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0 Introduction

0.1 Simplicial Groups

The simplex category A is the category of linearly ordered finite sets of the form {0, ..., n},
where n € Z>o, and monotone maps between them.

A simplicial group is a functor from A°P to the category of groups.

This means, a simplicial group G consists of groups ... , Gs, Ga, Gi, Gy, of face maps
d; = dZ-G’" : G = Gp—1 and of degeneracy maps s; = st’n : Gp — Gpy1 between them, which
are group morphisms and which satisfy certain relations.

The category of simplicial groups is denoted by SimpGrp.

Connected topological spaces can be modelled by simplicial groups as follows.

We have an equivalence between homotopy category of topological spaces and the homotopy
category of simplicial sets; cf. [2, I, Th. 11.4].

Moreover, we have an equivalence between the homotopy category of reduced simplicial sets and
the homotopy category of simplicial groups; cf. [2, V, Cor. 6.4].

Altogether, a simplicial group corresponds to a connected topological space via these equiva-
lences.

0.2 Truncating simplicial groups to |2, 0]-simplicial groups

A [2,0]-simplicial group H consists of groups Hy, Hq1, Hy and face and degeneracy morphisms
as follows

H,2
d2
—
S
qH:2 S0
1 0
H, Hy Hy,
g4
ag?
—

satisfying certain relations and the Conduché condition
a2 a2
lker(Hg B Hl), ﬂ ker(Hg 7—) Hl)] =1
7€{0,1,23\{s}
for i € {0,1,2}.
The category of |2,0|-simplicial groups is denoted by |2,0]|-SimpGrp.
Given a simplicial group G, we consider the normal subgroup

G,3
GNB, := ( N ker(Gy 2 G2)> do < G
1€{1,2,3}
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We construct the truncation

e
slc’1 ApG d?’l
<G,2 G0
d; S0
G Trunc := | G3/GNB, G Go
SOGal ApG d(?il
g
_—

~GL1
Here d; " is induced by diG’1 for i € {0,1, 2}.
Then G Trunc is a |2,0]-simplicial group.
We have obtained the truncation functor

SimpGrp Trune 12, 0]-SimpGrp
G +— (G Trunc.

0.3 Crossed Squares

A crossed square is a commutative quadrangle of groups, where in addition M and M’ act on
L, where P acts on M, M’ and on L, together with a map

MxM 2 L
(m,m') — [m,m'],

satisfying a list of compatibilities.

% /

;

This notion is due to LODAY [3, Def. 5.1].

g =

—

The category of crossed squares is denoted by (CrSg.

For instance, given a group P and normal subgroups M, M’ < P, we obtain the crossed square

MOM —— M

! |

M——— P,

in which all actions are given by conjugation and for which
[m,m'] := [m,m'] e MM

is the commutator bracket, for m € M and m' € M'.
In a sense, crossed squares are the next bigger version of crossed modules.

In turn, crossed modules may be used to formulate the conditions appearing in the definition of
a crossed square in a concise way.
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0.4 A functor Sq from |2,0]-simplicial groups to crossed squares

Suppose given a |2,0]-simplicial group G.
For X C {0,1,2}, we write
a2
GQ;X = ﬂ ker(G2 — Gl) g GQ.
1€X
Dropping the curly brackets in notation, we obtain e.g.

G202 = ker(d§?) N ker(dS?).

Following PORTER [5, Prop. 7, Proof of Lem. A], we define the crossed square

0,1
G Sq
G2 ——— Ga2/Ga02

G Sq = ALO G Sq ,

G Sq Ho,1

G2:1/G201 —5— G2/G2yp
1,0

in which all maps are identical on representatives, in which all actions are induced by conjugation
and for which y“59 is given by the commutator of the representatives.

This yields the functor
12,0]-SimpGrp > Crsg.

. . !
0.5 An isomorphic copy G Sq of G Sq
Following PORTER [5, Prop. 8], we isomorphically replace G Sq by the crossed square

201
GSq'
No —— Ny

|
GSq = 1,0 G 84!
d )‘qu! No,lq
U1 —>, No X N1
G Sq’
K10

Here NQ = G2;172, N1 = Gl;h NO = Go and U1 = {(nl_ do,n1) ny € Nl} < Gl.
Cf. CoNDUCHE [1, Ex. 3.6].

Compared with G Sq, the variant G Sq' has the advantage of working with subgroups instead of
factor groups.

As a disadvantage, G Sq' consists of more involved morphisms and actions as G Sq.
E.g. (ny do,n1) € Uy acts on ny € Ny via

_ _ d
n(n1 do,n1) - n(nl S0 1] S1)n1 ososo'

2 - 2 )

cf. Lemma 81.



Chapter 0: Introduction

0.6 Conclusion
Altogether, we have obtained the following functors.
. Trunc . Sq
SimpGrp —— |2,0]-SimpGrp —— (CrSq

The functor Sq is not an equivalence.

In fact, using an abelian group A # 1, we may construct a crossed square
A———

A=id Al
A —

N=id 4

N

’

I

—_—

But a crossed square of the form G Sq has an injective lower horizontal morphism.

This to be seen in contrast to the situation for |1,0]-simplicial groups, where there exists an
equivalence

|1,0]-SimpGrp = CrMod .



1 Conventions

Suppose given a group G.

We use (a) as the symbol of composition.

We compose on the right, i.e. the composite of X Iy 9 7 is written X £2% 7.
Here, fag reads "f comp g".

Categories are supposed to be small with respect to a suitable universe.
For n € Z=o, we write [n] :=[0,n] ={a €Z:0 < a < n}.

We write g~ := g~! for the inverse element of g € G.

For n € Z=p, we write |n,0]| :={a € Z: 0 < a < n} ordered decreasingly.
Suppose given z, y € G.

We write y* := 7 yx and [z,y] == 27y zy.

Suppose given subgroups M, N < G.

We write [M,N]:=(m,n]:m e M,n e N) <G.

Note that if M, N < G, then [M, N] < G.

Given a group isomorphism ¢ : G = H, we often write

v:G — H
g > g9
ho=™ <«— h.

Given N < G, we write
p=panN:G — G/N
g — gN

for the residue class morphism.






2 Preliminaries

2.1 Categories
Definition 1 A category C consists of a set of objects Ob(C), a set of morphisms Mor(C), maps

Ob(C) —> Mor(C) (identity)
«—— Mor(C) (source)

Mor(C) (target)

and a map, called composition,

Mors(C) = {(f,g) € Mor(C) x Mor(C) : ft = gs} =4 Nor(c)
(f: g) — f A g

subject to the following properties.

(1) We have
1as= idOb(C)

and
iA t = idOb(C) .
(2) Suppose given (f,g) € Mora(C).

Then we have

(fag)s=1Ffs
and
(fagt =gt
(3) Suppose given f € Mor(C).
Then we have
fafti=f
and
fsiaf=1.

(4) Suppose given f, g, h € Mor(C) such that (f,g), (g,h) € Mora(C).
Then we have
(fag)ah=[fa(gah)
Notation.
» Suppose given f € Mor(C).
For X := fs, and Y := f; in Ob(C), we write X 5y or f: X=>Y
o For X € Ob(C), we write idx := X1i.
o For X, Y € Ob(C), we write ¢(X,Y) :={f € Mor(C): fs =X, ft =Y}.

7
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Remark 2 The previous properties can be rewritten as follows.

(1) Given X € Ob(C), we have
idys=Xis=X
and
idy t = Xit = X.

Altogether,
X 4% x

(2) Given X Ly 4% zim C, we obtain a diagram as follows.
Y
N
_—
X Tia VA

(3) Given X L yin C, we obtain

fti=Yi=idy = faidy = f
and
fSiZXi:idX:>idX =

(4) Given X Ly S zh B C, we have

ngAh = (ng)Ah: fA(gAh).
Example 3 Let C = Grp be the category of groups.

Then Ob(Grp) consists of all groups (in a given universe) and Mor(Grp) consists of all group
morphisms between objects of Grp.

Definition 4 Suppose given a category C.
The opposite category C°P consists of the following data.

(1) Ob(C°P) := Ob(C)
Mor(C°P) := Mor(C)

(2) iCop = ic

Scop 1= t¢
teop 1= S¢
(3) facorg:=gacf
Notation.

o Given f € Mor(C), we often write f°P := f, if we consider it as an element of Mor(CP).
So X i> Y in C is written X <—fji Y, when considered in C°P.
o Let (f,g) € Mory(C°P). Then f°P g = (ga f)°P.
In detail, f0p Acopg()p = f Acorg = (g Acf = (g Acf)()p.
Remark 5 Suppose given a category C.

Then the opposite category C°P is also a category.
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Proof. We have to verify that the opposite category fulfills the properties of Definition 1.

Ad (1). We have

leop aScop = ldcate
idop(c)
idOb(Cop)

and ' )
lecop a tcop = 1caSe
= idop(e)
idOb(Cop) .

Ad (2). We have
(facorg)scor = (gacf)tc
= ftc
= fscor
and
(facorg)tecor = (gacf)sc
= gSc
= gtcor
for (f,g) € Mora(CP).

Ad (3). We have
faconfteovicoo = facorfscic
= fscicacf
= f
and ‘ )
fScopicop aconf = fteicaconf
= facftcic
= f
for f € Mor(CP).

Ad (4). We have
(fACOpg)ACOph = (gACf)ACOph

= hacl(gacl)

= (hacg)acf

= (gacorh)acf

= f ACOp(g ACOph)
for f, g, h € Mor(C°P) such that (f,g), (g, h) € Mora(CP). O
2.2 Functors
Definition 6 Suppose given categories C and D.
A functor F' : C — D consists of maps

obie) 2. on)
Mor(C) Mor(F), Mor (D)

such that the following properties hold.
(1) (a) Ob(F)aip = ica Mor(F)
(b) Mor(F)asp = Sca Ob(F)
(¢c) Mor(F)atp = tca Ob(F)
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(2) Suppose given (f,g) € Mora(C). Then we have

fMor(F)agMor(F) = (fag)Mor(F).

Notation. We often write F' := Ob(F) and F' := Mor(F'), by abuse of notation.

Remark 7 The previous properties can be rewritten as follows.

(1) (a) Given X € Ob(C), we have
X(Ob(F)aip) = XFip =idxp

and
X(ica Mor(F)) = XicF =idx F.

So
idXF = idxF : XF — XF.

(b) Given X LY in C, we have

f(Mor(F)asp) = (fF)sp

and
f(sca Ob(F)) = (fsc)F = XF.

Altogether,
(fF)SD = XF.

(¢) Given X E g™ C, we have

f(Mor(F)atp) = (fF)tp

and
f(tea Ob(F)) = (fte)FF =YF

Altogether,
(fF)tp =YF.

With (b) and (c), we come to the conclusion that

X Lyyr=xrive.

(2) Given X Ly % Zim C, we obtain the following diagram in D.

YF
o N
XF ¥ gF ZF
=(fa1g)F

10
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2.3 Transformations

Suppose given categories C and D.

Definition 8 Suppose given functors F' and G from C to D.

A tuple a = (Xa) xeob(c) of morphisms in C is called a transformation from F to G, displayed
as

F
. /}\D’
\G_/‘
if the following properties (1,2) hold.
(1) We have XF 2% XG for X € Ob(C).
(2) The quadrangle
xFr —X . x@
IF Q iG
YF —a YG

commutes for X i> Y in C.

Remark 9 The commutativity of the quadrangle from property (2) of Definition 8 means that
XaAfG = fFAYCL,

forXLYinC.

Remark 10 Suppose given F = G 5.
Then asb:= (Xaa Xb)xeon(c) is a transformation from F' to H.

So we have

X(aAb) = Xais XD
for X € Ob(C).

Remark 11 Suppose given a functor F': C — D.
Then we have the identity transformation idr := (idxr) xeob(c)-
So we have X idp = idxp for X € Ob(C).

XFp —xr  xp

IF Q) /P

YF — YF
idyr

Definition 12 We write [C, D] for the category of functors from C to D.

The set of objects Ob([C, D]) consists of the functors from C to D.

The set of morphisms Mor([C, D]) consists of the transformations between such functors.
Composition and identity are those given in Remark 10 and Remark 11.

11
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2.4 The simplex category

Definition 13 The simplex category A has Ob(A) := {[n] : n € Z>o}, where [n] = [0,n] is
considered as a linearly ordered set.

The set of morphisms Mor(A) consists of all the monotonic maps between these objects.

Notation. For n € Z>q, we write [n] := [0, n].

Definition 14 Suppose given n € Z>.

For i € [0, n], we let

3:n—1 — [n]
1 i ielin—1
S [arri Geiney
joif jelo,i—1.

So &} is an injective monotone map from [n — 1] to [n] with [n — 1]07 = [n]\{i}.
So (87)°P is a morphism in A° from [n] to [n — 1].

For i € [0,n], we let

ol:[n+1 — [n]
S [imvt gelivia)
j it jelo,d].

So o is a surjective monotone map from [n + 1] to [n] with io}' = (i 4+ 1)o} = i.

So (o07)°P is a morphism in A°P from [n] to [n + 1].

Remark 15 The morphisms in the simplex category A defined in Definition 14 satisfy the
following relations.

Suppose given n € Zxg.
(1) 87 a8t =87 u87™! fori € [0,n], j € [1, n+ 1] such that i < j
(2) &t 0} = O'?__ll 20 for i € [0, n+ 1], j € [1,n] such that ¢ < j
(3) 87 a0f =idyy, for i € [0,n+ 1], j € [0,n] such that i € {j, j + 1}

(4) 87" uoh =07t as) fori €[, n+1], j € [0,n] such that i > j+1

(5) op ' uol =o't uop for i € [0, n+1], j € [0,n] such that i < j

Proof. This follows e.g. from [4, Def. 1.1]. O

Remark 16 Every morphism « : [m] — [n] of the simplex category A can be written as a
composite
m—1 m—k Aé'z(Ll—l—l—l e ‘52

Oé:(le A"'A(ij

for some k € [0,m] and [ € [0,n] such that m — k = n — [ and for suitable j, € [0, m — a] for
a € [1, k] and suitable ¢, € [0, n — [+ b] for b € [1,1].

12
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2.5 Groups

2.5.1 An induced action

Lemma 17 Suppose given a group G.
Suppose given subgroups M, N, P < G with M < G, N <G, P < N and [M,N] < P.
Then we have the group morphism
v:G/M — Aut(N/P)
gM — (nP+— nIP).

We often write (nP)9™ := (n)((gM)y) =nIP forn € N and g € G.
Proof. We have the group morphism

7% :G — Aut(N)
g — (n—mnd).

We claim that for g € G there is a unique group morphism gy, : N/P — N/P such that

NP —  N/P

P O p

N T N .
In fact, we have
(P)(gw)p = (P9)p
P<G
= ln/p,

so that there exists a unique group morphism gv; making this quadrangle commutative.
This proves the claim.
For n € N and g € GG, we have

(nP)(gm) = ((n)p)(gm)
= ((n)(970))p

= nIP.
We have 1v1 = idy/p.
For g, § € G, we have
(9 9 =g1nagm,

since for n € N, we obtain
(nP)((g- g)n) =n?IP

and } 3
(nP)(gn1agmn) = (n'P)(gm)
= ()P
which is the same.
In particular,
gnagn = (9-9 Im
= 171
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and

g agn = (9 -9m
1,

idyyp,

so that gy1 € Aut(N/P).

Moreover,
m:G — Aut(N/P)

g — (971 :nP— nIP).

is a group morphism.

To show that there exists a unique group morphism v : G/M — Aut(NN/P) such that

G/M —X— Aut(N/P)
T /

commutes, we have to show that M~y = 1.

Suppose given m € M. We have to show that my; = 1 =idy/p.

In fact, we have
(nP)(mm) = (n™)P
= nP

for n € N, because n™n™ =n"m " nm = [n,m] € P.

So ~ uniquely exists as described.

Then (gM)~y = gpy = gy1 maps nP to (nP)(gv1) = nIP, as stated in the lemma. O

2.5.2 An induced isomorphism on the automorphisms groups

Remark 18 Suppose given a group isomorphism

q:G — H.

Then we have the group isomorphism

§:Aut(G) — Aut(H)
o li) g axaq

q
qABAqi <1 5

2.5.3 Semidirect products

Definition 19 Suppose given groups H and K.

Suppose given a group morphism

v:H — Auwt(K)

h s (hy:k— k(hy) = k).

The semidirect product H x, K = {(h,k) : h € H, k € K} of H and K with respect to y carries

the multiplication (h, k) - (h, k) :=
Notation. We often write H x K := H x, K.

