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10.1 The functor Ôrd : StSimpGrp → SimpGrp . . . . . . . . . . . . . . . . . . . . . 303

10.2 The ordinarification functorOrd: StSimpGrp → SimpGrp,
preserving quasi-isomorphisms . . . . . . . . . . . . . . . . . . . . . . . . . . 308

11 ⌊n,−∞⌋-stable simplicial groups 319

11.1 Pre-⌊n,−∞⌋-prestable simplicial groups . . . . . . . . . . . . . . . . . . . . 319

11.2 ⌊n,−∞⌋-stable simplicial groups . . . . . . . . . . . . . . . . . . . . . . . . 322

11.3 A description using generators and relations . . . . . . . . . . . . . . . . . . 328

11.4 A construction of pre-⌊n,−∞⌋-prestable simplicial groups . . . . . . . . . . 351

11.5 The Moore complex of an ⌊n,−∞⌋-stable simplicial group . . . . . . . . . . 362

12 Stable simplicial groups and
pre-⌊n,−∞⌋-prestable simplicial groups: the coskeleton functor 367

12.1 The cut functor
Cut±,⌊n,−∞⌋, fin : StSimpGrp → Pre-⌊n,−∞⌋-PreStSimpGrp . . . . . . . . . . . . 367

iii



CONTENTS

12.2 The coskeleton functor
Cosk±,⌊n,−∞⌋, fin : Pre-⌊n,−∞⌋-PreStSimpGrp → StSimpGrp . . . . . . . . . . . 368

12.3 The adjunction Cut±,⌊n,−∞⌋, fin ⊣ Cosk±,⌊n,−∞⌋,fin . . . . . . . . . . . . . . . . 375

13 ⌊n,−∞⌋-coskeletal stable simplicial groups 393

13.1 ⌊n,−∞⌋-coskeletal stable simplicial groups . . . . . . . . . . . . . . . . . . 393

13.2 The decomposition of Gn in subgroups . . . . . . . . . . . . . . . . . . . . . 398

13.3 The degenerate subgroup GDn+1 ⩽ Gn+1 . . . . . . . . . . . . . . . . . . . . 406

14 Stable simplicial groups and
⌊n,−∞⌋-stable simplicial groups: the Conduché functor 415
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Abstract

I. A simplicial group models a pointed connected topological space up to homotopy.

We may truncate a simplicial group in such a way that the homotopy groups between posi-
tions n and 0 are preserved. In this way, we obtain an ⌊n, 0⌋-simplicial group. This process
gives a truncation functor from the category of simplicial groups to the category of ⌊n, 0⌋-
simplicial groups. We construct the right-adjoint to this truncation functor that preserves
homotopy groups, using methods from Conduché.

II. A stable simplicial group, also called group spectrum, models a topological spectrum up
to homotopy.

We construct adjoint functors between the category of stable simplicial groups and the
category of ⌊n,−∞⌋-stable simplicial groups that respect homotopy groups.

The category of ⌊1, 0⌋-stable simplicial groups is defined as a full subcategory of ⌊1,−∞⌋-
stable simplicial groups. We show that the category of ⌊1, 0⌋-stable simplicial groups is
equivalent to the category of stable crossed modules in the sense of Conduché, using a
construction of countably iterated semidirect products.
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Zusammenfassung

Wir wollen das folgende Diagramm aus Kategorien und Funktoren konstruieren.

StSimpGrp ⌊1,−∞⌋-StSimpGrp ⌊1, 0⌋-StSimpGrp StCr Mod SymMonCat

SimpGrp ⌊1, 0⌋-SimpGrp Cr Mod InvMonCat

Trunc±,⌊1,−∞⌋

⊢

Cond±,⌊1,−∞⌋

Shrink±,⌊1,0⌋

⊣

Inc±,⌊1,0⌋

N̂±

∼
Rec±

SymCat

∼
StCM

Trunc⌊1,0⌋

⊢

Cond⌊1,0⌋

N̂

∼
Rec

Cat

∼
CM

Ord Ordmod Ordcat

Es bezeichne SimpGrp die Kategorie der simplizialen Gruppen. Eine simpliziale Gruppe
modelliert einen punktierten zusammenhängenden topologischen Raum bis auf Homotopie.

Wir können eine simpliziale Gruppe geeignet abschneiden, sodass die Homotopiegruppen an
den Stellen 1 und 0 erhalten bleiben. Wir erhalten auf diese Weise eine ⌊1, 0⌋-simpliziale
Gruppe. Dieser Abschneideprozess liefert einen Funktor Trunc⌊1,0⌋ von der Kategorie der
simplizialen Gruppen in die Kategorie der ⌊1, 0⌋-simplizialen Gruppen ⌊1, 0⌋-SimpGrp.

Dieser Abschneidefunktor Funktor Trunc⌊1,0⌋ hat einen rechtsadjungierten Funktor Cond⌊1,0⌋,
der Homotopiegruppen erhält. Wir konstruieren ihn mit Hilfe von Methoden von Conduché.

Es bezeichne Cr Mod die Kategorie der verschränkten Moduln, welche von J.H.C. Whitehead
eingeführt wurden. Die Kategorien Cr Mod und ⌊1, 0⌋-SimpGrp sind äquivalent (Conduché).

Die Kategorie Cr Mod und die Kategorie der invertierbar monoidalen Katgorien InvMonCat
sind äquivalent (Verdier, Duskin, Brown, Spencer).

Diese Zusammenhänge für gewöhnliche simpliziale Gruppen und verschränkte Moduln sollen
in dieser Arbeit für stabile simpliziale Gruppen und stabile verschränkte Moduln nachge-
bildet werden.



ZUSAMMENFASSUNG

Wir schreiben StSimpGrp für die Kategorie der stabilen simplizialen Gruppen. Diese wurden
von Kan unter den Namen

”
group spectra“ eingeführt. Er zeigte, dass die Homotopieka-

tegorie der stabilen simplizialen Gruppen äquivalent zur Homotopiekategorie der topolo-
gischen Spektren ist.

Wir können eine stabile simpliziale Gruppe geeignet abschneiden, sodass die Homotopiegrup-
pen an den Stellen ⩽ 1 erhalten bleiben. Wir erhalten auf diese Weise eine ⌊1,−∞⌋-
stabile simpliziale Gruppe. Wir schreiben ⌊1,−∞⌋-StSimpGrp für die Kategorie der ⌊1,−∞⌋-
stabilen simplizialen Gruppen und Trunc±,⌊1,−∞⌋ für den Abschneidefunktor.

Zu diesem Abschneidefunktor Trunc±,⌊1,−∞⌋ konstruieren wir einen einen rechtsadjungierten
Funktor Cond±,⌊1,−∞⌋, der Homotopiegruppen erhält.

Aus einer ⌊1,−∞⌋-stabilen simplizialen Gruppe erhalten wir eine ⌊1, 0⌋-stabile simpliziale
Gruppe durch eine Kernkonstruktion und durch eine Ersetzung aller Gruppen an den Posi-
tionen ⩽ −1 durch eine triviale Gruppe.

Wir schreiben ⌊1, 0⌋-StSimpGrp für die Kategorie der ⌊1, 0⌋-stabilen simplizialen Gruppen.
Wir erhalten so eine Unterkategorie ⌊1, 0⌋-StSimpGrp ⊆ ⌊1,−∞⌋-StSimpGrp. Die genannte

Kernkonstruktion liefert einen Funktor Shrink±,⌊1,0⌋ , der linksadjungiert zum Inklusions-
funktor Inc±,⌊1,0⌋ ist.

Es bezeichne StCr Mod die Kategorie der stabilen verschränkten Moduln, welche von Con-
duché eingeführt wurden.

Die Kategorie der stabilen verschränkten Moduln StCr Mod ist äquivalent zur Kategorie
SymMonCat der symmetrisch monoidalen Kategorien.

Wir zeigen, dass die Kategorien ⌊1, 0⌋-StSimpGrp und StCr Mod über die Funktoren N̂± und

Rec± äquivalent sind. Hierbei liefert N̂± den Moore-Komplex mit zusätzlichen Daten. Für
Rec± wird ein abzählbar iteriertes semidirektes Produkt konstruiert.

Die FunktorenOrd,Ordmod undOrdcat bilden aus den Kategorien StSimpGrp, StCr Mod und
SymMonCat in ihre gewöhnlichen Entsprechungen SimpGrp, Cr Mod und InvMonCat ab.

Eine stabile simpliziale Gruppe wird vermittels Ord zu einer simplizialen Gruppe, deren
Moore-Komplex an den Stellen ⩾ 0 erhalten bleibt. Die Konstruktion von Ord wird dabei
unter Verwendung von Schnitten gewisser Kerne durchgeführt.

Ein stabiler verschränkter Modul wird vermittels Ordmod zu einem verschränkten Modul,
indem wir aus der Conduché-Klammer eine Operation konstruieren.

Eine symmetrisch monoidale Kategorie wird vermittelsOrdcat durch das Vergessen der sym-
metrischen Verzopfung zu einer invertierbar monoidalen Kategorie.

x



Introduction

0.1 Overview

Our goal is to establish the following diagram of categories and functors.

StSimpGrp ⌊1,−∞⌋-StSimpGrp ⌊1, 0⌋-StSimpGrp StCr Mod SymMonCat

SimpGrp ⌊1, 0⌋-SimpGrp Cr Mod InvMonCat

Trunc±,⌊1,−∞⌋

⊢

Cond±,⌊1,−∞⌋

Shrink±,⌊1,0⌋

⊣

Inc±,⌊1,0⌋

N̂±

∼
Rec±

SymCat

∼
StCM

Trunc⌊1,0⌋

⊢

Cond⌊1,0⌋

N̂

∼
Rec

Cat

∼
CM

Ord Ordmod Ordcat

We regard the lower row as the “ordinary case” and the upper row as the “stable case”.
The relations depicted in the ordinary case are largely due to Conduché [7] and Brown-
Spencer [4]. We give an account of the ordinary case and shall use it as a blueprint for the
stable case.

In the ordinary case in the lower row, we consider the category of (ordinary) simplicial
groups SimpGrp whose homotopy category is equivalent to the homotopy category of pointed
connected topological spaces [17], [11], [10]. So in that sense, simplicial groups are a means
to study topological spaces.

We may truncate simplicial groups in such a way that the homotopy groups in the positions 1
and 0 are preserved. In this way, we obtain ⌊1, 0⌋-simplicial groups, which form the category
⌊1, 0⌋-SimpGrp. This truncation process yields a functor Trunc⌊1,0⌋. We show that it is left-

adjoint to the functor Cond⌊1,0⌋, constructed by Conduché in 1984 [7]. In the same work,
Conduché has also shown that the category ⌊1, 0⌋-SimpGrp is equivalent to the category of
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crossed modules Cr Mod as defined by J.H.C. Whitehead [31].

Furthermore, in 1976, it has been shown by Brown and Spencer, who attribute it to Duskin
and Verdier, that Cr Mod and the category of invertible monoidal categories InvMonCat are
equivalent [4].

In the stable case in the upper row, we consider the category of stable simplicial groups
StSimpGrp. In 1963, Kan has essentially shown that the homotopy category of stable sim-
plicial groups is equivalent to the category of topological spectra [18].

To complete the upper row of the diagram, we proceed analogously to the ordinary case:

By truncation of a stable simplicial group, we obtain a ⌊1,−∞⌋-stable simplicial
group in the category ⌊1,−∞⌋-StSimpGrp, where the homotopy groups in positions ⩽ 1
are preserved. Using similar methods to the ordinary case, we construct the adjoint functors
Trunc±,⌊1,−∞⌋ ⊣ Cond±,⌊1,−∞⌋ between StSimpGrp and ⌊1,−∞⌋-StSimpGrp.

By shrinking a ⌊1,−∞⌋-stable simplicial group via the functor Shrink⌊1,0⌋, we also obtain a
⌊1, 0⌋-stable simplicial group in the category ⌊1, 0⌋-StSimpGrp, where the homotopy groups
in positions 1 and 0 are preserved. We show that the category ⌊1, 0⌋-StSimpGrp is equivalent
to the category of stable crossed modules StCr Mod as defined by Conduché [7].

Moreover, the category of stable crossed modules is equivalent to the category of symmetric
monoidal categories SymMonCat .
Finally, the stable case can be connected to the ordinary case via ordinarification functors
Ord,Ordmod andOrdcat that map from the categories in upper row to their respective ordinary
counterparts in the lower row.

0.2 The ordinary case

0.2.1 Simplicial groups

We consider the simplex category ∆, whose objects are the intervals of integers
[k] = {z ∈ Z : 0 ⩽ z ⩽ k} for k ∈ Z⩾0 , and whose morphisms are monotone maps be-
tween these linearly ordered intervals.

Then, a simplicial group is a functor G from its opposite category ∆op to the category of
groups Grp. The category of simplicial groups is denoted by SimpGrp.
We may also regard a simplicial group G as a list of groups Gk for k ∈ Z⩾0 together with

group morphisms dj := dG,kj : Gk → Gk−1 and si := sG,ki : Gk → Gk+1 , where i, j ∈ [0, k],

xii



0.2. THE ORDINARY CASE

between those groups that satisfy the usual simplicial relations.

. . . Gk
. . . G2 G1 G0

dk+1 , . . . ,d0 dk , . . . ,d0 d3 , d2 , d1 , d0 d2 , d1 ,d0 d1 , d0

s0s1 , s0s2 , s1 , s0sk−1 , . . . , s0sk , . . . , s0

Its Moore complex GN is given by groups

GNk =
⋂

i∈[1,k]

ker di P Gk

for k ∈ Z⩾0 , trivial groups for k ∈ Z⩽−1 and differentials ∂k = d0

∣∣GNk−1

GNk
for k ∈ Z⩾1 .

GN =
(
. . .

∂4−→GN3
∂3−→GN2

∂2−→GN1
∂1−→GN0

∂0−→ 1−→ . . .
)

Then, for k ∈ Z⩾0, J. Moore defined the k-th homotopy group of G as the k-th homology
group of GN [20, §4]:

Gπk := GNHk = ker ∂k/ im ∂k+1 .

D. Quillen has shown that the category of simplicial groups is a closed simplicial model
category [23, Ch. II, p. 3.7, Thm. 2]. In particular, we have a homotopy category of
simplicial groups.

D. Kan introduced the adjoint pair of functors G ⊣ W between simplicial groups and reduced
simplicial sets, where G plays the role of a ‘loop group functor’ [17, §10, Rem. 10.6], [11,
Ch. V, §4–5 and Lem. 5.3 (b)]. These functors induce an equivalence between the homotopy
category of simplicial groups and the homotopy category of reduced simplicial sets [11,
Ch. V, Cor. 6.4].

Further, we have that the homotopy category of reduced simplicial groups is equivalent to
the homotopy category of pointed connected topological spaces [10, Thms. 3.2, 3.4.(ii)].

Altogether, we have an equivalence between the homotopy category of simplicial groups and
the homotopy category of pointed connected topological spaces.

homotopy category
of simplicial groups

homotopy category
of reduced simplicial sets

homotopy category
of pointed connected
topological spaces

∼ ∼

So simplicial groups are suitable to perform algebraic topology with.
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For instance, Kan has shown a Hurewicz theorem for a given simplicial free group by applying
abelianization to the entire simplicial group [16].

0.2.2 ⌊n, 0⌋-simplicial groups

Let n ∈ Z⩾1 . Let ∆⌊n,0⌋ ⊆ ∆ be the full subcategory whose objects are the intervals [k] for
k ∈ [0, n].

A functor H : (∆⌊n,0⌋)
op → Grp is called a pre-⌊n, 0⌋-simplicial group.

A functor H : (∆⌊n,0⌋)
op → Grp that satisfies the following condition (1) is called an ⌊n, 0⌋-

simplicial group.

(1) For I, J ⊆ [0, n] with I, J ̸= ∅ and I ∪ J = [0, n], we have the trivial commutator[⋂
i∈I

ker di ,
⋂
j∈J

ker dj
]
= 1 ⩽ Hn .

This condition (1) is called the Conduché condition [7, Th. 1.5, Cor. 1.8].

The ⌊n, 0⌋-simplicial groups form a full subcategory of the pre-⌊n, 0⌋-simplicial groups:

⌊n, 0⌋-SimpGrp ⊆ Pre-⌊n, 0⌋-SimpGrp .

So, an ⌊n, 0⌋-simplicial group H is given by a list of groups Hk for k ∈ [0, n] and group
morphisms dj = dH,ℓj : Hℓ → Hℓ−1 and si = sH,ℓi : Hℓ → Hℓ+1 , where i, j ∈ [0, ℓ], that satisfy
the simplicial relations and the Conduché condition.

Hn Hn−1 . . . H1 H0

dn , . . . ,d0 dn−1 , . . . ,d0 d2 ,d1 , d0 d1 , d0

s0s1 , s0sn−2 , . . . , s0sn−1 , . . . , s0

0.2.3 The functors Cut⌊n,0⌋ and Cosk⌊n,0⌋

We aim to construct a pair of adjoint functors between the categories of simplicial groups
SimpGrp and the category of ⌊n, 0⌋-simplicial groups ⌊n, 0⌋-SimpGrp that preserve homotopy
groups; cf. §0.2.5 below. To this end, we first need to consider a pair of adjoint functors
between SimpGrp and Pre-⌊n, 0⌋-SimpGrp.
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Let n ∈ Z⩾1 . From a simplicial group G we may obtain a pre-⌊n, 0⌋-simplicial group
GCut⌊n,0⌋ by simply restricting the functor G from ∆op to (∆⌊n,0⌋)

op . That is, for k ∈ [0, n],
we let

(GCut⌊n,0⌋)k := Gk .

We obtain a functor Cut⌊n,0⌋ : SimpGrp → Pre-⌊n, 0⌋-SimpGrp; cf. Remark 79.

G : . . . Gn+1 Gn Gn−1 . . . G1 G0

GCut⌊n,0⌋ : Gn Gn−1 . . . G1 G0

dn+2 , . . . ,d0 dn+1 , . . . ,d0 dn , . . . , d0 dn−1 , . . . , d0 d2 , d1 , d0 d1 , d0

dn , . . . , d0 dn−1 , . . . , d0 d2 , d1 , d0 d1 , d0

s0s1 , s0sn−2 , . . . , s0sn−1 , . . . , s0sn , . . . , s0sn+1 , . . . , s0

s0s1 , s0sn−2 , . . . , s0sn−1 , . . . , s0

It has a right-adjoint functor Cosk⌊n,0⌋ : Pre-⌊n, 0⌋-SimpGrp → SimpGrp, which is called the
coskeleton functor; cf. Lemmas 82, 88.

SimpGrp Pre-⌊n, 0⌋-SimpGrp
Cut⌊n,0⌋

⊢

Cosk⌊n,0⌋

This coskeleton functor goes back to A. Grothendieck and J.-L. Verdier, who construct it
using finite projective limits [1, Exp. V, 7.1 and Exp. I, 5.1]. There, the coskeleton functor
is written as in∗ .

Then, J. Duskin [9, Chs. 0.7–0.9] constructs Cosk⌊n,0⌋ by iteration of successive simplicial
kernels.

P. Goerss and J. F. Jardine [11, Ch. VII, Ex. 1.14] give an account of the construction
of Grothendieck and Verdier, using the limit over morphisms [m]−→ [k] for m ∈ [0, n] and
k ∈ Z⩾0 . So, for a pre-⌊n, 0⌋-simplicial group H and for k ∈ Z⩾0 , they describe the group

(H Cosk⌊n,0⌋)k as consisting of tuples of elements in Hm , where m ∈ [0, n], satisfying certain
conditions.

We use a formula for the group (H Cosk⌊n,0⌋)k that works with tuples of elements of Hn only,
indexed by morphisms [n]−→ [k] for k ∈ Z⩾0 . More explicitly, for a pre-⌊n, 0⌋-simplicial
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group H, we have

(H Cosk⌊n,0⌋)k =
{
(ha)a∈∆([n],[k]) ∈

∏
a∈∆([n],[k])

Hn : (ha)a∈∆([n],[k]) is coherent
}
⩽

∏
a∈∆([n],[k])

Hn ,

for k ∈ [0, n]. Here, we say that a tuple (ha)a∈∆([n],[k]) is coherent if we have haHb = ha′Hb′

for all commutative diagrams

[n] [k]

[m] [n]

a

b

b′

a′

in ∆, where m ∈ [0, n]; cf. Definition 80, Lemma 81.

So in comparison to the formula of Goerss and Jardine, we have somewhat shortened the
tuples under consideration, which helps us in handling the coskeleton functor.

For k ∈ [0, n], we note that we have a group isomorphism (H Cosk⌊n,0⌋)k
∼−→Hk ; cf. Lem-

ma 86.(1).

H : Hn Hn−1 . . . H1 H0

dn , . . . , d0 dn−1 , . . . ,d0 d2 , d1 , d0 d1 , d0

s0s1 , s0sn−2 , . . . , s0sn−1 , . . . , s0

HCosk⌊n,0⌋ : . . . (HCosk⌊n,0⌋)n+1 (HCosk⌊n,0⌋)n . . . (HCosk⌊n,0⌋)0

≃ . . . (HCosk⌊n,0⌋)n+1 Hn
. . . H0

dn+2 , . . . , d0 dn+1 , . . . , d0 dn , . . . ,d0 d1 , d0

s0sn−1 , . . . , s0sn , . . . , s0sn+1 , . . . , s0

dn+2 , . . . , d0 dn+1 , . . . ,d0 dn , . . . ,d0 d1 , d0

s0sn−1 , . . . , s0sn , . . . , s0sn+1 , . . . , s0

0.2.4 The degenerate subgroup GDn+1

of an ⌊n, 0⌋-coskeletal simplicial group G

Let n ∈ Z⩾1 . From an ⌊n, 0⌋-simplicial group H, we may obtain the simplicial group
H Cosk⌊n,0⌋ via the coskeleton functor Cosk⌊n,0⌋ . Then H Cosk⌊n,0⌋ has certain properties

xvi



0.2. THE ORDINARY CASE

that are inherited from H which are needed to obtain the degenerate subgroup

(H Cosk⌊n,0⌋)Dn+1 ⩽ (H Cosk⌊n,0⌋)n+1

which is, in turn, essential to the construction of the functor Cond⌊n,0⌋; cf. §0.2.5 below. We
impose said needed properties on a simplicial group as follows.

We say that a simplicial group G is ⌊n, 0⌋-coskeletal if it satisfies the following conditions
(1, 2); cf. Definition 90.

(1) We have
⋂

k∈[0,n+1]

ker dk = 1 ⩽ Gn+1 .

(2) For I, J ⊆ [0, n] with I, J ̸= ∅ and I ∪ J = [0, n], we have the trivial commutator[⋂
i∈I

ker di ,
⋂
j∈J

ker dj
]
= 1 ⩽ Gn .

Then, as intended, for an ⌊n, 0⌋-simplicial group H, the simplicial group H Cosk⌊n,0⌋ is
⌊n, 0⌋-coskeletal; cf. Remark 91.

Let G be an ⌊n, 0⌋-coskeletal simplicial group. We shall sketch the construction of the
degenerate subgroup GDn+1 . We may decompose the group Gn+1 as a product of subgroups
in the form

Gn+1 =
∏
i∈⌊r,1⌋

(GNn+1−|Ii|)sIi

where Ii ⊆ [0, n], where r = 2n+1 , where GNn+1−|Ii| are Moore complex terms of G and
where sIi is a composite of the degeneracy maps sj with j ∈ Ii ; cf. §5.3.

For example, if n = 1, we have the decomposition

G2 = (GN0)s0s1 · (GN1)s1 · (GN1)s0 ·GN2 ,

and if n = 2, we have

G3 = (GN0)s0s1s2 · (GN1)s1s2 · (GN1)s0s2 · (GN2)s2 · (GN1)s0s1 · (GN2)s1 · (GN2)s0 ·GN3 ;

cf. Example 102.

We consider the subset

GDn+1 :=
∏
i∈⌊r,2⌋

(GNn+1−|Ii|)sIi ⊆ Gn+1
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which we obtain by omitting the last Moore complex term GNn+1 from the decomposition
of Gn+1 given above.

Then, using the fact that G is ⌊n, 0⌋-coskeletal, we show that GDn+1 is a subgroup of Gn+1 ;
cf. Lemma 113. To achieve this, we use a technique D. Conduché employed to show that the
subgroup of Gn+1 generated by degenerate elements has trivial intersection with GNn+1 [7,
Lem. 1.7]. We call GDn+1 the degenerate subgroup of Gn+1 .

For example, if n = 1, we have the degenerate subgroup

GD2 = (GN0)s0s1 · (GN1)s1 · (GN1)s0 ⩽ G2 ,

and if n = 2, we have the degenerate subgroup

GD3 = (GN0)s0s1s2 · (GN1)s1s2 · (GN1)s0s2 · (GN2)s2 · (GN1)s0s1 · (GN2)s1 · (GN2)s0 ⩽ G3 ;

cf. Example 114.

In particular, for an ⌊n, 0⌋-simplicial group H , we have the degenerate subgroup

(H Cosk⌊n,0⌋)Dn+1 ⩽ (H Cosk⌊n,0⌋)n+1 .

As a related result, for a general simplicial group G, A. Mutlu and T. Porter achieved in
certain cases a description of the intersection of GNn+1 with the subgroup of Gn+1 generated
by degenerate elements [21, 22].

0.2.5 The functors Trunc⌊n,0⌋ and Cond⌊n,0⌋

Let n ∈ Z⩾1 . We have the pair of adjoint functors Cut⌊n,0⌋ ⊣ Cosk⌊n,0⌋ between SimpGrp and
Pre-⌊n, 0⌋-SimpGrp; cf. §0.2.3.

Based on Cut⌊n,0⌋ and Cosk⌊n,0⌋, we shall construct a pair of adjoint functors
Trunc⌊n,0⌋ ⊣ Cond⌊n,0⌋ between SimpGrp and ⌊n, 0⌋-SimpGrp; cf. Lemma 129.

For a simplicial group G, we let GNBn := (GNn+1)d0 P Gn . Then the ⌊n, 0⌋-simplicial
group GTrunc⌊n,0⌋ has

(GTrunc⌊n,0⌋)k =

{
Gn/GNBn for k = n

Gn for k ∈ [0, n− 1] .

This yields a functor Trunc⌊n,0⌋ : SimpGrp → ⌊n, 0⌋-SimpGrp.

xviii



0.2. THE ORDINARY CASE

G : . . . Gn+1 Gn Gn−1 . . . G1 G0

GTrunc⌊n,0⌋ : Gn/GNBn Gn−1 . . . G1 G0

dn+2 , . . . , d0 dn+1 , . . . , d0 dn , . . . ,d0 dn−1 , . . . ,d0 d2 , d1 , d0 d1 , d0

dn , . . . ,d0 dn−1 , . . . ,d0 d2 , d1 , d0 d1 , d0

s0s1 , s0sn−2 , . . . , s0sn−1 , . . . , s0sn , . . . , s0sn+1 , . . . , s0

s0s1 , s0sn−2 , . . . , s0sn−1 , . . . , s0

This functor Trunc⌊n,0⌋ preserves the homotopy groups of G in the positions k ∈ [0, n]: we
have group isomorphisms (GTrunc⌊n,0⌋)πk

∼−→Gπk for k ∈ [0, n]; cf. Lemma 121.

In the converse direction from ⌊n, 0⌋-SimpGrp to SimpGrp, Conduché constructs a functor as

follows [7]. Let SimpGrp⌊n,0⌋ be the full subcategory in SimpGrp with

Ob(SimpGrp⌊n,0⌋) = {G ∈ Ob(SimpGrp) : GNi = 1 for i ∈ Z⩾n+1} .

In [7, Cor. 1.8], Conduché shows that the categories SimpGrp⌊n,0⌋ and ⌊n, 0⌋-SimpGrp are
equivalent via the restriction of the truncation functor

Trunc⌊n,0⌋
∣∣

SimpGrp⌊n,0⌋ : SimpGrp⌊n,0⌋ ∼−→⌊n, 0⌋-SimpGrp .

To show the inverse equivalence, he attaches to H ∈ Ob(⌊n, 0⌋-SimpGrp) the simplicial sub-

group H Cond⌊n,0⌋ ⩽ H Cosk⌊n,0⌋ ∈ Ob(SimpGrp⌊n,0⌋) generated by the degenerate elements

in (H Cosk⌊n,0⌋)n+1 [7, Th. 1.5].

We shall give an alternative construction to the one given by Conduché in order to be able
to prove that

Cond⌊n,0⌋ : ⌊n, 0⌋-SimpGrp → SimpGrp

is right-adjoint to the unrestricted truncation functor Trunc⌊n,0⌋ : SimpGrp → ⌊n, 0⌋-SimpGrp .

It goes as follows. Let H be an ⌊n, 0⌋-simplicial group. We consider the simplicial group
H̃ := H Cosk⌊n,0⌋ and its degenerate subgroup

H̃Dn+1 = (H Cosk⌊n,0⌋)Dn+1 ⩽ (H Cosk⌊n,0⌋)n+1 = H̃n+1 ;
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cf. Lemma 113. Then the simplicial subgroup H Cond⌊n,0⌋ ⩽ H̃ = H Cosk⌊n,0⌋ has

(H Cond⌊n,0⌋)k :=


H̃k for k ∈ [0, n]

H̃Dn+1 for k = n+ 1⋂
a∈∆([n+1],[k])
a is injective

H̃−1
a (H̃Dn+1) for k ∈ Z⩾n+2 .

Note that H̃k ≃ Hk for k ∈ [0, n].

This yields the functor Cond⌊n,0⌋ : ⌊n, 0⌋-SimpGrp → SimpGrp.

H : Hn Hn−1 . . . H1 H0

dn , . . . , d0 dn−1 , . . . ,d0 d2 , d1 , d0 d1 , d0

s0s1 , s0sn−2 , . . . , s0sn−1 , . . . , s0

H Cond⌊n,0⌋ : . . .
⋂
a

H̃−1
a (H̃Dn+1) H̃Dn+1 H̃n

. . . H̃0

≃ . . .
⋂
a

H̃−1
a (H̃Dn+1) H̃Dn+1 Hn

. . . H0

dn+3 , . . . , d0 dn+2 , . . . ,d0 dn+1 , . . . , d0 dn , . . . ,d0 d1 ,d0

s0sn−1 , . . . , s0sn , . . . , s0sn+1 , . . . , s0sn+2 , . . . , s0

dn+3 , . . . , d0 dn+2 , . . . ,d0 dn+1 , . . . , d0 dn , . . . ,d0 d1 ,d0

s0sn−1 , . . . , s0sn , . . . , s0sn+1 , . . . , s0sn+2 , . . . , s0

This functor Cond⌊n,0⌋ preserves the homotopy groups of H in the positions k ∈ Z⩾0 : we
have group isomorphisms (H Cond⌊n,0⌋)πk

∼−→Hπk for k ∈ Z⩾0 ; cf. Lemma 134. These
groups are trivial if k ⩾ n+ 1.

Altogether, building on Conduché [7], we have the following result.

Proposition ([7, Th. 1.5], Theorem 130, Lemma 134). The functors Trunc⌊n,0⌋ and Cond⌊n,0⌋

are adjoint functors, where Trunc⌊n,0⌋ is the left-adjoint and Cond⌊n,0⌋ is the right-adjoint.
Both functors respect homotopy groups in the sense mentioned above.

SimpGrp ⌊n, 0⌋-SimpGrp
Trunc⌊n,0⌋

⊢

Cond⌊n,0⌋

xx
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In the particular case of n = 1, we obtain the adjoint functors Trunc⌊1,0⌋ ⊣ Cond⌊1,0⌋ . In this
case, the category ⌊1, 0⌋-SimpGrp is equivalent to the category of crossed modules Cr Mod
and to the category of invertible monoidal category InvMonCat ; cf. §0.2.6 and §0.2.7 below.

0.2.6 Crossed modules and invertible monoidal categories

A crossed module V = (M , B , γ , f) consists of two groups M , B, an action

γ : B→ Aut(M) , b 7→
(
m 7→ mb := m(bγ)

)
and a group morphism f : M→ B that satisfy the following conditions (CM1–2).

(CM1) For m ∈ M and b ∈ B, we have (mb)f = (mf)b .

(CM2) For m, n ∈ M, we have mnf = mn .

For example, given a group B and a normal subgroup M P B, then, with the inclusion
map f : M ↪→ B and the conjugation action γ of B on M, we get the crossed module
V = (M , B , γ , f).

The notion of a crossed module goes back to J.H.C. Whitehead [31, 2.1]. The homotopy
category of crossed modules is equivalent to the homotopy category of connected CW-spaces
X for which only the first and the second homotopy group are allowed to be nontrivial, i.e.
where Xπk ≃ 1 for k ⩾ 3. So crossed modules model homotopy 2-types [3, §2.2, p. 41], [3,
Thm. 2.4.8].

homotopy category
of crossed modules

homotopy category
of connected CW-spaces with
first and second homotopy groups
allowed to be nontrivial

∼

An invertible monoidal category is a monoidal category C together with a unit object I and
a tensor product (⊗) on the objects Ob(C) and morphisms Mor(C), where the objects and
morphism are invertible with respect to (⊗). The monoidal structure is understood to be in
the strict sense, and so is the inversion.

R. Brown and C.B. Spencer have shown in [4, Thm. 1] that the category of crossed modules
and the category of invertible monoidal categories are equivalent. They state that this
equivalence has been discovered, but not published, by J.-L. Verdier and J. Duskin.
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We give an account of this result; cf. Propostion 171.

Cr Mod InvMonCat
Cat

∼
CM

0.2.7 The equivalent categories of ⌊1, 0⌋-simplicial groups
and crossed modules

Let n = 1. We consider ⌊1, 0⌋-simplicial groups. D. Conduché has shown that the category
of ⌊1, 0⌋-simplicial groups and the category of crossed modules are equivalent [7, Cor. 1.8,
Cor. 2.7]. We give an account of this equivalence.

Let G be a ⌊1, 0⌋-simplicial group.

G1 G0

d1 , d0

s0

We obtain the crossed module GN̂ =
(
ker d1 , G0 ,γ , d0

∣∣
ker d1

)
with the action

γ : G0 → Aut(ker d1) , g 7→ (m 7→ mg = g−s0 ·m · gs0);

cf. Lemma 141. In turn, for a crossed module V = (M , B , γ , f), we obtain the ⌊1, 0⌋-
simplicial group

V Rec: B⋉γ M B ,

d1 , d0

s0

where
d1 : B⋉M→ B , (b,m) 7→ b

d0 : B⋉M→ B , (b,m) 7→ b ·mf

s0 : B→ B⋉M , b 7→ (b, 1) ;

cf. Lemma 144. These constructions yield mutually inverse equivalences N̂ and Rec between
the category of ⌊1, 0⌋-simplicial groups and the category of crossed modules; cf. Proposi-
tion 152.

⌊1, 0⌋-SimpGrp Cr Mod
N̂

∼
Rec
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Altogether, the situation in the ordinary case for n = 1 can be displayed as follows.

SimpGrp ⌊1, 0⌋-SimpGrp Cr Mod InvMonCat
Trunc⌊1,0⌋

⊢
Cond⌊1,0⌋

N̂

∼
Rec

Cat

∼
CM

An alternative construction has been provided by M. Bullejos and A.M. Cegarra [6, p. 268]
as follows. We consider the full subcategory SimpGrp⌊1,0⌋ ⊆ SimpGrp, where

Ob(SimpGrp⌊1,0⌋) = {G ∈ Ob(SimpGrp) : GNi = 1 for i ∈ Z⩾2} .

Then, they give an equivalence

SimpGrp⌊1,0⌋ Cr Mod ,
N

∼
J

such that, for G ∈ Ob(SimpGrp⌊1,0⌋), we have GN = (GTrunc⌊1,0⌋)N̂. The construction of J
uses a subgroup of (B⋉γ M)×2 and the coskeleton functor Cosk⌊2,0⌋ .

0.3 The stable case

0.3.1 Stable simplicial groups

In 1963, D. Kan introduced stable simplicial groups under the name “group spectra” [18,
Def. 5.1]. He shows that the homotopy category of topological spectra and the homotopy
category of group spectra are equivalent, expressed as equivalences of homotopy theories
[18, Prop. 3.7, Prop. 4.7, Cor. 5.6].

homotopy category
of stable simplicial groups

homotopy category
of topological spectra∼

In Kan’s approach, a group spectrum consists of groups, indexed by Z, and face maps
and degeneracy maps between these groups, indexed by Z⩾0 , satisfying the usual simplicial
relations, such that each element of each group satisfies a finiteness condition [18, Def. 4.1].
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In 2015, M. Stephan establishes a model structure on the category of group spectra [26,
Thm. 3.12].

Previously, in 2009, F. Weilandt has established a model structure on the category of abelian
group spectra [30]. In this process, he considers the category Z̃ whose objects are named [k]
for k ∈ Z, and whose morphisms from [n] to [k], where n, k ∈ Z, are monotone maps
α : Z⩾0 → Z⩾0 that satisfy (i)α = k − n + i for almost all i ∈ Z⩾0 [30, Def. 1.1.4]. He
shows that Kan’s group spectra coincide with contravariant functors from Z̃ to the category
of groups that satisfy a finiteness condition [30, Lem. 1.1.7].

We use Weilandt’s approach, in slightly different terms, to define stable simplicial groups.
We consider the prestable simplex category ∆± whose objects are [k]± = Z⩾0×{k} for k ∈ Z
and whose morphisms are monotone maps between those objects that satisfy the following
condition.

Let n, k ∈ Z. We say that a map u : [n]± → [k]± is eventually parallel, if there exists some
x0 ∈ Z⩾0 such that (x, n)u = (x− n+ k, k) for x ⩾ x0 ; cf. Definition 172.

We give some examples for morphisms in ∆± , i.e. for monotone and eventually parallel maps:

[-1]± [0]± [1]± [0]± [-2]± [-1]±

...
...

...
... (5, 1) (5, 1)

...
...

...

(4, -1) (4, 1) (4, 1) (4, 0)
... (4, -1)

(3, -1) (3, 1) (3, 1) (3, 0) (3, -2) (3, -1)

(2, -1) (2, 1) (2, 1) (2, 0) (2, -2) (2, -1)

(1, -1) (1, 1) (1, 1) (1, 0) (1, -2) (1, -1)

(0, -1) (0, 1) (0, 1) (0, 0) (0, -2) (0, -1)

u σ±
2 δ±0

We may consider ∆± as an extension of the simplex category ∆; cf. Lemma 191.

A functor G : (∆±)op → Grp is called a prestable simplicial group; cf. Definition 182. We
write PreStSimpGrp for the category of prestable simplicial groups.

A functor G : (∆±)op → Grp that satisfies the following finiteness condition (1) is called a
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0.3. THE STABLE CASE

stable simplicial group; cf. Definition 205.

(1) Let k ∈ Z. For g ∈ Gk , there exists some ℓ ∈ Z⩾0 such that gdj = 1 for j ⩾ ℓ.

We write StSimpGrp ⊆ PreStSimpGrp for the full subcategory of stable simplicial groups.

A stable simplicial group G has face maps dG,kj := (δ±j )G : Gk → Gk−1 and degeneracy maps

sG,ki := (σ±
i )G : Gk → Gk+1 for i, j ⩾ 0.

We may also regard a stable simplicial group G as a list of groups Gk for k ∈ Z together

with group morphisms dj := dG,kj : Gk → Gk−1 (face maps) and si := sG,ki : Gk → Gk+1

(degeneracy maps) between those groups, where i, j ⩾ 0, such that the usual simplicial
relations and the finiteness condition (1) are satisfied. This is the approach that Kan used.

. . . Gk
. . . G1 G0 G−1 . . .

dj dj dj dj dj dj

sisisisisisi

So, compared to an ordinary simplicial group, a stable simplicial group has groups Gk with
negative indices, it has infinitely many face maps dj and degeneracy maps si between two
groups, and it has to satisfy the additional finiteness condition (1).

For a stable simplicial group G, its Moore complex GN is given by the groups

GNk =
⋂
i⩾1

ker di P Gk

and the differentials ∂k = d0

∣∣GNk−1

GNk
for k ∈ Z.

GN =
(
. . .

∂4−→GN3
∂3−→GN2

∂2−→GN1
∂1−→GN0

∂0−→GN−1
∂−1−−→ . . .

)
Then, for k ∈ Z, the k-th homotopy group of G is defined as the k-th homology group of
GN:

Gπk := GNHk = ker ∂k/ im ∂k+1 .

For a prestable simplicial group G, we have the prestable simplicial subgroup Gfin ⩽ G,
where Gfin

k = {g ∈ Gk : g is finite}, for k ∈ Z. In fact, Gfin is a stable simplicial group.

Then the embedding functor I : StSimpGrp → PreStSimpGrp has a right-adjoint

Φ: PreStSimpGrp → StSimpGrp ,
(
G

φ−→ G̃
)
7→
(
Gfin φ fin

−−→ G̃fin
)
,
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where φ fin is the restriction of φ to Gfin and G̃fin .

StSimpGrp PreStSimpGrp
I

⊢

Φ

0.3.2 ⌊n,−∞⌋-stable simplicial groups and ⌊n, 0⌋-stable simplicial
groups

Let n ∈ Z. We consider the full subcategory ∆±
⌊n,−∞⌋ ⊆ ∆± , where the objects in ∆±

⌊n,−∞⌋
are given by [k]± for k ∈ Z⩽n .

A functor H : (∆⌊n,−∞⌋)
op → Grp is called a pre-⌊n,−∞⌋-prestable simplicial group; cf. Defi-

nition 226. We write Pre-⌊n,−∞⌋-PreStSimpGrp for the category of pre-⌊n,−∞⌋-prestable
simplicial groups.

A functor H : (∆⌊n,−∞⌋)
op → Grp that satisfies the following finiteness condition (1) and the

Conduché condition (2) is called an ⌊n,−∞⌋-stable simplicial group; cf. Definition 232.

(1) Let k ∈ Z⩽n . For h ∈ Hk , there exists some ℓ ∈ Z⩾0 such that hdj = 1 for j ⩾ ℓ.

(2) For I, J ⊆ Z⩾0 with I ∪ J = Z⩾0 , we have the trivial commutator[⋂
i∈I

ker di ,
⋂
j∈J

ker dj
]
= 1 ⩽ Hn .

We write ⌊n,−∞⌋-StSimpGrp for the category of ⌊n,−∞⌋-stable simplicial groups. Then
⌊n,−∞⌋-StSimpGrp ⊆ Pre-⌊n,−∞⌋-PreStSimpGrp is a full subcategory.

We may obtain an ⌊n,−∞⌋-stable simplicial group H by listing groups Hk for k ∈ Z⩽n and
group morphisms dj : Hk → Hk−1 and si : Hk → Hk+1 such that the simplicial relations, the
finiteness condition (1) and the Conduché condition (2) are satisfied.

Hn Hn−1 . . . H1 H0 H−1 . . .
dj dj dj dj dj dj

sisisisisisi

Moreover, we say that H ∈ Ob(⌊n,−∞⌋-StSimpGrp) is an ⌊n, 0⌋-stable simplicial group, if
we have Hk = 1 for k ∈ Z⩽−1 .

Hn Hn−1 . . . H1 H0 1 . . .
dj dj dj dj

sisisisi
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Then, the category ⌊n, 0⌋-StSimpGrp of ⌊n, 0⌋-stable simplicial groups is a full subcategory
of ⌊n,−∞⌋-StSimpGrp. In particular, we have the inclusion functor

Inc±,⌊n,0⌋ : ⌊n, 0⌋-StSimpGrp → ⌊n,−∞⌋-StSimpGrp ;

cf. Remark 312. For the homotopy groups of an ⌊n, 0⌋-stable simplicial group H, we have,
of course, Hπk = (H Inc±,⌊n,0⌋)πk for k ∈ Z.
This inclusion functor has a right-adjoint functor

Shrink±,⌊n,0⌋ : ⌊n,−∞⌋-StSimpGrp → ⌊n, 0⌋-StSimpGrp,

where, for H ∈ Ob(⌊n,−∞⌋-StSimpGrp), we have H Shrink±,⌊n,0⌋ ∈ Ob(⌊n, 0⌋-StSimpGrp)
defined as an ⌊n,−∞⌋-stable simplicial subgroup of H by

(H Shrink±,⌊n,0⌋)k :=


⋂

a∈∆± ([−1]±,[k]±)
a is injective

kerHa for k ∈ [0, n]

1 for k ∈ Z⩽−1 ;

cf. Remark 314. This functor also preserves the homotopy groups of H in the positions
k ∈ [0, n]: we have (H Shrink±,⌊n,0⌋)πk = Hπk for k ∈ [0, n]; cf. Lemma 317.

Proposition (Remark 313, Lemmas 317, 320). The functors Inc±,⌊n,0⌋ and Shrink±,⌊n,0⌋

are adjoint functors, where Inc±,⌊n,0⌋ is the left-adjoint and Shrink±,⌊n,0⌋ is the right-adjoint.
Both functors preserve homotopy groups in the sense mentioned above.

⌊n, 0⌋-StSimpGrp ⌊n,−∞⌋-StSimpGrp ⊆ Pre-⌊n,−∞⌋-PreStSimpGrp
Inc±,⌊n,0⌋

⊢

Shrink±,⌊n,0⌋

In the following, we shall use both ⌊n,−∞⌋-StSimpGrp and ⌊n, 0⌋-StSimpGrp.

We have the pair of adjoint functors Trunc±,⌊n,−∞⌋ ⊣ Cond±,⌊n,−∞⌋ between StSimpGrp and

⌊n,−∞⌋-StSimpGrp, similar to the pair of adjoint functors Trunc⌊n,0⌋ ⊣ Cond⌊n,0⌋ between
SimpGrp and ⌊n, 0⌋-SimpGrp in the ordinary case; cf. §0.2.5 and §0.3.5 below.

There is no analogue to the pair of adjoint functors Inc±,⌊n,0⌋ ⊣ Shrink±,⌊n,0⌋ between
⌊n,−∞⌋-StSimpGrp and ⌊n, 0⌋-StSimpGrp in the ordinary case, however.
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0.3.3 The functors Cut±,⌊n,−∞⌋,fin and Cosk±,⌊n,−∞⌋,fin

Let n ∈ Z. We aim to construct a pair of adjoint functors between the category of
stable simplicial groups StSimpGrp and the category of ⌊n,−∞⌋-stable simplicial groups
⌊n,−∞⌋-StSimpGrp that preserve homotopy groups; cf. §0.3.5 below. To that end, we pro-
ceed in a similar fashion to the ordinary case.

To begin with, we shall construct a pair of adjoint functors Cut±,⌊n,−∞⌋, fin ⊣ Cosk±,⌊n,−∞⌋, fin

between the category of stable simplicial groups StSimpGrp and the category of pre-⌊n,−∞⌋-
prestable simplicial groups Pre-⌊n,−∞⌋-PreStSimpGrp.

As an intermediate step, we consider the pair of adjoint functors Cut±,⌊n,−∞⌋ ⊣ Cosk±,⌊n,−∞⌋

between PreStSimpGrp and Pre-⌊n,−∞⌋-PreStSimpGrp that are similar in their construction

to Cut⌊n,0⌋ and Cosk⌊n,0⌋ in the ordinary case; cf. §0.2.3.

PreStSimpGrp Pre-⌊n,−∞⌋-PreStSimpGrp
Cut±,⌊n,−∞⌋

⊢

Cosk±,⌊n,−∞⌋

From a prestable simplicial group G we may obtain a pre-⌊n,−∞⌋-prestable simplicial group
GCut±,⌊n,−∞⌋ by restricting the functor G from (∆±)op to (∆±

⌊n,−∞⌋)
op . That is, for k ∈ Z⩽n ,

we let

(GCut±,⌊n,−∞⌋)k := Gk .

We obtain a functor Cut±,⌊n,−∞⌋ : PreStSimpGrp → Pre-⌊n,−∞⌋-PreStSimpGrp; cf. Remark 260.

G : . . . Gn+1 Gn Gn−1 . . . G0
. . .

GCut±,⌊n,−∞⌋ : Gn Gn−1 . . . G0
. . .

dj dj dj dj dj dj

dj dj dj dj

sisisisisisi

sisisisi

We construct the functor Cosk±,⌊n,−∞⌋ : Pre-⌊n,−∞⌋-PreStSimpGrp → PreStSimpGrp that is

right-adjoint to Cut±,⌊n,−∞⌋ using coherent tuples, defined similarly to the ordinary case; cf.
§0.2.3 and Lemmas 264, 270.
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For a pre-⌊n,−∞⌋-prestable simplicial group H and for k ∈ Z we let

(H Cosk±,⌊n,−∞⌋)k :=
{
(ha)a∈∆± ([n]±,[k]±) ∈

∏
a∈∆± ([n]±,[k]±)

Hn : (ha)a∈∆± ([n]±,[k]±) is coherent
}

⩽
∏

a∈∆± ([n]±,[k]±)

Hn .

For k ∈ Z⩽n , we note that we have a group isomorphism (H Cosk±,⌊n,−∞⌋)k
∼−→Hk ; cf.

Lemma 268.(1).

H : Hn Hn−1 . . . H0
. . .

dj dj dj dj

sisisisi

HCosk±,⌊n,−∞⌋ :

. . . (HCosk±,⌊n,−∞⌋)n+1 (HCosk±,⌊n,−∞⌋)n . . . (HCosk±,⌊n,−∞⌋)0 . . .

≃ . . . (HCosk±,⌊n,−∞⌋)n+1 Hn
. . . H0

. . .

dj dj dj dj dj

sisisisisi

dj dj dj dj dj

sisisisisi

Then Cut±,⌊n,−∞⌋ ⊣ Cosk±,⌊n,−∞⌋ . Moreover, we consider the pair of adjoint functors I ⊣ Φ;
cf. §0.3.1.

StSimpGrp PreStSimpGrp Pre-⌊n,−∞⌋-PreStSimpGrp
I

⊢

Φ

Cut±,⌊n,−∞⌋

⊢

Cosk±,⌊n,−∞⌋

We let

Cut±,⌊n,−∞⌋, fin := I ∗ Cut±,⌊n,−∞⌋ : StSimpGrp → Pre-⌊n,−∞⌋-PreStSimpGrp

Cosk±,⌊n,−∞⌋, fin := Cosk±,⌊n,−∞⌋ ∗Φ: Pre-⌊n,−∞⌋-PreStSimpGrp → StSimpGrp .

Then we have the pair of adjoint functors Cut±,⌊n,−∞⌋,fin ⊣ Cosk±,⌊n,−∞⌋, fin .

StSimpGrp Pre-⌊n,−∞⌋-PreStSimpGrp
Cut±,⌊n,−∞⌋, fin

⊢

Cosk±,⌊n,−∞⌋, fin
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0.3.4 The degenerate subgroup GDn+1

of an ⌊n,−∞⌋-coskeletal stable simplicial group G

Let n ∈ Z. We shall introduce the notion of an ⌊n,−∞⌋-coskeletal stable simplicial group
in order to define the degenerate subgroup

(H Cosk±,⌊n,−∞⌋,fin)Dn+1 ⩽ (H Cosk±,⌊n,−∞⌋, fin)n+1

that is needed for the construction of the functor Cond±,⌊n,−∞⌋; cf. §0.3.5 below.

We say that a stable simplicial group G is ⌊n,−∞⌋-coskeletal if it satisfies the following
properties (1) and (2); cf. Definition 275.

(1) We have
⋂
k⩾0

ker dk = 1 ⩽ Gn+1 .

(2) For I, J ⊆ Z⩾0 with I ∪ J = Z⩾0 , we have
[ ⋂
i∈I

ker di ,
⋂
j∈J

ker dj
]
= 1 ⩽ Gn .

Then, as intended, for a pre-⌊n,−∞⌋-prestable simplicial group H, the stable simplicial
group
H Cosk±,⌊n,−∞⌋,fin is ⌊n,−∞⌋-coskeletal; cf. Remark 277.

Let G be an ⌊n,−∞⌋-coskeletal stable simplicial group. We give an account of the construc-
tion of the degenerate subgroup GDn+1 . We may decompose the group Gn+1 as a product
of subgroups in the form

Gn+1 =
∏

i∈⌋∞,0⌋

( ⋂
j⩾i+1

ker dj
)
si ·GNn+1

= . . . ·
(⋂
j⩾3

ker dj
)
s2 ·
(⋂
j⩾2

ker dj
)
s1 ·
(⋂
j⩾1

ker dj
)
s0 ·GNn+1 ;

cf. §13.2. We consider the subset

GDn+1 :=
∏

i∈⌋∞,0⌋

( ⋂
j⩾i+1

ker dj
)
si = . . .·

(⋂
j⩾3

ker dj
)
s2 ·
(⋂
j⩾2

ker dj
)
s1 ·
(⋂
j⩾1

ker dj
)
s0 ⊆ Gn+1

that we obtain by omitting the Moore complex term GNn+1 in the decomposition of Gn+1

given above. In order to show that GDn+1 is a subgroup of Gn+1 , we use the décalage
functor Dec± and the ordinarification functorOrd to relate it back to the ordinary case; cf.
Lemma 287.

xxx



0.3. THE STABLE CASE

We call GDn+1 the degenerate subgroup of Gn+1 .

For example, for n = 1, we have

G2 = . . . ·
( ⋂
j⩾3

ker dj
)
s2 ·
( ⋂
j⩾2

ker dj
)
s1 ·
( ⋂
j⩾1

ker dj
)
s0 ·GN2

GD2 = . . . ·
( ⋂
j⩾3

ker dj
)
s2 ·
( ⋂
j⩾2

ker dj
)
s1 ·
( ⋂
j⩾1

ker dj
)
s0 ⩽ G2 .

For n = 2, we have

G3 = . . . ·
( ⋂
j⩾3

ker dj
)
s2 ·
( ⋂
j⩾2

ker dj
)
s1 ·
( ⋂
j⩾1

ker dj
)
s0 ·GN3

GD3 = . . . ·
( ⋂
j⩾3

ker dj
)
s2 ·
( ⋂
j⩾2

ker dj
)
s1 ·
( ⋂
j⩾1

ker dj
)
s0 ⩽ G3 .

In particular, for an ⌊n,−∞⌋-stable simplicial group H, we have the degenerate subgroup

(H Cosk±,⌊n,−∞⌋, fin)Dn+1 ⩽ (H Cosk±,⌊n,−∞⌋, fin)n+1 .

0.3.5 The functors Trunc±,⌊n,−∞⌋ and Cond±,⌊n,−∞⌋

Let n ∈ Z. We have the pair of adjoint functors Cut±,⌊n,−∞⌋,fin ⊣ Cosk±,⌊n,−∞⌋, fin between
StSimpGrp and Pre-⌊n,−∞⌋-PreStSimpGrp; cf. §0.3.3.

Based on Cut±,⌊n,−∞⌋, fin and Cosk±,⌊n,−∞⌋, fin, and using the functors Trunc⌊n,0⌋ and Cond⌊n,0⌋

from the ordinary case as a blueprint, we shall construct the pair of adjoint functors
Trunc±,⌊n,−∞⌋ ⊣ Cond±,⌊n,−∞⌋ between StSimpGrp and ⌊n,−∞⌋-StSimpGrp.
For a stable simplicial group G, let GNBn := (GNn+1)d0 P Gn . We have the ⌊n,−∞⌋-
simplicial group GTrunc±,⌊n,−∞⌋, where

(GTrunc±,⌊n,−∞⌋)k =

{
Gn/GNBn for k = n

Gk for k ∈ Z⩽n−1 .
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This yields the functor Trunc±,⌊n,−∞⌋ : StSimpGrp → ⌊n,−∞⌋-StSimpGrp.

G : . . . Gn+1 Gn Gn−1 . . . G0
. . .

GTrunc±,⌊n,−∞⌋ : Gn/GNBn Gn−1 . . . G0
. . .

dj dj dj dj dj dj

dj dj dj dj

sisisisisisi

sisisisi

This functor Trunc±,⌊n,−∞⌋ has also similar properties to the truncation functor from the
ordinary case. Namely, it preserves the homotopy groups of G in the positions k ∈ Z⩽n , i.e.
we have group isomorphisms (GTrunc±,⌊n,−∞⌋)πk

∼−→Gπk for k ∈ Z⩽n ; cf. Lemma 293.

Moreover, Trunc±,⌊n,−∞⌋ has a right-adjoint functor

Cond±,⌊n,−∞⌋ : ⌊n,−∞⌋-StSimpGrp → StSimpGrp

whose construction proceeds as follows.

Let H be a pre-⌊n,−∞⌋-prestable simplicial group. We consider the stable simplicial group

H̃ := H Cosk±,⌊n,−∞⌋, fin and the degenerate subgroup

H̃Dn+1 = (H Cosk±,⌊n,−∞⌋, fin)Dn+1 ⩽ (H Cosk±,⌊n,−∞⌋, fin)n+1 = H̃n+1 ;

cf. Lemma 287. Then we have the stable simplicial subgroup

H Cond±,⌊n,−∞⌋ ⩽ H̃ = H Cosk⌊n,−∞⌋ ,

where

(H Cond±,⌊n,−∞⌋)k :=


H̃k for k ∈ Z⩽n

H̃Dn+1 for k = n+ 1⋂
a∈∆± ([n+1]±,[k]±)

a is injective

H̃−1
a (H̃Dn+1) for k ∈ Z⩾n+2 .

Note that H̃k ≃ Hk for k ⩽ n.

This yields the functor Cond±,⌊n,−∞⌋ : ⌊n,−∞⌋-StSimpGrp → StSimpGrp.
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H : Hn Hn−1 . . .
dj dj

sisi

H Cond±,⌊n,−∞⌋ : . . .
⋂
a

H̃−1
a (H̃Dn+1) H̃Dn+1 H̃n H̃n−1

. . .

≃ . . .
⋂
a

H̃−1
a (H̃Dn+1) H̃Dn+1 Hn Hn−1

. . .

dj dj dj dj dj

sisisisisi

dj dj dj dj dj

sisisisisi

Also, this functor Cond±,⌊n,−∞⌋ preserves the homotopy groups in the positions k ∈ Z, i.e. we
have group isomorphisms (H Cond±,⌊n,−∞⌋)πk

∼−→Hπk for k ∈ Z. These groups are trivial
if k ⩾ n+ 1.

So we obtain the following result.

Proposition (Theorem 302, Lemma 306). The functors Trunc±,⌊n,−∞⌋ and Cond±,⌊n,−∞⌋

are adjoint functors, where Trunc±,⌊n,−∞⌋ is the left-adjoint and Cond±,⌊n,−∞⌋ is the right-
adjoint. Both functors respect homotopy groups in the sense mentioned above.

StSimpGrp ⌊n,−∞⌋-StSimpGrp
Trunc±,⌊n,−∞⌋

⊢

Cond±,⌊n,−∞⌋

Altogether, for n ∈ Z, we have the following situation.

StSimpGrp ⌊n,−∞⌋-StSimpGrp ⌊n, 0⌋-StSimpGrp
Trunc±,⌊n,−∞⌋

⊢

Cond±,⌊n,−∞⌋

Shrink±,⌊n,0⌋

⊣

Inc±,⌊n,0⌋

0.3.6 Stable crossed modules and symmetric monoidal categories

We want to consider the relations between stable crossed modules, 2-crossed modules and
symmetric monoidal categories.
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D. Conduché has introduced the notion of a stable crossed module [7, Déf. 3.1]. A stable
crossed module S = (M , B , κ , f) consists of two groups M and B , a group morphism
f : M → B and a map κ : B × B → M , (b, c) 7→ (b, c)κ =: Tb, cU that satisfy the following
conditions (SCM1–4).

(SCM1) For b, c ∈ B, we have Tb, cU = Tc, bU− .

(SCM2) For b, c ∈ B, we have Tb, cUf = [b, c] .

(SCM3) For m, n ∈ M, we have Tmf, nfU = [m,n] .

(SCM4) For a, b, c ∈ B, we have Ta, b · cU = Ta, bU · Tab, cU .

The Conduché bracket T−, =U plays the role of a commutator of elements in B with values
in M, so to speak.

A stable crossed module S is also a crossed module, using the action
mb := m · Tmf, bU ∈ M, where m ∈ M, b ∈ B; cf. Lemma 327 and §0.3.8 below.

There is a connection to 2-crossed modules, as introduced by Conduché. A 2-crossed module
consists of three groups L, M , N , group morphisms L → M → N , actions of N on M and
L, and a bracket {− ,=} : M ×M → L that satisfy a list of conditions [7, Déf. 2.2, (2.9)].

If we additionally impose the symmetry condition

{b, c}{c, b} = 1 for b, c ∈M

on the bracket, then a 2-crossed module L → M → 1 is a stable crossed module [7,
(2.9),(3.9)].

By a symmetric monoidal category we understand an invertible monoidal category C to-
gether with a symmetric braiding φ = (φX,Y )X,Y ∈Ob(C), where φX,Y : X ⊗ Y

∼−→Y ⊗X is an
isomorphism, natural in X and Y , that satisfies the following conditions (SB1–3).

(SB1) For X, Y ∈ Ob(C), we have φX,Y ▲φY,X = idX⊗Y .

(SB2) We have φI,I = idI .

(SB3) For X, Y , Z ∈ Ob(C), we have φX⊗Y,Z = (X ⊗ φY,Z) ▲ (φX,Z ⊗ Y ) .
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X ⊗ Y ⊗ Z Z ⊗X ⊗ Y

X ⊗ Z ⊗ Y

φX⊗Y,Z

X ⊗ φY,Z φX,Z ⊗ Y

We have a correspondence between stable crossed modules and symmetric monoidal cate-
gories. This fact was already known to M. Bullejos, P. Carrasco, A.M. Cegarra [5, p. 164,
l. 24–28].

We carry out the details in §19.4: We show that the category of stable crossed modules and
the category of symmetric monoidal categories are equivalent; cf. Proposition 424.

StCr Mod SymMonCat
SymCat

∼
StCM

Altogether, we have the following correspondence.

2-crossed modules
L→M → 1
with a
symmetry condition

stable
crossed modules

symmetric
monoidal
categories

∼ ∼

A. Joyal and R. Street [15, Rem. 3.1] show that a crossed module V = (M , B , γ , f)
together with a bracket {− , =} : B × B → M that satisfies certain conditions corresponds
to an invertible monoidal category C with a braiding (φX,Y )X,Y ∈Ob(C) that satisfies (SB2–3).

An earlier variant of this construction can be found in [14, Section 2, Ex. 4].

A version of such a crossed module with a bracket can also be obtained from a 2-crossed
module L→ M → N by letting N = 1 [7, Déf. 2.2, (2.9)]. It also appears under the name
reduced 2-crossed module in [2, §6].

0.3.7 The equivalent categories of ⌊1, 0⌋-stable simplicial groups
and stable crossed modules

Let n = 1. Then the category of ⌊1, 0⌋-stable simplicial groups is equivalent to the category
of stable crossed modules. We shall sketch a construction of this equivalence.
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Let G be a ⌊1, 0⌋-stable simplicial group.

G1 G0 1 1 . . .
dj

si

Recall that GN1 =
⋂
j⩾1

ker dj P G1 . We obtain the stable crossed module

GN̂± =
(
GN1 , G0 , κ, d0

∣∣
GN1

)
together with the Conduché bracket

κ : G0 ×G0 → GN1 , (b, c) 7→ Tb, cU = (b−s0)
cs1 · (bs0)cs0 ;

cf. Remark 395. This yields the functor N̂± : ⌊1, 0⌋-StSimpGrp → StCr Mod ; cf. Lemma 397.

In turn, for a stable crossed module S = (M , B , κ , f), we obtain the ⌊1, 0⌋-stable simplicial
group S Rec± as follows.

S Rec± : H∞ B 1 1 . . .
dj

si

Here, the group H∞ may be regarded as an infinitely iterated semidirect product

H∞ = . . .⋉ B⋉ B⋉ B⋉M .

More precisely, the group H∞ is constructed as follows. First, we construct the (n+ 1)-fold
iterated semidirect product

Hn = B⋉ B⋉ . . .⋉ B︸ ︷︷ ︸
(n+ 1)-times

⋉M ,

using the Conduché bracket of S; cf. §17.1.1.

We consider the colimit lim
−→
n

Hn of the systems of groups
(
(Hn)n∈Z⩾−1

, (ιi,j)−1⩽i⩽j

)
, where

ιi,j : Hi → Hj is the embedding morphism.

We consider the set

H∞ :=
{
(. . . , b3 , b2 , b1 , b0 ,m) ∈

( ∏
i∈Z⩾0

B
)
×M: ∃k ∈ Z⩾0 with bℓ = 1 for ℓ ⩾ k

}
⊆

( ∏
i∈Z⩾0

B
)
×M = . . .× B× B× B×M .
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0.3. THE STABLE CASE

We have a bijection lim
−→
n

Hn
∼−→H∞ . Then, by transport of structure along this bijection,

H∞ becomes a group.

The formula for the multiplication in H∞ is given in Proposition 361.

Moreover, we have the group morphisms

d0 : H∞ → B , (. . ., b2 , b1 , b0 ,m) 7→ b0 ·mf

dj : H∞ → B , (. . . , bj︸︷︷︸
pos. j

, bj−1︸︷︷︸
pos. j-1

, . . . , b2 , b1 , b0︸︷︷︸
pos. 0

, m︸︷︷︸
pos. -1

) 7→ bj · bj−1

si : B→ H∞ , b 7→ (. . . , 1 , b︸︷︷︸
pos. i

, 1 , . . . , 1︸︷︷︸
pos. 0

, 1︸︷︷︸
pos. -1

) ,

for j ∈ Z⩾1 and i ∈ Z⩾0 ; cf. Remark 398. This yields the functor

Rec± : StCr Mod → ⌊1, 0⌋-StSimpGrp;

cf. Lemma 400. We obtain the following proposition.

Proposition (Proposition 405). We have an equivalence between the category of ⌊1, 0⌋-stable
simplicial groups and the category of stable crossed modules via the functors N̂± and Rec±.

⌊1, 0⌋-StSimpGrp StCr Mod
N̂±

∼
Rec±

Altogether, for n = 1, the situation in the stable case can be displayed as follows.

StSimpGrp ⌊1,−∞⌋-StSimpGrp ⌊1, 0⌋-StSimpGrp StCr Mod SymMonCat
Trunc±,⌊1,−∞⌋

⊢

Cond±,⌊1,−∞⌋

Shrink±,⌊1,0⌋

⊣

Inc±,⌊1,0⌋

N̂±

∼
Rec±

SymCat

∼
StCM

0.3.8 The ordinarification functors

We consider the categories StSimpGrp, StCr Mod and SymMonCat . Recall that we have the
following functors between these categories; cf. §0.3.6, §0.3.7.

StSimpGrp StCr Mod SymMonCatTrunc±,⌊1,−∞⌋ ∗ Shrink±,⌊1,0⌋ ∗ N̂±
SymCat

∼
StCM

xxxvii



INTRODUCTION

Recall that we have the following functors between their ordinary counterparts; cf. §0.2.7,
§0.2.5.

SimpGrp Cr Mod InvMonCatTrunc⌊1,0⌋ ∗ N̂
Cat

∼
CM

We aim to construct ordinarification functors from the former categories to the latter that
are compatible with the above-mentioned functors.

We have the functorOrdcat : SymMonCat → InvMonCat given as follows; cf. Remark 425.

For a symmetric monoidal category C = (C, I,⊗, φ) ∈ Ob(SymMonCat ), we have the inver-
tible monoidal category COrdcat = (C, I,⊗) ∈ Ob(InvMonCat ) that we obtain by omitting
the symmetric braiding φ.

We have the functorOrdmod : StCr Mod → Cr Mod given as follows; cf. Lemma 329.

For a stable crossed module S = (M , B , κ , f) ∈ Ob(StCr Mod ), we have the crossed module
SOrdmod =

(
M ,B ,γ , f

)
∈ Ob(Cr Mod ) , with the action

γ : B→ Aut(M) , b 7→
(
m 7→ mb := m · Tmf, bU

)
.

We have the functorOrd: StSimpGrp → SimpGrp given as follows; cf. Lemma 221.

For a stable simplicial group G ∈ Ob(StSimpGrp), we have the simplicial group
GOrd ∈ Ob(SimpGrp), where

(GOrd)k :=
( ⋂
i⩾k+1

ker di

)
∩ ker

( Gk
∏G−1

i∈⌊k,0⌋

d0

)
=
( ⋂
i⩾k+1

ker di

)
∩ ker(d0 ▲ d0 ▲ . . . ▲ d0︸ ︷︷ ︸

:Gk→G−1

)

for k ∈ Z⩾0 . Moreover, this functor has the property that (GOrd)πk ≃ Gπk for i ∈ Z⩾0 ,
whereOrd preserves quasi-isomorphisms; cf. Lemma 224.

Proposition (Lemmas 426, 434). The following diagram is commutative.

StSimpGrp StCr Mod SymMonCat

SimpGrp Cr Mod InvMonCat

Trunc±,⌊1,−∞⌋ ∗Shrink±,⌊1,0⌋ ∗ N̂±
SymCat

∼
StCM

Trunc⌊1,0⌋ ∗ N̂

Cat

∼
CM

Ord Ordmod Ordcat
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0.3.9 Questions

(1) One may ask whether there exists a left adjoint to the functorOrd. If so, can this left
adjoint be considered as a stabilisation functor from SimpGrp to StSimpGrp?

(2) Let n, m ∈ Z⩾0 with m ⩽ n.

We consider the category of simplicial groups SimpGrp and the category of stable
simplicial groups StSimpGrp.

Let SimpGrp⌊n,m⌋ be the full subcategory in SimpGrp of simplicial groups G having

GNi = 1 for i ∈ Z⩾0\[m,n] . Similarly, let StSimpGrp⌊n,m⌋ be the full subcategory in
StSimpGrp of stable simplicial groups G having GNi = 1 for i ∈ Z\[m,n].

We have the restrictionOrd⌊n,m⌋ :=Ord
∣∣SimpGrp⌊n,m⌋

StSimpGrp⌊n,m⌋ : StSimpGrp⌊n,m⌋ → SimpGrp⌊n,m⌋ ;

cf. Lemma 222.

Given m ⩾ 0, the question arises for which values of n ⩾ m the functorOrd⌊n,m⌋ is an
equivalence.

StSimpGrp⌊n,m⌋ StSimpGrp

SimpGrp⌊n,m⌋ SimpGrp

Ord⌊n,m⌋ Ord

(2a) Let m = 2 and n = 3. In [7, Th. 3.4] Conduché shows that the categories SimpGrp⌊3,2⌋

and StCr Mod are equivalent. In Proposition 405, we show that the categories StCr Mod
and ⌊1, 0⌋-StSimpGrp are equivalent.

For an ⌊1, 0⌋-stable simplicial group H, we may use the décalage functor Dec±,2 to
obtain (H Cond⌊1,0⌋)Dec±,2 ∈ Ob(StSimpGrp⌊3,2⌋); cf. Remark 197.

In turn, for a stable simplicial group G ∈ Ob(StSimpGrp⌊3,2⌋), we obtain the ⌊1, 0⌋-
stable simplicial group (GDec±,−2) Trunc±,⌊1,0⌋ ∈ Ob(⌊1, 0⌋-StSimpGrp).

In this way, we may obtain an equivalence between ⌊1, 0⌋-StSimpGrp and StSimpGrp⌊3,2⌋.

Altogether, SimpGrp⌊3,2⌋ is equivalent to ⌊1, 0⌋-StSimpGrp, which in turn is equivalent

to StSimpGrp⌊3,2⌋ .
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Therefore, the question arises: Is Ord⌊3,2⌋ an equivalence between StSimpGrp⌊3,2⌋ and

SimpGrp⌊3,2⌋?

(2b) Let m ⩾ 1 and n = 2m− 1. Let X, Y be CW-complexes of dimension ⩽ 2m. Suppose
that X and Y are m-connected. We write Ho(CW ) for the homotopy category of CW-
complexes. We consider Ho(CW )(X, Y ), the set of morphisms from X to Y in Ho(CW ).

We write StHoSW(CW ) for the Spanier-Whitehead category [25, §4]. We consider

StHoSW(CW )(X, Y ), the set of morphisms from X to Y in StHoSW(CW ).

Then the generalized Freudenthal suspension theorem implies that the canonical map

Ho(CW )(X, Y )→ StHoSW(CW )(X, Y )

is bijective [24, §8.5, Thm. 11].

So the functor from the homotopy category Ho(CW ) to the Spanier-Whitehead ca-
tegory StHoSW(CW ) becomes fully faithful after restriction to the full subcategory
Ho(CW )⌊2m,m+1⌋ of m-connected CW-complexes of dimension ⩽ 2m. Hence, it yields
an equivalence to its full image,

Ho(CW )⌊2m,m+1⌋ ∼−→ StHoSW(CW )⌊2m,m+1⌋ ⊆ StHo(CW ) .

In the case m = 2, we obtain

Ho(CW )⌊4,3⌋
∼−→ StHoSW(CW )⌊4,3⌋ .

This is to be compared with the equivalence between SimpGrp⌊3,2⌋ and StSimpGrp⌊3,2⌋ .
Note that passing from CW-complexes to simplicial groups entails a shift by one in
the indexing of the homotopy groups.

In the case m = 3, we obtain

Ho(CW )⌊6,4⌋
∼−→ StHoSW(CW )⌊6,4⌋ .

Gurski, Johnson and Osorno use this in the case m = 3 in [13, §1.1] to state an
equivalence of homotopy theories between stable 2-types and 3-connected unstable
6-types.

Taking the shift in the indexing of the homotopy groups into account one might ask:
IsOrd⌊5,3⌋ an equivalence between StSimpGrp⌊5,3⌋ and SimpGrp⌊5,3⌋ ?

(2c) Or more generally, givenm ⩾ 1, is Ord⌊2m−1,m⌋ an equivalence between StSimpGrp⌊2m−1,m⌋

and SimpGrp⌊2m−1,m⌋ .
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Chapter 1

Prologue

1.1 Conventions

1.1.1 Sets

1. Let M be a set. Let I ⊆ M be a subset. We say that I is a cofinite subset in M if
M\I is finite.

2. Let Z be the set of integers.

Let N = {n ∈ Z : 0 ⩽ n} be the set of natural numbers.

3. For a, b ∈ Z with a ⩽ b, let [a, b] := {z ∈ Z : a ⩽ z ⩽ b}.

4. Let a ∈ Z. We let +∞ + a = +∞ and −∞ + a = −∞ , if it occurs as an interval
bound.

5. Let a ∈ Z ∪ {−∞}. We write Z⩾a := {z ∈ Z : z ⩾ a}. In particular, Z⩾−∞ = Z.
Sometimes, we also write [a,+∞] := Z⩾a .

Let a ∈ Z ∪ {+∞}. We write Z⩽a := {z ∈ Z : z ⩽ a}. In particular, Z⩽+∞ = Z.
Sometimes, we also write [−∞, a] := Z⩽a .

6. Let M be a set. We write P(M) := {I : I ⊆M} for the power set of M .



CHAPTER 1. PROLOGUE

7. For a statement A, we have

χA :=

{
1 if A is true

0 if A is false .

8. Let X, Y be sets. For a map u : X → Y , we write coimu = Y \ imu for the coimage
of u.

9. Let X be a set. Suppose given subsets A, B ⊆ X.

We write A
•

∪ B := A ∪ B to indicate that A ∩ B = ∅, i.e. to indicate that we have
disjoint union of the subsets A, B ⊆ X.

1.1.2 Groups

Suppose given groups G, H and M .

1. For x ∈ G, we write x− for the inverse of x.

2. For x, y ∈ G, we write xy := y− · x · y for the conjugate of x by y.

3. For x, y ∈ G, we write [x, y] := x− · y− · x · y for the commutator of x and y.

4. We write G(1) :=
〈
[x, y] : x, y ∈ G

〉
for the commutator subgroup of G.

5. We have the group morphism

! : G→ H , g 7→ 1 .

6. Let H ⩽ G be a subgroup. We have the embedding morphism

ιH,G := idG
∣∣
H
: H → G , h 7→ h .

7. An action of G on M is a group morphism G→ Aut(M).

8. Suppose given an action γ : G→ Aut(M) . We have the semidirect product

G⋉γ M =
{
(b,m) : b ∈ B ,m ∈M

}
.

For b ∈ B and m ∈M , we write mb := m(bγ) ∈M .

The multiplication in B ⋉γ M is given as follows.

For b, c ∈ B and m, n ∈M , we have

(b,m) · (c, n) = (b · c,mb · n) .

2
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9. In a group, we need a formalism for products that takes the order of the factors under
consideration.

Suppose given gi ∈ G for i ∈ Z. Suppose given a, b, c ∈ Z.

9.1. We write ∏
j∈⌈a,a⌉

gj := ga .

For b ∈ Z⩾a+1 , we write ∏
j∈⌈a,b⌉

gj :=
( ∏
j∈⌈a,b−1⌉

gj
)
· gb .

So, for a, b ∈ Z with b ⩾ a+ 1, we have∏
j∈⌈a,b⌉

gj = ga · ga+1 · . . . · gb−1 · gb .

Moreover, we write ∏
j∈⌊a,a⌋

gj := ga .

For c ∈ Z⩽a−1 , we write ∏
j∈⌊a,c⌋

gj :=
( ∏
j∈⌊a,c+1⌋

gj
)
· gc .

So, for a, c ∈ Z with c ⩽ a− 1, we have∏
j∈⌊a,c⌋

gj = ga · ga−1 · . . . · gc+1 · gc .

9.2. For c ∈ Z⩽a , we write∏
i∈⌋a,c⌋

gi :=
∏

i∈⌊a−1,c⌋

gi and
∏

i∈⌊a,c⌊

gi :=
∏

i∈⌊a,c+1⌋

gi .

For b ∈ Z⩾a , we write∏
i∈⌉a,b⌉

gi :=
∏

i∈⌈a+1,b⌉

gi and
∏

i∈⌈a,b⌈

gi :=
∏

i∈⌈a,b−1⌉

gi .

3
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9.3. We write

∏
j∈⌈a,b⌉

gj :=



∏
j∈⌈a,b⌉

gj if a ⩽ b

1G if a = b+ 1∏
j∈⌊a−1,b+1⌋

g−j if a ⩾ b+ 2

=


ga · ga+1 · . . . · gb if a ⩽ b

1G if a = b+ 1

g−a−1 · g−a−2 · . . . · g−b+1 if a ⩾ b+ 2 .

Moreover, we write

∏
j∈⌊b,a⌋

gj :=



∏
j∈⌊b,a⌋

gj if b ⩾ a

1G if b = a− 1∏
j∈⌈b+1,a−1⌉

g−j if b ⩽ a− 2 .

=


gb · gb−1 · . . . · ga if b ⩾ a

1G if b = a− 1

g−b+1 · g
−
b+1. . . · g

−
a−1 if b ⩽ a− 2 .

Then( ∏
j∈⌊b,a⌋

gj

)
· ga−1 =

∏
j∈⌊b,a−1⌋

gj and
( ∏
j∈⌈a,b⌉

gj

)
· gb+1 =

∏
j∈⌈a,b+1⌉

gj .

9.4. Suppose that we may choose some ℓ ∈ Z⩾a such that gj = 1 for j ∈ Z⩾ℓ+1 .

We write ∏
i∈⌈a,∞⌈

gi :=
∏

i∈⌈a,ℓ⌉

gi = ga · ga+1 · . . . · gℓ−1 · gℓ · 1 · 1 · . . . .

We write ∏
i∈⌋∞,a⌋

gi :=
∏

i∈⌊ℓ,a⌋

gi = . . . · 1 · 1 · gℓ · gℓ−1 · . . . · ga+1 · ga .

9.5. Let c ⩽ a ⩽ b. Suppose given I ⊆ Z . The set I can be given implicitly by a
condition defining I.

4
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We write ∏
i∈⌈a,b⌉
i∈I

gi := gi1 · gi2 · . . . · gis ,

where {i1 , i2 , . . . , is} = [a, b] ∩ I such that i1 < i2 < · · · < is .

We write ∏
i∈⌊a,c⌋
i∈I

gi := git · git−1 · . . . · gi1 ,

where {i1 , i2 , . . . , it} = [c, a] ∩ I such that i1 < i2 < · · · < it .

10. Suppose given subgroups Ui ⩽ G for i ∈ Z. Suppose given a, b, c ∈ Z.

10.1. We write ∏
j∈⌈a,a⌉

Uj := Ua ⩽ G .

For b ∈ Z⩾a+1 , we write∏
j∈⌈a,b⌉

Gj :=
( ∏
j∈⌈a,b−1⌉

Uj
)
· Ub ⊆ G .

So, for a, b ∈ Z with b ⩾ a+ 1, we have∏
j∈⌈a,b⌉

Uj = Ua · Ua+1 · . . . · Ub−1 · Ub ⊆ G .

Moreover, we write ∏
j∈⌈a,a−1⌉

Uj := 1 ⩽ G

for the trivial subgroup.

We write ∏
j∈⌊a,a⌋

Uj := Ua ⩽ G .

For c ∈ Z⩽a−1 , we write∏
j∈⌊a,c⌋

Uj :=
( ∏
j∈⌊a,c+1⌋

Uj
)
· Uc ⊆ G .

5
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So, for a, c ∈ Z with c ⩽ a− 1, we have∏
j∈⌊a,c⌋

Uj = Ua · Ua−1 · . . . · Uc+1 · Uc ⊆ G .

Moreover, we write ∏
j∈⌊a−1,a⌋

Uj := 1 ⩽ G

for the trivial subgroup.

10.2. We write∏
i∈⌈a,∞⌈

Ui :=
{ ∏
i∈⌈a,∞⌈

ui : ui ∈ Ui , there exists ℓ ∈ Z⩽a with ui = 1 for i ∈ Z⩾ℓ+1

}
=

{ ∏
i∈⌈a,ℓ⌉

ui : ui ∈ Ui , ℓ ∈ Z⩽a

}
.

and we write∏
i∈⌋∞,a⌋

Ui :=
{ ∏
i∈⌋∞,a⌋

ui : ui ∈ Ui , there exists ℓ ∈ Z⩾a with ui = 1 for i ∈ Z⩾ℓ+1

}
=

{ ∏
i∈⌊ℓ,a⌋

ui : ui ∈ Ui , ℓ ∈ Z⩾a

}
.

11. Suppose given posets (A,⩽) and (B,⩽). Then the product order on the cartesian
product A×B is given as follows.

For (a, b), (ã, b̃) ∈ A×B, we have

(a, b) ⩽ (ã, b̃) :⇔ (a ⩽ ã) ∧ (b ⩽ b̃) .

1.1.3 Categories

Let A, C, D be a categories.

1. By a category C, we understand a small category (with respect to a given universe).
I.e. we stipulate that Ob(C) and Mor(C) are sets.

2. By writing X
u−→Y

v−→Z in C , we implicitly suppose given objects X, Y , Z ∈ Ob(C),
a morphism u ∈ Mor(C) with start object X and target object Y , and a morphism
v ∈ Mor(C) with start object Y and target object Z.

For their composite, we write X
u▲v−−→ Z. We pronounce u ▲ v as ‘u comp v’.

6
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To use the symbol ( ▲ ) was introduced to be able to distinguish composition and multi-
plication. The symbol ( ▲ ) should remind of a commutative triangle.

Y

X Z

u

u ▲ v

v

3. For X ∈ Ob(C), sometimes we write id := idX for the identity morphism.

4. Let n ∈ N. Suppose given Xi
ui−→Xi+1 in C for i ∈ [0, n].

X0
u0−→X1

u1−→X2
u2−→ . . .

un−→Xn+1

Sometimes, we write
X0
∏Xn+1

i∈⌈0,n⌉

ui := u0 ▲ u1 ▲ . . . ▲ un

for their composite.

Let n ∈ N. Suppose given Yj+1
vj−→Yj in C for j ∈ [0, n].

Yn+1
vn−→Yn

vn−1−−→ Yn−1
vn−2−−→ . . .

v0−→Y0

Sometimes, we write
Yn+1

∏Y0

j∈⌊n,0⌋

vj := vn ▲ vn−1 ▲ . . . ▲ v0

for their composite.

For X ∈ Ob(C), we have
X∏X

i∈∅

= idX .

5. A functor from C to D is given by F := (Mor(F ) ,Ob(F )) where

Ob(F ) : Ob(C)→ Ob(D) and Mor(F ) : Mor(C)→ Mor(D) .

A functor is required to satisfy

us Ob(F ) = uMor(F ) s
ut Ob(F ) = uMor(F ) t

Xi Mor(F ) = X Ob(F ) i

7
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for u ∈ Mor(C), X ∈ Ob(C), and
(u ▲ v)Mor(F ) = uMor(F ) ▲ vMor(F ) ,

for X
u−→Y

v−→Z in C.

For X ∈ Ob(C), we write XF := X Ob(F ) ∈ Ob(D). For u ∈ Mor(C), we write
uF := uMor(F ) ∈ Mor(D).

6. For functors F : C → D, G : D → E , we often write F ∗ G := FG : C → E for their
composite.

7. A functor F : C → D is called isofunctor from C to D if there exist a functor G : D → C
such that F ∗G = idC and G ∗ F = idD hold. Then we write F− := G.

A functor F is an isofunctor if and only if Ob(F ) and Mor(F ) are bijective.

If C = D then an isofunctor F : C → C is called an autofunctor.

8. Suppose given functors F , F ′ : C → D.

A transformation F
a−→F ′ is a tuple a =

(
F, (Xa)X∈Ob(C) , F

′), where XF Xa−→XF ′ in
D, such that the diagram

XF XF ′

Y F Y F ′

Xa

uF

Y a

uF ′

commutes for X
u−→Y in C. We often write just a = (Xa)X∈Ob(C).

F

C D

F ′

a

8
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9. Suppose given functors F , F ′, F ′′ : C → D and G, G′, G′′ : D → E . Suppose given

transformations F
a−→F ′ a′−→F ′′ and G

b−→G′ b′−→G′′.

F G

C F ′ D G′ E

F ′′ G′′

a

a′

b

b′

We write
a ▲ a′ :=

(
XF

Xa ▲ Xa′−−−−−→ XF ′′)
X∈Ob(C) : F → F ′′

for the vertical composite of the transformations a and a′.

We write

a ∗ b =
(
XFG

X(a∗b)−−−−→ XF ′G′)
X∈Ob(C) := aG ▲F ′b = Fb ▲ aG′ : F ∗G→ F ′ ∗G′

for the horizontal composite of the transformations a and b.

We often write

F ∗ b := idF ∗ b = Fb =
(
XFG

(XF )b−−−→ XFG′)
X∈Ob(C)

a ∗G := a ∗ idG = aG =
(
XFG

(Xa)F−−−→ XF ′G
)
X∈Ob(C) .

Moreover, we have
idF ∗ idG = idF∗G

and
(a ▲ a′) ∗ (b ▲ b′) = (a ∗ b) ▲ (a′ ∗ b′) .

10. Suppose given functors F : C → D, G : D → C. Suppose given transformations
ε : idC → F ∗G and η : G ∗ F → idD such that we have

(G ∗ ε) ▲ (η ∗G) = idG

(ε ∗ F ) ▲ (F ∗ η) = idF .

Then we say that (F,G, ε, η) is an adjunction.

We call F a left adjoint to G and we call G a right adjoint to F . We call ε a unit of
the adjunction. We call η a counit of the adjunction.

Sometimes, we write F ⊣ G.

9



CHAPTER 1. PROLOGUE

11. Suppose given functors F : C → D and G : G→ C. Suppose that we have isotransfor-
mations

φ : F ∗G→ idC and φ′ : G ∗ F → idD .

Then we say that F and G are equivalences.

12. The opposite category Cop of C is given as follows. We have Ob(Cop) := Ob(C). For
X, Y ∈ Ob(Cop), we have Cop(X, Y ) := C(Y,X).

We often write uop := u ∈ Cop(X, Y ) to emphasize that this morphism is in Cop. So if(
Y

u−→X
)
is a morphism in C, then

(
X

uop−→Y
)
is a morphism in Cop.

For X
uop−→Y

vop−→Z in Cop, their composite is given by

uop ▲ vop := (v ▲ u)op .

13. For a functor F : C → D, its opposite functor F op is given by

F op : Cop → D op ,
(
X

uop−−→ Y
)
7→
(
XF

(uF )op−−−−→ Y F
)
.

14. We write [C,D] for the category of functors from C to D. The set of objects Ob
(
[C,D]

)
consists of the functors from C to D. The set of morphisms Mor

(
[C,D]

)
consists of

the transformations between such functors.

15. Suppose given a functor F : C → D. Consider the functor categories [D,A] and [C,A].
We have the functor

[F,A] : [D,A]→ [C,A] ,
(
X

u−→Y
)
7→
(
F ∗X Fu−→ F ∗ Y

)
.

Moreover, for G : B → C, we have

[F,A] ∗ [G,A] = [G ∗ F,A] : [D,A]→ [B,A] .

16. Suppose given a functor F : C → D. Consider the functor categories [A, C] and [A,D].
We have the functor

[A, F ] : [A, C]→ [A,D] ,
(
X

u−→Y
)
7→
(
X ∗ F uF−→ Y ∗ F

)
.

Moreover, for G : D → E , we have

[F,A] ∗ [G,A] = [A, F ∗G] : [A, C]→ [A, E ] .

17. We have the category Set with sets as objects and with maps between sets as mor-
phisms. Composition is given by composition of maps.

10
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1.1.4 Crossed Modules

1. Suppose given groups MV and BV . Suppose given an action

γV : BV → Aut(MV ) , b 7→
(
m 7→ mb := m(bγV )

)
and a group morphism fV : MV → BV that satisfy (CM1) and (CM2).

(CM1) For m ∈ MV and b ∈ BV , we have

(mb)fV = (mfV )
b .

(CM2) For n, m ∈ MV , we have
mnfV = mn .

Then V = (MV , BV , γV , fV ) is a crossed module.

The group MV is called the module of V , the group BV is called the base group of V ,
the action γV is called action of V and the group morphism fV is called the differential
of V .

2. For a crossed module V , we write V π0 := BV /(MV fV ) and V π1 := ker fV .

3. Suppose given crossed modules V , W . Let µ : MV → MW and β : BV → BW be group
morphisms that satisfy (1, 2).

(1) For m ∈ MV , we have
mµ fW = mfV β .

(2) For m ∈ MV and b ∈ BV , we have

(mb)µ = (mµ)bβ .

Then (µ, β) : V → W is a crossed module morphism.

4. Suppose given crossed modules V , W . Let (µ, β) : V → W be a crossed module
morphism.

We say that (µ, β) is injective if the group morphisms µ and β are injective.

We say that (µ, β) is surjective if the group morphisms µ and β are surjective.

We say that (µ, β) is bijective if the group morphisms µ and β are bijective.

11



CHAPTER 1. PROLOGUE

5. Suppose given a crossed module V = (MV , BV , γV , fV ) .

Consider the category V Cat with

Ob(V Cat) = BV

Mor(V Cat) = BV ⋉MV .

The source, target and identity is given as follows.

s : BV ⋉MV → BV , (b,m) 7→ b
t : BV ⋉MV → BV , (b,m) 7→ b ·mfV
i : BV ⋉MV ← BV , (b, 1) ←[ b .

Note that s, i and t are group morphisms; cf. e.g. [29, Rem. 24].

For b
(b,m)−−−→ b ·mfV

(b·mfV , n)−−−−−−→ b · (m · n)fV in V Cat , their composite is given by

(b,m) ▲ (b ·mfV , n) = (b,mn) ;

cf. e.g. [29, Rem. 4].

1.2 Preliminaries

1.2.1 Groups

Remark 1 Suppose given a group H. Suppose given a, b, c ∈ H.

(1) We have [a · b, c] = [a, c]b · [b, c].

(2) We have [a, b · c] = [a, c] · [a, b]c.

Proof. Ad (1). We have

[a · b, c] = b− · a− · c− · a · b · c = b− · (a− · c− · a · c) · b · (b− · c− · b · c) = [a, c]b · [b, c] .

Ad (2). We have

[a, b · c] = a− · c− · b− · a · b · c = (a− · c− · a · c) · c− · (a− · b− · a · b) · c = [a, c] · [a, b]c .

12
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Lemma 2 Suppose given G
p−→←−
s
K in Grp. Suppose that we have s ▲ p = idK .

Let N := ker p P G.

We have the action morphism

γ : K → Aut(N) , k 7→ (n 7→ k−s · n · ks) .

Consider the semidirect product K ⋉γ N =: K ⋉N .

We have the group isomorphism

φ : K ⋉N → G , (k, n) 7→ ks · n .

Its inverse is given by

φ− : G→ K ⋉N , g 7→ (gp, g−ps · g) .

Proof. We show that φ is a group morphism.

For k, ℓ ∈ K and n, m ∈ ker p, we have(
(k, n) · (ℓ,m)

)
φ = (k · ℓ, nℓ ·m)φ = (k · ℓ)s · nℓ ·m = ks · ℓs · (ℓs)− · n · ℓs ·m
= ks · n · ℓs ·m = (k, n)φ · (ℓ,m)φ .

This shows that φ is a group morphism.

We consider the map ψ : G→ K ⋉ ker p , g 7→ (gp, g−ps · g) .
We show that ψ is well-defined.

For g ∈ Gw we have

(g−ps · g)p = g−psp · gp = (gp)− · gp = 1 .

This shows g−ps · g ∈ ker p. So the map ψ exists.

We show that ψ is the inverse of φ.

For k ∈ K and m ∈ ker p, we have

(k,m)φψ = (ks ·m)ψ =
(
(ks ·m)p, (ks ·m)−ps · ks ·m

)
= (ksp ·mp,m−ps · k−sps · ks ·m)

= (k, k−s · ks ·m) = (k,m) .

This shows φ ▲ψ = idK⋉ker p .

For g ∈ G, we have

gψφ = (gp, g−ps · g)φ = gps · g−ps · g = g .

This shows ψ ▲φ = idG . So we have φ− = ψ.

13



CHAPTER 1. PROLOGUE

Definition 3 Let I be a linearly ordered set such that I ̸= ∅.
For z ∈ I, suppose given a group Gz .

For n, m ∈ I with n ⩽ m, suppose given a group morphism jn,m : Gn → Gm .

Moreover, for n, m, ℓ ∈ I with n ⩽ m ⩽ ℓ, suppose that we have jn,m ▲ ιm,ℓ = jn,ℓ : Gn → Gℓ

and jn,n = idGn : Gn → Gn .

We consider the disjoint union
⊔
z∈I

Gz = {(n, g) : n ∈ I , g ∈ Gn} , which is a set.

(1) On
⊔
z∈I

Gz , we have the following equivalence relation (∼).

For (n, g), (m,h) ∈
⊔
z∈I

Gz , we have

(n, g) ∼ (m,h) :⇔ ∃ℓ ∈ I with n ⩽ ℓ ,m ⩽ ℓ and gjn,ℓ = hιm,ℓ .

(2) The group lim
−→
z

Gz :=
⊔
z∈I

Gz/(∼) is called the colimit of
(
(Gz)z∈I , (jn,m)n,m∈I ,n⩽m

)
.

For (n, g) ∈
⊔
z∈I

Gz , we write [n, g] := [(n, g)]∼ for its equivalence class.

(3) The multiplication in lim
−→
z

Gz is given as follows.

For [n, g], [m,h] ∈ lim
−→
z

Gz , we have

[n, g] · [m,h] := [ℓ, gjn,ℓ · hjm,ℓ] ,

where ℓ ∈ I is chosen such that n ⩽ ℓ and m ⩽ ℓ.

Moreover, we have 1lim
−→
z

Gz = [n, 1] for each n ∈ I.

Remark 4 We consider the situation of Definition 3. We consider the colimit lim
−→
z

Gz ; cf.

Definition 3.(2).

(1) For n ∈ I, we have the group morphism

jn,∞ : Gn → lim
−→
z

Gz , g 7→ [n, g] .

In particular, [n, g] · [n, g̃] = [n, g · g̃] for g, g̃ ∈ Gn .

14
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(2) For n, m ∈ I with n ⩽ m, we have

jn,m ▲ jm,∞ = jn,∞ ,

since, for g ∈ Gn , we have

gjn,∞ = [n, g] = [m, gjn,m] = g(jn,m ▲ jm,∞) .

(3) Suppose given a group T .

For z ∈ I, suppose given a group morphism dz : Gz → T .

For n, m ∈ I with n ⩽ m, suppose that we have

jn,m ▲ dm = dn .

Then there exists a unique group morphism d∞ : lim
−→
z

Gz → T such that

jn,∞ ▲ d∞ = dn ,

for n ∈ I.
We have [n, g]d∞ = gdn for n ∈ I and g ∈ Gn .

lim
−→
z

Gz

Gn Gm

T

jn,m

jn,∞

dn

jm,∞

dm

∃!d∞

Remark 5 We consider the situation of Definition 3.

For n, m ∈ I with n ⩽ m, suppose that the group morphism jn,m : Gn → Gm is injective.

(1) Suppose given n, m ∈ I with n ⩽ m.

Suppose given g ∈ Gn and h ∈ Gm with [n, g] = [m,h].

Then we have

gjn,m = h .

15
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(2) For n ∈ I, the group morphism jn,∞ : Gn → lim
−→
z

Gz , g 7→ [n, g] from Remark 4 is

injective.

Lemma 6 Suppose given a group H.

Suppose given k ∈ Z⩾0 . For i ∈ [0, k], suppose given a subgroup Ui ⩽ H.

Let U :=
∏

i∈⌈1,k⌉
Ui = U1 · U2 · . . . · Uk ⊆ H.

Suppose that we have u · u′ ∈ U for u, u′ ∈ U . Then we have U ⩽ H.

Proof. Suppose given u ∈ U . It suffices to show that u−
!
∈ U .

We have u =
∏

i∈⌈1,k⌉
ui for some chosen ui ∈ Ui . So we have

u− =
( ∏
i∈⌈1,k⌉

ui

)−
=
∏

i∈⌊k,1⌋

u−i ∈ U ,

since u−i ∈ Ui ⊆ U for i ∈ [0, k].

1.2.2 Complexes in groups

Definition 7 (Complex in groups)

Suppose given groups Xk for k ∈ Z. Suppose given group morphisms dk : Xk → Xk−1 for
k ∈ Z.
We call

X :=
(
. . .

dX3−→X2

dX2−→X1

dX1−→X0

dX0−→X−1

dX−1−−→ . . .
)

a complex in groups if (1, 2) hold.

(1) For k ∈ Z, we have

dXk ▲ dXk−1 = ! .

(2) For k ∈ Z, we have

im dXk P Xk−1 .

16
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Definition 8 Suppose given complexes in groups

X =
(
. . .

dX3−→X2

dX2−→X1

dX1−→X0

dX0−→X−1

dX−1−−→ . . .
)

Y =
(
. . .

dY3−→Y2
dY2−→Y1

dY1−→Y0
dY0−→Y−1

dY−1−−→ . . .
)
.

Suppose given group morphisms
φk : Xk → Yk

for k ∈ Z.
If we have

dXk ▲φk−1 = φk ▲ dYk

for k ∈ Z then we call φ := (φk)k∈Z : X → Y a morphism of complexes in groups.

Remark 9 (Category of complexes in group)

We have the category ComplexGrp with complexes in groups as objects and morphisms of
complexes in groups as morphisms.

For X
φ−→Y

ψ−→Z in ComplexGrp, their composite is given by

φ ▲ ψ := (φk ▲ ψk)k∈Z : X → Z .

For X ∈ Ob
(
ComplexGrp

)
, its identity is given by

idX := (idXk
)k∈Z : X → X .

Proof. Suppose given X
φ−→Y

ψ−→Z in ComplexGrp.
Let k ∈ Z. For x ∈ Xk , we have

xdXk (φk−1 ▲ψk−1) = xφk d
Y
k ψk−1 = x(φk ▲ψk)d

Z
k .

This shows dXk ▲ (φk−1 ▲ψk−1) = (φk ▲ψk) ▲ dZk .

So φ ▲ψ = (φk ▲ψk)k∈Z : X → Z is a morphism in complexes in groups.

For y ∈ Yk , we have

ydYk idYk−1
= y idY d

Y
k .

This shows dYk ▲ idYk−1
= idY ▲ dYk .

So (idYk)k∈Z : Y → Y is a morphism in complexes in groups.

17
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Moreover, we have

φ ▲ (idYk)k∈Z = (φk ▲ idYk)k∈Z = (φk)k∈Z = φ ,

and

(idYk)k∈Z ▲ψ = (idYk ▲ψk)k∈Z = (ψk)k∈Z = ψ .

This shows idY = (idYk)k∈Z .

Remark 10 Suppose given complexes in groups X, Y . Suppose given a morphisms of
complexes in groups φ : X → Y .

Suppose that φk is bijective for k ∈ Z.
Then we say that φ is bijective. We also say that φ is an isomorphism of complexes in
groups.

Its inverse is given by φ− := (φ−
k )k∈Z : Y → X.

Proof. Let k ∈ Z. For y ∈ Yk , we have

y dYk φ
−
k−1 = y φ−

k φk d
Y
k φ

−
k−1 = y φ−

k d
X
k φk−1 φ

−
k−1 = y φ−

k d
X
k .

This shows dYk ▲φ−
k−1 = φ−

k ▲ dXk for k ∈ Z.
So (φ−

k )k∈Z : Y → X is a morphisms of complexes in groups.

Moreoever, we have

φ ▲ (φ−
k )k∈Z = (φk ▲φ−

k )k∈Z = (idXk
)k∈Z = idX ,

and we have

(φ−
k )k∈Z ▲φ = (φ−

k ▲φk)k∈Z = (idYk)k∈Z = idY .

This shows φ− = (φ−
k )k∈Z .

Lemma 11 Suppose given complexes in groups

X =
(
. . .

dX3−→X2

dX2−→X1

dX1−→X0

dX0−→X−1

dX−1−−→ . . .
)

Y =
(
. . .

dY3−→Y2
dY2−→Y1

dY1−→Y0
dY0−→Y−1

dY−1−−→ . . .
)
.

(1) For k ∈ Z, we have the group

XHk := ker dXk / im dXk+1 .

We call XHk the k-th homology group of X.

18
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(2) Suppose given a morphism of complexes in groups φ = (φi)i∈Z : X → Y .

For k ∈ Z, we have the group morphism

φHk : XHk → YHk , x im dXk+1 7→ (xφk) im dYk+1 .

(3) For k ∈ Z, we have the functor

Hk : ComplexGrp → Grp ,
(
Z

φ−→Z ′) 7→ (
ZHk

φHk−−→ Z ′Hk

)
.

Proof. Ad (1). Let k ∈ Z. Then we have im dk+1 P Gk . Since dk+1 ▲ dk = ! , we conclude
that im dk+1 P ker dk .

Ad (2). Let k ∈ Z. We have to show that (im dXk+1)φk
!

⊆ im dYk+1 .

Suppose given x ∈ im dXk+1 . Then x = x̃dXk+1 for some x̃ ∈ Xk+1 .

We have

xφk = x̃ dXk+1 φk = x̃φk+1 d
Y
k+1 .

This shows xφk ∈ im dYk+1 .

So we have the group morphism φHk : XHk → YHk , x im dXk+1 → (xφk) imdYk+1 .

Ad (3). Let k ∈ Z. Suppose given Z
φ−→Z ′ φ′

−→Z ′′ in ComplexGrp.
Note that we have

idZ Hk : ZHk → ZHk , z im dZk+1 7→ (z idZk
) im dZk+1 = z im dZk+1 .

So idZ Hk = idZHk
.

We write ψ := φ ▲φ′ : Z → Z ′ . For z ∈ ker dZk , we have

(z im dZk+1)ψHk = (zψk) im dZ
′′

k+1 = (zφk φ
′
k) im dZ

′′

k+1 =
(
(zφk) im dZ

′

k+1

)
φ′Hk

= (z im dZk+1)φHk φH
′
k .

This shows (φ ▲φ′)Hk = ψHk = φHk ▲φ′Hk .

Therefore Hk is a functor.

Definition 12 (Quasi-isomorphism)

Suppose given complexes in groups X, Y ; cf. Definition 7.

Suppose given a morphism of complexes in groups φ : X → Y ; cf. Definition 8.
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For k ∈ Z, we consider the group morphism φHk : XHk → YHk ; cf. Lemma 11.(2).

For k ∈ Z suppose that φHk is a group isomorphism.

Then we call φ a quasi isomorphism.

1.2.3 Functors

Remark 13 Suppose given categories C and D. Suppose given functors F : C → D and
G : D → C.
We consider the functors D

(
(−)F, (=)

)
: Cop×D → Set and C

(
(−), (=)G

)
: Cop×D → Set .

For X ∈ Ob(C) and Y ∈ Ob(D), suppose given a map φX,Y : D(XF, Y )→ C(X, Y G).

Then (1) and (2) are equivalent.

(1) We have the isotransformation

φ = (φX,Y )(X,Y )∈Ob(Cop ×D) : D
(
(−)F, (=)

) ∼−→ C
(
(−), (=)G

)
between the functors D

(
(−)F, (=)

)
and C

(
(−), (=)G

)
.

(2) (i) The map φX,Y is bijective for X ∈ Ob(C) and Y ∈ Ob(D).

(ii) Suppose given
(
X

u←− X̃
)
in C and

(
Y

v−→ Ỹ
)
in D.

Then, for
(
XF

a−→Y
)
∈ D(XF, Y ), we have

(uF ▲ a ▲ v)φX̃,Ỹ = u ▲ aφX,Y ▲ vG .

So we have the following commutative diagram.

D(XF, Y ) C(X, Y G)

D(X̃F, Ỹ ) C(X̃, Ỹ G)

φX,Y
∼

uF ▲ (−) ▲ v u ▲ (−) ▲ vG

∼
φX̃,Ỹ

Note that if (1) holds, we have (X, Y )φ = φX,Y for (X, Y ) ∈ Ob(Cop×D).
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Remark 14 Suppose given categories C and D. Suppose given functors F : C → D and
G : D → C.
Suppose that (F,G, ε, η) is an adjunction; cf. §1.1.3 item 10.

Then we have an isotransformation

φ =
(
(X, Y )φ

)
(X,Y )∈Ob(Cop ×D)

= (φX,Y )(X,Y )∈Ob(C)×Ob(D)

between the functors D
(
(−)F, (=)

)
: Cop×D → Set and C

(
(−), (=)G

)
: Cop×D → Set ,

where for X ∈ Ob(C) and Y ∈ Ob(D), we have

φX,Y : D(XF, Y )→ C(X, Y G) ,
(
XF

u−→Y
)
7→ uφX,Y :=

(
X

Xε▲uG−−−−→ Y G
)
,

and where

φ−
X,Y : C(X, Y G)→ D(XF, Y ) ,

(
X

v−→Y G
)
7→ vφ−

X,Y =
(
XF

vF ▲Y η−−−−→ Y
)
.

This bijective map φX,Y is also called the adjunction bijection of the adjunction (F,G, ε, η)
of X ∈ Ob(C) and Y ∈ Ob(D).

Remark 15 (Adjoint functors)

Suppose given categories C and D. Suppose given functors F : C → D and G : D → C.
Suppose given an isotransformation

φ =
(
(X, Y )φ

)
(X,Y )∈Ob(Cop ×D)

= (φX,Y )(X,Y )∈Ob(C)×Ob(D) : D
(
(−)F, (=)

) ∼−→ C
(
(−), (=)G

)
cf. Remark 13.

Then we have the transformation ε : idC → F ∗G , where

Xε := (idXF )φX,XF : X → XFG ,

for X ∈ Ob(C).
We have the transformation η : G ∗ F → idD , where

Y η := (idY G)φ
−
Y G,Y : Y GF → Y ,

for Y ∈ Ob(D).
Moreover, we have

(G ∗ ε) ▲ (η ∗G) = idG

(ε ∗ F ) ▲ (F ∗ η) = idF .

21



CHAPTER 1. PROLOGUE

So (F,G, ε, η) is an adjunction; cf. §1.1.3 item 10.

In particular, we have F ⊣ G.

Remark 16 Suppose given categories C, D, E .
Suppose given functors F : C → D, F ′ : D → E , G : E → D and G : D → C.

C D E
F F ′

G′G

Suppose that we have isotransformations

φ : D
(
(−)F,=

) ∼−→ C
(
−, (=)G

)
and φ′ : E

(
(−)F ′,=

) ∼−→ D
(
−, (=)G′) .

So F ⊣ G and F ′ ⊣ G′; cf. Remark 15.

Writing HC := C(−,=): Cop×C → Set , HD := D(−,=) and HE := E(−,=) , we have

φ : (F op × idD) ∗HC
∼−→ (idC ×G) ∗HC

φ′ :
(
(F ′)op × idE

)
∗HE

∼−→ (idD×G′) ∗HD .

Note that
(F op × idE)φ

′ :
(
(F ∗ F ′)op × idE

)
∗HE

∼−→ (idD×G′) ∗HD ,

and that
(idC ×G′)φ : (F op ×G′) ∗HD

∼−→
(
idC ×(G′ ∗G)

)
∗HC .

Then we have the isotransformation

ψ := (F op × idE)φ
′
▲ (idC ×G′)φ : E

(
(−)FF ′,=

) ∼−→ C
(
−, (=)G′G

)
.

So, for X ∈ Ob(C) and Z ∈ Ob(E), we have the bijection

ψX,Z = φ′
XF,Z ▲φX,ZG′ : E(XFF

′, Z)
∼−→ C(X, ZG

′G) .

Therefore, we have F ∗ F ′ ⊣ G′ ∗G.

Remark 17 Suppose given categories C, D.
Suppose given functors F : C → D and G : D → C.
Suppose that we have isotransformations φ : F ∗G ∼−→ idC and φ′ : G ∗ F ∼−→ idD .
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So F and G are equivalences; cf. §1.1.3 item 11.

We have the isotransformation

ψ =
(
(X, Y )ψ

)
(X,Y )∈Ob(Cop ×D)

= (ψX,Y )(X,Y )∈Ob(C)×Ob(D) : D
(
(−)F,=

) ∼−→ C
(
−, (=)G

)
,

where

ψX,Y : D(XF, Y )→ C(X, Y G) ,
(
XF

a−→Y
)
7→
(
X

(Xφ)− ▲aG−−−−−−→ Y G
)
.

So we have F ⊣ G.

Proof. We show that ψ is an isotransformation.

Suppose given (X, Y ) ∈ Ob(Cop,D).
We show that ψX,Y is bijective.

We have that (Xφ)− is an isomorphism. Moreover, the map

D(XF, Y )→ C(XFG, Y G) , a 7→ aG

is bijective since G is full and faithful.

So therefore, ψX,Y is bijective.

Suppose given X
u←−X ′ in C and Y

v−→Y ′ in D. Suppose given a ∈ D(XF, Y ).

We have

a
(
D(uF, v) ▲ψX′,Y ′

)
= (uF ▲ a ▲ v)ψX′,Y ′ = (X ′φ)− ▲ uFG ▲ aG ▲ vG = u ▲ (Xφ)− ▲ aG ▲ vG

= (Xφ ▲ aG) C(u, vG) = a
(
ψX,Y ▲ C(u, vG)

)
.
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Part I

The ordinary case





Chapter 2

Simplicial groups

2.1 The simplex category

Definition 18 (Simplex category) Let [n] := {i ∈ Z : 0 ⩽ i ⩽ n} for n ∈ Z⩾0 .

The subcategory ∆ of Set with

Ob(∆) := {[n] : n ∈ Z⩾0}
Mor(∆) := {[n] u−→ [k] : k, n ∈ Z⩾0, u is a monotone map.}

is called simplex category.

Definition 19 We consider the simplex category ∆.

(1) Let n ∈ Z⩾1 . For k ∈ [0, n], we have the morphism

δnk : [n− 1]→ [n], i 7→ iδnk =

{
i if i < k

i+ 1 if i ⩾ k .

Note that δnk is injective. Sometimes, we write δk := δnk .

(2) Let n ∈ Z⩾0 . For k ∈ [0, n], we have the morphism

σnk : [n+ 1]→ [n], i 7→ iσnk =

{
i if i ⩽ k

i− 1 if i > k .

Note that σnk is surjective. Sometimes, we write σk := σnk .
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The following argument in Lemma 20.(2) is due to [8, Lem. 10].

Lemma 20 Suppose given a morphism [n]
u−→ [k] ∈ Mor(∆).

(1) Suppose that u is an injective monotone map.

Let Cu := {j ∈ [0, k] : j ̸∈ imu} =: {j1, . . ., jk−n}, where 0 ⩽ j1 < . . . < jk−n ⩽ k .

Note that Cu = coimu.

(1.1) We have

u =
[n]∏[k]

ℓ∈⌈1,k−n⌉

δn+ℓjℓ
= δn+1

j1
▲ δn+2

j2
▲ . . . ▲ δkjk−n

.

(1.2) Suppose given 0 ⩽ t1 < t2 < . . . < tk−n ⩽ k such that

u =
[n]∏[k]

ℓ∈⌈1,k−n⌉

δn+ℓtℓ
= δn+1

t1
▲ δn+2

t2
▲ . . . ▲ δktk−n

.

Then we have Cu = {t1, . . ., tk−n} , i.e. we have tℓ = jℓ for ℓ ∈ [1, k − n].

(2) Suppose that u is a surjective monotone map.

Let Du := {i ∈ [0, n− 1] : (i)u = (i+ 1)u} =: {i1, . . ., in−k}, where
0 ⩽ i1 < . . . < in−k ⩽ n− 1 .

(2.1) We have

u =
[n]∏[k]

ℓ∈⌊n−k,1⌋

σk+ℓ−1
iℓ

= σn−1
in−k

▲ σn−2
in−k−1

▲ . . . ▲ σki1 .

(2.2) Suppose given 0 ⩽ t1 < t2 < . . . < tn−k ⩽ n− 1 such that

u =
[n]∏[k]

ℓ∈⌊n−k,1⌋

σk+ℓ−1
tℓ

= σn−1
tn−k

▲ σn−2
tn−k−1

▲ . . . ▲ σkt1 .

Then we have Du = {t1, . . ., tn−k} , i.e. we have tℓ = iℓ for ℓ ∈ [1, n− k].

Proof. Ad (1.1). Note that k ⩾ n, since u is injective.

We show this assertion by induction on k ∈ Z⩾n .

Suppose that k = n.
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Then we have u = id[n] and we have Cu = ∅.
Suppose that k ⩾ n+ 1.

Now we assume that (1.1) holds for all monotone injective maps [n]→ [k − 1].

Since 0 ⩽ n < k, the map u is not surjective. So Cu ̸= ∅.
Let d := maxCu = jk−n ∈ [0, k].

We show that u ▲ σk−1
d ▲ δkd

!
= u .

Let x ∈ [n]. Note that xu ̸= d.

Case xu ⩽ d− 1 . We have

x(u ▲σk−1
d ▲ δkd) = (xu)(σk−1

d ▲ δkd) = (xu)δkd = xu .

Case xu ⩾ d+ 1 . We have

x(u ▲σk−1
d ▲ δkd) = (xu)(σk−1

d ▲ δkd) = (xu− 1)δkd = xu .

This shows u ▲σk−1
d ▲ δkd = u .

We consider the morphism u ▲σk−1
d : [n]→ [k − 1] in ∆.

The map u ▲σk−1
d = u

∣∣[k]\{d} ▲σk−1
d

∣∣
[k]\{d} is injective since u is injective and since d ∈ Cu .

[n] [k] [k − 1]

a+ k − d− 1 k

...
... k − 1

a d+ 1
...

... d d

...
...

...

u σk−1
d

We show that Cu\{d}
!
= Cu ▲ σk−1

d
.

Ad ⊆. Let x ∈ Cu such that x < d. In particular, x ⩽ k − 1.

Now we assume that there exists some y ∈ [n] such that x = y(u ▲σk−1
d ) .
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Case yu ⩽ d . We have

x = y(u ▲σk−1
d ) = (yu)σk−1

d = yu ,

which contradicts x ∈ Cu .
Case yu ⩾ d+ 1 . We have

x = y(u ▲σk−1
d ) = (yu)σk−1

d = yu− 1 ⩾ d+ 1− 1 = d ,

which contradicts x < d .

So x ∈ Cu ▲ σk−1
d

.

This shows Cu\{d} ⊆ Cu ▲ σk−1
d

.

Ad ⊇. Let x ∈ Cu ▲ σk−1
d
⊆ [k − 1]. We have to show that x

!
∈ Cu and that x

!

̸= d.

We assume that x ⩾ d. Then we have zu = x+1 for some z ∈ [n] since k ⩾ x+1 ⩾ d+1 > d .

So we have

x = (x+ 1)σk−1
d = (zu)σk−1

d = z(u ▲σk−1
d ) ,

which contradicts x ∈ Cu ▲ σk−1
d

.

This show x ⩽ d− 1, in particular x ̸= d.

We assume that there exists some y ∈ [n] such that yu = x.

Using x ⩽ d− 1, we obtain

x = xσk−1
d = (yu)σk−1

d = y(u ▲σk−1
d ) ,

which contradicts x ∈ Cu ▲ σk−1
d

.

This shows x ∈ Cu .
This shows Cu\{d} ⊇ Cu ▲ σk−1

d
.

So we have Cu\{d} = Cu ▲ σk−1
d

.

By the induction hypothesis we have

u ▲σk−1
d = δn+1

j1
▲ . . . ▲ δk−1

jk−n−1
,

where Cu ▲ σk−1
d

= Cu\{d} = {j1, . . ., jk−n−1} and j1 < . . . < jk−n−1 .

So we have

u = u ▲σk−1
d ▲ δkd = (δn+1

j1
▲ . . . ▲ δk−1

jk−n−1
) ▲ δkjk−n

,
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where Cu = Cu ▲ σk−1
d
∪ {d} = {j1, . . . , jk−n−1, jk−n} and j1 < . . . < jk−n .

Ad (1.2). Suppose given n ∈ Z⩾0 . We show this assertion by induction on k ∈ Z⩾n .

Suppose that k = n.

Then we have u =
[n]∏[n]

ℓ∈⌈1,0⌉

δn+ℓtℓ
= id[n] . Moreover, since u = id[n] is surjective, we have

Cu = ∅.
Suppose that k ⩾ n+ 1.

Now we assume that (1.2) holds for all monotone injective maps [n]→ [k − 1].

We write ũ :=
[n]∏[k−1]

ℓ∈⌈1,k−n−1⌉

δn+ℓtℓ
. By induction hypothesis, we have Cũ = {t1 , t2 , . . . , tk−n−1}.

Note that ũ ▲ δktk−n
= u . We claim that Cu

!
= Cũ ∪ {tk−n}.

Ad ⊆. Suppose given x ∈ Cu . We may assume that x ̸= tk−n .

Case x > tk−n . Then x− 1 ⩾ tk−n > tk−n−1 . So x− 1 ̸∈ Cũ .
Therefore, there exists some y ∈ [n] with x− 1 = yũ.

We have

yu = y(ũ ▲ δktk−n
) = (yũ)δktk−n

= (x− 1)δktk−n
= x .

This is impossible, since x ∈ Cu . So this case does not occur.

Case x < tk−n . We assume that x ̸∈ Cũ . Then there exists some y ∈ [n] such that x = yũ.

We have

yu = y(ũ ▲ δktk−n
) = xδktk−n

= x ,

which contradicts x ∈ Cu .
This shows that x ∈ Cũ ∪ {tk−n} .
Ad ⊇. Suppose given x ∈ Cũ ∪ {tk−n} .
Since tk−n ̸∈ im δktk−n

and imu ⊆ im δktk−n
, we have tk−n ∈ Cu .

So we have x ∈ Cũ . In particular, we have x < tk−n .

We assume that x ̸∈ Cu . Then there exists some y ∈ [n] such that x = yu.

We consider yũ ∈ [0, k − 1].

If yũ < tk−n , then we have

x = yu = y(ũ ▲ δktk−n
) = (yũ)δktk−n

= yũ ,
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which contradicts x ∈ Cũ .
If yũ ⩾ tk−n , then we have

x = yu = y(ũ ▲ δktk−n
) = (yũ)δktk−n

= yũ+ 1 ⩾ tk−n + 1 ,

which contradicts x < tk−n .

This shows x ∈ Cu .
Ad (2.1). Note that k ⩽ n, since u is surjective. We show this assertion by induction on
n− k ∈ Z⩾0 .

Suppose that n− k = 0.

Then we have u = id[n] and we have Du = ∅.
Suppose that n− k ⩾ 1.

Now we assume that (2.1) holds for all monotone surjective maps [n− 1]→ [k].

Since 0 ⩽ k < n, the map u is not injective. So Du ̸= ∅.
Let e := maxDu = in−k . Note that e ∈ [0, n− 1] and that eu = (e+ 1)u.

We show that σn−1
e ▲ δne+1 ▲ u

!
= u .

Let x ∈ [n].

Case x ⩽ e. We have

x(σn−1
e ▲ δne+1 ▲ u) = x(δne+1 ▲ u) = xu .

Case x = e+ 1. We have

x(σn−1
e ▲ δne+1 ▲ u) = eδne+1u = eu = (e+ 1)u = xu .

Case x ⩾ e+ 2. We have

x(σn−1
e ▲ δne+1 ▲ u) = (x− 1)δne+1u = xu .

This shows σn−1
e ▲ δne+1 ▲ u = u.

Consider the morphism δne+1 ▲ u : [n− 1]→ [k] in ∆.

The map δne+1 ▲ u is surjective since u is surjective and since e ∈ Du .
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[n− 1] [n] [k]

n

n− 1
... k

... e+ 2
...

e+ 1 e+ 1 (e+ 2)u

e e eu

...
...

...

0 0 0

δne+1 u

We show that Du\{e}
!
= Dδne+1 ▲ u .

Ad ⊆. Let x ∈ Du\{e}. Note that x < e since e is maximal in Du .

We have

x(δne+1 ▲ u) = xu = (x+ 1)u = (x+ 1)(δne+1 ▲ u) .

This shows x ∈ Dδne+1 ▲ u .

Ad ⊇. Let x ∈ Dδne+1 ▲ u . In particular, x ∈ [0, n− 2].

We assume that x ⩾ e+ 1. Then

(x+ 1)u = x(δne+1 ▲ u) = (x+ 1)(δne+1 ▲ u) = (x+ 2)u .

So e < x+ 1 ∈ Du which contradicts the maximality of e.

We assume that x = e. Then

(x+ 1)u = xu = x(δne+1 ▲ u) = (x+ 1)(δne+1 ▲ u) = (x+ 2)u .

So x+ 1 = e+ 1 ∈ Du which contradicts the maximality of e.

So we have x ⩽ e− 1.

We have

xu = x(δne+1 ▲ u) = (x+ 1)(δne+1 ▲ u) = (x+ 1)u .
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Therefore, we have x ∈ Du .

This shows Du\{e} = Dδne+1 ▲ u .

By induction hypothesis we have

δne+1 ▲ u = σn−2
in−k−1

▲σn−3
in−k−2

▲ . . . ▲σki1 ,

where Dδne+1 ▲ u = {i1, . . . , in−k−1} and i1 < · · · < in−k−1 .

So we have

u = σn−1
e ▲ δne+1 ▲ u = σn−1

in−k
▲ (σn−2

in−k−1
▲σn−3

in−k−2
▲ . . . ▲σki1) ,

where Du = Dδne+1 ▲ u ∪ {e} = {i1, . . . , in−k−1, in−k} and i1 < · · · < in−k .

Ad (2.2). We show this assertion by induction on n− k ∈ Z⩾0 .

Suppose that n− k = 0. Then we have u =
[n]∏[n]

ℓ∈⌊0,1⌋

σn+ℓ−1
tℓ

= id[n] . Moreover, since u = id[n]

is injective, we have Du = ∅.
Suppose that n− k ⩾ 1.

Now we assume that (2.2) holds for all monotone surjective maps [n− 1]→ [k].

We write ũ :=
[n−1]∏[k]

ℓ∈⌊n−1−k,1⌋

σk+ℓ−1
tℓ

. By induction hypothesis, we haveDũ = {t1 , t2 , . . . , tk−n−1}.

Note that u = σn−1
tn−k

▲ ũ . We claim that Du
!
= Dũ ∪ {tn−k} .

Ad ⊆. Suppose given x ∈ Du . We may assume that x ̸= tn−k .

Case x > tn−k . We have

xũ =
(
(x+ 1)σn−1

tn−k

)
ũ = (x+ 1)(σn−1

tn−k
▲ ũ) = (x+ 1)u = xu = x(σn−1

tn−k
▲ ũ) = (xσn−1

tn−k
)ũ

= (x− 1)ũ .

This shows that x− 1 ∈ Dũ = {t1 , . . ., tn−k−1}.
So we have

x ⩽ tn−k−1 + 1 ⩽ tn−k ,

which contradicts x > tn−k . So this case does not occur.

Case x < tn−k . We have

xũ = (xσn−1
tn−k

)ũ = x(σn−1
tn−k

▲ ũ) = xu = (x+ 1)u = (x+ 1)(σn−1
tk−n

▲ ũ) =
(
(x+ 1)σn−1

tn−k

)
ũ

= (x+ 1)ũ .

34



2.1. THE SIMPLEX CATEGORY

This shows x ∈ Dũ ∪ {tn−k} .
Ad ⊇. Suppose given x ∈ Dũ ∪ {tn−k}.
Case x = tn−k . We have

xu = x(σn−1
tn−k

▲ ũ) = xũ =
(
(x+ 1)σn−1

tn−k

)
ũ = (x+ 1)(σn−1

tn−k
▲ ũ) = (x+ 1)u .

This shows x ∈ Du .

Case x ∈ Dũ . Note that we have x ⩽ tn−k − 1 .

We have

xu = x(σn−1
tn−k

▲ ũ) = (xσn−1
tn−k

)ũ = xũ = (x+1)ũ =
(
(x+1)σn−1

tn−k

)
ũ = (x+1)(σn−1

tn−k
▲ ũ) = (x+1)u .

This shows x ∈ Du .

Remark 21 Suppose given
(
[n]

u−→ [k]
)
∈ Mor(∆) .

Suppose that we have
u = v ▲w and u = ṽ ▲ w̃

with [n]
v−→ [ℓ]

w−→ [k] and [n]
ṽ−→ [ℓ̃]

w̃−→ [k] in Mor(∆) , where v, ṽ are surjective and where
w, w̃ are injective.

Then we have ℓ = ℓ̃, v = ṽ and w = w̃ .

Proof. We show that ℓ
!
= ℓ̃.

We consider coimu = [k]\ imu ; cf. §1.1.1 item 8.

We show that | coimu| !
= k − ℓ.

Since the morphism v : [n]→ [ℓ] is surjective, we have

imw = im(v ▲w) = imu .

In particular, we have | coimu| = | coimw| .
Since the morphism w : [ℓ] → [k] is injective, we have | imw| = ℓ + 1. So | coimw| =
(k + 1)− (ℓ+ 1) = k − ℓ .
So we have

| coimu| = | coimw| = k − ℓ .

With the same argument, we get | coimu| = k − ℓ̃ .
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This shows ℓ = |k − coimu| = ℓ̃.

We show that w
!
= w̃. Since v and ṽ are surjective, we have

coimw = coim(v ▲w) = coimu = coim(ṽ ▲ w̃) = coim w̃ .

Hence imw = im w̃ .

So, since w, w̃ : [ℓ]→ [k] are injective and monotone, we have w = w̃ .

We show that v
!
= ṽ. We have

v ▲w = u = ṽ ▲ w̃ = ṽ ▲w .

Since w is injective, we have v = ṽ .

Corollary 22 Suppose given a morphism
(
[n]

u−→ [k]
)
∈ Mor(∆).

Let ℓ := | imu| − 1.

Let Du := {i ∈ [0, n] : (i)u = (i+ 1)u} =: {i1 , . . ., in−ℓ}, where
0 ⩽ i1 < i2 < . . . < in−ℓ ⩽ n− 1.

Let Cu := {j ∈ [0, k] : j ̸∈ imu} =: {j1, . . ., jk−ℓ}, where 0 ⩽ j1 < j2 < . . . < jk−ℓ ⩽ k.

Note that Cu = coimu.

(1) We have

u =

(
[n]∏[ℓ]

t∈⌊n−ℓ,1⌋

σℓ+t−1
it

)
▲

(
[ℓ]∏[k]

t∈⌈1,k−ℓ⌉

δℓ+tjt

)
= σn−1

in−ℓ
▲ . . . ▲ σ ℓ

i1
▲ δℓ+1

j1
▲ . . . ▲ δkjk−ℓ

.

(2) Suppose given ℓ′ ∈
[
0,min{n, k}

]
and 0 ⩽ i′1 < . . . < i′n−ℓ′ ⩽ n− 1 and

0 ⩽ j′1 < . . . < j′k−ℓ′ ⩽ k such that

u =

(
[n]∏[ℓ′]

t∈⌊n−ℓ′,1⌋

σℓ
′+t−1
i′t

)
▲

(
[ℓ′]∏[k]

t∈⌈1,k−ℓ′⌉

δℓ
′+t
j′t

)
= σn−1

i′
n−ℓ′

▲ . . . ▲ σ ℓ′

i′1
▲ δℓ

′+1
j′1

▲ . . . ▲ δkj′
k−ℓ′

.

Then we have ℓ = ℓ′, Du = {i′1 , . . ., i′n−ℓ} and Cu = {j′1, . . ., j′k−ℓ}.

In particular, we have it = i′t for t ∈ [1, n− ℓ] and jt = j′t for t ∈ [1, k − ℓ].
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(3) Suppose given ℓ′ ∈
[
0,min{n, k}

]
and 0 ⩽ i′1 < . . . < i′n−ℓ′ ⩽ n− 1 and

0 ⩽ j′1 < . . . < j′k−ℓ′ ⩽ k such that

u =

(
[n]∏[ℓ′]

t∈⌊n−ℓ′,1⌋

σℓ
′+t−1
i′t

)
▲

(
[ℓ′]∏[k]

t∈⌈1,k−ℓ′⌉

δℓ
′+t
j′t

)
= σn−1

i′
n−ℓ′

▲ . . . ▲ σ ℓ′

i′1
▲ δℓ

′+1
j′1

▲ . . . ▲ δkj′
k−ℓ′

.

Suppose given ℓ′′ ∈
[
0,min{n, k}

]
and 0 ⩽ i′′1 < . . . < i′′n−ℓ′′ ⩽ n− 1 and

0 ⩽ j′′1 < . . . < j′′k−ℓ′′ ⩽ k such that

u =

(
[n]∏[ℓ′′]

t∈⌊n−ℓ′′,1⌋

σℓ
′′+t−1
i′′t

)
▲

(
[ℓ′′]∏[k]

t∈⌈1,k−ℓ′′⌉

δℓ
′′+t
j′′t

)
= σn−1

i′′
n−ℓ′′

▲ . . . ▲ σ ℓ′′

i′′1
▲ δℓ

′′+1
j′′1

▲ . . . ▲ δkj′′
k−ℓ′′

.

Then we have ℓ′ = ℓ′′ and i′t = i′′t for t ∈ [1, n− ℓ′], and j′t = j′′t for t ∈ [1, k − ℓ′] .

Proof. Ad (1). We write imu =: {s0, . . ., sℓ} with 0 ⩽ s0 < . . . < sℓ ⩽ k.

We consider the map

ū : [n]→ [ℓ], x 7→ xū

with sxū := xu.

Then ū is surjective, for given i ∈ [ℓ], we find x ∈ [u] with xu = si , hence xū = i. Moreover,
ū is monotone, since given x, y ∈ [n] with x ⩽ y, we have sxū = xu ⩽ yu = syū , hence
xū ⩽ yū.

Let Dū = {i ∈ [0, n] : (i)ū = (i+ 1)ū}. We show that Du
!
= Dū .

Ad ⊆. Suppose given x ∈ Du . We have

sxū = xu = (x+ 1)u = s(x+1)ū .

This shows xū = (x+ 1)ū . So x ∈ Dū .

Ad ⊇. Suppose given x ∈ Dū . We have

xu = sxū = s(x+1)ū = (x+ 1)u .

So x ∈ Du .

Therefore, we have Du = Dū .

Since ū is surjective, we have, by Lemma 20.(2.1),

ū = σn−1
in−ℓ

▲ . . . ▲σ ℓ
i1
,
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where we recall that ir ∈ Dū = Du for r ∈ [1, n− ℓ].
We consider the map

u̇ : [ℓ]→ [k], x 7→ sx .

Then u̇ is injective and monotone.

We show that Cu
!
= Cu̇ .

Ad ⊆. Suppose given x ∈ Cu . We assume that x ̸∈ Cu̇ . Then we may choose some y ∈ [ℓ]
with x = yu̇. We have

x = yu̇ = sy ∈ imu ,

which contradicts x ∈ Cu .
This shows x ∈ Cu̇ .
Ad ⊇. Suppose given x ∈ Cu̇ . We assume that x ̸∈ Cu . Then there exists some y ∈ [n]
such that x = yu. We have

x = yu = syū ∈ im u̇ ,

which contradicts x ∈ Cu̇ .
This shows x ∈ Cu .
Therefore, we have Cu = Cu̇ .

Since u̇ is injective, we have, by Lemma 20.(1.1),

u̇ = δℓ+1
j1

▲ . . . ▲ δkjk−ℓ
,

where we recall that jr ∈ Cu̇ = Cu for r ∈ [1, k − ℓ].
Further, for x ∈ [n], we have

x(ū ▲ u̇) = (xū)u̇ = sxū = xu .

This shows ū ▲ u̇ = u.

So altogether, we have

u = ū ▲ u̇ = σn−1
in−ℓ

▲ . . . ▲σ ℓ
i1

▲ δℓ+1
j1

▲ . . . ▲ δkjk−ℓ
.

Ad (2). We write imu =: {s0, . . ., sℓ} with 0 ⩽ s0 < . . . < sℓ ⩽ k.

Let

σ′ :=
[n]∏[ℓ′]

t∈⌊n−ℓ′,1⌋

σℓ
′+t−1
i′t

= σn−1
i′
n−ℓ′

▲ . . . ▲σ ℓ′

i′1
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and let

δ′ :=
[ℓ′]∏[k]

t∈⌈1,k−ℓ′⌉

δℓ
′+t
j′t

= δℓ
′+1
j′1

▲ . . . ▲ δkj′
k−ℓ′

.

We have
u = σ′

▲ δ′ ,

where σ′ is surjective and where δ′ is injective.

By (1), we have
u = ū ▲ u̇

where

ū =
[n]∏[ℓ]

t∈⌊n−ℓ,1⌋

σℓ+t−1
it

= σn−1
in−ℓ

▲ . . . ▲σ ℓ
i1

is surjective, and where

u̇ =
[ℓ]∏[k]

t∈⌈1,k−ℓ⌉

δℓ+tjt
= δℓ+1

j1
▲ . . . ▲ δkjk−ℓ

is injective.

Then, by Remark 21, we have ℓ = ℓ′, σ′ = ū and δ′ = u̇. In particular, we have Dū = Dσ′

and Cu̇ = Cδ′ .

Since σ′ = ū is surjective, we have, by the proof of (1) and by Lemma 20.(2.2),

Du = Dσ′ = Dū = {i ∈ [0, n− 1] : (i)ū = (i+ 1)ū} = {i′1 , i′2 , . . ., i′n−ℓ} .

Since δ′ = u̇ is injective, we have, by the proof of (1) and by Lemma 20.(1.2),

Cu = Cδ′ = Cu̇ = {j ∈ [0, k] : j ̸∈ im u̇} = {j′1 , j′2 , . . ., j′k−ℓ} .

Ad (3). By (2), we have ℓ = ℓ′, Du = {i′1 , . . ., i′n−ℓ} and Cu = {j′1, . . ., j′k−ℓ}.
Moreover, we have ℓ = ℓ′′, Du = {i′′1 , . . ., i′′n−ℓ} and Cu = {j′′1 , . . ., j′′k−ℓ}.
This shows ℓ′ = ℓ′′ and {i′1 , . . ., i′n−ℓ} = {i′′1 , . . ., i′′n−ℓ} and {j′1, . . ., j′k−ℓ} = {j′′1 , . . ., j′′k−ℓ} .

Remark 23 We consider the simplex category ∆.

Suppose given n ∈ Z⩾0 and k ∈ [0, n].

For m ∈ [0, n− 1], we have
mδnk = m+ χm⩾k .
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For m ∈ [0, n+ 1], we have
mσnk = m− χm>k .

Cf. Definition 19, §1.1.1 item 7.

Remark 24 We consider the simplex category ∆.

(1) Let n ∈ Z⩾1 . We have

δni ▲ δn+1
j = δnj−1 ▲ δn+1

i

for i ∈ [0, n], j ∈ [0, n+ 1] with i < j.

(2) Let n ∈ Z⩾1 . We have

σnj ▲ σn−1
i = σni ▲ σn−1

j−1

for i ∈ [0, n− 1], j ∈ [0, n] with i < j.

