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Conventions

Some of them are repeated in the text.

10.

11.

12.

13.

We freely use the notations of maps on the left, on the right, as an upper index etc.

For a, b € Z we denote the integral interval by
[a,b] :={zx €Z]|a<z<b}

Let n > 1 be an integer. Let
Sn = Aut ges[1, 7]

be the group of permutations of n elements, which are written in cycle notation, so that e.g.
(124)(35) sends 1 to 2, 2 to 4, 4 to 1 and interchanges 3 and 5. We write composition of permuta-
tions on the right, so that e.g. (123)(12) = (23). The sign of a permutation o € S,, is denoted by
€o-

Throughout, the letter n is reserved to denote the number of permuted elements, i.e. ‘the n as
in §,,”. This convention does not extend to variables such as n) etc. Also exception is made in
case we regard a single symmetric group. Moreover, p denotes an arbitrarily chosen integral prime
number, except stated otherwise.

Conjugation in a group G is denoted by ¢ := h='gh, "g := hgh~', where g,h € G. Analogously
conjugation with units in a ring.

0 sometimes denotes Kronecker’s delta. I.e. for elements z,y taken from some set, we let
Op,y = 1for x =y and 0,y =0 for  # y.

Let 1 =", e be the orthogonal decomposition of the 1 € QS,, into rational central primitive
idempotents . Here e* acts on the Specht lattice S* as the identity, A being a partition of n (cf.
4.1.1). Let

Q* =28,
be the quasiblock associated to A.

More generally, for an arbitrary R-order A, R being an integral domain with field of fractions K,
and a central primitive idempotent € of K ® A, the R-order Ae is called a quasiblock of A. A
A-lattice X is called simple provided K ®pr X is a simple K A-module. A simple A-lattice is not
a simple A-module.

By vp(a) we denote the valuation at p of a rational number a (e.g. v2(—9/40) = —3). By a, we
denote the p-part of a rational number a, provided it follows from the context that p is not an
ordinary index (e.g. (—9/40), = 1/8). Thus p"»(*) = a,,. Analogously prime ideal valuations on
the field of fractions of a Dedekind domain.

The direct sum of m copies of a single object X is denoted by X™. In case X is an ideal of a ring,
this must not be confused with its mth power as an ideal.

The additive group of morphisms between left (or right) modules X and Y over the ring A is
sometimes denoted by

HomA(X, Y) =: A(AX7 Y)
In case A is commutative, we frequently use the abbreviation X/a := X/aX, a € A.

The Circonference Lemma asserts that for a commutative triangle in an abelian category the
induced sequence on the kernels and on the cokernels is 6-term long exact.

(C x), (A X), (S x.y) or (S x.y.z) refers to a chapter, an appendix, a section or a subsection
respectively. The sole number (x.y.z) refers to a lemma, a definition ... So that e.g. (C.3.5) refers
to assertion 3.5 in the appendix C, whereas (C 3) refers to chapter 3, and (A C.3) refers to the
third section of appendix C.
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Chapter O

Introduction

0.1 The problem

0.1.1 The situation

WEDDERBURN’s Theorem describes the structure of the rational group ring QG of a
finite group G as follows. Consider a direct sum decomposition of QG as a left module
over itself into indecomposable summands. By MASCHKE’s Lemma, indecomposable left
QG-modules are simple. Therefore, using SCHUR’s Lemma, the Peirce decomposition
of QG corresponding to this direct sum decomposition consists of a direct product of
matrix rings over the endomorphism skewfields of these indecomposable summands. The
isomorphism from QG to this direct product can be described by sending a group element
g € G to the tuple of left multiplications on a system of representatives of isomorphism
classes of simple QG-modules - one column per ring direct factor.

In case of the symmetric group, these endomorphism skewfields coincide with Q. This is
the same as to say that the irreducible QS,,-modules, that is, the rational Specht modules,
are absolutely irreducible [J 78, 4.12]. Choosing simple ZS,-lattices, not necessarily the
Specht lattices, inside the rational Specht modules, we obtain an inclusion of Z-orders

ZS, — [[z™ ™,
A

called Wedderburn embedding, where A runs over the partitions of n. Viewed as an

inclusion of abelian groups, it is of finite index /n!™/ ], nf\ni) (cf. 1.1.4), whence it allows
a description by congruences between matrix entries, called ties. The aim is to gain
control of these ties in order to obtain a workable isomorphic copy of the integral group
ring ZS,, as a subring of the direct product of integral matrix rings [, Z"™**"*.

0.1.2 Guiding examples

The complexity of the resulting system of ties strongly depends on the chosen Z-linear
bases of the Specht lattices. In the examples directly calculated by computer, we start
from the combinatorially given integral representations on the Specht lattices and use
‘obvious conjugations’ by elementary matrices to simplify (cf. S 0.5). For n < 6, the

X
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complexity of the respective system of ties collapsed at a certain point, and we obtained
the systems displayed in (C 2). For n = 7, we contended ourselves with the quasiblocks,
that is, with the images of the projections into the single integral matrix rings.

We regard an embedding ZS,, ¢~ [], Z™*™, corresponding to a choice of bases, as sat-
isfactory, if we can read off a Peirce decomposition of the localized versions Z,S,, as well
as the associated Morita equivalent basic Z)-order from its description via ties. In this
sense, the examples we calculated are in fact satisfactory, in contrast to the embeddings
that use the combinatorially given bases.

But by means of such a vague notion (‘we can read off’), we cannot determine the bases
uniquely. However, any satisfactory embedding allows to search for interpretations of the
resulting system of ties. This is what we use our guiding examples for.

0.1.3 Modular morphisms

Suppose given ZS,-lattices X and Y, that is, finitely generated ZS,,-modules free over
Z. A modular morphism from X to Y is a ZS,-linear map from X/m to Y/m for some
integer m > 2. A necessary condition for an element of the direct product of integral
matrix rings to lie in the image of the Wedderburn embedding is, besides that it should
act on X and Y, the congruence resulting from the diagram that expresses ZS,,-linearity.

If we denote by & the operation of S,, on X, by n the operation on Y, and by X Lva
Z-linear map, then f yields a ZS,-linear map modulo m if and only if the congruence

§of =m fo

holds for all o € S,,. And since the operations & and n are pieced together from the tuple
of operations on simple lattices in a way independent of o, the tuples lying in the image of
the Wedderburn embedding satisfy certain resulting congruences between matrix entries
(usually several ones per morphism).

We shall exhibit several generic modular morphisms between simple lattices, by which
we understand a family of such modular morphisms given by a formula depending poly-
nomially on combinatorial data (cf. S 4.5).

The specializations of the generic modular morphism given in (4.3.31) already suffice to
describe Z,S,, p prime (cf. 4.2.8).

But e.g. for Z3) S, which is of index 3°°% in [T, Z’(?)X"*, the specializations of our generic

modular morphisms between simple lattices merely describe an intermediate order, which
is of index 3*7 in [], Z?g*)xm (cf. 4.4.2).

The reason for this failure is the following. Suppose given a ZS,,-linear map X/m — Y /m,
and assume, for sake of simplicity, that Homgqs, (QX,QY) = 0, i.e. that X and Y are
rationally disjoint. The long exact Ext-sequence on

(%) 0—Y %Y —Y/m—0
supplies us with the isomorphism

(xx) Homggs, (X/m,Y/m) LExtlzsn(X, Y)[m],
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which maps X/m —Y/m to the pullback
(k) 0—Y —+F—+X—+0

of (%) along X — X/m — Y /m. Here [m| denotes the m-torsion part. Thus we obtain a
Z.S,-lattice E/, which might now itself be source or target of another modular morphism,
say E/m/ — Z/m' or Z/m' — E/m/. The operation on E being pieced together from
the operation on X and the operation on Y by means of the cocycle corresponding to
(##x), we thus obtain congruences that involve the quasiblocks already involved in X and
Y, and in addition those involved in Z. But modular morphisms between simple lattices
involve exactly two quasiblocks only.

0.1.4 Extensions

To see that there exists a set of modular morphisms that yields a complete system of ties,
by which we understand a system of congruences of matrix entries necessary and, taken
together, also sufficient for a tuple of integral matrices to lie in the image of the Wedder-
burn embedding, we start at the other extreme and writes the regular representation ZS,,
as an iterated extension of simple lattices. This is possible a priori, since a ZS,-lattice is
either simple itself, or contains a proper pure sublattice. We thus obtain a finite binary
tree of extensions. Now by dint of the correspondence (xx), we obtain a corresponding
tree of modular morphisms, yielding a complete system of ties. See (S 0.1.5) for more
details.

Fortunately, a tree that unscrews the regular representation in combinatorial terms had
already been established by JAMES. This tree consists of James lattices, that is, gen-
eralized Specht lattices. The unscrewing proceeds by means of James extensions ([J 78,
17.13], cf. 5.1.18), which even ensures that the simple lattices we end up with are actually
Specht lattices. The only piece of information that had to be added was to give the inverse
of (xx) explicitly, that is, to construct a diagram

0 Yy — Y

Y/m — 0

starting from a James extension in the upper row. As a byproduct, we extract a formula,
polynomial in the combinatorial data, for the order of an occurring James extension as
an element of the abelian group Ext'.

The collection of all maps occuring in this procedure furnishes a rather complicated dia-
gram, which can be viewed as a module over a path algebra, and which is called the truss
(cf. 5.3.8, S 5.4.2). Our initial aim to find a suitable set of bases now boils down to find
a normal form for the truss. This is not a well defined problem, but informally, a normal

form might be regarded as satisfactory provided its choice of bases yields a satisfactory
Wedderburn embedding.

This hypothetical procedure is modelled on the case Z,)S,, in which a long exact sequence
of modular morphisms between simple lattices already gives a complete set of ties — a
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choice of bases adapted to this long exact sequence yields a satisfactory Wedderburn
embedding.

A complete solution to this normal form problem seems to be out of reach, and we have
tried our hands only on the cases n = 3,4. One might hope that certain parts of the truss
will yield partial results, for instance after localization. Or one could try to regard the
image of a projection into a certain subdirect product of [ [, Z™*"*, that is, a generalized
quasiblock. But we have not pursued such attempts here. In particular, we do not dispose
of a general satisfactory normal form for the truss.

0.1.5 A tree

We shall sketch the general framework employed in (S 0.1.4).

Let R be an integral domain with field of fractions K. Let A C I' be a full inclusion of
R-orders. Consider a finite binary tree of A-lattices

AN 2 YA N

Tooo Too1 To10 To11 Tho1 Th10 T

SNSN SN SN /\ /NSNS

ending at possibly different stages, such that the ends carry I'-lattices which sum up to
I, such that Tj ~ A and such that there exist short exact sequences

€0y

0—T—1T. HTdHO

e being a word in 0 and 1’s. Moreover, assume given e0,e0* = m, € R, which allows to
construct

(eO* el*) (Z?:) = M.
Suppose an element g € I' acts on T, via g.o and on T,y via g.;. It acts on T, if and only
if .

Je i= — (eO* el*) (960 981) (ch)i)

Me

is integral. It acts on Tj if and only if it is contained in A. e0* induces a modular

morphism on the cokernels
Tel - TeO / me,

which is respected by ¢ if and only if g, is integral.

0.1.6 Quasiblocks

In principle, the ties describing a quasiblock Q*, defined as the image of the composition

7S, Hzn,\xnx Z”uxnu7
A
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can be deduced from the ties that describe a satisfactory embedding, thus explaining its
ties as being ‘caused’ by modular morphisms involving in general several lattices. It would
be interesting, however, to have an interpretation in terms of the properties of the Specht
lattice S* alone, by which it is also determined alone, after all. At least an approximation
is given by the Gram matrix G* of the §,-invariant bilinear form on S*, which forces

Q/,L C AL N (GH)*IZNMX"MGH_

Though comparably small, the isolated quasiblocks seem to be hard to describe com-
binatorially. Moreover, an index formula for the inclusion Q* C Z™*™ is missing (cf.
1.1.3).

0.2 An example

Consider the well known case ZS3 [Rog 80, 0.7.2]. The image A of the embedding of
Z-orders
7S; — 7 x 7 x Z

(12) — 1
(123) — 1 x (7)) x 1

X
N

|
wl\')
o |
—
~—
X
—_

allows a description as

T31 T2

_ 1 22, 22, 3 1 — .3 1 — .2 2 — .3 2
A={ = X ( 3od Xy | wy = a7y, Ty =3 X7y, Ty =3 T4, 5, =3 0}
C Z x 7 x Z =T,

which we rather depict as

a b 3 c c b
1 2 3
a o' =3 =z
b 2! = =
C l’2 =3 X

This is a satisfactory embedding in the sense of (S 0.1.2). For instance, localized at 3 we
obtain the Peirce decomposition

1x (59) x1=(1x(50) x0)+ (0x (39) x1).

Consider the exact sequence of Z-linear maps
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the indices denoting merely the number of the quasiblock we have taken the column
from. This sequence becomes an exact sequence of ZS3-linear maps when tensored with
Z/3 ®z —. Conversely, a tuple

1 w21 x22 3
Ty X (zgl ) ST r

respects both maps modulo 3 if and only if the ties at 3 given above are satisfied, that is,
if and only if 1, =3 231, 23, =3 23, and 23, =3 0 hold.

Actually, this exact sequence is a specialization of a generic one (S 4.2.1), and it is not
by chance that we have obtained all ties at 3 (cf. 4.2.8).

Let us regard the inclusions of simple lattices over the second quasiblock. There is a
Ssz-invariant bilinear form defined on its column (%), given by the Gram matrix (g%),

yielding the inclusion of the Specht lattice (%) into its dual. This dual lattice (%)* is
isomorphic to the other column (%), where 3 stands for (3), via

(5) = (2)
(1) — (1)
&) — (s2)

as can be derived e.g. from restriction of the map given by the Gram matrix to (%) C (%)
followed by division by 3. Using this isomorphism for isomorphic substitution, we see
that the inclusion of the Specht lattice into its dual is isomorphic (as a diagram) to the

inclusion (%) C (%) Thus an element of the second quasiblock remains integral by left

woorWwWN

)
)
)

Y

conjugation with (8?), which means that 3, is divisible by 3.

0.3 Motivation

We would like to explain why we consider the problem described in (S 0.1) to be worth-
while. So suppose given a satisfactory description of Z,)S,, as a full suborder of [ [, Z?Ij)xnA
in the sense of (S 0.1.2), so that a Peirce decomposition and the corresponding Morita

multiplicities can be read off.

Therefore, the Peirce components of the corresponding basic Z)-order as rings resp. as
bimodules are given in a very explicit manner, viz. in Z,)-linear bases, with multiplication
derived from matrix multiplication. A path algebra being a universal Peirce decomposi-
tion, we may map some convenient path algebra over Z,) onto this Z)-order to obtain a
presentation as a path algebra modulo relations. E.g. the principal block of Z)S5 turns
out to be Morita equivalent to

Z=/(A* —2A,NJ —2F,(AJN)?> — (JNA)* — 2(AJN — JNA)),

where

—_
—

== A
v

E__J | F

L] L]

-
N
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(cf. S 2.2.5). Reformulated as a path algebra modulo relations or not, the Peirce decom-
position is the main reason to search for a tie form. The path algebra presentation
sometimes reveals algebra automorphisms (cf. S 2.3.4).

The calculation of the radical of Z,S, may be done as follows. To begin with, we re-
duce to the calculation of the radicals of the endomorphism rings of the indecomposable
projective modules. Moreover, we may reduce to the calculation of the radicals of the
quasiblocks of such an endomorphism ring, since its radical can be recovered by intersec-
tion (E.1.28). Again, we are reduced to the calculation of the endomorphism rings of the
indecomposable projectives of such a quasiblock. Furthermore, if in such an endomor-
phism ring, embedded into a single matrix ring, either the position ij or its transpose j1
carries a single p-tie for each ¢ # j, its radical is given by imposing single p-ties on the
main diagonal entries (E.1.30).

For instance, consider the Z)-order Z3)Ss, isomorphic to its image A under the embed-
ding given in (S 0.2). Its radical is given by

tA =3 x <§Z§3>> X 3

where 3 stands for (3).

Using the isomorphism

A/tA — F3 X F3

2 2
1 @}, a3, 3 1 3
Ty X (xél 3532) X T7q Ty X Tn

we obtain its unit group to be
% 2 2
A = {z}, x (Zéi jgz) x z3 € A | ayy, #3 0, 23, #3 0}

One also may pick subsets of the unit group with extra properties, such as torsion units
(use characteristic polynomials) or central units (cf. also 1.1.4). We will not pursue this
possibility, however.

Units are a prominent example for the usage of matrix multiplication. In general, the
tie form allows to think of calculations in the group ring as of calculations in matrices
subject to some ties. For instance, the center, or also a maximal commutative suborder
(a torus) become visible.

The decomposition matrix may be calculated by counting multiplicities of simple lattices
in projective indecomposable lattices. Let S* denote the Specht lattice over Z)S, to
the partition A of n, p prime. Let p be a p-regular partition, let D* = S*/tS* be the
corresponding simple module, let P* denote its projective cover over Z,S,. Consider
the semisimple Loewy layers

X; = (t'S* + pSY) /(x1SH 4 pSH).
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We obtain the decomposition number
[S’\ : DM o= Zi>0 dimg, Homegn(D“, X;)

= > 5o dimg, Homgz s, (P X;)

= dimg, Homg s, (P*, S* /pSH)

= dime Homz(p)sn(Puv S’\>/Homz(p)$n(P“,pS/\>)

= dimg, (Homg, s, (P*, 5*)/pHomg,, s, (P, S’\)>
l"kz(p)HOHlZ(p)Sn (PM, S)‘)
= dlmQ HOII]QSTL(QP“, QS)‘)

Moreover, usage of the radical enables us to refine this calculation to the Loewy layers of
S* /pS*. We write P = Z,)Spet, e being a primitive idempotent of Z S, and obtain

Homp,s, (D", X;) = Homg,s, (P", X;)
= Homgs, (P*,t'S* + pS*) /Homg, s, (P*, ¢ 5" + pS*)
= et(x'SN + pSH) /et (viTESA + pSH).
For instance, in the situation of (S 0.2) we obtain for n = 3, p =3, A = (2,1), u = (3),
e® =1x (§g) x0andi=1

Hompgsg(D(3),X1) = (¢ 521 4 3592 1))/6 3)( 2921 4 392, 1))

o3)
(68)() / (00) (3)

As a disadvantage we mention that the subgroups are hidden. For instance, to calculate
vertices of indecomposable lattices over Z,)S,, p prime, one seems to be forced to use
the representing matrices, due to the fact that the group ring of a subgroup in general
does not allow a convenient description in the same product of matrix rings over Z, into
which Z,)S, is embedded. For some representing matrices, we refer to (C 2).

0.4 Necessity of prime powers

We want to stress by an experiment the necessity, even for ordinary modular represen-
tation theory, of the prime powers occurring in the ties resp. in the modular morphisms
evoking the ties. In general, changing the prime powers for these modular morphisms
changes the objects (such as modules, morphism groups, ...) obtained by reduction
modulo that prime. To see this, we shall lower by one an exponent of such a prime power
in an example.

Consider the Z,)-order
E={rxyxz|ly=42 20=3y+2} CZlp x Ly x Ly =T,

which is the endomorphism ring of an indecomposable projective Z)S,-module (S 2.1).
Note that therefore E/2 is the endomorphism ring of an indecomposable projective FoS;-
module.

Sending X to 0 x 2 x —2 and Y to 0 x 0 x 8, we obtain the presentation
Zo[X,Y]/(X?—2X -V, XY +2Y, Y?—8Y) >~ E,
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whence the reduction modulo 2 reads
Fz[X]/(XS) - Fy[ X, Y]/(X2 —-Y, XY, Y2) = F/2.

Consider the linear map

fl
U .= Z(Q) — Z(Q) X Z(Q) =V’
1 — 2 x -2

where the left hand side consists of the first and the right hand side of the second and
third ring direct factor of I'. This linear map factors over the E-sublattice

Vi={yxz|ly=,2} CV',
and this factorization
v-Lev
is E-linear modulo 4. Conversely, F consists of those tuples in I' that act on V' and that
respect this map modulo 4.

We pass to the intermediate order E C E’ C I' consisting of those tuples x x y x z € '

that still act on V' but that commute with U N V modulo 2 and not necessarily modulo
4. This amounts to the description

E'={rxxyxz|ly=42 20=,y+2}CT.
Sending X to 0 x 2 x —2 and Y to 0 x 0 x 4 yields the presentation
Zo[X,Y]/(X?—2X —2Y, XY +2Y, Y?>—4Y) = F,
whence the reduction modulo 2
Fo[X,Y]/(X?, XY, Y?) = E')2,

which is not isomorphic to F/2 since the radical square of E’/2 vanishes.

0.5 A washing machine

The problem in formalizing the direct calculational simplification of a given system of ties
lies in the choice of a suitable conjugation of a single representation by an elementary
matrix, i.e. we have to formalize the meaning of an obvious step. In case one chooses
the respective step by hand - which is possible, say, for ZS5 -, one makes use of the human
ability of pattern recognition.

The automatized solution to this problem is rather simple. It is efficient for n < 7, but
it is of non-algorithmic nature. It is doubtful whether a practicable algorithm exists.
Note that we deal with a finite problem of huge proportions.

We shall now give a sketch of the method employed instead of giving a complete docu-
mentation in the main text.
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To begin with, we start with the ties given by Serre’s Inverse Fourier Transformation For-
mula (1.1.1) for an arbitrarily chosen embedding, thus avoiding an n! x nl-matrix inversion.

Conjugation of a representation by an elementary matrix is performed by a multiplication
from the left and the inverse multiplication from the right. To keep control of the effect
on the ties, we test either only multiplication from the left or only multiplication from the
right, translated to the effect on the tie matrix, i.e. on the matrix which records the ties.
For a fixed position of the non main diagonal entry of the conjugating elementary matrix,
the entry with maximal reduction of the number of involved nonzero positions in the
tie matrix is determined. The conjugation itself then is, of course, carried out correctly
from both sides. Now we let the position of this non main diagonal entry run through our
conjugating elementary matrix. Thus we have two methods at hand, one testing from the
left and one testing from the right, which we more or less alternate.

The resulting process is a non-algorithm in the sense that even for the vague aim of a
satisfactory embedding (cf. S 0.1.2) there is no theoretical reason to be achieved. For n < 7,
however, the system of ties almost collapses down to a sensible one: the resulting ties
regularly involve at most one entry per quasiblock, and, exceptionally, up to three entries
per quasiblock.

As a consequence of using a process which is not an algorithm, the tie matrix of Z)S7
needs two successive treatments by the program until it is cleaned - as one might expect of
a washing machine.

The tie matrix being simplified, there remains the extra task of parallelizing the ties oc-
curring in a Peirce component eZ,) S, f. By parallel ties, we understand ties of the same
shape for all matrix tuple positions belonging to this Peirce component. Parallelization is
necessary for to see Morita multiplicities (cf. e.g. S 2.1.1). But so far, parallel ties are not
distiguishable by computer from their non-parallel linear combinations. This is the reason
why we haven’t obtained satisfactory embeddings for Z,)S7 for p = 2,3,5 yet, although our
washing machine has been able to handle them. For to proceed further in this direct manner,
one should attempt to automatize also this parallelization as far as possible, algorithmically

or not. For possible theoretical obstacles, cf. (D.1.4).

Trying to deal with ties without computer — not only in this first step for to calculate
satisfactory embeddings directly, but also in the subsequent search for generic ties — would
be similar to trying to do astronomy without telescope. We should not overestimate our
eyes.

0.6 Some results

0.6.1 A one-box-shift morphism
We use the language of JAMES [J 78]. We shall give a formula for a morphism
S*m Sogn /m,

in case pu arises from A\ by shifting one box to the left and down, m being the length
of the path covered by the shifted box (4.3.31, cf. S 0.6.3). This morphism is induced by
a morphism from the free ZS,-module on one generator, denoted by F* and equipped
with the A-tableaux as Z-linear basis, to the Specht lattice S*. The image of a A-tableau
[t] under this morphism is given by a sum of u-polytabloids according to the following
combinatorial rule. Take an entry of the tableau ¢ from the column of the box which
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is to be shifted and replace an entry in some column further to the left with it. Take
this replaced entry and replace an entry in a column further to the left with it. And
so on. Put the last replaced entry into the shifted box, but at its position in p (cf.
e.g. S 4.3.5). Form an integral linear combination of the resulting p-polytabloids with
coefficients polynomial in the column lengths of A. Finally, divide out a redundant and
likewise polynomial factor, which occurs because of a linear dependence of the resulting
p-polytabloids that ensues from the GARNIR relations [G 50, p. 56}, cf. (4.1.4). The result

passes down to S*/m Iogn /m. f # 0, even modulo primes dividing m, can be seen by
a standard polytabloid argument.

Based on [CL 74], CARTER and PAYNE [CP 80| in particular show that such a nonzero
morphism exists over an infinite field of characteristic p dividing m (cf. 4.3.33, S 4.3.5).
This ensues also from (4.3.31).

For the application to integral representation theory, however, we need morphisms modulo
prime powers, and moreover, we need to know their behaviour under composition, for
instance in order to describe Z)S,, p prime (cf. e.g. 4.2.4, 4.2.8, S 4.4.2).

Furthermore, CARTER and PAYNE assert the nonvanishing of Hom in the situation of
the simultaneous shift of several boxes from a column to another column further down
to the left. We could figure out some modular morphisms in simple special cases of
this combinatorial situation (cf. 4.4.3, 4.4.5), but we haven’t been able to generalize the
one-box-shift morphism (4.3.31) accordingly.

A. KrLeEsHCHEV [Kles 98] has given an argument for the dimension of the Hom-space
treated by CARTER and PAYNE to be one-dimensional in case of a one-box-shift in char-
acteristic # 2 (cf. 4.3.33).

Further exceptional modular morphisms appeared modulo 2, one of them specializing
to the nontrivial endomorphism of SV /2 causing a tie with two entries in a single
quasiblock (4.2.11). This endomorphism is described, up to Morita equivalence, by the

matrix
000
000 ) .
100
T11 T12 13

Thus the element <£21 @22 ;23) of the matrix ring containing the according quasiblock
31 432 £33

respects this endomorphism modulo 2 if and only if

x1300 T11 T12 T13 000 000 T11 T12 T13 0 0 O

22300 | = | x21 x22 T23 000 =9 000 To] Too T2z | = 0O 0 O ,

z3300 T31 T32 £33 100 100 T31 T32 T33 T11 T12 13
i.e. if and only if z15 =5 213 =5 123 =2 0 and x1; =5 x33. These ties already describe that
quasiblock (cf. S 2.2.4).

A table of some modular morphisms is given in (S 4.5).

0.6.2 A retraction up to an integer

In (S 0.1.4) it has been explained that the missing detail in order to describe ZS, via
ties arising from modular morphisms, using an unscrewing of the regular lattice by James
extensions, is a retraction to the inclusion of an occurring James extension up to its order
in Ext'. The kernel of such an occurring James extension is given by a Specht lattice S,
its middle term is given by a James lattice S*<” (cf. 5.1.2). There is an epimorphism from
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F¥ onto S*<¥ for which generators of the kernel are known. This enables us to exhibit a

retraction up to the Ext'-order as being induced from a ZS,,-morphism F” . S” (5.2.25,
cf. S 0.6.3)

The formula for f is very similar to that described in (0.6.1), and I do not know why.
Suppose given a v-tableau [t| which is to be mapped. Let y be the entry of ¢ at the unique
position outside of A (modulo 5.3.3). Replace an entry to the right of y by y. Take the
replaced entry to replace an entry to the left of it. Take the replaced entry to replace an
entry to the left of it. And so on. In the last step, insert the replaced entry at the original
position of y. Form an integral linear combination of the resulting v-polytabloids with
coefficients polynomial in the column lengths of v and divide out a factor of redundancy.

0.6.3 Announcement of results

We shall give an account of (4.3.31, 5.2.25), slightly deviating in notation from our working
language of (C 4, C 5).

Let \
N — Ny

r — /\z

be a partition of n, i.e. assume > . \; = n and \; > ;g for i € N. Let P*:={ix j €
N x N | 7 < A} be the picture of A. A A-tableau is a bijection

[
in — Q.

o € S, acts on the set of M-tableaux T* via composition [a] — [a]o. Let F be the free
Z-module on T* with the induced action of S,,. Let

P L N P 5N
IX] — i IX] — ]
denote the projections and let

s c

™ o N7 ™ — N7

[a] — [a7'p [a] — [a]'s
The fibers of r are called tabloids, and the fiber containing [a] is denoted by {a}. The
free Z-module on the set of tabloids, equipped with the induced action of &,,, is denoted
by M*. Let

Clo = {0 € 8, | lale = ([alo)e}

be the column stabilizer of [a]. Let the Specht lattice S* be the ZS,-sublattice of
M? generated over Z by the A-polytabloids

(a) := Z {a}oe,.

O'EC[Q]

X denotes the transposed partition of ), ie. j <\ <= ixj€ P <= i < )\;.
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Let s,t € N, s < t, assume A\; > A}, |, and assume s = 1 or \,_; > \.. These assumptions
ensure
AN+1 fori=s
=1 No—1 fori=t
A else

to define a partition pu of n. Let [ > 1. A path of length [ is a map

0,] -~ P upr
ko — ap x By

such that k < k" implies ) < By, such that ag x Sy = p), X s and such that g, = ¢. For a
A-tableau [a] define the p-tableau [a7] by

a;yj = for i x j € P*\(~([1,1]) UN x {t})
ahp, = Qagpe, Tor k€ 0,0 — 1]

al, = ay for i < oy

aj, = Qiy1g for i > .

Fori € [s+1,t — 1] we denote X; := (t — \}) — (i — X}). Let

. Hi6[8+17t—1}, B> R4y Xi

er[l,lfl] X/Bk

Let m:=14 (t — X)) — (s — \.). Let I" be the set of paths of some length [ € [1,¢ — s].

zy = (—1)"

Theorem 0.6.1 (formula for a modular morphism, equivalent to (4.3.31)) There
is a commutative diagram of ZS,-linear maps

a] ——— > erzy(a”)
) F*—L— 5 (b

N

(a) S* —L— St/m (b)

[ can be written as an integral matriz such that at least one entry equals £1. In particular,
f does not vanish.

A prepartition of n is a map
N 4% N,
T — V;
such that ) .1, = n. The notation in case of a partition carries over verbatim up to the
definition of M.
Let A be a partition of some number such that P* C P”. Let [a] be a v-tableau, let

PY\P* . P”. Let

Clax = {0 € S, | [a]c = [a]oc, t[a] = i]alo}
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be the column stabilizer of [a] inside X. Let the James lattice S*<” be the ZS,-sublattice
of M generated over Z by the A\ C v-semitabloids

{a)y = Z {a}oe,.

UEC[Q])\

Note that SV = SASV where \; == vy, \; == \; for i > 2.

Let z > 2. Assume A\, < \,_; and A, < v,. The assignments

. ANi+1 fori=2z
(AA:)i = { i for i # z

vituv,— A\, fori=z-1
(VR,); = A for i =z
v; fori#£2—-1,z2

define a partition AA, of some number with P*: C P" and a prepartition uR. of n with
P* C P"!: For a v-tableau [a], we define the vR,-tableau [aR,] by

(aR.)ij = ai forixje PRN\{z -1} x [, + Lv.q + v, — A\
(aRz)zfl, Vei4j = Aia+j for j S [1, vV, — )\z]

Theorem 0.6.2 (JAMES, [J 78, 17.13, proof of 17.12], cf. (5.1.18))
The sequence of ZS,,-lattices

0 SAAZQ/ S)\gu SAQ/RZ O,

(a)ra. — (a)ra,
(@) — (aR)x

called the James extension, is short exact.

Simple case. Let t := v, and suppose P¥\ P* = {V/ x s} for some s € [1,t]. Let 2 := V.
Note that S*=<” = S, Let [ > 0. A cycle of length [ is a map

0,] — P¥
ko — o x By

such that k < k" implies 5 < Sy and such that oy x 5y = z x s. For a v-tableau [a] define
the v-tableau [a”] by multiplication of [a] with the corresponding (I + 1)-cycle in S,,,

[GW] = [a] ) (aaoﬂov s 7aalﬂl)'

For i € [s + 1,t] we denote Y; := (s — V) — (i — v/}). Let

+1

er[u] Yﬂk

Let I' be the set of cycles of some length | € [0,t — s]. Let

Hie[s-‘rl,t], V>V Y;

Yy =

m:= (v, +t—s) H (Y; +1).

JE[s+1,1], V§-71>I/§
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Theorem 0.6.3 (formula for a retraction up to m, equivalent to (5.2.25, 5.2.26))
There is a morphism of short exact sequences

0 - Sv S)\gu _ SAQ/RZ — 0
(a)x

}

Z—yer‘ yv{a?)

0 .S, g S —

in which the upper sequence is the James extension (0.6.2), having order m in Ext'.
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Chapter 1

Preliminaries

We need a certain amount of theory a priori in order to handle our guiding examples, in
particular, to prove that they are correct, independent of computer calculations. For this
purpose we give a total index formula, describing the quantity of the system of ties, we
recall the modified Coxeter relations, giving a presentation of S,, in terms of a transposition
and an n-cycle, and finally we recall the point of view of path algebras as universal Peirce
decompositions. By rights, also appendix (A D), containing the notions of a homogenus
ring, i.e. of a ring which has a Peirce decomposition such that the summands are either
isomorphic or lie in different genera, and of a naive localization, i.e. a way to work at
a single prime while keeping the global ground ring, should have appeared at this point.
However, due to its length, the according section has been shifted to the back.

1.1 Serre’s Fourier inversion formula

The reader who is merely interested in our guiding examples may restrict his attention to
(S 1.1.1). This section may be regarded as a long corollary to the vertical orthogonality
relations of the character table. We do not claim originality, in fact, we have rediscovered
several well known assertions (1.1.4, 1.1.5, 1.1.8, 1.1.10, 1.1.13) by this ad hoc method (cf.
S 1.1.6).

1.1.1 The tie matrix and the total index

Let G be a finite group. Let {p*} be a complete set of complex irreducible representations
of G, given by matrix valued functions p* = (p})ixje[Ln]x[1ny], Where ny := dim p*.

The vertical orthogonality relation applied to the first column of the character table of G,
belonging to 1 € G, and to the column belonging to the conjugacy class of an arbitrary
element g € G reads

> T o) DG D
A

Hence, composing the linear maps

T

cG - [I,Cm ™
g — (P9



2 Preliminaries

and
t

[Lowm e ca
) — X, (AT Mg ™) 9,

whose matrix arises from the matrix of r via transposition, a reordering of the rows and
columns and a multiplication of the rows with respective factors ny, we obtain the

Lemma 1.1.1 (Serre’s Fourier inversion formula [Se 77, 6.2 prop. 11])
rt =|G|.
Given h € G, we plug in & := (h)r = p*(h) to get
2, (Samel o) g = 2, (Samaedhg ™) g

(%)
= |G| 22, Ongg
— |G]h.

Note that both maps r and ¢ depend on the chosen representations.
For (£%), € [T, C™ "™ we have, using rt = |G| and tr = |G|, the
Remark 1.1.2 (cf. [Klei 96, Prop. 1])

(EMx € (ZG)r <= (€)1 € |GIZG.

We return to the case G = S, in which we may realize the p* integrally [J 78, 4.2, 4.3,
4.12]. For such a tuple of representations, the restriction of r to ZS, yields an inclusion

zS, - [z,
A

for which we have used the system of ties given by (1.1.2) in order to calculate our guiding
examples (C 2) directly by the method described in the introduction (S 0.5).

Corollary 1.1.3 The elementary divisors of the inclusion ZS, [, Z™*"™ divide n!,
1.€.

n [[z ™ € (zS)r < [[ 2.
A A

Since
(detr)(dett) = nl™,

and, considering the matrices as explained above,

|dett| = |detr| H n&ni),
A

we obtain the

Proposition 1.1.4 (total index formula)
|det r| =

15 the index of the inclusion of abelian groups

7.9, . H VAR
A
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1.1.2 Total index, more general version

Keep the notation of (S 1.1.1) in the general case. Let {p*} ez be a complete set of complex irreducible
representations of G.

Let R be a principal ideal domain with field of fractions the algebraic number field K.
Suppose that the endomorphism rings of the simple KG-modules are commutative and
galois over K.

Let {r*},em be a complete set of K-rational irreducible representations of G, let K* be the endomor-
phism ring of r*. Let d,, := |K" /K], let T'" := Gal(K"/K). Note that via

C ®x K' — HO‘EFM C
z ® =z —  (20(2))s
we may further blockwise decompose the tensor product
CG=Corg KG —> HM C Qg (KH)ymMuXmu Ty HM HUEF“ Cn XM
g — ("9 —  (a(r(9))on

Therefore we have a surjection L — M corresponding to the Galois orbits of {p*}rer. Let {p*} e be
a set of representatives of these orbits, so that in particular n, = m,,.

Suppose the the complex matrix p" can be chosen to have entries in the integral closure R*
of R in K*.

In case R" is a principal ideal domain, this condition is automatically fulfilled by choosing a R*-basis for
the RG-lattice dec gR' B, B being a K*-basis of our simple K G-module.

Restricting on the left to RG C CG and on the right to M C L we obtain

RG  — HueM(R“)n“Xn“
g — (P9

which becomes an isomorphism under C ® g — since we may compose with

CopRt=C @x K' — JlernC
z ® =z —  (z0(2))s

to recover
CG—= [] cmxm
\EL

Consider the linear map

¢

uen (B0 — CG
€ — 2, (Cpen i Loern Tr0(€@)(0"(571))) 9
= %, (S e (T (7)) 9

The image of ¢’ is contained in RG. Serre’s Fourier inversion formula (1.1.1) reads

't =G|
Let {zf,..., xs“} be an R-linear basis of R* and write an element a € R* as
a= Z asxh
s€[l,dy]

with coefficients as € R.

The R-linear matrix attached to r’ in the obvious bases has the entry

Pijs(9)
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at the position (g, uijs). The matrix attached to ¢’ has the entry
nuTrKN/K(xéLpgi(g_l)) = Zte 1,d ]nuTTKu/K(x#xt )Pﬂt(g_l)

at the position (pijs, g). Denoting the discriminant by A, := det(Trgn /g (xhxf))s, we obtain

dett’ = £+ detr’ H An 2 (n d“)
peM

The argument from (S 1.1.1) together with an elementary divisor argument in order to pass down to Z
gives the

Proposition 1.1.5 (total index formula II) Suppose R to be the integral closure of Z in K.
The index of

RG =~ T (e

pneM

as abelian groups is

|G|\G\
NK/Q (nﬁdu)

(n2)
HueM Ayt iy

In particular, in case R = Z, each prime divisor of A, also divides |G].

1.1.3 Rough estimates for quasiblock indices

Retain the notation from (S 1.1.1), case G = S,,. Let L be a subset of the set of partitions of n, let

=2 ser et

Lemma 1.1.6 The generalized quasiblock index, i.e. the index of the inclusion

Qr = ZSnsi == [Ther 2™ =Ty
sel —= (p(s))rer

is independent of the choice of the integral representations p*.

NB in case L consists of all partitions of n this follows from the total index formula (1.1.4). Consider a
tuple A := (a*)xer € 'z such that the determinant of a* € Z™ *™ is nonzero and such that

a*p(s) ()
is integral for each A € L and each s € S,,, i.e. such that r; maps into

ry ﬂFf C H anxnxl
€L



Serre’s Fourier inversion formula 5)

Consider the diagram of abelian groups, where on the right hand side we insert the respective cokernels

c,

7S, ——~

—

N4

Using an elementary divisor form of A, we conclude that C' and C” are isomorphic as abelian groups, so
that the assertion results from the Circonference Lemma.

NB the quasiblock Q1)

of ZS, (2.1) shows that the elementary divisors of Q% Ay 1, are not well defined.

Now we set out to give estimates for this generalized quasiblock index. Let

Iy~ 7S,
denote the restriction of ¢ to I'y, let
7S, i Iy
denote the composition of r;, and the projection to I'y,. By virtue of (1.1.1) we conclude that

trr)
(FL Lﬁ FL) =nl

For a linear map a between Z-lattices, let |deta| denote the product of the nonnegative elementary
divisors of a. Regarding the corresponding matrices we notice that

2
|detty| = |detr]| H nf\n*).
AEL

Denote by (—) the reduction modulo n!. Let My, be the image of ¢, let Wy, be the cokernel of 77, i.e.
the cokernel of rp, so that wy, := |Wy| is the generalized quasiblock index of QF. Note that M is the

cokernel of Q¥ NZS, r 1, (intersection in QS,,), for we have a pullback diagram

Q*NZS,

—

rL n!

S,

T, i ZS,,
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T
so that my := |[Mp| is the index of the inclusion Q% N ZS, (e I'z. In particular we see, since the
greatest common divisor ny, of the ny, A € L, divides t1, by construction, that

Lemma 1.1.7

nl/ng [T 2™ € (Q"nZS,)rL € (Q%)rp € [ 2™
AEL ANEL

Le. for a generalized quasiblock as well as for its intersection with ZS,, all ties can be written modulo
n'/nL

By definition we have
n!ZAeLni n!Z)\eLni

= (n2)
et | det o | T,y nl™

mp =

and
wy, = |detr]|.

Furthermore, the Circonference Lemma applied to 1,7 = 0 yields
nlZaer A (n!™ /mp)wr.

Hence,

Lemma 1.1.8 (cf. [P 80/2, IL3]) (*) The product of the index wy, of (Q%)rp in [[ycp Z™ "™ with
the index my, of (Q* NZS,)ry in [[\cp Z™ "™ is

2
n!Z)\eL LY

wrmrp = 7(773\)
[Thermy

Since Q' N'ZS,, C QY, we obtain in particular

n!2(ZAeLn§)7n‘I ’]’L!Z/\EL TL%\
AT e
(n3) L (n3)
H/\EL oy HAEL iy

In practice, both the upper and the lower bound tend to be far from the actual value. For L being the

set of all partitions of n we recover the total index formula (1.1.4).

1.1.4 Ties for the center

The embedding Z(ZS,,) C— T[], Z is the bonsai version of the embedding ZS,, C—~ [], Z"™*™.

It might be illuminating to have seen it in advance.

Retain the notation from (S 1.1.1), case G = S,,. By (1.1.2), (€*)\ € [T, Z™*™ is central
in (ZS,)r iff & = 2* - 1, is a multiple of the identity matrix for all A\ and

(=D D ma’Tr(pg™) | g € nl ZS,.

! An earlier version of our proof of the estimate contained a simplification due to S. KONIG, the idea
of which also went into the present proof.
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Let x*(g) == Tr(p*(g)). Via

Z(ZS,) |Zx nax ™ ( _n;0forallg€S}CHZ

the center of ZS,, resp. of its localizations can be read off the character table.

Remark 1.1.9
(i). Because of
A i? )\(s—l)s
n &

we know that 5)‘ € ZS,,, in accordance with (1.1.7).

(ii). Let p be a prime. We claim that Z((ZS,)p)) = Z(ZS,)[p), the naive localizations

taken inside [], Z"™*"* and [], Z respectively (cf. D.2.10). ((ZS )ip)) is a p-order (or
equal to [], Z, cf. D.2.8) since the diagram comparing the inclusion and the inclusion of
the centers is a pullback. This gives O. To see C, we consider an element z that is central
in the naive localization (ZS,)[,, and thus central in [T, Z"**"*. Now z is contained in
Z(ZS,)p) iff there is some integer m coprime to p such that mz € Z(ZS,). But there is
such an m multiplying z into ZS,,, thus also into Z(ZS,,).

Lemma 1.1.10 (central index formula, [CPW 87, 4.1]) (%) Let p, be the number of
partitions of n. Let ¢y be the length of the conjugacy class of elements of cycle type .

The index of the inclusion Z(ZS,) — [ Z is

1
[T, 7

n!”" TT e

Let 4 denote the conjugacy class of elements of cycle type ), so ¢y = #4*. Let > +*
denote the sum of its elements in ZS,,. The restriction of r to Z(ZS,) maps

2 gl - (zljgefyu pk(g)))\
= (e X M9

73,\
— BN (A
GO,

the first equality resulting from knowing the image element to be central, the index of
ZS, in [, Z"™ being finite.

Now ¢/n! is a ring isomorphism, in particular, ¢ respects the centers. More precisely, the
restriction of ¢ to [[, Z maps

t

O — 230w, X(( )T
= o, X)) X2

Thus the matrix for ¢ arises from the matrix for r by transposition, reordering columns
and imposing factors n3 on each row X and 1/c, on each column g, whence

n3
dett| = |detr -
| | =| ||A| o

2G. NEBE provided the reference.
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Now
(detr)(dett) = n!P»

yields the required formula.

Example 1.1.11 According to (1.1.10), the index of Z(ZS5) C [[, Z is

1
g V1207 2480202015101 = 213154

We multiply the rows of the character table of S5 [J 78, 6.3] with the degree of the respective
representation and reduce modulo 8 to obtain, in the notation of loc. cit.,

1 1 1 1 1 1 1
4 0 4 4 0 0 0
0 3 -3 3 -3 -3 1
-2 0 0 0 4 0 4
0 -3 3 -3 3 1
4 0 4 4 0 0 0
-1 -1 1 1 -1 1
Column simplifications yield
[ 0o o 0 0 0 1]
0 0 4 0 0 0
1 0 2 0 0 0 0
-2 0 0 0 0 4 -2 |,
1 0 0 0 0 0 0
00 0 4 0 0 0
0 -2 0 0 4 1
whence
Z(ZSs5) 12 — {22 x 2 x 28 x 2" x 2% x 23 x 2| 2% + 20 =g 2! + 22 = 227, 27 = 2! =4 28, 2% =, 24}

CZXZXZXZXZXZXZ,

the numbering of the quasiblocks chosen as in (2.2.1), viz.

1 (1,1,1,1,1)
2 (1,1,1,1,1)
3 (2,1,1,1)
4 (2,1,1,1)
5 (2,2,1)

6 (2,2,1)

7 (3,1,1).

The following basis, written as consisting of row vectors,
[0 1 0 0 0 1 o]
00 0 0 0 2 0
1 0 1 1 1 0 1
0 0 4 2 0 0 4
0 0 0 2 4 0 -4
00 00 8 0 0
L0 0 0 0 0 0 8 |

confirms the 2-part of the central index. Let

7 5 7

x 2t2® + 28 =g 2! + 22 =5 227, =

A = {2 x5 xa"xua 17 = 2! =4 25}

B = {23 x 2t =, 2%}

so that Z(ZSs5)) =~ A x B. Let a C A(y) be the ideal having

0O 0 4 2 0 O 4
o 0 0 2 4 0 -4
o 0 O O 8 0 0
0O 0 O O 0 O 8
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as Zg)-linear basis. Then
1+a"> AE‘2)/ZE‘2)

is a multiplicative isomorphism. Also note that essentially the only nontrivial central invo-
lution is given by
[ 11 1 1 1 -1 1 ]

1.1.5 A refinement of the total index formula
We shall refine the total index formula (1.1.4) to the Peirce components.

Let R =Z,), p prime. Retain the notation of (S 1.1.1).

Suppose given a Peirce decomposition 1 = Zieu,s] e; of the image A of the embedding RS, into I' :=
[I, R"™>*">. Refine it to a Peirce decomposition of 1 =3, o ep,r) iy of I

Lemma 1.1.12 Suppose given two orthogonal primitive idempotent decompositions
Zie[l,t] fi
= Zje[l,u] 9j

of I'. Then t = u, and there exists a unit x € I'* and a permutation o such that

fi = g;ca
for all 1.

Since each f; is primitive in I', we may group the decomposition into the f;’s by multi-
plication with the central primitive idempotents of I" into decompositions of these central
primitive idempotents. Thus we may assume I' = R"*™. Moreover, we may assume g; to
be the i-th main diagonal primitive idempotents of I', and m = u.

Since R™*™-proj ~ R-proj has only one indecomposable projective module, up to isomor-
b;
phism, we have t = m by comparison of ranks, and, moreover, isomorphisms R™ — R™*"™ f;.

1
Since ( : ) and (/1. fm) are mutually inverse isomorphisms between @, R™*™ f; and
f”".

. . bi fi . . T .
R™*™ we obtain, letting R™ —— R™*™ be given by right multiplication with a column,

the equation
b1f1 bl fl
< : ) Ji=gi ( : )
b fm b fm

b1 f1

in R™*™ < : > being a unit therein.
b frm

Therefore, we may assume the e; , to be the main diagonal primitive idempotents of I'.

Let M;; be the matrix describing the embedding
eiAej Q eiI‘ej,

for some R-linear basis of e;Ae; and for the canonical basis of e;I'e;, consisting of matrix tuples with one
nonvanishing entry equal to 1. This is, the rows of M;; furnish a basis of e;Ae; in terms of the canonical
basis of e;I'e;, and the columns are indexed by matrix tuple positions.

Collect the bases of e;Ae; to a basis B of A, and collect the bases of e;I'e; to a basis C of I', such that
the embedding A C I is given by a main diagonal block matrix M consisting of the M;;’s. Let G be the
basis of A consisting of the images of the group elements of S,,.

Write the matrix of the embedding r with respect to the bases G and C as a product of the base change
matrix U from G to B with M.
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The matrix of ¢ with respect to the bases C and G arises from the matrix of r by transposition; followed by
a permutation of the rows corresponding to transposition of the factors R™**"* given by a permutation
matrix T; followed by left multiplication with n) of each row for the respective A the corresponding matrix
tuple position belongs to, given by a diagonal matrix D; followed by a permutation of the columns
corresponding to group element inversion, given by a permutation matrix V. Hence Serre’s Fourier
inversion formula rt = n! (1.1.1) reads

(UM)(DTM'U'V) = nl.

Lemma 1.1.13 (basis-ties duality) We abbreviate
w;; =rk e;Ae; =tk ejAe;
and obtain
MijDijﬂjM;i S ?’l' GLw,ij (R),

where T;; permutes the rows of M;l such that the matriz tuple position corresponding to the k-th row of
Mj; and to the k-th column of M;; are mutually transposed. D;j; is a main diagonal matriz consisting of
ny’s according to the matriz tuple position corresponding to the respective column of M;;, or, equivalently,
the respective row of Ti; M};.

In particular, a basis of
eiAej

furnishes a complete set of ties for
ejAeZ-,

in the sense that an element of e;l'e; is in ejAe; iff, written as a column in the same ordering as the
columns of M;; are written, its product with M;;D;; is in n! R,

Suppose given an element x with
M;;Dijx = nly,

y being an integral vector. We have to show that there exists an integral vector z such that x = T;; M Jtlz
Letting

1 _
z= (mMijDijTijM;i) Ly,
we obtain

1
Ty Mj;z = TijM;i(aMijDijTijM;i)_ly =

Let
w = rk(e; R™*" e;)

and note that \
det Dij = H TL;UU .
A

Taking p-parts of determinants, (1.1.13) admits the

Corollary 1.1.14 (refined index formula)

nl Wii

—
1 n;UJ

| wis
V I/,

NB already Zs)Ss shows that in general (det Mj;), depends on the chosen embedding RS, G

(det Mij)p(det Mﬂ)p =
p

In particular,
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We recover the total index formula (1.1.4) by remarking that it is of local nature and that the product

over the indices of the inclusions

eile; C e;l'e;

yields the local total index, since >, wi)‘j =n3 and > i Wi = nl.

Question 1.1.15 Consider the index of the inclusion

eiAej - @ Biv’yAEj#;

7,0

resulting from ‘dropping those ties which involve more than one position’. Is it independent
of the choices made? Is it invariant under exchange of i and ;57

Example 1.1.16 Let R := Z), let the inclusion A C T' be as given further down in

(S 2.1), localized at (2). Let

0 0 000 000 10
e = X X X X
1 (000) (000) <00)
0 x 0 x ()« (9 .
ey = X X X X
i (888) (888) (61)
00
e = 1 x 1 x 000 X 000 X
3 (001) <001) (00)
We obtain
11011
ot 11 4 4 0 2 0 2
Myy=|o0 2 -2 |, My= Msy = Mss =
11 9 13 0 9 ) 31 0 8 ) 33 0 0 4 4 )
0 0 8
0 0 0 8

and, moreover, M1y = M2 = Moy = Mao, M1z = Ma3, M3y = M3s.

We index the factors of I from left to right with A = 1,2,3,4,5. For Mj;, the columns are in-
dexed by matrix tuple positions (A, 4,7) = (5,1,1),(3,1,1), (4,1,1), for M3 by (3,1,3), (4,1, 3),
for M3y by (3,3,1),(4,3,1), for Ms3 by (3,3,3),(4,3,3),(1,1,1),(2,1,1). The positions for

the remaining matrices arise from these by parallel shift. Furthermore, we have Dy,

diag(2, 3,3), D13 = diag(3,3), D31 = diag(3,3), D33 = diag(3, 3,1, 1). Finally, we note that
all permutation matrices T;; equal the identity and obtain

MllDllel

Mi3Dy3 M,

M3y D3y Mg

M33D33 Mg

The formulas of (1.1.14) yield

(det M13)2 .

returning the local total index at 2 as

24 -

24 -

(det M11)2
(det M33)2
(det Mgl)g

r
e

T
e

1/3

0
0 1
1

N

1
2
1
2

I S—
L |

N N =
0 B~ N

2(3'3—1)/2
9(4:3-0)/2
9(2:3-0)

)

94:(3:3-1)/2+(4:3-0)/242:(2:3-0) _ 934

(cf. S 2.1.1).
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1.1.6 det exp

G. NEBE pointed out that (1.1.4, 1.1.5, 1.1.8, 1.1.10, 1.1.13) may be derived more con-
ceptionally using the associative bilinear form on ZS,, (cf. 1.1.18). Here, we have left our
arguments unchanged, to gain some variety (3).

We keep the notation of (S 1.1.1), for a general finite group G. exp denotes the formal
exponential function.

Lemma 1.1.17 For g € G the equalities

[tdetexp(e- g™ = devesple-g(-) = { §PIG0 foro =1

A
hold in C[[t]]. g(—) is to be read as the linear endomorphism of CG given by left multiplication with g.
The first equality follows by Wedderburn’s isomorphism and by det(A(—)) = (det A)* for A € C[[t]]***.

We claim the second equality. Choosing G as basis of CG and sorting it into cosets modulo the cyclic
subgroup (g) < G we are reduced to the case G = C,,,, m > 1. The case m = 1 corresponds to g = 1, so
we may assume m > 2 and claim the result to be 1.

Let the generalized hyperbolic sine be defined by
Sma(t) = Y /(4 jm),
JEZ, i+jm>0
depending on ¢ only modulo m. Note that

d
asm,i(t) = 5m,i—1(t)

mfl)

With respect to the basis (1,g,9%,...,9 , we obtain

exp(t - g(=)) = (Sm.i—j(t))ij-
On the one hand we have

d )., — Sm,i—j—1(t) for j=u
% det(Sm,’L—J (t))’LJ - Z ]det ( { Smis (t) for ] # " )
)

u€ll,m

- Zo,

u€[1,m]
on the other hand we see

det(sm,i_j)ij (O) =1.

Corollary 1.1.18 For g € G the equalities

;nA trp)‘(g) =tr(g(—)) = { l)G| ;Z:i ; }

hold. In particular, the associative bilinear form (g, h) := 0y -1, g,h € G, reads

@miazmmﬂm%»
A

3At the time this subsection was written, I was unaware of Jacobi’s formula det exp = exp trace.
See for instance I. P. GOULDEN, D. M. JACKSON, Combinatorial Enumeration, Wiley 1983, page 11,
formula 7. For the conceptional approach mentioned in the text, cf. e.g. arxiv, math.NT/0102048.
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Consider the first derivative of the identities in (1.1.17) and evaluate at zero. Note that for A € C[[t]]¥*¥
we have

(L det(1 +£4))(0)

y > det(1 +tA),(0)

u€(l,k]
= (2 a)0)
dt
where B, denotes the matrix B with uth column replaced by its derivative. Or use a modification of the
argument of (1.1.17) to argue directly.

1.1.7 Strong horizontal orthogonality relations
Two asides.

Retain the notation from (S 1.1.1), case G = S,,. The horizontal orthogonality relations of the character
table are equivalent to its vertical orthogonality relations. These have as a corollary Serre’s Fourier
inversion formula ¢ = n! (1.1.1), which in turn is equivalent to ¢r = n!. This formula, applied to a tuple
of matrices having only one nonzero entry 1 at position ij in the factor u, written (0uij ast)st, yields

t
(Opijast)ast  —> Zg (Zs,t,,\ nAPZ\s(g_l)auij,Ast) g

= Zg nup?i(g_l)g
”

- (Zg nup?i(g_l)pﬁ\t(g))Ast;

hence

Lemma 1.1.19 (strong horizonal orthogonality relations [Se 77, 2.2 cor. 2, cor. 3])

_ n!
ZPZ(Q 1)Pg\t(9) = —0Ouijst-
9

o

In particular, suppose the entry at the position of pij of any element of (RS,)r to be divisible by p* and
the entry at the position of uji of any element of (RS,)r to be divisible by p°. ILe. suppose we have a
p®-tie at the single position pij and a p®-tie at the single position uji. Then

pa+[5’ n!

n>\'

Cf. e.g. Z(3)86 (S 233)
In particular, letting x*(g) := Y, p3(g), we conclude that the horizontal orthogonality relations
> x9N g) = nl O
9
hold, so that the circle of implications is closed again.

Now consider the matrix G = (vi5)ij = _, p*(g)tp*(g), which is invertible, since 2!Gx > 0 for any

nonzero rational vector x, and which has the property that p*(h)!Gp*(h) = G for any h € S,, i.e.
PRGN (hY) = Gp*(h~2). Thus

Yo g Yimpmi (97 = Y 2, o (@97
n!

— > 1 Qi1 Vi

ny

n!
Ty R

!
Le. G, PMg™?) = %G7 whence the
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Lemma 1.1.20 ([Se 77, 13.2 prop. 39])
a2y b
ACRE o~

In particular, the tuple of scalar matrices (n!/ny), is contained in the image of r, in accordance with
(1.1.7).
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1.2 Modified Coxeter relations

In order to be able to check the correctness of a representation of S,, given by the operation matrices of
a transposition w and an n-cycle z, we recall the relations that generate as a normal subgroup the kernel
of the map from the free group on two elements W and Z to the S,, which maps W to w and Z to z.

First we regard the ordinary Coxeter relations. We claim that the group epimorphism from the

Sn = <W1

onto the S,, via

1 € [1,n—1], Wi, W, for i—3j>2,
J

W2  for ie[l,n—1] >
Wi+1WiWi+1 = WiWi+1Wi for i€ [l,n — 2]

Wia(i,i—f—l)

is injective. We have a morphism

Snfl - S~n
Wi -_— VVz

and claim that its image has index < n in Sn, thus proving S’n —S,,. Let

X, = WA Wh—o - Wy for k € [l,n—l]
711 for k = n.

We claim more precisely that each right coset of the image of S,_11in S, contains an Xj. In case W,,_;
appears in a word representing an element of S,,, we claim that we can find a representing word of the
same element with indices decreasing with step 1 from some W,,_; to the right and also no further W,,_
to the left of it. Regard the first W,,_; from the left, then regard the first letter to the right of this
Whp—1 (possibly = W,,_1) not having a successor with index decreasing by 1 (called ‘the successor’). For
example, for n = 6, in W3sWsW,WoW5W; we regard Wy, the successor being Ws. In the occurring cases
we will give the method pars pro toto, letting n =6, W,,_; = W5.

Case 1. The index of the successor increases by 1. Then

WsWiWsWoWs = WsWWolW3Wy
= WoWsW,W3Ws.

Case 2. The index of the successor increases by > 2. Then

WsWaWsWoWy = WsW, WsW,Ws
= WsW3W,W3W,
= WiWsW,W3sWs.

Case 3. The index of the successor decreases by > 2. Then
WsW WsWy = Wi W Wy Ws.

Since none of the reduction steps produces a new letter W,,_; to the left of the picked letter W,,_1, this
proves the claim.

We define
W2

Z'ﬂ
Sy = <Z, W | (zw)~t > ,
WWHW = (W)W (WZ)
W, W% for i€l[2,n—2|

the relations of which we shall call modified Coxeter relations, and obtain mutually inverse group
morphisms

SEp
|
=
N

WhiWypo--- Wy <~— Z

which is verified in direction <— using the isomorphism Sn - S,
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1.3 The universal Peirce decomposition

We formalize the point of view of path algebras as universal Peirce decompositions in a
fairly obvious and well-known manner.

Let k£ be a commutative ring.

Definition 1.3.1 A quiver is a quadruple @ = (V, A, s,t), consisting of a finite set of vertices V and

t
a set of arrows A, together with two maps A 2+ V - thestart - and A — V - the target. A morphism
of quivers is a pair of maps, one on the vertices, one on the arrows, which is compatible with s and t.
The quivers as objects and the morphisms of quivers as morphisms furnish the category quiv.

The category of k-algebras with Peirce decompositions, k-algpeirce, is defined as follows. Objects
are pairs
(4, (ei)ier)

(more formally, (A, T ey A)), consisting of a k-algebra A and a tuple (e;);c; which gives a finite orthog-
onal decomposition ) .. e; = 1 into idempotents. A morphism

(4, (ei)ier) M (B, (fi)jer)
s a pair, consisting of a morphism A S of k-algebras and a map 1 e of indexing sets such that
et = fiy.
For short, we also denote (A, (e;)icr) by A and a morphism (u,v) by u.

NB we do not require primitivity for the occurring idempotents.

Lemma 1.3.2 The forgetful functor
. (= .
k-algpeirce — quiv
A — A

which associates with (A, (e;)icr) the quiver having the set I as set of vertices and the set e;Ae; as set of
arrows with start i and target j, has a left adjoint
. k(=) .
quiv. —  k-algpeirce

Q — kQ,

where kQ has, as a module over k, a basis consisting of these words in the arrows of QQ in which the target
of each letter coincides with the start of the subsequent letter, if existent. In particular, to each vertex i
we associate an empty word e;, which has by convention i as start and target. The product is defined on
this basis as the concatenation of these words if possible, and as zero otherwise. The tuple of idempotents
is given by the empty words, indexed by the associated vertices.

Both functors are to be read as operating on the morphisms in the expected manner.

The unit of this adjunction
Q@ — (kQ)”
is given by sending the vertices and the arrows to themselves.

The counit of this adjunction .
kA— A

is given on the basis of the algebra by sending a word, i.e. a formal product of letters being elements in
various Peirce components, to its actual product in A, and on the indexing set by sending an index to
itself.

The adjunction triangles have to be verified.
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Corollary 1.3.3 (the morphism construction principle) Suppose given an algebra A and an or-
thogonal decomposition 14 = . ;e; into idempotents. Let Q be a quiver having I as set of vertices.
Each map which sends an arrow of @ with start ¢ and target j to an arbitrarily chosen element of e; Ae;
can be prolonged uniquely to an algebra morphism from kQ to A, sending i to e;.

Apply the universal property of @ — (kQ)” expressed as adjunction in (1.3.2) as follows. We have a
bijection .
k-algpeirce(k@, A) = quiv(Q, A)

given by an application of (=) followed by composition with the unit Q@ — (kQ)” Giving a map which
sends an arrow of ) with start ¢ and target j to an element of e;Ae; amounts to give a morphism of
quivers

Q-2 A

By adjunction there is a unique morphism in k-algpeirce
u

EQ— A

such that

-,

(Q —= (kQy—— A) = (Q — A),

i.e. such that u restricts to ¢ in this sense.
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Chapter 2
Guiding examples

Our guiding examples consist of embeddings of ZS,4, ZS5, ZSs and the quasiblocks of ZS7
into products of integral matrix rings.

We discuss the case ZS4 in full detail and abbreviate later on. From ZSs; on, we make
use of the possibility of giving different embeddings at the various primes together with
a constructive argument that this suffices to give a simultaneous embedding. Which we
refrain from calculating, since it would contain no new information.

In case of the quasiblocks of ZS; the reader is asked to trust the computer calculations
insofar that we won’t give a way to check the details of its correctness by theoretical means.
However, it is of course still possible to check its correctness via computer. The reason for
this inconvenience is that we do not dispose of an index formula for the quasiblocks
(cf. S 1.1.3). Because of its preliminary nature and because of its length, the section on

these quasiblocks is presented as an appendix (A F).

2.1 7S,

2.1.1 Description of ZS,

Definition 2.1.1 A tie is a congruence of matrixz entries.

This notion is used in the context of embeddings of suborders of a product of integral
matrix rings, where a set of ties describes the suborder as an abelian subgroup. L.e. writing
the set of ties as a linear map to a torsion module, the suborder is given as the kernel of
this map.

The index of ZSy in I' := [], Z™"™ is
[ 24% 3493
1111393994 =273,
cf. (1.1.4).

We claim that ZS, can be embedded into

=7 x7Z x 733 x 733 x 7**?

19
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Guiding examples

such that the image allows the following description. The respective lower right
number indicates the position of the factor in the product of matrix rings, counted from

left to right.

a b la b
C
a b la b
C
e 4 4 e
f 1 d d c
e a b |a b
g 9 c
a b |a b
C
4 4 e
d d ¢
a 2 =, 2t
b 2+t =5 22°
c 2 = 2t
d 2 = at
e al—23 =g 2?
f b =5 2
g =5 o’

b b
g 3
b b
f 5
—174540

This is to be read as the subset of the product of the matrix rings, consisting of elements
satisfying the ties a to g as given in the table as well as the one-entry-ties as given by
number in the picture, indicating the entry to be divisible by this number. The ties given
in the table have to be read parallel for the matrix entries, so that e.g. the tie labelled
by a reads as, xfj being the entry in the i-th row and the j-th column of the quasiblock k,

3
T

3

To1
3

Tog

The embedding is given by

1 2
(12)H—1><1><<

(1234) — -1 x 1 x (

95%1
1’4112
3531
$%2

—11-24 2

5 11 -1
0 0 -1
26 57 2

—11-24 -1
-8 —1

—4

4 5
100
) X ((1)—019 x (23%)
—210
) x () x (1)

For this map to give a morphism we check the modified Coxeter relations (S 1.2).

The correspondence of the quasiblocks to the partitions (cf. 4.1.1) is given by, the dash
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indicating transposition,

Ol > W N~
N N N N

(27 2)7

as we check using a character table. This comparison also shows that rationally we have
obtained all simple modules and that therefore the morphism ZS, — [], Z"™""* as given
above is injective.

For a non dashed partition A of this list we use the Specht lattice S* (4.1.1), for its transpose
N we use the lattice S*~ ~ SA* (cf. 6.2.5) for our embedding.

Denote by A the abelian subgroup A described by the ties given above inside I'.

At this stage we do not know yet that A equals the subring A generated by the images of
(12) and (1234), being an isomorphic copy of ZS,;. We proceed in three steps.

(i) Let Ap be the kernel of the map from I' to (I'/A)(,), p prime. A equals A iff Ay,
equals the naive localization Ay, (D.2.10) for each prime p dividing 4!, as follows
by intersection.

(i) We show that Ap, is in fact a subring, from which we conclude that Ay C Ap,
after having checked that the ties are satisfied by the images of the generators
(12) and (1234).

(iii) We show that the index of Ay in I' equals the index of Ap) in T', viz.
and 3% for p = 3. By (ii) we may now conclude that Ay = Ap.

234 for p = 2

To carry out (i-iii), we exhibit a Peirce decomposition Ap) = @ij e;Apje;, e; and e; being
idempotents of I' contained in Ap,. We shouldn’t call them ‘idempotents of Ap,” until we
know that Ay, is a ring, but such a direct sum decomposition exists regardless whether Ay,
is a subring or not. Then we exhibit Z-linear bases for the Peirce components e; A, e;, so
that we are reduced to showing that the products of basis elements of Peirce components
which multiply nontrivially are contained in Ap,, which is a calculation.

Moreover, for (ii) we may regard the candidate ring direct factors of A separately. Le. in
case the projection of Ay, to a product of a subset of the factors of I is contained in Ay,
we may consider such projections instead of Ap,.

Furthermore, in case the ties describing Ay, are ordered blockwise in a parallel manner,
we may as well choose parallel bases for the Peirce components. Therefore, concerning
the question whether Ay, is a subring we may shrink these blocks to the size of 1 x 1 -
which then becomes Morita reduction for the homogenus ring Ay, (D.1.1) as soon as (ii)
is proven.

Choosing the basis elements of the Peirce components e; Ae; a priori in an upper triangular
manner allows to check (iii) easily. Note that the Morita multiplicities enter when mul-
tiplying the separate indices of the Peirce components of the Morita reduction together
again.
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The case p = 3.

Instead of Ay we consider its projection A’ to the product of the factors 1, 2, and 5 of I'.
For the idempotents

1 2 5
e =1 x 0 x (p})
f =0 x 1 x (50)

we exhibit bases of the corresponding Peirce components

eAle = Z(e = 1 x 0 X (8?),
z =0 x 0 x (p3))
eAf = Z(g = 0 x 0 x (19))
fAe = Z{(h = 0 x 0 x (93))
FAf = Z(f = 0 x 1 x (39).
y =0 x 0 x (§0))

Thus Ay is a subring of I' with index 3, so A = Ap.

For A to be homogenus (D.1.1) it suffices to show that (eA’e)/3 and (fA'f)/3 are
indecomposable as left modules over themselves, since Ae and Af lie in different genera
because of different annihilators (D.1.5, D.2.21). But now both rings are isomorphic to
the local ring F3[X]/ X2

The case p = 2.

We shrink Ajy blockwise to obtain the following abelian subgroup B in I := Z x Z x
7> x 1*** x L.

a b
C
e 4 e
d c
1 3
b
5
e a b
C
2
4 e
d ¢
4
a 2 =,
b 2+t =5 22°
c 2 = a2t
d 2 =5 2t
e xt—a% =5 22—2*=,0
We choose the idempotents
e == 0x0x(gg)x (00) x1
00 00
f - 1X1X(01)X(01)XO
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and exhibit bases for the corresponding Peirce components

o

eBe = Z{e = 0 x 0 x gégg X (((1]200)) x 1,
r = 0 x 0 X (go) X (oo) x 0
— 0 0 00 80 0
PRl Bl ol 1 ol
T Z 0 x 0 x () (332 <0 )
= 00 00
fBe = Z(@ = 8 X 8 X E%(g); X ((2400)) X 8, >
J = X X loo) X 80 X
fo:z<f=1><1><(§§)>< (Ogg) x 0,
u = 0 X 0 X (86) X (00_04) X O,
v 0 X 2 X (00) X (02) X O,
w =0 x 0 x (go) x (08) x 0 ).

Hence, checking products of these basis elements, B is a subring in I". Therefore also A
is a subring of I'. Moreover Ap) has index 2(+4+21425+16) — 234 ip T the Morita factors
taken into account. Thus Ay = Aj.

For Apy to be homogenus (D.1.1) it suffices to show that (eBe)/2 and (fBf)/2 are local
rings, since Be and Bf lie in different genera because of different annihilators (D.1.5,
D.2.21) and since parallel ties yield isomorphic corresponding indecomposable projectives.

But, for «, 8,7 € Z/2 the equation
ae+ Bz +yy = (ae + Bz +y)° = a’e + Sy

has only trivial solutions.

And also, for «, 8,7, € Z/2 the equation
af + Bu+qv+dw = (af + Bu+yv + dw)* = *f

has only trivial solutions.

Altogether, A equals A, which is isomorphic to ZS;. Apy and Ajz are homogenus.

2.1.2 F,S, as path algebra modulo relations

We shall write, up to Morita equivalence, Z,)S, and, derived from this, F2Sy, as path algebra modulo
relations. This is of course possible in a trivial manner - take one point and one arrow for each element
of a generating subset of the group, modulo the relations defining the group (as a semigroup). Therefore,
we require the points to correspond to primitive idempotents.

Maintain the notation from (S 2.1.1). Consider the quiver

A ring morphism
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is defined by sending the capital to the small letter elements (1.3.3). Since

y = —gvi
h = gv

j = —vi
U = ig

w = —igv,

this morphism is surjective. In order to calculate its kernel, we regard the multiplication trees of =,
consisting of concatenable words in the arrows. We shall give ideal generators which on the one hand
lie in the kernel and which on the other hand allow to express the nonunderlined elements as linear
combinations of the underlined ones modulo this ideal. This shows that this ideal coincides with the
kernel, since the rank of Z= modulo this ideal is less or equal than the rank of B.

E F

VRN VRN VRN VRN

X2 XG GI GV IxX IG v? VI
GVI GVv? IGV IGI VIX VIG
GVIX GVIG IGv? IGVI
The kernel is generated as an ideal by
X2 — (2X —GVI)
XG - (2G-2GV)
GI - 2X
Vv — 2v
IX — (2I-2VI)
VIG — IGV.

The kernel K of Fo= — B/2 now is generated as an ideal by

X2 - GVI
XG
GI
V2
X
VIG — IGYV,

thus giving a Morita equivalence between Fo=/K and F2S4. In K. ERDMANN’s notation [Er 90, Tables,
p. 295] the algebra Fo=/K is called D(2B)g=1,c=0,s=2. It differs from the algebra given in [GR 92, p. 74]
already by the sizes of the Peirce components (*).

4M. KAUER provided the reference.
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The index of ZS; in I' := [[, Z™"™ is

120120 130942 =35
\/1111416416525525636 =273,

of. (1.1.4).

A complete set of integrally realized ordinary irreducible representations gives an embed-
ding

7ZSs — Z x Z X ZAx4 x ZA4
X Z5><5 X Z5><5
X ZGXG
-1 0 0-1 r100 1
0—-1 0 1 010-1
(12) — —-1 x 1 x [0 0—1—1} X 00 1 1}
0O 0 0 1 00 0-1
-1 0 1 0-1 ri10-—-10 1
0—-1-1 0 O 01 10 0
X 0O 0 1 0 O X 00-10 O
0O 0 0-1-1 00 01 1
0O 0 0 0 1 L OO O00-1
r—1 o 1 0 1 0
0—-1-1 0 0 1
% 0O 0 1 0 0 O
0O 0 0—-1-1-1
0O 0 0 0 1 O
L O 0 0 0 0 1
0 0 0 1 r o 0 0 1
(12345) — 1 x 1 x [5_9 0 4 « |10 4
0 0-—-1-1 0 0-—-1-1
0 0—-1-1-1 roo—-1-1-1
00 0 1 o 00 0 1 0
X 00 0-1-1 X 00 0-1-1
1 0-1-1 0 1 0-1-1 0
01 1 1 1 L0 1 1 1 1
roo 10 0 O
00 00 1 O
00 00 0 1
X 10-10-1 0f:
01 10 0-1
LOO 01 1 1

as we check via the modified Coxeter relations (S 1.2) and via a comparison of characters,
yielding the correspondence of the quasiblocks to the partitions of 5 as

1 : (1,1,1,1,1)
2 ¢ (1,1,1,1,1)
3 (2,1,1,1)
4+ (2,1,1,1)
5 (2,21

6 : (2,2,1)

7 (3,1,1),

where we have numbered the factors of I' from left to right.

We conjugate this embedding separately at the primes 2, 3 and 5 via tuples of SL-elements.
Since

SL,,, (Z) — SL,, (Z/8) x SL,,(Z/3) x SL,,(Z/5)

is surjective (A.2.1), we may map the conjugators C), needed at a prime divisor p of 5! to
SL,, (Z/p**™)) and choose an inverse image C of this tuple in SL,, (Z). Conjugation with
the C' yields the same ties at p as conjugation with C), since the matrices C,C~' map to
1 € SL,, (Z/p*™), having no effect on the ties (1.1.2). Hence we obtain an embedding

LS5 =+ (ZS5)19 N (ZS5) 3 N (ZS5)5 € T,
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where the occurring naive localizations are realized as subrings of I' by the ties given
below (S 2.2.2, S 2.2.3, S 2.2.4).

The proof of (A.2.1) is constructive in the case of SL,,(Z), but applied to our present
argument this construction would yield absolutely large matrix entries not carrying any

extra information, so it does not make sense to compute them.

Moreover, we use the language of Morita multiplicities. At each prime we first claim
the naive localization (D.2.10) to be homogenus (D.1.1). Then the associated Morita
equivalent basic ring is displayed, together with the multiplicities of the indecomposable
projective left lattices in the naive localization, displayed on top of each involved qua-
siblock column, where the sets of isomorphism classes of indecomposable projectives of
both rings are identified via Morita equivalence.

E.g. to describe Apy) in the case p = 2 of (S 2.1.1) in terms of the picture describing B, we
would place the Morita multiplicity 2 on top of the left columns of the quasiblocks 3 and
4 and on top of the quasiblock 5, and the Morita multiplicity 1 on top of the remaining
columns.

2.2.2  (ZSs)

We claim that (ZS;)[; is homogenus and takes the following form.

3 1 3 3 1
[ ¢ 5 d
1 1 5 5
a 5 a d 5 b b
1 3 7 4 2 5

a 2t =5 28
b 2?2 =5 2t
C 173 =5 ZL’7
d 2zt = 27

First proof (theoretical). (4.2.8).