14

h- h, k" k), where (h, k), (b, k) € H x K.
Y
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Lemma 20 The semidirect product H x K is a group.
Proof. Suppose given (a,b), (c,d), (e, f) and (h,k) in H x K. Then we have

((a7 b) ’ (C7d)) ’ (evf) =

(

(a (bcd) )
(ace, b°ede f)
(
(

a. ).(Ce @ f)
a.b)- ((e.d) - (e, f))

and

(h,k)- (1,1) = (h-1,k'-1)

Furthermore, we have

(hok)- (W=, (k7)") = (hh™ K" (k7))
(hh™, (kk=)"")
(1,1).

So the multiplication on H x K is associative with the neutral element 1,k = (1,1) and the
respective inverse element (h, k)~ = (h=, (k7)""). O

Lemma 21 Suppose given groups H and G and the following commutative triangle of group
morphisms.

G
s d
H e H
Let K :=ker(d) < G.
We have the group morphism
v:H — Aut(K)
h s (hy:k— kM= k")

We consider the semidirect product H x K := H x, K.

So we have the group isomorphism

p:Hx K — (G
(h,k) > hs-k,
with inverse
-G — HxK
g — (gd,g7ds- g).

Proof. The map ~ is a group morphism as the composite of the group morphisms

H % G — Aut(K)
g +— (k—k9).

Suppose given h,h € H, k. k € K and ¢,§ € G.

15
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Then we have

I

—
5=
S S

SN—
® %
5

=
GRS
e

Moreover, the claimed inverse ¢~ has

gp = (9d,g" ds-g)

with
(g-ds-g)d = g dsd-gd
= 1,
ie. g ds-ge€ K.
It yields
(h,E)(pap™) = (hs- k)(p7)
= ((hs- k)d,(hs- k)~ds- (hs- k))
= (hsd- kd,(hsds- kds)™ - hs- k)
= (h,(hs)” - hs- k)
= (hv k)
= (h,k)idgxk
and
(@)~ ap) = (9d,g7ds- g)p
= gds- g ds-g
= gds- (gds)” - g
= ¢g=gidg.
So
gDAgo_l =idyxk
and

o lip=1idg.
O

Lemma 22 Suppose given groups H and G and the following commutative triangle of group
morphisms.

H

Let K :=ker(d) < G.

Then we have the group isomorphism

¢:G/K — H
gk +— gd,
with inverse
¢ :H — G/K
h —— hsK.

16
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Proof. Since K = ker(d), the injective group morphism ¢ exists as claimed in the assertion.
As the morphism d is surjective, also the morphism ¢ is surjective.

For h € H, the claimed inverse ¢~ yields

(M) ap) = (he7)p

= (hsK)g
= hsd
= h
= hidg.
So ¢~ ap =idy and thus ¢~ is in fact the inverse to . O
2.6 Crossed modules
Definition 23 Suppose given groups M and B.
Suppose given a group morphism
v:B — Aut(M)
b — by.

We write
by: M — M
b

m +— m(by) = m”.
We have (mm)? = mb - mb and mbb = (mb)i’ for m, 7 € M, b, b € B.
Suppose given a group morphism f : M — B.
Suppose the following properties (CM 1, 2) to hold.
(CM 1) (m®)f = (mf)® form € M and b € B.
(CM 2) m"™ =m™ for m, n € M (Peiffer identity).
Then the quadruple
(M, B, 7, f)
is called a crossed module.
Notation. We often write just (M, B) to denote this crossed module.
Example 24 Suppose given a group B and a normal subgroup M < B with the inclusion

morphism
f:M— B:m—m.

We have the morphism

v:B — Aut(M)
b — (m—mb),
given by conjugation in B.
Then
(M7 B? 7’ f)

is a crossed module.

17
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Proof.
Ad (CM 1). Suppose given m € M and b € B. Then we have

(mh)f =

= (mf)".

Ad (CM 2). Suppose given m, n € M. Then we have

m" =m".
O

Example 25 Suppose given abelian groups M and B.
Suppose given a group morphism

f:M— B.
Let

v:B — Aut(M)

Then

(M7 B? ’Ya f)
is a crossed module.
Proof.
Ad (CM 1). Suppose given m € M and b € B.
Then we have )

(m)f = mf
= (mf)"
Ad (CM 2). Suppose given m, n € M.
Then we have
mt = m
= m"f,
O

Definition 26 Suppose given crossed modules (M, B, ~, f) and (M', B, v/, f').

Suppose given group morphisms p: M — M’ and §: B — B’ such that f. 8 = pa f’ and such
that (m®)p = (mu)? for m € M and b € B.

M—7 B

" Q) 8

M/ f, B/

Then we call
(, B) : (M, B, v, f) = (M', B, +, f)

a morphism of crossed modules.

18
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Remark 27 Suppose given morphisms of crossed modules
(M, B, v, /) &% (0 B o, ) L (i B A ),

Then the composite
(1 B)a (W, B') = (nap, Baf)
is a morphism of crossed modules from (M, B, v, f) to (M", B, ~v", f").

Proof. We have

Suppose given m € M and b € B. We have
(M) (pap!) =

b3)8’
b(Baf).

I
~ A~~~

Remark 28 Suppose given a crossed module (M, B, v, f).
Then its identity, given by

id(M,B,'y,f) = (ldMaldB) : (M7 Ba Y, f) - (Mv B7 Y, f)
is a morphism of crossed modules.

Remark 29 We have the category of crossed modules, written CriMod .

It has crossed modules as objects and crossed modules morphisms as morphisms; cf. Definition 23
and Definition 26.

The composite of morphisms is described in Remark 27.

The identity on an object is described in Remark 28.
Remark 30 Suppose given a morphism of crossed modules

(1, B): (M, B, v, f) = (M', B', o/, f').

Then (u, ) is an isomorphism in CrMod if and only if © and 5 are group isomorphisms.
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In this case, we have (i, 8)”™ = (=, 57) in CrMod .

Proof. 1t suffices to show that if ;4 and S are group isomorphisms, then

(w=, B7) (M, B', o/, f') = (M, B, v, f)

is a morphism of crossed modules.

We have
poaf = pafaBafp”
= papafafB”
NN
Suppose given m’ € M’ and V/ € B'.
Then we have ) L
(m )= = (') P
= ((m'p")"7 Yy
(m'u)"P.

Example 31 Suppose given M < B < B and M < M' < B’

Then we have the crossed modules (M, B, v, f), (M', B', v/, f") where f, f" are the inclusion
morphisms and ~y, 4/ are given by conjugation, (m)(by) = m® and (m/)(b'y') = m*, where
meM,be B,m'e M andV/ € B'.

Cf. Example 24.
We have inclusion morphisms p: M — M’ and 8 : B — B’ with f.3 = pua f'.

Then

(1, B)+ (M, B, v, f) = (M', B", v/, f')
is a morphism of crossed modules.
Proof. Suppose given m € M and b € B.

Then we have
(M) = m

[
3
P
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Example 32 Suppose given crossed modules (M, B, v, f) and (M’', B', v/, f"), with M, M’,
B, B’ abelian groups, as in Example 25.

So we have the trivial group morphisms
v:B — Aut(M)
b — id M

and
v B — Aut(M')
b idyyr .

Suppose given group morphisms p : M — M’ and § : B — B’ such that f.3 = paf’ for
m € M.

Then

(1, B): (M, B, v, f) = (M', B', ', ')
is a morphism of crossed modules.
Proof. Suppose given m € M and b € B.

Then we have )
(m”)p = mp
= (mu)".

Remark 33 Suppose given a crossed module (M, B, v, f).
Suppose given group isomorphisms M —— M’ and B B

Let f/ ::,u*AfAB:M’—>B’.

Let v/ := " ayaji: B — Aut(M’); cf. Remark 18.

B —1 5 Aut(M)

B2 2

=

B —— Aut(M')
v

(1) Then (M', B, «/, f) is a crossed module.
(2) Moreover, (u, 3) is an isomorphism of crossed modules from (M, B, v, f) to
(M, B, ).
Proof.
Ad (1). We have to show that (M’, B’, ', f') is a crossed module; cf. Definition 23.
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Ad (CM 1). Suppose given m’ € M’ and b’ € B'. Then we have

(m/b’)f/

~

~— ~— ~— —

YN
(V(B7ayafm)f
OB~ v) f
(=B yap)f

~

/

!/

B~ f
(0B~ y) ) (e
V'8~ 7)fB
A fB
“HYE)B

YRy

~ ~ ~

?tttt

)
)
)

~ N N N N N N /S

3.3 3 3 33 3 3 8

Ad (CM 2). Suppose given m’, n’ € M'. Then we have

gl
m/nf

Ad (2). We have to show that (u
Remark 30.

We have

paf!

Ta(MpT fy)ap)
) uT f)p
)M N
)M )
MRS

pap” afap
fap.

Suppose given m € M and b € B. Then we have

(mu)

b3

22
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3 Simplicial groups and |2, 0|-simplicial groups

3.1 Simplicial groups

Definition 34 A simplicial group is a functor G' from A°P to Grp.
A morphism of simplicial groups is a transformation between such functors.

We denote the category of simplicial groups by SimpGrp := [A°P, Grp].

Definition 35 Suppose given a morphism G 2 H of simplicial groups.
For k > 0, we write Gy, := [k]G and ¢y, := [k]p : G, — Hj. So ¢ = (pn)nz0: G — H.

The face morphisms are diG’n = (87)°PG from G, to Gy—1, where n € Z>; and i € [0,n].
G.n

;= (07)°PG from Gy, to Gp41, where n € Zxg and i € [0, n].
Gn

i

The degeneracy morphisms are s
We often write d; := diG’” and s; :=s
Remark 36 Suppose given simplicial groups G, H and for n > 0 a group morphism
on Gy — Hy.
Then the following assertions are equivalent.

(1) The tuple (¢n)n>0 is @ morphism of simplicial groups.

(2) We have the commutative quadrangles

©
G, ———— H,
d.G’" O dH,n
i i
] > _
Gn 1 Pn_1 Hn 1

forn > 1 and i € [0,n] and

for n >0 and j € [0,n].
Proof. Ad ((2) = (1)). Suppose given a morphism « : [m] — [n] in A.
As we know from Remark 16, o is a composite of morphisms of the form o; and ;.
Therefore, G, := a®PG is a composite of morphisms of the form (T?pG =s; and §;PG = d; .

Likewise for H,,.
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So the quadrangle

Gn—>Hn
o o ]
Gm—>Hm

commutes as a composite of commutative quadrangles.
Therefore ¢ = (¢n)n>0 : G — H is a morphism of simplicial groups.

Ad ((1) = (2)). Assertion (2) is a special case of (1) because of

= sra
" = sl
SJG’" = oG
sf’n = o"H.
Cf. Definition 8. 0

Example 37 We consider the composites

54483
and
51483
and we see that they both map 0 to 1:
2 2
1——1 1 1
0 0——0 0——0 0

So we have
55403 = 81402

This means
(83)°P 4 (80)°P = (85)° 4 (87)P.

So for a simplicial group G : A°? — Grp, we obtain
doadyp = (83)°PG.(85)°PG
51

(82)°°G 4 (8})°PG
= dpad;.

Remark 38 The face and degeneracy morphisms satisfy the following relations.
Suppose given n € Z>q and a simplicial group G : A’ — Grp.
(1) d?’nﬂ 2 A = gt dG” for i € [0,n], j € [1, n+ 1] such that i < j
(2) SJG’” s d,L»G’nJrl = dZ-G’n G" Yfori € [0, n+1], j € [1,n] such that i < j
(3) SjG’n s diG’nJrl =idg, for i e [0,n+1], j € [0,n] such that i € {j, j + 1}
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(4) s w AP = A w s for i€ [1, n+ 1], j € [0,n] such that i > j + 1

J

(5) SJG’” 2Ot = O sfjﬁ“ for i € [0, n+ 1], j € [0,n] such that ¢ < j
Proof. This follows e.g. from MAY [4, Def. 2.1, Def. 1.1]. O

3.2 |[2,0/-simplicial groups

Definition 39 Suppose given groups Gy, G1 and Gs.

Furthermore, suppose given the following group morphisms.

G2 G2 G2 .
Sg’l,slG’l :G1 — G
a1 alt e - Gy
SOG’0 :Go — Gh
We display these data as follows.
G,2
RN
51G’1 d?’l
dG,2 SG,O
Gy — G Go
sg;’l dg;’l
G,2
dO
—_—
Suppose that the conditions (1,2) hold.
(1) We have
Go Gl .
SO A dO == ldGQ
GO0 LG .
so. ady idg,
G,1 G,2 .
SO A dO 1dG1
a1 G2 )
SO A dl ldGl
SN b ide,
a1 G2 .
Sl A d2 ldGl
G,1 G,2 G,1 G,0
SO A d2 d]. A SO
G,1 G2 G1 GO
G2 G,1 G2 G,1
G2 G,1 G2 G,1
G2 G,1 G2 G,1
GO0 Gl G0 G
SO A SO — SO A Sl .
(2) We have
[ker dOG’Q, ker df’2 Nker d2G,2] =1
[ker le’z, ker dOG’2 N ker dg;,z] =1
[ker d5?, ker dOG’2 Nkerd{? = 1.
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Then we call
G2 G2 G2 Gl Gl G1 4Gl GO
G = (GQ, Gl, GO, do 5 dl 5 d2 5 SO 5 bl 5 dO 5 dl 5 bO )

a |2,0]-simplicial group.

Often, we write the face morphisms d; := diG’" for n € [1,2] and ¢ € [0,n] and the degeneracy
morphisms s; := siG’" for n € [0,1] and i € [0, n].

Definition 40 Suppose given |2,0]-simplicial groups G and H and a tuple of group morphism
¥ = (‘Pn)nELZ,OJ-

Then ¢ is called a morphism of |2,0]-simplicial groups if

©
Gy ————— H,

G, H,
g ®) attn
4 — _

Gn 1 On_1 Hn 1

for n € [1,2], i € [0,n] and

Gn+ 1 Pn+1 Hn+ 1

for n € [0,1], 7 € [0,n].
Remark 41 By Definition 40, the morphism ¢ = (¢2, ¢1, o) : G — H of |2,0]-simplicial

groups satisfies several commutative quadrangles, such as the following ones, highlighted in
dashed arrows.

d2 d2

—_— —_—
S1 S1

<----- —
d1 d1 dl dl
S S S S

G2 +—— G —— Gy Gy +—— G +—— Gy

do do _do o p o,

5 0 P etc
2 1 0 2 1
12 } O P @ ) P 12 | O ®0 )
I I
i d2 d1 d2 i dl
v v
S S S S
H2 <~*l"* H1 # H() HQ ! H1 0 H[)
dq do di do N
S0 S0
— —
do dO
— —_—

Remark 42 Suppose given morphisms of |2, 0|-simplicial groups ¢ = (¢n)ne|2,0 : G — H and
¢ = (Pn)nelz0) : H = K.
Then the composite

Pay = (Pna@p)ne20: G — K

is also a morphism of |2, 0]-simplicial groups.
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Remark 43 Suppose given a |2,0]-simplicial group G.
Then its identity, given by
idg = (idg,, idg,, idg,) : G — G,

is a morphism of |2,0]-simplicial groups.

Definition 44 We have the category of |2,0]-simplicial groups, written|2,0|-SimpGrp.

It has [2,0]-simplicial groups as objects and |2, 0]-simplicial group morphisms as morphisms;
cf. Definition 39 and Definition 40.

The composite of morphisms is described in Remark 42.

The identity on an object is described in Remark 43.

3.3 From simplicial groups to |2, 0|-simplicial groups

3.3.1 The construction for the object

Some of the arguments in this § 3.3.1 I have learned from [6].

Suppose given a simplicial group G.

Definition 45 Let GNj := () kerd"* 9 Gy, for k > 0.
1€[1,k]

So e.g. GNg = Gy and GN; = ker df’l.
Note that for g € GNy and j € [1, k — 1], we have

gdod; = gdjt1do
= 1-dp
= 1
So gdg € GNp_1.
GN GNg_1
Let 6, = 0y :=do |¢y, - Then
S GNe 2 oNL S ON 2L N GNy = 1
x > Tipa1
is defined to be the Moore complex of G.

We have
Top110r = xdodp

= zdidp
= 1.

for x € GNg41, so that GN is in fact a complex of groups.
Remark 46 Suppose given g € GN3 and z € Gb.

Then (gdp)* is an element of (GN3)ds.

So GNBj := (GN3)d3 < Gs.

