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Chapter 0

Introduction

0.1 General procedure

We consider the group algebra Z,)G of a finite group G over the localisation Z,) of the integers at (p),
where p is a prime number.

We suppose that we have a Wedderburn embedding

UJZ(p) . Z(p)G injective R’fl Xy R;ﬂtxnt = F(p) ,
where Ry,..., R; are algebraic number rings over Z,). Letting A,y 1= wgz,, (Z)G), we obtain
“Z(p)
Z(p)G injective ()
N

Aw)
We choose d > 1 such that de(p) - A(p). We write f(p) = F(p)/de(p) and
0:Tp) — L)
for the residue class morphism. Let
@ :=0lrg A — T -

So we have the following commutative diagram of rings and ring morphisms.

. _
LG Lp) Lp)

)T

Each ring morphism v : S — T restricts to a group morphism on the unit groups

U(y) : US) — U(T) .



So we obtain the following diagram.

. _
LG Lp) Lp)
\ %
Agp)
U(Z,)G) U(T))
UWZ(p) U(p)
N
U(A@py) ——1——=¢(U(A)) = Im(U(p))
ker(U(y))

We end up with the diagram of groups and group morphisms

U(Z,)G)

UYZp) J{Z

ker(U()) = U(A(p)) —I— Im(U())

in which the lower row is a short exact sequence.

So the group U(Z,)G) has a factor group isomorphic to Im(U(y)) and a corresponding kernel isomorphic
to ker(U(yp)).

The infinite group ker(U(p)) has a simple description as a direct product of congruence subgroups:

ker(U(p)) = {1+ p%y € UT ) : v €T}
={l+p"y e UTy)) sy € R ™} x .. x {1+ p'y € UL)) - v € Ry ™}
< U(A(p)) < U(F(p)) .

The finite subgroup Im(U(¢)) € U(T(,) is the group we want to investigate, using Magma [1].
To do so, we consider the following list of examples.

e G=S3,p=3

e G=Asp=2

e G = Dy, for a prime p > 3

e G=S4,p=2

e G=S5,p=2

0.2 The example Ay

We consider the group G = Ay with p = 2. We obtain



T(o) = Zz) % Z2y[(3] % Zf’;f
and thus
U(L(2)) = U(Zz)) x U(Z2)[¢s]) x GLs(Z(2)) -
We have p? = 4 and thus the following description of ker(U(¢)) as direct product of congruence subgroups.

ker(U(p)) = {1+4y € U(T(2)) : v €2}

1+ 42(2) 4Z(2) 4Z(2)
= (1 + 4Z(2)) X (1 + 4Z(2) [C3]) X 4Z(2) 1+ 42(2) 4Z(2)
4Z(2) 4Z(2) 1+ 4Z(2)

Moreover, we have
| Tm(U(p))| = 1536 = 2° - 3.

The group Im(U(y)) has a chief series

with chief factors

Hl/HQECQ, HQ/Hg”:CQ, H3/H4’:CQ
H4/H5’:C3, H5/H6ECQXCQ, HG/H7":CQXCQ
H7/HS ~ C2 X Cg .

The group Im(U(y)) is solvable and has a derived series

with derived factors
Dl/Dg ~ CQ X CQ X CG
Dg/Dg >~ 054
D3/D4 ~ C2 X CQ .

In this case, we can still give a presentation of Im(U(¢p)), as follows.

Im(U(p)) =~ (m,d, e, k| m?,d* e* k°,
[m, d], [d, e], [m, €], [m, k],
[d, k] = *d, [*d,d], e, k?],
(kd : 6)27 [6, k]2> .

For the bigger groups, it was no longer possible to calculate a presentation of Im(U(¢y)).

0.3 The example S;

We consider the group G = S5 with p = 2. We obtain



4x4 4x4 5%5 5X5 6Xx6
F(g) = Z(g) X Z(g) X Z(2><) X Z(2><) X Z(2><) X Z(2><) X Z(2X)
and thus

U(F(g)) = U(Z(g)) X U(Z(g)) X GL4(Z(2)) X GL4(Z(2)) X GL5(Z(2)) X GL5(Z(2)) X GLG(Z(Q)) .

We have p? = 8 and thus the following description of ker(U(¢)) as direct product of congruence subgroups.
ker(U(g@)) = {1 + 8y € U(F(g)) Ly € F(Q)}
Moreover, we may decompose as a direct product of subgroups

Im(U(gp)) = U1 X UQ s

where

|Uy| =2139.32.5.7
and

|Upy) =270 -3%.5.7.
So we have

| Im(U(g))| = |Up x Uy| =239 .3%.5.7 . 270.32.5.7=2%209.34.52. 72
The group U; has a chief series
Uir=Hy>Hy>H3z3>...2Hy =1

with chief factors

H,/Hy ~ Ag, Hy/Hs ~ Co, Hs3/Hy ~ Cy,
H4/H5ZCQ, H5/H6202, He,/H7ZCQ7
H7/Hg ~ Co, Hg/Hgy ~ C3*, Hy/Hyo ~ Co,

Hyo/Hy1 ~ Co,
Hyz/Hiy ~ C2X4,
Hyg/Hyi7 ~ Ca,
Hyg/Hsg ~ C3,
Hyo/Hapy ~ C54,
Hos/Hag ~ C3*,
Hag/Hzg ~ C5*,
Hsy/H3p ~ Co,
H3y4/H3s ~ Co,
Hsr/Hss ~ C5*,
H40/H41 ~ Cg.
The group Us has a chief series

Hys/Hy3 ~ Cs,
Hys/Hye ~ C5*,
Hyg/Hyg ~ Co,
Hsy/Hap ~ C3*,
Hyy/Hps ~ Co,
Ha7/Has ~ C3*,
H3o/Hsz1 ~ Co,
Hjs/Hgy ~ CXH,
Hse/H3y ~ Co,
Hsg/Hyo ~ C3*,

Uy=Hi>Hy>Hs>...2 Hiyu=1
with chief factors
Hl/HQZAg, HQ/Hg’ZCQ, Hg/H4'ZCQ,
I{4/I{5ZCQ7 H5/H62C2, H6/H7EC;14,
H;/Hg ~C3'",  Hg/Hy~Cs,  Hy/Hyo =~ Cs,

H10/H11 ~ C§<147
H13/H14 ~ CQ .

Hyo/Hyz ~ CFH



Neither U; nor Us is solvable.

In order to treat U; with Magma [1], we have dissected U; into a product of subgroups
UlZSI'SQ'M3'SB

where a Peirce decomposition of A(y) is used to construct the subgroups Si, Sz, S3, M3 < U;.
For 51, 59,53, it was possible to construct a set of generators.

For Msj, a search over all possible candidate elements was performed, deciding in each case whether the
candidate element is actually in Im(U(yp)).

For Sy, 55,53, such a search would not have been possible due to time constraints.

Having generators at our disposal in these cases enabled us to let Magma perform the calculation of Uy
within about an hour.
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Chapter 1

Preliminaries

1.1 Conventions

1. Suppose given a,b € Z. We write [a,b] := {2 €Z:a < z < b}.
2. We often abbreviate “for all” to “for”.
3. Let G be a group. Let k € Z>¢ and Xy,..., X, C G. Then
X1 Xo-ooo Xpi={x1 - 29-...-2p 21 €EXy,20 € Xo,...,2, € X5} CG

We have
X1 Xooooo - X C (X1, Xo,..., Xk) <G.
In particular, if
X Xoo - X =G,
then
(X1,Xa,..., X)) =G.
4. Let R be a ring. Then U(R) is the group of units of R.
5. Let G be a group. Given z,y € G, we write Yz := yxy .
6. For elements a,b in a group, we use the commutator bracket
[a,b) =a"'-b7'a-b.
7. Let G be a group. Then Aut(G) denote the automorphism group of G.
8. Let G be a group. Let H < G be a subgroup. We write
H——G
for the inclusion morphism.
9. Let G and H be a groups. Let ¢ : G — H be a group morphism. If applicable, we write
Yv: H ——G

to indicate that 1 is surjective.



1.2 Preliminaries on groups

1.2.1 Semidirect Product

Remark 1. Let N, H be groups with an action of H on NN, i.e. a group morphism
H — Aut(N)
h—s (n+— "n).

The following applies.

1. We have "1 =1 for h € H.

2. We have "(n-7) = "n-"i for h€ H,n € N.
3. We have 'n = n for n € N.

4. We have ""n ="n."n for h€ H,n € N.

We call
N x H:={(n,h):ne N,he H}
the semidirect product of N and H with the group multiplication
(n,h) - (A, h) == (n-"7,h-h).
Note that in the case of the trivial operation "n :=n for h € H and n € N, we have the direct product
NxH=N x H.
Remark 2. Suppose given a group G. Suppose given a short exact sequence of groups
NG5 H.
Suppose given a group morphism
G« H
such that k on =idg. Then we have with respect to

H — Aut(N)

h—s (n—s (1) (n)) =: "

n)
the group isomorphism
x:NxH=SG
(n, h) — «(n) - n(h)

Proof. We want to show that y is a group morphism. Let n,n € N and h, h € H. We obtain



Now we want to show that  is injective. We have to show that ker(x) L1 Suppose givenn € N, h € H
such that X((mh)) = 1. Then

1= x((n.n)
= u(n) - n(h)
With x applied we get
1= k(1) = £(u(n) - 0(R))
= K(¢(n)) - £(n(h))
=1-h.

So h = 1. With that we get
L=u(n)-n(h) =u(n)-n(1) =u(n)-1.
Since ¢ is injective, we conclude that n = 1. Altogether, (n,h) = (1,1).

!
Now we want to show that y is surjective. Let g € G. We claim that g-n(k(g))~! € ker(k).
We have

k(g -1(k(9) ™) = Kl9) - k(n(K(9))) ™" = K(g) - K(9)™" = 1n
since k is a group morphism and s o7 = idy. This shows the claim.

Since we have a short exact sequence there exists a unique n € N with «(n) = g - n(k(g))~*.
We claim that x((n, /f(g))) = g, for n € N and x(g) € H.
We have

This proves the claim.

Altogether, x is a bijective group morphism, hence a group isomorphism. O

1.2.2 Derived series

Let G be a finite group.

Definition 3 (cf. [5, §8, p. 100, Definition 8.1]). The derived series of G is the series of normal subgroups
D; <G, for i € [1,K],

Dy <Dy 1<...<Dy< Dy =G,
such that
Diy1 = [D;, Dj]
for i € [1,k — 1], and such that
Dy, = [Dy, Dy] .

So it gets stationary at level k.

10



Remark 4. We have

S
I

if and only if G is solvable.

Proof. Cf. [5, §8, p. 100, Definition 8.1] O

1.2.3 Chief series

Let G be a finite group.

Definition 5 (cf. [4, §11, p. 64, Definition 11.6]). A chief series of G is a finite series of normal subgroups
H; <G, for i € [1,k],

1=H,<Hy1<..<H,<H =G,
such that the factor group H;/H,11 is a minimal normal subgroup in G/H,;; for i € [1,k — 1].

Remark 6. Minimal normal subgroups are direct products of isomorphic simple groups.

Proof. Cf. [4, §9, p. 51, Theorem 9.12] O

Remark 7. The set of isoclasses of sub factors of a chief series is independent from the choice of a chief
series.

Proof. Cf. [4, §11, p. 63-64, Theorem 11.5 and Definition 11.6] O

1.3 Smith Form

For A € Z™*™ there is S € Z™*™ invertible and T € Z™*" invertible such that

d 0 ... 0
0 do 0 ... 0
0
SAT =: D = 0 dp 0 ... 0]|ezm
0
0 ... 0

with dy,ds,...,d; € YAS| and d1|d2| |dk .

11



Chapter 2

Introductory example

In this introductory chapter we explore the example S3. Later in the thesis the S3 will be considered again in

the form of Dg; cf. §6.

We want to consider the symmetric group Ss.
We claim that we have the following Q-algebra isomorphism of Wedderburn.

wg: QS3 — Q x (g 8) x Q
(1,2,3) — (1, (1 _‘;’> 1) = A
(1,2) —> (1, (:

Since we have a group isomorphism

— DN
N W
~_
I
_
~_
I
oy}

{a,b:a> b, (ba)?) =+ S3
ar— (1,2,3)
b—(1,2),

we have to verify that 4> =1, B2 =1 and (BA)? = 1 in order to have the Q-algebra morphism wg

12



So

and analogously

and

—~
—_
\.C/J
[\
~
[¢]
—~
—_
[N}
~
I
—~
\.[\3
w
~

1)

Note that the tuple (id, (1,2,3),(1,3,2),(1,2),(1,3), (2,3)) of elements of S3 in QS5 is a Q-linear basis
of QS3, whilst

(1, (88). 0. (0, (53). 0).(0. (

oo
O
~—
=)
~~
—~
=)
—
=}
oo
~—
(e
~
—
e
—
[e}en}
=o
~—
=)
~
—
=)
—~
oo
oo
~—
—
~—
N———

. . . Q Q
-1 b f .
is a Q-linear basis of Q x (Q Q) x Q

13



With respect to these two QQ-linear bases, the map wq is described by the following matrix.

1 1 1 1 1 1
1 1 -2 =2 1 1
W 0 -3 3 3 -3 0
0 1 -1 -1 0 1
1 -2 1 2 -1 -1
1 1 1 -1 -1 -1

So the columns of W contain the entries of the images of the group elements read out row-wise from left
to right.

The determinant of W is
det(W) =54 >0,

hence W is invertible in Q%% and so wg is an isomorphism. This proves the claim.

7 7
Let w7z be the restriction of wg to ZS3z and to Z x (Z Z) xZ =:T.

7 Z
OJZZZS3—)ZX<Z )XZ

1 -3
(1,2,3) — (1, <1 _2>, 1>
(1,2) — <1, <:

Then wy is an injective Z-algebra morphism.

The tuple (id, (1,2,3),...,(2, 3)) is a Z-linear basis of ZS3, whilst

—
N W
~_
\
—_
~_

is a Z-linear basis of I' = Z x (; Z) X 7.

With respect to these bases, the map wy, is again described by the matrix W, for which we again have
det(W) = 54. But 54 is not invertible in Z, so W is not invertible in Z%*%, and thus wz is not surjective.
We want to describe its image,

Z 7
A= wZ(ZS:g) - 7 X (Z Z)XZ:F

Z Z
Note that <a1, <a2 a3>7 a6> € 7Z X (Z Z) x 7 is in the image of wy if and only if there exists
ay Qs

14



b
| € 2°%1 such that
be

b1 aq
w = ,
b6 Qg
i.e. such that
bl aq
cl=w !
bs ag

where W1 is formed in Q%*S.

Now to remove the denominators in the entries of W', we multiply by 6 and obtain

1 2 0 0 2 1
1 —4 =2 6 2 1
1 2 2 —6 —4 1
6-WH=6W"'= € 75%6
1 -4 =2 6 4 -1
1 0 -6 —2 -1
1 2 0 -2 -1
Our equation becomes
601 ay
. = 6W_1 .
6b6 Qg
by
Since we asked for the existence of | @ | € Z5*! such that this equation holds, our condition is equivalent
to
be
aj
6wt | | e6z8!
ag

This condition amounts to the following list of congruences.

a1 + 2a9 + 2a5 + ag =¢ 0

a1 —4as — 2a3 + 6aq + 2a5 + ag =6 0
a1 + 2as + 2a3 — 6a4 — 4as + ag =¢ 0
a1 — 4as — 2a3 + 6a4 + 4as — ag =¢ 0
a1 + 2a9 — 6ag — 2a5 — ag =¢ 0

a1 + 2as + 2a3 — 2a5 — ag =¢ 0

15



Note that for z € Z, the statement z =g 0 is equivalent to z =2 0 and z =3 0.

So reducing the coefficients modulo 2 respectively modulo 3, we obtain the following equivalent list of
congruences.

a1 +ag =20 (2.1)

a1 —ay —as +ag =3 0 (2.2)

a1 —as +az —as +ag =3 0 (2.3)
ay —ay —as —as +ag =30 (2.4)
a1 —as +as +as —ag =3 0 (2.5)
a1 —az +as —ag =3 0 (2.6)

a, —as —az+as —ag =3 0 (2.7)

The difference of (2.3) and (2.2) yields

a3z =3 0.
Then the sum of (2.4) and (2.5) yields

a; =3 as .
The difference of (2.5) and (2.4) yields

as =3 ag .

Altogether, our list of congruences is equivalent to

a; =2 ag
a3 =3 0

a; =3 az
as =3 ag

With that we see that

wZ(ng):A:{(a, (b C),f)EF:ang,ezgf,czg,O,aEQf}

d e
~ Q Q
QS; . Qx (Q Q) x Q
ZS3 injective 7 % <Z Z) <7 =T
wz 7 7

A:{(a,(gg‘),f)eF:ang,ezgf,cEgo,ang}

16



In order to consider the behaviour at the prime 3 separately, we localise at (3), i.e. we pass from the
ground ring Z to the ground ring

Z(3) Z:{%EQ:GGZ,bEZ,bi&gO}gQ,

with U(Z(3)) = {% €Q:aeZ,beZ,a#350,b#3 0}

Z

Z ..
7 Z) X 7., we get Wz, as a restriction

Analogously to wz as a restriction of wg to Z and to I' = Z x (

Z Z
of wQ to Z(g)Sg and to F(3) = Z(3) X (Z(g) Z(3)> X Z(g):
GG

Ly L
ey T 2 x (59 20) 2

(1,2,3) — (1, G :2) 1)

And so

Zs Z
A@) = Wi (Z3)8s) € Ze) x ( . (3)> X L) = T

Note that for all a, f € Z3), we have a =3 f, i.e. a — f € 2Z3) = Z(3). So a =2 [ is an empty condition.
So analogously to the description of A, the matrix W also gives

b
A(3):{(a7<d Z)?f)EF(B‘):aE?)bueESf7CESO7a52f}
b ¢
:{(a7< >,f)€I‘(3):a53b,ezgf,0530}
d e

b ¢
d e

and so

wZ(3)|A(3> : Z(3)S3 - {(a, < ),f) €l :a=3be=3 f,c=30}=Ag). (2.8)

We consider

- F; T
F(g) = F(3)/3F(3) =TF3 x <]F3 Fg) x 3

and the following commutative diagram of Zs)-algebras.

17



Az L)

©
T(s) =T3)/30)
where p is the residue class morphism.
So schematically, we have
Zg  (3)
=Ag)
Z3) L) L Z3)
- ]
inj Z Z
Z3)Ss : Lz x (Z(g) Z(3)> X L) | =T
(3) #3)
Q\Lmod 3 ®

el

Fs; T3
Fy x x F3|=
3 (F‘s IE‘3> 3 (3)

We aim to give a short exact sequence of groups with middle term isomorphic to U(Z3)S3), with known
kernel and with cokernel describable via Magma.

Note that U(Z3)S3) ~ U(A(s)). Restricting the Zs)-algebra morphism to the respective unit groups, we
obtain

ker(U()) = U(A(g)) 22 U(Ts))

For the kernel we use the description

1+3Z 1+ 3Zs

ker(U ={143x:2z€l =(1+3%Z X
(U()) = { @} = (1+32) (H%) e

) X (1 + 3Z(3)) .

For the cokernel Im(U(p)) we need to decide whether or not an element & € U(T'(3)) is in Im(U(yp)).

So suppose given £ € U(T'(3)). We have to decide whether there exists a € U(A(3)) such that ¢ =
o(x) =¢.
The problem is that there are infinitely many elements x € I'(3y with o(z) = &, and we have to decide

whether amongst these inverse images, there is a unit in A3y, i.e. an element of U(A(3)). Recall that
A ET)-

It will be shown that locally either all of these inverse images x of £ are in U(A(s)), or none; cf. Remark
15(I) below. This argument, as later shown, works over Z), it would not work over Z; cf. Remark 12.

So we can overcome this problem by examining a single chosen element x € A3y with o(x) = & and decide
whether x is a unit or not.
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So Magma is given £ € U(f(;;)), picks a single element x € T'(3) with o(z) = ¢ and decides whether
x € U(A(z)). If the answer is yes, then £ € Im(U(yp)), if the answer is no, then £ ¢ Im(U(yp)).

In this way, using that f(g) is finite as a set, Magma gives

o= (6 DL D6 )

Via Magma we obtain the set of generators

(662 ()

of Im(U(¢p)) and then an isomorphism Im(U(p)) — S3 x Cs.
Altogether, we get the result

U(Z3)S3) —— U(A(3))

J

ker(U(p)) = {1 +3z: 2 € (5}

J

1

— — Im(U(y)) > S3 x Cs

Note that Sz x Cy is a finite group, while {1 + 3z : x € I'(3)} is infinite.

In there, we have the short exact sequence
ker(U(p)) = U(A5)) ——>Im U(p)

with middle term isomorphic to U(Z(g)S(g)), with known kernel and with cokernel described via Magma.
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Chapter 3

Theory

3.1 Unit groups of subrings
Lemma 8. Let B be a ring and A C B a subring. Suppose that the abelian factor group B/A is finite.
Then we have
U(A)=ANU(B).
Proof. Ad C: This follows from U(A) C U(B).
Ad D: Let u € U(B) N A. The map

Uy B— B
T x-u

is an abelian group morphism.

We know that A-u C A, because u € A. So the map ., can be restricted to a map from A to A.

B—*"™ - B

7\ pala ‘4

The map 1,4 is injective, as a restriction of an injective map.

Now we want to show that uu|ﬁ is also surjective. So we need to show that
A-u=A.

Since ., is bijective, we have

‘B/A| = |Mu(B)/,uu(A)|
= |B/pa(A)] .

We get the following sequence.
py(A) = Au— A— B
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We obtain the short exact sequence
So

1B/ pu(A)| = |A/pu(A)] - [B/A] .
With that we get

A pa(A)] = 1
and thus
A= pu,(A).
Now we know that p1,,|4 is indeed bijective. So there is a v € A with
(ald) (0) =v-u=1.

Analogously we obtain a w € A with u-w = 1.

So we get

Altogether we have the bilateral inverse u=! = v = w. Hence u € U(A) O

Remark 9. In Lemma 8, we may not omit the assumption that B/A is a finite abelian group. For
example, let A=7Z and B=Q. Then 2 ¢ U(Z) C ZNU(Q) > 2.

3.2 Change of representatives of units

Let R be a discrete valuation ring with maximal ideal (7), so TR mix' R.
Let B be an R-order, i.e. an R-algebra, finitely generated free as an R-module.

Let A C B be an R-subalgebra.

Remark 10. We consider the Jacobson radical Jac(B) of B.

(i) We have 7B C Jac(B).
(ii) Suppose given z € Jac(B). Then 1+ z € U(B).

Proof. Assertion (i) follows e.g. from [8, Appendix C.4, p. 146, Lemma 209].
Assertion (ii) follows e.g. from [8, Appendix C.1, p. 137, Lemma 182]. O

Lemma 11. Suppose B/A to be a finite abelian group.
Suppose given d > 1 with 7B C A C B. We write B := B/n’B and 9: B — B, b+ b+ m?B.
Suppose given £ € B and x,% € B such that o(z) = o(Z) = &. Then

z€e€U(A) <= z€U(4).

So either all of the inverse images of & in B are in U(A), or none.
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Proof. We get the following diagram.

A€ B

It suffices to show that

Now by Lemma 8 we know that

So it suffices to show the following two statements:

(1) z€ A —icd

(2) 2 € U(B) == i € U(B)
Ad (1): Suppose given z € A. Since o(z) = (%) it follows that #—x € ¥ B C A. Then & = x+(i—x) € A.
Ad (2): Suppose given = € U(B).

We have & — x € 7B C nB. So we may choose y € B with my = & — x.

Hence
Tr=x+my
()
Now z € U(B) and 1+ 7wz~ 'y € U(B), cf. Remark 10(i, ii).
So 7 = z(1+ mx~ly) € U(B). O

Remark 12. The proof of Lemma 11 would not work over Z instead of R, where 7 is a prime number
in Z.

in fact we would not be able to use Remark 10, since e.g. for B = Z,
7Z € Jac(Z) =0
and thus

147 ¢ U(Z)

3.3 Artin-Wedderburn

Let G be a finite group. Let p € Z>2 be a prime. We shall work over Z,).
Let S1,59,...,5; be representatives of the isoclasses of the simple QG-modules.

By the Lemma of Schur [2, §5, p. 137, Theorem 5.2.1], K; := Endg¢(S;) is a skew field for j € [1,¢].
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Suppose that K; is commutative for j € [1,1].
Altogether, K;|Q is a finite field extension for j € [1,¢], i.e. K is a number field.
Let R; C K be the integral closure of Z,) in K; for j € [1,t]. Note that R; is a principal ideal domain.

Let L; € S; be an R;G-lattice, i.e. a R;jG-submodule with rkg, L; = dimg, S; =: n; for j € [1,t].
Choose an Rj-linear basis of L;.

Given g € G and j € [1,1], let wz,, ;(g) € R?jxnj be the describing matrix of the Rj-linear map
Sj — Sj,
s—>g-s

with respect to the chosen Rj-linear basis of L;.
Let wz, (9) == (wz,)1(9); - Wz, t(9) € RYV™ x o x R{™ for g € G.

This yields an injective Z,)-algebra morphism

. n1Xny Mt XNt
wZ(p) .Z(p)G—>R1 X...XRt .

By Q-linear extension, we obtain the Q-algebra isomorphism
wg : QG = KM x L ox K™

due to Wedderburn and Artin, cf. [3, §3, p. 42, Maschkes Theorem (3.14)] and [2, §5, p. 138, Theo-
rem 5.2.4].

In the following we will refer to the Q-algebra isomorphism of Wedderburn and Artin as the Q-algebra
isomorphism of Wedderburn.

Let

A(p) =Wz, (Z(p)G) - R?lxnl X ... X R?txnt =: F(p)

Altogether, we have the following commutative diagram.

~

n1 Xni N2 Xnsg e XN
QG o K x Ko X ... x K
injective
Z(p)G RIX™M o Rp2XM2 5 5 RX™ =T,
“Z(p)
.
A
wZ(p)‘ ®
Aw)

We have the isomorphism
vwz,,, = Uwz, |Aw) U(Z»)G) — U(Ap)

as the restriction of the isomorphism wy, |Ae) LG = A(p) to their unit groups.
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In order to use Lemma 11 we choose d > 1 such that de(p) - A(p). We write
T =T /P T (3.1)
For x € T'(p), we write
(o] =2 +p"Tp) €Ty -
We have the Z,)-algebra-morphism
0:Tp) — L)
z— [z] =z +p'T,) .

Let

= 0lng) A — T -
We have the group morphism

U(p) : U(A)) — UT)

as a restriction of ¢ to the unit groups.

wZ(P) ] —
LG Lip) 1)
~ J )
A
UWZ(p) U(p)
o
U(A@y) ——1——=¢(U(A)) = Im(U(p))
G p(w(@))
ker(U(y))

From this diagram we have the following diagram of groups.

U(Z,)G) (3:2)
U“’%)lz
ker(U(p)) ——=U(A()) ——Im(U(p))

The lower row is a short exact sequence of groups. In particular, Im(U(p)) is isomorphic to a factor
group of U(ZG).
Note that

ker(U(p)) = {1 +p?z 2 € T,)}.
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Remark 13. Suppose given x = (z1,...,24) € Ty and j € [1,].
Then x; € R;”X”j, and so det(x;) € R; for j € [1,1].
The following assertions (1-4) are equivalent.
(1) We have x € U(T'(,)).
(2) We have det(z;) € U(R;) for j € [1,t].
(3) We have N, g(det(z;)) € U(Z,)) for j € [1,1]
(4) We have N g(det(z;)) + pZpy # 0 in L) /pLy) for j € [1,1].
Proof. We have (1) <= (2) since a matrix is invertible if and only if it has an invertible determinant.
We have (3) <= (4) since an element y of Z,) is a unit if and only if it is not contained in pZ).
It remains to show (2) = (3).
Suppose given j € [1,¢].
We consider the Z,)- linear map

Y :R; — R;

y — det(z;) -y .

Then det(x;) € U(R;) is equivalent to ¢ being invertible, which is equivalent to det(t)) being invertible
in Z(p).

We have N |g(det(z;)) = det(v)).
In conclusion we get that det(x;) € U(R;) if and only if N o(det(x;)) € U(Zy)). O

Remark 14. We give an alternative argument for assertion (2) in the proof of Lemma 11, in the particular
situation A = A,y and B =T'(,). Let x,& € I'(,) such that x =pa 7.

We want to show that
Lo
x € U(F(p)) — T € U(F(p)) .
Suppose that x is a unit in I',).
Note that z; =,« Z;, hence det(x;) =pa det(;), hence N, g(det(z;)) =, Nk, o(det(;)), for j € [1,].
Then we get with Lemma 13 that
0 # N, o(det(z;)) + pZp) = Nk |g(det(Z;)) + pZp)
for j € [1,¢]. Which is equivalent by Lemma 13 to Z being a unit in T'(,).

Remark 15. Suppose given £ € f(p).
(I) In order to decide whether § is contained in Im U(yp), we choose an inverse image z € I'(;), so
o(x) = &, and test whether 2 € U(A(;)). This is possible by Lemma 11.

o test whether z € , we test whether x € and x € . 18 1s possible by
II) T heth U(Ap heth Ay and U(T'). This i ible b
Lemma 8.

(IIT) To test whether x = (z1,...,2;) € U(I'(,)), we test whether Ny, o(det(z;))+pZp) # 0in Zy,) /pZy)
for j € [1,t]. This is possible by Remark 13.

An example in which it happens that Z,) C R; is G = A4, for which we refer to §4.

25



3.4 Index formula

Let G be a finite group. Let j € [1,¢].

Suppose that we have a Wedderburn isomorphism
wo : QG = K™ x o K™

where K;|Q is a suitable finite field extension for j € [1,¢].
Let P; C K be the integral closure of Z in K; for j € [1,t].
Suppose that wg restricts to

wz t LG s PMXT | x PrXTe =i T

Let A :=wz(ZG) CT.
We choose Z-linear bases of ZG and of I', respectively.
Let W be he matrix representing wy with respect to these bases.

Then the index of A in T is given by
| det(W)| = [T'/A],
where I'/A is the abelian factor group.
Write d; := [K; : Q] for j € [1,¢].
Write A := A, for the discriminant of K for j € [1,¢].

Lemma 16. We have

| det(W)| = [T/A|
= lellted
_ [T Ag‘n?)n;nf d;)
Proof. This follows by [7, §1.1.2, p. 4, Proposition 1.1.5] O

Remark 17. If K; = Q for j € [1,¢t], then Aj = 1 and d; = 1 for j € [1,£]. So the formula from
Lemma 16 simplifies to
| det(W)[ = [T/A|
Gl

(n3)
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Chapter 4
The group Ay

We intend to illustrate the theory from §3.3 with the example G = A,4. For practical purposes, we start
with the Wedderburn isomorphism.

4.1 Theory applied to A,

We consider the alternating group G = Ay. Let ¢ := (5.

We claim that we have the following Q-algebra isomorphism of Wedderburn.

wy: QA4 = Q x Q(¢) x Q¥

-1 0 0

(1,2)(3,4) — | 1,1, [ -2 -1 1
-4 0 1

-1 1 0

(1,2,3)— [1,¢ | -1 0 1
0 01

To verify this isomorphism we refer to §A.1.

Let p = 2. We shall work over
Zioy={; €Q:a€LbeLb#0}CQ,

with U(Z) :={% € Q:a € Z,b € Z,a #5 0,b #; 0}. Le. we consider the behaviour at the prime 2.

By restriction of wg we get the injective Zy)-algebra morphism
= wolp® . ZayAs — Lzy X T 733 =T
W) = wolz g A, P LyAs — Ly X L[] X Zi)" =:T ) .

Using notation as in §3.3 we get the following left ideals in Q@ x Q(¢) x Q33 as representatives of the
isoclasses of the simple QA -modules.
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S1:=Qx0x0
So:=0xQ(¢) x0

Q 0 0
S3:=0x0x|Q 0 O
Q 0 0

An element g € Ay acts on an element s € S; via g - s := wg(g) - s, where the latter multiplication is to
be read in Q x Q(¢) x Q3*3.

With that we have the commutative endomorphism algebra K; = Endga,(S;) for j € {1,2,3}. In
particular, we have the endomorphism algebras

K, =Q
Ky, =Q(()
Ks=0Q

and so ny = dimg, S; =1, ng = dimg, S2 = 1 and n3 = dimg, S3 = 3.

Since R; C K is the integral closure of Zy) in K; for j € {1,2,3}, we obtain

Ry =Z2)
Ry = Z2)[(]
R3 = Z(g) .