Second proof (pedestrian). Needed to illustrate the results of (S 4.2).
We conjugate the embedding given in (S 2.2.1) from the left with the [ [, SL,, (Z)-element

TR RT
1 x 1 x 10 00| X 0—1 00
1111 -1 1-11
10000 "10000
01000 01000
x 00100 « |o00io00
00010 00010
00001 100001
"1 00110
0 10-101
1-11 000
X 0 00 111
0 00 121
Lo 00 112
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to obtain the embedding

7S — 7 x Z X ZAx4 x  ZAx4
Z5><5 X Z5><5
X ZGXG
-2 1 1 1 2 1
(12) — -1 x 1 x {%_%_é_i} X 12
-5 5 5 4 -5 —5
-1 0 1 0-1 10—
0—-1—-1 0 O 01
X 0O 0 1 0 O X 00—
0O 0 0-1-1 00
0O 0 0O o0 1 L OO
r—2 1
174
—4
X 0 0
0 0
L 0 O
1-1-2-1 1 1
(12345)—»1x1x[_f%%%}x -
5—-5—-5—-4 -5 -5
0 0—-1-1-1 00—
00 O 1 O 00
X 00 0-1-1 X 00
1 0-1—-1 0 10—
o1 1 1 1 L 01
r—4 4
-2 1
-1 1
X 11
03
L 1 1

The ties are satisfied on these generators.

| OO H |
| RN oocowrR

OHORRWHHOOF |

(S
OHOOOI
|

|1
POROMOR R ERE

=

N

R woutut

N
[

AR RO UTUTR OO

OO

=N = OTO oy

== OOO

—_
|

ook OOt

|
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In order to prove that the abelian subgroup A described by the ties given above coincides
with the image of the embedding given above, we shrink A to the overall Morita multiplic-
ity 1, drop the quasiblocks 5 and 6 and call the resulting subgroup B (cf. 2.1.1). Writing

the factors ordered 1, 3, 7, 4, 2 - as in the picture -, we obtain a Peirce decomposition

© T b e el (88
Pz Do fea) e el
7= 0 g el el
h =0 x (g0) x (00) x (o1) X

into idempotents.

0

0
0
1

Bases for the Peirce components are given by, dropping zero matrices,

eBe = Z{1 x (37) x X

0 x (93) x X

eBf = Z{ x (35) x X

fBe = Z({ x (90) x X

FBF = B % (0) x () x

x (00) x (3g)

fBg = Z{ x x (00) X

gBf = Z{ x x (99) X
gBg = Z{ x x (01) x (o0)
x x (05) x (o)
gBh = Z{ x X x (0o)
hBg = Z{ x X x (50)
hBh = Z{ x X x (01)
X X x (09)

Thus the index of A in I is

X X X X X X X X X X X X X X

51-1+3-1+3-0+9-1+9-1+9-0+9-1+3-0+3-1+1-1 — 535

~ ~ ~— - ~ ~ ~— -

— S~ S~ ~—

o
~ -
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This idempotent decomposition remains primitive modulo 5, since eBe/5, fBf /5, gBg/5
and hBh/5 are isomorphic to F5[X]/X?% The indecomposable projectives Be, Bf, Bg
and Bh lie in different genera because of different annihilators (D.1.5, D.2.21). Thus A is

Guiding examples

We claim that (ZS;)(3 is homogenus and takes the following form.

homogenus.
2.2.3 (ZS5) [3]
1 4
f
1
f 3 g
2 5

to obtain the embedding

ZS5 —_— Z

(12345) — 1

X

The ties are satisfied by these generators.

1 4
e
1 4
e 3 h
1 6 4
(§] .Tl =3 .I'G
f 22 =5 2°
g [L’3 =3 1’5
h .’13'4 =3 .T6
1000 rrooo
0100 0100
0010 X 0010
0001 L0001
010 0 0 r o 10 0 0
-1 12 0-3 -1 12 0-3
1 00 1-1 X 1 00 1-1
0-20-1 3 0-20-1 3
0 01 0-1 L 0 01 0-1
r100000
010000
001000
X 000100
000010
L000001
Z4><4 Z4><4
Z5><5 X Z5><5
X Z6><6
-1 0 0-1 rroo 1
0-1 0 1 010-1
0 0-1-1 X 001 1
0 0 0 1 L 00 0-1
—2-1-1-1 "1 r2 1 1°1-1
—3-4-3-3 8 3 4 3 3-8
—-3-3-4-3 7 X 3 3 4 3-7
9 9 9 8-16 —9-9-9-8 16
00 0 0 1 L 0 0 0 0—1
r—1 0 1 0 170
0-1-1 0 0 1
0 01 00 O
X 0 0 0-1-1-1
000 0 1 0
L o o000 o0 1
0 0 0 1 roo o0 1
-1 0 0-1 -1 0 0-1
0-1 0 1 X 0-1 0 1
0 0—-1-1 Ll 0 0-1-1
I 3 3 2 -6 1 3 3 2 —6
—12 —15 —15 —12 28 —12 —15 —15 —12 28
—9-16 —15—12 29 X —9-16—15—12 29
12 15 14 12 -26 12 15 14 12-26
-6 -9 -9 —7 17 -6 -9 -9 -7 17
00 10 0 0
00 00 1 0
00 00 0 1
X 10-10-1 0
01 10 0-1
Loo o1 1 1




ZS; 29

For Peirce decompositions of the ring direct factors in spe, viz. 2, 5, 3 and 1, 6, 4, see
Case p =3 of (S 2.1.1). The index of the subring described by these ties in I" is

32(114+4-14+404+16:1) _ 542

2.2.4 (ZSs)y

We claim that (ZS;)y is homogenus and takes the following form.

1 4
n r (2 j
1 t 1 4 1 4
P n ] 2 j |2 n i
t t
1 5 3
k|j k|2 n
1 1 4 4
p s n s (2 j S r i
t t o t
2 7 4
n k [j k
6
i 2 =
j 2?4+ =g 227
k 0 =, a7
n -2 =, 2"
0 20 =, 227
P J]l =) CC'2
r = 2’
s 22 —a25 =, 227
t at+ar?+a®+a2b =g 22], + 225, =40

We conjugate the embedding given in (S 2.2.1) from the left with the [ [, SL,, (Z)-element

98 98
1 x 1 x 0010} X 0010}
0001 0001
111211 111211
01 0 00 0 1-2 00
% 00 1 00| x 0 2-5 00
00 0 10 —3 2-2 50
10 0 00 1 0-2-20
3-5-3-3-5 "1
0 1-2-2 0 9
9 0 5-2-4-11
X 0-2 4 5 0-21
1 0-2 0 2 7
0-1 0 0 0 4
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to obtain the embedding

7ZSs — Z x Z x Z4x4 x  Z4
Z5><5 X Z5><5
X Z6><6
-1 0 0-1 r100 1
0-1 0 1 01 0-1
(12) — -1 x 1 x {0 011} X 001 1]
00 0 1 L 00 o0-1
3 4 2 4-4 r—3-64 4212 —28
0-1-1 0 0 0 11 -5 0
X 00100 X 0 24-11 0 0O
1-1-1-2 1 3 6741 10 21
1 1 0 1-2 “1-11 8 -3 =

r—5—1850 —294 —860 —600 —110

2 1025 161 476 328 64
—4 —1680 —265 —780 —540 —100
X —5 —2627 —413 —1220 —841 —164
3 1419 224 659 456 86
0 134 21 62 42 9

(1) 0 0 % r (1) 0 0 %
(12345) — 1 x 1 x {0_?81} x 5.9 01
0 0-1-1 Ll 0 0-1-1

3 4 6 6-2 r3 60—-38 1022

0O 0 0O 1 0 2 40 —28 920

X —1-1-1-2 1 X 5 99 —69 2249

0 0-1-1-1 4104 —73 2355

1 1 2 2-1 1 9 —6 2 3

r —7—3540 —560 —1644 —1138 —212

8 4408 698 2049 1422 270
—13 —6987 —1103 —3246 —2243 —426
X —18 —9984 —1581 —4641 —3221 —612
7 3861 610 1794 1241 236
3 1668 263 775 535 103

The ties are satisfied by these generators.

In order to prove that the abelian subgroup A described by the ties given above coin-
cides with the image of the embedding given above, we shrink A to the overall Morita
multiplicity 1, drop the quasiblocks 3 and 4 and call the resulting subgroup B (cf. 2.1.1).
Writing the factors ordered 1, 2, 5, 6, 7, we obtain a Peirce decomposition of B

OO OOO

N—
X
N\
cocococo~
cocoroo
\_/

into idempotents.
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Bases for the Peirce components are given by

eBe = Ze = 1 x 1 x (o0) x (00) X (ég(ol])’
a =0 x 2 x (g5) x (§0) x (§§§)’

b= 0 x 0 x (33) x (3%) x (i%%)

cim 0 x 0 x () x () x (30).

=0 %0 (B % (D)« (38).

=0 x 0 x (90) x (g0) x (§§§>

= 0 x 0 x (90) x (bg) x (§§§)’

i =0 x 0 x (o) x (00) X (§§§)>

eBf = Z{(j = 0 x 0 x (8%) X (83) X (g—gl%)’
kL = 0 x 0 x (88) X (83) X <§§§)’

D=0 ko0 (38) % (68 < (849).

mo— 0 x 0 x (39) x (%) x (§0)

fBe = Z{n = 0 x 0 x (%3) x (99) x (§§§>
p =0 x 0 x (gg) x (59) x (§§§)’

¢ =0 x 0 x (89) x (39 x (38),

P 0 x 0 x (38) % (39) x (§89)

fBf = Z{f = 0 x 0 X (8(1)) X (8?) X <§§§)7
s =0 x 0 x (99) x (8%) x (§§§)>

Cim 00 (38) x (3) x (38))

For to see that e (resp. f) is primitive, we check that eBe/2 (resp. fBf/2) does not
contain nontrivial idempotents. Regard

(e + aa + Bb+ Cc+ 0d + vg + Ih + 11)? e?e + (g
(of +os+71t)? = P2°f + ot

The indecomposable projectives Be and Bf lie in different genera because of different
annihilators (D.1.5, D.2.21). Thus A is homogenus. The index of A in I' is calculated to
be

2(1~10+4-6+4~4+16~4)+16~1 — 2130

Remark 2.2.1 (sketch) Since Krull-Schmidt holds in Z,)Ss-lat (C.2.15), each lattice has a vertex, i.e.
a Sp-conjugacy class of subgroups of Dg = ((12), (1324)) < S5 minimal w.r.t. the lattice being projective
relative to it. By abuse of notation in the sequel we talk about subgroups representing conjugacy classes
as vertices.

One may define relative projectivity in the following manner. A Z,)Ss-lattice X is projective relative to

f
H < Dg iff there exists a Zy)-linear endomorphism X — X such that
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() [Hl=>ges, f

(i) [HI| Xpen "/,
where 9f(x) := gf(g~'x). This is the same as to require the multiplication map Z5)Ss @y X —= X be
split.
The lattice X is called quasiprojective iff there exists an idempotent e € QS5 such that X ~ Z)Sse.

s e . . . f
For a natural number a we call X a-projective iff there exists a Z)-linear endomorphism X — X

such that
> 9 =a,

gESs

i.e. if we can satisfy (i) for a instead of |[H|. Thus an H-projective Z)Ss-lattice is | H|-projective.

X is a-projective iff every pure epimorphism Y — X of Z5)Ss-lattices with has a coretraction g up to
the scalar factor a, i.e. such that gf = a-1x. A quasiprojective Z)S,-lattice Z)Sse with rational
idempotent e therefore is a-projective iff ae € Z2)Ss.

Now taking
eg =11 X 15 % ((1)(0))5 X ((1)8)6 €B

and e a corresponding idempotent in Z)Ss, a direct computer calculation (°) has shown the vertex of
Z(2)Sse to be Vi = ((12)(34), (13)(24)), whereas 2e € Z(3)Ss, i.e. 2¢g € B. Le. not every a-projective
quasiprojective lattice is H-projective for some H < Dg with |H| = a.

Note that calculations are simplified by the following observation [D 70]. Let G be a finite group, let R
be a discrete valuation ring, let H be a subgroup of G. The RG-lattice X is projective relative to H iff

!
the module X/|G] is projective relative to H. This hinges on the fact that an epimorphism ¥ — X is

o f . . . .
split iff Y/|G| — X/|G]| is split. In fact, consider the corresponding short exact sequence as an element

of HY(G, r(X, Z)), where Z is the kernel of f. The exact sequence

HY(G, /X, Z)) = H\(G, {X, Z)) — H'(G, HX/|G], Z/|G]))

contains a monomorphism on the right hand side.

I don’t know whether it is possible to formalize the impression that glueing lattices reduces the vertex
in some other way (cf. S 5.3). I do not know how the vertices of the three terms of a pure short exact
sequences of lattices are related, except for an estimate which follows from the long exact relative FExt-
sequence. Note that in the short exact sequence arising from the inclusion of the sublattice into Z)Sse
which is given by intersection with the product of the quasiblocks 5 and 6 all terms have vertex V4. I do
not know how the relative Ext-groups for varying subgroups relate.

2.2.5 FyS;5 as path algebra modulo relations

Maintain the notation from (S 2.2.4). Consider the quiver

We have a ring morphism

=—B

5for which J. KUNZER wrote an essential part of the program



ZS; 33

by sending the capital to the small letter elements (1.3.3). Since
= e
= a
in
ajn
jna — ajn + jnajn 4+ ajna — jnajna
—jnajna + 2jnajn + 2ajna — 4ajn
ajna — 2ajn
—jnajn + 2ajn
J
aj
—ajnaj + 4aj
—jnaj + 2aj
n
—najn — na + najna
2na + najn — najna
najna — 2najn
f
naj
= 4naj —najnaj,

% =2 es SIS L e >0 20 =2 0
Il

this morphism is surjective. We claim that its kernel is generated as an ideal by

A2 — 24
NJ — 2F
(AJN)2— (JNA)2 — 2(AJN — JNA).

Regard the multiplication trees of = (cf. S 2.1.2).

E r
TN |
g A N
| | /N
JN AJ A? NJ NA
/N | RN
JNJ JNA AJN NAJ NA?
RN T |
JNAJ JNA? AJNJ AJNA NAJN
| AN RN
JNAJN AJNAJ AJN A? NAJNJ NAJNA
RN | RN
JNAJNA JNAJNJ AJNAJN NAJNAJ NAJNA?
RN |
JNAJNAJ JNAJN A? NAJNAJN

The kernel K of FoZ — B/2 now is generated an an ideal by

A2
NJ
(AJN)? — (JNA)?,

thus giving a Morita equivalence between Fo=/K x F3[X]/X? and F2S5. In K. ERDMANN’s notation
[Er 90, Tables, p. 294] this algebra Fo=/K is called D(2A)r=1 [Er 90, Tables, p. 294].

Question 2.2.2 Is there a concept of graph orders analoguous to the concept of graph
algebras, sufficient, say, to describe blocks of dihedral defect of group rings over Z? Cf.
[Ka 98, prop. 4.1].
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2.3 ZSs

Setup

2.3.1

[[, Z™"™ is

The index of ZSg in I :

282835585210

720720
11115255259810981 5255257 ()1007()1001 5256

/

A complete set of rationally irreducible integral representations gives an embedding

x 7z
X Z5><5
X ZQXQ

Z5><5
% Z10><10

% Z16><16

1

X

—
|

—

(12)

T 1
O—-HOo00O—HOOOO—HO—HOH
| |
0000 —HO000OO0O—=HO
| |
OOOOOOOOOOOOOAOO
00000%0000041000
elelalolololelelelelellelelel)
|
O—HO—HOOHOHOHOOOOO
| |
—HO00O0—HOOH—HOOOOOO
| |
100000000 —~0O00000O
co-Hoo—~Ho—HOH |
1 I lcoocco-~—0ocococoooco
OHOO~HOO OHOO—HOOHHO |
| | | | cococoo-ococoocococooco
coocoooco—HO coooCcOoCOoO—HOO |

—o0O~——HOO HOOOHHHOOOPPCCEHEEOOo00ooo

_ I I ,
—HOOHHOOOOOOOOoOOOOo

CO0COHOO0O, 00000 —0000T |
| — |
1111100001OOOO1001ﬂ00001000000001000000000000
| | | |

HAAAOOOOO S OO0 00O
coo~o" 1T eee—omniTY HHHOOO0000000000O

—_ OO |
co~oo00o00 co-ooooo00
ee—oo [ OO0 00000000000

CHOOOO—0O000000o~Hooo0—-00o0oocoooo |

o o
1OOO01000000001OOOO10000OOOOO%OOOO(OOOO(OOOOO

X X X X X

100011_A100 _I,AOOOI_I,:IAOOO
O%OMO%14100000%00%0%1%1000000




35

7S

1

—HHO A~ OO

I |

e o

N

O~ OO—OO
— | |

1

- 1
OO~ O—HO
| |
00%0010%01
[slelelelolelelelely]

O OOCHOO——O

e o0 000000oHCPCCCTooooo00Oo—O

CoooHOO00000H0 oo HOO0000O—OO

| “coor~roo
coo—o |

| [slelslslaleljele]
COoO—HOO
| OO —HOOO

—OoO—O—

—HOoOOOH—-H—OOO

| |

OO0 OHOOO

T 1
—HHO A A A0 0O~ —HO O

| I | |
O-HOO0OO—HOOO—HOOOOH
I |
OHOHOO—HO—HO—=H—=O =0
| I | |
HOOOOHOOOHOOOO—HO
| |
—HOOOOHOOHHOOO——HO
| | |
COHOO—H—+OOOO—OO
I |
OHOO0O0O—HOOoOoO—HO—HO
I |
[elelololololololelolelelelol=pl
HOOOOHOOOOOOO—H—HO
| I
[elelelolololololelelelelelet ]
[elelalolololololelolelelel el
OOOOOAO%OOOOIOOO
Co0C0COHHHOOO—H—HOOO
[ I

OO0 O—HOOOOO—H—OOO

[R=lelelalalslelolelalalalalolelalalslelelelal olelel]

CHOOCoooomoooOo T TP TP 0000 HO00000000000000OHO00O

—
X X X X X X
1
OO~ O—HO
— | |
—S—HOA—HO O OCO—HOO—HO O
| | | | |
o [slslelelelelelolaly]
[ | |
O~ OO—HO O O OOHOO——O
| | | |
[elelelelelelelale] [elelelelelelelelole)
| |
0000000101|||J0000000100
— I cococo- I

HrHAAA AT OO0~ —O0O0 00+« OO0 —H—=—O OO

OO0 O0OHOOOOOO—OOHHHHHOOOO0O0O—=HOOO

OO —HO
co—oo I

COO00O0—HOOCOHOHOHOOOOO—HOOOO

CO0O0O—HOOCOOHHOHOOOOO—HOOOOO

— ©O—ooOo |

box o x

(123456)

as we check via the modified Coxeter relations (S 1.2) and via a comparison of characters.

The correspondence of the quasiblocks to the partitions of 5 parametrizing the irreducible

characters is given by

-~~~ —~

— o~ o~ — A AN

—~

-~~~
—

VA A A NN~
A AN NN NN T

e N N N N S

— AN M <t 1O O - 00 O

(@]
i

11

where we number the factors of I" from left to right.

We shall make use of the possibility to give separate embeddings at the prime divisors of

n!, yielding a global embedding

LS = (ZS6) 12 N (ZS6) 3 N (ZSe)5) € T,

in a constructive, but not explicitely given manner (cf. S 2.2.1).

Furthermore, we employ the language of Morita multiplicities (cf. S 2.2.1).

for their appropriately reduced versions we drop the redundant information of the position

Moreover, in writing down bases for the Peirce components of the naive localizations resp.
of the matrix entries, already being encoded in the idempotents.
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2.3.2 (ZSG)[5]

We claim that (ZSg)5 is homogenus and takes the following form.

1 1
a b
1 2
5 5
3 4
1 8 1 8
a 5 b 5
c d
5 6
5 5
7 8
10 10
9 10
8 8
c 5
d
11
a ' =5 2°
b 2?2 = 2
c 2 = !
d 25 = 2Y
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We conjugate the embedding given in (S 2.3.1) from the left with the [, SL,, (Z)-element
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to obtain the embedding

X

R ——
VA

ZSe

Z5><5
Z9><9
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710x10

X X X X

Z5><5
ZQXQ
Z5><5
710x10

X
X
X
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(123456) —>
—1 x 1
roo0o0o0 1 r 0 0 0 0-1
100 0-—1 -1 0 0 0 1
X 0100 1 x| 0—-1 0 0-1
001 0-1 0 0—-1 0 1
LooO1 1 L 0 0 0—-1-1
- 49 375 275 —65—495 —365 20 150 110 -—540114 788575 205415 —1118145 1762115 748590 495365 —940900 —724240
—54 131 —136 72 —173 180 —22 52 —b54 13315 —36990 —15490 27605 —90004 —44415 —12279 56345 34705
—30 —75 —95 40 99 125 —12 —30 —38 —201455 296135 77785 —417065 662544 282339 184785 —354690 —272380
—125 —5 —5 165 6 6 —50 —2 —2 356405 —520345 —135540 737830 —1162735 —493955 —326876 620849 477894
X 75 314 0 —99 —414 0 30 125 0 x —9352 25210 10432 —19385 61182 30070 8618 —38137 —23634
—75-200 —86 99 264 114 —30 —80 —35 134061 —197131 —51776 277546 —441042 —187947 —122975 236110 181327
—535 —950 —700 707 1252 927 —215 —380 —280 216096 —315479 —82173 447361 —704948 —299475 —198190 376406 289743
385 715 340 —510 —942 —450 155 285 135 —5409 14796 6186 —11208 35983 17743 4978 —22507 —13869
'_11751_4I5 1—045 230 627 62 —70 —190 —20 L 180?571—1}844(1)9 —31114 166776 —265010 —112935 —73894 141876 108951
-1 0 1 00 1 0-1 0 0
X 0-1-1 00 X| 0 1 1 0 0
1 0-1-10 -1 0 1 1 O
L O 1 1 11 L 0—-1-1-1-1
-0 0 0 1 00 0 0 0 0 ~000-100 00 0 0
00 0 0 00 1 0 0 0 000 000-10 0 O
00 0 0000 0 1 0 000 000 00—-1 0
00 0 0 00 0 0 0 1 000 000 00 0-1
« 1 0 0-1 0 0—-1 0 0 0 «| 100 100 10 0 0
0-1 0 1 0 0 0 0-1 0 010-100 00 1 0
0 0-1—-1 0 0 0 0 0-1 001 100 00 0 1
00 0 0—-1 0 1 0 1 0 000 010—-10-1 0
00 0 0 0—-1—-1 0 0 1 000 001 10 0-1
Lo o0 O0OO 0O O0 0-1—-1-1 Looo 000 01 1 1
r—4 4 17 2-5-2 2 11 10 1 5 5 15—10 0 —151
0 0 0-6 0-2 0 2-10 15 0 10 0 15 —5 15
0 0 0 6 6 0-2 —2 10 10 25—-10—10 15 15 —5
-1 0 1 1 0 0 0 0 0 —5 -5 0-10 0-10
0 -1 -1-1-1 0 0 0 0 0 — 5 0 0 10
10 —10 =33 —3 7 5 —5—20 —20 —25 —15 —5 —20 25 —5 45
-5 0 5 8 0 0 0 0 15-—2 — 0—35 10 —30
0 -5 =5—8—-8 0 0 0-20-20-40 15 15—20—20 20
Xl 0 0 000 OO0 0 O 0 1 0 1 0 0
0 0 000O0O0O O 0 0 0—-1-1 0 0 0
0 0 00 00O O 0 0 0 0 0 —1 —1 —1
3 0-310 2 0-2 0-3 0-3 0 3 —2 1
0 3 3-1-1 0 2 2 4 4 1 3 3 0 0 -3
1 0O -1 1 0 1 0 -1 1 -3 1 -3 0 0 1 -2
0 1 1-1-1 0 1 1 1 1 -3 3 3 -2 -2 1
Lo o oo0o0O0OO O 1 1 1 0 0 1 1 1d

A Peirce decomposition, bases of the Peirce components, the irreducibility of the chosen
idempotents and the homogenity of the ring described by the the ties given above is
deduced as in (S 2.2.2).

The index in I" of the subring described by the ties given above is calculated to be, walking
along a, ¢, d, b,
B1H8+64+64+64+8+1 _ £210
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2.3.3 (ZSG)[g]

We claim that (ZSg)5 is homogenus and takes the following form.

1 1
f
o 1 & 1y
4 1 1 4
3
a P f v
d n o i r s
3 4
9 9
5 6
4 1 1 4
a h n o |u
e f - q r58
4 6 6 4
3
a b |l i k|t
3
< J 9 a 10
4 1 6 1 4
3 3 9
a b |h 1 p
3 3 3
e f g v
3 3 3
c j ok t
3 3 3
d n u
i m |q r

11
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We conjugate the embedding given in (S 2.3.1) from the left with the [, SL,, (Z)-element
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to obtain the embedding

ZSg —*

Z

><Z5><5

><ZQ><9

><Z5><5

« Z10x10

(12) —

—1

r—1 0 1 0 0
0-1—-1 0 0

x 0 0 1 0 0
0 0 1-1 0

L 0 0-3 0-1

~——1 0 0-1 0 0 1
0-1 0 1 0 0 0
0 0—-1—-1 0 0 0
00 01 0 0 0

xl 000 0-1 0 1
00 0 0 0-1-1
00 00 0 0 1
00 000 0 0-—
L oo 0 0 0 0 0
r—1 —252 —56 —594
0 1277 284 2646

X 0—5742—1277—11907
0 18 4
0 -8 -—18 —720
~—1 0 1 0 0 0-3
0-1—-1 0 0 0 0
00 1 00 0 0
0 0 1-1 0 0 0
00 0 0—-1 0 1

Xl o 0o 0 0 0-1-1
00 0 00 0 1
00 0 00 0 0
00 0 00 0 0
L 0o 0 00 0 0

(123456) —

—1

12-1 1-1

10-1 0 0

x 00 1-1 0

01 1 0 0
L33-3 3-1

- 0 0 0-1 0 0 0
00 0 0 0 0-1
00 0 00 0 0
00 0 00 0 0

x|-1 0 0-1 0 0 1
0-1 0 1 0 0 0
0 0—-1-1 0 0 0
00 0 0—-1 0 1
L 0o 0o 0 0 0-1-1
- —3554 61433 13829

15073 —260682 —58681

x| —67872 1173813 264232
660 —11363 —2558
—2941 50636 11399
-1 2-1 1 3 3 3
1 0-1 0 3 3 3

0 0 1-1 0-3-3

0 1 1 0 3 0-3

-1 0 1 0-1-2-3
Xl 0-1-1 0—-1 0 1
0 0 1-1 0-1-1

0 0 0 0-1 0 1

0 0 0 0 0—1-1

L oo 00 00O

X Z
X Z5><5
% ZQ><9
% Z5><5
X Z10>< 10
% Z16><16
x 1
rl o 387 —36 —873
01 0 0 0
X| 0 0 —4342 404 9797
00 58 —23 —582
L O 0—1935 180 4366
0 0 r1 00 100-10 O
0 1 010-100 0O0-1
0 0 001 100 0O0 O
0 0 000—-100 0O O
0—1 Xl 000 010-10 1
0 0 000 001 10 O
0 0 000 00O0O—-10 O
1-1 000 00O O1 1
0 1 LOOO 00O OO0-1
—132 r 143 29 30 2 -33
588 —351 —71 —-75 —6 84
—2646 X| —360 —75 —79 —10 95
414 81 78 —5—69
—161 L 9 0 -3 —6 13
0-3-3 - 12905 —2934 41878 —9333 186670 —41985 5863 —12258
0 0 3 —3852 836 —11980 3231 —53397 14455 —1635 3591
0 0 O —2256534 507078 —7291241 1523745 —32492268 6872733 —1014543 2137674
0 0-3 764271 —174132 2487141 —535456 11085623 —2411983 348744 —728133
0 1 0 515196 —115767 1664658 —347778 7418278 —1568646 231624 —488055
0 0 1[X| —170154 38781 —553806 119340 —2468421 537553 —77670 162141
0O 0 O 657 —180 2349 —594 10485 —2664 370 —723
—-1-1-1 —324 9 —648 —396 —2835 —1692 —12 152
0 1 0 —22311 5049 —72477 15093 —323010 68067 —10116 21144
0 0 1 L —372645 83628 —1203525 249300 —5363145 1124874 —167355 352959
r-1 0—-2 0 3 0 O 6 0 6 6 0 9 0 0 —9-
0—-1—-4 048 0 O 36 0 90 —6 063 0 99 -72
0O 0 1 00 0 O 0O 0 O 0O 0 0O 0 ©O 0
0 022-127 0 0-18 0108 —-57 0 54 0126 126
0O 0 0 01 0 O 0O 0 O 0O 0 0O 0 oO 0
0O 0 0 0 0-1 0 1 0 1 0O 0-3 0 -6 -3
o 0 o0 00 0-1 -1 0 O 1 0 0 0 0 -3
0O 0 0 00 O O 1 0 O 0O 0 0 0 O 0
X 0O 0 0 00 O O 0—-1-1 -1 0 0 0 O 0
0O 0 0 00 O O 0o 0 1 0O 0 0 0 O 0
0O 0 0O 00 0 O 0O 0 O 1 0 0 0 O 0
0O 0 5 012 0 O 0 0 39-12-1 24 0 42 27
0O 0 0 00 0 O 0O 0 O 0O 0 1 0 O 0
0O 0 0 00 0 O 0O 0 O 0O 0 0-1 -1 -1
0O 0 0 00 0 O 0O 0 O 0O 0 0 0 1 0
L 0 0 0 00 O O o 0 o0 0O 0 0 0 ©O 1d
x 1
r—2 —12 375 —30 —846
1 14 320 —30 —722
X| 183 2881 47891 —4576 —108059
3 52 1487 —137 —3355
L 81127521170 —2023 —47767
1 1 000 100 0-1-1
—-1-1 000 OOO 1 1 1
1 0 000 00O O-1 O
—-1-1 000 OOO O 1 1
1 1 Xl 100 100-1-1-1
-1 0 010-100 0 1 O
1 1 001 100 0-1-1
1 0 000 010-1-1 0
-1 -1 LOOO OO1 1 1 1
3328 7509 r 35 93 92 155 —384
—13902 —3132 —60 —232 —229 —396 976
62612 14106 (x| —78 —230 —226 —385 952
—810 —183 186 277 278 436 —1096
3603 814 45 9 11 2 —13
6 6 3 - 35948 —10688 136443  —42852 610078 —190645 21924
0 0 O —13510 3915 —51083 15397 —228384 68542 —8013
-3 -3-3 —5368761 1665179 —20782828 7019050 —92971526 31173684 —3420408
3 0 O 1966814 —596088 7522390 —2447901 33641731 —10881765 1223465
0—-2-1 1224738 —379954 4741559 —1602000 21211317 —7114895 80461
-2 0 1 X —438093 132750 —1675413 545048 —7492789 2422943 —272466
—2 -2 -3 —765 84 —2013 —321 —8907 —1323 —160
0 1 0 570 —27 1284 531 5649 2259 43
0O 0 1 —57735 17490 —220569 71739  —986409 318921 —35900
—-1-1-1 L —864477 270036 —3357666 1147350 —15021672 5094372 —554799
r —323 —37 —40 -—-173 —6 75 75 —3 —129 —411 618 —36
—4457 —510 —577 —2391 —162 1038 993 975 —216 —2151 —5652 8550 —639
—102 —12 —17 —55 —6 27 24 24 —12 —75 —129 198 —18
—1527 —176 —155 —828 —12 354 288 249 —15 —558 —1944 2952 —135
—268 —31 —-37 —144 -8 66 63 63 —9 —132 —-333 516 —30
—341 -39 —43 —-183 -9 77 73 72 —15 —152 —427 654 —45
90 10 10 48 3 —19 —18 —17 7 36 112 —171 9
—183 —21 —-25 —98 —6 45 44 44 —8 —89 —228 351 -—18
X 78 9 9 42 0 —19 —18 —17 0 28 99 —150 3
-7 -9 -9 —42 0o 18 17 17 0 —27 —98 150 -6
0 0 0 0 0 0 0 0 —1 —1 —1 0 0
—827 —95 —94 —446 -—15 192 171 159 —18 —336 —1053 1592 —90
121 14 17 65 4 —30 —29 —29 4 61 150 —233 14
—52 -6 -6 —28 0 13 12 11 0 —19 —66 100 -2
52 6 6 28 0 —12 —11 —11 0 18 65 —100 4
L 0 0 0 0 0 0 0 0 1 1 1 0 0

—3025 5197
1188 —1472
448791 —897015
—166491 308172
—102381 204789
37155 —68631
—222 309
—361 —25
507 —8949
72372 —147902
—40557 —19869 19015
14890 7029 —7094
6237274 3388927 —2943402
—2250181 —1156666 1055397
—1423097 —773632 671590
501148 257500 —235046
491 —417 —182
=277 512 82
66068 33856  —30922
1009316 557354 —476812
—18 —54 —361
—459 —1161 —711
—36 —54 —54
18 —72 108
—30 —57 —45
—36 —81 —48
6 18—
-21 -39 -—27
3 3 0
-3 -6 -3
-3 -3 =3
-30 —111 -—27
14 27 22
—1 —1 1
2 4 2
2 2 2.
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The ties are satisfied by these generators.

In order to prove that the abelian subgroup A described by the ties given above coincides
with the image of this embedding, we shrink A to the overall Morita multiplicity 1, drop
the quasiblocks 5 and 6 and call the resulting subgroup B (cf. 2.1.1). Writing the factors
ordered 1, 2, 3,4, 7, 8,9, 10, 11, we obtain a Peirce decomposition of B via

10000
00000

om0 0 () x () % GB) (8 < 69) < () < ()
00000
01000

0t (B9 x (9 x (B9 x (B9 x (49 x (9 (ggggg)
00000
00000
00 00 00 00 00 10 90000

g =0 x0 x (g0) x (00) x (00) % (00) x (01) x (00) x (88588)
00000
00000
00 00 00 10 00 00 90099

hoi=1x0 x (07) x (00) x (90) x (00) x (00) x (00) x (888?8)
00000
00000

s 00 (B) % (B0 % (B9) x (8D) x (88) x (39) x (ggggg)-
00001

In the sequel, by index we mean the index of A in I'. The indices on the entries indicate the quasiblocks
they belong to. As announced, we only denote the relevant matrix entries, their position ensueing from
the idempotents.

eBe has the following Z-basis.

e = 13 X 17 X 19 x 111
j=0x 3 x 3 x0
k=0 x 0 x 3 x =3
Il =0 x 0 x 0 x9

The Morita factor 16 taken under consideration, its contribution to the index is 364

fBe has the following Z-basis.
a = ].7 X ].11
0 x 3
The Morita factor 4 taken under consideration, its contribution to the index is 3*1.
gBe has the following Z-basis.

b/:—].g X 111
0 x 3

The Morita factor 24 taken under consideration, its contribution to the index is 324
hBe has the following Z-basis.
c = 33 X 111
0 x 3
The Morita factor 4 taken under consideration, its contribution to the index is 3%2.

iBe has the following Z-basis.
111

It does not contribute to the index.

eBf has the following Z-basis.
a = 37 X 311
0 x 9

The Morita factor 4 taken under consideration, its contribution to the index is 3%3.
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fBf has the following Z-basis.

f:12><14><17><111
0 x 3 x —-3x20
0x 0 x 3 x3
0x 0 x 0 x9

The Morita factor 1 taken under consideration, its contribution to the index is 3.
gB f has the following Z-basis.

311
The Morita factor 6 taken under consideration, its contribution to the index is 36°1.
hB f has the following Z-basis.

311
The Morita factor 1 taken under consideration, its contribution to the index is 3!
1B f has the following Z-basis.

T = 14 X 111

0 x 3

The Morita factor 4 taken under consideration, its contribution to the index is 3%1.

eBg has the following Z-basis.
b= 39 X 311
0 x 9
The Morita factor 24 taken under consideration, its contribution to the index is
fBg has the following Z-basis.
311
The Morita factor 6 taken under consideration, its contribution to the index is 36°1.

gBg has the following Z-basis.

g = 19 X 110 X 111
m:= 0 x 3 x =3
n:=0x 0 x9

The Morita factor 36 taken under consideration, its contribution to the index is 3363

hBg has the following Z-basis.
311
The Morita factor 6 taken under consideration, its contribution to the index is 361

1Bg has the following Z-basis.
y:=310 X 111
0 x 3

The Morita factor 24 taken under consideration, its contribution to the index is
eBh has the following Z-basis.
c:=13 X 311

0 x 9
The Morita factor 4 taken under consideration, its contribution to the index is 342
fBh has the following Z-basis.

311
The Morita factor 1 taken under consideration, its contribution to the index is 3''1.
gBh has the following Z-basis.

311
The Morita factor 6 taken under consideration, its contribution to the index is 36°1.
hBh has the following Z-basis.

h:11X13X18X111
0 x 3 x 0 x 3
0x 0 x 3 x 3
0x 0 x 0 x9

324~3

324~2

43
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The Morita factor 1 taken under consideration, its contribution to the index is 3.
1Bh has the following Z-basis.
z = 38 X 111
0 x 3

The Morita factor 4 taken under consideration, its contribution to the index is 3*2.
eBi has the following Z-basis.

911
The Morita factor 16 taken under consideration, its contribution to the index is 362,

fBi has the following Z-basis.
= 34 X 311
0 x9

The Morita factor 4 taken under consideration, its contribution to the index is 3%3.

gBi has the following Z-basis.

Yy :=—11o X 311

0 x 9
The Morita factor 24 taken under consideration, its contribution to the index is 3242.
hBi has the following Z-basis.
Z = 18 X 311
0 x 9
The Morita factor 4 taken under consideration, its contribution to the index is 3%2.

1Bi has the following Z-basis.

i:14><18><110><111
0x 3 x 0 x 3
0x 0 x 3 x =3
0x 0 x 0 x9

The Morita factor 16 taken under consideration, its contribution to the index is 364

Altogether, the index of A in I is
3558

For to see that eBe/3 and thus eBe do not contain nontrivial idempotents, we regard, for
0[7/67775 E Z/37

ae+ B) + vk + 0l = (ae+ B + vk + 61)?
= a’e+ 2aBj + 2avk + (29% + 228 + 267)L,

yielding o = 0, 1. In both cases we obtain § = 0 and v = 0, whence, in both cases, § = 0.
Now eBe, fBf, hBh and 1Bi are isomorphic to

{axbxexd|la—d=gc—ba=3b=3¢c=3d} CZXZxZxZ.

For to see that ¢Bg/3 and thus gBg do not contain nontrivial idempotents, we regard,
for o, 8,y € Z/3,

ag+pm+an = (ag+ pm+yn)?
= o?g + 2aBm + (2ary + 25%)n,
yielding e = 0, 1. In both cases we obtain § = 0, whence, in both cases, v = 0.

The indecomposable projectives Be, Bf, Bg, Bh, Bi lie in different genera because of
different annihilators (D.1.5, D.2.21). Thus A is homogenus.

For an equivalent description of the quasiblock 11, i.e. of Qg’f’l), cf. [P 80/1, (II1.9)].
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2.3.4 F3S54 as path algebra modulo relations

We maintain the notation of (2.3.3). Consider the quiver

F
A b'e
Al >
B ~ . Y
== E G > 1
B’ Y’
c z
c’ Z
H
We have a ring morphism
Z= — B

by sending the capital to the small letter elements (1.3.3), which we shall list again. NB their matrix
positions are determined by the chosen idempotents.

e = 13 X 17 X 19 X 111
f = 12 X 14 X 17 X 111
g = 1o x 19 X 111

h = 11 X 13 X 18 X 111
i = 14 X 18 X 110 X 111
a = 37 X 311

a = 17 X 111

b = 39 X 311

— —19 X 111

c = 13 X 311

d = 33 X 111

r = 14 X 111

= 34 X 311

y = 310 X 11

Yy = —lio x 311

z = 38 X 111

Z = 18 X 311

This morphism is surjective, as to be seen by direct verification.

We claim that its kernel is generated as an ideal by

A'B = X'Y
AC = X'Z
B'A =Y'X
B'C =Y'Z
C'A = 7'X
C'B =27Y

XA =YB = Z('
AX' = BY' = CZ
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AA'A = 3A
A'AAT = 34
BB'B = -3B+2BY'Y
B'BB’ = -3B'+2Y'YB’
cc'c = 3C
c'cer = 3¢’
XX'X = 3X
X'XX = 3X'
YY'Y = -3Y +2YB'B
Y'YY' = -3Y'+2B'BY’
77'7Z = 37
7'77' = 37’

AA'—-BB'+CC’' = 3FE
XX -YY' +Z27 31
B'B+Y'Y +3G = B'BY'Y.

In order to check that modulo the ideal generated by these elements the nonunderlined elements in the
trees below are in fact Z-linear combinations of the underlined ones, it is convenient to note that modulo
these elements we obtain

B'BY'Z
B'AX'Z
B'AA'C
Y'XA'C
Y'YB'C
- Y'YY'Z,

B'BB'C

as well as

B'BB'C = -3B'C +2Y'YB'C,

which implies

B'BB'C = 3B'C,

also to be read modulo these elements.
Regard the multiplication trees of = (cf. S 2.1.2).

It suffices by the symmetries A <— X etc. and A <— C etc. - expressable a posteriori as automorphisms,
cf. the generators for the claimed kernel below - to draw trees for E, F and G. NB there are several
possible equivalent ways to end the underlined part of the tree.

/\

C

U RN O

E

AA’ AX' BB’ BY’ cc’ cz’
AA’A AA'B AA'C AX'X AX'Y AX'Z BB'’A BB'B BB'C

— /1 TN

AX'XA" AX'XX' AX'YB' AXYY' AX'ZC' AX'ZZ'

/N T

AX'XA'A AX'XA'B AX'XA'C
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//\
T TN

A’ X'X XY X'z

| NN IAN

ATAX A'AA A'BB’ A'BY’ A'cc’ A'cz’ X'XA X'XX'

SN N T

A'AX'X  A'AX'Y A'AX'Z A'BB'’A A'BB'B A'BB'C

/N

A'AX' XX ATAX' XA

S
=
ool
S
Q

\

/\
N TN

]

/

o

B'A 'B B'C Y'X Y'Y Y'Z
B'AA’ B'AX' B'BB’ B'BY’ B'CC’ B'CZ’ Y'YB Y'YY'

A N

B'AA’A B'AA'B  B'AA'C B'AX'X B'AX'Y BAX'Z

The kernel K of F3= — B/3 now is generated by

AB = X'Y
AC = X'Z
B'A =YX
B'C =Y'Z
C'A = 7'X
C'B =27Y

XA =YB = ZC'
AX' = BY' = CZ

AAA =
A AA =
BB'B+ BY'Y
B'BB'+Y'Y B’
co'c =
c'ecc’
XX'X =
X' XX’
YY'Y +YB'B
Y'YY' + B'BY’
77'7 =
7'27 =

OO DD DODDODDODDODO OO OO

AA'—BB'+CC" =0
XX -YY' +27 0
B'B+Y'Y = B'BY'Y,

thus giving a Morita equivalence between F3Z/K x F3 x F3 and F3Ss.

K. ERDMANN and S. MARTIN also give a complete description, up to the determination of four parame-
ters, in terms of a quiver with relations [EM 94, Th. 7.1]. We couldn’t establish full accordance between

both presentations. (%).

6Cf. also G. NEBE, The principal block of Z,Ss,, available under
http://www.mathematik.uni-ulm.de/ReineM/nebe/pl.html.
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2.3.5 <Z86)[2]

Again, we change the notation slightly. We drop the - too many - letters parametrizing the
ties and endow our variables with extra lower indices instead, which indicate their position
in case it is not uniquely determined by the position of the Peirce component. These Peirce
components have to be read cum grano salis: actually, they furnish a decomposition of
the Morita reduced ring which we blow up again via the Morita multiplicities, placed on
top of the columns. The idempotents e, f, g, h then are the obvious ones on the main
diagonals, at this stage used only for grouping and placing the ties.

We claim that (ZSg)[; is homogenus and takes the following form.

1 1
eAe eAe
1 2
1 4 1 4
eAe |eAf eAe [eAf
fAe| fAf fAe| fAf
3 4
4 1 4 4 1 4
JAf| fAe| fAg JAf| fAe| fAg
eAf |eAe |eAg eAf |eAe |eAg
gAf|gAe|gAg gAf|gAe | gAg
5 6
1 4 1 4
eAe |eAg eAe |eAg
gAe | gAg gAe | gAg
7 8
4 1 4 1 4 1 4 1
JAf|fAe|fAg| fAe JAf| fAe| fAg| fAe
eAf|eAe |eAg |eAe eAf|eAe |eAg |eAe
gAf|gAe|gAg|gAe gAf|gAe|gAg|gAe
eAf|eAe |eAg |eAe eAf |eAe |eAg |eAe
9 10
16
hAh

11
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eAe
=2t =, 2t —22=,0
10 — .6
Loy =2 T
9 — .10
Ly =4 Ty
9 9 — 10 _ 10 —
Tag — Tyy =4 $22 - $44 —2 0
2+ 2"+ 1), =g 2" +:L" + 29
xdy + 23 =4 230+ 2 ~|—x2— 0
% Bl
20y =4 2° — 2
7 — 6 _ 10
— 32" -2z ), =5 2t =328 — 2 i
37 g4+222 =3 3 24+2
—3at + 23 — 2° — 27 + 229, — 229, — 229, + 229, + 221)
=15 —31? + 2t — 2% — 28 + 2219 — 2210 — 2219 + 2219 + 229, =5 0
eAf
5.6 — .9 10 —
0 —a® =4 x5 — X3 =20
10 — .6
Ty =2 T
9 —_ .10
Ty =2 5541
23 4 205 — 4, =16 vt + 225 — 429 =5 0
eAg
9 _— 10 —
Toy =4 Ty3 =20
2l —ad =g xs—x6=40
9 5 —
229 —x° =g 22}y —26=,0
o8 — 25— 219, =15 =327 — 2% — 2280 =5 0
fAe
9 _— 10 —
Ty =4 Ty =20
10 — .6
Ty =4 T
0 =, 2%
5.6 — .9
x° —a® =g w7, — .7514_40
> — 213 + 229, =16 2% — 221 + 2210 =5 0
A
TAf o R
) =, 2%
22425 — 22 = 2t + 2% — 2219 = 0
-2’ = 2t —28=,0
A
f g 1'5 =8 I6 540
2 — 220 =15 2% — 2210 =5 0
gAe 22 =, 210 =0
34 —4 434 =2
9 — .5
7 x3§ _ x9 10
't —a® =y x32—$32 EQO
B+ ad, 4+ 2° =5 —32" + 2 +15=,0
gAf 20 =, 210
=2 =, 20 —210=,0
94g P = 2
2428 — 2010 =5 20+ 27— 229 =5 0

22—z =, 2" —28=,0
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(123456) —
—1 x 1
r—1 2-2-2 0 1-2 14 2 0
-1 1-1-1 0 1 5-29 1-6
x| 0-1 0 0 1 x| 0 1 =6 0-1
00 1 0-1 0 0 -1 0 1
L oo 0o 1 1 0 0 0-1-1
- 21 7 59-4 58 36 12 40 36 - —15 —37 —43 6 —602 —692108 —10429284 —10437152 —1294188
3 0 8 1 8 8 4 4 8 -3 -6 —8 -1 —256 —259056 — 3885396 — 3888564 —482160
4 1 12-1 12 4 0 4 4 —4 -9 —12 1 —116 —142628 —2154408 —2155964 —267340
00 1 1 0 4 4 4 4 0 0 —1 —1 —144 —133596 —1996188 —199791 —247724
x| —11 -3 =31 2 -31 —16 -4 —16 —16 | x 5599 12313 17415 1354 380075 400210268 6011423128 6016209728 745983308
“1-1 -3 1 -3 -1 0 —3 —1 239 525 743 57 15835 16721019 251188548 251388189 31171043
00 -1-1 0 —1-1 -2 -2 —061044 134176 189859 14721 —4109328 — 4331198847 —65030934017 — 65111705416 —8073504576
-1 0 -3 0 -3 -1 0 0 —1 —62971 —138410 —195849 —15180 —4237319 —4466312209 —67089627504 —67143012380 —8325437793
L 00 00 0 —-1-1 —1 —1 L 999634 2197204 3109034 241020 67279022 70913243353 1065205133003 1066052756095 132185845337
=511 —16 2720 0 r —52328776266333 2361986060 9811644192372 22417470831376 370239044628
3 -1 ~16 -—19 —101 16110061 —733 —3020636 —6901507 —113985
x| —96 —3 511 0 0 X | —277996627456520 12548051107 52124360436031 119092815308918 1966894949646
511 —69 —2720 —1056 —5609 —476947504285 21528179 89427644680 204322698292 3374521647
L Z96 13 511 199 1057 L —13163176494 594171 2468095251 5639060383 93132743
-—21 —69 —19 —26 —18 —30 —26 —68 —54 —22- ~ 11 15 11 16 402 98 70 288 138 14
5 16 4 5 4 8 6 14 12 4 —5 —6 —4 —5—184 —52 —30 —102 —48 —4
10 29 10 7 10 22 8 30 22 8 —10 —9 —10 —7 —430 —126 —68 —210 —98 —8
12 36 13 13 12 26 14 38 26 12 —12 —12 —13 —13 —556 —158 —90 —266 —126 —12
5 17 7 6 5 10 8 16 10 6 -5 —7 —7 —6-241 —66 —40 —112 —54 —6
X1 3 1 3 1 1 2 5 3 21X 1 5 3 -1 55 13 10 21 11 2
—4-12 -5 -5 —4 -9 —5-12 —8 —4 32 36 41 43 1528 425 251 714 342 36
-1 -2 -1 0 -1 -3 —2 -1 o0 5 4 5 4 175 49 28 110 51 4
2 6 2 2 2 3 1 7 5 2 —12 —10 —12 —10 —416 —115 —67 —269 —125 —10
L_23 70 —24 —23 —23 —48 —26 —74 —52 —234 L 13 20 12 -3 389 102 64 306 142 11
00 0 0 000 10 0 0 1 1 0 0—1q
00 0 0 000 00 1 0 0 0 1 1 1
00 0 0 000 00D O 1 0 0 0 0 O
00 0 0 000 00 O 0 O O0—1 0-—1
00 0 0 000 00D O O O O 0 O 1
00-1—-1-100-10 0 1—-1—-1 0 0 1
00 0 1 000 00—-1—-1 0 0—1-1-—1
00 0-1-100 00 0 0 0 0 0 0 O
Xloo o 0o 000 000 0 1 0 1 0 0
00 0 0 000 00 O 0—1—-1 0 0 O
00 0 0 000 00 O O 0 0—1-1-1
10-1-1 000 00 1 1 0 0 1 0 1
01 1 1 100 00 0 0 0 0 0 0-1
00 0 0 010-10-1 0—-1 0—1 0 0O
00 0 0 001 10 0—-1 1 1 0 0 O
Loo o 0 0600 01 1 1 0 0 1 1 1

The ties are satisfied by these generators.

In order to prove that the abelian subgroup A described by the ties given above coincides
with the image of this embedding, we shrink A to the overall Morita multiplicity 1, drop
the quasiblock 11 and call the resulting subgroup B (cf. 2.1.1). Writing the factors ordered
1,2,3,4,5,6,7, 8, 9, 10, we obtain a Peirce decomposition of B via

10 10 000 000 10 10 0900 0300
e:=1x1x (p9) x (g0) X (858) X (868) x (00) % (00) % (o0000]) x (o000
0001 0001
1000 1000
100 100
_ 00 00 00 00 0000 0000
f=10x0x (57) x (07) x (888) X (888) x (00) x (00) x (0000> X (0000)
0000 0000
0000 0000
000 000
_ 00 00 00 00 0000 0000
om0 0 @) @) > (B < () < an<an < () < IR

In the sequel, by index we mean the index of A in I'. The indices on the entries indicate the quasiblocks
they belong to. We only denote the relevant matrix entries, their position ensueing from the idempotents.

To give a basis for a Peirce component now becomes a problem of integral linear algebra by its sheer
size. In order to solve it, we write the ties as a matrix to be annihilated from the right modulo 16,
i.e. we display the ties as rows. Assume the first s — 1 basis elements of the Peirce component to be
found in a lower triangular manner. We drop the first s — 1 columns of this matrix and perform an
elementary divisor simplification on the remaining matrix R to obtain a main diagonal matrix D. In the
SL-element acting from the right on R we pick the k-th column with minimal value of vs(top entry) —
vg(k-th main diagonal entry of D). We multiply this k-th column with 16/(k-th main diagonal entry of D)
and then, regarding it in Z/16, with an element in (Z/16)* such that the top entry becomes a power of
2, which we also choose as inverse image in Z again. The resulting column annihilates R modulo 16 and,
furthermore, can be used to kill the top entry of an arbitrary column annihilating R modulo 16. Hence
iteration of this process furnishes a basis of our Peirce component in a lower triangular manner.

We have chosen a different order on the quasiblocks to display the factors, viz. 1,2,3,4,7,8, 5,6,9, 10.
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eBe has the following Z-basis.
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X X X X X X X X X X X X X X X

X 2
X 2
X 4
X 2
X 4
X 4
X 8
x 0
x 0
x 0
x 0
x 0
x 0
x 0
x 0

X 2
x 0
x 0
X 2
X 4
x 0
x 0
x 0
x 0
x 0
x 0
x 0
x 0
x 0
x 0

= 11 X 12 X 13 X 14 X 17 X 18 X 15 X 16 X
X 2 x 2 x0 x0
x 0 x2 x2 x0
x 0 x4 x0 x0
x0 x0 x0 x 2
X0 x0 x0 x0
x0 x0 x0 x0
x 0 x0 x0 x0
x0 x0 x0 x0
x0 x0 x0 x20
X0 x0 x0 x0
x0 x0 x0 x0
x0 x0 x0 x20
x0 x0 x0 x0
x0 x0 x0 x20
X0 x0 x0 x0

0
=0
0
=0
0
0
0
0
0
0
0
0
0
0
0

e
x

Y
zy
z
Tz
Yz
xYz

The Morita factor 1 taken under consideration, its contribution to the index is 2128,

eBf has the following Z-basis.

(e}
—

e T R N N
—H—HOOO—HOONOIFOONO
N N e

X X X X X X X X

=2
P Y S Y
™ _© 0
[ _2A,11 _2))))
NOOOoOOoONOO
—

X X X X X X X X
©
— O N O OO OO
X X X X X X X X
0
— NN OO OO
X X X X X X X X
<
N O OO oo oo
X X X X X X X X
m
N OO OO oo

a =
ra =
za =

rza =

The Morita factor 4 taken under consideration, its contribution to the index is 2412

eBg has the following Z-basis.

(=}
—

P L T T N
O—HOONNOOIHONVOONOF
—

X X X X X X X X

[=2] —
NN
L 826214 NSNS
| | | I Yoococowmoo
SN S e e e e e

X X X X X X X X
©
N O T OO o oo
X X X X X X X X
10
AN <f 0 O O O O
X X X X X X X X
0
N <O OO oo o
X X X X X X X X
~
N O O OO o oo
L T T
o 0 o O

8 D w

The Morita factor 4 taken under consideration, its contribution to the index is 2416,

fBe has the following Z-basis.

—~
o <t

Ay |

—~~ P N e NN
N O N O o o ¥ ©
o o | o< v o o
NN AN N NG NN

X X X X X X X X

- < 0

N N
N N ¥ O o W o
oo I | ¢ o o o

X 4
X 8
x 0
x 0
x 0
x 0

13 X 14 X 25 X 26 X
x 0
x 0
x 0
x 0
x 0
x 0
x 0

2
0
0
0
0
0
0

a/
a'x
a'z

a'zz

The Morita factor 4 taken under consideration, its contribution to the index is 2*16.
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fBf has the following Z-basis.

fl— 13 X 14 X 15 X 16 X 19 X 110
u =2 x0 x2 x0 x2 x0
adza = 0 x 0 x4 x4 x 2 x —6
drxza = 0 x 0 x8 x0 x4 x 0
0 x0 x0 x0 x4 x 4

0 x0 x0 x0 x0 x8

The Morita factor 16 taken under consideration, its contribution to the index is 216-11.

fBg has the following Z-basis.

a'b:45 X 46 X 29 X 210
adzb =8 x 0 x4 x 0
0 x0 x4 x 4
0 x0 x 0 x 8

The Morita factor 16 taken under consideration, its contribution to the index is 216-10,

gBe has the following Z-basis.

b= 17 x 1g x 15 x 1lg x (-1-2)y x (-12),
Ve =0 x 2 x2 x 0 x (-2-4) x (00)
by = 0 x 0 x 2 x 2 x (02) x (02)
bVezy = 0 x 0 x 4 x 0 x (04) x (00)
0 x0 x0 x 0 x (20) x (20)
0 x0 x0 x 0 x (00) X (40)
0 x0 x0 x 0 x (04) x (04)
0 x0 x0 x 0 x (00) x (08)

The Morita factor 4 taken under consideration, its contribution to the index is 2*12.
gB f has the following Z-basis.

ba = 15X16X19X110
bra = 2 x 0 x 2 x 0
0 x 0 x 2 x 2
0 x0 x 0 x 4

The Morita factor 16 taken under consideration, its contribution to the index is 2164

gBg has the following Z-basis.

g =

v o=
byb =
bryb =
c =

d =

ot

X X X X X X
©

X X X X X X

10

[N oNoNoNal
X X X X X X
SO OO N =
X X X X X X
OO 0N =
S OO O =
X X X X X X
O RN O =
QO = O NN

The Morita factor 16 taken under consideration, its contribution to the index is 216-11.

In particular, g Bg and f B f are isomorphic as R-orders via the quasiblock bijection 3,4,5,6,9,10 — 7,8,6,5,9, 10.

Since the obvious symmetric form one would like to obtain for the generators is hurt at
several places, I am not quite content with the description just given. I suspect that there
is a conjugation by ((1) ‘11) from the left missing on the e Be-part of quasiblock 9. It shouldn’t
be too difficult to insert it still.

Altogether, the index of A in T is

21~28+4~12+4~16+4'16+16~11+16~10+4~12+16~4+16~11 — 2828

For to see that e is primitive, we anticipate a description of eBe/2 which ensues from
(2.3.6), viz.

eBe ~Fo(X,Y, 2V /(X2 XY —YX,XZ — ZX, X2, Y2, 22,(YZ)® — (ZY)?).
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Lemma 2.3.1 Let k be a field. Let L = D, Li be a graded finite dimensional k-algebra
such that k =~ Lo as rings. Its radical is obtained as

oL =P L

121

i particular, L is local.
.-, Li is the maximal nilpotent ideal in L (E.1.8).

For to see that g is primitive we note that we have for «, 8,v,9,¢,( € Fy
(g + Bv + b'yb + Sb'zyb + ec + (d)* = a’g + y2c.

Now fBf ~ gBg shows that also f is primitive.
The indecomposable projectives Be, B f and By lie in different genera because of different
annihilators (D.1.5, D.2.21). Thus A is homogenus.

2.3.6 FyS54 as path algebra modulo relations

We maintain the notation of (2.3.5). Consider the quiver

Y

7
XQX
v

whose arrow B is not to be confused with the ring of the same name.

[1]

)

We have a ring morphism

=—B

by sending the capital to the small letter elements (1.3.3), which we shall list again resp. define now.

e = 11 x 1y x 13 x 1y x 17 x 1g x 15 x 1g x (g1)y % (59)y,

z = 0 X 29 X 23 x 04 x 07 x 25 x 25 x 05 X ((2)8)9 X (88)10

aj«_01><22><23><04x07><28><25x06><(gg)gx(gg)10

f = 13 X 14 X 15 X 16 X 19 X 110

g = 17 X 18 X 15 X 16 X 19 X 110

a = 25 X 24 X Is x 1g x (7)) % (1)y,

a = 13 x 1y x 25 x 26 x  (02)g x (02),
= 27 X 2% X 25 X 2 X (_14)9 X ((1))10

o= 17 x 1g x 15 x 1lg x (=1-2)g x (=12),

u = 23 X 04 X X 25 X 06 X 29 X 010

v o= 07 X 28 x 25 x 0g X 09 X 219

We abbreviate
= AA
BB’
YZY +Z2YZ -YZYZ -ZY +YZ

NN
li
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and note that Y maps to y and Z maps to z.

For to see that this morphism is surjective we consider in particular the following elements in its image.
Non mentioned entries are to be read as zero.

Elements in eBe. Let the twiddle denote right conjugation by ((1) ‘f)

yz—zy = (T33), x (533),,
yay —2yz = (30)g % (20),
Yz —2zy = (,028)9~ X (,028)10
zyzy —4dzy = (024) % (624)4,

(6"
(yz—zp)a = (3), x (3
(yzy — 2y2)a x (5

I
—~
D
~—
©

(
e = (3), (4
(yzy —zy2)b = (0)y * (o

Elements in fBe. Let the twiddle denote right multiplication by ((1) %)

a'(yz —zy) = (_44)9~ X (_44)10
d(yzy —zyz) = (40)g" x (40)y,

Elements in gBe. Let the twiddle denote right multiplication by ((1) ‘11)
V(yz—2y) = (-20)g" x (-20);
V(yzy — zyz) = (4-4)y" x (4-4)y,

An element in fBf.
a'(yzy — zyz)a = 49 X 49

An element in fByg.
a'(yz —zy)b = 49 x 4y

An element in gBf.

V(yz—zy)a = —29 X —219
An element in gByg.
V(yzy — 2y2)b = —dg x —dio
We claim that its kernel is generated as an ideal by
A'A = 2F
B'B = 2G
(YZ2)2—(Z2Y)? = 2(YZ - ZY)
X? = 2X
XY =YX
XZ = 7ZX
X? = 2X
Xy - v¥
XZ = 7ZX

X-X =P-XP

U? = 2U
UA = A'X
AU = XA
V2 = 2V
VB = Bi’X

BV = XB
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We note that P2 = 2P modulo these relations except for the X — X-relation, as we check by a direct
calculation.

We claim that these relations are symmetric in the sense that

F — G
u — V
A — B
A — B
X — X
induces an automorphism of ZZ modulo these relations. First we remark that

YZY +2ZYZ -YZYZ - 2Y +YZ = YZY +2ZYZ - ZYZY —-2YZ +272Y - 7Y +YZ
= Z2YZ+YZY - ZYZY - YZ + ZY.

modulo these relations except for the X — X-relation, which means that P is invariant under the auto-
morphism induced on ZZ modulo this smaller ideal. Now

X-X = —-P+XP

= P+XP— P2
P—(XP+ P? - XP?)
= P-XP

modulo the whole ideal, so that the automorphism exists modulo this whole ideal, too.
Note moreover that we have
(YZ—-2Y) = YZYZ-YZZY —ZYYZ+ZYZY

=YZYZ -2YZY -22YZ+YZYZ -2YZ +27Y

= 2P,
being a more natural expression, but unfortunately only for 2P.
Regard the multiplication trees of Z. We drop the branches which end non underlined because of X2,
U?, V2, A’A or B'B in it, possibly after commuting factors according to the relations. Also we drop the

branches with X X in it, which we can do, since we may rewrite WX X, W being a word - commute X
to the right - by the (X — X)-relation above as a linear combination

WXX =-WXP+2WX

all summands of which however in fact can be written as linear combination of underlined elements by
the part of the tree which we do not drop. By symmetry we may disregard the multiplication tree for G.

E
e
X X A B
] | |
XA XB Y A
| | RN | T~
XY Xz YX YB ZX ZA
| | | |
XYB XZA YZ zY
| | ] ]
XYz XZY YZX YZA ZY X ZYB
| | | |
XYZA XZYB YZY zYz
| | ] ]
XYZY XZYZ YZY X YZY B Z2YZX ZYZA
| | | |
XYZYB XZYZA YZY Z ZYZY
| | ]
XYZY Z XZYZY ZYZY X ZYZY B

XZYZYB
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\
/

A'XZYB

A'XZYZ

A'XZYZA

A'XZYZY

The kernel K of Fo= — B/2 now is generated by

A'A
B'B
(Y2)?

X2
XY
XZ

X—z
ng

XZ
X-X
U2
UA’
AU

V2
VB’

BV =

B'X

XB

’

b
s+l

A'Z

A'ZX A’

ZA
|
A'ZY
/
A'ZYX A'ZYB
|
A'ZYZ
|
A'ZYZX A'ZYZA
|
A'ZYZY

thus giving a Morita equivalence between Fo=/K x Fo and FoSg.

o7



o8

Guiding examples



Chapter 3

Ties arising from modular
morphisms

Our approach to a description of ZS,, is based on the philosophy that ties are given by
modular morphisms, and, possibly, by inclusions of simple lattices (in case the simple lattices
we end up with are not the ones used for the embedding). Since the technicalities arising
from that philosophy which are necessary to establish (5.3.15) are contained in (5.3.13), this
chapter may be regarded as a digression, intended to motivate (C 4, C 5). The presentation
here deviates slightly from that in (5.3.13).

Conventions for (S 3.1,S 3.2).

Let R be a Dedekind domain (to which we refer as ‘integral’) with field of fractions K (to
which we refer as ‘rational’). Let A be a full (i.e. rationally equal) R-suborder of a direct
product of matrix rings over R, A CI' :=[[,c/; ,, R™"*™. Let a C R be the annihilator of I'/A.

By a module we understand a left module, except if stated otherwise. A A-lattice is a
A-module which is finitely generated projective over R. We abbreviate K ® s — by K(—). A
simple lattice is a lattice X such that KX is a simple KA-module. A pure monomorphism
of A-lattices has a torsionfree quotient, a full monomorphism has a torsion quotient, a pure

epimorphism is surjective.

3.1 One-step filtrations

Suppose given an extension of A-lattices X and Y. Since it is split as an extension of R-lattices, we
may write it in the following form, where X 1Y stands for the direct sum of R-lattices, equipped with a
certain A-operation.
(1)
(10) 1

0— X —XJY —Y —0.

Let &) be the operation of A € A on X, written as R-linear endomorphism of X. Let 7, be the operation

of A on Y. The operation of A on XY therefore is given by a matrix of the form (gi n(l) such that

a/L)\ = 8)\£/L + nka/u
Le.

13]
AH R(Y,X)

29
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is a Hochschild 1-cocycle over R with values in the A ® g A°-module g(Y, X), written
0 € Zp(A, rY, X)).

Two such extensions are equivalent iff there exists a diagram of A-lattices

x 19, xqy

0 cx U9, yqly

i.e. iff there exist f € g(Y, X) such that

O — 0\ = fer—mnf

for all A € A, i.e. iff
d—0 € BL(A, r(Y, X))

is a coboundary.

Thus we have identified, as sets,
Ext) (Y, X) = Hp(A, /Y, X)),

an identification which is also seen to be R-linear.

Since a annihilates Ext} (Y, X) (B.2.3), the pullback

0
0 s x U9, vay (1)~Y - 0
[
(50) a
0
0 e x U0 xqy () Y 0,

(B (=G (8R0),
whence
O =a"'(ng — gér)

for all A € A. This, however, is just a restatement of the annihilator property just used in view of the
identification H' = Ext' above.

In other words, we have explicitely constructed an inverse image of our extension under the connector of
the long exact sequence

HOA, WY, X/a)) —> HY(A, (Y, X)) e HY(A, (Y, X))
g — (A—=a" (mg—9&)

induced by the short exact sequence
a
0—X—X — X/a—0.

This can also be expressed by the diagram
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a

- X » X/a — 0.

Note that (,“g) is A-linear because of the annihilating pushout

0
0 s x U9, vay (1)~Y - 0
T
a (—ag(l))
0
0 e x O xqy () Y 0,

(2 (1)) being A-linear since
(%7) (50) = (6a)-

Suppose given v € I'. We say v acts on a A-lattice X if its operation &, on KX restricts to X.

Lemma 3.1.1 Suppose v € T acts on X and Y. 7 acts on XY iff v respects Y 2+ X modulo a, this
is, iff
M9 =a 9&y-

Thus the existence of the extension X1Y imposes a necessary condition on an element v € I for to be
in A.

vactson X Y. v acts on XJY iff

yields an integral map
0y = a" (1,9 — 9&,)

10
Remark 3.1.2 Note that (fg) is a A-linear retraction to the inclusion X uXilY of the extension
up to the scalar a.

3.2 Filtrations

Suppose given a finite binary tree of A-lattices

T/TQ\T
T/O\T T/I\T
RN RN / RN

Tooo Too1 To10 To11 T100 Ti01 T110 Ti11

\
SNSNSN SN SN SN SN
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ending at possibly different stages, such that the ends carry I'-lattices, and such that there exists a short

exact sequence

€0, el*
0 ’ TeO ’ Te > Tel ’ O,

for each non-end [1, h] - {0,1}, h > 0, where €0 resp. el denote concatenation with 0 resp. 1.

Let

9ge
Tel TeO

be an R-linear map giving a A-linear map

ge
Tel TeO/ae

as in (3.1). Let 7. 5 denote the operation of v € I' on KT,. Note that, for e not being an end,
_ TeO, 0
Teqy = (a;l(Tel,«(ge_’ygeTeO,’y) Tel,'y) .

Lemma 3.2.1 v acts on Ty iff
Tel,y9e =a. GeTe0,y

for all non-ends e.

This follows from (3.1.1).

Remark 3.2.2 Pulling back along the pure epimorphisms of that tree, one obtains a filtration of Ty by
I-lattices. Conversely, it is always possible to filter Tj by simple A-lattices, which, however, need not be
I-lattices. In that case, one obtains the same assertion as in (3.2.1), except that one has to add that ~
should act on those simple lattices as well.

Remark 3.2.3 v €T acts on A iff it is contained in A.

Consider 1 € A.

Remark 3.2.4 Let X and Y be isomorphic A-lattices. v acts on X iff it acts on Y.

Thus we may summarize to the

Observation 3.2.5 In case Ty is isomorphic to A as A-lattices, v € T is contained in A iff
Tel,y9e =a. JeTe0,y
for all non-ends e. For short, ties are given by modular morphisms.

This follows from (3.2.1, 3.2.3, 3.2.4).
Remark 3.2.6 Let X and Y be A-lattices. v € I acts on X and on'Y iff it acts on X @Y.

Remark 3.2.7 Let

A:@Pi

iel
be a decomposition into projective A-lattices, I being some indexing set. Let J C I be a subset such that
for each i € I there is a j € J with Py~ Pj. v € I' is in A iff it acts on P; for each j.

This ensues from (3.2.3, 3.2.6, 3.2.4). Therefore we could as well use Tj’s isomorphic to the P;’s, j € J.
However, since we do not know of a nontrivial decomposition of Z,)S, into projectives given in combi-
natorial terms, we won’t make use of such a reduction.
Question 3.2.8 (speculative) Is it possible to use a chain of full inclusions of R-orders
A=A C--CACA1 C-CAp=T

for which the indecomposable projective A;-lattices are either projective over A;11 or exten-
sions of two indecomposable projective A;1-lattices to ‘iterate the theory of cyclic defect’?
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3.3 Cocycles

We shall have a look at the matrices giving the operation on a filtered A-lattice in terms
of the operation on the graduation plus some extra information and encode this extra
information in a ‘generalized Ext-set’, which is neither (known to be) a group nor a functor,
except in case of a one-step-filtration. We proceed using cocycles, for lack of a proper
formalism.

The aim should be to encode all ties as something like ‘modular morphisms between several
simple lattices’. Whereas the analogue of Ext! for two lattices is easy to see, we don’t have
an idea what the analogue of the connector from the modular Hom-group to it should be

(cf. S 3.1).

Let R be an integral domain of characteristic 0 with field of fractions K, let G be a finite
group. Let X = (X,...,X,,) be a tuple of right RG-lattices, let ¢; ; denote the operation of
g € G on X;.

Definition 3.3.1 A cocycle 0 of G over R with coefficients in X is a tuple O of R-linear maps

(G —> B(Xi, X)))ijenm), i<

such that for g,h € G, we have

0ij(gh) = &i g0 (h) + 0 (& + Y Oi(9)0hki(h)

keli+1,5—1]

for alli < j. The set of cocycles is denoted by Z(G, X).

Example 3.3.2 Let

fij
(KX; — KX;)i jel1.m), i<j

817
be a tuple of K-linear maps. For i < j, let X; H(g)Xj be defined by

1 §7n,g
fm—l,m 1 £M—1,g
fm72,m fm72,m71 1 §m72,g
L f1m fim—1 o fiz 1 1,9
m,g 1
amfl,m(g) gmfl,g fmfl,m 1
— a17172,771(9) 8m72,m71(g) §m72,g fm72,m fm72,m71 1
L al,m(g) (91,m71(g) s 312(9) fl,g fl,m f1,m71 ce f12 1

Assume that each 0;; factors over

Oi 5
G—> /X, X;) O ((KX;, KX;),

by slight abuse of notation. Then 0 is a cocycle of G over R with coefficients in X .
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From
_gm,g fm,h
amfl,m(g) gmfl,g amfl,m(h) gmfl,h
am—Q,m(g) a'rn—2,m—1(g) 6m—27g 8m—27m(h) a7‘rz—2,7n—l(h) 5m—2,h
L O1,m(9) O1,m-1(9) O12(9) &9 O1,m (h) O1,m—1(h) O2(h) &in
fm,gh

Om-1,m(gh) &m—1,n
— 8m—2,m(gh) am—Q,m—l(gh) ETYL—Q,_(]}L

L 81,m(gh) 8l,m—l(gh) s O12(gh) §1.gh

we take the required functional equation (3.3.1).

Definition 3.3.3 The set of cocycles arising from an integral tuple (fij)i jep,m], i<j in the way de-
scribed in (3.3.2) is denoted by B(G,X). An element of B(G,X) is called a coboundary. Via matriz
multiplication of the corresponding unipotent lower triangular matrices

1
fmfl,m 1
fm72,m fm72,m71 1

fi,m fim—1 e fi2 1

B(G, X) becomes a group which acts via conjugation on Z(G, X), a cocycle written as an operating matriz
as above. The quotient set is denoted by H(G,X) := Z(G,X)/B(G, X).

In case m = 2 we recover H(G, X) to be the first Hochschild cohomology group H(G, r(X1, X2)) with
coefficients in the bimodule g(X71, X5).

Remark 3.3.4 There is an operation of R on the set Z(G,X) given by
(rd)ij(g) := 17 ""94(g)

forre R, 0€ Z(G,X). We have
G12(G, X) € B(G,X).

Let
|G| fij = Z i3 (9)-
9eG
We obtain
1.
2onea 0i(gh)Ein—1 = Ppeq 0i5 (91, an)-1&5.0
= |G|fij§j7g
2.
= Shee | Ga0i() + 0560+ D 0ik(9)dk;i(h) | &
ke[i+1,j—1]
= &iglGlfi; +1G0i5(9) + Z ik (9)|G| frs,
ke[i+1,j—1]
whence

0ii(9) = fiséig —Ciglii — D Oul9)fus,
keli+1,5—1]
which, one the one hand, shows by induction on j —i that f determines 0 and which, on the other hand,
holds in the first matrix equation of (3.3.2). Thus 0 arises from f in the way described in (3.3.2).

Hence |G|9 corresponds to (|G)7 ™" fi;)i jef1,m], i<j» which is integral by construction.
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Example 3.3.5 Since also the rational (f;;)’s carry a group structure given by matrix
multiplication of the corresponding unipotent matrices, one might be tempted to believe
that it carries over to the cocycles via the correspondence described in (3.3.2, 3.3.4). In

particular, this works in case m = 2. However, let G := &4, R := Z and consider the
operations
_ [—524 _ [4-15
&2 = [21 %] &1,1230) = [1 7]
100 —210
§2,12) = (1)—01%} §2,(1234) = :ggﬂ
—11—-24 8 26 57 8
£3,12) = [ > :‘ﬂ €3,(1234) = {*_111 -2 :ﬂ
The ‘unipotent f-matrix’
1 0 0 0 0 000
0 1 0 0 0 000
0 0 1 0 0 000
—1/4 0 0 1 0 000
0 —1/4 0 0 1 000
0 0 -1/20 0 100
1/8 0 0 /20 010
0 /8 0 0 1/2 00 1

conjugates the direct sum operation to the operation displayed as the ‘operating d-matrices’

—11 —24 8 00 00 O 26 57 8 0 0000
5 1 —-400 00 0 —11 —24 =4 0 00 0 0
0 0 -100 00 0 -1 -2 —-10 0000
_ |3 =6 -2 10 00 0 _ | =7 -14 —2 —2 100 0
N2y= | -1 -3 2 1 -1 20 0 y o T(1234) = | 2 6 2 30200 )
0 0 1 00 10 0 0 1 1 —-20100
0 -9 1 3 —12 0 —5 24 2 11 1 -3 8 0 4 —15
1 0 0 1 -3 1 -135 -2 -2 0 -2211 —4

wheras the square of that lower triangular f-matrix conjugates the direct sum operation

to
11 24 8 00 00 0 26 57 8 0 0 000
5 11 400 00 0 2 224 240 0 000
0O 0 -100 00 0 122 10 0 000
|6 12 “410 00 o0 | C1a 28 —4 21 000
Cizy=|-2 6 4 1 -1 20 0 |, Cusyy=1|4 12 4 -30 200
0. 0 2 00 10 0 0 2 2 20 100
9/4 —18 1 6 —24 0 —5 24 “1/4 17 1 -6 16 0 4 —15
7/4 —9/4 3/2 2 —6 2 —1 5 72 —1/2 3/2 -4 4 2 1 —4

Definition 3.3.6 Let Extrc(X) be the set of diagrams of RG-lattices of the following shape (e.g. m = 4)

Xy

0 - X3 -

X, - - -

with horizontal pure monomorphisms, vertical pure epimorphisms and all squares exact, modulo isomor-
phisms of diagrams carrying the identity at X;, i € [1,m].