Proof. We have

gdo)msodo

T Sq do)_ . (gdo) . (J,‘SO d())
z”s0do) - (g9do) - (zs0do)
(7 s0) - g+ (ws0))do
(s0)” - g+ (zso))do

(gdo)® =

I
NN N SN S
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We have (¢”%0) dy € (GN3)dy because, for j € [1, 3], we have

(9°%)d; = ((xso)” - g- (xs0))d;
(xsod;)™ - (9dj) - (zsod;)

= (3780 dj)_ -1 (.CCSO dj)

= 1.

Remark 47 Suppose given i € [0, 2].
Let
~GL2
di : GQ/GNBQ — Gl
gGNBy +— (gGNBo)d\"? := gd%?.
This is a well-defined group morphism since (GNB3) diG’2 =1

In fact, given g € GN3 and thus gds = gdg’3 € GNBj, we obtain

G,3\ 1G.2 G3 G2
(9dy™”) d; = gd;}7dg
145
= 1.

~G,2
Note that p&ad;,”” = d-G’2, where p& : Go — Go/GNBy is the residue class morphism.

7

Definition 48 We write
Gax = [ kerd{"® < G3
i€X
for X C {0, 1, 2, 3}.
We usually omit the set-braces of X when used as an index.
For example we write G'3,1 = Gg;{l}, G3.123 = G3;{1’273}, etc.
Note that for Y C X C {0, 1, 2, 3}, we have G3 x < G3y.

Remark 49 We have a3
GNBy = (G31,23)dy”

= (G3o23)d]”
= (G30.13)d5".

Proof. We shall make frequent use of Remark 38 and Definition 48.

We write Koy := (G3.12.3) do, K1 := (G3,02.3)d1 and Ky := (G3,0,1,3) da.

We show K é K.

Suppose given a € G3.123 < G3.

So we have adg € (G3;1,2,3) do = Ko < Ga.

Let z:=a= - adgsg € G3.

We have
zdg = (a” - adgsg)do = (adg)™ - adpspdg = (adp)™ - adp =1
zdy = (a” - adpsp)da = (ade)™ - adgspd2 =1- adpdisp =adadpsp =1dpsy =1
zdg = (a” - adgsg)ds = (ad3)™ - adpspds =1- adpdesyg =adsdgsp = 1dgsp = 1.

So z € G3;07273.
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And we also have
zdp = (a_- adoso)d1
= (adl)_ . adosod1
= ado .
This shows adg = zd; € (G3;0,273) d; = Kj.

So
Ko < K.

We show K ; K.

Suppose given b € G3,023 < G3.

So we have bd; € (G3,0,2,3) di = K1 < Ga.
Let z* := b~ - bdysg € Gs.

We have

z*dy = (bi - bdy S()) d; = (bdl)f -bdispds = (bdl)f -bdy =1
2*dy = (b_ - bdy Sg)dg = (bdg)_ -bdispdes =1-bdidisg=bdadisp=1dysg=1
z¥dg = (bi . bdls(])dg = (bd3)7- bdispdg =1-bdidasy =bdgdisg =1dysp = 1.

So z* € G3;17273.

And we also have
z¢dy = (b_ - bdy S()) dg
= (bdo)_' bdy spdg
= bd;.
This shows bd; = z*dg € (G3;1,2,3) do = Kp.

So
Ko > K.

We show K £ K.

Suppose given ¢ € G3,023 < G3.

So we have cd; € (G3y0,2,3) di = K1 < Ga.
Let z** :=¢™ - c¢d; 81 € Gs.

We have

2 dg = (Cf- Cdlsl)do = (Cdo)f -cdysidg=1- edydgsg =cdgdgsg =1dgsp =1
2"dy = (¢ - edysy)dy = (edy)” - edisidy =(cdy)” - edy =1
2 dg = (Ci - cdy Sl)dg = (Cd3)7 -cdysidg =1-c¢didos; =cdgdysy =1dys; = 1.

So z** € G3;0’173.

And we also have
z2*dy = (C_ - edy Sl) ds
= (Cdg)_' Cd181d2
= Cd1 .
This shows cd; = 2**dy € (G3;0,1,3) dp = K.

So
K1 < Ks.

!
We show K1 > K.
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Suppose given d € G3.0,1,3 < G3.

So we have ddy € (G3,0,1,3) d2 = K2 < Ga.
Let z*** :=d~ - ddas; € Gjs.

We have

2% dy = (d_ . ddzsl)do = (ddo)_ - ddgsidg=1-ddadgsg =ddgdisg=1dysg=1
2% dy = (di . ddQSl)dQ = (ddQ)i - ddgsydy = (ddQ)i -ddy =1
2¥*dg = (d_ . ddgsl)dg = (ddg)_ -ddgsids =1-ddydasy =ddsdos; =1dgsy = 1.

So z*** ¢ G3;072,3.

And we also have
2*d; = (d”-ddgsy)dy

(ddl)f - ddosyd;

= dds.
This shows ddy = 2***d; € (G3,023)d1 = K.
So
K > K.
Altogether, we have
Ky = Ky = K.

Remark 50 The following equations hold in G's/GNB,;.
(1) [ker aOG’Q, ker 3?2 N ker ZﬁQ] =1
(2) [ker 310,2, ker (VioG’2 N ker 5152] =1
(3) [ker 65’2, ker (ViOG’2 N ker Elfz] =1

Proof.

Ad (1). Suppose given x = gGNBy € G2/GNB3 with 1 = xag’2 = (gGNBg)cvlg;’2 = ngG’Z, where
g € Go.

Suppose given y = hGNBy € G3/GNBy with 1 = yalG’2 = (hGNBQ)(Vi?’2 = hdlc’2 and with
1= yd5"" = (hGNB2)dS™” = hd$2, where h € G
We have to show that [x,y] = [§GNB2, hGNBs| = [g, h]| GNB, L lg, - GNBas.

!
This means that we want to show that [g,h] € GNBy = GN3dg = (G3,12.3) do = (G3,0,2,3) di;
cf. Remark 49.
Let ¢ := [gs1, hso] € G3. We have

Cdo = [gSl, hSO] do = [gSl do, hSOdo] = [gdoSo, h] = [180, h] =1
Cd2 = [931, hSU] d2 = [gsl d27 hSOdQ] = [ga hdl SO] = [gv 180] =1
Cd3 = [gSl, hSD] d3 = [gSl d3, hSO dg] = [gdg S1, hd2 So] = [gdg S1, 180} =1.

Soce G3;0,273.

And we also have
Cdl = [gSl, hSO] dl

= [gsidy, hsody]
= [g,h].

This shows [g, h] = c¢d; € (G3,0,2,3) d1.
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Ad (2). Suppose given x = gGNBy € G2/GNB3 with 1 = :zzcvlf2 = (gGNBg)af’2 = gd?’Z, where
g € Gs.

Suppose given y = hGNBy € G3/GNBy with 1 = y(V:IOG’2 = (hGNBg)(ViOG2 = hdg’2 and with
1= yd5"" = (hGNB2)dS"” = hd$2, where h € G
We have to show that [z,y] = [§GNB2, hGNBy| = [g, h| GNBy = lg, - GNBs.

!
This means that we want to show that [g,h] € GNBy = (G3.123)do = (G3:0,2,3) d1; cf. Re-
mark 49.
Let ¢ := [gso, hsi] € G3. We have

cdo = [gso, hsi]do = [gsodo, hsi1do] = [g, hdoso] = [g, 1s0] =1

Cd2 = [gso, hSl] dQ = [gSon, hSl dQ] = [gdlso, h] = [180, h] =1

cds = [gso, hsi]d3 = [gsods, hsids] =[gdaso, hdasi] = [gdasi, 1si] = 1.
Soce€ G3;1,273.

And we also have
Cd1 = [gSo, hSl] d1
lgsodi, hsidi]

- [gvh]‘

This shows [g,h] = cd; € (G3,0,2,3) di.

Ad (3). Suppose given x = gGNBy € G2/GNBg with 1 = x&é” = (gGNBg)CVIQG’2 = gd2G’2, where
g € Gs.

Suppose given y = hGNBy € Ga/GNBy with 1 = ydy” = (hGNBp)ds” = hdS? and with
1= yd¥” = (hGNB2)dS” = hd%2, where h € .
We have to show that [z, y] = [§GNB2, hGNB3| = [g, h| GNBy < lg, - GNBas.

|
This means that we want to show that [g,h] € GNBy = (G3.123)do = (G3,0,1,3) d2; cf. Re-
mark 49.

Let ¢ := [gs1, hse| € G3. We have

cdg = [gs1, hsa]do = [gs1do, hsado] = [gdoso, hdosi] = [gdoso, 1s1] =1
cdy = [gs1, hso]di = [gs1dy, hsadi] = [g, hdisi] =[g, 1s1] =1
cds = [gsi, hsa]ds = [gsi1ds, hsads] = [gd2si, h] =[1s1, A] = 1.

Soce G3;07173.

And we also have

Cd2 = [gsl, th] d2
= [gs1da, hsydo]
= [97 h]
This shows [g, h] = c¢da € (G3,0,1,3) da. O

3.3.2 The construction for the morphism

Remark 51 Suppose given a morphism of simplicial groups ¢ : G — H.

Consider the residue class morphisms
pG : G2 — GQ/GNBQ
g — gGNBy
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and
H Hy —» HQ/HNBQ

h +— hHNBa,.
Consider the diagram
Gy — 2 Hy

of D

G2/GNBy H,/HNBs, .

We have
(GNBy)(p24p%) =1,

since given g € GN3, we obtain, for j € [1, 3],

(9p3)d; = gdjp2
= 1 . @2
= 1,

i.e. gp3 € HN3, hence gp3d3 € HNB9 and thus

(993)(p2ap™) = gdgpap®
gps do pt?
= gpsdsp
= 1.

Therefore, there exists a unique group morphism @ : Go/GNBy — Hy/HNBs such that

Gy —2 — Hy

o] L

GQ/GNBQ 7 H2/HNB2

cominutes.

In particular, for g € Gy we have (§GNB2)p2 = (gp2) HNBs.

32



Chapter 3: Simplicial groups and |2,0|-simplicial groups

3.3.3 The truncation functor

Definition 52 We shall define the following functor.

Trunc := Trunc|y o) : SimpGrp — |2, 0]-SimpGrp

G G Trunc
ij — ij Trunc
H H Trunc

(1) Suppose given a simplicial group G. Let

(GTrunc)y := Gy
(GTrunc); = G
(GTrunc)e := G9/GNBas.

(a) Let diGTmnC’1 = diG’1 : (G Trunc); — (G Trunc)y for i € [0, 1].
(b) Let s§ ™0 .= s&0 . (G Trunc)y — (G Trunc);.
(¢) Suppose given i € [0,2].

Let
dZ}C’VT”mC’2 = (v:'liG’2 : (GTrunc)s — (G Trunc)y
gGNBy +— (gGNBy)df "% .= gdf?.

Cf. Remark 47.
(d) Suppose given j € [0,1].
Let

SJC,’”P””“”1 = st’l +p%: (GTrunc); — (G Trunc)y
g '_> gSfTrunc,l e (g SJC?J)GNBQ

(e) We verify condition (1) from Definition 39 for the face and degeneracy morphisms of
G Trunc.
(i) Suppose given 0 < i < j < 2.
We have
run run < G2
pGAdJGTuc,QAdiG’Tuc,l _ pGAdj AdG’l

G2 G

Because of the surjectivity of p@, we get

deTrunc,2 R diGTrunc,l _ dZG Trunc,2 R de_Tlrunc,l )

(ii) We have
G Trunc,0 G Trunc,1
S A S

o G,0 G,1 G
0 0 = 59 45

ap
G,0 G,1 G
SO A Sl A p
G Trunc,0 G Trunc,1
— SO A Sl .
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(iii) Suppose given ¢ € [0,2] and j € [0, 1].

We have oo
G Trunc,1 G Trunc,2 G,1 G,
s; Ol ady Tt = s apYad;
Q1 G2
= Sj A dz .
So G G G
s Trunc,1 d Trunc,2 _ 1 d
d? 1 A SOG 0
_ d? Trunc,1 R Sgv'Tlrunc,O
and GTrunc,l G Trunc,2 G 1
Sl unc, d runc, — d
dG 1 G 0
- dG Trunc, 1 G Trunc,0
= A SO .
If i —j € {0,1}, then
GTrune,l  GTrunc,2 Gl G2
S] unc R dl unc — SJ N d’L
= idg,
= id(G’Trunc)l .
(iv) Suppose given i € [0,1].
Then we have
G Trunc,0 G Trunc,1 G 0 G 1
= 1dG0
= id(G’TrunC)o .
Condition (2) of Definition 39 holds by Remark 50.
Because of (e) we may define G Trunc as
G2
dy
_
S?’l N pG d?’l
aG,Q SG’O
G2/GNBy : Gy — Go.
sg’l N dg;’l
~G,2
do
_
(2) Suppose given a morphism of simplicial groups G = H.
Let (¢ Trunc)g := ¢p : (G Trunc)g — (H Trunc)g.
Let (¢ Trunc); := ¢; : (G Trunc); — (H Trunc);.
Using Remark 51, we let
(¢ Trunc)g := @3 : (G Trunc)e — (H Trunc),
gGNB2 — (gGNBz)@Q = (gth)HNBQ.
For ¢ € [0,2] we have
_ “Hp2 «H,2
pagaad;” = paapfad;
H,2
©2 a dl- ’
= diG’2 A1
« G2
= pG A di A Q1.
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Because of the surjectivity of p@, we get

Goadi? = 57
Suppose given i € [0,2] and j € [0, 1].
Then we have the following.
(a) (¢ Trunc)ga dH Trune2 _ 504 (?1?’2 = (ViZG’2 NS diG Trune2 (o Trunc),
(b) (¢ Trunc)a HTrunC L=y df’l = de’l s = d]GTmnC’1 s (¢ Trunc)g
(c) (¢ Trunc)y a SH Trune,l — 0 SH’1 2t = SJG’I spoapt = SJG’1 i pCagy = SJC-;T“mC’1 s (p Trunc)sy
(d) (¢ Trunc)oa sgt 70 = o a b0 = 50 Loy = s§T0 | (o Trunc),

So ¢ Trunc is a morphism of |2, 0]-simplicial groups; cf. Definition 40.

dy dy

Ga/GBNy &2 G 2 Gy
do do

2 ®1 %o

da di

Hy/HBNy &2 [ 2 [,
dy do

SO a p
—

do
—

(3) Suppose given a simplicial group G and morphisms of simplicial groups G S HESK.

Then we have
(a) (1dG) Trunc = 1d(G Trunc)

(b) (pa¢’) Trunc = ¢ Trunc a1 ¢’ Trunc.

So Trunc : SimpGrp — |2,0]-SimpGrp is a functor.
Proof.
Ad (3.a). For n € [0,1] we have
(idg Trunc),, = (idg)n
idg,
id(GTrunc),, -

Cf. Remark 43.

Moreover, we have

(idg Trunc)e = (idg)2

idg,

= idg,/GNB,
= ld(G Trunc), *
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Ad (3.b). For n € [0, 1] we have

((pa@) Trunc)y = (pa@)n
= Pnai
= (¢ Trunc), a (¢’ Trunc),,.

Cf. Remark 42.

Moreover, we have
((pay’) Trunc)y = (p24¢))
= (P249h)
because of
POalpaah) = (p2aph)ap”
p2a(phap™)
©2 4 (p" 2 Bh)
(p2ap™) sy
(P 2 P2) 2 By
= p%u (P24 5h)

and the surjectivity of pC. O
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4 Decomposing a |2, 0]-simplicial group via
semidirect products

Suppose given a |2,0]-simplicial group G.

Definition 53 We write

(1) Gr.x :== ) kerd"* <&y
1€X

(2) GQ;Y = ﬂ kerd?z d GQ
€Y

for X C {0, 1} and Y C {0, 1, 2}.
We usually omit the set-braces of X and Y when used as an index.
For example we write G1,1 = G101}, G2,0.2 = Ga2.40,2), €te.

Note that for X' € X C {0, 1} and Y’ C Y C {0, 1, 2}, we have G1 x < G1 x’ and Gay < Gay.

Remark 54 The condition in Definition 39.(2) reads

(G20, G2.12] = 1
[Ga,1, Goo2] = 1
[G2.2, G201] = 1.

