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Abstract

Let n > 1 and let p be a prime. Expand j € [0,p" — 1]\(p) p-adically as j =
> s>0 asp® with as € [0,p—1]. The #([0, j]\(p))th Z(,)[(pr]-linear elementary divisor
of the cyclotomic Dedekind embedding

Z) 6] @2, Ziy[Gr) [1 Ziw (6]
ie(Z/pn)*

has valuation

Y (a4 1) a5+ 2)
520

at 1 — (pn. There is a similar result for the related cyclic Wedderburn embedding.
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0.1 Objectives

In this note, we consider an extension of discrete valuation rings S C T', with s € S and
t € T generating the respective maximal ideals. Let K be the field of fractions of S, let
L be the field of fractions of T" and assume L over K to be finite galois of Galois group G
of order m = |G|. Moreover, assume 1" = S[J] for some 0 € T'. We restrict the Dedekind
isomorphism
Lok L = |]L
oceG
TRy > (2Y7)sea,

the injectivity of which ensues from Dedekind’s Lemma, to the locally integral situation

TosT . HT.

oelG

This embedding is no longer an isomorphism in general; in fact, the square of its T-linear
determinant is just the discriminant of 7" over S. Being a T-linear map, we can ask for
its elementary divisors, or, more precisely, for an elementary divisor diagonalization.

Once such a diagonalization obtained, we may use the image of T ®g T inside [[, ., T’
instead of T' ®g T itself, to calculate Hochschild (co)homology of 7. For instance, we
may ask for these (co)homology groups with coefficients in 7', equipped with a galois
twisted T-T-bimodule structure (the untwisted case being due to M. LARSEN and A.
LINDENSTRAUSS [LL 92, 1.6.2] and to the Buenos Aires Cyclic Homology group [BACH

91, prop. 1.3]).



The cyclotomic Dedekind embedding shall be studied in more detail, where T" = Z,)[(n]
and S = Z,, for n > 1, p a prime, and where, in general for m > 1, ¢, denotes a
primitive mth root of unity over Q.

This cyclotomic case leads to a related question, which is to give an elementary divisor
diagonalization for the cyclic Wedderburn embedding. Given m > 1, and letting c¢,,
denote a generator of the cyclic group C,, of m elements, this embedding results from
restricting the rational Wedderburn isomorphism

Q) = [ Q)

j€[0,m—1]
Cm (Cfn)je[o,m—l] )

to the integral situation

Z[CnlCn < ] ZIGn),

je[oszl}

which is likewise no longer an isomorphism for m > 1, the square of its Z[(,,]-linear deter-
minant being +m™. Now the cyclotomic Dedekind embedding may be viewed, considered
as a diagram, as a quotient of the corresponding cyclic Wedderburn embedding.

This consideration in turn gives rise to the question for a closed description of the image
of the cyclic Wedderburn embedding in the absolute case, i.e. of

zC, < ]zl

d|m
Cm FH— (Cd)d\m

0.2 Results

0.2.1 Hochschild (co)homology with twisted coefficients

We choose a total ordering on G, (0y,...,0,-1), in such a way that oy = 17, and such
that
S ow@ -0 < Y w0 —97)
i€[0,j—1] i€[0,j—1]

for each j € [0,m — 1] and each k € [j + 1, m — 1], where v, denotes the t-adic valuation.
Let T; denote T, considered as a T-T-bimodule with untwisted left multiplication and
o;-twisted right multiplication by T'. Let ¢ := 3, o,y ve( — 97%).

The Hochschild homology of T, over the ground ring S and with coefficients in T;, i €
[0, m — 1], is given in dimension j > 0 by
T for j =0
H;(T,Ty;S) ~ § T/t¢T for j odd
0 for j even, j > 2



and by
0 for j odd

Hi(T,T;:S) ~
il ) { T/(97 — )T for j even

for i € [1,m — 1]. The Hochschild cohomology is given by

T for j =0
HY(T,Ty;S) ~ £ 0 for j odd
T/t¢T for j even, j > 2

and by

HI(T, T5: §) ~ {T/(ﬁ i — )T for j odd

0 for 7 even

for i € [1,m — 1] (1.17).

0.2.2 Elementary divisors of the cyclotomic Dedekind embedding

Let n > 1 and let p be a prime. Expand j € [0, p" —1]\(p) p-adically as j = > . asp® with
as € [0,p — 1]. The #([0, 7]\(p))th Z,)[{m]-linear elementary divisor of the cyclotomic
Dedekind embedding

dpn
Z(p)[gp"] Qz, Z(p)[Cp"] — Hie(Z/p")* Z(p)[cpn]
I];:n ® Cén — (ngll>,

where k,l € [0,p" '(p — 1) — 1], has valuation

14 (as(s+1) = agn(s +2)) p°

520

at 1 — G (2.7).

0.2.3 The cyclic Wedderburn embedding

Expand j € [0,p" — 1] p-adically as j = > ., ap® with a, € [0,p —1]. The (j + 1)st
Z ) [Gpr]-linear elementary divisor of the localized cyclic Wedderburn embedding

Z(P)[Cp"]op” C— HjeZ/p" Z(:D)Kp”]
e = (Gon)jez/pm

has valuation

Z(as - aerl)(S + 1>ps

s>0



at 1 — (pn (3.15). We can render this result a bit more precise and a bit more general, in
that we can diagonalize the cyclic Wedderburn embedding

Z[Cm]cm & Hjez/mZ[Cm}
Cm > (Cﬂﬁ)jeZ/m

for m > 1, regardless whether Z|[(,,] is a principal ideal domain (3.8). For [ € [0, m — 1],
the (I 4 1)th diagonal entry becomes

g

Hje[l,l}(l —Ch)

0.2.4 The absolute cyclic Wedderburn embedding

It suffices to consider the primary parts of m separately, i.e. we may assume m = p™ (cf.
5.18). In this case, the absolute cyclic Wedderburn embedding is given by

ZCypr = ] 2I¢)

1€[0,n]
Cpn (Cpi)ie[o,n} .

We derive from the pullback of KERVAIRE and MURTHY [KM 77] the following triangular
system of ties, i.e. of congruences of tuple entries, that describe its image.

Let ¢ denote Euler’s function. For m > 1 and j € Z, we let [j],, € [0,m — 1] be such
that [j],, =m j. Let O denote Kronecker’s delta. The image of the absolute Wedderburn
embedding is given by

(Zcpn)prn = { Z xZ,JCZ)Z 5 x’L,j - Z
je[ov@(pi)_l] iE[O,TL]
for I € [1,n] and j € [0,(p"") — 1] we have z,_;; =, Z plii

i€[0,l—1]
Z (xn,ijj,pn—l+kpn—1—i - (1 — 8l7n)xn,i7mpn471,pnfzflﬂgpani)
ke(l,p—1]
c 11 zi¢).
1€[0,n]

The elementary divisors of wg ,» over Z are given by p’ with multiplicity ¢(p"~) for
i €[0,n] (5.14).

KLEINERT gives a system of ties that describes the image of the absolute Wedderburn
embedding ZC,, 2% [] djm Z[Ca] in terms of certain prime ideals of the rings Z[(4], d|m,

in case m is a positive squarefree integer [KI 81, p. 550]. In loc. cit., this description is
used as a tool to study units in dihedral group rings.
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Notation 0.1

(vi)
(vii)

(viii)

1.1

b b
Composition of maps is written on the right, TG

If ¢ is a map of A-modules, A a commutative ring, and p a prime ideal of A, we sometimes denote
the localization ¢, merely by ¢. If m > 1, we denote the ring of m x m-matrices with entries in
A Dby (A)m.

If x, y are elements of some set, we let 0, :=1if x =y and 0, :=0if x # y.
For integers a, b, we denote [a,b] :={zx €Z |a <z < b} and [a,b:={r € Z | a <z < b}.
For a,b > 0, we let the binomial coefficient (Z) be equal to zero if b > a.

Let ® = ®z (i.e. ® = ®q over Q).

For a prime p, we let m[p] := p¥»(™ denote the p-part of m.

Let ¢ denote Euler’s function, ¢(m) := m[],,, (1 —p~1). Let ®,,(X) denote the m-th cyclotomic
polynomial, i.e. the irreducible factor of X™ — 1 € Q[X] that does not divide X m' _ 1 for any
m/|m, m’ # m. Hence deg ®,,(X) = p(m).

Let (,, denote a primitive mth root of unity over Q, with minimal polynomial ., q(T) = ®m(T).
Let ¢, denote a generator of the cyclic group C), of m elements.

Vandermonde

We diagonalize the polynomial Vandermonde matrix rationally. Specializing under the
assumption that the diagonalizing matrices become integral, we obtain an elementary divisor
form, i.e. a diagonal matrix in which each subsequent diagonal entry is divisible by its

predecessor.

Diagonalization of Vandermonde matrices

A hint of T. ZINK how to simplify our previous efforts led to the approach in this and in

the next subsection.



Notation 1.1 Let m > 1. Let x = (zo,...,%,_1) be a tuple of indeterminates, let
a,b € [0,m—1] and let d € Z. We consider in Z[zy, . .., Z,,_1| the symmetric polynomials
( Z wiexyt e xt ifd >0
Pd,[a,b] = 820, 3 iclap) 5i = d
L 0 ifd<0
' S ey d>0
Ed,[a,b[ = $:€{0,1}, ZiE[a,b[ si=d
| 0 it d <0.
In particular, we have
Pap = ao
Eap = Oap.

