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Chapter O

Introduction

0.1 (Galois extensions with a given Galois group

Suppose given a finite group G of order n := |G/.
Suppose given a field @) of characteristic 0, playing the role of a ground field.

In cases where G is of small order, we are interested in Galois extensions of ) with Galois group
isomorphic to G.

0.1.1 Starting with a Galois extension

Suppose given a finite Galois extension K|@Q with Galois group isomorphic to G.

We may form the twisted group algebra K ! GG, defined as a K-vector space with basis G and
multiplication determined by ca - pb = gpa”b for o, p € G and a, b € K.

Then K G is, as a Q-algebra, isomorphic to Q"*".

We choose an element z € K such that (27 : o0 € G) is a normal basis of K over Q). In
particular, we have K = Q(z) = Q[z].

Our isomorphism from K ! G to Q™" sends z to a matrix A € Q™*". Hence K = Q[z] is
mapped isomorphically to the subalgebra Q[A] of Q™*™.

K 0 G ~ ann

K = Q] — Q[A]

2 A

First, consider p € GG. The action of p on K can be extended to the conjugation action of p on
K G. Since (27 : 0 € G) is a normal basis of K over ), a transport of this action along our
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isomorphism yields a conjugation action with a permutation matrix S, € GL,(Q) on Q™*".
Since conjugation with p on K G restricts to the action of p on K C K G, the conjugation
action with S, restricts to Q[A] C Q™*™. Le. we have A% € Q[A].

Since Q[A] is commutative, we obtain
A% A = A. A%

for p € G.
Choose generators py, ..., pm of G, so that G = (p1,..., pm). Abbreviate S; :=S5,, € GL,(Q)
for i € [1,m]. So we obtain in particular that

ASi A = A. A%

for i € [1,m].

Second, we remark that the minimal polynomial of z is irreducible and of degree n. By iso-
morphic transport, it equals the minimal polynomial of A. So, by Cayley-Hamilton, A has an
irreducible characteristic polynomial x4(X) € Q[X].

So K is isomorphic to Q[A], as field extensions of @), where A satisfies these two properties.
Cf. Theorem 19.(i).

0.1.2 Starting with a matrix

We produce a converse to the procedure outlined in §0.1.1.

We keep the permutation matrices Sy, ..., S, € GL,(Q) used there. We observe that
S1, ..., S, depend only on the group G, not on the Galois extension under consideration.
The subset

{AcCL,(Q): A - A=A-A%foric[l,m]} C GL,(Q) C Q™".

is called the Galois variety of GG, with respect to the chosen generators. It is the zero set of a
system of homogeneous polynomial equations of degree 2 in the matrix entries.

We show that a matrix A in the Galois variety that has an irreducible characteristic polynomial
xa(X) € Q[X] gives rise to a Galois extension

Q] @

with Galois group isomorphic to G. Cf. Theorem 19.(ii).

0.1.3 Conclusion

Given a Galois extension K |@Q with Galois group isomorphic to G, this extension K|Q is isomor-
phic to Q[A]|Q, where A is a matrix in the Galois variety of G with irreducible characteristic
polynomial x4(X) € Q[X]; cf. §0.1.1.



Conversely, each matrix A in the Galois variety of G that has an irreducible characteristic
polynomial y4(X) € Q[X] produces a Galois extension Q[A]|Q with Galois group isomorphic
to G cf. §0.1.2.

So the subset of the Galois variety of G of those matrices with irreducible characteristic poly-
nomial yields Galois extensions with Galois group isomorphic to G, and all of them.

Still, different element of the Galois variety of G may give isomorphic extensions; cf. Example 25.

0.2 Particular cases

We consider the ground field @ := Q.

0.2.1 Galois group Cj

We consider the case of the Galois group being isomorphic to the cyclic group G := Cs.
Note that each Galois extension K|Q of degree 3 has Galois group isomorphic to Cs .

We have an isomorphism from Q Cs to Q33 that maps a chosen generator of Cs to

S = 5 = (86?) € Q¥3

100
So the Galois variety of Cs is given by
{A€GLy(Q): A¥- A=A A"} C GLy(Q) € Q™.

abc
Writing A =: (d ef ) , this Galois variety is the subset of GL3(Q) defined by the following system
ghi

of equations.

0 = —bc—cf+dg—+ gh

0 = —ab—ag+bi—cd+eg+ h?
0 = —ah—b*—ce+ci+ fg+hi
0 = ac+ad+bg—ce—di— f>
0 = betbh—df —dg

0 = af —be+bi+c?—dh—ecf
0 = af —ch+d*+eg— fi—gi
0 = —ah+0bf +de—di+eh— g
0 = —bh+ecf +df —gh

In order to reduce the number of variables, we observe that for each matrix A in the Galois
variety having irreducible characteristic polynomial x4(X) € Q[X], the field Q[A] contains

010
exactly one element of the form (I * I)’ which, moreover, is an alternative generator of Q[A].

So we do not lose field extensions when intersecting the Galois variety with the affine subspace

010
of the matrices of the form (I " I)‘ We are led to consider the subset

1?) € GLy(Q) : A5 - A= A- AS} C GLs(Q) C Q¥

e
h i

L= {A:(gz



This subset L is defined by the following system of equations.

= dg+gh

= i+eg+ h?

= 14+ fg+hi

= g—di— f?

h—df —dg

= —e+i—dh—ef

= d*+eg— fi—ygi

= f+de—di+eh— g?
—h +df — gh

O 0o o0 o0 o0 oo oo
Il

A calculation by hand yields the following result.

L = {A= (gz;?) € GLy(Q): AS- A= A- A%

0 1 0
010 010 g1 (g4 .
() eeqrug(Biyog T o ) e op,
g% +gt1

g 7

So each Galois extension K|Q of degree 3 is isomorphic to Q[A]|Q for some matrix A € L that
has an irreducible characteristic polynomial x4(X) in Q[X]. Cf. Theorem 19.(i).

Conversely, for each matrix A € £ that has an irreducible characteristic polynomial y4(X) in
Q[X], the field extension Q[A]|Q is galois of degree 3. Cf. Theorem 19.(ii).

0.2.2 Galois group Cy

We consider the case of the Galois group being isomorphic to the cyclic group G := Cy.

We have an isomorphism from Q! C, to Q*** that maps a chosen generator of C, to
0010 ixa
S =5 = (0001) € Q™.
1000

So the Galois variety of C, is given by
{A€GLQ): A% - A=A A%} C GLy(Q) C Q™.

In order to reduce the number of variables, we observe that for each matrix A in the Galois
variety having irreducible characteristic polynomial y4(X) € Q[X], the field Q[A] contains

0100
exactly one element B of the form (I - I) .

EE I

A priori, Q[B] is either equal to Q[A] or a subfield Q C Q[B] C Q[4] with [Q[B] : Q] = 2.

We want to show that Q[B] is equal to Q[A]. To this end, we assume that [Q[B] : Q] = 2.
We have the surjective trace map Trgayqs @ Q4] = Q[B] : C — C + C5*. In particular,



the inverse image of B under this Q-linear map is an affine subspace of Q[A] of dimension 2.
Hence there exists A € Q[A] \ Q[B] in this inverse image, so that Q[A] = Q[A]. However, a
calculation reveals that such a matrix A necessarily has a reducible characteristic polynomial
and thus not an irreducible minimal polynomial of degree 4. We have arrived at a contradiction.

So Q[B] = Q4]
In other words, we may right away suppose A to be of the form (I o I).

k sk ko

We are led to consider the subset

0
e

1
L = {A:(»f

3
m

00
g?)EGI%(Q) AS'A:A-AS} - GL4(@) C Q4X4.
pPq

This subset £ seems too big to be calculated by hand.

With Magma [2], we can find a large subset of £ in the following may. We have a system of
equations that defines £ as a subset of Q***. In other words, we have a system of ideal generators
in the polynomial ring Qle, i, m, k,l,n,p,q, f, g, h,j|]. Now we change the ground field from Q
to Q(e, 7, m), with formal variables e, ¢, m. Then we map our system of ideal generators to the
polynomial ring Q(e, i, m)[k,l,n,p,q, f, g, h, j] and consider the ideal generated by its image.

This ideal then has a factor algebra of Krull dimension zero and can thus be treated with the
Magma command TriangularDecomposition. We obtain solutions parametrized by e, i, m.
It happens that such a solution contains polynomials in e, 7, m as denominators. The values
e, 1, m € Q for which such a denominator is zero yield a list of separate additional cases.

In treating the various cases, we make use of the Maple package Epsilon by Dongming Wang [5],
in particular, of the command ICS.

However, it is possible that this change of ground fields from Q to Q(e,i, m) makes certain
parts of L invisible, even with the separate cases taken into consideration. In other words,
we can only assert that our procedure gives a subset £ C L. Collecting the results from all
cases, L' is written as a union of 25 subsets, involving up to 3 parameters, as can be seen in
Proposition 31.

Independently of our change-of-ground-field-approach, we have verified again that in fact £’ is
a subset of £ and thus of the Galois variety of Cy .

Note that for each matrix A € L that has an irreducible characteristic polynomial x4(X)
in Q[X], the field extension Q[A]|Q is galois with Galois group isomorphic to Cy; cf. Theo-
rem 19.(ii). We give several examples, in which A € L.

0.2.3 Galois group S;

We consider the case of the Galois group being isomorphic to the symmetric group G := Ss.
We have an isomorphism from Q¢ Sz to Q%<6 that maps two chosen generators of Ss to
in @GXG‘

S, = resp. to Sy =

OOoOOoOOoOH+HO
OO OoOOH
HOOOOO
OoOHOOOO
OO~ OOO
[slelel ol
HOOOOO
OOoOHOOO
SOoOOoOOoOH+HO
SOoOOoO+HOO
oo OoOOoH
OoOHOOOO
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So the Galois variety of S3 is given by

{AcGLs(Q): AM - A=A -A% and A% - A=A-A%} C GLg(Q) C Q°*° .

This variety seems to be too big to be calculated as a whole with our means.

In order to be able to see at least a part of the Galois variety, we have a priori confined ourselves
to the consideration of solutions of the form

0 1 0 0 0 O
a2,1 a2,2 a2,3 a2,4 42,5 42,6

A = | diaisanasasas | € GLe(Q) .
00 0 1 0 0
ag,1 6,2 06,3 46,4 46,5 46,6
The choice of this particular form of A is motivated only by the resulting subset of the Galois
variety, parametrized by two parameters, which is the largest subset we could find.

For (r,t) € Q x Q such that r +2t+ 1 # 0 and t # 0, we let

0 1 0 0 0 0
, (r+1)t(t+1) 1 , 1 (’V‘+l)t(t+1)
t t t t t t
B, =  t(t42r+1) _2rtr 4?4 3e41 _t(t42r+1) _Q@rbth (D) 2redrpt?43e41 _ (2rktd1) (041
' 2+l 261 2+l r+2t+1 r+2tt+1 2+l
0 0 0 1 0 0
Cr24rttrte? rZer2 g2 partgort 3420243041 24t 2e+ (4 D2 2424t p 24ttt GHD @bt t24r)
2+l (r2t+1)t 2+l r+2t+1 261 (r2t+1)t

Then B,; is an element of the Galois variety. So provided (r,t) is chosen such that B,; has
an irreducible characteristic polynomial xp,,(X) € Q[X], the field extension Q[B,,||Q is galois
with Galois group isomorphic to Ss.



11

Conventions

Suppose given sets X, Y and Z. Suppose given n € Z-; . Suppose given a field Q.

(1)
(2)

(3)

(4)

(5)

Given amap f: X — Y, we write xf for the image of x under f.

Suppose given maps f: X — Y and g: Y — Z. The composite of the maps X fy % 7
is written X 2% Z or X 1% 7.

Suppose given a matrix A € Q™*" and an invertible matrix S € Q"*".
We write A% :=S71. 4.5 .

Suppose given 7,7 € [1,n] . The matrix e;; € Q™" is supposed to have entry 1 at
position (7, j) and entry 0 elsewhere.

Suppose given i € [1,n] . The matrix e; € Q'™ is supposed to have entry 1 at position
(1,4) and entry 0 elsewhere.

Suppose given vector spaces V' and W and a linear map f : V — W. Suppose given a
basis B of V and a basis C' of W. We write gfc for the representing matrix of f with
respect to B and C'.

We write I, € Q™" for the unit matrix.
Suppose given a matrix A € Q" ".

(i) We write x4(X) := det(X - I, —A) for the characteristic polynomial of A.
(ii) We write pa(X) for the minimal polynomial of A.
(iii) We write Ex(A) :={z € Q" :z- A=\ -z} for A € Q.

Suppose given = € (). We identify = with x - I,,. So we obtain () C Q"™*".
Suppose given o € S,,. We write supp(o) := {i € [1,n] : ioc # i}, called support of o.
Suppose given a field K. We write Aut(K) for the group of field automorphisms of K.
Suppose given a field extension K|Q. We write

Aut(K|Q) = {o € Aut(K) : 0(Q) € Q and o[ =idg }
for the group of automorphisms of K|Q.

Whenever Maple is used, the package 1inalg and the package epsilon have to be loaded:

with(linalg):
with(epsilon):

If necessary, Maple can be led to produce output in an ordinary style by:

interface(prettyprint = 0);
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Chapter 1

Galois extensions with a given Galois
group

Let G be a finite group.

Let @ be a field with char(Q) = 0.

Let K|Q be a finite field extension, of degree n := [K : Q).

Let G 2 Aut(K|Q) be an injective group morphism.

We often write 27 := z(07) for x € K and ¢ € G.

Note that z'¢ = x(1g v) =z idg = x for z € K.

Suppose that Q = {z € K : x = 27 for 0 € G}.

So K|Q is galois with Galois group Gal(K|Q) = G~y isomorphic to G ; cf. Lemma 2 below.
We enumerate the elements of G such that G = {oy,...,0,} and 01 := 1¢.

Let @ be an algebraic closure of Q.

1.1 Preliminaries on field extensions

Proposition 1 (Fundamental theorem of Galois theory) Let U be the set of subgroups of G.
Let Z be the set of subfields of K that contain @, i.e. the set of intermediate fields of K|Q.

For H € U, we write Fixg(K):={r € K:a2° =xforoc € H} € T.
Then the map U — Z, H — Fixy(K) is a bijection.

Moreover, H is a normal subgroup in G if and only if Fixy (K) is galois over Q). In this case, the
map G/H — Aut(Fixy(K)), cH — (07) gzgggg is an injective group morphism with image
Gal(Fixy (K)|Q).

Proof. See [3, Ch. VI, Th. 1.1]. O

13
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Lemma 2 (Artin) Let L be a field and let H be a finite group.

Suppose given an injective group morphism ¢ : H — Aut(L).

Let Fixy (L) :={x € L : z(oy)) = x for 0 € H} be the fixed field.

Then L is a finite Galois extension of Fixy (L), and its Galois group is H1.
We have [L : Fixy(L)] = |H|.

Proof. See [3, Ch. VI, Th. 1.8], applied to H. O

Proposition 3 (Normal basis) There exists an element z € K such that (z7,...,2") is a

@-linear basis of K.

Such a @Q-linear basis of K is called a normal basis of K|Q.
Proof. See [3, Ch. VI, Th. 13.1]. O
The following fact I have learned from [1, p. 141, item (a)].

Remark 4 Suppose given z € K such that (27!,...,27") a normal basis of K|Q.
Then we have K = Q(z).

Proof. Assume not. Then M := Q(z) C K. We write M = Fixy(K) for a suitable subgroup
1 < H < G; cf. Proposition 1.

Choose k € [1,n] such that o, € H \ {01}. Then 27 = 2z = 2%+.

This is a contradiction to linear independence. O

Lemma 5 (Dedekind) Suppose given a, € K for o € G.
If Zy"aa =0 for y € K, then we have a, =0 for ¢ € G.

ceG

Proof. See [3, Ch. VI, Th. 4.1] and the remark thereafter, on [3, p. 284, 1. 3-10]. ]
Definition 6 Suppose given a polynomial f(X) € Q[X].

Write f(X) =: Zak - X* where a;, € Q.

k=0

Then we let f/(X) := Z ar, - k- X*7! be the formal derivative of f(X).
k=1
9(X) € QX].

Remark 7 Suppose given a polynomials f(X),
Then (f(X)-g(X))" = f/(X) - g(X) + f(X) - ¢'(X).

Proof. See [3, p. 178, 1. —9]. ]
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Remark 8 Suppose given u(X),v(X) € Q[X]\ {0}.

Let g(X) € Q[X] be the monic polynomial with (u(X),v(X)) = (¢(X)) as ideals in Q[X].
Then (u(X),v(X)) = (¢(X)) as ideals in Q[X], too, as follows from the Euclidean algorithm.
We write g(X) := ged(u(X),v(X)).

Lemma 9 Let f(X) € Q[X] a monic irreducible polynomial.
Then there is no a € Q such that (X — a)? divides f(X) in Q[X].

Proof. Assume that there exists a € ) such that (X — a)? divides f(X).
So there exists h(X) € Q[X] with f(X) = (X —a)? - h(X).
Thus

FX) 2 20 (X —a) (X)) + (X —a)? - W(X) = (X—a)-(2-2(X)+ (X —a) - W(X))

Thus (X — a) divides f(X) and f/(X) in Q[X].
Let g(X) := ged(f(X), f'(X)). Then we obtain

(f(X), f(X)) = (9(X)) in
(f(X), f(X)) = (9(X)) in
by Remark 8.

So ¢g(X) divides f(X) in Q[X]. Since f(X) is irreducible in Q[X], we have g(X) = 1 or
g9(X) = f(X). But g(X) divides f'(X), too. So

deg(9(X)) < deg(f(X)) "7 deg(f(X)) =1 < deg(f(X))

Thus g(X) =1, so deg(g(X)) = 0.
We can write g(X) = u(X) - f(X) +v(X) - f/(X) where u(X),v(X) € Q[X].
Now (X — a) divides f(X) and f/(X), so (X —a) divides g(X) in Q[X]. Hence deg(g(X)) > 1.

We have a contradiction. O

1.2 The twisted group algebra

Definition 10 The twisted group algebra is the K-vector space with basis G, i.e.

K1G = {Zaag:aoeroraeG},

oceG
carrying the multiplication

(Z oa,) - (Z pb,) = Z opalb,

ceG peG o,peG
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for > cq0as, 3 ,cqrby € K1G.
We also identify

K = {a:aeK} = {lg-a:a€ K}
G = {o:0€G} = {o-1g:0€G}

K2 G
KQ1G.

Remark 11 The K-vector space K ! G is in fact a ring.

We have a ring morphism
e Q — ZKG), q — q.

Thus K G, together with ¢, is in fact a (-algebra.

Proof. We show that 1¢ = 1 - 1 is neutral with respect to (+), i.e. that 1g L G-
We have

1
E oa, - (lg-1g) = E o-lg-aflxg = E oa,
oceG oceG geG
and, moreover,
(1g - 1k) - g oa, = E lg-o-1%a, = g oa;
ceG ceG ceG

We show that (K G, ) is associative.
Suppose given . 0a, , ZpEG pby s DocaTer € KUG. Then

(Y oa0)- (o)) - (Sorer) = (32 opaid,)- (3 7e,)

oeG peG TG o,peG T€G

= Z opt(abb,)c
o,p,TEG

= Z opTal by,
o,p,TEG

= (Z oay) - ( Z pTboc:)
ceG p,TEG

= (D_oa,)-(D_pby) - (D_7er))
ceG peG T€G

We show that € actually maps to Z(Q ! G).

!
Suppose given g € ). We show that ¢ = 15 -q € Z(Q1 G).
Suppose given ) . 0a, € K G. Then

(1g - q) Zaag = Zlgaq”ag = Zaqag = Zaaiﬁ'q = ZU% (16 - q)

ceG ceG ceG geG ceG
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We show that ¢ is a ring morphism.

We have (1g)e = 1o = 1x = 1¢ - 1k = lg. Moreover, ¢ is additive. Finally, for ¢, r € @,
we have

(@e-(r)e = (la-q)-(ag-r) = lg-lg-¢'¢-r = lg-q-r = (q-7)e

Remark 12 Let (yi,...,y,) be a @-linear basis of K.
Then (oyy; : i,j € [1,n]) is a Q-linear basis of K G. In particular, dimg(K ! G) = n?.