Lemma 55 Let ¢g :=idg, : Go — Go.
We have the group morphism

Y1 :Go — Aut(Gl;l) ‘
g — (gom1: 91— g7 :=g{"™)

and we consider the semidirect product Go %, G1,1.
Then we have the group isomorphism

©1 - Go Xy Gl;l — G
(90,91) +— goso- g1,

with inverse
¥Y1 :G1 — Go D<71 Gl;l

g1+ (g1d1,g9; diso-g1)
We have the group morphism

75’ . G1;1 — Aut(G2;1,2) .
g — (17g 92— 93 =g5"™")

and we consider the semidirect product Gy,1 x Y Aut Ga.1 2.
We have the group morphism
v2 : Go Xy, G11 —  Aut(Gra X g1 Ga.1.2)
(d1, 92)(90791)

(90,91) +— (90, 91)72 1 (G1,92) = | == (g]*> 9", gy sg° 0% 9™
gl 8303031'9151 .gélososl'glsl)
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and we condider the semidirect product (Gg X, G1;1) X+, (G1:1 X g Ga.1.2).
Then we have the group isomorphism
P2 1 (Go Xy, G1i1) Xqp (Gri1 Xy Goa2) — G2
((90,91):(g1,92)) > gosos1-g1s1-G150- g2,
with inverse
po 1 Ga = (Go Xy Gria) %oy (Gt Xy Go )

g2 — ((g2dadi, gy dadisg-g2da), (95 d2-g2di, g5 diso-g2daso- gy dasi-g2)).

We will construct the following isomorphism of |2, 0]-simplicial groups.

do
S1
d1 dl
Go % G 0 Go
do d0
2| w2 e 2| o
) dj
s’ s/
(G() X Gl;l) X (Gl;l X G2;1,2) ! G X Gl;l - Go
dy dy
S0
dy
We let
GIO = Go
Gll = Go Xy Gl;l
Gy = (Go Xy, G11) Xy (Gry1 Xy Goj12).
We define the following maps.
abbr. .G'1
=477 G — G
(90,91) — 9o
bbr.
so = SOG 0 G, — &
go +—— (907 1)
abbr. .G’ 1
dy =="dg 7 : Gy — G|
(90,91) = go- g1do
dy M@y — G
((90791)’ (91792)) — (gO;gl)
A Y e e
(g()agl) — ((90791)7 (17 1))
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 abbr. G2 '

((90,91),(g1,92)) = (90,91 J1)
S0 abbr. sOG/’1 : G G,

N
(90,91) — ((90, 1), (91, 1))

dy M2 af? .y — G
((90,91),(g1,92)) = (90" g1do, 1 g2do)

Then the assertions (1,2) hold.

(1) We have
G'1 _
di " =p1adiag
G'0 —
Sog = Y04S0 ap
G'1 _
do == (Pl A d(] A(PO
d2G72 = P24 dg A(pl_
a1 _
S1 7 = Y1481 4Py
d?’Q = 24 d1 A(pl_
G'1 —
Sog = P14 80 4Py

G2 _
dO = P2 a do AP
/ ! ! ! ! ’ !’ !
In particular, d? ’1, SOG ’0, dg; ’1, dg ’2, sf ’1, d? ’2, sg ’1, dg 2 are group morphisms.
(2) We have the |2,0]-simplicial group
/ / / / G2 G' 2 G'2 G'1 G G' 1 G'1 G0
G'= (G5, Gy, Gy, dg =, dy 7 dy 7 sg sy, dg L dy T sg ).
Moreover,
. !/
¢ = (92, ¢1, p0) 1 G' = G

is an isomorphism of |2, 0]|-simplicial groups.

Proof. We make repeated use of Lemma 21.

We have the following commutative triangle of group morphisms.

G

O

Go GO

idey,

We have the group morphism

Y1t G() — Aut(Gl;l)
go — (govi:g1— g7° :=g{"™)
and we consider the semidirect product Go %, G1;1.
Then we have the group isomorphism
p1:Go Xy G111 — Gy
(90,91) +— goso- g1,
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with inverse
®Y1 :G1 — Go X G1;1

91— (g91d1,97 diso-g1).
We have the following commutative triangle of group morphisms.

Go

We have the group morphism
’yé : G1 — Aut(Gg;Q)
g — (g2 93 =g5'")
and we consider the semidirect product G Xy Ga.o.
Then we have the group isomorphism
(plz : Gl K’Yé GQ;Q — G2
(91,92) +— 915192,

with inverse )
©9 IGQ — G1 [X'yé GQ;Q

g2 — (g2da, g5 d2si-g2).

We the following commutative triangle of group morphisms.

Gao
Gi:1
dy |G2~2
Gia Gia

)

idGl;l

We have the group morphism
’yg : Gl;l — Aut(GQ;Lg)
g (918 g2 g8 = g5 ™)
and we consider the semidirect product Gi.1 Xy Ga.1,2.
Then we have the group isomorphism
¢y 1 Gri Koy Goip — Gap
(91,92) = g150-92,

with inverse "
3 1 Gaa — G Xy Gap

92 > (92d1,95 diso-g2).
Given o € Aut(Ga;2), we may compare

/7

@

2
G Xy Gopg ———— Gy
NI e?
G Xy G, . Gay
Y2
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So we have
V3
Gl Aut(GQ;Q) (6]
1 oy
" 1"—
Go Xy Gl;l — Aut(Gm [X'yé’ G2;172) P9 A Qg

with the group morphism

Yo i=@ravha P Gox Gy —  Aut(Gi X Ga12)
(90, 91)72 : (G1,92) = (g1, g2) 909
= (1, 92)((90, 91)72)
= (91, 92)((90, 91) 01 4 75 4 §5)
= (91,92) (3 4 (g0 0 - 91)72‘902 )
(90,91) = | =(d1s0-92)((gos0-91)154¢5 )
= (G180~ g2) 90505t 9151 )™
= ((G1sody - gady)osostdi-gisidi
( 5 di1so- gy sods S0)90808161180 glsldlso. (f]l 50.92)905081~g151)

908091 ~— ,90S0851°9150  ~ gosSoS1-9g181 905051'9131>

= (g9 » 91 S0 "918 95

and we consider the semidirect product (Go X, G1.1) X+, (G1:1 Xy G2.1,2).

We consider the bijective map

P1 X 5 1 (Go Xy Gri1) Koy (G Xy G22)  — G1 Xy Gog
((90791) (91792)) — ((90,91)¢1, (91, 92)%5) = (900~ 91,150 - g2)-

Let (g0, 91) € Go X4, G11 and (g1, 92) € G1;1 Xy G 2.

We have . .
((90,91) - (91,92))(p1 X 03) = (g0~ g1,(91)(9172) - 92)(1 X ©5)

= ((90- g1)e1, ((91)(9172) - 92)¥5)

= (gop1- 9101, (91)(9172)¥5 - g20%)
and

(90, 91) (01 X ©5) - (g1, 92) (01 X ©5) = (901, G15) - (9101, 9203)
= (gop1- 9101, (9195)(g10173) - g25).
We have
(91)(9172) 95 = (3195) (919172);

because

(9172) 4 05 = 5 a (g10175),

since this means

D = PhagpYhay
9191728
and this is how we defined 72 = ©1 275 4 Hf.
So @1 X ¢} is a group morphism.
Moreover @1 X ¢} is a group isomorphism, since 1 and ¢4 are bijective.

So we have the group isomorphism

P2 1= (1 X Ph) a ph,
11
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with inverse
Py =@y a1 X p5)".

We have
© l><<p” 50/
(Go Xy Gl;l) Xg (Gl;l D(,Yé/ Gg;l,g) 1—>2 G1 [X'yé GQ;Q —2> GQ
_ - 905051 91519150 92
0,91), 91, 92 — 080°91,9150°92) +— ~
({5091, (81, 92)) (9 o ) < = ((90,91), (91, 92)) 2 )
and
(p’27 (QOIK@/QI)_
Gz = G1 Xy Gop — (Go Xy, G1;1) Xy (Grj1 Xy G2,1,2)
((g2dadi, gy dadiso-g2da),
g2 — (g2da2,g5 dasi-g2) — (95 d2-g2d1,95 diso-gadaso- gy dasi-g2))
= g2y

Ad (1). We have to show for i € [0,2] and j € [0, 1] that

!
P2 a di = d; A Q1
!
©1 a dj = d; AP0
!
pra8; = Sjapo
!
©oaS) = Sy APl
For (go,91) € Go X+, G1;1, we have
(90,91)(p1a d1) = (goso-g1)di
= 9o
and .
(90,91)(d} aw0) = (90)%0
= Jgo-
So

gOlAdl:dll A Q.-

For gg € G, we have

(90)(oa s0) = (g0)so
= goSo
and
(90)(sg ap1) = (g0, )1
= goso-
So

Y
P A bo—SO A Q7.

For (gougl) € GO [Xfyl Gl;l, we have

(90, 91)(¢1ado) = (goso-g1)do
= go- g1do
and )
(90,91)(dp ap0) = (g0 g91do)po
= go-g1do.
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So
P11 a do =d6 A Q-

For (g0, 91), (91, 92) € (Go X4, G1;1) X, (Gi1 Xy Go;1,2), we have

((90,91), (91,92))(p2a d2) = (gososi-g1s1-g150-ge2)da
= gosSo- 91
and . .
((90,91), (91, 92))(d3 ap1) = (90,91)1
= 4osS0-91-
So

©2 a d2:d/2 A 1.

For (go,91) € Go X4, G1;1, we have

(90,91)(p1a81) = (g90s0-91)s1
= goSpS1-9181
and )
(90,91)(s1 ap2) = ((90,91), (1,1))02
= goS0S1-9181-
So

/
P14 S1 =51 ap2.

For (g0, 91), (91, 92) € (Go X+, G1;1) Xq, (G131 Xy G2.1,2), we have

((90,91),(91,92)) (w24 d1) = (gosSos1-g151-G150-g2)d1
= gos0-91- G1
and B . B
((90,91),(91,92))(d] ap1) = (90,91 91)¢1
= g0%S0°91" J1-
So

P2 a dlzdll A1

For (go,91) € Go X+, G1;1, we have

(90,91)(¢p1a50) = (g0s0-91)s0
= goSoS1-9150
and
(90, 91)(sp ap2) = ((90,1), (91, 1))¢p2
= 9gosS0S1°-9150 -
So

©1 450 = 86 A P2
For (g0, 91), (91, 92) € (Go X+, G1;1) X, (G1 Xy Ga;1,2), we have
((90,91),(G1,92))(p2a do) = (gososi-g151-g150-g2)do
= goso-g1doso-g1- g2do

and
((90,91), (g1,92))(dg a 1) = (go- g1do, g1 - g2do)¢r
= goso-g1doso-g1- g2do.
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So
P2 a do =d6 A1

Ad (2). We have

el a'o 1 _ _
s§00d50 = (poasoawy)alpradoaiy)

= Yo idGO L0y
= 1dG6 .
And so on.

Moreover, we have

ker dZ-GI’2 W ker(¢a a diG’2 s97)
= ker(p2a dZG’Q)
(ker d7*)p;
for i € [0,2].
So
[ker dOG/’2, ker df/’2 Nker dQG/’2] = [(ker dg’z)wg, (ker le’2)905 N (ker d§’2)<p§]
722" ([ker d€’2, ker d?’Q Nker dg’Q])gpg
= 1.
And so on.
Finally, by (1), ¢ = (2, ¢1, ¢0) : G’ — G is an isomorphism of |2, 0]-simplicial groups. O
Remark 56 We abbreviate Nj := GNy.
Observing
No = Go
N = Gia
No = Gaap,
we may write
o = No
1 = Noxy Ny
5 = (Noxq,Np) xqy (Nis,pNo).
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5 |2,0]-simplicial groups and crossed squares

5.1 Crossed squares

The following notion of a crossed square is due to LODAY [3, Def. 5.1], adapted to our context.

Definition 57 Suppose given groups L, M, M’, P and group morphisms

L
AI/
M

SN

A

Suppose given group morphisms

M EE o Aut(l) m — (L= () (myrg) = ™)
M M Aub(L) m o (e ()M ) = ™)
P Ph Au(L) o op o (o (D) =)
PP Aut(M) :op o (me (m)(pypu) = mP)
pIEML Aw(M)  op o (e () (pypar) = mP)

and the map

Suppose that the following properties (CS 1, 2, 3, 4) hold.
(CS'1) We have Aapp =N ayp/.
We write £ :=Aap=Nap' : L — P.

(idg, p) : (L, M, vyamr,, A) = (L, P, yp.L, K)
(idp, ¢') : (L, M, yprr, N) — (L, P, vp1, K)
(A idp) : (L, P, vpL, k) = (M, P, ypm, p)
(N, idp) : (L, P,ypr, k) = (M, P, ypur,s p1')
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~ I I

[m, m

< [Ix, m"]

X =m™" for m € M and m' € M’

,m N =m/ for m € M and m’ € M’
=™ forl € L and m' € M’

M. [m,IN]=1lformeMandleL

m-m*, m'] = [m,m ™ - [m*,m'] for m, m* € M and m’ € M’

m, m' - m*] = [m,m*] - [m,m']™" for m € M and m/, m* € M’

mm}p—[mp m'P| forme M, m' € M"and p € P
mtym)[mm’ T — (pmym for me M, m’ € M' and | € L

C:=

(L7 M7 M,a P7 YM,L, YM',Ls YP,Ls YP,M, YP,M', )\7 )\/7 H, )ula X)

is called a crossed square.

Notation. We write

01;1 = L

Cio = M

CO;l = M

C();o = P
Ygo = IML
c .

Yo & TMm
1,1

Yo YP,L
1,0

Yo YP,M
0,1

Yo = TPM
AG A
A =X
M?,o = K
po, =
xXc = X
KC = K.

Notation. We often write just C' = (L, M, M’, P) to denote this crossed square.

Remark 58 So (m,m')x = [m,m'] for m € M and m' € M.

This notation is supposed to remind of a commutator bracket.

Definition 59 Suppose given crossed squares

and

(Lv Ma Ml? Pv YM,L, YM' Ly YP,Ls YP,M, YP,M', )‘a A,’ s M,a X)
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Suppose given group morphisms [, m, m’, p fitting into the following diagram.

L%M’

)\
w

bwz<;

M P

Suppose that the following properties (1,2) hold.

(1) We have the following morphisms of crossed modules.
(a) (Lm): (L, M, v, A) = (L, M, v i, A)
(b) (4, m): (L, M, ypar N) = (L, M, g, e, N)
(c) (m, p): (M, P, ypar, p) = (M, P,y
(d) (W, p): (M, P,ypas @) = (M, P, yp s i)

)

(e) (L, p): (L, P, vyp 1, )_>(L7p7715i7'%)
(2) We have

for m € M and m’ € M'.

Then we call
c:=(,mw, p): (L, M, M', P)— (L, M, M', P)

a morphism of crossed squares.

Notation. We write
€11 =
€1,0
€o,1
€0,0

I
33—

Remark 60 Suppose given morphisms of crossed squares

(I, m, w', p): (L, M, M', P) — (L, M, M', P)

and

Then the composite

(I, m, ', p)a (I, m, @', p) := ([al, mati, m
is also a morphism of crossed squares.

Proof. We have to show properties (1,2) from Definition 59.

Ad (1). The following morphisms are morphisms of crossed squares as composites of crossed
modules morphisms; cf. Remark 27.

(@) (1aT, matn) : (L, M) — (L, M)
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II

@) : (L, M) — (L, M')
+): (M, P) = (M, P)

b

(b)

(c)

(d)

(e) (1.1, pap): (L, P) — (L, P)
(

(L
(m
<mnm pap): (M, P) = (M, P)
(

Ad (2).

2). Suppose given m € M and m’ € M’. Then we have

Remark 61 Suppose given a crossed square (L, M, M', P).
Then its identity, given by

id(L7M7M/7p) (ldL, ldM7 ldM/ ldp) (L M M/ P) — (L, M, M/, P),
is a morphism of crossed squares.

Definition 62 We have the category of crossed squares, written CrSq.

It has crossed squares as objects and morphisms of crossed squares as morphisms; cf. Defini-
tion 57 and Definition 59.

Composition of morphisms is described in Remark 60.

The identity on an object is described in Remark 61.

Remark 63 Suppose given a morphism of crossed squares

¢= (L, m,w', p): (L, M, M, P) — (L, M, M’, P),

such that [, m, m’, p are isomorphisms of groups.

Then ¢ is an isomorphism in CrSq with inverse

¢« =(",m,w'",p): (L, M, M, P)— (L, M, M', P).

Proof. Tt suffices to show that (I7, m~, m’~, p~) is a morphism of crossed squares.
We shall verify conditions (1,2) of Definition 59.