This confirms that D) = R ™" x Ry?*"2 x Ry*™ ™ = Zg) X L9)[¢] % Z?;f

We may choose

L1::Z(2)XOXO c 5

Lo ZZOXZ(Q)K] x 0 QSQ
Zizy 0 0

L3 =0x0x Z(Q) 0 O QS?,
Z 0 0

We have L; C S; be an R;A,-lattice, i.e. a RjAy-submodule with rkg, L; = dimg,; S; =: n; for j € [1,1].
We have indeed

I‘kR1 L1 = I"kZ(2) (Z(g) x 0 X O) =1= dlmQ(Q x 0 x 0) = dimKl Sl
rkR2 L2 = rkZ(z)[C](O X Z(Q) [C] X 0) =1= dim@(()(o X Q(C) X 0) = dimK2 SQ

I‘kRS L3 = I‘kZ(2) (0 x 0 x Z(Q) 0 0 ) =3= dlmQ(O x 0 % Q 0 0 ) = dlI’IlK3 53
Z 0 0 Q 0 0

We get the following image of wz,,, .
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Z11 %12 213
Aoy = wz, (Z2)A4) = T, Yo +41C, | 221 Za2 %23 el :
<231 32 %33
Z31 =4 0 239 =4 0 233 — T =4 0
y1 — 221 =20 y1 —200+ 211 =40 212+ 291 =20
Yo — 222 — 212 — 221 =4 0
Here, z;; is short for z; ; etc.
To verify these congruences we refer to §A.2. Here an element in Z)[(] is written in standard form
Yo + y1¢ with yo,y1 € Z(z).

For illustration of the congruences note the following picture.

211 *12| 213

232 ‘ ZS3

“ 231 =40 232 =40 H

=

ij Yo + y1¢

l—Z_ _ZE___O—I
(%38 T T

Y1 — 221 =2 0 Y1 — 222 +211 =40

212 + 221 =2 0 yo — 222 — 212 — 221 =4 0

We have the Z(g)—subalgebra A(g) = Wz (Z(Q)A4) - Z(g) X Z(g) [C] Z?2><)3 = F(Q)

Altogether, we have the following commutative diagram.

QA, = Q x Q(¢) x @
injectivi
Z(Q)A_4 i,eZC(2) © (2) X Z(Q) )( Z3><3
wz(2)| A2)
Ae)

From the congruences in A2y one can see that all congruences are satisfied if all matrix entries are divisible
by 4. So 22 - [(2) € A(g). With respect to the notation used in equation (3.1) we may take d := 2.

We get Ty :=T/2°T
We have the Z,)-algebra-morphism
o0: F(Q) — f(g)
z— [2] =2+ 2Ty .
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Let

=g tAe) — T
We have the group morphism

U(p) : U(A(g)) — U(T(z)

as a restriction of ¢ to the unit groups.

We have the group isomorphism

- A U(A2))
A U(Z<22>A4)
and thus we have the following diagram of groups.
U(ZsyAs) (4.3)

U“Z@)lZ
U(go)‘lm(U(w))

ker(U(p)) ——U(A(g)) ——Im(U(p))

The lower row is a short exact sequence of groups. In particular, Im(U(¢)) is a factor group of U(Z2)A4).

4.2 Magma application

In the following chapter, we apply Remark 15 to compute Im(U(y)) by Magma.

In Magma we need some preparations. First need to fix some data for later.

Z := Integers();

Z4 := Integers(4); // Z/4Z

Q := Ratiomnals();

Qz<ze> := CyclotomicField(3); // Qz = Q(\zeta_3), ze = zeta_3
Zz := MaximalOrder(Qz); // Zz = Z[zeta_3]

Zz4 := quo<Zz | 4>; // Zl[zel/4Z[ze]
We convert an element of A into a vector with the following convention.

Z11 212 %13
t 4.4
x, yo +11G, | 221 222 223 — (xay07y1721172127213722172227223723173327233) ( . )

Z31 %32 %33
RM := RMatrixSpace(Integers(),12,1);

Since we are interested in representatives modulo 4, we choose our coefficients in M := {-1, 0, 1, 2}.
The data for the vectors with coefficients in M are stored in Coeffs.

// Representatives of Z/(4)

M := {-1,0,1,2};
Coeffs := CartesianPower(M,12);
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In the next step, we create a list of vectors to be checked.

list_of_vectors := [];
for x in Coeffs do
x_list := [1 : i in x];

y := RM!x_list;
list_of_vectors cat:= [y];
end for;

//#list_of_vectors; // = 16777216

Now we have a list of 16.777.216 vectors with entries in Z/47Z.

Then we have to decide whether a vector satisfies the list of congruences. Thanks to Remark 15(I), we

only need to consider vectors with entries in M.

By Remark 15(1T), we can check separately that, first, the element is in A(2) and that, second, the element

is invertible in U(T'(3y). Since we store an element as a
accordingly; cf. (4.1), (4.4).

// check if vector in \Lambda_(2)
list_improvementl := [];
for y in list_of_vectors do
if (y[10,1]) mod 4 eq O
and (y[11,1]) mod 4 eq O
and (y[12,1] - y[1,1]) mod 4 eq O
and (y[3,1] - y[8,1] + y[4,1]) mod 4 eq O
and (y[3,1] - y[7,1]) mod 2 eq O

vector, we have to formulate the congruences

and (y[2,1] - y[8,1] - y[56,1] - y[7,1]) mod 4 eq O

and (y[5,1] + y[7,1]) mod 2 eq O
then

list_improvementl := list_improvementl cat [y]
end if;
end for;

// #list_improvementl; // = 4096

)

Now we have a list of only 4096 elements left. What is left to check is whether these vectors are in the
unit group of I'(3y. To do so we use Remark 15(III) and check whether the determinant or norm of our

element is not congruent to zero modulo 2.

Note that for yo + y1¢ € Z2)[C], Yo, y1 € Z(2y, we have Ng()jo(yo + y1¢) = vE — yoy1 + v3.

// check if vectors in U(\Gamma_(2)) via determinant und norm

list_final := [];
for y in list_improvementl do
if not (y[1,1]

) mod 2 eq O // det of 1x1 block

and not (y[2,11°2 - y[2,1] * y[3,1] + y[3,1]1°2) mod 2 eq O // Norm of

// 2x2 - zeta - block

and not (Z!Determinant(Matrix([[y[4,1],y[5,1],y[6,111,[y(7,1],y(8,1]1,y[9,11],

(y[10,1],y[11,1],y[12,1111))
then
list_final := list_final cat [y];
end if;
end for;
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We have narrowed the list of vectors down to list_final, such that #1ist_final = 1536 = 2° - 3.
In order to be able to calculate in the group we convert the vectors back into matrices.

We need some preparations.
UGq := GL(6,24);

We can now form Im(U(yp)) by converting the elements of 1ist_final back into matrices and then into
elements of GL1(Z/(4)) x GL2(Z/(4)) x GL3(Z/(4)) < GLs(Z/(4)) = UGq where they form a subgroup.

Note that the 2 x 2-matrix in the middle represents the multiplication by u + v(. I.e. we make use of the
injective ring morphism

ZioylC] — 2757

(2
0 -1
— .
list_group_elements := [];
for x in list_final do

y := UGq!DiagonalJoin(<Matrix([[x[1,1111),

Matrix([[x[2,1],-x[3,1]], [x[3,1],x[2,1]1-x[3,1]11]), // represents multipl. u + v zeta
Matrix([[x[4,1],x[5,1],x[6,1]1], [x[7,1],x[8,1]1,x[9,1]1], [x[10,1],x[11,1]1,x[12,1]111)>);
list_group_elements cat:= [y];

end for;

U_group := sub<UGq | list_group_elements>;
// Order(U_group); // = 1536
ImUphi := U_group;
In this case we were able to search the list_of_vectors containing all candidates. Since the number of such

elements is sufficiently small, we can afford to proceed this way. In later chapters, we will make use of a refined

procedure in several steps instead.

4.3 Analysing Im(U(y)) via Magma

Now we can examine this group Im(U(¢)) more closely. Using Magma, we calculate the derived series, a
chief series and a list of generators and a corresponding list of relations.

4.3.1 The derived series of Im(U(y))

We want to calculate the derived series of Im(U(¢p)); cf. §1.2.2.

We can first have Magma perform a few simple tests.

Order (ImUphi) ; //1536
IsAbelian(ImUphi); // false
IsSolvable (ImUphi); // true
GroupName (ImUphi); //C4°2:A4.C2°3
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Note that the group name alone does not determine the group up to isomorphism.
Since Im(U(¢p)) is solvable, the derived series of Im(U(y)), as calculated by Magma, ends in the trivial
group:

DS := DerivedSeries(ImUphi);
#DS; // 4

GroupName (quo< DS[1] | DS[2] >); // C272%C6
GroupName (quo< DS[2] | DS[3] >); // €24
GroupName (quo< DS[3] | DS[4] >); // €272

We write Dy := DS[1], Dy := DS[2], D3 := DS[3], D4 := DS[4].
This means that we have the derived series
Im(U(p)) =Dy 2Dy >D3>Dys=1
with
D1/Dy ~ Cy x Cg x Cg

Dg/Dg >~ 05(4
D3/D4 ~ CQ X CQ

Magma also gives group names:

GroupName (DS[4]); // C1
GroupName (DS[3]); // C272
GroupName (DS[2]); // C2"2wrC2:C2
GroupName (DS[1]); // C472:A4.C273

4.3.2 A chief series of Im(U(y))
We want to calculate a chief series of Im(U(yp)); cf. §1.2.3.

CS := ChiefSeries(ImUphi);
#CS; // 8

GroupName (quo< CS[1] | CS[2] >); // C2
GroupName (quo< CS[2] | CS[3] >); // C2
GroupName (quo< CS[3] | CS[4] >); // C2
GroupName (quo< CS[4] | CS[5] >); // C3
GroupName (quo< CS[5] | CS[6] >); // C2°2
GroupName (quo< CS[6] | CS[7] >); // C2°2
|

GroupName (quo< CS[7] | CS[8] >); // C272
We write H; := CS[1], H, := CS[2], ..., Hg := CS[8].
This means that we have the chief series
Im(U(ap)):Hl >H2 >H3 2 ...2H8:1

with
Hy/Hs ~ Ca, Hy/Hj ~ Ca, Hs/Hy ~ Cq
H4/H5EC3, H5/H6":C2><C2, H(;/H7EC2XCQ
H7/H8 ~ CQ X C2
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4.3.3 Chosen generators for Im(U(y))

We now want to find a short list of generators of Im(U(p)) containing group elements having many zero
entries in their matrices. In order to bring Magma to suggest such elements, we first sort the list of
elements of Im(U(p)) according to the numbers of zero they contain.

First we give each vector a number to be able to identify them later.

index_set := [1 .. 1536];
run_set := [4 .. 12];
yay_Liste := [];

for o in index_set do

yay := 0;

for u in run_set do

if list_final[o,u] eq O then;
yay +:= 1;

end if;

end for;

yay_Liste cat:= [<o,yay>];
end for;

#yay_Liste; // 1536

Now we use the sort function of Magma to sort by the number of zeros.

C := func<x,y | - x[2] + y[2] >;

Y := yay_Liste;

S := Sort(Y, C);

list_group_elements_new_sorting := [list_group_elements([x[1]] : x in S];

We now manually produce a list of generators and verify that it actually generate the group.

m_e := list_group_elements_new_sorting[8]; // minus one
list_gen := [list_group_elements_new_sorting[8],
list_group_elements_new_sorting[11]°-1,
list_group_elements_new_sorting[1],
m_e * list_group_elements_new_sorting[2],
m_e * list_group_elements_new_sorting[10]];
list_gen_num := [<list_group_elements_new_sorting[8],8>,
<list_group_elements_new_sorting[11]~-1,11>,
<list_group_elements_new_sorting[1],1>,
<m_e * list_group_elements_new_sorting[2],2>,
<m_e * list_group_elements_new_sorting[10],10>];

U_sub_test := sub<U_groupl|list_gen>; // with -1
for g in list_group_elements_new_sorting do
if not g in U_sub_test then
list_gen cat:= [g];
list_gen_num cat:= [ <g, Index(list_group_elements_new_sorting, g)> 1;
U_sub_test := sub<U_group | list_gen >;
print "spy:", #list_gen;
end if;
end for;
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print Order (sub<U_group | list_gen >); // 1536
# list_gen; // 6
print list_gen; // list of generators
print list_gen_num;

list_gen :=

list_gen :

// Redundancy test:
for i in [1..#list_gen] do
print Order(sub<U_group | Remove(list_gen,i) >);
end for;
// Results in all being important

#list_gen; // 4

/* list of generators

print list_gen;

[
[3
[0
o
o
[o
[o

[1
[0
[o
[o
[o
[o

1
[o
[o
[0
o
o

[3
o
o
[o
[o
[o

]

*/

O O O O wo
O O O wo o
O O W o o o
O W o o oo

O O O N+ O O O O O - O

O O O W N O
O OO W+ O

O OO+ OO

O O O WwN O

O O = O O O
O O O O O

O O W o o o

O R, BB OO O
O O O OO

O O O O O

0]
0]
0]
0]
0]
3]

0]
0]
0]
0]
1]
1]

0]
0]
0]
0]
0]
1]

0]
0]
0]
0]
0]
3]

Remove (list_gen,5);
Remove(list_gen,3);

So we get the following tuple list of generators of Im(U(¢p)).

-1 0 O

0 -10

[

0 -1

i

100
011
001

)|

1,1+2<,<
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4.3.4 Relations for Im(U(yp))
We let Magma calculate a list of relations.

U_group_gen_£fp := FPGroup(sub<U_group | list_gen >);
U_group_gen_£p;

/* gives:
U_group_gen_£fp.1"
U_group_gen_£fp.2"
U_group_gen_fp.3"
p.4"
p.2"

Id(U_group_gen_£fp)
Id(U_group_gen_£fp)
Id(U_group_gen_£p)
Id(U_group_gen_£p)
-1 *x U_group_gen_fp.1 * U_group_gen_£fp.2 * U_group_gen_fp.1
= Id(U_group_gen_£p)
U_group_gen_fp.27-1 * U_group_gen_fp.3 * U_group_gen_fp.2 * U_group_gen_fp.3
= Id(U_group_gen_£p)
(U_group_gen_fp.1 * U_group_gen_fp.3)"2 = Id(U_group_gen_£p)
U_group_gen_fp.1 * U_group_gen_fp.4"-1 * U_group_gen_fp.1 * U_group_gen_fp.4
= Id(U_group_gen_£p)
U_group_gen_fp.4 * U_group_gen_fp.2"-1 * U_group_gen_fp.4"-1 * U_group_gen_fp.2"-1
* U_group_gen_£fp.4"-1 * U_group_gen_£fp.2 * U_group_gen_£fp.4
= Id(U_group_gen_£p)
U_group_gen_fp.4"-1 *x U_group_gen_fp.2 * U_group_gen_fp.4"-1 * U_group_gen_£fp.27-1
* U_group_gen_fp.4"2 * U_group_gen_fp.2 = Id(U_group_gen_£fp)
U_group_gen_£fp.4"-3 * U_group_gen_£fp.3 * U_group_gen_£fp.4"3 * U_group_gen_fp.3
= Id(U_group_gen_£p)
(U_group_gen_fp.3 * U_group_gen_fp.4 * U_group_gen_fp.2"-1 * U_group_gen_fp.4"-1)"2
= Id(U_group_gen_£p)
(U_group_gen_fp.3 * U_group_gen_fp.4 * U_group_gen_fp.3 * U_group_gen_fp.47-1)"2
= Id(U_group_gen_£p)

O’:l\)»b[\)
]

U_group_gen_f£f
U_group_gen_f£f

*/

For better clarity we rewrite some of the relations manually.
First we define
m :=U_group_gen fp.1
d :=U_group_gen_fp.2
e :=U_group_gen fp.3
k :=U_group_gen fp.4.
Note that for a relation with right hand side 1 we we omit the “= 1”. So we get, by rewriting the first

four relations,

m?2,d*, e, kS .

We want to rewrite the relations
k-d7 'k t.d kTl dok
EredoktodTt k2 d
Of the first relation we get
E-db bk tat kT e d o k=k-d kT - [d K]
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So we get

[d k] =k-d-k~' =Fd.

We can write
Eled-k7td k2 d
as

d -k Ved V4B

By multiplication of

k-d'-kmtd7t kTt dok

and
d-kt-d 'V k?d kT
we get

d-kVd VB d ok ked B dT kT d K
=d-k'd 'V k-d VB d k.

By rewriting we get
1=[d" k] [d, k]
and so we get
[d k] =[k,d )=kt -dk-d' =% -k -d-k)=d K].

So d commutes with [d, k].
We get

[[d,k],d] =1
so we have, using [d, k] = *d,

Fd,d)=1.

By rewriting the remaining all relations as well we get
Ugp := (m,d, e,k |m?,d* e kS,
[m, d], [d, €], [m, €], [m, k],
[d,k] = *d,[*d, d], [e, k"],
(*d-e)?, e, k]?) .
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Then we have the group isomorphism

-1 0 0
m— |-1, -1, | 0 =1 o0
I 0 0 -1
[ 0 0
d— 1,1, |0 1 1
I 00 1
[ -1 0 0
e—s |1,14+2, 10 1 0
I 0 0 1
[ 11 0
k— |-1,2—-¢ |1 0 0
I 00 —1

We verify this assertion using Magma:
FG<m,d,e,k> := FreeGroup(4);

list_rel_transformed :=
[m"2 = Id(FG),

d~4 = Id(FG),

e~2 = Id(FQ),

k"6 = Id(FG),

(m, d) = Id(F®),

(d, e) = 1d(FG),

(m, e) = Id(FG),

(m, k) = Id(FG),

(d, k) =k *d * k-1,

(k * d * k*-1, d) = Id(FQ),
(e, k°3) = Id(FQ),

(k * d * k"-1 * e)"2 = Id(FQ),
(e, k)72 = Id(FG)];

FG_factor_u, rho := quo<FG | list_rel_transformed>;
Order (FG_factor_u); //1536

IsIsomorphic(PermutationGroup(FG_factor_u) ,PermutationGroup (FPGroup(ImUphi))); // true

psi := hom<FG_factor_u -> ImUphi | [<FG_factor_u!m,list_gen[1]>,
<FG_factor_u!d,list_gen[2]>,
<FG_factor_u'e,list_gen[3]>,
<FG_factor_u'k,list_gen[4]>]>;

Order (Kernel(psi)); // 1

Order (Image(psi)); // 1536 So psi is a isomorphism

// We independently test the list of relations holds in ImUphi:

psi_hat := hom<FG -> ImUphi | [<m,list_gen[1]>,<d,list_gen[2]>,
<e,list_gen[3]>,<k,list_gen[4]>]>;
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for x in list_rel_transformed do

if x[1]@psi_hat eq x[2]@psi_hat then

print "ok";

else

print "not ok", x;

end if;
end for;

4.4 Description of ker(U(p))

Consider the commutative triangle of groups.

U(o) =
U(T2)) —> U(T(2))

Since
ker(U(0)) < U(A)) ©
we have
ker(U(0)) = ker(U(g)) N U(Az)) = ker(U()) -

So we have the following commutative diagram.

ker(U(o)) —= U(T'(2)) RN U(T ()
) A
ker(U(p)) — U(A(z))

With the diagram 4.3 we get a description of the kernel.
ker(U(p)) = {1 +4y € U(l'(y)) : v € T2}

4.5 Summary

We have the following diagram of groups, in which the lower row is a short exact sequence.

U(Z(2)A4)

UWZ(g) lz

ker(U(p)) & U(A(z)) —I— Im(U(p))

The finite group Im(U(p)) has order 1536. It is build in §4.2 via Magma. Its derived series, a chief series,
chosen generators and a list of relations are given in §4.3.
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The infinite group

ker(U(g)) = {1+4y € U(T()) : v € T2y}

(1+ 4Z(2)) 4Z(2) 42(2)
= (1 + 42(2)) X (]. + 42(2) [CgD X 4Z(2) (1+ 4Z(2)) 4Z(2)
4Z(2) 4Z(2) (1+ 4Z(2))

is described in §4.4.
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Chapter 5
The group S4

We consider the symmetric group G = Sy.

5.1 A factor group of U(ZS,)

5.1.1 Construction of the group morphism U(yp)

We claim that we have the following Q-algebra isomorphism of Wedderburn.

wg @S4—>QX@X@3X3 ><@3><3 XQQXZ

11 -24 2 1 0 0 _—
(1L,2)— [-1,1, [ 5 11 -1/, 1—11,<1 )

-1 5
0o 0 -1 0 0
26 57 2 -2 1 0
4 —15
(1234 — [ -1, 1, | -11 —24 —1], | =3 0 1, (|
-4 -8 -1 —4 0 1

To verify this isomorphism we refer to §B.1.

In order to consider the behaviour at the prime 2 separately, we localise at (2), i.e. now we pass from the
ground ring Q to the ground ring

a
Z(g) :{g EQ:CLEZ,bEZ,biQO} cQ,

with U(Zy) :={3 € Q:a€Z,bec Z,a#30,b %> 0}.

By restriction, we get the injective map

W79y * Z(Q)S4 — Z(g) X Z(g) X Zi(’;2><)3 X Z‘?;)S X Z?;)z = F(Q)
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So we get the following.

11 T12 T13 Y11 Y12 Y13
Apor = 70008, — 211 212 Lo
(2) "= UJZ(2>( (2) 4) = U, W, | X21 T22 X23 |, | Y21 Y22 Y23 |, cl:
221 222
31 X32 T33 Ys1 Y32 Y33
11 =4 Y11, T12 =4 Y12, r13 =2 Y13,
T21 =4 Y21, T22 =4 Y22, T23 =2 Y23,
r31 =g Y31 =40, T32 =g Y32 =40, w33 =21y33,
11 + Y11 =g 2211, T12 + Y12 =g 2212,
T21 + Y21 =s 2221, To2 + Y22 =g 2222,
v—x33 =g w—Y33=40
Here, z;; is short for z; ; etc.
To verify these congruences we refer to §B.2.
For illustration of the congruences note the following picture.
. .. . . 1
11 T12 ||T13 Yir Y12 ||Y13 |
| I | I 211 212
(P21 T22|[T23 (Y21 Y22 ||Y23 [ I
- -~ L221 2’22_,

M = T = 1

T11 =4 Y11
|

To1 =

[ %21 =4 Y21

31 =g Y31 =4 0

"211 4+ Y11 =5 2211 Ti2 + Y12 =s 2210

I
L

Y31 Y32 -

12 =4 Y12 x13 =2 Y13

T23 =2 Y23

T33 =2 Y33

’U—$33ESW—ZJ33E40‘

______ 1
I

To1 + Y21 =8 2221 T2 + Y22 =8 2222_,

(5.1)

Now 23I‘(2) C A(2) and the exponent 3 is minimal with respect to this property. So we consider f@) =
I’(z)/23I‘(2) =T(2)/8T(2). Let o: T2y — f(g) be the residue class map.

We obtain the following commutative diagram.

“Z(3)

Z(2)54

U(Z(2)S4)

UYZ(3)
U
(%

L) : I

T(9)

U(

U(A(g)) ————=Im(U(y))

Note that we have the following diagram of groups.
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U(Z2)S4) (5.3)

UWZ(3) lZ

ker(U(p)) & U(A(2)) —I— Im(U(¢p))

The lower row is a short exact sequence of groups. In particular, Im(U(¢y)) is a factor group of U(Z2)S4).

To calculate Im(U(p)) with Magma we do not have the possibility to verify for each of the 8%* elements
of I(9) whether it is is contained in Im(U(¢)) in a reasonable amount of time.

Reminder 18. We recall the following notation. For

11 T12 T13 Y11 Yi2 Y13 (
b

U, W, | T21 T22 T23 |5 | Y21 Y22 Y23
221 <22
31 X32 T33 Y31 Y32 Y33
we write
T11 T12 X113 Y11 Yi2 Y13 - 5
d o L 11 12 =
Y+ Ty =M= v, w, | ®a1 x22 o3|, | Y21 y22 w23 |, . . SHNE
21 22

T31 T32 X33 Y31 Y32 Y33

Remark 19. Let § € Im(U(yp)). Let v € Ty such that [y] = . Then v € U(A(2)).

Proof. We may choose A € U(A(y)) with £ = [A]. Then [y] = £ = [A]. By Lemma 11, we conclude from
NS U(A(g)) that v € U(A(g)). O

5.1.2 Dissecting Im(U(y))

We will dissect the problem in two steps to verify which elements are in Im(U(¢p)).

Step 1. To begin we define the subset

11 T12 0 y11 Y12 0O (

211 %12 =
Uy = L1, 221 @22 O, [y21 w22 O €l :
221 222
0 0 1 0 0 1
Z11 212 _ _ _ _
det Z2 0 and 11 =4 Y11, T12 =4 Y12, T21 =4 Y21, T22 =4 Y22, (5.4)
221 <22

T11 + Y11 =8 2211, T12 + Y12 =g 2212, T21 + Y21 =8 2221, T2z + Y22 =g 2222
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Recalling the picture of (5.2), the remaining congruences are shown in the following figure.

217 19! 0 "yi1 y12' 0 - - =~
1 1 I I 0 | I 0 ‘211 212|
T T
(P21 T2 Y21 Y22, e 2
0 0 1 0 0 1 -
|—97311 =4 Y11 T12 =4 y12—|
| I
(P Zayn T2 =4y,
o L — 90 o =9, -1

T11 + Y11 =8 2211 T12 + Y12 =8 2212
| |

21 + Y21 s 2201 T22 + Y22 =3 22’22_I

!
We claim that U; C Im(U(y)).

By construction we have Uy C Im(y): Every element of Uy is represented by an element satisfying the
congruences describing A (), cf. (5.1).

!
To show that U; C Im(U(yp)), we have to verify that each element of U; is represented by an element of
U(A2))-

We have U(A(g)) = A(Q) N U(F(Q)), cf. Lemma 8.

So we have to show that each element of U; is represented by an element in A) that is an invertible
element of T'(y).

) 211 2
Suppose given |1, 1, [z21 @22 O, [y21 w22 O oo

0 0 1 0 0 1
in brackets; cf. (5.4). We show that

211 212\ _ Tl Ti12| _ Y11 Y12
=2 =2
221 222 Tro1 T22 Y21 Y22

Suppose given i, j € [1,2]. Due to the congruences of Uy, we have

211 212 O y11 Y12 0O (

€ U, represented by the element
221 222

—2zi5 + xij +Yi; =8 0, Tij —yi; =4 0.
It follows
2z + x5 +Yi; =40, 5 — i =4 0. (5.5)
Addition of this congruences yields
2z +2x;5 =4 0
and so we have
Zij =2 Tij - (5.6)
By (5.5), we also have
Tij =2 Yij - (5.7)

With (5.6) and (5.7) for i,j € [1,2], we have
211 212\ _ T11 Ti2) _ Y11 Y12
:2 :2 .
221 222 T21 T22 Y21 Y22
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In particular

L 211 212 O yi1 vz O

0 #; det ( " 12) =y det | 291 o2 0| =2det [ya1 322 O
Zo1 %22

0 0 1 0 0 1

So all these matrices have determinant in U(Z(s)), hence they are invertible over Zs).
This proves the claim.

Note that U; < Im(U(g)). In fact, given elements of U; represented by ui,u; € U(A(z)), we have
up - u) € U(A(2)), whence u; - ) satisfies the required congruences. In addition, u; - v} has the block
structure required to represent an element of U;. So

up - vl = (uy - uh)p € Uy
Now we want to use U; as a factor of Im(U(y)). We define the subset
1 0 i3 1T 0 i3
10 —=
Ml = v, w, 0 1 Z23 |, 0 1 Y23 | € F(Z) :

0 1
31 X32 T33 Y31 Y32 Y33

v #2 0 and w13 =2 Y13, T23 =2 Y23, T31 =8 Y31 =4 0,732 =g Y32 =4 0,

T33 =2 Y33, U — 33 =g W — Y33=4 0

Recalling the picture of (5.2), the remaining congruences are shown in the following figure.
1 0 T13
0 1 23 0 1 Y23

w31 @a2 (T3] ys o yso

r13 =2 Y13,
T23 =2 Y23,
31 =g Y31 =4 0, 232 =g Y32 =40,

‘U*I3358w*y33540‘

1 0 |y

!
We claim that M; C Im(U(yp)).
By construction we have M; C Im(p): Every element of M; is represented by an element satisfying the
congruences describing A(y), cf. (5.1).
!
To show that M; C Im(U(p)). We have to verify that each element of M is represented by an element
We have U(A(g)) = A2) N U(I'(gy), cf. Lemma 8.

So we have to show that each element of M; is represented by an invertible element of I'().

1 0 T13 1 0 Y13 1 0
Suppose given |v, w, 0 1 x|, 0 1 ys |, (0 1) € M, represented by the ele-
31 X32 T33 Ys1 Y2 Yss

ment in brackets; cf. (5.4).
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Due to the congruences of M;, we have

0F2 v =233 =2 Y33 =2 W.
Moreover
T31 =2 Y31 =20, 32 =2 Y32 =2 0.
Hence
1 0 T13 1 0 13
OF2v=w=2 |0 1 2935|=2] 0 1 o3
0 0 x33 T31 T32 T33
10 w3 1 0 w13
=2 |0 1 g3 =210 1 yo3
0 0 ys3 Ys1 Y2 Y33

So all these matrices have determinant in U(Z(y)), hence they are invertible over Zs).

This proves the claim.

Further we claim that for u € Im(U(p)) there exists u; € Uy such that ufl -u € M.

Suppose given

211 %12
U= (v, w, | x21 To2 T23 |, | Y21 Y22 Y23 ;( ) € Im(U(p)) -
221 %22
31 X32 X33 Y31 Y32 Y33
211 %12
Note that det Z5 0. So we may set
Z21 %22
z11 712 0 Y11 Y12 I
11 12
up:= |1, 1, o1 222 0, | Y21 Y22 ) < > € Uy <Im(U(y)) -
221 %22
0 0 1 0 0
Then
1 0 ilg 1 0 g13 1 0
—1 ~ ~
ul U= (v, w, 0 1 x23 |, 0 1 Y23 a(o 1) EIHI(U((,O)),
31 X32 X33 Ys1 Y32 Y33

Z11

T12 X113 Y1 Y12

Y13

for certain Z13, T23, Y13, Y23 € Z(2).
By Remark 19, each element of Iy representing ufl -u is contained in U(A(q)). Hence ufl -u € M.
This proves the claim.

So we also know that for u € Im(U(¢p)) there exists an uy € Uy and an my € M; with u = uy -m;. Hence

Im(U(p)) = Uy - My .

Step 2. Now we want to dissect M7 even further.
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We define the subset

1 0 0 1 0 O 10
Uy = v, w, |0 1 0 ],10 1 0], <0 ) S f(g) :
0 0

0 yss3

S
w
&%

s}

v #2 0, T33 =2 Y33, v — T33 =g W — Y33 =4 0
Recalling the picture of (5.2), the remaining congruences are shown in the following figure.

10 0 10 0
01 0 01 0
0 0 [73] 0 0

Note that Uy € M; C Im(U(yp)).

Note that Us < Im(U(y)). In fact given elements of Us represented by wg,uj € U(A(g)), we have
ug - uy € U(A(2)) whence usy - uj satisfies the required congruences. In addition, us - uj has the block
structure required to represent an element of Us. So

ug - uly = (ug - ub)p € Uy .

Now we want to use Us to factor M;. We define the set

1 0 13 1 0 Y13 10
M, = LL [0 1 x|, [0 1 o3 7<0 1) €Ty

r31 32 1 Y31 ys2 1

13 =2 Y13, T23 =2 Y23, T31 =8 Y31 =4 0, 32 =g Y320 =4 0

Recalling the picture of (5.2), the remaining congruences are shown in the following figure.

1 O I13 1 0 Y13
1 1 0
0 1 .
To3 0 1 |ly2s 0 1
31 32 1 Y31 Y32 1
x13 =2 Y13
T23 =2 Y23

31 =g Y31 =4 0, x32 =g Y32 =40
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Note that Ma C M; C Im(U(y)).
Note that Ms is only a subset of Im(U(¢p)).
We claim that for mq € M there exists ug € Us such that u;l -mq € Ms.

For
1 0 13 1 0 Y13 10
mp = (v, w, 0 1 x23 |, 0 1 Y23 | <O 1) e M, C Im(U(cp))
31 32 33 Ys1 Y32 Y33
we set
1 0 0 1 0 O 10
ug:=|v,w, O 1 0|, |0 1 0|, (O 1) € Uy < Im(U(yp))
0 0 I33 0 0 Y33
Then
1 0 3 1 0 w3
1 1 0
U2 cmy = 1a 17 0 1 23 |, 0 1 Y23 | <0 1)
a1 T3z 1 Us1 U2 1

for certain 31,232,931, J32 € Z(2)-
By Remark 19, each element of I (3 representing uy ' -my is contained in U(A(2)). Hence uyt-my € M.
This proves the claim.

So we also know that for m; € M; there exists an ug € Uy and an mo € My with my = us - mo. Hence

My =Us - M,.

We have obtained the following Lemma 20.