Definition 13 Suppose given y € K . Suppose given £ = Zaaa e K1G . Let

oeqG
Yy f = Zyaaa .

oeG

Lemma 14 Consider the map 6 : K1 G — Endg(K), £ — &6 with
6 K = K,y y) =y¢.
Then ¢ is a (Q-algebra isomorphism.

Proof. Suppose given £ = ZU%, &= Zpbp € K G. Suppose given \, X € @ .

ceG peCG

We have to show that lgg 0 - idg, that (EX + &N)d = (EHN + (£9)N  and that
(-€)5=¢€5-€5.
Suppose given y € K.

We obtain
y(ked) = y-le = y-(la-1x) = ye-lg = y
Moreover,
Y(E-XFE-N)) = y-(E-A+E-N) = y- (O oa, A+ by - N)
oeG oceG
=y Y o(agh+beX) 23Ty (aph + b, N)
oeqG ceG
= Zy”-aa-)\+2yg-ba-)\’ oL (y~Zaag)-)\+(y-Zaba)-)\’
ceG ceG oelG oeG
= W-&-A+y-¢)-N = (W(£9) - A+ (y(&9)) N

= y((£)A+ ()N .
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Finally,
y((§-€00) = y-(£-¢) =y (D 0a)(D_ pby)
oceG peG
= y.(zg.p.ag.bp) D13 Zy"'p-aﬁ'bp
o,peG o,peG
2O ) O = (O ean)) - (O pby)
c€eqG peCG oelG peCG

= -9 ¢ = (y(£0))(£0)
= y((&9) - (£9)) .

We know that dimg (K G) "= n? = dimg(Endg(K)).

So it remains to show that ¢ is injective, i.e. that Kern(J) = 0.

Suppose given £ = Z oa, € K1 G such that £ = 0. We have to show that & = 0.

ceG

For y € K, we get

0 = y&) = y-& = yO oa) = D ya,

oeG ceG

so that a, = 0 for ¢ € G by Lemma 5. Therefore, £ = 0.
So 9§ is a Q-algebra isomorphism.
1.3 Matrices and Galois extensions

Definition 15 Suppose given p € G. Recall that G = {0, : i € [1,n] }.
Let av: [1,n] — [1,n] be defined by o; - p =: 0, for j € [1,n].

We claim that « is bijective. We have the diagram:

oF——>0-p

<
—_
=
—_
=
<

It suffices to show that a = oL,
Suppose given j € [1,n]. To show that

. _ ! .
Jjee™t = ja,
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we show that

In fact,
jev = o = ogj-p = 0ja = (ja)p.
This proves the claim.

Consider the permutation matrix S, := Z €jja € Q™"
jelln]

Let Gmat := {5, : p € G} < GL,(Q).

Then we have the isomorphism v : G = Guat, p— S, -

Definition 16 Choose m > 1 and py, ..., pm € G such that G = (p1,..., pm) -

We write S; := S, for i € [1,m].

Let S :={S; :i € [1,m]}.

Then we have Gae = (S1,.52,...,m)-

Lemma 17 Suppose given a diagonal matrix D = <)\1 ) € Q™", where \; # \; for
i,j € [1,n] with i # j. An

Let C:={BeQ™":D-B=B-D}.

Then, for B € Q™*", we have B € C' if and only if B is a diagonal matrix.

Proof. First we show that if B is a diagonal matrix, then B € C.

Suppose given B = ( e ) € Q™. Then

A1 K1 1K1 K1-A1
pon = () () = () - () e
An Kn AnKEn KnAn

Thus B € C.

Now we show that if B € (', then B is a diagonal matrix.
Suppose given B € C. Write B =: (b; ;);; for i,j € [1,n].
We show that by, = 0 for k,1 € [1,n] with k # [.

We have
D-B = (Ni-biji; = (bij-A)iy = B-D.
Thus
Mo by = No-biy,
hence

()\l _)\k) 'ka = 0.

Since k # [, we conclude that \; # X\; and thus b; = 0. O
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Lemma 18 Suppose given A € Q™™ with x4(X) irreducible in Q[X].
Let U C QY™ be a Q-linear subspace with U - A C U.

Consider the map ¢ : U — U, x — x - A.

Write d := dimg U. Let F' = (uq, ..., uq) be a Q-linear basis of U.

Let M = pop € Q™7 be the representing matrix of ¢ with respect to F',

Then M is diagonalizable in Q%*¢. Each eigenvalue of M € Q% is also an eigenvalue of
Ac ann'

Proof. Since y4(X) irreducible, there is no a € Q such that (X — a)? divides x4(X) in Q[X];
cf. Lemma 9.

Therefore, we may choose T' € Q™™ invertible such that
A1 _
Tfl'A_T — D = ( /\) c ann,

where \; # \; for 4, j € [1,n] with ¢ # j.
Let U = Q<U1, c ,Ud> Q len‘

Since the rank of the matrix in Q%" containing the rows wuy,...,uq equals d, this matrix,
considered as element of Q%" still has rank d, and therefore F' = (uq,...,uy) is a Q-linear
basis of U.

We know that U - A C U C U. So we have u; - A € U, for i € [1,d]. And so we obtain

U- A C U.

Let V:i=U-T=g(u-T,...,uq-T).

Then we have

V-D = V.TV.AT = U.T-T'-A-T = U-A-T
cC U-T =

.< I

Let I :={ic[l,n]:3(,...,a,) €V with a; # 0} C [1,n].
Now we show that V = olei:iel).

We have V' C g(e; : i € I) since given (av,...,a,) € V, we have a; = 0 for j € [1,n]\ I,

whence
(al,...,an) = Z Q€ = Zak-ek S Q(Giii€]>.

ke(l,n] kel

_ 1
We need to show that V' 2 5(e; :i € 1).

lo
Suppose given ¢ € I. We have to show that e; € V.
Since i € I, we may choose (B1,...,,) € V with 3; # 0.
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Let I':={i' € [1,d] : By #0}. Theni e I' C I.

We write I’ = {¢},...,i,} with £:=|I'| and ¢} < i), <--- <.
Then g = Z@' e .
ier

Since B €V and V-D CV, we have 8- D! € V for t > 0.
For t > 0, we obtain
Y
6'Dt — Zﬁi/'ei/'( ".)\t> = Zﬁi/'ei/')\; E Q(ei/:ilell>.
el " el
We claim (B-D°, ..., - D*1) is Q-linearly independent.
Suppose given kg, k1, . . ., ke—1 € @ such that

Z ki B-D' = ko-B-D+ky-B-D'+--+rq-8-DF = 0.

te[0,l—1]

We have to show that r, = 0 for ¢ € [0,¢—1].
We have

0 = Z kiD= Z m-Z(ﬁa-ew-Ai/) = Zei/ﬂz’/' Z (Kt - Air) -

te[0,6—1] te[0,6—1] el el te[0,6—1]

Since (ey,...,e,) is linearly independent, we conclude that 5 - ( Z ke M) =0 for i €I'.
te[0,0—1]
Since ;i # 0, we conclude that

Z K:t'AE/ =0

te[0,6—1]
fori e I'.
We now consider the Vandermonde matrix Vand := (XZ?,S )ec[0,6-1], se[1,4-
Let k1= (Ko, ..., Ko—1).
Then we have « - Vand = 0.
But det Vand = [ (A — Ay) # 0since Ay # Ay, for 1<r < s <L

1<r<s<l

Hence k = 0.

This proves the claim.

For this claim, we could alternatively also have used [3, Ch. VI, Cor. 4.2].
We have (8- D° 8-D',....3- D) C 5{ey:7 €I).

Both sides have dimension ¢, since (8- D% 8- D', ..., 3 - D'1) is Q-linearly independent and
since |I'| = £.

So we have 5(3-D° B- D', ..., 8- D) = 5(ey : i’ € I').
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We conclude that e; € 5(ey :i' € I') = (8- D°,6-D',..., 3" Dh CV.
Altogether we have V = 5(¢; : i € I).
Now we consider the diagonalizability and the eigenvalues of M = pyp.

We write M =: (m;;);; € Q¥ C Q¥ for i,j € [1,d]. So for i € [1,d], we have

UZA = Wy = E mm-uj.

Jel.d]

We consider the Q-linear map ¢ : U — U, z +— - A.

Since F = (uy, ..., uy) is also Q-linear basis of U and since
we = uA = > miy-u
j€l.d]

for i € [1,d], we have M = pop .
Now V = 5(e; : i € I). Hence

U = V- T = gle;- TH:i€l).

So (e;-T~':i € I)is a Q-linear basis of U. Moreover,

(e TV)p = - T7VA = ¢-D-T7' = \-e-T7!
fori e I.
Thus U has a basis consisting of eigenvectors of ¢, with eigenvalues \; for i € 1.

Hence M = ppr is diagonalizable with eigenvalues \; for ¢ € I, which are also eigenvalues of A.

O]
Theorem 19

(i) Recall that K|Q is galois with Galois group Gal(K|Q) isomorphic to G.
There exists A € Q™" such that K is isomorphic to Q[A] as a field extension of @), such
that A% - A= A. A% for S € S and such that x4(X) € Q[X] is irreducible.

(ii) Recall that S = {S;: i € [1,m]}, where the permutation matrix S; belongs to the
generator p; € G'; cf. Definitions 15, 16.

Suppose given A € Q™™ such that A%- A = A-A® for S € S and such that x4(X) € Q[X]
is irreducible.

Then we have B° € Q[A] for B € Q[A] and S € G ; cf. Definition 15. In particular,
we have the automorphism og : Q[A] — Q[A] : B+ B® for S € Gy -

The field extension Q[A]|Q is galois with Galois group
Gal(Q[A]]Q) = {US S e Gmat}

isomorphic to G.
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Proof. Ad (i).

By Lemma 14 we know that the map 6 : K1G — Endg(K), £ — {6 with &0 : K — K, y—y-¢
is a (Q-algebra isomorphism.

Let B be a normal basis of K|Q. So B is a Q-linear basis of K of the form B = (27, 272, ..., 27")
for a suitable element z € K. Cf. Proposition 3.

Then np : Endg(K) — Q™", f — pfp is a Q-algebra isomorphism.
Sod-np: K1G — Q™" is a (Y-algebra isomorphism.
We show now that p;(d - np) = S forie [1,m]; cf. Definitions 15, 16.

Recall that using the bijection o : [1,n] — [1,n| satisfying o, - p; = 0, for j € [1,n], we have
Si =2 jefi.n) €ijes 3 cf. Definition 15.
To calculate
pi(0-ne) = B(pid)g,
we map the elements of B via p;d. Given j € [1,n], we obtain

Zﬂj(pié) = Zaj'pi D:13 (zcrj)pz‘ — 0P —  Tjay

So in the j-th row, the matrix p(p;0)5 has entry 1 at position (7, ja;) and entry 0 elsewhere.

Thus
B(pid)y = Z €jo; = Si-

Jj€[Ln]
By Remark 4, we have K = Q(z) = Q|z].
Let now A := z(dnp) € Q™ ™.

So we have

K(ons) = Qle(dns) = Qlz(0ns)] = Q[A].

So 6 := (8- T]B)|?<[A] is a (Q-algebra isomorphism.

KzGLZB>Qn><n

I

K—2 Q4]

Suppose given i € [1,m], we show that A% . A LA A

We have
ASi = ST AL = (pi(onp))™" - (2(0mg)) - (pi(onB)) = (p;"' -2 pi)(onB)
(o' pi-27)(0ns) = 27 (0np).
Moreover,

A% A = (2Pi(onp)) - (2(0np)) = (P 2)(0ns) = (2-27)(0ns)
= (2(0np)) - (2 (0ng)) = A-ASi
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We show now that x4 (X) is irreducible.
We have
deg(p=0(X)) = [Q(2):Q] = [K:Q] = n.

Since dnp is a @Q-algebra isomorphism, we have
1=0(X) = fans)(X) = pa(X),

and thus the minimal polynomial p4(X) is irreducible and of degree n.

Now p4(X) divides xa(X). Since A € Q™" we have deg(xa(X)) = n. So xa(X) = pa(X).
Thus x4(X) is irreducible.

Ad (ii).
First we show that Q[A] is a field.

We consider the Q-algebra morphism Q[X| — Q™™ : X +— A. Its image is Q[A]. Its kernel is
the ideal generated by pa(X).

So this morphism factors through the isomorphism

Now Q[X]/(na(X)) is a field if pa(X) is irreducible.

We know that pa(X) divides y4(X) and that x4(X) is irreducible. Thus pu(X) = xa(X) is
irreducible.

So Q[A] is a field.
Now we claim that C:={B € Q™" :A-B=DB-A} = Q[A].
We have C' D Q[A].

It remains to be shown that dimg C = dimg Q[A].

We have
dimg Q[A] = degua(X) = degxa(X) = n.

So Q[A]|Q is a field extension of degree [Q[A] : Q] = n.
Let C:={Be€Q™":A-B=B-A}.
We have

dimgC = dimg{Be Q™" :A-B=B-A} = dimg{Be Q" :A-B=B-A} = dimg

Since y4(X) is irreducible in Q[X], we have y4(X) = (X = X1)- (X = X2)-...- (X = \,) € Q[X],
where \; # A, for ¢, j € [1,n] with i # j; cf. Lemma 9.

C
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So A € Q™" is diagonalizable. We may choose 7' € Q™*™ invertible with
A1
T AT = ( - ) = D.

{Be@Qv™:A-B=DB-A}
= {Be@Qv":T-D- TV -B=B-T-D-T71}
= {Be@Qv":D-T'.B-T=T"1'-B-T-D}
= {T-B-T7':Bec@Qv",D-B =B"-D}

where we have substituted B’ =T7"!'-B-T.

Let C':={B'€e Q""" :D-B' = B'- D}.

Consider the bijective Q-linear map 6 : C' — C : B'— T -B' - T~

Thus

Q)
Il

We know that C” is the set of all diagonal matrices; cf. Lemma 17.
Thus dimg C' = dimg ¢’ = n.

So dimg C' = n = dimg Q[A].

This proves the claim.

In particular, since A - A% = A% . A, we have A% € C' = Q[A] and thus Q[A]® = Q[A%] C Q[A]
for S € S. Hence Q[A]® = Q[A] since dimg Q[A] is finite.

Since Guar = (S), we conclude that Q[A]® = Q[A] for S € Gt -
Now we show that A-S # S A for S € G \ {1}
Assume that A-S =5+ A.

Lete;- S =¢;,, witho € S,,. Write o = 0-...-0, as a product of disjoint cycles o1, ...,0, € S,
including cycles of length 1.

So the set [1,n] is the disjoint union of the sets supp(coy), where s € [1, z].
Note that 1 <z <n — 1 since S # I,,.

We show that U := E;(5) = of Z e s €[l z2]).

i€supp(os)

Suppose given = € E(S). So z = x - 5. Write z = Z a; e; with o € Q.
Thus i€ftn]

Z a; e, = (Z oziei)-S = Zaiew = Z Ujs-1 €5 = Z Q-1 €5 .

1€[1,n] 1€[1,n] 1€[1,n] j€l,n] 1€[1,n]
So we have

a; = Qg1

and thus

for i € [1,n].
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k i.e. such that there exists

So a; = « for 7,5 € [1,n] such that exists k£ > 0 with j = io
s € [1, z] such that i, j € supp(os). Therefore z € ¢ Z e; : s €L z]).

i€supp(os)

Conversely, given s € [1, z], we have

( Z e)-S = Z €ir = Z g, = Z e .

i€supp(os) i€supp(os) i€supp(os) i€supp(os)
SO Z e; € El(S>
i€supp(os)
Altogether, U = E;(S) = ¢ Z e; s €l z]).
i€supp(os)

In particular, we have 1 < dim(U) =z2<n—1. So0 C U C Q"™
Given z € U = E4(S5), we have

(x-A)-8 = x-5-A = x-A

Thus U - A CU.

Consider the map ¢ : U — U, x — x - A. Let M be the representing matrix of ¢ with respect
to some basis of U.

Then M is diagonalizable in Q*** and each eigenvalue of M € Q?** is also an eigenvalue of
A e Q" cf. Lemma 18.

Suppose given an eigenvalue A of M € Q***. Then y;(A) = 0 and y4(A) = 0. Since ya(X) is
irreducible in Q[X] and since py o(X) divides x4(X), we conclude that x4(X) = ux o (X).

Moreover, piy o(X) divides xa(X). Therefore x4(X) divides xar(X).
So
n = deg(xa(x)) < deg(xm(X)) = dimg(U) = z < n—1
We have a contradiction.
We consider the group morphism 7" : Giae — Aut(Q[A]|Q), S — (B — S~ B - S = BY).
The group morphism +” is injective, since if S € G is sent to the identity, we have A = A%,

ie. S-A=A-S, hence S =1, by the preceding claim.

We compose G %Gmat from Definition 15 and Giyat LAut(Q[AHQ) to the injective
group morphism
vi=9"9" 0 G = Aut(Q[A]|Q) -

By Lemma 2, we obtain the Galois extension Q[A]| Fixqe(Q[A]) with Galois group Gy isomorphic
to G and with

[Q[A4] : Fixg(Q[A])] = [G] = n.
Since @ C Fixg(Q[A]) and since

[QA]: Fixg(Q[A)] = n = [Q[A]: Q)
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we obtain @ = Fixg(Q[A]).

Writing og 1= Sv" : Q[A] — Q[A] : B+ B® for S € G = G7, we obtain that the field
extension Q[A]|Q is galois with Galois group

Gal(Q[A”Q) = G’}/ - G(Pyl"yll) = Gmat’yﬂ = {US: S e Gmat}

isomorphic to G. O

Definition 20 The subset
{AeGL,(Q) : AS A=A -Afor S e S} C GL,(Q) € Q™"

is called the Galois variety of G, with respect to the chosen generators pq, ..., pm -

So by Theorem 19, each Galois extension of () with Galois group isomorphic to G' can be found,
up to isomorphism, as Q[A]|Q for some A in the Galois variety of G, provided x4(X) € Q[X]
is irreducible.

We need the following assertion in order to deal with the Galois variety in particular cases.

Lemma 21 Suppose given A € Q™*" such that y4(X) € Q[X] is irreducible.
Then the Q-linear map ¢ : Q[A] — Q'*", B+ e, - B is bijective.

Proof. The minimal polynomial p14(X) divides x4(X). Hence pa(X) = xa(X).
We conclude that p14(X) is irreducible and that thus Q[A4] is a field.

Moreover, we conclude that
dimg Q4] = deg(ua(X)) = deg(xa(X)) = n = dimgQ™"

So it sufficient to show that ¢ is injective, i.e. that Kern(p) = 0.
Suppose given B € Q[A] such that 0 = By = e, -B.

Then B is not invertible. Since B is an element of the field Q[A], it follows that B = 0, as was
to be shown. O]
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Chapter 2

Particular cases

Recall that whenever Maple is used, we have to call:

with(linalg):
with(epsilon):

The latter package is used whenever a system of polynomial equations is solved with Maple.

2.1 The cyclic group C3

Suppose that G = C3 = (p;) and that @ = Q.
We write oy 1= p¥ = 1¢, , 09 := pl and o3 := p?.

To calculate the permutation matrix S; =S, , in the notation of Definition 15, we obtain the
bijection « : [1,3] — [1,3] with la = 2, 2o = 3 and 3o = 1.

So we obtain S := 5] = (%ég). Moreover, we have S := {S} = {<§ég>}.

We obtain G = {I3,5, 5%} ; cf. Definition 15.
We want to classify the Galois extensions of Q with Galois group isomorphic to Cs.

By Theorem 19.(i), each such Galois extension is, up to isomorphism, of the form Q[A]|Q for
some A € Q3 such that A- A% = A% A and such that y4(X) € Q[X] is irreducible.

Conversely, by Theorem 19.(ii), each A € Q33 such that A - A5 = A% . A and such that
xa(X) € Q[X] is irreducible gives rise to a Galois extension Q[A]|Q with Galois group isomor-
phic to Cs.

