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Introduction

The dihedral group

We aim to describe certain dihedral group rings. Let p ∈ Z≥3 be a prime. Write n := p−1
2 .

We consider the dihedral group

D2p :=
〈
x, y : xp , y2 , (yx)2

〉
,

cf. Section 3.1.

Number theoretic preliminaries

Let ζp = exp
(

2πi
p

)
∈ C be a primitive p-th root of unity. Let ϑp := ζp + ζ−1

p − 2. Then

Q(ζp) | Q(ϑp) | Q ,

where Q(ϑp) = R ∩Q(ζp). The corresponding rings of algebraic integers are

Z[ζp] | Z[ϑp] | Z .

Cf. Lemma 22 and Lemma 24 (i1). We obtain discrete valuation rings

Z(p)[ζp] | Z(p)[ϑp] | Z(p) ,

with maximal ideals generated by ζp − 1, ϑp and p, respectively ; cf. Remark 46 (iii,iv).

Both extensions are totally rami�ed, with rami�cations(
(ζp − 1)2

)
= (ϑp) resp.

(
ϑnp
)

= (p) .

Wedderburn

By Wedderburn's Theorem, we obtain the isomorphisms of algebras

Proposition 62 → ωC : CD2p
∼−→ C ×

(
C2×2

)×n × C ,

Proposition 63 → ωQ(ϑp) : Q(ϑp)D2p
∼−→ Q(ϑp) ×

(
Q(ϑp)

2×2
)×n × Q(ϑp) ,

Proposition 67 → ωQ : QD2p
∼−→ Q × Q(ϑp)

2×2 × Q

over C, Q(ϑp) and Q, respectively.

We want to describe the image ωQ(ZD2p), which is an isomorphic copy of ZD2p .

We want to describe the image ωQ(ϑp)(Z[ϑp]D2p), which is an isomorphic copy of Z[ϑp]D2p .

iii



iv Introduction

The group rings ZD2p and Z[ϑp]D2p

Aims

The image ωQ(ZD2p) is a proper subring of Z × Z[ϑp]
2×2 × Z. We aim to describe this subring via

congruences of matrix entries, called ties.

Similarly, the image ωQ(ϑp)(Z[ϑp]D2p) is a proper Z[ϑp]-subalgebra of Z[ϑp]×
(
Z[ϑp]

2×2
)×n×Z[ϑp] , which

we want to describe via ties.

The integral group ring ZD2p

In Theorem 70 we restrict ωQ to the isomorphism of rings

ωZ : ZD2p
∼−→
{

( a ,

(
b c
d e

)
, f ) ∈ Z× Z[ϑp]

2×2 × Z : a ≡ϑp b , d ≡ϑp 0 , e ≡ϑp f , a ≡2 f
}

x 7−→ ( 1 ,

(
1 1

ϑp ϑp + 1

)
, 1 )

y 7−→ ( 1 ,

(
1 0

ϑp −1

)
, −1 ) ,

whose image is a subring of Z× Z[ϑp]
2×2 × Z , which can be adumbrated as follows.

Z[ϑp] Z[ϑp]
Z ϑpeee

eee

2

Z
ϑpZ[ϑp] Z[ϑp]

ϑpeee
eee

After tensoring with Zp , this can be compared with [Plesken 83, Ch. VIII, p. 138, Theorem (VIII.5)].

Using a related pullback description of ZD2p , A. Zimmermann has investigated conjugacy classes of

involutions in ZD2p in [Zimmermann 92, Abschnitt 3.9, p. 65, Satz 4].

The tensor product Z[ϑp]⊗
Z
Z[ϑp]

We will pass from the description of our isomorphic copy of the group ring ZD2p to that of Z[ϑp]D2p

via Z[ϑp]⊗
Z
− . There, tensor products of the form Z[ϑp]⊗

Z
Z[ϑp] will occur, which need to be replaced as

follows. For i ∈ [0, n− 1] and k ∈ [1, n], we de�ne

〈
i

k

〉
:=

 (−1)i−k+1
((

2i
i−k+1

)
−
(

2i
i−k
))

for k ∈ [1, i+ 1] ,

0 for k ∈ [i+ 2, n] .

Restricting the isomorphism of Dedekind's Lemma, cf. Lemma 109, we obtain the following

Proposition 41 We have the isomorphism of Z[ϑp]-algebras

f : Z[ϑp]⊗
Z
Z[ϑp]

∼−→

{
(aj)j∈[1,n] ∈ Z[ϑp]

×n :

n∑
k=1

〈
i

k

〉
ak ≡ϑip 0 for i ∈ [0, n− 1]

}
=: pΨ ,

where pΨ is a Z[ϑp]-subalgebra of Z[ϑp]
×n.
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EXAMPLE The subalgebra 7Ψ of Z[ϑ7]×3 is given by

7Ψ =

( v , w , x ) ∈ Z[ϑ7]×3 :
−v + w ≡ϑ1

7
0

2v − 3w + x ≡ϑ2
7

0

 .

A local and a global basis of a principal ideal

Write θp := f(1⊗ ϑp) ∈ pΨ. In pΨ, we have the principal ideal

pΨ̃ := θp · pΨ ⊆ pΨ ⊆ Z[ϑp]
×n .

It also plays a role in the passage from ZD2p to Z[ϑp]D2p mentioned above. Its localization

pΨ̃(p) = θp · pΨ(p) ⊆ pΨ(p) ⊆ Z(p)[ϑp]
×n

will turn out to be easier to control than pΨ̃ itself.

Multiplying a Z[ϑp]-linear basis of pΨ ⊆ Z[ϑp]
×n of triangular shape with θp , we obtain a Z[ϑp]-linear basis

B
pΨ̃

= Bθp·pΨ of pΨ̃.

Somewhat easier to handle is the description via ties, proven in

Proposition 52 The principal ideal of pΨ generated by θp is given by

pΨ̃ = θp · pΨ =

{
(aj)j∈[1,n] ∈ Z[ϑp]

×n :

n∑
k=1

(2i− 1)2

(2k − 1)2
· (2i)! ·

〈
i− 1

k

〉
· ak ≡ϑip 0 for i ∈ [1, n]

}
.

This description allows to deduce the Z(p)[ϑp]-linear basis

B
pΨ̃(p)

:=

((
(2k − 1)2

l + k − 1

(
l + k − 1

k − l

)
· ϑlp
)
k∈[1,n]

: l ∈ [1, n]

)

of the localized ideal pΨ̃(p) .

Now B
pΨ̃(p)

is contained in pΨ̃, but not a Z[ϑp]-linear basis of pΨ̃ if p ≥ 5, cf. Subsection 2.2.4, Corollary 53.

EXAMPLE We have the Z[ϑ7]-linear basis

B
7Ψ̃

=


(
ϑ3

7 + 6ϑ2
7 + 9ϑ7 , ϑ

2
7 + 4ϑ7 , ϑ7

)
,(

0 , ϑ3
7 + 4ϑ2

7 , 3ϑ2
7

)
,(

0 , 0 , ϑ3
7

)


of 7Ψ̃, which is written using the Z-linear basis
(
ϑi7 : i ∈ [1, 3]

)
of ϑ7Z[ϑ7] , cf. Lemma 24 (i3).
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The description via ties is given by

7Ψ̃ =

 ( v , w , x ) ∈ Z[ϑ7]×3 :

2v ≡ϑ1
7

0

−216v + 24w ≡ϑ2
7

0

36000v − 6000w + 720x ≡ϑ3
7

0

 .

We deduce the Z(7)[ϑ7]-linear basis

B
7Ψ̃(7)

=


(
ϑ7 , 9ϑ7 , 25ϑ7

)
,(

0 , 3ϑ2
7 , 25ϑ2

7

)
,(

0 , 0 , 5ϑ3
7

)


of 7Ψ̃(7) .

The group ring Z[ϑp]D2p

Consider the Z[ϑp]-subalgebra

pΩ :=
{

(ξ,

(
ψ1 ψ2
ψ3 ψ4

)
, η) ∈ Z[ϑp]×pΨ2×2×Z[ϑp] : (ξ)i∈[1,n] ≡θp ψ1 , ψ3 ≡θp 0 , ψ4 ≡θp (η)i∈[1,n] , ξ ≡2 η

}
of Z[ϑp] × pΨ

2×2 × Z[ϑp]. Here, for instance, (ξ)i∈[1,n] ≡θp ψ1 means that (ξ)i∈[1,n] − ψ1 ∈ θp · pΨ = pΨ̃,

which explains the interest in this principal ideal mentioned above. Cf. Notation 74.

The Z[ϑp]-algebra pΩ can be adumbrated as follows.

pΨ pΨ
Z[ϑp]

θpddd ddd

2

Z[ϑp]
pΨ̃ pΨ

θpddd ddd

So we can embed

pΩ ⊆ Z[ϑp]× pΨ
2×2 × Z[ϑp] ⊆ Z[ϑp]×

(
Z[ϑp]

×n)2×2 × Z[ϑp]
∼−→ Z[ϑp]×

(
Z[ϑp]

2×2
)×n × Z[ϑp] ,

where the isomorphism "
∼−→ " merely reorganizes the entries.

Theorem 80 We have the isomorphism of Z[ϑp]-algebras

ωZ[ϑp] : Z[ϑp]D2p
∼−→ pΩ

x 7−→ ( 1 ,

(
1 1

θp θp + 1

)
, 1 )

y 7−→ ( 1 ,

(
1 0

θp −1

)
, −1 ) .

Cf. also [Wingen 95, �4, p. 307, Theorem 3 and p. 309, Example 5].
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Presentations via path algebras

Aim

We give a presentation of the group ring Z(p)D2p by quiver and relations over Z(p) in Chapter 6.

We derive a well-known presentation of the group ring FpD2p by quiver and relations over Fp .

Presentation of Z(p)D2p by quiver and relations

Consider the quiver Ξ :=

(
E •

α ''
• F

β

gg

)
, cf. Notation 81.

Let µϑp,Q(X) ∈ Z[X] be the minimal polynomial of ϑp over Q.

Consider the ideal

I := C µϑp,Q(αβ)α , µϑp,Q(βα)β B
Z(p)Ξ

⊆ Z(p)Ξ ,

cf. Convention 10, Notation 82. We denote the residue class of an element ξ ∈ Z(p)Ξ by

ξ := ξ + I ∈ Z(p)Ξ
/
I .

Propositions 84, 85 We have the isomorphisms of Z(p)-algebras

Z(p)D2p

P3

%%

∼ Z(p)Ξ
/
I

P2

ee

which invert each other; cf. Remark 86.

The isomorphism of Z(p)-algebras P3 is given on the generators of D2p =
〈
x, y : xp, y2, (yx)2

〉
by

P3(x) = E + F + α+ β + βα and P3(y) = E − F + β .

The isomorphism of Z(p)-algebras P2 is given on the generators by

P2

(
E
)

=
1

2

p−1∑
k=0

(−1)kxk(1 + y)

P2

(
F
)

=
1

2

(
1− y−

p−1∑
k=1

(−1)kxk(1 + y)

)

P2(α) = −x−1 − y−
p−2∑
k=1

(−1)kxk(1 + y)

P2

(
β
)

= −
p−1∑
k=1

(−1)kxk(1 + y) .

EXAMPLE The group ring Z(7)D14 is isomorphic to

Z(7)Ξ
/
C (

(αβ)3 + 7(αβ)2 + 14αβ + 7
)
· α ,

(
(βα)3 + 7(βα)2 + 14βα+ 7

)
· βB

Z(7)Ξ

as Z(7)-algebra.
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Presentation of FpD2p by quiver and relations

Using the presentation of the group ring Z(p)D2p obtained above and the fact that the minimal polynomial

of ϑp over Q is Eisenstein at p, we are able to derive a well-known presentation of the group ring FpD2p

via a reduction modulo p.

Consider the ideal

J := C (αβ)nα , (βα)nβ B
FpΞ

⊆ FpΞ ,

cf. Convention 10, Notation 88. So J is the image of I under the reduction map Z(p)Ξ −→ FpΞ modulo p.

We denote the residue class of an element ξ ∈ FpΞ by

ξ := ξ + J ∈ FpΞ
/
J .

We get isomorphisms of Fp-algebras

FpD2p

P4

%%

∼ FpΞ
/
J

P5

ee

which invert each other; cf. Lemma 89.

The images of the generators of D2p under P4 are given as

P4(x) = E + F + α+ β + βα and P4(y) = E − F + β .

The images of the generators under P5 are given as

P5 E
( )

= (n+ 1)

p−1∑
k=0

(−1)kxk(1 + y)

P5 F
( )

= (n+ 1)

(
1− y−

p−1∑
k=1

(−1)kxk(1 + y)

)

P5

(
α
)

= −x−1 − y−
p−2∑
k=1

(−1)kxk(1 + y)

P5 β
( )

= −
p−1∑
k=1

(−1)kxk(1 + y) .
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Conventions

Convention 1 Let A,B be sets and f : A −→ B be a map. Let X ⊆ A and f(X) ⊆ Y ⊆ B.

Then we write

f Y
X

: X −→ Y for the restriction of f to X in the domain and to Y in the codomain.

In addition, in the case Y = B we denote f
X

:= f B
X
, and in the case X = A we denote f Y := f Y

A
.

Convention 2 Let f be an arbitrary map between commutative rings and l ∈ Z≥0 .

Then we denote the l-th di�erence ∆lf at the point x

∆lf(x) := f(x) for l = 0 ,

and recursively

∆lf(x) := ∆l−1f(x+ 1)−∆l−1f(x) for l ∈ Z≥1 .

Convention 3 Let a, b ∈ Z. We denote [a, b] := { z ∈ Z : a ≤ z ≤ b } .

Convention 4 Given a ∈ R and b ∈ Z. Then we denote

(
a

b

)
:=


a(a−1)···(a−b+1)

b! for b ≥ 0 ,

0 for b < 0 .

Note that if a ∈ Z≥0 and b 6∈ [0, a], then
(
a
b

)
= 0 .

Convention 5 Let (A,+) be an abelian group and m ∈ Z≥1 .

Then we write for the m-ary direct sum of A

A⊕ · · · ⊕A︸ ︷︷ ︸
m

=: A⊕m .

Further, if A is a commutative ring, we write for the m-ary cartesian product of A

A1×m = A× · · · ×A︸ ︷︷ ︸
m

=: A×m .

Let a = (aj)j∈[1,m] ∈ A×m. Then we consider a as a row vektor.

x



Conventions xi

Convention 6

Given a commutative ring A and m ∈ Z≥1 , we denote by Em the identity matrix in Am×m.

Convention 7 Let K be a commutative ring and m ∈ Z≥1 . Let (Ai , αi ) be K-algebras for i ∈ [1,m].

Then we consider
m∏
i=1

Ai as a K-algebra via

K −→
m∏
i=1

Ai

κ 7−→ (α1(κ) , . . . , αm(κ) ) .

Furthermore, let A, B be K-algebras, where A is commutative. Then we consider A⊗
K
B as an A-algebra

via
A −→ A⊗

K
B

a 7−→ a⊗ 1B ,

cf. Lemma 91 (iii).

Convention 8 Let G be a �nite group. We denote the hermitian scalar product

G( · , · ) : Cf(G) × Cf(G) −→ C

(ϕ , ψ ) 7−→ G(ϕ , ψ ) := 1
|G|

∑
g∈G

ϕ(g)ψ(g) ,

where Cf(G) denotes the space of complex-valued class functions on G, i.e. the space of maps from G to

C that are constant on conjugacy classes.

Convention 9 Let A be a commutative ring and a ∈ A. We write

(a) := aA = {ax : x ∈ A}

for the principal ideal of A generated by a if the ring is unambiguous.

We sometimes write 0 := (0) = {0} = 0A.

Convention 10 Let A be a ring, not necessarily commutative. Let m ∈ Z≥1 and ai ∈ A for i ∈ [1,m].

Then we write C a1 , . . . , amBA for the (both-sided) ideal of A that is generated by the set {a1 , . . . , am} .

Convention 11 Let A be a commutative ring and x, y, a ∈ A.

Then we write

x ≡a y ⇐⇒ x ≡a y in A ⇐⇒ x− y ∈ aA .

This also applies to the case where x is contained in some subring B of A.



xii Conventions

Convention 12 Let A be a set, s, t ∈ Z≥1 and a, xi, yj ∈ A for i ∈ [1, s] and j ∈ [1, t].

Then we write

(x1, . . . , xs) t (y1 , . . . , yt) := (x1 , . . . , xs , y1 , . . . , yt) ,

a ∈ (x1 , . . . , xs) ⇔ there exists i ∈ [1, s] with a = xi ,

(x1 , . . . , xs) ⊆ (y1 , . . . , yt) ⇔ there exists k ∈ [1, t− s] with (x1 , . . . , xs) = (yk , . . . , yk+s) .

Convention 13

Let K be a commutative ring and V be a K-module. Further, let s ∈ Z≥0 and v1 , . . . , vs ∈ V .

Then we call the tuple (v1 , . . . , vs) a K-basis of V

m

the K-linear map f : K⊕s −→ V

(µ1 , . . . , µs) 7−→
s∑
i=1

µivi is bijective.

If there exists such a K-basis for the K-module V as explained above, then we call V a �nitely generated

free K-module.

Convention 14

In order to indicate explicitly which part of a statement is to be shown, we use the character "!".

Convention 15 Let K ⊆ C be a sub�eld. So K is a �eld extension of Q .

Then we call K an algebraic number �eld ( or simply number �eld ) if K is a �nite �eld extension of Q .



Chapter 1

Number theoretic preliminaries

De�nition 16 Let K ⊆ C be a sub�eld. Then we denote

O :=
{
z ∈ C : there exists a monic polynomial f(X) ∈ Z[X] such that f(z) = 0

}
( the ring of algebraic integers ) ,

OK := O ∩K

( the ring of algebraic integers of K ) .

Furthermore, we introduce the following de�nitions, which are valid throughout the main part of this work

and for the part "On binomial coe�cients" of the appendix, i.e. for the Chapters 1 to 6 and Chapter B.

De�nition 17 Suppose given a prime p ∈ Z≥3 . Then we denote

n := p−1
2 ∈ Z ,

ζ := ζp ( primitive p-th root of unity ) ,

µζ,Q(X) = Φp(X) := Xp−1 + · · ·+X0 ,

ϑ = ϑp := ζ + ζ−1 − 2 = ζ + ζ − 2 ∈ R ∩Q(ζ) ,

γ = γp := ϑ+ 2 = ζ + ζ−1 ,

jγ = jγp := ζj + ζ−j for j ∈ Z .

1.1 The Dedekind domain Z[ϑp]

Remark 18

(i) For l ∈ Z we have γp · lγp = l+1γp + l−1γp .

(ii) We have Z[ϑp] = Z[γp] .

1



2 Number theoretic preliminaries

Proof of (i). For l ∈ Z we calculate

γ · lγ = (ζ + ζ−1)(ζl + ζ−l) = ζl+1 + ζ−l+1 + ζl−1 + ζ−l−1

= ζl+1 + ζ−(l+1) + ζl−1 + ζ−(l−1) = l+1γ + l−1γ .

Proof of (ii). This is a simple consequence of γ = ϑ+ 2. �

Lemma 19 Suppose given j ∈ Z≥1 . Then there exist aj,k ∈ Z for k ∈ [0, j − 1] such that

γjp = jγp +

j−1∑
k=0

aj,k · kγp .

Proof. This is shown by induction on j. For j = 1, we obtain γ1 = ζ + ζ−1 = 1γ.

For the inductive step j → j + 1, we calculate

γj+1 = γ · γj I.H.
= γ

(
jγ +

j−1∑
k=0

aj,k · kγ
)

= γ · jγ +
j−1∑
k=0

aj,k · γ · kγ
R.18
=
(i)

j+1γ + j−1γ +
j−1∑
k=0

aj,k(k+1γ + k−1γ) .

(Note that −1γ = ζ−1 + ζ1 = 1γ .) �

Lemma 20

(i) For j ∈ Z, the element jγp belongs to Z[γp].

(ii) Let M := {x ∈ Z[ζp] : x = x } = R ∩ Z[ζp].

Then the tuple ( iγp : i ∈ [1, n] ) is a Z-linear basis of M .

Proof of (i). First we show the statement for j ∈ Z≥0 . This is shown by induction on j.

For j = 0, we obtain 0γ = ζ0 + ζ−0 = 2 ∈ Z[γ].

Suppose given j ∈ Z≥1 . For the inductive step j− 1→ j, we note that by Lemma 19 there exist aj,k ∈ Z
for k ∈ [0, j − 1] such that

γj = jγ +

j−1∑
k=0

aj,k · kγ .

So jγ = γj −
j−1∑
k=0

aj,k ·

I.H.
↓
∈ Z[γ]︷︸︸︷
kγ︸ ︷︷ ︸

∈Z[γ]

∈ Z[γ] .

Therefore the statement is true for j ∈ Z≥0 . Since jγ = −jγ , cf. De�nition 17, the statement is true for

all j ∈ Z.

Proof of (ii). First we note that the tuple ( iγ : i ∈ [1, n] ) is linearly independent over Z.

We choose the Z-linear basis ( ζ1, ζ2, ζ3, . . . , ζp−1 ) of Z[ζ].

Let y = a1ζ
1 + a2ζ

2 + a3ζ
3 + · · ·+ ap−3ζ

p−3 + ap−2ζ
p−2 + ap−1ζ

p−1 ∈M , where ai ∈ Z for i ∈ [1, p− 1].
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Then y = y , i.e.

a1ζ
1 + a2ζ

2 + a3ζ
3 + · · ·+ ap−3ζ

p−3 + ap−2ζ
p−2 + ap−1ζ

p−1

= a1ζ1 + a2ζ2 + a3ζ3 + · · ·+ ap−3ζp−3 + ap−2ζp−2 + ap−1ζp−1

= a1ζ1 + a2ζ2 + a3ζ3 + · · ·+ ap−3ζp−3 + ap−2ζp−2 + ap−1ζp−1

= ap−1ζ
1 + ap−2ζ

2 + ap−3ζ
3 + · · ·+ a3ζ

p−3 + a2ζ
p−2 + a1ζ

p−1 .

This implies that ai = ap−i for i ∈ [1, p− 1].

Thus every element y ∈M is of the form y =
n∑
k=1

ak · (ζk + ζ−k) =
n∑
k=1

ak · kγ . �

Corollary 21 We have

M = {x ∈ Z[ζp] : x = x } = R ∩ Z[ζp] = Z[γp] = Z[ϑp] .

In particular, Z[ϑp] has the Z-linear basis ( iγp : i ∈ [1, n] ) .

Proof. In

M
L.20
=
(ii)

{x ∈ Z[ζp] : x = x } = R ∩ Z[ζp]
!
= Z[γp]

R.18
=
(ii)

Z[ϑp] ,

we only have to show "
!
=".

We prove the inclusion "⊇". This is a consequence of γ = ζ + ζ−1 = ζ + ζp−1 = ζ + ζ ∈ Z[ζ] ∩ R.

We prove the inclusion "⊆". By Lemma 20 (ii) we get that every element y ∈M is of the form

y =

n∑
k=1

ak · kγ︸︷︷︸
∈
↑

L.20(i)

Z[γ]

∈ Z[γ] ,

where ai ∈ Z for i ∈ [1, n].

Since M equals Z[ϑ], we obtain by Lemma 20 (ii) that Z[ϑ] has the Z-linear basis ( iγ : i ∈ [1, n] ) . �

Lemma 22 We have that Z[ϑp] is the ring of algebraic integers of Q(ϑp) , i.e.

Z[ϑp] = OQ(ϑp) ,

cf. De�nition 16.

Proof. We prove the inclusion "⊆". We have Z[ϑ] ⊆ O, because ϑ = ζ + ζ−1 − 2 ∈ O and Z[ϑ] ⊆ Q(ϑ).

We prove the inclusion "⊇". We obtain

OQ(ϑ) = O ∩Q(ϑ)

ϑ∈Q(ζ)∩R
↓

⊆ O ∩Q(ζ) ∩ R = OQ(ζ) ∩ R (∗)
= Z[ζ] ∩ R C.21

= Z[ϑ] ,

where in (∗) we refer to [Neukirch 99, Ch. I, p. 60, Proposition (10.2)]. �

Corollary 23 The ring Z[ϑp] is a Dedekind domain.

Proof. By Lemma 22 we have that Z[ϑ] = OQ(ϑ) . Hence it is a Dedekind domain; cf. Remark 132. �



4 Number theoretic preliminaries

1.2 The discriminant ∆Q(ϑp)|Q

Lemma 24

(i1) The extension Q(ζp)|Q(ϑp) has degree [Q(ζp) : Q(ϑp)] = 2.

It follows that

Gal(Q(ζp)|Q(ϑp)) = { idQ(ζp) , c } ,

where c denotes the complex conjugation, restricted to Q(ζp).

(i2) The extension Q(ϑp)|Q has degree [Q(ϑp) : Q] = p−1
2 = n.

(i3) Z[ϑp] has the Z-linear basis
(
ϑ0
p , . . . , ϑ

n−1
p

)
.

(ii) We have ∆Q(ζp)|Q(ϑp) = ϑp(ϑp + 4).

(iii) We have NQ(ϑp)|Q(∆Q(ζp)|Q(ϑp)) = (−1)n · p.

(iv) The absolute term a0 in µϑp,Q(X) is a0 = (−1)n ·NQ(ϑp)|Q(ϑp) = p.

(v) For i ∈ Z we have TrQ(ζp)|Q
(
ζip
)

=

 −1 for i 6≡p 0 ,

p− 1 for i ≡p 0 .

(vi) We have ∆Q(ζp)|Q = (−1)n · pp−2.

Proof of (i1, i2, i3) and (ii). We have the minimal polynomial

µζ,Q(ϑ)(X) = X2 − (2 + ϑ)X + 1 of ζ over Q(ϑ), because µζ,Q(ϑ)(ζ) = 0 and ζ /∈ R ⊇ Q(ϑ).

And therefore we have [Q(ζ) : Q(ϑ)] = deg(µζ,Q(ϑ)(X)) = 2.

So the Galois group Gal(Q(ζ)|Q(ϑ)) contains two elements. Of course idQ(ζ) is contained in Gal(Q(ζ)|Q(ϑ)).

We have

c(ϑ) = c
(
ζ1 + ζ−1 − 2

)
= ζ1 + ζ−1 − 2 = ζ−1 + ζ1 − 2 = ϑ .

So c is also contained in Gal(Q(ζ)|Q(ϑ)). Moreover, c(ζ) = ζ−1 6= ζ. Hence Gal(Q(ζ)|Q(ϑ)) = {idQ(ζ), c}.

By the multiplicativity of degrees and knowing that deg(µζ,Q(X))
D.17
= deg(Xp−1 + · · ·+X0) = p− 1, we

get

[Q(ϑ) : Q] =
[Q(ζ) : Q]

[Q(ζ) : Q(ϑ)]
=

p− 1

2
= n .

So the tuple (ϑ0, . . . , ϑn−1 ) is linearly independent over Q ⊇ Z and since ϑ ∈ O we have µϑ,Q(X) ∈ Z[X].

Thus we get that (ϑ0, . . . , ϑn−1 ) is a Z-linear basis of Z[ϑ].

Further we get with Remark 111 and µζ,Q(ϑ)(X) that

∆Q(ζ)|Q(ϑ) = (2 + ϑ)2 − 4 · 1 = ϑ2 + 4ϑ .

Proof of (iii) and (iv). From (ii) it follows that

NQ(ϑ)|Q(∆Q(ζ)|Q(ϑ)) = NQ(ϑ)|Q(ϑ(ϑ+ 4)) = NQ(ϑ)|Q(ϑ) NQ(ϑ)|Q(ϑ+ 4) .

We prepare

(1) NQ(ζ)|Q(ϑ)(ζ − 1)
(∗)
= (ζ − 1)(ζ − 1) = (ζ − 1)(ζ−1 − 1) = 2− ζ − ζ−1 = −ϑ ,
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(2) NQ(ζ)|Q(ϑ)(ζ + 1)
(∗)
= (ζ + 1)(ζ + 1) = (ζ + 1)(ζ−1 + 1) = 2 + ζ + ζ−1 = ϑ+ 4 ,

and

(3) NQ(ϑ)|Q(−1) = (−1)n ,

where in (∗) we refer to [Neukirch 99, Ch. I, p. 9, Proposition (2.6.iii)] and recall that by (i1) we have

Gal(Q(ζ)|Q(ϑ)) = { idQ(ζ) , c } ; cf. also Corollary 114 for the corresponding statement for the trace.

We have

µζ−1,Q(X) = Φp(X + 1)
D.17
= (X + 1)p−1 + (X + 1)p−2 + · · ·+ (X + 1)1 + (X + 1)0︸ ︷︷ ︸

has absolute term p

,

whence

(4) NQ(ζ)|Q(ζ − 1) = (−1)p−1 · p = p .

Further we have

µζ+1,Q(X) = Φp(X − 1)
D.17
= (X − 1)p−1︸ ︷︷ ︸

+1

+ (X − 1)p−2︸ ︷︷ ︸
−1

+ · · ·+ (X − 1)1︸ ︷︷ ︸
−1

+ (X − 1)0︸ ︷︷ ︸
+1︸ ︷︷ ︸

has absolute term 1

,

whence

(5) NQ(ζ)|Q(ζ + 1) = (−1)p−1 · 1 = 1 .

From (1) and (4) we get

(6) NQ(ϑ)|Q(−ϑ) = NQ(ϑ)|Q(NQ(ζ)|Q(ϑ)(ζ − 1)) = NQ(ζ)|Q(ζ − 1) = p .

So we get with (3) and (6)

(7) NQ(ϑ)|Q(ϑ) = NQ(ϑ)|Q((−1)(−ϑ)) = NQ(ϑ)|Q(−1) NQ(ϑ)|Q(−ϑ) = (−1)n · p .

Since NQ(ϑ)|Q(ϑ) = (−1)n · a0 this shows (iv).

From (2) and (5) we get

(8) NQ(ϑ)|Q(ϑ+ 4) = NQ(ϑ)|Q(NQ(ζ)|Q(ϑ)(ζ + 1)) = NQ(ζ)|Q(ζ + 1) = 1 .

And overall we get with (7) and (8)

NQ(ϑ)|Q(∆Q(ζ)|Q(ϑ)) = NQ(ϑ)|Q(ϑ) NQ(ϑ)|Q(ϑ+ 4) = (−1)n · p .

Proof of (v).

Case 1 : Let i = 0. Then we have

(9) TrQ(ζ)|Q
(
ζ0
)

= TrQ(ζ)|Q(1) = [Q(ζ) : Q] = p− 1 .

Case 2 : Let i ∈ [1, p− 1]. We choose the Q-linear basis ( ζ0, . . . , ζp−2 ) of Q(ζ).

• For j ∈ [0, p − i − 2] the exponent k of ζi · ζj = ζk is in the set [i, p − 2]. Therefore we have no

contribution of the images of ζj to the trace.
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• For j = p− i−1 we have ζi ·ζj = ζi ·ζp−i−1 = ζp−1 = −
p−2∑
l=0

ζl . Therefore we have a contribution

of −1 to the trace.

• Finally let j ∈ [p− i, p− 2]. Then the exponent k of ζi · ζj = ζk is in the set [1, i− 2]. Therefore

we have no contribution of the images of ζj to the trace.

Thus, summarized we have TrQ(ζ)|Q
(
ζi
)

= −1 .

Now, we generalize the cases 1 and 2.

First, we consider the generalization of Case 1, that i ∈ Z with i ≡p 0. Then there exists k ∈ Z with

i = kp and so

TrQ(ζ)|Q
(
ζi
)

= TrQ(ζ)|Q
(
ζkp
)

= TrQ(ζ)|Q(1)
(9)
= p− 1 .

Finally, we consider the generalization of Case 2, that i ∈ Z with i 6≡p 0. Then there exists k ∈ Z with

i+ kp =: j ∈ [1, p− 1] and so

TrQ(ζ)|Q
(
ζi
)

= TrQ(ζ)|Q
(
ζj−kp

)
= TrQ(ζ)|Q

(
ζj
) Case 2

= −1 .

Proof of (vi). For p = 3 we have

∆Q(ζ3)|Q
D.110

= det

(
Tr
(
ζ0
3

)
Tr
(
ζ1
3

)
Tr
(
ζ1
3

)
Tr
(
ζ2
3

) ) (v)
= det

(
2 −1

−1 −1

)
= −3 = (−1)

3−1
2 · 33−2 .

For p > 3 we have

∆Q(ζ)|Q
D.110

= det
((

TrQ(ζ)|Q
(
ζi · ζj

))
i,j∈[0,p−2]︸ ︷︷ ︸

∈ Q(p−1)×(p−1)

)

= det



Tr
(
ζ0
)

Tr
(
ζ1
)

Tr
(
ζ2
)

Tr
(
ζ3
)
· · · · · · · · · Tr

(
ζp−3

)
Tr
(
ζp−2

)
Tr
(
ζ1
)

Tr
(
ζ2
)

Tr
(
ζ3
)

Tr
(
ζ4
)
· · · · · · · · · Tr

(
ζp−2

)
Tr
(
ζp−1

)
Tr
(
ζ2
)

Tr
(
ζ3
)

Tr
(
ζ4
)

Tr
(
ζ5
)
· · · · · · · · · Tr

(
ζp−1

)
Tr
(
ζp
)

Tr
(
ζ3
)

Tr
(
ζ4
)

Tr
(
ζ5
)

Tr
(
ζ6
)
· · · · · · · · · Tr

(
ζp
)

Tr
(
ζp+1

)
...

...
...

... . .
. ...

...
...

...
...

... . .
. ...

...
...

...
...

... . .
. ...

...

Tr
(
ζp−3

)
Tr
(
ζp−2

)
Tr
(
ζp−1

)
Tr
(
ζp
)
· · · · · · · · · Tr

(
ζ2p−6

)
Tr
(
ζ2p−5

)
Tr
(
ζp−2

)
Tr
(
ζp−1

)
Tr
(
ζp
)

Tr
(
ζp+1

)
· · · · · · · · · Tr

(
ζ2p−5

)
Tr
(
ζ2p−4

)



(v)
= det



p− 1 −1 −1 −1 · · · · · · · · · −1 −1

−1 −1 −1 −1 · · · · · · · · · −1 −1

−1 −1 −1 −1 · · · · · · · · · −1 p− 1

−1 −1 −1 −1 · · · · · · · · · p− 1 −1
...

...
...

... . .
. ...

...
...

...
...

... . .
. ...

...
...

...
...

... . .
. ...

...

−1 −1 −1 p− 1 · · · · · · · · · −1 −1

−1 −1 p− 1 −1 · · · · · · · · · −1 −1
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= det



p 0 0 0 · · · · · · · · · 0 0

−1 −1 −1 −1 · · · · · · · · · −1 −1

0 0 0 0 · · · · · · · · · 0 p

0 0 0 0 · · · · · · · · · p 0
...

...
...

... . .
. ...

...
...

...
...

... . .
. ...

...
...

...
...

... . .
. ...

...

0 0 0 p · · · · · · · · · 0 0

0 0 p 0 · · · · · · · · · 0 0



= pp−2 · det



1 0 0 0 · · · · · · · · · 0 0

−1 −1 −1 −1 · · · · · · · · · −1 −1

0 0 0 0 · · · · · · · · · 0 1

0 0 0 0 · · · · · · · · · 1 0
...

...
...

... . .
. ...

...
...

...
...

... . .
. ...

...
...

...
...

... . .
. ...

...

0 0 0 1 · · · · · · · · · 0 0

0 0 1 0 · · · · · · · · · 0 0



= pp−2 · det



1 0 0 0 · · · · · · · · · 0 0

0 −1 0 0 · · · · · · · · · 0 0

0 0 0 0 · · · · · · · · · 0 1

0 0 0 0 · · · · · · · · · 1 0
...

...
...

... . .
. ...

...
...

...
...

... . .
. ...

...
...

...
...

... . .
. ...

...

0 0 0 1 · · · · · · · · · 0 0

0 0 1 0 · · · · · · · · · 0 0



= pp−2 · det

(
1 0

0 −1

)
· det



0 0 · · · · · · · · · 0 1

0 0 · · · · · · · · · 1 0
...

... . .
. ...

...
...

... . .
. ...

...
...

... . .
. ...

...

0 1 · · · · · · · · · 0 0

1 0 · · · · · · · · · 0 0


︸ ︷︷ ︸

∈ Q(p−3)×(p−3)

= pp−2 · (−1) · sgn

(
(1, p− 3)(2, p− 4) · · ·

(
p− 3

2
− 1,

p− 3

2
+ 2

)(
p− 3

2
,
p− 3

2
+ 1

))

= pp−2 · (−1) · (−1)
p−3

2 = (−1)
p−1

2 · pp−2 = (−1)n · pp−2 .

�
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Lemma 25 We have

∆Q(ϑp)|Q = ±p
p−3

2 .

Proof. We apply Lemma 112 to the case (F |L|K) = (Q(ζ)|Q(ϑ)|Q) to obtain

∆Q(ζ)|Q = NQ(ϑ)|Q
(
∆Q(ζ)|Q(ϑ)

)
·∆[Q(ζ):Q(ϑ)]

Q(ϑ)|Q .

By Lemma 24 (i1, iii, vi) it follows

(−1)n · pp−2 = (−1)n · p ·∆2
Q(ϑ)|Q .