(3) Let n ∈ Z⩾0 . We have

δn+1
j ▲ σni =


σn−1
i−1 ▲ δnj if n ⩾ 1 and j < i

id[n] if j = i or j = i+ 1

σn−1
i ▲ δnj−1 if n ⩾ 1 and j > i+ 1 ,

for i ∈ [0, n], j ∈ [0, n+ 1].

Proof. We are using Remark 23.

Ad (1). We have 0 ⩽ i < j ⩽ n+ 1. Suppose given m ∈ [0, n− 1].

We have
m(δni ▲ δn+1

j ) = (m+ χm⩾i)δ
n+1
j

= m+ χm⩾i + χ(m+χm⩾i)⩾j
j⩾i+1
= m+ χm⩾i + χm+1⩾j

= m+ χm⩾j−1 + χm⩾i
j−1⩾i
= m+ χm⩾j−1 + χ(m+χm⩾j−1)⩾i

= (m+ χm⩾j−1)δ
n+1
i

= m(δnj−1 ▲ δn+1
i ) .

This shows δni ▲ δn+1
j = δnj−1 ▲ δn+1

i .

Ad (2). We have 0 ⩽ i > j ⩽ n. Suppose given m ∈ [0, n+ 1].
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We have

m(σnj ▲σn−1
i ) = (m− χm>j)σn−1

i

= m− χm>j − χ(m−χm>j)>i
i<j
= m− χm>j − χm>i
= m− χm>i − χm>j
i<j
= m− χm>i − χ(m−χm>i)>j−1

= (m− χm>i)σn−1
j−1

= m(σni ▲σn−1
j−1 ) .

This shows σnj ▲σn−1
i = σni ▲σn−1

j−1 .

Ad (3). We have n ⩾ 0, i ∈ [0, n] and j ∈ [0, n+ 1]. Suppose given m ∈ [0, n].

Case n ⩾ 1 and j < i.

We have

m(δn+1
j ▲σni ) = (m+ χm⩾j)σ

n
i

= m+ χm⩾j − χ(m+χm⩾j)>i
j<i
= m+ χm⩾j − χm+1>i

= m− χm>i−1 + χm⩾j
j<i
= m− χm>i−1 + χ(m−χm>i−1)⩾j

= (m− χm>i−1)δ
n
j

= m(σn−1
i−1 ▲ δnj ) .

This shows δn+1
j ▲σni = σn−1

i−1 ▲ δnj .

Case j = i or j = i+ 1.

We have

m(δn+1
j ▲σni ) = (m+ χm⩾j)σ

n
i

= m+ χm⩾j − χ(m+χm⩾j)>i
j=i or j=i+1

= m+ χm⩾j − χm⩾j

= m.

This shows δn+1
j ▲σni = id[n].

Case n ⩾ 1 and j > i+ 1.
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We have
m(δn+1

j ▲σni ) = (m+ χm⩾j)σ
n
i

= (m+ χm⩾j)− χ(m+χm⩾j)>i
i+1<j
= m+ χm⩾j − χm>i
= m− χm>i + χm⩾j

i+1<j
= m− χm>i + χ(m−χm>i+1)⩾j

= m− χm>i + χ(m−χm>i)⩾j−1

= (m− χm>i)δnj−1

= m(σn−1
i ▲ δnj−1) .

This shows δn+1
j ▲σni = σn−1

i ▲ δnj−1 .

2.2 Composites of morphisms in ∆

We consider the category ∆; cf. Definition 18.

Definition 25

(1) Let n ∈ Z⩾0 . Suppose given J ⊂ [0, n+ 1].

Let k := |J | ∈ [0, n] and let J =: {j1 , j2 , . . ., jk}, where 0 ⩽ j1 < j2 < . . . < jk ⩽ n.

We write

δnJ :=
[n−k]∏[n]

r∈⌈1,k⌉

δn−k+rjr
= δn+1−k

j1
▲ δn+2−k

j2
▲ . . . ▲ δnjk : [n− k]→ [n] .

We often write δJ := δnJ .

Note that δJ is injective; cf. Definition 19.(1).

Note that δn∅ = id[n] .

(2) Let n ∈ Z⩾−1 . Suppose given I ⊆ [0, n].

Let k := |I| ∈ [0, n+ 1] and let I =: {i1 , i2 , . . ., ik}, where 0 ⩽ i1 < i2 < . . . < ik ⩽ n.

We write

σn+1−k
I :=

[n+1]∏[n+1−k]

r∈⌊k,1⌋

σn−k+rir
= σnik ▲σn−1

ik−1
▲ . . . ▲σn+1−k

i1
: [n+ 1]→ [n+ 1− k] .

We often write σI := σn+1−k
I .
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Note that σI is surjective; cf. Definition 19.(2).

Note that σn+1
∅ = id[n+1] .

Cf. also Definition 37 below.

Remark 26

(1) Let n ∈ Z⩾0 . Suppose given J ⊂ [0, n].

We consider the morphism δnJ : [n− |J |]→ [n] ; cf. Definition 25.(1).

We consider the set CδJ := {j ∈ [0, n] : j ̸∈ im δJ}; cf. Lemma 20.(1).

Then we have J = CδJ ; cf. Lemma 20.(1.2).

(2) Let n ∈ Z⩾−1 . Suppose given I ⊆ [0, n].

We consider the morphism σ
n+1−|I|
I : [n+ 1]→ [n+ 1− |I|] ; cf. Definition 25.(2).

We consider the set DσI
:= {i ∈ [0, n] : (i)σI = (i+ 1)σI}; cf. Lemma 20.(2).

Then we have I = DσI
; cf. Lemma 20.(2.2).

Remark 27 Suppose given n ∈ Z⩾0 . Suppose given K ⊆ [n− 1].

Suppose given ℓ ∈ [0, n].

We write

K1 := {k ∈ K : k ⩾ ℓ} ⊆ [ℓ, n− 1]

K2 := {k ∈ K : k < ℓ} ⊆ [0, ℓ− 1]

K ′
1 := {k + 1: k ∈ K1} ⊆ [ℓ+ 1, n].

Then we have

σnℓ ▲ σ
n−|K|
K = σ

n+1−|K1|
K′

1
▲ σ

n−|K1|
ℓ ▲ σ

n−|K|
K2

= σ
n−|K|
K′

1

•
∪{ℓ}

•
∪K2

: [n+ 1]→ [n− |K|] .

Proof. We write t := |K1| and K1 =: {k1 , k2 , . . ., kt}, where ℓ ⩽ k1 < k2 < . . . < kt ⩽ n− 1 .

Note that K1

•

∪ K2 = K and that K ′
1 = {k1 + 1 , k2 + 1 , . . ., kt + 1}.

Moreover, we have K ′
1 ∩K2 = ∅ and ℓ ̸∈ K ′

1

•

∪ K2 .

So we have the subset K ′
1

•

∪ {ℓ}
•

∪ K2 ⊂ [0, n].
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We have

σℓ ▲σK = σℓ ▲σ
K1

•
∪K2

= σℓ ▲σK1 ▲σK2 = σℓ ▲

( ∏
r∈⌊t,1⌋

σkr
)

▲σK2

24.(2)
=
( ∏
r∈⌊t,1⌋

σkr+1

)
▲σℓ ▲σK2

= σK′
1

▲σℓ ▲σK2 = σ
K′

1

•
∪{ℓ}

•
∪K2

.

Remark 28 Suppose given n ∈ Z⩾0 . Suppose given I, J ⊆ [n] where I ∩ J = ∅.
Suppose given an injective monotone map u : [n]→ [k], where k ∈ Z⩾n .

Then we have (I
•

∪ J)u = Iu
•

∪ Ju.

Proof. We assume that Iu ∩ Ju ̸= ∅.
Choose x ∈ Iu ∩ Ju. Then we have some a ∈ I with au = x and we have some b ∈ J with
bu = x. Since u is injective, we have a = b and so a ∈ I ∩ J . This contradicts I ∩ J = ∅.
So Iu ∩ Ju = ∅. This shows the claim.

Lemma 29 Suppose given n ∈ Z⩾0 .

Suppose given L ⊂ [n]. Then |L| ∈ [0, n]. Suppose given K ⊆ [n− |L|].
We consider the morphisms

σL = σ
n+1−|L|
L : [n+ 1]→ [n+ 1− |L|]

σK = σ
n+1−|L|−|K|
K : [n+ 1− |L|]→ [n+ 1− |L| − |K|]

δL = δnL : [n− |L|]→ [n];

cf. Definition 25.(1, 2).

(1) Suppose given t ∈ [0, |L|]. Suppose given L′ ⊂ [n− t] with |L′| = |L| − t.
We consider the map δL′ = δn−tL′ : [n− |L|]→ [n− t] .
We have KδL′ ∩ L′ = ∅.
In particular, we have KδL ∩ L = ∅.

(2) We consider the set KδL
•

∪ L ⊆ [n]; cf. (1).

We have
σL ▲ σK = σ

KδL
•
∪L : [n+ 1]→ [n+ 1− |L| − |K|] .
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Proof. Ad (1). We assume that KδL′ ∩ L′ ̸= ∅. We choose x ∈ KδL′ ∩ L′ .

In particular, we have x ∈ KδL′ . So we have x = yδL′ for a unique y ∈ K.

This shows that x = yδL′ ∈ im δL′ .

Moreover, we have x ∈ L′ 26.(1)
= {i ∈ [n− t] : i ̸∈ im δL′}.

This shows that x ̸∈ im δL′ which is a contradiction.

So we have KδL′ ∩ L′ = ∅ .
Ad (2). We show this claim by induction on |L| ⩾ 0.

Let |L| = 0. Then L = ∅. We have σL = id[n+1] and δL = id[n] .

So we have KδL
•

∪ L = K
•

∪ ∅ = K .

This shows that

σL ▲σK = id[n+1] ▲σK = σK = σ
KδL

•
∪L .

Let |L| ⩾ 1. Then n ⩾ 1. We write ℓ := maxL ∈ [n]. Let L̃ := L\{ℓ} ⊂ [n− 1].

We have L̃ ⊂ [n− 1] with |L̃| = |L| − 1 < |L| and K ⊆ [n− |L|] = [(n− 1)− |L̃|].
So, by induction hypothesis, we have

σL̃ ▲σK = σ
KδL̃

•
∪L̃ : [(n− 1) + 1]→ [(n− 1) + 1− |L̃| − |K|] .

Note that by (1), we have KδL̃ ∩ L̃ = ∅.
Moreover, we have

σL = σ{ℓ}
•
∪L̃ = σℓ ▲σL̃ ;

cf. Definition 25.(2).

We write

K1 :=
{
k ∈ (KδL̃

•

∪ L̃) : k ⩾ ℓ
}
⊆ [ℓ, n]

K2 :=
{
k ∈ (KδL̃

•

∪ L̃) : k < ℓ
}
⊆ [0, ℓ− 1]

K ′
1 := {k + 1: k ∈ K1} ⊆ [ℓ+ 1, n] .

By Remark 27, since KδL̃
•

∪ L̃ ⊆ [n− 1], we have

σℓ ▲σ
KδL̃

•
∪L̃ = σ

K′
1

•
∪{ℓ}

•
∪K2

: [n+ 1]→ [n− |KδL̃
•

∪ L̃|] = [n− |L̃| − |K|] .
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We claim that K ′
1

•

∪ {ℓ}
•

∪ K2
!
= KδL

•

∪ L.

Note that K1

•

∪ K2 = KδL̃
•

∪ L̃ and that K ′
1

•

∪ K2 = (K1

•

∪ K2)δℓ = (KδL̃
•

∪ L̃)δℓ .
We have

K ′
1

•

∪ {ℓ}
•

∪ K2 =
(
K ′

1

•

∪ K2

) •

∪ {ℓ} = (KδL̃
•

∪ L̃)δℓ
•

∪ {ℓ} 28
= KδL̃δℓ

•

∪ L̃δℓ
•

∪ {ℓ}
25.(1)
= KδL

•

∪ L̃
•

∪ {ℓ} = KδL
•

∪ L .

This proves the claim.

Altogether, we have

σL ▲σK = σℓ ▲σL̃ ▲σK = σℓ ▲σ
KδL̃

•
∪L̃ = σ

K′
1

•
∪{ℓ}

•
∪K2

= σ
KδL

•
∪L : [n+ 1]→ [n+ 1− |L| − |K|] .

2.3 The category of simplicial groups

Definition 30 (Simplicial groups)

We consider the category of groups Grp and the opposite category ∆op of ∆; cf. §1.1.3 item
12.

We write SimpGrp := [∆op,Grp] for the category of functors from ∆op to Grp and transfor-
mations between those functors.

We call SimpGrp the (ordinary) category of simplicial groups.

A functor (∆op G−→Grp) ∈ Ob
(
SimpGrp

)
is called an (ordinary) simplicial group.

For n ∈ N, we write Gn := [n]G ∈ Ob(Grp).

A transformation
(
G

φ−→H
)
∈ Mor

(
SimpGrp

)
between simplicial groupsG,H ∈ Ob

(
SimpGrp

)
is called a simplicial group morphism.

For n ∈ N, we write φn := [n]φ : Gn → Hn .

For
(
[n]

u−→ [k]
)
∈ Mor(∆), we write Gu := (uop)G : Gk → Gn .

For G
φ−→G′ φ′

−→G′′ in SimpGrp, their composite is given by their vertical composite of
transformations

φ ▲φ′ =
(
Gn

[n](φ▲φ′)−−−−−→ G′′
n

)
n∈N :=

(
Gn

φn ▲φ′
n−−−−→ G′′

n

)
n∈N .
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For G ∈ Ob(SimpGrp), its identity is given by

idG =
(
Gn

idGn−−→ Gn

)
n∈N .

Definition 31 (Face maps and degeneracy maps)

We consider the simplex category ∆.

Suppose given a simplicial group G : ∆op → Grp.

(1) Suppose given n ∈ Z⩾1 and j ∈ [0, n]. We consider the morphisms

δnj : [n− 1]→ [n] and (δnj )
op : [n]→ [n− 1] ,

cf. Definition 19.

We call
dG,nj := Gδnj

=
(
(δnj )

op
)
G : Gn → Gn−1

a face map. Sometimes, we abbreviate dj := dG,nj . It is a group morphism.

(2) Suppose given n ∈ Z⩾0 and i ∈ [0, n]. We consider the morphisms

σni : [n+ 1]→ [n] and (σni )
op : [n]→ [n+ 1] ;

cf. Definition 19.

We call
sG,ni := Gσn

i
=
(
(σni )

op
)
G : Gn → Gn+1

a degeneracy map. Sometimes, we abbreviate si := sG,ni . It is a group morphism.

Remark 32 Suppose given simplicial groups G, H : ∆op → Grp.
Suppose given a simplicial group morphism φ : G→ H .

Then we have (1, 2).

(1) Let n ∈ Z⩾1 . For i ∈ [0, n], we have

dG,ni ▲φn−1 = φn ▲ dH,ni : Gn → Hn−1 .

(2) Let n ∈ Z⩾0 . For i ∈ [0, n], we have

φn ▲ sH,ni = sG,ni ▲φn+1 : Gn → Hn+1 .
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Remark 33 Suppose given a simplicial group G : ∆op → Grp.
Using Remark 24, we have the following equations (1, 2, 3).

(1) Let n ∈ Z⩾1 . We have

dG,n+1
j ▲ dG,ni = dG,n+1

i ▲ dG,nj−1

for i ∈ [0, n], j ∈ [0, n+ 1] with i < j.

(2) Let n ∈ Z⩾1 . We have

sG,n−1
i ▲ sG,nj = sG,n−1

j−1 ▲ sG,ni

for i ∈ [0, n− 1], j ∈ [0, n] with i < j.

(3) Let n ∈ Z⩾0 . We have

sG,ni ▲ dG,n+1
j =


dG,nj ▲ sG,n−1

i−1 if n ⩾ 1 and j < i

idGn if j = i or j = i+ 1

dG,nj−1 ▲ sG,n−1
i if n ⩾ 1 and j > i+ 1 ,

for i ∈ [0, n], j ∈ [0, n+ 1].

Remark 34 Suppose given a morphism
(
[n]

u−→ [k]
)
∈ Mor(∆).

We consider the morphism
(
[k]

uop−→ [n]
)
∈ Mor(∆op).

We have

uop =

(
[k]∏[ℓ]

t∈⌊k−ℓ,1⌋

(δℓ+tjt
)op
)

▲

(
[ℓ]∏[n]

t∈⌈1,n−ℓ⌉

(σℓ+t−1
it

)op
)

for some ℓ ⩾ 0 and for some 0 ⩽ i1 < . . . < in−ℓ ⩽ n− 1 and 0 ⩽ j1 < . . . < jk−ℓ ⩽ k.

In particular, for a simplicial group G : ∆op → Grp, we have

Gu = (uop)G =

(
Gk
∏Gℓ

t∈⌊k−ℓ,1⌋

dG, ℓ+tjt

)
▲

(
Gℓ
∏Gn

t∈⌈1,n−ℓ⌉

sG, ℓ+t−1
it

)
.

Proof. By Corollary 22, we have

u =

(
[n]∏[ℓ]

t∈⌊n−ℓ,1⌋

σℓ+t−1
it

)
▲

(
[ℓ]∏[k]

t∈⌈1,k−ℓ⌉

δℓ+tjt

)
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for some ℓ ⩾ 0 and for some 0 ⩽ i1 < . . . < in−ℓ ⩽ n− 1 and 0 ⩽ j1 < . . . < jk−ℓ ⩽ k.

So we have

uop =

((
[n]∏[ℓ]

t∈⌊n−ℓ,1⌋

σℓ+t−1
it

)
▲

(
[ℓ]∏[k]

t∈⌈1,k−ℓ⌉

δℓ+tjt

))op
=

(
[k]∏[ℓ]

t∈⌊k−ℓ,1⌋

(δℓ+tjt
)op
)

▲

(
[ℓ]∏[n]

t∈⌈1,n−ℓ⌉

(σℓ+t−1
it

)op
)

Moreover, for a simplicial group G, we have

Gu = (uop)G =

(
Gk
∏Gℓ

t∈⌊k−ℓ,1⌋

(
(δℓ+tjt

)op
)
G

)
▲

(
Gℓ
∏Gn

t∈⌈1,n−ℓ⌉

(
(σℓ+t−1

it
)op
)
G

)

=

(
Gk
∏Gℓ

t∈⌊k−ℓ,1⌋

dℓ+tjt

)
▲

(
Gℓ
∏Gn

t∈⌈1,n−ℓ⌉

sℓ+t−1
it

)
.

Remark 35 Suppose given simplicial groups G, H.

For k ∈ Z⩾0 , suppose given simplicial group morphisms φk : Gk → Hk .

Suppose that we have (1, 2).

(1) For k ∈ Z⩾1 and j ∈ [0, k], we have

dG,kj ▲ φk−1 = φk ▲ dH,kj : Gk → Hk−1 .

(2) For k ∈ Z⩾0 and i ∈ [0, k], we have

φk ▲ sH,ki = sG,ki ▲ φk+1 : Gk → Hk+1 .

Then φ := (φk)k∈Z⩾0
: G→ H is a simplicial group morphism.

Proof. Let k ∈ Z⩾0 . Suppose given
(
[n]

u−→ [k]
)
in ∆ . We consider the group morphisms

Gu : Gk → Gn and Hu : Hk → Hn .

By Remark 34, we have

uop =

(
[k]∏[ℓ]

t∈⌊k−ℓ,1⌋

(δℓ+tjt
)op
)

▲

(
[ℓ]∏[n]

t∈⌈1,n−ℓ⌉

(σℓ+t−1
it

)op
)
,
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hence

Gu =

(
Gk
∏Gℓ

t∈⌊k−ℓ,1⌋

dG, ℓ+tjt

)
▲

(
Gℓ
∏Gn

t∈⌈1,n−ℓ⌉

sG, ℓ+t−1
it

)
and

Hu =

(
Hk
∏Hℓ

t∈⌊k−ℓ,1⌋

dH, ℓ+tjt

)
▲

(
Hℓ
∏Hn

t∈⌈1,n−ℓ⌉

sH, ℓ+t−1
it

)
,

where ℓ ⩾ 0 and where 0 ⩽ i1 < . . . < in−ℓ ⩽ n− 1 and 0 ⩽ j1 < . . . < jk−ℓ ⩽ k.

We have

φk ▲Hu = φk ▲

(
Hk
∏Hℓ

t∈⌊k−ℓ,1⌋

dH, ℓ+tjt

)
▲

(
Hℓ
∏Hn

t∈⌈1,n−ℓ⌉

sH, ℓ+t−1
it

)
(1)
=

(
Gk
∏Gℓ

t∈⌊k−ℓ,1⌋

dG, ℓ+tjt

)
▲φk−(k−ℓ) ▲

(
Hℓ
∏Hn

t∈⌈1,n−ℓ⌉

sH, ℓ+t−1
it

)
(2)
=

(
Gk
∏Gℓ

t∈⌊k−ℓ,1⌋

dG, ℓ+tjt

)
▲

(
Gℓ
∏Gn

t∈⌈1,n−ℓ⌉

sG, ℓ+t−1
it

)
▲φk−(k−ℓ)+(n−ℓ)

= Gu ▲φn .

This shows that φ = (φk)k∈Z⩾0
is a simplicial group morphism.

Remark 36 Suppose given a simplicial group G : ∆op → Grp.

. . . G2 G1 G0

dG,1
0

dG,1
1

sG,0
0

dG,2
0

dG,2
1

dG,2
2

sG,1
0

sG,1
1

Using Remark 33, we have in particular the following equations.

sG,00 ▲ sG,10 = sG,00 ▲ sG,11 , sG,00 ▲ dG,10 = idG0 , sG,00 ▲ dG,11 = idG0

sG,10 ▲ dG,20 = idG1 , sG,10 ▲ dG,21 = idG1 , sG,10 ▲ dG,22 = dG,11 ▲ sG,00

sG,11 ▲ dG,20 = dG,10 ▲ sG,00 , sG,11 ▲ dG,21 = idG1 , sG,11 ▲ dG,22 = idG1

dG,20 ▲ dG,10 = dG,21 ▲ dG,10 , dG,20 ▲ dG,11 = dG,22 ▲ dG,10 , dG,21 ▲ dG,11 = dG,22 ▲ dG,11 .
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Definition 37 Suppose given n ∈ Z⩾0 .

Suppose given a simplicial group G; cf. Definition 30.

(1) Suppose given J ⊂ [n].

Let k := |J | ∈ [0, n] and let J =: {j1 , j2 , . . ., jk}, where 0 ⩽ j1 < j2 < . . . < jk ⩽ n.

We consider the map δJ = δnJ =
[n−k]∏[n]

r∈⌈1,k⌉

δn−k+rjr
: [n−k]→ [n] ; cf. Definition 25.(1).

We write
dG,nJ := GδnJ

=
(
(δnJ)

op
)
G : Gn → Gn−k .

So we have

dG,nJ =
( [n−k]∏[n]

r∈⌈1,k⌉

δn−k+rjr

)op
G =

( [n]∏[n−k]

r∈⌊k,1⌋

(δn−k+rjr
)op
)
G

=
Gn+1

∏Gn−k

r∈⌊k,1⌋

(
(δn−k+rjr

)op
)
G =

Gn+1
∏Gn−k

r∈⌊k,1⌋

dG,n−k+rjr

= dG,njk
▲ dG,n−1

jk−1
▲ . . . ▲ dG,n+1−k

j1
.

We often write dJ := dG,nJ . Note that dG,n∅ = idGn .

(2) Suppose given I ⊆ [n].

Let k := |I| ∈ [0, n+ 1] and let I =: {i1 , i2 , . . ., ik}, where 0 ⩽ i1 < i2 < . . . < ik ⩽ n.

We consider the map σI = σn+1−k
I =

[n+1]∏[n+1−k]

r∈⌊k,1⌋

σn−k+rir
: [n+1]→ [n+1− k] ; cf.

Definition 25.(2).

We write
sG,n+1−k
I := Gσn+1−k

I
=
(
(σn+1−k

I )op
)
G : Gn+1−k → Gn+1 .

So we have

sG,n+1−k
I =

( [n+1]∏[n+1−k]

r∈⌊k,1⌋

σn−k+rir

)op
G =

( [n+1−k]∏[n+1]

r∈⌈1,k⌉

(σn−k+rir
)op
)
G

=
Gn+1−k

∏Gn+1

r∈⌈1,k⌉

(
(σn−k+rir

)op
)
G =

Gn+1−k
∏Gn+1

r∈⌈1,k⌉

sG,n−k+rir

= sG,n+1−k
i1

▲ sG,n+2−k
i2

▲ . . . ▲ sG,nir
.
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We often write sI := sG,n+1−k
I . Note that sG,n+1

∅ = idGn+1 .

Remark 38 Let n ∈ Z⩾0 . Suppose given a simplicial group G; cf. Definition 30.

Suppose given I ⊆ [n]. Suppose given ℓ ∈ [(max I) + 2, n+ 1]. Note that ℓ− |I| ⩾ 1.

We have
s
G,n+1−|I|
I ▲ dG,n+1

ℓ = d
G,n+1−|I|
ℓ−|I| ▲ s

G,n−|I|
I : Gn+1−|I| → Gn .

Proof. We show this claim by induction on |I| ∈ Z⩾0 .

Let |I| = 0. Then we have I = ∅ and sI = id .

So we have
sI ▲ dℓ = dℓ = dℓ−|I| ▲ sI .

Now suppose that |I| ⩾ 1. By induction hypothesis, we have

sĨ ▲ dℓ̃ = dℓ̃−1 ▲ sĨ

for Ĩ ⊆ [0, n] with |Ĩ| < |I| and for ℓ̃ ∈ [(max Ĩ) + 2, n+ 1].

Since |I| ⩾ 1, we have that I ̸= ∅.

We write m := max I ∈ I and we write Ĩ := I\{m} ⊂ I. Note that I = Ĩ
•

∪ {m}. So we
have

sI = s
Ĩ
•
∪{m} = sĨ ▲ sm .

Moreover, note that |Ĩ| = |I|−1 and that max Ĩ ⩽ (max I)−1 ⩽ ℓ−3. So (max Ĩ)+2 ⩽ ℓ−1.
Therefore, we have

sI ▲ dℓ = sĨ ▲ sm ▲ dℓ = sĨ ▲ dℓ−1 ▲ sm
IH
= dℓ−1−|Ĩ| ▲ sĨ ▲ sm = dℓ−|I| ▲ sI .

Corollary 39 We consider the assertions from Lemma 29.

Suppose given n ∈ Z⩾0 .

Suppose given L ⊂ [n]. Then |L| ∈ [0, n]. Suppose given K ⊆ [n− |L|].
Suppose given a simplicial group G; cf. Definition 30.

We consider the group morphisms

s
G,n+1−|L|
L : Gn+1−|L| → Gn+1

s
G,n+1−|L|−|K|
K : Gn+1−|L|−|K| → Gn+1−|L| ;
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cf. Definition 37.

We consider the map δL = δ
n−|L|
L : [n− |L|]→ [n] ; cf. Definition 25.(1).

We consider the set KδL
•

∪ L ⊆ [n].

We have
s
G,n+1−|L|−|K|
K ▲ s

G,n+1−|L|
L = s

G,n+1−|L|−|K|
KδL

•
∪L

: Gn+1−|L|−|K| → Gn+1 .

Proof. We consider the morphisms

σL : [n+ 1]→ [n+ 1− |L|]
σK : [n+ 1− |L|]→ [n+ 1− |L| − |K|] ;

cf. Definition 25.(1).

Then, by Lemma 29.(2), we have

σL ▲σK = σ
KδL

•
∪L .

So we have

sK ▲ sL
37.(2)
= GσK

▲GσL
= GσL ▲σK

= Gσ
KδL

•
∪L

37.(2)
= s

KδL
•
∪L .

2.4 Simplicial subgroups

Definition 40 (Simplicial subgroups)

Suppose given simplicial groups G, H : ∆op → Grp.
We say that H is a simplicial subgroup of G if the conditions (1, 2) hold.

(1) For n ∈ Z⩾0 , we have Hn ⩽ Gn .

(2) Suppose given a morphism
(
[n]

u−→ [k]
)
∈ Mor(∆).

We consider the group morphisms Gu : Gk → Gn and Hu : Hk → Hn ; cf. Definition 30.

We have
Hu = Gu

∣∣Hn

Hk
.

We write H ⩽ G to indicate that H is a simplicial subgroup of G.
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Lemma 41 Suppose given a simplicial group G : ∆op → Grp.
For n ∈ Z⩾0 , suppose given subgroups Hn ⩽ Gn .

(1) For
(
[n]

u−→ [k]
)
∈ Mor(∆), i.e.

(
[k]

uop−→ [n]
)
∈ Mor(∆op), suppose that we have

(Hk)Gu ⩽ Gn .

Then we have the simplicial group

H : ∆op → Grp ,
(
[k]

uop−→ [n]
)
7→
(
[k]H

(uop)H−−−−→ [n]H
)
:=
(
Hk

Gu

∣∣Hn

Hk−−−−→ Hn

)
.

Moreover, we have H ⩽ G, i.e. H is a simplicial subgroup of G.

(2) For n ∈ Z⩾1 and j ∈ [0, n], suppose that we have

(Hn)d
G,n
j ⩽ Hn−1 .

For n ∈ Z⩾0 and i ∈ [0, n], suppose that we have

(Hn)s
G,n
i ⩽ Hn+1 .

Then we have the simplicial group

H : ∆op → Grp ,
(
[k]

uop−→ [n]
)
7→
(
[k]H

(uop)H−−−−→ [n]H
)
:=
(
Hk

Gu

∣∣Hn

Hk−−−−→ Hn

)
.

Moreover, we have H ⩽ G, i.e. H is a simplicial subgroup of G.

Proof. Ad (1). Suppose given [m]
vop−→ [k]

uop−→ [n] in ∆op.

We have

(id[n])
opH =

(
(id[n])

opG
)∣∣Hn

Hn
= idGn

∣∣Hn

Hn
= idHn = id[n]H .

We have

(vop ▲ uop)H =
(
(vop ▲ uop)G

)∣∣Hn

Hm
= (Gv ▲Gu)

∣∣Hn

Hm
= Gv

∣∣Hk

Hm
▲Gu

∣∣Hn

Hk
= (vop)H ▲ (uop)H .

So H is a functor from ∆op to Grp, i.e. H is a simplicial group.

For
(
[n]

u−→ [k]
)
∈ Mor(∆), we have, by construction,

Hu = (uop)H = Gu

∣∣Hn

Hk
.
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So H is a simplicial subgroup of G.

Ad (2). Suppose given a morphism
(
[n]

u−→ [k]
)
∈ Mor(∆). By (1), it suffices to show that

(Hk)Gu

!

⩽ Hn .

By Remark 34, we have

Gu =

(
Gk
∏Gℓ

r∈⌊k−ℓ,1⌋

dG, ℓ+rir

)
▲

(
Gℓ
∏Gn

q∈⌈1,n−ℓ⌉

sG, ℓ+q−1
jq

)

for some ℓ ⩾ 0 and 0 ⩽ j1 < . . . < jn−ℓ ⩽ n− 1 and 0 ⩽ i1 < . . . < ik−ℓ ⩽ k.

Using the assumptions given in (2) iteratively, we obtain

(Hk)

(
Gk
∏Gℓ

r∈⌊k−ℓ,1⌋

dG, ℓ+rir

)
⩽ Hℓ

and

(Hℓ)

(
Gℓ
∏Gn

q∈⌈1,n−ℓ⌉

sG, ℓ+q−1
jq

)
⩽ Hn .

So we have

(Hk)Gu = (Hk)

((
Gk
∏Gℓ

r∈⌊k−ℓ,1⌋

dG, ℓ+rir

)
▲

(
Gℓ
∏Gn

q∈⌈1,n−ℓ⌉

sG, ℓ+q−1
jq

))
⩽ Hn .

Therefore, we have the group morphism Gu

∣∣Hn

Hk
: Hk → Hn . Thus, the definition of the group

morphism (
[k]H

(uop)H−−−−→ [n]H
)
:=
(
Hk

Gu

∣∣Hn

Hk−−−−→ Hn

)
is possible.

Moreover, by (1), H is a simplicial subgroup of G.

Remark 42 Suppose given simplicial groups G, H; cf. Definition 30.

Suppose given simplicial subgroups G̃ ⩽ G and H̃ ⩽ H; cf. Definition 40.

Suppose given a simplicial group morphism φ : G→ H.

Suppose that we have G̃k φk ⩽ H̃k for k ∈ Z⩾0 .
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Then we have the simplicial group morphism

φ̃ := φ
∣∣H̃
G̃
: G̃→ H̃ ,

where

φ̃k =
(
φ
∣∣H̃
G̃

)
k
:= φk

∣∣H̃k

G̃k
: G̃k → H̃k , g 7→ gφ̃k = gφk ,

for k ∈ Z⩾0 .

If G̃ = G, we also write φ
∣∣H̃ := φ

∣∣H̃
G
: G→ H̃ .

If H̃ = H, we also write φ
∣∣
G̃
:= φ

∣∣H
G̃
: G̃→ H .

Proof. Suppose given
(
[ℓ]

u−→ [k]
)
∈ Mor(∆) .

We consider the group morphisms G̃u : G̃k → G̃ℓ and H̃u : H̃k → H̃ℓ .

For g ∈ G̃k , we have

g(φ̃k ▲ H̃u) = g(φk ▲Hu) = g(Gu ▲φℓ) = g(G̃u ▲ φ̃ℓ) .

This shows that φ̃k ▲ H̃u = G̃u ▲ φ̃ℓ .

G̃k H̃k

G̃ℓ H̃ℓ

φ̃k

G̃u H̃u

φ̃ℓ

2.5 The décalage functor Dec for simplicial groups

Lemma 43 (The functor dec)

We consider the simplex category ∆.

(1) Suppose given a morphism
(
[n]

u−→ [k]
)
∈ Mor(∆).
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We have the morphism u+ ∈ Mor(∆), where

u+ : [n+ 1]→ [k + 1] , i 7→

{
iu if i ∈ [0, n]

k + 1 if i = n+ 1 .

(2) We have the functor

dec : ∆→ ∆ ,
(
[n]

u−→ [k]
)
7→
(
[n+ 1]

u+−→ [k + 1]
)
.

Proof. Ad (1). Suppose given
(
[n]

u−→ [k]
)
∈ Mor(∆).

Suppose given x, y ∈ [n+ 1] with x ⩽ y. We have to show that xu+
!

⩽ yu+ .

We may assume that x < y.

If y < n+ 1, we have
xu+ = xu ⩽ yu = yu+ .

If y = n+ 1, we have
xu+ = xu < k + 1 = yu+ .

This shows xu+ ⩽ yu+ .

Therefore u+ is monotone. So u+ ∈ Mor(∆).

Ad (2). Suppose given [n]
u−→ [k]

v−→ [m] in ∆.

For x ∈ [n+ 1], we have

x(id[n] dec) =

{
x if x ⩽ n

n+ 1 if x = n+ 1

= x = x id[n+1] = x id[n]dec .

This shows id[n] dec = id[n]dec .

Suppose given x ∈ [n+ 1]. If x ⩽ n, we have

x
(
(u ▲ v)dec

)
= xuv = (xu)(vdec) = x(udec ▲ vdec) .

If x = n+ 1, we have

x
(
(u ▲ v)dec

)
= m+ 1 = (k + 1)(vdec) = x(udec ▲ vdec) .

This shows that (u ▲ v)dec = udec ▲ vdec.

So dec is a functor.
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Lemma 44 (The functor Dec)

We consider the functor dec : ∆→ ∆ from Lemma 43.

We consider the functor decop : ∆op → ∆op ,
(
[k]

uop−→ [n]
)
7→
(
[k]

(udec)op−−−−→ [n]
)
; cf. §1.1.3 item

13.

We have the ordinary décalage functor

Dec := [decop,Grp] : SimpGrp → SimpGrp(
G

φ−→H
)
7→

(
GDec

φDec−−−→ HDec
)

=
(
decop ∗G decop∗φ−−−−→ decop ∗H

)
;

cf. §1.1.3 item 15.

Let n ∈ Z⩾0 . For G ∈ Ob
(
SimpGrp

)
, we have

(GDec)n = Gn+1 .

For
(
G

φ−→H
)
∈ Mor

(
SimpGrp

)
, we have

(φDec)n = φn+1 : Gn+1 → Hn+1 .

Proof. Suppose given
(
G

φ−→H
)
in SimpGrp. Suppose given n ∈ Z⩾0 .

We have

(GDec)n = ([n])(decop ∗G) = ([n+ 1])G = Gn+1 .

We have

(φDec)n = ([n])(decop ∗ φ) = ([n+ 1])φ = φn+1 .

Remark 45 We consider the functor Dec: SimpGrp → SimpGrp from Lemma 44.

Suppose given a simplicial group G ∈ Ob
(
SimpGrp

)
.

Let n ∈ Z⩾0 and let i ∈ [0, n].

We have

dGDec,n
i = dG,n+1

i

sGDec,n
i = sG,n+1

i .
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Proof. We consider the functor dec : ∆→ ∆ from Lemma 43.

We consider the morphisms δni : [n− 1]→ [n] and σni : [n+ 1]→ [n] in ∆; cf. Definition 19.

Suppose given x ∈ [0, n].

If x < i, then we have

x(δni dec) = xδni = x = xδn+1
i .

If i < x ⩽ n− 1, then we have

x(δni dec) = xδni = x+ 1 = xδn+1
i .

If x = n, then we have

x(δni dec) = n(δni dec) = n+ 1 = x+ 1 = xδn+1
i .

This shows δni dec = δn+1
i .

Suppose given x ∈ [0, n+ 2].

If x ⩽ i, then we have

x(σni dec) = xσni = x = xσn+1
i .

If i < x ⩽ n+ 1, then we have

x(σni dec) = xσni = x− 1 = xσn+1
i .

If x = n+ 2, then we have

x(σni dec) = (n+ 2)(σni dec) = n+ 1 = x− 1 = xσn+1
i

This shows σni dec = σn+1
i .

So we have

dGDec,n
i = (δni )

op (GDec) = (δni )
op (decop ∗G) = (δni dec)

opG = (δn+1
i )opG = dG,n+1

i

and

sGDec,n
i = (σni )

op (GDec) = (σni )
op (decop ∗G) = (σni dec)

opG = (σn+1
i )opG = sG,n+1

i .

2.6 The Moore complex of a simplicial group

Definition 46 Let G be a simplicial group; cf. Definition 30.

Let n ∈ Z⩾0 and let i ∈ [0, n].
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(1) Suppose that n ⩾ 1. We write

Gn,i := ker dG,ni P Gn .

(2) We write

GNn :=
⋂

i∈[1,n]

Gn,i P Gn .

In particular, we have GN0 = G0 .

(3) Suppose that n ⩾ 1. We write

GNZn := GNn ∩Gn,0 =
⋂

i∈[0,n]

Gn,i P Gn .

Moreover, we write GNZ0 = G0 .

(4) We write

GNBn := (GNn+1)d
G,n+1
0 =

( ⋂
i∈[1,n+1]

Gn+1,i

)
dG,n+1
0 ⩽ Gn .

Lemma 47 (The Moore complex of a simplicial group)

Let G be a simplicial group; cf. Definition 30.

(1) For k ∈ Z⩾1 , we have the group morphism

∂Gk := dG,k0

∣∣GNk−1

GNk
: GNk → GNk−1 , x 7→ xdG,k0 .

Moreover, we let
∂G0 := ! : GN0 → 1 , x 7→ 1 .

Often, we write ∂k := ∂Gk for k ∈ Z⩾0 .

(2) We have the complex in groups

GN :=
(
. . .

∂3−→GN2
∂2−→GN1

∂1−→GN0
!−→ 1

!−→ . . .
)
;

cf. Definition 7.

For n ∈ Z⩾0 , we have GNBn P Gn; cf. Definition 46.(4).

We call GN the Moore complex of G.

We write
Gπn := GNHn = ker ∂n/ im ∂n+1 = GNZn/GNBn .

for the n-th homotopy group of G; cf. Lemma 11.(1).
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Proof. Ad (1). Let k ∈ Z⩾1 . We have to show that (GNk)d0

!

⊆ GNk−1 .

Suppose given x ∈ GNk . Then xdi = 1 for i ∈ [1, k]. Suppose given j ∈ [1, k − 1].

We have

xd0 dj = xdj+1 d0 = 1d0 = 1 .

This shows that xd0 ∈ Gk−1,j .

So xd0 ∈
⋂

j∈[1,k−1]

Gk−1, j = GNk−1 .

Ad (2). Suppose given n ∈ Z⩾1 .

We show that ∂n ▲ ∂n−1
!
= ! .

For x ∈ GNn , we have

x∂n∂n−1 = xd0 d0 = xd1 d0 = 1d0 = 1 .

This shows ∂n ▲ ∂n−1 = ! .

We show that im ∂n
!

P Gn−1 .

Suppose given n ∈ Z⩾1 . Suppose given y ∈ Gn−1 and suppose given x ∈ im ∂n .

We have to show that xy
!
∈ im ∂n .

We choose z ∈ GNn with x = z∂n = zd0 .

Let z̃ := zys0 = y−s0 · z · ys0 ∈ Gn .

Since z ∈ GNn P Gn , we also have z̃ ∈ GNn .

So we have

xy = (zd0)
ys0d0 = (zys0)d0 = z̃∂n .

This shows xy ∈ im ∂n .

Therefore im ∂n P Gn−1 .

Lemma 48 Suppose given simplicial groups G, H; cf. Definition 30.

Suppose given a simplicial group morphism φ : G→ H; cf. Remark 32.

(1) For k ∈ Z⩾0 , we have the group morphism

φNk := φk
∣∣HNk

GNk
: GNk → HNk , x 7→ xφk .
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(2) We consider the complexes in groups GN and HN; cf. Lemma 47.(2).

We have the morphism of complexes in groups

φN := (φNk)k∈Z : GN→ HN ,

where φNk := ! for k ⩽ −1. Cf. Definition 8.

(3) We have the functor

N: SimpGrp → ComplexGrp ,
(
F

φ−→F ′) 7→ (
FN

φN−→ F ′N
)
,

called Moore complex functor.

Proof. Ad (1). Let k ∈ Z⩾0 . We have to show that (GNk)φk
!

⩽ HNk .

Suppose given x ∈ GNk . For i ∈ [1, k], we have

xφk d
H,k
i = xdG,ki φk−1 = 1φk−1 = 1 .

This shows xφk ∈ Hk,i for i ∈ [1, k].

So xφk ∈ HNk .

Ad (2). Let k ∈ Z. We have to show that ∂Gk ▲φNk−1
!
= φNk ▲ ∂Hk .

We may assume that k ⩾ 1.

For x ∈ GNk , we have

x∂Gk (φNk−1) = xdG,k0 φk−1 = xφk d
H,k
0 = x(φNk)∂

H
k .

This shows ∂Gk ▲φNk−1 = φNk ▲ ∂Hk .

So (φNk)k∈Z is a morphism of complexes in groups.

Ad (3). Suppose given F
φ−→F ′ φ′

−→F ′′ in SimpGrp.
For k ∈ Z⩾0 , we have

idF Nk = idFk

∣∣FNk

FNk
= idFNk

.

For k ∈ Z⩽−1 , we have
idF Nk = ! = idFNk

.

Thus, we have
idF N = (idF Nk)k∈Z = (idFNk

)k∈Z = idFN .
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Moreover, for k ∈ Z⩾0 , we have

(φ ▲φ′)Nk = (φk ▲φ′
k)
∣∣F ′′Nk

FNk
= φk

∣∣F ′Nk

FNk
▲ φ′

k

∣∣F ′′Nk

F ′Nk
= φNk ▲φ′Nk .

For k ∈ Z⩽−1 , we have
(φ ▲φ′)Nk = ! = φNk ▲φ′Nk .

Thus, we have

(φ ▲φ′)N =
(
(φ ▲φ′)Nk

)
k∈Z = (φNk ▲φ′Nk)k∈Z = (φNk)k∈Z ▲ (φ′Nk)k∈Z = φN ▲φ′N .

So N is a functor.

2.7 Preparations for the Conduché condition

We shall give the assertion needed for the verfication of the Conduché condition for the ⌊n, 0⌋-
simplicial groups obtained from a simplicial group by truncation; cf. §3.4 and Lemma 118
below.

Lemma 49 Suppose given a simplicial group G ∈ Ob
(
SimpGrp

)
; cf. Definition 30.

Suppose given n ∈ Z⩾0.

For ℓ ∈ [0, n+ 1] , we have

GNBn =
( ⋂
i∈[0,n+1]\{ℓ}

Gn+1,i

)
dG,n+1
ℓ ;

cf. Definition 46.(4).

Proof. For ℓ ∈ [0, n+ 1] , we write

Uℓ :=
( ⋂
i∈[0,n+1]\{ℓ}

Gn+1,i

)
dℓ .

We show that GNBn
!
= Uℓ by induction on ℓ ∈ [0, n+ 1].

Suppose that ℓ = 0.

Then we have

GNBn =
( ⋂
i∈[1,n+1]

Gn+1,i

)
d0 =

( ⋂
i∈[0,n+1]\{0}

Gn+1,i

)
d0 = U0 .
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Suppose that ℓ ∈ [1, n+ 1].

By induction hypothesis, this assertion holds for ℓ− 1.

We have to show that Uℓ−1
!
= Uℓ .

Ad ⊆. Suppose given y ∈ Uℓ−1 . Then we may choose some x ∈
⋂

i∈[0,n+1]\{ℓ−1}
Gn+1,i such

that y = xdℓ−1 . Let x̃ := x− · xdℓ−1 sℓ−1 ∈ Gn+1 .

We show that x̃
!
∈

⋂
i∈[0,n+1]\{ℓ}

Gn+1,i.

Suppose given i ∈ [0, n+ 1]\{ℓ}. We use Remark 33 for the following calculations.

If i ⩽ ℓ− 2, then we have

x̃di = x−di · xdℓ−1 sℓ−1 di = 1 · xdℓ−1 di sℓ−2 = xdi dℓ−2 sℓ−2 = 1 .

If i = ℓ− 1, then we have

x̃di = x−dℓ−1 · xdℓ−1 sℓ−1 dℓ−1 = (xdℓ−1)
− · xdℓ−1 = 1 .

If i ⩾ ℓ+ 1, then we have

x̃di = x−di · xdℓ−1 sℓ−1 di = 1 · xdℓ−1 di−1 sℓ−1 = xdi dℓ−1 sℓ−1 = 1 .

This shows x̃ ∈ Gn+1,i for i ∈ [0, n+ 1]\{ℓ}. So x̃ ∈
⋂

i∈[0,n+1]\{ℓ}
Gn+1,i .

We show that x̃dℓ
!
= y.

We have

x̃dℓ = x−dℓ · xdℓ−1 sℓ−1 dℓ = 1 · xdℓ−1 = y .

Altogether, we have

y = x̃dℓ ∈
( ⋂
i∈[0,n+1]\{ℓ}

Gn+1,i

)
dℓ = Uℓ .

So Uℓ−1 ⊆ Uℓ .

Ad ⊇. Suppose given y ∈ Uℓ . Then we choose some x ∈
⋂

i∈[0,n+1]\{ℓ}
Gn+1,i such that y = xdℓ .

Let x̃ := x− · xdℓ sℓ−1 ∈ Gn+1,i .

We show that x̃
!
∈

⋂
i∈[0,n+1]\{ℓ−1}

Gn+1,i .

Suppose given i ∈ [0, n+ 1]\{ℓ− 1}. We use Remark 33 for the following calculations.
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If i ⩽ ℓ− 2, then we have

x̃di = x−di · xdℓ sℓ−1 di = 1 · xdℓ di sℓ−2 = xdi dℓ−1 sℓ−2 = 1 .

If i = ℓ, then we have

x̃di = x−dℓ · xdℓ sℓ−1 dℓ = (xdℓ)
− · xdℓ = 1 .

If i ⩾ ℓ+ 1, then we have

x̃di = x−di · xdℓ sℓ−1 di = 1 · xdℓ di−1 sℓ−1 = xdi dℓ sℓ−1 = 1 .

This shows x̃ ∈ Gn+1,i for i ∈ [0, n+ 1]\{ℓ− 1}. So x̃ ∈
⋂

i∈[0,n+1]\{ℓ−1}
Gn+1,i .

We show that x̃dℓ−1
!
= y.

We have

x̃dℓ−1 = x−dℓ−1 · xdℓ sℓ−1 dℓ−1 = 1 · xdℓ = y .

Altogether, we have

y = x̃dℓ−1 ∈
( ⋂
i∈[0,n+1]\{ℓ−1}

Gn+1,i

)
dℓ−1 = Uℓ−1 .

So Uℓ ⊆ Uℓ−1 .

This shows Uℓ−1 = Uℓ .

Lemma 50 Suppose given a simplicial group G; cf. Definition 30.

Let n ∈ Z⩾0 . Suppose given x, y ∈ Gn .

For i ∈ [0, n], suppose that we have

xdG,ni = 1 or ydG,ni = 1 .

Moreover, suppose that there exists an ℓ ∈ [0, n− 1] such that

xdG,nℓ+1 = 1 and ydG,nℓ = 1 .

Then we have [x, y] ∈ GNBn .

Proof. We choose some ℓ ∈ [0, n− 1] such that xdℓ+1 = 1 and ydℓ = 1 .

Let c := [xsℓ, ysℓ+1] ∈ Gn+1 .
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We show that c
!
∈

⋂
i∈[0,n+1]\{ℓ+1}

Gn+1, i .

Let i ∈ [0, n+ 1]\{ℓ+ 1} .
We use Remark 33 for the following calculations.

If i ⩽ ℓ− 1 then we have

c di = [xsℓ di, ysℓ+1 di] = [xdi sℓ−1, ydi sℓ] = 1

since xdi = 1 or ydi = 1 .

If i = ℓ then we have

c dℓ = [xsℓ dℓ, ysℓ+1 dℓ] = [x, ydℓ sℓ] = [x, 1] = 1 .

If i = ℓ+ 2 then we have

c dℓ+2 = [xsℓ dℓ+2, ysℓ+1 dℓ+2] = [xdℓ+1 sℓ, y] = [1, y] = 1 .

If i ⩾ ℓ+ 3 then we have

c di = [xsℓ di, ysℓ+1 di] = [xdi−1 sℓ, ydi−1 sℓ+1] = 1

since xdi−1 = 1 or ydi−1 = 1 .

This shows that c ∈
⋂

i∈[0,n+1]\{ℓ+1}
Gn+1, i .

We show that c dℓ+1
!
= [x, y].

We have

c dℓ+1 = [xsℓ dℓ+1, ysℓ+1 dℓ+1] = [x, y] .

Altogether, this shows

[x, y] = c dℓ+1 ∈
( ⋂
i∈[0,n+1]\{ℓ+1}

Gn+1, i

)
dℓ+1

49
= GNBn .
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⌊n, 0⌋-simplicial groups

3.1 Pre-⌊n, 0⌋-simplicial groups

Let n ∈ Z⩾0 ∪ {+∞}.

Definition 51 We consider the simplex category ∆; cf. Definition 18.

We have the full subcategory ∆⌊n,0⌋ ⊆ ∆, where

Ob
(
∆⌊n,0⌋

)
:=
{
[k] : k ∈ [0, n]

}
.

Then note that

Mor
(
∆⌊n,0⌋

)
:=
{
[ℓ]

u−→ [k] : ℓ, k ∈ [0, n] , u is a monotone map
}
.

In particular, we have ∆⌊+∞,0⌋ = ∆.

Definition 52 (Pre-⌊n, 0⌋-simplicial groups)

We consider the category of groups Grp and the opposite category ∆op
⌊n,0⌋ of ∆⌊n,0⌋; cf. §1.1.3

item 12.

We write Pre-⌊n, 0⌋-SimpGrp := [∆op
⌊n,0⌋,Grp] for the category of functors from ∆op

⌊n,0⌋ to Grp
and transformations between those functors.

We call Pre-⌊n, 0⌋-SimpGrp the category of pre-⌊n, 0⌋-simplicial groups.

A functor (∆op
⌊n,0⌋

G−→Grp) ∈ Ob
(
Pre-⌊n, 0⌋-SimpGrp

)
is called a pre-⌊n, 0⌋-simplicial group.

For k ∈ [0, n], we write Gk := [k]G ∈ Ob(Grp).
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For k ∈ [0, n], we write φk := [k]φ : Gk → G′
k .

A transformation
(
G

φ−→G′) ∈ Mor
(
Pre-⌊n, 0⌋-SimpGrp

)
between ⌊n, 0⌋-simplicial groups

G, G′ ∈ Ob
(
Pre-⌊n, 0⌋-SimpGrp

)
is called a pre-⌊n, 0⌋-simplicial group morphism.

For
(
[ℓ]

u−→ [k]
)
∈ Mor

(
∆⌊n,0⌋

)
, we write Gu := (uop)G : Gk → Gℓ .

For morphisms G
φ−→G′ φ′

−→G′′ in Pre-⌊n, 0⌋-SimpGrp, their composite is given by their ver-
tical composite of transformations

φ ▲φ′ =
(
Gk

[k](φ ▲ φ′)−−−−−−→ G′′
k

)
k∈[0,n] :=

(
Gk

φk ▲ φ′
k−−−−→ G′′

k

)
k∈[0,n] .

So (φ ▲φ′)k = φk ▲φ′
k for k ∈ [0, n].

For G ∈ Ob(Pre-⌊n, 0⌋-SimpGrp), its identity is given by

idG =
(
Gk

idGk−−→ Gk

)
k∈[0,n] .

So (idG)k = idGk
.

Note that in particular, we have Pre-⌊+∞, 0⌋-SimpGrp = SimpGrp.

Definition 53 (Face maps and degeneracy maps)

Suppose given a pre-⌊n, 0⌋-simplicial group G : ∆op
⌊n,0⌋ → Grp.

Recall that ∆⌊n,0⌋ ⊆ ∆.

For k ∈ [1, n] and i ∈ [0, k], we consider the morphism δki : [k − 1]→ [k] in ∆⌊n,0⌋ .

For k ∈ [0, n − 1] and i ∈ [0, k], we consider the morphism σki : [k + 1] → [k] in ∆⌊n,0⌋ ; cf.
Definition 19.

For k ∈ [1, n] and i ∈ [0, k], we have the face map

dG,ki := Gδki
=
(
(δki )

op
)
G : Gk → Gk−1 .

It is a group morphism.

For k ∈ [0, n− 1] and i ∈ [0, k], we have the degeneracy map

sG,ki := Gσk
i
=
(
(σki )

op
)
G : Gk → Gk+1 .

It is a group morphism. Cf. also Definition 31.

Sometimes, we abbreviate di := dG,ki and si := sG,ki .
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Remark 54 Suppose given a pre-⌊n, 0⌋-simplicial group G.

We consider the face maps and degeneracy maps from Definition 53.

Then we have the conditions (1, 2, 3); cf. Remark 24, cf. also Remark 33.

(1) We have

dG,k+1
j ▲ dG,ki = dG,k+1

i ▲ dG,kj−1

for k ∈ [0, n− 1], i ∈ [0, k], j ∈ [0, k + 1] with i < j.

(2) We have

sG,k−1
i ▲ sG,kj = sG,k−1

j−1 ▲ sG,ki

for k ∈ [1, n− 1], i ∈ [0, k − 1], j ∈ [0, k] with i < j.

(3) We have

sG,ki ▲ dG,k+1
j =


dG,kj ▲ sG,k−1

i−1 if k ⩾ 1 and j < i

idGk
if j = i or j = i+ 1

dG,kj−1 ▲ sG,k−1
i if k ⩾ 1 and j > i+ 1

for k ∈ [0, n− 1], i ∈ [0, k], j ∈ [0, k + 1].

Remark 55

Suppose given a pre-⌊n, 0⌋-simplicial group morphism
(
G

φ−→H
)
∈ Mor

(
Pre-⌊n, 0⌋-SimpGrp

)
.

For k ∈ [1, n] and j ∈ [0, k], we have

φk ▲ dH,kj = dG,kj ▲φk−1 .

Gk Hk

Gk−1 Hk−1

φk

dG,kj dH,kj

φk−1

For k ∈ [0, n− 1] and i ∈ [0, k], we have

φk ▲ sH,ki = sG,ki ▲φk+1 .
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Gk Hk

Gk+1 Hk+1

φk

sG,ki sH,ki

φk+1

3.2 A description using generators and relations

Let n ∈ Z⩾0 ∪ {+∞} . Suppose given m, m̃ ∈ [0, n].

Definition 56

Let

Rm,m̃ :=
{(

(ε1 , i1), (ε2 , i2), . . ., (εs , is)
)
: s ∈ Z⩾0 , εk ∈ {−1,+1} , where

∑
j∈[1,s]

εj = m̃−m ,

ik ∈
[
0,m+

∑
j∈[1,k]

εj
]
for k ∈ [1, s] and 0 ⩽ m+

∑
j∈[1,k]

εj ⩽ n for k ∈ [0, s]
}
.

An element of Rm,m̃ is called an (m, m̃)-index tuple.

We consider the following relations on Rm,m̃ , given as subsets of Rm,m̃ ×Rm,m̃ consisting of
pairs of (m, m̃)-index tuples of the respective forms.

(
++
;) :=

{((
(ε1 , i1), . . ., (εk−1 , ik−1), (εk , ik), (εk+1 , ik+1), (εk+2 , ik+2), . . ., (εs , is)

)
,(

(ε1 , i1), . . ., (εk−1 , ik−1), (εk+1 , ik+1), (εk , ik + 1), (εk+2 , ik+2), . . ., (εs , is)
))

:

for some k ∈ [1, s− 1] with ik ⩾ ik+1 and εk = εk+1 = +1

}
,

(
−−
;) :=

{((
(ε1 , i1), . . ., (εk−1 , ik−1), (εk , ik), (εk+1 , ik+1), (εk+2 , ik+2), . . ., (εs , is)

)
,(

(ε1 , i1), . . ., (εk−1 , ik−1), (εk+1 , ik+1 + 1), (εk , ik), (εk+2 , ik+2), . . ., (εs , is)
))

:

for some k ∈ [1, s− 1] with ik ⩽ ik+1 and εk = εk+1 = −1
}
,
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(
+−,1
; ) :=

{((
(ε1 , i1), . . ., (εk−1 , ik−1), (εk , ik), (εk+1 , ik+1), (εk+2 , ik+2), . . ., (εs , is)

)
,(

(ε1 , i1), . . ., (εk−1 , ik−1), (εk+1 , ik+1 − 1), (εk , ik), (εk+2 , ik+2), . . ., (εs , is)
))

:

for some k ∈ [1, s− 1] with ik ⩽ ik+1 − 1 and εk = +1 and εk+1 = −1
}
,

(
+−,2
; ) :=

{((
(ε1 , i1), . . ., (εk−1 , ik−1), (εk , ik), (εk+1 , ik+1), (εk+2 , ik+2), . . ., (εs , is)

)
,(

(ε1 , i1), . . ., (εk−1 , ik−1), (εk+2 , ik+2), . . ., (εs , is)
))

:

for some k ∈ [1, s− 1] with ik ∈ {ik+1 , ik+1 + 1} and εk = +1 and εk+1 = −1
}
,

(
+−,3
; ) :=

{((
(ε1 , i1), . . ., (εk−1 , ik−1), (εk , ik), (εk+1 , ik+1), (εk+2 , ik+2), . . ., (εs , is)

)
,(

(ε1 , i1), . . ., (εk−1 , ik−1), (εk+1 , ik+1), (εk , ik − 1), (εk+2 , ik+2), . . ., (εs , is)
))

:

for some k ∈ [1, s− 1] with ik ⩾ ik+1 + 2 and εk = +1 and εk+1 = −1
}

⊆ Rm,m̃ ×Rm,m̃ .

Note that all occurring (m, m̃)-index tuples are required to be in Rm,m̃ .

We consider the relation on Rm,m̃ given by

(;) := (
++
;) ∪ (

−−
;) ∪ (

+−,1
; ) ∪ (

+−,2
; ) ∪ (

+−,3
; ) ⊆ Rm,m̃ ×Rm,m̃ .

On Rm,m̃ , we define the equivalence relation (∼) to be generated by (;).

We write Rm,m̃/(∼) for the set of equivalence classes.

For i ∈ Rm,m̃ , we write [i] := {j ∈ Rm,m̃ : j ∼ i} ∈ Rm,m̃/(∼) .

Definition 57 Suppose given i =
(
(ε1 , i1), . . ., (εs , is)

)
∈ Rm,m̃ .

We write

w0(i) := −
∣∣{(j, k) ∈ [1, s]×2 : j < k and εj > εk

}∣∣
w−(i) :=

∑
k∈[1,s]
εk=−1

ik , w+(i) :=
∑
k∈[1,s]
εk=+1

ik

w±(i) := w−(i) + w+(i) .
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Definition 58

We write R 0
m,m̃ :=

{
i ∈ Rm,m̃ : w0(i) = 0

}
⊆ Rm,m̃ .

Note that for i =
(
(ε1 , i1), . . ., (εs , is)

)
∈ R 0

m,m̃ we have

i =
(
(−1, i1), . . ., (−1, iℓ), (+1, iℓ+1), . . ., (+1, is)

)
for some ℓ ∈ [0, s] .

Remark 59 Suppose given i =
(
(ε1 , i1), . . ., (εs , is)

)
∈ Rm,m̃ .

For k ∈ [1, s], we write

τ
(εk)
ik

:=

{
σrkik if εk = −1
δrkik if εk = +1 ,

where rk := m+
∑

j∈[1,k]
εj . So τ εkik : [rk−1]→ [rk] in ∆⌊n,0⌋ .

Moreover, we write

τi :=
[m]∏[m̃]

k∈⌈1,s⌉

τ
(εk)
ik

= τ
(ε1)
i1

▲ τ
(ε2)
i2

▲ . . . ▲ τ
(εs)
is

.

We have τi ∈ Mor
(
∆⌊n,0⌋

)
.

Proof. Suppose given k ∈ [1, s]. We have to show that τ
(εk)
ik

!
∈ Mor

(
∆⌊n,0⌋

)
.

Recall that

rk = m+
∑
j∈[1,k]

εj
56
∈ [0, n] .

Case εk = +1. We show that rk
!
∈ [1, n].

We assume that rk = 0. If k = 1, then we have

0 = rk = m+
∑
j∈[1,k]

εj = m+ εk = m+ 1 .

So m = −1, which contradicts m ∈ Z⩾0 .

If k ⩾ 2, then we have

0 = rk = m+
∑
j∈[1,k]

εj = m+
( ∑
j∈[1,k−1]

εj

)
+ εk = rk−1 + 1 .
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So rk−1 = −1, which contradicts rk−1 ∈ [0, n].

This shows that rk ∈ [1, n].

Altogether, we have
τ
(εk)
ik

= δrkik : [rk − 1]→ [rk] ∈ Mor
(
∆⌊n,0⌋

)
,

since rk ∈ [1, n] and ik ∈ [0, rk].

Case εk = −1. We show that rk
!
∈ [0, n− 1].

We assume that rk = n. If k = 1, then we have

n = rk = m+
∑
j∈[1,k]

εj = m+ εk = m− 1 .

So m = n+ 1, which contradicts m ⩽ n.

If k ⩾ 2, then we have

n = rk = m+
∑
j∈[1,k]

εj = m+
( ∑
j∈[1,k−1]

εj

)
+ εk = rk−1 − 1 .

So rk−1 = n+ 1, which contradicts rk−1 ∈ [0, n].

This shows that rk ∈ [0, n− 1].

Altogether, we have
τ
(εk)
ik

= σrkik : [rk + 1]→ [rk] ∈ Mor
(
∆⌊n,0⌋

)
,

since rk ∈ [0, n− 1] and ik ∈ [0, rk].

Remark 60 Suppose given i, j ∈ Rm,m̃ .

(1) We have

(i
++
; j) ∨ (i

−−
; j)⇒

(
w0(i) = w0(j)

)
∧
(
w±(i) < w±(j)

)
,

(i
+−,1
; j) ∨ (i

+−,2
; j) ∨ (i

+−,3
; j)⇒ w0(i) < w0(j) .

(2) We have
i ∼ j ⇒ τi = τj .

Proof. Ad (1). If i
++
; j , then we have

w0(i) = w0(j) , w−(i) = w−(j) and w+(i) = w+(j)− 1 .
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So w±(i) < w±(j) .

If i
−−
; j , then we have

w0(i) = w0(j) , w−(i) = w−(j)− 1 and w+(i) = w+(j) .

So w±(i) < w±(j) .

If i
+−,1
; j or i

+−,3
; j , then we have

w0(i) = w0(j)− 1 .

So w0(i) < w0(j) .

If i
+−,2
; j , then we write i =

(
(ε1 , i1), . . ., (εs , is)

)
and obtain

w0(i) = w0(j)− 1−
∣∣∣{(a, b) ∈ [1, s]×2 : a < b and εa > εb and

∣∣{a, b} ∩ {k, k + 1}
∣∣ = 1

}∣∣∣
for some k ∈ [1, s− 1] . So w0(i) < w0(j) .

Altogether, this shows the assertion.

Ad (2). We may assume that i; j.

We write i =
(
(ε1 , i1), . . ., (εs , is)

)
and j =

(
(ε̃1 , j1), . . ., (ε̃t , jt)

)
.

Case i
++
; j. Then s = t and we have

(ε̃k , jk) =


(εk , ik) for k ∈ [1, s]\{ℓ, ℓ+ 1}
(εℓ+1 , iℓ+1) for k = ℓ

(εℓ , iℓ + 1) for k = ℓ+ 1

for some chosen ℓ ∈ [1, s− 1] with iℓ ⩾ iℓ+1 , and εℓ = εℓ+1 = +1.

So j =
(
(ε1 , i1), . . ., (εℓ−1 , iℓ−1), (εℓ+1 , iℓ+1), (εℓ , iℓ + 1), (εℓ+2 , iℓ+2), . . ., (εs , is)

)
.

Let r := m+
∑

k∈[1,ℓ−1]

εk .

Since iℓ+1 < iℓ + 1 , we have

τj =
[m]∏[m̃]

k∈⌈1,s⌉

τ
(ε̃k)
jk

=
( [m]∏[r]

k∈⌈1,ℓ−1⌉

τ
(εk)
ik

)
▲ τ

(εℓ+1)
iℓ+1

▲ τ
(εℓ)
iℓ+1 ▲

( [r+2]∏[m̃]

k∈⌈ℓ+2,s⌉

τ
(εk)
ik

)
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59
=

( [m]∏[r]

k∈⌈1,ℓ−1⌉

τ
(εk)
ik

)
▲ (δiℓ+1

▲ δiℓ+1) ▲

( [r+2]∏[m̃]

k∈⌈ℓ+2,s⌉

τ
(εk)
ik

)
24.(1)
=

( [m]∏[r]

k∈⌈1,ℓ−1⌉

τ
(εk)
ik

)
▲ (δiℓ ▲ δiℓ+1

) ▲

( [r+2]∏[m̃]

k∈⌈ℓ+2,s⌉

τ
(εk)
ik

)
59
=

[m]∏[m̃]

k∈⌈1,s⌉

τ
(εk)
ik

= τi .

Case i
−−
; j. Then s = t and we have

(ε̃k , jk) =


(εk , ik) for k ∈ [1, s]\{ℓ, ℓ+ 1}
(εℓ+1 , iℓ+1 + 1) for k = ℓ

(εℓ , iℓ) for k = ℓ+ 1

for some chosen ℓ ∈ [1, s− 1] with iℓ ⩽ iℓ+1 , and εℓ = εℓ+1 = −1.
So j =

(
(ε1 , i1), . . ., (εℓ−1 , iℓ−1), (εℓ+1 , iℓ+1 + 1), (εℓ , iℓ), (εℓ+2 , iℓ+2), . . ., (εs , is)

)
.

Let r := m+
∑

k∈[1,ℓ−1]

εk .

Since iℓ < iℓ+1 + 1 , we have

τj =
[m]∏[m̃]

k∈⌈1,s⌉

τ
(ε̃k)
jk

=
( [m]∏[r]

k∈⌈1,ℓ−1⌉

τ
(εk)
ik

)
▲ τ

(εℓ+1)
iℓ+1+1 ▲ τ

(εℓ)
iℓ

▲

( [r−2]∏[m̃]

k∈⌈ℓ+2,s⌉

τ
(εk)
ik

)
59
=

( [m]∏[r]

k∈⌈1,ℓ−1⌉

τ
(εk)
ik

)
▲ (σiℓ+1+1 ▲σiℓ) ▲

( [r−2]∏[m̃]

k∈⌈ℓ+2,s⌉

τ
(εk)
ik

)
24.(2)
=

( [m]∏[r]

k∈⌈1,ℓ−1⌉

τ
(εk)
ik

)
▲ (σiℓ ▲σiℓ+1

) ▲

( [r−2]∏[m̃]

k∈⌈ℓ+2,s⌉

τ
(εk)
ik

)
59
=

[m]∏[m̃]

k∈⌈1,s⌉

τ
(εk)
ik

= τi .

75



CHAPTER 3. ⌊n, 0⌋-SIMPLICIAL GROUPS

Case i
+−,1
; j. Then s = t and we have

(ε̃k , jk) =


(εk , ik) for k ∈ [1, s]\{ℓ, ℓ+ 1}
(εℓ+1 , iℓ+1 − 1) for k = ℓ

(εℓ , iℓ) for k = ℓ+ 1

for some chosen ℓ ∈ [1, s− 1] with iℓ ⩽ iℓ+1 − 1 , and εℓ = +1 , εℓ+1 = −1.
So j =

(
(ε1 , i1), . . ., (εℓ−1 , iℓ−1), (εℓ+1 , iℓ+1 − 1), (εℓ , iℓ), (εℓ+2 , iℓ+2), . . ., (εs , is)

)
.

Let r := m+
∑

k∈[1,ℓ−1]

εk .

Since iℓ < iℓ+1 , we have

τj =
[m]∏[m̃]

k∈⌈1,s⌉

τ
(ε̃k)
jk

=
( [m]∏[r]

k∈⌈1,ℓ−1⌉

τ
(εk)
ik

)
▲ τ

(εℓ+1)
iℓ+1−1 ▲ τ

(εℓ)
iℓ

▲

( [r]∏[m̃]

k∈⌈ℓ+2,s⌉

τ
(εk)
ik

)
59
=

( [m]∏[r]

k∈⌈1,ℓ−1⌉

τ
(εk)
ik

)
▲ (σiℓ+1−1 ▲ δiℓ) ▲

( [r]∏[m̃]

k∈⌈ℓ+2,s⌉

τ
(εk)
ik

)
24.(3)
=

( [m]∏[r]

k∈⌈1,ℓ−1⌉

τ
(εk)
ik

)
▲ (δiℓ ▲σiℓ+1

) ▲

( [r]∏[m̃]

k∈⌈ℓ+2,s⌉

τ
(εk)
ik

)
59
=

[m]∏[m̃]

k∈⌈1,s⌉

τ
(εk)
ik

= τi .

Case i
+−,2
; j. Then s− 2 = t and we have

(ε̃k , jk) =

{
(εk , ik) for k ∈ [1, ℓ− 1]

(εk+2 , ik+2) for k ∈ [ℓ, s− 2]

for some chosen ℓ ∈ [1, s− 1] with iℓ ∈ {iℓ+1 , iℓ+1 + 1} , and εℓ = +1 , εℓ+1 = −1.
So j =

(
(ε1 , i1), . . ., (εℓ−1 , iℓ−1), (εℓ+2 , iℓ+2), . . ., (εs , is)

)
.

Let r := m+
∑

k∈[1,ℓ−1]

εk .
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Since iℓ ∈ {iℓ+1 , iℓ+1 + 1} , we have

τj =
[m]∏[m̃]

k∈⌈1,s−2⌉

τ
(ε̃k)
jk

=
( [m]∏[r]

k∈⌈1,ℓ−1⌉

τ
(εk)
ik

)
▲

( [r]∏[m̃]

k∈⌈ℓ,s−2⌉

τ
(εk+2)
ik+2

)
=

( [m]∏[r]

k∈⌈1,ℓ−1⌉

τ
(εk)
ik

)
▲

( [r]∏[m̃]

k∈⌈ℓ+2,s⌉

τ
(εk)
ik

)
=

( [m]∏[r]

k∈⌈1,ℓ−1⌉

τ
(εk)
ik

)
▲ id[r] ▲

( [r]∏[m̃]

k∈⌈ℓ+2,s⌉

τ
(εk)
ik

)
24.(3)
=

( [m]∏[r]

k∈⌈1,ℓ−1⌉

τ
(εk)
ik

)
▲ (δiℓ ▲σiℓ+1

) ▲

( [r]∏[m̃]

k∈⌈ℓ+2,s⌉

τ
(εk)
ik

)
59
=

[m]∏[m̃]

k∈⌈1,s⌉

τ
(εk)
ik

= τi .

Case i
+−,3
; j. Then s = t and we have

(ε̃k , jk) =


(εk , ik) for k ∈ [1, s]\{ℓ, ℓ+ 1}
(εℓ+1 , iℓ+1) for k = ℓ

(εℓ , iℓ − 1) for k = ℓ+ 1

for some chosen ℓ ∈ [1, s− 1] with iℓ ⩾ iℓ+1 + 2 , and εℓ = +1 , εℓ+1 = −1.
So j =

(
(ε1 , i1), . . ., (εℓ−1 , iℓ−1), (εℓ+1 , iℓ+1), (εℓ , iℓ − 1), (εℓ+2 , iℓ+2), . . ., (εs , is)

)
.

Let r := m+
∑

k∈[1,ℓ−1]

εk .

Since iℓ > iℓ+1 + 1 , we have

τj =
[m]∏[m̃]

k∈⌈1,s⌉

τ
(ε̃k)
jk

=
( [m]∏[r]

k∈⌈1,ℓ−1⌉

τ
(εk)
ik

)
▲ τ

(εℓ+1)
iℓ+1

▲ τ
(εℓ)
iℓ−1 ▲

( [r]∏[m̃]

k∈⌈ℓ+2,s⌉

τ
(εk)
ik

)
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59
=

( [m]∏[r]

k∈⌈1,ℓ−1⌉

τ
(εk)
ik

)
▲ (σiℓ+1

▲ δiℓ−1) ▲

( [r]∏[m̃]

k∈⌈ℓ+2,s⌉

τ
(εk)
ik

)
24.(3)
=

( [m]∏[r]

k∈⌈1,ℓ−1⌉

τ
(εk)
ik

)
▲ (δiℓ ▲σiℓ+1

) ▲

( [r]∏[m̃]

k∈⌈ℓ+2,s⌉

τ
(εk)
ik

)
59
=

[m]∏[m̃]

k∈⌈1,s⌉

τ
(εk)
ik

= τi .

Altogether, this shows τi = τj .

Remark 61 For every nonempty subset ∅ ≠ S ⊆ R 0
m,m̃ , there exists some t ∈ S with

w±(t) = max
{
w±(ℓ) : ℓ ∈ S

}
.

Proof. Suppose given i =
(
(ε1 , i1), . . ., (εs , is)

)
∈ R 0

m,m̃ .

Since w0(i) = 0, we get

εk =

{
−1 for k ∈ [1, ℓ]

+1 for k ∈ [ℓ+ 1, s] ,

for ℓ :=
∣∣{j ∈ [1, s] : εj = −1

}∣∣ ∈ [0, s] .

We show that w−(i)
!

⩽ m2 .

Note that

0
56

⩽ m+
∑
k∈[1,ℓ]

εk = m− ℓ .

So we have ℓ ⩽ m .

Moreover, for k ∈ [1, ℓ], note that we have

ik
56

⩽ m+
∑
j∈[1,k]

εj = m− k ⩽ m.

So we have
w−(i)

57
=
∑
k∈[1,s]
εk=−1

ik =
∑
k∈[1,ℓ]

ik ⩽
∑
k∈[1,ℓ]

m = ℓ ·m ⩽ m2 .

We show that w+(i)
!

⩽ m̃2 .
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Note that

0
56

⩽ m+
∑
k∈[1,ℓ]

εk = m+
( ∑
k∈[1,s]

εk
)
−
( ∑
k∈[ℓ+1,s]

εk
) 56
= m+ (m̃−m)− (s− ℓ) = m̃− (s− ℓ) .

So we have s− ℓ ⩽ m̃ .

Moreover, for k ∈ [ℓ+ 1, s], note that we have

ik
56

⩽ m+
∑
j∈[1,k]

εj ⩽ m+
∑
j∈[1,s]

εj
56
= m+ (m̃−m) = m̃ .

So we have

w+(i)
57
=
∑
k∈[1,s]
εk=+1

ik =
∑

k∈[ℓ+1,s]

ik ⩽
∑

k∈[ℓ+1,s]

m̃ = (s− ℓ) · m̃ ⩽ m̃2 .

Altogether, this shows w±(i)
57
= w−(i) + w+(i) ⩽ m2 + m̃2 .

So, since the set w±
(
R 0
m,m̃

)
⊆ Z is bounded above by m2+ m̃2 , there exists some t ∈ S with

w±(t) = max
{
w±(ℓ) : ℓ ∈ S

}
.

Definition 62 Suppose given i =
(
(ε1 , i1), . . ., (εs , is)

)
∈ Rm,m̃ .

Let ℓ :=
∣∣{k ∈ [1, s] : εk = −1}

∣∣ ∈ [0, s].

We say that i is a standard (m, m̃)-index tuple, if the conditions (1, 2, 3) hold.

(1) We have

εk =

{
−1 for k ∈ [1, ℓ]

+1 for k ∈ [ℓ+ 1, s] .

(2) We have
m− 1 ⩾ i1 > i2 > . . . > iℓ ⩾ 0 .

(3) We have
0 ⩽ iℓ+1 < iℓ+2 < . . . < is ⩽ m̃ .

Remark 63 Suppose given i ∈ Rm,m̃ with w0(i) < 0 .

Then i is not a standard (m, m̃)-index tuple since the property (1) of Definition 62 is not
satisfied.
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Definition 64 Suppose given i, j ∈ Rm,m̃ .

We write

i ;; j :⇔ There exists some k ∈ Z⩾1 and i(a) ∈ Rm,m̃ for a ∈ [1, k]

such that the conditions (1, 2) hold.

(1) We have i(1) = i and i(k) = j .

(2) We have i(a) ; i(a+1) for a ∈ [1, k − 1] .

Remark 65 Suppose given i ∈ Rm,m̃ .

(1) Suppose that w0(i) < 0 .

Then there exists some j ∈ [i] with i; j and w0(i) < w0(j) .

(2) There exists some j ∈ [i] with i ;; j and w0(j) = 0 .

(3) Suppose that i is not standard and that w0(i) = 0.

Then there exists some j ∈ [i] with i; j and w0(j) = 0 and w±(i) < w±(j) .

(4) Suppose that w(i) = 0 , i.e, we have i ∈ R 0
m,m̃ ; cf. Definition 58.

Then there exists some standard j ∈ [i] with i ;; j ; cf. Definitions 62, 64.

(5) There exists some standard j ∈ [i] with i ;; j .

Proof. We write i =
(
(ε1 , i1), . . ., (εs , is)

)
.

Ad (1). Since w0(i) < 0, there exists some ℓ ∈ [1, s− 1] with εℓ = +1 and εℓ+1 = −1 .
So

i =
(
(ε1 , i1), . . ., (εℓ−1 , iℓ−1), (+1, iℓ), (−1, iℓ+1), (εℓ+2 , iℓ+2), . . ., (εs , is)

)
.

Case iℓ < iℓ+1.

Then we consider

j :=
(
(ε1 , i1), . . ., (εℓ−1 , iℓ−1), (εℓ+1 , iℓ+1 − 1), (εℓ , iℓ), (εℓ+2 , iℓ+2), . . ., (εs , is)

)
.

Note that

0 ⩽ iℓ+1 − 1 ⩽
(
m+

∑
k∈[1,ℓ+1]

εk
)
− 1 ⩽ m+

( ∑
k∈[1,ℓ−1]

εk
)
+ εℓ+1 ⩽ n ,
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and that

0 ⩽ iℓ ⩽ iℓ+1 − 1 ⩽ m+
( ∑
k∈[1,ℓ−1]

εk
)
+ εℓ+1 ⩽ m+

( ∑
k∈[1,ℓ−1]

εk
)
+ εℓ+1 + εk ⩽ n .

This shows that j ∈ Rm,m̃ .

We have i
+−,1
; j ; cf. Definition 56.

Moreover, by Remark 60.(1), we have w0(i) < w0(j) .

Case iℓ ∈ {iℓ+1 , iℓ+1 + 1}.
Then we consider

j :=
(
(ε1 , i1), . . ., (εℓ−1 , iℓ−1), (εℓ+2 , iℓ+2), . . ., (εs , is)

)
.

For ℓ′ ∈ [ℓ+ 2, s], note that

0 ⩽ iℓ′ ⩽ m+
∑
k∈[1,ℓ′]

εk =
(
m+

∑
k∈[1,ℓ−1]

εk
)
+
(
m+

∑
k∈[ℓ+2,ℓ′]

εk
)
⩽ n .

This shows that j ∈ Rm,m̃ .

We have i
+−,2
; j ; cf. Definition 56.

Moreover, by Remark 60.(1), we have w0(i) < w0(j) .

Case iℓ > iℓ+1 + 1.

Then we consider

j :=
(
(ε1 , i1), . . ., (εℓ−1 , iℓ−1), (εℓ+1 , iℓ+1), (εℓ , iℓ − 1), (εℓ+2 , iℓ+2), . . ., (εs , is)

)
.

Note that

0 ⩽ iℓ+1 ⩽ iℓ− 2 ⩽
(
m+

∑
k∈[1,ℓ]

εk
)
− 2 =

(
m+

∑
k∈[1,ℓ−1]

εk
)
− 1 =

(
m+

∑
k∈[1,ℓ−1]

εk
)
+ εℓ+1 ⩽ n ,

and that

0 ⩽ iℓ − 1 ⩽ m+
( ∑
k∈[1,ℓ−1]

εk
)
= m+

( ∑
k∈[1,ℓ−1]

εk
)
+ εℓ+1 + εℓ ⩽ n .

This shows that j ∈ Rm,m̃ .
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We have i
+−,3
; j ; cf. Definition 56.

Moreover, by Remark 60.(1), we have w0(i) < w0(j) .

Ad (2). If w0(i) = 0 then we have i ;; i with w0(i) = 0 .

So we may assume that w0(i) < 0 .

We assume that such an element j ∈ [i] does not exist.

We write i(0) := i . Since i ;; i(0) , we have w0(i(0)) < 0 .

By (1), there exists some i(1) ∈ [i(0)] such that i(0) ; i(1) where w0(i(0)) < w0(i(1)) .

Then i ;; i(1) . By the assumption, we have w0(i(1)) < 0 .

By (1), there exists some i(2) ∈ [i(1)] such that i(1) ; i(2) where w0(i(1)) < w0(i(2)) .

Then i ;; i(2) . By the assumption, we have w0(i(2)) < 0 .

By iterated use of (1), we obtain (m, m̃)-index tuples i(k) ∈ [i] for k ∈ Z⩾0 with the following
property.

For k ∈ Z⩾0, we have i(k) ; i(k+1) and w0(i(k)) < w0(i(k+1)) < 0 .

We obtain a strictly ascending chain of infinite length

w0(i(0)) < w0(i(1)) < w0(i(2)) < . . . < 0 ,

which is a contradiction.

Ad (3). Let ℓ =
∣∣{k ∈ [1, s] : εk = −1}

∣∣ .
Since i is a non-standard (m, m̃)-index tuple with w0(i) = 0, we recall that i satisfies(

(i) ∧ ¬(ii)
)
∨
(
(i) ∧ ¬(iii)

)
,

where the properties (i, ii, iii) are given as follows; cf. Definition 62.

(i) We have

εk =

{
−1 for k ∈ [1, ℓ]

+1 for k ∈ [ℓ+ 1, s] .

(ii) We have
m− 1 ⩾ i1 > i2 > . . . > iℓ ⩾ 0 .

(iii) We have
0 ⩽ iℓ+1 < iℓ+2 < . . . < is ⩽ m̃ .
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Case (i)∧¬(ii). Then there exists some t ∈ [1, ℓ− 1] such that εt = εt+1 = −1 and it ⩽ it+1 .

We consider

j :=
(
(ε1 , i1), . . ., (εt−1 , it−1), (εt+1 , it+1 + 1), (εt , it), (εt+2 , it+2), . . ., (εs , is)

)
.

Note that

0 ⩽ it+1 + 1 ⩽
(
m+

∑
k∈[1,t+1]

εk
)
+ 1 = m+

( ∑
k∈[1,t−1]

εk
)
+ εt+1 ⩽ n ,

and that

0 ⩽ it ⩽ it+1 ⩽ m+
∑

k∈[1,t+1]

εk ⩽ m+
( ∑
k∈[1,t−1]

εk
)
+ εt + εt+1 ⩽ n .

This shows that j ∈ Rm,m̃ .

We have i
−−
; j ; cf. Definition 56.

So, by Remark 60.(1), we have 0 = w0(i) = w0(j) and w±(i) < w±(j) .

Case (i) ∧ ¬(iii). Then there exists some t ∈ [ℓ + 1, s − 1] such that εt = εt+1 = +1 and
it ⩾ it+1 .

We consider

j :=
(
(ε1 , i1), . . ., (εt−1 , it−1), (εt+1 , it+1), (εt , it + 1), (εt+2 , it+2), . . ., (εs , is)

)
.

Note that
0 ⩽ it+1 ⩽ it ⩽ m+

( ∑
k∈[1,t]

εk
)
= m+

( ∑
k∈[1,t−1]

εk
)
+ εt+1 ⩽ n ,

and that

0 ⩽ it + 1 ⩽
(
m+

∑
k∈[1,t]

εk
)
+ 1 = m+

( ∑
k∈[1,t−1]

εk
)
+ εt+1 + εt ⩽ n .

This shows that j ∈ Rm,m̃ .

We have i
++
; j ; cf. Definition 56.

So, by Remark 60.(1), we have 0 = w0(i) = w0(j) and w±(i) < w±(j) .

Ad (4). We consider the set

T :=
{
ℓ ∈ R 0

m,m̃ : ∃j ∈ [ℓ] with ℓ ;; j and j is standard
}
⊆ R 0

m,m̃ .
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Let S := R 0
m,m̃\T ⊆ R 0

m,m̃ . We have to show that S
!
= ∅ .

We assume that S ̸= ∅.
Then, by Remark 61, we may choose some t ∈ S with w±(t) = max

{
w±(ℓ) : ℓ ∈ S

}
.

Case: t is standard.

Then we have t ;; t where t is standard. This shows t ∈ T , which contradicts t ∈ S.
Case: t is not standard.

Then, by (3), since w0(t) = 0, there exists some k ∈ [t] with t ; k and w0(k) = 0 and
w±(t) < w±(k) .

Then, since w±(t) = max
{
w±(ℓ) : ℓ ∈ S

}
, we have k ̸∈ S, i.e. k ∈ T .

So there exists some standard r ∈ [k] with k ;; r .

This shows t; k ;; r , hence t ∈ T , which contradicts t ∈ S .

Altogether, this shows S = ∅ .
Ad (5). By (2), we may choose some j ∈ [i] with i ;; j and w0(j) = 0 . By (4), we may
choose some standard k ∈ [j] with j ;; k .

This shows i ;; j ;; k , hence i ;; k .

Remark 66 Suppose given i, j ∈ Rm,m̃ where i and j are standard.

We have

τj = τi ⇒ j = i .

Proof. We write i =
(
(ε′1 , i1), . . ., (ε

′
s , is)

)
and j =

(
(ε′′1 , j1), . . ., (ε

′′
t , jt)

)
∈ Rm,m̃ .

Let a :=
∣∣{ik ∈ [1, s] : ε′k = −1}

∣∣ and let b :=
∣∣{jk ∈ [1, t] : ε′′k = −1}

∣∣ .
By Definition 62, we have

ε′k =

{
−1 for k ∈ [1, a]

+1 for k ∈ [a+ 1, s] ,

where

m− 1 ⩾ i1 > i2 > . . . > ia ⩾ 0

and where

0 ⩽ ia+1 < ia+2 < . . . < is ⩽ m̃ .
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Note that we have

m̃−m 56
=
∑
j∈[1,s]

ε′j =
( ∑
j∈[1,a]

ε′j
)
+
( ∑
j∈[a+1,s]

ε′j
)
= −a+ (s− a) = s− 2a .

Let ℓ′ := m− a ⩾ 0. Then we have a = m− ℓ′ .
Note that m̃− ℓ′ = m̃−m+ a = s− a ⩾ 0.

Moreover, we have

m̃− ℓ′ + a = m̃− (m− a) + a = (m̃−m) + 2a = s− 2a+ 2a = s .

We have

τi
59
=

[m]∏[m̃]

k∈⌈1,s⌉

τ
(ε′k)
ik

=
( [m]∏[m−a]

k∈⌈1,a⌉

τ
(−1)
ik

)
▲

( [m−a]∏[m̃]

k∈⌈a+1,s⌉

τ
(+1)
ik

)
59
=

( [m]∏[m−a]

k∈⌈1,a⌉

σik

)
▲

( [m−a]∏[m̃]

k∈⌈a+1,s⌉

δik

)
=

( [m]∏[ℓ′]

k∈⌈1,m−ℓ′⌉

σik

)
▲

( [ℓ′]∏[m̃]

k∈⌈a+1,m̃−ℓ′+a⌉

δik

)
=

( [m]∏[ℓ′]

k∈⌊m−ℓ′,1⌋

σia−k+1

)
▲

( [ℓ′]∏[m̃]

k∈⌈1,m̃−ℓ′⌉

δik+a

)
.

Moreover, by Definition 62, we have

ε′′k =

{
−1 for k ∈ [1, b]

+1 for k ∈ [b+ 1, t] ,

where
m− 1 ⩾ j1 > j2 > . . . > jb ⩾ 0

and where
0 ⩽ jb+1 < jb+2 < . . . < jt ⩽ m̃ .

Note that we have

m̃−m 56
=
∑
j∈[1,s]

ε′′j =
( ∑
j∈[1,b]

ε′′j
)
+
( ∑
j∈[b+1,t]

ε′′j
)
= −b+ (t− b) = t− 2b .
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Let ℓ′′ := m− b ⩾ 0. Then we have b = m− ℓ′′ .
Note that m̃− ℓ′′ = m̃−m+ b = t− b ⩾ 0.

Moreover, we have

m̃− ℓ′′ + b = m̃− (m− b) + b = (m̃−m) + 2b = t− 2b+ 2b = t .

We have

τj
59
=

[m]∏[m̃]

k∈⌈1,t⌉

τ
(ε′′k)
jk

=
( [m]∏[m−b]

k∈⌈1,b⌉

τ
(−1)
jk

)
▲

( [m−b]∏[m̃]

k∈⌈b+1,t⌉

τ
(+1)
jk

)
59
=

( [m]∏[m−b]

k∈⌈1,b⌉

σjk

)
▲

( [m−b]∏[m̃]

k∈⌈b+1,t⌉

δjk

)
=

( [m]∏[ℓ′′]

k∈⌈1,m−ℓ′′⌉

σjk

)
▲

( [ℓ′′]∏[m̃]

k∈⌈b+1,m̃−ℓ′′+b⌉

δjk

)
=

( [m]∏[ℓ′′]

k∈⌊m−ℓ′′,1⌋

σjb−k+1

)
▲

( [ℓ′′]∏[m̃]

k∈⌈1,m̃−ℓ′′⌉

δjk+b

)
.

By Corollary 22.(3), since τi = τj , we have ℓ = ℓ′ and thus a = m− ℓ′ = m− ℓ′′ = b.

So s = m̃ − ℓ′ + a = m̃ − ℓ′′ + b = t . Moreover, we have ik = jk for k ∈ [1,m − ℓ′] = [1, a]
and ik = jk for k ∈ [1 + a, m̃− ℓ′ + a] = [a+ 1, s] .

So we have (ε′k , ik) = (ε′′k , jk) for k ∈ [1, s] = [1, t]. This shows i = j.

Lemma 67 Let n ∈ Z⩾0 . Suppose given m, m̃ ∈ [0, n].

Suppose given i, j ∈ Rm,m̃ .

We have

i ∼ j ⇔ τi = τj .

Proof. Ad ⇒. By Remark 60.(2), we have τi = τj .

Ad ⇐. By Remark 65.(5), we may choose some standard k ∈ [i] and we may choose some
standard ℓ ∈ [j] .

By Remark 60.(2), we have τk = τi and τj = τℓ . So τk = τℓ .
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Then, by Remark 66, we have k = ℓ .

This shows that i ∼ k = ℓ ∼ j .

3.3 A construction of pre-⌊n, 0⌋-simplicial groups

Let n ∈ Z⩾0 ∪ {+∞}.

Remark 68 Suppose given m, m′, m′′ ∈ [0, n].

Suppose given i ∈ Rm,m′ and j ∈ Rm′,m′′ ; cf. Definition 56.

Let i =
(
(ε1 , i1), . . ., (εr , ir)

)
and j =

(
(ε′1 , j1), . . ., (ε

′
r′ , jr′)

)
.

Then we have the (m,m′′)-index tuple i⊔ j =
(
(ε′′1 , ℓ1) , . . ., (ε

′′
r+r′ , ℓr+r′)

)
∈ Rm,m′′ defined by

(ε′′k , ℓk) :=

{
(εk , ik) for k ∈ [1, r]

(ε′k−r , jk−r) for k ∈ [r + 1, r + r′] .

So

i ⊔ j =
(
(ε1 , i1), . . ., (εr , ir), (ε

′
1 , j1), . . ., (ε

′
r′ , jr′)

)
.

Proof. We have to show that
∑

j∈[1,r+r′]
ε′′j

!
= m′′ −m; cf. Definition 56.

We have ∑
j∈[1,r+r′]

ε′′j =
( ∑
j∈[1,r]

εj
)
+
( ∑
j∈[1,r′]

εj
)
= (m′ −m) + (m′′ −m′) = m′′ −m.

Suppose given k ∈ [1, r+ r′]. We have to show that 0
!

⩽ ℓk
!

⩽ m+
∑

q∈[1,k]
ε′′q ; cf. Definition 56.

Case k ∈ [1, r]. We have

0 ⩽ ℓk = ik
56

⩽ m+
∑
q∈[1,k]

εq = m+
∑
q∈[1,k]

ε′′q .

Case k ∈ [r + 1, r + r′]. Note that we have m′ −m =
∑

q∈[1,r]
εq ; cf. Definition 56.
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We have

0 ⩽ ℓk = jk−r
56

⩽ m′ +
∑

q∈[1,k−r]
ε′q = m+

( ∑
q∈[1,r]

εq
)
+
( ∑
q∈[1,k−r]

ε′q
)

= m+
( ∑
q∈[1,r]

εq
)
+
( ∑
q∈[r+1,k]

ε′q−r
)

= m+
∑

q∈[1,k]
ε′′q .

This shows that 0 ⩽ ℓk ⩽ m+
∑

q∈[1,k]
ε′′q .

Suppose given k ∈ [0, r + r′]. We have to show that m+
∑

q∈[1,k]
ε′′q

!
∈ [0, n]; cf. Definition 56.

Case k ∈ [0, r]. We have

m+
∑
q∈[1,k]

ε′′q = m+
∑
q∈[1,k]

εq
56
∈ [0, n] .

Case k ∈ [r + 1, r + r′]. Note that we have m′ −m =
∑

q∈[1,r]
εq ; cf. Definition 56.

We have

m+
∑
q∈[1,k]

ε′′q = m′ −
( ∑
q∈[1,r]

εq
)
+
( ∑
q∈[1,k]

ε′′q
)
= m′ −

( ∑
q∈[1,r]

εq
)
+
( ∑
q∈[1,r]

εq
)
+
( ∑
q∈[1,k−r]

ε′q
)

= m′ +
∑

q∈[1,k−r]

ε′q
56
∈ [0, n] .

This shows that m+
∑

q∈[1,k]
ε′′q ∈ [0, n].

Altogether, we have i ⊔ j ∈ Rm,m′′ .

Remark 69 Suppose given m, m′, m′′ ∈ [0, n].

Supose given i ∈ Rm,m′ and j ∈ Rm′,m′′ .

We consider the morphisms τi, τj ∈ Mor
(
∆⌊n,0⌋

)
; cf. Remark 59.

Then τi and τj are composable and we have

τi ▲ τj = τi⊔ j .
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Proof. We write i =
(
(ε1 , i1), . . ., (ir , ir)

)
and j =

(
(ε′1 , j1), . . ., (ε

′
r′ , jr′)

)
.

Then we have

τi =
[m]∏[m′]

k∈⌈1,r⌉

τ
(εk)
ik

and τj =
[m′]∏[m′′]

k∈⌈1,r′⌉

τ
(ε′k)
jk

.

Moreover, we have i ⊔ j =
(
(ε′′1 , ℓ1), . . ., (ε

′′
r+r′ , ℓr+r′)

)
where

(ε′′k , ℓk) =

{
(εk , ik) for k ∈ [1, r]

(ε′k−r , jk−r) for k ∈ [r + 1, r + r′] ;

cf. Remark 68.

We obtain

τi⊔ j =
[m]∏[m′′]

k∈⌈1,r+r′⌉

τ
(ε′′k)

ℓk

=
( [m]∏[m′]

k∈⌈1,r⌉

τ
(ε′′k)

ℓk

)
▲

( [m′]∏[m′′]

k∈⌈r+1,r+r′⌉

τ
(ε′′k)

ℓk

)
=
( [m]∏[m′]

k∈⌈1,r⌉

τ
(εk)
ik

)
▲

( [m′]∏[m′′]

k∈⌈1,r′⌉

τ
(ε′k)
jk

)
= τi ▲ τj .

Remark 70 Suppose given
(
[m]

u−→ [m′]
)
∈ Mor

(
∆⌊n,0⌋

)
.

Then there exists a unique standard a ∈ Rm,m′ with u = τa ; cf. Definitions 56, 62 and
Remark 59.

Proof. By Corollary 22.(1, 3), we have

u =

(
[m]∏[ℓ]

k∈⌊m−ℓ,1⌋

σℓ+k−1
ik

)
▲

(
[ℓ]∏[m′]

k∈⌈1,m′−ℓ⌉

δℓ+kjk

)
= σm−1

im−ℓ
▲ . . . ▲σ ℓ

i1
▲ δℓ+1

j1
▲ . . . ▲ δm

′

jm′−ℓ

for some uniquely determined ℓ ∈
[
0,min{m,m′}

]
, 0 ⩽ i1 < i2 < . . . < im−ℓ ⩽ m − 1 and

0 ⩽ j1 < j2 < . . . < jm′−ℓ ⩽ m′ .

Let the tuple a =
(
(ε1 , a1), . . ., (εm+m′−2ℓ , am+m′−2ℓ)

)
be given as follows.
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Let

(εk , ak) :=

{
(−1, im−ℓ−k+1) for k ∈ [1,m− ℓ]
(+1, jk−m+ℓ) for k ∈ [m− ℓ+ 1,m+m′ − 2ℓ] .

Then a =
(
(−1, im−ℓ), . . . , (−1, i1), (+1, j1), . . . , (+1, jm′−ℓ)

)
.

We show that a
!
∈ Rm,m′ .

We have ∑
t∈[1,m+m′−2ℓ]

εt = (m− ℓ) · (−1) + (m′ − ℓ) · (+1) = m′ −m.

Suppose given k ∈ [0,m+m′ − 2ℓ]. We show that m+
∑

t∈[1,k]
εt

!
∈ [0, n].

If k ∈ [0,m− ℓ], then we have

m+
∑
t∈[1,k]

εt = m− k ∈
[
m− (m− ℓ),m− 0

]
= [ℓ,m] ⊆ [0, n] .

If k ∈ [m− ℓ+ 1,m+m′ − 2ℓ], then we have

m+
∑
t∈[1,k]

εt = m+
( ∑
t∈[1,m−ℓ]

εt
)
+
( ∑
t∈[m−ℓ+1,k]

εt
)
= m− (m− ℓ) +

(
k − (m− ℓ)

)
= 2ℓ−m+ k ∈

[
2ℓ−m+ (m− ℓ+ 1), 2ℓ−m+ (m+m′ − 2ℓ)

]
= [ℓ+ 1,m′] ⊆ [0, n] .

This shows that m+
∑

t∈[1,k]
εt ∈ [0, n].

Suppose given k ∈ [1,m+m′ − 2ℓ]. We show that 0
!

⩽ ak
!

⩽ m+
∑

t∈[1,k]
εt .

For s ∈ [1,m− ℓ], note that

0 ⩽ is ⩽ (m− 1)−
(
(m− ℓ)− s

)
= s+ ℓ− 1 .

So, if k ∈ [1,m− ℓ], then we have

0 ⩽ ak = im−ℓ−k+1 ⩽ (m− ℓ− k + 1) + ℓ− 1 = m− k = m+
∑
t∈[1,k]

εt .
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If k ∈ k ∈ [m− ℓ+ 1,m+m′ − 2ℓ], then we have

0 ⩽ ak = jk−m+ℓ ⩽ m′ −
(
(m′ − ℓ)− (k −m+ ℓ)

)
= 2ℓ+ k −m = m− (m− ℓ) +

(
k − (m− ℓ)

)
= m+

∑
t∈[1,k]

εt .

So a ∈ Rm,m′ ; cf. Definition 56.

Moreover, note that a is standard; cf. Definition 62.

We have

τa =
[m]∏[m′]

k∈⌈1,m+m′−2ℓ⌉

τ (εk)ak
=

(
[m]∏[ℓ]

k∈⌊m−ℓ,1⌋

σℓ+k−1
ik

)
▲

(
[ℓ]∏[m′]

k∈⌈1,m′−ℓ⌉

δℓ+kjk

)
= u ;

cf. Remark 59.

Lemma 71 (Construction of a pre-⌊n, 0⌋-simplicial group)

For k ∈ [0, n], suppose given a group Gk .

For k ∈ [1, n] and j ∈ [0, k], suppose given a group morphism d kj : Gk → Gk−1 .

For k ∈ [0, n− 1] and i ∈ [0, k], suppose given a group morphism ski : Gk → Gk+1 .

Suppose that the following properties (i, ii, iii) are satisfied.

(i) We have

d k+1
j ▲ d ki = dk+1

i ▲ d kj−1

for k ∈ [1, n− 1], i ∈ [0, k], j ∈ [0, k + 1] with i < j.

(ii) We have

sk−1
i ▲ skj = sk−1

j−1 ▲ ski

for k ∈ [1, n− 1], i ∈ [0, k − 1], j ∈ [0, k] with i < j.

(iii) We have

ski ▲ d k+1
j =


d kj ▲ sk−1

i−1 if k ⩾ 1 and j < i

idGk
if j = i or j = i+ 1

d kj−1 ▲ sk−1
i if k ⩾ 1 and j > i+ 1

for k ∈ [0, n− 1], i ∈ [0, k], j ∈ [0, k + 1].
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Cf. also Remark 54.

Let k ∈ [1, n]. For j ∈ [0, k], we write

t
(+1),k
j := d kj : Gk → Gk−1 .

We often write t
(+1)
j := t

(+1),k
j .

Let k ∈ [0, n− 1]. For i ∈ [0, k], we write

t
(−1),k
i := ski : Gk → Gk+1 .

We often write t
(−1)
i := t

(−1),k
i .

Moreover, for b =
(
(ε1 , b1), . . ., (εs̃ , bs̃)

)
∈ Rm,m′, where m, m′ ∈ [0, n] , we write

tb :=
Gm′∏Gm

p∈⌊s̃,1⌋

t
(εp)
bp

= t
(εs̃)
bs̃

▲ . . . ▲ t
(ε1)
b1

.

(1) Suppose given b, c ∈ Rm,m′ , where m, m′ ∈ [0, n]. Suppose that b ∼ c; cf. Definition 56.

We have
tb = tc .

(2) Suppose given b ∈ Rm,m′ and c ∈ Rm′,m′′ , where m, m′, m′′ ∈ [0, n].

We consider the (m,m′′)-index tuple b ⊔ c ; cf. Remark 68.

We have
tb⊔ c = tc ▲ tb : Gm′′ → Gm .

(3) There exists a unique pre-⌊n, 0⌋-simplicial group G such that G actually maps [k] to Gk

for k ∈ Z⩾0 and such that dG,kj = d kj for k ∈ [1, n], j ∈ [0, k] and such that sG,ki = ski
for k ∈ [0, n− 1], i ∈ [0, k] .

The pre-⌊n, 0⌋-simplicial group G is given as follows.

For [k] ∈ Ob
(
∆⌊n,0⌋

)
, we have

[k]G = Gk .

For
(
[m]

u−→ [m′]
)
∈ Mor

(
∆⌊n,0⌋

)
, there exists by Remark 70 a unique standard

i ∈ Rm,m′ with u = τi .

We have
(uop)G = (τ opi )G = ti .
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Proof. Ad (1). We may assume that b; c ; cf. Definition 56.

We write b =
(
(ε1 , b1), . . ., (εq , bq)

)
.

Case b
++
; c. Then we have

c =
(
(ε1 , b1), . . ., (εℓ−1 , bℓ−1), (εℓ+1 , bℓ+1), (εℓ , bℓ + 1), (εℓ+2 , bℓ+2), . . ., (εq , bq)

)
for some ℓ ∈ [1, q − 1] with bℓ ⩾ bℓ+1 and εℓ = εℓ+1 = +1.

Let r := m+
∑

p∈[1,ℓ−1]

εp .

Since bℓ+1 < bℓ + 1 , we have

tc =
( Gm′∏Gr+2

p∈⌊q,ℓ+2⌋

t
(εp)
bp

)
▲ t

(εℓ)
bℓ+1 ▲ t

(εℓ+1)
bℓ+1

▲

( Gr∏Gm

p∈⌊ℓ−1,1⌋

t
(εp)
bp

)
=

( Gm′∏Gr+2

p∈⌊q,ℓ+2⌋

t
(εp)
bp

)
▲ (d r+2

bℓ+1 ▲ d r+1
bℓ+1

) ▲

( Gr∏Gm

p∈⌊ℓ−1,1⌋

t
(εp)
bp

)
(i)
=

( Gm′∏Gr+2

p∈⌊q,ℓ+2⌋

t
(εp)
bp

)
▲ (d r+2

bℓ+1
▲ d r+1

bℓ
) ▲

( Gr∏Gm

p∈⌊ℓ−1,1⌋

t
(εp)
bp

)
=

Gm′∏Gm

p∈⌊q,1⌋

t
(εp)
bp

= tb .

Case b
−−
; c. Then we have

c =
(
(ε1 , b1), . . ., (εℓ−1 , bℓ−1), (εℓ+1 , bℓ+1 + 1), (εℓ , bℓ), (εℓ+2 , bℓ+2), . . ., (εq , bq)

)
for some ℓ ∈ [1, q − 1] with bℓ ⩽ bℓ+1 and εℓ = εℓ+1 = −1.
Let r := m+

∑
p∈[1,ℓ−1]

εp .

Since bℓ < bℓ+1 + 1 , we have

tc =
( Gm′∏Gr−2

p∈⌊q,ℓ+2⌋

t
(εp)
bp

)
▲ t

(εℓ)
bℓ

▲ t
(εℓ+1)
bℓ+1+1 ▲

( Gr∏Gm

p∈⌊ℓ−1,1⌋

t
(εp)
bp

)
=

( Gm′∏Gr−2

p∈⌊q,ℓ+2⌋

t
(εp)
bp

)
▲ sr−2

bℓ
▲ sr−1

bℓ+1+1 ▲

( Gr∏Gm

p∈⌊ℓ−1,1⌋

t
(εp)
bp

)
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(ii)
=

( Gm′∏Gr−2

p∈⌊q,ℓ+2⌋

t
(εp)
bp

)
▲ sr−2

bℓ+1
▲ sr−1

bℓ
▲

( Gr∏Gm

p∈⌊ℓ−1,1⌋

t
(εp)
bp

)
=

Gm′∏Gm

p∈⌊q,1⌋

t
(εp)
bp

= tb .

Case i
+−,1
; j. Then we have

c =
(
(ε1 , b1), . . ., (εℓ−1 , bℓ−1), (εℓ+1 , bℓ+1 − 1), (εℓ , bℓ), (εℓ+2 , bℓ+2), . . ., (εq , bq)

)
for some ℓ ∈ [1, q − 1] with bℓ ⩽ bℓ+1 − 1 and εℓ = +1 , εℓ+1 = −1.
Let r := m+

∑
k∈[1,ℓ−1]

εk .

Since bℓ < bℓ+1 , we have

tc =
( Gm′∏Gr

p∈⌊q,ℓ+2⌋

t
(εp)
bp

)
▲ t

(εℓ)
bℓ

▲ t
(εℓ+1)
bℓ+1−1 ▲

( Gr∏Gm

p∈⌊ℓ−1,1⌋

t
(εp)
bp

)
=

( Gm′∏Gr

p∈⌊q,ℓ+2⌋

t
(εp)
bp

)
▲ d rbℓ ▲ sr−1

bℓ+1−1 ▲

( Gr∏Gm

p∈⌊ℓ−1,1⌋

t
(εp)
bp

)
(iii)
=

( Gm′∏Gr

p∈⌊q,ℓ+2⌋

t
(εp)
bp

)
▲ srbℓ+1

▲ d r+1
bℓ

▲

( Gr∏Gm

p∈⌊ℓ−1,1⌋

t
(εp)
bp

)
=

Gm′∏Gm

p∈⌊q,1⌋

t
(εp)
bp

= tb .

Case i
+−,2
; j. Then we have

c =
(
(ε1 , b1), . . ., (εℓ−1 , bℓ−1), (εℓ+2 , bℓ+2), . . ., (εq , bq)

)
for some ℓ ∈ [1, q − 1] with bℓ ∈ {bℓ+1 , bℓ+1 + 1} and εℓ = +1 , εℓ+1 = −1.
Let r := m+

∑
p∈[1,ℓ−1]

εp .
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Since bℓ ∈ {bℓ+1 , bℓ+1 + 1} , we have

tc =
( Gm′∏Gr

p∈⌊q,ℓ+2⌋

t
(εp)
bp

)
▲

( Gr∏Gm

p∈⌊ℓ−1,1⌋

t
(εp)
bp

)
=

( Gm′∏Gr

p∈⌊q,ℓ+2⌋

t
(εp)
bp

)
▲ idGr ▲

( Gr∏Gm

p∈⌊ℓ−1,1⌋

t
(εp)
bp

)
(iii)
=

( Gm′∏Gr

p∈⌊q,ℓ+2⌋

t
(εp)
bp

)
▲ srbℓ+1

▲ d r+1
bℓ

▲

( Gr∏Gm

p∈⌊ℓ−1,1⌋

t
(εp)
bp

)
=

Gm′∏Gm

p∈⌊q,1⌋

t
(εp)
bp

= tb .

Case i
+−,3
; j. Then we have

c =
(
(ε1 , b1), . . ., (εℓ−1 , bℓ−1), (εℓ+1 , bℓ+1), (εℓ , bℓ − 1), (εℓ+2 , bℓ+2), . . ., (εq , bq)

)
for some ℓ ∈ [1, q − 1] with bℓ ⩾ bℓ+1 + 2 and εℓ = +1 , εℓ+1 = −1.
Let r := m+

∑
q∈[1,ℓ−1]

εq .

Since bℓ > bℓ+1 + 1 , we have

tc =
( Gm′∏Gr

p∈⌊q,ℓ+2⌋

t
(εq)
bq

)
▲ t

(εℓ)
bℓ−1 ▲ t

(εℓ+1)
bℓ+1

▲

( Gr∏Gm

p∈⌊ℓ−1,1⌋

t
(εq)
bq

)
=

( Gm′∏Gr

p∈⌊q,ℓ+2⌋

t
(εq)
bq

)
▲ d rbℓ−1 ▲ sr−1

bℓ+1
▲

( Gr∏Gm

p∈⌊ℓ−1,1⌋

t
(εq)
bq

)
(iii)
=

( Gm′∏Gr

p∈⌊q,ℓ+2⌋

t
(εq)
bq

)
▲ srbℓ+1

▲ d r+1
bℓ

▲

( Gr∏Gm

p∈⌊ℓ−1,1⌋

t
(εq)
bq

)
=

Gm′∏Gm

p∈⌊q,1⌋

t
(εp)
bp

= tb .

Altogether, this shows tb = tc .
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Ad (2). We write b =
(
(ε1 , b1), . . ., (εq , bq)

)
and c =

(
(ε′1 , c1), . . ., (ε

′
q′ , cq′)

)
.

Then we have b ⊔ c =
(
(ε1 , b1), . . ., (εq , bq), (ε

′
1 , c1), . . ., (ε

′
q′ , cq′)

)
; cf. Remark 68.

We have

tb⊔ c =
( Gm′′∏Gm′

p∈⌊q′,1⌋

t
(ε′p)
cp

)
▲

( Gm′∏Gm

p∈⌊q,1⌋

t
(εp)
bp

)
= tc ▲ tb .

Ad (3). For
(
[m]

u−→ [m′]
)
∈ Mor

(
∆⌊n,0⌋

)
, there exists by Remark 70 a unique standard

i ∈ Rm,m′ with u = τi .

We construct a pre-⌊n, 0⌋-simplicial group G as follows.

For k ∈ [0, n], let

[k]G := Gk .

For
(
[m]

u−→ [m′]
)
∈ Mor(∆⌊n,0⌋), there exists by Remark 70 a unique standard i ∈ Rm,m′

with u = τi .

Let

(uop)G := (τ opi )G = ti .

Suppose given [m]
u−→ [m′]

v−→ [m′′] in ∆⌊n,0⌋ .

We have to show that
(
(id[m])

op
)
G

!
= idGm .

By Remark 70, we have id[m] = τa , for a unique standard a ∈ Rm,m . Note that a = ( ) is
the empty tuple.

We have (
(id[m])

op
)
G = (τ opa )G = ta =

Gm∏Gm

p∈⌊0,1⌋

t(εp)ap = idGm .

We have to show that (u ▲ v)opG
!
= (vop)G ▲ (uop)G .

By Remark 70, there exists a unique standard i ∈ Rm,m′ with u = τi and there exists a
unique standard j ∈ Rm′,m′′ with v = τj .

We write i =
(
(ε1 , i1), . . ., (εr , ir)

)
and j =

(
(ε′1 , j1), . . ., (ε

′
r′ , jr′)

)
.

We consider i ⊔ j =
(
(ε1 , i1), . . ., (εr , ir), (ε

′
1 , j1), . . ., (ε

′
r′ , jr′)

)
∈ Rm,m′′ ; cf. Remark 68.

By Remark 65.(5), there exists some standard a ∈ [i ⊔ j]. By Remark 60.(2), we have
τi⊔ j = τa .
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We have

(u ▲ v)opG = (τi ▲ τj)
opG

69
= (τi⊔ j)

opG = τ opa G = ta
(1)
= ti⊔ j

(2)
= tj ▲ ti

= (τ opj )G ▲ (τ opi )G = (vop)G ▲ (uop)G .

Remark 72 (Construction of a simplicial group)

Suppose that n = +∞. For k ∈ Z⩾0 , suppose given a group Gk .

For k ∈ Z⩾1 and j ∈ [0, k], suppose given a group morphism d kj : Gk → Gk−1 .

For k ∈ Z⩾0 and i ∈ [0, k], suppose given a group morphism ski : Gk → Gk+1 .

Suppose that the following properties (i′, ii′, iii′) are satisfied.

(i′) We have

d k+1
j ▲ d ki = dk+1

i ▲ d kj−1

for k ∈ Z⩾1 , i ∈ [0, k], j ∈ [0, k + 1] with i < j.

(ii′) We have

sk−1
i ▲ skj = sk−1

j−1 ▲ ski

for k ∈ Z⩾1 , i ∈ [0, k − 1], j ∈ [0, k] with i < j.

(iii′) We have

ski ▲ d k+1
j =


d kj ▲ sk−1

i−1 if k ⩾ 1 and j < i

idGk
if j = i or j = i+ 1

d kj−1 ▲ sk−1
i if k ⩾ 1 and j > i+ 1

for k ∈ Z⩾0 , i ∈ [0, k], j ∈ [0, k + 1].

Cf. also Remark 33.

In fact, in this case n = +∞, the pre-⌊n, 0⌋-simplicial group G given in Lemma 71.(3) is a
simplicial group; cf. Definition 30.

Lemma 73 (Construction of a pre-⌊n, 0⌋-simplicial group morphism)

Suppose given pre-⌊n, 0⌋-simplicial groups G and G̃ .

For k ∈ [0, n], suppose given group morphisms φk : Gk → G̃k .

Suppose that the following properties (1, 2) hold.
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(1) For k ∈ [1, n] and j ∈ [0, k], we have φk ▲ d G̃,kj = dG,kj ▲ φk−1 .

Gk G̃k

Gk−1 G̃k−1

φk

dG,kj d G̃,kj

φk−1

(2) For k ∈ [0, n− 1] and i ∈ [0, k], we have φk ▲ sG̃,ki = sG,ki ▲ φk+1 .

Gk G̃k

Gk+1 G̃k+1

φk

sG,ki s G̃,ki

φk+1

Then φ :=
(
Gk

φk−→ G̃k

)
k∈[0,n] is a pre-⌊n, 0⌋-simplicial group morphism from G to G̃ .

If n = +∞, then G and G̃ are simplicial groups and φ is a simplicial group morphism; cf.
Definition 30 and Remark 72.

Proof. Suppose given
(
[m]

u−→ [m′]
)
in ∆⌊n,0⌋ .

Recall that by Corollary 22.(1), we have

u =

(
[m]∏[ℓ]

t∈⌊m−ℓ,1⌋

σℓ+t−1
it

)
▲

(
[ℓ]∏[m′]

t∈⌈1,m′−ℓ⌉

δℓ+tjt

)
.

for some ℓ ∈ [0, n] and 0 ⩽ i1 < i2 < . . . < in−ℓ ⩽ m and 0 ⩽ j1 < j2 < . . . < jm′−ℓ ⩽ m′.

We have

φm′ ▲ (uop)G̃ = φm′ ▲

(( [m′]∏[ℓ]

t∈⌊m′−ℓ,1⌋

(δ ℓ+tjt
)op
)

▲

( [ℓ]∏[m]

t∈⌈1,m−ℓ⌉

(σ ℓ+t−1
it

)op
))

G̃

53
= φm′ ▲

( G̃m′∏G̃ℓ

t∈⌊m′−ℓ,1⌋

d G̃,ℓ+tjt

)
▲

( [G̃ℓ
∏G̃m

t∈⌈1,m−ℓ⌉

s G̃,ℓ+t−1
it

)
(1)
=

( Gm′∏Gℓ

t∈⌊m′−ℓ,1⌋

dG,ℓ+tjt

)
▲φm′−(m′−ℓ) ▲

( G̃ℓ
∏G̃m

t∈⌈1,m−ℓ⌉

s G̃,ℓ+t−1
it

)
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(2)
=

( Gm′∏Gℓ

t∈⌊m′−ℓ,1⌋

dG,ℓ+tjt

)
▲

( Gℓ
∏Gm

t∈⌈1,m−ℓ⌉

sG,ℓ+t−1
it

)
▲φℓ+(m−ℓ)

53
=

(( [m′]∏[ℓ]

t∈⌊m′−ℓ,1⌋

(δ ℓ+tjt
)op
)

▲

( [ℓ]∏[m]

t∈⌈1,m−ℓ⌉

(σ ℓ+t−1
it

)op
))

G ▲φm

= (uop)G ▲φm .

Gm′ G̃m′

Gm G̃m

φm′

(uop)G (uop)G̃

φm

3.4 The category of ⌊n, 0⌋-simplicial groups

Let n ∈ Z⩾0 ∪ {+∞}.
Definition 74 (⌊n, 0⌋-simplicial group)

Suppose that n ∈ Z⩾1 . Suppose given a pre-⌊n, 0⌋-simplicial group G : ∆op
⌊n,0⌋ → Grp ; cf.

Definition 52.

We call G an ⌊n, 0⌋-simplicial group if the following Conduché condition (on ⌊n, 0⌋-simplicial
groups) (1) is satisfied.

(1) For subsets I, J ⊆ [0, n] with I, J ̸= ∅ and I ∪ J = [0, n], we have[⋂
i∈I

ker dG,ni ,
⋂
j∈J

ker dG,nj

]
= 1 .

Cf. Definition 53 and [7, Thm. 1.5, Cor. 1.8].

We have the full subcategory ⌊n, 0⌋-SimpGrp ⊆ Pre-⌊n, 0⌋-SimpGrp defined by

Ob
(
⌊n, 0⌋-SimpGrp

)
:=
{(

∆op
⌊n,0⌋

G−→Grp
)
: G is an ⌊n, 0⌋-simplicial group

}
.

We call ⌊n, 0⌋-SimpGrp the category of ⌊n, 0⌋-simplicial groups.

A transformation between ⌊n, 0⌋-simplicial groups is called an ⌊n, 0⌋-simplicial group mor-
phism.
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For the example n = 1, cf. § 7.4 below.

Remark 75 Suppose given ⌊n, 0⌋-simplicial groups G, G̃ .

For k ∈ [0, n], suppose given group morphisms φk : Gk → G̃k .

Suppose that the following properties (1, 2) hold.

(1) For k ∈ [1, n] and j ∈ [0, k], we have φk ▲ d G̃,kj = dG,kj ▲φk−1 .

Gk G̃k

Gk−1 G̃k−1

φk

dG,kj d G̃,kj

φk−1

(2) For k ∈ [0, n− 1] and i ∈ [0, k], we have φk ▲ sG̃,ki = sG,ki ▲φk+1 .

Gk G̃k

Gk+1 G̃k+1

φk

sG,ki s G̃,ki

φk+1

Then φ :=
(
Gk

φk−→ G̃k

)
k∈[0,n] is an ⌊n, 0⌋-simplicial group morphism from G to G̃ ; cf. Defi-

nition 74, Lemma 73.

3.5 The Moore complex of an ⌊n, 0⌋-simplicial group

Let n ∈ Z⩾1 .

Definition 76 Let G be a pre-⌊n, 0⌋-simplicial group. Let k ∈ [0, n] and let j ∈ [0, k].

(1) We write

Gk,j := ker dG,kj P Gk .
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(2) We write

GNk :=
⋂

i∈[1,k]

Gk,i P Gk .

(3) We write

GNZk := GNk ∩Gk,0 =
⋂

i∈[0,k]

Gk,i P Gk .

(4) Suppose that k ∈ [0, n− 1]. We write

GNBk := (GNk+1)d
G,k+1
0 =

( ⋂
i∈[1,k+1]

Gk+1,i

)
dG,k+1
0 ⩽ Gk .

Here, in § 3.5, we will apply this Definition 76 to an ⌊n, 0⌋-simplicial group.

Lemma 77 (The Moore complex of an ⌊n, 0⌋-simplicial group)

Let G be an ⌊n, 0⌋-simplicial group.

(1) For k ∈ [1, n], we have the group morphism

∂Gk := dG,k0

∣∣GNk−1

GNk
: GNk → GNk−1 , x 7→ xdG,k0 .

Sometimes, we write ∂k := ∂Gk .

(2) We have the complex in groups

GN :=
(
. . .

!−→ 1
!−→GNn

∂n−→GNn−1
∂n−1−−−→ . . .

∂1−→GN0
!−→ 1

!−→ . . .
)
;

cf. Definition 7.

In particular, for k ∈ [0, n− 1], we have GNBk P Gk ; cf. Definition 76.(4).

We call GN the Moore complex of G.

For k ∈ [0, n], we write

Gπk := GNHk = ker ∂k/ im ∂k+1

for the k-th homotopy group of G; cf. Lemma 11.(1).

For k ∈ [0, n− 1], note that we have

Gπk = GNZk/GNBk .

Moreover, we have Gπn = GNZn .
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Proof. Ad (1). Let k ∈ [1, n]. We have to show that (GNk)d0

!

⊆ GNk−1 .

Suppose given x ∈ GNk . Then xdi = 1 for i ∈ [1, k]. Suppose given j ∈ [1, k − 1].

We have

xd0 dj = xdj+1 d0 = 1d0 = 1 .

This shows xdG,k0 ∈ Gk−1,j.

So xd0 ∈
⋂

j∈[1,k−1]

Gk−1, j = GNk−1 .

Ad (2). Let k ∈ [1, n]. We show that ∂k ▲ ∂k−1
!
= ! .

For x ∈ GNk , we have

x∂k∂k−1 = xd0 d0 = xd1 d0 = 1d0 = 1 .

This shows ∂k ▲ ∂k−1 = ! .

We show that im ∂k
!

P Gk−1 .

Suppose given x ∈ im ∂k and suppose given y ∈ Gk−1 . We have to show that xy
!
∈ im ∂k .

We may write x = z∂k = zdG,k0 for some z ∈ GNk .

Let z̃ := zys0 = y−s0 · z · ys0 ∈ Gk .

Since z ∈ GNk P Gk , we also have z̃ ∈ GNk .

So we have

xy = (zd0)
ys0d0 = (zys0)d0 = z̃∂k .

This shows that xy ∈ im ∂k .

Therefore, we have im ∂k P Gk−1 .

Lemma 78 Suppose given ⌊n, 0⌋-simplicial groups G, H. Suppose given an ⌊n, 0⌋-simplicial
group morphism φ : G→ H.

(1) For k ∈ [0, n], we have the group morphism

φNk := φk
∣∣HNk

GNk
: GNk → HNk , x 7→ xφk .

(2) We consider the complexes in groups GN and HN; cf. Lemma 77.(2).
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We have the morphism of complexes in groups

φN := (φNk)k∈Z : GN→ HN ,

where φNk := ! for k ⩾ n+ 1 and for k ⩽ −1.

(3) We have the functor

N: ⌊n, 0⌋-SimpGrp → ComplexGrp ,
(
F

φ−→F ′) 7→ (
FN

φN−→ F ′N
)
.

Proof. Ad (1). Let k ∈ [0, n]. We have to show that (GNk)φk
!

⩽ HNk .

Suppose given x ∈ GNk . For i ∈ [1, k], we have

xφk d
H,k
i = xdG,ki φk−1 = 1φk−1 = 1 .

This shows xφk ∈ Hk,i for i ∈ [1, k].

So xφk ∈ HNk .

Ad (2). Let k ∈ Z. We have to show that ∂Gk ▲φNk−1
!
= φNk ▲ ∂Hk .

We may assume that k ∈ [1, n].

For x ∈ GNk , we have

x∂Gk (φNk−1) = xdG,k0 φk−1 = xφk d
H,k
0 = x(φNk)∂

H
k .

This shows ∂Gk ▲φNk−1 = φNk ▲ ∂Hk .

So (φNk)k∈Z is a morphism of complexes in groups.

Ad (3). Suppose given F
φ−→F ′ φ′

−→F ′′ in ⌊n, 0⌋-SimpGrp.
For k ∈ [0, n], we have

idF Nk = idFk

∣∣FNk

FNk
= idFNk

.

For ∈ Z\[0, n], we have

idF Nk = ! = idFNk
.

Thus, we have

idF N = (idF Nk)k∈Z = (idFNk
)k∈Z = idFN .
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Moreover, for k ∈ [0, n], we have

(φ ▲φ′)Nk = (φk ▲φ′
k)
∣∣F ′′Nk

FNk
=
(
φk
∣∣F ′Nk

FNk

)
▲

(
φ′
k

∣∣F ′′Nk

F ′Nk

)
= φNk ▲φ′Nk .

For k ∈ Z\[0, n], we have
(φ ▲φ′)Nk = ! = φNk ▲φ′Nk .

Thus, we have

(φ ▲φ′)N =
(
(φ ▲φ′)Nk

)
k∈Z = (φNk ▲φ′Nk)k∈Z = (φNk)k∈Z ▲ (φ′Nk)k∈Z = φN ▲φ′N .

So N is a functor.
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Chapter 4

Simplicial groups and
pre-⌊n, 0⌋-simplicial groups:
the coskeleton functor

Let n ∈ Z⩾0 .

4.1 The cut functor Cut⌊n,0⌋ : SimpGrp → Pre-⌊n, 0⌋-SimpGrp

Remark 79 (The cut functor Cut⌊n,0⌋)

Let In : ∆
op
⌊n,0⌋ → ∆op ,

(
[k]

u−→ [ℓ]
)
7→
(
[k]

u−→ [ℓ]
)
be the inclusion functor.

We have the cut functor

Cut⌊n,0⌋ : SimpGrp → Pre-⌊n, 0⌋-SimpGrp(
G

φ−→ G̃
)
7→

(
GCut⌊n,0⌋

φCut⌊n,0⌋

−−−−−−→ G̃Cut⌊n,0⌋
)
:=
(
In ∗G

In∗φ−−→ In ∗ G̃
)
;

cf. Definitions 30, 52.

So we have

GCut⌊n,0⌋ = G
∣∣
∆op

⌊n,0⌋

φCut⌊n,0⌋ =
((
Gk

φk−→ G̃k

)
k∈Z⩾0

)
Cut⌊n,0⌋ =

(
Gk

φk−→ G̃k

)
k∈[0,n] .
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4.2 The coskeleton functor Cosk⌊n,0⌋ : Pre-⌊n, 0⌋-SimpGrp →
SimpGrp

Definition 80 Suppose given a pre-⌊n, 0⌋-simplicial group G; cf. Definition 52.

For k ∈ Z⩾0 , we consider the set

∆([n], [k]) =
{
a ∈ Mor(∆) : as = [n] , at = [k]

}
=
{
[n]

a−→ [k] : a is monotone
}
.

Let k ∈ Z⩾0 . Suppose given a tuple (ga)a∈∆([n],[k]) ∈
∏

a∈∆([n],[k])

Gn .

We call (ga)a∈∆([n],[k]) coherent if we have

gaGb = ga′Gb′

for m ∈ [0, n] and for a, a′ ∈ ∆([n], [k]) , b, b
′ ∈ ∆

(
[m], [n]

)
with b ▲ a = b′ ▲ a′ .

[n] [k]

[m] [n]

a

b

b′

a′

Sometimes, we abbreviate (ga)a := (ga)a∈∆([n],[k]) . Note that ga ∈ Gn for each [n]
a−→ [k] .

Lemma 81 (The simplicial group GCosk⌊n,0⌋)

Suppose given a pre-⌊n, 0⌋-simplicial group G; cf. Definition 52.

(1) For k ∈ Z⩾0 , we have the subgroup

(GCosk⌊n,0⌋)k :=
{
(ga)a∈∆([n],[k]) ∈

∏
a∈∆([n],[k])

Gn : (ga)a∈∆([n],[k]) is coherent
}

⩽
∏

a∈∆([n],[k])

Gn ;

cf. Definition 80.

(2) Suppose given
(
[k]

u−→ [ℓ]
)
∈ Mor(∆) ; cf. Definition 18.

We consider the groups (GCosk⌊n,0⌋)k and (GCosk⌊n,0⌋)ℓ ; cf. (1).
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We have the group morphism

(GCosk⌊n,0⌋)u : (GCosk⌊n,0⌋)ℓ → (GCosk⌊n,0⌋)k , (ga)a∈∆([n],[ℓ]) 7→ (gb▲u)b∈∆([n],[k]) .

(3) We have the simplicial group

GCosk⌊n,0⌋ : ∆op → Grp ,
(
[ℓ]

uop−→ [k]
)
7→
(
(GCosk⌊n,0⌋)ℓ

(GCosk⌊n,0⌋)u−−−−−−−−→ (GCosk⌊n,0⌋)k
)
;

cf. Definition 30.

Proof. Ad (1). Suppose given (ga)a∈∆([n],[k]) , (ha)a∈∆([n],[k]) ∈ (GCosk⌊n,0⌋)k .

Note that
(
(ha)a∈∆([n],[k])

)−
= (h−a )a∈∆([n],[k]) .

We have

(ga)a∈∆([n],[k]) ·
(
(ha)a∈∆([n],[k])

)−
= (ga)a∈∆([n],[k]) · (h

−
a )a∈∆([n],[k]) = (ga · h−a )a∈∆([n],[k]) .

We have to show that (ga · h−a )a∈∆([n],[k]) is coherent.

Suppose given m ∈ [0, n] and suppose given a, a′ ∈ ∆([n], [k]), b, b
′ ∈ ∆([m], [n]) with

b ▲ a = b′ ▲ a′.

We have

(ga · h−a )Gb = gaGb · (haGb)
− = ga′Gb′ · (ha′Gb′)

− = (ga′ · h−a′)Gb′ .

This shows (ga · h−a )a∈∆([n],[k]) ∈ (GCosk⌊n,0⌋)k .

Ad (2). We show that (GCosk⌊n,0⌋)u is a well-defined map.

Suppose given a coherent tuple (ga)a∈∆([n],[ℓ]) ∈ (GCosk⌊n,0⌋)ℓ . We have to show that
(gb▲u)b∈∆([n],[k]) is coherent.

Suppose given b, b′ ∈ ∆([n], [k]) and suppose given m ∈ [0, n], c, c′ ∈ ∆([m], [n]), with
c ▲ b = c′ ▲ b′ .

Then we have

c ▲ (b ▲ u) = c′ ▲ (b′ ▲ u) .

Since (b ▲ u), (b′ ▲ u) ∈ ∆([n], [ℓ]) and since (ga)∈∆([n],[ℓ]) is coherent, we have

(gb▲u)Gc = (gb′ ▲u)Gc′ .

So (gb▲u)b∈∆([n],[k]) is coherent.
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We show that (GCosk⌊n,0⌋)u is a group morphism.

Suppose given (ga)∈∆([n],[ℓ]) , (ha)∈∆([n],[ℓ]) ∈ (GCosk⌊n,0⌋)ℓ .

We have

=
(
(ga)a∈∆([n],[ℓ]) · (ha)a∈∆([n],[ℓ])

)
(GCosk⌊n,0⌋)u

=
(
(ga · ha)a∈∆([n],[ℓ])

)
(GCosk⌊n,0⌋)u

= (gb▲u · hb▲u)b∈∆([n],[k])

= (gb▲u)b∈∆([n],[k]) · (hb▲u)b∈∆([n],[k])

=
(
(ga)a∈∆([n],[ℓ])

)
(GCosk⌊n,0⌋)u ·

(
(ha)a∈∆([n],[ℓ])

)
(GCosk⌊n,0⌋)u .

Ad (3). Suppose given [k]
u−→ [ℓ]

v−→ [m] in ∆ . We consider [m]
vop−→ [ℓ]

uop−→ [k] in ∆op .

For (ga)a∈∆([n],[m]) ∈ (GCosk⌊n,0⌋)m , we have(
(ga)a

)(
(idop

[m])GCosk⌊n,0⌋
)
=
(
(ga)a

)
(GCosk⌊n,0⌋)id[m]

= (ga▲ id[m]
)a = (ga)a

=
(
(ga)a

)
id(GCosk⌊n,0⌋)m

.

This shows (id[m])GCosk⌊n,0⌋ = id(GCosk⌊n,0⌋)m
.

For (ga)a∈∆([n],[m]) , we have(
(ga)a

)(
(vop)GCosk⌊n,0⌋ ▲ (uop)GCosk⌊n,0⌋

)
=
(
(ga)a

)(
(GCosk⌊n,0⌋)v ▲ (GCosk⌊n,0⌋)u

)
=
(
(gb▲v)b∈∆([n],[ℓ])

)
(GCosk⌊n,0⌋)u

= (g(c▲u)▲v)c∈∆([n],[k])

= (gc▲(u▲v))c∈∆([n],[k])

=
(
(ga)a

)
(GCosk⌊n,0⌋)(u▲v)

=
(
(ga)a

)((
(u ▲ v)op

)
GCosk⌊n,0⌋

)
=
(
(ga)a

)(
(vop ▲ uop)GCosk⌊n,0⌋

)
.

This shows (vop ▲ uop)GCosk⌊n,0⌋ = (vop)GCosk⌊n,0⌋ ▲ (uop)GCosk⌊n,0⌋ .

So GCosk⌊n,0⌋ is a simplicial group.

Lemma 82 (The coskeleton functor Cosk⌊n,0⌋)

For a pre-⌊n, 0⌋-simplicial group G ∈ Ob
(
Pre-⌊n, 0⌋-SimpGrp

)
, we consider the simplicial

group GCosk⌊n,0⌋ ∈ Ob
(
SimpGrp

)
; cf. Lemma 81.(3).
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We have the coskeleton functor

Cosk⌊n,0⌋ : Pre-⌊n, 0⌋-SimpGrp → SimpGrp ,
(
G

φ−→ G̃
)
7→
(
GCosk⌊n,0⌋

φCosk⌊n,0⌋

−−−−−−→ G̃Cosk⌊n,0⌋
)
,

where, for k ∈ [0, n], we have

(φCosk⌊n,0⌋)k : (GCosk⌊n,0⌋)k → (G̃Cosk⌊n,0⌋)k , (ga)a∈∆([n],[k]) 7→ (gaφn)a∈∆([n],[k]) .

Proof. Suppose given
(
G

φ−→ G̃
)
in Pre-⌊n, 0⌋-SimpGrp. Let k ∈ [0, n].

