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0 Introduction

0.1 The Riemann sphere

Riemann projects the complex plane to the sphere S2, having its north pole N on the complex
plane C [4, §B.3, p. 80–81]. Then the point z ∈ C, its projection p(z) ∈ S2 and the south pole
S lie on a straight line. To C, a point ∞ is added, which is mapped to the south pole S.

Figure 0.1: Symbolic sketch of the Riemann sphere

As a variant, one can place the sphere such that its equator lies in the complex plane C. In this
variant, the point z ∈ C, its projection δ1(z) ∈ S2 and the south pole S are still required to lie
on a straight line. The point ∞ is still mapped to the south pole S.

Figure 0.2: Symbolic sketch of the variant of the Riemann sphere
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0 Introduction

So more formally, identifying z ∈ C with (1 : z) ∈ P1(C), this variant gives a map

δ1 : P1(C) −→ C× R

(z0 : z1) 7−→
1

|z0|2 + |z1|2
·
(

2 z0z1 , |z0|2 − |z1|2
)

restricting to the bijection

δ1|S
2

: P1(C)
∼−→ S2

and mapping ∞ := (0 : 1) to the south pole S = (0,−1) of S2.

0.2 A generalisation: the discriminant embedding

We generalize the variant δ1 from §0.1 to the map

δn : Pn(C) −→ C(n+1
2 ) × R(n+1

2 )

(u0 : . . . : un) 7−→ 1
√
n

n∑
j=0
|uj |2

·
((√

2
√
n+ 1 ujuk

)
06j<k6n

,
(
|uj |2 − |uk|2

)
06j<k6n

)
,

called the discriminant embedding.

We show that δn is injective; cf. Proposition 12.

We show that δn is an immersion; cf. Theorem 43. To do so we use the standard charts µn,k.

Pn(C)
δn // C(n+1

2 ) × R(n+1
2 )

o

��

R2n

µn,k

==zzzzzzzzzzzzzzzzzzzzzzzzzzz
//

ϑn,k

44R2n+2\{0} δ̂n //

OO

R3(n+1
2 )

We calculate the Jacobian matrix J on such a standard chart, i.e. the Jacobian matrix of ϑn,k.
We show that this matrix J has full rank. More precisely, we calculate that

det(JTJ) =

(
2(n+ 1)

n

)2n

· 1(
1 +

∑
j∈[0,n]\{k} |uj |2

)2(n+1)
> 0 .

In the process it turned out to be convenient to use the Jacobian matrix of δ̂n, see diagram.
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0.3 Similar embeddings by Mannoury and Fuks

We show that δn maps to S3(n+1
2 )−1 ⊆ C(n+1

2 )×R(n+1
2 ); cf. Proposition 11. Since Pn(C) has real

dimension 2n, which is smaller than 3
(
n+1
2

)
− 1 for n > 2, the image of δn is strictly contained

in this sphere in this case.

In addition, we construct partial retractions: For each l ∈ [0, n], we consider the standard chart

Al
open
⊆ Pn(C). We choose Dl

open
⊆ C(n+1

2 ) × R(n+1
2 ). We find a continuous map

εn,l : Dl −→ Al

such that εn,l ◦
(
δn|Dl

Al

)
= idAl

; cf. Proposition 16.

Pn(C)
δn // C(n+1

2 ) × R(n+1
2 )

Al
?�

OO

δn|
Dl
Al // Dl

?�

OO

εn,l

hh

0.3 Similar embeddings by Mannoury and Fuks

G. Mannoury embedded P2(C) into R9 by a map similar to the discriminant embedding, but
not directly generalising the Riemann sphere [3, eq. (10) on p. 121].

B. A. Fuks constructed a generalisation of the Riemann sphere that resembles closely our dis-
criminant embedding, the difference being that he uses fewer real components [1, p. 81–85,
Th. 5.3]. So he maps into a smaller space, whereas our map seems to have a more symmetric
shape.

0.4 A visual application

We use δ2 : P2(C) −→ S8 ⊆ C3 × R3 to depict the image of the graph of y = x3 − x. More
precisely, letting

Γ̂ := {(x : y : z) ∈ P2(C) : yz2 = x3 − xz2} ⊆ P2(C)

we depict δ2(Γ̂) ⊆ S8. Note that even for |x| large, the point δ2
(
(x : x3 − x : 1)

)
is still in S8.

Applying δ2 has the effect of a kind of a fish-eye lens [2, §5, §7].

The source [2] contains a mistake, which is corrected here; cf. [2, §5, footnote 1].
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1 Preliminaries

1.1 Conventions

1. Suppose given a, b ∈ Z. Let [a, b] := {z ∈ Z : a 6 z 6 b}.

2. We often abbreviate ”for all” to ”for”.

3. Suppose given p, q > 0. For w = (z1, . . . , zp, x1, . . . , xq) ∈ Cp × Rq we let

‖w‖ :=

√√√√ p∑
j=1

|zj |2 +

q∑
k=1

x2k .

4. Suppose given n > 1.

We order a tuple (ar,s)06r<s6n using the lexicographical ordering of the indices, that is,

(aj,k)06j<k6n = (a0,1 , a0,2 , . . . , a0,n , a1,2 , a1,3 , . . . , a1,n , . . . , an−1,n) .

Similarly,

(aj,k, bj,k)06j<k6n = (a0,1 , b0,1 , a0,2 , b0,2 , . . . , a0,n , b0,n ,

a1,2 , b1,2 , a1,3 , b1,3 , . . . , a1,n , b1,n , . . . , an−1,n , bn−1,n) .

5. Given tuples (a0, a1, . . . , aj) and (b0, b1, . . . , bk) with entries in some set, we write

(a0, a1, . . . , aj) t (b0, b1, . . . , bk) := (a0, a1, . . . , aj , b0, b1, . . . , bk)

for their concatenation.

For example, (1, 2, 5) t (8, 9) = (1, 2, 5, 8, 9).

6. Given D
open
⊆ Rk and a differential map

f : D −→ Rl ,

we denote by

J(f)(x) ∈ Rl×k

the Jacobian matrix of f at x ∈ D.

We often write J(f) := J(f)(x).
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1 Preliminaries

1.2 Geometry

Suppose given p, q > 0 and n > 1.

Definition 1. Let
Sp+q−1 := {w ∈ Cp × Rq : ‖w‖ = 1}

be the (p+ q − 1)-dimensional sphere.

Definition 2. The n-dimensional projective space (over C) is defined to be the set Pn(C) of
the subspaces of C-dimension 1 in Cn+1.

Note that as a real manifold, Pn(C) has dimension 2n.

Suppose given (u0, . . . , un) ∈ Cn+1\{(0, . . . , 0)}. The one dimensional subspace generated by
(u0, . . . , un) will be denoted by (u0 : . . . : un).

Note that for (u′0, . . . , u
′
n), (u′′0, . . . , u

′′
n) ∈ Cn+1\{(0, . . . , 0)} we have

(u′0 : . . . : u′n) = (u′′0 : . . . : u′′n)

if and only if there exists λ ∈ C\{0} with

λ · (u′0, . . . , u′n) = (u′′0, . . . , u
′′
n) .

Definition 3. Suppose given (u0 : . . . : un) ∈ Cn+1.

The set {j ∈ [0, n] : uj 6= 0} is called the support of u := (u0 : . . . : un). So the support is the
set of all indices of entries not equal to zero.

Remark 4. Suppose given (u0, . . . , un) ∈ Cn+1\{0}. Write vk := 1√∑n
j=0 |uj |2

uk for k ∈ [0, n].

Then

(u0 : . . . : un) = (v0 : . . . : vn)

and

n∑
j=0

|vj |2 = 1 .

1.3 Linear Algebra

Lemma 5. Suppose given A ∈ Rm×n. Then

rk(A) = rk(ATA) .

Proof. We show that

ker(A) = ker(ATA) .

The inclusion ⊆ follows, since Ax = 0 implies ATAx = 0 for x ∈ Rn×1.
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1.4 Real and complex matrices

The inclusion ⊇ follows, since ATAx = 0 implies xTATAx = 0, i.e. (Ax)T · (Ax) = 0, which
implies Ax = 0.

We conclude that

rk(A) = n− dim(ker(A)) = n− dim(ker(ATA)) = rk(ATA) .

Remark 6. Over C, the assumption of Lemma 5 is false. For instance, for A =

(
1

i

)
∈ C2×1

we have
rk(A) = 1 ,

but
rk(ATA) = 0 .

1.4 Real and complex matrices

Definition 7. We have the injective ring morphism

ι : C −→ R2×2

a+ ib 7−→

(
a b

−b a

)
.

So given n > 0 we have the injective ring morphism

ιn×n : Cn×n −→ (R2×2)n×n = R2n×2n

(zk,l)k,l 7−→ (ι(zk,l))k,l .

Remark 8. Given a, b ∈ R, then we have

det(ι(a+ ib)) = det

(
a b

−b a

)
= a2 + b2

= |a + ib|2

Lemma 9. For A ∈ Cn×n we have

det(ιn×n(A)) = |det(A)|2 .

Proof. Choose S ∈ Cn×n invertible such that S−1AS = J is in Jordan normal form.

Let

J =:


λ1 ∗

. . .

0 λn
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1 Preliminaries

Then A = SJS−1. So

|det(A)|2 =
∣∣det(SJS−1)

∣∣2
=
∣∣det(S) det(J) det(S)−1

∣∣2
= |det(J)|2

= |λ1 · . . . · λn|2

= |λ1|2 · . . . · |λn|2

Therefore we get

det(ιn×n(A)) = det
(
ιn×n(SJS−1)

)
ιn×n ring morph.

= det
(
ιn×n(S) · ιn×n(J) · ιn×n(S−1)

)
= det (ιn×n(S)) · det (ιn×n(J)) · det (ιn×n(S))

−1

= det (ιn×n(J))

=


ι(λ1) ∗

. . .

0 ι(λn)


= det (ι(λ1)) · . . . · det (ι(λn))

Rem. 8
= |λ1|2 · . . . · |λn|2

= |det(A)|2 .
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2 The discriminant embedding

2.1 Definition of the discriminant embedding

Suppose given n > 1.

Definition 10. We define the discriminant embedding to be the following map.

δn : Pn(C) −→ C(n+1
2 ) × R(n+1

2 )

(u0 : . . . : un) 7−→ 1
√
n

n∑
j=0
|uj |2

·
((√

2
√
n+ 1 ujuk

)
06j<k6n

,
(
|uj |2 − |uk|2

)
06j<k6n

)

We have to show that the discriminant embedding is well-defined. So we have to show that,
given (u0, . . . , un), (v0, . . . , vn) ∈ Cn+1\{0} such that (u0 : . . . : un) = (v0 : . . . : vn), the image
using the representative (u0, . . . , un) equals the image using the representative (v0, . . . , vn).

By definition of Pn(C), there exists a λ ∈ C such that

(u0, . . . , un) = (λv0, . . . , λvn).

Then we obtain the following.

1
√
n

n∑
j=0
|uj |2

·
((√

2
√
n+ 1 ujuk

)
06j<k6n

,
(
|uj |2 − |uk|2

)
06j<k6n

)

=
1

√
n

n∑
j=0
|λvj |2

·
((√

2
√
n+ 1 λvjλvk

)
06j<k6n

,
(
|λvj |2 − |λvk|2

)
06j<k6n

)

=
1

|λ|2
√
n

n∑
j=0
|vj |2

·
((
|λ|2
√

2
√
n+ 1 vjvk

)
06j<k6n

,
(
|λ|2(|vj |2 − |vk|2)

)
06j<k6n

)

=
1

|λ|2
√
n

n∑
j=0
|vj |2

· |λ|2
((√

2
√
n+ 1 vjvk

)
06j<k6n

,
(
|vj |2 − |vk|2

)
06j<k6n

)

=
1

√
n

n∑
j=0
|vj |2

·
((√

2
√
n+ 1 vjvk

)
06j<k6n

,
(
|vj |2 − |vk|2

)
06j<k6n

)

Proposition 11. For x ∈ Pn(C) we have

δn(x) ∈ S3(n+1
2 )−1 .
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2 The discriminant embedding

Proof. Suppose given x = (u0 : . . . : un) ∈ Pn(C). We have to show that ‖δn(x)‖ !
= 1. We

square both sides and have to show that

1 =

∥∥∥∥∥∥∥∥∥
1

√
n

n∑
j=0
|uj |2

·
((√

2
√
n+ 1 ujuk

)
06j<k6n

,
(
|uj |2 − |uk|2

)
06j<k6n

)∥∥∥∥∥∥∥∥∥
2

,

i.e. that√n n∑
j=0

|uj |2
2 =

∥∥∥∥((√2
√
n+ 1 ujuk

)
06j<k6n

,
(
|uj |2 − |uk|2

)
06j<k6n

)∥∥∥∥2 .
We calculate.∥∥∥∥((√2

√
n+ 1 ujuk

)
06j<k6n

,
(
|uj |2 − |uk|2

)
06j<k6n

)∥∥∥∥2
=

∑
06j<k6n

|
√

2
√
n+ 1 ujuk|2 +

∑
06j<k6n

(
|uj |2 − |uk|2

)2
=

∑
06j<k6n

2(n+ 1)|uj |2|uk|2 +
∑

06j<k6n

(
|uj |4 − 2|uj |2|uk|2 + |uk|4

)
=

∑
06j<k6n

2(n+ 1)|uj |2|uk|2 +
∑

06j<k6n

|uj |4 −
∑

06j<k6n

2|uj |2|uk|2 +
∑

06j<k6n

|uk|4

=
∑

06j<k6n

2n|uj |2|uk|2 +
∑

06j<k6n

|uj |4 +
∑

06k<j6n

|uj |4

=
∑

06j<k6n

2n|uj |2|uk|2 +
∑

j,k∈[0,n],j 6=k

|uj |4

=
∑

06j<k6n

2n|uj |2|uk|2 + n
∑

06j6n

|uj |4

= n ·
( ∑

06j<k6n

2|uj |2|uk|2
 +

 n∑
j=0

|uj |4
)

=

√n n∑
j=0

|uj |2
2

14



2.2 Injectivity of the discriminant embedding

2.2 Injectivity of the discriminant embedding

Proposition 12 (Injectivity of the discriminant embedding).

Recall that we have the discriminant embedding

δn : Pn(C) −→ C(n+1
2 ) × R(n+1

2 )

(u0 : . . . : un) 7−→ 1
√
n

n∑
j=0
|uj |2

·
((√

2
√
n+ 1 ujuk

)
06j<k6n

,
(
|uj |2 − |uk|2

)
06j<k6n

)

from Definition 10.

Then the map δn is injective.

Proof. Suppose given u = (u0 : . . . : un) ∈ Pn(C) and u′ = (u′0 : . . . : u′n) ∈ Pn(C) such
that δn(u) = δn(u′) . Without loss of generality, we may assume that

∑n
j=1 |uj |2 = 1 , and∑n

j=1 |u′j |2 = 1 cf. Remark 4. Multiplication with
√
n leads to

(
√

2
√
n+ 1 u0u1, . . . ,

√
2
√
n+ 1 un−1un , |u0|2 − |u1|2, . . . , |un−1|2 − |un|2)

= (
√

2
√
n+ 1 u′0u

′
1, . . . ,

√
2
√
n+ 1 u′n−1u

′
n , |u′0|2 − |u′1|2, . . . , |u′n−1|2 − |u′n|2) .

So we get

u0u1 = u′0u
′
1

...

un−1un = u′n−1u
′
n .

By conjugation, we get

u1u0 = u′1u
′
0

...

unun−1 = u′nu
′
n−1 .

So overall we have

ujuk = u′ju
′
k(∗)

for j, k ∈ [0, n].

Moreover we have

|u0|2 − |u1|2 = |u′0|2 − |u′1|2

...

|un−1|2 − |un|2 = |u′n−1|2 − |u′n|2 .
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2 The discriminant embedding

By multiplication with −1, we get

|u1|2 − |u0|2 = |u′1|2 − |u′0|2

...

|un|2 − |un−1|2 = |u′n|2 − |u′n−1|2 .