So we get

∆Q(ϑ)|Q = ±p
p−3

2 .

�
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1.3 The Galois group of Q(ϑp) over Q

Notation 26 We consider the Galois group Gal(Q(ζp)|Q), which has order p− 1.

Denoting

σ̂i : Q(ζp) −→ Q(ζp)

ζp 7−→ ζip

for i ∈ [1, p− 1], we get Gal(Q(ζp)|Q) = { σ̂i : i ∈ [1, p− 1] }.

Then the Galois group Gal(Q(ϑp)|Q) of Q(ϑp) over Q is given by

Gal(Q(ϑp)|Q) = {σi : i ∈ [1, n] } ,

where σi := σ̂i
Q(ϑp)

Q(ϑp)
for i ∈ [1, n] ; cf. Convention 1.

Proof. We have the short exact sequence

cf. L.24 (i1) cf. L.24 (i2)
↓ ↓

| · | = 2 | · | = p− 1 | · | = n︷ ︸︸ ︷
Gal(Q(ζ)|Q(ϑ)) ↪−→

︷ ︸︸ ︷
Gal(Q(ζ)|Q)

f−→
︷ ︸︸ ︷
Gal(Q(ϑ)|Q)

σ̂i 7−→ f(σ̂i) := σ̂i
Q(ϑ)

Q(ϑ)
for i ∈ [1, p− 1] ,

cf. [Lang 02, Ch. VI, �1, p. 265, Theorem 1.10] applied to the case

(K, k,G, F,H) = (Q(ζ),Q,Gal(Q(ζ)|Q),Q(ϑ),Gal(Q(ζ)|Q(ϑ))).

For i ∈ [1, n] we have

σ̂i(ϑ+ 2) = σ̂i
(
ζ + ζ−1

)
= ζi + ζ−i = ζi−p + ζp−i = ζ−(p−i) + ζp−i = σ̂p−i

(
ζ + ζ−1

)
= σ̂p−i(ϑ+ 2) ,

whence f(σ̂i) = f(σ̂p−i) for i ∈ [1, n]. Writing σi := σ̂i
Q(ϑ)

Q(ϑ)
for i ∈ [1, n], we therefore get

Gal(Q(ϑ)|Q) = {σi : i ∈ [1, n] } .

�
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1.4 Rami�cation

1.4.1 The ideal ϑpZ[ϑp] over pZ

Lemma 27

(i) We have the isomorphism of rings

Fp
∼−→ Z[ϑp]

/
ϑpZ[ϑp] , 1 7−→ 1 + ϑpZ[ϑp] .

In particular, ϑpZ[ϑp] is maximal ideal, hence a prime ideal of Z[ϑp].

(ii) We have the equality of ideals

ϑpZ[ϑp] ∩ Z = pZ .

(iii) We have the isomorphism of rings

Fp
∼−→ Z[ζp]

/
(1− ζp)Z[ζp] , 1 7−→ 1 + (1− ζp)Z[ζp] .

In particular, (1− ζp)Z[ζp] is maximal ideal, hence a prime ideal of Z[ζp].

(iv) We have the equality of ideals

(1− ζp)Z[ζp] ∩ Z = pZ .

Proof of (i) and (ii). We have

detZ

(
Z[ϑ]

(−)ϑ−→ Z[ϑ]

x 7−→ xϑ

)
= NQ(ϑ)|Q(ϑ)

L.24
=
(iv)

(−1)n · p .

Therefore we get that

(∗)
∣∣∣Z[ϑ]

/
ϑZ[ϑ]

∣∣∣ = |(−1)n · p| = p .

By Lemma 24 (iv) we get that ϑ|p and so pZ ⊆ ϑZ[ϑ].

By this we get that there exists a unique ring morphism ψ �tting into the following commutative triangle.

(1)

Z
∃! ring morphism

ϕ
//

π

��666666666666666666
Z[ϑ]

/
ϑZ[ϑ] 6= 0

Fp = Z/
pZ

∃!ψ

CC�
�

�
�

�
�

�
�

�

Since Fp is a �eld we get that ψ is injective. Considering the injectivity and through (∗) we get that ψ is

surjective and this shows (i).

Further we see that on the one hand

ker(ϕ) =
{
z ∈ Z : z ∈ ϑZ[ϑ]

}
= Z ∩ ϑZ[ϑ] ,

and on the other hand with the commutativity in (1)

ker(ϕ) = ker(ψ ◦ π)
ψ inj.

= ker(π) = pZ .



Rami�cation 11

Proof of (iii) and (iv). We have

µ1−ζ,Q(X) = Φp(1−X)
D.17
= (1−X)p−1 + (1−X)p−2 + · · ·+ (1−X)1 + (1−X)0︸ ︷︷ ︸

has absolute term p

,

whence

NQ(ζ)|Q(1− ζ) = ±p.

Therefore we have

detZ

(
Z[ζ]

(−)(1−ζ)−→ Z[ζ]

x 7−→ x · (1− ζ)

)
= NQ(ζ)|Q(1− ζ) = ±p .

Therefore we get that

(∗∗)
∣∣∣Z[ζ]

/
(1− ζ)Z[ζ]

∣∣∣ = | ± p| = p .

Since (1− ζ) · (ζp−1 − 1) = (1− ζ) · (ζ−1 − 1) = ζ−1 − 2 + ζ = ϑ, we get the divisor chain

1− ζ divides ϑ divides
↑

L.24(iv)

p ,

so that pZ ⊆ (1− ζ)Z[ζ] .

By this we get that there exists a unique ring morphism % �tting into the following commutative triangle.

(2)

Z
∃! ring morphism

κ
//

π

��888888888888888888888
Z[ζ]

/
(1− ζ)Z[ζ] 6= 0

Fp = Z/
pZ

∃!%

BB�
�

�
�

�
�

�
�

�
�

Since Fp is a �eld we get that % is injective. Considering the injectivity and through (∗∗) we get that %
is surjective and this shows (iii).

Further we see that on the one hand

ker(κ) =
{
z ∈ Z : z ∈ (1− ζ)Z[ζ]

}
= Z ∩ (1− ζ)Z[ζ] ,

and on the other hand with the commutativity in (2)

ker(κ) = ker(% ◦ π)
% inj.
= ker(π) = pZ .

�

Remark 28

(i) For x ∈ Z[ϑp] we have xZ[ζp] ∩ Z[ϑp] = xZ[ϑp].

(ii) For i ∈ [1, p− 1] there exists u ∈ U(Z[ζp]) such that ζip − 1 = u(ζp − 1).

(iii) For s ∈ Z≥0 and σ ∈ Gal(Q(ϑp)|Q), we have

σ
(
ϑspZ[ϑp]

)
= ϑspZ[ϑp] .
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Proof of (i). The statement is true for x = 0. Given x ∈ Z[ϑ] \ {0}, then we have

xZ[ζ] ∩ Z[ϑ]
L.22
=
(∗)

xOQ(ζ) ∩ OQ(ϑ) = xO ∩ xQ(ζ)︸ ︷︷ ︸
=Q(ζ)⊇Q(ϑ)

∩ O︸︷︷︸
⊇xO

∩ Q(ϑ)

= xO ∩ Q(ϑ)︸ ︷︷ ︸
=xQ(ϑ)

= xO ∩ xQ(ϑ)

= xOQ(ϑ)
L.22
= xZ[ϑ] ,

where in (∗) we refer to [Neukirch 99, Ch. I, p. 60, Proposition (10.2)].

Proof of (ii). We have ζi−1
ζ−1 = ζ0 + · · ·+ ζi−1 ∈ Z[ζ].

For i ∈ [1, p− 1] there exists j ∈ Z≥1 with ij ≡p 1, so that ζij = ζ1.

Hence we have

ζ − 1

ζi − 1
=

(
ζi
)j − 1

ζi − 1
=
(
ζi
)0

+
(
ζi
)1

+
(
ζi
)2

+ · · ·+
(
ζi
)j−1 ∈ Z

[
ζi
]

= Z[ζ] .

Thus our desired unit is u := ζi−1
ζ−1 ∈ U(Z[ζ]).

Proof of (iii). We show that σi(ϑZ[ϑ])
!
= ϑZ[ϑ] for i ∈ [1, n] ; cf. Notation 26. In Z[ζ] we have

(1) ϑZ[ζ] =
((
ζ − 1

)(
ζ − 1

)︸ ︷︷ ︸
=−ϑ

)
Z[ζ]

(ii)
=
((
ζi − 1

)(
ζ
i − 1

))
Z[ζ] = σ̂i

(((
ζ − 1

)(
ζ − 1

))
Z[ζ]

)
= σ̂i(ϑZ[ζ]) .

We note that

σ̂i(Z[ϑ])
L.22
= σ̂i(O ∩Q(ϑ)) ⊆ Z[ϑ] for i ∈ [1, n] ,

because σ̂i maps an algebraic integer to an algebraic integer. Similarly, we have σ̂−1
i (Z[ϑ]) ⊆ Z[ϑ], so

that Z[ϑ] ⊆ σ̂i(Z[ϑ]), whence altogether

(2) σ̂i(Z[ϑ]) = Z[ϑ] for i ∈ [1, n] .

So we get

(3) σi(ϑZ[ϑ])
(i)
= σ̂i(ϑZ[ζ] ∩ Z[ϑ]) = σ̂i(ϑZ[ζ]) ∩ σ̂i(Z[ϑ])

(1)
=
(2)

ϑZ[ζ] ∩ Z[ϑ]
(i)
= ϑZ[ϑ] .

Hence, given s ∈ Z≥0 , we obtain

σi(ϑ
sZ[ϑ]) = σi((ϑZ[ϑ])s) = (σi(ϑZ[ϑ]))s

(3)
= (ϑZ[ϑ])s = ϑsZ[ϑ] .

�

Lemma 29 We have (p) = (ϑp)
n. Therefore (p) is totally rami�ed in Z[ϑp].

Proof. By Corollary 23 there exist s ∈ Z≥1 and prime ideals p1, . . . , ps of Z[ϑ] such that

(1) (p) = p1 · · · ps ,

cf. Lemma 135 (ii).

By Lemma 24 (iv) we get that ϑ|p in Z[ϑ]. So there exists x ∈ Z[ϑ] with p = ϑx and therefore

(p) = (ϑ)(x) .
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By this and by Lemma 27 (i) we can assume that the prime ideal p1 is equal to (ϑ).

The Galois group Gal(Q(ϑ)|Q) permutes transitively the prime ideals in the prime ideal decomposition

in (1), i.e. for j ∈ [1, s] there exists σ ∈ Gal(Q(ϑ)|Q) with σ(p1) = σ((ϑ)) = pj ; cf. [Neukirch 99, Ch. I,

p. 54, Proposition (9.1)].

By Remark 28 (iii) we therefore get that

(2) (p) = (ϑ)s .

Consider the embeddings

ϑsZ[ϑ] ↪−→ ϑs−1Z[ϑ] ↪−→ . . . ↪−→ ϑ2Z[ϑ] ↪−→ ϑZ[ϑ] ↪−→ Z[ϑ]

By Lemma 27 (i) and using the isomorphism theorem each of these embeddings has index p and therefore

the embeding (ϑ)s = ϑsZ[ϑ] ↪−→ Z[ϑ] has index ps. (3)

So we get ∣∣∣Z[ϑ]
/

(ϑ)s
∣∣∣ (3)

= ps

= (2)∣∣∣Z[ϑ]
/

(p)

∣∣∣ (∗)
=

∣∣∣Z⊕n/pZ⊕n∣∣∣ = pn ,

where in (∗) we refer to Lemma 24 (i3). So we have s = n. Consequently, (2) yields (p) = (ϑ)n. �

Remark 30 For k ∈ Z≥0 we have

(ζp − 1)2kZ[ζp] = ϑkpZ[ζp] .

Given x, y ∈ Z[ϑp], then we have

x ≡(ζp−1)2k y in Z[ζp] ⇐⇒ x ≡ϑkp y in Z[ϑp] .

Proof. For k ∈ Z≥0 we have

(∗) ϑkZ[ζ] = (ϑZ[ζ])k = ((−ϑ)Z[ζ])k =
((
ζ − 1

)(
ζ − 1

)
Z[ζ]

)k R.28
=
(ii)

(
(ζ − 1)2Z[ζ]

)k
= (ζ − 1)2kZ[ζ]

Suppose given x, y ∈ Z[ϑ]. Then we have

x ≡(ζ−1)2k y in Z[ζ]

⇐⇒ x− y ∈ (ζ − 1)2kZ[ζ] ∩ Z[ϑ]
(∗)
= ϑkZ[ζ] ∩ Z[ϑ]

R.28
=
(i)

ϑkZ[ϑ]

⇐⇒ x ≡ϑk y in Z[ϑ].

�

Remark 31 We have

(1− ζp)Z[ζp] ∩ Z[ϑp] = ϑpZ[ϑp] .

Proof. We have that (1−ζ)Z[ζ]∩Z[ϑ] is a proper ideal of Z[ϑ]. Because otherwise we had 1 ∈ (1−ζ)Z[ζ] ,

in contradiction to the fact that (1− ζ)Z[ζ] ( Z[ζ] is a maximal ideal of Z[ζ] ; cf. Lemma 27 (iii).
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Therefore we get

(∗) ϑZ[ϑ] ⊆ ϑZ[ζ] ∩ Z[ϑ]
R.30
= (1− ζ)2Z[ζ] ∩ Z[ϑ] ⊆ (1− ζ)Z[ζ] ∩ Z[ϑ] ( Z[ϑ] .

By Lemma 27 (i) we know that ϑZ[ϑ] is a maximal ideal of Z[ϑ]. So the sequence of ideals in (∗) yields
that ϑZ[ϑ] = (1− ζ)Z[ζ] ∩ Z[ϑ]. �

1.4.2 Bases for ϑpZ[ϑp]

Remark 32

(i) For l ∈ Z we de�ne

lγ
′ = lγ

′
p := lγp − l−1γp .

Then we have for i ∈ Z≥1

ϑip =

i∑
k=1

(−1)i−k ·
(

2i− 1

i− k

)
· kγ′p .

(ii) The ideal ϑpZ[ϑp] of Z[ϑp] has the Z-linear basis

( kγ
′
p : k ∈ [1, n] )

and the Z-linear basis
( kγp − 2 : k ∈ [1, n] ) .

Proof of (i). This is shown by induction on i. For i = 1, the right hand side is

(−1)1−1 ·
(

2 · 1− 1

1− 1

)
· 1γ′ = 1γ

′ = 1γ − 0γ = ζ + ζ−1 − ζ0 − ζ−0 = ζ + ζ−1 − 2 = ϑ1 .

So the statement is true for i = 1.

Suppose given i ∈ Z≥1 . To perform the inductive step i→ i+ 1, we make two preliminaries.

(a) For l ∈ Z we have

ϑ · lγ′
D.17
= (γ − 2) · lγ′ = (γ − 2) · ( lγ − l−1γ )

R.18
=
(i)

l+1γ + l−1γ − lγ − l−2γ − 2 · ( lγ − l−1γ ) = l+1γ
′ + l−1γ

′ − 2 · lγ′ .

(b) For k ∈ [1, i] we have

(
2i+ 1

i+ 1− k

)
=

(
2i

i− k

)
+

(
2i

i+ 1− k

)
=

(
2i− 1

i− k − 1

)
+

(
2i− 1

i− k

)
+

(
2i− 1

i− k

)
+

(
2i− 1

i+ 1− k

)

=

(
2i− 1

i− k − 1

)
+ 2 ·

(
2i− 1

i− k

)
+

(
2i− 1

i+ 1− k

)
.
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In
d
u
ct
iv
e
st
ep
:

i+
1 ∑ k

=
1

(−
1)
i+

1
−
k
( 2i+

1
i+

1
−
k

) · kγ
′

! =
ϑ
i+

1
=
ϑ
ϑ
i
I.
H
.

=
ϑ

i ∑ k
=

1

(−
1
)i
−
k
( 2i−1 i−

k

) · kγ
′

⇐
⇒

−
i+

1 ∑ k
=

1

(−
1
)k
( 2i+

1
i+

1
−
k

) · kγ
′

! =
i ∑ k
=

1

(−
1
)k
( 2i−1 i−

k

) ·ϑ
· k
γ
′

(a
)
o
n
th
e
ri
g
h
t

⇐
⇒

(b
)
o
n
th
e
le
ft

−
i+

1 ∑ k
=

1

(−
1)
k
( ( 2i

−
1

i−
k
−

1

) +
2
( 2i−1 i−

k

) +
( 2i−

1
i+

1
−
k

)) · k
γ
′

! =
i ∑ k
=

1

(−
1
)k
( 2i−1 i−

k

) ( k
+

1
γ
′
+
k
−

1
γ
′
−

2
· k
γ
′ )

⇐
⇒
−

(−
1)
i+

1
( 2i−1 0

) · i+
1
γ
′
−

i ∑ k
=

1

(−
1)
k
( ( 2i

−
1

i−
k
−

1

) +
2
( 2i−1 i−

k

) +
( 2i−

1
i+

1
−
k

)) · k
γ
′

! =
i ∑ k
=

1

(−
1
)k
( 2i−1 i−

k

) ( k
+

1
γ
′
+
k
−

1
γ
′
−

2
· k
γ
′ )

∣ ∣ ∣ ∣+
i ∑ k
=

1

(−
1
)k
·2
( 2i−1 i−

k

) · kγ
′

⇐
⇒

(−
1)
i
· i

+
1
γ
′
−

i ∑ k
=

1

(−
1)
k
( ( 2i

−
1

i−
k
−

1

) +
( 2i−

1
i+

1
−
k

)) · k
γ
′

! =
i ∑ k
=

1

(−
1
)k
( 2i−1 i−

k

) ( k
+

1
γ
′
+
k
−

1
γ
′ )

⇐
⇒

(−
1)
i
· i

+
1
γ
′
−

i ∑ k
=

1

(−
1)
k
( 2i−

1
i−
k
−

1

) · kγ
′
−

i ∑ k
=

1

(−
1
)k
( 2i−

1
i+

1
−
k

) · kγ
′

! =
i ∑ k
=

1

(−
1
)k
( 2i−1 i−

k

) · k+
1
γ
′

︸
︷︷

︸
=

:S
L

+
i ∑ k
=

1

(−
1
)k
( 2i−1 i−

k

) · k−
1
γ
′

︸
︷︷

︸
=

:S
R

∣ ∣ ∣ ∣subs
t.

{ k↔
k

+
1
in
S
L

k
↔
k
−

1
in
S
R

⇐
⇒

(−
1)
i
· i

+
1
γ
′
−

i ∑ k
=

1

(−
1)
k
( 2i−

1
i−
k
−

1

) · kγ
′
−

i ∑ k
=

1

(−
1
)k
( 2i−

1
i+

1
−
k

) · kγ
′

! =
−
i+

1 ∑ k
=

2

(−
1
)k
( 2i−

1
i+

1
−
k

) · kγ
′
−

i−
1 ∑ k

=
0

(−
1
)k
( 2i−

1
i−
k
−

1

) · kγ
′

∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣+
i ∑ k
=

2

(−
1
)k
( 2i−

1
i+

1
−
k

) · kγ
′

+
i−

1 ∑ k
=

1

(−
1
)k
( 2i−

1
i−
k
−

1

) · kγ
′

⇐
⇒

(−
1)
i
· i

+
1
γ
′
−

(−
1)
i( 2i−

1
i−
i−

1

) · iγ
′

︸
︷︷

︸
su
m
m
a
n
d
fo
r
k

=
i

−
(−

1
)1
( 2i−

1
i+

1
−

1

) · 1γ
′

︸
︷︷

︸
su
m
m
a
n
d
fo
r
k

=
1

! =
−

(−
1
)i

+
1
( 2

i−
1

i+
1
−

(i
+

1
)) · i+

1
γ
′

︸
︷︷

︸
su
m
m
a
n
d
fo
r
k

=
i

+
1

−
(−

1
)0
( 2i−

1
i−

0
−

1

) · 0γ
′

︸
︷︷

︸
su
m
m
a
n
d
fo
r
k

=
0

∣ ∣ −(−
1
)i
· i

+
1
γ
′

⇐
⇒

( 2i−1 i

) · 1γ
′

! =
−
( 2i−1 i−

1

) · 0γ
′

⇐
⇒

0
! =
( 2i−1 i

) · 1γ
′
+
( 2i−1 i−

1

) · 0γ
′

=
( 2i−1 i

) · 1γ
′
+
( 2i−1 i

) · 0γ
′

⇐
⇒

0
! =

1
γ
′
+

0
γ
′

=
1
γ
−

0
γ

+
0
γ
−
−

1
γ

=
0
.
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Proof of (ii). We de�ne B2 := ( kγ
′ : k ∈ [1, n] ). By Lemma 24 (i3) it follows that ϑZ[ϑ] has the Z-linear

basis B1 := (ϑs : s ∈ [1, n] ). By this and using (i) we see that ϑZ[ϑ] ⊆ 〈B2 〉Z .

Therefore we have n = rkZ (〈B1 〉Z) = rkZ(ϑZ[ϑ]) ≤ rkZ (〈B2 〉Z) ≤ n . So rkZ (〈B2 〉Z) = n , whence

B2 is Z-linearly independent.

We consider the Z-linear embedding ι1 : ϑZ[ϑ] ↪−→ 〈B2 〉Z . It follows from (i) that the describing matrix

A1 of ι1 with respect to B1 and B2 is upper triangular.

The diagonal entries of A1 are (−1)i−i ·
(

2i−1
i−i
)

= 1 for i ∈ [1, n]. Therefore A1 has determinant 1, whence

ι1 is bijective.

Altogether, B2 is a Z-linear basis of ϑZ[ϑ].

We de�ne B3 := ( kγ − 2 : k ∈ [1, n] ). For s ∈ [1, n] we have σs(ϑ) = σs(1γ − 2) = sγ − 2. Since

σs(ϑ) ∈ ϑZ[ϑ], cf. Remark 28 (iii), we therefore obtain that 〈B3 〉Z ⊆ ϑZ[ϑ] = 〈B2 〉Z .

On the other hand, we have

sγ
′ = sγ − s−1γ = (sγ − 2)− (s−1γ − 2) =

 (sγ − 2)− (s−1γ − 2) for s ∈ [2, n] ,

1γ − 2 for s = 1 .

So ϑZ[ϑ] = 〈B2 〉Z ⊆ 〈B3 〉Z . Hence we get 〈B3 〉Z = ϑZ[ϑ]. Since n = rkZ(ϑZ[ϑ]) = rkZ (〈B3 〉Z) ≤ n ,

we have that rkZ (〈B3 〉Z) = n . Thus B3 is Z-linearly independent.

Altogether, B3 is a Z-linear basis of ϑZ[ϑ]. �

1.4.3 Summary of Rami�cation

In summary, we obtain the following diagram

Z[ζp]

(1− ζp)Z[ζp]

rami�cation
index

2

maximal

ideal

rrrrrrrrrrrrrrrrrr

Z[ϑp]

(1− ζp)Z[ζp] ∩ Z[ϑp] = ϑpZ[ϑp]

rami�cation
index

n

maximal

ideal

rrrrrrrrrrrrrrrrrr

Z

ϑpZ[ϑp] ∩ Z = pZ

maximal

ideal

qqqqqqqqqqqqqqqqqqqqq



Chapter 2

Two tensor products

2.1 The tensor product Q(ϑp)⊗
Q
Q(ϑp)

Lemma 33 We have the isomorphism of Q(ϑp)-algebras

δ : Q(ϑp) ⊗
Q

Q(ϑp)
∼−→ Q(ϑp) × . . . × Q(ϑp)

y ⊗ x 7−→ (σn(x)y , . . . , σ1(x)y) ,

where Gal(Q(ϑp)|Q) = {σi : i ∈ [1, n]} ; cf. Notation 26.

Proof. By Lemma 24 (i2) we have [Q(ϑ) : Q] = n. Hence, we apply Lemma 109 to the case (L,K,m) =

(Q(ϑ),Q, n) to obtain the assertion. (Note that the order of the Galois automorphisms may be chosen

arbitrarily.) �

2.2 The tensor product Z[ϑp]⊗
Z
Z[ϑp]

2.2.1 The tensor product Z[ϑp]⊗
Z
Z[ϑp] as a Z[ϑp]-subalgebra pΨ of Z[ϑp]

×n

De�nition 34 For i ∈ [0, n− 1] and k ∈ [1, n], we de�ne

Z 3

〈
i

k

〉
:=

 (−1)i−k+1
((

2i
i−k+1

)
−
(

2i
i−k
))

for k ∈ [1, i+ 1] ,

0 for k ∈ [i+ 2, n] .

Note that the formula for k ∈ [1, i+ 1] applies to the case k ∈ [i+ 2, n] as well, if one prefers.

This enables us to de�ne the Z[ϑp]-submodule of the Z[ϑp]-algebra Z[ϑp]
×n

Ψ = pΨ :=

{
(aj)j∈[1,n] ∈ Z[ϑp]

×n :

n∑
k=1

〈
i

k

〉
ak ≡ϑip 0 for i ∈ [0, n− 1]

}
,

cf. Convention 7.

17
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Example 35 Let us consider pΨ in the case p = 11. Then 11Ψ is given by

11Ψ =


( v , w , x , y , z ) ∈ Z[ϑ11]×5 :

−v + w ≡ϑ1
11

0

2v − 3w + x ≡ϑ2
11

0

−5v + 9w − 5x+ y ≡ϑ3
11

0

14v − 28w + 20x− 7y + z ≡ϑ4
11

0


.

Remark 36

Let DΨ = DpΨ := diag
(
ϑn−1
p , ϑn−2

p , . . . , ϑ0
p

)
∈ Z[ϑp]

n×n ∩GLn(C) ,

and KΨ = KpΨ :=

(〈
i

k

〉)
i ∈ [0, n− 1],

k ∈ [1, n]

∈ Zn×n ∩GLn(Q) .

Suppose given a = (aj)j∈[1,n] ∈ Z[ϑp]
×n. Then we have

a ∈ pΨ ⇐⇒ D
pΨKpΨ a

t ∈ ϑn−1
p Z[ϑp]

n×1 .

Proof. We have KΨ ∈ Zn×n by De�nition 34. We see that
〈
i

k

〉
=

{
0 for k > i+ 1 and

1 for k = i+ 1 .

Therefore KΨ is lower triangular and det(KΨ) = 1. Hence, KΨ ∈ GLn(Q).

For given a = (aj)j∈[1,n] ∈ Z[ϑ]×n , we have

a ∈ Ψ ⇐⇒ a satis�es the de�ning congruences for Ψ

⇐⇒
n∑
k=1

〈
i

k

〉
ak ≡ϑi 0 for i ∈ [0, n− 1] ⇐⇒ DΨKΨa

t ∈ ϑn−1Z[ϑ]n×1 .

�

Example 37 Let us consider K
pΨ in the case p = 11. Then K

11Ψ is given by the lower triangular matrix

K
11Ψ =


1 0 0 0 0

−1 1 0 0 0

2 −3 1 0 0

−5 9 −5 1 0

14 −28 20 −7 1

 .

Lemma 38 The Z[ϑp]-submodule pΨ ⊆ Z[ϑp]
×n has the Z[ϑp]-linear basis

BΨ = B
pΨ :=

(
ϑl−1
p ·

((
l + k − 2

2l − 2

))
k∈[1,n]

: l ∈ [1, n]

)
.
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Proof. Let i, l ∈ [1, n]. First, note that the elements of BΨ are the rows of an upper triangular matrix,

whence BΨ is Z[ϑ]-linearly independent.

The describing matrix L of the embedding ι : 〈BΨ〉Z[ϑ] ↪−→ Z[ϑ]×n with respect to BΨ and to the

standard basis of Z[ϑ]×n is

L =

(
ϑl−1 ·

(
l + k − 2

2l − 2

))
k,l∈[1,n]

.

We consider the matrix KΨ de�ned in Remark 36 and note that KΨ =

(〈
i− 1

k

〉)
i,k∈[1,n]

.

Then we have

KΨL =

(
n∑
k=1

〈
i− 1

k

〉
· ϑl−1 ·

(
l + k − 2

2l − 2

))
i,l∈[1,n]

=

(
ϑl−1 ·

n∑
k=1

〈
i− 1

k

〉
·
(
l + k − 2

2l − 2

))
i,l∈[1,n]

R.139
=

(
ϑl−1 · S(i, l)

)
i,l∈[1,n]

R.139
=

(
ϑl−1 · ∂i,l

)
i,l∈[1,n]

= diag
(
ϑ0 , ϑ1 , . . . , ϑn−1

)
=: F .

 (1)

So we obtain for given a = (aj)j∈[1,n] ∈ Z[ϑ]×n

a ∈ Ψ
R.36⇐⇒ DΨ

(1)
=FL−1︷︸︸︷
KΨ at ∈ ϑn−1Z[ϑ]n×1 ⇐⇒

=ϑn−1·En︷ ︸︸ ︷
DΨF L−1at ∈ ϑn−1Z[ϑ]n×1

⇐⇒ ϑn−1L−1at ∈ ϑn−1Z[ϑ]n×1 ⇐⇒ at ∈ LZ[ϑ]n×1 ⇐⇒ a ∈ 〈BΨ〉Z[ϑ] .

Therefore we have Ψ = 〈BΨ〉Z[ϑ] . �

Example 39 In the case p = 11 the Z[ϑ11]-linear basis B
11Ψ of the submodule 11Ψ of Z[ϑ11]×5 is given

by

B
11Ψ =



( 1 , 1 , 1 , 1 , 1 ) ,

ϑ1
11 · ( 0 , 1 , 3 , 6 , 10 ) ,

ϑ2
11 · ( 0 , 0 , 1 , 5 , 15 ) ,

ϑ3
11 · ( 0 , 0 , 0 , 1 , 7 ) ,

ϑ4
11 · ( 0 , 0 , 0 , 0 , 1 )


.

Remark 40 Let ι : pΨ ↪−→ Z[ϑp]
×n be the canonical embedding.

Then we have

detZ[ϑp](ι) = ϑ
(n−1)n

2
p .

Proof. By Lemma 38 we get that the describing matrix of ι with respect to the basis BΨ of Ψ and to the

standard basis of Z[ϑ]×n is

L =

(
ϑl−1 ·

(
l + k − 2

2l − 2

))
k,l∈[1,n]

.

Since

(
l + k − 2

2l − 2

)
= 0 for k < l the matrix L is lower triangular. Further we have that

(
l + k − 2

2l − 2

)
= 1

for k = l.
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So we can calculate the determinant of ι as follows

detZ[ϑ](ι) = det(L) =

n−1∏
i=0

ϑi = ϑ

n−1∑
i=0

i
= ϑ

(n−1)n
2 .

�

Proposition 41

The Z[ϑp]-submodule pΨ of the Z[ϑp]-algebra Z[ϑp]
×n, given in De�nition 34, is a subalgebra.

We have the isomorphism of Z[ϑp]-algebras

f : Z[ϑp] ⊗
Z

Z[ϑp]
∼−→

{
(aj)j∈[1,n] ∈ Z[ϑp]

×n :

n∑
k=1

〈
i

k

〉
ak ≡ϑip 0 for i ∈ [0, n− 1]

}
= pΨ

ξ ⊗ η 7−→ (σn−j+1(η) · ξ )j∈[1,n] ,

where σj ∈ Gal(Q(ϑp)|Q) for j ∈ [1, n] ; cf. Notation 26.

Proof. By Remark 28 (iii) (in the case s = 0) we get that σ restricts to an automorphism of Z[ϑ] for all

σ ∈ Gal(Q(ϑ)|Q).

So we can consider the map f̃ : Z[ϑ]⊗
Z
Z[ϑ] −→ Z[ϑ]×n , ξ ⊗ η 7−→ f(ξ ⊗ η) = (σn−j+1(η) · ξ)j∈[1,n] .

We have the commutative diagram

ξ ⊗ η � // ξ ⊗ η � // (σn(η)ξ, . . . , σ1(η)ξ)

Q(ϑ)⊗
Z
Q(ϑ) ∼

L.101
↓
dZ // Q(ϑ)⊗

Q
Q(ϑ) ∼

L.33
↓
δ // Q(ϑ)× · · · ×Q(ϑ)

Z[ϑ]⊗
Z
Z[ϑ]

f̃ //
?�

OO

Z[ϑ]× · · · × Z[ϑ]

?�

OO

ξ ⊗ η � //
_

OO

(σn(η)ξ, . . . , σ1(η)ξ) ,
_

OO

whence f̃ is an injective morphism of Z[ϑ]-algebras.

Now we want to show that f̃(Z[ϑ]⊗
Z
Z[ϑ])

!
⊆ Ψ.

We choose the Z-linear basis (1γ, 2γ, . . . , n−1γ, nγ) of Z[ϑ] ; cf. Corollary 21.

Therefore we can choose the Z[ϑ]-linear basis B := (1⊗ 1γ, 1⊗ 2γ, . . . , 1⊗ n−1γ, 1⊗ nγ) of Z[ϑ]⊗
Z
Z[ϑ] ;

cf. Lemma 100 (i).

By Remark 28 (iii) we have for τ ∈ Gal(Q(ϑ)|Q)

(1) τ
(
ϑiZ[ϑ]

)
= ϑiZ[ϑ] for i ∈ [0, n− 1] .
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Given (aj)j∈[1,n] ∈ Z[ϑ]×n and τ ∈ Gal(Q(ϑ)|Q) we write τ((aj)j∈[1,n]) := (τ(aj))j∈[1,n] .

For (aj)j∈[1,n] ∈ Z[ϑ]×n, we obtain

(aj)j∈[1,n] ∈ Ψ
D.34⇐⇒

n∑
k=1

〈
i

k

〉
ak ≡ϑi 0 for i ∈ [0, n− 1]

⇐⇒
n∑
k=1

〈
i

k

〉
ak ∈ ϑiZ[ϑ]

(1)
= τ−1

(
ϑiZ[ϑ]

)
for i ∈ [0, n− 1]

⇐⇒ τ

(
n∑
k=1

〈
i

k

〉
︸ ︷︷ ︸
∈Z

ak

)
∈ ϑiZ[ϑ] for i ∈ [0, n− 1]

⇐⇒
n∑
k=1

〈
i

k

〉
τ(ak) ∈ ϑiZ[ϑ] for i ∈ [0, n− 1]

⇐⇒
n∑
k=1

〈
i

k

〉
τ(ak) ≡ϑi 0 for i ∈ [0, n− 1] ⇐⇒ (τ(aj))j∈[1,n] ∈ Ψ

⇐⇒ τ((aj)j∈[1,n]) ∈ Ψ .



(∗)

Further we have for s ∈ [1, n]

f̃(1⊗ sγ) = f̃(1⊗ σs(1γ)) = (σn−j+1(σs(1γ)))j∈[1,n]

Gal.gr.
=

abelian
(σs(σn−j+1(1γ)))j∈[1,n]

= σs((σn−j+1(1γ))j∈[1,n]) = σs
(
f̃(1⊗ 1γ)

)
.

Since B is a Z[ϑ]-linear basis of Z[ϑ]⊗
Z
Z[ϑ] and because of (∗) , we only have to show that

f̃(1⊗ 1γ) = (σn−j+1(1γ)︸ ︷︷ ︸
= n−j+1γ

)j∈[1,n] = ( nγ , . . . , 1γ )
!
∈ Ψ ,

in order to prove the stated inclusion f̃(Z[ϑ]⊗
Z
Z[ϑ])

!
⊆ Ψ.

For this we shall verify that the tuple ( nγ , . . . , 1γ ) satis�es the de�ning congruences for Ψ.
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Hence we get with Remark 30 that
n∑
k=1

〈
i

k

〉
n−k+1γ ≡ϑi 0 for i ∈ [0, n− 1] , and so f̃(Z[ϑ]⊗

Z
Z[ϑ]) ⊆ Ψ.

So we can de�ne f := f̃ Ψ ; cf. Convention 1. As a restriction of f̃ , the map f : Z[ϑ] ⊗
Z
Z[ϑ] −→ Ψ is

injective.

Now we calculate the principal ideal of Z[ϑ] that is generated by the Z[ϑ]-linear determinant of f̃ .

We choose the Z-linear basis (ϑ0 , ϑ1 , . . . , ϑn−2 , ϑn−1 ) of Z[ϑ] ; cf. Lemma 24 (i3).

Therefore we can choose the Z[ϑ]-linear basis C := ( 1⊗ϑ0 , 1⊗ϑ1 , . . . , 1⊗ϑn−2 , 1⊗ϑn−1 ) of Z[ϑ]⊗
Z
Z[ϑ] ;

cf. Lemma 100 (i). Further we choose the standard basis of Z[ϑ]×n. So we obtain the describing matrix

of the Z[ϑ]-linear map f̃ : Z[ϑ]⊗
Z
Z[ϑ] −→ Z[ϑ]×n as

A :=
(
σn−j+1

(
ϑi
))
j ∈ [1, n],

i ∈ [0, n− 1]

.

We apply Lemma 115 to the case
(
L,Q,m, (xj)j∈[1,m]

)
=
(
Q(ϑ),Q, n, (ϑi)i∈[0,n−1]

)
and get(

det(A)
)2

= ∆Q(ϑ)|Q
L.25
= ±p

p−3
2 .