We show that φ(Cosk⌊n,0⌋)k is a well-defined map.

Suppose given (ga)a∈∆([n],[k]) ∈ (GCosk⌊n,0⌋)k .

We have to show that (gaφn)a∈∆([n],[k])

!
∈ (G̃Cosk⌊n,0⌋)k , i.e. that (gaφn)a∈∆([n],[k]) is coherent.

For a, a′ ∈ ∆([n], [k]), suppose given m ∈ [0, n] and b, b′ ∈ ∆([m], [n]) with b ▲ a = b′ ▲ a′.

We have to show that (gaφn)G̃b
!
= (ga′φn)G̃b′ .

We have

(gaφn)G̃b = (gaGb)φm = (ga′Gb′)φm = (ga′φn)G̃b′ .

Gn G̃n Gn G̃n

Gm G̃m Gn G̃n

φn

Gb G̃b

φm

φn

Gb′ G̃b′

φm

We show that φ(Cosk⌊n,0⌋)k is a group morphism.

Suppose given (ga)a∈∆([n],[k]) , (ha)a∈∆([n],[k]) ∈ (GCosk⌊n,0⌋)k .

We have(
(ga)a · (ha)a

)
(φCosk⌊n,0⌋)k =

(
(ga · ha)a

)
(φCosk⌊n,0⌋)k =

(
(ga · ha)φn

)
a
= (gaφn · haφn)a

= (gaφn)a · (haφn)a =
(
(ga)a

)
(φCosk⌊n,0⌋)k ·

(
(ha)a

)
(φCosk⌊n,0⌋)k .

We show that Cosk⌊n,0⌋ is a functor.

Suppose given G
φ−→ G̃

φ̃−→ ˜̃G in Pre-⌊n, 0⌋-SimpGrp.
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For k ∈ [0, n] and for (ga)a∈∆([n],[k]) ∈ (GCosk⌊n,0⌋)k , we have

(ga)a
(
(idG) Cosk

⌊n,0⌋ )
k
=
(
ga(idG)n

)
a
= (ga)a = (ga)a id(GCosk⌊n,0⌋)k

.

This shows (idG) Cosk
⌊n,0⌋ = idGCosk⌊n,0⌋ .

For k ∈ [0, n] and for (ga)a∈∆([n],[k]) ∈ (GCosk⌊n,0⌋)k , we have

(ga)a
(
(φ ▲ φ̃) Cosk⌊n,0⌋

)
k
=
(
ga(φ ▲ φ̃)n

)
a
=
(
ga(φn ▲ φ̃n)

)
a
=
(
(gaφn)a

)
(φ̃Cosk⌊n,0⌋)k

= (ga)a(φCosk⌊n,0⌋)k(φ̃Cosk⌊n,0⌋)k = (ga)a(φCosk⌊n,0⌋ ▲ φ̃Cosk⌊n,0⌋)k .

This shows (φ ▲ φ̃) Cosk⌊n,0⌋ = φCosk⌊n,0⌋ ▲ φ̃Cosk⌊n,0⌋ .

Example 83 Let n = 1. Suppose given a pre-⌊1, 0⌋-simplicial group H; cf. Definition 52.

We consider the simplicial group H Cosk⌊1,0⌋; cf. Lemma 81.

(1) For k ∈ {1, 2}, we consider the set

∆([0], [k]) =
{
a ∈ Mor(∆) : as = [0] , at = [k]

}
=
{
[0]

a−→ [k] : a is monotone
}
;

cf. Definition 80.

We have

∆([0], [1]) = {δ10 , δ11 }
∆([0], [2]) = {δ11 ▲ δ22 , δ

1
0 ▲ δ22 , δ

1
0 ▲ δ21 } ;

cf. Corollary 22.

We write β2
0 := δ11 ▲ δ22 , β

2
1 := δ10 ▲ δ22 and β

2
2 := δ10 ▲ δ21 . Then ∆([0], [2]) = {β2

0 , β
2
1 , β

2
2} .

(2) For k ∈ {0, 1, 2}, we consider the set

∆([1], [k]) =
{
a ∈ Mor(∆) : as = [1] , at = [k]

}
=
{
[1]

a−→ [k] : a is monotone
}
;

cf. Definition 80.

We have

∆([1], [0]) = {σ0
0 }

∆([1], [1]) = {id[1] ,σ
0
0 ▲ δ11 ,σ

0
0 ▲ δ10 }

∆([1], [2]) = {δ20 , δ21 , δ22 ,σ0
0 ▲ δ11 ▲ δ22 ,σ

0
0 ▲ δ10 ▲ δ22 ,σ

0
0 ▲ δ10 ▲ δ21 } ;
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cf. Corollary 22.

We write α1
0 := σ0

0 ▲ δ11 and α1
1 := σ0

0 ▲ δ10 . Then ∆([1], [1]) = {id[1] , α
1
0 , α

1
1}.

So, for h ∈ (H Cosk⌊1,0⌋)1 , we have

h = (hid[1] , hα1
0
, hα1

1
) ∈

∏
a∈∆([1],[1])

H1 .

Moreover, we write α2
0 := σ0

0 ▲ δ11 ▲ δ22 , α
2
1 := σ0

0 ▲ δ10 ▲ δ22 and α2
2 := σ0

0 ▲ δ10 ▲ δ21 .

Then ∆([1], [2]) = {δ20 , δ21 , δ22 , α2
0 , α

2
1 , α

2
2} .

So, for h ∈ (H Cosk⌊1,0⌋)2 , we have

h = (hδ20 , hδ21 , hδ22 , hα2
0
, hα2

1
, hα2

2
) ∈

∏
a∈∆([1],[2])

H1 .

From the coherence condition, we obtain e.g. the following assertions.

Since δ10 ▲ δ20 = δ10 ▲ δ21 , we have hδ20 d
H,1
0 = hδ11 d

H,1
0 .

Since id[1] ▲α2
0 = (σ0

0 ▲ δ11) ▲ δ22 , we have hα2
0
= hα2

0
idH1 = hδ22 Hσ0

0 ▲δ11
= hδ22 d

H,1
1 sH,00 .

(3) We consider the group

(H Cosk⌊1,0⌋)2
81.(1)
=

{
(ha)a∈∆([1],[2]) ∈

∏
a∈∆([1],[2])

H1 : (ha)a∈∆([1],[2]) is coherent
}

(2)
=

{
h = (hδ20 , hδ21 , hδ22 , hα2

0
, hα2

1
, hα2

2
) ∈

∏
a∈∆([1],[2])

H1 : h is coherent
}
.

We consider its subgroup (H Cosk⌊1,0⌋)N2 ⩽ (H Cosk⌊1,0⌋)2 ; cf. Definition 46.(2).

We show that

(H Cosk⌊1,0⌋)N2
!
=
{
(hδ0 , 1, 1, 1, 1, 1) : hδ0 ∈ HNZ1

}
≃ HNZ1 .

Ad ⩽. Suppose given h = (hδ20 , hδ21 , hδ22 , hα2
0
, hα2

1
, hα2

2
) ∈ (H Cosk⌊1,0⌋)N2 .

We have
1 = hdH Cosk⌊1,0⌋,2

1

= (hδ20 , hδ21 , hδ22 , hα2
0
, hα2

1
, hα2

2
)(H Cosk⌊1,0⌋)δ21

81.(2)
= (hid[1] ▲δ21

, hα1
0 ▲δ21

, hα1
1 ▲δ21

)

= (hδ21 , hα2
0
, hα2

2
) .
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This shows that hδ21 = hα2
0
= hα2

2
= 1 .

We have
1 = hdH Cosk⌊1,0⌋,2

2

= (hδ20 , hδ21 , hδ22 , hα2
0
, hα2

1
, hα2

2
)(H Cosk⌊1,0⌋)δ22

81.(2)
= (hid[1] ▲δ22

, hα1
0 ▲δ22

, hα1
1 ▲δ22

)

= (hδ22 , hα2
0
, hα2

1
) .

This shows that hδ22 = hα2
0
= hα2

1
= 1 .

It remains to show that hδ20
!
∈ HNZ1 .

We have δ10 ▲ δ20 = δ10 ▲ δ21 . Since h is coherent, we have

hδ20 d
H,2
0 = hδ20 Hδ10

80
= hδ21 Hδ10

= 1Hδ10
= 1 .

We have δ11 ▲ δ20 = δ10 ▲ δ22 . Since h is coherent, we have

hδ20 d
H,2
1 = hδ20 Hδ11

80
= hδ22 Hδ10

= 1Hδ10
= 1 .

This shows that hδ20 ∈ H1,0 ∩H1,1
76.(3)
= HNZ1 .

So we have h = (hδ20 , 1, 1, 1, 1, 1) , where hδ20 ∈ HNZ1 .

Ad ⩾. Suppose given x ∈ HNZ1 .

We have to show that the tuple

(hδ20 , hδ21 , hδ22 , hα2
0
, hα2

1
, hα2

2
) := (x, 1, 1, 1, 1, 1) ∈

∏
a∈∆([1],[2])

H1

is coherent.

Let m = 0. For b ∈ ∆([0], [1]) = {δ10 , δ11 } and a ∈ ∆([1], [2]) = {δ20 , δ21 , δ22 , α2
0 , α

2
1 , α

2
2},

we consider b ▲ a.

We obtain the following composition table.

▲ δ20 δ21 δ22 α2
0 α2

1 α2
2

δ10 β2
2 β2

2 β2
1 β2

0 β2
1 β2

2

δ11 β2
1 β2

0 β2
0 β2

0 β2
1 β2

2
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We have

β2
0 = δ10 ▲α2

0 = δ11 ▲ δ21 = δ11 ▲ δ22 = δ11 ▲α2
0 .

So we have to show that

hα2
0
Hδ10

!
= hδ21Hδ11

!
= hδ22Hδ11

!
= hα2

0
Hδ11

.

We have hα2
0
= hδ21 = hδ22 = 1 .

So

1Hδ10
= 1Hδ11

= 1Hδ11
= 1Hδ11

= 1 .

We have

β2
1 = δ10 ▲ δ22 = δ10 ▲α2

1 = δ11 ▲ δ20 = δ11 ▲α2
1 .

So we have to show that

hδ22Hδ10

!
= hα2

1
Hδ10

!
= hδ20Hδ11

!
= hα2

1
Hδ11

.

Since we have hδ22 = hα2
1
= 1 , it remains to show that hδ20Hδ11

!
= 1 .

Indeed, we have

hδ20Hδ11
= xdH,11 = 1 ,

since x ∈ HNZ1 .

We have

β2
2 = δ10 ▲ δ20 = δ10 ▲ δ21 = δ10 ▲α2

2 = δ11 ▲α2
2 .

So we have to show that

hδ20Hδ10

!
= hδ21Hδ10

!
= hα2

2
Hδ10

!
= hα2

2
Hδ11

.

Since we have hδ21 = hα2
2
= 1 , it remains to show that hδ20Hδ10

!
= 1 .

Indeed, we have

hδ20Hδ10
= xdH,10 = 1 ,

since x ∈ HNZ1 .

Letm = 1. For b ∈ ∆([1], [1]) = {id[1] , α
1
0 , α

1
1} and a ∈ ∆([1], [2]) = {δ20 , δ21 , δ22 , α2

0 , α
2
1 , α

2
2},

we consider b ▲ a.
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We obtain the following composition table.

▲ δ20 δ21 δ22 α2
0 α2

1 α2
2

id[1] δ20 δ21 δ22 α2
0 α2

1 α2
2

α1
0 α2

1 α2
0 α2

0 α2
0 α2

1 α2
2

α1
1 α2

2 α2
2 α2

1 α2
0 α2

1 α2
2

We have
α2
0 = α1

0 ▲ δ21 = α1
0 ▲ δ22 = α1

0 ▲α2
0 = α1

1 ▲α2
0 = id[1] ▲α2

0 .

So we have to show that

hδ21Hα1
0

!
= hδ22Hα1

0

!
= hα2

0
Hα1

0

!
= hα2

0
Hα1

1

!
= hα2

0
Hid[1] .

We have hδ21 = hδ22 = hα2
0
= 1 .

So
1Hα1

0
= 1Hα1

0
= 1Hα1

0
= 1Hα1

1
= 1Hid[1] = 1 .

We have
α2
1 = α1

0 ▲ δ20 = id[1] ▲α2
1 = α1

0 ▲α2
1 = α1

1 ▲α2
1 = α1

1 ▲ δ22 .

So we have to show that

hδ20Hα1
0

!
= hα2

1
Hid[1]

!
= hα2

1
Hα1

0

!
= hα2

1
Hα1

1

!
= hδ22Hα1

1
.

Since hα2
1
= hδ22 = 1, it remains to show that hδ20Hα1

0

!
= 1 .

We have
hδ20Hα1

0
= xHσ0

0 ▲δ11
= xHδ11

Hσ0
0
= xdH,11 sH,00 = 1sH,00 = 1 ,

since x ∈ HNZ1 .

We have
α2
2 = α1

1 ▲ δ20 = α1
1 ▲ δ21 = id[1] ▲α2

2 = α1
1 ▲α2

2 = α1
0 ▲α2

2 .

So we have to show that

hδ20Hα1
1

!
= hδ21Hα1

1

!
= hα2

2
Hid[1]

!
= hα2

2
Hα1

1

!
= hα2

2
Hα1

0
.

Since hδ21 = hα2
2
= 1, it remains to show that hδ20Hα1

1

!
= 1 .
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We have
hδ20Hα1

1
= xHσ0

0 ▲δ10
= xHδ10

Hσ0
0
= xdH,10 sH,00 = 1sH,00 = 1 ,

since x ∈ HNZ1 .

Altogether, this shows that the tuple (x, 1, 1, 1, 1, 1) is coherent.

So we have (H Cosk⌊1,0⌋)N2 =
{
(hδ20 , 1, 1, 1, 1, 1) : hδ20 ∈ HNZ1

}
≃ HNZ1 .

Remark 84 Let k ∈ Z⩾n+1 . Suppose given a ∈ ∆([n], [k]) .

There exists some b ∈ ∆([n], [k − 1]) and some j ∈ [k − n− 1, k] with a = b ▲ δkj .

Proof. By Corollary 22.(1), we have

a =

(
[n]∏[ℓ]

t∈⌊n−ℓ,1⌋

σℓ+t−1
it

)
▲

(
[ℓ]∏[k]

t∈⌈1,k−ℓ⌉

δℓ+tjt

)
: [n]→ [k] ,

where ℓ = | im a| − 1 , where 0 ⩽ i1 < i2 < . . . < in−ℓ ⩽ n and where

{j1, . . ., jk−ℓ} = {j ∈ [0, k] : j ̸∈ imu} and 0 ⩽ j1 < j2 < . . . < jk−ℓ ⩽ k .

Note that ℓ ⩽ n ⩽ k − 1. Note that 0 ⩽ k − n− 1 ⩽ k − ℓ− 1 ⩽ jk−ℓ ⩽ k .

Let

b :=

(
[n]∏[ℓ]

t∈⌊n−ℓ,1⌋

σℓ+t−1
it

)
▲

(
[ℓ]∏[k−1]

t∈⌈1,k−ℓ−1⌉

δℓ+tjt

)
: [n]→ [k − 1] .

Then we have a = b ▲ δkk−ℓ and jk−ℓ ∈ [k − n− 1, k].

Lemma 85 Let H be a pre-⌊n, 0⌋-simplicial group.

We consider the simplicial group H Cosk⌊n,0⌋ ; cf. Lemma 81.(3).

For k ∈ Z⩾n+2 , we have (H Cosk⌊n,0⌋)Nk = 1; cf. Definition 46.(2).

Proof. Suppose given k ∈ Z⩾n+2 . Suppose given (ha)a∈∆([n],[k]) ∈ (H Cosk⌊n,0⌋)Nk .

We have to show that (ha)a∈∆([n],[k])
!
= 1 .

Suppose given ã ∈ ∆([n], [k]) . We have to show that hã
!
= 1 ∈ Hn .

By Remark 84, we have ã = b ▲ δkj for some b ∈ ∆([n], [k− 1]) and for some j ∈ [k−n− 1, k].

Note that j ∈ [1, k] since 1 ⩽ k − n− 1.
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We have

1 =
(
(ha)a∈∆([n],[k])

)
dHCosk⌊n,0⌋,k
j

81.(2)
= (hc▲δkj

)c∈∆([n],[k−1]) .

In particular, we have 1 = hb▲δkj
= hã .

So we have (ha)a∈∆([n],[k]) = 1 .

This shows that (H Cosk⌊n,0⌋)Nk = 1 .

4.3 The adjunction Cut⌊n,0⌋ ⊣ Cosk⌊n,0⌋

We consider the functors

Cut⌊n,0⌋ : SimpGrp → Pre-⌊n, 0⌋-SimpGrp; cf. Remark 79

Cosk⌊n,0⌋ : Pre-⌊n, 0⌋-SimpGrp → SimpGrp; cf. Lemma 82.

Lemma 86 (The counit η)

Suppose given a pre-⌊n, 0⌋-simplicial group G ∈ Ob
(
Pre-⌊n, 0⌋-SimpGrp

)
.

We consider the pre-⌊n, 0⌋-simplicial group GCosk⌊n,0⌋ Cut⌊n,0⌋.

For k ∈ [0, n], note that we have

(GCosk⌊n,0⌋Cut⌊n,0⌋)k = (GCosk⌊n,0⌋)k ;

cf. Lemma 81.(1).

For [k]
u−→ [ℓ] in ∆⌊n,0⌋ , note that we have

(GCosk⌊n,0⌋ Cut⌊n,0⌋)u = (GCosk⌊n,0⌋)u : (GCosk⌊n,0⌋)ℓ → (GCosk⌊n,0⌋)k

(ga)a∈∆([n],[ℓ]) 7→ (gb▲u)b∈∆([n],[k]) ;

cf. Lemma 81.(2).

(1) For k ∈ [0, n] , we have the group isomorphism

(Gϑ)k : Gk → (GCosk⌊n,0⌋)k , x 7→ (xGa)a∈∆([n],[k]) .

(2) We have the pre-⌊n, 0⌋-simplicial group isomorphism

Gϑ :=
(
Gk

(Gϑ)k−−−→ (GCosk⌊n,0⌋)k
)
k∈[0,n] : G→ GCosk⌊n,0⌋ Cut⌊n,0⌋ ;

cf. (1).
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(3) We have the isotransformation

ϑ =
(
G̃

G̃ϑ−→ G̃Cosk⌊n,0⌋Cut⌊n,0⌋
)
G̃∈Ob(Pre-⌊n,0⌋-SimpGrp) : idPre-⌊n,0⌋-SimpGrp → Cosk⌊n,0⌋ ∗Cut⌊n,0⌋ ;

cf. (2).

Moreover, we have the isotransformation

η := ϑ− : Cosk⌊n,0⌋ ∗Cut⌊n,0⌋ → idPre-⌊n,0⌋-SimpGrp .

In particular, for k ∈ [0, n], we have the group isomorphism

(Gη)k =
(
(Gϑ)k

)−
: (GCosk⌊n,0⌋)k → Gk , (ga)a∈∆([n],[k]) 7→

(
(ga)a

)
(Gη)k =: g̃ ,

where (g̃Ga)a∈∆([n],[k]) = (ga)a∈∆([n],[k]) ; cf. (1).

Proof. Ad (1). Suppose given k ∈ [0, n].

We show that (Gϑ)k is a well-defined map.

Suppose given x ∈ G. We have to show that (xGa)a∈∆([n],[k]) is coherent.

Suppose given a, a′ ∈ ∆([n], [k]). Suppose given m ∈ [0, n] and b, b′ ∈ ∆([m], [n]) with
b ▲ a = b′ ▲ a′.

We have

(xGa)Gb = xGb▲a = xGb′ ▲a′ = (xGa′)Gb′ .

We show that (Gϑ)k is a group morphism.

For x, y ∈ Gk , we have

(x · y)(Gϑ)k =
(
(x · y)Ga)a∈∆([n],[k]) = (xGa · yGa)a∈∆([n],[k]) = (xGa)a∈∆([n],[k]) · (yGa)a∈∆([n],[k])

= x(Gϑ)k · y(Gϑ)k .

We show that (Gϑ)k is injective.

Suppose given x ∈ ker
(
(Gϑ)k

)
. Then we have xGa = 1 for a ∈ ∆([n], [k]).

We choose â ∈ ∆([n], [k]) to be surjective. We choose b̂ ∈ ∆([k], [n]) such that b̂ ▲ â = id[k] .

Then we have

1 = x(Gâ ▲Gb̂) = x(Gb̂▲ â) = xGid[k] = x .

117



CHAPTER 4. SIMPLICIAL GROUPS AND PRE-⌊n, 0⌋-SIMPLICIAL GROUPS:
THE COSKELETON FUNCTOR

So (Gϑ)k is injective.

We show that (Gϑ)k is surjective.

Suppose given (ga)a∈∆([n],[k]) ∈ (GCosk⌊n,0⌋)k .

We choose â ∈ ∆([n], [k]) to be surjective. We choose b̂ ∈ ∆([k], [n]) such that b̂ ▲ â = id[k] .

For a ∈ ∆([n], [k]), note that we have

(a ▲ b̂) ▲ â = a = id[n] ▲ a .

[n] [k]

[n] [n]

â

a ▲ b̂ a

id[n]

Since (ga)a is coherent, we have

(gâ)Ga▲ b̂ = (ga)Gid[n]
= ga

for a ∈ ∆([n], [k]).

Let x := gâGb̂ ∈ Gk . Then we have

x(Gϑ)k = (xGa)a =
(
(gâGb̂)Ga

)
a
=
(
(gâ)Ga▲ b̂

)
a
= (ga)a .

So (Gϑ)k is surjective.

Ad (2). We show that Gϑ =
(
(Gϑ)k

)
k∈[0,n] is a pre-⌊n, 0⌋-simplicial group morphism.

Suppose given [k]
u−→ [ℓ] in ∆⌊n,0⌋ .

We consider the group isomorphisms (Gϑ)k and (Gϑ)ℓ from (1).

For g ∈ Gℓ , we have

g
(
(Gϑ)ℓ ▲ (GCosk⌊n,0⌋)u

) (1)
=
(
(gGa)a∈∆([n],[ℓ])

)
(GCosk⌊n,0⌋)u

81.(2)
= (gGb▲u)b∈∆([n],[k])

= (gGuGb)b∈∆([n],[k]) = (gGu)(Gϑ)k = g(Gu ▲ (Gϑ)k) .

This shows (Gϑ)ℓ ▲ (GCosk⌊n,0⌋)u = Gu ▲ (Gϑ)k .
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Gℓ (GCosk⌊n,0⌋)ℓ

Gk (GCosk⌊n,0⌋)k

(Gϑ)ℓ

Gu (GCosk⌊n,0⌋)u

(Gϑ)k

So Gϑ is a pre-⌊n, 0⌋-simplicial group morphism.

Moreover, by (1), Gϑ is a pre-⌊n, 0⌋-simplicial group isomorphism.

Ad (3). Suppose given G̃
φ−→ ˜̃G in Pre-⌊n, 0⌋-SimpGrp .

Suppose given k ∈ [0, n] . We consider the group morphisms (G̃ϑ)k and ( ˜̃Gϑ)k from (1).

For g ∈ G̃k , we have

g
(
(G̃ϑ)k ▲ (φCosk⌊n,0⌋Cut⌊n,0⌋)k

) (1)
=
(
(gG̃a)a∈∆([n],[k])

)
(φCosk⌊n,0⌋ Cut⌊n,0⌋)k

79
=
(
(gG̃a)a∈∆([n],[k])

)
(φCosk⌊n,0⌋)k

82
=
(
(gG̃a)φn

)
a∈∆([n],[k])

=
(
(gφk)

˜̃Ga

)
a∈∆([n],[k])

(1)
= (gφk)(

˜̃Gϑ)k

= g
(
φk ▲ ( ˜̃Gϑ)k

)
.

This shows (G̃ϑ)k ▲ (φCosk⌊n,0⌋ Cut⌊n,0⌋)k = φk ▲ ( ˜̃Gϑ)k .

Therefore, we have G̃ϑ ▲ (φCosk⌊n,0⌋Cut⌊n,0⌋) = φ ▲
˜̃Gϑ .

G̃ G̃Cosk⌊n,0⌋Cut⌊n,0⌋

˜̃G ˜̃GCosk⌊n,0⌋Cut⌊n,0⌋

G̃ϑ

φ φCosk⌊n,0⌋ Cut⌊n,0⌋

˜̃Gϑ

So ϑ is a transformation.
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Moreover, by (2), ϑ is an isotransformation. Thus we have the isotransformation η := ϑ− .

Lemma 87 (The unit ε)

Suppose given a simplicial group G ∈ Ob
(
SimpGrp

)
.

We consider the simplicial group GCut⌊n,0⌋Cosk⌊n,0⌋.

For k ∈ Z⩾0 , note that we have

(GCut⌊n,0⌋ Cosk⌊n,0⌋)k =
{
(ga)a∈∆([n],[k]) ∈

∏
a∈∆([n],[k])

Gn : (ga)a∈∆([n],[k]) is coherent
}
;

cf. Lemma 81.(1).

For [k]
u−→ [ℓ] in ∆op , note that we have

(GCut⌊n,0⌋Cosk⌊n,0⌋)u : (GCut⌊n,0⌋Cosk⌊n,0⌋)ℓ → (GCut⌊n,0⌋ Cosk⌊n,0⌋)k

(ga)a∈∆([n],[ℓ]) 7→ (gb▲u)b∈∆([n],[k]) ;

cf. Lemma 81.(2).

(1) For k ∈ Z⩾0 , we have the group morphism

(Gε)k : Gk → (GCut⌊n,0⌋Cosk⌊n,0⌋)k , g 7→ (gGa)a∈∆([n],[k]) ;

cf. also Lemma 86.(1).

(2) We have the simplicial group morphism

Gε :=
(
Gk

(Gε)k−−−→ (GCut⌊n,0⌋Cosk⌊n,0⌋)k
)
k∈Z⩾0

: G→ GCut⌊n,0⌋Cosk⌊n,0⌋ ;

cf. (1).

(3) We have the transformation

ε =
(
G̃

G̃ε−→ G̃Cut⌊n,0⌋Cosk⌊n,0⌋
)
G̃∈Ob(SimpGrp) : idSimpGrp → Cut⌊n,0⌋ ∗Cosk⌊n,0⌋ ;

cf. (2).

Proof. Ad (1). Suppose given k ∈ Z⩾0 .

We show that (Gε)k is a well-defined map.
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Suppose given x ∈ G. We have to show that (xGa)a∈∆([n],[k]) coherent; cf. Definition 80.

Suppose given a, a′ ∈ ∆([n], [k]). Suppose given m ∈ [0, n] and b, b′ ∈ ∆([m], [n]) with
b ▲ a = b′ ▲ a′.

We have

(xGa)Gb = xGb▲a = xGb′ ▲a′ = (xGa′)Gb′ .

We show that (Gε)k is a group morphism.

For x, y ∈ Gk , we have

(x · y)(Gε)k =
(
(x · y)Ga)a∈∆([n],[k]) = (xGa · yGa)a∈∆([n],[k]) = (xGa)a∈∆([n],[k]) · (yGa)a∈∆([n],[k])

= x(Gε)k · y(Gε)k .

Ad (2). We show that Gε is a simplicial group morphism.

Suppose given [k]
u−→ [ℓ] in ∆ .

We consider the group morphisms (Gε)k and (Gε)ℓ from (1).

For g ∈ Gℓ , we have

g
(
(Gε)ℓ ▲ (GCut⌊n,0⌋ Cosk⌊n,0⌋)u

) (1)
=
(
(gGa)a∈∆([n],[ℓ])

)
(GCut⌊n,0⌋Cosk⌊n,0⌋)u = (gGb▲u)b∈∆([n],[k])

= (gGuGb)b∈∆([n],[k])
(1)
= (gGu)(Gε)k = g(Gu ▲ (Gε)k) .

This shows (Gε)ℓ ▲ (GCut⌊n,0⌋ Cosk⌊n,0⌋)u = Gu ▲ (Gε)k .

Gℓ (GCut⌊n,0⌋Cosk⌊n,0⌋)ℓ

Gk (GCut⌊n,0⌋ Cosk⌊n,0⌋)k

(Gε)ℓ

Gu (GCut⌊n,0⌋ Cosk⌊n,0⌋)u

(Gε)k

So Gε is a simplicial group morphism.

Ad (3). Suppose given G̃
φ−→ ˜̃G in SimpGrp.
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Suppose given k ∈ Z⩾0 . For g ∈ G̃k , we have

g
(
(G̃ε)k ▲ (φCut⌊n,0⌋Cosk⌊n,0⌋)k

) (1)
=
(
(gG̃a)a∈∆([n],[k])

)
(φCut⌊n,0⌋Cosk⌊n,0⌋)k

82
=
(
(gG̃a)(φCut⌊n,0⌋)n

)
a∈∆([n],[k])

79
=
(
(gG̃a)φn

)
a∈∆([n],[k])

=
(
(gφk)

˜̃Ga

)
a∈∆([n],[k])

(1)
= (gφk)(

˜̃Gε)k

= g
(
φk ▲ ( ˜̃Gε)k

)
.

This shows (G̃ε)k ▲ (φCut⌊n,0⌋Cosk⌊n,0⌋)k = φk ▲ ( ˜̃Gε)k .

Therefore, we have G̃ε ▲φCut⌊n,0⌋ Cosk⌊n,0⌋ = φ ▲
˜̃Gε .

G̃ G̃Cut⌊n,0⌋Cosk⌊n,0⌋

˜̃G ˜̃GCut⌊n,0⌋ Cosk⌊n,0⌋

G̃ε

φ φCut⌊n,0⌋Cosk⌊n,0⌋

˜̃Gε

So ε is a transformation.

Lemma 88 (The adjoint functors Cut⌊n,0⌋ and Cosk⌊n,0⌋)

We consider the transformations

η : Cosk⌊n,0⌋ ∗Cut⌊n,0⌋ → idPre-⌊n,0⌋-SimpGrp; cf. Lemma 86.(3)

ε : idSimpGrp → Cut⌊n,0⌋ ∗Cosk⌊n,0⌋; cf. Lemma 87.(3).

Then (Cut⌊n,0⌋,Cosk⌊n,0⌋, ε, η) is an adjunction; cf. §1.1.3 item 10.

In particular, we have Cut⌊n,0⌋ ⊣ Cosk⌊n,0⌋ .

Proof. We show that (ε ∗ Cut⌊n,0⌋) ▲ (Cut⌊n,0⌋ ∗ η) !
= idCut⌊n,0⌋ .
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Cut⌊n,0⌋ Cut⌊n,0⌋ ∗Cosk⌊n,0⌋ ∗Cut⌊n,0⌋

Cut⌊n,0⌋

ε ∗ Cut⌊n,0⌋

idCut⌊n,0⌋

Cut⌊n,0⌋ ∗η

Suppose given G ∈ Ob
(
SimpGrp

)
.

We show that G
(
(ε ∗ Cut⌊n,0⌋) ▲ (Cut⌊n,0⌋ ∗ η)

) !
= idGCut⌊n,0⌋ .

Suppose given k ∈ [0, n]. Suppose given x ∈ Gk .

We have
x
(
G
(
(ε ∗ Cut⌊n,0⌋) ▲ (Cut⌊n,0⌋ ∗ η)

))
k

= x
(
G(ε ∗ Cut⌊n,0⌋) ▲G(Cut⌊n,0⌋ ∗ η)

)
k

= x
((

(Gε) Cut⌊n,0⌋
)
k

▲

(
(GCut⌊n,0⌋)η

)
k

)
87.(2,1)
=

(
(xGa)a∈∆([n],[k])

)(
(GCut⌊n,0⌋)η

)
k

86.(3,1)
= x

= x idGk

= x(idGCut⌊n,0⌋)k .

This shows
(
G
(
(ε ∗ Cut⌊n,0⌋) ▲ (Cut⌊n,0⌋ ∗ η)

))
k
= (idGCut⌊n,0⌋)k .

So we have G
(
(ε ∗ Cut⌊n,0⌋) ▲ (Cut⌊n,0⌋ ∗ η)

)
= idGCut⌊n,0⌋ .

Therefore, we have (ε ∗ Cut⌊n,0⌋) ▲ (Cut⌊n,0⌋ ∗ η) = idCut⌊n,0⌋ .

We show that (Cosk⌊n,0⌋ ∗ ε) ▲ (η ∗ Cosk⌊n,0⌋) !
= idCosk⌊n,0⌋ .

Cosk⌊n,0⌋ Cosk⌊n,0⌋ ∗Cut⌊n,0⌋ ∗Cosk⌊n,0⌋

Cosk⌊n,0⌋

Cosk⌊n,0⌋ ∗ ε

idCosk⌊n,0⌋

η ∗ Cosk⌊n,0⌋
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Suppose given G ∈ Ob
(
Pre-⌊n, 0⌋-SimpGrp

)
.

We show that G
(
(Cosk⌊n,0⌋ ∗ ε) ▲ (η ∗ Cosk⌊n,0⌋)

) !
= idGCosk⌊n,0⌋ .

Suppose given k ∈ Z⩾0 . Suppose given (xa)a∈∆([n],[k]) ∈ (GCosk⌊n,0⌋)k ; cf. Lemma 81.(1).

For c ∈ ∆([n], [n]) and b ∈ ∆([n], [k]), note that we have

c ▲ b = id[n] ▲ (c ▲ b) .

[n] [k]

[n] [n]

b

c

id[n]

c ▲ b

So, since (xa)a∈∆([n],[k]) is coherent, we have

xbGc = xc▲bGid[n]
= xc▲b

for c ∈ ∆([n], [n]) and b ∈ ∆([n], [k]) ; cf. Definition 80.

We have (
(xa)a∈∆([n],[k])

)(
G
(
(Cosk⌊n,0⌋ ∗ ε) ▲ (η ∗ Cosk⌊n,0⌋)

))
k

=
(
(xa)a∈∆([n],[k])

)(
G(Cosk⌊n,0⌋ ∗ ε) ▲G(η ∗ Cosk⌊n,0⌋)

)
k

=
(
(xa)a∈∆([n],[k])

)((
(GCosk⌊n,0⌋)ε

)
k

▲

(
(Gη) Cosk⌊n,0⌋

)
k

)
87.(1)
=

(((
(xa)a∈∆([n],[k])

)
(GCosk⌊n,0⌋)b

)
b∈∆([n],[k])

)(
(Gη) Cosk⌊n,0⌋

)
k

81.(2)
=

((
(xc▲b)c∈∆([n],[n])

)
b∈∆([n],[k])

)(
(Gη) Cosk⌊n,0⌋

)
k

=
((

(xbGc)c∈∆([n],[n])

)
b∈∆([n],[k])

)(
(Gη) Cosk⌊n,0⌋

)
k

82
=

((
(xbGc)c∈∆([n],[n])

)
(Gη)n

)
b∈∆([n],[k])

86.(3,1)
= (xb)b∈∆([n],[k])

=
(
(xa)a∈∆([n],[k])

)
id(GCosk⌊n,0⌋)k

.
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This shows
(
G
(
(Cosk⌊n,0⌋ ∗ ε) ▲ (η ∗ Cosk⌊n,0⌋)

))
k
= id(GCosk⌊n,0⌋)k

.

So we have G
(
(Cosk⌊n,0⌋ ∗ ε) ▲ (η ∗ Cosk⌊n,0⌋)

)
= idGCosk⌊n,0⌋ .

Therefore, we have (Cosk⌊n,0⌋ ∗ ε) ▲ (η ∗ Cosk⌊n,0⌋) = idCosk⌊n,0⌋ .

Altogether, this proves the lemma.

Remark 89 We consider the adjunction (Cut⌊n,0⌋, Cosk⌊n,0⌋ , ε, η); cf. Lemma 88.

For G ∈ Ob
(
SimpGrp

)
and H ∈ Ob

(
Pre-⌊n, 0⌋-SimpGrp

)
, we have the adjunction bijection

αG,H : Pre-⌊n,0⌋-SimpGrp(GCut⌊n,0⌋, H)
∼↔ SimpGrp(G,H Cosk⌊n,0⌋)

(
GCut⌊n,0⌋

φ−→H
)
7→

(
G

Gε ▲ φCosk⌊n,0⌋

−−−−−−−−−→ H Cosk⌊n,0⌋
)

(
GCut⌊n,0⌋

ψCut⌊n,0⌋
▲ Hη−−−−−−−−−→ H

)
← [

(
G

ψ−→H Cosk⌊n,0⌋
)
;

cf. Remark 14.

Suppose given G ∈ Ob
(
SimpGrp

)
and suppose given H ∈ Ob

(
Pre-⌊n, 0⌋-SimpGrp

)
.

(1) Suppose given a pre-⌊n, 0⌋-simplicial group morphism GCut⌊n,0⌋
φ−→H .

Then we have the simplicial group morphism

φαG,H = Gε ▲φCosk⌊n,0⌋ : G→ H Cosk⌊n,0⌋ ,

where, for k ∈ Z⩾0 , we have

(φαG,H)k = (Gε)k ▲ (φCosk⌊n,0⌋)k : Gk → (H Cosk⌊n,0⌋)k , x 7→
(
(xGa)φn

)
a∈∆([n],[k])

.

Cf. Lemmas 87.(1), 82.

(2) Suppose given a simplicial group morphism G
ψ−→H Cosk⌊n,0⌋ .

Then we have the pre-⌊n, 0⌋-simplicial group morphism

ψα−
G,H = ψCut⌊n,0⌋ ▲Hη : GCut⌊n,0⌋ → H ,

where, for k ∈ [0, n], we have

(ψα−
G,H)k = (ψCut⌊n,0⌋)k ▲ (Hη)k : (GCut⌊n,0⌋)k → Hk , x 7→ (xψk)(Hη)k =: x̃ ,

where xψk = (x̃Ha)a∈∆([n],[k]) . Cf. Lemma 86.(3, 1).
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Chapter 5

⌊n, 0⌋-coskeletal simplicial groups

Suppose given a simplicial group G that satisfies the technical condition of being ⌊n, 0⌋-
coskeletal; cf. Definition 90 below.

In this chapter, we shall construct the degenerate subgroup GDn+1 ⩽ Gn+1 that is needed
for the functor Cond⌊n,0⌋ from ⌊n, 0⌋-simplicial groups to simplicial groups; cf. Lemma 126
below.

5.1 ⌊n, 0⌋-coskeletal simplicial groups

Definition 90 (⌊n, 0⌋-coskeletal simplicial groups)

Let n ∈ Z⩾1 . Suppose given simplicial group G.

We say that G is ⌊n, 0⌋-coskeletal if the properties (1, 2) hold.

(1) We have GNZn+1 = 1; cf. Definition 46.(3).

(2) For I, J ⊆ [0, n] with I, J ̸= ∅ and I ∪ J = [0, n], we have[⋂
i∈I

Gn,i ,
⋂
j∈J

Gn,j

]
= 1 ;

cf. also property (1) in Definition 74.

Property (2) is also called the Conduché condition on ⌊n, 0⌋-coskeletal simplicial groups; cf.
[7, Thm. 1.5].
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Remark 91 Let n ∈ Z⩾1 . Suppose given an ⌊n, 0⌋-simplicial group H; cf. Definition 74.

We consider the simplicial group H Cosk⌊n,0⌋; cf. Lemma 81.(3).

Then H Cosk⌊n,0⌋ is ⌊n, 0⌋-coskeletal.

Proof. We show the properties (1, 2) from Definition 90.

Ad (1). Suppose given x := (xa)a∈∆([n],[n+1]) ∈ (H Cosk⌊n,0⌋)NZn+1 ⩽ (H Cosk⌊n,0⌋)n+1 .

Then, for i ∈ [0, n+ 1], we have

(1)b∈∆([n],[n]) = 1 = xdH Cosk⌊n,0⌋,n+1
i =

(
(xa)a∈∆([n],[n+1])

)
(H Cosk⌊n,0⌋)δi

81.(2)
= (xb▲δi)b∈∆([n],[n]) .

So we have

1 = xb▲δi

for b ∈ ∆([n], [n]) and i ∈ [0, n+ 1].

Suppose given a ∈ ∆([n], [n+ 1]) .

By Remark 84, there exists some b ∈ ∆([n], [n]) and some k ∈ [0, n+ 1] with a = b ▲ δn+1
k .

Therefore, we have

xa = xb▲δk = 1 .

This shows

x = (xa)a∈∆([n],[n+1]) = (1)a∈∆([n],[n+1]) = 1 .

So (H Cosk⌊n,0⌋)NZn+1 = 1 .

This shows (1).

Ad (2). Suppose given I, J ⊆ [0, n] with I, J = ∅ and I ∪ J = [0, n].

We have to show that [⋂
i∈I

(H Cosk⌊n,0⌋)n,i ,
⋂
j∈J

(H Cosk⌊n,0⌋)n,j
] !
= 1 .

We consider pre-⌊n, 0⌋-simplicial group H Cosk⌊n,0⌋ Cut⌊n,0⌋; cf. Remark 79.

Recall that we have

(H Cosk⌊n,0⌋ Cut⌊n,0⌋)n = (H Cosk⌊n,0⌋)n ;

cf. Lemma 86.
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Moreover, we consider the pre-⌊n, 0⌋-simplicial group isomorphism

Hη = (Hϑ)− : H Cosk⌊n,0⌋Cut⌊n,0⌋
∼−→H ;

cf. Lemma 86.(3, 1, 2).

In particular, we have the group isomorphism

(Hη)n : (H Cosk⌊n,0⌋)n → Hn .

Suppose given x ∈
⋂
i∈I

(H Cosk⌊n,0⌋)n,i and y ∈
⋂
j∈J

(H Cosk⌊n,0⌋)n,j .

We show that [x, y]
!
= 1 . Suppose given i ∈ I. We have(

x(Hηn)
)
dH,ni

55
= (xdH Cosk⌊n,0⌋,n

i )(Hη)n−1 = 1(Hη)n−1 = 1 .

This shows x(Hη)n ∈ Hn,i for i ∈ I.
Similarly, we have y(Hη)n ∈ Hn,j for j ∈ J .
So

[x, y](Hη)n =
[
x(Hη)n , y(Hη)n

] 74.(1)
= 1 .

Therefore, we have
[x, y] = 1

(
(Hη)n

)−
= 1 .

This shows (2).

5.2 The linear order on P([0, n])

Lemma 92 Suppose given n ∈ Z⩾−1 .

For I, J ∈ P
(
[0, n]

)
, we let

I ⩽ J :⇔ max(I\J) ⩽ max(J\I) ,

where max(∅) := −1.
Then we have a linear order (⩽) on P

(
[0, n]

)
.

Moreover, we have

I < J ⇔ max(I\J) < max(J\I) .
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This order (⩽) on P
(
[0, n]

)
can be explained by attaching a binary number to each subset I

of [0, n] by picking the digit 1 in position i if i is contained in I and by ordering the resulting
binary numbers the usual way. Cf. Example 93.(3) below.

Proof. Reflexivity. Suppose given I ∈ P
(
[0, n]

)
. We have

max(I\I) = max(∅) = max(I\I) .

This shows I ⩽ I.

Identitivity. Suppose given I, J ∈ P
(
[0, n]

)
with I ⩽ J and J ⩽ I.

We assume that I ̸= J . Then I\J ̸= ∅ or J\I ̸= ∅.
We may assume that I\J ̸= ∅.
We write x := max(I\J) and y := max(J\I) . Then we have

x ⩽ y and y ⩽ x .

So x ⩽ y ⩽ x . This shows x = y .

Since I\J ̸= ∅, we have x ∈ I\J . So x ⩾ 0.

Moreover, we have y = x ⩾ 0 . So y ̸= −1. Hence J\I ̸= ∅ and y ∈ J\I.
But we have x ∈ I\J and x = y ∈ J , which is a contradiction.

This shows I = J .

Transitivity. First, we show the following assertion (i).

(i) Suppose given I, J ∈ P
(
[0, n]

)
.

Then we have
I ⩽ J ⇒ max I ⩽ max J .

Ad (i). Suppose given I, J ∈ P
(
[0, n]

)
with I ⩽ J .

We assume that x := max I > max J . Then we have x ̸= −1 and thus x ∈ I\J .
So

x = max(I\J) ⩽ max(J\I) ⩽ max J ,

which contradicts x > max J .

So we have max I ⩽ max J . This shows (i).
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Suppose given I, J , K ∈ P
(
[0, n]

)
with I ⩽ J and J ⩽ K.

Then we have

max(I\J) ⩽ max(J\I) and max(J\K) ⩽ max(K\J) .

Moreover, by (i), we have max I ⩽ max J ⩽ maxK .

We have to show that I
!

⩽ K, i.e. we have to show that max(I\K)
!

⩽ max(K\I).
We show this claim by induction on |I|.
Let |I| = 0. Then we have I = ∅ , I\K = ∅ and K\I = K.

We have
max(I\K) = max(∅) = −1 ⩽ maxK = max(K\I) .

Let |I| ⩾ 1. By induction, we have the following assertion (IH).

(IH) Suppose given Ĩ ∈ P
(
[0, n]

)
with |Ĩ| < |I|. For J̃ , K̃ ∈ P

(
[0, n]

)
with Ĩ ⩽ J̃ and

J̃ ⩽ K̃, we have Ĩ ⩽ K̃.

We have to show that I
!

⩽ K.

Case max I < maxK. Then we have max(K) ∈ K\I and thus max(K\I) = maxK.

So
max(I\K) ⩽ max I < maxK = max(K\I) .

This shows I ⩽ K.

Case max I = maxK. Then, by (i), we have m := max I = max J = maxK with m ⩾ 0
and m ∈ I ∩ J ∩K.

Let Ĩ := I\{m}, J̃ := J\{m} and let K̃ := K\{m} . Then |Ĩ| < |I|.
Note that Ĩ\J̃ = I\J and that J̃\Ĩ = J\I.
We have

max(Ĩ\J̃) = max(I\J) ⩽ max(J\I) = max(J̃\Ĩ) .

This shows Ĩ ⩽ J̃ .

Note that J̃\K̃ = J\K and that K̃\J̃ = K\J .
We have

max(J̃\K̃) = max(J\K) ⩽ max(K\J) = max(K̃\J̃) .
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This shows J̃ ⩽ K̃.

Then, by (IH), we have Ĩ ⩽ K̃. So max(Ĩ\K̃) ⩽ max(K̃\Ĩ).
Moreover, note that Ĩ\K̃ = I\K and that K̃\Ĩ = K\I.
Therefore, we have

max(I\K) = max(Ĩ\K̃) ⩽ max(K̃\Ĩ) = max(K\I) .

This shows I ⩽ K.

So (⩽) is a linear order.

We show that I < J
!⇔ max(I\J) < max(J\I) .

It suffices to show that I = J
!⇔ max(I\J) = max(J\I) .

Ad ⇒. We have I\J = ∅ = J\I. So max(I\J) = −1 = max(J\I).
Ad⇐. Since max(I\J) ⩽ max(J\I) and max(J\I) ⩽ max(I\J), we have I ⩽ J and J ⩽ I.

By the identitivity of (⩽), it follows that I = J .

Example 93

(1) Suppose given n ∈ Z⩾−1 . For I ∈ P
(
[0, n]

)
, we have

∅ ⩽ I ⩽ [0, n] .

(2) Suppose given n ∈ Z⩾0 . For I ∈ P
(
[0, n]

)
\{∅}, we have

∅ < {0} ⩽ I ⩽ [0, n] .

(3) In P
(
[0, 2]

)
, we have

∅ < {0} < {1} < {0, 1} < {2} < {0, 2} < {1, 2} < {0, 1, 2} .

Remark 94 Suppose given n ∈ Z⩾0 . We consider the set P ([0, n]).

Suppose given I, J ∈ P ([0, n]).

(1) We have
max I < max J ⇒ I < J .

(2) We have
I ⩽ J ⇒ max I ⩽ max J .
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(3) Suppose given K ⊆ [0, n]\(I ∪ J). We have

I < J ⇔ I
•

∪ K < J
•

∪ K .

(4) Suppose given K ⊆ I ∩ J . We have

I < J ⇔ I\K < J\K .

(5) Let k ∈ Z⩾n . Suppose given an injective monotone map u : [0, n]→ [0, k].

We have
I < J ⇔ Iu < Ju .

Proof. Ad (1). Suppose that we have max I < max J . Then we have max J ̸∈ I.
So max(J\I) = max J . Therefore, we have

max(I\J) ⩽ max I < max J = max(J\I) .

This shows that I < J .

Ad (2). We assume that max I > max J . Then, by (1), we have I > J , which contradicts
I ⩽ J . So max I ⩽ max J .

Cf. also assertion (i) in the proof of Lemma 92.

Ad (3). We have

I\J = (I
•

∪ K)\(J
•

∪ K) and J\I = (J
•

∪ K)\(I
•

∪ K) .

So we have

max(I\J) < max(J\I) ⇔ max
(
(I

•

∪ K)\(J
•

∪ K)
)
< max

(
(J

•

∪ K)\(I
•

∪ K)
)
.

This shows that I < J ⇔ I
•

∪ K < J
•

∪ K .

Ad (4). We have

I\J = (I\K)\(J\K) and J\I = (J\K)\(I\K) .

So we have

max(I\J) < max(J\I) ⇔ max
(
(I\K)\(J\K)

)
< max

(
(J\K)\(I\K)

)
.
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This shows that I < J ⇔ I\K < J\K .

Ad (5). Since u is injective and monotone, we have

max(I\J) < max(J\I) ⇔
(
max(I\J)

)
u <

(
max(J\I)

)
u

and we have (
max(I\J)

)
u = max

(
(I\J)u

)
= max(Iu\Ju)

and (
max(J\I)

)
u = max

(
(J\I)u

)
= max(Ju\Iu) .

Therefore, we have

max(I\J) < max(J\I) ⇔ max(Iu\Ju) < max(Ju\Iu) .

This shows that I < J ⇔ Iu < Ju .

5.3 The decomposition of Gn in subgroups (GNk)sI

Definition 95 Let n ∈ Z⩾0 . Suppose given a simplicial group G; cf. Definition 30.

Suppose given I ⊆ [0, n].

We write
Gn;I :=

⋂
i∈I

Gn,i P Gn ;

cf. Definition 46.(1).

Remark 96 Suppose given a simplicial group G; cf. Definition 30.

Let n ∈ Z⩾0 . For k ∈ [0, n], we have

Gn;{k} = Gn,k ;

cf. Definition 46.(1).

We have
Gn;∅ = Gn ;

cf. § 1.1.1 item 2.

Moreover, we have
Gn;[1,n] = GNn and Gn;[0,n] = GNZn ;

cf. Definition 46.(2, 3).
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Remark 97 Suppose given a simplicial group G; cf. Definition 30.

Recall that G0 = GN0 ; cf. Definition 46.(2).

Let n ∈ Z⩾1 . Suppose given k ∈ [2, n+ 1].

(1) We have the surjective map

pGn,k : Gn;[k,n] → Gn;[k−1,n] , g 7→ gpGn,k := g−dG,nk−1 s
G,n−1
k−2 · g .

(2) For g ∈ Gn;[k,n] , we have

g = (gdG,nk−1)s
G,n−1
k−2 · (g−dG,nk−1 s

G,n−1
k−2 · g) ,

where gdG,nk−1 ∈ Gn−1;[k−1,n−1] and where g−dG,nk−1 s
G,n−1
k−2 · g = gpGn,k ∈ Gn;[k−1,n] .

In particular, we have

Gn;[k,n] =
(
Gn−1;[k−1,n−1]

)
sG,n−1
k−2 ·Gn;[k−1,n] .

(3) We have (
Gn−1;[k−1,n−1]

)
sG,n−1
k−2 ∩ Gn;[k−1,n] = 1 .

(4) For g ∈ Gn;[k,n] there exists a unique y ∈ Gn−1;[k−1,n−1] and a unique z ∈ Gn;[k−1,n] such
that

g = ysG,n−1
k−2 · z .

Moreover, we have z = gpGn,k .

Proof. Ad (1). We show that pGn,k is a well-defined map.

Suppose given g ∈ Gn;[k,n] . Suppose given j ∈ [k − 1, n].

If j = k − 1, then we have

(g−dk−1 sk−2 · g)dk−1 = g−dk−1 · gdk−1 = 1 .

If j ∈ [k, n], then we have

(g− dk−1 sk−2 · g)dj = g−dk−1dj−1sk−2 · gdj = g− dj dk−1 sk−2 · gdj = 1dk−1 sk−2 · 1 = 1 .

This shows that gpGn,k = g− dk−1 sk−2 · g ∈ Gn;[k−1,n] .

So pGn,k is a well-defined map.
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We show that pGn,k is surjective.

Suppose given x ∈ Gn;[k−1,n] ⩽ Gn;[k,n] .

We have
xpGn,k = xdk−1sk−2 · x = 1sk−2 · x = x .

So pGn,k is surjective.

Ad (2). Ad ⊆. Suppose given g ∈ Gn;[k,n] .

We have

g = (gdk−1 sk−2) · (g−dk−1 sk−2 · g)
!
∈
(
Gn−1;[k−1,n−1]

)
sk−2 ·Gn;[k−1,n] .

By (1), we have g−dk−1 sk−2 · g ∈ Gn;[k−1,n] .

It remains to show that gdk−1

!
∈ Gn−1;[k−1,n−1] .

Suppose given j ∈ [k − 1, n− 1]. Note that j + 1 ∈ [k, n].

We have
(g dk−1)dj = g dj+1 dk−1 = 1dk−1 = 1 .

This shows that g dk−1 ∈ Gn−1;[k−1,n] .

Ad ⊇. It suffices to show that Gn;[k,n]

!

⊇
(
Gn−1;[k−1,n−1]

)
sk−2 .

Suppose given x ∈ Gn−1;[k−1,n−1] . For j ∈ [k, n], we have

xsk−1 dj = xdj−1 sk−1 = 1sk−1 = 1 .

This shows that xsk−1 ∈ Gn;[k,n] . So we have Gn;[k,n] ⊇
(
Gn−1;[k−1,n−1]

)
sk−2 .

Ad (3). Suppose given x ∈
(
Gn−1;[k−1,n−1]

)
sk−2 ∩Gn;[k−1,n] .

Then we have x = ysk−2 for some chosen y ∈ Gn−1;[k−1,n−1] .

We have

1 = xdk−1 = ysk−2 dk−1 = y .

So

x = ysk−2 = 1sk−2 = 1 .

This shows
(
Gn−1;[k−1,n−1]

)
sk−2 ∩Gn;[k−1,n] = 1 .

Ad (4). Suppose given g ∈ Gn;[k,n] .
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We write Y := Gn−1;[k−1,n−1] and we write Z := Gn;[k−1,n] .

By (2), we have g = ysk−2 · z , where y := gdk−1 ∈ Y and z := g−dk−1sk−2 · g = gpGn,k ∈ Z.
It remains to show uniqueness.

Suppose given ỹ ∈ Y and z̃ ∈ Z such that g = ỹsk−2 · z̃.

We claim that y
!
= ỹ and that z

!
= z̃.

We have
ysk−2 · z = g = ỹsk−2 · z̃ .

So we have
(ỹ− · y)︸ ︷︷ ︸

∈Y

sk−2 = z̃ · z−︸ ︷︷ ︸
∈Z

∈ (Y sk−2) ∩ Z .

By (3), we have (Y sk−2) ∩ Z = 1. Therefore, we have ysk−2 = ỹsk−2 and z = z̃ .

Hence also y = ysk−2 dk−2 = ỹsk−2 dk−2 = ỹ .

This shows the claim.

Example 98 Suppose given a simplicial group G; cf. Definition 30.

Let n ∈ Z⩾1 . We give some examples for Remark 97.

(1) Let k = n+ 1 . We have

Gn;[n+1,n] = Gn;∅ = Gn = Gn−1 sn−1 ·Gn,n .

(2) Suppose that n ⩾ 2. Let k = n. We have

Gn;[n,n] = Gn,n =
(
Gn−1,n−1

)
sn−2 ·Gn;[n−1,n] .

(3) Let k = 2. We have

Gn;[2,n] =
(
Gn−1;[1,n−1]

)
s0 ·Gn;[1,n] = (GNn−1) s0 ·GNn ;

cf. Definition 46.(2).

Remark 99 Suppose given a simplicial group G; cf. Definition 30.

(1) Suppose given n ∈ Z⩾0 . We consider the set P
(
[0, n]

)
. Let r :=

∣∣P([0, n])∣∣ = 2n+1.

We write P([0, n]) =: {I1 , I2 , . . ., Ir}, where I1 < I2 < . . . < Ir .
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We have

P
(
[0, n]

)
=
{
I ∈ P

(
[0, n]

)
: n ∈ I

} •

∪
{
I ∈ P

(
[0, n]

)
: n ̸∈ I

}
=
(
P
(
[0, n]

)
\P
(
[0, n− 1]

)) •

∪ P
(
[0, n− 1]

)
.

Moreover, for J ∈ P
(
[0, n]

)
\P
(
[0, n − 1]

)
and I ∈ P

(
[0, n − 1]

)
, we have J > I; cf.

Lemma 92.

In particular, we have

P
(
[0, n− 1]

)
= {I1 , I2 , . . ., It} and P

(
[0, n]

)
\P
(
[0, n− 1]

)
= {It+1 , It+2 , . . ., Ir} ,

where t :=
∣∣P([0, n− 1])

∣∣ = 2n .

(2) Suppose given n ∈ Z⩾1 . Suppose given m ∈ [0, n− 1]. We consider the set P
(
[0,m]

)
.

Let s :=
∣∣P([0,m]

)∣∣ = 2m+1 .

We write P
(
[0,m]

)
=: {I1 , I2 , . . . , Is} where I1 < I2 < . . . < Is ; cf. Lemma 92.

We consider the set P
(
[0,m+ 1]

)
\P
(
[0,m]

)
.

Then
∣∣P([0,m+ 1]

)
\P
(
[0,m]

)∣∣ = s .

We write P
(
[0,m+ 1]

)
\P
(
[0,m]

)
=: {J1 , J2 , . . . , Js} where J1 < J2 < . . . < Js .

Then Jt = It
•

∪ {m+ 1} and |Jt| = |It|+ 1 for t ∈ [1, s].

We have ( ∏
i∈⌊s,1⌋

(GNn−|Ii|−1)sIi
)
sm+1 =

∏
i∈⌊s,1⌋

(GNn−|Ji|) sJi ;

cf. Definitions 46.(2), 37.(2).

Proof. Ad (1). Suppose given I ∈ P
(
[0, n]

)
\P
(
[0, n− 1]

)
and J ∈ P

(
[0, n− 1]

)
.

Then we have n ∈ I and n ̸∈ J .
So

max(I\J) = n > n− 1 ⩾ max(J\I) .

This shows I > J .

Ad (2). We have ∣∣P([0,m+ 1]
)
\P
(
[0,m]

)∣∣ = 2m+2 − 2m+1 = 2m+1 = s .

We show the following properties (i, ii) first.

138



5.3. THE DECOMPOSITION OF Gn IN SUBGROUPS (GNk)sI

(i) We have P
(
[0,m+ 1]

)
\P
(
[0,m]

)
=
{
I

•

∪ {m+ 1} : I ∈ P
(
[0,m]

)}
.

(ii) For I , Ĩ ∈ P
(
[0,m]

)
with I < Ĩ, we have I

•

∪ {m+ 1} < Ĩ
•

∪ {m+ 1} .

Ad (i). Ad ⊆. Suppose given J ∈ P
(
[0,m+ 1]

)
\P
(
[0,m]

)
.

Let I := J\{m+ 1} ∈ P
(
[0,m]

)
. Then we have J = I

•

∪ {m+ 1} .
Ad ⊇. Suppose given I ∈ P

(
[0,m]

)
.

Then we have I
•

∪ {m+ 1} ∈
{
J ∈ P

(
[0,m+ 1]

)
: m+ 1 ∈ J

}
= P

(
[0,m+ 1]

)
\P
(
[0,m]

)
.

Ad (ii). By Remark 94.(3), we have

I1
•

∪ {m+ 1} < I2
•

∪ {m+ 1} < . . . < Is
•

∪ {m+ 1} ,

and by (i), each element of P
(
[0,m+ 1]

)
\P
(
[0,m]

)
appears in this chain.

So we have Jt = It
•

∪ {m+ 1} for t ∈ [1, s].

In particular, this also shows |Jt| = |It|+ 1 for t ∈ [1, s].

We have( ∏
i∈⌊s,1⌋

(GNn−|Ii|−1)sIi

)
sm+1 =

∏
i∈⌊s,1⌋

(GNn−(|Ii|+1))(sIi ▲ sm+1)
37.(2)
=

∏
i∈⌊s,1⌋

(GNn−(|Ii|+1)) sIi
•
∪{m+1}

=
∏

i∈⌊s,1⌋

(GNn−|Ji|) sJi .

Lemma 100 Suppose given a simplicial group G; cf. Definition 30.

Let n ∈ Z⩾0 . Suppose given k ∈ [1, n+ 1].

Let r :=
∣∣P([0, k − 2]

)∣∣ = 2k−1 .

We write P
(
[0, k − 2]

)
=: {I1 , I2 , . . . , Ir} where I1 < I2 < . . . < Ir ; cf. Lemma 92.

(1) We have

Gn;[k,n] =
∏
i∈⌊r,1⌋

(GNn−|Ii|) sIi ;

cf. Definition 37.(2).
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(2) Suppose given g ∈ Gn;[k,n] . Then there exist unique elements xi ∈ GNn−|Ii| for i ∈ [1, r]
such that

g =
∏
i∈⌊r,1⌋

xi sIi = xr sIr · xr−1 sIr−1 · . . . · x1 sI1 .

If k ⩾ 2, then we also have

g =
( ∏
i∈⌊t,1⌋

xi+t sIi

)
sk−2 ·

(∏
⌊t,1⌋

xisIi

)
,

where t :=
∣∣P([0, k − 3])

∣∣ = 2k−2 .

(3) For j ∈ [2, k], we consider the surjective map from Remark 97.(1)

pGn,j : Gn;[j,n] → Gn;[j−1,n] , g 7→ gpGn,j = g−dj−1sj−2 · g .

We have the surjective map

πGn,k :=
Gn;[k,n]

∏GNn

j∈⌊k,2⌋

pGn,j = pGn,k ▲ pGn,k−1 ▲ . . . ▲ pGn,2 : Gn;[k,n] → GNn .

Suppose given g ∈ Gn;[k,n] . We consider its unique decomposition from (2):

g =
∏
i∈⌊r,1⌋

xi sIi = xr sIr · xr−1 sIr−1 · . . . · x1 sI1 ,

where xi ∈ GNn−|Ii| for i ∈ [1, r].

We have gπGn,k = x1 .

Proof. Ad (1). We consider the product order (⩽) on Z⩾0 × Z⩾0 ; cf. §1.1.1 item 11.

We consider the subposet

P :=
{
(n, k) ∈ Z⩾0 × Z⩾0 : k ∈ [1, n+ 1]

}
⊆ Z⩾0 × Z⩾0 .

We show this claim by induction on P .

Suppose given (n, k) ∈ P . By the induction hypothesis, this claim holds for (ñ, k̃) with

(ñ, k̃) < (n, k).

Case k = 1. We have

P
(
[0,−1]

)
= P

(
∅
)
=
{
∅
}
=: {I1} and r = 1 .
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So we have ∏
i∈⌊1,1⌋

(GNn−|Ii|) sIi = (GNn−0)s∅
37.(2)
= (GNn) idGn = GNn

97.(2)
= Gn,[1,n] .

This shows the claim for k = 1.

Case k ⩾ 2. Since k ∈ [1, n+ 1], we have n ⩾ k − 1 ⩾ 1.

Recall that we write P
(
[0, k − 2]

)
= {I1 , I2 , . . . , Ir} where I1 < I2 < . . . < Ir .

Let t :=
∣∣P([0, k − 2]

)
\P
(
[0, k − 3]

)∣∣ = 2k−2.

We write P
(
[0, k − 2]

)
\P
(
[0, k − 3]

)
=: {J1 , J2 , . . . , Jt}, where J1 < . . . < Jt .

We write P
(
[0, k − 3]

)
=: {J̃1 , J̃2 , . . . , J̃t}, where J̃1 < . . . < J̃t .

By Remark 99.(1), we have

P
(
[0, k − 2]

)
=
(
P
(
[0, k − 2]

)
\P
(
[0, k − 3]

))
∪ P

(
[0, k − 3]

)
and J > J̃ for J ∈ P

(
[0, k − 2]

)
\P
(
[0, k − 3]

)
and J̃ ∈ P

(
[0, k − 3]

)
.

So we have
J̃1 < . . . < J̃t < J1 < . . . < Jt ,

and therefore Is = J̃s and Is+t = Js
99.(2)
= J̃s

•

∪ {k − 2} for s ∈ [1, t].

We show the following claims (i, ii).

(i) We have (
Gn−1;[k−1,n−1]

)
sk−2 =

∏
i∈⌊t,1⌋

(GNn−|Ji|) sJi .

(ii) We have

Gn;[k−1,n] =
∏
i∈⌊t,1⌋

(GNn−|J̃i|) sJ̃i .

Ad (i). We consider the group Gn−1;[k−1,n−1] ⩽ Gn−1 .

Since (n− 1, k − 1) < (n, k), we have, by induction hypothesis,

Gn−1;[k−1,n−1] =
∏
i∈⌊t,1⌋

(GNn−1−|J̃i|) sĨi ,
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remarking that t =
∣∣P([0, (k − 1) − 2]

)∣∣ =
∣∣P([0, k − 3]

)∣∣ = 2k−2 and that

P
(
[0, k − 3]

)
= {J̃1 , J̃2 , . . . , J̃t} , where J̃1 < . . . < J̃t .

Moreover, by Remark 99.(2), we have( ∏
i∈⌊t,1⌋

(GNn−1−|J̃i|) sJ̃i

)
sk−2 =

∏
i∈⌊t,1⌋

(GNn−|Ji|) sJi .

This shows (
Gn−1;[k−1,n−1]

)
sk−2 =

∏
i∈⌊t,1⌋

(GNn−|Ji|) sJi .

Ad (ii). We consider the group Gn;[k−1,n] ⩽ Gn .

Since (n, k − 1) < (n, k), we have, by induction hypothesis,

Gn;[k−1,n] =
∏
i∈⌊t,1⌋

(GNn−|J̃i|) sJ̃i ,

remarking that t =
∣∣P ([0, (k − 1) − 2]

)∣∣ =
∣∣P([0, k − 3]

)∣∣ = 2k−2 and that

P
(
[0, k − 3]

)
= {J̃1 , J̃2 , . . . , J̃t} , where J̃1 < . . . < J̃t .

Altogether, this shows

Gn;[k,n]
97.(2)
=

(
Gn−1;[k−1,n−1]

)
sk−2 ·Gn;[k−1,n]

(i, ii)
=

( ∏
i∈⌊t,1⌋

(GNn−|Ji|)sJi
)
·
( ∏
i∈⌊t,1⌋

(GNn−|J̃i|)sJ̃i
)

=
( ∏
i∈⌊t,1⌋

(GNn−|Ii+s|) sIi+t

)
·
( ∏
i∈⌊t,1⌋

(GNn−|Ii|) sIi
)

=
( ∏
i∈⌊r,t+1⌋

(GNn−|Ii|) sIi
)
·
( ∏
i∈⌊t,1⌋

(GNn−|Ii|) sIi
)

=
∏

i∈⌊r,1⌋
(GNn−|Ii|) sIi .

Ad (2). We consider the product decomposition of g in r factors. By (1), it remains to show
uniqueness.

Suppose that we have g =
∏

i∈⌊r,1⌋
xi sIi for some elements xi ∈ GNn−|Ii| for i ∈ [1, r].

Suppose that we have g =
∏

i∈⌊r,1⌋
yi sIi for some elements yi ∈ GNn−|Ii| for i ∈ [1, r].
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We have to show that xi
!
= yi for i ∈ [1, r].

We consider the product order (⩽) on Z⩾0 × Z⩾0 ; cf. §1.1.1 item 11.

We consider the subposet

P :=
{
(n, k) ∈ Z⩾0 × Z⩾0 : k ∈ [1, n+ 1]

}
⊆ Z⩾0 × Z⩾0 .

We show this claim by induction on P .

Suppose given (n, k) ∈ P . By the induction hypothesis, this claim holds for (ñ, k̃) with
(ñ, k̃) < (n, k).

Case k = 1. Then

P
(
[0,−1]

)
= {∅} =: {I1} and r = 20 = 1 .

So we have

g =
∏
i∈⌊r,1⌋

xi sIi = x1s∅ = x1 ,

and

g =
∏
i∈⌊r,1⌋

yi sIi = y1s∅ = y1 .

This shows x1 = y1 .

Case k ⩾ 2. Since k ∈ [1, n+ 1], we have n ⩾ k + 1 ⩾ 1.

Note that t = 2k−2 = r
2
. We consider the set P

(
[0, k − 2]

)
= {I1 , . . ., It , It+1 , . . ., Ir} .

By Remark 97.(2), we have

P
(
[0, k − 2]

)
=
{
I ∈ P

(
[0, k − 2]

)
: k − 2 ∈ I

} •

∪
{
I ∈ P

(
[0, k − 2]

)
: k − 2 ̸∈ I

}
=
(
P
(
[0, k − 2]

)
\P
(
[0, k − 3]

)) •

∪ P
(
[0, k − 3]

)
,

where for I ∈ P
(
[0, k−2]

)
\P
(
[0, k−3]

)
and J ∈ P

(
[0, k−3]

)
, we have I > J ; cf. Lemma 92.

Then note that we have Ii ∈ P
(
[0, k−2]

)
\P
(
[0, k−3]

)
for i ∈ [t+1, r] and Ii ∈ P

(
[0, k−3]

)
for i ∈ [1, t].

Moreover, for i ∈ [1, t], note that we have Ii+t = Ii
•

∪ {k − 2} and that

sIi+t
= s

Ii
•
∪{k−2} = sIi ▲ sk−2 ;

cf. Definition 37.(2).
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We have

g =
∏
i∈⌊r,1⌋

xi sIi =
( ∏
i∈⌊r,t+1⌋

xi sIi

)
·
( ∏
i∈⌊t,1⌋

xi sIi

)
=
( ∏
i∈⌊t,1⌋

xi+t sIi+t

)
·
( ∏
i∈⌊t,1⌋

xi sIi

)
=
( ∏
i∈⌊t,1⌋

xi+t (sIi ▲ sk−2)
)
·
( ∏
i∈⌊t,1⌋

xi sIi

)
=
( ∏
i∈⌊t,1⌋

xi+t sIi

)
sk−2 ·

( ∏
i∈⌊t,1⌋

xi sIi

)
.

We write x :=
∏

i∈⌊t,1⌋
xi+t sIi ∈ Gn−1 and we write x̃ :=

∏
i∈⌊t,1⌋

xi sIi ∈ Gn .

We show that x
!
∈ Gn−1,[k−1,n−1] .

Suppose given ℓ ∈ [k − 1, n − 1]. For i ∈ [1, t], note that we have ℓ ⩾ k − 1 ⩾ (max Ii) + 2
and that ℓ− |Ii| ⩾ ℓ− (k − 2) ⩾ 1.

Therefore, we have

xdℓ =
( ∏
i∈⌊t,1⌋

xi+t sIi
)
dℓ =

∏
i∈⌊t,1⌋

xi+t(sIi ▲ dℓ)
38
=
∏
i∈⌊t,1⌋

xi+t (dℓ−|Ii| ▲ sIi
)
=
∏
i∈⌊t,1⌋

1 sIi = 1 .

This shows that x ∈ Gn−1,[k−1,n−1] .

We show that x̃
!
∈ Gn,[k−1,n] .

Suppose given ℓ ∈ [k − 1, n]. For i ∈ [1, t], note that we have ℓ ⩾ k − 1 ⩾ (max Ii) + 2 and
that ℓ− |Ii| ⩾ ℓ− (k − 2) ⩾ 1.

We have

x̃dℓ =
( ∏
i∈⌊t,1⌋

xi sIi
)
dℓ =

∏
i∈⌊t,1⌋

xi(sIi ▲ dℓ)
38
=
∏
i∈⌊t,1⌋

xi(dℓ−|It| ▲ sIi) =
∏
i∈⌊t,1⌋

1 sIi = 1 .

This shows that x̃ ∈ Gn,[k−1,n] .

Therefore, we have
g = x sk−2 · x̃ ,

where x ∈ GNn−1,[k−1,n−1] and where x̃ ∈ Gn,[k−1,n] .

Similarly, we have
g = y sk−2 · ỹ

for y :=
∏

i∈⌊t,1⌋
yi+t sIi ∈ GNn−1,[k−1,n−1] and ỹ :=

∏
i∈⌊t,1⌋

yi ∈ Gn,[k−1,n] .

Moreover, by Remark 97.(4), there exists a unique z ∈ GNn−1,[k−1,n−1] and a unique z̃ ∈
Gn,[k−1,n] such that g = z sk−2 · z̃ .
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This shows x = z = y and x̃ = z̃ = ỹ .

In particular, we have ∏
i∈⌊t,1⌋

xi+t sIi = x = y =
∏
i∈⌊t,1⌋

yi+t sIi .

Now recall that t = 2k−2 and that r = 2k−1 .

Since (n− 1, k − 1) < (n, k), we have, by induction hypothesis, xi+t = yi+t for i ∈ [1, t].

Moreover, we have ∏
i∈⌊t,1⌋

xi sIi = x̃ = ỹ =
∏
i∈⌊t,1⌋

yi sIi .

Since (n, k − 1) < (n, k), we have, by induction hypothesis, xi = yi for i ∈ [1, t].

Altogether, this shows xi = yi for i ∈ [1, r].

Finally, by Remark 97.(4), we have that x =
∏

i∈⌊t,1⌋
xi+t sIi ∈ Gn−1;[k−1,n−1] and that

x̃ =
∏

i∈⌊t,1⌋
xi sIi ∈ Gn;[k−1,n] are unique.

Ad (3). We show that gπGn,k
!
= x1 by induction on k ∈ [1, n+ 1].

Let k = 1. Then we have r = 21−1 = 1.

By (2), we have

gπGn,1 = g idGn;[1,n]
= g =

∏
i∈⌊1,1⌋

xi sIi = x1 sI1
93.(1)
= x1 ,

where x1 ∈ GNn .

Now suppose that k ∈ [2, n+ 1].

Recall that we have P([0, k − 2]) = {I1 , I2 , . . ., Ir}, where I1 < I2 < . . . < Ir .

We consider the set P([0, k − 3]). Let t :=
∣∣P([0, k − 3])

∣∣ = 2k−2.

By Remark 99.(1), we have P([0, k − 3]) = {I1 , I2 , . . ., It}.
By induction hypothesis, we have the following assertion (IH).

(IH) Suppose given g̃ ∈ Gn;[k−1,n] . We consider its decomposition g̃ =
∏

i∈⌊t,1⌋
x̃isIi , where

x̃i ∈ GNn−|Ii| for i ∈ [1, t]; cf. (2). Then we have g̃πGn,k−1 = x̃1 .

Let g̃ := gpGn,k = g−dk−1sk−2 · g ∈ Gn;[k−1,n] .
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We consider its decomposition g̃ =
∏

i∈⌊t,1⌋
x̃isIi , where x̃i ∈ GNn−|Ii| for i ∈ [1, t]; cf. (1, 2).

By (IH), we have g̃πGn,k−1 = x̃1 .

We have

gπGn,k = g
(
pGn,k ▲ πGn,k−1

)
= g̃πGn,k−1

(IH)
= x̃1 .

We have
g = gdk−1sk−2 · (g−dk−1sk−2 · g) = gdk−1sk−2 · g̃ ,

where gdk−1 ∈ Gn−1,[k−1,n−1] and where g̃ ∈ Gn;[k−1,n] .

Moreover, by (2), we have

g =
( ∏
i∈⌊t,1⌋

xi+t sIi
)
sk−2 ·

( ∏
i∈⌊t,1⌋

xi sIi
)
,

where
∏

i∈⌊t,1⌋
xi+t sIi ∈ Gn−1;[k−1,n−1] and where

∏
i∈⌊t,1⌋

xi sIi ∈ Gn;[k−1,n] .

So, by Remark 97.(4), we have

gdk−1 =
∏
i∈⌊t,1⌋

xi+t sIi and g̃ =
∏
i∈⌊t,1⌋

xi sIi .

So we have ∏
i∈⌊t,1⌋

x̃isIi = g̃ =
∏
i∈⌊t,1⌋

xisIi .

In particular, by (2), it follows that

x̃1 = x̃1 s∅ = x̃1 sI1 = x1sI1 = x1 s∅ = x1 .

Therefore, we have gπGn,k = x̃1 = x1 .

Corollary 101 Suppose given a simplicial group G; cf. Definition 30.

Let n ∈ Z⩾0 . Let r :=
∣∣P([0, n− 1]

)∣∣ = 2n .

We write P
(
[0, n− 1]

)
=: {I1 , I2 , . . . , Ir}, where I1 < I2 < . . . < Ir ; cf. Lemma 92.

(1) We have

Gn =
∏
i∈⌊r,1⌋

(GNn−|Ii|) sIi ;

cf. Definition 37.(2).
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(2) Suppose given g ∈ Gn . Then there exist unique elements xi ∈ GNn−|Ii| for i ∈ [1, r]
such that

g =
∏
i∈⌊r,1⌋

xi sIi = xr sIr · xr−1 sIr−1 · . . . · x1 sI1 .

(3) We have the surjective map

πGn := πGn,n+1 =
Gn∏GNn

j∈⌊n+1,2⌋

pGn,j : Gn → GNn ;

cf. Remark 97.(1).

Suppose given g ∈ Gn . We consider its unique decomposition from (2):

g =
∏
i∈⌊r,1⌋

xi sIi = xr sIr · xr−1 sIr−1 · . . . · x1 sI1 .

Then we have gπGn = x1 .

Proof. This is Lemma 100.(1, 2, 3) for k = n+ 1.

Example 102 We give some examples for Corollary 101.(1) and Lemma 100.(1).

Suppose given a simplicial group G. We use Remark 97.(2) for the following calculations.

(0) Let n = 0. We have
G0 = GN0 ;

cf. Definition 46.(2).

According to Corollary 101.(1), we write P
(
[0,−1]

)
= {∅} = {I1} . We obtain again

G0 =
∏

i∈⌊1,1⌋

(GN0−|Ii|)sIi = (GN0−|∅|)s∅ = GN0 .

(1) Let n = 1. Applying Remark 97.(2), we obtain

G1 = (GN0)s0 ·GN1 .

According to Corollary 101.(1), we write P
(
[0, 0]

)
=
{
∅, {0}

}
with

∅︸︷︷︸
=:I1

< {0}︸︷︷︸
=:I2

.
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We obtain again

G1 =
∏

i∈⌊2,1⌋

(GN1−|Ii|)sIi = (GN1−|{0}|)s{0} · (GN1−|∅|)s∅ = (GN0)s0 ·GN1 .

(2) Let n = 2. Applying Remark 97.(2), we obtain

G2 = G1 s1 · G2,2

(1)
=

(
(GN0)s0 ·GN1

)
s1 · (GN1)s0 ·GN2

= (GN0)s0s1 · (GN1)s1 · (GN1)s0 ·GN2 .

According to Corollary 101.(1), we write P
(
[0, 1]

)
=
{
∅, {0}, {1}, {0, 1}

}
with

∅︸︷︷︸
=:I1

< {0}︸︷︷︸
=:I2

< {1}︸︷︷︸
=:I3

< {0, 1}︸ ︷︷ ︸
=:I4

.

We obtain again

G2 =
∏

i∈⌊4,1⌋

(GN2−|Ii|)sIi

= (GN2−|{0,1}|)s{0,1} · (GN2−|{1}|)s{1} · (GN2−|{0}|)s{0} · (GN2−|∅|)s∅

= (GN0)s0s1 · (GN1)s1 · (GN1)s0 ·GN2 .

(3) Let n = 3. Applying Remark 97.(2), we obtain

G3 = G2 s2 · G3,3

(2)
=

(
(GN0)s0s1 · (GN1)s1 · (GN1)s0 ·GN2

)
s2 · G2,2 s1 ·G3;[2,3]

= (GN0)s0s1s2 · (GN1)s1s2 · (GN1)s0s2 · (GN2)s2 ·
(
(GN1)s0 ·GN2

)
s1 ·
(
(GN2)s0 ·GN3

)
= (GN0)s0s1s2 · (GN1)s1s2 · (GN1)s0s2 · (GN2)s2 · (GN1)s0s1 · (GN2)s1 · (GN2)s0 ·GN3 .

According to Corollary 101.(1), we write

P
(
[0, 2]

)
=
{
∅, {0}, {1}, {2}, {0, 1}, {0, 2}, {1, 2}, {0, 1, 2}

}
with

∅︸︷︷︸
=:I1

< {0}︸︷︷︸
=:I2

< {1}︸︷︷︸
=:I3

< {0, 1}︸ ︷︷ ︸
=:I4

< {2}︸︷︷︸
=:I5

< {0, 2}︸ ︷︷ ︸
=:I6

< {1, 2}︸ ︷︷ ︸
=:I7

< {0, 1, 2}︸ ︷︷ ︸
=:I8

.
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We obtain again

G3 =
∏

i∈⌊8,1⌋

(GN3−|Ii|)sIi

= (GN3−|{0,1,2}|)s{0,1,2} · (GN3−|{1,2}|)s{1,2} · (GN3−|{0,2}|)s{0,2} · (GN3−|{2}|)s{2}

· (GN3−|{0,1}|)s{0,1} · (GN3−|{1}|)s{1} · (GN3−|{0}|)s{0} · (GN3−|∅|)s∅

= (GN0)s0s1s2 · (GN1)s1s2 · (GN1)s0s2 · (GN2)s2 · (GN1)s0s1 · (GN2)s1 · (GN2)s0 ·GN3 .

Remark 103 Suppose given a simplicial group G; cf. Definition 30.

Instead of writing Gn as a product of subgroups as in Corollary 101.(1), one can also use
iterated semidirect products.

We consider e.g. the group G2 . We have the following short exact sequences with respective
coretractions.

G2,2 G2 G1

G2,[1,2] G2,2 G1,1

G1,1 G1 G0

d2

d1

d1

s1

s0

s0

These yield the isomorphies

G2 ≃ G1 ⋉G2,2

G2,2 ≃ G1,1 ⋉G2,[1,2]

G1 ≃ G0 ⋉G1,1

wirh semidirect products resulting from the short exact sequences above.

So we have

G2 ≃ (G0 ⋉G1,1)⋉ (G1,1 ⋉G2,[1,2]) = (GN0 ⋉GN1)⋉ (GN1 ⋉GN2) .

5.4 The Conduché map cI

The following construction is due to Conduché [7, Lemme 1.7].
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Definition 104 (Conduché map)

Suppose given a simplicial group G; cf. Definition 30. Let n ∈ Z⩾0 .

Suppose given I ⊆ [0, n − 1]. We shall define the Conduché map c
n−|I|
I : Gn−|I| → Gn by

recursion on |I|.

(1) We consider the empty subset ∅ ⊆ [0, n− 1]. Then we have the map

cn∅ := idGn : Gn → Gn , g 7→ gcn∅ = g .

(2) Suppose that I ̸= ∅.
We write r := |I| and I := {i1 , i2 , . . ., ir}, where i1 < i2 < . . . < ir .

Moreover, we write Ĩ := I\{ir} = I\{max I}.
Let m := max Ĩ . We let max ∅ := −1.
Then we let

cn−rI : Gn−r → Gn , g 7→ gcn−rI :=
∏

k∈⌊ir ,m+1⌋

(
(gcn−r

Ĩ
) sk

)(−1)ir−k

.

We often write cI := cn−rI .

Example 105 We give some examples for the Conduché map from Definition 104.

Suppose given a simplicial group G.

(1) Let n = Z⩾0 . For gn ∈ Gn , we have

gn c∅
104.(1)
= gn .

(2) Let n ∈ Z⩾1 . We consider the set I = {0} =: {i1}. We have |I| = 1.

Then we have Ĩ = {0}\{0} = ∅ and m = max ∅ = −1; cf. Lemma 92.

For gn−1 ∈ Gn−1 , we have

gn−1 c{0}
104.(2)
=

∏
k∈⌊0,0⌋

((gn−1 c∅)sk)
(−1)0−k (1)

= (gn−1 s0)
(−1)0 = gn−1 s0 .
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(3) Let n = 4. We consider the set I = {0, 2}, where we write

0︸︷︷︸
=:i1

< 2︸︷︷︸
=:i2

.

Then we have Ĩ = {0, 2}\{2} = {0} and m = max{0} = 0.

For g2 ∈ G2 , we have

g2 c{0,2}
104.(2)
=

∏
k∈⌊2,1⌋

(
(g2 c{0})sk

)(−1)2−k (2)
=
(
(g2s0)s2

)(−1)0 ·
(
(g2s0)s1

)(−1)1

(2)
= g2 s0s2 · (g2 s0s1)− .

(4) Let n = 5. We consider the set I = {0, 2, 4}, where we write

0︸︷︷︸
=:i1

< 2︸︷︷︸
=:i2

< 4︸︷︷︸
=:i3

.

Then we have Ĩ = {0, 2, 4}\{4} = {0, 2} and m = max{0, 2} = 2.

For g2 ∈ G2 , we have

g2 c{0,2,4}
104.(2)
=

∏
k∈⌊4,3⌋

(
(g2 c{0,2})sk

)(−1)2−k

=
(
(g2 c{0,2})s4

)(−1)0 ·
(
(g2 c{0,2})s3

)(−1)1

(3)
= (g2s0s2 · (g2s0s1)−) s4 ·

(
(g2s0s2 · (g2s0s1)−) s3

)−
= g2s0s2s4 · (g2s0s1s4)− · g2s0s1s3 · (g2s0s2s3)− .

(5) Let n = 6. We consider the set I = {1} =: {i1}.
Then we have Ĩ = {1}\{1} = ∅ and m = max ∅ = −1.
For g4 ∈ G4 , we have

g4 c{1}
104.(2)
=

∏
k∈⌊1,0⌋

((g4 c∅)sk)
(−1)1−k (1)

= (g4s1)
(−1)0 · (g4s0)(−1)1 = g4s1 · (g4s0)− .

(6) Let n = 6. We consider the set I = {1, 4}, where we write

1︸︷︷︸
=:i1

< 4︸︷︷︸
=:i2

.
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Then we have Ĩ = {1, 4}\{4} = {1} and m = max{1} = 1.

For g4 ∈ G4 , we have

g4 c{1,4}
104.(2)
=

∏
k∈⌊4,2⌋

(
(g4 c{1})sk

)(−1)4−k

=
(
(g4 c{1})s4

)(−1)0 ·
(
(g4 c{1})s3

)(−1)1 ·
(
(g4 c{1})s2

)(−1)2

(5)
= (g4s1 · (g4s0)−) s4 · ((g4s1 · (g4s0)−)s3)− · (g4s1 · (g4s0)−) s2
= g4s1s4 · (g4s0s4)− · g4s0s3 · (g4s1s3)− · g4s1s2 · (g4s0s2)− .

Remark 106 Suppose given a simplicial group G; cf. Definition 30.

Let n ∈ Z⩾−1 . Suppose given I ⊆ [0, n]. Let J := [1, n+ 1]\ {i+ 1: i ∈ I} ⊆ [1, n+ 1].

Suppose given x ∈ GNn+1−|I| . We consider the map c
n+1−|I|
I : Gn+1−|I| → Gn+1 ; cf. Defini-

tion 104.

We have
xc

n+1−|I|
I ∈ Gn+1;J ;

cf. Definition 95.

Proof. We show this claim by induction on n ∈ Z⩾−1 .

Suppose that n = −1. Then we have I ⊆ [0,−1] and so I = ∅ and J = [1, 0]\∅ = ∅.
Suppose given x ∈ GNn+1−0 = GN0 .

Then we have

xcI = xc∅
104.(1)
= x and GN0 = G0

95
= G0;∅ .

This shows that xcI ∈ G0;∅ .

Now suppose that n ⩾ 1. By induction, we have the following assertion (IH).

(IH) Suppose given Ĩ ⊆ [0, n− 1]. Let J̃ := [1, n]\{i+ 1: i ∈ Ĩ}.

Suppose given y ∈ GNn−|Ĩ| . Then we have yc
n−|Ĩ|
Ĩ

∈ Gn;J̃ .

Suppose given x ∈ GNn+1−|I| .

We have to show that (xcI)dj
!
= 1 for j ∈ J = [1, n+ 1]\{i+ 1: i ∈ I}.

Note that I ̸= ∅. We write ℓ := max I ∈ I ⊆ [0, n].
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Let Ĩ = I\{ℓ} and let J̃ := [1, n+1]\{i+1: i ∈ Ĩ} = J
•

∪ {ℓ+1}. Then we have |Ĩ| = |I|−1
and Ĩ ⊆ [0, n− 1].

We write m := max Ĩ ⩾ −1. Note that m ⩽ ℓ− 1.

Suppose given j ∈ J .
Case j ∈ [ℓ + 1, n + 1]. Then we have 2 ⩽ ℓ + 2 ⩽ j, since j ̸= ℓ + 1. So for k ∈ [m + 1, ℓ],
we have j ⩾ k + 2 and therefore

sk ▲ dj = dj−1 ▲ sk .

We show that j − 1
!
∈ J̃ .

We have j − 1 ∈ [1, n] since j ⩾ 2. Moreover, we have j − 2 ̸∈ Ĩ since j − 2 ⩾ ℓ > max Ĩ. So
j − 1 ̸∈ {i+ 1: i ∈ Ĩ}.
This shows that j − 1 ∈ [1, n]\{i+ 1: i ∈ Ĩ} = J̃ .

Then, by induction hypothesis (IH), we have (xcĨ)dj−1 = 1.

So we have

(xcI)dj
104.(2)
=

( ∏
k∈⌊ℓ,m+1⌋

((xcĨ)sk)
(−1)ℓ−k

)
dj =

∏
k∈⌊ℓ,m+1⌋

(xcĨ)
(−1)ℓ−k

(sk ▲ dj)

=
∏

k∈⌊ℓ,m+1⌋
(xcĨ)

(−1)ℓ−k
(dj−1 ▲ sk) =

∏
k∈⌊ℓ,m+1⌋

((
(xcĨ)dj−1

)(−1)ℓ−k
)
sk

(IH)
=

∏
k∈⌊ℓ,m+1⌋

(
1(−1)ℓ−k

)
sk = 1 .

Case j ∈ [m+ 1, ℓ]. We show that j
!

⩾ m+ 2.

We assume that j = m+ 1.

If Ĩ = ∅, then we have m = −1 and so j = 0 which contradicts j ∈ [1, n+ 1].

If Ĩ ̸= ∅, then we have m ∈ Ĩ ⊆ I and so j = m+1 ∈ {i+1: i ∈ I} which contradicts j ∈ J .
This shows j ⩾ m+ 2.

Note that j ∈ J̃ . By induction hypothesis (IH), we have (xcĨ)dj = 1.

If j − 2 ⩾ m + 1, then we have j − 2 ̸∈ Ĩ and thus j − 1 ∈ J̃ . Therefore, by the induction
hypothesis (IH), we have (xcĨ)dj−1 = 1.

For k ∈ [j + 1, ℓ], we have j < k, and so sk ▲ dj = dj ▲ sk−1 .

For k ∈ [j − 1, j], we have j ∈ {k, k + 1}, and so sk ▲ dj = idGn .
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For k ∈ [m+ 1, j − 2], we have j ⩾ k + 2, and so sk ▲ dj = dj−1 ▲ sk .

So we have

(xcI)dj

=
( ∏
k∈⌊ℓ,m+1⌋

((xcĨ)sk)
(−1)ℓ−k

)
dj

=
∏

k∈⌊ℓ,m+1⌋
(xcĨ)

(−1)ℓ−k
(sk ▲ dj)

=
( ∏
k∈⌊ℓ, j+1⌋

(xcĨ)
(−1)ℓ−k

(sk ▲ dj)
)
·
( ∏
k∈⌊j, j−1⌋

(xcĨ)
(−1)ℓ−k

(sk ▲ dj)
)
·
( ∏
k∈⌊j−2,m+1⌋

(xcĨ)
(−1)ℓ−k

(sk ▲ dj)
)

=
( ∏
k∈⌊ℓ, j+1⌋

(xcĨ)
(−1)ℓ−k

(dj ▲ sk−1)
)
·
( ∏
k∈⌊j, j−1⌋

(xcĨ)
(−1)ℓ−k

idGn

)
·
( ∏
k∈⌊j−2,m+1⌋

(xcĨ)
(−1)ℓ−k

(dj−1 ▲ sk)
)

=
( ∏
k∈⌊ℓ, j+1⌋

((
(xcĨ)dj

)(−1)ℓ−k
)
sk−1

)
·
(
(xcĨ)

(−1)ℓ−j · (xcĨ)(−1)ℓ−j+1)
·
( ∏
k∈⌊j−2,m+1⌋

((
(xcĨ)dj−1

)(−1)ℓ−k
)
sk

)
(IH)
=

( ∏
k∈⌊ℓ, j+1⌋

(
1(−1)ℓ−k

)
sk−1

)
· 1 ·

( ∏
k∈⌊j−2,m+1⌋

(
1(−1)ℓ−k

)
sk

)
= 1 · 1 · 1

= 1 .

Case j ∈ [1,m]. For k ∈ [m+ 1, ℓ], we have j ⩽ m < k, and so

sk ▲ dj = dj ▲ sk−1 .

Moreover, note that j ∈ J̃ since J ⊆ J̃ .

Then, by induction hypothesis (IH), we have (xcĨ)dj = 1.

So we have

(xcI)dj =
( ∏
k∈⌊ℓ,m+1⌋

((xcĨ)sk)
(−1)ℓ−k

)
dj =

∏
k∈⌊ℓ,m+1⌋

(xcĨ)
(−1)ℓ−k

(sk ▲ dj)

=
∏

k∈⌊ℓ,m+1⌋
(xcĨ)

(−1)ℓ−k
(dj ▲ sk−1) =

∏
k∈⌊ℓ,m+1⌋

((
(xcĨ)dj

)(−1)ℓ−k
)
sk−1

(IH)
=

∏
k∈⌊ℓ,m+1⌋

(
1(−1)ℓ−k

)
sk = 1 .
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Altogether, this shows that (xcI)dj = 1 in each case, as claimed.

Remark 107 Let n ∈ Z⩾0 .

Suppose given a simplicial group G; cf. Definition 30.

Suppose given I ⊆ [0, n] with I ̸= ∅. Suppose given x ∈ GNn+1−|I| . Let I
′ := [0, n]\I.

We consider the map c
n+1−|I|
I : Gn+1−|I| → Gn+1 ; cf. Definition 104.(1).

We have

(xcI)d0 ∈ Gn,I′ .

Proof. By Remark 106, we have xcI ∈ Gn+1,J , where J = [1, n+ 1]\{i+ 1: i ∈ I}.

Suppose given k ∈ I ′. We show that k + 1
!
∈ J .

We have k ∈ [0, n], hence k + 1 ∈ [1, n+ 1].

Moreover, we have k + 1 ̸∈ {i+ 1: i ∈ I} since k ̸∈ I.
This shows k + 1 ∈ J .
So we have

(xcI)d0 dk = (xcI)dk+1 d0 = 1d0 = 1 .

This shows (xcI)d0 ∈ Gn,I′ .

Lemma 108 Let n ∈ Z⩾0 .

Suppose given an ⌊n, 0⌋-coskeletal simplicial group G; cf. Definition 90.

Suppose given I, J ⊆ [0, n] such that I, J ̸= ∅ and such that I ∩ J = ∅.
Suppose given x ∈ GNn+1−|I| and suppose given y ∈ GNn+1−|J | .

Then we have

[xcI , ycJ ] = 1 ∈ Gn+1 ;

cf. Definition 104.

Proof. By Remark 106 we have xcI ∈ Gn;Ĩ , where Ĩ := [1, n + 1]\{i + 1: i ∈ I}, and we

have ycJ ∈ Gn;J̃ , where J̃ := [1, n+ 1]\{j + 1: j ∈ J}.
Moreover, note that we have {i+ 1: i ∈ I} ∩ {j + 1: j ∈ J} = ∅ since I ∩ J = ∅.
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So

Ĩ ∪ J̃ =
(
[1, n+ 1]\{i+ 1: i ∈ I}

)
∪
(
[1, n+ 1]\{j + 1: j ∈ J}

)
= [1, n+ 1]\

(
{i+ 1: i ∈ I} ∩ {j + 1: j ∈ J}

)
= [1, n+ 1]\∅
= [1, n+ 1] .

Therefore, for k ∈ [1, n+ 1], we have

[xcI , ycJ ] dk = [(xcI)dk , (ycJ)dk] = 1

since k ∈ Ĩ and so (xcI)dk = 1 or k ∈ J̃ and so (ycJ)dk = 1.

By Remark 107, we have
(xcI)d0 ∈ Gn;I′ ,

where I ′ = [0, n]\I , and we have
(ycJ)d0 ∈ Gn;J ′ ,

where J ′ = [0, n]\J .

Note that

I ′ ∪ J ′ =
(
[0, n]\I

)
∪
(
[0, n]\J

)
= [0, n]\

(
I ∩ J

)
= [0, n]\∅ = [0, n] .

Note that I ′ ̸= ∅ since J ̸= ∅ and J ⊆ I ′.

Moreover, note that J ′ ̸= ∅ since I ̸= ∅ and I ⊆ J ′.

Then we have

[xcI , ycJ ] d0 = [(xcI)d0 , (ycJ)d0] ∈ [Gn;I′ , Gn;J ′ ]
90.(2)
= 1 .

Altogether, we have [xcI , ycJ ] dk = 1 for k ∈ [0, n+ 1].

This shows [xcI , ycJ ] ∈ GNZn+1
90.(1)
= 1.

Therefore, we have [xcI , ycJ ] = 1 .

5.5 The map cI and the group morphism sI

Definition 109 Suppose given a simplicial group G; cf. Definition 30.

Let n ∈ Z⩾0 . Suppose given I ∈ P ([0, n− 1]).
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We consider sets J ∈ P ([0, n− 1]) with J < I ; cf. Lemma 92.

We write
GDn,I :=

〈
(GNn−|J |)sJ : ∅ < J < I

〉
⩽ Gn .

Lemma 110 Suppose given a simplicial group G; cf. Definition 30.

Let n ∈ Z⩾−1 . Suppose given I ∈ P ([0, n]). Let r := |I|. We write I =: {i1 , i2 , . . . , ir} ,
where i1 < i2 < . . . < ir .

Suppose given g ∈ GNn+1−r . Then we have

gcI = gsI · x ∈ Gn+1

for some x ∈ GDn+1,I ; cf. Definitions 104, 109.

Proof. We show this claim by induction on n ∈ Z⩾−1 .

Let n = −1. Then we have I = ∅ and GD0,∅ = 1 .

We have g ∈ G0 and

gsI
37.(2)
= g idG0

104.(1)
= gcI = gcI · 1 .

Now suppose that n ⩾ 0. By induction, we have the following assertion (IH).

(IH) Suppose given K ∈ P ([0, ℓ]), where ℓ < n. Suppose given g̃ ∈ Gℓ+1−|K| .

Then we have
g̃cK = g̃sK · x̃ ∈ Gℓ+1

for some x̃ ∈ GDℓ+1,K .

Case I = ∅. We have r = 0 and g ∈ GNn+1 .

So

gsI
37.(2)
= g idGn+1

104.(1)
= gcI = gcI · 1 .

Case I ̸= ∅. We have r ⩾ 1.

We write
Ĩ := I\{ir} = I\{max I} ∈ P ([0, n− 1]) and m := max Ĩ ,

where we recall that max ∅ = −1; cf. Lemma 92. Note that ir ⩾ m+ 1.

By (IH), since n− 1 < n, we have

gcĨ = gsĨ · x̃ ∈ Gn
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for some x̃ ∈ GDn,Ĩ .

For k ∈ [m+ 1, ir], we write Jk := Ĩ
•

∪ {k}. Note that Jir = I .

Moreover, note that

sĨ ▲ sk
37.(2)
= s

Ĩ
•
∪{k} = sJk .

We have

gcI
104.(2)
=

∏
k∈⌊ir ,m+1⌋

((gcĨ)sk)
(−1)ir−k

= (gcĨ)sir ·

( ∏
k∈⌊ir−1 ,m+1⌋

((gcĨ)sk)
(−1)ir−k

)
(IH)
= (gsĨ · x̃)sir ·

( ∏
k∈⌊ir−1 ,m+1⌋

((gsĨ · x̃)sk)
(−1)ir−k

)

= g(sĨ ▲ sir) · x̃sir ·

( ∏
k∈⌊ir−1 ,m+1⌋

(g(sĨ ▲ sk) · x̃sk)(−1)ir−k

)

= gsI · x̃sir ·

( ∏
k∈⌊ir−1 ,m+1⌋

(gsJk · x̃sk)
(−1)ir−k

)

.

It remains to show that gsJk
!
∈ GDn+1,I for k ∈ [m + 1, ir − 1] and that x̃sk

!
∈ GDn+1,I for

k ∈ [m+ 1, ir].

We show that gsJk
!
∈ GDn+1,I for k ∈ [m+ 1, ir − 1].

Let k ∈ [m+ 1, ir − 1]. We have

Jk = Ĩ
•

∪ {k}
94.(1)
< Ĩ

•

∪ {ir} = I .

This shows that

gsJk ∈ (GNn−r)sJk ⊆
〈
(GNn+1−|J |)sJ : ∅ < J < I

〉
= GDn+1,I .

We show that x̃sk
!
∈ GDn+1,I for k ∈ [m+ 1, ir].

Suppose given k ∈ [m+ 1, ir]. We have

x̃sk ∈
(
GDn,Ĩ

)
sk =

(〈
(GNn−|J̃ |)sJ̃ : ∅ < J̃ < Ĩ

〉)
sk =

〈
(GNn−|J̃ |)sJ̃ sk : ∅ < J̃ < Ĩ

〉
=
〈
(GNn−|J̃ |)sJ̃

•
∪{k} : ∅ < J̃ < Ĩ

〉
.
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Moreover, for J̃ ∈ P([0, n− 1]) with J̃ < Ĩ, we have

J̃
•

∪ {k}
94.(3)
< Ĩ

•

∪ {k}
94.(2)

⩽ Ĩ
•

∪ {ir} = I ⊆ [0, n] .

This shows that x̃sk ∈
〈
(GNn+1−|J |)sJ : ∅ < J < I

〉
= GDn+1,I .

Altogether this shows that

x := x̃sir ·

 ∏
k∈⌊ir−1 ,m+1⌋

(gsJk · x̃sk)
(−1)ir−k

 ∈ GDn+1,I ,

and we have gcI = gsI · x.

5.6 The degenerate subgroup GDn+1 ⩽ Gn+1

Lemma 111 Suppose given n ∈ Z⩾0 .

Suppose given I, J ⊆ [0, n] such that I ∩ J ̸= ∅. Suppose that I < J ; cf. Lemma 92.

We write ñ := n− |I ∩ J |. Note that I ∩ J ⊂ [0, n]. In particular, we have ñ ⩾ 0.

We consider the injective monotone map

δnI∩J : [0, ñ]→ [0, n] ;

cf. Definition 25.(1).

Note that I ∩ J = {k ∈ [0, n] : k ̸∈ im δnI∩J}; cf. Remark 26.(1).

We consider the monotone bijective map

δ̃ := δnI∩J
∣∣im δnI∩J : [0, ñ]→ [0, n]\(I ∩ J) .

We consider its inverse

δ̃− =
(
δnI∩J

∣∣im δnI∩J
)−

: [0, n]\(I ∩ J)→ [0, ñ] .

We consider the sets

Ĩ :=
(
I\(I ∩ J)

)
δ̃− ⊆ [0, ñ] and J̃ :=

(
J\(I ∩ J)

)
δ̃− ⊆ [0, ñ].
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Note that n− |I| = ñ− |Ĩ| and that n− |J | = ñ− |J̃ |.
Moreover, let m̃ := max Ĩ. Recall that max ∅ = −1; cf. Lemma 92.

Suppose given a simplicial group G; cf. Definition 30.

Suppose given x ∈ GNn+1−|I| and suppose given y ∈ GNn+1−|J | .

We consider the group morphisms

sI = s
G,n+1−|I|
I : Gn+1−|I| → Gn+1

sĨ = s
G,n+1−|I|
Ĩ

: Gn+1−|I| → Gñ+1

sJ = s
G,n+1−|J |
J : Gn+1−|J | → Gn+1

sJ̃ = s
G,n+1−|J |
J̃

: Gn+1−|J | → Gñ+1

sI∩J = sG,ñ+1
I∩J : Gñ+1 → Gn+1 ;

cf. Definition 37.(1). Note that xsI , ysJ ∈ Gn+1 .

(1) We have max Ĩ < max J̃ .

(2) Suppose given K ⊆ [0, m̃]. We have Kδ̃
•

∪ (I ∩ J) < J .

(3) We have sĨ ▲ sI∩J = sI and sJ̃ ▲ sI∩J = sJ .

So
(xsI)

ysJ =
(
(xsĨ)

ysJ̃
)
sI∩J ∈ Gn+1 .

(4) We have
(GNn+1−|I|)sĨ ⩽ Gñ+1;[m̃+2,ñ+1] ;

cf. Definition 95.

(5) We have
(xsI)

ysJ ∈ GDn+1,J ;

cf. Definition 109.

Proof. Ad (1). Since δ̃ is monotone and bijective, it suffices to show that

max
(
I\(I ∩ J)

) !
< max

(
J\(I ∩ J)

)
.

We assume that max
(
I\(I ∩ J)

)
⩾ max

(
J\(I ∩ J)

)
.
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We have max
(
I\(I ∩ J)

)
̸= max

(
J\(I ∩ J)

)
since

(
I\(I ∩ J)

)
∩
(
J\(I ∩ J)

)
= ∅ and since

not both I\(I ∩ J) and J\(I ∩ J) are empty, because I ̸= J .

So we have max
(
I\(I ∩ J)

)
> max

(
J\(I ∩ J)

)
.

By Remark 94.(1), we have I\(I ∩ J) > J\(I ∩ J).
Then, by Remark 94.(4), it follows that I > J , which contradicts I < J .

This shows that max
(
I\(I ∩ J)

)
< max

(
J\(I ∩ J)

)
.

So we have max Ĩ < max J̃ .

Ad (2). Note that m̃ ⩽ ñ+ 1 since Ĩ ⊆ [0, ñ+ 1].

So we have
K ⊆ [0, m̃] ⊆ [0, ñ+ 1] .

We have

maxK ⩽ m̃ = max Ĩ
(1)
< max J̃ .

By Remark 94.(1), we have K < J̃ .

Since δ̃ is injective and monotone, we have, by Remark 94.(5), Kδ̃ < J̃ δ̃.

So, by Remark 94.(3), it follows that

Kδ̃
•

∪ (I ∩ J) < J̃ δ̃
•

∪ (I ∩ J) =
((
J\(I ∩ J)

)
δ̃− δ̃

)
•

∪ (I ∩ J) =
(
J\(I ∩ J)

) •

∪ (I ∩ J) = J ,

as claimed in (2).

Ad (3). We show that I ∩ J ⊂ [n].

We assume that I ∩ J = [n]. This implies that I = J = [n] which contradicts I < J ; cf.
Lemma 92.

We have

Ĩ δ̃
•

∪ (I ∩ J) =
(
I\(I ∩ J)

)
δ̃−δ̃

•

∪ (I ∩ J) =
(
I\(I ∩ J)

) •

∪ (I ∩ J) = I .

Moreover, since I ∩ J ⊂ [n], and Ĩ ⊆ [ñ] =
[
n− |I ∩ J |

]
, we have

sĨ ▲ sI∩J
39
= s

Ĩ δ̃
•
∪(I∩J) = sI : Gn+1−|I| → Gn+1 .

Similarly, we have sJ̃ ▲ sI∩J = sJ : Gn+1−|J | → Gn+1 .

Ad (4). We show that (GNn+1−|I|)sĨ
!

⩽ Gñ+1;[m̃+2,ñ+1] .
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Note that Ĩ ⊆ [0, m̃], hence |Ĩ| ⩽ m̃+ 1.

Suppose given g ∈ GNn+1−|I| . Suppose given ℓ ∈ [m̃+2, ñ+1]. So ℓ−|Ĩ| ⩾ m̃+2−|Ĩ| ⩾ 1.

Then, by Remark 38, we have
sĨ ▲ dℓ = dℓ−|Ĩ| ▲ sĨ .

So we have
(gsĨ)dℓ = g(dℓ−|Ĩ|)sĨ = 1sĨ = 1 .

This shows that (GNn+1−|I|)sĨ ⩽ Gñ+1;[m̃+2,ñ+1] .

Ad (5). We have

(xsI)
ysJ

(3)
=
(
(xsĨ)

ysJ̃
)
sI∩J .

Moreover, we have

xsĨ ∈ (GNn+1−|I|)sĨ
(4)
∈ Gñ+1;[m̃+2,ñ+1] .

Since Gñ+1;[m̃+2,ñ+1] P Gñ+1 , we have

(xsĨ)
ysJ̃ ∈ Gñ+1;[m̃+2,ñ+1] .

We write r := |P([0, m̃]) | = 2m̃+1 and P([0, m̃]) =: {K1 , K2 , . . ., Kr}, where K1 < K2 <
. . . < Kr . Note that Kr = [0, m̃]; cf. Example 93.(1).

By Lemma 100.(1), we have(
G̃n+1,[m̃+2,ñ+1]

)
sI∩J

100.(1)
=

( ∏
i∈⌊r,1⌋

(GNñ+1−|Ki|)sKi

)
sI∩J =

∏
i∈⌊r,1⌋

(GNñ+1−|Ki|)(sKi
▲ sI∩J) .

Let i ∈ [1, r]. Note that I ∩ J ⊂ [0, n] and that Ki ⊆ [0, m̃] ⊆ [0, ñ].

By Corollary 39, we have sKi
▲ sI∩J = s

Kiδ̃
•
∪(I∩J) : Gñ+1−|Ki| → Gn+1 .

By (2), we have Kiδ̃
•

∪ (I ∩ J) < J . Since I ∩ J ̸= ∅, we also have ∅ < Kiδ̃
•

∪ (I ∩ J).
So altogether, we have

(xsI)
ysJ =

(
(xsĨ)

ysJ̃
)
sI∩J ∈

(
Gn+1,[m̃+2,n+1]

)
sI∩J =

∏
i∈⌊r,1⌋

(GNn+1−|Ki|)(sKi
▲ sI∩J)

39
=
∏
i∈⌊r,1⌋

(GNn+1−|Ki|)sKiδ̃
•
∪(I∩J)

(2),109

⊆ GDn+1,J .
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Remark 112 Let n ∈ Z⩾1 .

Suppose given an ⌊n, 0⌋-coskeletal simplicial group G; cf. Definition 90.

Suppose given I, J ∈ P
(
[0, n]

)
such that ∅ < I < J ; cf. Lemma 92.

Suppose given x ∈ GNn+1−|I| and suppose given y ∈ GNn+1−|J | .

We consider the group morphisms

sI = s
G,n+1−|I|
I : Gn+1−|I| → Gn+1

sJ = s
G,n+1−|J |
J : Gn+1−|J | → Gn+1 ;

cf. Definition 37.(2).

We have
xsI · ysJ = ysJ · x̃

for some x̃ ∈ GDn+1,J ; cf. Definition 109.

Proof. We show this claim by induction on I ∈
{
K ∈ P

(
[0, n]

)
: ∅ < K < J

}
.

Case I ∩ J ̸= ∅. Then, by Lemma 111.(5), we have

x̃ := (xsI)
ysJ ∈ GDn+1,J .

We have
xsI · ysJ = ysJ · (xsI)ysJ = ysJ · x̃ .

Case I ∩ J = ∅. By Lemma 110, we have

ysJ = ycJ · y′

for some y′ ∈ GDn+1,J and we have

xsI = xcI · x′

for some x′ ∈ GDn+1,I .

Note that x′ ∈ GDn+1,I ⩽ GDn+1,J and that xsI ∈ GDn+1,J since I < J ; cf. Definition 109.

We write
x′ =

∏
b∈⌊a,1⌋

x′b sAb
∈ GDn+1,I ,

163



CHAPTER 5. ⌊n, 0⌋-COSKELETAL SIMPLICIAL GROUPS

where a ∈ Z⩾0 and Ab ⊆ [0, n] with ∅ < Ab < I for b ∈ [1, a], and where x′b ∈ GNn+1−|Ab| .

Let b ∈ [1, a]. By induction hypothesis, we have

x′b sAb
· ysJ = ysJ · x̃′b

for some x̃′b ∈ GDn+1,J .

So we have
x′ · ysJ =

( ∏
b∈⌊a,1⌋

x′b sAb

)
· ysJ = ysJ ·

( ∏
b∈⌊a,1⌋

x̃′b

)
,

where x̃′ :=
∏

b∈⌊a,1⌋
x′b ∈ GDn+1,J .

Therefore, we have

xsI · ysJ = (xcI · x′) · ysJ = xcI · ysJ · x̃′ = xcI · (ycJ · y′) · x̃′
108
= ycJ · xcI · y′ · x̃′

=
(
ysJ · (y′)−

)
· xcI · y′ · x̃′ = ysJ ·

(
(y′)− · xsI · (x′)− · y′ · x̃′

)
,

where x̃ := (y′)− · xsI · (x′)− · y′ · x̃′ ∈ GDn+1,J .

Lemma 113 (The degenerate subgroup GDn+1)

Let n ∈ Z⩾1 . Suppose given an ⌊n, 0⌋-coskeletal simplicial group G; cf. Definition 90.

We consider the decomposition of the group Gn+1 from Corollary 101, where

Gn+1 =
∏
i∈⌊r,1⌋

(GNn+1−|Ki|)sKi
,

where r = 2n+1, P
(
[0, n]

)
= {K1 , K2 , . . ., Kr} and K1 < K2 < . . . < Kr .

Recall that K1 = ∅, K2 = {0} and that Kr = [0, n]; cf. Example 93.(2).

Then, for ℓ ∈ [2, r], we have the subgroup∏
i∈⌊ℓ,2⌋

(GNn+1−|Ki|)sKi
⩽ Gn+1 .

In particular, we have the subgroup

GDn+1 :=
∏
i∈⌊r,2⌋

(GNn+1−|Ki|)sKi
⩽ Gn+1 .

We call GDn+1 the degenerate subgroup of Gn+1 .
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Proof. We show this claim by induction on ℓ ∈ [2, r].

Let ℓ = 2. We have∏
i∈⌊2,2⌋

(GNn+1−|Ki|)sKi
= (GNn+1−|K2|)sK2 = (GNn)s0 ⩽ Gn+1 .

Now suppose that ℓ ⩾ 3. By induction hypothesis, we have the subgroup∏
i∈⌊ℓ−1,2⌋

(GNn+1−|Ki|)sKi
⩽ Gn+1 .

Hence
∏

i∈⌊ℓ−1,2⌋
(GNn+1−|Ki|)sKi

= GDn+1,Kℓ
; cf. Definition 109.

Suppose given g, h ∈
∏

i∈⌊ℓ,2⌋
(GNn+1−|Ki|)sKi

.

We write g =
∏

i∈⌊ℓ,2⌋
xi sKi

, where xi ∈ GNn+1−|Ki| for i ∈ [2, ℓ].

We write h =
∏

i∈⌊ℓ,2⌋
yi sKi

, where yi ∈ GNn+1−|Ki| for i ∈ [2, ℓ].

We write J := Kℓ .

We show that g · h
!
∈
∏

i∈⌊ℓ,2⌋
(GNn+1−|Ki|)sKi

.

By Remark 112, since G is ⌊n, 0⌋-coskeletal, we have, for i ∈ [2, ℓ− 1],

xi sKi
· yℓ sJ = yℓ sJ · x̃i

for some x̃i ∈ GDn+1,J .

So we have

g · h =
( ∏
i∈⌊ℓ,2⌋

xi sKi

)
·
( ∏
i∈⌊ℓ,2⌋

yi sKi

)
= xℓ sJ ·

( ∏
i∈⌊ℓ−1,2⌋

xi sKi

)
· yℓ sJ ·

( ∏
i∈⌊ℓ−1,2⌋

yi sKi

)
= xℓ sJ · yℓ sJ ·

( ∏
i∈⌊ℓ−1,2⌋

x̃i

)
·
( ∏
i∈⌊ℓ−1,2⌋

yi sKi

)
= (xℓ yℓ)sJ ·

( ∏
i∈⌊ℓ−1,2⌋

x̃i

)
·
( ∏
i∈⌊ℓ−1,2⌋

yi sKi

)
.

Note that ∅ < Ki < J for i ∈ [2, ℓ− 2]. So, by Definition 109, we have

z :=
( ∏
i∈⌊ℓ−1,2⌋

x̃i

)
·
( ∏
i∈⌊ℓ−1,2⌋

yi sKi

)
∈ GDn+1,J .
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Since
∏

⌊ℓ−1,2⌋
(GNn+1−|Ki|)sKi

= GDn+1,J ⩽ Gn+1 , we have

z =
∏

i∈⌊ℓ−1,2⌋

zi sKi
,

where zi ∈ GNn+1−|Ki| for i ∈ [2, ℓ− 1].

Moreover, we have zℓ := xℓ yℓ ∈ GNn+1−|Kℓ|. Therefore, we have

g · h = (xℓ yℓ)sJ ·
( ∏
i∈⌊ℓ−1,2⌋

x̃i

)
·
( ∏
i∈⌊ℓ−1,2⌋

yi sKi

)
= zℓ sKℓ

· z = zℓ sKℓ
·
( ∏
i∈⌊ℓ−1,2⌋

zi sKi

)
=
∏
i∈⌊ℓ,2⌋

zi sKi
∈
∏
i∈⌊ℓ,2⌋

(GNn+1−|Ki|)sKi
.

Altogether, this shows that we have the subgroup
∏

i∈⌊ℓ,2⌋
(GNn+1−|Ki|)sKi

⩽ Gn+1 ; cf. Lemma 6.

Example 114

(1) Let n = 1. Suppose given a ⌊1, 0⌋-coskeletal simplicial group G.

We consider the decomposition of the group G2 from Corollary 101, where

G2 = (GN0)s0s1 · (GN1)s1 · (GN1)s0 ·GN2 ;

cf. also Example 102.(2).

Then, by Lemma 113, we have the subgroup

GD2 = (GN0)s0s1 · (GN1)s1 · (GN1)s0 ⩽ G2 .

(2) Let n = 2. Suppose given a ⌊2, 0⌋-coskeletal simplicial group G.

We consider the decomposition of the group G3 from Corollary 101, where

G3 = (GN0)s0s1s2 · (GN1)s1s2 · (GN1)s0s2 · (GN2)s2 · (GN1)s0s1 · (GN2)s1 · (GN2)s0 ·GN3 ;

cf. also Example 102.(3).

Then, by Lemma 113, we have the subgroup

GD3 = (GN0)s0s1s2 ·(GN1)s1s2 ·(GN1)s0s2 ·(GN2)s2 ·(GN1)s0s1 ·(GN2)s1 ·(GN2)s0 ⩽ G3 .
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Remark 115 Let n ∈ Z⩾1 .

We write r :=
∣∣P([0, n])∣∣ = 2n+1 and we write P

(
[0, n]

)
=: {K1 , K2 , K3 , . . . , Kr}, where

∅ = K1 < K2 < . . . < Kr = [0, n].

Let ℓ ∈ [3, r]. We write I := Kℓ .

Suppose given a simplicial group G; cf. Definition 30.

We consider the subgroup

GDn+1,I =
〈
(GNn+1−|J |)sJ : ∅ < J < I

〉
⩽ Gn+1

from Definition 109.

Suppose that G is ⌊n, 0⌋-coskeletal; cf. Definition 90.

Then, by Lemma 113, we have

GDn+1,I =
∏

i∈⌊ℓ−1,2⌋

(GNn+1−|Ki|)sKi
⩽ Gn+1 .

Lemma 116 Let n ∈ Z⩾1 .

Suppose given an ⌊n, 0⌋-coskeletal simplicial group G; cf. Definition 90.

We consider the subgroup GDn+1 ⩽ Gn+1 ; cf. Lemma 113.

We consider the surjective map πGn+1 : Gn+1 → GNn+1 from Corollary 101.(3).

Suppose given g ∈ Gn+1 .

(1) We have g ∈ GDn+1 ⇔ gπGn+1 = 1 .

(2) We have g ∈ GNn+1 ⇔ gπGn+1 = g .

(3) We have g ∈ GDn+1 ⇔ gπGn+1d
G,n+1
0 = 1 .

Proof. Ad (1). Let r := 2n+1. Let P([0, n]) =: {I1 , I2 , . . ., Ir}, where

∅ = I1 < I2 < . . . < Ir = [0, n] .

By Corollary 101.(2), since g ∈ Gn+1 , we have

g =
∏
i∈⌊r,1⌋

xi sIi ,
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where xi ∈ GNn+1−|Ii| for i ∈ [1, r].

Ad ⇒. Suppose that g ∈ GDn+1 ⩽ Gn+1 .

Since g ∈ GDn+1 , we have

g
113
=

∏
i∈⌊r,2⌋

x̃i sIi =
( ∏
i∈⌊r,2⌋

x̃i sIi

)
· 1 =

( ∏
i∈⌊r,2⌋

x̃i sIi

)
· 1sI1 ,

where x̃i ∈ GNn+1−|Ii| for i ∈ [2, r].

Then, by Corollary 101.(2), we have xi = x̃i for i ∈ [2, r] and x1 = 1 .

This shows that gπGn+1

101.(3)
= x1 = 1.

Ad ⇐. Suppose that gπGn+1 = 1 . Then we have x1 = gπGn+1

101.(3)
= 1.

So we have

g =
∏
i∈⌊r,1⌋

xi sIi =
( ∏
i∈⌊r,2⌋

xi sIi

)
· 1sI1 =

∏
i∈⌊r,2⌋

xi sIi
113
∈ GDn+1 .

Ad (2). Ad ⇒. Suppose that g ∈ GNn+1 ⩽ Gn+1 .

Let r := 2n+1. Let P([0, n]) =: {I1 , I2 , . . ., Ir}, where ∅ = I1 < I2 < . . . < Ir = [0, n].

By Corollary 101.(2), since g ∈ Gn+1 , we have

g =
∏
i∈⌊r,1⌋

xi sIi ,

where xi ∈ GNn+1−|Ii| for i ∈ [1, r].

Since g ∈ GNn+1 , we have

g = 1 · g =
( ∏
i∈⌊r,2⌋

1sIi

)
· g .

Then, by Corollary 101.(2), we have xi = 1 for i ∈ [2, r] and x1 = g .

This shows that gπGn+1

101.(3)
= x1 = g.

Ad ⇐. Suppose that g = gπGn+1 . We have g = gπGn+1 ∈ GNn+1 .

Ad (3). Ad ⇒. Suppose that g ∈ GDn+1 . By (1), we have gπGn+1 = 1.

So we have gπGn+1d
G,n+1
0 = 1.
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Ad ⇐. Suppose that gπGn+1d
G,n+1
0 = 1. Recall that gπGn+1 ∈ GNn+1 .

So we have gπGn+1 ∈ GNn+1 ∩ ker dG,n+1
0

46.(3)
= GNZn+1 .

Since G is ⌊n, 0⌋-coskeletal, we have that GNZn+1 = 1; cf. Definition 90.(1).

This shows that gπGn+1 = 1 . So, by (1), we have g ∈ GDn+1 .

Remark 117 Suppose given simplicial groups G, H; cf. Definition 30. Suppose given a
simplicial group morphism φ : G→ H.

We consider the functor N: SimpGrp → ComplexGrp; cf. Lemma 48.(3).

We have
πGn+1 ▲ φNn+1 = φn+1 ▲ πHn+1 : Gn+1 → HNn+1 ;

cf. Corollary 101.(3).

Gn+1 Hn+1

GNn+1 HNn+1

φn+1

πGn+1 πHn+1

φNn+1

Proof. Suppose given j ∈ [2, n+ 2].

We consider the maps

pGn+1,j : Gn+1;[j,n+1] → Gn+1,[j−1,n+1] and pHn+1,j : Hn+1;[j,n+1] → Hn+1,[j−1,n+1] ;

cf. Remark 97.(1).

For g ∈ Gn+1;[j,n+1] , we have

(gpGn+1,j)φn+1
97.(1)
= (g−dG,n+1

j−1 sG,nj−2 · g)φn+1 = (gφn+1)
− dH,n+1

j−1 sH,nj−2 · gφn+1
97.(1)
= (gφn+1)p

H
n+1,j .

So, for g ∈ Gn+1 , we have

g(πGn+1 ▲φNn+1)
101.(3)
= g

(( Gn+1
∏GNn+1

j∈⌊n+2,2⌋

pGn+1,j

)
▲φNn+1

)
=
(
g
( Gn+1

∏GNn+1

j∈⌊n+2,2⌋

pGn+1,j

))
φn+1

= (gφn+1)
(Hn+1

∏HNn+1

j∈⌊n+2,2⌋

pHn+1,j

)
101.(3)
= g(φn+1 ▲ πHn+1) .

This shows that πGn+1 ▲φNn+1 = φn+1 ▲ πHn+1 .
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Chapter 6

Simplicial groups and ⌊n, 0⌋-simplicial
groups:
the Conduché functor

6.1 The truncation functor

Trunc⌊n,0⌋ : SimpGrp → ⌊n, 0⌋-SimpGrp

Let n ∈ Z⩾1 .

Lemma 118 (The ⌊n, 0⌋-simplicial group GTrunc⌊n,0⌋)

Suppose given a simplicial group G; cf. Definition 30.

We consider the group Gn/GNBn ; cf. Definition 46.(4), Lemma 47.(2).

For k ∈ [0, n− 1], we consider the group Gk .

(1) For j ∈ [0, n], we have the group morphism

d̄j : Gn/GNBn → Gn−1 , gGNBn 7→ (gGNBn)d̄j = gdG,nj .

For i ∈ [0, n− 1], we have the group morphism

s̄i : Gn−1 → Gn/GNBn , g 7→ gs̄i = (gsG,n−1
i )GNBn .

(2) Using Lemma 71.(3), we have the pre-⌊n, 0⌋-simplicial group GTrunc⌊n,0⌋ given as
follows.
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For k ∈ [0, n− 1], we have

(GTrunc⌊n,0⌋)k = [k](GTrunc⌊n,0⌋) := Gk

(GTrunc⌊n,0⌋)n = [n](GTrunc⌊n,0⌋) := Gn/GNBn .

For k ∈ [1, n− 1] and j ∈ [0, k], we have

dGTrunc⌊n,0⌋,k
j := dG,kj : Gk → Gk−1 .

For j ∈ [0, n], we have

dGTrunc⌊n,0⌋,n
j := d̄j : Gn/GNBn → Gn−1 ;

cf. (1).

For k ∈ [0, n− 2] and i ∈ [0, k], we have

sGTrunc⌊n,0⌋,k
i := sG,ki : Gk → Gk+1 .

For i ∈ [0, n− 1], we have

sGTrunc⌊n,0⌋,n−1
i := s̄i : Gn−1 → Gn/GNBn ;

cf. (1).

Gn/GNBn Gn−1 . . . G1 G0

d̄j dG,n−1
j dG,2

j dG,1
j

sG,0
isG,1

isG,n−2
i

s̄i

(3) The pre-⌊n, 0⌋-simplicial group GTrunc⌊n,0⌋ given in (2) is an ⌊n, 0⌋-simplicial group.

We call GTrunc⌊n,0⌋ the truncation of G at ⌊n, 0⌋ .

Proof. Ad (1). Suppose given j ∈ [0, n].

We show that d̄j is well-defined. We have to show that (GNBn)d
G,n
j

!
= 1 .

Suppose given x ∈ GNBn . We choose some y ∈ GNn+1 such that x = ydG,n+1
0 ; cf. Defini-

tion 46.(4).

We have

xdG,nj = ydG,n+1
0 dG,nj = ydG,n+1

j+1 dG,n0 = 1 .
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This shows (GNBk)d
G,n
j = 1.

Therefore, we have the group morphism

d̄j : Gn/GNBn → Gn−1 , gGNBn 7→ gdG,nj .

Ad (2). We use Lemma 71.(3) to show that GTrunc⌊n,0⌋ is a pre-⌊n, 0⌋-simplicial group.

To that end, we have to verify the properties (i, ii, iii) from Lemma 71.

Ad (i). Suppose given k ∈ [1, n− 1]. Suppose given i ∈ [0, k] and j ∈ [0, k + 1] with i < j.

Case k ∈ [1, n− 2]. We have

dGTrunc⌊n,0⌋,k+1
j ▲ dGTrunc⌊n,0⌋,k

i = dG,k+1
j ▲ dG,ki

33.(1)
= dG,k+1

i ▲ dG,kj−1 = dGTrunc⌊n,0⌋,k+1
i ▲ dGTrunc⌊n,0⌋,k

j−1 .

Case k = n− 1. For g ∈ Gn , we have

(gGNBn)(d
GTrunc⌊n,0⌋,k+1
j ▲ dGTrunc⌊n,0⌋,k

i ) = (gGNBn)(d̄j ▲ dG,n−1
i ) = (gdG,nj )dG,n−1

i

33.(1)
= (gdG,ni )dG,n−1

j−1 = (gGNBn)(d̄i ▲ dG,n−1
j−1 )

= (gGNBn)(d
GTrunc⌊n,0⌋,k+1
i ▲ dGTrunc⌊n,0⌋,k

j−1 ) .

This shows dGTrunc⌊n,0⌋,k+1
j ▲ dGTrunc⌊n,0⌋,k

i = dGTrunc⌊n,0⌋,k+1
i ▲ dGTrunc⌊n,0⌋,k

j−1 .

Ad (ii). Suppose given k ∈ [1, n− 1]. Suppose given i ∈ [0, k − 1] and j ∈ [0, k] with i < j.

Case k ∈ [1, n− 2]. We have

sGTrunc⌊n,0⌋,k−1
i ▲ sGTrunc⌊n,0⌋,k

j = sG,k−1
i ▲ sG,kj

33.(2)
= sG,k−1

j−1 ▲ sG,ki = sGTrunc⌊n,0⌋,k−1
j−1 ▲ sGTrunc⌊n,0⌋,k

i .

Case k = n− 1. For g ∈ Gn−1 , we have

g(sGTrunc⌊n,0⌋,k−1
i ▲ sGTrunc⌊n,0⌋,k

j ) = g(sG,n−2
i ▲ s̄j) = (gsG,n−2

i sG,n−1
j )GNBn

33.(2)
= (gsG,n−2

j−1 sG,n−1
i )GNBn = g(sG,n−2

j−1 ▲ s̄i)

= g(sGTrunc⌊n,0⌋,k−1
j−1 ▲ sGTrunc⌊n,0⌋,k

i ) .

This shows sGTrunc⌊n,0⌋,k−1
i ▲ sGTrunc⌊n,0⌋,k

j = sGTrunc⌊n,0⌋,k−1
j−1 ▲ sGTrunc⌊n,0⌋,k

i .

Ad (iii). Suppose given k ∈ [0, n− 1]. Suppose given i ∈ [0, k] and j ∈ [0, k + 1].

Case k ∈ [0, n− 2]. If k ⩾ 1 and j < i, then we have

sGTrunc⌊n,0⌋,k
i ▲ dGTrunc⌊n,0⌋,k+1

j = sG,ki ▲ dG,k+1
j

33.(3)
= dG,kj ▲ sG,k−1

i−1 = dGTrunc⌊n,0⌋,k
j ▲ sGTrunc⌊n,0⌋,k−1

i−1 .
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If j ∈ {i, i+ 1}, then we have

sGTrunc⌊n,0⌋,k
i ▲ dGTrunc⌊n,0⌋,k+1

j = sG,ki ▲ dG,k+1
j

33.(3)
= idGk

= id(GTrunc⌊n,0⌋)k
.

If k ⩾ 1 and j > i+ 1, then we have

sGTrunc⌊n,0⌋,k
i ▲ dGTrunc⌊n,0⌋,k+1

j = sG,ki ▲ dG,k+1
j

33
= dG,kj−1 ▲ sG,k−1

i = dGTrunc⌊n,0⌋,k
j−1 ▲ sGTrunc⌊n,0⌋,k−1

i .

Case k = n− 1. Suppose given g ∈ Gn−1 . We have

g(sGTrunc⌊n,0⌋,k
i ▲ dGTrunc⌊n,0⌋,k+1

j ) = g(s̄i ▲ d̄j) =
(
(gsG,n−1

i )GNBn
)
d̄j = gsG,n−1

i dG,nj .

If k ⩾ 1 and j < i, then we have

g(sGTrunc⌊n,0⌋,k
i ▲ dGTrunc⌊n,0⌋,k+1

j ) = gsG,n−1
i dG,nj

33.(3)
= gdG,n−1

j sG,n−2
i−1

= g(dGTrunc⌊n,0⌋,k
j ▲ sGTrunc⌊n,0⌋,k−1

i−1 ) .

If j ∈ {i, i+ 1}, then we have

g(sGTrunc⌊n,0⌋,k
i ▲ dGTrunc⌊n,0⌋,k+1

j ) = gsG,n−1
i dG,nj

33.(3)
= g idGk

= g id(GTrunc⌊n,0⌋)k
.

If k ⩾ 1 and j > i+ 1, then we have

g(sGTrunc⌊n,0⌋,k
i ▲ dGTrunc⌊n,0⌋,k+1

j ) = gsG,n−1
i dG,nj

33.(3)
= gdG,n−1

j−1 sG,n−2
i

= g(dGTrunc⌊n,0⌋,k
j−1 ▲ sGTrunc⌊n,0⌋,k−1

i ) .

Altogether, we have

sGTrunc⌊n,0⌋,k
i ▲ dGTrunc⌊n,0⌋,k+1

j =


dGTrunc⌊n,0⌋,k
j ▲ sGTrunc⌊n,0⌋,k−1

i−1 if k ⩾ 1 and j < i

id(GTrunc⌊n,0⌋)k
if j = i or j = i+ 1

dGTrunc⌊n,0⌋,k
j−1 ▲ sGTrunc⌊n,0⌋,k−1

i if k ⩾ 1 and j > i+ 1 .

Ad (3). Suppose given I, J ⊆ [0, n] with I, J ̸= ∅ and I ∪ J = [0, n].

We have to show that
[ ⋂
i∈I

ker d̄i ,
⋂
j∈J

ker d̄j
] !
= 1 ; cf. Definition 74.

Suppose given xGNBn ∈
⋂
i∈I

ker d̄i with x ∈ Gn . Then we have xdG,ni = 1 for i ∈ I; cf. (1).
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Suppose given yGNBn ∈
⋂
j∈J

ker d̄j with y ∈ Gn . Then we have ydG,nj = 1 for j ∈ J ; cf. (1).

We use Lemma 50 to show that [x, y]
!
∈ GNBn .

Suppose given k ∈ [0, n]. Since I ∪ J = [0, n], we have that xdG,nk = 1 or ydG,nk = 1 .

Case n ∈ I ∩ J . Since I ∪ J = [0, n], we may assume that n− 1 ∈ J .
Let ℓ := n− 1. Then we have xdG,nℓ+1 = xdG,nn = 1 and ydG,nℓ = ydG,nn−1 = 1.

Case n ̸∈ I ∩ J . But since I ∪ J = [0, n], we may assume that n ∈ I.
Using J ̸= ∅, we let ℓ := max J ⩽ n− 1. Then ℓ+ 1 ∈ I.
So we have xdG,nℓ+1 = 1 and ydG,nℓ = 1.

Therefore, by Lemma 50, we have [x, y] ∈ GNBn .
This shows

[
xGNBn , yGNBn

]
= 1 .

Therefore, we have
[ ⋂
i∈I

ker d̄i ,
⋂
j∈J

ker d̄j
]
= 1 .

Lemma 119 (The ⌊n, 0⌋-simplicial group morphism φTrunc⌊n,0⌋)

Suppose given simplicial groups G and H; cf. Definition 30.

We consider the ⌊n, 0⌋-simplicial groups GTrunc⌊n,0⌋ and H Trunc⌊n,0⌋ ; cf. Lemma 118.(3).

Suppose given a simplicial group morphism φ : G→ H.

For k ∈ [0, n], we consider the group morphism φk : Gk → Hk ; cf. Remark 32.

(1) We have the group morphism

(φTrunc⌊n,0⌋)n : Gn/GNBn → Hn/HNBn , xGNBn 7→ (xφn)HNBn .

Moreover, for k ∈ [0, n− 1], we let

(φTrunc⌊n,0⌋)k := φk : Gk → Hk .