So overall we have

|uj |2 − |uk|2 = |u′j |2 − |u′k|2(∗∗)

for j, k ∈ [0, n].

Let I = {j ∈ [0, n] : uj 6= 0} be the support of u and, analogously, let I ′ = {j ∈ [0, n] : u′j 6= 0}
be the support of u′; cf. Definition 3. We remark that I, I ′ 6= ∅.

We claim that I
!

= I ′.

By symmetry, it suffices to show I
!
⊆ I ′.

Suppose given j ∈ I. We want to show that j
!
∈ I ′.

We have uj 6= 0 and we want to show that u′j 6= 0.

Assumption: u′j = 0.

Case 1: I = {j}.

Then uk = 0 for k ∈ [0, n]\{j}. Choose an element k ∈ [0, n]\{j}. So

0 < |uj |2 = |uj |2 − |uk|2
(∗∗)
= |u′j |2 − |u′k|2 = −|u′k|2 6 0 ,

which is impossible.

Case 2: I ⊃ {j}.

Choose k ∈ I\{j}. So uk 6= 0. Then

0 = u′ju
′
k

(∗)
= ujuk ,

hence uj = 0, which is not possible.

So we have a contradiction in both cases. This proves the claim, i.e. I = I ′.

Case 1: |I| = 1. Let I =: {j}.

So
u = (0 : . . . : 0 : uj : 0 : . . . : 0) = (0 : . . . : 0 : u′j : 0 : . . . : 0) = u′

Case 2: |I| = 2. Let I =: {j, k}, with j 6= k.

We have 1 = |u0|2 + . . .+ |un|2 = |uj |2 + |u2k| and 1 = |u′0|2 + . . .+ |u′n|2 = |u′j |2 + |u′k|2.

We have ujuk
(∗)
= u′ju

′
k and |uj |2 − |uk|2

(∗∗)
= |u′j |2 − |u′k|2.

Thus

1− 2|uj |2 = |uj |2 + |uk|2 − 2|uk|2 = |uj |2 − |uk|2 = |u′j |2 − |u′k|2 = |u′j |2 + |u′k|2 − 2|u′k|2 = 1− 2|u′j |2 .
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2.2 Injectivity of the discriminant embedding

Hence |uj |2 = |u′j |2 and |uk|2 = |u′k|2.

So

uj
u′j

=
ujuju

′
k

u′juju
′
k

=
u′ju
′
ju
′
k

u′juju
′
k

=
u′jujuk

u′juju
′
k

=
uk
u′k

.

Therefore

u = (0 : . . . : 0 : uj : 0 : . . . : 0 : uk : 0 : . . . : 0) = (0 : . . . : 0 : u′j : 0 : . . . : 0 : u′k : 0 : . . . : 0) = u′ .

Case 3: Let |I| > 3 . Suppose given j, k ∈ I.

We have to show that
uk
u′k

!
=
uj
u′j

Choose l ∈ I\{j, k}, which is possible because of |I| > 3. Then

uj
u′j

(∗)
=
u′l
ul

(∗)
=
uk
u′k

So

(u0 : . . . : un) = (u′0 : . . . : u′n)

17





3 Partial retractions

Suppose given n > 1.

In the following we want to establish a partial retraction for the discriminant embedding δn.

Suppose given l ∈ [0, n].

Definition 13. Consider the open subset

Al := {(u0 : . . . : un) ∈ Pn(C) : ul 6= 0} ⊆ Pn(C) .

Let

Nl := {((zj,k)j<k, (xj,k)j<k) ∈ C(n+1
2 ) × R(n+1

2 ) : 1 +
√
n

∑
k∈[0,n]\{l}

xl,k = 0} .

Consider the open subset

Dl :=
(
C(n+1

2 ) × R(n+1
2 )
)
\Nl ⊆ C(n+1

2 ) × R(n+1
2 ) .

Definition 14. Consider the continuous map

εn,l : Dl −→Al
((zj,k)j<k, (xj,k)j<k) 7−→(zl,0 : . . . : zl,l−1 :√

2

(n+ 1)n
+

√
2

(n+ 1)

∑
k∈[0,n]\{l}

xl,k : zl,l+1 : . . . : zl,n)

Comment 15. So Nl consists of all the points for which the formula does not give an element
of Al.

Proposition 16. We have εn,l ◦ δn|Dl
Al

= idAl
.

Given an element ((zj,k)j<k, (xj,k)j<k) ∈ C(n+1
2 )×R(n+1

2 ), we write xk,j := −xj,k and zk,j := zj,k
for 0 6 j < k 6 n .
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3 Partial retractions

Proof. Given (u0 : . . . : un) ∈ Al, we obtain the following.

√
2

(n+ 1)n
+

√
2

(n+ 1)

∑
k∈[0,n]\{l}

|ul|2 − |uk|2
√
n

n∑
j=0
|uj |2

(∗∗)

=

√
2

(n+ 1)n

1 +
∑

k∈[0,n]\{l}

|ul|2 − |uk|2
n∑
j=0
|uj |2


=

√
2

(n+ 1)n

1
n∑
j=0
|uj |2

 n∑
j=0

|uj |2 +
∑

k∈[0,n]\{l}

(|ul|2 − |uk|2)



=

√
2

(n+ 1)n

1
n∑
j=0
|uj |2

(
(n+ 1)|ul|2

)

=

√
2
√
n+ 1 |ul|2

√
n

n∑
j=0
|uj |2

=

√
2
√
n+ 1 ulul

√
n

n∑
j=0
|uj |2

We calculate as follows.

εn,l(δn(u0 : . . . : un))

= εn,l

 1
√
n

n∑
j=0
|uj |2

·
((√

2
√
n+ 1 ujuk

)
06j<k6n

,
(
|uj |2 − |uk|2

)
06j<k6n

) 

=

 √2
√
n+ 1 ulu0

√
n

n∑
j=0
|uj |2

: . . . :

√
2
√
n+ 1 ulul−1
√
n

n∑
j=0
|uj |2

:

√
2

(n+ 1)n
+

√
2

(n+ 1)

∑
k∈[0,n]\{l}

|ul|2 − |uk|2
√
n

n∑
j=0
|uj |2

:

√
2
√
n+ 1 ulul+1

√
n

n∑
j=0
|uj |2

: . . . :

√
2
√
n+ 1 ulun

√
n

n∑
j=0
|uj |2
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(∗∗)
=

 √2
√
n+ 1 ulu0

√
n

n∑
j=0
|uj |2

: . . . :

√
2
√
n+ 1 ulul−1
√
n

n∑
j=0
|uj |2

:

√
2
√
n+ 1 ulul

√
n

n∑
j=0
|uj |2

:

√
2
√
n+ 1 ulul+1

√
n

n∑
j=0
|uj |2

: . . . :

√
2
√
n+ 1 ulun

√
n

n∑
j=0
|uj |2


= (u0 : . . . : ul−1 : ul : ul+1 : . . . : un)

.
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4 The Riemann sphere

4.1 Introduction

In this chapter we want to show that the discriminant embedding δ1 amounts to the standard
map from P1(C) to the Riemann sphere. In this sense the discriminant embedding δn generalises
the Riemann sphere construction.

We will consider the variant of the Riemann sphere that has the equator sitting in the complex
plane and the south pole, here denoted by U , corresponding to the point∞ := (0 : 1) at infinity.
We write ϕ(1 : z) := (z, 0).

(2).jpg

Figure 4.1: Riemann sphere
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4 The Riemann sphere

4.2 The Riemann sphere map

Write ∞ := (0 : 1). Let

ϕ : P1(C)\{∞} −→ C× R
(1 : z) 7−→ (z, 0)

And let

δ1(∞) = (0,−1) =: U .

We want to show that ϕ(1 : z), δ1(1 : z) and U are on the same real straight line for z ∈ C.

In coordinates, this means that (z, 0), 1
1+|z|2 (2z, 1 − |z|2) and (0,−1) are shown to be on the

same real straight line.

For r ∈ R× we have

r ·
(

(z, 0)− (0,−1)

)
!

=
1

1 + |z|2
(2z, 1− |z|2)− (0,−1)

⇔ r · (z, 1)
!

=
1

1 + |z|2

(
2z, (1− |z|2) + (1 + |z|2)

)
=

1

1 + |z|2
(2z, 2)

⇔ r =
2

1 + |z|2

So 1
1+|z|2 (2z, 1− |z|2) lies in the straight line passing through (z, 0) and (0,−1).

4.3 The partial retraction ε1,0 for δ1

In §3 we have found a partial retraction εn,l of the discriminant embedding. In this section we
want to illustrate ε1,0 as an example.

Example 17. We have

A0 = {(u0 : u1) ∈ P1(C) : u0 6= 0} .

We have

D0 = (C× R)\N0 = {(z0,1, x0,1) ∈ C× R : x0,1 6= −1} .

In Definition 14 we have considered the map

ε1,0 : D0 −→ A0

(z0,1, x0,1) 7−→ (1 + x0,1 : z0,1) .
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4.3 The partial retraction ε1,0 for δ1

For (u0 : u1) ∈ A0, we calculate directly

ε1,0(δ1(u0 : u1)) = ε1,0

(
1

|u0|2 + |u1|2
· (2u0u1, |u0|2 − |u1|2)

)
=

(
1 +
|u0|2 − |u1|2

|u0|2 + |u1|2
:

2u0u1
|u0|2 + |u1|2

)
= (|u0|2 + |u1|2 + |u0|2 − |u1|2 : 2u0u1)

= (2|u0|2 : 2u0u1)

= (2u0u0 : 2u0u1)

= (u0 : u1) .

Remark 18. Note that U , (z0,1, x0,1) and ϕ(ε1,0(z0,1, x0,1)) = (
z0,1

1+x0,1
, 0) lie on a real straight

line.
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5 The discriminant embedding is an immersion

5.1 Calculation of the matrix entries of the Jacobian matrix J(δ̂n)

Suppose given n > 1.

Definition 19. We have the bijective map

ηn : C(n+1
2 ) × R(n+1

2 ) −→ R3(n+1
2 )

((zr,s)06r<s6n, (ur,s)06r<s6n) 7−→
(

(Re(zr,s), Im(zr,s))06r<s6n t (ur,s)06r<s6n

)
.

Definition 20. We have the surjective map

ρn : R2n+2\{0} −→ Pn(C)

(a0, b0, a1, b1, . . . , an, bn) 7−→ (a0 + ib0 : a1 + ib1 : . . . : an + ibn) .

Definition 21. For x := (a0, b0, . . . , an, bn) ∈ R2n+2 , we let

δn(ρn(x)) = δn(a0 + ib0 : . . . : an + ibn) =: ((fr,s(x) + igr,s(x))06r<s6n, (vr,s(x))06r<s6n).

This amounts to the following.

fr,s(x) :=

√
2(n+ 1)(aras + brbs)√
n
∑n

j=0(a
2
j + b2j )

gr,s(x) :=

√
2(n+ 1)(arbs − bras)√
n
∑n

j=0(a
2
j + b2j )

vr,s(x) :=
(a2r + b2r)− (a2s + b2s)√

n
∑n

j=0(a
2
j + b2j )

If unambiguous we write fr,s(x) =: fr,s, gr,s(x) =: gr,s and vr,s(x) =: vr,s for 0 6 r < s 6 n.

In addition we let fs,r := fr,s, gs,r := −gr,s and vs,r := −vr,s.

That is, we extend the definitions above for fr,s, gr,s and vr,s to the case r, s ∈ [0, n] such that
r 6= s.

We also abbreviate σ := σ(x) :=
∑n

j=0(a
2
j + b2j ).

Definition 22. Let

δ̂n := ηn ◦ δn ◦ ρn : R2n+2\{0} −→ R3(n+1
2 )

x = (a0, b0, . . . , an, bn) 7−→
(

(fr,s, gr,s)06r<s6n t (vr,s)06r<s6n

)
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5 The discriminant embedding is an immersion

Definition 23. For k ∈ [0, n], we let

νn,k : R2n −→ R2n+2\{0}
(a0, b0, . . . , ak−1, bk−1, ak+1, bk+1, . . . , an, bn) 7−→ (a0, b0, . . . , ak−1, bk−1, 1, 0, ak+1, bk+1, . . . , an, bn) .

Definition 24. For k ∈ [0, n], we let

µn,k := ρn ◦ νn,k : R2n −→ Pn(C)

(a0, b0, . . . , ak−1, bk−1, ak+1, bk+1, . . . , an, bn) 7−→ (a0 + ib0 : . . . : ak−1 + ibk−1 : 1

: ak+1 + ibk+1 : . . . : an + ibn) .

Definition 25. For k ∈ [0, n] we let.

ϑn,k := δ̂n ◦ νn,k : R2n −→ R3(n+1
2 )

(a0, b0, . . . , ak−1, bk−1, ak+1, bk+1, . . . , an, bn) 7−→
(

(fr,s, gr,s)06r<s6n t (vr,s)06r<s6n

)∣∣∣∣
ak=1,bk=0

.

So we get the commutative diagram:

Pn(C)
δn // C(n+1

2 ) × R(n+1
2 )

o ηn

��

R2n

µn,k

==zzzzzzzzzzzzzzzzzzzzzzzzzzz νn,k //

ϑn,k

44R2n+2\{0} δ̂n //

ρn

OO

R3(n+1
2 )

Remark 26. To show that the discriminant embedding δn is an immersion, we have to show
that the Jacobian matrix J(ϑn,k) of ϑn,k has rank 2n for k ∈ [0, n].

To show this we shall prove that J(ϑn,k)
T · J(ϑn,k) has rank 2n, i.e. that its determinant is

nonzero; cf. 5.

We proceed by a calculation of J(δ̂n)T · J(δ̂n), then using a relation between J(δ̂n) and J(ϑn,k).

Remark 27. The Jacobian matrix J(δ̂n) has entries ∂
∂at
fr,s,

∂
∂at
gr,s,

∂
∂at
vr,s,

∂
∂bt
fr,s,

∂
∂bt
gr,s,

∂
∂bt
vr,s with 0 6 t 6 n and 0 6 r < s 6 n.

With that we get

∂
∂at
fr,s =


√

2(n+1)as√
nσ

− 2ar
σ fr,s if t = r√

2(n+1)ar√
nσ

− 2as
σ fr,s if t = s

−2at
σ fr,s if t ∈ [0, n]\{r, s}

∂
∂bt
fr,s =


√

2(n+1)bs√
nσ

− 2br
σ fr,s if t = r√

2(n+1)br√
nσ

− 2bs
σ fr,s if t = s

−2bt
σ fr,s if t ∈ [0, n]\{r, s}
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5.1 Calculation of the matrix entries of the Jacobian matrix J(δ̂n)

∂
∂at
gr,s =


√

2(n+1)bs√
nσ

− 2ar
σ gr,s if t = r

−
√

2(n+1)br√
nσ

− 2as
σ gr,s if t = s

−2at
σ gr,s if t ∈ [0, n]\{r, s}

∂
∂bt
gr,s =


−
√

2(n+1)as√
nσ

− 2br
σ gr,s if t = r√

2(n+1)ar√
nσ

− 2bs
σ gr,s if t = s

−2bt
σ gr,s if t ∈ [0, n]\{r, s}

∂
∂at
vr,s =


2ar√
nσ
− 2ar

σ vr,s if t = r

− 2as√
nσ
− 2as

σ vr,s if t = s

−2at
σ vr,s if t ∈ [0, n]\{r, s}

∂
∂bt
vr,s =


2br√
nσ
− 2br

σ vr,s if t = r

− 2bs√
nσ
− 2bs

σ vr,s if t = s

−2bt
σ vr,s if t ∈ [0, n]\{r, s}

Example 28. Suppose that n = 2. Then:

f0,1 =
√
3(a0a1+b0b1)

σ , g0,1 =
√
3(a0b1−b0a1)

σ ,

f0,2 =
√
3(a0a2+b0b2)

σ , g0,2 =
√
3(a0b2−b0a2)

σ ,

f1,2 =
√
3(a1a2+b1b2)

σ , g1,2 =
√
3(a1b2−b1a2)

σ ,

v0,1 =
a20+b

2
0−a21−b21√
2σ

, v0,2 =
a20+b

2
0−a22−b22√
2σ

, v1,2 =
a21+b

2
1−a22−b22√
2σ

J(δ̂2) =



∂
∂a0

f0,1
∂
∂b0
f0,1

∂
∂a1

f0,1
∂
∂b1
f0,1

∂
∂a2

f0,1
∂
∂b2
f0,1

∂
∂a0

g0,1
∂
∂b0
g0,1

∂
∂a1

g0,1
∂
∂b1
g0,1

∂
∂a2

g0,1
∂
∂b2
g0,1

∂
∂a0

f0,2
∂
∂b0
f0,2

∂
∂a1

f0,2
∂
∂b1
f0,2

∂
∂a2

f0,2
∂
∂b2
f0,2

∂
∂a0

g0,2
∂
∂b0
g0,2

∂
∂a1

g0,2
∂
∂b1
g0,2

∂
∂a2

g0,2
∂
∂b2
g0,2

∂
∂a0

f1,2
∂
∂b0
f1,2

∂
∂a1

f1,2
∂
∂b1
f1,2

∂
∂a2

f1,2
∂
∂b2
f1,2

∂
∂a0

g1,2
∂
∂b0
g1,2

∂
∂a1

g1,2
∂
∂b1
g1,2

∂
∂a2

g1,2
∂
∂b2
g1,2

∂
∂a0

v0,1
∂
∂b0
v0,1

∂
∂a1

v0,1
∂
∂b1
v0,1

∂
∂a2

v0,1
∂
∂b2
v0,1

∂
∂a0

v0,2
∂
∂b0
v0,2

∂
∂a1

v0,2
∂
∂b1
v0,2

∂
∂a2

v0,2
∂
∂b2
v0,2

∂
∂a0

v1,2
∂
∂b0
v1,2

∂
∂a1

v1,2
∂
∂b1
v1,2

∂
∂a2

v1,2
∂
∂b2
v1,2


= . . .