In other words, for our classification we have to find those elements A in the Galois variety
of Cs with x4(X) € Q[X] irreducible.

b
In a first attempt, we let Maple calculate the matrix equation for A = <§ch‘ )
ghi

29
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A := matrix([[a,b,c],[d,e,f], [g,h,i]1]);

S := matrix([[0,1,0],[0,0,1],[1,0,0]11);

IS := inverse(S);

Dif := evalm(IS&*A&*S&*xA — A&*xIS&*xA&*S) ;

for k from 1 to 3 do for j from 1 to 3 do printf("%a = O0\n",Dif([k,jl); od; od;

Maple gives the system of equations:

-b*c-cxf+dxg+gxh = 0
—axb-axg+b*i-cxd+exg+h~2
—axh-b"2-cke+cxi+f*xg+h*i
axctaxd+bxg-cxe-dxi-f°2 = 0
b*xc+b*xh-dxf-d*g = 0
axf-b*xe+b*i+c"2-d*xh-exf =
axf-cxh+d " 2+exg-f*i-g*i =
—axh+b*f+d*e-d*i+exh-g~2 = 0
-bxh+cxf+d*f-gxh = 0

0
0

0
0

b
The task now would be to search for all solutions A = (3 ¢ J(i ) of this system of equations having
an irreducible characteristic polynomial. I

In a second attempt, we intersect the Galois variety with the affine subspace consisting of those

010
matrices of the form A = (d}eLf).
ghi

We have to justify this reduction step. We have to show that this intersection is still sufficient
to describe all the Galois extensions we search.

Lemma 22 Suppose given A € Q**3 such that A- A% = A% . A and such that y4(X) is
irreducible.

Then there exists B € Q33 such that B - B® = B® - B, such that x(X) is irreducible, such
that e; -B = e5 and such that

Proof. Let B be the unique element of Q[A] such that e; -B = ey; cf. Lemma 21.

We claim that Q[B] = Q[A].

We have Q[B] C Q[A].

The subfields of Q[A] are Q[A] and Q, since the subgroups of Cs are 1 and Cs; cf. Proposition 1.

* %k k

We have B ¢ Q - I3 = Q, since B is of the form B = (218>

So Q[A] = Q[B]. Thus the claim is shown.

Since B € Q[A], we have BS € Q[A] by Theorem 19.(ii). Thus B-B* = BS-B by commutativity
of Q[A].
Finally, Q[A] = Q[B] entails

deg(up(X)) = dimgQ[B] = dimgQ[4] = deg(ua(X)) = deg(xa(X)) = 3



and thus yp(X) = pp(X) is irreducible.

Q@ QO
S0 =

Now we let Maple calculate the new matrix equation for A = (

A := matrix([[0,1,0],[d,e,f], [g,h,i1]);
S := matrix([[0,1,0],[0,0,1],[1,0,0]1);
IS := inverse(S);

Dif := evalm(IS&*A&*xS&*A — A&*IS&*A&*S) ;

for k from 1 to 3 do for j from 1 to 3 do printf("%a = 0\n",Dif[k,jl); od;

Maple gives the system of equations:

o

dxg+g*h =
exg+h™2+1
fxg+hxi-1
—dxi-f"2+g
—-dxf-d*xg+h
—d*¥h-e*xf-e+i = 0
d"2+exg-fxi-gxi = 0
d*¥e-d*it+exh-g 2+f =
dxf-gxh-h = 0

o
o O

Il
N o O

0

We solve this system by hand.

Now we see
d-g+g-h = g-(d+h) = 0.
So we have two cases.

The first case is g = O:

Wti =

hei—1 =

—d-i— f* =
—d-f+h =
—d-h—e-f—e+i =
d>—f-i =
d-e—d-i+e-h+f =
d-f—h =

o O O O o o o o

We know that

and

SO
N——
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od;
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Thus
1 = —1.
We have now:
d—f? = 0
—d-f—-1 =0
d—e-f—e—1 = 0
+f =0
d-e+d—e+f =0
We see
_d2 = f7
thus
B =1 =d =1
So we have

01 0
So we obtain the set of solutions {((1)_61 j) e € Q} in this case.

Note that this matrix has determinant 1.

The second case is h = —d and ¢ # 0O:

e-g+d*+i =
fog—d-i—1 =
—d-i—f?4+qg =
d-f—d-g—d =
d>—e- f—e+i =
d+e-g—f-i—g-i =
—d-i— g+ f =

o o o o o o o

From the first and sixth equations it follows that
i(l+f+g) = 0.

So we have two subcases.



The first subcase is 7 = 0:

e- g+ d?
Jrg—1
—f*+y
—d-f—d-g—d
> —c-f—e
-+ f
We see
=9
So we have
fFPr=1=1f
Thus
g =1
We have now:
e+d> =
—3.d =
-2 =
So we have
d = 0 = h
and
e = 0.

o o o o o o

010
So we obtain the set of solutions {(?8%)} in this subcase.

The second subcase is 1 + f + ¢ =0 and 7 # 0:

—g—¢*—d-i—1

So we have ) .
d = _% h

)

Thus
d? +1
e = — —
g
0 1

e-g+d*+i

P +g+1

(P g1+

_?4g+1  (¢PHgr1)24i

So we obtain the set of solutions {

i gi2

g

7

g% tg+1

gt

0

—g—1

i

2
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: 9,1 € Q\{0}} in this subcase.
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Note that this matrix has determinant equal to 1.

So we obtain

¢ = 1= (1) con@: A a- a1
0 1 0
010 010 _P4gt1 (P24 )
— (1) eequi(B)pug( e e e ) Lo\ (o

g2 tgtl
7

g %

But not all matrices in this set have an irreducible characteristic polynomial. This has to be
decided for each such matrix separately. In other words, for each finite extension K|Q with
Galois group isomorphic to Cs, K is isomorphic to a field in the following set.

{Q[A] : A€ L, xa(X) € Q[X] is irreducible}

Remark 23 For A = <

—OO
OO+

g) we have xa(X) = X3 — 1, which is reducible in Q[X].

01 0
Remark 24 Let A = < e j) € Q%3 where e € Q. Its characteristic polynomial is

xa(X) = XP - X?(e—1)— X(e+2)—1.
This polynomial is irreducible for e € Z .
Proof. Tf e is even, then y4(X) =, X3 + X2 + 1 is irreducible in Fy[X].

It e is odd, then x4(X) =5 X? + X + 1 is irreducible in Fo[X].
So xa(X) is irreducible in Z[X], hence in Q[X]. O

010
Example 25 Let A = ((1) 0 j) € Q*<3. Its characteristic polynomial is
xa(X) = X34+ X?-2X 1.

By Remark 24, this polynomial is irreducible in Q[X].

- 0 1 o0
Let A= (—51% 10 —%) € Q33. Its characteristic polynomial is

Yi(X) = X2 +9X* - X —1

We can ask Magma whether the characteristic polynomial is irreducible:

P<X> := PolynomialRing(Rationals());
f =X"3+ 9%xX"2 - X - 1;
IsIrreducible(f);

Magma gives true. Thus the characteristic polynomial x z is irreducible in Q[X].

We can now use Magma to see if Q[A] ~ Q[A].
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K<i> := NumberField(X"3 + 9*X"2 - X - 1);
L<j> NumberField(X"3 + X"2 - 2xX - 1);
IsIsomorphic(X,L);

Magma gives:
true Mapping from: FldNum: K to FldNum: L

So Q[A] ~ Q[A].
Note that Q[A] # Q[A] as subalgebras of Q3"
Assume that Q[A] = Q[A]. Then A, A € Q[A] and

et A = (010) = e A,

thus, by Lemma 21, A = A. But A # A. So we have a contradiction.

Finally, we verify with Magma that the Galois group of our extension is isomorphic to Cs.
K<i> := NumberField(X"3 + 9*X"2 - X - 1);

G,d,data := GaloisGroup(K);

GaloisProof (X°3 + 9%X"2 - X - 1,data);
G;

Magma gives true and

Permutation group acting on a set of cardinality 3
Order = 3

0 1 0
Example 26 Putting e := —1/2, we obtain A = ([1) -1/2 —1> € L, having the characteristic

polynomial
xa(X) = X3+3X2-3X-1 = (X+2)(X+ (X -1).
So the characteristic polynomial of A is reducible.

This factorisation also shows that it coincides with the minimal polynomial of A. Thus Q[A]
is not a field. In fact,

QA ~ QXJ/ (X +2)(X +3)(X —1)) ~ QxQxQ
by the Chinese Remainder Theorem.

So this example shows that the condition on the characteristic polynomial to be irreducible in
Q[X] cannot be omitted.

0 1 0
Example 27 Let A = <(1) 1/2 1) € Q33. Its characteristic polynomial is

XA(X) = X3+%X2—3X—1.



36

Maple gives that this characteristic polynomial is irreducible in Q[X]:

A := matrix([[0,1,0],[1,1/2,-1],[0,-1,-111);
factor(charpoly(A,X));

This gives the factorisation X~3+1/2%X"2-5/2xX-1.

As in Example 25, one can verify with Magma that Q[A]|Q is galois with Galois group isomor-
phic to Cs.

0 1 0
Example 28 Let A = (—g —25 —3) € Q*<3. Its characteristic polynomial is

7 1
xa(X) = X3 4+24X? +3X — 1.

In Fo[X] the characteristic polynomial y 4(X) =5 X3+ X +1 is irreducible. Thus x4(X) € Q[X]
is irreducible.

As in Example 25, one can verify with Magma that Q[A]|Q is galois with Galois group isomor-
phic to Cs.

2.2 The cyclic group Cy4

Suppose that G = C4 = (p;) and @ = Q.
We write o1 := p{ = 1¢, , 02 := p}, 03 := p? and 04 := p}.

To calculate the permutation matrix S; = 5,, , in the notation of Definition 15, we obtain the
bijection « : [1,4] — [1,4] with la = 2, 2a = 3, 3a = 4 and 4a = 1.
0100

010

So we obtain S := 57 = <88(1)(1)). Moreover, we have S := {S} = {(88(1)
1000 100

We obtain G = {I4,5, 5%, 5%} ; cf. Definition 15.

We want to classify the Galois extensions of Q with Galois group isomorphic to Cy .

By Theorem 19.(i), each such Galois extension is, up to isomorphism, of the form Q[A]|Q for
some A € Q*** such that A- A% = A% . A and such that y4(X) € Q[X] is irreducible.

Conversely, by Theorem 19.(ii), each A € Q*** such that A - A% = A% . A and such that
xa(X) € Q[X] is irreducible gives rise to a Galois extension Q[A]|Q with Galois group isomor-
phic to Cy4 .

In other words, for our classification we have to find those elements A in the Galois variety
of Cy4 with x4(X) € Q[X] irreducible.

2.2.1 A reduction step by intersection

We intersect the Galois variety of C4 with the affine subspace consisting of those matrices of
0100
the form (I o I) .

We have to show that this intersection is still sufficient to describe all the Galois extensions we
search.
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Lemma 29 Suppose given A € Q¥ such that A- A% = A5 . A and such that x4(X) is
irreducible.

Then there exists B € Q¥4 such that B - BS = B® - B, such that xp(X) is irreducible, such
that e; -B = ey and such that

Proof. Note that for A, we are in the situation of Theorem 19.(ii).
By Lemma 21, there exists a unique B € Q[A] such that e; -B = e.

We want to show that Q[A] = Q[B].
We have Q[B] C Q[A].
Assume that Q[B] C Q[A].

The subfields of Q[A] are Q[A], L := {C' € Q[A] : C* = C'} and Q, since the subgroups of C,
are Cy, Cy and 1, cf. Proposition 1.

0100
We have B ¢ Q - I, = Q, since B is of the form B = (IIII).

* %k k >k

So Q € Q[B] € Q[A], and thus Q[B] = L. Thus B = B%" and dimg(Q[B]) = 2 with irreducible
minimal polynomial pp(X) € Q[X] of degree 2.

0100 kligj

s _ [ efgh 4x4 : s2 _ [ pgmn
ertmgB(ijkl)EQ , we obtain B> = | (01
mnpq ghef

0100
Compaﬂngl?and_BSQgh@sf?zz<8£g?>-
ghef

We have the surjective trace map Trgpaygs : Q[A] — Q[B] : C + C + C%°.

In particular, the inverse image of B under this Q-linear map is an affine subspace of Q[A] of
dimension 2.

We calculate the intersection of this inverse image with Q[B].
Let C' € Q[B] be such that Trgaq(C) = B.
Then
B = Trgugg(C) = C+C% = C+C,
and thus C' = 1 B. So this intersection equals {3 B}. Therefore, there exists A € Q[A]\ Q[B]
with A + A% = B.
Now we invoke the condition B - B® = B¥ - B using Maple.

B := matrix([[0,1,0,0],[e,f,g,h],[0,0,0,1],[g,h,e,f]1]);

S := matrix([[0,1,0,0],([0,0,1,0],[0,0,0,1],[1,0,0,011);

IS := inverse(S);

Dif := evalm(IS &* B &* S &* B - B &* IS &*x B &* S);

for a from 1 to 4 do for ¢ from 1 to 4 do printf("%a = O\n",Dif[a,c]); od; od;
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Maple gives the system of equations:

2%g*xe = 0

exh+fxg+f = 0
e"2+g"2-1 =0
exf+gxh+h = 0

We distinguish two cases.

Case 1: g =0.
exh+f = 0
e”2-1 =20
exf+h = 0

We distinguish two subcases.

Subcase 1.1: e = 1.

h+f = 0

= O o0

Thus we have B = <

oS OO
e

0
{) for f € Q.
f

We know that I, B and B? are linearly dependent.

0 1
We get the matrices B = [1) J(;
0 —f
We conclude that f = 0.
0100
So we have B = ((1)88?
0010
pa(X)

g 3
0 1 B2
Lf

We have a contradiction in this Subcase.

Subcase 1.2: e = —1.

~h+f = 0
01 00
Thus we have B = 755 8{
0f-1Ff

)forfEQ.

We know that I, B and B? are linearly dependent.

0
We get the matrices B = <_(1)
0

We conclude that f = 0.

O h

)
01 aB2:
-1 f

rf 0o —f
fo2f2+1 —f —2f
0 —f

—-f =2f* f 2f*+1

2 0
L and I, = 8

1)-(X+1)
SIS .
—f 2221 —f 2
T Y (§
—f 2 —f 2 ‘

OO

OO

oO—OO
—OoOOoO

(= el
—OoOOoOo



39

So we have B = (

—OOO
OO0

). Hence B has irreducible minimal polynomial

oo~ O
OOoOO+

np(X) = X*+1 € QX].

We shall continue to consider this Subcase below.

Case 2: e = 0.
fxg+f = 0
g72-1 = 0
g+h+h = 0

We distinguish two subcases.

Subcase 2.1: g = 1.

2xf =0
2xh = 0
0100
Thus we have B = (886?).
1000

o,

We know that I, B an
0100 0010 1000

We get the matrices B= [ 5045 ), B2= (%005 ) and I, = [ 5599 ).
1000 0100 0001

But I, B and B? are linearly independent. We have a contradiction in this Subcase.

B? are linearly dependent.

Subcase 2.2: ¢ = —1. Our system of equations reduces to 0 = 0.
01 00
0f—-1h
Thus we have B = < 00 01),Wheref,hEQ.
~1h Of

We know that 1, B and B? are linearly dependent.
0o f -1 A

01 00
) ~1h —h f2+hR2 — -
We get the matrices B = < 8{; (1)1>, B? = (_}i f:;h Of 2f;b 1) and I, = (
—1h Of —f 2fh—1 —h f2+h?

00
00
10 |-
01

4, an are linearly imdaependent. € nave a conitradaiction 11 1S dubcase.
u 2 . . . . . .
1 00
0 00
0o 01]J-
0-10

abcd
Now we search all A =: (f fi?) e Q[A] \ Q[B] such that B = A + AS" with Maple. We

(==l og
oo

OO

Thus we only have to derive a contradiction in Subcase 1.2, where we have B = (‘

know that such a matrix A exists by the trace argument above. Since A ¢ Q[B], we have
Q[A] = Q[A]. In particular,

deg(p (X)) = dimgQ4] = dimgQ[4] = deg(ua(X)) = deg(xa(X)) = 4

and thus x ;1(X) = pu4(X) is irreducible.
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AA := matrix([[a,b,c,d],[e,f,g,h],[i,],k,1], [m,n,p,ql]);

B := matrix([[0,1,0,0],[-1,0,0,0],[0,0,0,1],[0,0,-1,011);

S := matrix([[0,1,0,0],[0,0,1,0],[0,0,0,1],[1,0,0,0]11);

IS := inverse(S);

Dif := evalm(AA + IS~2 &* AA &* S°2 - B);

for r from 1 to 4 do for w from 1 to 4 do printf("%a = O\n",Dif[r,w]); od; od;

Maple gives the system of equations:

atk

b+1-
c+i

d+j =
e+p+l
f+q =
gtm =
h+n

o=

O OO Il OO Il o

d
Thus we have A = (ec ,fd 2 1hb>.

Since A, AS € Q[A], we have AS.A— A-AS =0, which we want to use now:

AA := matrix([[a,b,c,d], [e,f,g,h],[-c,-d,-a,1-b], [-g,-h,-1-e,-f]]);

S := matrix([[0,1,0,0],[0,0,1,0],[0,0,0,1],[1,0,0,01]);

IS := inverse(S);

Dif := simplify(evalm(IS &* AA &* S &* AA - AA &x IS &x AA &x S));

for r from 1 to 4 do for w from 1 to 4 do printf("%a = O\n",Dif[r,w]); od; od;

Maple gives the system of equations:

-d+g = 0

(d+e+1)*h+(-b+g) *a-f*xb+c*x(d-e)-g+xf = 0
2*xaxh-b"2-2xc*f+d"2+e"2-g " 2+2%e+l = 0
(d+e+1)*a+(-d+e+1) *f+(b-g-1)*h-c*x(b+g) = 0
(b-g-1) *h+(d+e) *a-b*c-cxg-f*(d-e) = 0
(d-e-1)*c+(-b+g) *a-f*b+h*d+exh-g+xf = 0
2%axh-b"2-2xcxf+d"2+e"2-g"2+bt+te = 0
2*xaxh-b"2-2xc*f+d"2+e"2-g"2+2xb-1 = 0
(-b-g+1) *c+(d+e) *ath*xb-f*d+e*xf-gxh = 0

(-bt+g+1) *a+(d-e-1) *c+(-b-g+1)*f+h*x(d+e) = 0
(-bt+g+1) *a+(-b-g+1)*f+(d+e+1) *h+cx(d-e) = 0
2%axh-b"2-2xc*xf+d"2+e"2-g"2+b+te = 0

(d+e+1)*a+(-b-g+1) *c+(-d+e+1) xf+h*(b-g) = 0

We see d = g.
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AA := matrix([[a,b,c,d],[e,f,d,h],[-c,-d,-a,1-b],[-d,-h,-1-e,-f]1]);

S := matrix([[0,1,0,0],[0,0,1,0],[0,0,0,1],[1,0,0,01]);

IS := inverse(S);

Dif := simplify(evalm(IS &* AA &* S &+ AA - AA &x IS &x AA &x S));

for r from 1 to 4 do for w from 1 to 4 do printf("%a = O\n",Dif[r,w]); od; od;

Maple gives the system of equations:

(a+c-f+h) *d+(e+1) *h-b*a-f*b-cxe = 0
2*%axh-b~2-2*%cxf+e"2+2%e+1 = 0
(a-c-f-h)*d+(e+1) *a+(e+1) *f+(b-1)*h-bxc = 0
(a-c-f-h) *d+(b-1) *h+a*e-b*c+e*xf = 0
(a+c-f+h)*d+c*(-1-e)-b*a-f*b+exh = 0
2*%axh-b~2-2*%cxf+e"2+b+te = 0
2*%axh-b~2-2*%cxf+e"2+2%b-1 = 0
(a-c-f-h) *d+(1-b) *c+a*e+hxb+exf = 0
(a+c-f+h) *d+(1-b) *a+cx(-1-e)+f*(1-b)+e*xh = 0
(atc—f+h) *d+(1-b) *a+f*(1-b)+(e+1)*h-c*e
(a—c—f-h)*d+(e+1) *a+(1-b) *c+(e+1) *f+h*b

0
0

Now we can equate the equations:

2*%axh-b~2-2%cxf+e”2+2%e+1
2*%axh-b~2-2xc*xf+e”2+b+e

o
o O

Then we get 2e +1 =0+ e.
Thus e=5b—1.