So we have (
det(A)

)2Z[ϑ] = p
p−3

2 Z[ϑ]
L.29
= ϑn·

p−3
2 Z[ϑ] = ϑn·

2n+1−3
2 Z[ϑ] = ϑn(n−1)Z[ϑ] ,

whence

detZ[ϑ]

(
f̃
)
Z[ϑ] = det(A)Z[ϑ] = ϑ

(n−1)n
2 Z[ϑ] .

By Remark 40 we know that detZ[ϑ](ι : Ψ ↪→ Z[ϑ]×n) = ϑ
(n−1)n

2 .

So we have the following situation

Z[ϑ]⊗
Z
Z[ϑ]

f̃

detZ[ϑ](f̃)Z[ϑ]=ϑ
(n−1)n

2 Z[ϑ]
↓

""f=f̃ Ψ

// Ψ
ι

↑

detZ[ϑ](ι)Z[ϑ]=ϑ
(n−1)n

2 Z[ϑ]

// Z[ϑ]×n .

We have

detZ[ϑ]

(
f̃
)
Z[ϑ] = detZ[ϑ](ι ◦ f)Z[ϑ]

= (detZ[ϑ](f) · detZ[ϑ](ι))Z[ϑ] = detZ[ϑ](f)Z[ϑ] · detZ[ϑ](ι)Z[ϑ]

= detZ[ϑ](f)Z[ϑ] · detZ[ϑ]

(
f̃
)
Z[ϑ] =

(
detZ[ϑ](f) · detZ[ϑ]

(
f̃
))
Z[ϑ] .


(2)

From the inclusion "⊆" in (2) we get that there exists an x ∈ Z[ϑ] with

0

f̃ inj.
↓

6= detZ[ϑ]

(
f̃
)

= detZ[ϑ](f) · detZ[ϑ]

(
f̃
)
· x ⇐⇒ 1 = detZ[ϑ](f) · x

⇐⇒ detZ[ϑ](f) ∈ U(Z[ϑ]) .

Thus we get that f is surjective.

Altogether, f is bijective. Since f = f̃ Ψ and f̃ is a morphism of Z[ϑ]-algebras, we conclude that

Ψ = im
(
f̃
)
is a Z[ϑ]-subalgebra of Z[ϑ]×n. �
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2.2.2 A submodule pΨ̃ of Z[ϑp]
×n

In the following two Subsections 2.2.2 and 2.2.3, we intend to describe a principal ideal of pΨ via ties,

which will help us later to describe the group ring Z[ϑp]D2p in Section 4.2 via ties.

De�nition 42 We de�ne the Z[ϑp]-submodule pΨ̃ of the Z[ϑp]-algebra Z[ϑp]
×n

Ψ̃ = pΨ̃ :=

{
(aj)j∈[1,n] ∈ Z[ϑp]

×n :

n∑
k=1

(2i− 1)2

(2k − 1)2
(2i)!

〈
i− 1

k

〉
· ak ≡ϑip 0 for i ∈ [1, n]

}
,

cf. Convention 7, De�nition 34 and Remark 141.

Example 43 Let us consider pΨ̃ in the case p = 11. Then 11Ψ̃ is given by

11Ψ̃ =


( v , w , x , y , z ) ∈ Z[ϑ11]×5 :

2v ≡ϑ1
11

0

−216v + 24w ≡ϑ2
11

0

36000v − 6000w + 720x ≡ϑ3
11

0

−9878400v + 1975680w − 395136x+ 40320y ≡ϑ4
11

0

4115059200v − 914457600w + 235146240x− 41990400y + 3628800z ≡ϑ5
11

0


.

Remark 44

Let DΨ̃ = D
pΨ̃

:= diag
(
ϑn−1
p , ϑn−2

p , . . . , ϑ0
p

)
∈ Z[ϑp]

n×n ∩GLn(C) ,

and KΨ̃ = K
pΨ̃

:=

(
(2i− 1)2

(2k − 1)2
(2i)!

〈
i− 1

k

〉)
i,k∈[1,n]

∈ Zn×n ∩GLn(Q) .

Suppose given a = (aj)j∈[1,n] ∈ Z[ϑp]
×n. Then we have

a ∈ pΨ̃ ⇐⇒ D
pΨ̃
K
pΨ̃
at ∈ ϑnpZ[ϑp]

n×1 .

Proof. We have KΨ̃ ∈ Zn×n by Remark 141.

For i, k ∈ [1, n] we denote the entries of KΨ̃ by li,k := (2i−1)2

(2k−1)2 (2i)!
〈
i− 1

k

〉
. By De�nition 34 we see that

li,k = 0 for k > i and li,k 6= 0 for k = i .

Therefore KΨ̃ is lower triangular and det(KΨ̃) 6= 0, i.e. KΨ̃ ∈ GLn(Q).

For given a = (aj)j∈[1,n] ∈ Z[ϑ]×n , we have

a ∈ Ψ̃ ⇐⇒ a satis�es the de�ning congruences for Ψ̃

⇐⇒
n∑
k=1

(2i− 1)2

(2k − 1)2
(2i)!

〈
i− 1

k

〉
ak ≡ϑi 0 for i ∈ [1, n] ⇐⇒ DΨ̃KΨ̃a

t ∈ ϑnZ[ϑ]n×1 .

�
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Example 45 Let us consider K
pΨ̃

in the case p = 11. Then K
11Ψ̃

is given by the lower triangular matrix

K
11Ψ̃

=


2 0 0 0 0

−216 24 0 0 0

36000 −6000 720 0 0

−9878400 1975680 −395136 40320 0

4115059200 −914457600 235146240 −41990400 3628800

 .

Remark 46 We write (p) := pZ and (ϑp) := ϑpZ[ϑp].

(i) We have Z[ϑp](p) = Z[ϑp](ϑp) as subrings of Q(ϑp).

(ii) We have Z[ϑp](p) = Z(p)[ϑp] as subrings of Q(ϑp).

(iii) In particular, Z(p)[ϑp] is a discrete valuation ring.

(iv) Moreover, the maximal ideal of Z(p)[ϑp] is generated by ϑp .

Proof of (i). Recall that (p) ⊆ Z and (ϑ) ⊆ Z[ϑ] are prime ideals; cf. Lemma 27 (i). So the localizations

of Z[ϑ] at (ϑ) respective (p) are de�ned; cf. De�nition 117. By Lemma 22 we have Z[ϑ] = OQ(ϑ). By

Lemma 27 (ii), we have (p) = Z ∩ (ϑ). By Lemma 29 we have ϑnZ[ϑ] = pZ[ϑ]. Therefore we can apply

Lemma 137 to the case (L,K,OK , p,OL, q, s) = (Q(ϑ),Q,Z, (p),Z[ϑ], (ϑ), n) and obtain the assertion.

Proof of (ii). Using Lemma 24 (i3) we have to show the vertical equality in

Z[ϑ](p) =

{
n−1∑
i=0

aiϑ
i

s
: ai ∈ Z for i ∈ [0, n− 1], s ∈ Z \ (p)

}
⊆ Q(ϑ)

= !

Z(p)[ϑ] =

{
n−1∑
i=0

bi
si
ϑi : bi ∈ Z for i ∈ [0, n− 1], si ∈ Z \ (p) for i ∈ [0, n− 1]

}
⊆ Q(ϑ) .

The inclusion " ⊇ " holds using coe�cients ai
s of ϑi for i ∈ [0, n− 1].

Ad "

⊇

". Let s :=
n−1∏
i=0

si ∈ Z\(p). Then ss−1
i ∈ Z for i ∈ [0, n−1], and

n−1∑
i=0

bi
si
ϑi =

n−1∑
i=0

(biss
−1
i )ϑi

s ∈ Z[ϑ](p) .

Proof of (iii). By Corollary 23 the ring Z[ϑ] is a Dedekind domain. By Lemma 27 (i), the ideal (ϑ) 6= 0

of Z[ϑ] is prime. Therefore we get with De�nition 131 that Z[ϑ](ϑ)
(i)
= Z[ϑ](p)

(ii)
= Z(p)[ϑ] is a discrete

valuation ring.

Proof of (iv). By Lemma 27 (i) we have that (ϑ) is a maximal ideal of Z[ϑ]. So we obtain by (iii) and

Remark 126 that (ϑ)(ϑ) is the unique maximal of Z[ϑ](ϑ) = Z(p)[ϑ]. �

Lemma 47 The Z(p)[ϑp]-submodule pΨ̃(p) of Z(p)[ϑp]
×n has the Z(p)[ϑp]-linear basis

BΨ̃(p)
= B

pΨ̃(p)
:=

(
ϑlp ·

(
(2k − 1)2

l + k − 1

(
l + k − 1

k − l

))
k∈[1,n]

: l ∈ [1, n]

)
.
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Proof. First, note that the elements of BΨ̃(p)
are the rows of an upper triangular matrix, whence BΨ̃(p)

is

Z(p)[ϑ]-linearly independent.

The describing matrix of the embedding ι : 〈BΨ̃(p)
〉Z(p)[ϑ] ↪−→ Z(p)[ϑ]×n with respect to BΨ̃(p)

and to the

standard basis of Z(p)[ϑ]×n is

L =

(
ϑl · (2k − 1)2

l + k − 1

(
l + k − 1

k − l

))
k,l∈[1,n]

.

Since l + k − 1 ≤ 2n− 1 < p for l, k ∈ [1, n], we see that L ∈
(
Z(p)[ϑ]

)n×n
.

Note that by Remark 143 the matrix L is already contained in Z[ϑ]n×n. So BΨ̃(p)
, which we �nd again

in the columns of L, is already contained in Z[ϑ]×n. Cf. Subsection 2.2.4.

Further we consider the matrix

KΨ̃ =

(
(2i− 1)2

(2k − 1)2
(2i)!

〈
i− 1

k

〉)
i,k∈[1,n]

R.141
=

(
(−1)i−k

(
2i− 1

i− k

)
(2i)!

2k − 1
(2i− 1)

)
i,k∈[1,n]

R.141

∈ Zn×n,

de�ned in Remark 44.

Then we have

KΨ̃L=

(
n∑
k=1

(−1)i−k
(

2i− 1

i− k

)
(2i)!

2k − 1
(2i− 1) · ϑl · (2k − 1)2

l + k − 1

(
l + k − 1

k − l

))
i,l∈[1,n]

=

(
ϑl · (2i− 1)(2i)!

n∑
k=1

(−1)i−k
(

2i− 1

i− k

)
︸ ︷︷ ︸

= 0 for k > i

2k − 1

l + k − 1

(
l + k − 1

k − l

)
︸ ︷︷ ︸
= 0 for k < l

)
i,l∈[1,n]

=

(
ϑl · (2i− 1)(2i)!

i∑
k=l

(−1)i−k
(

2i− 1

i− k

)
2k − 1

l + k − 1

(
l + k − 1

k − l

))
i,l∈[1,n]

k′=k−l
↓
=

(
ϑl · (2i− 1)(2i)!

i−l∑
k′=0

(−1)i−l−k
′
(

2i− 1

i− l − k′

)
2l + 2k′ − 1

2l + k′ − 1

(
2l + k′ − 1

k′

))
i,l∈[1,n]

k=k′
↓
=

(
ϑl · (2i− 1)(2i)!(−1)i−l

i−l∑
k=0

(−1)k
(

2i− 1

i− l − k

)
2l + 2k − 1

2l + k − 1

(2l + k − 1)!

k!(2l − 1)!

)
i,l∈[1,n]

=

(
ϑl · (2i− 1)(2i)!(−1)i−l

i−l∑
k=0

(−1)k
(

2i− 1

i− l − k

)
(2l + 2k − 1)

(2l + k − 2)!

k!(2l − 2)!

1

2l − 1

)
i,l∈[1,n]

=

(
ϑl · (2i− 1)(2i)!

1

2l − 1
(−1)i−l

i−l∑
k=0

(−1)k
(

2i− 1

i− l − k

)
(2l + 2k − 1)

(
2l + k − 2

2l − 2

))
i,l∈[1,n]

C.140
=

(
ϑl · (2i− 1)(2i)!

1

2l − 1
(2i− 1) · ∂i,l

)
i,l∈[1,n]

=
(
ϑl · (2i− 1)(2i)! · ∂i,l

)
i,l∈[1,n]

= diag
(
ϑi(2i− 1)(2i)! : i ∈ [1, n]

)
=: F .



(1)

By Remark 44, we have, given a = (aj)j∈[1,n] ∈ Z[ϑ]×n,

a ∈ Ψ̃ ⇐⇒ DΨ̃KΨ̃a
t ∈ ϑnZ[ϑ]n×1 .
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We apply Corollary 125 to the case (A,B, p, x, k,M,N) = (Z, Z[ϑ], pZ, ϑn, n, DΨ̃KΨ̃ , Ψ̃t ).

So given a = (aj)j∈[1,n] ∈
(
Z[ϑ](p)

)×n
=
↑

R.46(ii)

(
Z(p)[ϑ]

)×n
, we have

a ∈ Ψ̃(p) ⇐⇒ DΨ̃KΨ̃a
t ∈ ϑn

(
Z(p)[ϑ]

)n×1
.

Therefore we get

a ∈ Ψ̃(p) ⇐⇒ DΨ̃

(1)
=FL−1︷︸︸︷
KΨ̃ at ∈ ϑn

(
Z(p)[ϑ]

)n×1

⇐⇒ (DΨ̃F )L−1at ∈ ϑn
(
Z(p)[ϑ]

)n×1

R.44⇐⇒ ϑn · diag( (2i− 1)(2i)! : i ∈ [1, n] )L−1at ∈ ϑn
(
Z(p)[ϑ]

)n×1

⇐⇒ diag( (2i− 1)(2i)! : i ∈ [1, n] )︸ ︷︷ ︸
=:A

L−1at ∈
(
Z(p)[ϑ]

)n×1


(2)

Since 2i− 1 < 2i ≤ 2n < p for i ∈ [1, n], we get that p - det(A) ∈ Z. Therefore A ∈ GLn
(
Z(p)

)
, implying

that A−1
(
Z(p)[ϑ]

)n×1
=
(
Z(p)[ϑ]

)n×1
.

So we get with (2)

a ∈ Ψ̃(p) ⇐⇒ at ∈ L
(
Z(p)[ϑ]

)n×1 ⇐⇒ a ∈ 〈BΨ̃(p)
〉Z(p)[ϑ] .

Therefore we have Ψ̃(p) = 〈BΨ̃(p)
〉Z(p)[ϑ] . �

Example 48

In the case p = 11 the Z(11)[ϑ11]-linear basis B
11Ψ̃(11)

of the submodule 11Ψ̃(11) of Z(11)[ϑ11]×5 is given by

B
11Ψ̃(11)

=



ϑ1
11 · ( 1 , 9 , 25 , 49 , 81 ) ,

ϑ2
11 · ( 0 , 3 , 25 , 98 , 270 ) ,

ϑ3
11 · ( 0 , 0 , 5 , 49 , 243 ) ,

ϑ4
11 · ( 0 , 0 , 0 , 7 , 81 ) ,

ϑ5
11 · ( 0 , 0 , 0 , 0 , 9 )


.

2.2.3 The principal ideal of pΨ generated by the image of 1⊗ ϑp equals pΨ̃

De�nition 49 We de�ne

θ = θp := (σn(ϑp) , . . . , σ1(ϑp) ) = f(1⊗ ϑp) ∈ pΨ ,

where σi ∈ Gal(Q(ϑp)|Q) for i ∈ [1, n] ; cf. Notation 26. For f we refer to Proposition 41.

We obtain the principal ideal θΨ = θp · pΨ in pΨ generated by θp .
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Remark 50 The principal ideal of pΨ generated by θp has the Z[ϑp]-linear basis

BθΨ = Bθp·pΨ :=

(
ϑl−1
p ·

(
σn−k+1(ϑp) ·

(
l + k − 2

2l − 2

))
k∈[1,n]

: l ∈ [1, n]

)
.

Let ι : θp · pΨ ↪−→ Z[ϑp]
×n be the canonical embedding. Then we have

detZ[ϑp](ι) =

n∏
s=1

(
ϑs−1
p · σn−s+1(ϑp)

)
and detZ(ι) = ±p

n(n+1)
2 .

Proof. By Lemma 38 we have a Z[ϑ]-linear basis of Ψ given by BΨ =

(
ϑl−1 ·

((
l+k−2
2l−2

))
k∈[1,n]

: l ∈ [1, n]

)
.

Therefore θΨ has the Z[ϑ]-linear basis θ ·BΨ =

(
ϑl−1 ·

(
σn−k+1(ϑ) ·

(
l+k−2
2l−2

))
k∈[1,n]

: l ∈ [1, n]

)
= BθΨ .

Further we have

(
l + k − 2

2l − 2

)
=

{
0 for k < l and

1 for k = l .

Therefore the describing matrix A of the Z[ϑ]-linear embedding ι : θΨ ↪−→ Z[ϑ]×n with respect to BθΨ and

to the standard basis of Z[ϑ]×n is lower triangular. Its diagonal entry at position (s, s) is ϑs−1 ·σn−s+1(ϑ)

for s ∈ [1, n]. So A has the determinant

det(A) =

n∏
s=1

(
ϑs−1 · σn−s+1(ϑ)

)
.

We have

detZ(ι)
(1)
= ±NQ(ϑ)|Q(detZ[ϑ](ι)) = ±NQ(ϑ)|Q(det(A)) = ±NQ(ϑ)|Q

(
n∏
s=1

(
ϑs−1 · σn−s+1(ϑ)

))

= ±
n∏
s=1

((
NQ(ϑ)|Q(ϑ)

)s−1 ·NQ(ϑ)|Q(σn−s+1(ϑ))
)

(2)
= ±

n∏
s=1

((
NQ(ϑ)|Q(ϑ)

)s−1 ·NQ(ϑ)|Q(ϑ)
)

= ±
n∏
s=1

(
NQ(ϑ)|Q(ϑ)

)s L.24
=
(iv)

±
n∏
s=1

ps = ±p
n(n+1)

2 ,

where in (1) we refer to Lemma 116 applied to the case

(K, s,A,B, r,OK , ϕ) = (Q(ϑ), n, θΨ,Z[ϑ]×n, n,OQ(ϑ), ι) ,

and recall that OQ(ϑ)
L.22
= Z[ϑ].

In (2) we refer to [Neukirch 99, Ch. I, p. 9, Proposition (2.6.iii)]; cf. also Corollary 114 for the corre-

sponding statement for the trace. �

Example 51 In the case p = 11 the Z[ϑ11]-linear basis Bθ11·11Ψ of the submodule θ11 · 11Ψ of Z[ϑ11]×5 is

given by

Bθ11·11Ψ =



( σ5(ϑ11) , σ4(ϑ11) , σ3(ϑ11) , σ2(ϑ11) , σ1(ϑ11) ) ,

ϑ1
11· ( 0 , σ4(ϑ11) , 3 · σ3(ϑ11) , 6 · σ2(ϑ11) , 10 · σ1(ϑ11) ) ,

ϑ2
11· ( 0 , 0 , σ3(ϑ11) , 5 · σ2(ϑ11) , 15 · σ1(ϑ11) ) ,

ϑ3
11· ( 0 , 0 , 0 , σ2(ϑ11) , 7 · σ1(ϑ11) ) ,

ϑ4
11· ( 0 , 0 , 0 , 0 , σ1(ϑ11) )


,
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respectively, written using the Z-linear basis (ϑi11 : i ∈ [1, 5] ) of ϑ11Z[ϑ11] , cf. Lemma 24 (i3) ,

Bθ11·11Ψ =


(ϑ5

11+10ϑ4
11+35ϑ3

11+50ϑ2
11+25ϑ11, ϑ

4
11+8ϑ3

11+20ϑ2
11+16ϑ11, ϑ3

11+6ϑ2
11+9ϑ11, ϑ2

11+4ϑ11, ϑ11 ),

( 0, ϑ5
11+8ϑ4

11+20ϑ3
11+16ϑ2

11, 3ϑ4
11+18ϑ3

11+27ϑ2
11, 6ϑ3

11+24ϑ2
11, 10ϑ2

11 ),

( 0, 0, ϑ5
11+6ϑ4

11+9ϑ3
11, 5ϑ4

11+20ϑ3
11, 15ϑ3

11 ),

( 0, 0, 0, ϑ5
11+4ϑ4

11, 7ϑ4
11 ),

( 0, 0, 0, 0, ϑ5
11 )

 .

Proposition 52 The principal ideal of pΨ generated by θp is given by

θp · pΨ =

{
(aj)j∈[1,n] ∈ Z[ϑp]

×n :

n∑
k=1

(2i− 1)2

(2k − 1)2
· (2i)! ·

〈
i− 1

k

〉
· ak ≡ϑip 0 for i ∈ [1, n]

}
= pΨ̃ .

Proof. We have

(1) θΨ
P.41
=

D.49
f(1⊗ ϑ)f(Z[ϑ]⊗ Z[ϑ]) = f(Z[ϑ]⊗ ϑZ[ϑ]) .

We choose the Z-linear basis ( kγ − 2 : k ∈ [1, n] ) of ϑZ[ϑ] ; cf. Remark 32 (ii). Therefore we can choose

the Z[ϑ]-linear basis B := ( 1⊗ (1γ− 2) , 1⊗ (2γ− 2) , . . . , 1⊗ (n−1γ− 2) , 1⊗ (nγ− 2) ) of Z[ϑ]⊗
Z
ϑZ[ϑ] ;

cf. Lemma 100 (i). So we get by (1) that

(2) θΨ = 〈 f(1⊗ (sγ − 2)) : s ∈ [1, n] 〉Z[ϑ] .

Now we want to show that θΨ
!
⊆ Ψ̃. Because of (2) it su�ces to show that

f(1⊗ (sγ − 2))
!
∈ Ψ̃ for s ∈ [1, n] . (∗)

Given (aj)j∈[1,n] ∈ Z[ϑ]×n and τ ∈ Gal(Q(ϑ)|Q) we write τ((aj)j∈[1,n]) := (τ(aj))j∈[1,n] .

For (aj)j∈[1,n] ∈ Z[ϑ]×n, we obtain

(aj)j∈[1,n] ∈ Ψ̃
D.42⇐⇒

n∑
k=1

(2i−1)2

(2k−1)2 · (2i)! ·
〈
i− 1

k

〉
· ak ≡ϑi 0 for i ∈ [1, n]

⇐⇒
n∑
k=1

(2i−1)2

(2k−1)2 · (2i)! ·
〈
i− 1

k

〉
· ak ∈ ϑiZ[ϑ]

R.28
=

(iii)
τ−1

(
ϑiZ[ϑ]

)
for i ∈ [1, n]

⇐⇒ τ

(
n∑
k=1

(2i−1)2

(2k−1)2 · (2i)! ·
〈
i− 1

k

〉
· ak

)
∈ ϑiZ[ϑ] for i ∈ [1, n]

R.141⇐⇒
n∑
k=1

(2i−1)2

(2k−1)2 · (2i)! ·
〈
i− 1

k

〉
· τ(ak) ∈ ϑiZ[ϑ] for i ∈ [1, n]

⇐⇒
n∑
k=1

(2i−1)2

(2k−1)2 · (2i)! ·
〈
i− 1

k

〉
· τ(ak) ≡ϑi 0 for i ∈ [1, n]

⇐⇒ (τ(aj))j∈[1,n] ∈ Ψ̃ ⇐⇒ τ((aj)j∈[1,n]) ∈ Ψ̃ .



(3)
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Further we have for s ∈ [1, n]

f(1⊗ (sγ − 2)) = f(1⊗ σs(1γ − 2)) = (σn−j+1(σs(1γ − 2)))j∈[1,n]

Gal.gr.
=

abelian
(σs(σn−j+1(1γ − 2)))j∈[1,n]

= σs((σn−j+1(1γ − 2))j∈[1,n]) = σs(f(1⊗ (1γ − 2))) .


(4)

Because of (3) and (4) our task from (∗) reduces further to

f(1⊗ (1γ − 2)) = (σn−j+1(1γ − 2))j∈[1,n] = (n−j+1γ − 2)j∈[1,n]

!
∈ Ψ̃ .

For this we shall verify that the tuple (n−j+1γ − 2)j∈[1,n] satis�es the de�ning congruences for Ψ̃.

For i ∈ [1, n] we have

n∑
k=1

(2i−1)2

(2k−1)2 · (2i)! ·
〈
i− 1

k

〉
· (n−k+1γ − 2)

R.141
=

D.17

n∑
k=1

(−1)i−k ·
(2i− 1

i− k

)
︸ ︷︷ ︸

= 0 for k > i

· (2i)!
2k−1 · (2i− 1) ·

(
ζn−k+1 + ζ−n+k−1 − 2

)

= (2i)! · (2i− 1) · (−1)i ·
i∑

k=1

(−1)k ·
(

2i−1
i−k
)
· 1

2k−1 ·
(
ζn−k+1 + ζ

= p︷ ︸︸ ︷
2n+ 1−n+ k − 1 − 2

)
= (2i)! · (2i− 1) · (−1)i ·

i∑
k=1

(−1)k ·
(

2i−1
i−k
)
· 1

2k−1 ·
(
((ζ − 1) + 1)n−k+1 + ((ζ − 1) + 1)n+k − 2

)
= (2i)! · (2i− 1) · (−1)i ·

i∑
k=1

(−1)k ·
(

2i−1
i−k
)
· 1

2k−1 ·

(
n−k+1∑
j=1

(n− k + 1

j

)
︸ ︷︷ ︸

= 0 for
j > n− k + 1

(ζ − 1)j +
n+k∑
j=1

(
n+k
j

)
(ζ − 1)j

)

= (2i)! · (2i− 1) · (−1)i ·
i∑

k=1

(−1)k ·
(

2i−1
i−k
)
· 1

2k−1 ·

(
n+k∑
j=1

(
n−k+1

j

)
(ζ − 1)j +

n+k∑
j=1

(
n+k
j

)
(ζ − 1)j

)

= (2i)! · (2i− 1) · (−1)i ·
i∑

k=1

(−1)k ·
(

2i−1
i−k
)
· 1

2k−1 ·
n+k∑
j=1

((
n−k+1

j

)
+
(
n+k
j

))
· (ζ − 1)j =: S(i).

We denote the coe�cient of (ζ − 1)j in S(i) with k(i, j).

Considering the left side of the equation above we get with Remark 141 and Remark 32 (ii) that

S(i) ∈ ϑZ[ϑ]

R.31
↓

⊆ (ζ − 1)Z[ζ] .

Choosing the Z-liner basis ( (ζ−1)l : l ∈ [0,

=p−2︷ ︸︸ ︷
2n− 1 ] ) of Z[ζ] we get that (ζ−1)Z[ζ] has the Z-liner basis

( (ζ − 1)l : l ∈ [1, 2n] ) . Since j ≤ n + k ≤ n + i ≤ 2n, we therefore get that all occurring coe�cients

k(i, j) in S(i) are integers.

Let us have a closer look at the coe�cients k(i, s) for s ∈ [1, 2i− 1]. We calculate

Z 3 k(i, s) := (2i)! · (2i− 1) · (−1)i ·
i∑

k=1

(−1)k ·
(

2i−1
i−k
)
· 1

2k−1 ·
((
n−k+1

s

)
+
(
n+k
s

))
R.142

= (2i)! · (2i− 1) · (−1)i · (−1)i ·
2i−1∑
k=0

(−1)k ·
(

2i−1
k

)
· 1

2i−1−2k ·
(
n+i−k
s

)
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= (2i)! · (2i− 1) · (−1)i−1 · (−1)i+1 ·
2i−1∑
k=0

(−1)k ·
(

2i−1
k

)
· 1

2i−1−2k ·
(
n+i−k
s

)
R.147

= (2i)! · (2i− 1) · (−1)i−1 · 24i−2−s · i!(i−1)!
s!(2i)! ·

s−1∏
u=0

(2n+ 1− 2u)

= (2i− 1) · (−1)i−1 · 24i−2−s · i!(i−1)!
s! ·

s−1∏
u=0

(p− 2u)

= p · (2i− 1) · (−1)i−1 · 24i−2−s · i!(i−1)!
s! ·

s−1∏
u=1

(p− 2u)

= p · 1
s! · (2i− 1) · (−1)i−1 · 24i−2−s · i!(i− 1)! ·

s−1∏
u=1

(p− 2u) . ← (∗∗)

So we have k(i, s) = p · xy , with x ∈ Z and y ∈ Z≥1 . Without loss of generality we suppose that x is

coprime to y . Since k(i, s) ∈ Z we know that y ∈ {1, p}. We further know from (∗∗) that y is a divisor

of s! . But, since s ≤ 2i− 1 ≤ 2n− 1 < p , we get that y equals 1. Thus we have that k(i,s)
p = x ∈ Z for

s ∈ [1, 2i− 1].

So we can write S(i) as

S(i) = (ζ − 1)2i · w + p ·
2i−1∑
j=1

aj(ζ − 1)j , with aj ∈ Z for j ∈ [1, 2i− 1] and w ∈ Z[ζ] . (∗∗∗)

By considering the divisor chain

(ζ − 1)2i divides
↑

R.30

ϑn divides
↑

L.29

p in Z[ζ] for i ∈ [1, n] ,

and using (∗∗∗) we get that

S(i) ≡(ζ−1)2i 0 in Z[ζ]
R.30⇐⇒ S(i) ≡ϑi 0 in Z[ϑ] .

Hence θΨ is a subset of Ψ̃.

Suppose given a = (aj)j∈[1,n] ∈ Z[ϑ]×n. Then we know from Remark 44 that

a ∈ Ψ̃ ⇐⇒ DΨ̃KΨ̃a
t ∈ ϑnZ[ϑ]n×1

⇐⇒ at ∈ ϑnK−1

Ψ̃
D−1

Ψ̃
Z[ϑ]n×1

 (5)

We de�ne Ψ̃′ :=
(
ϑnK−1

Ψ̃
D−1

Ψ̃
Z[ϑ]n×1

)t
. Using (5) we therefore get that Ψ̃ = Ψ̃′ ∩ Z[ϑ]×n.

We choose the standard basis ( ei : i ∈ [1, n] ) for Z[ϑ]×n and the basis
(

det (KΨ̃)
−1
ei : i ∈ [1, n]

)
for det (KΨ̃)

−1 Z[ϑ]×n ⊆ Q(ϑ)×n. So the embedding j : Z[ϑ]×n ↪−→ det (KΨ̃)
−1 Z[ϑ]×n is given by the

matrix det (KΨ̃) En .

For Ψ̃′ we choose the basis

((
ϑnK−1

Ψ̃
D−1

Ψ̃
et
i

)t
: i ∈ [1, n]

)
.

For �xed i ∈ [1, n] we are looking for λj,i ∈ Z[ϑ] for j ∈ [1, n] with

ϑnK−1

Ψ̃
D−1

Ψ̃
et
i =

n∑
j=1

λj,i det (KΨ̃)
−1
et
j ,

i.e. we are looking for a representation of the i-th basis element of Ψ̃′ in the basis of det (KΨ̃)
−1 Z[ϑ]×n.

This is equivalent to

det (KΨ̃)K−1

Ψ̃
ϑnD−1

Ψ̃
et
i =

n∑
j=1

λj,i e
t
j .
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So the desired λ1,i , . . . , λn,i can be found in the i-th column of the matrix det (KΨ̃)K−1

Ψ̃
ϑnD−1

Ψ̃
. Thus

the latter is the describing matrix of the embedding k : Ψ̃′ ↪−→ det (KΨ̃)
−1 Z[ϑ]×n.

Note, since ϑnD−1

Ψ̃
∈ Z[ϑ]n×n and det (KΨ̃)K−1

Ψ̃
= det (KΨ̃) (det (KΨ̃))

−1
adj (KΨ̃)︸ ︷︷ ︸
∈Zn×n

, cf. Remark 44, we

see that the describing matrix of k is an element of Z[ϑ]n×n.

So we can consider the commutative diagram of the Z[ϑ]-linear embeddings with respect to the bases as

explained above

(6) θΨ
g //

R.50 → ι

""
Ψ̃

h //

i

��

Z[ϑ]×n

j ←det(KΨ̃)En

��

Ψ̃′
k // det (KΨ̃)

−1 Z[ϑ]×n ⊆ Q(ϑ)×n

Note that all occurring modules in diagram (6) are �nitely generated free Z-modules.

By Remark 50 we have

detZ(h ◦ g) = detZ(ι) = ±p
n(n+1)

2 .

Since detZ(h ◦ g) = detZ(h) detZ(g), we therefore get that

detZ(h) detZ(g) = ±p
n(n+1)

2

and hence |detZ(h)| is a power of p .

 (7)

We further calculate

detZ(k)
(8)
= ±NQ(ϑ)|Q

(
det
(

det (KΨ̃)K−1

Ψ̃
ϑnD−1

Ψ̃

))
= ±NQ(ϑ)|Q

(
det (KΨ̃)

n
det
(
K−1

Ψ̃

)
︸ ︷︷ ︸

= det(KΨ̃)
n−1∈Z

det
(
ϑnD−1

Ψ̃

))

= ±det (KΨ̃)
(n−1)n

NQ(ϑ)|Q

(
det
(
ϑnD−1

Ψ̃

))
R.44
= ±det (KΨ̃)

(n−1)n
NQ(ϑ)|Q

(
ϑ1 · · ·ϑn

)
L.24
=
(iv)

± det (KΨ̃)
(n−1)n · p1 · · · pn = ±det (KΨ̃)

(n−1)n · p
n(n+1)

2 ,



(9)

where in (8) we refer to Lemma 116 applied to the case

(K, s,A,B, r,OK , ϕ, F ) =
(
Q(ϑ), n, Ψ̃′, det (KΨ̃)

−1 Z[ϑ]×n, n, Z[ϑ], k, det (KΨ̃)K−1

Ψ̃
ϑnD−1

Ψ̃

)
,

and recall that Z[ϑ]
L.22
= OQ(ϑ) .

The matrix KΨ̃ is a lower triangular matrix with the diagonal entries (2i)! for i ∈ [1, n] ; cf. Remark 44

and De�nition 34. Hence det (KΨ̃) =
n∏
i=1

(2i)! . Since 2i ≤ 2n < p for i ∈ [1, n], we get

(10) p - det (KΨ̃) .
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By the commutativity in (6) we get

(11) detZ(j) detZ(h) = detZ(j ◦ h) = detZ(k ◦ i) = detZ(k) detZ(i) .

Now it is our aim to show that

detZ(g)
!
= ±1 .

Since |detZ(h)| is a power of p , in particular 6= 0,

we see that it su�ces to show that

detZ(h) detZ(g)
!

| detZ(h) .

Now |detZ(h) detZ(g)| is a power of p, cf. (7), and

detZ(j) as a power of det (KΨ̃) is coprime to p,

cf. (10). So it su�ces to show that

detZ(h) detZ(g)
!

| detZ(h) detZ(j)
(11)
= detZ(k) detZ(i) .

This is certainly satis�ed if detZ(h) detZ(g)

already divides the factor detZ(k) in the product

detZ(k) detZ(i). So it remains to show that

detZ(h) detZ(g)
!

| detZ(k) .

And this is true, cf. (7) and (9).

So we have reached our aim to show that detZ(g) = ±1, whence θΨ = Ψ̃. �

2.2.4 The local basis can not be used globally

In the previous Proposition 52 we have provided a description of the principal ideal θp ·pΨ as θp ·pΨ = pΨ̃,

where pΨ̃ is de�ned as a submodule of Z[ϑp]
×n via ties.

We have seen in Lemma 47 that, if we localize the Z-module pΨ̃ at (p), we obtain the Z(p)[ϑp]-linear basis

B
pΨ̃(p)

of pΨ̃(p) = (θp · pΨ)(p) . By Remark 143 we get that B
pΨ̃(p)

is already contained in Z[ϑp]
×n.

By Remark 50 we have the rather complicated Z[ϑp]-linear basis Bθp·pΨ of θp ·pΨ, involving σi for i ∈ [1, n].

So one might ask whether B
pΨ̃(p)

is already a Z[ϑp]-linear basis of θp · pΨ. But this is false for p ∈ Z≥5 .

We show this exemplarily in the case p = 11.

The known Z[ϑ11]-linear basis of the submodule θ11 · 11Ψ of Z[ϑ11]×5 is given by

Bθ11·11Ψ =



( σ5(ϑ11) , σ4(ϑ11) , σ3(ϑ11) , σ2(ϑ11) , σ1(ϑ11) ) ,

ϑ1
11· ( 0 , σ4(ϑ11) , 3 · σ3(ϑ11) , 6 · σ2(ϑ11) , 10 · σ1(ϑ11) ) ,

ϑ2
11· ( 0 , 0 , σ3(ϑ11) , 5 · σ2(ϑ11) , 15 · σ1(ϑ11) ) ,

ϑ3
11· ( 0 , 0 , 0 , σ2(ϑ11) , 7 · σ1(ϑ11) ) ,

ϑ4
11· ( 0 , 0 , 0 , 0 , σ1(ϑ11) )


,

cf. Example 51.
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Therefore we obtain the principal ideal of the Z[ϑ11]-linear determinant of the canonical embedding

detZ[ϑ11]

(
θ11 · 11Ψ ↪−→ Z[ϑ11]×5

)
Z[ϑ11] = detZ[ϑ11]

(
〈Bθ11·11Ψ〉Z[ϑ11] ↪−→ Z[ϑ11]×5

)
Z[ϑ11]

=

(
5∏
s=1

(
ϑs−1

11 · σ5−s+1(ϑ11)
))

Z[ϑ11] =

(
5∏
s=1

ϑs−1
11

)
Z[ϑ11] ·

(
5∏
s=1

σ5−s+1(ϑ11)

)
Z[ϑ11]

= ϑ10
11Z[ϑ11] ·NQ(ϑ11)|Q(ϑ11)Z[ϑ11]

L.24
=
(iv)

ϑ10
11Z[ϑ11] · 11Z[ϑ11]

L.29
= 112Z[ϑ11] · 11Z[ϑ11] = 113Z[ϑ11] .