. . . = 1
σ



√
3a1 − 2a0f0,1

√
3b1 − 2b0f0,1

√
3a0 − 2a1f0,1

√
3b0 − 2b1f0,1 −2a2f0,1 −2b2f0,1√

3b1 − 2a0g0,1 −
√
3a1 − 2b0g0,1 −

√
3b0 − 2a1g0,1

√
3a0 − 2b1g0,1 −2a2g0,1 −2b2g0,1√

3a2 − 2a0f0,2
√
3b2 − 2b0f0,2 −2a1f0,2 −2b1f0,2

√
3a0 − 2a2f0,2

√
3b0 − 2b2f0,2√

3b2 − 2a0g0,2 −
√
3a2 − 2b0g0,2 −2a1g0,2 −2b1g0,2 −

√
3b0 − 2a2g0,2

√
3a0 − 2b2g0,2

−2a0f1,2 −2b0f1,2
√
3a2 − 2a1f1,2

√
3b2 − 2b1f1,2

√
3a1 − 2a2f1,2

√
3b1 − 2b2f1,2

−2a0g1,2 −2b0g1,2
√
3b2 − 2a1g1,2 −

√
3a2 − 2b1g1,2 −

√
3b1 − 2a2g1,2

√
3a1 − 2b2g1,2√

2a0 − 2a0v0,1
√
2b0 − 2b0v0,1 −

√
2a1 − 2a1v0,1 −

√
2b1 − 2b1v0,1 −2a2v0,1 −2b2v0,1√

2a0 − 2a0v0,2
√
2b0 − 2b0v0,2 −2a1v0,2 −2b1v0,2 −

√
2a2 − 2a2v0,2 −

√
2b2 − 2b2v0,2

−2a0v1,2 −2b0v1,2
√
2a1 − 2a1v1,2

√
2b1 − 2b1v1,2 −

√
2a2 − 2a2v1,2 −

√
2b2 − 2b2v1,2
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5 The discriminant embedding is an immersion

5.2 Preparation of the calculation of the matrix entries of J(δ̂n)TJ(δ̂n)

Remark 29. Given x∗
k

:= (a0, b0, . . . , ak−1, bk−1, ak+1, bk+1, . . . , an, bn) ∈ R2n+2, the chain rule

gives

J(ϑn,k)(x∗
k
) = J(δ̂n)(νn,k(x∗

k
)) · J(νn,k)

In other words, J(ϑn,k) ∈ R3(n+1
2 )×2n is obtained from J(δ̂n) ∈ R3(n+1

2 )×(2n+2) by deleting the
columns belonging to ak and bk and then by putting ak = 1 and bk = 0.

So J(ϑn,k)
T · J(ϑn,k) ∈ R2n×2n is obtained from J(δ̂n)T · J(δ̂n) ∈ R(2n+2)×(2n+2) by deleting the

columns and rows belonging to ak and bk and then by putting ak = 1 and bk = 0.

The result turns out to be of the form J(ϑn,k)
T · J(ϑn,k) = ιn×n(Kn,k) for a hermitian matrix

Kn,k ∈ Cn×n.

In order to calculate the matrix entries for J(δ̂n)T · J(δ̂n), but first we need two auxiliary calcu-
lations.

Remark 30. Let t ∈ [0, n]. Suppose given cj ∈ R for j ∈ [0, n].

We get ∑
06r<s6n and t=r cs +

∑
06r<s6n and t=s cr

=
∑

t<s6n cs +
∑

06r<t cr
rename r=s

=
∑

t<s6n cs +
∑

06s<t cs

=
∑

06s6n and s 6=t cs

Remark 31. Let t, l ∈ [0, n] with t < l. Suppose given dj,k ∈ R for j, k ∈ [0, n].

(1) We get ∑
06r<s6n and t=r, l 6=s dr,s +

∑
06r<s6n and t=s ds,r

=
∑

t<s6n and l 6=s dt,s +
∑

06r<t dt,r
rename r=s

=
∑

t<s6n and l 6=s dt,s +
∑

06s<t dt,s

=
∑

06s6n and t6=s, l 6=s dt,s

(2) We get ∑
06r<s6n and l=r dr,s +

∑
06r<s6n and t6=r, l=s ds,r

=
∑

l<s6n dl,s +
∑

06r<l and t6=r dl,r
rename r=s

=
∑

l<r6n dl,r +
∑

06r<l and t6=r dl,r

=
∑

06r6n and t6=r, l 6=r dl,r

Definition 32. Such given k ∈ [0, n]. The column of J(δ̂n) belonging to ak is ζak . The column
of J(δ̂n) belonging to bk is ζbk .

We have to calculate the following.
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5.2 Preparation of the calculation of the matrix entries of J(δ̂n)TJ(δ̂n)

(1) ζTat · ζat for t ∈ [0, n]

(2) ζTat · ζbt for t ∈ [0, n]

(3) ζTbt · ζbt for t ∈ [0, n]

(4) ζTat · ζal for t, l ∈ [0, n] with t < l

(5) ζTat · ζbl for t, l ∈ [0, n] with t < l

(6) ζTbt · ζbl for t, l ∈ [0, n] with t < l
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5 The discriminant embedding is an immersion

5.3 Calculation of the matrix entries of J(δ̂n)
TJ(δ̂n)

Calculation 33. Suppose given t ∈ [0, n]. We calculate.

ζTat · ζat =
∑

06r<s6n( ∂
∂at
fr,s) · ( ∂

∂at
fr,s)

+
∑

06r<s6n( ∂
∂at
gr,s) · ( ∂

∂at
gr,s)

+
∑

06r<s6n( ∂
∂at
vr,s) · ( ∂

∂at
vr,s)

=
∑

06r<s6n and t=r(
∂
∂at
fr,s) · ( ∂

∂at
fr,s)

+
∑

06r<s6n and t=s(
∂
∂at
fr,s) · ( ∂

∂at
fr,s)

+
∑

06r<s6n and t∈[0,n]\{r,s}(
∂
∂at
fr,s) · ( ∂

∂at
fr,s)

+
∑

06r<s6n and t=r(
∂
∂at
gr,s) · ( ∂

∂at
gr,s)

+
∑

06r<s6n and t=s(
∂
∂at
gr,s) · ( ∂

∂at
gr,s)

+
∑

06r<s6n and t∈[0,n]\{r,s}(
∂
∂at
gr,s) · ( ∂

∂at
gr,s)

+
∑

06r<s6n and t=r(
∂
∂at
vr,s) · ( ∂

∂at
vr,s)

+
∑

06r<s6n and t=s(
∂
∂at
vr,s) · ( ∂

∂at
vr,s)

+
∑

06r<s6n and t∈[0,n]\{r,s}(
∂
∂at
vr,s) · ( ∂

∂at
vr,s)

=
∑

06r<s6n and t=r(

√
2(n+1)as√

nσ
− 2ar

σ fr,s)
2

+
∑

06r<s6n and t=s(

√
2(n+1)ar√

nσ
− 2as

σ fr,s)
2

+
∑

06r<s6n and t∈[0,n]\{r,s}(−
2at
σ fr,s)

2

+
∑

06r<s6n and t=r(

√
2(n+1)bs√
nσ

− 2ar
σ gr,s)

2

+
∑

06r<s6n and t=s(−
√

2(n+1)br√
nσ

− 2as
σ gr,s)

2

+
∑

06r<s6n and t∈[0,n]\{r,s}(−
2at
σ gr,s)

2

+
∑

06r<s6n and t=r(
2ar√
nσ
− 2ar

σ vr,s)
2

+
∑

06r<s6n and t=s(−
2as√
nσ
− 2as

σ vr,s)
2

+
∑

06r<s6n and t∈[0,n]\{r,s}(−
2at
σ vr,s)

2

=
∑

06r<s6n and t=r(
2(n+1)a2s
nσ2 − 4atas

√
2(n+1)√
nσ2 ft,s +

4a2t
σ2 f

2
t,s)

+
∑

06r<s6n and t=s(
2(n+1)a2r
nσ2 − 4arat

√
2(n+1)√
nσ2 fr,t +

4a2t
σ2 f

2
r,t)

+
∑

06r<s6n and t∈[0,n]\{r,s}(
4a2t
σ2 f

2
r,s)

+
∑

06r<s6n and t=r(
2(n+1)b2s
nσ2 − 4

√
2(n+1)atbs√
nσ2 gt,s +

4a2t
σ2 g

2
t,s)

+
∑

06r<s6n and t=s(
2(n+1)b2r
nσ2 +

4
√

2(n+1)brat√
nσ2 gr,t +

4a2t
σ2 g

2
r,t)

+
∑

06r<s6n and t∈[0,n]\{r,s}(
4a2t
σ2 g

2
r,s)

+
∑

06r<s6n and t=r(
4a2t
nσ2 −

8a2t√
nσ2 vt,s +

4a2t
σ2 v

2
t,s)

+
∑

06r<s6n and t=s(
4a2t
nσ2 +

8a2t√
nσ2 vr,t +

4a2t
σ2 v

2
r,t)

+
∑

06r<s6n and t∈[0,n]\{r,s}(
4a2t
σ2 v

2
r,s)
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=
∑

06r<s6n and t=r(
2(n+1)a2s
nσ2 −4atas

√
2(n+1)√
nσ2 ft,s)

+
∑

06r<s6n and t=s(
2(n+1)a2r
nσ2 −4arat

√
2(n+1)√
nσ2 fr,t)

+
∑

06r<s6n and t=r(
2(n+1)b2s
nσ2 −4

√
2(n+1)atbs√
nσ2 gt,s)

+
∑

06r<s6n and t=s(
2(n+1)b2r
nσ2 +

4
√

2(n+1)brat√
nσ2 gr,t)

+
∑

06r<s6n and t=r(
4a2t
nσ2 − 8a2t√

nσ2 vt,s)

+
∑

06r<s6n and t=s(
4a2t
nσ2 +

8a2t√
nσ2 vr,t)

+
4a2t
σ2 ·

∑
06r<s6n(f2r,s + g2r,s + v2r,s)

Theorem 11
=

∑
06r<s6n and t=r

2(n+1)a2s
nσ2

+
∑

06r<s6n and t=s
2(n+1)a2r
nσ2

+
∑

06r<s6n and t=r
2(n+1)b2s
nσ2

+
∑

06r<s6n and t=s
2(n+1)b2r
nσ2

+
∑

06r<s6n and t=r
4a2t
nσ2

+
∑

06r<s6n and t=s
4a2t
nσ2

+
∑

06r<s6n and t=r(−
4atas
√

2(n+1)√
nσ2 ft,s)

+
∑

06r<s6n and t=s(−
4arat
√

2(n+1)√
nσ2 fr,t)

+
∑

06r<s6n and t=r(−
4
√

2(n+1)atbs√
nσ2 gt,s)

+
∑

06r<s6n and t=s(
4
√

2(n+1)brat√
nσ2 gr,t)

+
∑

06r<s6n and t=r(−
8a2t√
nσ2 vt,s)

+
∑

06r<s6n and t=s(
8a2t√
nσ2 vr,t)

+
4a2t
σ2 · 1

Rem. 30
=

∑
06s6n and s 6=t

2(n+1)a2s
nσ2

+
∑

06s6n and s 6=t
2(n+1)b2s
nσ2

+
4a2t
nσ2 · n

+
∑

06s6n and s 6=t(−
4atas
√

2(n+1)√
nσ2 ft,s)

+
∑

06s6n and s 6=t(−
4
√

2(n+1)atbs√
nσ2 gt,s)

+
∑

06s6n and s 6=t(−
8a2t√
nσ2 vt,s)

+
4a2t
σ2

= 2(n+1)
nσ2 ((

∑
06s6n a

2
s)− a2t + (

∑
06s6n b

2
s)− b2t )

+
8a2t
σ2

+
∑

06s6n and s 6=t(−
4atas
√

2(n+1)√
nσ2 ft,s)

+
∑

06s6n and s 6=t(−
4
√

2(n+1)atbs√
nσ2 gt,s)

+
∑

06s6n and s 6=t(−
8a2t√
nσ2 vt,s)
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Def. σ
= 2(n+1)

nσ2 (σ − a2t − b2t )
+

8a2t
σ2

+
∑

06s6n and s 6=t(−
4atas
√

2(n+1)√
nσ2 ft,s)

+
∑

06s6n and s 6=t(−
4
√

2(n+1)atbs√
nσ2 gt,s)

+
∑

06s6n and s 6=t(−
8a2t√
nσ2 vt,s)

= 2(n+1)
nσ2 (σ − a2t − b2t ) +

8a2t
σ2

− 4at√
nσ2

∑
06s6n and s 6=t(as

√
2(n+ 1)ft,s + bs

√
2(n+ 1)gt,s + 2atvt,s)

= 2(n+1)
nσ2 (σ − a2t − b2t ) +

8a2t
σ2

− 4at√
nσ2

∑
06s6n and s 6=t(as

√
2(n+ 1)

√
2(n+1)(atas+btbs)√

nσ

+bs
√

2(n+ 1)

√
2(n+1)(atbs−btas)√

nσ

+2at
(a2t+b

2
t )−(a2s+b2s)√
nσ

)

= 2(n+1)
nσ2 (σ − a2t − b2t ) +

8a2t
σ2

− 8at
nσ3

∑
06s6n and s 6=t( as(n+ 1)(atas + btbs)

+bs(n+ 1)(atbs − btas)
+at((a

2
t + b2t )− (a2s + b2s)))

= 2(n+1)
nσ2 (σ − a2t − b2t ) +

8a2t
σ2

− 8at
nσ3

∑
06s6n and s 6=t( (n+ 1)(ata

2
s + atb

2
s)

+(a3t + atb
2
t )− (ata

2
s + atb

2
s))

= 2(n+1)
nσ2 (σ − a2t − b2t ) +

8a2t
σ2

− 8a2t
nσ3

∑
06s6n and s 6=t(n(a2s + b2s) + (a2t + b2t ))

= 2(n+1)
nσ2 (σ − a2t − b2t ) +

8a2t
σ2

− 8a2t
nσ3 (n(a2t + b2t ) +

∑
06s6n and s 6=t n(a2s + b2s))

= 2(n+1)
nσ2 (σ − a2t − b2t ) +

8a2t
σ2

− 8a2t
nσ3nσ

= 2(n+1)
nσ2 (σ − a2t − b2t ) +

8a2t
σ2 −

8a2t
σ2

= 2(n+1)
nσ2 (σ − a2t − b2t )
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Calculation 34. Suppose given t ∈ [0, n]. We calculate.

