [k+c+1])yrlk+et+1] ktm ke [k+e]l k] kbm—1\ Te+1
= H Tim+1 " H Oin+1 "5 H O ) - hih
me|l—k,c+1] me|c,e+1] mel|e, 1]
— [k+C+I]H[k+e+1] ktm | ke U“'e]H[k] Etmoly jltetl, Yk+c+2HYZ+2~k+m+1
= Oint+1 05 Oim i+l Sim—+2
me|c,e+1] mele,1] me[c+1,{—k]
= (oFte. [k+e]H[k] ktm=1y  fhtetl ,Yk+e+2HYk+c+2~k+m+1 Yk+c+2HYé+2~k+m+1
- J Tim i+1—(c—e) Sim+1 Sim+2
me|e,1] mefe+1,c| me[e+1,0—k|
S [’”e]H[k] Etmoly hte  ghterl Yk+e+2HYk+c+2~k+m+1 Yk+c+2H"f+2~k+m+1
- zrn, i—(c—e) j zrn,“l‘l Zm+2
mel|e,1] mefe+1,c] mée[et+1,0—k]
S [k+e]H[k] ktm— 1) jhte . Viget1 HYk+c+1 htm Yk+c+1HYz+1 <ktm ~g+1
- i i—(c—e) Sim Sim+1
mele,1] mefe+1,c] me[c+1l,—k]
L) B A e s i (A R A A Viretl TV shpm 2041
=« I e [T e =h-mie L s -5
me|c,e+1] me|e,1] mée[e+1,0—k]
Aypletd gpmo1 Ereyplbte pomon FEreyph gmo1y 50 ~e+1
= o I et D et e ke
me|l—k,c+1]| me|c,e+1] mele,1]
A1 grm-1y 50 ~z+1
= o I eiimh ht

me|l—k,1|

Ad (vii).

We prove hz dﬁﬁ = f; by induction on ¢ > 0.

Let ¢ = 0. We verify equality by precomposing with the inclusion morphism t(id().
We have t(idyg)) - h - d} = h§ - u(idy) - df = k) - d} - (idjg)) = fo - Widp) = w(idpg) - fo-
Let ¢ >1

Y4 k
We verify equality by precomposing with each inclusion morphism t( [ ]H[ ] al-“+m_1), where k € [0, /]

tm
me|l—k,1]
and { — 1> dp_p > - >11 >0, cf. Lemma 10.

Case { = k.

We have w(idyg) - hf - dt} = hf - w(idjpy)) - dyt = R - dyty - W(idyg) = fo - idyg) = W(idyg) - fo
Case £ > k.

We have
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Uyrk 1y 377 -7 i1y 7e—1 ~ %
( H %;r 1) : hﬁ : dzﬂ = ( H ai; b he—i : ng_k ‘deﬂ
mel—k,1) me|[f—k—1,1]
=1y [k - .
=TT ey
me|l—k—1,1]
ind. hyp. [e=1] g [¥] — = —
=" I ey fea -8
me|l—k—1,1]
[e—1] (] el ~l—1 7
= I elrmhs - f
me|l—k—1,1|
fj - -
_ L( []H[ ] Ufﬂjm_l) X ff-
me|l—k,1]

Ad (viii).
We prove ﬁg . Jgﬂ = gy by induction on ¢ > 0.

Let £ = 0. We verify equality by precomposing with the inclusion morphism t(idy)).
We have 1(idyg)) - b - d = h§ - u(idpy)) - d§ = h{) - d§ - (id[g) = go - W(idpg)) = (idjg)) - Fo -

Let ¢ > 1.

. . . . . . . Uyl krm—1
We verify equality by precomposing with each inclusion morphism t( H o; ), where k € [0, /]

tm
me|l—k,1]
and / — 1 >dp_p > -+ >11 =0, cf. Lemma 10.

Case ¢ = k.
We have L(id[g]) : ;Lé : ng—H = hg : L(id[@+1]) . dg—H = hg : d€+1 : L(id[@]) =gy - L(id[g]) = L(id[g]) -gg .
Case { > k.

We have
Il Ty s ¥ - N
T | e BT B0 Ry | WA BT AR
melt=k, 1] me|b—k—1,1]
1] [k N .
SO U s B
me|l—k—1,1]
ind. hyp. [0—1] v K] e o
=" H f: 1)'9@—1'852}19
me|l—k—1,1]
N
= | | S Ry
me|l—k—1,1|
UM oo 1e
= o I Y
me|l—k,1|

3.4.3 The homotopy categories of simplicial and of semisimplicial objects in C

Let C be a category.

Definition 31 (Homotopy in Simp(C)).
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Suppose given X, Y € Ob(Simp(C)). Let (wa) be the equivalence relation on gjppc) (X, Y) generated

)

by the relation of elementary simplicial homotopy ( fad ); cf. Definition 26.

)

Let

(~) = U (o)

(X,Y) € Ob(Simp(C)) x Ob(Simp(C)) ~’
be the relation of simplicial homotopy or, short, homotopy on Mor(Simp(C)).
So given f, g € Mor(Simp(C)), we have that f is homotopic to g, written f ~ g, if Source(f) =
Source(g) =: X and Target(f) = Target(g) =: Y and f o9
Lemma 32. The relation of elementary simplicial homotopy (~), cf. Definition 26, is a precongruence
on Simp(C); cf. Definition 2.
The homotopy relation (~) is the equivalence relation generated by (~).

The homotopy relation (~) is a congruence on Simp(C); cf. Definition 2.

Proof. We first show that (~~) is a precongruence.

Ad (Con1). Given two morphisms that are elementary simplicially homotopic, they have the same
source and the same target by Definition 26.

Ad (Con2).

Suppose given X, Y € Ob(Simp(C)). Suppose given X’ % X and Y % Y’ in Simp(C). Given
[y 9 € simpe)(X,Y) such that f ~ g, we have to show that ufv RS ugv.

We choose an elementary simplicial homotopy ((hf)ie[(w) ¢>0 from f to g. Note that h¢: X, — Yo, 1.

We claim that ((’U,gh‘gve+1)ie[07g]) ¢>0 is an elementary simplicial homotopy from ufv to ugv. We have
to verify the properties from Definition 26.

Ad (i). Suppose given i € [0,/] and j € [i + 2,¢ + 2]. We obtain

(uerihf o) - d T = g BN A vy = wn - d 0T R vy = & (ughfog)
Ad (ii). Suppose given i € [0, ¢]. We obtain
(W+1hf+lve+2)'dz/+/’1e+2 = heH dwfﬂ Ve+1 = Uet1e hfill d?i’i” Ver1 = (“thfﬂ"’H?)'dﬁ’leH
Ad (iv). Suppose given i € [1,£+ 1] and j € [0,7 — 1]. We obtain
(upr1hi M vgrs)- dY 2= WH'th'd}/’HQ‘WH = Upy1- dX LR v = dg)'(/’ul‘(whfqvul) :
Ad (v). Suppose given i € [0,¢] and j € [i + 1,1 + 1]. We obtain

(uehbvps1) - s Y L =y R - S;/J—H “Vppg = Up- S j(f h“l Vpyo = sj)-{_/’f . (U£+1hf+11)g+2) .
Ad (vi). Suppose given i € [0,/] and j € [0,4]. We obtain

(uhfvesr) -7 1 = wge bl 5] vy = wg s BT v = 87 (e b ves)

Ad (vii). We have
¢ Y/, 141 ¢ Y+l —
(uehjverr) - dpyy = ug-hy-dyiy™ -ve = uefeve .



o6

Ad (viii). We have
Y/ 1+1 Y, 141
(wehfvgpr) -dy T = we- B - dy T v = wegeog
This proves the claim.

By Lemma 5, (~) is the equivalence relation on Mor(Simp(C)) generated by (~), which is a precon-
gruence. So by Lemma 6, (~) is a congruence.

O]

Definition 33. Consider the category Simp(C) of simplicial objects in C.
Its homotopy category is defined to be

HoSimp(C) := Simp(C)/(~),

cf. Definition 31 and Lemmas 32 and 3.

For f € Mor(Simp(C)), we write [f] € Mor(HoSimp(C)) for the equivalence class of f with respect to
homotopy.

Definition 34 (Homotopy in SemiSimp(C)).

Suppose given X, Y € Ob(SemiSimp(C)). Let (wa) be the equivalence relation on gemigimp(c)(X,Y)

)

generated by the relation of elementary semisimplicial homotopy ( et ) ; cf. Definition 27.

Let

(~) = U ()

(X,Y) € Ob(SemiSimp(C)) x Ob(SemiSimp(C)) ~
be the relation of semisimplicial homotopy, or short, homotopy on Mor(SemiSimp(C)).

So given f, g € Mor(SemiSimp(C)), we have that f is homotopic to g, written f ~ g, if Source(f) =
Source(g) =: X and Target(f) = Target(g) =: Y and f o9

Lemma 35. The relation of elementary semisimplicial homotopy (~), cf. Definition 27, is a precon-
gruence on SemiSimp(C); cf. Definition 2.

The homotopy relation (~) is the equivalence relation generated by (~).

The homotopy relation (~) is a congruence on SemiSimp(C) ; cf. Definition 2.

Proof. We first show that (~-) is a precongruence.

Ad (Con1). Given two morphisms that are elementary simplicially homotopic, they have the same
source and the same target by Definition 27.

Ad (Con 2).

Suppose given X, Y € Ob(SemiSimp(C)). Suppose given X’ % X and Y % Y’ in SemiSimp(C).
Given f, g € SemiSimp(c)(X,Y) such that f is elementary semisimplicially homotopic to g, we have to

show that ufv A ugu.

We choose an elementary semisimplicial homotopy ((hf)ie[()’g])g>0 from f to g. Note that h¢ : X, —
Y-

We claim that ((Ughfﬂg+1)ie[o7g])g>o is an elementary semisimplicial homotopy from ufv to ugv. We
have to verify the properties from Definition 27.
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Ad (i). Suppose given i € [0,¢] and j € [t + 2, + 2]. We obtain

(uz+1hf+1’0g+2) -d;//’ 2 = Upt - hf“ 'd}/’ 2. Vg1 = Upsq -df_’f“ hE v = dj(_/’lzﬂ (ughfvpyq) .
Ad (ii). Suppose given i € [0,¢]. We obtain

(quhf*lng)-dﬁ’fH = u€+1'hf+1'dﬁ€+2'”€+l = WH'hfﬂ'dﬁ?Q'WH = (WH%EWH)'CZZ’KH :
Ad (iv). Suppose given i € [1,£+ 1] and j € [0,7 — 1]. We obtain

4+1 Y/ 442
(werrh; " ves2)-d;

_ 041 Y, 042 _ X, 0+1 4 ¢ _ Xt ¢
= ugpr-hy o dy T v = wggd;TT v = (wehi_1ves) -

Ad (v). We have

/ Y/ 1+1 ¢ Y, 1+1
(uehivepr) - doy " = wp-hi-dyiy e = ugfpop
Ad (vi). We have
14 Y’ 141 £ Y141
(ugh;vesq) - dy = g hy - dy *Ug = UgGgevy -

This proves the claim.

By Lemma 5, (~) is the equivalence relation on Mor(SemiSimp(C)) generated by (~+), which is a
precongruence. So by Lemma 6, (~) is a congruence.

]
Definition 36. Consider the category SemiSimp(C) of semisimplicial objects in C.
Its homotopy category is defined to be
HoSemiSimp(C) := SemiSimp(C)/(~),

cf. Definition 34 and Lemmas 35 and 3.

For f € Mor(SemiSimp(C)), we write [f] € Mor(HoSemiSimp(C)) for the equivalence class of f with
respect to homotopy.