AA := matrix([[a,b,c,d], [b-1,f,d,h],[-c,-d,-a,1-b],[-d,-h,-b,-f]1]);

S := matrix([[0,1,0,0],[0,0,1,0],[0,0,0,1],[1,0,0,011);

IS := inverse(S);

Dif := simplify(evalm(IS &* AA &* S &* AA - AA &x IS &* AA &x S));

for r from 1 to 4 do for w from 1 to 4 do printf("%a = O\n",Dif[r,w]); od; od;

Maple gives the system of equations:

(-a-c-f+h) *b+(a+c-f+h)*d+c = 0
2%axh-2*%cxf = 0

(a—c+f+h) *b+(a-c-f-h)*d-h = 0
(a-c+f+h) *b+(a-c-f-h)*d-a-f-h = 0
(-a-c—f+h) *b+(a+c-f+h)*d-h = 0O
(a-c+f+h) *b+(a-c-f-h)*d-a+c-f = 0
(-a-c-f+h) *b+(a+c-f+h) *d+a+f-h
(—a-c—f+h) *b+(atc—f+h) *d+at+c+f
(a—c+f+h) *b+(a-c-f-h)*d+c = 0

0
0
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We can equate three equations:

(-a-c-f+h)*b+(a+c—f+h)*d+c =0
(-a-c-f+h)*b+(atc-f+h)*d+a+f-h = 0
(-a-c-f+h) *b+(a+tc-f+h)*d+a+c+f = 0

Then weget c=a+ f—h=a+c+ f.

So we have —a = f and —c = h.

AA := matrix([[a,b,c,d], [b-1,-a,d,-c],[-c,-d,-a,1-b], [-d,c,-b,al]l);
S := matrix([[0,1,0,0], [0,0,1,0],[0,0,0,1],[1,0,0,01]1);

IS := inverse(S);

Dif := simplify(evalm(IS &* AA &* S &* AA - AA &x IS &* AA &x S));
for r from 1 to 4 do for w from 1 to 4 do printf("%a = O\n",Dif[r,w]); od; od;

Maple gives the system of equations:
2*xa*xd-2*b*xc+c = 0.

We distinguish two cases.
Case 1: a # 0.

We have d = @ and the matrix

c(2b—1)

a b c 50
A . b—1 —a % —c
o —c —c@-1) —a 1-b
2a
c(2b—1) c b a

for a € Q\ {0}, b,c € Q.
Now we factor the characteristic polynomial of A with Maple.
AA := matrix([[a,b,c,c*(2%b-1)/(2*%a)], [b-1,-a,c*(2xb-1)/(2*a) ,-c],

[-c,-c*x(2*b-1)/(2*a) ,-a,1-b], [-c*(2*¥b-1)/(2*a) ,c,-b,al]l);
factor(16*a~4*charpoly(AA,X));

(4%X"2%a"2-4%a”~4-4xa"~2%b~2+4%a " 2%c " 2+4*xb"2%c " 2+4%a "~ 2%b-4*xbxc~2+c”~2) "2

We see that the characteristic polynomial is reducible. We have a contradiction in this Case.
Case 2: a = 0.

We have ¢+ (1 —2-b) = 0. Thus we distinguish two subcases.

Subcase 2.1: ¢ = 0.

0 b 0 d
We have A = <b_01 o 8 10_b> for b,d € Q.
~d 0 —b 0

We factor the characteristic polynomial of A with Maple.
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AA := matrix([[0,b,0,d],[b-1,0,d,0],[0,-d,0,1-b], [-d,0,-b,0]11);
factor(charpoly(AA,X));

(X~2-b"2+d"2+b) "2
We see that the characteristic polynomial is reducible. We have a contradiction in this Subcase.

Subcase 2.2: b= 1/2.
) 0 1/2 ¢ d
we have A = (‘1/02 fd g 1_/62) for c,d € Q.
—-d ¢ -=1/2 0

We factor the characteristic polynomial of A with Maple.

AA := matrix([[0,1/2,c,d],[-1/2,0,d,-c],[-c,-d,0,1/2],[~d,c,-1/2,011);
factor(charpoly(AA,X));

1/16% (4*%X"2+4%c~2+4*%d"2+1) "2
We see that the characteristic polynomial is reducible. We have a contradiction in this Subcase.

Thus we have obtained a contradiction in each Case or Subcase.

Thus Q[B] = Q[A].

Since B € Q[A], we have B® € Q[A] by Theorem 19.(ii). Thus B-B* = B-B by commutativity
of Q[A].

Finally, Q[A] = Q[B] entails

deg(pp(X)) = dimgQ[B] = dimgQ[4] = 4

and thus xp(X) = pp(X) is irreducible. O

So Theorem 19 together with Lemma 29 gives the following.
Lemma 30

(i) Suppose that K|Q is galois with Galois group isomorphic to Cy .
There exists A € Q*** such that K is isomorphic to Q[A] as a field extension of @, such
that A5 - A = A A% such that y4(X) € Q[X] is irreducible and such that e, -A = e .
(ii) Suppose given A € Q*** such that e; -A = ey, such that A5 - A = A - A5 and such that
xa(X) € Q[X] is irreducible.

Then the field extension Q[A]|Q is galois with Galois group Gal(Q[A]|Q) isomorphic
to C4 .
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2.2.2 Using function fields to search for a subset of solutions

Consider the set of solutions

0100
£ (A= () ecLi@s A% a- a4t}
mnpq

S
"N T O

0100
We let Maple calculate the matrix equation A% - A4 = A- AS for A = (f };) € GL4(Q).
mhpq

We use the following procedure.

mat_eq := proc(A)
local S,IS,Dif,b,c;

with(linalg):
S := matrix([[0,1,0,0],[0,0,1,0],[0,0,0,1],[1,0,0,011);
IS := inverse(S);

Dif := evalm(IS&*A&*S&*A - A&*IS&*A&*S);
for b from 1 to 4 do
for ¢ from 1 to 4 do
if not Dif[b,c] = 0 then
printf("%a = O0\n",Dif[b,c]);
end if;
od;
od;
end proc;

We apply it as follows.
mat_eq(matrix([[0,1,0,0], [e,f,g,h],[i,],k,1],[m,n,p,ql11));

Maple gives the system of equations:

o

exm+ixn+mxp =
f*m+j*n+nxp+q
gxm+k*n+p~2-1
h*m+1*n+p*q =
—exq-gxh-h*x1+i
—exg-exm-h*xi+j =
—exn-fxg-hxj-f+k
-e*xp-g~2-hxk+l = 0

e 2+f*i+g*m-hxk-i*xq-1"2 = 0
exf-exk+f*xj+g¥n-ixl-i*m+h = O
exgtgrp-ixn-j*l-j = 0
exh+fx1-gxk+g*q-ixp-k*l =
e*xi-h*p+i*j+k¥m-1*q-m*q
—exp+f*i-i*xq+j 2+k*xn-m"2+1 = 0
—fxpt+gxi+jrxk-j*qt+k*p-m*n-n = O
—gxpth*i+j*xl-m*p = O

S
o O

N o o

nn
o O
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Using Magma, we find a subset of the set of solutions £ in the following way. Since Magma
produces a triangular decomposition of an ideal only in the case of Krull dimension zero of the
factor algebra, we have to pass to a function field in some of our variables as ground field. This
will produce a subset £’ of our set of solutions £, as we will verify independently at the end.

K<e,i,m> := FunctionField(Rationals(),3);
R< k, 1, n, p, q, £, g, h, j > := PolynomialRing(K, 9);
I := ideal<R |

e*xm+ixn+m*p,

f*m+j*n+n*xp+q,

gxm+k*n+p~2-1,

h*m+1*n+p*q,

—exq-g¥h-h*xl+i,

—exg-e*xm-h*xi+j,

—exn-fxg-hxj-f+k,

—exp-g~2-h¥k+1,

e 2+f*i+g*m-hxk-i*q-1"2,
exf-exk+f*j+gn-ixl-i*m+h,
exg+grp-ixn-j*l-j,
exh+fx1-gxk+g*q-ixp-k*1l,
e*xi-h*p+i*j+k*m-1*q-m*q,

—exp+f*i-ixq+j 2+k*n-m"2+1,
-fxpt+gxi+j*xk-j*qt+k*p-m*n-n,
—g*p+h*i+j*x1l-m*p

S -

TriangularDecomposition(I);

I

Magma gives the solution:

Ideal of Polynomial ring of rank 9 over Multivariate rational function
field of rank 3 over Rational Field
Order: Lexicographical
Variables: k, 1, n, p, q, £, g, h, j
Inhomogeneous, Dimension O
Groebner basis:
[
k+ (-e"2 - m™2 - 2xm - 1)/(e"2%xi)*j 2 +
(me™3 + exm™2 - e - 2x1i72*m - 2xi72)/(e"2xi)*j +
(exixm - exi - 1i°3)/e"2,
1 (m + 1)/exj + (e + i"2) /e,
m/i*j,
j+e,
(m~2 + m)/(exi)*j + i*m/e,
(-e”2 - m - 1)/(exi)*j - i/e,
(-m - 1)/exj + (e*xm - i"2)/e,
m/ixj + i,

+

50 o T B
+ 4+ + + o+
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j73 + (e73*m + e7"2%i"2 - e*m”3 + exm + 2%i"2xm"2 + 2%i"2xm)/

(e”2*m + m™3 + 2*m™2 + m)*j"2 + (2%e"3%1i"2 + 2%exi"2*m + i"4xm)/
(e”2*m + m”3 + 2*m”2 + m)*j +

(e74%xi”2 - e72xi"2+m"2 - e72%i"2 + e*xi"4xm)/(e”"2%m + m~3 + 2*xm”2 + m)

]

If e # 0 and i # 0 and e?>m + m? + 2m? + m # 0, this can be used to find solutions to our
original system of equations over Q.

Note that
em+m3+2m*+m = m(e + (m+1)?)
is zero if and only if m = 0.
So we should consider the case e = 0, the case ¢ = 0 and the case m = 0 separately.
We have four cases, which may overlap.
Case 1: e #20 and 7 # 0 and m # 0.

Let

) L . 43 e(e2m+-ei2—m2+m)+2i2m(m+1) ;2 i2(2e34-2em+i%m) i2e(e3—em?—e+i’m)
Nejm = {t €Q: "+ m(e2+(m+1)?) =+ m(e2+(m+1)?) t+ m(e2+(m+1)?) _0}

Our triangular system yields, for 7 € Ne i, ,

e?i 0 0
A — 1 e3i  (e2+m+1)ejtei? (m+1)eij+(i2—em)ei —e?mj—e2i?
T e2i? jei (e24+(m+1)2)52+(e3+(1—m?)e+2i2 (m~+1))j+(i2+(1—m)e)i?  —(m-+1)eij—(e+i?)ei
e2im e2mj (—j—e)eZi —(m(m+1))ej—ei’m

For j € Ne i, we use Magma to calculate the determinant.

K<e,i,m> := FunctionField(Rationals(),3);
P<X> := PolynomialRing(K);
L<j> := quo< P |
X~ 3+ (e 3xm+e”2*%i " 2-e*xm”3+exm+2%1 " 2*xm"24+2%1i " 2*m) / (e” 2*m+m”~3+2*m"~ 2+m) *X "2
+(2%e”3%1 " 2+2%ex1i " 2*m+1"4%*m) / (e~ 2*m+m” 3+2*m "~ 2+m) *X
+(e74*i"2-e"2*1i"2¥m"2-e " 2%1 " 2+e*i~4*m) / (e"2*xm+m”~3+2*m"2+m) >;
A := RMatrixSpace(L,4,4) 'Matrix([
[0,1,0,0],
[e, (e"2+m+1) /(exi)*j+i/e, (m+1) /e*xj-(exm-i"2)/e,-m/i*j-i],
[i,j,(e”2+m™2+2*m+1) /(e"2%1i)*j 2+ (e"3-e*m”~2+e+2*%1"2*m+2%1i7~2) / (e~ 2%1) *j
+(—exi*mt+exi+i~3)/e"2,-(m+1)/exj-(e+i~2)/e],
[m,m/i*j,-j-e,-(m"2+m)/(exi)*j-i*m/e]l]);
Determinant (4);

This yields det(A) = 1.

Thus
e?i 0 0
1 e (e2+m+1)ejtei? (mA+1)eij+(i%2—em)ei —e2mj—e2i?
e2; | e?i? je2i (24 (m+1)2)52+(e34+(1—m?2)e+2i2(m+1))j+ (2 +(1—m)e)i? —(m+1)eij—(e+i)ei
e2im e?mj (—j—e)e?i —(m(m+1))ej—ei’m

e;i,me Q\{0},j€ Neym} € L.



Case 2: e = 0.
0398
We have A = (l jZl)'
mnpq
We let Maple calculate the new matrix equation:
mat_eq(matrix([[0,1,0,0],[0,f,g,h],[i,j,k,1],[m,n,p,q]1]));

Maple gives the system of equations:

ixn+m¥p = 0

f*m+j*n+n*p+q =0
gxm+k*n+p~2-1 = 0
hxm+1*n+px*q = 0
~g*h-h*1+i = 0
-h*i+j = 0

~fxg-hxj-f+k = 0
~g"2-hxk+l = 0

fxi+gxm-h*k-i*q-1"2 = 0O
f*xj+grn-ixl-i*m+h = 0
gxp-i*n-j*l-j = 0
fxl-gxk+gkq-i*p-kx1 = O

—h*p+i*j+k*m-1*q-m*xq = O
f*i-ixq+j " 2+k#n-m"2+1 = O
—f*p+g*i+j*k—j*q+k*p—m*n—n =0
—g*pth*i+j*l-mxp = 0

We use again Magma to find a subset of the set of solutions.

K<i,m> := FunctionField(Rationals(),2);
R< k, 1, n, p, q, £, g, h, j > := PolynomialRing(K, 9);
I := ideal<R |

i*n+m*p,

f*m+j*n+n*p+q,

gxm+k*n+p~2-1,

h*m+l*n+p*q,

~g*h-h*1+1,

~h*i+j,

~fxg-h*j-f+k,

~g~2-h¥k+1,

fxi+gim-h¥k-i*q-1"2,

fxj+g*n-ixl-i*m+h,

grp-ixn-j*l-],

f¥1-gHk+grq-1i*p-k*1,
—h*p+i*j+k*m—1*q—m*q,
fxi-i%q+j~2+k*n-m"2+1,
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-f*xpt+gxi+j*xk-j*q+k*p-m*n-n,
—g*p+th*i+j*x1l-m*p
> .

I

TriangularDecomposition(I);
Magma gives the solution:

Ideal of Polynomial ring of rank 9 over Multivariate rational function
field of rank 2 over Rational Field

Order: Lexicographical

Variables: k, 1, n, p, q, £, g, h, j

Inhomogeneous, Dimension O

Groebner basis:

[

(-m - 1)/ixg + (-i"4 + m"2 + 2*%m + 1)/(i*m"2 + i*m),
g+m+ 1,

ixm/(m + 1),

it2/(m + 1),

m/ixg + m~2/1,

1/ixg - m/1i,

+ (-i"4 +m™4 + 3*xm”3 + 4¥m”2 + 3*m + 1)/(m"3 + 2*m"2 + m),
i/(m + 1),

i”2/(m + 1)

o+ o+ o+

)

L0 Hh QT B R
+ + N +

If i # 0 and m ¢ {0, —1}, this can be used to find solutions to our original system of equations
over Q.

So we should consider the case m = 0, the case i« = 0 and the case m = —1 separately.

We have four subcases, which may overlap.

Case 2.1: e=0and ¢ #0 and m & {0,—1}.

Let
/ o .42 —i*+m*43m344m24+3m+1
N, = {teQ: t*+ o S =0}.
Our triangular system yields, for g € N/, ,
0 1 0 0
gt+m _ 1
A 0 i2 ‘Z 5 m—+1
= ;o4 mdl i =m4DT
¢ m+1 i g+ im(m+1) g—m—1
_ _im i _mg+m2
m—+1 m—+1 (3

For g € N/, we use Magma to calculate the determinant.

i,m

K<i,m> := FunctionField(Rationals(),2);

P<X> := PolynomialRing(K);

L<g> := quo< P | X"2 + (-1i"4 + m"4 + 3*m"3 + 4*m”2 + 3*m + 1)/(m"3 + 2*m”2 + m)>;
A := RMatrixSpace(L,4,4) 'Matrix([



[0,1,0,0],

[0,1/ixg + m/i,g,-i/(m + 1)],
[i,-i"2/(m + 1),(m + 1)/i*g + (i"4 - m"2 - 2*m - 1)/(i*m”2 + i*m),-g - m - 1],
[m,-i*m/(m + 1),i"2/(m + 1),-m/i*g - m~2/i]]);

Determinant (A) ;

This yields det(A) = 1.
Thus

0 1 0
+
0 gim g
{ i —_i% m+l +w
m-+1 i im(m—+1)
_im i2
m—+1 m—+1

Case 2.2: e =0 and m = 0.

0100
We have A = (tﬁg’;).

Onpgq

0
_ 1
m—+1

—g-m—1 | 1 1€Q\{0}, me Q\{0,~1}, g€ N;,,} C L.

_mg+m
i

We let Maple calculate the new matrix equation:

mat_eq(matrix([[0,1,0,0],

[0,f,g,h],[i,],k,11,00,n,p,q11));

Maple gives the system of equations:

nxi = 0
j*n+nxp+q =
kxn+p~2-1
1*n+p*q =
—g*h-h*1+i = 0
~h*i+j = 0
-fxg-hxj-f+k = 0
-g"2-h*k+l = 0
fxi-hxk-ixq-1"2 =
f*j+g*n-i*1+h = 0
gxp-i*n-j*l-j = 0
fx1-gxk+gxq-i*p-kx*
“h*p+i*xj-1xq = 0
fxi-ixq+j"2+k*n+l = 0
—f*p+g*i+j*k—j*q+k*p—n =
—g*p+h*i+j*l =0

S
o O

0

1=0

0

Nown-i=0leadston =0or i =0.

So we have two subcases.

Case 2.2.1: e=0and m =0 and 7 = 0.

0100

Then A = (8 f i?) is not invertible and thus is not contained in the Galois variety.

Onpgq

49
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Case 2.22: e=0and m =0 and n = 0.
We obtain p?> =1 and ¢ = 0.
We have two subcases.

Case 2.2.2.1: e=0and m=0and n=0and ¢ =0 and p = 1.
mat_eq(matrix([[0,1,0,0],[0,f,g,h],[i,],k,1],[0,0,1,0]1]1));
Maple gives the system of equations:

-gxh-h*1+i = 0
-h*i+j = 0
—f*g-hxj-f+k = 0
-g"2-h*k+1 = 0
fxi-hxk-1"2 =
fxj-ixl+h = 0
~j*l+g=j = 0
fxl-gkk-kxl-i = 0
i*j-h = 0
fxi+j 2+1 =
gi+jrk-f+k
hxi+j*l-g =

o I o
o

We know j =h-tandi-j5—h =0.
Thus k- (i — 1) = 0.
We have three subcases.

Case 2.2.2.1.1: e=0andm=0andn=0and ¢g=0and p=1and h = 0.

0100
We obtain 7 = 0 and have A = <8§ i?). Then A is not invertible and thus is not contained in
the Galois variety. 0010

Case 2.22.12: e=0and m=0andn=0and ¢g=0and p=1and ¢ = 1.
We obtain j = h.

mat_eq(matrix([[0,1,0,0],[0,f,g,h],[1,h,k,1],[0,0,1,0]1));

Maple gives the system of equations:

~g*h-h*1+1 = 0
~f*g-h"2-f+k =
~g"2-h*k+1 = 0
~h*k-1"2+f = 0
f*h+h-1 = 0

~h*l+g-h = 0

0



o1

f*1-gxk-k*1-1 = 0

h 2+f+1 = 0
hxk-f+g+k = 0
h*l-g+h = 0

Now we use the command ICS of the Maple with the package epsilon, which decomposes a
polynomial system into irreducible triangular systems.