Lemma 20. We have

Im(U(p)) = Uy - Uz - Ma .
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Magma

via

5.2 Calculation of Im(U(p))

5.2.1 Preparations

We have the following Zs)-linear basis of A(s):

— —
co co
co co
S~— S~—
/N 7N
ooOo ooOo
ooOo ooo
ooOo ooOo
—— ——
/N 7N
ooOo ©ooOo
ooOo ooo
ooOo ooOo
—— ——
<t o0
<t e}
~— ———
/N TN
— —
oo oo
oo oo
S~— S~—
/N /TN
co—- coa
[=]elellelole)
ooOo OooOo
—— N——
/N /N
co- ocoo
ooOo ©o0oOo
ooOo ©ooOo
—— N——
— ~
=]
~— —
(\

‘BA(Z) :

[=lele)
coo
SO

[elele)
coo
coo

). )00 (

oo
[=lel)
oot

oo
[=lel)
oo

o0 (
o0 (
o0 (
o0 (

o0

NOoO
[ele)e]
[=le)e]

[ele)e]
[ele)e]
[=le)e]

). 69) (00

—Oo O
[e)enen)
[} }en)

—Oo O
[ele)e]
[=le)e]

oMo
()l
(=)=l

[ele)]
ooo
(=)=l

). (.0 (

[elele]
[}

oO—~O
(=)=l
[}

(5.10)

ooo
—o o

ooo
ooo
—o o

[elele)
WO O
SoOo

[elele)
[l
Soo

)-(00.(

[=le)e)

oo
NOO
[=le)e)

[ele)e]
OO

oo
[ele)e]
OO

(oo

—
/N N
— —
o co
co co
SN— SN—
/N N
coo coo
OO WO
coo ooo
— —
/N N
coo coo
oo CooOo
coo ooo
— ——
o o
) ja)
N~ ——
N TN
—~ ~—
oo oo
oo oo
SN— SN—
coo coo
coo oNo
cwo |
~—— coo
- N~——
P -
coco —
oo ocoo
00O oo
~—— coo
- N~—
= -
-~ o
=) -~
N~—r~ o
~_

: (b1, ba, b3, ba, bs, bg, b7, b, b, b1o, b11, b12, b13, b14, b5, bis, b17, big, big, bao, ba1, baa, baz, baa)

bj S F(g) for j € [1,24]

We write b,

We obtain the following Z)-linear generating set of Im(¢p).

(5.11)

{517527537 557 577 597 B10, bllv b127 6137 b147 blﬁv b177 b197 b207 b221 b23} .

G1m(p)

To deal with Magma, we introduce the following convention to convert the tuple

212
cA
222>) )

211
221

Y13
Y23 | (
Y33

Z13 Y11 Y12
T2z |5 | Y21 Y22
x33 Y31 Y32

T12
T22
€32

T11
T21
T31

into a vector. We convert the parts as follows.
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v o— v,

w — w,

11 Ti12 13

t
To1l Xog Toz | — (@11, %12, %13, T21, T22, T2, T31, T32, T33) ",
T31 T3z T33
Y11 Y12 Y13

Y21 Y22 Y23 >—’(yll»ylz,ylza,y21,y22,y23,y31,y32,y33)ta
Y31 Y2 Y33

211 212 t
— (211, 212, 221, 222)

221 <22

If we now combine the individual parts in a vector, we obtain the following.

t
)\>—>(U, W, T11,T12,T13, 21, L22, T23, T31, 32, L33, Y11, Y12, Y13, Y21, Y22, Y23, Y31, Y32, Y33, 211, 212, 221, 222)

5.2.2 Magma application

To start the Magma procedure, we first need to fix some data for later.

Z  := IntegersQ);

Q@ := Ratiomals();

Gl := GL(1,Integers(8));

G2 := GL(1,Integers(8));

G3 := GL(3,Integers(8));

G4 := GL(3,Integers(8));

G5 := GL(2,Integers(8));

UGq := DirectProduct([G1,G2,G3,G4,G5]); // U(\bar Gamma_(2))

U  := sub<UGql|>; // initialise U // at the end this U is Im(U(phi))
RM := RMatrixSpace(Integers(),24,1);

M8 := {-3,-2,-1,0,1,2,3,4};

M8odd := {-3,-1,1,3};

M800 := {-3,-2,-1,1,2,3,4};

M4 := {-1,0,1,2};

M4o0 := {-1,1,2};

M2 := {0,1};

M200 := {1};

Coeffs:= CartesianProduct([M8,M2,M4,M2,M2,M8,M4,M8,M4,M8,M4,M8,M4,M8,M4,M8,M4] ) ;
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Expressing the basis B, ,, cf. (5.10), by the vector convention, we get

basis :=
[
RM!Transpose (Matrix([[1,1,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,1,0,0,0,0]1)), // 1
RM!Transpose (Matrix([[4,4,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,011)), // 2
RM!Transpose (Matrix([[0,2,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,2,0,0,0,011)), // 3
RM!Transpose (Matrix([[O0,8,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,011)), // n.u.
RM!Transpose(Matrix([[0,0,0,0,0,0,0,0,4,0,0,0,0,0,0,0,0,4,0,0,0,0,0,011)), // 5
RM!Transpose (Matrix([[0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,8,0,0,0,0,0,011)), // n.u.
RM!Transpose (Matrix([[0,0,0,0,0,0,0,0,0,4,0,0,0,0,0,0,0,0,4,0,0,0,0,011)), //7
RM!Transpose (Matrix([[0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,8,0,0,0,0,011)), // n.u.
RM!Transpose (Matrix([[0,0,0,0,1,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,011)), // 9
RM!Transpose (Matrix([[0,0,0,0,0,0,0,0,0,0,0,0,0,2,0,0,0,0,0,0,0,0,0,011)), // 10
RM!Transpose(Matrix(([0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0]11)), // 11
RM!Transpose (Matrix([[0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,2,0,0,0,0,0,0,011)), // 12
RM!Transpose (Matrix([[0,0,1,0,0,0,0,0,0,0,0, 1, 0,0,0,0,0,0,0,0,1,0,0,011)), // 13
RM!Transpose (Matrix([[0,0,2,0,0,0,0,0,0,0,0,-2, 0,0,0,0,0,0,0,0,0,0,0,011)), // 14
RM!Transpose (Matrix([[0,0,0,0,0,0,0,0,0,0,0, 8, 0,0,0,0,0,0,0,0,0,0,0,011)), // n.u.
RM!Transpose (Matrix([[0,0,0,1,0,0,0,0,0,0,0, O, 1,0,0,0,0,0,0,0,0,1,0,011)), // 16
RM!Transpose (Matrix([[0,0,0,2,0,0,0,0,0,0,0, 0,-2,0,0,0,0,0,0,0,0,0,0,011)), // 17
RM!Transpose (Matrix([[0,0,0,0,0,0,0,0,0,0,0, O, 8,0,0,0,0,0,0,0,0,0,0,011)), // n.u.
RM!Transpose (Matrix([[0,0,0,0,0,1,0,0,0,0,0, O, 0,0, 1,0,0,0,0,0,0,0,1,011)), // 19
RM!Transpose (Matrix([[0,0,0,0,0,2,0,0,0,0,0, 0, 0,0,-2,0,0,0,0,0,0,0,0,011)), // 20
RM!Transpose (Matrix([[0,0,0,0,0,0,0,0,0,0,0, O, 0,0, 8,0,0,0,0,0,0,0,0,0]11)), // n.u
RM!Transpose (Matrix([[0,0,0,0,0,0,1,0,0,0,0, O, 0,0, 0,1,0,0,0,0,0,0,0,111)), // 22
RM!Transpose (Matrix([[0,0,0,0,0,0,2,0,0,0,0, O, 0,0, 0,-2,0,0,0,0,0,0,0,0]11)), // 23
0,0,0,0,0,0,0,0,0,0, 0, 0,0, 0, 8,0,0,0,0,0,0,0,011)) // n.u.

RM!Transpose (Matrix([[0,0,0,0,
1;

So we translate the elements of B, ,, as b; =basis[j] for j € [1,24].

Certain of these elements are mapped to zero in f@), labelled as n.u., so we have no usage for these for
our generating set Qﬁlm(@.

Then

Im(yp) = {04161 + agby + asbs + azbs + arby + agby + aigbio + ar1bi1 + a12biz + a13bis

+ a14b1s + 16b1s + a17bi7 + @19b1g + @20bao + 22ba2 + i23bas
a1, 0, 11, 13, A6, g, oz € {—3,—2,—-1,0,1,2,3,4},

a3, 10, 012, A4, 07, A0, 023 € {—1,0,1,2},

g, a5, a7 € {0, 1}}

The set of appearing coefficient tuples (a1, ag, s, as, ..., as3) is translated to Coeffs. We will actually
use only certain parts of Coeffs in each step of the procedure.

If the procedure was carried out analogously to A4, cf. §4, then one would have to decide for each of #Coeffs=
238 = 274.877.906.944 vectors individually whether it is contained in Im(U(y)). This is still way too large for
Magma.
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Now we want to build Im(U(y)) inside Im(p). We have Im(U(p)) = Uy - Uz - Ma; cf. Lemma 20.

We will start with U = 1, then build U = U_1, then build U = <U_1, U_2> and finally build
U = <U_1, U_2, M_2>. Since Im(U(p)) = Uy - Uy - M>, we also have built

Im(U(go)) = <U17 UQ, M2> =0U

at the end of this procedure.
Step 1. As in (5.4), we have

U, = 1,1, |21 @22 O], |21 w22 O

z11 T12 O yi1 w12 0 (
0 0 1 0 0 1

211 212 =
S F(Q) .
221 222

211 212 _ _ _ _
det ( ) Z2 0 and 11 =4 Y11, T12 =4 Y12, T21 =4 Y21, T22 =4 Y22,
221 %22

T11 + Y11 =8 2211, T12 + Y12 =g 2212, Ta1 + Y21 =8 2221, T2z + Y22 =g 2222

o {51 + a13b1z + a14b1a + a16bis + a17bi7 + a19b1g + a2pbag + a2abas + angbes :

x13, 16, (X19, (¥22 S {_37 _2a _1707 1a27374}7

Q14, 07, Qoo, o3 € {—1,0,1,2},

Q13022 — Q16Q1Y Z2 0} .

Since we use only a subset of &1y, to build Uy, we also consider only the following set Coeffs5 of
corresponding tuples of necessary coefficients.

Coeffsb5 := CartesianProduct([M8,M8,M8,M8,M4,M4,M4,M4]);
U := sub<UGq | >; // U =1

for x in Coeffsb do
y := basis[1] + x[1] * basis[13] + x[2] * basis[16] + x[3] * basis[19]
+ x[4] * basis[22] + x[5] * basis[14] + x[6] * basis[17] + x[7] * basis[20]
+ x[8] * basis[23];
if
not (y[21,1] * y[24,1] - y[23,1] * y[22,1]) mod 2 eq O // test for invertibility
then
y_mat := UGq!DiagonalJoin(<Matrix([[y[1,1]1]1]1) ,Matrix([[y[2,1]]1]),
Matrix([[y[3,1],y[4,1],y(5,11],[y(6,1],y(7,1],y[8,11], [y[9,1],y[10,1],y[11,1111),
Matrix([[y[12,1]1,y[13,1],y[14,1]1], [y[15,1],y[16,1],y[17,1]],
[y[18,1]1,y[19,1],y[20,1111),
Matrix([[y[21,1]1,y[22,1]11, [y[23,1]1,y[24,1111)>); // transformation vector to matrix
// Redundancy test:
if not y_mat in U then
U := sub<UGq | GeneratorsSequence(U) cat [y_mat]>;
print "Order(U) =", Order(U); // current state
end if;
end if;
end for; // here: U = U_1
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Step 2. As in (5.8), we have

1 0 O 1 0 O 1
Uy=< |v,w, [0 1 0|, |0 1 0 ,(0 1) eT(s
0 0 m33 0 0 wyss

v #2 0, T33 =2 Y33, V— X33 =g W — Y33 =4 0

= {513 —‘rggg +04151 + OZQEQ + 04353 Ty € {—3,—1, 1,3}, o € {0, 1}, a3 € {—1,07 1,2}} .

Note that a1 #5 0 due to the subset it is taken from. This already yields v #5 0.

Since we, again, use only a subset of &y, to build Us, we also consider only the following set Coeffs1
of corresponding tuples of necessary coeflicients.

Coeffsl := CartesianProduct([M8odd,M2,M4]);

for x in Coeffsl do

y := basis[13] + basis[22] + x[1] * basis[1] + x[2] * basis[2] + x[3] * basis[3];
y_mat := UGq!DiagonalJoin(<Matrix([[y[1,1]1]1]1) ,Matrix([[y[2,1]1]1]),
Matrix([[y[3,1],y[4,11,y([5,11],[y(6,1]1,y[7,1]1,y[8,11],[y[9,1]1,y[10,1],y[11,111]),
Matrix([[y[12,1],y[13,1],y[14,1]1], [y[15,1],y[16,1],y[17,1]1],

[y[18,1],y[19,1],y[20,1]111),

Matrix([[y[21,1],y[22,1]1], [y[23,1],y[24,1]1]1]1)>); // transformation vector to matrix
// Redundancy test:

if not y_mat in U then
U := sub<UGq | GeneratorsSequence(U) cat [y_mat]>;
print "Order(U) =", Order(U); // current state

end if;

end for; // here: U = <U_1, U_2>

Step 3. As in (5.9), we have

1 0 13 1 0 Y13 1 0
M,y = 1, 1, 0 1 To3 |, 0 1 ya3 |, <0 1) S F(Q)
z31 w32 1 ys1 ys2 1

T13 =2 Y13, T23 =2 Y23, T31 =8 Y31 =4 0, 32 =g y32 =4 0

2{51 + b1z + bag + asbs + azbr + agbg + a1gbig + a11b11 + @12bis
a5, Q7 € {07 1}a Q9,11 € {_37_27 _1707 1727354}5 10,12 € {_1707172}} .

Since we, again, use only a subset of &y, to build Mz, we also consider only the following set
Coeffs_rest of corresponding tuples of necessary coefficients.
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Coeffs_rest := CartesianProduct([M2,M2,M8,M4,M8,M4]);

for x in Coeffs_rest do

y := basis[1] + basis[13] + basis[22] + x[1] * basis[5] + x[2] * basis[7]

+ x[3] * basis[9] + x[4] * basis[10] + x[5] * basis[11] + x[6] * basis[12];

y_mat := UGq!DiagonalJoin(<Matrix([[y[1,1]11]) ,Matrix([[y[2,1]11]1),
Matrix([[y[3,1],y[4,1]1,y(5,11],[y(6,1],y(7,1],y(8,11], [y[9,1],y[10,1],y[11,1111),
Matrix([[y[12,1],y[13,1],y[14,1]1], [y[15,1],y[16,1],y[17,1]1],

[y[18,1],y[19,1],y[20,1111),

Matrix([[y[21,1],y[22,1]1], [y[23,1],y[24,1]111)>); // transformation vector to matrix
// Redundancy test:

if not y_mat in U then

U := sub<UGq | GeneratorsSequence(U) cat [y_mat]>;

print "Order(U) =", Order(U); // current state

end if;
end for; // here: U = <U_1, U_2, M_2> = U_1 * U_2 * M_2 = ImUphi

ImUphi := U;

5.3 Analysing Im(U(y)) via Magma

Now we can examine this group Im(U(p)) more closely. Using Magma, we calculate the derived series, a
chief series and a list of generators.

5.3.1 The derived series of Im(U(y))

We want to calculate the derived series of Im(U(¢p)); cf. §1.2.2.

We can first have Magma perform a few simple tests.

Order (ImUphi); // 51539607552 = 2734 * 3
IsAbelian(ImUphi); // false

IsSolvable (ImUphi); // true

GroupName (ImUphi); // (C279%C47°2).C276.C274.C6.C275.C2°5

Note that the group name alone does not determine the group map to isomorphism.

Since Im(U(¢y)) is solvable, Magma can dissect Im(U(¢p)) in its derived series, ending in the trivial group:

DS := DerivedSeries(ImUphi);
#DS; // 5

GroupName (quo< DS[1] | DS[2] >);

// €279

GroupName (quo< DS[2] | DS[3] >);

// C2%C6

GroupName (quo< DS[3] | DS[4] >);

// C2°8%C4"2

GroupName (quo< DS[4] | DS[5] >);

// C277xC4"2

We write Dy := DS[1], Dy :=DS[2], ..., D5 := DS[5].
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This means that we have the derived series

with
Dl/DQ >~ C;g
DQ/D3 ~ Cg X CG
D3/D4 ~ 058 X CZQ
D4/D5 ~ 057 X CZQ .

Magma also gives the group names:

GroupName (DS[5]); // C1

GroupName (DS[4]); // C277xC4"2

GroupName (DS[3]); // (C2°7xC4"4).C276.C2"2
GroupName (DS[2]); // (C277xC4°4).C276.A4.C272
GroupName (DS[1]); // (C277xC4°4) .C2°6.A4.C27°6.C275
5.3.2 A chief series of Im(U(y))

We want to calculate the chief series if Im(U(y)); cf. §1.2.3.

CS := ChiefSeries(ImUphi);
#CS; \\ 26

GroupName (quo< CS[1] | CS[2] >); // C2

|
GroupName (quo< CS[2] | CS[3] >); // C2
GroupName (quo< CS[3] | CS[4] >); // C2
GroupName (quo< CS[4] | CS[5] >); // C2
GroupName (quo< CS[5] | CS[6] >); // C2
GroupName (quo< CS[6] | CS[7] >); // C2
GroupName (quo< CS[7] | CS[8] >); // C2
GroupName (quo< CS[8] | CS[9] >); // C2

|

csf10] »); // C2
Ccs[11] »); // C2
csf12] >); // C2
cs[13] >); // C3
cs[14] »); // c2°2
csl18] >); // c272
cs[i6] >); // C272
Ccs[17] >); // C272
cs[18] >»); // Cc2-2
cs[19] >); // C272
Ccs[20] >); // C2
cs[21] »); // C2
cs[22] »); // C2
Ccs[23] »); // Cc2°2
cs[24] >); // €272
cs[25] >); // c272
cs[26] >); // c272

GroupName (quo< CS[9]
GroupName (quo< CS[10]
GroupName (quo< CS[11]
GroupName (quo< CS[12]
GroupName (quo< CS[13]
GroupName (quo< CS[14]
GroupName (quo< CS[15]
GroupName (quo< CS[16]
GroupName (quo< CS[17]
GroupName (quo< CS[18]
GroupName (quo< CS[19]
GroupName (quo< CS[20]
GroupName (quo< CS[21]
GroupName (quo< CS[22]
GroupName (quo< CS[23]
GroupName (quo< CS[24]
GroupName (quo< CS[25]
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We write Hy := CS[1], Hy := CS[2], ... Hog := CS[26].

In particular, this means, we have the chief series

Im(U(p))
with
H1/H2 ~ Co,
Hy/Hs ~ Cay,
H7/H8 ~ Cg,

Hi>Hy>Hs>...>2Hyp=1

Hy/Hjz ~ Cy,
H5/H6 ~ CQ,
Hg/Hg ~ CQ,

Hiyo/Hq1 ~ Cq,

H13/H14 ~ Gy x Cy,
Hig/Hy7 ~ Cy x Cy,

Hig/Hsy ~ Cs,

Hay/Hag ~ Cy x Co,
H25/H26 ~ CQ X CQ .

Magma also gives the group names:

GroupName (CS[26]); // C1

GroupName (CS[25]); // C272
GroupName (CS[24]); // C274
GroupName (CS[23]); // C2°2xC4"2
GroupName (CS[22]); // C274%C4~2
GroupName (CS[21]); // C275%C4"2
GroupName (CS[20]); // C276xC4"2
GroupName (CS[19]); // C277xC4"2
GroupName (CS[18]); // C279%C4"2
GroupName (CS[17]); // C278.C276.C2

GroupName (CS[161); //
GroupName (CS[15]); //

Hy1/Hyp ~ Cy,
Hyy/Hys5 ~ Co x Cy,
Hy7/Hig ~ Cy x Cy,
Hoo/Hay ~ Ca,
Hy3/Hay ~ Cy x Co,

C2710.C276.C2
C279.C276.C274

GroupName (CS[14]); // (C275%C4"5)
GroupName (CS[13]); // (C276%C4"5)
GroupName (CS[12]); // (C277*xC4"4)
GroupName (CS[11]); // (C277%C4"4)
GroupName (CS[10]); // (C277%C4"4)
GroupName (CS[9]); // (C279%C4"2)
GroupName (CS[8]); // (C277%C4"4)
GroupName (CS[7]1); // (C279%*C4"2)
GroupName (CS[6]1); // (C279%C4"2)
GroupName (CS[5]1); // (C279%C4"2)
GroupName (CS[4]1); // (C277%C4"4)
GroupName (CS[3]); // (C279%C4~2)
GroupName (CS[2]); // (C279%C4"2)
GroupName (CS[1]); // (C277*xC4"4)

.C276
.C276.
.C276
.C276
.C276
.C276.
.C276
.C276.
.C276.
.C276.
.C276
.C276.
.C276.
.C276

C2

.A4
.A4.C2
.A4.C272
C274.C6.
.A4.C274
C274.C6.
C274.C6.
C274.C6.
.A4.C276.
C274.C6.
C274.C6.
.A4.C276.

5.3.3 Chosen generators for Im(U(y))

We now want to try to force Magma to choose generators selected by us, in the hope that Magma can
then give us some more information about the group. To do this, we first choose this list of generators
ourselves. The attempt will be to find as many producers as possible that contain a lot of zeros.
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one := RM!Transpose(Matrix([[1, 1, 1,0,0,0,1,0,0,0,1, 1,0,0,0,1,0,0,0,1, 1,0,0,111));

blockify := function(y)

return DiagonalJoin(<Matrix([[y[1,1]11]) ,Matrix([[y[2,1]11]1),

Matrix([[y[3,1],y[4,11,y(5,11],[y(6,1]1,y[7,1]1,y([8,11],[y(9,1]1,y[10,1],y[11,1111),

Matrix([[y[12,1],y[13,1],y[14,1]1], [y[15,1],y[16,1],y[17,1]1],
[y[18,1],y[19,11,y[20,1111),

Matrix([[y[21,1],y[22,1]1], [y[23,1],y[24,1111)>);

end function;

Vtest := sub<ImUphi | [UGq!blockify(one + basis[i]):i in [3,5,7,9,11,14,16,19,23]]1>;
Factorisation(Order(Vtest)); // Results in 2728 * 3~1
// so Order(ImUphi) / Order(Vtest) equals 64

Vtest2 := sub<ImUphi | Vtest, [UGq!blockify(3*one), UGq!blockify(5*one)] >;
Factorisation(Order(Vtest2)); // Results in 2730 * 371
// so Order(ImUphi) / Order(Vtest2) equals 16

new := RM!Transpose(Matrix([[1,5, 1,0,0,0,1,0,0,0,1, 1,0,0,0,1,0,0,0,5, 1,0,0,111));
Vtest3 := sub< ImUphi | Vtest2, [blockify(new)]>;
Factorisation(Order(Vtest3)); // Results in 2731 * 371

// so Order(ImUphi) / Order(Vtest3) equals 8

list_new_elements := [];
for i1 in [0..7] do
for i2 in [0..1] do
for i3 in [0..3] do
for i13 in [0..7] do
for i14 in [0..3] do
for i22 in [0..7] do
for i23 in [0..3] do
mat := il * blockify(basis[1]) + i2 * blockify(basis[2])
+ 13 * blockify(basis[3]) + 113 * blockify(basis[13])
+ i14 * blockify(basis[14]) + i22 * blockify(basis[22])
+ 123 * blockify(basis[23]);
if Determinant(mat) mod 2 eq 1 then // test if mat invertible in Lambda_(2)
mat_gr := UGq!mat;
if not mat_gr in Vtest3 then
list_new_elements cat:= [mat_gr];
end if;
end if;
end for;
end for;
end for;
end for;
end for;
end for;
end for;
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Vtest_inter := Vtest3;
count := 0;
for g in list_new_elements do
count +:= 1;
if not g in Vtest_inter then
Vtest_inter := sub< ImUphi | Vtest_inter, g>;
print Order(Vtest_inter);
end if;
end for;

print Vtest_inter eq ImUphi; // true

#(list_new_elements); // 7168

We have now Vtest_inter = ImUphi, and the list of generators Magma uses for Vtest_inter will now
be put in 1ist_gen.

To find the generators and to make the magma code as simple as possible and thus minimize the program
runtime, we will first sort the set of vectors.

First we give each vector a number to be able to identify them later.

index_Set := [1 .. 7168];
index_SetRow := [1 .. 10];
index_SetEntries := [1 .. 10];
yay_List := [];

for o in index_Set do
yay := 0;
for u in index_SetRow do
for v in index_SetEntries do
if list_new_elements[o,u] eq O then;
yay +:= 1;
end if;
end for;
end for;
yay_List cat:= [<o,yay>];
end for;

#yay_List; // 7168

Not we use the sort function of Magma, to sort by the number of zeros.

C := func<x,y | - x[2] + y[2] >;

Y := yay_List;

S := Sort(Y, C);

list_group_elements_new_sorting := [list_new_elements([x[1]] : x in S];

58



Vtest_inter := Vtest3;
for g in list_group_elements_new_sorting do
if not g in Vtest_inter then
Vtest_inter := sub< ImUphi | Vtest_inter, g>;
print Order(Vtest_inter);
end if;
end for;

// Vtest_inter is our current group of generators

list_gen := [];

for i in [1..#Generators(Vtest_inter)] do
list_gen cat:= [Vtest_inter.i];

end for;

// Redundancy test:

for i in [1..#list_gen] do

print Order(sub<Vtest_inter | Remove(list_gen,i)>);
end for;

// Results in 2,3,4,5,6 and 9 being redundant
list_gen[2];

list_gen[3];

list_gen[4];

list_gen[5];

list_genl[6];

list_gen[9];

list_gen_red := Remove(list_gen,9);

// Test for further redundancy:

for i in [1..#list_gen_red] do

print Order(sub<Vtest_inter | Remove(list_gen_red,i)>);
end for;

// Results in 2,3,4 and 5 being redundant

list_gen_reda := Remove(list_gen_red,5);

// Test for further redundancy:

for i in [1..#list_gen_reda] do

print Order(sub<Vtest_inter | Remove(list_gen_reda,i)>);
end for;

// Results in 2 and 3 being redundant

list_gen_redaa := Remove(list_gen_reda,3);

// Test for further redundancy:

for i in [1..#list_gen_redaal do

print Order(sub<Vtest_inter | Remove(list_gen_redaa,i)>);

end for;
// Results in all other being important

final_list_gen := list_gen_redaa;
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So we have the following list of generators.

1 0 0 0 0 Lo 10 0
g:=11,3, (o 1 o}, [0 1 , <0 1) ge:= 1,1, [0 1
00 1 0 3 4 1
[ 1 0 1 1 0 1 i i 3.0 0
10
gs:=|1,1, o 0|, 1 0], <0 1) ga:= 1,1, [0 1
00 1 00 1 00 1
[ 1 1 0 11 0 i i 1 0 0
11
gs:= 11,1, {o 1 o}, |0 1 0], 0 1 ge:= 11,1, |1 1 o0
00 1 00 1 00 1
[ 3.0 0 3.0 0 i [ 5 0 0
3 0
gr:=1,3,3, (o 3 o}, [0 3 B P ggs:= (5,5, |0 5 0
0 0 3 0 0 3 0 0 5
[ 1 0 0 1 0 | 10
10
go:= 11,5, |0 1 , 10 1 0], 01 gio:=|1,1, o 5
00 1 0 5 0 0
1 0 0 1 0 0 Lo 10
g1 = |1, 1, 0o 3 0], 0o 3 0], (0 3) gie == |1, 1, 0 5
00 1 0 0 1 0 0

Using these elements as generators, we obtain

Im(U(p)) = (91,92, ---,912) -

5.4 Description of ker(U(p))

Consider the commutative triangle of groups.

U(o) =
U(F(z))ﬁg UL (2))

J U(e)
U(A2))
Since
ker(U(o)) < U(A)),
we have
ker(U(0)) = ker(U(g)) N U(Am)) = ker(U()) -

So we have the following commutative diagram.

ker(U(g)) —— U(Ts)) — 2= U(Ta))
] <
ker(U(p)) — U(A(z))
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With the diagram 5.3 we get a description of the kernel.

ker(U(p))
= {1+8y€UIp):v€el iy}

1+8z11  8wi2  8wis 14+8y11  8yiz  8yis 148 8
= 14 8v, 1+ 8w ( 8x21 14+8w22 89623) < 8y21 14-8y22 81/23) T8z Z12 ) e u(r :
( ’ ’ 8z31 8wz 14+8x33 /)’ 8ys1  8ys2 14+8yss/’ ( 8221 1+8z22) ( (2))

Z11 T12 T13 Y11 Y12 Y13 211 212 )
v, w T21 T22 23 Y21 Y22 Y23 el

( ’ ’ (3331 x32 3333)’ (ysl Y32 yss)’ (221 222) 2)
5.5 Summary

We have the following diagram of groups, in which the lower row is a short exact sequence.

U(Z2)S4)

UWZ(g) lZ

ker(U(p)) —— U(A(2)) —I—Im(U(p))

The finite group Im(U(y)) has order 23* - 3. Tt is build in §5.2 via Magma. Its derived series, a chief
series and chosen generators are given in §5.3.

The infinite group ker(U(p)) = {1 +8y € U(I'(3)) : v € I'(2y} is described in §5.4.
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Chapter 6

The group Dy,

Let p € Z>3 be a prime. We consider the dihedral group G = Day,.

Note that in the case p = 3, we obtain G = Ds.3 ~ S3. Thus for p = 3 the following calculation is
essentially a short version of §2.

6.1 Preparations
We will make use of the description of Simon Klenk of the group ring Z,)D2p; cf. [6].

Let ¥ =¥, :=(p + ¢, ' — 2; cf. [6, §1, p. 1, Definition 17]. Let T'() := Zp) X Z,) [9]**? X Zy).
Remark 21. Suppose given a € Z,) C Z,)[¥] and b € Z,,y[¥]. Then

a=ygb
means

a—be 19Z(p) [19] .

Lemma 22.

(1) We have the following isomorphism of rings.

F, — Z[9]/IZ[Y]
1— 1+ 9ZY]

(2) We have the following equality.

VZ ) [9] N Zpy = PLp)

Proof. Ad (1). This follows by cf. [6, §1.4.1, p. 10, Lemma 27.(i)] localised at (p).
Ad (2). This follows by cf. [6, §1.4.1, p. 10, Lemma 27.(ii)] localised at (p). O
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Lemma 23. The ring Z,)[V] is a discrete valuation ring with mazimal ideal generated by ¥. We have

() =(0)= (6.1)

as ideals in Z,)[V)].
Proof. Cf. [6, §1.4.1, p. 12, Lemma 29]. O

We consider

b ¢
A(p) = { (CL, (d e),f) S Z(p) X Z(p) [19]2><2 X Z(p) ta=y9b,d=y0,e=y f} - F(p) , (62)

cf. [6, §4.1, p. 44, Notation 68].

Schematically, we have the following picture of A,

Zy) [Y] (6.3)
VZipI]  Zgy)[Y)] Zp)

We consider the dihedral group of order 2p,
D2p = <$, y: mp7y27 (y$)2> 5

cf. [6, §3.1, p. 36, Definition 54]. Note that in Dy, we have

yryr =1land y =y,

SO
-1

Ye=ux

Proposition 24 (Klenk). We have the following Wedderburn isomorphism, restricted to Z, D2, and to

Ag)-
wz(p)|A(p) t Zp)D2p — Agy)
1 1
rz— |1, , 1
1 0
yos <1, (ﬁ _1>, _1) |
Proof. Cf. [6, §4.1, p. 46, Theorem 70]. O

2X2

Let Ty 1= Zp) [PLp) % (L) [91/ 9L [0]) ™" X L) /DLy

Note that we calculate modulo p in the first and third factors, whereas we calculate modulo ¥ in the
second factor. This is a slight generalisation of the procedure explained in §3. Cf. also §6.2 below.
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We consider the following commutative diagram of Z,)-algebras.

[
A Lp)

where o is the residue class morphism, mapping
(o (42):£) — (o + 02, (B 2020000, £ +020) = [ (42). 7]
Remark 25. We have the following isomorphism of IFy-algebras.
Fp x F2*% x Fp, = Ty
(0 (52). 1) = (a+pz. (52Ectiz) £ +02) — (a+pZgy, (K20 L0200 £ + 02 )
Proof. This follows using Lemma 22(1). O

We obtain the following commutative diagram.

F(p) / f(p)
Ab(p) —Im(p)
P U(T )
U(p) /
U(A ) == Im(U(g))

6.2 Description of ker(U(yp))
Remark 26. We get the following description of the kernel of .

ker(U(y)) = {(1 + pa, <1 I icﬂe)’ ”pf) €U ) :a, [ € L), bye,de € L) [19}} = ker(U(e))

1+39b Jc

Here, the element <1 + pa, ( 9d 1+ e

>, 1 +pf> is invertible in Iy fora, f € Zp, b, c,d, e € Zy)[0].