Proposition 37. Suppose that C has finite coproducts.

(1) We have the functor

Fc o HoSemiSimp(C) — HoSimp(C)
X Fe(X) = Fe(X) for X € Ob(HoSemiSimp(C))
[f] Fe([f]) = [Fe(f)] for [f] € Mor(HoSemiSimp(C)) .

11

(2) We have the functor

Ve : HoSimp(C) — HoSemiSimp(C)
X Ve(X) :=Ve(X) for X € Ob(HoSimp(C))
[f] = Ve(lf]) = Ve(f)] for [f] € Mor(HoSimp(C)) .

I

Proof. Ad (1). By Proposition 30, we have that for f,g € Mor(SemiSimp(C)) satisfying f ~» g, it
holds that F¢f ~» Feg, so in particular Fof ~ Feg. In the case C = Set, one can use Proposition 25
instead.
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Consider the functor Rgimp(c),(~) © Fc : SemiSimp(C) — HoSimp(C). For f,g € Mor(C) satisfying
[~ g, we then have (Rgimp(c),(~) © Fe)f = [Fef] = [Fegl = (Rsimp(e),(~) © Fc)g -

So by Lemma 8, there exists a functor

Fe := Rsimp(c),(~) © Fe : SemiSimp(C)/(~) = HoSemiSimp(C) — HoSimp(C)

mapping X ﬂ Y to FeX M FeY.

Ad (2). We claim that f ~» g implies Ve (f) ~» Ve(g) for f, g € Mor(Simp(C)) .

So suppose that X i> Y is elementary simplicially homotopic to X 9y Y. This means that there

l
exists a tuple of morphisms ((X/ LN Yi11)ielo,q)e=0 in C satisfying conditions (i - viii) of Definition
26. Thus we can show that there exists an elementary semisimplicial homotopy from V(f) = (f¢)e=0
to V(g9) = (g¢)e=0 as follows. We may choose as an elementary semisimplicial homotopy the tuple
((hf)ie[o’g])g>0, since it satisfies conditions (i - vi) of Definition 27.

This proves the claim.

Consider the functor Rgemisimp(c),(~) © Ve : Simp(C) — HoSemiSimp(C). For f,g € Mor(Simp(C))
satisfying f ~» g, we then have (RSemiSimp(C),(N) © VC)f = [VCf] = [ch] = (RSemiSimp(C),(N) © VC)Q .

So by Lemma 8, there exists a functor

Ve = Rsemisimp(C),(~) © Ve : Simp(C)/(~) = HoSimp(C) — HoSemiSimp(C)

mapping X 25 v to Vex X0 vy 0

Reminder 38.

(1) We have the transformation ¢ : idsemisimp(c) — Ve © Fc given by the inclusion morphisms of X,
into L] X, for n > 0 and X € Ob(SemiSimp(C)), cf. [1, Remark 61, 62].

(f:[n]—[k])esurj

for some k € [0,n]
(2) For n > 0 and X € Ob(Simp(C)) we have the morphism 7y , uniquely determined by making the
diagrams

| X REILY X,
(f:[n]—[k])esurj
for some k € [0,n]
L(U)/F Xo

Xy

commutative for £ € [0,n] and (v : [n] — [¢]) € surj. We have the transformation n : FcoVe — idgimp(c)
given by the tuple ((1xn)n>0)xecob(simp(C)) » cf- [1, Remark 63, 64].

(3) We have F¢ 4 Ve, cf. [1, Proposition 65]. More precisely, we have the commutativity of the
following diagrams.

Fo L% FooVeo Fe Ve -2 Ve o Fe o Ve
F V

Fe Ve

Theorem 39. The functor )
Fe : HoSemiSimp(C) — HoSimp(C)
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is left adjoint to the functor
Ve : HoSimp(C) — HoSemiSimp(C),
ie. Fe 4 V.
More precisely we have a unit
I = (Ix) xeOb(HoSemisimp(C)) ‘= ([tx]) xeOb(Semisimp(c)) : {HoSemisimp(c) — Ve © Fe

and a counit

71 = (71x ) xeOb(Hosimp(C)) := ([1x]) xeob(Simp(c)) : Fc © Ve = idHosimp(C) ;

cf. Reminder 38.

Proof. We write F := Fo, F := Fe, V= Ve, V =V, Rsemisimp(e) = Rsemisimp(C),(~)s Fsimp(c) =
Rsimp(c),(~)-

Note that we have (Rgemisimp(c) © Ve © F) = (V © Rgimp(c) © F) = (V © F 0 Rsemisimp(c)) and therefore
Rsemisimp(c) ©V © F =V o F in the sense of Lemma 8.

Note that we have (Rgimp(c) © F © V) = (F o Rsemisimp(c) © V) = (F 0V 0 Rgimp(c)) and therefore
Rsimpcy © F oV = F oV in the sense of Lemma 8.

Given f, g € Mor(SemiSimp(C) such that f ~ g, we have

(RSemiSimp(C) o idSemiSimp(C))(f) = [f] = [g] = (RSemiSimp(C) o idSemiSimp(C))(g)

and

(Bsemisimp(c) © Vo F)(f) = (Vo F)([f]) = (Vo F)(lg]) = (Rsemisimp(c) © V © F)(g) -

We have the transformation Rgemisimp(c)t @ RSemiSimp(C) © 1dSemisimp(c) — FSemisimp(c) © V © F; cf.
Reminder 38 (1).

So by Lemma 9, there exists the unique transformation

L= RSemiSimp(C)L : RSemiSimp(C) o idSemiSimp(C) = idHoSerniSimp(C) - RSemiSimp(C) oVoF=VolF

satisfying 7RgemiSimp(c) = Remisimp(c)¢t and being given by 7 = ([tx]) x cOb(HoSemiSimp(C)) -
Given f, g € Mor(Simp(C) such that f ~ g we have
(RSimp(C) o idSimp(C))(f) = [f] = [g] = (RSimp(C) © ldSurnp(C))(g)

and

(Rsimp(c) © F o V)(f) = (F o V)([f]) = (F o V)(lg]) = (Rsimp(c) © F 2 V)(9)

We have the transformation Rgimp(c)? @ Rsimp(c) © F ©V — Rsimp(c) © idgimp(c); cf- Reminder 38 (2).

So by Lemma 9, there exists the unique transformation

= RSimp(C)n : RSimp(C) oFoV=FoV— RSimp(C) o idSimp(C) = idHoSimp(C)

satisfying 7 Rsimp(c) = Rsimp(c)n and being given by 7 = ([1x]) x cob(HoSimp(C)) -
Let X € Ob(SemiSimp(C)). We have

(Fo)x = F(ix) = F([ex]) = F o Rsemisimp(c) (tx) = Rsimp(c) © F(tx) = Rsimp(c) ((F1)x)
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and )

(1F)x = Mzx = Mrx] = Rsimp(c)(nFrx) -

So we have

(Fr-0F)x = (Fo)x - (1F)x = Rsimp(c)(Ft)x) - Rsimp(c)(n7x) = Rsimp(c) ((Ft)x - 1Fx)
R 38 (3) ) .
=" Rgimp(c)(idrx) =idpy

Hence the diagram

I.
i

g

N
= N
S

Rl

commutes.

Let X € Ob(Simp(C)). We have

(V) x = ipx = [tvx] = Rsemisimp(c) (Lvx)

and

(Vﬁ)X = T/(T_]X') = v([UX]) =Vo RSimp(C) (77X) = RSemiSimp(C) o V(UX) = RSemiSimp(C)((Vn)X) :
So we have

(n_) . Dﬁ)X = (ZV)X . (f}ﬁ)X = RSemiSimp(C)(LVX) . RSemiSimp(C)((Vn)X) = RSemiSimp(C)(LVX . (VW)X)
R 38 (3) . )
= RSemiSimp(C) (ldVX) = ld\_/X .

Hence the diagram

commutes. ]

Remark 40. In [3], Rourke and Sanderson consider the forgetful functor from Simp(Set) to
SemiSimp(Set), which they call F'. They construct its left adjoint G -+ F. They define a homo-
topy category of Kan semisimplicial sets, with a suitable definition of being Kan. Then the functor
F induces a functor F' on the homotopy categories. Conversely, they first construct a horn functor
H from Simp(Set) to its full subcategory of Kan simplicial sets [3, p. 334, 1.-4]. They show that
H oG induces a functor H o G on the homotopy categories and that F and H o G are mutually inverse
equivalences. Their proof uses topological methods [3, Th 6.8].

I do not know for which categories, the functor F is an equivalence. Cf. Corollary 75.



Chapter 4

The resolution functor

4.1 Augmented semisimplicial resolutions and construction of the
functor &£

Let C be a category having finite limits. Suppose given a full subcategory P C C having finite
coproducts. Recall that a morphism g € Mor(C) is called P-epic if ¢(P,g) is a surjective map for
P € Ob(P); cf. [1, Definition 25]. We require P C C to be a resolving subcategory, which means that
for each object X in C we require the existence of a P-epimorphism P — X for some P € Ob(P); cf.
[1, Definition 25, 27].

Definition 41. We define the category Aipnjaug as subcategory of Set as follows. Let

Ob(Ainj,aug) = {[Z] 11 € Zz_l} .
For [a], [b] € Ob(Aipnj,aug) let

Aingang ([a], [0]) :={f € set([a], [b]) : (x >y = xf >yf) for z,y € [a]}
be the set of injective monotone maps.
Note that Ainj € Ainjaug is a full subcategory; cf. [1, Definition 40 (ii)].
Note that Mor(Ainjaug) = Mor(Ainj) U{0 — 1] 1 i € Z>_1}.
Let 03 := (0 — [0]) € Mor(Ainjaug). We have 971 a7 = (9;7‘:11 Ot forn>1land 0<i<j<n
Definition 42.
Let AugSemiSimp(C) := Ciniaus be the category of augmented semisimplicial objects in C.
For X € Ob(AugSemiSimp(C)) we often write X,, :== X|[n| for n € Z>_;.
We write le’n = X(0]")°P for n > 0 and ¢ € [0,n]. We often abbreviate d}' := dZX’n.
Note that we have d;‘-d?fl =X (! -07)°P = X((?;fll OM)oP = d?-d?:ll forn>1land0<i<j<n.
Remark 43. We can extend our notion of a simplicial kernel of a finite tuple of morphisms defined
in [1, Definition 22] to the empty tuple.
Suppose given X € Ob(C) and an empty tuple of morphisms starting in X. Then a simplicial kernel
of this empty tuple is defined to be tuple (K, (K LN )) satisfying the empty condition having the

following universal property. Given (K’ LN e ) satisfying the empty condition, there exists a unique
morphism « : K/ — K such that o - k = k'.

61
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The tuple (X,idx) is a simplicial kernel of X, together with the empty tuple of morphisms. Hence

(K, (K ko x )) is simplicial kernel of X, together with the empty tuple of morphisms if and only if &k
is an isomorphism, cf. [1, Remark 3].

Definition 44. Suppose given X € Ob(AugSemiSimp(C)). Choose simplicial kernels (Ko, (k')ic[o,n])
of (d?_l)ie[o,n—l] for n > 1, cf. [1, Definition 22, Proposition 23] and Remark 43. By the universal
property of the simplicial kernel, there exists a unique morphism f, : X,, — K,, such that f,, -k}’ = d}
for i € [0,n] for n > 0, note that d;ﬁd?_l = d?-d?:ll forn > 0and 0 <i < j < n,cf. [1, Definition 22]
and Remark 43.