I1cs({
-gxh-h*1+1,
-fxg-h"2-f+k,
-g~2-h*k+1,
~hxk-1"2+f,
fxh+h-1,
~hx1+g-h,
fxl-gkk-k*1-1,
h~2+f+1,
hxk-f+g+k,
h*l-g+h},
[f,h,g,k,11);

This gives:

(h+1, f-g, f"2+f-k+1, £°2-k-1],
[f+1, h-1, g-1, 1+k, 1]

So in the first case we have h=—1,g=f, k= f?+ f+1landl = —f — 1.
01 0 0

We have det <(1)f1 fszﬂ }11> =1.
00 " 1 0

In the second case, we have f = -1, h=1,g=1,k=—1and [ = 0.

0 O
01 0 0 0

1 00
s (3 o2 ) reug(f i) c o
00 1 0 0 10

0 1 00
We have det ((1) -1 ,i é) =—1.

0
Case 2.2.2.13: e=0andm=0andn=0and ¢g=0and p=1and i = —1.

>

0 100
We obtain j = —h and A = (1hi l>.
0 010

mat_eq(matrix([[0,1,0,0],[0,f,g,h],[-1,-h,k,1],[0,0,1,0]11));
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Maple gives the system of equations:

~g*h-h*1-1 =
~frg+h~2-f+k
~g 2-h*k+l =
~h*k-1"2-f =
~fxh+h+1 = 0
h*l+g+h = 0
fx1-gxk-k*1+1 = 0
h~2-f+1 = 0
~h*k-f-g+k = 0

oS O Il o

Now we use the command ICS of the Maple package epsilon:

ICsS({
-gxh-h*1-1,
-fxg+h~2-f+k,
-g~2-hxk+1,
-h*k-1"2-f,
-fxh+h+1,
h*l+g+h,
fxl-gkk-k*1+1,
h~2-f+1,
~h*k-f-g+k},
[f,h,g,k,11);

This gives:

[h-1, f+g, £f72-f+k+1, £72+k-1],
[f-1, h+1, g-1, -1+k, 1]

0 1 0 0

01
We have det (01 BN 7f{+ff71 f11) = 1. We have det ((1) 1
0 0 1 0 00

0
‘é)} C L

0

0and p = —1.

=)
OO)l—'O
N—
I
|
—_

0 1 0 0 010

ThuS{(_Ol _fl —f;-‘{f—l f1_1> : feQ}U{(—(l) %%

0 0 1 0 001

Case 2.2.2.2: e=0and m=0and n =0 and ¢q =
01 00

WehaveA:< . Zh).
-1

0
% l
0 0

o,

mat_eq(matrix([[0,1,0,0],[0,f,g,h],[i,],k,1],[0,0,-1,0]11));

Maple gives the system of equations:

~g*h-h*1+i = 0
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-h*i+j = 0

-fxg-h*xj-f+k =
-g"2-h*k+1l = 0
f*i-hxk-1"2 =
fxj-ixl+h = 0
-j*1-g-j = 0

fxl-gxk-kxl+i = 0
ixj+h = 0

fxi+j"2+1 =
gxi+jxk+f-k
hxi+j*xl+g =

0

0

o I o
(@)

We know j=h-iandi-j+h=0. Thus h- (> +1) = 0.

Soh=0and 7 =0. Then g =0 and [ = 0. Moreover, i = 0. We obtain k£ = f. So we have
0100
A= (8 0 ?‘ 8). But A is not invertible and thus is not contained in the Galois variety.
00-10
Case 2.3: e=0 and 7 = 0.
0100
We have A = (gfz?).
mnpq

mat_eq(matrix([[0,1,0,0],[0,f,g,h],[0,j,k,1], m,n,p,ql11));

Maple gives the system of equations:

pxm = O
f*m+j*n+nxp+q = 0
gxm+k*n+p~2-1 = 0
h*m+1l*n+pxq = 0
-g¥h-h*1 = 0
j=0

-fxg-hxj-f+k = 0
-g~2-hxk+1l = 0
gxm-hxk-1"2 =
f*j+gxn+h = 0
gxp=j*1-j = 0
fxl-gxk+gxq-k*xl = 0
—h*p+k*m-1*q-m*xq = 0

j 2+k*n-m"2+1 = 0
—-f*p+j*k-j*q+k*p-m*n-n = 0
—gkptj*l-m*p = 0

0

We obtain j = 0.
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Now we use the command ICS of the Maple package epsilon:

1cs({

p*m,

f*m+n*p+q,
gxm+k*n+p~2-1,
h*m+1*n+p*q,
-g*h-hx1,
-fxg-f+k,
-g"2-h*k+1,
gxm-h*xk-1"2,
g*n+h,

g*p,
fx1-gxk+gxq-k*l,
—h*xp+k*m-1*q-m*q,
k*n-m~2+1,
-f*pt+k*p-m*n-n,
~g*p-mpl,
lg,n,h,f,k,1,q,m,pl);

This gives:

[g+l, h-n, k, 1-1, f-q, m+1, p],

[g*nt+h, f*n-1, fxg+f-k, g+l, f-q, m+l, p],

(g, n, h, f-k, 1, q, m, p-1],

(g, n, h, f-k, 1, q, m, p+1],

[g"2+1, n, h, f*xg+f-k, 1+1, gxk-gxq+f-k, g*m-1, p],
[g-1, n, h, f, k, 1-1, q, m-1, p]

Note that g + 1 # 0 for g € Q.

01 00
We have det 86 75? =-1
—1h Of
07 0 0
We have det(% < 0 f2£if2 _fg>) = g, which is nonzero if g € Q\ {0}.
-f1 0 f?
0100
VWehavedet<g£28) = 0. Thus A is not invertible and thus not in the Galois variety.
0010
01 00
VWahawadet(Sé ?8) = 0. Thus A is not invertible and thus not in the Galois variety.
00-10
0100
We have det (88(1)(1]) =—1.
1000
Thus
8} ?2 0 f 0 0 0100
— 0 —
{l o0 o1]: fihe Q}U{% 0 {) f%iﬂ i feQ\{0}, g EQ\{O}}U{(%%?)} cL.
—1h OFf —f1 0 12 1000



Case 2.4: e =0 and m = —1.

0100
\Né}mvefizz( gggﬁ).

—1lnpgqg

mat_eq(matrix([[0,1,0,0],[0,f,g,h],[i,]j,k,1],[-1,n,p,q]1]));

Maple gives the system of equations:

i*n-p = 0
j*n+nxp-f+q = 0
kxn+p~2-g-1 =
l*n+p*q-h =
-gxh-h*1+i = 0
-hxi+j = 0
-fxg-hxj-f+k = 0
-g~2-hxk+1 = 0
fxi-hxk-i*xq-1"2-g
0

o |
o

=0
fxj+gxn-i*xl+h+i 0
grp-ikn-j*l-j =
fxl-gxk+gxq-i*p-kx1 = 0
—h*p+i*j—1*q—k+q =0
fxi-ixq+j"2+k*n+l-1 = 0
—f*p+g*i+j*k—j*q+k*p =0
—gxpth*xi+j*xl+p = 0

We obtain p = in and j = hi.

Now we use the command ICS of the Maple package epsilon:

1cs({

h*xixn+i*n~2-f+q,
i72*n"2+k*n-g-1,
i*n*q+l*n-h,

—gxh-h*1+1,
“h™2xi-f*xg-f+k,
-g~2-h*k+1,
f*xi-hxk-i*xq-1"2-g,
fxh*xi+gkn-i*1+h+i,
gxikxn-h*xixl-h*i-i*n,
-1"2*n+f*x1-gxk+gkq-k*1l,
h*i~2-h*i*n-1*q-k+q,
h™2%i"2+f*i-i*q+k*n+1-1,
—fxixn+hxixk-h*ixq+ixk*n+g*i,
-gxi*n+h*ix1l+h*i+i*n},
[i,n,f,h,g,k,1,q91);

95
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This gives:

(i, h-n, g+1, k, 1-1, f-ql,
[i, f*n-1, f*h+g, f"2xh-f+k, f~2*¥h~2+h*xk-1, f-ql

01 00
We have det ( 01 ff) =—-1
—1h 0Ff
0 f 0 0
We have det(% < 8 ]; _;3fhﬁf2 ;th>> = — fh, which is nonzero if f,h € Q\ {0}.
,f 1 0 f2
8 / ? 2 g ff2 —;gh ;2
Thus{( 00 0 1) DR e QUG o0 g g | 2 LREQN{O}C L.
—1h Of i 0 o
Case 3: 1 = 0.
0}02
We have A = (8]%[).
mnpq

mat_eq(matrix([[0,1,0,0],[e,f,g,h],[0,j,k,1],[m,n,p,qll));
Maple gives the system of equations:

exm+m*p = 0

f*m+j*n+nxp+q = 0
gxm+tk*n+p~2-1 = 0
hxm+1*n+px*q = 0

—exq-g*h-h*xl = 0
—exg-e*xm+j = 0
—exn-f*g-h*xj-f+k =
—exp-g~2-h*k+l = 0
e " 2+g¥xm-h*k-1"2 = 0
exf-exk+f*xj+g*n+h =
exgtgrp-j*l-j = 0
exh+f*x]1-g¥xk+gxq-k*1l = 0
~h*p+k*m-1*q-m*q = 0
—exp+j 2+kxn-m”"2+1 = 0
-f*xp+j*k-j*q+k*p-m*n-n = 0
—gxp+j*l-mxp = 0

0

0

We use again Magma to find a subset of the set of solutions.

K<h,j> := FunctionField(Rationals(),2);

R< k, 1, n, p, q, f, g, e, m > := PolynomialRing(K, 9);
I := ideal<R |

exm+m*p,

f*m+j*n+n*xp+q,



gxm+k*n+p~2-1,
h*m+1*n+p*q,
-exqg-g¥h-h*1,
—exg-exm+j,
—exn-fxg-h*xj-f+k,
—exp-g~2-hxk+1,
e"2+g*m-h*k-1"2,
exf-exk+f*j+g*n+h,
exggHp=j*1-j,
exh+f*xl-gxk+gxq-kx*l,
—h*p+k*m-1*q-m*q,
—e*xp+j 2+k*n-m"2+1,
—f*p+j*k—j*q+k*p—m*n—n,
—g*pt+j*1l-m*p

> -
TriangularDecomposition(I);

)

Magma gives the solution:

Ideal of Polynomial ring of rank 9 over Multivariate rational function
field of rank 2 over Rational Field

Order: Lexicographical

Variables: k, 1, n, p, q, £, g, e, m

Inhomogeneous, Dimension O

Groebner basis:

[

2xj/hxe + (-j°2 + 2)/h,

jxe + 1,

h,

e + j,

hxe,

(h"2%j"2 = h"2 - j°3)/(h*j"2 + h)*e +
(2%h"2xj + j°2 + 2)/(h*j"2 + h),

g + Jj*e,

e”2 + 1,

m

QDB R
+ + 4+

+

If A # 0, this can be used to find solutions to our original system of equations over Q.
So we should consider the case h = 0 separately.

We have two subcases, which may overlap.

Case 3.1: i =0 and h # 0.

But e¢? = —1 is impossible for e € Q.

o7
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Case 3.2: i=0and h=0.

0100
We have A = (8;%?).

mmnpq
mat_eq(matrix([[0,1,0,0], [e,f,g,0],[0,],k,1], [m,n,p,qll));
Maple gives the system of equations:

exm+m*xp = 0

f*m+j*n+n*p+q =0
gxm+k*n+p~2-1 = 0
lxn+pxq = 0

-exq = 0

—exg-exm+j = 0
—exn-f*xg-f+k = 0
—exp-g~2+1 = 0
e 2+g¥m-1"2 = 0

exf-exk+fxj+g¥n = 0
exg+g*p-j*l-j = 0
fxl-gxk+gxq-k*x1l = 0

kxm-1*q-m*q = 0

—exp+j 2+k¥n-m"2+1 = 0
—-f*p+j*k-j*q+k*p-m*n-n = 0
—gkptj*l-m*p = 0

Now we use the command ICS of the Maple package epsilon:

Ics({

e*xm+m*p,

f*m+j*n+n*p+q,
gxm+k*n+p~2-1,

1*n+p*q,

—exq,

—exg—exm+j,
—exn-fxg-f+k,
—exp-g~2+1,

e 2+g*m-1"2,
exf-exk+f*j+g*n,
exg+grp-j*l-j,
fx1-gxk+gxq-k*l,
kxm-1*q-m*q,

—exp+j 2+k*n-m”2+1,
—f*p+j*k—j*q+k*p—m*n—n,
—g*p+j*1—m*p},
(e,k,1,n,p,q,f,g,j,ml);
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This gives:

[e+l, n, p+l, q, f-k, g, j, m],

[-1+e, n, p-1, q, f-k, g, j, m],

le, k, 1-1, n, p, —q+f, g+1, j, m+1],

le, 1, k*n-1, p, k—q, f-k, g, j, m+1],

le, 1+1, n, p, k™2-2xk*xq+2%q~2, f-k+q, gxk-gxq+f-k, j, k¥m-mxq+ql,
[k, 1+1, n, etp, q, f, e"2-g"2-1, j, gtm],

[e-1, k, 1+1, n, p+l, q, f, g, j-m],

[e+l, k, 1+1, n, p-1, q, f, g, j+m],

[e"2+1, e+l, n, p-1, q, exf-k, e-g-1, exg-j, m],
[e"2+1, -1+e, n, p+l, q, exf+k, e+g+l, exg-j, m],
le, k, 1-1, n, p, q, £, g-1, j, m-1],

[e"2+1, k, exl-1, n, p-1, q, f, etg-1, exg-j, m],
[e"2+1, k, exl+l, n, p+l, q, f, e-g+l, exg-j, m]

Note that €2 +1 # 0 for e € Q.

In the fifth case, note that k* — 2kq+2¢* = (k—q)* +¢*> = 0 only if £k = 0 and ¢ = 0. However,
isolating variables needs denominators. We obtain them via iniset:

with(charsets);
iniset([e, 1+1, n, p, k"2-2%k*q+2*q~2, f-k+q, gtk-gxq+f-k, j, kkm-m*xq+q],
[e,k,1,n,p,q,f,g,j,ml);

This gives {k-q}, so k # ¢. So the fifth case does not yield a solution. Cf. the handbook of [5],
p.19: 1. 8, p. 4: E.2, p. 17: 10.

01 0 0
We have det (8’6 ? 2) = e?, which is nonzero if e € Q \ {0}.
00 -1 0
0100
We have det (8{;?2) = ¢%, which is nonzero if e € Q \ {0}.
0010
01
We have det ( of -
10

~
S NvNO O
~
NO O O

— O Y oo»—to
g ~“~—oo
~

-

We have det(% ( )) = 0. Thus A is not invertible and thus not in the Galois variety.

|
~o oo

01 0 0
Wehaveez—g2:1anddet<8§ 8_§>=€2—92=
o

Y0 0 0

We have det <0] 0_1):1.
j0-1 0
010 0
100 0 _

Wehavedet( 0]0—1) =1.
—j01 0
0100

We have det | 0059 | = —1
1000
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Thus we obtain the following subset.

01 0 0 0100
(54 820): re@ecovion u{(3%): rea ceeiion
00 -1 0 0010
01 00 01 0 0
U {( 0](;_(1)1) fé@}u{( 00 €_1> e,g€Q, e —¢g*=1}
-10 O0f —g0—-e O
T oy e
U {(Oj 01) jGQ}U{(0j01) ]G@}U{(oom)} c L
jO0—-1 0 —j01 0 1000
Case 4: m = 0.
0}02
WehaveA:CjZl).
Onpgq

mat_eq(matrix([[0,1,0,0], [e,f,g,h],[i,],k,1],[0,n,p,ql11));

Maple gives the system of equations:

nxi =0
j*n+nxp+q = 0
k¥n+p~2-1 = 0
l*n+p*q =0

—exq-g*xh-h*xl+i = 0
—exg-h*i+j = 0
—exn-f*xg-h*xj-f+k = 0
—exp-g~2-h¥k+l = 0

e 2+f*xi-h*k-ixq-1"2 =
exf-exk+f*xj+g*n-i*xl+h
exgtgrp-ixn-j*l-j = 0
exh+f*]1-gxk+gxq-i*p-k*1l = 0
exi-h*p+i*xj-1xq = 0
—exp+i*i-ixq+]j~2+k*n+l
-fxpt+gxi+jxk-j*qt+k*p-n
—gxpth*xi+j*xl = 0

0

o
o O

We obtain n =0 or 7 = 0.
Thus we have two subcases.

Case 4.1: m=0and n =0.
mat_eq(matrix([[0,1,0,0], [e,f,g,h],[i,j,k,1],[0,0,p,q]11));

Maple gives the system of equations:

T Q
= O



p*q = 0
—exq-g*h-h*1+i = 0
—exg-h*i+j = 0
-fxg-h*xj-f+k = 0
-exp-g~2-hxk+l = 0

e " 2+f*i-h*k-i*q-1"2 = 0
exf-exk+f*j-i*x1l+h =
exg+g*p-j*1-j = 0
exh+f*x]1-gxk+gxq-i*p-k*l = 0
exi-hxp+ixj-1x%q = 0
—exp+f*i-ixq+j"2+1 = 0
—fxpt+gxi+jxk-j*kqt+k*p =
—g*pth*i+j*x1 = 0

0

0

We have ¢ = 0 and p? = 1. So we have two subcases.

Case 4.1.1: m=0and n =0 and ¢ =0 and p = 1.
mat_eq(matrix([[0,1,0,0], [e,f,g,h],[i,],k,1],[0,0,1,0]11));
Maple gives the system of equations:

-g*h-hx1+i =
—exg-h*i+j =
-f*g-h*xj-f+k = 0
-g"2-h*k-et+l = 0
e 2+f*xi-hxk-1"2 =
exf-exk+f*j-ix1+h
exg-jxl+g-j = 0
exh+f*1-g¥k-kx1-1i
exi+ixj-h = 0
f*i+j 2-e+l = 0
gxi+jxk-f+k = 0
h*i+j*xl-g =

N o O

Il N o
o (@)

o

Now we use the command ICS of the Maple package epsilon:

1cs{

—gxh-h*1+i,
—exg-h*i+j,
—fxg-h*xj-f+k,
-g~2-hxk-e+l,

e 2+f*i-h*k-1"2,
exf-exk+f*j-ixl+h,
exg-j*1+g-j,
exh+f*x]1-gxk-k*x1-1,

61
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exi+ixj-h,

fxi+j 2-e+l,
gxi+j*xk-f+k,
h*xi+j*x1-g},
[e,i,k,1,j,f,g,h]);

This gives:

[i, e-1, j, f-k, g, h],

[-e"2*xixk+i"4+e " 3-e*xi " 2+e"2-2%i"2+e+1, ex1+i~2-1,

e~ 2%i"2+eki 2k jteki 2+exjkl+i"2kj-j, —fki-j 2+e-1,
exfxi-ekxikk+f*ikj-i~2%1-j*l+g, exf-exk+f*j-i*xl+h],

le, i-1, -172+k-1-1, j*1-1"2+j+k, j 2+f+1, f*xj-j*l+g-1, fxj+h-1],
le, i+1, 172+k+1+1, j*1-1"2+j-k, -j~2+f-1, fxj+j*l-g+l, fxj+h+l],
[-ite-1, e 2%ixk+e*xi 3+e 2xi+e " 2-e*i-i"2-2*%i-1, exi-exl+i+1,

e~ 2%i"2+eki 2k jteki 2+ekjkl+i"2kj-j, —fki-j 2+e-1,
exfxi-ekxikk+f*ikj-i~2%1-jxl+g, exf-exk+f*j-i*xl+h],

[i+e-1, e 2*i*k-e*i~3-e"2%i+e " 2+e*i-1"2+2*%i-1, exit+exl+i-1,

e 2%1"2+e*xi" 2k jtexi " 2+e*xjx1+i"2%j-j, -f*i-j"2+e-1,
exfxi-exixk+f*ixj-i"2%1-jxl+g, exf-exk+f*j-ix1l+h],

[e"2+1, i, e+l, e+j+l, -j*k+f-k, exj+g, exf-exk+f*j+h],

e, i-1, k-1, 1+1, j+1, f, g, 1+h],

e, i-1, k+1, 1, j-1, f+1, -1+g, -1+h],

le, i+1, k-1, 1, j-1, f-1, -1+g, 1+h],

le, i+1, k+1, 1+1, j+1, f, g, -1+h],

[e+l, i-2, 2+k, 1+1, j-2, f+2, -2+g, -2+h],

[e+l, i+2, -2+k, 1+1, j-2, f-2, -2+g, 2+h],

[e"2+1, i, k, exl-1, e-j+1, f, —-jxl+g, h]

Note that €2 +1 # 0 for e € Q.