(1)

We recall from Example 48 that

B
11Ψ̃(11)

=



ϑ1
11 · ( 1 , 9 , 25 , 49 , 81 ) ,

ϑ2
11 · ( 0 , 3 , 25 , 98 , 270 ) ,

ϑ3
11 · ( 0 , 0 , 5 , 49 , 243 ) ,

ϑ4
11 · ( 0 , 0 , 0 , 7 , 81 ) ,

ϑ5
11 · ( 0 , 0 , 0 , 0 , 9 )


,

which is contained in Z[ϑ11]×5.

Therefore we obtain the principal ideal of the Z[ϑ11]-linear determinant of the canonical embedding

detZ[ϑ11]

(
〈B

11Ψ̃(11)
〉Z[ϑ11] ↪−→ Z[ϑ11]×5

)
Z[ϑ11]

=

(
5∏
s=1

(
(2s− 1) · ϑs11

))
Z[ϑ11] = (1 · 3 · 5 · 7 · 9)Z[ϑ11] · ϑ15

11Z[ϑ11]

L.29
= (1 · 3 · 5 · 7 · 9)Z[ϑ11] · 113Z[ϑ11] = (1 · 3 · 5 · 7 · 9 · 113)Z[ϑ11] .


(2)

We see that the ideals di�er by the factor 1 · 3 · 5 · 7 · 9, which is not a unit in Z[ϑ11]. Therefore B
11Ψ̃(11)

can not be a Z[ϑ11]-linear basis of θ11 · 11Ψ, whence 〈B
11Ψ̃(11)

〉Z[ϑ11] 6= 〈Bθ11·11Ψ〉Z[ϑ11] = θ11 · 11Ψ.

In the case of an arbitrary prime p ∈ Z≥5 we have the factor
n∏
s=1

(2s− 1) by which the ideals di�er. Also

this factor is not a unit in Z[ϑp] and 〈B
pΨ̃(p)
〉Z[ϑp] 6= 〈Bθp·pΨ〉Z[ϑp] = θp · pΨ.

Locally, we of course have 〈B
pΨ̃(p)
〉Z(p)[ϑp] = (θp · pΨ)(p) = 〈Bθp·pΨ〉Z(p)[ϑp] ; cf. Lemma 47 and Remark 50.

But at least we get the following

Corollary 53 We have

〈B
pΨ̃(p)
〉Z[ϑp] ⊆ 〈Bθp·pΨ〉Z[ϑp] .

Moreover, this is a proper inclusion for p ∈ Z≥5 .

Proof. By Remark 50 we have d := detZ(θΨ ↪−→ Z[ϑ]×n) = ±p
n(n+1)

2 . Moreover, we have

d · Z[ϑ]×n ⊆ θΨ ⊆ Z[ϑ]×n .
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So we can apply Lemma 128 to the case (R, π, α,M,N) =
(
Z, p, n(n+1)

2 , Z[ϑ]×n, θΨ
)
and get

(1) (θΨ)(p) ∩ Z[ϑ]×n = θΨ .

We have

〈BΨ̃(p)
〉Z[ϑ]

L.47
↓

⊆ Ψ̃(p)
P.52
= (θΨ)(p) .

We have that BΨ̃(p)
is contained in Z[ϑ]×n ; cf. Lemma 47 and Remark 143.

Altogether, we obtain

〈BΨ̃(p)
〉Z[ϑ] ⊆ (θΨ)(p) ∩ Z[ϑ]×n

(1)
= θΨ

R.50
= 〈BθΨ〉Z[ϑ] .

Properness of the inclusion for p ∈ Z≥5 is a consequence of the inequality shown above by means of

determinants. �



Chapter 3

Wedderburn

3.1 The dihedral group

De�nition 54 For m ∈ Z≥1 we de�ne the dihedral group via generators and relations as

D2m :=
〈
x, y : xm , y2 , (yx)2

〉
,

cf. [Dummit 04, Sec. 1.2, p. 26, item (1.1)].

Remark 55 The dihedral group, given in De�nition 54, has the non-redundant list of elements

D2m =
{

1 , x1 , x2 , . . . , xm−1 , y , xy , x2y , . . . , xm−1y
}
.

In particular, the dihedral group D2m has order 2m.

Proof. We refer to [Dummit 04, Sec. 1.2, pp. 24-26]. �

3.2 Wedderburn over C

De�nition 56 For i ∈ [1, n] we de�ne

Mi :=

(
1 1

ζip + ζ−ip − 2 ζip + ζ−ip − 1

)
∈ GL2(Z[ϑp]) ,

Ni :=

(
1 0

ζip + ζ−ip − 2 −1

)
∈ GL2(Z[ϑp]) ,

Ai :=

(
1− ζ−ip 1

ζip − 1 −1

)
∈ GL2(C) ,

cf. De�nition 17 and Corollary 21.

36
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In particular,

M1 =

(
1 1

ϑp ϑp + 1

)
and N1 =

(
1 0

ϑp −1

)
.

Remark 57 For the matrices, given in De�nition 56, the following holds:

(i) For i ∈ [1, n] we have

AiMiA
−1
i =

(
ζip 0

0 ζ−ip

)
,

AiNiA
−1
i =

(
0 1

1 0

)
.

(ii) For i ∈ [1, n] we have

Mp
i = N2

i = (Ni ·Mi)
2 = E2 .

(iii) We have

M−1
1 =

(
ϑp + 1 −1

−ϑp 1

)
and A−1

1 =
1

ζ−1
p − ζp

(
−1 −1

1− ζp 1− ζ−1
p

)
.

(iv) For k ∈ Z≥0 we have

Mk
1 (E2 +N1) =

 ζkp + ζ−kp 0

ζk+1
p − ζkp + ζ

−(k+1)
p − ζ−kp 0

 .

Proof of (i). We have

AiMi =

(
1− ζ−i 1

ζi − 1 −1

)(
1 1

ζi + ζ−i − 2 ζi + ζ−i − 1

)
=

(
ζi − 1 ζi

1− ζ−i −ζ−i

)

=(
ζi 0

0 ζ−i

)
Ai =

(
ζi 0

0 ζ−i

)(
1− ζ−i 1

ζi − 1 −1

)
=

(
ζi − 1 ζi

1− ζ−i −ζ−i

)
,

and

AiNi =

(
1− ζ−i 1

ζi − 1 −1

)(
1 0

ζi + ζ−i − 2 −1

)
=

(
ζi − 1 −1

1− ζ−i 1

)

=(
0 1

1 0

)
Ai =

(
0 1

1 0

)(
1− ζ−i 1

ζi − 1 −1

)
=

(
ζi − 1 −1

1− ζ−i 1

)
.

Proof of (ii). This follows from (i).

Proof of (iii). This is shown by multiplication of the respective matrices.
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Proof of (iv). For k ∈ Z≥0 we have

Mk
1 (E2 +N1)

(i)
=

(
A−1

1

(
ζ1 0

0 ζ−1

)
A1

)k
(E2 +N1) = A−1

1

(
ζk 0

0 ζ−k

)
A1(E2 +N1)

(iii)
=

1

ζ−1 − ζ

(
−1 −1

1− ζ 1− ζ−1

)(
ζk 0

0 ζ−k

)(
1− ζ−1 1

ζ − 1 −1

)(
2 0

ζ + ζ−1 − 2 0

)

=
1

ζ−1 − ζ

(
−ζk −ζ−k

ζk − ζk+1 ζ−k − ζ−(k+1)

)(
ζ − ζ−1 0

ζ − ζ−1 0

)

=

(
−ζk −ζ−k

ζk − ζk+1 ζ−k − ζ−(k+1)

)(
−1 0

−1 0

)
=

(
ζk + ζ−k 0

ζk+1 − ζk + ζ−(k+1) − ζ−k 0

)
.

�

Lemma 58 We have the representations of the dihedral group D2p

(1) %t : D2p −→ GL1(C)

x 7−→ 1 ,

y 7−→ 1 ,

(2) %a : D2p −→ GL1(C)

x 7−→ 1 ,

y 7−→ −1 ,

and,

(3) for i ∈ [1, n], %i : D2p −→ GL2(C)

x 7−→ Mi ,

y 7−→ Ni .

A. Zimmermann has made use of the representing matrices M1 and −N1 in (3) ; cf. [Zimmermann 92,

Abschnitt 3.9, pp. 60-63] and note that our (D2p , x, y, jγp) is denoted by (Dp , a, b, ηj(p)) in his work.

We denote the characters of these representations by χ%t , χ%a and χ%i for i ∈ [1, n], respectively.

Proof.

The relations required by De�nition 54 have to be veri�ed. For (3), they follow by Remark 57 (ii). �

Remark 59 Let x and y denote the generators of D2p given in De�nition 54.

Then we have for i ∈ [1, n] and j ∈ [0, p− 1]

χ%i
(
xj
)

= ζjip + ζ−jip and χ%i
(
xjy
)

= 0 ,

cf. Lemma 58.
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Proof. For i ∈ [1, n] and j ∈ [0, p− 1] we have

χ%i
(
xj
)

= tr
(
%i
(
xj
)) L.58

=
(3)

tr
(
M j
i

) R.57
=
(i)

tr

( ζi 0

0 ζ−i

)j = ζji + ζ−ji ,

and

χ%i
(
xjy
)

= tr
(
%i
(
xjy
)) L.58

=
(3)

tr
(
M j
i Ni

) R.57
=
(i)

tr

( ζi 0

0 ζ−i

)j(
0 1

1 0

) = tr

((
0 ζji

ζ−ji 0

))
= 0 .

�

Lemma 60 The characters of the representations given in Lemma 58 are irreducible.

Proof. We only have to consider χ%i for i ∈ [1, n]. Let x and y denote the generators of D2p given in

De�nition 54. Then we have

2p · D2p
(χ%i , χ%i )︸ ︷︷ ︸
cf. C.8

=
∑

d∈D2p

|χ%i(d)|2 R.55
=
R.59

p−1∑
j=0

∣∣ ζji + ζ−ji︸ ︷︷ ︸
∈R

∣∣2 =
p−1∑
j=0

(
ζji + ζ−ji

)2
=

p−1∑
j=0

ζ2ji + 2 ζjiζ−ji︸ ︷︷ ︸
=1

+ζ−2ji = 2p+
p−1∑
j=0

(
ζ2i
)j

+
(
ζ−2i

)j
= 2p ,

| |
primitive p-th
roots of unity
since 2i 6≡p 0

Therefore we have D2p
(χ%i , χ%i ) = 1. �

Lemma 61 The characters of the representations given in Lemma 58 are pairwise distinct.

Proof. We only have to show that

χ%k
!

6= χ%l for k, l ∈ [1, n] with k 6= l.

For k, l ∈ [1, n] with k 6= l we have

χ%k(x) = tr(%k(x)) = tr(Mk)
D.56
= ζk + ζ−k = kγ

6= C.21

χ%l(x) = tr(%l(x)) = tr(Ml)
D.56
= ζl + ζ−l = lγ .

�

Proposition 62 We have the Wedderburn isomorphism of the semisimple C-algebra CD2p

ωC : CD2p
∼−→ C ×

(
C2×2

)×n × C

x 7−→ ( 1 , (Mn−i+1)i∈[1,n] , 1 ) = ( %t(x) , (%n−i+1(x))i∈[1,n] , %a(x) ) ,

y 7−→ ( 1 , (Nn−i+1)i∈[1,n] , −1 ) = ( %t(y) , (%n−i+1(y))i∈[1,n] , %a(y) ) ,

cf. Lemma 58.



40 Wedderburn

Proof. The representations %t , %a and %i for i ∈ [1, n] of D2p over C are irreducible; cf. Lemma 60.

Moreover, they are pairwise distinct; cf. Lemma 61.

Thus the Artin-Wedderburn theorem yields that there exists an isomorphism

(1) CD2p
∼−→ C ×

(
C2×2

)×n × C ×
m∏
s=1

Cns×ns , where m ∈ Z≥0 and ns ∈ Z≥1 for s ∈ [1,m] ,

projecting to the C-algebra morphism ωC on the �rst n+ 2 components of the cartesian product.

Considering the C-dimensions in (1) we get by Remark 55

2p = 12 + 22 · n + 12 +

m∑
s=1

n2
s = 2 + 4 · p− 1

2
+

m∑
s=1

n2
s = 2p +

m∑
s=1

n2
s .

It follows that m has to be zero. �

3.3 Wedderburn over Q(ϑp)

Proposition 63 We have the Wedderburn isomorphism of the semisimple Q(ϑp)-algebra Q(ϑp)D2p

ωQ(ϑp) : Q(ϑp)D2p
∼−→ Q(ϑp) ×

(
Q(ϑp)

2×2
)×n × Q(ϑp)

x 7−→ ( 1 , (Mn−i+1)i∈[1,n] , 1 ) ,

y 7−→ ( 1 , (Nn−i+1)i∈[1,n] , −1 ) .

Proof. We consider the Wedderburn isomorphism ωC of Proposition 62.

We restrict the domain of ωC from CD2p to Q(ϑ)D2p . Further, since Mi , Ni ∈ Z[ϑ]2×2 ⊆ Q(ϑ)2×2

for i ∈ [1, n], cf. De�nition 56, we can restrict the codomain of ωC Q(ϑ)D2p
from C ×

(
C2×2

)×n × C to

Q(ϑ)×
(
Q(ϑ)2×2

)×n ×Q(ϑ).

So we can de�ne ωQ(ϑ) := ωC
Q(ϑ)×(Q(ϑ)2×2)

×n×Q(ϑ)

Q(ϑ)D2p
, whence ωQ(ϑ) is a morphism of Q(ϑ)-algebras.

Moreover we obtain the commutative diagram of rings

CD2p

ωC

∼
// C×

(
C2×2

)×n × C

Q(ϑ)D2p

?�

OO

ωQ(ϑ) // Q(ϑ)×
(
Q(ϑ)2×2

)×n ×Q(ϑ) .

?�

OO

As a restriction of ωC , the map ωQ(ϑ) is injective. Comparing Q(ϑ)-dimensions, it is also surjective ;

cf. Remark 55. �
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3.4 Wedderburn over Q

Lemma 64 We have the isomorphism of Q(ϑp)-algebras

f : Q(ϑp) ⊗
Q

QD2p
∼−→ Q(ϑp)D2p

x ⊗
∑

d∈D2p

qdd 7−→
∑

d∈D2p

xqdd ,

cf. Convention 7.

Proof. We apply Lemma 99 to the case (K,L,G, ϕ) = (Q,Q(ϑ),D2p ,Q ↪−→ Q(ϑ)). �

Lemma 65 We have the isomorphism of Q(ϑp)-algebras

h : Q(ϑp) ⊗
Q

(
Q(ϑp)

2×2
) ∼−→ Q(ϑp)

2×2 × . . . × Q(ϑp)
2×2

x ⊗

(
a b

c d

)
7−→

((
σn(a)x σn(b)x

σn(c)x σn(d)x

)
, . . . ,

(
σ1(a)x σ1(b)x

σ1(c)x σ1(d)x

))
.

Proof. We have

Q(ϑ) ⊗
Q

(
Q(ϑ)2×2

) (∗)−→
∼

(
Q(ϑ)⊗

Q
Q(ϑ)

)2×2
L.33−−−→
∼

(Q(ϑ) × . . . × Q(ϑ))2×2 = (Q(ϑ)×n)
2×2

x ⊗

(
a b

c d

)
7−→

(
x⊗ a x⊗ b
x⊗ c x⊗ d

)
7−→

(
(σn(a)x, . . . , σ1(a)x) (σn(b)x, . . . , σ1(b)x)

(σn(c)x, . . . , σ1(c)x) (σn(d)x, . . . , σ1(d)x)

)

L.102−−−→
∼

Q(ϑ)2×2 × . . . × Q(ϑ)2×2

7−→

((
σn(a)x σn(b)x

σn(c)x σn(d)x

)
, . . . ,

(
σ1(a)x σ1(b)x

σ1(c)x σ1(d)x

))
,

where in (∗) we refer to Lemma 98 applied to the case (A,B,K,m) = (Q(ϑ),Q(ϑ),Q, 2). �

Corollary 66 We have the isomorphism of Q(ϑp)-algebras

k : Q(ϑp) ⊗
Q

QD2p
∼−→ Q(ϑp) ⊗

Q
(Q × Q(ϑp)

2×2 × Q )

q ⊗ x 7−→ q ⊗ ( 1 , M1 , 1 ) ,

q ⊗ y 7−→ q ⊗ ( 1 , N1 , −1 ) .

Proof. We have

Q(ϑ) ⊗
Q

QD2p
L.64−−−→∼ Q(ϑ)D2p

P.63−−−→∼
ωQ(ϑ)

Q(ϑ) ×
(
Q(ϑ)2×2

)×n × Q(ϑ)

q ⊗ x 7−→ qx 7−→ ( q , q · (Mn−i+1)i∈[1,n] , q )

q ⊗ y 7−→ qy 7−→ ( q , q · (Nn−i+1)i∈[1,n] , −q )
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(∗)−−→∼ Q(ϑ)⊗
Q
Q × Q(ϑ)⊗

Q

(
Q(ϑ)2×2

)
× Q(ϑ)⊗

Q
Q L.96←−−−∼

g
Q(ϑ) ⊗

Q
(Q × Q(ϑ)2×2 × Q )

7−→ ( q⊗ 1 , q⊗M1 , q⊗ 1 ) ←− [ q ⊗ ( 1 , M1 , 1 )

7−→ ( q⊗ 1 , q⊗N1 , −q⊗ 1 ) ←− [ q ⊗ ( 1 , N1 , −1 ) ,

where in (∗) in the middle component we refer to Lemma 65 and note that

h(q ⊗M1)
D.56
= h

(
q ⊗

(
1 1

ζ1 + ζ−1 − 2 ζ1 + ζ−1 − 1

))

L.65
=

N.26

((
q q

(ζn−i+1 + ζ−(n−i+1) − 2)q (ζn−i+1 + ζ−(n−i+1) − 1)q

))
i∈[1,n]

D.56
= q(Mn−i+1)i∈[1,n] .

Similarly, we have h(q ⊗N1) = q(Nn−i+1)i∈[1,n] . �

Proposition 67 We have the Wedderburn isomorphism of the semisimple Q-algebra QD2p

ωQ : QD2p
∼−→ Q × Q(ϑp)

2×2 × Q

x 7−→ ( 1 , M1 , 1 ) ,

y 7−→ ( 1 , N1 , −1 ) ,

cf. De�nition 56.

Proof. We have the commutative diagram

1⊗ x � // 1⊗ (1,M1, 1)

1⊗ y � // 1⊗ (1, N1,−1)

Q(ϑ)⊗
Q
QD2p

C.66
↓
k
∼

// Q(ϑ)⊗
Q

(Q×Q(ϑ)2×2 ×Q)

QD2p
ωQ //

(∗) j1 inj.

OO

Q×Q(ϑ)2×2 ×Q

(∗∗)j2 inj.

OO

y
_

OO

� // (1, N1,−1)
_

OO

x
_

OO

� // (1,M1, 1)
_

OO

In (∗) and (∗∗) we refer to Lemma 100 (ii) applied to the case (K, L, ϕ, V ) = (Q, Q(ϑ), Q ↪→ Q(ϑ),QD2p)

and (K, L, ϕ, V ) = (Q, Q(ϑ), Q ↪→ Q(ϑ),Q×Q(ϑ)2×2 ×Q) , respectively.

Therefore ωQ is an injective morphism of Q-algebras. Comparing Q-dimensions, it is also surjective ;

cf. Lemma 24 (i2) and Remark 55. �
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3.5 Summary of Wedderburn

In summary, we obtain the following commutative diagram

Proposition 62 → CD2p
ωC

∼
// C×

(
C2×2

)×n × C

Proposition 63 → Q(ϑp)D2p

ωQ(ϑp)

∼
//

?�

OO

Q(ϑp)×
(
Q(ϑp)

2×2
)×n ×Q(ϑp)

?�

OO

Corollary 66 → Q(ϑp)⊗
Q
QD2p

k
∼

//

L.64→ f ∼

OO

Q(ϑp)⊗
Q

(Q×Q(ϑp)
2×2 ×Q)

∼ ← L.65 , L.96

OO

Proposition 67 → QD2p

ωQ

∼
//

?�

L.100 (ii) →

OO

Q×Q(ϑp)
2×2 ×Q

?�

← L.100 (ii)

OO



Chapter 4

Group rings of D2p

4.1 The integral group ring ZD2p

Notation 68 Recall that p ∈ Z≥3 is a prime. Denote:

Γ = pΓ := Z× Z[ϑp]
2×2 × Z ,

Λ = pΛ :=
{

( a ,

(
b c
d e

)
, f ) ∈ Z× Z[ϑp]

2×2 × Z : a ≡ϑp b , d ≡ϑp 0 , e ≡ϑp f , a ≡2 f
}
⊆ pΓ.

Remark 69

(i) The additive subgroup pΛ of pΓ is a subring.

(ii) Let

Gb :=

(
(0,

(
p 0

0 0

)
, 0)

) ⊔ (
(0,

(
ϑip 0

0 0

)
, 0) : i ∈ [1, n− 1]

)
,

Gc :=

(
(0,

(
0 1

0 0

)
, 0)

) ⊔ (
(0,

(
0 ϑip
0 0

)
, 0) : i ∈ [1, n− 1]

)
,

Gd :=

(
(0,

(
0 0

p 0

)
, 0)

) ⊔ (
(0,

(
0 0

ϑip 0

)
, 0) : i ∈ [1, n− 1]

)
,

Ge :=

(
(0,

(
0 0

0 1

)
, 1− p)

) ⊔ (
(0,

(
0 0

0 ϑip

)
, 0) : i ∈ [1, n− 1]

)
,

Gf :=

(
(0,

(
0 0

0 0

)
, 2p)

)
.

We de�ne G :=
(
1pΓ

)
tGb tGc tGd tGe tGf . Cf. Convention 12.

Then G is a Z-linear basis of pΛ in pΓ.

In particular, we have the Z-linear determinant of the canonical embedding ι : pΛ ↪−→ pΓ,

detZ(ι) = 2 · p3.

44
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Proof of (i). We have 1Γ = (1,

(
1 0
0 1

)
, 1) ∈ Λ.

Suppose given (a1,

(
b1 c1

d1 e1

)
, f1), (a2,

(
b2 c2

d2 e2

)
, f2) ∈ Λ. (∗)

We have to show that

(a1,

(
b1 c1

d1 e1

)
, f1) · (a2,

(
b2 c2

d2 e2

)
, f2) = (a1a2,

(
b1b2 + c1d2 b1c2 + c1e2

d1b2 + e1d2 d1c2 + e1e2

)
, f1f2)

!
∈ Λ (∗∗)

Because of (∗) there exist k, l ∈ Z and z1 , z2 , w1 , w2 , u1 , u2 ∈ Z[ϑ] with

a1 = f1 + 2k , a1 − b1 = ϑ · w1 ,

a2 = f2 + 2l , a2 − b2 = ϑ · w2 ,

d1 = ϑ · z1 , e1 − f1 = ϑ · u1 ,

d2 = ϑ · z2 , e2 − f2 = ϑ · u2 .

Now we consider the entries of the product.

(1) We have a1a2 = (f1 + 2k)(f2 + 2l) = f1f2 + 2lf1 + 2kf2 + 4kl ≡2 f1f2 .

(2) We have d1b2 + e1d2 = ϑz1b2 + ϑe1z2 = ϑ(z1b2 + e1z2) ≡ϑ 0 .

(3) We have

a1a2 − b1b2 − c1d2 = a1a2 − b1a2 + b1a2 − b1b2 − c1d2

= (a1 − b1)a2 + b1(a2 − b2)− c1d2

= ϑw1a2 + b1ϑw2 − c1ϑz2 ≡ϑ 0 .

(4) The congruence d1c2 + e1e2 ≡ϑ f1f2 is shown analogously to (3).

Overall this shows (∗∗) and so Λ is a ring.

Proof of (ii). By Lemma 24 (iv) we get that ϑ|p in Z[ϑ]. So it is seen that G is a subset of Λ, because

the de�ning congruences for Λ hold for every element in G. The tuple G is, by construction, linearly

independent over Z ; cf. Lemma 24 (i3).

Suppose given λ = (a,

(
b c
d e

)
, f) ∈ Λ.

We have to show that λ is a Z-linear combination of elements of G.

By subtraction of a Z-multiple of 1Γ ∈ G we can assume a = 0, whence b ≡ϑ 0 and f ∈ 2Z.

99K (0,

(
b c
d e

)
, f)

By Lemma 24 (i3) and since b ≡ϑ 0, there exist si ∈ Z for i ∈ [0, n− 1] with

b = ϑ(sn−1ϑ
n−1 + sn−2ϑ

n−2 + · · ·+ s1ϑ
1 + s0) = sn−1ϑ

n + sn−2ϑ
n−1 + · · ·+ s1ϑ

2 + s0ϑ
1.

Because of Lemma 24 (iv) there exist tj ∈ Z for j ∈ [1, n− 1] with

ϑn = tn−1ϑ
n−1 + tn−2ϑ

n−2 + · · ·+ t1ϑ
1 − p ,
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and therefore we get

b = sn−1(tn−1ϑ
n−1 + tn−2ϑ

n−2 + · · ·+ t1ϑ
1 − p) + sn−2ϑ

n−1 + · · ·+ s1ϑ
2 + s0ϑ

1

= sn−1tn−1ϑ
n−1 + sn−1tn−2ϑ

n−2 + · · ·+ sn−1t1ϑ
1 − sn−1p+ sn−2ϑ

n−1 + · · ·+ s1ϑ
2 + s0ϑ

1 .

So we can assume b = 0 by subtraction of Z-multiples of elements of Gb ⊆ G.

99K (0,

(
0 c
d e

)
, f)

By subtraction of Z-multiples of elements of Gc ⊆ G we can assume c = 0 ; cf. Lemma 24 (i3).

99K (0,

(
0 0
d e

)
, f)

Since d ≡ϑ 0, we can assume d = 0 by subtraction of Z-multiples of elements of Gd ⊆ G ;

cf. procedure for entry b.

99K (0,

(
0 0
0 e

)
, f)

By subtraction of Z-multiples of elements of Ge ⊆ G we can assume e = 0, cf. Lemma 24 (i3), whence

f ≡ϑ 0. Recall that a = 0, whence f ∈ 2Z. So we have

f ∈ ϑZ[ϑ] ∩ 2Z = ϑZ[ϑ] ∩ Z ∩ 2Z L.27
=
(ii)

pZ ∩ 2Z = 2pZ .

99K (0,

(
0 0
0 0

)
, f)

Since f ∈ 2pZ we can assume f = 0 by subtraction of a Z-multiple of Gf ⊆ G.

99K (0,

(
0 0
0 0

)
, 0)

Therefore G is a Z-linear basis of Λ in Γ.

Now we choose the Z-linear basis G of Λ and the canonical Z-linear basis of Γ ; cf. Lemma 24 (i3).

Then the describing matrix of the canonical embedding ι : Λ ↪−→ Γ is lower triangular.

We consider the contributing factors of the components of G to the determinant of ι :

component of G 1Γ Gb Gc Gd Ge Gf

contributing factor 1 p 1 p 1 2p

Therefore we have the determinant detZ(ι) = 2 · p3. �

Theorem 70 We have the isomorphism of rings

ωZ : ZD2p
∼−→

{
( a ,

(
b c
d e

)
, f ) ∈ Z× Z[ϑp]

2×2 × Z : a ≡ϑp b , d ≡ϑp 0 , e ≡ϑp f , a ≡2 f
}

= pΛ

x 7−→ ( 1 , M1 , 1 ) = ( 1 ,

(
1 1

ϑp ϑp + 1

)
, 1 ) ,

y 7−→ ( 1 , N1 , −1 ) = ( 1 ,

(
1 0

ϑp −1

)
, −1 ) ,

cf. De�nitions 17, 56.
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Proof. We consider the Wedderburn isomorphism ωQ of Proposition 67.

We restrict the domain of ωQ from QD2p to ZD2p . Further, since M1 , N1 ∈ Z[ϑ]2×2, we can restrict the

codomain of ωQ ZD2p
from Q×Q(ϑ)2×2 ×Q to Z× Z[ϑ]2×2 × Z.

So we can de�ne ω̃Z := ωQ
Z×Z[ϑ]2×2×Z
ZD2p

, whence ω̃Z is a morphism of rings.

Hence, we obtain the commutative diagram

QD2p
ωQ

∼
// Q × Q(ϑ)2×2 × Q

ZD2p

?�

OO

ω̃Z // Z × Z[ϑ]2×2 × Z
?�

OO

= Γ ← N.68

As a restriction of ωQ , the map ω̃Z is injective.

Since ω̃Z(x) and ω̃Z(y) are elements of Λ and using the fact of Remark 69 (i) that Λ is a ring we get that

ω̃Z(ZD2p) ⊆ Λ.

By Remark 69 (ii) we have that the canonical Z-linear embedding of Λ in Γ has determinant 2 · p3.

So we have ∣∣∣Γ/Λ∣∣∣ = |detZ(Λ ↪−→ Γ)| = 2 · p3.

Further we calculate the index of the image of ω̃Z in Γ as

∣∣∣Γ/ω̃Z(ZD2p)

∣∣∣ (∗)
=

√√√√∣∣∣∣∣ |D2p||D2p|

1 ·
(
∆4

Q(ϑ)|Q · 222·[Q(ϑ):Q]
)
· 1

∣∣∣∣∣ L.24(i2)
=
L.25

√√√√√√
∣∣∣∣∣∣∣

(2p)2p(
±p p−3

2

)4
· 24· p−1

2

∣∣∣∣∣∣∣ =
(2p)p

pp−3 · 2p−1
= 2·p3 ,

where in (∗) we refer to [Künzer 99, Ch. I, p. 4, Proposition 1.1.5 (total index formula II)] applied to the

case (G,R,K) = (D2p ,Z,Q) ; cf. Lemma 22.

Using that ω̃Z(ZD2p) is a subset of Λ we therefore obtain that ω̃Z(ZD2p) = Λ.

Hence we get that ωZ := ω̃Z
Λ = ωQ

Λ
ZD2p

is an isomorphism of rings. �

Corollary 71 We have the isomorphism of Z(p)-algebras

ωZ(p)
: Z(p)D2p

∼−→ pΛ(p)

x 7−→ ωZ(x) ,

y 7−→ ωZ(y) .

Proof. By Theorem 70 we have the isomorphism of rings ωZ : ZD2p
∼−→ Λ. So we get by Remark 122

that
as subrings of QD2p

↓
ωZ(p)

:= (ωZ)(p) : (ZD2p)(p) = Z(p)D2p
∼−→ Λ(p)

∑
d∈D2p

zd
sd
· d 7−→

∑
d∈D2p

zd
sd
· ωZ(d)
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is an isomorphism of Z(p)-modules. Since ωZ is an isomorphism of rings, we see that ωZ(p)
preserves 1

and is multiplicative. So ωZ(p)
is an isomorphism of Z(p)-algebras. �

Remark 72 We have the short exact sequence of abelian groups

pΛ
ι

↪−→ pΓ
%−→ Z/

2Z ⊕
(
Z[ϑp]

/
ϑpZ[ϑp]

)⊕3

(a,

(
b c
d e

)
, f) 7−→ (a,

(
b c
d e

)
, f) 7−→

(
(a− f) + 2Z , (a− b) + ϑpZ[ϑp]

, d+ ϑpZ[ϑp]

, (e− f) + ϑpZ[ϑp]
)
.

Proof. As embedding of Λ in Γ, the map ι is additive and injective. We see that % is also additive.

Suppose given
(
r + 2Z, s+ ϑZ[ϑ], t+ ϑZ[ϑ], u+ ϑZ[ϑ]

)
∈ Z/

2Z⊕
(
Z[ϑ]

/
ϑZ[ϑ]

)⊕3

. Then we have

%

(
(r,

(
r − s 0
t u

)
, 0)

)
=
(
r + 2Z, s+ ϑZ[ϑ], t+ ϑZ[ϑ], u+ ϑZ[ϑ]

)
.

Therefore % is surjective. Further we have the equivalences

(a,

(
b c
d e

)
, f) ∈ ker(%) ⇐⇒ a− f ∈ 2Z and a− b, d, e− f ∈ ϑZ[ϑ]

N.68⇐⇒ (a,

(
b c
d e

)
, f) ∈ Λ = im(ι) .

�



The group ring Z[ϑp]D2p 49

4.2 The group ring Z[ϑp]D2p

Remark 73 First we recall some de�nitions and facts from Section 2.2 :

Ψ = pΨ
D.34
=

{
(aj)j∈[1,n] ∈ Z[ϑp]

×n :

n∑
k=1

〈
i

k

〉
ak ≡ϑip 0 for i ∈ [0, n− 1]

}
⊆ Z[ϑp]

×n ,

θ = θp
D.49
= (σn(ϑp) , . . . , σ1(ϑp) )

P.41
= f(1⊗ ϑp) ∈ pΨ ,

θΨ = θp · pΨ
P.52
=

{
(aj)j∈[1,n] ∈ Z[ϑp]

×n :

n∑
k=1

(2i− 1)2

(2k − 1)2
(2i)!

〈
i− 1

k

〉
ak ≡ϑip 0 for i ∈ [1, n]

}
.

Given ξ, η ∈ pΨ, we usually write ξ ≡θp η for ξ − η ∈ θp · pΨ ; cf. Convention 11.

Notation 74 We have the Z[ϑp]-algebra

� = p� := Z[ϑp]× pΨ
2×2 × Z[ϑp] ,

and its Z[ϑp]-submodule

Ω = pΩ :=
{

(ξ,

(
ψ1 ψ2
ψ3 ψ4

)
, η) ∈ p� : (ξ)i∈[1,n] ≡θp ψ1 , ψ3 ≡θp 0 , ψ4 ≡θp (η)i∈[1,n] , ξ ≡2 η

}
,

cf. Convention 7.

Remark 75 Write I := [1, n]. We have the injective morphism of Z[ϑp]-algebras

ν̃ : p� = Z[ϑp] × pΨ
2×2 × Z[ϑp] −→ Z[ϑp] ×

(
Z[ϑp]

2×2
)×n × Z[ϑp]

( ξ ,

(
(ai)i∈I (bi)i∈I

(ci)i∈I (di)i∈I

)
, η ) 7−→ ( ξ ,

(
ai bi
ci di

)
i∈I

, η )

Proof. We obtain ν̃ as the composite of the injective morphisms of Z[ϑ]-algebras

Z[ϑ]×Ψ2×2 × Z[ϑ]
(∗)
↪−→ Z[ϑ]× (Z[ϑ]×n)

2×2 × Z[ϑ]
(∗∗)−−→
∼

Z[ϑ]×
(
Z[ϑ]2×2

)×n × Z[ϑ]

( ξ ,

(
(ai)i∈I (bi)i∈I

(ci)i∈I (di)i∈I

)
, η ) 7−→ ( ξ ,

(
(ai)i∈I (bi)i∈I

(ci)i∈I (di)i∈I

)
, η ) 7−→ ( ξ ,

(
ai bi
ci di

)
i∈I

, η ) ,

where we note that Ψ is a Z[ϑ]-subalgebra of Z[ϑ]×n, cf. Proposition 41, so that the canonical embedding

in (∗) is an injective morphism of Z[ϑ]-algebras. In (∗∗) we refer to Lemma 102. �
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Remark 76 Write I := [1, n]. We have the short exact sequence of Z[ϑp]-modules

pΩ
j

↪−→ p�
r−→ Z[ϑp]

/
2Z[ϑp] ⊕

(
pΨ
/
θp · pΨ

)⊕3

(ξ,

(
ψ1 ψ2
ψ3 ψ4

)
, η) 7−→ (ξ,

(
ψ1 ψ2
ψ3 ψ4

)
, η) 7−→

(
(ξ − η) + 2Z[ϑp] , ((ξ)i∈I − ψ1) + θp · pΨ

, ψ3 + θp · pΨ

, (ψ4 − (η)i∈I) + θp · pΨ
)
.

Proof. As embedding of Ω in �, the map j is a morphism of Z[ϑ]-modules and injective.

We see that r is also a morphism of Z[ϑ]-modules.

Suppose given
(
w + 2Z[ϑ], x+ θΨ, y + θΨ, z + θΨ

)
∈ Z[ϑ]

/
2Z[ϑ]⊕

(
Ψ
/
θΨ

)⊕3

. Then we have

r

(
(w,

(
(w)i∈I − x 0

y z

)
, 0)

)
=
(
w + 2Z[ϑ], x+ θΨ, y + θΨ, z + θΨ

)
.

Therefore r is surjective. Further we have the equivalences

(ξ,

(
ψ1 ψ2
ψ3 ψ4

)
, η) ∈ ker(r) ⇐⇒ ξ − η ∈ 2Z[ϑ] and (ξ)i∈I − ψ1 , ψ3 , ψ4 − (η)i∈I ∈ θΨ

N.74⇐⇒ (ξ,

(
ψ1 ψ2
ψ3 ψ4

)
, η) ∈ Ω = im(j) .