2
PO B— /--—~—do—\>
. 2

N7ANNV \ /

fa

\J \/“ \/

K,

If the morphisms f,, and are P-epic and X,, € Ob(P) for n > 0, then we call X an augmented
semisimplicial resolution in C with respect to P. This definition is independent from the choice of
the simplicial kernels. Note that k8 can be chosen to be idx_, and hence the morphism d8 is P-epic.
Sometimes, we call X an augmented semisimplicial resolution of X_;.

Proof. We show the claimed independence. Suppose given simplicial kernels (K, (E?)iE[O,n]) of
(d?il)le[on 1 for n > 0. Then we have unique morphisms fn : X,, = K, such that f, - l;:” = d} for

n > 1 and i € [0,n]. There are isomorphisms ¢, : K" — K" such that ©n - kP = kP for n > 0 and
i € [0,n], cf. [1, Remark 3]. Tt follows that f,, = f,, - @y since (fi, - @n) - kP = fp, - kP = d? for i € [0, 7).
So for P € Ob(P) we have ¢(P, f,) = ¢(P, fn - ¢n) = c(P, fn) - ¢ (P, ¢n). Since C(P, gpn) is a bijection,
the map ¢ (P, fn) is surjective if and only if the map ¢ (P, f,) is surjective for n > 0. Hence f, is P-epic
if and only if f, is P-epic for n > 0. O

Definition 45. We define the category AugSemiSimpRes(C,P) to be the full subcategory of
AugSemiSimp(C) with

Ob(AugSemiSimpRes(C, P)) :=
{X € Ob(AugSemiSimp(C)) : X is an augmented semisimplicial resolution in C with respect to P} .

Definition 46. (i) Let I : AJY — AP denote the inclusion functor.

inj inj,aug

We have the functor
Inug,1 : AugSemiSimp(C) — SemiSimp(C)
xLy) o Xonvyorn).

with Ob(0) = {[~1]} = {0}. Let Ir : O < A®

inj,aug

(ii) Let O denote the full subcategory of A%
denote the inclusion functor.

We identify C with C© via

inj,aug

c° - ¢

xLyvy = x0)%vw).
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Then we have the functor
Inwg2 : AugSemiSimp(C) — C
XLy) o XobhZvon) =x_, 5y,

Definition 47 (homotopy on AugSemiSimp(C)). Consider the functor

H: AugSemiSimp(C) — HoSemiSimp(C) x C
(X L Y) = ((RSemiSimp(C),(N) o Iaug,l)(X L Y)) Iaug,2(X i> Y)) .

We define the category HoAugSemiSimp(C) := AugSemiSimp(C)/(E) to be the factor category of
AugSemiSimp(C) with respect to the congruence induced by H, cf. Lemmas 4, 3.
We call this category the homotopy category of augmented semisimplicial objects in C.

f
Note that for X 3 Y in AugSemiSimp(C), we have f 9 if and only if fI; ~ gl1 and f_1 =g_1.
g

Definition 48. We define the category HoAugSemiSimpRes(C,P) as the full subcategory of
HoAugSemiSimp(C) with

Ob(HoAugSemiSimpRes(C,P)) := {X € Ob(HoAugSemiSimp(C)) : X € Ob(AugSemiSimpRes(C,P))}.
Write H' := H|pugSemisimpRes(c,p) : AugSemiSimpRes(C, P) — HoAugSemiSimpRes(C,P). Note that
we have the following commutative diagram.
AugSemiSimpRes(C, P) ———— AugSemiSimp(C)
RAugSemiSimpRes(C,P),(E/) i \LRAugSemiSimp(C),(IN{)

HoAugSemiSimpRes(C, P) = HoAugSemiSimp(C)
By construction of (rI\{J), we have that f 9 implies

(RSemiSimp(C),(~) © Laug,1).f = (RsemiSimp(C),(~) © laug,1)9

for f, g € Mor(AugSemiSimp(C)). By Lemma 3 (3), we have a unique functor

Inug,1 - HoAugSemiSimp(C) — HoSemiSimp(C)

making the following diagram commutative.

- Taug,1 -
AugSemiSimp(C) ———= SemiSimp(C)
RAugSemiSimp(C),(I_wI) J/ iRSemiSimp(C),(N)

HoAugSemiSimp(C) — HoSemiSimp(C)

Iaug,l

By construction of (E), we have that f 9 implies

Iaug,?(f) = Iaug,Q(g)

for f,g € Mor(AugSemiSimp(C)). By Lemma 3 (3), we have a unique functor

Iaug,2 : HoAugSemiSimp(C) — C
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making the following diagram commutative.

AugSemiSimp(C) sz

RAugSemiSimp(C),(IN_I) l T
aug,2

HoAugSemiSimp(C)
In the remainder of this §4 we consider the functor

&= faug,Q|HoAugSemiSimpRes(C,7’) : HoAugSemiSimpReS(C, P) - C

We aim to show that £ is an equivalence of categories; cf. Theorem 54 below.

4.2 Construction of an augmented semisimplicial resolution: & is
dense

Remark 49. Let ([n] ER [m]) € Mor(Ainjaug)- Let 0 < ki < -+ < kpyp—y, < m denote the elements of

[m] that do not appear in the image of f. So [m] = [n]fU{k1,...,km—n}. Then f = [n]H[m] 8};“.
€1, m—n]

Proof. Case n > 0. In this case we have f € Mor(Ajyj). Then f = MHM 821_” by [1, Lemma 42].
i€[1,m—n]

—1 m| .
Case n = —1. In this case f maps from [—1] = (). Hence f = [ ]H[ }82:%. O
€1, m+1]

Lemma 50. Suppose given a tuple ((Xp)n>—-1, ((d})icjo,n])n=0), where X;, € Ob(C) for n > —1 and

d} € ¢(Xpn,Xpn—1) for n > 0 and i € [0,n] such that d?“ P = dptt ~dj_y for0<i<j<n+1and
n = 0.

There exists a unique functor X : AP

imj.ang — C» such that X[n] = X, for n > —1 and X9}' = d for
0<i<n.

Proof.

Ezistence. By [1, Proposition 43], there exists a unique functor Y : Aﬁi — C, such that Y[n] = X,
for n > 0 and Y (9]")°P? = d} for i € [0,n] and n > 1. We define

X Aiorg,aug — C
Yf if f € Mor(AR)
f XnyrX_1 . !
([n] = [m]) — [T d itm=-1
i€|n,0]

We claim that X is a functor. Note that X maps identities to identities.

Suppose given ([n] ER [m] & [k]) in AP

inj,aug *
Case f,g € Mor(A)). We have X(f-g) =Y (f-g9)=Yf-Yg=Xf-Xg.
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Case f € Mor(AﬁE) and k = —1. We have f = ! 8;:Z,Op, for some j; € [0,4] for i € [m+ 1,n], cf.
Remark 49 or [1, Lemma 42]. Then i€|n, m+1]
n m o Xm X_ o Xm X_
Xf-Xg=v(" ”azp [T )= Ya“’ I
i€ln,m+1]| i€lm,0] i€ln,m+1]| i€|m,0]
Xn Xm Xm X_ 1 * n X*l .
=" | ) [ @=x(9.
i€|n,m+1]| i€|m,0] i€n,0]

To show the equality (*) note that one can use relation

n+1 m _ gn+1 m
dj 'do—do 8i-1

for 0 < 7 < n+1 to decrease the sum of the indices as long as this sum is bigger than zero.

Case m = -1 and k = —1. We have Xf - Xg = Xf - Xid_y= Xf -idx_, = Xf = X(f-id|_q)) =
X(f-9).

Uniqueness. Suppose given a functor X satisfying X [n] = X,, for n > —1 and X 0 =d for 0 <7 < n.
Then X o I; is functor satisfying (X o I1)[n] = X, for n > 0 and (X o I;)d = d}! for i€ [0, n] and
n > 1. Hence X o I} =Y. Hence for [n] EN [m]) € Mor(Affj) we have Xf = (X oI)f =Y f=XF.
For ([n] EN [m]) € Mor(AHl: aug) Such that [m] = [—1] we have

xp=x0= W) = X = T x@e = T d = xs

i€|n,0] i€|n,0| i€|n,0]

This shows uniqueness. O

The construction in the following lemma goes back to Tierney and Vogel [2, (2.3)].

Lemma 51 (density of £). Given X € Ob(C), there exists Y € Ob(HoAugSemiSimpRes(C,P)) such
that £(Y) = X. In particular £ is dense.

Proof. By the construction in [1, Definition 36] we can construct a tuple ((Yn)n>—1, ((d}')ig[o,n))n=0);
such that the following conditions hold.

e We have Y,, € Ob(P) for n > 0.

We have Y_; = X.

dar
We have (Y;, = Y, 1) € Mor(C) and dj*' - df = d7*!-d?  for 0<i<j<n+1

For n > 0 the morphism f, : ¥, — K, defined by d} = f, - k" for i € [0,n] and for a chosen
simplicial kernel (K, (k}')ic(o,n)) of (d?_l)ie[o,n—l] is P-epic. In particular, we choose kJ := idx
and obtain d8 =fo:Yo—> X.

Lemma 50 shows that there exists a unique functor Y : AYY ~— C such that Y[n] =Y, for n > —1

mj,au,

and Y (9")? =d for 0 <7 < n. ThenY € Ob(AugSemlSlmpRes(C P)), ct. Definitions 44 and 45,
and £(Y)=Y_, = X. O
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4.3 Semisimplicial resolution of morphisms: £ is full

Suppose given X, X e ODb(C). Suppose given augmented semisimplicial resolutions of X and X, ie.
Y,Y € Ob(AugSemiSimpRes(C,P)) such that E(Y) =Y. ;=X and EY) =Y_; = X.

We write d}) := d?’y and Jn = dnif for 0 § i < n. For~ n > 0 we may choose simplicial kernels
(Km (kzn)le[(] n]) of (d )zE[On 1] and ( 7(@1)1‘6[0 n}) of (dn_ )ze[On 1]- For n > 0 let fn Yo — Ky
and fn :Y,, — K,, be the unique morphisms satisfying f,, - k' = d? and fn k:” = d” for i € [0,n].

Lemma 52. Suppose given a morphism ¢ : X — X in C. Then there exists § : ¥ — Y in
AugSemiSimpRes(C, P) such that £([g]) = g.

In particular the functor £ is full.

Proof. We construct a tuple (Y;, 2% ¥;,),>_1 of morphisms in C satisfying g, - df = d?" - g,_; for
0=>i>n

Construction of g—1. Let g_1 = g.

Construction of go. Since dO Yy — X is P-epic and Y, € Ob(P), there exists a morphism gg : Yy — Y,
satisfying gg - do =dp-g.

Construction of g, for n > 1. Suppose that n > 1 and that the morphism g,_; has already been
constructed and satisfies g,_1 - d” 1= =d;” Y. gn_o fori € [0,n—1]. Consider the tuple (k- gn— 1)16[0 n]
For 0 < i < j < n we have £k} - g1 - d”l—k" cl"1 9 = k- dnlgngzk “gn_1 - d"_
Hence by the universal property of the 51mphclal kernel of (di )zE[O,n] there exists a unique morph1sm
n K — K satisfying v, - k' = k' - gn—1 for i € [0,n]. Since f, is P-epic and Y, € Ob(??), there
exists a morphism g, : Y, — Y, satisfying g, - fn = fn - 7. It follows that g, - d}' = gn - fn - k' =
fo An K = fo kP gno1 = dP - gn—1 for i € [0,n].

For ([n] N [m]) € Mor(Aipnjaug) we have h = [n]H[m] 8,:}1_” for certain 0 < k; < -+ < kyp—pp < m, cf.

Remark 49. i€[1,m—n]
Then - .
Yher . g, = Y ( [m}H[ n] (8n+l)0p YmHYn dn—H‘ - YmHYn Cizj_z
ielm—n,1] i€lm—n,1] i€elm—n,1]
— g VO™ @) = g - VP
i€|lm—n,1]|

4.4 Construction of a semisimplicial homotopy: £ is faithful

The following proposition is due to Tierney and Vogel [2, Theorem 2.4].