1+39b dc

Proof. To show that (1 + pa, ( 9d 1+ e

>, 1 +pf> is invertible in ',y for a, f € Z(,), b,c,d,e €
Zpy[V], we remark the following.

1+9b de o
1. Wehavedet( od 1+19e) =y 1.
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2. We have U(Z[V]) = Z,[9]\(9). This is true due to Z,)[J] being a discrete valuation ring with
maximal ideal (¥); cf. Lemma 23.

So

1+9b 9e
det( 9d 1+19e>

is invertible in Z,)[¢]. Hence

14+9b dc
<1+pa’ ( 9d 1+19e>’ 1+pf>

is invertible in T'().
To prove that this description represents the kernel of U(yp), the following property must be shown.

By construction we have
ker(U()) = ker(U(gla,,,)) = ker(U(@)lu(a,,,))) = ker(U(e)) N U(Agy)) -

So it suffices to show that ker(U(g)) < U(A(p)). So we need to show that the congruences of A, are
fulfilled for the elements of ker(U(g)). Recall the description (6.2) of A(,) via congruences. We have

(1+pa)— (1+9b) =pa—9b=y 0
(I+pf)—(1+%e)=pf —Pe=y0
'lngﬁO

due to p =y 0; cf. Lemma 22(2). O

6.3 A description of Im(U(yp))

We have
Lemma 8
Uldp) =" Ap NUT )

emma b b
L = 2z A(p) n { <CL, (d 2) R f) c F(p) L a, f c Z(p)\(p), det (d Z) c Z(p) [’19]\(’[9)}

b ¢
= <a7<d €>3f>er(p):al9baeﬁf7dl903 aafEZ(p)\(p)7

da<gz>eamwvm

a+vb c .
= <a, ( 19J f n 196>,f> S F(p) R f S Z(p)\(p), b, c, d,e S Z(p)[ﬁ],

+9b TR
= {(a, (a 1962 f_fﬂé‘)’f) S F(p) ca,f € Z(p)\(p)7 b,c,d, e € Z(p)[’lﬂ} .
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We obtain

b - -
In(U(y)) = { [ ( A ﬁé)f] €T af €Zp)\), bed,é e Z@m}

- { [a, <g ;i)f] €Ty : a,f € Zy\p), cez(p)w]} .

Applying Remark 25, we can rewrite Im(U(y)) as

Im(U(go)):{[a, (g ;)4 €Ty afe{l,....,p—1}, cG{O,...,p—l}} .

a B 2x2 _ F, Fp
Notethat{(o 5>€Fp .a,ée]Fp\{O}}—U<<0 Fp)).

We have the group isomorphism
F, F
U PP 5 Im(U
(7)) = mioe
a+pZ c+pZ — a. a c¢ f
0 f+Z 0 f

where surjectivity follows from the description of Im(U(y)) given above and injectivity follows using
Lemma 22(1).

We have the following short exact sequence of groups.

{<1 ﬁ):ﬂeﬂ?p}—> U( Fy Fp)) — U(F,) x U(F,)

0 1 0 F,
a p s (a,0).
0 6

Note that we have the group morphism

]FP FP n
(5 ) e

a 0
<O 5) —i (a,9),

so that we can use Remark 2.

We have

and
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With the notation of the semi-direct product, Remark 2 gives

U ((11‘;:) ?)) ~ (Fp,+) % (U(Fp) x U(Fp)) ~ Cp x (Cpy x Cp1),

with the action defining on (F,,+) x (U(F,) x U(F,)) derived from
(59) (1 B) _ [« 0y (1 8\ [a 0}
0 1 0 ¢ 0 1 0 ¢
(1 aB6 !
~\o 1

(a,é)ﬁ _ Olﬂ(gil

to be

with (o, ) € U(F,) x U(F,) and 8 € F,.
Note that the rules of the action become
1. (290 = 205! =0 for (a,0) € U(F,) x U(F,).

2. @9(5 4 §) = (D 4 () for (a,6) € U(F,) x U(F,) and § € Fy.
3. BB =1.8.1"1 =g for B € F,.

4. (:0)-(&8) g — (ad.08) g — (0d)B(68) ! = aaBd 16" = a((a,5)5)5—1 — (o0) ((a,%)

for (a,6), (&,6) € U(F,) x U(F,) and 8 € F,.

6.4 Summary

In summary we have obtained the following Lemma 27.

Lemma 27. We obtain the following commutative diagram.

“Z(p) 0

Z(p)D2p F(

U(Z(p)D2p) (p)
% % //7
N
U(A(p)) ———— Im(U(yp))

We have the following diagram of groups, in which the lower row is a short exact sequence.

U(Z(p)Dap)

UYZ(p) lz

ker(U(p)) “——=U(A(,)) ——Im(U(y))
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We have

ker(U(p)) = {(1 + pa, <1+19b ve ), 1+pf> EU(F(p)):a,...,fEZ(p)}

and
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Chapter 7
The group S5

We consider the symmetric group G = Ss.

7.1 A factor group of U(Z)Ss)

7.1.1 Construction of the group morphism U(yp)

We claim that we have the following Q-algebra isomorphism of Wedderburn.

wg : @85 N Q % Q % Q4><4 % Q4><4 % Q5><5 X Q5><5 % QGXG

-1 0 0 -1 10 0 1
0 -1 0 1 01 0 -1 0 -1 -1 00
1,2) — -1, 1 0 0 1 0 0
( ) ) ) ) 0 0 _1 _1 ) 0 O 1 1 ) b
-1 -1 -1 -2 1
0 0 0 1 00 0 -1
11 0 1 =2
—5 —1850 —294 —860 —600 —110
-3 —64 42 —12 -—28
2 1025 161 476 328 64
0 11 -5 0 0
—4 —1680 —265 —780 —540 —100
0 24 —11 0 o |,
—5 —2627 —413 —1220 —841 —164
3 67 —41 10 21
3 1419 224 659 456 86
-1 -1 8 -3 -6
0 134 21 62 42 9
3 4 6 6 —2
0o o0 o0 1 o0 0 0 1
1 0 0 1 1 0 0 1 00 0 10
(1,2,3,4) — | 1, 1, o 1 0 1Ile &4 o Yt t2 o1
0 0 -1 -1 -1
0 0 -1 -1 0 0 -1 -1

1 1 2 2 -1
-7 —=3540 —-560 —1644 —1138 212

3 60 —-38 10 22
8 4408 698 2049 1422 270

2 40 -28 9 20
—13 —6987 —1103 —3246 —2243 —426
5 99 —09 22 A9, 18 9984 1581 4641 3221 612

4 104 -73 23 55
7 3861 610 1794 1241 236

1 9 -6 2 3

3 1668 263 775 535 103

To verify this isomorphism we refer to §C.1.
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In order to consider the behaviour at the prime 2 separately, we localise at (2), i.e. now we pass from the
ground ring Q to the ground ring

a
Z(Q) ::{EGQ:a€Z7bEZ,b§_ﬁ20}QQ,
with U(Z(g)) = {% €Q:aeZ,beZ,a#0,b% O}

By restriction we get the injective map

4x4

To verify these congruences we refer to §C.2.
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. 4x4 5%5 5%5 6x6 _ .
wZ(z) : Z(2)85 — Z(g) X Z(Q) X Z(z) X Z(Z) X Z(z) X Z(Q) X Z(Q) =: F(g) .
So we get the following.
A(g) = wZ(2) (Z(2)85)
T11 12 13 T14 15
V11 v12 V13 V14 w11 w12 w13 W14
21 22 23 24 25
V21 V22 v23 V24 w21 w22 w23 W24
= t, u, s , | 31 32 X33 T34 T35
V31 V32 V33 V34 w31 w32 w33 w34
T4l  T42  T43  Tad  T4s
V41 V42 V43 V44 W41 w42 w43 W44
I51 52 53 54 55
Z11 Z12 Z13 Z14 Z15 Z16
Y11 Y12 Y13 Yi4 Y15
Z21 Z22 223 Z24 225 226
Y21 Y22 Y23 Y24 Y25
Z31 Z32 Z33 234 Z35 236 .
Y31 Y32 Y33z Y34 Y35 |, S F(g) :
Z41 Z42 243 Z44 245 246
Y41 Ya2 Ya3 Yaq Ya5
Z51 Z52 253 Z54 Z55 Z56
Ys1 Y52 Ys3  Ys4 Y55
261 262 263 264 265 266
V11 =2 W11, V12 =2 W12, V13 =2 W13, V14 =2 W14,
V21 =2 W21, V22 =2 W22, V23 =2 W23, V24 =2 W24,
U31 =2 W31, V32 =2 W32, V33 =2 W33, V34 =2 W34,
V41 =2 W41, V42 =2 W42, V43 =2 W43, V44 =2 W44,
Too + Yoo =s 2222, To3 + Y23 =s 2223, T4 + Y24 =g 2224, Tos + Yos =s 2295, (7.1)
T32 + Y32 =8 2232, X33 + Y33 =g 2233, 34 + Y34 =g 2234, T35 + Y35 =8 2235,
T42 + Ya2 =8 2242, Ta3 + Y43 =8 2243, Taa + Yaa =8 2244, Tas + Yas =g 2245,
Ts2 + Ys2 =8 2252, T53 + Y53 =8 2253, T4 + Ysa =8 2254, Ts5 + Y55 =8 2255,
Y22 =2 222, Y23 =2 223, Y24 =2 224, Y25 =2 225,
Y32 =2 232, Y33 =2 233, Y34 =2 234, Y35 =2 235,
Ya2 =2 242, Y43 =2 243, Ya4 =2 244, Yas5 =2 245,
Y52 =2 252, Y53 =2 253, Y54 =2 254, Ys5 =2 255,
Z12 =2 0, z13 =2 0, 214 =2 0, z15 =2 0,
Y12 =2 0, y13 =2 0, Y14 =2 0, Y15 =2 0,
z12 =2 0, z13 =2 0, 214 =2 0, 215 =2 0,
T12 + Y12 =8 2212, T13 + Y13 =8 2213, T14 + Y14 =8 2214, T15 + Y15 =8 2215,
Y12 =4 2262, Y13 =4 2263, Y14 =4 2263, Y15 =4 2265,
226 =2 0, 236 =2 0, 246 =2 0, 256 =2 0,
T21 — Y21 =4 226, X31 — Y31 =4 236, L41 — Y41 =4 246, T51 — Y51 =4 256,
Y21 =2 221, Y31 =2 231, Ya1 =2 241, Ys1 =2 251,
t =2 u, z16 =2 0, T11 =2 266, T11 — Y11 =4 216,
U— Y11 =4 2261, t+u+T11+ Y11 =8 2211 + 2266 =4 0
Here, v;; is short for v; ; etc.



For illustration of the congruences note the following picture.

V11 V12 V13 V14 w11 W12 W13  Wi4

- - — V21 V22 V23 V24 W21 W22 W23 W24
I ]l
Li_ - _wy

=== V31 U32 U333 Us34 w31 W32 W33 W34

V41 V42 V43 V44 W41 W42 W43 W44

. [ . .
L1 [F12__w13 w2y Ay [Vi2_yi3_yu_ g5 L2 [ErETEET| LZ16
lrzzljl T2 X23 X24 X25 le21?‘ Y22 Y23 Y24 Y25 Irz21 | 222 223 %24 %25 IFZ%T‘
lx31 ! |X32 X33 X34 I35 lys1 | | Y32 Y33  Ysa Y35 2311|232 233 234 235|236
| | | | | | | |
| T41 | |Ta2 T43 Ta4a T4s 1Ya1 | | Y42 Y43 Ya4a Y45 | 241 | | 242 243 244 245 || 246 |
[ [ | | [ | [ |
| F51 ) |Ts2  X53  Ts4  Tss \Ys1, | Y52 Yss Ysa  Yss %51 | %52 253 254  Z55 || %56
r, ,
261 “262 263 264 265|, 266
L =1L
Vi =2 Wiy, 14,7 € [1,4]
Tij + Yij =8 22i5, 1,] € [2,5] Yij =2 Zij, 1,J € [2,5],
T =20,1€ [2,5] Y1, =20, 1 € [2,5] 21, =20, 1 € [2,5]
x1; + y1i =8 2214,1 € [2, 5] Y1i =4 2264, 1 € [2,5]
[ P L N T T e ]
L%i6 =2 0,1 € [2,5] Ti1 — Yi1 =4 Zi6, 1 € [2,5]  yi =2 21, 1 € [2,5]_|
s T s T s = === === === s === =s=
“F t=2u 216 =2 0 T11 =2 266 T11 — Y11 =4 %16 j“
Fu —y11 =4 2261 t+u+T11 + Y11 =8 2211 + 2266 =4 0 !
L

Now 23I‘(2) C A(2) and the exponent of 3 is minimal with respect to this property. So we consider
To) :=T(2)/2°T(9) = [(2)/8L(2). Let o : 5y — [(2) be the residue class map.

We obtain the following commutative diagram.

“Z(2) 0

Z2)Ss L2

U(Z(Q)SS) / U(F(Z))
U(j\(z)) ——Im(U(y))
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Note that we have the following diagram of groups.

U(Z2)S5) (7.3)

UWZ(3) lz

ker(U(p)) = U(A(2)) —I—Im(U(p))

The lower row is a short exact sequence of groups. In particular, Im(U(y)) is a factor group of U(Z)Ss).

8120

To calculate Im(U(y)) with Magma we do not have the possibility to verify for each of the elements

of I'(2) whether it is contained in Im(U(p)).

Reminder 28. We recall the following notation. For

(t; U, (Uij)i,j€[1,4]7 (wij)i,j€[1,4]a (xij)i,je[lj]v (yij)i,je[lﬁ]v (Zij)i,je[l,fi]) =7€ F(2)

we write

’Y+8F(2) = [7] = [ta u, (Uij)i,je[1,4}, (wij)i,je[lA]a (xij)i,je[1,5]a (yij)i,j€[1,5}7 (Zij)i,je[l,ﬁ}] € f(2)~
Remark 29. Let & € Im(U(yp)). Let v € I'(9y such that [y] = &. Then v € U(A(2)).

Proof. We may choose A € U(A(y)) with £ = [A]. Then [y] = £ = [A]. By Lemma 11, we conclude from
PYS U(A(g)) that v € U(A(g)). O

7.1.2 Dissecting Im(U(yp))

Remark 30. Note that ker(U(p)) = 8I'(2y + 1. Suppose given
U(T'(z) > B > 85 + 1

and

Then

Proof. First we show ANB D AN B.

Suppose given x € AN B. So [z] € AN B.

We need to show that [z] € AN B.

We have x € AN B and thus z € A and x € B. So [z] € A and [z] € B. And so

[z] e ANB.

Second we show ANB C AN B.

Suppose given z,y € U(T'(2)) such that € A, y € B and [z] = [y] € AN B. We have to show that
[z] EANB. Sox— y =: 8z, with z € ['(y).

Then

zoyt=@-y+y) -y

=8y ' +1€8Ty +1.

1
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So we get, with z - y~' € 82y +1 < B and y € B, that

With 2 € A we have
r€ANDB.

So

[x]€e ANB.

Remark 31. Suppose given { € U(I'(9)) = U(f(z)). Suppose given x € I'(9) with £ = [x].
Note that by Lemma 11, we have

§€UAp) = z2€U(Ay),
with
U(A(z)) = Im(U(yp)) .

In fact, to show ”==" we may choose y € U(A(3)) C I'(2y with £ = [y]. We conclude by Lemma 11 that

Cf. also Remark 15.

To verify which elements are in Im(U(y)) we will dissect the problem in two disjunctive partial problems.

Step 1. We define the subset

100 0 0
V11 V12 V13 V14 w11 w12 w13 W14 0 1 0 0 0
Poo= L B b 0 e v | wee e e | [0 00O
000 1 0
V41 V42 V43 V44 w41 w42 w43 W44 0 0 0 0 1
Lo o0 o o 100 00 0
01 0 0 0 0100 00 -
001000 .
8 8 (1) 2 g "lo 0o 0 1 0 0 €l
000010
000 0 1
0000 01

w11 w12 w13 Wi4

w21 w22 W23 W24

det #2 0,05 =2 wij, 0,7 € [1,4]

w31 w32 w33 w34
W41 W42 W43 W44
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1 00 0 0
v v v v w w w
11 12 13 14 w11 12 13 14 0 1 0 0 0
T v v Vs v w w W23 w
U2 — UQ,() — 1’ 17 U21 1)22 v25 v24 , w21 w22 w23 w24 , 0 0 1 0 0 ,
31 32 33 34 31 32 33 34 0 0 0 1 0
V. V. V. V. w. w. w. w.
41 42 43 44 41 42 43 44 0 0 0 0 1
1 00 00 0
1 00 0 0
01 0 0 o 01 00 0 0
o 0 1 0 0 001 00 0 cT (7.5)
"lo o 0o 1 0 0 )
000 1 0
000 0 1 0
00 0 0 1
000 0 0 1

w w w! waq ..
det 2 22 23 2 5_'52 O,U,‘j =2 Wij, 1,] S [1,4]

!
We claim that Uy C Im(U(p)).
By construction we have Uy C Im(p): Every element of Us is represented by an element satisfying the
congruences describing A (), cf. (7.1).
!

To show that Uz C Im(U(y)), we have to verify that each element of U; is represented by an element of
We have

U(A)) =A@ NUIT(), (7.6)
cf. Lemma 8.

So we have to show that each element of Uy is represented by an invertible element of T'(5).

Suppose given [1, L, (vig)ijen.apy (Wij)ijen,as Es, Es, Eg} € Us, represented by the element in brackets;
of. (7.5)

We have v;; =2 w;; for 4,5 € [1,4], hence

V11 V12 V13 Vi4 w11 W12 Wiz Wi4
V21 U22 V23 V24 | _ W21 W22 W23 Wa4
V31 V32 U3z U34 - w31 W32 W3z W34
V41 V42 Va3 V44 W41 W42 W43 W44

as a congruence in Z‘g)‘l. In particular we get

V11 V12 V13 V14 w11 W12 Wiz Wi4
V21 V22 V23 V24 W21 W22 W23 W24
det =5 det Z50.
V31 V32 U3z V34 w31 W32 W33 W34
V41 V42 V43 U4y W41 W42 W43 W44

So both these matrices have determinant in U(Zs)), hence they are invertible over Zy).

This proves the claim.
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Step 2. We define the subset

11 xr12 13 14 x15
21 X22 X233 T24 T25

5 31 32 L33 T34 T35 |,
41 42 43 44 45

oS O O =
oS O = O
o = O O
— O O O
(=l e e
oS O = O
o = O O
—= O O O

51 X52 T53 Ts4  Ts5

211 212 213 Z14 215 216
Y11 Y12 Y13 Y14 Y15

Y21 Y22 Y23 Y24 Y25
231 232 233 234 235 236 .
Y31 Y32 Y33z Y4 Y35 |, S F(2) :
241 242 243 244 245 246
Y41 Y42 Y43 Y44 Y45

Ys1 Y52 Y53 Y54 Y55

221 222 223 224 225 226

251 252 253 R54 255 256
261 262 263 264 265 266

222 223 224 225

232 233 234 235
t 0, det 0
#2 0, 242 243 244 245 #20,
252 253 254 255

Tij + yij =8 22i5, 1,J € [2,5], yij =2 2ij, 4,7 € [2,5],

T1; =2 07 [ € [275]7 Y1i =2 07 { € [275]a 21i =2 07 [ € [275]7
T +yu =8 2214,% € [2,5], Y1 =4 2261, 1 € [2,5],
zig =2 0, 1 € [2,5], Ti1 — Yi1 =4 Zi6, 1 € [2,5], yi1 =2 21, 1 € [2,5],
t =2 u, z16 =2 0, T11 =2 266, 11 — Y11 =4 216,
U — Y11 =4 2261, t4+u+ 211 + Y11 =g 2211 + 2266 =4 0
(7.7)
Then we have
1 0 0 0 1 0 0 0 T11 T12 13 T14 I15
X X X X X
0 1 0 0 0 1 0 0 21 22 23 24 25
Uy :=Uip= t, u, oo 1 0ol"lo o 1 of [#s ®s2 @ss a4 ass |,
X X X X X
0 0 0 1 0 0 0 1 41 42 43 44 45
51 52 53 T54 55
Z11 Z12 Z13 Z14 Z15 Z16
Y11 Y12 Y13 Yi4 Y15
Z21 222 223 z24 225 226
Y21 Y22 Y23 Y24 Y25
Z31 Z32 233 Z34 235 236 Eal
Y31 Y32 Y33z Y4 Y35 |, S F(z) :
Z41 Z42 Z43 Z44 Z45 Z46
Y41 Ya2 Ya3 Yaq Ya5
Z51 Z52 Z53 Z54 255 Z56
Y51 Y52 Y53 Y54 Y55
261 262 263 264 265 266
222 223 224 225
232 %33 234 235
t7_é2 0, det 242 243 244 245 7—é2 0,
252 253 254 255
Tij + iy =8 22i5, 1,7 € [2,5], vij =2 25, 4,7 € [2,5],
T1; =2 07 1€ [275}, Y1i =2 0) 1€ [235]7 21 =2 07 1€ [275}7
T + Y1 =8 221,01 € [2,0], Y1 =4 226, 1 € [2,5],
zig =2 0, 1 € [2,5], Ti1 — Yi1 =4 Zi6, 1§ € [2,5], yi1 =2 21, 1 € [2,5],
t =2 u, 216 =2 0, T11 =2 266, 11 — Y11 =4 216,
U — Y11 =4 2261, U+ u+ 211+ Y11 =g 2211 + 2266 =4 0
(7.8)

!
We claim that U; C Im(U(y)).

By construction we have Uy C Im(y): Every element of Uy is represented by an element satisfying the
congruences describing A(y), cf. (7.1).
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!
To show that U; C Im(U(y)), we have to verify that each element of U; is represented by an element of

Remark 32. Suppose given A = (t, u, Es, Ea, (@5;)ijep5, Wij)ijens) (Zij)ijens) € M)

(1) We have t =2 U =92 T11 =2 Y11 =2 211 =2 %66 -

(2) We have
Z22 T23 T24 T25 Y22 Y23 Y24 Y25 222 223 224 225
@32 T33 T34 T35 | | Y32 Y33 Ysa Yss | _ | 82 283 234 235
T42 T43 T44 T45 - Y42 Y43 Y44 Y45 - 242 243 244 245
T52 T53 T5a Tss Y52 Y53 Y54 Ys5 252 253 54 255
(3) We have

222 223 224 225

A€ U(Ag) <=t #5 0 and det s oma m | o

242 243 244 245
252 %53 Z54 255
Proof. Ad (1). We need to show that
=9 u =3 211 =2 Y11 =2 211 =2 %6 -

We have due to the congruences of Uy

t=>u. (7.9)
With
216 =2 0 and 11 — Y11 =2 216

we get

T11 =2 Y11 - (7.10)
With

2z11 + 2266 =4 0

we get

Z11 =2 Z66 - (7.11)
With

u— Y11 =4 2261 =2 0

we get

U =9 Y11 - (7.12)
We have

11 =2 266 - (7.13)
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So we have
(7.9) (7.12)  (7.10) (7.13)  (7.11)
t=2u =2 Y11 =2 T11 =2 Ze6 =2 211 -

Ad (2). We show that in Z?;)Zl we have

T22 T23 T24 T25 Y22 Y23 Y24 Y25 222 223 224 225
T32 33 T34 X35 | _ Ys2 Y3z Y34 Yss | _ Z32 233 %34 235
=2 =2
Ta2 T43 Ta4a T45 Ya2 Y43 Y44 Y45 242 243 244 245
Ts2 X3 X4 Tss Ys2 Y53 Ysa Y55 252 253 254 255
Suppose given i,j € [2,5]. Due to the congruences of U; we have
Tij + Yij =8 221']'
it follows
Tij =2 Yij -
And we have
yij =9 Zij .
So we have that
T22 T23 T24 T25 Y22 Y23 Y24 Y25 222 223 224 225
T32 T33 T34 T35 Y2 Y3z Y34 Yss | _ Z32 233 234 235
=2 =2
T42 T43 Ta4a T45 Ya2 Y43 Ya4a Y45 242 243 244 245
Ts2 X3 X4 Tss Ys2 Y53 Ys4a Y55 252 253 254 255
Ad (3).
Ad =. Since z12 =3 213 =2 214 =2 215 =2 0 and 216 =2 0 and 296 =2 236 =2 246 =2 256 =2 0, invertibility
Z22 223 224 Z25
. . 232 Z33 234 Z35
of X\ implies not only ¢ #Z5 0, but also det %5 0.
242 Z43 Z44 Z45
Z52 253 254 Z55

Ad <. We have U(A(g)) = A(Q) N U(F(g)), cf. Lemma 8.
We want to show that this tuple A is invertible in I'(5).
We have

T12 =g T13 =2 T14 =2 T15 =2 0,

Y12 =2 Y13 =2 Y14 =2 Y15 =2 0
and

212 =2 213 =2 214 =2 215 =2 216 =2 0,

216 =2 226 =2 236 =2 246 =2 256 =2 0

directly due to the congruences of Uy. So we have that (2i;); jeq1,5, (#ij)ijeqn,5> (2ij)ijeq,6 are all lower
block triangular matrices modulo 2.
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In particular, by (2) we get

T2 T23 T24 T25 Y22 Y23 Y24 Y25 222 223 224 225
T32 X33 X34 T35 Ys2 Y33 Y34 Y35 232 X33 234 235
det =5 det =5 det #50.
Ta2 T43 T44 T45 Ya2 Y43 Yaa Y45 242 243 244 245
Ts2 X3 T4 Ts5 Ys2 Y53 Ys4  Yss 252 %53 X4 Z55
So A is invertible in I'(). O

Suppose given [t, u, By, By, (Tij)ijen,s)s (Yij)ijen,s) (zij)i7je[1,6ﬂ € Uy, represented by the element in
brackets; cf. (7.8). By Remark 32, it is represented by an element in U(A ).

This proves the claim.
Step 3: We claim that Uy, Uz < Im(U(y)).
We define the following normal subgroups of U(T'(z)),

Ul,o = (t, u, (Uij>i,j€[1,4]a (wij)i,j€[1,4]a (xij)i,je[l,f)]v (yij>i,j€[1,5]a (Zij>i,je[1,6]) € U(F(z)) :
(vij)ijer,a) =s (Wij)ije1,a) =s Ea,

t#2 0,u#2 0, (ij)ijen.s)s Wijijens € GLs(Z2y), (2i5)ijen.e) € GLe(Zea)) p =1+ 82

and
Usp := (t, u, (ig)ijepays (Wij)ijena, (@ig)ijers)s Wij)igens (2ij)ijens) € UT () :
t=su=g 1, (Ti)ijen,s =8 Yij)ijen,s) =8 Bs, (2i5)ije,6) =s Ee,
(vij)ijerna)s (Wij)ijen a) € GLa(Zeg)) ¢ =1+ 8Ly .
We have

UI,O n [7270 =14+ 8F(2)

by construction. So

~ ~ Remark 30
UoNUyp =

UioNUso=1+8T =1.
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We define the corresponding images of Ul,o and UZO under the residue class map as

ffl = (71,0 = [1% u, (Uij)i,je[l,zl}» (wij)i,j6[1,4]a (Iij)i,je[l,m, (yij)i,je[l,t')]a (Zij)i,je[l,ﬁ]] € U(f(2)) :
(Vij)ijen,a =8 Ea, (wij)ijen,a =s Ea,

t #20,u Z2 0, (Tij)ijen .5, Wis)ijen,s) € GLs(Z2)), (2i5)i5en.6) € GLe(Z2))

= [ta u, (Uij)z‘,je[1,4}» (wij)i,j€[1,4]a (xij)i,je[l,s]a (yij)i,je[l,s]a (zij)i,je[l,ﬁ]] € U(f(z))i
(vij)ijena = (Wij)ijen,a = Ea,

t #20,uZ2 0, (Ti5)ijen .5, Wis)ijen,s) € GLs(Z2)), (2i5)ijen.6) € GLe(Z(2))

< UTy)
and
UQ = 02,0 = [ta U, (Uij)i,je[lA]a (wij)i,je[lA]a (ﬂfij)i,je[l,f)]a (yij)i,je[1,5]a (Zz'j)z',je[l,(aﬂ € U(f@)) :
t=s Lu=g1, (Ti)ijen.s =8 Es, ¥ij)ijen,s) == Bs, (2i5)ie1,6) =s Ee,
(vij)ijer.a)> (Wij)ijen,a) € GLa(Z2))
= [TZ u, ('Uij)i,je[lA]a (wij)i,je[1,4]7 (xij)i,je[lﬁ]v (yij)i,je[lﬁ]v (Zij)i,je[l,ﬁﬂ € U(f(z))i
t=u=1, (xij)i,je[l,s] = (yij)i,je[l,E)] = Es, (Zij)i,je[l,a] = Eg,
(vig)ijema) (Wij)ijen,a € GLa(Ze)) o < U(T(Q)) .
So
1=U10NUsp
= 01,0 N UQ’O (7.14)
=U;NU,.

Since 1+ 82y < Ur0,Us0 < U(I(2)) and since U(p) : U(l'(2)) — U(T(9)) is surjective with kernel
1+ 8[(2y, we have

U1,U; QU(T(y)) .
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We claim that

Ur = Im(U(p)) N UL (7.15)
and
Uz = Im(U(p)) N U2 (7.16)
First we show (7.16).
Regarding Remark 30 let ~
B=U,p

so B = U270 = U, with 1+ 82y < B < U(I'(2)) and let
(7.6)
A=U(A@g) = Ul(2)NAg)
so A=U(A(2)) = Im(U(p)) with A C U(I()).
We have
1+ 8F(2) - A(Q)

as we take from (7.1). So we have

1+ 8F(2) < U(F(g)) N A(Q) < U(F(Q)) .

Note that
UA@) 020 =1 (t u (vi)igenas (Wiligenay, @ipigens), Wiligens (Ziidigene) € Aw) :
t=gu=sgl, (ffij)i,je[1,5] =8 (yij)i,je[l,f’)] =3 b5, (Zij)i,je[l,G] =g Eg,
(vig)ijernals (Wij)igen.a) € Gla(Zz)
TEES (t w )igenas Wi)isenan @)igen s Giiiens Giiiene) € T -
t=su=s1, (zij)ijen,s) =s Wij)ijep,s) =s Es, (2ij)ijen.6 =s Ee,
(vig)ijen.a =2 (Wij)ijeq,a, (Wij)ijen,a € GLa(Z(2))
We have
ANB =1Im(U(p)) N T,
and

So with Remark 30 we have




So we get

U(A)) NUz0 = [t, u, (Vij)ijena (Wij)ijenas (@ig)ijens) Wij)ijens (Zij)ijens) € UT ()
t=su=g 1, (%i)ijens =8 Yij)ijen,s) =8 Bs, (2i5)ijen,6) =8 Ee,

(Vig)ijen,a =2 (Wij)ijena), (Wij)ijen,a € GLa(Za))

= [1, 1, (Uij)i,je[lA]a (wij)i,j€[1,4]a Es, Es, EG} € U(F(2)) :

(Uz‘j)i,je[1,4] =2 (wij)i,j€[1,4]7 (wij)i,je[1,4] € GL4(Z(2))

:U2

This shows (7.16).
Second we show (7.15), i.e.

U1 = Il’Il(U((p)) N U1 .

Regarding Remark 30, let R
B=Uy,

so B =Uy o =U; with 1+ 85 < B < U(T(y)), and let
(7.6)
A=U(A@g) = Ul(2)NAy,

so A=U(A(2) = Im(U(p)) with A C U(I()).
We have

1+ 8l C A(g)
as we take from (7.1). So we have

1+ 8F(2) < U(F(g)) N A(Q) < U(F(Q)) .