Ad (1). By Remark 30, (I, m™), (I, m'7), (m~, p7), (m'~, p7), (I, p~) are morphisms of
crossed modules.
Ad (2). Suppose given 7 € M and m/ € M.
Then we have
[m~,m'm'~] = [mm— /'m0~
[m~m, m/m'~m'| [~
= [m,m|I".

Example 64 Suppose given a group P and normal subgroups M, M’ < P.
Let L:=MnNM <P
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The inclusion morphisms yield the following commutative diagram.

L—2 oM

m
Conjugation in P gives
M I Aug(L) m — (=™
M DR Aub(L) m o (L 1)
P L Aut(L) p o (I 1P)
P M Aut(M) p +— (m—mP)
p M Aut (M) p +— (m —mP)

The commutator bracket in P gives

Mx M X

Then
(L, M, M', P, Yar,L, YM7,Ls YP,Ls YPM> YPM'> N Ny [y 1) X)
is a crossed square.
Proof.
Ad (CS 1). We have the inclusion morphism
ki=XAap=Nap/:L — P
I - L

Ad (CS 2.1). The quadruple (L, M, ya,1, A) is a crossed module; cf. Example 24.
Ad (CS 2.2). The quadruple (L, M’, ypr 1, X') is a crossed module; cf. Example 24.
Ad (CS 2.3). The quadruple (L, P, vpr, k) is a crossed module; cf. Example 24.
Ad (CS 2.4). The quadruple (M, P, yp ., ) is a crossed module; cf. Example 24.
Ad (CS 2.5). The quadruple (M’, P, ypar, p) is a crossed module; cf. Example 24.
Ad (CS 3.1). Since Aapp = k =1id[, 4 k, we have the morphism

(idLu ,u) : (L7 M7 YM,L, >‘) — (L7 Pv YP,L; ’i)
of crossed modules; cf. Example 31.
Ad (CS 3.2). Since N ap' =k =1idp, a k, we have the morphism

(idLa :u/) : (L7 M/a YM' L, )\/) — (Lv Pa YP,L, H)

of crossed modules; cf. Example 31.
Ad (CS 3.3). Since £a idp = kK = Aa u, we have the morphism

(A, idp) : (L, P, vpL, &) = (M, P, vpr, 1)
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of crossed modules; cf. Example 31.

Ad (CS 3.4). Since ka idp = k = X a g/, we have the morphism
()‘/7 1dP) : (La P’ YP,L, 'VV') — (M/) Pv YP,M', ,U’/)

of crossed modules; cf. Example 31.
Ad (CS 4.1). Suppose given m € M and m' € M’.

Then we have
m- [m,m' |\ = m- [m,m]

Ad (CS 4.2). Suppose given m € M and m' € M'.

Then we have

m™ . [m,m TN = m/™ . [m,m/]

= m m'm- m™m' " mm’
= m.

Ad (CS 4.3). Suppose given | € L and m’ € M.

Then we have
- [INm' = 1-[l,m]
= - I"m"Ilm

Ad (CS 4.4). Suppose given | € L and m € M.
Then we have

. fm, Nl = 0" [m,]]
m~Im - m~{"ml
= I

Ad (CS 4.5). Suppose given m, m* € M and m’ € M.

Then we have

[m,m'T™" - [m*m'] = m*~m - m'~mm/m*m*~m'~m*m’
= m*~m - m'~mm*m’
= [m-m*m].

Ad (CS 4.6). Suppose given m € M and m*, m* € M.

Then we have

*/

(m,m™] - [m,m/ 7™ = m-m* = mm*m*~m=m'~mm'm*
— m—m*/—m/—mm/m*/
= [m,m - m*].

Ad (CS 4.7). Suppose given m € M, m’ € M’ and p € P.

Then we have
[m,m' 1P = (m~m'~mm/)P
= [mP,m'P].

Ad (CS 4.8). Suppose given m € M, m’ € M’ and [ € L.
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Then we have . ) , )

— lm’- m-m~m/'~mm/’

™.

O

Example 65 Suppose given abelian groups L, M, M’, P and commutative quadrangle of group

morphisms

L— XN ow

| o}

We have the group morphisms

M 2E o Aug(L) m s (L™=
M M Aub(L) m o (e =)
P Bh o Awt(D) p — (=P =1)
p 2 Aut(M) p > (m—mP:=m)
p = Aut(M') p — (m' = mP:=m)
and the map
MxM > L
(m,m’) — [m,m']:=1
Then

(L7 M7 Mla P7 YM,L> YM',Ls YP,Ls YP,M> YP,M’, )‘7 Ala M, MIJ X)

is a crossed square.

Proof.
Ad (CS 1). The quadrangle above is supposed to be commutative.
So
Aap=Nap

We write

ki=Xap=Nap':L — P

I = lk=Dpu=1INy.

Ad (CS 2.1). The quadruple (L, M, ya,1, A) is a crossed module; cf. Example 25.
Ad (CS 2.2). The quadruple (L, M’, ypr 1, X') is a crossed module; cf. Example 25.
Ad (CS 2.3). The quadruple (L, P, vpr, k) is a crossed module; cf. Example 25.
Ad (CS 2.4). The quadruple (M, P, yp ., p) is a crossed module; cf. Example 25.
Ad (CS 2.5). The quadruple (M’, P, yp v, p') is a crossed module; cf. Example 25.
Ad (CS 3.1). Since Aapp = k =1idy, 1 k, we have the morphism

(idln :U’> : (L7 M7 YM,L )‘) — (L7 Pv YP,L, "i)
of crossed modules; cf. Example 32.
Ad (CS 3.2). Since X i/ = k =idy 4 k, we have the morphism

(idLa /’L,) : (L7 Mla 7M’,L7 )‘/) — (L7 P7 7P,L7 ’{)
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of crossed modules; cf. Example 32.

Ad (CS 3.3). Since ka idp = kK = Aa i, we have the morphism
()‘7 IdP) : (L7 P7 YP,L, H) — (M7 P7 YP,M M)

of crossed modules; cf. Example 32.

Ad (CS 3.4). Since ka idp = k = X a1/, we have the morphism
(XN, idp) : (L, P, ypr, &) = (M', P, yppr, 1)
of crossed modules; cf. Example 32.
Ad (CS 4.1). Suppose given m € M and m’' € M’.
Then we have
m- [m,m' |\ = m

’, !
mmH,

Ad (CS 4.2). Suppose given m € M and m’ € M'.

Then we have

mlmp, . |’m’ m/‘| )\/ miy

Ad (CS 4.3). Suppose given [ € L and m’ € M.

Then we have
L- [Ia,m'] =1

Ad (CS 4.4). Suppose given m € M and [ € L.
Then we have
m. myIN] = ™
= L
Ad (CS 4.5, 4.6, 4.7). The required equations amount to the equation 1 = 1.
Ad (CS 4.8). Suppose given m € M, m' € M' and [ € L.

Then we have ) ,
((lm )m)fm,m] — (lm )m

Example 66 Suppose given an abelian group A with A # 1.

We have the commutative quadrangle of group morphisms

N =id
4‘4) A

)

A—Fp—

As a particular case of the construction in Example 65, we have the crossed square
(A, A, A1,
for which neither p nor 4/ is injective.
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Remark 67 Suppose given a crossed square

C = (La Ma M/’ Pa YM,Ly YM' Ly YP,Ls YP,M, YP,M', )‘a )‘/a M, //Jlﬂ X)

Suppose given group isomorphisms L LN L, M = M, M ™ M and P -*s P.
Let A\ :=["aXam:L — M.

Let N :=["aNam': L — M.

Let i:=m " apap: M — P.

Let i/ :=m'~ap/ap: M — P.

M——— P m
(|2
2| P
m 2 J/ES N v
e S
i 3
M—" P

Recall from Remark 18 that a group isomorphism q: G — H yields the group isomorphism

§:Aut(G) — Aut(H)
a — q°

Let vy7 7 :=m " avm,L A1 M — Aut(L).
Let vy j =m'" aym L A1 M — Aut(L).
Let vp 7 :=p" aypPL A1 P — Aut(D).

Let vp jy =9~ AYPM AT P — Aut(M).
Let vp yp =P~ ayparati’: P — Aut(M").
Let x := (m~ xm'")axal: M x M — L.

(1) Then

/

C’ = (f/, M, MI, P, ”yM,E, ’YM/i/a ,Y[:’jﬂ 7]5,]\2[7 ’7]57]\2/7 5\7 xla ﬂ? /Z ) )2)
is a crossed square.

(2) Moreover, (I, m, m’, p) is an isomorphism of crossed squares from C to C.

Proof. We write kK := Xapp=Napy/ : L — P.
Ad (1). We have to show that C is a crossed square; cf. Definition 57.
Ad (CS 1). We have .

Aafli = ([7A)\Am)A(miA/,LAp)
[~ A)\A/,LAp
- A)\/A/L,Ap
([7 N Am’) A (m" A,u’ Ap)

3 ~/

= )\,AM.
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We write & := Aafi=Naji': L — P.
Note that we have obtained & = [T s K a p.

Ad (CS 2). By Remark 33.(1), we have the following crossed modules.

Ad (CS 3) By Remark 33.(2), we obtain the following morphisms of crossed modules.

Lm): (L, M, yarn, ) — (L, M, vy 7, M)

7

~

L) (L, MY, g, N) = (L, MY, vy g V)

(

(

(Lp) : (L, P, yap, &) = (L, P, vy ps R)
(m,p) : (M, P, vpar, p) = (M, P, vp iz, i1)
(w',p) : (M, P, ypar, fi') = (M', P, vp i, i)

Thus we have the following morphisms of crossed modules as composites of crossed module
morphisms.

(1) (t,m)~ a(idr, ) a (Lp) = (idz, ) = (L, M, vy A) — (L, Povp g
(2) (Lw')~a(idg, w)a (Lp) = (idg, i) : (L, M', vy 1, A) — (L, Py yp g, ')
(3) (Lp)~ (N idp)a(m,p) = (Nidp) : (L, P, vp 1, R) — (M, P, vp 57, fi)
(4) (Lp)~a(N,idp)a (w',p) = (N,idp) : (L, P, Vb K) — (M', P, vp jp» i)
Ad (CS 4). We write [m,m'] = (m,m’)x for m € M and m’ € M'.
We write [, m'] = (m,m/)x for m € M and m/ € M.
Ad (CS 4.1). Suppose given 7 € M and m’ € M’

We write m :=mm~ € M and m' :=m'm'~ € M.

We obtain
me R IA = e ()Y
= me (M) (m™ xm' ) axaD(TaAam)
= m - ( e

=
= (m - (m,m')x\)m

(cs:4 : (m ,[Tn, m']A)m

for:C (mm ! )m

= (m)((m'w)ypar)m
= (mm7)(m'm' @ ypar)m
= (mm7)(m'm'" @ ppTypa)m
= (mm7)(R'@'pTypm)m
R G
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= (mm7)(m'@yp ymT)m

= m ) (ma (B yp ) amT)m
() (' 1Y p i)

= (m)™F

Ad (CS 4.2). Suppose given m € M and m’ € M'.

We write m :=mm~ € M and m/ :=m'm'~ € M.

We obtain
AR DY

_ m/mﬁ ( ~ ,m/)f(;\,
= (W miryp ) - ()N
= (m’)(M(m_ Al Ap)(p_ AYPM! Aﬁll)) . (m, m’)((m_ X m’_) AX A [)([_ AN Am’)
= () (mm ™ pyp ) - (M=, mm' )y N m’
= (m/m'~m’) (mm ™ pyp i) - (mm T, mm ) N m/
= (m'w’)(mpyp pr’) - (m,m/)xN'm/

R.A8 (m'wm’)(m'~ ampyppp am’) - (m,m')xNm'
= ((m)(mpypar) - (m, m)xA)m’

(m/™* - [m, m" |\ )m’

Ad (CS 4.3). Suppose given [ € L and m/ € M.
We write [ := [~ € L and m’ := m/m'~ € M'.
We obtain

I-[INm] =

= (-
= (- (IAm)x)!
= (- [Inm
(O gty
for C
= ((Dm"yarp)!
= (IC)(R'm "y )l
() (R ('~ aypgr D)L
= () Y )
R () (it p a1
(DA vy0.1)

Ad (CS 4.4). Suppose given [ € L and 7 € M.
We write [ := [~ € L and m := ram~ € M.
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We obtain
e N = (D) - (M, V)X
(D (M~ ayarra D) (M, (T a N am)(m™ xm' ™ )axal)
() (rm ’YML[))' (ram—, 11~ Nm/m’~) x
(D) (mm~yar,Ll) - (mm=, 10 N)xl
RS (D) amm s L) - (mm*,ZNI*/\’)x[
= (O(myarp)l- (m, IX)xI
= ((Omym,L) - (m, IN)x)1
= (™ [m, NI
(CS 4.4)
= A
for_C’ Z

Ad (CS 4.5). Suppose given 7, mm* € M and @/ € M’

We write m := mm~ € M, m* :=m*m~ € M and m' := m'm'~ € M.
We obtain
[ m*, ] (- ", )%
= (m-m*m)(m™ xm'")axal)
= (G )
= (mm~ - m*m~ m'm’'")xl
( .

N (PRa L PR

= [, m/|™ - [m*, m'l

= [mm[(m )l [m*,m/0
m,m )X(m ’VM,L)[' (m*vm/)X[
mm ™, m'm' ") x(m* )l (mrfmT, mm'T) xl
m,m)(m™ xm' =) ax)(m*yarpal) - (M) (m~ xm'")axal)

((m X' ) axa (T am*yarpal) - (M m)(m™ xm'")axal)

X(Tam*yarpal) - (m*,m)x

Ad (CS 4.6). Suppose given m € M and m/, m* € M'.
We write m :=mm~ € M, m' :==m'm’~ € M’ and m*’ = m*m'~ € M.
We obtain

[, - ] = ( o
(( m’_) AXa [)
- )m' )Xl
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El
3
qs\z
3
3
3

3
=4
3
=

,m* ] fm,m/ ™)1
[m, m*] - [m,m'](m"yar L))l
m,m* |- [m, m" T (m* )]

m,m*)xL- (m,m")x(m*ya,L)!

B
3

—~~ — —~ —~ —

i
|
*
~
~
~—

“ymen)l
Txm ) ax) (M m Ty pal)

m X m”) AXa [)([7 A m*/mlf’)/M/

i ?

i

?

!

—_ /I~ N N N N N
?
L
*
¥
N e e N N
=1

=
=
*
_3
—
=
S
35 _3
—~
=L
2
E\l
o

El
3
=
31

Ad (CS 4.7). Suppose given 7 € M, i/ € M’ and p € P.

We write m :=mm~ € M, m' :=m/m’~ € M and p :=pp~ € P.

We obtain

[, m']P = [, ™

;m)XI(IT apypral)

= (m,m)x(pypL)!

= [m,ml(pypr)l

= [m, m']P(

= (mp’ m’ﬂ[

(m)(pypar), m/ (pypar) 10

m(pypar), ™ (pyemr))x!

m~ (pyp,u), m'm' (pyp o)) X!

m”a (pypum)), M (W' 4 (pypar))) X!

m~ . (pypa) am)m—, (' (pypar) am/ T )m') x(
pyp,u)m ™, 0 (pyp ar T )m’) x|

pyp,u), ' (pypar®'”)) (M~ x m'7)axal)

(
m/( n'7))x

S
—~ o~

p~ypa), (PP yp, M T))X

(
(Bp~ ayppr at)), m (B(p~ aypmr at'7)))X
nW(Dvp ), W (DVp 1)) X

(

Vo) (PVp ) |

o7
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Ad (CS 4.8). Suppose given [ € L, 7 € M and @/ € M.
We write [ ;=" € L, m :=mm~ € M and m’ := m/m’~ € M'.
We obtain

(@ (@

§

/m/_’YM’ ,LA[) (rhm_ ’VM,LE) ) (mm~,m'm'~)x!

[Ta m/mlf"}/M/’L A [)([7 A mmf’y]\/[’L A [)

l

(

(17 /(m/— VML AA[) (m(m~ 4 YarL AA[) )(rh,rh’)((m*xm’*) axal)
( -

( (rmm ™, m'm' ")l

[~ (mlmli’YM’,L) (mmi’YM,L> [) (mm~ ,m/m/~)xl

L/ yar,1) (moyag, ) ) mom X!
U yar 1) (moyar, ) ™ mOX) €
Um'yapr, 1) (mayar,)) ™

’

(gmymyfmam Ty

fmym |

mya,z) (MY, L)!