For X = (X1, X3) we recover Extra(X) = Extha (X1, X2).
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Lemma 3.3.7 In case G =1, Extra(X) consists of one element.

Given a diagram (X /;); je[0,m], i<j With X;/;_1 = X1 for j € [1,m], we exhibit a diagram morphism
constant on the X/s onto it, starting from the split diagram (@ke[i’ﬂ Xk /k—1)i,je[0,m], i<j> equipped with
the canonical inclusions and projections.

Choose coretractions
(Xj/j—1 = Xj0 = Xj/5-1) =1
for j € [1,m]. Let

D Xijp—1 — X
keli,jl

have the composition
Kiylom1 — Xpjo — X4
as its component at k.
Let ¢/ < j' be given with ¢ < ¢, j < j'. Let k € [4,j]. First going through the morphism, then through
the diagram yields
X1 — Xppo — X0 — Xjrjur

as its component at k. First going through the diagram, then through the morphism yields

Xk/kfl 7Xk/k71 HXk/OHXj’/i’ fork}i’
0 for k < i’

as its component at k.

Lemma 3.3.8 There is a bijection

H(G, X) = Extpe(X).

We give a surjection
Z(G, X) — Extrae(X)

with fibers being the orbits under the operation of B(G, X). A cocycle O corresponds to an operation of

G on the R-linear direct sum @ie[l m] X;, given by

fm,g
amfl,m(g) gmfl,g
amf27m(g) 8m72,m71<g) §m72,g

Omls)  Ormoale) - Oua(g) Eug

Since the subcocycle (0y;); jek,i, i<j for k,1 € [1,m], k <, is a cocycle of G over R with coefficients
in (Xg,...,X)), it corresponds to an operation on ®ie[k 1 X;. These RG-lattices, together with their
canonical inclusions and projections form a diagram as in (3.3.6), to which we map 9.

We claim this map to be surjective. Given a diagram of RG-lattices as in (3.3.6), we may replace it by
an isomorphism of diagrams constant on each X; by a diagram which consists of R-linear direct sums of
type ®ie[k, 1 X equipped with the canonical inclusions and projections (3.3.7). This yields an operation
matrix on the lower right object which is of lower triangular shape and which contains the desired cocycle.

If two diagrams consisting of R-linear direct sums are isomorphic, constant on each X;, then the operation
matrices on the lower right objects are conjugate by an integral matrix of the form

1
fm—l,m 1
fm—Z,m f’m—?,m—l 1

fim fim—1 e fiz

containing the components of that isomorphism. And conversely.
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Remark 3.3.9 Consider the case m = 3, X = (X1, X2, X3). Extre (X1, X2, X3) surjects
onto

{a X ﬂ S EXtRG(XhXQ) X EXtRG(XQ,Xg) | - ﬁ =0 (Yoneda)}
via projection onto the respective parts of the diagram (3.3.6).
Each fiber is in bijection with the cokernel of the map ra(Xa2, X3) — Extra (X1, X3) in-
duced by the respective o € Extpa (X1, Xa).

Suppose given elements o € DY(RG)(X1, X2[1]) and B € D®(RG)(X2, X3[1]) such that
afB[1] = 0. Consider the cones on « and

where the thick arrows display graded morphisms. Since af[1] = 0, there is a C,, X 3[1]
such that o/v = 3, the cone of which is also in the canonical heart, forming a short exact
sequence

1"

0—> X3 —>C, > Co —>0

there. The octahedron

furnishes the required diagram when dropping all graded morphisms.

Conversely, given a diagram representing an element of Extpa (X1, X2, X3), we obtain such
an octahedron, forcing a3[1] = 0.

Suppose given « and 8 with @f[1] = 0. The corresponding fiber is in bijection with the set
of morphisms C,, . X3[1] such that o’y = 8, which is, since nonempty, in bijection with
the set of morphisms C, S X3[1] such that o’y = 0. Consider the exact sequence

’ " a(i)

(X, X5[1]) “=(Ca, X3[1]) (X1, X[1]) <= (X [1], X5 1]).
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Ties arising from modular morphisms



Chapter 4

Generic modular morphisms

We shall search for modular morphisms between Specht lattices, i.e. for ZS,,-linear maps
S* —» S# /m for some m > 2. Some easy and some exceptional cases are given in (S 4.2).
In (S 4.3) a formula for a one-box-shift morphism is derived. As an example, we treat the
consequences for ZSg at 3 in (S 4.4).

The morphisms we found are generic in the sense that their formulas depend (at most)
polynomially on combinatorial data (cf. S 4.5).

A Specht lattice has a presentation as a regular lattice on a Z-linear tableaux basis mod-
ulo the Garnir relations, roughly speaking. The structure and the sheer amount of these
relations cause lenghty case-by-case analyses (cf. 4.3.9, 5.2.7).

A Specht lattice also has a Z-linear basis given by standard polytabloids. However, since
standard polytabloids are not stable under the occurring combinatorial operations, it is
hardly possible to work with this basis (thus avoiding Garnir relations), except for the case
of hooks. In particular, we are not able to write down matrices for the resulting morphisms
in a combinatorial way. Even the question whether the morphism (4.3.31) is nonzero is not
clear a priori, and has to be dealt with by standard polytabloid methods. A formula for
the rank of that modular morphism remains to be found, its behaviour under composition
is unknown in general (cf. 4.2.4), and, moreover, we were not able to dualize it (cf. 6.2.6).

A more conceptual way to derive (4.3.31, 5.2.25) would be desirable, since our ad hoc
method does not explain the structure of the resulting formulas.

Let n be a natural number, let A € A,, be a partition of n, i.e. [1,n)] A, [1,n],
YN =mn, i = Nyq for i € [I,n—1]. Let X denote the transpose of A, i.e.
J< A\ <= 1i< >\;- for i,j € [1,n]. In this chapter, lattices are right lattices, since
we write the composition in the §,, on the right. ¢, denotes the signature of a
permutation o € S,,.

We think of a partition as being a diagram of type

X X X X

(5,2,1,1)= * ~

X X X X

In particular, we talk of rows and columns. We also denote (5,2,1,1) =: (5,2, 1?)
etc.
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4.1 Garnir relations

We recall a part of the basic machinery from [J 78].

Definition 4.1.1 A )-tableau is a tuple

[a] = (aij)ieqtn)jenng = (@ij)jen nicin,g)

such that
. . . a
{(Za]) € [1,7’l] X [1,7’l] | J s )‘l} - [17”‘]
(7:’ .]) — Q5
is a bijection. i being the row index, j being the column index, we think of a tableau [a] as of a distribution

of the set [1,n] onto the diagram associated to the partition A. The brackets [] are used only to distinguish
a tableau from a tabloid resp. from a polytabloid and may be dropped.

The S,, operates from the right on the set of A-tableaux via composition of bijections. The ZS,,-module
having as Z-basis the A-tableaux is denoted by F*. It is isomorphic to ZS,, as a right lattice.

Let a.; denote the j-th column of [a], let a;. denote the i-th row of [al.

Denote by R, the Young subgroup of S,, stabilizing the rows of a, i.e.
R, :={0 €S8, |a;jo € a; forall i,j}.
Denote by C, the Young subgroup of S,, stabilizing the columns of a, i.e.
Co =10 €S8, |a;jo € a,; for all 4, j}.

Note that R, = (R4)", Car = (Co)7.

On the set of A\-tableaux we define an equivalence relation by

[a] ~ [b] :<= there is a 0 € R, such that [a]o = [b].

Note that [a] ~ [b] implies R, = Ry, so that this in fact is an equivalence relation. The equivalence class
represented by the A-tableau [a] is called a A-tabloid and is denoted by {a}. Informally, it is a ‘tableau
with unordered rows’.

This equivalence relation is compatible with the action of S,,, for, given a A-tableau [a] and elements
o € R, and p € S, we have [a]op = [ap]o? ~ [ap]. This operation turns the free Z-module on the set of
A-tabloids into a ZS,,-lattice, denoted by M?*.

Let the polytabloid (a) attached to the A-tableau [a] (NB not to the A-tabloid {a}) be defined as

(a):= Y eofa}o e M

oel,

Note that for p € S,, we obtain
(a)p = Y ,ec, eolatop
= Zo”ECap o {apto’
= (ap)
so that the abelian subgroup of M* generated by the A-polytabloids is a ZS,-sublattice of M?*, called
the Specht lattice S*. In particular, we have a ZS,,-morphism

FA — g
la] — {a).
We denote ny :=rk S*.

The rational Specht modules QS*, obtained by tensoring the Specht lattices with Q over Z, form a
complete set of absolutely simple QS,,-modules, where A runs over the set of partitions of n [J 78, 4.12].
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A X-tableau [a] is called standard if a;; < a;/j provided ¢ < ¢’ and j < j. A A-polytabloid (a) is called
standard if there exists a standard A-tableau [a/] such that (a) = (a’).

The standard polytabloids form a basis of S* [J 78, 8.4] (cf. 4.3.2).

Let X be a partition of n. Let the hook length at the position (i, j) of A, i < A;, be given by
hi]‘ = ()\z —]) =+ (/\3 — Z) + 1.
The rank of S* is given by the hook formula [J 78, 20.1]

n!

ny = ———.
[Licn, Pij

Lemma 4.1.2 Let [a] be a A-tableau, let p € C,. Then

(@)p = pec, calatop
zé,,gca coreplalo’

Definition 4.1.3 Let Fy' be the quotient of F* modulo signed column permutations. Le. use the ZS, -
sublattice
F :=Z([a] + [a](st) | [a] a tableau, s,t in the same column of [a])

to define
Ry = FE,
which is a lattice since it has the set of tableaux with ordered columns as a basis over Z.

Note that by (4.1.2) the canonical map F*» — S* factors as

F* — R} — S
[@f — ld — (o)

Proposition 4.1.4 (Garnir relations, [G 50, p. 56], cf. [J 78, 7.2]) Let [a] be a A-tableau. Let a,;
denote the j-th column of [a], viewed as a tuple. Let j < k. Let & C a.; and n C a., such that

#n+#E2 N+ 1
For a subset ( C [1,n], let S¢ denote the subgroup of S, which moves only ¢, i.e. S¢c := Cs, ([1,n]\().

The element 1

T > elape R

PESeun

is well defined and goes to zero under
Fy — SA
[a] — (a).

Welldefinedness follows from (4.1.2) and from taking right cosets with respect to S¢ X S,; < Seuy- To
prove vanishing under F' — S* we may drop the scalar factor.

Eﬂ€85un €P<a>p = ZpGSgU,, Zaeca EPEU{G’}Up
= Y.sec, €0 Zpeswn eplatop.

Assume that the m-th row of the tableau a intersects o~ ! and no~! nontrivially, i.e. assume that

L= (a0)m; = am;o € & and K := (a0)mi = amro € 1. Such an m exists by the assumption on the sum
of the sizes of £ and 7. Note that the transposition (¢ ) is in Seuy,. We continue to treat the inner sum.

ZpESgu,, Ep{a}O'p = Zpesgum Lp<Kp €p{a0'}p + E(L R)p{a’g}(L KZ),D)

= ZpESgun, Lp<Kp €p{a0'}p +TEL R)p{ag}p)
= 0.
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4.2 Hooks

The case of hook partitions, corresponding to the easiest nontrivial Specht lattices, plays
the role of a test case, in which, however, it is still possible to work by direct standard-

polytabloid-methods.

Let \* := (n —k+1,1%!) be a hook, k € [1,n].

Note that a A*-polytabloid is determined by its first column (4.1.4). Since the standard
Me_polytabloids, which form a Z-basis of S*, have an entry a;; = 1 in the (upper left)
corner, we restrict to the consideration of polytabloids with a;; = 1, arbitrary otherwise,
being standard polytabloids up to sign.

By abuse of notation, we denote for a tuple b = (by,...,b,,) with pairwise
different entries out of [2,n] by (b) the \-polytabloid determined by a;; = 1
and by a;; = b; for i € [2,k]|. L.e. the tuple b is the first column except for the
corner. Writing down a \-polytabloid (b) in this section implies that b is a
tuple of the form just mentioned.

For a tuple ¢, v € ¢, y € ¢, we let ¢ denote the tuple arising from ¢ by
substitution of z by y. We denote the tuple concatenated from ¢ and the
single element y by (c,y). We abbreviate ((b,y)) =: (b,y).

4.2.1 A long exact sequence
Lemma 4.2.1 Let k € [1,n —1]. The rank of S" is given by
Nyk = (Zj) )
Lemma 4.2.2 Let k € [1,n — 1]. Let (b) be a \F-polytabloid, let u € [2,n]\b. We have

(0) (1) = (b) — Y (™).

teb

The Garnir relation (4.1.4) reads

1
0= ! ZPGSqu ep(b)p

= (0) = () (1 u) = X (0).

This allows to permute the 1 back to the corner at the cost of some other summands with
the 1 in the corner.

The following proposition is a special case of (4.3.31).

Proposition 4.2.3 (the box shift morphism for hooks) Let

S)\k ﬁ» S)\k+1
() — Zse[Q,n}\b<b7 s).



Hooks 73

This is a well defined Z-linear map, which induces a ZS,-linear map
5N /n I, SN n.

Welldefinedness merely means that for an arbitrary polytabloid (b), its image as given
above and its image as derived from its presentation as a linear combination of standard
polytabloids coincide. But the necessary permutation of the entries of b yields the same
sign on both sides.

We claim that for u € [2,n] we have

() (1 W) fr — ((B) fr) (1 w) € SN

Case u € b.

() (L w)fi = ((0)fi) (L u) = =0V fx = D seppmpplbs 8) (1 w)

- Zsé[2,n]\b<b7 s) + Zsé[2,n}\b<b7 s)
= 0.

Case u € [2,n]\b.

42

()L ) fi = (i) w) "2 (0) = Sep D) fie = (Do ) (1 )
)

U2 (S s 05)) = (Ciey Sy o (07 5))
_<Zs€2n]\(qu)(< s) — Zt€b<btu s) — (b,u))) + (b, u)
= (Esé[Qn\b( ,8)) — (Ztesze[Qn\(qu (ot -

— (X seznp puw (0, 8) = 224 (07, 8) = (b, w))) + (b, u)
= Csepnpl; s) + (b))

—(X s ouw (0, 5) = (b, w))) + (b, u)
= (ZsG[Qn\b(b s))

— (e oo b s)) + (1 + (k=1) 4+ ((n — 1) — k)){b,w)
= (1+1+k-1D4+((n—1)—=k))(bu)
= n(b,u).

Proposition 4.2.4 (long exact hook sequence, cf. [P 71, Lemma 2])
The sequence of maps

00— g 1 gr2 2 I g

18 exact.

We claim that fi freq = 0 for k € [1,n — 2]. Let (b) € S.

) fifetr = (236[2,n}\b<b7 $)) frt1
= Dselan\b 2otelzn\(vus) (s 5 1)
= D s ten\b, st (0: S5 1)
= Zs,te[zn]\b, s>t(<b7 s,t) + (b, 1, s))

We claim that the image of f is a pure submodule of S**" of rank ( Z:%) More precisely,
we claim that the set of polytabloids (b) with b being a strictly increasing tuple with
entries only in [2,n — 1] is sent to a basis of the image.
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For to see that the image of this set generates the image we consider a tuple ¢ =

(cay...,ck—1) with entries taken from [2,n — 1] and use the equation already shown in
the last step, viz.
> (es)fi) =0,
s€[2,n]\c

For to see that the image of this set is linearly independent and spans a pure sublattice
we write the image of such a polytabloid (b) as

O fe =)+ D (bs).
s€[2,n]\(bun)

Now the rank of the image of fi, (7_ 1) equals the rank of the kernel of fi i1, (”gl) — (”;2)
(4.2.1).

In particular, the rank of the image of f, ( ) equals the rank of S*' and the rank of
the image of f,_1, (n 2) equals the rank of S’\

Remark 4.2.5 I do not know whether there is there a ‘homological reason’ for the occur-
rence of the long exact sequence in (4.2.4). Cf. also [J 78, 24.1].

Corollary 4.2.6 The subring
A={p| " fi =0 ™" forkeln—1} [z ™ =T
A
described by the generic modular morphism exhibited in (4.2.3) has index
ID/A] = n'/?Zrenon (1)
as abelian groups and contains the image of the embedding of ZS,, into I via the operations

on the Specht lattices.

Writing down a Z-linear basis for A respecting the kernels of the long exact hook sequence
(4.2.4) shows that the index of the quasiblock of A which is contained in Z"xk*"x* is

N 1e=)

Moreover, the contribution to the index caused by ties between the quasiblock of A in
Z" <" and the quasiblock of A in Z™*+17X"ak+1 g

A1)
We calculate the exponent of n for the index of A in I to be

Zke[lyn] (Z:%) ( ) + Zke[ln 1] (n 2)2 = Zke[l,n] (2:3) (Z:%) Zke[l n| (n_2)2 )
= 1 (023) (R22) +1/2 2 kepn (R5F)
, (h21) +1/2 e (i23)°
= 1/23 e 1,@((23) + (Zj)) (k 1)

o (022) (7

= 1/2) hcnn (Zj) (Tkl:%)

+ 12 e (22) (R51)
= 1/2 Eke 1,n] (Zj)2

Cf. (S 2.2.2).
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Lemma 4.2.7 For n =: p prime, we obtain

] 1 if Xis a hook
(na)p = {p else.

This follows by the hook formula (4.1.1).

Corollary 4.2.8 (an easy case) Keep the notation of (4.2.6). Let p be a prime. Then
(ZSy)p) = A

Since A is a (p)-order (D.2.8), it suffices to show that the indices coincide. The index of
(ZSp)[p] in ['is

pp!
2

H}\ nonhook pnA

p1/2 2kel1n) "ik

p1/2 Zke[l,n] (z:%)Q

(1.1.4, 4.2.1, 4.2.7), cf. (4.2.6).

Remark 4.2.9 (4.2.8) implies in particular the well known fact that the principal block of
F,S, is a Brauer tree algebra whose Brauer tree is a line.

Example 4.2.10 Consider (ZSy)[3). Keep the notation of (S 2.1.1, 4.2.6). Note that we
worked with right lattices, i.e. with rows in I'. Choosing bases such that the long exact
sequence of fj’s reads, shrunk blockwise, as

100 0
4 (001) 3,1 (8(1)8> 2,1,1 <(1)> 1,1,1,1
OHS()4>S(7)4>S(77)4>S(777)4>0

)

we obtain the following description of A.

2 1
a 4
1
f f
2
1 3
1 2 1
5
e a
2
4 e
4
e 22 =4 2t
a zt =, 2°
f 22 =, ot

This is not quite in accordance with (S 2.1.1) since we used rationally isomorphic lattices
instead of the Specht modules there. To remedy, one could conjugate the quasiblock 3 here
with, shrunk blockwise, (1 4) from the right. For full accordance one should check that the
morphisms implicitely appearing there conincide with the morphisms used here, which we
omit, since this would require an examination of the representing matrices in our guiding
examples.
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4.2.2 At the prime 2

The propositions in this subsection are not special cases of (4.3.31). The technical reason
why they work only at the prime 2 is the Garnir relation (4.2.2), used to evaluate (b)(1 u) =
+(b) = >, ep(b”™) in case u ¢ b in contrast to (b)(1 u) = —(b) in case u € b, cases which
may be collected together again modulo 2.

The recipe to find these somehow exceptional morphisms is to ‘genericalize’ examples. I
doubt that there is a uniform method, let alone a single generic morphism covering all the
series exhibited at the prime 2 so far.

‘Exceptional’ refers to the fact that for p > 3 prime, a nonzero morphism from S*/p to
S#/p implies that A dominates i, i.e. 37,0y 5 Ai 2 ;e j 1 for all j € [1,n] [J 78, 13.17].
This does not hold for ‘one half’ of the specializations of the following generic morphisms.

Proposition 4.2.11 (the constant sum morphism (7)) Let k, 1 € [1,n] such that
n —1 and k — 1 are even. Let the following Z-linear map of rank 1 be defined on the
standard polytabloids (b).

s

S)\k S S}\l
<b> - Z(c) standard <C>

This map factors over a ZS,-linear morphism
SN j2 S sN 2,

Note that modulo 2 the formula for the image (b)s holds for all admissible tuples b.
We claim that for u € [2,n] and for (b) standard we have

((b)(1 u))s — ((bYs)(1 u) € 25V,
Case u € b.

() (1 u)s = (D) (Lu) = =3 (&) = (X . (DL 0)
= =g st (O T 20 st ueel® = 2oy st uezmpe((€) — Yo leh™))
=2 Z(c) st., u€[2,n]\¢ > e ().

The number of times a standard polytabloid with an entry u in the first column appears
in this sum (coefficient +1) equals the number of possible replaced entries, which is given
by the even number n — (.

Case u € [2,n]\b.

() (L w))s — ((b)s)(Lu) = ((b) = 224 (0""))s = 2oy . ()1 0)
=2 (1= (F=1)) Xt . () + 2200 st., ueel®
=D i) st wefz\e((€) = Doeclc™™))
=2 (k—=1) Xy st (0 = 200 st wepzaiie 2oteclC™)s

which vanishes modulo 2 since k — 1 as well as n — [ are even (cf. the case u € b).

TCf. [J 78, Th. 24.4].
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Example 4.2.12 Forn = 5 we may let k = 3 and [ = 3 in (4.2.11). This leads to z]; =5 2,
implied by tie t in (S 2.2.4) as well as to the single quasiblock ties modulo 2 in quasiblock

00
7, since, shrunken blockwise, we may write the constant sum morphism as (0 0 0) Cf. also

(S 0.6). This example, calculated directly by computer first, convinced me of the relevance
of modular morphisms.

Proposition 4.2.13 (the transposition morphism) Let k € [1,n] be even. Let the
following Z-linear map of rank 1 be defined on the standard polytabloids (b), where we
denote ¢ to be the increasingly ordered tuple in the first row of (by, corner excepted, i.e.
c=1[2,n)\b as sets.

S}\k 42» S()\k)/

() — Zsec Zteb(c&t)'

This map factors over a ZS, -linear morphism
SN j2 2o g g,

Note that modulo 2 the formula for the image (b)z holds for all polytabloids consisting of
a 1 in the corner, remaining first column b and remaining first row ¢, regardless whether
b or c is ordered increasingly.

We claim that for u € [2,n] and for (b) standard we have

((b)(1 u))z — ((b)2)(1 u) € 25™.
Case u € b.
(O (Lu))z = (D)) (Lu) = =P e 2ren(e™)) = see 2oreplc™) (L))
= _Zsec Zteb< >
= Pee Lrena () = (Coea((179) = {(e)))
+ Zséc(cs’u>
= Taee e (<zv@\s<(c8¢>v’“>> + <<c8¢>t’“>)
= (Zs,vec, s#£v Zteb\u« )U " c

)+ e
(X s vee,sm0 2atepna (((€)7) (™)) + (k = 2) (L eclc™))
(k= 2) (X eele™)-

Case u € c.

((0) (L u))z = ((0)2)(Lu) = ((b) = 2 ,ep(0""))z = (Xsee 2oren(c™) (1 w))
=2 Zsec Zteb< St>
= Dveb 2useenn ey {(C)M)
+ 2 seevu 2atenc™)
= Sren ({6 = (Suean(€)7) = (e )
=2 Zveb Zsecuvﬂ Ztebvvu ((c"¥)>")
+ 2 iep((peau (™)) + ()
= e Zsec\u Zteb\v<( °)>")
+ Zveb Zteb\v<( ) >
+ 2 veb 2oseerul(€7))
+ 2 el (™))
+D e Zvec\u<cv’t>
+(k = 1)(c)
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= Zv,teb,v;ﬁt Zch\u((cum>s’t>
+ Zv,teb, vt <Cu,t>

- Eveb Esec\u<657v>

+(k = 1){c)
+ 2 e Zvec\u<cv7t>
+(k = 1){c)

=2 Zv,teb,v>t Zsec\u(<(0uw>87t> + <(Cu,t)s7v>)
+(k —=2) > e (™)
= (k—=2) X ep{c™).

Proposition 4.2.14 (the two box shift morphism) Let k € [1,n — 2]. Assume n to
be odd. Let the following Z-linear map be defined on the standard polytabloids (b).

g L g
<b> - Zs,t€[2,n]\b,s<t<b7sat>'

This map induces a morphism

SN 2 L gN T .

Note that the formula for the image (b)g holds for all for all admissible tuples b.

We claim that for u € [2,n] and for (b) standard we have

Ak+2

((0) (L u))g = ((b)g)(1 u) € 257 .

Case u € b.

()X w))g = ()L u) = =3 tcpmpp,sct (D810 + D teppmpp, o<t (05 1)
= 0.
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Case u ¢ .

(OY(Lu))g = ((b)g)(Lu) = D2, cpnpp s<t(l5:1)
= D web Dustepappes, s<t (0 S5 1)
- Zs,t€[2,n]\(qu),s<t(<b’ s,t) — (Zveb<bv’uv s,t)) — (b,u,t) — (b, s,u))
+ te[u+1,n]\b<b7 u,t
+ Zse[Q,ufl]\bw’ S, u)
=2 2w Zs,te[Q,n]\b“’v“, st (0,8, 1)
+ Zs,té[ln]\(qu), s<t((zveb<bv u? S, t>) + <b7 u, t> + <b7 Sy u>)
= Dweb Zs,tE[Q,n]\(qu),s<t<bw ;85 1)
+ Zweb Zte[w-i-l,n}\(qu < “w, t>
+ 2 web Zsé[?,w—l}\(qu (0", s, w)
+ Zs,te[z,n]\(qu), s<t Zveb<bv s t)
3y 0m #2: € — DN U ) (b, 1)
+ 2 selznpouw F([s + 1,0\ (b U u))(b, s, u)
=2 2iweb Zs,te[Z,n]\(qu),s<t<bw’ua $,1)
+ 2 web Zte[w-i—l,n}\(qu) (0, u,t)
+ 2 web Zsep,w_u\(wu) (b, s,u)
+ Zueb Zs,tE[Z,n]\(qu), s<t<bv’ua $,t)
2 tepap oo (F(2, 8 = 1N U ) + #([t + 1,n\(b U w))){b, u, 1)
= (k- )Ztepn\(qu <b u,t)
+Zte[2 n]\ (bUu) ( )§b7u7t>
t

= (n—3) te[2,n]\ (bUu) <b7 u,

Proposition 4.2.15 (the two box cancellation morphism) Let k € [3,n]. Let the
following Z-linear map be defined on the standard polytabloids (b).

k h k—2
SN §A

(o) — Zs,tEb,s<t<b\{87t}>7

where the latter expression is to be read as e.g. (2,3,4,5)\{2,4} = (3,5).

This map induces a morphism

SV 2 N o

Note that the formula for the image (b)g holds modulo 2 for all admissible tuples b.
We claim that for u € [2,n] and for (b) standard we have

((bY(1 w))h — ((BYh)(1 u) € 25N .
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Case u € b.

(L)X u))h = (BR)(Lw) = =D cp s O\ s, 1})
+ Zs,téb\u, s<t<b\{87 t})

+ e n (V41 = Soen o {0V {5, u})"™))

S cunmn (V1 11) = Sy (V11
=2 Zse[Q,u—l]mb Zveb\{s,u}<(b\{s’ u)™")
+ Zte[uﬂ,n}mb Zveb\{u,t} ((O\{u, })")
=2 Zsé[2,u—l]ﬁb Zveb\{s,u}<b\{s7 v})
+ Zte[u—‘,—l,n}ﬁb Zveb\{u,t} (0\{v.1})
= ZS,UEb\u,s;ﬁv<b\{87U}>
= 2 Zs,veb\u, s<v (O\{s,v}).

Case u & b.

((O) (L w))h = (BYh)(Lu) = D2, sep, st (D\{5,1])

- Zveb Zs,tebv’u,s<t<bv7u\{87 t}>

~ Ptensct (V1) = Cen oy (O L5, 1))
= - Zveb Zs,tebv,u,s<t<bv’u\{3’ t}>

+ Zs,teb, s<t Zweb\{s,t} ((O\{s,2})"")
= =D ve Zs,teb\v, <0 \{s,t})

=2 veb Zse([z,uq]\u)mb<bv’u\{5a ut)

— 2 veb Zte([u+1,n]\v)mb<bv’u\{ua t})

+ Es,teb, s<t Zweb\{s,t} 0"\ {s,t})
= - Zs,teb, s<t Zveb\{s,t} 0"\ {s,1})

=2 ves Zse([2,u—1]\u)mb<b\{3> v})

B Zveb Zte([u+1,n]\v)ﬂb<b\{v’ t}>

+ Zs,teb, s<t Zweb\{s,t} (0"\{s,t})
= =2 e Zseb\v<b\{8’ v})
= =22 sebwes(O\{5: 0}).

Remark 4.2.16 In the notation of (4.2.11, 4.2.13, 4.2.14, 4.2.15), neither the constant

sum morphism SAk/2 . SAL/2 nor the transposition morphism S)‘k/2 . S(Ak)//Z nor

the two box shift morphism S /2 L gt

/2 nor the two box cancellation morphism

, 3 —
S /2 — SA? /2 vanish, since in each case there exists an element in the image with a
nonvanishing coefficient when displayed as linear combination of standard polytabloids.

In the following examples (4.2.17, 4.2.18, 4.2.19) we regard some ties resulting from special-
izations of the generic morphisms exhibited so far.

Example 4.2.17 (the Kronecker quiver appears) Let n = 6. We have the box shift
morphism (4.2.3)

S /9 g, §(3.1,1,1)
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given by the matrix

1110000000
1001100000
0101010000
0010110000
1000001100
0100001010
0010000110
0001001001
0000100101
0000010011

with entries in Fo, where the standard polytabloids are ordered by their first column lexico-
graphically and the matrix operates on the right on the row vectors representing elements
of the Specht modules.

We dispose of the constant sum morphism (4.2.11)

5(4’171)/2 ; goLLD é2 2 2 2 2 3 3 3 4
Gy — B+ O+ D+ +E) (D +(H+ )+ (3)

given by the matrix

Pt b e e
b e
R e e e
R e e
e e
=
Pt bt e e
P b e
e e
R e

Searching simultaneous bases amounts to search for a normal form for the corresponding
module over the Kronecker quiver. Whereas the situation generalizes to a generic one, I do
not know the generic answer.

In the other direction, we dispose of the transposition morphism (4.2.13)

SGLLD) /9 A, S@LD) /9
(BY — @O+ @+H+E D+

given by the matrix

0011011110
0101101101
0110110011
1001110011
1010101101
1100011110
1110001011
1101010101
1011100110
0111111000

Denote X := S411 /2 and YV := G111 /2. We note that

e X Y e X Y

is a periodic exact sequence. Let

X' =Fa((1).(3).(6).(5) . (6). () € X

i.e. let X' correspond to the last six rows of the matrix of f given above. X’ is a complement
to the kernel of f. Let Y’ be a complement of X'f in Y. We obtain, identifying X" and
X'f via f and Y’ and the kernel of f via z, the block matrices
_ 00
7 01
(X—>Y) = VoX —Y aX)
00

(X =oy) = Vex Yy ex)
10

z 00
Y—X) = YVaeX —Y X
Note that in the chosen basis for X’ above and the image of this chosen basis - the last six

rows of the matrix for f given above - 5 has the matrix

11
11
11
11
11
11

el

1
1
1
1
1
1

e
i
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Conjugation by

R
_HOOOHO
HOOROO
HOROOO
=HREOOOO
HOOOOO

from the left turns this matrix into

000001
000000
000000
000000
000000
000000

Thus, shrinking blockwise and using the basis for X’ corresponding to this conjugation, we
obtain

rooo0on
r _ lo1oo0
J = 10010
L0001
r00007
- _ |o001
S = 10000
L0000 |
FL0007
- _ |oo0o00
2 = 10000
L0000

in which the blocks have sizes 4, 1, 4 and 1 from left to right resp. from top to bottom. We
choose a corresponding integral basis of the Specht lattices (A.2.1). Hence f, 5 and Z yield
the two-quasiblock-ties, where, as in (S 2.3.5), the quasiblock number 9 resp. 10 belongs to
(3,1,1,1) resp. (4,1,1), and which we give in the redundant manner in which they result
from the morphisms,

4 1 4 1 4 1 4 1
c ¢ 2 2 2
2 a a a a b |a a
2 a a a a 2 |a a
2 a 2 |a 2 |a b a 2 |a a
9 10
a 22 =, g0
b 29 =5 210
c z° =5 219,

which one may compare to (S 2.3.5). NB this shows the possibility of the existence of
quasiblock ties that involve more than one entry and that are not induced by a modular
endomorphism of the corresponding Specht lattice — we check directly via a computer
calculation that there are no nontrivial endomorphisms modulo 2.

A generic extension of this example is unknown so far.

Example 4.2.18 We use matrices as in (4.2.17).

In case n = 2k — 1, we regard the transposition endomorphism
SAk 2 e G /2

of (4.2.13).

For k = 3, n =5, we obtain 1 = Z+ 5, so that the arising quasiblock ties are known from §
already (4.2.12).
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For k=4, n =7, we let X := S&LL1 /2. 7 has as matrix

r01111110001110000000°
10111001101001100000
11010101010101010000
11100010110010110000
11000111101000001100
10101011010100001010
10011100110010000110
01101100110001001001
01011011010000100101
00110111100000010011
11001000000111101100
10100100001011011010
10010010001100110110
01100001001100111001
01010000101011010101
00110000010111100011
00001101001101000111
00001010101010101011
00000110010110011101
L100000001110001111110_

We obtain z? = 1, thus (1 + 2)? = 0. Let K be the kernel of (1 + %), which has dimension
14, let I be its image, which thus has dimension 6 and is contained in K. Let C be a
complement of K in X, let D be a complement of I in K, so that, identifying C with I via
(1+ z), we obtain

OO
ooo

[l fen]
N~

(XS X)=(CeDaC <

CeDoC).

Cf. (S F.7).

A generic extension of this example is unknown so far.

Example 4.2.19 (a decomposition) We use matrices as in (4.2.17).

Let n = 7. We have the constant sum morphisms (4.2.11)

SGLLLY 9 T gL j9
G 9 L gBL1L) /9
SGLLLY 9 T g1 /9
ICERNN, y (CR RN}
all of them given by matrices whose entries all equal 1. In particular, 5155 = 53, 5251 = 54.

We dispose of the two box cancellation morphism (4.2.15)
SGLLLY) /9 R SELY) /9
2
() — @+me@e@ee

given by the matrix

~111001100100000-
110101010010000
110011001001000
101100110000100
101010101000010
100110011000001
011100000110100
011010000101010
010110000011001
001110000000111
000001110110100
000001101101010
000001011011001
000000111000111
L000000000111111.
We dispose of the two box shift morphism (4.2.14)

SGL /2 9, SGLLLY /9

@& — (OO0

given by the transpose of the matrix of h.
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Denote X := SGLLLY /2 and Y := S§G:11) /2. 55 is an idempotent of X, 54 is an idempotent
of Y. We decompose X = I3 & K3 into the the image I3 and kernel K3 of 53 = ((1) 8) and
Y =1, ® K, into the image I, and the kernel K4 of 54 = ((1) 8).

Note that ~ 00
h
X — Y) = (5oKs = 11 & Ky)

(Y 2 X) = (I4® Ky I; & K3)

.

since 53h =0, hs, = 0, 5, = 0 and §53 = 0. Now hg = 1 — 355 and gh = 1 — 5, yield a3 = 1
and Sa = 1.

Moreover, o
5 ot

(X = Y) = (oK LL»ES L& Ky)

(Y L X) = (4o Ky M’ I; & K3)

since (1 — §3>§1 =0, 51(1 - 54) =0, (1 — 84)52 = 0 and 52(1 - 53) = 0. Now 515, = §3 and
5981 = 84 yield ’)/(5 =1 and 6’)/ =1.

Identifying K3 and Ky via a and identifying I3 and I via v we therefore obtain the ties

1 14 1 14
a 2 a 2
2 b 2 b
X Y

a Tr =2 Y
b x = v,

the notation being selfexplanatory.

Cf. [J 78, 23.10.iii], (S F.4). A generic extension of this example is unknown so far.
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4.3 The one-box-shift morphism

We exhibit a generic modular morphism between Specht lattices attached to a combina-
torially related pair of partitions (4.3.31). More specifically, the second partition arises
from the first by a downwards shift of one box. The formula for the map is given by a
linear combination of polytabloids with coefficients polynomial in the combinatorial data,
the occurring polytabloids arising from the one which is to be mapped by shifting an entry
stepwise from the column of the first box position to the second.

The reader might wish to regard the ‘sufficiently large’ example in (S 4.3.5) beforehand.

4.3.1 Preparation

Notation 4.3.1 Let A\ be a partition of the natural number n. Let z := A;. Let g,k €
[1,2], g < k, such that (g =1 or A{_; > X) and (A, > A,,5), in particular, k +1 < 2.
In other words, we require

N+4+1 for i=g
o= Ni—1 for i=k+1
A else

to define a partition p. Pictorially, we move a box from the bottom of the (k + 1)-th
column to the bottom of the g-th column in order to pass from A to u (®).

Note that the free ZS,-module on one generator can be realized as having as basis the
M-tableaux, equipped with the natural operation, thus called F* (cf. 4.1.1). We will define
Z.S,-morphisms from F* to S* as follows. Let

(ap ... a,)

denote the p-polytabloid generated by the tableau

[a; ... a, |,

where the a; denote pi-tuples giving the columns of the p-tableau a. The entry in the i-th
column and the j-th row is thus denoted by a; ;. Note that this is a change of notation
compared to (4.1.1), necessary in order to handle columns.

Let e denote a function
lg+ 1,k — {0,1}

j4>6j.

For example, in case ¢ = 2, k = 5 we write e = 101 for e3 = 1,e4 = 0,e5 = 1. Let,
accordingly, ¢ denote the strictly monotone function

[1,1] —~ [g+1,k]

J — 1y

such that | = #e7!(1), j € iy <= e; = 1, i.e. such that e is the characteristic function
of . Note that [ may be zero. Let iy := ¢, 441 := k + 1, and, consequently, e, := 1,

8C. RINGEL suggested to generalize from A}, 1 =1to AL 41 arbitrary, as presented here.
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ex+1 := 1. Furthermore, let e; = 0 for j & [g, k + 1]. To continue our example, we obtain
e1=0,ea=1,e3=1,e4=0,e5=1,e6 =1and e; =0 for 5 > 7.

Occasionally, we allow ourselves to treat single elements and tuples of elements as sets,
as long as the notation remains unambiguous.

Recall that we write ¢*! for the tuple ¢ with its entry s replaced by ¢t. Denote by ¢* the
tuple ¢ with its entry s removed and the following entries shifted by one to close the gap.
(This shift ‘causes’ the sign in the formula below.) Let, for the tableau a and for x € a,
more precisely, # € a;, m(x) be its position in a; minus one, i.e. a;j ()41 = .

Let f. be the ZS,,-morphism defined by

FA ﬁ, SH
1,22 x2,T3 L1, T1+1 Zi41,
Qg ... @ . Q; ... ...a
[al o az] E (_1)7r(xl+1) < g i1 12 i k+1 >
sl
T1E€AGq 5eers $l+1€az‘l+1
We also write x; € a;; as short for xy € a;;,..., 7141 € a;, in such formulas to indicate

this multiple sum. F* e S in fact is a well defined ZS,-linear map since its defining
operations on the tableau entries depend only on their positions.

For a A-tableau a, we denote

Z(al vy, yoe,=:(ay ... a, ) o(

UGSC

where ¢ C a, and where S¢ denotes the symmetric group on the elements of (, i.e.
Se = Cs, ([1,n]\(). ‘o’ is to be read ‘moved in’. Analoguously for tableaux, the sum
being formed inside F*.

For a tuple (s1, $o,...), we denote
(817 s Sigs e Sigy - ) = (317 o5 Si1—15 Sig41y - - -5 Sig—15 Sig+15 - - )

In this section, the variable p is used as an index, which is not a prime number in general.

Lemma 4.3.2 The kernel of

P — 5
[ay ... a)] — (a1 ... a,)

1s generated over Z.S, by the one-step Garnir relations and by the signed column
transpositions.

One-step Garnir relations are elements of the form

Gaen = E lay ... a; Qj41 - a,| oe,,
UES& XS’,?\Sgu"

where j € [1,k], £ Ca;, n C aj41, E+n=H#a; + 1.

Signed column transpositions are elements of the form

lar ... a; ... a) + [a1 ... aj ... al(st),
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where 5,1 € aj,s # 1.

Modulo signed column transpositions a one-step Garnir relation can be written more con-
veniently as

1

Ga{ﬁ:% [a1 cee Q5 Qgyr .. az] o(§Un)

The usual proof - usually phrased in terms of S* - that the standard tableaux generate
Z-linearly the module (F* modulo one-step Garnir relations and modulo signed column
transpositions) suffices to prove the lemma, since therefore (F* modulo these relations),
mapping onto S* (4.1.4), has the same rank over Z. We will give this usual proof, working
already in Fj := (F* modulo signed column transpositions, i.e. modulo signed column
permutations).

We order the tableaux such that for two tableaux the largest entry which lies in different
columns decides their ordering in such a way that in the smaller tableau this element lies
in a larger numbered column, i.e. further to the right. This leaves us with a total order in
the canonical Z-basis of Fj}', over which we perform an induction. The smallest tableau
is standard (up to column permutation).

Assume, after ordering the columns of the tableau a increasingly from top to bottom, that
a is not standard because the entry c in the j-th column a; is larger than the entry d in the
(j + 1)-th column a;q, where both ¢ and d lie in the ¢-th row. Let & := (a4, . .. ,ajy,\;),
let n = (@j+11,---,a5414). Note aji17 < -+ < ajpp =d < c=a;; < - < ;-
All summands occurring in G, ¢, not equal to a modulo column permutation are smaller
than a, since the largest entry being moved out of its column is moved to the right, for it
cannot be a member of 7. a itself occurs in G, ¢, with coefficient 1.

Lemma 4.3.3 The signed column transpositions vanish under fo (4.3.1).
Let s,t € ap,s # t. We have to consider the case e, = 1 only.

Case p € [g + 1,k], i.e. p =iy, u € [1,1] (the calculation is valid also for u = 1).

Tyy—1,Ta T, Tut1
Z (_1)F($z+1)< cee Gg e ceay >(s t)

'J:an,y]. 1

= — E (1) (@) < af“’ll’w“ R >
u— ‘u

Tj€ai;, SFELy, tFTy

LS e (et ey )

ijllij7j7’5u
_ 1\ (x141) Ty —1,8 tTut1ys,t
+ E (1) < U (M A
Ti€ai,, jEuU
—_ _ § : (_1)77(11+1) < gFu—1Tu gZuwTutt >
cee Gy cee Qo e
ZE_jeai]- , SF Ly, t#Ty
_ (71)71‘(11_*_1) a‘xu—lst a@zu«kl
E cee Gy cee Gy .
IjEGij7j7’5u
— (_1)77(1)%#1) a‘?u—lys a‘?ymud—l
g cee Gy cee Gy
Tj€ai,, jFu

J

Lu—1,Tu Ly, Lu+1
_ Z (_1)7‘(‘(11+1) < e ag e ai’uil e aiu e >.

Tj€ai; €
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Case p =k + 1 =i;41 (the calculation is valid also for | = 0).

T1,Ti41 Ti41,
Z (_1)7"(33l+1) < cee Qg ol ail ail“ >(st)

szai]. x

_ DY o)

TjEQi;, SETI41, FTI41

+ Z (=1)7() < afll’t e (ag )P >

T Gaij , JAI+1

+ Z (—1)~® < coaptt o (aﬁ;ﬂ)s’t >

T, Eaij , JAUI+1

— Y (g g

TjE€Ai,, SFETI41, tFETI4L

(s m(t)—m(s)+1 x,t t,
+ Z# ()R OTERD (gt gl )
m_7~€aij,j +1

+ ) (_1)w(t)+(ﬂ(s),,r(t)+1><m at al >
T Eaij , JAI+1

T1,T14+1 Ti+1,
Z(l)ﬂ(l‘l+l)<.'.ag ...ail ...ail+1 ...>.

a:anij T

Case p = g. Nothing to do.

If the moved subset is too small for Garnir by one box, we still have the

Lemma 4.3.4 Consider the p-polytabloid
< ay ... Gy >

Let £ Cap, 0 #nCaq, p<gq, such that #& + #n = #a,. Choosing x € a,\& and y € n we obtain

(...ap ... aq ... )o(EUn)

= <,,,a;§’y...ag’m...>o(fU77)-

The Garnir relations in S* (4.1.4) give

0= (...ap ... ag ... ) o((UxUn)

Z Z (...ap ... ag ... )0 &g

welUzUn 0€Seuzun, Wo=T

= > > (...ap ... aq ... YO ¢&s

weE 0ESeuaun, WO=T
(...ap ... aq ... )o(EUn)
+ Z Z (...ap ... ag ... YO &g

weN\y 0E€Seuzun, WO=T

+ Z (...ap ... aq ... )OEo

UESEUmum Yyo=x
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:Z Z (...ap ... aq Yo' e
we g’ €Seun
+ (...ap ...aq ... ) 0(EUn)

+ Z Z (...oap ... aq ...

wen\y 0'€Seuzun, Yo'=x

(via o/ = (wx)o)

Yo' eqr (via o' = (wy)o)

+ Z (...ap...aq...>U€a

0ESeuxun, Yo=T

= #E+D(...ap ... aq ... ) o(§Un)

+ #n Z (...ap ... aq ... )0 é&q

0ESeunun, Yo=T

= (#+1)( ...ap ... ag ... ) o(§Un)
— #n Z (ooapy a0l ey

o’'€S¢un

Blowing this up a bit, we obtain the

Lemma 4.3.5 Consider the u-polytabloid

(a1 ... a; ).

(via o/ = (zy)o)

Let £ Cay, n C ag, p < q, such that #& + #n = #a,. Denote & := a,\¢. Then

(.

- Qp ... Gq

. ... ) o
=#H0 (oAb alt ).

(Eun)

89

where the tuple substition in the latter expression is to be understood as having fired a bijection & 1
responsible for both substitutions. We will use this notation whenever using this lemma directly or indi-

rectly.

(oap ... aq ... ) o(&Un)

(4.3.4) N "

= #le<...ap’y...ag’ ... )y o(&un)

(4.3.4) _1 o -

= G (@Y @) ) e (u)
(4.3.4)

(4.3.4)  oipel : -

= #;;f§'<...a§,m et ) e(gum)

= #n!#@(---aff" ...agvg o)

So that in case the moved subset would be large enough for Garnir, but is deformed by one box, we

obtain the

Lemma 4.3.6 Consider the p-polytabloid

(a1 ... ay ).

Letw € ar, £ Cap, N Caq, » < p<gq, such that #& + #n = #a,. Denote €= ap\§. Then

sa ) _
z(#g’) (ooap ooay al

L) o(wUgun)

£ ... ) o(wueun).
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(oo @p ... ap ... ag ... ) o(wUEUN)
= (...a ...ap ... a4 ... )0o(EUn)

Z(...aﬁ”z oAk ag ... ) o(wU(§\x)Un)
z€§
- Z(...a;f”y...ap...ag*“’ o)y o (wUgU(n\y))

yen

= gent((oa afn At )
TEE

Yyen B
- #51#n1(< e dST L an€ )

= D (oat L (@ art )

TEE
= >y @ g€ )

S
_ #e £ né U abon
= Za,) (covap ody adt ) o (wUap)

In case we augment this subset by one box, Garnir applies again, so that we dispose of the

Lemma 4.3.7 Consider the p-polytabloid
< ay ... Gy >
Letw € ay, £ Cay, 1 Cay, 7 <p<q, such that #& + #n = #a, + 1. Denote & := a,\&. Then

(oo ar ... ap ... ag ... ) o(wU&UnN) =0.

(oo @p ... ap ... ag ... ) o(wUEUnN)
(oar ...ap ... aqg ... ) o(EUn)
— S oaPt o aE g ... ) o (wU(\x)Un)

e
- Z(...af“y N N A oo ) o (wUEU(n\y))
(4.1.4) '
Garnir, (4.1.4
i 0-> 0->"0.
rEeE yen

Finally, a reindexing of a signed sum yields the

Remark 4.3.8 Consider the p-polytabloid

(a1 ... ay ).

Let ( Ca, o€ Sc. Then
(...ap ... ag ... ) o(C
=€ ( ...ap ... ag ... Yo 0.

We will make use of this fact in composition with column permutations not necessarily within (.
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4.3.2 Strategy

Orientation 4.3.9
Our aim is to find a linear combination of the maps f. as defined in (4.3.1)

f::Ze Ue fe

F* S,
U, € Z, e running over the maps [g + 1, k] — {0, 1}, which factors as

AL gn

S* ——— SH/m,
where m denotes the length of the path covered by the shifted box, i.e.

m:=1+Fk+1—g)+ N, = Ney1)-

This integer m, unfortunately, comes out of the calculation only, a priori there is no reason

for it to occur.

Suppose given some f. (4.3.1) and some one-step Garnir relation G,¢, for a
A-tableau a and for & C ay,, 1 C api1, p € [1,2 — 1], #E + #n = #a, + 1 (4.3.2).

We denote
4 ~_{)‘3 = a; for j # g
TN+l = #a+1 forj=g.

We have to calculate the images of the one-step Garnir relations under f. (4.3.1) in case-
by-case analysis, i.e. we have to evaluate the expression

x1,T2 T, 141 Ti+1,
e Qg ... A o Qg Lo a
g 1 1] k+1
> < > o (§Un)
A L1

in order to be able to exhibit coefficients u. such that Y u.Gqg,fe € mS* (4.3.2).

1
Cesnl = et

We have to distinguish eleven cases.

(I) e, =1, epy1 = 1. Let 4, := p.

(i) v=0#1

(la) v=0=1lie.g=1dp,g+1=k+1=1.
(ii) v e [1,1 —1].

(ili) v=1#0

(II) e, =1, ep41 = 0. Let 7, :=p.
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(i) v=0.
(ii) v e [1,1].
(i) v =1+ 1.

(I) e, =0, epp1 = 1. Let i, :=p+ 1.

(i) g =22, v=0.
(ii) v e [1,1].
(iii) v =1+ 1.

(IV) e, =0, ep11 = 0.
We continue to denote & = a,\&, 7= a,1\7-

Notation 4.3.10
Suppose given { C ag, 1 C ag41, ¥ € 7, such that #& + #n = #,, and a strictly increasingly ordered
tuple of ¢ elements (s1,...,s:) C [g+ 2, k], possibly empty. Let s;41 : =k + 1. Let

Em\y  M\uE Ny, Z1,E2 Tig1,

) a L Sas i SN ¥

A(s1,. .., St)é’,,, = E (*1)“‘““) < g (ag+17) o1 s .
zj€as;, jE[1,t+1] Y

Alternatively, we admit, with [¢g + 1, k] = {0,1} such that e; =1 <= j € s[4, i.e. with e being the
characteristic function of s, the notation
Az@m = A(sq,.. ., st)gm.
Furthermore, we let
Eny o n\y.E
a (a LA ,
I g+1 > (7& A()g,n)

AY = (—1)"®) <
&n y

Notation 4.3.11
Suppose given £ C ap,, 1 C apy1, p € [9+ 1, k], y € 1, such that #& + #n = #, + 1.

First, assume p € [g + 1,k — 1]. Suppose given a strictly increasingly ordered tuple of ¢ elements
(81,..-,8t) Clg+1,k]\{p,p+ 1}, possibly empty. Let s;y1 := k+ 1. Let

B(sl,...,st)gﬂ7 i i
1 iy T STV (@S Y Tt Tl
=g 2 (e < Pt e U,
P ajeas;, je1,t+1] o1
Second, assume p = k. Suppose given a strictly increasingly ordered tuple of ¢ elements (sy,...,s:) C

[g+ 1,k — 1], possibly empty. Let
B'(s1,..., st)gn

- z Em\y (, n\y,€
1 . ceeQg..aghT L altY L a (a W
=) (—1) <y>< 9 1 k . >o(€Un)~
(1,4]

|
. . T
wjea5j7]€ 1

Alternatively, we admit, with [¢g + 1, k] = {0,1} such that e; =1 <= j € s[4, i.e. with e being the
characteristic function of s, the notation
B¢, = B(si,....s0)f,
/
Be{/&n = B'(s1,..., St)é‘/,n'

Remark 4.3.12 The expressions in (4.3.10, 4.3.11) are in fact independent of the choice
of y € n. However, this will not play a role.
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4.3.3 Calculations

We keep all previous notation, e.g. £ = ap\&, 7= api1\n-

Calculation 4.3.13 We treat the case (1.i), i.e. £ C ag = ai,, 1 C Qg1 = a4y, | # 0, #E+ #n = #,4.
Choose y € n. We claim that

Ga,f,nfe = (1 + #g - #ngl)A(iQa cee 7il)g,n‘

In order to evaluate

1 — ... a, afll’”
O O
I]‘Gllij

we distinguish two subcases for the occurring summands.

Subcase z; € 7.

Z< g aill’ 2 '“>O(§Un)

r1EM 1
4.3.8),0 = cooag al®r ol
B 3 G N R
T1EM )

(4.3.5)

&n\y Y22 \n\y,€
= (#§+1)!(#n—1)!#n<'“% (ag™)™ >

Y

Subcase z; € 7.

Z< ag a;p"*? "'>o(§un)

T1€E7 T1

£,m\ 1,22 Ny,
= #gl#n!2<'“ ag™" ((ag} ")) >

T1EN y

&n\y Y22 \n\y,&
A a; .
“5!“77!2 :< g ( i1 ) >

T1E7 Yy _ -
agm\y (a%@z)n\y,ﬁ >

= —#51#71!(#i1—#g+#€)<m )

Altogether, we obtain

1 e
HEln! Z (—1)" @) < g i > o(&Un)

Ianlj L1

EM\y ¢ w2\ n\y,€
= (1+#g_#i1) Z (—1)W($L+1) < cee Qg (afl )77 4 >

xjemj, J#1 Yy

4.3.10 : 1
G20 (1 sy — i) Al )L

Calculation 4.3.14 We treat the case (Iia), i.e. ¢ = k, £ C ag = @iy, 7 C Qg1 = @y = 41,
#HE+ #n=#4. Choosey € . We claim that

Ga7£777fe = (1 + #g - #g“’l)A/gn

In order to evaluate

1 S
Gaemfe= M Z (_1)77(901) < Qg a;, > o(£Un)

T1€a;, T
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we distinguish two subcases for the occurring summands.

Subcase z; € 7.

Z(_l)ﬂ'(ml)<--. Qg aillv ".>O(5Un)

r1EM 1
_ x DY y’ A
(438),0':— ( 1 y) Z (_1)7‘!‘(:[/) < Clg a7,1 > o (5 U n)
xr1EM y

(4.3.5) ag’”\y (afl’)”\y’g >

(=1)TWI(#E + 1) (#n — 1)l < o y

Subcase z; € 7.

Z(l)“(w1><"' ag ;" "'>o(5un)

T1EN T i
i #5!#77!2(1)7T(9:1)<"' a5 ((agrye)pn >
T1EM y
&n\y Y\\y,E
= #gl#mz(l)w<y><--~ ag™ (af)" >
z1EN Yy

agm\y (af{)"\y’g >

= (L)W (Fi, — H#g + #€)< y

Altogether, we obtain

#5!1#77! Z (—1)7’(11)<"' g Giy" - >O(§U77)

T1€aGiy z1

ag,n\y (a;ylv)n\yf >

= (L~ #)(LT <
Y

GEY 1ty - 042,

Calculation 4.3.15 We treat the case (Lii), i.e. £ C a, = a;,, N € apy1 = a4,,,, v € [1,1 = 1],
H#E+#n =, +1. Choose x € £, y €n. We claim that

Ga@n]fe =—(1+ #p — #l)-‘rl)B(ilv e 7%V’iV+1’ T ’il)zf]ﬂ?'

In order to evaluate

1 Ty—1,Ty Ty, Ty Ty+1,Ty
Gagnfe= 7#5!#77! Z (—1)”(11“)( ai:ill’ @ o aiujll' .. ) o(un)

Tj Gaij

we distinguish four subcases for the occurring summands.

The subcases z, € £, ,,1 €7 as well as z,, € £, £, € 7 yield zero summands by the Garnir relations
(4.1.4).

Subcase z, € &, z,41 €.

Z Z (ooap T ag Tt gt ) o (EU)

T, €L Tu41€EM

(4.3.8)70’ = (Iu£1y$u+2)($y-ry) Z Z < a,:r,,_l,at aat,y ay,zy+2 > o(é‘Un)

Gy—1 iy Tyt1
T, EE Ty41EM

—1 _ _
wean (%) (s a0t L @EY (@I L) o (€U,

Ty—1 Tyt1

(4.3.6)
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where the (4.3.8)-step remains true, mutatis mutandis, for z, = x or x,+1; = y or both. Similarly further
down, without being explicitely mentioned.

Subcase z, € £, x, 41 €17.

Z Z (@t Ta Tt agr T ) o (EU)

T, €L Tu41€7

(4-3-8)70::(73V73zu+1) Z Z < B A azcy,wwrl gt > O(fU’I?)

Gy—1 Tyt
:v,,Ef Ty41€E7

(4.3.6) — Ty E . .
= ( Fiv ) Z Z N ( (i CHAY) LR ((afyjf Pey\yE)Utuir Y o (€U )

T,EE THL1ET L
= —HEHT (#7%21) (... az”:ll,x oo (ap y)f AV (ai{;ﬁ+2)n\y,€ ...y o(Eun)

lu

Altogether, we obtain thus

Ga,g,nfe
— H#HE—#1 Z (_1)n(zl+1) < e (aj’;y)é,n\y (ay,m,ﬂﬂ)n\y,é o > o (§ U ,'7)

#i,! Ty—1 Ty
TiE€ai;, Jj#v,v+1

4.3.8 3 = iy I — 3
( ) g (zy) 4 # #ijk vt Z (_1)W(ﬂcz+1) < o azﬁ:ill,y o 51 M\Y ( i!yﬁ:Jr’z)n\yg o > o (5 U 77)
acha,-j,j;éu,z/—i-l

4.3.11) . Aon .
( — —(1 + #iu — #iu+1)B(Zla R VN IR P 'Ll)?m.

Calculation 4.3.16 We treat the case (Liii), i.e. £ C ax = aj, N C app1 = a4y, | # 0, #E+ #n =
#r+ 1. Choose x € £, y € n. We claim that

Gagenfe=—(1+ 4k — #140)B (i, .., i-1){ -
In order to evaluate

@13 TLTi T,
Goenfe= % f'#ﬁ' Z yr@) ¢ ag e e T ) e (§U)

we distinguish four subcases for the occurring summands.

The subcases z; € &, 27,1 € 1 as well as 2; € £, 141 € 7 yield zero summands by the Garnir relations
(4.1.4).

Subcase z; € £, 2141 € 1.

Z Z ”(”””1)< afl’:ll’xl azl’xl“ azl:’ ... ) o(&un)

T €L Ti41€EM
(4.3.8),0 = ($l+1y T TY) 1)n(
y) T1—1,% .y Y
Z Z S aj,, ...y o(&un)
T €L Ti4+1E€EM

(4.3.6) - S\t Ty_1,T T,Y\E ) 3
= (_1) (y)#g#n (ié) < . ailill o (aily)ﬁ,n\y (a',in,l)n\va . > o (£ U 77)

Subcase z; € §, ;41 € 7.

Z Z ”(Il“)( afll:ll’m" afl"’zl“ afl":’ ...y o(EUn)

T €L T14+1€EN
(4.3.8),0 = wzzévzﬂ
7r(zl+1) Ti—1,T T,Ti41  Ti41,
E E P Y ;' ... ) o(&un)
»L16€ Ti41€7

4.3 Ty_1,T x,T T &
(: (#ﬁg”l) Z Z 1) @) ..ail';ll’ o ((a, ’+1)§ My)z1.Y (g Zl’;rllﬁ)n\y,ﬁ)y,rz+1_._> o (€Un)

T €L T1+1 €T L
() O (Jr) (@l (@)EW (@l ) L) o (€Un)
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Altogether, we obtain thus

Ga,E,nfe
= 7#;;#" Do ()W al T (@l Y)E (0 )TE L) o (EUn)
ijaT;j, Jj<i-1
(4.3.8),0 = (zvy) L+, —Hi, . L 3 _
= - Z (-1 (y)<...a9.“ ly...af-l"\y (a¥ YNWE ) o (EUn)

#i)! i1 i1
Tj€aq, Jj<i—-1

(Lt iy — Hi) B (i1, i)Y,

(4.3.11)

Calculation 4.3.17 We treat the case (ILi), i.e. £ C ag = iy, N C Gg+1, g1 = 0, #E + #n = #,4.
Choose y € 1. We claim that
Gaenfe=Ali,... 7il)g,n-

1 1)y @ip) (770 ag Qg1 - -- afll’” g
wem O (1) o (§Un)

Ianij L1

EM\y o M\ué\y,z z1,@
(4i5) Z (_1)W(wz+1)<"' g (ag-‘rl L @y ’ >

T Gaij Y

4.3.10 . .
( = ) A(“’""”)g,n'

Calculation 4.3.18 We treat the case (ILii), i.e. £ C ap, = a;,, v € [LI], 1 € apt1, epp1 = 0,
H#E+#n =, + 1. Choose y € n. We claim that

afnfe* (Zl,...,’iy,...,il)gn.

g 2o (CUTE T a0 (€U)
ijai‘
Garnir, (4.1.4) 1y o
- geEn D D (CDTE G e ™ gy ) 0 (€U)
T EaLJ 2 JFV T EE

4.3.6 = g
U0 () X DU (g (@ ey (@€ ) o (€ Un)

#E#n! iy—1 iy
Tj€ai;, JFV T, €L

(438).0 = (29) .
—weE O 2 (LTI L a e ™Y (@S L) o (EU)
zJGal JjF#V T, EE
= _4#1”! Z (_1)7r(rcz+1)< afyy:lhy SVU\U (a'Z-\t,-yl7€)y7xy+l > O(fUn)
TjEi;, JEV

(4.3.11) , 2 ~
= —B(Z],..~7ZV3-"’ZZ):§,T]'

Calculation 4.3.19 We treat the case (ILiii), i.e. £ C ap = aj,, = g1, N C apy1 = apq2, #E+H#0 =
#r+1+ 1. Choose y € n. We claim that
Gagnfe=0.

e O (F)TE) (e e g ) e (EUn)

xj Eai .

Garnir, (4.1.4)
= #5!1#7]! Z Z 7T (z141) < e azl’xl+1 N GZC:I’ Qp4+1 - > 9} (5 @] T])

Tj€ai;, J#IH1 xp 1 €E

@30
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Calculation 4.3.20 We treat the case (IILi), i.e. £ Cag_1, n C ag, #E+ #n = #4-1 + 1, to obtain

Calculation 4.3.21 We treat the case (IILii), i.e. £ C ap, e, =0, 1 C apy1 = a4, V

Garnir, (4.1.4)
Ga,g,nfe T, 0

#,+ 1. Choose y € n. We claim that

Garnir, (4 1.4)

(4.3.8),0 = (zv yTu41)

€ [L1], #6+#n =

Gaemfe=Blit, iy, 1)L,
FamE O (FDTE (g ap a;”"" ) o(EUn)
;c]Eai.
D DI DI G R A AR 1 L)
1]6011 7]751/3: E’?
Fam D 2 DT ey el ) o (EU)
Tj€ai; , JFV TLEN
—1 _ B
m#”(iﬁ) Y (FD)TE g (o)) o (€U )
z]'Eaij,j7$u
A1 (CUTEm et (e L) o (€U)
TjEi;, JEV
B(ity oty i)E,-

Calculation 4.3.22 We treat the case (I1Liii), i.e. £ C ax, ex =0, 1 C apq1 = a4y, , #E+H#n = F#r+1.
Choose y € n. We claim that

Garnir, (4.1.4)
(4.3.8),0 = (w141 y)

(4.3.6)

(4.3.11)

z; Gaij ,JF#L+1

B/(i,...,i)2,.

G(l,f,nfe = B/(ilv s 71.1):[5!717'
7#5!1#77! Z (—1)”(”*1)( afl”m’“ . ag afl':’ Y o(§Un)
xjéai.
Fem Z Z Dre) ettt ay, az ) o(§Un)
Tj€ai,, A+ T141€N
#6!1#771 Z Z ﬂ-(y) azl Y Ak aif]l’-%—l > (5 U 77)
TjE€ai , JEHL 41 €N
—1
e (ﬁ) Do CUT A (aly, )WEL L) 0 (EU)
T, Eaij , JAE+1
2 Y, ()W e P (al e L)

Calculation 4.3.23 We treat the case (IV), i.e. e, =0, ep11 =0, to obtain

Garnir, (4.1.4)
Ga,ﬁ,nfe = 0
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4.3.4 Polynomial coefficients

Example 4.3.24

Let g =1 and k = 4. We list the images of Gq ¢, fe (cf. 4.3.9).

Case £ C a1, n C as.

e
111
011
101
001
110
010
100
000

Case £ Caz, 7 C as.

e
111
011
101
001
110
010
100
000

= Q
e &
~— O

NN N N N N S

ILii)

—
Nas2

. —

——
—
=
NasZ

IILii)
ILii)

=

Factor
—(1+#2 — #3)
1

-1

0

—(1+#2 — #3)
1

-1

0

Case £ C a3, n C aq.

e
111
011
101
001
110
010
100
000

Case

(

Lii)

Factor

—(1+ #3 — #4)
—(1+ #3 — #4)
1

1

-1

-1

0

0

Case £ Caq,n C as.

e
111
011
101
001
110
010
100
000

Case

Factor

—(1+ #4 — #s5
—(1+#1—#s5
—(I+#1—#s
—(1+#4 — #s5
1

1

1

1

N

)
)
)
)

~ ~—
me e Saa ™

3

Do w

—

b

<

AR

<

SvjleviieBivv il oviievBive oV

SES
S

A~ N N N~

M

Sy

5 ey me
3

3

3

3

[ s
me = 3 mee
3 3

3 3

Generic modular morphisms

Thus we want to (but not necesarily have to) find a column vector containing the coefficients
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ue, ordered according to the e’s as in the tables above, which annihilates

[ 14+ #1 —#2 +1 0 0 0 0 0 0 7
0 0 14 #1 — #2 +1 0 0 0 0
0 0 0 0 1+ #1 — #2 +1 0 0
0 0 0 0 0 0 1441 —H#2 +1
—(1+ #2 — #3) +1 -1 0 0 0 0 0
0 0 0 0 —(14 o —#3) +1 —1 0
—(1+#3 —#4) O +1 0 -1 0 0 0
0 —(1+#3—#4) 0 +1 0 -1 0 0
—(1+#4—#5) 0O 0 0 +1 0 0 0
0 —(L+#a—#s5) 0 0 0 +1 0 0
0 0 —(1+#4—#5) 0O 0 0 +1 0

L O 0 0 —(1+#a—#s5) 0 0 0 +1

from the right modulo the path length m = (k+1 — g) 4+ (#4 — #x+1) =4+ #1 — #5. We

substitute
Xj=5—#s+#,—J
1+#4—#5 = X4
L+t —#in = Xj—Xjn
m = Xlu
yielding
r X;p — Xo +1 0 0 0 0 0 0 7
0 0 X1 —X2 +1 0 0O 0 0
0 0 0 0 X1 —Xo +1 0 0
0 0 0 0 0 0 X1 — X2 +1
Xo— X3 —1 +1 0 0 0 0 0
0 0 0 0 Xo— X3 —1 +1 0
X3—X4 O —1 0 +1 0 0 0
0 X3 —X4 O -1 0 +1 0 0
X4 0 0 0 —1 0 0 0
0 X4 0 0 0 -1 0 0
0 0 X4 0 0 0 —1 0
0 0 0 X4 0 0 0 —1 ]
We choose the coefficient vector u to be
o -
X5
X3
XoX3
X4 ’
Xo Xy
X3Xy
XoX3Xy

thus annihilating this matrix from the right modulo m, and obtain

f=finn + Xaofou1 + Xsfior + X2 X3 foor + Xafi10 + XoXafor0 + X3Xa fro0 + X2 X3X4 fooo-

Notation 4.3.25 ) , W

Let J C [g+ 1,k]. Let [g+1,k]\J > {0,1}, J > {0,1}. Denote by [g+ 1,k "% {0, 1}
the ‘concatenated” map defined by [e"€]|ig114\s = € and [e"€'][; = €”. Similarly multi-
concatenations.

Furthermore, we make use of multiindices in the sense that for a map [g + 1,k] 2D

J —~{0,1} we denote
l—e . 1—e;
X=X

jed
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We give a precursor of the result (4.3.31), the first subcase occurring in its proof we shall
also need later on.

Proposition 4.3.26 Keep the situation from (4.3.9). Let

Xj=k+1—Frn+#,—1J

for j € g, k|. In particular, m = X,. Let

= > X"f

[g+1,k] - {0,1}

For a A-tableau a, forp € [1,z—1] and for { C ay, n C apy1 such that #&+#n = #a,+1,
we have
Gaf,nfo S mS’\.

Hence f° induces a morphism of Z.S,,-modules from S*/m to S*/m (4.5.2, 4.3.3, 4.3.9).
Choose y € 7.
Case g < k.

Subcase p = g, i.e. (Li) or (ILi). Let [g + 2, k] L {0,1} be given. From (4.3.13, 4.3.17)
we take

G e (X0 froy + X0 fioen) = (1 (14 #g — #gu1) + Xgp - DXTCAL
= (Xg — Xgqp1 + Xg+1)X1_e A?Oe’},im

g lefe/AZ[JO /} f .

€ 1,851

Subcase p € [g+1, k—1], i.e. (Lii), (ILii), (IILii) or (IV). Let [g+1, k]\{p, p+1} L {0,1}
be given. From (4.3.15, 4.3.18, 4.3.21, 4.3.23) we take

Ga,{,n(Xl_[lle/]f[lle/} + Xl—[loe’}f[loel] + Xl—[Ole/]f[Olel] + Xl—[(]oe/]f[oo/eq)
( ) (_(1 + #19 - #p+1)) + Xp—l—l ) (_1) + Xp 1+ XpoH ’ O)Xlie BEJOOe'],g,n
(_Xp + XpH - Xp+1 + Xp>X1_6/By
0.

[006/] 75777

Subcase p = k, i.e. (Liii) or (IILiii). Let [¢g 4+ 1,k — 1] - {0,1} be given. From (4.3.16,
4.3.22) we take

G (X1 fron + X0 fgen) = (1- (—=(1+ # — #ar1)) + X - DX B,
= (—Xk + Xk)Xl_e Bfge,}
= 0.

Subcase p ¢ [g,k], i.e. (ILiii), (ITLi) or (IV). Let [g 4 1,k] — {0,1} be given. From
(4.3.19, 4.3.20, 4.3.23) we take
Gaognlfe = 0.
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Case g =k = p.

The sum furnishing f° has only one summand associated to the index § — {0,1} so that
f° = f.. Hence, by (Lia) from (4.3.14) we obtain

Gaenf® = (1+#,— #9+1)Ag{n

= mAY .
We shall detect a redundant scalar factor in this provisional version.

Lemma 4.3.27 For g+ 1< a < (8 < k we have

oo o xr= ] x5+,

e je[avﬁ]
[a,8] — {0,1}
The induction step is given by

Yoo XT =X+ Y X

o8] — {0,1} (01,8 — {0,1)
Lemma 4.3.28 Consider an element p € [g + 1,k — 1] with #, = #,41. Furthermore,
let [g41,p— 1] == {0,1}, [p+ 2, k] — {0, 1} be given. Then
f[elOe’] = f[elle’]‘

Similarly, forp € [g+2,k—1], €11 =0, & Cay, 1 C agy1, y € 1 such that #E+#n = #4,
we assert that

y _ Ay
A[eloe,]7€7n - A[elle/]7§7n'
Moreover, in case p = g + 1 we have
y _ Y
A[OO@’],&,U - A[Ole,]7€777'
The Garnir relation (4.1.4) gives
R e I Z (...apa vt L),
Z€ap+1
. . . _ y
Mutatis mutandis in case p = g + 1 for A[OOe'],g,n'

Lemma 4.3.29 Let

re= Hie[gﬂ,k—l}, #i=Hit1 Xi |y

where the empty product equals 1.
Suppose given § C ag, 1 C agy1, y € n such that #& + #n = #4. The elements

[a] f° = Yo Xcalfe

[g+1,4] — {01}

1 0 __ l1—e AY
m Ga,ﬁ,nf - Z X A[Oe]fﬂ?

e
[g+2,k] — {0,1}
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of S* are divisible by r.

Suppose given g + 1 < o < § < k such that #; = #; for i, j € [o, 8]. For 7 € [, 8 + 1],
we denote B
[, 8] — {0,1}
: . JO forieo,m—1]
R { 1 fori e [r, ]

7

We fix maps [g + 1,a — 1] L {0,1} and [8 + 1, k] L {0,1} and obtain

e (4.3.27,4.3.28)
Z X1 f[e’ee”] = Z fe [e/eTe’] H Xj H (XJ + 1)
e T€[a,f+1] j€a,7—1] jE[T+1,08]
[e.8] — {0,1}
= Z feeer | | 11 X5
T€[a,f] j€[a,B—1]
+ f[e’eﬁJfle”] H X
J€la,f]

Similarly for A. In case g+ 2 < «, we fix maps [g+2, o — 1] L {0,1}, [B+1,K] L {0,1}
and get

. (4.3.27,4.3.28)
> X Mene, = > Aveewnen | 11 X ) [ 11 (G+D)
(0.4] e 01} T€|a,B+1] j€la,m—1] jE[T+1,0]
_ y .
= > Aleerenen I %
Te[azﬁ] je[azﬁfl]
+ A[Oe 'eBtlel] € H Xj
Jj€la,pB]

In case g+ 1 = a, we fix a map [5 + 1, k] . {0,1} to obtain

e (4.3.27,4.3.28)

S g, Y [ T1 eoe
e . 2
lg+2,8] — {0,1} Jj€lg+2,8]

_ Y .
= Apne, II x

Lemma 4.3.30 f can be written as a matriz with at least one entry equal to +1.

Let [a] be the standard A-tableau for which ¢ < ¢ implies a;; < al/ 4, i.e. the smallest
one in the sense of the proof of (4.3.2). Suppose given [g + 1, k] — {0, 1} such that for

p.q € [g+ 1, k], p < g and #, = #, we have e, < ¢,. The summands of

~T1,22 ~T2,T3 axl»IlJA ~Tl41,
T

[d]fe: Z(_l)ﬂ(xl+1)<...dg...ail "'aig R e Qpig e

T Eéij
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are standard A-polytabloids up to sign. Since we may write the image of [a] under f as
an integral linear combination of such elements (4.3.28), and since the occurring standard
polytabloids are pairwise different because of different fillings of the columns, we are
reduced to consider a chosen such e and to regard the corresponding summand

> X | [dlfe

e’cE(e)

where
E(e) :={[g+1, k] L {0,1} | Vi € [g+1,k] (e; = e; V 3j € [g+1,i—1] (#; = #: N e;- =e;=1))}.

However, for e = 11...1 we obtain

Z 1o’ (4327) H (X + 1) (4329)

e'€E(e) 1€E[gH+2,k], #i—1 =F
We summarize to the

Theorem 4.3.31 Keep the notation of (4.3.1, 4.5.25, 4.53.26, 4.3.29). The ZS,-linear
map

_10_1 l—efr . A “w
fi=—f0=— > X'"f: F S

lg+1K] — {01}

factors over )
(S /m L+ $ /m) £ 0.
More precisely, f can be written as a matriz with at least one entry equal to £1.

From the proof of (4.3.26) it follows that (4.3.29) suffices to prove the factorization. The
second assertion follows from (4.3.30).

Remark 4.3.32 Based on [CL 74|, CARTER and PAYNE [CP 80] have obtained a closely
related non-vanishing result (°). It asserts in particular that for A and p as above we

have
Homgs, (K ®z S*, K ®z S") # 0,

K being an infinite field of characteristic dividing m (!°). This particular case of their
result now also ensues from (4.3.31).

For the application to integral representation theory, we need such a morphism in the
concrete form as given in (4.3.31) for the following two reasons. First, we need to calculate
modulo prime powers, not merely modulo primes (cf. 3.2.1 or e.g. 4.2.10). Second, we
need to know the elementary divisors as well as the behaviour under composition of the
of the various specializations (cf. e.g. 4.2.4, 4.2.8 S 4.4.2).

9Which G. JAMES pointed out to me.
10A rank argument shows that [CP 80] also yields this result for K an arbitrary, possibly finite field of
characteristic dividing m, as pointed out by G. NEBE.
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The result of [CP 80] also comprises the case of a simultaneous shift of several boxes from
a column to a column further to the left. A first step in the direction of a concretization of
this result is undertaken in (4.4.3). Some further examples have been calculated directly
but are not yet understood (cf. 4.4.5).

Cf. also [J 78, 24.6 (ii), 24.10].

Remark 4.3.33 For n < 7 the following assertions hold (cf. S 4.3.5).

(i) Let my denote the 2'-part of m, i.e. my :=m/2v2(™) . f (4.3.31) generates
Homyzs, (S /mar, S* /may).
(ii) Let m’ be a natural number divisible by m. The map
Homgs, (S*/m, S* /m) —= Homgs, (S /m’, S* /m/),

induced by multiplication by m’/m, is an isomorphism.