ζTat · ζbt =
∑

06r<s6n( ∂
∂at
fr,s) · ( ∂

∂bt
fr,s)

+
∑

06r<s6n( ∂
∂at
gr,s) · ( ∂

∂bt
gr,s)

+
∑

06r<s6n( ∂
∂at
vr,s) · ( ∂

∂bt
vr,s)

=
∑

06r<s6n and t=r(
∂
∂at
fr,s) · ( ∂

∂bt
fr,s)

+
∑

06r<s6n and t=s(
∂
∂at
fr,s) · ( ∂

∂bt
fr,s)

+
∑

06r<s6n and t∈[0,n]\{r,s}(
∂
∂at
fr,s) · ( ∂

∂bt
fr,s)

+
∑

06r<s6n and t=r(
∂
∂at
gr,s) · ( ∂

∂bt
gr,s)

+
∑

06r<s6n and t=s(
∂
∂at
gr,s) · ( ∂

∂bt
gr,s)

+
∑

06r<s6n and t∈[0,n]\{r,s}(
∂
∂at
gr,s) · ( ∂

∂bt
gr,s)

+
∑

06r<s6n and t=r(
∂
∂at
vr,s) · ( ∂

∂bt
vr,s)

+
∑

06r<s6n and t=s(
∂
∂at
vr,s) · ( ∂

∂bt
vr,s)

+
∑

06r<s6n and t∈[0,n]\{r,s}(
∂
∂at
vr,s) · ( ∂

∂bt
vr,s)

=
∑

06r<s6n and t=r(

√
2(n+1)as√

nσ
− 2ar

σ fr,s) · (
√

2(n+1)bs√
nσ

− 2br
σ fr,s)

+
∑

06r<s6n and t=s(

√
2(n+1)ar√

nσ
− 2as

σ fr,s) · (
√

2(n+1)br√
nσ

− 2bs
σ fr,s)

+
∑

06r<s6n and t∈[0,n]\{r,s}(−
2at
σ fr,s) · (−

2bt
σ fr,s)

+
∑

06r<s6n and t=r(

√
2(n+1)bs√
nσ

− 2ar
σ gr,s) · (−

√
2(n+1)as√

nσ
− 2br

σ gr,s)

+
∑

06r<s6n and t=s(−
√

2(n+1)br√
nσ

− 2as
σ gr,s) · (

√
2(n+1)ar√

nσ
− 2bs

σ gr,s)

+
∑

06r<s6n and t∈[0,n]\{r,s}(−
2at
σ gr,s) · (−

2bt
σ gr,s)

+
∑

06r<s6n and t=r(
2ar√
nσ
− 2ar

σ vr,s) · (
2br√
nσ
− 2br

σ vr,s)

+
∑

06r<s6n and t=s(−
2as√
nσ
− 2as

σ vr,s) · (−
2bs√
nσ
− 2bs

σ vr,s)

+
∑

06r<s6n and t∈[0,n]\{r,s}(−
2at
σ vr,s) · (−

2bt
σ vr,s)

=
∑

06r<s6n and t=r(
2(n+1)asbs

nσ2 − 2
√

2(n+1)(atbs+asbt)√
nσ2 ft,s +4atbt

σ2 f2t,s)

+
∑

06r<s6n and t=s(
2(n+1)arbr

nσ2 − 2
√

2(n+1)(atbr+arbt)√
nσ2 fr,t +4atbt

σ2 f2r,t)

+
∑

06r<s6n and t∈[0,n]\{r,s}(
4atbt
σ2 f2r,s)

+
∑

06r<s6n and t=r(−
2(n+1)asbs

nσ2 − 2
√

2(n+1)(bsbt−asat)√
nσ2 gt,s +4atbt

σ2 g2t,s)

+
∑

06r<s6n and t=s(−
2(n+1)arbr

nσ2 − 2
√

2(n+1)(arat−brbt)√
nσ2 gr,t +4atbt

σ2 g2r,t)

+
∑

06r<s6n and t∈[0,n]\{r,s}(
4atbt
σ2 g2r,s)

+
∑

06r<s6n and t=r(
4atbt
nσ2 − 8atbt√

nσ2 vt,s +4atbt
σ2 v2t,s)

+
∑

06r<s6n and t=s(
4atbt
nσ2 + 8atbt√

nσ2 vr,t +4atbt
σ2 v2r,t)

+
∑

06r<s6n and t∈[0,n]\{r,s}(
4atbt
σ2 v2r,s)
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=
∑

06r<s6n and t=r(
2(n+1)asbs

nσ2 −2
√

2(n+1)(atbs+asbt)√
nσ2 ft,s)

+
∑

06r<s6n and t=s(
2(n+1)arbr

nσ2 −2
√

2(n+1)(atbr+arbt)√
nσ2 fr,t)

+
∑

06r<s6n and t=r(−
2(n+1)asbs

nσ2 −2
√

2(n+1)(bsbt−asat)√
nσ2 gt,s)

+
∑

06r<s6n and t=s(−
2(n+1)arbr

nσ2 −2
√

2(n+1)(arat−brbt)√
nσ2 gr,t)

+
∑

06r<s6n and t=r(
4atbt
nσ2 − 8atbt√

nσ2 vt,s)

+
∑

06r<s6n and t=s(
4atbt
nσ2 + 8atbt√

nσ2 vr,t)

+4atbt
σ2 ·

∑
06r<s6n(f2r,s + g2r,s + v2r,s)

Theorem 11
=

∑
06r<s6n and t=r

2(n+1)asbs
nσ2

+
∑

06r<s6n and t=s
2(n+1)arbr

nσ2

+
∑

06r<s6n and t=r(−
2(n+1)asbs

nσ2 )

+
∑

06r<s6n and t=s(−
2(n+1)arbr

nσ2 )

+
∑

06r<s6n and t=r
4atbt
nσ2

+
∑

06r<s6n and t=s
4atbt
nσ2

+
∑

06r<s6n and t=r(−
2
√

2(n+1)(atbs+asbt)√
nσ2 ft,s)

+
∑

06r<s6n and t=s(−
2
√

2(n+1)(atbr+arbt)√
nσ2 fr,t)

+
∑

06r<s6n and t=r(−
2
√

2(n+1)(bsbt−asat)√
nσ2 gt,s)

+
∑

06r<s6n and t=s(−
2
√

2(n+1)(arat−brbt)√
nσ2 gr,t)

+
∑

06r<s6n and t=r(−
8atbt√
nσ2 vt,s)

+
∑

06r<s6n and t=s(
8atbt√
nσ2 vr,t)

+4atbt
σ2 · 1

Rem. 30
= 4atbt

nσ2 · n

+
∑

06s6n and s 6=t(−
2
√

2(n+1)(atbs+asbt)√
nσ2 ft,s)

+
∑

06s6n and s 6=t(−
2
√

2(n+1)(bsbt−asat)√
nσ2 gt,s)

+
∑

06s6n and s 6=t(−
8atbt√
nσ2 vt,s)

+4atbt
σ2

= 8atbt
σ2

+
∑

06s6n and s 6=t(−
2
√

2(n+1)(atbs+asbt)√
nσ2 ft,s)

+
∑

06s6n and s 6=t(−
2
√

2(n+1)(bsbt−asat)√
nσ2 gt,s)

+
∑

06s6n and s 6=t(−
8atbt√
nσ2 vt,s)

= 8atbt
σ2

+ −2√
nσ2

∑
06s6n and s 6=t(

√
2(n+ 1)(atbs + asbt)ft,s

+
√

2(n+ 1)(bsbt − asat)gt,s
+4atbtvt,s)
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= 8atbt
σ2

+ −2√
nσ2

∑
06s6n and s 6=t(

√
2(n+ 1)(atbs + asbt)

√
2(n+1)(atas+btbs)√

nσ

+
√

2(n+ 1)(bsbt − asat)
√

2(n+1)(atbs−btas)√
nσ

+4atbt
(a2t+b

2
t )−(a2s+b2s)√
nσ

)

= 8atbt
σ2

+ −2
nσ3

∑
06s6n and s 6=t(2(n+ 1) · (2atb2sbt + 2a2satbt)

+4 · (a3t bt + atb
3
t − a2satbt − atb2sbt))

= 8atbt
σ2

+−8atbt
nσ3

∑
06s6n and s 6=t((n+ 1) · (a2s + b2s)

+(a2t + b2t − a2s − b2s)

Def. σ
= 8atbt

σ2

+−8atbt
nσ3 ((n+ 1)(σ − (a2t + b2t )) + (n+ 1)(a2t + b2t )− σ)

= 8atbt
σ2 + −8(n+1−1)

nσ2 atbt

= 8atbt
σ2 − 8atbt

σ2

= 0

The following calculation is analogous to Calculation 33 for ζTat
· ζat .

Calculation 35. Suppose given t ∈ [0, n]. We calculate.

ζTbt · ζbt =
∑

06r<s6n( ∂
∂bt
fr,s)

2

+
∑

06r<s6n( ∂
∂bt
gr,s)

2

+
∑

06r<s6n( ∂
∂bt
vr,s)

2

=
∑

06r<s6n and t=r(
∂
∂bt
fr,s)

2

+
∑

06r<s6n and t=s(
∂
∂bt
fr,s)

2

+
∑

06r<s6n and t∈[0,n]\{r,s}(
∂
∂bt
fr,s)

2

+
∑

06r<s6n and t=r(
∂
∂bt
gr,s)

2

+
∑

06r<s6n and t=s(
∂
∂bt
gr,s)

2

+
∑

06r<s6n and t∈[0,n]\{r,s}(
∂
∂bt
gr,s)

2

+
∑

06r<s6n and t=r(
∂
∂bt
vr,s)

2

+
∑

06r<s6n and t=s(
∂
∂bt
vr,s)

2

+
∑

06r<s6n and t∈[0,n]\{r,s}(
∂
∂bt
vr,s)

2
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=
∑

06r<s6n and t=r(

√
2(n+1)bs√
nσ

− 2br
σ fr,s)

2

+
∑

06r<s6n and t=s(

√
2(n+1)br√

nσ
− 2bs

σ fr,s)
2

+
∑

06r<s6n and t∈[0,n]\{r,s}(−
2bt
σ fr,s)

2

+
∑

06r<s6n and t=r(−
√

2(n+1)as√
nσ

− 2br
σ gr,s)

2

+
∑

06r<s6n and t=s(

√
2(n+1)ar√

nσ
− 2bs

σ gr,s)
2

+
∑

06r<s6n and t∈[0,n]\{r,s}(−
2bt
σ gr,s)

2

+
∑

06r<s6n and t=r(
2br√
nσ
− 2br

σ vr,s)
2

+
∑

06r<s6n and t=s(−
2bs√
nσ
− 2bs

σ vr,s)
2

+
∑

06r<s6n and t∈[0,n]\{r,s}(−
2bt
σ vr,s)

2

=
∑

06r<s6n and t=r(
2(n+1)b2s
nσ2 − 4btbs

√
2(n+1)√
nσ2 ft,s +

4b2t
σ2 f

2
r,s)

+
∑

06r<s6n and t=s(
2(n+1)b2r
nσ2 − 4brbt

√
2(n+1)√
nσ2 fr,t +

4b2t
σ2 f

2
r,s)

+
∑

06r<s6n and t∈[0,n]\{r,s}( +
4b2t
σ2 f

2
r,s)

+
∑

06r<s6n and t=r(
2(n+1)a2s
nσ2 +

4
√

2(n+1)asbt√
nσ2 gt,s +

4b2t
σ2 g

2
r,s)

+
∑

06r<s6n and t=s(
2(n+1)a2r
nσ2 − 4

√
2(n+1)arbt√
nσ2 gr,t +

4b2t
σ2 g

2
r,s)

+
∑

06r<s6n and t∈[0,n]\{r,s}( +
4b2t
σ2 g

2
r,s)

+
∑

06r<s6n and t=r(
4b2t
nσ2 −

8b2t√
nσ2 vt,s +

4b2t
σ2 v

2
r,s)

+
∑

06r<s6n and t=s(
4b2t
nσ2 +

8b2t√
nσ2 vr,t +

4b2t
σ2 v

2
r,s)

+
∑

06r<s6n and t∈[0,n]\{r,s}( +
4b2t
σ2 v

2
r,s)

=
∑

06r<s6n and t=r(
2(n+1)b2s
nσ2 −4btbs

√
2(n+1)√
nσ2 ft,s)

+
∑

06r<s6n and t=s(
2(n+1)b2r
nσ2 −4brbt

√
2(n+1)√
nσ2 fr,t)

+
∑

06r<s6n and t=r(
2(n+1)a2s
nσ2 +

4
√

2(n+1)asbt√
nσ2 gt,s)

+
∑

06r<s6n and t=s(
2(n+1)a2r
nσ2 −4

√
2(n+1)arbt√
nσ2 gr,t)

+
∑

06r<s6n and t=r(
4b2t
nσ2 − 8b2t√

nσ2 vt,s)

+
∑

06r<s6n and t=s(
4b2t
nσ2 +

8b2t√
nσ2 vr,t)

+
4b2t
σ2 ·

∑
06r<s6n(f2r,s + g2r,s + v2r,s)
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Theorem 11
=

∑
06r<s6n and t=r

2(n+1)b2s
nσ2

+
∑

06r<s6n and t=s
2(n+1)b2r
nσ2

+
∑

06r<s6n and t=r
2(n+1)a2s
nσ2

+
∑

06r<s6n and t=s
2(n+1)a2r
nσ2

+
∑

06r<s6n and t=r
4b2t
nσ2

+
∑

06r<s6n and t=s
4b2t
nσ2

+
∑

06r<s6n and t=r(−
4btbs
√

2(n+1)√
nσ2 ft,s)

+
∑

06r<s6n and t=s(−
4brbt
√

2(n+1)√
nσ2 fr,t)

+
∑

06r<s6n and t=r
4
√

2(n+1)btas√
nσ2 gt,s

+
∑

06r<s6n and t=s(−
4
√

2(n+1)arbt√
nσ2 gr,t)

+
∑

06r<s6n and t=r(−
8b2t√
nσ2 vt,s)

+
∑

06r<s6n and t=s(
8b2t√
nσ2 vr,t)

+
4b2t
σ2 · 1

Rem. 30
=

∑
06s6n and s 6=t

2(n+1)b2s
nσ2

+
∑

06s6n and s 6=t
2(n+1)a2s
nσ2

+
4b2t
nσ2 · n

+
∑

06s6n and s6=t(−
4btbs
√

2(n+1)√
nσ2 ft,s)

+
∑

06s6n and s 6=t
4
√

2(n+1)btas√
nσ2 gt,s

+
∑

06s6n and s 6=t(−
8b2t√
nσ2 vt,s)

+
4b2t
σ2

= 2(n+1)
nσ2 ((

∑
06s6n b

2
s)− b2t + (

∑
06s6n a

2
s)− a2t )

+
8b2t
σ2

+
∑

06s6n and s 6=t(−
4btbs
√

2(n+1)√
nσ2 ft,s)

+
∑

06s6n and s 6=t
4
√

2(n+1)btas√
nσ2 gt,s

+
∑

06s6n and s 6=t(−
8b2t√
nσ2 vt,s)

Def. σ
= 2(n+1)

nσ2 (σ − b2t − a2t )
+

8b2t
σ2

+
∑

06s6n and s 6=t(−
4btbs
√

2(n+1)√
nσ2 ft,s)

+
∑

06s6n and s 6=t
4
√

2(n+1)btas√
nσ2 gt,s

+
∑

06s6n and s 6=t(−
8b2t√
nσ2 vt,s)
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= 2(n+1)
nσ2 (σ − a2t − b2t )

+
8b2t
σ2

− 4bt√
nσ2

∑
06s6n and s 6=t(bs

√
2(n+ 1)ft,s − as

√
2(n+ 1)gt,s + 2btvt,s)

= 2(n+1)
nσ2 (σ − a2t − b2t )

+
8b2t
σ2

− 4bt√
nσ2

∑
06s6n and s 6=t( bs

√
2(n+ 1)

√
2(n+1)(btbs+atas)√

nσ

+as
√

2(n+ 1)

√
2(n+1)(btas−atbs)√

nσ

+2bt
(b2t+a

2
t )−(b2s+a2s)√
nσ

)

= 2(n+1)
nσ2 (σ − a2t − b2t )

+
8b2t
σ2

− 8bt
nσ3

∑
06s6n and s 6=t( bs(n+ 1)(btbs + atas)

+as(n+ 1)(btas − atbs)
+bt((b

2
t + a2t )− (b2s + a2s)))

= 2(n+1)
nσ2 (σ − a2t − b2t )

+
8b2t
σ2

− 8bt
nσ3

∑
06s6n and s 6=t( (n+ 1)(btb

2
s + bta

2
s)

+(b3t + bta
2
t )− (btb

2
s + bta

2
s))

= 2(n+1)
nσ2 (σ − a2t − b2t )

+
8b2t
σ2

− 8b2t
nσ3

∑
06s6n and s 6=t(n(b2s + a2s) + (b2t + a2t ))

= 2(n+1)
nσ2 (σ − a2t − b2t )

+
8b2t
σ2

− 8b2t
nσ3 (n(b2t + a2t ) +

∑
06s6n and s 6=t n(b2s + a2s))

= 2(n+1)
nσ2 (σ − a2t − b2t )

+
8b2t
σ2

− 8b2t
nσ3nσ

= 2(n+1)
nσ2 (σ − a2t − b2t )

+
8b2t
σ2

−8b2t
σ2

= 2(n+1)
nσ2 (σ − a2t − b2t )
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Calculation 36. Suppose given t, l ∈ [0, n] with t < l. We calculate.