Proposition 53 (£ is faithful). Suppose given morphisms

(W ER Z),(W % Z) € Mor(AugSemiSimpRes(C, P))

such that £([f]) = £([g]). Then we have [f] = [g].
In particular, the functor £ is faithful.

Proof. Let f = (Wyp 2% Z)ns—1 and g = (Wi 2 Zp)ns_1.
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For n > 1 we introduce the following notation.

Let (Kn, (k})ico,n)) be a simplicial kernel of the tuple (diZ’nfl)iE[O’n_l] forn > 1.
Let py, : Z, — K, be the unique morphism satisfying p,, - k' = diZ’n for i € [0, n].
Note that p, is P-epic, cf. Definition 44.

h?
We show the existence of a tuple (W, — Znt1)ig[o,n])n=0 of morphisms in C satisfying the following
conditions (i - vi) for n > 0, cf. Definition 27.

(i)  ApTa?"P=d hp fori e [0,n) and j € [i+2,m+ 2]

(ii) AL d].Z’”+2 h de’n+2 fori € [0,n] and j =i+ 1

(iii)  APT-d72 = R AP fori € [Ln+ 1) and j =

(iv)  hPTLed?™P =g fori e [L,n+1] and j € (0,4 — 1]
V) hpedht =

(Vi) hgedg"T =g

Then by Definition 27 we have Iyug1f ~ Iaug,19, which together with Iyyeof = E[f] = f-1 =g9-1 =
Elg] = Lag,2g implies f ~ g; cf. Definition 47.

Construction of hg.

Since fy - dg = d8 - fol = d8 -g-1 = 9o - d8 by the universal property of the simplicial kernel there
exists a unique morphism &) : Wy — Ly such that go = &) - I§ and fo = &) - I}. Since p; is P-epic and
Wy € Ob(P) there exists a unique morphism h : Wy — Z; satisfying h - p1 = 4.

Ad (v). We have hY -di = h)-p1 - 1§ =48] -1} = fo.

Ad (vi). We have hY - dy = hY - p1 - 1§ = 60 - 1} = go.

Construction of h}' forn > 1 and i € [0, n].

hk
Suppose that we already have constructed morphisms Wy — Zx11 for k € [0,n — 1] and ¢ € [0, k]

satisfying conditions (i - vi).

We shall roughly proceed as follows. We aim to construct the tuple (h;")ic[o,n) using the universal property
kn+1
of the simplicial kernel (K1, (Knt1 ——— Zn)icpo n“ ), followed by a lift along pr+1. To induce A in

this manner, we need for each ¢ € [0,n] a tuple (W, BREN Zn)jelo,nt1] satisfying

for 0 < £ < j < n+1. The morphisms «;’; may be chosen to be of the form d¥ -h7~1 as we are led to by the
conditions (i - vi), except for o1 ; and a7 ;, where we require equality and search for 8; = o'y = a1,
for ¢ € [1,n]. To construct these morphisms /3; we use the universal property of the blmphclal kernel K,

followed by a lift along pn, to induce B;. So for each i € [1,n] we need a tuple (W, 2o, Zn—1)jelo,n) of
morphisms satisfying
n mn—1 n n—1
Vi de =Y dj_i

for0<l<j<n.

For i € [1,n] and j € [0,n] we define the morphism

., ._{ drnptodr o forj i
Yij =

Wy — Zn—
dr -l dy forj<z'.} noT et



68

We show that ~}'; - d?il L R d;‘:ll for0<l<j<nandic]lln]

Case j =21 >0 and i <n and j > 1. Note that n > 2.

We have

VTt =dp Sy T =y T d e dp T =y Ry dp = dy ey R d

_m m—1 n—2 n—1 _ n—1 m n—1 _ n—I1 m nm—1 _ . n mn—1
- de 'dj—l 'hz'—l ‘dz'—l - de ‘hi—l 'dj -d; - dz 'hi—l 'di—l 'dj—l =Y dj—l :

11—

Case j =i >F andi <n and j =1i. Note that n > 2.
We have
Wyd T =gy dyT =y BT Y T = dy BTy dyp T =y Ry dy

J Jj— Jj— j—1 —
L

_m n—1 n n—1 _ n—1 n n—1 _ . n n—1 _ . n n—1
=dy-hj_y - didisy = dp -y diy o disy =g disy =g disy

Case j =2 i >{ and i =n. It follows that j =i =n.

We have

YL d}j‘l =dr-hloan. d;}—l =d" f_1- d}}—l =d-d}t e fua=dp - "1 fuea =d) - foor oAl
= Wy A = dp W =g dt = g

Case j =1 and £ > 1. It follows that j > i. Note that n > 2.

We have
vy dp Tt =dy Wy Ay =y By T =y dy T WA =y AT R

_m n—1 m n—1 _ n—1 m n—1 _ . n n—1
- dz 'hifl 'dj ‘di - dz 'hifl 'dz‘ 'djfl =Y djfl :

Case i > j. It follows that i > j > £. Note that n > 2.
We have
Yy dp Tt =dy WAy Ay =y BTy = dp b Ay = dy R Ay
-1 -1 -1 -1 -1
=dy - hi—y 'd?fl Ay =dp - hiTy - dy d?—l =Yy d?—l .
So for i € [1,n] by the universal property of the simplicial kernel (K, (l{:?) jelo,n)) there exists a unique
morphism €' : W, — K, satisfying €] - k7 = !, for j € [0,n].

Since py, is P-epic and W,, € Ob(P), there exists a morphism 5 : W,, — Z,, such that 5 - p,, = €}
for i € [1,n]. Let 3 := g, and 3], := fn.

Suppose given i € [0,n]. For j € [0,n + 1], we define the morphisms
dr_y RPN i > i+
ajj =14 B7 if j € [i,i+1] :Wn — 2y
dar-hio i<

We show that a%-d}‘éa?z-d?_l for0<l<j<n+1andiec]|0,n].
Case j > 1+ 1 and ¢ > £. Note that n > 2.
We have

n m __ n n—1 m __ .n n—1 n—2 _ n—1 n—2 _ n—1 n o n mn
QG5 dz - dj—l ’ hi ’ dz - dj—l 'de ’ hifl - dz ’ djf2 ’ hzel - de ’ hifl Qi = Qe dj—l :



Case j>i+1andi <l and {=1=0.
We have

n n __ Jn n—1 m __ Jn _ n _an n _.n n _.n n
ai,j‘de _dj—l'h'o -d —dj—l'gn—l—gn'dj—l—ﬁo‘dj—l—ao,o'dj—l—ai,e'dj—r

Case j>i+1andi<land (€ [i,i+1] and 0 <l <n.
We have

n m _ Jn

n—1 m
]_1 N hl * dﬁ .

We have

Qg dj—l =By 'dj—l =By pn- kj—l =€ kj—l =Y -1~ dj—l chyy - df = dj—l hi T dy

Case j>i+1 andi </l and € [i,i+ 1] and £ =n. It follows thati =n—1 and j =n+ 1.
We have

n m _ .n m __ Jn n—1 n
Q- d@ = _1pt1” dn - dn ) hnfl ’ dn .

We have

n n  _ m _ Aan m _ Qan n _ .n n_n _ Jn n—1 mn
O‘z’,@'dj—l—a 1,n'dn—ﬁn'dn—ﬁn'pn'kn—En'kn—%z,n—dn'hnq'dn-

Case j>i+1 andi <t and l > i+ 1. It follows that j > i + 2. Note that n > 2.
We have

n mn _ Jn

]_1~h:.‘_1-d?:dﬂ

j—1"

Case j € [i,i+ 1] and j = i. Note that j € [1,n].
We have

o dif =B - dy = B - pn -k =€} kf =7y =dp iy - di_ = di BTy dY = oy df

j—

Case j € [i,i+ 1] and j =i+ 1 and £ < i < n. Note that j € [1,n].
We have

a,ffj-d?:B”-d’g:B;-L.pn-k?:e?-k?:ﬁg:d}h?_ll-d” —dg-h?_l-d?:dg-h;‘__ll‘d?

J — 7—1
— A N — an N
=0 d; =G djfl'

Case j € [i,i+ 1] and j =i+ 1 and £ <i=n. Note that j =n + 1.
We have

n n __ n mn __ n n __ mn __ mn — AN n—1 n __ n n n mn
Oéld'dé —&n7n+1'd£ — n—}—l'dé —fn'dl —dg'fnfl—de 'hn_l'dn—a ,Z'dn_az,é'd]fl'

n

Case j€liyi+ 1] and j=i+1 andi <l and j = 1. It follows that 0 =i =€ =75 — 1.
We have

n—1
oy dy =ogy - dyg = B7 - dy =BT - pn kg =€ kg =g =dy kg - dg =dy - gn—1 = 9gn - dg

,J 14
J— n mn __ n mn __ n m
=0y - dg = ao,o'do = ai,é'dj—l‘

m—1 n—2 __ jn n—1 n—2 _ n—1 n _.n n
dp—y -hi " =dj_y- dj—2 chiTt=dyy b A = Qg dy_

69

1-
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Case j€fiyi+ 1] and j=i+1 andi <l and 2 < j < n. It follows that i =0 =j — 1.
We have

O‘?,j‘d?zﬂ}l'd?zﬁy'pn'k?zﬁy'k?I’Y;g:d}f"h?:ll'd?,lZd?-h?_l-d?:dg-h?jll.d?

J— n __ n n __ n n __ n mn __ n mn
=Yg = € ki =57 pn - ky —ai,i‘de —O‘i,e‘djq-

Casej€liy,i+ 1] and j=i+1 andi </l and j =n+ 1. It follows thati = =j — 1 =n.
We have

n—1
o df = ap g dy =By cdy = focdy =dy - faor =dy o hp Ty ody =, =€k = B - ky

n,n
_An.,gn _ ,n n _ .n n
_Bn’dn_an,n'dn_ai,é'dj—l'

Case j < 1i. It follows that i > £+ 1. Note that n > 2.
We have

n m __ n n—1 m __ n m—1 n—2 _ n—1 n—2 _ n—1 m . n n
& 'de - dj ’ hi—l ’ dz - dj 'de ’ hi—2 - d@ ’ dj—l ’ hi—2 - de ’ hi—l ’ dj—l = djfl :

So for i € [0,n] by the universal property of the simplicial kernel (K1, (/@?H) jefo,n+1]) there exists
a unique morphism 9§} : W), — K, 1 satisfying J}" - k;;”rl = aj; for j € [0,n + 1].

Since pp41 is P-epic and W, € Ob(P), there exists a morphism A} : W,, — Z,, 1 such that A’ -p,1 =
or for i € [0, n).

Ad (i). Let i € [0,n—1] and j € [i + 2,n + 1].

We have
n n—+1 n n+1 n n+1 n mn n—1

Ad (ii). Let i € [0,n— 1] and j =7 + 1.
We have

n m+l _ 1n ntl _ ¢n gn+l _ n _ om _ n _n n+l _ 1n n+l _ 1n n+1
h; 'dj = h; ‘pn+1'kj =0 ‘kj =05 = /Bj =5 = 5i+1'kj = hi+1'pn+1'kj = hi+1'dj .

Ad (iii). Cf. Definition 27.
Ad (iv). Let i € [1,n] and 7 € [0,7 — 1].