We have

and

So with Remark 30 we have
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Note that

U(A@) NT10 =% (t w (vij)ijena, (Wij)ijenas @i)ijens)s Wij)iens) (zi)ijens) € Aw) :
(vij)ijen.a) =s (Wij)ijer,a) =s Ea,

t #2 0,u Z2 0, (Tij)ijen,5)> Wis)ijes) € GLs(Z2)), (zi5)ije1.6) € GLe(Z2))

Remark 32
= (t, u, (Vig)ijenay (Wig)ijepay (Tiijens)y Wig)ijens)s (2ig)ijene) € D)

(vig)ijen.a) =s (Wij)ijen,a =s B, t #2 0, (2i5)ijef2.5) € GLa(Za)),
Tij + yij =8 22i5, 1,J € [2,5]; yij =2 2ij, 1,7 € [2,5];

x1; =2 0,1 € [2,5]; y1, =20, 7 € [2,5]; 21, =20, i € [2,5];

T + Y1 =8 22141 € [2,5]; Y1 =4 2264, 1 € [2,5];

zig =2 0, 1 € [2,5]; 21 — Yi1 =4 26, © € [2,5]; yi1 =2 zi1, 1 € [2,5];

t =2 u, 216 =2 0, 11 =2 266, T11 — Y11 =4 216,

u— Y11 =4 2261, T+ u+ 211 + Y11 =8 2211 + 2266 =4 0

So we get

U(Ag)) ﬁ(?1,0 = [t, u, (Vij)igen,aps (Wij)igenay (Tij)igen,s) Wijijens) (Zz‘j)me[l,ﬁﬂ Gf@) :
(vij)ijer,a) =8 (Wij)ijeq,a) =8 Ba, t Z2 0, (2i)ijep2,5) € GLa(Z(2)),
Tij + Yij =8 22i5, 1,J € [2,5]; yij =2 2i5, 1,7 € [2,5];
713 =2 0,1 € [2,5]; y1: =2 0, i € [2,5]; 21; =20, i € [2,5];
Ty + Y1 =8 2214,% € [2,5]; y1i =4 2264, 1 € [2,5];
zig =2 0, 1 € [2,5]; 21 — Yi1 =4 26, © € [2,5]; Yy =2 zi1, © € [2,5];
t =2 u, 216 =2 0, T11 =2 266, T11 — Y11 =4 216,
U — Y11 =4 2261, t +u+ T11 + Y11 =8 2211 + 2266 =4 0

=9 [t w, By, B, (wi)ijens), Widigens) (zij)igene) € :
t #2 0, det(zij)i jefe,5 #2 0,
Tij + Yij =8 22i5, 1,J € [2,5]; ¥ij =2 25, 1,7 € [2,5];
x1; =2 0,4 € [2,5]; y1, =20, @ € [2,5]; 21, =2 0, @ € [2,5];
T1; + Y1 =g 2215,1 € [2,5]; Y1 =a 2264, 1 € [2,5];
zig =2 0, 1 € [2,5]; 21 — Yi1 =4 26, © € [2,5]; yi1 =2 zi1, 1 € [2,5];
t =3 u, 216 =2 0, T11 =2 266, T11 — Y11 =4 216,
u— Y11 =4 2261, t+u+ 211 + Y11 =8 2211 + 2266 =4 0

=U;

This shows (7.15).
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We have Im(U(¢)) < U(T(2)) and U; < U(T(y)).

We have - -
Uy =Im(U(p))NU; < Uy
and -
Uy = Im(U(p)) N U < Im(U(p))
and - -
Uz =Im(U(p)) N U2 < Uz
and

Uz = Im(U(p)) N Uz < Im(U()) -

We obtain the following commutative diagrams.

g —
Im(U(¢)) ———— U(l'())
< <
g ~
U1 Ul
<
Im(U(¢)) ———— U(l'))
< <
g ~
U2 U2
Step 4: We want to show that
UynU;=1.

In fact,

Now we want to show that
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Recall the following picture of congruences sorted in two areas; cf. (7.2).

Vi1 V12 Vi3 V14 | |w11 Wiz Wiz Wi4 |

lvor V22 V23 Vagl lwey  woa W3z  Way!

| V31 U32 U3z V34| W31 W32 W33 W34 |

On_Un Vs as, Wi Wa Wi W,
11 T12 T13 T4 T15 Yiui Y12 Y13 Y4 Yis 211 *12 %13 214 215  *16
T21 X22 T23 T24 XT2s Y21 Y22 Y23 Y24 Y25 221  R22 k23 k24 R25 R26
r31 32 X33 T34 I35 Y31 Y32 Y33 Y34 Y3s 231 R32 233 R34 235 236
T41  T42 T43  T44  T45 Ya1 Y42 Y43  Ya4a Y45 241”42 243 244 245 246
Ts51 T2 Ts3 T4 Tss Ys1  Ys2  Yss  Ysda  Yss 251 *52 253 254 255 256
261 262 263 264 265 266

(v Z2 Wy, B3 € [14]
Tij + Yij =8 2245, 4, € [2,5] i =2 255, 1,7 € [2,5],
21, =2 0, i € [2,5] y1: =2 0, i € [2,5] z1; =20, i € [2,5]
Z1; + Y1 =8 2214,1 € [2, 5] Y1i =4 2264, 1 € [2, 5]
zie =2 0, 1 € [2,5] Xi1 — Yi1 =4 Zis, L € [2,5]  yi =2 2i1, © € [2,5]
t=2u z16 =2 0 x11 =2 266 T11 — Y11 =4 %16
u— Y11 =4 2261 t+u+x11 + Y11 =s 2211 + 2266 =4 0

Suppose given [A] € Im(U(y)). We write

A= (t, u, (Uij)i,je[1,4]v (wij)i,je[lA]a (xz‘j)i7je[1,5]7 (yij)i,je[1,5]7 (Zij)i,je[l,ﬁ]) € U(A(2))
Let
A= (t u, By, By, (2i5)i5en,5), Wigligens) (2ij)ijene) € Ul (2)
A2 = (1, 1, (vij)ijenay (Wij)ijena, Es, Es, Ee) € U(T(2))
We have A1, Ay € Aoy NU(I'(2)) = U(A(2)) as we take from the congruences. We have Ay - Ay = A.
So we have
Al - [re] = [A]

6)

with [Ai] € Im(U(¢)) N 07 "2Y Uy and [Ae] € Im(U(p)) N T 722 0.

Altogether we get Im(U(¢)) as the internal direct product

IIH(U(QD)) = U1 X U2 .
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To calculate U; via Magma we will dissect the problem in two steps to verify which elements are in U;.

Step 1. To begin we define the subset

1 0 0 0 0
1 0 0 O 1 0 0 O 0
X T2: X X
~ o1 0 0 01 0 0 22 T23 T2q4  T2s
S1:= 1, 1, oo 1 0l"lo o1 ol 0 w32 w33 ®34 35 |,
0 =z T T T
00 0 1 00 0 1 a2 Tas e s
0 x52 53 X4 T3
1 0 0 0 0 0
1 0 0 0 0
0 z22 223 Z24 225 0
0 Y22 Y23 Y214 Y25
0 232 233 234 =235 O = .
0 wys2 y33 w34 35 |, el :
0 242 243 zaa 235 O
0 Y42 Y43 Ya4 Y45
0 0 252 253 Z54 Z55 0
Ys2 Ys3  Ys4 Y55 0 0 0 0 0 1
T2 T3 T4 25 Y22 Y23 Y24 Y25 2922 223 224 225
det [ %32 @33 @sa s £, 0, det Y32 Y33 Y34 Y35 %5 0, det 232 233 234 235 %5 0
T4z  T43  T44  T45 Y42 Y43 Y44 Y45 242 243  Z44 245

52 53 T34 Ts5 Y52 Y53 Ys4 Y55 252 253 254 255

Let

Note that S; o < U(T(2))-
Then

Let
S1,0 = gl,O N U(A(Q)) < U(A(g)) .
Note that

S10= 51,0 NU(A@)

(756) 5170 n U(F(g)) n A(2)

= 51,0 N A(g) .

We have

S = S1,0
S10NU(Ay)
S10NU(A2))
S1NUAw))
01 N O(he)

U .

Remark 30

= /A
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Note that

1 0
0 1

S = 1,1
1 ) 0 0
0 0
1
0
0
0
0
Z22 223 z24
det Z32 Z33 Z34
242 243 Z44
252 253 254

We define the subset

1 0
0 1

M = t, u
1 ) 9 0 0
0 0

t7_é2 03

o = O O

Y22
Y32
Y42
Y52

o = O O

Y11

Y31
Y41
Y51

T1; =2 0, 1€ [2,5],
x1; + Y1 =8 2215,1 € [2, 5],
zig =2 0, 1 € [2,5],

t = u,
U—Yn

=4 2261,

= O O O

— O O O

# 0, x5 + yij =8 225 for i, j € [2,5], yij

1

oS O O =

Y23
Y33
Ya3
Y53

2

1
1 0 0 O
0
0 1 0 O
, |10
0 0 1 O
0
0 0 0 1
0
1 0
0 0
0  z22
Y24 Y25
0 232
34 35
Y Y ) 0 2o
Ya4 Ya5
0 =z52
54 55
Y Y 0 0

o O O

Y13

o O = O

Y14
Y1i
T4l
216

11
21
, | z31
T41

o O = O
o = O O
= O O O

Z51

Z11

Y14 Y15

221
231
241
251

o = O O
= O O O

261

=2 07 i€ [275]7
=4 224i, 1 € [2,5],

x22
32
42

52

223
233
243
253

12

o O O =

262

13

o O = O

Z13

= o

263

14

o = O O

Z14

o o

264

x25
35
x45
55

= O O O O O

S f(z) .

=2 zjj for 1,j € [2, 5]

T15

= O O O

o o

265

216
226
236
246
256
266

21, =2 0, 1 € [2,5],

— Yi1 =4 Zi6, 1 € [2,5], yi1 =2 21, 1 € [2,5],

=9 O,

86

T11 =2 266,
t+u+ 211 +y11 =g 2211 + 2266 =4 0

S f(g) :

(7.17)

T11 — Y11 =4 %16,



Recalling the picture of (7.2), the remaining congruences are shown in the following picture.

1 0 0 O 1 0 0 O
r, =3 0 1 0 O 0 1 0 0
L = 00 1 0 00 1 0
0 0 0 1 0 0 0 1
[E’anl “112 T13  T14 $15H [[ylljl “ym Y13 Y14 yls\‘ [[an “212 213 214 215\‘ [zlﬂ
lrzzﬂl 1 0 0 0 lryrzﬂ‘ 1 0 0 0 PQD\ 1 0 0 0 lrz%j‘
lzg1 ! 0 1 0 0 lysy 1 0 1 0 0 Iz 0 1 0 0 Ilz3!
T 00 0 1 0 lyal o 0 1 0 e 00 10 e
@, 000 0 1 00 0 1 s, 0000 0 1z
[[2561] “262 263 264 ZGSH [[Zﬁaj
x1; =20, 1 € [2,5] y1: =2 0, 7 € [2,5] z1; =20, 1 € [2,5]
T1; + Y1 =g 221451 € [2,5] Y1i =4 2264, @ € [2,5]
=20 1€R5 wu—yaZize 1€R5 ya =z ie 5]
Fot=me T ae=0 T = @i yn =i
':|:u—y11 =4 2261 t+u+x11+ Y11 =s 2211 + 2266 =4 0

We want to show that

U, = Sl - M,y
We have
U 2 M,
and
Ui 25
So we need to show that
!
U1 - Sl . Ml

Let uy € Uy with

ur = [t, u, Ba, EBa, (2ij)igens)s Wijlijens)s (2ig)ijene] -

Let

Gy = (t, u, By, By, (2i5)ijen,5 Wij)igens (zig)ijens) € Ul )) -
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We write

1 0 1 0 ! 0 0
s1:= |1, 1, E4, Ey, ; ; 10 (2i5)ijes O €Sip0.-
(0 (%‘j)me[zs]) (0 (yij)i7je[2,5]> 0 PIes)

0 1
So
A—1 ~ T11 ($1 ) icl[2,5 Y11 (yl ) ic[2,5 1 (le)j€[2,5] 16
817 U1 =|t, u, By, By, ( Sy ]EJ;E[ : ]), ( _ Jée[ : ]>, (Zi1)ie2,5) E4 (Zi6)ie[2,5) | |
(Zi1)ie[2,5) 4 (Ti1)ie(2,5] 4 21 (26)je(zs 760
J s

for certain (Z:1)ief2,5), (Fi1)ie2.5)> (Zi1)ie2,5), (Zi6)ie[2,5] € Z?Qx)l-

We consider

It remains to show that

syt & M,y
We have
st =[5 =571
Since
81 € S1,0="51,0NU(Aw)
we have

And we have

with

Now we have

since §f1 -1y € U(A(2)) and since §f1 -1 has the form required by the definition of M;. Hence

U1281'(8;1~U1)651'M1.

So we know that for u; € Uy there exists an s; € S; and an m; € M; with u; = s1 - my. Hence

U1=Sl-M1.
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Step 2. Now we want to dissect M; even further.

To begin we define the subset

1 =z2 713
1 1
| BER RN i
SQ = 17 1) 00 1 ol 0 o 1 0]’ 0 0 1
0O 0 0 1 o 0 0 1 0 0 0
0 0 0
1 212 z13 214
1 w12 Y13 Y14 Y15 0o 1 0
0 1 0 0 0
0 0 1 0
oo 1 o o |,
0 0 0
0 0 0 1 0
0 0 0 0
0 0 0 0 1
0 262 =263 264
<U;
<UT(9)
Let
1/ & - ™
Sa0:=U(p)” (S2) < U1, < U(l'(n))
Then
S2.0 = U(p)(S2,0) = S2
Let
S2,0 :=S20N U(A(Q)) < U(A(g)) .
We have

SQ = g,o
= S20 N U(A ()
Remgk 30 5,2,0 n m
= So N U(A))
< U1 NU(A@)
1

U, .

89

S U(f(g))



Note that

1
100 0 10 0 0 Tlzo T3 w4 T15
01 0 0 01 0 0 oo 0o
= 1,1 00 1 0 0
S2 "o o 1 0o)]"lo o 1 o) ’
00 0 1 0
00 0 1 00 0 1
o 0o o0 0 1
1 1 z12 213 214 215 0
0 yjl[Q y(1)3 y(1)4 y(1)5 0 1 0 0 0
o0 1 0 0 0 =
0 0 1 0 o f, fro 0 c Ul () : (7.18)
o 0 0 1 0
0 0 0 1 0
o0 0 o0 1
0 ze2 263 264 265 1
21, =2 0,7 € [2,5]; y1: =20, 7 €[2,5]; 21, =20, 7 € [2,5];

T + Y1 =8 2214,1 € [2,5]; Y1 =4 226, © € [2,5]

We have
Sy € My

since Sz,0 < U(A(g)) and since elements of Sy have the form required by the definition of M;.
We define the subset

100 0 1 00 0 zZn 0 0 00
01 0 0 01 0 0 z20 1.00°0
My = t, u E 0O 1 0 O
2 "% lo 01 of o o 1 oo |*® 0 o1 ol
00 0 1 00 0 1 Tl
zs1 0O O O 1
0O 0 0 O
vii 0 0 0 0 z11 Z16
z21 1 0 0 0 296
y21 1 0 0 O
z31 0 1 0 0 Z36 ™
y31 0 1 0 0], S F(g) :
za1 0 0 1 0 246
yai 0 0 1 0
00 0 1 zs1 0 0 O 1 =zs56
Yol 21 0 0 0 0 2z
t ?_éQ 0)
zig =2 0, 1 € [2,5], ®i1 — ¥i1 =4 Zi6, © € [2,5], yi1 =2 2i1, © € [2,5],
t =2 u, 216 =2 0, T11 =2 266, T11 — Y11 =4 16,

U — Y11 =4 2261, LH+u+T11+ Y11 =8 2211 + 2266 =4 0
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Recalling the picture of (7.2), the remaining congruences are shown in the following picture.

1 0 0 O 1 0 0 O
H:t :u_j‘ 0 1 0 O 0O 1 0 O
L = 00 1 0 00 1 0
0o 0 0 1 0O 0 0 1
. A [ =, .
‘rxgl_: 1 0 0 0 Irle 1 0 0 0 lrzzﬂl 1 0 0 0 lrz%?l
legy ! 0 1 0 O lys;1 0 1 0 O lzz1 0 1 0 0 Iz
| [ | | [ [ | [
w41 0 0 1 0 (a1, 0 0 1 0 1211 0 0 1 0 246
| | | | [ [ | [
L:Ele 0 0 0 1 I_y51J O 0 0 1 LZ51J 0 0 0 1 L,ZsﬁJ
=, = m,
\I__61JJ 0 0 0 0 “:Z(SGJJ
S e el i Sl Haarttiy|
(i =20, 1€ 28] wn—yn =azie, 1€[25] ya =22, 1€ [25])
“rr Ct=uw 216 =20  Ti1=2%66 11 — Y11 =4 216
”LU—Z/M =4 2261 t+u+ 711 + Y11 =8 2211 + 2266 =4 0
L - - = = = = = = - = = = =

We claim that

M, £ Sy M,
We have
M; D 5,
and
My 2 M,
We show that
My DSy M.
Let
[52] € So
with

1 (215)jep,5 O

~ 1 (CE1) , 1 (y1~)~ , J ’

o= |1, 1, Ey4, Ey4, (0 ]E];fm 5]) , (0 JEJ4€[2 5] , 8 ( )E4 (1) S 5270.
%6j)j€(2,5]
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Let
[mQ] € M,
with

z11 0 Y11 0 o 0 =16
m = t, u E E Z41)4 5 E Z2i6 )4 5
2 , Uy, Lug, L4, <($i1)ie[2,5] E4> ) <(yil)ie[2,5] E4) ’ (zi1) €[2,5] 4 (zi6) €[2,5]

261 0 266
We have
. N _ N Z11 (215)j€[2,5] Z16
8y -ty =| ¢, u, B, Ea, < F11 (I1J)36[2,5]>, ( J11 (yly)ge[2,5l>7 (z1)ic2.5) N (zi6)ic(2.5] )
(x“)iep’s] Fa (y“)ie[“] Fa Z61 (Zej)je[Q 5] Z66
for certain 11, J11, 211, Z16, 261, Z66 € Z(2)-
We have 55 € Sz0 < U(A(g)) and we have g € U(A(g)). So
S9 - 1Mo € U(A(Q)) .
Since §5 - Mo has the form required by the definition of M7, we obtain
[ég] . [mg] = [§2 . T?I,Q] e M.
So we have
M1 D) SQ . Mg .
So we need to show that
!
M1 - S2 . M2 .
Let
z. N 211 (215)je2,5) 216
S R < z11 (m])Je[zs]), < Y11 (yu)ye[2,5]>7 (21)ic(2.5) E, (zi6)ic25 | | € M
(x“)ie[“] Ea (yil)iep’s] Ea 261 (Zﬁj)je[z 5] 266
and let
N N z11 (215)j€[2,5] z16
1y =\ t, u, Bs, Ba, < T11 (zm)ge[z,s]) ( Y11 (y1y)ye[2,5]>7 (zil)ie[2,5] E4 (ziﬁ)iepﬁ] .
(%i1)ie(2,5 Eq (Yi1)ie[2,5 By o (eoi)yeps oo
Note that
my =[]
Let
1 (z15)jep2,5 O
. 1 s 1 )i ,
=111, E4, E4, <0 (muge[z,s])’ (0 (?Jlg)E]e[z,sl)7 0 Ey4 0 c 52’0.
4 4
0 (265)je[z,5) 1
So
1 1 (=z15)jel2,5 1 (—v1j)je[2,5) L (=21)ieps) O
S5 M1 =|1,1, B4, Eq, 3/i€l2,5] ) i)iersl) g E 0
e R e (T e 4

0 (—z65)je[2,5 1

zin (215)je2,5) 216
11 (215)je2 5]) ( v (Y15)jep 5]) ’
|t u, Ea, Eq, P, PH | (za1)s E 2i6)4
( u, Byq, By (mmie[z’s] E, (Wi )seiz.g E, (zi1)ig[2,5) 4 (2i6)ic[2,5)

261 (265)jel2,5) 266
zZ11 0 216
11 0 U 0
=|t, u, B4, Eq, ( ) ( yut ) (Zil)ie[2,5] Eq4 (Ziﬁ)ie[2,5] )
(%i1)ie[2,5) Ea (Yi1)ie[z,5) Ea . 0 .
261 266
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for certain 11, Y11, 211, 216, 261, 266 € Z(2)-
We have 35 € S20 < U(Ag)), 50 35" € U(A(2)), and we have 1y € U(A(z)). So
85" my € U(A)) -
Since 351 -m1 has the form required by the definition of Ms, we obtain [é;l -11] € M. Hence
my =[] = [82] - [85 - 1] € So - M.
This proves the claim.

Now we have achieved the factorisation
U1:51-M1:51~S2~M2.

Step 3. Now we want to dissect My even further.

To begin we define the subset

1
10 0 0 1 0 0 0 0 0 0 0
g 01 0 O 01 0 0 z21 1 0 0 O
= L1 56 0 1 0 0
Ss ”0010’0010’“10010’
X
0 0 0 1 0 0 0 1 41
zs1 0 O 0 1
1 0 0 0 0 0
1 0 0 0 0 Lo oo
y21 1 0 0 O #21 01 0 o 226
Z31 236 — ~ _
01 0 0 T <U; <UT
s o 00 1 0 s | | €VT@) p SULSUT )
ya1 0 0 1 O
0 0 0 1 Z51 0O 0 O 1 256
voL 0 00 0 0 1
Let
- - ~
S3,0:=U(p)" (93) < U1, < U(l'(2))
Then
S30=U(p)(S3,0) = 53
Let
930 = 530N U(Ap) S U(A) -
We have

S3 = S50

)

= 53,0 n U(A(Q))

Rema:rk 30 5,3)0 A m
= 53 N U(A(g))
< U1 N U(A(2))
(7.15)

Up.
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Note that

1 0 0 0 0
1 0 0 O 1 0 0 O
o1 1 O 0 O
S — L1 o v oo 01 0 0 01 0 0
3 " lo o 1 0o lo o 1 o) | ’
zs1 0 0 1 0
0O 0 0 1 o 0 0 1
xz51 0 O O 1
1
L oo ooy (10000 0
Z21 226
1 0 0 O
Y21 221 0 1 0 0 2 — (7.19)
ys1 0 1 0 0], c Ul (z)) :
za1 0 0 1 0 246
ya1 0 0 1 O
00 0 1 zs1 0 0 0 1 =zs6
Y1 0 000 0 1
zig =2 0,1 € [2,5]; @i — Yin =4 2i6, 0 € [2,5]; yin =2 zi1,1 € [2,5]
We have
S3 C M,
since 39 < U(A(2)) and since elements of S3 have the form required by the definition of Mj.
We define the subset
1 00 0 1 0 0 0 e 0000
0O 1 0 O 0O 1 0 O 0 L0 00
Ms := t, u 0 0 1 0 O
3 1o o1 of o o 1 of ’
0O 0 0 1 0o 0 0 1 0 0010
0 0O 0 0 1
0O 0 0 O
yir 0000 ch)l 100 0 2(1)6
0 Lo 00 0 0O 1 0 O 0
0 0 1 0 0 T : 7.20
"o 0010 o €le (7.20)
0 0 0 10 0 0O 0 0 1 0
0 0O 0 0 1
z6s1 0 0 0 O zg6
t 7%2 07
t =2 u, 216 =2 0, 11 =2 266, T11 — Y11 =4 216,

U — Y11 =4 2261, t+u+x11 + Y11 =8 2211 + 2266 =4 0
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Recalling the picture of (7.2), the remaining congruences are shown in the following picture.

1 0 0 0 1 0 0 O
_ 0 1 0 O 0 1 0 O
™4 “u!
L = 00 1 0 00 1 0
0 0 0 1 0 0 0 1
.. T, . .
0 1 0 0 O 0O 1 0 0 O 0 1 0 0 0 O
0 0 1 0 O 0O 0 1 0 O 0O 0O 1 0 0 O
0 0 0 1 0 0O 0 0 1 0 0O 0O 0O 1 0 O
0O 0 0 0 1 0O 0 0 0 1 0O 0O 0O O0O 1 0
A r,
“rr__t_zz_ u  ze=0 T11 =2 26 @11 — Y ;4_21_6:|:|
Wu—y11 =4 2261 t+u+x11 + Y11 =s 2211 + 2266 =4 0 .
|
We claim that
My = M; - S;
We have
My 2D Ss
and
My O M3
We show that
!
M22M3-S3.
Let
[§3]€S3
with
3= (1,1, By, E ! 0 ! 0 (z,).l é) (Z')(-)
3= , 1, Lug, Lug, ($i1)ie[2,5] Es)’ (yil)ie[2,5] E. )’ il 66[2,5] 04 6 116[2,5]
Let

[hs] € M3
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with

z11 0 yir O a0z
ms = [ t, u, Eq, Ey, ( >, < ), 0 E4 0

z61 0 266

We have

z11 0 Y11 0 o 0 16
mg - 83 = | t, u, BEq, Ey, ‘ , _ s | Gin)iepes) Eao (2i6)ic)2,5)
(wi1)icp2,5)  Ea (Yi1)ic[2,5) Ea . 0 o

We have 33 € S50 < U(A(g)) and we have 13 € U(A(2)). So
ms3 - 83 € U(A(Q)) .
Since 3 - §3 has the form required by the definition of M5, we obtain

[1h3] - [83] = [1h3 - 83] € My .

So we have
M2 D) M3 . S3 .
So we need to show that
!
My C Ms - S3.
Suppose given
11 0 Y11 0 = 0 16
my = |t, u, Eyg, By, <(a:-1)' E4) ; <(y1), E4> , | Gin)iees) Ea (zi6)ic2,5 € M.
i1)i€[2,5] 11)i€[2,5] Z61 0 266
Write
N 11 0 Y11 0 =1 0 16
me = |1, u, B4, By, (@i1)s B ) \ (i), g, )0 | Gidies Bt (Fie)icp2s)
i1)ic[2,5] 4 i1)i€(2,5] 4 o 0 .
Note that
mo = [mg] .
Let
5 1,1, By, E ! 0 ! 0 ( )1 o
- Zil)q Z’L
3 , 1y Lug, g, ($i1)ie[2,5] Es)’ (yil)ie[Q,S] Es )’ 1 06[2,5] 6)
So
My - 530 = | t, u, Eyq, By ( N 0) ( o 0) (leu[ ] E4 (ZG) ]
to3  — s Wy ) ) 1) E 5 i1): E ) i1)i€(2,5 16)i€(2,5
(= 1)26[2,5] 4 (y 1)16[2,5] 4 Z61
0 0

1
1 0 1 0
1,1, E4, E —2i1); E i
, 4y, L4, L4, ((_mil)ie[Z,E)] E4> ) ((_yil)ie[Q,S] E4> P ( 211) €[2,5] 4 ( 216) €[2,5]

0 0
211 0 216
11 0 yi1 O
t,u,E4,E4,<O E4>’(0 E4>’ 0 E; O

z61 0 z66
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We have §3 € S30 < U(A(2)), 50 35" € U(A(9)), and we have iz € U(A(g)). So

mo - §;1 € U(A(Q)) .

Since Mg - §§1 has the form required by the definition of M3, we obtain [ - §5

my = [1ha] = [1hg - 357 - [83] € M3 - S5 .
This proves the claim.
Remark 33. Let
1
10000 10000
SOOON (EBON fo0000) (00000} (8
S| (g (i) gomee ) |agene | |3
00007 \0000/ \gppoo 00000 0

Note that £ € Im(¢) is an idempotent and thus
Mz = U(EIm(p)e) + (g, — )
is a subgroup of Im(U(¢p)).

Now we have achieved the factorisation of subgroups

Ui=85 -M =55 My=5-5-Ms-S5.

Remark 34. Since Uy < Im(U(yp)) is a subgroup, we have
Up =51 82 Mz - S3 < (S1,52,83, M3) < U,
50
Up = (51, 52,53, M3) .

We will use this fact when calculating Uy via Magma.

We have obtained the following Lemma 35.

Lemma 35. We have

Im(U(gp)) = U1 X UQ = (51 . SQ . M3 . 53) X U2
= (51,82, 83, M3) x Uy .

97
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[ev]enlen]en]enlen)
[ev]enleslen]enlen]
[ev]enlenlelenlen]
[ev]enlenlenlenlen)
—HOoOOoOoOOoO

(7.21)



Magma

via

7.2 Calculation of Im(U(yp))

Suppose given k € [1,7] and 4,5 € [1,n]. Let ex;;; € I'(2) be the matrix tuple having entry 1 in the kth

matrix in position (¢, 7), and 0 elsewhere.
This notation can now be used to form linear combinations to represent matrix tuples with several entries

7.2.1 Preparations
not equal to 1. For example, we have

For example, we have

and
and

Sesia + (—2)esa2 + 2€4.23 + €756 = (07 0, (

and

€311 t €411

We have the following Z3)-linear basis of A (s, using the notation ey; ; defined above:
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%A(z) = | es;1,1 +ea1,1,2€41,1, €3:1,2 + €4:1,2, 2€4;1 2,
€3;2,1 T €4;2,1,2€42.1, €3;2.2 + €4;2.2,2€4,2 2,
€3:3,1 + €4;3,1,2€4;3,1, €3;32 + €4:3.2,2€4;3 2,

€3.4,1 + €4;4,1,2€4;4,1, €3,4,2 1+ €442, 2€4.4,2,

€522 + €6;2.2 + €7,2,2, —2€5.2 2 + 2€6,2,2,8€5.2,2,

€523 + €623 + €7,23,
€524 1 €624 + €724,
es5.2,5 + €6:2,5 + €7,2 5,
€532 + €632 + €732,
€5.3,3 + €6;33 + €7;33,
€534+ €634 + €73 4,
€535 1+ €635 + €735,
€5.4,2 1+ €642 + €742,
es5.43 + €6:4,3 + €7,43,
€5:4,4 + €6:4,4 + €7:4,4,
€s5:4,5 + €6:4,5 + €745,
€552 1+ €652 + €752,
€5:5,3 1+ €6;5,3 1+ €7;5,3,

€554+ €654 + €75 4,

es5:5,5 1+ €6;5,5 + €7.5,5, —2€5;5.5 + 2€6.5,5, 8€5:5,5,

€3;1,3 + €4;1,3, 2€4;1,3, €3;1,4 T €4;1,4, 2€4;1 4,

€3,2,3 T €4;2.3,2€4:2.3, €3,2.4 + €4:2.4,2€4,2 4,

—2e5.2.3 + 2e6;2 3, 8€5.2,3,
—2€5.0.4 + 2662 4, 8652 4,
—2e5.0.5 + 2€6,2.5, 8¢5.2 5,
—2e5,3,2 + 2€63,2, 8€5.3 2,
—2e5.3,3 + 2€6,3,3, 8€5.3,3,
—2e5.3.4 + 266,34, 8€5.3.4,
—2e5.35 + 2€6,3,5,8¢5.3 5,
—2e5,4,2 + 2€6;4,2, 8€5:4,2,
—2e5.4.3 + 2€6,4.3, 8€5.4,3,
—2€5.4.4 + 266,44, 8€5.4.4,
—2e5.4,5 + 2€6:4.5, 8€5.4,5,
—2es5;5,2 + 2€6.5,2, 8€5.5,2,
—2e5.5,3 + 2€6:5,3, 3€5:5,3,

—2e5.5.4 + 26654, 8€5:5 4,

€33,3 + €4;3.3,2€4;3 3, €3;34 + €4:3.4,2€4;3 4,

€3.4,3 + €4;4,3,2€4:4.3, €3,4,4 T+ €444, 2€4.4,4,

—2es5.1,2 + 2€6;1,2 + €7:6,2, 4€6;1,2 + 2€7,1,2, 4€5.1,2 + 4e6;1,2,8€5:1,2,

—2e5.1,3 + 2e6,1,3 + €7.6,3,4€6,1,3 + 2€7,1,3, 4e5.1,3 + 4eg;1 3, 8es.1,3,

—2es5.1.4 + 2€6;1,4 + €7:6,4, 4€6;1,4 + 2€7.1,4,4€5:1,4 + 4€6;1,4,8€5.1 4,

—2es5.15 + 2€6,1,5 + €7:6,5, 4€6;1,5 + 2€7,1 5, 4€5.1,5 + 4e6;1,5, 86515,

€s5:2,1 + €6:2,1 T €7:2,1, 2€5:2,1 + 2€6,2,1, 2€5:2,1 + 2€7.26,4€5,2 1,
53,1 + €6;3,1 + €7.3,1,2€5.31 + 2€6.3,1, 2¢5.3,1 + 2€7,3,6,4€5.3 1,
e5.4,1 +€6:4,1 + €741, 26541 + 2€6,4,1,2€5.4,1 + 2€7.46,4€5,4.1,

55,1 + €6:5,1 + €7:5,1, 2€5.5,1 + 2€6;5,1, 2€5:5,1 + 2€7.56,4€5,5 1,

€1;1,1 T €211 + €511+ €611+ €711 + €76,65

2e5,1,1 + 2e6;1,1 + 2e7,1,1 + €761, 1)

—2es.1,1 + 2€6,1,1 + €7:6,1,

—2e1;1,1 + 2es5;1,1 + 2e7.1.6, |
2e1.1,1 + 2e2,11 + 2e5.1,1 + 2€6,1,1, !

1l
deo.1,1 +4es1,15 )

dei.q 1 +4eg11, !