0100
In the first case we have det (Sggg) = ¢2, which is nonzero if e € Q \ {0}.
0010
0330
Thus {(S{;fe> 1 feQ,ecQ\{0}} C L.
0010
In the second case, isolating variables needs denominators. We obtain them via iniset:

with(charsets) ;

iniset ([-e " 2*%ixk+i~4+e"3-exi"2+e"2-2%i"2+e+1, ex1+i”~2-1,

e 2%i"2+exi" 2% jrexi 2+exjkl+i~2xj-j, -fxi-j 2+e-1,
exfri-exixk+f*ixj-1"2%1-j*l+g, exf-exk+f*xj-ix1+h], [e,i,k,1,j,f,g,h]l);

Maple gives:

{e, i, exi"2 + exl + 1i°2 - 1}
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Thus the inequalities e # 0, 7 # 0 and ei®+el+i?>—1 # 0 are presupposed in the parametrization
of the set of solutions in this case. Cf. the handbook of [5], p. 19: 1. 8, p. 4: E.2, p. 17: 10.

We use simplify as follows.

k := -(i"4+e"3-e*i"2+e"2-2%i"2+e+1)/(-e"2%i);
1 := -(i"2-1)/e;
j := simplify(-(e~2*i"2+e*i~2)/(e*xi"2+e*x1+i"2-1));
f := simplify(-(-j"2+e-1)/(-1));
g = simplify(-(exf*xi-e*xixk+f*xixj-i"2%1-j*1));
h := simplify(-(exf-exk+f*j-ix1));
This gives:
k = (i"4+e"3-exi"2+e"2-2xi"2+e+1)/(e"2%1)
1 =-(i"2-1)/e
j = -e-1
f = (-e"3-e"2+i"2-e-1)/e/i
g = (i"2-e-1)/e
h = -i
0 —63—62]:"-7;2—6—1 i2—Oe—1 _DZ
We have det i _eeil i4+6376i2<€e272i2+6+1 2 | =1
0 0 1 0
0 1 0 0
e 7537524@'27%1 i2_e—1 i
Thus { i ,eeil i4+5375i2+e26272i2+e+1 _2a | e, i€ Q\{0}} C L.
0 0 1 0

In the third case, we get:
le, i-1, -172+k-1-1, j*1-1"2+j+k, j~2+f+1, f*j-j*l+g-1, f*xj+h-1]
So we have k = [> + [ + 1. Then

0 = jl—P+j+k = jl+j+1+1 = (G+1(1+1).

Now we use iniset of the Maple package charsets:

iniset([e, i-1, -172+k-1-1, j*1-1"2+j+k, j~2+f+1, fx*j-jxl+g-1, f*j+h-1],
[e,i3k:1’j’f;g:h]);

This gives:

{1 + 1}
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Thus [ 4+ 1 # 0 and therefore j = —1.
So we have f = —-1—-1,g=—-1—{1and h = —1.

0 1 0 0
0 —1—-1 —1-1 -1\ _
0 O 1 0

0 1 0 0

thes (12 ) s e @i L

0

In the fourth case, we get:
[e, i+1, 1°2+k+1+1, j*1-1"2+j-k, -j 2+f-1, fxj+j*l-g+l, f*j+h+1]
So we have k = —[?> — [ — 1. Then

0 = jl—-P+j—k = jl+j+1+1 = G+1){I+1).
Now we use iniset of the Maple package charsets:

iniset([e, i+1, 172+k+1+1, j*1-1"2+j-k, -j~2+f-1, f*j+j*xl-g+l, f*j+h+1],
le,i,k,1,],f,g,h]);

This gives:
{1 + 1}

Thus [ + 1 # 0 and therefore j = —1.

Sowe have f =141, g=—-1—1land h = 1.
0 1 0o 0
We have det (_01 oA 11) =1
0 o 10
0 0

1 0
Thus {(_01 A ll> leQ\{-1}} C L.

0 0 1 0

In the fifth case, we get:

[-i+te-1, e 2xixk+exi 3+e 2xi+e 2-e*i-1i"2-2%i-1, exi-exl+i+1,
e"2%i"2+e*i 2xjreki texjrl+i"2xj-j, -fxi-j 2+e-1,
exfxi-exi*k+f*xixj—1i"2%1-j*l+g, exf-exk+f*j-i*x1l+h]

Now we use iniset of the Maple package charsets:

iniset ([-i+e-1, e 2*ixk+e*xi~3+e"2*i+e"2-e*i-1"2-2%i-1, e*xi-ex1l+i+1,
e 2%1"2+e*i" 2k jtexi " 2+e*x jx1+i"2%j-j, -f*i-j"2+e-1,
exfxi-exixk+f*xi*j-1"2%1-j*1l+g, exf-exk+fxj-ixl+h],[e,i,k,1,j,f,g,hl);
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This gives:
{e, i, e*i”2 + exl + i"2 - 1}

Thus e # 0, i # 0 and ei? + el +i? — 1 # 0.
Since e =7+ 1, we have e ¢ {0, 1}.
We use Maple to put i =e — 1:

expand (simplify(eval([-it+e-1, e"2xixk+exi~3+e"2*i+e"2-e*xi-i"2-2%i-1,
exi-exl+i+l, e"2%i"2+e*i 2kj+exi 2+exj*k1+i"2%kj-j, —fxi-j 2+e-1,
exfxi-exixk+fxi*xj-1"2*%1-j*1+g, exf-exk+f*j-i*l+h],i=e-1)));

This gives:

[0, e74 + e"3xk - 2%e”3 - "2k + €72, €72 - exl, e"4 + e73%j - e”3 -
e"2%j + exj*l - e72 - exj + e, —exf - 72 + e+ f -1,

e"2xf - e"2xk - e”"2*l + exf*xj - exf + exk + 2%exl - f*xj - jx1 + g - 1,
exf - exk - exl + f*xj + h + 1]

So we have (€3 — e?)k = —et + 2¢3 — €2

We obtain k£ = —e + 1. We use Maple to put k = —e + 1:

expand(simplify(eval([e”4 + e"3*k - 2*%e”3 - e"2*xk + €72, e72 - ex*l,
e"4 + e"3%x] - e"3 - e72%] + exjxl - e”2 - ex]j + e,

-exf - j72 + e+ f -1,

e 2xf - e"2xk - e72%x]1 + exfxj - exf + exk +2%exl - f*xj - jx1 + g - 1,
exf - exk - exl + fxj + h + 1], k=1-e)));

This gives:

[0, e72 - ex]l, e"4 + e73%j — e”3 - e”2%j + exj*xl - "2 - exj + e,
—exf - 72 + e+ f -1, e"3 + e"2xf - e"2%1 + exfx]j - 2%e”2 - exf +
2%xexl - f*j - j¥l + e + g -1, e"2 + exf - exl + fxj - e + h + 1]

We obtain [ = e.

In particular, 0 # ei®* +el +i2 —1=ei? +e2+i? —1=cele— 1) +e2+(e—1)? =1 =e(e* - 1).
So we have e ¢ {—1,0,1}.

We use Maple to put [ = e:

expand (simplify(eval([e”4 + e"3xk - 2%e”3 - e"2*%k + e72, e72 - exl,
e"d + e7"3%j - e"3 - e72%] + exj*l - e”2 - e*xj + e,

—exf - j72 + e+ f -1, e"2xf - 72k - e72*] + exf*x]j - exf + exk +
2%exl - f*j - %1 + g - 1, exf - exk - exl + f*j + h + 1],
[k=1-e,1=e])));
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This gives:

[0, 0, e"4 + e7"3%j - e"3 - e"2 - exj + e, —exf - j72 + £,
e 2xf + exfxj — exf - exj - f*xj + g, exf + fxj + h]

So we have (e3 —¢e)j = —e*+e*+e?—e=(e3—¢e)(1—e). Thusj=1—ce.

We use Maple to put j =1 —e:

expand(simplify(eval([e”4 + e"3*k - 2*%e”3 - e"2*xk + €72, €72 - ex*l,
e"4 + e"3%x] - e"3 - e72%] + exjxl - e72 - ex]j + e,

—exf - 72 + e+ £ -1, e"2%f - e"2%k - e72%]1 + exfxj - exf + exk +
2xexl - f*j - j*x1 + g - 1, exf - exk — exl + fxj + h + 1],
[k=1-e,1l=e, j=1-e])));

This gives:

[0, 0, 0, -e"2 —exf + 2xe + f - 1, e"2 + exf - e - f + g, £ + h]
We obtain f =1—e. Theng=1—eand h=e — 1.

1) = 2e¢ — 1, which is nonzero if e € Q \ {-1,0, %,1}.

)9

0
Thus { (631 1
0

In the sixth case, we have

0
= ) eeQ\{-10,1,1}} C L.
0

[ ite-1, e 2*xixk-e*i~3-e"2*%i+e " 2+e*xi-1i"2+2*%i-1, exi+exl+i-1,
e 2%xi"2+e*17 2% j+e*xi"2+exjx1+i"2%j-j, —f*xi-j"2+e-1,
exfxi-exixk+fxi*j-1"2*%1-j*1l+g, exf-exk+f*j-i*l+h]

Now we use iniset of the Maple package charsets:

iniset( [i+e-1, e 2*i*k-e*i~3-e " 2*i+e " 2+e*i-1"2+2%i-1, exit+exl+i-1,
e 2%1"2+e*i" 2k jtexi " 2+e*x jx1+i"2%j-j, —-f*i-j 2+e-1,
exfxi-exixk+f*xi*j-1"2*%1-j*1l+g, exf-exk+fxj-i*xl+h],[e,i,k,1,j,f,g,hl);

This gives:
{e, i, exi”2 + ex1l + i"2 - 1}

Thus € # 0, 7 # 0 and ei® + el +* — 1 # 0.
Since e = 1 — i, we have e & {0, 1}.



We use Maple to put i =1 —e:

expand (simplify(eval([ ite-1, e"2*ik*k-exi~3-e"2%ite 2+e*i-i"2+2%i-1,
exitexl+i-1, e"2%i"2+e*i~2kj+exi2+e*xjxl+i"2%j-j, —fxi-j 2+e-1,
exfxi-exixk+f*i*j-i"2x1-j*l+g, exf-exk+f*j-ix1l+h],i=1-e)));

This gives:

[0, e"4-e " 3xk-2*e"3+e"2xk+e"2, —-e"2+ex],

e 4+e"3*j-e " 3-e"2xjtexjxl-e"2-exjte, exf-j 2+e-f-1,
—e"2xf+e"2xk-e 2%l -exf*xjtexf-exk+2kex1+f*j-jxl+g-1,
exf-exk+exl+fxj+h-1]

So we have (€3 — e?)k = e — 2¢® + €2.

We have k = e — 1. We use Maple to put k =e — 1:

expand (simplify(eval([0, e"4-e~3xk-2xe"3+e"2*k+e”2, -e"2+exl,
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e 4+e"3*j-e"3-e " 2xjtexjxl-e " 2-exjte, exf-j 2+e-f-1, -e " 2xf+e " 2xk-e"2x1-

exfxjtexf-exk+2xex1+f*j-j*l+g-1, exf-exk+exl+f*xj+h-1] ,k=e-1)));
This gives:

[0, 0, -e"2+exl, e"4+e"3%j-e"3-e 2*j+texjxl-e"2-exjte, exf-j 2+e-f-1,
e"3-e " 2xf-e 2%l -exf*xj-2%xe " 2+exf+2*xex1+f*j-jrltet+g-1,
-e"2+exf+exl+f*j+e+h-1]

We obtain | = e.

In particular, 0 # ei®* +el +i2 —1=ei?+e? +i? —1=e(l—e)*+e2+(1—e)*—1
So we have e ¢ {—1,0,1}.

We use Maple to put [ = e:

expand(simplify(eval([0, 0, -e~2+ex*l,

e 4+e"3*j-e"3-e"2xjtexjxl-e"2-exjte, exf-j 2+e-f-1, e"3-e"2xf-e"2x1-
exfxj-2xe " 2+exf+2xex1+fxj-jxl+e+g-1, -e 2+exf+exl+f*j+e+th-1],1=e)));

This gives:

[0, 0, 0, e"4+e"3xj-e"3-e"2-exj+e, exf-j 2-f,
—e”2*f—e*f*j+e*f—e*j+f*j+g, e*f+f*j+h]

We obtain (e —e)j = —el+e3+e2—e=(e*—¢)(l—¢). Soj=1—ce.
We use Maple to put j =1 —e:

expand(simplify(eval([0, 0, 0, e 4+e"3*j-e"3-e"2-exj+te, exf-j 2-f,
—e " 2xf-exfxjrexf-exj+f*xj+g, exf+f*xj+h],j=1-e)));

e(e? —1).
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This gives:

[0, 0, 0, 0, -e"2+exf+2xe-f-1, e 2-exf-e+f+g, f+h]
We obtain f =e—1theng=1—eand h=1—e.

0 1 0 0

e
el ) 9

We have det (1 e> = 2e — 1, which is nonzero if e € Q \ {-1,0, %, 1}.

0 0
Thus{(lief flee) : eeQ\{—l,O,%,l}}gﬁ.
0 0
In the eighth case, we get:
[e, i-1, k-1, 1+1, j+1, £, g, 1+h]
0 10 0
We have det (? 99 j) =1.
0 01 0
In the ninth case, we get:
[e, i-1, k+1, 1, j-1, f+1, -1+g, —-1+h]
0 1 00
We have det (? 1 (1)) =—1.
0 0 10
In the tenth case, we get:
[e, i+1, k-1, 1, j-1, f-1, -1+g, 1+h]
010 0
We have det (ff 1 _(1)) =—1.
001 0
In the eleventh case, we get:

le, i+1, k+1, 1+1, j+1, f, g, -1+h]

TR
We have det { {9 % 1) =1.
00 1 0

In the twelfth case, we get:

[e+l, i-2, 2+k, 1+1, j-2, f+2, -2+g, -2+h]

T2 2 5
We have det | 75 53 _5 _7 | = —3.
00 1 0

In the thirteenth case, we get:

[e+l, i+2, -2+k, 1+1, j-2, f-2, -2+g, 2+h]



010 0
We have det | 32272 ) = -3
001 0
Thus
0 10 0
{ 0 00 -1
1-11-1
0 01 0
0 1 0
0 0 O
U {{-1-1-
0 0 1

o—OO

b

? Y5 99 ?
—1)}’ U {(22 —2—1)}’ U {(—2
0 00 1 0 0

199
_1—10)} U {(
0 10

Case 4.1.2: m=0and n=0and ¢ =0 and p= —1.

0
0
-1
0

O O

|
oo+~ O
SN—

——

HNNO === O
|1
OoO—NO
\/
——

mat_eq(matrix([[0,1,0,0], [e,f,g,h],[i,],k,1],[0,0,-1,0]11));

Maple gives the system of equations:

-gxh-h*x1+i = 0
—exg-h*xi+j = 0
-fxg-h*xj-f+k = 0
-g"2-hxk+e+l = 0

e 2+fxi-h*k-1"2 = 0

exf-exk+f*j-ixl+h = 0
exg-j*l-g-j = 0
exh+fx1-gxk-k*1l+i = 0O

exi+ixj+h = 0
f*i+j 2+e+l
g*i+j*k+f-k
hxi+j*l+g =

0
0

o

We use again Magma to find a subset of the set of solutions.

K<e,i>
R< k, 1, j, f, g, h >
I := ideal<R |
—gxh-h*1+1,
—exg-hx*i+j,
-fxg-h*xj-f+k,
-g~2-hxk+e+l,

e 2+f*i-h*xk-1"2,
exf-exk+f*xj-ix1l+h,
exg-g-j*1-j,
exh+f*1l-gxk-k*x1+i,
exi+i*j+h,

fxite+j 2+1,
gxi+f+jxk-k,
hxi+g+j*l

>;

TriangularDecomposition(I);

:= FunctionField(Rationals(),2);
:= PolynomialRing(K, 6);

IN
&
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Magma gives the solutions:

Ideal of Polynomial ring of rank 6 over Multivariate rational function
field of rank 2 over Rational Field

Order: Lexicographical

Variables: k, 1, j, f, g, h

Inhomogeneous, Dimension O

Groebner basis:

[
k+ ("3 -e"2+exi"2 +e - 174 - 2%xi"2 - 1)/(e"2%1),
1+ (1”2 + 1) /e,
j+te-1,
f+ (3 -e2+e-1i"2 - 1)/(exi),
g+ (e -1i"2 - 1)/e,
h + 1
]

If e £ 0 and 7 # 0, this can be used to find solutions to our original system of equations over Q.
So we should consider the case e = 0 and the case ¢ = 0 separately.

We have three subcases, which may overlap.

Case 4.1.2.1: m=0andn=0and ¢g=0and p= —1 and e # 0 and i # 0.

0 0
o =3 te?—etil4l —etiZ41 i
We have det i lile —e3+e2—ei2e—e+i4+2i2+1 —i2_1 - 1
e2q e
0 0 —1 0
0 1 0 0
—e3te?_eti?yl —eti?41 i
Thus { i 1ile —eBte? e eritiai® 41 —i2—1 : i, e c Q \ {0}} - L.
e24 e
0 0 -1 0

Case 4.1.2.2: m=0andn=0and ¢ =0 and p=—1 and e = 0.

01 00
_[O0f gh

We have A = <ij kl).

00-10

mat_eq(matrix([[0,1,0,0],[0,f,g,h],[i,],k,1],[0,0,-1,0]11));
Maple gives the system of equations:

~g*h-h*1+i = 0
~h*i+j = 0
~f*g-h*j-f+k =
~g"2-h*k+1 = 0
f*i-h*k-1"2 =
f*j-i*l+h = 0
-j*¥l-g-j = 0

|
o

0



fxl-gxk-kx1l+i = 0
ixj+h = 0

f*i+j 2+1 =
g*i+ixk+f-k
h*i+j*l+g =

(ol N e)
o

Now we use the command ICS of the Maple package epsilon:

ICsS({
-g*¥h-h*1+1,
~h*i+j,
—fxg-h*j-f+k,
-g~2-h¥k+1,
f*i-h*k-1"2,
f*j-i*x1l+h,
-j*l-g-j,
fxl-gxk-k*1+i,
i*j+h,

fri+] 2+1,
gxi+jrk+f-k,
hxi+j*l+g},
[i,f,1,k,j,h,g]);

This gives:

[i, 1, f-k, j, h, gl,

[i72+1, —-i*1+f-i, -173*k+1"3+f"2-2%f*i-fxk+2%x1"2+1-1, f*j-i*xj-ix1,
fxj-i*l+h, j*l+g+j],

[i~2+1, f-i, 1, i-k, j+1, h-i, g-1],

[i"2+1, f-i, 1, i+k, j-1, h+i, g+1]

Note that i2 +1 # 0 for i € Q.

01 00
We have A = (8{; ?8). But A is not invertible and thus not in the Galois variety.

00-10
Case 4.1.23: m=0andn=0and ¢=0and p=—1 and 7 = 0.

01 00
We have A = (gf g’;).

00-10
mat_eq(matrix([[0,1,0,0],[e,f,g,h],[0,j,k,1],[0,0,-1,0]11));
Maple gives the system of equations:
~g*h-h*1 = 0

—exg+j = 0
—-f*g-h*xj-f+k = 0
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-g " 2-h*k+e+l = 0
e"2-h*k-1"2 = 0
exf-exk+f*j+h =
exg-j*l-g-j = 0
exh+fx1-gxk-k*1

h=20

j 2+e+l
j*k+f-k
j¥l+g =

0

=0

0
0

o

Putting h = 0, we obtain:

—exg+j = 0
-fxg-f+k = 0

-g 2+e+l = 0
e”2-1"2 =0
exf-exk+fxj = 0
exg-j*l-g-j = 0
fxl-gxk-k*1l = 0
jT2+e+l = 0
j¥k+f-k = 0
j*l+g = 0

Now we use the command ICS of the Maple package epsilon:

1cs({
—exgt],
-fxg-f+k,
-g"2+e+l,
e"2-172,
exf-exk+fx*xj,
exg-j*l-g-],
fxl-gxk-k+*1,
jT2+e+l,
jxk+f-k,
j*l+gl,
[e,i,f,1,k,j,gl);

This yields

[e+l, f_k: j: g] >

[e~2+1, -l+e, exk-f, e+j-1, exj+gl,
[e~2+1, £, -1l+e, k, e-j-1, e*j+g]
Note that e* +1 # 0 for e € Q.