Moreover, for ¢ € [0,m — 1] we denote
Y = H (J}l — l’k) = Z (—]_)iijEZ'_j}[O’i[IZ,
kel0,i] j€[0,3]

considered as element of Z[zy, ..., x,,_1]. For i,j € [0,m — 1], we denote the Lagrange
interpolation function by

er[o,j[\{i} (z; — xk)

ifi<y
Lij = er[o,j[\{i} (w; — p) 5
0 if i > j
and as a variant
[Thcoi(zi — k)
Mi,j = s
er[o,i[(mi — )
considered as elements of Q(xo,...,Z,-1). These polynomials furnish the matrices

,])ZX]E 0,m—1]x[0,m—1]

)z><]€0m 1]x[0,m—1]

,]>1><]€[0 m—1]x[0,m—1]

P 0j]>7,><j6[0m 1]x[0,m—1]

1) Ei_j 0.0 ixj€0m—1]x [0,m—1]

S~ENES S
P

(0
(z
(L
= (Mi;)ixjec0m—1]x[0,m—1]
(
(
(

(-
0 ,]yz)zxge[o m—1]x[0,m—1]

in (Q(xo, -, Tm-1))m
Lemma 1.2 For0 <a <b<m and d € Z, we have

Pijay = Pajarip) T Tala-1ja = Pajap—1 + ToPa—1ap
Eqjap) = Eajar1p) T TaFa-1jar14] = Edajap—1] + ToEa1[ap-1];

where for the second equation, we stipulate in addition that a < b.



Lemma 1.3 Fori,k € Z and 0 < a < b < c < m, we obtain

Z(—l)jEz e Pimtfab) = (=1 Ei_g 1,0

ez
In fact,

S jer VB jiactPriian = Sen(~ 1 BijjasretPyifon
+ dez( 1), B, —j—1,Ja+1,e[Pj—i[ab)
= Z]EZ( 1)JE1€ Ja+1C[P —i,[a,b]
+ ez T B el Ta D 1-ifa
ED SR CR VoA a+1c[P ~ifa.t]
+ Z]EZ( 1)/~ —jla+1,c[Pjifab)
— D jez(— 1) By a1, Pj—i a4 1,
= D ez~ 1)]Ek ]&+1C[P —i,Jat+1,b]-

Lemma 1.4 We have E, P, = 1.

Given i, k € [0,m — 1], we may assume ¢ > k and obtain

(EoPr)in = 2jeomn(—1 ™ EijjoiPj—r,ou
1. .
= (_1)ZikEifk,[k+l,i[

0.

w
=

Lemma 1.5 We have M,(I — L,) = 1.
Given i, k € [0,m — 1], we may assume ¢ < k and need to show that
M — Y M L =0.
JEli k]
This expression being an element of Q(zo, ..., Zk_1,Trs1, Tm—1)[zx] of degree in zj less

than k, we are reduced to plug in z = x; for [ € [0,k — 1].

Lemma 1.6 We have E,V, =Y, M,.

Given i, k € [0, m — 1], we have

Z (-1)Z_JEl,j7[072[ﬂfi: = H (l’k — Zl'fj) - szl,k

j€[0,m—1] J€[0,3]

Proposition 1.7 We have E, V(I — L,) =Y.
This follows from (1.5, 1.6).



Remark 1.8 We have V, = P, Y, M,.
This follows from (1.4, 1.6).

Example 1.9 Letting m = 4, we obtain

E,V,(I — Ly)
[ 1 0 0 0 1 1 1 1 1 -1 —®2ze1 _ (e3—@;)(wg—=2)
zg—x1 (zog—x1)(zg—=2)
— _w®gp—mg _ (z3—wq)(wz—x3)
_ To 1 0 0 | o T1 T2 T3 | 01 z1—x0 (z1—xg) (w1 —w2)
2 2 2 2 zg—xq)(zg—x
Tox1 —(zo+z1) 1 0 x5 x] T, T 0 0 1 7W
L —ToT1Z2 ToT1+ToT2+T1%2 —(Totz1+z2) 1 x5 23 23 @} 00 0 1
(1 o 0 0
0 (z1—2o) 0 0
= —Y,.
0 0 (wszo)(wszl) 0
LO 0 0 (x3—mo)(z3—21)(T3—22)

1.2 Elementary divisors of Vandermonde matrices over discrete
valuation rings

Setup 1.10 Let T be a discrete valuation ring with fraction field L = fracT. Let t € T
be a generator of the maximal ideal, and let v; be the according valuation.

Definition 1.11 Let m > 1. Given a tuple £ = (&,...,&n_1) of pairwise distinct ele-
ments of T, we say that & is minimally ordered, if

YooulEG &)< Y ulb—8&)
i€[0,j—1] i€[0,j—1]

for each j € [0,m —1] and each k € [j+1,m —1]. Note that any tuple of pairwise distinct
elements of T' can be reordered (non-uniquely, in general) to a minimally ordered tuple.

Lemma 1.12 If  is minimally ordered, then L¢ € (T),, (cf. 1.1). In particular, the
(i + 1) st T-linear elementary divisor of Ve, where i € [0,m — 1], has valuation

Z v (& — fy)

By (1.5), Lg¢ is contained in (T),, if and only if M, is contained in (T),,. The assertion
on the elementary divisors now ensues from (1.7).

Setup 1.13 Let S C T be a finite extension of discrete valuation rings, with fraction
fields K := fracS and L := fracT. Let s € S and t € T be generators of the respective
maximal ideals, and v, and v; the respective valuations. Assume L over K to be galois of
degree m = [L : K| with Galois group G. Assume that

T = S[¥]



10

for some ¥ € T'. Choose an ordering
0,m—-1] = G
1 = 0o

such that the tuple 7 := (J7,...,97""1) is minimally ordered, starting with oy = 17.

Proposition 1.14 For i,j € [0,m — 1], we let L; ;(t) denote the specialization of L; ;
along x+—71 (cf. 1.1). The following assertions hold.

(i) The (i+ 1)st T-linear elementary divisor, i € [0,m — 1], of the Dedekind embedding

T ®S T L’ HUEG
T Q Yy (xy )UEG

has valuation

pii= Y (97— 07).

j€l0,i—1]
In particular, (¢;)icjo,m—1) does neither depend on the choice of ¥ nor on the minimal

ordering chosen on T.

(ii) The image of T ®g T under dr/g, which is an isomorphic copy of T ®s T, allows a
description via ties, i.e. via congruences of tuple entries, as

(T Xg T>5T/S

= (Mj)jel0m-1y | N Z njL;i(T) € Tt? fori e [0,m — 1]

j€[0,i—1]

C HjE[O,m—l] T.

(iii) A T-linear basis of (T ®s T)dr/s of triangular shape is given by the following tuple
of elements of []; T.

€[0,m—1]

[T @)

Feo 301/ seiom1)

Ad (i). This follows from (1.12).

Ad (ii). An element nof [];c,,, ;) 7', considered as a row vector, is contained in the image
of 475 if and only if its rational inverse image, written as a row vector in the L-linear
basis (1®9°,...,1®@ 9™ ) of L& L, is in T ®g T, i.e. if and only if nV~! has entries
in 7. Which, in turn, is equivalent to n(I — L,)Y.~! having entries in T' (1.7).

Ad (iii). We use E;V,; =Y, M, (1.6).
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1.3 A projective resolution of T over T'®g T

In the introduction to [LL 92], several sources for a projective resolution of T over T ®g T
are indicated. We give still another alternative way to view such a projective resolution,
using our isomorphic copy (T'®s T')d7/s. We include the case of Hochschild (co)homology
with galois twisted coefficients, for there a shift in the 2-periodic vanishing of these groups

occurs when compared to the untwisted case.

Notation 1.15 We denote A := (T ®g T)é7/s, i.e.

ToeT T A I1r

oceG
For i € [0,m — 1], we dispose of the projection map

U

A — T
(n5)jelom-1 == 7
which is a ring morphism, and by means of which 7" becomes a module over A, denoted
by T;.

If we identify along d7/g, the module operation of * ® y € T'®g T on z € T; is given by
z-(x®y) := xzy”. Le. T; may be viewed as T equipped with a structure as a galois twisted
T-T-bimodule. In particular, 7y may be viewed as T' equipped with the structure as an
untwisted 7-T-bimodule, that is z- (z ® y) := xzy. Note that 7 is just the multiplication
map.

In A, we have the elements

a = (er[l,mfl]Cﬁ - 1901@)7 07 cee 70)
b= (0,900 —0,... 91 — ).

The element a is in A by (1.14 ii), and b is in A by (1.14 iii). The multiplication map by
a resp. by b shall be denoted by A — A resp. by A Y

Lemma 1.16 We have a 2-periodic projective resolution
R Wy iy Wy

of Ty over A.

From ab = 0 we take a8 = 0 and Sa = 0. Moreover, 7y = 0. By (1.14 ii), we obtain that
the image of v equals the kernel of 3. To prove that the image of § equals the kernel of
o (resp. of ), means, after identification along d7/g, to show that this kernel is T'®g T-
linearly generated by b = 1® ¢ — ¥ ® 1. In fact, suppose given Zie[o,m—l] u; ® ¥ such
that > ic0m1) u;9" = 0, we may write D iciom—1 Wi @ 0= > iciom_n Ui(l® V=9 ®1),
and 1 ® 9" — 9" ® 1 is a multiple of 1 ® ¥ — ¥ ® 1.
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Proposition 1.17 (cf. [BACH 91, prop. 1.3], [LL 92, 1.6.2])
Let ¢ := Zke[l’m_” v(9 — 97%). The Hochschild homology of T', over the ground ring S
and with coefficients in T;, i € [0,m — 1], is given in dimension j > 0 by

T forj =0
H;(T,Ty; S) ~ T/t?T for j odd
0 for j even, j =2
and by
HAT, T S) ~ 0 for j odd
PETETEE T  T/ (07 — )T for j§ even

fori € [1,m — 1]. The Hochschild cohomology is given by
T forj =0

H)(T,Ty; S) ~ < 0 for j odd
T/t?T for j even, j > 2
and by
HI(T.T;: ) ~ T/(9% — T for j odd
Y 10 for j even

forie [1,m—1].

Tensoring the resolution in (1.16) with T; over A yields the homology. Application of
Homy (—, T;) yields the cohomology.

1.4 The local ring T'®g T

Assume ¥ = t.

Remark 1.18 The radical of A is given by tA = AN]],c - 1T In fact, the (¢ +1)st
power of this intersection is contained in tA (1.14 ii). And conversely, by (1.14 iii), this
intersection has the T-linear basis

{(t7 s ’t)} J {<Hk€[0’i_1] (taj N tUk))jE[O,m—l} ‘ ‘e [1’ " 1]} ’
whence A/(ANT]

ring.

ic(0m—1] tT) is isomorphic to Ty/tTy. In particular, T ®g T is a local

Identifying along d7/g, a T-linear basis of the radical tA is given by
t@lL,1ot,1et .. 1ot™ ).
Given j € Z, we write j := max(j,0). Suppose given i > 0. A basis of t’A is given by
21, L @t =2 @ ?,... =M= g ¢m ).