C(mm ™y, ) (M'm ™y )1

(Camm™ v (T am/m' " yap pal)
m”yar, L) (M m "y D)

(m™ ayarz o D) (W aypr 4 1)
Yo, 2) (W Yy 1)

)
)™

e~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~
e e N

I
TNl S ™
—~'
i

~) —~
R

l

|
N S =

Ad (2). By Remark 63, it suffices to show that ([, m, m’, p) : C — C is a morphism of crossed
squares; cf. Definition 59.

Ad (1 of Definition 59). By Remark 33.(2), we have the following morphisms of crossed modules.

(1) ([7 m) (L’ M7 ’}/L,Ma )\) — (L? M7 7L7M7 )\)
(2) ([7 ml) (L7 M » VYL,M'5 )\/) — (Ev Mly IRV )\>
(3) (m7 p) (Mv Pu YP,M :U’) — (Ma P7 7137]\]) ﬁ)
(4) (m,’ p) (M ’ Pa YP,M' }u/) — (M/7 Pv /7]5’]\;[/3 /3’/)
(5) ([7 p) (L7 Pa YP,L, K;) — (ia P7 VB I H)
Ad (2 of Definition 59). Suppose given m € M and m’ € M’. We obtain
[mm,m'm’] = (mm,m'm)x
= (mm,m'm’)(m™ xm'")axal)
= (mmm~,m'm'm’'”)yl
= (m,m')xl
= [m,m'L
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5.2 From [2,0]-simplicial groups to crossed squares

5.2.1 The construction for the objects
Suppose given a |2,0|-simplicial group G.

Remark 68 The following statements hold.

(1) [Ga0, G2ap2] =1

(2) [G201, Goj12] =1

(3) [G20,2, Goj12] =1

(4) [G20, G2.1] < G201

(5) [G2:0, Ga2:2] < Ga,02

(6) [G2;1, Ga2] < Gos12
Proof.

Ad (1,2,3). The required equations hold due to Remark 54.
Ad (4). Suppose given z € Go,9 and g € Ga,1.

Then we have
[z,9]do = [z do, gdo] = [1, gdo] =1
[z,9]d1 = [2dy, gdi] = [2dy, 1] = 1.

So [z,9] € G2,0,1.

Ad (5). Suppose given z € Ga,g and h € Ga.2.

Then we have
[Z,h] d() = [Zdo, hdo] = [1, hdo] =1
[Z,h] d2 = [Zdz, hdg] = [Z dg, 1] =1.

So [Z, h] S GQ;(LQ.
Ad (6). Suppose given g € Ga,1 and h € Ga.2.

Then we have
[g,h]dy = [gdi, hdi] =[1, hdy] =1

[g9,h]d2 = [gda, hd2] = [gda, 1] = 1.
So [g,h] € G2;1,2. 0

Remark 69 We have [g, h] = [gz, yh| for g € Ga.1, h € Ga.2, © € G201 and y € Gy 2.
Proof.

We have
l9, hllgz, yh]= = g, h][yh, g7]
= g h~ghh™y~z~ g yhgx

[:E, ]:1 _q — _

= g h~gx"y g yhgx
g h~gx~ g y yhgx

= g h gz~ hizx
[hg’zx]:1 g h ghyr =z

= 1.

[gvyz]zl

So [g, h] = [gz, yh]. 0
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Lemma 70 Consider the groups

L = GQ;LQ

M = G21/G201

M = Go2/Gaop2

P = GQ/GQ;()

and the group morphisms

Ga.1,2 2 G2.1/G201 : k —  kGa,0,1
G21/G201 — Ga/Gap 0 9G2.01 — gGayo
Ga.1,2 2 G22/Gao2 : k — kGa02
G22/Go02 = G2/Gayg : hGo2 +—— hGay.

The existence of A is ensured, because Ga.12 < Ga.1.
The existence of p is ensured, because Ga,1 < G2 and Ga.01 < Gayp.
The existence of X is ensured, because G212 < Ga;2.

The existence of 4 is ensured, because Ga.2 < G2 and G202 < Gay.

A/
Go190 ———— Ga;2/Ga0,2

G2,1/G201 ———— Ga2/Gayp

With the help of Remark 68 and Lemma 17, we have the group morphisms

Go1/Gao1 4 Aut(Goao) : gGao1 — (k> k9G201 = k9)

Goa/Gaos ¥ A t(Gz,l,g) © hGaon — (ks EhG202 = k)

Ga/Gao 5 Aut(Gano) UGy — (ke ElC20 = k)

G2/Gayp By Aut(Go1/Ga0,1) : 1Goo > (9G201 = (9G2,0,1)"9%0 := ¢'Ga0,1)
G2/Gayp eMA ut(Gan/Gaop2) : 1Gag > (hGao2 = (hG2p02)'C%0 := hlGay2).

Here g € Gg;l, h e GQ;Q, le Gyand k € G2;172.
With the help of Remark 68.(6) and Remark 69, we have the map

G21/G201 X G2.2/Go02 = Goino
(9G20,1, hG202) +—— [g,h] =: [9G2,01, hGayp2],

where g € G2.1 and h € Ga.2.

Then

G Sq = (G212, G2.1/G20,.1, G2:2/ G202, G2/G2:0, YM,L, YM! Ly YP.L> YPM> YPM s Ny Ny oy 115 X)

is a crossed square.
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Proof.
Ad (CS 1). For k € Ga;1,2, we have

(B)Aap) = (kG201)1
ng;o

= (kG202)1
= (B)(Nap).

So Aap = Nap' and we write

K= )\A,u = )\/A,u/ : GQ;LQ — GQ/GQ;O
k — sz;o.

Ad (CS 2.1). We have to show that (G2.12, G2.1/G2.0.1, Ym,L, A) is a crossed module.

Ad (CM 1). Suppose given k € G212 and g € Ga.1.

Then we have
(k:gG??Ovl))\ = (k9)A

= kG201
— (kG2;071)9G'2;0,1
(kX)9Gz0.1,
Ad (CM 2). Suppose given k, k € G212
Then we have . .
- kkGQ;O,l
jRA.

Ad (CS 2.2). We have to show that (Ga,1,2, G2.2/G20.2, Y.L, A') is a crossed module.
Ad (CM 1). Suppose given k € Ga.1 2 and h € Ga.o.

Then we have
(thg;(LQ ))\/ — (kh)X

= k'Gypp
= (kG2;072)hG2;0,2
(I{I)\,)hG2;O‘2.
Ad (CM 2). Suppose given k, k € Go.1,2.
Then we have ~ ~
Kk — kG202
kRN

Ad (CS 2.3). We have to show that (G212, G2/G2.0, Yp,L, ) is a crossed module.
Ad (CM 1). Suppose given k € Ga.12 and [ € Go.

Then we have
(k'G20)s = (kYw

leQ;O
= (kGqy)'C20
(kk)iG20,

Ad (CM 2). Suppose given k, ke Ga.1,2.
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Then we have

k,k

kfng;o
kl;‘li

Ad (CS 2.4). We have to show that (Ga.1/G2.0,1, G2/G2.0, YpPMm, 1) is a crossed module.
Ad (CM 1). Suppose given g € Gg,1 and [ € Gs.

Then we have

((9G20,)" ) = ((¢") G201t
glG2;0
(9Gy0)'€20
= ((9G20,1)p)' 2.

Ad (CM 2). Suppose given g, g € Ga.1.

Then we have . B
(9G201)77200 = ¢9Ga01
= (9G2;0,1)9G2;0
= (gGap1)@G2000,

Ad (CS 2.5). We have to show that (Go.2/G2.0.2, G2/G20, Ypmr, 1) is a crossed module.
Ad (CM 1). Suppose given h € Ga,2 and [ € Gs.

Then we have
((hGoyp02)! >0 )" = ((h)Ga2) 1
= (hGyyp)'c>o
= ((hG2)1)'>e.

Ad (CM 2). Suppose given h, h € Ga:a.
Then we have ~ ~
(hGay2)t0202 = hhGayg o i
(hGoy0,2)" 20
= (hGa)hG202),

Ad (CS 3.1). We have to show that
(i@ oy 1) (G212, G2,1/ G201, YM,L, A) — (G2, G2/Goy0, YPL, K)

is a morphism of crossed modules.

Suppose given k € Ga,12 and g € Ga,1.

We have
kxu = kk
= k idG2;172 K
and
(kgGQ;O’l) idG2;1,2 = kI

= (k’idG2;1,2)gG2;0
= (kidGz;lg)gGZ;o’l#'

Ad (CS 3.2). We have to show that

(idGo 0, 1) (G2, Goi2/Go0,2, Yaarn, N) = (Gog12, G2/G20, YPL, K)

is a morphism of crossed modules.

Suppose given k € Ga.12 and h € Ga.o.
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We have
Ny = kk
= kidgy,, K
and . N
(k 2;0’2) idGZ;l,Q = k

= (kidGzl,z)th;o
= (kidGzl,z)tho’Q'u/'

Ad (CS 3.3). We have to show that

(A, ey /Go) © (G212, G2/Go0, Y1y K) = (G2i1/Go0,1, Go/ G20, YPM, 1)

is a morphism of crossed modules.
Suppose given k € Ga,12 and | € Ga.

We have
krkidg,, = k&
= k\u
and
(K20 = (k)G
= (kGoyp,1)'“>0
(kA)/ €20 962/ G0,
Ad (CS 3.4). We have to show that
(N, iday/aa) ¢ (G2, G2/Go0, YPL, K) = (G2,2/G20.2, G2/G20, Y75 1)
is a morphism of crossed modules.
Suppose given k € Ga,12 and | € Ga.
We have
kridg,, = kk
= kN
and
(KC=0)N = (k)G
= (kGayp2)'“?°
(kN)/C201962/G00,

Ad (CS 4.1). Suppose given m € M = G2,1/G2,0,1 and m’ € M' = Ga,2/G2.0 2.
We write m = gGa.0,1, where g € Ga,1, and m' = hGa,02, where h € Ga..
We have
m- [m,m" A = gGaoo1- [9G201, hGap2]X

= 9G20,.1- [g,h]A

= 9Ga20,1- [9,h]G20,1

= (9 [9,h])G201
(99~ h~gh)Ga0,1
(h=gh)Ga,0.1
9"Ga1
(9G20,1)"20

= (gGapa)" 0t
mm e

Ad (CS 4.2). Suppose given m € M = G2,1/G2,0,1 and m’ € M' = Ga,2/G2.0 2.
We write m = gGa.0,1, where g € Ga,1, and m' = hGa,02, where h € Ga.».
63



Chapter 5: |2,0]-simplicial groups and crossed squares

We have
m/me . [m,m’] N = (hG2;072)9G2;0,1#. {QGQ;O,L hGZ;O,Q—‘ A\
(hG2;0,2)92%0 - [g, h]Ga;0,2
h9Ga0.2 - 9, h]Ga0,2
(hg [ga h])Gz;o,z
(9~ hgg~h~gh)Gay2
= hGap2
= m.

Ad (CS 4.3). Suppose given m' € M' = G2.9/G2.0,2 and k € Ga1 9.
We write m’ = hGa,02, where h € Ga.9.
We have
k- [kX,m'] = k- [kX hGoo2]
k- kG201, hGa2p,2]
k- [k, ]
= kk h™kh
= h7kh
k‘h
LhG2:02

I

k™.
Ad (CS 4.4). Suppose given m € M = G2,1/G2,0,1 and k € Go.1 2.
We write m = gGa,o,1, where g € Go,1.

We have
E™ - Tm kN = k9G200 . [gGagq, kN
= k99201 . [gGay 1, kGa2p2]
= kg, k|
= g kgg k™ gk
= k.

Ad (CS 4.5). Suppose given m, m* € M = Go.1 /G201 and m' € M' = Ga.2/G2.0.2.

We write m = gGa,0,1 and m* = g*Ga,0,1, where g, g* € Go.; and m' = hGa, 2, where h € Ga;2.
We have

/"I m*

[m, m - [m*,m'|

)

[9G2:0.1, hGa,0219 9201 - [g*Gap1, hGa2p02]
= | ,h]g lg", h]

= g ghghg*g “hTg*h
= ¢* g h gg*h

= [g9-9% h]

= [ng, - 9*G2.0,1, hG2y0,2]
= [m-m*,m].

Ad (CS 4.6). Suppose given m € M = G2.1/Ga,0,1 and m/, m* € M' = G2.2/G2,0,2.
We write m = gGa.0,1, where g € Go,1, m' = hGa, 2, and m* = h*Ga,0 2, where h, h* € Ga..
We have

[m!,m*] - [m,m/ 1™ = [gGa01, h*Ga02] - [9G20.1, hGap2]" 202
= [97h*] : [gvh]h*
= g h* gh*h*~g~h~ghh*
= g h* h~ghh*
= [97 h - h*]

= [9Ga0,1, hG2,0.2 - h*Gay2]
= [m,m - m"].

64



Chapter 5: |2,0]-simplicial groups and crossed squares

Ad (CS 4.7). Suppose given m € M = GQ;l/GQ;Oyl, m e M = GQ;Q/GQ;[)’Q and p € P =
G2/Gay.

We write m = gGa,01, where g € Ga.1, m' = hGay2, where h € Ga, and p = 1G9, where
l € Gs.

We have
[mP,m'?] = [(9G20.1)"“*°, (hGz02)' 7]
= [¢'Ga0,1, h'Gayp2]
= [glu hl]
— gl hl]
— g l-h-l-gli-hl
= [~g h ghl
= [g,h]'
= [9G20,1, hGay2]'C20
= [mv —|

Ad (CS 4.8). Suppose given m € M = GQ;l/GQ;OJ, m' e M = GQ;Q/GQ;Q,Q and k € GQ;LQ.
We write m = gGa,,1, where g € Go,1, and m' = hGa.0.2, where h € Ga,o.
We have

((km')m)(m,m'-\ — ((th2;0,2)9G2;0,1)|—9G2;0,17hG2;0,2-\

= ((kh)9)lsh]

= h g hgg h~khgg—h~gh

= h= g kgh

= (k;g)h

— (kng 0 1)hG'2 0,2

_ (km)m’

O
5.2.2 The construction for the morphisms
Suppose given a morphism ¢ : G — H of |2,0]-simplicial groups.
Remark 71 There exists the group morphism
N Haa
P24 = p2|g,’  Goaa = Hya
g2 = g2p2

for A C {0,1,2}.
Cf. Definition 53.(2).
Proof. Suppose given x € Ga. 4.
This means xd; = 1 for ¢ € A.
Therefore we have

rped; = wdigr

= 1

for i € A.
So we have xpo € Ho. 4.
Altogether,

(Go.4)p2 C Hoya.

O
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Remark 72 Suppose given B C A C {0, 1,2}.

Then there exists the group morphism

@2;B,A:G2;B/G2;A — HQ;B/H2;A
92G2.4 > gapaHo, .

Cf. Definition 53.(2).

Proof. The following quadrangle of group morphisms commutes,

¥2;A

GZ;A HQ;A

Gap W Hyp

p¢ o
Go.B/G2.a Hy.p/Ho;a ,

where p© and pf are the residue class morphisms.
Cf. Remark 71.

Since we have
(Goa) (284 p™) = (Gaapza)p™ =1,

we may complete the commutative diagram.

$2;A
Ga; 4

) )

G2,/ G2:4 T Gena Hy.p/Ha A

For go € Ga.p, we get
92Go.AP28.4 = G20%P2B.A
= gapapp™
= g2p2,8Ha.4.

Remark 73 We abbreviate

0212 := P12yt G212 —> Haaip
g2 = g2p2
Do i= P20y .40y : G2/G20 — Ha/Hayp
g2Gao —— gawaHay
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P21 1= P2 (13401} : G2:1/G201 —  Hajn/Haon
92G2.01 —— g2p2H20,1
$2:2 7= Paqo1 02} : G2:2/G202 — Hap/Hapo
92G2.02 = gapaHoyp 2.
Lemma 74 We have the crossed squares
qu = (L7 M7 M/7 P7 YM,L, YM' Ly, YP,Ls YP,M, YP,M’, )‘7 )\,7 My Nla X)
= (02;1,21 GQ;l/GQ;O,la G2;2/G2;0,27 G2/G2;0> YM,Ls YM',L> YP,L>; YP,M> YP,M', )\7 )\/7 122 ,Ule X)
and
HSq = (L, M, M', P, vy i Yoy o Vp.oo Vit Vo N N s il X) o
= (Ha,2, Ho/Ho01, Hap/Ho2, Ha/Ho0, Vg by Vi 1o VB.L» VBN VBs1s A Ay iy {1y X).-
Cf. Lemma 70.