�

Remark 77 We have the isomorphism of Z[ϑp]-algebras

k : Z[ϑp]D2p
∼−→ Z[ϑp] ⊗

Z
pΛ

x 7−→ 1 ⊗ ωZ(x) = 1 ⊗ (1,M1, 1) = 1⊗ (1,

(
1 1
ϑp ϑp + 1

)
, 1)

y 7−→ 1 ⊗ ωZ(y) = 1⊗ (1, N1,−1) = 1⊗ (1,

(
1 0
ϑp −1

)
,−1) .

For ωZ we refer to Theorem 70.

Proof. We compose the isomorphisms of Z[ϑp]-algebras

Z[ϑ]D2p
∼−−−→

L.99
Z[ϑ] ⊗

Z
ZD2p

Z[ϑ]⊗ωZ
∼−−−−−−−−→

L.93, L.92(ii)
Z[ϑ] ⊗

Z
Λ

x 7−→ 1 ⊗ x 7−→ 1 ⊗ ωZ(x)

y 7−→ 1 ⊗ y 7−→ 1 ⊗ ωZ(y)

For the matrices occurring in ωZ(x) and ωZ(y), we refer to Theorem 70. �

Lemma 78 We have the isomorphism of Z[ϑp]-algebras

τ0 : Z[ϑp] ⊗
Z

(
Z × Z[ϑp]

2×2 × Z
)

∼−→ Z[ϑp] × pΨ
2×2 × Z[ϑp] = p�

ξ ⊗ (u ,

(
η1 η2

η3 η4

)
, v ) 7−→ ( ξu ,

(
f(ξ ⊗ η1) f(ξ ⊗ η2)

f(ξ ⊗ η3) f(ξ ⊗ η4)

)
, ξv ) .



The group ring Z[ϑp]D2p 51

Proof. We compose the isomorphisms of Z[ϑ]-algebras

Z[ϑ] ⊗
Z

(
Z × Z[ϑ]2×2 × Z

)
∼−−−→

L.96
Z[ϑ] ×

(
Z[ϑ] ⊗

Z
Z[ϑ]2×2

)
× Z[ϑ]

ξ ⊗ (u ,

(
η1 η2

η3 η4

)
, v ) 7−→ ( ξu , ξ ⊗

(
η1 η2

η3 η4

)
, ξv )

∼−−−→
L.98

Z[ϑ] ×
(
Z[ϑ]⊗

Z
Z[ϑ]

)2×2

× Z[ϑ]
∼−−−→

P.41
Z[ϑ] × Ψ2×2 × Z[ϑ]

7−→ ( ξu ,

(
ξ ⊗ η1 ξ ⊗ η2

ξ ⊗ η3 ξ ⊗ η4

)
, ξv ) 7−→ ( ξu ,

(
f(ξ ⊗ η1) f(ξ ⊗ η2)

f(ξ ⊗ η3) f(ξ ⊗ η4)

)
, ξv ) .

�

Lemma 79 We have the isomorphisms of Z[ϑp]-algebras

(i)
τ1 : Z[ϑp] ⊗

Z

(
Z/

2Z
)

∼−→ Z[ϑp]
/

2Z[ϑp]

ξ ⊗ (z + 2Z) 7−→ ξz + 2Z[ϑp] ,

and

(ii)
τ2 : Z[ϑp] ⊗

Z

(
Z[ϑp]

/
ϑpZ[ϑp]

)
∼−→ pΨ

/
θp · pΨ

ξ ⊗ (η + ϑpZ[ϑp]) 7−→ f(ξ ⊗ η) + θp · pΨ ,

where f is the isomorphism of Z[ϑp]-algebras from Proposition 41.

Proof of (i). We de�ne the multiplication maps by mC : C −→ C , c 7−→ 2c and the residue class maps

by ρC : C −→ C
/
2C , c 7−→ c+ 2C for C = Z respectively C = Z[ϑ].

By Lemma 24 (i3) we have that Z[ϑ] is a �nitely generated free Z-module. Therefore Z[ϑ]⊗
Z
− is exact,

cf. Lemma 94, and so the upper row in the following diagram is a right exact sequence of Z[ϑ]-modules.

ξ ⊗ z � //
_

��

ξ ⊗ 2z_

��

Z[ϑ]⊗
Z
Z

Z[ϑ]⊗mZ //

∼

��

Z[ϑ]⊗
Z
Z //

∼

��

Z[ϑ]⊗ρZ // Z[ϑ]⊗
Z

(
Z/

2Z
)

Z[ϑ]
mZ[ϑ] // Z[ϑ]

ρZ[ϑ] // Z[ϑ]
/

2Z[ϑ]

ξz
� // 2ξz = ξ · 2z

We see that the lower row is also a right exact sequence of Z[ϑ]-modules. Hence, there exists a unique

Z[ϑ]-linear map Z[ϑ] ⊗
Z

(
Z/

2Z
)
−→ Z[ϑ]

/
2Z[ϑ] making the diagram commutative, which is an isomor-

phism. This map is just τ1 . We see that τ1 preserves 1. For ξ1 , ξ2 ∈ Z[ϑ] and z1 + 2Z, z2 + 2Z ∈ Z/
2Z
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we have

τ1
(
(ξ1 ⊗ (z1 + 2Z)) · (ξ2 ⊗ (z2 + 2Z))

)
= τ1

(
(ξ1ξ2)⊗ (z1z2 + 2Z)

)
= ξ1ξ2z1z2 + 2Z[ϑ]

= (ξ1z1 + 2Z[ϑ]) · (ξ2z2 + 2Z[ϑ]) = τ1(ξ1 ⊗ (z1 + 2Z)) · τ1(ξ2 ⊗ (z2 + 2Z)) .

 (1)

Since τ1 is additive and every element of Z[ϑ]⊗
Z

(
Z/

2Z
)
is a �nite sum of elementary tensors, equation (1)

shows that τ1 is multiplicative.

Proof of (ii). We de�ne n1 : Z[ϑ] −→ Z[ϑ] , ξ 7−→ ϑξ and n2 : Ψ −→ Ψ , ψ 7−→ θψ . The residue class

maps we denote by %Z[ϑ] : Z[ϑ] −→ Z[ϑ]
/
ϑZ[ϑ] , ξ 7−→ ξ + ϑZ[ϑ] and %Ψ : Ψ −→ Ψ

/
θΨ , ψ 7−→ ψ + θΨ.

By Lemma 24 (i3) we have that Z[ϑ] is a �nitely generated free Z-module. Therefore Z[ϑ]⊗
Z
− is exact,

cf. Lemma 94, and so the upper row in the following diagram is a right exact sequence of Z[ϑ]-modules.

ξ ⊗ η � //
_

��

ξ ⊗ ϑη_

��

Z[ϑ]⊗
Z
Z[ϑ]

Z[ϑ]⊗n1 //

∼f

��

Z[ϑ]⊗
Z
Z[ϑ] //

∼f

��

Z[ϑ]⊗%Z[ϑ] // Z[ϑ]⊗
Z

(
Z[ϑ]

/
ϑZ[ϑ]

)

Ψ
n2 // Ψ

%Ψ // Ψ/
θΨ ,

f(ξ ⊗ η)
� // θf(ξ ⊗ η) = f(ξ ⊗ ϑη)

where we note that θf(ξ ⊗ η) = f(1⊗ ϑ) · f(ξ ⊗ η) = f((1⊗ ϑ) · (ξ ⊗ η)) = f(ξ ⊗ ϑη).

We see that the lower row is also a right exact sequence of Z[ϑ]-modules. Hence, there exists a unique

Z[ϑ]-linear map Z[ϑ] ⊗
Z

(
Z[ϑ]

/
ϑZ[ϑ]

)
−→ Ψ

/
θΨ making the diagram commutative, which is an isomor-

phism. This map is just τ2 . Since f is a morphism of rings, we see that τ2 preserves 1. For ξ1 , ξ2 ∈ Z[ϑ]

and η1 + ϑZ[ϑ], η2 + ϑZ[ϑ] ∈ Z[ϑ]
/
ϑZ[ϑ] we have

τ2
(
(ξ1 ⊗ (η1 + ϑZ[ϑ])) · (ξ2 ⊗ (η2 + ϑZ[ϑ]))

)
= τ2

(
(ξ1ξ2)⊗ (η1η2 + ϑZ[ϑ])

)
= f((ξ1ξ2)⊗ (η1η2)) + θΨ = f((ξ1 ⊗ η1) · (ξ2 ⊗ η2)) + θΨ = (f(ξ1 ⊗ η1) · f(ξ2 ⊗ η2)) + θΨ

= (f(ξ1 ⊗ η1) + θΨ) · (f(ξ2 ⊗ η2) + θΨ) = τ2(ξ1 ⊗ (η1 + ϑZ[ϑ])) · τ2(ξ2 ⊗ (η2 + ϑZ[ϑ])) .


(2)

Since τ2 is additive and every element of Z[ϑ] ⊗
Z

(
Z[ϑ]

/
ϑZ[ϑ]

)
is a �nite sum of elementary tensors,

equation (2) shows that τ2 is multiplicative. �

Theorem 80 Write I := [1, n]. We recall the Z[ϑp]-submodule pΩ of the Z[ϑp]-algebra p�

pΩ =
{

(ξ,

(
ψ1 ψ2
ψ3 ψ4

)
, η) ∈ Z[ϑp]× pΨ

2×2 × Z[ϑp] : (ξ)i∈I ≡θp ψ1 , ψ3 ≡θp 0 , ψ4 ≡θp (η)i∈I , ξ ≡2 η
}
,

cf. Remark 73 and Notation 74.

Then pΩ is a Z[ϑp]-subalgebra of p� .
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We have the isomorphism of Z[ϑp]-algebras

ωZ[ϑp] : Z[ϑp]D2p
∼−→ pΩ

x 7−→ ( 1 ,

(
1 1

θp θp + 1

)
, 1 ) ,

y 7−→ ( 1 ,

(
1 0

θp −1

)
, −1 ) .

Moreover, we have the injective morphism of Z[ϑp]-algebras

ν : pΩ −→ Z[ϑp] ×
(
Z[ϑp]

2×2
)×n × Z[ϑp]

( ξ ,

(
(ai)i∈I (bi)i∈I

(ci)i∈I (di)i∈I

)
, η ) 7−→ ( ξ ,

(
ai bi
ci di

)
i∈I

, η ) .

So altogether, we have the morphisms of Z[ϑp]-algebras

Z[ϑp]D2p ∼

ωZ[ϑp] // pΩ
ν

inj.
// Z[ϑp]×

(
Z[ϑp]

2×2
)×n × Z[ϑp] .

Proof. We have the short exact sequence of abelian groups Λ
ι

↪−→ Γ
%−→ Z/

2Z⊕
(
Z[ϑ]

/
ϑZ[ϑ]

)⊕3

, where

Γ = Z× Z[ϑ]2×2 × Z ; cf. Remark 72 and Notation 68.

By Lemma 24 (i3) we have that Z[ϑ] is a �nitely generated free Z-module. Therefore the upper row in

the following diagram is a short exact sequence of Z[ϑ]-modules ; cf. Lemma 94. By Remark 76 we get

that the lower row is a short exact sequence of Z[ϑ]-modules ; cf. Notation 74.

Z[ϑ]⊗
Z

Λ
Z[ϑ]⊗ι // Z[ϑ]⊗

Z

(
Z× Z[ϑ]2×2 × Z

) Z[ϑ]⊗% //

∼L.78→ τ0

��

Z[ϑ]⊗
Z

(
Z/

2Z⊕
(
Z[ϑ]

/
ϑZ[ϑ]

)⊕3
)

∼

L.95
+

L.79

��

Ω
j // Z[ϑ]×Ψ2×2 × Z[ϑ]

r // Z[ϑ]
/
2Z[ϑ]⊕

(
Ψ
/
θΨ

)⊕3

ξ ⊗ (u,

(
η1 η2

η3 η4

)
, v)

� //

_

��

ξ ⊗ ((u− v) + 2Z , (u− η1) + ϑZ[ϑ] ,

η3 + ϑZ[ϑ] , (η4 − v) + ϑZ[ϑ] )
_

��

(ξu,

(
f(ξ ⊗ η1) f(ξ ⊗ η2)

f(ξ ⊗ η3) f(ξ ⊗ η4)

)
, ξv) � //

(
ξ(u− v) + 2Z[ϑ] , f(ξ ⊗ (u− η1)) + θΨ ,

f(ξ ⊗ η3) + θΨ , f(ξ ⊗ (η4 − v)) + θΨ
)

= (1)(
(ξu− ξv) + 2Z[ϑ] , ((ξu)i∈I − f(ξ ⊗ η1)) + θΨ ,

f(ξ ⊗ η3) + θΨ , (f(ξ ⊗ η4)− (ξv)i∈I) + θΨ
)
,
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where in equation (1) in the second entry, we note that

f(ξ ⊗ (u− η1))
P.41
= (σn−i+1(u− η1)ξ)i∈I = ((

=u∈Z︷ ︸︸ ︷
σn−i+1(u)−σn−i+1(η1))ξ)i∈I

= (uξ − σn−i+1(η1)ξ)i∈I = (ξu)i∈I − (σn−i+1(η1)ξ)i∈I
P.41
= (ξu)i∈I − f(ξ ⊗ η1) ,

and similarly for the fourth entry.

Therefore we get the induced isomorphism of Z[ϑ]-modules

(2) g : Z[ϑ]⊗
Z

Λ
∼−→ Ω , ξ ⊗ (u,

(
η1 η2

η3 η4

)
, v) 7−→ (ξu,

(
f(ξ ⊗ η1) f(ξ ⊗ η2)

f(ξ ⊗ η3) f(ξ ⊗ η4)

)
, ξv) .

We recall that � = Z[ϑ]×Ψ2×2 × Z[ϑ] ; cf. Remark 73 and Notation 74.

As embedding of Λ in Γ, the map ι is not only a morphism of Z-modules, but also a morphism of

Z-algebras ; cf. Remark 69 (i). We apply Lemma 93 to the case (K, L, ϕ, A, B) = (Z, Z[ϑ], ι, Λ, Γ) and

obtain that Z[ϑ]⊗ ι is a morphism of Z[ϑ]-algebras. We recall that Z[ϑ]⊗ ι is injective.

Hence we obtain the injective morphism of Z[ϑ]-algebras

g′ := τ0 ◦ (Z[ϑ]⊗ ι) : Z[ϑ]⊗
Z

Λ −→ Z[ϑ]×Ψ2×2 × Z[ϑ] = � ,

which acts just as g. I.e. we get the commutative diagram

Z[ϑ]⊗
Z

Λ
g

∼
//

g′ !!CCCCCCCC
Ω
p P

����������

� ,

whence Ω = im(g′) is a Z[ϑ]-subalgebra of � and g = g′ Ω is an isomorphism of Z[ϑ]-algebras.

Hence we get the isomorphism of Z[ϑ]-algebras

g ◦ k : Z[ϑ]D2p
∼−→ Ω

x 7−→ g(k(x))

y 7−→ g(k(y)) ,

cf. Remark 77. We have

(g ◦ k)(x) = g(k(x))
R.77
= g

(
1⊗ (1,

(
1 1
ϑ ϑ+ 1

)
, 1)

)
(2)
= (1,

(
f(1⊗ 1) f(1⊗ 1)

f(1⊗ ϑ) f(1⊗ (ϑ+ 1))

)
, 1)

= (1,

(
f(1⊗ 1) f(1⊗ 1)

f(1⊗ ϑ) f(1⊗ ϑ) + f(1⊗ 1))

)
, 1) = (1,

(
1 1

θ θ + 1

)
, 1) ,

and (g ◦ k)(y) = g(k(y))
R.77
= g

(
1⊗ (1,

(
1 0
ϑ −1

)
,−1)

)
(2)
= (1,

(
f(1⊗ 1) f(1⊗ 0)

f(1⊗ ϑ) f(1⊗ (−1))

)
,−1) = (1,

(
1 0

θ −1

)
,−1) .

So ωZ[ϑ] := g ◦ k is the asserted isomorphism of Z[ϑ]-algebras.
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We obtain the map ν as the composite of the injective morphisms of Z[ϑ]-algebras

Ω ↪−→ � ν̃−→ Z[ϑ]×
(
Z[ϑ]2×2

)×n × Z[ϑ]

( ξ ,

(
(ai)i∈I (bi)i∈I

(ci)i∈I (di)i∈I

)
, η ) 7−→ ( ξ ,

(
(ai)i∈I (bi)i∈I

(ci)i∈I (di)i∈I

)
, η ) 7−→ ( ξ ,

(
ai bi
ci di

)
i∈I

, η ) ,

where for ν̃ we refer to Remark 75. �



Chapter 5

Overview of dihedral group rings

Summarizing Chapters 3 ("Wedderburn") and 4 ("Group rings of D2p"), we obtain the following com-

mutative diagram of rings and morphisms of rings.

CD2p
ωC

∼
// C×

(
C2×2

)×n × C

Q(ϑp)D2p

ωQ(ϑp)

∼
//

?�

OO

Q(ϑp)×
(
Q(ϑp)

2×2
)×n ×Q(ϑp)

?�

OO

Theorem 80 : Z[ϑp]D2p

ωZ[ϑp]

∼
//

3 S

ffMMMMMMMMMMMMMMMMMMM

pΩ Z[ϑp]×
(
Z[ϑp]

2×2
)×n × Z[ϑp]//ν

inj.

3 S

ffMMMMMMMMMMMMMMMMMM

Q(ϑp)⊗
Q
QD2p ∼

//

∼

OO

Q(ϑp)⊗
Q

(Q×Q(ϑp)
2×2 ×Q)

∼

OO

Z[ϑp]⊗
Z
ZD2p

� � //

3 S

ffMMMMMMMMMMMMMMMM

∼

OO

Z[ϑp]⊗
Z

(Z× Z[ϑp]
2×2 × Z)

3 S

ffMMMMMMMMMMMMMMMMM

∼

OO

QD2p

ωQ

∼
//

?�

OO

Q×Q(ϑp)
2×2 ×Q

?�

OO

Theorem 70 : ZD2p
ωZ

∼
//

3 S

ffMMMMMMMMMMMMMMMMMMMM
?�

OO

pΛ Z× Z[ϑp]
2×2 × Z//� �

3 S

ffMMMMMMMMMMMMMMMMMM
?�

OO

56



Chapter 6

Presentations via path algebras

Notation 81

In this chapter we consider path algebras of the quiver Ξ :=

(
E •

α ''
• F

β

gg

)
.

We write composition of paths in such a way that e.g. αβ is a path from E to E.

6.1 Presentation of Z(p)D2p by quiver and relations

Notation 82 We denote by I the (both-sided) ideal of the path algebra Z(p)Ξ that is generated by the

set {µϑp,Q(αβ)α , µϑp,Q(βα)β } , where µϑp,Q(X) ∈ Z[X] is the minimal polynomial of ϑp over Q.

Using Convention 10 this means

I := C µϑp,Q(αβ)α , µϑp,Q(βα)β B
Z(p)Ξ

.

Moreover, we denote the residue class of an element ξ ∈ Z(p)Ξ by

ξ := ξ + I ∈ Z(p)Ξ
/
I .

Proposition 83 We have the isomorphism of Z(p)-algebras

P1 : Z(p)Ξ
/
I

∼−→
{

(u ,

(
v w
x y

)
, z ) ∈ Z(p)×

(
Z(p)[ϑp]

)2×2×Z(p) : u ≡ϑp v, x ≡ϑp 0, y ≡ϑp z
}

= pΛ(p)

E = E + I 7−→ ( 1 ,

(
1 0
0 0

)
, 0 ) =: e

F = F + I 7−→ ( 0 ,

(
0 0
0 1

)
, 1 ) =: f

α = α+ I 7−→ ( 0 ,

(
0 1
0 0

)
, 0 ) =: a

β = β + I 7−→ ( 0 ,

(
0 0
ϑp 0

)
, 0 ) =: b .

For pΛ we refer to Notation 68.

57
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Proof. We have the orthogonal decomposition into idempotents 1Λ(p)
= e+ f . (1)

We see that a ∈ eΛ(p)f and b ∈ fΛ(p)e. So the universal property of the path algebra yields that there

exists a unique Z(p)-algebra morphism that maps

ψ̂ : Z(p)Ξ −→
{

(u ,

(
v w
x y

)
, z ) ∈ Z(p) ×

(
Z(p)[ϑ]

)2×2 × Z(p) : u ≡ϑ v, x ≡ϑ 0, y ≡ϑ z
}

= Λ(p)

E 7−→ ( 1 ,

(
1 0
0 0

)
, 0 ) = e

F 7−→ ( 0 ,

(
0 0
0 1

)
, 1 ) = f

α 7−→ ( 0 ,

(
0 1
0 0

)
, 0 ) = a

β 7−→ ( 0 ,

(
0 0
ϑ 0

)
, 0 ) = b .

Using (1) we get the Peirce decomposition of Λ(p)

(2) Λ(p) = eΛ(p)e⊕ fΛ(p)f ⊕ fΛ(p)e⊕ eΛ(p)f .

We want to show that ψ̂ is surjective. By (2) it su�ces to show that ψ̂ is surjective on each direct

summand. We have

(S1) eΛ(p)e =
{

(u ,

(
v 0
0 0

)
, 0 ) ∈ Z(p) ×

(
Z(p)[ϑ]

)2×2 × Z(p) : u ≡ϑ v
}

(S2) fΛ(p)f =
{

( 0 ,

(
0 0
0 y

)
, z ) ∈ Z(p) ×

(
Z(p)[ϑ]

)2×2 × Z(p) : y ≡ϑ z
}

(S3) fΛ(p)e =
{

( 0 ,

(
0 0
x 0

)
, 0 ) ∈ Z(p) ×

(
Z(p)[ϑ]

)2×2 × Z(p) : x ≡ϑ 0
}

(S4) eΛ(p)f =
{

( 0 ,

(
0 w
0 0

)
, 0 ) ∈ Z(p) ×

(
Z(p)[ϑ]

)2×2 × Z(p)

}

We claim that

(C1) eΛ(p)e
!
=

〈
e, (ab)1, (ab)2, . . . , (ab)n−1, (ab)n

〉
Z(p)

(C2) fΛ(p)f
!
=

〈
f, (ba)1, (ba)2, . . . , (ba)n−1, (ba)n

〉
Z(p)

(C3) fΛ(p)e
!
=

〈
b, b(ab)1, b(ab)2, . . . , b(ab)n−2, b(ab)n−1

〉
Z(p)

(C4) eΛ(p)f
!
=

〈
a, a(ba)1, a(ba)2, . . . , a(ba)n−2, a(ba)n−1

〉
Z(p)

Once this is shown, we have that ψ̂ is surjective since each of the listed Z(p)-linear generators is in the

image of ψ̂ .

Z(p)[ϑ] has the Z(p)-linear basis (ϑk : k ∈ [0, n− 1] ) ; cf. Lemma 24 (i3). So ϑZ(p)[ϑ] has the Z(p)-linear

basis (ϑk : k ∈ [1, n] ). (3)

Ad (C1). We have

(4) a · b = ( 0 ,

(
ϑ 0
0 0

)
, 0 ) , whence (ab)k = ( 0 ,

(
ϑk 0
0 0

)
, 0 ) for k ∈ [1, n].
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Considering (S1) we therefore see that the right side in (C1) is contained in the left.

Suppose given (u ,

(
v 0
0 0

)
, 0 ) ∈ eΛ(p)e, so that u ≡ϑ v ; cf. (S1). By subtraction of a Z(p)-multiple of e

we can set u to 0, whence v ≡ϑ 0. Using (3) and (4) we can set v to 0, whence the claim (C1) is shown.

Ad (C2). We have

(4′) b · a = ( 0 ,

(
0 0
0 ϑ

)
, 0 ) , whence (ba)k = ( 0 ,

(
0 0
0 ϑk

)
, 0 ) for k ∈ [1, n],

and so the proof is analogous to the proof of (C1).

Ad (C3). By (4) we get

(5) b(ab)k = ( 0 ,

(
0 0

ϑk+1 0

)
, 0 ) for k ∈ [0, n− 1].

Considering (S3) we therefore see that the right side in (C3) is contained in the left.

Suppose given ( 0 ,

(
0 0
x 0

)
, 0 ) ∈ fΛ(p)e, so that x ≡ϑ 0 ; cf. (S3). Using (3) and (5) we can set x to 0,

whence the claim (C3) is shown.

Ad (C4). By (4′) we get

(5′) a(ba)k = ( 0 ,

(
0 ϑk

0 0

)
, 0 ) for k ∈ [0, n− 1].

Suppose given ( 0 ,

(
0 w
0 0

)
, 0 ) ∈ fΛ(p)e, so that w ∈ Z(p)[ϑ] ; cf. (S4). Using (3) and (5′) we can set w to

0, whence the claim (C4) is shown.

So we have that ψ̂ is surjective.

We want to show that I
!
⊆ ker ψ̂. We write

(6) µϑ,Q(X) = Xn +

n−1∑
j=0

cjX
j ∈ Z[X] ,

cf. Lemma 24 (i2).

Then we have

ψ̂ (µϑ,Q(αβ) · α) = ψ̂

((
(αβ)n +

n−1∑
j=0

cj(αβ)j
)
· α

)

=
(

(ab)n +
n−1∑
j=0

cj(ab)
j
)
· a =

(
(ab)n +

n−1∑
j=1

cj(ab)
j
)
· a+ c0 · a

(4)
=

(
( 0 ,

(
ϑn 0
0 0

)
, 0 ) +

n−1∑
j=1

cj · ( 0 ,

(
ϑj 0
0 0

)
, 0 )

)
· ( 0 ,

(
0 1
0 0

)
, 0 ) + c0 · ( 0 ,

(
0 1
0 0

)
, 0 )

= ( 0 ,

(
0 ϑn

0 0

)
, 0 ) +

n−1∑
j=1

cj · ( 0 ,

(
0 ϑj

0 0

)
, 0 ) + c0 · ( 0 ,

(
0 1
0 0

)
, 0 )

= ( 0 ,

(
0 µϑ,Q(ϑ)

0 0

)
, 0 ) = ( 0 ,

(
0 0

0 0

)
, 0 ) = 0Λ(p)

.

Similarly, we have that ψ̂ (µϑ,Q(βα)β) = 0Λ(p)
. Therefore we have that I ⊆ ker(ψ̂) ; cf. Notation 82.
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So there exists a unique Z(p)-algebra morphism that maps

ψ : Z(p)Ξ
/
I −→

{
(u ,

(
v w
x y

)
, z ) ∈ Z(p) ×

(
Z(p)[ϑ]

)2×2 × Z(p) : u ≡ϑ v, x ≡ϑ 0, y ≡ϑ z
}

= Λ(p)

E + I 7−→ ( 1 ,

(
1 0
0 0

)
, 0 ) = e

F + I 7−→ ( 0 ,

(
0 0
0 1

)
, 1 ) = f

α+ I 7−→ ( 0 ,

(
0 1
0 0

)
, 0 ) = a

β + I 7−→ ( 0 ,

(
0 0
ϑ 0

)
, 0 ) = b .

I.e. ψ ◦ ρ = ψ̂, where ρ denotes the residue class map ρ : Z(p)Ξ −→ Z(p)Ξ
/
I : κ 7−→ κ + I. Since ψ̂ is

surjective, so is ψ.

For k ∈ Z≥0 we denote by Gk the Z(p)-linear span of residue classes of paths in Ξ of length less than or

equal to k, i.e.

(7)

G0 = 〈E + I , F + I 〉Z(p)
,

G1 = 〈E + I , F + I , α+ I , β + I 〉Z(p)
,

G2 = 〈E + I , F + I , α+ I , β + I , αβ + I , βα+ I 〉Z(p)
,

G3 = 〈E + I , F + I , α+ I , β + I , αβ + I , βα+ I , αβα+ I , βαβ + I 〉Z(p)
,

...
...

et cetera. Note that the number of Z(p)-linear generators given for Gs is 2s+2 for s ∈ Z≥0 . In particular,

for G2n this number equals 2 · 2n+ 2 = 2p.

Since Gr ⊆ Gs for r ≤ s we get that

(8) Z(p)Ξ
/
I =

⋃
k≥0

Gk .

For s ≥ n we have

(αβ)sα+ I = (αβ)s−n

− n−1∑
j=0

cj(αβ)jα

+ I

︸ ︷︷ ︸
∈G2s−1⊆G2s

and (βα)sβ + I = (βα)s−n

− n−1∑
j=0

cj(βα)jβ

+ I

︸ ︷︷ ︸
∈G2s−1⊆G2s

,

cf. Notation 82 and (6). Therefore we have G2s+1 ⊆ G2s for s ≥ n.

For s ≥ n we have

(αβ)s+1 + I = (αβ)s−n

− n−1∑
j=0

cj(αβ)jα

β + I

︸ ︷︷ ︸
∈G2s⊆G2s+1

and (βα)s+1 + I = (βα)s−n

− n−1∑
j=0

cj(βα)jβ

α+ I

︸ ︷︷ ︸
∈G2s⊆G2s+1

,

cf. Notation 82 and (6). Therefore we have G2s+2 ⊆ G2s+1 for s ≥ n.

Together this shows that Gt = G2n for t ≥ 2n, so that (8) becomes Z(p)Ξ
/
I = G2n .

So there exists a surjective Z(p)-linear map ϕ : (Z(p))
×2p −→ Z(p)Ξ

/
I , which maps the standard basis of

(Z(p))
×2p to the Z(p)-linear generating tuple of G2n = Z(p)Ξ

/
I mentioned above.
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Note that rkZ(p)
(Λ(p)) = rkZ(p)

(Z(p)D2p) = 2p ; cf. Corollary 71.

We have surjective Z(p)-linear maps

(Z(p))
×2p ϕ

surj.
// Z(p)Ξ

/
I

ψ

surj.
// Λ(p)

The composite ψ ◦ ϕ is bijective, since rkZ(p)
(ker(ψ ◦ ϕ)) = rkZ(p)

((Z(p))
×2p)− rkZ(p)

(Λ(p)) = 2p− 2p = 0.

So ϕ is injective, hence bijective. Since ψ ◦ ϕ and ϕ are bijective, so is ψ.

Altogether ψ is the asserted isomorphism of Z(p)-algebras, which we rename to P1 := ψ . �

Proposition 84 We have the isomorphism of Z(p)-algebras

P2 : Z(p)Ξ
/
I

∼−→ Z(p)D2p

E = E + I 7−→ 1

2

p−1∑
k=0

(−1)kxk(1 + y) =: e′

F = F + I 7−→ 1

2

(
1− y−

p−1∑
k=1

(−1)kxk(1 + y)

)
=: f ′

α = α+ I 7−→ −x−1 − y−
p−2∑
k=1

(−1)kxk(1 + y) =: a′

β = β + I 7−→ −
p−1∑
k=1

(−1)kxk(1 + y) =: b′ ,

where x and y denote the generators of D2p given in De�nition 54. For the factor algebra of the path

algebra, cf. Notations 81, 82.

Proof. By Corollary 71 we have the isomorphism of Z(p)-algebras

ωZ(p)
: Z(p)D2p

∼−→ Λ(p)

∑
d∈D2p

qd · d 7−→
∑

d∈D2p

qd · ωZ(d) ,

where qd ∈ Z(p) for d ∈ D2p . For ωZ we refer to Theorem 70.

By Proposition 83 we have the isomorphism of Z(p)-algebras P1 : Z(p)Ξ
/
I
∼−→ Λ(p) . Therefore it su�ces

to show that

(ω−1
Z(p)
◦ P1)(E + I) = ω−1

Z(p)
(e)

!
= e′ ⇐⇒ ωZ(p)

(e′)
!
= e

(ω−1
Z(p)
◦ P1)(F + I) = ω−1

Z(p)
(f)

!
= f ′ ⇐⇒ ωZ(p)

(f ′)
!
= f

(ω−1
Z(p)
◦ P1)(α+ I) = ω−1

Z(p)
(a)

!
= a′ ⇐⇒ ωZ(p)

(a′)
!
= a

(ω−1
Z(p)
◦ P1)(β + I) = ω−1

Z(p)
(b)

!
= b′ ⇐⇒ ωZ(p)

(b′)
!
= b ,


(1)

because then ω−1
Z(p)
◦ P1 is the asserted isomorphism of Z(p)-algebras P2 .



62 Presentations via path algebras

To show this we make two preparations. We have

p−1∑
k=1

(−1)k
(
ζk + ζ−k

)
=

p−1∑
k=1

(−1)kζk +
p−1∑
k=1

(−1)kζ−k =
p−1∑
k=1

(−1)kζk +
p−1∑
k=1

(−1)kζp−k

subst.
=

k′=p−k

p−1∑
k=1

(−1)kζk +
p−1∑
k′=1

(−1)p−k
′
ζk
′

=
p−1∑
k=1

(−1)kζk −
p−1∑
k′=1

(−1)k
′
ζk
′

= 0 ,

 (2)

and
p−1∑
k=0

(−1)k
(
ζk+1 − ζk + ζ−(k+1) − ζ−k

)
= −

p−1∑
k=0

(−1)k
(
ζk + ζ−k

)
+
p−1∑
k=0

(−1)k
(
ζk+1 + ζ−(k+1)

)
(2) and subst.

=
k′=k+1

−2−
p∑

k′=1

(−1)k
′
(
ζk
′
+ ζ−k

′
)

(2)
= −2 + 2 = 0 .


(3)

We have

ωZ(p)
(e′) = ωZ(p)

(
1
2

p−1∑
k=0

(−1)kxk(1 + y)

)
= 1

2

p−1∑
k=0

(−1)k · ωZ(p)
(x)k · ωZ(p)

(1 + y)

= 1
2

p−1∑
k=0

(−1)k · (1,Mk
1 , 1) ·

(
(1,E2 , 1) + (1, N1 ,−1)

)
= 1

2

p−1∑
k=0

(−1)k · (1,Mk
1 , 1) · (2,E2 +N1 , 0)

= 1
2

p−1∑
k=0

(−1)k · (2,Mk
1 (E2 +N1), 0)

R.57
=
(iv)

1
2

p−1∑
k=0

(−1)k · (2,

(
ζk + ζ−k 0

ζk+1 − ζk + ζ−(k+1) − ζ−k 0

)
, 0)

= (1,


1
2

p−1∑
k=0

(−1)k
(
ζk + ζ−k

)
0

1
2

p−1∑
k=0

(−1)k
(
ζk+1 − ζk + ζ−(k+1) − ζ−k

)
0

 , 0)
(2)
=
(3)

(1,

(
1 0
0 0

)
, 0) = e ,

ωZ(p)
(f ′) = ωZ(p)

(
1
2

(
1− y −

p−1∑
k=1

(−1)kxk(1 + y)

))
= ωZ(p)

(
1
2

(
1− y − 2e′ + (−1)0x0(1 + y)

))

= ωZ(p)
(1− e′) = ωZ(p)

(1)− ωZ(p)
(e′)︸ ︷︷ ︸

=e

= (1,

(
1 0
0 1

)
, 1)− (1,

(
1 0
0 0

)
, 0)

= (0,

(
0 0
0 1

)
, 1) = f ,

ωZ(p)
(a′) = ωZ(p)

(
−x−1 − y −

p−2∑
k=1

(−1)kxk(1 + y)

)
= ωZ(p)

(
−x−1 − y − 2e′ + (−1)0x0(1 + y) + (−1)p−1xp−1(1 + y)

)
= ωZ(p)

(
x−1y + 1− 2e′

)
= ωZ(p)

(x)−1 · ωZ(p)
(y) + ωZ(p)

(1− 2e′)

= (1,M−1
1 , 1) · (1, N1 ,−1) + ωZ(p)

(1− 2e′)

R.57(iii)
=

D.56
(1,

(
ϑ+ 1 −1
−ϑ 1

)
, 1) · (1,

(
1 0
ϑ −1

)
,−1) + ωZ(p)

(1− 2e′)

= (1,

(
1 1
0 −1

)
,−1) + (−1,

(
−1 0

0 1

)
, 1) = (0,

(
0 1
0 0

)
, 0) = a ,
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and

ωZ(p)
(b′) = ωZ(p)

(
−
p−1∑
k=1

(−1)kxk(1 + y)

)
= ωZ(p)

(−2e′ + (−1)0x0(1 + y))

= ωZ(p)
(y) + ωZ(p)

(1− 2e′) = (1, N1 ,−1) + ωZ(p)
(1− 2e′)

D.56
= (1,

(
1 0
ϑ −1

)
,−1) + (−1,

(
−1 0

0 1

)
, 1) = (0,

(
0 0
ϑ 0

)
, 0) = b .

Hence all equations in (1) hold. �

Proposition 85 We have the isomorphism of Z(p)-algebras

P3 : Z(p)D2p
∼−→ Z(p)Ξ

/
I

x 7−→ E + F + α+ β + βα ,

y 7−→ E − F + β ,

where x and y denote the generators of D2p given in De�nition 54. For the factor algebra of the path

algebra, cf. Notations 81, 82.

Proof. By Corollary 71 we have the isomorphism of Z(p)-algebras

ωZ(p)
: Z(p)D2p

∼−→ Λ(p)

∑
d∈D2p

qd · d 7−→
∑

d∈D2p

qd · ωZ(d) ,

where qd ∈ Z(p) for d ∈ D2p . For ωZ we refer to Theorem 70.