In particular, we have o
dimgpr A/t A = min(i + 1, m).
Cf. [Ki 99, E.2.3].
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2 The cyclotomic Dedekind embedding
We shall apply (1.14) to the case of the extension Z,) C Zp)[(pn]-

Setup 2.1 Let p be a prime, let n > 1. In the notation of (1.13), we place ourselves in
the situation S = Z,), s =p, T = Z,)[(n] and t =9 =1 — (pn.

We consider the Dedekind embedding

Zp)[Gpn] @ Zip)[Gpr] > [T @) Z )| Cpr]
C;]fn ® C;lan > (Cp Cp )JG(Z/ZJ
Where k.l e [0,p™ — 1]. With respect to the Z,)[(,|-linear basis (1 ® t");c(o, (p—1)pn-1-1] Of

0 [Gn] ® Z)[Gpn] and to the tuple basis on the right hand side, this embedding is given
by the Vandermonde matrix V; for 7 := (1 — (Jn)jefo.pm—1)\()-

Lemma 2.2 Fori,j € [0,p" — 1] with i # j, we have v(Cn — ) = (i — j)[pl.

We may assume j = 0 and i = i[p]. Using v(p) = (p — 1)p"* (resp. using a direct
calculation if p = 2, i = 2"~!), the congruence Q;;n — 1=, (¢n — 1)" yields Ut(C —-1) =
w((Gr — 1)) = i

Lemma 2.3 Suppose given j > 0, and write it p-adically as j = Zl>0 aip', where a; €

[0,p—1]. Then
Z ilp] = Z(Gk — agy)(k + 1)p"

i€[1,] k>0

Denote left and right hand side of the claimed equation by /(j) and r(j), respectively. We
have 1(0) = 0 = r(0). Moreover, for j > 1 we have I(j) —I(j — 1) = j[p]. If v,(j) =0,
then 7(j) — r(j — 1) = 1, so that we may suppose v,(j) > 1. Writing j — 1 = Y, a;p",

. € [0,p — 1], we note that a, = p—1and a; = 0 for k < v,(j) — 1, a), = a; — 1 for
k =v,(j) and a), = a;, for k > v,(j) + 1. Therefore,

r() = r(i=1) = Y (ar—ap)(k+1)p" = > (ax — ap)kp"™!

k>0 k>1
= () + il = D (p-Dk+1)pk
kel0,vp(5)—1]
— o(ill/p + > (p-1(k+1)p"
kE[O,’UP(j)—Z]

= jlpl-
Lemma 2.4 Suppose gwen E>j >0, wzth J.k & (p). Write j = Zl>0 ap', k =
Ssoap, k== s0ar, where ay,a;,a) € [0,p —1]. Then

Z (k—1)lp] = _1+Z a; — af) = (ay = afyy)) 1+ 1) — @) P

i€f0.j—1\(p) 120
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In particular,

Yo G-l =1+ (al+1) —anl+2)70.

il0J—11\(p) >0
This follows by (2.3) and the remark that Z (k —1)[p] = #(0,7 — 1] N (p)) =

i€[0,5—1]N(p)
1+ Zaz+1pl-
1>0

Lemma 2.5 Keep the notation of (2.4), but allow k > j = 0 to be arbitrary. We have

Z ((af —a —a) — (GEH - a;,-&-l - al+1)) L+ 1)Pl 2 0.

1>0
Let U:={l>0|a+a >p}C Z>,. We obtain
((a) = af — @) = (a1, — 'y — awr)) (L + 1)p!

=2 () DP + D+ 1p = D (PP =Y (DY
2

leU+1 leU-1 leu
=) (CU+1p* + (+2p" +ip' — (1 + 1)p)
leU
=Y (-1
leU

Lemma 2.6 The tuple 7 = (1 — (n)jeppm—1)\(p) i minimally ordered.
Using (2.2), we need to see that
doG-dbl< DY (k=)
i€[0,j—1]\(p) i€[0,j—1\(p)

for 7 € [0,p" — 1]\(p) and k € [j + 1,p™ — 1]\(p). In the notation and using the assertion
of (2.4) this amounts to the inequality

> ((af = af = ar) = (afyy — afyy — @) (L4 Dp! >0
treated in (2.5).

Theorem 2.7 Suppose given j € [0,p™ — 1]\(p). Let N(j) := #([0,5]\(p)). Write
J = ss0asp” with ag € [0,p —1]. The N(j)th Z)[n]-linear elementary divisor of the
cyclotomic Dedekind embedding

Spn
Z(p)[gp”] ® Zp)[G] Hie(Z/p”)* Zp) [Gpn]
Gon @ G — (G e



where k,1 € [0, (p — 1)p"~! — 1], has valuation
14 (as(s+1) = ag(s +2)) p*
s>0
at t.
This follows by (1.14 i) using (2.6, 2.4, 2.2).

Remark 2.8 PLESKEN gives a system of ties that describes the image of the Dedekind
embedding case n =1 [P 80, p. 60].

Remark 2.9 If n = 1, the valuation at ¢ of the determinant of this embedding ¢, is
=1+ X enp-nao=@—-1){E—2)/2. If n > 2, we obtain the valuation at ¢ of the
determinant of d,» to be

—(p-1p" ! + > Y (@l +1) —a(+2)p
(a1)iefo,n-11€[0,p—1]", an, = 0, ap#0  1€[0,n—1]
= —(p-Dp"" + p" > (a —2b)

a€[1,p—1], b€[0,p—1]

+ 0> (e-Dpne > (a4 1) = b1 +2))p!

le[l,n—2] a,bel0,p—1]

+ (p—1p 2 > amp™!
a€l0,p—1]

= —(p-1p" " 4+ p" - (p—1)(—p* +2p)/2
— (p=Dp" 2 -plp—-1)/2-p(p" 2 -1)/(p-1)
+ (p—1)p" 2 -plp—1)/2-np"*

= p""p-D(p-1)n—-1)/2.

Hence for n > 1, we recalculated the valuation at p of the discriminant of Z,)[(yn] over
Z, to be p"*((p— 1)n — 1). Cf. [N 91, 10.1] (or 5.9).

Example 2.10 Let p =3 and n = 2, so that

T = (1_C971_<92a1_ 371_ g:l_cgal_cg)

As elementary divisors of the Dedekind embedding

8
Z)[G] @ Z)ll] “—  Tliez/o- Ze Gl
e — (5@
where k,1 € [0,5], (2.7) yields
(80, 1, 4, 5, 8, 19).

The determinant of dg has valuation 27 at ¢ (cf. 2.9). By (1.14 ii), a triangular Zs) [(o]-linear
basis of the image of dg is given by the rows of the matrix

1 1 1 1 1 1

0 —Cot¢Z  —Cot¢d —Cot+Ca —2¢o—Co —Co—C3—¢5

0 0  —1-¢i-¢ 1-¢242¢3-2¢8 —14+¢2+¢3+2¢5 —1-2¢o+¢5—Ca

0o 0 0 1-2Co—2¢3+2¢5 —Co—C5  2+2Co+2¢5+4¢5+¢5  —1—Co+2¢3+¢5+¢5+¢5
0 0 0 0 346Co4+3C5—3C5  3Co+3C2+3¢CS43¢5+3¢5
K 0 0 0 0 3¢2+3¢5+3¢5
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3 The cyclic Wedderburn embedding

3.1 The g-Pascal method

We diagonalize the Vandermonde matrix that describes the Wedderburn embedding in the

Z[()-linear basis (), ..., cm 1) of Z[(,,]Crm. More specifically speaking, we multiply with

»“m

a lower triangular matrix G, that records the g-Pascal triangle, consisting of Gauflian poly-
nomials, from the right and with its transpose Gg from the left. The resulting diagonal
matrix is of elementary divisor form, regardless whether or not the ground ring Z[(,,] is a
principal ideal domain. We derive the necessary identities firstly in a pedestrian fashion,
yielding in particular a formula for Gq_l, and secondly, as a consequence of F. H. JACKSON’s
g-analogue (1910) of L. SAALSCHUTZ’ theorem (1890).

Notation 3.1 Let m > 1. The cyclic Wedderburn embedding is given by

Z[Cm]om Ciﬂ: Hje[O,m—l]Z[Cm]
Cm = (Gh)ielom1-

3.1.1 Pedestrian

Notation 3.2 (Gauflian polynomials) Consider the field Q(q) of rational functions in
the indeterminate ¢q. Given ¢ > 0 and j € Z and another indeterminate ¢, we let

[i] = (¢ =1)/(g—1)
o)} = er[l,i][k]

] = Gy 17 € [0,
’ 0 if j ¢ [0,1]

(t;q)i = er[o,z'ﬂ](l —q*).

In particular, [0]! = 1. If necessary, we indicate ¢ as mq = [;] Let the ¢g-Pascal matrix

Gy = ([;])i,je[o,m—l}'

of size m x m be defined by

Moreover, we let
I = (a@j)i,je[o,m—l}
Vg = (qw)z‘,je[o,m—l]
D, = <8,;7j[2']!(q—1)iq(2)) :
,j€[0,m—1]

Lemma 3.3 Ifi > 1 and 7 > 0, we have

NI =1



Moreover,
Finally,

Proposition 3.4 (Inversion of the ¢g-Pascal matrix)
We obtain the inverse of G to be

Gl = <(—1)J‘+kq<j5'“) m)jykew:m_ﬂ.

Given 0 < k£ < i < m — 1, we need to show that

Z [ﬂ H] (_1)j+kq(j;k) = Oik-

J€k,1]

17

We perform an induction on ¢ — k. If ¢ = k, we obtain 1 = 1. If ¢ = k 4+ 1, we obtain

0=0.If i > k+ 2, we obtain

BICETIE D W IGIC AR

320 320

+ AP gl
Jj20
bS] [ (g e
320 ‘
induction Z (4] (1] (_1)j+kq<ﬁgk)+i—k.
j=20

The last term vanishes by subinduction on k, since if £ = 0 we obtain

Z[ﬂ (_1)jq(2) (33) (1;9); = 0.