ζTat · ζal =
∑

06r<s6n( ∂
∂at
fr,s) · ( ∂

∂al
fr,s)

+
∑

06r<s6n( ∂
∂at
gr,s) · ( ∂

∂al
gr,s)

+
∑

06r<s6n( ∂
∂at
vr,s) · ( ∂

∂al
vr,s)

=
∑

06r<s6n and t=r, l=s(
∂
∂at
fr,s) · ( ∂

∂al
fr,s)

+
∑

06r<s6n and t=r, l 6=s(
∂
∂at
fr,s) · ( ∂

∂al
fr,s)

+
∑

06r<s6n and t=s, l 6=s(
∂
∂at
fr,s) · ( ∂

∂al
fr,s)

+
∑

06r<s6n and t6=r, l=r(
∂
∂at
fr,s) · ( ∂

∂al
fr,s)

+
∑

06r<s6n and t6=r, l=s(
∂
∂at
fr,s) · ( ∂

∂al
fr,s)

+
∑

06r<s6n and {t,l}∩{r,s}=∅(
∂
∂at
fr,s) · ( ∂

∂al
fr,s)

+
∑

06r<s6n and t=r, l=s(
∂
∂at
gr,s) · ( ∂

∂al
gr,s)

+
∑

06r<s6n and t=r, l 6=s(
∂
∂at
gr,s) · ( ∂

∂al
gr,s)

+
∑

06r<s6n and t=s, l 6=s(
∂
∂at
gr,s) · ( ∂

∂al
gr,s)

+
∑

06r<s6n and t6=r, l=r(
∂
∂at
gr,s) · ( ∂

∂al
gr,s)

+
∑

06r<s6n and t6=r, l=s(
∂
∂at
gr,s) · ( ∂

∂al
gr,s)

+
∑

06r<s6n and {t,l}∩{r,s}=∅(
∂
∂at
gr,s) · ( ∂

∂al
gr,s)

+
∑

06r<s6n and t=r, l=s(
∂
∂at
vr,s) · ( ∂

∂al
vr,s)

+
∑

06r<s6n and t=r, l 6=s(
∂
∂at
vr,s) · ( ∂

∂al
vr,s)

+
∑

06r<s6n and t=s, l 6=s(
∂
∂at
vr,s) · ( ∂

∂al
vr,s)

+
∑

06r<s6n and t6=r, l=r(
∂
∂at
vr,s) · ( ∂

∂al
vr,s)

+
∑

06r<s6n and t6=r, l=s(
∂
∂at
vr,s) · ( ∂

∂al
vr,s)

+
∑

06r<s6n and {t,l}∩{r,s}=∅(
∂
∂at
vr,s) · ( ∂

∂al
vr,s)
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=
∑

06r<s6n and t=r, l=s(

√
2(n+1)al√
nσ

− 2at
σ fr,s) · (

√
2(n+1)at√

nσ
− 2al

σ fr,s)

+
∑

06r<s6n and t=r, l 6=s(

√
2(n+1)as√

nσ
− 2at

σ fr,s) · (−
2al
σ fr,s)

+
∑

06r<s6n and t=s, l 6=s(

√
2(n+1)ar√

nσ
− 2at

σ fr,s) · (−
2al
σ fr,s)

+
∑

06r<s6n and t6=r, l=r(−
2at
σ fr,s) · (

√
2(n+1)as√

nσ
− 2al

σ fr,s)

+
∑

06r<s6n and t6=r, l=s(−
2at
σ fr,s) · (

√
2(n+1)ar√

nσ
− 2al

σ fr,s)

+
∑

06r<s6n and {t,l}∩{r,s}=∅(−
2at
σ fr,s) · (−

2al
σ fr,s)

+
∑

06r<s6n and t=r, l=s(

√
2(n+1)bl√
nσ

− 2at
σ gr,s) · (−

√
2(n+1)bt√
nσ

− 2al
σ gr,s)

+
∑

06r<s6n and t=r, l 6=s(

√
2(n+1)bs√
nσ

− 2at
σ gr,s) · (−

2al
σ gr,s)

+
∑

06r<s6n and t=s, l 6=s(−
√

2(n+1)br√
nσ

− 2at
σ gr,s) · (−

2al
σ gr,s)

+
∑

06r<s6n and t6=r, l=r(−
2at
σ gr,s) · (

√
2(n+1)bs√
nσ

− 2al
σ gr,s)

+
∑

06r<s6n and t6=r, l=s(−
2at
σ gr,s) · (−

√
2(n+1)br√

nσ
− 2al

σ gr,s)

+
∑

06r<s6n and {t,l}∩{r,s}=∅(−
2at
σ gr,s) · (−

2al
σ gr,s)

+
∑

06r<s6n and t=r, l=s(
2at√
nσ
− 2at

σ vr,s) · (−
2al√
nσ
− 2al

σ vr,s)

+
∑

06r<s6n and t=r, l 6=s(
2at√
nσ
− 2at

σ vr,s) · (−
2al
σ vr,s)

+
∑

06r<s6n and t=s, l 6=s(−
2at√
nσ
− 2at

σ vr,s) · (−
2al
σ vr,s)

+
∑

06r<s6n and t6=r, l=r(−
2at
σ vr,s) · (

2al√
nσ
− 2al

σ vr,s)

+
∑

06r<s6n and t6=r, l=s(−
2at
σ vr,s) · (−

2al√
nσ
− 2al

σ vr,s)

+
∑

06r<s6n and {t,l}∩{r,s}=∅(−
2at
σ vr,s) · (−

2al
σ vr,s)

=
∑

06r<s6n and t=r, l=s(
2(n+1)atal

nσ2 −
√

2(n+1)√
nσ2 (2a2t + 2a2l )fr,s +4atal

σ2 f2r,s)

+
∑

06r<s6n and t=r, l 6=s(−
√

2(n+1)√
nσ2 (2asal)fr,s +4atal

σ2 f2r,s)

+
∑

06r<s6n and t=s, l 6=s(−
√

2(n+1)√
nσ2 (2aral)fr,s +4atal

σ2 f2r,s)

+
∑

06r<s6n and t6=r, l=r(−
√

2(n+1)√
nσ2 (2asat)fr,s +4atal

σ2 f2r,s)

+
∑

06r<s6n and t6=r, l=s(−
√

2(n+1)√
nσ2 (2arat)fr,s +4atal

σ2 f2r,s)

+
∑

06r<s6n and {t,l}∩{r,s}=∅( +4atal
σ2 f2r,s)

+
∑

06r<s6n and t=r, l=s(−
2(n+1)btbl

nσ2 +

√
2(n+1)√
nσ2 (2atbt − 2albl)gr,s +4atal

σ2 g2r,s)

+
∑

06r<s6n and t=r, l 6=s(−
√

2(n+1)√
nσ2 (2albs)gr,s +4atal

σ2 g2r,s)

+
∑

06r<s6n and t=s, l 6=s(

√
2(n+1)√
nσ2 (2albr)gr,s +4atal

σ2 g2r,s)

+
∑

06r<s6n and t6=r, l=r(−
√

2(n+1)√
nσ2 (2atbs)gr,s +4atal

σ2 g2r,s)

+
∑

06r<s6n and t6=r, l=s(

√
2(n+1)√
nσ2 (2atbr)gr,s +4atal

σ2 g2r,s)

+
∑

06r<s6n and {t,l}∩{r,s}=∅( +4atal
σ2 g2r,s)

+
∑

06r<s6n and t=r, l=s(−
4atal
nσ2 +4atal

σ2 v2r,s)

+
∑

06r<s6n and t=r, l 6=s(−
4atal√
nσ2 vr,s +4atal

σ2 v2r,s)

+
∑

06r<s6n and t=s, l 6=s(
4atal√
nσ2 vr,s +4atal

σ2 v2r,s)

+
∑

06r<s6n and t6=r, l=r(−
4atal√
nσ2 vr,s +4atal

σ2 v2r,s)

+
∑

06r<s6n and t6=r, l=s(
4atal√
nσ2 vr,s +4atal

σ2 v2r,s)

+
∑

06r<s6n and {t,l}∩{r,s}=∅( +4atal
σ2 v2r,s)
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=
∑

06r<s6n and t=r, l=s(
2(n+1)atal

nσ2 −
√

2(n+1)√
nσ2 (2a2t + 2a2l )fr,s)

+
∑

06r<s6n and t=r, l 6=s( −
√

2(n+1)√
nσ2 (2asal)fr,s)

+
∑

06r<s6n and t=s, l 6=s( −
√

2(n+1)√
nσ2 (2aral)fr,s)

+
∑

06r<s6n and t6=r, l=r( −
√

2(n+1)√
nσ2 (2asat)fr,s)

+
∑

06r<s6n and t6=r, l=s( −
√

2(n+1)√
nσ2 (2arat)fr,s)

+
∑

06r<s6n and t=r, l=s(−
2(n+1)btbl

nσ2 +

√
2(n+1)√
nσ2 (2atbt − 2albl)gr,s)

+
∑

06r<s6n and t=r, l 6=s( −
√

2(n+1)√
nσ2 (2albs)gr,s)

+
∑

06r<s6n and t=s, l 6=s(

√
2(n+1)√
nσ2 (2albr)gr,s)

+
∑

06r<s6n and t6=r, l=r( −
√

2(n+1)√
nσ2 (2atbs)gr,s)

+
∑

06r<s6n and t6=r, l=s(

√
2(n+1)√
nσ2 (2atbr)gr,s)

+
∑

06r<s6n and t=r, l=s(−
4atal
nσ2 )

+
∑

06r<s6n and t=r, l 6=s( − 4atal√
nσ2 vr,s)

+
∑

06r<s6n and t=s, l 6=s(
4atal√
nσ2 vr,s)

+
∑

06r<s6n and t6=r, l=r( − 4atal√
nσ2 vr,s)

+
∑

06r<s6n and t6=r, l=s(
4atal√
nσ2 vr,s)

+4atal
σ2 ·

∑
06r<s6n(f2r,s + g2r,s + v2r,s)

Theorem 11
=

∑
06r<s6n and t=r, l=s(−

√
2(n+1)√
nσ2 (2a2t + 2a2l )fr,s)

+
∑

06r<s6n and t=r, l 6=s(−
√

2(n+1)√
nσ2 (2asal)fr,s)

+
∑

06r<s6n and t=s(−
√

2(n+1)√
nσ2 (2aral)fr,s)

+
∑

06r<s6n and l=r(−
√

2(n+1)√
nσ2 (2asat)fr,s)

+
∑

06r<s6n and t6=r, l=s(−
√

2(n+1)√
nσ2 (2arat)fr,s)

+
∑

06r<s6n and t=r, l=s

√
2(n+1)√
nσ2 (2atbt − 2albl)gr,s

+
∑

06r<s6n and t=r, l 6=s(−
√

2(n+1)√
nσ2 (2albs)gr,s)

+
∑

06r<s6n and t=s

√
2(n+1)√
nσ2 (2albr)gr,s

+
∑

06r<s6n and l=r(−
√

2(n+1)√
nσ2 (2atbs)gr,s)

+
∑

06r<s6n and t6=r, l=s

√
2(n+1)√
nσ2 (2atbr)gr,s

+
∑

06r<s6n and t=r, l 6=s(−
4atal√
nσ2 vr,s)

+
∑

06r<s6n and t=s
4atal√
nσ2 vr,s

+
∑

06r<s6n and l=r(−
4atal√
nσ2 vr,s)

+
∑

06r<s6n and t6=r, l=s
4atal√
nσ2 vr,s

+4atal
σ2 · 1

+2(n+1)atal
nσ2 − 2(n+1)btbl

nσ2 − 4atal
nσ2
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Rem. 31
=

∑
06r<s6n and t=r, l=s(−

√
2(n+1)√
nσ2 (2a2t + 2a2l )fr,s)

+
∑

06s6n and t6=s, l 6=s(−
√

2(n+1)√
nσ2 (2asal)ft,s)

+
∑

06r6n and t6=r, l 6=r(−
√

2(n+1)√
nσ2 (2arat)fr,l)

+
∑

06r<s6n and t=r, l=s

√
2(n+1)√
nσ2 (2atbt − 2albl)gr,s

+
∑

06s6n and t6=s, l 6=s(−
√

2(n+1)√
nσ2 (2albs)gt,s)

+
∑

06r6n and t6=r, l 6=r

√
2(n+1)√
nσ2 (2atbr)gr,l

+
∑

06s6n and t 6=s, l 6=s(−
4atal√
nσ2 vt,s)

+
∑

06r6n and t6=r, l 6=r
4atal√
nσ2 vr,l

+ (6n−2)atal
nσ2 − 2(n+1)btbl

nσ2

rename
=

∑
06r<s6n and t=r, l=s(−

√
2(n+1)√
nσ2 (2a2t + 2a2l )fr,s)

+
∑

06s6n and t6=s, l 6=s(−
√

2(n+1)√
nσ2 (2asal)ft,s)

+
∑

06s6n and t 6=s, l 6=s(−
√

2(n+1)√
nσ2 (2asat)fl,s)

+
∑

06r<s6n and t=r, l=s

√
2(n+1)√
nσ2 (2atbt − 2albl)gr,s

+
∑

06s6n and t6=s, l 6=s(−
√

2(n+1)√
nσ2 (2albs)gt,s)

+
∑

06s6n and t6=s, l 6=s(−
√

2(n+1)√
nσ2 (2atbs)gl,s)

+
∑

06s6n and t6=s, l 6=s(−
4atal√
nσ2 vt,s)

+
∑

06s6n and t6=s, l 6=s(−
4atal√
nσ2 vl,s)

+ (6n−2)atal
nσ2 − 2(n+1)btbl

nσ2

= −
√

2(n+1)√
nσ2 (2a2t + 2a2l )ft,l

+

√
2(n+1)√
nσ2 (2atbt − 2albl)gt,l

+2 ·
∑

06s6n and t6=s, l 6=s(−
√

2(n+1)√
nσ2 (asalft,s + asatfl,s))

+2 ·
∑

06s6n and t6=s, l 6=s(−
√

2(n+1)√
nσ2 (albsgt,s + atbsgl,s))

+
∑

06s6n and t 6=s, l 6=s(−
4atal√
nσ2 (vt,s + vl,s))

+ (6n−2)atal
nσ2 − 2(n+1)btbl

nσ2

= −
√

2(n+1)√
nσ2 (2a2t + 2a2l )