(2) We have the ⌊n, 0⌋-simplicial group morphism

φTrunc⌊n,0⌋ =
(
(GTrunc⌊n,0⌋)k

(φTrunc⌊n,0⌋)k−−−−−−−−→ (H Trunc⌊n,0⌋)k
)
k∈[0,n] : GTrunc⌊n,0⌋ → H Trunc⌊n,0⌋ ;

cf. (1).
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Proof. Ad (1). We show that φTrunc⌊n,0⌋ is well-defined.

It suffices to show that (GNBn)φn
!

⊆ HNBn .

Suppose given x ∈ GNBn . We choose some y ∈ GNn+1 such that x = ydG,n+1
0 .

Let z := yφn+1 ∈ Hn+1 .

For k ∈ [1, n+ 1], we have

zdH,n+1
k = yφn+1d

H,n+1
k

32
= ydG,n+1

k φn = 1 .

This shows z ∈ HNn+1 .

Moreover, we have

zdH,n+1
0 = yφn+1d

H,n+1
0

32
= ydG,n+1

0 φn = xφn .

This shows xφn = zdH,n+1
0 ∈ (HNn+1)d

H,n+1
0 = HNBn .

So we have (GNBn)φn ⊆ HNBn .

Ad (2). We use Lemma 73 to show that φTrunc⌊n,0⌋ is an ⌊n, 0⌋-simplicial group morphism.

Suppose given k ∈ [1, n] and j ∈ [0, k].

Case k ∈ [1, n− 1]. We have

(φTrunc⌊n,0⌋)k ▲ dH Trunc⌊n,0⌋,k
j = φk ▲ dH,kj

32
= dG,kj ▲φk−1 = dGTrunc⌊n,0⌋,k

j ▲ (φTrunc⌊n,0⌋)k−1 .

Case k = n. For g ∈ Gn , we have

(gGNBn)
(
(φTrunc⌊n,0⌋)k ▲ dH Trunc⌊n,0⌋,k

j

)
=

(
(gφn)HNBn

)
dH Trunc⌊n,0⌋,n
j

118.(2,1)
= gφnd

H,n
j

32
= gdG,nj φn−1

= (gdG,nj )(φTrunc⌊n,0⌋)n−1

118.(2,1)
= (gGNBn)

(
dGTrunc⌊n,0⌋,k
j ▲ (φTrunc⌊n,0⌋)k−1

)
.

This shows (φTrunc⌊n,0⌋)k ▲ dH Trunc⌊n,0⌋,k
j = dGTrunc⌊n,0⌋,k

j ▲ (φTrunc⌊n,0⌋)k−1 .

Suppose given k ∈ [0, n− 1] and i ∈ [0, k].

Case k ∈ [0, n− 2]. We have

(φTrunc⌊n,0⌋)k ▲ sH Trunc⌊n,0⌋,k
i = φk ▲ sH,ki

32
= sG,ki ▲φk+1 = sGTrunc⌊n,0⌋,k

i ▲ (φTrunc⌊n,0⌋)k+1 .
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Case k = n− 1. For g ∈ Gn−1 , we have

g
(
(φTrunc⌊n,0⌋)k ▲ sH Trunc⌊n,0⌋,k

i

)
= (gφn−1)s

H Trunc⌊n,0⌋,n−1
i

118.(2,1)
= (gφn−1s

H,n−1
i )HNBn

32
= (gsG,n−1

i φn)HNBn
(1)
=

(
(gsG,n−1

i )GNBn
)
(φTrunc⌊n,0⌋)n

118.(2,1)
= g

(
sGTrunc⌊n,0⌋,k
i ▲ (φTrunc⌊n,0⌋)k+1

)
.

This shows (φTrunc⌊n,0⌋)k ▲ sH Trunc⌊n,0⌋,k
i = sGTrunc⌊n,0⌋,k

i ▲ (φTrunc⌊n,0⌋)k+1 .

So, by Lemma 73, φTrunc⌊n,0⌋ : GTrunc⌊n,0⌋ → H Trunc⌊n,0⌋ is an ⌊n, 0⌋-simplicial group
morphism.

Lemma 120 (The truncation functor Trunc⌊n,0⌋)

We have the truncation functor

Trunc⌊n,0⌋ : SimpGrp → ⌊n, 0⌋-SimpGrp(
G

φ−→H
)
7→

(
GTrunc⌊n,0⌋

φTrunc⌊n,0⌋

−−−−−−−→ H Trunc⌊n,0⌋
)
;

cf. Lemma 118.(3), 119.(2).

Proof. Suppose given G ∈ Ob
(
SimpGrp

)
.

We show that (idG) Trunc
⌊n,0⌋ !

= idGTrunc⌊n,0⌋ .

Suppose given k ∈ [0, n].

Case k ∈ [0, n− 1]. We have(
(idG) Trunc

⌊n,0⌋ )
k

119.(1)
= idGk

118.(2)
= id(GTrunc⌊n,0⌋)k

.

Case k = n. For g ∈ Gn , we have

(gGNBn)
(
(idG) Trunc

⌊n,0⌋ )
k

119.(1)
= (g idGn)GNBn = gGNBn = (gGNBn) idG/GNBn

118.(2)
= (gGNBn) id(GTrunc⌊n,0⌋)k

.

This shows
(
(idG) Trunc

⌊n,0⌋ )
k
= id(GTrunc⌊n,0⌋)k

.

So we have (idG) Trunc
⌊n,0⌋ = idGTrunc⌊n,0⌋ .
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Suppose given F
φ−→G

φ̃−→H in SimpGrp.

We show that (φ ▲ φ̃) Trunc⌊n,0⌋
!
= φTrunc⌊n,0⌋ ▲ φ̃Trunc⌊n,0⌋ .

Suppose given k ∈ [0, n].

Let φ̂ := φ ▲ φ̃ : F → H. Then note that we have φ̂k = φk ▲ φ̃k : Fk → Hk .

Case k ∈ [0, n− 1]. We have(
(φ ▲ φ̃) Trunc⌊n,0⌋

)
k
= (φ̂Trunc⌊n,0⌋)k

119.(1)
= φ̂k = φk ▲ φ̃k

119.(1)
= (φTrunc⌊n,0⌋)k ▲ (φ̃Trunc⌊n,0⌋)k

= (φTrunc⌊n,0⌋ ▲ φ̃Trunc⌊n,0⌋)k .

Case k = n. For x ∈ Fn , we have

(xFNBn)
(
(φ ▲ φ̃) Trunc⌊n,0⌋

)
k

= (xFNBn)(φ̂Trunc⌊n,0⌋)n
119.(1)
= (xφ̂n)HNBn

= (xφnφ̃n)HNBn
119.(1)
=

(
(xφn)GNBn

)
(φ̃Trunc⌊n,0⌋)n

119.(1)
= (xFNBn)

(
(φTrunc⌊n,0⌋)n ▲ (φ̃Trunc⌊n,0⌋)n

)
= (xFNBn)(φTrunc⌊n,0⌋ ▲ φ̃Trunc⌊n,0⌋)k .

This shows
(
(φ ▲ φ̃) Trunc⌊n,0⌋

)
k
= (φTrunc⌊n,0⌋ ▲ φ̃Trunc⌊n,0⌋)k .

So we have (φ ▲ φ̃) Trunc⌊n,0⌋ = φTrunc⌊n,0⌋ ▲ φ̃Trunc⌊n,0⌋ .

Lemma 121 (The Moore complex of GTrunc⌊n,0⌋)

Let n ∈ Z⩾1 . For a simplicial group G, we consider its Moore complex

GN =
(
. . .

∂G3−→GN2

∂G2−→GN1

∂G1−→GN0
!−→ 1

!−→ . . .
)
;

cf. Lemma 47.(2).

(1) Suppose given a simplicial group G; cf. Definition 30.

We consider the ⌊n, 0⌋-simplicial group GTrunc⌊n,0⌋; cf. Lemmas 120, 118.

Recall that

(GTrunc⌊n,0⌋)k =

{
Gn/GNBn for k = n

Gk for k ∈ [0, n− 1] .
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We consider its Moore complex (GTrunc⌊n,0⌋)N; cf. Lemma 77.(2).

We have

(GTrunc⌊n,0⌋)Nk =


GNn/GNBn for k = n

GNk for k ∈ [0, n− 1]

1 for k ∈ Z\[0, n] .

For k ∈ Z, we write ∂̄k := ∂GTrunc⌊n,0⌋

k .

Then we have

∂̄n : GNn/GNBn → GNn−1 , gGNBn 7→ (gGNBn)∂̄n = gdG,n0 .

Note that im ∂̄n = (GNn)d
G
0 = im ∂Gn .

For k ∈ [1, n− 1], we have

∂̄k = dG,k0

∣∣GNk−1

GNk
: GNk → GNk−1 , g 7→ g∂̄k = gdG,k0 .

Note that ∂̄k = ∂Gk for k ∈ [1, n− 1].

So, we have im ∂̄k = im ∂Gk for k ∈ [1, n].

Moreover, for k ∈ Z\[1, n], we have

∂̄k = ! : GNk 7→ GNk−1 , g 7→ 1 .

So we have

(GTrunc⌊n,0⌋)N = . . .
!−→ 1

!−→GNn/GNBn
∂̄n−→GNn−1

∂̄n−1−−−→ . . .
∂̄1−→GN0

!−→ 1
!−→ . . .

(2) Suppose given a simplicial group G; cf. Definition 30.

We have the morphism of complexes in groups

Gψ : GN→ (GTrunc⌊n,0⌋)N

that is given as follows.

For k = n, we have

(Gψ)n : GNn → (GTrunc⌊n,0⌋)Nn , g 7→ gGNBn .
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For k ∈ [0, n− 1], we have

(Gψ)k = idGNk
: GNk → GNk , g 7→ g .

Moreover, for k ∈ Z\[0, n], we have

(Gψ)k = ! : GNk → 1 , g 7→ 1 .

. . . GNn+1 GNn GNn−1 . . . GN0 1 . . .

. . . 1 GNn/GNBn GNn−1 . . . GN0 1 . . .

∂Gn+2 ∂Gn+1 ∂Gn ∂Gn−1 ∂G1 ! !

! ! ∂̄n ∂̄n−1 ∂̄1 ! !

! (Gψ)n idGNn−1 idGN0 !

(3) We consider the functors

N: SimpGrp → ComplexGrp ; cf. Lemma 48.(3)

Trunc⌊n,0⌋ : SimpGrp → ⌊n, 0⌋-SimpGrp ; cf. Lemma 120

N: ⌊n, 0⌋-SimpGrp → ComplexGrp ; cf. Lemma 78.(3) .

We have the transformation

ψ =
(
GN

Gψ−→ (GTrunc⌊n,0⌋)N
)
G∈Ob(SimpGrp) : N→ Trunc⌊n,0⌋ ∗N;

cf. (2).

(4) Suppose given a simplicial group G; cf. Definition 30.

Suppose that we have GNk = 1 for k ∈ Z⩾n+1 ; cf. Definition 46.(2).

In particular, we have GNBn = (GNn+1)d
G,n+1
0 = 1; cf. Definition 46.(4).

Then the morphism of complexes in groups Gψ given in (2) is an isomorphism.

. . . 1 GNn GNn−1 . . . GN0 1 . . .

. . . 1 GNn/1 GNn−1 . . . GN0 1 . . .

! ! ∂Gn ∂Gn−1 ∂G1 ! !

! ! ∂̄n ∂̄n−1 ∂̄1 ! !

! (Gψ)n≀ idGNn−1 idGN0 !
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(5) Suppose given a simplicial group G; cf. Definition 30.

We have ker ∂̄n = GNZn/GNBn as subgroups of GNn/GNBn .

(6) Suppose given a simplicial group G; cf. Definition 30.

Let k ∈ [0, n]. We have the group isomorphism (Gψ)Hk : GNHk
∼−→ (GTrunc⌊n,0⌋)NHk ;

cf. Lemma 11. So in particular, we have

(Gψ)Hk : Gπk
∼−→ (GTrunc⌊n,0⌋)πk ;

cf. Lemma 77.(2).

Proof. Ad (1). It suffices to show that (GTrunc⌊n,0⌋)Nn
!
= GNn/GNBn as subgroups of

Gn/GNBn .

Ad ⩽. Suppose given g ∈ Gn such that

gGNBn ∈ (GTrunc⌊n,0⌋)Nn =
⋂

i∈[1,n]

(GTrunc⌊n,0⌋)n,i ⩽ (GTrunc⌊n,0⌋)n = Gn/GNBn .

Then, for j ∈ [1, n], we have

1 = (gGNBn)d
GTrunc⌊n,0⌋,n
j

118.(2)
= gdG,nj .

So g ∈ GNn . This shows (GTrunc⌊n,0⌋)Nn ⩽ GNn/GNBn.

Ad ⩾. Suppose given g ∈ GNn . Then, for j ∈ [1, n], we have

1 = gdG,nj

118.(2)
= (gGNBn)d

GTrunc⌊n,0⌋,n
j .

So gGNBn ∈ (GTrunc⌊n,0⌋)Nn . This shows GNn/GNBn ⩽ (GTrunc)Nn .

Altogether, we have (GTrunc⌊n,0⌋)Nn = GNn/GNBn .

Ad (2). Suppose given k ∈ Z. We have to show that ∂Gk ▲ (Gψ)k−1
!
= (Gψ)k ▲ ∂̄k .

It suffices to consider k ∈ [1, n+ 1] .

Case k ∈ [1, n− 1]. For g ∈ GNk , we have

g
(
∂Gk ▲ (Gψ)k−1

)
= (gdG,k0 ) idGNk−1

= (g idGNk
)dG,k0 = g

(
(Gψ)k ▲ ∂̄k

)
.
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Case k = n. For g ∈ GNn , we have

g
(
∂Gn ▲ (Gψ)n−1

)
= (gdG,n0 ) idGNn−1 = gdG,n0

(1)
= (gGNBn)∂̄n = g

(
(Gψ)n ▲ ∂̄n

)
.

Case k = n+ 1. Suppose given g ∈ GNn+1 . Note that gdG,n+1
0 ∈ GNBn . We have

g
(
∂Gn+1 ▲ (Gψ)n

)
= (gdG,n+1

0 )GNBn = 1GNBn =
(
g(Gψ)n+1

)
! = g

(
(Gψ)n+1 ▲ ∂̄n+1

)
.

Ad (3). Suppose given a simplicial group morphism φ : G→ H.

We have to show that Gψ ▲ (φTrunc⌊n,0⌋)N
!
= φN ▲Hψ .

GN (GTrunc⌊n,0⌋)N

HN (H Trunc⌊n,0⌋)N

Gψ

φN

Hψ

(φTrunc⌊n,0⌋)N

Suppose given k ∈ Z . We have to show that (Gψ)k ▲ (ρTrunc⌊n,0⌋)Nk
!
= φNk ▲ (Hψ)k .

Case k ∈ [0, n− 1]. For g ∈ GNk , we have

g
(
(Gψ)k ▲ (φTrunc⌊n,0⌋)Nk

)
= (g idGNk

)
(
(φTrunc⌊n,0⌋)Nk

)
= gφk

=
(
g(φNk)

)
idHNk

= g
(
φNk ▲ (Hψ)k

)
.

Case k = n. For g ∈ GNn , we have

g
(
(Gψ)n ▲ (φTrunc⌊n,0⌋)Nn

)
= (gGNBn)

(
(φTrunc⌊n,0⌋)Nn

)
= (gφn)HNBn = (gφn)(Hψ)n

= g
(
φNn ▲ (Hψ)n

)
.

Case k ∈ Z\[0, n]. We have

(Gψ)k ▲ (φTrunc⌊n,0⌋)Nk = ! ▲ (φTrunc⌊n,0⌋)Nk = ! = φNk ▲ ! = φNk ▲ (Hψ)k .

Ad (4). For k ∈ [0, n− 1], note that we have

(Gψ)k = idGNk
: GNk → GNk .
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For k ∈ Z\[0, n] , note that we have

(Gψ)k = ! : 1→ 1 .

Moreover, note that

(Gψ)n : GNn → GNn/GNBn , g 7→ gGNBn

is a group isomorphism since we have GNBn = (GNn+1)d
G,n+1
0 = 1d

GNn+1

0 = 1.

This shows that Gψ is an isomorphism of complexes in groups.

Ad (5). Ad ⩽. Suppose given x ∈ GNn , such that xGNBn ∈ ker ∂̄n .

We have

1 = (xGNBn)∂̄n
(1)
= xdG,n0 = x∂Gn .

This shows that x ∈ GNZn .
So we have ker ∂̄n ⩽ GNZn/GNBn .

Ad ⩾. Suppose given y ∈ GNZn . In particular, we have y ∈ GNn .

We consider yGNBn ∈ GNZn/GNBn .
For i ∈ [1, n], we have

(yGNBn)d
GTrunc⌊n,0⌋,n
i

118.(2)
= ydG,ni = 1 .

This shows that yGNBn ∈ (GTrunc⌊n,0⌋)Nn .

Moreover, we have

(yGNBn)∂̄n
(1)
= ydG,n0 = y∂Gn = 1 .

This shows that yGNBn ∈ ker ∂̄n .

So we have GNZn/GNBn ⩽ ker ∂̄n .

Altogether, this shows that ker ∂̄n = GNZn/GNBn .

Ad (6). Case k ∈ [0, n− 1]. We have

(Gψ)Hk : ker ∂Gk / im ∂Gk+1 → ker ∂̄k/ im ∂̄k+1

g im ∂Gk+1 7→
(
g(Gψ)k

)
im ∂̄k+1

(2)
= g im ∂̄k+1

(1)
= g im ∂Gk+1 .

So (Gψ)Hk is an isomorphism for k ∈ [0, n− 1].

Case k = n. We have

(Gψ)Hn : ker ∂Gn / im ∂Gn+1 → ker ∂̄n/ im ∂̄n+1 , g im ∂Gn+1 7→
(
g(Gψ)n

)
im ∂̄n+1

(2)
= (gGNBn) im ∂̄n+1 .
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We show that (Gψ)Hn is injective.

Suppose given g ∈ ker ∂Gn such that (g im ∂Gn+1)
(
(Gψ)Hn

)
= 1.

I.e. we have that g(GNBn) im ∂̄n+1 = 1.

Note that we have ∂̄n+1 = ! : 1→ GNn/GNBn . So we have gGNBn = 1, i.e. we have

g ∈ GNBn = (GNn+1)d
G,n+1
0 = im ∂Gn .

This shows that g im ∂Gn+1 = 1 im ∂Gn+1 .

So (Gψ)Hn is injective.

We show that (Gψ)Hn is surjective.

Suppose given g ∈ GNn such that gGNBn ∈ ker ∂̄n
(5)
= GNZn/GNBn .

Then we have g ∈ GNZn = ker ∂Gn .

We consider the element (gGNBn) im ∂̄n+1 ∈ (GTrunc⌊n,0⌋)Hn .

We have
g im ∂Gn+1 ∈ GNZn/GNBn = GNHn

and
(g im ∂Gn+1)

(
(Gψ)Hn

)
=
(
g(Gψ)n

)
im ∂̄n+1 =

(
gGNBn

)
im ∂̄n+1 .

So (Gψ)Hn is surjective.

This shows that (Gψ)Hn is a group isomorphism.

6.2 The Conduché functor

Cond⌊n,0⌋ : ⌊n, 0⌋-SimpGrp → SimpGrp

Remark 122 Let n ∈ Z⩾1 .

Suppose given an ⌊n, 0⌋-coskeletal simplicial group G; cf. Definition 90.

Suppose given gn ∈ Gn .

For ℓ ∈ [0, n], we have gn s
G,n
ℓ ∈ GDn+1; cf. Lemma 113.

Proof. By Corollary 101, we have

Gn =
∏

k∈⌊r,1⌋

(GNn−|Ik|)sIk ,
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where r = 2n, where P
(
[0, n− 1]

)
= {I1 , I2 , . . ., Ir} and where I1 < I2 < . . . < Ir .

So we may write

gn =
∏

k∈⌊r,1⌋

xk sIk

where xk ∈ GNn−|Ik| .

We have
gn sℓ =

( ∏
k∈⌊r,1⌋

xk sIk

)
sℓ =

∏
k∈⌊r,1⌋

xk(sIk ▲ sℓ) .

Let k ∈ [1, r]. Note that {ℓ} ⊂ [n] since n ⩾ 1. Note that Ik ⊆ [n− 1] =
[
n− |{ℓ}|

]
.

Suppose given ℓ ∈ [0, n]. Then, by Corollary 39, we have

sIk ▲ sℓ = sIk ▲ s{ℓ} = s
Ikδ{ℓ}

•
∪{ℓ} : Gn−|Ik| → Gn+1 .

Let Jk := Ikδ{ℓ}
•

∪ {ℓ} ∈ P
(
[0, n]

)
. Note that we have Jk ̸= ∅ since ℓ ∈ Jk .

This shows that Jk ∈ P
(
[0, n]

)
\{∅} .

So we have
gn sℓ =

∏
k∈⌊r,1⌋

xk(sIk ▲ sℓ) =
∏

k∈⌊r,1⌋

xksJk ∈ GDn+1 .

Lemma 123 (The simplicial subgroup G∨)

Let n ∈ Z⩾1 . Suppose given an ⌊n, 0⌋-coskeletal simplicial group G; cf. Definition 90.

We consider the degenerate subgroup GDn+1 ⩽ Gn+1 from Lemma 113.

Suppose given k ∈ Z⩾0 . Let Ak :=
{
[n+ 1]

a−→ [k] : a is injective and monotone
}
.

We write

G∨
k :=

⋂
a∈Ak

G−1
a (GDn+1) ⩽ Gk .

So, if k ∈ [0, n], then we have Ak = ∅. Moreover, we have An+1 = {id[n+1]} .
So we have

G∨
k =


Gk if k ∈ [0, n]

GDn+1 if k = n+ 1

{g ∈ Gk : gGa ∈ GDn+1 for a ∈ Ak} if k ∈ Z⩾n+2 .
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We have that G∨ ⩽ G is a simplicial subgroup; cf. Definition 40, Lemma 41.(1).

Proof. Suppose given
(
[ℓ]

u−→ [k]
)
∈ Mor(∆). We have to show that (G∨

k )Gu

!

⩽ G∨
ℓ .

Suppose given g ∈ G∨
k . Suppose given b ∈ Aℓ . We have to show that (gGu)Gb

!
∈ GDn+1 .

We consider the monotone map
(
[n+ 1]

b▲u−−→ [k]
)
∈ Mor(∆).

Let m := | im(b ▲ u)| − 1. By Corollary 22.(1), we may write

b ▲ u = v̄ ▲ v̇ : [n+ 1]→ [k],

where v̄ : [n + 1] → [m] is monotone and surjective, and where v̇ : [m] → [k] is monotone
and injective. Note that m ∈ [0, n+ 1] since v̄ is surjective.

Case m = n+ 1. Then we have v̄ = id[n+1] .

So b ▲ u = id[n+1] ▲ v̇ = v̇ : [n+ 1]→ [k] is injective.

This shows that b ▲ u ∈ Ak . Therefore, we have

(gGu)Gb = gGb▲u ∈ (G∨
k )Gb▲u =

( ⋂
a∈Ak

G−1
a (GDn+1)

)
Gb▲u ⩽ GDn+1 .

Case m ∈ [0, n]. By Lemma 20.(2.1), we have

v̄ =
[n+1]∏[m]

r∈⌊n+1−m,1⌋

σm+r−1
ir

,

where I := {i1 , i2 , . . ., in+1−m} = {i ∈ [0, n] : iv̄ = (i+ 1)v̄}, and where 0 ⩽ i1 < i2 < . . . <
in+1−m ⩽ n.

Note that v̄ = σmI : [n+ 1]→ [m] ; cf. Definition 25.(2). So we have

Gv̄ = GσI

37.(2)
= sI : Gm → Gn+1 .

Note that I ̸= ∅ since m ⩽ n < n + 1 and that max I ∈ [0, n]. Let Ĩ := I\{max I} ⊂ I.

Then I = Ĩ
•

∪ {max I}.
We have

Gv̄ = sI = s
Ĩ
•
∪{max I} = sĨ ▲ smax I : Gm → Gn+1 .

Moreover, note that (gGv̇)sĨ ∈ Gn .
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Then we have

(gGu)Gb = gGb▲u = gGv̄ ▲ v̇ = (gGv̇)Gv̄ = (gGv̇)(sĨ ▲ smax I) =
(
(gGv̇)sĨ

)
smax I

122
∈ GDn+1 .

Altogether, this shows that (gGu)Gb ∈ GDn+1 .

So we have (G∨
k )Gu ⩽ G∨

ℓ .

This shows that G∨ ⩽ G is a simplicial subgroup; cf. Lemma 41.(1).

Lemma 124 (The simplicial group morphism φ∨)

Let n ∈ Z⩾1 . Suppose given ⌊n, 0⌋-coskeletal simplicial groups G, H; cf. Definition 90.

Suppose given a simplicial group morphism φ : G→ H.

We consider the simplicial subgroups G∨ ⩽ G and H∨ ⩽ H from Lemma 123.

Then we have the simplicial group morphism

φ∨ := φ
∣∣H∨

G∨ : G∨ → H∨ ,

where
φ∨
k =

(
φ
∣∣H∨

G∨

)
k
= φk

∣∣H∨
k

G∨
k

: G∨
k → H∨

k , g 7→ gφ∨
k = gφk ,

for k ∈ Z⩾0 ; cf. Remark 42.

Proof. By Remark 42, it suffices to show that (G∨
k )φk

!

⩽ H∨
k for k ∈ Z⩾0 .

Suppose given k ∈ Z⩾0 .

We show that (GNk)φk
!

⩽ HNk for k ∈ Z⩾0 .

Note that we have (GN0)φ0 = G0φ0 ⩽ H0 = HN0 .

Suppose that k ⩾ 1. Suppose given x ∈ GNk . For j ∈ [1, k], we have

(xφk)d
H,k
j = (xdG,kj )φk−1 = 1φk−1 = 1 .

This shows that xφk ∈ HNk . Cf. also Lemma 48.(1).

We show that (GDn+1)φn+1

!

⩽ HDn+1 .

Suppose given x ∈ GDn+1 . Then we may write

x =
∏
i∈⌊r,2⌋

xi sIi ,

187



CHAPTER 6. SIMPLICIAL GROUPS AND ⌊n, 0⌋-SIMPLICIAL GROUPS:

THE CONDUCHÉ FUNCTOR

where r = 2n+1, where P
(
[0, n]

)
= {I1 , I2 , . . ., Ir}, where I1 < I2 < . . . < Ir , and where

xi ∈ GNn+1−|Ii| for i ∈ [1, r]; cf. Lemma 113.

For i ∈ [1, r], recall that we have xi φn+1−|Ii| ∈ HNn+1−|Ii| .

We have

xφn+1 =
( ∏
i∈⌊r,2⌋

xi sIi

)
φn+1 =

∏
i∈⌊r,2⌋

xi(sIi ▲φn+1) =
∏
i∈⌊r,2⌋

xi(φn+1−|Ii| ▲ sIi)

=
∏
i∈⌊r,2⌋

(xi φn+1−|Ii|)sIi
113
∈ HDn+1 .

Suppose given gk ∈ G∨
k .

We show that (G∨
k )φk

!

⩽ H∨
k .

Suppose given a ∈ Ak =
{
[n+ 1]

u−→ [k] : u is injective and monotone
}
; cf. Lemma 123.

We have gkGa ∈ GDn+1 and so

(gk φk)Ha = (gkGa)φn+1 ∈ (GDn+1)φn+1 ⩽ HDn+1 .

This shows that gk φk ∈ H−1
a (HDn+1) .

So gk φk ∈ H∨
k . This shows that G∨

kφk ⩽ H∨
k .

Therefore, φ∨ : G∨ → H∨ is a simplicial group morphism.

Remark 125 (The simplicial group H Cond⌊n,0⌋)

Let n ∈ Z⩾1 .

(1) Suppose given an ⌊n, 0⌋-simplicial group H; cf. Definition 74.

We consider the ⌊n, 0⌋-coskeletal simplicial group H Cosk⌊n,0⌋; cf. Lemma 81.(1) and
Remark 91.

We consider the degenerate subgroup (H Cosk⌊n,0⌋)Dn+1 ⩽ (H Cosk⌊n,0⌋)n+1 ; cf. Lem-
ma 113.

We consider the simplicial subgroup (H Cosk⌊n,0⌋)∨ ⩽ H Cosk⌊n,0⌋; cf. Lemma 123.

We write

H Cond⌊n,0⌋ := (H Cosk⌊n,0⌋)∨ .
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So, for k ∈ Z⩾0 , we have

(H Cond⌊n,0⌋)k =
⋂

a∈∆([n+1],[k])
a is injective

(H Cosk⌊n,0⌋)−1
a

(
(H Cosk⌊n,0⌋)Dn+1

)

=


(H Cosk⌊n,0⌋)k if k ∈ [0, n]

(H Cosk⌊n,0⌋)Dn+1 if k = n+ 1⋂
a∈∆([n+1],[k])
a is injective

(H Cosk⌊n,0⌋)−1
a

(
(H Cosk⌊n,0⌋)Dn+1

)
if k ∈ Z⩾n+2 .

So, given [k]
u−→ [ℓ] in ∆, we have

(H Cond⌊n,0⌋)u : (H Cond⌊n,0⌋)ℓ → (H Cond⌊n,0⌋)k

(ha)a∈∆([n],[ℓ]) 7→ (hb▲u)b∈∆([n],[k]) .

In particular, for k ∈ Z⩾0 and i ∈ [0, k], we have

sH Cond⌊n,0⌋,k
i : (H Cond⌊n,0⌋)k → (H Cond⌊n,0⌋)k+1

(ha)a∈∆([n],[k]) 7→
(
(ha)a∈∆([n],[k])

)
sH Cond⌊n,0⌋,k
i = (hb▲σk

i
)b∈∆([n],[k+1]) .

For k ∈ Z⩾1 and j ∈ [0, k], we have

dH Cond⌊n,0⌋,k
j : (H Cond⌊n,0⌋)k → (H Cond⌊n,0⌋)k−1

(ha)a∈∆([n],[k]) 7→
(
(ha)a∈∆([n],[k])

)
dH Cond⌊n,0⌋,k
j = (hb▲δkj

)b∈∆([n],[k−1]) .

Cf. Lemmas 124, 81.(1).

(2) Suppose given ⌊n, 0⌋-simplicial groups G, H; cf. Definition 74.

Suppose given a simplicial group morphism φ : G→ H.

By (1), we have the simplicial groups

GCond⌊n,0⌋ = (GCosk⌊n,0⌋)∨ and H Cond⌊n,0⌋ = (H Cosk⌊n,0⌋)∨.

By Lemma 124, we have the simplicial group morphism

(φCosk⌊n,0⌋)∨ : (GCosk⌊n,0⌋)∨ → (H Cosk⌊n,0⌋)∨ .
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We write
φCond⌊n,0⌋ := (φCosk⌊n,0⌋)∨ : GCond⌊n,0⌋ → H Cond⌊n,0⌋ .

Suppose given k ∈ Z⩾0 and suppose given (ga)a∈∆([n],[k]) ∈ (GCond⌊n,0⌋)k .

Then we have(
(ga)a

)
(φCond⌊n,0⌋)k =

(
(ga)a

)
(φCosk⌊n,0⌋)∨k =

(
(ga)a

)
(φCosk⌊n,0⌋)k

82
= (gaφn)a .

So, for k ∈ Z⩾0 , we have

(φCond⌊n,0⌋)k : (GCond⌊n,0⌋)k → (H Cond⌊n,0⌋)k , (ga)a∈∆([n],[k]) 7→ (gaφn)a∈∆([n],[k]) .

Lemma 126 (The Conduché functor Cond⌊n,0⌋)

Let n ∈ Z⩾1 . We have the Conduché functor

Cond⌊n,0⌋ : ⌊n, 0⌋-SimpGrp → SimpGrp ,(
G

φ−→H
)
7→

(
GCond⌊n,0⌋ φCond⌊n,0⌋

−−−−−−→ H Cond⌊n,0⌋ ) ;
cf. Remark 125.(1, 2).

Proof. Suppose given G ∈ Ob
(
⌊n, 0⌋-SimpGrp

)
.

Let k ∈ Z⩾0 . Suppose given (ga)a∈∆([n],[k]) ∈ (GCond⌊n,0⌋)k .

We have

(ga)a∈∆([n],[k])

(
(idG) Cond

⌊n,0⌋ )
k
= (ga idGn)a∈∆([n],[k]) = (ga)a∈∆([n],[k]) .

This shows that
(
(idG) Cond

⌊n,0⌋ )
k
= id(GCond⌊n,0⌋)k

.

So we have (idG) Cond
⌊n,0⌋ = idGCond⌊n,0⌋ .

Suppose given G
φ−→ G̃

φ̃−→ ˜̃G in ⌊n, 0⌋-SimpGrp.

Let k ∈ Z⩾0 . Suppose given (ga)a∈∆([n],[k]) ∈ (GCond⌊n,0⌋)k .

We have

(ga)a∈∆([n],[k])

(
(φ ▲ φ̃) Cond⌊n,0⌋ )

k
=
(
ga(φn ▲ φ̃n)

)
a∈∆([n],[k])

=
(
(gaφn)φ̃n

)
a∈∆([n],[k])

= (gaφn)a∈∆([n],[k])(φ̃Cond⌊n,0⌋)k

= (ga)a∈∆([n],[k])

(
(φCond⌊n,0⌋)k ▲ (φ̃Cond⌊n,0⌋)k

)
.
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This shows that
(
(φ ▲ φ̃) Cond⌊n,0⌋ )

k
= (φCond⌊n,0⌋)k ▲ (φ̃Cond⌊n,0⌋)k .

So we have (φ ▲ φ̃) Cond⌊n,0⌋ = φCond⌊n,0⌋
▲ φ̃Cond⌊n,0⌋ .

Remark 127 Let n ∈ Z⩾1 . Suppose given an ⌊n, 0⌋-simplicial group H; cf. Definition 74.

We consider the functor Cond⌊n,0⌋ : ⌊n, 0⌋-SimpGrp → SimpGrp ; cf. Lemma 126.

For k ∈ Z⩾n+1 , we have

(H Cond⌊n,0⌋)Nk = 1 ;

cf. Definition 46.(2).

Proof. Suppose given k ∈ Z⩾n+1 .

Case k = n+ 1. Suppose given

x ∈ (H Cond⌊n,0⌋)Nn+1 ⩽ (H Cond⌊n,0⌋)n+1
125.(1)
= (H Cosk⌊n,0⌋)Dn+1 .

Then we have

x =
∏
i∈⌊r,2⌋

xi sIi =
( ∏
i∈⌊r,2⌋

xi sIi

)
· 1 ,

where r =
∣∣P([0, n])∣∣ = 2n+1 , where P([0, n]) =: {I1 , I2 , . . ., Ir} , where

∅ = I1 < . . . < Ir = [0, n] and where xi ∈ (H Cond⌊n,0⌋)Nn+1−|Ii| for i ∈ [2, r] and

1 ∈ (H Cond⌊n,0⌋)Nn+1 ; cf. Lemma 113.

Moreover, since x ∈ (H Cond⌊n,0⌋)Nn+1 , we have

x = 1 · x =
( ∏
i∈⌊r,2⌋

1sIi

)
· x .

Then, by Corollary 101, we have xi = 1 for i ∈ [2, r] and we have 1 = x .

This shows that (H Cond⌊n,0⌋)Nn+1 = 1.

Case k ⩾ n+ 2 . We have (H Cond⌊n,0⌋)k
125.(1)

⩽ (H Cosk⌊n,0⌋)k .

So (H Cond⌊n,0⌋)Nk ⩽ (H Cosk⌊n,0⌋)Nk
85
= 1 .

This shows that (H Cond⌊n,0⌋)Nk = 1 if k ⩾ 2.

191



CHAPTER 6. SIMPLICIAL GROUPS AND ⌊n, 0⌋-SIMPLICIAL GROUPS:

THE CONDUCHÉ FUNCTOR

6.3 The adjunction Trunc⌊n,0⌋ ⊣ Cond⌊n,0⌋

Lemma 128 Let n ∈ Z⩾1 .

Recall that we have ⌊n, 0⌋-SimpGrp ⊆ Pre-⌊n, 0⌋-SimpGrp; cf. Definition 74.

Let I : ⌊n, 0⌋-SimpGrp → Pre-⌊n, 0⌋-SimpGrp be the inclusion functor.

(1) We consider the functor Cut⌊n,0⌋ : SimpGrp → Pre-⌊n, 0⌋-SimpGrp; cf. Remark 79.

For a simplicial group G, recall that (GCut⌊n,0⌋)k = Gk for k ∈ [0, n].

We consider the functor Trunc⌊n,0⌋ : SimpGrp → ⌊n, 0⌋-SimpGrp; cf. Lemma 120.

For a simplicial group G, recall that

(GTrunc⌊n,0⌋)k =

{
Gk for k ∈ [0, n− 1]

Gn/GNBn for k = n ;

cf. Lemma 118.

We have the transformation

ρ =
(
GCut⌊n,0⌋

Gρ−→GTrunc⌊n,0⌋
)
G∈Ob(SimpGrp) : Cut⌊n,0⌋ → Trunc⌊n,0⌋ ∗ I ,

where the pre-⌊n, 0⌋-simplicial group morphism Gρ : GCut⌊n,0⌋ → GTrunc⌊n,0⌋ is given
as follows.

For k ∈ [0, n− 1], we have

(Gρ)k := idGk
: Gk → Gk .

Moreover, we have

(Gρ)n : Gn → Gn/GNBn , g 7→ gGNBn .

(2) We consider the functors

Cond⌊n,0⌋ : ⌊n, 0⌋-SimpGrp → SimpGrp and Cosk⌊n,0⌋ : Pre-⌊n, 0⌋-SimpGrp → SimpGrp;

cf. Lemmas 126, 82.

For an ⌊n, 0⌋-simplicial group H, recall that H Cond⌊n,0⌋ ⩽ H Cosk⌊n,0⌋ . Cf. Re-
mark 125.(1).
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We have the transformation

ι =
(
H Cond⌊n,0⌋ Hι−→H Cosk⌊n,0⌋

)
H∈Ob(⌊n,0⌋-SimpGrp) : Cond⌊n,0⌋ → I ∗ Cosk⌊n,0⌋ ,

where the simplicial group morphism Hι : H Cond⌊n,0⌋ → H Cosk⌊n,0⌋ is given as fol-
lows.

For k ∈ Z⩾0 , we have the embedding group morphism

(Hι)k : (H Cond⌊n,0⌋)k → (H Cosk⌊n,0⌋)k , (ha)a∈∆([n],[k]) 7→ (ha)a∈∆([n],[k]) ;

cf. Lemma 82.

Note that we have (Hι)k = id(H Cosk⌊n,0⌋)k
for k ∈ [0, n]; cf. Remark 125.

(3) Suppose given a simplicial group G and suppose given an ⌊n, 0⌋-simplicial group H; cf.
Definitions 30, 74.

Suppose given a simplicial group morphism c : G→ H Cosk⌊n,0⌋ .

Suppose that we have (Gn+1)cn+1 ⩽ (H Cosk⌊n,0⌋)Dn+1 ; cf. Lemmma 113.

Then we have the simplicial group morphism

c∨ := c
∣∣HCond⌊n,0⌋

: G→ H Cond⌊n,0⌋ ;

cf. Remark 42.

Moreover, we have c∨ ▲Hι = c : G→ H Cosk⌊n,0⌋ ; cf. (2).

(4) Suppose given a simplicial group G and suppose given an ⌊n, 0⌋-simplicial group H; cf.
Definitions 30, 74.

Suppose given a pre-⌊n, 0⌋-simplicial group morphism b : GCut⌊n,0⌋ → H.

Suppose that we have (GNBn)bn = 1.

Then we have the ⌊n, 0⌋-simplicial group morphism

b∧ : GTrunc⌊n,0⌋ → H ,

where
b∧k := bk : Gk → Hk

for k ∈ [0, n− 1], and where

b∧n : Gn/GNBn → Hn , gGNBn 7→ (gGNBn) b
∧
n := gbn .

Moreover, we have b = Gρ ▲ b∧ : GCut⌊n,0⌋ → H ; cf. (1).
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Proof. Ad (1). Suppose given a simplicial group G.

We use Lemma 73 to show that Gρ =
(
(Gρ)k

)
k∈[0,n] is a pre-⌊n, 0⌋-simplicial group mor-

phism.

It suffices to show that

(Gρ)n ▲ dGTrunc⌊n,0⌋,n
j

!
= dGCut⌊n,0⌋,n

j ▲ (Gρ)n−1

for j ∈ [0, n], and that

(Gρ)n−1 ▲ sGTrunc⌊n,0⌋,n−1
i

!
= sGCut⌊n,0⌋,n−1

i ▲ (Gρ)n

for i ∈ [0, n− 1].

Suppose given j ∈ [0, n]. For g ∈ Gn , we have

g
(
(Gρ)n ▲ dGTrunc⌊n,0⌋,n

j

)
= (gGNBn)d

GTrunc⌊n,0⌋,n
j

118
= gdG,nj = (gdGCut⌊n,0⌋,n

j ) idGn−1

= g
(
dGCut⌊n,0⌋,n
j ▲ (Gρ)n−1

)
.

This shows that (Gρ)n ▲ dGTrunc⌊n,0⌋,n
j = dGCut⌊n,0⌋,n

j ▲ (Gρ)n−1 .

Suppose given i ∈ [0, n− 1]. For g ∈ Gn , we have

g
(
(Gρ)n−1 ▲ sGTrunc⌊n,0⌋,n−1

i

)
= (g(idGn−1)s

GTrunc⌊n,0⌋,n−1
i )

118
= (gsG,n−1

i )GNBn = (gsGCut⌊n,0⌋,n−1
i )ρn

= g
(
sGCut⌊n,0⌋,n−1
i ▲ (Gρ)n

)
.

This shows that (Gρ)n−1 ▲ sGTrunc⌊n,0⌋,n−1
i = sGCut⌊n,0⌋,n−1

i ▲ (Gρ)n .

So, by Lemma 73, Gρ is a pre-⌊n, 0⌋-simplicial group morphism.

We show that ρ is a transformation.

Suppose given a simplicial group morphism φ : G→ G̃.

We have to show that Gρ ▲φTrunc⌊n,0⌋
!
= φCut⌊n,0⌋ ▲ G̃ρ .

GCut⌊n,0⌋ GTrunc⌊n,0⌋

G̃Cut⌊n,0⌋ G̃Trunc⌊n,0⌋

Gρ

φCut⌊n,0⌋

G̃ρ

φTrunc⌊n,0⌋
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Suppose given k ∈ [0, n].

Case k ∈ [0, n− 1]. For g ∈ (GCut⌊n,0⌋)k = Gk , we have

g
(
(Gρ)k ▲ (φTrunc⌊n,0⌋)k

)
= g(φTrunc⌊n,0⌋)k

119
= gφk = (gφk)(G̃ρ)k = g

(
(φCut⌊n,0⌋)k ▲ (G̃ρ)k

)
.

Case k = n. For g ∈ (GCut⌊n,0⌋)n = Gn , we have

g
(
(Gρ)n ▲ (φTrunc⌊n,0⌋)n

)
= (gGNBn)(φTrunc⌊n,0⌋)n

119
= (gφn)G̃NBn = (gφn)(G̃ρ)n

= g
(
(φCut⌊n,0⌋)n ▲ (G̃ρ)n

)
.

This shows that Gρ ▲φTrunc⌊n,0⌋ = φCut⌊n,0⌋ ▲ G̃ρ .

So ρ is a transformation.

Ad (2). We show that ι is a transformation.

Suppose given an ⌊n, 0⌋-simplicial group morphism ψ : H → H̃.

We have to show that Hι ▲ψCosk⌊n,0⌋
!
= ψCond⌊n,0⌋

▲ H̃ι .

H Cond⌊n,0⌋ H Cosk⌊n,0⌋

H̃ Cond⌊n,0⌋ H̃ Cosk⌊n,0⌋

Hι

ψCond⌊n,0⌋

H̃ι

ψCosk⌊n,0⌋

Suppose given (ha)a∈∆([n],[k]) ∈ (H Cond⌊n,0⌋)k . We have

(ha)a
(
(Hι)k ▲ (ψCosk⌊n,0⌋)k

)
= (ha)a (ψCosk⌊n,0⌋)k

125.(2)
= (ha)a (ψCond⌊n,0⌋)k

= (ha)a
(
(ψCond⌊n,0⌋)k ▲ (H̃ι)k

)
.

This shows that Hι ▲ψCosk⌊n,0⌋ = ψCond⌊n,0⌋
▲ H̃ι.

So ι is a transformation.

Ad (3). By Remark 42, it suffices to show that (Gk)ck
!

⩽ (H Cond⌊n,0⌋)k for k ∈ Z⩾0 .

Let k ∈ Z⩾0 . For a monotone injective map a : [n+ 1]→ [k], we have

(Gk ck)(H Cosk⌊n,0⌋)a = (GkGa)cn+1 ⩽ (Gn+1)cn+1 ⩽ (H Cosk⌊n,0⌋)Dn+1 .
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This shows that (Gk)ck ⩽ (H Cond⌊n,0⌋)k ; cf. Remark 125.

Then, by Remark 42, we have the simplicial group morphism

c∨ = c
∣∣HCond⌊n,0⌋

: G→ H Cond⌊n,0⌋ .

Let k ∈ Z⩾0 . For g ∈ Gk , we have

g(c∨ ▲Hι)k = g
(
c∨k ▲ (Hι)k

)
= (gck)(Hι)k = gck .

This shows that (c∨ ▲Hι)k = ck .

So we have c∨ ▲Hι = c.

Ad (4). The group morphism b∧n : Gn/GNBn → Hn , (gbn)GNBn 7→ gbn is well-defined since
we have (GNBn)bn = 1 .

We use Lemma 73 to show that b∧ = (b∧k )k∈[0,n] is an ⌊n, 0⌋-simplicial group morphism.

It suffices to shows that

b∧n ▲ dH,nj
!
= dGTrunc⌊n,0⌋,n

j ▲ b∧n−1

for j ∈ [0, n], and that

b∧n−1 ▲ sH,n−1
i

!
= sGTrunc⌊n,0⌋,n−1

i ▲ b∧n

for i ∈ [0, n− 1].

Suppose given j ∈ [0, n]. For gGNBn ∈ Gn/GNBn , we have

gGNBn(b
∧
n ▲ dH,nj ) = (gbn)d

H,n
j = (gdGCut⌊n,0⌋,n

j )bn−1 = (gdG,nj )bn−1

118
=

(
(gGNBn)d

GTrunc⌊n,0⌋,n
j

)
bn−1 = gGNBn(d

GTrunc⌊n,0⌋,n
j ▲ b∧n−1) .

This shows that b∧n ▲ dH,nj = dGTrunc⌊n,0⌋,n
j ▲ b∧n−1 .

Suppose given i ∈ [0, n− 1]. For g ∈ Gn−1 , we have

g(b∧n−1 ▲ sH,n−1
i ) = (gbn−1)s

H,n−1
i = (gsGCut⌊n,0⌋,n−1

i )bn = (gsG,n−1
i )bn =

(
(gsG,n−1

i )GNBn
)
b∧n

118
= g(sGTrunc⌊n,0⌋,n−1

i ▲ b∧n) .

This shows that b∧n−1 ▲ sH,n−1
i = sGTrunc⌊n,0⌋,n−1

i ▲ b∧n .

Then, by Lemma 73, b∧ : GTrunc⌊n,0⌋ → H is an ⌊n, 0⌋-simplicial group morphism.
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Let k ∈ [0, n− 1]. For g ∈ Gk , we have

g(Gρ ▲ b∧)k = g
(
(Gρ)k ▲ b∧k

)
= (g idGk

)bk = gbk .

Let k = n. For g ∈ Gn , we have

g(Gρ ▲ b∧)n = g
(
(Gρ)n ▲ b∧n

)
= (gGNBn)b

∧
n = gbn .

This shows that (Gρ ▲ b∧)k = bk for k ∈ [0, n].

So we have Gρ ▲ b∧ = b.

Lemma 129 Suppose given G ∈ Ob
(
SimpGrp

)
and suppose given H ∈ Ob

(
⌊n, 0⌋-SimpGrp

)
.

We consider the following functors.

Cut⌊n,0⌋ : SimpGrp → Pre-⌊n, 0⌋-SimpGrp; cf. Remark 79

Cosk⌊n,0⌋ : Pre-⌊n, 0⌋-SimpGrp → SimpGrp; cf. Lemma 82

Trunc⌊n,0⌋ : SimpGrp → ⌊n, 0⌋-SimpGrp; cf. Lemma 120

Cond⌊n,0⌋ : ⌊n, 0⌋-SimpGrp → SimpGrp; cf. Lemma 126

SimpGrp Pre-⌊n, 0⌋-SimpGrp

⌊n, 0⌋-SimpGrp

Cut⌊n,0⌋

Cosk⌊n,0⌋

Trunc⌊n,0⌋ Cond⌊n,0⌋

We consider the adjunction bijection concerning Cut⌊n,0⌋ ⊣ Cosk⌊n,0⌋ from Remark 89

αG,H : Pre-⌊n,0⌋-SimpGrp
(
GCut⌊n,0⌋, H

) ∼↔ SimpGrp
(
G, H Cosk⌊n,0⌋

)(
GCut⌊n,0⌋

φ−→ H
)
7→

(
G

Gε▲φCosk⌊n,0⌋

−−−−−−−−→ H Cosk⌊n,0⌋
)(

GCut⌊n,0⌋
ψCut⌊n,0⌋

▲Hη−−−−−−−−→ H
)
←[

(
G

ψ−→ H Cosk⌊n,0⌋
)
.

We consider the pre-⌊n, 0⌋-simplicial group morphism Gρ : GCut⌊n,0⌋ → GTrunc⌊n,0⌋ ; cf.
Lemma 128.(1).

197



CHAPTER 6. SIMPLICIAL GROUPS AND ⌊n, 0⌋-SIMPLICIAL GROUPS:

THE CONDUCHÉ FUNCTOR

We consider the simplicial group morphism Hι : H Cond⌊n,0⌋ → H Cosk⌊n,0⌋ ; cf. Lemma 128.(2).

We have have the bijection

βG,H : ⌊n,0⌋-SimpGrp
(
GTrunc⌊n,0⌋, H

) ∼→ SimpGrp
(
G, H Cond⌊n,0⌋ )

given as follows.

For an ⌊n, 0⌋-simplicial group morphism φ : GTrunc⌊n,0⌋ → H, we have the simplicial group
morphism

φβG,H :=
(
(Gρ ▲ φ)αG,H

)∣∣HCond⌊n,0⌋
: G→ H Cond⌊n,0⌋ ,

where, for k ∈ Z⩾0 , we have

(φβG,H)k : Gk → (H Cond⌊n,0⌋)k

g 7→ g(φβG,H)k = g
(
(Gρ ▲ φ)αG,H

)
k
= g
(
(Gε)k ▲

(
(Gρ ▲ φ) Cosk⌊n,0⌋

)
k

)
.

For a simplicial group morphism ψ : G → H Cond⌊n,0⌋ , we have the ⌊n, 0⌋-simplicial group
morphism

ψβ−
G,H : GTrunc⌊n,0⌋ → H ,

where, for k ∈ [0, n− 1], we have

(ψβ−
G,H)k :=

(
(ψ ▲Hι)α−

G,H

)
k
: Gk → Hk , g 7→ g

(
(ψ ▲Hι)α−

G,H

)
k
= g
(
(ψ ▲Hι) Cut⌊n,0⌋ ▲ (Hη)

)
k

and where

(ψβ−
G,H)n : Gn/GNBn → Hn

gGNBn 7→ (gGNBn)(ψβ
−
G,H)n := g

(
(ψ ▲Hι)α−

G,H

)
n

= g
(
(ψ ▲Hι) Cut⌊n,0⌋ ▲ (Hη)

)
n
.

Moreover, the following diagram is commutative.

Pre-⌊n,0⌋-SimpGrp
(
GCut⌊n,0⌋, H

)
SimpGrp

(
G, H Cosk⌊n,0⌋

)

⌊n,0⌋-SimpGrp
(
GTrunc⌊n,0⌋, H

)
SimpGrp

(
G, H Cond⌊n,0⌋ )

αG,H
∼

Gρ ▲ (−) (−) ▲Hι

∼
βG,H
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So, for an ⌊n, 0⌋-simplicial group morphism φ : GTrunc⌊n,0⌋ → H, we have

φβG,H ▲Hι = (Gρ ▲ φ)αG,H .

For a simplicial group morphism ψ : G→ H Cond⌊n,0⌋ , we have

Gρ ▲ ψβ−
G,H = (ψ ▲Hι)α−

G,H .

Proof. We construct the map βG,H .

We consider the map

β̃G,H : ⌊n,0⌋-SimpGrp
(
GTrunc⌊n,0⌋, H

)
→ SimpGrp

(
G, H Cosk⌊n,0⌋

)(
GTrunc⌊n,0⌋

φ−→ H
)
7→ φβ̃G,H :=

(
G

(Gρ▲φ)αG,H−−−−−−−→ H Cosk⌊n,0⌋
)
.

Suppose given
(
GTrunc⌊n,0⌋

φ−→ H
)
∈ ⌊n,0⌋-SimpGrp

(
GTrunc⌊n,0⌋, H

)
.

We show that (Gn+1)(φβ̃G,H)n+1

!

⩽ (H Cosk⌊n,0⌋)Dn+1 ; cf. Lemma 113.

We consider the simplicial group morphism φβ̃G,H = (Gρ ▲φ)αG,H : G→ H Cosk⌊n,0⌋ .

By Remark 117, we have

πGn+1 ▲ (φβ̃G,H)Nn+1 = (φβ̃G,H)n+1 ▲ πH Cosk⌊n,0⌋

n+1 : Gn+1 → (H Cosk⌊n,0⌋)Nn+1 .

Moreover, we have

∂Gn+1 ▲ (φβ̃G,H)Nn = (φβ̃G,H)Nn+1 ▲ ∂H Cosk⌊n,0⌋

n+1 : GNn+1 → (H Cosk⌊n,0⌋)Nn ,

and we have

ιGNn,Gn ▲ (φβ̃G,H)n = (φβ̃G,H)Nn ▲ ι(HCosk⌊n,0⌋)Nn,(HCosk⌊n,0⌋)n
: GNn → (H Cosk⌊n,0⌋)n .

Suppose given g ∈ Gn . Note that for a : [n]→ [n] in ∆, we have

Ga ▲ (Gρ)n ▲φn = (Gρ)n ▲ (GTrunc⌊n,0⌋)a ▲φn = (Gρ)n ▲φn ▲Ha .

So we have

g
(
(φβ̃G,H)n ▲ (Hη)n

)
= g

(
(Gε)n ▲

(
(Gρ ▲φ) Cosk⌊n,0⌋

)
n

▲ (Hη)n

)
87.(2)
=

(
(gGa)a∈∆([n],[n])

)((
(Gρ ▲φ) Cosk⌊n,0⌋

)
n

▲ (Hη)n

)
82
=

(
gGa

(
(Gρ)n ▲φn

))
a∈∆([n],[n])

)
(Hη)n

=
((
g((Gρ)n ▲φn)Ha

)
a∈∆([n],[n])

)
(Hη)n

86.(3)
= g

(
(Gρ)n ▲φn

)
.
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This shows that
(φβ̃G,H)n ▲ (Hη)n = (Gρ)n ▲φn .

We write

π′
n+1 := πH Cosk⌊n,0⌋

n+1 : (H Cosk⌊n,0⌋)n+1 → (H Cosk⌊n,0⌋)Nn+1

∂,
′

n+1 := ∂H Cosk⌊n,0⌋

n+1 : (H Cosk⌊n,0⌋)Nn+1 → (H Cosk⌊n,0⌋)Nn

ι′ := ι(HCosk⌊n,0⌋)Nn,(HCosk⌊n,0⌋)n
: (H Cosk⌊n,0⌋)Nn → (H Cosk⌊n,0⌋)n .

Then we have the following commutative diagram.

Gn+1 GNn+1 GNn Gn Hn

(H Cosk⌊n,0⌋)n+1 (H Cosk⌊n,0⌋)Nn+1 (H Cosk⌊n,0⌋)Nn (H Cosk⌊n,0⌋)n

πG
n+1 ∂Gn+1 ιGNn ,Gn (Gρ)n ▲φn

(φβ̃G,H)n+1 (φβ̃G,H)Nn+1 (φβ̃G,H)Nn (φβ̃G,H)n
(Hη)n

∼

π′
n+1 ∂

′
n+1

ι′

Note that πGn+1 and π′
n+1 are just maps; cf. Corollary 101.(3).

Suppose given x ∈ Gn+1 .

Note that we have xπGn+1 ∈ GNn+1 . So we have xπGn+1d
G,n+1
0 ∈ GNBn .

So we have
(xπGn+1d

G,n+1
0 )(Gρ)n = (xπGn+1d

G,n+1
0 )GNBn = 1GNBn .

We have (
x(φβ̃G,H)n+1

)
πH Cosk⌊n,0⌋

n+1 dH Cosk⌊n,0⌋,n+1
0

=
(
x(φβ̃G,H)n+1

)
(π′

n+1 ▲ ∂
′

n+1 ▲ ι′ )

=x
(
(φβ̃G,H)n+1 ▲ π′

n+1 ▲ ∂
′

n+1 ▲ ι′
)

=x
(
πGn+1 ▲ ∂Gn+1 ▲ ιGNn,Gn ▲

(
(Gρ)n ▲φn

)
▲ (Hη)−n

)
=(xπGn+1d

G,n+1
0 )(Gρ)n

(
φn ▲ (Hη)−n

)
=1GNBn

(
φn ▲ (Hη)−n

)
=1 .

Recall that H Cosk⌊n,0⌋ is ⌊n, 0⌋-coskeletal; cf. Remark 91.
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Then, by Lemma 116.(3), we have x(φβ̃G,H)n+1 ∈ (H Cosk⌊n,0⌋)Dn+1 .

This shows that (Gn+1)(φβ̃G,H)n+1 ⩽ (H Cosk⌊n,0⌋)Dn+1 .

So, by Lemma 128.(3), we have the simplicial group morphism

(φβ̃G,H)
∨ = (φβ̃G,H)

∣∣HCond⌊n,0⌋
: G→ H Cond⌊n,0⌋ ,

where
(φβ̃G,H)

∨
▲Hι = φβ̃G,H : G→ H Cosk⌊n,0⌋ .

We obtain the well-defined map

βG,H : ⌊n,0⌋-SimpGrp
(
GTrunc⌊n,0⌋, H

)
→ SimpGrp

(
G, H Cond⌊n,0⌋ ) , φ 7→ φβG,H = (φβ̃G,H)

∨ .

Then we have

φβG,H = (φβ)
∣∣H Cond⌊n,0⌋

=
(
(Gρ ▲φ)αG,H

)∣∣H Cond⌊n,0⌋

and
φβG,H ▲Hι = φβ̃G,H = (Gρ ▲φ)αG,H .

We construct the map β−
G,H .

We consider the map

β̃#
G,H : SimpGrp

(
G, H Cond⌊n,0⌋ ) → Pre-⌊n,0⌋-SimpGrp

(
GCut⌊n,0⌋, H

)
(
G

ψ−→ H Cond⌊n,0⌋ ) 7→ ψβ̃#
G,H :=

(
GCut⌊n,0⌋

(ψ ▲Hι)α−
G,H−−−−−−−→ H

)
.

Suppose given
(
G

ψ−→ H Cond⌊n,0⌋ ) ∈ SimpGrp
(
G, H Cond⌊n,0⌋ ) .

We show that (GNBn)(ψβ̃
#
G,H)n

!
= 1.

Suppose given x ∈ GNBn . Then we have x = ydG,n+1
0 for some chosen y ∈ GNn+1 .

Note that yψn+1 ∈ (H Cond⌊n,0⌋)Nn+1
127
= 1 .

So we have

x(ψβ̃#
G,H)n = (yd0)

(
(ψ ▲Hι) Cut⌊n,0⌋ ▲Hη

)
n
= (yd0)ψn (Hη)n = (yψn+1)d0 (Hη)n

= 1d0 (Hη)n = 1 .

This shows that (GNBn)(ψβ̃
#
G,H)n = 1.
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So, by Lemma 128.(4), we have the ⌊n, 0⌋-simplicial group morphism

(ψβ̃#
G,H)

∧ : GTrunc⌊n,0⌋ → H ,

where, for k ∈ [0, n− 1], we have

(ψβ̃#
G,H)

∧
k := (ψβ̃#

G,H)k : Gk → Hk , g 7→ g(ψβ̃#
G,H)

∧
k = g(ψβ̃#

G,H)k

and where

(ψβ̃#
G,H)

∧
n : Gn/GNBn → Hn , gGNBn 7→ (gGNBn)(ψβ̃

#
G,H)

∧
n := g(ψβ̃#

G,H)n .

Moreover, we have
ψβ̃#

G,H = Gρ ▲ (ψβ̃#
G,H)

∧ : GCut⌊n,0⌋ → H .

Let

β#
G,H : SimpGrp

(
G, H Cond⌊n,0⌋ )→ ⌊n,0⌋-SimpGrp

(
GTrunc⌊n,0⌋ , H

)
, ψ 7→ ψβ#

G,H := (ψβ̃#
G,H)

∧ .

Then we have
(ψ ▲Hι)α−

G,H = ψβ̃#
G,H = Gρ ▲ (ψβ̃#

G,H)
∧ = Gρ ▲ψβ#

G,H .

We want to show that β#
G,H is the inverse bijection of βG,H .

We show that βG,H ▲ β#
G,H

!
= id.

Suppose given an ⌊n, 0⌋-simplicial group morphism φ : GTrunc⌊n,0⌋ → H .

We have to show that φ(βG,H ▲ β#
G,H)

!
= φ .

If suffices to show that Gρ ▲

(
φ(βG,H ▲ β#

G,H)
) !
= Gρ ▲φ.

We have

Gρ ▲

(
φ(βG,H ▲ β#

G,H)
)
= Gρ ▲ (φβG,H)β

#
G,H = (φβG,H ▲Hι)α−

G,H =
(
(Gρ ▲φ)αG,H

)
α−
G,H = Gρ ▲φ .

So we have φ(βG,H ▲ β#
G,H) = φ.

This shows that βG,H ▲ β#
G,H = id.

We show that β#
G,H ▲ βG,H

!
= id.

Suppose given a simplicial group morphism ψ : G→ H Cond⌊n,0⌋ .
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We have to show that ψ(β#
G,H ▲ βG,H)

!
= ψ .

If suffices to show that
(
ψ(β#

G,H ▲ βG,H)
)

▲Hι
!
= ψ ▲Hι.

We have(
ψ(β#

G,H ▲ βG,H)
)

▲Hι = (ψβ#
G,H)βG,H ▲Hι = (Gρ ▲ψβ#

G,H)αG,H =
(
(ψ ▲Hι)α−

G,H

)
αG,H = ψ ▲Hι .

So we have ψ(β#
G,H ▲ βG,H) = ψ.

This shows that β#
G,H ▲ βG,H = id.

Altogether, this shows that βG,H is a bijection, where β−
G,H = β#

G,H .

Theorem 130 We have the isotransformation

β = (βG,H)(G,H)∈Ob(SimpGrpop×⌊n,0⌋-SimpGrp) :

⌊n,0⌋-SimpGrp
(
(−) Trunc⌊n,0⌋, =

) ∼−→ SimpGrp
(
−, (=)Cond⌊n,0⌋ ) ;

cf. Lemma 129.

In particular, we have Trunc⌊n,0⌋ ⊣ Cond⌊n,0⌋ ; cf. §1.1.3 item 10 and Remark 13.

SimpGrp ⌊n, 0⌋-SimpGrp
Trunc⌊n,0⌋

⊢

Cond⌊n,0⌋

Proof. Suppose given
(
G

u←− G̃
)
in SimpGrp and

(
H

v−→ H̃
)
in ⌊n, 0⌋-SimpGrp.

We have to show that the following diagram is commutative.

⌊n,0⌋-SimpGrp
(
GTrunc⌊n,0⌋, H

)
SimpGrp

(
G, H Cond⌊n,0⌋ )

⌊n,0⌋-SimpGrp
(
G̃Trunc⌊n,0⌋, H̃

)
SimpGrp

(
G̃, H̃ Cond⌊n,0⌋ )

βG,H
∼

uTrunc⌊n,0⌋ ▲ (−) ▲ v u ▲ (−) ▲ vCond⌊n,0⌋

∼
βG̃,H̃

Suppose given
(
GTrunc⌊n,0⌋

φ−→H
)
∈ ⌊n,0⌋-SimpGrp

(
GTrunc⌊n,0⌋, H

)
.

We have to show that (uTrunc⌊n,0⌋ ▲φ ▲ v)βG̃,H̃
!
= u ▲φβG,H ▲ vCond⌊n,0⌋ .
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Let k ∈ Z⩾0 . Suppose given g̃ ∈ G̃k .

We have

g̃
(
(uTrunc⌊n,0⌋ ▲φ ▲ v)βG̃,H̃

)
k

129
= g̃

(
G̃ε ▲ (G̃ρ ▲ uTrunc⌊n,0⌋ ▲φ ▲ v) Cosk⌊n,0⌋

)
k

=
(
g̃(G̃ε)k

)(
(G̃ρ ▲ uTrunc⌊n,0⌋ ▲φ ▲ v) Cosk⌊n,0⌋

)
k

87.(1)
= (g̃G̃a)a∈∆([n],[k])

(
(G̃ρ ▲ uTrunc⌊n,0⌋ ▲φ ▲ v) Cosk⌊n,0⌋

)
k

82
=

(
g̃G̃a

(
(G̃ρ)n ▲ (uTrunc)n ▲φn ▲ vn

))
a∈∆([n],[k])

128.(1)
=

(
(g̃G̃a)G̃NBn

(
(uTrunc)n ▲φn ▲ vn

))
a∈∆([n],[k])

119
=

(
(g̃G̃aun)GNBn (φn ▲ vn)

)
a∈∆([n],[k])

=
((

(g̃G̃aun)GNBn
)
φnvn

)
a∈∆([n],[k])

.

Moreover, we have

g̃(u ▲φβG,H ▲ vCond⌊n,0⌋)k = g̃
(
uk ▲ (φβG,H)k ▲ (vCond⌊n,0⌋)k

)
129
= g̃uk

(
(Gε)k ▲

(
(Gρ ▲φ) Cosk⌊n,0⌋

)
k

▲ (vCond⌊n,0⌋)k

)
87.(1)
= (g̃ukGa)a∈∆([n],[k])

((
(Gρ ▲φ) Cosk⌊n,0⌋

)
k

▲ (vCond⌊n,0⌋)k

)
82
=

(
g̃ukGa

(
(Gρ)n ▲φn

))
a∈∆([n],[k])

(vCond⌊n,0⌋)k

125.(2)
=

(
g̃ukGa

(
(Gρ)n ▲φn

)
vn

)
a∈∆([n],[k])

128.(1)
=

((
(g̃ukGa)GNBn

)
φnvn

)
a∈∆([n],[k])

=
((

(g̃G̃aun)GNBn
)
φnvn

)
a∈∆([n],[k])

.

This shows that
(
(uTrunc⌊n,0⌋ ▲φ ▲ v)βG̃,H̃

)
k
= (u ▲φβG,H ▲ vCond⌊n,0⌋)k .

So we have (uTrunc⌊n,0⌋ ▲φ ▲ v)βG̃,H̃ = u ▲φβG,H ▲ vCond⌊n,0⌋ .

The claim can also be shown using the isotransformation α.
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Lemma 131 (The counit η̂)

Let n ∈ Z⩾1 .

(1) Suppose given an ⌊n, 0⌋-simplicial group H; cf. Definition 74.

We consider the pre-⌊n, 0⌋-simplicial group morphisms

(H Cond⌊n,0⌋)ρ : H Cond⌊n,0⌋Cut⌊n,0⌋ → H Cond⌊n,0⌋Trunc⌊n,0⌋

and
(Hι) Cut⌊n,0⌋ : H Cond⌊n,0⌋ Cut⌊n,0⌋ → H Cosk⌊n,0⌋ Cut⌊n,0⌋ ;

cf. Lemma 128.(1, 2).

We consider the isomorphism of pre-⌊n, 0⌋-simplicial groups

Hη : H Cosk⌊n,0⌋Cut⌊n,0⌋ → H ;

cf. Lemma 86.

We have that (H Cond⌊n,0⌋)ρ and (Hι) Cut⌊n,0⌋ are isomorphisms of pre-⌊n, 0⌋-simplicial
groups.

So we have the isomorphism of ⌊n, 0⌋-simplicial groups(
(H Cond⌊n,0⌋)ρ

)−
▲ (Hι) Cut⌊n,0⌋ ▲Hη : H Cond⌊n,0⌋Trunc⌊n,0⌋ → H ;

cf. Definition 74.

(2) A counit η̂ of the adjunction Trunc⌊n,0⌋ ⊣ Cond⌊n,0⌋ is given by

η̂ =
(
H Cond⌊n,0⌋Trunc⌊n,0⌋

Hη̂−−→ H
)
H∈Ob(⌊n,0⌋-SimpGrp) : Cond⌊n,0⌋ ∗Trunc⌊n,0⌋ → id⌊n,0⌋-SimpGrp ,

where

Hη̂ =
(
(H Cond⌊n,0⌋)ρ

)−
▲ (Hι) Cut⌊n,0⌋ ▲Hη : H Cond⌊n,0⌋ Trunc⌊n,0⌋ → H

for H ∈ Ob
(
⌊n, 0⌋-SimpGrp

)
; cf. (1).

The counit η̂ is an isotransformation.

H Cond⌊n,0⌋ Trunc⌊n,0⌋ H

H Cond⌊n,0⌋Cut⌊n,0⌋ H Cosk⌊n,0⌋Cut⌊n,0⌋

Hη̂

∼

(H Cond⌊n,0⌋)ρ ≀ Hη≀

(Hι) Cut⌊n,0⌋
∼
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Proof. Ad (1). We show that (H Cond⌊n,0⌋)ρ is an isomorphism of pre-⌊n, 0⌋-simplicial
groups. Cf. Lemma 128.(1).

For k ∈ [0, n− 1], recall that we have
(
(H Cond⌊n,0⌋)ρ

)
k
= id(H Cond⌊n,0⌋)k

.

So it remains to show that(
(H Cond⌊n,0⌋)ρ

)
n
: (H Cond⌊n,0⌋)n → (H Cond⌊n,0⌋)n/(H Cond⌊n,0⌋)NBn

(ha)a∈∆([n],[n]) 7→
(
(ha)a∈∆([n],[n])

)
(H Cond⌊n,0⌋)NBn

is a group isomorphism; cf. Remark 125.(1).

To that end, it suffices to show that (H Cond⌊n,0⌋)NBn
!
= 1.

We have

(H Cond⌊n,0⌋)NBn
76.(4)
=
(
(H Cond⌊n,0⌋)Nn+1

)
dH Cond⌊n,0⌋,n+1
0

127
= 1dH Cond⌊n,0⌋,n+1

0 = 1 .

So
(
(H Cond⌊n,0⌋)ρ

)
n
is a group isomorphism.

This shows that (H Cond⌊n,0⌋)ρ is an isomorphism of pre-⌊n, 0⌋-simplicial groups.

We show that

(Hι) Cut⌊n,0⌋ : H Cond⌊n,0⌋Cut⌊n,0⌋ → H Cosk⌊n,0⌋Cut⌊n,0⌋

is an isomorphism of pre-⌊n, 0⌋-simplicial groups. Cf. Lemma 128.(2).

Let k ∈ [0, n]. Recall that we have

(H Cond⌊n,0⌋ Cut⌊n,0⌋)k
79
= (H Cond⌊n,0⌋)k

125.(1)
= (H Cosk⌊n,0⌋)k

79
= (H Cosk⌊n,0⌋Cut⌊n,0⌋)k .

Moreover, for (ha)a∈∆([n],[k]) ∈ (H Cond⌊n,0⌋Cut⌊n,0⌋)k , note that we have

(
(ha)a

)(
(Hι) Cut⌊n,0⌋

)
k

79
=
(
(ha)a

)
(Hι)k

128.(2)
= (ha)a .

So(
(Hι) Cut⌊n,0⌋

)
k
= (Hι)k : (H Cond⌊n,0⌋)k → (H Cosk⌊n,0⌋)k , (ha)a∈∆([n],[k]) 7→ (ha)a∈∆([n],[k])

is a group isomorphism.

Therefore (Hι) Cut⌊n,0⌋ is an isomorphism of pre-⌊n, 0⌋-simplicial groups.
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Ad (2). For an ⌊n, 0⌋-simplicial group H, we consider the bijective map from Lemma 129

βH Cond⌊n,0⌋,H : ⌊n,0⌋-SimpGrp
(
H Cond⌊n,0⌋ Trunc⌊n,0⌋, H

) ∼→ SimpGrp(H Cond⌊n,0⌋, H Cond⌊n,0⌋) .

By Remark 15, we have the counit η̂ : Cond⌊n,0⌋ ∗Trunc⌊n,0⌋ → id⌊n,0⌋-SimpGrp of the adjunction

Trunc⌊n,0⌋ ⊣ Cond⌊n,0⌋, where

Hη̂ := (idH Cond⌊n,0⌋)β−
H Cond⌊n,0⌋,H

for H ∈ Ob
(
⌊n, 0⌋-SimpGrp

)
.

So, for H ∈ Ob
(
⌊n, 0⌋-SimpGrp

)
, we have to show that

(idH Cond⌊n,0⌋)β−
H Cond⌊n,0⌋,H

!
=
(
(H Cond⌊n,0⌋)ρ

)−
▲ (Hι) Cut⌊n,0⌋ ▲Hη .

Suppose given H ∈ Ob
(
⌊n, 0⌋-SimpGrp

)
. We have

(H Cond⌊n,0⌋)ρ ▲ (idH Cond⌊n,0⌋)β−
H Cond⌊n,0⌋,H

129
= (idH Cond⌊n,0⌋ ▲Hι)α−

H Cond⌊n,0⌋,H

= (Hι)α−
H Cond⌊n,0⌋,H

129
= (Hι) Cut⌊n,0⌋ ▲Hη .

This shows that(
(H Cond⌊n,0⌋)ρ

)−
▲ (Hι) Cut⌊n,0⌋ ▲Hη = (idH Cond⌊n,0⌋)β−

H Cond⌊n,0⌋,H
= Hη̂ .

By (1), Hη̂ is an isomorphism.

Corollary 132 Let n ∈ Z⩾1 . The functor Trunc⌊n,0⌋ : SimpGrp → ⌊n, 0⌋-SimpGrp is dense.

Proof. Suppose given an ⌊n, 0⌋-simplicial group H. We consider the ⌊n, 0⌋-simplicial group
H Cond⌊n,0⌋ Trunc⌊n,0⌋ .

Then, by Lemma 131.(2), we have the ⌊n, 0⌋-simplicial group isomorphism

(H Cond⌊n,0⌋) Trunc⌊n,0⌋
Hη̂−→∼ H .

Therefore, Trunc⌊n,0⌋ is dense.
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Remark 133 (The unit ε̂)

We consider the unit
ε : idSimpGrp → Cut⌊n,0⌋ ∗Cosk⌊n,0⌋

of the adjunction (Cut⌊n,0⌋ ,Cosk⌊n,0⌋, ε, η); cf. Lemma 87.

We consider the transformation

ρ =
(
GCut⌊n,0⌋

Gρ−→GTrunc⌊n,0⌋
)
G∈Ob(SimpGrp) : Cut⌊n,0⌋ → Trunc⌊n,0⌋ ∗ I ;

cf. Lemma 128.

Then, the unit of the adjunction Trunc⌊n,0⌋ ⊣ Cond⌊n,0⌋ with respect to the isotransformation
β from Theorem 130 is given by

ε̂ =
(
GTrunc⌊n,0⌋Cond⌊n,0⌋ Gε̂−→G

)
G∈Ob(SimpGrp) : idSimpGrp → Trunc⌊n,0⌋ ∗Cond⌊n,0⌋ ,

where, for G ∈ Ob
(
SimpGrp

)
, we have

Gε̂ =
(
Gε ▲ (Gρ) Cosk⌊n,0⌋

)∣∣GTrunc⌊n,0⌋ Cond⌊n,0⌋
: G→ GTrunc⌊n,0⌋Cond⌊n,0⌋ .

So, for G ∈ Ob
(
SimpGrp

)
and k ∈ Z⩾0 , we have

(Gε̂)k : Gk → (GTrunc⌊n,0⌋Cond⌊n,0⌋)k , g 7→
(
(gGa)GNBn

)
a∈∆([n],[k])

.

Proof. By Remark 15, the unit of the adjunction Trunc⌊n,0⌋ ⊣ Cond⌊n,0⌋ with respect to β is
given by ε̂, where

Gε̂
130
= (idGTrunc⌊n,0⌋)βG,GTrunc⌊n,0⌋

129
=

(
(Gρ ▲ idGTrunc⌊n,0⌋)αG,GTrunc⌊n,0⌋

)∣∣GTrunc⌊n,0⌋ Cond⌊n,0⌋

=
(
(Gρ)αG,GTrunc⌊n,0⌋

)∣∣GTrunc⌊n,0⌋ Cond⌊n,0⌋

89
=

(
Gε ▲ (Gρ) Cosk⌊n,0⌋

)∣∣GTrunc⌊n,0⌋ Cond⌊n,0⌋
,

for G ∈ Ob(SimpGrp).
So, for G ∈ Ob(SimpGrp), k ∈ Z⩾0 and g ∈ Gk , we have

g(Gε̂)k = g
(
Gε ▲ (Gρ) Cosk⌊n,0⌋

)
k

87.(1)
=
(
(gGa)a∈∆([n],[k])

)(
(Gρ) Cosk⌊n,0⌋

)
k

82
=

(
(gGa)(Gρ)n

)
a∈∆([n],[k])

128.(1)
=

(
(gGa)GNBn

)
a∈∆([n],[k])

.
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6.4 The Moore complex (H Cond⌊n,0⌋)N

Lemma 134 Let n ∈ Z⩾1 . Suppose given an ⌊n, 0⌋-simplicial group H; cf. Definition 74.

We consider its Moore complex HN; cf. Lemma 77.(2).

We consider the simplicial group H Cond⌊n,0⌋; cf. Remark 125. We consider its Moore com-
plex (H Cond⌊n,0⌋)N; cf. Lemma 47.(2).

We consider the morphism of complexes in groups

(H Cond⌊n,0⌋)ψ : (H Cond⌊n,0⌋)N→ (H Cond⌊n,0⌋Trunc⌊n,0⌋)N

from Lemma 121.(2). It is an isomorphism.

We consider the isomorphism of ⌊n, 0⌋-simplicial groups

Hη̂ : H Cond⌊n,0⌋Trunc⌊n,0⌋
∼−→H

from Lemma 131.(2).

We have the isomorphism of complexes in groups

φ := (H Cond⌊n,0⌋)ψ ▲ (Hη̂)N: (H Cond⌊n,0⌋)N
∼−→HN .

. . . 1 (H Cond⌊n,0⌋)Nn . . . (H Cond⌊n,0⌋)N0 1 . . .

. . . 1 HNn . . . HN0 1 . . .

! ! ∂H Cond⌊n,0⌋
n

∂H Cond⌊n,0⌋
1 ! !

! ! ∂Hn ∂H1
! !

! φn≀ φ0≀ !

Proof. By Remark 127, we have (H Cond⌊n,0⌋)Nk = 1 for k ∈ Z⩾n+1 .

So, by Lemma 121.(4), we have that (H Cond⌊n,0⌋)ψ is an isomorphism of complexes in
groups.

Moreover, (Hη̂)N is isomorphism of complexes in groups, since Hη̂ is an isomorphism of
⌊n, 0⌋-simplicial groups.

Therefore, φ = (H Cond⌊n,0⌋)ψ ▲ (Hη̂)N is an isomorphism of complexes in groups.
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Chapter 7

The equivalent categories of
⌊1, 0⌋-simplicial groups
and crossed modules

7.1 The category of ⌊1, 0⌋-simplicial groups

Remark 135 (⌊1, 0⌋-simplicial group)

We consider the simplex category ∆; cf. Definition 18.

We consider the full subcategory ∆⌊1,0⌋ ⊆ ∆; cf. Definition 51.

We consider the category of ⌊1, 0⌋-simplicial groups ⌊1, 0⌋-SimpGrp; cf. Definition 74.

Suppose given a ⌊1, 0⌋-simplicial group G : ∆op
⌊1,0⌋ → Grp .

Then we have the face maps dG,10 : G1 → G0 , dG,11 : G1 → G0 and the degeneracy map
sG, 00 : G0 → G1 ; cf. Definition 53.

In this context of ⌊1, 0⌋-simplicial groups, we often write sG0 := sG, 00 , dG0 := dG,10 and
dG1 := dG,11 .

These maps satisfy the equations

sG0 ▲ dG0 = idG0

sG0 ▲ dG1 = idG0 ;

cf. Remark 54.(3).
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Morover, we have

[ker dG0 , ker dG1 ] = 1 ;

cf. Definition 74.

Remark 136 (⌊1, 0⌋-simplicial group morphism)

Suppose given ⌊1, 0⌋-simplicial groups G, H : ∆op
⌊1,0⌋ → Grp ; cf. Remark 135.

Suppose given a ⌊1, 0⌋-simplicial group morphism φ =
(
Gk

φk−→Hk

)
k∈[0,1] : G→ H; cf. Defi-

nition 74.

Then we have the following equations; cf. Remark 55.

We have

φ0 ▲ sH0 = sG0 ▲φ1

dG0 ▲φ0 = φ1 ▲ dH0

dG1 ▲φ0 = φ1 ▲ dH1 .

G0 H0 G0 H0 G0 H0

G1 H1 G1 H1 G1 H1

φ0

sG0 sH0

φ1

φ0

dG0 dH0

φ1

φ0

dG1 dH1

φ1

Remark 137 (Construction of a ⌊1, 0⌋-simplicial group)

Suppose given groups G0, G1 . Suppose given group morphisms d0, d1 : G1 → G0 and
s0 : G0 → G1 .

G1 G0
d0

d1

s0

Suppose that the conditions (1, 2) hold.

(1) We have s0 ▲ d0 = idG0 and s0 ▲ d1 = idG0 .

(2) We have [ker d0 , ker d1] = 1 .

Then, by Lemma 71.(3), we have the pre-⌊1, 0⌋-simplicial group G given as follows.
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We have

[0]G = G0 , [1]G = G1

sG0 = s0 , d
G
0 = d0 , d

G
1 = d1 .

Since condition (2) holds, we have that G is a ⌊1, 0⌋-simplicial group; cf. Definition 307 and
Remark 135.

Remark 138 (Construction of a ⌊1, 0⌋-simplicial group morphism)

Suppose given ⌊1, 0⌋-simplicial groups G and H.

G1 G0 H1 H0
dH0

dH1

sG0

dH0

dH1

sH0

Suppose given group morphisms φ1 : G1 → H1 and φ0 : G0 → H0 such that (1, 2, 3) hold.

(1) We have dG0 ▲φ0 = φ1 ▲ dH0 .

(2) We have dG1 ▲φ0 = φ1 ▲ dH1 .

(3) We have sG0 ▲φ1 = φ0 ▲ sH0 .

G1 G0

H1 H0

dG0

dG1

sG0

dH0

dH1

sH0

φ1 φ0

Then, by Lemma 73 and Definition 74, φ :=
(
Gk

φk−→Hk

)
k∈[0,1] is a ⌊1, 0⌋-simplicial group

morphism from G to H.

Remark 139 (The truncation functor Trunc⌊1,0⌋)

Suppose given simplicial groups G, H; cf. Definition 30.

(1) Recall that GNB1
46.(4)
=
(
ker dG,21 ∩ ker dG,22

)
dG,20

47.(2)

P G1 .

By Lemma 118, we have the ⌊1, 0⌋-simplicial group GTrunc⌊1,0⌋, where

(GTrunc⌊1,0⌋)0 = G0 ,

(GTrunc⌊1,0⌋)1 = G1/GNB1 ,
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and where

sGTrunc⌊1,0⌋

0 : G1/GNB1 ← G0 , (xs
G,0
0 )GNB1 ←[ x

dGTrunc⌊1,0⌋

0 : G1/GNB1 → G0 , gGNB1 7→ gdG,10

dGTrunc⌊1,0⌋

1 : G1/GNB1 → G0 , gGNB1 7→ gdG,11 .

The ⌊1, 0⌋-simplicial group GTrunc⌊1,0⌋ is called the truncation at ⌊1, 0⌋ of G.

(2) Suppose given a simplicial group morphism φ : G→ H.

We consider the ⌊1, 0⌋-simplicial groups GTrunc⌊1,0⌋ and H Trunc⌊1,0⌋; cf. (1).

By Lemma 119, we have the ⌊1, 0⌋-simplicial group morphism

φTrunc⌊1,0⌋ : GTrunc⌊1,0⌋ → H Trunc⌊1,0⌋ ,

where

(φTrunc⌊1,0⌋)1 : G1/GNB1 → H1/HNB1 , xGNB1 7→ (xφ1)HNB1

(φTrunc⌊1,0⌋)0 : G0 → H0 , x 7→ xφ0 .

(3) By Lemma 120, we have the functor

Trunc⌊1,0⌋ : SimpGrp → ⌊1, 0⌋-SimpGrp(
G

φ−→H
)
7→

(
GTrunc⌊1,0⌋

φTrunc⌊1,0⌋−−−−−−−→ H Trunc⌊1,0⌋
)
;

cf. (1, 2).

Remark 140 (The functor Cond⌊1,0⌋)

Suppose given ⌊1, 0⌋-simplicial groups G, H; cf. Remark 135.

(1) By Remark 125.(1), we have the simplicial group GCond⌊1,0⌋, where

(GCond⌊1,0⌋)k =


(GCosk⌊1,0⌋)k for k ∈ [0, 1]

(GCosk⌊1,0⌋)D2 for k = 2⋂
a∈∆([2],[k])
a is injective

(GCosk⌊1,0⌋)−1
a

(
(GCosk⌊1,0⌋)D2

)
for k ∈ Z⩾3 .
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Concerning GCosk⌊1,0⌋ cf. Example 83. Moreover, recall from Example 114.(1) that
we have

(GCosk⌊1,0⌋)D2 =
(
(GCosk⌊1,0⌋)N0

)
s0s1·

(
(GCosk⌊1,0⌋)N1

)
s1·
(
(GCosk⌊1,0⌋)N1

)
s0·(GCosk⌊1,0⌋)N2 .

For k ∈ Z⩾0 and i ∈ [0, k], we have

sGCond⌊1,0⌋,k
i : (GCond⌊1,0⌋)k → (GCond⌊1,0⌋)k+1

(ga)a∈∆([1],[k]) 7→
(
(ga)a∈∆([1],[k])

)
sGCond⌊1,0⌋,k
i = (gb▲σk

i
)b∈∆([1],[k+1]) .

For k ∈ Z⩾1 and j ∈ [0, k], we have

dGCond⌊1,0⌋,k
j : (GCond⌊1,0⌋)k → (GCond⌊1,0⌋)k−1

(ga)a∈∆([1],[k]) 7→
(
(ga)a∈∆([1],[k])

)
dGCond⌊1,0⌋,k
j = (gb▲δkj

)b∈∆([1],[k−1]) .

(2) Suppose given a ⌊1, 0⌋-simplicial group morphism φ : G→ H.

We consider the simplicial groups GCond⌊1,0⌋ and H Cond⌊1,0⌋ ; cf. (1).

By Remark 125.(2), we have the simplicial group morphism

φCond⌊1,0⌋ : GCond⌊1,0⌋ → H Cond⌊1,0⌋ ,

where, for k ∈ Z⩾0 , we have

φCond⌊1,0⌋ : (GCond⌊1,0⌋)k → (H Cond⌊1,0⌋)k , (ga)a∈∆([1],[k]) 7→ (gaφ1)a∈∆([1],[k]) .

(3) By Lemma 126, we have the functor

Cond⌊1,0⌋ : ⌊1, 0⌋-SimpGrp → SimpGrp(
G

φ−→H
)

7→
(
GCond⌊1,0⌋ φCond⌊1,0⌋−−−−−−→ H Cond⌊1,0⌋ ) ;

cf. (1, 2).
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7.2 The functor N̂ : ⌊1, 0⌋-SimpGrp → Cr Mod

Lemma 141 (The crossed module GN̂)

Suppose given a ⌊1, 0⌋-simplicial group G; cf. Remark 135.

We consider the groups

GN1
76.(2)
= ker dG1 P G1 and G0 .

We consider the group morphisms

γG : G0 → Aut(GN1) , g 7→
(
m 7→ mg := g−sG0 ·m · gsG0

)
dG0
∣∣
GN1

: GN1 → G0 , m 7→ mdG0 .

Then GN̂ = (MGN̂ , BGN̂ , γGN̂ , fGN̂) := (GN1 , G0, γG , d
G
0

∣∣
GN1

) is a crossed module.

Proof. We write s0 := sG0 , d0 := dG0 and d1 := dG1 .

Ad (CM1). For m ∈ GN1 and g ∈ G0, we have

(mg)(d0

∣∣
GN1

) =
(
g−s0 ·m · gs0

)
d0 = g−s0d0 ·md0 · gs0d0 = g− ·md0 · g =

(
m(d0

∣∣
GN1

)
)g
.

Ad (CM2). Suppose given m, n ∈ GN1 . We have

(nd0s0 · n−)d0 = nd0s0d0 · n−d0 = nd0 · nd0 = 1 .

This shows nd0s0 · n− ∈ ker d0 . So we have [nd0s0 · n−,m] = 1; cf. Remark 135.

We have

mn(d0|GN1
) = (nd0s0)

− ·m · nd0s0 = (nd0s0)
− ·m · nd0s0 · n− · n

= (nd0s0)
− · nd0s0 · n− ·m · n = mn .

Lemma 142 (The crossed module morphism φN̂)

Suppose given a ⌊1, 0⌋-simplicial group morphism φ : G→ H; cf. Remark 136.

G1 G0

H1 H0

dG0

dG1

sG0

dH0

dH1

sH0

φ1 φ0
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We consider the crossed modules

GN̂ =
(
GN1 , G0 , γG, d

G
0

∣∣
GN1

)
and HN̂ =

(
HN1 , H0 , γH , d

H
0

∣∣
HN1

)
;

cf. Lemma 141.

We consider the group morphisms

φ1

∣∣HN1

GN1
: GN1 → HN1 , m 7→ mφ1

φ0 : G0 → H0 , g 7→ gφ0 .

Then φN̂ =
(
φ1

∣∣HN1

GN1
, φ0

)
: GN̂→ HN̂ is a crossed module morphism; cf. §1.1.4 item 3.

Proof. For m ∈ GN1 , we have

mφ1d
H
1 = mdG1 φ0 = 1φ0 = 1 .

This shows mφ1 ∈ HN1 . So φ1

∣∣HN1

GN1
is a well-defined group morphism.

For m ∈ GN1 , we have

m
(
φ1

∣∣HN1

GN1
▲ dH0

∣∣
HN1

)
= mφ1d

H
0 = mdG0 φ0 = m

(
dG0
∣∣
GN1

▲φ0

)
.

This shows φ1

∣∣HN1

GN1
▲ dH0

∣∣
HN1

= dG0
∣∣
GN1

▲φ0 .

GN1 HN1

G0 H0

φ1

∣∣HN1

GN1

dG0
∣∣
GN1

dH0
∣∣
HN1

φ0

For m ∈ GN1 and g ∈ G0 , we have

(mg)φ1

∣∣HN1

GN1
= (g−sG0 ·m · gsG0 )φ1 = g−sG0 φ1 ·mφ1 · gsG0 φ1 = (gφ0)

−sH0 ·mφ1 · gφ0s
H
0

= (mφ1)
gφ0 =

(
mφ1

∣∣HN1

GN1

)gφ0 .

This shows that
(
φ1

∣∣HN1

GN1
, φ0

)
is a crossed module morphism.
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Lemma 143 (The functor N̂)

We have the functor

N̂ : ⌊1, 0⌋-SimpGrp → Cr Mod
(
G

φ−→H
)
7→
(
GN̂

φN̂−→ HN̂
)
;

cf. Lemmas 141, 142.

Proof. Suppose given G ∈ Ob
(
⌊1, 0⌋-SimpGrp

)
.

Recall that we have (idG)k = idGk
for k ∈ [0, 1]. So we have the crossed module morphism

(idG)N̂ =
(
idG1

∣∣GN1

GN1
, idG0

)
= (idGN1 , idG0) = idGN̂ ;

cf. Lemma 142.

Suppose given G
φ−→ G̃

φ̃−→ ˜̃G in ⌊1, 0⌋-SimpGrp . We have

(φ ▲ φ̃)N̂ =
(
(φ1 ▲ φ̃1)

∣∣ ˜̃GN1

GN1
, φ0 ▲ φ̃0

)
=
(
φ1

∣∣G̃N1

GN1
▲ φ̃1

∣∣ ˜̃GN1

G̃N1
, φ0 ▲ φ̃0

)
=
(
φ1

∣∣G̃N1

GN1
, φ0

)
▲

(
φ̃1

∣∣ ˜̃GN1

G̃N1
, φ̃0

)
= φN̂ ▲ φ̃N̂ .

Therefore, N̂ is a functor.

7.3 The functor Rec : Cr Mod → ⌊1, 0⌋-SimpGrp

Lemma 144 (The ⌊1, 0⌋-simplicial group V Rec)

Suppose given a crossed module V = (MV , BV , γV , fV ).

We consider the semidirect product BV ⋉MV := BV ⋉γV
MV ; cf. §1.1.2 item 8.

We have the ⌊1, 0⌋-simplicial group V Rec given as follows.

We have

(V Rec)0 = BV , (V Rec)1 = BV ⋉MV .

Moreover, we have

sV Rec
0 : BV ⋉MV ← BV , (b, 1) ←[ b
dV Rec
0 : BV ⋉MV → BV , (b,m) 7→ b ·mfV

dV Rec
1 : BV ⋉MV → BV , (b,m) 7→ b .
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Proof. We write s0 := sV Rec
0 , d0 := dV Rec

0 and d1 := dV Rec
1 .

The maps s0 and d0 are group morphism.

We show that d1 is a group morphism. For (b,m), (b̃, m̃) ∈ BV ⋉MV , we have(
(b,m) · (b̃, m̃)

)
d1 = (bb̃,mb̃ m̃)d1 = bb̃ · (mb̃ m̃)fV

(CM1)
= bb̃ · (mfV )

b̃ m̃fV = (b ·mfV ) · (b̃ · m̃fV )

= (b,m)d1 · (b̃, m̃)d1 .

We use Remark 137 to show that V Rec is a ⌊1, 0⌋-simplicial group.

For b ∈ BV , we have

bs0 d0 = (b, 1)d0 = b · 1fV = b .

This shows s0 ▲ d0 = idBV
.

For b ∈ BV , we have

bs0 d1 = (b, 1)d1 = b .

This shows s0 ▲ d1 = idBV
.

Suppose given x ∈ ker d1 . Then we have x = (1,m) for some m ∈ MV .

Suppose given y ∈ ker d0 . Then we have y = (n−fV , n) for some n ∈ MV .

We have

x · y = (1,m) · (n−fV , n) = (n−fV , m
n−fV · n) (CM2)

= (n−fV , n ·m) = (n−fV , n) · (1,m)

= y · x .

This shows [ker d0, ker d1] = 1.

Remark 145 Suppose given a crossed module V = (MV , BV , γV , fV ) .

We consider the category V Cat; cf. [29, Rem. 4], cf. also Remark 165.(1).

Recall that we have

Ob(V Cat) = BV

Mor(V Cat) = BV ⋉MV .

and that the source, target and identity are given as follows.

s : BV ⋉MV → BV , (b,m) 7→ b
t : BV ⋉MV → BV , (b,m) 7→ b ·mfV
i : BV ⋉MV ← BV , (b, 1) ←[ b .
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In the context of Lemma 144, we have s = d1, t = d0 and i = s0 . So the constructions V Rec
and V Cat are similar.

Lemma 146 (The ⌊1, 0⌋-simplicial group morphism ρRec)

Suppose given crossed modules V = (MV , BV , γV , fV ) and W = (MW , BW , γW , fW ) .
Suppose given a crossed module morphism ρ = (µ, β) : V → W .

We consider the ⌊1, 0⌋-simplicial groups V Rec and WRec ; cf. Lemma 144.

We have the ⌊1, 0⌋-simplicial group morphism ρRec: V Rec→ WRec given as follows.

We have
(ρRec)1 : BV ⋉MV → BW ⋉MW , (b,m) 7→ (bβ,mµ)

(ρRec)0 := β : BV → BW , b 7→ bβ .

Proof. We show that (ρRec)1 is a group morphism.

For b, c ∈ BV and m, n ∈ MV , we have(
(b,m) · (c, n)

)
(ρRec)1 = (b · c,mc · n)(ρRec)1 =

(
(b · c)β, (mc · n)µ

)
=
(
bβ · cβ, (mµ)cβ · nµ

)
= (bβ,mµ) · (cβ, nµ) = (b,m)(ρRec)1 · (c, n)(ρRec)1 .

We use Remark 138 to show that ρRec is ⌊1, 0⌋-simplicial group morphism.

For b ∈ BV and m ∈ MV , we have

(b,m)
(
dV Rec
1 ▲ (ρRec)0

)
= b(ρRec)0 = bβ = (bβ,mµ)dWRec

1 = (b,m)
(
(ρRec)1 ▲ dWRec

1

)
.

This shows dV Rec
1 ▲ (ρRec)0 = (ρRec)1 ▲ dWRec

1 .

For b ∈ BV and m ∈ MV , we have

(b,m)
(
dV Rec
0 ▲ (ρRec)0

)
= (b ·mfV )(ρRec)0 = bβ ·mfV β = bβ ·mµfW = (bβ,mµ)dWRec

0

= (b,m)
(
(ρRec)1 ▲ dWRec

0

)
.

This shows dV Rec
0 ▲ (ρRec)0 = (ρRec)1 ▲ dWRec

0 .

For b ∈ BV , we have

b sV Rec
0 (ρRec)1 = (b, 1)(ρRec)1 = (bβ, 1) = (bβ)sWRec

0 = b (ρRec)0 s
WRec
0 .

This shows sV Rec
0 ▲ (ρRec)1 = (ρRec)0 ▲ sWRec

0 .
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Lemma 147 (The functor Rec)

We have the reconstruction functor

Rec: Cr Mod → ⌊1, 0⌋-SimpGrp ,
(
V

ρ−→ W
)
7→
(
V Rec

ρRec−−→ WRec
)
;

cf. Lemmas 144, 146.

Proof. Suppose given a crossed module V = (MV , BV , γV , fV ).

We consider the identity crossed module morphism idV = (idMV
, idBV

) : V → V .

We have (
(idV )Rec

)
0
= idBV

.

Moreover, for (b,m) ∈ (V Rec)1 = BV ⋉MV , we have

(b,m)
(
(idV )Rec

)
1
= (b idBV

,m idMV
) = (b,m) = (b,m) idBV ⋉MV

.

So
(
(idV )Rec

)
1
= idBV ⋉MV

.

This shows that (idV )Rec = idV Rec .

Suppose given V
ρ−→ Ṽ

ρ̃−→ ˜̃V in Cr Mod .

We have ρ = (µ, β), where µ : MV → MṼ and β : BV → BṼ .

We have ρ̃ = (µ̃, β̃), where µ̃ : MṼ → M ˜̃V
and β̃ : BṼ → B ˜̃V

.

Note that ρ ▲ ρ̃ = (µ, β) ▲ (µ̃, β̃) = (µ ▲ µ̃, β ▲ β̃) .

We have (
(ρ ▲ ρ̃)Rec

)
0
= β ▲ β̃ = (ρRec)0 ▲ (ρ̃Rec)0 .

Moreover, for (b,m) ∈ (V Rec)1 = BV ⋉MV , we have

(b,m)
(
(ρ ▲ ρ̃)Rec

)
1
= (bββ̃,mµµ̃) = (bβ,mµ)(ρ̃Rec)1 = (b,m)

(
(ρRec)1 ▲ (ρ̃Rec)1

)
.

So
(
(ρ ▲ ρ̃)Rec

)
1
= (ρRec)1 ▲ (ρ̃Rec)1 .

This shows that (ρ ▲ ρ̃)Rec = ρRec ▲ ρ̃Rec . Therefore, Rec is a functor.
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7.4 The equivalences N̂ and Rec

We consider the functors

N̂ : ⌊1, 0⌋-SimpGrp → Cr Mod ; cf. Lemma 143

Rec: Cr Mod → ⌊1, 0⌋-SimpGrp ; cf. Lemma 147 .

Remark 148 (The ⌊1, 0⌋-simplicial group GN̂ Rec)

(1) Suppose given a ⌊1, 0⌋-simplicial group G. We consider the ⌊1, 0⌋-simplicial group
GN̂ Rec .

Recall that we have the crossed module

GN̂ = (GN1, G0, γG, d
G
0

∣∣
GN1

)

with
γG : G0 → Aut(GN1) , g 7→ (m 7→ mg = g−sG0 ·m · gsG0 ) ;

cf. Lemma 141.

Then, by Lemma 144, we have the ⌊1, 0⌋-simplicial group GN̂ Rec, where

(GN̂ Rec)1 = G0 ⋉γG
GN1

(GN̂ Rec)0 = G0 ,

and where

sGN̂ Rec
0 : G0 ⋉γG GN1 ← G0, (g, 1)← [ g

dGN̂ Rec
0 : G0 ⋉γG GN1 → G0, (g,m) 7→ g ·mdG0

dGN̂ Rec
1 : G0 ⋉γG GN1 → G0, (g,m) 7→ g .

(2) Suppose given a ⌊1, 0⌋-simplicial group morphism G
φ−→H . We consider the ⌊1, 0⌋-

simplicial groups GN̂ Rec and HN̂ Rec; cf. (1).

We consider the ⌊1, 0⌋-simplicial group morphism φN̂ Rec : GN̂ Rec→ HN̂ Rec .

Recall that we have the crossed module morphism

φN̂ =
(
φ1

∣∣HN1

GN1
, φ0

)
: GN̂→ HN̂ ;
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cf. Lemma 142.

Then, by Lemma 146, we have

(φN̂ Rec)1 : G0 ⋉γG
GN1 → H0 ⋉γH

HN1 , (g,m) 7→ (gφ0,mφ1)

(φN̂ Rec)0 = φ0 : G0 → H0 , g 7→ gφ0 .

Lemma 149 (The functor N̂ ∗ Rec)

(1) Suppose given a ⌊1, 0⌋-simplicial group G.

We have the ⌊1, 0⌋-simplicial group isomorphism Gψ : GN̂ Rec→ G , where

(Gψ)1 : G0 ⋉GN1 → G1 , (g,m) 7→ gsG0 ·m
(Gψ)0 := idG0 : G0 → G0 , g 7→ g .

Moreover, we have

(Gψ)−1 : G1 → G0 ⋉GN1 , g 7→ (gdG1 , g
−dG1 s

G
0 · g) .

(2) We have the isotransformation

ψ =
(
GN̂ Rec

Gψ−−→ G
)
G∈Ob(⌊1,0⌋-SimpGrp) : N̂ ∗ Rec→ id⌊1,0⌋-SimpGrp ;

cf. (1).

Proof. Ad (1). We write s0 := sG0 , d0 := dG0 and d1 := dG1 .

We show that (Gψ)1 is a group morphism. We abbreviate ψ := (Gψ)1 .

For g, h ∈ G0 and m, n ∈ GN1 , we have(
(g,m) · (h, n)

)
ψ = (g · h,mh · n)ψ = (g · h)s0 ·mh · n = gs0 · hs0 · h−s0 ·m · hs0 · n
= (gs0 ·m) · (hs0 · n) = (g,m)ψ · (h, n)ψ .

So ψ is a group morphism.

We consider the map ψ′ : G1 → G0 ⋉GN1 , g 7→ (gd1, g
−d1s0 · g) .

We show that ψ′ is well-defined.

For g ∈ G1 , we have

(g−d1s0 · g)d1 = g−d1s0d1 · gd1 = g−d1 · gd1 = 1 .

So g−d1s0 · g ∈ GN1 . Therefore, the map ψ′ exists.
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We show that ψ′ is the inverse of ψ.

For g ∈ G0 and m ∈ GN1 , we have

(g,m)ψψ′ = (gs0 ·m)ψ′ =
(
gs0d1 ·md1 , (gs0 ·m)−d1s0 · gs0 ·m

)
= (g,m−d1s0 · g−s0d1s0 · gs0 ·m) = (g, g−s0 · gs0 ·m) = (g,m) .

This shows ψ ▲ψ′ = idG0⋉GN1 .

For g ∈ G1 , we have

gψ′ψ = (gd1 , g
−d1s0 · g)ψ = gd1s0 · g−d1s0 · g = g .

This shows ψ′
▲ψ = idG1 . So we have ψ′ = ψ− .

Altogether, ψ = (Gψ)1 is a group isomorphism with inverse (Gψ)− = ψ′.

We show that Gψ is a ⌊1, 0⌋-simplicial group morphism.

For g ∈ G0 and m ∈ GN1 , we have

(g,m)
(
(Gψ)1 ▲ dG0

)
= (gsG0 ·m)dG0 = g ·mdG0 = (g ·mdG0 ) idG0 = (g,m)(dGN̂ Rec

0 ▲ idG0) .

This shows (Gψ)1 ▲ dG0 = dGN̂ Rec
0 ▲ (Gψ)0 .

G0 ⋉GN1 G0

G1 G0

dGN̂ Rec
0

(Gψ)1 (Gψ)0

dG0

For g ∈ G0 and m ∈ GN1 , we have

(g,m)
(
(Gψ)1 ▲ dG1

)
= (gsG0 ·m)dG1 = g · 1 = g idG0 = (g,m)(dGN̂ Rec

1 ▲ idG0) .

This shows (Gψ)1 ▲ dG1 = dGN̂ Rec
1 ▲ (Gψ)0 .

G0 ⋉GN1 G0

G1 G0

dGN̂ Rec
1

(Gψ)1 (Gψ)0

dG1
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For g ∈ G0 , we have

g
(
sGN̂ Rec
0 ▲ (Gψ)1

)
= (g, 1)(Gψ)1 = gsG0 · 1 = gsG0 = g(idG0 ▲ sG0 ) .

This shows sGN̂ Rec
0 ▲ (Gψ)1 = (Gψ)0 ▲ sG0 .

G0 ⋉GN1 G0

G1 G0

sGN̂ Rec
0

(Gψ)1 (Gψ)0

sG0

So, by Remark 138, Gψ is a ⌊1, 0⌋-simplicial group morphism.

Since idG0 and Gψ are group isomorphisms we have that Gψ is a ⌊1, 0⌋-simplicial group
isomorphism.

Ad (2). Suppose given G
φ−→H in ⌊1, 0⌋-SimpGrp. We have

(Gψ)0 ▲φ0 = idG0 ▲φ0 = φ0
148.(2)
= (φN̂ Rec)0 = (φN̂ Rec)0 ▲ idH0 = (φN̂ Rec)0 ▲ (Hψ)0 .

G0 G0

H0 H0

(Gψ)0

(φN̂ Rec)0 φ0

(Hψ)0

Moreover, for g ∈ G0 , m ∈ GN1 , we have

(g,m)
(
(Gψ)1 ▲φ1

)
= (gsG0 ·m)φ1 = gsG0 φ1 ·mφ1 = gφ0s

H
0 ·mφ1 = (gφ0,mφ1)(Hψ)1

148.(2)
= (g,m)

(
(φN̂ Rec)1 ▲ (Hψ)1

)
.

This shows (Gψ)1 ▲φ1 = (φN̂ Rec)1 ▲ (Hψ)1 .

G0 ⋉GN1 G1

H0 ⋉HN1 H1

(Gψ)1

(φN̂ Rec)1 φ1

(Hψ)1

225



CHAPTER 7. THE EQUIVALENT CATEGORIES OF ⌊1, 0⌋-SIMPLICIAL GROUPS
AND CROSSED MODULES

So we have Gψ ▲φ = φN̂ Rec ▲Hψ .

GN̂ Rec G

HN̂ Rec H

Gψ

φN̂ Rec φ

Hψ

So ψ is a transformation. Using (1), we conclude that ψ is an isotransformation.

Remark 150 (The crossed module V Rec N̂)

(1) Suppose given a crossed module V = (MV , BV , γV , fV ). We consider the crossed
module V Rec N̂ .

Recall that we have the ⌊1, 0⌋-simplicial group V Rec, where

(V Rec)0 = BV , (V Rec)1 = BV ⋉γV
MV ,

and where
sV Rec
0 : BV ⋉γV

MV ← BV , (b, 1) ←[ b

dV Rec
0 : BV ⋉γV

MV → BV , (b,m) 7→ b ·mfV

dV Rec
1 : BV ⋉γV

MV → BV , (b,m) 7→ b ;

cf. Lemma 144.

Then, by Lemma 141, we have the crossed module

V Rec N̂ = (MV RecN̂ , BV RecN̂ , γV RecN̂ , fV RecN̂)

=
(
(V Rec)N1 ,BV , γV Rec , d

V Rec
0

∣∣
(V Rec)N1

)
=
(
1⋉MV ,BV , γV Rec , d

V Rec
0

∣∣
1⋉MV

)
.

Note that

MV RecN̂ = ker dV Rec
1 = 1⋉MV = {(1,m) ∈ BV ⋉γV

MV : m ∈ MV } ⩽ BV ⋉γV
MV ,

and that

γV RecN̂ = γV Rec : BV → Aut(1⋉MV ) , b 7→
(
(1,m) 7→ (1,m)bs

V Rec
0 = (1,m)(1,b) = (1,mb)

)
fV RecN̂ = dV Rec

0

∣∣
1⋉MV

: 1⋉MV → BV , (1,m) 7→ mfV .
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(2) Suppose given a crossed module morphism ρ = (µ, β) : V → W ; cf. Definition 324.

We consider the crossed modules V Rec N̂ and W Rec N̂; cf. (1). We consider the
crossed module morphism ρRec N̂ : V Rec N̂→ W Rec N̂ .

Recall that we have the ⌊1, 0⌋-simplicial group morphism ρRec: V Rec → W Rec ,
where

(ρRec)1 : BV ⋉γV
MV → BW ⋉γW

MW , (b,m) 7→ (bβ,mµ)

(ρRec)0 : BV → BW , b 7→ bβ ;

cf. Lemma 146.

Then, by Lemma 142, we have the crossed module morphism

ρRec N̂ =
(
(ρRec)1

∣∣(W Rec)N1

(V Rec)N1
, (ρRec)0

)
=
(
(ρRec)1

∣∣1⋉MW

1⋉MV
, β
)
: V Rec N̂→ W Rec N̂ .

Note that
(ρRec)1

∣∣1⋉MW

1⋉MV
: 1⋉MV → 1⋉MW , (1,m) 7→ (1,mµ) .

Lemma 151 (The functor Rec ∗ N̂)

(1) Suppose given a crossed module V = (MV , BV , γV , fV ).

We have the crossed module isomorphism V ψ̂ := (πMV
, idBV

) : V Rec N̂→ V , where

πMV
: 1⋉MV −→∼ MV , (1,m) 7→ m.

(2) We have the isotransformation

ψ̂ =
(
V Rec N̂

V ψ̂−−→ V
)
V ∈Ob(Cr Mod )

: Rec ∗ N̂→ idCr Mod ;

cf. (1).

Proof. Ad (1). Note that πMV
and idBV

are group isomorphisms.

For m ∈ MV , we have

(1,m)(πMV
▲ fV ) = mfV

150.(1)
= (1,m)fV RecN̂ = (1,m)(fV RecN̂ ▲ idBV

) .

This shows πMV
▲ fV = fV RecN̂ ▲ idBV

.

MV Rec N̂ MV

BV Rec N̂ BV

πMV

fV RecN̂ fV

idBV
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Moreover, for m ∈ MV and b ∈ BV RecN̂ = BV , we have(
(1,m)b

)
πMV

150.(1)
= (1,mb)πMV

= mb =
(
(1,m)πMV

)b idBV .

So (πMV
, idBV

) is a crossed module isomorphism; cf. §1.1.4 items 3, 4.

Ad (2). Suppose given V
ρ−→W in Cr Mod . Then ρ = (µ, β) where µ : MV → MW and

β : BV → BW . We write (µ̂, β̂) :=
(
(ρRec)1

∣∣1⋉MW

1⋉MV
, β
)

150.(2)
= ρRec N̂ : V Rec N̂→ W Rec N̂ .

For m ∈ MV , we have

(1,m)(πMV
▲ µ) = mµ = (1,mµ)πMW

150.(1)
= (1,m)

(
(ρRec)1

∣∣1⋉MW

1⋉MV
▲ πMW

)
= (1,m)(µ̂ ▲ πMW

) .

This shows πMV
▲ µ = µ̂ ▲ πMW

.

1⋉MV MV

1⋉MW MW

πMV

µ̂ µ

πMW

For b ∈ BV , we have

b(idBV
▲ β) = bβ = b(β̂ ▲ idBW

) .

This shows idBV
▲ β = β̂ ▲ idBW

.

BV BV

BW BW

idBV

β̂ β

idBW

So we have

V ψ̂ ▲ ρ = (πMV
, idBV

) ▲ (µ, β) = (πMV
▲ µ , idBV

▲ β) = (µ̂ ▲ πMW
, β̂ ▲ idBW

)

= (µ̂, β̂) ▲ (πMW
, idBW

) = ρRec N̂ ▲Wψ̂ .

V Rec N̂ V

W Rec N̂ W

V ψ̂

ρRec N̂ ρ

Wψ̂

So ψ̂ is a transformation. Using (1), we conclude that ψ̂ is an isotransformation.
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Proposition 152 (The equivalences N̂ and Rec)

By Lemma 149.(2), we have the isotransformation ψ : N̂ ∗ Rec −→∼ id⌊1,0⌋-SimpGrp.

By Lemma 151.(2), we have the isotransformation ψ̂ : Rec ∗N̂−→∼ idCr Mod .

So N̂ and Rec are equivalences. In particular, the categories ⌊1, 0⌋-SimpGrp and Cr Mod are
equivalent.

The equivalence between ⌊1, 0⌋-SimpGrp and Cr Mod has also been shown by
Conduché [7, Cor. 1.8, Cor. 2.7].

7.5 A remark on simplicial groups and crossed modules

Remark 153 We consider the functors

Trunc⌊1,0⌋ : SimpGrp → ⌊1, 0⌋-SimpGrp; cf. Remark 139.(3)

Cond⌊1,0⌋ : ⌊1, 0⌋-SimpGrp → SimpGrp; cf. Lemma 126

N̂ : ⌊1, 0⌋-SimpGrp → Cr Mod ; cf. Lemma 143

Rec: Cr Mod → ⌊1, 0⌋-SimpGrp; cf. Lemma 147 .

Recall that we have Trunc⌊1,0⌋ ⊣ Cond⌊1,0⌋ ; cf. Theorem 130.

Recall that the functors N̂ and Rec are mutually inverse equivalences, up to isotransforma-
tion; cf. Proposition 152. So, by Remark 17, we have N̂ ⊣ Rec.

We consider the functors

Trunc⌊1,0⌋ ∗ N̂ : SimpGrp → Cr Mod and Rec ∗Cond⌊1,0⌋ : Cr Mod → SimpGrp .

SimpGrp ⌊1, 0⌋-SimpGrp Cr Mod
Trunc⌊1,0⌋

⊢

Cond⌊1,0⌋

N̂

∼
Rec

Trunc⌊1,0⌋ ∗ N̂

Rec ∗Cond⌊1,0⌋

Then, by Remark 16, we have Trunc⌊1,0⌋ ∗ N̂ ⊣ Rec ∗Cond⌊1,0⌋ .
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Remark 154 Suppose given a crossed module V = (MV , BV , γV , fV ); cf. §1.1.4 item 1.

(1) We consider the ⌊1, 0⌋-simplicial group V Rec; cf. Lemma 147.

We have

(V Rec)0 = BV and (V Rec)1 = BV ⋉MV ,

and we have
sV Rec
0 : BV ⋉MV ← BV , (b, 1) ←[ b
dV Rec
0 : BV ⋉MV → BV , (b,m) 7→ b ·mfV

dV Rec
1 : BV ⋉MV → BV , (b,m) 7→ b ;

cf. Lemma 144.

Moreover, we have
(V Rec)N0 = (V Rec)0 = BV

(V Rec)N1
76.(2)
= ker dV Rec

1 ≃ MV

(V Rec)N2
77.(2)
= 1 .

(2) We consider the simplicial group V RecCond⌊1,0⌋; cf. Lemma 126.

We consider the group (V RecCond⌊1,0⌋)2 .

We have

(V RecCond⌊1,0⌋)2
103≃

(
(V RecCond⌊1,0⌋)N0 ⋉ (V RecCond⌊1,0⌋)N1

)
⋉
(
(V RecCond⌊1,0⌋)N1 ⋉ (V RecCond⌊1,0⌋)N2

)
134≃

(
(V Rec)N0 ⋉ (V Rec)N1

)
⋉
(
(V Rec)N1 ⋉ (V Rec)N2

)
(1)
≃ (BV ⋉MV )⋉ (MV ⋉ 1) .

(3) We consider the simplicial group V RecCosk⌊1,0⌋; cf. Lemma 82.

We consider the isotransformation η : Cosk⌊1,0⌋ ∗Cut⌊1,0⌋ → idPre-⌊1,0⌋-SimpGrp from Lem-
ma 86.(3).

In particular, we have the isomorphism

(V Rec)η : V RecCosk⌊1,0⌋Cut⌊1,0⌋
∼−→V Rec

in pre-⌊1, 0⌋-simplicial groups, hence in ⌊1, 0⌋-simplicial groups.
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So we also have the group isomorphisms(
(V Rec)η

)
N0 : (V RecCosk⌊1,0⌋ Cut⌊1,0⌋)N0 = (V RecCosk⌊1,0⌋)N0

∼−→ (V Rec)N0(
(V Rec)η

)
N1 : (V RecCosk⌊1,0⌋ Cut⌊1,0⌋)N1 = (V RecCosk⌊1,0⌋)N1

∼−→ (V Rec)N1 ;

cf. Lemma 78.(3).

We consider the group (V RecCosk⌊1,0⌋)2 .

We have

(V RecCosk⌊1,0⌋)2
103≃

(
(V RecCosk⌊1,0⌋)N0 ⋉ (V RecCosk⌊1,0⌋)N1

)
⋉
(
(V RecCosk⌊1,0⌋)N1 ⋉ (V RecCosk⌊1,0⌋)N2

)
≃

(
(V Rec)N0 ⋉ (V Rec)N1

)
⋉
(
(V Rec)N1 ⋉ (V RecCosk⌊1,0⌋)N2

)
(1)
≃ (BV ⋉MV )⋉

(
MV ⋉ (V RecCosk⌊1,0⌋)N2

)
.

(4) We consider the group (V RecCosk⌊1,0⌋)2 .

We consider the the subgroup (V Rec)NZ1 ⩽ (V Rec)1 = BV ⋉ MV ; cf. Defini-
tion 76.(4).

We have

(V Rec)NZ1 = ker dV Rec,1
0 ∩ ker dV Rec,1

1

(1)
=
{
(b,m) ∈ BV ⋉MV : b = 1 and mfV = 1

}
≃ 1⋉ ker fV

≃ ker fV .

We consider the subgroup (V RecCosk⌊1,0⌋)N2 ⩽ (V RecCosk⌊1,0⌋)2 ; cf. Definition 76.(2).

We have (V RecCosk⌊1,0⌋)N2

83.(3)
≃ (V Rec)NZ1 ≃ ker fV .

(5) We have

(V RecCond⌊1,0⌋)2
(2)
≃ (BV ⋉MV )⋉ (MV ⋉ 1) .

and

(V RecCosk⌊1,0⌋)2
(3)
≃ (BV⋉MV )⋉

(
MV⋉(V RecCosk⌊1,0⌋)N2

) (4)
≃ (BV⋉MV )⋉(MV⋉ker fV ) .

231



CHAPTER 7. THE EQUIVALENT CATEGORIES OF ⌊1, 0⌋-SIMPLICIAL GROUPS
AND CROSSED MODULES

Since we have ker fV ̸= 1 in general, this shows that

(V RecCond⌊1,0⌋)2 ̸≃ (V RecCosk⌊1,0⌋)2

in general.

Remark 155 In [27, (5.23),(6.5),(6.11)], S. Thomas considers the functor Trunc, which, in
our notation, is Trunc⌊1,0⌋ ∗ N̂ : SimpGrp → Cr Mod .

He constructs a right adjoint to Trunc, which he calls Cosk and which we obtain as
Rec ∗ Cond⌊1,0⌋ : Cr Mod → SimpGrp. Cf. Remark 153.

He considers a crossed module V = (MV , BV , γV , fV ), which, in his notation, is written as
MpV = MV and GpV = BV .

In [27, (6.15),(6.13),(6.14)], he obtains e.g. (CoskV )2 ≃ MpV 2⋊GpV .

In [27, (6.21)], he calculates MpV 2⋊GpV ≃ MpV ⋊ (MpV ⋊GpV ) .

So

(CoskV )2 ≃ MpV ⋊ (MpV ⋊GpV ) .

Cf. Remark 154.(2).

Note that Cosk in [27, (6.15)] is not Rec ∗ Cosk⌊1,0⌋ .

7.6 An example for a crossed module

Concerning properties of crossed modules and examples for crossed modules, we refer e.g.
to [28].

Here, we include an example for the occurrence of crossed modules which we have learned from
W. Messing [19].

It turns out that this example actually covers all crossed modules; cf. Remark 157.

Moreover, we give a stable variant of this example in Example 333.

Example 156 (Cf. [19]) Suppose given a group G.

Suppose given normal subgroups N , M P G with [N,M ] = 1 .

We consider the group G/N . We consider the group morphism

f : M → G/N , m 7→ mN .
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Consider the action morphism

α : G→ Aut(M) , g 7→ (m 7→ mg = g− ·m · g) .

For m ∈M and n ∈ N , we have

m(nα) = n− ·m · n = m · n− · n = m.

So nα = idn .

This shows Nα = 1 .

Therefore, we have the action morphism

γ : G/N → Aut(M) , gN 7→ (m 7→ mgN := mg = g− ·m · g) .

We show that (M,G/N, γ, f) is a crossed module.

Ad (CM1). For m ∈M and g ∈ G, we have

(mgN)f = mgN = (mN)gN = (mf)gN .

Ad (CM2). For m, m′ ∈M , we have

mm′
= mm′N = mm′f .

So (M,G/N, γ, f) is a crossed module.

Remark 157

Suppose given a crossed module V = (MV , BV , γV , fV ).

(1) We have group morphisms

j : MV → BV ⋉MV , m 7→ (1,m)

k : MV → BV ⋉MV , m 7→ (mfV ,m
−) .

(2) We consider the groups

G := BV ⋉MV

M := (MV )j = {(1,m) : m ∈ MV } P G

N := (MV )k = {(mfV ,m
−) : m ∈ MV } P G .

We have [N,M ] = 1 .

Moreover, we have the group isomorphism

ℓ : BV → G/N , b 7→ (b, 1)N .
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(3) By Example 156, we have the crossed module (M,G/N, γ, f) with

γ : G/N → Aut(M) , (b,m)N 7→
(
(1, x) 7→ (1, x)(b,m)N = (1, x)(b,m)

)
f : M → G/N , (1,m) 7→ (1,m)N .

We have the crossed module isomorphism

(j
∣∣M , ℓ) : (MV , BV , γV , fV )→ (M,G/N, γ, f) .

So every crossed module is, up to isomorphism, of the form as constructed in Exam-
ple 156.

Proof. Ad (1). For m, m′ ∈ MV , we have

(m ·m′)j = (1,m ·m′) = (1,m) · (1,m′) = mj ·m′j .

So j is a group morphism.

For m, m′ ∈ MV , we have

mk ·m′k = (mfV ,m
−) ·

(
m′fV , (m

′)−
)
=
(
mfV ·m′fV , (m

−)m
′fV · (m′)−

)
(CM2)
=

(
(m ·m′)fV , (m

−)m
′ · (m′)−

)
=
(
(m ·m′)fV , (m

′)− ·m−)
=

(
(m ·m′)fV , (m ·m′)−

)
= (m ·m′)k .

So k is a group morphism.

Ad (2). We have M P G by construction.

For m, n ∈ MV and b, c ∈ BV , note that we have

(c, n)(b,m) = (b,m)− · (c, n) · (b,m) =
(
b−, (m−)b

−) · (c, n) · (b,m)

=
(
b− · c, (m−)b

−· c · n
)
· (b,m) =

(
b− · c · b,

(
(m−)b

−· c · n
)b ·m)

=
(
cb, (m−)(c

b) · nb ·m
)
.

So, for x, m ∈ MV and b ∈ BV , we have

(xfV , x
−)(b,m) =

(
(xfV )

b, (m−)((xfV )b) · (x−)b ·m
)

(CM1)
=

(
(xb)fV , (m

−)(x
b)fV · (x−)b ·m

)
(CM2)
=

(
(xb)fV , (m

−)(x
b) · (x−)b ·m

)
=

(
(xb)fV , (x

b)− ·m− · xb · (xb)− ·m
)

=
(
(xb)fV , (x

b)−
)
∈ N .
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This shows N P G.

In particular, for x, m ∈ MV , we have

(xfV , x
−)(1,m) = (xfV , x

−) .

This shows [N,M ] = 1 .

One can also show these assertions by noting that we have the invertible monoidal category
V Cat and that we have N = ker t V Cat P G and M = ker sV Cat P G ; cf. Remark 165.(1).
Then, by [29, Lem. 39, Lem. 25], we have [N,M ] = 1 .

For b, c ∈ BV , we have

(b · c)ℓ = (b · c, 1)N =
(
(b, 1) · (c, 1)

)
N = (b, 1)N · (c, 1)N = bℓ · cℓ .

This shows that ℓ is a group morphism.

Suppose given b ∈ BV with (b, 1)N = (1, 1)N .

Then there exists some m ∈ MV such that

(mfV ,m
−) = (b, 1) · (1, 1)− = (b, 1) .

So we have m = 1, and therefore b = 1.

This shows that ℓ is injective.

Suppose given b ∈ BV and m ∈ MV .

We consider (b,m)N ∈ G/N and we consider b ·mfV ∈ BV .

We have

(b ·mfV )ℓ = (b ·mfV , 1)N = (b ·mfV ,m
m ·m−)N

(CM2)
= (b ·mfV ,m

mfV ·m−)N

=
(
(b,m) · (mfV ,m

−)
)
N = (b,m)N .

This shows that ℓ is surjective.

So altogether, ℓ is a group isomorphism.

Ad (3). For m ∈ MV , we have

m(fV ▲ ℓ) = (mfV )ℓ = (mfV , 1)N =
(
(mfV , 1) · (m−fV ,m)

)
N = (1,m)N = (1,m)f

= m(j
∣∣M ▲ f) .
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This shows j
∣∣M ▲ f = fV ▲ ℓ.

MV M

BV G/N

j
∣∣M
∼

fV f

ℓ

∼

For m ∈ MV and b ∈ BV , we have

(mj
∣∣M)bℓ = (1,m)(b,1)N = (1,m)(b,1) = (b−, 1) · (1,m) · (b, 1) = (1,mb) = (mb)j

∣∣M .

So (j
∣∣M , ℓ) is a crossed module morphism.

Since j
∣∣M and ℓ are group isomorphisms, we have that (j

∣∣M , ℓ) is a crossed module isomor-
phism.
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Chapter 8

Crossed modules and invertible
monoidal categories

8.1 Invertible monoidal categories

We recall the notion of an invertible monoidal category and the notion of a monoidal functor
from [29, §2.1, §2.2].

Definition 158 (Invertible monoidal categories)

Let C be a category. Suppose given a functor

(⊗) : C ×C → C ,
((
X

u−→X ′), (Y v−→Y ′)) 7→ (
X ⊗X ′ u⊗ v−−−→ Y ⊗ Y ′)

and suppose given an object I ∈ Ob(C) such that the following conditions (1, 2, 3) hold.

(1) For u ∈ Mor(C), we have

u⊗ idI = u = idI ⊗ u .

(2) For u, v, w ∈ Mor(C), we have

(u⊗ v)⊗ w = u⊗ (v ⊗ w) .

(3) For u ∈ Mor(C), there exists some v ∈ Mor(C) such that

u⊗ v = idI = v ⊗ u .
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Then we call (C, I,⊗) an invertible monoidal category. Cf. [29, Def. 12].

We often write C := (C, I,⊗).
The functor (⊗) is called its tensor product.

Further, for u ∈ Mor(C) and X ∈ Ob(C), we shall often write

u⊗X := u⊗ idX and X ⊗ u := idX ⊗ u .

Remark 159 Suppose given an invertible monoidal category (C, I,⊗).

(1) Suppose that we have an object Ĩ ∈ Ob(C) such that u⊗ idĨ = idĨ ⊗u for u ∈ Mor(C).
Then I = Ĩ.

So the object I is uniquely determined.

We call I the unit object of C.
See [29, Rem. 15].

(2) Suppose given u ∈ Mor(C). Suppose given v, w ∈ Mor(C) such that

u⊗ v = idI = v ⊗ u and u⊗ w = idI = w ⊗ u .

Then we have v = w.

We call u⊗− := v the tensor inverse of u.

Moreover, for X ∈ Ob(C), we have the object X⊗− that has idX⊗− = (idX)
⊗− .

See [29, Rem. 20].

(3) For X, Y , Z ∈ Ob(C), we have

(X ⊗ Y )⊗ Z = X ⊗ (Y ⊗ Z) .

See [29, Def. 12, Rem. 14].

(4) For X ∈ Ob(C), we have

X ⊗ I = X = I ⊗X .

See [29, Def. 12, Rem. 14].

(5) For X, Y ∈ Ob(C), we shall write

XY := Y ⊗− ⊗X ⊗ Y and [X, Y ] := X⊗− ⊗ Y ⊗− ⊗X ⊗ Y .
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For u, v ∈ Mor(C), we shall write

uv := v⊗− ⊗ u⊗ v and [u, v] := u⊗− ⊗ v⊗− ⊗ u⊗ v .

Moreover, for X ∈ Ob(C) and u ∈ Mor(C), we shall write

uX := X⊗− ⊗ u⊗X = idX⊗− ⊗u⊗ idX .

Remark 160 Suppose given an invertible monoidal category (C, I,⊗).
We have that every morphism in C is an isomorphism; cf. [29, Cor. 27].

(1) For
(
X

u−→Y
)
∈ Mor(C), we have

u⊗− = Y ⊗− ⊗ u− ⊗X⊗− : X⊗− → Y ⊗− ;

cf. [29, Lem. 26.(1)].

(2) For
(
X

u−→Y
)
∈ Mor(C), we have

u− = Y ⊗ u⊗− ⊗X : Y → X ;

cf. [29, Lem. 26.(2)].

(3) For (X
u−→Y

v−→Z) in C, we have

u ▲ v = u⊗ Y ⊗− ⊗ v ;

cf. [29, Rem. 28].

(4) For
(
I

u−→X
)
,
(
Y

v−→ I
)
in C, we have

u⊗ v = v ⊗ u ;

cf. [29, Lem. 25].

Definition 161 (Monoidal functors)

Suppose given invertible monoidal categories (C, IC,⊗) and (D, ID,⊗).
Suppose given a functor F : C → D.
We call F a monoidal functor if we have

(u⊗ v)F = uF ⊗ vF

for u, v ∈ Mor(C). Cf. [29, Def. 31, Rem. 32.(2)].
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Remark 162 Suppose given invertible monoidal categories (C, IC,⊗) and (D, ID,⊗).
Suppose given a monoidal functor F : C → D.

(1) We have

ICF = ID .

(2) For X, Y ∈ Ob(C), we have

(X ⊗ Y )F = XF ⊗ Y F .

(3) For X ∈ Ob(C) and u ∈ Mor(C), we have

(X⊗−)F = (XF )⊗− and (u⊗−)F = (uF )⊗− .

See [29, Def. 31, Rem. 32.(2), Rem. 33].

Definition 163 (The category of invertible monoidal categories)

We have the category InvMonCat , called the category of invertible monoidal categories,
having invertible monoidal categories as objects, and having monoidal functors as morphisms.
Cf. [29, Def. 38].

Remark 164 Suppose given an invertible monoidal category (C, I,⊗).
Suppose given A ∈ Ob(C) and X u−→Y

v−→Z in C.
We have

A⊗ (u ▲ v) = (A⊗ u) ▲ (A⊗ v) and (u ▲ v)⊗ A = (u⊗ A) ▲ (v ⊗ A) .

Proof. We have

A⊗ (u ▲ v) = (idA ▲ idA)⊗ (u ▲ v) = (idA⊗u) ▲ (idA⊗v) = (A⊗ u) ▲ (A⊗ v) .

Moreover, we have

(u ▲ v)⊗ A = (u ▲ v)⊗ (idA ▲ idA) = (u⊗ idA) ▲ (v ⊗ idA) = (u⊗ A) ▲ (v ⊗ A) .
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8.2 The equivalent categories InvMonCat and Cr Mod

In [29, Lem. 39], we have constructed the functor Cat : Cr Mod → InvMonCat .
In [29, Lem. 42], we have constructed the functor CM: InvMonCat → Cr Mod .

In [29, Prop. 43], we have considered the composites

Cat ∗CM: Cr Mod → Cr Mod and CM ∗Cat: InvMonCat → InvMonCat .

Moreover, for a crossed module V , we have constructed a crossed module isomorphism
V CatCM

∼−→V .

For an invertible monoidal category C, we have constructed a monoidal isofunctor
C CMCat

∼−→ C.
Here, we shall show that these isomorphisms yield isotransformations Cat ∗CM ∼−→ idCr Mod
and CM ∗Cat ∼−→ idInvMonCat .

As a consequence, the functors Cat : Cr Mod → InvMonCat and CM: InvMonCat → Cr Mod
are equivalences of categories; cf. Proposition 171 below.

Remark 165 (The functor Cat)

(1) Let V = (MV ,BV ,γV , fV ) be a crossed module.

We consider the invertible monoidal category V Cat, where

Ob(V Cat) = BV

Mor(V Cat) = BV ⋉γV
MV = BV ⋉MV .

For b
(b,m)−−−→ b ·mfV

(b·mfV ,m′)−−−−−−→ b · (mm′)fV in V Cat, their composite is given by

(b,m) ▲ (b ·mfV ,m
′) = (b,m ·m′) .

Source, target and identity are given as follows.

s : BV ⋉MV → BV , (b,m) 7→ b
t : BV ⋉MV → BV , (b,m) 7→ b ·mfV
i : BV ⋉MV ← BV , (b, 1) ←[ b .

Cf. [29, Rem. 4]. Note that s, i and t are group morphisms; cf. e.g. [29, Rem. 24].
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The tensor product (·) : V Cat×V Cat→ V Cat is given by the group multiplication (·)
in the group Ob(V Cat) = BV , respectively given by the group multiplication (·) in
the semidirect product Mor(V Cat) = BV ⋉MV :

( · ) : V Cat × V Cat −−→ V Cat(
by

b ·mfV

(b,m) ,
cy

c ·nfV

(c, n)

)
7−−→

(
b·cy

b·mfV ·c·nfV

(b,m) · (c, n)

)
.

Cf. [29, Rem. 29].

(2) Suppose given crossed modules V , W . Let ρ := (µ, β) : V → W be a crossed module
morphism.

Consider the invertible monoidal categories V Cat and WCat.

We have the monoidal functor

ρCat: V Cat→ WCat ,
(
b

(b,m)−−−→ b ·mfV
)
7→
(
bβ

(bβ,mµ)−−−−→ (b ·mfV )β
)
;

cf. [29, Lem. 39.(1)].

(3) We have the functor

Cat : Cr Mod → InvMonCat ,
(
V

ρ−→W
)
7→
(
V Cat

ρCat−−−→ WCat
)
;

cf. [29, Lem. 39.(2)].

Remark 166 (The functor CM)

(1) Let C = (C, I,⊗) be an invertible monoidal category.

We consider the crossed module

C CM = (MC CM , BC CM , γC CM , fC CM) =
(
ker s ,Ob(C) , γ, t

∣∣
ker s

)
,

where

γ : Ob(C)→ Aut(ker s) , X 7→ (u 7→ X⊗− ⊗ u⊗X) ;

cf. [29, Lem. 40.(2)].

Note that we have the group morphisms

s : Mor(C)→ Ob(C) ,
(
X

u−→Y
)
7→ u s = X

t : Mor(C)→ Ob(C) ,
(
X

u−→Y
)
7→ u t = Y .

In particular, we have ker s =
{(
I

u−→Y
)
∈ Mor(C)

}
.
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(2) Suppose given invertible monoidal categories C = (C, IC ,⊗), D = (D, ID ,⊗).
Let F : C → D be a monoidal functor.