320

Lemma 3.5 We have
Vq(G_l)t = GqDQ'

q
We need to show that for i,k € [0,m — 1]

S (=1 [0 = B kg —1r 3]

J€[0,K]



18

We perform an induction on k, starting in case k =0 with 1 =1. If £ >

1)i++ }q<k§j> (3:3) Y (-

JjE[0,k—1]

> (-

j€[0,k]

1, we calculate

)i+ [1?1} q(’“’é’l)

D WY T AR
j€[0,k—1]
k—1

e (g g gk - g -
= (O [i).

g1

Lemma 3.6 (Fourier inversion) We have V¢, V-1 = ml. In particular, reordering the
rows of V-1 shows that

™ af mois odd

™ af m is even.

(det V) = {E o

In fact,

(i—k);j
ZjE[O,m—l} gm ’
m(?i’k.

Zje[o,m—l] C%C;zjk =

m—1

(=1)7z7 m.

Corollary 3.7 (cf. [N 91, 8.6]) If m is odd, then Q((n) contains

Proposition 3.8
(i) We have the diagonalization
GZT#VQRGC;J = m(DCEml)_l’
the right hand side being a diagonal matriz with (i 4+ 1)st diagonal entry

m(ﬁ,f)

Hje[l,i](l - Cvjn),

where i € [0,m — 1].

(ii) We have

(Z[Cn]Com)wrm

= 9 (¥5)jel0m-1) for i € [0,m — 1]

Z Yj [Z]%l € Z[¢pn] -

jE€i,m—1]

S Ijepoum—1 Zlém].

m
Hje[l,i] (1 - Q]n)
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(11i) A Z[(y)-linear basis of (Z[(n]Cm)wm is given by the following tuple of elements of
HjE[Onn—l] Z[Cm]

K ('2“) m j
<< Ve Hle[lvj](l_gn) MCm)ke[o,ml]

Ad (i). This formula follows from (3.5, 3.6).

j€[0,m—1]

Ad (ii). A vector y = (y;)jejo,m—1] is contained in the image of wy, if and only if yVC;L1
has entries in Z[(,,]. But \/C;I(Gz,l)*l =Ge1Dea m~!, so this condition translates into
yG.1D.1m~" to have entries in Z[(y,], which is the defining condition given above.

Ad (iii). This follows by G, V¢, = m(De1) (G 1)~" using (3.4, 3.3).

Remark 3.9 Because the derivative of

Fx)y=xm-12 J[ (x-¢)

j€[0,m—1]

evaluated at 1 yields

Foy=m= [ a-¢),

j€[l,m—1]

the mth diagonal entry in (3.8 i) equals (,,. This reproves in particular that all diagonal
entries of (3.8 1) are contained in Z[(,].

Remark 3.10 Using (3.9), for n > 1, p prime, m = p", the valuation at t = 1 — (,n of
the (i + 1)th elementary divisor of wyn, i € [0,p™ — 1], is given by

p" 4
V¢ = ~€1ivt 1-— pn]
(H ) ZJ [1,4] ( s )

JjE[l,pr—1—1] (1 - C;”)

(2.2) .
= ZjG[Lﬂ J [p],

in accordance with (3.15) below in view of (2.3).

3.1.2 Invoking ¢-Saalschiitz

Following J. STOKMAN, we cite the

Theorem 3.11 (SAALSCHUTZ, JACKSON [A 76, 3.3.12] (1)) Givenn > 0, and further
indeterminates a, b, ¢, we have

=0 (@ @m(6 @mlabg' =" q)m (e )a(c/abiq),

a; Dm0 ) m (@7 Q) m m c/a;q)n(c/b;q),
Z(q(f])(q)(q q) _ (¢/a; @)n(c/b;q)
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and specialize to the

Corollary 3.12 (<= 3.5) Given m > 1, we have
Ve = Gqu(Gq>t-

Given i, k € [0,m — 1], we need to show that

= 3 ][]

j€[0,m—1]

Substituting ¢ by ¢!, n by k and specializing ¢ and then b to zero (after rewriting the
right hand side), and specializing a to ¢', (3.11) becomes

ik (qi;q_l)j(qk;q_l)j' -
= 2z ¢ hqh, ¢
_ (1-¢)--A-¢g)-A-¢"---A-¢"77")
= 220 (=g - (=g | q
s (¢ =D (¢ =1 (F-1)--- (7" -1
20 (g =1) (¢ - 1) (@' =1)- (¢ = 1)

= o [ [ - a® g — 1y

q

B -1y

3.2 The general Vandermonde method

To compare, and to recalculate elementary divisors, we apply the method of §1.2 to the

localized cyclic Wedderburn embedding.

Setup 3.13 Let p be a prime, let n > 1. In the notation of (1.13), we place ourselves
in the situation S = Zgy, s = p, T = Z)[(n] and t = ¥ = 1 — (n. We consider the
localized cyclic Wedderburn embedding

Z(p)Kp"]Op” = Hj_eZ/pn Z(p)[gp"]
Con — ((oh)jez /o

where ¢ € [0,p" — 1]. In the notation of (1.1), and with respect to the Z[(y]-linear
basis ((1 — ¢pn)")ieppr—1] Of Z)[n]Cpr and the standard basis on the rlght hand side,
this embedding is given by the Vandermonde matrix V. for 7 := (1 — C n)j€lopr—1]-

Lemma 3.14 The tuple 7 := (1 — an)je[o’pn_l] is minimally ordered.
Using (2.2), we need to see that

Y. G-dl< ), (k=)

i€]0,5—1] 1€[0,5—1]

'In the left hand side summand of [A 76, 3.3.14], a factor (ab/c)N ™ has been forgotten.
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for j € [0,p" —1] and k € [j + 1,p" — 1]. Write j = > gap’, k=X 0ap, k—j =

1",.1

> 104/ Ps where a, @, ¢ € [0,p — 1]. By (2.3), we need to show that

Z (<a; - a;/ — ) — (a2+1 - aﬁl - al+1)) I+ 1)pl > 0.
1>0

This follows from (2.5).

Proposition 3.15 Suppose given j € [0,p" — 1]. Write j = >, app®, ap € [0,p —1].
The (j + 1)st elementary divisor of the localized cyclic Wedderburn embedding

Z(p)[gp”]cp” — ngZ/pn Z(p)[Cp"]
G (Gh)jezypm

" — 1], has valuation

Z(ak — aj41) (k + 1)p"

k>0

where i € [0, p

at t.
This follows by (1.7, 1.12), using (3.14, 2.3), or by (3.10), using (2.3).

Remark 3.16 By (3.6), the square of the determinant of w,» has valuation np™ at p.
Alternatively, by (3.15), we obtain the valuation at t of the determinant of this embedding

to be
> > (@ —a)(+ 1)p!

(@)ico.n—11€[0,p=1]", an =0  1€[0,n—1]

Z pnT2. Z (a=b)(l+ 1)pl) + (p"_l . Z anp"_l)

1€[0,n—2] a,bel0,p—1] a€l0,p—1]

— pn—l P(P;l) npn—l.

3.3 The Pascal method
3.3.1 First order Pascal ties

There are some obvious ties, i.e. congruences of tuple entries, that are necessary for elements
of [Tic(0,pn—1) ZlCpn] to lie in (Z[Cpn]Cpn)wpn. If n =1, they are already sufficient, yielding
a manageable basis of (Z[(,]C})w,. In general, they describe an intermediate ring between
(Z[Gpr|Cpr Jwpn and HiE[O,pnfl] Z[Gpr]-

Notation 3.17 Suppose given s > 0, a polynomial f(X) 1= >, a; X" € C[X] and a
tuple (y;);e0,s, ¥; € C. We define the evaluation of f at (y;);e0,9 to be

(Z aiXi> [(yj)je[o,s}] = [(%)je[&sﬂ = Z a;y;-

i>0 j€l0,s]
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We note the difference between the polynomial power f? [(yj)je[o,s]] (power of f, taken

in C[X], evaluated) and the ordinary power f [(y;);e(0,5)] (power of the evaluation of f,
taken in C), i > 0.

Let m > 1, let t = 1 — (,,. We consider the Z[(,,]-submodule Wi of

0
W= Hje[o,m—u Z[C]

defined by the first order Pascal ties

W7(nl) = {(yj)je[(),m—l] ((1 — X)Z) [(yj)je[o,m—lﬂ =4 0 for all 7 € [O,W - ].}}

_ {(yj)jem,m_” ‘ > coa (=17 (3) y; =0 0 for all i € [0,m — 1]}
0
c W

Lemma 3.18

(i) The image (Z[(n|Crm)wm of the Wedderburn embedding (3.1) is contained in Wb,

Z[(m) O = WD o W)

(i1) A Z[(]-linear basis of W is given by

Endicom—y = (D C)scomon) gy

(11i) The (i41)st elementary divisor over Z|[(,,] of the embedding Wi ¢ Wi is given by
t', 1 € [0,m—1]. (In particular, Z[(,,] not being a principal ideal domain in general,
there exist bases with respect to which the matrix that describes this embedding takes
diagonal shape.)

(iv) The Z[(p]-linear determinant of the embedding WY C Wi is ¢m(m=1/2,

Ad (i). We have ((1 - X)i) [(€4)jet0m] = (1= C,)i =4 0 for all i € [0,m — 1] and all
le0,m—1].

Ad (ii). Inverting the matrix A = ((—1)%t (g))ie[ﬂ,mfl],je[o,mfl} arising from the tuple
of elements (§n.7);¢(0,m_1)» We Obtain A™1 = (1)t <g))i€[0,m—l],j€[0,m—1}' An element
y is contained in the Z[(,,|-linear span of our tuple if and only if, y considered as a row
vector, yA™! is entrywise contained in Z[(,,], i.e. if and only if y € Wb,

In particular, we have the
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Proposition 3.19 Let p be a prime. We have a factorization of the Wedderburn embed-
ding (3.1) into

Z[(,)Cp 2 WD WO = T ZIG).