01 0 0
We have det (86 ?_2) = ¢%, which is nonzero if e € Q \ {0}.
00-1 0



01 0 O
T%us{(ﬁé? g) €Q ccQ\{0}} C L.
00—-1 O

Case 4.2: m=0

a
01
We have A = <8§
On

mat_eq(matrix([[0,1,0,0],[e,f,g,h],[0,j,k,1],[0,n,p,qll));

Maple gives the system of equations:

Il
o

j*n+n*p+q
kxn+p~2-1
1*n+p*q =
-e*xq-g*h-h*xl = 0
—exg+j = 0
—exn-fxg-hxj-f+k
—exp-g~2-hxk+1l =
e"2-h*k-1"2 = 0
exf-exk+f*j+gxn+h = 0
exg+grp-j*1-j = 0
exh+f*l-gxk+gxq-k*xl = 0
~h¥p-l*q =
—exp+j~2+k*n+l = 0
—-f*p+j*k-j*qtk*xp-n = 0
~grp+j*l = 0

[@X]

=0
0

We use again Magma to find a subset of the set of solutions.

K<p,q> := FunctionField(Rationals(),2);

R< e, k, 1, n, j, £, g, h > := PolynomialRing(K, 8);

I := ideal<R |
j*n+n¥p+q,
kxn+p~2-1,

l*n+p*q,
—exq-g*h-hx*1,
—exgt],
—exn-f*xg-h*xj-f+k,
—exp-g~2-h*k+1,
e"2-hxk-1"2,
exf-exk+f*j+g*n+h,
exgrgrp-j*1-J,
exh+f*x1l-gxk+gkxq-k*l,
-h*p-1*q,

—exp+j 2+k*n+1,
-f*p+j*k-j*q+k*p-n,

73
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—g*xp+j*1
> .
TriangularDecomposition(I);

I

Magma gives the solutions:

Ideal of Polynomial ring of rank 8 over Multivariate rational function
field of rank 2 over Rational Field

Order: Lexicographical

Variables: e, k, 1, n, j, £, g, h

Inhomogeneous, Dimension O

Groebner basis:

[
e - 1/qgxh,
k + (p°2 - 1)/q"2x*h,
1 + p/qg*h,
n + h,
j o+ 1/q*h + p,
f - 2/p*h + (p~2 - p*q~2 - 1)/(p*q),
g - p/gqxh + 1,
h~2 + q°2
]

If ¢ # 0 and p # 0, this can be used to find solutions to our original system of equations over Q.
So we should consider the case p = 0 and the case ¢ = 0 separately.
We have three subcases, which may overlap.
Case 4.2.1: m =0 and ¢ =0 and ¢ # 0 and p # 0.
Note that h? + ¢ # 0 since q # 0.
Thus we do not have a solution in Q in this case.
Case 4.2.2: m =0 and ¢ =0 and p = 0.
0100
VWshave/1::<§£%?).

q

mat_eq(matrix([[0,1,0,0],[e,f,g,h],[0,j,k,1],[0,n,0,q9]11));

Maple gives the system of equations:

I
(@)

j*n+q
kxn-1 = 0

nxl = 0

-exq-g*h-h*1l = 0
-—exg+j = 0
—exn-fxg-hxj-f+k = 0
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-g"2-hxk+1l = 0
e"2-h*k-1"2 = 0
exf-exk+f*j+gxn+h = 0
exg-j*x1-j = 0
exh+fxl-gxk+g*xq-k*xl = 0O

-g*x1 =0
j"2+k*n+l = 0
j*k-j*q-n = 0
j¥1 =0

Now we use the command ICS of the Maple package epsilon:

1cs({

j*n+q,

k*n-1,

nxl,

—exq-g¥h-hx*1,
—exgtj,
—exn-fxg-hxj-f+k,
-g~2-h*k+1,
e"2-h*xk-1"2,
exf-exk+f*j+g*n+h,
exg-j*1-j,
exh+fxl-gxk+gxq-kx*l,
_q*l s

j 2+k*xn+1,
j*k-j*q-n,

j*1},
g,e,q,k,1,n,j,f,h]);

This gives:

[g+l, e"2+1, e-2*q+l, k-2xq,
[g+l, e"2+1, et+2%q+l, k-2x*q,
[g-1, e"2+1, e-2%q-1, k-2x*q,
[g-1, e"2+1, e+2%q-1, k-2x%q,
[g"2+1, e-1, g-2%q-1, k-2x%q,
[g"2+1, e-1, g+2*q-1, k-2xq,
[g"2+1, e+l, g-2%q+l, k-2x*q,
[g"2+1, e+l, g+2*q+l, k-2x*q,

exq+n, e+j, exq-h],

exq+n, e+j, exq-h],

exq-n, e-j, f-q, exqth],

exq-n, e-j, f-q, exqth],

g*q-n, g-j, f*g-3*gkq-f-q, f*g+f+h-3*ql,
g*q-n, g-j, f*g-3xgxq-f-q, f*g+f+h-3%q],
gxqtn, gtj, fxg-3xgxq-f-q, f*g+f-h-3%q],
gxqtn, g+j, f*g-3*gxq-f-q, f*g+f-h-3xq]

- -

-

- - -

HoH

-

But ¢2+1#0 for e € Q and g> + 1 # 0 for g € Q. Thus we obtain no solution in this case.
Case 4.2.3: m =0 and ¢+ =0 and ¢ = 0.

0100
Vﬁahavef1::<8fzh).
Onp

mat_eq(matrix([[0,1,0,0], [e,f,g,h], [0,j,k,1],[0,n,p,011));
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Maple gives the system of equations:

j*n+n*p =
kxn+p~2-1
nxl = 0
-gxh-hx1 = 0

—exg+j = 0
—exn-f*xg-h*xj-f+k = 0
-e*xp-g~2-h*k+l = 0
e"2-h*k-1"2 = 0
exf-exk+f*xj+gkn+h = 0
exgtgrp-j*l-j = 0
exh+f*xl-gxk-kxl = 0
-pxh = 0
—exp+j 2+k*xn+l
—f*p+j*k+k*p—n
—g*p*tj*l = 0

0
=0

nn
o O

Now we use the command ICS of the Maple package epsilon:

ICS({j*n+n*p, k*n+p~2-1, nxl, -gxh-hx1l, -e*xg+j, -e*n-fxg-h*xj-f+k, -exp-g~2-h*xk+l,
e"2-h*k-1"2, exf-exk+f*j+gxn+h, exg+gxp-j*l-j, exh+f*l-g*k-kx1, -p*h,
—e*xp+]j 2+k¥n+l, -f*p+j*k+k*p-n, -g¥p+j*l}, [e,g,k,1,n,j,f,h,pl);

This gives:

g, e-1, n, j, f-k, h, p-1],

g, etl, n, j, f-k, h, p+1],

[e"2+1, exgt+e-1, e-1, n, exg-j, exgxk+f-k, h, p+1],
[e"2+1, exg+e+l, e+l, n, exg-j, exgxk-f+k, h, p-1],
[e"2+1, e-g+l, k, e-1, n, exg-j, f, h, p+l],
[e"2+1, etg-1, k, e+tl, n, exg-j, f, h, p-1]

Note that €2+ 1 # 0 for e € Q.

e?, which is nonzero if e € Q \ {0}.

NG
Il

[ e e]

HNOO [es}s N enNen]

So in the first case, we have det (

2. which is nonzero if e € Q \ {0}.

oo O con o
OO OO~
O(‘b oo

In the second case, we have det (

OO~

0 0 O
§ J? g) feQ ecQ\{0}} CL.

)
Thus{(%%%é) feq eeQ\{O}}U{(

Proposition 31 Recall that

) o . 3 e(e2m+-ei2—m3+m)+2i°m(m+1) ;2 i2(2e34+2em+i%m) i2e(e3—em?—e+i m) o
Ne,z,m - {t € Q ot m(e2+(m+1)2?) =+ m(e2+(m+1)2) t+ m(e2+4(m+1)2 O}
—it4+m*+3m34+4m2+3m
N, = {teQ: 4 =itomieamirimiime _ g}
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We have the following subset of the Galois variety.

0100
L = {A= (f{g’;) €GLy(Q): AS-A=A-A%
mmnpq

U

0 e?i 0 0
ro— 1 edi (e2+m+1)ejtei? (m+1)eij+(i2—em)ei —e?mj—e2i?
T {E e2i? je2i (e24+(m+1)2)52+(e3+(1—m?)e+2i2 (m~+1))j+(i2+(1—m)e)i? —(m+1)eij—(e+i?)ei
eZim e2myj (—j—e)e2i —(m(m+1))ej—ei’m

: 6727m6@\{0} ’ ] eNe,i,m}

0 1 0 0
0 g-:'m 9 _mj—l
U { if#j_l mTHngili:n((Zi?)Q —g—m~—1 :iEQ\{O},me@\{O,—l},gGNi”m}
—m i _mgtm?
m+1 m—+41 %
0 1 0 0
7&37624».2'27671 iZ—e—1 —i
u { ; 7611 e ol vens 21 | 0 €1 € Q\ {0}}
e2i e
0 0 1 0
0 1 0, 0
e —e3+e2—_e+i2+1 —E+7, +1 .
U { i lile —e34e?_ei 7e+z +2i241 722 1 : Z7eEQ\{O}}
e24 e
0 0 -1 0
0 f 0 0
0 —
U {%(owﬁifz _?g>:fe@\{0},ge@\{0}}
—-f1 0 f?
T S
U {% 00 f3h+f2 f2h » [LheQ\{0}} U {<1 21 f24f41 fl): feQ}
—f1 2 00 1 0
0 1 0 0 8} 00
0 —
U {(lfl f2+ff1f1> fGQ}U{<00 01>3f>h€(@}
0 0 1 1h 0Ff
03 3 3 o121
o (548 0): remecavion u (31 rem eceion
00 -1 0 0010
0 11 101 | 0 111 101 0
— ] — J— p— + p—
o (3 ) s ren e u (B ) leQ\ {-1}}
0 0 0 0 n
01 0 8 01 0 0
U {(80 g—l) e)geQu 62_92:1}U{(6311:21—_:e;):66@\{ 107271}}
—g0 — 0 000 1 0
0 1.0 0
0 {( ) ecQ\{-1,0,11})
0o 0 1 0
76 0 o 160 0 0.1 39 0199
U {(Oj 0 1) jEQ}U{(OJO 1) jEQ}U{(1_1—10>}U{(—111_0)}
0 -1 0 01 0 0 0 10 001 0
0 001 0 6 0 1 9555 355 0010
U {(1 11 —1)} U {(—1 -1 -1 —1)} U {( 2 2 -9 —1)} U {(—222—1)} U {(0001)}
0 01 0 00 1 0 00 1 0 001 0 1000
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So for each element A of this subset £’ of £ that has an irreducible characteristic polynomial
xa(X) € Q[X], the field extension Q[A]|Q is galois with Galois group isomorphic to C,. Cf.
also Lemma 30.

Remark 32 Each matrix in the subset

Of2 0 0
{%<8]E)f2jgvgrf2 —9> fGQ\{O} QEQ\{ng}}

—F1 0
8f2 —]9% 0 01 0 0
U {% (of(l) f3h+f2]}2h> f>h€Q\{O}}U{<§§ J(f %) feQ, ecQ\{0}}

0100 01 0 O
U {(85?2>1 fe€Q ecQ\{0}} U {( 50 %_(1)>1 e —g°=1,e9€Q}
0010 —g 0 —e O
0 11 10 01 0 1 0 10
U {(6611_21_6666_>2 GEQ\{ 1 0,2,1}} U{ 156 : ,16 e_e)i 66@\{ 10,2,1}}
0 0 1 0 0 1 0
0 0 100 0
U{<jo JGQ}U{(OJO 1) j € Q}
0 -1 j01 0

oo~ O Ob—‘OO
N— " —

~=
S
OO0 “L.ORO
I
O
|

LN N (R L (s
}u {<—1 11 0)} U {(2 9 -3 —1)} U {(—222—1)} U {(0001)}
001 0 00 1 0 001 0 1000

has a reducible characteristic polynomial in Q[X].

c L

0 f 0 0
Proof. The matrix A := % ( 8 J:) fzgif 7 ) where f € Q\ {0}, g € Q\ {0, 2} has
-f1 0 f2

2% 00 0 o °
xa(X) = det(X1,—-A) = det((o oxo)—% 00 fQQ{J‘er —J%g )
000X —-f1 0 2
= & (X=X + X(=fP9 - f°) +9).

0 0 0
2 _f2
The matrix A := % ( g fo _fgfhj:fa ]{zhh>7 where f,h € Q\ {0}, has
1 0 f?

—f
xa(X) = det(X1y—A) = %(X—f)z(X2f+X(f3h—f2)—h).

The matrix A := (

OO~
Orb OO

) where f € Q, e € Q\ {0}, has

oo O
=% 0O

xa(X) = det(XI,-A4) = (X2—-Xf—e)

1
The matrix A := ( J
0

o0 OO

),wherefe(@, e € Q)\ {0}, has

0
0
f
1

oo O

xa(X) = det(XI,—A) = (X2—-Xf—e)
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01 0 0
The matrix A := < ed 4 _(1)> with €2 — g? = 1, where e,g € Q}, has
—g 0 —e O
xa(X) = det(XI;—A) = (X?—e+g)(X?—e—y9).
0 1 0 o0
The matrix A := (eel 1o lme ee_l>, where e € Q \ {—1,0, %, 1}, has
00 1 0

xa(X) = det(XI;-A) = (X +1)(X —1)*(X +2e—1).

0 0
The matrix A := <1fe ol le_e), where e € Q \ {—1,0, 3,1}, has
0 0

Ya(X) = det(XI,—A) = (X =X +1)%(X —2e+1).

01 0 0
The matrix A := <[1) 0 [1)), where j € Q, has
j0-1 0

xa(X) = det(XI,—A4) = (X —1)2(X +1)>2

010 0
The matrix A := <_(1) : _(1)), where j € Q, has
;01 0

xa(X) = det(XI,—A4) = (X2+1)%
0 1 00
The matrix A := <(1) -1 1 (1)) has
0 0 10

XaA(X) = det(XL—A) = (X —1)(X +1).

010 0
The matrix A := (_(1) 1175 has
001 0
xa(X) = det(XI,-4) = (X +1)(X —-1)%
01 0 0
The matrix A := <_§ —2 2 _%) has
00 1 0

xa(X) = det(XI,—A) = (X +3)(X -1)(X +1)2~

0
The matrix A := (_é
0

Yal(X) = det(XLi—A) = (X +1)(X —3)(X —1)2

xa(X) = det(XI;—4) = (X —1)(X +1)(X?+1).
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Example 33 In the 7th subset in the union occurring in Proposition 31, for f = 2 we have

the matrix A = ( ) )

It has the characteristic polynomial x4(X) = X% —9X3 +19X2 — 9X + 1.

o—oO

0
2 _
7
1

(= )

1
2
-1
0

We can see with Maple that this characteristic polynomial is irreducible:

A := matrix([[O, 1, O, O], [0, 2, 2, -1], [1, -1, 7, -3], [0, O, 1, O0]D);
factor(charpoly(A,X));

This has a single factor. Thus y4(X) is irreducible in Q[X].
We test with Magma whether Gal(Q[A]|Q) =~ Cy:

P<X> := PolynomialRing(Rationals());
f :=X"4 - O%xX"3 + 19%X"2 - 9xX + 1;
G := GaloisGroup(f);

print "Order(G) =", Order(G);

print "G.2 ", G.2;

Magma gives:

Order(G) = 4
G.2 : (1, 2, 3, 4)

Thus Q[A] ~ Cy.

Example 34 In the 22nd subset in the union occurring in Proposition 31, we have the matrix

0100
_ 000 1
A= | 090 -
00 1 0

It has the characteristic polynomial y4(X) = X* + X3 + X2 4+ X + 1.

This polynomial is the 5th cyclotomic polynomial. I.e. it is the minimal polynomial of (5
over Q. In particular, it is irreducible in Q[X].

In the 21st subset in the union occurring in Proposition 31, we have the matrix

0 10 0
A 0 00-1
A= 1-11-1 .

0 01 0

It has the characteristic polynomial x ;(X) = X* — X3 + X2 — X + 1, which is the minimal
polynomial of —(5 over Q. In particular, it is irreducible in Q[X].

So Q[A] ~ Q(¢5) = Q(—¢5) ~ Q[A]. In particular, Q[A] ~ Q[A].
Note that Q[A] # Q[A] as subalgebra of Q**, as follows by Lemma 21:
Assume that Q[A] = Q[A]. Then A, A € Q[A] and

egA = (0100) = ¢ A,
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Thus, by Lemma 21, A = A. But A #+ A. So we have a contradiction.
Finally, Gal(Q[A]|Q) ~ Gal(Q(¢5)|Q) =~ C,4 .

Example 35 In the 4th subset in the union occurring in Proposition 31, fore =1 and ¢ = —1
0

1 0
-1 1 1
0-2-2 |-
0-1 0

It has the characteristic polynomial x4(X) = X%+ 3X3% — X? — 3X + 1.

OO

we have the matrix A = (_

We can see with Maple that this characteristic polynomial is irreducible:

A := matrix([[0, 1, O, O], [1, -1, 1, 1], [-1, O, -2, -2], [0, O, -1, 011);
factor(charpoly(A,X));

This has a single factor. Thus x4(X) is irreducible in Q[X].

We test with Magma whether Gal(Q[A]|Q) ~ Cy:

P<X> := PolynomialRing(Rationals());

f :=X"4+ 3%xX"3 - X2 - 3*xX + 1;

G := GaloisGroup(f);

print "Order(G) =", Order(G);
print "G.2 ", G.2;

Magma gives:

Order(G) = 4
G.2 : (1, 4, 3, 2)

Thus Gal(Q[A]|Q) ~ Cy.

Example 36 In the 5th subset in the union occurring in Proposition 31, fore =1 and ¢ = —1
0100

we have the matrix A = (_% 3 (1))
0010

It has the characteristic polynomial x4(X) = X* — X3 —9X2%2 — X + 1.

We can see with Maple that this characteristic polynomial is irreducible:

A := matrix([[0, 1, O, O, [1, 3, -1, 11, [-1, -2, -2, 0], [0, O, 1, 011);
factor(charpoly(A,X));

This has a single factor. Thus y4(X) is irreducible in Q[X].

We test with Magma whether Gal(Q[A]|Q) ~ Cy:

P<X> := PolynomialRing(Rationals());

f :=X"4-X"3-9%xX"2 - X + 1;

G := GaloisGroup(f);

print "Order(G) =", Order(G);
print "G.2 :", G.2;



82
Magma gives:

Order(G) = 4
G.2 : (1, 3, 4, 2)

Thus Gal(Q[A]|Q) ~ C,.

2.3 The symmetric group S;

Suppose that G = S3 = (p1, p2) = ((1,2), (1,2,3)) and Q = Q.

We write
o = -y = g,
oy = pi-py = (1,2),
o3 = piopp = (1,3),
o = piops = (2,3),
o5 = pl-py = (1,2,3),
og = pl-p3 = (1,3,2).

To calculate the permutation matrix S; =S, , in the notation of Definition 15, we obtain the

bijection « : [1,6] — [1,6] with la = 2, 2a = 1, 3a = 6, 4o = 5, b = 4 and 6« = 3.
010000
100000
So we obtain S := | 595598
000100
001000
To calculate the permutation matrix Sy = S, , in the notation of Definition 15, we obtain the

bijection « : [1,6] — [1,6] with law =5, 2a = 3, 3a = 4, 4av = 2, 5o = 6 and 6« = 1.
000010
001000
So we obtain Sy := [ 090499
000001
100000

Moreover, we have S := {57, S>}.