A. KLESHCHEV [Kles 98] has given an argument for the dimension of the Hom-space treated
by CARTER and PAYNE (4.3.32) to be one-dimensional in case of a one-box-shift over a field
of characteristic # 2. Note that in case of characteristic 2, the partitions A = (4,1,1),
@ =(3,1,1,1) furnish an example in which this Hom-space is two-dimensional (S 4.3.5).

Remark 4.3.34 In case A and u are hooks, f coincides with the map given in (4.2.3).

We have g =1, k = A\ —1 and m = n. Moreover, X; =k+1—iforie [2,k],r=(k—1).
The proof of (4.3.29) yields
f: Z fe"'a

TE€[g+1,k+1]

using the notation introduced there.

We record a composition property of certain specializations of our morphism (which origi-
nally has been a failed attempt to prove their nonvanishing).

Lemma 4.3.35 Let v > 2 be a natural number. Let the partition p be such that the
binomial condition at v is satisfied which says that

(Mﬁ-l‘)‘l) =, 0 for allu € [1, i ] for alli € [1,z].
Fiz a p-tableau [a]. The alternating augmentation

d
St — (Z/v)”
(as) — &5
is a well defined nonzero ZS,,-morphism, where s € S,,, and where (Z/v)~ denotes the
alternating module structure on Z/v. NB the sign of d depends on the choice of [a].
We construct d as the factorization of
Ft— (Z/v)”

[as] — &4

over F'* — S#. Signed column transpositions (4.3.2) vanish under this map. It remains
to be shown that the same holds for one-step-Garnir relations (4.3.2). But

1
M[QS] o (¢Un) € Fy

where j € [1,2 — 1], £ C aj, 0 #n C aj1, £ +n = ) + 1, is mapped to (“%g;l), which is
divisible by v by the binomial condition at v for u.

Gas,ﬁ,n =
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Lemma 4.3.36 Keep the situation of (4.3.35). Moreover, assume that m =, 0 and that
r = 1. Then the composition

S m e 88 e (2

(4.3.81) vanishes, except in case v =2, g+ 1 =k, k =2 g, consisting of hooks, in which it
18 NONZETO.

(The case r # 1 remains to be investigated.)

Case iy, ; > 1. We claim that the image of [b]f. under the alternating augmentation
(4.3.35), [b] being a A-tableau, is given by

e+ I =+ I D).
i€lg+1,k], e;=1 i€lg+1,k], e;=1

NB in case pj_, # 0 we are already done with the whole case.

Replacement of ;11 by xj,, in the summand occurring in the expression for the image of a
under f, (4.3.1) amounts to an operation of (2741 7}, ;) followed by an operation of a cycle
of length |7 (x141) — m(2, ;)| — 1. Replacement of x; by z; in this expression, j € [1,],
amounts to an operation of (xj41 x; xg) Therefore all summands of this expression are
sent to +1 or all summands are sent to —1.

To determine the sign more precisely, we note that the summand of this expression with
each x; being the top entry of its column, changes by an operation (z; x;41) if we drop the
column i; for some j € [1,1]. Thus the image of [b]f. under the alternating augmentation
is given by

(g + 1)(—1)Zretorie & H (1) = £(ths1 + 1),
i€[(g+1,k], e;=1

where the sign + now is independent of e.

Note that by our assumption we have 0 =, m =k —pp , +py —g =, k —g9- Miyq — 1,
whence X; =, g — i for i € [g + 1, k] since u; =, —1. Thus the composition fd maps [b] to

. (43.27)
ey 1), X OB ) T (X6 + 1)
=, 0

because of the factor X, +1=, 0.

Case iy, =0, g <k —1, r = 1. Note that still ) > 1. As in the first case, the image of
[b] fo under the alternating augmentation is given by

/
) il o [] = (D forep =1
F(—1)iclarin Nz—ui{l for e, =0 °
i€[g+1,k], e;=1

The composition fd maps [b] to

- > XUl (- (=) + Xy - 1) = 0.

[g41k—1] —> 0.1}

Example 4.3.37 Let A = (4,1), u = (3,2), v = 3. f has rank 4, so that f and d cause ties
just as those numbered e and h in (S 2.2.3). As usual, for accordance one should compare
this morphism with the one implicitely given there.
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4.3.5 Illustration

We perform some direct computer calculations in order to see to what extent our generic result (4.3.31)
is relevant when specialized to small cases. To a large extent, these specializations do not look exciting,
but we are as well interested in an illustration as in an exhaustive list for n < 7.

We drop the brackets indicating polytabloids in our notation. Furthermore, by generate we mean that
the respective maps generate Homgs, (S*,S*/m) Z-linearly and that for m | m’ the map induced by
multiplication by m’/m

Homgs, (S*, S*/m) — Homgs, (S*, S*/m’)

is an isomorphism. Cf. (4.3.33).
To begin with, we give a ‘sufficiently large’ example.

Let n = 9, A = (4,3,2), p = (3,3,2,1), sothat m =6, g =1, k =3, Xo =k+3—2 =4 and
X35 =k + 2 — 3 =2. The specialization takes the form

Cu e 179 149 149 187 147 147
P ovewol 258 278 258 259 289 2509
;28 X3X35l 36 T3¢ Ta7r Tse Tise Tis
4 5 6 4 5 6
149 147
258 2509
1vO0
+X3x9 | S0+
7 8
197 147 147
258 298 258
0v1
X5l s ts3g T3
4 5 6
147
25 8
+X1Xx3i 36
9
Case n = 2.
A=12),p=(1,1),m=2,9g=1,k=1.
P
12—

generates Homgg, (S?), S(11 /2).

Case n = 3.
A=03),p=(2,1),m=3,9g=1, k=2, X5 =1.
123 i’ 13 + L2
2
generates Homgs, (S, S(21) /3).
A=21), pu=(1,1,1),m=3g=1k=1.

i\‘
W N =

generates Homgs, (S(21), §(1L.1.1) /3),
Case n = 4.
)\:(4)’M:(3,1)’m:47g:17k:3’ X2:2, X3:1,7":2.

f 134 1214 123
1234—»2 —|—3 +4

generates Homgg, (S, SG:1 /4).
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A:(371)3M:(272)3m:279:27k:2
134 7 13
2 2 4
generates Homgg, (S, §(2:2) /2).
)\:(3,1),,u:(2,1,1),m:4,g:1,k:2, Xo =1

134 f L4 13
9 —_— 2 4+ 2
3 4
generates Homgg, (S, SZ11) /4),
A=1(2,2),p=(21,1)ym=2,9g=1k=1
13 7 13 14
04 — - 2 772
4 3
generates Homgg, (S(*%), S21.1) /2).
A= 1,1), p=(1,1,1,1), m=4,g=1, k= 1.
1
R
2 —
3 3
4

generates Homgg, (S(21:1) §(LLL1) /4),

Case n = 5.
A=0B),p=04,1),m=5,9g=1,k=4,X2=3,X3=2,X4=1,r=6.

Foo134 124 12 1234
I 1345 5, 35 3

12345 9 3 4 5

generates Homggs, (S, S(41)/5).
A=41),p=(3,2),m=3,9=2,k=3 Xz=1

1345 f_ 5

13 34
2 24 Toas

1
2
generates Homgg, (S(*41), §(3:2) /3),

A=(4,1),u=03,1,1),m=5,9g=1,k=3,Xo0=2,X3=1,r=2.

generates Homgg, (S(41), §G.1.1) /5),
A=(3,2), n=(221), m=4,g=1,k=2, X5 =2.

5

ot W
=~ w

)
4 +

f

w N
=N =

13
2 4

+
[N}
(G200 RN

generates Homgs, (S(32), §(2:2.1) /4),
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A:(372)3M:(37171)3m:2ag:17k:1

135
2 4

l&h‘
N
|

W N

generates Homgg, (S32), §G:1.1) /2).

A=GL1), p=1(2,21),m=29g=2k=2.
145 = 1
2 i. 2
3 3

4
5

generates Homgg, (S0, §(2:21) /9),
A=(G,1,1), p=(21,1,1),m=5g=1,k=2, Xo=1.

)
45 F

1
2 +
3

W N
T W DN =

generates Homgg, (SG1D SELLD /5) N = (2,2,1), p=(2,1,1,1), m=3,g=1, k= 1.

4 )

4
5

R

W N =
UTOO[\DHw;

IENGUR R

generates Homgs, (S(2%1), §(21.1.1) /3),
A: (27171’1)’ ,LL: (131517171)3 m:5, 9:1, k: 1

5

N

=W N =
U W N =

generates Homgg, (S0 1D §LLLLL) /5,

Case n = 6.
A=(6), u=(51),m=6g=1,k=5 Xy=4, X3=3, X, =2, Xs=1,r =24

F 13456 12456 12356
9 T3 Ty
12346 12345
ts T6

123456

generates Homgs, (S(®), S(>1) /6).
)\:(5,1),,u=(4,2),m:4,g:2,k‘:4, )(3:27 X4:1,7“:2.
13456 f 1356 1346 13
2 T 24 Tos Tag
generates Homgs, (S*1), §(42) /4).
A=05,1),p=(411),m=6,9g=1, k=4, X,=3,X3=2, X, =1,r=6.

. 1456 1356 1346 1345
;Y0 + 2 + 2 + 2
3 4 5 6

generates Homggs, (S(>1), S&41.1) /6).
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A=(4,2),u=(3,3),m=2,9g=3,k=3.

5 6

L

[N
o
o >

13

2 4
generates Homgs, (S*2), $(3:3) /2).
A=(4,2), p=(3,21),m=5,9g=1k=3, X, =3, X3=1.

156 136 165 135
;Z56$ 24 +25 |+[(24 +26
3 4 3 4
136 135
+3-24 +3-24
) 6
generates Homgs, (S(*?), §(3:2.1) /5).
)\2(4,2),,u:(4,1,1),m:2,g:1,k:l
1356 i» ; 356 - ; 456
2 4 4 3
generates Homgg, (S(42), §(41.1) /2),
A=(4,1,1), p=(321),m=3,9g=2 k=3, X3 =1.
1456 7 146 145
2 — 25 + 26
3 3 3
generates Homgg, (S(+11) §(3:2:1) /3),
A=(4,11),p=3,1,1,1),m=6,g=1,k=3,Xo=2, Xs=1,r=2.
156 146 145
1456 7 9 9 9
2 — 3 T3 T3
3 4 5 6
and
1456 Zl t
1
2 5 , Z i2
3 2<41<i2<i3<6 .
i3
generate Homgg, (S0, G111 /6). Cf. (4.2.11, 4.2.17).
A=(3,3), u=(321),m=3g=1k=2 X, =1.
135 7 165 135 156 136 135 136
946 24 +26 —-—24 —25 +124 —-24
3 4 3 4 6 5
generates Homgg, (S, §(3:2.1) /3).
A:(372’1)7ILL:(2’2’2)7"’77):37.9227k:2'
146 F 114
25 — 25
3 36

generates Homgg, (S(21) §(2:22) /3)
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A=(3,21), 1= (221,1),m=5g=1 k=2 X, =2.

16 14 14
;éGL 25,26|,, 25
3 3 3 3
4 5 6
generates Homgg, (321 52211 /5),
A:(37271),u:(371’1,1)7m:37g:1,k:]"
146 146 156
f 2 2
25 — 3 3
3 ) 4
generates Homgg, (321 G111 /3),
A:(37]‘7]"1>7ILL:(2’2,171)7,")/1/:27.9227]€:2'
156 15
2 P26
3 3
4 4
generates Homgg, (S111, §(22.11) /),
A= (37171a1)7 = (2a1717171)a m:ﬁ’ g:17 k:2a Xo =1
se 18 L
g I
4 4 4
) 6
generates Homgg, (S511) §ZLLL1) /6),
A= (27272)ﬂ = (27231a1)7 m=2,g=1 k=1
15 14 14
L4 ! 26 26 25
25 —» —7° 420
36 3 3 3
4 5 6
generates Homgg, (S(:22) §(2:21.1) /9),
A= (2727131)7 = (231517171)3 m=4,g=1,k=1
15 ; 6 ; o
26 f
5 —~ -3 +3
4 4 4
5 6

generates Homgg, (32510 §ZLLLL) /4),

>‘:(27171a1a1)7N:(1a1a17171a1)7m:6»g:1ak:]-'

6

f

T W N =
S U W N =

generates Homgg, (S1111 gLLLLLL) /gy
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Case n =71.
)\:(7),M:(6,1),m:77g:1,k‘=6,X2:5,X3=4,X4:3,X5=2,X6:1,7“:120.

L, 134567, 124567, 123567
2 3 4
123467 123457 123456
Ty 6 t

1234567

generates Homgs, (S, SV /7).
)\:(6,1),,u:(5,2),m:5,g:2,k:5, )(3237 X4:2, X5=17T'=6.

1345674f>13756+13476+13457+13456
2 2 4 25 26 27
generates Homgg, (5(6’1), 5(5’2)/5).
A=(6,1), p=,1,1),m=T,9g=1,k=5 X =4, X3=3, X4 =2, X5 =1, 7 = 24.
- 17456 13756 13476
;34567 4f> 9 49 49
3 4 5
13457 13456
+ 2 + 2
6 7
generates Homgg. (5(6’1), 5(5’1’1)/7).
A=(5,2),u=(43),m=3,9g=3, k=4, X, =1.
13567 L 1357+1356
2 4 246 247
generates Homgs, (S(>2), §(4:3) /3).
A=(5,2), u=(4,2,1),m=6,9g=1, k=4, Xo=4, X3=2 Xy=1,r=2.
- 1576 1376 1657 1357
§Z567$ 24  +25  +24 426
3 4 3 4
1756 1356
+ 2 4 + 27
3 4
1376 1357 1356
+ 4 2 4 + 2 4 + 2 4
5 6 7

generates Homggs, (S(%:2), §(4:2.1) /6).
A:(572)3M:(57171)3 m=2,¢9g=1k=1

13567L_;4567+§3567
24 3 4
generates Homgg, (S(52), §(4:1.1) /2),
A=0B,1L1),p=(42,1),m=4,9g=2, k=4, X3=2, Xy =1,r=2.
14567 7 1
2 — 2
3 3

476 1
3 + 2
3

generates Homgg, (S(11) §(42:1) /4),
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A=06B,1L1),p=(4111),m="79g=1,k=4X=3,X35=2, X4 =1, r=6.

4567 ) 1756 1476 1457 1456

1
! 2 2 2 2
: o3 3 * 3 3
4 ) 6 7
generates Homgg, (S0 §(4LL1) /7).
A=(4,3),1=(3,3,1),m=5,9g=1,k=3,Xo=3, X3=2,r=3.
1357 7 175 135 137 135 135
946 — 2464+2764+246+4+2474+2- 246
3 4 5 6 7
generates Homgg, (S(43), §(3:3.1) /5),
A=(4,3), = (421), m=3g=1k=2 X =1.
= 1567 1657 1367 1357
e B R L N
3 3 4 4
1367 1357
+2 4 - 24
5 6
generates Homgg, (S(+3), §(4:2.1) /3),
A=(4,2,1), p=(3,31),m=2g=3 k=3
1467 7 146
25 — 257
3 3
generates Homgg, (S(421), §G:31) /2),
A=(4,2,1),p=(3,2,2),m=4,9g=2, k=3, Xg=1
1467 7 147 146
25 — 25 +25
3 36 37
generates Homgg, (421 §(3:22) /4),
A=(4,21), p=(3211),m=6g=1,k=3, Xo =3, X5 =1.
1467 167 147 176 146 147 146
f 25 26 25 27 25 25
g 5 — 3 + 3 + 3 + 3 +3 3 + 3
4 ) 4 5 6 7
generates Homgg, (S(+21) §G:21.1) /6),
A=(4,21), p=(41,1,1),m=3,g=1,k=1.
1467 ; ; 567 ; 467
25 — 3 3
3 4 5
generates Homgg, (S41), §(41,1.1) /3),
A=(4111), p=(3,21,1),m=39g=2 k=3, X3 =L
1567 157 156
2 f 26 27
3 T3 T3
4 4 4

generates Homgg, (S(4111 §(3:2.1.1) /3y
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)‘:(4717131>7u:(331517171)am:7ag:17k:3aX2:27X3:13T:2'

1567 ; 76 ; 57 ; 5 6
; L3 43 43
4 4 4 4
3 6 7
generates Homgg, (S 110 §GLLLL /7))
)\:(373’1)’M:(372’2)7m:27g:2’k:2'
146 7 147 146
257 — 25 —25
3 36 37
generates Homgg, (S §(3:22) /9),
A=(3,31), p=03211),m=49g=1,k=2 Xo= 1.
146 167 147 176 146 147 146
f 25 26 25 27 25 25
§ ST = =3 —3 t3 t3 T3 T3
4 5 4 5 6 7
generates Homgg, (331 §G:21.1) /4),
)\:(372a2)5H:(272a231)7m:57g:15k:27 X = 3.
17 14 14 14
147 -
! 25 27 25 25
co T setzetartae
4 ) 6 7
generates Homgg, (5322 §(2:2:2.1) /5).
A=(3,2,2), p=(3,211),m=2g=1k=1.
157 147 147
VAT 5 96 26 25
25 - +
36 3 3 3
4 5 6
generates Homgg, (S22 §(3:2.11) /9),
A=(3,21,1), p=(2,221),m=3,9g=2k=2.
157 15
26  J_ 26
3 37
4 4
generates Homgg, (S3211) §(2:2.2.1) /3),
A=(3,21,1), p=(221,1,1),m=6,g=1, k=2, X5 =2.
17 15 15
; 2 7 7 26 27 26
3 — 3 +3 +2-3
4 4 4 4
) 6 7

generates Homgg, (S(211) §(2:2.1.L.1) /g),
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A:(3727131)7u:(331517171)am:4ag:17kzl'

=W N =
S Ot

1 1
2 2
R — 3
4 4

5 6

generates Homgg, (211 §GLLLL) /4)

A=(3,1,1,1,1), p=(2,2,1,1,1),m=2,g=2,k=2.

6 7

~N

L

T W N~
T W N~

generates Homgg, (S31111) §(2:2.1,1.1) /9),

A=(3,1,1,1,1), p=(2,1,1,1,1,1),m=7,g=1k=2, Xo = 1.

Lor 1T 1
2 _
f 3 3
; 4 T
5 5 5
6 7
generates Homgg, (SG1111 §RLLLLL) /7))
A=(2,2,2,1), p=(2,21,1,1), m=3,g=1, k=1
16 15 15
se ;27 27 26
37 T~ 3 -3 +3
4 4 4 4
5 6 7
generates Homgg, (S(2221) §(22.1.11) /3),
A=(221,1,1), p=(2,1,1,1,1,1), m=5,9g=1k=1.
7 6

6
7

N

TR W N =
DT W N =
U W N

generates Homgg, (S(22111) §(2L1LLLL) /5y

A=(2,1,1L1511), p= (1,11, L1L,11),m=7,g=1k=1

Y U W N
l\‘
N O U W N

generates Homgg, (SZLLLLD | §OLLLLLLL) /7).
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4.4 Approximating (ZSg)3

We investigate in (S 4.4.2) the intermediate order between (ZSg)(5 and the direct prod-
uct of integral matrix rings described by specializations of the generic morphism (4.3.31)
and, moreover, by two morphisms which are not covered by this generic morphism. We
undertake the first two steps into the direction of a generic morphism in the situation of the
simultaneous shift of several boxes in (S 4.4.1) so that, in particular, these two morphisms

are obtained as specializations thereof.
4.4.1 Two-box-shift, easy cases

First we exhibit a generic morphism for a horizontal simultaneous two-box-shift in case there
are essentially only two rows (4.4.1). Then we exhibit a generic morphism for a vertical si-
multaneous two-box-shift in case there are only two columns (4.4.3). These morphisms then
cover the cases of the nonzero morphisms S /3 — §G:3) /3 and §(3:2:2) /3 — §(21.1.1.1) /3
needed for the approximation of (ZSs)(s) in (S 4.4.2).

Proposition 4.4.1 (a fixed point, cf. [J 78, 24.4]) Let n > 0, let g,l € [0,n] such that g +2 < L.
Let \ be a partition of n with A\ =1+ 2 and Ay = g. Let pu be the partition of n defined by

l fori=1
Wi =1 g+2 fori=2
by else.

In other words, u arises from X by a simultaneous shift of the rightmost two boxes from the first into the
second row.

In the sequel we shall restrict ourselves to the consideration of the case
g=0,

in which X\ is just a row of length | + 2 = n. The formula in case g = 0 generalizes to the case of g > 0
by letting the polytabloid entries in columns [1,g] constant under the map, and by performing the place
operations on the remaining entries just as in case g = 0, only shifted by g columns to the right. The
modulus in the general case is obtained by replacement of | by I — g.

v
we drop the [3,1]-part of the first row without loss of information. The ZS,,-linear map

We denote a p-polytabloid by recording only the first two columns, i.e. in the form <°‘ 'B>. This is to say,

FA v SH
n2..0] — Y (0H- Y k-2
4,J€[3,n], i<j ke[4,n]
induces a LSy -linear map
S v g /v,

where v stands for I + 1 in case l + 1 is odd, and for (I +1)/2 in case l + 1 is even.

We justify the reduction to the case g = 0. The Garnir relations involving pairs of subsequent columns
in the range [1, g] will map to the according Garnir relations in the target lattice, and thus vanish under
the map extended by constant columns. The Garnir relation involving the columns g and g + 1 also will
do so, because, as the formula shows, the entry in the upper left corner is kept fix in the reduced case.

The remaining Garnir relation express, translated to the reduced case g = 0, that the image is a fixpoint
modulo v under the operation of S,,.

We need to show that the right hand side element is invariant modulo v under the operation of S,,. So
we claim that for d € [2,n] we have

S G- > k-2 | (1d) —1) e vst

1,J€[3,n],i<j ke4,n]
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Case d = 2.
( > G- Z(k—2)<éi>)((12)—1)
1,J€[3,n],1<j 21 k€[142n]
= Zz]é[dn] Z<j( >2_<1J>)13
Zk€[4n (<1 <2k>
= 2116[471] z<] <%j> < il))>)
jE[4,n] 2]
+ 2 kel 2(k—2)(31)
= Dpepn(—(k—4)+ (n— k) (2k)
+Zk€[4,n(2k 5)<%/§>
= Zk€[4,n](n_1)<%/§>
Case d = 3.

( Yo Gh - <k—2><%2>> ((13)-1)

1,J€[3,n],1<j kel4,n]

= sze[éln] ’L<j(<::)?>_< j

+Z]€[4n( 15 > <§
Zk€[4n( _2)(§

1
i,jE[4,n], ZTJQ 37
_QZ <

Case d € [4,n].

= Z’L j€[3 n)\d, i<

( > G- X (k—2)<%z§>) (Td)-1)

i,5€[3,n],i<j k€[4,n]

+ 1'6[3,11—1](<i 1§l>)
~Srefampalk - J(82) = (3

—(d=2)((51) = (24))

- Zi,jE[S,n}\d,i<]‘ <(11?>

jE[d+1,n] <(11?>
i

+Yiepa-n((24) = (i 1))

+ 2 kenpalk = 2)<izg>

—(d-2)((32) —(2a))

— e =3 (Ga) — (za) +(23))

iciarim (=4 (a3)

—2 Zje[d+1 n) <<1i§>

+Zi€{4,d—l]] <%3>_<%§>_<13>)

+<2d <3d>

+ 2 kepa—1(k = 2)((ka)+ i) — (1)

+Zk€[d+1n£(k 2)(<<11i>+<%3>—<;,3>)

—(d-2)((3a) = (2a))

Yicpan (id) (—(=3) =14 (i - 2))

+ Y i (ai) (—(i—4) =2+ (i —2))
+ 2 i 1]<%?>(*( =3)-1+(-2)

—4)/24+d-4)+1+(n—2)(n—-1)/2—(d—2)(d—1)/2)) +

(d—2))
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= ((za) — (3a))(n—2)(n—1)/2.

Now we set out to exhibit a somehow ‘dual version’ (?, cf. 6.2.6) of (4.4.1) by different means. Throughout
this enterprise we freely use the language of (S 4.3).

Lemma 4.4.2 Let n be a natural number, let p be a partition of n and let {a) be a p-polytabloid. Let
ECap, 0 #nCay, p<q, such that #& + #n = #a, — 1. We obtain

(.o.oap .. ag ... ) o(fUn):#ﬁ!#n!Z( a}&;\w,n ag’é\x ce )

wef_

First we do a single step. Choose z € €.

(...ap ... aqg ... ) o(EUxUn)
L, (4.3.5) (FE+ D)l (L. ag\m af}’g\’: cee )

2., proof of (4.3.4) (#E4+1)( oooap ...ag ... ) o(EUn)
—#n( ...oap¥ ..oadt ... ) o(EUn)

Iterating this step we obtain, choosing a sequence z, z',...resp. 4,9, ... of pairwise different elements of
& resp. of n such that g € £ is not contained in the former,

(...ap ...ag ... )o(§Un)
= #EF#n! (. af,\w ag’g\a: )

+#?£_7|7_1< ceoagtoooadt o) o (EUn)

= #EF#n (. af,\m ag’g\x ce )

il <(#f+1)!(#7l—1)!< ag\w"n aZ’é\I/ ce )

_|_

#E+1

—1 ror 'z’
+i¥+2< o (@) (e L) 0<5U77)>

= #n Y (ad\ T L alt

zef\zo
14£E] - -
+m( af}\zo,n aZ’g\xO ) o(EUn)
= #EHFENY (a8 k.
zeé

Proposition 4.4.3 (two columns, two boxes) Let n be a natural number. Let k € [0,n/2 —2]. Let
A be the partition of n having Ny =n —k —2, A, = k+ 2. Let 1 be the partition of n with p}y =n —k,
py = k.

In other words, p arises from A by the simultaneous shift of two boxes from the second column.

We denote the first column of a A-tableau by a, the second by b. For elements i # j in b we denote

Eij = (—1)7ri+7rj7

where i denotes the tuple position of i in b (from top to bottom). e;; is not to be confused with the
signature of a permutation. Given a tuple b and two elements i, j in b, we denote by b the tuple b with
i and j dropped and the remaining part shifted accordingly.

The ZS,,-linear map

P g

a b
o — 5 (i)
i,j€b, i< ] j
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factors over
N @
S v — SH Ju,

where v stands for n — 2k — 1 in case n is even, and for (n — 2k — 1)/2 in case n is odd.

Note that we might still attach further columns to the left of X in such a way that p becomes a partition
and extend our morphism accordingly since such columns do not affect the following calculations.

Step 1. We claim that the signed column transpositions (4.3.2) vanish under w. It suffices to consider
transpositions in b. So, let s,t € b, ms < wt. Let the symbol {u < v} take the value 41 in case u < v and

the value —1 in case u > v.

a b a b¥»
Z €ij < ) > + < ) > st)
i,jEb, Ti<T] J J

a b bzy,
= Zi,jeb\{s,t},ﬂ'i<ﬂ'j €ij <Z > <
J
a
t
J

)
-
)

+
M
m
o
3
o~
A
3
<
o
Iy
IS
=
&
~—
+

b’L?

t
J
a
1
S
a bit, a bzt
t s
a bst,
)
S
a b’ a b9
= , <s >—{7rt<7rj}sjt<t >
J o\
a b a b5
+Zj€b,7rt<7rj €tj < t’ > — Esj < S >
J J
a bis, a bit,
()t
s t
a bit, a bis,
i > —{mi < ws}ess < i >
t S
a b a bt
N
J J
a bis, a bit,
) > + €t < 1 >
s t

It is helpful to draw the modifications of the column b as little diagrams. E.g. for the first step the
(abbreviated) equation (b%)%% = —{mt < mj}eb™ can be deduced using the diagram

+Zi€b\s,‘n’i<ﬂ't Eit

+Zi€b, ms<mi<mt Eis

= Zj€b7 Ts<mj<mt ESJ <

= 0.
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7%
74

We leave it to the reader to sketch the necessary diagrams for the various steps, here and below.

Step 2. We claim that the one-step Garnir relations G, 4),¢, (4.3.2) such that { is the (numerically)
upper interval of a and 7 the (numerically) lower interval of b, and such that a and b are ordered
increasingly from top to bottom, vanish under w modulo v. In particular, we may drop the 7’s from the
formula giving their image of w. Recall that #& 4+ #n = #a + 1. Pictorially, £ and 7 are situated as
follows.

B

An inspection of the proof of (4.3.2) shows that this claim suffices to prove the proposition. We have to
calculate the expression

1 a b¥s
G{a b]7£7nw = M Z Eij < Z > (e} (f U T])

4,J€b, i<j J
Case #n > 2.
Let y < 3 be the largest two elements of 7, i.e. those sitting at the bottom of n. Note ¢,,, = —1. Let
= n\y
n' = n\(y.y).

All occurring bijections in the tuple substitutions are meant to respect the order of the elements they set
in correspondence and are thus determined uniquely once given two sets of numbers.

Step 2a. We calculate the following partial sum.

1 a b
M Z 5ij<i_ > o(§Un)

i,j€b\n, i<y \ J
Qay’ ((pd 0 E\z) ("), (6.9) E7 ((bid )€Yy &7 ((bid €)Y i
(142) af\®m (b9 NIRRT a (b)) E)Y T a/ (b)) €)Y
=7 > e (2 (i v
1.JEb\, i< ved \ Y i Ny i \J i
af\en’ (puy' '\ alm (piv')E ab (pY'3)mé
= Z Eyy’ Z<y > +5iy’<i >_5y’j<y/ >
1.JEb\, i<} ve€ \ Y i y i J
Q\en’(pyy’ )0’ L\ abm (b )mE
b ¢ .
= —(#2\”) Z<y > + (#0\n—1) sm<z >
ccé \ Y i€b\n Yy

Step 2b. We calculate the following partial sum.

1 a b
% Z 5ij<i_ > o(§Un)

i€n,jEDb\n J
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(443.8)_, (Z y/) 1 Z ( . ) < Z/ (bijV)y,,i > (5 ’ n)
3 —— —€ij °
st ien,jeb\n J
#n ( ) < y " >>
— 6y/j yl © (f U 77)
#E#n! i j

af\en’ ((py'3 )y E\e Y. ab (pY'3)1E
(44.2) (#E+1) Z €y ((Z < Y > + < . >

JEbL\n zef \ Y

af\en’ (puy' '\
= (HE+D#\nY < Y > —(#HE+1) Y ey <

ved \ Y

Step 2c. We calculate the following partial sum.

1 a b
W#n! Z 5ij<i. > o(§Umn)

i,j€N, 1<j J ,
(438), woy'j) 1 < #77)5 , < Z " > o (§Umn)
#E\#n 7\y A\
Aa,n’ (byy’y)ﬂﬁf T
(4.4.2) #E+2 y
= o < 2 ) Z< y/ >
rel Yy

Writing

/

af\en’ (py'yn’E\x

zeg \ Y ) )

alm (b€
B = Ein’ j
i€b\n Yy

we obtain, remarking that #6 =n—k — 1 — #n and #b=k + 2,

#gl#nv( 3 5]<? b >> o(EUn) = A((#g\n)+(#5+1)#b\n<#€2+2>)

1,j€b,1<j
+B (#b\n — 1 — (#£+ 1))

_ _<n22k1>A—(n—2k—1)B.

Case 1 = (y') consists of a single element. In particular, ¢ = a and £ = (). This case is only formally
distinct from the former for the lack of y.

Step 2a’. We calculate the following partial sum.

1 ( > <a s >>
Ty gij( 1 o(EuUn)
#¢! i,jEb\n, i<j ’ J
a (b)Y a (b)Y
o ()

i,5Eb\n, i<y Y J

a b a b
= > Eiy’ < i > — &y < y' >
i,jEb\n, i<j Yy’ J

a b
= (#b2)261-y/<i >

i€b\n Yy
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Step 2b’. We calculate the following partial sum.

. a bV a bV
7 Zéy/j<y/ > O(fUU)(#5+1)ZEy'j<y/ >
" \jeb\n J J€b\n J

Note that
(#b—-2)— (#E+1)=—-(n—-2k—-1).

Remark 4.4.4 The specializations of the generic morphisms obtained in (4.4.1) and (4.4.3)
are nonzero, as can be seen by regarding standard tableaux.

Remark 4.4.5 There exist the following two-box-shift morphisms, which are predicted
by the result of CARTER and PAYNE [CP 80] and which have been calculated directly by
computer (11). We drop the brackets.

SB35 —» g(22211) /5
1 6 15 1 1 5 1
1 4 7 2 7 2 7 2 2 6 2
258 —> —38+38—38+4+38—3
36 4 4 5 4 5
5 6 6 7 7
1 4 1 1 4 1 4 1 4
2 5 2 2 6 25 2 5
+38 —374+37—37+2-36¢6
6 4 5 6 7
7 8 8 8 8
§B3L1 /3 s G(221111) /3
17 16 15 16 15 15
157 2 8 2 8 2 8 2 7 2 7 2 6
2 6 8 3 3 3 3 3 3
3 4 4 4 4 4 4
4 5 5 6 5 6 7
6 7 7 8 8 8
S /5 —s GBI /5
157 147 1 7 147 137
1357 2 6 8 2 6 8 2 6 8 25 8 25 8
— 2. - + + —
246 8 3 3 4 3 4
4 5 5 6 6
1 3 7 1 46 1 1 3 1 4 5
2248 2 5 8 2 2 4 2 6 8
5 3 4 5 3
6 7 7 7 7
135 135 1 136 136
2 6 8 2 4 8 2 2 7 2 47
+ + - + +
4 6 3 4 5
7 7 8 8 8
145 135 13 13
26 7 26 7 2 4 2 4
+ — — -2
3 4 6 7
8 8 8 8

HCf. arxiv, math.RT/0003083.
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4.4.2 Approximating (ZSs)3 via specializations

We shall investigate to what extent the specializations of the generic morphisms already
exhibited give the ties describing (ZSg)(3) (cf. S 2.3.3). This may be considered as the failure
of an attempt to describe the quasiblock 11 via specializations of generic morphisms, say,
up to the 9-tie, in a similar manner to the examples given in (S 4.2.2). We replace direct
matrix calculations by usage of elementary properties of the morphisms, viz. their ranks
and various commutativities.

Consider the following diagram of morphisms modulo 3, in which we abbreviate S* := S*/3. The number
in brackets indicates the dimension of the respective Specht module over Fs.

SO

0 ~—— SILLLLLY [

a, ¢, f, j and k form the long exact hook sequence (4.2.4), taken modulo 3. e, h, d and g are further
specializations of the generic morphism in (4.3.31). b is the specialization of the generic morphism in
(4.4.1), 4 is the negative of the specialization of the generic morphism in (4.4.3). We have

ab = 0
bd = ce

eg =

gi =

ik =
as can be checked on a single polytabloid generating the Specht module (cf. S 4.3.5). It would be desirable
to have general statements of this kind.

The ranks of the linear maps are calculated resp. known (proof of 4.2.4) to be

rka =1
rkb = 4
rke = 4
rkd =5
rke = 10
tkf =6
tkg =5
rkh = 10
rki = 4
rkj = 4
rkk =1
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Lemma 4.4.6 (of linear algebra type) Suppose given a commutative triangle in an abelian category
of the form

(o)}
—

A®B - BaC

where e 1s a split monomorphism and h is a split epimorphism. Then X can be replaced isomorphically
by A® B® C @ K for some object K such that the morphisms become
it

A®B [
o~

ADB®COK.

==}

BaC

oo~ Oo
(=}

Using that e is a split monomorphism and that the triangle commutes we may substitute X isomorphically
to obtain

—
QO

A¢BaY.

Writing down a coretraction retracted by the substitute of h yields 5 to be a split epimorphism. Substi-
tuting Y isomorphically then gives

[26]
A®B BaC
1000 09
[010& /la:/ ?
a” 0
ADBeCoK.

Isomorphic substitution by

R o

-0 o0
| IS

1
[=ReNe) g
R,

o OO

yields the result.

Using the commutativities stated above and applying (4.4.6) to eh = f we may substitute our initial
diagram isomorphically by the following diagram of vector spaces over Fj.



124

Generic modular morphisms

[10]
X10X:
(28]~
2® L000 X0 X3
1000 [0100]
100e]
XooXso X, oK | [10]
B
&0 [?8]
01
V@X4 00 X3@X4
98] ]
X,0Xs5
. . [9]
5

in which however the morphisms are Sg-linear - the respective module structure given by ‘transport de
structure’ -, only the direct sum decompositions are not.

Now ranks and dg = 0 yield ¢’ and ¢’ to constitute a short exact sequence. Isomorphic substitution
according to this short exact sequence as well as via [}; (1)] and [; ?] yields the diagram

4

Now choosing integral inverse image decompositions (A.2.1) we obtain the following ties caused by these
morphisms - i.e. resulting from the diagram expressing the linear map to be Sg-linear modulo 3 - and
denoted by the same letter, except for the single ties. f is redundant since f = gh. The numbering of the
quasiblocks is that of (S 2.3.1), but we have also recorded the respective partition, and similarly, we have
recorded not only the Morita multiplicities but also the names of the corresponding linear summands.
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1, X3 1, X1 4, X, 4, Xy 6, X3 6, Xs 4, X4 4, X4 1, X5 1, X5
a a 3 c e |3 f 3 j i |3 k
h
27 17
(6) c b e [f e j k (1,1,1,1,1,1)
h h
4, 10, 9, 3,
(5,1) (4,1,1) (3,1,1,1) (2,1,1,1,1)
4, Xo 1,U 4, Xs 1,U 6,Xs3 1,V 4, X4 L,V 4, X4
d b |3 d e |3 3 3 3 g 3
d d d d 3 3 3 g g i
87 77
(3,3) e |3 e |3 3 (2,2,2)
h
g 3
g
h h
11,
(3,2,1)
a a2 =3 z*
b z* =5 28
c at =5 210
d .138 =4 xll
e 210 =, g1
f 210 =5 29
g o'l =5
h z!! =5 29
i 27 =5 28
j x® =5 23
k a3 =5 2!

As usual, for accordance with (2.3.3) one should check that the morphisms appearing there implicitely
conincide with the morphisms used here. The precise statement of what we have just obtained is that
there exist integral bases of the Specht lattices such that the image of the corresponding embedding of
(ZSe)(3) into a product of integral matrix rings I' is contained in the ring just described. Which has index
3397 in T, whereas the index of that embedding is 3°%% (S 2.3.1).
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4.5 Table of morphisms

Generic modular morphisms

For ease of reading, we list and describe in an informal manner the generic modular morphisms between
Specht lattices exhibited so far.

combinatorial situation

| type of formula

| modulus

| reference

|

the target partition arises | push through the entry on | the path length covered by | (4.3.31), in case of
from the start by the shift | the withdrawn box posi- | the moved box hooks, alternatively
of an arbitrary box on the | tion to the new position (4.2.3)
edge to an arbitrary edge | stepwise and form a linear
position further down to | combination in the pos-
the left (provided the re- | sibilities of doing so the
sulting figure represents a | coefficients of which are
partition) polynomial in the combi-
natorial data
from the single row to | asum over two entry shifts | the row length minus one, | (4.4.1)
the partition with two | minus a sum over one en- | divided by two if possible,
boxes shifted into the sec- | try shifts involving this | mutatis mutandis in case
ond row, and mutatis mu- | entry as coefficient of attached columns
tandis with columns ar-
bitrarily attached to the
left (provided the result-
ing figure represents a par-
tition)
from a partition consist- | a signed sum over two or- | n— 2k — 1, divided by two | (4.4.3)
ing of two columns to the | dered entries from the sec- | if possible, where k is the
partition arising from it | ond column appended to | length of the second col-
by shifting two boxes from | the first column umn in the target parti-
the second to the first col- tion
umn (provided the result-
ing figure represents a par-
tition)
between hooks with cer- | the sum of the standard | 2 (4.2.11)
tain parameters required | polytabloids in the target
to be even
from a hook with even col- | a sum over one-entry- | 2 (4.2.13)
umn length to its trans- | replacements in the trans-
pose posed polytabloid
two-box-shift downwards | the sum over two ordered | 2 (4.2.14)
between hooks, n odd entries in the row ap-
pended to the column
two-box-shift upwards be- | the sum over two ordered | 2 (4.2.15)
tween hooks entries in the column ap-
pended to the row




Chapter 5

The truss

We shall construct the truss (German: Gebélk), which is a certain combinatorially given
lattice over an integral path algebra the quiver of which can be depicted as a binary double
tree with some vertices identified, whence its name. The truss gives a complete set of ties for
the inclusion ZS,, C— [, Z™*"* via (5.3.15). Thus the (non precisely posed) problem
of finding a normal form for the truss turns out to be equivalent to our initial (and likewise
non precisely posed) problem of finding a satisfactory embedding in the sense of (S 0.1.2).

Let it be remarked that the top part of the truss of ZS,, arises from the truss of ZS,,_1 via
induction (cf. 5.3.3, 5.3.5, 5.3.6, 5.3.7, 5.3.8).

JAMES has discovered short exact sequences of ZS,,-lattices, the James extensions [J 78,
17.13], which in particular may be used to filter ZS,, by Specht lattices. Such a filtration a
priori suffices to give a complete set of ties, provided the extensions involved in this filtration
are sufficiently well known (cf. C 3).

More precisely, it is possible to write M (1) as iterated extension, starting with Specht
lattices, and using only James extensions, which then yields such a filtration via pullbacks.
That procedure of unscrewing gives rise to the binary tree mentioned above. The infor-
mation needed of an occurring James extension in order to be able to read off the ties is
a retraction of its inclusion up to a nonzero integral scalar factor, which is divided by the
order of the element in Ext! represented by such an extension. This can be done in a
combinatorial manner along the lines of the construction of the box shift morphism (S 4.3).
Thus this chapter may be viewed as a corollary to JAMES’ discovery and, as we present it,
to the proof of (4.3.31). However, the latter dependence is merely due to the order in which
we proceed, in view of the overlap of arguments. This overlap consists of parts of (S 4.3.3)
and of the overall idea of (S 4.3). We shall need to recall slightly modified methods and

assertions from there.

Let n be a natural number.

5.1 The James extension

Since we need the integral version (5.1.18) of the James extension [J 78, 17.13], we review
the according part of [J 78]. We derive it from the combinatorial result [J 78, 15.14] by an
application of JAMES’ arguments to our slightly modified assumption.

127
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Definition 5.1.1 A prepartition v of n is a map

N & N

Z.HVZ'

such that ), vi = n. Replacing X by v, (4.1.1) carries over verbatim until the definition
of the ZS,,-lattice MV, which as a Z-module is free on the set of v-tabloids.

Let v be a prepartition of n, let A be a partition of some natural number < n
such that
Ai < v

for all : € N. For short, we write \ C v for such a situation.

Definition 5.1.2 Let [a] be a v-tableau. Let Cy,x be the column stabilizer of [a] which
moves only entries inside A, i.e.

Cop =10 €S, | ajjo € a,j for alli,j, a;jo = a;; for j > \;}.

We define a A C v-semitabloid to be an element of M" of the form

(a)y = Z {a}oe,

UGCGYA

Let the James lattice SV be the sublattice of M?* generated over Z by the A C v-
sematabloids.

Note that for p € S, we have C,, » = (C,2)” and thus ((a)x)p = (ap)x.

The notion of a James lattice is a common generalization both of the ZS,-lattice M"
(A = 0) and of the Specht lattice S” (A = v).

Remark 5.1.3 Let 5\1 =1, S\Z = \; fori>2. Then

S)\QV — Sj\gu
as 7S, -sublattices of M".

As a corollary to the Garnir relations for the A-polytabloids in the Specht lattice S* (4.1.4)
we obtain the

Corollary 5.1.4 (Garnir relations for A\ C v-semitabloids) Let [a] be a v-tableau.
Fiz j < k. Let § C {ai; [ i < N} resp. 1 C {aw | i < A} be a subset of the col-
umn j resp. k inside X such that

#E+ > X,

For a subset ¢ C [1,n] we denote by S¢ the subgroup of S, fiving the elements outside (,
i.e. S¢ = Cs, ([1,n]\(). We obtain

Z (a)yoe, = 0.

O'ESE XST] \SEUU
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As a variant, we dispose of the following Garnir relation for a A-column and a single
v-element, not necessarily inside .

Corollary 5.1.5 Let [a] be a v-tableau. Fiz j < k. Let § := {ay | 1 < \j}, let y := ay,
for some 1 € [1,X}]. Then

S {ah (@ y) = ().

el

Instead of modifying the argument for the ordinary Garnir relation (4.1.4), we prefer to
argue directly, so, in particular, we reprove the case | < A,.. Let 2z := a;;.

Sy = Y {aoe,(ay)

el ze§ ocCy

= Y. Y Hajoe(zy)

z€€ 0€Cy z, zo=x

+ >, >, Haloe(zy)

x€f o€Cy x, z0>x

Y Y {aoslay)

z€§ 0€Cy z, zo<zx

= Z Z {a}oe,

z€f o€Cy x, zo0=x

+ Z Z {a}oe,(z y)

zu€l, u>z 0€C, ), zo=u

+ ) Y. Aa}os,(uy)(zy)
zu€el, u<z c€Cyq y, zo=u
(@),

+ Z Z {a}oes(z y)

zu€g, u>x 0€Cq \, zo=u

- > Y. {a}dep(uy)

zu€l, r>u o’'€Cy z, zo'=x

= (@)x.
Assume given z > 2 such that A\, < A\, =v,_; and such that )\, < v,.

Notation 5.1.6 Let

()\Az)i::{)\i—i-l fori==z

by for i # z
define a partition AA, of some number < n, A for ‘add’. Let
Vi + (v, —A) fori=z-—1
(VR,); =< A, fori=z

v fori#£2z—-1,z

define a prepartition ¥R, of n, R for ‘raise’. For a v-tableau [a] we let the vR,-tableau

[aR.] be defined by

(aR,)i; = aij for j < min(y;, (VR.);)
(aR.)2-1, 0. 14 = Gzn.4; for jell,v, —A],
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i.e. by ‘shifting the v\vR,-part of [a] one row up while retaining the order’.

The possibility of ¥R, not being a partition even in case v is a partition forces us to work
with prepartitions.

Remark 5.1.7 We have an embedding of ZS,,-sublattices of M"

S)\Azgu C S/\QV

For a v-tableau [a] we may write

(aha. = ) {a}oe,

O’ECQAAZ

= Z ( Z {a}re,)oe,

Ueca,)\\ca,)\Az Teca,)\

= Z (a)roe,.

d€C, A\Cara,

Example 5.1.8 Let n =9, 2 =3, v =(3,3,3), A =(3,3,1),

S}

I
N &~ =
co Ot N
O O W

Then AA3 = (3,3,2), vR3 = (3,5,1),

23
aRz3= 456289

N &~ =

We need some combinatorial notation in order to generalize the notion of a standard
polytabloid. It is not as straightforward as one may hope (cf. 5.1.15).

Definition 5.1.9 ([J 78, 15.2]) A sequence of type v is a map

such that #s7'(j) = v;. The subset Gs C [1,n] of good terms of the sequence s is
constructively determined by the conditions

(i) s7(1) € Gs,
(11) in case s; =2, i is in G iff
#(s s —)NGN[Li—1]) > # (s (s;)) NG N [Li—1]).
Let seq(A\ C v) be the set of sequences s of type v such that, for all j > 0,
sTHH NGy = N

More specifically, the prepartition u of some number < n given by u; := #(Gs N s71(7))
is called the subtype of s. (In fact, p is a partition).



The James extension

131

Example 5.1.10 Let n =5, 2 =3, v = (2,2,1), A = (2,2), M3 = (2,2,1), vR3 = (2,3).
We list the sequences of type v together with their subtypes. In the sequences in

seq(A C v)\seq(AA, Cv)

we replace the values s; = z for i € G4 by s} = z — 1 and list the resulting sequence s’ in
the third column. I.e. we replace the value 3 by 2 in case the sequence has subtype (2, 2).

sequence s
11223
11232
11322
12123
12132
12213
12231
12312
12321
13122
13212
13221
21123
21132
21213
21231
21312
21321
22113
22131
22311
23112
23121
23211
31122
31212
31221
32112
32121
32211

subtype

2,2,1)
1)

- N

= == = e e
N NI NI NI NI NN

NN T S

~—

— =
—

== = e = N DN N = RN NN

N N )
—_
~— — ~— —

— = = N N
oz Z=2E

NN NNNDNDNNNDNNNDNDNDNDNNNDNDNDDNDNDDNDDNDNDNDDNDN

P SRRy
~—

replaced sequence s’

11222

12122
12212

21122
21212

We list the sequences of type ¥R, together with their subtypes

sequence
11222
12122
12212
12221
21122
21212
21221
22112
22121
22211

subtype

N
[\
~

=N N NN
—_— — —

NNNNNDNDNDNDN

NN N N N N N N S
~

and recognize that in this example there is a bijection from seq(A C v)\seq(AA, C v) to
seq(A C vR,) given by the replacement described above. This is in fact true in general, as
has been discovered by JAMES [J 78, 15.14] (cf. 5.1.11).

The following combinatorial result of JAMES is the key to the James extension [J 78,
17.13] as well as, independently, to the Littlewood-Richardson rule [J 78, 16.4]. We cite

it without proof.
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Theorem 5.1.11 (JAMEs, [J 78, 15.14])
#seq(A C v) = #seq(ANA, Cv) + #seq(A CvR,).

Lemma 5.1.12 ([J 78, 17.6, 17.9]) Let s € seq(\ C v). Let [as] be a v-tableau con-
structed in the following manner. The j-th row of [as] is filled with s~'(j) such that
s7Y(j) N Gy appears increasingly from the left and such that s~*(j)\Gs appears increas-
ingly from the right. Then

(<as>)\ | s € seq()\ C V)) C grEv

is a Z-linear independent tuple, in particular, s — {(as)y is injective. Moreover, its Z-
linear span is a pure Z-sublattice of M".

In fact, it will turn out to be a Z-linear basis of S*<” (cf. 5.1.18).

We claim that for s € seq(A C v), a, is standard inside A, i.e. that (i) [as)i—1,; < [as)i; for
i € [2,N)] and that (ii) [as]ij—1 < [ag]i; for j € [2,\i]. Assume @ := [a]i1; > [ad]iy; =y
for some i € [2, \}], so that s, =i — 1, s, = i. Since r and y are in Gy we would obtain

J=1=#("0-1)NnGn Lz —1])
> #(s7 (i —1)NGN[Ly—1])
> #(sTH () NG N[y —1])

j—1
Consider the total order on the v-tabloids in which the largest entry x in different rows

decides the order of two tabloids {a} and {b} as follows. If z is higher in {a} than in {b},
then {a} is smaller than {b}. Let a be a tableau satisfying a; 1; < a;; for i € [2,\}]. In

the defining sum
ayy = Z {a}oe,,

UECa,A

{a} is the largest occurring summand. Since the map s — {a,} is injective, for different
sequences yield different distributions over the rows, the matrix representing the elements
(a)y, in terms of the tabloid basis ordered as just described, can be written in a lower
triangular manner with entries € {—1,0,1}.

Remark 5.1.13 The equations

v) = rk M”
A) = rkS*
hold.

The first equation results from the bijection from seq((0) C v) to the set of v-tabloids as
given in (5.1.12).

The second equation, which we won’t use but reprove further down, results from the
bijection from seq(A C A) to the set of standard A-polytabloids as given in (5.1.12). In
fact, surjectivity follows, in the notation used there, by assuming [a] to be standard and,
using induction on y, by considering

#(s7H @) N[y —1)) (s7 (=1 N[lz—1])

# (s
# (s (i — 1) N1, z])
## (s (
Gy =1

VAWAN

(12—1)[1y—ﬂ)

in order to prove y € G, so that eventually [1,n] results.
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Example 5.1.14 Let v = (3,3), A = (3,2). We list seq(A C v) together with the according

v-tableaux.
111222 ;23
112122 128
112212 123
112221 138
121122 128
121212 333
121221 338
122112 343
122121 138
211122 231
211212 3233
211221 53¢
212112 243
212121 239,

Example 5.1.15 (dangerous bend) It is possible that a tableau which is standard inside
A does not occur as a; for some s € seq(A C v). Let v = (2,2), A = (2,1). We list seq(A C v)
together with the according r-tableaux,

1122

=
V]

34
1212 33
1221 14
2112 %3
2121 21,

and notice that 3 does not occur. Note that s — {as} couldn’t be injective if it did.

Proposition 5.1.16 ([J 78, 17.10, 17.12]) There is a ZS,-linear epimorphism
GACv ., GACWR.

(@) — (aR;)x

which annihilates SM=SY (cf. 5.1.7).

Given a v-tableau [a], let

5 = {azj |j€ [17/\7;]} = {(CLRZ)ZJ |j € [17<VRz)z]}
n = {GZJ' [j e+ 1]} = {(aRZ)z—Lj |j€vor+1,(VR,) 1]}

Consider the ZS,,-morphism

Fv MVRZ

o] — ZUESgXS,,\S§Un{aRZ}O-
(cf. 4.1.1, 5.1.6) which factors over

MY L MVRZ

{a} — ZUE‘SEX&]\S&U"{@RZ}J.
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since a,, = £Un.

We evaluate

() = ) ({ae)pe,

pecu,A

- Z (20685 xS\ Seun {aR.}o)pe,

peCa,A

and claim that for (S¢ x S,))o # (S¢ X S,)) the summand

Z {aR.}ope,

peca,)\

vanishes. In fact, let x € § such that x € no, and, writing * =: a.;, let y := a,_1 ;. We
calculate

S alopz, = Y (aRiops, — {aRoo(w y)pe,)

peCy x pECq £, TP>Yp

= Z ({aR.}ope, — {aR.}(xo™" y)ope,)

pPECa X, TP>Yp

= ) o

pECax, Tp>Yp

Thus
(agy = Z {aR.}pe,

pECa,A

= Z {aR.}pe,

PECaR, A

= <aRZ>/\.

It remains to be seen that (a)y4,¢ = 0. We modify the argument just given by remarking
that now for any ¢ there is an = := a,; with j € [1, A\, + 1] such that x € no.

Lemma 5.1.17 Let X 2~V be a morphism of Z-lattices. If dimp, Im (X/pLY/p) is
independent of the prime p, then Im f is a pure sublattice of Y.

Write f in elementary divisor form (A.1.1).

Theorem 5.1.18 (JAMES, [J 78, 17.13]) The sequence of ZS,, -lattices

0—» S)\AZQI/ . S)\gu ., S/\QVRZ —0
(@)ra. — (@)aa.
(a)y  —= (aR)\

called the James extension, is short exact. Moreover, tk S*<" = #seq(\ C v), and the
tuple
({(as)rls € seq(A C v))

forms a basis of S’V (cf. 5.1.12).

In order to apply a rank argument, we need to know the left hand side inclusion to be
pure. So we first reduce modulo a prime p, using the analogous definition of the James
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module Sﬁ%” over F,,S,, as being generated by the A C v-semitabloids inside M"/p. NB

we do not know yet that S’ /p = Sﬁf” but only a surjection of the former onto the
latter.

The above sequence also exists for the James modules over F,, as can be seen by the
construction used in (5.1.16), moreover, composition is zero, the left hand side morphism
is an inclusion and the right hand side morphism is surjective.

The elements listed in (5.1.12) are linearly independent over Z and span a pure sublattice

of M". Hence their images in Sﬁ%” C MY /p are linearly independent over F,,.

Since every pair A C v, A\; = vy, can be turned into a pair of type (1) C u, p being
a prepartition, by a sequence of inverse R¢-operations followed by a sequence of inverse
Ac-operations for various ¢ > 1 while taking care of the (A;_1 = v¢_1)-condition, we
may assume by induction and by (5.1.13) the equality dim Sﬁ%” = #seq(A C v) to
hold in order to prove that the inequalities dim SPAK:ZQV > F#seq(AA, C v) as well as
dim SP’}%"RZ > #seq(A C VR,) are equalities.

#seq A Cv) = dim Sﬁ%l’
> dim S+ + dim SRS
> #seq(AA, Cv) + #seq(A C vR,)

=" #seq(A Cv).

Actually, we use only #seq(AA, C v) + #seq(A C vR,) > #seq(A C v), i.e. welldefinedness
and injectivity of a map seq(A C v)\seq(AA, C v) —seq(A C VR,).

Applying (5.1.17) to the map
FY — MY
[a] — {a)ra.

etc. we see that the inclusions S*:<” C SAS” C MY are pure. Therefore, S*<" /p = Sﬁ%",

so that rk S*<” = #seq(\ C v). A comparison of ranks shows the James extension to be
short exact.

Remark 5.1.19 There are further sublattices of M”, given by summing up alternatingly
over place permutation actions for an arbitrary subdivision of v into parts of columns (to
make it nonzero), and inclusions between them by fusing vertically such parts. I do not
know in which cases the cokernel of such an inclusion is again of such a form.
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5.2 Retracting the James extension up to an integer,
simple case

We keep the notation of (S 5.1), but specialize to the case that v is a partition
and that there is a z > 2 such that

N v,—1 fori=z
ly for i # z.

Let k£ := 1.

The James extension (5.1.18)
(0 — 8" —> 53— AV () € Extyg (911, 9%)
represents an element of finite order in Ext! (cf. A.3.3), whence it allows a retraction up to
m = (8" —= S —= V),

where m is a nonzero integer divisible by this order. In our particularly simple situation we
shall exhibit such a retraction in a combinatorial manner. Curiously, its formula is similar
to that of the morphism exhibited in (4.3.31). I tend to consider (5.2.9) to be the reason
for the sums of type f. to occur (cf. 5.2.1), being ‘potential retractions up to an integer’.

The reader might wish to have seen some illustration in advance (S 5.2.5).

5.2.1 Preparation

Notation 5.2.1 Let

la] = [ay ... ag]
be a v-tableau, where a; denotes its i-th column and a; ; the entry in the ¢-th column and
the j-th row. Note that this means a change of notation compared to (S 5.1), which is
convenient to handle columns. Let g := v,,

Y = Qy, 2,
so that y is the ‘element in v but not in X’ situated in column ¢ and in row z.

Let e be a function
lg+ 1,k — {0,1}

J — ejv
let

be the strictly monotone function of which e is the characteristic function, i.e. [ :=
#e (1), j € ipy <= e; = 1. Extend e to e, := 1 and, accordingly, i to iy := g.
Finally, extend e to [1, k| by zero.

Let
v e v
F¥ — 5
Y,T1 x1,T2 z,Y
la] — E <_..ai0 N >
ijaz

Without further specification, ‘z; € a;;” means ‘z; € a;;, j € [1,1]".



Retracting the James extension up to an integer, simple case 137

Lemma 5.2.2 The kernel of
Fr S)\Qz

[a] — {a)x
1s generated over ZS,, by the signed column transpositions inside A, by the Garnir

relations for y of the form G, ,, and by the one-step Garnir relations inside A,
denoted Gozgn-

Signed column transpositions inside \ are elements of the form
[ar...aj...ap)+ar...a;...a](st)

where s = aj,, t = a;, for some p,q € |1, )\}], p#4q.

Garnir relations for y are elements of the form

Goygi= [...aj...ag...]—Z[...af’y...a’g”w...]

where j < g. In case g =1 we set G, ; = 0.

Letj € 1,k —1]. Let § C{aji|i <N}, n C{ajpia| i <Ny} be given such that

HE+ H#n > N,

A one-step Garnir relation inside ) is an element of the form

Gm)\f,n = Z [(I]Ué}.

TESe XSy \Seun

The elements of these three kinds in fact lie in that kernel (5.1.4, 5.1.5), so that (F” modulo
the submodule generated by them)=: F" surjects onto SAQ”_. Therefore, by (5.1.18), it
would suffice to show that ([as]|s € seq(A C v)) generates F”. We proceed in different
way.

It suffices to exhibit a tuple in F” which remains linearly independent in S*<” and which
generates F Z-linearly. For then the same argument applies, i.e. the induced surjection
from F” to S*¥ maps a Z-generating tuple to a Z-linearly independent tuple, hence a
Z-basis to a Z-basis.

la] is (provisonally) called z-A-standard if

/\j]v i<
Az} g <
LAz}

This is, we ‘think of the zth row as of the last one’. Accordingly, we introduce a total
order on the v-tabloids by declaring {a} to be smaller than {b} if the largest entry x
which is in different rows decides their ordering as follows. If its row position in {a} (resp.
{b}) is z, then {b} is smaller than {a} (resp. {a} is smaller than {b}). If the row position
of x neither in {a} nor in {b} is z, then {a} is smaller than {b} iff x is higher in {a} than
in {b}.

Consider the row equivalence classes of the set of z-A-standard v-tableaux, i.e. the orbits
under the respective row stabilizer, and let [a] represent such a class. Assume ¥y’ to be the

i < Qj j fOI‘j > 1 and i,i, €
a;; <a;; fori>1andy,j €

1,
1,
a;; <a;, forie[l,\,]andje]
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minimal element of the z-th row. Replacing y by ¢’ and ordering the first ¢ — 1 entries
of the z-th row increasingly yields a z-A-standard v-tableau again. Choose from the row
equivalence class this v-tableau and consider the tuple T formed by them.

Letting [a] be such a chosen tableau, we observe that {a} is the maximal occurring element
in the defining sum of (a),. Moreover, the tabloids corresponding to the chosen tableaux
differ pairwise by construction. Therefore, the tuple formed by the chosen tableaux is
linearly independent when regarded in SA<V.

We claim that the tuple T (of y-minimal z-A-standard tableaux) generates [ Z-linearly.
Using signed column transpositions inside A and one-step Garnir relations to standardize
the A-area by the method described in (4.3.2), we see that the z-A-standard tableaux
generate F”. Moreover, we see that it is possible in F” to write an arbitrary tableau as
a linear combination of z-A-standard tableaux of the same y-value.

We perform an induction over y.
Start of the induction, y = 1.

Step of the induction. Given a z-A-standard tableau a. Assume y not to be minimal in
the z-th row and let ¢ = a;, < y the minimal element of the z-th row, whence g > 2.
The Garnir relation for y given by Gf, ,,; has as its negative summands tableaux with
smaller y-value than [a].

Example 5.2.3 Let v = (2,2), let A = (2,1). The tuple T appearing in the proof of (5.2.2) consists of
the elements

Remark 5.2.4 I do not know whether the relations exibited above mutatis mutandis suffice to generate
the kernel of F¥ —» S*S¥ for a general pair A C v.

Lemma 5.2.5 The signed column transpositions inside A vanish under f.

This is the same calculation as in (4.3.3, ‘Case p € [g + 1,k]").

Lemma 5.2.6 The Garnir relation for y given by Gq » j, j < g, vanishes under f..

This follows by (5.1.5).

5.2.2 Strategy

Orientation 5.2.7 We shall exhibit a Z-linear combination

Jd fi=3", tefe Sl/

of the maps f. (5.2.1), where e runs over the maps [g + 1, k] - {0,1}, which allows a
commutative diagram

SV / v
[a]
(@)
SV S/\QV

(@) — (@)
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for some integer m that depends on the combinatorial data and which will result from
the calculation. Using (5.2.2, 5.2.5, 5.2.6), it remains to evaluate the expressions

1
Goprenfe = —7— E (...a?® oot a0 (EU)
A8, | | g i1 i
#E '#”'xje%
and combine them Z-linearly over e to yield zero, where the coefficients may not depend
on ¢ and 7).

Suppose given a v-tableau a. Let p € [1,k — 1], let £ C a,, n C a,+1 such that
y €&, y ¢ n and such that

H#E+H#Hn=H#N, + 1.

We have to distinguish seven cases.

(I) e, =1, ps1 = 1.

(i) p=g=io,p+1=9g+1=1;.
(i) p=1is, p+1 =151, s €[1,l—1].

(II) e, =1, ep41 = 0.

(i) p=g =10, eg11 = 0.
(ii) p=1tis, s €[L,1], epy1 = 0.

(III) e, =0, ep41 = 1.

i) g=2,p=9g—-1,p+l=iy=g.
(ii) e, =0,p+1=1i5 s€[1,1].

(IV) e, =0, epr1 = 0.

Let a; := a,\y. For a subset ¢ C a,, let ¢ :=a,\¢ in case p # g, let £ = a;\& in
case p = g. Note that in the latter case we stipulate § C aj,.

We start by recalling a particular Garnir relation (4.1.4).

Lemma 5.2.8 Given a v-tableau [a], p,q € [1,k], p < q, ¢ € aq, d € ap, we have

Sbea, (ooaptoiagh ) = (apag..l).
Zbe%\d<...a2*c...afl’b...> = <...ap...aq...>—<...ag*c...afl’d...>.

Lemma 5.2.9 (potential retractions) Suppose given an integral linear combination

FV f::ze Ue fe SU

factorizing as in (5.2.7). Then

T E D SIS

lg+1,k] — {0,1}
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where, as in (5.2.1), iy = max{e (1)}, including e, = 1, and where ¢ is the inclusion of the James

extension (5.1.18).

We calculate using the language of (4.3.1).

(@)

(@)
Z {a}oe,

occCy

>

{a}oe,

ceCy, yo=y

PP

{a}oe,

To€ay ceCy, yo=xg

Z {a}oe,

0€Cq,x

PINEDY

{a}(xo y)o’sa/

zo€ag 0'€C0(ag ),

Ze Ue fe
Y, T Z1,T2
— Eue E <...ai0 ceay ...a
szaij,je[l,l]
! \To,Y
- Z N (aio)
Z1
I()Ealio7 x]‘G(lij,jG[l,l]
— Y,Z1 Z1,T2
= Eue E <...ai0 ceeag
g zj€ai;, JE[L,]]
! \To,Y
. Z N (aio)
Z1
onGa;O, rchaij,jG[l,l]
(5.2.8)
= Y,x1 Z1,T2
= Eue E <...a1;0 ceeag
.xjeai,j,je[l,l]
/ Z1,T2
. Z ...aio ...ail oo a
Ty
Ianij,jE[l,l]
/ Z1,T2
+ Z <...a;0 ...(lil .. a
ijaij,je[l,l}

_ . T1,T2
= E ue< E (... ai aj,
:Ej€aij,j€[1,l]

(5.2.8)
= E Ue E (... ai a;"™
> zj€aiy, JE[2,1]
(5.2.8)’s
= g ue< E (... ai a;* >>
TI€a;;

Notation 5.2.10 Suppose given & € a;, 1 € agy1 such that #& + #n = v,
increasingly ordered tuple (uq, ..

() — Z <

- (ag)mv

Zo >/\

’
13060«9

<Z“6Vz{z> (a).

/
g’

w € n, and a strictly

., ut) € [g + 2, k], possibly empty, with characteristic function

[g+1,k] — {0,1}.
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Denote

I\Em\w M\w,E\w, 2y 1,22 Te,y
etm = A(uhm,ut)?,n = Z < (ag) (angl ) s Gy s Oy >

Z j eauj , J€[L,E]

So in particular, in case t = 0 we obtain

Notation 5.2.11 Suppose given  C ap, € apr1, p € [g+ 1,k — 1], such that #& + #n = v, + 1,
w € n, and a strictly increasingly ordered tuple (uq,...,u:) C [g + 1, k]\{p,p + 1}, possibly empty, with

characteristic function [g + 1, k] BN {0,1} (so e, = ept1 = 0). Denote
BYe, = Blui,...,w)¢, =

1

Y,T1 Lg—1,W Ev"?\'w "7\"1}75 w,T Tq,Tq+1 Tt,Y
e g <...ag c@ugy T ay (ap T) L A coeagty. ) o(EUn).
'

zj€ay;, JE[L,t]

So in particular, in case t = 0 we obtain

w 1 w £ n\w w,7 w
B()f’n:m<...az’ ...ag’"\ (az_\i_1 5) ’y>
'

5.2.3 Calculations

We shall refer to the calculations in (S 4.3.3) in case this is possible after an obvious modification.

Calculation 5.2.12 We treat the case (Li), i.e. £ Caj = aj , n C agy1 = aiy, #& + #n = v,. Choose
w € n. We obtain

4.3.13 / E,n\w "_7\“%5 w,T Z2,%3 T,y
Ga)\,&,nfe ( = ) (1+V¢(I]*I/;+1) Z < (ag) (a“ ) 2. am a” >

w
T Eaij , J€[2,1]

5.2.10) , ,
(5.2 (L4 vy — vy )A(iz, - i),

Calculation 5.2.13 We treat the case (Lii), i.e. £ C ap = ai,, n € apy1 = a5, s € [1,1 —1],
#E+#n=v] +1. Choose w € 1. We obtain
Ganenle
4.3.15 v —v! . 3 3 , ,
( 3. ) 1+ ;;/;! p+1 Z <ag,x1 . 'aiﬁjlhw o ain\w(azls\ﬁvf)w,wwrz o af:;z,zsm N azz,y> o (€Un)
a:anij,jyﬁs,s—i-l
(5.2.11) . s .
=" (I +v, —vp)B(it, o yisylst1, oy )E

Calculation 5.2.14 We treat the case (ILi), i.e. £ C ay = aj , 1 C agy1, egy1 = 0, #E + #n = vy,
Choose w € . We obtain

: € , ,
Conent, HH7 3 < (ah)Em\w (@\uEywan g gT >

a;jeaij w
(5.2.10) . .
=" Alir, ..., i)g,,
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Calculation 5.2.15 We treat the case (ILii), i.e. £ C ap = a;,, s € [L,1], 1 C apt1, epy1 =0, #E+#n =
v;, + 1. Choose w € n. We obtain

Gaxenfe
(4.3.18) , - E\ 3 -
- _ Y,T s—1; \w o n\w,§ w,T, Ts41,Ts42 x,Yy
= o E <...ag Leeap g  (ap gy ) cagt o) o(EUn)
-’L'jE(l1,j , J#s

(5.2.11) . s ;
= —B(’L17~-~723a--'all)g}n'

)

Calculation 5.2.16 We treat the case (IILi), i.e. £ Cag_1, n C ay, #E+#n=1v, 1 + 1, to obtain

Garnir, (4.1.4)
Gagnle = 0

Calculation 5.2.17 We treat the case (IILii), i.e. £ C ap, ep =0, n C apy1 = a;,, s € [1,1], #E+#n =
v, + 1. Choose w € . We obtain

Garenle
(4321) 4 To_1,w En\w, n\w,€ Toy1,Ls42 1,y
= Al Z <...ag’rl cea T ap (ais )WsTat1 ca; eay > o(EUn)
Tj€ai;, jF#S
(5.2.11) 5

= B(il,..-,is7~"5il)gi77'

Calculation 5.2.18 We treat the case (IV), i.e. £ Cap, n Capy1, ep =0, epy1 =0, #E+H#n =1, +1,

to obtain ( )
Garnir, (4.1.4
Ga)\,g,nfe = 0.

5.2.4 Polynomial Coefficients

We use the notation introduced in (4.3.25).

Proposition 5.2.19 Let

Yii=—(v,—9) + (¥ —J)

forj €lg, k], soY,=0. Let

= > YL

[g+1,4] — {01}

For a v-tableau a, for p € [1,k — 1] and for € C a,, n C ay41 such that y € €, y € n and
such that #& + #n = X, + 1 we have

Ganenf® =0.

Hence f° induces a morphism of ZS,-lattices

S)\Ql/ ﬁ Sv

such that the composition with the inclusion of the James extension (5.1.18) turns out to
be .
v ACv fe v\ __ l—e.
(8¥ — S L, V) = DD S

lg+1k] — {01}
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where, as in (5.2.1), i, = max{e (1)}, including e, =1 (5.2.7, 5.2.9).
Choose w € 7.
Case p = g, i.e. (Li) or (ILi). Let [g + 2, k] L {0,1} be given. From (5.2.12, 5.2.14) we
take
Ganen (Y 0 froy + Y170 foe)
= (- (g =) + Yo - DY AR
I+ vy = vg) = (g = 9) + (g — (g )Y ARy e,

= (
= 0.
Case p e [g+ 1,k — 1], i.e. (Lii), (ILii), (IILii) or (IV). Let [g+ 1, k]\{p,p+ 1} -~ {0, 1}
be given. From (5.2.13, 5.2.15, 5.2.17, 5.2.18) we take

Gapen (Y fryy 0 + Y700 1000 4 Y00 £, 0 4 Ylf[oof/]f[ooe'])
0T 0= i) + Yo (1) Yy 1 Yy - OV Bt

(A +vy, =)+ (v —9) = Wy — (0 +1) = (v, = 9) + (1, = P)Y " B e
= 0.

Case p € [1,g — 1], i.e. (IILi) or (IV). Let [g + 1, k] — {0,1} be given. From (5.2.16,
5.2.18) we take

Ga,)\,ﬁ,nfe =0.

We shall simplify the formula for the composition of the inclusion of the James extension with f° (5.2.19)
which we obtain by (5.2.9).

Remark 5.2.20 For j € [g + 1, k| we have

Vit (v, —g+i-1D)Y; =+ 1)y, —g+(G+1)—1).

Lemma 5.2.21 Let k € [g+ 1,k + 1]. We obtain

JE([K.K]

Z vize) ( H Yj)(l/;+kg) H (Y;+1).
Jjel ]

e k—1,k

[k,k] — {0,1}

where ij:=Kk—1 fore=0ore=0 (i.e. k =k+1).

We sort the left hand side sum according to the occurring term V;-, j € [k—1, k], which has as its coefficient

Z Yl_e ( H }/J) ) ( H (K+1)> ( H K)
e i€[j+1,k] i€[r,j—1] i€[j+1,K]

[k,j—1] —> {0,1}
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and rewrite it as

10 Y + 2jem—1.4 (Hie[n,j—l](Yi + 1)) vy (Hie[j-i—l,k] Yi)
= (Vg,; —g+r-1)Y, Hje[n+1,k]yj
+vy, Hje[m+1,k Y;
+Zj€[n+1 k] (Hze [r,5—1] (Y; )) J ’ (Hie[j+1 K] Yi)
)

(5.2.20)
=" Vet Dy —g+(6+1) = )Y [Tjepron Y
+(Yn + ]-) Vit1 Hze [k+2,k] Y
+Zje[n+2,k] (Hie[n,j—l](l/i + 1)> 'V§' ’ (Hz’e[j+1,k] YZ)
(5.2.20)
=" Y+ DV + Dy —g+ (6 4+2) = D)Yer2 [ [iepran Y
+(Ye + 1) (Yag1 + )40 Hie[n—&-&k] Y;
+ Zje[nJrS,k] (Hz‘e[n,j—l] (Yi + 1)> ’ V;' ’ (Hie[frl,k] Yi)
(5.2.20)
5.2.20
G220y, 4 ) (Yags + 1) (Yeos + D, — g+ k — 1)
+(YVe + ) (Yep1 + 1) (Y1 + D,
(5.2.20)

= (e @G+ 1) () — g + k).
We shall exhibit a redundant factor.

Lemma 5.2.22 Given p € [g+ 1, k], [g+ 1, k]\{p,p + 1} —~ {0,1} such that v, = Vi1,
we have

froen = flaen-

We apply a Garnir relation (4.1.4), cf. (4.3.28).

Lemma 5.2.23 Let

o= Y.
H]e[g—i-lk 1], v} —V]Jrl J

0
Then SA<Y LSV is divisible by r. Let f := f°/r. Note that we may also write

= 11 (Y; +1).

JE[g+2,K], v ’ 1 —VJ

In the part of the proof of (4.3.29) concerning ‘f’, we replace ‘X’ by ‘Y’ and ‘(4.3.28)’ by
(5.2.22)".

Lemma 5.2.24 f is indivisible.

Let [a] be the v-tableau which has y = n as its maximal entry, which is ordered increasingly
down columns and for which ¢ < i, @, ; # y and ay j # y implies @; ; < @y ;. In particular,

[a] corresponds to a sequence in seq(A C v) (5.1.12). Suppose given [g + 1, k] = {0,1}
such that for p,q € [g + 1,k], p < q and v, = v we have e, < ¢,. The summands of

~/ ~T1,T2 ~T2,T3 =T,y

[a]fezz<...ii...ail c Gy Gy >
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are standard v-polytabloids up to sign. Note that, after ordering columns, ‘the new place
of y is a proper corner’. Since we may write the image of [a] under f as an integral linear
combination of such elements (5.2.22), and since the occurring standard polytabloids are
pairwise different because of different fillings of the columns, we are reduced to consider
a chosen such e and to prove indivisibility for the corresponding summand

> v alf

e’'c€E(e)

where
E(e) :={[g+1, k| i/>{O, 1} | Vi€ [g+1,k] (ef = e; vV 3j € [g+1,i=1] (v; = v; A e = e; = 1))}.

However, for e = 11...1 we obtain

Z yi-e (43.27) (¥ + 1) (52.23) .

e'cE(e) 1€[g+2,k], vi_; =V

1
We summarize to the

Theorem 5.2.25 Keep the notation from (5.2.1, 5.2.19, 5.2.23). The ZS, -linear map

1 —e £ . LV 14
f=- > o YIf S

[g+1,k] — {0,1}

factors over )
S)\gl/ i SV
which is indivisible, i.e. f %40 for s > 2, and which composes to
("= Losy=wvk—g) [ (G+1) = m

JElgHLK, v >V

with the inclusion of the James extension (5.1.18).

This follows from (5.2.19, 5.2.23, 5.2.24, 5.2.21 for kK = g + 1).

Corollary 5.2.26 The James extension (5.1.18)

Ji=(0—= 8" — 53— 5A T s () € Extyg (931, 57)

has order m = |m*<"|.