JEZ/p

The factorization follows by (3.18 i). The isomorphism follows by comparison of (3.18 iv)
with (3.6), both yielding the valuation at ¢ of the determinant of the respective embedding
to be p(p — 1)/2, and zero elsewhere. We remark that the elementary divisors resulting
from (3.18 iii) are in accordance with (3.15).

Remark 3.20 (coefficient criterion) The tuple (yi)icjop € WZSO) is contained in ngl)
if and only if, writing y; =: 3" ci0,p—2 Yi.3¢” s Yij € Z,

i€[0,p—1], j€[0,p—2]
holds for all 0 < v <u<p—1.
An element 3510 0 %G = Y ,ci0p-2] ( iel0.p—2] ) 1)V, z; € Z, vanishes

modulo " for u € [0,p — 1] if and only if 37, o ( ) 0 for all v € [0,u —1]. Tt
remains to plug in z; = Zie[o,p—l]( 1) (l) Yij-

Lemma 3.21 Given 0 < j < ¢, we have

Emgbms = Y (1) () (=175 i,

ke[0,j]

where we let £, =0 for | = m. In particular, W s a subring of W

We need to see that for [ € [0,m — 1]

(178 () (1 () = 30 (1) (51) (F1P 4974 () (L)

ke[0,5]

We may assume ¢ < [ and reformulate to

(=2 ) (5.

k>0

which now follows from a comparison of coefficients in (1 +7)' = (1 +T) (1 +T)"7 at
T,

Remark 3.22 Let p be a prime, let n > 1, let m = p"™ (in particular, t =1 — (pn ). We
dispose of ring automorphisms
Z[Cp"]cp" =~ Z[Cp"]cp"

cpn —> CpncCpn,

and a©®
P

(0) (0)
an el an

(yj)jGZ/p" - (yj+1)jeZ/pn
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(0)

Lo 0) _ : : 1) 1)
satisfying wpnyn = apnwpn. Moreover, oy, restricts to an automorphism oy’ of W',

with operation given by
1 i (o n
gp",jaz(ﬂ’) =&prj — tepn g1 + (=1)PY @ (pJ ) Epr pr—1

for j € [1,p" = 1], and by &n oo = &n o(=1,,m).
For j € [1,p™ — 1] and ¢ € [0, p" — 1], we have

(=07 (5) =t (17771 (1) = (=07¢ (51),
which we compare for ¢ = p™ — 1 with

gpn7p71,1 = (0, ey O’ (_]_)Pn—ltpn—l)’

whence the formula describing the operation of al(jln). The valuation at ¢ of the third coeffi-
cient therein amounts to j + (n — v,(4))(p — 1)p" ! — (p™ — 1). In case n — v,(j) > 2, we
obtain

j+m—v(G)p-1p" ' Z2(p—1)p" 2 p" — 1.
If n —vp(j) = 1, we obtain
j+m—v(G))E-1p" t=p" +(p—1)p" T =" - 1

1)

pm

(0)

Hence a,n restricts to an automorphism «

Lemma 3.23 The factorization of the Wedderburn embedding maps

Zn]Crm > W) k
i 1-¢,
Cm — Dkelo,m—1] (f) Emk

for i € [0,m — 1], where we let 0¥ = 1.

In fact,

i\ k ¢ \* j
Eke[o,mfl] (1_t<m> fm,k = (ZkE[O,ml] (1 t<m> (_1)ktk (776))]'6[0 m—1]
= (A== cm 1

2

= CpWm,

which remains true for ¢ = 0.

3.3.2 Second order Pascal ties

In this appendix to §3.3.1 we shall indicate a method of how to continue the approach via Pascal ties.

Let n > 2, let p be a prime and let ¢ =1 — (pn.

Lemma 3.24 Let s > 1. For any i > 1, we have in Q[X]

> % (1= (1 =x))F —ix?) e (x*).

ke[l,s]
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This expression being contained in (X), it suffices to prove that its derivative is contained in (X*). In

fact,
& D0 H(( = (1= X))k —iXF)
ke(l,s]
> = (1= X))t - X)) —ix k)
ke(l,s]

11— (1 X)) L 1ox
‘Z(,1—<1—<1—X>i>(1‘ )T 1—X)
)

Lemma 3.25 For this lemma, we allow n > 1. Let

tk_l tk_l

for(X) = Y - | X > TXkGZ(p)[Cp"][X]~

ke[l,p—1] ke[l,p—1]

For any i € [0,p" — 1], we have

We also write shorthand

tk71
yi= ),
kell,p—1]
In fact,
=1\ F1—(1—t)*\P k=1 (1ot \F
(Zke[l,p—l] L k ( t ) - Zke[l,p—l] tT ( t )
1—(1—t)"\? i
%Zke[l,p—l] % t ( (t ) ) - (1 - (1 *t) )
_ 1—(1—¢P)¢ ik
= A e (P - - -1)")
=0 Y eppy (it — (1 - (1 - 1)) )
(3.24)
= tp—l

We consider the Z[(,n]-submodule Wﬁ) of WIE}L) defined by the second order Pascal ties

WIEE) = {Zke[o,p”—l] zk&pr k| 2k € Z[Gpr], (Xifzz"‘ (X)) [(zk)ke[O,P"*l]] =e-1 0
for all i € [0,p — 1] and all j € [0,p"~! — 1] }

c wi,

where the congruence is to be read in Z)[(pn].

Lemma 3.26
(i) The image (Z[(pn]Cpn)wpn of the Wedderburn embedding (3.1) is contained in Wﬁ),

(.dp'n.

Z(pn]Cpn > WD e W W,

(ii) The (i + jp + 1)th elementary divisor over Z,)[Cpon] of the embedding (Wﬁ))(p) C (WIE}L))(I,),
i€[0,p—1],5€[0,p" ' —1], is given by t/P=V. Moreover, the (i + jp + 1)th elementary divisor
of the embedding (ngg))(p) - (Wég))(p) is given by t(tip)Tilp=1)
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111 e valuation of the n|-linear determinant of the embedding » C » 18 given by
jii) The valuation of the Z[(yn]-1 d f the embedding W' C W) b
pt(p"t —1)(p—1)/2 at t and by zero elsewhere.

Ad (i). We have to take care of the coefficients calculated in (3.23). For i € [0,p — 1], j € [0,p" ! — 1]

and h € [0, p™ — 1] we obtain
i
(1—4;%) j (1—4;%)
? P 7

( . ) = k
e (X) <( _t"">>
kel0,pm—1]
ti(p—1) 0.

(3.25)

Question 3.27 We do not know whether W;i) is a subring of Wé,ll).

Specializing to n = 2, we obtain the

Proposition 3.28 We have a factorization of the Wedderburn embedding into

Z[G]Cpe WD W cw = [ 2zl
JEZ/p?

The factorization follows by (3.26 i). The isomorphism follows by comparison of (3.26 iii) and (3.18 iv)
with (3.6), both yielding the valuation at ¢ of the determinant of the respective embedding to be p(p—1),
and zero elsewhere. We remark that in this case, the elementary divisors resulting from (3.26 ii) are in
accordance with (3.15).

Example 3.29 Consider the case p =3, n =2, thust =1 — (g, v =1+ t/2. An element Zke[o,s] 289,k

is contained in WQ(Q) if and only if, z = (21)re[o,s) considered as a row vector, it multiplies with

ri ool o 0 0 0 0 0 17t o0 olo o ofo o o0 7
010/ -1 o0 0 0 0 0 ot o|lo o o]0 o0 o0
0 01|—t/2 -1 0 1 0 0 o0t/ o o oo o0 o0
0 00| v —t/2 -1 t 1 0 00 O0(t2 0 0|0 0 o0
0o o0o0| O N —t/2|—2y+t2/4 t 1 0 0o0|l0 t2 0|0 0 o0
0o o0o0|l 0 0 ~ —ty —2y+t2/4 t 0 0o0|l0 o0 t2o0o 0 o0
0 00| O 0 0 ~2 —ty —2vy+t2/4 00 0|0 o0 t= 0 o0
0 00| 0 0 0 0 ~2 —ty 00 0|l0 0 O0]o0 t%* o0

Lo oo| o 0 0 0 0 ~? JLooojlo o of|o0o o ¢t *

to a vector entrywise contained in Zs)[(o].

3.4 Comparison of methods in an example

Example 3.30 Consider the case m = 5, in which the cyclic Wedderburn embedding
becomes

ws

Z[CS]CS — Hj€[0,4]Z[C5]

Cs > (Cg)je[oA] .

Lett:1—<5

(i) The g-Pascal method (3.8 iii) yields the Z|[(5]-linear basis of (Z[(5]C5)ws given by
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the rows of

I 5 0 0 0 0 ]

4+43C+2C2+ ¢ —4—-3¢G—2¢ -3 0 0 0
2+ G+ 2¢ —1—(+2¢ 20 + 2 +2¢3 0 0
2+ G+E+E —2—-G-2¢  3+3G+2¢+2¢ G-¢ 0

i 1 1+ G+ —2—( 203+ ¢ =3¢ ¢ G |

(ii) The general Vandermonde method (1.6) yields the Z[(s]-linear basis of (Z[(5]C5)ws
given by the rows of

1
0(G—1)
0 0
0 0
0 0

1
(G -1
(6 = 1)(E = G)
0
0

1
(CR)
(63 = DG =)

(CER(CRIO(CEIE)
0

1
(G —1)
(G = DG = G)
(G — DG — GG — )
(G = DG = GG = )G = ¢)

(iii) The Pascal method (3.18 ii, 3.19) yields the Z[(s]-linear basis of (Z[(5]C5)ws given
by the rows of

Goll 11 1 1
&1 |0 —t —2t =3t —4t
&a| 0 0 2 32 6t
&zl 0 0 0 —t3 —4¢3
&alO 0O 0 0t

But this method works only for m prime (and for m = p?, but less simply).