We have
hi - dit =B g KPP =67 KT = afy = df -
Ad (v).
We have
Wi = B K = 0 K = ol = B = .
Ad (vi).
We have

n n+1l _ 1n n+l _ ¢n n+l _ n _ on __
hy - dy™ = hy - pny1- kg™ = oy - K —Oéo,o—ﬁo—gn-
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4.5 The resolution functor

Recall that C is a category that has finite limits and that P C C is a resolving subcategory with finite
coproducts.

Recall that we have the functor
& : HoAugSemiSimpRes(C,P) — C;

cf. Definition 48.

It maps an augmented semisimplicial object, with objects in P at positions £ > 0 and with all induced
morphisms into the occurring simplicial kernels being P-epic, to its object at position &k = —1.

Theorem 54. The functor £ is an equivalence of categories.

Proof. Tt suffices to show that £ is faithful, full and dense.

Faithful: Cf. Proposition 53.

Full: Cf. Lemma 52.

Dense: Cf. Lemma 51. O

Definition 55 (resolution functor).
We choose an inverse equivalence £~! : C — HoAugSemiSimpRes(C,P). We define the resolution

functor to be

Rescp: C —  HoSimp(P)

(X LY) = Resep(X LY) = Fpllagr (E1(X L 1)),

Concerning faug,l , see Definition 48. Concerning Fp , see Proposition 37.

We have the following commutative diagram.

¢t HoAugSemiSimpRes(C, P) —— HoAugSemiSimp(C)
jaug,l

HoSemiSimp(P) = HoSemiSimp(C)

Rese,p

Fp

HoSimp(P)
Lemma 56. Suppose given a category D and a functor F': C — D.

Given X & Y in Simp(C), we recall that X,Y : A°? — C are functors and that f is a transformation
from X to Y.

Hence we may define a functor Simp(F’) : Simp(C) — Simp(D) by

Simp(F)(X L V) = (FoX) 2 (Fov)).

Note that all-Simp(F)(X)’ZJrl = F(dZX’ZH) and sfimp(F)(X)’z = F(S;-X’Z) for ¢ > 0 and 7 € [0, ¢].
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Note that (Simp(F)(f))¢ = F(fe) for £ >0

There exists a unique functor HoSimp(F') : HoSimp(C) — HoSimp(D) making the following diagram
commutative.

Simp(F')

Simp(C) Simp(D)
Rsimp(c),(~) J/ iRSimpm)yw
HoSimp(C) r— HoSimp(D)

Proof. Suppose given morphisms f,g: X — Y. Suppose given a simpicial homotopy ((h}')ic[0,n])n=0
from f to g, i. e. a tuple of morphisms satisfying the relations (i - viii) in Definition 26. We claim
that the tuple ((F'h{);c(o,n))n=0 is an elementary simplicial homotopy from Simp(F)f to Simp(F)g .

Let n > 0.
Ad (i).
Let i € [0,n] and j € [i +2,n + 2].
We have
_ dsijlip(F)X,n+l FhY
Ad (ii).
Let i € [0,n] and j =i + 1.
We have
n+1 Simp(F)Y,n+2
= th+1 dj .
Ad (iv).
Let 1 € [1,n+ 1] and j € [0,7 — 1].
We have
Fh;prl . d]Simp(F)Y,n+2 th+1 FdYn+2 (thrl dYn+2) (dX ,n+1 hn ) Fdj(,nJrl ) Fh?,1

_ dSimp(F)X,n+1 . Fh;'ll .

Ad (v).
Let i € [0,n] and j € [i + 1,n + 1].
We have

th . Slmp(F)Yn-FI _ Fh? . FS;/,TL-Fl . F(hn . SY,TL-'FI) _ F( Xn hn+1) — FS}X;,TlL X Fh;’L—l—l
— S?erip(F)Xvn . th-H_l .

Ad (vi).
Let i € [0,n] and j € [0,1].
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We have
Fhip - PO = Pl Pt = P - 5] = P ) = P FREE
N
Ad (vii).
We have
Fhy - dy POV = phn pal T = F(R - dY) = F(fa) = (Simp(F) )
Ad (viii).
We have

Fhy - dmPEYntl — pn palntt = pope . dX ) = F(g,) = (Simp(F)g), .

So for f elementary simplicially homotopic to g, we have
(RSimp(D),~ © SImp(F")) f = (Rsimp(p),~ © SImp(F’))g .

By Lemma 8 and Lemma 32 there exists a unique functor HoSimp(F') : HoSimp(C) — HoSimp(D)
satisfying
HoSimp(F) o Rgimp(c),~ = Rsimp(p),~ © Simp(F).

We end with a provisorial definition.

Definition 57. Suppose given a category D and a functor F' : C — D.
We define the functor by

LF := HoSimp(F') o Res¢ p : C — Simp(D)

and call it the left derived functor of F'; cf. [2, §2, p. 6].



Chapter 5

Dold-Puppe-Kan correspondence

Let R be a ring.
In this chapter A = R-Mod will be the category of left R-modules and R-linear maps.

We aim to give a proof of the classical Dold-Puppe-Kan theorem, cf. [5, Theorems 8.1, 8.2], [6,
Theorem 1.5], [7, Satz 3.6], with the help of the functors F¢ and Fe.

5.1 From semisimplicial modules to >0-complexes and back

5C
Recall that a complex C' over A consists of a tuple of morphisms (Cy4+1 — Cp)nez in A such that
5g+1-5320f0rn6Z.

651 5C 5¢

Cri1 0 Cp———— )

C=(...

A morphism between complexes C' and D is a tuple (C), N Dy,)nez with 57(5 1 Qp = Qpyt d,? " for
n € 7.

We denote the category of complexes over A by C(A).

Definition 58. A >0-complexr is a complex C' such that C; = 0 for —1 > i. We have the full
subcategory C(A)=o of >0-complexes in C(.A).

Remark 59. In the following section we write a semisimplicial object in A as X =
(Xn, (d"™)ictons1))nz0 With X, € ObA and d;"""'€ 4(Xp41, X,) such that d; " . a3 "
dﬁq-i_l : df(’" for 0 <i<j<n,cf [1, Proposition 43].

Consider a tuple (X, = Y;)n>0, where X, Y € Ob(SemiSimp(A)). For (X, 2% Yy )ns0 to be a
semisimplicial morphism it suffices to have cliX’”Jrl CQp = Q- dz/’nﬂ forn > 0and i€ [0,n+ 1].

Definition 60. Suppose given X € Ob(SemiSimp(.A)).
Write [ ker diX’O = Xp.

1€[1,0]
Y — (X sX v — Xn X . Xt X
We define a >0-complex X = (Xp, ;" 1)nz0 over A by X, := (] kerd; ™ and 0,/ := d %
i€[l,n] il
for n > 0.
For n > 1 and for 2 € X,,4; and i € [1,n] we have z(dy" "' . dX"™) = x(dﬁ_’?“ -di™) = 0d3™ = 0, so

that 5§+1 is a well-defined R-linear map.
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Forn > 1 and z € X,,11 we have 33(57)1(“ 5X) = w(dy™ T dEmy = 2(d"T A = 0dg ™ = 0, so

that X is indeed a complex.

We define the Moore complex functor

M : SemiSimp(A) — C(A)so
X ' for X € Ob SemiSimp(.A)

~ an‘

(Xn 2% Vi)nso = (Xn —= YVp)pso for o € Mor SemiSimp(A)

YTL+1) m(d)(,’rl-f—l

This is well-defined since for n > 0 and = € X,, 41 we have z(ay,1 - d i

for i € [1,n + 1]. We have a, - 5 =

cap) = 0a, =0
b=y dOYn = d())(” Q1 = 0X -y 1, 50 a is indeed a complex
morphism. Note that in fact M(idx) = id; and M(a - 3) = M(a) - M(3) by construction.

Definition 61. For C' € Ob(C(A)so) we define a semisimplicial object C' in A by C, := C,, by

dC”Jrl =05, and by dzan—Oforn 0and i€ [1,n+1].

We have d*"+2. d?’"“ =0= dejf’Q 9™ for 0 < i < j <+ 1, so that (C, ((df’”)ie[oﬂ])@o) is
indeed a semisimplicial object in A; cf. [1, Proposition 43].
We define a functor
N: C(A)>g — SemiSimp(A)
C — C for C € Ob C(A)s
(an)nz0 —  (n)n>0 for (an)n>0 € Mor C(A)=q

This is well-defined since we have o, 11 -dzp’nJrl =0=d; cay, for i € [1,n+1] and a1 -d?’"“ =

g1 60 =065 - an = doé’n+1 -y, for n > 0 and for C % D in C(A)so

Remark 62. The functor M o N : C(A)>g — C(A)so is the identity functor.

Proof. For C € C(A)>p we have (Mo N)C), = () ker d?fc’n = () kerO= ) C,=C, and

i€[1,n] i€[1,n] i€[1,n]
57(1./\/10./\/') _ ./\/'Cn_éc
. . el MN( C’))n o
Suppose given n > 0 and a morphism C — D. We find that (M o N)a), = (Na), ’M(J\/
an|g: = ay,. So indeed (Mo N)a = a. O

Lemma 63. For X € Ob(SemiSimp(.A)) and n > 0 we define

fxa: (NoMX), — X,

x =
to be the inclusion map, where (N o M)X),, = [\ ker d;Xn
1€[1,n]
Then px = (txn)n=0 : (N o M)X — X is a semisimplicial morphism.

Moreover, the tuple p := (1) x cOb(SemiSimp(A4)) 18 @ transformation from N o M to idgemisimp(A)-

Proof. We show that px is a semisimplicial morphism.

Let n>1. Forz € N o M(X)), = [\ kerd " we have
1€[1,n]
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(X - dzxn) = iL'le’n =0=2(0-puxn-1)= x(df/oM(X)’n “pxn—1),if i € [1,n], and we have
x(ﬂx,n : dé(’n) = xdé(,n - m(d{)\[OM(X)’n : /JJX,n—1> :
So px is a semisimplicial morphim for X € Ob(SemiSimp(.A)).

Let (X, 2% Y,,)n>0 be a semisimplicial morphism.

Let n > 1.
Let z € (NoM)X),, = () kerdy,.
i€[1,n] ’
. N kerdzf’"
We have x((NO M)Oé)n ’ :UYJL) = x((an‘le[ﬁ"] kerdx’n) : ,uY,n) = (xan),U'Y,n = TOn = x(ﬂX,n : an) .
1€[1,n] ‘
N kerd"c " o x,
1€[1,n]
n kcrdzf’n
N |i€[1,n] an
"N ke
i€[1,n]
ﬂ kel” d,LY’n CT Yn
i€[1,n] "

Proposition 64. The functor N is left adjoint to the functor M.

Moreover v := idiqq )+ idc(a),, = M o N is a unit and g : N o M — idgemisimp(4) is @ counit of
this adjunction. -

Proof. We have to show commutativity of the following diagram.

N Nv NoMoN

idar \L“N
N

This means we have to show commutativity of the diagram

WO (W 0 Mo YO,
\ lp‘f\/’c,n
dwvey,

(NC)n

for C € ObC(A)>g and n > 0.

But parc,, is the inclusion map (Mo M o N)C),, — (NC), and according to Remark 62 we have
((NO M ON)C>n = (./\[C)n . So HUNCn = id(NC)n-

So we have (J\/idc)n CUNCp = id(NC)n 'id(./\/'C)n = id(NC)n-

We also have to show commutativity of the following diagram.
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M vM MoN oM

R
M

This means we have to show commutativity of the diagram

d(mx)n
—_—

(MX), (MoNoM)X),
m l(an
(MX),
for X € Ob SemiSimp(A) and n > 0.
But we have (Mpux), = NX7n|E<Af4§3\70M>X)n Rm 62 ,an|Eﬁ§;Z = id(pmx), -

So we have id(Mx)n'M(MX)n = 1dmx), [dmx), = idmx), -

5.2 From simplicial modules to >0-complexes and back

Recall the functors F4 : SemiSimp(.A) — Simp(A) and V4 : Simp(A) — SemiSimp(A), cf. [1,
Lemma 60, Definition 48]. We write F := F4 and V := V4.
For X € Ob(SemiSimp(.A)) we have (FX), = ) Xk .