[
8e1;1,1 )

(7.22)

The vertical markings indicate to which part of the picture (7.2) the respective part of B Ay belongs.
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We enumerate the elements of 5B Ay 88 follows.
B, = (b1, b2, .., b119, b120)

So

by = e3;1,1 + €4;1,1,b2 = 2e4;1,1, b3 = e3.12 + €4;1,2,b1 = 2e4,12, bs = €3.1,3 + €4;1,3,b6 = 2€4,1 3,

by = e3;1,4 + €4:1,4,b8 = 2€4;1,4,b9 = €301 + €4:2,1,b10 = 2€4;2,1, b11 = €3;2.2 + €4:2,2,b12 = 24,22,
b1z = €3;2,3 + 64;2,3,b14 = 264;2,3, bis = €3;2,4 T €4;2.4, big = 264;2,4,b17 =e3;3,1 + €431, big = 264;3,1,
big = €332 + €432, b20 = 2e4;3 2, o1 = €3;33 + €4;33,b22 = 2€4.33, baz = €334 + €4,3.4,b24 = 2€4;3 4,
bas = €341 + €4;4,1,b26 = 2€4;41, bo7 = €3,4,2 + €4;4,2,bog = 2€4.4,2, bag = €3,43 + €4,4,3,b30 = 2€4,4 3,

b31 = e3.4.4 + €4:4,4,b320 = 2€4:4 4,

b33 = €522 + €622 + €7:2.9,b34 = —2e5.2.9 + 2622, b3s = 8es.2.2,
b3s = €5:2,3 + €6;2,3 + 7,23, b37 = —2es5,2.3 + 2e6;2,3, bzg = 8es;2 3,
b3g = e5.2.4 + €624 + €7.2.4,b40 = —2€5.2.4 + 2€6,2.4, ba1 = 8e5.2 4,
bio = €525 + €6;2,5 + 7,25, baz = —2e5,2 5 + 26,25, bas = 8es;2 5,
bys = e5.3.20 + €632 + €7.3,2,ba6 = —2e5.3 2 + 2€6.3.2, ba7 = 8es.3 2,
big = e5.3,3 + €6;3,3 + €7,3,3, bag = —2e5,33 + 26,33, bso = 8e5,3,3,
bs1 = e5,34 + €6;34 + €7;3,4,b52 = —2e5,3 4 + 2€6,3 4, b53 = 8es;3.4,
bss = e5.3.5 + €6:35 + €7.35,b55 = —2€5.3 5 + 2€6.3.5, bsg = 8es:3 5,
bs7 = e5:4,2 + €6;4,2 + €7:4,2, b5g = —2es5.4.2 + 2€6,4.2, bsg = 8es;4,2,
beo = €5.4,3 + €6;4,3 + €7;4,3,b61 = —2€5,4.3 + 2€6,4,3, bo2 = 8e5,4,3,
bes = €544 + €644 + €7:4.4,b64 = —2e5.4.4 + 2€6,4.4, bes = 8es4.4,
bes = €5:4,5 + €6;4,5 + €7:4.5, bs7 = —2e5.4.5 + 2€6,4.5, bes = 8es4,5,
bsg = €5:5,2 + €6;5,2 + €7.5.2, br0 = —2es5,5.2 + 2e6;5,2, br1 = 8es;5 2,
b7 = es.5.3 + €653 + 7,53, br3 = —2e5.5 3 + 2¢€6.5.3, bra = 8es.5.3,
b7s = es.5.4 + €6;5.4 + €7.5.4, b7 = —2€5.5 4 + 2€6.5.4, b77 = 8es.5 4,
b7s = e5.5,5 + €6;5,5 + €7:5,5, brg = —2es5.5 5 + 2e6;5,5, bso = 8es;5.5,
bg1 = —2es;1,2 + 2e6,1,2 + €7;6,2, bso = 4es;1,2 + 2€7,1,2, bz = 4es;1,2 + 4eg;1,2, bsa = 8es;1,2,
bss = —2es5.1,3 + 2€6,1,3 + €7:6,3, bse = 4des.1,3 + 2€7.1,3, bs7 = 4es.1,3 + 4es1,3, bss = 8es.1,3,
bgg = —2es5.1.4 + 2€6,1,4 + €7.6.4, boo = deg;1.4 + 2€7.1 4, bg1 = des.1 4 + deg.1.4, bgo = 8es.1 4,
bgs = —2es5.1 5 + 2e6,1,5 + €765, boa = 4e6;1,5 + 2€7,1,5, bos = 4es,1,5 + 4eq;1,5, bos = 8es1,5,

bor = e5,2,1 + €6:2,1 + €7,2,1,b9g = 2e5.2.1 + 266,21, bog = 2€5.2.1 + 2€7,2,6,b100 = 4€5,2.1,
bio1 = es5.3,1 + €631 + €7;3,1,b102 = 2e5;3,1 + 2€6.3,1, b1o3 = 2e5.3,1 + 2e7;3.6, b1o4 = 4es5;31,
bios = €5:4,1 + €6:4,1 + €7:4.1, b106 = 2€5.4,1 + 2€6:4,1, b1o7 = 2€5.4,1 + 2€7:4.6, D108 = 4€5.4,1,
biog = e5:5.1 + €651 + €7:5.1,b110 = 2€5.51 + 2€6.5.1, b111 = 2e5.51 + 2€7:5.6, D112 = 4e5.5.1,
bi13 = e1;1,1 +€2:1,1 + 51,1 + €61,1 + €711 + €766,

bi1a = 2e5.1,1 + 2€6;1,1 + 2€7,1,1 + €7:6.1,

bi1s = —2es5;1,1 + 2e6,1,1 + €76,1,

b6 = —2e1;1,1 + 2e5,1,1 + 2e7,1,6,

bii7 = 2e1;1,1 + 2e2,1,1 + 2e5:1,1 + 2€6;1,1,

bi1g = 4ea.11 + 4es1,1,

bi1g = 4eq1.11 +4e2.1.1,

bi20 = 8e1;1,1
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We write b =: b; € Im(p) C T'9) for j € [1,120].
We obtain the following Z)-linear generating set of Im(¢p).
Glm(e) = {b1,b2, ..., bsa,
533? 5347 636? 5377 5397 5407 542 ) 5433 g45 ) 5463 548 ) 5497 551 ) 552 ) 5543 5557

bs7, bss, beo, be1, be3, bea, bes, b7, by, b0, br2, 73, brs, bre, brs, bro,

T (7.23)
bg1, bg2, bss, bss, bse, bs7, bsg, boo, bo1, bo3, boa, bos, H
boz, ..., b1z I
5113,~',5119}~ H

7.2.2 Generators for U,

Remark 36. U, has the following set of generators.

{1f(2) +b; i €1{3,4,5,6,7,8,9,10, 13,14,15,16,17, 18,19, 20, 23,24, 25,26, 27,28,29,30} }
@] {].f@) + 0517 1F(2) + 0511, 1f(2) —+ 0'521, 1f(2) —+ 0'531 S {—2, 2, 4}} (724)

U {].f@) +TBQ, 1f(2) +7512,1f(2) +7'522,1f(2) +7’ng T E {*1,1,2}}

Proof. Note that the elements in the claimed set of generators are invertible and in Im(y), hence in
Im(U(p)); cf. Remark 15(II). By their block structure, they are contained in Us.

Suppose given

V11 V12 V13 V14 w11 W12 W13 Wi4
V21 V22 V23 U24 W21 W22 W23 W24
=111, , , Es, Es, Eg | € Uz
V31 V32 V33 V34 W31 W32 W33 W34
V41 V42 V43 V44 W41 W42 W43 W44

Note that replacing representatives modulo 8, we may suppose that the matrix entries of £ are in Z.

We want to show that £ is a product of the elements in the claimed list of generators above.

Note that
1 0\ /1 1 1 oy (o0 1
-1 1)\o 1)\=1 1) \=1 0o)"

Using this calculation blockwise, we get

0100 0100

= 1 - a1 -1000 -1000
(1F(2)+b9) '(1f(2>+b3>'(1f(2)+b9) - 17 17 0010 |’ 0010 aE57 E57 Eg
i 0001 0001 |
[ 1 000 1 000 i

T \-1 - T -1 0 010 0 010
(Ip,, +010)" - (g, +b1s) - (g, +b10)" = | L 1L, | 00| o100 Bs Es» Ee
i 0 001 0 001 |
[ 10 00 10 00 i

T o\—1 - T .1 01 00 01 00
(Ip,, +020)" - (I, +bag) - (g, +b20)" = | L1, | 0 o1 [ | g0 o1 Bs Es» Ee
i 00-10 00-10 |




After reordering the rows we may assume that vy s 0.

Choose v}, € {—1,1,3,5} C Z such that v}, - v11 =5 1.

Using

v1 000
0100

0010
0001

1 +(’U111 - 1)51 = 17 17 y K E57 E5> EG )

T2

we may suppose that vy; = 1. The asterisk stands for a matrix that does not need to be calculated.
Using
— Do) V21
(IF(Q) + b9)
— . ) V31
(11“(2) + b17)
_ Do ) V41
(11“(2) + bas)

to eliminate the entries in the first column in block 3, we may suppose

1 v12 v13 V14 w1l W12 W13 Wi4
0 va2 v23 V24 w2l W22 W23 W4
5: 17 13 0 ; 3 E5a E57 E6 S U2 .
V32 V33 V34 W31 W32 W33 W34
0 v42 v43 V44 W41 W42 W43 W44

After reordering the rows we may assume that ves Zs 0.

Choose v}, € {—1,1,3,5} C Z such that v), - vag =g 1.

Using
1 000
/ - 0 vy, 00
]‘f(z) + (,U22 - 1)b11 = ]-7 ]-7 0 ot10 |’ *, E57 E57 E6 y
0 001

we may suppose that vgy = 1.
Using
(1f(2) + 53)_v12
(1f(2> + Bl9>_032
(1f(2> + 527)_U42

to eliminate the entries in the second column in block 3, we may suppose

10 v13 v14 Wil Wi2 W13 Wid
0 1 vo3 voq W21 W22 W23 W24
g: 17 la 00 ) aE5a E57 E6 EUQ-
V33 V34 W31 W32 W33 W34
00 v43 v44 W4l W42 W43 W44

After reordering the rows we may assume that vssz Z 0.

Choose v45 € {—1,1,3,5} C Z such that v45 - v33 =g 1.
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Using

10 00
/ 7 01 00

1?(2) + (U33 - 1)b21 = 1a 17 00 U?)_Bl ol *, E57 E57 E6 5
00 01

we may suppose that vgz = 1.
Using
(1f(2) + 55)_1}13
(1f<2> + biz) 7
(1f(z> + 529)71)43

to eliminate the entries in the third column in block 3, we may suppose

100 v14 w1l W12 W13 Wi4
010wy W21 W22 W23 W4
=1(1,1 Es, Es, E cUs,.
£ " {001 uza |7 | war wan waz wag |7 T T 6 2
00 0 vgq W41 W42 W43 W44

Note that we have vqq #2 0.
Choose vy, € {—1,1,3,5} C Z such that v}, - v44 =g 1.

Using
100 O
/ T 010 O
lf@) + (U44 - 1)b31 = 1a 17 001 ol *, E57 E57 E6 3
000w,

we may suppose that vy = 1.
Using
(1f(2) + 57)_1}14
(1f<2> + by5) 7
(1f(2> + 523)71)34

to eliminate the entries in the fourth column in block 3, we may suppose

1000 w1l W12 W13 Wi4

B 0100 W21 W22 W23 W4
E= L L 0010/ | wer was wss wys | £ Esr Eo

0001 W4l W42 W43 WAa4

w11 W12 W13 wWi4
w21 W22 W23 W24
= 1, 1, E4, s E5, E5, E6 cUs;.
W31 W32 W33z w34
W41 W42 W43 W44

For i,j € [1,4], we have v;; =5 w;; by (7.2). And so we have for i = j that v; =, w;; = 1 and for i # j
that Vij =2 Wij = 0.

Choose wi; € {—1,1,3,5} C Z such that w}, - w13 =s 1.
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Using

w1000
1 - 0100

1?(2) + 5(11],11 - 1)b2 = 1a 17 E47 0010 |’ E57 E57 E6 3
0001

we may suppose that wy; = 1.
Using

_ w21

(lf@) —|—510) 2

w31

(]'f(z) + 518)_ 2

41

(1f<2) +b2g)” 2
to eliminate the entries in the first column in block 4, we may suppose
1 wiz wiz wia

é-: 17 ]-7 E4> 0 w22 w2 w2 ) E5> E57 EG € U2 .

0 w3z w3z w34
0 wa2 w43 wag

Choose why € {—1,1,3,5} C Z such that why - weg =g 1.

Using
1 000
Ig,, + %(wéz — )bz = | 1, 1, Ey, gw;%(l)g , Es, Es, Eg | ,
0 001
we may suppose that wge = 1.
Using
(I, +0a) %

_ w32

(]'f(z) + 520) 2

w42

(1f<2) + b2g)” 2
to eliminate the entries in the second column in block 4, we may suppose
10 wi3 wig

0 1 wag wag
é-: 17 17 E47 00 w33 wsa |’ E57 ES; EG S U2 .

0 0 wq3 w44

Choose why € {—1,1,3,5} C Z such that whs - wgs =g 1.

Using
10 00
1 - 01 00
IF(Q) + 5(11)%3 - 1)b22 = 17 1a E47 0 Ow§31 ol E5a E5a E6 )
00 01

we may suppose that wss = 1.
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Using
o _ w13
(Ip,, +b6)” 2
_wa3

(Ir,, +510

_ w43

(I, +bs0)” 2
to eliminate the entries in the third column in block 4, we may suppose

100 wisg
010 way
001 wsg
000 waq

é-: 17 ]-7 E47 ) E5a E57 EG S U2 .

Choose wj, € {—1,1,3,5} C Z such that w}, - wyy =g 1.

Using

100 0
1 < 010 0
f(z) + 5(’11)!14 - 1)b32 = 17 1a E47 001 ol E5a E5a E6 5

000wy,

we may suppose that wyy = 1.

Using

_wig

2

(I, +bs)
(1F(2) +hig) " F

w34

(If,, +b24)” 2

to eliminate the entries in the fourth column in block 4, we may suppose
i 1000
0100
0010
0001

é-: ]-7 17 E47 ) E57 E57 EG

= 17 1u E47 E47 E57 E57 EG € U2 .

O
7.2.3 Generators for U; = (51, Sy, S3, Ms)
7.2.3.1 Generators for S
Remark 37. S has the following set of generators.
{1f(2> +b; i € {36,37, 39,40, 42,43, 45,46, 51,52, 54,55, 57,58, 60,61,
66,67, 69,70, 72,73, 75,76}}
(7.25)

U {1f(2) + 0'5337 1f(2) + 0'548, 1f(2) + 0'5637 1f(2) + 0'578 0 € {—2, 2, 4}}
U {1f(2) + 7b3a, 1f(2> + Tbag, 1f(2) + Tbga, 1f(2) + Tbyg: T € {—1, 1, 2}}
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Proof. Note that the elements in the claimed set of generators are invertible and in Im(y), hence in
Im(U(p)); cf. Remark 15(II). By their block structure, they are contained in Sj.

Suppose given

10 0 0 00O

10 0 O O 10 0 0 O
0 222 223 224 225 0
0 w22 23 T24 T25 0 y22 Y23 Y24 Y25 0 239 235 234 235 0
E= 11,1, Ey, Ey, | Ox32 x33 234 @35 |, | 0 w32 y33 34 y35 |, 0 242 243 244 245 0 €51
0 w42 T43 Ta4 T45 0 Y42 ya3 ya4 Yas 0 ) °
252 253 254 255 0
0 52 T53 Ts4 T55 0 ys52 Y53 Y54 Ys5

00 0 O 01

Note that replacing representatives modulo 8, we may suppose that the matrix entries of £ are in Z.

We want to show that £ is a product of the elements in the claimed list of generators above.

GG )-()

Using this calculation blockwise, we get

Note that

1 00000
0 01000
0-10000
0 00100
0 00010
0 00001

10 0000
01 0000
00 0100
00-1000
00 0010
00 0001

100 000
010 000
001 000
000 010
000-100
000 001

+B45)_1 = [17 17 E47 E47 *, %,

(Ir, +bas) ™" - (g, +bse) - (Ir,,

(1f<2> +beo) " - (1f(2> +bs51) - (1f<2> +b60) "' =11, 1, E4, Eyg, %, %,

(1F<z> +brs) " - (1T(z> +beo) - (1T(z> +brs) "t =1, 1, Eq, Ea, %, %,

The asterisk stands for matrices that do not need to be calculated.
After reordering the rows we may assume that zoy s 0.

Choose 7, € {—1,1,3,5} C Z such that 2}, - 200 =5 1.

Using
1 00000
02570000
/ 7 0 01000
lf(2) +(22271)()33 = [17 17 E47 E47 *, %, 00100 ]7
0 00010
0 00001

we may suppose that zos = 1.
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Using
(1f(2> + ba) T
_ o) 242
(1r(2) + b57)
— Do) 252
(Ir,,, + beo)

to eliminate the entries in the second column in block 7, we may suppose

10 0 O O 10 0 0 O

0 w22 w23 T2g4 T25 0 Y22 Y23 Y24 Y25
E= 11,1 Ey, Eq, | O3z z33 34 ®35 |, | O y3s2 y33 34 y35 |,

0 42 T43 T44 T45 0 Y42 Y43 Ya4 Y45

0 52 T53 T54 T55 0 Y52 Y53 Y54 Y55

After reordering the rows we may assume that z33 #s 0.

Choose z45 € {—1,1,3,5} C Z such that 25 - 233 =g 1.

100 0 0O
01 z23 224 225 0
00 233 234 235 0
00 243 244 245 0
00 253 254 255 0
000 O 01

Using
10 0000
01 0000
' - 00235 000
1f(2) +(Z33_1)b48: [17 ]-7 E4, E47 *, ok, 00 330100 ]a
00 0010
00 0001

we may suppose that z33 = 1.
Using
_ Do\ 223
(11“(2) + bsg)
_ b\ %43
(11"(2) + bGO)
_ Boo ) 253
(1F(2) + b72)

to eliminate the entries in the third column in block 7, we may suppose

10 0 O O 10 0 O O

0 z22 T23 T24 T25 0 y22 Y23 Y24 Y25
E= 11,1, Ey, Ea, | O3z 233 x3a @35 |, | 0y32 y33 yaa yas |,

0 T42 T43 Ta4 T45 0 Y42 Y43 Y44 Yas

0 52 53 T54 T55 0 Y52 Y53 Y54 Ys5

After reordering the rows we may assume that z44 #5 0.
Choose z), € {—1,1,3,5} C Z such that z}, - 244 =g 1.
Using

100
010
001
000
000
000

1 + (Z4/L4 - 1)663 = [1a 17 E47 E47 *, K,

T(2)

we may suppose that z44 = 1.
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100 0 0O
010 224 2250
001 234 235 0
000 244 245 0
000 254 255 0
000 0 01

000
000
000

2,00 I
010
001

€5
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Using
(5 + )
(g, +bs1) ™
(Ip,, +brs) ™

to eliminate the entries in the fourth column in block 7, we may suppose

1000 0 O
10 0 O O 10 0 0 O
01002950
0 22 w23 T24 T25 0 y22 Y23 Y24 Y25 0010 235 0
E= 11,1, Eq, Eq, | Ow32 x33 234 @35 |, | O w32 y33 y3a y35 |, 0001 245 0 €5,
0 w42 43 T44 T45 0 Y42 Y43 Y44 Y45 0000 255 0
0 w52 53 T54 T55 0 Y52 Y53 Y54 Ys5 0000 0 1
We have z55 %2 0.
Choose zi; € {—1,1,3,5} C Z such that zf; - z55 =g 1.
Using
1000 00
0100 0O
’ T 0010 00O
1f(2) + (Z55 - 1)b78 = [1a 17 E47 E47 *, ok, 0001 00 ] )
000025 0
0000 01
we may suppose that zss = 1.
Using
N
(15, +ba2)™™
(1f<2) + bsa)
(1f<2> + beg) "
to eliminate the entries in the fifth column in block 7, we may suppose
100000
- 10 0 0 O 10 0 O O 010000
0 w22 w23 T24 T25 0 y22 Y23 Y24 Y25 001000
E= 11,1, Ey, E4, | O3z 33 w34 @35 |, | 0 ys2 y33 y34 y3s |, 000100
0 T42 T43 T44 T45 0 ya2 Y43 Y44 Yas 000010
- 0 52 53 T54 T55 0 Y52 Y53 Y54 Ys5 000001
- 10 0 O O 10 0 O O
0 w22 w23 T24 T25 0 Y22 Y23 Y24 Y25
= |11, Ey, Ey, | Ozsoamsz3mzaaas |, | Oys2yszysawss |, Bg | €57 .
0 42 T43 T44 T45 0 Y42 Y43 Y44 Y45
- 0 w52 53 T54 T55 0 Y52 Y53 Ys4 Y55

For i,j € [2,5], we have y;; =5 z;; by (7.2). And so we have for ¢ = j that y;; =2 2z;; = 1 and for i # j
that Yij =2 Zij = 0.

Choose 44, € {—1,1,3,5} C Z such that y), - y22 =5 1.
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Using

1 0000
1 0yss 000
, _
]‘f@) +§(y22_1)b34 = []—v 17 E4a E4a *, 0 0100, Eﬁ]v
0 0010
0 0001

we may suppose that yao = 1.
Using

Y32

(1f(2) + byg) 2

Y42

(1f(2) +B58)7 2
_ Y52

(If,, +br0) "%

to eliminate the entries in the second column in block 6, we may suppose

10 0 O O 100 0 O
0 z22 T23 T24 T25 01 y23 Y24 Y25
E=11,1, Ey, Ey, |Oz32 @33 z34 235 |, | 00y33ysayss |, Eg | €571
0 42 43 T44 T45 00 y43 Y44 yas
0 z52 53 T54 T55 00 y53 Y54 Y55

Choose y45 € {—1,1,3,5} C Z such that y}5 - y33 =s 1.

Using
10 000
1 _ 01 000
1f(2) + Q(yég - 1)b49 = [17 1) E4a E4a *, 00y:;31 001, E6]7
00 010
00 001

we may suppose that ysz = 1.

Using

Y23

(I, +bs7)” 2
T _ Y43
(1f(2) +bg1)” 2

Y53

(1f(2) +brs)” 2

to eliminate the entries in the third column in block 6, we may suppose

10 0 O O 100 0 O
0 z22 23 T24 T25 010 y24 y25
§= |11, Ey, Eq, |Ows2 35 w34 235 |, [ 001ysayss [, Eg | € 51.
0 42 T43 T44 T45 000 y44 ya5
0 z52 253 T54 T55 000 ys4 ys5

Choose y}, € {—1,1,3,5} C Z such that y, - yaq =s 1.
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Using

I, 2

we may suppose that ygq = 1.

Using

(1f(2) + bao)
(1f(2) + bs2)”
(Ir,,, +b76)"

Y24
2

Y34

2

Y54

2

1 _
+ 7(2/214 - 1)b64 = []—v 1; E4a E4a *, 001 0

100 0
010 0
000y,
000 O

to eliminate the entries in the fourth column in block 6, we may suppose

1 0 O
0 w22 w23 T24 T25
E= 11,1, Eyq, Eq, | 0232 233 234 w35
0 T42 T43 Ta4 T45
0 z52 53 T54 T55

0

0

Choose yis € {—1,1,3,5} C Z such that yis - ys5 =s 1.

Using

I, 2

we may suppose that yss = 1.

Using

(1f(2) + bas) 3
(I, +055)"
(1f(2) + bg7)”

Y25

Y35

2

Y45

2

1000 O
0100 y25

0
0
0 aEG]v
0
1

0010ys5 |, B | €51 .

0001 yss
0000 yss

1000
0100

1 _
+ 7(2/55 - 1)b79 = [17 15 E47 E4a *, 0010

0001

aE6]7

o o oo

0000 yg:

to eliminate the entries in the fifth column in block 6, we may suppose

§: la 17 E47 E47

= 11 ]-7 E47 E47

1 0

0 x22
0 z32
0 x42
0 x52
10

0 x22
0 x32
0 242

0 x52

0
23
33
43
T53

23
33
43
53
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0
T24
T34
T44
T54

24
X34
44
T54

0
25
35
T45
55

x25
z35
T45
Z55

10000
01000
00100
00010
00001

) E57 EG

7E6

€5,



For i,j € [2,5], we have x;; +y;; =s 22;; by (7.2). And we have for ¢ = j that x;; =g 22z;; —y;; =2—1=1
and for ¢ # j that z;; =3 225 —y;5; =2-0—-0=0.

So

7.2.3.2 Generators for S,

1) 1a E47 E47

10000

01000
00100
00010
00001

1) 17 E47 E47 E57 E57 E6

Remark 38. Sy has the following set of generators.

{1f(2) + bs1, 1f(2) + b2, 1f(2) + bss, 1f(2> + bss, 1f(2) + bsg, lf(2) + bsz,
+ 595}

1,
I®))

+ bsy, Ig,, + boo, Ig,, + bo1, Ig,, + by, I, + boa, 1

; E5> E6

€5,

T2

(7.26)

Proof. Note that the elements in the claimed set of generators are invertible and in Im(y), hence in
Im(U(yp)); cf. Remark 15(1II). By their block structure, they are contained in Ss.

Suppose given

1 212 713 714 715

g:: 171aE47E47

o o oo

1

0
0
0

0

1
0
0

0

o = O

0

0
0
1

)

1 y12 Y13 Y14 Y15

o o o o

1

o O O

0
1

0
0

0 0

0 0
1 0
0 1

)

1 z12 213 214 215
01 0 0 O
00 1 0 O
00 0 1 0
00 0 0 1

0 z62 263 264 265

0

= O O O O

€5,

Note that replacing representatives modulo 8, we may suppose that the matrix entries of £ are in Z.

We want to show that £ is a product of the elements in the claimed list of generators above.
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Note that

- 10000 14000 338888 -
B 01000 01000 001000
1E®—%%2: 1,1,E4,E4, {00100 |, |00100 [, 000100
00010 00010 000010

L 00001 00001 000001/ "

- 10000 10400 é?ﬁggg .
B 01000 01000 001000
1im‘F%6:: 1,1,E4,E4, {00100, |00100 [, 000100
00010 00010 000010

- 00001 00001 000001/ -

- 10000 10040 328388 -
7 01000 01000 001000
1Em4k%0:: 1,1,E4,E4, {00100, |00100 [, 000100
00010 00010 000010

L 00001 00001 000001/ 7

- 10000 10004 3?8858 A
7 01000 01000 001000
1fm)+bwlz 1,1,E4,E4, J00100|,] 00100 |, 000100
00010 00010 000010

L 00001 00001 000001/ "

Since z19, 213, 214, 215 are divisible by 2, we can, after left multiplication with

_ 212 _ 213 )_m 15

(lf(z) + bs2)” 2 ,(1f(2) + bsg) 2 ,(1f(2) + boo) 2 ,(1f<2) + bog)” 2

suppose that z15 = z13 = 214 = 215 = 0 and

L g in in @ 1 10 0 0 00
12 £13 L14 L15 Y12 Y13 Y14 Y15 01 0 0 00
01 0 0 O 01 0 0 O 00 1 0 00
E=11,1,E4,E4,]J00 1 0 0 |],J0O0 1 0 O |,
00 0 1 00
00 0 1 0 00 0 1 O 00 0 0 10
00 0 0 1 00 0 0 1
0 z62 263 264 265 1
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If,,

IF(Q) + bgs =

L)

17
L)

+ by =

+ bgg =

+ b3 =

17 17E4a E47

]-7 17E4a E4>

]-7 17 E4a E47

12000
01000
00100
00010
00001

10200
01000
00100
00010
00001

10020
01000
,loo0100
00010
00001

10002
01000
00100
00010
00001

100000
010000
001000
000100
000010
010001

100000
010000
001000
000100
000010
001001

100000
010000
001000
000100
000010
000101

100000
010000
001000
000100
000010
000011

So we can, after left multiplication with
(g, + bs1) ™%, (g, + bgs) 7%, (g, + bgg) 70, (r, + bog) %5

suppose that zgo = 23 = 264 = 265 = 0 and

1z12 z13 T14 T 1 y12 y13 Y14 Y 100000
r 12 13 £14 L15 12 Y13 Y14 Y15
01 0 0 O 01 0 0 O 83?888
E=|1,1,E4,E4;, 00 1 0 0 |,|O00 1 0 0 ],
000100
00 0 1 0 00 0 1 O 000010
L 1 1
00 0 O 00 0 O 000001
r 1212 213 T14 T15 1 Y12 Y13 Y14 Y15
01 0 0 O 01 0 0 O
=|1,1,E4E4, 00 1 0 0 [,]JO0O0 1 0 0 |,Eg
00 0 1 0 00 0 1 O
L 00 0 0 1 00 0 0 1

For i € [2,5], we have y1; =4 226; by (7.2) and zg; = 0, thus y1; =4 0; cf. (7.2).

113



Note that

- 14000 14000 1
B 01000 01000
1i”—+%3: 1,1,E4,E4, ] 00100, 00100 |,Eg

00010 00010
L 00001 00001 .
- 10400 10400 q
B 01000 01000
1fmA+bm:: 1,1,E4,E4, {00100 |,|00100 |,Eg
00010 00010
L 00001 00001 .
- 10040 10040 1
B 01000 01000
1i”—+®1: 1,1,E4,E4, J00100 |, 00100 |,Eq
00010 00010
L 00001 00001 .
- 10004 10004 q
B 01000 01000
1fmA+b%:: 1,1,E4,E4, {00100 [,|00100 |,Eg
00010 00010
L 00001 00001 .

Since y12, Y13, Y14, Y15 are divisible by 4, we can, after left multiplication with

_vi3 _Yi4 Y15

(1f(2) +ng)7¥, (1f(2) +Bg7) 4 ,(1f(2) +591) 4 ,(1f(2) +Eg5)7 4

suppose that y12 = y13 = y14 = y15 = 0 and

r 1 212 13 T14 Z15 10000

01 0 0 O 01000
E=|1,1,E4,E4, {00 1 0 0 |,]00100],E

00 0 1 0 00010

o 00 0 0 1 00001

- 112 13 T14 715
01 0 0 O

= 1717E4;E47 00 0 7E5aE6

00 0 1 0

o o0 0 0 1

For i € [2, 5], we have xr1; + Y1i =8 214 by (72) and Yi1i = 0 and 21 = O, thus we get T1; =8 0.
So

- 10000
01000

E=|1,1,E4,E4, 00100 |,E5, Eq
00010

L 00001

= | 1,1,E4,Eq4,Es5, Es5, Eg
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7.2.3.3 Generators for S;3
Remark 39. Ss has the following set of generators.
{15, +bi|i€[97,112]} (7.27)

Proof. Note that the elements in the claimed set of generators are invertible and in Im(y), hence in
Im(U(y)); cf. Remark 15(II). By their block structure, they are contained in Ss.

Suppose given

10000 10000 1 00000
2211000 4211000 ”112002%

¢:= | 1,1,E4,Ey, [2s10100 |, [gsn0100], | 010050 €8Ss.
2410010 ya1 0010 241 0010 246
2510001 ys1 000 1 #51 000 1 256

0 0000 1

Note that replacing representatives modulo 8, we may suppose that the matrix entries of ¢ are in Z.

We want to show that £ is a product of the elements in the claimed list of generators above.

Note that

- 10000 10000 1?8838 -
B 11000 11000 001000
1fm-+@7: 1,1,E4,E4, {00100 |,|00100 |, 000100
00010 00010 000010

L 00001 00001 000001/ 7

- 10000 10000 é?gggg -
3 01000 01000 101000
lfm4+bm1:: 1,1,E4,E4, | 10100 |,| 10100 |, 000100
00010 00010 000010

L 00001 00001 000001/ 7

- 10000 10000 é?gggg -
01000 01000 001000
1f®4+bm547 1,1,E4,E4, {00100 |,|00100 |, 100100
10010 10010 000010

L 00001 00001 000001/ 7

- 10000 10000 é?gggg -
B 01000 01000 001000
1f®-+bm9: 1,1,E4,E4, 00100, 00100 |, 000100
00010 00010 100010

L 10001 10001 000001/ "

So we can, after right multiplication with

(I, +Bor) ™, (i

2 + 5101)7231 ,(1g

Ty T bios) "™, (lﬁz) +bi0g) >

suppose that zo1 = 231 = 241 = 251 = 0 and

1 0000 1 0000 100000
01000226

2211000 ¥21 1000 001007

E=|1,1,E4,E4, | 2510100 |, | y310100 |, 36 €S;5.