The radical series of (ng

p

) )

Let T be a discrete valuation ring with maximal ideal generated by ¢ and residue field
k = T/tT. Let A be a subalgebra over T of a direct product of m copies of T such that
its embedding into this product has torsion cokernel. The dimension over k of the radical
layers t*A/t'T1 A stabilizes for large i at m [Kii 99, E.2.3]. On the other hand, the surjection

tA/PA @p AN — TIA TN
induced by multiplication yields the bound
(dimyg tA/t?A) (dimy t*A /e A) > dimg, (¢FEA/T2A).

The question is the behaviour of this sequence of dimensions dimg(t*A/t**1A). The ring

ng}l) introduced in (3.17), localized at (p), yields some example material.

Notation 4.1 Let p be a prime, let n > 1 and write t = 1 — (n. For ¢ € Z, denote
i := max(0,4). Given an integer i > 0, we write it as i = Z;;o a;p’ with a; € [0,p — 1]
and denote its p-adic Quersumme by g,(i) 1= >, a;-
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For a,b,m > 0, we let

a

SNoor| =) (%), T e Z[T).

i€[0,m) b>0
That is, (Z)m denotes the number of of choices of b balls out of a different balls with each
ball chosen at most m times, disregarding the order in which we choose.
In particular, (‘;)1 = (‘g) The sequence ((b) Jm>0 becomes stationary for m > b at the

a+2_1). We have the recursion formula

()= 2 G5),

j€[0,m]

value (

where we let (‘;)m := 0 for ¢ < 0. Furthermore, plugging in 7" = 1 in the definition yields

Zbe[o,am] (Z)m - <m + 1)(1.

Proposition 4.2

(i) The Zy)[Cpm]-order (Wéi))(p) is a local ring, with simple module F,, acted upon iden-
tically by &m0 and trivially by Epn ;i fori € [1,p—1] (cf. 8.18 ii). Le.

(Wi )y = (W) ) N W)

(i1) Fori >0, the ideal ¢ (W ))(p) is Zp)[Gpn]-linearly generated by the tuple

ti—(h?(j) . ) .
( fp 7 je[07pn_1}

In particular, for i > n(p — 1) we have tz“(W(l)) (W(l)) o (cf. [Kii 99,
E.2.3)).

(7ii) On the quantitative side, we obtain for i > 0

i = dimp, ¢ (W) ) A (W) gy = Y (),

J€0,i]

Ad (i). On the one hand, the quotient of the respective Zy[(y»]-order modulo the ideal
claimed to be its radical is a simple module. On the other hand, this ideal is nilpotent
modulo ?.

Ad (ii). We abbreviate ¢ := ti(Wp(i))(p) for i > 0 and perform an induction on 7, the case
of i = 1 being true by (i), and a basis of tA being given by (£, o Epr 1y Epnpn1). Note
that for 0 < b < a, the binomial coefficient (§) has valuation p"~(g,(a—b) +q,(b) — g,(a))
at ¢.

We claim that v - '~ is contained in the span of the given tuple.
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The set t&,n o+t is contained in this span. Moreover, by (3.21), we obtain in case 1 < j/,
0<j <7,

(+) o g (EmUNE 1y = 12D N () (TH75) (= 1) E Gy s

s€[0,7]
So it suffices to show the inequality
(TN +i—1—q(f) +s = i —q(j+ 5 —3)
= i—q(j) = gp(7' — 5) + ' " ((7T70))
for s € [0, 5], whence in turn it suffices to show that
(1—p" (7)) = 1+ s+ gy(j' — s) > 0.
But we have s > 1 or (s =0 and ¢,(5') > 1).
Furthermore, (3.21) yields
(%) Epn g (t = qp(])fp”,j) o Z
5€[0,5']
in case 1 < j' < j. So it suffices to show that
wl(3) (7N izl () +s 2 i—glits — )

for s € [0, '], whence in turn, dropping a factor p"~!, it suffices to see that

(4) (F*97°) (1.

(@' =9)+ () =00+ =5+ =0 (+5'=5)) ) =)+, (4 —5)+5—1 > 0.

For s > 1, we see that both in case (x) and in case (xx), the corresponding summand is
even contained in {viL,

We claim that v -t~ contains the given tuple.

First, we note that tﬂgpw = (t&mp)". Moreover, by the summandwise argument
above concerning (%), we dispose of the congruence

En (70D, ) =00y ¢im10() (Jﬂ ) Enjasr-

in case 1 < j' < j. In particular, given j € [1,p™ — 1] such that j[p] < j — j[p], i.e. such
that j is not a power of p, we obtain

fp”J[P] (twgpnd—jtﬂ]) =tri—l tL( )fp J o

and it remains to note that vp((j[]%,])) = 0.

Furthermore, for m € [0,n — 1] we have
Egn (117020 ) = =™
Ad (iii). Concerning the dimension of the ith radical layer, we calculate

#{k’ S [ijn - 1] | Qp(k) = j} = #{(az)le[o,n—u € [0729 - 1]” ’ Zle[o,n—l] ap = j}
= (7).
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Remark 4.3 The inequality mentioned in the introduction to this section reads lpn 1-lpn 3 =
lpn iy1 for ¢ > 1. By (4.2 iii), this translates into the assertion that

(n+1) Z (?)p_1 > Z <?)p—1

J€[0,7] J€[0,i+1]

For p large, this follows from

(n+1) (Zje[o,i] (?)p_1) = (n+1)

A\VANI
2
T+
N

N~—
8
S

Zje[o,i+1] (?)p—l ’

Example 4.4 The sequence (Is1,:)i>0 s given by

1, 5, 15, 31, 50, 66, 76, 80, 81, 81, ...

5 The absolute cyclic Wedderburn embedding

Once given the Kervaire-Murthy pullback, a closed formula describing the image of the

absolute Wedderburn embedding can be derived in a straightforward manner (5.14, 5.18).

5.1 An inversion formula for QC)»

Let p be a prime and let n > 1.

Lemma 5.1 The inverse of the absolute Wedderburn isomorphism

WQP H QCp

kel0,n]

Cpn > (Cpk>k€[07n]

15 given by
-1
wQ,pn
IT Ql¢+) == QG
kelo,n]
: ’L 3 s k—1
(Zyk,icgk>k€[0,n] - p_nz Z pkykzi Z ﬂp Z p ykzz Z Cp—:]p
i€Z i€EZL kE[O n ]e[]_ o k] k‘E[l n} je[l pn_k+1]

= p Z Z p Z yk,z‘—jpk - yk+1,z‘—jpk) )

i€Z  ke[On]  je[lpn—H]

where y,; € Q and where y,11,; = 0 for i € Z. We allow ‘non-reduced’ expressions for
elements in Q((,r), merely requiring yr; = 0 for all but finitely many i € Z.
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We denote the absolute Wedderburn embedding, i.e. the restriction of wqpn to ZCy, by

pr HZCP

kelo,n]

By (3.6), the inversion formula over Q((,) reads

Q)G == [] QGn)

16[}p ]
e (G )ie1 o)

p Z C’;n Z yz‘é};zij ~— ()i

JELp"]  i€[lp"]

We precompose the inverse direction with the direct product of the maps

Q(() — II Qe
0€Gal(Q((,1)/Q)
r (.fO')U

over k € [0,n|, where the position of the Galois automorphism corresponding to i €
(Z/p*)*, represented by i € [1,p"], is to be identified with the position ip"~* € [1,p"].

If I € [1,n], the image of (Ox)keon] € [I1epon) Z[Cpr] under this composition is

Y e Y g

yeu Pl iELpn), vp(i) = n—l

— Z C;n Z C—wp"l

JE€llp™]  ie(Z/ph)*

= p" cjn —Dpl~t + C;n(_l)pl_l
117”] vp(J Jelp™], vp(d) = 11
-1
(5 ) (5
J€Lpn=t] JE[Lpn=t+l]
Ifl=0,itisp™ ¢)n. The inversion formula follows by QC,»-linearity of wq »
JE[l "]

5.2 An inversion formula for QC,,

Let m > 1. Writing d|m stands for d > 1 and m € (d). The letters p and ¢ are reserved
to denote prime numbers. We denote by k[p] := k/k[p| the p/-part of an integer k& > 1.
Given a finite family of groups (G;)icp,, [ = 1, there is a ring isomorphism

zl [[ Gl = Q) zG;

i€lL] i€[1,]]
(91)i — (@) =q® - @q.
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For p|k we denote by sy, a representative in Z of the inverse of k[p'] in (Z/k[p])* to obtain

Cr =~ [[Cuw
plk

- [Zv? = (Ckip))plt
JpSk, klp’
ck ol ’ (Clygzip )p|k’

and

] = QZGp)]

> ipk[p'] "

plk Sk,pJp

G i (G
G = (Chlpl)pis-

We use these isomorphisms as identifications.

We consider the absolute Wedderburn isomorphism

QC» 2 T]Q(c)

dlm
Cmp (Cd>d|m

and its restriction, the absolute Wedderburn embedding

“’”Hz Cal.

Remark 5.2 The embedding wz,,,, identifies with @
tifications yield an isomorphism of embeddings

i WZ,mlp) in the sense that the iden-

ZC,, Lz [z

dlm

|

®p m YZ,m[p
Ry ZCmip ‘ - Qi [ 216
elm[p]

On both ways, ¢, is mappped to (¢a)gjm-

We factorize wQ along identifications u and w into

[T1e) = | I] Qlcd | = &X) QCopp) = QCm,

dim plm  \d|m[p] plm

v being the tensor product of the inverses of the absolute Wedderburn isomorphism be-
longing to the respective prime part (cf. 5.2).
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For e|m and a prime p|m, we abbreviate the element

( 7
S o ) =0
i€Z/mlp]
QCy, D feplem) = " el 1 delpl/p
> e > for vy(e) > 1
k iez/(2it) i€/ ()

Suppose given an element a,4(c,,) = Z aqict, € QC,, for each d|m, representing aq((y) =
1€Z/m
> iczjm aq;C;. Using QC,,-linearity, we obtain
(a’d(cd))d‘muvw = Ze|m (
Ze|m e(Cm
Ze|m e(Cm
Ee|m (

fep Cm = Z fep]

JEZ/mp]

) (Oc,q) dpmuvw

)+ (el @)apmip]) 51 00
) - (fep(cm[p ))p|mw

en) Ty Je (™).