Let ¢ Sq := (¢2;1,2, P2;1, P2;2, Pa2.0), cf. Remark 71 and Remark 72.

Then
vSq: GSq— H Sq

is a morphism of crossed squares.

>\/
G2 ——— G2.2/G20,2

v S
2 "
Gz;l/G2§0,1 I GQ/GQK] @2;2

21,2

_ @2;@
_ Y
P2:1 Hyy o =— |+ Hao/Hopo .

R

Hy.1/Ha0,1 £ Hy/Hsy

Proof. We have to show the properties (1,2) from Definition 59.
We write k := )\A,U, = )\/A/l// : GQ;LQ — GQ/GQ;O and & := S\A/j = S\IA/]// : H2;1’2 — HQ/HQ;O.
Ad (1.a). We have to show that

(p2:1,2, P21) 1 (G212, G21/G2,0,15 Yo,m5 A) = (Hop,2, Hoj /Ho0,1, Vi 570 A)

is a morphism of crossed modules.
Suppose given k € Ga,12 and g € Ga.1.
Then we have
(F)(Aa@2;1) = (kG20,1) P21 = kepaHoo,1
and 3 )
(k) (p2:1,24 A) = (kpa)\ = kpaHap 1,
which is the same.

So )
Aa@21 = P2.124 A
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Furthermore, we have
(k95201 ) 0912 =

]{;902 1 2)9@21{2 0,1
ko 2)9G2 0,192;1

(
(
(
(
(

Ad (1.b). We have to show that
(p2:1,2, P2:2) 1 (G212, G222/ G202, Y,mrs N) = (Hapn2, Han/Ho02, Vi aprs N)

is a morphism of crossed modules.
Suppose given k € Ga,12 and h € Ga,o.
Then we have
(F)(N' s @22) = (kG20.2) P52 = ko2 Hap 2
and ) i
(k) (p2;1,2a N) = (kp2) X' = kpaHap2,
which is the same.

So
)\, A @2;2 = ©2:124 )\/.

Furthermore, we have

(K'9202) 10 = (K)o
k") o
]w?)heoz
]6‘902;1,2)}“02}[2;0’2

hG2.0,2p2;
k902;172) 2;0,292;2

(
(
(
(
(

Ad (1.c). We have to show that
(P21, P2,0) 1 (G231/ G201, G2/ G20, YeM, 1) — (Ho /Hoo,1, Ha/Ho0, Vp 375 1)

is a morphism of crossed modules.
Suppose given g € Go,1 and | € Goa.
Then we have
(9G2:0,1) (102 P2,9) = (9G2:0) P20 = 92 H2y0
and
(9G2,0,1) (@251 0 1) = (9p2H2,0,1) /8 = gp2Hayp,
which is the same.
So
HaPop = P21 4 [

Furthermore, we have

((9G201)" )21 = ((¢")Go0,1) P21
((¢")2) Ha0,1

= (992)!¥*Ha0,1
(g2 Hap,1) 2120
(

9Ga.0.1P2.1) C20%20,
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Ad (1.d). We have to show that

(P22, P20) * (Goi2/ G202, G2/ G20, YoM, W) — (Hoz2/Ho0,2, Ha/Ho0, Vp yprs i)
is a morphism of crossed modules.
Suppose given h € G2 and | € Ga.

Then we have
(hGo;0,2) (1 & P2yp) = (hGoy0)P2ip = hipaHayp
and
(hGo,0,2) (P22 i) = (hpaHay2)fi" = hpaHoy,

which is the same.
So

1 aPop = Paoa i
Furthermore, we have

((hG20.2)'920) 22 = ((B')G202)P2;2
(hY)2)Ho0.2

(
(
(hep2)"¥2 Hoy 5
(
(

hpaHayo 2)ls02H2 0
hGo.0.2p2.2) 2020,

Ad (1.e). We have to show that
(P2:1,2: P20) * (G212, G2/ G20, YPLs K) = (Hop 2, Ha/Ho, vp f» F)
is a morphism of crossed modules.
Suppose given k € Ga.12 and | € Ga.
Then we have
(k) (K a P20) = (FG20) P20 = kg2 Hap
and
(k) (p21,2 4 k) = (kp2)R = ko2 Hayp,
which is the same.

So
K a @2;@ = ©2:124 K.

Furthermore, we have

kl)902,1,2

kl)

]{;(pQ)lS%

ko1 2)lP2 20
k(P2,1,2)lG2 0$2;0

(K'20) o212 =

(
(
(
(
(

Ad (2). Suppose given g € Ga,1 and h € Ga.2.

Then we have

[9G2.0,102:1, hG2.02022] = [gp2H20.1, hpaHao 2]
(902, hepa]

= [g,hlp2
[9G2.0,1, hG2,0,2] 2
[

9G20,1, hG20,2]2;12-
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5.2.3 The functor Sq

Definition 75 We shall define the following functor.

Sq : [2,0]-SimpGrp —  (CrSq

G G Sq
o= | L
H H Sq

(1) Suppose given a |2, 0]-simplicial group G.
The crossed square G Sq has been defined in Lemma 70.

>\/
G2 ——— G2.2/Ga02

G2,1/G201 ———— G2/Gayp

In the notation of Lemma 70, we have

(GSa)11 = G212
(GSa)10 = G21/Ga20a
(GSq)o1 = G2.2/Gao2
(GSq)oo = G2/Gay
Gs
Y10 4 = YM,L
Gs
Yo,1 = L
1,1
Yasq = PL
1,0
Yasq = VPM
0,1
Yasq = YPM/
AL = A
GSq
o, = ¥
GSq
Hio = H
Gs
Ho,1 =y
XGSq = X-

(2) Suppose given a morphism of |2, 0|-simplicial groups G = H.

The following diagram morphism is a morphism of crossed squares, by Lemma 74.
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So we have

@

A
«——

S

Sq :

)\/
G2 —— Ga.2/G20,2

I

n _
G2.1/G201 — G2/Gayp Ba:2
— ©2:1,2
@2;@
_ b
Ba:1 Hy.19 ——|~ Ha/H2p2

A

Hy.1/Ha01 —-— Hy/Ha.g

(‘PSQ)I,I = ¥21,2
(pSd)10 = @21
(pSa)onr = @ap2
(©Sd)oo = @2y
Mg = A
W, =
pist = w
port =
XGSq = X
Ak, =
Nigq = X
H{{osq = [
Ngﬁsq i’
XHSq = X
KHSq = K

(3) Suppose given morphisms of |2, 0]-simplicial groups G 2> H <L/> K.

Then we have

(a) (idg)Sq =id(gsq)
(b) (pa¢)Sq=¢Sqa¢'Sq.

In particular, Sq : |2,0]-SimpGrp — CrSq is a functor.

Proof.

Ad (3.a). Suppose given k € Ga.1 2.

Then we have

k(idgSq)in = k(idg)22
k idGz;l,z

= kid@sq),
= k(idgsq)i,1-
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Suppose given g € Ga.1.

Then we have -
(9G20,1)(ideSa)1o0 = gGo01(ide)e,

= g(idg)2G201
= gidg, G201
= 9G20.1
= 9G2011day, /o0,
= 9G20.1 id(G Sa)1,0
= 9G2,0,1(idgsq)1,0-

Suppose given h € Ga.2.

Then we have -
(hG2,0,2)(idG Sq)o1 = hG202(ide)s.

= h(idg)2G20,2
hidg, G202
hGa,0,2
hGa;0,2 idG2;2/G2;0,2
hG20,21d(@ sq)0
hG2.0,2(i1dG sq)0,1-

Suppose given | € Gs.

Then we have .
(IG20)(ideSa)oo = [G2o(ide)ag
l(idG’)QGQ;O
lidg, G20
ZGQ;O
= G2y ing/Gg;o
1G2;01d (G 59)0,0
= 1G20(idgsq)o,o-

Altogether, we have

idgSq = ((idgSq)1,1,(ida Sq)10, (ida Sq)o,1, (ida Sq)o,0)
= ((idg Sa)1,1, (ide SQ)l,Ov (ide SQ)O,lv (ide SQ)O,O)
= idgsq-
Ad (3.b). Suppose given k € Ga.1 2.

Then we have
E((pa9)Sa)11 = k(pa ')2,1,2

I
™
—~
)
[\
>
~ 6
o~
N—

k?802,1,2)902;1,2

P2:1,2 4 P.1 9)
(¢Sa)1,14 (¢ Sa)1,1)
©Sq a¢'Sq)1,1.

[
T
—~ —~
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Suppose given g € Ga.1.

Then we have

(9G201) (92 @) Sa)10 = 9G201(pa¢')ay
g(pa@)2 Koo
9(p2 2 95) Ka0.1
(92) 5 K201
(9902H2 ;0 1)802 1
(9G2,0,192; 1)902 1
(

(

(

9G201)(6021A<P2 1)
9G2.0.1)(( @SQ)wA((P Sq)1,0)
gGQOl)(SOSq AP SQ)lo

Suppose given h € Ga.s.

Then we have

(hGo02)((pa¢’)Sa)og = hG202(9 a9 )es
= h(pag)aKa02
= h(p2495) Ko,
= (hp2)pa K02
(2 Ha0,2) P50
(hG2,0,202:2) P20
= (hG20,2)(P2:2 4 P2,2)
(hGa,0,2)((¢Sa)o,1 4 (¥ Sa)o,1)
(hGa,0,2)(¥Sa ' Sq)o,1-

Suppose given | € Gs.

Then we have

(1G20)((pa¢')Sa)oo = 1Gao(pa¢)ay
lpap)aKap
(2 2 5) Ko
(lp2)ps Koo
(l<P2H20)<P2@
(1G2,092,0) P,
(1G2;0) (P2, 2 Pa.g)
(

(

1G2,0)((¢ SQ)OOA(@ Sd)o,0)
1G2,0)(¢Sq 4 ¢"Sq)o,0.

Altogether, we have

(((ea’)SA)1,1, ((pa¢)SA) 1,0, ((9a¢’) SA)o,1, ((a¥’) SA)oy0)
((¢Sq a¢'Sa)1,1, (9 Sq a ¢’ SA)1,0, (¢ Sq 2 ¢' Sq)o,1, (¢ Sq a ¢’ Sq)0,0)
= vSq.¢'Sq.

(pay’)Sq
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5.3 An isomorphic copy G Sq' of GSq avoiding factor groups

We shall make frequent use of Remark 56.

Remark 76 We have the following group isomorphisms.

(1)
P10 G21/G201 — Giyp
92G2.01 —— g2do
(915091 51)G201 <— g1
2) )
o1 : Gop/Gao2 — Gia
haGa2 = hado
hi1soGap2 <— Iy
®) )
Yoo: Go/Gaog — Gy
kaGap +—— kodg
kl S0 GQ;U < kl
Proof.

Ad (1). We have gadg € G0 for g2 € Ga;1 and g150-g; s1 € Ga, for g1 € G0, because

g2dodp = g2didp
= 1do
= 1

and
(g180-91 s1)di = gisodi-g; s1dy

= G191
= 1.

Moreover, we have
Gy
ker(do ’G;?) = G2;1 N kel"(d(]) = G2;071 d Gz;l

and, for g; € Gy,

(9150-91 s1)do = g1s0do-g; s1do
= g1-9; doso
= g1

So the injective group morphism
1,0+ G2,1/G20,1 = Gy

is surjective.
Suppose given g1 € G1,0.

The claimed inverse ¢y yields

(91)(W10a%10) = (G1¥10)¢10

(9150 91 51)G20,1%1,0
(918097 s1)do
g1s0do - g; s1do

g1 - g1 doso

= 0
= g1idg,, -
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So 1 gath1p = idg,,, and thus 11 is in fact the inverse to 11 o.
Therefore
P10 1 G2;1/G20,1 = Gy

is an isomorphism, with inverse as claimed.
Ad (2) We have ho dg € Gl;l for hy € GQ;Q and hqsg € G2;2 for h; € Gl;l, because
hadpd; = hadadg

1dy
=1

and
hl S0 d2 = hl d1 S0

180
= 1.

Moreover we have G
ker(do ’G;;) = G2 N ker(dp) = G202 < Ga2

and

solg??  do gt =ida,,, -
So

o1 Gaa/Ga02 = G
is an isomorphism, with inverse as claimed; cf. Lemma 22.
Ad (3). We have sp 1 do = idg, -
Moreover we have ker(dg) = Ga,0 < Ga.

So
o, : G2/Gao — Gy

is an isomorphism, with inverse as claimed; cf. Lemma 22. U

Remark 77 We have the group isomorphism

g01:N0I><N1 — Gl
(no,m1) +— ngso-ni,

with inverse
90; : Gl — NOI><N1

g — (gdi,97diso-9);

cf. Lemma 55.

Remark 78 We define the subgroup
Ul = Gl;ocpf < NoD(Nl.

Then
U1 = {(nl_ do,nl) tnyE Nl}.

Furthermore, we have the group isomorphism

v G0
1= p1lg," U — Gip

(nl_ do,n1) — nl_ do So Ny,

with inverse
(2P GI;O — U1

g — (gdi,97diso-9).
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b1
G +——=—— U

Gy 2 NoxN;

|
Proof. We show Uy C {(ny dog,n1) : n1 € Ny}
Suppose given u; € Uy.
Let g1 := w11 € G-
Then u1 = gi1p; = (91d1, g5 diso-g1)-
Let ﬁl = gl_ d1 S0+ g1-
We have B
nid; = (g7 diso-g1)dy
= gy disgdi-g1dy
= gidi-g1ds
= 1.
So fi1 € N7i. Which also follows from Remark 77.
We have to show that (ﬁ’l_ do, fll) ; (g1 dy, g1 dysg- gl) = Ui.
In fact, we have
fiy do = (g7 - g1diso)do
= g1 do-g1d1sodo
= g1 do-g1ds
= ¢1ds.

So uy € {(ny do,n1) :n1 € Ny}

!
We show Uy D {(n7 do,n1) : n1 € Ny}

For n; € N, we have

((ny do,n1)p1)do = (ng doso-n1)do
nl_ d() S0 d(] ‘N d()
== TLI d0~n1 do
= 1.

So we have (n; do,n1)p1 € Giyp.

Hence (nj do,n1) € Uy.

Altogether, we have
U1 = {(nl_ do,’nl) Ny € Nl}.

Remark 79 We have the following group isomorphisms.
(1)

qi,1 :=id : Go;1 2

k

k

= Ny
— k
— k
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(2)
go,1 := Vo1 : G2:2/Go02 — Ny
hGQ;O’Q — hdo
(n1 SO)GQ;O’Q — N1
) )
qo,0 := Y00 : G2/Ga0 — NoxNj
IGao > ((Ido)py = (Idody, 1™ dydyso-Ldo))
(noso 1)
= (noso-n1)so Gy < (ng,n1)
= (nososo - n150)G2;0
(4)

410 :=t10aP] : Go1/Gao1 — U
9Ga.01 — ((g do)¢; = (gdodi, g~ dody SO'gdo))

(ny doso-mn1)iyy
= ((’I’Ll_ doso - nl) So - (nl_ doso - nl)_ SI)GQ;OJ
= ((nl_ d() Sp Sp - N1 SQ) . (nl_ S1 M d() S0 Sl))GQ;OJ < (nl_ d(), nl)
= (nf do S0 Sp - M1S0 - nf S1 N1 do S0 SO)GQ;OJ
= (nysg-ny s1)Mdos0s0)Gy o4
Remark 80 Using Remark 18, we obtain the following group isomorphisms.
(1) We have the group isomorphism
id := 6[171 : Aut(GQ;LQ — Aut(Ng)
o Qil Araqyl = Q.
Cf. Remark 79.(1).
(2) We have the group isomorphism

1,0 : Aut(Go;1/Gay0,1)

(0%

— Aut(Ul)

— ql_,O Aa(10-
Cf. Remark 79.(4).

(3) We have the group isomorphism

do,1 : Aut(Ga2/Hap2) —  Aut(Nyp)
a — qalAO[AqOJ.

Cf. Remark 79.(2).

Lemma 81 We shall construct the crossed square G Sq' and the isomorphism of crossed squares
¢:GSq — GSq.
We shall make use of Remark 67 to substitute isomorphically.

Consider the groups

GSqi; = Ny
GSq!LO = U;
GSqp, = Ni
GSqhy = Nox,Nj = NoxNi.
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Chapter 5: |2,0]-simplicial groups and crossed squares

Concerning Uy, cf. Lemma 55 and Remark 78.