(f:[n]—[k])€sur]j
for some k € [0,n

For n > 0 and k € [0,n] and (f : [n] — [k]) € surj we have the inclusion morphisms

(g:[n]—=[€]) esurj
for some £ € [0, n]

For f = idj,) we denote tx,n 1= txid, -

Forn >0 and k € [0,n] and (f : [n] — [k]) € surj we also have the projection morphisms

TX,f - @ Xg—)Xk.

(g:[n] =€) esurj
for some ¢ € [0, n]

Then id(rx), = > xf-tx,fandidx, = x p-mx ¢ for k € [0,n] and (f : [n] — [K]) € surj.
f(fi[n]%[Z])G[SOurj}
or some K € |0,n

Furthermore 0 = vx - mx 4 for k,£ € [0,n] and (f : [n] = [k]), (g : [n] — [£]) € surj such that f # g.

Definition 65. We have the transformation ¢ := ((¢x,n)n>0) X €Ob(SemiSimp(4)) * 1dSemiSimp(4) — VO F ;
cf. [1, Remark 62].

For X € Ob(Simp(.A)) and n > 0 we have, by the universal property of the coproduct, a unique
morphism nx, : (FoV)X), — X, satisfying vy x r-nxn = Xy for k € [0,n] and (f : [n] — [k]) € surj.

We have the transformation 7 := ((7xn)n>0) xcOb(Simp(A)) : F © V — idgimp(a) ; cf. [1, Remark 64].
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We have F 4V and ¢ is a unit and 7 is a counit of this adjunction; cf. [1, Proposition 65].

Recall that A" 4 M and that the transformation v = idide, Mg

is a counit of this adjunction; cf. Lemma 63, Proposition 64.

It follows that F o N/ 4 M oV and that

is a unit and p : No M — idgemisimp(4)

v (MN) idgay,, = (MoV)o(FoN)
is a unit and that
€= (FuV) -n: (FoN)o(MoV) = idgimp(a)

is a counit of this adjunction.

Our aim in this section is to show that F oA and MoV are in fact equivalences of categories. So we
have to show that 7 and € are isotransformations.

Lemma 66. The transformation 7 : id¢(4)., — (Mo V) o (F o N) is an isotransformation.

Proof. We show that for C € Ob(C(A)>0) and n > 0 the R-linear map ¢, := (7¢)p is an isomorphism
of R-modules.

For n =0, we have

TC0 = Voo - (Mine)o = tveo = incidg t (NC)o — @ (NC),.
(g:[0]=[¢]) esurj

for some £ € [0, 0]
So TO0 = ide, .
For n > 1, we have

(MoVoFoN)C)y= () keed™™"c @ W)

1€[1,n] (g:[n]—[€]) €surj
for some ¢ € [0, n]

and thus
VoFoN)C,n
N kerdVeroN) O kerdFeACn
o M le[ln _ ie[1,n]
Ten = Vo - (Minen) = ivenl o GNCm = INCp
i
7,6[1 n]

Ad injectivity. The map ¢n¢,, is injective, since it is the inclusion map of a direct summand. Hence
any restriction of it is injective.

Ad surjectivity. Let x € (M oVoFoN)C), = ()] ker dEfON)C’n
i€[1,n]

We have x = xid((]_'o./\/’)c’)n = > m(WNC,f : LNC,f) .

(f:[n]—=[k]) esurj
for some k € [0,n]

So in order to show that x € Imincy, = Ime NCidp 5 it suffices to show that zmac ¢ L 0 for k € [0, 7]
and (f : [n] — [k]) € surj such that f # id,

For f : [n] — [k] € surj such that f # idj, the map f is not injective. Hence we may define
ef:=max{i € [0,n—1]:if = (i+1)f}.

Let k € [0,n] and f : [n] — [k] € surj such that f # idp,.

We now prove xm/c,f ) by induction over n — 1 — ey .
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We assume by induction hypothesis that for £ € [0,n] and g : [n] — [¢] in surj such that g # {id[,}
and such that n —1 —e; <n —1—ey, we have zmyrcy = 0.

We now consider the following equation.

FoN)Con FoN)Cn
0= xdgfﬂ ) = Z $(77/\/079 “INCyg - dE:fH ) )

(g:[n]—[0])€sur]j
for some £ € [0,n]

Recall that for ¢ € [0,n] and ¢ : [n] — [¢] in surj and i € [0,n], we have

LNC,g * d(foN)C,n = (NC)(@Z?L,Q). . LNC,%’ cf. [1, Lemma 58],

(2
where we regard N'C' as a functor NC': Afh — A.

For g =idy,) we get tnog - dToNICm _ GNCn

ef+1 ept1 T UNCidp,_q) = 0 and hence

= (]'—ON)C,TL
0= Z Ji(?TNc’g "INCg - def—H ) .

(g:[n]—[{]) €surj
for some ¢ € [0,n — 1]
The induction hypothesis leads further to

— (FoN)Cn

0= Y ety e T,

(g:[n] =) esurj
for some ¢ € [0,n — 1]
eggef

(FoN)C
We have ipncg - de,+1 = W)@z, .10 NCTT g

Now for £ € [0,n — 1] and (g : [n] = [¢]) € surj such that e; < ef there are two cases.

Case 1. We have e¢; = ey. Then 8Qf+1 - g is surjective. We conclude that ( QfH -9)® = idjg and
(NC)(8§f+1‘9)' = idcZ .

Case 2. We have e; < ey. Then O] 1 g is not surjective, since i := (ey 4+ 1)g is not in the image
of O, 1 - g, since otherwise either (ef)g = (e + 1)g or (ef + 1)g = (ef + 2)g, both contradicting the
maximality of ;. So (0ef+1 9)* = 9! . We have i > 0 since otherwise 0g = 0(8ef+1 g) = 005" = 00§ > 0

and g would not be surjective. We conclude that (N C)(an 9 = AR by construction of N'C.
°f
So we further reduce to
FoN)C,
0= > 2(macg - tneg-di ) ") = ) H(mNC  odE )
(g:[n]—[€])€sur;j (g:[n]—[€])esur;j
for some ¢ € [0,n — 1] for some ¢ € [0,n — 1]
eg<ef egsef

For g € surj starting from [n] and such that g # idj,) and e, = ey we have

g7 f = 6?f+1‘97éagf+1'f-

Indeed, if 8:} 19 = 8§f+1 f we get 8§f+1 g = 0" 19 = Qfﬂ-f =07 f,so 9‘[n]\{ef+1} =
flin—1\{e; 1. Which together with (e +1)g = (ef)g = (ef)f = (ef + 1) f implies g = f.
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Applying 7 NC, 8" 7, We can conclude that

0=0myeam 7 gt = Z (g - LNc,ang g TNCaT ) = LTNC.] -

. ef+1
(g:[n]—[€]) €sur;
for some £ € [0,n — 1]
eg=ef

O]

For the proof that € is an isotransformation we follow an approach I have learned from Marc Stephan
[4, T Prop. 3.21, p. 29 and IT Cor. 3.4, p. 51]. As a preperation, we need the folllowing Lemma.

Lemma 67. The functor M oV reflects isomorphisms. Le. given (f : X — Y') € Mor(Simp(A)) such
that (M oV)f is an isomorphism, it follows that f is an isomorphism.

Proof. Suppose given (f : X — Y) € Mor(Simp(A)) such that (M o V)f is an isomorphism. This
means that for n > 0 the R-linear map (Mo V)f), : (Mo V)X), — (Mo V)Y), is bijective. It
suffices to show that the R-linear map f,, = (Vf), is bijective for n > 0.

We introduce the following notation. Suppose given a € [0,n]. For b € [1,a + 1] we define
Xopi= [ kerd " C X,.
i€[b,al

In particular, X, q41 := X, .

For b € [1,al, we have the inclusion map

exab: Xap — Xabtl
X = T

For a € [0,n] and b € [1,a] and = € X, 41 and ¢ € [b,a — 1] we have

w(dy - = a(d) - dy ) = 0dp T = 0.

a—1,b

X,aX,
d ‘Xa b+l

Hence there exist the maps

For a € [0,n] and b € [1,a] we have the following short exact sequence.

‘ a 1,b
€X,a,b Xa,b+1

0 Xa,b — Xa,b+1

Xa—l,b

At X, it is exact since the inclusion map ex 4 is injective. At X, 4 it is exact since for x € X 441
we have
X
xd, =0z Xy

For z € Xq_1p and i € [b+ 1,a] we have

w(spt7hdN) = a(d T s = 0508 =0

X,a—1 . X,a—1 ;X.a . . X,a1Xa—1,b
and so x5, € Xgpq1. Since x(s; | -dy ") = widx,_, = x, it follows that d; |XZ is surjective

and hence we have exactness at X,_1.
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If 2 € Xqp we have z(f, - d?/’a) = :U(le’a  fa—1) = 0fq—1 = 0 for i € [b,a]. Hence we may define
Y,
fa,b = fa’erb'

We have the following commutative diagram.

X
X,a"*a—1,b
dy " lx

€X,ab a,b+1
0 Xa,b Xa,b+1 Xa—l,b 0
fa,b fa,b+1 fa—l,b
_—
0 Ya,b ey.ab Ya,b+1 vaYe_1b Yafl,b 0
d ’ )
b Ya,b+1

So if fqp and f,—1; are bijective, then f, 41 is bijective.
We prove that f, is bijective for a € [0,n] and b € [1,a + 1] by induction on b.
Induction base. Note that fo1 = (Mo Vf), for a € [0,n], which is bijective.

Induction step. Suppose that b > 2. Since f,,—1 and f,—1p—1 are bijective, f,; is bijective for
a € [0,n].

So in particular fy, ,+1 = fr is bijective. O

Lemma 68. The transformation € : (F o N) o (M 0V) = idgimp(4) is an isotransformation.

Proof. Suppose given X € Ob(Simp(A)). We have 7y (op)x + (M o V)ex = idpmoy)x by adjunction.
By Lemma 66 we know that 7(yo))x is an isomorphism. Hence (M o V)ex = (T(pmopyx) ' is an
isomorphism. Hence by Lemma 67 we have that ex is an isomorphism. ]

So we already proved the first part of Dold-Puppe-Kan, i.e. of Proposition 72 below. Now we treat the

question of what the inverse transformation of € explicitly is.

Definition 69. Let X € Ob(Simp(.A)) and n > 0.
Suppose given k € [0,n] and (f : [n] — [k]) € surj. Suppose given a subset A C [1, k.

We define a monotone map

gra: k] — [n]
, min f~1(4) ifid A
S {(minf_l(i))—l ificA

Note that (0)gfa = 0, since 0 ¢ A. Note that for 0 < i < j < k we have min f~1(i) < min f1(j), so
(1)gr,a < (J)gpa-
We define an R-linear map 5 x,f 1 Xp — X by

Suppose given i € [1, k].
Note that for A C [1, k] such that i ¢ A, we have 9} - 9rAuE) = o - gra.
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Thus we have

bxgdit =02 (DN ) X = 2 ()X,

K3

AC[LK] ACTL)

= 2 (DMXp, 5 (DAX,

ACI[L K] AC[1,K]

i¢gA icA '

= Y (DX, o+ Y (—nAtix,,

Ag[l,k‘] 82 95,4 Ag[l,k‘] az 9r,AU{i}
= ¥ (DX grA > (= Xa?“-gf,A =0

Ag[l,k‘] v Ag[l,k‘] 7

So Im & xS (] ker le’k , hence we may define
1€[1,k]

5 N kerdix’k
Ox,p = Ox g[S

S0 0x 1 pvx.k = Sxyf. In particular, if £ = 0 then dx ; = SXJ.
We define the R-linear map 0x,, : X;, = ((F o N o M o V)X),, by requiring
OX,n  T(NoMoV)X,f = 0X,f
for k € [0,n] and (f : [n] — [k]) € surj using the universal property of the product.