00010 246

410010 y410010

2510001 0001 00001 z56

51 Ys1 00000 1
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For i € [2,5], we have z;5 =2 0 by (7.2).

Note that

- 10000 10000 é?gggg -
B 21000 01000 001000
1iﬁ&-®9: 1,1,E4,E4, | 00100 ], 00100 |, 000100
00010 00010 000010

L 00001 00001 000001/ "

- 10000 10000 3?8383 -
3 01000 01000 001002
1fm-+bw3: 1,1,E4,E4, [ 20100 |,|00100 |, 000100
00010 00010 000010

L 00001 00001 000001/ "

: o000y 10000y (L00000)
01000 01000 001000
Hb)+bw7— 1,1,E4,E4, {00100 |,|00100 |, 000102
20010 00010 000010

L 1 1 .
0000 0000 000001

- 10000 10000 é?gggg -
3 01000 01000 001000
lfm4+bn1:: 1,1,E4,E4, {00100 |,|00100 |, 000100
00010 00010 000012

L 20001 00001 000001/ 7

Since za6, 236, 246, 256 are divisible by 2, we can, after right multiplication with

- _ %26 - _ %36 T __ 246 T _ 256
(I, 099)" 2, (I, +b103)” 2, (I, +b107)” 2, (I, +b111)” 2
suppose that zo5 = 236 = 246 = 256 = 0 and
- 1 0000 1 0000 100000
010000
2211000 y211000 001000
E=11,1,E4,Ey, | 2310100 |, | 4310100
000100
410010 Y41 0010
- x51 0001 0001 000010
51 Yot 000001
- 1 0000 1 0000
x21 1000 y21 1000
=|1,1,E4,E4, | 2310100 |, | v310100 |,Eg | € S3.
410010 9410010
- 510001 y51 0001

For i € [2,5], we have y;1 =5 z;; = 0; cf. (7.2).
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Note that

- 10000 10000 1
7 21000 21000
1fm-+%8—- 1,1,E4,Eq4, 00100, 00100 |,Eq
00010 00010
L 00001 00001 .
- 10000 10000 .
B 01000 01000
lfm4+bw2: 1,1,E4,E4, [ 20100 |, | 20100 |,Eg
00010 00010
L 00001 00001 =
- 10000 10000 1
B 01000 01000
lfm'+bm6: 1,1,E4,Eq4, 00100, 00100 |,Eq
20010 20010
L 00001 00001 .
- 10000 10000 .
B 01000 01000
lfm4+bn0: 1,1,E4,E4, {00100 |, |00100 |,Eq
00010 00010
L 20001 20001 =

Since yo1, Y31, Ya1, Y51 are divisible by 2, we can, after right multiplication with

_v¥21

(I, +bog)” = (U5, +hio2) " 2, (1

Y51

- _Ya1 - _
T + bigs)” 2 ,(1f(2) +bi10)” 2

suppose that y21 = y31 = y41 = y51 = 0 and

- 1 0000 10000
221 1000 01000
E=|1,1,E4,Ey, | z310100],]00100 |,Eq
241 0010 00010
L 2510001 00001
- 1 0000
x21 1000
= 1,1,E4,E4, 2310100 ,E5,E6 € Sg .
2410010
L 2510001

For i € [2,5], we have x;1 =4 yi1 + zi6 = 0+ 0= 0; cf. (7.2).
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Note that

- 10000 -
~ 41000
+bigo= | 1,1,E4,E4, (00100 |,E5,Eg
00010
L 00001 —

r 10000 B
B 01000
+b104: 1315E47E47 40100 7E57E6
00010
- 00001 -

- 10000 .
B 01000
g, Tbos = | 1,1,Eq,Eq, | 00100 |, E5, Eg

40010
L 00001 .

- 10000 B
~ 01000
Ig,, Tbuz= | 1,1,Eq4,Eq, 00100 [, E5, Eg
00010
- 40001 -

17
I®)

T2

Since w21, T31, 41,51 are divisible by 4, we can, after right multiplication with

*51

ﬂﬁm+&mr%aﬂﬂm+amr%aﬂ +&%Y%iuam+&ur4

T2

suppose that xo1 = 31 = 241 = 51 = 0 and

- 10000
01000

f: 171aE45E47 00100 7E5,E6
00010

o 00001

= 1717E47E47E57E57E6 GSS
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7.2.4 Magma application

To start the Magma procedure, we first need to fix some data for later.

Z := Integers();

Q := Ratiomals();

UGq := GL(26,Integers(8));

U := sub<UGql|>; // initial U // after the procedure, we have U = ImUphi

RM := RMatrixSpace(Integers(),120,1);

M8 := {-3,-2,-1,0,1,2,3,4};
M8odd := {-3,-1,1,3};

M4 := {-1,0,1,2};
M4o0 := {-1,1,2};
M2 := {0,1};

// function to convert the vector back into a matrix
MakeMatrix := function(y);
return UGq!DiagonalJoin(<Matrix([[y[1,1]1]1]1), Matrix([[y[2,1]1]11),
Matrix([[y[3,1],y[4,1]1,y[5,1],y[6,11],[y[7,1]1,y(8,1],y[9,1],
y[10,11], [y[11,1],y[12,1],y[13,1],y[14,1]1], [y[15,1],y[16,1],
y[17,11,y[18,1111),
Matrix([[y[19,1],y[20,1],y[21,1],y[22,1]1], [y[23,1],y[24,1],
y[25,11,y[26,11]1, [y[27,1],y[28,1],y[29,1]1,y[30,111, [y[31,1],
y[32,11,y[33,1],y[34,1111),
Matrix([[y[35,1],y[36,1]1,y[37,1],y[38,1],y[39,11], [y[40,1],
y[41,1],y[42,1],y[43,1],y[44,1]],[y[45,1],y[46,1],y[47,1],
y[48,1],y[49,11]1, [y[50,1],y[51,1],
y[52,1],y[53,1]1,y[54,11], [y[55,1],y[56,1],y[57,1],y[58,1],y[59,1111),
Matrix([[y[60,1],y[61,1]1,y[62,1],y[63,1],y[64,11], [y[65,1],
y[66,11,yl67,1],y[68,11,y[69,111, [y[70,1]1,y[71,1],y[72,1],
y[73,1],y[74,11]1, [y[75,1] ,y[76,1],y[77,1],y[78,1],
y[79,111,[y[80,1]1,y[81,1]1,y[82,1],y[83,1],y[84,1111),
Matrix([[y[85,1],y[86,1],y[87,1],y[88,1]1,y[89,1],y[90,11],
[y[91,11,y[92,1],y[93,1]1,y[94,1],y[95,1]1,y[96,11], [y[97,1],
y[98,11,y[99,11,y[100,1],y[101,1],y[102,1]], [y[103,1],
y[104,1],y[105,1],y[106,1],y[107,1],y[108,1]1], [y[109,1],
y[110,1],y[111,1],y[112,1],y[113,1],y[114,1]], [y[115,1],
y[116,1],y[117,1],y[118,1],y[119,1],y[120,1111)>);
end function;

// function to transpose matricies
T := function(x)

return RM!Transpose (Matrix([x]));
end function;

Expressing the basis By, , cf. (7.22), by the vector convention, we get
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basis :

L

// Block number:

/7

2 3333 3333 3333 3333 4444 4444 4444 4444 55555 55555 55555 55555 55555 66666 66666 66666 66666 66666 777777 177777 777777 (77707 (777077 777077

1

T(lo, o, 1,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 1,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 1
T([o, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 2,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 2
T([o0, 0, 0,1,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,1,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 3
T([o, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,2,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 4
T([0, 0, 0,0,1,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,1,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // &
T([fo0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,2,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 6
T([fo, o, 0,0,0,1, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,1, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 7
T([o0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,2, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 8
T([0, 0, 0,0,0,0, 1,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 1,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 9
T([o, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 2,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 10
T([0, 0, 0,0,0,0, 0,1,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,1,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 11
T([o, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,2,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 12
T([0, 0, 0,0,0,0, 0,0,1,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,1,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 13
T([0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,2,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 14
T([o, 0, 0,0,0,0, 0,0,0,1, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,1, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 15
T([o0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,2, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 16
T([0, 0, 0,0,0,0, 0,0,0,0, 1,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 1,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 17
T([o, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 2,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 18
T([o, 0, 0,0,0,0, 0,0,0,0, 0,1,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,1,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 19
T([0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,2,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 20
T(lo, o, 0,0,0,0, 0,0,0,0, 0,0,1,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,1,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 21
T([o, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,2,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 22
T([o, 0, 0,0,0,0, 0,0,0,0, 0,0,0,1, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,1, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 23
T([o, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,2, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 24
T([o, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 1,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 1,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 25
T([o, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 2,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 26
([0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,1,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,1,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 27
T(lo, o0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,2,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 28
T([o0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,1,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,1,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 29
T([o, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,2,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 30
T([0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,1, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,1, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 31
T([o, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,2, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 32
T([fo0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0, 1,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,1,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,1,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 33

, /] 34

, // mo usage

T([0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0, 8,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // no usage

T([0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0, 1,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,1,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,1,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 36
T([0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,-2,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,2,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 37
T([0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0, 1,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,1,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,1,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 39

T([o, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,-:

0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,2,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 40

T([0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0, 8,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0]), // no usage
T([0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0, 8, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // no usage
T([0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0, 8,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0]), // no usage
T([0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0, 8,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0]), // no usage
T([0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0, 8,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // no usage
T([0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0, 8, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0]), // no usage

T([0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0, 1, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,1, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,1,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 42
T([0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,-2, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,2, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 43
T([0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0, 1,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,1,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,1,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 45
T([0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,-2,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,2,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 46
([0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0, 1,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,1,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,1,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 48
T([o0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,-2,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,2,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 49
T([0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0, 1,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,1,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,1,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 51
T([0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,-2,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,2,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 52
T([l0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0, 1, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,1, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,1,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 54
T([0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,-2, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,2, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 55
T([o, o, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0, 1,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,1,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,1,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 57
T([0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,-2,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,2,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 58



([0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0, 8,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // no usage

T([fo, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0, 1,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,1,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,1,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 60
T([0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,-2,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,2,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 61
T([0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0, 8,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // no usage
T([0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0, 1,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,1,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,1,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 63
T([0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,-2,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,2,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 64
T([o0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0, 8,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // no usage
T([0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0, 1, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,1, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,1,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 66
T([fo0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,-2, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,2, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 67
([0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0, 8, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // no usage
T([o, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0, 1,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,1,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,1,0,0,0,0, 0,0,0,0,0,01), // 69
T([0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,-2,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,2,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 70
T([0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0, 8,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0]), // no usage
T([0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0, 1,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,1,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,1,0,0,0, 0,0,0,0,0,01), // 72
T([0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,-2,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,2,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 73
([0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0, 8,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // no usage
T([o, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0, 1,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,1,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,1,0,0, 0,0,0,0,0,01), // 75
T([o, o, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,-2,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,2,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 76
T([0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0, 8,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // no usage
T([o, o, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0, 1, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,1, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,1,0, 0,0,0,0,0,01), // 78
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([0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 2,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,2, 0,0,0,0,0,01), // 111
([0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 4,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 112

1,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 1,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 1,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,11), // 113
2,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 2,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 2,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 1,0,0,0,0,01), // 114

([ 1, 1, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,
Tl o, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,

([ 0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, -2,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 2,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 1,0,0,0,0,01), // 115

T([-2, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,
T([ 2, 2, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,
T([ 0, 4, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,
T([ 4, 4, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,
([ 8, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,

1

2,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,2, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 116
2,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 2,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 117
0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 4,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 118
0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01), // 119

0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0])

// no usage



So we translate the elements of B, ,, as b; =basis[j] for j € [1,120].

Certain of these elements are mapped to zero in f(g), so we have no usage for these for our generating
tuple Gy cf. (7.23).

Then Im(p) is the Z/8-linear span of Gy (,y.

We let a; be the coefficient of b;. We need not use the whole list o 6;{—?» —2,-1,0,1,2,3,4} for each
of them, because certain elements are mapped to the same element in I'(5).

For example, we have by = 2€4.1 1, so with az € {—1,0,1,2} we get

04262 S {*264;1,1, 0, 264;171,464;171} = {Z . 2@4;171 1z e Z/S} .
So we get

Im(p) = {04151 + by + agbs + agby + asbs + agbs + arbr + asbs + agby + agbio + @11b11 + ar2biz

+ c13b13 + 14b1a + a15bis + a1gbie + a17bi7 + a1sbis + a19big + angbag + aa1bar + aa2bas
+ a3bag + aabas + asbas + agbag + arbar + ai2gbas + aagbag + azobzo + az1bar + azebss

a1, a3, a5, A7, Qg, A11, A13, A5, A7, (19, 021, (a3, (a5, A7, Q2g, 31 € {—3,—2,—1,0,1,2,3,4},

Q2, 0, O, g, (10, Q12, (14, Q165 (18, (420, (22, (tad, Olag, Qiag, (l30, 32 € {—1,0, 1, 2}}

D {0433533 + a3absa + asebss + asrbsr + asgbsg + qagbao + abas + ausbas + usbas
+ augbag + agbas + augbag + as1bs1 + amabsa + asabss + assbss + asrbsy + assbss
+ agobeo + @e1be1 + aesbes + eabes + aebes + eber + sabey + arrobro + izabro
+ arsbrs + arsbrs + arebre + arsbrs + arebr
33, (036, (U39, (142, O45, (48, (51, A54, O57, 60, (V63

g6, A9, A72, QU75, Q7 € {_37 _25 _13 Oa 1) 27 37 4}7
(34, 37, (40, Q43 (46, Cl49, (t52, Ols5, (58, Q61 , (64, Q6T (70, 73, Oz, Qg € {—1,0, 172}}
® {a81b81 + agabga + ag3bss + agsbss + aigebss + agrbsr + aiggbsg + qropbgp + arg1bg1

+ a3bos + gabos + agsbos :
ag1, gy, g9, (X93 S {737 727 715 07 17 27 3a 4}a
aga, 0ige, g, s € {—1,0,1,2},

ags, (g7, A1, Qs € {0, 1}}

® {04971797 + ogbgg + aggbgg + a100b100 + 1010101 + @1020102 + 103b103 + A104b104 + 1050105

+ a106b106 + 107b107 + 108b108 + 109109 + 1100110 + Q111b111 + @112b112 ¢
97, 0101, X105, X109 S {737 727 717 Oa 1; 27 37 4}7

(98, (g9, 102, (103, 106, X107, 110, 111 € {—1,0, 1,2},
Q100, 0104, @108, @112 € {0, 1}}

S {a113b113 + aq1abr14 + a115b115 + 116b116 + a117b117 + 1180118 + 119b119 -

113, 0114, X115 S {_37 _2a _170a la 2) 374}7
a1, 0117 € {—1,0,1,2},

a1, @119 € {0, 1}} .
(7.28)
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The vertical markings indicate to which part of the picture (7.2) the respective part of Im(y) belongs,
analogously to (7.22).

Now we want to build Im(U(¢p)) inside Im(p). We have
Im(U(p)) =Uy x Uy = (S1 - So - M3 - S3) x Uy = (S1,S2, M3, S3) x Us
= (51, S2, S5, M3) x Us;
cf. Lemma 35.
We will start building U_2 separately.
Part 1. As in (7.5), we have

1 00 0 0
v v V1s v w w w w
11 12 13 14 11 12 13 14 0 1 0 0 0
! ! v v w w w w
U2 — 1) 17 21 22 23 24 ; 21 22 23 24 , 0 0 1 0 0 ,
V: V: v, U w. w., w: w.
31 32 33 34 31 32 33 34 0 0 0 1 0
V. V. v4s v w. w. wWA4: w.
41 42 43 44 41 42 43 44 0 0 0 0 1
100 0 0 0
10 0 0 0O
01 0 0 0 0
0100 0
00 1 0 0 00 1000 ey :
"o 0o 0 1 0 o0 @) -
000 1 0
00 0 0 1 0
00 0 0 1
00 0 0 0 1

w21 w22 w23 w24 — .
det Z2 0, v =2 wij, 1,7 € [1,4]

We will use the generators calculated in §7.2.2.

To begin with we define Us as the trivial group.
U_2 := sub<UGq | >;

Then we add the generators defined in Remark 36.

These generators of Us are
{Ir,, +bi i € {3,4,5,6,7,8,9,10, 13,14,15,16,17, 18, 19,20, 23,2425, 26,27, 28,29, 30}}
] {1f(2) + 0'517 1f(2) + 0'511, lf(z) + 0'5217 1f(2) + 0'631 0 € {—2, 2, 4}}
U {1f(2) + Tbs, lf@) + 7byo, 1f(2) + Tboo, 1f(2) + Tb3y : T € {—1, 1, 2}}

by (7.24).

// one vector written as basis vectors
one := basis[113] + (basis[33] + basis[48] + basis[63] + basis[78])
+ (basis[1] + basis[11] + basis[21] + basis[31]);

y_list := [one + basis[i] : i in [3,4,5,6,7,8,9,10,
13,14,15,16,17,18,19,20,
23,24,25,26,27,28,29,30]];
y_list cat:= [one + 2 * x * basis[i] : x in M400, i in [1,11,21,31]];
y_list cat:= [one + x * basis[i] : x in M400, i in [2,12,22,32]];
U_2 := sub<UGq | GeneratorsSequence(U_2) cat [MakeMatrix(y) : y in y_list]>;
// Factorisation(Order(U_2)); // 2770 * 372 x 5 *x 7 = 371886360525984560578560
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To calculate U_1 we will start with U_1 = 1, then build U_1 =
build U_1 = <S_1, S_2, S_3> and finally build U_1 = <S_1,

Part 2. As in (7.8), we have

S_1, then build U_1 = <S_1, S_2>, then
S_2, S_3, M_3>.

11 12 13 T14 T15
21 X22 X23 T24 T25
) 31 X32 X33 T34 T35 |,

o O O =
o O = O
o = O O
= O O O
o O O =
o O = O
o = O O
= O O O

41 T42  XT43 T44 T45
51 Ts52 XT53  Th4  T55

211 212 13 214 215 %16
Y11 Y12 Y13 Y14 Y15

Y21 Y22 Y23 Y24 Y25
231 232 233 234 235 236 T -
Y31 Y32 Y33 Y34 Yss |, €el@:
Z41 242  Z43 244 245 246
Y41 Y42 Y43 Y44 Y45

Ys1 Y52 Ys3  Ys4 Y55

221 222 223 224 225 226

251 252 253 254 255 256
261 262 263 264 265 266

222 223 224 225

232 233 234 235
t 0, det 0
#2 0, 242 243 244 245 #20,
252 253 254 255

Tij +yzj =8 2Zij7 27.7 € [275]3 Yij =2 Zij, Za] € [275}7

T1; =29 07 1€ [2,5}, Y1: =2 0, 1€ [2,5], 21i =2 0, 1€ [2,5},

T1i + Y1 =8 22’11‘,1' S [2, 5], Y1i =4 2261" 1€ [2, 5},

zig =2 0, 1 € [2,5], Ti1 — Yi1 =4 Zi6, © € [2,5], i1 =2 21, 1 € [2,5],

t =5 u, 216 =2 0, 11 =2 266, T11 — Y11 =4 216,
U — Y11 =4 2261, t+u+ w11 +y11 =g 2211 + 2266 =4 0

Now we will start to build Uy = (S1, S, S3, M3); cf. Remark 34
Step 1. We add S to the generators of Uy.
As in (7.17), we have

1 0 0 0 0
1 0 0 O 1 0 0 O 0
X X X xT
5 - 01 0 0 010 0 ’ 22 23 T24  T2s
= X3 X X X,
! oo o) oo o) 52 Fss s WSS
X X X X
00 0 1 0 0 0 1 42 T43  Ta4  T45
0 =x52 =x53 54 Ts5
1 0 0 0 0 0
1 0 0 0 0
0 292 223 224 225 O
0 w22 Y23 Y24 Y25
0 =232 233 234 235 O =
0 wa2 Y33 Ysa U35 |, €l
0 242 243 244 245 O
0 wya2 Y43 Y44 Y45
0 0 2z52 253 254 255 O
Y52 Y53  Ys4 Y55 0 0 0 0 0 1

222 223 k24 225

232 R33 34 <35

det %5 0, Tij + Yij =8 2Zij fori,j € [27 5], Yij =2 Zij fori,j € [2, 5}

242 R43 244 245
252 253 R54 X55

We will use the generators calculated in §7.2.3.1.

To begin with we define U; as the trivial group.
U_1 := sub<UGq | >;

Then we add the generators defined in Remark 37.
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These generators of S; are

{1r,, +bi i € (36,37, 30,40, 42,43, 45,46, 51,52, 54,55, 57,58, 60,61,
66,67, 69,70, 72,73, 75,76} }
U {1f(2> + 0'533, ].f@) + 0548, 1f(2) + 0'663, 1f(2) + 0578 S {—2, 2, 4}}
U {1f(2) —+ Tb34, 1f(2) —+ Tb49, 1f(2) —+ 7664, 1f(2) —+ Tb79 LT E {71, ]., 2}}

by (7.25).
So we are adding those to U_1.

// one vector written as basis vectors
one := basis[113] + (basis[33] + basis[48] + basis[63] + basis[78])
+ (basis[1] + basis[11] + basis[21] + basis[31]);

// S_1 is added to U_1

y_list := [one + basis[i] : i in [36,37, 39,40, 42,43, 45,46, 51,52, 54,55,
57,58, 60,61, 66,67, 69,70, 72,73, 75,761];

y_list cat:= [one + 2 * x * basis[i] : x in M400, i in [33,48,63,78]];

y_list cat:= [one + x * basis[i] : x in M400, i in [34,49,64,79]1];

U_1 := sub<UGq | GeneratorsSequence(U_1) cat [MakeMatrix(y) : y in y_list]>;

// here: U_1 = <S_1>

// Factorisation(Order(U_1)); // 2770 * 372 x 5 x 7

Step 2. We add S5 to the generators of Uy.
As in (7.18), we have

1 e
10 0 0 10 0 0 o xiz xéd I(l)‘* xé"’
01 0 0 01 0 0
S = Lo o1 0] loo 1 of |0 + 0 0fF
0o 0 0 1 0
00 0 1 00 0 1
o 0o o0 0 1
1 ) . 1 212 213 214 215 0
Y12 Y13 Y14 Y15 0 0 0 0
o 0 00 o0 1 0 0 0 —
00 1 0 0 :
"o o o 1 o o € U)
o 0 0 1 0
o0 0 0 1 0
0o 0 0 0 1
0 262 263 264 265 1

r1; =2 0,1 € [2,5]; y1; =2 0,4 € [2,5]; 215 =20,i € [2,5];
T + Y1 =8 2214,1 € [2,5]; Y1 =4 2264,1 € [2, 5]

We will use the generators calculated in §7.2.3.2.
We want to add the generators defined in Remark 38 to Uj.

These generators of Sy are

{1f(2) + g1, I, +bsas Ip, & bs3, Iy, + bss, I, + bse, Iy, + bsr,
I, + bgo, Ig,, + bgo, Ig,, + bg1, Ig,, + bos, I, + boy, 15, + bos }

by (7.26).
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So we are adding those to U_1.

// S_2 is added to U_1
y_list cat:= [one + basis[i] : i in [81,82,83, 85,86,87, 89,90,91, 93,94,95]];

U_1 := sub<UGq | GeneratorsSequence(U_1) cat [MakeMatrix(y) : y in y_list]>;
// here: U_1 = <S_1, S_2>

// Factorisation(Order(U_1)); // 2794 * 372 x 5 x 7

Step 3. We build U_1 = <S_1, S_2, S_3>
As in (7.19), we have

1 00 0 O
1 0 00 1 0 0 0 Lo o o
X
01 0 0 01 0 0 2
Sy = 1, 1, , , e 0 1 0 0],
00 1 0 00 1 0
z41 O O 1 O
00 0 1 0 0 0 1
zs1 0 0 0 1
1 0 0 0 0 O
1 0 0 0 0 Lo oo o
V4 V4
y21 1 0 0 O 21 01 0 o 26
Z31 236 ™
ys1 0 1 0 0], € Ul (g)) :
zZ41 0 0 1 0 Z46
ys1 0 0 1 O
00 0 1 zs1 0 0 O 1 =zs6
Yol 0 00 0 0 1

Zi6 =2 0, i€ [2,5], i1 — Yi1 =4 Zi6, 1€ [2,5]7 Yi1 =2 Zil, i€ [2,5]

We will use the generators calculated in §7.2.3.3.
We want to add the generators defined in Remark 39 to U;.

These generators of Sy are
{1f(2) +0b; |i€[97,112]}

by (7.27).
So we are adding those to U_1.

// S_3 is added to U_1

y_list cat:= [one + basis[i] : i in [97,98,99,100,101,102,103,104,105,106,107,
108,109,110,111,112]17;

U_1 := sub<UGq | GeneratorsSequence(U_1) cat [MakeMatrix(y) : y in y_list]>;

// here: U_1 = <S_1, S_2, S_3>

// Factorisation(Order(U_1)); // 27135 * 372 * 5 % 7
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Step 4. We build U_1 = <S_1, S_2, S_3, M_3>
As in (7.20), we have

xz11 0O O O O
1 0 0 O 1 0 0 O
0O 1 0 O 0O 1 0 O 0 Lo 00
M = buslyg o1 ol loo 1 of [© 0L OO0
0 0 0 1 O
o 0 0 1 0o 0 0 1
0 0 0 0 1
z11 0 0 O O =z6
0O 0 0 O
v 0 1 00 0 0
0 1 0 0 O
0 0O 1 0 O 0 =
0 0 10 of, f €l (y:
0 0 0 1 O
0 00 0 1 0 0o 0 0 1 0
z61 0 0 0 O =66
t;—é20a
t =2 u, 216 =2 0, T11 =2 266, 11 — Y11 =4 216,

U — Y11 =4 2261, t+u+T11 + Y11 =g 2211 + 2266 =4 0

Since we use only {b; : i € [113,119]} C By, to build Ms, we also consider only the following set
Coeffs of corresponding tuples of necessary coefficients; cf. (7.28). Cf. also Remark 34.

Coeffs := CartesianProduct([M8odd, M8,M8, M4,M4, M2,M2]);

// M_3 is added to U_1

for x in Coeffs do

y := (one - basis[113])
+ x[1] * basis[113] + x[2] * basis[114] + x[3] * basis[115] + x[4] * basis[116]
+ x[5] * basis[117] + x[6] * basis[118] + x[7] * basis[119]

y_mat := MakeMatrix(y);

U_1 := sub<UGq | GeneratorsSequence(U_1) cat [y_mat]>;

end for;

// here: U_1 = <S_1, S_2, S_3, M_3> =S_1 * S_2 * M_3 * S_3

>

// Factorisation(Order (U_1));
// 27139 * 372 * 5 x 7 = 219522960548035821549492226746382308574494720

The resulting group Im(U(p)) is given in Magma as

ImUphi := DirectProduct(U_2, U_1);

7.3 Analysing Im(U(y)) via Magma

Now we can examine this group Im(U(p)) more closely. We will look at U; and U, separately. Using
Magma, we calculate the derived series and a chief series.

7.3.1 The derived series of U;

We want to calculate the derived series of Uy; cf. §1.2.2.

Since U is not solvable, the derived series calculated by Magma ends in a perfect group # 1.
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DS := DerivedSeries(U_1);
#DS; // 2

GroupName (quo< DS[1] | DS[2] >); // C2°8

We write Dy := DS[1], Dy := DS[2].

This means that we have the derived series

with
Di/Dqy ~ CS8 .
Magma confirms that Dy # 1 and that D5 is perfect in still another way:

IsAbelian(U_1); // false
IsPerfect(DS[2]); // true

Magma also gives the group names:

GroupName (DS[2]) ;
// (C2°45%C4°5).C2°4.C2.C274.C2°5.C2"14.C2°5.C2.C274.C2"4.C2°4.C274.C2°4.A8

7.3.2 The derived series of U,

We want to calculate the derived series of Us; cf. §1.2.2.

Since Us is not solvable, the derived series calculated by Magma ends in a perfect group # 1.

DS := DerivedSeries(U_2);
#DS; // 2

GroupName (quo<DS[1] |DS[2]>); // C2°4

We write Dy := DS[1], Dy := DS[2].

This means that we have the derived series
Uy =Dy 2 Dy
with
Dl/DQ >~ 054 .
Magma confirms that Dy # 1 and that Do is perfect in still another way:

IsAbelian(U_2); // false
IsPerfect(DS[2]); // true

Magma also gives the group names:

GroupName (DS[2]); // C2731.C2714.C2.C2714.A8
GroupName(U_2); // C2731.C2714.C2.C2714.C274.A8
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7.3.3 A chief series of U;

We want to calculate a chief series of Uy; cf. §1.2.3.

CS := ChiefSeries(U_1);
#Cs; // 41

Ccs[ 21 >); // A8
cs[ 3] »); // ¢c2
csS[ 4] »); // C2
cs[ 5] »); // €2
cs[ 6] »); // C2
cs[ 71 »); // c2
cs[ 8] »); // ¢c2
cs[ 9] »); // c274
cs[10] >); // C2
cs[11] >); // c2
csl12] >); // Cc274
Ccs[13] >); // C2
cs[14] >); // c274
Ccs[15] >); // C2
cs[i6] >); // C274
cs[17]1 >); // C2
cs[18] »); // C2-14
cs[19] »); // ¢c2
Cs[20] >»); // C2714
cs[21] >); // c2
Ccs[22] >»); // C2°4
Ccs[23] >); // C274
cs[24] >); // C2
cs[25] »); // C2
Ccs[26] >); // C274
Ccs[27] >); // C274
cs[28] >); // C274
Cs[29] >); // C274
cs[30] »); // C2
Ccs[31] >); // C2
Ccs[32] >); // C2
Cs[33] >); // C2"14
CsS[34] >»); // C2-14
Ccs[35] »); // C2
cs[36] >); // Cc274
Ccs[37]1 >); // C2
Ccs[38] >); // C274
Ccs[39] >); // C2°4
CsS[40] »); // C2°4
cs[41] »); // ¢c2

GroupName (quo< CS[ 1]
GroupName (quo< CS[ 2]
GroupName (quo< CS[ 3]
GroupName (quo< CS[ 4]
GroupName (quo< CS[ 5]
GroupName (quo< CS[ 6]
GroupName (quo< CS[ 7]
GroupName (quo< CS[ 8]
GroupName (quo< CS[ 9]
GroupName (quo< CS[10]
GroupName (quo< CS[11]
GroupName (quo< CS[12]
GroupName (quo< CS[13]
GroupName (quo< CS[14]
GroupName (quo< CS[15]
GroupName (quo< CS[16]
GroupName (quo< CS[17]
GroupName (quo< CS[18]
GroupName (quo< CS[19]
GroupName (quo< CS[20]
GroupName (quo< CS[21]
GroupName (quo< CS[22]
GroupName (quo< CS[23]
GroupName (quo< CS[24]
GroupName (quo< CS[25]
GroupName (quo< CS[26]
GroupName (quo< CS[27]
GroupName (quo< CS[28]
GroupName (quo< CS[29]
GroupName (quo< CS[30]
GroupName (quo< CS[31]
GroupName (quo< CS[32]
GroupName (quo< CS[33]
GroupName (quo< CS[34]
GroupName (quo< CS[35]
GroupName (quo< CS[36]
GroupName (quo< CS[37]
GroupName (quo< CS[38]
GroupName (quo< CS[39]
GroupName (quo< CS[40]

We write Hy := CS[1], H» := CS[2], ..., Hy := CS[41].

In particular, this means, we have the chief series

Ui=Hy >Hy;>2H3 > ...
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with
Hy/H; ~ Ag,
Hy/Hs ~ Cq,
H7/H8 ~ CQ,

Hiy/H11 ~ Co,

Hiy3/Hyy ~ C54

Hig/Hq7 ~ Co,

Hyg/Hoo ~ CXH,
Has/Hays ~ C5*,
Hos/Hoe ~ C3*,
Hog/Hyg ~ C3*,

H31/H32 ~ Ca,
H3y/Hss ~ Co,

Hyr/Hzs ~ C3*,

Hyo/Hs =~ Co,

Hy/Hjz ~ Co,
Hs/Hg ~ Co,
Hg/Hgy ~ C*,
Hyy/Hyp ~ CF4,
Hyy/His ~ Co,

H3z/Hy ~ Cy,
Hg/H7 ~ Cy,
Hg/Hyo ~ Co,
Hyy/Hy3 ~ Cs,
Hys/Hyg ~ C3*,

Hy7/Hyg ~ CSM Hig/Hyg ~ Co,

Hoo/Hay ~ Co,
Hoy3/Hay =~ Cy,
Hag/Ha7 ~ C5*,
Hag/H3zp =~ Ca,

Hyy [Hoy ~ C*,
Hyy/Has ~ Co,
Haz/Hag ~ C3*,
H3o/Hsz; ~ Co,

Hso/Hss ~ C3', Hsg/Hsy ~ C5'™,

Hjs/Hse ~ C5*,
Hag/Hzg ~ C5*,

Concerning Hiy/Hy ~ Ag, note that Ag ~ GL4(Fs):

IsIsomorphic(GL(4,2) ,AlternatingGroup(8)); // true

7.3.4 A chief series of U,

We want to calculate a chief series of Us; cf. §1.2.3.