We consider the crossed modules C CM and DCM.

We have the crossed module morphism F CM =: (µF , βF ) : C CM→ DCM, where

µF : ker sC → ker sD ,
(
IC

u−→Y
)
7→
(
ID

uF−→Y F
)

βF : Ob(C)→ Ob(D) , X 7→ XF .

cf. [29, Lem. 42.(1)].

(3) We have the functor

CM: InvMonCat → Cr Mod ,
(
C F−→ D

)
7→
(
C CM F CM−−−→ DCM

)
;

cf. [29, Lem. 42.(2)].

Remark 167 (The crossed module V CatCM)

(1) Let V = (MV , BV , γV , fV ) be a crossed module. We consider the crossed module
V CatCM.

We have the invertible monoidal category V Cat, where

Ob(V Cat) = BV

Mor(V Cat) = BV ⋉MV

and where we have the group morphisms

s : BV ⋉MV → BV , (b,m) 7→ b (source)
t : BV ⋉MV → BV , (b,m) 7→ b ·mfV (target)
i : BV → BV ⋉MV , b 7→ (1, b) (identity) ;

cf. Remark 165.

Then, by Remark 166.(1), we have the crossed module

V CatCM = (MV CatCM , BV CatCM , γV CatCM , fV CatCM) ,

where

MV CatCM = ker s = {(1,m) ∈ BV ⋉MV : m ∈ MV } = 1⋉MV

BV CatCM = Ob(V Cat) = BV
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and where

γV CatCM : BV → Aut(ker s) , b 7→
(
(1,m) 7→ (b, 1)− · (1,m) · (b, 1) = (1,mb)

)
fV CatCM = t

∣∣
ker s

: ker s→ BV , (1,m) 7→ mfV .

(2) Let ρ = (µ, β) : V → W be a crossed module morphism. Then we have the group
morphisms µ : MV → MW and β : BV → BW .

We consider the crossed modules V CatCM and WCatCM; cf. (1). We consider the
crossed module morphism ρCatCM: V CatCM→ WCatCM.

Recall that we have the monoidal functor

ρCat: V Cat→ WCat ,
(
b

(b,m)−−−→ b ·mfV
)
7→
(
bβ

(bβ,mµ)−−−−→ bβ · (mµ)fW
)
;

cf. Remark 165.(2).

Then, by Remark 166.(2), we have the crossed module morphism

ρCatCM = (µρCat , βρCat) : V CatCM→ WCatCM ,

where

µρCat : 1⋉MV → 1⋉MW , (1,m) 7→ (1,mµ)

βρCat : BV → BW , b 7→ bβ .

Lemma 168 (The functor Cat ∗CM)

(1) Let V be a crossed module. By [29, Prop. 43.(1)], we have the crossed module isomor-
phism

(πMV
, idBV

) : V CatCM
∼−→V ,

where πMV
: 1⋉MV → MV , (1,m) 7→ m.

(2) We have the isotransformation

ψ :=
(
V CatCM

(πMV
,idBV

)
−−−−−−−→ V

)
V ∈Ob(Cr Mod )

: Cat ∗CM ∼−→ idCr Mod .

Proof. Ad (2). Suppose given
(
V

ρ−→W
)
in Cr Mod .

We have ρ = (µ, β), where µ : MV → MW and β : BV → BW . Recall that we write
(µρCat , βρCat) := ρCatCM; cf. Remark 167.(2).
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We show that the following diagram is commutative.

V CatCM V

WCatCM W

(πMV ,idBV
)

ρCatCM ρ

(πMW
, idBW

)

For (1,m) ∈ 1⋉MV , we have

(1,m)(πMV
▲ µ) = mµ = (1,mµ)πMW

167.(2)
= (1,m)(µρCat ▲ πMW

) .

This shows πMV
▲ µ = µρCat ▲ πMW

.

For b ∈ BV , we have

b(idBV
▲ β) = bβ = (bβ) idBW

= b(βρCat ▲ idBW
) .

This shows idBV
▲ β = βρCat ▲ idBW

.

So we have

(πMV
, idBV

) ▲ ρ = (πMV
, idBV

) ▲ (µ, β) = (πMV
▲ µ, idBV

▲ β) = (µρCat ▲ πMW
, βρCat ▲ idBW

)

= (µρCat , βρCat) ▲ (πMW
, idBW

) = ρCatCM ▲ (πMW
, idBW

) .

So ψ is a transformation. By (1), we conclude that ψ is an isotransformation.

Remark 169 (The invertible monoidal category C CMCat)

(1) Let (C, I,⊗) be an invertible monoidal category. We consider the invertible monoidal
category C CMCat.

By Remark 166.(1), we have the crossed module C CM = (MC CM , BC CM , γC CM , fC CM) ,
where

MC CM = ker s =
{(
I

u−→Y
)
∈ Mor(C)

}
BC CM = Ob(C)

and where

γC CM : Ob(C)→ Aut(ker s) , X 7→ (u 7→ X⊗− ⊗ u⊗X)

fC CM = t
∣∣
ker s : ker s → Ob(C) ,

(
I

u−→Y
)
7→ Y .
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Then, by Remark 165.(1), we have the invertible monoidal category C CMCat, where

Ob(C CMCat) = BC CM = Ob(C)
Mor(C CMCat) = BC CM ⋉MC CM = Ob(C)⋉ ker s .

Moreover, we have the group morphisms

s : Ob(C)⋉ ker s → Ob(C) ,
(
X, (I

u−→Y )
)
7→ X (source)

t : Ob(C)⋉ ker s → Ob(C) ,
(
X, (I

u−→Y )
)
7→ X ⊗ Y (target)

i : Ob(C)→ Ob(C)⋉ ker s , X 7→
(
X, (I

idI−→ I)
)

(identity) .

(2) Let (C, IC ,⊗) and (D, ID ,⊗) be invertible monoidal categories. Suppose given a
monoidal functor F : C → D.
We consider the invertible monoidal categories C CMCat and DCMCat; cf. (1). We
consider the monoidal functor F CMCat: C CMCat→ DCMCat.

By Remark 166.(2), we have the crossed module morphism

F CM = (µF , βF ) : C CM→ DCM ,

where

µF : ker sC → ker sD ,
(
IC

u−→Y
)
7→
(
ID

uF−→Y F
)

βF : Ob(C)→ Ob(D) , X 7→ XF .

Then, by Remark 165.(2), we have the monoidal functor

F CMCat: C CMCat → DCMCat(
X

(X, IC
u−→Y )

−−−−−−−−−−−→ X ⊗ Y
)
7→

(
XF

(XF, ID
uF−→Y F )

−−−−−−−−−−−−−−→ XF ⊗ Y F
)
.

Lemma 170 (The functor CM ∗Cat)

(1) Let C be an invertible monoidal category. By [29, Prop. 43.(2)], we have the monoidal
isofunctor

C φ : C CMCat→ C ,
(
X

(X, IC
u−→Y )

−−−−−−−−−−−→ X ⊗ Y
)
7→
(
X

X⊗u−−−→ X ⊗ Y
)
.

(2) We have the isotransformation

φ :=
(
C CMCat

C φ−→ C
)
C∈Ob(InvMonCat) : CM ∗Cat ∼−→ idInvMonCat .
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Proof. Ad (2). Suppose given
(
C F−→ D

)
in InvMonCat .

We show that the following diagram is commutative.

C CMCat C

DCMCat D

C φ

F CMCat F

D φ

Suppose given (X, u) =
(
X, (IC

u−→Y )
)
∈ Mor(C CMCat) = Ob(C)⋉ ker sD . We have

(X, u)(C φ ▲F ) = (X ⊗ u)F = XF ⊗ uF = (XF, uF )D φ 169
= (X, u)(F C CMCat ▲ D φ) .

This shows C φ ▲F = F C CMCat ▲ D φ.
So φ is a transformation. By (1), we conclude that φ is an isotransformation.

Proposition 171 (The equivalences Cat and CM)

By Lemma 168.(2), we have the isotransformation ψ : Cat ∗CM ∼−→ idCr Mod .

By Lemma 170.(2), we have the isotransformation φ : CM ∗Cat ∼−→ idInvMonCat .

So Cat and CM are equivalences. In particular, the categories Cr Mod and InvMonCat are
equivalent.

Cr Mod InvMonCat
Cat

∼
CM
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Part II

The stable case





Chapter 9

Stable simplicial groups

9.1 The prestable simplex category

In the following construction of the prestable simplex category ∆±, we follow Weilandt [30,
Def. 1.1.4], with slightly different notations.

Definition 172 (Prestable simplex category)

For z ∈ Z, we write [z]± := Z⩾0 × {z}.
Let z, w ∈ Z. For a map [z]±

u−→ [w]±, we consider the following properties (1, 2).

(1) For i, i′ ∈ Z⩾0 with i ⩽ i′ and j, j′ ∈ Z⩾0 with (i, z)u = (j, w) and (i′, z)u = (j′, w),
we have j ⩽ j′.

(2) There exists some i0 ∈ Z⩾0 such that (i, z)u = (i− z + w,w) for i ⩾ i0 .

A map [z]±
u−→ [w]± satisfying the property (1) is called monotone.

A map [z]±
u−→ [w]± satisfying the property (2) is called eventually parallel.

The subcategory ∆± of Set with

Ob
(
∆±) := {[z]± : z ∈ Z}

Mor
(
∆±) := {[z]± u−→ [w]± : z, w ∈ Z, u is monotone and eventually parallel}

is called the prestable simplex category.

Suppose given a morphism [z]±
u−→ [w]± in Mor(∆±).
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We consider the map

u∨ : Z⩾0 → Z⩾0 , x 7→ sx , where (sx, w) := (x, z)u .

So we have

(x, z)u = (xu∨, w) for x ∈ Z⩾0 .

Often, we simply write (xu,w) := (xu∨, w) by abuse of notation.

Example 173 We consider the prestable simplex category ∆±.

We consider the map [3]±
u−→ [5]± given as follows.

[3]± [5]±

...
...

... (8, 5)

... (7, 5)

(6, 3) (6, 5)

(5, 3) (5, 5)

(4, 3) (4, 5)

(3, 3) (3, 5)

(2, 3) (2, 5)

(1, 3) (1, 5)

(0, 3) (0, 5)

u

The map u is monotone.

Moreover, we have (i, 3) = (i− 3 + 5, 5) for i ⩾ 4 =: i0 . So u is eventually parallel.

Therefore, we have u ∈ Mor(∆±).
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Definition 174 We consider the prestable simplex category ∆±.

Let z ∈ Z. For k ∈ Z⩾0, we have the morphism

δ±,zk : [z − 1]± → [z]±, (i, z − 1) 7→ (i, z − 1)δ±,zk :=

{
(i, z) if i < k

(i+ 1, z) if i ⩾ k .

Sometimes, we write δk := δ±,zk .

Let z ∈ Z. For k ∈ Z⩾0, we have the morphism

σ±,z
k : [z + 1]± → [z]±, (i, z + 1) 7→ (i, z + 1)σ±,z

k :=

{
(i, z) if i ⩽ k

(i− 1, z) if i > k .

Sometimes, we write σk := σ±,z
k .

Lemma 175 Suppose given a morphism [n]±
u−→ [k]± in Mor(∆±).

(1) Suppose that u is injective.

Let Cu := {j ∈ Z⩾0 : (j, k) ̸∈ imu} = {j1, . . ., jk−n}, where 0 ⩽ j1 < . . . < jk−n .

(1.1) We have

u =
[n]±∏[k]±

ℓ∈⌈1,k−n⌉

δ±,n+ℓjℓ
= δ±,n+1

j1
▲ δ±,n+2

j2
▲ . . . ▲ δ±,kjk−n

.

(1.2) Suppose given 0 ⩽ t1 < t2 < . . . < tk−n such that

u =
[n]±∏[k]±

ℓ∈⌈1,k−n⌉

δ±,n+ℓtℓ
= δ±,n+1

t1 ▲ δ±,n+2
t2 ▲ . . . ▲ δ±,ktk−n

.

Then we have Cu = {t1, . . ., tk−n} , i.e. we have tℓ = jℓ for ℓ ∈ [1, k − n].

(2) Suppose that u is surjective.

Let Du := {j ∈ Z⩾0 : (j, n)u = (j + 1, n)u} = {i1, . . ., in−k}, where
0 ⩽ i1 < . . . < in−k .

(2.1) We have

u =
[n]±∏[k]±

ℓ∈⌊n−k,1⌋

σ±,k+ℓ−1
iℓ

= σ±,n−1
in−k

▲ σ±,n−2
in−k−1

▲ . . . ▲ σ±,k
i1

.

253



CHAPTER 9. STABLE SIMPLICIAL GROUPS

(2.2) Suppose given 0 ⩽ t1 < t2 < . . . < tn−k such that

u =
[n]±∏[k]±

ℓ∈⌊n−k,1⌋

σ±,k+ℓ−1
tℓ

= σ±,n−1
tn−k

▲ σ±,n−2
tn−k−1

▲ . . . ▲ σ±,k
t1 .

Then we have Du = {t1, . . ., tn−k} , i.e. we have tℓ = iℓ for ℓ ∈ [1, n− k].

Proof. Ad (1.1). Suppose given n ∈ Z⩾0 . We show this assertion by induction on k ∈ Z⩾n .

Let k = n.

Then we have u = id[n]± and we have Cu = ∅.
Let k ⩾ n+ 1.

Now we assume that (1.1) holds for all injective morphisms [n]± → [k − 1]±.

Since k − n ⩾ 1, the morphism u is not surjective. So Cu ̸= ∅.
Let d := maxCu = jk−n ∈ Z⩾0 .

We show that u ▲ σ±,k−1
d ▲ δ±,kd

!
= u .

Let x ∈ Z⩾0 . Note that (xu, k) = (x, n)u ̸= (d, k). So xu ̸= d.

Case xu ⩽ d− 1 . We have

(x, n)(u ▲σ±,k−1
d ▲ δ±,kd ) = (xu, k)(σ±,k−1

d ▲ δ±,kd ) = (xu, k − 1)δ±,nd = (xu, k) = (x, n)u .

Case xu ⩾ d+ 1 . We have

(x, n)(u ▲σ±,k−1
d ▲ δ±,kd ) = (xu, k)(σ±,k−1

d ▲ δ±,kd ) = (xu− 1, k − 1)δ±,kd = (xu, k) = (x, n)u .

This shows u ▲σ±,k−1
d ▲ δ±,kd = u .

Consider the morphism u ▲σ±,k−1
d : [n]± → [k − 1]± in ∆±. The map u ▲σ±,k−1

d is injective
since u is injective and since d ∈ Cu .

We show that Cu\{d}
!
= Cu ▲ σ

±,k−1
d

.

Ad ⊆. Let x ∈ Cu\{d}. Note that x < d since d is maximal in Cu .

Now we assume that we may choose some y ∈ Z⩾0 such that (x, k−1) = (y, n)(u ▲σ±,k−1
d ) =

(yu, k)σ±,k−1
d .

Case yu ⩽ d . We have

(x, k − 1) = (yu, k)σ±,k−1
d = (yu, k − 1) .
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So x = yu. Therefore (x, k) = (yu, k) = (y, n)u, which contradicts x ∈ Cu .
Case yu ⩾ d+ 1 . We have

(x, k − 1) = (yu, k)σ±,k−1
d = (yu− 1, k − 1) .

So x = yu− 1 ⩾ d, which contradicts x < d .

So x ∈ Cu ▲ σ
±,k−1
d

.

This shows Cu\{d} ⊆ Cu ▲ σ
±,k−1
d

.

Ad ⊇. Let x ∈ Cu ▲ σ
±,k−1
d

. We have to show that x
!
∈ Cu and that x

!

̸= d.

Case x ⩽ d. We assume that we may choose some y ∈ Z⩾0 such that (x, k) = (y, n)u.

We have

(x, k − 1) = (x, k)σ±,k−1
d = (y, n)(u ▲σ±,k−1

d ) ,

which contradicts x ∈ Cu ▲ σ
±,k−1
d

. So x ∈ Cu .

Case x ⩾ d+1. We may choose some z ∈ Z⩾0 with (z, n)u = (x+1, k) since x+1 ⩾ d+2 > d .

So we have

(x, k − 1) = (x+ 1, k)σ±,k−1
d = (z, n)(u ▲σ±,k−1

d ) ,

This is impossible since x ∈ Cu ▲ σ
±,k−1
d

. So this case does not occur.

This shows x ∈ Cu .
Now we assume that x = d.

We have d+ 1 ̸∈ Cu since d = maxCu .

Therefore, we may choose some w ∈ Z⩾0 with (d+ 1, k) = (w, n)u. So we have

(x, k − 1) = (d, k − 1) = (d+ 1, k)σ±,k−1
d = (w, n)(u ▲σ±,k−1

d ) ,

which contradicts x ∈ Cu ▲ σ
±,k−1
d

.

This shows Cu\{d} ⊇ Cu ▲ σ
±,k−1
d

.

So we have Cu\{d} = Cu ▲ σ
±,k−1
d

.

By induction hypothesis we have

u ▲σ±,k−1
d =

[n]±∏[k−1]±

ℓ∈⌈1,k−n−1⌉

δ±,n+ℓjℓ
= δ±,n+1

j1
▲ . . . ▲ δ±,k−1

jk−n−1
,
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where Cu ▲ σ
±,k−1
d

= Cu\{d} = {j1, . . ., jk−n−1} and j1 < . . . < jk−n−1 .

So we have

u = u ▲σ±,k−1
d ▲ δ±,kd = (δ±,n+1

j1
▲ . . . ▲ δ±,k−1

jk−n−1
) ▲ δ±,kjk−n

,

where Cu = Cu ▲ σ
±,k−1
d

∪ {d} = {j1, . . . , jk−n−1, jk−n} and j1 < . . . < jk−n .

Ad (1.2). Suppose given n ∈ Z⩾0 . We show this assertion by induction on k ∈ Z⩾n .

Suppose that k = n.

Then we have u =
[n]±∏[n]±

ℓ∈⌈1,0⌉

δ±,n+ℓtℓ
= id[n]± . Moreover, since u = id[n]± is surjective, we

have Cu = ∅.
Suppose that k ⩾ n+ 1.

Now we assume that (1.2) holds for all injective morphisms [n]± → [k − 1]±.

We write ũ :=
[n]±∏[k−1]±

ℓ∈⌈1,k−n−1⌉

δ±,n+ℓtℓ
. Note that u = ũ ▲ δ±,ktk−n

.

By induction hypothesis, we have Cũ = {t1 , t2 , . . . , tk−n−1}.

We have to show that Cu
!
= Cũ ∪ {tk−n}.

Ad ⊆. Suppose given x ∈ Cu . We may assume that x ̸= tk−n .

Case x > tk−n . Then x− 1 ⩾ tk−n > tk−n−1 . So x− 1 ̸∈ Cũ .
Therefore, we may choose some y ∈ Z⩾0 with (x− 1, k − 1) = (y, n)ũ.

We have

(y, n)u = (y, n)(ũ ▲ δ±,ktk−n
) = (x− 1, k − 1)δ±,ktk−n

= (x, k) .

This is impossible since x ∈ Cu . So this case does not occur.

Case x < tk−n . We assume that x ̸∈ Cũ . Then we may choose some y ∈ Z⩾0 with
(x, k − 1) = (y, n)ũ.

We have

(y, n)u = (y, n)(ũ ▲ δ±,ktk−n
) = (x, k − 1)δ±,ktk−n

= (x, k) ,

which contradicts x ∈ Cu .
This shows xCũ ⊆∈ Cũ ∪ {tk−n} .
Ad ⊇. Suppose given x ∈ Cũ ∪ {tk−n} .
Case x = tk−n . Note that we have (tk−n , k) ̸∈ im(δ±,ktk−n

) .
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In particular, we have (tk−n , k) ̸∈ im(ũ ▲ δ±,ktk−n
) = imu . So tk−n ∈ Cu .

Case x ∈ Cũ . Then we have x < tk−n .

We assume that x ̸∈ Cu . Then we may choose some y ∈ Z⩾0 with (x, k) = (y, n)u.

We have (y, n)ũ = (yũ, k − 1) and we consider yũ ∈ Z⩾0 .

If yũ < tk−n , then we have

(x, k) = (y, n)u = (y, n)(ũ ▲ δ±,ktk−n
) = (yũ, k − 1)δ±,ktk−n

= (y, n)ũ ,

which contradicts x ∈ Cũ .
If yũ ⩾ tk−n , then we have

(x, k) = (y, n)u = (y, n)(ũ ▲ δ±,ktk−n
) = (yũ, k − 1)δ±,ktk−n

= (yũ+ 1, k) .

This shows x = yũ+ 1 > tk−n , which contradicts x < tk−n .

Therefore, we have x ∈ Cu .
Ad (2.1). Suppose given k ∈ Z⩾0 . We show this assertion by induction on n ∈ Z⩾k .

Suppose that n = k.

Then we have u = id[n]± and we have Du = ∅.
Suppose that n ⩾ k + 1 .

Now we assume that (2.1) holds for all surjective morphisms [n− 1]± → [k]±.

Since k < n, the map u is not injective. So Du ̸= ∅.
Let e := maxDu = in−k . Note that (e, n)u = (e+ 1, n)u.

We show that σ±,n−1
e ▲ δ±,ne+1 ▲ u

!
= u .

Let x ∈ Z⩾0 .

Case x ⩽ e. We have

(x, n)(σ±,n−1
e ▲ δ±,ne+1 ▲ u) = (x, n− 1)(δ±,ne+1 ▲ u) = (x, n)u .

Case x = e+ 1. We have

(x, n)(σ±,n−1
e ▲ δ±,ne+1 ▲ u) = (e, n− 1)(δ±,ne+1 ▲ u) = (e, n)u = (x, n)u .

Case x ⩾ e+ 2. We have

(x, n)(σ±,n−1
e ▲ δ±,ne+1 ▲ u) = (x− 1, n− 1)(δ±,ne+1 ▲ u) = (x, n)u .
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This shows σ±,n−1
e ▲ δ±,ne+1 ▲ u = u.

We consider the morphism δ±,ne+1 ▲ u : [n − 1]± → [k]± in ∆±. The map δ±,ne+1 ▲ u is surjective
since u is surjective and since e ∈ Du .

We show that Du\{e}
!
= Dδ

±,n
e+1 ▲ u .

Ad ⊆. Let x ∈ Du\{e}. Note that x < e since e is maximal in Du .

We have

(x, n− 1)(δ±,ne+1 ▲ u) = (x, n)u = (x+ 1, n)u = (x+ 1, n− 1)(δ±,ne+1 ▲ u) .

This shows x ∈ Dδ
±,n
e+1 ▲ u .

Ad ⊇. Let x ∈ Dδ
±,n
e+1 ▲ u .

We assume that x ⩾ e+ 1. Then

(x+ 1, n)u = (x, n− 1)(δ±,ne+1 ▲ u) = (x+ 1, n− 1)(δ±,ne+1 ▲ u) = (x+ 2, n)u .

So e < x+ 1 ∈ Du which contradicts the maximality of e.

We assume that x = e. Then

(x+ 1, n)u = (x, n)u = (x, n− 1)(δ±,ne+1 ▲ u) = (x+ 1, n− 1)(δ±,ne+1 ▲ u) = (x+ 2, n)u .

So e < x+ 1 ∈ Du which contradicts the maximality of e.

So we have x ⩽ e− 1. In particular, x ̸= e.

We have

(x, n)u = (x, n− 1)(δ±,ne+1 ▲ u) = (x+ 1, n− 1)(δ±,ne+1 ▲ u) = (x+ 1, n)u .

Therefore, we have x ∈ Du .

This shows Du\{e} = Dδ
±,n
e+1 ▲ u .

By induction hypothesis we have

δ±,ne+1 ▲ u = σ±,n−2
in−k−1

▲σ±,n−3
in−k−2

▲ . . . ▲σ±,k
i1

,

since Dδ
±,n
e+1 ▲ u = {i1, . . . , in−k−1} and i1 < · · · < in−k−1 .

So we have

u = σ±,n−1
e ▲ δ±,ne+1 ▲ u = σ±,n−1

in−k
▲ (σ±,n−2

in−k−1
▲σ±,n−3

in−k−2
▲ . . . ▲σ±,k

i1
) ,

where Du = Dδ
±,n
e+1 ▲ u ∪ {e} = {i1, . . . , in−k−1, in−k} and i1 < · · · < in−k .
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Ad (2.2). Suppose given k ∈ Z⩾0 . We show this assertion by induction on n ∈ Z⩾k .

Suppose that n = k. Then we have u =
[n]±∏[n]±

ℓ∈⌊0,1⌋

σ±,n+ℓ−1
tℓ

= id[n]± . Moreover, since
u = id[n]± is injective, we have Du = ∅.
Suppose that n ⩾ k + 1.

Now we assume that (2.2) holds for all surjective morphisms [n− 1]± → [k]±.

We write ũ :=
[n−1]±∏[k]±

ℓ∈⌊n−1−k,1⌋

σ±,k+ℓ−1
tℓ

. Note that u = σ±,n−1
tn−k

▲ ũ .

By induction hypothesis, we have Dũ = {t1 , t2 , . . . , tk−n−1}.

We have to show that Du
!
= Dũ ∪ {tn−k} .

Ad ⊆. Suppose given x ∈ Du . We may assume that x ̸= tn−k .

Case x > tn−k . We have

(x− 1, n− 1)ũ = (x, n)(σ±,n−1
tn−k

▲ ũ) = (x, n)u = (x+ 1, n)u = (x+ 1, n)(σ±,n−1
tn−k

▲ ũ)

= (x, n− 1)ũ .

This shows x− 1 ∈ Dũ = {t1 , . . ., tn−k−1}.
So we have

x ⩽ tn−k−1 + 1 ⩽ tn−k ,

which is impossible, since x > tn−k . So this case does not occur.

Case x < tn−k . We have

(x, n−1)ũ = (x, n)(σ±,n−1
tn−k

▲ ũ) = (x, n)u = (x+1, n)u = (x+1, n)(σ±,n−1
tn−k

▲ ũ) = (x+1, n−1)ũ .

This shows x ∈ Dũ ⊆ Dũ ∪ {tn−k} .
Ad ⊇. Suppose given x ∈ Dũ ∪ {tn−k}.
Case x = tn−k . Then we have x ∈ Du .

Case x ∈ Dũ . Note that we have x ⩽ tn−k−1 ⩽ tn−k − 1 .

We have

(x, n)u = (x, n)(σ±,n−1
tn−k

▲ ũ) = (x, n−1)ũ = (x+1, n−1)ũ = (x+1, n)(σ±,n−1
tn−k

▲ ũ) = (x+1, n)u .

This shows x ∈ Du .
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Remark 176 Suppose given
(
[n]±

u−→ [k]±
)
∈ Mor(∆±) .

Suppose that we have
u = v ▲w and u = ṽ ▲ w̃

with [n]±
v−→ [ℓ]±

w−→ [k]± and [n]±
ṽ−→ [ℓ̃]±

w̃−→ [k]± in Mor(∆±) , where v, ṽ are surjective
and where w, w̃ are injective.

Then we have ℓ = ℓ̃, v = ṽ and w = w̃ .

Proof. We show that ℓ
!
= ℓ̃.

We consider coimu = {(j, k) ∈ [k]±\ imu : j ∈ Z⩾0} ⊆ [k]± ; cf. §1.1.1 item 8.

We show that | coimu| !
= k − ℓ.

Since the morphism w : [ℓ]± → [k]± is eventually parallel, we may choose some i0 ∈ Z⩾0 with

(i, ℓ)w = (i− ℓ+ k, k) for i ⩾ i0 .

Since w is monotone, we have iw ⩽ i0w = i0 − ℓ+ k for i ∈ [0, i0].

Therefore, we have the injective map w′ := w
∣∣∣[0,i0−ℓ+k]×{k}

[0,i0]×{ℓ}
.

We recall that coimw′ =
(
[0, i0− ℓ+ k]×{k}

)
\
(
[0, i0]×{k}

)
and that coimw = [k]±\ imw;

cf. §1.1.1 item 8.

Note that coimw′ = coimw.

Moreover, since v : [n]± → [ℓ]± is surjective, note that we have

imw = im(v ▲w) = imu .

So
coimu = coimw = coimw′ .

In particular, we have

| coimu| = | coimw′| =
∣∣[0, i0 − ℓ+ k]

∣∣− ∣∣[0, i0]∣∣ = (i0 − ℓ+ k + 1)− (i0 + 1)

= k − ℓ .

With the same argument, we get | coimu| = k − ℓ̃ .
This shows ℓ = | coimu| − k = ℓ̃.

We show that w
!
= w̃.
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Since v and ṽ are surjective, we have

coimw = coim(v ▲w) = coimu = coim(ṽ ▲ w̃) = coim w̃ .

So, since w, w̃ : [ℓ]± → [k]± are injective and monotone and since [k]±\ imw = [k]±\ im w̃,
we have w = w̃ .

We show that v
!
= ṽ.

We have

v ▲w = u = ṽ ▲ w̃ = ṽ ▲w .

Since w is injective, we have v = ṽ .

Corollary 177 Suppose given a morphism
(
[n]±

u−→ [k]±
)
∈ Mor(∆±).

Let t :=
∣∣[k]±\ imu

∣∣. Let ℓ := k − t .
Let Du :=

{
i ∈ Z⩾0 : (i, n)u = (i+ 1, n)u

}
= {i1 , . . ., in−ℓ}, where 0 ⩽ i1 < i2 < . . . < in−ℓ .

Let Cu := {j ∈ Z⩾0 : (j, k) ̸∈ imu} = {j1, . . ., jk−ℓ}, where 0 ⩽ j1 < j2 < . . . < jk−ℓ .

Note that |Cu| − |Du| = k − n, that t = k − ℓ = |Cu| and that n − ℓ = |Du|. In particular,
we have ℓ ⩽ min{n, k}.

(1) We have

u =

(
[n]±∏[ℓ]±

r∈⌊n−ℓ,1⌋

σ±,ℓ+r−1
ir

)
▲

(
[ℓ]±∏[k]±

r∈⌈1,k−ℓ⌉

δ±,ℓ+rjr

)
= σ±,n−1

in−ℓ
▲ . . . ▲ σ±,ℓ

i1
▲ δ±,ℓ+1

j1
▲ . . . ▲ δ±,kjk−ℓ

.

(2) Suppose given ℓ′ ∈ Z⩽min{n,k} and 0 ⩽ i′1 < . . . < i′n−ℓ′ and 0 ⩽ j′1 < . . . < j′k−ℓ′ such
that

u =

(
[n]±∏[ℓ′]±

r∈⌊n−ℓ′,1⌋

σ±,ℓ′+r−1
i′r

)
▲

(
[ℓ′]±∏[k]±

r∈⌈1,k−ℓ′⌉

δ±,ℓ
′+r

j′r

)
= σ±,n−1

i′
n−ℓ′

▲ . . . ▲ σ±,ℓ′
i′1

▲ δ±,ℓ
′+1

j′1
▲ . . . ▲ δ±,kj′

k−ℓ′
.

Then we have ℓ = ℓ′, Du = {i′1 , . . ., i′n−ℓ} and Cu = {j′1, . . ., j′k−ℓ}.
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(3) Suppose given ℓ′ ∈ Z⩽min{n,k} and 0 ⩽ i′1 < . . . < i′n−ℓ′ and 0 ⩽ j′1 < . . . < j′k−ℓ′ such
that

u =

(
[n]±∏[ℓ′]±

r∈⌊n−ℓ′,1⌋

σ±,ℓ′+r−1
i′r

)
▲

(
[ℓ′]±∏[k]±

r∈⌈1,k−ℓ′⌉

δ±,ℓ
′+r

j′r

)
= σ±,n−1

i′
n−ℓ′

▲ . . . ▲ σ±,ℓ′
i′1

▲ δ±,ℓ
′+1

j′1
▲ . . . ▲ δ±,kj′

k−ℓ′
.

Suppose given ℓ′′ ∈ Z⩽min{n,k} and 0 ⩽ i′′1 < . . . < i′′n−ℓ′′ and 0 ⩽ j′′1 < . . . < j′′k−ℓ′′ such
that

u =

(
[n]±∏[ℓ′′]±

r∈⌊n−ℓ′′,1⌋

σ±,ℓ′′+r−1
i′′r

)
▲

(
[ℓ′′]±∏[k]±

r∈⌈1,k−ℓ′′⌉

δ±,ℓ
′′+r

j′′r

)
= σ±,n−1

i′′
n−ℓ′′

▲ . . . ▲ σ±,ℓ′′
i′′1

▲ δ±,ℓ
′′+1

j′′1
▲ . . . ▲ δ±,kj′′

k−ℓ′′
.

Then we have ℓ′ = ℓ′′ , and i′r = i′′r for r ∈ [1, n− ℓ′], and j′r = j′′r for r ∈ [1, k − ℓ′] .

Proof. Ad (1). Since u is eventually parallel, we may choose some i0 ∈ Z⩾0 such that

(i, n)u = (i− n+ k, k) for i ⩾ i0 .

We write imu =: {(sr , k) : r ∈ Z⩾0} ⊆ [k]± with sr < sr′ for r < r′.

We consider the map

ū : [n]± → [ℓ]±, (x, n) 7→ (x, n)ū = (xū, ℓ)

with (sxū , k) := (x, n)u = (xu, k).

Let Dū := {i ∈ Z⩾0 : (i, n)ū = (i+ 1, n)ū}.

We show that Du
!
= Dū .

Ad ⊆. Suppose given x ∈ Du . We have

(sxū, k) = (x, n)u = (x+ 1, n)u = (s(x+1)ū, k) .

This shows sxū = s(x+1)ū . So (x, n)ū = (x+ 1, n)ū.

Therefore, we have x ∈ Dū .

Ad ⊇. Suppose given x ∈ Dū . We have

(x, n)u = (sxū , k) = (s(x+1)ū , k) = (x+ 1, n)u .
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So x ∈ Du .

Therefore, we have Du = Dū.

We show that ū is surjective and monotone.

For i ∈ Z⩾0 , we may choose x ∈ Z⩾0 with (xu, k) = (x, n)u = (si, k). Therefore, we have
xu = si , and hence (x, n)ū = (xū, ℓ) = (i, ℓ). So ū is surjective.

For x, y ∈ Z⩾0 with x ⩽ y, we have sxū = xu ⩽ yu = syū , hence xū ⩽ yū. So ū is monotone.

We show that ū is eventually parallel.

Suppose given i ⩾ i0 .

Note that we have siū = iu = siu−t and thus (i, n)ū = (iū, ℓ) = (iu− t, ℓ).
So we have

(i, n)ū = (iu− t, ℓ) = (i− n+ k − t, ℓ) = (i− n+ ℓ, ℓ) for i ⩾ i0 .

Hence ū is eventually parallel.

Therefore, by Lemma 175.(2.1), we have

ū = σ±,n−1
in−ℓ

▲ . . . ▲σ±,ℓ
i1
,

where we recall that ir ∈ Dū = Du for r ∈ [1, n− ℓ].
We consider the map

u̇ : [ℓ]± → [k]±, (x, ℓ) 7→ (x, ℓ)u̇ := (sx, k) .

Then u̇ is injective and monotone.

Let Cu̇ := {j ∈ Z⩾0 : (j, k) ̸∈ im u̇}.

We show that Cu
!
= Cu̇ .

Ad ⊆. Suppose given x ∈ Cu . We assume that x ̸∈ Cu̇ . Then we may choose some
(y, ℓ) ∈ [ℓ]± with (x, k) = (y, ℓ)u̇. We have

(x, k) = (y, ℓ)u̇ = (sy , k) ∈ imu ,

which contradicts x ∈ Cu .
This shows x ∈ Cu̇ .
Ad ⊇. Suppose given x ∈ Cu̇ . We assume that x ̸∈ Cu . Then we may choose some
(y, n) ∈ [n]± with (x, k) = (y, n)u. We have

(x, k) = (y, n)u = (syū , k) = (yū, ℓ)u̇ ∈ im u̇ ,
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which contradicts x ∈ Cu̇ .
This shows x ∈ Cu .
Therefore, we have Cu = Cu̇ .

We show that u̇ is eventually parallel.

Let j0 := i0 − n + k − t = i0 − |Du| ∈ Z⩾0 . Suppose given j ∈ Z⩾0 with j ⩾ j0 . Then we
have j = j0 + a = i0 − n+ k − t+ a for some a ∈ Z⩾0 .

We consider the morphism ū. We have

(i0 + a, n)ū = (i0 + a− n+ k − t, ℓ) = (j, ℓ) .

So (i0 + a)ū = j.

Therefore, we have

(j, ℓ)u̇ = (ju̇, k) =
(
(i0 + a)ūu̇, k

)
= (s(i0+a)ū , k) =

(
(i0 + a)u, k

)
= (i0 + a− n+ k, k)

=
(
(i0 + a− n+ k − t)− (k − t) + k, k

)
= (j − ℓ+ k, k) .

So u̇ is eventually parallel.

Therefore, by Lemma 175.(1.1), we have

u̇ = δ±,ℓ+1
j1

▲ . . . ▲ δ±,kjk−ℓ
,

where we recall that jr ∈ Cu̇ = Cu for r ∈ [1, k − ℓ].
Further, for x ∈ Z⩾0 , we have

(x, n)(ū ▲ u̇) = (xū, ℓ)u̇ = (sxū , k) = (xu, k) = (x, n)u .

This shows ū ▲ u̇ = u.

So altogether, we have

u = ū ▲ u̇ = σ±,n−1
in−ℓ

▲ . . . ▲σ±,ℓ
i1

▲ δ±,ℓ+1
j1

▲ . . . ▲ δ±,kjk−ℓ
.

Ad (2). Let

σ′ :=
[n]±∏[ℓ′]±

r∈⌊n−ℓ′,1⌋

σ±,ℓ′+r−1
i′r

= σ±,n−1
i′
n−ℓ′

▲ . . . ▲σ±,ℓ′
i′1

and let

δ′ :=
[ℓ′]±∏[k]±

r∈⌈1,k−ℓ′⌉

δ±,ℓ
′+r

j′r
= δ±,ℓ

′+1
j′1

▲ . . . ▲ δ±,kj′
k−ℓ′

.
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We have
u = σ′

▲ δ′ ,

where σ′ is surjective and where δ′ is injective.

By (1), we have
u = ū ▲ u̇ ,

where

ū =
[n]±∏[ℓ]±

r∈⌊n−ℓ,1⌋

σ±,ℓ+r−1
ir

= σ±,n−1
in−ℓ

▲ . . . ▲σ±,ℓ
i1

is surjective, and where

u̇ =
[ℓ]±∏[k]±

r∈⌈1,k−ℓ⌉

δ±,ℓ+rjr
= δ±,ℓ+1

j1
▲ . . . ▲ δ±,kjk−ℓ

is injective.

Then, by Remark 176, we have ℓ = ℓ′, σ′ = ū and δ′ = u̇. In particular, we have Dū = Dσ′

and Cu̇ = Cδ′ .

Since σ′ = ū is surjective, we have, by the proof of (1) and by Lemma 175.(2.2),

Du = Dσ′ = Dū = {i ∈ Z⩾0 : (i, n)ū = (i+ 1, n)ū} = {i′1 , i′2 , . . ., i′n−ℓ} .

Since δ′ = u̇ is injective, we have, by the proof of (1) and by Lemma 175.(1.2),

Cu = Cδ′ = Cu̇ = {j ∈ Z⩾0 : (j, k) ̸∈ im u̇} = {j′1 , j′2 , . . ., j′k−ℓ} .

Ad (3). By (2), we have ℓ = ℓ′, Du = {i′1 , . . ., i′n−ℓ} and Cu = {j′1, . . ., j′k−ℓ}.
Moreover, by (2), we have ℓ = ℓ′′, Du = {i′′1 , . . ., i′′n−ℓ} and Cu = {j′′1 , . . ., j′′k−ℓ}.
This shows ℓ′ = ℓ′′ and {i′1 , . . ., i′n−ℓ} = {i′′1 , . . ., i′′n−ℓ} and {j′1, . . ., j′k−ℓ} = {j′′1 , . . ., j′′k−ℓ} .

Remark 178 We consider the prestable simplex category ∆±.

Suppose given z ∈ Z and suppose given k ∈ Z⩾0.

For m ∈ Z⩾0, we have
(m, z − 1)δ±,zk = (m+ χm⩾k , z) .

For m ∈ Z⩾0, we have
(m, z + 1)σ±,n

k = (m− χm>k , z) .
Cf. Definition 174.
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Remark 179 We consider the prestable simplex category ∆±. Let z ∈ Z.

(1) We have

δ±,zi ▲ δ±,z+1
j = δ±,zj−1 ▲ δ±,z+1

i

for i, j ∈ Z⩾0 with i < j.

(2) We have

σ±,z
j ▲ σ±,z−1

i = σ±,z
i ▲ σ±,z−1

j−1

for i, j ∈ Z⩾0 with i < j.

(3) For i, j ∈ Z⩾0, we have

δ±,z+1
j ▲ σ±,z

i =


σ±,z−1
i−1 ▲ δ±,zj if j < i

id[z]± if j = i or j = i+ 1

σ±,z−1
i ▲ δ±,zj−1 if j > i+ 1 .

Proof. Cf. also the proof of Remark 24.

We are using Remark 178.

Recall that we write (m, k − 1)δ±,ki = (mδ±,ki , k) and (m, k + 1)σ±,k
j = (mσ±,k

j , k) for i,
j ∈ Z⩾0.

Ad (1). Suppose given i, j ∈ Z⩾0 with i < j . Suppose given m ∈ Z⩾0.

We have
m(δ±,zi ▲ δ±,z+1

j ) = (m+ χm⩾i)δ
±,z+1
j

= m+ χm⩾i + χ(m+χm⩾i)⩾j
j⩾i+1
= m+ χm⩾i + χm+1⩾j

= m+ χm⩾j−1 + χm⩾i
j−1⩾i
= m+ χm⩾j−1 + χ(m+χm⩾j−1)⩾i

= (m+ χm⩾j−1)δ
±,z+1
i

= m(δ±,zj−1 ▲ δ±,z+1
i ) .

So

(m, z − 1)(δ±,zi ▲ δ±,z+1
j ) =

(
m(δ±,zi ▲ δ±,z+1

j ), z + 1
)
=
(
m(δ±,zj−1 ▲ δ±,z+1

i ), z + 1
)

= (m, z − 1)(δ±,zj−1 ▲ δ±,z+1
i ) .
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This shows δ±,zi ▲ δ±,z+1
j = δ±,zj−1 ▲ δ±,z+1

i .

Ad (2). Suppose given i, j ∈ Z⩾0 with i < j . Suppose given m ∈ Z⩾0.

We have
m(σ±,z

j ▲σ±,z−1
i ) = (m− χm>j)σz−1

i

= m− χm>j − χ(m−χm>j)>i
i<j
= m− χm>j − χm>i
= m− χm>i − χm>j
i<j
= m− χm>i − χ(m−χm>i)>j−1

= (m− χm>i)σ±,z−1
j−1

= m(σ±,z
i ▲σ±,z−1

j−1 ) .

So

(m, z + 1)(σ±,z
j ▲σ±,z−1

i ) =
(
m(σ±,z

j ▲σ±,z−1
i ), z − 1

)
=
(
m(σ±,z

i ▲σ±,z−1
j−1 ), z − 1

)
= (m, z + 1)(σ±,z

i ▲σ±,z−1
j−1 ) .

This shows σ±,z
j ▲σ±,z−1

i = σ±,z
i ▲σ±,z−1

j−1 .

Ad (3). Suppose given i, j ∈ Z⩾0 . Suppose given m ∈ Z⩾0.

Case j < i.

We have
m(δ±,z+1

j ▲σ±,z
i ) = (m+ χm⩾j)σ

±,z
i

= m+ χm⩾j − χ(m+χm⩾j)>i
j<i
= m+ χm⩾j − χm+1>i

= m− χm>i−1 + χm⩾j
j<i
= m− χm>i−1 + χ(m−χm>i−1)⩾j

= (m− χm>i−1)δ
±,z
j

= m(σ±,z−1
i−1 ▲ δ±,zj ) .

So

(m, z)(δ±,z+1
j ▲σ±,z

i ) =
(
m(δ±,z+1

j ▲σ±,z
i ), z

)
=
(
m(σ±,z−1

i−1 ▲σ±,z
j ), z

)
= (m, z)(σ±,z−1

i−1 ▲ δ±,zj ) .

This shows δ±,z+1
j ▲σ±,z

i = σ±,z−1
i−1 ▲ δ±,zj .

Case j = i or j = i+ 1.
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We have
m(δ±,z+1

j ▲σ±,z
i ) = (m+ χm⩾j)σ

z
i

= m+ χm⩾j − χ(m+χm⩾j)>i
j=i or j=i+1

= m+ χm⩾j − χm⩾j

= m.

So
(m, z)(δ±,z+1

j ▲σ±,z
i ) =

(
m(δ±,z+1

j ▲σ±,z
i ), z

)
= (m, z) .

This shows δ±,z+1
j ▲σ±,z

i = id[z]± .

Case j > i+ 1.

We have
m(δ±,z+1

j ▲σ±,z
i ) = (m+ χm⩾j)σ

±,z
i

= (m+ χm⩾j)− χ(m+χm⩾j)>i
i+1<j
= m+ χm⩾j − χm>i
= m− χm>i + χm⩾j

i+1<j
= m− χm>i + χ(m−χm>i+1)⩾j

= m− χm>i + χ(m−χm>i)⩾j−1

= (m− χm>i)δ±,zj−1

= m(σ±,z−1
i ▲ δ±,zj−1) .

So

(m, z)(δ±,z+1
j ▲σ±,z

i ) =
(
m(δ±,z+1

j ▲σ±,z
i ), z

)
=
(
m(σ±,z−1

i ▲ δ±,zj−1), z
)

= (m, z)(σ±,z−1
i ▲ δ±,zj−1) .

This shows δ±,z+1
j ▲σ±,z

i = σ±,z−1
i ▲ δ±,zj−1 .

9.2 Composites of morphisms in ∆±

We consider the category ∆±; cf. Definition 172.

Definition 180 Let n ∈ Z. Suppose given a finite set I ⊆ Z⩾0 .

Let k := |I| ∈ Z⩾0 and let I =: {i1 , i2 , . . ., ik}, where 0 ⩽ i1 < i2 < . . . < ik .

(1) We write

δ±,nI :=
[n−k]±∏[n]±

r∈⌈1,k⌉

δ±,n−k+rir
= δ±,n−k+1

i1
▲ δ±,n−k+2

i2
▲ . . . ▲ δ±,nik

: [n− k]± → [n]± .
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Note that δ±,nI is injective; cf. Definition 174. Note that δ±,n∅ = id[n]± .

(2) We write

σ±,n
I :=

[n+k]±∏[n]±

r∈⌊k,1⌋

σ±,n+r−1
ir

= σ±,n+k−1
ik

▲σ±,n+k−2
ik−1

▲ . . . ▲σ±,n
i1

: [n+ k]± → [n]± .

Note that σ±,n
I is surjective; cf. Definition 174. Note that σ±,n

∅ = id[n]± .

Cf. also Definition 187 below.

Remark 181 Suppose given n ∈ Z. Suppose given a finite set I ⊆ Z⩾0 . Let k := |I|.

(1) We consider the morphism δ±,nI : [n− k]± → [n]± ; cf. Definition 180.(1).

We consider the set Cδ
±,n
I

:= {j ∈ Z⩾0 : (j, n) ̸∈ im δ±,nI }; cf. Lemma 175.(1).

Then we have I = Cδ
±,n
I

; cf. Lemma 175.(1.2).

(2) We consider the morphism σ±,n
I : [n+ k]± → [n]± ; cf. Definition 180.(2).

We consider the set Dσ
±,n
I

:= {i ∈ Z⩾0 : (i, n + k)σ±,n
I = (i + 1, n + k)σ±,n

I }; cf.

Lemma 175.(2).

Then we have I = Dσ
±,n
I

; cf. Lemma 175.(2.2).

9.3 Prestable simplicial groups

Definition 182 (Prestable simplicial group)

We consider the category of groups Grp and the opposite category (∆±)op of ∆±; cf. §1.1.3
item 12.

We write
PreStSimpGrp := [(∆±)op,Grp]

for the category of functors from (∆±)op to Grp and transformations between those functors.

We call PreStSimpGrp the category of prestable simplicial groups.

A functor G ∈ Ob
(
PreStSimpGrp

)
is called a prestable simplicial group.

For z ∈ Z, we write Gz := ([z]±)G ∈ Ob(Grp).
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For
(
[z]±

u−→ [w]±
)
∈ Mor(∆±), we write Gu := (uop)G : Gw → Gz , which is a group

morphism.

A transformation
(
G

φ−→H
)
∈ Mor

(
PreStSimpGrp

)
between prestable simplicial groups

G, H ∈ Ob
(
PreStSimpGrp

)
is called a prestable simplicial group morphism.

For z ∈ Z, we write φz := ([z]±)φ : Gz → Hz , which is a group morphism.

Note that the condition on a tuple
(
Gz

φz−→Hz

)
z∈Z to be a prestable simplicial group mor-

phism writes: For every
(
[z]±

u−→ [w]±
)
∈ Mor(∆±), we have φz ▲Hu = Gu ▲φw .

Gz Hz

Gw Hw

φz

Gu Hu

φw

For G
φ−→G′ φ′

−→G′′ in PreStSimpGrp, their composite is given by their vertical composite of
transformations

φ ▲φ′ =
(
Gz

([z]±)(φ ▲ φ′)−−−−−−−→ G′′
z

)
z∈Z :=

(
Gz

φz ▲ φ′
z−−−−→ G′′

z

)
z∈Z .

In particular, (φ ▲φ′)z = φz ▲φ′
z for z ∈ Z.

For G ∈ Ob(PreStSimpGrp), its identity is given by

idG =
(
Gz

idGz−−→ Gz

)
z∈Z .

In particular, (idG)z = idGz for z ∈ Z.

Definition 183 (Face maps and degeneracy maps)

Consider the prestable simplex category ∆±.

Suppose given z ∈ Z and suppose given k ∈ Z⩾0.

We consider the morphisms δ±,zk : [z−1]± → [z]± and σ±,z
k : [z+1]± → [z]±; cf. Definition 174.

We consider the morphisms (δ±,zk )op : [z]± → [z−1]± and (σ±,z
k )op : [z]± → [z+1]± in (∆±)op .

Suppose given a simplicial group G : (∆±)op → Grp.
We call

dG, zk := Gδ
±,z
k

=
(
(δ±,zk )op

)
G : Gz → Gz−1
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a face map, and we call

sG, zk := Gσ
±,z
k

=
(
(σ±,z

k )op
)
G : Gz → Gz+1

a degeneracy map, which are group morphisms.

Sometimes, we abbreviate dk := dG, zk and sk := sG, zk .

Remark 184 Suppose given prestable simplicial groups G, H ∈ Ob(PreStSimpGrp).
Suppose given a simplicial group morphism φ : G→ H . Let z ∈ Z.
Then we have (1, 2).

(1) For i ∈ Z⩾0 , we have

φz ▲ sH, zi = sG, zi ▲φz+1 : Gz → Hz+1 .

(2) For j ∈ Z⩾0 , we have

dG, zj ▲φz−1 = φz ▲ dH, zj : Gz → Hz−1 .

Remark 185 Suppose given a prestable simplicial group G ∈ Ob(PreStSimpGrp).
Let z ∈ Z. Using Remark 179, we have the following equations (1, 2, 3).

(1) For i, j ∈ Z⩾0 , with i < j, we have

dG, z+1
j ▲ dG, zi = dG, z+1

i ▲ dG, zj−1 .

(2) For i, j ∈ Z⩾0 with i < j, we have

sG, z−1
i ▲ sG, zj = sG, z−1

j−1 ▲ sG, zi .

(3) For i, j ∈ Z⩾0 , we have

sG, zi ▲ dG, z+1
j =


dG, zj ▲ sG, z−1

i−1 if j < i

idGz if j ∈ {i, i+ 1}
dG, zj−1 ▲ sG, z−1

i if j > i+ 1 .

Remark 186 Suppose given a prestable simplicial group G ∈ Ob(PreStSimpGrp).

Suppose given a morphism
(
[n]±

u−→ [k]±
)
∈ Mor(∆±).
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Let t :=
∣∣[k]±\ imu

∣∣. Let ℓ := k − t .
Let Du :=

{
i ∈ Z⩾0 : (i, n)u = (i+ 1, n)u

}
= {i1 , . . ., in−ℓ}, where 0 ⩽ i1 < i2 < . . . < in−ℓ .

Let Cu := {j ∈ Z⩾0 : (j, k) ̸∈ imu} = {j1, . . ., jk−ℓ}, where 0 ⩽ j1 < j2 < . . . < jk−ℓ .

Note that ℓ ⩽ min{n, k}. We have

Gu = (uop)G =

(
Gk
∏Gℓ

r∈⌊k−ℓ,1⌋

dG, ℓ+rjr

)
▲

(
Gℓ
∏Gn

r∈⌈1,n−ℓ⌉

sG, ℓ+r−1
ir

)
= dG,kjk−ℓ

▲ . . . ▲ dG,ℓ+1
j1

▲ sG,ℓi1
▲ . . . ▲ sG,n−1

in−ℓ
.

Proof. By Corollary 177.(1), we have

u =

(
[n]±∏[ℓ]±

r∈⌊n−ℓ,1⌋

σ±,ℓ+r−1
ir

)
▲

(
[ℓ]±∏[k]±

r∈⌈1,k−ℓ⌉

δ±,ℓ+rjr

)
.

So we have

(uop)G =

(((
[n]±∏[ℓ]±

r∈⌊n−ℓ,1⌋

σ±,ℓ+r−1
ir

)
▲

(
[ℓ]±∏[k]±

r∈⌈1,k−ℓ⌉

δ±,ℓ+rjr

))op)
G

=

((
[k]±∏[ℓ]±

r∈⌊k−ℓ,1⌋

(δ±,ℓ+rjr
)op
)

▲

(
[ℓ]±∏[n]±

r∈⌈1,n−ℓ⌉

(σ±,ℓ+r−1
ir

)op
))

G

=

(
Gk
∏Gℓ

r∈⌊k−ℓ,1⌋

(
(δ±,ℓ+rjr

)op
)
G

)
▲

(
Gℓ
∏Gn

r∈⌈1,n−ℓ⌉

(
(σ±,ℓ+r−1

ir
)op
)
G

)

=

(
Gk
∏Gℓ

r∈⌊k−ℓ,1⌋

dG,ℓ+rjr

)
▲

(
Gℓ
∏Gn

r∈⌈1,n−ℓ⌉

sG,ℓ+r−1
ir

)
.

Definition 187 Suppose given a prestable simplicial group G; cf. Definition 182.

Let n ∈ Z. Suppose given a finite set I ⊆ Z⩾0 .

Let k := |I| ∈ Z⩾0 and let I =: {i1 , i2 , . . ., ik}, where 0 ⩽ i1 < i2 < . . . < ik .

(1) We consider the map

δ±,nI =
[n−k]±∏[n]±

r∈⌈1,k⌉

δ±,n−k+rir
: [n− k]± → [n]± ;
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cf. Definition 180.(1).

We write

dG,nI := Gδ
±,n
I

=
(
(δ±,nI )op

)
G : Gn → Gn−k .

So we have

dG,nI =

(( [n−k]±∏[n]±

r∈⌈1,k⌉

δ±,n−k+rir

)op)
G =

( [n]±∏[n−k]±

r∈⌊k,1⌋

(δ±,n−k+rir
)op
)
G

=
Gn∏Gn−k

r∈⌊k,1⌋

(
(δ±,n−k+rir

)op
)
G =

Gn∏Gn−k

r∈⌊k,1⌋

dG,n−k+rir

= dG,nik
▲ dG,n−1

ik−1
▲ . . . ▲ dG,n−k+1

i1
.

We often write dJ := dG,nJ . Note that dG,n∅ = idGn .

(2) We consider the map

σ±,n
I =

[n+k]±∏[n]±

r∈⌊k,1⌋

σ±,n+r−1
ir

: [n+ k]± → [n]± ;

cf. Definition 180.(2).

We write

sG,nI := Gσ
±,n
I

=
(
(σ±,n

I )op
)
G : Gn+k → Gn .

So we have

sG,nI =

(( [n+k]±∏[n]±

r∈⌊k,1⌋

σ±,n+r−1
ir

)op)
G =

( [n]±∏[n+k]±

r∈⌈1,k⌉

(σ±,n+r−1
ir

)op
)
G

=
Gn∏Gn+k

r∈⌈1,k⌉

(
(σ±,n+r−1

ir
)op
)
G =

Gn∏Gn+k

r∈⌈1,k⌉

sG,n+r−1
ir

= sG,ni1
▲ sG,n+1

i2
▲ . . . ▲ sG,n+k−1

ir
.

We often write sI := sG,nI . Note that sG,n∅ = idGn .
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9.4 Prestable simplicial subgroups

Definition 188 (Prestable simplicial subgroups)

Suppose given prestable simplicial groups G, H; cf. Definition 182.

We say that H is a prestable simplicial subgroup of G if the conditions (1, 2) hold.

(1) For z ∈ Z, we have Hz ⩽ Gz .

(2) Suppose given a morphism
(
[z]

u−→ [w]
)
∈ Mor(∆±).

We consider the group morphisms Gu : Gw → Gz and Hu : Hw → Hz .

We have

Hu = Gu

∣∣Hz

Hw
.

We write H ⩽ G to indicate that H is a prestable simplicial subgroup of G.

Lemma 189 Suppose given a prestable simplicial group G : (∆±)op → Grp.
For z ∈ Z, suppose given subgroups Hz ⩽ Gz .

(1) For
(
[z]±

u−→ [w]±
)
∈ Mor(∆±), i.e.

(
[w]±

uop−→ [z]±
)
∈ Mor((∆±)op), suppose that we

have (Hw)Gu ⩽ Gz .

Then we have the prestable simplicial group

H : ∆op → Grp ,
(
[w]±

uop−→ [z]±
)
7→
(
[w]±H

(uop)H−−−−→ [z]±H
)
:=
(
Hw

Gu

∣∣Hz

Hw−−−−→ Hz

)
.

Moreover, we have H ⩽ G, i.e. H is a prestable simplicial subgroup of G.

(2) For z ∈ Z and i ∈ Z⩾0, suppose that we have

(Hz)d
G, z
i ⩽ Hz−1 and (Hz)s

G, z
i ⩽ Hz+1 .

Then we have the prestable simplicial group

H : (∆±)op → Grp(
[w]±

uop−→ [z]±
)
7→

(
([w]±)H

(uop)H−−−−→ ([z]±)H
)
:=
(
Hw

Gu

∣∣Hz

Hw−−−−→ Hz

)
.

Moreover, we have H ⩽ G, i.e. H is a prestable simplicial subgroup of G.
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Proof. Ad (1). Suppose given [t]±
vop−→ [w]±

uop−→ [z]± in (∆±)op.

We have

(id[z]±)
opH =

(
(id[z]±)

opG
)∣∣Hz

Hz
= idGz

∣∣Hz

Hz
= idHz = id([z]±)H .

We have

(vop ▲ uop)H =
(
(vop ▲ uop)G

)∣∣Hz

Ht
= (Gv ▲Gu)

∣∣Hz

Ht
= Gv

∣∣Hw

Ht
▲Gu

∣∣Hz

Hw
= (vop)H ▲ (uop)H .

So H is a functor, i.e. H is a prestable simplicial group.

For
(
[z]±

u−→ [w]±
)
∈ Mor(∆±), we have, by construction,

Hu = (uop)H = Gu

∣∣Hz

Hw
.

So H ⩽ G is a prestable simplicial subgroup.

Ad (2). Suppose given a morphism
(
[z]±

u−→ [w]±
)
∈ Mor(∆±). By (1), it suffices to show

that (Hw)Gu

!

⩽ Hz .

By Remark 186, we have

Gu =

(
Gw∏Gℓ

r∈⌊w−ℓ,1⌋

dG, ℓ+rir

)
▲

(
Gℓ
∏Gz

q∈⌈1,z−ℓ⌉

sG, ℓ+q−1
jq

)
,

for some ℓ ⩽ min{z, w} and some 0 ⩽ j1 < . . . < jz−ℓ and some 0 ⩽ i1 < . . . < iw−ℓ .

Using the assumptions iteratively, we obtain

(Hw)

(
Gw∏Gℓ

r∈⌊w−ℓ,1⌋

dG, ℓ+rir

)
⩽ Hℓ

and

(Hℓ)

(
Gℓ
∏Gz

q∈⌈1,z−ℓ⌉

sG, ℓ+q−1
jq

)
⩽ Hz .

So we have

(Hw)Gu = (Hw)

((
[w]±∏[ℓ]±

r∈⌊w−ℓ,1⌋

dG, ℓ+rir

)
▲

(
[ℓ]±∏[z]±

q∈⌈1,z−ℓ⌉

sG, ℓ+q−1
jq

))
⩽ Hz .

Therefore, we have the group morphism Gu

∣∣Hz

Hw
: Hw → Hz .

Moreover, by (1), H is a prestable simplicial subgroup of G.
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Remark 190 Suppose given prestable simplicial groups G, H; cf. Definition 182.

Suppose given prestable simplicial subgroups G̃ ⩽ G and H̃ ⩽ H; cf. Definition 188.

Suppose given a prestable simplicial group morphism φ : G→ H.

Suppose that we have G̃k φk ⩽ H̃k for k ∈ Z.
Then we have the prestable simplicial group morphism

φ̃ := φ
∣∣H̃
G̃
: G̃→ H̃ ,

where
φ̃k =

(
φ
∣∣H̃
G̃

)
k
:= φk

∣∣H̃k

G̃k
: G̃k → H̃k , g 7→ gφ̃k = gφk .

If G̃ = G, we also write φ
∣∣H̃ := φ

∣∣H̃
G
: G→ H̃ .

If H̃ = H, we also write φ
∣∣
G̃
:= φ

∣∣H
G̃
: G̃→ H .

In particular, we have the inclusion morphism ιG̃,G := idG
∣∣
G̃
: G̃→ G .

Proof. Suppose given
(
[ℓ]±

u−→ [k]±
)
∈ Mor(∆±).

We consider the group morphisms G̃u : G̃k → G̃ℓ and H̃u : H̃k → H̃ℓ .

For g ∈ G̃k , we have

g(φ̃k ▲ H̃u) = g(φk ▲Hu) = g(Gu ▲φℓ) = g(G̃u ▲ φ̃ℓ) .

This shows that φ̃k ▲ H̃u = G̃u ▲ φ̃ℓ .

G̃k H̃k

G̃ℓ H̃ℓ

φ̃k

G̃u H̃u

φ̃ℓ

So φ̃ : G̃→ H̃ is a morphism of prestable simplicial groups; cf. Definition 182.

9.5 A functor from ∆ to ∆±

Lemma 191 (Parallel extension)

We consider the categories ∆ and ∆±; cf. Definitions 18, 172.

276



9.5. A FUNCTOR FROM ∆ TO ∆±

(1) Suppose given [n]
u−→ [k] ∈ Mor(∆). We consider the map

u± : [n]± → [k]± , (x, n) 7→ (x, n)u± :=

{
(xu, k) if x ⩽ n

(x− n+ k, k) if x ⩾ n+ 1 .

We have u± ∈ Mor(∆±).

(2) We have the functor of parallel extension

P± : ∆→ ∆± ,
(
[n]

u−→ [k]
)
7→
(
[n]±

u±−→ [k]±
)
.

Proof. Ad (1). Suppose given x, y ∈ Z⩾0 with x ⩽ y. Recall that we write (x, n)u± =

(xu±, k) and (y, n)u± = (yu±, k). We have to show that xu±
!

⩽ yu±.

Case y ⩽ n. Then x ⩽ n. So we have

xu± = xu ⩽ yu = yu± .

Case y > n. Then y − n > 0.

If x ⩽ n, then we have

xu± = xu ⩽ k < y − n+ k = yu± .

If x > n, then we have

xu± = x− n+ k ⩽ y − n+ k = yu± .

Altogether, this shows xu± ⩽ yu±.

So u± is monotone.

Moreover, for x ∈ Z⩾0 with x ⩾ n, we have

(x, n)u± = (x− n+ k, k)

So u± is eventually parallel.

Therefore u± ∈ Mor(∆±).

Ad (2). Suppose given [n]
u−→ [k]

v−→ [ℓ] in ∆.

We want to show that id[n] P
± !
= id[n]± .
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For x ∈ Z⩾0 , we have

(x, n)(id[n] P
±) =

{
(x id[n], n) = (x, n) if x ⩽ n

(x− n+ n, n) = (x, n) if x > n .

So (x, n)(id[n] P
±) = (x, n).

This shows id[n] P
± = id[n]± .

We want to show that (u ▲ v)P± !
= uP±

▲ vP±.

Suppose given x ∈ Z⩾0.

We have

(x, n)
(
(u ▲ v)P±) = {(xuv, ℓ) if x ⩽ n

(x− n+ ℓ, ℓ) if x > n .

Now, we want to calculate (x, n)(uP±
▲ vP±).

Case x ⩽ n. Since xu ⩽ k, we have

(x, n)(uP±
▲ vP±) = (xu, k)(vP±) = (xuv, ℓ) .

Case x > n. Then x− n+ k > k. So we have

(x, n)(uP±
▲ vP±) = (x− n+ k, k)(vP±) = (x− n+ k − k + ℓ, ℓ) = (x− n+ ℓ, ℓ) .

Altogether, we have

(x, n)(uP±
▲ vP±) =

{
(xuv, ℓ) if x ⩽ n

(x− n+ ℓ, ℓ) if x > n .

This shows (u ▲ v)P± = uP±
▲ vP±.

So P± is a functor.

Remark 192 We consider the parallel extension functor P± : ∆→ ∆± from Lemma 191.

(1) Suppose given n ∈ Z⩾1 and suppose given i ∈ [0, n]. We consider the morphisms(
[n + 1]

σn
i−→ [n]

)
∈ Mor(∆) and

(
[n + 1]±

σ
±,n
i−−→ [n]±

)
∈ Mor(∆±); cf. Definitions 19,

174.

We have
σni P

± = σ±,n
i .
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(2) Suppose given n ∈ Z⩾0 and suppose given j ∈ [1, n]. We consider the morphisms(
[n − 1]

δni−→ [n]
)
∈ Mor(∆) and

(
[n − 1]±

δ
±,n
i−−→ [n]±

)
∈ Mor(∆±); cf. Definitions 19,

174.

We have
δnjP

± = δ±,nj .

Proof. Ad (1). Suppose given x ∈ Z⩾0. For x ⩽ n, we have

(x, n+ 1)(σni P
±) =

{
(x,σni , n) if x ∈ [0, n](
x− (n+ 1) + n, n

)
if x ⩾ n+ 1

=


(x, n) if x ∈ [0, i]

(x− 1, n) if x ∈ [i+ 1, n]

(x− 1, n) if x ⩾ n+ 1

=

{
(x, n) if x ∈ [0, i]

(x− 1, n) if x ⩾ i+ 1

= (x, n+ 1)σ±,n
i .

This shows that σni P
± = σ±,n

i .

Ad (2). Suppose given x ∈ Z⩾0. We have

(x, n− 1)(δnjP
±) =

{
(xδnj , n) if x ∈ [0, n](
x− (n− 1) + n, n

)
if x ⩾ n+ 1

=


(x, n) if x ∈ [0, j − 1]

(x+ 1, n) if x ∈ [j, n]

(x+ 1, n) if x ⩾ n+ 1

=

{
(x, n) if x ∈ [0, j − 1]

(x+ 1, n) if x ⩾ j

= (x, n− 1)δ±,nj .

This shows that δnjP
± = δ±,nj .

Remark 193 We consider the functor P± : ∆→ ∆± from Lemma 191.

We consider the categories SimpGrp = [∆op,Grp] and PreStSimpGrp = [(∆±)op,Grp]; cf. Def-
initions 30, 182.
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We have the functor

P := [(P±)op,Grp] : PreStSimpGrp → SimpGrp(
F

φ−→G
)
7→

(
(P±)op ∗ F (P±)op∗φ−−−−−→ (P±)op ∗G)

)
;

cf. §.1.1.3 items 13 and 15.

Let n ∈ Z⩾0 . Suppose given a prestable simplicial group G ∈ Ob
(
PreStSimpGrp

)
.

We have

(GP)n = Gn .

For j ∈ [0, n+ 1], we have

dGP, n+1
j = dG,n+1

j : Gn+1 → Gn .

For i ∈ [0, n], we have

sGP, n
i = sG,ni : Gn → Gn+1 .

Suppose given a prestable simplicial group morphism
(
G

φ−→H
)
∈ Mor

(
PreStSimpGrp

)
.

We have

(φP)n = φn : Gn → Hn .

Proof. We have

(GP)n = [n]
(
(P±)op ∗G

)
= ([n]±)G = Gn .

For j ∈ [0, n+ 1], we have

dGP, n+1
j = (δn+1

j )op ((P±)op ∗G) = (δn+1
j P±)opG

192
= (δ±,n+1

j )opG = dG,n+1
j .

For i ∈ [0, n], we have

sGP, n
i = (σni )

op ((P±)op ∗G) = (σni P
±)opG

192
= (σ±,n

i )opG = sG,ni .

We have

(φP)n = [n](φP) = [n]
(
(P±)op φ

)
= ([n]±)φ = φn .
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9.6 The décalage functor Dec±,n

for prestable simplicial groups

Let n ∈ Z.

Lemma 194 (The functor dec±,n)

We consider the prestable simplex category ∆±.

For a morphism
(
[k]±

u−→ [ℓ]±
)
∈ Mor(∆±), recall that we write (x, k)u = (xu, ℓ) ∈ [ℓ]± for

x ∈ Z⩾0.

We have the autofunctor

dec±,n : ∆± → ∆± ,
(
[k]±

u−→ [ℓ]±
)
7→
(
[k + n]±

udec±,n

−−−−→ [ℓ+ n]±
)
,

where

udec±,n : [k + n]± → [ℓ+ n]± , (x, k + n) 7→ (xu, ℓ+ n) .

Its inverse is given by

(dec±,n)− = dec±,−n : ∆± → ∆± .

Proof. Ad (1). Suppose given a morphism
(
[k]

u−→ [ℓ]
)
∈ Mor(∆±).

We consider the map

ũ : [k + n]± → [ℓ+ n]± , (x, k + n) 7→ (xu, ℓ+ n) .

We show that ũ
!
∈ Mor(∆±).

Suppose given x, y ∈ Z⩾0 with x ⩽ y. Since u is monotone, we have xu ⩽ yu. So ũ is
monotone.

Since u is eventually parallel, there exists some i0 ∈ Z⩾0 such that (x, k)u = (x − k + ℓ, ℓ)
for x ⩾ i0 . For x ⩾ i0 , we have

(x, k + n)ũ = (xu, ℓ+ n) = (x− k + ℓ, ℓ+ n) =
(
x− (k + n) + (ℓ+ n), ℓ+ n

)
.

So ũ is eventually parallel.

This shows that ũ ∈ Mor(∆±).

We show that dec±,n is a functor. Suppose given [k]±
u−→ [ℓ]±

v−→ [m]± in ∆±.
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For x ∈ Z⩾0, we have

(x, k + n)(id[k]± dec±,n) = (x id[k]± , k + n) = (x, k + n) = (x, k + n) id[k+n]±

= (x, k + n) id[k]±dec±,n .

This shows that id[k]± dec±,n = id[k]±dec±,n .

For x ∈ Z⩾0, we have

(x, k + n)
(
(u ▲ v)dec±,n

)
= (xuv,m+ n) = (xu, ℓ+ n)(vdec±,n) = (x, k + n)(udec±,n ▲ vdec±,n) .

This shows that (u ▲ v)dec±,n = udec±,n ▲ vdec±,n.

So dec±,n is a functor.

We show that (dec±,n)−
!
= dec±,−n. Suppose given

(
[k]±

u−→ [ℓ]±
)
∈ Mor(∆±).

Suppose given x ∈ Z⩾0. Recall that we write

(x, k + n)(udec±,n) =
(
x(udec±,n), ℓ+ n

)
= (xu, ℓ+ n) .

So we have

(x, k)
(
u(dec±,n ∗ dec±,−n)

)
=
(
x, (k + n)− n

)(
(udec±,n)dec±,−n

)
=
(
x(udec±,n), (ℓ+ n)− n

)
= (xu, ℓ) = (x, k)u .

This shows that u(dec±,n ∗ dec±,−n) = u .

So dec±,n ∗ dec±,−n = id∆± . Similarly, we have dec±,−n ∗ dec±,n = id∆± .

This shows that (dec±,n)− = dec±,−n .

Lemma 195 (The functor Dec±,n)

We consider the functor dec±,n : ∆± → ∆± from Lemma 194.

We have the stable décalage functor

Dec±,n :=
[
(dec±,n)op,Grp

]
: PreStSimpGrp → PreStSimpGrp(

G
φ−→H

)
7→

(
GDec±,n

φDec±,n

−−−−−→ HDec±,n
)

=
(
(dec±,n)op ∗G (dec±,n)op∗φ−−−−−−−→ (dec±,n)op ∗H

)
;

cf. §1.1.3 item 15.
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Let k ∈ Z. For a prestable simplicial group G ∈ Ob
(
PreStSimpGrp

)
, we have

(GDec±,n)k = Gk+n .

For a prestable simplicial group morphism
(
G

φ−→H
)
∈ Mor

(
PreStSimpGrp

)
, we have

(φDec±,n)k = φk+n : Gk+n → Hk+n .

Proof. Suppose given
(
G

φ−→H
)
in PreStSimpGrp.

We have

(GDec±,n)k = ([k]±)
(
(dec±,n)op ∗G

)
=
(
[k + n]±

)
G = Gk+n .

Moreover, we have

(φDec±,n)k = ([k]±)
(
(dec±,n)op ∗ φ

)
=
(
[k + n]±

)
φ = φk+n .

Remark 196 We consider the functor Dec±,n : PreStSimpGrp → PreStSimpGrp from Lemma 195.

Suppose given a prestable simplicial group G ∈ Ob
(
PreStSimpGrp

)
.

Let k ∈ Z and let i ∈ Z⩾0 .

We have

dGDec±,n,k
i = dG,k+ni

sGDec±,n,k
i = sG,k+ni .

Proof. We consider the functor dec±,n : ∆± → ∆± from Lemma 194.

We consider the morphism
(
[k − 1]±

δ
±,k
i−−→ [k]±

)
∈ Mor(∆±); cf. Definition 174.

Let x ∈ Z⩾0. If x < i, then we have

(x, k + n− 1)(δ±,ki dec±,n) = (xδ±,ki , k + n) = (x, k + n) = (x, k + n− 1)δ±,k+ni .

If x ⩾ i, then we have

(x, k + n− 1)(δ±,ki dec±,n) = (xδ±,ki , k + n) = (x+ 1, k + n) = (x, k + n− 1)δ±,k+ni .

This shows that δ±,ki dec±,n = δ±,k+ni .
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So we have

dGDec±,n,k
i = (δ±,ki )op (GDec±,n) = (δ±,ki )op

(
(dec±,n)op ∗G

)
= (δ±,ki dec±,n)opG

= (δ±,k+ni )G = dG, k+ni .

We consider the morphism
(
[k + 1]±

σ
±,k
i−−→ [k]±

)
∈ Mor(∆±); cf. Definition 174.

Let x ∈ Z⩾0. If x ⩽ i, then we have

(x, k + n+ 1)(σ±,k
i dec±,n) = (xσ±,k

i , k + n) = (x, k + n) = (x, k + n+ 1)σ±,k+n
i .

If x > i, then we have

(x, k + n+ 1)(σ±,k
i dec±,n) = (xσ±,k

i , k + n) = (x− 1, k + n) = (x, k + n+ 1)σ±,k+n
i .

This shows that σ±,k
i dec±,n = σ±,k+n

i .

So we have

sGDec±,n,k
i = (σ±,k

i )op (GDec±,n) = (σ±,k
i )op

(
(dec±,n)op ∗G

)
= (σ±,k

i dec±,n)opG = (σ±,k+n
i )G

= sG,k+ni .

Remark 197 We consider the functor P : PreStSimpGrp → SimpGrp from Remark 193,
where

(GP )k = Gk and (φP )k = φk

for G ∈ Ob
(
PreStSimpGrp

)
, φ ∈ Mor

(
PreStSimpGrp

)
and k ∈ Z⩾0 .

We consider the functor Dec: SimpGrp → SimpGrp from Lemma 44, where

(GDec)k = Gk+1 and (φDec)k = φk+1

for G ∈ Ob
(
SimpGrp

)
, φ ∈ Mor

(
SimpGrp

)
and k ∈ Z⩾0 .

We consider the functor Dec±,1 : PreStSimpGrp → PreStSimpGrp from Lemma 195, where

(GDec±,1)k = Gk+1 and (φDec±,1)k = φk+1

for G ∈ Ob
(
PreStSimpGrp

)
, φ ∈ Mor

(
PreStSimpGrp

)
and k ∈ Z.

We have
P ∗Dec = Dec±,1 ∗ P .
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PreStSimpGrp SimpGrp

PreStSimpGrp SimpGrp

P

Dec±,1

P

Dec

Proof. We consider the functor P± : ∆→ ∆± from Lemma 191 .

For
(
[k]

u−→ [ℓ]
)
∈ Mor(∆), recall that

uP± : [k]± → [ℓ]± , (x, k) 7→

{
(xu, ℓ) for x ∈ [0, k]

(x− k + ℓ, ℓ) for x ∈ Z⩾k+1 .

Recall that P = [(P±)op,Grp].
We consider the functor dec : ∆→ ∆ from Lemma 43.

For
(
[k]

u−→ [ℓ]
)
∈ Mor(∆), recall that

udec : [k + 1]→ [ℓ+ 1] , x 7→

{
xu for x ∈ [0, k]

ℓ+ 1 for x = k + 1 .

Recall that Dec = [decop,Grp].
We consider the functor dec±,1 : ∆± → ∆± from Lemma 194.

For
(
[k]±

u−→ [ℓ]±
)
∈ Mor(∆±), recall that

udec±,1 : [k + 1]± → [ℓ+ 1]± , (x, k + 1) 7→ (xu, ℓ+ 1) .

Recall that Dec±,1 = [(dec±,1)op,Grp].

We show that P± ∗ dec±,1 !
= dec ∗ P±.

Suppose given
(
[k]

u−→ [ℓ]
)
∈ Mor(∆).

We consider the morphism u(P± ∗ dec±,1) : [k + 1]± → [ℓ+ 1]±. For x ∈ Z⩾0, we have

(x, k + 1)
(
u(P± ∗ dec±,1)

)
= (x, k + 1)

(
(uP±)dec±,1

)
=
(
x(uP±), ℓ+ 1

)
.

Let x ∈ Z⩾0. If x ∈ [0, k], then we have

(x, k + 1)
(
u(P± ∗ dec±,1)

)
=
(
x(uP±), ℓ+ 1

) x∈[0,k]
= (xu, ℓ+ 1)
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and

(x, k + 1)
(
u(dec ∗ P±)

)
= (x, k + 1)

(
(udec)P±) x∈[0,k+1]

=
(
x(udec), ℓ+ 1

) x∈[0,k]
= (xu, ℓ+ 1) .

If x = k + 1, then we have

(x, k + 1)
(
u(P± ∗ dec±,1)

)
=
(
x(uP±), ℓ+ 1

) x⩾k+1
= (x− k + ℓ, ℓ+ 1)

x=k+1
= (ℓ+ 1, ℓ+ 1)

and

(x, k + 1)
(
u(dec ∗ P±)

)
= (x, k + 1)

(
(udec)P±) x∈[0,k+1]

=
(
x(udec), ℓ+ 1

) x=k+1
= (ℓ+ 1, ℓ+ 1) .

If x ∈ Z⩾k+2 , then we have

(x, k + 1)
(
u(P± ∗ dec±,1)

)
=
(
x(uP±), ℓ+ 1

) x⩾k+1
= (x− k + ℓ, ℓ+ 1)

and

(x, k + 1)
(
u(dec ∗ P±)

)
= (x, k + 1)

(
(udec)P±) x⩾k+2

=
(
x− (k + 1) + (ℓ+ 1), ℓ+ 1

)
= (x− k + ℓ, ℓ+ 1) .

This shows that u(P± ∗ dec±,1) = u(dec ∗ P±). So P± ∗ dec±,1 = dec ∗ P±.

Therefore, we have

P ∗Dec = [(P±)op,Grp] ∗ [decop,Grp] = [decop ∗ (P±)op,Grp]
= [(dec ∗ P±)op,Grp] = [(P± ∗ dec±,1)op,Grp] = [(P±)op ∗ (dec±,1)op,Grp]
= [(dec±,1)op,Grp] ∗ [(P±)op,Grp] = Dec±,1 ∗ P ;

cf. §1.1.3 item 15.

9.7 The Moore complex of a prestable simplicial group

Definition 198 Let G ∈ Ob(PreStSimpGrp) be a prestable simplicial group. Let k ∈ Z.

(1) For i ∈ Z⩾0, we write

Gk,i := ker dG, ki P Gk .
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(2) We write

GNk :=
⋂
i⩾1

Gk,i P Gk .

(3) We write

GNZk := GNk ∩Gk,0 =
⋂
i⩾0

Gk,i P Gk .

(4) We write

GNBk := (GNk+1)d
G, k+1
0 =

(⋂
i⩾1

Gk+1,i

)
dG, k+1
0 ⩽ Gk .

Remark 199 Let G ∈ Ob(PreStSimpGrp) be a prestable simplicial group. Let k ∈ Z.

(1) We have GNBk P Gk .

(2) We have GNBk P GNZk .

Proof. Ad (1). Suppose given g ∈ GNBk and suppose given y ∈ Gk . We have to show that

gy
!
∈ GNBk .

We have g = xd0 for some chosen x ∈
⋂
i⩾1

Gk+1,i P Gk+1 .

Let z := xys0 ∈ Gk+1 .

For i ∈ Z⩾1 , we have

zdi = (xys0)di = (xdi)
ys0di = 1ys0di = 1 .

This shows z ∈
⋂
i⩾1

Gk+1,i ⩽ Gk+1 .

Moreover, we have

zd0 = (xys0)d0 = (xd0)
ys0d0 185.(3)

= gy .

This shows gy ∈
( ⋂
i⩾1

Gk+1,i

)
d0 = GNBk .

So GNBk P Gk .

Ad (2). Suppose given g ∈ GNBk . We have g = xd0 for some x ∈
⋂
i⩾1

Gk+1,i P Gk+1 .
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For i ∈ Z⩾0 , we have

gdi = xd0 di
185.(1)
= xdi+1 d0 = 1d0 = 1 .

This shows g ∈ GNZk .
So GNBk ⩽ GNZk . Moreover, by (1), we have GNBk P GNZk .

Lemma 200 (Moore complex of a prestable simplicial group)

Let G ∈ Ob(PreStSimpGrp) be a prestable simplicial group.

(1) For k ∈ Z, we have the group morphism

∂Gk := dG, k0

∣∣GNk−1

GNk
: GNk → GNk−1 , x 7→ xdG, k0 .

Often, we write ∂k := ∂Gk .

(2) We have the complex in groups

GN := . . .
∂3−→GN2

∂2−→GN1
∂1−→GN0

∂0−→GN−1
∂−1−−→ . . . .

We call GN the Moore complex of G.

For k ∈ Z, we write
Gπk := GNHk = ker ∂k/ im ∂k+1 .

for the k-th homotopy group of G; cf. Lemma 11.(1).

Proof. Ad (1). Let k ∈ Z. We have to show that (GNk)d0

!

⊆ GNk−1 .

Suppose given x ∈ GNk . Then xdj = 1 for j ⩾ 1. For i ∈ Z⩾1 , we have

xd0 di = xdi+1 d0 = 1 .

This shows xd0 ∈
⋂
i⩾1

Gk−1,i = GNk−1 .

So (GNk)d0 ⊆ GNk−1 .

Ad (2). Let k ∈ Z. We show that ∂k ▲ ∂k−1
!
= ! .

For x ∈ GNk , we have

x∂k∂k−1 = xd0 d0 = xd1 d0 = 1 .
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This shows ∂k ▲ ∂k−1 = ! .

Moreover, we have

im ∂k = (GNk)∂k = (GNk)d0 = GNBk−1

199.(1)

P Gk .

Since im ∂k ⩽ GNk−1 , we conclude that im ∂k P GNk−1 .

Lemma 201 Suppose given prestable simplicial groups G, H ∈ Ob
(
PreStSimpGrp

)
. Suppose

given a prestable simplicial group morphism φ : G→ H; cf. Remark 184.

(1) For k ∈ Z, we have the group morphism

φNk := φk
∣∣HNk

GNk
: GNk → HNk , x 7→ xφk .

(2) Consider the complexes in groups GN and HN; cf. Lemma 200.(2).

We have the morphism of complexes in groups

φN := (φNk)k∈Z : GN→ HN .

. . . GN1 GN0 GN−1 . . .

. . . HN1 HN0 HN−1 . . .

∂G2 ∂G1 ∂G0 ∂G−1

∂H2 ∂H1 ∂H0 ∂H−1

φN1 φN0 φN−1

(3) We have the functor

N: PreStSimpGrp → ComplexGrp ,
(
F

φ−→F ′) 7→ (
FN

φN−→ F ′N
)
.

Proof. Ad (1). Let k ∈ Z. We have to show that (GNk)φk
!

⊆ HNk .

Suppose given x ∈ GNk . For i ∈ Z⩾1 , we have

xφk d
H, k
i = xdG, ki φk−1 = 1 .

This shows xφk ∈
⋂
i⩾1

Hk,i = HNk .
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Ad (2). Let k ∈ Z. We have to show that ∂Gk ▲φNk−1
!
= φNk ▲ ∂Hk .

For x ∈ GNk , we have

x∂Gk (φNk−1) = xdG, k0 φk−1 = xφk d
H, k
0 = x(φNk)∂

H
k .

This shows ∂Gk ▲φNk−1 = φNk ▲ ∂Hk .

So (φNk)k∈Z is a morphism of complexes in groups.

Ad (3). Suppose given F
φ−→F ′ φ′

−→F ′′ in PreStSimpGrp.
We have

idF N = (idF Nk)k∈Z =
(
idFk

∣∣FNk

FNk

)
k∈Z = (idFNk

)k∈Z = idFN .

Moreover, we have

(φ ▲φ′)N =
(
(φ ▲φ′)Nk

)
k∈Z =

(
(φk ▲φ′

k)
∣∣F ′′Nk

FNk

)
k∈Z =

(
φk
∣∣F ′Nk

FNk
▲φ′

k

∣∣F ′′Nk

F ′Nk

)
k∈Z

=
(
φk
∣∣F ′Nk

FNk

)
k∈Z ▲

(
φ′
k

∣∣F ′′N

F ′Nk

)
k∈Z = (φNk)k∈Z ▲ (φ′Nk)k∈Z = φN ▲φ′N .

So N is a functor.

Lemma 202 Suppose given a prestable simplicial group G ∈ Ob
(
PreStSimpGrp

)
.

Suppose given z ∈ Z. For ℓ ∈ Z⩾0, we have

GNBz =
( ⋂
i∈Z⩾0\{ℓ}

Gz+1,i

)
dG, z+1
ℓ

as subgroups of Gz .

Proof. For ℓ ∈ Z⩾0, we write

Uℓ :=
( ⋂
i∈Z⩾0\{ℓ}

Gz+1,i

)
dℓ .

We show that GNBz
!
= Uℓ by induction on ℓ.

Suppose that ℓ = 0.

Then we have

GNBz =
(⋂
i⩾1

Gz+1,i

)
d0 =

( ⋂
i∈Z⩾0\{0}

Gz+1,i

)
d0 = U0 .
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Suppose that ℓ ⩾ 1.

Now we assume that this assertion holds for ℓ.

We have to show that Uℓ
!
= Uℓ+1 .

Ad ⊆. Suppose given y ∈ Uℓ . We may choose some x ∈
⋂

i∈Z⩾0\{ℓ}
Gz+1,i such that y = xdℓ .

Let x̃ := x− · xdℓ sℓ ∈ Gz+1 .

We show that x̃
!
∈

⋂
i∈Z⩾0\{ℓ+1}

Gz+1,i.

Suppose given i ∈ Z⩾0\{ℓ+ 1}.
If i ⩽ ℓ− 1, then we have

x̃di = x−di · xdℓ sℓ di = 1 · xdℓ di sℓ−1 = xdi dℓ−1 sℓ−1 = 1 .

If i = ℓ, then we have

x̃di = x−dℓ · xdℓ sℓ dℓ = (xdℓ)
− · xdℓ = 1 .

If i ⩾ ℓ+ 2, then we have

x̃di = x−di · xdℓ sℓ di = 1 · xdℓ di−1 sℓ = xdi dℓ sℓ = 1 .

This shows x̃ ∈ Gz+1,i for i ∈ Z⩾0\{ℓ+ 1}. So x̃ ∈
⋂

i∈Z⩾0\{ℓ+1}
Gz+1,i .

We show that x̃dℓ+1
!
= y.

We have

x̃dℓ+1 = x−dℓ+1 · xdℓ sℓ dℓ+1 = 1 · xdℓ = y .

Altogether, we have

y = x̃dℓ+1 ∈
( ⋂
i∈Z⩾0\{ℓ+1}

Gz+1,i

)
dℓ+1 = Uℓ+1 .

So Uℓ ⊆ Uℓ+1 .

Ad ⊇. Suppose given y ∈ Uℓ+1 . Then we may choose some x ∈
⋂

i∈Z⩾0\{ℓ+1}
Gz+1,i such that

y = xdℓ+1 .

Let x̃ := x− · xdℓ+1 sℓ ∈ Gz+1 .

We show that x̃
!
∈

⋂
i∈Z⩾0\{ℓ}

Gz+1,i .
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Suppose given i ∈ Z⩾0\{ℓ}.
If i ⩽ ℓ− 1, then we have

x̃di = x−di · xdℓ+1 sℓ di = 1 · xdℓ+1 di sℓ−1 = xdi dℓ sℓ−1 = 1 .

If i = ℓ+ 1, then we have

x̃di = x−dℓ+1 · xdℓ+1 sℓ dℓ+1 = (xdℓ+1)
− · xdℓ+1 = 1 .

If i ⩾ ℓ+ 2, then we have

x̃di = x−di · xdℓ+1 sℓ di = 1 · xdℓ+1 di−1 sℓ = xdi dℓ+1 sℓ = 1 .

This shows x̃ ∈ Gz+1,i for i ∈ Z⩾0\{ℓ}. So x̃ ∈
⋂

i∈Z⩾0\{ℓ}
Gz+1,i .

We show that x̃dℓ
!
= y.

We have

x̃dℓ = x−dℓ · xdℓ+1 sℓ dℓ = 1 · xdℓ+1 = y .

Altogether, we have

y = x̃dℓ ∈
( ⋂
i∈Z⩾0\{ℓ}

Gz+1,i

)
dℓ = Uℓ .

So Uℓ+1 ⊆ Uℓ .

This shows Uℓ = Uℓ+1 .

Lemma 203 Suppose given a prestable simplicial group G ∈ Ob
(
PreStSimpGrp

)
.

Let z ∈ Z. Suppose given x, y ∈ Gz .

For i ∈ Z⩾0, suppose that we have

xdG, zi = 1 or ydG, zi = 1 .

Moreover, suppose that there exists an ℓ ∈ Z⩾0 such that

xdG, zℓ+1 = 1 and ydG, zℓ = 1 .

Then we have [x, y] ∈ GNBz .

Proof. We choose ℓ ∈ Z⩾0 with xdℓ+1 = 1 and ydℓ = 1. Let c := [xsℓ, ysℓ+1] ∈ Gz+1 .

292



9.8. THE CATEGORY OF STABLE SIMPLICIAL GROUPS

We have

c dℓ+1 = [xsℓ dℓ+1, ysℓ+1 dℓ+1] = [x, y] .

Let i ∈ Z⩾0\{ℓ+ 1} .
If i ⩽ ℓ− 1 then we have

cdi = [xsℓ di, ysℓ+1 di] = [xdi sℓ−1, ydi sℓ] = 1

since xdi = 1 or ydi = 1 .

If i = ℓ then we have

cdℓ = [xsℓ dℓ, ysℓ+1 dℓ] = [x, ydℓ sℓ] = [x, 1] = 1 .

If i = ℓ+ 2 then we have

cdℓ+2 = [xsℓ dℓ+2, ysℓ+1 dℓ+2] = [xdℓ+1 sℓ, y] = [1, y] = 1 .

If i ⩾ ℓ+ 3 then we have

cdi = [xsℓ di, ysℓ+1 di] = [xdi−1 sℓ, ydi−1 sℓ+1] = 1

since xdi−1 = 1 or ydi−1 = 1 .

This shows c ∈
⋂

i∈Z⩾0\{ℓ+1}
Gz+1, i .

Altogether, we have

[x, y] = cdℓ+1 ∈
( ⋂
i∈Z⩾0\{ℓ+1}

Gz+1, i

)
dℓ+1

202
= GNBz .

9.8 The category of stable simplicial groups

Definition 204 Suppose given a prestable simplicial group G ∈ Ob(PreStSimpGrp).
Suppose given k ∈ Z. Let g ∈ Gk .

We say that g is finite if there exists some ℓ ∈ Z⩾0 such that

g dG,ki = 1 for i ⩾ ℓ .
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Definition 205 (The category of stable simplicial groups)

We consider the category of prestable simplicial groups PreStSimpGrp; cf. Definition 182.

Suppose given a prestable simplicial group G ∈ Ob(PreStSimpGrp).
Then G is called a stable simplicial group if it satisfies the following finiteness condition (1).

(1) For k ∈ Z, each element g ∈ Gk is finite.

Let StSimpGrp ⊆ PreStSimpGrp be the full subcategory defined by

Ob(StSimpGrp) :=
{
G ∈ Ob(PreStSimpGrp) : G is a stable simplicial group

}
.

We call StSimpGrp the category of stable simplicial groups.

A morphism
(
G

φ−→H
)
∈ Mor

(
StSimpGrp

)
between stable simplicial groups G, H is called

a stable simplicial group morphism.

Remark 206 Suppose given a stable simplicial group G; cf. Definition 205.

Suppose given k ∈ Z. Suppose given g ∈ Gk . Then g is finite, i.e. there exists some ℓ ∈ Z⩾0

such that gdG,ki = 1 for i ⩾ ℓ.

Remark 207 (Stable simplicial subgroup)

Suppose given a stable simplicial group G ∈ Ob
(
StSimpGrp

)
.

Let H ⩽ G be a prestable simplicial subgroup; cf. Definition 188.

Then H is a stable simplicial group.

We say that H is a stable simplicial subgroup of G.

Proof. Let z ∈ Z. Let h ∈ Hz ⩽ Gz . We may choose some ℓ ∈ Z⩾0 such that hdG,zi = 1 for
i ∈ Z⩾ℓ .

For i ∈ Z⩾ℓ , we have

hdH,zi = h
(
dG,zi

∣∣∣Hz−1

Hz

)
= 1 .

This shows that h is finite.

So H is a stable simplicial group.
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Lemma 208

(1) Suppose given a prestable simplicial group G; cf Definition 182.

For z ∈ Z, we have the subgroup

Gfin
z := {g ∈ Gz : g is finite} ⩽ Gz .

We have the prestable simplicial subgroup Gfin ⩽ G given by

(Gfin)z := Gfin
z for z ∈ Z ;

cf. Definition 188.

Moreover, Gfin is a stable simplicial group.

(2) Suppose given a prestable simplicial group morphism φ : G→ H.

For z ∈ Z, we have the group morphism

φ fin
z := φz

∣∣H fin
z

G fin
z

: Gfin
z → H fin

z , g 7→ gφz .

Moreover, we have the stable simplicial group morphism φ fin : Gfin → H fin , where

(φ fin)z := φfin
z for z ∈ Z .

(3) We have the functor

Φ: PreStSimpGrp → StSimpGrp ,
(
G

φ−→H
)
7→
(
GΦ

φΦ−→HΦ
)
:=
(
Gfin φ fin

−−→ H fin
)
.

So, for z ∈ Z, we have

(GΦ)z = Gfin
z

(φΦ)z = φ fin
z : Gfin

z → H fin
z , g 7→ gφz .

Proof. Ad (1). Let z ∈ Z. We have Gfin
z ̸= ∅ since 1 ∈ Gfin

z .

Suppose given g, h ∈ Gfin
z .

We may choose some ℓ1 ∈ Z⩾0 such that g di = 1 for i ⩾ ℓ1 , and we may choose some
ℓ2 ∈ Z⩾0 such that h dj = 1 for j ⩾ ℓ2 .

For i ∈ Z⩾0 with i ⩾ max{ℓ1 , ℓ2}, we have

(g · h−)di = g di · (h di)− = 1 .
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This shows g · h− ∈ Gfin
z .

So Gfin
z ⩽ Gz is a subgroup.

Let i ∈ Z⩾0 . Suppose given g ∈ Gfin
z . We may choose some ℓ ∈ Z⩾0 such that gdG,zj = 1 for

j ∈ Z⩾ℓ .

For j ⩾ max{ℓ− 1, i}, we have

gdG,zi dG,z−1
j = gdG,zj+1 d

G,z−1
i = 1 .

This shows that gdG,zi ∈ Gfin
z−1 . So (Gfin

z )dG,zi ⩽ Gfin
z−1 .

For j ⩾ max{ℓ+ 1, i+ 2}, we have

gsG,zi dG,z+1
j = gdG,zj−1 s

z−1
i = 1 .

This shows that gsG,zi ∈ Gfin
z+1 . So (G fin

z )sG,zi ⩽ Gz+1 .

Therefore Gfin ⩽ G is a prestable simplicial subgroup; cf. Lemma 189.

By construction, the prestable simplicial group Gfin is a stable simplicial group.

Ad (2). Suppose given z ∈ Z. We have to show that (Gfin
z )φz

!

⩽ H fin
z .

Suppose given g ∈ Gfin
z . We may choose some ℓ ∈ Z⩾0 such that g dG,zi = 1 for i ∈ Z⩾ℓ .

For i ∈ Z⩾ℓ , we have

gφz d
H,z
i = g dG,zi φz−1 = 1 .

This shows that gφz ∈ H fin
z . So (Gfin

z )φz ⩽ H fin
z .

Therefore, the group morphism φz
∣∣H fin

z

G fin
z

: Gfin
z → H fin

z , g 7→ gφz exists.

Note that φ fin : Gfin → H fin is a stable simplicial group morphism; cf. Remark 190, Defini-
tion 205.

Ad (3). Suppose given F
φ−→G

φ′
−→H in PreStSimpGrp.

We have

idGΦ = (idGz)z∈ZΦ =
(
idGz

∣∣G fin
z

G fin
z

)
z∈Z = (idG fin

z
)z∈Z = idG fin = idGΦ .

We have

(φ ▲φ′)Φ =
(
(φz ▲φ′

z)
∣∣H fin

z

F fin
z

)
z∈Z =

(
φz
∣∣G fin

z

F fin
z

▲φ′
z

∣∣H fin
z

G fin
z

)
z∈Z =

(
φz
∣∣G fin

z

F fin
z

)
z∈Z ▲

(
φ′
z

∣∣H fin
z

G fin
z

)
z∈Z

= φΦ ▲φ′Φ .

So Φ is a functor.
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Remark 209 We consider the embedding functor

I : StSimpGrp → PreStSimpGrp ,
(
G

φ−→G′) 7→ (
GI

φI−→G′I
)
=
(
G

φ−→G′) .
We consider the functor Φ: PreStSimpGrp → StSimpGrp from Lemma 208.(3).

For a stable simplicial group G, note that we have GIΦ = (GI) fin = G; cf. Lemma 208.(1).

For a stable simplicial group morphism φ : G → H, note that we have φIΦ = (φI)fin =
φ : G→ H; cf. Lemma 208.(2).

So I ∗ Φ = idStSimpGrp .

Lemma 210 (The adjoint functors I and Φ)

We consider the embedding functor

I : StSimpGrp → PreStSimpGrp ,
(
G

φ−→ G̃
)
7→
(
G

φ−→ G̃
)

from Remark 209.

We consider the functor

Φ: PreStSimpGrp → StSimpGrp ,
(
H

ψ−→ H̃
)
7→
(
H fin ψ fin

−−→ H̃ fin
)

from Lemma 208.(3).

(1) We have the transformation

ε =
(
G

Gε−→G
)
G∈Ob(StSimpGrp) : idStSimpGrp → I ∗ Φ ;

where
Gε := idG : G→ G ,

for G ∈ Ob
(
StSimpGrp

)
.

(2) We have the transformation

η =
(
H fin Hη−−→ H

)
H∈Ob(PreStSimpGrp) : Φ ∗ I→ idPreStSimpGrp ,

where
Hη := ιH fin, H = idH

∣∣
H fin : H

fin → H ,

for H ∈ Ob
(
PreStSimpGrp

)
.
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(3) We have the adjunction (I,Φ, ε, η); cf. §1.1.3 item 10. In particular, we have I ⊣ Φ .

Proof. Ad (1). We show that ε is a transformation.

Suppose given G
φ−→ G̃ in StSimpGrp.

We have

Gε ▲φ(I ∗ Φ) 209
= idG ▲φ = φ = φ ▲ idG̃ = φ ▲ G̃ε .

G G(I ∗ Φ)

G̃ G̃(I ∗ Φ)

Gε

φ φ(I ∗ Φ)

G̃ε

So ε is a transformation.

Ad (2). We show that η is a transformation.

Suppose given H
φ−→ H̃ in PreStSimpGrp. Suppose given z ∈ Z.

For h ∈ (HΦI)z = H fin
z , we have

h(Hη ▲φ)z = h(ιH fin, H ▲φ)z = hφz
208.(2)
= h

(
(φ fin)I

)
z
= h

(
(φ fin)I ▲ ιH̃ fin,H̃

)
z
= h

(
φ(Φ ∗ I) ▲ H̃η

)
z
.

This shows Hη ▲φ = φ(Φ ∗ I) ▲ H̃η.

H(Φ ∗ I) H

H̃(Φ ∗ I) H̃

Hη

φ(Φ ∗ I) φ

H̃η

So η is a transformation.

Ad (3). We show that (Φ ∗ ε) ▲ (η ∗ Φ) !
= idΦ .
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Φ Φ ∗ I ∗ Φ

Φ

Φ ∗ ε

idΦ

η ∗ Φ

Suppose given H ∈ Ob
(
PreStSimpGrp

)
.

We show that H
(
(Φ ∗ ε) ▲ (η ∗ Φ)

) !
= idHΦ .

Suppose given z ∈ Z. Suppose given h ∈ (HΦ)z = H fin
z .

We have

h
(
H
(
(Φ ∗ ε) ▲ (η ∗ Φ)

))
z

= h
(
H(Φ ∗ ε) ▲H(η ∗ Φ)

)
z

= h
((
H(Φ ∗ ε)

)
z

▲

(
H(η ∗ Φ)

)
z

)
(2)
= h

((
(H fin)ε

)
z

▲

(
(ιH fin, H)Φ

)
z

)
(1)
= h

(
idH fin

z
▲ (ιH fin, H)

fin
z

)
= h

(
(ιH fin, H)

fin
z

)
208.(2)
= h

= h idH fin
z

= h id(HΦ)z .

This shows that
(
H
(
(Φ ∗ ε) ▲ (η ∗ Φ)

))
z
= id(HΦ)z .

So we have H
(
(Φ ∗ ε) ▲ (η ∗ Φ)

)
= idHΦ .

Therefore, we have (Φ ∗ ε) ▲ (η ∗ Φ) = idΦ .

We show that (ε ∗ I) ▲ (I ∗ η) !
= idI .

299



CHAPTER 9. STABLE SIMPLICIAL GROUPS

I I ∗ Φ ∗ I

I

ε ∗ I

idI

I ∗ η

Suppose given G ∈ Ob
(
StSimpGrp

)
.

We show that G
(
(ε ∗ I) ▲ (I ∗ η)

) !
= idGI .

Suppose given z ∈ Z. Suppose given g ∈ (GI)z .

We have

g
(
G
(
(ε ∗ I) ▲ (I ∗ η)

))
z

= g
(
G(ε ∗ I) ▲G(I ∗ η)

)
z

= g
((
G(ε ∗ I)

)
z

▲

(
G(I ∗ η)

)
z

)
(1)
= g

((
(idG)I

)
z

▲

(
(GI)η

)
z

)
(2)
= g(ι(GI) fin,GI)z

= g

= g id(GI)z .

This shows that
(
G
(
(ε ∗ I) ▲ (I ∗ η)

))
z
= id(GI)z .

So we have G
(
(ε ∗ I) ▲ (I ∗ η)

)
= idGI .

Therefore, we have (ε ∗ I) ▲ (I ∗ η) = idI .

Altogether, this proves (3).

Remark 211 We consider the adjunction (I,Φ, ε, η) from Lemma 210.

For G ∈ Ob
(
StSimpGrp

)
and H ∈ Ob

(
PreStSimpGrp

)
, we have the adjunction bijection

γG,H : PreStSimpGrp(GI, H)
∼↔ StSimpGrp(G, HΦ)(

GI
φ−→H

)
7→

(
G

φ

∣∣HΦ

−−−→ HΦ
)(

GI
ψI ▲ ιHΦ,H−−−−−−→ H

)
←[

(
G

ψ−→HΦ
)
.
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So, for
(
GI

φ−→H
)
∈ PreStSimpGrp(GI, H), k ∈ Z and g ∈ Gk , we have

g(φγG,H)k = gφk .

For
(
G

ψ−→HΦ
)
∈ StSimpGrp(G, HΦ), k ∈ Z and g ∈ (GI)k = Gk , we have

g(ψγ−G,H)k = gψk .

Proof. We use Remark 14 to show this claim.

Suppose given G ∈ Ob
(
StSimpGrp

)
and H ∈ Ob

(
PreStSimpGrp

)
.

Since (I,Φ, ε, η) is an adjunction, Remark 14 yields the isomorphism

γG,H : PreStSimpGrp(GI, H)−→∼ StSimpGrp(G, HΦ) ,
(
GI

φ−→H
)
7→ φγG,H =

(
G

Gε▲φΦ−−−−→ HΦ
)
.

Moreover, we have

γ−G,H : StSimpGrp(G, HΦ)−→∼ PreStSimpGrp(GI, H) ,
(
G

ψ−→HΦ
)
7→ ψγ−G,H =

(
GI

ψI▲Hη−−−−→ H
)
.

Suppose given a morphism
(
GI

φ−→H
)
∈ PreStSimpGrp(GI, H).

We show that φγG,H
!
= φ

∣∣HΦ
: G→ HΦ .

Let k ∈ Z. Suppose given g ∈ Gk . We have

g(φγG,H)k = g(Gε ▲φΦ)k = g
(
(Gε)k ▲ (φΦ)k

) 210.(1)
= (g idGk

)φ fin
k

208.(2)
= gφk = gφk

∣∣(HΦ)k .

This shows that (φγG,H)k = φk
∣∣(HΦ)k , and so φγG,H = φ

∣∣HΦ
.

Suppose given a morphism
(
G

ψ−→HΦ
)
∈ StSimpGrp(G, HΦ).

We show that φγ−G,H
!
= ψ ▲ ιH,HΦ : GI→ H .

Let k ∈ Z. Suppose given g ∈ (GI)k = Gk . We have

g(ψγ−G,H)k = g(ψI ▲Hη)k = g
(
(ψI)k ▲ (Hη)k

) 209
= (gψk)(Hη)k

210.(2)
= (gψk)ιHk ,(HΦ)k

= gψk = g(ψI)k = g(ψI ▲ ιH,HΦ)k .

This shows that (ψγ−G,H)k = (ψI ▲ ιH,HΦ)k , and so ψγ−G,H = ψI ▲ ιH,HΦ .

Altogether, this proves the claim.
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Remark 212 Suppose given a stable simplicial group G ∈ Ob
(
StSimpGrp

)
; cf. Defini-

tion 205. Suppose given n ∈ Z.
We consider the functor Dec±,n : PreStSimpGrp → PreStSimpGrp from Lemma 195.

Then GDec±,n is a stable simplicial group.

Proof. Let k ∈ Z. Suppose given g ∈ (GDec±,n)k = Gk+n . Then we may choose some
ℓ ∈ Z⩾0 such that gdG, k+ni = 1 for i ⩾ ℓ.

For i ⩾ ℓ, we have

gdGDec±,n,k
i

196
= gdG, k+ni = 1 .

This shows that g is finite.

So GDec±,n is a stable simplicial group.

Remark 213 We given an overview of the notations used for face and degeneracy operations
in various contexts.

In the simplex category ∆ we have the morphisms

δni : [n− 1]→ [n] for n ∈ Z⩾1 and i ∈ [0, n]

σni : [n+ 1]→ [n] for n ∈ Z⩾0 and i ∈ [0, n] ;

cf. Definitions 18, 19.

For a simplicial group G ∈ Ob
(
SimpGrp

)
, we have

the face map dG,ni =
(
(δni )

op
)
G : Gn → Gn−1 for n ∈ Z⩾1 and i ∈ [0, n]

the degeneracy map sG,ni =
(
(σni )

op
)
G : Gn → Gn+1 for n ∈ Z⩾0 and i ∈ [0, n] ;

cf. Definitions 30, 31.

In the prestable simplex category ∆± we have the morphisms

δ±,zi : [z − 1]± → [z]± for z ∈ Z and i ∈ Z⩾0

σ±,n
i : [z + 1]± → [z]± for z ∈ Z and i ∈ Z⩾0 ;

cf. Definitions 172, 174.

For a prestable simplicial group G ∈ Ob
(
PreStSimpGrp

)
, we have

the face map dG, zi =
(
(δz,±i )op

)
G : Gz → Gz−1 for z ∈ Z and i ∈ Z⩾0

the degeneracy map sG, zi =
(
(σz,±i )op

)
G : Gz → Gz+1 for z ∈ Z and i ∈ Z⩾0 ;

cf. Definitions 182, 183.
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Chapter 10

Simplicial groups
and stable simplicial groups

10.1 The functor Ôrd : StSimpGrp → SimpGrp

Lemma 214 (The simplicial group GÔrd)

Suppose given a stable simplicial group G ∈ Ob
(
StSimpGrp

)
; cf. Definition 205.

We consider the simplicial group GP; cf. Remark 193.

We may define a simplicial subgroup GÔrd ⩽ GP by letting, for k ∈ Z⩾0 ,

[k]GÔrd = GÔrdk :=
⋂

i∈Z⩾k+1

Gk,i ⩽ Gk ;

cf. Definition 198.(1). In particular, GÔrd is a simplicial group.

For k ∈ Z⩾1 and j ∈ [0, k], we have

dGÔrd,k
j = dG,kj

∣∣GÔrdk−1

GÔrdk
.

For k ∈ Z⩾0 and j ∈ [0, k], we have

sGÔrd,k
i = sG,kj

∣∣GÔrdk+1

GÔrdk
.

Proof. Suppose given k ∈ Z⩾1 and j ∈ [0, k].
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We show that (GÔrdk)d
G,k
j

!

⩽ GÔrdk−1 .

Suppose given g ∈ GÔrdk =
⋂

i⩾k+1

Gk,i and suppose given ℓ ∈ Z⩾k .

Note that j < ℓ+ 1 and that k + 1 ⩽ ℓ+ 1. So we have

gdG,kj dG,k−1
ℓ

185.(1)
= gdG,kℓ+1 dG,k−1

j = 1dG,k−1
j = 1 .

This shows gdG,kj ∈
⋂
i⩾k

Gk,i = GÔrdk−1 .

So
(
GÔrdk

)
dG,kj ⩽ GÔrdk−1 .

Suppose given k ∈ Z⩾0 and j ∈ [0, k].

We show that
(
GÔrdk

)
sG,kj

!

⩽ GÔrdk+1 .

Suppose given g ∈ GÔrdk =
⋂

i⩾k+1

Gk,i and suppose given ℓ ∈ Z⩾k+2 .

Note that ℓ > j + 1 and that k + 1 ⩽ ℓ− 1. So we have

gsG,kj dG,k+1
ℓ

185.(3)
= gdG,kℓ−1 sG,k−1

j = 1sG,k−1
j = 1 .

This show gsG,kj ∈
⋂

i⩾k+2

Gk,i = GÔrdk+1 .

So
(
GÔrdk

)
sG,kj ⩽ GÔrdk+1 .

We consider the simplicial group GP; cf. Remark 193.

For k ∈ Z⩾0 , recall that (GP)k = Gk , that d
GP,k+1
j = dG,k+1

j : Gk+1 → Gk for j ∈ [0, k + 1]

and that sGP,k
j = sG,kj : Gk → Gk+1 for j ∈ [0, k].

We show that GÔrd
!

⩽ GP is a simplicial subgroup.

We use Lemma 41.(2) to show this claim.

Let k ∈ Z⩾1 and let j ∈ [0, k]. We have

(GÔrdk)d
GP,k
j

193
= (GÔrdk)d

G,k
j ⩽ GÔrdk−1 .

Let k ∈ Z⩾0 and let i ∈ [0, k]. We have

(GÔrdk)s
GP,k
i

193
= (GÔrdk)s

G,k
i ⩽ GÔrdk−1 .

Then, by Lemma 41.(2), we have GÔrd ⩽ GP.
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In particular, for k ∈ Z⩾1 and j ∈ [0, k], we have

dGÔrd,k
j = dGP,k

j

∣∣∣(GP)k−1

(GP)k

193
= dG,kj

∣∣∣Gk−1

Gk

,

and, for k ∈ Z⩾0 and j ∈ [0, k], we have

sGÔrd,k
j = sGP,k

j

∣∣∣(GP)k+1

(GP)k

193
= sG,kj

∣∣∣Gk+1

Gk

.

Lemma 215 (The simplicial group morphism φÔrd)

Suppose given stable simplicial groups G, H ∈ Ob
(
StSimpGrp

)
.

Suppose given a stable simplicial group morphism φ : G→ H.

We consider the simplicial groups GÔrd and HÔrd from Lemma 214.

We have the simplicial group morphism

φÔrd : GÔrd→ HÔrd ,

where

φÔrdk := φk
∣∣HÔrdk

GÔrdk
: GÔrdk → HÔrdk , g 7→ g(φÔrdk) := gφk

for k ∈ Z⩾0 .

Proof. We apply Remark 42 to show this claim.

Recall that
(
(GP)k

(φP)k−−−→ (HP)k
)
=
(
Gk

φk−→Hk

)
for k ∈ Z⩾0 .

Suppose given k ∈ Z⩾0 . We have to show that (GÔrdk)φk
!

⩽ HÔrdk .

Suppose given g ∈ GÔrdk =
⋂

i⩾k+1

Gk,i ⩽ Gk .

For ℓ ∈ Z⩾k+1 , we have

(gφk)d
H,k
ℓ = g(φk ▲ dH,kℓ )

184.(2)
= g(dG,kℓ ▲φk−1) = 1φk−1 = 1 .

This shows gφk ∈
⋂

i⩾k+1

Hk,i = HÔrdk .

So we have (GÔrdk)φk ⩽ HÔrdk .
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Therefore, by Remark 42, we have the group morphism φÔrd = φP
∣∣HÔrd

GÔrd
.

For k ∈ Z⩾0 , we obtain

φÔrdk = (φP)k
∣∣HÔrdk

GÔrdk
= φk

∣∣HÔrdk

GÔrdk
,

as claimed.

Lemma 216 (The functor Ôrd)

We have the functor from the category of stable simplicial groups to the category of simplicial
groups given by

Ôrd : StSimpGrp → SimpGrp , (G
φ−→H) 7→ (G

φ−→H)Ôrd := (GÔrd
φÔrd−−−→ HÔrd) ;

cf. Lemmas 214, 215.

Proof. Suppose given G ∈ Ob
(
StSimpGrp

)
.

Suppose given k ∈ Z⩾0 . Suppose given g ∈ GÔrdk .

We have
g
(
(idG)Ôrd

)
k
= g idGk

= g id(GÔrd)k
.

This shows
(
(idG)Ôrd

)
k
= id(GÔrd)k

= (idGÔrd)k .

So (idG)Ôrd = idGÔrd .

Suppose given F
φ−→G

φ̃−→H in StSimpGrp.

Suppose given k ∈ Z⩾0 . Suppose given x ∈ F Ôrdk .

We have

x
(
φÔrdk ▲ φ̃Ôrdk

)
= (xφk)(φ̃Ôrdk) = xφkφ̃k = x(φ ▲ φ̃)k = x

(
(φ ▲ φ̃)Ôrdk

)
.

This shows (φÔrd ▲ φ̃Ôrd)k = (φ ▲ φ̃)Ôrdk .

So φÔrd ▲ φ̃Ôrd = (φ ▲ φ̃)Ôrd .

Lemma 217 Suppose given a stable simplicial group G ∈ Ob
(
StSimpGrp

)
; cf. Defini-

tion 205.

For k ∈ Z⩾0 , we consider

GNk =
⋂
i∈Z⩾1

Gk,i =
⋂
i∈Z⩾1

ker dG,ki P (GÔrd)k ⩽ Gk ;
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cf. Definition 198.(2, 1).

We consider the simplicial group GÔrd ∈ Ob
(
SimpGrp

)
from Lemma 214.

For k ∈ Z⩾0 , we consider

(GÔrd)Nk =
⋂

i∈[1,k]

GÔrdk,i =
⋂

i∈[1,k]

ker dGÔrd,k
i ;

cf. Definition 46.(2, 1).

Then, for k ∈ Z⩾0 , we have
GNk = (GÔrd)Nk .

Proof. Ad ⊆. Suppose given k ∈ Z⩾0 . Suppose given g ∈ GNk =
⋂
i⩾1

ker dG,ki .

For ℓ ∈ Z⩾k+1 , we have
gdG,kℓ = 1 .

This shows g ∈
⋂

i⩾k+1

ker dG,ki = GÔrdk .

Moreover, for ℓ ∈ [1, k], we have

gdGÔrd,k
ℓ = gdG,kℓ = 1 .

This shows g ∈
⋂

i∈[1,k]
ker dGÔrd,k

i = (GÔrd)Nk .

Ad ⊇. Suppose given k ∈ Z⩾0 . Suppose given g ∈ (GÔrd)Nk =
⋂

i∈[1,k]
ker dGÔrd,k

i .

Suppose given ℓ ∈ Z⩾0 .

If ℓ ∈ [1, k], then we have

gdG,kℓ = gdGÔrd,k
ℓ = 1 ,

since g ∈
⋂

i∈[1,k]
ker dGÔrd,k

i .

If ℓ ⩾ k + 1, then we have
gdG,kℓ = 1 ,

since g ∈ GÔrdk =
⋂

i⩾k+1

ker dG,ki .

This shows g ∈
⋂
i⩾1

ker dG,ki = GNk .
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10.2 The ordinarification functor

Ord: StSimpGrp → SimpGrp,
preserving quasi-isomorphisms

Remark 218 Suppose given a stable simplicial group G ∈ Ob
(
StSimpGrp

)
; cf. Defini-

tion 205.

(1) Let k ∈ Z⩾0 . For ℓ ∈ [0, k], we have

dG,kℓ ▲

( Gk−1
∏G−1

i∈⌊k−1,0⌋

dG,i0

)
=

Gk
∏G−1

i∈⌊k,0⌋

dG,i0 .

(2) Let k ∈ Z⩾0 . For ℓ ∈ [0, k], we have

sG,kℓ ▲

( Gk+1
∏G−1

i∈⌊k+1,0⌋

dG,i0

)
=

Gk
∏G−1

i∈⌊k,0⌋

dG,i0 .

Proof. Ad (1). We show this claim by induction on k ∈ Z⩾0 .

Let k = 0. Suppose given ℓ ∈ [0, 0].

We have

dG,0ℓ ▲

( G−1
∏G−1

i∈⌊−1,0⌋

dG,i0

)
1.1.2 item9.3

= dG,00 ▲ idG−1 =
G0
∏G−1

i∈⌊0,0⌋

dG,i0 .

Suppose given k ∈ Z⩾1 and ℓ ∈ [0, k].

For j ∈ [0, k − 1], suppose that we have

dG,k−1
j ▲

( Gk−2
∏G−1

i∈⌊k−2,0⌋

dG,i0

)
=

Gk−1
∏G−1

i∈⌊k−1,0⌋

dG,i0 .

If ℓ = 0, then we have

dG,kℓ ▲

( Gk−1
∏G−1

i∈⌊k−1,0⌋

dG,i0

)
=

Gk
∏G−1

i∈⌊k,0⌋

dG,i0 .
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If ℓ ⩾ 1, then we have

dG,kℓ ▲

( Gk−1
∏G−1

i∈⌊k−1,0⌋

dG,i0

)
= dG,kℓ ▲ dG,k−1

0 ▲

( Gk−2
∏G−1

i∈⌊k−2,0⌋

dG,i0

)
185.(1)
= dG,k0 ▲ dG,k−1

ℓ−1 ▲

( Gk−2
∏G−1

i∈⌊k−2,0⌋

dG,i0

)
IH
= dG,k0 ▲

( Gk−1
∏G−1

i∈⌊k−1,0⌋

dG,i0

)
=

Gk
∏G−1

i∈⌊k,0⌋

dG,i0 .

Ad (2). We show this claim by induction on k ∈ Z⩾0 .

Let k = 0. Suppose given ℓ ∈ [0, 0].

We have

sG,0ℓ ▲

( G1
∏G−1

i∈⌊1,0⌋

dG,i0

)
= sG,00 ▲ dG,10 ▲ dG,00

185.(3)
= = idG0 ▲ dG,00 =

G0
∏G−1

i∈⌊0,0⌋

dG,i0 .

Suppose given k ∈ Z⩾1 and ℓ ∈ [0, k].

For j ∈ [0, k − 1], suppose that we have

sG,k−1
j ▲

( Gk
∏G−1

i∈⌊k,0⌋

dG,i0

)
=

Gk−1
∏G−1

i∈⌊k−1,0⌋

dG,i0 .

If ℓ = 0, then we have

sG,kℓ ▲

( Gk+1
∏G−1

i∈⌊k+1,0⌋

dG,i0

)
= sG,k0 ▲ dG,k+1

0 ▲

( Gk
∏G−1

i∈⌊k,0⌋

dG,i0

)
185.(3)
= idGk

▲

( Gk
∏G−1

i∈⌊k,0⌋

dG,i0

)
=

Gk
∏G−1

i∈⌊k,0⌋

dG,i0 .

If ℓ ⩾ 1, then we have

sG,kℓ ▲

( Gk+1
∏G−1

i∈⌊k+1,0⌋

dG,i0

)
= sG,kℓ ▲ dG,k+1

0 ▲

( Gk
∏G−1

i∈⌊k,0⌋

dG,i0

)
185.(3)
= dG,k0 ▲ sG,k−1

ℓ−1 ▲

( Gk
∏G−1

i∈⌊k,0⌋

dG,i0

)
IH
= dG,k0 ▲

( Gk−1
∏G−1

i∈⌊k−1,0⌋

dG,i0

)
=

Gk
∏G−1

i∈⌊k,0⌋

dG,i0 .
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Lemma 219 (The simplicial group GOrd)

Suppose given a stable simplicial group G ∈ Ob
(
StSimpGrp

)
; cf. Definition 205.

We consider the simplicial group GÔrd; cf. Lemma 214.

We have the simplicial subgroup GOrd ⩽ GÔrd, where, for k ∈ Z⩾0 , we have

GOrdk := GÔrdk ∩ ker
( Gk

∏G−1

i∈⌊k,0⌋

dG,i0

)
=
( ⋂
i⩾k+1

Gk,i

)
∩ ker(dG,k0 ▲ dG,k−1

0 ▲ . . . ▲ dG,00 ) ⩽ GÔrdk .

So, for k ∈ Z⩾1 and j ∈ [0, k], we have

dGOrd,k
j = dG,kj

∣∣GOrdk−1

GOrdk
.

For k ∈ Z⩾0 and i ∈ [0, k], we have

sGOrd,k
i = sG,ki

∣∣GOrdk+1

GOrdk
.

In particular, GOrd is a simplicial group; cf. Definition 40.

Proof. We use Lemma 41.(2) to show that the subgroups GOrdk for k ⩾ 0 define a simplicial
subgroup GOrd ⩽ GÔrd.

Suppose given k ∈ Z⩾1 and ℓ ∈ [0, k].

We show that (GOrdk)d
GÔrd,k
ℓ

!

⩽ GOrdk−1 .

Suppose given x ∈ GOrdk .

Then we have xdGÔrd,k
ℓ ∈ GÔrdk−1 ; cf. Lemma 214.

Moreover, we have

(xdGÔrd,k
ℓ )

( Gk−1
∏G−1

i∈⌊k−1,0⌋

dG,i0

)
= x

(
dG,kℓ ▲

( Gk−1
∏G−1

i∈⌊k−1,0⌋

dG,i0

))
218.(1)
= x

( Gk
∏G−1

i∈⌊k,0⌋

dG,i0

)
= 1 .

This shows xdGÔrd,k
ℓ ∈ ker

( Gk−1
∏G−1

i∈⌊k−1,0⌋

dG,i0

)
.

Altogether, we have xdGÔrd,k
ℓ ∈ GÔrdk−1 ∩ ker

( Gk−1
∏G−1

i∈⌊k−1,0⌋

dG,i0

)
= GOrdk−1 .

Suppose given k ∈ Z⩾0 and ℓ ∈ [0, k].
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We show that (GOrdk)s
GÔrd,k
ℓ

!

⩽ GOrdk+1 .

Suppose given x ∈ GOrdk .

Then we have xsGÔrd,k
ℓ ∈ GÔrdk+1 ; cf. Lemma 214.

Moreover, we have

(xsGÔrd,k
ℓ )

( Gk+1
∏G−1

i∈⌊k+1,0⌋

dG,i0

)
= x

(
sG,kℓ ▲

( Gk+1
∏G−1

i∈⌊k+1,0⌋

dG,i0

))
218.(2)
= x

( Gk
∏G−1

i∈⌊k,0⌋

dG,i0

)
= 1 .

This shows xsGÔrd,k
ℓ ∈ ker

( Gk+1
∏G−1

i∈⌊k+1,0⌋

dG,i0

)
.

Altogether, we have xsGÔrd,k
ℓ ∈ GÔrdk ∩ ker

( Gk+1
∏G−1

i∈⌊k+1,0⌋

dG,i0

)
= GOrdk+1 .

Then, by Lemma 41.(2), GOrd ⩽ GÔrd is a simplicial subgroup.

Lemma 220 (The simplicial group morphism φOrd)

Suppose given stable simplicial groups G, H ∈ Ob
(
StSimpGrp

)
.

Suppose given a stable simplicial group morphism φ : G→ H.

We consider the simplicial groups GOrd and HOrd from Lemma 219.

We have the simplicial group morphism

φOrd: GOrd→ HOrd ,

where

φOrdk := φk
∣∣HOrdk

GOrdk
: GOrdk → HOrdk , g 7→ g(φOrdk) := gφk ,

for k ∈ Z⩾0 .

Proof. We apply Remark 42 to show this claim. Recall that φÔrdk = φk
∣∣HÔrdk

GÔrdk
; cf. Lemma 215.

Suppose given k ∈ Z⩾0 . We have to show that GOrdk(φÔrdk)
!

⩽ HOrdk .

Suppose given g ∈ GOrdk = GÔrdk ∩ ker
( Gk

∏G−1

i∈⌊k,0⌋

dG,k0

)
⩽ GÔrdk ⩽ Gk .

Since we have GOrd ⩽ GÔrd , we have g(φÔrdk) ∈ HÔrdk .
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It remains to show that g(φOrdk)
!
∈ ker

( Hk
∏H−1

i∈⌊k,0⌋

dH,k0

)
.

We have

g(φOrdk)
( Hk

∏H−1

i∈⌊k,0⌋

dH,k0

)
= gφk

( Hk
∏H−1

i∈⌊k,0⌋

dH,k0

)
= g
(( Gk

∏G−1

i∈⌊k,0⌋

dG,k0

)
▲φ−1

)
= 1φ−1 = 1 .

This shows that g(φOrdk) ∈ HÔrdk ∩ ker
( Hk

∏H−1

i∈⌊k,0⌋

dH,k0

)
= HOrdk .

So, by Remark 42, we have the simplicial group morphism φOrd = φÔrd
∣∣HOrd

GOrd
, having

φOrdk = φÔrdk
∣∣HOrdk

GOrdk
=
(
φk
∣∣HÔrdk

GÔrdk

)∣∣HOrdk

GOrdk
= φk

∣∣HOrdk

GOrdk
.

Lemma 221 (The functorOrd)

We have the ordinarification functor from the category of stable simplicial groups to the
category of simplicial groups given by

Ord: StSimpGrp → SimpGrp , (G
φ−→H) 7→ (G

φ−→H)Ord := (GOrd
φOrd−−−→ HOrd) ;

cf. Lemmas 219, 220.

Proof. Suppose given a simplicial group G ∈ Ob
(
StSimpGrp

)
.

Suppose given k ∈ Z⩾0 . Suppose given g ∈ GOrdk .

We have
g
(
(idG)Ord

)
k
= g idGk

= g idGOrdk .

This shows
(
(idG)Ord

)
k
= idGOrdk = (idGOrd)k .

So (idG)Ord = idGOrd .

Suppose given F
φ−→G

φ̃−→H in StSimpGrp.
Suppose given k ∈ Z⩾0 . Suppose given x ∈ FOrdk .

We have

x(φOrdk ▲ φ̃Ordk) = (xφk)(φ̃Ordk) = xφkφ̃k = x(φ ▲ φ̃)k = x
(
(φ ▲ φ̃)Ordk

)
.
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This shows (φOrd ▲ φ̃Ord)k = (φ ▲ φ̃)Ordk .

So φOrd ▲ φ̃Ord = (φ ▲ φ̃)Ord .

Lemma 222 Suppose given a stable simplicial group G ∈ Ob
(
StSimpGrp

)
; cf. Defini-

tion 205.

For k ∈ Z⩾0 , we consider

GNk =
⋂
i∈Z⩾1

Gk,i =
⋂
i∈Z⩾1

ker dG,ki P Gk ;

cf. Definition 198.(2, 1).

We consider the simplicial group GOrd ∈ Ob
(
SimpGrp

)
from Lemma 219.

For k ∈ Z⩾0 , we consider

(GOrd)Nk =
⋂

i∈[1,k]

GOrdk,i =
⋂

i∈[1,k]

ker dGOrd,k
i P GOrdk ⩽ Gk ;

cf. Definition 46.(2, 1).

(1) For k ∈ Z⩾1 , we have
GNk = (GOrd)Nk .

(2) We have
(GOrd)N0 = (GOrd)0 = GNZ0 P GN0 ;

cf. Definition 198.(3).

Proof. Ad (1). Ad ⊆. Suppose given k ∈ Z⩾1 . Suppose given g ∈ GNk =
⋂
i⩾1

ker dG,ki .

For ℓ ∈ Z⩾k+1 , we have
gdG,kℓ = 1 .

This shows g ∈
⋂

i⩾k+1

ker dG,ki = GÔrdk .

We have

g
( Gk

∏G−1

i∈⌊k,0⌋

dG,i0

)
= g(dG,k0 ▲ dG,k−1

0 ) ▲

( Gk−2
∏G−1

i∈⌊k−2,0⌋

dG,i0

)
185.(1)
= g(dG,k1 ▲ dG,k−1

0 ) ▲

( Gk−2
∏G−1

i∈⌊k−2,0⌋

dG,i0

)
= 1
(
dG,k−1
0 ▲

( Gk−2
∏G−1

i∈⌊k−2,0⌋

dG,i0

))
= 1 .
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This shows g ∈ ker
( Gk

∏G−1

i∈⌊k,0⌋

dG,i0

)
.

So we have g ∈ GÔrdk ∩ ker
( Gk

∏G−1

i∈⌊k,0⌋

dG,i0

)
= GOrdk .

Moreover, for ℓ ∈ [1, k], we have

gdGOrd,k
ℓ = gdG,kℓ = 1 .

This shows g ∈
⋂

i∈[1,k]
ker dGOrd,k

i = (GOrd)Nk .

Ad ⊇. Suppose given k ∈ Z⩾1 . Suppose given g ∈ (GOrd)Nk =
⋂

i∈[1,k]
ker dGOrd,k

i .

Suppose given ℓ ∈ Z⩾1 .

If ℓ ∈ [1, k], then we have
gdG,kℓ = gdGOrd,k

ℓ = 1 ,

since g ∈
⋂

i∈[1,k]
ker dGOrd,k

i .

If ℓ ⩾ k + 1, then we have
gdG,kℓ = 1 ,

since g ∈ GOrdk ⩽ GÔrd =
⋂

i⩾k+1

ker dG,ki .

This shows g ∈
⋂
i⩾1

ker dG,ki = GNk .

Ad (2). We have

GOrd0 = GÔrd0 ∩ ker dG,00 =
( ⋂
i∈Z⩾1

ker dG,0i

)
∩ ker dG,00

198.(3)
= GNZ0 .

Lemma 223 Suppose given a stable simplicial group G ∈ Ob
(
StSimpGrp

)
; cf. Defini-

tion 205.

We consider its Moore complex

GN = . . .
∂G3−→GN2

∂G2−→GN1

∂G1−→GN0

∂G0−→GN−1

∂G−1−−→ . . . ;

cf. Lemma 200.(2).
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Recall that for k ∈ Z, we have

GNHk = Gπk = ker ∂k/ im ∂k+1 = GNZk/GNBk ;

cf. Lemma 200.(2).

We consider the simplicial group GOrd ∈ Ob
(
SimpGrp

)
; cf. Lemma 219.

We consider its Moore complex

(GOrd)N = . . .
∂GOrd
3−−−→ (GOrd)N2

∂GOrd
2−−−→ (GOrd)N1

∂GOrd
1−−−→ (GOrd)N0

!−→ 1
!−→ . . . ;

cf. Lemma 47.(2).

(1) We have the morphism of complexes in groups

ιG = ι = (ιk)k∈Z : (GOrd)N→ GN ,

where, for k ∈ Z, we have

ιk : (GOrd)Nk → GNk , x 7→ x ;

cf. Definition 8.

For k ⩾ 1, note that ιk = idGNk
; cf. Lemma 222.(1).

For k = 0, note that ι0 is the inclusion morphism of (GOrd)N0 = GNZ0 into GN0 ; cf.
Lemma 222.(2).

. . . (GOrd)N2 (GOrd)N1 (GOrd)N0 1 . . .

. . . GN2 GN1 GN0 GN−1 . . .

∂GOrd
3 ∂GOrd

2 ∂GOrd
1 ! !

∂G3 ∂G2 ∂G1 ∂G0 ∂G−1

idGN2 idGN1
ι0 !

(2) For k ∈ Z, we recall that we have the homology groups

GNHk = ker ∂Gk / im ∂Gk+1 = GNZk/GNBk

and (GOrd)NHk = ker ∂GOrd
k / im ∂GOrd

k+1 = (GOrd)NZk/(GOrd)NBk ;
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cf. Lemma 11.(2).

For k ∈ Z⩾0 , we have the group isomorphism

ιHk : (GOrd)NHk → GNHk , x im(GOrd)NBk 7→ xGNBk .

So ιHk : (GOrd)πk
∼−→Gπk .

Proof. Ad (1). Suppose given k ∈ Z. Suppose given x ∈ (GOrd)Nk .

Case k ⩾ 1. We have

x(∂GOrd
k ▲ ιk−1) = x(dGOrd,k

0 ▲ ιk−1) = xdGOrd,k
0 = xdG,k0 = x(ιk ▲ dG,k0 )

= x(ιk ▲ ∂Gk ) .

Case k = 0. Note that x ∈ (GOrd)N0
222.(2)
= GNZ0 . So we have

x(∂GOrd
0 ▲ ι−1) = x( ! ▲ ! ) = 1 = xdG,00 = x(ι0 ▲ dG,k0 ) = x(ι0 ▲ ∂G0 ) .

Case k ⩽ −1. We have

x(∂GOrd
k ▲ ιk−1) = x( ! ▲ ! ) = 1 = 1∂Gk = x( ! ▲ ∂Gk ) = x(ιk ▲ ∂Gk ) .

Altogether, this shows ∂GOrd
k ▲ ιk−1 = ιk ▲ ∂Gk for k ∈ Z.

So ι = (ιk)k∈Z is a morphism of complexes in groups.

Ad (2). Suppose given k ∈ Z⩾0 .

We show that ιHk is injective.

Suppose given x ∈ (GOrd)NZk . Suppose that x(GOrd)NBk ∈ ker(ιHk) .

We have
1GNBk =

(
x(GOrd)NBk

)
ιHk = xGNBk .

This shows that x ∈ im ∂Gk+1 .

So we we may choose y ∈ GNk+1 with x = y∂Gk+1 .

Therefore, we have

x = y∂Gk+1 = y(ιk+1 ▲ ∂Gk+1) = y(∂GOrd
k+1 ▲ ιk) = y∂GOrd

k+1 .