Cm

o
e i

We write

and continue to calculate

Zelm ae<Cm) Hp‘m fe p( Sm pm[p ]) Ze\m Z'LEZ/m ae ZC Hp‘m Z]EZ/m[p] fe P ] JSm pm[P ]
= Ze\m ZzGZ/m aeﬂcm Zkez/m m Hp\m fe,p,k
- ZZGZ/m Clm [Zehn ZkGZ/m eI~k Hp|m f67p9k

If A is a condition which might be true or not, we let the expression {if A} take the value
1 if A holds, and 0 if A does not hold. Given d|m, we let d'|m be defined by

vp(d') := max(v,(d) — 1,0)

for p|m. We rewrite

Fepse = 5 |4t elpllk — L{if plelp Hif elplpk}]

to obtain

[y Fews = & Ty |G elpllk} = 143t plelpl}Hif efp]lpk}]
Swens| TG | T 0-)

ple, e[p]=pk[p] ple, e[p]|k[p]

Proposition 5.3 (inversion formula) The inverse of the absolute Wedderburn isomor-
phism
QC, 22 T]Q()
dlm
Cm FH— (gd)d|m
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maps (aq(Ca))dm, written using representing elements aq(cy,) Z agict, € QCy, to
1€Z/m

e |

ZGZ/m dim  k€Z/(% pld, pfk

where vy(d') := max(v,(d) — 1,0).

But these inversion formulas (5.1, 5.3) are not suited for giving convenient ties that describe
the image of the absolute Wedderburn embedding, for in neither case they yield a triangular

system of ties, i.e. of congruences of tuple entries.

5.3 The Kervaire-Murthy pullback

Let p be a prime and let n > 1.

Lemma 5.4 Let k € [1,n]. Writing

fe(X) == — Z (p—l—z')X“"kf1

1€[0,p—2]
w(X) = ) (‘09”7'““ — p(i+ 1) XPHT e (pr Rt —p(i 4 1) + 1)X”pk> 7
1€[0,pn—Fk—1]
we obtain
RO T @0 | +au(X) - @p(X) = p+tL
i€0,n]\{k}
We expand

IACoRN I || K *16'¢)
i(0,n)\{k}

= — (Sieppa @ = 1= X7 ) (X = 1) Sigg oy X7)

= — (Lienp-n® - )X~ Diclop—z(P —1 - i)Xipk_1> (Zie[(),p"’k—l} Xipk)
= —\—p+t Zie[O,p—l] X (Zie[o,p"*k—l} Xipk)

= p (ZiE[O,p”"“fl} Xipk) o Zz’e[o,p”—k+1—1] Xipk_l) .
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Then we calculate

gr(X) - (I)pk(X)
— (Zz’e[o,pn—kq} <_(p”—k+1 _ p(i + 1))Xz‘pk+pk71 n (pn—k+1 B p(z’ + 1) 4 1>Xipk>) .

S
' (Zje[om—l] X 1)
n— . ink i
- = Zie[o,pn*k—u Zjep,p} (PR — p(i 4+ 1)) X P P o
+ ZiE[O,p""“fl] Z]’E[O,pfl] (pn_kH —p(i+1)+1)X? +ip
7 — . i k i ks
= — zze[o pr— 1]( B+l _ p(z + 1))X( +1)1'7 k_|_ Zz‘e[o,p"*k—l] ZjE[l,p—l] X" +ip
+ ZZE[Op” k1] (PR —p(i + 1) + 1) X7
n— . i k i
- Zle [1,pr=F—1] (p - pi) X" + Zie[o,p”*kﬂfl] X
_ . ink
+ ZZE[O pr—k—1] (p" = p(i + 1)) X7
7 k i k— "—
= 7P <Zi€[1,p”"“—1] X ) + (Zie[07pn—k+1_1] X 1) + (p k+1 —p),

k—1
k—1

k—1

k—1

Lemma 5.5 Writing

1€[0,p"—2]
we obtain
[T 2| +90(X) @p(X) =p"
i€[0,n]\{0}
We expand
90(X) - B (X) = = (Licpomoy(p" —1—0)X7) (X =1)

= = (XZieppmyP" — i)Xi) + (Zie[ovpn_u (p"—1— z')Xi)
= = Zz’e[o,p"—l] Xi) +p"

Proposition 5.6 (KERVAIRE, MURTHY [KM 77, §1]) Let k > 1. There is a pullback
diagram of rings

C kl > Cpk—1
ZC, ZCs
o |
Z[Cpk] FpCpk 1

Cpk} > Cpk—l

Given a commutative ring A containing ideals a and b, there is a pullback diagram
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Alanb A/b
Ala Ala+b.

Hence, letting A = Z[X], a = (®,1(X)), b = ( P _1), we need to show that (@1 (X))N
(X?"' —1) = (X?" — 1) and that (D (X),X?"" —1) = (p, X?" ' —1). The intersection
follows from the analoguous assertion in Q[X], using Z[X]f(X) = Z[X] N Q[X]f(X) for
a monic polynomial f(X) € Z[X]. The sum follows by

~1) % (p, @ (X), X7

k—1 1

—1) = (p. (X — 17" (X — 1P,

Corollary 5.7 The index of the absolute Wedderburn embedding wz ,» is given by

p-1
# [ FoCper =p> 1.

ke[1l,n]

Corollary 5.8 Form > 1, the index of the absolute Wedderburn embedding wy, ., is given
by
m[p]—1

p

-m[p’]_

plm

This follows from (5.7) using (5.2).

Remark 5.9 For k > 1, we let Ay denote the absolute value of the discriminant of Z[(j]
over Z. We take from [Kii 99, S 1.1.2] that the index of wg ,, is given by

m’ﬂl
Hd|m Ad .

A comparison with (5.8) allows to re-calculate A,,. First we remark that the inverse of the
Dedekind isomorphism

Q) ® Qn) = TLez/my Qi)
C’Ilil ® Crln - (CrliLerri)]E(Z/m)*a

where k,1 € [0, p(m) — 1], is given by

1

e /myr QGn) 2+ Q(Gn) ® QG)
(Yj)je@jmy > m™! Z Z YiCn? ® Gl

i€Z/m je(Z/m)*

In particular, its restriction to the Dedekind embedding

Z6n) @ 20n] 5 T 26w
j€(Z/m)*
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has a cokernel annihilated by m. In particular, the prime divisors of A,,, divide m. We infer
that for p|m

> ol = Xop(a0) = i) (vy(mpmly] -2 ALY,
d|m

dlm, v, (d)>1

Given d > 1, p|d, we denote

dlp
ulp.d) = 22 (o, @) p 1) = 1) - ')
p
and obtain
>oupd) = Y W (n@p-1) - 1) wdp])
dm, vy (d)>1 dm, vp(d)>1
= > i (-n-1)- Y el@
i€[1,vp(m)) d|m[p’]
= (ep(m)mlp] — 2521 ) - mfp]
whence by induction on m, we get vy(A,,) = u(p,m), i.e. the absolute value of the

discriminant is

5.4 Kervaire-Murthy ties for ZC).

Let p be a prime and let n > 0. Given j € Z and k > 1, we let [j]x € [0,k — 1] be defined
by [jlx =k j. For a,b,c € Z and a < b, we let x[ap(c) := 1 if ¢ € [a,b] and x[ap(c) := 0 if
c ¢ la,b].

Let If(Z) be the abelian group consisting of sequences r = (;);cz with entries z; € Z

such that the support
z:={ieZ|x;,#0} CZ

of positions carrying nonzero entries is finite. For ¢ > 0, m > 0 and s > 0 we shall define
a Z-linear operator T;"" : [{(Z) — [{(Z) (which we write on the left).

Suppose given j € Z. If i > m, we let

Tm7s .
i L i [0,pi— 1 LG jimm —pi =M hpits -

keZ

If 1 < m, we let

<szsx> =0.
J
(1;0,0‘1:)] — X[O pie 1] ij—i—kp

keZ

We note that
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Lemma 5.10

(i) Given a,b,c,d,s,t >0 such thatb—a < d—c<b+s<d. Then

Tas Tct d b— sTad b+t
b .

(i1) Given a,b,d,s > 0 such that b+ s < d. Then

a,s 0,0 _ ra,s
Ty o, =1,

Ad (i). We may assume 0 < b — a. Given j € Z, we obtain

a,src,t _ a,s
(Tb T w)j =% ( [0,p%— § :xb/] d— d‘c+kpd+t>
J'E€Z

kEZ j
_ b—a /!, b+s
= Xpopt—1)(J ZX[o,p - —p T+ P
k'e€Z

. E x[[j]pb_a_pbfa_;'_k/plﬂ»s]pd_c_pdfc_;’_kpd#»t

keZ
= X[o,pb— 1] ZI[J] b—q —pPP O+ kpdtt

keZ

- (pd*b*STlf’d_me) )

J

b+s

Ad (ii). The operator T;"® is invariant under sequence shifts by p’**, hence under sequence

shifts by p?.

Lemma 5.11 Given m > 1, [l € [1,m] and a > 0, we obtain

2 : I—1—irpal—1—i 0,0 10 \ _ a0 Il
p Tmfl © (Tm—z - Tm—z) - Tmfl -D Tmfl'

i€[0,1—1]
In fact,
2 : I 1—irna,l—1—i 0,0 1,0 \ (5-101, ii) 2 : l—1—iral—1—i 2 : 1—irma,l—i
p Tm—l © (Tm Tm z) - p Tm—l - D Tm_l
1€[0,l—-1] 1€[0,l—1] 1€[0,l—1]
_ E l—irpa,l—i 2 : 1—ira,l—i
- p Tm—l - p Tm—l
1€[1,1] 1€[0,1-1]

. a,0 1a,l
- Tmfl -Pp Tmfl‘

Lemma 5.12 For z = (2;);ez € N(Z) and | > 0, we denote
Tk Q= ij(}zl
jezZ

and obtain
€T * Cpl = ((7}070 - ,‘Tll’o)x) * Cpl'
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We claim that (Tll’ox) * (= 0. We may suppose [ > 1 to calculate

1,0 . j
(T, ") * G = Zjez X[0,p~1] (J) Zkez x[ﬂpuﬁpl‘hrkpl(;l
= ZkEZ Zhe[o,pl_lfl} Zie[o,pfl] Llntipt=1] 41 —p! = +kp

_ h ipl—1
= Zkez ZhE[O,pl_lfl} Lh—pt=14kpt Cpl Zz’e[o,pq] Cpl

= 0.