We want to find Galois extensions of Q with Galois group isomorphic to S3. By Theorem 19,
each such Galois extension is, up to isomorphism, of the form Q[A]|Q for some A € Q%*¢ such
that A- A%t = AS1. A and such that A-A% = A%2. A and such that y4(X) € Q[X] is irreducible.

So we search elements of the Galois variety of S3 that have an irreducible characteristic poly-
nomial.

The Galois variety of S3 is given by

{AEGL6(Q)  A-AS = A5 A and A,ASQZASQ,A}'

This system of equations turned out to be too big for a treatment with our computer algebra
means.
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0O 1 0 O 0 O
a1 a2,2 2,3 2,4 2,5 42,6

. . . . a a a a a a
So we restrict our consideration to matrices of the form A = | ol alsaltarvsarsars | € GLg(Q).

0 0 0 1 0 0
a6,1 06,2 46,3 46,4 46,5 46,6

This restriction is artificial and only justified by the result: a two-parameter-family of solutions.

We let Maple calculate the matrices equations A% - A = A - A5 and A% - A=A A%,

A := matrix([[0,1,0,0,0,0],[a21,a22,a23,a24,a25,a26],[a31,a31,a31,a31,a31,a31],
[a41,a42,a41,a44,a45,a46],[0,0,0,1,0,0], [a61,a62,a63,a64,a65,a66]]);

S1 := matrix([[0,1,0,0,0,0],[1,0,0,0,0,0],[0,0,0,0,0,1],[0,0,0,0,1,0],
(0,0,0,1,0,01,[0,0,1,0,0,011);

82 := matrix([[0,0,0,0,1,0], [0,0,1,0,0,0],[0,0,0,1,0,0],[0,1,0,0,0,0],
(0,0,0,0,0,11,[1,0,0,0,0,011);

IS1 := inverse(S1);
IS2 := inverse(S2);
Difl := evalm(IS1&*A&*S1 &* A - A &* IS1&*A&*S1);

Dif2 := evalm(IS2&*A&*S2 &* A - A &* IS2&*A&*S2);
for i from 1 to 6 do for j from 1 to 6 do printf("%a
for i from 1 to 6 do for j from 1 to 6 do printf("%a

O\n",Dif1[i,jl); od; od;
O\n",Dif2[i,jl); od; od;

Maple gives a system of equations, which we use to continue with Magma as follows.

K<a21,a31> := FunctionField(Rationals(),2);
R<a22,a23,a24,a25,a26,a41,a42,a44,a45,a46,a63,a66,a61,a62,a64,a65>
:= PolynomialRing(K, 16);
I := ideal<R |
a21"2+a23*abl+a2b*adl+a26*a31-1,
a21*a22+a23*ab2+a2b*xad2+a26*a31+a22,
a21*a23+a23*xab63+a25*adl1+a26*a3l,
a21*a24+a23*xab4+a2b*add+a26*xa3l+a24,
a21*a25+a23*ab65+a25*xad4b+a26%*a3l,
a21*a26+a23*ab6+a2b5*xadb6+a26*a3l,
—a21*a22-a23*xab62-a2b*ad2-a26*a31-a22,
—a2172-a23*%a61-a25*xad1-a26*a31+1,
-a21*%a26-a23*ab6-a2b*ad6-a26*a3l,
—a21*a25-a23*xab5-a25*adb5-a26*a3l,
—a21%a24-a23*ab4-a25*add-a26*a31-a24,
—a21*a23-a23*xab63-a2b*adl-a26*a3l,
a21*ab1-a22*xa31-a31"2-a31*ad42-a31*ab62+a31*ab66+adl*ab65+abl1*ab63-a3l,
—a21*a31+a22%abl1-a31”"2-a31*adl1-a31*abl+a3l*ab6+ad2*ab65+ab62*ab63+ab2,
a23*xabl1-a26+*a31-a31"2-a31*xa46+adl1*ab65+a6372,
a24*abl-a2b5*xa31-a31"2-a31*%a4b-a31*ab5+a31*ab66+add*abb+ab3*xab4d+abs,
—a24*a31+a2b*xab61-a31"2-a31*ad4-a31*ab4+a31*ab6+adb*xa6b5+a63*ab65-a3l,
-a23*a31+a26*xab61-a31"2-a31*adl1-a31*xab3+a31*ab6+ad6*xab65+ab63*ab6,
-a22*adl-a31*ad6-adl1*ab2-ad2*xadb-a42,
-a21%ad1-a31*a46-adl*adb-adl1x*abl,
—a26*adl1-a31*ad6-adl*ab6-ad5*adb,
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—a2b*adl-a31*a46-adl1*abb-adb~2+1,
-a24*adl-a31*ad6-adl1*abd-add*adb-ad4,
-a23%ad1-a31*a46-adl*adb-ad1*ab3,

a21*ad4i1+a31*xad6+adl*adb+adl*abl,
a22xa41+a31*adb6+adl*xab62+ad2*xadb+ad?2,
a23*%adl+a31*ad6+adl*adb+adl*ab3,
a24x*a41+a31*ad6+adl*xab4+add*adb+ads,
a2bxad1+a31*ad6+adl*xab65+adb~2-1,

a26*adl+a31*xad6+adl*ab6+adb*ad6,
a21*a31-a22*%ab6l+a31"2+a31*xa41+a31*abl-a31*xab66-a42*xab5-a62*ab63-a62,
—a2l1*ab1+a22*xa31+a31"2+a31*ad2+a31*xab2-a31*ab66-adl*xabb-ab61*a63+a3l,
a23*a31-a26*abl+a31"2+a31*a41+a31*ab3-a31*xab66-a46*ab65-ab63*ab6,
a24*a31-a25*xab1+a31"2+a31*add+a31*ab4-a31*ab66-ad5*xab65-ab3*ab65+a3l,
-a24*abl+a2b*a31+a31”2+a31*ad4b+a31*abb-a3l*ab66-ad4*ab65-ab63*ab64-ab4,
-a23*abl+a26*a31+a31"2+a31*ad6-adl1*xab65-a63"2,
a21*ab4+a31*xab2+adl*ab63+abl*xab5-a46,
a22*ab4+a3dl*ab2+ad2*xab63+ab62*ab65-ad4+abb,
a23*ab4+a3l1*ab2+adl*xab63+ab3*ab5-ad2,
a24*abd+a31xab2+add*xab63+abdxab5-adl1+ab1l,
a2b*ab4+a31xa62+a4b*ab63+ab65"2-a4dl,
a26*ab4+a31*xab2+adb6*ab63+abb*xab6-a4hb,
a21*ad44-a21*ab6-a22*xadb6-a23*a26-a24*a3l+a3l*ad2+adl~2+adb*abl,
—a21*ab4-a23*xa24-a24*a3l+a31*ad2+adl*ad2+adb*ab2-a26+a46,
-a21*ab62-a22%a23-a22*ad2+a23*add-a24*a31+a3d3l*ad2+adl1”~2+a4b*ab63-a25,
-a21*%ab3-a22*adl1-a23"2-a24*a31+a24*xadd+a31*ad2+adl*xadd+adb*ab64+adl,
-a21*a23-a21*xabl1-a22*adl-a24*a31+a25xadd+a31*ad2+adl*xadb+adb*abhb,
—a21*ab6b5-a22*xa4b-a23*a2b-a24*a3l+a26*add4+a3dl*ad2+adl*xad6+adb*ab6,
a21*a24+a22*a31+a23*adl+a2b*abl-a26*a31-a31"2-a31*a46-a31*abb,
a22*a24+a22*xa31+a23*ad2-a24*xa31+a25*a62-a31"2-a31*%ad4-a31*ab4+a26-a31,
a23*a24+a23xadl1+a2b*ab63-a31"2-a31*xad42-a31*ab62-a31,
a22*xa31-a23*a31+a23*add+a24~2+a25*%ab4-a31"2-a31*xa41-a31*ab63+a21,
—a21*%a31+a22*xa31+a23*adb+a24*xa2b+a2b*ab65-a31"2-a31*xad41-a31*ab1l,
a22*a31+a23*ad6+a24*xa26—-a2b*a31+a2b*ab6-a31"2-a31*a45-a31*abb,
a21*a31-a26xadl1+a31"2+a31*adl1-a31*xad4+a31*ab6l1-adl*xab6-ad2*ad6,
a22*xa31-a24*adl1+a31"2+a31*xa42-a31*add+a31*xab62-adl1*xabd-ad2*add+a31-a46,
-a22*adl1+a23*a31+a31"2+a31*adl-a31*xadd4+a31*a63-adl*xab62-a42"2-a4hb,
—a23*%adl1+a24*a31+a31"2+a31*ab64-adl1*xad2-adl1*ab63+a3l,
—a21*adl+a2b*xa31+a31"2-a31*ad4+a31*a4b+a31*abb-adl*ad2-adl*abl,
-a25*adl+a26*xa31+a31"2-a31*add+a31*ad6+a31*ab6-adl*xab65-ad2*a4hb,
-a26*ab63-a31*abd-ad6*ab62-abl*xab6+a2l,
-a24*ab63-a31*ab4-add*ab62-abl*abd+a22-a66,
—a22*%ab3-a31*ab4-ad2*ab2-abl*xab2+a23-abb,
-a23*ab63-a31*ab4-adl1*ab2-abl*xab63+a24,
-a21*ab63-a31*ab4-adl1*ab2-ab1”"2+a2b,
-a2bxab3-a3d1*ab4-adb*ab62-abl*xab65+a26

>;

TriangularDecomposition(I);
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Magma gives the solutions:

Ideal of Polynomial ring of rank 16 over Multivariate rational function field
of rank 2 over Rational Field
Order: Lexicographical
Variables: a22, a23, a24, a2b, a26, ad4l, a42, add, adb, a4dé6,
ab3, ab6, abl, a62, a64, a65
Inhomogeneous, Dimension 0
Groebner basis:
[
a22 + (-a21*a31 - a21 - a31 - 1)/a31,
a23 - a21 - 1,
a24 - a2i,
a25 - a21 - 1,
a26 (-a21*a31 - a21 - a31 - 1)/a31,
a4l (2*xa21*a31 a31"2 + a31)/(a21 + 2*a31 + 1),
a4?2 (2*¥a21*a31 a21 + a3172 + 3*a31 + 1)/(a21 + 2%a31 + 1),
ad4 (2*%a21*a31 + 2*a21 + a31"2 + 2*xa31 + 1)/(a21 + 2*a31 + 1),
a4b (2%a21*a31 a2l + a31"2 + 3*a31 + 1)/(a21 + 2*a31 + 1),
a46 (2*xa21*a31 + 2*a21 + a3172 + 2*xa31 + 1)/(a21 + 2*a31 + 1),
a63 (a21°2 + a21*a31 + 2*%xa21 + a31"2 + 2*a31 + 1)/(a21 + 2*a31 + 1),
a66 + (a21°2*a31 + a21"2 + a21*a31"2 + 2*a21*a31l + a2l + a31"3 + a3172)
/(a21%a31 + 2*a3172 + a3l),
a6l + (a2172 + a21*a31 + a2l + a3172)/(a21 + 2*xa31 + 1),
a62 + (a217°2*%a31 + a2172 + a21*a31"2 + 4*a21*a31 + 2*a2l + a31"3 +
2%a31"2 + 3%a31 + 1)/(a21*a31 + 2*a31"2 + a31),
a4 + (a21°2 + a21*a31 + a31"2 + a31)/(a21 + 2*a31 + 1),
a65 + (a2172 + a21*a31 + a2l + a3172)/(a21 + 2%a31 + 1)

+
+
+
+

+ + + + + + +

]

If az; # 0 and ag; + 2a3; + 1 # 0, this can be used to find solutions to our original system of
equations over Q.

Let N:={(r,t) e QxQ: r+2t+1+#0andt#0}.

For (r,t) € N, we let

0 1 0 0 0 0
. (r+1)t(t+1) 1 , 1 (T+1)t(t+1)
t t t t t t
Br t = _ t(t+2r+1) _2rtdr4t? 43641 _ t(t42r41) _@rt )41 2rtdrgt?43i41 _ (2r4t+1)(E41)
? r+2t+1 r+2t+1 r+2t+1 r+2t+1 r+2t+1 r+2t+1
0 0 0 1 0 0
Cr24rtrtt? o 2err? et b drer2r 3426243001 r24rtk2r+ 6402 p24mepe2 4t o24etbrtt? D (2 4rt424r)
r+2t+1 (r+2t+1)t r+2t+1 r2t+1 r2t+1 (r+2t+1)t

We have det B,.; = 1 for (r,t) € N.

So we can summarize as follows.

Remark 37 We have
{B.;: (nt)e N} C {A€GLg(Q): A - A=A-A% and A% - A=A A} .
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So given (r,t) € N and provided that the matrix B,.; has an irreducible characteristic polyno-
mial xp,,(X) € Q[X], then the field extension Q[B,;]|Q is galois with Galois group isomorphic
to Sg .

010000
—2-2-1-2-1-2
11 111 1
Example 38 We have B_,; = 2 1 2 4 1 4
000100
—1-1-2-4-1-2

It has the characteristic polynomial yp_,,(X) = X% — X° + 6X* + 7X% + 6X? — X + 1.

We verify with Maple that this characteristic polynomial is irreducible:

A := matrix([[0,1,0,0,0,0],[-2,-2,-1,-2,-1,-2],[1,1,1,1,1,1],[2,1,2,4,1,4],
[0,0,0,1,0,0],[-1,-1,-2,-4,-1,-2]1);
factor(charpoly(A,X));

We obtain a single factor. Thus xp_,,(X) is irreducible in Q[X].
We test with Magma whether Gal(Q[B_2,]|Q) ~ S;:

P<X> := PolynomialRing(Rationals());
f = XT6-X"5+6*%X"4+7xX"3+6%xX"2-X+1;
G := GaloisGroup(f);

print "Order(G) =", Order(G);

print "IsAbelian(G):", IsAbelian(G);

Magma gives:

Order(G) = 6
IsAbelian(G): false

Thus Gal(Q[B_mH@) ~ Sg .

0 1 0 0 0 0
A T T S
Example 39 We have BO,l = _2/3 _5/8 _2/3 _4/:{, _5/8 _4/3
~1/3-7/3-4/3 —2/3 —1/3 —2/3

It has the characteristic polynomial xp,, (X) = X% — X5 + DX* + 2X3 4 X2 — X + 1.

We verify with Maple that this characteristic polynomial is irreducible:
A := matrix([[O, 1, O, O, O, O], [0, 2, 1, 0, 1, 2], [1, 1, 1, 1, 1, 1],
[_2/3, _5/3; _2/3, _4/3: _5/3, _4/3], [O, O, O, 1, 0; O]:

(-1/3, -7/3, -4/3, -2/3,-1/3, -2/311);
factor(charpoly(A,X));

We obtain a single factor. Thus xp,,(X) is irreducible in Q[X].
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We test with Magma whether Gal(Q[By1]|Q) ~ Ss:

P<X> := PolynomialRing(Rationals());

f := X"6-X"5+10/3*X"4+5/3*%X"3+10/3*X"2-X+1;
G := GaloisGroup(f);

print "Order(G) =", Order(G);

print "IsAbelian(G):", IsAbelian(G);

Magma gives:

Order(G) = 6
IsAbelian(G): false

Thus Gal(Q[Bo,l]]Q) >~ Sg.

0 1
10
Example 40 We have B_;; = é_%
00
0-1

It has the characteristic polynomial x4(X) = X® — X5+ 2X% — X3 +2X? — X + 1.
We verify with Maple that this characteristic polynomial is reducible:

A := matrix(([O, 1, O, O, O, O], [-1, O, O, -1, O, O], [1, 1, 1, 1, 1, 1],
(o, -1, o, o, -1, o], [0, 0, O, 1, O, O],

[0, -1, -1, -1,0, 011);

factor(charpoly(A,X));

We obtain (X"2+X+1)*(X"2-X+1)"2. Thus xp,,(X) is reducible in Q[X].

So in fact the condition on the characteristic polynomial to be irreducible in Q[X] cannot be
omitted.
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Zusammenfassung

Sei G eine endliche Gruppe mit |G| =: n. Weiter sei ein Kérper ) von Charakteristik 0
gegeben. Dieser Korper ist unser Grundkorper.

Sei eine Galoiserweiterung K |@ gegeben mit einer Galoisgruppe, welche isomorph zu G ist.

Wir bilden die verschréankte Gruppenalgebra K ¢ G, welche als K-Vektorraum mit der Basis G
und der Multiplikation oa - pb = opa’b fiir o, p € G und a,b € K definiert ist.

Diese verschrankte Gruppenalgebra ist eine ()-Algebra, welche isomorph zu Q™*" ist.

Wir wihlen nun ein Element z € K so, dass (27 : 0 € () eine Normalbasis von K iiber @ ist.
Dadurch ist auch K = Q(z) = Q[z].

Wir haben einen Isomorphismus von K { G nach Q"*", welcher das Element z auf eine Matrix
A € Q" abbildet. Folglich wird K = Q[z] isomorph auf die Teilalgebra Q[A] von Q"*"
abgebildet.

Fiir p € G ist das Bild S, € Q"*" eine Permutationsmatrix. Es wird z# abgebildet auf A%. Es
gilt somit A% € Q[A]. Da Q[A] kommutativ ist, haben wir die Gleichung A% - A = A - A% fiir
peG.

Seien nun Erzeuger pi,...,p, von G gewdhlt, sodass G = (p1,...,pm). Wir schreiben
S =5, € GL,(Q) fir i € [1,m]. Dabei sind Si,...,S, von der Gruppe G abhéngig,
aber nicht von der Galoiserweiterung.

Das Minimalpolynom von z ist irreduzibel von Grad n. Es stimmt mit dem Minimalpolynom
von A und mit dem charakteristischen Polynom x4(X) € Q[X] iiberein. Insbesondere ist
X a(X) irreduzibel.

Folglich ist K isomorph zu Q[A] als Korpererweiterung von ). Dabei erfiillt A die Gleichung
ASi A= A- AS fiir i € [1,n], und x4(X) € Q[X] ist irreduzibel.

Nun wollen wir dieses Verfahren umdrehen.
Hierflir behalten wir die Permutationsmatrizen Sy, ..., S,, € GL,(Q).

Die Teilmenge
{A€GL,(Q): A A=A A% forie[l,m]} C GL,(Q) € Q™"
wird Galoisvarietat von G genannt, beziiglich der gewahlten Erzeuger.

Sei nun A aus der Galoisvarietat von G. Habe zudem A ein irreduzibles charakteristisches
Polynom x4(X) € Q[X].

Das Gruppenelement p; liefert einen Automorphismus auf Q[A], welcher eine Matrix B € Q[A]
auf B € Q[A] abbildet.

So erhélt man dann eine Galoiserweiterung Q[A]|@ mit der Galoisgruppe Gal(Q[A]|Q) ~ G.
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Sei nun @ := Q.

Wir betrachten die Galoisvarietat im Fall G = C3. Zunachst stellen wir fest, dass der Schnitt
010

dieser Varietdt mit dem affinen Teilraum der Matrizen der Form ( ) immer noch alle

* %k k
* %k k

Galoiserweiterungen mit Galoisgruppe isomorph zu Cj liefert. Wir berechnen diesen Schnitt:

L = {A= (3%?) € GLy(Q): AS - A=A A%)

gh1

0 1 0
010 010 _ g+l _ (et .
= () reeug(fiyog| T o o | gie @ (o))
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Damit A € L tatsichlich eine Galoiserweiterung Q[A]|Q mit Galoisgruppe isomorph zu Cj gibt,
muss man noch an das charakteristsche Polynom y 4(X) die Bedingung stellen, irreduzibel zu
sein.

Im Fall G = Cy liefern die gebrauchlichen Computeralgebrasysteme nur eine grofie Teilmenge
0100

des Schnitts der Galoisvarietit mit (I . I) . Diese Teilmenge setzt sich zusammen als Vereini-

gungsmenge von 25 kleineren Teilmengen, die mit 0 bis 3 Variablen parametrisiert sind. Auch
hier muss man jeweils noch das charakteristische Polynom auf Irreduzibilitat testen.

Im Fall G = S5 finden wir nur noch eine von zwei Variablen parametrisierte kleine Teilmenge
der Galoisvarietat. Aber auch hier muss man noch bei den Matrizen das charakteristische
Polynom auf Irreduzibilitit testen.
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