Let m/’ be the order of J, so that m’ divides m (5.2.25). Note that Homgg_ (S*&%=,5) =0
since S*<¥F= has a filtration of Specht lattices to partitions strictly dominating v (5.1.18,
[J 78, 3.2]). The exact sequence

0 —» Homgs, (S*<"F=, §” /m/) —» Extlys, (SR, ) — Extyg (777, 5%)

yields a (unique) morphism S*<*F= — §¥ /m’ which pulls back

’

0—>8" "+ 8" —+ S /m/ —» 0
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!
ACv f S)\QI/R

to J, so in particular it yields a retraction .S = of J up to m’. Since the

morphism SA<¥#z — S¥ /m which pulls back

0—>8" "+ 8" —+ " /m —>0

to J is likewise unique, we obtain

thus
f =m/m/ 0,

whence m = m’ by indivisibility of f (5.2.25).

Remark 5.2.27 Assume vR, to be a partition. The composition
SVRZ SAQVRZ f Su/m)\gu

of the inclusion of the James extension (5.1.18) with the morphism induced on the cokernels
by the morphism constructed in (5.2.25), again denoted by f by abuse of notation, coincides
with the morphism constructed in (4.3.81) up to sign and in the direct limit (this is, we
adjust the modulus).

Let k := v,_1. We exclude the case k = k, z = 2, in which the assertion holds true, and

assume k < k in the sequel. We shall pretend S V%= i» SY /m* <Y to be well defined,

[g+1,k] —~ {0, 1}, which becomes correct as soon as we sum up as in (5.2.25). We do so
in order not to carry this sum through the calculation. Moreover, we denote the map called

f (vesp. fe) in (4.3.31) (resp. (4.3.1)) by ¢ (resp. @e).

We send a vR,-polytabloid (aR.), which we may assume to take this shape, first to

SuRz _ S)\QVRZ
(aR,) — {(aR,)

_ < Ay oor Qppl >
)

! z,y
. Z ...ag...amrl
T

TEAK+1
Case 1. x +1 < 4.

Subcase 1.1. e, ;1 = 0, in particular, Kk +1 < i;. We send the element (aR,) via f, further
to the following element of S¥/m*<V.

T,y

!
Z ...ag ...a“ R ¢ s | ...a“
I

Tj Eaij

/ Z1,T2 z,Y Z1,T
_ Z Z ...ag ...ail ...aR_H ...ail
Z1

TEAK41 zjeaz‘j

Garnir, (4.1.4) 0

Subcase 1.2. ¢,11 =1, k+ 1 < i;. Let is ;= K+ 1. We send the element (aR.) via f.
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further to the following element of S¥/m*<V.

/! Tsy,Ts41 X,y
Z ...ag ...ais ...ail
Ty

xj E(J«ij

/ Y\ s, Ts41 Ty,x
CRTAVEEIED VENEED DI G )

T, x€aiy, TATs T; €00, jFS

al ..ooalsTvY o gDt gt Tt it
Te = ) — g 1s—1 s Ts4+1 K
(rs =y

1

v€ai, wj€aij, s

2x Garnir, (4.1.4) Z cooal oAt L alY
= g 1s i
Z1
Tica;;
J
/ Ls,Ts41 xy,Y
_Z <...ag...ais ...ail >
Z1
ijanjj
/ Ts,Y Ts4+1,Ts+2 T, Ts+1
o 5 ...ag ...ais iot1 "'aiz
( T = Ts41 ) + "
aijaj,]. 1

/ Ts—1,Y . Ts41,Ls42 X1, Ts+41
. Z ag ai571 e Qg e aisﬂ a’iz
1

(5.2.8) Z ’ < G/ a%“y
= Vil . g ls
T
]

:L’jeaij, JjE€[1,s

/ Ts—1,Y .
Z , ...ag ...ai571 cee Qg e
— v; -
l xl

T Eaij,je[l,s—l]
= (1)1 - (aR:)e

lg+1.5]7
where the sum involving ‘j € [1,s — 1]’ is to be read as a single summand in case s = 1.

Subcase 1.3. e,11 = 1, Kk + 1 = i;. We send the element (aR.) via f. further to the
following element of S”/m*<".

U A Ml AN 7 Wil LI
(@=y) - > < xi v @) >

Ty, Tj€aiy, VE:

/ Z1,Y
_ Z ag ail
T

achaij
! T,y
o Qa e Qg e
I . g ]
+(v, — 1) E < o >
IjG(Lij
l Ti—1,Y .
—1/{- Z ...CLg ...CLi171 cee Qgypoee
" . z1
ijaij,j;él

’
— (_1)VK+1+1V’L{1 . <aRZ>SDe‘[g+1,m]'

Case 2. k+ 1 > 4;. We send the element (aR,) via f, further to the following element of

Sl//mAgV
! T,y
Z ...ag ...ail e Q41 -
L1

Tj G(Zij
x,Tr

/ T,y
. Z Z ag a” aﬁ+1
Z1

TEAK+1 J;]-Eaij

= —(=1)"sn1tl <aRz><Pe|[g+1,,€] .

147
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. . f . .
Therefore (aR.) is sent via SAsVF= — SV /mASV to the following sum, up to sign. For
e’ =0welet i :=x+1.

1 Z Z Ylfe'Ylfe”Vz{l <aRz>Spe’

’ 1"
€ €

[g+1,5] —> {0,1} [k+2,k] —> {0,1}

o Z yi= (Hje[m-f—l,k] Y]) (aR.)per

’

lg+1,x] — {0,1}

1 —e’ _e
- r ) v > Y1l — Tliepsrn Yi| (aR:)per
[9+1,K] . {0,1} [k42,k] Z. {0,1}

(5.2.21, k < k) 1 1—e
= - Y- —¢ R.)per
" > (aR:)e

/
€

[g+1,5] — {0,1}
Ijewian, vy, #0(Yi+1) >
jetgramtn, v = (Y5 +1) ‘

lg+1,5] — {0,1}

(vg+k—g) Hje[n+2,]q] (Y;+1)

Y=< (aR.)per.

(vy+k—g)

Adjusting the modulus, i.e. replacing m*<¥ by m/ := | P V> (Y; + 1), we
obtain the according image of (aR.) to be

! S v eR)e,

. _ Y
H]G[g+1,n], vi=vi J

’

[g+1,5] —> {0.1}

welldefinedness of the adjustment to be seen below. Note that for j € [g + 1, k] we have
Y = —(v,—9)+(v,—1-j) = g—j—1,and that Y, 11 = —(v;—g)+(v,—2—(k+1)) = g—r—3.
Hence m' = (g — (g +1))(g — k —2) = k — g + 2 and the image of (aR.) becomes

1
T Y Y aR)e=YelaR)een + Y (aRa)ger
Hje[g-i-l,n—l] J . T€[g+1,k]
lg+1,x] — {0,1}

in the notation and using the argument of the proof of (4.3.29), which is to be compared to
the image

1
T . X Z X'aR.)pe = Xy (aR:)perin + Z (aR.)per
Hje[g‘Fl,’f*l] J e T€[g+1,k]
lg+1,5] — {0,1}

/

under the morphism from (4.3.31). However, X, - Y, =1—(g—x—1) =m/.

5.2.5 Illustration

We give an example in order to illustrate what the summands of the image of a semitabloid under f look
like. Let A :=(3,2,1), v = (3,2,1,1), i.e.



Retracting the James extension up to an integer, simple case 149

Wefindg=1,k=3,v1=4,v5=2,v;=1. ThusYo =—-(4-1)+(2-2)=-3,Y5=—(4-1)+(1-3) =
—5, and therefore

J=15-foo =3 fo1r =5 fio+1- fu1.
This is, we map, dropping the brackets,

§(3:2,1)C(3,2,1,1) N §(3:2,1,1)
157 157 154 147 157 174 154
26 26 26 26 2 4 26 27
3 I T A S S st ’
4 4 7 ) 6 ) 6

giving a retraction to the inclusion §®3211) — §(3:2DEE2.L1) of the James extension up to
m&2DEG 2L — (1/; +k—g)(Ya+1)(Yz+1) =48,

which is best possible, since being its order in Ext!.
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5.3 Construction of the truss

We consider a filtration of the regular lattice M(") built up of James extensions in the
following sense. First, consider a James extension with middle term M ("), Second, consider
two James extensions with middle terms the kernel and the cokernel of the James extension
of the first step. Third, consider four James extensions with middle terms the kernels and
the cokernels of the James extensions of the second step. And so on. In case an end term of
an occurring James extension is a Specht lattice, we let the resulting tree end at this point.
This yields a finite tree, in which each Specht lattice S* occurs with multiplicity rk S* as
an end point, as to be seen rationally. We obtain a filtration of the regular lattice by Specht
lattice quotients by pulling back an inclusion of an occurring James extension to a filtration
step of the regular lattice. Whereas we shall not make use of that filtration explicitely, but
only of these James extensions, the possibility of having such a filtration at our disposal in
principle has been our starting point.

Having constructed the system of occurring James extensions together with retractions up
to the Ext!-order, we need to find a tuple of bases for the occurring James lattices such that
the system of morphisms is of ‘simplest possible shape’. I.e. we have to identify the points
of our tree belonging to the same James lattice and to solve the ‘normal form problem’
for the module over this tree quotient which is given by that system of morphisms. This
module is called the truss of ZS,,, according to the geometric shape of its underlying quiver
as a quotient of a binary tree (with double edges) (cf. S 5.4). Strictly speaking, we do not
deal with a normal form problem, i.e. with a classification of indecomposables, which would
hardly be possible, but with a (non well defined) normalization problem for a single module.
Given a tuple of bases for the occurring James lattices, we can read off a complete set of
ties describing the embedding

25, . [z
A

from the truss, using its system of morphisms (5.3.15). Therefore, our original problem of
finding a satisfactory embedding (S 0.1.2) is converted into a normal form problem for a
single module over a path algebra, i.e. to a problem of ‘simultaneous linear algebra’, similar
to, but more intricate than (S 4.4.2).

Suppose given \ C v.

Lemma 5.3.1 (row switch) Let s be such that Ay = A\s11. Define v by setting v; =
Vits s+1) Jor © = 1, analogously X, analogously the v-tableau a, given a v-tableauw a. There
s an isomorphism

S)\gl/ ~, Sj\gl_/

(@ — (@)

This isomorphism is defined already on the level M” -~ M" and restricts to the James
lattices in both directions.

Remark 5.3.2 (vertical box shift) Given A C v, z as in (S 5.2), we may use (5.5.1)
to substitute S*"E= isomorphically by a James lattice to X\ C U, U being a partition, not
merely a prepartition, by shifting the rightmost box in the (z — 1)-st row upwards as far
as possible.

The following lemma is the reason for the top part of the truss of ZS,, to arise from the
truss of ZS,_1 (cf. S 5.4).
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Lemma 5.3.3 (lengthening the first column) Suppose given A C v, z as in (S 5.2).
Letn < n, let

. v; forie[l,v]

4 { 1 forie[vy+1,v]+n—n]

for some ) > vy. The James extension

0 S)\Azgﬁ S)\gﬁ SAQI?RZ 0.
arises up to an isomorphism of exact sequences from the James extension
0 Sl/ S)\Qz/ S)\QVRZ 0’

by induction from S, considered as the centralizer of [n + 1,7] inside Si, to Si. Conse-
quently, the retraction up to m*<" of the inclusion of the sequence to X C v, z, induced up
from S, to S;, yields a retraction up to m <" of the inclusion of the sequence to X C 1,
zZ.

For a v-tableau a, let the p-tableau a be defined by filling up the first column, i.e. by

G a;; forie[l,u1]]
T A= (9 —d) forie [y +1,¢], j=1.

There is an epimorphism

SV @gs, LS, — S
(a)y ® o — (a)y o,

given by the restriction of M¥ — M?|s to the James lattices. For to prove injectivity it
suffices to show equality of ranks, so that we may assume by induction that n =n+1. In
a sequence in s(A C 7) (cf. 5.1.9) we may move the entry 24 arbitrarily without leaving
s(A C v). Therefore #s(A C0) = (n+1) - #s(A C v), so that we may apply (5.1.18).

Now this isomorphism is applicable to the terms and compatible with the maps of the
James extension attached to A C v, z (5.1.18).

Proposition 5.3.4 A pair A\ C v for which X is a partition and v is a partition of n, for
which A\ = vy, for which v; <1 fori > N, and for which

#lie[LX] | n <) <1

holds, s called an occurring pair. For any occurring pair either we have A = v or the
corresponding James lattice can be written as the middle term of a James extension with
outer terms being attached to occurring pairs, up to (5.3.2, 5.1.8). (5.2.25, 5.53.3) give
a retraction up to a monzero integer to this James extension. Moreover, starting with
MO = SMEA™)  the binary tree arising from this process is finite. The set of occurring
pairs in this tree coincides with the set of occurring pairs.

Let z be minimal with \; < v;. The kernel of the corresponding James extension is
attached to an occurring pair without changes. The pair to which the cokernel is attached
possibly needs vertical shifting of the rightmost box in the (z — 1)-st row via (5.3.2) and
rewriting via (5.1.3).
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Example 5.3.5 (n = 3) The following diagram depicts a way how to unscrew M (1) via
James extensions. The respective A-region is indicated via x’s, the v-region via x’s and
y’s. Starting from such a pair, the James lattice attached to it can be written as a middle
term of a James extension with kernel attached to the pair to the left and down, and with
cokernel attached to the pair to the right and down.

X
y
y
VRN
X X X
y y
7N N
X X X XXX
X X

Example 5.3.6 (n =4) The following diagram depicts a way how to unscrew M1 via
James extensions.

<X

y

RN

X X
y

A

y
NS
X b'e X X X
y y y
NN AN
X b'q ﬁ; X X X X
X X
/N
X X X X X
X X X

Example 5.3.7 (n =5) The following diagram depicts a way how to unscrew M (1) via
James extensions.

A S
R A

A
Y
/

Al

LR HR KR
W RN

VA
\/!
:

i

X
><><></<<><><
\
;i

\

o]
<K
»
»”
»
®

/
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Example 5.3.8 (n = 6) The following diagram depicts a way how to unscrew M (1) via

James extensions.

L X

A S R

VA

b'q
X X X
b'q X X X X
y y y
X Yy y y
X y X y Yy
X X X X
/x \ X Xy / X XXX
X y y \ /y y
x y XX/y X x X x y \ AN
X X Xy X X X X X
X\\ X X ~ y X XXXXX
X X \ y y y y
y XX/y / ™~ \/y \ /
X XX X X X X X / \
X Xy X X X XXX [ XxXXXXX
x /i X \/x \ Xy |
X Yy y Yy \ /
XX/ - X X X !
X X XXX XX X X X X X X X X X |
X X X X Xy y X |
X X Xy X y
</ / \/ N |
XXXX |
\ / / bE |
X X X X X X XXX XXX \!
X x X x X XXy |
X X X X XX XXX
/ \ x
X X X X X XX
X X X X X

Notation 5.3.9 (the binary tree) Let E be the set of pairs

(h, [1,h] == {0,1}),

where h > 0. We drop the h in the notation and refer to such a pair as e, and to its
datum h as h,.. To the value of e at i € [1, h.] we refer as e;. For the unique map e in case

h = 0 we write [1, 0] . {0,1}. For h > 1 we write e.g. 010 for the map e with h, = 3,

6120,62:1,6320.

Given [1, he] —» {0,1}, we let
[Lhe+1] = {01}

el

1,h.+1] — {0,1}

be defined by €0|p . = el|n,) = €, €0p41 := 0, el 41 := 1. In particular, we have

heo = he1 = he + 1.
A binary double tree X with support in a subset £’ C

E and with values in a category C

is defined to be a diagram whose objects are indexed as X,, e € E’, and whose morphisms

run as follows.
e0«

—

el
—_—

e0*

e

el*
’ Xeh

provided the respective indices are both in E’.
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Example 5.3.10 For example, the ‘two upper layers’ of a binary double tree as in (5.3.9),
for £’ = E say, yield a diagram that can be depicted as follows.

22N

0 1.
X, X,
00, “)‘1* 10/4 \1‘1*
20 N
Xoo Xo1 X10 X1

In the sequel, we shall define our el, out of e0,, e0*, el* by the following

Lemma 5.3.11 Letm > 1, let

' - X/m — 0

be a morphism of short exact sequences of ZS,-lattices. Then there exists a unique ZS,-morphism

ZLY such that 0
(5m)
av) (5:) = m.

~
o Q
P
~—
—
S]
*
o
*
~—
Il

Uniqueness of the rational inverse together with a comparison of ranks shows that it suffices to find a
ZS,,-linear map b, which satisfies the first equation. Let Z’ be the kernel of a*. The restriction of b*
maps Z' injectively into Z, this inclusion being the kernel of Z — X /m, so that we obtain mZ C Z'b*.

b
Let Z — Y be defined by sending z to
b
mz€emZ CZ'b*<~—— 2 CY.

Then b.a* = 0 as well as b,b* = m.

Definition 5.3.12 (the truss, yet unglued) Let n > 1. Define inductively a subset
E, C E, asubset OF,, C E,, a surjective map

E, { occurring pairs }
e — N C°
(cf. 5.3.4) as well as a binary double tree 7" with support in E,, as follows.
Let 0 C By, let A := (1), let 9 := (1), let Ty := SN
Suppose given e € E,, such that A C v has been defined.

Case \¢ = v°. Let any map € restricting to e0 or el be excluded from E,, let e belong
to the boundary 0F,.

In order to prolong T (artificially) to the whole of E, suppose given €’ with h, < h. such
that €'|j 5, = e.
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In case 1 € e 41,n,], i-6. in case ‘there is a 1 in (¢'\e)’, let Tor := 0. Otherwise, let
T, :=T,, and, moreover, let

(Te’O ﬂi Te/) =1
e'0*

(Te/ — Te’O) = 1.

Case \° # 1°. Let e0 and el be contained in £,,. Let z be minimal such that A\ < v, so
in particular z > 2. Provisionally, let

A0 = \eA,
v = e
Al = X
vl = V°R,
Teo _ S}\eOgyeO
Tel — Sj\elgl;a’
let )
0— T 51, T, o0

be the James extension for \* C v¢ z (5.1.18). Let e0* be the retraction to €0, up to
m* S given in (5.2.25), let (el,) be as constructed in (5.3.11).

In case v°! is not a partition, we replace it via (5.3.2) by a partition and accordingly
substitute the James extension isomorphically, keeping the notation by abuse.

In case we obtain \¢! < ¢, we replace A¢! by ¢! by (5.1.3), keeping the notation by
abuse.

Now we remove all twiddles.

Remark 5.3.13 We note that FE, is finite and that E,,_; C E,, for n > 2 (cf. 5.3.5, 5.3.6,
5.3.7, 5.3.8). Furthermore, we note that by construction we have

(E?i) (c0"e1v) = (mxeogue mAQ@@)
(eo* 61*) (6?,,;) — m)\eglje
el °

whenever e, e0,el € E,, and that

€04 el*
0—T,oy—T.,—T.,,—0

is short exact. We have a filtration

M) =Ty v Ty@Ty v Too@Tpn@T300T v - P T @ T
e€E, he=h e€E, he=h+1
given by

Te (e0* el™)

TeO @ Tel-

This filtration stabilizes at a finite stage h = H at a direct sum of Specht lattices,
isomorphic to [], EndzS*.

We do some general gymnastics on filtrations of lattices.
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Remark 5.3.14 Suppose given a full embedding of Z-orders A C I'. Note that there is at most one way
to extend the operation of A on a A-lattice X to an operation of I', since A C— T is an epimorphism of
Z-orders. For I'-lattices X and Y, the restriction

(X, Y) — A(X]a,Y]a)

is bijective. The morphisms in the following are meant to be A-linear.

Let g € T, let Alg] be the smallest suborder of I' containing A and g. Let X be a A-lattice, let Y be a
Alg]-lattice, let
X, Y

be a full inclusion. g¢ is said to respect this inclusion if gX C X, or, in other words, if the rational
conjugation of g by X C Y remains integral. In this case, X is a A[g]-lattice.

In case X ~ A and Y ~ I" we obtain a factorization
X+ V=X TXC, YY),
the first step of which is isomorphic to
(X O TX) ~ (ADpX C s T@QX)~ (A~ T)

(cf. B.1.11). TX C Y is in fact I-linear. Hence g € T respects X C— Y iff g respects A C—~ T.
But this is the case if and only if g is already contained in A, since, in particular, g - 15 € A ensues.

Let
Xol o+ X, ... 4 Xy

be a finite filtration of A-lattices, consisting of full inclusions, let Xo ~ A, Xy ~ I". We claim that g
is in A iff it respects each stage of the filtration, where the latter assertion is well defined when starting
from the right.

In case g is in A, it respects each stage of the filtration. In case g respects each stage X; C— X;y; of
the filtration, starting from the right, it eventually respects Xog C— Xy, thus g is contained in A by
what we have remarked above.

Theorem 5.3.15 Let A be the image of the embedding of ZS, into [], EndzS* =: T,
sending a group element to the tuple of its operations. Let g = (¢*)x € I'. Define
inductively operations of g on QT, for e € E,, as follows.
For e € OF,, we define
e =9"

For e € E,\OE,, we may assume the operations geo resp. ger on Qle resp. QT to be
defined. Let

1 * * e 0 €0«

o= st () (% ,0) ().

g € I' is contained in A iff ¢, is integral for all e € FE,,.

Consider the filtration appearing in (5.3.13). By (5.3.14), g is contained in A iff it respects
each step of that filtration, i.e. each summand

(e0* el™)

Te TeO % Tel

of each step. In case e ¢ E,\0F,, this inclusion is just the identity, by construction. In

case e € E,\0E,, the operation of g induced on QT by this inclusion is given by

_ 1
(c0" 1) (% g0y ) (c07 1) ™" = e (0er) (%" o) (€12) = ge.
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Remark 5.3.16 Consider, for e € E,\OF,, the corresponding summand of a filtration
step of the filtration appearing in (5.3.13)

T, (e0™ el™)

TeO ) Tel .

We write T, as TeodTe1, €0, as (10), el* as ((1)) (cf. S 3.1). By €0,e0* = m <" =:m we
obtain e0* = ('}') for some Z-linear map

f
Tel - TeO

which gives the ZS, -linear map induced on the cokernels

Tel 4}(’ Teo/m.

The condition on (950 ggl), supposed integral, to respect the inclusion above is equivalent

to the condition that

be integral, i.e. to
fge() =m gelf'

This is, we may as well express the integrality condition in (5.3.15) as a congruence given
by some modular morphism.

Remark 5.3.17 The product

e e )\eOQVeO
H (mA Cvyrk s
e€E\OE

nin!
—_.
A ”E\nk)

The quotient contains the ‘amount of redundant ties’ given by our system of modular mor-
phisms.

is divisible by the total index

Note that we may factor

TyCcTTyC P T..
ecdE,

The index of the left hand side inclusion is just the total index (1.1.4). The index of the

composition is given by the product of the indices of the inclusions

e0* el™
T, ( 1)

TeO S T€17

e running over E,\OE,. But the cokernel of such an inclusion is given by T.o/m* <" (cf.
5.3.11).

For example, consider the case n = 4, of total index 23433 (S 2.1.1). We have
EN\OE, = {0;0;1;00;01,10;11; 011,101}
(cf. 5.3.6). Accordingly, the factors of the product of the Ext'-orders are given by
912. 34, 38. 41. 823, 43. 922
whence the quotient of this product by the total index is

(242312)/(23433) _ 2839.
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Since it is desirable that the maps €0,, e0*, el,, el*, e € E,\0F,, take a simple form,
we collect them to a module over a path algebra in such a way that an isomorphism of
this module to another one corresponds to a tuple of integral base changes in the lattices
S*¥ for occurring pairs A C v.

Definition 5.3.18 (The truss) Let Q, be the quiver arising from E,, equipped with
arrows
0 29 ¢

el

el =W e
e0(*)

e — €0

e1(*)
e — el

for e € E,\OE,, by identification of vertices e and €' iff \e = Ao and v, = ver. Then the
lattices T, and the morphisms €0y, e0*, el,, el*, e € E,\OF,, given as in (5.8.12), form
a module over the integral path algebra ZQ),, by attaching e to T, €0y to €0y, el to el,,
e0™) to e0* and e1™ to el*. This module is called the truss of ZS,. It is again denoted
by T'.

For the shape of @, for n =3, 4, 5, 6, we may replace in (5.3.5, 5.3.6, 5.3.7, 5.3.8) each

edge by one arrow upwards and one arrow downwards.

5.4 Small cases

We give normal forms for the trusses of ZSs and of ZS4 (almost). We ‘cheat’ in that we
use the satisfactory embedding of ZS, obtained in (S 2.1.1), in order to get acquainted to
the problem and to adjust our expectations concerning a possible solution.

It might be possible to use a normal form for the truss over @, _1 to facilitate the search
for a normal form for the truss over @), given that the top part of the latter is obtained
by induction of the former along S,_1 < S,. But I do not know how to follow the ac-
cording suggestion to ‘simplify from top to bottom’. Moreover, I lack an appropriate naive

localization technique.

5.4.1 The truss of ZS;

With respect to the semitabloid bases, brackets dropped,

121 3 2 3
S(l,0,0)Q(l,l,l) 21 3 1 3 2
3 3 2 2 1
11 2
S§(1,1,00€(1,1,1) 5 3 3
3 2
2,0)C(2,1 13 12 23
S5@0e 23 1
1
S(L1L,D)E(,1,1) 5
3
2,1)C(2,1 13 12
S(2,1)<(2,1) 3° 3

SB)EB) 123
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the truss of ZS3 takes the following shape.

<M

o~o
I

oo

=OO

Al

XXX

]

We use the following base change matrices, in which the new basis elements are recorded as row vectors
in terms of the bases given above,

§(1,0,0C(1,1,1)

SULLOCLY) {5’%6}
11

S(2.0S(2,1) {_‘B;:ﬂ
01 0

5(1,171)g(1,1,1) [1]

seucey [ 04

SB)<SB) [1]

)

to obtain the normal form

<M

—
[=le) g
oo
=]
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As m*&¥’s we have

mLO.OC(1,1L) _ o
m(lvlro)g(laLl) = 3
mE0cE) — 3

Suppose given
1 z2; z? 3 2X2
Ty X | At £2> Xxy EL XD X 74
11 (%1 2, 11 )

the factors ordered (1,1,1), (2,1), (3). According to (5.3.15), the operation on S(1OS(LL1) is given by

1r3o007fz 0 07r100 LA
_ |:7110} 0 zil I§2 |:(1)8(3):| = §(x%1;$11)x%1 xéz .

0 x5 x5, 3%21 T21 Ta2
The operation on SZDS1) is given by
1r300 _xil xiz 0 100 o;il miz 0
— {8;;,(1):| x5, T35 0 [8 11 g} = | 3y T 0 .
— 2 &
3 L0 0 af Fa5, §(ay—=f)) ot
So, finally, the operation on S(0:0S(LLY) js given by
r 1
2000007 2,41, 9 9 8 8 8 1 0 0000
1 |020000]| | s@npgen) oo 0 1 0000
002000 122, 22,422, 0 0 0 0 0 1000
5110100 2 2 —1-1 0200
2 001010 0 00 e, 12 0 0 0-1020
101001 0 0 0 =5 P22 0 -1 0-1002
L 0 0 0 gay g(a3y—aiy) 23y
z1; 0 0 0 0 0
2 1 2 2
%(w%lgﬁll) 1%1 w%2 0 0 0
Y S I
_3(93%1;9311) 0 0 zél x%z 0
1 _1§x213 102 1 20 3 le% 1 2:r22 3 2
E(rll_‘rll) 3T21 §(r22_m11) 321 5(122_"”11) Zq
The ties known from (S 0.2) result.
5.4.2 The truss of ZS,
With respect to the semitabloid bases
121332121442141334424332
§(1,0,00C(1,1,1,1) 213 1232141244131432431423
= 3322114422113344113322144
4444244333333222222111111
113114113443
GLL00C(1,1,1,1) 232242434232
321421341324
444333222111
12 133212 14 42 14 13 34 42 43 32
5(2,0,00€(2,1,1) 372 1 4 2 1 3 4 1 3 2 4
4 4 4 3 3 3 2 2 2 1 1 1
1114
1,1,1,00C(1,1,1,1) 2 2 4 2
S )E( ) 2242
4321
12 13 12 14 14 13 42 43
§(2,1,00€(2,1,1) 32 4 2 3 4 3 2
4 4 3 3 2 2 1 1

$(3.0C@E,1)

—_
[ V)
w
—
[ V)
'S

N =
'
w
'y
[ V)
w

43 1
1
1,1,1,1)C(1,1,1,1) 2
S )E( ) 2
4
12 13 14
S(2,1,1)C(2,1,1) 32 2
4 4 3
2,1)C(2,2 12 13 14 23 24
S( )E22) 3424 23 41 31

SHEM) 1234
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2,2)C(2,2) 12 13
@D )34 24

3,1)C(3,1) 123 124 143
SBDSEY 123 124 1

the maps of the truss

G m

J

A S

C
Ve
b g
y

be fi
X X . XX
e x I xy
7 N

ih ki

h XX k

LMK N

i§§i¥

I xxxx

XXX
y
kj ik

®
WA KR

X XX
XX X

have the following shape. A block diagonal matrix carrying m times the block A will be denoted by A™.

ed = [1-1]"
12
dec = [_112
dg = [1]
gd = [11]"
be [1—1—1}4
ri 4
ch = —1}
| -1
_ [
cf = |—11 .
fe = B33!
fg = [6171]
r2 —174
of = |512]
. _1 4
9 = [1]
jg = 1]’
ab = [1—1—1—1]
ri
ba = :%}
L—1
0 90
be = |1 00]
113
eb = [ 137171}
31 1 1
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—
— OO
I
N—=HMNOW
|
O
I oMm—N—
— O 7
7 =M~
oo |

| == N
com 00 =0 =HO=O | [

| H—HOMMO—— | MO —
com | | loo—~ocom—~
10003110312

Soo | | ,rﬂOlOOOOﬂ_ |

I Towma— | |
| I Il lococor—ooo Il com
CHOMOMNOH—HN—O—AO0O0 =000 —— o oM

—

— O —

| —\—O
oo |

_”110110101111200

I | [ R=

— OO0 —=HAHOOO~ o~

l lococo~ommo
h 1L

Il I Il
! |
v SR

gk =

[
€ 8 =

te
=2

The following calculations use MAPLE, in particular, ISMITH. We perform base changes by the following

matrices, whose rows contain the new basis elements in terms of the ones listed above.

1000%004‘00011_:111,‘01011,‘011
1000010%0100100101000000
[ e A A
1%1100010210011111111111
_I,A11_:|_.1001100011_:|,A10101,A1000
1_|_A11.|,A001_:|_.0001_A0100111_|,A010
T AT R
%01000010114‘4‘100101%114‘0
101_A00001_A01,:|,A11_A010001_.11,:|_A11
1100000%000011_.00%1000001_.
_I,A1_A001,:11110001_A10011_A001102

—HHOOOHOO—HOO—AO A O —
L

100011_.1,‘10000
11,:1100010210
101,‘011_T|,A00100
440000010000

——HOOOHOO—HOOH
L 1

110110001_A011
04‘0102100010
TESTTITENTTT
411010000001
TSI
1_I,:I_A102_I:I_AOO_I,:I,A
)
Or—AO0—A—O0OO—N—O—
%11010002101

§(1,0,0,0)C(1,1,1,1)

§(1,1,0,0)C(1,1,1,1)

G(2,0,0)C(2,1,1)
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—O00O

—

—O—O

——O O

(1,1,1,1)

Ul

§(1,1,1,0)

O.I_AOIOQIO
OIS
T
l‘l_flfthQl.I,A
O—HOHA—OO—
1_.1101000
e — |

S(2,1,0)§(2,171)

(3,1)

Ul

S(3,0)

——FNO
[

[e=fenbinka) Lol

M AIT<F A~
[

AN AN
— = O

§@1C22)

S(l,l,l,l)g(l,l,l,l) [1]

—o O
o—HO
—

-

§(21,1C(@1,1)

5(22)<(2.2)
SCRMNSICRY

SHCE)
This yields the following matrices for the maps of the truss, which we sort blockwise according to the

Specht lattices the James lattices are glued from, if necessary.

- 1
[elslslslslslelelelolole)

[slslslslslslelelelololes)
[elelolololelelelelelelo)]
[elelololelelelolelelelo]
[elelelolelelelolole)elo]
[elelololelelelolole)elo]
[elelolololelelelolelele]
[slslslslslslelelolololes)
jelslslslslslelelolololes)
[elelololelelelelelelelo]
[elelololelelelolelelelo]
[elelelolelelelolo)e)elo]
[elelolololelelolololely]
[slslslslslslelelololole)
[slslslslslslelolollele)
[slslslslsleleleljelele)
[elelololelelololelelelo]
[elelololelelololele)elo]
OO0 OHOOOOOO
[elelolololelelelelelele)]
COO—HOOOOOoOOoOoO
CO—HOOOOOoOoOoOoO
[=lolololelelelelelelelo)]

isl=lelelololelelelolole)
L 1

T
[elelelelelololelelolela]

1

Lcoopopro—~po—H
[slelolololslslslslaly (o] slele] ele] el o] elle] e
COOOOOOOONOOPLPOOLOHOOHOOPD
[slelelslslslslaly lslele] elele] el) elele) alle] o)
CO00O0OONOOOOPOOHOPLOOHOOP
COO00OONOOOOOPLOHPOPLOOPLO—H
[elolelelel [slelelolole] olole] ele] elele) elele] o)
COO0ONOCOOOOOOHOOPLOPLOOHOOPD
[slelel slslslslslslalo] slel) ele] elel ) elele] )
[slels slslslslslslslele] el lo] el ) el jo} alle] )
CNOOOO0O0OOOOHOOHOHOOP OO
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Small cases
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In the language of (S 2.1.1), the occurring James extensions cause the follwing ties, with some redundan-
cies cut down already.
ah =2 1}

aly =2 iy

4 __ .5
§(2,1)C(2,2) xi1 =2 Ta1

Loz =2 T2

1‘%1 =92 0

T3y =2 0

vi3 =4 0
§(1,1,1,0)C(1,1,1,1) 23, =4 0

¥y =4 7y

T31 =4 0
S(3,0)€(3,1) T3 =4 0

w3 =4 of

xf = a3y

xly = afy

33:1))3 =92 0

x5 =2 a3

T3y = 3,

(E33 = 0

209 =s af +af
stence 27, =5 3ah + 7l

0 =g —4dai; + a3,

5 4
203, =s x5 — Ty

203, =s 313 — a3
0 =g —4a3; — 735
0 =g z3, +4x3,
0 =g 3z3, + 4z,
0 =3 —dxi; + 4z,

—. .5
§(1,1,0,00C(1,1,1,1) Ti1 =3 I11

0 =3 (Egl
2 —. .5
§(2,0,00C(2,1,1) 11 =3 xgz
0 =3 T9

1,0,0,0)C(1,1,1,1 1 2 — 3 4
S( ) ( ) { 1’11"‘3.%11 =8 1’33"‘3.%33

We may sort these ties to obtain the system

ah =2 af =2 4%y
Tly =2 Ty =2 iy
3331 =2 xg1 =2 33%1
Log =2 5032 =2 Ta2
xyy =4 Ty =2 w33 =4 2%y

xly +aty =s 20
Tl — 3y =g 227,
x5 — x5 =g 2a5,
Ty + 3y =g 203,
4x‘1*3 =g T3
4$§3 =3 x§’3

afy — @t S5 235 — a5
lél =3 .’1321
Ti1 =3 T2
0 =3 Igl.
Note that we have employed the actual Specht lattice S, whereas in (S 2.1.1) we used its dual S(211):—,
1
Presumably, a base change on SV via [ -1 1] would yield a slightly better presentation still.



Chapter 6

Gram matrices

Inclusions of simple lattices cause ties by the requirement that the conjugation with this
inclusion be integral. A prominent role amongst them is taken by the inclusion of the
Specht lattice into its dual, described, in terms of linear algebra, by the Gram matrix of
the invariant bilinear form on the Specht lattice. Suborders of matrix rings described by a
single embedding of simple lattices are called Gram orders. However, note that a quasiblock
cannot possibly be a Gram order in case the decomposition numbers of its Specht module
are not contained in {0, 1}, since then it has to have a nonsimple indecomposable projective
module (cf. S 0.3, E.1.24).

6.1 Gram orders

Let R be a discrete valuation ring of characteristic zero with maximal ideal
(m), valuation v and field of fractions K.

Definition 6.1.1 Let m > 1, let G € K™*™ such that det G # 0. Let
AG — {A c Rme|G—1AG c Rmxm} — Rmxm N G(Rme) g Kme'

A Gram order is an R-order isomorphic to an R-order of the form Ag.

Remark 6.1.2 Suppose given a Gram order Ag. We may assume G to be integral. Write
G = SDT,

where S, T are in SL(R) and D is a main diagonal matrix in elementary divisor form
(A.1). Then
A¢ = Ap
A — A5
Hence we may restrict ourselves to the consideration of main diagonal matrices G in
elementary divisor form.

Definition 6.1.3 Let g := (1, ..., gm) be a tuple of integers, ordered increasingly, g; < g;
fori < j. Let G € R™*™ be the main diagonal matriz with diagonal (w9, ... w9™). Let

Ag = Ag ={(ay) € R™™ | gy € (n97%) fori > j}.

167
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An integer, when viewed as a tuple, stands for the constant tuple. Note that for ¢ € Z
the tuples g and g + c yield the same R-order, A; = Agy..

Definition 6.1.4 There is a simple Ag-lattice N, for each increasingly ordered tuple
v :=(71,.-.,7m) of integers such that

V=Y S 95— i
for each pair i < j € [1,m], defined as R-linear span of {77 ey, ..., "¢, } inside a column
of R™ ™ e; being the column having entries e; ; = 0;;.
In particular we dispose of the lattices Ny and N,.

We denote by [v] the residue class of an increasing tuple v modulo addition of constants,
and by I' the set formed by these. There is a partial order on I', given by

/ o .

N <[] =2 =75 < = for all i <.

In this section, g resp. v will be used to denote a tuple of integers as in (6.1.3)
resp. as in (6.1.4).

Example 6.1.5 Let m =3, let g = (0,1,3). We obtain

R R R
Ajg=|m™ R R|.
™ 72 R
We dispose e.g. of
R R R
No=Nooo=|R|, Noin=|7 |, Ng=Noaz= |7
R T s

Remark 6.1.6 (intrinsic characterization) The full suborder A C R™*™ is a Gram
order iff the indecomposable projective A-lattices are simple and there exist projective lattices
X and Y such that the inclusion Y C X, which is existent and unique up to scalar, is
such that an element £ € EndgX D A restricts to Y iff it is contained in A.

Note that Krull-Schmidt holds for projective A-lattices (D.1.7, or, a bit breaking a fly on
a wheel, C.2.15), so that one merely has to consider the inclusions of the lattices given by
the columns of A. Cf. e.g. (6.1.29).

If A is a Gram order, say A ~ Ay, then take X = Ny and Y = N, or vice versa.

In case the conditions are satisfied, we conjugate rationally with ¥ — X.

Observation 6.1.7 Gram orders typically arise from invariant bilinear forms.

Let p be a prime. Consider the Specht lattice Sa‘n) over R := 7, to the partition A of n.
It comes equipped with a nondegenerate S,-invariant bilinear form

A A (_7:)
Sty ®r Sy — I
which gives an embedding of RS, -lattices

(_7:) *
Sty — (S3)

(p
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having as matrix the Gram matrix G* of the bilinear form [J 78, < 4.8], cf. [Se 77, 13.2].
Since multiplication by group elements on .S (’\p) as well as on (S &))* is an integral operation,
we obtain an inclusion of the local quasiblock

A 7
Q(p) C—» A(GA)fl .

Remark 6.1.8 Conversely, consider the Gram order Ay, let G be the according main
diagonal matrix with diagonal (791, ...,w9). There is an antiinvolution

(03

A — Ag
A — A= (AG)

which may be used to define a structure as a left lattice over Ag on the R-linear dual N3
via

WIAf) == (A"y)f
fory € Ny, f € N3, A € Ay, giving an antiinvolution on Ag-lat, since multiplication on the
dual of the dual is given by

(F)(A-evay) = (
= Ey)(A’f)

= (f)evaay,
where f € NJ, A € Ay, and where eva, denotes the evaluation at y € N,,.
There is some kind of an ‘invariant bilinear form’ on Ny, viz. the Ag-morphism

Ny — N§
r — xtG/(f)v

where G’ stands for the main diagonal matrix with diagonal (79m~91 ... 79m=9m) je.
G' = w9 G~1. Ag-linearity follows for A € A; and x,y € Ny from

(Az)'G'y = 2'G'(A%)y.
More generally, there is an isomorphism
Ny == Nyyy,
r — th/(_)a

*
whence Nv ~ Ng_,.

Remark 6.1.9 (coinciding antiinvolutions) We roughly follow [Se 77, 13.2]. Assume
RCC.

Let H be a finite group. Let x be a real valued ordinary irreducible character of H
such that the corresponding representation p can be realized over R. Let Q C R™*™ the
quasiblock of RG belonging to this representation. The antiinvolution of the group ring,
induced by the inversion of the group elements, induces an antiinvolution o on ) since the
corresponding rational central primitive idempotent

e= % > x(hHh
h

is invariant under this antiinvolution.

Note that an invariant bilinear form on the column X of R™*™ is unique up to scalar,
since it gives a morphism X — X*. There exists such a form given by, say, >, p(h)'p(h),
which is nondegenerate since positive definite. The condition on G € R™*™ to be the Gram
matrix of an invariant bilinear form is, x,y € X, h € H,

(p(h)x) Gy = ='G(p(h™")y),



170 Gram matrices

- p(R)!G = Gp(h™Y).

By knowledge of Aut K™ (D.2.2), the antiinvolution « is given by transposition followed
by conjugation by a matrix G € K™*"". The condition on G to furnish « in this manner is

thus }
(p(M)) = p(h™),

whence G and G differ by a scalar. Therefore, the antiinvolutions o and (A4 — (A?)%)
coincide. Note that a being an involution implies G~'G? to be a scalar, of value +1.

In particular, note that besides the implication A € Q = “A € R™*™ we now also dispose
of the implication A € Q = (A")“ € Q. Note that A € Q = (A")Y € R™>*™m N (Rm™*™m)C
already holds by the former implication. It seems to be hard to use this newly found
implication.

In case of the quasiblock Q(3 LD of Z(5)Ss, the Gram matrix, written in a basis such that

the quasiblock takes a form as in (2.2.4), cannot be in elementary divisor form (cf. 6.3).
This example also shows that it is possible that A € Q and (9A)* € Q, whereas A ¢ Q,
in a case in which the Gram matrix is a scalar multiple of a SL,,(R)-element.

Remark 6.1.10 We shall calculate the outer automorphism group of A i) = (59 g) as

an order over R. Assume k > 1. Right conjugation by the matrix (‘;3) € GLy(K) yields
the following results (cf. D.2.2).

D) = i ()
( )( > adl—bc (fg2jjd>
(% o) = &% ()

The automorphism group of A ) is given, modulo scalars, by those matrices (ﬁg) for

OQ

o»—-
o e
SIS

OH

&m

which these results lie in A(g ). By multiplication with a scalar we may assume (Lcl Z) to

lie in R?*? and one of its entries to be equal to 1.
Case a = 1. Our results specialize to

1 d bd cd d? xF o —b —p2
—c —bc —c? —cd ) ) d—bc 1 b ’

whence v(d —be) = 0, so that v(c) > k ensues, i.e. the automorphism turns out to be inner.

Case d = 1. Our results specialize to

1 a b 1 c 1 7 [ —ab—b?
a—bc \ —ac —bc ) 1 g—bc \ —c? —c ) 7 a—bc \ a2 ab

whence v(a —bc) = 0, so that v(c) > k ensues, i.e. the automorphism turns out to be inner.

Case ¢ = 1. Our results specialize to

1 ad bd 1 d d? fid —ab —b?
ad—b \—a—=bJ)rad—b \ -1—-d)>ad=b \ a® ab )

which would require v(ad — b) < —k, which is impossible.

Case b = 1. Our results specialize to

1 ( ad d ) 1 cd d? ® —a—1
ad—c \—ac—c) > ad—c \ —c? —cd ) »ad—c \ a® a )>
whence v(ad — ¢) € [0, k].

Subcase v(ad — ¢) = 0. 2v(c) > k yields v(a) = 0 because of v(ad — ¢) = 0. Now
v(a) +v(c) = k yields v(c) > k, whence the automorphism is inner.
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Subcase 1 < v(ad —c¢) =: A < k— 1. From v(c) > A, v(d) > A and 2v(a) > A we deduce
v(c) = A, for otherwise v(ad — ¢) > A. But then 2A = 2v(c) > A + k shows that this
subcase cannot occur.
Subcase v(ad — ¢) = k. As before, from v(c) = k, v
v(c) = k, for otherwise v(ad — ¢) > k. Hence v(a ) (
of the automorphism given by right conjugation by (ﬂ_ok
Aok, the product

01\ (r*enPd\ _ [al

(71"“0) ( ac ld) - (Cd)

shows that these automorphisms all belong to the coset modulo inner automorphisms rep-
resented by ( 0 1)

(d) =2 k and 2v(a) > k we deduce
) > 2k gives v(a) > k. We dispose
1

o)

k —k . . .
Since (”a ey d) is a unit in

The result therefore is Out A(g ) ~ C3 for £ > 1 (and trivial in case k = 0).

Probably, a more conceptual way to argue is needed in order to deal with the outer auto-
morphism groups of general Gram orders, which are of interest because they induce autoe-

quivalences on the respective category of lattices. For instance, conjugation by (Wok (1)) yields

an autoequivalence on A ) which sends Ng ;) to N x—;), which however can’t coincide
with duality since it is covariant (cf. 6.1.8). I do not quite understand yet the composi-
tion of the duality followed by the autoequivalence just derived. E.g. for 0 < I < m < k
it sends the inclusion N, € N,), up to isomorphic substitution, to the embedding

ml

O ) C—' N(O m)-

Remark 6.1.11 Using the ‘thickened main diagonal’ as generators we obtain

Ay
Ay ~— | B4
B1

Em) /(Ale = 7Tgi+1_giEi,BiAi = 7Tgi+1_giEi+1 | 1€ [1, m—l]),

whence the according reductions modulo powers of 7.

Proposition 6.1.12 (the sublattice lattice) The sublattices of the A -lattice Ny are
of the form N, such that [0] < [y] < [g].

NB not only up to isomorphism, but ‘physically’; i.e. as inclusions up to isomorphism over
Npy.

This proposition should also follow from [P 80/1, (1.8)].

Given a sublattice X of Ny, we can, by choice of a basis of X, write its inclusion X C .~ N,
as a lower triangular matrix [ = (ay;) € R™™, a;; = 0 for ¢ < j, oy # 0, v(ov;) < v(a;)
or a; = 0 for i > j.

For i > j € [1,m], let M%7 € R™™ have entry MZJ] = 7979 zero elsewhere. Let,
for i < j € [1,m], MY € R™™ have entry M;] = 1, zero elsewhere. Note that since
M e A,, I"*M¥] is integral, giving the operation of A, on X.

We prove by diagonalwise induction that o;; = 0 if 7 # j.
Start of the induction. We claim that «;; = 0 for i — j = 1. The entry
1 11
Tit1y = =055 Qg%+
shows that (I7'M%1);,1; = —a; ), ; a;4,, forcing o415 to be zero.

Step of the induction. We claim that a;; = 0 for ¢ — j = d, d > 2 and assume the
assertion known for ¢ — j € [1,d — 1]. Now the entry

1 -1 -1
Iita; = =5 Qg jra®itdi
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“pfiigy. . = —q7 ! L ; o
shows that (17" M%"1);14; = —aj, 4, 4%+, forcing a;iq; to be zero.

For i < j we deduce from
(IT' M)y = ag' oy,

that v(a;) < v(aj;).

For © < j we deduce from
(I7'MP )5 = agji w9 % oy

that v(aj;) — v(ay) < g5 — gi
We shall investigate radical series of Gram orders. We restrict our attention to those

with Morita multiplicities 1. Assume g = (g1,...,9x) to be a strictly increasingly
ordered tuple of integers with g; = 0.

Remark 6.1.13 The columns of A, yield a decomposition into nonisomorphic indecom-
posable projectives since any morphism between them is a scalar.

Lemma 6.1.14 The radical of A, is given by

tAy = {(am) € Ay C R™™ | v(age) = 1 for k € [1,m]}.
(6.1.13) taken under consideration, this follows from (E.1.20 iii).

Lemma 6.1.15 (periodicity) Assume R/7 to be finite. Let A C R™ ™ be a full subor-
der. There are positive integers i, k and | such that

RN = rlefA.

A is a simple lattice over A ® 5z A°, of which the radical powers t‘A are A ® p A°-sublattices,
whose isomorphism classes in turn form a finite set by (D.2.6). So at least two of them
must be isomorphic, whence their inclusion corresponds to a scalar multiplication (cf.
E.2.1).

Lemma 6.1.16 Assume g;+1 —g; > 2 forj € [1,m —1]. Leti > 0 and let

i max(0,i+k —1) for k <1
Prr = max(0,i+1—k)+gr — g fork>1L.

Then ‘ |
Ay = {(aw) € R™™ | v(aw) = gy for k1€ [1,m]},

We proceed by induction, starting from the cases i = 0 and i« = 1 (6.1.14). Assuming
the radical power to be calculated by our formula for the exponent i > 1, we claim this
formula to hold in case © + 1, i.e.

. i ! i
mm(go,fzs + Psi ’ s € [17m]) = Spk—li_l

We fix k£ and [ and evaluate the left hand side.
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Case k£ < I.

Assume s < k < .

Sollﬂs + Soél

Assume s = k < [.
Phs +

Assume k < s <.

= gr — gs + max(0,i + s — 1)
> 2+ max(0,i+k—1-1)
> max(0,(i+ 1)+ k—1).

1+ max(0,i+k — 1)

Py =
> max(0,(i+ 1)+ k—1).

Qollcs + Qpil =0+ maX(07i +s5— l)7
which is minimal at s = k + 1, taking value max(0, (i + 1) + k — [).

Assume k <1 < s.

gpllcs + Spél
Case k > [.
Assume s <[ < k.
()0]163 + QOZI
Assume [ < s < k.
1 i
(pks + stl -

which is minimal at s = k — 1, taking value max(0, (i + 1) +1 — k) + g — .

Assume | < k = s.

1 %

Assume | < k < s.

Sollqs + (p?sl

VWVl

Corollary 6.1.17 We keep the

For a matrix size of m < 4, we treat the remaining cases. We abbreviate [s,t] := min(s, t).

0+ max(0,i+1—5)+gs— g
max(0,i +1— (I +1)) +2
v+ 1

max(0, (1 +1) + k —1).

\AR IR\

g — gs + max(0,7+ s —1)
Ik — g1+ 1
max(0, (i + 1) +1—k)+ gr — .

VWV

g — gs + max(0,i 4+ 1 —s) + gs — g1,

= 14+ max(0,i+1—k)+ g —q
> max(0,(i+1)+1—k)+ gt — .

0+ max(0,i4+1—35)+gs— g
max(0,i+1—(k+1)+24+ g — g
max(0, (1 +1)+1—k) 4+ gx — qi-
assumptions of (6.1.16) and obtain

m o m—1
v A, =" TA.

173

Lemma 6.1.18 Let m = 2, let g = (0,1), i.e. Ay = [FE]. Then, by (6.1.14), tAy = [2 5] (6.1.14),

whence t2Ag =mh,.
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RRR
Lemma 6.1.19 Let m =3, let g = (0,1,2), i.e. Ay = [T; Rg} Then, by (6.1.14),

T Rg 9 T R 3 ‘n'z T
tAg: :277:71' ,tAg: :2:2: ,tAg: :3:2717—72 :WtAg.
. R RR
Lemma 6.1.20 Letm=3,a>2, g=(0,1,1+4a), i.e. Ay = o Tﬁg , whence, by (6.1.14),
R% 9 ™ T R
tAg = 7TaﬂJrl :a a1’ t Ag - 7r74.1r+1ﬂ,f+1 ol

By induction we see that fori > 1

0i ﬂ_”L ‘ﬂ"% ﬂ_if.l
T 2Ag = | =it x¢ " s
gati pati 7r[2z,1,—1+a]

whence v2* A, = 242N,

The case g = (0,a,a + 1) follows by transposition and conjugation.

Lemma 6.1.21 Let m =4, let g = (0,1,2,3), i.e.

R RRR
A _|mRER
g~ |2« RR
=T R
Then, by (6.1.14),
T RRR 71'27TRR ™ 7 ® R 2o
o ™ ™ RR 2 |77 ® R 3 R 4 R R _ 2
‘CAg— ﬂ.‘2 ﬂ.Qﬂ.R s tAg— 71,'271,2 o ,tAg— JHL i - e ‘CAg— JE T T =Tt Ag
7‘_\3 2o 7_[_3 7T2 7T2 T 7T3 773 7T2 7_‘_2 7!'4 7{'3 ﬂ_3 ﬂ'2
Lemma 6.1.22 Letm=4,a>2,9g=1(0,1,2,a+2), i.e.
R R R R
T R R R
Ag = 2 7 RR
Tru.+2 7_l_a+1 _n_a. R
Then, by (6.1.14),
g R R R 7r2 ki R R
Ly m© R R 2 T T T R
tAg: 2 T w™ R 7tAg_ 2 w2 T T
pat+2 patl a £0+2 patl atl 2
By induction we see that fori > 1
Trz 7T7 7T7'_>1 ﬂ_l—
21 _ 7r1_+1 T T
T Ag = AL il - s
ﬂ_a+'i+1 Tra+i ﬂ_a+'i W[Qi,a«l»ifl]
whence v2* A, = 242N,
The case g = (0,a,a + 1,a + 2) follows by transposition and conjugation.
) b )
Lemma 6.1.23 Letm=4,a>2, g=(0,1,a+ 1,a+2), i.e.
R R RR
A _| 7 R ERE
g = | x*t! 7z RR
rot2 potl £ R
Then, by (6.1.14),
T R RR 71'2 T RR 2 72 T on
™ © RR 2 T T w R 4 w2 w2 a2 2
tAg = ﬂ_a+; ﬂ,al TR\ > T Ag = potl patl oo s T Ag = rat2 jat2 2 2 = T7v Ag
ao+2 patl oo got2 patl 12 pot+3 jat2 3 2
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Lemma 6.1.24 Let m =4, a,b>2,9g=(0,1,a+1,a+b+1), ie.

R R RR
A — P R RR
g metl  x* R R
7Ta+b+1 7ra+b 71,_b R
Then, by (6.1.14),
™ R RR ™ ™ R R
T ™ RR R
tAg - rott ™ w™ R|» t2Ag - 7r7‘.lr+1 Trczzrl 717'1'2 T
patb+l atb b o qatb+l jatb bl 2
By induction we see that fori > 1
7“_1 _n_'f 7Ti7_1 7_‘,7%71
t2'LA . ﬂ_’L+1 7t ) 7t ) ‘ 7_(171
g = pati pati pl2iati=1]  (2i—lati-1] |

patbti patbtiol bt[2i—1l,a+i—1] _[2i,a+b+i—2]

whence v2@ 20727 ) = qe2at20—ap

The case g = (0,b,a + b,a + b+ 1) follows by transposition and conjugation.

Lemma 6.1.25 Letm =4, a,b>2, g=(0,a,a+1,a+b+1), ie

R R RR
A T R RR
g 7 RR
patbtl bl b p
Then, by (6.1.14),
7r R RR w2 © R R
7"a ™ RR 2 wotl ™ © R
tAg = ot r 7 R|»T Aq = potl 2 T ow
gotdt+l b+1 b o patbFl bl bl 2
By induction we see that fori > 1
pl2iati=l] gi gi-1 gi-1
24 roti F it
T Ag — Tra+1 71_1+1 7T7' K2 )

whence, letting ¢ := max(a,b), v*A, = T2 2A,.

Question 6.1.26 Let A be a Gram order. Does there exist an s > 0 and a k € {1,2}
such that
A = et A7

Let A C R™™ be a full suborder. Does there exist an s > 0 and a k > 1 such that this
equation holds? Cf. (6.1.15, 6.1.27).

Let Qz\p) be the quasiblock of ZS,, to the partition X, localized at the prime p. Assume its

indecomposable projectives to be simple lattices. Recall that Qf\p) C Ay (6.1.7). Does
there exist an integer m > 0 such that

th?p) = th(GA)fl ?

Le. does a Gram order determine all but a finite part of the radical series? (1?).

The assumption on the indecomposable projectives is not superfluous, as le

(6.1.27).

)

D shows

12A counterexample to the question for m = 1 fixed can be found on p. 116 f. of G. NEBE,
Orthogonale Darstellungen endlicher Gruppen und Gruppenringe, Verlag Mainz, Aachen, see also
http://www.mathematik.uni-ulm.de/ReineM/nebe/pl.html. (6.1.26) is an attempt to formalize the
question to which extent the Gram matrix determines the quasiblock.
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We shall discuss the sublattice lattices of the quasiblocks which are not Gram orders discovered so far.

Example 6.1.27
From (S 2.2.4) we take that anl’l) is Morita equivalent to, R = Zy),

R 2 2
A:= R R 2
R R R

with Morita multiplicities (1,4,1). Using (E.1.20 iii, E.1.30), the radical series of A is given by
222 224 r244 444
tA:|:R22:|7t2A:|:222:|’t3A: 224},#/\:[244]:21%,
RR2 R22 1222 224
The submodule lattices of S&1:1) and of its Morita correspondent

R
Y:=|R
R

are isomorphic via Morita equivalence.

Let I be the inclusion matrix of a sublattice X C Y, which we may assume to be of the form

a11 0 0
I = 21 Q99 0
Q31 (i3 (33

where v(a;j) < v(ai;) or a;; =0 for i > j. Writing (=)~ for (=)', we obtain

o 0 0
I™ = | —apagan Qg 0
Q1 QgpQizz(r3ala1 — (U1 (33031 —(lgpQizz(r3y (g
The necessary calculation, as in (6.1.12), amounts to check the condition of integrality for I~ M1I for M
running over a basis of A.

100
First of all, M = (8 0 (1J> yields the integrality of

1 0 0
I'MI = | agan 0 0
042_203_30[320421 Oég30132 1

from which we take as; = 0 and a3 = 0. Inserting these values we obtain the following list of implications.

000 )

M = <883> = (1) Q33 | 20&31
000 B

M = ((1)88) — (11) 99 | 11
000

M = (8(1)8) — (111) 33 | 99
002 )

M = <888) — (IV) 11 | 2ai31

V) 11033 | 20(%1
(Vi) 11 | 20&33

Assume that agy # 0. Then (i) forces v(ags) = v(ag1) + 1, for v(as1) < v(ass). But v(ags) < v(agy) by
(ii) and (iii), and v(a11) < v(as1) + 1 = v(ass) by (iv), so, by (iii) and (ii), v(a11) = v(age) = v(ass) =
v(agy) + 1. Hence (v) reads 2v(as1) + 2 < 2v(asy) + 1, which is a contradiction.
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Therefore ag; = 0. Thus, by (ii), (iii), (vi), the sublattices not contained in 2Y are given by the columns
of A, viz. by

R 2 2
R|,|R|,]|2
R R R

Example 6.1.28

From (S 2.3.5) we take that Qg;l’l"l) is Morita equivalent to, R = Zs),

R 2 2
R R 2

oo I~V BV

R R R

with Morita multiplicities (4,1, 4, 1), thus quite similar to (6.1.27). Let the inclusion of a sublattice given
by
a1 0 0 0
ag1 aze 0 0
I =
a3z a3z azz 0
Qg1 Cig2 043 Qiyq

where v(o;) < v(aui) or a;; = 0 for 4 > j. The integrality condition on I~ M1 yields for M = <

N——

[elelelNololele]
[olelelofolelt Y]
[elelelololole)e]
[eleleleol Helele]

that g1 = 0, azo = 0 and ay3 = 0, then, inserting these values, ay; = 0. Conjugating M = < )

we obtain asz; = 0. Using the arguments of (6.1.27) now, we see that ays = 0 and moreover, that
Q4 | as3 | @z | a11 | 2c44. Therefore the sublattices of the column Y of R**# not contained in 2Y are
given by the columns of A.

Example 6.1.29

From (S 2.3.3) we take that ng’l) is Morita equivalent to, R = Zs),

R 3 3 3 9
R R 3 3 3
R 3 R 3 3
R 3 3 R 3
R R R R R

with Morita multiplicities (4, 1,6,1,4), quite similar to Q%Q’l’l (S F.5). Since all main diagonal idem-

potents of R™*" are contained in L, we obtain, as in (6.1.12), that we may assume the embedding of
a sublattice to be given by a main diagonal matrix with diagonal (i1, ass, 33, (i, ais5). As usual, we
obtain Q55 | 29, (X33, (044 | 11 and 11 | 30422,30&33, 30[44 | 90455, whence the fOHOWng list of sublattices
of the column Y of R®*5 which are not contained in 3Y.

R 3 3 3 3 3 3 3 3 9

R R 3 R 3 R 3 R 3 3

R, |[R|,|R|,|[3|,]3]|,|R|,[R|,|3]|,|3],]3

R R R R R 3 3 3 3 3

R R R R R R R R R R
(3,2,1)

In particular, Q(Q) is not a Gram order, using that all embeddings of simple projective lattices are
given by main diagonal matrices (cf. 6.1.6).
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6.2 Duality

To begin with, we need to rewrite [J 78, 6.7] in our integral context, without claiming
originality. Then we use the duality/transposition/alternation game to obtain information

about the Gram matrix of the invariant bilinear form on a Specht lattice.

Let n be a natural number. Let )\ be a partition of n, let ¢ be a A-tableau.
Retain the notation from (4.1.1, S 6.1). Denote by S*~ := SU0") ®; S* the
tensor product of S* with the alternating lattice S!") on which s € S, acts as
gs. There is a S,-invariant symmetric positive definite bilinear form (—,=) on
M?*, given by ({a},{b}) := 04} 1}, Which restricts to the positive definite, thus
nondegenerate S,-invariant bilinear form attached to S*. We denote

Syt o= {r e M| (z,5") =0},

Ky = Zass,
pr = Zs.

Lemma 6.2.1 (JAMES, [J 78, 4.8]) If U is a pure ZS,-sublattice of M?*, then either
SAC U orU C SM,

For u € U we have uk; = a,(t) for some o, € Z [J 78, 4.6, 4.7].

In case «,, = 0 for all u € U, we obtain

0 = (ury, {t})
= (u,{t}re)
= (uv <t>>’
so U C SM since (t) generates S* over ZS, and the form is S,-invariant.

In case there is a u € U with uk; = «a,(t) # 0, we conclude from «,(t) € U and the
inclusion U C M?* being pure that (t) € U, hence S* C U since (t) generates S* over
ZS,.

Lemma 6.2.2 The epimorphism

factors over

M* may be regarded as the quotient of F* modulo unsigned row transpositions. Given a
row transposition (u v), i.e. u and v assumed to lie in the same column of ¢, we obtain

@ {E)(uv) = cwv @ ({'(uv)
= 1® ().
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Lemma 6.2.3 The sublattices SM and Kern © of M* coincide.

Since the inclusion Kern © C M?* is pure, by (6.2.1) it suffices to show for Kern © C SMt
that SO £ 0, i.e. that

D eft}s)0 = > e, @et's)

seChy SGRt/
= 1@ {)py
# 0.
Since both Kern © and SM are pure ZS,-sublattices in M* of the same rank (rk M* —

rk S*) this inclusion even suffices to prove the initial assertion.

But
({t'} @)pw) = {t}ow, (1))
= ;gt';({t’}&t’ﬂ

Lemma 6.2.4 The canonical morphism

MA/sA,J_ _ S)\,*
{t} — {t},-)

1s an isomorphism of ZS,, -lattices.

Injectivity ensues by definition of SM. For to see surjectivity we need the inclusion
S C M to be pure, thus inducing a surjection M** —» S**,

But this follows from [J 78, 8.3], using the basis consisting of standard polytabloids.

Proposition 6.2.5 The map determined by

SA’,f . GAx
1o ) — ({t},-)

s a well defined isomorphism of ZS,,-lattices.

This ensues from (6.2.3, 6.2.4). Note that the sign of this map depends on the choice of
the A-tableau [¢].

Question 6.2.6 (13) Given a ZS,-morphism
A f
S /m —— S*/m

we may dualize Z/m-linearly and alternate to obtain

SAET Im I~ SH* I,
which we may substitute isomorphically by virtue of (6.2.5) by
N f’ ’
St Jm <~— S* [m,

which we take as the definition of the transpose f'.

13C. RINGEL asked for the behaviour of the morphism in (4.3.31) under dualization.
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Consider the situation of a one-box-shift downwards from X to p as in (4.3.81) and note
that N arises from p' by a downwards shift of one box, too. Do the according specializations
of the generic morphism in (4.8.31) correspond, up to sign, under transposition? Moreover,
is the transpose of a specialization of the generic morphism given in (4.4.3) a specialization
of the generic morphism given in (4.4.1)¢ Cf. (4.3.83).

If so, the elementary divisors over Z/m would coincide and the composition properties would
dualize.

Lemma 6.2.7 ([J 78, 23.2 ii]) Let ny :=rkS*. Then
n!
{t}litptlﬁ}t = —{t}ﬁlt.
N

By [J 78, 4.6, 4.7], {t}rpiky is a scalar multiple of {t}ry, say {t}ripik; = - {t}k; where
ael.

Since by [J 78, > 4.13] we have
M)\ — ptZSn
{t} — o
the assertion is equivalent to

n!
(pehie)? = —(pekie),
40}

whereas we know that (pir;)? = a(pikiy).

Following e.g. [Rog 74, 4.10], we calculate the trace of

Qs, - Qs,

twice. Since Cy N Ry = 1, the 1-coefficient of p;k; is 1, whence, using the canonical basis
of QS,, the trace equals n!. The isomorphism of M* with p,ZS, just cited restricts to
the isomorphism S* =+ p;x,ZS,,. Writing QS,, = p;x:QS, ® V as vectorspaces, pekie(—)
reads (—) (‘;‘8). Consequently, we obtain

tr prre(—) Ll Zqon,.

Lemma 6.2.8 Let G* be the Gram matriz of the S,-invariant bilinear form attached
to SN written in the standard basis given by the standard polytabloids. Then there are
GLy, (Z)-elements A* such that

ANGN ANGN = ”—!.

UDN

G* is the matrix of the morphism

S/\ . S)\,*
(&) — ({&),-)

when using the standard basis and its dual, respectively.
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Consider the composition with the isomorphism from (6.2.5)
S)\ ., S)\,* P S)\’,f
@  — (Ge)n=12{)w.

The matrix of the inverse of S~ =~ S** with respect to the standard basis and its dual
denoted by A", we obtain the matrix of this morphism to be A*G*.
Now composition yields
SA - SN — S
(&) — (1))
Lo )  — O
(1@ @)k — (Opere = {t}repere

whence the result by (6.2.7).

The nontriviality of A* corresponds to the ‘annoying’ phenomenon mentioned in [J 78, 8.1]
that ({a}, (b)) may be nonzero also for [a] and [b] being different standard tableaux.

Definition 6.2.9 Let M € R™ ™, det M # 0. Let
dM

)

denote the elementary divisors of M, ordered increasingly, d™ | déw fori < g.

Proposition 6.2.10 Retain the notation from (6.2.8). We obtain

|
Py n.
dG d s =F—
7 nyx+1—1 ny

for i € [1,n,].

This ensues from (6.2.8), using elementary divisors of the inverse.

6.3 List of elementary divisors

We list the local elementary divisors of the Gram matrices of the S,-invariant bilinear form on the
Specht module in the following form. E.g. at the prime p the tuple (1,0, 1,3,2) translates into the local
elementary divisor tuple (p°, p2, p3, p?, p®, p*, p*) (14).

n =4.
partition divisors at 2 divisors at 3
(2,1,1) (0,1,0,2) (3)
(2,2) (0,2) (1,1)
n =>5.
partition divisors at 2 divisors at 3 divisors at 5
(2,1,1,1) (0,4) (0,4) (1,3)
(2,2,1) (0,0,1,4) (4,1) (5)

(3,1,1) (0,6) (6) (3,3)

14 A, MATHAS supplied me with an alternative routine for the elementary divisors, based on SPECHT
under GAP. Moreover, I used his routine SCHAPER to compare (1°).
15Cf. A. MATHAS, Twahori-Hecke algebras and Schur algebras of the symmetric group, Appendix C.
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divisors at 2 divisors at 3 divisors at 5

(5)
(178)
(5)
(10)

(8,8)

divisors at 2 divisors at 3 divisors at 5 divisors at 7

(0,6)
(6,8)
(1,13)
(15)
(35)
(13,8)
(20)

(1,5)
(14)
(14)
(5,10)
(35)
(21)
(10,10)

divisors at 3 divisors at 5 divisors at 7

(0,7)
(20)
(7,21)
(1,13)
(0,21)
(21,43)
(70)
(43,13)
(21,21)
(35)
(90)

(7)
(1,19)
(28)
(14)
(21)
(19,45)
(70
(56
(42
(35
(45,45)

)
)
)
)

divisors at 3 divisors at 5 divisors at 7

n = 6.
partition
(2,1,1,1,1) (0,0,0,1,4) (0,1,4)
(2,2,1,1) (0,0,4,1,4) (9)
(2,2,2) (0,0,1,4) (0,4,1)
(3,1,1,1) (0,4,6) (0,4,6)
(3,2,1) (16) (4,8,4)
n="17
partition
(2,1,1,1,1,1) (0,0,0,6) (0,6)
(2,2,1,1,1) (0,0,0,14) (0,1,13)
(2,2,2,1) (0,0,6,8) (0,13,1)
(3,1,1,1,1) (0,0,0,15) (0,15)
(3,2,1,1) (0,14,0,1,20)  (13,2,20)
(3,2,2) (0,0,1,20) (15,6)
(4,1,1,1) (0,20) (0,20)
n=2_§
partition divisors at 2
(2,1,1,1,1,1,1) (0,0,0,0,1,0,0,6) (0,0,7)
(2,2,1,1,1,1) (0,0,0,0,6,14)  (0,7,13)
(2,2,2,1,1) (0,0,0,14,6,8)  (0,0,28)
(2,2,2,2) (0,0,0,0,6,8) (0,13,1)
(3,1,1,1,1,1) (0,0,0,6,0,0,15) (0,21)
(3,2,1,1,1) (0,64) (0,29,35)
(3,2,2,1) (0,0,6,8,14,2,40) (28,35,7)
(3,3,1,1) (0,0,14,42) (13,8,35)
(3,3,2) (0,0,0,42) (21,21)
(4,1,1,1,1) (0,0,0,15,0,0,20) (0,35)
(4,2,1,1) (0,14,0,62,0,14) (90)
n=9.
partition divisors at 2
(2,1,1,1,1,1,1,1) (0,0,0,0,8) (0,0,1,0,7)
(2,2,1,1,1,1,1) (0,0,0,0,0,1,0,26)  (0,27)
(2,2,2,1,1,1) (0,0,0,48) (0,0,7,41)
(2,2,2,2,1) (0,0,0,0,0,26,16)  (0,0,41,1)
(3,1,1,1,1,1,1) (0,0,0,0,28) (0,0,7,0,21)
(3,2,1,1,1,1) (0,0,0,26,0,1,0,78) (0,7,63,35)
(3,2,2,1,1) (0,0,0,26,94,2,40) (162)
(3,2,2,2) (0,0,26,18,40) (0,41,36,7)
(3,3,1,1,1) (0,0,78,42) (0,42,43,35)
(3,3,2,1) (0,0,0,8,160) (41,43,63,21)
(3,3,3) (0,0,0,42) (0,21,21)
(4,1,1,1,1,1) (0,0,0,56) (0,21,0,35)
(4,2,1,1,1) (0,78,0,1,40,2,68) (0,189)
(4,2,2,1) (0,0,56,160) (189,27)
(5,1,1,1,1) (0,0,0,70) (0,35,0,35)

Cf. [J 78, 23.8, 23.9).

(0,8)
(0,27)
(27,21)
(8,34)
(0,28)
(105)
(28,134)
(1,83)
(120)
(134,34)
(21,21)
(0,56)
(56,133)
(83,133)
(70)

(0,8)
(8,19)
(1,47)
(42)
(28)
(105)
(47,115)
(84)
(19,101)
(168)
(42)
(56)
(189)
(115,101)
(70)

Gram matrices



Appendix A

Elementary divisors

A.1 Elementary Divisor Theorem for principal ideal
domains

We recall a constructive proof of the Elementary Divisor Theorem for a principal ideal
domain - constructive under the assumption that the greatest common divisor is given
constructively - , since it it used for a considerable number of arguments in the text as well
as for almost all computer calculations needed in the progress of this work.

For the history of this theorem, due to S. SMITH, see [St 12, sec. 68].

It is not quite consequent not to presuppose any prerequisites on principal ideal domains,
but basic knowledge on Dedekind domains further down (S A.4).

Let R be a principal ideal domain.

A nonzero element a is called irreducible if a = be implies (b) = (1) or (¢) = (1). Hence a is irreducible
iff (a) is maximal, for (a) C (b) C (1) implies (b) =1 or (a) = (b). In particular, irreducible elements are

prime, i.e. they generate a nonzero prime ideal. And conversely, prime elements are irreducible.

In order to see that each element of R allows a product decomposition into irreducible elements, we let
the ideal (a) # (0) be maximal with respect to the property that a does not allow such a decomposition,
under the assumption of the existence of a nonzero ideal of this kind. In particular, since a itself is not
irreducible there exists a factorization a = bc with (b), (¢) D (a), which is a contradiction, for b and ¢
do have factorizations into irreducibles.

A decomposition into prime ideals is unique, since we may cancel and then use that the elements generate
prime ideals.

In order to avoid confusion, we also write (z1,...,Zm) = R(z1,..., %) for the ideal of R generated by
the x;’s.

Proposition A.1.1 Let A = (aij)ici1,4),jep1p] be a matriz in R**Y, p,v > 2. There exist matrices
S € SL,(R), T € SL,(R) such that SAT is a main diagonal matriz such that the entry at ii divides the
entry at jj for i < j. These entries are determined up to units in R and are called the elementary
divisors of A.

(i). Cleaning of the first column. We claim that we can multiply (a;;) from the left by a matrix
in SL,,(R), such that (1) the result (a};) has R(a};) = R(ai1,...,a.1) and (2) a}; = 0 for j € [2,p]. If
(1) is satisfied, (2) can be achieved by a further multiplication with an SL,(R)-element. Moreover, by
construction we will be free to choose the ideal generator af;.

Let @ be a generator of R(a11,...,au1). Write z = >7,. ;a1 and note that R(sy,...,s,) = R(1)
since we may divide each summand by z. In order to prove our claim it suffices to show that we can
realize a tuple (s1,...,s,) which generates R(1) as a row of an element of SL,(R). This is true for p =2
by

1= s1b1 + s2by = det (ng Zf) )

183
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By associativity of the greatest common divisor - obtained using unique factorization into prime elements
- it suffices to apply the transpose of the assertion just shown, viz. the possible multiplication of a two
element row with an SLy(R)-element from the right such that the ged and a zero arise, to the last two
entries of our row (s1,...,s,), and to apply induction.

(i’) Cleaning of the first row, transposed to (i).

(ii?. Fc.)r (@) =11, .(p)gp, let V() :=3, f-p be the.total value of (z), where (p) runs over the nonzero
prime ideals. Cleaning of the first column either strictly decreases the value of the top left entry or it is
possible with the top left entry as pivot element, so that in particular the first row is not affected. Hence
the process of alternating the cleaning of the first column and the cleaning of the first row ends up with
a cleaned first row and a cleaned first column.

(iii). In case that now the top left entry does not divide every entry, we clean the column and the row the
entry which is not divided sits in, without affecting the first column or the first row, which are already
cleaned. Now we add that column to the first column, which now contains two nonzero elements whose
ged has a total value strictly smaller than the top left entry. Entering the (i, i’)-loop again at this stage
therefore yields a finite algorithm, resulting in a matrix with cleaned first row and column and top left
entry dividing all the others.

(iv). TIterating, i.e. applying (i-iii) to the respective remaining matrix to be diagonalized, we obtain a
diagonal matrix D = (d;;) = SAT, S € SL,(R), T € SL,(R) with diagonal entries dividing each other
consecutively, di; | dit1,i41-

Uniqueness of the elementary divisors follows by regarding A as a morphism from R* to R”. We
write the nonzero (di;)’s as (di;) = [[,)(p)*»*. Localizing at (p), the cokernel of A, is isomorphic

to (B, R/(p*»)) ® R*, k > 0. Both summands, and so in particular the rank k of the torsionfree sum-
mand, are independent of the chosen bases of R* and R”. Moreover, denoting the torsionfree summand
by T(;), we have for j > 1

dimp ) ' Ty /D Ty = #{i | api = 4},

so that the oy ;’s are determined, which in turn determine the elementary divisors (d;;).

Consider the proof in the particular case of A € SL,(R). Note that our construction uses only SLa(R)-
operations, embedded in various canonical ways into SL,(R). Since

(10) =09 63" 3G,
and since we have, for u € R*,
(1.0) = (L) 60 (1) 6)

so that we are free to choose ideal generators for (d;;) for i € [1, u—1], the implication (SLy(R) is generated
by elementary matrices = SL,(R) is generated by elementary matrices) follows. Its condition is met for
an euclidean domain, for we can use division with remainder to reduce the first row to (10) via column

operations. In particular, SL,(Z) is generated by elementary matrices.