This shows that x ∈ im ∂GOrd
k+1 = (GOrd)NBk . So we have x(GOrd)NBk = 1(GOrd)NBk .
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Therefore, ιHk is injective.

We show that ιHk is surjective.

Suppose given x ∈ GNZk .

Case k = 0. We have x ∈ GNZ0
222.(2)
= (GOrd)N0 = (GOrd)NZ0 .

So we have x(GOrd)NB0 ∈ (GOrd)NH0 and(
x(GOrd)NB0

)
ιHk = (xι0)GNB0 = xGNB0 .

Case k ⩾ 1. Then we have x ∈ GNk
222.(1)
= (GOrd)Nk .

We have
x∂GOrd

k = x(∂GOrd
k ▲ ιk−1) = x(ιk ▲ ∂Gk ) = x∂Gk = 1 .

This shows that x ∈ ker ∂GOrd
k = (GOrd)Nk .

So we have x(GOrd)NBk ∈ (GOrd)NHk and(
x(GOrd)NBk

)
ιHk = (xιk)(GOrd)NBk = x(GOrd)NBk .

Therefore, ιHk is surjective in both cases.

Altogether, ιHk is bijective.

Lemma 224 Suppose given stable simplicial groups G, H. Suppose given a stable simplicial
group morphism φ : G→ H; cf. Definition 205.

We consider the Moore complexes GN and HN and the morphism of complexes in groups
φN: GN→ HN; cf. Lemma 222.

Suppose that φN is a quasi-isomorphism; cf. Definition 12.

We consider the functor Ord: StSimpGrp → SimpGrp from Lemma 221.

We have that (φOrd)N: (GOrd)N→ (HOrd)N is a quasi-isomorphism.

Proof. Suppose given k ∈ Z.
We have to show that (φOrd)NHk : (GOrd)NHk → (HOrd)NHk is a group isomorphism.

Case k ⩽ −1. We have (GOrd)Nk = 1 and (HOrd)Nk = 1; cf. Lemma 223.(1).

So we have (GOrd)NHk = 1 and (HOrd)NHk = 1.

Therefore, (φOrd)NHk = ! : (GOrd)NHk → (HOrd)NHk is a group isomorphism.
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Case k ⩾ 0. We consider the morphisms of complexes in groups

ιG = (ιGℓ )ℓ∈Z : (GOrd)N→ GN and ιH = (ιHℓ )ℓ∈Z : (HOrd)N→ HN

from Lemma 223.(1).

For ℓ ∈ Z, we have ιGℓ ▲φNℓ = (φOrd)Nℓ ▲ ιHℓ , since both (φOrd)Nℓ and φNℓ are restrictions
of φℓ .

(GOrd)Nℓ GNℓ

(HOrd)Nℓ HNℓ

ιGℓ

(φOrd)Nℓ φNℓ

ιHℓ

So ιG ▲φN = (φOrd)N ▲ ιH .

Since Hk is a functor, we obtain (ιG)Hk ▲φNHk = (φOrd)NHk ▲ (ιH)Hk ; cf. Lemma 11.(3).

(GOrd)NHk GNHk

(HOrd)NHk HNHk

(ιG)Hk

(φOrd)NHk φNHk

(ιH)Hk

By Lemma 223.(2), (ιG)NHk and (ιH)NHk are group isomorphisms. Moreover, φNHk is a
group isomorphism since φN is a quasi-isomorphism.

Therefore, (φOrd)NHk = (ιG)Hk ▲ φNHk ▲

(
(ιH)Hk

)−
is a group isomorphism.

Altogether, this shows that (φOrd)N is a quasi-isomorphism.
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Chapter 11

⌊n,−∞⌋-stable simplicial groups

11.1 Pre-⌊n,−∞⌋-prestable simplicial groups

Let n ∈ Z ∪ {+∞} . If n = +∞, recall that Z⩽n = Z⩽n−1 = Z .

Definition 225 We consider the prestable simplex category ∆±; cf. Definition 172.

We have the full subcategory ∆±
⌊n,−∞⌋ ⊆ ∆±, where

Ob
(
∆±

⌊n,−∞⌋
)
:=
{
[k]± : k ∈ Z⩽n

}
.

Then note that

Mor
(
∆±

⌊n,−∞⌋
)
:=
{
[ℓ]±

u−→ [k]± : ℓ, k ∈ Z⩽n , u is monotone and essentially parallel
}
.

In particular, ∆±
⌊+∞,−∞⌋ = ∆± .

Definition 226 (Pre-⌊n,−∞⌋-prestable simplicial groups)

We consider the category of groups Grp and the opposite category (∆±
⌊n,−∞⌋)

op of ∆±
⌊n,−∞⌋;

cf. §1.1.3 item 12.

We write
Pre-⌊n,−∞⌋-PreStSimpGrp :=

[
(∆±

⌊n,−∞⌋)
op,Grp

]
for the category of functors from (∆±

⌊n,−∞⌋)
op to Grp and transformations between those

functors.

We call Pre-⌊n,−∞⌋-PreStSimpGrp the category of pre-⌊n,−∞⌋-prestable simplicial groups.
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A functor
(
(∆±

⌊n,−∞⌋)
op G−→Grp

)
∈ Ob

(
Pre-⌊n,−∞⌋-PreStSimpGrp

)
is called a pre-⌊n,−∞⌋-

prestable simplicial group.

For k ∈ Z⩽n , we write Gk :=
(
[k]±

)
G and we write φk :=

(
[k]±

)
φ : Gk → G′

k .

A transformation
(
G

φ−→G′) ∈ Mor
(
Pre-⌊n,−∞⌋-PreStSimpGrp

)
between pre-⌊n,−∞⌋-pre-

stable simplicial groups G, G′ ∈ Ob
(
Pre-⌊n,−∞⌋-PreStSimpGrp

)
is called a pre-⌊n,−∞⌋-

prestable simplicial group morphism.

For
(
[ℓ]±

u−→ [k]±
)
∈ Mor

(
∆±

⌊n,−∞⌋
)
, we write Gu := (uop)G : Gk → Gℓ .

For (G
φ−→G′ φ′

−→G′′) in Pre-⌊n,−∞⌋-PreStSimpGrp, their composite is given by their vertical
composite of transformations

φ ▲φ′ =
(
Gk

[k](φ▲φ′)−−−−−→ G′′
k

)
k∈Z⩽n

:=
(
Gk

φk ▲φ′
k−−−→ G′′

k

)
k∈Z⩽n

.

So (φ ▲φ′)k = φk ▲φ′
k for k ∈ Z⩽n .

For G ∈ Ob(Pre-⌊n,−∞⌋-PreStSimpGrp), its identity is given by

idG =
(
Gk

idGk−−→ Gk

)
k∈Z⩽n

.

So (idG)k = idGk
for k ∈ Z⩽n .

Remark 227 In Definition 232, we will define ⌊n,−∞⌋-stable simplicial groups, which
will be pre-⌊n,−∞⌋-prestable simplicial groups that satisfy a finiteness condition (1) and a
Conduché condition (2).

In the notion of pre-⌊n,−∞⌋-prestable simplicial groups, the first “pre” refers to the absent
Conduché condition, the second “pre” refers to the absent finiteness condition.

Remark 228 (Face maps and degeneracy maps)

Suppose given a pre-⌊n,−∞⌋-prestable simplicial group G : (∆±
⌊n,−∞⌋)

op → Grp; cf. Defini-
tion 226.

For k ∈ Z⩽n and j ∈ Z⩾0 , we consider the morphism

δ±,kj : [k − 1]± → [k]± in ∆±
⌊n,−∞⌋ ⊆ ∆± .

For k ∈ Z⩽n−1 and i ∈ Z⩾0 , we consider the morphism

σ±,k
i : [k + 1]± → [k]± in ∆±

⌊n,−∞⌋ ⊆ ∆± .
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For k ∈ Z⩽n and j ∈ Z⩾0 , we have the face map

dG,kj =
(
(δ±,ki )op

)
G : Gk → Gk−1 .

For k ∈ Z⩽n−1 and i ∈ Z⩾0 , we have the degeneracy map

sG,ki =
(
(σ±,k

i )op
)
G : Gk → Gk+1 ;

cf. also Definition 183.

Sometimes, we abbreviate di := dG,ki and si := sG,ki .

Remark 229 Suppose given a pre-⌊n,−∞⌋-prestable simplicial group G.

We consider the face maps and degeneracy maps from Remark 228.

Let k ∈ Z⩽n−1 . Using Remark 179, we have the following equations (1, 2, 3).

(1) For i, j ∈ Z⩾0 with i < j, we have

dG,k+1
j ▲ dG,ki = dG,k+1

i ▲ dG,kj−1 .

(2) For i, j ∈ Z⩾0 with i < j, we we have

sG,k−1
i ▲ sG,kj = sG,k−1

j−1 ▲ sG,ki .

(3) For i, j ∈ Z⩾0 , we have

sG,ki ▲ dG,k+1
j =


dG,kj ▲ sG,k−1

i−1 if j < i

idGk
if j = i or j = i+ 1

dG,kj−1 ▲ sG,k−1
i if j > i+ 1 .

Remark 230 Let n = +∞ .

Then a pre-⌊+∞,−∞⌋-prestable simplicial group G is the same as a prestable simplicial
group; cf. Definitions 182, 226.
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11.2 ⌊n,−∞⌋-stable simplicial groups

Let n ∈ Z.

Definition 231

Suppose given a pre-⌊n,−∞⌋-prestable simplicial groupG ∈ Ob
(
Pre-⌊n,−∞⌋-PreStSimpGrp

)
;

cf. Definition 226.

Suppose given k ∈ Z⩽n . Let g ∈ Gk .

We say that g is finite if there exists some ℓ ∈ Z⩾0 such that

g dG, ki = 1 for i ⩾ ℓ .

Cf. also Definition 204.

Definition 232 (⌊n,−∞⌋-stable simplicial group)

We consider the category of pre-⌊n,−∞⌋-prestable simplicial groups Pre-⌊n,−∞⌋-PreStSimpGrp ;
cf. Definition 226.

Suppose given an pre-⌊n, 0⌋-prestable simplicial group G ∈ Ob(Pre-⌊n,−∞⌋-PreStSimpGrp).
Then G is called an ⌊n, 0⌋-stable simplicial group if it satisfies the following properties (1, 2).

(1) For k ∈ Z⩽n , each element g ∈ Gk is finite; cf. Definition 231.

(2) For cofinite subsets I, J ⊆ Z⩾0 with I ∪ J = Z⩾0 , we have[⋂
i∈I

ker dG,ni ,
⋂
j∈J

ker dG,nj

]
= 1 ;

cf. §1.1.1 item 1 and Remark 228.

We call property (1) the finiteness condition and we call property (2) the Conduché condition
on ⌊n,−∞⌋-stable simplicial groups; cf. [7, Th. 1.5].

Let ⌊n,−∞⌋-StSimpGrp ⊆ Pre-⌊n,−∞⌋-PreStSimpGrp be the full subcategory defined by

Ob
(
⌊n,−∞⌋-StSimpGrp

)
:=
{
G ∈ Ob

(
Pre-⌊n,−∞⌋-PreStSimpGrp

)
:

G is an ⌊n,−∞⌋-stable simplicial group
}
.

We call ⌊n,−∞⌋-StSimpGrp the category of ⌊n,−∞⌋-stable simplicial groups.
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Gn Gn−1 . . . G0 G−1 . . .
dG,n
j dG,n−1

j dG,1
j dG,0

j dG,−1
j

sG,−2
isG,−1

isG,0
isG,n−2

isG,n−1
i

Amorphism
(
G

φ−→H
)
∈ Mor(⌊n,−∞⌋-StSimpGrp) between ⌊n,−∞⌋-stable simplicial groups

is called an ⌊n,−∞⌋-stable simplicial group morphism.

Remark 233 Suppose given an ⌊n,−∞⌋-stable simplicial group G.

Suppose given subsets I, J ⊆ Z⩾0 with I ∪ J = Z⩾0 .

Then we have [⋂
i∈I

ker dG,ni ,
⋂
j∈J

ker dG,nj

]
= 1 .

Proof. Suppose given x ∈
⋂
i∈I

ker di ⩽ Gn and suppose given y ∈
⋂
j∈J

ker dj ⩽ Gn .

We have to show that [x, y]
!
= 1 .

We show that there exists some cofinite subsets Ĩ, J̃ ⊆ Z⩾0 with x ∈
⋂
i∈Ĩ

ker di and with
y ∈

⋂
j∈J̃

ker dj .

Since x is finite, we may choose some ℓ ∈ Z⩾0 such that xdk = 1 for k ∈ Z⩾ℓ .

Let Ĩ := I ∪ Z⩾ℓ . Then Ĩ is cofinite and we have x ∈
⋂
i∈Ĩ

ker di .

Since y is finite, we may choose some m ∈ Z⩾0 such that ydk = 1 for k ∈ Z⩾m .

Let J̃ := J ∪ Z⩾m . Then J̃ is cofinite and we have y ∈
⋂
j∈J̃

ker dj .

We have Ĩ ∪ J̃ = Z⩾0 .

Therefore, we have [x, y] = 1.

Remark 234 Suppose given a morphism
(
[m]±

u−→ [k]±
)
∈ Mor

(
∆±

⌊n,−∞⌋
)
.

Let ℓ := k −
∣∣[k]±\ imu

∣∣. We have ℓ ∈ Z⩽n .

Let Du :=
{
i ∈ Z⩾0 : (i,m)u = (i+1,m)u

}
= {i1 , . . ., im−ℓ}, where 0 ⩽ i1 < i2 < . . . < im−ℓ .

Let Cu := {j ∈ Z⩾0 : (j, k) ̸∈ imu} = {j1, . . ., jk−ℓ}, where 0 ⩽ j1 < j2 < . . . < jk−ℓ .

Note that |Cu| =
∣∣[k]±\ imu

∣∣.
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(1) Suppose that u is injective. Then we have

u =
[m]±∏[k]±

r∈⌈1,k−m⌉

δ±,m+r
jr

= δ±,m+1
j1

▲ . . . ▲ δ±,kjk−m
,

where δ±,m+r
jr

∈ Mor
(
∆±

⌊n,−∞⌋
)
for r ∈ [1, k −m].

(2) Suppose that u is surjective. Then we have

u =
[m]±∏[k]±

r∈⌊m−k,1⌋

σ±,k+r−1
ir

= σ±,m−1
im−k

▲ . . . ▲ σ±,k
i1

,

where σ±,k+r−1
ir

∈ Mor
(
∆±

⌊n,−∞⌋
)
for r ∈ [1,m− k].

(3) We have

u =

(
[m]±∏[ℓ]±

r∈⌊m−ℓ,1⌋

σ±,ℓ+r−1
ir

)
▲

(
[ℓ]±∏[k]±

r∈⌈1,k−ℓ⌉

δ±,ℓ+rjr

)
= σ±,m−1

im−ℓ
▲ . . . ▲ σ±,ℓ

i1
▲ δ±,ℓ+1

j1
▲ . . . ▲ δ±,kjk−ℓ

,

where σ±,ℓ+r−1
ir

∈ Mor
(
∆±

⌊n,−∞⌋
)
for r ∈ [1,m − ℓ] and δ±,ℓ+rjr

∈ Mor
(
∆±

⌊n,−∞⌋
)
for

r ∈ [1, k − ℓ].

(4) Suppose given an ⌊n,−∞⌋-stable simplicial group G; cf. Definition 232.

We have

Gu = (uop)G =

(
Gk
∏Gℓ

r∈⌊k−ℓ,1⌋

dG, ℓ+rjr

)
▲

(
Gℓ
∏Gm

r∈⌈1,m−ℓ⌉

sG, ℓ+r−1
ir

)
= dG,kjk−ℓ

▲ . . . ▲ dG,ℓ+1
j1

▲ sG,ℓi1
▲ . . . ▲ sG,m−1

im−ℓ
.

Proof. Note that we have u ∈ Mor(∆±).

Ad (1). Since u is injective, we have, by Lemma 175.(1.1),

u =
[m]±∏[k]±

r∈⌈1,k−m⌉

δ±,m+r
jr

= δ±,m+1
j1

▲ . . . ▲ δ±,kjk−m
.

We show that δ±,m+r
jr

!
∈ Mor

(
∆±

⌊n,−∞⌋
)
for r ∈ [1, k −m].

We have m+ r ⩽ k ⩽ n for r ∈ [1, k −m].
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This shows that
(
δ±,m+r
jr

: [m+ r − 1]± → [m+ r]±
)
∈ Mor

(
∆±

⌊n,−∞⌋
)
for r ∈ [1, k −m].

Ad (2). Since u is surjective, we have, by Lemma 175.(2.1),

u =
[m]±∏[k]±

r∈⌊m−k,1⌋

σ±,k+r−1
ir

= σ±,m−1
im−k

▲ . . . ▲σ±,k
i1

.

We show that σ±,k+r−1
ir

!
∈ Mor

(
∆±

⌊n,−∞⌋
)
for r ∈ [1,m− k].

We have k + r ⩽ m ⩽ n for r ∈ [1,m− k].
This shows that

(
σ±,k+r−1
ir

: [k + r]± → [k + r − 1]±
)
∈ Mor

(
∆±

⌊n,−∞⌋
)
for r ∈ [1,m− k].

Ad (3). For r ∈ [1,m− ℓ], note that we have ℓ+ r ⩽ ℓ+m− ℓ = m ⩽ n.

For r ∈ [1, k − ℓ], note that we have ℓ+ r ⩽ ℓ+ k − ℓ = k ⩽ n.

By Corollary 177.(1), we have

u =

(
[m]±∏[ℓ]±

r∈⌊m−ℓ,1⌋

σ±,ℓ+r−1
ir

)
▲

(
[ℓ]±∏[k]±

r∈⌈1,k−ℓ⌉

δ±,ℓ+rjr

)
= σ±,m−1

im−ℓ
▲ . . . ▲σ±,ℓ

i1
▲ δ±,ℓ+1

j1
▲ . . . ▲ δ±,kjk−ℓ

.

Ad (4). By (3), we have (σ±,ℓ+r−1
ir

)op ∈ Mor
(
∆±,op

⌊n,−∞⌋
)
for r ∈ [1,m − ℓ] and we have

(δ±,ℓ+rjr
)op ∈ Mor

(
∆±,op

⌊n,−∞⌋
)
for r ∈ [1, k − ℓ]. So we may apply G to these morphisms.

We obtain

(uop)G
(3)
=

(((
[m]±∏[ℓ]±

r∈⌊m−ℓ,1⌋

σ±,ℓ+r−1
ir

)
▲

(
[ℓ]±∏[k]±

r∈⌈1,k−ℓ⌉

δ±,ℓ+rjr

))op)
G

=

((
[k]±∏[ℓ]±

r∈⌊k−ℓ,1⌋

(δ±,ℓ+rjr
)op
)

▲

(
[ℓ]±∏[m]±

r∈⌈1,m−ℓ⌉

(σ±,ℓ+r−1
ir

)op
))

G

(3)
=

(
Gk
∏Gℓ

r∈⌊k−ℓ,1⌋

(
(δ±,ℓ+rjr

)op
)
G

)
▲

(
Gℓ
∏Gm

r∈⌈1,m−ℓ⌉

(
(σ±,ℓ+r−1

ir
)op
)
G

)
228
=

(
Gk
∏Gℓ

r∈⌊k−ℓ,1⌋

dG,ℓ+rjr

)
▲

(
Gℓ
∏Gm

r∈⌈1,m−ℓ⌉

sG,ℓ+r−1
ir

)
.

Cf. also Remark 186.
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Definition 235 (⌊n,−∞⌋-stable simplicial subgroups)

Suppose given ⌊n,−∞⌋-stable simplicial groups G, H; cf. Definition 232.

We say that H is an ⌊n,−∞⌋-stable simplicial subgroup of G if the condition (1, 2) hold.

(1) For k ∈ Z⩽n , we have Hk ⩽ Gk .

(2) Suppose given a morphism
(
[m]±

u−→ [k]±
)
∈ Mor

(
∆±

⌊n,−∞⌋
)
.

We consider the group morphisms Gu : Gk → Gm and Hu : Hk → Hm .

We have
Hu = Gu

∣∣Hm

Hk
.

We write H ⩽ G to indicate that H is a ⌊n,−∞⌋-stable simplicial subgroup of G.

Remark 236 Suppose given an ⌊n,−∞⌋-stable simplicial group G : (∆±
⌊n,−∞⌋)

op → Grp.
For k ∈ Z⩽n , suppose given subgroups Hk ⩽ Gk .

For k ∈ Z⩽n and j ∈ Z⩾0 , suppose that we have (Hk)d
G,k
j ⩽ Hk−1 .

For k ∈ Z⩽n−1 and i ∈ Z⩾0 , suppose that we have (Hk)s
G,k
i ⩽ Hk+1 .

Then we have the ⌊n,−∞⌋-stable simplicial group

H : (∆±
⌊n,−∞⌋)

op → Grp(
[k]±

uop−→ [m]±
)
7→

(
([k]±)H

(uop)H−−−−→ ([m]±)H
)
:=
(
Hk

Gu

∣∣Hm

Hk−−−−→ Hm

)
.

Moreover, H ⩽ G is an ⌊n,−∞⌋-stable simplicial subgroup.

Proof. Suppose given a morphism
(
[m]±

u−→ [k]±
)
∈ Mor

(
∆±

⌊n,−∞⌋
)
.

By Remark 234.(4), we have

Gu = (uop)G =

(
Gk
∏Gℓ

r∈⌊k−ℓ,1⌋

dG, ℓ+rjr

)
▲

(
Gℓ
∏Gm

r∈⌈1,m−ℓ⌉

sG, ℓ+r−1
ir

)
= dG,kjk−ℓ

▲ . . . ▲ dG,ℓ+1
j1

▲ sG,ℓi1
▲ . . . ▲ sG,m−1

im−ℓ
,

for some ℓ ∈ Z⩽n , and 0 ⩽ j1 < . . . < jk−ℓ and 0 ⩽ i1 < . . . < im−ℓ .

Using the assumptions iteratively, we obtain

(Hk)

(
Gk
∏Gℓ

r∈⌊k−ℓ,1⌋

dG,ℓ+rjr

)
⩽ Hℓ
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and

(Hℓ)

(
Gℓ
∏Gm

r∈⌈1,m−ℓ⌉

sG,ℓ+r−1
ir

)
⩽ Hm .

So we have

(Hk)Gu = (Hk)

((
Gk
∏Gℓ

r∈⌊k−ℓ,1⌋

dG,ℓ+rjr

)
▲

(
Gℓ
∏Gm

r∈⌈1,m−ℓ⌉

sG,ℓ+r−1
ir

))
⩽ Hm .

Therefore, we have the group morphism Gu

∣∣Hm

Hk
: Hk → Hm .

Suppose given [ℓ]±
vop−→ [k]±

uop−→ [m]± in (∆±
⌊n,−∞⌋)

op.

We have

(id[m]±)
opH =

(
(id[m]±)

opG
)∣∣Hm

Hm
= idGm

∣∣Hm

Hm
= idHm = id([m]±)H .

We have

(vop ▲ uop)H =
(
(vop ▲ uop)G

)∣∣Hm

Hℓ
= (Gv ▲Gu)

∣∣Hm

Hℓ
= Gv

∣∣Hk

Hℓ
▲Gu

∣∣Hm

Hk
= (vop)H ▲ (uop)H .

So H is a functor, i.e. H is a pre-⌊n,−∞⌋-prestable simplicial group.

We show that H satisfies the finiteness condition.

Let k ∈ Z⩽n . Suppose given h ∈ Hk ⩽ Gk . Then, since h is finite, we may choose some
ℓ ∈ Z⩾0 such that hdG,ki = 1 for i ∈ Z⩾ℓ .

So, for i ∈ Z⩾ℓ , we have

hdH,ki = hdG,ki

∣∣Hk−1

Hk
= 1 .

We show that H satisfies the Conduché condition.

Suppose given cofinite subsets I, J ⊆ Z⩾0 with I ∪ J = Z⩾0 .

Suppose given x ∈
⋂
i∈I

ker dH,ni and y ∈
⋂
j∈J

ker dH,nj . Then we have x ∈
⋂
i∈I

ker dG,ni and

y ∈
⋂
j∈J

ker dG,nj .

Since we have
[ ⋂
i∈I

ker dG,ni ,
⋂
j∈J

ker dG,nj

]
= 1, we have [x, y] = 1.

So H is a an ⌊n,−∞⌋-stable simplicial group.

Moreover, for
(
[m]±

u−→ [k]±
)
∈ Mor(∆±), we have, by construction,

Hu = (uop)H = Gu

∣∣Hm

Hk
.

So H ⩽ G is an ⌊n,−∞⌋-stable simplicial subgroup.
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11.3 A description using generators and relations

Let n ∈ Z ∪ {+∞} . Suppose given m, m̃ ∈ Z⩽n .

11.3.1 (m, m̃)-index tuples

Definition 237 Let

Rm,m̃ :=
{(

(ε1 , i1), (ε2 , i2), . . ., (εs , is)
)
: s ∈ Z⩾0 , εk ∈ {−1,+1} , where

∑
j∈[1,s]

εj = m̃−m ,

ik ∈ Z⩾0 for k ∈ [1, s] and m+
∑

j∈[1,k]
εj ⩽ n for k ∈ [0, s]

}
.

An element of Rm,m̃ is called an (m, m̃)-index tuple.

We consider the following relations on Rm,m̃ , given as subsets of Rm,m̃ ×Rm,m̃ consisting of
pairs of (m, m̃)-index tuples of the respective forms.

(
++
;) :=

{((
(ε1 , i1), . . ., (εk−1 , ik−1), (εk , ik), (εk+1 , ik+1), (εk+2 , ik+2), . . ., (εs , is)

)
,(

(ε1 , i1), . . ., (εk−1 , ik−1), (εk+1 , ik+1), (εk , ik + 1), (εk+2 , ik+2), . . ., (εs , is)
))

:

for some k ∈ [1, s− 1] with ik ⩾ ik+1 and εk = εk+1 = +1

}
,

(
−−
;) :=

{((
(ε1 , i1), . . ., (εk−1 , ik−1), (εk , ik), (εk+1 , ik+1), (εk+2 , ik+2), . . ., (εs , is)

)
,(

(ε1 , i1), . . ., (εk−1 , ik−1), (εk+1 , ik+1 + 1), (εk , ik), (εk+2 , ik+2), . . ., (εs , is)
))

:

for some k ∈ [1, s− 1] with ik ⩽ ik+1 and εk = εk+1 = −1
}
,

(
+−,1
; ) :=

{((
(ε1 , i1), . . ., (εk−1 , ik−1), (εk , ik), (εk+1 , ik+1), (εk+2 , ik+2), . . ., (εs , is)

)
,(

(ε1 , i1), . . ., (εk−1 , ik−1), (εk+1 , ik+1 − 1), (εk , ik), (εk+2 , ik+2), . . ., (εs , is)
))

:

for some k ∈ [1, s− 1] with ik ⩽ ik+1 − 1 and εk = +1 and εk+1 = −1
}
,

(
+−,2
; ) :=

{((
(ε1 , i1), . . ., (εk−1 , ik−1), (εk , ik), (εk+1 , ik+1), (εk+2 , ik+2), . . ., (εs , is)

)
,(

(ε1 , i1), . . ., (εk−1 , ik−1), (εk+2 , ik+2), . . ., (εs , is)
))

:

for some k ∈ [1, s− 1] with ik ∈ {ik+1 , ik+1 + 1} and εk = +1 and εk+1 = −1
}
,
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(
+−,3
; ) :=

{((
(ε1 , i1), . . ., (εk−1 , ik−1), (εk , ik), (εk+1 , ik+1), (εk+2 , ik+2), . . ., (εs , is)

)
,(

(ε1 , i1), . . ., (εk−1 , ik−1), (εk+1 , ik+1), (εk , ik − 1), (εk+2 , ik+2), . . ., (εs , is)
))

:

for some k ∈ [1, s− 1] with ik ⩾ ik+1 + 2 and εk = +1 and εk+1 = −1
}

⊆ Rm,m̃ ×Rm,m̃ .

Note that all occurring (m, m̃)-index tuples are required to be in Rm,m̃ .

We consider the relation on Rm,m̃ given by

(;) := (
++
;) ∪ (

−−
;) ∪ (

+−,1
; ) ∪ (

+−,2
; ) ∪ (

+−,3
; ) ⊆ Rm,m̃ ×Rm,m̃ .

On Rm,m̃ , we define the equivalence relation (∼) to be generated by (;).

We write Rm,m̃/(∼) for the set of equivalence classes.

For i ∈ Rm,m̃ , we write [i] := {j ∈ Rm,m̃ : j ∼ i} ∈ Rm,m̃/(∼) .
Definition 238

(1) Suppose given i =
(
(ε1 , i1), . . ., (εs , is)

)
∈ Rm,m̃ .

We write

E−(i) := {k ∈ [1, s] : εk = −1}
E+(i) := {k ∈ [1, s] : εk = +1} .

Let

S−(i) :=
{
j ∈ E−(i) : there exists some ℓ ∈ E−(i) such that j < ℓ and ij + j < iℓ + ℓ

}
S+(i) :=

{
j ∈ E+(i) : there exists some ℓ ∈ E+(i) such that ℓ < j and iℓ − ℓ > ij − j

}
.

We write

w0(i) :=
∣∣{(j, k) ∈ [1, s]×2 : j < k and εj > εk

}∣∣
w−(i) :=

∑
k∈S−(i)

s− k

w+(i) :=
∑

k∈S+(i)

k

w±(i) := w−(i) + w+(i) .
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We call w(i) :=
(
w0(i), w±(i)

)
∈ Z⩾0 × Z⩾0 the weight of i.

(2) The lexicographic order (⩽) on Z⩾0 × Z⩾0 is given as follows.

For a, b, c, d ∈ Z⩾0 , we have

(a, b) ⩽ (c, d) :⇔ (a < c) ∨
(
(a = c) ∧ (b ⩽ d)

)
.

So, for i, j ∈ Rm,m̃ , we have

w(i) ⩽ w(j) ⇔
(
w0(i) < w0(j)

)
∨
((
w0(i) = w0(j)

)
∧
(
w±(i) ⩽ w±(j)

))
.

Note that Z⩾0 × Z⩾0 is linearly ordered via (⩽) and that each nonempty subset
S ⊆ Z⩾0 × Z⩾0 has a minimal element min(S).

Definition 239 We write R 0
m,m̃ :=

{
i ∈ Rm,m̃ : w0(i) = 0

}
⊆ Rm,m̃ .

Note that for i =
(
(ε1 , i1), . . ., (εs , is)

)
∈ R 0

m,m̃ we have

i =
(
(−1, i1), . . ., (−1, iℓ), (+1, iℓ+1), . . ., (+1, is)

)
for some ℓ ∈ [0, s] .

Definition 240 Suppose given i =
(
(ε1 , i1), . . ., (εs , is)

)
∈ Rm,m̃ .

For k ∈ [1, s], we write

τ
(εk)
ik

:=

{
σ±,rk
ik

if εk = −1
δ±,rkik

if εk = +1 ,

where rk := m+
∑

ℓ∈[1,k]
εℓ ; cf. Definition 174. So τ

(εk)
ik

: [rk−1]
± → [rk]

± in ∆±
⌊n,−∞⌋ .

Moreover, we write

τi :=
[m]±∏[m̃]±

k∈⌈1,s⌉

τ
(εk)
ik

= τ
(ε1)
i1

▲ τ
(ε2)
i2

▲ . . . ▲ τ
(εs)
is
∈ Mor

(
∆±

⌊n,−∞⌋

)
.

Example 241 Let n = −∞.

(1) Let m = 5 and m̃ = 0. Suppose given

i0 :=
(
(−1, 3), (−1, 1), (−1, 5), (−1, 4), (−1, 4)

)
∈ Rm,m̃ .
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We have (
(−1, 3), (−1, 1), (−1, 5), (−1, 4), (−1, 4)

)
= i0

−−
;

(
(−1, 3), (−1, 1), (−1, 5), (−1, 5), (−1, 4)

)
=: i1

−−
;

(
(−1, 3), (−1, 1), (−1, 6), (−1, 5), (−1, 4)

)
=: i2

−−
;

(
(−1, 3), (−1, 7), (−1, 1), (−1, 5), (−1, 4)

)
=: i3

−−
;

(
(−1, 3), (−1, 7), (−1, 6), (−1, 1), (−1, 4)

)
=: i4

−−
;

(
(−1, 3), (−1, 7), (−1, 6), (−1, 5), (−1, 1)

)
=: i5

−−
;

(
(−1, 8), (−1, 3), (−1, 6), (−1, 5), (−1, 1)

)
=: i6

−−
;

(
(−1, 8), (−1, 7), (−1, 3), (−1, 5), (−1, 1)

)
=: i7

−−
;

(
(−1, 8), (−1, 7), (−1, 6), (−1, 3), (−1, 1)

)
=: i8 ∈ Rm,m̃ ;

cf. Definition 237.

We have

S−(i0) = {1, 2, 3, 4} , S−(i1) = {1, 2, 3} , S−(i2) = {1, 2} , S−(i3) = {1, 3}
S−(i4) = {1, 4} , S−(i5) = {1} , S−(i6) = {2} , S−(i7) = {3}
S−(i8) = ∅ ;

cf. Definition 238. In fact:

1 2 3 4 5

i0 3 + 1 1 + 2 5 + 3 4 + 4 4 + 5
i1 3 + 1 1 + 2 5 + 3 5 + 4 4 + 5
i2 3 + 1 1 + 2 6 + 3 5 + 4 4 + 5
i3 3 + 1 7 + 2 1 + 3 5 + 4 4 + 5
i4 3 + 1 7 + 2 6 + 3 1 + 4 4 + 5
i5 3 + 1 7 + 2 6 + 3 5 + 4 1 + 5
i6 8 + 1 3 + 2 6 + 3 5 + 4 1 + 5
i7 8 + 1 7 + 2 3 + 3 5 + 4 1 + 5
i8 8 + 1 7 + 2 6 + 3 3 + 4 1 + 5

=

1 2 3 4 5

i0 4 3 8 8 9

i1 4 3 8 9 9

i2 4 3 9 9 9

i3 4 9 4 9 9

i4 4 9 9 5 9

i5 4 9 9 9 6

i6 9 5 9 9 6

i7 9 9 6 9 6

i8 9 9 9 7 6
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So we have

w−(i0) = (5− 1) + (5− 2) + (5− 3) + (5− 4) = 10

w−(i1) = (5− 1) + (5− 2) + (5− 3) = 9

w−(i2) = (5− 1) + (5− 2) = 7

w−(i3) = (5− 1) + (5− 3) = 6

w−(i4) = (5− 1) + (5− 4) = 5

w−(i5) = 5− 1 = 4

w−(i6) = 5− 2 = 3

w−(i7) = 5− 3 = 2

w−(i8) = 0 .

(2) Let m = 0 and m̃ = 4.

Suppose given

j
0
:=
(
(+1, 2), (+1, 1), (+1, 4), (+1, 2)

)
∈ Rm,m̃ .

We have (
(+1, 2), (+1, 1), (+1, 4), (+1, 2)

)
= j

0
++
;

(
(+1, 1), (+1, 3), (+1, 4), (+1, 2)

)
=: j

1
++
;

(
(+1, 1), (+1, 3), (+1, 2), (+1, 5)

)
=: j

2
++
;

(
(+1, 1), (+1, 2), (+1, 4), (+1, 5)

)
=: j

3
∈ Rm,m̃ ;

cf. Definition 237.

We have S+(j0) = {2, 4} , S+(j1) = {4} , S+(j2) = {3} and S+(j3) = ∅ ; cf. Defini-
tion 238. In fact:

1 2 3 4

j
0

2− 1 1− 2 4− 3 2− 4

j
1

1− 1 3− 2 4− 3 2− 4

j
2

1− 1 3− 2 2− 3 5− 4

j
3

1− 1 2− 2 4− 3 5− 4

=

1 2 3 4

j
0

1 -1 1 -2

j
1

0 1 1 -2

j
2

0 1 -1 1

j
3

0 0 1 1
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So we have

w+(j0) = 2 + 4 = 6

w+(j1) = 4

w+(j2) = 3

w+(j3) = 0 .

(3) Let m = 3 and m̃ = 0.

Suppose given
i0 :=

(
(−1, 2), (−1, 2), (−1, 3)

)
∈ Rm,m̃ .

We have (
(−1, 2), (−1, 2), (−1, 3)

)
= i0

−−
;

(
(−1, 3), (−1, 2), (−1, 3)

)
=: i1

−−
;

(
(−1, 3), (−1, 4), (−1, 2)

)
=: i2

−−
;

(
(−1, 5), (−1, 3), (−1, 2)

)
=: i3 ∈ Rm,m̃ ;

cf. Defnition 237.

We have

S−(i0) = {1, 2}
S−(i1) = {1, 2}
S−(i2) = {1}
S−(i3) = ∅ ;

cf. Definition 238. In fact:

1 2 3

i0 2 + 1 2 + 2 3 + 3
i1 3 + 1 2 + 2 3 + 3
i2 3 + 1 4 + 2 2 + 3
i3 5 + 1 3 + 2 2 + 3

=

1 2 3

i0 3 4 6

i1 4 4 6

i2 4 6 5

i3 6 5 5

So we have

w−(i0) = (3− 1) + (3− 2) = 3

w−(i1) = (3− 1) + (3− 2) = 3

w−(i2) = 3− 1 = 2

w−(i3) = 0 .
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Note that in this example, we have i0
−−
; i1 but w−(i0) ̸> w−(i1) .

Remark 242 Suppose given i, j ∈ Rm,m̃ .

We have

i ∼ j ⇒ τi = τj .

Proof. We may assume that i; j.

We write i =
(
(ε1 , i1), . . ., (εs , is)

)
and j =

(
(ε̃1 , j1), . . ., (ε̃t , jt)

)
.

Case i
++
; j. Then s = t and we have

(ε̃k , jk) =


(εk , ik) for k ∈ [1, s]\{ℓ, ℓ+ 1}
(εℓ+1 , iℓ+1) for k = ℓ

(εℓ , iℓ + 1) for k = ℓ+ 1

for some chosen ℓ ∈ [1, s− 1] with iℓ ⩾ iℓ+1 , and εℓ = εℓ+1 = +1.

So j =
(
(ε1 , i1), . . ., (εℓ−1 , iℓ−1), (εℓ+1 , iℓ+1), (εℓ , iℓ + 1), (εℓ+2 , iℓ+2), . . ., (εs , is)

)
.

Let r := m+
∑

k∈[1,ℓ−1]

εk .

Since iℓ+1 < iℓ + 1 , we have

τj =
[m]±∏[m̃]±

k∈⌈1,s⌉

τ
(ε̃k)
jk

=
( [m]±∏[r]±

k∈⌈1,ℓ−1⌉

τ
(εk)
ik

)
▲ τ

(εℓ+1)
iℓ+1

▲ τ
(εℓ)
iℓ+1 ▲

( [r+2]±∏[m̃]±

k∈⌈ℓ+2,s⌉

τ
(εk)
ik

)
240
=

( [m]±∏[r]±

k∈⌈1,ℓ−1⌉

τ
(εk)
ik

)
▲ (δiℓ+1

▲ δiℓ+1) ▲

( [r+2]±∏[m̃]±

k∈⌈ℓ+2,s⌉

τ
(εk)
ik

)
179.(1)
=

( [m]±∏[r]±

k∈⌈1,ℓ−1⌉

τ
(εk)
ik

)
▲ (δiℓ ▲ δiℓ+1

) ▲

( [r+2]±∏[m̃]±

k∈⌈ℓ+2,s⌉

τ
(εk)
ik

)
240
=

[m]±∏[m̃]±

k∈⌈1,s⌉

τ
(εk)
ik

= τi .
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Case i
−−
; j. Then s = t and we have

(ε̃k , jk) =


(εk , ik) for k ∈ [1, s]\{ℓ, ℓ+ 1}
(εℓ+1 , iℓ+1 + 1) for k = ℓ

(εℓ , iℓ) for k = ℓ+ 1

for some chosen ℓ ∈ [1, s− 1] with iℓ ⩽ iℓ+1 , and εℓ = εℓ+1 = −1.
So j =

(
(ε1 , i1), . . ., (εℓ−1 , iℓ−1), (εℓ+1 , iℓ+1 + 1), (εℓ , iℓ), (εℓ+2 , iℓ+2), . . ., (εs , is)

)
.

Let r := m+
∑

k∈[1,ℓ−1]

εk .

Since iℓ < iℓ+1 + 1 , we have

τj =
[m]±∏[m̃]±

k∈⌈1,s⌉

τ
(ε̃k)
jk

=
( [m]±∏[r]±

k∈⌈1,ℓ−1⌉

τ
(εk)
ik

)
▲ τ

(εℓ+1)
iℓ+1+1 ▲ τ

(εℓ)
iℓ

▲

( [r−2]±∏[m̃]±

k∈⌈ℓ+2,s⌉

τ
(εk)
ik

)
240
=

( [m]±∏[r]±

k∈⌈1,ℓ−1⌉

τ
(εk)
ik

)
▲ (σiℓ+1+1 ▲σiℓ) ▲

( [r−2]±∏[m̃]±

k∈⌈ℓ+2,s⌉

τ
(εk)
ik

)
179.(2)
=

( [m]±∏[r]±

k∈⌈1,ℓ−1⌉

τ
(εk)
ik

)
▲ (σiℓ ▲σiℓ+1

) ▲

( [r−2]±∏[m̃]±

k∈⌈ℓ+2,s⌉

τ
(εk)
ik

)
240
=

[m]±∏[m̃]±

k∈⌈1,s⌉

τ
(εk)
ik

= τi .

Case i
+−,1
; j. Then s = t and we have

(ε̃k , jk) =


(εk , ik) for k ∈ [1, s]\{ℓ, ℓ+ 1}
(εℓ+1 , iℓ+1 − 1) for k = ℓ

(εℓ , iℓ) for k = ℓ+ 1

for some chosen ℓ ∈ [1, s− 1] with iℓ ⩽ iℓ+1 − 1 , and εℓ = +1 , εℓ+1 = −1.
So j =

(
(ε1 , i1), . . ., (εℓ−1 , iℓ−1), (εℓ+1 , iℓ+1 − 1), (εℓ , iℓ), (εℓ+2 , iℓ+2), . . ., (εs , is)

)
.
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Let r := m+
∑

k∈[1,ℓ−1]

εk .

Since iℓ < iℓ+1 , we have

τj =
[m]±∏[m̃]±

k∈⌈1,s⌉

τ
(ε̃k)
jk

=
( [m]±∏[r]±

k∈⌈1,ℓ−1⌉

τ
(εk)
ik

)
▲ τ

(εℓ+1)
iℓ+1−1 ▲ τ

(εℓ)
iℓ

▲

( [r]±∏[m̃]±

k∈⌈ℓ+2,s⌉

τ
(εk)
ik

)
240
=

( [m]±∏[r]±

k∈⌈1,ℓ−1⌉

τ
(εk)
ik

)
▲ (σiℓ+1−1 ▲ δiℓ) ▲

( [r]±∏[m̃]±

k∈⌈ℓ+2,s⌉

τ
(εk)
ik

)
179.(3)
=

( [m]±∏[r]±

k∈⌈1,ℓ−1⌉

τ
(εk)
ik

)
▲ (δiℓ ▲σiℓ+1

) ▲

( [r]±∏[m̃]±

k∈⌈ℓ+2,s⌉

τ
(εk)
ik

)
240
=

[m]±∏[m̃]±

k∈⌈1,s⌉

τ
(εk)
ik

= τi .

Case i
+−,2
; j. Then s− 2 = t and we have

(ε̃k , jk) =

{
(εk , ik) for k ∈ [1, ℓ− 1]

(εk+2 , ik+2) for k ∈ [ℓ, s− 2]

for some chosen ℓ ∈ [1, s− 1] with iℓ ∈ {iℓ+1 , iℓ+1 + 1}, and εℓ = +1 , εℓ+1 = −1.
So j =

(
(ε1 , i1), . . ., (εℓ−1 , iℓ−1), (εℓ+2 , iℓ+2), . . ., (εs , is)

)
.

Let r := m+
∑

k∈[1,ℓ−1]

εk .

Since iℓ ∈ {iℓ+1 , iℓ+1 + 1} , we have

τj =
[m]±∏[m̃]±

k∈⌈1,s−2⌉

τ
(ε̃k)
jk

=
( [m]±∏[r]±

k∈⌈1,ℓ−1⌉

τ
(εk)
ik

)
▲

( [r]±∏[m̃]±

k∈⌈ℓ,s−2⌉

τ
(εk+2)
ik+2

)
=

( [m]±∏[r]±

k∈⌈1,ℓ−1⌉

τ
(εk)
ik

)
▲

( [r]±∏[m̃]±

k∈⌈ℓ+2,s⌉

τ
(εk)
ik

)
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=
( [m]±∏[r]±

k∈⌈1,ℓ−1⌉

τ
(εk)
ik

)
▲ id[r]± ▲

( [r]±∏[m̃]±

k∈⌈ℓ+2,s⌉

τ
(εk)
ik

)
179.(3)
=

( [m]±∏[r]±

k∈⌈1,ℓ−1⌉

τ
(εk)
ik

)
▲ (δiℓ ▲σiℓ+1

) ▲

( [r]±∏[m̃]±

k∈⌈ℓ+2,s⌉

τ
(εk)
ik

)
240
=

[m]±∏[m̃]±

k∈⌈1,s⌉

τ
(εk)
ik

= τi .

Case i
+−,3
; j. Then s = t and we have

(ε̃k , jk) =


(εk , ik) for k ∈ [1, s]\{ℓ, ℓ+ 1}
(εℓ+1 , iℓ+1) for k = ℓ

(εℓ , iℓ − 1) for k = ℓ+ 1

for some chosen ℓ ∈ [1, s− 1] with iℓ ⩾ iℓ+1 + 2 , and εℓ = +1 , εℓ+1 = −1.
So j =

(
(ε1 , i1), . . ., (εℓ−1 , iℓ−1), (εℓ+1 , iℓ+1), (εℓ , iℓ − 1), (εℓ+2 , iℓ+2), . . ., (εs , is)

)
.

Let r := m+
∑

k∈[1,ℓ−1]

εk .

Since iℓ > iℓ+1 + 1 , we have

τj =
[m]±∏[m̃]±

k∈⌈1,s⌉

τ
(ε̃k)
jk

=
( [m]±∏[r]±

k∈⌈1,ℓ−1⌉

τ
(εk)
ik

)
▲ τ

(εℓ+1)
iℓ+1

▲ τ
(εℓ)
iℓ−1 ▲

( [r]±∏[m̃]±

k∈⌈ℓ+2,s⌉

τ
(εk)
ik

)
240
=

( [m]±∏[r]±

k∈⌈1,ℓ−1⌉

τ
(εk)
ik

)
▲ (σiℓ+1

▲ δiℓ−1) ▲

( [r]±∏[m̃]±

k∈⌈ℓ+2,s⌉

τ
(εk)
ik

)
179.(3)
=

( [m]±∏[r]±

k∈⌈1,ℓ−1⌉

τ
(εk)
ik

)
▲ (δiℓ ▲σiℓ+1

) ▲

( [r]±∏[m̃]±

k∈⌈ℓ+2,s⌉

τ
(εk)
ik

)
240
=

[m]±∏[m̃]±

k∈⌈1,s⌉

τ
(εk)
ik

= τi .
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Altogether, this shows τi = τj .

Remark 243 Suppose given i ∈ R 0
m,m̃ ; cf. Definition 239.

(1) Suppose that S+(i) ̸= ∅; cf. Definition 238.

Then there exists some j ∈ R 0
m,m̃ with i

++
; j and w+(i) > w+(j) and w−(i) = w−(j).

(2) Suppose that S−(i) ̸= ∅; cf. Definition 238.

Then there exists some j ∈ R 0
m,m̃ with i

−−
; j and w−(i) > w−(j) and w+(i) = w+(j).

Proof. Since w0(i) = 0, we have

i =
(
(−1 , i1), . . . , (−1, it), (+1, it+1), . . . , (+1 , is)

)
for t =

∣∣{k ∈ [1, s] : εk = −1}
∣∣.

Ad (1). We consider the sets

E+(i) = {k ∈ [1, s] : εk = +1} = [t+ 1, s]

and

S+(i) =
{
j ∈ E+(i) : there exists some k ∈ E+(i) with k < j and ik − k > ij − j

}
=
{
j ∈ [t+ 1, s] : there exists some k ∈ [t+ 1, s] with k < j and ik − k > ij − j

}
;

cf. Definition 238.

Let ℓ := min
(
S+(i)

)
⩾ t+ 2. Then εℓ−1 = εℓ = +1.

We show that iℓ−1

!

⩾ iℓ .

We assume that iℓ ⩾ iℓ−1 + 1 .

Then we have
iℓ − ℓ ⩾ iℓ−1 − (ℓ− 1) .

Since ℓ ∈ S+(i), we may choose some k ∈ [t+ 1, ℓ− 1] with ik − k > iℓ − ℓ .
Case k = ℓ−1. Then we have iℓ−1− (ℓ−1) > iℓ− ℓ, which contradicts iℓ− ℓ ⩾ iℓ−1− (ℓ−1) .

Case k ⩽ ℓ− 2. Then we have

ik − k > iℓ − ℓ ⩾ iℓ−1 − (ℓ− 1) ,
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which shows ℓ− 1 ∈ S+(i). This contradicts ℓ = min
(
S+(i)

)
.

So we have a contradiction in both cases.

This shows iℓ−1 ⩾ iℓ .

We consider the (m, m̃)-tuple j =
(
(ε̃1 , j1), . . . , (ε̃s , js)

)
∈ Rm,m̃ , where

(ε̃k , jk) =


(εk , ik) for k ∈ [1, s]\{ℓ− 1, ℓ}
(εℓ , iℓ) for k = ℓ− 1

(εℓ−1 , iℓ−1 + 1) for k = ℓ .

So
j =

(
(ε1 , i1), . . ., (εℓ−2 , iℓ−2), (εℓ , iℓ), (εℓ−1 , iℓ−1 + 1), (εℓ+1 , iℓ+1), . . ., (εs , is)

)
.

Then we have i
++
; j and 0 = w0(i) = w0(j), so j ∈ R 0

m,m̃ .

Moreover, we have S−(i) = S−(j) and thus w−(i) = w−(j).

We show that S+(i)\{ℓ− 1, ℓ} !
= S+(j)\{ℓ− 1, ℓ} .

Ad ⊆. Suppose given k ∈ S+(i)\{ℓ− 1, ℓ}. Then we may choose some r ∈ [t+1, k− 1] with
ir − r > ik − k.
Case r ∈ [t+ 1, k − 1]\{ℓ− 1, ℓ}. We have

jr − r = ir − r > ik − k = jk − k .

Case r = ℓ− 1. Note that ℓ− 1 = r ⩽ k − 1 and ℓ ̸= k implies ℓ < k.

We have
jℓ − ℓ = iℓ−1 + 1− ℓ = iℓ−1 − (ℓ− 1) > ik − k = jk − k .

Case r = ℓ. We have

jℓ−1 − (ℓ− 1) = iℓ − (ℓ− 1) > iℓ − ℓ > ik − k = jk − k .

Altogether, this shows k ∈ S+(j)\{ℓ− 1, ℓ} .
Ad ⊇. Suppose given k ∈ S+(j)\{ℓ− 1, ℓ}. Then we may choose some r ∈ [t+1, k− 1] with
jr − r > jk − k.
Case r ∈ [t+ 1, k − 1]\{ℓ− 1, ℓ}. We have

ir − r = jr − r > jk − k = ik − k .
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Case r = ℓ− 1. We have

iℓ−1 − (ℓ− 1) ⩾ iℓ − (ℓ− 1) = jℓ−1 − (ℓ− 1) > jk − k = ik − k .

Case r = ℓ. We have

iℓ−1 − (ℓ− 1) = (iℓ−1 + 1)− ℓ = jℓ − ℓ > jk − k = ik − k .

Altogether, this shows k ∈ S+(i)\{ℓ− 1, ℓ} .
So we have S+(i)\{ℓ− 1, ℓ} = S+(j)\{ℓ− 1, ℓ}.

We show that ℓ
!

̸∈ S+(j) .

So we have to show that jk − k
!

⩽ jℓ − ℓ for k ∈ [t+ 1, ℓ− 1].

Case k = ℓ− 1. We have

jk − k = jℓ−1 − (ℓ− 1) = iℓ − (ℓ− 1) ⩽ iℓ−1 − (ℓ− 1) = jℓ − ℓ .

Case k ⩽ ℓ− 2. Since ℓ− 1 ̸∈ S+(i), note that ik − k ⩽ iℓ−1 − (ℓ− 1).

So we have

jk − k = ik − k ⩽ iℓ−1 − (ℓ− 1) = jℓ − ℓ .

This shows ℓ ̸∈ S+(j).

We show that w+(i)
!
> w+(j) .

Recall that ℓ ∈ S+(i) and that ℓ ̸∈ S+(j). Recall that ℓ− 1 ̸∈ S+(i).

Case ℓ− 1 ∈ S+(j). Then we have

S+(j) =
(
S+(j)\{ℓ−1, ℓ}

)
∪ {ℓ−1} =

(
S+(i)\{ℓ−1, ℓ}

)
∪ {ℓ−1} =

(
S+(i)\{ℓ}

)
∪ {ℓ−1} .

So we have

w+(j) =
∑

k∈S+(j)

k =
∑

k∈(S+(i)\{ℓ})∪{ℓ−1}

k =
( ∑
k∈S+(i)

k
)
− ℓ+ (ℓ− 1) = w+(i)− 1 .

Case ℓ− 1 ̸∈ S+(j). Then we have

S+(j) = S+(j)\{ℓ− 1, ℓ} = S+(i)\{ℓ− 1, ℓ} = S+(i)\{ℓ} .
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So we have

w+(j) =
∑

k∈S+(j)

k =
∑

k∈S+(i)\{ℓ}

k =
( ∑
k∈S+(i)

k
)
− ℓ = w+(i)− ℓ .

Note that ℓ ⩾ t+ 2 > 0. This shows w+(i) > w+(j).

So i
++
; j and w+(i) > w+(j) and w−(i) = w−(j).

Ad (2). We consider the sets

E−(i) = {k ∈ [1, s] : εk = −1} = [1, t]

and

S−(i) =
{
j ∈ E−(i) : there exists some k ∈ E−(i) with j < k and ij + j < ik + k

}
=
{
j ∈ [1, t] : there exists some k ∈ [1, t] with j < k and ij + j < ik + k

}
;

cf. Definition 238.

Let ℓ := max
(
S−(i)

)
⩽ t− 1. Then εℓ = εℓ+1 = −1.

We show that iℓ
!

⩽ iℓ+1 .

We assume that iℓ+1 + 1 ⩽ iℓ .

Then we have
iℓ+1 + (ℓ+ 1) ⩽ iℓ + ℓ .

Since ℓ ∈ S−(i), we may choose some k ∈ [ℓ+ 1, t] with iℓ + ℓ < ik + k .

Case k = ℓ+1. Then we have iℓ+ ℓ < iℓ+1+(ℓ+1), which contradicts iℓ+1+(ℓ+1) ⩽ iℓ+ ℓ .

Case k ⩾ ℓ+ 2. Then we have

iℓ+1 + (ℓ+ 1) ⩽ iℓ + ℓ < ik + k ,

which shows ℓ+ 1 ∈ S−(i). This contradicts ℓ = max
(
S−(i)

)
.

So we have a contradiction in both cases.

This shows iℓ ⩽ iℓ+1 .

We consider the (m, m̃)-tuple j =
(
(ε̃1 , j1), . . . , (ε̃s , js)

)
∈ Rm,m̃ where

(ε̃k , jk) =


(εk , ik) for k ∈ [1, s]\{ℓ, ℓ+ 1}
(εℓ+1 , iℓ+1 + 1) for k = ℓ

(εℓ , iℓ) for k = ℓ+ 1 .
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So

j =
(
(ε1 , i1), . . ., (εℓ−1 , iℓ−1), (εℓ+1 , iℓ+1 + 1), (εℓ , iℓ), (εℓ+2 , iℓ+2), . . ., (εs , is)

)
.

Then we have i
−−
; j and 0 = w0(i) = w0(j) = 0 , so j ∈ R 0

m,m̃ .

Moreover, we have S+(i) = S+(j) and thus w+(i) = w+(j).

We show that S−(i)\{ℓ, ℓ+ 1} !
= S−(j)\{ℓ, ℓ+ 1} .

Ad ⊆. Suppose given k ∈ S−(i)\{ℓ, ℓ + 1}. Then we may choose some r ∈ [k + 1, t] with
ik + k < ir + r.

Case r ∈ [k + 1, t]\{ℓ, ℓ+ 1}. We have

jk + k = ik + k < ir + r = jr + r .

Case r = ℓ. We have

jk + k = ik + k < iℓ + ℓ = jℓ+1 + ℓ < jℓ+1 + (ℓ+ 1) .

Case r = ℓ+ 1. Note that k + 1 ⩽ r = ℓ+ 1 and k ̸= ℓ implies k < ℓ.

We have
jk + k = ik + k < iℓ+1 + (ℓ+ 1) = jℓ − 1 + (ℓ+ 1) = jℓ + ℓ .

Altogether, this shows k ∈ S−(j)\{ℓ, ℓ+ 1} .
Ad ⊇. Suppose given k ∈ S−(j)\{ℓ, ℓ + 1}. Then we may choose some r ∈ [k + 1, t] with
jk + k < jr + r.

Case r ∈ [k + 1, t]\{ℓ, ℓ+ 1}. We have

ik + k = jk + k < jr + r = ir + r .

Case r = ℓ. We have

ik + k = jk + k < jℓ + ℓ = iℓ+1 + 1 + ℓ = iℓ+1 + (ℓ+ 1) .

Case r = ℓ+ 1. We have

ik + k = jk + k < jℓ+1 + (ℓ+ 1) = iℓ + (ℓ+ 1) ⩽ iℓ+1 + (ℓ+ 1) .

Altogether, this shows k ∈ S−(i)\{ℓ, ℓ+ 1} .
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So we have S−(i)\{ℓ, ℓ+ 1} = S−(j)\{ℓ, ℓ+ 1}.

We show that ℓ
!

̸∈ S−(j) .

So we have to show that jℓ + ℓ
!

⩾ jk + k for k ∈ [ℓ+ 1, t].

Case k = ℓ+ 1. We have

jℓ + ℓ = iℓ+1 + 1 + ℓ ⩾ iℓ + (ℓ+ 1) = jℓ+1 + (ℓ+ 1) = jk + k .

Case k ⩾ ℓ+ 2. Since ℓ+ 1 ̸∈ S−(i), note that iℓ+1 + (ℓ+ 1) ⩾ ik + k .

So we have

jℓ + ℓ = iℓ+1 + 1 + ℓ = iℓ+1 + (ℓ+ 1) ⩾ ik + k = jk + k .

This shows ℓ ̸∈ S−(j).

We show that w−(i)
!
> w−(j) .

Recall that ℓ ∈ S−(i) and that ℓ ̸∈ S−(j). Recall that ℓ+ 1 ̸∈ S−(i).

Case ℓ+ 1 ∈ S−(j). Then we have

S−(j) =
(
S−(j)\{ℓ, ℓ+1}

)
∪ {ℓ+1} =

(
S−(i)\{ℓ, ℓ+1}

)
∪ {ℓ+1} =

(
S−(i)\{ℓ}

)
∪ {ℓ+1} .

So we have

w−(j) =
∑

k∈S−(j)

s−k =
∑

k∈(S−(i)\{ℓ})∪{ℓ+1}

s−k =
( ∑
k∈S−(i)

s−k
)
−(s−ℓ)+

(
s−(ℓ+1)

)
= w−(i)−1 .

Case ℓ+ 1 ̸∈ S−(j). Then we have

S−(j) = S−(j)\{ℓ, ℓ+ 1} = S−(i)\{ℓ, ℓ+ 1} = S−(i)\{ℓ} .

So we have

w−(j) =
∑

k∈S−(j)

s− k =
∑

k∈S−(i)\{ℓ}

s− k =
( ∑
k∈S−(i)

s− k
)
− (s− ℓ) = w−(i)− (s− ℓ) .

Note that ℓ ⩽ t− 1 < s. So we have 0 < s− ℓ.
This shows w−(i) > w−(j).

So i
−−
; j and w−(i) > w−(j).
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Remark 244 Suppose given i ∈ Rm,m̃ with w(i) > (0, 0); cf. Definition 238.

Then there exists some j ∈ [i] with i; j and w(i) > w(j) .

Proof. Case w0(i) > 0.

We consider the set

S0(i) :=
{
j ∈ [1, s] : εj = +1, there exists some k ∈ [1, s] with εk = −1 and j < k

}
Note that S0(i) ̸= ∅ since w0(i) > 0.

Let ℓ := max
(
S0(i)

)
⩽ s− 1. Then εℓ = +1 .

We show that εℓ+1
!
= −1.

We assume that εℓ+1 = +1.

Since ℓ ∈ S0(i), there exists some k ∈ [ℓ+ 1, s] with εk = −1.
Since εℓ+1 = +1, we have k ∈ [ℓ+ 2, s].

So there exists some k ∈ [ℓ+2, s] with εk = −1. This shows ℓ+1 ∈ S0(i), which contradicts

ℓ = max
(
S0(i)

)
.

This shows εℓ+1 = −1.
Subcase iℓ ⩽ iℓ+1 − 1.

We consider the (m, m̃)-tuple j =
(
(ε̃1 , j1), . . . , (ε̃s , js)

)
∈ Rm,m̃ where

(ε̃k , jk) :=


(εk , ik) for k ∈ [1, s]\{ℓ, ℓ+ 1}
(εℓ+1 , iℓ+1 − 1) for k = ℓ

(εℓ , iℓ) for k = ℓ+ 1 .

So j =
(
(ε1 , i1), . . ., (εℓ−1 , iℓ−1), (εℓ+1 , iℓ+1 − 1), (εℓ , iℓ), (εℓ+2 , iℓ+2), . . ., (εs , is)

)
.

Then we have i
+−,1
; j and w0(i) = w0(j) + 1.

So i; j and w(i) > w(j).

Subcase iℓ ∈ {iℓ+1 , iℓ+1 + 1}.
We consider the (m, m̃)-tuple j =

(
(ε̃1 , j1), . . . , (ε̃s−2 , js−2)

)
∈ Rm,m̃ where

(ε̃k , jk) :=

{
(εk , ik) for k ∈ [1, ℓ− 1]

(εk+2 , ik+2) for k ∈ [ℓ, s− 2] .
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So j =
(
(ε1 , i1), . . ., (εℓ−1 , iℓ−1), (εℓ+2 , iℓ+2), . . ., (εs , is)

)
.

Then we have i
+−,2
; j and

w0(i) = w0(j) + 1 +
∣∣∣{(a, b) ∈ [1, s]×2 : a < b and εa > εb and

∣∣{a, b} ∩ {ℓ, ℓ+ 1}
∣∣ = 1

}∣∣∣ .
So i; j and w(i) > w(j).

Subcase iℓ ⩾ iℓ+1 + 2.

We consider the (m, m̃)-tuple j =
(
(ε̃1 , j1), . . . , (ε̃s , js)

)
∈ Rm,m̃ where

(ε̃k , jk) :=


(εk , ik) for k ∈ [1, s]\{ℓ, ℓ+ 1}
(εℓ+1 , iℓ+1) for k = ℓ

(εℓ , iℓ − 1) for k = ℓ+ 1 .

So j =
(
(ε1 , i1), . . ., (εℓ−1 , iℓ−1), (εℓ+1 , iℓ+1), (εℓ , iℓ − 1), (εℓ+2 , iℓ+2), . . ., (εs , is)

)
.

Then we have i
+−,3
; j and w0(i) = w0(j) + 1.

So i; j and w(i) > w(j).

Case w0(i) = 0 and w+(i) > 0.

Since w0(i) = 0, we have i ∈ R 0
m,m̃ . Moreover, we have S+(i) ̸= ∅, since w+(i) > 0.

Therefore, by Remark 243.(1), we may choose some j ∈ R 0
m,m̃ with i

++
; j and w+(i) > w+(j)

and w−(i) = w−(j).

So we have i; j and w(i) > w(j).

Case w0(i) = 0 and w−(i) > 0.

Since w0(i) = 0, we have i ∈ R 0
m,m̃ . Moreover, we have S−(i) ̸= ∅, since w−(i) > 0.

Therefore, by Remark 243.(2), we may choose some j ∈ R 0
m,m̃ with i

−−
; j and w−(i) > w−(j)

and w+(i) = w+(j).

So we have i; j and w(i) > w(j).

11.3.2 Standardization of (m, m̃)-index tuples

Definition 245 Suppose given i =
(
(ε1 , i1), . . ., (εs , is)

)
∈ Rm,m̃ .

Let ℓ :=
∣∣{k ∈ [1, s] : εk = −1}

∣∣ .
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We say that i is a standard (m, m̃)-index tuple if the conditions (1, 2, 3) hold.

(1) We have

εk =

{
−1 for k ∈ [1, ℓ]

+1 for k ∈ [ℓ+ 1, s] .

(2) We have
i1 > i2 > . . . > iℓ ⩾ 0 .

(3) We have
0 ⩽ iℓ+1 < iℓ+2 < . . . < is .

Remark 246 Suppose given i ∈ Rm,m̃ .

We have
w(i) = (0, 0) ⇔ i is a standard (m, m̃)-tuple ;

cf. Definitions 238, 245.

Proof. Let ℓ :=
∣∣{k ∈ [1, s] : εk = −1}

∣∣ ∈ [0, s].

We consider the conditions (1, 2, 3) from Definition 245.

Ad ⇐. Since i is standard, it satisfies the properties (1, 2, 3).

By (1), we have w0(i) = 0 ; cf. Definition 238.(1),

By (2), we have i1 + 1 ⩾ i2 + 2 ⩾ . . . ⩾ iℓ + ℓ and thus S−(i) = ∅. So w−(i) = 0 .

By (3), we have iℓ+1 − (ℓ + 1) ⩽ iℓ+2 − (ℓ + 2) ⩽ . . . ⩽ is − s and thus S+(i) = ∅. So
w+(i) = 0 .

This shows w(i) =
(
w0(i) , w−(i) + w+(i)

)
= (0, 0).

Ad ⇒. Since w(i) = (0, 0), note that in particular we also have w+(i) = 0 and w−(i) = 0.

We assume that i is a non-standard (m, m̃)-tuple. Then we note that i satisfies

¬(1) ∨
(
(1) ∧ ¬(2)

)
∨
(
(1) ∧ ¬(3)

)
.

Case ¬(1). Then there exists some j, k ∈ [1, s] where j < k and εj = +1 > −1 = εk .

This shows that w0(i) > 0 which is a contradiction; cf. Definition 238.

Case (1) ∧ ¬(2). By condition (1), we have i ∈ R 0
m,m̃ .
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We consider the set
S :=

{
k ∈ [1, ℓ− 1] : ik ⩽ ik+1

}
.

Note that S ̸= ∅ since we have ¬(2). Let k ∈ S. Then k ⩽ ℓ− 1 ⩽ s− 1. We have

k < k + 1 and ik + k ⩽ ik+1 + k < ik+1 + (k + 1) .

This shows k ∈ S−(i); cf. Definition 238. Therefore, we have w−(i) > 0, which contradicts
w−(i) = 0.

Case (1) ∧ ¬(3). By condition (1), we have i ∈ R 0
m,m̃ .

We consider the set
S :=

{
k ∈ [ℓ+ 1, s− 1] : ik ⩾ ik+1

}
.

Note that S ̸= ∅ since we have ¬(3). Let k ∈ S. Then k ⩾ ℓ+ 1 ⩾ 1. We have

k < k + 1 and ik − k ⩾ ik+1 − k > ik+1 − (k + 1) .

This shows k+1 ∈ S+(i); cf. Definition 238. Therefore, we have w+(i) > 0, which contradicts
w+(i) = 0.

Altogether, we conclude that i is a standard (m, m̃)-tuple.

Remark 247 For every nonempty subset ∅ ≠ S ⊆ Rm,m̃ , there exists some t ∈ S with
w(t) = min

{
w(ℓ) : ℓ ∈ S

}
.

Proof. Suppose given S ⊆ Rm,m̃ with S ̸= ∅.
Then ∅ ≠

{
w(ℓ) : ℓ ∈ S

}
⊆ Z⩾0 × Z⩾0 . Therefore, min

{
w(ℓ) : ℓ ∈ S

}
exists; cf. Defini-

tion 238.(2).

Remark 248 Suppose given i ∈ Rm,m̃ .

There exists some j ∈ [i] where j is standard; cf. Definition 245.

Proof. We consider the set

T :=
{
ℓ ∈ Rm,m̃ : ∃j ∈ [ℓ] where j is standard

}
⊆ Rm,m̃ .

Let S := Rm,m̃\T ⊆ Rm,m̃ . We have to show that S
!
= ∅ .

We assume that S ̸= ∅.
Then, by Remark 247, there exists some t ∈ S with w(t) = min

{
w(ℓ) : ℓ ∈ S

}
.
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Case t is standard.

Then we have t ∈ [t] where t is standard . This shows t ∈ T which contradicts t ∈ S.
Case t is not standard.

Then, by Remark 246, we have w(t) > (0, 0).

By Remark 244, we may choose some j ∈ [t] with t; j and w(t) > w(j).

Then, since w(t) = min
{
w(ℓ) : ℓ ∈ S

}
, we have j ̸∈ S, i.e. j ∈ T .

So we may choose some standard k ∈ [j].

This shows t; j ∼ k , hence t ∈ T , which contradicts t ∈ S .

Altogether, this shows S = ∅ .

11.3.3 (m, m̃)-index tuples and τi

Remark 249 Suppose given i, j ∈ Rm,m̃ where i and j are standard; cf. Definition 245.

We have

τj = τi ⇒ j = i .

Proof. We write i :=
(
(ε′1 , i1), . . ., (ε

′
s , is)

)
and j :=

(
(ε′′1 , j1), . . ., (ε

′′
t , jt)

)
both contained in

Rm,m̃ .

Let a := |E−(i)| =
∣∣{ik ∈ [1, s] : ε′k = −1}

∣∣ and let b := |E+(j)| =
∣∣{jk ∈ [1, t] : ε′′k = −1}

∣∣ .
By Definition 245, we have

ε′k =

{
−1 for k ∈ [1, a]

+1 for k ∈ [a+ 1, s] ,

where

i1 > i2 > . . . > ia ⩾ 0

and where

0 ⩽ ia+1 < ia+2 < . . . < is .

Note that we have

m̃−m 237
=
∑
j∈[1,s]

ε′j =
( ∑
j∈[1,a]

ε′j
)
+
( ∑
j∈[a+1,s]

ε′j
)
= −a+ (s− a) = s− 2a .
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Let ℓ′ := m− a . Then we have a = m− ℓ′ .
Moreover, we have

m̃− ℓ′ + a = m̃− (m− a) + a = (m̃−m) + 2a = s− 2a+ 2a = s .

We have

τi =
[m]±∏[m̃]±

k∈⌈1,s⌉

τ
(ε′k)
ik

=
( [m]±∏[m−a]±

k∈⌈1,a⌉

τ
(−1)
ik

)
▲

( [m−a]±∏[m̃]±

k∈⌈a+1,s⌉

τ
(+1)
ik

)
240
=

( [m]±∏[m−a]±

k∈⌈1,a⌉

σik

)
▲

( [m−a]±∏[m̃]±

k∈⌈a+1,s⌉

δik

)
=

( [m]±∏[ℓ′]±

k∈⌈1,m−ℓ′⌉

σik

)
▲

( [ℓ′]±∏[m̃]±

k∈⌈a+1,m̃−ℓ′+a⌉

δik

)
=

( [m]±∏[ℓ′]±

k∈⌊m−ℓ′,1⌋

σia−k+1

)
▲

( [ℓ′]±∏[m̃]±

k∈⌈1,m̃−ℓ′⌉

δik+a

)
.

Moreover, by Definition 245, we have

ε′′k =

{
−1 for k ∈ [1, b]

+1 for k ∈ [b+ 1, t] ,

where
j1 > j2 > . . . > jb ⩾ 0

and where
0 ⩽ jb+1 < jb+2 < . . . < jt .

Note that we have

m̃−m 237
=
∑
j∈[1,s]

ε′′j =
( ∑
j∈[1,b]

ε′′j
)
+
( ∑
j∈[b+1,t]

ε′′j
)
= −b+ (t− b) = t− 2b .

Let ℓ′′ := m− b . Then we have b = m− ℓ′′ .
Moreover, we have

m̃− ℓ′′ + b = m̃− (m− b) + b = (m̃−m) + 2b = t− 2b+ 2b = t .
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We have

τj =
[m]±∏[m̃]±

k∈⌈1,t⌉

τ
(ε′′k)
jk

=
( [m]±∏[m−b]±

k∈⌈1,b⌉

τ
(−1)
jk

)
▲

( [m−b]±∏[m̃]±

k∈⌈b+1,t⌉

τ
(+1)
jk

)
240
=

( [m]±∏[m−b]±

k∈⌈1,b⌉

σjk

)
▲

( [m−b]±∏[m̃]±

k∈⌈b+1,t⌉

δjk

)
=

( [m]±∏[ℓ′′]±

k∈⌈1,m−ℓ′′⌉

σjk

)
▲

( [ℓ′′]±∏[m̃]±

k∈⌈b+1,m̃−ℓ′′+b⌉

δjk

)
=

( [m]±∏[ℓ′′]±

k∈⌊m−ℓ′′,1⌋

σjb−k+1

)
▲

( [ℓ′′]±∏[m̃]±

k∈⌈1,m̃−ℓ′′⌉

δjk+b

)
.

By Corollary 177.(3), since τi = τj , we have ℓ′ = ℓ′′ and thus a = m− ℓ′ = m− ℓ′′ = b . So
s = m̃− ℓ′ + a = m̃− ℓ′′ + b = t . Moreover, we have ik = jk for k ∈ [1,m− ℓ′] = [1, a] and
ik = jk for k ∈ [a+ 1, m̃− ℓ′ + a] = [a+ 1, s] .

So we have (ε′k , ik) = (ε′′k , jk) for k ∈ [1, s] = [1, t]. This shows i = j.

Lemma 250 Let n ∈ Z⩾0 . Suppose given m, m̃ ∈ [0, n].

Suppose given i, j ∈ Rm,m̃ . We have

i ∼ j ⇔ τi = τj .

Proof. Ad ⇒. By Remark 242, we have τi = τj .

Ad ⇐. By Remark 248, we may choose a standard k ∈ [i] and we may choose a standard
ℓ ∈ [j] .

By Remark 242, we have τk = τi and τj = τℓ . So τk = τℓ .

Then, by Remark 249, we have k = ℓ .

This shows i ∼ k = ℓ ∼ j .
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11.4 A construction of pre-⌊n,−∞⌋-prestable simplicial

groups

Let n ∈ Z ∪ {+∞}. Suppose given m, m′, m′′ ∈ Z⩽n .

Remark 251 Suppose given i ∈ Rm,m′ and j ∈ Rm′,m′′ ; cf. Definition 237.

Let i =
(
(ε1 , i1), . . ., (εr , ir)

)
and j =

(
(ε′1 , j1), . . ., (ε

′
r′ , jr′)

)
.

Then we have the (m,m′′)-index tuple i ⊔ j =
(
(ε′′1 , ℓ1) , . . ., (ε

′′
r+r′ , ℓr+r′′)

)
∈ Rm,m′′ defined

by

(ε′′k , ℓk) :=

{
(εk , ik) for k ∈ [1, r]

(ε′k−r , jk−r) for k ∈ [r + 1, r + r′] .

So

i ⊔ j =
(
(ε1 , i1), . . ., (εr , ir), (ε

′
1 , j1), . . ., (ε

′
r′ , jr′)

)
.

Proof. We have show that i ⊔ j
!
∈ Rm,m′′ .

To that end, we show that m +
∑

q∈[1,k]
ε′′q

!

⩽ n for k ∈ [0, r + r′] and we have to show that∑
q∈[1,r+r′]

εq′′
!
= m′′ −m; cf. Definition 237.

Suppose given k ∈ [0, r + r′].

Case k ∈ [0, r]. We have

m+
∑
q∈[1,k]

ε′′q = m+
∑
q∈[1,k]

εq ⩽ n .

Case k ∈ [r + 1, r + r′]. Since i ∈ Rm,m′ , note that we have m = m′ −
∑

q∈[1,r]
εq .

We have

m+
∑
q∈[1,k]

ε′′q =
(
m′ −

∑
q∈[1,r]

εq
)
+
∑
q∈[1,k]

ε′′q =
(
m′ −

∑
q∈[1,r]

ε′′q
)
+
∑
q∈[1,r]

ε′′q +
∑

q∈[r+1,k]

ε′′q

= m′ +
∑

q∈[r+1,k]

ε′q−r = m′ +
∑

q∈[1,k−r]

ε′q ⩽ n .
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Moreover, we have∑
q∈[1,r+r′]

ε′′q =
( ∑
q∈[1,r]

ε′′q
)
+
( ∑
q∈[r+1,r+r′]

ε′′q
)
=
( ∑
q∈[1,r]

εq
)
+
( ∑
q∈[r+1,r+r′]

ε′q−r
)

=
( ∑
q∈[1,r]

εq
)
+
( ∑
q∈[1,r′]

ε′q
)
= (m′ −m) + (m′′ −m′) = m′′ −m.

Altogether, this shows i ⊔ j ∈ Rm,m′′ .

Remark 252 Suppose given i ∈ Rm,m′ and j ∈ Rm′,m′′ .

We consider the morphisms τi, τj ∈ Mor(∆±); cf. Definition 240.

Then τi and τj are composable and we have

τi ▲ τj = τi⊔ j .

Proof. We write i =
(
(ε1 , i1), . . ., (ir , ir)

)
and j =

(
(ε′1 , j1), . . ., (ε

′
r′ , jr′)

)
.

Then we have

τi =
[m]±∏[m′]±

k∈⌈1,r⌉

τ
(εk)
ik

and τj =
[m′]±∏[m′′]±

k∈⌈1,r′⌉

τ
(ε′k)
jk

.

Moreover, we have i ⊔ j =
(
(ε′′1 , ℓ1), . . ., (ε

′′
r+r′ , ℓr+r′)

)
where

(ε′′k , ℓk) =

{
(εk , ik) for k ∈ [1, r]

(ε′k−r , jk−r) for k ∈ [r + 1, r + r′] ;

cf. Remark 251.

We have

τi⊔ j =
[m]±∏[m′′]±

k∈⌈1,r+r′⌉

τ
(ε′′k)

ℓk

=
( [m]±∏[m′]±

k∈⌈1,r⌉

τ
(ε′′k)

ℓk

)
▲

( [m′]±∏[m′′]±

k∈⌈r+1,r+r′⌉

τ
(ε′′k)

ℓk

)
=
( [m]±∏[m′]±

k∈⌈1,r⌉

τ
(εk)
ik

)
▲

( [m′]±∏[m′′]±

k∈⌈1,r′⌉

τ
(ε′k)
jk

)
= τi ▲ τj .
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Remark 253 Suppose given
(
[m]±

u−→ [m′]±
)
∈ Mor

(
∆±

⌊n,−∞⌋
)
.

Then there exists a unique standard a ∈ Rm,m′ with u = τa ; cf. Definitions 237, 240, 245.

Proof. By Corollary 177.(1, 3), we have

u =

(
[m]±∏[ℓ]±

k∈⌊m−ℓ,1⌋

σ±,ℓ+k−1
ik

)
▲

(
[ℓ]±∏[m′]±

k∈⌈1,m′−ℓ⌉

δ±,ℓ+kjk

)
= σ±,m−1

im−ℓ
▲ . . . ▲σ±,ℓ

i1
▲ δ±,ℓ+1

j1
▲ . . . ▲ δ±,m

′

jm′−ℓ

for some unique ℓ ∈ Z⩽min{m,m′} , 0 ⩽ i1 < i2 < . . . < im−ℓ and 0 ⩽ j1 < j2 < . . . < jm′−ℓ .

Let the tuple a =
(
(ε1 , a1), . . ., (εm+m′−2ℓ , am+m′−2ℓ)

)
be given as follows.

Let

(εk , ak) :=

{
(−1, im−ℓ−k+1) for k ∈ [1,m− ℓ]
(+1, jk−m+ℓ) for k ∈ [m− ℓ+ 1,m+m′ − 2ℓ] .

Then a =
(
(−1, im−ℓ), . . . , (−1, i1), (+1, j1), . . . , (+1, jm′−ℓ)

)
.

We show that m+
∑

r∈[1,k]
εr

!

⩽ n for k ∈ [1,m+m′ − 2ℓ].

For k ∈ [1,m− ℓ], we have

m+
∑
r∈[1,k]

εr = m− k ⩽ n .

For k ∈ [m− ℓ+ 1,m+m′ − 2ℓ], we have

m+
∑
r∈[1,k]

εr = m+
( ∑
r∈[1,m−ℓ]

εr
)
+
( ∑
r∈[m−ℓ+1,k]

εr
)
= m− (m− ℓ) +

(
k − (m− ℓ)

)
= k −m+ 2ℓ ⩽ (m+m′ − 2ℓ)−m+ 2ℓ = m′ ⩽ n .

We show that
∑

r∈[1,m−m′−2ℓ]

εr
!
= m′ −m .

We have ∑
r∈[1,m−m′−2ℓ]

εr =
( ∑
r∈[1,m−ℓ]

εr
)
+
( ∑
r∈[m−ℓ+1,m−m′−2ℓ]

εr
)

= −(m− ℓ) +
(
m+m′ − 2ℓ− (m− ℓ)

)
= m′ −m.

So a ∈ Rm,m′ ; cf. Definition 237.
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Moreover, note that a is standard; cf. Definition 245.

We have

τa =
[m]±∏[m′]±

k∈⌈1,m+m′−2ℓ⌉

τ (εk)ak
=

(
[m]±∏[ℓ]±

k∈⌊m−ℓ,1⌋

σ±,ℓ+k−1
ik

)
▲

(
[ℓ]±∏[m′]±

k∈⌈1,m′−ℓ⌉

δ±,ℓ+kjk

)
= u ;

cf. Definition 240.

Uniqueness of a ∈ Rm,m′ standard with τa = u follows by Remark 249.

Lemma 254 (pre-⌊n,−∞⌋-prestable simplicial group)

For k ∈ Z⩽n , suppose given a group Gk .

For k ∈ Z⩽n and j ∈ Z⩾0 , suppose given a group morphism d kj : Gk → Gk−1 .

For k ∈ Z⩽n−1 and i ∈ Z⩾0 , suppose given a group morphism ski : Gk → Gk+1 .

Suppose that the following equations (i, ii, iii) are satisfied.

(i) We have

d k+1
j ▲ d ki = dk+1

i ▲ d kj−1

for k ∈ Z⩽n−1 and i, j ∈ Z⩾0 with i < j.

(ii) We have

sk−1
i ▲ skj = sk−1

j−1 ▲ ski

for k ∈ Z⩽n−1 and i, j ∈ Z⩾0 with i < j.

(iii) We have

ski ▲ d k+1
j =


d kj ▲ sk−1

i−1 if j < i

idGk
if j = i or j = i+ 1

d kj−1 ▲ sk−1
i if j > i+ 1

for k ∈ Z⩽n−1 and i, j ∈ Z⩾0 .

Cf. also Remark 185.

Let k ∈ Z⩽n . For j ∈ Z⩾0 , we write

t
(+1),k
j := d kj : Gk → Gk−1 .
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We often write t
(+1)
j := t

(+1),k
j .

Let k ∈ Z⩽n−1 . For i ∈ Z⩾0 , we write

t
(−1),k
i := ski : Gk → Gk+1 .

We often write t
(−1)
i := t

(−1),k
i .

Moreover, for b =
(
(ε1 , b1), . . ., (εs̃ , bs̃)

)
∈ Rm,m′ , we write

tb :=
Gm′∏Gm

p∈⌊s̃,1⌋

t
(εp)
bp

= t
(εs̃)
bs̃

▲ . . . ▲ t
(ε1)
b1

.

(1) Suppose given b, c ∈ Rm,m′ . Suppose that b ∼ c; cf. Definition 237.

We have
tb = tc .

(2) Suppose given b ∈ Rm,m′ and c ∈ Rm′,m′′ . We consider the (m,m′′)-index tuple b ⊔ c ;
cf. Remark 251.

We have
tb⊔ c = tc ▲ tb : Gm′′ → Gm .

(3) There exists a unique pre-⌊n,−∞⌋-prestable simplicial group G such that G actually
maps [k]± to Gk for k ∈ Z⩽n and such that dG,kj = d kj for k ∈ Z⩽n , j ∈ Z⩾0 and such

that sG,ki = ski for k ∈ Z⩽n−1, i ∈ Z⩾0 .

The pre-⌊n,−∞⌋-prestable simplicial group G is given as follows.

For [k]± ∈ Ob
(
∆±

⌊n,−∞⌋
)
, we have

[k]±G = Gk .

For
(
[m]±

u−→ [m′]±
)
∈ Mor

(
∆±

⌊n,0⌋
)
, there exists by Remark 253 a unique standard

i ∈ Rm,m′ with u = τi .

We have
(uop)G = (τ opi )G = ti .

Proof. Ad (1). We may assume that b; c ; cf. Definition 237.

We write b =
(
(ε1 , b1), . . ., (εq , bq)

)
.
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Case b
++
; c. Then we have

c =
(
(ε1 , b1), . . ., (εℓ−1 , bℓ−1), (εℓ+1 , bℓ+1), (εℓ , bℓ + 1), (εℓ+2 , bℓ+2), . . ., (εq , bq)

)
for some ℓ ∈ [1, q − 1] with bℓ ⩾ bℓ+1 and εℓ = εℓ+1 = +1, which we choose.

Let r := m+
∑

p∈[1,ℓ−1]

εp .

Since bℓ+1 < bℓ + 1 , we have

tc =
( Gm′∏Gr+2

p∈⌊q,ℓ+2⌋

t
(εp)
bp

)
▲ t

(εℓ)
bℓ+1 ▲ t

(εℓ+1)
bℓ+1

▲

( Gr∏Gm

p∈⌊ℓ−1,1⌋

t
(εp)
bp

)
=

( Gm′∏Gr+2

p∈⌊q,ℓ+2⌋

t
(εp)
bp

)
▲ (d r+2

bℓ+1 ▲ d r+1
bℓ+1

) ▲

( Gr∏Gm

p∈⌊ℓ−1,1⌋

t
(εp)
bp

)
(i)
=

( Gm′∏Gr+2

p∈⌊q,ℓ+2⌋

t
(εp)
bp

)
▲ (d r+2

bℓ+1
▲ d r+1

bℓ
) ▲

( Gr∏Gm

p∈⌊ℓ−1,1⌋

t
(εp)
bp

)
=

Gm′∏Gm

p∈⌊q,1⌋

t
(εp)
bp

= tb .

Case b
−−
; c. Then we have

c =
(
(ε1 , b1), . . ., (εℓ−1 , bℓ−1), (εℓ+1 , bℓ+1 + 1), (εℓ , bℓ), (εℓ+2 , bℓ+2), . . ., (εq , bq)

)
for some ℓ ∈ [1, q − 1] with bℓ ⩽ bℓ+1 and εℓ = εℓ+1 = −1.
Let r := m+

∑
p∈[1,ℓ−1]

εp .

Since bℓ < bℓ+1 + 1 , we have

tc =
( Gm′∏Gr−2

p∈⌊q,ℓ+2⌋

t
(εp)
bp

)
▲ t

(εℓ)
bℓ

▲ t
(εℓ+1)
bℓ+1+1 ▲

( Gr∏Gm

p∈⌊ℓ−1,1⌋

t
(εp)
bp

)
=

( Gm′∏Gr−2

p∈⌊q,ℓ+2⌋

t
(εp)
bp

)
▲ sr−2

bℓ
▲ sr−1

bℓ+1+1 ▲

( Gr∏Gm

p∈⌊ℓ−1,1⌋

t
(εp)
bp

)
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(ii)
=

( Gm′∏Gr−2

p∈⌊q,ℓ+2⌋

t
(εp)
bp

)
▲ sr−2

bℓ+1
▲ sr−1

bℓ
▲

( Gr∏Gm

p∈⌊ℓ−1,1⌋

t
(εp)
bp

)
=

Gm′∏Gm

p∈⌊q,1⌋

t
(εp)
bp

= tb .

Case i
+−,1
; j. Then we have

c =
(
(ε1 , b1), . . ., (εℓ−1 , bℓ−1), (εℓ+1 , bℓ+1 − 1), (εℓ , bℓ), (εℓ+2 , bℓ+2), . . ., (εq , bq)

)
for some ℓ ∈ [1, q − 1] with bℓ ⩽ bℓ+1 − 1 and εℓ = +1 , εℓ+1 = −1, which we choose.

Let r := m+
∑

k∈[1,ℓ−1]

εk .

Since bℓ < bℓ+1 , we have

tc =
( Gm′∏Gr

p∈⌊q,ℓ+2⌋

t
(εp)
bp

)
▲ t

(εℓ)
bℓ

▲ t
(εℓ+1)
bℓ+1−1 ▲

( Gr∏Gm

p∈⌊ℓ−1,1⌋

t
(εp)
bp

)
=

( Gm′∏Gr

p∈⌊q,ℓ+2⌋

t
(εp)
bp

)
▲ d rbℓ ▲ sr−1

bℓ+1−1 ▲

( Gr∏Gm

p∈⌊ℓ−1,1⌋

t
(εp)
bp

)
(iii)
=

( Gm′∏Gr

p∈⌊q,ℓ+2⌋

t
(εp)
bp

)
▲ srbℓ+1

▲ d r+1
bℓ

▲

( Gr∏Gm

p∈⌊ℓ−1,1⌋

t
(εp)
bp

)
=

Gm′∏Gm

p∈⌊q,1⌋

t
(εp)
bp

= tb .

Case i
+−,2
; j. Then we have

c =
(
(ε1 , b1), . . ., (εℓ−1 , bℓ−1), (εℓ+2 , bℓ+2), . . ., (εq , bq)

)
for some ℓ ∈ [1, q − 1] with bℓ ∈ {bℓ+1 , bℓ+1 + 1} and εℓ = +1 , εℓ+1 = −1, which we choose.

Let r := m+
∑

p∈[1,ℓ−1]

εp .
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Since bℓ ∈ {bℓ+1 , bℓ+1 + 1} , we have

tc =
( Gm′∏Gr

p∈⌊q,ℓ+2⌋

t
(εp)
bp

)
▲

( Gr∏Gm

p∈⌊ℓ−1,1⌋

t
(εp)
bp

)
=

( Gm′∏Gr

p∈⌊q,ℓ+2⌋

t
(εp)
bp

)
▲ idGr ▲

( Gr∏Gm

p∈⌊ℓ−1,1⌋

t
(εp)
bp

)
(iii)
=

( Gm′∏Gr

p∈⌊q,ℓ+2⌋

t
(εp)
bp

)
▲ srbℓ+1

▲ d r+1
bℓ

▲

( Gr∏Gm

p∈⌊ℓ−1,1⌋

t
(εp)
bp

)
=

Gm′∏Gm

p∈⌊q,1⌋

t
(εp)
bp

= tb .

Case i
+−,3
; j. Then we have

c =
(
(ε1 , b1), . . ., (εℓ−1 , bℓ−1), (εℓ+1 , bℓ+1), (εℓ , bℓ − 1), (εℓ+2 , bℓ+2), . . ., (εq , bq)

)
for some ℓ ∈ [1, q − 1] with bℓ ⩾ bℓ+1 + 2 and εℓ = +1 , εℓ+1 = −1, which we choose.

Let r := m+
∑

q∈[1,ℓ−1]

εq .

Since bℓ > bℓ+1 + 1 , we have

tc =
( Gm′∏Gr

p∈⌊q,ℓ+2⌋

t
(εq)
bq

)
▲ t

(εℓ)
bℓ−1 ▲ t

(εℓ+1)
bℓ+1

▲

( Gr∏Gm

p∈⌊ℓ−1,1⌋

t
(εq)
bq

)
=

( Gm′∏Gr

p∈⌊q,ℓ+2⌋

t
(εq)
bq

)
▲ d rbℓ−1 ▲ sr−1

bℓ+1
▲

( Gr∏Gm

p∈⌊ℓ−1,1⌋

t
(εq)
bq

)
(iii)
=

( Gm′∏Gr

p∈⌊q,ℓ+2⌋

t
(εq)
bq

)
▲ srbℓ+1

▲ d r+1
bℓ

▲

( Gr∏Gm

p∈⌊ℓ−1,1⌋

t
(εq)
bq

)
=

Gm′∏Gm

p∈⌊q,1⌋

t
(εp)
bp

= tb .

Altogether, this shows tb = tc .
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Ad (2). We write b =
(
(ε1 , b1), . . ., (εq , bq)

)
and c =

(
(ε′1 , c1), . . ., (ε

′
q′ , cq′)

)
.

Then we have b ⊔ c =
(
(ε1 , b1), . . ., (εq , bq), (ε

′
1 , c1), . . ., (ε

′
q′ , cq′)

)
; cf. Remark 251.

We have

tb⊔ c =
( Gm′′∏Gm′

p∈⌊q′,1⌋

t
(ε′p)
cp

)
▲

( Gm′∏Gm

p∈⌊q,1⌋

t
(εp)
bp

)
= tc ▲ tb .

Ad (3). Suppose given [m]±
u−→ [m′]±

v−→ [m′′]± in ∆±
⌊n,−∞⌋ .

We have to show that
(
(id[m]±)

op
)
G

!
= idGm .

By Remark 253, we have id[m] = τa , for a unique a ∈ Rm,m . Note that a = ( ) is the empty
tuple.

We have (
(id[m]±)

op
)
G = (τ opa )G = ta =

Gm∏Gm

p∈⌊0,1⌋

t(εp)ap = idGm .

We have to show that (u ▲ v)opG
!
= (vop)G ▲ (uop)G .

By Remark 253, there exists a unique standard i ∈ Rm,m′ with u = τi and there exists a
unique standard j ∈ Rm′,m′′ with v = τj .

We write i =
(
(ε1 , i1), . . ., (εr , ir)

)
and j =

(
(ε′1 , j1), . . ., (ε

′
r′ , jr′)

)
.

We consider i ⊔ j =
(
(ε1 , i1), . . ., (εr , ir), (ε

′
1 , j1), . . ., (ε

′
r′ , jr′)

)
∈ Rm,m′′ ; cf. Remark 251.

By Remark 248, we may choose a standard a ∈ [i ⊔ j]. By Lemma 250, we have τi⊔ j = τa .

We have

(u ▲ v)opG = (τi ▲ τj)
opG

252
= (τi⊔ j)

opG = τ opa G = ta
(1)
= ti⊔ j

(2)
= tj ▲ ti

= (τ opj )G ▲ (τ opi )G = (vop)G ▲ (uop)G .

Lemma 255 (pre-⌊n,−∞⌋-prestable simplicial group morphism)

Suppose given pre-⌊n,−∞⌋-prestable simplicial groups G and G̃ .

For k ∈ Z⩽n , suppose given group morphisms φk : Gk → G̃k .

Suppose that the following properties (1, 2) hold.

(1) For k ∈ Z⩽n and j ∈ Z⩾0 , we have φk ▲ d G̃,kj = dG,kj ▲ φk−1 .
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Gk G̃k

Gk−1 G̃k−1

φk

dG,kj d G̃,kj

φk−1

(2) For k ∈ Z⩽n−1 and i ∈ Z⩾0 , we have φk ▲ sG̃,ki = sG,ki ▲ φk+1 .

Gk G̃k

Gk+1 G̃k+1

φk

sG,ki s G̃,ki

φk+1

Then φ :=
(
Gk

φk−→ G̃k

)
k∈Z⩽n

is a pre-⌊n,−∞⌋-prestable simplicial group morphism from G

to G̃ .

In particular, if G and G̃ are ⌊n,−∞⌋-stable simplicial groups, then φ is a ⌊n,−∞⌋-stable
simplicial group morphism; cf. Definition 232.

Proof. Suppose given
(
[m]±

u−→ [m′]±
)
in ∆±

⌊n,−∞⌋ .

Recall that by Corollary 177.(1, 3), we have

u =

(
[m]±∏[ℓ]±

t∈⌊m−ℓ,1⌋

σ±,ℓ+t−1
it

)
▲

(
[ℓ]±∏[m′]±

t∈⌈1,m′−ℓ⌉

δ±,ℓ+tjt

)
.

for some unique ℓ ∈ Z⩽min{m,m′} and 0 ⩽ i1 < i2 < . . . < in−ℓ and 0 ⩽ j1 < j2 < . . . < jm′−ℓ.
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We have

φm′ ▲ (uop)G̃ = φm′ ▲

(( [m′]±∏[ℓ]±

t∈⌊m′−ℓ,1⌋

(δ±,ℓ+tjt
)op
)

▲

( [ℓ]±∏[m]±

t∈⌈1,m−ℓ⌉

(σ±,ℓ+t−1
it

)op
))

G̃

183
= φm′ ▲

( [m′]±∏[ℓ]±

t∈⌊m′−ℓ,1⌋

d G̃,ℓ+tjt

)
▲

( [ℓ]±∏[m]±

t∈⌈1,m−ℓ⌉

s G̃,ℓ+t−1
it

)
(1)
=

( [m′]±∏[ℓ]±

t∈⌊m′−ℓ,1⌋

dG,ℓ+tjt

)
▲φm′−(m′−ℓ) ▲

( [ℓ]±∏[m]±

t∈⌈1,m−ℓ⌉

s G̃,ℓ+t−1
it

)
(2)
=

( [m′]±∏[ℓ]±

t∈⌊m′−ℓ,1⌋

dG,ℓ+tjt

)
▲

( [ℓ]±∏[m]±

t∈⌈1,m−ℓ⌉

sG,ℓ+t−1
it

)
▲φℓ+(m−ℓ)

183
=

(( [m′]±∏[ℓ]±

t∈⌊m′−ℓ,1⌋

(δ±,ℓ+tjt
)op
)

▲

( [ℓ]±∏[m]±

t∈⌈1,m−ℓ⌉

(σ±,ℓ+t−1
it

)op
))

G ▲φm

= (uop)G ▲φm .

Gm′ G̃m′

Gm G̃m

φm′

(uop)G (uop)G̃

φm

Remark 256 Suppose given an abelian group A.

(1) We have the pre-⌊0,−∞⌋-prestable simplicial group G that has

Gk =

{
A for k = 0

1 for k ∈ Z⩽−1 ,

that has

dG,kj = ! : Gk → Gk−1

for k ∈ Z⩽0 and j ∈ Z⩾0 , and that has

sG,ki = ! : Gk → Gk+1

for k ∈ Z⩽−1 and i ∈ Z⩾0 .
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(2) The pre-⌊0,−∞⌋-prestable simplicial group G from (1) is a ⌊0,−∞⌋-stable simplicial
group; cf. Definition 232.

Since we have Gk = 1 for k ∈ Z⩾−1 , note that G is in fact a ⌊0, 0⌋-stable simplicial group;
cf. Definition 307.

From Remark 309, we know that for a ⌊0, 0⌋-stable simplicial group H we have that H0 is
abelian.

So every ⌊0, 0⌋-stable simplicial group is of the form given in (1).

Proof. Ad (1). Letting all required group morphisms equal ! , we may use Lemma 254.(3)
to construct the pre-⌊0,−∞⌋-prestable simplicial group G as required.

Ad (2). We have to verify the the finiteness condition (1) and the Conduché condition (2)
from Definition 232.

We show that (1) holds.

Suppose given x ∈ G0. Let ℓ = 0.

Then, for k ∈ Z⩾ℓ , we have
xdG,0k = x ! = 1 .

We show that (2) holds.

Suppose given I, J ⊆ Z⩾0 with I ∪ J = Z⩾0 .

Then, since G0 = A is abelian, we have[⋂
i∈I

ker dG,0i ,
⋂
j∈J

ker dG,0j

]
= 1 .

11.5 The Moore complex of an ⌊n,−∞⌋-stable simpli-

cial group

Let n ∈ Z.

Definition 257 Let G be a pre-⌊n,−∞⌋-prestable simplicial group; cf. Definition 226.

Let k ∈ Z⩽n and let j ∈ Z⩾0 .
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(1) We write

Gk,j := ker dG,kj P Gk .

(2) We write

GNk :=
⋂
i∈Z⩾1

Gk,i P Gk .

(3) We write

GNZk := GNk ∩Gk,0 =
⋂
i∈Z⩾0

Gk,i P Gk .

(4) Suppose that k ∈ Z⩽n−1 . We write

GNBk := (GNk+1)d
G,k+1
0 =

( ⋂
i∈Z⩾1

Gk+1,i

)
dG,k+1
0 ⩽ Gk .

Here, in §11.5, we will apply this Definition 257 to an ⌊n,−∞⌋-stable simplicial group.

Lemma 258 (The Moore complex of an ⌊n,−∞⌋-stable simplicial group)

Let G be an ⌊n,−∞⌋-stable simplicial group; cf. Definition 232.

(1) For k ∈ Z⩽n , we have the group morphism

∂Gk := dG,k0

∣∣GNk−1

GNk
: GNk → GNk−1 , x 7→ xdG,k0 .

Sometimes, we write ∂k := ∂Gk .

(2) We have the complex in groups

GN :=
(
. . .

!−→ 1
!−→GNn

∂n−→GNn−1
∂n−1−−−→ . . .

∂1−→GN0
∂0−→GN−1

∂−1−−→ . . .
)
;

cf. Definition 7.

In particular, for k ∈ [0, n− 1], we have GNBk P Gk ; cf. Definition 257.(4).

We call GN the Moore complex of G.

For k ∈ Z⩽n−1 , we write

Gπk := GNHk = ker ∂k/ im ∂k+1 .
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for the k-th homotopy group of G; cf. Lemma 11.(1).

For k ∈ [0, n− 1], note that we have

Gπk = GNZk/GNBk .

Moreover, we have Gπn = GNZn .

Proof. Ad (1). Let k ∈ Z⩽n . We have to show that (GNk)d0

!

⊆ GNk−1 .

Suppose given x ∈ GNk . Then xdi = 1 for i ∈ Z⩾1 . Suppose given j ∈ Z⩾1 .

We have

xd0 dj = xdj+1 d0 = 1d0 = 1 .

This shows xd0 ∈ Gk−1,j.

So xd0 ∈
⋂

j∈Z⩾1

Gk−1, j = GNk−1 .

Ad (2). Let k ∈ Z⩽n . We show that ∂k ▲ ∂k−1
!
= ! .

For x ∈ GNk , we have

x∂k∂k−1 = xd0 d0 = xd1 d0 = 1d0 = 1 .

This shows ∂k ▲ ∂k−1 = ! .

We show that im ∂k
!

P Gk−1 .

Suppose given x ∈ im ∂k and suppose given y ∈ Gk−1 . We have to show that xy
!
∈ im ∂k .

We may write x = z∂k = zd0 for some chosen z ∈ GNk .

Let z̃ := zys0 = y−s0 · z · ys0 ∈ Gk .

Since z ∈ GNk P Gk , we also have z̃ ∈ GNk .

So we have

xy = (zd0)
ys0d0 = (zys0)d0 = z̃∂k .

This shows that xy ∈ im ∂k .

Therefore, we have im ∂k P Gk−1 .

Lemma 259 Suppose given ⌊n,−∞⌋-stable simplicial groups G, H.

Suppose given an ⌊n,−∞⌋-stable simplicial group morphism φ : G→ H.
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(1) For k ∈ Z⩽n , we have the group morphism

φNk := φk
∣∣HNk

GNk
: GNk → HNk , x 7→ xφk .

(2) We consider the complexes in groups GN and HN; cf. Lemma 258.(2).

We have the morphism of complexes in groups

φN := (φNk)k∈Z : GN→ HN ,

where φNk := ! for k ∈ Z⩾n+1 .

(3) We have the functor

N: ⌊n,−∞⌋-StSimpGrp → ComplexGrp ,
(
F

φ−→F ′) 7→ (
FN

φN−→ F ′N
)
.

Proof. Ad (1). Let k ∈ Z⩽n . We have to show that (GNk)φk
!

⩽ HNk .

Suppose given x ∈ GNk . For i ∈ Z⩾1 , we have

xφk d
H,k
i = xdG,ki φk−1 = 1φk−1 = 1 .

This shows xφk ∈ Hk,i for i ∈ Z⩾1 .

So xφk ∈ HNk .

Ad (2). Let k ∈ Z. We have to show that ∂Gk ▲φNk−1
!
= φNk ▲ ∂Hk .

We may assume that k ∈ Z⩽n .

For x ∈ GNk , we have

x∂Gk (φNk−1) = xdG,k0 φk−1 = xφk d
H,k
0 = x(φNk)∂

H
k .

This shows ∂Gk ▲φNk−1 = φNk ▲ ∂Hk .

So (φNk)k∈Z is a morphism of complexes in groups.

Ad (3). Suppose given F
φ−→F ′ φ′

−→F ′′ in ⌊n,−∞⌋-StSimpGrp.
For k ∈ Z⩽n , we have

idF Nk = idFk

∣∣FNk

FNk
= idFNk

.

For k ∈ Z⩾n+1 , we have
idF Nk = ! = idFNk

.
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Thus, we have

idF N = (idF Nk)k∈Z = (idFNk
)k∈Z = idFN .

Moreover, for k ∈ Z⩽n , we have

(φ ▲φ′)Nk = (φk ▲φ′
k)
∣∣F ′′Nk

FNk
=
(
φk
∣∣F ′Nk

FNk

)
▲

(
φ′
k

∣∣F ′′Nk

F ′Nk

)
= φNk ▲φ′Nk .

For k ∈ Z⩾n+1 , we have
(φ ▲φ′)Nk = ! = φNk ▲φ′Nk .

Thus, we have

(φ ▲φ′)N =
(
(φ ▲φ′)Nk

)
k∈Z = (φNk ▲φ′Nk)k∈Z = (φNk)k∈Z ▲ (φ′Nk)k∈Z = φN ▲φ′N .

So N is a functor.
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Chapter 12

Stable simplicial groups and
pre-⌊n,−∞⌋-prestable simplicial
groups: the coskeleton functor

Let n ∈ Z.

12.1 The cut functor

Cut±,⌊n,−∞⌋, fin : StSimpGrp → Pre-⌊n,−∞⌋-PreStSimpGrp

Remark 260 (The functor Cut±,⌊n,−∞⌋)

Let In :
(
∆±

⌊n,−∞⌋
)op → (∆±)op ,

(
[k]

u−→ [ℓ]
)
7→
(
[k]

u−→ [ℓ]
)
be the inclusion functor.

We have the functor

Cut±,⌊n,−∞⌋ : PreStSimpGrp → Pre-⌊n,−∞⌋-PreStSimpGrp(
G

φ−→ G̃
)

7→
(
GCut±,⌊n,−∞⌋ φCut±,⌊n,−∞⌋

−−−−−−−−→ G̃Cut±,⌊n,−∞⌋ )
:=
(
In ∗G

In∗φ−−−→ In ∗ G̃
)
.

So we have

GCut±,⌊n,−∞⌋ = G
∣∣(

∆±
⌊n,−∞⌋

)op
φCut±,⌊n,−∞⌋ =

((
Gk

φk−→ G̃k

)
k∈Z

)
Cut±,⌊n,−∞⌋ =

(
Gk

φk−→ G̃k

)
k∈Z⩽n

.
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We write Cut⌊n,−∞⌋ := Cut±,⌊n,−∞⌋ if there is no risk of confusion with the functor
Cut⌊n,0⌋ : SimpGrp → ⌊n, 0⌋-SimpGrp; cf. Remark 79.

Remark 261 (The cut functor Cut±,⌊n,−∞⌋, fin)

We consider the functors

Cut±,⌊n,−∞⌋ : PreStSimpGrp → Pre-⌊n,−∞⌋-PreStSimpGrp; cf. Remark 260

I : StSimpGrp → PreStSimpGrp; cf. Remark 209 .

Let
Cut±,⌊n,−∞⌋, fin := I ∗ Cut±,⌊n,−∞⌋ : StSimpGrp → Pre-⌊n,−∞⌋-PreStSimpGrp

be the cut functor.

We often write Cut⌊n,−∞⌋, fin := Cut±,⌊n,−∞⌋, fin .

Let G be a stable simplicial group. For k ∈ Z⩽n , we have

(GCut⌊n,−∞⌋, fin)k = Gk .

For [k]±
u−→ [ℓ]± in ∆±

⌊n,−∞⌋ , we have

(GCut±,⌊n,−∞⌋, fin)u = Gu : Gℓ → Gk .

In particular, for k ∈ Z⩽n and i ∈ Z⩾0 , we have

dGCut⌊n,−∞⌋, fin, k
i = dG,ki : Gk → Gk−1

sGCut⌊n,−∞⌋, fin, k−1
i = sG,k−1

i : Gk−1 → Gk .

Let φ : G→ H be a stable simplicial group morphism. For k ∈ Z⩽n , we have

(φCut⌊n,−∞⌋,fin)k : (GCut⌊n,−∞⌋,fin)k → (H Cut⌊n,−∞⌋,fin)k

g 7→ g(φCut⌊n,−∞⌋,fin)k = gφk .

12.2 The coskeleton functor

Cosk±,⌊n,−∞⌋, fin : Pre-⌊n,−∞⌋-PreStSimpGrp → StSimpGrp

Definition 262 Suppose given a pre-⌊n,−∞⌋-prestable simplicial group G; cf. Defini-
tion 226.
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Cosk±,⌊n,−∞⌋, fin : Pre-⌊n,−∞⌋-PreStSimpGrp → StSimpGrp

For k ∈ Z, we consider the set

∆±([n]±, [k]±) =
{
a ∈ Mor

(
∆±) : as = [n]± , at = [k]±

}
=
{
[n]±

a−→ [k]± : a is monotone and eventually parallel
}
;

cf. Definition 172.

Let k ∈ Z. Suppose given a tuple (ga)a∈∆± ([n]±,[k]±) ∈
∏

a∈∆± ([n]±,[k]±)

Gn .

We call (ga)a∈∆± ([n]±,[k]±) coherent if we have

gaGb = ga′Gb′

for m ∈ Z⩽n and for a, a′ ∈ ∆±([n]±, [k]±) , b, b′ ∈ ∆±
(
[m]±, [n]±

)
with b ▲ a = b′ ▲ a′ .

[n]± [k]±

[m]± [n]±

a

b

b′

a′

Sometimes, we abbreviate (ga)a := (ga)a∈∆± ([n]±,[k]±) . Note that ga ∈ Gn for each [n]±
a−→ [k]± .

Lemma 263 (The prestable simplicial group GCosk±,⌊n,−∞⌋)

Suppose given a pre-⌊n,−∞⌋-prestable simplicial group G; cf. Definition 226.

(1) For k ∈ Z, we have the subgroup

(GCosk±,⌊n,−∞⌋)k :=
{
(ga)a∈∆± ([n]±,[k]±) ∈

∏
a∈∆± ([n]±,[k]±)

Gn : (ga)a∈∆± ([n]±,[k]±) is coherent
}

⩽
∏

a∈∆± ([n]±,[k]±)

Gn ;

cf. Definition 262.

We often write (GCosk⌊n,−∞⌋)k := (GCosk±,⌊n,−∞⌋)k .

(2) Suppose given
(
[k]±

u−→ [ℓ]±
)
∈ Mor

(
∆±

⌊n,−∞⌋
)
; cf. Definition 225.

We consider the groups (GCosk±,⌊n,−∞⌋)k and (GCosk±,⌊n,−∞⌋)ℓ ; cf. (1).
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We have the group morphism

(GCosk±,⌊n,−∞⌋)u : (GCosk±,⌊n,−∞⌋)ℓ → (GCosk±,⌊n,−∞⌋)k

(ga)a∈∆± ([n]±,[ℓ]±) 7→ (gb▲u)b∈∆± ([n]±,[k]±) .

We often write (GCosk⌊n,−∞⌋)u := (GCosk±,⌊n,−∞⌋)u .

(3) We have the pre-⌊n,−∞⌋-prestable simplicial group

GCosk±,⌊n,−∞⌋ :
(
∆±

⌊n,−∞⌋
)op → Grp(

[ℓ]±
uop−→ [k]±

)
7→

(
(GCosk±,⌊n,−∞⌋)ℓ

(GCosk±,⌊n,−∞⌋)u−−−−−−−−−−−→ (GCosk±,⌊n,−∞⌋)k
)
;

cf. Definition 182.

We often write GCosk⌊n,−∞⌋ := GCosk±,⌊n,−∞⌋.

Proof. Ad (1). Suppose given (ga)a∈∆([n]±,[k]±) , (ha)a∈∆([n]±,[k]±) ∈ (GCosk⌊n,−∞⌋)k .

Note that
(
(ha)a∈∆([n]±,[k]±)

)−
= (h−a )a∈∆([n]±,[k]±) .

We have

(ga)a∈∆([n]±,[k]±)·
(
(ha)a∈∆([n]±,[k]±)

)−
= (ga)a∈∆([n]±,[k]±)·(h−a )a∈∆([n]±,[k]±) = (ga·h−a )a∈∆([n]±,[k]±) .

We have to show that (ga · h−a )a∈∆([n]±,[k]±) is coherent.

Suppose given m ∈ Z⩽n and suppose given a, a′ ∈ ∆([n]
±, [k]±), b, b′ ∈ ∆([m]±, [n]±) with

b ▲ a = b′ ▲ a′.

We have

(ga · h−a )Gb = gaGb · (haGb)
− = ga′Gb′ · (ha′Gb′)

− = (ga′ · h−a′)Gb′ .

This shows (ga · h−a )a∈∆([n]±,[k]±) ∈ (GCosk⌊n,−∞⌋)k .

Ad (2). We show that (GCosk⌊n,−∞⌋)u is a well-defined map.

Suppose given a coherent tuple (ga)a∈∆([n]±,[ℓ]±) ∈ (GCosk⌊n,−∞⌋)ℓ . We have to show that
(gb▲u)b∈∆([n]±,[k]±) is coherent.

Suppose given b, b′ ∈ ∆([n]
±, [k]±) and suppose given m ∈ Z⩽n , c, c

′ ∈ ∆([m]±, [n]±), with
c ▲ b = c′ ▲ b′ .

Then we have

c ▲ (b ▲ u) = c′ ▲ (b′ ▲ u) .
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Cosk±,⌊n,−∞⌋, fin : Pre-⌊n,−∞⌋-PreStSimpGrp → StSimpGrp

Since (b ▲ u), (b′ ▲ u) ∈ ∆([n]
±, [ℓ]±) and since (ga)∈∆([n]±,[ℓ]±) is coherent, we have

(gb▲u)Gc = (gb′ ▲u)Gc′ .

So (gb▲u)b∈∆([n]±,[k]±) is coherent.

We show that (GCosk⌊n,−∞⌋)u is a group morphism.

Suppose given (ga)∈∆([n]±,[ℓ]±) , (ha)∈∆([n]±,[ℓ]±) ∈ (GCosk⌊n,−∞⌋)ℓ .

We have

=
(
(ga)a∈∆([n]±,[ℓ]±) · (ha)a∈∆([n]±,[ℓ]±)

)
(GCosk⌊n,−∞⌋)u

=
(
(ga · ha)a∈∆([n]±,[ℓ]±)

)
(GCosk⌊n,−∞⌋)u

= (gb▲u · hb▲u)b∈∆([n]±,[k]±)

= (gb▲u)b∈∆([n]±,[k]±) · (hb▲u)b∈∆([n]±,[k]±)

=
(
(ga)a∈∆([n]±,[ℓ]±)

)
(GCosk⌊n,−∞⌋)u ·

(
(ha)a∈∆([n]±,[ℓ]±)

)
(GCosk⌊n,−∞⌋)u .

Ad (3). Suppose given m ∈ Z⩽n . We consider [m]± ∈ Ob
(
∆±

⌊n,−∞⌋
)op

.

For (ga)a∈∆([n]±,[m]±) ∈ (GCosk⌊n,−∞⌋)m , we have(
(ga)a

)(
(id[m]±)GCosk⌊n,−∞⌋ ) = ((ga)a)(GCosk⌊n,−∞⌋)id[m]±

= (ga▲ id[m]±
)a = (ga)a

=
(
(ga)a

)
id(GCosk⌊n,−∞⌋)m

.

This shows (id[m]±)GCosk⌊n,−∞⌋ = id(GCosk⌊n,−∞⌋)m
.

Suppose given [k]±
u−→ [ℓ]±

v−→ [m]± in ∆±
⌊n,−∞⌋ .

We consider [m]±
vop−→ [ℓ]±

uop−→ [k]± in
(
∆±

⌊n,−∞⌋
)op

.

For (ga)a∈∆([n]±,[m]±) ∈ (GCosk⌊n,−∞⌋)m , we have(
(ga)a

)(
(vop)GCosk⌊n,−∞⌋

▲ (uop)GCosk⌊n,−∞⌋ )
=

(
(ga)a

)(
(GCosk⌊n,−∞⌋)v ▲ (GCosk⌊n,−∞⌋)u

)
=

(
(gb▲v)b∈∆([n]±,[ℓ]±)

)
(GCosk⌊n,−∞⌋)u

= (g(c▲u)▲v)c∈∆([n]±,[k]±)

= (gc▲(u▲v))c∈∆([n]±,[k]±)

=
(
(ga)a

)
(GCosk⌊n,−∞⌋)(u▲v)

=
(
(ga)a

)((
(u ▲ v)op

)
GCosk⌊n,−∞⌋

)
=

(
(ga)a

)(
(vop ▲ uop)GCosk⌊n,−∞⌋ ) .
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This shows (vop ▲ uop)GCosk⌊n,−∞⌋ = (vop)GCosk⌊n,−∞⌋
▲ (uop)GCosk⌊n,−∞⌋ .

So GCosk⌊n,−∞⌋ :
(
∆±

⌊n,−∞⌋
)op → Grp is a pre-⌊n,−∞⌋-prestable simplicial group.

Lemma 264 (The functor Cosk±,⌊n,−∞⌋)

For a pre-⌊n,−∞⌋-prestable simplicial group G ∈ Ob
(
Pre-⌊n,−∞⌋-PreStSimpGrp

)
, we con-

sider the prestable simplicial group GCosk±,⌊n,−∞⌋ ∈ Ob
(
PreStSimpGrp

)
; cf. Lemma 263.(3).

We have the coskeleton functor

Cosk±,⌊n,−∞⌋ : Pre-⌊n,−∞⌋-PreStSimpGrp → PreStSimpGrp(
G

φ−→ G̃
)
7→

(
GCosk±,⌊n,−∞⌋ φCosk±,⌊n,−∞⌋

−−−−−−−−−→ G̃Cosk±,⌊n,−∞⌋ ) ,
where, for k ∈ Z, we have

(φCosk±,⌊n,−∞⌋)k : (GCosk±,⌊n,−∞⌋)k → (G̃Cosk±,⌊n,−∞⌋)k , (ga)a∈∆± ([n]±,[k]±) 7→ (gaφn)a∈∆± ([n]±,[k]±) .

We write Cosk⌊n,−∞⌋ := Cosk±,⌊n,−∞⌋ if there is no risk of confusion with the functor
Cosk⌊n,0⌋ : Pre-⌊n, 0⌋-SimpGrp → SimpGrp ; cf. Lemma 82.

Proof. Suppose given G
φ−→ G̃ in Pre-⌊n,−∞⌋-PreStSimpGrp. Let k ∈ Z⩽n .

We show that φ(Cosk⌊n,−∞⌋)k is a well-defined map.

Suppose given (ga)a∈∆± ([n]±,[k]±) ∈ (GCosk⌊n,−∞⌋)k .

We have to show that (gaφn)a∈∆± ([n]±,[k]±)

!
∈ (G̃Cosk⌊n,−∞⌋)k , i.e. that (gaφn)a∈∆± ([n]±,[k]±) is

coherent.

For a, a′ ∈ ∆±([n]±, [k]±), suppose givenm ∈ Z⩽n and b, b
′ ∈ ∆±([m]±, [n]±) with b ▲ a = b′ ▲ a′.

We have to show that (gaφn)G̃b
!
= (ga′φn)G̃b′ .

We have

(gaφn)G̃b = (gaGb)φm = (ga′Gb′)φm = (ga′φn)G̃b′ .

Gn G̃n Gn G̃n

Gm G̃m Gn G̃n

φn

Gb G̃b

φm

φn

Gb′ G̃b′

φm
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Cosk±,⌊n,−∞⌋, fin : Pre-⌊n,−∞⌋-PreStSimpGrp → StSimpGrp

We show that φ(Cosk⌊n,−∞⌋)k is a group morphism.

Suppose given (ga)a∈∆([n]±,[k]±) , (ha)a∈∆([n]±,[k]±) ∈ (GCosk⌊n,−∞⌋)k .

We have(
(ga)a · (ha)a

)
(φCosk⌊n,−∞⌋)k =

(
(ga · ha)a

)
(φCosk⌊n,−∞⌋)k =

(
(ga · ha)φn

)
a

= (gaφn · haφn)a = (gaφn)a · (haφn)a
=
(
(ga)a

)
(φCosk⌊n,−∞⌋)k ·

(
(ha)a

)
(φCosk⌊n,−∞⌋)k .

We show that Cosk⌊n,−∞⌋ is a functor.

Suppose given G ∈ Ob(Pre-⌊n,−∞⌋-PreStSimpGrp).

For k ∈ Z⩽n and for (ga)a∈∆([n]±,[k]±) ∈ (GCosk⌊n,−∞⌋)k , we have

(ga)a
(
(idG) Cosk

⌊n,−∞⌋ )
k
=
(
ga(idG)n

)
a
= (ga)a = (ga)a id(GCosk⌊n,−∞⌋)k

.

This shows (idG) Cosk
⌊n,−∞⌋ = idGCosk⌊n,−∞⌋ .

Suppose given G
φ−→ G̃

φ̃−→ ˜̃G in Pre-⌊n,−∞⌋-PreStSimpGrp.

For k ∈ Z⩽n and for (ga)a∈∆([n]±,[k]±) ∈ (GCosk⌊n,−∞⌋)k , we have

(ga)a
(
(φ ▲ φ̃) Cosk⌊n,−∞⌋ )

k
=
(
ga(φ ▲ φ̃)n

)
a
=
(
ga(φn ▲ φ̃n)

)
a
=
(
(gaφn)a

)
(φ̃Cosk⌊n,−∞⌋)k

= (ga)a(φCosk⌊n,−∞⌋)k(φ̃Cosk⌊n,−∞⌋)k

= (ga)a(φCosk⌊n,−∞⌋
▲ φ̃Cosk⌊n,−∞⌋)k .

This shows (φ ▲ φ̃) Cosk⌊n,−∞⌋ = φCosk⌊n,−∞⌋
▲ φ̃Cosk⌊n,−∞⌋ .

Remark 265 Let m ∈ Z⩾n+1 . Suppose given a ∈ ∆±([n]±, [m]±) .

There exists some b ∈ ∆±([n]±, [m− 1]±) and some j ∈ Z⩾m−n−1 with a = b ▲ δ±,mj .

Proof. By Corollary 177.(1), we have

a =

(
[n]±∏[ℓ]±

r∈⌊n−ℓ,1⌋

σ±,ℓ+r−1
ir

)
▲

(
[ℓ]±∏[m]±

r∈⌈1,m−ℓ⌉

δ±,ℓ+rjr

)
: [n]± → [m]± ,

where ℓ = m−
∣∣[m]±\ im a

∣∣ , where 0 ⩽ i1 < i2 < . . . < in−ℓ and where

{j1, . . ., jm−ℓ} = {j ∈ Z⩾0 : j ̸∈ imu} and 0 ⩽ j1 < j2 < . . . < jm−ℓ .
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Note that ℓ ⩽ n ⩽ m− 1. Let j := jm−ℓ . Note that 0 ⩽ m− n− 1 ⩽ m− ℓ− 1 ⩽ j.

Let

b :=

(
[n]±∏[ℓ]±

r∈⌊n−ℓ,1⌋

σ±,ℓ+r−1
ir

)
▲

(
[ℓ]±∏[m−1]±

r∈⌈1,m−ℓ−1⌉

δ±,ℓ+rjr

)
: [n]± → [m− 1]± ,

Then we have a = b ▲ δ±,mj , where j ∈ Z⩾m−n−1 .

Lemma 266 Let H be a pre-⌊n,−∞⌋-prestable simplicial group.

We consider the simplicial group H Cosk⌊n,−∞⌋ ; cf. Lemma 263.(3).

For k ∈ Z⩾n+2 , we have (H Cosk⌊n,−∞⌋)Nk = 1; cf. Definition 198.(2).

Proof. Suppose given k ∈ Z⩾n+2 . Suppose given (ha)a∈∆± ([n]±,[k]±) ∈ (H Cosk⌊n,−∞⌋)Nk .

We have to show that (ha)a∈∆± ([n]±,[k]±)
!
= 1 .

Suppose given ã ∈ ∆±([n]±, [k]±) . We have to show that hã
!
= 1 ∈ Hn .

By Remark 265, we have ã = b ▲ δ±,kj for some chosen b ∈ ∆±([n]±, [k − 1]±) and for some
chosen j ∈ Z⩾k−n−1 .

Note that j ∈ Z⩾1 since k − n− 1 ⩾ n+ 2− n− 1 = 1.

We have

1 =
(
(ha)a∈∆± ([n]±,[k]±)

)
dHCosk⌊n,−∞⌋,k
j

263.(2)
= (hc▲δj)c∈∆± ([n]±,[k−1]±) .

In particular, we have 1 = hb▲δj = hã .

So we have (ha)a∈∆([n]±,[k]±) = 1 . This shows that (H Cosk⌊n,−∞⌋)Nk = 1 .

Remark 267 (The cokeleton functor Cosk±,⌊n,−∞⌋, fin)

We consider the functors

Cosk±,⌊n,−∞⌋ : Pre-⌊n,−∞⌋-PreStSimpGrp → PreStSimpGrp; cf. Lemma 264

Φ: PreStSimpGrp → StSimpGrp; cf. Lemma 208 .

Let

Cosk±,⌊n,−∞⌋, fin := Cosk±,⌊n,−∞⌋ ∗Φ: Pre-⌊n,−∞⌋-PreStSimpGrp → StSimpGrp

be the coskeleton functor.

We often write Cosk⌊n,−∞⌋, fin := Cosk±,⌊n,−∞⌋, fin .
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Let H be a pre-⌊n,−∞⌋-prestable simplicial group.

Note that H Cosk⌊n,−∞⌋, fin ⩽ H Cosk⌊n,−∞⌋ ; cf. Lemma 208. For k ∈ Z, we have

(H Cosk⌊n,−∞⌋, fin)k = (H Cosk⌊n,−∞⌋)fink

=
{
(ha)a∈∆± ([n]±,[k]±) ∈ (H Cosk⌊n,−∞⌋)k : (ha)a is finite

}
204
=
{
(ha)a∈∆± ([n]±,[k]±) ∈ (H Cosk⌊n,−∞⌋)k :

∃ℓ ∈ Z⩾0 such that 1 =
(
(ha)a

)
dH Cosk⌊n,−∞⌋,k
j = (hb▲δj)b∈∆± ([n]±,[k−1]±) for j ∈ Z⩾ℓ

}
For [k]±

u−→ [ℓ]± in ∆± , and (ha)
∆± ([n]±,[ℓ]±) ∈ (H Cosk⌊n,−∞⌋, fin)ℓ , we have(

(ha)a∈∆± ([n]±,[ℓ]±)

)
(H Cosk⌊n,−∞⌋,fin)u = (hb▲u)b∈∆± ([n]±,[k]±) .

Let φ : G→ H be a pre-⌊n,−∞⌋-prestable simplicial group morphism.

For k ∈ Z, we have

(φCosk⌊n,−∞⌋, fin)k : (GCosk⌊n,−∞⌋, fin)k → (H Cosk⌊n,−∞⌋,fin)k

(ga)a∈∆± ([n]±,[k]±) 7→
(
(ga)a

)
(φCosk⌊n,−∞⌋,fin)k = (gaφn)a∈∆± ([n]±,[k]±) .

12.3 The adjunction Cut±,⌊n,−∞⌋, fin ⊣ Cosk±,⌊n,−∞⌋, fin

We consider the functors

Cut⌊n,−∞⌋ : PreStSimpGrp → Pre-⌊n,−∞⌋-PreStSimpGrp; cf. Remark 260

Cosk⌊n,−∞⌋ : Pre-⌊n,−∞⌋-PreStSimpGrp → PreStSimpGrp; cf. Lemma 264.

Lemma 268 (The counit η)

Suppose given a pre-⌊n,−∞⌋-prestable simplicial group G; cf. Definition 226.

We consider the pre-⌊n,−∞⌋-prestable simplicial group GCosk⌊n,−∞⌋ Cut⌊n,−∞⌋.

For k ∈ Z⩽n , recall that we have

(GCosk⌊n,−∞⌋ Cut⌊n,−∞⌋)k = (GCosk⌊n,−∞⌋)k

=
{
(ga)a ∈

∏
a∈∆± ([n]±,[k]±)

Gn : (ga)ais coherent
}
;
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cf. Lemma 263.(1).

For [k]±
u−→ [ℓ]± in

(
∆±

⌊n,−∞⌋
)op

, recall that we have

(GCosk⌊n,−∞⌋ Cut⌊n,−∞⌋)u = (GCosk⌊n,−∞⌋)u : (GCosk⌊n,−∞⌋)ℓ → (GCosk⌊n,−∞⌋)k

(ga)a∈∆± ([n]±,[ℓ]±) 7→ (gb▲u)b∈∆± ([n]±,[k]±) ;

cf. Lemma 263.(2).

(1) For k ∈ Z⩽n , we have the group isomorphism

(Gϑ)k : Gk → (GCosk⌊n,−∞⌋)k , x 7→ (xGa)a∈∆± ([n]±,[k]±) .

(2) We have the pre-⌊n,−∞⌋-prestable simplicial group isomorphism

Gϑ :=
(
Gk

(Gϑ)k−−−→ (GCosk⌊n,−∞⌋)k
)
k∈Z⩽n

: G→ GCosk⌊n,−∞⌋ Cut⌊n,−∞⌋ ;

cf. (1).

(3) We have the isotransformation

ϑ =
(
G̃

G̃ϑ−→ G̃Cosk⌊n,−∞⌋ Cut⌊n,−∞⌋ )
G̃∈Ob(Pre-⌊n,−∞⌋-PreStSimpGrp) :

IdPre-⌊n,−∞⌋-PreStSimpGrp → Cosk⌊n,−∞⌋ ∗Cut⌊n,−∞⌋ ;

cf. (2).

Moreover, we have the isotransformation

η := ϑ− : Cosk⌊n,−∞⌋ ∗Cut⌊n,−∞⌋ → IdPre-⌊n,−∞⌋-PreStSimpGrp .

In particular, for k ∈ Z⩽n , we have the group isomorphism

(Gη)k =
(
(Gϑ)k

)−
: (GCosk⌊n,−∞⌋)k → Gk ;

cf. (1).

Proof. Ad (1). Suppose given k ∈ Z⩽n .

We show that (Gϑ)k is a well-defined map.

Suppose given x ∈ G. We have to show that (xGa)a∈∆± ([n]±,[k]±) is coherent.
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Suppose given a, a′ ∈ ∆±([n]±, [k]±). Suppose given m ∈ Z⩽n and b, b′ ∈ ∆±([m]±, [n]±) with
b ▲ a = b′ ▲ a′.

We have

(xGa)Gb = xGb▲a = xGb′ ▲a′ = (xGb′)Ga′ .

We show that (Gϑ)k is a group morphism.

For x, y ∈ Gk , we have

(x · y)(Gϑ)k =
(
(x · y)Ga)a∈∆± ([n]±,[k]±) = (xGa · yGa)a∈∆± ([n]±,[k]±)

= (xGa)a∈∆± ([n]±,[k]±) · (yGa)a∈∆([n]±,[k]±) = x(Gϑ)k · y(Gϑ)k .

We show that (Gϑ)k is injective.

Suppose given x ∈ ker
(
(Gϑ)k

)
. Then we have xGa = 1 for a ∈ ∆±([n]±, [k]±).

We choose â ∈ ∆±([n]±, [k]±) to be surjective. We choose b̂ ∈ ∆±([k]±, [n]±) such that
b̂ ▲ â = id[k]± .

Then we have

1 = x(Gâ ▲Gb̂) = x(Gb̂▲ â) = xGid[k]±
= x .

So (Gϑ)k is injective.

We show that (Gϑ)k is surjective.

Suppose given (ga)a∈∆± ([n]±,[k]±) ∈ (GCosk⌊n,−∞⌋)k .

We choose â ∈ ∆±([n]±, [k]±) to be surjective. We choose b̂ ∈ ∆±([k]±, [n]±) such that
b̂ ▲ â = id[k]± .

For a ∈ ∆±([n]±, [k]±), note that we have

(a ▲ b̂) ▲ â = a = id[n]± ▲ a .

[n]± [k]±

[n]± [n]±

â

a ▲ b̂ a

id[n]±

Since (ga)a is coherent, we have

(gâ)Ga▲ b̂ = (ga)Gid[n]±
= ga
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for a ∈ ∆±([n]±, [k]±).

Let x := gâGb̂ ∈ Gk . Then we have

x(Gϑ)k = (xGa)a =
(
(gâGb̂)Ga

)
a
=
(
(gâ)Ga▲ b̂

)
a
= (ga)a .

So (Gϑ)k is surjective.

Ad (2). We show that Gϑ is a pre-⌊n,−∞⌋-prestable simplicial group morphism.

Suppose given [k]±
u−→ [ℓ]± in ∆±

⌊n,−∞⌋ .

We consider the group isomorphisms (Gϑ)k and (Gϑ)ℓ from (1).

For g ∈ Gℓ , we have

g
(
(Gϑ)ℓ ▲ (GCosk⌊n,−∞⌋)u

) (1)
=
(
(gGa)a∈∆± ([n]±,[ℓ]±)

)
(GCosk⌊n,−∞⌋)u

263.(2)
= (gGb▲u)b∈∆± ([n]±,[k]±)

= (gGuGb)b∈∆± ([n]±,[k]±) = (gGu)(Gϑ)k = g(Gu ▲ (Gϑ)k) .

This shows (Gϑ)ℓ ▲ (GCosk⌊n,−∞⌋)u = Gu ▲ (Gϑ)k .

Gℓ (GCosk⌊n,−∞⌋)ℓ

Gk (GCosk⌊n,−∞⌋)k

(Gϑ)ℓ

Gu (GCosk⌊n,−∞⌋)u

(Gϑ)k

So Gϑ is a pre-⌊n,−∞⌋-prestable simplicial group morphism.

Moreover, by (1), Gϑ is a pre-⌊n,−∞⌋-prestable simplicial group isomorphism.

Ad (3). Suppose given G̃
φ−→ ˜̃G in Pre-⌊n,−∞⌋-PreStSimpGrp .

Suppose given k ∈ Z⩽n . We consider the group morphisms (G̃ϑ)k and ( ˜̃Gϑ)k from (1).
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For g ∈ G̃k , we have

g
(
(G̃ϑ)k ▲ (φCosk⌊n,−∞⌋ Cut⌊n,−∞⌋)k

) (1)
=
(
(gG̃a)a∈∆± ([n]±,[k]±)

)
(φCosk⌊n,−∞⌋ Cut⌊n,−∞⌋)k

264
=
(
(gG̃a)φn

)
a∈∆± ([n]±,[k]±)

=
(
(gφk)

˜̃Ga

)
a∈∆± ([n]±,[k]±)

(1)
= (gφk)(

˜̃Gϑ)k

= g
(
φk ▲ ( ˜̃Gϑ)k

)
.

This shows (G̃ϑ)k ▲ (φCosk⌊n,−∞⌋ Cut⌊n,−∞⌋)k = φk ▲ ( ˜̃Gϑ)k .

Therefore, we have G̃ϑ ▲ (φCosk⌊n,−∞⌋ Cut⌊n,−∞⌋) = φ ▲
˜̃Gϑ .

G̃ G̃Cosk⌊n,−∞⌋ Cut⌊n,−∞⌋

˜̃G ˜̃GCosk⌊n,−∞⌋ Cut⌊n,−∞⌋

G̃ϑ

φ φCosk⌊n,−∞⌋ Cut⌊n,−∞⌋

˜̃Gϑ

So ϑ is a transformation.

Since by (2), Gϑ is an isomorphism, we have the isotransformation

ϑ : idPre-⌊n,−∞⌋-PreStSimpGrp
∼−→ Cosk⌊n,−∞⌋ ∗Cut⌊n,−∞⌋ .

Therefore, we also have the isotransformation η := ϑ− .