Lemma 70. For X € Ob(Simp(A)) and n > 0, we have (€x)n - 0x,n = id((Forrormor)x)

n'

Proof. Recall that (FoN oMoV)X), = fan N ker dZ,X’k )
(f:[n]—[k])€surj i€[1,k]
for some k € [0,n]

Recall that

B ) kerd sy, @ () kerd
(f:[n]—[k])esurj i€[1,k] (f:[n]—[k])esurj i€[1,k]
for some k € [0,n] for some k € [0,n]

To show that (ex)n-0x,n = id((Foaomov)x), We have to show that for k, ke[0,n], (f:[n] = [k]) € surj

and (f : [n] = [k]) € surj we have

! id NoMoV)X lff:f
LNoMoV)Xf  (€X)n - 0Xin * T(proptov) X, = { 0 ! o if f#f.

Hence by the universal properties of the product and the coproduct it follows that (ex)n - dxn =
id((J:ONOMOV)X)n .

We observe that for k£ € [0,n] and (f : [n] — [k]) € surj we have, using the construction of F from
[1, Lemmas 59, 60],

LNoMoW) X, f * (€X)n = tNoMoV)X,f = F (HVX )n - X0 = HVX & VX, f " X0 = HyX k- Xf -

x,k ; cf. Lemma 63.

i

We have pyx - X5 = Xy n

i€[1,k]

kerd
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So we have
B ﬂ~ kercl,L-X’l~€
VoMoV X, g (€X)n = 0xn T nropovyxf = Xfl A keraXt O I
. ie[1,k] i
n. kerd;-X’k n. kerdz-X’k
o . |A\ . 1€[1,k] o o |A| i€[1,k]
- ( Z~ ( 1) Xf ng,A)| m kerdf(’k - ( Z~ ( ]') ng,Af)‘ n kerdi)(,k‘
AC[LK] i€[1,k] AC[1,K] i€[1,k]

Case f = f. In particular, k = k.

For () # A C [1,k] and j = max A we have j(gra- f) = ((min f~(j)) —1)f =j —1and i(gsa - f) =
(min f~1(i))f = i for i € [j+ 1,k]. So j ¢ Im(gra - f). Hence there exists a monotone map
w: [k] = [k — 1] such that gf7A-f:u-8§“.

Forz e () ker diX’]C we have
1€[1,k]

X

graf = ZEXu.ajl_c = x(dx’k - X,) =0X,=0.

J

So ng,A'f‘ N kerdf{’k = 0.
ic[1,k]
We further have i(gsg - f) = (min f~1(¢)) f =i for i € [0,k]. So Xgr08 = Xiay, = ldx,.
Combining these results we get
N kerclf(’]c
S o 1 |A‘X i€([1,k]
LNoMoV)X,f * (€X)n " Oxn - T(NoMoV)X,f = > (=1 9741 N kerd "
AC[LA] i€[1,k] !
N kerdf(’]C
. i€[1,k] .
=idy, | N kerd:F = ld((NOMOV)X)k .
i€[1,k]

Case k < k.

Suppose given A C [1,k]. The map 9ia- T [k] — [k] is not surjective, since k < k. We have
O(QJ;’A - f) = 0. Thus there exists j € [1, k] such that j ¢ Im 9gf.a - f- Hence there exists a monotone
map w : [k] — [k — 1] such that gf’A-f:u-(?j]?.

Forz e () ker d;-X’k we have
1€[1,k]

©Xg; ,of = X 00 = 2(d} " X,) = 0X, =0.

fat

So X, ok =0 for A C[1,E].

f,A'f| N ker

1€[1,k]

So we have

N kerdf(’iC
i€[1,k]
tNoMoV) X, g (€X)n Oxin * Tinropmony . f = (22 (DHIXg ) A rera¥k =0
AC[LK] i€[1,k] !

Case k >k and f # f.
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Note that for % : [n] — [{] surjective and monotone, we have £ = [Im g y|—1 and (i)h = [Im g pN[1, ]|
for i € [0,n]. Hence h is determined by Im g, g .

We assume that Imgz, C Imgypg. So k= [Imgsyl =1 < |Imgsp|—1=Fk < k. Thus [Im gyl =
|Im g7 p|. Hence f = f, which contradicts the assumption.

Hence there exists j € Img;, such that j ¢ Imgyg. We have j > 0 and (j)f = (j — 1)f, since
otherwise j = min f~(jf) = j(f - grp) €Imggyp.

Let e € [1,k] be the unique element in g};)(j)

Suppose given A C [1,k] such that e ¢ A. Then elgra- =0 =0-1f = e(g];’AU{e} - f). For

i €0,k \ {e} we have ()9Fa= (z')gf,AO{e}. Hence we have g7 o - f = g a0qey - /-

So we get

N kerdXF
. A i€[1,k]
UNoMoVX. £ (€X)n  0xm T nopmtomyx.f = (2 (1) ngf',A'f)| N kerdX*
ACIL,k] i€[1,k] !
N kerdX*
A A i€[1,k]
= ( Z~ (_1)| |ng7A'f + Z 5 (_1)‘ ‘ng_,A'f)| N ker dX0F
AC[L,k AC[Lk i ‘
&[A ] eG[A ] €l1.k] )
N kerdix’k
. i€(1,k]
=( X DMXx, s+ 2 (‘U‘AU{e}ngf‘Au{e}‘f)‘ ) ker d0*
AC[1,k] ’ AC[1,k] ’ Z_E[qk] “h
e¢d A e A _
N kerdf(’]C
i€[1,k]
= ( z~(—1)|A|ng7A,f— Z~(_1)‘A‘X9f",,4‘f)| N kerd®* =0.
AC[1,k] AC[1,k] i€[1,k] !
e¢ A e¢ A

O

Lemma 71. For X € Ob(Simp(.A)) the tuple (0x )n>0 is an isomorphism from X to (FoNoMoV)X
in Simp(A).

The tuple § := ((9x,n)n>0) XeOb(Simp(A) > 15 an isotransfomation from idgyy,p(4y to (FoN) o (Mo V).

The transformations € and ¢ are mutually inverse isotransformations.

Proof. The transformation € is an isotransformation; cf. Lemma 68. Suppose given X € Ob(Simp(.A)).

By Lemma 70, we have (ex)n - 0xn = id((FoNormv)x), for n = 0. Since ex is an isomorphism in
Simp(A), the tuple (dx,)n>0 is its inverse isomorphism.

Since € is an isotransformation, it follows that e and § are mutually inverse isotransformations. O

The following proposition originates from [5, Theorems 8.1, 8.2], [6, Theorem 1.5] and for abelian
categories from [7, Satz 3.6].

Proposition 72 (Dold-Puppe-Kan).

We have equivalences of categories

Simp(A) ~ C(A)>o0
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mutually inverse up to the isotransformations

T:idc(A)>0—>(MOV)O(.FON)

and

€: (FoN)o(MoV) = idgimp(a) -
The inverse isotransformation of € is given by 4.

Proof. Cf. Definition 65, Lemma 66, Definition 69 and Lemma 71. O

So altogether we have the following diagram.

N F
C(A)>o __ L _ SemiSimp(A) _ 1 — Simp(A)
M %
FoN
MoV

Remark 73. We can also show by a direct calculation that § - ¢ = ididsm.p( a

Let X € Ob(Simp(A)) and n > 0. We have to show that dx - (ex)n < idx, .
We have

5X,n : (GX)n = 5X,n : ( Z T(NoMoWV)X,f * L(NOMOV)XJ) ) (GX)VL
(f:[n]—[k])Esur;
for some k € [0,n]

proof of L 70

= > Oxn - T(NoMoV)X,f * L (NoMoV)X,f (€x)n OX,f - Hvx k- Xy
(f:[n]—[k])esurj (f:[n]—|k])€surj
for some k € [0, n] for some k € [0, n]
= 2. ox,f- X = 2 > (=D)MX, - Xy
(f:[n]—[k]) esurj (f:[n]—[k])esurj AC[1k]
for some k € [0,n for some k € [0,n

= > > (DM Xpg,
(filn] > €surj ACTH
for some k € [0,n

In order to show that this sum equals idx,, , we show that all summands except for (—1)‘0‘Xid["] G0
idx,, cancel out. We therefore aim to define a map through which we can form pairs of summands that

cancel out each other.

Suppose given k € [0,n] and (f : [n] — [k]) € surj and A C [1, k] such that (f, A) # (id},, 0).
We call the map g7 4 ascending if we have (i)gy 4 > i for i € [0,k].
For instance, gs ¢ is ascending.

Let

My :={(f,A): (f: [n] = [K]) € surj for some k € [0,n — 1], A C [1,k], g4 ascending} .

Let

My = {(f,A): (f : [n] = [K]) € surj for some k € [1,n], A C [1,k], gfa not ascending} .
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We will see that

{(f;A) - (f : [n] = [k]) € surj for some k € [1,n], A C [1,K], (f, A) # (idp), D)} = MyUM,.

We aim to construct maps
p: M — My

(f? A) = ((f7 A)Sola (fv A)SDQ)

and
¢: M2 — M1

(f7 A) = ((fv A)wla (f> A)Qz[)Q) :
Suppose given k € [0,n] and (f : [n] — [k]) € surj and A C [1, k] such that (f, A) # (id}, 0).
Suppose that gy 4 is ascending.

We assume that f = idj,;. Then we have (i)gya < (i)gpp = < (i)gy,a for i € [0,n]. Hence gy a4 = id,
and A = (). This is a contradiction. Hence f # idj,. In particular, k € [0,n — 1].

So there exists ey := min{i € [0,k] : |f71(i)| > 1}. For i € [0, ef] we have (i) f = i and min f~1(i) = i.
So for i € [0, ef] we have i ¢ A since otherwise (i)gf4 = (min f71(i)) =1 =4 —1 < i. In other words,
[0, ef] NA=10.

We define the surjective monotone map

We define (f, A)ps :={a+1:a€ AU{es}} C[1,k+1].

!
We show that f - g4 = (f, A)01 - 9(s.4)01,(,4)¢2
Indeed, if i € [0, ey], we have

i((f, A)P1 - 901 A or,(f,A)02) = (OG5, A) 01, (F,A)ps = MIn((f, A)p1) 71 (i) =i = (i)gpa = i(f - g5a)-
Ifi € [ef +1,n] and (i) f = ey, we have

i((f: A1 90,4061, (1.4102) = (€5 + 1901 001,740, = (min((f, A)pr) e +1)) = 1
—ej+1—1=ef=minf'ef) =i(fgfa)-

Ifi € lef+1,n] and (i)f € [ef +1,k] N A, we have

i((f, A)01 - 9,4y, (1, 4)00) = (O 4+ 1)g(5, 4001, (f,4) 0, = (min((f, A1) (D) f + 1)) —
=min f1((@)f) =1 =i(f - g5.a)-

Ifi € [ef+1,n) and (i)f € [ef + 1,k] \ A, we have

i((f, A)01 - 9(f.)on, (£, A)p2) = () + 1) 90140011, 4) 0, = min(((f, A)1) 1 ((4) f + 1))
= min f~1((i)f) = i(f - gr.a).