, <h+ipl -1
pl

Lemma 5.13 Forl>1, s >0 and j € Z\[0, o(p') — 1], we have ((TZO’S — Tll’s)x)j =0.
In fact,

1,5 _
(177 2) p-vp-145 = ez L((p=1)p! = 4] 11 —p! =L+ hplts
= Zkez xj_pl—1+kpl+s
p— 07S
= (170) pnyp14

for j € [0,p!7t —1].

Theorem 5.14 The image of the absolute Wedderburn embedding is given by

(ZCyn)wgpn = { > i , T €Z
J€[0,p(p")—1] i€[0,n]
for I € [1,n] and j € [0, p(p"™") — 1] we have z,_;; =, Z pl=i-
1€[0,l—1]
Z (xn_z"j_pnfl_i_kpnflfi - (1 - 8l,n)xn_i’[j]pn_l_l_pn7z71+kpnf17¢>
kel,p—1]

- { (xz * Cpi)ie[o,n] y Ti € [f(z>a Ly C [07 Sp(pl) - 1]
for I € [1,n] we have z,_; =, Z pl=1-i (Tgfl_l_i — Tifl_l_i) Tyi }

H 1€[0,l—1]
Z[Cyil.

1€[0,n]

N

This system of ties is of triangular shape. In particular, the elementary divisors of wz yn
over Z are given by p' with multiplicity @(p™~*) for i € [0,n].

The second description being true if n = 0, we perform an induction on n. We see by (5.6)
that (z; * Cpi)ie[o’n] € H Z[(,i] is contained in (ZCyn)wgz pn if and only if the conditions

1€[0,n]

(a) and (b) below hold. To formulate (b), we shall make use of (5.12).

(a) The tuple (z; * ) is contained in (ZCpn—1)wgz pn-1.

i€[0,n—1]
(b) We have
(T =T 0)2,) G )setom) — (% G) ipg gy € P(ZCpn1 )z g,
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Condition (b) in turn holds if and only if the conditions (ba) and (bb) below hold. To
formulate (ba), we use (5.13). To formulate (bb), we shall use that by induction, the
description is valid in case n — 1.

(ba) We have (1" — T;'*)x,, =, x; for i € [0,n — 1].
(bb) We have

0,0 1,0
(T(n 1)—1 T(n 1)—1
0,l—1—1 1,0—1—14 0,0 1,0
+ > 0 <T 1)1 T(n - l) (T(n i —T(HH) Tn
1€[0,l—1]
=y~ Y P (TN - ) e
1€[0,l—1]

for I € [1,n — 1].
By (5.11), we may equivalently reformulate to

(bb) We have

1
— Ty
1

1)1 !
i (0—1—i Li—1—i
+ Z P Toiy— = Tyt ) Tn-1)—i
i€[0,l—1]

OEpH-l —T(n—1)— l+pl T(O’l Tn

for I € [1,n —1].

Shifting the indices ¢ and [ by one, we may in turn equivalently reformulate this assertion
to

(bb) We have
TEVED DI Al SRR i)

i€[0,l—1]
for [ € [2,n].

Adjoining condition (ba) in case i = n — 1, we obtain the necessity of the claimed set of
ties.
Conversely, we may use (5.11) to see that

(T2~ T19) o (100~ T1) =, (12 ~ T4

for i > 1, whence the reduction of (bb) to the modulus p suffices to conclude that (ba)
holds in all its cases. Moreover, condition (a) follows by induction assumption and by
reading (bb) modulo p'~t for [ € [2,n], thus discarding the summand for 4 = 0. Thus our
claimed set of ties is also sufficient.

To see that the second description agrees with the first one, it remains to show that

(15 7)) =0
J

for il € [1,n—1],i€[0,l —1] and j € Z\[0,(p"") — 1]. But this follows from (5.13).
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Remark 5.15 It might be worthwhile to try to give an ad hoc proof of (5.14) by verification
of the ties on the image of the canonical group basis of ZC},» and by a comparison of indices
— which we have not attempted to do. We preferred to proceed in the straightforward
manner as above since, in this way, the role of the Kervaire-Murthy pullback (5.6) remains
visible.

Example 5.16 Let p = 3. We obtain

3 w%i kel0.1] T1,k63 | X Zo,0 | 0,0 =3 1,0 T T1,1 ¢ & 3] X
ZC: ’ D kefon) T1,kCH + C Z[GxZ
ZCy 2% Zke[0,5] 221Gy ) X (Zke[o,l] xl,k(?’f) X Zo,0 ‘

T1,0 =3 T2,0 +T2,3 —T22 — T25

T1,1 =3 T2,1 +T24 —T22 — T25

T0.0 Zo 3(w22 + @25) + (10 +211)} C Zlo] X Z[Gs] X Z
ZCy EX { (Zke[o,lﬂ 303,%57) x (Zke[O,E;] 5527sz’§) X (Zke[o,u xl&(?’f) X 0,0 ‘

T2,0 =3 T3,0 + 23,9 — 3,6 — 3,15

Ta1 =3 T3,1 + X3,10 — 3,7 — L3,16

To2 =3 T3,2 + T311 — T3,8 — T3,17

2,3 =3 3,3+ X312 — 3,6 — T3,15

2,4 =3 T34 + X313 — L3,7 — T3,16

To5 =3 X35 + T3,14 — 3,8 — T3,17

1,0 =9 (36 + 315 — T3,8 — T3,17) + (T2,0 +T23 — T2 2 — Tap)

11 =9 3(x37 + X316 — T3.8 — T3,17) + (T2,1 + Toa — T2 2 — T25)

x0,0 =27 23,8 + x317) + 3(T2,2 + 225) + (1,0 + x1,1)}

C Z[Car] % Z[(o] x Z[(3] x Z.

5.5 Kervaire-Murthy ties for ZC,,

Let m > 1. We maintain the notation of §5.2. Suppose given an inclusion of com-
mutative Z-orders A C I' that has, as an inclusion of abelian groups, a cokernel I'/A
which is finite as a set. Let the naive localization Ay, be the kernel of the composition
['—T/A— (I'/A) ) (cf. [Kii 99, D.2]). Since Apr = I' N A, intersected as subsets
of I'(p), the naive localization A is a suborder of I' of index (#(I'/A))[p]. We have

A(p) = (A[p]yr)(p). Moreover,
A= Apr.
p

Note that if A(p) = F(p), then A[p]yp =T.

Lemma 5.17 Given inclusions of Z-orders A C T and A" C TV, we obtain an equality
(A & A/)[p}’r‘(@rl = A[p],l“ X A/[p],F"
as subsets of ' @ I".
In fact, flatness yields
Apir @ Ay r = (Apr @ A, N (Apreol)
AOAN)p N (A @) NI
= (A X A/)[p},F®I‘"
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Letting
(ACT) = ((ZCm[p])wzym[p] C— H Z[CeD
elmp]
(N CT) = ((ZCm[m)wZ,mm — ]I ZKf])?
flmlp']
we obtain

(5.17)
(A @A) rar - Aplr © Ay o

1T A @z
fim[p]

- H HZCe ®ng]

fImlp'] \elm[p]

= II 1] 2z

Flm[p'] elm[p]

0

We could not do better than to argue with a Z-linear basis of Z[(f]. This lead to the

‘non-canonical’ representation of an element of Z[(4], d|m, that is used in the following

Proposition 5.18 Suppose given an element

Sd.pipdlp’]
S e [[z1.
dlm

o) p1a €T T, al0so ) 1] dm

where aq;,),, € Z. This element is contained in the image of wzm tf and only if for each
plm, for each flm[p'] and for each tuple (jq)qf, Jq € [0, (d[q]) — 1], we have

Y Gep et G € (ZCopp))wz,mip);

Jp€[0,p(e)—1] elm[p]

where j, X (Jq)qf denotes the tuple that has entry j, at position p and j, at position q for
q|f. Thus we may employ (5.14).

Example 5.19 We have ss2 =1, s63 =2 and s122 = 3, s12,3 = 1. The element

(a1,(0,0)) X (a2,(0,0)) X (3,(0,0) + 03,(0,1)3) X (aa,(0,0) + @s,(1,0)Ca) X (€6,(0,0) + @6,(0,1)(6)
X (a12,(0,0) + @12,0,1)Cta + @12,(1,0)¢2 + G12,(1,1)C12)-

the symbol e indicating a non-existing entry, is contained in (ZC12)wz 12 if and only if

(a1,(0,0)) X (a2,0,0)) X (G4,(0,0) +@s,(1,0)C1) € (ZCs)wza

(a3,(0,0)) X (a6,0,0) X (@12,0,0) + @12,(1,00¢s) € (ZCy)wz

(a3,0,1)) X (a6,0,1)) % (@12,00,1) T 12,1,1)Ca) € (ZCs)wz 4
(a1,(0,0)) X (A3,(0,0) + A3,001C3) € (ZC3)wz3
(az,(0,0)) % (ag, o, 0)+aﬁ 01)6) € (ZC3)wzs
(a4,00,0)) X (@12,00,0) + 12,00,)C3) € (ZC3)wz 3
(a4,(1,0)) X (@12,1,0) +012,(1,1)(3) € (ZC3)wz 3.
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By (5.14), an element (b1,0) X (b2,0) X (ba,0 + ba,1(4) is contained in (ZCy)wyz 4 if and only if

52,0 =2 b4,0 - b4,1
bio =4 2bg1 +bap,

and an element (by1,0) x (b3 o + bs3,1(3) is contained in (ZC3)wz 3 if and only if

bi1,0=3bso+b31.

Remark 5.20 KLEINERT gives a system of ties that describes the image of the absolute

Wedderburn embedding ZC,, “2% T djm Z[Ca] in terms of certain prime ideals of Z[(4], d|m,
in case m is squarefree [Kl1 81, p. 550].
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