√
2(n+1)(atal+btbl)√

nσ

+

√
2(n+1)√
nσ2 (2atbt − 2albl)

√
2(n+1)(atbl−btal)√

nσ

−2
√

2(n+1)√
nσ2 ·

∑
06s6n and t6=s, l 6=s(asal

√
2(n+1)(atas+btbs)√

nσ
+ asat

√
2(n+1)(alas+blbs)√

nσ
)

−2
√

2(n+1)√
nσ2 ·

∑
06s6n and t6=s, l 6=s(albs

√
2(n+1)(atbs−btas)√

nσ
+ atbs

√
2(n+1)(albs−blas)√

nσ
)

− 4atal√
nσ2

∑
06s6n and t6=s, l 6=s(

(a2t+b
2
t )−(a2s+b2s)√
nσ

+
(a2l +b

2
l )−(a

2
s+b

2
s)√

nσ
)

+ (6n−2)atal
nσ2 − 2(n+1)btbl

nσ2
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= −2(n+1)
nσ3 (2a2t + 2a2l )(atal + btbl)

+2(n+1)
nσ3 (2atbt − 2albl)(atbl − btal)

−4(n+1)
nσ3 ·

∑
06s6n and t6=s, l 6=s(asal(atas + btbs) + asat(alas + blbs))

−4(n+1)
nσ3 ·

∑
06s6n and t6=s, l 6=s(albs(atbs − btas) + atbs(albs − blas))

−4atal
nσ3

∑
06s6n and t6=s, l 6=s((a

2
t + b2t )− (a2s + b2s) + (a2l + b2l )− (a2s + b2s))

+ (6n−2)atal
nσ2 − 2(n+1)btbl

nσ2

= −2(n+1)
nσ3 (2a2t + 2a2l )(atal + btbl)

+2(n+1)
nσ3 (2atbt − 2albl)(atbl − btal)

−4(n+1)
nσ3 ·

∑
06s6n and t6=s, l 6=s(2a

2
satal)

−4(n+1)
nσ3 ·

∑
06s6n and t6=s, l 6=s(2atalb

2
s)

−4atal
nσ3

∑
06s6n and t6=s, l 6=s(a

2
t + b2t + a2l + b2l − 2(a2s + b2s))

+ (6n−2)atal
nσ2 − 2(n+1)btbl

nσ2

= −4(n+1)
nσ3 (a3tal + ata

3
l + atalb

2
t + atalb

2
l )

−8(n+1)
nσ3 ·

∑
06s6n and t6=s, l 6=s(a

2
salat + alatb

2
s)

−4atal
nσ3

∑
06s6n and t6=s, l 6=s(a

2
t + b2t + a2l + b2l − 2(a2s + b2s))

+ (6n−2)atal
nσ2 − 2(n+1)btbl

nσ2

Def.σ
= −4(n+1)

nσ3 atal(a
2
t + a2l + b2t + b2l )

−8(n+1)atal
nσ3 (σ − (a2t + b2t + a2l + b2l ))

−4atal
nσ3 ((n+ 1)(a2t + b2t + a2l + b2l )− 2σ)

+ (6n−2)atal
nσ2 − 2(n+1)btbl

nσ2

= −8(n+1)atal
nσ2

+8atal
nσ2

+ (6n−2)atal
nσ2 − 2(n+1)btbl

nσ2

= −2(n+1)
nσ2 (atal + btbl)
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Calculation 37. Suppose given t, l ∈ [0, n] with t < l. We calculate.

ζTat · ζbl =
∑

06r<s6n( ∂
∂at
fr,s) · ( ∂

∂bl
fr,s)

+
∑

06r<s6n( ∂
∂at
gr,s) · ( ∂

∂bl
gr,s)

+
∑

06r<s6n( ∂
∂at
vr,s) · ( ∂

∂bl
vr,s)

=
∑

06r<s6n and t=r, l=s(
∂
∂at
fr,s) · ( ∂

∂bl
fr,s)

+
∑

06r<s6n and t=r, l 6=s(
∂
∂at
fr,s) · ( ∂

∂bl
fr,s)

+
∑

06r<s6n and t=s, l 6=s(
∂
∂at
fr,s) · ( ∂

∂bl
fr,s)

+
∑

06r<s6n and t6=r, l=r(
∂
∂at
fr,s) · ( ∂

∂bl
fr,s)

+
∑

06r<s6n and t6=r, l=s(
∂
∂at
fr,s) · ( ∂

∂bl
fr,s)

+
∑

06r<s6n and {t,l}∩{r,s}=∅(
∂
∂at
fr,s) · ( ∂

∂bl
fr,s)

+
∑

06r<s6n and t=r, l=s(
∂
∂at
gr,s) · ( ∂

∂bl
gr,s)

+
∑

06r<s6n and t=r, l 6=s(
∂
∂at
gr,s) · ( ∂

∂bl
gr,s)

+
∑

06r<s6n and t=s, l 6=s(
∂
∂at
gr,s) · ( ∂

∂bl
gr,s)

+
∑

06r<s6n and t6=r, l=r(
∂
∂at
gr,s) · ( ∂

∂bl
gr,s)

+
∑

06r<s6n and t6=r, l=s(
∂
∂at
gr,s) · ( ∂

∂bl
gr,s)

+
∑

06r<s6n and {t,l}∩{r,s}=∅(
∂
∂at
gr,s) · ( ∂

∂bl
gr,s)

+
∑

06r<s6n and t=r, l=s(
∂
∂at
vr,s) · ( ∂

∂bl
vr,s)

+
∑

06r<s6n and t=r, l 6=s(
∂
∂at
vr,s) · ( ∂

∂bl
vr,s)

+
∑

06r<s6n and t=s, l 6=s(
∂
∂at
vr,s) · ( ∂

∂bl
vr,s)

+
∑

06r<s6n and t6=r, l=r(
∂
∂at
vr,s) · ( ∂

∂bl
vr,s)

+
∑

06r<s6n and t6=r, l=s(
∂
∂at
vr,s) · ( ∂

∂bl
vr,s)

+
∑

06r<s6n and {t,l}∩{r,s}=∅(
∂
∂at
vr,s) · ( ∂

∂bl
vr,s)
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=
∑

06r<s6n and t=r, l=s(

√
2(n+1)al√
nσ

− 2at
σ fr,s) · (

√
2(n+1)bt√
nσ

− 2bl
σ fr,s)

+
∑

06r<s6n and t=r, l 6=s(

√
2(n+1)as√

nσ
− 2at

σ fr,s) · (−
2bl
σ fr,s)

+
∑

06r<s6n and t=s, l 6=s(

√
2(n+1)ar√

nσ
− 2at

σ fr,s) · (−
2bl
σ fr,s)

+
∑

06r<s6n and t6=r, l=r(−
2at
σ fr,s) · (

√
2(n+1)bs√
nσ

− 2bl
σ fr,s)

+
∑

06r<s6n and t6=r, l=s(−
2at
σ fr,s) · (

√
2(n+1)br√

nσ
− 2bl

σ fr,s)

+
∑

06r<s6n and {t,l}∩{r,s}=∅(−
2at
σ fr,s) · (−

2bl
σ fr,s)

+
∑

06r<s6n and t=r, l=s(

√
2(n+1)bl√
nσ

− 2at
σ gr,s) · (

√
2(n+1)at√

nσ
− 2bl

σ gr,s)

+
∑

06r<s6n and t=r, l 6=s(

√
2(n+1)bs√
nσ

− 2at
σ gr,s) · (−

2bl
σ gr,s)

+
∑

06r<s6n and t=s, l 6=s(−
√

2(n+1)br√
nσ

− 2at
σ gr,s) · (−

2bl
σ gr,s)

+
∑

06r<s6n and t6=r, l=r(−
2at
σ gr,s) · (−

√
2(n+1)as√

nσ
− 2bl

σ gr,s)

+
∑

06r<s6n and t6=r, l=s(−
2at
σ gr,s) · (

√
2(n+1)ar√

nσ
− 2bl

σ gr,s)

+
∑

06r<s6n and {t,l}∩{r,s}=∅(−
2at
σ gr,s) · (−

2bl
σ gr,s)

+
∑

06r<s6n and t=r, l=s(
2at√
nσ
− 2at

σ vr,s) · (−
2bl√
nσ
− 2bl

σ vr,s)

+
∑

06r<s6n and t=r, l 6=s(
2at√
nσ
− 2at

σ vr,s) · (−
2bl
σ vr,s)

+
∑

06r<s6n and t=s, l 6=s(−
2at√
nσ
− 2at

σ vr,s) · (−
2bl
σ vr,s)

+
∑

06r<s6n and t6=r, l=r(−
2at
σ vr,s) · (

2bl√
nσ
− 2bl

σ vr,s)

+
∑

06r<s6n and t6=r, l=s(−
2at
σ vr,s) · (−

2bl√
nσ
− 2bl

σ vr,s)

+
∑

06r<s6n and {t,l}∩{r,s}=∅(−
2at
σ vr,s) · (−

2bl
σ vr,s)

=
∑

06r<s6n and t=r, l=s(
2(n+1)albt

nσ2 − 2
√

2(n+1)√
nσ2 (atbt + albl)fr,s +4atbl

σ2 f2r,s)

+
∑

06r<s6n and t=r, l 6=s(−
2
√

2(n+1)asbl√
nσ2 fr,s +4atbl

σ2 f2r,s)

+
∑

06r<s6n and t=s, l 6=s(−
2
√

2(n+1)arbl√
nσ2 fr,s +4atbl

σ2 f2r,s)

+
∑

06r<s6n and t6=r, l=r(−
2
√

2(n+1)atbs√
nσ2 fr,s +4atbl

σ2 f2r,s)

+
∑

06r<s6n and t6=r, l=s(−
2
√

2(n+1)atbr√
nσ2 fr,s +4atbl

σ2 f2r,s)

+
∑

06r<s6n and {t,l}∩{r,s}=∅(
4atbl
σ2 f2r,s)

+
∑

06r<s6n and t=r, l=s(
2(n+1)atbl

nσ2 − 2
√

2(n+1)√
nσ2 (a2t + b2l )gr,s +4atbl

σ2 g2r,s)

+
∑

06r<s6n and t=r, l 6=s(−
2
√

2(n+1)blbs√
nσ2 gr,s +4atbl

σ2 g2r,s)

+
∑

06r<s6n and t=s, l 6=s(
2
√

2(n+1)blbr√
nσ2 gr,s +4atbl

σ2 g2r,s)

+
∑

06r<s6n and t6=r, l=r(
2
√

2(n+1)asat√
nσ2 gr,s +4atbl

σ2 g2r,s)

+
∑

06r<s6n and t6=r, l=s(−
2
√

2(n+1)arat√
nσ2 gr,s +4atbl

σ2 g2r,s)

+
∑

06r<s6n and {t,l}∩{r,s}=∅(
4atbl
σ2 g2r,s)

+
∑

06r<s6n and t=r, l=s(−
4atbl
nσ2 +4atbl

σ2 v2r,s)

+
∑

06r<s6n and t=r, l 6=s(−
4atbl√
nσ2 vr,s +4atbl

σ2 v2r,s)

+
∑

06r<s6n and t=s, l 6=s(
4atbl√
nσ2 vr,s +4atbl

σ2 v2r,s)

+
∑

06r<s6n and t6=r, l=r(−
4atbl√
nσ2 vr,s +4atbl

σ2 v2r,s)

+
∑

06r<s6n and t6=r, l=s(
4atbl√
nσ2 vr,s +4atbl

σ2 v2r,s)

+
∑

06r<s6n and {t,l}∩{r,s}=∅(
4atbl
σ2 v2r,s)
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=
∑

06r<s6n and t=r, l=s(
2(n+1)albt

nσ2 −2
√

2(n+1)√
nσ2 (atbt + albl)fr,s)

+
∑

06r<s6n and t=r, l 6=s( −2
√

2(n+1)asbl√
nσ2 fr,s)

+
∑

06r<s6n and t=s, l 6=s( −2
√

2(n+1)arbl√
nσ2 fr,s)

+
∑

06r<s6n and t6=r, l=r( −2
√

2(n+1)atbs√
nσ2 fr,s)

+
∑

06r<s6n and t6=r, l=s( −2
√

2(n+1)atbr√
nσ2 fr,s)

+
∑

06r<s6n and t=r, l=s(
2(n+1)atbl

nσ2 −2
√

2(n+1)√
nσ2 (a2t + b2l )gr,s)

+
∑

06r<s6n and t=r, l 6=s( −2
√

2(n+1)blbs√
nσ2 gr,s)

+
∑

06r<s6n and t=s, l 6=s(
2
√

2(n+1)blbr√
nσ2 gr,s)

+
∑

06r<s6n and t6=r, l=r(
2
√

2(n+1)asat√
nσ2 gr,s)

+
∑

06r<s6n and t6=r, l=s( −2
√

2(n+1)arat√
nσ2 gr,s)

+
∑

06r<s6n and t=r, l=s(−
4atbl
nσ2 )

+
∑

06r<s6n and t=r, l 6=s( − 4atbl√
nσ2 vr,s)

+
∑

06r<s6n and t=s, l 6=s(
4atbl√
nσ2 vr,s)

+
∑

06r<s6n and t6=r, l=r( − 4atbl√
nσ2 vr,s)

+
∑

06r<s6n and t6=r, l=s(
4atbl√
nσ2 vr,s)

+4atbl
σ2 ·

∑
06r<s6n(f2r,s + g2r,s + v2r,s)

Theorem 11
=

∑
06r<s6n and t=r, l=s(−

2
√

2(n+1)√
nσ2 (atbt + albl)fr,s)

+
∑

06r<s6n and t=r, l 6=s(−
2
√

2(n+1)√
nσ2 (asbl)fr,s)

+
∑

06r<s6n and t=s(−
2
√

2(n+1)√
nσ2 (arbl)fr,s)

+
∑

06r<s6n and l=r(−
2
√

2(n+1)√
nσ2 (atbs)fr,s)

+
∑

06r<s6n and t6=r, l=s(−
2
√

2(n+1)√
nσ2 (atbr)fr,s)

+
∑

06r<s6n and t=r, l=s(−
2
√

2(n+1)√
nσ2 (a2t + b2l )gr,s)

+
∑

06r<s6n and t=r, l 6=s(−
2
√

2(n+1)√
nσ2 (blbs)gr,s)

+
∑

06r<s6n and t=s
2
√

2(n+1)√
nσ2 (blbr)gr,s

+
∑

06r<s6n and l=r
2
√

2(n+1)√
nσ2 (asat)gr,s

+
∑

06r<s6n and t6=r, l=s(−
2
√

2(n+1)√
nσ2 (arat)gr,s)

+
∑

06r<s6n and t=r, l 6=s(−
4atbl√
nσ2 vr,s)

+
∑

06r<s6n and t=s
4atbl√
nσ2 vr,s

+
∑

06r<s6n and l=r(−
4atbl√
nσ2 vr,s)

+
∑

06r<s6n and t6=r, l=s
4atbl√
nσ2 vr,s

+4atbl
σ2 · 1

+2(n+1)albt
nσ2 + 2(n+1)atbl

nσ2 − 4atbl
nσ2
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Rem. 31
=

∑
06r<s6n and t=r, l=s(−

2
√

2(n+1)√
nσ2 (atbt + albl)fr,s)

+
∑

06s6n and t6=s, l 6=s(−
2
√

2(n+1)√
nσ2 (asbl)ft,s)

+
∑

06r6n and t6=r, l 6=r(−
2
√

2(n+1)√
nσ2 (atbr)fr,l)

+
∑

06r<s6n and t=r, l=s(−
2
√

2(n+1)√
nσ2 (a2t + b2l )gr,s)

+
∑

06s6n and t6=s, l 6=s(−
2
√

2(n+1)√
nσ2 (blbs)gt,s)

+
∑

06r6n and t6=r, l 6=r(−
2
√

2(n+1)√
nσ2 (arat)gr,l)

+
∑

06s6n and t6=s, l 6=s(−
4atbl√
nσ2 vt,s)