By Proposition 83 we have the isomorphism of Z(p)-algebras P1 : Z(p)Ξ
/
I
∼−→ Λ(p) . Therefore it su�ces

to show that

P−1
1 (ωZ(p)

(x)) = P−1
1 (ωZ(x))

!
= E + F + α+ β + βα ⇐⇒ P1

(
E + F + α+ β + βα

) !
= ωZ(x)

P−1
1 (ωZ(p)

(y)) = P−1
1 (ωZ(y))

!
= E − F + β ⇐⇒ P1

(
E − F + β

) !
= ωZ(y) ,

because then P−1
1 ◦ ωZ(p)

is the asserted isomorphism of Z(p)-algebras P3 .

We have

P1

(
E + F + α+ β + βα

)
= P1

(
E
)

+ P1

(
F
)

+ P1(α) + P1

(
β
)

+ P1

(
β
)
· P1(α)

P.83
= ( 1 ,

(
1 0
0 0

)
, 0 ) + ( 0 ,

(
0 0
0 1

)
, 1 ) + ( 0 ,

(
0 1
0 0

)
, 0 )

+ ( 0 ,

(
0 0
ϑ 0

)
, 0 ) + ( 0 ,

(
0 0
ϑ 0

)
, 0 ) · ( 0 ,

(
0 1
0 0

)
, 0 )

= ( 1 ,

(
1 1
0 1

)
, 1 ) + ( 0 ,

(
0 0
ϑ ϑ

)
, 0 ) = ( 1 ,

(
1 1
ϑ ϑ+ 1

)
, 1 )

T.70
= ωZ(x) ,
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and

P1

(
E − F + β

)
= P1

(
E
)
− P1

(
F
)

+ P1

(
β
)

P.83
= ( 1 ,

(
1 0
0 0

)
, 0 )− ( 0 ,

(
0 0
0 1

)
, 1 ) + ( 0 ,

(
0 0
ϑ 0

)
, 0 ) = ( 1 ,

(
1 0
ϑ −1

)
, −1 )

T.70
= ωZ(y) .

�

Remark 86 The isomorphisms of Z(p)-algebras P2 and P3 invert each other, cf. Propositions 84, 85.

Proof.

By construction, we have P2 = ω−1
Z(p)
◦ P1 and P3 = P−1

1 ◦ ωZ(p)
, cf. pfs. of Propositions 84, 85. �
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6.2 Presentation of FpD2p by quiver and relations

Lemma 87 We consider the minimal polynomial µϑp,Q(X) ∈ Z[X] of ϑp over Q.

We have

µϑp,Q(X) ≡p Xn in Z[X] .

In particular, µϑp,Q(X) is Eisenstein at p, cf. Lemma 24 (iv).

Proof. We write

µϑ,Q(X) = Xn +

 n−1∑
j=1

ajX
j

+ p ∈ Z[X] ⊆ Z(p)[X] ,

cf. Lemma 24 (iv). So we have

(1) Z(p)[ϑ] 3 µϑ,Q(ϑ) = ϑn +

 n−1∑
j=1

ajϑ
j

+ p = 0 .

By Remark 46 (iii, iv) we have that Z(p)[ϑ] is a discrete valuation ring and its maximal ideal is generated

by ϑ. So we have a valuation vϑ : Z(p)[ϑ] \ {0} −→ Z≥0 as in Remark 130 at our disposal.

We assume that there exists i ∈ [1, n− 1] with p - ai in Z, i.e. p - ai in Z(p) .

Let i be minimal with this property. (∗)

Then we have that ai ∈ U(Z(p)) ⊆ U(Z(p)[ϑ]), so that

vϑ
(
aiϑ

i
)

= vϑ(ai)︸ ︷︷ ︸
=0

+i = i .

By Lemma 29 we have that there exists e ∈ U(Z[ϑ]) ⊆ U(Z(p)[ϑ]) with p = eϑn (∗∗)

By (∗) we obtain for j ∈ [1, i− 1] that
aj
p ∈ Z(p) , so that

vϑ
(
ajϑ

j
)

= vϑ(aj)+j = vϑ

(
p
aj
p

)
+j = vϑ(p)+vϑ

(aj
p

)
+j

(∗∗)
= vϑ(eϑn)+vϑ

(aj
p

)
+j ≥ n+j ≥ n > i .

For j ∈ [i+ 1, n− 1] we have

vϑ
(
ajϑ

j
)
≥ vϑ(ϑj) = j > i .

Hence we obtain on the one hand

vϑ
(
ϑn + · · ·+ aiϑ

i + · · ·+ a1ϑ
1
)

= vϑ
((
ϑn + · · ·+ ai+1ϑ

i+1 + ai−1ϑ
i−1 + · · ·+ a1ϑ

1︸ ︷︷ ︸
vϑ( )>i

)
+ aiϑ

i︸︷︷︸
vϑ( )=i

)
= i .

On the other hand we have

vϑ
(
ϑn + · · ·+ aiϑ

i + · · ·+ a1ϑ
1
) (1)

= vϑ(−p) (∗∗)
= vϑ(−eϑn) = n .

So we get i = n in contradiction to i ∈ [1, n− 1]. �

Notation 88 We denote by J the (both-sided) ideal of the path algebra FpΞ that is generated by the

set
{

(αβ)nα , (βα)nβ
}
.

Using Convention 10 this means

J := C (αβ)nα , (βα)nβ B
FpΞ

.
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Moreover, we denote the residue class of an element ξ ∈ FpΞ by

ξ := ξ + J ∈ FpΞ
/
J .

We recover the following well-known description of FpD2p .

Lemma 89 We have the isomorphism of Fp-algebras

P4 : FpD2p
∼−→ FpΞ

/
J

x 7−→ E + F + α+ β + βα ,

y 7−→ E − F + β .

Its inverse map is given by

P5 : FpΞ
/
J

∼−→ FpD2p

E = E + J 7−→ (n+ 1)

p−1∑
k=0

(−1)kxk(1 + y)

F = F + J 7−→ (n+ 1)

(
1− y−

p−1∑
k=1

(−1)kxk(1 + y)

)

α = α+ J 7−→ −x−1 − y−
p−2∑
k=1

(−1)kxk(1 + y)

β = β + J 7−→ −
p−1∑
k=1

(−1)kxk(1 + y) .

Here x and y denote the generators of D2p given in De�nition 54. For the factor algebra of the path

algebra cf. Notations 81, 88.

Proof. We denote the residue class map by r : Z(p) −→ Z(p)

/
pZ(p)

, w 7−→ w + pZ(p) . By Corollary 127

we therefore obtain the surjective morphism of rings ϕ := %−1 ◦ r : Z(p) −→ Fp . We have

ker(ϕ) = ker( %−1︸︷︷︸
iso.

◦ r) = ker(r) = pZ(p) .

We apply Lemma 105 to the case (R,S, ϕ, a) = (Z(p) , Fp , ϕ , pZ(p) ) and get the surjective morphism of

rings

ψ : Z(p)Ξ −→ FpΞ∑
m∈Path(Ξ)

qmm 7−→
∑

m∈Path(Ξ)

ϕ(qm)m,

where qm ∈ Z(p) , and qm = 0 for almost all m ∈ Path(Ξ).

The kernel of ψ is given as ker(ψ) = pZ(p)(Z(p)Ξ) = pZ(p)Ξ .
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We have

ψ(I)
N.82
= ψ

(
C µϑ,Q(αβ)α , µϑ,Q(βα)β B

Z(p)Ξ

) ψ surj.
= C ψ

(
µϑ,Q(αβ)α

)
, ψ
(
µϑ,Q(βα)β

)
B
FpΞ

L.87
= C ψ

(
(αβ)nα+ p ·

n−1∑
k=0

bk(αβ)kα
)
, ψ
(

(βα)nβ + p ·
n−1∑
k=0

bk(βα)kβ
)
BFpΞ

= C ψ
(
(αβ)nα

)
+ p · ψ

( n−1∑
k=0

bk(αβ)kα
)
, ψ
(
(βα)nβ

)
+ p · ψ

( n−1∑
k=0

bk(βα)kβ
)
BFpΞ

= C ψ
(
(αβ)nα

)
, ψ
(
(βα)nβ

)
B
FpΞ

= C (αβ)nα , (βα)nβ B
FpΞ

N.88
= J ,



(∗)

where bk ∈ Z for k ∈ [0, n− 1].

We apply Lemma 106 to the case (A,B, I, ψ,K) = (Z(p)Ξ , FpΞ , I , ψ , pZ(p)Ξ ) and obtain the short

exact sequence of abelian groups

ker(φ) =
(
pZ(p)Ξ + I

)/
I ↪−→ Z(p)Ξ

/
I

φ−→ FpΞ
/
J

(∗)
= FpΞ

/
ψ(I)

a+ I 7−→ a+ I 7−→ ψ(a) + J ,

= =

a ψ(a)

where φ is even a morphism of rings.

Since p ∈ ker(φ) =
(
pZ(p)Ξ + I

)/
I , we have p

(
Z(p)Ξ

/
I

)
⊆
(
pZ(p)Ξ + I

)/
I .

Suppose given pξ + i+ I ∈
(
pZ(p)Ξ + I

)/
I , where ξ ∈ Z(p)Ξ and i ∈ I.

Then we have pξ + i+ I = pξ + I = p(ξ + I) ∈ p
(
Z(p)Ξ

/
I

)
, whence

(
pZ(p)Ξ + I

)/
I ⊆ p

(
Z(p)Ξ

/
I

)
.

So we have
(
pZ(p)Ξ + I

)/
I = p

(
Z(p)Ξ

/
I

)
(∗∗)

We apply Lemma 103 to the case (R,S,G, ϕ, a) = (Z(p) , Fp , D2p , ϕ , pZ(p) ) and obtain the short exact

sequence of abelian groups

pZ(p)(Z(p)D2p) = pZ(p)D2p ↪−→ Z(p)D2p
ϕ̃−→ FpD2p∑

d∈D2p

rdd 7−→
∑

d∈D2p

rdd 7−→
∑

d∈D2p

ϕ(rd)d ,

where ϕ̃ is even a morphism of rings.

We consider the isomorphisms of Z(p)-algebras

P2 : Z(p)Ξ
/
I

∼−→ Z(p)D2p and P3 : Z(p)D2p
∼−→ Z(p)Ξ

/
I ,

cf. Propositions 84, 85. We have

P2

(
p
(
Z(p)Ξ

/
I

))
= p · P2

(
Z(p)Ξ

/
I

)
= pZ(p)D2p and P3

(
pZ(p)D2p

)
= p · P3

(
Z(p)D2p

)
= p
(
Z(p)Ξ

/
I

)
.

So the restrictions

P ′2 := P2
pZ(p)D2p

p(Z(p)Ξ/I)
: p

(
Z(p)Ξ

/
I

)
∼−→ pZ(p)D2p ,

and

P ′3 := P3
p(Z(p)Ξ/I)

pZ(p)D2p

: pZ(p)D2p
∼−→ p

(
Z(p)Ξ

/
I

)
,
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are isomorphisms of abelian groups. Since P2 and P3 invert each other, cf. Remark 86, the same applies

to P ′2 and P ′3 .

Altogether, the rows in the following commutative diagram are short exact sequences of abelian groups

pZ(p)D2p
� � //

∼ P′3

��

Z(p)D2p

∼ P3

��

ϕ̃ // FpD2p

(
pZ(p)Ξ + I

)/
I

(∗∗)
= p

(
Z(p)Ξ

/
I

)
P′2

OO

Z(p)Ξ
/
I

φ //

P2

OO

//� � FpΞ
/
J

So there exists a unique morphism of abelian groups P4 : FpD2p −→ FpΞ
/
J making the diagram commu-

tative, which is an isomorphism. Moreover, applying Remark 108 to the case (A,B,A′, B′, ϕ, f, ϕ′, g) =

(Z(p)D2p , FpD2p , Z(p)Ξ
/
I ,

FpΞ
/
J , ϕ̃ , P3 , φ , P4 ) we get that P4 is an isomorphism of rings.

We see that pFpD2p = 0 and p
(
FpΞ

/
J

)
= 0. So we get by Remark 107 that P4 is an isomorphism of

Fp-algebras.

Since ϕ̃(x) = x and ϕ̃(y) = y, we obtain

P4(x) = P4(ϕ̃(x)) = φ
(
P3(x)

) P.85
= φ

(
E + F + α+ β + βα

)
= ψ(E) + ψ(F ) + ψ(α) + ψ(β) + ψ(βα) = E + F + α+ β + βα ,

and

P4(y) = P4(ϕ̃(y)) = φ
(
P3(y)

) P.85
= φ

(
E − F + β

)
= ψ(E)− ψ(F ) + ψ(β) = E − F + β .

We denote P5 := P−1
4 : FpΞ

/
J −→ FpD2p .

We have ψ(E) = E, ψ(F ) = F , ψ(α) = α and ψ(β) = β, so that φ
(
E
)

= E, φ
(
F
)

= F , φ(α) = α and

φ
(
β
)

= β.

We have 2 · (n+ 1) = p+ 1 ≡p 1, i.e. (n+ 1) ≡p 2−1. So

(∗∗) ϕ

(
1

2

)
= ϕ

(
2−1
)

= %−1
(
r
(
2−1
))

= %−1
(
2−1 + pZ(p)

)
= %−1

(
(n+ 1) + pZ(p)

) C.127
= n+ 1 .

Hence we have

P5 E
( )

= P5

(
φ
(
E
))

= ϕ̃
(
P2

(
E
)) P.84

= ϕ̃

(
1

2

p−1∑
k=0

(−1)kxk(1 + y)

)

= ϕ

(
1

2

) p−1∑
k=0

(−1)kxk(1 + y)
(∗∗)
= (n+ 1)

p−1∑
k=0

(−1)kxk(1 + y) ,

P5 F
( )

= P5

(
φ
(
F
))

= ϕ̃
(
P2

(
F
)) P.84

= ϕ̃

(
1

2

(
1− y −

p−1∑
k=1

(−1)kxk(1 + y)

))

= ϕ

(
1

2

)(
1− y −

p−1∑
k=1

(−1)kxk(1 + y)

))
(∗∗)
= (n+ 1)

(
1− y −

p−1∑
k=1

(−1)kxk(1 + y)

))
,



Presentation of FpD2p by quiver and relations 69

P5

(
α
)

= P5

(
φ(α)

)
= ϕ̃

(
P2(α)

) P.84
= ϕ̃

(
−x−1 − y −

p−2∑
k=1

(−1)kxk(1 + y)

)

= −x−1 − y −
p−2∑
k=1

(−1)kxk(1 + y) ,

and

P5 β
( )

= P5

(
φ
(
β
))

= ϕ̃
(
P2

(
β
)) P.84

= ϕ̃

(
−
p−1∑
k=1

(−1)kxk(1 + y)

)
= −

p−1∑
k=1

(−1)kxk(1 + y) . �



Appendix A

Algebraic facts

A.1 Compatibilities for tensor products

Lemma 90 Let K be a commutative ring and A,B be K-algebras.

Then A⊗
K
B becomes a ring via the multiplication

µ : A⊗
K
B × A⊗

K
B −→ A⊗

K
B

( η1 ⊗ ξ1 , η2 ⊗ ξ2 ) 7−→ (η1 ⊗ ξ1) · (η2 ⊗ ξ2) := (η1η2)⊗ (ξ1ξ2) .

The identity element is 1A⊗
K
B = 1A ⊗ 1B .

Proof. In the sequel, all occurring sums are �nite. Suppose given (a, b) ∈ A×B. A standard calculation

shows that the map

ĝ(a,b) : A×B −→ A⊗
K
B

( c , d ) 7−→ ac⊗ bd

is K-bilinear. Therefore, the map

g(a,b) : A⊗
K
B −→ A⊗

K
B

c⊗ d 7−→ ac⊗ bd

is well-de�ned and Z-linear.

Suppose given ξ =
∑
j

cj ⊗ dj ∈ A⊗
K
B. Again a standard calculation shows that the map

f̂ξ : A×B −→ A⊗
K
B

( a , b ) 7−→ g(a,b)(ξ)

is K-bilinear. Therefore, the map

fξ : A⊗
K
B −→ A⊗

K
B

a⊗ b 7−→ g(a,b)(ξ) =
∑
j

acj ⊗ bdj

is well-de�ned and Z-linear.

70
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Hence we obtain for η =
∑
i

ai ⊗ bi ∈ A⊗
K
B that

fξ(η) = fξ

(∑
i

ai ⊗ bi

)
=
∑
i

fξ(ai ⊗ bi) =
∑
i

∑
j

aicj ⊗ bidj .

Thus the stated multiplication

µ : A⊗
K
B × A⊗

K
B −→ A⊗

K
B(∑

i

ai ⊗ bi︸ ︷︷ ︸
=η

,
∑
j

cj ⊗ dj︸ ︷︷ ︸
=ξ

)
7−→ η · ξ := fξ(η) =

∑
i,j

aicj ⊗ bidj ,

or on elementary tensors ( a⊗ b , c⊗ d ) 7−→ (a⊗ b) · (c⊗ d) = ac⊗ bd
is well-de�ned.

We have

(1A ⊗ 1B) ·

(∑
r

ar ⊗ br

)
=
∑
r

1A · ar ⊗ 1B · br =
∑
r

ar · 1A ⊗ br · 1B =

(∑
r

ar ⊗ br

)
· (1A ⊗ 1B) ,

and (∑
r

ar ⊗ br

)
·

((∑
s

cs ⊗ ds

)
·

(∑
t

ut ⊗ vt

))
=

(∑
r

ar ⊗ br

)
·

(∑
s,t

csut ⊗ dsvt

)

=
∑
r,s,t

arcsut ⊗ brdsvt ,

and similarly in other brackets.

Further we have(∑
r

ar ⊗ br

)
·

(∑
s

cs ⊗ ds +
∑
t

ut ⊗ vt

)
=

∑
r,s

arcs ⊗ brds +
∑
r,t

arut ⊗ brvt

=

(∑
r

ar ⊗ br

)
·

(∑
s

cs ⊗ ds

)
+

(∑
r

ar ⊗ br

)
·

(∑
t

ut ⊗ vt

)
,

and similarly on the other side. �

Lemma 91 Let K be a commutative ring and (B, β), (L,ϕ) be K-algebras, where L is commutative.

Further, let (A,ψ) be an L-algebra. ( Note that (A,ψ ◦ ϕ) is a K-algebra. )

Then we have

(i) A⊗
K
B becomes an L-algebra via

ρ : L −→ A⊗
K
B

λ 7−→ ψ(λ) · 1A ⊗ 1B .
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Moreover, we have the two special cases

(ii) L = K and ϕ = idK :

Then A⊗
K
B becomes a K-algebra via

ν : K −→ A⊗
K
B

κ 7−→ ψ(κ) · 1A ⊗ 1B .

(iii) Further, if A is commutative, then we can set L = A and ψ = idA :

Then A⊗
K
B becomes an A-algebra via

η : A −→ A⊗
K
B

a 7−→ a⊗ 1B .

Proof of (i). By Lemma 90 we know that A⊗
K
B is a ring. For λ1 , λ2 ∈ L we have

ρ(λ1 + λ2) = ψ(λ1 + λ2) · 1A ⊗ 1B = (ψ(λ1) + ψ(λ2)) · 1A ⊗ 1B

= (ψ(λ1) · 1A + ψ(λ2) · 1A)⊗ 1B = ψ(λ1) · 1A ⊗ 1B + ψ(λ2) · 1A ⊗ 1B = ρ(λ1) + ρ(λ2) ,

and

ρ(λ1 · λ2) = ψ(λ1 · λ2) · 1A ⊗ 1B = (ψ(λ1) · ψ(λ2)) · 1A ⊗ 1B

= (ψ(λ1) · 1A · ψ(λ2) · 1A)⊗ 1B · 1B = (ψ(λ1) · 1A ⊗ 1B) · (ψ(λ2) · 1A ⊗ 1B) = ρ(λ1) · ρ(λ2) .

Further we have

ρ(1L) = ψ(1L) · 1A ⊗ 1B = 1A · 1A ⊗ 1B = 1A⊗
K
B .

Therefore ρ is a morphism of rings.

Now we �nally prove that ρ(L)
!
⊆ Z(A⊗

K
B). Let a ∈ A, b ∈ B and λ ∈ L. Then we have

ρ(λ) · (a⊗ b) = (ψ(λ) · 1A ⊗ 1B) · (a⊗ b) =

∈Z(A)︷︸︸︷
ψ(λ) ·1A · a⊗ 1B · b

= a · ψ(λ) · 1A ⊗ b · 1B = (a⊗ b) · ((ψ(λ) · 1A ⊗ 1B)) = (a⊗ b) · ρ(λ) .

And so, A⊗
K
B becomes an L-algebra.

The items (ii) and (iii) follow. �

Lemma 92 Let K, S and T be commutative rings.

Let SMK
f−→ SMK

′ f ′−→ SMK
′′
be S-K-linear maps of S-K-bimodules.

Let KNT
g−→ KNT

′ g′−→ KNT
′′
be K-T -linear maps of K-T -bimodules.
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(i) We have an S-T -linear map

f ⊗ g : SMK ⊗
K

KNT −→ SMK
′ ⊗

K
KNT

′

m ⊗ n 7−→ f(m) ⊗ g(n) .

We write M ⊗ g := idM ⊗ g and f ⊗N := f ⊗ idN .

(ii) We have (f ′ ⊗ g′) ◦ (f ⊗ g) = ((f ′ ◦ f)⊗ (g′ ◦ g)).

Further we have idM ⊗ idN = idM⊗
K
N .

Proof. This is well-known and can be shown along the lines of [Lang 02, Ch. XVI, �1, pp. 605/606]. �

Lemma 93 Let K ⊆ L be an extension of commutative rings. Let ϕ : A −→ B be a morphism of

K-algebras.

Then we have the morphism of L-algebras

L⊗ ϕ : L ⊗
K
A −→ L ⊗

K
B

λ ⊗ a 7−→ λ ⊗ ϕ(a) ,

cf. Lemma 91 (iii).

Proof. By Lemma 92 we have that L⊗ ϕ is a morphism of L-modules.

Let λ1 ⊗ a1 , λ2 ⊗ a2 ∈ L⊗
K
A. Then we have

(L⊗ ϕ)((λ1 ⊗ a1) · (λ2 ⊗ a2)) = (L⊗ ϕ)((λ1λ2)⊗ (a1a2)) = (λ1λ2)⊗ ϕ(a1a2)

= (λ1λ2)⊗ (ϕ(a1)ϕ(a2)) = (λ1 ⊗ ϕ(a1)) · (λ2 ⊗ ϕ(a2))

= ((L⊗ ϕ)(λ1 ⊗ a1)) · ((L⊗ ϕ)(λ2 ⊗ a2)) ,


(1)

and

(2) (L⊗ ϕ)
(
1L⊗

K
A

)
= (L⊗ ϕ)(1L ⊗ 1A) = 1L ⊗ ϕ(1A) = 1L ⊗ 1B = 1L⊗

K
B .

Since L ⊗ ϕ is additive and every element of L ⊗
K
A is a �nite sum of elementary tensors, equation (1)

shows that L⊗ ϕ is multiplicative.

This together with (2) shows that L⊗ ϕ is a morphism of rings. �

Lemma 94 Let K, S and T be commutative rings.

Let M be an S-K-module, such that M is �nitely generated free over K; cf. Convention 13.

Suppose given a short exact sequence N ′
j−→ N

q−→ N ′′ of K-T -bimodules.

Then we have a short exact sequence of S-T -bimodules

M ⊗
K
N ′

M⊗j // M ⊗
K
N

M⊗q // M ⊗
K
N ′′ ,

i.e. M ⊗
K
− is an exact functor.
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Proof. We have that K is a �at K-module ; cf. [Lang 02, Ch. XVI, �3, p. 613, Proposition 3.1 (i)].

Therefore the �nitely generated free K-module M ' K⊕s is also a �at K-module, where s ∈ Z≥1 ; cf.

[Lang 02, Ch. XVI, �3, p. 613, Proposition 3.1 (ii)]. So the statement follows by [Lang 02, Ch. XVI, �3,

p. 613, F 2]. �

Lemma 95

Let K be a commutative ring and m ∈ Z≥1 . Further, let X and Yi be K-modules for i ∈ [1,m] =: I.

Then we have an isomorphism of Z-modules

X ⊗
K

(
⊕
i∈I
Yi

)
∼−→ ⊕

i∈I

(
X ⊗

K
Yi
)

x ⊗ (yi)i∈I
φ7−→ (x ⊗ yi )i∈I

x ⊗ (0, . . . , 0, ys , 0, . . . , 0)
ψ←− [ (0, . . . , 0, x ⊗ ys , 0, . . . , 0) for s ∈ I.

↑
pos. s

↑
pos. s

Proof. We denote the projection onto the s-th direct summand by πs : ⊕
i∈I
Yi −→ Ys , (yi)i∈I 7−→ ys and

the inclusion by ιs : Ys −→ ⊕
i∈I
Yi , ys 7−→ (0, . . . , 0,

pos. s
↓
ys , 0, . . . , 0), where s ∈ I. Hence we get

((X ⊗ πj)(x⊗ (yi)i∈I))j∈I = (x⊗ yj)j∈I = (x⊗ yi)i∈I = φ(x⊗ (yi)i∈I) ,

so that φ is well-de�ned and Z-linear ; cf. Lemma 92 (i).

We consider the maps

ψs := X ⊗ ιs : X ⊗
K
Ys −→ X ⊗

K

(
⊕
i∈I
Yi

)
, x⊗ ys 7−→ x⊗ (0, . . . , 0,

pos. s
↓
ys , 0, . . . , 0) for s ∈ I.

So we get that

ψ : ⊕
i∈I

(
X ⊗

K
Yi
)

−→ X ⊗
K

(
⊕
i∈I
Yi

)

(xi ⊗ yi )i∈I 7−→
∑
s∈I

ψs(xs ⊗ ys)

is also well-de�ned and Z-linear.

Further we have for x⊗ (yi)i∈I ∈ X ⊗
K

(
⊕
i∈I
Yi

)
and (0, . . . , 0,

pos. s
↓

x⊗ ys , 0, . . . , 0) ∈ ⊕
i∈I

(X ⊗
K
Yi) for s ∈ I

(ψ ◦ φ)(x⊗ (yi)i∈I) = ψ(φ(x⊗ (yi)i∈I)) = ψ((x⊗ yi)i∈I)

=
∑
s∈I

ψs(x⊗ ys) =
∑
s∈I

x⊗ (0, . . . , 0, ys
↑

pos. s

, 0, . . . , 0) = x⊗ (yi)i∈I ,

 (1)

and

(φ ◦ ψ)((0, . . . , 0,

pos. s
↓

x⊗ ys , 0, . . . , 0)) = φ(ψ((0, . . . , 0,

pos. s
↓

x⊗ ys , 0, . . . , 0)))

= φ(ψs(x⊗ ys)) = φ(x⊗ (0, . . . , 0, ys
↑

pos. s

, 0, . . . , 0)) = (0, . . . , 0, x⊗ ys
↑

pos. s

, 0, . . . , 0) .

 (2)
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Since φ and ψ are additive and every element of X ⊗
K

(
⊕
i∈I
Yi

)
respectively ⊕

i∈I
(X ⊗

K
Yi) is a �nite sum of

elements of the form as in (1) respectively (2), equations (1) and (2) show that

ψ ◦ φ is the identity on X ⊗
K

(
⊕
i∈I
Yi

)
and φ ◦ ψ is the identity on ⊕

i∈I
(X ⊗

K
Yi) .

Therefore φ is bijective. �

Lemma 96 Let K be a commutative ring and (A,α), (B, β), (C, τ) be K-algebras.

Then we have an isomorphism of K-algebras

g : A ⊗
K

(B × C )
∼−→ A ⊗

K
B × A ⊗

K
C

a ⊗ ( b , c ) 7−→ ( a ⊗ b , a ⊗ c ) .

Further, if A is commutative, g is an isomorphism of A-algebras.

Proof. By Lemma 95 we know that g is an isomorphism of Z-modules.

For a1 , a2 ∈ A, b1 , b2 ∈ B and c1 , c2 ∈ C we have

g((a1 ⊗ (b1 , c1)) · (a2 ⊗ (b2 , c2))) = g(a1a2 ⊗ (b1 , c1) · (b2 , c2)) = g(a1a2 ⊗ (b1b2 , c1c2))

= (a1a2 ⊗ b1b2 , a1a2 ⊗ c1c2) = ((a1 ⊗ b1) · (a2 ⊗ b2) , (a1 ⊗ c1) · (a2 ⊗ c2))

= (a1 ⊗ b1 , a1 ⊗ c1) · (a2 ⊗ b2 , a2 ⊗ c2) = g((a1 ⊗ (b1 , c1))) · g((a2 ⊗ (b2 , c2))) ,


(1)

and

(2) g((1⊗ (1, 1))) = (1⊗ 1, 1⊗ 1) = 1A⊗
K
B×A⊗

K
C .

Since g is additive and every element of A⊗
K

(B ×C) is a �nite sum of elementary tensors of the form as

in (1), equation (1) shows that g is multiplicative. This together with (2) shows that g is an isomorphism

of rings.

Note that A ⊗
K

(B × C) , together with K −→ A ⊗
K

(B × C) , κ 7−→ α(κ) ⊗ (1, 1) , is a K-algebra ; cf.

Lemma 91 (ii). So we have the commutative diagram

α(κ)⊗ (1, 1) A⊗
K

(B × C) g // A⊗
K
B ×A⊗

K
C (α(κ)⊗ 1, α(κ)⊗ 1)

κ�

bbEEEEEEEEE
K

<<yyyyyyyyy

bbEEEEEEEEE
�

κ
9

<<yyyyyyyyy

Thus, g is a isomorphism of K-algebras.

Now let A be commutative.

Note that A ⊗
K

(B × C) , together with A −→ A ⊗
K

(B × C) , a 7−→ a ⊗ (1, 1) , is an A-algebra ; cf.

Lemma 91 (iii). So we have the commutative diagram

a⊗ (1, 1) A⊗
K

(B × C) g // A⊗
K
B ×A⊗

K
C (a⊗ 1, a⊗ 1)

a�

ccHHHHHHHHH
A

;;vvvvvvvvv

ccHHHHHHHHH
�

a
6

;;vvvvvvvvv

Therefore g is an isomorphism of A-algebras. �
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Remark 97 Let (B, β) be a K-algebra and m ∈ Z≥1 . Then B
m×m becomes a K-algebra together with

βm : K −→ Bm×m

λ 7−→ β(λ) · Em .

Proof. Since β is a morphism of rings it is seen that βm is also a morphism of rings. Further we have

βm(K) ⊆ Z(Bm×m) . �

Lemma 98 Let K be a commutative ring and (A,α), (B, β) be K-algebras with A commutative. Further,

let m ∈ Z≥1 .

Then we have an isomorphism of A-algebras

h : A ⊗
K

(Bm×m)
∼−→

(
A⊗
K
B

)m×m
a ⊗ (bi,j)i,j∈[1,m] 7−→ (a⊗ bi,j)i,j∈[1,m] .

Proof. We consider the map

ĥ : A × (Bm×m) −→
(
A⊗
K
B

)m×m
( a , (bi,j)i,j∈[1,m] ) 7−→ (a⊗ bi,j)i,j∈[1,m] .

A standard calculation shows that ĥ is K-bilinear. Therefore h is well-de�ned and Z-linear.

We have

(1) h(1A ⊗ Em) = (1A ⊗ 1B · ∂i,j)i,j∈[1,m] = 1(A⊗
K
B)m×m .

Let a1 , a2 ∈ A and (bi,j)i,j∈[1,m] , (ci,j)i,j∈[1,m] ∈ Bm×m. Then we obtain

h
((
a1 ⊗ (bi,j)i,j∈[1,m]

)
·
(
a2 ⊗ (ci,j)i,j∈[1,m]

))
= h

(
a1a2 ⊗

(
(bi,j)i,j∈[1,m] · (ci,j)i,j∈[1,m]

))
= h

(
a1a2 ⊗

(
m∑
k=1

bi,k · ck,j
)
i,j∈[1,m]

)
=

(
a1a2 ⊗

m∑
k=1

bi,k · ck,j
)
i,j∈[1,m]

=

(
m∑
k=1

a1a2 ⊗ bi,k · ck,j
)
i,j∈[1,m]

=

(
m∑
k=1

(a1 ⊗ bi,k) · (a2 ⊗ ck,j)
)
i,j∈[1,m]

= (a1 ⊗ bi,j)i,j∈[1,m] · (a2 ⊗ ci,j)i,j∈[1,m] = h
(
a1 ⊗ (bi,j)i,j∈[1,m]

)
· h
(
a2 ⊗ (ci,j)i,j∈[1,m]

)
.



(2)

Since h is additive and every element of A⊗
K

(Bm×m) is a �nite sum of elementary tensors of the form as

in (2), equation (2) shows that h is multiplicative. This together with (1) shows that h is a morphism of

rings.



Compatibilities for tensor products 77

Further we have the commutative diagram of isomorphisms of abelian groups

a⊗ (bi,j)i,j∈[1,m]
� //

_

��

(a⊗ bi,j)i,j∈[1,m]

A⊗
K

(Bm×m)

∼

��

h // (A⊗
K
B)m×m

OO

∼

A⊗
K

(
B⊕m

2
)

∼
L.95

// (A⊗
K
B)⊕m

2

a⊗ (b1,1, . . . , b1,m, . . .

. . . , bm,1, . . . , bm,m)

� // (a⊗ b1,1, . . . , a⊗ b1,m, . . .
. . . , a⊗ bm,1, . . . , a⊗ bm,m)

_

OO

Therefore h is an isomorphism of rings.

Recall that A⊗
K

(Bm×m) , together with A −→ A⊗
K

(Bm×m) , a 7−→ a⊗Em , is an A-algebra ; cf. Remark 97,

Lemma 91 (iii). Recall that
(
A⊗
K
B
)m×m

, together with A −→
(
A⊗
K
B
)m×m

, a 7−→ (a⊗ 1) · Em , is an

A-algebra ; cf. Lemma 91 (iii), Remark 97. So we have the commutative diagram

a⊗ Em A⊗
K

(Bm×m)
h //

(
A⊗
K
B
)m×m

(a⊗ 1) · Em

a�

bbEEEEEEEEE
A

<<yyyyyy

bbEEEEEEE
�

a
9

<<yyyyyyyy

Therefore h is an isomorphism of A-algebras. �

Lemma 99 Let ϕ : K −→ L be a morphism of commutative rings and G be a �nite group.

Then we have the isomorphism of L-algebras

f : L ⊗
K

KG
∼−→ LG

λ ⊗
∑
g∈G

κgg 7−→
∑
g∈G

λ · ϕ(κg)g .

Proof. First we consider the map

f̂ : L × KG −→ LG(
λ ,

∑
g∈G

κgg
)
7−→

∑
g∈G

λ · ϕ(κg)g .

We see that f̂ is additive in the �rst component. Using the additivity of ϕ , we get that f̂ is additive in

the second component.

Further we get for λ ∈ L, κ ∈ K and
∑
g∈G

κgg ∈ KG that

f̂
((
λ · κ ,

∑
g∈G

κgg
))

= f̂
((
λ · ϕ(κ) ,

∑
g∈G

κgg
))

=
∑
g∈G

λ · ϕ(κ) · ϕ(κg)g

=
∑
g∈G

λ · ϕ(κ · κg)g = f̂
((
λ ,
∑
g∈G

κ · κgg
))

= f̂
((
λ , κ

∑
g∈G

κgg
))

.

Thus f̂ is K-bilinear and consequently f is well-de�ned and Z-linear.
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For λ1 , λ2 ∈ L and g1 , g2 ∈ G we have

f((λ1 ⊗ g1) · (λ2 ⊗ g2)) = f(λ1λ2 ⊗ g1g2) = λ1 · λ2 · ϕ(1K) · g1 · g2 = λ1 · λ2 · g1 · g2

= λ1 · g1 · λ2 · g2 = λ1 · ϕ(1K) · g1 · λ2 · ϕ(1K) · g2 = f(λ1 ⊗ g1) · f(λ2 ⊗ g2) .

 (1)

Since f is additive and every element of L⊗
K
KG is a �nite sum of tensors of the form as in (1), equation

(1) shows that f is multiplicative. Further we have

f(1L ⊗ 1KG) = f(1L ⊗ 1K · 1G) = 1L · ϕ(1K) · 1G = 1LG .

So f is a morphism of rings.

We have the commutative diagram of isomorphisms of abelian groups

λ⊗
∑
g∈G

κgg
� //

_

��

∑
g∈G

λ · ϕ(κg)g

L⊗
K
KG

f //

∼

��

LG

L⊗
K
K⊕|G|

∼
L.95

//
(
L⊗
K
K

)⊕|G|
∼ // L⊕|G|

∼

OO

λ⊗ (κg)g∈G
� // (λ⊗ κg)g∈G � // (λ · ϕ(κg))g∈G

_

OO

Therefore f is an isomorphism of rings.

Recall that L ⊗
K
KG, together with L −→ L ⊗

K
KG , λ 7−→ λ ⊗ 1 , is an L-algebra ; cf. Lemma 91 (iii).

Therefore we have the following commutative diagram

λ⊗ 1 L⊗
K
KG

f // LG λ · 1

λ
~

__>>>>>>

L

??������

__>>>>>>
�

λ
@

??������

So we get that f is an isomorphism of L-algebras. �

Lemma 100 Let ϕ : K −→ L be a morphism of commutative rings and V be a K-module.