CS := ChiefSeries(U_2);
#CS; // 14

GroupName (quo<CS[ 1] |CS[ 2]1>);
GroupName (quo<CS[ 2] ICS[ 31>);
GroupName (quo<CS[ 31ICS[ 41>);
GroupName (quo<CS[ 41ICS[ 51>);
GroupName (quo<CS[ 5] |CS[ 6]1>);
GroupName (quo<CS[ 6] |CS[ 71>);
GroupName (quo<CS[ 7]1|CS[ 81>);
GroupName (quo<CS[ 8] ICS[ 91>);
GroupName (quo<CS[ 911CS[10]1>);
GroupName (quo<CS[10] |CS[11]>);
GroupName (quo<CS[11] [CS[12]>);
GroupName (quo<CS[12] |CS[13]>);
GroupName (quo<CS[13] |CS[14]>);

We write Hy := CS[1], H, := CS[2], ...

In particular, this means, we have the chief series

U,

//
//
//
//
//
//
//
//
//
//
//
//
//

A8
C2
C2
C2
Cc2
c2-14
c2-14
C2
C2
Cc2714
Cc2
c2-14
C2

, H14 = CS[14].

Hy >Hy>Hs > ...
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with
Hy/H; ~ Asg, Hy/Hjs ~ Cy, Hs/Hy ~ Ca,
Hy/Hs =~ C, Hs/Hg ~ Cy,  Hg/Hy ~ CS™,
H;/Hg ~ C5™,  Hg/Hg~Cy,  Hg/Hp =~ Cs,
Hyo/Hyy ~ CSM™, Hy/Hyp =~ Cy, Hyp/Hyz ~ O,
Hy3/Hyy ~ Co

7.4 Description of ker(U(yp))

Consider the commutative triangle of groups.

U(o) —
U([(3)) —= U(T(z))

J U(p)

U(A@z)
Since
ker(U(o)) < U(A)
we have
ker(U(e)) = ker(U(e)) N U(A(z)) = ker(U(p)) -

So we have the following commutative diagram.

ker(U(o)) —= U(T'(2)) e, U(T(2))
[
ker(U(p)) — U(A(z))

With the diagram 7.3 we get a description of the kernel.

ker(U(p)) = {148y € UT'(2)) : v € T2y}

7.5 Summary

We have the following diagram of groups, in which the lower row is a short exact sequence.

U(Z(2)S5)

UWZ(g) lz

ker(U(p)) ——— U(A(z)) —I— Im(U(y))
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The finite group Im(U(y)) decomposes into the direct product of two subgroups Im(U(p)) = Uy x Us
with
|UL| = 2139 -32. 5. 7 = 219522960548035821549492226746382308574494720

and
|Us| = 270.32. 5.7 = 371886360525984560578560 .

So we get
| Im(U(p))| = |Uy x Uy| =270-32.5.7 . 2139.32.5.7=2209.34.52. 72

U; and U, are built in §7.2 via Magma. Their derived series and chief series are given in §7.3.

The infinite group ker(U(yp)) = {1 +8y € U(I'(2)) : v € I'(2)} is described in §7.4.
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Appendix A

Code for the group Ay

A.1 Verification of the isomorphism of Wedderburn in A,

We verify that wg : QA4 — Q x Q(¢) x Q**3 as given in §4 is a Q-algebra isomorphism.

Q := Rationals();

Qz<ze> := CyclotomicField(3); // Qz = Q((3), ze = (3
G := AlternatingGroup(4);

n := Order(G);

print G.1, G.2; // G.1 = (1,2)(3,4), G.2 = (1,2,3)

G_fp, phi := FPGroup(G); // phi: Isomorphism from G_fp to G
// G_fp has type: finitely presented group
// G has type: permutations group
rel := [x[1] * x[2]"-1 : x in Relations(G_fp)];
// list of relatiomns in G_fp.1, G_fp.2

matl_1 := GL(1,Q)!Matrix([[1]]); // matrixes for image of G_fp.1
mat2_1 := GL(1,Qz) 'Matrix([[1]11);

mat3_1 := GL(3,Q)!'Matrix([[-1,0,0],[-2,-1,1],[-4,0,1]11);

matl_2 := GL(1,Q)!'Matrix([[1]]); // matrixes for image of G_fp.2
mat2_2 := GL(1,Qz)'Matrix([[zel]l);

mat3_2 := GL(3,Q)!'Matrix([[-1,1,0],[-1,0,1],[0,0,111);

// Wedderburn components:

psil := hom< G_fp -> GL(1,Q) | [<G_fp.1,matl_1>,<G_fp.2,matl_2>] >;
psi2 := hom< G_fp -> GL(1,Qz) | [<G_fp.1,mat2_1>,<G_fp.2,mat2_2>] >;
psi3 := hom< G_fp -> GL(3,Q) | [<G_fp.1,mat3_1>,<G_fp.2,mat3_2>] >;

verifyl :
verify2 :
verify3 :

&and [x@psil eq GL(1,Q)!'1 : x in rell; // testing relations in image
&and [x@psi2 eq GL(1,Qz)!1 : x in rell;
&and [x@psi3 eq GL(3,Q)!1 : x in rell;

verify := &and[verifyl,verify2,verify3];
print verify; // Wedderburn well-defined, Q-algebra morphism

G_fp_list := [x@ephi : x in G]; // list of inverse images in G_fp
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// We construct the representing matrix W in Q"12x12 to omega_Q
W := MatrixRing(Q,n)!0;
for i in [1..n] do // £ill column i of W
tl := ElementToSequence(G_fp_list[i]@psil);
for j in [1..1] do
Wlj,i]1 := t1[jl;
end for;
t2 := &cat[ElementToSequence(x) : x in ElementToSequence(G_fp_list[i]@psi2)];
// e.g.: ElementToSequence(ze + 2) gives [2,1];
for j in [2..3] do
Wlj,il := t2[j-11;
end for;
t3 := ElementToSequence(G_fp_list[i]@psi3);
for j in [4..12] do
Wlj,il := t3[j-3];
end for;
end for;

Determinant(W); // Gives 12288
Factorisation(Z!Determinant (W));// Gives [ <2, 12>, <3, 1> ]

verify_invertible := IsInvertible(W);
print verify_invertible; // Wedderburn bijective

W_int := MatrixRing(Z,n)!W;
We can now compare the calculated determinant with the theoretical determinant and thus check whether
the determinant determined by Magma is correct.

Remark 40. Since wg restricts to wy : ZAy — Z x Z[¢] x Z3** and since |Ag)| = | — 3| = 3 and
[Q(¢) : Q] = 2, we obtain

| det(w)| = [T'/A]
G|IC]
- A7) (n2d))
H;:l Ajing
1212
- \/ (107 17 D). (3070 . 1(72)) . (169 . 33" D))

—_ 212 .31

Cf. Lemma 16.

This confirms our Magma calculation.
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A.2 Verification of the congruences describing the image of

We verify the list of congruences of A(sy; cf. Equation (4.1).

211 <12 213
Aoy = wzy) (Z2)As) = T, Yo+ 11C, | 221 222 23| | €l
231 232 233
231 =4 0 2390 =4 0 233 —x =40
y1— 221 =20 y1 — 202+ 211 =40 212+ 221 =20
Yo — 222 — 212 — 221 =4 0

Remark 41. To convert the congruences into a matrix, we used the following algorithm. Recall the
conversion of elements in Ay into a vector; cf. (4.4).

211 <212 %13
t
T, Yo +u1(, | 221 2zo2  Zo3 — (xaymyl,zn,212,213,2217222722372317232,233)

231 232 233
We will look at the congruences all modulo 4. So we get the following list of congruences.

231 =4 0 232 =4 0 233 — T =4 0
201 — 2291 =40 y1 — 222+ 211 =40 2215+ 2291 =4 0

Yo — 222 — 212 — 221 =4 0
Note that we will use the Matrix W from A.1.

// Matrix of congruences, all modulo 4
ties := Matrix([

(o, 0,0, 0,0,0,0,0, ]

(o, 0,0, 0,0,0,0,0,0,0,1,0]

(-1, 0,0, 0,0,0,0,0,0,0,0,1

,-2,0,0,0,0,0

1,0,0,0,0

]

0

(o, 0,2, 0,0,0

fo, 0,1, 1,0,0,0,-1,0,0,0,0],
fo, 0,0, 0,2,0,2,0,0,0,0,0]1,

fo, 1,0, 0,-1,0,-1,-1,0,0,0,0]
D;

// verification of the congruences
RMatrixSpace(Integers(4) ,NumberOfRows(ties),12)!(ties * W_int);
// Solution: Zero-matrix

SmithForm(ties);

The product of the elementary divisors is in fact equal to

22 =47.2712,
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Appendix B

Code for the group Sy

B.1 Verification of the isomorphism of Wedderburn in S,

We verify that wg : QSq — Q x Q x Q33 x Q3> x Q**?2 as given in §5 is a Q-algebra isomorphism.

Q := Rationals();

Z := Integers();

G := SymmetricGroup(4);
n := Order(G);

print G.1, G.2; // G.1 = (1, 2, 3, 4), G.2 = (1, 2)

G_fp, phi := FPGroup(G); // phi: Isomorphism from G_fp to G
// G_fp has type: finitely presented group
// G has type: permutations group
rel := [x[1] * x[2]"-1 : x in Relations(G_fp)];
// list of relations in G_fp.1, G_fp.2

matl_2 := GL(1,Q)!'Matrix([[-1]]); // matrixes for image of G_fp.1
mat2_2 := GL(1,Q)!'Matrix([[1]]);

mat3_2 := GL(3,Q)!Matrix([[-11,-24,2],([5,11,-1]1,[0,0,-111);
mat4_2 := GL(3,Q)'Matrix([[1,0,0],[1,-1,1],[0,0,1]11);

mat5_2 := GL(2,Q)'Matrix([[-5,24],[-1,5]1);

matl_1 := GL(1,Q)!'Matrix([[-1]]); // matrixes for image of G_fp.2
mat2_1 := GL(1,Q)!'Matrix([[1]11);

mat3_1 := GL(3,Q)'Matrix([[26,57,2],[-11,-24,-1],[-4,-8,-111);
mat4_1 := GL(3,Q)'Matrix([[-2,1,0],[-3,0,1]1,[-4,0,11]1);

mat5_1 := GL(2,Q)'Matrix([[4,-15],[1,-4]11);

// Wedderburn components:

psil := hom< G_fp -> GL(1,Q) | [<G_fp.1,matl_1>,<G_fp.2,matl_2>] >;
psi2 := hom< G_fp -> GL(1,Q) | [<G_fp.1,mat2_1>,<G_fp.2,mat2_2>] >;
psi3 := hom< G_fp -> GL(3,Q) | [<G_fp.1,mat3_1>,<G_fp.2,mat3_2>] >;
psi4 := hom< G_fp -> GL(3,Q) | [<G_fp.1,matd_1>,<G_fp.2,matd_2>] >;
psib := hom< G_fp -> GL(2,Q) | [<G_fp.1,mat5_1>,<G_fp.2,mat5_2>] >;
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// testing relations in image:

verifyl := &and[x@psil eq GL(1,Q)!1 : x in rell;
verify2 := &and[x@psi2 eq GL(1,Q)!1 : x in rell;
verify3 := &and[x@psi3 eq GL(3,Q)!1 : x in rell;
verify4 := &and[x@psi4 eq GL(3,Q)!1 : x in rell;
verifyb := &and[x@psi5 eq GL(2,Q!1 x in rell;

verify := &and[verifyl,verify2,verify3,verify4,verify5];
print verify; // Wedderburn well-defined, Q-algebra morphism

G_fp_list := [x@@phi : x in G]; // list of inverse images in G_fp

// We construct the representing matrix W in Q"24x24 to omega_Q
W := MatrixRing(Q,n)!0;

for i in [1..n] do // £ill column i of W
tl := ElementToSequence(G_fp_list[i]@psil);
for j in [1..1] do
Wlj,i] := t1[j];

end for;
t2 := ElementToSequence(G_fp_list[i]@psi2);
for j in [2..2] do
Wlj,i] := t2[j-11;

end for;
t3 := ElementToSequence(G_fp_list[i]@psi3);
for j in [3..11] do
Wlj,il := t3[j-21;

end for;
t4 := ElementToSequence(G_fp_list[i]@psid);
for j in [12..20] do
Wlj,i] := t4alj-11];

end for;
t5 := ElementToSequence(G_fp_list[i]@psib);
for j in [21..24] do

Wlj,i] := t5[j-20]1;

end for;

end for;

Determinant (W); // Gives 463856467968
Factorisation(Z'!'Determinant(W)); // Gives [ <2, 34>, <3, 3> ]

verify_invertible := IsInvertible(W);
print verify_invertible; // Wedderburn bijective

W_int := MatrixRing(Z,n)!W;

We can now compare the calculated determinant with the theoretical determinant and thus check whether
the determinant determined by magma is correct.
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Remark 42. Let n; the dimension of the tuple entries from Ay for j € [1,5].

| det(W)| =

|GlCl

2424

— 934 33

Cf. Remark 17.

This confirms our Magma calculation.

B.2 Verification of the congruences describing the image of

ZLi2)S4

t
Hj:l n_]

n2)

:\/11-11.39.39-24

We verify the list of congruences of A(sy; cf. Equation (5.1).

11 T12 13 Y11 Yi2 Y13
A Z0onSy) = 211 212 T
(2) wz(z)( (2) 1) = U, W, | 21 T2z T23 |, | Y21 Y22 Y23 | €l
221 222
31 X32 T33 Ys1 Y2 Ys3
T11 =4 Y11, T12 =4 Y12, r13 =2 Y13,
T21 =4 Y21, T22 =4 Y22, T23 =2 Y23,
T31 =g Y31 =40, T32 =g y32 =40, w33 =2ys3,
11+ Y11 =s 2211, T12 + Y12 =g 2212,
To1 + Y21 =g 2291, Too + Yoo =g 2290,
v—1T33 =gw—Yy33=40

Note that we will use the vector notation of A € A(g); cf. 4.4.

We will look at the congruences all modulo 8. So we get the following list of congruences.

2r11 — 2y11 =8 0 2r12 — 2y12 =8 0 4r13 —4y13 =5 0 2w91 — 2y21 =5 0
2x92 — 2y22 =5 0 dxog — 4ye3 =5 0 z31 — Y31 =5 0 2y31 =3 0
T3z — Y32 =3 0 2y32 =3 0 43z —4y33 =8 0 x11 +y11 — 2211 =8 0
T2 +y12 — 2212 =8 0 21 + Y21 — 2221 =g 0 oo + Y22 — 2202 =5 0
v — 233 — W+ Y3z =80 2w — 2y33 =g 0

Note that we will use the Matrix W_int from B.1.
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// Matrix of congruences, all modulo 8

Matrix ([
[4, 4’ 050’030’03030)050’

ties :

0,0,0,0],
O’O)O,O])
O’O,O}O],

0,0,0,0,0,0,0,0,-2, 0,0,0,0],

0,0,0,0,0,0,0,0,0,

[11_1’ 0,0,0,0’0,0,0,0,_l, 050’090’010’010,1’

[2, O’ O’O’O,O’O,O’O’O,_Q’ O’O’O,O’O,O’O’O’O’

(o, 2, 0,0,0,0,0,0,0,0,0,
(o, o, 0,0,4,0,0,0,0,0,0,
(o, o, 0,0,0,0,0,4,0,0,0,
(o, o, 0,0,0,0,0,0,2,0,0,
to, o, 0,0,0,0,0,0,0,2,0,
(o, o, 0,0,0,0,0,0,0,0,0,
to, o, 0,0,0,0,0,0,0,0,0,
(o, o, 0,0,0,0,0,0,1,0,0,
o, o, 0,0,0,0,0,0,0,1,0,
to, o, 2,0,0,0,0,0,0,0,0,
(o, o, 0,2,0,0,0,0,0,0,0,
(o, o, 0,0,0,2,0,0,0,0,0,
(o, o, 0,0,0,0,2,0,0,0,0,
(o, o, 1,0,0,0,0,0,0,0,0,
to, o, 0,1,0,0,0,0,0,0,0,
(o, o, 0,0,0,1,0,0,0,0,0,
(o, o, 0,0,0,0,1,0,0,0,0,

0,0,0,0],
0,0,0,0]1,
0,0,0,0],
0,0,0,0],
0,0,0,0],
0,0,0,0],

0,0,0,0,0,0,-1,0,0, 0,0,0,0],

0,0,4,0,0,0,0,0,0,

0,0,0,0,0,4,0,0,0,

0,0,0,0,0,0,0,0,0,

0,0,0,0,0,0,0,0,0,

0,0,0,0,0,0,2,0,0,

0,0,0,0,0,0,0,2,0,

O,O,OQO’O’O,O,_]"O, O’O,OIO])

_25010’0’0,0’030’01 O’O)O,O])

O’_Q,O’O,O,O’O’O’O, O’O,O’O],

0,0,0,-2,0,0,0,0,0, 0,0,0,0],

0,0,0,0,-2,0,0,0,0, 0,0,0,0],

_2)030’015
05_2,0501,
O’O,_Q’O],

1,0,0,0,0,0,0,0,0,

0,1,0,0,0,0,0,0,0,

0,0,0,1,0,0,0,0,0,

0,0,0,-211);

0,0,0,0,1,0,0,0,0,

// verification of the congruences

RMatrixSpace(Integers(8) ,NumberOfRows(ties),24)!(ties * W_int);

// Solution: Zero-matrix

SmithForm(ties);

The product of the nonzero elementary divisors, multiplied with 8 to the number of zero rows, is in fact

93 .47 .83 — g20 . 9-34
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Appendix C

Code for the group S;

C.1 Verification of the isomorphism of Wedderburn in S;

We verify that wg : QS5 — Q x Q x Q¥4 x Q4 x Q%*® x Q°*5 x Q66 as given in §7 is a Q-algebra
isomorphism.

Rationals();

= Integers();
SymmetricGroup(5) ;
Order(G); // 120

B QN O

print G.1, G.2; // G.1 = (1,2,3,4,5), G.2 = (1,2)

G_fp, phi := FPGroup(G); // phi: Isomorphism from G_fp to G
// G_fp has type: finitely presented group
// G has type: permutations group
rel := [x[1] * x[2]°-1 : x in Relations(G_fp)];
// list of relations in G_fp.1, G_fp.2

// matrixes for image of G_fp.1
matl_1 := GL(1,Q)!'Matrix([[1]11);

mat2_1 := GL(1,Q)'Matrix([[1]1]);

mat3_1 := GL(4,Q)!'Matrix([[0,0,0,1],[-1,0,0,-1],[0,-1,0,1],[0,0,-1,-111);

mat4_1 := GL(4,Q)!'Matrix([[0,0,0,1],[-1,0,0,-1],[0,-1,0,1],[0,0,-1,-111);

mat5_1 := GL(5,Q)!'Matrix([[3,4,6,6,-2],[0,0,0,1,0],[-1,-1,-1,-2,1],
[0,0,-1,-1,-11,[1,1,2,2,-111);

mat6_1 := GL(5,Q) !Matrix([[3,60,-38,10,22],[2,40,-28,9,20], [5,99,-69,22,49],
[4,104,-73,23,55],[1,9,-6,2,311);

mat7_1 := GL(6,Q) !Matrix([[-7,-3540,-560,-1644,-1138,-212], [8,4408,698,2049,1422,270],

[-13,-6987,-1103,-3246,-2243,-426], [-18,-9984,-1581,-4641,-3221,-612],
[7,3861,610,1794,1241,236], [3,1668,263,775,535,103]1) ;
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// matrixes for image of G_fp.2
matl_2 := GL(1,Q)'Matrix([[-11]1);
mat2_2 := GL(1,Q)!'Matrix([[1]1]);
mat3_2 := GL(4,Q)'Matrix([[-1,0,0,-1],[0,-1,0,1],[0,0,-1,-11,[0,0,0,111);
mat4_2 := GL(4,Q)!Matrix([[1,0,0,1],[0,1,0,-1],([0,0,1,1],[0,0,0,-111);
mat5_2 := GL(5,Q)!'Matrix([[3,4,2,4,-4],[0,-1,-1,0,0],[0,0,1,0,0],
[-1,-1,-1,-2,1],[1,1,0,1,-2]11);
mat6_2 := GL(5,Q) 'Matrix([[-3,-64,42,-12,-28],[0,11,-5,0,0],[0,24,-11,0,0],
[3,67,-41,10,21]1,[-1,-11,8,-3,-611);
mat7_2 := GL(6,Q) 'Matrix([[-5,-1850,-294,-860,-600,-110],[2,1025,161,476,328,64],
[-4,-1680,-265,-780,-540,-100], [-5,-2627,-413,-1220,-841,-164] ,
[3,1419,224,659,456,86],[0,134,21,62,42,9]11);

// Wedderburn components

psil := hom< G_fp -> GL(1,Q)
psi2 := hom< G_fp —-> GL(1,Q)
psi3 := hom< G_fp -> GL(4,Q)
psi4 := hom< G_fp -> GL(4,Q)
psib := hom< G_fp -> GL(5,Q)
psi6 := hom< G_fp -> GL(5,Q)
psi7 := hom< G_fp -> GL(6,Q)

[<G_fp.1,matl_1>,<G_fp.2,mat1_2>]
[<G_fp.1,mat2_1>,<G_fp.2,mat2_2>]
[<G_fp.1,mat3_1>,<G_fp.2,mat3_2>]
[<G_fp.1,mat4_1>,<G_fp.2,mat4_2>]
[<G_fp.1,mat5_1>,<G_fp.2,mat5_2>]
[<G_fp.1,mat6_1>,<G_fp.2,mat6_2>]
[<G_fp.1,mat7_1>,<G_fp.2,mat7_2>]

V V V V V V VvV

// testing relations in image

verifyl := &and[x@psil eq GL(1,Q!'1 x in rell;
verify2 := &and[x@psi2 eq GL(1,Q)!1 : x in rel];
verify3 := &and[x0psi3 eq GL(4,Q!1 : x in rell;
verify4d := &and[x@psi4 eq GL(4,Q!1 : x in rell;
verify5 := &and[x@psib5 eq GL(5,Q)!1 : x in rell;
verify6 := &and[x@psi6 eq GL(5,Q)!'1 x in rell;
verify7 := &and[xQpsi7 eq GL(6,Q)!1 x in rell;

verify := &and[verifyl,verify2,verify3,verify4,verify5,verify6,verify7];
print verify; // Wedderburn well-defined, Q-algebra morphism

G_fp_list := [x@Cphi : x in G]; // list of inverse images in G_fp

// We construct the representing matrix W in Q"120x120 to omega_Q
W := MatrixRing(Q,n)!0;
for i in [1..n] do // £ill column i of W
tl := ElementToSequence(G_fp_list[i]@psil);
for j in [1..1] do
Wlj,il := t1[j];
end for;
t2 := ElementToSequence(G_fp_list[i]@psi2);
for j in [2..2] do
Wlj,il := t2[j-11;
end for;
t3 := ElementToSequence(G_fp_list[i]@psi3);
for j in [3..18] do
Wlj,il := t3[j-21;
end for;
t4 := ElementToSequence(G_fp_list[i]@psid);
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for j in [19..34] do
Wlj,il := t4[j-18];
end for;
t5 := ElementToSequence(G_fp_list[i]@psib);
for j in [35..59] do
Wlj,il := t5[j-341;
end for;
t6 := ElementToSequence(G_fp_list[i]@psi6);
for j in [60..84] do
Wlj,il := t6[j-591;
end for;
t7 := ElementToSequence(G_fp_list[i]@psi7);
for j in [85..120] do
Wlj,il := t7[j-84];
end for;
end for;
Factorisation(Z!Determinant(W)); // Gives: [ <2, 130>, <3, 42>, <5, 35> ]

verify_invertible := IsInvertible(W);
print verify_invertible; // Wedderburn bijective

W_int := MatrixRing(Z,n)!W;

We can now compare the calculated determinant with the theoretical determinant and thus check whether
the determinant determined by Magma is correct.

Remark 43. Let n; the dimension of the tuple entries from A, for j € [1,5].

Gll“l _ \/11 120120 _ 9130 342 535

| det(W)| = . D) 11416 . 416 . 525 . 525 . 36

Cf. Remark 17.

This confirms our Magma calculation.

142



C.2 Verification of the congruences describing the image of

Zi2)S5

We verify the list of congruences of A(sy; cf. Equation (7.1).

A2) = wa ) (Z(2)S5)
T11 Tr12 13 T14 Z15
Vi1 V12 V13 V14 w1l Wiz W13 Wi4
21 22 T23  T24 25
V21 V22 v23 V24 w21 w22 w23 w24
= t, u, s y | ®31 ®32 w33 w314 w35 |,
V31  U32 ¥33 V34 w31 w32 W33 W34
T4l T4z T43  Tad  T45
V41 V42 V43 Va4 W4l W42 W43 W44
51 52 53 Ts4 T55
Z11 212 213 214 215 %16
Y11 Y12 Y13 Y14 Y15
Z21 Z22 %23 224 225 226
Y21 Y22 Y23 Y24 Y25
231 232 233 234 235 %236 .
Y3l Y32 Y33 Y4 Y35 €l :
Z41 Z42 243 Z44 245 Z46
Y41 Y42 Y43 Y44 Y45
Z51 252 253 254 255 %256
Ys1 Y52  Ys3 Y54 Yss
261 262 263 264 265 266
Uij =2 wij7 Za.] S [174]a
Tij + yij =8 22i5, 1,J € [2,5], yij =2 25, 4,7 € [2,5],
T1; =9 0, 1€ [2,5}, Y1 =2 O, S [2,5], 215 =2 0, 1€ [2,5},
T + Y1 =8 2214,1 € [2,5], Y1 =4 226i, @ € [2,5],
26 =2 0, 1 € [2,5], Tl — Vil =4 Zie, © € [2,5], yi1 =2 za, 1 € [2,5],
t =2 u, z16 =2 0, T11 =2 266, T11 — Y11 =4 216,

U — Y11 =4 2261, T4+ u+ 211 + Y11 =8 2211 + 2266 =4 0

Note that we will use the vector notation of A € A(); cf. 4.4. We will look at the congruences all modulo 8.

Note that we will use the Matrix W_int from C.1.
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// Matrix of congruences, all modulo 8

Matrix([
[o, 0, 4,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, -4,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0],

[o, o, 0,4,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,-4,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0],
[o, o, 0,0,4,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,-4,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0],

[0, 0, 0,0,0,4, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,-4, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0],

ties

[0, 0, 0,0,0,0, 4,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, -4,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0],
[0, o, 0,0,0,0, 0,4,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,-4,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0],

[0, 0, 0,0,0,0, 0,0,4,0,

0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,-4,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0],

[o, o, 0,0,0,0, 0,0,0,4, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,-4, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0],
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fo, 0, 0,0,0,0, 0,0,0,0, 0,4,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, O,

[o, o, 0,0,0,0, 0,0,0,0, 0,0,4,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,-4,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0],
fo, o, 0,0,0,0, 0,0,0,0, 0,0,0,4, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,-4, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0],

fo, o, 0,0,0,0, 0,0,0,0, 0,0,0,0, 4,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, -4,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0],
[o, o, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,4,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,-4,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0],
o, o, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,4,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,-4,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,01,
o, o, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,4, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,-4, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0]1,

o, o, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,1,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,1,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,-2,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0],
o, o, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,1,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,1,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,-2,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0],
[o, o, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,1,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,1,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,-2,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0],
[o, o, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,1, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,1, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,-2,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0],

[o, o, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,1,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,1,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,-2,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0],
[o, o, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,1,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,1,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,-2,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0],
[o, o, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,1,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,1,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,-2,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0],
[o, o, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,1, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,1, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,-2,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0],
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[o, o, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,4,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0],
fo, o, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,4,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0],
o, o, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,4,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0],

fo, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,1,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,1,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,-2,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0],
[o, o, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,1,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,1,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,-2,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0],
fo, o, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,1,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,1,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,-2,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0],

[0, 0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,1, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,1, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,-2,0, 0,0,0,0,0,0, 0,0,

0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0],

[o, o, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,2,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,-4,0,0,0,0],
[o, o, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,2,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,-4,0,0,0],
[o, o, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,2,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,-4,0,0],
o, o, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,2, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,-4,0],

o, o, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,4, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0],
o, o, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,4, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0],
[o, o, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,4, 0,0,0,0,0,0, 0,0,0,0,0,0],
[o, o, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,4, 0,0,0,0,0,0],



o, o, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 2,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, -2,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,-2, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0],
o, o, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 2,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, -2,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,-2, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0],
o, o, o,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 2,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, -2,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,-2, 0,0,0,0,0,0, 0,0,0,0,0,0],
[o, o, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 2,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, -2,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,-2, 0,0,0,0,0,0],
[o, o, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 4,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, -4,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0],
fo, o, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 4,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, -4,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0],
[o, o, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 4,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, -4,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0],
[o, o, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 4,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, -4,0,0,0,0,0, 0,0,0,0,0,0],

[4, -4, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0]1,
o, o, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,4, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0],
[o, o, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 4,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,4],
[o, o, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 2,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, -2,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,-2, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0],
o, 2, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, -2,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, -4,0,0,0,0,0],
[1, 1, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 1,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 1,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, -2,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,-2],

[o, o, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 0,0,0,0,0, 4,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,0, 0,0,0,0,0,4]
s

// verification of the congruences

RMatrixSpace(Integers(8) ,NumberOfRows (ties),120) ! (ties * W_int); // Solution: Zero-matrix

IsZero(RMatrixSpace (Integers(8) ,NumberOfRows(ties),120) ! (ties * W_int)); // Gives: true

D := SmithForm(ties);
[D[i,i] : i in [1..NumberOfRows(ties)]];

The product of the nonzero elementary divisors, multiplied with 8 to the number of elementary divisors divisible by 8, is in fact

9l0 | 447 g9 _ g87 . 9—130



References

[1] Bosma, W.; CANNON, J.; Prayoust, C., The Magma algebra system. 1. The user language, J. Symbolic Comput. 24,
p- 235-265, 1997

[2] CouN, P.M., Basic algebra : groups, rings and fields, Springer-Verlag, London, 2005

[3] Curtis, C.W., Methods of representation theory with applications to finite groups and orders, John Wiley & sons,
New York Chichester Brisbane Toronto, 1981

[4] HUPPERT, B., Endliche Gruppen I, Springer-Verlag, Berlin Heidelberg New York, 1967
[5] Isaacs, I.M., Algebra, a graduate course, Wadsworth Inc., USA, 1994
6] KLENK, S., Group rings for the dihedral group Da,, Diploma thesis, Stuttgart, 05/2013
D
7] KUNZER, M., Ties for the integral group ring of the symmetric group, thesis, Bielefeld, 1999
grat g g Y g

[8] MULLER, F., Some local presentations for tensor products of simple modules of the symmetric group, Diploma thesis,
Stuttgart, 2013

146



(German suminary

Wir betrachten die Gruppenalgebra Z,)G einer endlichen Gruppe G iiber der Lokalisierung Z,) der
ganzen Zahlen bei (p), wobei p eine Primzahl ist.

Wir nehmen an, wir haben eine Wedderburn-Einbettung

injektiv

WZpy * Z(p)G R?lxnl X . .. X R?txnt = F(p) 5

wobei Ry, ..., R; algebraische Zahlenringe iiber Z,) sind. Sei A(,) := wz,, (Z(,)G), so erhalten wir

LG Lp)

injektiv

v

A

Wir wihlen d > 1 so, dass p?T'(,) C A,. Wir schreiben ') :=T',,) /p®T'(,) und
0:Tp) — T
fiir den Restklassenmorphismus. Sei
Y= Q|A(2) : A(z) — f@) .

Wir haben also das folgende kommutative Diagramm von Ringen und Ringmorphismen.

. _
LG Lp) L)
\ j /

Jeder Ringmorphismus ¢ : S — T wird zu einem Gruppenmorphismus auf den Einheitsgruppen
eingeschrankt,

U(¥) : U(S) — U(T).
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Also erhalten wir das folgende Diagramm.

“Z(p) 0 —
Lip)G Lp) Lp)
\ J ?
A
U(Zp)G) U(f(p))
UWZ(p) U(e)
¥
U(A@p)) ———1——=»(U(A))) = Im(U(p))
ker(U(¢))

Es ergibt sich das folgende Diagramm von Gruppen und Gruppenmorphismen

U(Z)G)

UYZ(p) J{Z

ker(U()) = U(A(p)) —I— Im(U())

wobei die untere Zeile eine kurz exakte Sequenz ist.

Die unendliche Gruppe ker(U(y)) ldsst sich einfach als direktes Produkt von Kongruenzuntergruppen
beschreiben:

ker(U(p)) = {1+ p’y € U(T()) : v € Ty}
={1+py € UT ) v € R ™} x ... x {1+p*y € UT) : v € RP*™}
S UlAp) <UT)-

Die endliche Untergruppe Im(U(¢)) € U(T(,)) ist die Gruppe, die wir mit Magma [1] untersucht haben.

Zu diesem Zweck betrachten wir die folgende Liste von Beispielen.

e G=53,p=3
L] G:A4,p:2

o G = Dy, fiir eine Primzahl p > 3

G:S4,p=2

G=55p=2
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