Concerning Nox,, Ny, cf. Remark 56.

We have the group morphisms

1,0 1,0 .
/\qu! = ql’l A)\qu Aq1’0 :

GSq _ — GSq .
Bio" =d104HM10 4900 °

0,1 _ - 0,1 .
AGSq! - ql,l A )\G'Sq 4{o,1:

GSq' _ — G Sq .
Ho,1 - = Yo,1 4 Ho,1 4900 ¢

Ng ——MMM N3

1,0
GSq!

U —— Nogx Ny

N2 —
ng +——
U1 —
(ny do,m1) +—
N2 —
ng +——
Ny, —
ny +r——
0,1
)\G Sq'
!
it

(1,n2do)

NOD<N1
(ny do,n1)

Ny
n9g d()

NOI><N1
(1,711).

e
We have the group morphisms
Gsq' - GSq
Yo" =940 adin: Uy — Aut(Ny)
B -d = s)1 405050
(ny do,n1) +—— <n2 — ngnl om1) _ ngm s0-my 81) )
Gsq' - GSq
Yo,1 1= 90,1 470,1 YR Ni — Aut(Ny)
ny — (ng — ny' =ny' )
1,1 - 1,1 s A
yGSq! — q0,0‘,}/GSquLl . NO[XNl — ut(NQ)
(no,n1) — (nz — né"“’”l) = oS0t SO)
1,0 - 1,0 .
yGSq! - qO,O"YGSqul’O . NOKNl — Aut(Ul)
(ﬁl_ do,ﬁl)(no’m)
(n(), nl) — (ﬁl_ do, ﬁl) — = ((ﬁf dO)nOa (ﬁl do SO)nO 50
(A7 do sy n)"0%0 ™)
0,1 - 0,1 ~ .
YGSq! =d0,047Gsq4d0,1 " NoxN; —» Aut(Nl)
(no,n1) +— (ﬁl ") = o SO'"l) .

In each case, the operation on the left hand side of the equation is given by the formula on the
right hand side that uses conjugation on Ng, N7 and Nj.
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Chapter 5: |2,0]-simplicial groups and crossed squares

We have the map
Xasq = (Qio X CI(I1)AXGSqACIl,1 : U;xN;y — Ny

_ _ [(n1s0-n7 51)™ 90%0% 71y 59
((n1 do,nl)a nl) — ( =: [(nl_ dOanl)’ ﬁl—l .

Then we have that

1 G Sq' GSq' 1,0 0,1 GSq' GSq'
qu K (N27 U17 N17 NOIXN17Y1O 7Y01 "YGSq"’yGSqH’YGSq" AGSqH /\GSq" lulo ’ lu’Ol ) XGSq!)
is a crossed square and

q:= (41,1, 91,0, 90,1, d0,0) : GSq = G Sq’
is an isomorphism of crossed squares.

1,0 G Sd' 0,1 G Sq'
Note that we have kg, = )\qu! syt = )\G vapigrt : Ng — NoxNi.

Proof. First, we verify the claimed mapping rules.

L0 — 410
We have >‘qu’ =411 4 AG5q491,0-

For no € Ny, we have

712)\16’,0801, = ng(qil A )\gosq A qL())
((n2QI1))\2%q)CI1,0
(”2)\8%01)5{1,0

= (n2G2:0,1)91,0
(nz d(] dl, n2_ d() d1 Sp - N2 do)
(TIQ dg do, 77,2_ d2 d() So - N2 do)
(1, ng do)

Gsq' - GS
We ha/Ve Ml’oq == ql,o A lu’l,oq A q070.

For (ny do,n1) € Uj, we have

!
q

(ny do, na)pS’s
(ny do,nl)(chotuws 440,0)
= (((ndevnl)%o)Nlo )40,0
= (((naso-ny s1)(m %050 Go 1) 5 g0,
= (((nasg-ny 1) 2020 Gy)qp g
((n1so-ny sl)("ldososo) dodi, (n1so-ny sl)("ldososo))_ dodiso- (niso-ny sl)(”ldososo)dg).
First we calculate
(nlso.nl_sl)(nldososo)do — (nlsodo'n1_S1d0)(meSOSOdO)
= (ny - ny spdg)mdoso)
= nj doso-n1.

Then we calculate
(nfdoso-nl)dl = nf doSodl'nldl
= 77,1_ do .

Then we have
(nf do, nydgsg - (’I’LI dg so - nl)) = (’I’LI do, nl).

01 _ — 401
We have )\qu, =411 4AGsq490,1-
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Chapter 5: |2,0]-simplicial groups and crossed squares

For ny € Ny, we have

01 _ — 40,1
”2)\qu! = n2(q1,1‘)‘GSq‘q0,1)

G Sq! — GS
We have /,1/0’1 4 = qo’l A M071 4 A q070

For ny € Ny, we have

G Sq!
N1fg 1

((”2%1_11))\(();’lsq)%,1
(nZAG’Sq)qO,l
(n2G2,0,2)90,1

= N3 do .

n1(dg1 4 o1~ 4 d00)
((ndg.)i51 ) do,0)

(150 Go0,2) 116 1) d0.0)

(150 G2;0)90,0)

(n1 sgdody, ny So do d1sp - 1180 dO)
(n1di,ny disg-ni)

(1, nl).

G Sq' - ,GSq 4 =, vG5a
We have v{ g7 =d19aYio ad1,1 =d104Y10 -

For no € Ny and ny € Ny, we have

n; do,n
nél 0,11) _

(n2)((ny do,m1) (a0 a ¥ Y)
(n2)((ny do,n1)aro)vso

(n2)((nys0 - ny s1)(Md0s0%0) Gy g )y T

(nl S0 n; Sl)nl dp sg so
2

GSq _ — GSq ~ - GSq
We have vy =dg14Yo1 4d1,1 =9914Y01 -

For no € Ny and ny € Ny, we have

ny

1

= (n2)((n1)(dag1a¥51H)
= (n2)((m)ag ) V51"
= (n2)((n150)G202)Vg 1"

= nyt™.

We h S 1,1 ~ = 1,1
e nave Yooy = 9004 Yasq 2911 = 90,04 Y@ sq

For no € Ny, ny € Ny and ng € Ny, we have

no,n
ngo 1)

1,0 - 1,0
We have Yasg = 90,04 Y sq 4 d10-

= (ng (n07n1)(qa,o‘Vglsq))

= (n2)

— 0
= n2

(
= (n2)(
(

ENER!
n0,M11)490.0)Y3 Sq

(

1,1
(nososo-n1 SO)G2;0)YG: Sq
M0 Sp SO - N1 S0

80
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For nq, 71 € Ny and ng € Ng, we have

(A do, 7)) = (Ay do,nl n0,11) (o0 4 V(i $q * 810)
(70, 11)d0,0) Y6 8q)81.0)
(05050 - 11 50)G2:0) Y8 sq)ch 0

a10 4 ((n05050 - 71 50)G20) V('8 + A1,0)-

—~ ~~

Moreover we have
~— ~ — _ ~ ~— =4 d ~
(7 do,1)dy g = (R so -7y s1)™ 200Gy 1.
First we calculate
do S0 So - n1 SO - nl S1 n1 do S0 Sl)(no 5080 - 11 50) do

iy dososod iy sodo- iy s1do -y dosgsydg)mosesodo-nisodo)

ny doso-nq - ny doso- ﬁldoso)(noso'm)

(7}
(7
= (nl dO S0 - 771,1 . ’FLl_ do S0 'ﬁl dO SO dO SO)(no Sp - Mm1)
(7
( T dgso- nl)(noso n1)

Then we calculate
(y dosg-7p)m0s0 ™) d; = (A7 dgsgdy -7y dy)resodi-mad
= (fy do)™

Then we have

(71 50 -7y s1)™ dos050 m0S0%0 M50 Gy 1)y

((fy dososo 7187y 8171 dosgsy) 000 MG 1)q10
= ((ny doso-71) ™00 ) dy (A7 dosg- 1) ™% ™))~ dy sq- (A7 dgsg -y )Poso 1))

(7

Aty do)", (71 dos0)™0™ - (7iy dosg - 7)Mo ™).

01 _ — 01 =«
We have Yasg = 90,04 YGsq 4 d0,1-

For n1, 71 € N1 and ng € Ng, we have

A = (@ ) (10,171) (9.0 4 Y1 5 4 B01))
= (n 1)(((710,”1)%0)1/@3(1)%1
= (1)(((nos0s0 - 11 50)G2:0) 1 50,1
= (1)(qp,1 + ((n05050 - 11 80)G2:0) Vg 5q 4 90,1)-
Moreover we have
M1dg 1 = (7150)G2;0,2-
So we have
((ﬁl SO)(HQSQS().?u SO)GQ;O,Q)qO,I — (nl SO) 108080 - M1 S0) dO
— (nl S0 do)(nososodo n1sodo)
_ ﬁ711080~n1.

We have X g, = (41,0 X 90,1)” 4 XG8q 4 91,1-

For ny, 71 € Ny, we have

[(ny do,ma), 1] = ((ng do,n1),71)((d1,0 X dg.1) a XGSq 4 d1,1)

((n1 do,n1),71)(d1,0 X 4o,1))XGSq)d1,1

((ny do,m1)a10, M1d01)XG Sq)q1,1

((n1so-ny Sl)m dOSOSOGQOly”l s0 G2:0,2) X @ Sq) 1,1
niso-ny s1)" 905050 7y 50]q14

niso-ny s1)™ dososo ) g0].,

81
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Chapter 5: |2,0]-simplicial groups and crossed squares

By Remark 67.(1), we have that

1 GSq' . GSq' 11 1,0 0,1 1,0 0,1 GSq'  GSq
GSq T (N27 U17 Nl? NOKN17 ’Y]_’D ) YO7]_ ) ’YGth ’YGSqH szqH AGSqH )\qu!’ /"LLO I /’6071 ) XGSq')

is a crossed square.

By Remark 67.(2), we have that
q:= (ql,lv ql,Du qO,la q0,0) : qu — qu'
is an isomorphism of crossed squares. ]

Remark 82 The defining properties of the crossed square G'Sq', shown in Lemma 81 as a
consequence, read as follows.

GSq! GSq'
(CS 2) We have the following crossed modules.
GSq' 1,0
(1) (N27 U17 7170q 9 )\qu!)

GSq' 0,1
(2) (N27 N17 ’707]_ 4 9 AGSq')

1,1
(3) (N27 NOIXNla ’y(;,Sqla ’%GSq!)
1,0 G Ssq'
(4) (Ur, NoxNy, 758 00 1i6%)

0,1 G Sq'
(5) (N1, Nox Ny, VG sq' o)

(CS 3) We have the following morphisms of crossed modules.

. G Sq! GSq' 11,0 1,1
(1) (1dN27,U'170q> : (NZa Ulv ’YL()q ) )‘qu!) — (NQa N0|><Nla /yGSqu ﬁGSq!)

. GSq' GSq' 0,1 1,1
(2) (lszvﬂo,lq) : (N2, Ny, 0,1 4, )\qu!) — (N2, Nox Ny, Tasq” ’QGSQ!)

1,0 . 1,1 1,0 G Sq
(3) ()\qu!,ldNole) : (N2, Nox Ny, Vosq"” Kgsq) = (U, NoxNy, Vo5 1)

01 . 1,1 0,1 G Sq'
(4) ()\qu!71dN0><N1) . (N2a NOIXNla r}/qu!a /{qu!) — (Nla NOKva WGSq!’ MO,lq)

(CS 4.1) Suppose given ni, n; € Nj.

Then we have 1
(ny do,n1) - [(ny do,mn), A1 AGS = (o do,nn)™ 00"

(CS 4.2) Suppose given nj, 11 € Nj.

Then we have

|
_(ny doyna)uf g™ _ _
nll 0" )H1,0 ((nl dO'nl),n1—|)\071

Gsq — n1.
(CS 4.3) Suppose given ng € Ny and ny, 1 € Nj.
Then we have
ng - [ng)\gosq,,ﬁﬂ = ngl.
(CS 4.4) Suppose given ng € Ng and ny € Nj.
Then we have
nén; do,na) [(n] dg,nl)jng)\glsq!] = no.

(CS 4.5) Suppose given ni, nj, n1 € Nj.
Then we have
[(ny do,n1) - (nj™ do,n}), 7in] = [(ny do,m), Ay ] domD) - [(n}™ do, n}), i ].
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(CS 4.6) Suppose given ni, iy, nj € Nj.

Then we have
[(ny do,m1), 71 - 7] = [(ny do,n1), 73] - [(ny do,ma), 1 ]™.

(CS 4.7) Suppose given ng € Ng and nq, iy, n1 € Ny.

Then we have
(A7 do, 1), 7n ]@om) = [(fy do, iy ) omn) (Mo,

(CS 4.8) Suppose given nj, 3 € N7 and ng € Nj.
Then we have
((nf) (1 dom)y [ dosna)iin] = ({7 dom)yin,
Remark 83 The functor Sq : |2,0]-SimpGrp — CrSq is not an equivalence.
More precisely Sq is not dense.
Proof.
Let A be an abelian group with A # 1.
Consider the crossed square C := (A, A, A, 1) from Example 66.

A N =id 4 A
A=id A‘ O h//
—1

A T

It suffices to show that C' is not isomorphic to a crossed square of the form G Sq for a simplicial
group G.

Assume that GSq ~ C.
Then GSq' ~ G Sq ~ C.

So we have an isomorphism as follows.
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The morphism ufos 9" is injective; cf. Lemma 81. But the morphism Nfo is not injective.
So the commutative quadrangle in front yields a contradiction.

So C' is not isomorphic to G Sq' and therefore not isomorphic to G Sq. O
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Zusammenfassung

Die Simplex-Kategorie A ist die Kategorie der totalgeordneten Mengen der Form [0, n] und ihrer
monotonen Abbildungen. Eine simpliziale Gruppe ist ein Funktor von A°P in die Kategorie der
Gruppen. Also ist eine simpliziale Gruppe G eine Folge von Gruppen ..., Gs, Go, G1, Go,
zusammen mit Randmorphismen dZ-G’" und Ausartungsmorphismen sf’n, die gewisse Relationen
erfiillen. Simpliziale Gruppen modellieren topologische Raume auf algebraische Weise.

Eine [2,0]-simpliziale Gruppe G besteht aus Gruppen Ga, G1, Gp, zusammen mit Randmor-
phismen dZ-G’" und Ausartungsmorphismen st’n, die gewisse Relationen erfiillen. Dabei soll noch
die Conduché-Bedingung gelten, die besagt, dass gewisse Untergruppen von (Go kommutieren.

Mit Hilfe der Abschneideoperation Trunc bekommen wir aus einer simplizialen Gruppe G eine

|2, 0]-simpliziale Gruppe G Trunc.

“G,2
d;
—_—
G,1 G,1
S177 a & d;
~G,2 G,0
G Trunc = dy” e
GQ/GNBQ G1 GO
G,1 el G,1
Sg ap dy
a5
—_—

Der Begriff des verschrinkten Quadrats ist eine Verallgemeinerung des Begriffs des verschrank-
ten Moduls. Es ist ein kommutatives Viereck von Gruppen mit Zusatzdaten, die bestimmte
Voraussetzungen erfiillen.

Wir konstruieren den Funktor Sq von der Kategorie der |2,0|-simplizialen Gruppen in die
Kategorie der verschrankten Quadrate.

Sei G eine |2, 0]-simpliziale Gruppe. Dann hat G' Sq die Gestalt

G2 — Ga2/Gap2

G Sq =

G2,1/Go01 — G2/Gayp

Hierbei ist Go.1 9 = ker(d%?) Nker(dS?), ete.

Insgesamt haben wir Funktoren

SimpGrp TS |2,0]-SimpGrp — CrSq

erhalten.
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Wir kénnen das erhaltene verschrankte Quadrat G Sq isomorph ersetzen durch ein verschranktes
Quadrat G Sq', welches keine Faktorgruppen mehr enthélt.

Ny —— N,
GSq =
U1 —_—> NO X N1

Hierbei sind Ny, Ny, N9 die Terme aus dem Moorekomplex von GG, und U; ist eine gewisse
Untergruppe von NgxNj.

Es ist also GSq ~ G Sq'.

Wir kénnen schlieBlich noch nachweisen, dass der Funktor Sq keine Aquivalenz ist.

12,0]-SimpGrp > CrSq.

Dies steht im Kontrast zur Aquivalenz von den |1, 0 |-simplizialen Gruppen zu den verschrinkten
Moduln.

|1,0]-SimpGrp — CrMod .
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