+
∑

06r6n and t6=r, l 6=r
4atbl√
nσ2 vr,l

+ (6n−2)atbl
nσ2 + 2(n+1)albt

nσ2

rename
=

∑
06r<s6n and t=r, l=s(−

2
√

2(n+1)√
nσ2 (atbt + albl)fr,s)

+
∑

06s6n and t6=s, l 6=s(−
2
√

2(n+1)√
nσ2 (asbl)ft,s)

+
∑

06s6n and t6=s, l 6=s(−
2
√

2(n+1)√
nσ2 (atbs)fl,s)

+
∑

06r<s6n and t=r, l=s(−
2
√

2(n+1)√
nσ2 (a2t + b2l )gr,s)

+
∑

06s6n and t6=s, l 6=s(−
2
√

2(n+1)√
nσ2 (blbs)gt,s)

+
∑

06s6n and t6=s, l 6=s(
2
√

2(n+1)√
nσ2 (asat)gl,s)

+
∑

06s6n and t6=s, l 6=s(−
4atbl√
nσ2 vt,s)

+
∑

06s6n and t6=s, l 6=s(−
4atbl√
nσ2 vl,s)

+ (6n−2)atbl
nσ2 + 2(n+1)albt

nσ2

= −2
√

2(n+1)√
nσ2 (atbt + albl)ft,l

−2
√

2(n+1)√
nσ2 (a2t + b2l )gt,l

+
∑

06s6n and t6=s, l 6=s(−
2
√

2(n+1)√
nσ2 (asblft,s + atbsfl,s))

+
∑

06s6n and t6=s, l 6=s(−
2
√

2(n+1)√
nσ2 (blbsgt,s − asatgl,s))

+
∑

06s6n and t6=s, l 6=s(−
4atbl√
nσ2 (vt,s + vl,s))

+ (6n−2)atbl
nσ2 + 2(n+1)albt

nσ2
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= −2
√

2(n+1)√
nσ2 (atbt + albl)

√
2(n+1)(atal+btbl)√

nσ

−2
√

2(n+1)√
nσ2 (a2t + b2l )

√
2(n+1)(atbl−btal)√

nσ

+
∑

06s6n and t6=s, l 6=s(−
2
√

2(n+1)√
nσ2 (asbl

√
2(n+1)(atas+btbs)√

nσ
+ atbs

√
2(n+1)(alas+blbs)√

nσ
))

+
∑

06s6n and t6=s, l 6=s(−
2
√

2(n+1)√
nσ2 (blbs

√
2(n+1)(atbs−btas)√

nσ
− asat

√
2(n+1)(albs−blas)√

nσ
))

+
∑

06s6n and t6=s, l 6=s(−
4atbl√
nσ2 (

(a2t+b
2
t )−(a2s+b2s)√
nσ

+
(a2l +b

2
l )−(a

2
s+b

2
s)√

nσ
))

+ (6n−2)atbl
nσ2 + 2(n+1)albt

nσ2

= −4(n+1)
nσ3 (atbt + albl)(atal + btbl)

−4(n+1)
nσ3 (a2t + b2l )(atbl − btal)

−4(n+1)
nσ3

∑
06s6n and t6=s, l 6=s(asbl(atas + btbs) + atbs(alas + blbs))

−4(n+1)
nσ3

∑
06s6n and t6=s, l 6=s(blbs(atbs − btas)− asat(albs − blas))

−4atbl
nσ3

∑
06s6n and t6=s, l 6=s((a

2
t + b2t )− (a2s + b2s) + (a2l + b2l )− (a2s + b2s))

+ (6n−2)atbl
nσ2 + 2(n+1)albt

nσ2

= −4(n+1)
nσ3 (atbt + albl)(atal + btbl)

−4(n+1)
nσ3 (a2t + b2l )(atbl − btal)

−4(n+1)
nσ3

∑
06s6n and t6=s, l 6=s(2a

2
satbl + 2atb

2
sbl)

−4atbl
nσ3

∑
06s6n and t6=s, l 6=s((a

2
t + b2t ) + (a2l + b2l )− 2(a2s + b2s))

+ (6n−2)atbl
nσ2 + 2(n+1)albt

nσ2

= −4(n+1)
nσ3 (a2l atbl + atb

2
t bl + a3t bl + atb

3
l )

−8(n+1)
nσ3

∑
06s6n and t6=s, l 6=s(a

2
satbl + atb

2
sbl)

−4atbl
nσ3

∑
06s6n and t6=s, l 6=s((a

2
t + b2t ) + (a2l + b2l )− 2(a2s + b2s))

+ (6n−2)atbl
nσ2 + 2(n+1)albt

nσ2

Def.σ
= −4(n+1)

nσ3 atbl(a
2
l + b2t + a2t + b2l )

−8(n+1)atbl
nσ3 (σ − (a2t + b2t + a2l + b2l ))

−4atbl
nσ3 ((n+ 1)(a2t + b2t + a2l + b2l )− 2σ)

+ (6n−2)atbl
nσ2 + 2(n+1)albt

nσ2

= −8(n+1)atbl
nσ2

+8atbl
nσ2

+ (6n−2)atbl
nσ2 + 2(n+1)albt

nσ2

= 2(n+1)
nσ2 (−atbl + albt)
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5.3 Calculation of the matrix entries of J(δ̂n)TJ(δ̂n)

The following calculation is analogous to Calculation 36 for ζTat
· ζal .

Calculation 38. Suppose given t, l ∈ [0, n] with t < l. We calculate.

ζTbt · ζbl =
∑

06r<s6n( ∂
∂bt
fr,s) · ( ∂

∂bl
fr,s)

+
∑

06r<s6n( ∂
∂bt
gr,s) · ( ∂

∂bl
gr,s)

+
∑

06r<s6n( ∂
∂bt
vr,s) · ( ∂

∂bl
vr,s)

=
∑

06r<s6n and t=r, l=s(
∂
∂bt
fr,s) · ( ∂

∂bl
fr,s)

+
∑

06r<s6n and t=r, l 6=s(
∂
∂bt
fr,s) · ( ∂

∂bl
fr,s)

+
∑

06r<s6n and t=s, l 6=s(
∂
∂bt
fr,s) · ( ∂

∂bl
fr,s)

+
∑

06r<s6n and t6=r, l=r(
∂
∂bt
fr,s) · ( ∂

∂bl
fr,s)

+
∑

06r<s6n and t6=r, l=s(
∂
∂bt
fr,s) · ( ∂

∂bl
fr,s)

+
∑

06r<s6n and {t,l}∩{r,s}=∅(
∂
∂bt
fr,s) · ( ∂

∂bl
fr,s)

+
∑

06r<s6n and t=r, l=s(
∂
∂bt
gr,s) · ( ∂

∂bl
gr,s)

+
∑

06r<s6n and t=r, l 6=s(
∂
∂bt
gr,s) · ( ∂

∂bl
gr,s)

+
∑

06r<s6n and t=s, l 6=s(
∂
∂bt
gr,s) · ( ∂

∂bl
gr,s)

+
∑

06r<s6n and t6=r, l=r(
∂
∂bt
gr,s) · ( ∂

∂bl
gr,s)

+
∑

06r<s6n and t6=r, l=s(
∂
∂bt
gr,s) · ( ∂

∂bl
gr,s)

+
∑

06r<s6n and {t,l}∩{r,s}=∅(
∂
∂bt
gr,s) · ( ∂

∂bl
gr,s)

+
∑

06r<s6n and t=r, l=s(
∂
∂bt
vr,s) · ( ∂

∂bl
vr,s)

+
∑

06r<s6n and t=r, l 6=s(
∂
∂bt
vr,s) · ( ∂

∂bl
vr,s)

+
∑

06r<s6n and t=s, l 6=s(
∂
∂bt
vr,s) · ( ∂

∂bl
vr,s)

+
∑

06r<s6n and t6=r, l=r(
∂
∂bt
vr,s) · ( ∂

∂bl
vr,s)

+
∑

06r<s6n and t6=r, l=s(
∂
∂bt
vr,s) · ( ∂

∂bl
vr,s)

+
∑

06r<s6n and {t,l}∩{r,s}=∅(
∂
∂bt
vr,s) · ( ∂

∂bl
vr,s)
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5 The discriminant embedding is an immersion

=
∑

06r<s6n and t=r, l=s(

√
2(n+1)bl√
nσ

− 2bt
σ fr,s) · (

√
2(n+1)bt√
nσ

− 2bl
σ fr,s)

+
∑

06r<s6n and t=r, l 6=s(

√
2(n+1)bs√
nσ

− 2bt
σ fr,s) · (−

2bl
σ fr,s)

+
∑

06r<s6n and t=s, l 6=s(

√
2(n+1)br√

nσ
− 2bt

σ fr,s) · (−
2bl
σ fr,s)

+
∑

06r<s6n and t6=r, l=r(−
2bt
σ fr,s) · (

√
2(n+1)bs√
nσ

− 2bl
σ fr,s)

+
∑

06r<s6n and t6=r, l=s(−
2bt
σ fr,s) · (

√
2(n+1)br√

nσ
− 2bl

σ fr,s)

+
∑

06r<s6n and {t,l}∩{r,s}=∅(−
2bt
σ fr,s) · (−

2bl
σ fr,s)

+
∑

06r<s6n and t=r, l=s(−
√

2(n+1)al√
nσ

− 2bt
σ gr,s) · (

√
2(n+1)at√

nσ
− 2bl

σ gr,s)

+
∑

06r<s6n and t=r, l 6=s(−
√

2(n+1)as√
nσ

− 2bt
σ gr,s) · (−

2bl
σ gr,s)

+
∑

06r<s6n and t=s, l 6=s(

√
2(n+1)ar√

nσ
− 2bt

σ gr,s) · (−
2bl
σ gr,s)

+
∑

06r<s6n and t6=r, l=r(−
2bt
σ gr,s) · (−

√
2(n+1)as√

nσ
− 2bl

σ gr,s)

+
∑

06r<s6n and t6=r, l=s(−
2bt
σ gr,s) · (

√
2(n+1)ar√

nσ
− 2bl

σ gr,s)

+
∑

06r<s6n and {t,l}∩{r,s}=∅(−
2bt
σ gr,s) · (−

2bl
σ gr,s)

+
∑

06r<s6n and t=r, l=s(
2bt√
nσ
− 2bt

σ vr,s) · (−
2bl√
nσ
− 2bl

σ vr,s)

+
∑

06r<s6n and t=r, l 6=s(
2bt√
nσ
− 2bt

σ vr,s) · (−
2bl
σ vr,s)

+
∑

06r<s6n and t=s, l 6=s(−
2bt√
nσ
− 2bt

σ vr,s) · (−
2bl
σ vr,s)

+
∑

06r<s6n and t6=r, l=r(−
2bt
σ vr,s) · (

2bl√
nσ
− 2bl

σ vr,s)

+
∑

06r<s6n and t6=r, l=s(−
2bt
σ vr,s) · (−

2bl√
nσ
− 2bl

σ vr,s)

+
∑

06r<s6n and {t,l}∩{r,s}=∅(−
2bt
σ vr,s) · (−

2bl
σ vr,s)

=
∑

06r<s6n and t=r, l=s(
2(n+1)btbl

nσ2 −
√

2(n+1)√
nσ2 (2b2t + 2b2l )fr,s +4btbl

σ2 f
2
r,s)

+
∑

06r<s6n and t=r, l 6=s(−
√

2(n+1)√
nσ2 (2bsbl)fr,s +4btbl

σ2 f
2
r,s)

+
∑

06r<s6n and t=s, l 6=s(−
√

2(n+1)√
nσ2 (2brbl)fr,s +4btbl

σ2 f
2
r,s)

+
∑

06r<s6n and t6=r, l=r(−
√

2(n+1)√
nσ2 (2bsbt)fr,s +4btbl

σ2 f
2
r,s)

+
∑

06r<s6n and t6=r, l=s(−
√

2(n+1)√
nσ2 (2brbt)fr,s +4btbl

σ2 f
2
r,s)

+
∑

06r<s6n and {t,l}∩{r,s}=∅(
4btbl
σ2 f

2
r,s)

+
∑

06r<s6n and t=r, l=s(−
2(n+1)atal

nσ2 −
√

2(n+1)√
nσ2 (2atbt − 2albl)gr,s +4btbl

σ2 g
2
r,s)

+
∑

06r<s6n and t=r, l 6=s(

√
2(n+1)√
nσ2 (2asbl)gr,s +4btbl

σ2 g
2
r,s)

+
∑

06r<s6n and t=s, l 6=s(−
√

2(n+1)√
nσ2 (2arbl)gr,s +4btbl

σ2 g
2
r,s)

+
∑

06r<s6n and t6=r, l=r(

√
2(n+1)√
nσ2 (2asbt)gr,s +4btbl

σ2 g
2
r,s)

+
∑

06r<s6n and t6=r, l=s(−
√

2(n+1)√
nσ2 (2arbt)gr,s +4btbl

σ2 g
2
r,s)

+
∑

06r<s6n and {t,l}∩{r,s}=∅(
4btbl
σ2 g

2
r,s)

+
∑

06r<s6n and t=r, l=s(−
4btbl
nσ2 +4btbl

σ2 v
2
r,s)

+
∑

06r<s6n and t=r, l 6=s(−
4btbl√
nσ2 vr,s +4btbl

σ2 v
2
r,s)

+
∑

06r<s6n and t=s, l 6=s(
4btbl√
nσ2 vr,s +4btbl

σ2 v
2
r,s)

+
∑

06r<s6n and t6=r, l=r(−
4btbl√
nσ2 vr,s +4btbl

σ2 v
2
r,s)

+
∑

06r<s6n and t6=r, l=s(
4btbl√
nσ2 vr,s +4btbl

σ2 v
2
r,s)

+
∑

06r<s6n and {t,l}∩{r,s}=∅(
4btbl
σ2 v

2
r,s)
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5.3 Calculation of the matrix entries of J(δ̂n)TJ(δ̂n)

=
∑

06r<s6n and t=r, l=s(
2(n+1)btbl

nσ2 −
√

2(n+1)√
nσ2 (2b2t + 2b2l )fr,s)

+
∑

06r<s6n and t=r, l 6=s( −
√

2(n+1)√
nσ2 (2bsbl)fr,s)

+
∑

06r<s6n and t=s, l 6=s( −
√

2(n+1)√
nσ2 (2brbl)fr,s)

+
∑

06r<s6n and t6=r, l=r( −
√

2(n+1)√
nσ2 (2bsbt)fr,s)

+
∑

06r<s6n and t6=r, l=s( −
√

2(n+1)√
nσ2 (2brbt)fr,s)

+
∑

06r<s6n and t=r, l=s(−
2(n+1)atal

nσ2 −
√

2(n+1)√
nσ2 (2atbt − 2albl)gr,s)

+
∑

06r<s6n and t=r, l 6=s(

√
2(n+1)√
nσ2 (2asbl)gr,s)

+
∑

06r<s6n and t=s, l 6=s( −
√

2(n+1)√
nσ2 (2arbl)gr,s)

+
∑

06r<s6n and t6=r, l=r(

√
2(n+1)√
nσ2 (2asbt)gr,s)

+
∑

06r<s6n and t6=r, l=s( −
√

2(n+1)√
nσ2 (2arbt)gr,s)

+
∑

06r<s6n and t=r, l=s(−
4btbl
nσ2 )

+
∑

06r<s6n and t=r, l 6=s( − 4btbl√
nσ2 vr,s)

+
∑

06r<s6n and t=s, l 6=s(
4btbl√
nσ2 vr,s)

+
∑

06r<s6n and t6=r, l=r( − 4btbl√
nσ2 vr,s)

+
∑

06r<s6n and t6=r, l=s(
4btbl√
nσ2 vr,s)

+4btbl
σ2 ·

∑
06r<s6n(f2r,s + g2r,s + v2r,s)

Theorem 11
=

∑
06r<s6n and t=r, l=s(−

√
2(n+1)√
nσ2 (2b2t + 2b2l )fr,s)

+
∑

06r<s6n and t=r, l 6=s(−
√

2(n+1)√
nσ2 (2bsbl)fr,s)