Lemma 269 (The unit ε)

Suppose given a prestable simplicial group G; cf. Definition 182.

We consider the prestable simplicial group GCut⌊n,−∞⌋ Cosk⌊n,−∞⌋.

For k ∈ Z, note that we have

(GCut⌊n,−∞⌋ Cosk⌊n,−∞⌋)k =
{
(ga)a∈∆([n]±,[k]±) ∈

∏
a∈∆± ([n]±,[k]±)

Gn : (ga)a∈∆± ([n]±,[k]±) is coherent
}
;

cf. Lemma 263.(1).
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For [k]±
u−→ [ℓ]± in ∆±, note that we have

(GCut⌊n,−∞⌋ Cosk⌊n,−∞⌋)u : (GCut⌊n,−∞⌋ Cosk⌊n,−∞⌋)ℓ → (GCut⌊n,−∞⌋ Cosk⌊n,−∞⌋)k

(ga)a∈∆([n]±,[ℓ]±) 7→ (gb▲u)b∈∆± ([n]±,[k]±) ;

cf. Lemma 263.(2).

(1) For k ∈ Z, we have the group morphism

(Gε)k : Gk → (GCut⌊n,−∞⌋ Cosk⌊n,−∞⌋)k , g 7→ (gGa)a∈∆± ([n]±,[k]±) ;

cf. also Lemma 268.(1).

(2) We have the prestable simplicial group morphism

Gε :=
(
Gk

(Gε)k−−−→ (GCut⌊n,−∞⌋ Cosk⌊n,−∞⌋)k
)
k∈Z : G→ GCut⌊n,−∞⌋ Cosk⌊n,−∞⌋ ;

cf. (1).

(3) We have the transformation

ε =
(
G̃

G̃ε−→ G̃Cut⌊n,−∞⌋ Cosk⌊n,−∞⌋ )
G̃∈Ob(PreStSimpGrp) : idPreStSimpGrp → Cut⌊n,−∞⌋ ∗Cosk⌊n,−∞⌋ ;

cf. (2).

Proof. Ad (1). Suppose given k ∈ Z.
We show that (Gε)k is a well-defined map.

Suppose given x ∈ G. We have to show that (xGa)a∈∆± ([n]±,[k]±) coherent; cf. Definition 262.

Suppose given a, a′ ∈ ∆±([n]±, [k]±). Suppose given m ∈ Z⩽n and b, b′ ∈ ∆±([m]±, [n]±) with
b ▲ a = b′ ▲ a′.

We have

(xGa)Gb = xGb▲a = xGb′ ▲a′ = (xGb′)Ga′ .

We show that (Gε)k is a group morphism.

For x, y ∈ Gk , we have

(x · y)(Gε)k =
(
(x · y)Ga)a∈∆± ([n]±,[k]±) = (xGa · yGa)a∈∆± ([n]±,[k]±)

= (xGa)a∈∆± ([n]±,[k]±) · (yGa)a∈∆± ([n]±,[k]±) = x(Gε)k · y(Gε)k .
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Ad (2). We show that Gε is a prestable simplicial group morphism.

Suppose given [k]±
u−→ [ℓ]± in ∆± .

We consider the group morphisms (Gε)k and (Gε)ℓ from (1).

For g ∈ Gℓ , we have

g
(
(Gε)ℓ ▲ (GCut⌊n,−∞⌋ Cosk⌊n,−∞⌋)u

) (1)
=
(
(gGa)a∈∆± ([n]±,[ℓ]±)

)
(GCut⌊n,−∞⌋ Cosk⌊n,−∞⌋)u

= (gGb▲u)b∈∆± ([n]±,[k]±)

= (gGuGb)b∈∆± ([n]±,[k]±)

(1)
= (gGu)(Gε)k = g(Gu ▲ (Gε)k) .

This shows (Gε)ℓ ▲ (GCut⌊n,−∞⌋ Cosk⌊n,−∞⌋)u = Gu ▲ (Gε)k .

Gℓ (GCut⌊n,−∞⌋ Cosk⌊n,−∞⌋)ℓ

Gk (GCut⌊n,−∞⌋ Cosk⌊n,−∞⌋)k

(Gε)ℓ

Gu (GCut⌊n,−∞⌋ Cosk⌊n,−∞⌋)u

(Gε)k

So Gε is a prestable simplicial group morphism.

Ad (3). Suppose given G̃
φ−→ ˜̃G in PreStSimpGrp.

Suppose given k ∈ Z. For g ∈ G̃k , we have

g
(
(G̃ε)k ▲ (φCut⌊n,−∞⌋ Cosk⌊n,−∞⌋)k

) (1)
=
(
(gG̃a)a∈∆± ([n]±,[k]±)

)
(φCut⌊n,−∞⌋ Cosk⌊n,−∞⌋)k

264
=
(
(gG̃a)φn

)
a∈∆± ([n]±,[k]±)

=
(
(gφk)

˜̃Ga

)
a∈∆± ([n]±,[k]±)

(1)
= (gφk)(

˜̃Gε)k

= g
(
φk ▲ ( ˜̃Gε)k

)
.

This shows (G̃ε)k ▲ (φCut⌊n,−∞⌋ Cosk⌊n,−∞⌋)k = φk ▲ ( ˜̃Gε)k .

Therefore, we have G̃ε ▲ (φCut⌊n,−∞⌋ Cosk⌊n,−∞⌋) = φ ▲
˜̃Gε .
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G̃ G̃Cut⌊n,−∞⌋ Cosk⌊n,−∞⌋

˜̃G ˜̃GCut⌊n,−∞⌋ Cosk⌊n,−∞⌋

G̃ε

φ φCut⌊n,−∞⌋ Cosk⌊n,−∞⌋

˜̃Gε

So ε is a transformation.

Lemma 270 (The adjoint functors Cut⌊n,−∞⌋ and Cosk⌊n,−∞⌋)

We consider the isotransformation η : Cosk⌊n,−∞⌋ ∗Cut⌊n,−∞⌋ → idPre-⌊n,−∞⌋-PreStSimpGrp from
Lemma 268.(3).

We consider the transformation ε : idPreStSimpGrp → Cut⌊n,−∞⌋ ∗Cosk⌊n,−∞⌋ from Lemma 269.(3).

Then (Cut⌊n,−∞⌋,Cosk⌊n,−∞⌋, ε, η) is an adjunction; cf. §1.1.3 item 10.

In particular, we have Cut⌊n,−∞⌋ ⊣ Cosk⌊n,−∞⌋ .

Proof. We show that (ε ∗ Cut⌊n,−∞⌋) ▲ (Cut⌊n,−∞⌋ ∗ η) !
= idCut⌊n,−∞⌋ .

Cut⌊n,−∞⌋ Cut⌊n,−∞⌋ ∗Cosk⌊n,−∞⌋ ∗Cut⌊n,−∞⌋

Cut⌊n,−∞⌋

ε ∗ Cut⌊n,−∞⌋

idCut⌊n,−∞⌋

Cut⌊n,−∞⌋ ∗ η

Suppose given G ∈ Ob
(
PreStSimpGrp

)
.

We show that G
(
(ε ∗ Cut⌊n,−∞⌋) ▲ (Cut⌊n,−∞⌋ ∗ η)

) !
= idGCut⌊n,−∞⌋ .

Suppose given k ∈ Z⩽n . Suppose given x ∈ Gk .
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We have

x
(
G
(
(ε ∗ Cut⌊n,−∞⌋) ▲ (Cut⌊n,−∞⌋ ∗ η)

))
k

= x
(
G(ε ∗ Cut⌊n,−∞⌋) ▲G(Cut⌊n,−∞⌋ ∗ η)

)
k

= x
((

(Gε) Cut⌊n,−∞⌋ )
k

▲

(
(GCut⌊n,−∞⌋)η

)
k

)
269.(2)
=

(
(xGa)a∈∆± ([n]±,[k]±)

)(
(GCut⌊n,−∞⌋)η

)
k

268.(3,1)
= x

= x idGk

= x(idGCut⌊n,−∞⌋)k .

This shows
(
G
(
(ε ∗ Cut⌊n,−∞⌋) ▲ (Cut⌊n,−∞⌋ ∗ η)

))
k
= (idGCut⌊n,−∞⌋)k .

So we have G
(
(ε ∗ Cut⌊n,−∞⌋) ▲ (Cut⌊n,−∞⌋ ∗ η)

)
= idGCut⌊n,−∞⌋ = G idCut⌊n,−∞⌋ .

Therefore, we have (ε ∗ Cut⌊n,−∞⌋) ▲ (Cut⌊n,−∞⌋ ∗ η) = idCut⌊n,−∞⌋ .

We show that (Cosk⌊n,−∞⌋ ∗ ε) ▲ (η ∗ Cosk⌊n,−∞⌋)
!
= idCosk⌊n,−∞⌋ .

Cosk⌊n,−∞⌋ Cosk⌊n,−∞⌋ ∗Cut⌊n,−∞⌋ ∗Cosk⌊n,−∞⌋

Cosk⌊n,−∞⌋

Cosk⌊n,−∞⌋ ∗ ε

idCosk⌊n,−∞⌋

η ∗ Cosk⌊n,−∞⌋

Suppose given G ∈ Ob
(
Pre-⌊n,−∞⌋-PreStSimpGrp

)
.

We show that G
(
(Cosk⌊n,−∞⌋ ∗ ε) ▲ (η ∗ Cosk⌊n,−∞⌋)

) !
= idGCosk⌊n,−∞⌋ .

Suppose given k ∈ Z. Suppose given (xa)a∈∆± ([n]±,[k]±) ∈ (GCosk⌊n,−∞⌋)k ; cf. Lemma 263.(1).

For c ∈ ∆±([n]±, [n]±) and b ∈ ∆±([n]±, [k]±) note that we have

c ▲ b = id[n]± ▲ (c ▲ b) .
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[n]± [k]±

[n]± [n]±

b

c

id[n±]

c ▲ b

So, since (xa)a∈∆± ([n]±,[k]±) is coherent, we have

xbGc = xc▲bGid[n]±
= xc▲b

for c ∈ ∆±([n]±, [n]±) and b ∈ ∆±([n]±, [k]±) ; cf. Definition 262.

We have (
(xa)a∈∆± ([n]±,[k]±)

)(
G
(
(Cosk⌊n,−∞⌋ ∗ ε) ▲ (η ∗ Cosk⌊n,−∞⌋)

))
k

=
(
(xa)a∈∆± ([n]±,[k]±)

)(
G(Cosk⌊n,−∞⌋ ∗ ε) ▲G(η ∗ Cosk⌊n,−∞⌋)

)
k

=
(
(xa)a∈∆± ([n]±,[k]±)

)((
(GCosk⌊n,−∞⌋)ε

)
k

▲

(
(Gη) Cosk⌊n,−∞⌋ )

k

)
269.(1)
=

(((
(xa)a∈∆± ([n]±,[k]±)

)
(GCosk⌊n,−∞⌋)b

)
b∈∆± ([n]±,[k]±)

)(
(Gη) Cosk⌊n,−∞⌋ )

k

263.(2)
=

((
(xc▲b)c∈∆± ([n]±,[n]±)

)
b∈∆± ([n]±,[k]±)

)(
(Gη) Cosk⌊n,−∞⌋ )

k

=
((

(xbGc)c∈∆± ([n]±,[n]±)

)
b∈∆± ([n]±,[k]±)

)(
(Gη) Cosk⌊n,−∞⌋ )

k

264
=

((
(xbGc)c∈∆± ([n]±,[n]±)

)
(Gη)n

)
b∈∆± ([n]±,[k]±)

268.(3,1)
= (xb)b∈∆± ([n]±,[k]±)

=
(
(xa)a∈∆± ([n]±,[k]±)

)
id(GCosk⌊n,−∞⌋)k

.

This shows
(
G
(
(Cosk⌊n,−∞⌋ ∗ ε) ▲ (η ∗ Cosk⌊n,−∞⌋)

))
k
= id(GCosk⌊n,−∞⌋)k

.

So we have G
(
(Cosk⌊n,−∞⌋ ∗ ε) ▲ (η ∗ Cosk⌊n,−∞⌋)

)
= idGCosk⌊n,−∞⌋ = G idCosk⌊n,−∞⌋ .

Therefore, we have (Cosk⌊n,−∞⌋ ∗ ε) ▲ (η ∗ Cosk⌊n,−∞⌋) = idCosk⌊n,−∞⌋ .

Altogether, this proves the proposition.

384



12.3. THE ADJUNCTION Cut±,⌊n,−∞⌋, fin ⊣ Cosk±,⌊n,−∞⌋, fin

Remark 271 We consider the adjunction
(
Cut⌊n,−∞⌋, Cosk⌊n,−∞⌋ , ε, η

)
; cf. Lemma 270.

For G ∈ Ob
(
PreStSimpGrp

)
and H ∈ Ob

(
Pre-⌊n,−∞⌋-PreStSimpGrp

)
, we have the adjunc-

tion bijection

α̃G,H : Pre-⌊n,−∞⌋-PreStSimpGrp
(
GCut⌊n,−∞⌋, H

) ∼↔ PreStSimpGrp
(
G,H Cosk⌊n,−∞⌋ )

(
GCut⌊n,−∞⌋ φ−→H

)
7→

(
G

Gε ▲ φCosk⌊n,−∞⌋

−−−−−−−−−−→ H Cosk⌊n,−∞⌋ )(
GCut⌊n,−∞⌋ ψCut⌊n,−∞⌋

▲ Hη−−−−−−−−−−→ H
)
←[

(
G

ψ−→H Cosk⌊n,−∞⌋ ) ;
cf. Remark 14.

Suppose given G ∈ Ob
(
PreStSimpGrp

)
and suppose given H ∈ Ob

(
Pre-⌊n, 0⌋-PreStSimpGrp

)
.

(1) Suppose given a pre-⌊n,−∞⌋-prestable simplicial group morphismGCut⌊n,−∞⌋ φ−→H .

Then we have the prestable simplicial group morphism

φα̃G,H = Gε ▲φCosk⌊n,−∞⌋ : G→ H Cosk⌊n,−∞⌋ ,

where, for k ∈ Z, we have

(φα̃G,H)k = (Gε)k ▲ (φCosk⌊n,−∞⌋)k : Gk → (H Cosk⌊n,−∞⌋)k , x 7→
(
(xGa)φn

)
a∈∆± ([n]±,[k]±)

.

(2) Suppose given a prestable simplicial group morphism G
ψ−→H Cosk⌊n,−∞⌋ .

Then we have the pre-⌊n,−∞⌋-prestable simplicial group morphism

ψα̃−
G,H = ψCut⌊n,−∞⌋

▲Hη : GCut⌊n,−∞⌋ → H ,

where, for k ∈ Z⩽n , we have

(ψα̃−
G,H)k = (ψCut⌊n,−∞⌋)k ▲ (Hη)k : (GCut⌊n,−∞⌋)k → Hk , x 7→ (xψk)(Hη)k =: x̃

such that xψk = (x̃Ha)a∈∆± ([n]±,[k]±) .

Remark 272 (The adjunction Cut⌊n,−∞⌋, fin ⊣ Cosk⌊n,−∞⌋, fin)

We consider the functors

Cut⌊n,−∞⌋ : PreStSimpGrp → Pre-⌊n,−∞⌋-PreStSimpGrp; cf. Remark 260

Cosk⌊n,−∞⌋ : Pre-⌊n,−∞⌋-PreStSimpGrp → PreStSimpGrp; cf. Lemma 264

I : StSimpGrp → PreStSimpGrp; cf. Remark 209

Φ: PreStSimpGrp → StSimpGrp; cf. Lemma 208 .
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We consider the functors

Cut⌊n,−∞⌋, fin = I ∗ Cut⌊n,−∞⌋ : StSimpGrp → Pre-⌊n,−∞⌋-PreStSimpGrp
Cosk⌊n,−∞⌋, fin = Cosk⌊n,−∞⌋ ∗Φ: Pre-⌊n,−∞⌋-PreStSimpGrp → StSimpGrp ;

cf. Remarks 261, 267.

StSimpGrp PreStSimpGrp Pre-⌊n,−∞⌋-PreStSimpGrp
I Cut⌊n,−∞⌋

Cosk⌊n,−∞⌋Φ

Cut⌊n,−∞⌋, fin

Cosk⌊n,−∞⌋, fin

Recall that I ⊣ Φ and that Cut⌊n,−∞⌋ ⊣ Cosk⌊n,−∞⌋ ; cf. Lemmas 210, 270.

So, by Remark 16, we have Cut⌊n,−∞⌋, fin ⊣ Cosk⌊n,−∞⌋, fin.

For G ∈ Ob
(
StSimpGrp

)
and H ∈ Ob

(
Pre-⌊n,−∞⌋-PreStSimpGrp

)
, we have the adjunction

bijection

αG,H : Pre-⌊n,−∞⌋-PreStSimpGrp
(
GCut⌊n,−∞⌋,fin, H

) ∼↔ StSimpGrp
(
G, H Cosk⌊n,−∞⌋, fin )

given as follows.

For a pre-⌊n,−∞⌋-prestable simplicial group morphism GCut⌊n,−∞⌋, fin φ−→H, we have the
the stable simplicial group morphism

φαG,H =
(
(GI)ε ▲ φCosk⌊n,−∞⌋ )∣∣H Cosk⌊n,−∞⌋, fin

: G→ H Cosk⌊n,−∞⌋,fin ,

where, for k ∈ Z, we have

(φαG,H)k : Gk → (H Cosk⌊n,−∞⌋,fin)k

g 7→ g(φαG,H)k =
(
(gGa)φn

)
a∈∆± ([n]±,[k]±)

.

Concerning the transformation ε; cf. Lemma 269.

386



12.3. THE ADJUNCTION Cut±,⌊n,−∞⌋, fin ⊣ Cosk±,⌊n,−∞⌋, fin

For a stable simplicial group morphism G
ψ−→H Cosk⌊n,−∞⌋, fin, we have the pre-⌊n,−∞⌋-

prestable simplicial group morphism

ψα−
G,H : GCut⌊n,−∞⌋, fin → H ,

where, for k ∈ Z⩽n , we have

(ψα−
G,H)k : (GCut⌊n,−∞⌋,fin)k → Hk

g 7→ g(ψα−
G,H)k = (gψk)(Hη)k ;

cf. Lemma 268.

So, for k ∈ Z⩽n and g ∈ (GCut⌊n,−∞⌋, fin)k , we have g(ψα−
G,H)k =: h̃ ∈ Hk such that

(h̃Ha)a∈∆± ([n]±,[k]±) = gψk .

Proof. Suppose given G ∈ Ob
(
StSimpGrp

)
and H ∈ Ob

(
Pre-⌊n,−∞⌋-PreStSimpGrp

)
.

We consider the prestable simplicial groupGI and the pre-⌊n,−∞⌋-prestable simplicial group
H.

Since (Cut⌊n,−∞⌋ ,Cosk⌊n,−∞⌋, ε, η) is an adjunction, recall that we have the adjunction bi-
jection

α̃GI,H : Pre-⌊n,−∞⌋-PreStSimpGrp
(
(GI) Cut⌊n,−∞⌋, H

) ∼↔ PreStSimpGrp
(
GI,H Cosk⌊n,−∞⌋ )

(
(GI) Cut⌊n,−∞⌋ φ−→H

)
7→

(
G

(GI)ε ▲ φCosk⌊n,−∞⌋

−−−−−−−−−−−−→ H Cosk⌊n,−∞⌋ )(
(GI) Cut⌊n,−∞⌋ ψCut⌊n,−∞⌋

▲ Hη−−−−−−−−−−→ H
)
←[

(
GI

ψ−→H Cosk⌊n,−∞⌋ ) ;
cf. Remark 271.

Recall from Lemma 210.(3) that we have I ⊣ Φ.

For the sake for this proof, we shall write ε′ for the unit from Lemma 210.(1) and we shall
write η′ for the counit from Lemma 210.(2). So we have the adjunction (I ,Φ, ε′, η′).

We consider the stable simplicial group G and the prestable simplicial group H Cosk⌊n,−∞⌋.
Then, we have the adjunction bijection

γG,H Cosk⌊n,−∞⌋ : PreStSimpGrp
(
GI, H Cosk⌊n,−∞⌋ ) ∼↔ StSimpGrp

(
G, (H Cosk⌊n,−∞⌋)Φ

)
(
GI

φ−→H Cosk⌊n,−∞⌋ ) 7→ (
G

φ

∣∣H Cosk⌊n,−∞⌋, fin

−−−−−−−−−−−→ (H Cosk⌊n,−∞⌋)Φ
)(

GI
ψI ▲ ι−−−→ H Cosk⌊n,−∞⌋ ) ←[

(
G

ψ−→ (H Cosk⌊n,−∞⌋)Φ
)
,
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where ι := ιH Cosk⌊n,−∞⌋, fin,H Cosk⌊n,−∞⌋ ; cf. Remark 211.

By Remark 16, we may let

αG,H := α̃GI,H ▲ γG,H Cosk⌊n,−∞⌋ .

Suppose given a pre-⌊n,−∞⌋-prestable simplicial group morphism GCut⌊n,−∞⌋, fin φ−→H.
We obtain

φαG,H = (φα̃GI,H)γG,H Cosk⌊n,−∞⌋
211
= (φα̃GI,H)

∣∣H Cosk⌊n,−∞⌋, fin

271.(1)
=

(
(GI)ε ▲φCosk⌊n,−∞⌋ )∣∣H Cosk⌊n,−∞⌋, fin

.

So, for k ∈ Z and g ∈ Gk , we have

g(φαG,H)k = g
(
(φ(α̃GI,H ▲ γG,H Cosk⌊n,−∞⌋)

)
k
= g
(
(φα̃GI,H)γG,H Cosk⌊n,−∞⌋

)
k

211
= g(φα̃G,H)k

271.(1)
=

(
(gGa)φn

)
a∈∆± ([n]±,[k]±)

.

Moreover, we have

α−
G,H = (γG,H Cosk⌊n,−∞⌋)− ▲ (α̃GI,H)

− .

Suppose given a stable simplicial group morphism G
ψ−→H Cosk⌊n,−∞⌋, fin .

For k ∈ Z⩽n and g ∈ (GCut⌊n,−∞⌋, fin)k = Gk , we have

g(ψαG,H)
−
k = g

(
ψ
(
(γG,H Cosk⌊n,−∞⌋)− ▲ (α̃GI,H)

−))
k

= g
((

(ψγG,H Cosk⌊n,−∞⌋)−
)
(α̃GI,H)

−
)
k

271.(2)
=

(
g(ψγG,H Cosk⌊n,−∞⌋)−k

)
(Hη)k

211
= (gψk)(Hη)k =: h̃ ,

where (h̃Ha)a∈∆± ([n]±,[k]±) = gψk ; cf. Lemma 268.(3, 1).

Remark 273 (The counit η)

We consider the adjoint functors Cut⌊n,−∞⌋, fin ⊣ Cosk⌊n,−∞⌋, fin from Remark 272.

A counit
η : Cosk⌊n,−∞⌋, fin ∗Cut⌊n,−∞⌋,fin → idPre-⌊n,−∞⌋-PreStSimpGrp
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is given as follows.

For H ∈ Ob
(
Pre-⌊n,−∞⌋-PreStSimpGrp

)
, we have the pre-⌊n,−∞⌋-prestable simplicial

group morphism
Hη : H Cosk⌊n,−∞⌋, fin Cut⌊n,−∞⌋,fin → H ,

where, for k ∈ Z⩽n , we have the injective group morphism

(Hη)k :
(
H Cosk⌊n,−∞⌋, fin )

k
→ Hk , (ha)a∈∆± ([n]±,[k]±) 7→

(
(ha)a

)
(Hη)k =: h̃

such that (h̃Ha)a∈∆± ([n]±,[k]±) = (ha)a∈∆± ([n]±,[k]±) .

Proof. For G ∈ Ob
(
StSimpGrp

)
and H ∈ Ob

(
Pre-⌊n,−∞⌋-PreStSimpGrp

)
, we consider the

adjunction bijection from Remark 272.

αG,H : Pre-⌊n,−∞⌋-PreStSimpGrp
(
GCut⌊n,−∞⌋,fin, H

) ∼↔ StSimpGrp
(
G, H Cosk⌊n,−∞⌋, fin )

By Remark 15, the counit η : Cosk⌊n,−∞⌋,fin ∗Cut⌊n,−∞⌋, fin → idPre-⌊n,−∞⌋-PreStSimpGrp of the

adjunction Cut⌊n,−∞⌋,fin ⊣ Cosk⌊n,−∞⌋, fin is given as follows.

Suppose given H ∈ Ob
(
Pre-⌊n,−∞⌋-PreStSimpGrp

)
. We have the pre-⌊n,−∞⌋-prestable

simplicial group morphism

Hη
15
= (idH Cosk⌊n,−∞⌋, fin)(αH Cosk⌊n,−∞⌋, fin,H)

− : GCosk⌊n,−∞⌋, fin Cut⌊n,−∞⌋, fin → H .

For k ∈ Z⩽n , note that we have(
H Cosk⌊n,−∞⌋,fin Cut⌊n,−∞⌋,fin )

k
=
(
H Cosk⌊n,−∞⌋, fin )

k
.

Recall from Lemma 270 that we have Cut⌊n,−∞⌋ ⊣ Cosk⌊n,−∞⌋ .

For the sake for this proof, the counit from Lemma 268 shall be called η̃ here. So we have

η̃ : Cut⌊n,−∞⌋ ∗Cosk⌊n,−∞⌋ → idPre-⌊n,−∞⌋-PreStSimpGrp .

Then, for k ∈ Z⩽n and (ha)a∈∆± ([n]±,[k]±) ∈ (H Cosk⌊n,−∞⌋, fin)k , we have(
(ha)a

)
(Hη)k =

(
(ha)a

)(
(idH Cosk⌊n,−∞⌋, fin)(αH Cosk⌊n,−∞⌋, fin,H)

−)
k

272
=
((

(ha)a
)
(idH Cosk⌊n,−∞⌋, fin)k

)
(Hη̃)k =

(
(ha)a

)
(Hη̃)k =: h̃ ,
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where (h̃Ha)a∈∆± ([n]±,[k]±) = (ha)a∈∆± ([n]±,[k]±) ; cf. Lemma 268.

Suppose given H ∈ Ob
(
Pre-⌊n,−∞⌋-PreStSimpGrp

)
and suppose given k ∈ Z⩽n .

We show that (Hη)k is injective.

Suppose given (ha)a∈∆± ([n]±,[k]±) ∈ (H Cosk⌊n,−∞⌋,fin)k such that
(
(ha)a

)
(Hη)k = 1 .

We have

1 =
(
(ha)a

)
(Hη)k =: h̃ ∈ Hk

such that (h̃Ha)a = (ha)a . So

(ha)a = (h̃Ha)a = (1Ha)a = (1)a .

This shows that (Hη)k is injective.

Remark 274 Suppose given an ⌊n,−∞⌋-stable simplicial group H; cf. Definition 232.

We have that
Hη : H Cosk⌊n,−∞⌋, fin Cut⌊n,−∞⌋, fin → H

is a pre-⌊n,−∞⌋-prestable simplicial group isomorphism; cf. Remark 273.

For k ∈ Z⩽n , we have

(Hη)−k : Hk → (H Cosk⌊n,−∞⌋,fin)k , h 7→ (hHa)a∈∆± ([n]±,[k]±) .

In particular, we have that H Cosk⌊n,−∞⌋, fin Cut⌊n,−∞⌋, fin is an ⌊n,−∞⌋-stable simplicial
group; cf. Definition 232.

Proof. Suppose given k ∈ Z⩽n . We have to show that (Hη)k : (H Cosk⌊n,−∞⌋, fin)k → Hk is a
group isomorphism.

By Remark 273, (Hη)k is an injective group morphism. It remains to show that (Hη)k is
surjective.

Suppose given h ∈ Hk . We consider x := (hHa)a∈∆± ([n]±,[k]±)

268.(1)
∈ (H Cosk⌊n,−∞⌋)k .

Then we have
x(Hη)k =

(
(hHa)a∈∆± ([n]±,[k]±)

)
(Hη)k = h

by construction of (Hη)k .

We have to show that x
!
∈ (H Cosk⌊n,−∞⌋,fin)k .
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Since h is finite, there exists some ℓ ∈ Z⩾0 such that hdH,kj = 1 for j ∈ Z⩾ℓ ; cf. Definition 204.

Then, for j ∈ Z⩾ℓ , we have

xdH Cosk⌊n,−∞⌋,k
j =

(
(hHa)a∈∆± ([n]±,[k]±)

)
(H Cosk⌊n,−∞⌋)δj

263.(2)
= (hHb▲δj)b∈∆± ([n]±,[k−1]±)

= (hHδjHb)b∈∆± ([n]±,[k−1]±)

= (hdH,kj Hb)b∈∆± ([n]±,[k−1]±)

= (1Hb)b∈∆± ([n]±,[k−1]±)

= (1)b∈∆± ([n]±,[k−1]±) .

This shows that x is finite. So we have x ∈ (H Cosk⌊n,−∞⌋, fin)k .

This proves the claim.
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Chapter 13

⌊n,−∞⌋-coskeletal stable simplicial
groups

13.1 ⌊n,−∞⌋-coskeletal stable simplicial groups

Let n ∈ Z.

Definition 275 (⌊n,−∞⌋-coskeletal stable simplicial groups)

Suppose given a stable simplicial simplicial group G; cf. Definition 205.

We say that G is ⌊n,−∞⌋-coskeletal if the properties (1, 2) hold.

(1) We have GNZn+1 = 1; cf. Definition 198.(3).

(2) For I, J ⊆ Z⩾0 with I ∪ J = Z⩾0 we have[⋂
i∈I

Gn,i ,
⋂
j∈J

Gn,j

]
= 1 ;

cf. property (2) from Definition 232.

Prpoerty (2) is also called the Conduché condition on ⌊n,−∞⌋-coskeletal simplicial groups;
cf. [7, Thm. 1.5].
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Remark 276 Let k ∈ Z⩾1 . Suppose given a stable simplicial group G; cf. Definition 205.

(1) Suppose that G is ⌊n,−∞⌋-coskeletal; cf. Definition 275.

We consider the stable simplicial group GDec±,n−k; cf. Lemma 195, Remark 212.

Recall that (GDec±,n−k)i = Gn−k+i for i ∈ Z.
We have that GDec±,n−k is a ⌊k,−∞⌋-coskeletal stable simplicial group.

(2) Suppose that G is ⌊k,−∞⌋-coskeletal; cf. Definition 275.

We consider the simplicial group GOrd; cf. Lemma 219.

Recall that (GOrd)i =
( ⋂
j∈Z⩾i+1

Gi,j

)
∩ ker

( Gi
∏G−1

j∈⌊i,0⌋

dG,j0

)
⩽ Gi for i ∈ Z⩾0 .

We have that GOrd is a ⌊k, 0⌋-coskeletal simplicial group; cf. Definition 90.

Moreover, (GOrd)NZk is contained in the centre of (GOrd)k ; cf. Definition 76.(3).

(3) Suppose that G is ⌊n,−∞⌋-coskeletal; cf. Definition 275.

We consider the simplicial group (GDec±,n−k)Ord.

Then, for i ∈ Z⩾0 , we have(
(GDec±,n−k)Ord

)
i
=
( ⋂
j∈Z⩾i+1

Gn−k+i,j
)
∩ ker

( Gn−k+i
∏Gn−k−1

j∈⌊i,0⌋

dG,n−k+j0

)
⩽ Gn−k+i .

We have that (GDec±,n−k)Ord is a ⌊k, 0⌋-coskeletal simplicial group.

Proof. Ad (1). Since G is ⌊n,−∞⌋-coskeletal, we have

(GDec±,n−k)NZk+1 =
⋂
i∈Z⩾0

(GDec±,n−k)k+1,i =
⋂
i∈Z⩾0

Gn+1,i = GNZn+1 = 1 .

Suppose given I, J ⊆ Z⩾0 with I ∪ J = Z⩾0 . Since G is ⌊n,−∞⌋-coskeletal, we[⋂
i∈I

(GDec±,n−k)k,i ,
⋂
j∈J

(GDec±,n−k)k,j
]
=
[⋂
i∈I

Gn,i ,
⋂
j∈J

Gn,j

]
= 1 .

This shows that GDec±,n−k is ⌊k,−∞⌋-coskeletal.

Ad (2). We show that (GOrd)NZk+1
!
= 1.
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Suppose given g ∈ (GOrd)NZk+1 =
⋂

i∈[0,k+1]

(GOrd)k+1,i ⩽ Gk+1 .

We show that gdG,k+1
j

!
= 1 for j ∈ Z⩾0 .

Suppose given j ∈ Z⩾0 . If j ∈ [0, k + 1], then we have

gdG,k+1
j

219
= gdGOrd,k+1

j = 1 .

Note that g ∈ (GOrd)k+1 ⩽
⋂

i∈Z⩾k+2

Gk+1,i . So, if j ⩾ k + 2, then we have

gdG,k+1
j = 1 .

This shows that g ∈ GNZk+1 = 1 . So g = 1, and therefore, (GOrd)NZk+1 = 1 .

Suppose given I, J ⊆ [0, k], where I ∪ J = [0, k].

We show that
[ ⋂
i∈I

(GOrd)k,i ,
⋂
j∈J

(GOrd)k,j
] !
= 1.

Suppose given x ∈
⋂
i∈I

(GOrd)k,i and suppose given y ∈
⋂
j∈J

(GOrd)k,j .

Then we have x ∈
⋂
i∈I
Gk,i and y ∈

⋂
j∈J

Gk,j ; cf. Lemma 219.

Note that x, y ∈ (GOrd)k ⩽
⋂

i∈Z⩾k+1

Gk,i .

Let Ĩ := I ∪ Z⩾k+1 and let J̃ := J ∪ Z⩾k+1 .

Then we have Ĩ ∪ J̃ = Z⩾0 and we have x ∈
⋂
i∈Ĩ
Gk,i and y ∈

⋂
j∈J̃

Gk,j .

This shows that

[x, y] ∈
[⋂
i∈Ĩ

Gk,i ,
⋂
j∈J̃

Gk,j

]
= 1 .

So [x, y] = 1. This shows that
[ ⋂
i∈I

(GOrd)k,i ,
⋂
j∈J

(GOrd)k,j
]
= 1.

In particular, for I = ∅ and J = [0, k], we obtain

1 =
[⋂
i∈∅

(GOrd)k,i ,
⋂

j∈[0,k]

(GOrd)k,j
]
=
[
(GOrd)k , (GOrd)NZk

]
.

This shows that (GOrd)NZk is contained in the centre of (GOrd)k .
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Ad (3). For i ∈ Z⩾0 , we have(
(GDec±,n−k)Ord

)
i
=
( ⋂
j∈Z⩾i+1

(GDec±,n−k)i,j
)
∩ ker

( (GDec±,n−k)i∏(GDec±,n−k)−1

j∈⌊i,0⌋

dGDec±,n−k,j
0

)
=
( ⋂
j∈Z⩾i+1

Gn−k+i,j
)
∩ ker

( Gn−k+j
∏Gn−k−1

j∈⌊i,0⌋

dG,n−k+j0

)
⩽ (GDec±,n−k)i = Gn−k+i .

By (1), we have that GDec±,n−k is a ⌊k,−∞⌋-coskeletal stable simplicial group.

Then, by (2), we have that (GDec±,n−k)Ord is a ⌊k, 0⌋-coskeletal simplicial group.

Remark 277 Suppose given an ⌊n,−∞⌋-stable simplicial group H; cf. Definition 232.

We consider the stable simplicial group H Cosk⌊n,−∞⌋, fin; cf. Remark 267.

Then H Cosk⌊n,−∞⌋,fin is ⌊n,−∞⌋-coskeletal; cf. Definition 275.

Proof. We show the properties (1, 2) from Definition 275.

Ad (1). Suppose given

x := (xa)a∈∆± ([n],[n+1]) ∈ (H Cosk⌊n,−∞⌋, fin)NZn+1 ⩽ (H Cosk⌊n,−∞⌋, fin)n+1 .

Then, for i ∈ Z⩾0 , we have

(1)b∈∆± ([n]±,[n]±) = 1 = xdH Cosk⌊n,−∞⌋, fin,n+1
i =

(
(xa)a∈∆± ([n]±,[n+1]±)

)
(H Cosk±,⌊n,−∞⌋)δi

263.(2)
= (xb▲δi)b∈∆± ([n]±,[n]±) .

So we have
1 = xb▲δi

for b ∈ ∆±([n]±, [n]±) and i ∈ Z⩾0 .

Suppose given a ∈ ∆±([n]±, [n+ 1]±) .

By Remark 265, we may choose some b ∈ ∆±([n]±, [n]±) and some k ∈ Z⩾0 with a = b ▲ δ±,n+1
k .

Therefore, we have
xa = xb▲δk = 1 .

This shows that
x = (xa)a∈∆± ([n]±,[n+1]±) = (1)a∈∆± ([n]±,[n+1]±) = 1 .
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So (H Cosk⌊n,−∞⌋, fin)NZn+1 = 1 . This shows (1).

Ad (2). Suppose given I, J ⊆ Z⩾0 with I ∪ J = Z⩾0 .

We have to show that[⋂
i∈I

(H Cosk⌊n,−∞⌋,fin)n,i ,
⋂
j∈J

(H Cosk⌊n,−∞⌋,fin)n,j
] !
= 1 .

We consider the pre-⌊n,−∞⌋-prestable simplicial group H Cosk⌊n,−∞⌋, finCut⌊n,−∞⌋,fin; cf.
Remark 272. Recall that we have

(H Cosk⌊n,−∞⌋, finCut⌊n,−∞⌋, fin)n = (H Cosk⌊n,−∞⌋,fin)n .

From Remark 273, we consider the pre-⌊n,−∞⌋-prestable simplicial group morphism

Hη : H Cosk⌊n,−∞⌋, finCut⌊n,−∞⌋,fin → H

and the injective group morphism

(Hη)n : (H Cosk⌊n,−∞⌋, fin)n → Hn .

Suppose given x ∈
⋂
i∈I

(H Cosk⌊n,−∞⌋, fin)n,i and suppose given y ∈
⋂
j∈J

(H Cosk⌊n,−∞⌋, fin)n,j .

We show that [x, y]
!
= 1 . Suppose given i ∈ I. We have

(
x(Hηn)

)
dH,ni

184.(2)
= (xdH Cosk⌊n,−∞⌋,n

i )(Hη)n−1 = 1(Hη)n−1 = 1 .

This shows x(Hη)n ∈ Hn,i for i ∈ I.
Similarly, we have y(Hη)n ∈ Hn,j for j ∈ J .
So

[x, y](Hη)n =
[
x(Hη)n , y(Hη)n

] 233
= 1 .

Since (Hη)n is injective, we have [x, y] = 1 .

This shows (2).
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13.2 The decomposition of Gn in subgroups

Definition 278 Suppose given a stable simplicial group G; cf. Definition 205.

Suppose given I ⊆ Z⩾0 . We write

Gn;I :=
⋂
i∈I

Gn,i P Gn ;

cf. Definition 198.(1).

Remark 279 Suppose given a stable simplicial group G; cf. Definition 205.

For k ∈ Z⩾0 , we have

Gn;{k} = Gn,k and Gn; ∅ = Gn ;

cf. Definition 198.(1) and §1.1.1 item 2.

Moreover, we have

Gn;Z⩾1
= GNn and Gn;Z⩾0

= GNZn ;

cf. Definition 198.(2, 3).

Remark 280 Suppose given stable simplicial groups G, H̃, H, where H̃ ⩽ H; cf. Defini-
tion 205.

Suppose given a stable simplicial group morphism φ : G→ H.

Let k ∈ Z. For ℓ ∈ Z⩾0 , suppose that we have (Gk;Z⩾ℓ
)φk ⩽ H̃k .

Then we have Gk φk ⩽ H̃k .

Proof. Suppose given g ∈ Gk .

Since g is finite, there exists some ℓ ∈ Z⩾0 such that gdG,kj = 1 for j ∈ Z⩾ℓ ; cf. Definition 204.

So g ∈ Gk;Z⩾ℓ
. This shows that gφk ∈ (Gk;Z⩾ℓ

)φk ⩽ H̃k .

Remark 281 Suppose given a stable simplicial group G; cf. Definition 205.

Suppose given k ∈ Z⩾2 .

(1) We have the surjective map

pGn,k : Gn;Z⩾k
→ Gn;Z⩾k−1

, g 7→ gpGn,k := g−dG,nk−1 s
G,n−1
k−2 · g .
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(2) For g ∈ Gn;Z⩾k
, we have

g = (gdG,nk−1)s
G,n−1
k−2 · (g−dG,nk−1 s

G,n−1
k−2 · g) = (gdG,nk−1)s

G,n−1
k−2 · gpGn,k ,

where gdG,nk−1 ∈ Gn−1;Z⩾k−1
and where g−dG,nk−1 s

G,n−1
k−2 · g = gpGn,k ∈ Gn;Z⩾k−1

.

In particular, we have

Gn;Z⩾k
=
(
Gn−1;Z⩾k−1

)
sG,n−1
k−2 ·Gn;Z⩾k−1

.

(3) We have (
Gn−1;Z⩾k−1

)
sG,n−1
k−2 ∩ Gn;Z⩾k−1

= 1 .

(4) For g ∈ Gn;Z⩾k
there exists a unique y ∈ Gn−1;Z⩾k−1

and a unique z ∈ Gn;Z⩾k−1
such

that
g = ysG,n−1

k−2 · z .

Proof. Ad (1). We show that pGn,k is a well-defined map.

Suppose given g ∈ Gn;Z⩾k
. Suppose given j ∈ Z⩾k−1 .

If j = k − 1, then we have

(g−dk−1 sk−2 · g)dk−1 = g−dk−1 · gdk−1 = 1 .

If j ∈ Z⩾k , then we have

(g− dk−1 sk−2 · g)dj = g−dk−1dj−1sk−2 · gdj = g− dj dk−1 sk−2 · gdj = 1dk−1 sk−2 · 1 = 1 .

This shows that gpGn,k = g− dk−1 sk−2 · g ∈ Gn;Z⩾k−1
.

So pGn,k is a well-defined map.

We show that pGn,k is surjective.

Suppose given x ∈ Gn;Z⩾k−1
⩽ Gn;Z⩾k

.

We have
xpGn,k = xdk−1sk−2 · x = 1sk−2 · x = x .

So pGn,k is surjective.

Ad (2). Suppose given g ∈ Gn;Z⩾k
.

We have

g = (gdk−1 sk−2) · (g−dk−1 sk−2 · g) .
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We consider gdk−1 ∈ Gn−1 . For j ∈ Z⩾k−1 , we have

(gdk−1)dj = gdj+1 dk−1 = 1dk−1 = 1 .

This shows that gdk−1 ∈ Gn;Z⩾k−1
. So gdk−1 sk−2 ∈ (Gn;Z⩾k−1

)sk−2 .

We consider g−dk−1 sk−2 · g ∈ Gn .

By (1), we have g−dk−1 sk−2 · g = gpGn,k ∈ Gn;Z⩾k−1
.

So we have

g = (gdk−1sk−2) · (g−dk−1 sk−2 · g) ∈ (Gn;Z⩾k−1
)sk−2 ·Gn;Z⩾k−1

.

Ad (3). Suppose given x ∈
(
Gn−1;Z⩾k−1

)
sk−2 ∩Gn;Z⩾k−1

.

Then we have x = y sk−2 for some chosen y ∈ Gn−1;Z⩾k−1
.

We have

1 = xdk−1 = ysk−2 dk−1 = y .

So

x = ysk−2 = 1sk−2 = 1 .

This shows
(
Gn−1;Z⩾k−1

)
sk−2 ∩Gn;Z⩾k−1

= 1 .

Ad (4). Suppose given g ∈ Gn;Z⩾k
.

We write Y := Gn−1;Z⩾k−1
and we write Z := Gn;Z⩾k−1

.

By (2), we have g = ysk−2 · z , where y := gdk−1 ∈ Y and z := g−dk−1sk−2 · g ∈ Z.
It remains to show uniqueness.

Suppose given ỹ ∈ Y and z̃ ∈ Z such that g = ỹsk−2 · z̃.

We have to show that y
!
= ỹ and that z

!
= z̃.

We have

ysk−2 · z = g = ỹsk−2 · z̃ .

So we have

(ỹ− · y)︸ ︷︷ ︸
∈Y

sk−2 = z̃ · z−︸ ︷︷ ︸
∈Z

∈ (Y sk−2) ∩ Z .

By (3), we have (Y sk−2) ∩ Z = 1. Therefore, we have z = z̃ .
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Moreover, we have

ỹ− · y = (ỹ · y)sk−2 dk−2 = 1dk−2 = 1 ,

and thus y = ỹ .

Example 282 Suppose given a stable simplicial group G; cf. Definition 205.

We give some examples for Remark 281.(1).

Let k = 2. We have

Gn;Z⩾2
= (Gn−1;Z⩾1

)s0 ·Gn;Z⩾1

279
= (Gn−1;Z⩾1

)s0 ·GNn

279
= (GNn−1)s0 ·GNn ;

cf. Definition 198.(2).

Let k = 3. We have

Gn;Z⩾3
= (Gn−1;Z⩾2

)s1 ·Gn;Z⩾2

279
= (Gn−1;Z⩾2

)s1 · (Gn−1;Z⩾1
)s0 ·GNn

=
(
(Gn−2;Z⩾1

)s0 ·Gn−1;Z⩾1

)
s1 · (Gn−1;Z⩾1

)s0 ·GNn

279
= (GNn−2)s0s1 · (GNn−1)s1 · (GNn−1)s0 ·GNn .

Here, in the stable case, we will not need the decomposition into Moore complex terms. It will
be sufficient to decompose G into factors of the form (Gn−1;Z⩾i+1

)si . Cf. also Example 102.

Lemma 283 Let k ∈ Z⩾1 .

Suppose given a stable simplicial group G; cf. Definition 205.

(1) We have

Gn;Z⩾k
=
( ∏
i∈⌊k−2,0⌋

(Gn−1;Z⩾i+1
)sG,n−1
i

)
·GNn .

(2) Suppose given g ∈ Gn;Z⩾k
.

Then there exist unique elements xj ∈ Gn−1;Z⩾j
for j ∈ [1, k−1] and a unique x̃ ∈ GNn

such that

g =
( ∏
i∈⌊k−2,0⌋

xi+1 s
G,n−1
i

)
· x̃ = xk−1 s

G,n−1
k−2 · xk−2 s

G,n−1
k−3 · . . . · x1 sG,n−1

0 · x̃ .
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(3) For j ∈ [2, k], we consider the surjective map from Remark 281.(1)

pGn,j : Gn;Z⩾j
→ Gn;Z⩾j−1

, g 7→ gpGn,j = g−dG,nj−1 s
G,n−1
j−2 · g .

We have the surjective map

πGn,k :=
Gn; Z⩾k

∏GNn

j∈⌊k,2⌋

pGn,j = pGn,k ▲ pGn,k−1 ▲ . . . ▲ pGn,2 : Gn;Z⩾k
→ GNn .

Suppose given g ∈ Gn;Z⩾k
. We consider its unique decomposition from (2) :

g =
( ∏
i∈⌊k−2,0⌋

xi+1 s
G,n−1
i

)
· x̃ = xk−1 s

G,n−1
k−2 · xk−2 s

G,n−1
k−3 · . . . · x1 sG,n−1

0 · x̃

We have gπGn,k = x̃.

Proof. Ad (1). We show this claim by induction on k ∈ Z⩾1 .

Let k = 1. We have

Gn;Z⩾1

281
= GNn = 1 ·GNn =

( ∏
i∈⌊−1,0⌋

(Gn−1;Z⩾i+1
)si

)
·GNn .

Now suppose that k ⩾ 2. We have

Gn;Z⩾k

281.(2)
= (Gn−1;Z⩾k−1

)sk−2 ·Gn;Z⩾k−1

IH.
= (Gn−1;Z⩾k−1

)sk−2 ·
( ∏
i∈⌊k−3,0⌋

(Gn−1;Z⩾i+1
)si

)
·GNn

=
( ∏
i∈⌊k−2,0⌋

(Gn−1;Z⩾i+1
)si

)
·GNn .

This proves (1).

Ad (2). By (1), it remains to show uniqueness.

Suppose that we have g =
( ∏
i∈⌊k−2,0⌋

xi+1 si

)
· x̃ , where xj ∈ Gn−1;Z⩾j

for j ∈ [1, k − 1], and

where x̃ ∈ GNn .

Suppose that we have g =
( ∏
i∈⌊k−2,0⌋

yi+1 si

)
· ỹ for some yj ∈ Gn−1;Z⩾j

for j ∈ [1, k− 1], and

for some ỹ ∈ GNn .
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We have to show that xj
!
= yj for j ∈ [1, k − 1] and that x̃

!
= ỹ.

We show this claim by induction on k ∈ Z⩾1 .

Let k = 1. We have
g =

( ∏
i∈⌊−1,0⌋

xi+1 si

)
· x̃ = 1 · x̃ = x̃

and
g =

( ∏
i∈⌊−1,0⌋

yi+1 si

)
· ỹ = 1 · ỹ = ỹ .

This shows that x̃ = ỹ.

Now suppose that k ⩾ 2.

We write g̃ :=
( ∏
i∈⌊k−3,0⌋

xi+1 si

)
· x̃ ∈ Gn and we write h̃ :=

( ∏
i∈⌊k−3,0⌋

yi+1 si

)
· ỹ ∈ Gn .

We have

g =
( ∏
i∈⌊k−2,0⌋

xi+1 si

)
· x̃ = xk−1 sk−2 ·

( ∏
i∈⌊k−3,0⌋

xi+1 si

)
· x̃ = xk−1 sk−2 · g̃

and
g =

( ∏
i∈⌊k−2,0⌋

yi+1 si

)
· ỹ = yk−1 sk−2 ·

( ∏
i∈⌊k−3,0⌋

yi+1 si

)
· ỹ = yk−1 sk−2 · h̃ .

Recall that xk−1 ∈ Gn−1;Z⩾k−1
.

We show that g̃
!
∈ Gn;Z⩾k−1

. For j ∈ Z⩾k−1 , we have

g̃dj =
(( ∏

i∈⌊k−3,0⌋
xi+1 si

)
· x̃
)
dj =

( ∏
i∈⌊k−3,0⌋

xi+1 si dj

)
· x̃dj

j⩾1
=

( ∏
i∈⌊k−3,0⌋

xi+1 dj−1 si

)
· 1 j−1⩾i+1

=
∏

i∈⌊k−3,0⌋
1 si = 1 .

This shows that g̃ ∈ Gn;Z⩾k−1
.

Similarly, have yk−1 ∈ Gn−1;Z⩾k−1
and h̃ ∈ Gn;Z⩾k−1

.

So xk−1 sk−2 · g̃ = g = yk−1 sk−2 · h̃ .
Then, by Remark 281.(4), it follows that xk−1 = yk−1 ∈ Gn−1;Z⩾k−1

and that

g̃ = h̃ ∈ Gn;Z⩾k−1
. So( ∏

i∈⌊k−3,0⌋

xi+1 si

)
· x̃ = g̃ = h̃ =

( ∏
i∈⌊k−3,0⌋

yi+1 si

)
· ỹ .
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Then, by induction hypothesis, we have xj = yj for j ∈ [1, k − 2] and x̃ = ỹ .

Altogether, this shows (2).

Ad (3). We show that gπGn,k
!
= x̃ by induction on k ∈ Z⩾1 .

Let k = 1. We have

gπGn,1 = g
( Gn; Z⩾1

∏GNn

j∈⌊1,2⌋

pGn,j

)
= g idGNn = g =

( ∏
i∈⌊−1,0⌋

xi+1 si

)
· x̃ = 1 · x̃ = x̃ .

Now suppose that k ⩾ 2. We write g̃ := g−dk−1 sk−2 · g = gpGn,k
281.(1)
∈ Gn;Z⩾k−1

.

We consider its unique decomposition

g̃ =
( ∏
i∈⌊k−3,0⌋

yi+1 si

)
· ỹ ,

where yj ∈ Gn;Z⩾j
for j ∈ [1, k − 2] and where ỹ ∈ GNn ; cf. (2).

Then, by induction hypothesis, we have g̃πGn,k−1 = ỹ .

We have
gπGn,k = g(pGn,k ▲ πGn,k−1) = (g−dk−1 sk−2 · g)πGn,k−1 = g̃πGn,k−1

IH.
= ỹ .

Moreover, we have
g = gdk−1 sk−1 · g̃ ,

where gdk−1 ∈ Gn−1;Z⩾k−1
and g̃ ∈ Gn;Z⩾k−1

; cf. Remark 281.(2).

We have

gdk−1 sk−2 · g̃ = g =
( ∏
i∈⌊k−2,0⌋

xi+1 si

)
· x̃ = xk−1 sk−2 ·

( ∏
i∈⌊k−3,0⌋

xi+1 si

)
· x̃ ,

where xk−1 ∈ Gn−1;Z⩾k−1
and

( ∏
i∈⌊k−3,0⌋

xi+1 si

)
· x̃ ∈ Gn;Z⩾k−1

.

Then, by Remark 281.(4), we have gdk−1 = xk−1 and( ∏
i∈⌊k−3,0⌋

yi+1 si

)
· ỹ = g̃ =

( ∏
i∈⌊k−3,0⌋

xi+1 si

)
· x̃ .

Then, by (2), we have xj = yj for j ∈ [1, k − 2] and x̃ = ỹ .

Therefore, we have gπGn,k = ỹ = x̃ .

This shows (3).
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Lemma 284 Suppose given a stable simplicial group G; cf. Definition 205.

(1) We have

Gn =
( ∏
i∈⌋∞,0⌋

(Gn−1;Z⩾i+1
)sG,n−1
i

)
·GNn ;

cf. §1.1.2 item 10.2.

(2) Suppose given g ∈ Gn .

Then there exists some k ∈ Z⩾1 such that there exists a unique element xj ∈ Gn;Z⩾j

for j ∈ [1, k − 1] and a unique element x̃ ∈ GNn such that

g =
( ∏
i∈⌊k−2,0⌋

xi+1 s
G,n
i

)
· x̃ .

Proof. Ad (1). It suffices to show that Gn

!

⊆
( ∏
i∈⌋∞,0⌋

(Gn−1;Z⩾i+1
)sG,n−1
i

)
·GNn .

Suppose given g ∈ Gn . Since g is finite, we may choose some k ∈ Z⩾0 such that gdj = 1 for
j ⩾ k; cf. Definitions 205, 204.

We may assume that k ⩾ 1.

Then we have

g ∈ Gn;Z⩾k

283.(1)
=

( ∏
i∈⌊k−2,0⌋

(Gn−1;Z⩾i+1
)si

)
·GNn ⊆

( ∏
i∈⌋∞,0⌋

(Gn−1;Z⩾i+1
)si

)
·GNn .

This proves (1).

Ad (2). Suppose given g ∈ Gn . Since g is finite, we may choose some k ∈ Z⩾0 such that
gdj = 1 for j ⩾ k; cf. Definitions 205, 204.

We may assume that k ⩾ 1.

We have

g ∈ Gn;Z⩾k

283.(1)
=

( ∏
i∈⌊k−2,0⌋

(Gn−1;Z⩾i+1
)si

)
·GNn

Then, by Lemma 283.(2), there exist unique elements xj ∈ Gn−1;Z⩾j
for j ∈ [1, k − 1] a

unique x̃ ∈ GNn such that

g =
( ∏
i∈⌊k−2,0⌋

xi+1 si

)
· x̃ .

This proves (2).
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13.3 The degenerate subgroup GDn+1 ⩽ Gn+1

Remark 285 Let k ∈ Z⩾0 . Suppose given ℓ ∈ [1, k + 1].

Suppose given a stable simplicial group G; cf. Definition 205.

We consider the simplicial group (GDec±,n−k)Ord; cf. Remark 276.(3).

We consider the surjective map from Lemma 283.(3)

πGn+1,ℓ : Gn+1;Z⩾ℓ
→ GNn+1 .

We consider the surjective map from Lemma 100.(3)

π
(GDec±,n−k)Ord
k+1,ℓ : ((GDec±,n−k)Ord)k+1;[ℓ,k+1] → ((GDec±,n−k)Ord)Nk+1 .

(1) We have Gn+1;Z⩾ℓ
⩽ ((GDec±,n−k)Ord)k+1;[ℓ,k+1] .

(2) We have

π
(GDec±,n−k)Ord
k+1,ℓ

∣∣GNn+1

Gn+1; Z⩾ℓ

= πGn+1,ℓ : Gn+1;Z⩾ℓ
→ GNn+1 .

(3) Supppose given g ∈ Gn+1;Z⩾ℓ
.

For j ∈ Z⩾ℓ , we have gπGn+1,j = gπGn+1,ℓ .

For j ∈ [ℓ, k + 2] , we have gπ
(GDec±,n−k)Ord
k+1,j = gπ

(GDec±,n−k)Ord
k+1,ℓ .

(4) We have

π
(GDec±,n−k)Ord
k+1

∣∣GNn+1

Gn+1; Z⩾k

= πGn+1,k : Gn+1;Z⩾k
→ GNn+1 ;

cf. Corollary 101.(3).

Proof. We write G̃ := (GDec±,n−k)Ord ∈ Ob
(
SimpGrp

)
.

Ad (1). Suppose given g ∈ Gn+1;Z⩾ℓ
. We show that g

!
∈ G̃k+1 = ((GDec±,n−k)Ord)k+1 .

From Remark 276.(3), note that we have

((GDec±,n−k)Ord)k+1 =
( ⋂
j∈Z⩾k+2

Gn+1,j

)
∩ ker

( Gn+1
∏Gn−k−1

j∈⌊k+1,0⌋

dG,n−k+j0

)
⩽ Gn+1 .

For j ∈ Z⩾k+2 , we have j ⩾ ℓ, and so gdG,n+1
j = 1. This shows that g ∈

⋂
j∈Z⩾k+2

Gn+1,j .
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Moreover, since k + 1 ⩾ ℓ, we have

g
( Gn+1

∏Gn−k−1

j∈⌊k+1,0⌋

dG,n−k+j0

)
= g
(( Gn+1

∏Gn−k

j∈⌊k+1,1⌋

dG,n−k+j0

)
▲ dG,n−k0

)
= g
(
dG,n+1
k+1 ▲

( Gn∏Gn−k−1

j∈⌊k,0⌋

dG,n−k+j0

))
= 1
( Gn+1

∏Gn−k−1

j∈⌊k,0⌋

dG,n−k+j0

)
= 1 .

So g ∈ ker
( Gn+1

∏Gn−k−1

j∈⌊k+1,0⌋

dG,n−k+j0

)
.

This shows that g ∈ ((GDec±,n−k)Ord)k+1 . Moreover, since gdG,n+1
j = 1 for j ∈ Z⩾ℓ , we

have g ∈ ((GDec±,n−k)Ord)k+1;[ℓ,k+1] = G̃k+1;[ℓ,k+1] ; cf. Remark 196, Lemma 219.

Ad (2). We have

Gn+1;Z⩾ℓ

(1)

⩽ G̃k+1;[ℓ,k+1] .

So the map πG̃k+1,ℓ

∣∣
Gn+1; Z⩾ℓ

: Gn+1;Z⩾ℓ
→ G̃Nk+1 is well-defined.

Suppose given g ∈ Gn+1;Z⩾ℓ
.

We show that gπGn+1,ℓ
!
= gπG̃k+1,ℓ by induction on ℓ ∈ [1, k + 1].

Let ℓ = 1. Then g ∈ Gn+1;Z⩾1
= GNn+1

(1)

⩽ G̃Nk+1 . We have

gπGn+1,1

283.(3)
= g

( GNn+1
∏GNn+1

j∈⌊1,2⌋

pGn+1,j

)
= g idGNn+1 = g .

Moreover, we have

gπG̃k+1,1

100.(3)
= g

( G̃Nk+1
∏G̃Nk+1

j∈⌊1,2⌋

pG̃k+1,j

)
= g idG̃Nk+1

= g .

This shows that gπGn+1,1 = gπG̃k+1,1

Now suppose that ℓ ∈ [2, k + 1]. Let g′ := g−dG,n+1
ℓ−1 sG,nℓ−2 · g = gpGn+1,ℓ

281.(1)
∈ Gn+1;Z⩾ℓ−1

.
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We have

gπGn+1,ℓ

283.(3)
= g

(
pGn+1,ℓ ▲ πGn+1,ℓ−1

)
= (g−dG,n+1

ℓ−1 sG,nℓ−2 · g)πGn+1,ℓ−1 = g′πGn+1,ℓ−1
IH.
= g′πG̃k+1,ℓ−1

= (g−dG,n+1
ℓ−1 sG,nℓ−2 · g)πG̃k+1,ℓ−1

196,219
= (g−dG̃,k+1

ℓ−1 sG̃,kℓ−2 · g)πG̃k+1,ℓ−1

97.(1)
= g

(
pG̃k+1,ℓ ▲ πG̃k+1,ℓ−1

) 100.(3)
= gπG̃k+1,ℓ .

This shows that gπGn+1,ℓ = gπG̃k+1,ℓ .

Therefore, we have

GNn+1
283.(3)
=

(
Gn+1;Z⩾ℓ

)
πGn+1,ℓ =

(
Gn+1;Z⩾ℓ

)
πG̃k+1,ℓ .

So the map πG̃k+1,ℓ

∣∣GNn+1

Gn+1; Z⩾ℓ

is well-defined.

Altogether, we have πG̃k+1,ℓ

∣∣GNn+1

Gn+1; Z⩾ℓ

= πGn+1,ℓ : Gn+1;Z⩾ℓ
→ GNn+1 .

Ad (3). Suppose given j ∈ Z⩾ℓ.

We show that gπGn+1,j
!
= gπGn+1,ℓ by induction on t := j − ℓ ∈ Z⩾0 .

Let t = 0. Then j = ℓ, and we have gπGn+1,j = gπGn+1,ℓ .

Now suppose that t ⩾ 1. Then j − 1 ⩾ ℓ, and we have

gπGn+1,j

283.(3)
= g

(
pGn+1,j ▲ πGn+1,j−1

) 281.(1)
= (g−dG,n+1

j−1 sG,nj−2 · g)πGn+1,j−1 = (1sGj−2 · g)πGn+1,j−1

= gπGn+1,j−1
IH.
= gπGn+1,ℓ .

Suppose given j ∈ [ℓ, k + 2].

We show that gπG̃k+1,j
!
= gπG̃k+1,ℓ by induction on t := j − ℓ ∈ [0, k + 2 − ℓ] . Note that

k + 2− ℓ ∈ [1, k + 1], since ℓ ∈ [1, k + 1].

Let t = 0. Then j = ℓ, and we have gπG̃k+1,j = gπG̃k+1,ℓ .

Now suppose that t ⩾ 1. Then j − 1 ⩾ ℓ, and we have

gπG̃k+1,j

100.(3)
= g

(
pG̃k+1,j ▲ πG̃k+1,j−1

) 97.(1)
= (g−dG̃,k+1

j−1 sG̃,kj−2 · g)πG̃k+1,j−1

196,219
= (1sGj−2 · g)πG̃k+1,j−1

= gπG̃k+1,j−1
IH.
= gπG̃k+1,ℓ .

Ad (4). Recall from Corollary 101.(3) that we have

πG̃k+1 = πG̃k+1,k+2 =
G̃k+1

∏G̃Nk+1

j∈⌊k+2,2⌋

pG̃k+1,j : G̃k+1 → G̃Nk+1 .
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We have Gn+1;Z⩾k

(1)

⩽ G̃k+1; [k,k+1] ⩽ G̃k+1 .

So the map πG̃k+1

∣∣
Gn+1; Z⩾k

: Gn+1;Z⩾k
→ G̃Nk+1 is well-defined.

Suppose given g ∈ Gn+1,Z⩾k
. We have

gπGn+1,k

(2)
= gπG̃k+1,k

(3)
= gπG̃k+1,k+2

101
= gπG̃k+1 .

This shows that gπGn+1,k = gπG̃k+1 .

Therefore, we have

GNn+1
283.(3)
=

(
Gn+1;Z⩾k

)
πGn+1,k =

(
Gn+1;Z⩾k

)
πG̃k+1 .

So the map πG̃k+1

∣∣GNn+1

Gn+1; Z⩾k

is well-defined.

Altogether, we have πG̃k+1

∣∣GNn+1

Gn+1; Z⩾k

= πGn+1,k : Gn+1;Z⩾k
→ GNn+1 .

Lemma 286 Let k ∈ Z⩾1 . Suppose given a stable simplicial group G; cf. Definition 205.

We consider the decomposition of Gn from Lemma 284.(1) :

Gn =
( ∏
i∈⌋∞,0⌋

(Gn−1;Z⩾i+1
)sG,n−1
i

)
·GNn

We write

GDn :=
∏

i∈⌋∞,0⌋

(Gn−1;Z⩾i+1
)sG,n−1
i ⊆ Gn .

(1) We have

GDn ∩Gn;Z⩾k
=

∏
i∈⌊k−2,0⌋

(Gn−1;Z⩾i+1
)sG,n−1
i ⊆ Gn .

(2) Suppose given g ∈ Gn;Z⩾k
. We have

g ∈ GDn ⇔ gπGn,k = 1 ;

cf. Lemma 283.(3).
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Proof. Ad (1). Ad ⊆. Suppose given g ∈ GDn ∩Gn;Z⩾k
.

Since g ∈ GDn , we have

g =
∏

i∈⌊ℓ−2,0⌋

yi+1 si =
( ∏
i∈⌊ℓ−2,0⌋

yi+1 si

)
· 1

for some chosen ℓ ∈ Z⩾1, and yj ∈ Gn−1;Z⩾j
for j ∈ [1, ℓ− 1]; cf. §1.1.2 item 9.4.

Moreover, since g ∈ Gn;Z⩾k
, we have, by Lemma 283.(1),

g =
( ∏
i∈⌊k−2,0⌋

xi+1 si

)
· x̃ ,

where xj ∈ Gn−1;Z⩾j
for j ∈ [1, k − 1] and where x̃ ∈ GNn .

Let m := max{ℓ, k}. Then we have( ∏
i∈⌊m−2,0⌋

yi+1 si

)
· 1 = g =

( ∏
i∈⌊m−2,0⌋

xi+1 si

)
· x̃ ,

where we let yj := 1 ∈ Gn−1;Z⩾j
for j ∈ [ℓ,m− 1] and xj := 1 ∈ Gn−1;Z⩾j

for j ∈ [k,m− 1].

Moreover, by Lemma 283.(2), we have yj = xj for j ∈ [1,m− 1] and 1 = x̃.

This shows that
g =

∏
i∈⌊k−2,0⌋

xi+1 si ∈
∏

i∈⌊k−2,0⌋

(Gn−1,Z⩾i+1
)si .

Ad ⊇. It suffices to show that Gn;Z⩾k

!

⊇ (Gn−1;Z⩾i+1
)si for i ∈ [0, k − 2].

Let i ∈ [0, k − 2]. Suppose given g ∈ (Gn−1;Z⩾i+1
)si . Then we may write g = xsi for some

chosen x ∈ Gn−1;Z⩾i+1
. For j ∈ Z⩾k , we have

gdj = xsi dj = xdj−1 si = 1si = 1 .

This shows that g ∈ Gn;Z⩾k
.

Ad (2). By Lemma 283.(1, 2), we have

g =
( ∏
i∈⌊k−2,0⌋

xi+1 si

)
· x̃ ,

for some unique xj ∈ Gn−1;Z⩾j
for j ∈ [1, k − 1] and for a unique x̃ ∈ GNn .
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Ad ⇒. Suppose that g ∈ GDn . Then we have g ∈ GDn ∩Gn;Z⩾k
.

By (1), we have

g =
∏

i∈⌊k−2,0⌋

yi+1 si =
( ∏
i∈⌊k−2,0⌋

yi+1 si

)
· 1

for some yj ∈ Gn−1,Z⩾j
for j ∈ [1, k − 1].

B Lemma 283.(2), it follows that 1 = x̃ .

Then, by Lemma 283.(3), we have

gπGn,k = x̃ = 1 .

Ad ⇐. Suppose that gπGn,k = 1 . By Lemma 283.(3), we have

1 = gπGn,k = x̃ .

So

g =
( ∏
i∈⌊k−2,0⌋

xi+1 si

)
· x̃ =

∏
i∈⌊k−2,0⌋

xi+1 si ∈ GDn .

Lemma 287 (The degenerate subgroup GDn+1)

Suppose given an ⌊n,−∞⌋-coskeletal stable simplicial group G; cf. Definition 275.

We have the subgroup

GDn+1 =
∏

i∈⌋∞,0⌋

(Gn,Z⩾i+1
)sG,ni ⩽ Gn+1 ;

cf. Lemma 286. We call GDn+1 the degenerate subgroup of Gn+1 .

Proof. Note that 1 ∈ GDn .

Suppose given g, h ∈ GDn+1 . We have to show that g− · h
!
∈ GDn+1 .

Since G is finite, we may choose some k ∈ Z⩾1 such that gdj = hdj = 1 for j ∈ Z⩾k .

Then g, h ∈ Gn+1,Z⩾k
.

Moreover, since G is an ⌊n,−∞⌋-coskeletal stable simplicial group, we have the ⌊k, 0⌋-
coskeleletal simplicial group (GDec±,n−k)Ord; cf. Remark 276.(3).
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We have

g, h ∈ GDn+1
286.(2)⇔ gπGn+1,k = hπGn+1,k = 1

285.(4)⇔ gπ
(GDec±,n−k)Ord
k+1 = hπ

(GDec±,n−k)Ord
k+1 = 1

116.(1)⇔ g , h ∈ (GDec±,n−k)OrdDk+1

113⇒ g− · h ∈ (GDec±,n−k)OrdDk+1

116.(1)⇔ (g− · h)π(GDec±,n−k)Ord
k+1 = 1

285.(4)⇔ (g− · h)πGn+1,k = 1

286.(2)⇔ g− · h ∈ GDn+1 .

This shows that GDn+1 ⩽ Gn+1 .

Lemma 288 Suppose given an ⌊n,−∞⌋-coskeletal stable simplicial group G; cf. Defini-
tion 275.

We consider the subgroup GDn+1 ⩽ Gn+1 ; cf. Lemma 287.

Let ℓ ∈ Z⩾0 . Suppose given g ∈ Gn+1;Z⩾ℓ
; cf. Definition 278.

We consider the surjective map πGn+1,ℓ : Gn+1;Z⩾ℓ
→ GNn+1 from Lemma 283.(3).

(1) We have g ∈ GDn+1 ⇔ gπGn+1,ℓ = 1 .

(2) We have g ∈ GNn+1 ⇔ gπGn+1,ℓ = g .

(3) We have g ∈ GDn+1 ⇔ gπGn+1,ℓ d
G,n+1
0 = 1 .

Proof. Ad (1). Cf. Lemma 286.(2).

Ad (2). Ad ⇒. Suppose that g ∈ GNn+1 ⩽ Gn+1 .

By Lemma 283.(2), since g ∈ GNn+1 = Gn+1;Z⩾1
, we have

g =
( ∏

i∈⌊1−2,0⌋

xi s
G,n
i

)
· x̃ = x̃

where xj ∈ Gn;Z⩾j
for j ∈ [1, ℓ− 1] and where x̃ ∈ GNn+1 . So gπ

G
n+1,ℓ

283.(3)
= x̃ = g.

Ad ⇐. Suppose that g = gπGn+1,ℓ . We have g = gπGn+1,ℓ ∈ GNn+1 .
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Ad (3). Ad ⇒. Suppose that g ∈ GDn+1 . By (1), we have gπGn+1,ℓ = 1.

So we have gπGn+1,ℓ d
G,n+1
0 = 1.

Ad ⇐. Suppose that gπGn+1,ℓ d
G,n+1
0 = 1. Recall that gπGn+1,ℓ ∈ GNn+1 ; cf. Definition 275.

So we have gπGn+1 ∈ GNn+1 ∩ ker dG,n+1
0

198.(3)
= GNZn+1 .

Since G is ⌊n,−∞⌋-coskeletal, we have that GNZn+1 = 1.

This shows that gπGn+1,ℓ = 1 . So, by (1), we have g ∈ GDn+1 .

Remark 289 Suppose given stable simplicial groups G, H; cf. Definition 205.

Suppose given a stable simplicial group morphism φ : G→ H.

We consider the Moore complex functor N: PreStSimpGrp → ComplexGrp; cf. Lemma 201.(3).

We consider the embedding functor I : StSimpGrp → PreStSimpGrp; cf. Remark 209.

We consider the functor I ∗ N: StSimpGrp → ComplexGrp.
Let ℓ ∈ Z⩾0 .

(1) We have (Gn+1;Z⩾ℓ
)φn+1 ⩽ Hn+1;Z⩾ℓ

; cf. Definition 278. So we have the group mor-
phism

φn+1,ℓ := φn+1

∣∣Hn+1; Z⩾ℓ

Gn+1; Z⩾ℓ
: Gn+1;Z⩾ℓ

→ Hn+1;Z⩾ℓ
.

(2) We have

πGn+1,ℓ ▲ φ(I ∗ Nn+1) = φn+1,ℓ ▲ πHn+1,ℓ : Gn+1,Z⩾ℓ
→ HNn+1 .

Proof. Ad (1). Suppose given g ∈ Gn+1;Z⩾ℓ
. For j ∈ Z⩾ℓ , we have

(gφn+1)d
H,n+1
j

184.(2)
= (gdG,n+1

j )φn = 1φn = 1 .

This shows that gφn+1 ∈ Hn+1;Z⩾ℓ
. So (Gn+1;Z⩾ℓ

)φn+1 ⩽ Hn+1;Z⩾ℓ
.

Therefore, we have the group morphism φn+1,ℓ := φn+1

∣∣Hn+1; Z⩾ℓ

Gn+1; Z⩾ℓ
.

Ad (2). Suppose given j ∈ [1, ℓ]. We consider the maps

pGn+1,j : Gn+1;Z⩾j
→ Gn+1,Z⩾j−1

and pHn+1,j : Hn+1;Z⩾j
→ Hn+1,Z⩾j−1

;

cf. Remark 281.(1).
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For g ∈ Gn+1;Z⩾j
, we have

(gpGn+1,j)φn+1
281.(1)
= (g−dG,n+1

j−1 sG,nj−2 · g)φn+1 = (gφn+1)
− dH,n+1

j−1 sH,nj−2 · gφn+1
281.(1)
= (gφn+1)p

H
n+1,j .

So, for g ∈ Gn+1,Z⩾ℓ
, we have

g
(
πGn+1,ℓ ▲φ(I ∗ Nn+1)

) 283.(3)
= g

(( Gn+1, Z⩾ℓ
∏GNn+1

j∈⌊ℓ,2⌋

pGn+1,j

)
▲φ(I ∗ Nn+1)

)
=

(
g
( Gn+1, Z⩾ℓ

∏GNn+1

j∈⌊ℓ,2⌋

pGn+1,j

))
φn+1

= (gφn+1)
(Hn+1, Z⩾ℓ

∏HNn+1

j∈⌊ℓ,2⌋

pHn+1,j

)
283.(3)
= g(φn+1 ▲ πHn+1,ℓ)

= g(φn+1,ℓ ▲ πHn+1,ℓ) .

This shows that πGn+1,ℓ ▲φ(I ∗ Nn+1) = φn+1 ▲ πHn+1,ℓ .
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Chapter 14

Stable simplicial groups and
⌊n,−∞⌋-stable simplicial groups:
the Conduché functor

14.1 The truncation functor

Trunc±,⌊n,−∞⌋ : StSimpGrp → ⌊n,−∞⌋-StSimpGrp

Let n ∈ Z.

Lemma 290 (The ⌊n,−∞⌋-stable simplicial group GTrunc±,⌊n,−∞⌋)

Suppose given a stable simplicial group G; cf. Definition 205. Note that in particular, G is
a prestable simplicial group; cf. Definition 182.

For k ∈ Z⩽n−1 , we consider the group Gk .

Moreover, we consider the group Gn/GNBn ; cf. Definition 198.(4), Lemma 200.(2).

(1) For j ∈ Z⩾0 , we have the group morphism

d̄j : Gn/GNBn → Gn−1 , gGNBn 7→ gdG,nj .

For i ∈ Z⩾0 , we have the group morphism

s̄i : Gn−1 → Gn/GNBn , g 7→ (gsG,n−1
i )GNBn .



CHAPTER 14. STABLE SIMPLICIAL GROUPS AND

⌊n,−∞⌋-STABLE SIMPLICIAL GROUPS: THE CONDUCHÉ FUNCTOR

(2) Using Lemma 254.(3), we may define a pre-⌊n,−∞⌋-prestable simplicial group
GTrunc±,⌊n,−∞⌋ as follows.

We have

(GTrunc±,⌊n,−∞⌋)k =
(
[k]±

)
GTrunc±,⌊n,−∞⌋ :=

{
Gn/GNBn for k = n

Gk for k ∈ Z⩽−1 .

We have

dGTrunc±,⌊n,−∞⌋,k
j :=

{
d̄j : Gn/GNBn → Gn−1 for k = n

dG,kj : Gk → Gk−1 for k ∈ Z⩽n−1 ;

cf. (1).

We have

sGTrunc±,⌊n,−∞⌋,k
i :=

{
s̄i : Gn−1 → Gn/GNBn for k = n− 1

sG,ki : Gk → Gk+1 for k ∈ Z⩽n−2 ;

cf. (1).

Gn/GNBn Gn−1 . . . G0 G−1 . . .
d̄j dG,n−1

j dG,1
j dG,0

j dG,−1
j

sG,−2
isG,−1

isG,0
isG,n−2

i
s̄i

(3) The pre-⌊n,−∞⌋-prestable simplicial group GTrunc±,⌊n,−∞⌋ given in (2) is an ⌊n,−∞⌋-
stable simplicial group; cf. Definition 232.

We call GTrunc±,⌊n,−∞⌋ the truncation of G at ⌊n,−∞⌋ .
Often, we also write GTrunc⌊n,−∞⌋ := GTrunc±,⌊n,−∞⌋ .

Proof. Ad (1). Suppose given j ∈ Z⩾0 .

We show that d̄j is a well-defined group morphism. We have to show that (GNBn)d
G,n
j

!
= 1 .

Suppose given x ∈ GNBn . We choose some y ∈ GNn+1 such that x = ydG,n+1
0 ; cf. Defini-

tion 198.(4).

We have

xdG,nj = ydG,n+1
0 dG,nj = ydG,n+1

j+1 dG,n0 = 1 .
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This shows (GNBn)d
G,n
j = 1.

Therefore, we have the group morphism

d̄j : Gn/GNBn → Gn−1 , gGNBn 7→ gdG,nj .

Ad (2). We use Lemma 254.(3) to show that GTrunc⌊n,−∞⌋ is a pre-⌊n,−∞⌋-prestable
simplicial group.

To that end, we have to verify the properties (i, ii, iii) from Lemma 254.

Ad (i). Suppose given k ∈ Z⩽n−1 . Suppose given i, j ∈ Z⩾0 with i < j.

Case k ⩽ n− 2. We have

dGTrunc⌊n,−∞⌋,k+1
j ▲ dGTrunc⌊n,−∞⌋,k

i = dG,k+1
j ▲ dG,ki

185
= dG,k+1

i ▲ dG,kj−1

= dGTrunc⌊n,−∞⌋,k+1
i ▲ dGTrunc⌊n,−∞⌋,k

j−1 .

Case k = n− 1. For g ∈ Gn , we have

(gGNBn)(d
GTrunc⌊n,−∞⌋,k+1
j ▲ dGTrunc⌊n,−∞⌋,k

i ) = (gGNBn)(d̄j ▲ dG,n−1
i )

= (gdG,nj )dG,n−1
i

185
= (gdG,ni )dG,n−1

j−1

= (gGNBn)(d̄i ▲ dG,n−1
j−1 )

= (gGNBn)(d
GTrunc⌊n,−∞⌋,k+1
i ▲ dGTrunc⌊n,−∞⌋,k

j−1 ) .

This shows dGTrunc⌊n,−∞⌋,k+1
j ▲ dGTrunc⌊n,−∞⌋,k

i = dGTrunc⌊n,−∞⌋,k+1
i ▲ dGTrunc⌊n,−∞⌋,k

j−1 .

Ad (ii). Suppose given k ∈ Z⩽n−1 . Suppose given i, j ∈ Z⩾0 with i < j.

Case k ⩽ n− 2. We have

sGTrunc⌊n,−∞⌋,k−1
i ▲ sGTrunc⌊n,−∞⌋,k

j = sG,k−1
i ▲ sG,kj

185
= sG,k−1

j−1 ▲ sG,ki

= sGTrunc⌊n,−∞⌋,k−1
j−1 ▲ sGTrunc⌊n,−∞⌋,k

i .
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Case k = n− 1. For g ∈ Gn−1 , we have

g(sGTrunc⌊n,−∞⌋,k−1
i ▲ sGTrunc⌊n,−∞⌋,k

j ) = g(sG,n−2
i ▲ s̄j)

= (gsG,n−2
i sG,n−1

j )GNBn

185
= (gsG,n−2

j−1 sG,n−1
i )GNBn

= g(sG,n−2
j−1 ▲ s̄i)

= g(sGTrunc⌊n,−∞⌋,k−1
j−1 ▲ sGTrunc⌊n,−∞⌋,k

i ) .

This shows sGTrunc⌊n,−∞⌋,k−1
i ▲ sGTrunc⌊n,−∞⌋,k

j = sGTrunc⌊n,−∞⌋,k−1
j−1 ▲ sGTrunc⌊n,−∞⌋,k

i .

Ad (iii). Suppose given k ∈ Z⩽n−1 . Suppose given i, j ∈ Z⩾0 .

Case k ⩽ n− 2.

If j < i, then we have

sGTrunc⌊n,−∞⌋,k
i ▲ dGTrunc⌊n,−∞⌋,k+1

j = sG,ki ▲ dG,k+1
j

185
= dG,kj ▲ sG,k−1

i−1

= dGTrunc⌊n,−∞⌋,k
j ▲ sGTrunc⌊n,−∞⌋,k−1

i−1 .

If j ∈ {i, i+ 1}, then we have

sGTrunc⌊n,−∞⌋,k
i ▲ dGTrunc⌊n,−∞⌋,k+1

j = sG,ki ▲ dG,k+1
j

185
= idGk

= id(GTrunc⌊n,−∞⌋)k
.

If j > i+ 1, then we have

sGTrunc⌊n,−∞⌋,k
i ▲ dGTrunc⌊n,−∞⌋,k+1

j = sG,ki ▲ dG,k+1
j

185
= dG,kj−1 ▲ sG,k−1

i

= dGTrunc⌊n,−∞⌋,k
j−1 ▲ sGTrunc⌊n,−∞⌋,k−1

i .

Case k = n− 1.

Suppose given g ∈ Gn−1 . We have

g(sGTrunc⌊n,−∞⌋,k
i ▲ dGTrunc⌊n,−∞⌋,k+1

j ) = g(s̄i ▲ d̄j) =
(
(gsG,n−1

i )GNBn
)
d̄j = gsG,n−1

i dG,nj .
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If j < i, then we have

g(sGTrunc⌊n,−∞⌋,k
i ▲ dGTrunc⌊n,−∞⌋,k+1

j ) = gsG,n−1
i dG,nj

185
= gdG,n−1

j sG,n−2
i−1

= g(dGTrunc⌊n,−∞⌋,k
j ▲ sGTrunc⌊n,−∞⌋,k−1

i−1 ) .

If j ∈ {i, i+ 1}, then we have

g(sGTrunc⌊n,−∞⌋,k
i ▲ dGTrunc⌊n,−∞⌋,k+1

j ) = gsG,n−1
i dG,nj

185
= g idGk

= g id
GTrunc

⌊n,−∞⌋
k

.

If j > i+ 1, then we have

g(sGTrunc⌊n,−∞⌋,k
i ▲ dGTrunc⌊n,−∞⌋,k+1

j ) = gsG,n−1
i dG,nj

185
= gdG,n−1

j−1 sG,n−2
i

= g(dGTrunc⌊n,−∞⌋,k
j−1 ▲ sGTrunc⌊n,−∞⌋,k−1

i ) .

Altogether, we have

sGTrunc⌊n,−∞⌋,k
i ▲ dGTrunc⌊n,−∞⌋,k+1

j =


dGTrunc⌊n,−∞⌋,k
j ▲ sGTrunc⌊n,−∞⌋,k−1

i−1 if j < i

id
GTrunc

⌊n,−∞⌋
k

if j ∈ {i, i+ 1}

dGTrunc⌊n,−∞⌋,k
j−1 ▲ sGTrunc⌊n,−∞⌋,k−1

i if j > i+ 1 .

Ad (3). Suppose given k ∈ Z⩽n . Suppose given x ∈ (GTrunc⌊n,−∞⌋)k . We have to show
that x is finite; cf. Definition 232.

Case k ⩽ n− 1. We have x ∈ (GTrunc⌊n,−∞⌋)k = Gk . Then there exists some ℓ ∈ Z⩾0 with

1 = xdG,kj = xdGTrunc⌊n,−∞⌋,k
j

for j ∈ Z⩾ℓ .

Case k = n. Then we have x = gGNBn for some g ∈ Gn .

Since g is finite, there exists some ℓ ∈ Z⩾0 with gdG,nj = 1 for j ∈ Z⩾ℓ .

So, for j ∈ Z⩾ℓ , we have

xdGTrunc⌊n,−∞⌋,k
j = xd̄j = (gGNBn)d̄j = (gdG,nj )GNBn = 1 .
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This shows that x is finite.

Suppose given cofinite subsets I, J ⊆ Z⩾0 with I ∪ J = Z⩾0 .

We have to show that
[ ⋂
i∈I

ker d̄i ,
⋂
j∈J

ker d̄j
] !
= 1 ; cf. (2) and Definition 232.

Suppose given xGNBn ∈
⋂
i∈I

ker d̄i with x ∈ Gn . Then we have xdG,ni = 1 for i ∈ I; cf. (1).

Suppose given yGNBn ∈
⋂
j∈J

ker d̄j with y ∈ Gn . Then we have ydG,nj = 1 for j ∈ J ; cf. (1).

We use Lemma 203 to show that [x, y]
!
∈ GNBn .

Suppose given k ∈ Z⩾0 . Since I ∪ J = Z⩾0 , we have that xdG,nk = 1 or ydG,nk = 1 .

Case 0 ∈ I ∩ J . Since I ∪ J = Z⩾0 , we may assume that 1 ∈ I.
Let ℓ := 0. Then we have xdG,nℓ+1 = xdG,n1 = 1 and ydG,nℓ = ydG,n0 = 1.

Case 0 ̸∈ I ∩ J . Since I ∪ J = Z⩾0 , we may assume that 0 ∈ J . Then 0 ̸∈ I.
Using I ̸= ∅, we let ℓ := (min I)− 1 ⩾ 0. Then we have ℓ+ 1 = min I ∈ I and ℓ ∈ J .
So we have xdG,nℓ+1 = 1 and ydG,nℓ = 1.

Therefore, by Lemma 203, we have [x, y] ∈ GNBn .
This shows

[
xGNBn , yGNBn

]
= 1 .

Therefore, we have
[ ⋂
i∈I

ker d̄i ,
⋂
j∈J

ker d̄j
]
= 1 .

Lemma 291 (The ⌊n,−∞⌋-stable simplicial group morphism φTrunc⌊n,−∞⌋)

Suppose given stable simplicial groups G and H; cf. Definition 205.

We consider the ⌊n,−∞⌋-stable simplicial groups GTrunc⌊n,−∞⌋ and H Trunc⌊n,−∞⌋ ; cf.
Lemma 290.(3).

Suppose given a stable simplicial group morphism φ : G→ H.

For k ∈ Z⩽n , we consider the group morphism φk : Gk → Hk .

(1) We have the group morphism

(φTrunc⌊n,−∞⌋)n : Gn/GNBn → Hn/HNBn , xGNBn 7→ (xφn)HNBn .

Moreover, for k ∈ Z⩽n−1 , we let

(φTrunc⌊n,−∞⌋)k := φk : Gk → Hk .
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(2) We have the ⌊n,−∞⌋-stable simplicial group morphism

φTrunc⌊n,−∞⌋ =
(
(GTrunc⌊n,−∞⌋)k

(φTrunc⌊n,−∞⌋)k−−−−−−−−−−→ (H Trunc⌊n,−∞⌋)k
)
k∈Z⩽n

:

GTrunc⌊n,−∞⌋ → H Trunc⌊n,−∞⌋ ;

cf. (1).

Proof. Ad (1). We show that (φTrunc⌊n,−∞⌋)n is a well-defined group morphism.

It suffices to show that (GNBn)φn
!

⊆ HNBn .

Suppose given x ∈ GNBn . We choose some y ∈ GNn+1 such that x = ydG,n+1
0 .

Let z := yφn+1 ∈ Hn+1 .

For k ∈ Z⩾1 , we have

zdH,n+1
k = yφn+1d

H,n+1
k

184
= ydG,n+1

k φn = 1 .

This shows z ∈ HNn+1 .

Moreover, we have

zdH,n+1
0 = yφn+1d

H,n+1
0

184
= ydG,n+1

0 φn = xφn .

This shows xφn = zdH,n+1
0 ∈ (HNn+1)d

H,n+1
0 = HNBn .

So we have (GNBn)φn ⊆ HNBn .

Ad (2). We use Lemma 255 to show that φTrunc⌊n,−∞⌋ is an ⌊n,−∞⌋-simplicial group
morphism.

Suppose given k ∈ Z⩽n and j ∈ Z⩾0 .

Case k ⩽ n− 1. We have

(φTrunc⌊n,−∞⌋)k ▲ dH Trunc⌊n,−∞⌋,k
j = φk ▲ dH,kj

184
= dG,kj ▲φk−1

= dGTrunc⌊n,−∞⌋,k
j ▲ (φTrunc⌊n,−∞⌋)k−1 .

Case k = n. For g ∈ Gn , we have

(gGNBn)
(
(φTrunc⌊n,−∞⌋)k ▲ dH Trunc⌊n,−∞⌋,k

j )

=
(
(gφn)HNBn

)
dH Trunc⌊n,−∞⌋,n
j

290.(2,1)
= gφnd

H,n
j
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184
= gdG,nj φn−1

= (gdG,nj )(φTrunc⌊n,−∞⌋)n−1

290.(2,1)
= (gGNBn)

(
dGTrunc⌊n,−∞⌋,k
j ▲ (φTrunc⌊n,−∞⌋)k−1

)
.

This shows (φTrunc⌊n,−∞⌋)k ▲ dH Trunc⌊n,−∞⌋,k
j = dGTrunc⌊n,−∞⌋,k

j ▲ (φTrunc⌊n,−∞⌋)k−1 .

Suppose given k ∈ Z⩽n−1 and i ∈ Z⩾0 .

Case k ⩽ n− 2. We have

(φTrunc⌊n,−∞⌋)k ▲ sH Trunc⌊n,−∞⌋,k
i = φk ▲ sH,ki

184
= sG,ki ▲φk+1 = sGTrunc⌊n,−∞⌋,k

i ▲ (φTrunc⌊n,−∞⌋)k+1 .

Case k = n− 1. For g ∈ Gn−1 , we have

g
(
(φTrunc⌊n,−∞⌋)k ▲ sTrunc

⌊n,−∞⌋,k
i

)
= (gφn−1)s

H Trunc⌊n,−∞⌋,n−1
i

290.(1)
= (gφn−1s

H,n−1
i )HNBn

184
= (gsG,n−1

i φn)HNBn
(1)
=

(
(gsG,n−1

i )GNBn
)
(φTrunc⌊n,−∞⌋)n

290.(1)
= g

(
sGTrunc⌊n,−∞⌋,k
i ▲ (φTrunc⌊n,−∞⌋)k+1

)
.

This shows (φTrunc⌊n,−∞⌋)k ▲ sTrunc
⌊n,−∞⌋,k

i = sGTrunc⌊n,−∞⌋,k
i ▲ (φTrunc⌊n,−∞⌋)k+1 .

So, by Lemma 255, φTrunc⌊n,−∞⌋ : GTrunc⌊n,−∞⌋ → H Trunc⌊n,−∞⌋ is an ⌊n,−∞⌋-stable
simplicial group morphism.

Lemma 292 (The truncation functor Trunc±,⌊n,−∞⌋)

We have the truncation functor

Trunc±,⌊n,−∞⌋ : StSimpGrp → ⌊n,−∞⌋-StSimpGrp(
G

φ−→H
)
7→

(
GTrunc±,⌊n,−∞⌋ φTrunc±,⌊n,−∞⌋

−−−−−−−−−→ H Trunc±,⌊n,−∞⌋ ) ;
cf. Lemmas 290.(3), 291.(2).

We often write Trunc⌊n,−∞⌋ := Trunc±,⌊n,−∞⌋ provided that there is no risk of confusion with
the functor Trunc⌊n,0⌋ : SimpGrp → ⌊n, 0⌋-SimpGrp; cf. Lemma 120.

Proof. Suppose given G ∈ Ob
(
StSimpGrp

)
.

We show that (idG) Trunc
⌊n,−∞⌋ !

= idGTrunc⌊n,−∞⌋ .
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Suppose given k ∈ Z⩽n .

Case k ⩽ n− 1. We have(
(idG) Trunc

⌊n,−∞⌋ )
k

291.(1)
= idGk

290.(2)
= id(GTrunc⌊n,−∞⌋)k

.

Case k = n. For g ∈ Gn , we have

(gGNBn)
(
(idG) Trunc

⌊n,−∞⌋ )
k

291.(1)
= (g idGn)GNBn = gGNBn = (gGNBn) idG/GNBn

290.(2)
= (gGNBn) id(GTrunc⌊n,−∞⌋)k

.

This shows
(
(idG) Trunc

⌊n,−∞⌋ )
k
= id(GTrunc⌊n,−∞⌋)k

.

So we have (idG) Trunc
⌊n,−∞⌋ = idGTrunc⌊n,−∞⌋ .

Suppose given F
φ−→G

φ̃−→H in StSimpGrp.

We show that (φ ▲ φ̃) Trunc⌊n,−∞⌋ !
= φTrunc⌊n,−∞⌋

▲ φ̃Trunc⌊n,−∞⌋ .

Suppose given k ∈ Z⩽n .

Let φ̂ := φ ▲ φ̃ : F → H. Then note that we have φ̂k = φk ▲ φ̃k : Fk → Hk .

Case k ⩽ n− 1. We have(
(φ ▲ φ̃) Trunc⌊n,−∞⌋ )

k
= (φ̂Trunc⌊n,−∞⌋)k

291.(1)
= φ̂k

= φk ▲ φ̃k
291.(1)
= (φTrunc⌊n,−∞⌋)k ▲ (φ̃Trunc⌊n,−∞⌋)k

= (φTrunc⌊n,−∞⌋
▲ φ̃Trunc⌊n,−∞⌋)k .

Case k = n. For x ∈ Fn , we have

(xFNBn)
(
(φ ▲ φ̃) Trunc⌊n,−∞⌋ )

k
= (xFNBn)(φ̂Trunc⌊n,−∞⌋)n

291.(1)
= (xφ̂n)HNBn

= (xφnφ̃n)HNBn
291.(1)
=

(
(xφn)GNBn

)
(φ̃Trunc⌊n,−∞⌋)n

291.(1)
= (xFNBn)

(
(φTrunc⌊n,−∞⌋)n ▲ (φ̃Trunc⌊n,−∞⌋)n

)
= (xFNBn)(φTrunc⌊n,−∞⌋

▲ φ̃Trunc⌊n,−∞⌋)k .
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This shows
(
(φ ▲ φ̃) Trunc⌊n,−∞⌋ )

k
= (φTrunc⌊n,−∞⌋

▲ φ̃Trunc⌊n,−∞⌋)k .

So we have (φ ▲ φ̃) Trunc⌊n,−∞⌋ = φTrunc⌊n,−∞⌋
▲ φ̃Trunc⌊n,−∞⌋ .

Lemma 293 (The Moore complex of GTrunc⌊n,−∞⌋)

For a stable simplicial group G, we consider its Moore complex

GN =
(
. . .

∂G3−→GN2

∂G2−→GN1

∂G1−→GN0

∂G0−→GN−1
!−→ . . .

)
;

cf. Lemma 200.(2).

(1) Suppose given a stable simplicial group G; cf. Definition 205.

We consider the ⌊n,−∞⌋-stable simplicial group GTrunc⌊n,−∞⌋; cf. Lemma 290.

Recall that

(GTrunc⌊n,−∞⌋)k =

{
Gn/GNBn for k = n

Gk for k ∈ Z⩽n−1 .

We consider its Moore complex (GTrunc⌊n,−∞⌋)N; cf. Lemma 258.(2).

We have

(GTrunc⌊n,−∞⌋)Nk =

{
GNn/GNBn for k = n

GNk for k ∈ Z⩽n−1 .

For k ∈ Z, we often write ∂̄k := ∂GTrunc⌊n,−∞⌋

k .

Then we have

∂̄n : GNn/GNBn → GNn−1 , gGNBn 7→ (gGNBn)∂̄n = (gGNBn)d
GTrunc⌊n,−∞⌋,n
0 = gdG,n0 .

Note that im ∂̄n = (GNn)d
G
0 = im ∂Gn .

For k ∈ Z⩽n−1 , we have

∂̄k = dG,k0

∣∣GNk−1

GNk
: GNk → GNk−1 , g 7→ g∂̄k = gdGTrunc⌊n,−∞⌋,k

0 = gdG,k0 .

Note that ∂̄k = ∂Gk for k ∈ Z⩽n−1 .

So, we have im ∂̄k = im ∂Gk for k ∈ Z⩽n .

We have

(GTrunc⌊n,−∞⌋)N =
(
. . .

!−→ 1
!−→GNn/GNBn

∂̄n−→GNn−1
∂̄n−1−−−→ . . .

∂̄1−→GN0
∂̄0−→GN−1

∂̄−1−−→ . . .
)
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(2) Suppose given a stable simplicial group G; cf. Definition 205.

We have the morphism of complexes in groups

Gψ : GN→ (GTrunc⌊n,−∞⌋)N

that is given as follows.

For k = n, we have

(Gψ)n : GNn → (GTrunc⌊n,−∞⌋)Nn , g 7→ gGNBn .

For k ∈ Z⩽n−1 , we have

(Gψ)k = idGNk
: GNk → GNk , g 7→ g .

Moreover, for k ∈ Z⩾n+1 , we have

(Gψ)k = ! : GNk → 1 , g 7→ 1 .

. . . GNn+1 GNn GNn−1 . . . GN0 GN−1 . . .

. . . 1 GNn/GNBn GNn−1 . . . GN0 GN−1 . . .

∂Gn+2 ∂Gn+1 ∂Gn
∂Gn−1 ∂G1 ∂G0

∂G−1

! ! ∂̄n ∂̄n−1 ∂̄1 ∂̄0 ∂̄−1

! (Gψ)n idGNn−1
idGN0

idGN−1

(3) We consider the functors

N: StSimpGrp → ComplexGrp ; cf. Lemma 201.(3)

Trunc⌊n,−∞⌋ : StSimpGrp → ⌊n,−∞⌋-StSimpGrp ; cf. Lemma 292

N: ⌊n,−∞⌋-StSimpGrp → ComplexGrp ; cf. Lemma 259.(3) .

We have the transformation

ψ =
(
GN

Gψ−→ (GTrunc⌊n,−∞⌋)N
)
G∈Ob(StSimpGrp) : N→ Trunc⌊n,−∞⌋ ∗N;

cf. (2).
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(4) Suppose given a stable simplicial group G; cf. Definition 205.

Suppose that we have GNk = 1 for k ∈ Z⩾n+1 ; cf. Definition 198.(2).

In particular, we have GNBn = (GNn+1)d
G,n+1
0 = 1; cf. Definition 198.(4).

Then the morphism of complexes in groups Gψ given in (2) is an isomorphism.

. . . 1 GNn GNn−1 . . . GN0 GN−1 . . .

. . . 1 GNn/1 GNn−1 . . . GN0 GN−1 . . .

! ! ∂Gn
∂Gn−1 ∂G1 ∂G0

∂G−1

! ! ∂̄n ∂̄n−1 ∂̄1 ∂̄0 ∂̄−1

! (Gψ)n≀ idGNn−1
idGN0

idGN−1

(5) Suppose given a stable simplicial group G; cf. Definition 205.

We have ker ∂̄n = GNZn/GNBn as subgroups of GNn/GNBn .

(6) Suppose given a stable simplicial group G; cf. Definition 205.

For k ∈ Z⩽n , we have the group isomorphism (Gψ)Hk : GNHk
∼−→ (GTrunc⌊n,−∞⌋)NHk ;

cf. Lemma 11. So in particular, we have

(Gψ)Hk : Gπk
∼−→ (GTrunc⌊n,−∞⌋)πk ;

cf. Lemmas 200.(2), 258.(2).

Proof. Ad (1). It suffices to show that (GTrunc⌊n,−∞⌋)Nn
!
= GNn/GNBn as subgroups of

Gn/GNBn .

Ad ⩽. Suppose given g ∈ Gn such that

gGNBn ∈ (GTrunc⌊n,−∞⌋)Nn =
⋂
i∈Z⩾1

(GTrunc⌊n,−∞⌋)n,i ⩽ (GTrunc⌊n,−∞⌋)n = Gn/GNBn .

Then, for j ∈ Z⩾1 , we have

1 = (gGNBn)d
GTrunc⌊n,−∞⌋,n
j

290.(2)
= gdG,nj .

So g ∈ GNn . This shows (GTrunc⌊n,−∞⌋)Nn ⩽ GNn/GNBn.
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Ad ⩾. Suppose given g ∈ GNn . Then, for j ∈ Z⩾1 , we have

1 = gdG,nj

290.(2)
= (gGNBn)d

GTrunc⌊n,−∞⌋,n
j .

So gGNBn ∈ (GTrunc⌊n,−∞⌋)Nn . This shows GNn/GNBn ⩽ (GTrunc⌊n,−∞⌋)Nn .

Altogether, we have (GTrunc⌊n,−∞⌋)Nn = GNn/GNBn .

Ad (2). Suppose given k ∈ Z. We have to show that ∂Gk ▲ (Gψ)k−1
!
= (Gψ)k ▲ ∂̄k .

It suffices to consider k ∈ Z⩽n+1 .

Case k ∈ Z⩽n−1 . For g ∈ GNk , we have

g
(
∂Gk ▲ (Gψ)k−1

)
= (gdG,k0 ) idGNk−1

= (g idGNk
)dG,k0 = g

(
(Gψ)k ▲ ∂̄k

)
.

Case k = n. For g ∈ GNn , we have

g
(
∂Gn ▲ (Gψ)n−1

)
= (gdG,n0 ) idGNn−1 = gdG,n0

(1)
= (gGNBn)∂̄n = g

(
(Gψ)n ▲ ∂̄n

)
.

Case k = n+ 1. Suppose given g ∈ GNn+1 . Note that gdG,n+1
0 ∈ GNBn . We have

g
(
∂Gn+1 ▲ (Gψ)n

)
= (gdG,n+1

0 )GNBn = 1GNBn =
(
g(Gψ)n+1

)
! = g

(
(Gψ)n+1 ▲ ∂̄n+1

)
.

Ad (3). Suppose given a stable simplicial group morphism φ : G→ H.

We have to show that Gψ ▲ (φTrunc⌊n,−∞⌋)N
!
= φN ▲Hψ .

GN (GTrunc⌊n,−∞⌋)N

HN (H Trunc⌊n,−∞⌋)N

Gψ

φN

Hψ

(φTrunc⌊n,−∞⌋)N

Suppose given k ∈ Z . We have to show that (Gψ)k ▲ (φTrunc⌊n,−∞⌋)Nk
!
= φNk ▲ (Hψ)k .

Case k ∈ Z⩽n−1 . For g ∈ GNk , we have

g
(
(Gψ)k ▲ (φTrunc⌊n,−∞⌋)Nk

)
= (g idGNk

)
(
(φTrunc⌊n,−∞⌋)Nk

)
= gφk

=
(
g(φNk)

)
idHNk

= g
(
φNk ▲ (Hψ)k

)
.
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Case k = n. For g ∈ GNn , we have

g
(
(Gψ)n ▲ (φTrunc⌊n,−∞⌋)Nn

)
= (gGNBn)

(
(φTrunc⌊n,−∞⌋)Nn

)
= (gφn)HNBn = (gφn)(Hψ)n

= g
(
φNn ▲ (Hψ)n

)
.

Case k ∈ Z⩾n+1 . We have

(Gψ)k ▲ (φTrunc⌊n,−∞⌋)Nk = ! ▲ (φTrunc⌊n,−∞⌋)Nk = ! = φNk ▲ ! = φNk ▲ (Hψ)k .

Ad (4). For k ∈ Z⩽n−1 , note that we have

(Gψ)k = idGNk
: GNk → GNk .

For k ∈ Z⩾n+1 , note that we have

(Gψ)k = ! : 1→ 1 .

Moreover, note that

(Gψ)n : GNn → GNn/GNBn , g 7→ gGNBn

is a group isomorphism since we have GNBn = (GNn+1)d
G,n+1
0 = 1d

GNn+1

0 = 1.

This shows that Gψ is an isomorphism of complexes in groups.

Ad (5). Ad ⩽. Suppose given x ∈ GNn such that xGNBn ∈ ker ∂̄n .

We have

1 = (xGNBn)∂̄n
(1)
= xdG,n0 = x∂Gn .

This shows that x ∈ GNZn .
So we have ker ∂̄n ⩽ GNZn/GNBn .

Ad ⩾. Suppose given y ∈ GNZn . In particular, we have y ∈ GNn .

We consider yGNBn ∈ GNZn/GNBn . By (1), we have yGNBn ∈ (GTrunc⌊n,−∞⌋)Nn .

Moreover, we have

(yGNBn)∂̄n
(1)
= ydG,n0 = y∂Gn = 1 .

This shows that yGNBn ∈ ker ∂̄n .

So we have GNZn/GNBn ⩽ ker ∂̄n .

Altogether, this shows that ker ∂̄n = GNZn/GNBn .
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Ad (6). Suppose given k ∈ Z⩽n .

Case k ∈ Z⩽n−1 . We have

(Gψ)Hk : ker ∂Gk / im ∂Gk+1 → ker ∂̄k/ im ∂̄k+1
(1)
= ker ∂Gk / ker ∂

G
k+1

g im ∂Gk+1 7→
(
g(Gψ)k

)
im ∂̄k+1

(2)
= g im ∂̄k+1

(1)
= g im ∂Gk+1 .

So (Gψ)Hk is an isomorphism for k ∈ Z⩽n−1.

Case k = n. We have

(Gψ)Hn : ker ∂Gn / im ∂Gn+1 → ker ∂̄n/ im ∂̄n+1 , g im ∂Gn+1 7→
(
g(Gψ)n

)
im ∂̄n+1 = (gGNBn) im ∂̄n+1 .

We show that (Gψ)Hn is injective.

Suppose given g ∈ ker ∂Gn such that (g im ∂Gn )
(
(Gψ)Hn

)
= 1.

I.e. we have (gGNBn) im ∂̄n+1 = 1.

Note that we have ∂̄n+1 = ! : 1→ GNn/GNBn . So we have gGNBn = 1, i.e. we have

g ∈ GNBn = (GNn+1)d
G,n+1
0 = im ∂Gn .

This shows that g im ∂Gn = 1 im ∂Gn .

So (Gψ)Hn is injective.

We show that (Gψ)Hn is surjective.

Suppose given g ∈ GNn such that gGNBn ∈ ker ∂̄n
(5)
= GNZn/GNBn .

Then we have g ∈ GNZn = ker ∂Gn .

We consider the element (gGNBn) im ∂̄n+1 ∈ (GTrunc⌊n,−∞⌋)Hn .

We have

g im ∂Gn+1 ∈ GNZn/GNBn = GNHn

and

(g im ∂Gn+1)
(
(Gψ)Hn

)
=
(
g(Gψ)n

)
im ∂̄n+1 =

(
gGNBn

)
im ∂̄n+1 .

So (Gψ)Hn is surjective.

This shows that (Gψ)Hn is a group isomorphism.

429



CHAPTER 14. STABLE SIMPLICIAL GROUPS AND

⌊n,−∞⌋-STABLE SIMPLICIAL GROUPS: THE CONDUCHÉ FUNCTOR

14.2 The Conduché functor

Cond±,⌊n,−∞⌋ : ⌊n,−∞⌋-StSimpGrp → StSimpGrp

Let n ∈ Z.

Remark 294 Suppose given an ⌊n,−∞⌋-coskeletal stable simplicial group G; cf. Defini-
tion 275.

Suppose given g ∈ Gn and ℓ ∈ Z⩾0 . We have g sG,nℓ ∈ GDn+1; cf. Lemma 287.

Proof. Recall from Lemma 284.(1) that we have

Gn =
( ∏
i∈⌋∞,0⌋

(Gn−1;Z⩾i+1
)sG,n−1
i

)
·GNn ;

cf. §1.1.2 item 9.4. By Lemma 284.(2), we may write

g =
( ∏
i∈⌊k,0⌋

xi+1 s
G,n−1
i

)
· x̃ ,

where k ∈ Z⩾−1 , where xj ∈ Gn−1;Z⩾j
for j ∈ [1, k + 1] and where x̃ ∈ GNn .

We have to show that

gsG,nℓ

!
∈ GDn+1

287
=

∏
i∈⌋∞,0⌋

(Gn;Z⩾i+1
)sG,ni .

We have

gsG,nℓ =
( ∏
i∈⌊k,0⌋

xi+1 s
G,n−1
i

)
sG,nℓ · x̃sG,nℓ =

( ∏
i∈⌊k,0⌋

(xi+1 s
G,n−1
i )sG,nℓ

)
· x̃sG,nℓ .

We have x̃ ∈ GNn ⩽ Gn;Z⩾ℓ+1
. So x̃sG,nℓ ∈ (Gn;Z⩾ℓ+1

)sG,nℓ .

Let i ∈ [0, k].

Case i ∈ [ℓ, k]. Then ℓ+ 2 ⩽ i+ 2. We have

(xi+1 s
G,n−1
i )sG,nℓ = (xi+1 s

G,n−1
ℓ )sG,ni+1 .

Suppose given j ∈ Z⩾i+2 . Then ℓ+ 1 < j and i+ 1 ⩽ j − 1.
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So we have
(xi+1 s

G,n−1
ℓ )dG,nj = (xi+1 d

G,n−1
j−1 )sG,nℓ = 1sG,nℓ = 1 .

This shows that xi+1 s
G,n−1
ℓ ∈ Gn;Z⩾i+2

.

So
(xi+1 s

G,n−1
i )sG,nℓ = (xi+1 s

G,n−1
ℓ )sG,ni+1 ∈ (Gn;Z⩾i+2

)sG,ni+1 .

Case i ∈ [0, ℓ− 1]. Then i+ 2 ⩽ ℓ+ 1.

For j ∈ Z⩾i+2 , we have

(xi+1 s
G,n−1
i )dG,nj = (xi+1 d

G,n−1
j−1 )sG,ni = 1sG,ni = 1 .

This shows that xi+1 s
G,n−1
i ∈ Gn;Z⩾i+2

.

So we have xi+1 s
G,n−1
i ∈ Gn−1;Z⩾i+2

⩽ Gn−1;Z⩾ℓ+1
.

Therefore, we have
(xi+1 s

G,n−1
i )sG,nℓ ∈ (Gn;Z⩾ℓ+1

)sG,nℓ .

Altogether, we have

gsG,nℓ =
( ∏
i∈⌊k,0⌋

(xi+1 s
G,n−1
i )sG,nℓ )

)
· x̃sG,nℓ

=
( ∏
i∈⌊k,ℓ⌋

(xi+1 s
G,n−1
i )sG,nℓ︸ ︷︷ ︸

∈(Gn; Z⩾i+2
)sG,n

i+1

)
·
( ∏
i∈⌊ℓ−1,0⌋

(xi+1 s
G,n−1
i )sG,nℓ︸ ︷︷ ︸

∈(Gn; Z⩾ℓ+1
)sG,n

ℓ

)
· x̃sG,nℓ︸ ︷︷ ︸
∈(Gn; Z⩾ℓ+1

)sG,n
ℓ︸ ︷︷ ︸

∈(Gn; Z⩾ℓ+1
)sG,n

ℓ

∈ GDn+1 .

Lemma 295 (The stable simplicial subgroup G∨)

Suppose given an ⌊n,−∞⌋-coskeletal stable simplicial group G; cf. Definition 275.

We consider the degenerate subgroup GDn+1 ⩽ Gn+1 from Lemma 286; cf. Lemma 287.

Suppose given k ∈ Z.

Let Ak :=
{
[n+ 1]±

a−→ [k]± : a is injective, monotone and eventually parallel
}
; cf. Defini-

tion 172.

We write

G∨
k :=

⋂
a∈Ak

G−1
a (GDn+1) ⩽ Gk .
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If k ∈ Z⩽n , then we have Ak = ∅. Moreover, we have An+1 = {id[n+1]±} .
So we have

G∨
k =


Gk if k ∈ Z⩽n

GDn+1 if k = n+ 1

{g ∈ Gk : gGa ∈ GDn+1 for a ∈ Ak} if k ∈ Z⩾n+2 .

We have that G∨ ⩽ G is a stable simplicial subgroup; cf. Remark 207.

Proof. Suppose given [ℓ]±
u−→ [k]± ∈ Mor(∆±). We have to show that (G∨

k )Gu

!

⩽ G∨
ℓ .

Suppose given g ∈ G∨
k . We have to show that gGu

!
∈ G∨

ℓ .

Suppose given b ∈ Aℓ . We have to show that (gGu)Gb

!
∈ GDn+1 .

We consider the monotone map
(
[n+ 1]±

b▲u−−→ [k]±
)
∈ Mor(∆±).

Let m := k −
∣∣[k]±\ im(b ▲ u)

∣∣ ∈ Z. By Corollary 177.(1), we have

b ▲ u = v̄ ▲ v̇ : [n+ 1]± → [k]±,

where v̄ : [n + 1]± → [m]± is surjective, and where v̇ : [m]± → [k]± is injective. Note that
m ⩽ n+ 1 since v̄ is surjective.

Case m = n+ 1. Then we have v̄ = id[n+1]± .

So b ▲ u = id[n+1]± ▲ v̇ = v̇ : [n+ 1]± → [k]± is injective.

This shows that b ▲ u ∈ Ak . Therefore, we have

(gGu)Gb = gGb▲u ∈ (G∨
k )Gb▲u =

( ⋂
a∈Ak

G−1
a (GDn+1)

)
Gb▲u ⩽ GDn+1 .

Case m ⩽ n. By Lemma 175.(2.1), we have

v̄ =
[n+1]±∏[m]±

r∈⌊n+1−m,1⌋

σ±,m+r−1
ir

,

where I := {i1 , i2 , . . ., in+1−m} = {i ∈ [0, n] : iv̄ = (i+ 1)v̄}, and where 0 ⩽ i1 < i2 < . . . <
in+1−m ⩽ n.

Note that v̄ = σ±,m
I : [n+ 1]± → [m]± ; cf. Definition 180.(2). So we have

Gv̄ = GσI

187.(2)
= sI : Gm → Gn+1 .
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Note that I ̸= ∅ since |I| = n+1−m ⩾ 1. Let Ĩ := I\{max I} ⊂ I. Then I = Ĩ
•

∪ {max I}.
We have

Gv̄ = sI = s
Ĩ
•
∪{max I} = sĨ ▲ smax I : Gm → Gn+1 .

Note that we have Gv̇ : Gk → Gm and sĨ : Gm → Gn . So (gGv̇)sĨ ∈ Gn .

We have

(gGu)Gb = gGb▲u = gGv̄ ▲ v̇ = (gGv̇)Gv̄ = (gGv̇)(sĨ ▲ smax I) =
(
(gGv̇)sĨ

)
smax I

294
∈ GDn+1 .

Altogether, this shows that (gGu)Gb ∈ GDn+1 .

So we have (G∨
k )Gu ⩽ G∨

ℓ .

This shows that G∨ ⩽ G is a stable simplicial subgroup; cf. Lemma 189.(1), Remark 207.

Lemma 296 (The stable simplicial group morphism φ∨)

Suppose given ⌊n,−∞⌋-coskeletal stable simplicial groups G, H; cf. Definition 275.

Suppose given a stable simplicial group morphism φ : G→ H.

We consider the stable simplicial subgroups G∨ ⩽ G and H∨ ⩽ H from Lemma 295.

Then we have the stable simplicial group morphism

φ∨ := φ
∣∣H∨

G∨ : G∨ → H∨ ,

where
φ∨
k =

(
φ
∣∣H∨

G∨

)
k
= φk

∣∣H∨
k

G∨
k

: G∨
k → H∨

k , g 7→ gφ∨
k = gφk ;

cf. Remark 190.

Proof. By Definition 205 and Remark 190, it suffices to show that (G∨
k )φk

!

⩽ H∨
k for k ∈ Z.

We show that (Gk;Z⩾j
)φk

!

⩽ Hk;Z⩾j
for k ∈ Z and j ∈ Z⩾0 .

Suppose given k ∈ Z, j ∈ Z⩾0 and suppose given x ∈ Gk;Z⩾j
.

For ℓ ∈ Z⩾j , we have

(xφk)d
H,n
ℓ = (xdG,nℓ )φk−1 = 1φk−1 = 1 .

This shows that xφk ∈ Hn;Z⩾j
. So (Gk;Z⩾j

)φk ⩽ Hk;Z⩾j
.

We show that (GDn+1)φn+1

!

⩽ HDn+1 .
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Suppose given x ∈ GDn+1 . Then we may write

x =
∏

i∈⌊ℓ−2,0⌋

yi s
G,n
i ,

where ℓ ∈ Z⩾1 and where yj ∈ Gn;Z⩾j
for j ∈ [1, ℓ− 1]; cf. Lemma 286.

For j ∈ [1, ℓ− 1], recall that we have yj φn ∈ Hn;Z⩾j
.

We have

xφn+1 =
( ∏
i∈⌊ℓ−2,0⌋

yi+1 s
G,n
i

)
φn+1 =

∏
i∈⌊ℓ−2,0⌋

yi+1(s
G,n
i ▲φn+1) =

∏
i∈⌊ℓ−2,0⌋

yi+1(φn ▲ sH,ni )

=
∏

i∈⌊ℓ−2,0⌋

(yi+1 φn)s
H,n
i

286
∈ HDn+1 .

This shows that (GDn+1)φn+1 ⩽ HDn+1 .

Suppose given k ∈ Z⩾0 and g ∈ G∨
k .

Suppose given a ∈ Ak =
{
[n+ 1]±

u−→ [k]± : u is injective, monotone and eventually parallel
}
;

cf. Lemma 295.

Recall that g Ga ∈ GDn+1 . So we have

(gφk)Ha = (g Ga)φn+1 ∈ (GDn+1)φn+1 ⩽ HDn+1 .

This shows that gφk ∈ H−1
a (HDn+1) .

So gφk ∈ H∨
k . This shows that (G∨

k )φk ⩽ H∨
k .

Therefore, we get the is a stable simplicial group morphism φ∨ = φ
∣∣H∨

G∨ .

Remark 297 (The stable simplicial group H Cond±,⌊n,−∞⌋)

(1) Suppose given an ⌊n,−∞⌋-stable simplicial group H; cf. Definition 232.

We consider the ⌊n,−∞⌋-coskeletal stable simplicial group H Cosk⌊n,−∞⌋, fin; cf. Re-
marks 272, 277.

We consider the degenerate subgroup (H Cosk⌊n,−∞⌋, fin)Dn+1 ⩽ (H Cosk⌊n,−∞⌋, fin)n+1 ;
cf. Lemmas 286, 287.

We consider the simplicial subgroup (H Cosk⌊n,−∞⌋, fin)∨ ⩽ H Cosk⌊n,−∞⌋, fin; cf. Lem-
ma 295.
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We write
H Cond±,⌊n,−∞⌋ := (H Cosk⌊n,−∞⌋, fin)∨ .

So, for k ∈ Z, we have

(H Cond±,⌊n,−∞⌋)k =
⋂

a∈∆± ([n+1]±,[k]±)
a is injective

(H Cosk⌊n,−∞⌋,fin)−1
a

(
(H Cosk⌊n,−∞⌋, fin)Dn+1

)

=


(H Cosk⌊n,−∞⌋, fin)k if k ∈ Z⩽n

(H Cosk⌊n,−∞⌋, fin)Dn+1 if k = n+ 1⋂
a∈∆± ([n+1]±,[k]±)

a is injective

(H Cosk⌊n,−∞⌋, fin)−1
a

(
(H Cosk⌊n,−∞⌋, fin)Dn+1

)
if k ∈ Z⩾n+2 .

So, given [k]±
u−→ [ℓ]± in ∆± , we have

(H Cond±,⌊n,−∞⌋)u : (H Cond±,⌊n,−∞⌋)ℓ → (H Cond±,⌊n,−∞⌋)k

(ha)a∈∆± ([n]±,[ℓ]±) 7→ (hb▲u)b∈∆± ([n]±,[k]±) .

In particular, for k ∈ Z and i ∈ Z⩾0 , we have the face maps and the degeneracy maps

dH Cond±,⌊n,−∞⌋,k
j : (H Cond±,⌊n,−∞⌋)k → (H Cond±,⌊n,−∞⌋)k−1

(ha)a∈∆± ([n]±,[k]±) 7→
(
(ha)a∈∆± ([n]±,[k]±)

)
dH Cond±,⌊n,−∞⌋,k
j = (hb▲δ

±,k
j

)b∈∆± ([n]±,[k−1]±)

sH Cond±,⌊n,−∞⌋,k
i : (H Cond±,⌊n,−∞⌋)k → (H Cond±,⌊n,−∞⌋)k+1

(ha)a∈∆± ([n]±,[k]±) 7→
(
(ha)a∈∆± ([n]±,[k]±)

)
sH Cond±,⌊n,−∞⌋,k
i = (hb▲σ

±,k
i

)b∈∆± ([n]±,[k+1]±) .

We often write H Cond⌊n,−∞⌋ := H Cond±,⌊n,−∞⌋ .

(2) Suppose given ⌊n,−∞⌋-stable simplicial groups G, H; cf. Definition 232.

Suppose given a stable simplicial group morphism φ : G→ H.

From (1), we consider the stable simplicial groups

GCond±,⌊n,−∞⌋ = (GCosk⌊n,−∞⌋, fin)∨ and H Cond±,⌊n,−∞⌋ = (H Cosk⌊n,−∞⌋, fin)∨.

From Lemma 296, we consider the stable simplicial group morphism

(φCosk⌊n,−∞⌋, fin)∨ : (GCosk⌊n,−∞⌋, fin)∨ → (H Cosk⌊n,−∞⌋, fin)∨ .
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We write

φCond±,⌊n,−∞⌋ := (φCosk⌊n,−∞⌋, fin)∨ : GCond⌊n,−∞⌋ → H Cond⌊n,−∞⌋ .

Suppose given k ∈ Z and suppose given (ga)a∈∆± ([n]±,[k]±) ∈ (GCond⌊n,−∞⌋)k .

Then we have(
(ga)a

)
(φCond±,⌊n,−∞⌋)k =

(
(ga)a

)
(φCosk⌊n,−∞⌋, fin)∨k =

(
(ga)a

)
(φCosk⌊n,−∞⌋, fin)k

267
= (gaφn)a .

So, for k ∈ Z, we have

(φCond±,⌊n,−∞⌋)k : (GCond±,⌊n,−∞⌋)k → (H Cond±,⌊n,−∞⌋)k

(ga)a∈∆± ([n]±,[k]±) 7→ (gaφn)a∈∆± ([n]±,[k]±) .

Often, we also write φCond⌊n,−∞⌋ := φCond±,⌊n,−∞⌋ .

Lemma 298 (The Conduché functor Cond±,⌊n,−∞⌋)

We have the Conduché functor

Cond±,⌊n,−∞⌋ : ⌊n,−∞⌋-StSimpGrp → StSimpGrp ,(
G

φ−→H
)
7→

(
GCond±,⌊n,−∞⌋ φCond±,⌊n,−∞⌋

−−−−−−−−−→ H Cond±,⌊n,−∞⌋ ) ;
cf. Remark 297.(1, 2).

We often write Cond⌊n,−∞⌋ := Cond±,⌊n,−∞⌋ provided that there is no risk of confusion with
the functor Cond⌊n,0⌋ : ⌊n, 0⌋-SimpGrp → SimpGrp; cf. Lemma 126.

Proof. Suppose given G ∈ Ob
(
⌊n,−∞⌋-StSimpGrp

)
.

Let k ∈ Z. Suppose given (ga)a∈∆± ([n]±,[k]±) ∈ (GCond⌊n,−∞⌋)k .

We have

(ga)a∈∆± ([n]±,[k]±)

(
(idG) Cond

⌊n,−∞⌋ )
k
= (ga idGn)a∈∆± ([n]±,[k]±) = (ga)a∈∆± ([n]±,[k]±) .

This shows that
(
(idG) Cond

⌊n,−∞⌋ )
k
= id(GCond⌊n,−∞⌋)k

.

So we have (idG) Cond
⌊n,−∞⌋ = idGCond⌊n,−∞⌋ .

Suppose given G
φ−→ G̃

φ̃−→ ˜̃G in ⌊n,−∞⌋-StSimpGrp.
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Let k ∈ Z. Suppose given (ga)a∈∆± ([n]±,[k]±) ∈ (GCond⌊n,−∞⌋)k .

We have

(ga)a
(
(φ ▲ φ̃) Cond⌊n,−∞⌋ )

k
=
(
ga(φ ▲ φ̃)n

)
=
(
ga(φn ▲ φ̃n)

)
a

=
(
(gaφn)φ̃n

)
a

= (gaφn)a(φ̃Cond⌊n,−∞⌋)k

= (ga)a
(
(φCond⌊n,−∞⌋)k ▲ (φ̃Cond⌊n,−∞⌋)k

)
.

This shows that
(
(φ ▲ φ̃) Cond⌊n,−∞⌋ )

k
= (φCond⌊n,−∞⌋)k ▲ (φ̃Cond⌊n,−∞⌋)k .

So we have (φ ▲ φ̃) Cond⌊n,−∞⌋ = φCond⌊n,−∞⌋
▲ φ̃Cond⌊n,−∞⌋ .

Remark 299 Suppose given an ⌊n,−∞⌋-stable simplicial group H; cf. Definition 232.

We consider the stable simplicial group H Cond⌊n,−∞⌋; cf. Remark 297.(1).

For k ∈ Z⩾n+1 , we have
(H Cond⌊n,−∞⌋)Nk = 1 ;

cf. Definition 198.(2).

Proof. Suppose given k ∈ Z⩾n+1 .

Case k = n+ 1.

Suppose given h ∈ (H Cond⌊n,−∞⌋)Nn+1 ⩽ (H Cond⌊n,−∞⌋)n+1
297.(1)
= (H Cosk⌊n,−∞⌋, fin)Dn+1 .

We choose some ℓ ∈ Z⩾1 such that h ∈ (H Cond⌊n,−∞⌋)n+1;Z⩾ℓ
. Then we have

h =
∏

i∈⌊ℓ−2,0⌋

xi+1 s
H,n
i =

( ∏
i∈⌊ℓ−2,0⌋

xi+1 s
H,n
i

)
· 1 ,

where xj ∈ (H Cond⌊n,−∞⌋)n;Z⩾j
for j ∈ [1, ℓ − 1] and where 1 ∈ (H Cond⌊n,0⌋)Nn+1 ; cf.

Lemma 286.

Moreover, since h ∈ (H Cond⌊n,−∞⌋)Nn+1 , we have

h = 1 · h =
( ∏
i∈⌊ℓ−2,0⌋

1sH,ni

)
· h .

Then, by Lemma 283.(2), we have xj = 1 for j ∈ [1, ℓ− 1] and we have 1 = h.
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This shows that (H Cond⌊n,−∞⌋)Nn+1 = 1.

Case k ⩾ n+ 2 . We have

H Cond⌊n,−∞⌋
297.(1)

⩽ H Cosk⌊n,−∞⌋, fin 267

⩽ H Cosk⌊n,−∞⌋ .

So
(H Cond⌊n,−∞⌋)Nk ⩽ (H Cosk⌊n,−∞⌋)Nk

266
= 1 .

This shows that (H Cond⌊n,−∞⌋)Nk = 1 for k ∈ Z⩾n+2 .

14.3 The adjunction Trunc±,⌊n,−∞⌋ ⊣ Cond±,⌊n,−∞⌋

Let n ∈ Z.

Remark 300 Recall that we have ⌊n,−∞⌋-StSimpGrp ⊆ Pre-⌊n,−∞⌋-PreStSimpGrp as a
full subcategory; cf. Definition 232.

Let In : ⌊n,−∞⌋-StSimpGrp → Pre-⌊n,−∞⌋-PreStSimpGrp be the embedding functor.

(1) We consider the functor Cut⌊n,−∞⌋, fin : StSimpGrp → Pre-⌊n,−∞⌋-PreStSimpGrp; cf.
Remark 261.

For a stable simplicial group G, recall that (GCut⌊n,−∞⌋,fin)k = Gk for k ∈ Z⩽n .

We consider the functor Trunc⌊n,−∞⌋ : StSimpGrp → ⌊n,−∞⌋-StSimpGrp; cf. Lemma 292.

For a stable simplicial group G, recall that

(GTrunc⌊n,−∞⌋)k =

{
Gk for k ∈ Z⩽n−1

Gn/GNBn for k = n ;

cf. Lemma 290.(2).

We have the transformation

ρ =
(
GCut⌊n,−∞⌋, fin Gρ−→GTrunc⌊n,−∞⌋ )

G∈Ob(StSimpGrp) : Cut⌊n,−∞⌋,fin → Trunc⌊n,−∞⌋ ∗ In ,

where the pre-⌊n,−∞⌋-prestable simplicial group morphism

Gρ : GCut⌊n,−∞⌋,fin → GTrunc⌊n,−∞⌋
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is given as follows. For k ∈ Z⩽n−1 , we have

(Gρ)k := idGk
: Gk → Gk .

Moreover, we have

(Gρ)n : Gn → Gn/GNBn , g 7→ g(Gρ)n := gGNBn .

(2) We consider the functors

Cond⌊n,−∞⌋ : ⌊n,−∞⌋-StSimpGrp → StSimpGrp; cf. Lemma 298

Cosk⌊n,−∞⌋, fin : Pre-⌊n,−∞⌋-PreStSimpGrp → StSimpGrp; cf. Remark 267 .

For an ⌊n,−∞⌋-stable simplicial group H, recall that H Cond⌊n,−∞⌋ ⩽ H Cosk⌊n,−∞⌋, fin .
Cf. Remark 297.(1).

We have the transformation

ι =
(
H Cond⌊n,−∞⌋ Hι−→H Cosk⌊n,−∞⌋, fin )

H∈Ob(⌊n,−∞⌋-StSimpGrp) : Cond⌊n,−∞⌋ → In ∗Cosk⌊n,−∞⌋, fin ,

where the simplicial group morphism Hι : H Cond⌊n,−∞⌋ → H Cosk⌊n,−∞⌋, fin is given
as follows.

For k ∈ Z, we have the embedding group morphism

(Hι)k : (H Cond⌊n,−∞⌋)k → (H Cosk⌊n,−∞⌋,fin)k , (ha)a∈∆± ([n]±,[k]±) 7→ (ha)a∈∆± ([n]±,[k]±) .

Note that we have (Hι)k = id(H Cosk⌊n,−∞⌋, fin)k
for k ∈ Z⩽n; cf. Remark 297.(1).

(3) Suppose given a stable simplicial group G and suppose given an ⌊n,−∞⌋-stable sim-
plicial group H; cf. Definitions 205, 232.

Suppose given a stable simplicial group morphism c : G→ H Cosk⌊n,−∞⌋, fin .

Suppose that we have (Gn+1)cn+1 ⩽ (H Cosk⌊n,−∞⌋, fin)Dn+1 .

Then we have the stable simplicial group morphism

c∨ := c
∣∣HCond⌊n,−∞⌋

: G→ H Cond⌊n,−∞⌋ ;

cf. Remark 190.

Moreover, we have c∨ ▲Hι = c : G→ H Cosk⌊n,−∞⌋, fin ; cf. (2).
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(4) Suppose given a stable simplicial group G and suppose given an ⌊n,−∞⌋-simplicial
group H; cf. Definitions 30, 232.

Suppose given a pre-⌊n,−∞⌋-prestable simplicial group morphism

b : GCut⌊n,−∞⌋, fin → H .

Suppose that we have (GNBn)bn = 1.

Then we have the ⌊n,−∞⌋-stable simplicial group morphism

b∧ : GTrunc⌊n,−∞⌋ → H ,

where
b∧k := bk : Gk → Hk

for k ∈ Z⩽n−1 , and where

b∧n : Gn/GNBn → Hn , gGNBn 7→ (gGNBn) b
∧
n := gbn .

Moreover, we have b = Gρ ▲ b∧ : GCut⌊n,−∞⌋, fin → H ; cf. (1).

Proof. Ad (1). Suppose given a stable simplicial group G.

We show that Gρ =
(
(Gρ)k

)
k∈Z⩽n

is a pre-⌊n,−∞⌋-prestable simplicial group morphism.

To that end, we use Lemma 255.

It suffices to show that

(Gρ)n ▲ dGTrunc⌊n,−∞⌋,n
i

!
= dGCut⌊n,−∞⌋, fin,n

i ▲ (Gρ)n−1

and that
(Gρ)n−1 ▲ sGTrunc⌊n,−∞⌋,n−1

i
!
= sGCut⌊n,−∞⌋, fin,n−1

i ▲ (Gρ)n

for i ∈ Z⩾0 ; cf. Lemma 290.(2).

Suppose given i ∈ Z⩾0 . For g ∈ Gn , we have

g
(
(Gρ)n ▲ dGTrunc⌊n,−∞⌋,n

j

)
= (gGNBn)d

GTrunc⌊n,−∞⌋,n
j

290
= gdG,nj

261
= (gdGCut⌊n,−∞⌋, fin,n

j ) idGn−1

= g
(
dGCut⌊n,−∞⌋, fin, n
j ▲ (Gρ)n−1

)
.

This shows that (Gρ)n ▲ dGTrunc⌊n,−∞⌋,n
j = dGCut⌊n,−∞⌋, fin,n

j ▲ (Gρ)n−1 .
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Suppose given i ∈ Z⩾0 . For g ∈ Gn , we have

g
(
(Gρ)n−1 ▲ sGTrunc⌊n,−∞⌋,n−1

i

)
= (g(idGn−1)s

GTrunc⌊n,−∞⌋,n−1
i )

290
= (gsG,n−1

i )GNBn
261
= (gsGCut⌊n,−∞⌋, fin,n−1

i )(Gρ)n

= g
(
sGCut⌊n,−∞⌋, fin,n−1
i ▲ (Gρ)n

)
.

This shows that (Gρ)n−1 ▲ sGTrunc⌊n,−∞⌋,n−1
i = sGCut⌊n,−∞⌋, fin,n−1

i ▲ (Gρ)n .

So, by Lemma 255, Gρ is a pre-⌊n,−∞⌋-prestable simplicial group morphism.

We show that ρ is a transformation from Cut⌊n,−∞⌋, fin to Trunc⌊n,−∞⌋ ∗ In .
Suppose given a stable simplicial group morphism φ : G→ G̃.

We have to show that Gρ ▲φTrunc⌊n,−∞⌋ !
= φCut⌊n,−∞⌋,fin

▲ G̃ρ .

GCut⌊n,−∞⌋, fin GTrunc⌊n,−∞⌋

G̃Cut⌊n,−∞⌋, fin G̃Trunc⌊n,−∞⌋

Gρ

φCut⌊n,−∞⌋, fin

G̃ρ

φTrunc⌊n,−∞⌋

Suppose given k ∈ Z⩽n .

Case k ∈ Z⩽n−1 . For g ∈ (GCut⌊n,−∞⌋,fin)k = Gk , we have

g
(
(Gρ)k ▲ (φTrunc⌊n,−∞⌋)k

)
= g(φTrunc⌊n,−∞⌋)k

291.(1)
= gφk = (gφk)(G̃ρ)k

261
= g

(
(φCut⌊n,−∞⌋,fin)k ▲ (G̃ρ)k

)
.

Case k = n. For g ∈ (GCut⌊n,−∞⌋, fin)n = Gn , we have

g
(
(Gρ)n ▲ (φTrunc⌊n,−∞⌋)n

)
= (gGNBn)(φTrunc⌊n,−∞⌋)n

291.(1)
= (gφn)G̃NBn

= (gφn)(G̃ρ)n
261
= g

(
(φCut⌊n,−∞⌋,fin)n ▲ (G̃ρ)n

)
.

This shows that Gρ ▲φTrunc⌊n,−∞⌋ = φCut⌊n,−∞⌋, fin
▲ G̃ρ .