A.2 Chinese Remainder Theorem, version SL
Let R be a Dedekind domain. By p,q we denote nonzero prime ideals of R.

Lemma A.2.1 (16) Let b be a nonzero ideal in R, let m > 1. Then the residue class morphism
SLin (R) — SLy(1/b)

18 surjective.

The problem is that we do not know whether SL,,(R/b) is generated by elementary matrices, i.e. by
matrices with main diagonal constant 1 and a single nonzero non main diagonal entry (cf. S A.1).

165, KONIG helped to simplify the proof.
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Note that for a direct product of commutative rings A and B we have SL,, (A x B) = SL,,,(A4) x SL,,(B),
so that the target of our morphism may be replaced by Hp SL,.(R/p®") by the Chinese Remainder

Theorem, where b =[], p?*, p running over a finite set.

Suppose given M € SL,,(R/b). Choose entrywise an inverse image of M € SL(R/p’) in GL,,(Ry)
and write it by the Elementary Divisor Theorem (A.1.1) as a product of elementary matrices, and one
extra factor in between being a main diagonal matrix D having as entries 1’s except for a unit of R, in
the lower right corner. Changing the inverse image without changing its image in SL,,(R/p®") we may
assume that these elementary matrices lie in SL,,,(R). Moreover, since det D =ps 1 we may assume D to
vanish. Furthermore, by the Chinese Remainder Theorem we may assume the non main diagonal entries
of the elementary matrices occurring in our product to vanish modulo g% for q # p. Hence the product
over p of our products of elementary matrices is in SL,,(R) and maps to M &€ SL,,(R/p?®) for all p, and
therefore to M € SL,,(R/b).

A.3 Some Ext-preliminaries

Let R— S be a flat morphism of commutative noetherian rings. Denote S(—) := S ®p —.
Let A be a R-algebra, finitely generated as an R-module. Let X and Y be finitely generated
A-modules.

Lemma A.3.1 Leti> 0. Ext',(X,Y) is a finitely generated R-module.

Since R is noetherian, we may resolve X with projective modules which are finitely generated as R-
modules.
Lemma A.3.2 Leti > 0. The natural transformation

) S(— )
Ext’y (X,Y) 2 Extls , (X, SY).

induces a natural isomorphism
SExt’y (X,Y) =+ Exth,(SX, SY).

Using flatness of R — S we pass to the level of projective resolutions. Now
SHoma (P, Y) — Homga (SP,SY)

is an isomorphism for P finitely generated projective, since the assertion is true for P = A and extends
by naturality and additivity to the required generality.

Corollary A.3.3 In case R is an integral domain with field of fractions K and KA is semisimple,
Exty (X,Y) is a finitely generated torsion module over R for i > 1.

A.4 The Steinitz-Chevalley Elementary Divisor The-
orem for Dedekind domains

For us, this generalization of (A.1.1) is mainly of importance because the structure of finitely
generated torsion modules over Dedekind domains ensues. We follow CHEVALLEY’s artistic
proof [C 36, App. II, Th. 1], for whose understanding [CR 62] was helpful. CHEVALLEY’S
assertion is more general than STEINITZ’, the latter treating only the case of M being finitely
generated free over R [St 12, §41]. For further historical comments cf. [C 36].

Let R be a Dedekind domain with field of fractions K. By p,q we denote nonzero prime
ideals of R. Writing the expression z/y € K it is understood that =,y € R and y # 0. Let M
be a finitely generated torsion free R-module, let N C M be a submodule.



186 Elementary divisors

The following basic facts on Dedekind domains will be used, cf. [S 68].
(A) A fractional ideal in K has a unique decomposition as a product of integral powers of prime ideals.

(B) R, is a discrete valuation ring.

Lemma A.4.1 Let X, Y be finitely generated R-modules.

(i) We have a natural isomorphism
(RX,Y))p = Ry(Xp, V)

(i) X =0 iff X, =0 for all p.

(iii) A sequence is exact iff it is exact at all p.
() X is projective iff X, is projective for all p.
(v) An ideal a C R is a projective R-module.

i). The reader might amuse himself in giving a direct proof, alternatively to (A.3.2).

ii). X, = 0 is equivalent to the annihilator of X being not contained in p.

iv). Use (A.3.2) or use (i) and (iii).

(
(
(iii). Regard the homology.
(
(v). ay is a principal ideal.

Definition A.4.2 The pure closure of N in M is defined to be

N = {m € M| there is a y € R\{0} such that ym € N}.
M/ N is torsionfree, whence the name.

Lemma A.4.3 M is isomorphic to a direct sum of ideals of R. In particular, M is projective.

Let m € M be a nonzero element. Let
U := {u € M| there is a x/y € K such that yu = zm}

be the pure closure of the submodule generated by m.

By uniqueness of x/y for a given u € U and conversely, U is isomorphic to the fractional ideal
u:= {x/y € K| there is a u € U such that yu = xm},

which is a fractional ideal via this isomorphism, M being noetherian. A fractional ideal, however, is
isomorphic to, say, the ideal obtained by multiplying with a common denominator of its generators.

By induction on the rank of M and in view of (A.4.1 v) it remains to be remarked that M /U is torsionfree.
Corollary A.4.4 The pure closure of a submodule of M is a direct summand of M.

Lemma A.4.5 (principal ideal approximation) Suppose given a nonzero ideal a C R. Fix a finite
set of nonzero prime ideals {p1,...,pr}. There is an element x € a with

Up, (I) = Up, (Cl)

fori e [1,k].
In particular, choosing two elements in this manner, the set of primes for the first being the set of prime

ideal divisors of a, the set of primes for the second being the set prime ideal divisors of a united with the
set of prime ideal divisors of the first element, we see that each ideal of R is generated by two elements.

We may assume the prime divisors of a to be contained in {py,...,px}. Regard the diagram
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Rja — R/p;}pl(a) X e X R/pzpk(a)
R/apl"'pk R/pil’wl(a)+1 <. XR/prk(a)Jrk
and choose elements z; € pfpi(a)\pfpi(a)ﬂ for i € [1,k].

NB in case a is not a principal ideal, x has to have valuations > 0 away from this set, as long as it includes
the prime divisors of a.

Lemma A.4.6 Suppose given nonzero ideals a,b C R. Let x € a be an element having the same
valuations as a at all prime ideal divisors of b (A.4.5). We obtain an isomorphism

R/b = a/ab

1 — =z

Localizing at a prime ideal not occurring in b, we obtain 0 — 0, localizing at a prime ideal p occurring
in b, we obtain the isomorphism, 7 € R denoting an element with v, (7) = 1,

Ry /(nvr(®)) =% (v (@) /(e (a)Fvp (b))

1 —> qoela Up,

up being a unit in R, so that the result follows from (A.4.1 iii).

Corollary A.4.7 Keep the notation from (A.4.6). We obtain

adb~ RS ab.

In particular, letting b = a=*(y) for some 0 # y € a, we see that each ideal of R is generated by two
elements.

The pushout (A.4.6)

ab —— «a T

is also a pullback. Its short exact diagonal sequence splits by projectivity of a (A.4.1 v).

Theorem A.4.8 (Steinitz-Chevalley Elementary Divisor Theorem)

(i) There is an isomorphism
M-"=>a1 B -Da,

which restricts to an isomorphism
N —>Dbia; ® - ®bya,

for suitable ideals a;,b; C R, such that b; D b,y fori e [l,a—1].
(i) The ideals b;, called the elementary divisors of the inclusion N C M, are independent of the
choice of the isomorphism.

We may restrict ourselves to the case N = M by (A.4.4, A.4.3).

(i). Choose 0 # r € R such that rM C N C M. Let f, := Anng(N/rM), let ¢ := rf 1. Since r € f,, ¢ is
an ideal in R.
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(In case given M and N as in the result, we obtain ¢ = b;.)

Note that
N CeM,

and that ¢ is contained in any ideal with this property (showing ¢ to be independent of r). In particular,
we have N ¢ qeM for any q.

Decompose

(r) = [T»>®
p

into prime ideals. For a prime ideal p occurring in r, we choose
np € N\peM.

By the Chinese Remainder Theorem, for p occurring in r we choose a v, € R such that for q occurring

in » we have valuations
0 for gq=p

Uq(vp) = { 1 for q#p
Since vyn, ¢ peM (invert v, in R/p) whereas vpn, € qN C qeM for q # p, we obtain

n = Z vpnp € N\ U pelM.

p occ. in r p occ. in r

(In case given M and N as in the result, we find such an element n e.g. as an element of bya; whose
valuations coincide with those of bya; at all prime ideals occurring in r.)

The R-submodules of K
n:= {z/ye K|zne€yN}
m = {z/ye K|zneyM}

are fractional ideals, since there are injections n == N; C N and m — M; C M by uniqueness of, say,
m in zn = ym for a given x/y € K. We claim that

me = n,

which then implies that
Mle = Nl.

m D ne~ ! follows by N C eM, for given xn = yem, x/y € K,n € N, m € M, e € ¢, and given u/v € K
with ue/v € R, we get (zu)n = yuem = (yv)(ue/v)m, hence (z/y)(u/v) € m.

Let ¢ := (me)~'n C R. Note that rM C N implies rm C n, so that
(r) Cnm™! = ce,
therefore a prime ideal factor p of ¢ occurs in r, if existent. But in this case we had, since
1 € n=mec C mep,

- 1= Z(l‘i/y)@z‘pu

where z;/y € K with z;n = ym; for some m; € M, e; € ¢, p; € p, that

yn = ineipin = y(z eipim;),

thus
n= Zeip,»mi € epM,

which we have excluded however.

Since M is the pure closure in M of the submodule generated by n, it has, by (A.4.4), a complement

M = M; ® M.
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We claim that
N:Nl@(NﬂMg).

For to show that N7 and N N Ms generate N, we regard an element my + mo € N, where m; € M7 and
mg € My. Now my 4+ mg € eM = eM; @ eM; implies m; € eM; = Ny (this equality being crucial), thus
also mg € N.

By induction on the rank of M we may assume given the decomposition

My —— ay®---Pa,
NNM;, —> boag®---@ b,ag,

the second isomorphism being the restriction of the first, with b; D b, for ¢ € [2,a—1]. Letting by :=¢
it remains to be shown in case a > 2 that ¢ D by. But N C eM implies boas C eas.
(ii). In view of (A.4.6) we may write the quotient M/N as
M/N =+ R/b; & ---® R/b,,
and compare to
M/N =~ R/bi @ - - @ R/bl,,

where b; D b;1; for i € [1,a — 1] and b D bj_; for i € [1,o’ — 1]. Appending trivial quotients, we may
assume o = . We have to prove v, (b;) = v,(b}) for all prime ideals p. However, these valuations are
determined by, m € R denoting an element with v,(7) = 1,

dimp, () [7'1(M/N)p /7 (M/N),] = #4 € [1,a] | vp(b;) > i}.
Corollary A.4.9 A finitely generated R-module X can be written as
X-~“+~R/b1® - ®R/b;Ba1 & B ay,

where b; and a; are ideals of R.

Apply (A.4.8) to the inclusion of a kernel of a surjection from a direct sum of copies of R to X and
consider (A.4.6).

Corollary A.4.10 A finitely generated R-module has a decomposition

X:Xo@@Xp
p

with Xo torsionfree, Anng X, = p', X, # 0 only for a finite number of p’s.
We call X, the p-part and @, Xq the p’-part of X.

f
Moreover, the p-parts X, of X are uniquely determined as submodules. A morphism X —=Y maps X,
into Y,. The torsionfree part Xo is determined up to isomorphism as the quotient of X by its torsion
part.

Existence of such a decomposition follows from (A.4.9) and the Chinese Remainder Theorem. Uniqueness
and preservation of the p-part by morphisms follow from the characterization

X, ={z € X | Anngz is a power of p}.

Corollary A.4.11 In case R is the ring of algebraic integers in a number field K, a finitely generated
R-module X with KX =0 is finite.

By (A.4.9) it suffices to show that R/b is finite for an ideal b C R, which follows by b NZ # 0 (consider
e.g. the constant term of a minimal polynomial over Z of an element in b).

Remark A.4.12

Let R be the ring of algebraic integers in a number field K, let S C R be a multiplicative
subset. Since ST'R/R is torsion, ST!R is not finitely generated over R as long as ST'R/R
is infinite (A.4.11). Hence in this case, ST!R is a fortiori not finitely generated. In par-
ticular, let € R\p be a nonunit with, say, vq(x) > 1. The difference of two elements of
{z71,272,...} C R, has a negative valuation at q, thus R,/R is infinite and therefore R,
is not finitely generated over R. A fortiori, K is not finitely generated over R. Since given
p there exists a nonunit in R\p, also R, is not finitely generated over R.
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Elementary divisors

Remark A.4.13 We justify the name Elementary Divisor Theorem for (A.4.8) by deducing
the Elementary Divisor Theorem for principal ideal domains from (A.4.8).

Let R be a principal ideal domain. Let A € R**¥ be a matrix over R. Let M = RY,
regarded as a row, let N C M be its submodule generated by the rows of A. By (A.4.8) we
obtain isomorphisms, the latter being a restriction of the former,

M <L R

N <= @ (b).

Denote by ¢; the standard basis of R”. Let
(e)f =) &ijes,
j=1
let Y, &im&mj = 0. There is a matrix n = (n;;) € R**# such that for m € [1,v]

I
> Mitaim = biim,

=1
whence

Y Niaim€mg = Y bibim€m; = bidij.
Lm m

We claim that  may be chosen to be invertible. 7 has to make the following diagram
commute, in which the downwards morphisms are split epimorphisms

RHM n RM
el

NN

bi& a
N.

. . . . N ©
Replacing the morphisms R* — N isomorphically by canonical projections NN’ — N
(i.g. by different substitution isomorphisms) we obtain as substituted condition on the hor-
izontal morphism that it be of the form

whence the claim.

Example A.4.14 Given an ideal a C R. We shall construct a matrix whose rows generate
a submodule of the free module on (10) and (01) having elementary divisors a and (y)a™!,
where y € a. Note that a='(y) C a. Let € a~!(y) such that vy(x) = vy(a~ly) for all

prime ideal divisors p of a (A.4.5). Choose s € a(y)~!, t € a such that

sr+t=1,

1
T

! —> R, which can be seen locally. Letting matrices act

existent by surjectivity of a® a(y)~
on the right,

t x
—s1
Ro(y) —a@a ' (y)
is inverted by (}9 _t””). Therefore the matrix

(bs)

~ysy
R®R—R&R

gives the required example.



Appendix B

Two tools

The lattice tensor product over an order is defined as the torsion free part of the tensor

product. Moreover, we introduce the Higman ideal, i.e. of the annihilator ideal of Ext'.

B.1 The lattice tensor product

Let R be a Dedekind domain with field of fractions K (to which we refer by ‘rational’). Let
A and A be orders over R, i.e. R-algebras which are finitely generated projective as modules
over R. By p,q we denote nonzero prime ideals of R. p denotes a prime element of R except
stated otherwise.

A A-lattice is a A-module which is finite projective over R. A A-A-bilattice over R is a
A ®p A°-lattice. We abbreviate K ®z — by K(—). A simple lattice is a lattice X such that
KX is a simple KA-module. A pure monomorphism of A-lattices has a torsionfree quotient,
a full monomorphism has a torsion quotient.

Example B.1.1 Let R=Z,let A={ax xy|x =2y} CZ xZ. Then
0#t:=(0x1)®(1x0)€(ZxZ)x4(Zx0),
whereas 2¢t = 0. For to see this, we regard the A-bilinear map

(ZxZ) x (Zx0) — Z/2
(axb) x (¢x0) — bc

which sends ¢ to 1.

Lemma B.1.2 The inclusion
A-lat — A-mod

has a left adjoint, denoted by (—) and called lattification. Which is compatible with the forgetful functors
from A to R.

Note that for X in A-mod there exists a short exact sequence

/ € ¥
0— X —X—+X—0,

split over R (A.4.10), with X’ torsion over R and X torsionfree over R. It follows that this sequence is

functorial, that X —“+ X is the unit and Y =—— Y, Y € A-lat, is the counit of the required adjunction.

Definition B.1.3 Let, for X a left A-lattice and Y a right A-lattice,

X®AY = (X XA Y)~

191
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be their lattice tensor product, or just tensor product as long as no confusion may arise. Accord-
ingly, its elements are generated by elements of the form

1Ry = (@ y)e.
It ensues that the lattice tensor product is an addititve functor in both variables.
Lemma B.1.4 Let X a left A-lattice and Y a right A-lattice. Let U be an R-lattice. The A-bilinear
maps
®
XxY—U,

i.e. ® being R-linear in both variables and ®(x)\,y) = ®(x, \y), are in bijection to the R-linear maps

’

~ @
X®p\Y —U,

where ® arises from ® via the restriction of the induced map on the ordinary tensor product.

Note that
RX @AY, U) = g(X®,Y,U)

via restriction (B.1.2).
Lemma B.1.5 Let X be a A-A-bilattice over R, let Y be a left A-lattice. XRAY is a left A-lattice via

- () -
X @2 Y X ®p Y
T ® oy — (A\z) ® y.

Lemma B.1.6 Let X be a right A-lattice, let Y be a A-A-bilattice over R, let Z be a left A-lattice. Then
there is an isomorphism

(X &2 Y) @a Z =+ X @5 (Y ®a 2)
(2 ® ¥y ® 2z — 2 © (y @ 2)
@&y &z ~— 28 (y & 2

over R.
By (B.1.4, B.1.5), the first map is well defined. Dito the second.

Lemma B.1.7 Let X be a A-A-bilattice over R. Then
X,—
A—la‘uA(H )A—lat
has a left adjoint
X®a—
A-lat — A-lat.

In particular, we see that X®@a— is right ezact.
For Y a left A-lattice and Z a left A-lattice we have the isomorphisms (B.1.2)

AY, AX,2)) = AX @AY, Z) =+ A(XRAY, Z).

Lemma B.1.8 Let X be a right A-lattice, let Y be a left A-lattice, let S C R be a multiplicative subset.
Then

STHUX &, V) =+ S7IX @g1p STV
(/s)(z @ y) — (z/s) © y
(1/(st)h(z © y) ~— (z/s) © (y/t).
Lemma B.1.9 Let X be a right A-lattice, let Y — Z be a injective morphism of left A-lattices. Then
XR\Y — X®@pZ

is injective. It preserves monomorphisms, pure epimorphisms and cokernels (taken in A-lat ).
We regard the commutative diagram with vertical and upper injections (B.1.8)
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KX ®gp KY KX ®@xa KZ
A
t l
K(X®,Y) K(X®\Z)
A
X®@pY X&nZ

Example B.1.10 (dangerous bend) In general, X@x— does not preserve short exact
sequences. In particular, it does not necessarily preserve pure monomorphisms.

Keep the notation of (B.1.1). The short exact sequence
0—2Zx0—A—>0xZ—0
is mapped under '@, — to
2Zx0—T—>0xZ—0.
Lemma B.1.11 Let X be a right A-sublattice of KA. Let Y be a left A-lattice. Let XY C KY be
additively generated by products of the form zy, x € X,y € Y. Then
X @Y = XY
T ® y — .

We have to show that the map is injective. Regard the diagram with vertical and upper injections

KX @xa KY KA®kga KY

X®AY XY

Lemma B.1.12 Let A C A be a full inclusion of R-orders, let X be a left A-lattice. Then
X — A~®AX
r — 1®x
is a full inclusion of R-lattices.
Tensoring with K over R we may factor this map rationally as
KopX "> K@pAoya X > KRr ARy X =K g (A2, X).

Remark B.1.13 Let A C T be a full inclusion of lattices, let e be an idempotent of T,
let X be a left lattice over A. Consider the R-linear submodule eX C I'X. We obtain an
isomorphism

eA ®)y X = eX

ea ® x — eax

e ® T — ex,

which is in well defined in the direction <— since ex = 0 implies 7™ (e®z) = 1@7"ex = 0,
m chosen large enough for 7™e € A.

B.2 The Higman ideal

Keep the assumptions from (S B.1).

Definition B.2.1 The Higman ideal of A, Higman(A) C R, is defined to be the annihilator in R of
the functor Ext} (—,=) from lattices over A to R-modules. In other words,

Higman(A) := {a € R | aExt{(X,Y) = 0 for all A-lattices X and Y'}.
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Remark B.2.2 A A-lattice X is projective iff X, is projective over A, for all prime divisors p of
Higman(A). Any A,-lattice is the localization at p of some A-lattice. In fact, choose a set of Ry-linear
generators of the Ay-lattice and consider its A-linear span inside, which is a lattice by (A.4.9, A.4.1 v).
Therefore, we obtain

Higman(A), = Higman(A,)

by (A.3.2), since, in general, for a finitely generated R-module M
(Anng M), = Anng, M,

(A.4.9).

Lemma B.2.3 Higman(A) contains a. In particular, the Higman ideal does not vanish.

We may assume R to be a discrete valuation ring with maximal ideal (7), a = (7®) (B.2.2). Suppose
given an extension

0 X—B-1oy .

of A-lattices.
We claim that it is annihilated by 7 as an element of Ext!, which can be expressed by saying that there

is a A-morphism Y >+ E with s f =m%, as can be seen by taking the pullback of this sequence along 7.
Writing shorthand A(—) for the tautological A@x— and I'(—) for T'®,— (B.1.3, cf. B.1.11), we obtain a
commutative diagram of A-lattices

Af

AE —— AY

re 2 . ry

Note that I'f is a pure and thus split epimorphism (B.1.9). Choose a splitting t(I'f) = 1. Regard I'Y as
a subset of KAY = KTY and consider the inclusions

AY CTY Cn *AY C KAY.

Let s be the restriction of ¢ to Y = AY. Since the inclusion AY C 7#~“AY is isomorphic to the homothety

Y S Y, the result follows.

Example B.2.4

(a) Let G be a finite group, let R = Z. Higman(ZG) = (|G|), where D follows e.g. by (1.1.1,
B.2.3) and C follows by considering the augmentation sequence, noting that for the trivial
lattice Z we have Homgzg(Z, ZG) ~ Z.

(b) Let R be a discrete valuation ring with maximal ideal (7).

(i) The Higman ideal of A := (fg) C (gg) =: I is zero since the simple lattices are
projective (6.1.12), although a = ().

(ii) Let a > 1. We claim that the Higman ideal of A := (Wga g) C (ﬁ% g) =: I equals (%),

whereas a = (72%). Since A is isomorphic to < R ’};), (B.2.3) yields (%) to be contained

s

in the Higman ideal. On the other hand, we have

e (4 (4)) = e

as can be taken from the first step of the projetive resolution




Appendix C

Krull-Schmidt

C.1 Historical remark

Remark C.1.1
The historical development of the Krull-Schmidt Theorem is roughly as follows.

G. FROBENIUS and L. STICKELBERGER published a result known today as the Main Theorem on Finite
Abelian Groups [J. Crelle 86, p. 217-262, espec. p. 236 II., p. 242 II., 1879].

R. REMAK extended this result on unique decompositions to direct product decompositions of finite, but
not necessarily abelian groups. Uniqueness here means that given G = [[, G; = [] j G;-, there exists an
a € Aut G such that a(G;) = G !

i a(g) is central. [J.
Crelle 139, p. 293-308, 1911].

for a suitable bijection o, and such that each g~

W. KRULL proved the result known today as the Krull-Schmidt Theorem for modules which are both
noetherian and artinian over an arbitrary ring, i.e. he showed the decomposition of such a module into
indecomposables to be unique up to permutation and isomorphic substitution [Math. Z. 23, p. 161-196,
1925].

O. ScHMIDT found the smallest common generalization of the theorems of REMAK and KRULL [Math.
Z. 29, p. 34-41, 1929].

H. FITTING simplified in SCHMIDT’s treatment a lemma via the introduction of what is known today as
Fitting’s Lemma [Math. Z. 39, p. 16-30, espec. p. 19, Hilfssatz 3, 1935].

G. AzuMAYA established the Krull-Schmidt Theorem in the following form: in case the endomorphism
rings of the indecomposable modules over a ring are local, (under some finiteness conditions) the de-
composition of a module into indecomposable direct summands exists uniquely up to permutation and
isomorphic substitution [J. Jap. Math. 29, p. 525-547, 1947].

Now we restrict our attention to the further development concerning general results on Krull-Schmidt for
lattices over orders.

Z. BOREVICH - D. FADDEEV, R. SwAN, I. REINER and G. AZUMAYA obtained independently the va-
lidity of the Krull-Schmidt theorem for lattices over an order over a complete discrete valuation ring [for
references cf. CR 62, Th. (76.26)]. This assertion results from the endomophism rings of the indecompos-
ables being local, which is the modular assertion lifted to the order via idempotents. J. M. MARANDA
contributed the necessary preparational assertions [Can. J. Math. 5, p. 344-355, 1953; Can. J. Math. 7,
p. 516-526, 1955].

A. HELLER proved that one can pull down KRULL-SCHMIDT from the complete to the noncomplete case
provided the R-order A becomes a direct product of matrix rings over K when tensored with the field of
fractions K of R (i.e. KA split semisimple) [Proc. Nat. Acad. Sci. 47, p. 1194-1197, 1961].

We give an account of HELLER’s variant (C.2.15) of KRULL’s achievement (C.2.14), following
[CR 62, §76] rather closely.
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C.2 Krull-Schmidt, sub split semisimple, local, non-
complete

Let R be a discrete valuation ring with maximal ideal (7), field of fractions K and valuation
v. Let A be a sub split semisimple R-order, i.e. assume a full inclusion of R-orders of the form
A C [, R™*™i to exist. Let Higman(A) =: (") (B.2.1). By X, Y we denote left A-lattices.

Let R = Jim R/7* denote the completion of R at m, the elements of which we denote as
matching tuples of representatives (r;), i € N, subject to r;; =i r; for j > 0. Let K be the
quotient field of R. Let X .= R®p X.

We deal with left modules, left noetherianity etc. without mentioning ‘left’.
Remark C.2.1 Let U be a finitely generated free R-module. We write an element of lim U/7® as a
matching tuple of representatives (u;). The induced morphism

U — lim U/r
(ri) @u — (r;u)

is an isomorphism.

By naturality and additivity, it suffices to see this for U = R.

fi
Remark C.2.2 Suppose given a sequence of R-linear morphisms (X —=Y );eN such that for i >0

(Az)fi =5 M@ fi)

for X € A and such that

fivi =xi fi
for 7 = 0. We obtain a A-morphism
x Loy

where the elements ofX and Y are denoted as matching tuples of representatives (c¢f. C.2.1). This is a
well defined R-linear map as the inverse limit of a family of maps.
A operates, say, on X via

(M) (i) = (Xiws),

so that f becomes A-linear by the assumption made above.

Lemma C.2.3 Letk > h-+1. Let
x oy

be a R-linear map with 7 dividing X(xf) — (Ax)f for each X € A and each x € X. There exists a
A-morphism ,

X—Y

such that f' = k- f.

We write Y X for the direct sum of X and Y as R-lattices, carrying the structure of a A-lattice given
by a certain extension of X by Y (to be constructed). Pulling back twice, we obtain, using WhEthl\ =0
on lattices,
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0
0 sy 09 yax (1) X 0
[
O
Y 0 Y
0 sy 09 yax (1) X 0
[
” !
(%)
. Y A
0 Y —/——— Y - Y/7F —— 0

We write left multiplication with A on X as Ax := A(—) on the right. Etc. The operation of A on XY
is described by a matrix of the form
(72)
5 Ax

since the horizontal maps are A-morphisms. The lower middle vertical map being a A-morphism means

that
k k
(3%) (%) = (%)
i.e. 67F + Axp = pAy. The upper middle vertical map being a A-morphism means that
10 Aoy 0 (Ay 0 10
(o) () = (o ) (54
i.e. Oy + "8 = Ax0, so that we obtain, denoting f’ := ¢ + 7#~"9,

Ax f = Ay

Ax<tp + ﬂk_ha) —(o+ 7Tk_h6>)\y
= —onk 4+ gh-hrhs
= 0.

Moreover,

ff=p+7"" "0 =on o =i f.

Lemma C.2.4 (MARANDA) Assume X /7"t and Y/7"+1 to be isomorphic as A-modules. Then X and
Y are isomorphic as A-lattices.

Let X — Y be an R-linear map giving the isomorphism modulo 7"*!. f satisfies the requirement of

(C.2.3) with k = h + 1 whence we can find a A-morphism X I Y such that

X X/m
r s
Y Y/m

commutes. A first application of Nakayama’s Lemma yields surjectivity of f’. Let C be a R-linear
complement to the kernel K of f’. A second application of Nakayama’s Lemma forces C' = X.

Lemma C.2.5 Let S be a commutative ring. The canonical morphism
SIX])/(X? - X)? — S[X]/(X* — X)
is a retraction in the category of S-algebras.

In other words, we claim that there exists an S-algebra endomorphism of S[X] which sends the ideal
(X? — X) to (X% — X)? and which induces the identity on S[X]/(X? — X).
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The following arguments use characteristic zero. However, the image polynomial of X exhibited this way
gives a coretraction in all characteristics - e.g. choose a surjective ring morphism S’ — S with S’ having
characteristic zero (use a large enough polynomial ring over Z) to pull the result down to S via S ®g —.

Note that (f(X)? — f(X))" = (2f(X) — 1)f’(X). We have to find a polynomial f(X) € S[X] such that

£(0)> = f(0) = 0
fA?—f(1) =0
(2f(0) =1)f(0) = 0
2r@) -1 =0
f(0)—0 =0
f(l) -1 =0,
i.e. we have to find a f(X) = X2g(X) such that
g(1) =1
Jg(1)+2 =0

For instance, take g(X) = —2X + 3, i.e. f(X)=3X? —2X3.

Lemma C.2.6 Let A be an R-order. Let e € A be such that e2 —e € w*A. Then there exists an €' € A
such that ¢’ — ¢’ € 1A and such that ¢/ =, e.

Using (C.2.5), we let f be a coretraction to
R[X]/(X? - X)* — R[X]/(X* - X),
and we set ¢/ := f(e). Then
F()? = F(e) = u(e)(e® — e)* € 7 A
for some u(X) € R[X], and furthermore

for some v(X) € R[X].

Corollary C.2.7 Let A be an R-order. A does not contain nontrivial idempotents iff A/m does not
contain nontrivial idempotents.

Lemma C.2.8 X is indecomposable iff X /7"t is indecomposable.

€
Assume X/7"*1 to be decomposable, i.e. assume given a nontrivial idempotent X /mh+1 —» X /rht1,

(C.2.3) endows us with an A-endomorphism X —“+ X such that ¢/ =, e. e modulo 7 remains nontrivial,
since summands do not vanish.
Hence we may apply (C.2.6) iteratedly to A = Ends X, starting with €/, to obtain a sequence of A-linear

’

€ . .
endomorphisms X — X with e} = ¢, ¢;4+; =, ¢; for j > 0 and such that eQQ =, €.

This yields a nontrivial idempotent endomorphism of X (C.2.2).

Lemma C.2.9 Let K'/K be a field extension. Each K'A-module M’ arises from a KA-module M via
scalar extension

K' @ M > M.
In other words, we may find a K'-basis of M’ for which the matrices of the A-operation have entries in
K.

Since A is sub split semisimple, the assertion is true for an indecomposable K’A-module. In fact, this
module is isomorphic to a column in a product of matrix rings over K’, arising from a product of matrix
rings over K by entrywise scalar extension.
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Proposition C.2.10 (HELLER’s Lemma, [H 61, 2.5]) Each A-lattice U allows an isomorphism X ~—~» U
for some A-lattice X.

By (C.2.9), we find a KA-module V such that K RpU ~ K @k V as KA-modules. Let {uy, ..., u,} be
a R-basis of U. Regard V as a K A-submodule of K ®p U. We choose a K-basis

E aijuj,
J

where A := (a;;) € K™ is an invertible matrix. We claim that the A-submodule
X =VnuU.

contains a R-basis which is a R-basis of U, thus proving the proposition. Choose B = (bi;) € K™*™ with
B =~ A7, where N is to be taken strictly larger than the negative of the minimal valuation of the
entries of A, so that BA =, A~'A = E. In particular, BA is contained in B"*" and is invertible there,
for its determinant is contained in 1 + 7R. The elements

€T = E bijajkuk
7.k

thus form a K-basis of V' and an R-basis of U. Since we can write each element of K uniquely as a
product of a unit in R and a power of m we have RN K = R. Therefore the coefficients of an element of
X with respect to the basis {x;} lie in R.

Lemma C.2.11 X is indecomposable iff X/7"+1 is indecomposable.

If X/x"*+1 is decomposable, so is X by (C.2.8). Writing
X=X186X,=(X1®Xa),

with X3, X5 nonzero, which is possible by Heller’s Lemma (C.2.10), we conclude by (C.2.4) from
X/ah = (X, @ Xo)/nh !

that there is a decomposition
X ~ X1 D X2

into nonzero A-lattices. NB we may not assert equality here, for e.g. there is no reason why the A-
submodules X7 and X5 of X should be contained in X.

Remark C.2.12 Substituting (C.2.7) for (C.2.8) in (C.2.11), we obtain that a sub split
semisimple R-order contains nontrivial idempotents iff this is the case modulo w. In other
words, primitive idempotents remain primitive modulo .

Remark C.2.13 We'd like to stress that the assertion of (C.2.11) merely involves A,
whereas its proof needs the actual completion A, which apparently cannot be substituted

by ‘A/7™, N large’, since Heller’s Lemma hinges on the fact that K is a field extension of
K.

(C.2.10) is the only place in which we needed the assumption on A to be sub split semisimple.

Problem. Assume a nontrivial idempotent endomorphism of X /7" to be known explicitely,
as an R-linear matrix, say. Construct a nontrivial idempotent endomorphism of X.

Lemma C.2.14 (Krull-Schmidt, artinian and noetherian) Let A be a noetherian and artinian ring.
Then the decomposition of a finitely generated A-module M into indecomposables is possible and unique
up to a permutation and isomorphic substitution of the summands.

Finitely generated A-modules are noetherian and artinian. Using this, we may apply the Circonference
Lemma to the composition f¥f* = f2* m large, to prove nilpotence of an endomorphism of an indecom-
posable module which is not an automorphism. Writing down a geometric series, we thus see that either
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for1l— fisan automorphism. Via composition, this also holds with an automorphism instead of 1. We
conclude that the nonautomorphisms are closed under addition.

The compositions M; — MJ' — M arising from decompositions P M; = M = P MJ’ into indecom-
posables sum up over j to 1, . Hence there is an automorphism amongst them, yielding, say, M; —~ M].
It remains to exhibit an automorphism of M which restricts to My =~ M] (17). Consider

l—pl1

0 = (M — M <= M, —» M —2* M),
1-9
where p} denotes the projection to M. M — M restricts to M; = M]. Moreover, 1 = (1 —9)(1+49).

Theorem C.2.15 (Krull-Schmidt, noncomplete) The decomposition of a A-lattice into indecompos-
ables is possible and unique, up to a permutation and isomorphic substitution of the summands.

Two decompositions into indecomposables remain decompositions into indecomposables modulo 7"+!
(C.2.11), hence the summands modulo 7"*! are pairwise isomorphic after a permutation (C.2.14), hence
the summands themselves are pairwise isomorphic after a permutation (C.2.4).

Proposition C.2.16 (Krull-Schmidt, complete) Let A be an R-order (not necessarily sub split semisim-
ple). The decomposition of a A-lattice into indecomposables is possible and unique, up to a permutation
and isomorphic substitution of the summands.

Two decompositions into indecomposables remain decompositions into indecomposables modulo 7/*!
(C.2.8), hence the summands modulo 7"*! are pairwise isomorphic after a permutation (C.2.14), hence
the summands are pairwise isomorphic after a permutation (C.2.4).

C.3 Counterexamples

Out of interest, we also give an account of two well known examples which show the limi-
tations of Krull-Schmidt. We specialize [CR 81, 36.3] to a single counterexample to Krull-
Schmidt in case K is not a splitting field for the finite group G. Such a counterexample has
been found, but has not been written down in detail, by BERMAN and GUDIKOV [Integral
Representations of Finite Groups, Sov. Math. Dokl. 3, p. 1172-1174, 1962]. Moreover, we
recall ROGGENKAMP’s counterexample to Krull-Schmidt for projectives over orders over a
local ring [Rog 70, VI].

Example C.3.1 Let G :=C7 x Cy = (a|a” =1) x (b| b* = 1), let R := Z5). Krull-Schmidt fails for
RG-lattices.
Denote by ( a seventh primitive root of unity in C.
(2) € R[¢] decomposes according to the seventh cyclotomic polynomial in Fo[X], viz.
Pr(X) =X+ X+ X+ XP 4+ X2+ X+ 1= (XP+ X+ )(XP+ X2 +1),
where the factors are coprime by
XX+ X+D)+(X+D)(XP+X2+1) =51,
which gives a decomposition of the zero ideal in
Fy[X]/®7(X) = Fo[X]/(X? + X +1) x Fo[X]/(X® + X? +1) ~ Fg x Fyg

into the prime ideals
0= ((X+1)(X3+X24+1))- (X(X3+X+1))
= (X*+X2+X+1) (X*+ X2+ X).

1"The following device is taken from [Be 91, 1.4.3].
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Taking inverse images, (2) decomposes in R[(] into the prime ideals

2)=(2, "+ +C+D) (2, P+ P+ Q).

Note that st = —2, hence even

We obtain a ring morphism

R(C7 x C2) — R[{JIX]/(X?—1) =~ R[(] x R[]

¢
b — X — (1,-1),
the image of which is described by
A= {(z,y) € R[¢] x R[(] | = =2) y}-
We are reduced to find a counterexample to Krull-Schmidt for A-lattices. Consider the A-lattices

M = {(z,y) € R[¢] x R[{] | x =5 y}
N := {(z,y) € R[{] x R[(] | x =) y}
X = {(x,0) € R[(] x R[(]}

Since R[¢] (but not R[(], cf. C.2.7) is an integral domain, we see via idempotents that M, N and X are
indecomposable. Let

X 2 M
(1,0) — (s,0)
X — N
(1,0) — (¢,0)
M - X
(z,y) — (2,0)

N
(z,y) — (2,0)

denote some A-morphisms and observe that (o 7) (fw) =1, so that X is a direct summand of M & N.

Example C.3.2 Maintain the notation of (C.3.1). Let

w1559

map to a sum of A-lattices as follows,

L[] [

1 1
b= s @ t ] ’
surjectively (direct calculation, using s — ¢ = 1, st = —2), hence injectively. An arbitrary A-linear map
{R[C] } . {R[d }
R(] (s) |’

is a scalar multiplication, since it is a scalar multiplication when tensored with Q. In particular, it
cannot be surjective. Dito for t instead of s. So A has two essentially different decompositions into
indecomposable projectives.
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Appendix D

p-orders

We collect a few basic facts on the genus question for orders as far as necessary in order
to make precise the meaning of the ‘absence of genus phenomena’ in the naive localizations
(D.2.10) of ZS,, for n < 6.

The attentive reader will surely recognize that we have chosen our assumptions in this
appendix in such a manner that no serious difficulties can arise. Moreover, we adhocisize
several statements, not because we do not appreciate the more general framework of maximal
orders, Whitehead groups etc., but because already as it is, this appendix is longer than
expected to be. Basically, we follow [CR 62, 81] and [Rog 70]. In (D.5.11) we give a criterion
for certain R-orders to be homogenus. Besides this, we do not claim originality.

All conventions we make in this appendix (A D) remain valid from the place we state them
on to the end of (A D), in particular, they are valid in the following sections. Exceptions

are explicitely stated. A list of conventions can be found at the end of (A D).

D.1 Homogenus rings

By a module over a ring we understand a left module, except stated otherwise. Finite pro-
jective stands for finitely generated projective module. A-proj denotes the category of finite
projectives over A. Indecomposable projective stands for finitely generated indecomposable
projective module. ip(A) denotes the set of isomorphism classes of indecomposable projec-
tives over A. We say that Krull-Schmidt holds in A-proj if the decomposition of P € A-proj
into indecomposable projectives is unique up to permutation of the summands and up to
isomorphism. The unit group of a ring A is denoted by A*.

Definition D.1.1 Let A be a ring.

The indecomposable projectives P and Q over A are said to lie in the same genus’ if P* ~ QF for
some k > 1. Cf. (D.2.13, D.2.21) below.

The ring A is called homogenus (‘of homogeneous genus’) if there exists an orthogonal decomposition
into primitive idempotents
S
1= Z €;
i=1

such that Ae; and Ae; are in the same genus' iff they are isomorphic.

A Morita reduction of a ring A is the endomorphism ring B of the direct sum of a set of representatives
for the genus'-classes of the set of indecomposable projectives occurring in a decomposition of A into
indecomposable projectives.

203
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In case A is homogenus, we can reconstruct it from B, a decomposition of B into indecomposable projec-
tives and the Morita multiplicities, i.e. the cardinalities of the genus' classes of the given decomposition

of A.

NB it may well happen that A is homogenus although there exists a decomposition that does not fulfill
the requirements (cf. D.1.4, D.5.6).

Remark D.1.2 We shall see that for an R-order A fully embedded into a product of matrix rings over
some Dedekind domain R, the notions of genus’ and of genus coincide (D.2.21), the latter being defined
in (D.2.13).

Example D.1.3 (the main example) We verify in (C 2) by direct calculation that there exists an
embedding into a direct product of integral matrix rings with respect to which the naive localization
(ZS,)[p) is homogenus for n < 6 and for p a prime divisor of n!. (The naive localization (—)p, with
respect to such an embedding will be defined in (D.2.10)). Moreover, for n = p prime, ZS,, allows such
an embedding with respect to which (ZS,);,) is homogenus (4.2.8). I do not know whether this is true in
general.

[p]

Example D.1.4 (the typical one) We refer to a result further down to verify the assertion made in
this example.

Let

g Z3><3 X Z3X3.

A is not homogenus, but B is, as we shall see in (D.5.11); cf. (D.6.1, D.5.13, D.5.14). But localized at 5,
A becomes homogenus, too, see (D.1.6, C.2.15).

Though small, this is a quite typical example and might be kept in mind throughout (cf. D.2.11). A and
B are 5-orders in the sense of (D.2.8).

Remark D.1.5 The annihilator ideals of indecomposable projectives in the same genus coincide.
Remark D.1.6 If Krull-Schmidt holds in A-proj, A is homogenus.

Lemma D.1.7 Let A be a ring. If 1 € A has an orthogonal decomposition 1 = Y, e; into primitive
idempotents such that e;Ae; is local - i.e. the nonunits form an ideal -, then Krull-Schmidt holds in
A-proj.

By BENSON’s device (proof of C.2.14), the decomposition of a sum of projectives of the form Ae; into
indecomposable projectives is unique up to permutation and isomorphism. A finite projective over A is
a summand of A™, thus a sum of certain Ae;’s. Hence this uniqueness also applies to a decomposition of
this finite projective into indecomposable projectives.

D.2 Naive Localization

Let R be a Dedekind domain with field of fractions K (to which we refer by ‘rational’) such
that R/p is finite as a set for each nonzero prime ideal p C R. By p,q we denote nonzero
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prime ideals of R. Assume K to have finite class number, i.e. assume the set of isomorphism
classes of ideals in R to be finite.

An R-order is an R-algebra which is finite projective as an R-module. Let A be a full (i.e.
rationally equal) R-suborder of a direct product of matrix rings over R, A C I' := [[, R"™*"™
being strictly included. We fix this embedding throughout. Such an order A we call sub
split semisimple over R. I'/A is a torsion R-module with annihilator a in R.

We abbreviate K @z — by K(—). A lattice over A is a A-module that is finite projective
over R. A simple A-lattice is a A-lattice X with KX being a simple KA-module. A pure
monomorphism of A-lattices has a torsionfree quotient, a full monomorphism has a torsion
quotient, a pure epimorphism is surjective.

Remark D.2.1 Since KA is a product of matrix rings, Krull-Schmidt holds for A,-lattices (C.2.15). So
in particular Krull-Schmidt holds for A,-proj, whence A, is homogenus (D.1.6).

Lemma D.2.2 Any K-algebra automorphism of K™*™ m > 1, is inner.

By Morita equivalence K™*™ has only one simple module so that, given such an automorphism «, K™
and the twisted module K™ are isomorphic via an invertible matrix A, giving back « via conjugation.

Lemma D.2.3 Any full embedding of R-orders A Cs T that sends the rational central primitive idem-
potents of A to the same central primitive idempotents of I' as our chosen inclusion A C—~ T' can be
substituted isomorphically by an inclusion A C—~ A" C KT, where A € T is an invertible element of
KT, and where (A C— 4T C KT)= (A C~ KA = KT) is canonically embedded.

More precisely, there is a commutative diagram

A —L A - T.

The condition on % to respect the rational matrix ring factors is merely a question of numbering the
factors in the target of ¢ appropriately.

-1

K(iA %» A) is a K-algebra automorphism of KT, which is inner by (D.2.2).

Lemma D.2.4 Let Y C X be a full inclusion of simple lattices such that Y is not contained in bX for
any nontrivial ideal b C R. Then a*X C Y, i.e. a® annihilates X/Y .

We may assume R to be a discrete valuation ring with maximal ideal (), a = (7*), since an R-module
M vanishes iff M, = 0 for all p. By simplicity of X we may assume I' = R™*™. We claim that
72 (X/Y) =0.

We embed X into a column L of ' in such a way that X is not contained in 7L, which is possible since
KX ~ KL. By the Elementary Divisor Theorem (A.1.1) we may assume after a choice of bases that
there exists a main diagonal matrix D € T" with main diagonal (7%,...,7°"), s; = 0, such that X = DL.
Since X is a lattice over A, we obtain

A C {fue K™ | uX C X}

= {ue K™ |uDL C DL}
{ue Km™m | 4P e T}
Dl_‘?

whence the diagram in which the C;’s are the respective cokernels (cf. 1.1.6)
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n r

—

Cs

Cy and C5 are both isomorphic to €
7Ti03 = O7 thus 7T2iC4 =0.

i<; /7% 7% as modules over R. 7Cy = 0 implies 7°C; = 0 and

Note that X is a column of PI'. Thus, replacing I by PI', we may assume X = L to be a simple I'-lattice
at the cost of merely disposing of 72 (I'/A) = 0.

We have I'Y = X, since the I'-sublattices of X are given by 7/ X’s and since by assumption Y is not
contained in wX. Therefore, _ _
X =7¥TY CAY =Y.

Example D.2.5 Let R be a discrete valuation ring with maximal ideal (7). For A =
(BR)C(ER)=TandY = (;2) C (®) = X the annihilator of X/Y equals the square of
a.

Corollary D.2.6 The number of isomorphism classes of simple lattices over A is finite.

We claim that the set of isomorphism classes of simple A-lattices rationally isomorphic to the simple
A-lattice X is finite.

The number of nonisomorphic lattices of type bX, b C K a fractional ideal, is finite since the class
number of K is assumed to be finite and since b = b’ over R is given by multiplication with an element
of K, and thus yields bX = b'X over A.

Let Y be a A-lattice rationally isomorphic to X. We include ¥ C X and choose v € K such that
YCXCovY CKY =KX (A4.5). Let ¢ := {u € K | uY C X}, being a fractional ideal since ¢ C Ruv.
Now, if Y C bc X for some ideal b C R, then b~ C R, whence b = R. By (D.2.4), we obtain that
Y/a?¢ 1 X is a submodule of ¢ ' X /a%¢71 X, which is finite as a set (A.4.9).

Corollary D.2.7 (JORDAN-ZASSENHAUS in our particular situation) The number of isomorphism
classes of A-lattices X rationally isomorphic to a given KA-module U is finite. I.e. K(—) has finite fibers
on the isomorphism classes.

We use induction on the number of simple indecomposable direct summands of U, starting with (D.2.6)
in case U itself is simple. Otherwise, decompose U = V @& W nontrivially. By induction, there are only
finitely many lattices rationally isomorphic to V resp. to W. Intersecting the given A-lattice with V
and projecting it to W, it remains to be shown that there are only finitely many isomorphism classes of
extensions X of given full sublattices Y C V and Z C W. However, there are even only finitely many
elements in Ext}(Z,Y) (A.3.3, A.4.9).
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Definition D.2.8 A is called a p-order if a = p* for some i > 1.
Consequently, the Higman ideal of a p-order is a power of p (B.2.3).
Note that by convention, I' itself is not a p-order.

By comparison of A C T and A C A" (cf. D.2.3) via I' N AT just as in (D.2.4), the g-part of I'/A has
a cardinality independent of the chosen embedding A C— T, so that the property of being a p-order is
independent from this choice.

Remark D.2.9 If A is a p-order, a A-lattice X is projective iff X, is projective over A, (B.2.2).

Definition D.2.10 Let p C R be a nonzero prime ideal. Let C' be the cokernel of the inclusion of R-
modules A C T, and let Cy be its the p-part (A.4.10). Let the naive localization Ay, be defined as the
kernel of the composition of the canonical map I' — C with the projection C — C,, i.e.

/A[p]\«
A r -c¢
\ |
Cyp.
App) is an R-order. By construction, we have
A= () Ay CT.

pCR

NB A, depends on the chosen embedding A C— T, a dependence which we shall not denote by
abuse of notation (¢f. D.2.11).

In case p = (p) is a principal prime ideal, we also denote

App) == Ay

We have to show that A, is closed under multiplication in I'. Let C = C,, & Cy be the decomposition

of C into its p and its p’-part (A.4.10), let (' — C) =: (T ) Cp @ Cyr). Suppose given z,y € Apy, i.e.

suppose that xf = yf = 0. There exists an s € R\p such that sCp = 0 (A.4.5). Thus (saf szg) =0, i.e.
st € A, as well as (syfsyg) = 0, i.e. sy € A. Hence s?zy is contained in A, in particular (s?zy)f = 0,
whence (zy)f =0, i.e. zy € Ap).

Alternatively, we may describe Af, as the pullback - as abelian groups as well as as rings - of A, —> Ty,
and I' — T',, which also shows A, to be closed under multiplication in T'.

Note that Ap == (Ag)p.

Morally, A, arises from A by dropping the p’-ties without changing the ground ring R, since of the
cokernel C' we think as a list of ties, grouped in sublists Cy of g-ties.

Example D.2.11 (dangerous bend) It may happen that with respect to the embedding
A C T, the naive localization of A at p is homogenus, whereas with respect to an em-
bedding A C—~ AT for some A € (KT)*, it is not homogenus. In particular, these naive
localizations are monisomorphic.

We refer to a result further down to verify the assertion made in this exzample.

We may as well regard the isomorphic substitution A4 — T of A — “T. Let

A {(zg) «(55) ‘ (28) =5 (£4). b= 0} C 2w Z T,
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let
A=(57) < (a7)
We obtain
wo = {(22) < (28) | (22) = (20)
= {20 ()| (2 = (20}

A5 is homogenus, whereas by (D.5.11), Afé] is not.

Lemma D.2.12 Retaining the notation of (D.2.10) we obtain

Higman(A), N R = Higman(A,) N R = Higman(Ap,)).

Cf. (B.2.2).

For Apy-lattices X and Y, we use the formula
(Exth (X,Y)), == Exth (X, ;)

which ensues from Ap = (Aj)p (A.3.2). Since any Ap-lattice arises from a Afyj-lattice via localization
at p, the element s € R lies in Higman(A,) iff it annihilates the p-part of Ext}\[v] (X,Y) for all Apy-lattices
X and Y.

A power of p annihilates Exty (X,Y) by (B.2.3).

Alternatively, let g # p be a nonzero prime ideal in R. We use (A.3.2) to obtain

Exty, (X,Y)q = Extiy, ), (Xq, Yg)
Extr (X, Yq)
= 0.

Definition D.2.13 The A-lattices X and Y are said to lie in the same genus, written X VY, if X,
and Y, are isomorphic for all nonzero prime ideals p of R.

By Krull-Schmidt locally (C.2.15), two projective indecomposable lattices over A that lie in the same
genus’ lie in the same genus. For the converse, see (D.2.21).

Lemma D.2.14 The A-lattices X and Y lie in the same genus iff X, and Y, are isomorphic for all
prime divisors p of a.

In particular, in case A is a p-order, X and Y lie in the same genus iff X, ~Y,.

A rational isomorphism ensues which gives the remaining required local isomorphisms by counting com-
ponents, since for ¢ + a = R we have Ay = I'q, the lattices of which being direct sums of its columns.

Lemma D.2.15 (globalization of morphism families) Let S be a finite set of nonzero prime ideals
of R. Suppose given lattices X and Y over A together with morphisms

P
X, L+ v,
of Ay-lattices for p € S. Then there is a A-morphism

x-Ly

such that f, =, f* forallp € S.
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p
Using (A(X,Y))p = a,(Xp,Yp) (A.3.2), we choose a A-morphism X ~+Y for each p € S such that
(uP)p =p fP. This is possible for our Hom-module as well as for any R-module M, since given m/s € M,,
the condition n — (m/s) = (ns — m)/s € pM, reads ns =, m, solvable by invertibility of s in R/p.

We apply the Chinese Remainder Theorem to obtain elements a® € R for ¢ € S with a% =, 0, 4 for

p,q €S, and let
f= Z aul.
qes

Then
fo = qusaq(uq)p
=p qusap,q(uq)p
= (uP)y

=, fP.

Corollary D.2.16 Retain the notation of (D.2.15). If some f¥ is an epimorphism, so is f, by Nakayama’s
Lemma (cf. E.1.5).

Thus, if some f? is an isomorphism, so is fy.

Suppose some [P is a split epimorphism with coretraction g° f? = 1. Globalization of g* to g with respect
to S = {p} yields gpf, =p 1. Hence g, f, is an automorphism by Nakayama’s Lemma, so that f, is a
split epimorphism.

NB in case of S being, say, the set of prime divisors of a, for X and Y nonisomorphic but in the same
genus, a globalization f of the corresponding local isomorphisms at p € S must not be an epimorphism,
?lthm‘lggh it is an isomorphism (‘semi’)localized at (,cg(22\p), since the cokernel of f has torsion away
rom S.

Moreover, for R semilocal we see that X VY implies X ~ Y.

Lemma D.2.17 (ROITER) For X and Y lattices over A lying in the same genus, there exists a short
exact sequence
0—X—Y —T—0,

where T is a torsion module with annihilator coprime to Higman(A), decomposing into a direct sum of
simple A-modules with different annihilators in R. The finite set of primes p for which T, # 0 can be
chosen away from any given finite set of primes S.

Let R(X) be a set of representatives of isomorphism classes of lattices rationally isomorphic to X, so
that in particular X,Y € R(X). The set R(X) is finite by Jordan-Zassenhaus (D.2.7). For U,V € R(X),
let Spec(U, V) C SpecR be the (possibly empty) set of primes p for which an exact sequence

0—U—V—T—0

exists such that T is a simple torsion A-module with annihilator p. Let S’ be the union over U,V € R(X)
of those sets Spec(U, V') which are finite, joined moreover with the set of prime divisors of Higman(A) and
with S. Note that S’ is a finite set. Globalizing local isomorphisms at primes in S’ (D.2.15), we obtain
an embedding of X into Y with annihilator in R of the cokernel away from S’. We filter this embedding

X=X,CX; 1C---CX1CXy=Y

with simple quotients X;/X; 1, having annihilator away from S’. By construction, Spec(X;t1,X;) is
infinite. Replacing embeddings, we may assume the annihilators of the quotients to be coprime. However,
the p-part decomposition of Y/ X (A.4.10) is respected by the operation of A, whence the quotient fulfills
our requirements.

Lemma D.2.18 Suppose given a full embedding X C Y of A-lattices such that the annihilator of the

quotient T := X/Y is coprime to Higman(A). Let V be a A-lattice, let V—f>T be a morphism of
A-modules.
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Then the pullback short exact sequence of

0—X—Y —T—0

f
along V. —— T vanishes in Ext'.

By (A.4.5), there is an element h € Higman(A) that is not contained in a prime ideal factor of the
annihilator of T, thus it annihilates Extl(V, X) and its multiplication on T is invertible. The factorization

h -1
vy v ey L

can be used to pull back the short exact sequence (X,Y,T) stepwise and to show that the result is zero.

Lemma D.2.19 Suppose given A-lattices X and Y lying in the same genus, X VY, and suppose given
a A-lattice V' whose set of rational simple components contains that of X. Then there exists a A-lattice
U in the same genus as V such that

YeU~XpV.

By (D.2.17), we may choose an exact sequence
0—X—Y—T—0

in which the annihilator of T is coprime to a, thus in particular coprime to Higman(A) (B.2.3), and
where T}, is zero or a simple torsion module over A,. If it is simple, since for such a prime ideal p we
have A/p =T'/p, T}, is a isomorphic to a column in I'/p and V/p is isomorphic to a direct sum of such
columns, by assumption containing an isomorphic copy of T}, as a summand. Collecting the resulting
epimorphisms V' — T}, furnishes a short exact sequence

0—U—V—T—0

whose right exactness we see locally. (D.2.14) yields U V V. Two applications of (D.2.18) yield the
assertion.

Remark D.2.20 For A= R, X = R, Y = b C R a nonzero ideal of R and V = R we
recover the fact that b is generated by two elements.

Lemma D.2.21 The A-lattices X and Y lie in the same genus iff there exists an integer s > 1 such that
X® ~Y?*. In particular, indecomposable projectives over A are in the same genus iff they are in the same

genus' (cf. D.1.1).
Krull-Schmidt locally (C.2.15) allows to conclude that X*® ~ Y® for an integer s > 1 implies X VY.
Conversely, by (D.2.19) we see that for each k > 1 there is a A-lattice Z; V X such that

X~ vk g Z,.

Choose i + 1 < j such that Z; ~ Zy; =: Z, which is possible by Jordan-Zassenhaus (D.2.7). In fact,
assuming the contrary, we let ¢ run over a finite interval comprising all occurring isomorphism classes,
and come thus to a contradiction for j sufficiently large. We conclude that

Y¥gZ
Y¥igYianZ
Y2j—i EB XH_l.

X2j—t ey X+l

1R R

Adding X?7=2~1 we obtain that there is a k > 1 such that
X%~ yh g xR,
Replacing X by Y* and Y by X* the argument just given yields an I > 1 such that

Y2kl ~ Xk‘l oy Ykl ~ X2kl.
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D.3 Jacobinski’s Cancellation Theorem

We give an account of the proof of Jacobinski’s Cancellation Theorem in our particular case
of a sub split semisimple R-order A, following, according to [Rog 70], an unpublished proof
of SWAN.

As a precursor, we mention the following result.

Proposition D.3.1 (I. SCHUR, [Sch 12, §3, II]) Let a and b be nonzero ideals in R and
letm>21. IfR"@®a~R" &b, then a~b.

In view of (A.4.9) this assertion in fact is a precursor of (D.3.6).

Let X C R™ be a full R-sublattice. We write the elements of R™ as rows. Define its
determinant ideal to be

det(X - Rm) = (det(ﬁij)ij | (E’LJ)J € X C R" for all Z) C R.
Using suitable main diagonal matrices, we see that
det(R™ '®a C R™) =a.

We claim that the determinant ideal transforms composition into the product of ideals, i.e.
that
—)A
det(X € R™ (2% ™) = det(X € R™)(det A)

for A € R™*™ det A # 0.
The inclusion C follows from (1;;); € X A for all i implying det((n;;);;A~1) € det(X C R™

).
The inclusion D follows from (;;); € X for all ¢ implying det((&;;)i;4) € det(X C
A
o 4
We tensor the isomorphism R™ 1 @ a Tf> R™ 1 @b with K ®p —. Restricting the resulting

K
map K™ TJ: K™ to R™, and restricting also its image to x !R™, € R\0, we obtain a

’

map R™ L 27! R™ which restricts to f and which yields

a(det f/) = det(R™'@a C R™ v z-1RM)
det(R" a1 ™1 @b C 2~ R™)
— det(R™ @b C R™ C 2-1R™)
d
b

et(R™~1db C R™)(2™)

Lemma D.3.2 (EICHLER, SWAN, in our particular situation) Suppose given a simple A-module U
with annihilator p in R coprime to a, a nonzero ideal b of R coprime to p, a lattice X over A and two
epimorphisms

x Lovu

x % U
Then there exists an automorphism X Tu> X such that u =y 1x, and which restricts to an isomorphism
on the kernels Ky % K,. NB we do not require ug = f.

We remark that neither this lemma nor (D.3.6) hold for a general R-order, semisimple when tensored
with K, but only under the extra assumption of the so called Eichler condition which we won’t explain
here. The proof in the general situation is much harder.

We shall not need the assertion u =, 1 except in a reduction step of the proof itself.

We reduce to the case A = T' (which we do not exclude for our present purpose). So suppose the assertion
to hold for I' and apply it in the situation of the simple I'-module U - note that A, =I'y -, the I-lattice
I'X =T®,X (B.1.3), the ideal ab coprime to p and the epimorphisms

rx . v

rx 2. v
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obtained by lifting f and g, using X, = (I'X), and the factorization (X —U) = (X — X, —U).

We obtain an automorphism I'X %» I'’X such that the restriction of u’ to the kernels of f’ resp. of ¢’
induces an isomorphism and such that v’ =4, 1. This implies that given x € X, we have zu’ — z €
abI’X C bX. Taking for X —+ X the restriction of u to X , this shows its well definedness as well as
u =p 1. Moreover, u/~! =44 1 restricts to an inverse of u. The kernel of f is the intersection of X with
the kernel of f’ by the Circonference Lemma applied to (X,T'X,U). Dito for g. Thus, via pullback, u

induces an isomorphism on the kernels.

Furthermore, we reduce to the case A = R. The validity of our assertion is invariant under Morita
equivalences F' which are compatible with R-module structure in the sense that for r € R we have

h Fh
F(M SN )=FM ZLFN , for the annihilator of a module remains invariant under F, by regarding
r - 1y, and for congruences of morphisms modulo ¢ C R are preserved, since we may write ¢cM as

Y ece Im (M M ) which gives F'cM = ¢FM. Thus we are reduced to the case of A being a direct
product of copies of R. Now since U is a simple module over one of the factors of A and since the category
A-mod splits accordingly into a direct product of copies of R-mod, we are reduced to the case of A = R.

Let U = R/p and let X = @], ¢;, the ¢;’s being nonzero ideals in R (A.4.9).

Case m = 1. This is the case in which we cannot achieve ug = f in general. Note that ¢;/c1p ~ R/p,
whence g(c1, R/p) ~ R/p so that we may choose u = 1.

Case m > 2. We achieve ug = f in the following manner. Suppose the epimorphism f resp. g to be
given by nonzero matrices F resp. G with entries in R/p written as m X 1-columns. There is an element
U € SL,(R/p) such that UG = F - let (F %) € SL,,,(R/p) have F' as first column, let (G *) € SL,,(R/p)
and choose U = (F *)(G %)=t € SL,,(R/p).

We modify the argument of (A.2.1). Note that g(ci,c;) = ¢;'c; € K. Choose entrywise an inverse
image of U € SL,,,(R/p) in Aut X, ~ GL,,(R,), which, by the Elemtary Divisor Theorem (A.1.1) may
be assumed to be a product of elementary matrices after replacement of the remaining diagonal matrix
factor by the identity without changing its image in SL,,(R/p). Modifying the non main diagonal entries
of these elementary matrices without changing their image in SL,,(R/p), we may assume that our inverse
image lies in Aut X C (¢; *¢;);j € K™*™ and that it maps, reducing modulo b, to the identity of X/bX.
In fact, letting § := ¢; 1cj, there is an epimorphism

f—§/pf x §/bf >~ R/p x §/bf.

Lemma D.3.3 (Bass) Let A be a ring such that A/rad A is finite as a set. Let m > 3. GL,,(A) is
defined to be the automorphism group of A™ as a left A-module, which can be written in matrices, A™
viewed as a Tow. Suppose given a surjective group morphism

QL (4) 1+ 1,

M being an abelian group. Then the restriction of f to GL1(A), sitting in the top left corner of GL,,(A),
the rest of the main diagonal being of constant value 1, is surjective.

In other words, we have to show that each element of GL,,(A) can be represented by an element of
GL;(A) modulo the commutator subgroup [GL,,(A4), GL,,(A)]. Note that the assumption on A yields
A/rad A to be a product of matrix rings over finite fields.

We claim that each elementary matrix £ + xF;;, having non main diagonal entry = € A at position ¢,
i # 7, is in [GL;,(A), GL,,(A)]. In fact, choose k # i, k # j, which is possible since m > 3. We calculate

(B — Eq)(E — xEy;)(E + Ey.)(E +2Ey;) = (E— Eiy, —aEyj +2E;;)(E + Eiy)(E + vEy;)
= (E — IEEkj + SCEU)(E + IEkj)

Therefore it suffices to show that each element of GL,,(A) can be represented by an element of GL;(A)
modulo the normal subgroup generated by the elementary matrices.

Suppose given (a;;)i; € GLm(A). We claim that we may diagonalize by multiplication with elementary
matrices from both sides to obtain a main diagonal matrix with units on the diagonal, reminiscent of
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the Elementary Divisor Theorem. Consider the column (ai1,. .., am1). By left invertibility of (a;;)i;, the
sum of the left ideals Aaq; and L := A{as1,...,am1) is A. We need to find elements ss, . .., S, such that
a1l + Ziep,m] S;a41 1s a unit - i.e. it is left and right invertible, equivalently, its right multiplication is
bijective -, for then left multiplication with E + ZiG[Z,m] s;F1; yields this unit in the upper left corner,
which then can be used to clean the upper row and the left column from nonzero entries. Whence the
claim by induction.

In order to find such an element of L we may assume A to equal A/rad A, since u € A is a unit iff
u € A/rad A is a unit - use Nakayama’s Lemma to show that (—)u is surjective, then split off its kernel
and use Nakayama again. Now since A is semisimple, we may assume A = Aaj; @ L, if necessary by
passing from L to a smaller left ideal. This decomposition can be written as an isomorphism of left

A-modules
Aa1 9L = A

rdDy — T+y.
Moreover, multiplication with a1 yields a split exact sequence
0L o A% Aay 0
whose kernel L' is isomorphic to L by Krull-Schmidt, say, via L’ —+ L. Let A —+ I/ be a retraction of

1, so that we obtain another isomorphism

A8 ) el

The composition of these isomorphisms is the right multiplication with an element of A, therefore, it
sends 14 to a unit in A, viz. to a1; + (1)vw. By construction, (1)vw is in L.

It remains to be remarked that a diagonal matrix (d;;) with di; = d;;l being a unit, 7 # 1, and with
dj;j = 1for j & {1,i}, is a product of elementary matrices (cf. the calculation in A.1) in order to reduce
to a matrix in GLq(A).

Definition D.3.4 Let Ggors’a(A) be the free abelian group on the isomorphism classes of the simple
A-modules with annihilator in R coprime to a.

Note that a torsion A-module T with annihilator coprime to a has an image [T] in GE™*(A), letting [T]
be the (formal) sum of its composition factors, which is well defined by Jordan-Hélder.

Lemma D.3.5 Let S := (\,5,(R\p). For an R-module M, denote by Mg the localization of M at S.
Let X be a lattice over A. There is a group morphism

GL,(Endy,Xs) — GY™0(A)
m 5/8 m
(X§ == Xg) — [C-[Cy]

3 . . . .
where X™ — X™ is a monomorphism, s € S and where C denotes the cokernel, in particular, where
Cs denotes the cokernel of X™ e xm,

By (D.3.3), an element in the image of this morphism can be written as the image of some element in
GLy, i.e. as difference of the Go-images of the cokernels of € and s € S for some automorphism

ng?/SXS

n case m = 3.

c is well defined since for ¢ € S the Circonference Lemma shows
[Cet] = [Catl = ([Ce] + [C]) = ([Cs] + [Ch))

¢ is a group morphism since by the Circonference Lemma the image of (£/s)(n/t) is
[Cen] = [Catl = ([Ce] + [C]) = ([Cs] + [CL]).

Endy,(Xg)/rad Endp, (Xg) is finite as a set since rad Enda,(Xg) contains aEnda,(Xs), the latter
annihilating all simple modules of Ends,(Xg). Hence (D.3.3) may be applied.
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Theorem D.3.6 (JACOBINSKI’s cancellation theorem, in our particular situation)
Let X and Y be lattices over A in the genus of A such that X ® A* ~Y & A* for some i > 1. Then
X~Y.

NB in general this is false for A not sub split semisimple, see [Sw 62].

Using Krull-Schmidt (C.2.15) and globalizing morphisms (D.2.15), we choose a short exact sequence

0—>Y o X —T) —>0

with 77 a torsion A-module with annihilator coprime to a.

By (D.2.19) we know A’ to be a summand of X™! so that X**2 ~ Y @ X", This yields a short exact

sequence
0— X2 — X2 — T —»0.

So by (D.3.5) we obtain exact sequences

0> X - X —T—0
and
0—>X 2 X—>Tp—>0

with s € § = [,5,(R\p) and [T] — [I2] = [T1] € GE™%(A) so that, by the Circonference Lemma, the
Ggors’a(/\)—images of the cokernels of

0—>Y Lo X T —0
and of

0> X o X —T—0

coincide. Since A, =TIy for p coprime to a and since therefore 7' = P, 7, and 7" = P, T;, decompose
further into the components belonging to the matrix factors of I', and since these are Morita equivalent
to Ry, we may choose filtrations

X
X

Yns=Yy C Y1 C ... C Y
X6=Xo € X1 € ... € Xp

Y

-
C X

with X;/X;_1 ~Y;/Y;_; for i € [1,k] by pulling back such filtrations of T resp. of T”, using [T'] = [T"].
Assuming Y; ~ X;, we conclude that ¥;_; ~ X;_; by Eichler-Swan (D.3.2).

D.4 Basics on p-orders
Suppose A to be a p-order (D.2.8).

Proposition D.4.1 (globalizing decompositions) Let X and Y be lattices over A. A split epimor-
fr f
phism X, — Y}, is, up to isomorphic substitution, the localization at p of a split epimorphism X — Y.

First, we note that this does not follow from a globalization of f* as in (D.2.15), cf. (D.2.16), and that
we do not claim that Y ~ Y”.

. . s f* .
Inserting the image Y of the composition X — X, — Y}, we obtain

0 — Zy— X,—L> v, — 0

T

0 — 2 — X — Y — 0.
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Localizing this diagram at p, the vertical morphisms become isomorphisms. Since the morphism
1 ~ 1
]E)(t;j\(}//7 Z/) —_— EXtAp (YP/7 Z{J)

induced by localization is an isomorphism (B.2.3, A.3.2, A.3.3, A.4.10), we conclude that f is a split
epimorphism.

Corollary D.4.2 A A-lattice X is indecomposable iff X, is indecomposable over A, (D.4.1).

Remark D.4.3 (dangerous bend) The argument of (D.4.1) fails when localization is
replaced by completion (18).

First we note that the argument has to fail, since Heller’s Lemma (C.2.10), needed in order
to pull Krull-Schmidt down from the complete to the noncomplete local case, is used only
to see that a summand of the completion is the completion of some lattice, which also
would ensue from the modified version of the argument of (D.4.1). And Krull-Schmidt is
known to fail in the noncomplete local case, provided of course the requirements of Heller’s
Lemma are not met. But here we are interested in an analysis of the argument, not in a
counterexample (cf. A C.3).

Let S be a noncomplete discrete valuation ring with maximal ideal (7). We wish to see
that on not necessarily finitely generated modules, completion and S ®g — are
nonisomorphic functors in general and that both are not suited as a replacement
of localization in the argument of (D.4.1).

Recall that a general element of the completion M := lim M /7t of an S-module M is

3

represented by a sequence (m;); = (mq,ma,...) of elements m; € M such that m; =i
m;_1. (m;); represents zero iff m; € 7'M for all ¢ > 1. In this case we simply write
Let us describe the submodule 7/ M C M. A sequence (m7m;); has its i-th entry in 7 M for
i < jand in 7/ M for i > j. Any sequence representing the same element as (7/m;); also
enjoys this property. Conversely, if (m;); is a sequence satisfying these conditions, we shift
it by j positions to the left without changing the element in M it represents. Thus we may
assume that (m;); is such that m; € 7/ M and such that m; 1 =i+ m;. Let m; = mim!.
Write 7/ (m) ., —m}) = n/+%v; for some v; for each i > 1. Letting u; :== m},, —m} — w'v;
we obtain w/u; = 0. Hence 7/ (m},mly — u1,mh — ug — uy,...) = (my;); yields (m;); € w9 M.
Define M to be complete if the natural transformation

eX A
X — X

x — (x);

is an isomorphism eM at M. Let ¢ be the inclusion functor of the full subcategory of
complete S-modules to the category of all S-modules. We claim that the completion
functor factors over ¢, i.e. that the completion of a module is complete. Again, let M be an
S-module. We have to consider the map

M — (M)

(mi)i — ((ma)i);
Suppose ((m;);); =0, i.e. buppObe (m;); € M for all j. We conclude that m; € 7'M for
all 4, hence that (m;); = nd that therefore eM is injective.
Suppose given ((m;;);); € ( Y. We claim that it equals its diagonal, i.e. that

((mji —mii)i); = 0 € (MY,

thus proving surjectivity, since m;t1,i+1 =xi Mi i+1 =i My We have to show that (mj; —
mg; )i is in mI M, i.e. that for i < j the congruence Mj; =ri My holds - which is true since

18This remark consists of slightly extended notes taken from a discussion with S. KONIG. It is hoped
that this discussion of a wrong argument is sufficiently justified by its ‘correct looks’ at first sight.
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(Mjk)k =xi (Mak)k -, and that for ¢ > j the congruence m;; =,; m;; holds - which is also
satisfied since (mig)r =xi (Mjk)k-
Let ¢ denote the completion functor with target being the full subcategory of complete S-

. M
modules, i.e. M = tcM. M is in the image of ¢ iff the unit M =2 1M s an isomorphism.

X
Let the counit ctX —— X be defined by

X WX
(tee X i>LX) = (X = el X)L

Note that thus 7 is an isomorphism at all objects at which it is defined.
In order to obtain
cte

it remains to be seen that the composition

ce M neM
cM — coeM — cM

is the identity. An application of ¢ yields

vce M tmeM vce M eweM
(eeM — veeeM — 1eM) = (LeM — veeeM ~— weM).

Thus we are reduced to verify that tce M = eccM. The map wece M sends (m;); to ((m;):);,
whereas etcM sends (m;); to ((m;););. But by the claim above on the diagonalization,
((m; —my;);); equals its diagonal ((m; — m;););.

In particular, ¢ commutes with cokernels and ¢ commutes with kernels.

We would like to see that the subcategory of complete S-modules has kernels. Con-
f v
sider a morphism M — N of complete S-modules. Let K,yf — (M be the kernel of

f
UM —2+ (N in the category of all S-modules. Since ¢ is full, faithful and left exact, in
order to show that (cv)(nM) is the kernel of f, it suffices to prove that (wcv)(tnM) iso-
morphic to v over M, i.e. that eK,s is an isomorphism, i.e. that K,y is complete. Since v

is a monomorphism, an application of the universal property of K, 2+ \M shows that
€K,y is a coretraction. Let L be its cokernel. Since the functor tc is exact on split
short exact sequences, and since tceK,f = (1ncK, ) ™! is an isomorphism, we conclude that
tcL = 0. Choosing a coretraction L — 1cK, s and noticing that we have a factorization

L
(L—wcK)=(L S wcK,¢) by adjunction, we obtain L = 0 (19).

Consider the short exact sequence of S-modules

eS
0— S — 1S —1eS/S—0,

where ¢S is injective since (), 7°S = 0, which becomes

cSéS> cteS — ¢(1eS/S) —= 0

under ¢, right exact in the subcategory of complete S-modules, from which we conclude
c(1cS/S) = (5§/S) to be zero. Note that ¢ annihilates no finitely generated S-module,
neither S nor S/m¢. Since S is not complete, we may choose a finitely generated nonzero
submodule M C—~ §/S. An application of ¢ to this inclusion shows ¢ and tc = (—) not to
be left exact, for the result is a morphism with nonzero source and zero target.

Thus in the argument of (D.4.1), transcribed to completions, we may not conclude that the
completion of Y/ — Y is a monomorphism, so that we may not continue and conclude
that it is an isomorphism.

Note that on finitely generated S-modules, such as S and 5/71'", ¢ and S ®g — are
isomorphic and ¢ is an exact functor [AM 69, 10.12]. Therefore S ®g — is exact on all S-
modules. In fact, an arbitrary module can be written as the direct limit of finitely generated

19This argument I've learnt from H. REIMANN.
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submodules so that in calculating Torf (5‘ , X), we may resolve S by S-projectives P;, write
X as direct limit of finitely generated X,’s and use that

lim (P; ®s Xa) <— P; ®g lim X,
« «
as well as the exactness of the direct limit to conclude that in fact Tor? (S, X) vanishes. In
particular, completion and tensor product with S over S are nonisomorphic functors on the
category of all S-modules.

But if one wishes to repair the transport of the argument of (D.4.1) by a replacement of
completion by this tensor product, one is confronted with the sequence

S®seS

0—S®sS S®sS—8®s(5/S) —=0,

for which flatness of S over S together with nonvanishing of S ®g — on finitely generated
modules this time shows that the cokernel is nonzero so that S ®g ¢ is not an isomorphism
in general. In particular, we may not conclude that the middle vertical morphism in the
diagram of the transcribed argument becomes an isomorphism under S®g —.