Further, let s ∈ Z≥1 and ( v1 , . . . , vs ) be a K-basis of V ; cf. Convention 13.

Then we have

(i) The tuple ( 1⊗ v1 , . . . , 1⊗ vs ) is an L-basis of L⊗
K
V .

(ii) Further, if ϕ is injective, then the map

j : V −→ L⊗
K
V

v 7−→ 1⊗ v is injective.

Moreover, if V is a K-algebra, we get that j is an injective morphism of K-algebras.
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Proof of (i). We obtain the asserted isomorphism of L-modules f ′ : L⊕s
∼−→ L ⊗

K
V as composite of the

L-linear isomorphisms given in the following diagram

(λ1, . . . , λs)
� //

�

//

(λ1 ⊗ 1, . . . , λs ⊗ 1)
� //

s∑
i=1

λi ⊗ (∂i,j)j∈[1,s]

_

��

L⊕s
∼ //

∼

=: f ′

**UUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUU

(
L⊗
K
K

)⊕s
L.95

∼ // L⊗
K

(K⊕s)

L⊗

cf. C.13
↓
f∼

��
L⊗
K
V

s∑
i=1

λi(1⊗ vi)

Proof of (ii). We have the commutative diagram

(κi)i∈[1,s]
� // (ϕ(κi))i∈[1,s]_

(∗)

��

K⊕s
inj. // L⊕s

V

∼

OO

j
// L⊗

K
V

��

∼ f ′ ←−
[
cf. pf.
of (i)

v =
s∑
i=1

κivi

_

OO

� // 1⊗ v ,

where in (∗) we remark that
mult. of K on L

f ′
(
(ϕ(κi))i∈[1,s]

)
=

s∑
i=1

ϕ(κi)⊗ vi =
s∑
i=1

1L
↓
· κi ⊗ vi =

s∑
i=1

1⊗ κivi = 1⊗
s∑
i=1

κivi = 1⊗ v .

Therefore j is injective.

Now let V be a K-algebra. In this case, we see that j is multiplicative ; cf. Lemma 90.

Further we have the commutative diagram

κ · 1V
/ ((

V
j // L⊗

K
V

1L ⊗ κ · 1V

=

κ · 1L ⊗ 1V

κ
v

[[666666666
K

CC�������

[[666666666
κ

H (cf. L.91)

CC������

Therefore j is an injective morphism of K-algebras. �

Lemma 101 Let S be a commutative ring. Let R ⊆ S be a subring. Suppose that for all s ∈ S, there
exists r ∈ R ∩U(S) with rs ∈ R. Furthermore, let A, B be S-algebras with A commutative.
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Then we have the isomorphisms of A-algebras

A ⊗
S
B

∼−→ A ⊗
R
B

a ⊗ b
dS7−→ a ⊗ b

a ⊗ b
dR←− [ a ⊗ b .

Proof. A standard calculation shows that dR is well-de�ned and Z-linear. We see that the map

d̂S : A × B −→ A ⊗
R
B

( a , b ) 7−→ a ⊗ b

is additive in both components.

Let a ∈ A, b ∈ B and s ∈ S. Then there exists r ∈ R ∩U(S) with rs ∈ R. Note that r−1 ∈ S. Therefore
we obtain

d̂S
(
(a · s, b)

)
= a · s⊗ b = a · r−1rs⊗ b = a · r−1 ⊗ rs · b

= a · r−1r ⊗ s · b = a⊗ s · b = d̂S
(
(a, s · b)

)
.

Thus d̂S is S-bilinear. Therefore dS is well-de�ned and Z-linear.

Let a1 , a2 ∈ A and b1 , b2 ∈ B. Then we have

(1)
dS
(
(a1 ⊗ b1) · (a2 ⊗ b2)

)
= dS

(
(a1a2)⊗ (b1b2)

)
= a1a2 ⊗ b1b2

= (a1 ⊗ b1) · (a2 ⊗ b2) = dS(a1 ⊗ b1) · dS(a2 ⊗ b2) .

Since dS is additive and every element of A⊗
S
B is a �nite sum of elementary tensors, equation (1) shows

that dS is multiplicative. We see that dS(1⊗ 1) = 1A⊗
R
B .

In summary, we have that dS is a morphism of rings.

Recall that A ⊗
S
B, together with A −→ A ⊗

S
B , a 7−→ a ⊗ 1 , is an A-algebra ; cf. Lemma 91 (iii). The

similar applies to A⊗
R
B. Therefore we have the commutative diagram

a⊗ 1 A⊗
S
B

dS // A⊗
R
B a⊗ 1

a
}

^^=======
A

@@������

^^======
�

a
A

@@�������

Therefore dS is a morphism of A-algebras. Finally, we see that dS and dR invert each other. �
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A.2 Reordering an algebra

Lemma 102 Let A be a commutative ring and s, t ∈ Z≥1 .

Then we have the isomorphisms of A-algebras

(A×s)
t×t ∼−→ (At×t)

×s

(
(bk,l;i)i∈[1,s]

)
k,l∈[1,t]

φ7−→
(
(bk,l;i)k,l∈[1,t]

)
i∈[1,s](

(ai;k,l)i∈[1,s]

)
k,l∈[1,t]

ψ←− [
(
(ai;k,l)k,l∈[1,t]

)
i∈[1,s]

.

Proof. By construction, φ and ψ invert each other and therefore φ is bijective.

Moreover, we see that the map φ is additive and that φ(1(A×s)t×t) = 1(At×t)×s .

Let
(
(ck,l;i)i∈[1,s]

)
k,l∈[1,t]

,
(
(dk,l;i)i∈[1,s]

)
k,l∈[1,t]

∈ (A×s)
t×t

. Then we get

φ
((

(ck,l;i)i∈[1,s]

)
k,l∈[1,t]

·
(
(dk,l;i)i∈[1,s]

)
k,l∈[1,t]

)
= φ

(( t∑
j=1

(ck,j;i)i∈[1,s] · (dj,l;i)i∈[1,s]

)
k,l∈[1,t]

)
= φ

(( t∑
j=1

(ck,j;i · dj,l;i)i∈[1,s]

)
k,l∈[1,t]

)
= φ

((( t∑
j=1

ck,j;i · dj,l;i
)
i∈[1,s]

)
k,l∈[1,t]

)
=

(( t∑
j=1

ck,j;i · dj,l;i
)
k,l∈[1,t]

)
i∈[1,s]

,

and

φ
((

(ck,l;i)i∈[1,s]

)
k,l∈[1,t]

)
· φ
((

(dk,l;i)i∈[1,s]

)
k,l∈[1,t]

)
=
(
(ck,l;i)k,l∈[1,t]

)
i∈[1,s]

·
(
(dk,l;i)k,l∈[1,t]

)
i∈[1,s]

=
(
(ck,l;i)k,l∈[1,t] · (dk,l;i)k,l∈[1,t]

)
i∈[1,s]

=
(( t∑

j=1

ck,j;i · dj,l;i
)
k,l∈[1,t]

)
i∈[1,s]

.

So φ is an isomorphism of rings.

Now we consider the A-algebra structures. We have commutative diagram

(a, . . . , a) · Et (A×s)
t×t φ // (At×t)

×s (a · Et , . . . , a · Et)

a
|

]]<<<<<<<<
A

AA��������

]]<<<<<<<<
�

a
B

AA��������

Hence φ is an isomorphism of A-algebras. �
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A.3 Factor algebras

Lemma 103 Let R, S be commutative rings and G be a �nite group. Let ϕ : R −→ S be a surjective

morphism of rings. Write a := ker(ϕ).

Then we have the short exact sequence of abelian groups

aRG ↪−→ RG
ϕ̃−→ SG∑

g∈G
rgg 7−→

∑
g∈G

rgg 7−→
∑
g∈G

ϕ(rg)g ,

where ϕ̃ is even a morphism of rings.

Proof. Since ϕ is a surjective morphism of rings we see that ϕ̃ is also surjective morphism of rings. The

embedding of aRG in RG is injective and additive. So it su�ces to show that aRG
!
= ker(ϕ̃). We have

ker(ϕ̃) =

{ ∑
g∈G

rgg ∈ RG : ϕ(rg) = 0 for g ∈ G

}

=

{ ∑
g∈G

rgg ∈ RG : rg ∈ ker(ϕ) = a for g ∈ G

}
= aRG . �

Notation 104 Recall from Notation 81 that Ξ =

(
E •

α ''
• F

β

gg

)
and that in this quiver, we write

composition of paths in such a way that e.g. αβ is a path from E to E.

Moreover, we denote the set of paths in Ξ by

Path(Ξ) :=
{
E, F, α, β, αβ, βα, . . .

}
.

Lemma 105 Let R, S be commutative rings. Let ϕ : R −→ S be a surjective morphism of rings. Write

a := ker(ϕ).

Then we have the short exact sequence of abelian groups

aRΞ ↪−→ RΞ
ψ−→ SΞ∑

m∈Path(Ξ)

rmm 7−→
∑

m∈Path(Ξ)

rmm 7−→
∑

m∈Path(Ξ)

ϕ(rm)m,

where rm = 0 for almost all m ∈ Path(Ξ).

The map ψ is even a morphism of rings. In particular, we have aRΞ = ker(ψ) .

Proof. The proof in analogous to the proof of Lemma 103. �

Lemma 106 Let A, B be rings, not necessarily commutative, and I be an (both-sided) ideal of A. Let

ψ : A −→ B be a surjective morphism of rings. Write K := ker(ψ).

Then we have the surjective morphism of rings

φ : A
/
I −→ B

/
ψ(I)

a+ I 7−→ ψ(a) + ψ(I) ,

with ker(φ) = (K + I)
/
I ⊆ A

/
I .
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Proof. Since ψ is a surjective morphism of rings, ψ(I) is an (both-sided) ideal of B and φ is a surjective

morphism of rings.

Given a ∈ A, we have the equivalences

a+ I ∈ ker(φ) ⇐⇒ ψ(a) ∈ ψ(I) ⇐⇒ there exists z ∈ I with ψ(a) = ψ(z)

⇐⇒ there exists z ∈ I with ψ(a− z) = 0

⇐⇒ there exists z ∈ I with a− z ∈ K ⇐⇒ a ∈ K + I . �

Remark 107 Let q ∈ Z≥2 be a prime. Let A, B be rings with qA = 0 and qB = 0. Let ϕ : A −→ B be

a morphism of rings.

Then A becomes an Fq-algebra via Fq −→ A , k · 1Fq 7−→ k · 1A , where k ∈ Z. The same applies to B.

Moreover, ϕ becomes a morphism of Fq-algebras.

Proof. Since A is a ring there exists a unique morphism of rings ψ̃A : Z −→ A , 1 7−→ 1A . Since qA = 0

we have qZ ⊆ ker(ψ̃A). So there exists a unique ring morphism ψA �tting into the following commutative

triangle
Z

ψ̃A //

π

��33333333333 A

Fq = Z/
qZ

∃!ψA

EE�
�

�
�

�
�

mapping as stated above. Similarly B becomes an Fq-algebra via a unique ring morphism ψB .

We have the commutative diagram

A
ϕ //

ZZ

ψA
5555555555 B

Fq

ψB

DD										

�

Remark 108 Let A, B, A′ and B′ be rings. Let ϕ : A −→ B, f : A −→ A′ and ϕ′ : A′ −→ B′ be

morphisms of rings, where ϕ is surjective. Let g : B −→ B′ be a morphism of abelian groups.

Suppose that we have the following commutative diagram.

A
surj.

ϕ
//

f

��

B

g

��
A′

ϕ′ // B′

Then g is even a morphism of rings.

Proof. We have

g(1B) = g(ϕ(1A)) = ϕ′(f(1A)) = ϕ′(1A′) = 1B′ .

Let b, b̃ ∈ B. Since ϕ is surjective, there exist a, ã ∈ A with ϕ(a) = b and ϕ(ã) = b̃. We obtain

g(b · b̃) = g(ϕ(a) · ϕ(ã)) = g(ϕ(a · ã)) = ϕ′(f(a · ã)) = ϕ′(f(a) · f(ã))

= ϕ′(f(a)) · ϕ′(f(ã)) = g(ϕ(a)) · g(ϕ(ã)) = g(b) · g(b̃) . �
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A.4 Dedekind

Lemma 109 (Dedekind)

Let L|K be a �nite Galois extension. Write m := [L : K].

Then we have the isomorphism of L-algebras

f : L ⊗
K
L

∼−→ L × . . . × L

y ⊗ x 7−→ (σ1(x)y , . . . , σm(x)y ) ,

where Gal(L|K) = {σi : i ∈ [1,m]}.

Proof. First we prove that f is well-de�ned. For this we consider the map

f̂ : L × L −→ L × . . . × L

( y , x ) 7−→ (σ1(x)y , . . . , σm(x)y ) ,

We see that f̂ is additive in both components. Let y, x ∈ L and λ ∈ K. Then we have

f̂((yλ, x)) = (σ1(x)yλ, . . . , σm(x)yλ)

λ∈K
= (σ1(x)yσ1(λ), . . . , σm(x)yσm(λ))

= (σ1(λx)y, . . . , σm(λx)y) = f̂((y, λx)) .

Therefore f̂ is K-bilinear, whence f is well-de�ned and Z-linear.

Let y1 , y2 , x1 , x2 ∈ L. Then we get

f((y1 ⊗ x1) · (y2 ⊗ x2)) = f((y1y2 ⊗ x1x2))

= (σ1(x1x2)y1y2 , . . . , σm(x1x2)y1y2) = (σ1(x1)y1σ1(x2)y2 , . . . , σm(x1)y1σm(x2)y2)

= (σ1(x1)y1 , . . . , σm(x1)y1) · (σ1(x2)y2 , . . . , σm(x2)y2) = f((y1 ⊗ x1)) · f((y2 ⊗ x2)) .


(∗)

Since f is additive and every element of L⊗
K
L is a �nite sum of elementary tensors, equation (∗) shows

that f is multiplicative.

Further we have

f(1⊗ 1) = (σ1(1)1, . . . , σm(1)1) = 1L×m .

Summarized we get that f is a morphism of rings.

Recall that L⊗
K
L , together with L −→ L⊗

K
L , y 7−→ y ⊗ 1 , is an L-algebra ; cf. Lemma 91 (iii), applied

to (K, (A,ϕ), (B, β)) = (K, (L, ι), (L, ι)) , where ι : K ↪−→ L denotes the canonical embedding. Therefore

we have the following commutative diagram

y ⊗ 1 L⊗
K
L

f // L× · · · × L (y, . . . , y)

y�

bbDDDDDDD
L

<<zzzzzz

bbDDDDDD
�

y
:

<<zzzzzz

Therefore f is a morphism of L-algebras and so consequently L-linear.
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So we can consider the matrix A describing f with respect to the following L-linear bases. Choose

a K-linear basis (x1 , . . . , xm) of L and consider the L-linear basis (1 ⊗ x1 , . . . , 1 ⊗ xm) of L⊗
K
L ; cf.

Lemma 100 (i). Furthermore, we choose the standard basis of L×m.

For i ∈ [1,m] we have

1⊗ xi
f7−→ (σ1(xi), . . . , σm(xi)) .

And so we obtain A as

A = (σi(xj))i,j∈[1,m] ∈ Lm×m .

Now we show that the rows in A are linearly independent.

For this we assume that the rows in A are linearly dependent.

Choose λ1 , . . . , λm ∈ L such that

(1.1)

m∑
j=1

λjσj(xi) = 0 for i ∈ [1,m] , with | { j ∈ [1,m] : λj 6= 0}︸ ︷︷ ︸
=:U

| minimal, but ≥ 1.

Since (x1 , . . . , xm) is a K-linear basis of L and the map
m∑
j=1

λjσj is K-linear, (1.1) is equivalent to

(1.2)

m∑
j=1

λjσj(x) = 0 for x ∈ L , with |U | minimal, but ≥ 1.

Since σj(1) = 1 for j ∈ [1,m], we know that |U | ≥ 2. Choose s, t ∈ U with s 6= t, so that λs 6= 0, λt 6= 0.

Since s 6= t, there exists y ∈ L with σs(y) 6= σt(y). (∗∗)

Using (1.2) we therefore obtain

(2)

m∑
j=1

λjσj(x)σs(y) = 0 for x ∈ L ,

and

(3)

m∑
j=1

λjσj(xy) = 0 for x ∈ L .

=

m∑
j=1

λjσj(x)σj(y)

The di�erence of (2) and (3) yields

(4)

m∑
j=1

λj(σs(y)− σj(y))σj(x) = 0 for x ∈ L .

Writing λ′j := λj(σs(y) − σj(y)) for j ∈ [1,m] and U ′ := { j ∈ [1,m] : λ′j 6= 0} , we get U ′ ⊆ U . Since

t ∈ U ′, cf. (∗∗) , and s ∈ U \ U ′, we obtain 0 6= |U ′| < |U | .

Hence, (4) is a shorter non-trivial linear combination than (1.2), in contradiction to the minimality

of U .

Therefore the rows in A are linearly independent and A is invertible. And so f is bijective. �
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A.5 The discriminant of a �nite Galois extension

De�nition 110 Let L|K be an extension of number �elds of degree m := [L : K]. Suppose given an

integral basis (xi)i∈[1,m] of OL|OK ; cf. De�nition 16.

Then we de�ne the (relative) discriminant of L over K

∆L|K := det
(
(TrL|K(xixj))i,j∈[1,m]

)
.

For the de�nition of an "integral basis" and that, if such a basis exists, its length equals the degree [L : K]

of the �eld extension, we refer to [Neukirch 99, Ch. I, p. 12, Remark before Proposition (2.10)].

Remark 111 Let L|K be an extension of number �elds of degree 2.

Suppose given α ∈ L such that OL = OK [α]. Write X2 + bX + c := µα,K(X) ∈ OK [X].

Then we have

∆L|K = b2 − 4c .

Proof. We choose the basis (1, α) of OK [α]. Then we have

∆L|K
D.110

= det

((
TrL|K(1) TrL|K(α)

TrL|K(α) TrL|K(α2)

))
= det

((
2 −b
−b b2 − 2c

))
= 2b2 − 4c− b2 = b2 − 4c .

�

Lemma 112 (Discriminant-product-formula)

In a tower of �elds F |L|K, the relative discriminants are related by

∆F |K = NL|K
(
∆F |L

)
·∆[F :L]

L|K .

Proof. We refer to [Neukirch 99, Ch. III, p. 202, Corollary (2.10)]. �

Remark 113 Let K be a commutative ring. Let A and B be K-algebras that are �nitely generated free

as modules over K. Let ϕ : A
∼−→ B be an isomorphism of K-algebras.

Then we have for a ∈ A
TrA|K(a) = TrB|K(ϕ(a)) .

Proof. We have the commutative diagram

x � //_

��

ϕ(x)
_

��

A ∼
ϕ //

a(−)
��

B
ϕ(a)(−)

��
A

∼
ϕ

//
�

B

ax � // ϕ(ax) = ϕ(a)ϕ(x)
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Therefore we have

TrA|K(a) = trK(a(−) : A −→ A)

= trK(ϕ−1 ◦ ϕ(a)(−) ◦ ϕ : A −→ A)

= trK(ϕ(a)(−) : B −→ B) = TrB|K(ϕ(a)) . �

Corollary 114 Let L|K be a �nite Galois extension. Write G := Gal(L|K) and m := |G|.

Then we have for x ∈ L
TrL|K(x) =

∑
σ∈G

σ(x) .

Proof. We have

TrL|K(x) = trK
(
L

x(−)−−−→ L
) L.100

=
(i)

trL
(
L⊗
K
L

1⊗x(−)−−−−−→ L⊗
K
L
)

L.109
=

R.113
trL
(
L×m

f(1⊗x)(−)−−−−−−−→ L×m
)

= TrL×m|L(f(1⊗ x)) .

Write G =: {σ1 , . . . , σm } such that f(1 ⊗ x) = (σ1(x), . . . , σm(x)). Choosing the standard L-linear

basis of L×m we therefore obtain the describing matrix A of f(1⊗ x)(−) : L×m −→ L×m as

A =

σ1(x) 0. . .
0 σm(x)

 , so tr(A) =

m∑
i=1

σi(x) =
∑
σ∈G

σ(x) .

�

Lemma 115 Let L|Q be a �nite Galois extension.

Write Gal(L|Q) =: G =: {σ1 , . . . , σm }, where m = |G|. Suppose given a basis (xj)j∈[1,m] of OL|Z ; cf.

De�nition 16.

Then we have (
det
(
(σi(xj))i,j∈[1,m]

))2
= ∆L|Q .

Proof. We have

(σi(xj))j,i∈[1,m] · (σi(xk))i,k∈[1,m] =

(
m∑
i=1

σi(xj)σi(xk)

)
j,k∈[1,m]

=

(
m∑
i=1

σi(xjxk)

)
j,k∈[1,m]

C.114
= (TrL|Q(xjxk))j,k∈[1,m] .

Therefore we have (
det
(
(σi(xj))i,j∈[1,m]

))2
= det

(
(TrL|Q(xjxk))j,k∈[1,m]

)
= ∆L|Q .

�
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A.6 Change of base ring for determinants

Lemma 116

Let K be a number �eld, i.e. K ⊆ C is a �nite �eld extension of Q ; cf. Convention 15. Write s := [K : Q].

Let A, B be �nitely generated free OK-modules of the same rank r ∈ Z≥0 .

Let (a1 , . . . , ar) be an OK-linear basis of A and (b1 , . . . , br) be an OK-linear basis of B.

Suppose given an OK-linear map ϕ : A −→ B. Let F ∈ Or×rK be the describing matrix of ϕ with respect

to the given OK-linear bases (a1 , . . . , ar) of A and (b1 , . . . , br) of B.

Then we have

detZ(ϕ) = ±NK|Q(det(F )) = ±NK|Q(detOK(ϕ)) .

Proof. Let (xj)j∈[1,s] be a Z-linear basis of OK ; cf. [Neukirch 99, Ch. I, p. 12, Proposition (2.10)].

Then we have the Z-linear bases

(aixj)i ∈ [1, r],

j ∈ [1, s]

= (a1x1 , a1x2 , . . . , a1xs , . . . , arx1 , arx2 , . . . , arxs) of A and

(bixj)i ∈ [1, r],

j ∈ [1, s]

= (b1x1 , b1x2 , . . . , b1xs , . . . , brx1 , brx2 , . . . , brxs) of B.

For given y ∈ K let ŷ ∈ Qs×s denote the Q-linear describing matrix of K −→ K , z 7−→ zy with respect

to the Q-linear basis (xj)j∈[1,s] of K; cf. [Neukirch 99, Ch. I, p. 8].

If y ∈ OK , then ŷ ∈ Zs×s is also the Z-linear describing matrix of OK −→ OK , z 7−→ zy with respect to

(xj)j∈[1,s] .

We further de�ne for a given matrix M = (mi,j)i,j∈[1,r] ∈ Kr×r the block matrix

M̂ = (m̂k,l)k,l∈[1,r] =

r︷ ︸︸ ︷
s

r


s m̂1,1 m̂1,2 . . .

... ∈ Qsr×sr

A linear algebra calculation shows that the operation "ˆ" is compatible with multiplication, i.e.

(1)
ŷ1ŷ2 = ŷ1y2 for y1 , y2 ∈ K and

M̂1M̂2 = M̂1M2 for M1 ,M2 ∈ Kr×r .

Let F = (fk,l)k,l∈[1,r] . Then the Z-linear describing matrix of ϕ with respect to the bases introduced

above is given by

F̂ =
(
f̂k,l
)
k,l∈[1,r]

∈ Zsr×sr .

Let SL±r (K) :=
{
S ∈ Kr×r : det(S) ∈ {−1,+1}

}
≤ GLr(K).

Gaussian elimination over K yields a matrix S ∈ SL±r (K), arising as a product of elementary and

permutation matrices, such that

(2) SF = D :=

d1 *. . .
0 dr

 , where di ∈ K for i ∈ [1, r] .
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As both elementary matrices and permutation matrices yield matrices of determinant ±1 under the

operation "ˆ", we have Ŝ ∈ SL±sr(Q) :=
{
T ∈ Qsr×sr : det(T ) ∈ {−1,+1}

}
≤ GLsr(Q).

So we get

(3.1) ±det(D)
(2)
= ±det(

det=±1
↓

SF ) = ±det(F )
def.
= ±detOK(ϕ) and

(3.2) ±det
(
D̂
)

=
(2)

±det
(
ŜF
)

=
(1)

±det
(
Ŝ
↑

det=±1

F̂
)

= ±det
(
F̂
)

=
def.

± detZ(ϕ) .

Therefore we have

±detZ(ϕ)
(3.2)
= ±det

(block matrix
↓

D̂
)

= ±det
(
d̂1

)
· · · det

(
d̂r
)

= ±NK|Q(d1) · · ·NK|Q(dr)

= ±NK|Q(d1 · · · dr)
(2)
= ±NK|Q(det(D))

(3.1)
= ±NK|Q(detOK(ϕ)) .

�
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A.7 Discrete valuation rings and other localizations

A.7.1 Localization

In this section we recall some facts and notations concerning localization of rings and modules.

If a statement or a part of a statement is not proven here, we refer to [Dummit 04, Sec. 15.4, pp. 706-730].

De�nition 117 Let A be a commutative ring. Let p ⊆ A be a prime ideal, and write S := A \ p.

Further, let M be an A-module.

(1.1) We de�ne the localization of M at p as the set

Mp := (M × S)
/
∼ ,

where the equivalence relation "∼ " is given by

(m, s) ∼ (m′, s′) :⇐⇒ there exists u ∈ S with us′m = usm′ for m,m′ ∈M and s, s′ ∈ S.

We write
m

s
:= [(m, s)]∼ for the equivalence class of (m, s) ∈M × S.

The set Mp becomes an abelian group via

m

s
+
m′

s′
:=

s′m+ sm′

ss′
for m,m′ ∈M and s, s′ ∈ S.

(1.2) Note that 0Mp
= 0M

1A
. For m ∈M and s ∈ S we have

m

s
=

0M
1A

⇐⇒ there exists u ∈ S with um = 0M .

(1.3) We have the Z-linear map λ := λM,p : M −→Mp , m 7−→ m
1A

.

(2.1) Considering A as an A-module, we obtain the abelian group Ap , on which we de�ne the multipli-

cation
a

t
· b
s

:=
ab

ts
for a, b ∈ A and t, s ∈ S.

So Ap becomes a commutative ring with identity element 1Ap
= 1A

1A
.

(2.2) The map λA,p of (1.3) is a morphism of rings.

(2.3) The abelian group Mp becomes an Ap-module via

a

t
· m
s

:=
am

ts
for a ∈ A, m ∈M and t, s ∈ S.

More generally, let (B,ϕ) be a commutative A-algebra. Let M be a B-module. Everything else stays the

same. Write am := ϕ(a)m for a ∈ A and m ∈M .

(3.1) Considering B as an A-module via ϕ, we obtain the abelian group Bp , on which we de�ne the

multiplication
b

s
· c
t

:=
bc

st
for b, c ∈ B, s, t ∈ S.

So Bp becomes a commutative ring with identity element 1Bp
= 1B

1A
.

(3.2) Then Bp becomes an Ap-algebra via ϕp : Ap −→ Bp ,
a
s 7−→

ϕ(a)
s , where a ∈ A and s ∈ S.
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(3.3) Moreover, Mp becomes a Bp-module via

b

t
· m
s

:=
bm

ts
for b ∈ B, m ∈M and t, s ∈ S.

Proof of (3.1). Suppose given b
s ,

b′

s′ ∈ Bp with b
s = b′

s′ , i.e. there exists u ∈ S with us′b = usb′. For

c ∈ B and t ∈ S we obtain us′tbc = ustb′c, whence bc
st = b′c

s′t . So the multiplication is well-de�ned in

the �rst component. The well-de�nedness in second component is shown analogously. Altogether, the

multiplication is well-de�ned.

Since A, B are commutative rings we see that the multiplication is associative, commutative and unital.

Distributivity is checked by a calculation.

Proof of (3.2). Suppose given a
s ,

a′

s′ ∈ Ap with a
s = a′

s′ , i.e. there exists u ∈ S with us′a = usa′.

Then we have us′ · ϕ(a) = ϕ(us′)ϕ(a) = ϕ(us′a) = ϕ(usa′) = us · ϕ(a′), so that ϕ(a)
s = ϕ(a′)

s′ . We

have ϕp

(
1A
1A

)
= ϕ(1A)

1A
= 1B

1A
. Since ϕ is additive and multiplicative we see that ϕp is also additive and

multiplicative. Cf. also Remark 122 below.

Proof of (3.3). By (1.1) Mp is an abelian group.

Suppose given b
t ,

b′

t′ ∈ Bp with b
t = b′

t′ , i.e. there exists u ∈ S with ut′b = utb′. For m ∈M and s ∈ S we

obtain ut′sbm = utsb′m, whence bm
ts = b′m

t′s . So the multiplication is well-de�ned in the �rst component.

Suppose given m
s ,

m′

s′ ∈ Mp with m
s = m′

s′ , i.e. there exists u ∈ S with us′m = usm′. For b ∈ B and

t ∈ S we obtain uts′bm = utsbm′, whence bm
ts = bm′

ts′ . So the multiplication is well-de�ned in the second

component.

We have 1B
1A
· ms = m

s . The associativity follows by the associativities of A and the B-module structure

of M . Distributivity is checked by a calculation. �

Remark 118

(i) The map λM,p , given in De�nition 117 (1.3), is injective if and only if the multiplication map

t(−) : M −→ M , m 7−→ tm is injective for t ∈ S.

(ii) The map λA,p , cf. De�nition 117 (1.3,2.2), is injective if and only if S contains no zero divisors.

In particular, if A is an integral domain then λA,p : A −→ Ap is injective.

Remark 119 Let A be integral domain. We consider the prime ideal (0) ⊆ A. Then we have

A(0) = frac(A) =: K .

Suppose given a prime ideal p ⊆ A.

We consider A as a subring of Ap via the identi�cation a = a
1 = λA,p(a) for a ∈ A , cf. Remark 118 (ii).

Likewise, we consider Ap as a subring of K.

So we have the identi�cation

a
s 7−→ a

s

A ↪−→ Ap ↪−→ K .

a 7−→ a
1
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More generally, given an extension A ⊆ B of integral domains, we write L := frac(B) and obtain the

identi�cation

b
s 7−→ b

s

B ↪−→ Bp ↪−→ L .

b 7−→ b
1

Remark 120 Let A be integral domain and p ⊆ A be a prime ideal. Let M be a �nitely generated free

A-module. Then we may identify

m =
m

1
= λM,p(m) ∈Mp ,

and view M as a subset of Mp .

Proof. Given s ∈ A \ p and m ∈M such that sm = 0, then m = 0 ; cf. Remark 118 (i). �

Corollary 121 Let A ⊆ B be an extension of integral domains. Let p ⊆ A be a prime ideal. Let k ∈ Z≥1 .

As in Remark 119 we consider (Bp)×k and
(
B×k

)
p
as subsets of frac(B)×k. Then we have

(Bp)×k =
(
B×k

)
p
as subsets of frac(B)×k .

Proof. We have to show the vertical equality in

(
B×k

)
p

=
{

(ri)i∈[1,k]

s : ri ∈ B for i ∈ [1, k], s ∈ A \ p
}

⊆ frac(B)×k

= !

(Bp)×k =

{(
ri
si

)
i∈[1,k]

: ri ∈ B for i ∈ [1, k], si ∈ A \ p for i ∈ [1, k]

}
⊆ frac(B)×k .

The inclusion " ⊇ " holds using entries ri
s for i ∈ [1, k].

Ad "
⊇

". Let s :=
k∏
i=1

si ∈ A \ p. Then ss−1
i ∈ A for i ∈ [1, k], and

(
ri
si

)
i∈[1,k]

=
(riss

−1
i )i∈[1,k]

s . �

Remark 122 Let A be a commutative ring and p ⊆ A be a prime ideal. Further, let f : M −→ N and

g : N −→ P be morphisms of A-modules.

Then we have

(i) The map fp : Mp −→ Np ,
m
s 7−→

f(m)
s is a morphism of Ap-modules.

(ii) The localization of maps as in (i) is compatible with composition, i.e.

(g ◦ f)p = gp ◦ fp .

Let A ⊆ B be an extension of integral domains. Let p ⊆ A be a prime ideal. Let h : M ′ −→ N ′ be a

morphism of B-modules.

Then we have

(iii) The map hp : M ′p −→ N ′p ,
m′

s 7−→
h(m′)
s is a morphism of Bp-modules.

For the Bp-module structures of M ′p and N ′p we refer to De�nition 117 (3.1-3.3).
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Proof of (ii). For m
s ∈Mp we have (g ◦ f)p

(
m
s

)
= g(f(m))

s = gp
(
fp
(
m
s

))
.

Proof of (iii). By (i) we have that hp is well-de�ned and Z-linear. For b
t ∈ Bp and m′

s ∈M
′
p we have

hp

(b
t
· m
′

s

)
= hp

(bm′
ts

)
=
h(bm′)

ts
=
bh(m′)

ts
=
b

t
· h(m′)

s
=
b

t
· hp
(m′
s

)
.

�

Lemma 123 Let A be a commutative ring and p ⊆ A be a prime ideal. Suppose given a left exact

sequence of A-modules

(S1) M ′
g−→ M

h−→ M ′′ .

Then we have a left exact sequence of Ap-modules

(S2) M ′p
gp−→ Mp

hp−→ M ′′p .

If additionally h is surjective, i.e. (S1) is a short exact sequence, then (S2) is also a short exact sequence.

Proof. By Remark 122 (i) we have that gp and hp are morphisms of Ap-modules.

We show injectivity of gp . Suppose given
m′

s ∈M
′
p such that gp

(
m′

s

)
= 0Mp

.

Then g(m′)
s

R.122
=
(i)

gp

(
m′

s

)
= 0Mp

= 0
1 . Thus, by De�nition 117 (1.2), there exists u ∈ S with

g(um′)
g A-lin.

= ug(m′) = 0 .

Since g is injective we have um′ = 0. By De�nition 117 (1.2) we therefore have

m′

s
=

0

1
= 0M ′p .

We show that im(gp)
!
= ker(hp).

We prove the inclusion "⊇". Suppose given m
s ∈ ker(hp). So we have

h(m)

s
= hp

(m
s

)
= 0M ′′p =

0

1
.

Thus, by De�nition 117 (1.2), there exists u ∈ S with h(um)
h A-lin.

= uh(m) = 0 , so that um ∈ ker(h).

Since im(g) = ker(h), we therefore get that there exists m′ ∈M ′ with g(m′) = um.

Hence

gp

(
m′

su

)
=

g(m′)

su
=

um

su
=

m

s
, i.e.

m

s
∈ im(gp) .

We prove the inclusion "⊆". We have

hp ◦ gp
R.122

=
(ii)

(h ◦ g)p

im(g)=ker(h)
↓
= 0p = 0 .

Therefore we have im(gp) ⊆ ker(hp). So we have shown that (S2) is a left exact sequence.

Now let h additionally be surjective. We have to prove surjectivity of hp . Suppose given m′′

s ∈ M ′′p .

Since h is surjective there exists m ∈M with h(m) = m′′.

Therefore we have

hp

(m
s

)
=

h(m)

s
=

m′′

s
.

�



94 Appendix: Discrete valuation rings and other localizations

Corollary 124 Let A ⊆ B be an extension of integral domains. Let p ⊆ A be a prime ideal and M be a

B-module. Let N ⊆M be a submodule.

Then we have the isomorphism of Bp-modules(
M
/
N

)
p

∼−→ Mp
/
Np

m+N
s 7−→ m

s +Np .

Proof. We have the short exact sequence of B-modules

N
ι // M

ρι // M/
N ,

where ι is the canonical embedding, and ρι is the residue class map. By Remark 122 (iii) and Lemma 123,

the upper row in the following diagram is a short exact sequence of Bp-modules.

Np
ιp // Mp

(ρι)p //
(
M
/
N

)
p

Np
ιp // Mp

ρ(ιp) // Mp
/
Np

Here, ρ(ιp) is the residue class map. So also the lower row is short exact. Hence there exists a unique

Bp-linear map (M/N)p −→ Mp/Np making the diagram commutative, which is an isomorphism. This

map necessarily acts on elements as stated above. �

Corollary 125 Let A ⊆ B be an extension of integral domains. Let p ⊆ A be a prime ideal. Let x ∈ B
and k ∈ Z≥1. We denote the residue class map by ρ : Bk×1 −→ Bk×1/

xBk×1 , r 7−→ r + xBk×1.

Suppose given a matrix M ∈ Bk×k.

Let N ⊆ Bk×1 be the kernel of ρ ◦ (M(−)), i.e. N =
{
v ∈ Bk×1 : Mv ∈ xBk×1

}
.

Then Np =
{
w ∈ Bk×1

p : Mw ∈ xBk×1
p

}
.

Proof. The lower row in the following diagram is left exact.

Bk×1

ρ

!!BBBBBBBBBBB

N
ι // Bk×1

ρ◦(M(−))
//

M(−)

==||||||||||||
Bk×1/

xBk×1 ,

where ι denotes the canonical embedding.