Note that (ef + 1)g(f, 401, (£, A)p, = min((f, A)p1) Hep+1)) =1 =ep+1—-1=¢€r <ef+1. So
9(f,A)p1,(f,A)po 18 DOE ascending.
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Now suppose that gf 4 is not ascending .

Note that g7 ¢ is ascending. Hence A # () and k > 1. Let ug := min A.

We show that (i)gs ¢ < i and (i) f Ziforic [0, ual.
Assume that there exists i € [0,u4] such that (i)gsg > 4. Then for j € [i, k] we have

@grazGgre—12 [Dgrp—1+0G 1) Zi+1 -1+ -4 =J.
Furthermore, since i < ua we have for j € [0,4—1] that (j)gra = (j)grp = j. Hence gy 4 is ascending,
which is a contradiction. Hence (i)gsg =i for i € [0,ua].

In particular, we have (ua)gya = (ua)grp—1=ua—1. Fori € [0,us—1] we have (i)gr a4 = (i)g5p = i.
In particular, (ua —1)gfa =ua — 1.

We have min f~!(ua) = (ua)gsp = ua. Hence uy € f~'(ua) and hence (u4)f = ua. Since f is
surjective it follows that (i) f =i for i € [0,u4].

We define a surjective monotone map

(f, A1 [n] — [k—1]
. { (f i )f <ua
(@)f =1 if (i) f > ua.

Comparing (f, A)yy to f, we get the following equalities.
For i € [0,us — 2], we have

(£, A1)~ (@) = F71(0) = {3}
We have

((f, ) Hua = 1) = f~H ua = 1)U f 7 (wa) = {ua = 13U fH (ua).
For i € [ua, k — 1], we have
((f, )M @) = [+ 1).

We define (f, A)yo :={a—1:a€ A\ {ua}} C[1,k—1].
Note that (ua)((f, A)1) = ug — 1. Hence, if uy < k — 1 we have

(WA)G(f A, (f A = min(((f, A)th1) " (ua)) =1 > ua+1—1=uyu.

Note that (i)g(f, Ay, (f,a). = (1)gf,a = i for i € [0,us — 1]. Furthermore, for i € [ua + 1,k — 1], we
have

(D95, Ay, (1 4y0s = (D)7, ay000— 1 = min(((f, A1) " (wa))+ (i—ua) =1 > ug+1+(i—ug)—1=i.

So it follows that g s a)y, 1,4y, 15 ascending.

2
This concludes the construction of the maps ¢ and .

Now suppose given k € [0,n] and (f : [n] — [k]) € surj and A C [1, k] such that (f, A) # (id},), #) and
such that gy 4 is ascending.

We have uf, 4),, = min(f, A)ps = ey + 1.
We show that ((f, A)e1, (f, A)p2)r = f. Let i € [0,k].

If 1 < ey, we have
(@)(f, A1 = (@) f <ep+1=1usa)p,-
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So we have

@) (((f; Der, (f, Ap2)tn) = (D) ((f, A)p1) = () -
If i > ey, we have
@), A1 = @) f + 12 (ep)f +1=ep+ 1= a,-

So we have

@ ((f; A)er, (f; A)p2)n) = (D) ((f, A)pr) =1 = () f +1-1=(i)f.

We show that ((f, A)e1, (f, A)pa)i = A.

Indeed, we have

ac ((f,A)e1, (f, A)p2)ihs
& a+le(f,A)p2\{ef+1}
& a+lef{at+l:ac (AU{eN}\ {es+1}
& g€ A.

Now suppose given k € [0,n] and (f : [n] — [k]) € surj and A C [1, k] such that (f, A) # (id},),0) and
such that (i)gs 4 is not ascending.

We have ey 4)y, = ua — 1.
We show that ((f, A)yn, (f, A)a)e1 = f. Let i € [0, k].

If (i) f < wa, we have i <ua — 1= e(s .4y, - So we have
(@) (((f, A, (f, A)2) 1) = (i) ((f, A)ibr) = (i) f -

If (i) f > ua, we have i > ug — 1 = e(f 4y, - So we have

@, A)r, (F, A)2)er) = (O, A)hr +1= () f =1+1=(0)f .

We show that ((f, A1, (f, A)we)ps = A.

Indeed, we have

a((f: A)wla (fv A)¢2)<P2

& a—1€(f,A)Y20{us -1}
< a—-1le{a—1:ae (A\{ua})}U{uas—1}
& acA.
So we have
5X,n : (EX)n = Z (_1)|A|Xf‘gf,A = ian + Z (_1)|A|Xf‘9f,A
(f:[n]—[k])Esurj (f:[n]—[k])esurj
for some k € [0,n] for some k € [0, n]
ACJ[1,k] AC[1,K]

(va)i(ld[n] 1®)

=idx, + ¥ DMXpg,+ X (DMXp,

(f)A)eMl (f,A)GMQ
—idx, + S (DX, + X (—-D)IEAelx
(f,A)eM; 954 (f,A)eM; (£ A)P1-9(4,4)01.(£,A) 02

=idx, + > (_1)‘A‘Xf'gf,A - (_1)|A‘Xf'gf,A =idy, -
(f,A)eM, (f,A)eM;
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5.3 The functor F is not an equivalence

We assume throughout this section that R is not the zero ring. So there exists 0 # M € Ob(A).

Lemma 74. The functor N : C(A)>o — SemiSimp(A) from Definition 61 is not an equivalence of
categories.

Proof. We show that N is not dense. We choose 0 # M € Ob(A). Let

A: A?rf} - A

f —  idy

be a constant functor, which is a semisimplicial object. Suppose given B € C(A)>o. We show that
N'B is not isomorphic to A. Assume the contrary. Then there exists an isomorphism ¢ given by a
tuple of bijective R-linear maps (N'B)n = Ap)nso. Then, as maps from (NB); to Ag = M, we
have

d.i\f B,1

A
OZOQOO: .@0:@1.d1:1:¢1

and hence idy; = gol_l -1 = 0. This is a contradiction. Hence N is not dense. O
Corollary 75. The functor F : SemiSimp(.A) — Simp(.A) from [1, Lemma 60] is not an equivalence.

Proof. Assume that F is an equivalence. Since F o A is an equivalence, cf. Proposition 72, it follows
that N is an equivalence. This contradicts the previous Lemma 74. O

Corollary 76. The functor M : SemiSimp(.A) — C(A)>¢ from Definition 60 is not an equivalence.

Proof. Assume that M is an equivalence. Let M~! be an inverse equivalence. Then M~ 4 M, cf.
e.g. [8, Lemma 36]. Since also N 4 M there exists an isotransformation from M~! to A/. Hence N/
is an equivalence. This is a contradiction to Lemma 74. O

Corollary 77. The functor V : Simp(A) — SemiSimp(.A) from [1, Definition 48] is not an equivalence.

Proof. Assume that V is an equivalence. Since V o M is an equivalence, cf. Proposition 72, it follows
that M is an equivalence. This contradicts the previous Corollary 76. O

5.4 The functor N is not compatible with homotopy

We assume throughout this section that R is not the zero ring.

Recall that on C(A) we have the homotopy congruence, having the homotopy category K(.A) as factor
category. Recall that N maps from C(A)>( to SemiSimp(.A); cf. Definition 61. We write K(A)>¢ for
the image of C(A)>¢ in K(A).

Remark 78. In C(A)>, there exist morphisms ¢ and v such that ¢ and v are homotopic, but such
that Mo and N1 are not semisimplicially homotopic, cf. Definition 34.

Proof. We use matrix calculus to describe R-linear maps between direct sums. Let C' € Ob(C(A)>o)

defined by Cp = R& R, C = R, C; = 0 for i ¢ {0,1} and 45’ := (R % R& R).

C=(... 0 R RoR 0 )
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(i9)

Let ¢ : C' — C be defined by g := (R® R —= R® R) and ¢; := idp.

(10)

0 R ROR 0
1 (19)
0 R Rrar 0

We define 9 := id¢. The morphism ¢ is homotopic to v, i.e. ¢ — 1 is homotopic to zero, as can be
seen through the following diagram.

0 R raer 0
%)
0 (99)
0 rRZUY . rar 0

!
Now it remains to show that N¢ ¢ N1). The morphism Ny is pictured in the following diagram.

0
/\\ //\
..AOQR (10) RoR
/ \
e e S WL

Suppose given morphisms a,b : NC — N'C such that a ~ b. Then there exists an R-linear map

such that hj - djlvc’l = ay, cf. Definition 27 (v). Since djlvc’l =0, we have ap = 0 # (Np)o. Hence
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ho,1 hg,1 0

Ny # a. We further have (hg 2) ~(10)=nhY- d{)\[C’l - bg, cf. Definition 27 (vi). Hence by = (h8,2 0) #

(Np)o. Thus Ny # b. So we obtain the congruence class Ny] = {N¢}, which consists only of N .
In particular, Ny £ N. O

Corollary 79. There does not exist a functor from K(A)>p to HoSemiSimp(.A) that completes the
diagram

C(A)so — - SemiSimp(A)

| |

K(A)>o0 HoSemiSimp(.A),

with vertical residue class functors, to a commutative quadrangle.

Proof. By Remark 78, there exist morphisms ¢, ¢ € Mor(C(A)>¢) such that ¢ is homotopic to 1 but
such that Ng ¢ N, If there existed a functor N : K(A)>o — HoSemiSimp(.A) making the diagram

C(A)s0 —X SemiSimp(A)

L,

K(A)>0 N, HoSemiSimp(.A)

commutative, we would have [N¢] = Np] = N¢)] = [N9], which is not the case. O
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Zusammenfassung

Sei A die Simplexkategorie, die aus den geordneten Mengen {0,1,...,n} fir n > 0 und monotonen
Abbildungen besteht. Darin sei Aj,; die Teilkategorie der injektiven Abbildungen.

Sei C eine Kategorie. Die Kategorie Simp(C) ist die Funktorkategorie C2” der kontravarianten Funk-
toren von A nach C. Ihre Objekte heiflen simpliziale Objekte iiber C. Die Kategorie SemiSimp(C)
ist die Funktorkategorie CA% der kontravarianten Funktoren von Ajpj nach C. Thre Objekte heiflen
semisimpliziale Objekte iiber C.

Wenn C endliche Koprodukte hat, gibt es einen zum Vergissfunktor V : Simp(C) — SemiSimp(C)
linksadjungierten Funktor F : SemiSimp(C) — Simp(C).

Nach Tierney und Vogel kann man in einer Kategorie C mit endlichen Limiten und mit einer Teilkate-
gorie P, die gewisse Figenschaften erfiillt, simplizial auflésen. Das heif3t, es existiert eine Konstruktion,
die Morphismen aus C auf Morphismen in Simp(P) abbildet, wobei der Funktor F in die Konstruktion
mit eingeht.

Um diese Konstruktion funktoriell werden zu lassen, beschéftigen wir uns in dieser Arbeit mit Homo-
topie auf den Kategorien Simp(P) und SemiSimp(P) und zeigen, dass F mit Homotopie vertréglich ist.
Wir erhalten einen induzierten Funktor F : HoSemiSimp(P) — HoSimp(P) zwischen den jeweiligen
Homotopiekategorien. Diesen komponieren wir mit dem von Tierney und Vogel konstruierten Funktor
C — HoSemiSimp(P) zum gewiinschten Auflésungsfunktor C — HoSimp(P).

Zudem bauen wir den Funktor F in einen Beweis des klassischen Satzes von Dold-Puppe-Kan ein. Aus
diesem folgt dann, dass die Begriffe des semisimplizialen und simplizialen Objekts in einer Modulkate-
gorie wesentlich verschieden sind, wohingegen man nach unten beschrankte Komplexe und simpliziale
Objekte als dquivalent ansehen kann.
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