Finally, we try to apply this reasoning which destroys the transcribed argument to our
original argument. Let S be a commutative ring, let p be a prime ideal of S. But now S, /S
is a torsion S-module that has no finitely generated submodule isomorphic to some S/p,
and thus may well be annihilated when localized at p.

Lemma D.4.4 An indecomposable projective A-module P is a summand of A2.

P, is a direct summand of A, by its indecomposability (D.4.2) and by Krull-Schmidt (C.2.15). Lifting the
corresponding split epimorphism by (D.4.1) we obtain P to be in the same genus as an indecomposable
summand Ae of A, e being a primitive idempotent of A (D.2.14). Therefore, P is a summand of (Ae)?
(D.2.19), which itself is a summand of A2

Lemma D.4.5 A finite projective P over A is a progenerator - i.e. A is a direct summand of some P™
- iff Py is a progenerator.

If A'is a direct summand of P™, A, is a direct summand of P;".

Conversely, suppose A, to be a summand of PJ". Hence there is a summand L of P™ in the genus of A

by a lift of decompositions (D.4.1, D.2.14). Now A is a summand of L? (D.2.19), thus of P?™.

Lemma D.4.6 The localization map
. loc |
ip(A) — ip(A)
P — B,
is well defined (D.4.2) and surjective (D.2.9 applied to a chosen A-lattice inside).

Remark D.4.7 Krull-Schmidt holds in A-proj iff loc is bijective.

Suppose loc to be bijective. Suppose given two decompositions of a finite projective over A into indecom-
posables. The bijection and the isomorphisms between the respective summands given locally are also
given globally, for loc is bijective.

The converse follows from (D.2.14) and (D.2.19 or D.2.21).

Lemma D.4.8 (fibration of loc) Let 15 =), e; be an orthogonal decomposition into primitive idem-
potents. Then we have the set theoretical pullback

loc;

ip(eiAe;)

-

ip(e;Ape;) = *

Aei®e;Ae; — Apei®e;npe; —

ip(A) ¢+ ip(Ay),




218 p-orders

i.e. ‘loc is fibered by primitive idempotents’. In other words, to investigate loc we can restrict ourselves
to investigate loc for the local endomorphism rings of the indecomposable projectives over A,.

Note that the left vertical map is well defined since the image of an indecomposable projective over e;Ae;
is sent by localization to the indecomposable projective Ape;, hence this image itself is indecomposable
(D.4.2). The left vertical map is injective since it is inverted by e;(—).

It suffices see that each indecomposable projective P over A in the genus of Ae; is in the image of the
left vertical map. But e; P is in fact an indecomposable projective over e;Ae;, since it lies in the genus of
e;Ae;. The evaluation of the natural transformation

Ae’i ®67;Aei eiX e X

ae; X e;xr —> ae;xr

at X = P is an isomorphism, since it is an isomorphism localized at any prime ¢, for we may substitute
isomorphically P; by Age; on both sides of the transformation, and at the latter object it is in fact locally
an isomorphism, yielding the result by naturality.

We shall make use of idele class groups, following [CR 81, §31 B].

Definition D.4.9 Recall that any A-lattice in the genus of A can be realized as a full sublattice of A.
Suppose P to be a A-lattice in the genus of A inside KA such that KP = KA.

P and A are isomorphic as lattices over A iff there is a unit x € (KA)* (the image of 1 € A under this
isomorphism, note KAz = KA) such that P = Axz. Mutatis mutandis localized at q.

We recover P = ﬂq Py € KA. Hence, writing Py = Nqaq, aq € Ay for all but finitely many q (multiply
P into A via b € R and regard the cokernel of the resulting inclusion), we obtain

P = ﬂAqaq.
q

Conversely, such a tuple of elements aq yields a A-lattice in KA that lies in the genus of A via this
formula.

Therefore, we define the idéle group of A to be

I(A) :=={a=(aq)q € H(KA)* | aq € Ay almost everywhere }.
q

For an idéle a € I(A) we write
Aa := ﬂAqaq,
q

so0 that (Aa)q = Aqaq.

Lemma D.4.10 Let G(A) C I(A) be the image of the embedding of ‘rational but global” units

(KA — I(A)
x — (z)q.
Note that Az == {A\x | A € A} =, Aqz = A(x)q, since the localizations conincide.
Let U(A) := [, A; € I(A).
Given idéles a,b € I(A), Aa is isomorphic to Ab iff the double cosets U(A)aG(A) and U(A)bG(A) coincide.

1
Consequently, if A is a p-order such that A, is local, the map ip(A) g»ip(Ap) (D.4.6) is bijective iff

UA)G(A) = I(A).
We also write I = I(A), U =U(A), G = G(A).
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Suppose Aa ~ Ab, i.e. there exists x € (KA)* such that Aa = Abx. Localizing at q we obtain Agag =
Agbgzq, whence uq € Aq with aq = uqbgxq exists, as well as vq € Aq with vqaq = bgzq. From aq = uqvqaq
we deduce 1 = uqvq. Altogether we obtain a € UbG.

Conversely, let u € U, x € G, a € I. Then, since the localizations coincide, Auax = Aax ~ Aa.

If A, is local, then, given an indecomposable projective A-lattice P, we have P, ~ A, by (D.4.2), whence
KP ~ KA = KT, and thus also Py ~I'q for ¢ # p, so PV A.

Writing an idele a as a matrix (aq,i)q,i; @q,i € (K)m,, with, in general, infinitely many rows,
the operation of G from the right on I can be thought of as columnwise, the operation of
U from the left on I can be thought of as rowwise.

D.5 Endomorphism rings of projectives over commu-
tative p-orders

We give a criterion for when two endomorphism rings of projectives over a commutative
sub split semisimple p-order A are isomorphic via an isomorphism fixing the rational central
primitive idempotents in case R is a principal ideal domain and A, is local (D.5.11).

Let R be a principal ideal domain, let p = (p). Let A be commutative, i.e. let A be a full
suborder of [[_, R =:I'. Assume A #I'. Assume A, to be local. Let a =: p* for some ¢ > 1
be the annihilator of I'/A.

Remark D.5.1 It turns out that for n < 6 quite often the endomorphism ring of an indecomposable
projective over Z,)S,, is commutative - the only exceptions are the projective covers of the trivial module
F, in the cases n = 5,6, p = 2, whose endomorphism rings have a rational factor Q2*> (S 224, S 2.3.5).
In particular, we are not able to calculate the class groups of those two examples. PLESKEN [P 80/1,
(1.26)] gives an obstruction to this commutativity in terms of decomposition numbers.

The restriction on R is made in order not to have algebraic number theory involved, being as important
as difficult. The technical reason is (D.5.3).

Definition D.5.2 In the notation of (D.4.10), the class group of A is defined to be
Cl(A) :=I/UG.

By Jordan-Zassenhaus (D.2.7) and by (D.4.10), CI(A) is finite.

Lemma D.5.3 Each coset aUG can be represented by a normalized idéle a = (ap,1,1,...), where
ap €'y = Hle Ry. We write, for o € I'y, the corresponding normalized idele as

(a) == (o, 1,1,...).

The normalized idéles () and (B) coincide modulo UG iff there exists € = (€:)ieq1,s) € I'* and a unit
u = (u;i)iep,s) € Ay €T} such that
Bi = QG UE4.

for each i € [1,s].
In other words, the class group of A admits the description
Cl(A) — T,/A T
a — ap
() =— o

In particular, C1(A) is a quotient of (T /p¢T)*.
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Moreover, for a normalized idéle (o) we have
Aa)=A, NApa=T,NAja=TNAya
where (=), denotes the localisation at {1,p,p?,...}. In other words,

Aa)={z el |za"t €Ay} ={(z;); €T | (zia; )i € Ap}.

Suppose given a € I. Via U we may assume that only a finite number of entries aq is not equal to 1.

Since A is a p-order, Aq = [[}_; Rq € KA =[[;_, K if q # p. Since R is a principal ideal domain,
we may choose in each factor K of KA an element z;, independent of q, with vq(x;) = —vq(ag,;) for all g
(including p). Finally, via U we may assume aq = 1 for q # p and vy (ap;) = 0 for i € [1,s], i.e. we may
assume a to be normalized.

Suppose given a € I, uw € U and © = (2;);e[1,5) € G such that both a and aux are normalized ideles.
Then 0 = vq(z;) for all q, hence z; is a unit in R, and so z € I'*.

Now, CI(A) is a quotient of (I'/pT)* since 'y — T'y /A;T* sends 1+p*T, to 1. In fact, pT, is contained
in the radical of A, for (pfl“p +pAp)/pA, is nilpotent in A, /pA,. Whence 1+ pgf‘p is contained in Aj.

The equation for A(a) follows from (), ,, Rq = R, and from vp(a;) = 0 for the entries of a normalized
idele (a).

Proposition D.5.4 Let a, b be idéles of A. Then

Aa @ Ab~ AP Aab.

We claim that we may assume that aq € I'q for q belonging to a finite set @) of primes with p & @, that
aqg =1for ¢ € QU {p} and that a, € A,. Use G to achieve a, € A, via global multiplication with a large
enough power of p, if necessary. Similarly, use G to achieve a4 € I'q by multiplication with a large enough
power of the generator of q, if necessary (at most at a finite number of primes). Now, let @ be the set
of primes q different from p with aq ¢ I';. Outside Q U {p}, use U to achieve the claim. In particular,
Aa C A, as is to be seen locally.

We claim that we may assume by = 1 for q € @, b, € 1 + pT, and by € Ty for ¢ & Q U {p}. Use G to
divide globally by b, so that we achieve b, = 1. Use G and the Chinese Remainder Theorem to multiply
globally with an element in R which achieves b, € I'y for q # p, but which is congruent to 1 modulo p¢,
whence b, € 1+ 1351"p remains valid. Use G and the Chinese Remainder Theorem to divide globally by
an element in R which achieves by € I'y for q € @, but which is congruent to 1 modulo p¢. Again, use G
and the Chinese Remainder Theorem to multiply globally with an element in R which achieves by € I'g
for g ¢ Q U {p}, but which is congruent to 1 modulo p¢ as well as modulo q for q € Q. Use U at the
primes in ) to achieve the claim. In particular, Ab C A.

Now Aa + Ab = A is to be seen locally, since at q, at least one of the summands equals Aq.

Therefore it suffices to show that Aa N Ab = Aab, for then the split diagonal short exact sequence of
the exact square (Aab, Aa, Ab, A) proves the assertion. The required equality is to be seen locally, using
1+ psly, C A}, cf. the proof of (D.5.3).

Remark D.5.5 The group structure on the class group CI(A) may be described in terms
of operations on isomorphism classes of lattices. For a,b € I the isomorphism class of Aab
is determined by Aa ® Ab ~ A ® Aab, using Jacobinksi’s Cancellation Theorem (D.3.6). In
other words, if K(A) denotes the free abelian group on the isomorphism classes of projective
A-lattices modulo the relation that the formal sum equals the direct sum, we obtain a group
isomorphism
Ko(A) = Z 3 Cl(A)
Aa — 1@ a.

Corollary D.5.6 Given k > 0 and idéles a, , b, € I for o € [1,k], then @, Aas ~ @, Ab, iff [, as
equals T[], by in CI(A).
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In terms of normalized idéles (D.5.3) this means that @, Aas) ~ @, A(Bs) iff there exists a unit u in
A, and a tuple (¢;); of units in R such that

—1
H QoiBy; = Wig;
o

for all i.
This tells us to what extent Krull-Schmidt fails in A-proj.
The assertion follows from (D.5.4, D.4.10) and Jacobinski’s Cancellation Theorem (D.3.6).

Lemma D.5.7 The A-lattice of morphisms over A between A(a) and A(S) is given by
A(B/a) = A(A(@), A(B))
x — (—)x

where () and (B) are normalized idéles. In particular, the endomorphism ring of a direct sum of inde-
composable projectives, acting on the right, has the following form

Al /oMy A(a@ /a®) . Alal™ /aM)
a0 70®) Ala@7a®) . Alal™ /0@
Endy(A(aM) @ - @ A(a™)) = A( /o) A( [ A( [

A /a™)) A(a® /at™) . Ala™ /al™)

We use the description of A(a) given in (D.5.3).
We'd like to see that the map is well defined. Suppose given y € A(«a). First,

B lyx = (B az)(a”ly) € A,

Second, yz € T.

By a rank consideration, it remains to be shown that the map is surjective. An application of K(—)
shows that any morphism is given by multiplication with an element z € KT', and we claim that such
an x is already contained in A(8/«).

Let q # p. Iy iy I'y yields z € I'y. Then Ay o Ay B yields B~ taz € Ay, whence in particular z € T'y,.

Lemma D.5.8

Ale) ®@r A(B) —> Aap)
r R Yy — Y

We use the description of A(a) given in (D.5.3). Note that for projective A-lattices ®, and @, coincide.

The map is well defined, since (a8)'zy = (a7 'z)(87y) € A, (cf. D.5.3). By a rank consideration, it
remains to be shown that the map is surjective. This in turn is seen locally, using (B.1.8), since localized
at p in fact af lies in the image.

Lemma D.5.9 LetZ —~Z be a morphism of orders over A, let X be a Z-lattice, let Y be a A-lattice.
For a left Z-lattice, we denote by a left lower index ¢ its restriction (or ‘twist’) via ¢ to a &' -module. We
have - -
AX @4 Y) == (LX) @1 Y
r® y — r® vy

as left Z'-lattices.

Note, again, that for projective A-lattices ®, and ®, coincide.
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Example D.5.10 (dangerous bend) Let A= RXxR,let Z = RxR,let E= Rx R. Let

=/

= %+ = be the isomorphism which interchanges the factors. Then ¢ is not a morphism of
orders over A, but merely over R.

For X = Rx0and Y =0 x R we obtain on the one hand
AX®@2Y)=0
and on the other hand
(X)QnY Y.
Theorem D.5.11 Let () and (39), i € [1,u], be normalized idéles.

The endomorphism rings of @y A(a™) and of Dicpiu A(BD) over A are isomorphic as orders over
A if and only if

(II W) € CI(A)™.

i€[1,u]

In this formula, only the upper index u is to be read as an erponent.
In particular, the endomorphism ring of @ie[l’u] A(aD) is homogenus iff

( [T &™) e cuny-.

i€[1,u]

Assume this product of idele quotients to be an u-th power. By (D.5.6) we rewrite this assumption as
D A6 = @ A
i€[1,u] i€[1,u]
for some normalized idele () so that we are done by (D.5.7).

Now assume the endomorphism rings to be isomorphic via an isomorphism ¢ of orders over A.

By (D.5.4) we may assume that (¥ = 1 and 8) = 1 for i € [1,u — 1], i.e. that only o(*) =: a and
B =: B are nontrivial. We claim that (a/3) € CI(A)®.

By (D.5.7) we obtain
A
A
Eo =Endpy(A®--- @ AD A(a)) = : : : 5
Al/a) A(1/a) ... A
accordingly Hg.

. . . L e o . " - .
Via restriction along the assumed isomorphism =, ——* Z3 we obtain two decompositions of Z, into

~

indecomposable projectives which we wish to compare.

A A(B)
Let Q1 := E be the first and let Q,, := 3 be the last column of Zg. We obtain
A A(B)
A(1/8) A
A A ®a A(B) A(B)
Qread() = | @r (D) : PV Q
1 ®a =" A x~ : ~ : =Qu
A A ®a A(B) A(B)
A(1/5) A(1/B) @n A(B) A
A
as left Zg-lattices (D.5.8). Since the first column P := A of 2, is a progenerator with endomor-
A(1/a)

phism ring A (use the Morita equivalence given by the definition of Z,), the projective indecomposables
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of Z, and of A correspond to each other via P®j —. So the lattice Q)q restricts to some lattice of the form

A1~ P ®p A(y) along 2, %0» Es, (7) being a normalized idele. By the calculation just performed, we

obtain
Lu = JQ1 @A AB))
(D.5.9)
~ 7 ( Q1) @ AB)
(P @a A(y)) @a A(B)

(D.5.8)
~ " PexA(YB)

as left Z,-lattices. Note that S, —» o=p as Zq-lattices, for o(x - y) = ¢(z) - o(y) = x -, p(y) for

x,y € Eq. So as Ey-lattices, we obtain

Pop (A a Aa))

12

Popy AT @ P oy Aa))
Pt o Py Ala))

R

12

—
—x

12

=B

e Qu
P @x A(Y) @ Poa A(yp)
~ Pax(A(y) @ A(vB)) -

Passing to A-lattices via Morita equivalence backwards (i.e. cancelling P ® —), we obtain

A Alo) = A()“ T @ A(yB),

12

1

whence the assertion by (D.5.6).

Remark D.5.12

(a). In the course of the the direct calculation of the ties of (ZS,)[,, n = 5, 6, endomorphism
rings as in (D.5.11) occurred. We had to conjugate them by hand to obtain a homogenus
endomorphism ring in order to be able to employ the language of Morita multiplicities.

(b). Note that Jacobinski’s Cancellation Theorem enters the proof of (D.5.11) via (D.5.6).

(c). We observe already by (D.5.7) that a ring Morita equivalent and locally isomorphic
to A is isomorphic to A. This is false in general for the larger R-orders Morita equivalent
to A, viz. for the E,’s in the language of (D.5.11). I don’t know of an example of two
nonisomorphic Morita equivalent p-orders which yield isomorphic basic local orders when
localized at p - dropping, of course, our assumptions of this section. For short, is the genus
effect for orders merely due to the genus effect for indecomposable projectives?

Remark D.5.13 In case I' = R x R we shall give a direct calculational proof of (D.5.11)
which avoids usage of Jacobinksi’s Cancellation Theorem (D.3.6). This seems to be difficult
in bigger cases.

Let A ={z xy |z =, y} C Rx R for some t > 1. Any normalized idele can be written
as (a) = (1,az) via A;. By abuse of notation, we identify o with as, i.e. we regard o as
an element of Ry. (a) is trivial in CI(A) iff a =« ¢ for some ¢ € R*. In particular, we may
assume « € R, for if the difference is in (p'), the quotient is trivial in CI1(A).

Note that by (D.5.3), we have
Aa)={zxy|za=,y} CRXxR.

Let M, be the main diagonal matrix with entries M, ;; = 1 for i € [1,u—1] and My 40 = @,
and keep the notation of the proof of (D.5.11). We obtain

Ea ={X XY eI | XM, =, M,Y}.
P

Now assume given an =, — =g as orders over A, realized by right conjugation with U xV €
GL,(KT) (D.2.2). In other words, assume that

=UXV _ —=

a =B
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Since the projection of =, to each of the ring direct factors of I'*** is surjective, we may
assume U x V € GL,(I'"). In fact, by the Elementary Divisor Theorem (A.1.1) we may
write U = U'DU"” with U’,U” in SL,(R), D being a main diagonal matrix with entries in
K, which we may assume to have 1 as its upper left entry. Let E;; be the matrix having
entry 1 at the position ¢j and zero elsewhere. By Ey;D = DX for each i € [1,u] and for
some X € R*** we conclude D € R**". By E;1 D = DX for each i € [1,u] and for some
X € R***_ it follows that D € GL,(R).

Since for X,Y € R***, XM, =,+ M,Y implies XUMgV ! =, UMzV~'Y, it follows that
M, = UMV~ € PGL,(R/p").

Taking determinants, we obtain
a =, Byte
for some v € R\(p) and some ¢ € R*.

Conversely, suppose given =, and g such that such a v and such an € exist. Let V =1. It
is possible to find a U € SLy(R) such that U =, v~ ' M, 4 since SL,(R) — SL,(R/p") =
SLy(R(y)/p") is surjective (A.2.1).

Example D.5.14 Keep the notation of (D.5.13). Let R=7Z, p =5, u =2, t = 1, yielding
A={axb|a=5b} CZxZ and, in the notation of the proof of (D.5.11)

S ={XxY|X(69) =5 (69) Y} C (D)2 =(Z)2 x (Z)o.

Note that Z5 is not isomorphic to Zy, since 2 is not + a square in Z/5 (cf. D.5.13).

Using (D.5.11), we may also argue as follows. We have Cl(A) ~ C5 by (D.6.1) below, the
nontrivial element of CI(A) being represented by 2 x 1 € I';). This nontrivial element is
not contained in C1(A)% = 1, so 23 % =; as A-algebras.

Since C1(A)3 = CI(A), however, all R-orders Morita equivalent to A of rank 9 over R are
mutually isomorphic as A-algebras by (D.5.11).

Let us discuss the Morita equivalence between =5 and A by hand. For short, denote = := Zs.
We choose the following Z-linear basis of =.

| i1l
e T R R R R
OO0 OUIONOOOOOOOOH

OO0 000O00O—OOOO
—
X X X X X X X X
T T T R R R
[elelelelolel Jelolelelelel el
OO0 O0O00OUIONOOOO
—

~_~ T TN . DY o

Ze is a progenerator, since we have a coretraction

= (hi) _ =
Ze—Zf B ESf

retracted by
(—2j+k2
—_ J —_
Ze+——ZfBES,
cf. (D.2.19). Thus A =eZe = {z Xy | z =5 y} C Z x Z is Morita equivalent to =. Note
that Ze is not isomorphic to Zf since

(ah+bi)(cj +dk) = ((56) x (6°6™))((2c5a0) * (£0))
= e
required 2c¢ + 5d = £1 and ¢ = +1, hence £2 =5 +1, which is impossible.

Also note that A = eZe ~ Z[X]/(X? — 5X) is not a local ring since the nonunit 2 is not
contained in the maximal ideal (5, X). However, it becomes local when tensored with Zs)
since now the maximal ideal (5, X) contains all nonunits.
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NB it may happen that there exist finitely generated projectives X, Y over A such that

End X # EndY
End(X®A) ~ End(Y ® A)
End(X @ A?) % End(Y @ A?).

For example, let X = A & A(2) and Y = A @ A: 2 is neither + a square nor + a fourth
power in Z/5, but it is a third power.

D.6 Examples

We calculate some nontrivial and also some trivial class groups of endomorphism rings of
indecomposable projectives of (ZS,, )y for n < 6 in order to ensure that the reason for
(ZS,)[p) being homogenus for n < 6 with respect to some embedding into a direct product
of integral matrix rings is not just an overall triviality of the class groups (cf. D.5.11, D.4.8).

Let R =Z.

Example D.6.1 Let 2 # p € Z be a prime, let
AM={exyeZxZ|z=pytCZxZ=T.

An endomorphism ring of an indecomposable projective of (ZS,),) is either isomorphic to A; or to Z. The

Morita multiplicities of the indecomposable projectives in the first case are given by (p 22), i€[0,p—2]
(4.2.8).

We obtain an isomorphism

(Z/p')* {1} = Ti, /A7 D" = CI(A)

r — X1

In general, Cl(A1) >~ C(,_1)/2 has CI(A1)<€> as a proper subgroup, e.g. if p =5 and i = 2.
Moreover, if p > 3, we have CI(A1) # 1, whence Krull-Schmidt does not hold in (ZS,)(,j-proj; cf. (D.4.10,
D.5.2).

Example D.6.2 Let p:= 2, let
A={zxyxz|y=42, 20=y+2} CZXxZxZ=T.

A is isomorphic to the endomorphism ring of an indecomposable projective of (ZS4)j9), occurring with
Morita multiplicity 2 (S 2.1) and to the endomorphism ring of an indecomposable projective of (ZSs)(2],
occurring with Morita multiplicity 4 (S 2.2.4).

We claim that CI(A) is trivial, i.e. that I'f,) = A7, I'*. But

3x1Ix1l = (3x—-1x-1)(1x-1x-1)
1x3x1 = (1x3x-1)(1x1x-1).

Example D.6.3 Let p:= 2, let
A={zxyxzxw|z—y=sz—w=40, v =4 z}.
A is isomorphic to the endomorphism ring of an indecomposable projective of (ZS4)j9), occurring with
Morita multiplicity 1 (2.1).
We have an isomorphism

(Z/8)"/{£1} —=~ T7, /A7 " =Cl(A)

r — xx1x1x1,

whence Cl(A) ~ Cs.
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Surjectivity follows using the elements
3 x 3 x1x 1
3 x -1 x 3 x —1

of A. For to see injectivity, assume that z x 1 x 1 x 1 represents the trivial element. Writing it as a
product in A} | and I'*, the latter factor has to be of the form * x % x 1 x 1 or of the form * x % x —1 x —1.
Therefore we may conclude that x =g 1 or z =g —1.

Example D.6.4 Let p:= 2, let

a =9 e,
A:=XRaxbxexdxexfla+d—2f =15 b+c—2e=30, ) CZXZXZXZXZxZ=T.
e—f =4 c—d=20
A is isomorphic to two of the endomorphism rings of the indecomposable projectives of (ZSg)[), both
occurring with Morita multiplicity 4 (fAf and gAg in the notation of S 2.3.5).
Note that (Z/16)*/{£1} is isomorphic to Cy4, with generator 3. We claim to have an isomorphism

(Z/16)*/{£1} == Tiy) /A7 T = Cl(A)

r — rx1x1x1x1x1,

whence CI(A) ~ Cy, so that 1 = CI(A)* < CI(A) (cf. D.5.11, D.4.8).
Surjectivity follows using the elements

3 x -1 x 3 x -1 x1x 1
3 x 3 x —-1x —-1x1x 1
-1 x -1 x 3 x 3 x1x 1
-1 x 3 x 3 x -1 x3 x —1

of A. For to see injectivity we regard the following matrix, whose rows generate A over Z,

11 1 1 1 1
-2 0 4 2 2 0

-2 -2 2 2 0 0

0 -4 4 0 0 0

8 8 0 0 0 0

16 0 0 0 0 0

as well as 16 times its inverse,

00 0 0 0 1

00 0 0 2 —1

0 0 0 4 2 -1

0 0 8 —4 0 1

0 8 —8 —4 —4 2

16 -8 0 4 0 -2

An element of ', regarded as a row vector, is contained in A iff the product with the latter matrix is
divisible by 16. So we simply have rewritten our ties. In particular, an element of I" of type 2y x b X ¢ X
dxex fwith b,e,d,e, f € {—2,0} in A is necessarily of one of the following forms

2y X —2 X =2 X =2 X =2 x =2
2y x =2 x =2 x 0 x -2 x 0
20 x 0 x 0 x =2 x 0 x =2
20 x 0 x 0 x 0 x 0 x 0,

i.e. y =¢ —1,0,—1,0, respectively. Hence, inserting 2y = +x — 1, the element x x 1 x 1 x 1 x 1 x 1is
trivial if and only if +o = +1.

Example D.6.5 Let p := 3, let

Ai={axbxexd|la—d=gc—b, a=3b=3¢=3d} CZXZXxZxZ=T.
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A is isomorphic to four of the endomorphism rings of indecomposable projectives of (ZSe)(3), occurring
either with Morita multiplicity 1 or 4 (S 2.3.3).

We claim to have an isomorphism

(Z/9)" {1} =~ Tiy) /A7y " = CI(A)
r — xx1x1x1,
whence Cl(A) =~ Cs.
Surjectivity follows using the elements
1 x4 x4 x1
4 x1 x4 x1

of A. Injectivity follows by remarking that y x b x ¢ x d in A with b, ¢, d € {0, —2} implies y =9 b = ¢ = d.

Example D.6.6 Let p:= 3, let
A={axbxclat+c=92b, a=3b=3¢c} CZxZxZ=T.

A is isomorphic to the endomorphism ring of an indecomposable projective of (ZSs)(3], occurring with
Morita multiplicity 6 (S 2.3.3).

We claim to have an isomorphism

(Z/9)"{=1} =+ Tpy /AT = Cl(A)

r — xx1xI,

whence C1(A) ~ C3, whence 1 = CI(A)® < CI(A) (cf. D.5.11, D.4.8).

Surjectivity follows using the element
—2x4x1

of A. Injectivity follows by remarking that y X b x ¢ in A with b, ¢ € {0, —2} implies y =9 b = c.
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The list of conventions.

We remind the reader that all conventions we make in (A D) remain valid from the place we
state them on to the end of the chapter (A D), in particular, they are valid in the subsequent
sections.

(S D.1). By a module over a ring we understand a left module. Finite projective stands for
finitely generated projective module. A-proj denotes the category of finite projectives over
A. Indecomposable projective stands for finitely generated indecomposable projective mod-
ule. ip(A) denotes the set of isomorphism classes of indecomposable projectives over A. We
say that Krull-Schmidt holds in A-proj if the decomposition of P € A-proj into indecom-
posable projectives is unique up to permutation of the summands and up to isomorphism.
The unit group of a ring A is denoted by A*.

(S D.2). Let R be a Dedekind domain with field of fractions K (to which we refer by
‘rational’) such that R/p is finite as a set for each nonzero prime ideal p C R. By p,q we
denote nonzero prime ideals of R. Assume K to have finite class number, i.e. assume the
set of isomorphism classes of ideals in R to be finite.

An R-order is an R-algebra which is finite projective as an R-module. Let A be a full (i.e.
rationally equal) R-suborder of a direct product of matrix rings over R, A C I' := [, R™*™:
being strictly included. We fix this embedding throughout. Such an order A we call sub
split semisimple over R. I'/A is a torsion R-module with annihilator a in R.

We abbreviate K @z — by K(—). A lattice over A is a A-module that is finite projective
over R. A simple A-lattice is a A-lattice X with KX being a simple K A-module. A pure
monomorphism of A-lattices has a torsionfree quotient, a full monomorphism has a torsion
quotient, a pure epimorphism is surjective.

(S D.3). No further conventions.
(S D.4). Suppose A to be a p-order.

(S D.5). Let R be a principal ideal domain, let p = (p). Let A be commutative, i.e. let A
be a full suborder of [[{_, R =: . Assume A # I'. Assume A, to be local. Let a =: p¢ for
some £ > 1 be the annihilator of T'/A.

(SD.6). Let R =1Z.



Appendix E

Radical layers

This is a tentative appendix on the behaviour of the radical of the local orders which occur as
endomorphism rings of the indecomposable projectives in a Peirce decomposition of Z S,
p a prime dividing n!. Suppose given a projective indecomposable lattice P over such a local
order surjecting on simple lattices X and Y. The isomorphisms X/tX <= P/tP =>Y/tY
imply certain p-ties (E.1.24) between X and Y - intuitively, ‘they tie the main diagonal
in order not to allow idempotent decompositions’. In searching for a generalization of this
assertion we didn’t succeed at all, but nevertheless we stumbled over some properties worth
recording.

E.1 Recalling some basics

To begin with, we have collected some well-known basic facts from [Row 91] and [Be 91].

(20).

E.1.1 Rings

Let A be a left noetherian ring. The Jacobson radical of A, i.e. the intersection of the
annihilators of the simple left modules of A, is denoted by tA, its i-th power is denoted by
t'A := (vA)’. For a left A-module X we denote t*X := (t’A)X. tX is called the radical of X.

Remark E.1.1 Fach orthogonal decomposition of 14 into idempotents of A can be refined to an orthog-
onal decomposition of 14 into primitive idempotents.

Use direct sum decompositions of the corresponding projective left ideals and left noetherianicity of A.
Note that a ‘family tree’ of decompositions of a single idempotent with infinitely many ‘generations’
would contain an infinite chain, which would yield a properly ascending infinite chain of submodules.

Remark E.1.2 tA is the intersection of the maximal left ideals of A. A ring is called local if it is the
disjoint union of its radical with its unit group. A local ring A has, up to isomorphism, only one simple
module, viz. AJtA, since there is only one mazximal left ideal in A.

20A better readable account of this section can be found in App. C of F. MULLER, Some local presen-
tations for temsor products of simple modules of the symmetric group, diploma thesis, Stuttgart, 2013.
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Lemma E.1.3 An element x € A is called left quasiinvertible if 1 — x is left invertible. An ideal
in A is called left quasiinvertible iff each of its elements is left quasiinvertible. We impose the same
definition dropping ‘left’. tA is the unique mazimal quasiinvertible ideal.

tA is left quasiinvertible since no maximal left ideal may contain 1 — x, x € tA, for it does not contain 1.

Any left quasiinvertible ideal L C A is quasiinvertible. In fact, let « € L and suppose y(1 — z) = 1 for
some y € A. Since 1 — y € L, we obtain zy = 1 for some z € A. But z = zy(1 —z) = (1 — z).

Let @ C A be a quasiinvertible ideal. If there were a maximal left ideal M C A not containing @, then
there would be elements ¢ € Q, m € M such that ¢ +m = 1.

Lemma E.1.4 Let A be a ring, let e be an idempotent in A. We have
e(tA)e = t(ede).
In particular, eAe/t(eAe) = e(A/tA)e.

To see that e(tA)e C t(eAe), we show that the left hand side is quasiinvertible (E.1.3). Consider = € tA
and note that y(1 — ex) = 1 implies eye(e — exe) = e.

To see that tA D v(eAe), we show that t(eAe) annihilates each simple left A-module M. But eM is either

a simple eAe-module or zero, since for em # 0 we have eAe(em) = e(A(em)) = eM.

Note that the kernel of the surjection from eAe to e(A/tA)e is e(vA)e.

Proposition E.1.5 (NAKAYAMA’s Lemma, proof taken from [Be 91, 1.2.3])
Let A be a ring, let M be a finitely generated left A-module, let X C M be a submodule. ThentM+X = M
implies X = M.

Passing to M /X, it suffices to show that tM = M implies M = 0. Write M = A(mq,...,m,) in a
minimal number s of generators. Assume s > 1 and write ms = Y ] @i, a; € tA. This contradicts
the invertibility of 1 — a5 (E.1.3).

i€[l,s

Corollary E.1.6 Let A ' Bbea left finite ring morphism, i.e. assume B to be finitely generated as
a left module over A via ¢, such that in addition o(tA)B is a left ideal in B. Then

o(tA) CtB.

In particular, let M be a finitely generated B-module. Its radical with respect to A via ¢ is contained in
its radical with respect to B.

We have to show that ¢(tA) is contained in each maximal left ideal M of B. But otherwise
M+ ¢(rA)B=1B
holds, since ¢(tA)B is a left ideal in B, which yields M = B (E.1.5).

Remark E.1.7 (dangerous bend) In general, for a finite ring morphism A 2+ B we
may have

p(tA) € tB.
Let

A={(25) 16=20, a= a} 5 7252 =B,

We claim to have
tA = I::{(‘ég) |b=20, a=20, d =50},
_ 2X2
B = 222

tB is calculated to be the inverse image of v(B/2) = 0. A is the disjoint union of its unit
group and I.
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E.1.2 Algebras

Let k be a field, let A be a finite dimensional k-algebra, let 14 = > e; be an orthogonal
decomposition into primitive idempotents. By a module we understand a finitely generated
left A-module.

Corollary E.1.8 (to Nakayama’s Lemma) tA is the unique maximal nilpotent ideal of A.

Multiplying A iteratedly with tA yields a strictly decreasing sequence (E.1.5), whence tA is nilpotent.
There exists a unique maximal nilpotent ideal IV, since the sum of nilpotent ideals is nilpotent, as one
sees elementwise. For a simple module S, equality NS = S is impossible, so that tA = N.

Proposition E.1.9 (FITTING’s Lemma) The endomorphism ring of an indecomposable module X is
local.

We repeat the argument of (C.2.14).

Apply the Circonference Lemma to the composition f7f™ = f27, n large, to prove nilpotence of an
endomorphism of X which is not an automorphism. Writing down a geometric series, we thus see that
either f or 1 — f is an automorphism. Via composition, this also holds with an automorphism instead
of 1. We conclude that the nonautomorphisms are closed under addition. We are done by (E.1.8)
since composition of a nilpotent morphism with an arbitrary morphism cannot be an automorphism, for
nilpotent morphisms are neither injective nor surjective.

Corollary E.1.10 Given a simple module S, there is an indecomposable projective module P, unique up
to isomorphism, mapping onto it.

There is such a P by dropping summands of A. Given P and @ indecomposable projective, mapping

Lo . f ¢ . .
surjectively onto S, we may lift to P — @, as well as to @ —2+ P. Neither fg nor gf may be nilpotent,
so (E.1.9) applies.

Corollary E.1.11 If Ae; is not isomorphic to Ae;, then e;Ae; C tA.

Let S be a simple module. The existence of an epimorphism from Ae; onto S is equivalent to the
existence of a nonzero element ¢;s, s € S. Therefore, in case both e; and e; do not annihilate S, we
derive Ae; ~ Ae; by means of (E.1.10).

Corollary E.1.12 Assume in addition that A is basic, i.e. that Ae; ~ Ae; implies i = j. Then
tA= (@ t(eiAei)) D (@ eiAej).
( i#£]
Informally, tA arises from A by passing to the radicals on the Peirce main diagonal.

This ensues from (E.1.4, E.1.11)

Corollary E.1.13 ¢;(A/tA)e; is a skewfield.

As a quotient of a local k-algebra (E.1.9, E.1.4), it remains local (E.1.2, E.1.8). Its radical is calculated
to be zero by (E.1.4), since t(A/tA) = 0 by correspondence of the maximal left ideals (E.1.2).

Lemma E.1.14 tA is the minimal ideal I in A with respect to the property of having a semisimple
quotient, i.e. to A/I being a direct sum of simple modules. Ae;/tAe; is simple.

Let I C A be an ideal with semisimple quotient. Then A/I is annihilated by tA4, i.e. tA C I.

It remains to be shown that A/tA is semisimple. We use bars to denote images modulo tA. It suffices to
show that a morphism from Ae; to Aéj is an epimorphism or zero, for then Ag; is shown to be simple.
Therefore, it suffices to show that a morphism from Ag; to fléj is an isomorphism or zero. Since éjfiéj
is a skew field (E.1.13), the case Ae; ~ Ae; is done by isomorphic substitution of Ae; by Aé;. The
remaining case is covered by (E.1.11).
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Lemma E.1.15 A module X is said to be semisimple if it is the direct sum of certain simple submod-
ules. An epimorphic image of a semisimple module is semisimple.

This ensues from the characterization of a semisimple module as being the sum of all of its simple
submodules. In fact, let X have this property and let ¥ be a maximal semisimple submodule. If Y
were properly contained in X, there would be a simple module not entirely contained in Y, whence its
intersection with Y would be zero, contradicting the assumed maximality.

Corollary E.1.16 Given a module X, the radical quotient X/tX is semisimple.

A/tA being semisimple (E.1.14), the same is true for X/tX, writing X as quotient of a finite sum of
copies of A (E.1.15).

Corollary E.1.17 Let P be an indecomposable projective module. P/tP is simple.

Hence, (E.1.10) taken into account, we have a bijective correspondence between the isomorphism classes
of indecomposable projective modules and the isomorphism classes of simple modules, given by factoring
out the radical.

This ensues from (E.1.14) in view of Krull-Schmidt (C.2.14). Alternatively, P/tP is semisimple by
(E.1.16), so that it remains to remark that the local endomorphism ring of P surjects onto the endomor-
phism ring of P/tP.

E.1.3 Orders

Let R be a discrete valuation ring with maximal ideal (7), residue field k£ := R/7 and field
of fractions K := frac R. Let A be a sub split semisimple R-order, i.e. assume A to be fully
included into a product of matrix rings I' := [[, R"»*™ over R (cf. S D.2). Let A := A/r.
Let 1, = ), e; be an orthogonal decomposition into primitive idempotents. By a module
we understand a finitely generated left A-module. A lattice is a module which is projective
over R.

Lemma E.1.18 We have
(tA)/(mA) = v(A/7A).

From (E.1.6) we take that 7A C tA. The result follows by intersection of maximal left ideals.

Lemma E.1.19 Primitive idempotents of A remain primitive modulo 7.

This follows from (C.2.12).

Lemma E.1.20
(i) e;Ae; is local for any i.

(ii) We have a bijective correspondence between the isomorphism classes of indecomposable projective
left A-lattices and the isomorphism classes of simple A-modules, given by factoring out the radical.

(i1t) Assume for simplicity that A is basic, i.e. that Ae; ~ Ae; implies i = j. Then
tA = (Prleire) & (EP eile;).
i i#j
(iv) tA is the unique mazimal ideal with respect to the property of having a positive power of it contained
in TA.

(v) Given a module X, the radical quotient X /tX is semisimple.
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(i). By (E.1.19, E.1.9), e;(A/m)e; is local, whence also e;Ae; has a unique maximal left ideal.

(ii). By (E.1.17, E.1.18) it suffices to remark that there is also a bijective correspondence between the
indecomposable projectives over A and the indecomposable projectives over A/ by factoring out 7. This
map is well defined by (C.2.15, E.1.19) (here sub split semisimplicity enters). It is surjective by (C.2.14,
E.1.19). It is injective by Nakayama’s Lemma (E.1.5), applied to show that an isomorphism lifts to an
isomorphism.

(iii). By (E.1.18), the radical of A is the inverse image under A — A/7 of the radical of A/7. By
assumption, by (E.1.19) and by the correspondence of projectives remarked in the proof of (ii), A/7 is
basic. Thus (E.1.12) applies.

(iv). Using (E.1.18), this follows from the transcription of the characterization given in (E.1.8).
(v). Using (E.1.18), this follows from (E.1.16).

f
Corollary E.1.21 For each A-module X there exists a projective A-module P surjecting onto it, P — X,

such that the kernel of f is contained in tP. Given a second such surjection P’ — X, there is an iso-
morphism P Tu> P with uf' = f. P is called the projective cover of X. The induced morphism

P/tP— X/tX
is an isomorphism.

X/tX is semisimple (E.1.20 v), so that we obtain a surjection from the direct sum of indecomposable
projectives belonging to its summands, with kernel equal to the radical (E.1.20 ii). This surjection lifts to
a surjection onto X by Nakayama’s Lemma (E.1.5). Given a second such surjection, we obtain morphisms

P —+ P’ with uf' = f and P’ —+ P with vf = f'. wv induces an automorphism on P/tP = X/tX,
whence it is itself an automorphism by Nakayama’s Lemma (E.1.5).

Definition E.1.22 Let S be a simple module. A module T is said to belong to S if, for each i = 0,
T/ TIT s a finite direct sum of copies of S. A module is called neat if it belongs to some simple
module.

If T belongs to S, then so does each subquotient of T .

The problem is that one has to cut down a bit to the artinian case in order to apply the Jordan-Hdélder
Theorem. We know that T'/v'T is of finite length since 7 € tA (E.1.5), thus the composition factors of
its subquotients are isomorphic to S.

Suppose given a submodule T” of T. Let i > 0. We claim that for j large we have tT" D T' N v/T.
Since tA is nipotent modulo 7 (E.1.8), we may substitute 77T for v/T and, of course, w*T” for t*T” in the
assertion, so that a problem on finitely generated R-modules remains. Denoting the torsion resp. torsion
free part of T by tT resp. fT, similarly for T”, we write the inclusion 7" C T as

a0
B
1T @ fT 4T @ fT.

Choose j large enough to ensure m/tT = 0. Let 2 € t1”, y € fT’ be given such that za + y8 = 0 and
yy € © fT. Since v is injective, we may choose j large enough to obtain y € 7’ fT" as well as y8 = 0
(A.1.1). « being injective, this implies * = 0. It follows by this claim that 7”/t'T” is a quotient of
T'/(T' NT) = (T' +/T) /YT, which in turn is included in T/v/T.

Suppose given a quotient T/T" of T. Let i > 0. We obtain (T'/T")/x'(T/T") = T/(x*T +T").

We attempted to obtain larger modules than the simple ones by considering a smaller ideal than the
radical.

Remark E.1.23 (usage unclear) Assume A to be basic (cf. E.1.20 iii). Let

prA = (@ e A1 —e;)Ae;) @ (@ eile;).

i#]
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be the preradical of A. It is characterized as the minimal ideal inside tA with quotient being a direct
product of local rings.

prA is the intersection of the annihilators of the neat modules. Thus the local direct factors of the
preradical quotient describe the ‘intersections of A-mod and e;Ae;-mod’ in the following sense. The full
subcategory of A-mod consisting of the modules belonging to (A/tA)e; is just e;Ae;/e;A(1 — e;)Ae;-mod.

Since e;Ae; is local (E.1.20 i) and since e;A(1 — e;)Ae; C t(e;Ae;) (E.1.20 iii), we obtain the quotient

H €1A€Z/€1A(1 — ei)Aei

to be in fact a product of local rings and that prA C tA.

Conversely, let I be an ideal of A, contained in tA and having a product of local rings as its quotient A/I.
1 = > e; remains a decomposition into primitive idempotents of A/I since e; even remains primitive
modulo tA (E.1.19). Moreover, the indecomposable projectives (A/I)e; are pairwise nonisomorphic since
they are even nonisomorphic modulo the radical.

Over the local ring direct factors of A/I, given by assumption, Krull-Schmidt holds since it holds for
A/I as it holds for A (C.2.15). Moreover, each such factor is indecomposable as left module over itself,
since an orthogonal decomposition 1 = e + f into nonzero idempotents e and f would imply e and f to
be nonunits, for xe = 1 would give 0 = zef = f. We conclude that there are no nonzero A-morphisms
beween nonisomorphic indecomposable projective left A/I-modules.

We have to show that e;xze; € I for ¢ # j, v € A. But the morphism

(—)eixe;

(A/Dei (A/T)e;

is forced to be zero.

Let T be a neat module belonging to the simple module S := (A/tA)e;. We claim that (prA)T = 0, thus
showing that prA is contained in the intersection of the annihilators of the neat modules. More precisely,

we have to show that e;ze;, j # [, £ € A, annihilates T'. It therefore suffices to show that e; annihilates
T for j # 1.

Assume though that e;jt # 0 for some ¢t € T. The submodule (e;t) of T' generated by e;t belongs
to S (E.1.22) so that there is an epimorphism (Ae;)* — (e;t) for some o > 0 (E.1.5). There is, by
construction, also an epimorphism from Ae; to (e;t), sending e; to e;jt. We obtain two factorizations

Ae; I, (Aej)® and (Aej)® 2+ Ae;. Since (ejt) # 0 we know that Ae; 9, Ae; is not nilpotent modulo
m, contradicting (E.1.9, E.1.8) by Krull-Schmidt (C.2.15).

Conversely, in order to show that prA contains the intersection of the annihilators of the neat modules
we need to construct a neat module 7" which is not annihilated by a given element of A which is not
contained in prA. In other words, it suffices to show that A; := e;Ae;/e;A(1 — e;)Ae; is neat. But A; is
a local quotient ring of A so that it is neat as a left module over itself. Since the radical of A; as a ring
and as a module over A coincide, it is neat also as a module over A.

Finally, by (prA)T = 0 we conclude that a module that belongs to (A/tA)e; is a module over e;Ae; /e; A(1—
e;)Ae;, and also conversely, since this ring is neat as a A-module and belongs to (A/tA)e; (cf. E.1.22).

Lemma E.1.24 (ties caused by radical; cf. [P 80/1, (1.27)]) Let f be a primitive idempotent of A,
let f =5, fi an orthogonal decomposition into nonzero idempotents of I'. There is an isomorphism

Af/eAf = Af;/eAf;
so that there is also an isomorphism

AfifeAfi = Afj/cAf;
foralli,j.

Choose a k-linear basis of Af/tAf. Map it to a k-linear basis of Af;/tAf; under this isomorphism.
Complement this k-linear basis of Af;/tAf; to a k-linear basis of Af;/mAf; and lift it to an R-linear basis
of Af; (E.1.5).
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Consider y € A. Write yf; in the basis just constructed, dito yf;. The coefficients of yf; at those basis
elements occurring in the image of the k-linear basis of Af /tAf in Af;/tAf; are congruent modulo 7 to
those of yf; at the image in Af;/tAf;, for the diagram

A
AfifeAf; = Af;/eAf;
commutes by construction. These are the ties caused by radical.
The surjection
AR A,

induces an isomorphism
Af/eAf =+ Af;/tAf;
since the left hand side is simple (E.1.20 ii), the morphism is surjective and the right hand side is nonzero

(E.1.5).

Example E.1.25
Let R = Z(2)7 let

A={zxyxz|2x=y+z y=12} CRxRxR=T,

A being the endomorphism ring of an indecomposable projective Z)S;-module (S 2.1.1).
The radical quotients, as R-modules isomorphic to R/2 with A-action given by = X y X z
acting as x, as y resp. as z are isomorphic, yielding x =5 y =5 2.

Lemma E.1.26 Let ¢ be a central idempotent of I'. Then
(tA)e = t(Ae),

Ae on the right hand side viewed as a ring, not as a A-lattice.

C. Let M C Ae be a maximal left ideal, so that Ae/M is simple over Ae, hence over A. Thus it is
annihilated by tA, i.e. (tA)e C M.

D. Let e be a primitive idempotent of A. The epimorphism Ae/(tA)e — Aes/(vA)ee shows the latter
to be zero or simple over A (E.1.20 ii), hence over Ae. Therefore t(Ac)e C (tA)ee.

Corollary E.1.27 Lete be a central idempotent of T', let P and Q be indecomposable projective A-lattices.
Then

0¢eP~e@QQ = P~Q.
Calculating the radical both in A and in €A (E.1.26) we obtain
P/tP =+ cP/reP ~ £Q/teQ ~+— Q/rQ.

The assertion follows by (E.1.20 ii) or directly by Nakayama’s Lemma (E.1.5). This might be considered
as the ‘reason’ for the quasiblock Qég;g’l) not to be the Gram order induced by the invariant bilinear form

(cf. 6.1.29, 6.1.7), namely that its columns ‘have to distinguish projectives’.

Lemma E.1.28 (the radical quasiblockwise) Let 1o = > &; be an orthogonal decomposition into
rational central idempotents, which thus lie in I'. Then

tA = AnJ]r(Ae)(C []Ae).
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The inclusion C follows by (E.1.26) or by (E.1.6). It remains to be shown that a positive power of the
right hand side is contained in mA (E.1.20 iv). Choose N > 1 such that 7¥e; € wA for all 4, choose
M > 1 such that (v(Ae;))M C 7Ag; for all i. Then

(AN Ht(AEi))MN C (H m(Agy))N C wA.

Alternative proof in case A is local. It suffices to claim that for a central idempotent ¢ of
T" the radical turns the pullback diagram

A Ae
Al —¢) A,
where A = Ae/A N Ae, into the pullback diagram
tA t(Ae)
t(A(1—¢)) tA.

We may assume A # 0. Let S be the simple A-module and regard the diagram

~

S S
/'Z ‘ /
A Ae !
_— | e
tA t(Ae) S = S
Al—¢) A

o

t(A(1 —¢)) — tA.

Example E.1.29 (dangerous bend) In general, the inclusion
CA C AN (Ae),
i
which holds by (E.1.26 or E.1.6), is a strict inclusion.
Let R := Z3), 7 := 2, and consider
A={zxy|lr=1y} CRxR.

By (E.1.28) we obtain

tAh = {20 x2y|22=42y} CRXR
R(2 x 2, 0 x4),

whence
YA =R(4 x4, 0x8) F0x4.
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Lemma E.1.30 (the radical of local quasiblocks in easy cases) Assume in addition A to be local
and to have a single quasiblock, i.e. assume given a full inclusion of R-orders

A g R77L><7n, = F

Let 1n = ), fi be an orthogonal decomposition into primitive idempotents of I' and assume moreover
that f; & [iNfjAfi fori# j. Using main diagonal primitive idempotents of I', this assumption is satisfied
provided there is a single tie either at position ij or at position ji for i # j. Then

A=A (@ rfirfi) e (@D firs;)| €T
i i#]
Moreover, we could have dropped all but one factor © in this formula without changing the right hand
side.
In addition, we obtain

le > AJA.

Note that f;Af; = f;'f; = R by primitivity of f;, because the R-linear generator f; of the right hand side is
contained in the left hand side. In particular, f;Af; is a ring with multiplication given by (f;xf:)(fiyfi) =
fix fiyfi, since the right hand side of this equation in fact is contained in f;Af; = f;'f; (cf. E.1.33).

We claim that the right hand side of the equation above is an ideal in A. It suffices to show that f;x f;yf;
is in 7 fiAf; for ¢ # j, v and y in A. We are reduced to show that f;zf;yf; is a nonunit in f;Af;. But
otherwise we multiply with its inverse to obtain f; € f;Af;Af;, contrary to our assumption.

We claim that the surjection
AfeA — filfi/ fieAfi
v — fixfi
is an isomorphism of rings for all . Consider the relation

fizyfi — fixfoyfs = fix(l - fz')yfi € firAf; C fitAfi.

For z € tA and y € A (resp. vice versa) it shows f;tAf; C fiAf; to be an ideal. For z,y € A it shows the
map to be a ring morphism. Since A/tA is a skew field, it is injective.

We derive
fieAfi = v(filkfi) = mfil\ fs,

since f;Af; is a local ring in which f;tAf; is an ideal that has a skew field as its quotient. It ensues in
particular that A/tA =k (cf. E.1.32).

Now we can set out to prove

A =An [(@rfirfi) o @ firf)
i i#£]

We claim that tA is contained in the right hand side. But this follows from f;tAf; C wf;Af; for all i.
We claim that the right hand side, with all but one factor = dropped, is contained in tA. So suppose
given x € A such that fizf; € mf;Af; C fivAf; for some i. By A/tA = fiAf;/fitAf; we conclude that
x € tA.
Remark E.1.31 Let A be local. Then

dimy A/tA < min{ny | A parametrizing the factors of T'}.
In particular, in case A is commutative, we obtain

k= AJeA.

This follows from the remark that the column of (R/m)™**"*  regarded as a A-module, maps epimorphi-
cally onto the simple A-module A/tA. Cf. (E.1.32).



238 Radical layers

Remark E.1.32 The assumption in (E.1.30) that f; & filhfjAfi for i # j cannot be
dropped.

For u € R, let
A, = {(‘;Z) |a=xd, bu=,c} C R¥>? =T,

which is in fact a suborder, as becomes visible on the set of R-linear generators

{(6%), (Wo)s (0%), (20)}-

Note that the ideal 7" C A, is contained in tA,, since it is nilpotent modulo 7 (E.1.20 iv).
The ring epimorphism
k[T] — A,/aT
T — (o)
has kernel (T2 — u). Thus there are several cases to be distinguished.

In case u is a square in k* and char k # 2, tA,, coincides with #T. A, /tA, ~ k X k is not a
local ring, so neither is A,, for there are two nonisomorphic simple modules (E.1.2).

In case u is a square in k* and char k = 2, we obtain v(k[T]/(T — /u)?) = (T — \/u), whence
tA, is the ideal generated by 7I" and (‘{LE 1u>, Vu denoting an inverse image in R of the
square root of u in k. Therefore A, /tA, ~ k is simple, whence A,, is local (E.1.20 ii, E.1.9).
But the subset described in (E.1.30) applied to 1p = f1 + f2 with f1 = ((1)8) and fo = (8 ?)

does not give the radical. It is not even an ideal of A, since it contains (8 é) but not (2 (1)) .

In case u is not a square in k*, we obtain k[T']/(T?—u) to be a quadratic field extension of ,
denoted by k[v/u] (cf. E.1.31). Thus A, is local with radical tA,, = #I", which is likewise not
in coincidence with the formula given in (E.1.30). Moreover, note that tA,/t?A, ~ S®S,
where S = A, /tA, is a column in I'/#T.

In case u =0 € R, the radical is in fact calculable by the formula of (E.1.30) to be

thy = {(gg) la,e,d = 0} C R¥¥2.

Example E.1.33 (dangerous bend) (?!) Consider

. ail ai2 ais o o o o o o 3%3 .
A= {(gii a2 ggi) | 11 =x a2 =x a33, G12 =5 A23 =x 31, A13 =7 A21 = 32} C R =:T.

We claim that A is a subring of I'. Since #nT" is contained in A it suffices, by an extension
of the following two elements to an R-linear basis of A by 15 and by elements in [, to

consider their four products. But
010 001
001 100
(1 0 0) ’ (0 1 0)

100
are even permutation matrices. Let e := (8 (1) 8). We obtain

ele = {(Zéi géi) | a11 =x a2} C R**2 = ¢Te,
which is not a subring, since (8(1)) ((1)8) = ((1)8)

Remark E.1.34 Assume A to be local. Let f # 1 be an idempotent of I'. Then

ANAf CtA.

The quadrangle

215, KONIG pointed out that such an example should exist, contrary to what I had believed. It is
modelled on an example H. WEBER has shown me.
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tA eA(1— f)

A

A=)

is an exact square, as to be seen on the vertical cokernels. The assertion follows by equality
of the horizontal kernels.

E.2 Homological inequalities

We derive some inequalities concerning the size of the radical layers in the local case,
resulting from a long exact Ext-sequence. To begin with, however, we shall present some
elementary facts which give rise to doubts whether the outcome of these considerations will
be overly useful.

Keep the conventions from (S E.1.3). Let A C [[, R"*™ =:T be a local sub split semisimple
R-order with simple module S and projective module P (~ A). Let D := EndsS. Let X be a
left A-lattice. Consider the minimal projective resolution

di3 o dia o da - dio .
8 pae D pain T pow S y i

i.e. the projective resolution constructed via projective covers (E.1.21). Let wfj = Kernd; ;_; =
Im d;;. For a A-module M we denote by t;; the number defined by

M/tM ~ S'

Note that by construction we have «o;; = t, x as well as o.)X C vP%i-1, If N is a finitely

generated torsion R-module, we denote by IN its length in the sense of Jordan-Hdélder, i.e.
IN =35, dimy T N/m LN,

For an example in which the inclusion k C D is strict we refer to (E.1.32).

Remark E.2.1 The series of isomorphism classes t' X becomes eventually periodic.

This is a consequence of Jordan-Zassenhaus (D.2.7), using the fact that the inclusion of t'X into X is
full. Cf. (6.1.16).

Remark E.2.2 Fori > 0 we have the upper bound

teix < rkrpX/dimg S.

Note that . . ‘ ' .
I(E X/ X) <1 X /me' X) = thpe' X = rkp X.

Lemma E.2.3 (stability at the rank) Assume in addition A to be commutative, i.e. assumeny = 1
for each \. There is an I > 0 such that for i > I we have

ttiX = I‘kRX.

Ct. (E2.2, B.2.5 ¢).

Denote I'X := IT'®, X and note that tkpl' X = rkpX (B.1.3, B.1.12). The radical of a I'-lattice Y as a I'-
module, viz. 7Y, contains the radical of Y as a A-lattice by (E.1.6) since A is assumed to be commutative.

In particular, for i > 0 we have 4 4
v X Cn'TX.
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Note that . ‘ ‘ ‘ ‘ ‘
dip1 = [(rTX /0T X)) <I(@ITX /ne X) = I(7n' T X /e X) =: d;

so that there exists an I > 0 such that
I(7'T/e'A) = I(n'T /' A) =: d
fori>1.

The equation ' _ _ _
I(TX/X)+1(X/vX) = I(ITX/7'TX) + (m'TX /" X)
= i~rkRX+d

for ¢ > I shows that

1 , ,
kpX =lim =) (Y 1X/vVX).
rkg 1zrni2(t /v X)

j=1
Subtracting the equations

I(FTX/¢X) + 1 X6+ X) = (7T X /7 TX) + (7T X /vt X)
(AT X /LX) 4+ 16 X 642 X)) = (7 DX /a0 X) + 1(n 2T X /v +2 X)

yields ‘ ‘ ‘ A
(X /T2 X)) — (X /e X)) = digp — 2di41 + d;
which becomes _ _ ' '
tix = (' X/0TEX) = 1(¢ T X /o2 X) =tk X
for ¢ > I, where the left hand side equality holds by (E.1.31).

Corollary E.2.4 Keep the assumptions and the notation of (E.2.3). Fori > I we have

¢ X = md X

Cf. (E.2.1). For a maybe somewhat surprising t>A, cf. (E.1.29). The assertion does not hold in case A
is not commutative, cf. (E.3.4).

Remark E.2.5

(a) I do not know whether the sequence t.ix is ascending. If this was known, the peri-
odicity of (E.2.1) would imply stability of t.:x for large X. Let 1p = ), ex be the
decomposition into central primitive idempotents of I'. 1 do not know whether t.i x
and ), tyi., x become equal in the limit.

(b) For A commutative local sub split semisimple, we obtain some information on the
Hilbert-Samuel polynomial f of A, which gives the length of A/t*A as A-modules for
i large [AM 69, 11]. Plugging in X = A in (E.2.3) we see that f is linear and has
leading coefficient tkrA. Note that Ar is a tA-primary ideal (E.1.20 iv), thus the
degree of f equals the Krull dimension of A equals the minimal number of generators
over A of an tA-primary ideal equals 1, in accordance with [AM 69, 11.14].

(c) We repeat the argument of (E.2.3) in the noncommutative case under an extra as-
sumption. Suppose given an element 7 € Z(A) such that there exists a m > 1 with

7A C™A C AT

For instance, in case A is commutative we may take 7 = 7 by (E.1.6). See (E.3.4,
E.3.6) for noncommutative examples which fulfill this assumption, and, moreover, for
which the assertion of (E.2.3) does not hold.

Denote the valuation of the projection of 7 to Z(R™*™*) = R by 0. Denote by &,
the rank of the projection of I'X to R™*™ X. So we obtain e.g. for X = P that &,
equals ni Note that for ¢ > 0 we have

rkz X = I(TX/7A0X) = (FTX/FHTX) =) &0
A
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The inequality
digr = (AT X /I X)) <UAFITX /7™ X) < U(FTX/e™X) =: d;
supplies us with an I > 0 such that
17T /e™A) = I(7#'T/e/™A) = d

for i > 1.

The equation

I(TX/X) +1(X/vmX) = I(TX/7TX) + (FTX/t'mX)
= 1.tk X +d

for i > I shows that

RN .
ki X =lim =y (U DmX/0mX).
r im - ; (v /v )

Subtracting the equations

I(ATX/emX) + 1 X0 m X)) = (FTX/7TITX) + (7 H T X /e FDm X))
I(FHTX /e TmX) 4 (DM X e ((Fm X = (RIHITX /720 X) 4 (720X /o H2m X))

yields
1™ X /eI X)) = rkz X

for ¢ > I. Moreover, we read off that
rkz X > [(¢™ X /DM X))

holds for all 7 > 0.

Lemma E.2.6 Leti,j > 1. We have

dimp Ext) (X/v'X,8) = t,x

. . . UJi’J
dimp EXt'}&(th/tlJ’_lX, S) teix - twf’.
J

In fact,
Ext} (X/t'X,S) = Cokern HomA(Pm’jI’S)LHomA(wﬁ’S))
X S)

= Homp (wj;,

has dimension ¢,x over D, the zero morphism resulting from wfj(. C tF; ;1. In particular,
ij
Eth\(S, S) = tw{vj,

yielding the second equation.

Definition E.2.7 A sequence of integers s1,Sa, ... is called of Euler characteristic type if
> (-D)"si =0
i€[1,m]

for allm > 0.
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Proposition E.2.8 (Euler inequalities) Let i > 2. The sequence of integers

tei-1x,
twix—l,l’ twi),(l’ beiziy - twﬁ’
t‘*’fil,z’ twi{(?, tei-1x twg,
twfil 37 twixga lei-ix - twﬁa

is of Euler characteristic type (E.2.7).

The short exact sequence
00—t Xt/ X — X/t'X — X/t 1 X —0

induces the long exact sequence

0

Homy (X/t' X, S) = Homp (X/v71X, S)

Ext) (X/t"1X,S)

Ext} (X/t1X,S)

The inequalities follow by (E.2.6) and by the remark that cutting off this long exact sequence and inserting
an image instead, the FEuler characteristic of the resulting exact sequence is zero.

Corollary E.2.9 (exponential bound) Fori > 2 and X = P we obtain
teip < (tep)(ti-1p),

thus, in particular,
teip < (tep)"

In view of (E.2.3) in case A commutative and of (E.2.1) in the general case, this inequality merely says
that the rate of growth is exponentially bounded ‘in the start region’.

Remark E.2.10 If dim; S = 1, e.g. if A is commutative (cf. E.1.31), this already follows
from the surjection

tA/PPA @ ¢ TIA /A — A TIA

induced by multiplication.

Corollary E.2.11 (regularity is exceptional) If A is commutative, then t.p = 1 implies tkeP = 1.
This follows from (E.2.3, E.2.9). Cf. [AM 69, 11.22].
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Remark E.2.12 (growth of wy ;) Forj > 1, we have
(%) (rkaﬁj+1 + rka{D’j)/rkRP =tupr < rkaﬁj/dimk S,

whence »
I‘kaLjJrl < I'kRP

rka{Dj =~ dimy, S

(#)

Moreover, we remark that in case tkgr P = 2dimy S, we either get rkgp wﬁj =r1kgr P for all j, or S has a
finite projective resolution.

The equality in (%) is given by construction of the minimal resolution. The inequality in (x) is asserted
in (E.2.2). We note that the consequence rkpP > dimy, S already follows from I(P/mP) > [(P/tP).

E.3 Examples

We calculate some example for sake of illustration of (S E.1.3, S E.2) as well as in order to
examinate some modular morphisms, not necessarily between simple lattices. In particular,
we will record the behaviour of such morphisms with respect to the radical layers. The
hope was to discover well behaved and predictable morphisms that way, in the spirit of
(E.1.24), however, there are none in sight. We restrict our attention to the ‘principal
building blocks’ of Z,)Sy, p prime, viz. to the endomorphism rings of the indecomposable
projectives. Moreover, we pick some relevant Hom-groups, however, without giving a precise
meaning to this attribute. So the following treatment remains tentative, yielding a bunch
of experimental material. The first example (E.3.2) is presented rather detailed.

We keep the notation of (S E.1.3, S E.2).

Lemma E.3.1 Let e be a central idempotent of T, let I := ANA(1 —¢€). The evaluation

Homp (Ae, I/7%) — {zel/n™|Iz =0}
f—ef

18 an isomorphism.

The map going from the Hom group to the whole I /7 is injective. An element x € I /7% qualifies as an

. . f . . .
image of € under a morphism Ae — I /7 iff the product of I = Annpe with a vanishes.

Example E.3.2
Let R :=Z(y), k :=Fy, let
A={zxyxz|2x=sy+z y=42} CR X Ry x R3 =T,

the indices denoting merely an ordering. A is the endomorphism ring of an indecomposable projective
lattice over Z)Sy (S 2.1.1) as well as over Z2)Ss (S 2.2.4).

By (E.1.28) we obtain

A R1x1x1, 0x2x—2, 0x0x38)
tAh = R2x2x2, 0x2x—2, 0x0x8)
A = RAx0x0, 0x4x4, 0x0x38)
YA = RB8x0x0, 0x8x8, 0x0x16)
= 2t2A,
whence
A/tA = k(1 x1x1)
tA/PA = k(2x2x2, 0x2x—2)
PA/BA = k(4x0x0, 0x4x4, 0x0x8).

We calculate the minimal projective resolution of the simple A-module A/tA (cf. S E.2). The short exact
sequence
0 — wh — A d A — wl — 0
1® 0 — 2x2x2

0@ 1 — O0x2x-2
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yields
wh = {axbxcddxex feAN®A|2a x2bx2c=0dx —2e x2f}
~ {dxex feA|0x—ex feA}
={dxexfelAle=sf, —e=4 [}
= R2x2x%x2, 0x4x—4,0x0x8),
whence

wh Jrwh, = k(2 x2x2, 0x0x8).
The short exact sequence

P

0 — wi3 —

Hwﬁ — 0

A
0 — 2x2x2
1 — 0x0x8,

S = >
S D D

yields
wh = {axbxcddxex feA®A|2a x2bx2c=0dx 0ex —8f}
{dxex feA|0x0x—4f €A}
={dxex feA]f=0}
= R(2x2x2,0x2x—2,0x0x8)

_ P
= Wiy

12

respecting the bound (xx) of (E.2.12), 1 < 2.
Let X :=Ry,let Y :={y x 2z |y =4 2z} C Ry x R3. We want to calculate

Homy (X,Y/2%) := lim_Hom, (X, Y/2")

7

where the injective transition morphisms are induced by
Co(— )
Y /2! ) Y /20!

so that we may as well view this direct limit as a union over this chain of subgroups. A priori we know
by the commutative diagram

Hom, (X,Y/2%)

Hom,y (X, Y/2¢+1)

Exty(X,Y) =——— Ext;(X,Y)

in which the vertical maps are connectors of long exact Ext-sequences, that this chain stabilizes for
i > vy (#Ext} (X,Y)), since in this range the injective connectors are also surjective.

Note that the existence of an element
f € Hom(X,Y/2")\Hom(X,Y/2"™1)

has the following consequence. Let y x z € Y be a representative of 1f € Y/2¢ let a x b x ¢ € A. We
have y x z ¢ 2Y and, moreover,

(ay x az) — (by x cz) = (a — b)y x (a — )z € 2'Y

Let a > 0 be minimal such that 2% x 0 x 0 lies in A, i.e. @ =2. Plugging in a x b x ¢ =2% x 0 x 0, we
obtain for ¢ > « ‘
Yy Xz €27

whence i = a. We conclude that the chain of subgroups stabilizes at ¢ = a. Therefore, actually we have
to calculate
Y/4 O Homy (X,Y/4) = Homy (X, Y/2°).

The element y x z alluded to above determines such a morphism. It yields such a morphism iff

(a—by x (a—c)z €4Y
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for all @ x b x ¢ in a set of R-linear generators of A (cf. E.3.1). We obtain the conditions

—2y X 2z € 4Y
Oy x 8z € 4Y

so that
Homa (X,Y/4) =+ R(2x =2, 0 x 8) C Y/8.

An element a x b x ¢ of I acts on Y and commutes with f iff it satisfies the following ties.

a =9 C
2a =g b+ec.

An element a X b X ¢ of I' commutes with g iff it satisfies
a =9 C,
which is implied by those ties caused by f since g is the composition of f with an endomorphism of Y/4.
Consider the morphisms induced by
_ f _
X =X/4—Y/4=Y
on the radical layers. The radical layers of Y are given by

Y/iY = k{(1x1)
VY /e2Y = k(2 x =2, 0x4)
Y /Y = k{4 x —4)

so that X /tX injects into tY /v?Y and tX /t2X injects into t2Y /Y. Intuitively, S = A/tA being the
simple module, we obtain

X Y

S
S f S S
S S

Example E.3.3
Let R := Z(Q), k.= FQ, let

A={zxyXzxw|rz=y, 2=4w, x =22, t—y=gz—w} C Ry X Ry x R3 x Ry =: T,

the indices denoting merely an ordering. A is the endomorphism ring of an indecomposable projective
lattice over Z2)Sy (S 2.1.1).

By (E.1.28) we obtain

A=R1Ix1x1x1 0x4x0x4, 0x0x2x2 0x0x0x38)
tA = R2x2x0x0, 0x4x0x4, 0x0x2x2 0x0x0x38)
A = RA4x4x0x0, 0x8x0x0, 0x0x4x4, 0x0x0x8)
YA = R8x8x0x0, 0x16x0x0, 0x0x8x8 0x0x0x 16)

= 2e2A,
whence
AJtA = k(1 x1x1x1)
tA/tPA = k(2x2x0x0, 0x4x0x4, 0x0x2x2)
AN = k(4x4x0x0, 0x8x0x0, 0x0x4x4, 0x0x0x8)

In particular, both kernel and cokernel of tA/t?A — tI"/t?T" have dimension 1.
We calculate the minimal projective resolution of the simple A-module. The short exact sequence
0 — wh — AoADAN — wh — 0
100 — 2x2x2x2

0p1dp0 — 0O0x4x0x4
0e60p1 — Ox0x2x2
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yields
W{DQ: {a1><b1><61Xdl@agngXCQng@d3Xb3XCng3€A@A@A|
2@1X2b1X201X2d1:0><—4b2><—203X—4d2—2d3}
~ {a2Xb2X62ng@agXb3><C3Xd3E'CA@YA|0X2Z)2XC3X2d2+d3€A}
= R(2x2x2x2 @& 0x0x0x0,
O0x4x0x4 & 0x0x0x0,
O0x0x2x2 @& 0x4x0x4,
O0x0x0x8 @& 0x0x0x0,
O0x0x0x0 & 2x2x0x0,
O0x0x0x0 & 0x8x0x0,
O0x0x0x0 & 0x0x2x2,
0x0x0x0 @ 0x0x0x8),
whence twi, = R{ 4x4x0x0 & 0x0x0x0,
O0x8x0x0 & 0x0x0x0,
O0x0x4x4 & 0x0x0x0,
O0x0x0x8 & 0x0x0x0,
O0x0x0x0 & 4x4x0x0,
O0x0x0x0 & 0x8x0x0,
O0x0x0x0 & 0x0x4x4,
0x0x0x0 @& 0x0x0x8),
so that wh/rwl, = E( 2x2x2x2 @ 0x0x0x0,
O0x4x0x4 & 0x0x0x0,
O0x0x2x2 & 0x4x0x4,
O0Xx0x0x0 ® 2x2x2x2,
O0x0x0x0 @ 0x0x2x2).
Therefore,
wf?): {agng><62ng@ngb3XCng3@a5Xb5XC5Xd5€tA@tA@tA‘
2(by — dz) + (c3 — d3) =5 0, 2(b3 — d3) + (c5 — d5) =5 0}
= R(2x2x2x2 @& 0x0x0x0 @& 0x0x0x0,
O0x4x0x4 @& 0x0x0x0 @ 0x0x0x0,
O0x0x2x2 @& 0x4x0x4 @ 0x0x0x0,
O0x0x0x8 @& 0Ox0x0x0 & 0x0x0x0,
O0x0x0x0 @& 2x2x2x2 @& 0x0x0x0,
O0x0x0x0 & 0x8x0x0 @& 0x0x0x0,
O0x0x0x0 @& 0x0x2x2 @ 0x4x0x4,
O0x0x0x0 @& 0x0x0x8 @& 0x0x0x0,
O0Xx0x0x0 @& O0x0x0x0 d 2x2x2x2
O0x0x0x0 @& O0x0x0x0 @& 0x8x0x0,
O0x0x0x0 & 0x0x0x0 ¢ 0x0x2x2
0x0x0x0 @& 0x0x0x0 @& 0x0x0x8)
and
wh = R(4x4x0x0 @ 0x0x0x0 @ 0x0x0x0,
O0x8x0x0 ® 0x0x0x0 & 0x0x0x0,
O0x0x4x4 & 0x0x0x0 d 0x0x0x0,
OX0Ox0x8 & Ox0x0x0 & 0x0x0x0,
O0xXx0x0x0 & 4x4x0x0 @ 0x0x0x0,
O0xX0x0x0 @& 0x8x0x0 d 0x0x0x0,
O0xXx0x0x0 @& 0x0x4x4 d 0x0x0x0,
O0x0x0x0 ® 0x0x0x8 6@ 0x0x0x0,
O0xX0x0x0 & 0x0x0x0 @ 4x4x0x0,
O0xXx0x0x0 & 0x0x0x0 @ 0x8x0x0,
O0x0x0x0 & 0x0x0x0 ¢ 0x0x4x4,
O0x0x0x0 @ 0x0x0x0 & 0x0x0x8),
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so that
wh/twh, = E(2x2x2x2 @ 0x0x0x0 @& 0x0x0x0,
O0x4x0x4 & 0x0x0x0 & 0x0x0x0,
O0x0x2x2 P 0x4x0x4 & 0x0x0x0,
OXx0Ox0x0 @& 2x2x2x%x2 6 0x0x0x0,
Ox0x0x0 & 0x0x2x2 ® 0x4x0x4,
OX0Ox0x0 @& O0x0x0x0 @ 2x2x2x2,
0x0x0x0 @ 0x0x0x0 @ 0x0x2x2).
Therefore,
wﬁ = {CLQXbQXCQng@@gngXCng3@a5Xb5><C5Xd5€Ba7Xb7XC7Xd7EtA@tA@‘CAEB’CA|

2(b2 — dg) + (03 — d3) =5 0, 2(b3 — d3) + (65 — d5) =350, 2(b5 — d5) =+ (67 — d7) =3 O}

And so on. We obtain, for j > 1,

w1

tr = 2j+1
rkafj/rkRP = 7,

respecting the bound (#x) of (E.2.12), (j+1)/j <3 for j > 1.

Let X :={x xy|x=4y} C Ry X Ry, let Y :={zxw|z=4w} C Ry x Ry. We want to calculate
Homy (X, Y/2%) = Homy (X, Y/2)

(cf. E.3.2). Let z x w denote the image of 1 x 1 under such a morphism, determining it. z x w qualifies

as such an image iff for any a X b X ¢ x d in the annihilator of 1 x 1 € X we have ¢z x dw € 8Y (E.3.1).

Since this annihilator is generated by 0 x 0 x 2 x 2 and 0 x 0 x 0 x 8 over R, this condition translates into

2z X 2w € 2Y
0z x 8w € 2Y

so that
Homy (X,Y/2) == R(1x 1, 0 x4) CY/2.

Letlxl—f>1><1. An element a x b x ¢ x d of I" acts on X and on Y iff

aE4b
c =4 d.

In addition, this element commutes with f iff it satisfies the following ties.

a =92 C
bEgd
a—c =g b—d.

Note that X/2 Tf> Y/2 is an isomorphism, and so are the induced morphisms on the radical layers.