By Remark 122 (iii) and Lemma 123 we have the left exact sequence of Bp-modules

Np
ιp //

(
Bk×1

)
p (ρ◦(M(−)))p

//
(
Bk×1/

xBk×1

)
p
.

By Corollary 124 we have the isomorphism

ϕ :
(
Bk×1/

xBk×1

)
p

∼−→ (Bk×1)p
/
(xBk×1)p

C.121
= (Bp)k×1/

x(Bp)k×1

v+xBk×1

s 7−→ v
s + (xBk×1)p =

C.121

v
s + x(Bp)k×1 ,

where v ∈ Bk×1 and s ∈ A \ p.
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Thus, viewing Np as a submodule of (Bk×1)p
C.121

= (Bp)k×1 via ιp , we get

Np = ker((ρ ◦ (M(−)))p)
R.122

=
(ii)

ker(ϕ ◦ ρp ◦ (M(−))p) =
{
w ∈ (Bp)k×1 : Mw ∈ x(Bp)k×1

}
,

as asserted. �

Remark 126 Let R be a commutative ring and m ⊆ R be a maximal ideal of R.

Then we have the isomorphism of rings

ϕ : R
/
m

∼−→ Rm
/
mm

r + m 7−→ r
1 + mm .

In particular, mm is a maximal ideal of Rm .

Proof. Write S := R \m. Let r + m, r′ + m ∈
(
R
/
m

)
with r + m = r′ + m , i.e. r − r′ ∈ m. (∗)

So we have (r
1

+ mm

)
−
(r′

1
+ mm

)
=

r − r′

1
+ mm

(∗)
= 0 + mm ,

whence ϕ is well-de�ned.

We see that ϕ is additive, multiplicative and preserves 1; cf. De�nition 117 (1.1,2.1). So altogether, ϕ is

a morphism of rings.

We show injectivity of ϕ . Since R
/
m is a �eld it su�ces to show that 1

!

/∈ mm , because then Rm
/
mm

is

not the zero ring.

We assume that 1
1 = m

s , where m ∈ m and s ∈ S. Then there exists t ∈ S with ts = tm ∈ m. Since m is

a prime ideal we get t ∈ m or s ∈ m in contradiction to t, s ∈ S.

We show surjectivity of ϕ .

First, we need an auxiliary assertion. Suppose given x
s ∈ Rm . We claim that x

s ∈ mm if and only if

x ∈ m. It su�ces to show the direct implication. If xs = m
t for some m ∈ m and t ∈ S, then there exists

u ∈ S such that utx = usm ∈ m. Since m is a prime ideal and u, t ∈ S, we obtain x ∈ m. This proves

the claim.

Now suppose given r
s + mm ∈ Rm

/
mm

, where r ∈ R and s ∈ S.

We have to show that there exists x ∈ R with x
1 + mm = r

s + mm , i.e. x1 −
r
s = xs−r

s ∈ mm , i.e., using

the claim, xs− r ∈ m. This is equivalent to the existence of x ∈ R with (x+ m)(s+ m) = (r+ m). Since

s /∈ m and R
/
m is a �eld, we have s + m ∈ U

(
R
/
m

)
, so that our desired x ∈ R can be chosen as an

arbitrary representative of the residue class (r + m)(s+ m)−1. �

Corollary 127 Let q ∈ Z≥2 be a prime. Then we have the isomorphism of Fq-algebras

% : Fq = Z/
qZ

∼−→ Z(q)

/
qZ(q)

z + qZ 7−→ z
1 + qZ(q) .

Proof. We have qZ =: (q) ⊆ Z is a maximal ideal. Further we have

(q)(q) =

{
a

s
: a ∈ (q), s ∈ Z \ (q)

}
=

{
q · b

s
: b ∈ Z, s ∈ Z \ (q)

}
= qZ(q) .
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So we obtain by Remark 126 that % is an isomorphism of rings.

Moreover, we have qFq = 0 and q
(
Z(q)

/
qZ(q)

)
= 0. So we get by Remark 107 that % is an isomorphism

of Fq-algebras. �

Lemma 128 Let R be a principal ideal domain and πR = (π) ⊆ R be a prime ideal of R. Let α ∈ Z≥0

and M , N be �nitely generated free R-modules with

παM ⊆ N ⊆M , i.e. πα
(
M
/
N

)
= 0 .

So N ⊆M ⊆M(π) and N ⊆ N(π) ⊆M(π) ; cf. Remark 120.

Then we have

M ∩N(π) = N .

Proof. We see that the inclusion "⊇" is true.

Ad "⊆". Suppose given x ∈M ∩N(π) . Then

m

1
= x =

n

s
with m ∈M,n ∈ N and s ∈ R \ (π) .

So there exists u ∈ R \ (π) with usm = un. Since M is torsion-free we get sm = n. Hence we have

s(m+N) = sm+N = 0 +N = 0 . (1)

By the structure theorem for �nitely generated modules over a principal ideal domain we have a decom-

position

(2) M
/
N '

k⊕
i=1

R
/(

qβii

)
,

where k ∈ Z≥0 , βi ∈ Z≥1 for i ∈ [1, k] and qi ∈ R are prime elements of R for i ∈ [1, k].

We assume that there exists j ∈ [1, k] with (qj) 6= (π). By (2) and since πα
(
M
/
N

)
= 0 we get

παr +
(
q
βj
j

)
= 0 +

(
q
βj
j

)
for all r ∈ R , i.e. παr ∈

(
q
βj
j

)
for all r ∈ R.

Choosing r = 1 we get πα ∈
(
q
βj
j

)
. Since qj is prime we therefore get that qj |π. (3)

So there exists x ∈ R with qjx = π, in particular π|qjx. Since π is prime we get π|qj or π|x.

In the case π|qj we get with (3) that (qj) = (π) in contradiction to our assumption.

In the case π|x we get a contradiction to the fact that qj , as a prime element, is not a unit.

So (qi) = (π) for i ∈ [1, k], whence (2) becomes

(4) M
/
N '

k⊕
i=1

R
/(
πβi
)
.

We now assume that m /∈ N . So we get by (1) that s annihilates m+N ∈
(
M
/
N

)
\ {0}. Hence we get

with (4) that s ∈ (π) in contradiction to the choice of s ∈ R \ (π).

Therefore we have m ∈ N , whence x = m
1 = m ∈ N . �
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A.7.2 Dedekind domains and discrete valuation rings

De�nition 129 A discrete valuation ring R is a local principal ideal domain that is not a �eld.

Remark 130 Let R be a discrete valuation ring with maximal ideal generated by π ∈ R. Then every

element x ∈ R \ {0} is of the form x = uπa , where u ∈ U(R) = R \ πR and a ∈ Z≥0 .

The exponent a in this representation of x is unique, whence we can de�ne the valuation vπ as

vπ : R \ {0} −→ Z≥0

x = uπa 7−→ vπ
(
uπa

)
:= a .

For x, y ∈ R, we have

(i) vπ(x · y) = vπ(x) + vπ(y) ,

(ii) vπ(x+ y) ≥ min{ vπ(x) , vπ(y) } , and

(iii) vπ(x+ y) = min{ vπ(x) , vπ(y) } if vπ(x) 6= vπ(y) .

Proof. We refer to [Serre 79, Ch. I, �1, pp. 5/6]. Concerning (iii), note that given 0 ≤ a < b in Z
and u, u′ ∈ U(R), we obtain uπa + u′πb = (u + πb−au′)πa, where u + πb−au′ ∈ R \ πR = U(R). So

vπ(uπa + u′πb) = a.

De�nition 131 Let A be a noetherian integral domain. Then we call A a Dedekind domain if Ap is a

discrete valuation ring for every prime ideal p 6= 0 of A.

Cf. [Serre 79, Ch. I, �3, p. 10, Proposition 4 and the subsequent de�nition].

Remark 132 Let K be a number �eld. Then OK is a Dedekind domain.

Proof. We refer to [Neukirch 99, Ch. I, pp. 17/18, Theorem (3.1), De�nition (3.2)]. Note that the

de�nition in loc. cit. is equivalent to our De�nition 131 by [Serre 79, Ch. I, �3, p. 10, Proposition 4]. �

De�nition 133 Let A be a Dedekind domain and K := frac(A).

(1) A fractional ideal of K is a �nitely generated A-submodule 0 6= a of K;

cf. [Neukirch 99, Ch. I, p. 21, De�nition (3.7)].

(2) Let a, b be fractional ideals of K. Then we write a · b for the A-submodule of K that is generated

by products of the form a · b with a ∈ a and b ∈ b.

Lemma 134 Let A be a Dedekind domain and K := frac(A). We denote by JK the set of all fractional

ideals of K. Then JK becomes an abelian group with the multiplication as de�ned in De�nition 133 (2).

It is called the ideal group of K.

The identity element is 1JK = A, and the inverse of a ∈ JK is

a−1 = {x ∈ K : xa ⊆ A } .

Proof. We refer to [Neukirch 99, Ch. I, p. 21, Proposition (3.8)]. �
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Lemma 135 Let A be a Dedekind domain and K := frac(A). Denote by P the set of the nonzero prime

ideals of A.

(i) Let a be a fractional ideal of K. Then a admits a unique (up to the order of the factors) represen-

tation as a product

a =
∏
p∈P

pαp with αp ∈ Z for p ∈ P , and αp = 0 for almost all p ∈ P .

(ii) Let 0 6= a ⊆ A be an ideal of A. Then a admits a unique (up to the order of the factors) represen-

tation as a product

a =
∏
p∈P

pαp with αp ∈ Z≥0 for p ∈ P , and αp = 0 for almost all p ∈ P .

(iii) We have{
a ⊆ K : a is a fractional ideal of K and a ⊆ A

}
=
{
a ⊆ A : a is an ideal of A with a 6= 0

}
.

Proof of (i) and (ii). We refer to [Neukirch 99, Ch. I, p. 22, Corollary (3.9)] and [Neukirch 99, Ch. I,

p. 18, Theorem (3.3)].

Proof of (iii). The inclusion "⊇" follows from A being noetherian. The inclusion "⊆" follows since an

ideal of A is just an A-submodule of A. �

Remark 136 Let A be a Dedekind domain and K := frac(A). Denote by P the set of the nonzero prime

ideals of A. Let αp , βp ∈ Z for p ∈ P , where αp = 0 and βp = 0 for almost all p ∈ P .
Then we have the equivalence∏

p∈P
pαp ⊆

∏
p∈P

pβp ⇐⇒ αp ≥ βp for p ∈ P .

Proof. The implication "⇐=" is true since pa ⊆ a for p ∈ P and a ∈ JK .

Ad "=⇒". By Lemma 134 we have

(1) r :=
∏
p∈P

pαp−βp =

∏
p∈P

pαp

 ·
∏

p∈P
pβp

−1

⊆

∏
p∈P

pαp

 ·
∏

p∈P
pαp

−1

= A .

By Lemma 135 (iii, ii) the ideal r of A admits a representation

r =
∏
p∈P

pγp with γp ∈ Z≥0 for p ∈ P , and γp = 0 for almost all p ∈ P .

Because of the uniqueness of the representation we therefore get with (1)

0 ≤ γp = αp − βp for p ∈ P , and so αp ≥ βp for p ∈ P .

�

Lemma 137 Let L|K be an extension of number �elds. Let 0 6= p ⊆ OK be a prime ideal.

Let 0 6= q ⊆ OL be a prime ideal with q ∩ OK = p. Suppose that p is totally rami�ed, more precisely,

qs = pOL , where s ∈ Z≥1 .

Then we have

(OL)q = (OL)p considered as subrings of L .
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Proof. Write A := OK and B := OL .

Ad Bp

!
⊆ Bq . We have

A \ p = A \ (q ∩A) = A \ q
A⊆B
↓

⊆ B \ q .

So every element b
s ∈ Bp , where b ∈ B and s ∈ A \ p , is also an element of Bq .

Ad Bp

!
⊇ Bq . We want to show that every t ∈ B \ q is invertible in Bp . Once this is shown, we obtain

for y ∈ B ⊆ Bp and t ∈ B \ q that

y

t
= y ·

∈Bp︷︸︸︷
t−1 ∈ Bp ,

whence Bq ⊆ Bp , as required.

We have t ∈ B \ q is invertible in Bp if and only if t /∈ m for all maximal ideals m of Bp . (1)

We see that t = t
1 /∈ qp , since otherwise t = q

s for some q ∈ q and some s ∈ A \ p ⊆ B \ q , so ts ∈ q , but

q is prime and s, t /∈ q , which is a contradiction.

Using (1) it therefore su�ces to show that qp is the only maximal ideal of Bp .

By [Neukirch 99, Ch. I, p. 65, Proposition (11.1)] we get the bijection

{ prime ideals r of B with r ∩ (A \ p) = ∅ } ←→ { prime ideals t of Bp }

r 7−→ rp

t ∩B ←− [ t .

Since every prime ideal of Bp is contained in a maximal ideal, it therefore su�ces to show that

(2) { prime ideals r of B with r ∩ (A \ p) = ∅ } !
= { 0, q } .

Now A = OK and B = OL are Dedekind domains; cf. Remark 132. Therefore every nonzero prime ideal

of A respectively of B is maximal; cf. [Serre 79, Ch. I, �3, p. 10, Proposition 4(ii)]. (3)

Now, let 0 6= r be a prime ideal of B. Then we claim

(4) r ∩ (A \ p) = ∅ !⇐⇒ p ⊆ r .

Ad "=⇒". This will be proven by contraposition. Suppose that p * r .

Choose y ∈ r \ {0}. Let f(X) ∈ Z[X] be a monic polynomial having f(y) = 0. Dividing by a suitable

power of y, we may assume that f(0) 6= 0. Then f(0) = −(f(y) − f(0)) ∈ B is divisible by y. So

f(0) ∈ Z∩ r ⊆ A∩ r. In particular, p′ := A∩ r 6= 0. Since p * r , we have p′ 6= p . Since p′ ⊆ A is maximal

by (3), there exists x ∈ p′ \ p = r ∩ (A \ p) . So r ∩ (A \ p) 6= ∅ .

Ad "⇐=". Suppose that p ⊆ r . Then p ⊆ A ∩ r ⊆ A. Since r ⊆ B is prime, we have 1A = 1B /∈ r,

whence A ∩ r ( A. By (3) we obtain that p is a maximal ideal. Therefore, p = A ∩ r. Thus

r ∩ (A \ p) = r ∩ (A \ (A ∩ r)) = r ∩ (A \ r) = ∅ .

This proves claim (4).

So it su�ces to show that

(2′) { prime ideals r of B with p ⊆ r } !
= {q} .

Assume that there exists a prime ideal r of B with p ⊆ r and r 6= q . So we get

qs · r0 = qs = pB ⊆ rB = r = q0 · r1 ,

but this is in contradiction to Remark 136. �



Appendix B

On binomial coe�cients

Lemma 138 (Vandermonde convolution) Let m ∈ Z≥0 and r, s ∈ Z. Then we have

m∑
k=0

(
r

k

)
·
(

s

m− k

)
=

(
r + s

m

)
.

Proof. To prove the statement we use the cauchy summation formula, which states the following.

Suppose given two power series

f(x) =

( ∞∑
i=0

tix
i

)
and g(x) =

 ∞∑
j=0

ujx
j


with the positive radii of convergence rf and rg . Then the product

(1) f(x) · g(x) =

( ∞∑
i=0

tix
i

)
·

 ∞∑
j=0

ujx
j

 =

∞∑
i=0

 i∑
j=0

tjui−j

xi =: h(x) for |x| < min{ rf , rg }

is also a power series with radius of convergence rh ≥ min{ rf , rg },

cf. [Walter 04, �7, p. 144, 7.8 Multiplikation von Potenzreihen].

Further we use the modi�ed binomial theorem, wich states that for each α ∈ R and x ∈ R with |x| < 1

we have

(2) (1 + x)α =

∞∑
m=0

(
α

m

)
xm ,

cf. [Graham 94, Sec. 5.1, p. 163, Equation (5.13)].

So we obtain for x ∈ R with |x| < 1

∞∑
m=0

(
r + s

m

)
xm

(2)
= (1 + x)r+s = (1 + x)r · (1 + x)s

(2)
=

( ∞∑
i=0

(
r

i

)
xi

)
·

 ∞∑
j=0

(
s

j

)
xj

 (1)
=

∞∑
m=0

(
m∑
k=0

(
r

k

)
·
(

s

m− k

))
xm ,

Since two power series are equal if and only if all of their coe�cients are equal, comparing coe�cients

yields that the statement is true. �

100
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Remark 139 Let i, l ∈ [1, n]. Then we have

S(i, l) :=

n∑
k=1

(
l + k − 2

2l − 2

)
·

〈
i− 1

k

〉
= ∂i,l .

For the term
〈
i− 1

k

〉
we refer to De�nition 34.

Proof. Since
〈
i− 1

k

〉
= 0 for k > i and

(
l+k−2
2l−2

)
= 0 for k < l, we get

S(i, l) =

n∑
k=1

(
l + k − 2

2l − 2

)
·

〈
i− 1

k

〉
=

i∑
k=l

(
l + k − 2

2l − 2

)
·

〈
i− 1

k

〉

D.34
=

i∑
k=l

(
l + k − 2

2l − 2

)
· (−1)i−k ·

((
2i− 2

i− k

)
−
(

2i− 2

i− k − 1

))
.

For i < l we have that S(i, l) is an empty sum and the statement is true.

For i = l we have

S(l, l) =

(
l + l − 2

2l − 2

)
︸ ︷︷ ︸

=1

· (−1)l−l︸ ︷︷ ︸
=1

·

( (
2l − 2

l − l

)
︸ ︷︷ ︸

=1

−
(

2l − 2

l − l − 1

)
︸ ︷︷ ︸

=0

)
= 1 ,

and, again, the statement is true.

For i > l we have to show that S(i, l)
!
= 0. This is equivalent to

i∑
k=l

(
l + k − 2

2l − 2

)
· (−1)i−k ·

(
2i− 2

i− k

)
!
=

i∑
k=l

(
l + k − 2

2l − 2

)
· (−1)i−k ·

(
2i− 2

i− k − 1

)
.

We substitute k′ := k − l and i′ := i− l. So we have to show for i′ > 0 that

i′∑
k′=0

(
2l + k′ − 2

2l − 2

)
· (−1)i

′−k′ ·
(

2i′ + 2l − 2

i′ − k′

)
!
=

i′∑
k′=0

(
2l + k′ − 2

2l − 2

)
· (−1)i

′−k′ ·
(

2i′ + 2l − 2

i′ − k′ − 1

)
.

By multiplication with (−1)−i
′
and further substitution l′ := 2l − 2, we reformulate to

i′∑
k′=0

(
l′ + k′

l′

)
· (−1)k

′
·
(

2i′ + l′

i′ − k′

)
!
=

i′∑
k′=0

(
l′ + k′

l′

)
· (−1)k

′
·
(

2i′ + l′

i′ − k′ − 1

)
.

For ease of notation, we rename k := k′, i := i′ and l := l′. Therefore it su�ces to show that

(1)

i∑
k=0

(
l + k

l

)
· (−1)k ·

(
2i+ l

i− k

)
!
=

i∑
k=0

(
l + k

l

)
· (−1)k ·

(
2i+ l

i− k − 1

)
for l ≥ 0 and i ≥ 1.

We have (
l + k

l

)
=

(
l + k

k

)
(∗)
= (−1)k

(
−l − 1

k

)
,

where the trick (∗) is taken from [Graham 94, Sec. 5.2, p. 174, Table 174 : "upper negation"].

Therefore equation (1) becomes

(1′)

i∑
k=0

(
−l − 1

k

)
·
(

2i+ l

i− k

)
︸ ︷︷ ︸

=:LS

!
=

i∑
k=0

(
−l − 1

k

)
·
(

2i+ l

i− k − 1

)
︸ ︷︷ ︸

=:RS

.
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We have

LS =

i∑
k=0

(
−l − 1

k

)
·
(

2i+ l

i− k

)
L. 138

=

(
−l − 1 + 2i+ l

i

)
=

(
2i− 1

i

)
and

RS =

i∑
k=0

(
−l − 1

k

)
·
(

2i+ l

i− k − 1

)
=

(
−l − 1

i

)
·
(

2i+ l

i− i− 1

)
︸ ︷︷ ︸

=0

+

i−1∑
k=0

(
−l − 1

k

)
·
(

2i+ l

i− k − 1

)

L. 138
=

(
−l − 1 + 2i+ l

i− 1

)
=

(
2i− 1

i− 1

)
=

(
2i− 1

i

)
.

Thus equation (1′) is shown.

In summary we have shown that S(i, l) = ∂i,l for i, l ∈ [1, n] . �

Corollary 140 Let i, l ∈ [1, n]. Then we have

(−1)i−l
i−l∑
k=0

(−1)k
(

2i− 1

i− l − k

)
(2l + 2k − 1)

(
2l + k − 2

2l − 2

)
= (2i− 1) · ∂i,l .

Proof. Let i, k ∈ [1, n]. Then we have

〈
i− 1

k

〉
D.34
= (−1)i−k

((
2i− 2

i− k

)
−
(

2i− 2

i− k − 1

))

= (−1)i−k(2i− 2)!

(
1

(i− k)!(i+ k − 2)!
− 1

(i− k − 1)!(i+ k − 1)!

)

= (−1)i−k(2i− 2)!
(i+ k − 1)− (i− k)

(i− k)!(i+ k − 1)!
= (−1)i−k(2i− 2)!

2k − 1

(i− k)!(i+ k − 1)!

= (−1)i−k
(2i− 2)!(2i− 1)

(i− k)!(i+ k − 1)!
(2k − 1)(2i− 1)−1 = (−1)i−k

(
2i− 1

i− k

)
(2k − 1)(2i− 1)−1 .



(∗)

By Remark 139 we have for i, l ∈ [1, n]

∂i,l =

n∑
k=1

(
l + k − 2

2l − 2

)
︸ ︷︷ ︸
= 0 for k < l

·

〈
i− 1

k

〉
︸ ︷︷ ︸
= 0 for k > i

(∗)
=

i∑
k=l

(
l + k − 2

2l − 2

)
· (−1)i−k

(
2i− 1

i− k

)
(2k − 1)(2i− 1)−1

k′=k−l
↓
=

i−l∑
k′=0

(
2l + k′ − 2

2l − 2

)
· (−1)i−l−k

′
(

2i− 1

i− l − k′

)
(2l + 2k′ − 1)(2i− 1)−1

k=k′
↓
= (−1)i−l

i−l∑
k=0

(
2l + k − 2

2l − 2

)
· (−1)k

(
2i− 1

i− l − k

)
(2l + 2k − 1)(2i− 1)−1

�
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Remark 141 For i, k ∈ [1, n] we have

(2i− 1)2

(2k − 1)2
· (2i)! ·

〈
i− 1

k

〉
= (−1)i−k ·

(
2i− 1

i− k

)
· (2i)!

2k − 1
· (2i− 1) ∈ Z .

Proof. For k > i , both sides equal 0 ; cf. De�nition 34 and Convention 4. For k = i, both sides equal (2i)! .

For k < i we calculate the di�erence of the terms as

(2i−1)2

(2k−1)2 · (2i)! ·
〈
i− 1

k

〉
− (−1)i−k ·

(
2i−1
i−k
)
· (2i)!

2k−1 · (2i− 1)

D.34
= (2i−1)2

(2k−1)2 · (2i)! · (−1)i−k
((

2i−2
i−k
)
−
(

2i−2
i−k−1

))
− (−1)i−k ·

(
2i−1
i−k
)
· (2i)!

2k−1 · (2i− 1)

= (2i−1)
(2k−1) · (−1)i−k · (2i)! ·

(
(2i−1)
(2k−1) ·

((
2i−2
i−k
)
−
(

2i−2
i−k−1

))
−
(

2i−1
i−k
))

= (2i−1)
(2k−1) · (−1)i−k · (2i)! ·

(
(2i−1)
(2k−1) ·

(
(2i−2)!

(i−k)!(i+k−2)! −
(2i−2)!

(i−k−1)!(i+k−1)!

)
− (2i−1)!

(i−k)!(i+k−1)!

)
= (2i−1)

(2k−1) · (−1)i−k · (2i)! · (2i− 1)! ·
(

1
(2k−1) ·

(
1

(i−k)!(i+k−2)! −
1

(i−k−1)!(i+k−1)!

)
− 1

(i−k)!(i+k−1)!

)
= (2i−1)

(2k−1) · (−1)i−k · (2i)! · (2i− 1)! ·
(

1
(2k−1) ·

(i+k−1)−(i−k)
(i−k)!(i+k−1)! −

1
(i−k)!(i+k−1)!

)
= (2i−1)

(2k−1) · (−1)i−k · (2i)! · (2i− 1)! ·
(

1
(i−k)!(i+k−1)! −

1
(i−k)!(i+k−1)!

)
= 0 .

In this case, we have (2i)!
2k−1 ∈ Z, so that the right hand side is an integer. �

Remark 142 Let i, s, t ∈ Z≥0 . Then we have

i∑
k=1

(−1)k
(

2i− 1

i− k

)
1

2k − 1

((
t− k + 1

s

)
+

(
t+ k

s

))
= (−1)i

2i−1∑
k=0

(−1)k
(

2i− 1

k

)
1

2i− 1− 2k

(
t+ i− k

s

)
.

Proof. For i = 0, both sides equal 0. For i ∈ Z≥1 we have

i∑
k=1

(−1)k
(

2i− 1

i− k

)
1

2k − 1

(
t− k + 1

s

) k′=1−k
↓
=

0∑
k′=1−i

(−1)1−k′
(

2i− 1

i− 1 + k′

)
1

−(2k′ − 1)

(
t+ k′

s

)
k=k′
↓
=

0∑
k=1−i

(−1)k
(

2i− 1

i− k

)
1

2k − 1

(
t+ k

s

)
.


(∗)

So we obtain

i∑
k=1

(−1)k
(

2i− 1

i− k

)
1

2k − 1

((
t− k + 1

s

)
+

(
t+ k

s

))

=

i∑
k=1

(−1)k
(

2i− 1

i− k

)
1

2k − 1

(
t− k + 1

s

)
+

i∑
k=1

(−1)k
(

2i− 1

i− k

)
1

2k − 1

(
t+ k

s

)
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(∗)
=

0∑
k=1−i

(−1)k
(

2i− 1

i− k

)
1

2k − 1

(
t+ k

s

)
+

i∑
k=1

(−1)k
(

2i− 1

i− k

)
1

2k − 1

(
t+ k

s

)

=

i∑
k=1−i

(−1)k
(

2i− 1

i− k

)
1

2k − 1

(
t+ k

s

)
k′=i−k
↓
=

2i−1∑
k′=0

(−1)i−k
′
(

2i− 1

k′

)
1

2i− 2k′ − 1

(
t+ i− k′

s

)
k=k′
↓
= (−1)i

2i−1∑
k=0

(−1)k
(

2i− 1

k

)
1

2i− 2k − 1

(
t+ i− k

s

)
.

�

Remark 143 Let k, l ∈ Z≥1 . Then we have

2k − 1

l + k − 1

(
l + k − 1

k − l

)
=

(
l + k − 1

k − l

)
+

(
l + k − 2

k − l − 1

)
∈ Z .

Proof. For k < l , both sides equal 0 . For k = l, both sides equal 1 . So let k > l. We calculate

2k − 1

l + k − 1

(
l + k − 1

k − l

)
=

((l + k − 1) + (k − l))(l + k − 1)!

(l + k − 1)(k − l)!(2l − 1)!

=
(l + k − 1)(l + k − 2)!

(k − l)!(2l − 1)!
+

(k − l)(l + k − 2)!

(k − l)!(2l − 1)!

=
(l + k − 1)!

(k − l)!(2l − 1)!
+

(l + k − 2)!

(k − l − 1)!(2l − 1)!
=

(
l + k − 1

k − l

)
+

(
l + k − 2

k − l − 1

)
.

�

Remark 144 Let m, j ∈ Z≥0 with m > j. Then we have

m∑
k=0

(−1)k
(
m

k

)(
k

j

)
= 0 .

Proof. We calculate

m∑
k=0

(−1)k
(
m

k

)= 0 for k < j︷︸︸︷(
k

j

)
=

m∑
k=j

(−1)k
(
m

k

)(
k

j

)

=

m∑
k=j

(−1)k
m!

k!(m− k)!
· k!

j!(k − j)!
=

m∑
k=j

(−1)k
(m− j)!

(k − j)!(m− k)!
· m!

j!(m− j)!

=

m∑
k=j

(−1)k
(
m− j
k − j

)(
m

j

) k′=k−j
↓
=

m−j∑
k′=0

(−1)k
′+j

(
m− j
k′

)(
m

j

)

= (−1)j
(
m

j

)m−j∑
k′=0

(−1)k
′
(
m− j
k′

)
= (−1)j

(
m

j

)
· ((1− 1)m−j)

m>j
= 0 .

�
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Corollary 145 Let m, j ∈ Z≥0 with m > j. Then we have

m∑
k=0

(−1)k
(
m

k

)
kj = 0 .

In particular, for every polynomial P (k) ∈ C[k] of degree less than m we have

m∑
k=0

(−1)k
(
m

k

)
P (k) = 0 .

Proof. Let j ∈ [0,m− 1]. Suppose the statement to be true for all s ∈ [1,m− 1] with s < j ( I.H. ). By

Remark 144 we have

0 =

m∑
k=0

(−1)k
(
m

k

)(
k

j

)
=

m∑
k=0

(−1)k
(
m

k

)
k(k − 1) · · · (k − j + 1)

j!

=
1

j!

m∑
k=0

(−1)k
(
m

k

)(
kj + g(k)

↑
pol. in k of

degree < j, or 0

) I.H.
=

1

j!

m∑
k=0

(−1)k
(
m

k

)
kj .

�

Remark 146 Let m ∈ Z≥1 and x ∈ R \ [−m, 0]. Then we have

m∑
k=0

(−1)k
(
m

k

)
1

x+ k
=

1

x
·
(
x+m

m

)−1

.

Proof. We consider the map g : R \ {0} −→ R , x 7−→ 1
x . We now claim that

∆lg(x)
!
= (−1)l

l!

x(x+ 1) · · · (x+ l)
, for l ∈ Z≥0 . ( for ∆l cf. Convention 2 )

This is shown by induction on l. For l = 0 we have

∆0g(x) = g(x) =
1

x
= (−1)0 · 0!

x
.

For the inductive step l→ l + 1 , we calculate

∆l+1g(x)
C.2
= ∆lg(x+ 1)−∆lg(x)

I.H.
= (−1)l · l!

(x+ 1)(x+ 2) · · · (x+ l + 1)
− (−1)l · l!

x(x+ 1) · · · (x+ l)

= (−1)l · l! · x− (x+ l + 1)

x(x+ 1)(x+ 2) · · · (x+ l + 1)

= (−1)l · l! · −(l + 1)

x(x+ 1)(x+ 2) · · · (x+ l + 1)

= (−1)l+1 · (l + 1)!

x(x+ 1) · · · (x+ l + 1)
.

So our claim is shown.

Further we have

∆lg(x) =

l∑
k=0

(−1)l−k
(
l

k

)
g(x+ k) , for l ∈ Z≥0 ,

cf. [Graham 94, Sec. 5.3, p. 188, Equation (5.40)].
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Therefore, after setting l = m, we obtain

m∑
k=0

(−1)m−k
(
m

k

)
g(x+ k) = (−1)m · m!

x(x+ 1) · · · (x+m)

⇐⇒ (−1)m
m∑
k=0

(−1)k
(
m

k

)
1

x+ k
= (−1)m · 1

x
· m!

((x+m)−m+ 1) · · · (x+m)

⇐⇒
m∑
k=0

(−1)k
(
m

k

)
1

x+ k
=

1

x
·
(
x+m

m

)−1

.

�

Remark 147 Suppose given t ∈ Z, i ∈ Z≥1 and s ∈ [0, 2i− 1]. Then we have

Ls := (−1)i+1
2i−1∑
k=0

(−1)k
(

2i− 1

k

)
1

2i− 1− 2k

(
t+ i− k

s

)
= 24i−2−s · i!(i− 1)!

s!(2i)!
·
s−1∏
u=0

(2t+1−2u) =: Rs .

Proof. For s = 0 we have to show that

L0 = (−1)i+1
2i−1∑
k=0

(−1)k
(

2i− 1

k

)
1

2i− 1− 2k

!
= 24i−2 · i!(i− 1)!

(2i)!
= R0 .

If i = 1, we obtain 2 = 2.

If i ≥ 2, we obtain

(−1)i+1
2i−1∑
k=0

(−1)k
(

2i− 1

k

)
1

2i− 1− 2k
= (−1)i+1 · 1

2
·

2i−1∑
k=0

(−1)k
(

2i− 1

k

)
1

2i−1
2 − k

= (−1)i · 1

2
·

2i−1∑
k=0

(−1)k
(

2i− 1

k

)
1

− 2i−1
2 + k

(∗)
= (−1)i · 1

2
·
(
− 2

2i− 1

)( 2i−1
2

2i− 1

)−1

=
(−1)i+1

2i− 1

(
i− 1

2

2i− 1

)−1

=
(−1)i+1

2i− 1

((
i− 1

2

) (
i− 3

2

) (
i− 5

2

)
· · ·
(
−i+ 3

2

)
(2i− 1)!

)−1

= (−1)i+1(2i− 2)!
(

(2i− 1)(2i− 3) · · · 3 · 1 · (−1) · (−3) · · · (−2i+ 3) · 2−(2i−1)
)−1

= (−1)i+1(2i− 2)!

(
(2i− 1)!

(i− 1)! · 2i−1
· (2i− 3)!

(i− 2)! · 2i−2
· (−1)i−1 · 2−(2i−1)

)−1

= (2i− 2)! · 24i−4 · (i− 1)!(i− 2)!

(2i− 1)!(2i− 3)!
= (2i− 2) · 24i−4 · (i− 1)!(i− 2)!

(2i− 1)!

= (i− 1) · 24i−3 · (i− 1)!(i− 2)!

(2i− 1)!
= 24i−3 · 2i · (i− 1)!(i− 1)!

(2i)!

= 24i−2 · i!(i− 1)!

(2i)!
,

where in (∗) we refer to Remark 146 applied to the case (m,x) =
(
2i− 1,− 2i−1

2

)
. So the statement is

true for s = 0, i.e. L0 = R0 .
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N
ow

le
t
s
∈

[1
,2
i
−

1]
.
W
e
ca
n
tr
a
n
sf
o
rm

L
s
a
s
fo
ll
ow

s.

L
s

=
(−

1)
i+

1
2
i−

1 ∑ k
=

0

(−
1)
k

( 2
i
−

1

k

)
1

2i
−

1
−

2k

( t+
i
−
k

s

)

=
1 2

(−
1)
i+

1
2
i−

1 ∑ k
=

0

(−
1)
k

( 2i
−

1

k

) (i
−
k

+
t)

(i
−
k

+
t
−

1
)·
··

(i
−
k

+
t
−

(s
−

2
))

(i
−
k

+
t
−

(s
−

1
))

(i
−
k
−

1 2
)s

!

w
ri
te

=
u

=
i−
k
−

1 2

1 2
(−

1)
i+

1
2
i−

1 ∑ k
=

0

(−
1)
k

( 2i
−

1

k

) (u
+
t

+
1 2
)(
u

+
t

+
1 2
−

1
)
··
·(
u

+
t

+
1 2
−

(s
−

2
))

(u
+
t

+
1 2
−

(s
−

1
))

u
·s

!

=
1 2s

!(−
1)
i+

1
2
i−

1 ∑ k
=

0

(−
1)
k

( 2
i
−

1

k

)(p
o
l.
in
u
(h
e
n
c
e
in
k
)

o
f
d
e
g
re
e
<

2
i
−

1

↓

g
(u

)
+

(t
+

1 2
)(
t

+
1 2
−

1
)
··
·(
t

+
1 2
−

(s
−

2
))

(t
+

1 2
−

(s
−

1
))

u

)

C
.1
4
5

=
1 2s

!(−
1)
i+

1
2
i−

1 ∑ k
=

0

(−
1)
k

( 2
i
−

1

k

) (t
+

1 2
)(
t

+
1 2
−

1
)
··
·(
t

+
1 2
−

(s
−

2
))

(t
+

1 2
−

(s
−

1
))

u

=
1 s!

( t+
1 2

)( t+
1 2
−

1
) ···

( t+
1 2
−

(s
−

2)
)( t+

1 2
−

(s
−

1
)) (−

1
)i

+
1

2
i−

1 ∑ k
=

0

(−
1
)k
( 2
i
−

1

k

) 1 2u

w
ri
te

a
g
a
in

=
i−
k
−

1 2
=
u

1 s!

( t+
1 2

)( t+
1 2
−

1
) ···

( t+
1 2
−

(s
−

2)
)( t+

1 2
−

(s
−

1
)) (−

1
)i

+
1

2
i−

1 ∑ k
=

0

(−
1
)k
( 2
i
−

1

k

)
1

2i
−

1
−

2k
︸

︷︷
︸

=
L

0
=

R
0

=
1

2s
s!

(2
t

+
1
−

0)
(2
t

+
1
−

2)
··
·(

2t
+

1
−

2
(s
−

2
))

(2
t

+
1
−

2
(s
−

1
))
·R

0
=

1

2s
s!

( s−
1 ∏ u

=
0

(2
t

+
1
−

2u
)) ·2

4
i−

2
·i

!(
i
−

1
)!

(2
i)

!
=

R
s

�
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