+
∑

06r<s6n and t=s(−
√

2(n+1)√
nσ2 (2brbl)fr,s)

+
∑

06r<s6n and l=r(−
√

2(n+1)√
nσ2 (2bsbt)fr,s)

+
∑

06r<s6n and t6=r, l=s(−
√

2(n+1)√
nσ2 (2brbt)fr,s)

+
∑

06r<s6n and t=r, l=s(−
√

2(n+1)√
nσ2 (2atbt − 2albl)gr,s)

+
∑

06r<s6n and t=r, l 6=s(

√
2(n+1)√
nσ2 (2asbl)gr,s)

+
∑

06r<s6n and t=s(−
√

2(n+1)√
nσ2 (2arbl)gr,s)

+
∑

06r<s6n and l=r(

√
2(n+1)√
nσ2 (2asbt)gr,s)

+
∑

06r<s6n and t6=r, l=s(−
√

2(n+1)√
nσ2 (2arbt)gr,s)

+
∑

06r<s6n and t=r, l 6=s(−
4btbl√
nσ2 vr,s)

+
∑

06r<s6n and t=s(
4btbl√
nσ2 vr,s)

+
∑

06r<s6n and l=r(−
4btbl√
nσ2 vr,s)

+
∑

06r<s6n and t6=r, l=s(
4btbl√
nσ2 vr,s)

+4btbl
σ2 · 1

+2(n+1)btbl
nσ2 − 2(n+1)atal

nσ2 − 4btbl
nσ2
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Rem. 31
=

∑
06r<s6n and t=r, l=s(−

√
2(n+1)√
nσ2 (2b2t + 2b2l )fr,s)

+
∑

06s6n and t6=s, l 6=s(−
√

2(n+1)√
nσ2 (2bsbl)ft,s)

+
∑

06r6n and t6=r, l 6=r(−
√

2(n+1)√
nσ2 (2brbt)fr,l)

+
∑

06r<s6n and t=r, l=s(−
√

2(n+1)√
nσ2 (2atbt − 2albl)gr,s)

+
∑

06s6n and t6=s, l 6=s

√
2(n+1)√
nσ2 (2asbl)gt,s

+
∑

06r6n and t6=r, l 6=r(−
√

2(n+1)√
nσ2 (2arbt)gr,l)

+
∑

06s6n and t6=s, l 6=s(−
4btbl√
nσ2 vt,s)

+
∑

06r6n and t6=r, l 6=r
4btbl√
nσ2 vr,l

+ (6n−2)btbl
nσ2 − 2(n+1)atal

nσ2

rename
=

∑
06r<s6n and t=r, l=s(−

√
2(n+1)√
nσ2 (2b2t + 2b2l )fr,s)

+
∑

06s6n and t6=s, l 6=s(−
√

2(n+1)√
nσ2 (2bsbl)ft,s)

+
∑

06s6n and t6=s, l 6=s(−
√

2(n+1)√
nσ2 (2bsbt)fl,s)

+
∑

06r<s6n and t=r, l=s(−
√

2(n+1)√
nσ2 (2atbt − 2albl)gr,s)

+
∑

06s6n and t6=s, l 6=s

√
2(n+1)√
nσ2 (2asbl)gt,s

+
∑

06s6n and t6=s, l 6=s

√
2(n+1)√
nσ2 (2asbt)gl,s

+
∑

06s6n and t6=s, l 6=s(−
4btbl√
nσ2 vt,s)

+
∑

06s6n and t6=s, l 6=s(−
4btbl√
nσ2 vl,s)

+ (6n−2)btbl
nσ2 − 2(n+1)atal

nσ2

= −
√

2(n+1)√
nσ2 (2b2t + 2b2l )ft,l

−
√

2(n+1)√
nσ2 (2atbt − 2albl)gt,l

+2 ·
∑

06s6n and t6=s, l 6=s(−
√

2(n+1)√
nσ2 (bsblft,s + bsbtfl,s))

+2 ·
∑

06s6n and t6=s, l 6=s

√
2(n+1)√
nσ2 (asblgt,s + asbtgl,s)

+
∑

06s6n and t6=s, l 6=s(−
4btbl√
nσ2 (vt,s + vl,s))

+ (6n−2)btbl
nσ2 − 2(n+1)atal

nσ2

= −
√

2(n+1)√
nσ2 (2b2t + 2b2l )

√
2(n+1)(atal+btbl)√

nσ

−
√

2(n+1)√
nσ2 (2atbt − 2albl)

√
2(n+1)(atbl−btal)√

nσ

+2 ·
∑

06s6n and t6=s, l 6=s(−
√

2(n+1)√
nσ2 (bsbl

√
2(n+1)(atas+btbs)√

nσ
+ bsbt

√
2(n+1)(alas+blbs)√

nσ
))

+2 ·
∑

06s6n and t6=s, l 6=s

√
2(n+1)√
nσ2 (asbl

√
2(n+1)(atbs−btas)√

nσ
+ asbt

√
2(n+1)(albs−blas)√

nσ
)

+
∑

06s6n and t6=s, l 6=s(−
4btbl√
nσ2 (

(a2t+b
2
t )−(a2s+b2s)√
nσ

+
(a2l +b

2
l )−(a

2
s+b

2
s)√

nσ
))

+ (6n−2)btbl
nσ2 − 2(n+1)atal

nσ2
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5.4 Calculation of Kn,k

= −4(n+1)
nσ3 (b2t + b2l )(atal + btbl)

−4(n+1)
nσ3 (atbt − albl)(atbl − btal)

−4(n+1)
nσ3 ·

∑
06s6n and t6=s, l 6=s(bsbl(atas + btbs) + bsbt(alas + blbs))

+4(n+1)
nσ3 ·

∑
06s6n and t6=s, l 6=s(asbl(atbs − btas) + asbt(albs − blas))

−4btbl
nσ3

∑
06s6n and t6=s, l 6=s((a

2
t + b2t )− (a2s + b2s) + (a2l + b2l )− (a2s + b2s))

+ (6n−2)btbl
nσ2 − 2(n+1)atal

nσ2

= −4(n+1)
nσ3 (b3t bl + btb

3
l + a2t btbl + a2l btbl)

−8(n+1)
nσ3 ·

∑
06s6n and t6=s, l 6=s(a

2
sblbt + blbtb

2
s)

−4btbl
nσ3

∑
06s6n and t6=s, l 6=s(a

2
t + b2t + a2l + b2l − 2(a2s + b2s))

+ (6n−2)btbl
nσ2 − 2(n+1)atal

nσ2

Def. σ
= −4(n+1)btbl

nσ3 (a2t + a2l + b2t + b2l )

−8(n+1)btbl
nσ3 (σ − (a2t + b2t + a2l + b2l ))

−4btbl
nσ3 ((n+ 1)(a2t + b2t + a2l + b2l )− 2σ)

+ (6n−2)btbl
nσ2 − 2(n+1)atal

nσ2

= −8(n+1)btbl
nσ2

+8btbl
nσ2

+ (6n−2)btbl
nσ2 − 2(n+1)atal

nσ2

= −2(n+1)
nσ2 (atal + btbl)

Example 39. Now that we calculated our matrix entries for J(δ̂2)
TJ(δ̂2) we want to continue

our Example 28.

J(δ̂2)
TJ(δ̂2)

= 1
σ2


3(σ − a20 − b20) 0 −3(a0a1 + b0b1) −3(a0b1 − a1b0) −3(a0a2 + b0b2) −3(a0b2 − a2b0)

0 3(σ − a20 − b20) 3(a0b1 − a1b0) −3(a0a1 + b0b1) 3(a0b2 − a2b0) −3(a0a2 + b0b2)

−3(a0a1 + b0b1) 3(a0b1 − a1b0) 3(σ − a21 − b21) 0 −3(a1a2 + b1b2) −3(a1b2 − a2b1)
−3(a0b1 − a1b0) −3(a0a1 + b0b1) 0 3(σ − a21 − b21) 3(a1b2 − a2b1) −3(a1a2 + b1b2)

−3(a0a2 + b0b2) 3(a0b2 − a2b0) −3(a1a2 + b1b2) 3(a1b2 − a2b1) 3(σ − a22 − b22) 0

−3(a0b2 − a2b0) −3(a0a2 + b0b2) −3(a1b2 − a2b1) −3(a1a2 + b1b2) 0 3(σ − a22 − b22)


Here, σ =

∑2
j=0(a

2
j + b2j ).

5.4 Calculation of Kn,k

Example 40. We continue Example 39. To calculate J(ϑn,k)
TJ(ϑn,k), we eliminate in

J(δ̂n)TJ(δ̂n) all the rows and columns belonging to a0 and b0 and set in the remaining ma-
trix a0 = 1 and b0 = 0.

55



5 The discriminant embedding is an immersion

J(ϑ2,0)
TJ(ϑ2,0)

= 1
σ2
0

 3(a22 + b22 + 1) 0 −3(a1a2 + b1b2) −3(a1b2 − a2b1)
0 3(a22 + b22 + 1) 3(a1b2 − a2b1) −3(a1a2 + b1b2)

−3(a1a2 + b1b2) 3(a1b2 − a2b1) 3(a21 + b21 + 1) 0

−3(a1b2 − a2b1) −3(a1a2 + b1b2) 0 3(a21 + b21 + 1)


Here, σ0 = 1 +

∑2
j=1(a

2
j + b2j ).

Remark 41. Suppose given k ∈ [0, n]. We want to convert our real matrix J(ϑn,k)
TJ(ϑn,k) ∈

R2n×2n into a complex matrix Kn,k ∈ Cn×n.

To that end, we use the injective ring morphism ι; cf. Definition 7. We proceed as follows.

Write

σk = 1 +
∑

j∈[0,n]\{k}

(a2j + b2j ) .

Suppose given j, l ∈ [0, n]\{k}. We get the 2× 2-block of the real matrix J(δ̂n)TJ(δ̂n).

(
ζTajζal ζTajζbl
ζTbjζal ζTbjζbl

)

If j = l, we obtain, using Calculations 33, 34 and 35,

(
ζTajζaj ζTajζbj
ζTbjζaj ζTbjζbj

)
=

2(n+1)
nσ2

k
(σk − a2j − b2j ) 0

0 2(n+1)
nσ2

k
(σk − a2j − b2j )

 = ι
(
2(n+1)
nσ2

k
(σk − a2j − b2j ) + i · 0

)
.

If j 6= l, we obtain, using Calculations 36, 37 and 38,

(
ζTajζal ζTajζbl
ζTbjζal ζTbjζbl

)
=

−2(n+1)
nσ2

k
(ajal + bjbl)

2(n+1)
nσ2

k
(−ajbl + albj)

2(n+1)
nσ2

k
(−albj + ajbl) −2(n+1)

nσ2
k

(ajal + bjbl)


= ι
(
−2(n+1)

nσ2
k

(ajal + bjbl) + i · 2(n+1)
nσ2

k
(−ajbl + albj)

)
.

Recall that J(ϑn,k)
T · J(ϑn,k) ∈ R2n×2n is obtained from J(δ̂n)T · J(δ̂n) ∈ R(2n+2)×(2n+2) by

deleting the columns and rows belonging to ak and bk and then by putting ak = 1 and bk = 0;
cf. Remark 29.

This amounts to

J(ϑn,k)
TJ(ϑn,k) = ιn×n(Kn,k)
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5.5 Calculation of the determinant of Kn,k, leading to δn being an immersion

with

Kn,k :=
2(n+ 1)

nσ2k


σk · En −



z0
...

zk−1

zk+1

...

zn


(
z0 . . . zk−1 zk+1 . . . zn

)


with zj := aj + ibj for j ∈ [0, n]\{k} and σk = 1 +
∑

j∈[0,n]\{k}(a
2
j + b2j ), note that

zjzl = (aj + ibj)(al − ibl) = (ajal + bjbl) + i(−ajbl + albj) .

Example 42. Now we continue the Example 40 and calculate the complex matrix K2,0 ∈ C2×2.

K2,0 =
3

σ20

(
σ0 · E2 −

(
a1 + ib1

a2 + ib2

)(
a1 + ib1 a2 + ib2

))

Here, σ0 = 1 +
∑2

j=1(a
2
j + b2j ).

5.5 Calculation of the determinant of Kn,k, leading to δn being an
immersion

Theorem 43. The discriminant embedding δn is an immersion.

More precisely,

det(J(ϑn,k)
TJ(ϑn,k)) =

(
2(n+ 1)

n

)2n

· 1

σ
2(n+1)
k

> 0

for k ∈ [0, n], where σk = 1 +
∑

j∈[0,n]\{k}(a
2
j + b2j ).

Proof. We have

J(ϑn,k)
TJ(ϑn,k) = Kn,k =

2(n+ 1)

nσ2k


σk · En −



z0
...

zk−1

zk+1

...

zn


(
z0 . . . zk−1 zk+1 . . . zn

)

.

57



5 The discriminant embedding is an immersion

Write

u :=



z0
...

zk−1

zk+1

...

zn


.

The matrix uuT has rank 1.

Since it is hermitian, it has eigenvalue 0 to the algebraic multiplicity n−1. It has the eigenvector
u to the eigenvalue uT · u = σk − 1 since (u · uT) · u = u · (uT · u).

Therefore, Kn,k has eigenvalue
2(n+ 1)

nσ2k
· σk =

2(n+ 1)

nσk

with algebraic multiplicity n− 1 and

2(n+ 1)

nσ2k
· (σk − (σk − 1)) =

2(n+ 1)

nσ2k

with algebraic multiplicity 1.

So

det(Kn,k) =

(
2(n+ 1)

n

)n
· 1

σn+1
k

.

So

det(J(ϑn,k)
TJ(ϑn,k))

Lemma 9
= |det(Kn,k)|2 =

(
2(n+ 1)

n

)2n

· 1

σ
2(n+1)
k

> 0 .
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6 A visual application

We consider the graph
Γ = {(x, y) ∈ C2 : y = x3 − x} ⊆ C2 .

In Figure 6.1 we display a projection of a part of Γ to R3 (and then to R2).

The real x-axis is shown in green, the real y-axis is shown in blue.

Figure 6.1: Γ, without the discriminant embedding
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6 A visual application

Now we consider the graph

Γ̂ = {(x : y : z) ∈ P2(C) : yz2 = x3 − xz2} ⊆ P2(C) .

The discriminant embedding δ2 : P2(C) −→ C3 × R3 maps it to

δ2(Γ̂) ⊆ S8 ⊆ C3 × R3 .

In Figure 6.2, we display a projection of a part of δ2(Γ̂) to R3 (and then to R2).

The real x-axis is shown in green, the real y-axis is shown in blue. The real part of the graph is
emphasized with a thick line.

We obtain a kind of a “fish-eye effect”.

Figure 6.2: The image δ2(Γ̂) of Γ̂ under the discriminant embedding δ2
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German summary

Die Riemannsche Zahlenkugel ist eine Abbildung

δ1 : P1(C) −→ S2 ⊂ C× R,

die den unendlichen Punkt auf den Südpol der Sphäre S2 abbildet. Wir verallgemeinern dies zu
einer Abbildung

δn : Pn(C) −→ S3(n+1
2 )−1 ⊂ C(n+1

2 ) × R(n+1
2 ),

genannt Diskriminanteneinbettung.

Hierbei ist Pn(C) der n-dimensionale komplex-projektive Raum und S3(n+1
2 )−1 die (3

(
n+1
2

)
− 1)-

dimensionale Sphäre.

Es wird gezeigt, dass δn eine injektive Immersion ist. Die Injektivität ergibt sich aus einer
direkten Rechnung. Um zu erhalten, dass δn eine Immersion ist, wird die Jacobimatrix J der
Einschränkung von δn auf die k-te Standardkarte herangezogen. Hierzu wird die Determinante
an der Stelle (u0 : . . . : uk−1 : 1 : uk+1 : . . . : un) ∈ Pn(C) von JTJ berechnet und als positive
reelle Zahl (

2(n+ 1)

n

)2n

· 1(
1 +

∑
j∈[0,n]\{k} |uj |2

)2(n+1)
> 0

erkannt.
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2. dass ich keine anderen als die angegeben Quellen benutzt habe und alle wörtlich oder
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