Example E.3.4
Let R := Z(g), k.= FQ, let

rT=yy, t=20, z =5 v,
zZ—w=y4t,

Y —w =4 2u,
T+y+z+w=s2s+ 20 =40}

C RixRyx Ry x Ryx (), =T,

A = xxyxzxwx(f“t,)

the indices denoting merely an ordering. A is the endomorphism ring of an indecomposable projective
lattice over Z)Ss (S 2.2.4).
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By (E.1.28) we obtain

A= R{1x1x1x1lx

O0x2x0x2x

O0x0x2x2x

O0x0x0x4x

O0x0x0x0x

0x0x0x0x

O0x0x0x0x

O0x0x0x0x

tAh = R{2X2x2x2x

O0x2x0x2x

O0x0x2x2x

O0x0x0x4x

O0x0x0x0x

0x0x0x0x

O0x0x0x0x

0x0x0x0x

A = R(4x0x4x0x

O0x4x0x4x

O0x0x4x4x

O0x0x0x4x

0x0x0x0x

O0x0x0x0x

O0x0x0x0x

0x0x0x0x

YA = R{8x0x0x0x

0x8x0x0x

O0x0x8x0x

O0x0x0x8x

0x0x0x0x

O0x0x0x0x

0x0x0x0x

O0x0x0x0x

A = R(16x0x0x0x

0x16 x0x0 x

0x0x16 x0 x

0x0x0x16 x

O0x0x0x0x

O0x0x0x0x

0x0x0x0x

O0x0x0x0x

A = R{32x0x0x0x

0x32x0x0x
0x0x32x0x
0x0x0x32x
O0x0x0x0x
O0x0x0x0x
O0x0x0x0x
O0x0x0x0x

A,
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whence

AJeA = k( 1x1x1x1x(
tA/PA = k( 2x2x2x2x(
0x2x0x2x(
0x0x2x2x(
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A/BA = k( 4x0x4x0x
O0x4x0x4x
O0x0x4x4x
O0x0x0x4x
O0x0x0x0x

BA/A = k( 8 x0x0x0x
0x8x0x0x
O0x0x8x0x
O0x0x0x8x
O0x0x0x0x
O0x0x0x0x

PA/PPA = k(16 x0x 0 x0 X
0x16 x0x0x
0x0x16 x0x
0x0x0x16 x
0x0x0x0x(
0x0x0x0x(

P

COOR N~~~ NOOCO0O00O0OOOONONOOOOOD
Nelolaloiois o i islololo N ololololelolelo] Volololololelelele)

Note that
Fi=dx4x4dx4dx(39) € Z(A)

is an element that satisfies the requirements of (E.2.5 ¢) with m = 2, viz.
A C A C AT,

The formula for tkzP =1-24+1-24+1-2+1-2+4-1 =12 is in accordance with the observation that
[(v*P/v**1P) = 6 for i large enough.
Let
X:={(30) | s=2v, t =0}
Yi={zxyxzxw|z=y=z2=w, s+y+z+w=40}

RR
(R R)5
AR1XAR2XAR3X‘R4
We want to calculate
Hom(X,Y/2°°) = Hom(X,Y/2) CY/2
(cf. E.3.2). The annihilator of ((1) (1)) € X is generated over A by 2 X2 x 2 x 2 X (8 8), so that any element
of Y/2 qualifies as an image of () under a A-morphism X — Y/2 (E.3.1).

Note that ((1) (1)) N 1x1x1x1 has the property that each element in Homy (X, Y/2) can be written as
composition of f with an endomorphism of Y/2. As we take from the R-linear basis of A, f is given by

|

Y/2

— 1Ix1x1x1
— O0x0x0x4
O0x2x0x -2
— O0x0x—2x2.

NSNS
HOOOONOH
COoOONOOHO

— N

An element x X y X z X w X (f“t,) of ' acts on X iff it (Zf,) is contained in X, it actson Y iff z x y X z x w
is contained in Y. Note that f sends

(ae0) — v-(Ix1x1x1)
+ (s—v)-(0x0x0x2)
+ t-(0x1x0x—1)
+ u-(0x0x—2x2).

Therefore, in addition, this element commutes with f iff it satisfies the following ties.
T—Yy =4t

r—z =4 2u
r+y+z+w =g 25+ 2v.
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k-linear bases for the radical layers of X = X/2 are given by

)
). (15))
)

k-linear bases for the radical layers of Y = Y/2 are given by

X/eX = k(]
X /2X = k{({
X /B3X = k((3

ocooNFO

Y/Y = k(Ix1x1x1)
Y/ = k(2x0x0x =2, 0x2x0x =2, 0x0x-2x2)
?Y /3 = k(0 x 0 x 0 x 4).

. fs . L . e
Thus, by the description of X — Y on an R-linear basis given above, we obtain the following intuitive
picture. b %

Example E.3.5
Let R :=Z3), k := Fs, let

cC =9 e,
A=Caxbxexdxex flb+c—2f =16 a+d—2e=50, p C Ry xRy xR3xRyx RsxRg=:T.
€7f =4 a*bEQO

the indices denoting merely an ordering. A is the endomorphism ring of an indecomposable projective
lattice over Z2)Sg (S 2.3.5).

By (E.1.28) we obtain

A=R(1Ix1Ix1x1x1x1,
O0x2x2x0x0x2,
O0x0x4x4x2x2
0x0x0x8x0x4,
0x0x0x0x4x4,
0x0x0x0x0x38)

tA = R( 2x0x0x2x0x2,
O0x2x2x0x0x2,
O0x0x4x4x2x2
0x0x0x8x0x4,
O0x0x0x0x4x4,
0x0x0x0x0x38)

A = R{ 4x0x0x4x0x4,
0x4x4x0x0x4,
0x0x8x8x0x0,
O0x0x0x8x0x4,
O0x0x0x0x4x4,
0x0x0x0x0x38)

A = R{ 8x0x0x8x0x0,
0x8x8x0x0x0,
0x0x16x0x0x0,
0x0x0x16x0x0,
O0x0x0x0x8x0,
0x0x0x0x0x38)

A = 2e3A,

whence

AJtA B{ 1x1x1x1x1x1)
tA/vPA = k({ 2x0x0x2x0x2,
0x2x2x0x0x2,
O0Xx0x4x4x2x2)
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A/BA = k( 4x0x0x4x0 x4,
0x4x4x0x0x4,
0x0x8x8x0x0,
0x0x0x8x0x4,
0x0x0x0x4x4)

SA/PA = k( 8x0x0x8x0x0,
0x8x8x0x0x0,
0x0x16x0x0x0,
0x0x0x16x0x0,
0x0x0x0x8x0,
0x0x0x0x0x8),

in accordance with (E.2.3) and respecting the bound of (E.2.9).

Let
{6Xf|€£2f}:XgR5XR6
{axbxexd|a+d=gb+c=40,c=2d} =Y C Ry xRyxR3XRy
{axbla=2b} ==Z C Ry xRy
{cxd\czgd}:W§R3XR4

We want to calculate
Homp (W, Z/2°°) = Homy (W, Z/4)

(cf. E.3.2). The annihilator of 1 x 1 € W is generated over A by 4 x4 x 0 x 0 X 2 X 2, so that any element
a x b of Z/4 qualifies as an image of 1 x 1 under a A-morphism W — Z/4 (E.3.1). Thus, any such
morphism factors over

h

W — Z/4
I1x1 — 1x1
O0x2 — 2x0

An element a X b x e x d x e x f of I' acts on Z iff a X b is contained in Z, it acts on W iff ¢ x d is
contained in W.

In addition, this element commutes with & iff it satisfies the following ties.
a—d=gb—c=40.

Note that there is a pullback diagram

Y

W cxd

—

Z

Z/4 —dXx—c

k-linear bases for the radical layers of W := W/4 are given by

W/W = k(1 x1)
W /W = k(2x0,0x2)
CW/BW = k{4 x0),

similarly 7 = Z /4. Moreover, Z —f> w.
We want to calculate
Hom(X,Y/2°°) = Hom(X,Y/4)

(cf. E.3.2). The annihilator of 1 x 1 € X is generated over A by 2 x —2 x 2 x —2 x 0 x 0, so that an
element a X b x ¢ x d of Y/4 qualifies as an image of 1 x 1 under a A-morphism X — Y/4 iff

ax—bxcx—de2Y/4).
(E.3.1). The condition on a x b X ¢ x d is equivalent to the requirement that

axbxexde (2x2x2x2)ACY/4,
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so that any such morphism factors over

X 2 vy

I1x1 — 2Xx2x%x2x2
O0x2 — 0x4x4x0.

Anelement a x bxexdxex fofTactsonY iff a xbx —ecx —d €Y, it actson X iff e x f € X.
In addition, this element commutes with g iff it satisfies the following ties.

b+c—2f =16 a+d—2e=50,
e—f =4 d—c.

k-linear bases for the radical layers of X := X/4 are given by
X/t X = k(1 x1)
X /X = k(2x0,0x2)
X /X = k(0 x 4),
k-linear bases for the radical layers of Y := Y/4 are given by

Y/t = k{(1x—-1x1x-1)
Y /Y = k(2x2x2x2,0x2x—2x0,0x0x4x—4)
Y /Y = k(4 x0x0x4,0x4x4x0,0x0x8x0)
Y /e3Y = k{0 x 8 x 8 x 0).

Thus, by the description of X 2+ ¥ on an R-linear basis given above, we obtain the following intuitive
picture.

X Y
S
S s S S
g
S S S S S
S S
Example E.3.6
Let R :=Z3), k := Fs, let
A:{axa’xbxb’xcxc’xdxd/x(Zi)x(giﬁ) ’
d —¢c =4 vV —a =9 0,
d =5 ¢,
f/ =4 f/u
e—h =4 ¢ —h =50,
cHd+f =5 d+d+f
et+e =4 f/+b+d =0,
2f =4 =V,
d =4 C/_flv
b—3d—f+29 =g b —3d — ' +24

—3a+b—c—d+2e—2f —29+2h+2¢ =16 —3a' +V —c —d +2¢ —2f" —2¢' +2h +29g =50

gRl><R2><R3><R4><R5><R6><R7><Rg><(gﬁ)gx(gﬁ)lozzl‘.

the indices denoting merely an ordering. A is the endomorphism ring of an indecomposable projective
lattice over Z)Ss (S 2.3.5). I am not quite content with this system of ties, nevertheless, it is possible
to handle it.

By (E.1.28), we obtain

A=R{1Ix1Ix1x1x1x1x1x1x(§?)x(4Y),
0x2x2x0x0x2x2x0x(39) % (00),
0x0x2x2x0x0x2x2x(035)x(03),
0x0x0x4x0x0x0x4x(00)x(04),
0x0x0x0x2x2x2x2x (%9)x (9% 25%),
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O0XxO0x0x0x0x4x4x0x

OXO0OXO0Ox0x0x0x4x4x

OXO0Ox0x0x0x0x0x8x

OXO0OXO0x0x0x0x0x0x

O0XO0OXxO0x0x0x0x0x0x

OX0Ox0x0x0x0x0x0x

OXO0OXO0x0x0x0x0x0x

OXO0Ox0x0x0x0x0x0x

OXO0OXO0Ox0x0x0x0x0x

OXO0OXxO0x0x0x0x0x0x

OX0Ox0x0x0x0x0x0x

tAh = R{ 2x0x0x2x2x0x0x2x
O0x2x2x0x0x2x2x0x
OX0OXx2x2x0x0x2x2x
O0XO0Xx0x4x0x0x0x4x
OXOXx0Ox0x2x2x2x2x
OXO0OXO0Ox0x0x4x4x0x
OXO0OXxO0x0x0x0x4x4x
OXO0OXO0Ox0x0x0x0x8x
O0XO0OXO0x0x0x0x0x0x
OX0Ox0x0x0x0x0x0x
OXxO0OXx0x0x0x0x0x0x
OXO0Ox0x0x0x0x0x0x
OXOXO0Ox0x0x0x0x0x
OXO0OXxO0x0x0x0x0x0x
OX0Ox0x0x0x0x0x0x
OXx0x0x0x0x0x0x0x
4x0x0x4x4x0x0x4x
O0x4x4x0x0x4x4x0x
O0X0x4x0x0x0x4x0x
O0Xx0x0x4x0x0x0x4x
O0x0x0x0x4x0x0x4x
OXO0OXx0x0x0x4x4x0x
OXx0x0x0x0x0x4x4x
OXO0OXO0Ox0x0x0x0x8x
OX0Ox0x0x0x0x0x0x
OXx0x0x0x0x0x0x0x
O0XO0OXxO0x0x0x0x0x0x
Ox0x0x0x0x0x0x0x
OXO0OXO0x0x0x0x0x0x
OX0Ox0x0x0x0x0x0x
OXx0x0x0x0x0x0x0x
O0XO0OXxO0x0x0x0x0x0x
YA = R(8x0x0x8x0x0x0x0x
OXx8X8X0Ox0x0x0x0x
OX0Ox8Xx0x0x0x8x0x
OXx0x0x8x0x0x0x8x
OXO0OXO0Ox0x8x0x0x8x
OXx0x0x0x0x8x8x0x
OXO0OXO0Ox0x0x0x8x0x
OX0Ox0x0x0x0x0x8x
OXx0x0x0x0x0x0x0x
O0XO0OXxO0x0x0x0x0x0x
OXO0Ox0x0x0x0x0x0x
OXO0OXO0x0x0x0x0x0x
OX0Ox0x0x0x0x0x0x
OXx0x0x0x0x0x0x0x
O0XO0OXxO0x0x0x0x0x0x
OX0Ox0x0x0x0x0x0x

[}

~—
X
S S

e o o
~

CO0OOONOCOOOO0O0O0OCO0OONOOOONOOOO |
CONNNOOOOOOOOOOOROOOORNOOONON
BERENNOONONOOOONROROOOORNORONDOOO

Lo

olo
—
=
|
MO
SN—"

R N N ) N N = = N =)
[P o e e e N

~

A

—~
CO0O0OCOOROOROOOOHROONOOOONDOOOO, —  — O000CO0OONOOROOOOROONDOOOONDOOOD —

COO0O0OOROOOOOOOOOOOONOOOONOOOO |

COOCORPAROOOOOOOOOOOROOOORNOOONON
R OOOOROWOOOOWROROOOORNORONOOO
e e e o

o
o
~ . - - - - - - - - \,LO“ - - -
-~

X X X X X X X XX XXX XXXXXXXXXXXXXXTXXXXXXXXXXXXXXXTTXXXXXXXXXXX XX X

P G G

elelelalalslelelele)] Velelelelelslslalelololelslslalelelelelelelalelelelelelelale] Velelele] Vlelelelel]
[elelelelslolelel Nolelelel Hololelol Nelelololelelelololelelelolelelelolelelelol Nelelelal ) Vielela] Vie) V)
COROOOOHROONOOOOROOOOOOOOOOOOCOOOOOOH,ROOOOAOONOOOONOOOD, — |
VOO0V ROROOOOHROOHRODOOOOOOOOOCOOOOONWOOOOXVROROOOOHRNORONOOON

D T T i R N I N T I I N N T N T R i N N T T R N N N T T R N T T I N N T T S R N VR N

B g N T )

gt
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whence

A

oA

A

AJtA
tA/e2A

R

R(

t*A

k(
k(

16 Xx0Xx0x0x0x0x0x0x
O0x16x0x0x0x0x0x0x
O0X0Ox16x0x0x0x0x0x
OXxO0x0x16x0x0x0x0x
OX0Ox0x0x16x0x0x0x
OXxO0x0x0x0x16x0x0x
OXxO0x0x0x0x0x16x0x
O0X0Ox0x0x0x0x0x16x
0x0x0x0x0x0x0x0x(
0x0x0x0x0x0x0x0x(
0Xx0x0x0x0x0x0x0x(
0x0x0x0x0x0x0x0x(
0x0x0x0x0x0x0x0x(

(

(

(

OxO0Ox0x0x0x0x0x0x
OX0Ox0x0x0x0x0x0x
OXxO0x0x0x0x0x0x0x
32x0x0x0x0x0x0x0x
O0x32x0x0x0x0x0x0x
O0x0x32x0x0x0x0x0x
O0X0Ox0x32x0x0x0x0x
OXx0x0x0x32x0x0x0x
OXxO0Ox0x0x0x32x0x0x
O0X0Ox0x0x0x0x32x0x
OXxO0Ox0x0x0x0x0x32x
0x0x0x0x0x0x0x0x(
0x0x0x0x0x0x0x0x(
0x0x0x0x0x0x0x0x(
0x0x0x0x0x0x0x0x(
(
(
(
(

OO0 00000CONCCECONCORCCCoCO0000000000000000
e 00 0000000000000 O — " e D00 0000000000000

OxO0x0x0x0x0x0x0x
Ox0Ox0x0x0x0x0x0x
OXx0x0x0x0x0x0x0x
OxO0Ox0x0x0x0x0x0x
64 x0x0x0x0x0x0x0x
0x64x0x0x0x0x0x0x
O0x0x64x0x0x0x0x0x
O0X0Ox0x64x0x0x0x0x
OxO0x0x0x64x0x0x0x
OXxO0x0x0x0x64x0x0x
OXxO0Ox0x0x0x0x64x0x
OXxO0Ox0x0x0x0x0x64x
0x0x0x0x0x0x0x0x(
0x0x0x0x0x0x0x0x(
0x0x0x0x0x0x0x0x(
0x0x0x0x0x0x0x0x(

(

(

(

(

~ s - - v e e N T L e e v e e e

[}

e e e e e e

X X X X X X X X

HOOOO T N0~ N N TS TS M 00O 0000 OR OO0 N A N A N S T TS M OO0 R OO0 0OWOOOOOOO R AN AN NS

P oooCCPco00000000000000O0Owooo
OO N OO OO0 O —"—"

[Nelelelololalalolelelelelelololololalolelalalelalalaels dolelelele Jelelelelolalalalelalelelelololololololelelelalalalol Yo lolalale Jelelelelolololo ool oo lololo)

~—

Ox0Ox0x0x0x0x0x0x

[elelelelelelelelelaldelalalale Ve Ve i Y N L=l =l elelelelelelelel Nl ol el N N N i T Y e e e el e e lelelo ool Nl ool N e N N € e N
~—

D e N —~

=l=l=l=lalalaleldelalapo

— —

0 )
OXx0Ox0x0x0x0x0x0x 810),
OxO0x0x0x0x0x0x0x 38),
O0XxO0Ox0x0x0x0x0x0x 8106)

IxIx1x1IxIx1x1x1x(g9)
2x0x0x2x2x0x0x2x(99)
0x2x2x0x0x2x2x0x(59)
(63)
(52

TR
NNOONOHO
— ———

N

L~ 0000 OoNO

X
X
X
X

OX0Ox2x2x0x0x2x2x
OXOXO0Xx0xXx2x2x2x%x2x

| o

H
o

(V)

~—
X

~—
~
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CA/BA = k( 4x0x0x4x4x0x0x4x
O0x4x4x0x0x4x4x0x
O0x0x4x0x0x0x4x0x
OXO0x0x4x0x0x0x4x
OXxO0Ox0x0x4x0x0x4x
OXO0x0x0x0x4x4x0x
OXO0OxO0Ox0x0x0x4x4x
OXxO0x0x0x0x0x0x0x

GA/PA = B 8x0x0x8x0x0x0x0x

(
(
(
(
(
(
(
E
0x8x8x0x0x0x0x0x(
(
(
(
(
(
(
(
(
(

[elelelelelelaly
[ elelelel N
[ Y

- N

COOORRROOO

l.o

COO0WROOOOOOOO0O0000000CO0000OAOCCOORAOOOOOOOOOOCOOOONONOOON

— e 00000000000 OOO O N 5

g

o
- ~—

— 0000000000000 OO — " N N L O

X

[=lelelafNolololelslslolojelelslalslolelslslslslclalololoNolaf Nololololalololololelelolol Vel V=T V)

-~

OXO0x8Xx0x0x0x8x0x
OXOxO0Ox8x0x0x0x8x
OX0OXx0x0x8x0x0x8x
OXO0OXxO0x0x0x8x8x0x
OXOXx0x0x0x0x8x0x
OXO0x0x0x0x0x0x8x
OXO0Ox0x0x0x0x0x0x
OX0OXx0x0x0x0x0x0x
OXO0OXx0x0x0x0x0x0x
IA/PPA = k(16 x0x0x0x0x0x0x0x
O0x16x0x0x0x0x0x0x
OXx0x16x0x0x0x0x0x
OX0Ox0x16x0x0x0x0x
O0x0x0x0x16x0x0x0x
OXO0x0x0x0x16x0x0x
OXO0x0x0x0x0x16 x0 x
OXO0x0x0x0x0x0x16 x
0x0x0x0x0x0x0x0x(
0x0x0x0x0x0x0x0x(
(

(

X X X X X X X X X X X X X7 X X X X X

Y T T i N N T VN e N

—
X X X X X X X X
BROOOOOOR N N N ST ORNOOOO0OO0O0000000000O0O00OONOO —

v e e e e e

OX0Ox0x0x0x0x0x0x
OX0Ox0x0x0x0x0x0x

X X X X

NSNS

YA/OA = k( 32x0x0x0x0x0x0x0x (g) % (00),
0x32x0x0x0x0x0x0x(00)x(00),
0x0x32x0x0x0x0x0x(gg) % (00),
0x0x0x32x0x0x0x0x(99)x(00),
0x0x0x0x32x0x0x0x(00)x(00),
0x0x0x0x0x32x0x0x(0) % (00)
0x0x0x0x0x0x32x0x(00) x(00),
0x0x0x0x0x0x0x32x(00)x(00),
0x0x0x0x0x0x0x0x(95)x(08),
0x0x0x0x0x0x0x0x(99)x(90),
0x0x0x0x0x0x0x0x(99)x(50):
0x0x0x0x0x0x0x0x(99)x(08)),

respecting the bound of (E.2.9).
Note that
Fr=dxdxdxdxdxdxdxax(59)x(§9) € Z(A)

is an element satisfying the requirements of (E.2.5 ¢) with m = 2, viz.
A C A C 7T

The formula for rkz P = 8:(1-2)42-(4-1) = 24 is in accordance with the observation that [ (v P/t**1 P) = 12
for i large enough.

We drop the consideration of morphisms.
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Example E.3.7
Let R := Z3), k := F3, let

a—b =9 c—d=30,

A:—{axbxcxd —
b:3 C,

}§R1XR2XR3XR4_IF.

the indices denoting merely an ordering. A is isomorphic to four of the endomorphism rings of indecom-
posable projective lattices over Z3)Ss (S 2.3.3).

By (E.1.28) we obtain

A= R(1x1x1xl1,
0x3x0x3,
0x0x3x3,
0x0x0x9)

tA = R{ 3x0x3x0,
0x3x0x3,
0x0x3x3,
0x0x0x9)

A = R{ 9x0x0x0,
0x9x0x0,
0x0x9x0,
0x0x0x9)

A = R( 27Tx0x0x0,
0x27x0x0,
0x0x27x0,
0x0x0x27)

= 32A,
whence
AJtA = k{ 1x1x1x1)
tA/PA = k{ 3x0x3x0, 0x3x0x3,
0x0x3x3)
A/ = k{ 9x0x0x0, 0x9x0x0,
0x0x9x0, 0x0x0x9),

in accordance with (E.2.3) and respecting the bound of (E.2.9).

Example E.3.8
Let R :=Z3), k :=F3, let

b+c =9 2a,

A::{axbxc 0 =5 b

}CR1XR2XR3:ZF.

the indices denoting merely an ordering. A is the endomorphism ring of an indecomposable projective
lattice over Z3)Se (S 2.3.3).

By (E.1.28) we obtain

A=R(1x1x1l 0x3x-3 0x0x9)
tA = R(3x3x3, 0x3x-3 0x0x9)
A = R{9x0x0, 0x9x0, 0x0x9)
YA = R( 27 x0x0, 0x27x0, 0x0x27)

= 32A,
whence
AtA = k{ 1x1x1)
tA/vPA = k{ 3x3x3, 0x3x-3)
CA/BA = B 9x0x0, 0x9x0, 0x0x9),

in accordance with (E.2.3) and respecting the bound of (E.2.9).



Appendix F

7457, quasiblocks

We are concerned with the integral quasiblocks @* of S7, A running over the partitions of
7. For lack of an index formula for quasiblocks (cf. S 1.1.3) we have to ask the reader who
wants to check the results, to establish his own algorithm that allows him to conclude by
integral linear algebra that the image of the respective ring morphism is surjective. Most
of the examples we give are well known [P 80/1, (III, §7)].

We remark that the quasiblocks @Q* and Q)‘/ are isomorphic, since we may conjugate by the ‘Gram
matrix’ SN C» SN~ ~ SA (6.2.5) to pass from Q" to Q*, and backwards with roles of X and A
interchanged.

We will not consider the ties at 7, which are known by (4.2.8).

F.1 The quasiblock Q®!LLL1)

Setup
Let A:=(2,1,1,1,1,1). A ring morphism ZSg — 7575 having Q* as its image is given by
r—1 0 0 0 0-—17
0-1 0 0 0 1
(12) — | 0 070-1 01
00 0 0—1-—1
L oo oo 0 1l
00 0 0 0 17
EREEEY
(1234567) 0 0—1 0 0—1]>
00 0-1 0 1
L 00 0 0-1-1]

as we check via the modified Coxeter relations (S 1.2) and via a comparison of characters.
We shall make use of the possibility to give separate morphisms for the naive localizations at the prime
divisors of n!, yielding a global surjective morphism

287 —= Qi N Qfy N Qfy N Qfy S 2™,

in a constructive, but not explicitely given manner (cf. S 2.2.1).

Moreover, we employ the language of Morita multiplicities (cf. S 2.2.1).

The quasiblock Qg]’l’lvlvl’l)

At the prime 2, this quasiblock is the full matrix ring,

(2,1,1,1,1,1) _ 56x6
Q[2] =Z°%°.

257
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The quasiblock QE3]

21,1111

ITITITI )

At the prime 3, this quasiblock is the full matrix ring,

The quasiblock Q%’l,m,u)

Q

(3]

At the prime 5, this quasiblock is the full matrix ring,

(2,1,1,1,1,1) ZGXG

(2,1,1,1,1,1) _ 6x6
@ =77

F.2 The quasiblock Q®*>!1L1

Setup

A ring morphism ZS; — Z'**!* having Q(

r-1 0 0 0 1 0 0 0-1 0 O O O On
0-1 0 0-1 0 0 0O OO 0-1 0 O
0 0-1 0 1.0 0 0 0O 0O 0 0 0-1
0 0 0-1-1 0 0OOO O OO0 O0O
0 0 0 0 1 0 0 O0O0OO0O0O0 0 0
EEREREERERNER

(12) 0 0 00 O0OOO-1-1 0909000
0 0 0O0OOOOOT10 00 0O
0 0 0 0 0 0 O0O0OO0O-1 0 1 0-1
0 0 0 0 0 O0OO0OO0OO0OO0O-1-1 00
0 0 00O OOOOTO0OTO0OT1TO0O0
0 0 0O0OOOOOOTO0OTO 0O O0-1-1

L o 0 0 0 0 0O OO OO0OTO0OTO0O O0O 14

r-1 0 0 0 1 0 0 0-1 0 O O O OF
0-1 0 0-1 0 0 0 0O O 0-1 0 O
0 0-1t 0 1. 0 00 0 0 0 0 0-1
0 0 0-1-1 0 0O OOO OO0 OO
00 0O0O1 O0OO0OO0OO0OTO0OTO0OO0OO0O0
00 0 0 O0-1 0 0-1 001 00
0 0 0 0 0 O0—-1 01 00 0 01

(1234567) 0 0 0 0 00 O0-1-1 00 0 0O
0 0 00 O0OO0OO0OO0OT1T o0 0000

0 0 0O0OOOOOO-1 01 0-1

00 00OOOOOOO-1-1 00

0 0 0 0 0 0 0O O0OO0OO0OO0 1 0 0

0 0 0 0 0 0O O0OO0OO0OO0OO0 0-1-1

L 00 00 O0 0 O0O0OO0OO0OO0OO0O O0O 14

2,2,1,1,1)

as its image is given by

7S, quasiblocks

as we check via the modified Coxeter relations (S 1.2) and via a comparison of characters.

The quasiblock ng?,l,l,l)

At the prime 2, this quasiblock is the full matrix ring,

Qg],2,1,171) _ g14x14
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The quasiblock Q®*21:1.1)

(2.2,1,1,1)

[3]

The quasiblock @)

We conjugate the morphism given in the setup from the left by

T 1
[slolololslslslelelelolololy)

00000000000011_.
OOOOOOOOOOOlO‘I_A
00000000001009_.
00000000010004
00000000100000}_“
00000001000001_.
00000010000004
OOOOO_IAOOOOOOO.I_A
00001000000004
OOOlOOOOOOOOOn}_u
00100000000001_.
01000000000004
_IAOOOOOOOOOOOO.I_A

to obtain the morphism

01_:I_A0011000_I_A1_I_A3
—O—OO0O—HOO—OO—M
__

T 1
—HHAAOA A O OO

| [ | |

TS
TSI
.I,AI_I_AO.l_:I,AIOI.l_AO.I,:lO
et e
‘I,:I:I_AO‘I_:I,A1011_AOOOO
.I,AI_I_AO.I_A.I,AlOlOO_I,AOO
TN e
‘I,A_I:I_AO‘I_:I,:I:IAl.I_AO.I,AOO
HAAOHOHOH—HO—~HOO

—~
[a]
il
~

(1234567) —

, takes the form

(2,2,1,1,1)

(3]

The image of this morphism, naively localized at 3, i.e. the quasiblock @

13

]

(2,2,1,1,1)

[

5
We conjugate the morphism given in the setup from the left by

The quasiblock ()

T 1
[elelelololololelelololelel]
[clelslslslslslelelolololle]
[elelelolololelelelelalolelo)

000010000001_‘17.17‘

[clelolslslslelelelolololele]
OO0 OCOO0OoOO-HOOOOO

OO0 0O0O—~=—OOO——
|

0000001011_‘0100

OO0 O—HOO=—OOO

[clejslslslslsleleleljololes]

0001000000%017:%
001000000111_‘00
0100000004%00%
—HOOOCOOOO O
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to obtain the morphism

OOOOOOOOOOOO‘I_AO
O_I_AOO.I,.IOO.I_A31213
1_I_A11_A00001_A35J~13
00000000017.0000
TSI
11001041:_000%00

1“A1_|,A001_A104R_uA_12OJ_~
TOTTTTTTEREN
TECTETTTETTNT
[slelelelelelelelelelelalo)

OrHOO=—=OO =M= =M
I | |

23212321050050
| | | — —

|
O—H—HON—=H—O OO
I (.
HANAHO NI OO
I [

ANN NN — OO0

I [ I O
I
MAN— =N O
[ [ B
I I
—HO—HOOHONINHNOOOOW
| |
N—=—HOONM—HO OO
| | | ,1A_ |
[} s ]jelele)]
— —

NNOO—AF——O
7 —
|

—
(o]
i
~—

, takes the form

(2,2,1,1,1)

5]

The image of this morphism, naively localized at 5, i.e. the quasiblock @

F.3 The quasiblock Q2221

Setup

A ring morphism ZS; — Z'**!* having Q2221 as its image is given by

00000000000017‘0
_I_AOOOOOOOOl_I_:lOO
OOOOOOOOOO.I_AOOO
OOOOOOOOO.I_AOOOO
OOOOOOO_I,AOOOOOO
100011_210000000
OOOOO.I_AOOOOOOOO
OOOO.I_AOOOOOOOOO
‘I_TI:I,:IAOOOOOOOOOO
0017‘00000000000
O_HAOOOOOOOOOOOO
inlvlelslslslslelelelololole)

m10100001000017_‘
R
1_:101_%01_‘0110101,‘
1.|_A1011_A010_|,A10.|_A0
_I_A1A0.IA00000_IA01A0.I7A
1_A11_.1000001_I_A111,A
010000000100117.
000000000000017A
0000000000001_.0
000000000001_‘00
00000000001_‘000
00000000017‘0000

—~
(o}
e
~

(1234567) —»

as we check via the modified Coxeter relations (S 1.2) and via a comparison of characters.
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The quasiblock Q(*221)

The quasiblock QEQQ]’Q’Z’U

We conjugate the morphism given in the setup from the left by

T 1
[elelolelelolelelelelololel]
[slelololslslslslelelelolyje)]
[elelelelololelelelelellelo]

000100000001_‘11_.
|
[elelololslslalelelolelolole)]

OCOOOOOO0OHOOOOO

OOOOOOOl‘I_AOOOA‘I_A
00000010.I_AOO1_AO.I_.
CO00O0000O0OHOOO

001000000017‘011_.
|

01000000044‘400
OO0 O0O0O0O0OO——OO—

to obtain the morphism

0000000000001_.0
4‘00%0000021212
00000000040000
1_A10_|,:I,A1_A01_A420224
1_A09_~00000004004
40400000004004

.I,A2_|_A0.|_.00_|_A311?,~33
9,“21_A1_:|_A1_I,A1_A322036
TSN
41000000011000
TN
TETTITTIOTTe
01111%010400%4
FONHNAHANNOFFNOO
| (. [ [
NO—N—H—HO—~OONAN <fo0

—~
a
am
~

(1234567) —»

’2’2’1)7 takes the form

2
[2]

The image of this morphism, naively localized at 2, i.e. the quasiblock @

(2,2,2,1)

[3]

The quasiblock @)

We conjugate the morphism given in the setup from the left by

WOOOOOOOOOOO.I_:I_.
000000000001_:10
OOOOOOOOOO_I_:IAOO
0000000017‘01000
[elelalelelolalalellelele]o)
00000001_:100000
0000001_‘1000000
00000%10000000
CO00O—HOOOOOOOO

COO0O0O—HOOOODOOOOO
COO—HOOOOOOOOOO
COHOOOOOOOOOOO
[=lzlelelelolelelelololele]o]

inlelololslslslelelelolololo)]
L I

to obtain the morphism

01000%3431%217.0
OOOOOOOOO_I_AOOOO
1100043%100000
100019%2%000000
10001?%10000000
000004‘00000000
OOOO_I_AOOOOOOOOO
1_.117.10000000000
00400000000000
O.I_.OOOOOOOOOOOO
inlelololslslalelelelololols]

—
a
—

~
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TETTITTT TN
%44‘3411_‘%24%174
TS
00000000000011_.
0000000000011_‘0
OOOOOOOOOOl_ﬂOO
000000001017‘000
[slslslslslslelolol leleleles)

(1234567) —»

’2’2’1), takes the form

(2
;3]

The image of this morphism, naively localized at 3, i.e. the quasiblock @

13

(272’271)

[5]

The quasiblock ()

We conjugate the morphism given in the setup from the left by

T 1
[slelolololelelolololelelol
[slslslslslslololololelaloly}

|
COoCOCOoO0O0OO—HO
|
COo00000O0O—HOO
00000000010004
cCo0O0COoOCOHOOOO
|

OCOOoOO0O0OOHOOOOO
[olelelolelalilololelelelel o]

00000100000001_‘

OCOO0OHOOOOOOOO

[slelolojolalelolelelelelal
|
[=leljolelelelolelelelelol]

01000000000001_A

—HOOOOOOOOOO0OO
L I

to obtain the morphism

110011_210010010
—H—OOOOOOO—HOO I
_ |

n.UlOlOOOOlOOOOAﬂ_‘
23121111211110,
[ | ﬂ
101111_‘0111,‘101_‘5
1202000011010m
! |
_I_AO_I_AOOOOO_I,.I_I_Allrﬂ
0101000010000:%
1101000011,:1%00
[elaleolololelalalol o jelele)is]

—~
(o]
—

~

(1234567) —»

, takes the form

(2,2,2,1)

5]

The image of this morphism, naively localized at 5, i.e. the quasiblock @

13
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A ring morphism ZS; — Z*! having Q31111 ag its image is given by

F.4 The quasiblock Q®LLLU

The quasiblock Q@111

Setup

0_00100017‘0010%01_.
00000000000017‘00
0100017.000117.1000
000000000017.0000
0000000001_‘00000
00000004‘0000000
OOOOOO.I,AOOOOOOOO
OOOOO%OOOOOOOOO
OOO‘I_AOOOOOOOOOOO
0017‘000000000000
017‘0000000000000
AOOOOOOOOOOOOOO

T 1
000010001,‘00101,‘1
OO0 —HOOO—HOO—HO—HO

[slejslslslslslslelolololalaly)

CO—HO0O—~OO—HOO—HHO
| |
0000000000000 —HD

[clelslslslslslslelelololylele)

OHOO0OHOOOH—~—HOOO
| |
00000000000 —HOOO

[slslelolslalalolaleljlelelele)
[slelslslslslslsleljeleleloles)

—HOOOOH~HHOO000O
[
00000000 HOOO0OO

[clelololololelolelelelelelele)
CO0O00OHOOOOOOOO

OO0 OHOOOOOOOOO
L 1

—
[aN]
sl
~—

(1234567) —

(3,1,1,1,1)

as we check via the modified Coxeter relations (S 1.2) and via a comparison of characters.
2]

We conjugate the morphism given in the setup from the left by

The quasiblock ()

WOOOOOOOOOOOO_I?AIJ_A
| |
10000000000017‘11
4‘00000000001_:101_‘
10000000001_:1001
1000000017‘100001
1_A0000001,A100000_I_A
1000001_:10000001
4‘0000&100000004‘
10001_‘1000000001
1017‘100000000001
1_:I_:I.OOOOOOOOOOO_I_A
4‘10000000000001_‘

inlelolslslslslslslololololal)
L I

to obtain the morphism

0.2224224022440&
S R A I
TTOTITTTTITNTEY
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), takes the form

(3,1,1,1,1

(2]

The image of this morphism, naively localized at 2, i.e. the quasiblock @
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(3,1,1,1,1)
(2)

7S, quasiblocks

Z15X15.
Z15X15.

14

(3,1,1,1,1)

(3]

(3,1,1,1,1)

(3]

, appearing as a column of Z'*'®  is not projective over Q

]

(3,1,1,1,1)

[

(3,1,1,1,1)
At the prime 5, this quasiblock is the full matrix ring,

3]
5

(3.1,1,1,1)

(2)

LLLD g a Gram order. Cf. also [J 78, 23.10 ii].

(3,

(2)

Setup
A ring morphism ZS; — Z3%*3% having Q3211 as its image is given by

F.5 The quasiblock Q®25L1)

NB the Specht lattice S

although @

The quasiblock ()

At the prime 3, this quasiblock is the full matrix ring,
The quasiblock ()
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The quasiblock Q3211
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as we check via the modified Coxeter relations (S 1.2) and via a comparison of characters.
2]

We conjugate the morphism given in the setup from the left by
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The quasiblock Q3211

The image of this morphism, naively localized at 2, i.e. the quasiblock QS]’Q’LU, takes the form

14

20

211 g given in [P 80/1, (II1.12)].

(3,
(2)

An equivalent description of @

(3,2,1,1)
3]

The quasiblock ()

We conjugate the morphism given in the setup from the left by
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, takes the form

(3,2,1,1)

(3]

The image of this morphism, naively localized at 3, i.e. the quasiblock @

13

20

is given in [P 80/1, (II1.10)].

(3,2,1,1)

(3)

An equivalent description of @

(3,2,1,1)
[5]

The quasiblock @)

At the prime 5, this quasiblock is the full matrix ring,

_ 735%35

(3,2,1,1)
(5]

Q

F.6 The quasiblock Q®%?

Setup

A ring morphism ZS; — Z**?! having Q®2?) as its image is given by

ﬁiUOJiU01LOHXUO1ﬂOHXUO1LOJiU1
%ﬂXU0ﬂ¥1OﬂXUO1ﬂOﬂXUOﬂXU01ﬂlﬂ
OODXUOﬂXUOﬂXUOﬂXUOﬂXUOﬁYﬂOO
OOOHXUOOOHXUAOHXUOOJ:lOOO
OOHXUO”XUOHXUﬂXUOﬂXUO1ﬂ0nUOﬂ
011OJiUﬂfﬂO1ﬁU01101ﬂ01iU0ﬂXU0
1ﬂXUOﬂrﬂ00XU01100¥ﬂ1ﬂXU00XU0
OﬂXUOﬂXUﬂXUOnUOnUOJiUﬂXUOnXUO
0000XU00HXU01J:100OﬂXUOOO
OonxUOHXUOHXUOJ:UOHXUOHKUOH
OnXUOHXUOGxUOJﬁUOﬂXUﬂXUOﬂXUO
OOXUODfﬂOﬁfﬂanOHXUOﬂXUonXUO
OOnXUOﬂXUOJiUOnXUOﬂXUOﬁXUOO
OOOHXU1A1$UOOHXU00OﬂXUOOO
OOﬂXUOOJ:UOﬁXUOOHXUOOHXUOO
OOOXUOJﬁUOﬂXUOﬂXUOﬂXUOﬂXUOﬂ
ﬂﬂXUJflOﬂXUOnuOﬂXUOnuOﬂXUﬂXUO
OOnYﬂOnxUOHXUOHXUOOXUOHXUOO
1%100000”5KXU00000000“
O%OnXUOOOHXUOOOHXUOOHxUOO
ﬂOnXUOﬂXUOﬂXUOﬂXUOﬂZUOﬂXUOﬂ

—~
[a]
—
~
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The quasiblock Q®%?)

T
4‘00410000014‘100014001

[slslslslslslslololololalalsleleleleleloly]

—HOO0HOOHO0OOHOOOO—HO—OH
| | | |
[=l=lolal=lolololalalolol=l=tolol ==l )

1%100%10%01%001%10041
[slalelelelolelelolelelelelelelelololelele]

000000000017‘0000017‘1000
000000000017:1400017‘1000
0000000000117‘000010000
[elelolololelololel olelelelelelelolelelelo)

0000011_‘01000000000000

(1234567) —

as we check via the modified Coxeter relations (S 1.2) and via a comparison of characters.

The quasiblock Qg’]’z’Q)

We conjugate the morphism given in the setup from the left by

T
[elelslololololololololelelolololelololoby]
[clojlslslslslslslslelololololalalelelaloly]

00000000000000000010+
00000000000000000100%
OOOOOOOOOOOOOOOOIOOOA
000000000000000100004
00000000000000100000%
OOOOOOOOOOOOO‘IAOOOOOOA
00000000000010000000%
OOOOOOOOOOOIOOOOOOOOA
000000000010000000001_A
00000000010000000000%
OOOOOOOOIOOOOOOOOOOO%
000000010000000000004
000000100000000000004
000001000000000000001_A
00001000000000000000%
00010000000000000000%
OOIOOOOOOOOOOOOOOOOOA
010000000000000000004
ialelolslslslslslslalolololalelelelelelely)

to obtain the morphism

T
—HOO—HOO—HOOO0OO—HOO0OOO—HO—OM

_IfAOO.I_AOO_lOOOO_I_AOOOOlOn/_HOAA
_IfAOO_I_AOO_lOOO_If:I_AOOOOOl_I_AOAx
4‘00400100004000000404
_IfAOO.I_‘OO_lOOOO_I_AO‘I_AOOlOAOAA
4‘004‘001000141000101_‘02
4‘00400100004000010404
_IfAOO.I_.O_I,:lO.I_AlO_I_AOOOOlO‘I_AOAA
_IfAOO.I_AOOlO.I_AOO_I_AOOOO_lO‘I_AOAA
_IfAOO.I_AOlOlOOO_I_AOOOOlO.I_AOnA
97.000%10100001_‘0000104‘04
JAOOn_AOOlOOOO_I_AOOOO_IAO‘I_AOAx
O_I_Al.I_AOOlOOOO,I_AOOOOlO.I_AOnA
NOO—HOOHOOOO—HOOOOHO—HOH

T
—HOO-H—HOOOCOO———OO00O0~—OO ™

| |
40041010001410002%%04
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nﬁOO.I_AIIOOOOO_I_All_I,.OlA.I_AlQ
_IfAOO.I_:I.OOOOOOOOOOOOOOOnA
%00%10000114‘100014‘000
_I,A00.|_A1.|7A00‘|_A11_|_A100011_A002
_I,AOO.I_AI_I,A11_:I_A11_I_A100011_A002
_I,AOO.I_AI_I,A01_A011,I_A100011_A002
—HOO—H"A"A—"O0O—HO—H—"4—HO0O0O0O—"—HOO0O

—~
[}
—
~

(1234567) —

, takes the form

(3,2,2)

(2]

The image of this morphism, naively localized at 2, i.e. the quasiblock @
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20

(3,2,2)
3]

The quasiblock ()

We conjugate the morphism given in the setup from the left by

T
[slslslslslslslelolalalalalalalalaleleleoly]

[slelejlolelslalolelslalelololylelelolaly o)
|
01000000000001000001_‘0
|

[slelslslslslslalololololalalelelalylelel]
[elelolololelololololalololelelelolelelelo]
[elelolololelelololelelelelelelofololelelo]
COO0OO0O0O0O0O0O0O0OOCOO—HOOOOOO
[slslslslslslslelolololalelolelelale]lelel]
[elelolololelelololelelololelelelololelelo]

0010000000001_‘00017:%000
000000400010000000000
0000000%0100000000000
000010000440%004%%00._497“
[elelolololelelojololelelelolelelolololelo]
COOO0O0O0OHOOOOOOOODOOOOOO
0000000010017‘000000000
000100004‘0000000001_‘00

[l=lololalalolololeleblelolelele el Tete)

[=l=lololalalolelalalololal=tolel=t =t e te)

100000001140100001010
I | [

to obtain the morphism

0%0000000000000000020
0000000000000000001_‘00
00000000000000004‘0000
00000000000001_‘0000000
000000000040000000000
0001_A00002000000000000
00000ﬂ110010200122011
0000004‘00000000000000
000400003000000000000
004000000000300003000
040000000000000000030

HAA A A OOMMMOOOOMMOOOM
[

041001230120011033
0000000000001—.000010
4‘000020111011%001030
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|

—
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I
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—~
N
—

~

(1234567) —

, takes the form

(3,2,2)

;3]

The image of this morphism, naively localized at 3, i.e. the quasiblock @

15
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The quasiblock Q®%?)

(3,2,2)
[5]

The quasiblock @)

We conjugate the morphism given in the setup from the left by

_000000000000000000001
[elelolololelelololelelelelelelelololallo]
[elelelolololslololololelololelelololy el
[clelslslslslslslslelolololalalalalylelele]
[elelelololelelololelelelolelelel o lolelelo]
[elelelolololelelololelelelolollololole]o]
[clelslslslslslslslololololollelelelelel]
[elelolololeleolololelelelololelelololelelo]
[elelelololelelelololelelolelelelololole]e]
[slolslslslslslslslelolojelolelelslelelel]
OO0 O00O00O0O0OHOOOOOOOOOO
[elelelololelelelololelelelelelelolololelo]
[clelslslslslslalolelelelelelelelslelelol]
OO0 COO0O-HOHOO-HO-HOO OO
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00100000414421444%202
0100000040141%1144144
100000004412204010424

to obtain the morphism
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000000410000000000000
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—HHONOMOOMIOMINONIINOOO OO
= i

OO0 HOHOINOOOOOOOOOINOO
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MOONOINHOOOOINOOONINOOOW
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HOO"H—HOOOANNOO—HNMO — o<t
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1%100410421032%%43%13
.|_.000010001_AQ_3.),~9,~1_A31Q,UJ~112
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40000110002_ur\7urﬂ050rﬂ0005
MNHO—=HOANNOOOOOOINOOINOOOO
I | JAA_I | —
10031_A1.|,A00:_00m55:_00:,u;7uu_umz_u

MNMACNA—AN—OOOMMONINOOINOOOO
— —

[ inll inll | [ [ a
| | I |
FOHHOOMOWINOINOINOOOOOOW WOHHINMNO 00O OONO IO
| | [
NO—HOMMOOOINNINININOOOO O FOHAHNMNMAN—HOOOOIWIIINOO00O
[ I 1 I
NOO—-HOW—HOOOOINOOOWINOOOW HOOMHMMOO OO OO0
| | I |
L 1 L 1
—~ —~
a I~
— Nej
~ | Io}
A
g
a
—
N

, takes the form

(3,2,2)

5]

The image of this morphism, naively localized at 5, i.e. the quasiblock @

13
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F.7 The quasiblock Q*1L)

Setup

A ring morphism ZS; — Z%°*?% having Q(*11:1) as its image is given by

00004000001000001_‘100
OOOOOOOOOOOOOOOO_I_AOOO
004‘00000000104010000
00000000000001_.000000
_IﬂOOOOOOOOOl_I_AlOOOOOOO
OOOOOOOOOOO_I_AOOOOOOOO
00000000004‘000000000
0000000%000000000000
_IfAOOO_I._If:lOOOOOOOOOOOOO
0000017‘00000000000000
00004000000000000000
4:1410000000000000000
00%00000000000000000
04000000000000000000
AOOOOOOOOOOOOOOOOOOO

—~
(o}
i
~—

_OOOOOOOOO_IAOOOOOAOO_I:I_A
000000001000001_‘00104
OOOOOOOOOOOOOOOOOOO_I_A
0000001000001,‘0000117‘0
000001000004‘00001010
0000000000000000004‘0
00000000000000000400
OOOOOOOOOOOOOOOO‘I_AOOO
000100000000%014‘0000
0010000000040101_‘0000
OOOOOOOOOOOOOOO.I_AOOOO
0100000000%0011_‘00000
OOOOOOOOOOOOOO_I_AOOOOO
OOOOOOOOOOOOO_I?AOOOOOO
00000000000040000000
000000000001_.00000000
00000000001_‘000000000

(1234567) —

as we check via the modified Coxeter relations (S 1.2) and via a comparison of characters.

(4,1,1,1)
2]

The quasiblock ()

We conjugate the morphism given in the setup from the left by

_0000000001000011_‘1240_
0000004‘0011_‘0003021%_%
[slelelolololelelololalelelolelalolelele]

OOOOOOOOO_I,:I_AOOOOIO_I_:I.O
0000000001000111_‘119,.0
00000001_.01100011_:121,.1
000000000200101422%%
000000000201001421%0

COHO~A——HOOM~M———~00O—~ON
| [ e

|
04‘00100001000000004‘0
000000001200001412%0
04‘01002004‘2000404451
0000000001000001_‘%000
OOOOOOOOOJ’OO.I_THAA?’AxA_xK_uan
401010114%41_‘00%6%%m17‘




The quasiblock Q*11:1)

to obtain the morphism

r 17 10 30 10 6 42 10 16 21 16 4 14 21 5 12 16 0 4
-3 -5 -2 -4 -1 =2 0 1 2 -2 0 1 -1 0 1 -2 0 1
-1 6 -3 4 -1 —4 2 2 0 5 1 0 2 1 0 5 0 0
-5 -8 -10 -5 -1 —-16 -8 —-12 —-14 —-15 -3 —-10 —-14 -3 -7 —15 0 —4

4 16 2 12 -1 4 7 12 6 19 3 6 16 1 4 19 0 2
-8-12 -12-10 -2 -17 -7 -11 -10 -14 -3 -7 —-14 -3 —6 —14 0 -2
-10-14 —-24-10 -2 -38 —-18 —26 —-37 —-33 -7 —-26 —-31 -8 —18 —33 0-10
4 =2 6 2 2 6 -3 -4 -5 -8 0 -5 -4 -1 -1 -8 0 -3
16 10 30 10 6 42 10 16 22 16 4 14 21 5 12 16 0 4
(12) 24 36 58 18 4 8 48 48 94 81 13 64 65 21 40 82 0 25
10 8 12 8 4 16 0 6 -3 2 1 =2 7 1 1 2 0 =2
8 2 14 4 2 18 5 5 11 6 1 6 7T 2 6 6 0 2
-2 0 -2 -2 0 =2 1 -2 3 1 0 2 -1 1 0 1 0 1
0o 2 0O 0 O 0 1 0 2 3 0 2 1 1 0 0 1
16 40 48 20 -2 80 58 70 114 106 18 82 86 22 51 106 0 34
—-18 -20 —46 -8 -4 —-66 —34 —-30 —-70 —-52 -8 —46 —42-16 —29 —-53 0 -—18
4 6 28 —4 -2 46 34 26 80 54 461 56 38 16 31 54 -1 24

1

14 26 46 10 0 74 48 54 102 82 72 68 22 45 82 0 29

o 0 -4 0 0 -6 -4 0O -10 -4 -2 -6 -2 -2 -4 -4 0 =2

r-1 —2 -3 1 0 -3 -3 1 -2 -2 0 0 1 0 0 -2 0 O
-3 -2 =5 -1 g -8 -5 -7 -7 -6 -2 -5 =7 0 -5 -6 0 -2
1

|
w
|
[\v]
|
—
—
|
w
=)
|
—
NUOOUHOR AR RO

-8-10 -11 -8 -3 -16 -4 -9 —-7-11 -2 —-6-12 -3 —-4-11 0 -2 -—
4 2 6 2 8 2 3 2 2 1 1 3 0 2 2 0 O
-7 -9 —-10-10 —4 —14 1 -6 -2 -6 -1 -2 -9 -3 -1 -6 0 0 —
8 11 12 8 3 17 5 9 8 12 2
20 4 32 8 6 40 7 7 10 2 3
2 =2 2 2 0 2 -1 0 -1 =2 0
-6 -2 -10 0 -2 —-12 —4 -1 —4 -1 0 -1 =2 0 -2 -1 0 0 —
8
1
0

WHONNPROONWUIHWO R

—42 -6 —-74 —-8-12 —96 -21—-16 —36 —13 —
(1234567) 0—12 4 —6 -2 4 0 =2 1 -9
o o0 -2 2 0 =2 =2 2 -2 0
-8 -2 —-14 -2 -2 -20 -5 -7-10 -7 -2 -7 -9 -2 -6 -7 O
2 0 2 0 2 2 =2 -2 —4 —4 -1 2
—64 —14 —110 —26 —18 —146 —30 —40 —56 —26 —16 —28 —46 —10 —41 —24 —1
32 8 58 4 8 78 24 20 40 22 8 20 20 8 23 20 1 5 18 —6
-36 10 -70 0 -6 —90-24 —-16 —-44 -8 -10-18-14 —-6-30 —6 -1 —2-—19 10
—66 —26 —112 —28 —18 —152 —42 —52 —76 —50 —18 —40 —58 —14 —48 —46 —2 —10 =37 2
116 28 204 34 34 270 62 64 110 52 26 56 78 22 71 49 2 8 48 -2
18 4 32 4 6 44 8 10 16 8 4 12 16 4 10 9 0 2 7 1]

|
w0
|
I
—_
|
)
|
S
o
1
W
I
w ||
=

The image of this morphism, naively localized at 2, i.e. the quasiblock Q%’l’l’l), takes the form

6 8 6
a
2
2 2 a

a  Ti11 =2 T33

. 4,1,1,1
The quasiblock Qfg] )
At the prime 3, this quasiblock is the full matrix ring,

(4,1,1,1) _ 520%20
Qu =27

. 4,1,1,1
The quasiblock QEE)] )
At the prime 5, this quasiblock is the full matrix ring,

Qf?fl’l’” _ 720%20

—62 —76 —144 —48 —12 —216 —108 —124 —222 —184 —34 —152 —162 —46 —102 —184 0 —58 —105 24

10 27
1 -1
0 1
-7 -1
4 5
-5 =3
—18 1
-3 1
10 2
43 —12
-1 6
5 —1
1 -3
1 -1
56 —12
=31 12
37 =22
49 —16
—4 5
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Appendix G

Some centers

We give a list of centers, calculated via the method given in (1.1.11). Z(ZSy)j3 and

Z(ZS10)}2) could not be simplified down to a more or less presentable form yet. Also

the examples we present leave something to desire. We have been interested in particular in
blocks of weight 2, which are of defect 3 for p = 2, and of defect 2 for p > 2 [JK 81, 6.2.45].

Cf. [En 90, Th. 11], [Br 88, 1.4.(1)].

Z(2Ss)

Let the correspondence of the rational factors to the partitions be

We obtain, in abridged notation,

Z(ZS,)

Let the correspondence of the rational factors to the partitions be

U W N =
NSNS S~
NN ==
DN = = =

We obtain, in abridged notation,

Z(ZSy)p) =+ { st +a? =g P +at =5 225, 2l = 0" =52

Z(Z8y)z =+ { o' =3 2? =327 }.
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Z(ZSs)

Let the correspondence of the rational factors to the partitions be as in (2.2.1), viz.

N O Uk W N

We obtain, in abridged notation (cf. 1.1.11),

1 6

Z(Z8s5)0) =+ { 2° 4+ a8 =g 2’ +2? =5 227, 27 =; 2’ =4 af,

*}

bt =5 2t =5 b,

°}

3

373 = X

Z(ZSs)3 — {
2 — 3

Tt =31° =3

1 2

Z(ZS5)[5] L{ T =5 T =5 T =j 1‘4 =5 .1?7}.

Note that Z(ZS5)5) is also known by (4.2.8).

Z(ZSs)

Let the correspondence of the rational factors to the partitions be as in (2.3.1), viz.

I R N R R

= O ©0ooNO Uk WwN -
W W WNNDNNDNDNRF =

—_
NN N N N N S N S S

We obtain, in abridged notation,

Z(ZSs)p) = { 2® 4 a® =5 222, 2! + 2% =15 2° + 25, 2! +2° =g 2% + 27,
.733 =4 X
ol =p 23, 23 42t =16 2% + 27, 2t + 27 =5 2210}

Z(ZSg) i3 =+ { a* + a7 =9 22", ' + 22 =9 221, 2% 4 210 =4 221,

23 4 210 =g 227, 2t + 28 =4 227,

27 =3 28 =3 2% =3 211}

Z(ZS6) 15 —{ xl =5 2? =5 2° =5 25 =5 211}

Some centers

Sl 4 ab =229 P+t 42+ a8 =152° + 20
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AV

Let the correspondence of the rational factors to the partitions be

1: (7 9 : (3,2,2)

2 : (6,1) 10 : (3,2,1,1)

3 : (5,2) 11 ¢ (3,1,1,1,1)

4 : (5,1,1) 12 @ (2,2,2,1)

5 : (4,3) 13 ¢ (2,2,1,1,1)

6 : (4,2,1) 14 : (2,1,1,1,1,1)
7 ¢ (4,1,1,1) 15 ¢ (1,1,1,1,1,1,1).
8 : (3,3,1)

We obtain, in abridged notation,

Z(ZS7)jg =+ { a' + 223 + 2% =15 2% + 221% + 215, 29 + 215 =5 227,
zt + 2% =g 2213, 23 4+ 213 =, 28 + 29,
2t + a8+ 2% + 2t =16 228 4 2213, 28 + 2% =14 26 + 210
28+ 210 =5 229, 20 =5 28 =5 27 =5 2! =4 210,

2?4 o' = 207, 2% + 21?2 =5 227, 27 =y 2% =4 214}

Z(ZS7)i3) = { a' + 2" =g 227, 2 + 212 =9 221°, 2% 4 25 =y 225,
210 + 213 =4 2212, 26 + 210 =4 227, 2 =5 27 =5 210 =3 212,

22 =4 2° =5 2!,
28 =3 o1t =5 24}
~ 29 _ . 3_ .9__ .12 _ 15
Z(Z87)[5] i { T =5 T =5 =5T =5 T,
_ .5 _ .8 __ .13 _

Il =5 T =5T =5T =5 I14}

Z(ZS’7)[7] — { .731 =7 ],‘2 =7 334 =7 JZ‘7 =7 J,‘ll =7 3314 =7 .7315}.

Note that Z(ZSr)[7 is also known by (4.2.8).

Z(1Ss)

Let the correspondence of the rational factors to the partitions be

1:(8) 12 ¢ (4,1,1,1,1)

2 : (7,1) 13 : (3,3,2)

3 : (6,2) 14 : (3,3,1,1)

4 : (6,1,1) 15 : (3,2,2,1)

5 : (5,3) 16 : (3,2,1,1,1)

6 : (5,2,1) 17 : (3,1,1,1,1,1)
7 ¢ (5,1,1,1) 18 : (2,2,2,2)

8 : (4,4) 19 : (2,2,2,1,1)

9 : (4,3,1) 20 : (2,2,1,1,1,1)
10 : (4,2,2) 21 : (2,1,1,1,1,1,1)
11 : (4,2,1,1) 22 @ (1,1,1,1,1,1,1,1).
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Some centers

We obtain, in abridged notation,

Z(ZSs)2 —{

Z(ZSs)3 — {

Z(ZSs)5 —{

Z(ZSs) —{

Z(ZSy), up

b 4228 + 217 + 8212 4 8z =195 2* + 228 + 222 + 8210 4 8z,
2+ a7 429 =16 2 + 2 4 219, 29 4 221 =14 215 + 2010,

20 =g 2%, 07 =g 212, 211 =g 213, 27 + 229 + 217 =gy 24 + 2015 + 212,
2t 4+ 227 + 227 + 2212 + 2213 4 2210 + 217 =195 423 + 228 + 2218 4 4220,

ot + o7 + 428 =4 821, 2% + 2l =5 2210, 27 + 22! =4, 2218,

22 + 22+ 242 =55 425 + 4210 4 828 + 8218 + 2213,

7 4+ 4z + 4212 + 22 =g4 2218 + 8210,

22° 4+ 27 + 228 + 212 4 2218 + 4219 =155 629 + 2211 + 6210,

20 + 3211 4 3013 4 215 =g, 4210 4 Ap14 249 4 13 4 218 =g 2912 4 48 4 11
20+ a3 21T =gy 21 4 212 4 215, 27 4+ 17 =y, 2215,

28 =5 210}

ot 4+ 28 =g 2220, 25 + a6 =4 22°, 218 + 22 =4 229,
25+ a7 =g 201, 218 4 220 =) 2514

=5 2% =5 2% =5 27 =5 2° 14—, 418 =

21
3T =3

x20 =3I,

=3 T

219 4 210 =g 2712, 419 4 416 = 9215 43 4 8 = 9,10,
2?2 4+ 28 =g 2215, 2% 4+ 212 =4 2272,

22 =3 2% =3 28 =5 210 =5 212 =5 21 =5 216 =5 219 =5 2?2,
rt =5 21 =5 217}

931 =5 Ig =5 11714 =5 .Z‘lG =5 I17,

2t =5 28 =5 210 =5 218 =5 222,

2? =5 2° =5 213 =5 219 =5 221}

2l =7 23 =7 28 =, 2l =, 216 =; 220 =; 2?2},

to the place 2

The following result has been obtained using MAPLE, in particular, using its routines ismith and ihermite.

Let the correspondence of the rational factors to the partitions be

1: (9) 16 : (4,2,2,1)

2 : (1,1,1,1,1,1,1,1,1) 17 ¢ (5,1,1,1,1)
3¢ (2,1,1,1,1,1,1,1) 18 : (5,4)

4 : (8,1) 19 : (2,2,2,2,1)

5 : (6,3) 20 : (3,3,2,1)

6 : (2,2,2,1,1,1) 21 : (4,3,2)

7 : (6,1,1,1) 22 : (3,3,1,1,1)

8 : (4,1,1,1,1,1) 23 1 (5,2,2)

9 : (5,3,1) 24 ¢ (3,2,1,1,1,1)
10 : (3,2,2,1,1) 25 : (6,2,1)

11 : (5,2,1,1) 26 : (3,3,3)

12 ¢ (4,2,1,1,1) 27 ¢ (3,1,1,1,1,1,1)
13 : (4,4,1) 28 ¢ (7,1,1)

14 : (3,2,2,2) 29 : (7,2)

15 : (4,3,1,1) 30 @ (2,2,1,1,1,1,1).



Z(ZS80), up to the place 2

We obtain, in abridged notation,

~

e

Z(ZSQ)[z}

Z(ZSy) i) =+ { a' + 32> =g; 2 + 2, 2? + 3z'* + 32*? + 3z
28 + 31.197 {E4 -|-3£U20 =g 1.27 +3.’E18,
1’28 + 3(E5 + 31‘27 + 9$23 =M 1’17 + 3$18 + 3.2721 + 31‘22 + 3(E25 + 31.26’

Z(ZSy)5 —{

Z(ZSo) — {

?

23+ 322 =51 2

23 —

=81 T

4227 4+ 325 + 6223 =g; 217 + 3210 4 3220 4 3224 + 3226,
28 _

7 + 4227 + 5z

=81

28 4+ 322 +622°, 29 + 5227 4+ 3220 + 322! + 32

CC27 + 1,13 =g $28 + 1,147 1727 + 25617 + 62626 =g 3:1714 + 39:22 + 35823,

x17 + 1.27 +.’£28 =q7 3‘%26’ x18 + 21.21 =g 1.19 + 2%20,

x19 + {,C21 =, 2%28, x20 + 1‘26 =, 2(E21, .’E21 + $28 =4 1‘25 + (E26,
.T28 + 33?22 =o7 3727 + 3‘%.237 1.22 + .’1723 =g ZE20 + .%'25,

,2324 + $25 =g 2.%‘28, .1325 =4 .1326

11 —

=3 I’ls

T

30

=3I,

x12 =4 1'16 =4 .’13‘29}

— 28 — 27
=3 X =9 X",
5
b
6
8
27
°}
— 22 — 30
=7 X =7 X,

2t =5 a8 =5 212 =5 213 =5 2!
2?2 =5 27 =5 2 =5 2™ =5 215,
z® =5 2° =5 219 =5 22! =5 228,
2t =5 210 =5 218 =5 220 =5 2?7,
25 =5 28 =5 220 =5 229 =; 23
2l =; 2 =7 2% =; 2% =7 215
$2 =7 134 =7 1‘6 =7 Ilo =7 IlG

=, 2% =7 229}

Z(ZS1), up to the place 2

24 —
=81
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27 4 3218 4 3219 4 3224,

9l‘25 + 6.7326

The following result has been obtained using MAPLE, in particular, using its routines ismith and ihermite.

Let the correspondence of the rational factors to the partitions be

1 : (10)

2 : (1,1,1,1,1,1,
30 (2,1,1,1,1,1,
4 : (9,1)

5 : (7,3)

6 : (2,2,2,1,1,1,
7 (7,1,1,1)

8 ¢ (4,1,1,1,1,1,
9 : (6,3,1)

10 : (3,2,2,1,1,1)
11 : (6,2,1,1)

12 ¢ (4,2,1,1,1,1)
13 : (5,5)

14 (2,2,2,2,2)
15 : (5,3,2)

16 : (3,3,2,1,1)
17 : (5,2,2,1)

18 : (4,3,1,1,1)
19 : (5,1,1,1,1,1)
20 : (6,1,1,1,1)
21 & (4,4,1,1)

22
23
24
25
26
27
28
29
30
31
32
33 :
34 :
35
36 :
37
38

)
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Some centers

We obtain, in abridged notation,

Z(2810)12) —

?

Z(Z810)13 = { o' + 328 =g 2** + 32°, 2! + 32?2 4 32%0 =gy 2? + 322! + 32,

32° + 3217 + 3222 4 322 + 4259 + 6240 4 221! =4 242*2

32® 4+ 3217 + 3222 + 2240 4 %2 =g 326 + 3218 + 322! + 2239 4+ x41,
2 4+ 6223 + 2239 =g 327 + 322* 4 322,

327 + 6221 + 2% + 624! =51 328 + 6222 + 240 + 6242,

a1t + 2238 + 6217 + 6218 + 6221 + 6223 + 3230 + 624! =4, 36242,

21 4 622 4 3039 4 3041 =4, 212 4 6222 + 3238 4 3040,

3x13 4 3222 + 622% + 6240 4+ 224! =¢; 32 + 3221 + 6225 + 62°9 4+ 2x42,
Ill + 31717 + 35618 4 31:21 + 31,23 4 ZZJ42 =g 3:1714 + 69325 4 2$38 + 33,;397
240 4+ 2242 =47 3217, 230 + 224 =47 3218,

322 4 g4l =y 239 4 2440 4 442,

3222 4 39 =, 240 | g4l 4 942

3223 =, 238 4 439 4 10,

35624 =q7 2$39 + 1,42’ 31,25 =o7 21?40 + 1341,

$38 + $41 =47 21,42, IL’39 = 3340 =g 1.41 =g 142,

LL’B —|—$C19 =4 2.%,377 .’179 + .%‘32 =N .’1719 + $37’

.’1315 + x19 + 2.’1332 + $35 + 4.’1)37 =g 07 x19 =4 J}32 =4 $35 =4 1‘37,
JZ29 + 1‘32 =9 23:307 .7330 + .1?35 =9 23:377

.’E4 + .’E20 =g 21.36’ 1.10 + SU33 =g .’E20 + 1.36’
£L'16 + 1.20 + 2.’1,'33 + 1.34 + 4.’1,'36 =g 0’ .2720 =4 {,1733 =4 {,C34 =4 $367
.’1328 + .’1?33 =N 23?317 1‘31 + .1734 =N 2$36}

Z(Z810)5 —{ b 4 230 =55 22%°, 2l 4 22 =55 2238, 2! + 2°7 =55 2270,

2t 4 gl =y 2296, 7 4 36 =, 2290, 419 4 43T =) 9,35
219 4 20 oo 938 13 4 34— 431 38

214 4 35 =y 30 4 38 g8 | pld = 23 4 488

226 4 35 =y 31 4 38 g7 | 084 = 030 4 88

2z + 238 =95 2237 + 34,

29 =5 22 =5 220 =5 1% =5 222,

210 =5 225 = 228 =, 210 =, 241}

~ 1 — 21 — 28 — 32 — 35 — 36 — 40
Z(ZSlO)[7] —_— { r =7 =7 T =7 T =7 X =7 T =7 T,

2?2 =7 22 =7 2% =7 2% =, 23 =; 237 =, 23,

3 =y IE4 =, x° =7 26 =y 215 =y 216 =7 1,23}.



Appendix H

References

ALPERIN, J.L.
[A 86] Local representation theory, Camb. Univ. Press, Cambridge-New York, 1986.

AtivaH, M.F., MACDONALD, 1.G.
[AM 69] Introduction to commutative algebra, Addison-Wesley, Reading, 1969.

BEenson, D.J.
[Be 91] Representations and Cohomology I, Camb. Univ. Press, 1991.

BROUE, M.
[Br 88] Blocs, isométries parfaites, catégories dérivées, C. R. Acad. Sci. Paris, 307, p. 13-18, 1988.

CARTER, R.W., LuszTiG, G.
[CL 74] On the Modular Representations of the General Linear and Symmetric Groups, Math. Z. 136, p.
139-242, 1974.
CARTER, R.W., PAYNE, M.T.J.
[CP 80] On homomorphisms between Weyl modules and Specht modules, Math. Proc. Camb. Phil. Soc. 87,
p- 419-425, 1980.
CHEVALLEY, C.
[C 36] L’arithmétique dans les algébres de matrices, Exposés Mathématiques 323, Hermann, 1936.

Cuirr, G.H., PLESKEN, W., WEISS, A.
[CPW 87] Order-Theoretic Properties of the Center of a Block, Proc. Symp. Pure Math. 47, p. 413-420, 1987.

Currtis, C.W., REINER, .

[CR 62] Representation theory of finite groups and associative algebras, Interscience, 1962.

[CR 81] Methods of Representation Theory I, Pure and App. Math., Wiley, New York, 1981.

DreEss, A.
[D 70] Vertices of Integral Representations, Math. Z. 114, p. 159-169, 1970.

ENGUEHARD, M.
[En 90] Isométries parfaites entre blocs de groupes symétriques, Astérisque 181/182, p. 157-171, 1990.

ErRDMANN, K.
[Er 90] Blocks of Tame Representation Type and Related Algebras, SLN 1428, 1990.

ErDMANN, K., MARTIN, S.
[EM 94] Quiver and Relations for the principal p-Block of ¥o,, J. Lond. Math. Soc. (2) 49, p. 442-462, 1994.

281



282

GABRIEL, P., ROITER, A.V.
[GR 92] Representations of finite-dimensional algebras, Encyc. Math. Sci., 73, Algebra VIII, Springer,
Berlin, 1992.

GARNIR, H.
[G 50] Théorie de la répresentation linéaire des groupes symétriques, These, Mém. Soc. Roy. Sc. Liege,

(4), 10, 1950.

HELLER, A.
[H 61] On group representations over a valuation ring, Proc. Nat. Am. Soc. 47, p. 1194-1197, 1961.

JAMES, G.D.
[J 78] The Representation Theory of the Symmetric Groups, SLN 682, 1978.

JAMES, G.D., KERBER, A.
[JK 81] The Representation Theory of the Symmetric Group, Encyc. Math. App. 16, Reading, Mass., 1981.

KAUER, M.
[Ka 98] Derivierte Aquivalenz von Graphordungen und Graphalgebren, Thesis, Stuttgart, 1998.

KLESHCHEV, A.
[Kles 98] Unpublished note, 1998.

KLEINERT, E.
[Klei 96] Handling integral p-group rings, Comm. Alg. 24 (10), p. 3193-3210, 1996.

MITCHELL, B.
[M 65] Theory of categories, Academic Press, 1965.

NEBE, G.
[N 98] The Group Ring of SLa(p?) over the p-adic Integers, J. Alg. 210, p. 593-613, 1998.

PEEL, M. H.
[P 71] Hook representations of the symmetric groups, Glasgow Math. J. 12, p. 136-149, 1971.

PLESKEN, W.
[P 80/1] Gruppenringe tber lokalen Dedekindbereichen, Habilitationsschrift, Aachen, 1980.

[P 80/2] Projective lattices over group orders as amalgamations of irreducible lattices, SLN 832, p. 438-448,
1980.

[P 83] Group Rings of Finite Groups Over p-adic Integers, SLN 1026, 1983.

RoccENKAMP, K.W.
[Rog 70] Lattices over Orders II, SLN 142, 1970.

og arstellungstheorie endlicher Gruppen, Vorlesungsskript Bielefeld, .
Rog 74] D ll h dlicher G Vorl kript Bielefeld, 1973

og ntegral representations and structure of finite group rings, Sém. Math. Sup. 71, Montréal, .
Rog 80| I l ) d f fini ) Sém. Math. S 71, M ¢al, 1980

Rowen, L.H.
[Row 91] Ring Theory, Student Edition, Academic Press, 1991.

SERRE, J.P.
[Se 68] Corps locauz, Pub. Univ. Nancago, Hermann, Paris, 1968.

[Se 77] Linear representations of finite groups, GTM 42, 1977.

SCHUR, 1.
[Sch 12] Uber Gruppen linearer Substitutionen mit Koeffizienten aus einem algebraischen Zahlkérper, Math.

Ann. 71, p. 355-367, 1912.



283

SCOPES, J.
[Sco 91] Cartan Matrices and Morita Equivalences for Blocks of the Symmetric Groups, J. Alg. 142, p.
441-455, 1991.
STEINITZ, E.
[St 12] Rechteckige Systeme und Moduln in algebraischen Zahlkorpern I/II, Math. Ann. 71, p. 328-354,
Math. Ann. 72, p. 297-345, 1912.
SwaN, R.G.

[Sw 62] Projective modules over group rings and mazimal orders, Ann. Math. 76, 1962.



	Introduction
	The problem
	The situation
	Guiding examples
	Modular morphisms
	Extensions
	A tree
	Quasiblocks

	An example
	Motivation
	Necessity of prime powers
	A washing machine
	Some results
	A one-box-shift morphism
	A retraction up to an integer
	Announcement of results

	Acknowledgements

	Preliminaries
	Serre's Fourier inversion formula
	The tie matrix and the total index
	Total index, more general version
	Rough estimates for quasiblock indices
	Ties for the center
	A refinement of the total index formula
	det exp
	Strong horizontal orthogonality relations

	Modified Coxeter relations
	The universal Peirce decomposition

	Guiding examples
	ZS4
	Description of ZS4
	F2S4 as path algebra modulo relations

	ZS5
	Setup
	(ZS5)[5]
	(ZS5)[3]
	(ZS5)[2]
	F2S5 as path algebra modulo relations

	ZS6
	Setup
	(ZS6)[5]
	(ZS6)[3]
	F3S6 as path algebra modulo relations
	(ZS6)[2]
	F2S6 as path algebra modulo relations


	Ties arising from modular morphisms
	One-step filtrations
	Filtrations
	Cocycles

	Generic modular morphisms
	Garnir relations
	Hooks
	A long exact sequence
	At the prime 2

	The one-box-shift morphism
	Preparation
	Strategy
	Calculations
	Polynomial coefficients
	Illustration

	Approximating (ZS6)[3]
	Two-box-shift, easy cases
	Approximating (ZS6)[3] via specializations

	Table of morphisms

	The truss
	The James extension
	Retracting the James extension up to an integer, simple case
	Preparation
	Strategy
	Calculations
	Polynomial Coefficients
	Illustration

	Construction of the truss
	Small cases
	The truss of ZS3
	The truss of ZS4


	Gram matrices
	Gram orders
	Duality
	List of elementary divisors

	Elementary divisors
	Elementary Divisor Theorem for principal ideal domains
	Chinese Remainder Theorem, version SL
	Some Ext -preliminaries
	The Steinitz-Chevalley Elementary Divisor Theorem for Dedekind domains

	Two tools
	The lattice tensor product
	The Higman ideal

	Krull-Schmidt
	Historical remark
	Krull-Schmidt, sub split semisimple, local, noncomplete
	Counterexamples

	p-orders
	Homogenus rings
	Naive Localization
	Jacobinski's Cancellation Theorem
	Basics on p-orders
	Endomorphism rings of projectives over commutative p-orders
	Examples

	Radical layers
	Recalling some basics
	Rings
	Algebras
	Orders

	Homological inequalities
	Examples

	ZS7, quasiblocks
	The quasiblock Q(2,1,1,1,1,1)
	The quasiblock Q(2,2,1,1,1)
	The quasiblock Q(2,2,2,1)
	The quasiblock Q(3,1,1,1,1)
	The quasiblock Q(3,2,1,1)
	The quasiblock Q(3,2,2)
	The quasiblock Q(4,1,1,1)

	Some centers
	References