So ρ is a transformation.
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Ad (2). We show that ι is a transformation from Cond⌊n,−∞⌋ to In ∗ Cosk⌊n,−∞⌋, fin.

Suppose given an ⌊n,−∞⌋-stable simplicial group morphism ψ : H → H̃.

We have to show that Hι ▲ψCosk⌊n,−∞⌋, fin !
= ψCond⌊n,−∞⌋

▲ H̃ι .

H Cond⌊n,−∞⌋ H Cosk⌊n,−∞⌋,fin

H̃ Cond⌊n,−∞⌋ H̃ Cosk⌊n,−∞⌋,fin

Hι

ψCond⌊n,−∞⌋

H̃ι

ψCosk⌊n,−∞⌋, fin

Suppose given (ha)a∈∆± ([n]±,[k]±) ∈ (H Cond⌊n,−∞⌋)k . We have

(ha)a
(
(Hι)k ▲ (ψCosk⌊n,−∞⌋,fin)k

)
= (ha)a (ψCosk⌊n,−∞⌋, fin)k

297.(2)
= (ha)a (ψCond⌊n,−∞⌋)k

= (ha)a
(
(ψCond⌊n,−∞⌋)k ▲ (H̃ι)k

)
.

This shows that Hι ▲ψCosk⌊n,−∞⌋, fin = ψCond⌊n,−∞⌋
▲ H̃ι.

So ι is a transformation.

Ad (3). By Remark 190, it suffices to show that (Gk)ck
!

⩽ (H Cond⌊n,−∞⌋)k for k ∈ Z.
Let k ∈ Z. For a ∈ ∆±([n+ 1]±, [k]±) , we have

(Gk ck)(H Cosk⌊n,−∞⌋, fin)a = (GkGa)cn+1 ⩽ (Gn+1)cn+1 ⩽ (H Cosk⌊n,−∞⌋, fin)Dn+1 .

This shows that (Gk)ck ⩽ (H Cond⌊n,−∞⌋)k ; cf. Remark 297.

Then, by Remark 190, we have the stable simplicial group morphism

c∨ = c
∣∣HCond⌊n,−∞⌋

: G→ H Cond⌊n,−∞⌋ .

Let k ∈ Z. For g ∈ Gk , we have

g(c∨ ▲Hι)k = g
(
c∨k ▲ (Hι)k

)
= (gck)(Hι)k = gck .

This shows that (c∨ ▲Hι)k = ck .

So we have c∨ ▲Hι = c.

Ad (4). The group morphism b∧n : Gn/GNBn → Hn , (gbn)GNBn 7→ gbn is well-defined since
we have (GNBn)bn = 1 .
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We use Lemma 255 to show that b∧ = (b∧k )k∈Z⩽n
is a pre-⌊n,−∞⌋-prestable simplicial group

morphism.

It suffices to shows that

b∧n ▲ dH,ni
!
= dGTrunc⌊n,−∞⌋,n

i ▲ b∧n−1

and that

b∧n−1 ▲ sH,n−1
i

!
= sGTrunc⌊n,−∞⌋,n−1

i ▲ b∧n

for i ∈ Z⩾0 ; cf. Lemma 290.(2).

Suppose given i ∈ Z⩾0 . For gGNBn ∈ Gn/GNBn , we have

gGNBn(b
∧
n ▲ dH,ni ) = (gbn)d

H,n
i = (gdGCut⌊n,−∞⌋, fin,n

i )bn−1 = (gdG,ni )bn−1

290
=

(
(gGNBn)d

GTrunc⌊n,−∞⌋,n
i

)
bn−1 = gGNBn(d

GTrunc⌊n,−∞⌋,n
i ▲ b∧n−1) .

This shows that b∧n ▲ dH,ni = dGTrunc⌊n,−∞⌋,n
i ▲ b∧n−1 .

For g ∈ Gn−1 , we have

g(b∧n−1 ▲ sH,n−1
i ) = (gbn−1)s

H,n−1
i

261
= (gsGCut⌊n,−∞⌋, fin,n−1

i )bn = (gsG,n−1
i )bn =

(
(gsG,n−1

i )GNBn
)
b∧n

290
= g(sGTrunc⌊n,−∞⌋,n−1

i ▲ b∧n) .

This shows that b∧n−1 ▲ sH,n−1
i = sGTrunc⌊n,−∞⌋,n−1

i ▲ b∧n .

Then, by Lemma 255, b∧ : GTrunc⌊n,−∞⌋ → H is a pre-⌊n,−∞⌋-prestable simplicial group
morphism.

Let k ∈ Z⩽n−1 . For g ∈ Gk , we have

g(Gρ ▲ b∧)k = g
(
(Gρ)k ▲ b∧k

)
= (g idGk

)bk = gbk .

Let k = n. For g ∈ Gn , we have

g(Gρ ▲ b∧)n = g
(
(Gρ)n ▲ b∧n

)
= (gGNBn)b

∧
n = gbn .

This shows that (Gρ ▲ b∧)k = bk for k ∈ Z⩽n .

So we have Gρ ▲ b∧ = b.
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Lemma 301 Suppose given G ∈ Ob
(
StSimpGrp

)
and H ∈ Ob

(
⌊n,−∞⌋-StSimpGrp

)
.

We consider the following functors.

Cut⌊n,−∞⌋, fin : StSimpGrp → Pre-⌊n,−∞⌋-PreStSimpGrp; cf. Remark 261

Cosk⌊n,−∞⌋, fin : Pre-⌊n,−∞⌋-PreStSimpGrp → StSimpGrp; cf. Remark 267

Trunc⌊n,−∞⌋ : StSimpGrp → ⌊n,−∞⌋-StSimpGrp; cf. Lemma 292

Cond⌊n,−∞⌋ : ⌊n,−∞⌋-StSimpGrp → StSimpGrp; cf. Lemma 298

StSimpGrp Pre-⌊n,−∞⌋-PreStSimpGrp

⌊n,−∞⌋-StSimpGrp

Cut⌊n,−∞⌋, fin

Cosk⌊n,−∞⌋, fin

Trunc⌊n,−∞⌋ Cond⌊n,−∞⌋

We consider the adjunction bijection concerning Cut⌊n,−∞⌋, fin ⊣ Cosk⌊n,−∞⌋, fin from Re-
mark 272,

αG,H : Pre-⌊n,−∞⌋-PreStSimpGrp
(
GCut⌊n,−∞⌋,fin, H

) ∼↔ StSimpGrp
(
G, H Cosk⌊n,−∞⌋, fin ) .

We consider the pre-⌊n,−∞⌋-prestable simplicial group morphism from Remark 300.(1),

Gρ : GCut⌊n,−∞⌋, fin → GTrunc⌊n,−∞⌋ .

We consider the simplicial group morphism from Remark 300.(2),

Hι : H Cond⌊n,−∞⌋ → H Cosk⌊n,−∞⌋,fin .

We have have the bijection

βG,H : ⌊n,−∞⌋-StSimpGrp
(
GTrunc⌊n,−∞⌋, H

) ∼→ StSimpGrp
(
G, H Cond⌊n,−∞⌋ )

given as follows.
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For an ⌊n,−∞⌋-stable simplicial group morphism φ : GTrunc⌊n,−∞⌋ → H, we have the stable
simplicial group morphism

φβG,H :=
(
(Gρ ▲ φ)αG,H

)∣∣HCond⌊n,−∞⌋
: G→ H Cond⌊n,−∞⌋ ,

where, for k ∈ Z, we have

(φβG,H)k : Gk → (H Cond⌊n,−∞⌋)k

g 7→ g(φβG,H)k = g
(
(Gρ ▲ φ)αG,H

)
k

272
=
((

(gGa)GNBn
)
φn

)
a∈∆± ([n]±,[k]±)

.

For a stable simplicial group morphism ψ : G→ H Cond⌊n,−∞⌋ , we have the ⌊n,−∞⌋-stable
simplicial group morphism

ψβ−
G,H : GTrunc⌊n,−∞⌋ → H ,

where, for k ∈ Z⩽n−1 , we have

(ψβ−
G,H)k :=

(
(ψ ▲Hι)α−

G,H

)
k
: Gk → Hk , g 7→ g

(
(ψ ▲Hι)α−

G,H

)
k
=: h̃ ,

such that (h̃Ha)a∈∆± ([n]±,[k]±) = gψk ; cf. Remark 272.

For k = n, we have

(ψβ−
G,H)n : Gn/GNBn → Hn

gGNBn 7→ (gGNBn)(ψβ
−
G,H)n := g

(
(ψ ▲Hι)α−

G,H

)
n
=: h̃ ,

such that (h̃Ha)a∈∆± ([n]±,[n]±) = gψn .

Moreover, the following diagram is commutative.

Pre-⌊n,−∞⌋-PreStSimpGrp
(
GCut⌊n,−∞⌋, fin, H

)
StSimpGrp

(
G, H Cosk⌊n,−∞⌋, fin )

⌊n,−∞⌋-StSimpGrp
(
GTrunc⌊n,−∞⌋, H

)
StSimpGrp

(
G, H Cond⌊n,−∞⌋ )

αG,H
∼

Gρ ▲ (−) (−) ▲Hι

∼
βG,H

So, for an ⌊n,−∞⌋-stable simplicial group morphism φ : GTrunc⌊n,−∞⌋ → H, we have

φβG,H ▲Hι = (Gρ ▲ φ)αG,H .

For a stable simplicial group morphism ψ : G→ H Cond⌊n,−∞⌋ , we have

Gρ ▲ ψβ−
G,H = (ψ ▲Hι)α−

G,H .
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Proof. We construct the map βG,H .

We consider the map

β̃G,H : ⌊n,−∞⌋-StSimpGrp
(
GTrunc⌊n,−∞⌋, H

)
→ StSimpGrp

(
G, H Cosk⌊n,−∞⌋, fin )(

GTrunc⌊n,−∞⌋ φ−→ H
)
7→ φβ̃G,H :=

(
G

(Gρ▲φ)αG,H−−−−−−−→ H Cosk⌊n,−∞⌋, fin ) .
Suppose given ℓ ∈ Z⩾0 . We write

π′
n+1,ℓ := πH Cosk⌊n,−∞⌋, fin

n+1,ℓ : (H Cosk⌊n,−∞⌋,fin)n+1;Z⩾ℓ
→ (H Cosk⌊n,−∞⌋,fin)Nn+1

∂
′
n+1 := ∂H Cosk⌊n,−∞⌋, fin

n+1 : (H Cosk⌊n,−∞⌋,fin)Nn+1 → (H Cosk⌊n,−∞⌋, fin)Nn

ι′ := ι(HCosk⌊n,−∞⌋, fin)Nn,(HCosk⌊n,−∞⌋, fin)n
: (H Cosk⌊n,−∞⌋, fin)Nn → (H Cosk⌊n,−∞⌋, fin)n ;

cf. Lemma 283.(3).

Suppose given
(
GTrunc⌊n,−∞⌋ φ−→ H

)
∈ ⌊n,−∞⌋-StSimpGrp

(
GTrunc⌊n,−∞⌋, H

)
.

We consider the stable simplicial group morphism φβ̃G,H = (Gρ ▲φ)αG,H : G→ H Cosk⌊n,−∞⌋, fin .

We write

(φβ̃G,H)n+1,ℓ := (φβ̃G,H)n+1

∣∣Hn+1; Z⩾ℓ

Gn+1; Z⩾ℓ
: Gn+1;Z⩾ℓ

→ (H Cosk⌊n,−∞⌋, fin)n+1;Z⩾ℓ
.

We show that the following diagram is commutative.

Gn+1; Z⩾ℓ
GNn+1 GNn Gn Hn

(H Cosk⌊n,−∞⌋, fin)n+1; Z⩾ℓ
(H Cosk⌊n,−∞⌋, fin)Nn+1 (H Cosk⌊n,−∞⌋, fin)Nn (H Cosk⌊n,−∞⌋, fin)n

πG
n+1,ℓ ∂Gn+1 ιGNn ,Gn (Gρ ▲φ)n

(φβ̃G,H)n+1,ℓ (φβ̃G,H)Nn+1 (φβ̃G,H)Nn (φβ̃G,H)n
(Hη)n

∼

π′
n+1,ℓ ∂

′
n+1

ι′

Note that πGn+1,ℓ and π
′
n+1,ℓ are just maps; cf. Lemma 283.(3). Concerning the group isomor-

phism (Hη)n ; cf. Lemma 268.

By Remark 289.(2), we have

πGn+1,ℓ ▲ (φβ̃G,H)Nn+1 = πGn+1,ℓ ▲ (φβ̃G,H)(I ∗ Nn+1)

= (φβ̃G,H)n+1 ▲ π′
n+1,ℓ : Gn+1;Z⩾ℓ

→ (H Cosk⌊n,−∞⌋, fin)Nn+1 .
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Moreover, we have

∂Gn+1 ▲ (φβ̃G,H)Nn = (φβ̃G,H)Nn+1 ▲ ∂′n+1 : GNn+1 → (H Cosk⌊n,−∞⌋, fin)Nn ,

and we have

ιGNn,Gn ▲ (φβ̃G,H)n = (φβ̃G,H)Nn ▲ ι′ : GNn → (H Cosk⌊n,−∞⌋,fin)n .

We consider the group isomorphism from Remark 274

(Hη)−n : Hn → (H Cosk⌊n,−∞⌋)n , h 7→ (hHa)a∈∆± ([n]±,[n]±) .

Suppose given g ∈ Gn . Note that for a ∈ ∆±
(
[n]±, [n]±

)
, we have

Ga ▲ (Gρ ▲φ)n = (Gρ)n ▲ (GTrunc⌊n,−∞⌋)a ▲φn = (Gρ ▲φ)n ▲Ha .

So we have

g(φβ̃G,H)n = g
(
(Gρ ▲φ)αG,H

)
n

272
=
(
(gGa)(Gρ ▲φ)n

)
a∈∆± ([n]±,[n]±)

=
(
g(Gρ ▲φ)n Ha

)
a∈∆± ([n]±,[n]±)

=
(
g(Gρ ▲φ)n

)
(Hη)−n = g

(
(Gρ ▲φ)n ▲ (Hη)−n

)
.

This shows that

(φβ̃G,H)n ▲ (Hη)n = (Gρ ▲φ)n .

Altogether, this shows that the diagram above is commutative.

We show that (Gn+1)(φβ̃G,H)n+1

!

⩽ (H Cosk⌊n,−∞⌋, fin)Dn+1 .

By Remark 280, it suffices to show that we have (Gn+1;Z⩾ℓ
)(φβ̃G,H)n+1

!

⩽ (H Cosk⌊n,−∞⌋, fin)Dn+1

for a given ℓ ∈ Z⩾0 .

Suppose given x ∈ Gn+1;Z⩾ℓ
.

We have to show that x(φβ̃G,H)n+1

!
∈ (H Cosk⌊n,−∞⌋, fin)Dn+1 .

Recall that we have xπGn+1,ℓ ∈ GNn+1 . So we have xπGn+1,ℓ d
G,n+1
0 ∈ GNBn .

So we have

(xπGn+1,ℓ d
G,n+1
0 )(Gρ)n = (xπGn+1,ℓ d

G,n+1
0 )GNBn = 1GNBn .
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We have (
x(φβ̃G,H)n+1

)
πH Cosk⌊n,−∞⌋, fin

n+1,ℓ dH Cosk⌊n,−∞⌋, fin,n+1
0

= x
(
(φβ̃G,H)n+1,ℓ ▲ π′

n+1,ℓ ▲ ∂
′

n+1 ▲ ι′
)

= x
(
πGn+1,ℓ ▲ ∂Gn+1 ▲ ιGNn,Gn ▲ (Gρ ▲φ)n ▲ (Hη)−n

)
= (xπGn+1,ℓ d

G,n+1
0 )(Gρ)n(φn ▲ (Hη)−n )

= 1GNBn
(
φn ▲ (Hη)−n

)
= 1 .

Recall that H Cosk⌊n,−∞⌋, fin is ⌊n,−∞⌋-coskeletal; cf. Remark 277.

Then, by Lemma 288.(3), we have x(φβ̃G,H)n+1 ∈ (H Cosk⌊n,−∞⌋, fin)Dn+1 .

This shows that (Gn+1)(φβ̃G,H)n+1 ⩽ (H Cosk⌊n,−∞⌋, fin)Dn+1 .

So, by Remark 300.(3), we have the stable simplicial group morphism

(φβ̃G,H)
∨ = (φβ̃G,H)

∣∣HCond⌊n,−∞⌋
: G→ H Cond⌊n,−∞⌋ ,

where
(φβ̃G,H)

∨
▲Hι = φβ̃G,H : G→ H Cosk⌊n,−∞⌋, fin .

Let

βG,H : ⌊n,−∞⌋-StSimpGrp
(
GTrunc⌊n,−∞⌋, H

)
→ StSimpGrp

(
G, H Cond⌊n,−∞⌋ ) , φ 7→ φβG,H := (φβ̃G,H)

∨ .

Then we have
φβG,H ▲Hι = φβ̃G,H = (Gρ ▲φ)αG,H .

We construct the map β−
G,H .

We consider the map

β̃#
G,H : StSimpGrp

(
G, H Cond⌊n,−∞⌋ ) → Pre-⌊n,−∞⌋-PreStSimpGrp

(
GCut⌊n,−∞⌋, fin, H

)
(
G

ψ−→ H Cond⌊n,−∞⌋ ) 7→ ψβ̃#
G,H :=

(
GCut⌊n,−∞⌋,fin (ψ ▲Hι)α−

G,H−−−−−−−→ H
)
.

Suppose given
(
G

ψ−→ H Cond⌊n,−∞⌋ ) ∈ StSimpGrp
(
G, H Cond⌊n,−∞⌋ ) .

We show that (GNBn)(ψβ̃
#
G,H)n

!
= 1.
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Suppose given x ∈ GNBn . Then we have x = ydG,n+1
0 = yd0 for some chosen y ∈ GNn+1 .

Note that yψn+1 ∈ (H Cond⌊n,−∞⌋)Nn+1
299
= 1 .

So we have

x(ψβ̃#
G,H)n = (yd0)

(
(ψ ▲Hι)α−

G,H

)
n

272
= (yd0)(ψ ▲Hι)n (Hη)n = (yd0)ψn (Hη)n

= (yψn+1)d0 (Hη)n = 1d0 (Hη)n = 1 .

This shows that (GNBn)(ψβ̃
#
G,H)n = 1.

So, by Remark 300.(4), we have the ⌊n,−∞⌋-stable simplicial group morphism

(ψβ̃#
G,H)

∧ : GTrunc⌊n,−∞⌋ → H ,

where, for k ∈ Z⩽n−1 , we have

(ψβ̃#
G,H)

∧
k := (ψβ̃#

G,H)k : Gk → Hk , g 7→ g(ψβ̃#
G,H)

∧
k = g(ψβ̃#

G,H)k

and where

(ψβ̃#
G,H)

∧
n : Gn/GNBn → Hn , gGNBn 7→ (gGNBn)(ψβ̃

#
G,H)

∧
n = g(ψβ̃#

G,H)n .

Moreover, we have

ψβ̃#
G,H = Gρ ▲ (ψβ̃#

G,H)
∧ : GCut⌊n,−∞⌋, fin → H .

Let

β#
G,H : StSimpGrp

(
G, H Cond⌊n,−∞⌋ )→ ⌊n,−∞⌋-StSimpGrp

(
GTrunc⌊n,−∞⌋ , H

)
, ψ 7→ ψβ#

G,H := (ψβ̃#
G,H)

∧ .

Then we have
(ψ ▲Hι)α−

G,H = ψβ̃#
G,H = Gρ ▲ (ψβ̃#

G,H)
∧ = Gρ ▲ψβ#

G,H .

We want to show that β#
G,H is the inverse bijection of βG,H .

We show that βG,H ▲ β#
G,H

!
= id.

Suppose given an ⌊n,−∞⌋-stable simplicial group morphism φ : GTrunc⌊n,−∞⌋ → H .

We have to show that φ(βG,H ▲ β#
G,H)

!
= φ .

If suffices to show that Gρ ▲

(
φ(βG,H ▲ β#

G,H)
) !
= Gρ ▲φ.
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We have

Gρ ▲

(
φ(βG,H ▲ β#

G,H)
)
= Gρ ▲ (φβG,H)β

#
G,H = (φβG,H ▲Hι)α−

G,H =
(
(Gρ ▲φ)αG,H

)
α−
G,H

= Gρ ▲φ .

So we have φ(βG,H ▲ β#
G,H) = φ.

This shows that βG,H ▲ β#
G,H = id.

We show that β#
G,H ▲ βG,H

!
= id.

Suppose given a stable simplicial group morphism ψ : G→ H Cond⌊n,−∞⌋ .

We have to show that ψ(β#
G,H ▲ βG,H)

!
= ψ .

If suffices to show that
(
ψ(β#

G,H ▲ βG,H)
)

▲Hι
!
= ψ ▲Hι.

We have(
ψ(β#

G,H ▲ βG,H)
)

▲Hι = (ψβ#
G,H)βG,H ▲Hι = (Gρ ▲ψβ#

G,H)αG,H =
(
(ψ ▲Hι)α−

G,H

)
αG,H

= ψ ▲Hι .

So we have ψ(β#
G,H ▲ βG,H) = ψ.

This shows that β#
G,H ▲ βG,H = id.

Altogether, this shows that βG,H is a bijection, where β−
G,H = β#

G,H .

Theorem 302 We have the isotransformation

β = (βG,H)(G,H)∈Ob(StSimpGrpop×⌊n,−∞⌋-StSimpGrp) :

⌊n,−∞⌋-StSimpGrp
(
(−) Trunc⌊n,−∞⌋, =

) ∼−→ StSimpGrp
(
−, (=)Cond⌊n,−∞⌋ ) ;

cf. Lemma 301.

In particular, we have Trunc⌊n,−∞⌋ ⊣ Cond⌊n,−∞⌋ ; cf. §1.1.3 item 10 and Remark 13.

StSimpGrp ⌊n,−∞⌋-StSimpGrp
Trunc±,⌊n,−∞⌋

⊢

Cond±,⌊n,−∞⌋

Proof. Suppose given
(
G

u←− G̃
)
in StSimpGrp and

(
H

v−→ H̃
)
in ⌊n,−∞⌋-StSimpGrp.

450



14.3. THE ADJUNCTION Trunc±,⌊n,−∞⌋ ⊣ Cond±,⌊n,−∞⌋

We have to show that the following diagram is commutative.

⌊n,−∞⌋-StSimpGrp
(
GTrunc⌊n,−∞⌋, H

)
StSimpGrp

(
G, H Cond⌊n,−∞⌋ )

⌊n,−∞⌋-StSimpGrp
(
G̃Trunc⌊n,−∞⌋, H̃

)
StSimpGrp

(
G̃, H̃ Cond⌊n,−∞⌋ )

βG,H
∼

uTrunc⌊n,−∞⌋
▲ (−) ▲ v u ▲ (−) ▲ vCond⌊n,−∞⌋

∼
βG̃,H̃

Suppose given
(
GTrunc⌊n,−∞⌋ φ−→H

)
∈ ⌊n,−∞⌋-StSimpGrp

(
GTrunc⌊n,−∞⌋, H

)
.

We have to show that (uTrunc⌊n,−∞⌋
▲φ ▲ v)βG̃,H̃

!
= u ▲φβG,H ▲ vCond⌊n,−∞⌋ .

Let k ∈ Z. Suppose given g̃ ∈ G̃k .

We have

g̃
(
(uTrunc⌊n,−∞⌋

▲φ ▲ v)βG̃,H̃
)
k

301
=
((

(g̃G̃a)G̃NBn
)
(uTrunc⌊n,−∞⌋

▲φ ▲ v)n

)
a∈∆± ([n]±,[k]±)

291
=
(((

(g̃G̃a)un
)
GNBn

)
φnvn

)
a∈∆± ([n]±,[k]±)

.

Moreover, we have

g̃(u ▲φβG,H ▲ vCond⌊n,−∞⌋)k =
(
(g̃uk)(φβG,H)k

)
(vCond⌊n,−∞⌋)k

301
=

(((
( (g̃uk)Ga)GNBn

)
φn

)
a∈∆± ([n]±,[k]±)

)
(vCond⌊n,−∞⌋)k

297.(2)
=

((
( (g̃uk)Ga)GNBn

)
φnvn

)
a∈∆± ([n]±,[k]±)

=
((

( (g̃G̃a)un)GNBn
)
φnvn

)
a∈∆± ([n]±,[k]±)

.

This shows that
(
(uTrunc⌊n,−∞⌋

▲φ ▲ v)βG̃,H̃
)
k
= (u ▲φβG,H ▲ vCond⌊n,−∞⌋)k .

So we have (uTrunc⌊n,−∞⌋
▲φ ▲ v)βG̃,H̃ = u ▲φβG,H ▲ vCond⌊n,−∞⌋ .

The claim can also be shown using the isotransformation α.
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Lemma 303 (The counit η̂)

(1) Suppose given an ⌊n,−∞⌋-stable simplicial group H; cf. Definition 232.

We consider the pre-⌊n,−∞⌋-prestable simplicial group morphisms

(H Cond⌊n,−∞⌋)ρ : H Cond⌊n,−∞⌋ Cut⌊n,−∞⌋, fin → H Cond⌊n,−∞⌋ Trunc⌊n,−∞⌋

and

(Hι) Cut⌊n,−∞⌋, fin : H Cond⌊n,−∞⌋ Cut⌊n,−∞⌋,fin → H Cosk⌊n,−∞⌋ Cut⌊n,−∞⌋, fin ;

cf. Remark 300.(1, 2).

We consider the isomorphism of pre-⌊n,−∞⌋-prestable simplicial groups

Hη : H Cosk⌊n,−∞⌋,finCut⌊n,−∞⌋, fin → H ;

cf. Remarks 273, 274.

We have that (H Cond⌊n,−∞⌋)ρ and (Hι) Cut⌊n,−∞⌋, fin are isomorphisms of pre-⌊n,−∞⌋-
prestable simplicial groups.

So we have the isomorphism of ⌊n,−∞⌋-stable simplicial groups(
(H Cond⌊n,−∞⌋)ρ

)−
▲ (Hι) Cut⌊n,−∞⌋, fin

▲Hη : H Cond⌊n,−∞⌋ Trunc⌊n,−∞⌋ → H ;

cf. Definition 232.

(2) A counit η̂ of the adjunction Trunc⌊n,−∞⌋ ⊣ Cond⌊n,−∞⌋ is given by

η̂ =
(
H Cond⌊n,−∞⌋ Trunc⌊n,−∞⌋ Hη̂−−→ H

)
H∈Ob(⌊n,−∞⌋-StSimpGrp) :

Cond⌊n,−∞⌋ ∗Trunc⌊n,−∞⌋ → id⌊n,−∞⌋-StSimpGrp ,

where

Hη̂ =
(
(H Cond⌊n,−∞⌋)ρ

)−
▲ (Hι) Cut⌊n,−∞⌋

▲Hη : H Cond⌊n,−∞⌋ Trunc⌊n,−∞⌋ → H

for H ∈ Ob
(
⌊n,−∞⌋-StSimpGrp

)
; cf. (1).

The counit η̂ is an isotransformation.
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H Cond⌊n,−∞⌋ Trunc⌊n,−∞⌋ H

H Cond⌊n,−∞⌋ Cut⌊n,−∞⌋ H Cosk⌊n,−∞⌋, finCut⌊n,−∞⌋, fin

Hη̂

∼

(H Cond⌊n,−∞⌋)ρ ≀ Hη≀

(Hι) Cut⌊n,−∞⌋, fin

∼

Proof. Ad (1). We show that

(H Cond⌊n,−∞⌋)ρ : H Cond⌊n,−∞⌋ Cut⌊n,−∞⌋,fin → H Cond⌊n,−∞⌋ Trunc⌊n,−∞⌋

is an isomorphism of pre-⌊n,−∞⌋-prestable simplicial groups. Cf. Remark 300.(1).

For k ∈ Z⩽n−1 , recall that we have
(
(H Cond⌊n,−∞⌋)ρ

)
k
= id(H Cond⌊n,−∞⌋)k

.

So it remains to show that(
(H Cond⌊n,−∞⌋)ρ

)
n
: (H Cond⌊n,−∞⌋)n → (H Cond⌊n,−∞⌋)n/(H Cond⌊n,−∞⌋)NBn

(ha)a∈∆± ([n]±,[n]±) 7→
(
(ha)a∈∆± ([n]±,[n]±)

)
(H Cond⌊n,−∞⌋)NBn

is a group isomorphism; cf. Remark 297.(1).

To that end, it suffices to show that (H Cond⌊n,−∞⌋)NBn
!
= 1.

We have

(H Cond⌊n,−∞⌋)NBn
257.(4)
=

(
(H Cond⌊n,−∞⌋)Nn+1

)
dH Cond⌊n,−∞⌋,n+1
0

299
= 1dH Cond⌊n,−∞⌋,n+1

0 = 1 .

So
(
(H Cond⌊n,−∞⌋)ρ

)
n
is a group isomorphism.

This shows that (H Cond⌊n,−∞⌋)ρ is an isomorphism of pre-⌊n,−∞⌋-prestable simplicial
groups.

We show that

(Hι) Cut⌊n,−∞⌋, fin : H Cond⌊n,−∞⌋ Cut⌊n,−∞⌋,fin → H Cosk⌊n,−∞⌋, finCut⌊n,−∞⌋, fin

is an isomorphism of pre-⌊n,−∞⌋-prestable simplicial groups. Cf. Remark 300.(2).

Let k ∈ Z⩽n . Recall that we have

(H Cond⌊n,−∞⌋ Cut⌊n,−∞⌋, fin)k
261
= (H Cond⌊n,−∞⌋)k

297.(1)
= (H Cosk⌊n,−∞⌋, fin)k

261
= (H Cosk⌊n,−∞⌋,finCut⌊n,−∞⌋, fin)k .
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Moreover, for (ha)a∈∆± ([n]±,[k]±) ∈ (H Cond⌊n,−∞⌋ Cut⌊n,−∞⌋, fin)k , note that we have(
(ha)a

)(
(Hι) Cut⌊n,−∞⌋, fin )

k

261
=
(
(ha)a

)
(Hι)k

300.(2)
= (ha)a .

So (
(Hι) Cut⌊n,−∞⌋, fin )

k
= (Hι)k : (H Cond⌊n,−∞⌋)k → (H Cosk⌊n,−∞⌋, fin)k

(ha)a∈∆± ([n]±,[k]±) 7→ (ha)a∈∆± ([n]±,[k]±)

is a group isomorphism.

Therefore (Hι) Cut⌊n,−∞⌋, fin is an isomorphism of pre-⌊n,−∞⌋-prestable simplicial groups.

Ad (2). For an ⌊n,−∞⌋-stable simplicial group H, we consider the bijective map from
Lemma 301,

βH Cond⌊n,−∞⌋,H : ⌊n,−∞⌋-StSimpGrp
(
H Cond⌊n,−∞⌋ Trunc⌊n,−∞⌋, H

)
∼−→ StSimpGrp(H Cond⌊n,−∞⌋, H Cond⌊n,−∞⌋) .

By Remark 15, we have that the counit η̂ : Cond⌊n,−∞⌋ ∗Trunc⌊n,−∞⌋ → id⌊n,−∞⌋-StSimpGrp of

Trunc⌊n,−∞⌋ ⊣ Cond⌊n,−∞⌋ with respect to β is obtained as

Hη̂ := (idH Cond⌊n,−∞⌋)β−
H Cond⌊n,−∞⌋,H

for H ∈ Ob
(
⌊n,−∞⌋-StSimpGrp

)
.

So, for H ∈ Ob
(
⌊n,−∞⌋-StSimpGrp

)
, we have to show that

(idH Cond⌊n,−∞⌋)β−
H Cond⌊n,−∞⌋,H

!
=
(
(H Cond⌊n,−∞⌋)ρ

)−
▲ (Hι) Cut⌊n,−∞⌋, fin

▲Hη .

Suppose given H ∈ Ob
(
⌊n,−∞⌋-StSimpGrp

)
.

Suppose given k ∈ Z⩽n and (ha)a∈∆± ([n]±,[k]±)∈(HCond⌊n,−∞⌋ Cut⌊n,−∞⌋, fin)k
261
= (HCond⌊n,−∞⌋)k .

We have (
(ha)a

)(
(H Cond⌊n,−∞⌋)ρ ▲ (idH Cond⌊n,−∞⌋)β−

H Cond⌊n,−∞⌋,H

)
k

301
=

(
(ha)a

)(
(idH Cond⌊n,−∞⌋ ▲Hι)α−

H Cond⌊n,−∞⌋,H

)
k
=: h̃ ∈ Hk

such that
(h̃Ha)a =

(
(ha)a

)(
id(H Cond⌊n,−∞⌋)k

▲ (Hι)k
)
= (ha)a ;

cf. Remark 272.
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Moreover, we have(
(ha)a

)(
(Hι) Cut⌊n,−∞⌋, fin

▲Hη
)
k

=
((

(ha)a
)(
(Hι) Cut⌊n,−∞⌋, fin )

k

)
(Hη)k

261
=

((
ha)a

)
(Hι)k

)
(Hη)k

300.(1)
=

(
(ha)a

)
(Hη)k =: ˜̃h ∈ Hk ,

such that (˜̃hHa)a = (ha)a ; cf. Remark 273.

We have

h̃(Hη)−k
274
= (h̃Ha)a∈∆± ([n]±,[k]±) = (ha)a∈∆± ([n]±,[k]±) = (˜̃hHa)a∈∆± ([n]±,[k]±)

274
= ˜̃h(Hη)−k .

This shows that h̃ = ˜̃h .

So
(
(H Cond⌊n,−∞⌋)ρ ▲ (idH Cond⌊n,−∞⌋)β−

H Cond⌊n,−∞⌋,H

)
k
=
(
(Hι) Cut⌊n,−∞⌋, fin

▲Hη
)
k
.

Therefore, we have(
(H Cond⌊n,−∞⌋)ρ

)−
▲ (Hι) Cut⌊n,−∞⌋, fin

▲Hη = (idH Cond⌊n,−∞⌋)β−
H Cond⌊n,−∞⌋,H

= Hη̂ .

By (1), Hη̂ is an isomorphism.

Remark 304 (The unit ε̂)

We consider the unit
ε : idPreStSimpGrp → Cut⌊n,−∞⌋ ∗Cosk⌊n,−∞⌋

of the adjunction Cut⌊n,−∞⌋ ⊣ Cosk⌊n,−∞⌋; cf. Lemma 269.

We consider the embedding functors

I : StSimpGrp → PreStSimpGrp; cf. Remark 209

In : ⌊n,−∞⌋-StSimpGrp → Pre-⌊n,−∞⌋-PreStSimpGrp; cf. Remark 300 .

We consider the transformation

ρ =
(
GCut⌊n,−∞⌋, fin Gρ−→GTrunc⌊n,−∞⌋ )

G∈Ob(StSimpGrp) : Cut⌊n,−∞⌋, fin → Trunc⌊n,−∞⌋ ∗ In ;

cf. Remark 300.(1).

Then, a unit ε̂ for Trunc⌊n,−∞⌋ ⊣ Cond⌊n,−∞⌋ is given by

ε̂ =
(
GTrunc⌊n,−∞⌋ Cond⌊n,−∞⌋ Gε̂−→G

)
G∈Ob(StSimpGrp) : idStSimpGrp → Trunc⌊n,−∞⌋ ∗Cond⌊n,−∞⌋ ,
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where, for G ∈ Ob
(
StSimpGrp

)
, we have

Gε̂ =
(
(GI)ε ▲ (Gρ) Cosk⌊n,−∞⌋ )∣∣GTrunc⌊n,−∞⌋ Cond⌊n,−∞⌋

: G→ GTrunc⌊n,−∞⌋ Cond⌊n,−∞⌋ .

So, for G ∈ Ob
(
StSimpGrp

)
and k ∈ Z, we have

(Gε̂)k : Gk → (GTrunc⌊n,−∞⌋ Cond⌊n,−∞⌋)k , g 7→
(
(gGa)GNBn

)
a∈∆± ([n]±,[k]±)

.

Proof. Recall from Remark 211 that we have the adjunction I ⊣ Φ via the adjunction bijec-
tion

γG,H : PreStSimpGrp(GI, H)
∼↔ StSimpGrp(G, HΦ)(

GI
φ−→H

)
7→

(
G

φ

∣∣HΦ

−−−→ HΦ
)(

GI
ψI ▲ ιHΦ,H−−−−−−→ H

)
←[

(
G

ψ−→HΦ
)

where G ∈ Ob
(
StSimpGrp

)
and H ∈ Ob

(
PreStSimpGrp

)
.

Recall from Remark 271 that we have the adjunction Cut⌊n,−∞⌋ ⊣ Cosk⌊n,−∞⌋ via the ad-
junction bijection

α̃G,H : Pre-⌊n,−∞⌋-PreStSimpGrp
(
GCut⌊n,−∞⌋, H

) ∼↔ PreStSimpGrp
(
G,H Cosk⌊n,−∞⌋ )

(
GCut⌊n,−∞⌋ φ−→H

)
7→

(
G

Gε ▲ φCosk⌊n,−∞⌋

−−−−−−−−−−→ H Cosk⌊n,−∞⌋ )(
GCut⌊n,−∞⌋ ψCut⌊n,−∞⌋

▲ Hη−−−−−−−−−−→ H
)
←[

(
G

ψ−→H Cosk⌊n,−∞⌋ ) ,
where G ∈ Ob

(
PreStSimpGrp

)
and H ∈ Ob

(
Pre-⌊n,−∞⌋-PreStSimpGrp

)
.

Recall from Remark 272 that

Cut⌊n,−∞⌋, fin = I ∗ Cut⌊n,−∞⌋ and that Cosk⌊n,−∞⌋, fin = Cosk⌊n,−∞⌋ ∗Φ

Moreover, recall that Cut⌊n,−∞⌋, fin ⊣ Cosk⌊n,−∞⌋, fin, and that we have a adjunction bijection

αG,H : Pre-⌊n,−∞⌋-PreStSimpGrp
(
GCut⌊n,−∞⌋,fin, H

) ∼↔ StSimpGrp
(
G, H Cosk⌊n,−∞⌋, fin ) ,

where G ∈ Ob
(
StSimpGrp

)
and H ∈ Ob

(
Pre-⌊n,−∞⌋-PreStSimpGrp

)
.

Then, for G ∈ Ob
(
StSimpGrp

)
, note that by Remark 16, we have

αG,GTrunc⌊n,−∞⌋ = α̃GI,GTrunc⌊n,−∞⌋ ▲ γG,GTrunc⌊n,−∞⌋ Cosk⌊n,−∞⌋ .
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By Remark 15, a unit of Trunc⌊n,−∞⌋ ⊣ Cond⌊n,−∞⌋ is given by ε̂, where

Gε̂
302
= (idGTrunc⌊n,−∞⌋)βG,GTrunc⌊n,−∞⌋

301
= (Gρ ▲ idGTrunc⌊n,−∞⌋)αG,GTrunc⌊n,−∞⌋

∣∣GTrunc⌊n,−∞⌋ Cond⌊n,−∞⌋

272
=

((
(GI)ε ▲ (Gρ) Cosk⌊n,−∞⌋ )∣∣GTrunc⌊n,−∞⌋ Cosk⌊n,−∞⌋, fin)∣∣∣GTrunc⌊n,−∞⌋ Cond⌊n,−∞⌋

=
(
(GI)ε ▲ (Gρ) Cosk⌊n,−∞⌋ )∣∣GTrunc⌊n,−∞⌋ Cond⌊n,−∞⌋

,

for G ∈ Ob
(
StSimpGrp

)
.

Moreover, for G ∈ Ob
(
StSimpGrp

)
, k ∈ Z and g ∈ Gk , we have

g(Gε̂)k = g
(
(Gρ)αG,GTrunc⌊n,−∞⌋

)
k

272
=
(
(gGa)(Gρ)n

)
a∈∆± ([n]±,[k]±)

300.(1)
=

(
(gGa)GNBn

)
a∈∆± ([n]±,[k]±)

.

Remark 305 We have the adjunction (Trunc⌊n,−∞⌋,Cond⌊n,−∞⌋, ε̂, η̂); cf. Lemma 303, Re-
mark 304.

Proof. Both ε̂ and η̂ are derived from the isotransformation β from Theorem 302 as in
Remark 15.

14.4 The Moore complex (H Cond±,⌊n,−∞⌋)N

Lemma 306 Let n ∈ Z.
Suppose given an ⌊n,−∞⌋-stable simplicial group H; cf. Definition 232.

We consider its Moore complex HN; cf. Lemma 258.(2).

We consider the stable simplicial group H Cond⌊n,−∞⌋; cf. Remark 297. We consider its
Moore complex (H Cond⌊n,−∞⌋)N; cf. Lemma 200.(2).

We consider the morphism of complexes in groups

(H Cond⌊n,−∞⌋)ψ : (H Cond⌊n,−∞⌋)N→ (H Cond⌊n,−∞⌋ Trunc⌊n,−∞⌋)N

from Lemma 293.(2). It is an isomorphism.
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We consider the isomorphism of ⌊n,−∞⌋-stable simplicial groups

Hη̂ : H Cond⌊n,−∞⌋ Trunc⌊n,−∞⌋ ∼−→H

from Lemma 303.(2).

We have the isomorphism of complexes in groups

φ := (H Cond⌊n,−∞⌋)ψ ▲ (Hη̂)N: (H Cond⌊n,−∞⌋)N
∼−→HN .

. . . 1 (H Cond⌊n,−∞⌋)Nn . . . (H Cond⌊n,−∞⌋)N0 (H Cond⌊n,−∞⌋)N−1 . . .

. . . 1 HNn . . . HN0 HN−1 . . .

! ! ∂n ∂1 ∂0 ∂−1

! ! ∂n ∂1 ∂0 ∂−1

! φn≀ φ0≀ φ−1≀

Proof. By Remark 299, we have (H Cond⌊n,−∞⌋)Nk = 1 for k ∈ Z⩾n+1 .

So, by Lemma 293.(4), we have that (H Cond⌊n,−∞⌋)ψ is an isomorphism of complexes in
groups.

Moreover, (Hη̂)N is isomorphism of complexes in groups, since Hη̂ is an isomorphism of
⌊n,−∞⌋-stable simplicial groups.

Therefore, φ = (H Cond⌊n,−∞⌋)ψ ▲ (Hη̂)N is an isomorphism of complexes in groups.
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Chapter 15

⌊n, 0⌋-stable simplicial groups

15.1 The category of ⌊n, 0⌋-stable simplicial groups

Let n ∈ Z⩾0 .

Definition 307 (⌊n, 0⌋-stable simplicial group)

We consider the category of ⌊n,−∞⌋-stable simplicial groups ⌊n,−∞⌋-StSimpGrp; cf. Defi-
nition 232.

We have the full subcategory ⌊n, 0⌋-StSimpGrp ⊆ ⌊n,−∞⌋-StSimpGrp where

Ob
(
⌊n, 0⌋-StSimpGrp

)
:=
{
G ∈ Ob

(
⌊n,−∞⌋-StSimpGrp

)
: Gi = 1 for i ∈ Z⩽−1

}
.

Gn Gn−1 . . . G0 1 . . .
dG,n
j dG,n−1

j dG,1
j dG,0

j dG,−1
j

sG,−2
isG,−1

isG,0
isG,n−2

isG,n−1
i

An object G ∈ Ob
(
⌊n, 0⌋-StSimpGrp

)
is called an ⌊n, 0⌋-stable simplicial group.

A morphism between ⌊n, 0⌋-stable simplicial groups is called an ⌊n, 0⌋-stable simplicial group
morphism.

We call ⌊n, 0⌋-StSimpGrp the category of ⌊n, 0⌋-stable simplicial groups.

Remark 308 An ⌊n, 0⌋-stable simplicial group G has the following properties.

(1) Suppose given k ∈ [1, n] and suppose given x ∈ Gk .
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There exists some ℓ ∈ Z⩾0 such that xdG,ki = 1 for i ∈ Z⩾ℓ .

(2) For subsets I, J ⊆ Z⩾0 with I ∪ J = Z⩾0 , we have[⋂
i∈I

ker dG,ni ,
⋂
j∈J

ker dG,nj

]
= 1 ;

cf. Remark 233.

(3) Using Remark 185, we have the following statements (i, ii, iii).

(i) We have

dG,k+1
j ▲ dG,ki = dG,k+1

i ▲ dG,kj−1

for k ∈ [1, n− 1] and i, j ∈ Z⩾0 with i < j.

(ii) We have

sG,k−1
i ▲ sG,kj = sG,k−1

j−1 ▲ sG,ki

for k ∈ [1, n− 1] and i, j ∈ Z⩾0 with i < j.

(iii) Suppose given k ∈ [0, n− 1]. For i, j ∈ Z⩾0 , we have

sG,ki ▲ dG,k+1
j =


dG,kj ▲ sG,k−1

i−1 if k ⩾ 1 and j < i

idGk
if k ⩾ 0 and j ∈ {i, i+ 1}

! if k = 0 and j ∈ Z⩾0\{i, i+ 1}
dG,kj−1 ▲ sG,k−1

i if k ⩾ 1 and j > i+ 1 .

Remark 309 Let n = 0. Suppose given a ⌊0, 0⌋-stable simplicial group G.

Then G0 is an abelian group.

Proof. Since G−1 = 1, we have dG,0j = ! : G0 → 1 for j ∈ Z⩾0 .

Let I = J = Z⩾0 .

Then, by the Conduché condition, we have

1 =
[⋂
i∈I

ker dG,0i ,
⋂
j∈J

ker dG,0j

]
=
[⋂
i∈I

ker ! ,
⋂
j∈J

ker !
]
= [G0 , G0] .

This shows that G0 is abelian.
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Remark 310 (⌊n, 0⌋-stable simplicial subgroups)

Suppose given an ⌊n, 0⌋-stable simplicial group G.

Let H ⩽ G be a ⌊n,−∞⌋-stable simplicial subgroup; cf. Definition 235.

Then H is an ⌊n, 0⌋-stable simplicial group, called an ⌊n, 0⌋-stable simplicial subgroup of G.

Proof. Let k ∈ Z⩽−1 . We have Hk ⩽ Gk = 1 . This shows that Hk = 1 .

So H is an ⌊n, 0⌋-stable simplicial group.

15.2 A construction of ⌊n, 0⌋-stable simplicial groups

Let n ∈ Z⩾1 .

Lemma 311 (Construction of an ⌊n, 0⌋-stable simplicial group)

For k ∈ [0, n], suppose given a group Gk .

For k ∈ [1, n] and j ∈ Z⩾0 , suppose given a group morphism d kj : Gk → Gk−1 .

For k ∈ [0, n− 1] and i ∈ Z⩾0 , suppose given a group morphism ski : Gk → Gk+1 .

Suppose that the properties (1, 2, 3) are satisfied.

(1) Suppose given k ∈ [1, n] and suppose given x ∈ Gk .

There exists some ℓ ∈ Z⩾0 such that xd kj = 1 for ∈ Z⩾ℓ .

(2) For subsets I, J ⊆ Z⩾0 with I ∪ J = Z⩾0 , we have[⋂
i∈I

ker dni ,
⋂
j∈J

ker dnj
]
= 1 .

(3) We have the following equations (i′, ii′, iii′).

(i′) We have

d k+1
j ▲ d ki = d k+1

i ▲ d kj−1

for k ∈ [1, n− 1] and i, j ∈ Z⩾0 with i < j.
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(ii′) We have

sk−1
i ▲ skj = sk−1

j−1 ▲ ski

for k ∈ [1, n− 1] and i, j ∈ Z⩾0 with i < j.

(iii′) We have

ski ▲ d k+1
j =


d kj ▲ sk−1

i−1 if k ⩾ 1 and j < i

idGk
if k ⩾ 0 and j ∈ {i, i+ 1}

! if k = 0 and j ∈ Z⩾0\{i, i+ 1}
d kj−1 ▲ sk−1

i if k ⩾ 1 and j > i+ 1

for k ∈ [0, n− 1] and i, j ∈ Z⩾0 .

Cf. also Remark 308.

Then we have a ⌊n, 0⌋-stable simplicial group G given as follows; cf. Definition 307.

For k ∈ Z⩽n , we have

[k]±G =

{
Gk if k ∈ [0, n]

1 if k ∈ Z⩽−1 .

For k ∈ Z⩽n , we have

dG,kj =

{
d kj if k ∈ [1, n]

! if k ∈ Z⩽0 .

For k ∈ Z⩽n−1 , we have

sG,ki =

{
ski if k ∈ [0, n− 1]

! if k ∈ Z⩽−1 .

Gn Gn−1 . . . G0 1 . . .
dn
j dn−1

j d1j ! !

!!s0isn−2
isn−1

i

Proof. We show that G is a pre-⌊n,−∞⌋-prestable simplicial group using Lemma 254.

To that end, we have to verify the properties (i, ii, iii) in Lemma 254 for

Gk :=

{
Gk for k ∈ [0, n]

1 for k ∈ Z⩽−1 ,
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d kj :=

{
d kj for k ∈ [1, n]

! for k ∈ Z⩽0 ,

ski :=

{
ski for k ∈ [0, n− 1]

! for k ∈ Z⩽−1 .

Ad (i). Suppose given k ∈ Z⩽n−1 and i, j ∈ Z⩾0 with i < j.

If k ⩽ 0, then we have

d k+1
j ▲ d ki = d k+1

j ▲ ! = ! = d k+1
i ▲ ! = d k+1

i ▲ d kj−1 .

If k ∈ [1, n− 1], then we have

d k+1
j ▲ d ki

(i′)
= d k+1

i ▲ d kj−1 .

This shows d k+1
j ▲ d ki = d k+1

i ▲ d kj−1 .

Ad (ii). Suppose given k ∈ Z⩽n−1 and i, j ∈ Z⩾0 with i < j.

If k ⩽ 0, then we have

sk−1
i ▲ skj = ! ▲ skj = ! = ! ▲ ski = sk−1

j−1 ▲ ski .

If k ∈ [1, n− 1], then we have

sk−1
i ▲ skj = sk−1

i ▲ skj
(ii′)
= sk−1

j−1 ▲ ski = sk−1
j−1 ▲ ski .

This shows sk−1
i ▲ skj = sk−1

j−1 ▲ ski .

Ad (iii). Suppose given k ∈ Z⩽n−1 and i, j ∈ Z⩾0 .

Case j < i. Note that j ∈ Z⩾0\{i, i+ 1}.
If k ⩽ −1, then we have

ski ▲ d k+1
j = ! ▲ ! = d kj ▲ sk−1

i−1 .

If k = 0, then we have

ski ▲ d k+1
j = s0i ▲ d 1

j

(iii′)
= ! = ! ▲ ! = d kj ▲ sk−1

i−1 .

If k ∈ [1, n− 1], then we have

ski ▲ d k+1
j

(iii′)
= d kj ▲ sk−1

i−1 .
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Case j ∈ {i, i+ 1}.
If k ⩽ −1, then we have

ski ▲ d k+1
j = ! ▲ ! = id1 = idGk

.

If k ∈ [0, n− 1], then we have

ski ▲ d k+1
j

(iii′)
= idGk

.

Case j > i+ 1. Note that j ∈ Z⩾0\{i, i+ 1}.
If k ⩽ −1, then we have

ski ▲ d k+1
j = ! ▲ ! = d kj−1 ▲ sk−1

i .

If k = 0, then we have

sG,ki ▲ d k+1
j = s0i ▲ d 1

j

(iii′)
= ! = ! ▲ ! = d kj−1 ▲ sk−1

i .

If k ∈ [1, n− 1], then we have

ski ▲ d k+1
j

(iii′)
= d kj−1 ▲ sk−1

i .

This shows

sG,ki ▲ dG,k+1
j =


dG,kj ▲ sG,k−1

i−1 if j < i

idGk
if j = i or j = i+ 1

dG,kj−1 ▲ sG,k−1
i if j > i+ 1 .

So, by Lemma 254, we have the pre-⌊n,−∞⌋-prestable simplicial group G as stated.

We show that G is an ⌊n,−∞⌋-stable simplicial group.

We show that G satisfies the finiteness condition.

Suppose given k ∈ Z⩽n .

Case k ⩽ 0. Suppose given g ∈ Gk. Then we have gdG,kj ∈ Gk−1 = 1 for j ∈ Z⩾0 .

Case k ∈ [1, n]. Suppose given g ∈ Gk. Then, by (1), there exists some ℓ ∈ Z⩾0 such that
gdG,kj = gd kj = 1 for j ∈ Z⩾ℓ .

We show that G satisfies the Conduché condition.

Suppose given cofinite subsets I, J ⊆ Z⩾0 with I ∪ J = Z⩾0 .
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Inc±,⌊n,0⌋ : ⌊n, 0⌋-StSimpGrp → ⌊n,−∞⌋-StSimpGrp

Then, by (2), we have

[⋂
i∈I

ker dG,ni ,
⋂
j∈J

ker dG,nj

]
=
[⋂
i∈I

ker dni ,
⋂
j∈J

ker dnj
]
= 1 .

We show that G is an ⌊n, 0⌋-stable simplicial group.

Since we have Gk = 1 for k ∈ Z⩽−1 , we have that G is a ⌊n, 0⌋-stable simplicial group; cf.
Definition 307.

15.3 The inclusion functor

Inc±,⌊n,0⌋ : ⌊n, 0⌋-StSimpGrp → ⌊n,−∞⌋-StSimpGrp

Let n ∈ Z⩾0 .

Remark 312 (The inclusion functor Inc±,⌊n,0⌋)

We consider the category ⌊n,−∞⌋-StSimpGrp; cf. Definition 226.

We consider the subcategory ⌊n, 0⌋-StSimpGrp ⊆ ⌊n,−∞⌋-StSimpGrp; cf. Definition 307.

We have the inclusion functor

Inc±,⌊n,0⌋ : ⌊n, 0⌋-StSimpGrp → ⌊n,−∞⌋-StSimpGrp ,
(
G

φ−→H
)
7→
(
G

φ−→H
)
.

We often write Inc⌊n,0⌋ := Inc±,⌊n,0⌋.

Remark 313 For an ⌊n, 0⌋-stable simplicial group G, note that we have

(G Inc⌊n,0⌋)πk = Gπk

for k ∈ Z⩽n ; cf. Lemma 258.(2).

In particular, we have (G Inc⌊n,0⌋)πk = 1 for k ∈ Z⩽−1 .

465



CHAPTER 15. ⌊n, 0⌋-STABLE SIMPLICIAL GROUPS

15.4 The shrinking functor

Shrink±,⌊n,0⌋ : ⌊n,−∞⌋-StSimpGrp → ⌊n, 0⌋-StSimpGrp

Let n ∈ Z⩾0 .

Remark 314 (The ⌊n, 0⌋-stable simplicial group G Shrink±,⌊n,0⌋)

Suppose given an ⌊n,−∞⌋-stable simplicial group G; cf. Definition 232.

For k ∈ Z⩽n , let Ak :=
{
a ∈ ∆±

(
[−1]±, [k]±

)
: a is injective

}
.

(1) We have the ⌊n,−∞⌋-stable simplicial subgroup G Shrink±,⌊n,0⌋ ⩽ G, where

(G Shrink±,⌊n,0⌋)k :=


⋂

a∈Ak

kerGa for k ∈ [0, n]

1 for k ∈ Z⩽−1 ;

cf. Definition 235.

(2) We have that G Shrink±,⌊n,0⌋ is an ⌊n, 0⌋-stable simplicial group; cf. Definition 307.

We often write G Shrink⌊n,0⌋ := G Shrink±,⌊n,0⌋.

Proof. Ad (1). We use Remark 236 to show that G Shrink⌊n,0⌋ is an ⌊n,−∞⌋-stable simplicial
subgroup of G.

Note that (G Shrink⌊n,0⌋)k ⩽ Gk for k ∈ [0, n], and that 1 ⩽ Gk for k ∈ Z⩽−1 .

Suppose given k ∈ Z⩽n and j ∈ Z⩾0 . We show that
(
(G Shrink⌊n,0⌋)k

)
dG,kj

!

⩽ (G Shrink⌊n,0⌋)k−1 .

We may assume that k ∈ [0, n].

Suppose given g ∈ (G Shrink⌊n,0⌋)k and suppose given
(
[−1]± b−→ [k − 1]±

)
∈ Ak−1 .

Then the map b ▲ δ±,k−1
j : [−1]± → [k]± is injective and so b ▲ δ±,k−1

j ∈ Ak .
Therefore, we have

(gdG,kj )Gb = (gGδj)Gb = gGb▲δj = 1 .

If k ∈ [1, n− 1], this shows that gdG,kj ∈ (G Shrink⌊n,0⌋)k−1 .

If k = 0, then b = id[−1]± and so this shows gdG,kj = 1 ∈ 1 = (G Shrink⌊n,0⌋)−1 .

Suppose given k ∈ Z⩽n−1 and i ∈ Z⩾0 . We show that
(
(G Shrink⌊n,0⌋)k

)
sG,ki

!

⩽ (G Shrink⌊n,0⌋)k+1 .
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Shrink±,⌊n,0⌋ : ⌊n,−∞⌋-StSimpGrp → ⌊n, 0⌋-StSimpGrp

We may assume that k ∈ [0, n− 1].

Suppose given g ∈ (G Shrink⌊n,0⌋)k and suppose given
(
[−1]± b−→ [k + 1]±

)
∈ Ak+1 .

We consider the map b ▲σ±,k
i : [−1]± → [k]± .

Let Cb := {j ∈ Z⩾0 : (j, k + 1) ̸∈ im b}. Let ℓ := |Cb|. We write Cb =: {j1 , j2 , . . ., jℓ}, where
0 ⩽ j1 < j2 < . . . < jℓ .

By Remark 234.(1), since b : [−1]± → [k + 1]± is injective, we have

b =
[−1]±∏[k+1]±

r∈⌈1,k+2⌉

δ±,r−1
jr

= δ±,0j1
▲ . . . ▲ δ±,k+1

jk+2
.

In particular, note that |Cb| = ℓ = k + 2.

Case i ∈ Cb ∪ {j − 1: j ∈ Cb}.
If i ∈ {j − 1: j ∈ Cb}, then there exists a unique t ∈ [1, k + 2] such that i = jt − 1. Note
that if i = jt − 1, then we have i+ 1 = jt < jr for r ∈ [t+ 1, k + 2] and therefore

δ±,r−1
jr

▲σ±,r−2
i

179.(3)
= σ±,r−3

i ▲ δ±,r−2
jr−1 : [r − 2]± → [r − 2]± .

If i ∈ Cb\{j − 1: j ∈ Cb}, then there exists a unique t ∈ [1, k + 2] such that i = jt . Note
that if i = jt , then we have i+ 1 = jt + 1 < jr for r ∈ [t+ 1, k + 2] and therefore

δ±,r−1
jr

▲σ±,r−2
i

179.(3)
= σ±,r−3

i ▲ δ±,r−2
jr−1 : [r − 2]± → [r − 2]± .

We have

b ▲σ±,k
i =

( [−1]±∏[k+1]±

r∈⌈1,k+2⌉

δ±,r−1
jr

)
▲σ±,k

i

=
( [−1]±∏[t−2]±

r∈⌈1,t−1⌉

δ±,r−1
jr

)
▲ δ±,t−1

jt
▲

( [t−1]±∏[k+1]±

r∈⌈t+1,k+2⌉

δ±,r−1
jr

)
▲σ±,k

i

=
( [−1]±∏[t−2]±

r∈⌈1,t−1⌉

δ±,r−1
jr

)
▲ δ±,t−1

jt
▲σ±,t−2

i ▲

( [t−2]±∏[k]±

r∈⌈t+1,k+2⌉

δ±,r−2
jr−1

)
179.(3)
=

( [−1]±∏[t−2]±

r∈⌈1,t−1⌉

δ±,r−1
jr

)
▲ id[t−2]± ▲

( [t−2]±∏[k]±

r∈⌈t+1,k+2⌉

δ±,r−2
jr−1

)
=

( [−1]±∏[t−2]±

r∈⌈1,t−1⌉

δ±,r−1
jr

)
▲

( [t−2]±∏[k]±

r∈⌈t+1,k+2⌉

δ±,r−2
jr−1

)
.
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So b ▲σ±,k
i is injective, and therefore b ▲σ±,k

i ∈ Ak .
We have

(gsG,ki )Gb = gGσi
Gb = gGb▲σi

= 1 .

Case i ̸∈ Cb ∪ {j − 1: j ∈ Cb}. Recall that k ⩾ 0. So |Cb| = k+ 2 ̸= 0 and therefore Cb ̸= ∅.
Let t ∈ [0, k + 2] such that jr + 1 ⩽ i for r ∈ [1, t] and i ⩽ jr − 2 for r ∈ [t+ 1, k + 2].

So
0 ⩽ j1 < j2 < . . . < jt < i < i+ 1 < jt+1 < . . . < jk+2 .

We have

b ▲σ±,k
i =

( [−1]±∏[k+1]±

r∈⌈1,k+2⌉

δ±,r−1
jr

)
▲σ±,k

i

=
( [−1]±∏[t−1]±

r∈⌈1,t⌉

δ±,r−1
jr

)
▲

( [t−1]±∏[k+1]±

r∈⌈t+1,k+2⌉

δ±,r−1
jr

)
▲σ±,k

i

179.(3)
=

( [−1]±∏[t−1]±

r∈⌈1,t⌉

δ±,r−1
jr

)
▲σ±,t−2

i ▲

( [t−2]±∏[k]±

r∈⌈t+1,k+2⌉

δ±,r−2
jr−1

)
179.(3)
= σ±,−2

i−t ▲

( [−2]±∏[t−2]±

r∈⌈1,t⌉

δ±,r−2
jr

)
▲

( [t−2]±∏[k]±

r∈⌈t+1,k+2⌉

δ±,r−2
jr−1

)
.

If t = 0, let c :=
( [−1]±∏[k]±

r∈⌈2,k+2⌉

δ±,r−2
jr−1

)
: [−1]± → [k]± .

Then we have c ∈ Ak and b ▲σ±,k
i = σ±,−2

i ▲ δ±,−1
j1−1 ▲ c .

If t ∈ [1, k + 2], let c :=
( [−1]±∏[t−2]±

r∈⌈2,t⌉

δ±,r−2
jr

)
▲

( [t−2]±∏[k]±

r∈⌈t+1,k+2⌉

δ±,r−2
jr−1

)
: [−1]± → [k]± .

Then we have c ∈ Ak and b ▲σ±,k
i = σ±,−2

i−t ▲ δ±,−1
j1

▲ c .

So in both cases we have
b ▲σ±,k

i = σ±,−2
i−t ▲ δ±,−1

j′ ▲ c

with j′ ∈ {j1 − 1 , j1} and c ∈ Ak .
We have

(gsG,ki )Gb = (gGσi
)Gb = gGb▲σi

= gGσi−t ▲δj′ ▲c = gGcGσi−t ▲δj′
= 1Gσi−t ▲δj′

= 1 .
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Shrink±,⌊n,0⌋ : ⌊n,−∞⌋-StSimpGrp → ⌊n, 0⌋-StSimpGrp

Altogether, this shows that gsG,ki ∈ (G Shrink⌊n,0⌋)k+1 .

Then, by Remark 236, we have that G Shrink⌊n,0⌋ is an ⌊n,−∞⌋-stable simplicial subgroup
of G.

Ad (2). By construction, we have (G Shrink⌊n,0⌋)k = 1 for k ∈ Z⩽−1 . So G Shrink⌊n,0⌋ is an
⌊n, 0⌋-stable simplicial group.

Remark 315 (The ⌊n, 0⌋-stable simplicial group morphism φ Shrink±,⌊n,0⌋)

Suppose given an ⌊n,−∞⌋-stable simplicial group morphism φ : G→ H.

We consider the ⌊n, 0⌋-stable simplicial groups G Shrink±,⌊n,0⌋ and H Shrink±,⌊n,0⌋; cf. Re-
mark 314.(1, 2).

We have the ⌊n, 0⌋-stable simplicial group morphism

φ Shrink±,⌊n,0⌋ := φ
∣∣∣H Shrink±,⌊n,0⌋

G Shrink±,⌊n,0⌋
: G Shrink±,⌊n,0⌋ → H Shrink±,⌊n,0⌋ .

So, for k ∈ [0, n], we have

(φ Shrink±,⌊n,0⌋)k : (G Shrink±,⌊n,0⌋)k → (H Shrink±,⌊n,0⌋)k , g 7→ g(φ Shrink±,⌊n,0⌋)k = gφk .

We often write φ Shrink⌊n,0⌋ := φ Shrink±,⌊n,0⌋.

Proof. Let k ∈ [0, n]. Suppose given g ∈ (G Shrink⌊n,0⌋)k .

We have to show that gφk
!
∈ (H Shrink⌊n,0⌋)k .

For an injective map a ∈ ∆±([−1]±, [k]±), we have

(gφk)Ha = (gGa)φ−1 = 1φ−1 = 1 .

This shows that gφk ∈ (H Shrink⌊n,0⌋)k .

Remark 316 (The shrinking functor Shrink⌊n,0⌋)

We have the shrinking functor

Shrink±,⌊n,0⌋ : ⌊n,−∞⌋-StSimpGrp → ⌊n, 0⌋-StSimpGrp(
G

φ−→H
)
7→

(
G Shrink±,⌊n,0⌋

φShrink±,⌊n,0⌋

−−−−−−−−→ H Shrink±,⌊n,0⌋
)
;

cf. Remarks 314, 315.

We often write Shrink⌊n,0⌋ := Shrink±,⌊n,0⌋.
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Proof. Suppose given an ⌊n,−∞⌋-stable simplicial group G.

We have

(idG) Shrink
⌊n,0⌋ = idG

∣∣∣G Shrink⌊n,0⌋

G Shrink⌊n,0⌋
= idG Shrink⌊n,0⌋ .

Suppose given G
φ−→H

ψ−→F in ⌊n,−∞⌋-StSimpGrp.
We have

φ Shrink⌊n,0⌋ ▲ψ Shrink⌊n,0⌋ =
(
φ
∣∣∣H Shrink⌊n,0⌋

G Shrink⌊n,0⌋

)
▲

(
ψ
∣∣∣F Shrink⌊n,0⌋

H Shrink⌊n,0⌋

)
= (φ ▲ψ)

∣∣∣F Shrink⌊n,0⌋

G Shrink⌊n,0⌋

= (φ ▲ψ) Shrink⌊n,0⌋ .

This shows that Shrink⌊n,0⌋ is a functor.

Lemma 317 (The Moore complex of G Shrink⌊n,0⌋)

Suppose given an ⌊n,−∞⌋-stable simplicial group G; cf. Definition 232. We consider its
Moore complex

GN =
(
. . .

!−→ 1
!−→GNn

∂Gn−→GNn−1

∂Gn−1−−−→ . . .
∂G1−→GN0

∂G0−→GN−1

∂G−1−−→ . . .
)
;

cf. Lemma 258.(2).

(1) We consider the ⌊n, 0⌋-stable simplicial group G Shrink⌊n,0⌋; cf. Remark 314. We con-
sider its Moore complex (G Shrink⌊n,0⌋)N.

We have

(G Shrink⌊n,0⌋)Nk =


1 for k ∈ Z⩾n+1

GNk for k ∈ [1, n]

GNZ0 for k = 0

1 for k ∈ Z⩽−1 .

For k ∈ [2, n], we have

∂G Shrink⌊n,0⌋

k = ∂Gk : GNk → GNk−1 and ∂G Shrink⌊n,0⌋

1 = ∂G1
∣∣GNZ0 : GN1 → GNZ0 .

So

(G Shrink⌊n,0⌋)N =
(
. . .

!−→ 1
!−→GNn

∂Gn−→GNn−1

∂Gn−1−−−→ . . .
∂G2−→GN1

∂G1

∣∣GNZ0

−−−−−→ GNZ0
!−→ 1

!−→ . . .
)
.
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Shrink±,⌊n,0⌋ : ⌊n,−∞⌋-StSimpGrp → ⌊n, 0⌋-StSimpGrp

In particular, for k ∈ [1, n], we have

(GNk)d
G Shrink⌊n,0⌋,k
0 = (GNk)d

G,k
0 and GNk ∩ ker dG Shrink⌊n,0⌋,k

0 = GNk ∩ ker dG,k0 .

(2) Let k ∈ [0, n]. We have

(G Shrink⌊n,0⌋)NZk = GNZk and (G Shrink⌊n,0⌋)NBk = GNBk ;

cf. Definition 257.(3, 4). In particular, we have

(G Shrink⌊n,0⌋)πk = Gπk ;

cf. Lemma 258.(2).

Proof. Ad (1). Let k ∈ Z.
Case k ⩾ n + 1. Then we have (G Shrink⌊n,0⌋)Nk = 1 by definition of the Moore complex
of an ⌊n,−∞⌋-stable simplicial group; cf. Lemma 258.(2).

Case k ∈ [1, n]. Since G Shrink⌊n,0⌋ ⩽ G is an ⌊n,−∞⌋-stable simplicial subgroup, we have

(G Shrink⌊n,0⌋)Nk = (G Shrink⌊n,0⌋)k ∩GNk ⩽ GNk ;

cf. Remark 314.(1). We show that GNk

!

⩽ (G Shrink⌊n,0⌋)k .

Suppose given g ∈ GNk . Suppose given an injective morphism a ∈ ∆±
(
[−1]±, [k]±

)
.

By Remark 265, we may choose some b ∈ ∆±
(
[−1]±, [k−1]±

)
and some j ∈ Z⩾k−(−1)−1 = Z⩾k

such that a = b ▲ δ±,kj . Note that j ⩾ 1 since k ⩾ 1. We have

gGa = gGb▲δ±j
= g(G

δ
±,k
j
Gb) = (gdG,kj )Gb = 1Gb = 1 .

This shows g ∈ kerGa .

So g ∈
⋂

a∈∆± ([−1]±,[k]±)
a is injective

kerGa = (G Shrink⌊n,0⌋)k .

This shows GNk ⩽ (G Shrink⌊n,0⌋)k . Altogether, this shows (G Shrink⌊n,0⌋)Nk = GNk .

Case k = 0. Suppose given an injective morphism a ∈ ∆±
(
[−1]±, [0]±

)
. Then we have

a = δ±,0j : [−1]± → [0]± for some j ∈ Z⩾0 ; cf. Lemma 175.(1.1). So Ga = Gδ
±,0
j

= dG,0j .
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This shows

(G Shrink⌊n,0⌋)N0 =
⋂

a∈∆± ([−1]±,[0]±)
a is injective

kerGa =
⋂
j⩾0

ker dG,0j

257.(3)
= GNZ0 .

Case k ⩽ −1. Then we have (G Shrink⌊n,0⌋)Nk = 1 by definition of the ⌊n,−∞⌋-stable
simplicial group G Shrink⌊n,0⌋; cf. Remark 314.(1).

This shows (1).

Ad (2). Note that

ker dG Shrink⌊n,0⌋,0
0 = (G Shrink⌊n,0⌋)0

since dG Shrink⌊n,0⌋,0
0 maps from (G Shrink⌊n,0⌋)0 to (G Shrink⌊n,0⌋)−1 = 1.

So, if k = 0, we have

(G Shrink⌊n,0⌋)NZ0
257.(3)
= (G Shrink⌊n,0⌋)N0 ∩ ker dG Shrink⌊n,0⌋,0

0 = (G Shrink⌊n,0⌋)N0
(1)
= GNZ0 .

If k ∈ [1, n], we have

(G Shrink⌊n,0⌋)NZk
257.(3)
= (G Shrink⌊n,0⌋)Nk ∩ ker dG Shrink⌊n,0⌋,k

0

(1)
= GNk ∩ ker dG,k0

257.(3)
= GNZk .

If k ∈ [0, n− 1], we have

(G Shrink⌊n,0⌋)NBk
257.(4)
=

(
(G Shrink⌊n,0⌋)Nk+1

)
dG Shrink⌊n,0⌋,k
0

(1)
= (GNk+1)d

G Shrink⌊n,0⌋,k
0

(1)
= (GNk+1)d

G,k
0

257.(4)
= GNBk .

If k = n, we have

(G Shrink⌊n,0⌋)NBn = 1 = GNBn .

So, in particular, we have

(G Shrink⌊n,0⌋)πk
258.(2)
= (G Shrink⌊n,0⌋)NZk/(G Shrink⌊n,0⌋)NBk = GNZk/GNBk

258.(2)
= Gπk .
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15.5 The adjunction Inc±,⌊n,0⌋ ⊣ Shrink±,⌊n,0⌋

Let n ∈ Z⩾0 .

Remark 318 (The counit η)

For an ⌊n,−∞⌋-stable simplicial group H, note that we have

(
(H Shrink⌊n,0⌋) Inc⌊n,0⌋

)
k

312
= (H Shrink⌊n,0⌋)k =


⋂

a∈Ak

kerHa for k ∈ [0, n]

1 for k ∈ Z⩽−1 ,

where Ak =
{
a ∈ ∆±([−1]±, [k]±) : a is injective

}
; cf. Remark 314.

We have the transformation

η : Shrink⌊n,0⌋ ∗ Inc⌊n,0⌋ → id⌊n,−∞⌋-StSimpGrp

given as follows.

For H ∈ Ob
(
⌊n,−∞⌋-StSimpGrp

)
and k ∈ Z⩽n , we have the embedding group morphism

(Hη)k := ι(H Shrink⌊n,0⌋)k , Hk
: (H Shrink⌊n,0⌋)k → Hk , h 7→ h .

Proof. Suppose given
(
H

ψ−→ H̃
)
in ⌊n,−∞⌋-StSimpGrp.

For k ∈ Z⩽n , and h ∈ (H Shrink⌊n,0⌋)k , we have

h
(
(Hη)k ▲ψk

)
= hψk = (hψk)(H̃η)k

315
= h

(
(ψ Shrink⌊n,0⌋)k ▲ (H̃η)k

)
312
= h

((
(ψ Shrink⌊n,0⌋) Inc⌊n,0⌋

)
k

▲ (H̃η)k

)
.

This shows that (Hη)k ▲ψk =
(
(ψ Shrink⌊n,0⌋) Inc⌊n,0⌋

)
k

▲ (H̃η)k .

So we have Hη ▲ψ = (φ Shrink⌊n,0⌋) Inc⌊n,0⌋ ▲ H̃η .

(H Shrink⌊n,0⌋) Inc⌊n,0⌋ H

(H̃ Shrink⌊n,0⌋) Inc⌊n,0⌋ H̃

Hη

(ψ Shrink⌊n,0⌋) Inc⌊n,0⌋

H̃η

ψ

So η is a transformation.
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Remark 319 (The unit ε)

For an ⌊n, 0⌋-stable simplicial group G, note that, for k ∈ [0, n], we have(
(G Inc⌊n,0⌋) Shrink⌊n,0⌋

)
k
=
⋂
a∈Ak

ker(G Inc⌊n,0⌋)a ⩽ Gk ,

where Ak =
{
a ∈ ∆±([−1]±, [k]±) : a is injective

}
; cf. Remark 314.

We have the transformation

ε : id⌊n,0⌋-StSimpGrp → Inc⌊n,0⌋ ∗ Shrink⌊n,0⌋

given as follows.

For G ∈ Ob
(
⌊n, 0⌋-StSimpGrp

)
and k ∈ [0, n] , we have the group morphism

(Gε)k : Gk →
(
(G Inc⌊n,0⌋) Shrink⌊n,0⌋

)
k
, g 7→ g .

Moreover, we remark that (G Inc⌊n,0⌋) Shrink⌊n,0⌋ = G.

Proof. Suppose given G ∈ Ob
(
⌊n, 0⌋-StSimpGrp

)
. Let k ∈ [0, n].

We show that (Gε)k is well-defined.

Suppose given g ∈ Gk . We have to show that g
!
∈
(
(G Inc⌊n,0⌋) Shrink⌊n,0⌋

)
k
.

Suppose given an injective map a ∈ ∆±
(
[−1]±, [k]±

)
.

We consider the group morphism (G Inc⌊n,0⌋)a : (G Inc⌊n,0⌋)k → (G Inc⌊n,0⌋)−1 .

Then we have
g(G Inc⌊n,0⌋)a ∈ (G Inc⌊n,0⌋)−1 = 1 .

This shows that g ∈
(
(G Inc⌊n,0⌋) Shrink⌊n,0⌋

)
k
.

So we have (Gk)(Gε)k ⩽
(
(G Inc⌊n,0⌋) Shrink⌊n,0⌋

)
k
.

We show that ε is a transformation.

Suppose given
(
G

φ−→ G̃
)
in ⌊n, 0⌋-StSimpGrp.

For k ∈ [0, n], and g ∈ Gk , we have

g
(
(Gε)k ▲

(
(φ Inc⌊n,0⌋) Shrink⌊n,0⌋

)
k

)
= g
(
(φ Inc⌊n,0⌋) Shrink⌊n,0⌋

)
k

315
= g(φ Inc⌊n,0⌋)k

312
= gφk = g

(
φk ▲ (G̃ε)k

)
.
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This shows that (Gε)k ▲

(
(φ Inc⌊n,0⌋) Shrink⌊n,0⌋

)
k
= φk ▲ (G̃ε)k .

So we have Gε ▲ (φ Inc⌊n,0⌋) Shrink⌊n,0⌋ = φ ▲ G̃ε .

G (G Inc⌊n,0⌋) Shrink⌊n,0⌋

G̃ (G̃ Inc⌊n,0⌋) Shrink⌊n,0⌋

Gε

φ

G̃ε

(φ Inc⌊n,0⌋) Shrink⌊n,0⌋

So ε is a transformation.

Lemma 320 (The adjunction Inc⌊n,0⌋ ⊣ Shrink⌊n,0⌋)

We consider the functors

Inc⌊n,0⌋ : ⌊n, 0⌋-StSimpGrp → ⌊n,−∞⌋-StSimpGrp; cf. Remark 312

Shrink⌊n,0⌋ : ⌊n,−∞⌋-StSimpGrp → ⌊n, 0⌋-StSimpGrp; cf. Remark 316 .

We consider the transformations

η : Shrink⌊n,0⌋ ∗ Inc⌊n,0⌋ → id⌊n,−∞⌋-StSimpGrp ; cf. Remark 318

ε : id⌊n,0⌋-StSimpGrp → Inc⌊n,0⌋ ∗ Shrink⌊n,0⌋ ; cf. Remark 319.

Then (Inc⌊n,0⌋, Shrink⌊n,0⌋, ε, η) is an adjunction; cf. §1.1.3 item 10.

Proof. We show that (Shrink⌊n,0⌋ ∗ ε) ▲ (η ∗ Shrink⌊n,0⌋) !
= idShrink⌊n,0⌋ .

Suppose given H ∈ Ob
(
⌊n,−∞⌋-StSimpGrp

)
. Let k ∈ [0, n] and let h ∈ (H Shrink⌊n,0⌋)k .

We have

h
(
H
(
(Shrink⌊n,0⌋ ∗ ε) ▲ (η ∗ Shrink⌊n,0⌋)

))
k

= h
(
(H Shrink⌊n,0⌋)ε ▲ (Hη) Shrink⌊n,0⌋

)
k

= h
((

(H Shrink⌊n,0⌋)ε
)
k

▲

(
(Hη) Shrink⌊n,0⌋

)
k

)
319
= h

(
(Hη) Shrink⌊n,0⌋

)
k

315
= h(Hη)k
318
= h

= h id(H Shrink⌊n,0⌋)k

= h(H idShrink⌊n,0⌋)k .
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This shows that
(
H
(
(Shrink⌊n,0⌋ ∗ ε) ▲ (η ∗ Shrink⌊n,0⌋)

))
k
= (H idShrink⌊n,0⌋)k .

So we have (Shrink⌊n,0⌋ ∗ ε) ▲ (η ∗ Shrink⌊n,0⌋) = idShrink⌊n,0⌋ .

We show that (ε ∗ Inc⌊n,0⌋) ▲ (Inc⌊n,0⌋ ∗ η) !
= idInc⌊n,0⌋ .

Suppose given G ∈ Ob
(
⌊n, 0⌋-StSimpGrp

)
. Let k ∈ Z⩽n and let g ∈ (G Inc⌊n,0⌋)k .

We have

g
(
G
(
(ε ∗ Inc⌊n,0⌋) ▲ (Inc⌊n,0⌋ ∗ η)

))
k

= g
(
(Gε) Inc⌊n,0⌋ ▲ (G Inc⌊n,0⌋)η

)
k

= g
((

(Gε) Inc⌊n,0⌋
)
k

▲

(
(G Inc⌊n,0⌋)η

)
k

)
312
=

(
g(Gε)k

)(
(G Inc⌊n,0⌋)η

)
k

319
= g

(
(G Inc⌊n,0⌋)η

)
k

318
= g

= g id(G Inc⌊n,0⌋)k

= g(G idInc⌊n,0⌋)k .

This shows that
(
G
(
(ε ∗ Inc⌊n,0⌋) ▲ (Inc⌊n,0⌋ ∗ η)

))
k
= (G idInc⌊n,0⌋)k .

So we have (ε ∗ Inc⌊n,0⌋) ▲ (Inc⌊n,0⌋ ∗ η) = idInc⌊n,0⌋ .

Altogether, this shows that (Inc⌊n,0⌋, Shrink⌊n,0⌋, ε, η) is an adjunction.
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Chapter 16

Stable crossed modules

16.1 The category of stable crossed modules

Definition 321 (Stable crossed modules)

Suppose given groups MS and BS. Suppose given a map

κS : BS × BS → MS , (b, c) 7→ (b, c)κS =: Tb, cU .

Suppose given a group morphism fS : MS → BS .

Suppose that the following conditions hold.

(SCM1) For b, c ∈ BS , we have Tb, cU = Tc, bU− .

(SCM2) For b, c ∈ BS , we have Tb, cUfS = [b, c] .

(SCM3) For m, n ∈ MS , we have TmfS, nfSU = [m,n] .

(SCM4) For a, b, c ∈ BS , we have Ta, b · cU = Ta, bU · Tab, cU .

Then we call S := (MS ,BS , κS , fS) a stable crossed module.

The group MS is called the module of S, the group BS is called the base of S and the group
morphism fS is called the differential of S.

For b, c ∈ BS , we call Tb, cU the Conduché bracket of b and c.
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Remark 322 Suppose given a stable crossed module S = (MS ,BS , κS , fS).

(1) For b ∈ BS , we have

Tb, 1U = 1 and T1, bU = 1 .

(2) For a, b, c ∈ BS , we have

Ta · b, cU = Tb, caU · Ta, cU = Tab, cbU · Tb, cU .

(3) For a, b, c ∈ BS , we have

Ta, b · cU = Ta, bU · Tab, cU = Ta, cU · Tac, bcU .

(4) For b, c ∈ BS , we have

Tb, cU = Tcb, b−U = Tc−, bcU .

Proof. Ad (1). Suppose given b ∈ BS . We have

Tb, 1U = Tb, 1 · 1U (SCM4)
= Tb, 1U · Tb1, 1U = Tb, 1U · Tb, 1U .

This shows 1 = Tb, 1U.

Moreover, we have

1 = 1− = Tb, 1U− (SCM1)
= T1, bU .

Ad (2). Suppose given a, b, c ∈ BS . We have

Ta · b, cU (SCM1)
= Tc, a · bU− (SCM4)

= (Tc, aU · Tca, bU)− = Tca, bU− · Tc, aU−

(SCM1)
= Tb, caU · Ta, cU .

Moreover, we have

Ta · b, cU = Tb · ab, cU = Tab, cbU · Tb, cU .

Ad (3). Suppose given a, b, c ∈ BS . By (SCM4), we have

Ta, b · cU = Ta, bU · Tab, cU .

Moreover, we have

Ta, b · cU = Ta, c · bcU = Ta, cU · Tac, bcU .
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Ad (4). Suppose given b, c ∈ BS . We have

1
(1)
= T1, cU = Tb · b−, cU (2)

= Tb−, cbU · Tb, cU (SCM1)
= Tcb, b−U− · Tb, cU .

This shows Tb, cU = Tcb, b−U.

Moreover, we have

Tb, cU
(SCM1)
= Tc, bU− = Tbc, c−U− (SCM1)

= Tc−, bcU .

Lemma 323 Suppose given a stable crossed module S = (MS ,BS , κS , fS).

For b ∈ BS and m ∈ MS , let m
b := m · TmfS, bU .

Suppose given a, b, c ∈ BS and m, n ∈ MS .

(1) We have (mb)fS = (mfS)
b .

(2) We have mnfS = mn .

(3) We have mTb, cU = m[b,c] .

(4) For x ∈ ker fS , we have xc = x. In particular, we have Tb, bUc = Tb, bU .

(5) We have
[
m,Tb, cU

]
= TmfS, [b, c]U .

(6) We have m1 = m and mb·c = (mb)c .

(7) We have (m · n)b = mb · nb and (mb)− = (m−)b .

(8) We have mb = m · TmfS, bU = Tb, m−fSU ·m .

(9) We have T[a, b], cU = Tb, aU · Tc, aU · Ta, b · cU .

(10) We have Ta, bUc = Tac, bcU .

(11) We have T[a, b], cU = Tb, aU · Ta, bUc and Tc, [a, b]U = Tb, aUc · Ta, bU .

(12) We have T[a, b], [c, d]U =
[
Ta, bU,Tc, dU

]
.

(13) We have Ta · b, cU = Ta, cUb · Tb, cU and Ta, b · cU = Ta, cU · Ta, bUc .

(14) We have T[b, c], b−U = Tc, bU · Tc, b−U and Tb−, [b, c]U = Tb−, cU · Tb, cU .
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Proof. We write f := fS .

Ad (1). We have

(mb)f =
(
m · Tmf, bU

)
f = mf · Tmf, bUf (SCM2)

= mf · [mf, b] = mf ·m−f · b− ·mf · b
= (mf)b .

Ad (2). We have

mnf = m · Tmf, nfU
(SCM3)
= m · [m,n] = m ·m− · n− ·m · n = mn .

Ad (3). We have

mTb, cU (2)
= mTb, cUf (SCM2)

= m[b,c] .

Ad (4). For x ∈ ker f , we have

xb = x · Txf, bU = x · T1, bU 322.(1)
= x · 1 = x .

Moreover, we have

Tb, bUf
(SCM2)
= [b, b] = 1 .

Ad (5). We have

Tb, mfU
(SCM1)
= Tmf, bU− = (m− ·mb)− = (mb)− ·m.

So we have

Tmf, [b, c]U (SCM2)
= Tmf, Tb, cUfU =

(
Tb, cUmf

)− · Tb, cU (2)
=
(
Tb, cUm

)− · Tb, cU
= m− · Tb, cU− ·m · Tb, cU =

[
m,Tb, cU

]
.

Ad (6). We have

m1 = m · Tmf, 1U 322.(1)
= m · 1 = m.

Moreover, we have

mb·c = m · Tmf, b · cU (SCM4)
= m · Tmf, bU · T(mf)b, cU (1)

= mb · T(mb)f, cU = (mb)c .

480



16.1. THE CATEGORY OF STABLE CROSSED MODULES

Ad (7). We have

(m · n)b = m · n · T(m · n)f, bU = m · n · Tmf · nf, bU
322.(2)
= m · n · Tnf, bmfU · Tmf, bU = m · n(bmf ) · Tmf, bU

= m · nm−f ·b·mf · Tmf, bU = m · nb·(b−·m−f ·b·mf) · Tmf, bU
(6)
= m · (nb)[b,mf ] · Tmf, bU (3)

= m · (nb)Tb,mfU · Tmf, bU
(SCM1)
= m · Tmf, bU · nb = mb · nb .

Moreover, we have

mb · (m−)b = (m ·m−)b = 1b = 1 · T1f, bU = 1 · T1, bU 322.(1)
= 1 .

Ad (8). We have

mb (7)
=
(
(m−)b

)−
=
(
m− · Tm−f, bU

)− (SCM1)
= Tb, m−fU ·m.

Ad (9). We have

T[a, b], cU = Ta− · ab, cU
322.(2)
= T(a−)(ab), c(ab)U · Tab, cU

322.(4)
= T

(
c(a

b)
)((a−)(a

b)
)
,
(
(a−)(a

b)
)−U · Tab, cU

= Tc
(
ab · (a−)(a

b)
)
, a(a

b)U · Tab, cU

= Tc
(
a−·(ab)

)
, a

(
a−·(ab)

)
U · Tab, cU

= Tc[a,b], a[a,b]U · Tab, cU
(SCM2)
= TcTa, bUf , aTa, bUfU · Tab, cU

322.(2)
= Tc · Ta, bUf, aU · TTa, bUf, aU− · Tab, cU

322.(2)
= TTa, bUf, acU · Tc, aU · TTa, bUf, aU− · Tab, cU

= Ta, bU− · Ta, bUac · Tc, aU · TTa, bUf, aU− · Tab, cU
(SCM1)
= Tb, aU · Ta, bUac · Tc, aU · TTa, bUf, aU− · Tab, cU

= Tb, aU · Tc, aU ·
(
Ta, bU(ac)

)Tc, aU · TTa, bUf, aU− · Tab, cU
(3)
= Tb, aU · Tc, aU ·

(
Ta, bU(ac)

)[c,a] · TTa, bUf, aU− · Tab, cU
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(6)
= Tb, aU · Tc, aU · Ta, bUa · TTa, bUf, aU− · Tab, cU

= Tb, aU · Tc, aU · Ta, bU · TTa, bUf, aU · TTa, bUf, aU− · Tab, cU

= Tb, aU · Tc, aU · Ta, bU · Tab, cU
(SCM4)
= Tb, aU · Tc, aU · Ta, b · cU .

Ad (10). We have

Ta, bUc = Ta, bU · TTa, bUf, cU
(SCM2)
= Ta, bU · T[a, b], cU
(9)
= Ta, bU · Tb, aU · Tc, aU · Ta, b · cU

322.(3)
= Ta, bU · Tb, aU · Tc, aU · Ta, cU · Tac, bcU

(SCM1)
= Tac, bcU .

Ad (11). We have

T[a, b], cU (9)
= Tb, aU · Tc, aU · Ta, b · cU

322.(3)
= Tb, aU · Tc, aU · Ta, cU · Tac, bcU

(SCM1)
= Tb, aU · Tac, bcU
(10)
= Tb, aU · Ta, bUc .

Moreover, we have

Tc, [a, b]U (SCM1)
= T[a, b], cU−

=
(
Tb, aU · Ta, bUc

)−
=
(
Ta, bUc

)− · Tb, aU−

(7)
=

(
Ta, bU−)c · Tb, aU− (SCM1)

= Tb, aUc · Ta, bU .

Ad (12). We have

T[a, b], [c, d]U (11)
= Tb, aU · Ta, bU[c,d] (3)

= Tb, aU · Ta, bUTc, dU (SCM1)
=

[
Ta, bU,Tc, dU

]
.

Alternatively, we can argue as follows. We have

T[a, b], [c, d]U (SCM2)
= TTa, bUf, [c, d]U (5)

=
[
Ta, bU,Tc, dU

]
.
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Ad (13). We have

Ta · b, cU 322.(2)
= Tab, cbU · Tb, cU (10)

= Ta, cUb · Tb, cU .

Moreover, we have

Ta, b · cU 322.(3)
= Ta, cU · Tac, bcU (10)

= Ta, cU · Ta, bUc .

Ad (14). We have

T[b, c], b−U (11)
= Tc, bU · Tb, cUb− (10)

= Tc, bU · Tb, cb−U
322.(4)
= Tc, bU · Tc, b−U .

Moreover, we have

Tb−, [b, c]U (SCM1)
= T[b, c], b−U−

=
(
Tc, bU · Tc, b−U

)− (SCM1)
= Tb−, cU · Tb, cU .

Definition 324 (Stable crossed module morphism)

Suppose given stable crossed modules S = (MS ,BS , κS , fS) and S̃ = (MS̃ ,BS̃ , κS̃ , fS̃).

Suppose given group morphisms µ : MS → MS̃ and β : BS → BS̃ that satisfy (1, 2).

(1) We have µ ▲ fS̃ = fS ▲ β .

MS MS̃

BS BS̃

µ

fS

β

fS̃

(2) For b, c ∈ BS , we have
(
(b, c)κS

)
µ = (bβ, cβ)κS̃ , i.e. we have Tb, cUµ = Tbβ, cβU .

MS MS̃

BS × BS BS̃ × BS̃

µ

κS

β × β

κS̃

Then ρ := (µ, β) is called a stable crossed module morphism.
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Definition 325 Suppose given stable crossed modules S and S̃. Suppose given a stable
crossed module morphism (µ, β) : S → S̃.

(1) We say that (µ, β) is injective if the group morphisms µ : MS → MS̃ and β : BS → BS̃
are injective.

(2) We say that (µ, β) is surjective if the group morphisms µ : MS → MS̃ and β : BS → BS̃
are surjective.

(3) We say that (µ, β) is bijective if the group morphisms µ : MS → MS̃ and β : BS → BS̃
are bijective.

Remark 326 (The category of stable crossed modules)

We have the category StCr Mod where the objects are given by stable crossed modules and
where the morphisms are given by stable crossed module morphisms; cf. Definitions 321, 324.

We call StCr Mod the category of stable crossed modules.

(1) For S
(µ,β)−−−→ S̃

(µ′,β′)−−−→ S̃
′
in StCr Mod , their composite is given by

(µ, β) ▲ (µ′, β′) := (µ ▲ µ′, β ▲ β′) .

For S ∈ Ob(StCr Mod ), its identity is given by

idS = (idMS
, idBS

) .

(2) Suppose given stable crossed modules S and S̃. Suppose given a bijective stable crossed
module morphism (µ, β) : S → S̃.

Then (µ, β) is an isomorphism in StCr Mod . Its inverse is given by

(µ, β)− = (µ−, β−) : S̃ → S .

Proof. Ad (1). Suppose given S
(µ,β)−−−→ S̃

(µ′,β′)−−−→ S̃
′
in StCr Mod .

We show that (µ ▲ µ′, β ▲ β′) is a stable crossed module morphism.

We have
(µ ▲ µ′) ▲ fS̃′ = µ ▲ fS̃ ▲ β′ = fS ▲ (β ▲ β′) .

For b, c ∈ BS , we have

Tb, cU(µ ▲ µ′) = Tbβ, cβUµ′ = Tb(β ▲ β′), c(β ▲ β′)U .
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So (µ ▲ µ′, β ▲ β′) is a stable crossed module morphism; cf. Definition 324.

Suppose given S ∈ Ob(StCr Mod ).

We show that (idMS
, idBS

) is a stable crossed module morphism.

We have

idMS
▲ fS = fS = fS ▲ idBS

.

For b, c ∈ BS , we have

Tb, cU idBS
= Tb, cU = Tb idBS

, c idBS
U .

So (idMS
, idBS

) is a stable crossed module morphism.

Ad (2). We show that (µ−, β−) is stable crossed module morphism.

We have

µ−
▲ fS = µ−

▲ (fS ▲ β) ▲ β− = µ−
▲ (µ ▲ fS̃) ▲ β− = fS̃ ▲ β− .

For b, c ∈ BS̃ , we have

Tb, cUµ− = Tbβ−β, cβ−βUµ− =
(
Tbβ−, cβ−Uµ

)
µ− = Tbβ−, cβ−U .

So (µ, β) is a stable crossed module isomorphism.

16.2 The ordinarification functor

Ordmod : StCr Mod → Cr Mod

Lemma 327 (The crossed module SOrdmod)

Suppose given a stable crossed module S = (MS ,BS , κS , fS).

(1) We have an action of BS on MS given by

γS : BS → Aut(MS) , b 7→
(
m 7→ mb = m · TmfS, bU

)
;

cf. Lemma 323 and cf. also Lemma 323.(8). In particular, we have

(mb)c = mb·c and (m · n)b = mb · nb

for b, c ∈ BS and m, n ∈ MS .
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(2) We have the crossed module

SOrdmod = (MSOrdmod , BSOrdmod , γSOrdmod , fSOrdmod) := (MS ,BS ,γS , fS).

Proof. Ad (1). We show that γS is a well-defined group morphism.

For b, c ∈ BS and m ∈ MS , we have

m1 323.(6)
= m and (mb)c

323.(6)
= mb·c .

In particular, the map MS → MS , x 7→ xb has the inverse MS → MS , x 7→ xb
−
and is thus

bijective.

Moreover, we have

(m · n)b 323.(7)
= mb · nb .

So γS is a well-defined group morphism.

Ad (2). For b ∈ BS and m ∈ MS , we have

(mb)fS
323.(1)
= (mfS)

b .

This shows (CM1).

For m, n ∈ MS , we have

mnfS
323.(2)
= mn .

This shows (CM2).

So SOrd = (MS ,BS ,γS , fS) is a crossed module.

Lemma 328 (The crossed module morphism ρOrdmod)

Suppose given a stable crossed module morphism ρ = (µ, β) : S → S̃.

(1) For m ∈ MS and b ∈ BS , we have

(mb)µ = (mµ)bβ ;

cf. Lemma 327.(1).

In particular, for a, b, c ∈ BS , we have

(Tb, cUa)µ = Tbβ, cβUaβ .
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(2) We consider the crossed modules SOrdmod and S̃Ordmod from Lemma 327.

Then ρOrdmod := ρ = (µ, β) : SOrdmod → S̃Ordmod is a crossed module morphism.

Sometimes, we write ρOrd := ρOrdmod.

Proof. Ad (1). For m ∈ MS and b ∈ BS , we have

(mb)µ
327.(1)
= (m · TmfS, bU

)
µ = mµ · TmfS, bUµ

324.(2)
= mµ · T(mfS)β, bβU

324.(1)
= mµ · T(mµ)fS̃, bβU = (mµ)bβ .

In particular, for a, b, c ∈ BS , we have(
Tb, cUa

)
µ =

(
Tb, cUµ

)aβ 324.(1)
= Tbβ, cβUaβ .

Ad (2). We have µ ▲ fS̃ = fS ▲ β.

Moreover, for b ∈ BS and m ∈ MS , we have, by (1),

(mb)µ = (mµ)bβ .

This shows that ρOrd = (µ, β) is a crossed module morphism.

Lemma 329 (The ordinarification functorOrdmod)

We have the faithful ordinarification functor

Ordmod : StCr Mod → Cr Mod ,
(
S

ρ−→ S̃
)
7→
(
SOrdmod ρOrdmod

−−−−−→ S̃Ordmod
)
;

cf. Lemmas 327, 328.

Proof. We show thatOrdmod is a functor.

Suppose given S
(µ,β)−−−→ S̃

(µ′,β′)−−−→ S̃
′
in StCr Mod .

We have

idS = (idMS
, idBS

) = idSOrdmod .

We have(
(µ, β) ▲ (µ′, β′)

)
Ordmod = (µ ▲ µ′, β ▲ β′)Ordmod = (µ ▲ µ′, β ▲ β′) = (µ, β) ▲ (µ′, β′)

= (µ, β)Ord ▲ (µ′, β′)Ordmod .
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SoOrdmod is a functor.

We show thatOrdmod is faithful.

Suppose given S
(µ,β)−−−−→−−−−→
(µ′,β′)

S̃ in StCr Mod . Suppose that we have (µ, β)Ordmod = (µ′, β′)Ordmod.

Then

(µ, β) = (µ, β)Ordmod = (µ′, β′)Ordmod = (µ′, β′) .

SoOrdmod is faithful.

Definition 330 Suppose given a stable crossed module S = (MS ,BS , κS , fS).

We consider the crossed module SOrdmod; cf. Lemma 327.

We write

Sπ0 := (SOrdmod)π0 = BS/(MS fS) and Sπ1 := (SOrdmod)π1 = ker fS ;

cf. §1.1.4 item 2.

Remark 331 Suppose given a stable crossed module S = (MS ,BS , κS , fS).

We consider the groups Sπ0 = BS/(MS fS) and Sπ1 = ker fS .

Then Sπ0 and Sπ1 are abelian groups.

Proof. Suppose given b, c ∈ B. We have[
b(MS fS), c(MS fS)

]
= [b, c](MS fS)

(SCM2)
= Tb, cUfS(MS fS) = 1(MS fS) .

So Sπ0 is abelian.

Suppose given m, n ∈ Sπ1. We have

[m,n]
(SCM3)
= Tmfs, nfsU = T1, 1U

322.(1)
= 1 .

So Sπ1 is abelian; cf. also [28, Lem. 7.(1)].

Example 332 Suppose given a stable crossed module S.

We consider the abelian groups

Sπ1 = ker fS

Sπ0 = BS/(MS fS)

(Sπ0)
2 = { b2(MS fS) : b ∈ BS } ⩽ Sπ0 ;

cf. Remark 331.
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(1) We have the group morphism

h′′ : BS → Sπ1 , b 7→ Tb, bU .

For b ∈ BS , we have

(bh′′)fS = Tb, bUfS
(SCM2)
= [b, b] = 1 .

This shows bh′′ ∈ ker fS = Sπ1 .

So h′′ is a well-defined map.

For b, c ∈ BS , we have

(b · c)h′′ = Tb · c, b · cU
(SCM4)
= Tb · c, bU · T(b · c)b, cU

= Tb · c, bU · Tc · b, cU
322.(2)
= Tbc, bcU · Tc, bU · Tcb, cbU · Tb, cU

323.(10)
= Tb, bUc · Tc, bU · Tc, cUb · Tb, cU

(SCM1)
= Tb, bUc ·

(
Tc, cUb

)Tb, cU
323.(3)
= Tb, bUc ·

(
Tc, cUb

)[b,c]
323.(6)
= Tb, bUc · Tc, cUb·[b,c]

323.(4)
= Tb, bU · Tc, cU

= bh′′ · ch′′ .

This shows that h′′ is a group morphism.

(2) We have the group morphism

h′ : Sπ0 → Sπ1 , b(MS fS) 7→ Tb, bU .

It suffices to show that (MS fS)h
′′ !
= 1.

For m ∈ MS , we have

(mfS)h
′′ = TmfS, mfSU

(SCM3)
= [m,m] = 1 .
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(3) We have the group morphism

h : Sπ0/(Sπ0)
2 → Sπ1 ,

(
b(MS fS)

)
(Sπ0)

2 7→ Tb, bU .

Cf. [7, Prop. 3.8, Rem. 3.9], [12, p. 1235].

It suffices to show that
(
(Sπ0)

2
)
h′

!
= 1.

For b ∈ BS , we have(
b2(MS fS)

)
h′ = Tb2, b2U = Tb2, b · bU (SCM4)

= Tb2, bU · T(b2)b, bU = Tb · b, bU2

322.(2)
=

(
Tbb, bbU · Tb, bU

)2
= Tb, bU4 (SCM1)

= 1 .

For examples of stable crossed modules with a nontrivial morphism h, see Examples 336
and 340 below.

16.3 Examples for stable crossed modules

Example 333 Suppose given a group G. Suppose given a subgroup N ⩽ G with N ⩽ Z(G).
Suppose given a subgroup M ⩽ G with G(1) ⩽M ⩽ G.

Note that we have M P G and N P G.

Consider the group G/N . Consider the group morphism

f : M → G/N , m 7→ mN .

Consider the map

κ : G/N ×G/N →M , (gN, hN) 7→ [g, h] =: TgN, hNU .

We show that κ is a well-defined map.

For g, h ∈ G and n ∈ N , we have

[g · n, h] = n− · g− · h− · g · n · h = n− · n · g− · h− · g · h = [g, h] ,

and we have

[g, h · n] = g− · n− · h− · g · h · n = g− · h− · g · h · n− · n = [g, h] .

Moreover, for g, h ∈ G, we have [g, h] ∈ G(1) ⩽M .
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So κ is well-defined.

We show that (M,G/N, κ, f) is a stable crossed module.

Ad (SCM1). For g, h ∈ G, we have

TgN, hNU = [g, h] = [h, g]− = ThN, gNU− .

Ad (SCM2). For g, h ∈ G, we have

TgN, hNUf = [g, h]f = [g, h]N = [gN , hN ] .

Ad (SCM3). For m, m′ ∈M , we have

Tmf, m′fU = TmN, m′NU = [m,m′] .

Ad (SCM4). For g, h, k ∈ G, we have

TgN, hNU · T(gN)hN , kNU = TgN, hNU · T(gh)N, kNU = [g, h] · [gh, k]
= (g− · h− · g · h) · (h− · g− · h · k− · h− · g · h · k)
= g− · k− · h− · g · h · k = [g, h · k]
= TgN, (h · k)NU = TgN, hN · kNU .

So (M,G/N, κ, f) is a stable crossed module.

Example 334 Suppose given a group G. Suppose given a subgroup M ⩽ G with
G(1) ⩽M ⩽ G. Note that we have M P G.

Consider the map

λ : G×G→M , (g, h) 7→ [g, h] =: Tg, hU .

Consider the group morphism

ι : M → G , m 7→ m.

We show that (M,G, λ, ι) is a stable crossed module.

In order to see that (M,G, λ, ι) is a stable crossed module, we consider the stable crossed
module (M,G/N, κ, f) from Example 333 letting N := 1.

Then

κ : G×G→M , (g, h) 7→ [g, h] .

So κ = λ.
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Moreover, we have

f : M → G , m 7→ m.

So f = ι.

This shows that (M,G, λ, ι) is a stable crossed module.

Example 335 Suppose given abelian groups M and B, written multiplicatively. Suppose
given a group morphism f : M → B.

In other words, M
f−→B can be seen as a complex in abelian groups concentrated in posi-

tions 1 and 0.

We consider the map

! : B ×B →M , (b, c) 7→ (b, c)! := 1 .

Then (M,B, ! , f) is a stable crossed module. Note that Tb, cU = (b, c)! = 1 for b, c ∈ B.

Ad (SCM1). For b, c ∈ B, we have

Tb, cU = 1 = Tc, bU− .

Ad (SCM2). For b, c ∈ B, we have

Tb, cUf = 1f = 1 = [b, c] .

Ad (SCM3). For m, n ∈M , we have

Tmf, nfU = 1 = [m,n] .

Ad (SCM4). For a, b, c ∈ B, we have

Ta, b · cU = 1 = 1 · 1 = Ta, bU · Tab, cU .

So (M,B, ! , f) is a stable crossed module.

Example 336 Suppose given abelian groups M and B written multiplicatively. Suppose
given a skew-symmetric Z-bilinear map

κ : B ×B →M , (b, c) 7→ (b, c)κ =: Tb, cU .

Consider the group morphism

! : M → B , m 7→ 1 .
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(1) We show that (M,B, κ, !) is a stable crossed module.

Ad (SCM1). For b, c ∈ B, we have

Tb, cU = (b, c)κ =
(
(c, b)κ

)−
= Tc, bU−

since κ is skew-symmetric.

Ad (SCM2). For b, c ∈ B, we have

Tb, cU! = 1 = [b, c]

since B is abelian.

Ad (SCM3). For m, n ∈M , we have

Tm!, n!U = T1, 1U = (1, 1)κ = 1 = [m,n]

since κ is Z-bilinear and since M is abelian.

Ad (SCM4). For a, b, c ∈ B, we have

Ta, b · cU = (a, b · c)κ = (a, b)κ · (a, c)κ = (a, b)κ · (ab, c)κ = Ta, bU · Tab, cU

since κ is Z-bilinear and since B is abelian.

So (M,B, κ, !) is a stable crossed module.

(2) Let

M = ⟨m : m2 = 1⟩
B = ⟨b : b2 = 1⟩
κ : B ×B →M , (bi, bj) 7→ mi·j .

Then, by (1), we have the stable crossed module (M,B, κ, !).

(3) We consider the group morphism h from Example 332.(3) with S := (M,B, κ, !) from
(2) given as follows.

h : Sπ0/(Sπ0)
2 → Sπ1 ,

(
bi(M !)

)
(Sπ0)

2 7→ Tbi, biU .

Then h is nontrivial since we have((
b(M !)

)
(Sπ0)

2
)
h = Tb, bU = m1·1 = m ̸= 1 .
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Remark 337 Suppose given a group G.

We consider the crossed module V := (1, G, γ, !) with

γ : G→ Aut(1) , g 7→ id1 and ! : 1→ G , 1 7→ 1 ;

cf. e.g. [28, Rem. 10.(1)].

We consider the functor Ordmod : StCr Mod → Cr Mod from Lemma 329.

There exists some stable crossed module S ∈ Ob(StCr Mod ) with SOrdmod ≃ V if and only
if G is abelian.

In particular, the functor Ordmod is not dense.

Proof. Ad ⇒. Suppose that we may choose some S = (MS ,BS , κS , fS) ∈ Ob(StCr Mod )
with SOrdmod ≃ V .

Then we have

MS = 1 , BS ≃ G , κS : BS × BS → 1 , (b, c) 7→ 1 and fS = ! .

For b, c ∈ BS, we have

[b, c]
(SCM2)
= Tb, cUfS = 1 .

This shows that BS and thus G is abelian.

Ad ⇐. Suppose that G is abelian.

Then, by Example 334 or by Example 336, we have the stable crossed module S := (1, G, κ, !)
with

κ : G×G→ 1 , (g, h) 7→ 1 .

We consider the crossed module SOrdmod = (MSOrdmod ,BSOrdmod ,γSOrdmod , fSOrdmod).

We have
MSOrdmod = 1 , BSOrdmod = G and fSOrdmod = ! .

Moreover, we have

γSOrdmod : G→ Aut(1) , g 7→
(
1 7→ 1 · (1fSOrdmod , g)κ = 1

)
.

So γSOrdmod = γ .

This shows SOrdmod = V .
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Example 338 Let M := ⟨m⟩ be the free abelian group generated by the element m.

Let B := ⟨x, y : [x, y] = 1⟩ be the free abelian group generated by the elements x and y.

Consider the group morphism

! : M → B , m 7→ 1 = x0 · y0 .

Consider the skew-symmetric Z-bilinear maps

κ1 : B ×B →M , (xa1 · ya2 , xb1 · yb2) 7→ ma1·b2−a2·b1

κ2 : B ×B →M , (xa1 · ya2 , xb1 · yb2) 7→ 1 ,

where a1 , a2 , b1 , b2 ∈ Z.
By Example 336, we have the stable crossed modules S1 := (M,B, κ1, !) and S2 := (M,B, κ2, !).

We show that S1

!

̸≃ S2 .

We assume that there exists an isomorphism (µ, β) : S1 → S2 ; cf. Remark 326.(2).

Then we have

Tx, yUµ =
(
(x, y)κ1

)
µ = (m1·1−0·0)µ = mµ ̸= 1 ,

and

Tx, yUµ = Txβ, yβU = (xβ, yβ)κ2 = 1 ,

which is a contradiction.

This shows S1 ̸≃ S2 .

We consider the functorOrdmod : StCr Mod → Cr Mod from Lemma 329.

Consider the crossed modules

S1Ordmod =: (M1 , B1 , γ1 , f1)

S2Ordmod =: (M2 , B2 , γ2 , f2) .

We show that S1Ordmod !
= S2Ordmod .

We have

M1 =M2 =M

B1 = B2 = B

f1 = f2 = ! .
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For b1 , b2 ∈ Z, we have

m
(
(xb1 · yb2)γ1

)
= m · (m!, xb1 · yb2)κ1 = m · (1, xb1 · yb2)κ1 = m · 1 = m.

So γ1 = ! .

Moreover, for b1 , b2 ∈ Z, we have

m
(
(xb1 · yb2)γ2

)
= m · (m!, xb1 · yb2)κ2 = m · 1 = m.

So γ2 = ! .

So we have γ1 = ! = γ2 .

This shows S1Ordmod = S2Ordmod .

Remark 339 The functor Ordmod : StCr Mod → Cr Mod from Lemma 329 is faithful, but
not full.

Proof. The functorOrdmod is faithful by construction; cf. Lemma 329.

In Example 338, we have stable crossed modules S1 and S2 where S1 ̸≃ S2 and where
S1Ordmod = S2Ordmod .

This shows thatOrdmod is not full and faithful. Hence,Ordmod is not full.

Example 340 Consider the groups M := ⟨m : m4 = 1⟩ and B := ⟨b : b4 = 1⟩.
Consider the group morphism f : M → B , m 7→ b2 .

Consider the map

κ : B ×B →M , (bi, bj) 7→ Tbi, bjU := m2·i·j .

(1) We show that (M,B, κ, f) is a stable crossed module.

Suppose given i, j, ℓ ∈ [0, 3].

Ad (SCM1). We have

Tbi, bjU = m2·i·j = m−2·i·j = (m2·j·i)− = Tbj, biU− .

Ad (SCM2). We have

Tbi, bjUf = (m2·i·j)f = (mf)2·i·j = (b2)2·i·j = (b4)i·j = 1 = [bi, bj] .

Ad (SCM3). We have

T(mi)f, (mj)fU = T(mf)i, (mf)jU = Tb2i, b2jU = m2·2i·2j = (m4)2·i·j = 1 = [mi,mj] .
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Ad (SCM4). We have

Tbi, bj · bℓU = Tbi, bj+ℓU = m2·i·(j+ℓ) = m2·i·j+2·i·ℓ = m2·i·j ·m2·i·ℓ = Tbi, bjU · Tbi, bℓU
= Tbi, bjU · T(bi)bj , bℓU .

So (M,B, κ, f) is stable crossed module.

(2) Consider the functorOrdmod : StCr Mod → Cr Mod from Lemma 329.

We consider the crossed module V = (MV ,BV ,γV , fV ) := (M,B, κ, f)Ordmod.

Then we have

MV =M

BV = B

γV : B → Aut(M) , b 7→
(
m 7→ mb = m · TmfV , bU

)
fV = f .

Note that we have

m(bγV ) = mb = m · TmfV , bU = m · Tb2, bU = m ·m2·2·1 = m · 1 = m.

This shows bγV = idM .

Therefore, we have γV : B → Aut(M) , b 7→ idM , i.e. γV = ! .

(3) We consider the crossed module Ṽ = (M̃, B̃, γ̃, f̃) defined in [27, Ch.V, §1, (5.6)] with

M̃ = ⟨m̃ : m̃4 = 1⟩
B̃ = ⟨b̃ : b̃4 = 1⟩

γ̃ : B̃ → M̃ , b̃ 7→
(
m̃ 7→ m̃b̃ := m̃−)

f̃ : M̃ → B̃ , m̃ 7→ b̃2 .

We show that V ̸≃ Ṽ .

We assume that there exists an isomorphism (µ, β) : V → Ṽ ; cf. §1.1.4 item 3.

Note that we have

m ·mb = m ·m = m2 .

Moreover, we have

β : B → B̃ , b 7→ b̃j
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for either j = 1 or j = 3 since β is a group isomorphism.

So we have

1 = 1µ ̸= m2µ = (m ·mb)µ = mµ · (mb)µ
(CM1)
= mµ · (mµ)bβ

= mµ · (mµ)b̃j j=1or j=3
= mµ · (mµ)− = 1 ,

which is a contradiction.

This shows V ̸≃ Ṽ .

(4) Consider the following group morphism h from Example 332.(3) with S := (M,B, κ, f);
cf. (1).

h : Sπ0/(Sπ0)
2 → Sπ1 ,

(
bi(Mf)

)
(Sπ0)

2 7→ Tbi, biU

Then h is nontrivial since we have((
b(Mf)

)
(Sπ0)

2
)
h = Tb, bU = m2·1·1 = m2 ̸= 1 .
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Chapter 17

Construction of the group H∞
from a stable crossed module

Suppose given a stable crossed module S = (MS , BS , κS , fS).

We often write M := MS , B := BS .

17.1 The group Hn

17.1.1 The construction of the iterated semidirect product Hn

Lemma 341

Let G and H be groups. Suppose given an action of G on H as follows.

β : G→ Aut(H) , x 7→ (h 7→ hx)

Suppose given a map u : G×G→ H such that (1, 2, 3) are satisfied.

(1) For x, y, z ∈ G, we have

(x · y, z)u = (y, zx)u · (x, z)u .

(2) For x, y, z ∈ G, we have

(x, y · z)u = (x, z)u ·
(
(x, y)u

)z
.
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(3) For x, y ∈ G and h ∈ H, we have

h · (x, y)u = (x, y)u · h[x,y] ,

i.e. , we have

h(x,y)u = h[x,y] .

Then we have an action of G on G⋉β H given by the following group morphism.

α : G→ Aut(G⋉β H) , x 7→
(
(g, h) 7→ (g, h)x :=

(
gx, (x, g)u · h

))
Proof. For z ∈ G, note that we have

(1 · 1, z)u (1)
= (1, z1)u · (1, z)u .

So (1, z)u = 1 for z ∈ G.
Suppose given g, g̃ ∈ G and h, h̃ ∈ H.

We have

(g, h)1 =
(
g1, (1, g)u · h

)
= (g, 1 · h) = (g, h) .

This shows 1α = idG⋉βH .

For x ∈ G, we have

(g, h)x · (g̃, h̃)x =
(
gx, (x, g)u · h

)
·
(
g̃x, (x, g̃)u · h̃

)
=
(
gx · g̃x,

(
(x, g)u · h

)(g̃x) · (x, g̃)u · h̃)
(3)
=
(
(g · g̃)x, (x, g̃)u ·

(
(x, g)u · h

)(g̃x·[x,g̃]) · h̃)
=
(
(g · g̃)x, (x, g̃)u ·

(
(x, g)u · h

)g̃ · h̃)
=
(
(g · g̃)x, (x, g̃)u ·

(
(x, g)u

)g̃ · hg̃ · h̃)
(2)
=
(
(g · g̃)x, (x, g · g̃)u · hg̃ · h̃

)
= (g · g̃, hg̃ · h̃)x

=
(
(g, h) · (g̃, h̃)

)x
.

So given x ∈ G, the map xα : G⋉β H → G⋉β H, (g, h) 7→ (g, h)x is a group morphism.
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For x, y ∈ G, we have(
(g, h)x

)y
=
(
gx, (x, g)u · h

)y
=
(
(gx)y, (y, gx)u · (x, g)u · h

) (1)
=
(
gx·y, (x · y, g)u · h

)
= (g, h)x·y .

This shows xα ▲ yα = (x · y)α.
We conclude that, for x ∈ G, the map xα has the inverse x−α.

So we obtain xα ∈ Aut(G ⋉β H). We can conclude that α : G → Aut(G ⋉β H) is a group
morphism.

Lemma 342 For n ∈ Z⩾−1 , there exist uniquely

• a group Hn

• a map un : B ×B → Hn

• a group morphism αn : B → Aut(Hn)

that satisfy the following conditions (in - ixn).

(in) We have

Hn =

{
M if n = −1
B ⋉αn−1 Hn−1 if n ⩾ 0 .

(iin) We have

un : B ×B → Hn , (x, y) 7→

{
(x, y)κS = Tx, yU if n = −1(
[x, y], (y, x)un−1

)
if n ⩾ 0 .

(iiin) We have

αn = B → Aut(Hn) , x 7→

xα−1 = xγS =
(
m 7→ mx 327.(1)

= m · TmfS, xU
)

if n = −1

xαn =
(
(b, h) 7→

(
bx, (x, b)un−1 · h

))
if n ⩾ 0 .

(ivn) For x, y ∈ B, we have (
[x, y], [y, x]

)
un = 1 .
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(vn) For x, y ∈ B, we have (
(x, y)un

)(
[y, x]αn

)
= (x, y)un .

(vin) For x, y ∈ B, we have (
(x, y)un

)−
= (y, x)un .

(viin) For x, y, z ∈ B, we have

(x · y, z)un = (y, zx)un · (x, z)un .

(viiin) For x, y, z ∈ B, we have

(x, y · z)un = (x, z)un ·
(
(x, y)un

)
(zαn) .

(ixn) For x, y ∈ B and h ∈ Hn, we have

h · (x, y)un = (x, y)un ·
(
h
(
[x, y]αn

))
,

i.e. , we have

h(x,y)un = h
(
[x, y]αn

)
.

Of course, (vn) is a particular case of (ixn), using (vin). In the proof of the induction step,
this redundancy will turn out to be convenient.

If n = −1, for h ∈ H−1 , we write h{−1} := h and we write h{k} := 1 for k ∈ Z⩾0 .

If n ⩾ 0, for h = (b, h′) ∈ Hn = B ⋉αn−1 Hn−1 and k ∈ [−1, n], we write

h{k} :=


1 for k ⩾ n+ 1

b for k = n

h′{k} for k ∈ [−1, n− 1] .

So, for h ∈ Hn , we have h = (h{n} , h{n−1} , . . . , h{−1}), omitting inner brackets in notation.

Proof. The conditions uniquely determine Hn , un and αn for n ∈ Z⩾−1 .

We have to show existence.

By induction on n ∈ Z⩾−1 , we show that αn is a group morphism and that (in – ixn) hold.

Let n = −1. We have H−1 = M . For x, y ∈ B, we have (x, y)u−1 = Tx, yU. Moreover, for
m ∈M and x ∈ B, we have (m)(xα−1) = mx = m · TmfS, xU.
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It suffices to show (iv−1 – ix−1).

Ad (iv−1). For x, y ∈ B, we have(
[x, y], [y, x]

)
u−1 = T[x, y], [y, x]U 323.(12)

=
[
Tx, yU,Ty, xU

] (SCM1)
= 1 .

Ad (v−1). For x, y ∈ B, we have(
(x, y)u−1

)(
[y, x]α−1

)
= Tx, yU[y,x] 323.(3)

= Tx, yUTy, xU (SCM1)
= Tx, yU = (x, y)u−1 .

Ad (vi−1). For x, y ∈ B, we have(
(x, y)u−1

)−
= Tx, yU− (SCM1)

= Ty, xU = (y, x)u−1 .

Ad (vii−1). For x, y, z ∈ B, we have

(x · y, z)u−1 = Tx · y, zU 322.(2)
= Ty, zxU · Tx, zU = (y, zx)u−1 · (x, z)u−1 .

Ad (viii−1). For x, y, z ∈ B, we have

(x, y · z)u−1 = Tx, y · zU 323.(13)
= Tx, zU · Tx, yUz = (x, z)u−1 ·

(
(x, y)u−1

)
(zα−1) .

Ad (ix−1). For x, y ∈ B and h ∈ H−1 =M , we have

h(x,y)u−1 = hTx, yU 323.(3)
= = h[x,y] = h

(
[x, y]α−1

)
.

Suppose given n ∈ Z⩾−1 . Suppose given groups Hk , maps uk : B × B → Hk and group
morphisms αk : B → Aut(Hk) for k ∈ [−1, n] that satisfy (ik – ixk) for k ∈ [−1, n].
We have to show that there exist a group Hn+1 , a map un+1 : B × B → Aut(Hn+1) and a
group morphism αn+1 : B → Aut(Hn+1) such that (in+1 – ixn+1) hold.

We may take the group

Hn+1 := B ⋉αn Hn ,

so that (in+1) holds.

We may take the map

un+1 : B ×B → Hn+1 , (x, y) 7→
(
[x, y], (y, x)un

)
,

so that (iin+1) holds.
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Since (viin – ixn) hold, Lemma 341 yields the group morphism

αn+1 : B → Aut(Hn+1) = Aut(B ⋉β Hn) , x 7→
(
(b, h) 7→

(
bx, (x, b)un · h

))
.

So (iiin+1) holds.

Ad (ivn+1). For x, y ∈ B, we have(
[x, y], [y, x]

)
un+1 =

([
[x, y], [y, x]

]
,
(
[y, x], [x, y]

)
un

)
(ivn)
= (1, 1) = 1 .

Ad (vn+1). For x, y ∈ B, we have(
(x, y)un+1

)(
[y, x]αn+1

)
=
(
[x, y], (y, x)un

)(
[y, x]αn+1

)
=
(
[x, y][y,x],

(
[y, x], [x, y]

)
un · (y, x)un

)
(ivn)
=
(
[x, y], 1 · (y, x)un

)
= (x, y)un+1 .

Ad (vin+1). For x, y ∈ B, we have(
(x, y)un+1

)−
=

(
[x, y], (y, x)un

)−
=

(
[x, y]−,

((
(y, x)un

)−)((
[x, y]−

)
αn

))
(vin)
=

(
[y, x],

(
(x, y)un

)((
[y, x]

)
αn

))
(vn)
=

(
[y, x], (x, y)un

)
= (y, x)un+1 .

Ad (viin+1). For x, y, z ∈ B, we have

(y, zx)un+1 · (x, z)un+1 =
(
[y, zx], (zx, y)un

)
·
(
[x, z], (z, x)un

)
=

(
[y, zx] · [x, z],

(
(zx, y)un

)(
[x, z]αn

)
· (z, x)un

)
(ixn)
=

(
[x · y, z],

(
(zx, y)un

)(x,z)un · (z, x)un)
(vin)
=

(
[x · y, z], (z, x)un · (zx, y)un

)
(vin)
=

(
[x · y, z],

(
(y, zx)un · (x, z)un

)−)
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(viin)
=

(
[x · y, z],

(
(x · y, z)un

)−)
(vin)
=

(
[x · y, z], (z, x · y)un

)
= (x · y, z)un+1 .

Ad (viiin+1). For x, y, z ∈ B, we have

(x, z)un+1 ·
(
(x, y)un+1

)
(zαn+1)

=
(
[x, z], (z, x)un

)
·
(
[x, y], (y, x)un

)
(zαn+1)

=
(
[x, z], (z, x)un

)
·
(
[x, y]z,

(
z, [x, y]

)
un · (y, x)un

)
=

(
[x, z] · [x, y]z,

(
(z, x)un

)(
[x, y]z

)
αn ·

(
z, [x, y]

)
un · (y, x)un

)
(ixn)
=

(
[x, y · z],

(
z, [x, y]

)
un ·

((
(z, x)un

)((
[x, y]z

)
αn

))([
z, [x, y]

]
αn

)
· (y, x)un

)
=

(
[x, y · z],

(
z, [x, y]

)
un ·

(
(z, x)un

)((
[x, y]z ·

[
z, [x, y]

])
αn

)
· (y, x)un

)
=

(
[x, y · z],

(
z, [x, y]

)
un ·

(
(z, x)un

)(
[x, y]αn

)
· (y, x)un

)
(viiin)
=

(
[x, y · z],

(
z, x · [x, y]

)
un · (y, x)un

)
=

(
[x, y · z], (z, xy)un · (y, x)un

)
(viin)
=

(
[x, y · z], (y · z, x)un

)
= (x, y · z)un+1 .

Ad (ixn+1). Suppose given x, y ∈ B and h =: (b, h̃) ∈ Hn+1 with b ∈ B, h̃ ∈ Hn .

Note that we have

(1, b)un = (1 · 1, b)un
(viin)
= (1, b1)un · (1, b)un .

Therefore, (1, b)un = 1 .
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So we have(
(x, y)un

)
(bαn) = (1, b)un ·

(
(x, y)un

)
(bαn)

= (x− · x, b)un ·
(
(x, y)un

)
(bαn)

(viin)
= (x, bx

−
)un · (x−, b)un ·

(
(x, y)un

)
(bαn)

= (x, bx
−
)un · (x−, b)un ·

(
(x, y)un

)((
bx

− · [x−, b]
)
αn

)
= (x, bx

−
)un · (x−, b)un ·

((
(x, y)un

)(
(bx

−
)αn
))(

[x−, b]αn
)

(ixn)
= (x, bx

−
)un ·

(
(x, y)un

)(
(bx

−
)αn
)
· (x−, b)un

(viiin)
= (x, y · bx−)un · (x−, b)un

(vin)
=

(
(y · bx− , x)un

)− · (x−, b)un
(viin)
=

(
(bx

−
, xy)un · (y, x)un

)− · (x−, b)un
(vin)
= (x, y)un · (xy, bx

−
)un · (x−, b)un

(viin)
= (x, y)un · (x− · xy, b)un

= (x, y)un ·
(
[x, y], b

)
un .

We have

h(x,y)un+1
(vin)
= (y, x)un+1 · h · (x, y)un+1

=
(
[y, x], (x, y)un

)
· (b, h̃) ·

(
[x, y], (y, x)un

)
=

(
[y, x] · b,

(
(x, y)un

)
(bαn) · h̃

)
·
(
[x, y], (y, x)un

)
=

(
[y, x] · b · [x, y],

((
(x, y)un

)
(bαn) · h̃

)(
[x, y]αn

)
· (y, x)un

)
(ixn)
=

(
b[x,y], (y, x)un ·

(((
(x, y)un

)
(bαn) · h̃

)(
[x, y]αn

))(
[y, x]αn

))
=

(
b[x,y], (y, x)un ·

((
(x, y)un

)
(bαn) · h̃

)(
[x, y] · [y, x]

)
αn

)
=

(
b[x,y], (y, x)un ·

(
(x, y)un

)
(bαn) · h̃

)
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see above
=

(
b[x,y], (y, x)un · (x, y)un ·

(
[x, y], b

)
un · h̃

)
(vin)
=

(
b[x,y],

(
[x, y], b

)
un · h̃

)
= (b, h̃)

(
[x, y]αn+1

)
= h

(
[x, y]αn+1

)
.

17.1.2 The action on Hn

Stipulation 343 In the sequel of this section §17.1.1, we consider the data constructed in
Lemma 342.

Notation 344 Let n ∈ Z⩾−1 .

Suppose given h ∈ Hn . Suppose given b ∈ B.

(1) We write

hb := h(bαn) .

(2) Recall from Lemma 342 that we write h = (h{n} , h{n−1} , . . . , h{−1}) , where h{i} ∈ B
for i ∈ [0, n] and where h{−1} ∈M .

In other words, we may write

h = (bn , bn−1 , . . . , b0 ,m)

with bi ∈ B for i ∈ [0, n] and with m ∈M .

Recall that h{i} = 1 for i ∈ Z⩾n+1 .

Then

h{k} =


1 for k ∈ Z⩾n+1

bk for k ∈ [0, n]

m for k = −1 .

In particular, if n = −1, then we may write

h{−1} =: m ∈M
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and get
h = (h{−1}) = (m) .

In this case, we often omit the brackets and write h = h{−1} = m.

(3) For ℓ ∈ [−1, n] , we have the group element h⌊ℓ,−1⌋ ∈ Hℓ , where

(h⌊ℓ,−1⌋){k} :=

{
1 for k ⩾ ℓ+ 1

h{k} for k ∈ [−1, ℓ] .

So, if h = (bn , bn−1 , . . . , b0 ,m) ∈ Hn , then, for ℓ ∈ [−1, n] , we have

h⌊ℓ,−1⌋ = (bℓ , bℓ−1 , . . . b0 ,m) ∈ Hℓ .

For h = (bn , bn−1 , . . . , b0 ,m) ∈ Hn , note that we have

h = h⌊n,−1⌋ = (bn , bn−1 , . . . , b0 ,m) ∈ Hn .

Remark 345 Let n ∈ Z⩾−1 . Suppose given h, h̃ ∈ Hn+1 = B ⋉αn Hn .

Write

h := (bn+1 , bn , . . . , b0 ,m) and h̃ := (b̃n+1 , b̃n , . . . , b̃ , m̃) .

By construction, we have

h =
(
bn+1 , (bn , . . . , b0 ,m)

)
and h̃ =

(
b̃n+1 , (b̃n , . . . , b̃ , m̃)

)
in B ⋉αn Hn .

So in particular, we have

h · h̃ =
(
bn+1 · b̃n+1 , (bn , . . . , b0 ,m)b̃n+1 · (b̃n , . . . , b̃ , m̃)

)
.

Remark 346 Let n ∈ Z⩾−1 . Suppose given x, y, z ∈ B.

(1) We have

(1, z)un = 1 and (z, 1)un = 1 .

(2) We have

(x · y, z)un =
(
(x, z)un

)y · (y, z)un .
(3) We have

(x, y · z)un = (x, y)un · (xy, z)un .
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(4) We have (
(y, x)un

)z
=
(
z, [x, y]

)
un · (y, x)un .

(5) We have (
(x, y)un

)z
= (xz, yz)un .

Proof. Ad (1). We have

(1, z)un = (1 · 1, z)un
342.(viin)

= (1, z1)un · (1, z)un = (1, z)un · (1, z)un .
This shows (1, z)un = 1 .

Moreover, we have

(z, 1)un
342.(vin)

=
(
(1, z)un

)−
= 1− = 1 .

Ad (2). We have

(x · y, z)un
342.(vin)

=
(
(z, x · y)un

)− 342.(viiin)
=

(
(z, y)un ·

(
(z, x)un

)y)− 342.(vin)
=

(
(x, z)un

)y · (y, z)un .
Ad (3). We have

(x, y · z)un
342.(vin)

=
(
(y · z, x)un

)− 342.(viin)
=

(
(z, xy)un · (y, x)un

)− 342.(vin)
= (x, y)un · (xy, z)un .

Ad (4). We have(
z, [x, y]

)
un · (y, x)un = (z, x− · xy)un · (y, x)un

342.(viiin)
= (z, xy)un ·

(
(z, x−)un

)(xy) · (y, x)un
= (z, xy)un ·

((
(z, x−)un

)x)[x,y] · (y, x)un
342.(ixn)

= (z, xy)un ·
((

(z, x−)un
)x)(x,y)un · (y, x)un

342.(vin)
= (z, xy)un · (y, x)un ·

(
(z, x−)un

)x
342.(viin)

= (y · z, x)un ·
(
(z, x−)un

)x
(2)
=

(
(y, x)un

)z · (z, x)un · ((z, x−)un)x
342.(viiin)

=
(
(y, x)un

)z · (z, x− · x)un
=

(
(y, x)un

)z · (z, 1)un
(1)
=

(
(y, x)un

)z
.
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Ad (5). We show this claim by induction on n ∈ Z⩾−1 .

Let n = −1.
We have (

(x, y)u−1

)z
= Tx, yUz

323.(10)
= Txz, yzU = (xz, yz)u−1 .

Let n ∈ Z⩾−1 .

Suppose that (5) holds for n.

We have(
(x, y)un+1

)z
=
(
[x, y], (y, x)un

)z
=
(
[x, y]z,

(
z, [x, y]

)
un · (y, x)un

)
(4)
=
(
[xz, yz],

(
(y, x)un

)z) IH
=
(
[xz, yz], (yz, xz)un

)
= (xz, yz)un+1 .

Lemma 347 Let n ∈ Z⩾−1 . Suppose given h ∈ Hn . Write bi := h{i} ∈ B for i ∈ [0, n] and
m := h{−1} ∈M . So h = (bn , bn−1 , . . . , b0 ,m). Suppose given x, y ∈ B.

(1) We have

(
(x, y)un · h

)
{k} =


(
[x, y](−1)n−k)( ∏

j∈⌊n,k+1⌋
bj )

· bk for k ∈ [0, n]

(
Tx, yU(−1)n+1)( ∏

j∈⌊n,0⌋
bj )

·m for k = −1 .

(2) If n ⩾ 0, then we have

(hx){k} =


(
[bn , x]

(−1)n−k)( ∏
j∈⌊n−1,k+1⌋

bj )

· bk for k ∈ [0, n]

(
Tbn, xU(−1)n+1)( ∏

j∈⌊n−1,0⌋
bj )

·m for k = −1 .

Proof. Ad (1). We show this assertion by induction on n ∈ Z⩾−1 .

Let n = −1.
Suppose given h ∈ H−1 =M . Note that m = h{−1} = h .

We have (
(x, y)u−1 · h

)
{−1} = (x, y)u−1 · h = Tx, yU · h =

(
Tx, yU(−1)0

)1 ·m.
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Let n ∈ Z⩾−1 . Now suppose that (1) holds for n.

We have to show that (1) holds for n+ 1.

Let h ∈ Hn+1 . Write bi := h{i} ∈ B for i ∈ [0, n+ 1] and m := h{−1} ∈M .

So h = (bn+1 , bn , bn−1 , . . . , b0 ,m).

We have

(x, y)un+1 · h =
(
[x, y], (y, x)un

)
· (bn+1 , bn , . . . , b0 ,m)

=
(
[x, y] · bn+1 ,

(
(y, x)un

)bn+1 · (bn , . . . , b0 ,m)
)

346.(5)
=

(
[x, y] · bn+1 , (y

bn+1 , xbn+1)un · (bn , . . . , b0 ,m)
)
.

First, for k = n+ 1, we have(
[x, y](−1)(n+1)−(n+1))( ∏

j∈⌊n+1,(n+1)+1⌋
bj)

· bn+1 =
(
[x, y](−1)0

)( ∏
j∈⌊n+1,n+2⌋

bj)

· bn+1 = [x, y] · bn+1 .

By induction hypothesis, we have(
(ybn+1 , xbn+1)un · (bn , . . . , b0 ,m)

)
{k}

=


(
[ybn+1 , xbn+1 ](−1)n−k)( ∏

j∈⌊n,k+1⌋
bj)

· bk for k ∈ [0, n](
Tybn+1 , xbn+1U(−1)n+1)( ∏

j∈⌊n,0⌋
bj)

·m for k = −1

323.(10)
=


(
[y, x](−1)n−k)( bn+1 ·

∏
j∈⌊n,k+1⌋

bj)

· bk for k ∈ [0, n](
Ty, xU(−1)n+1)( bn+1 ·

∏
j∈⌊n,0⌋

bj)

·m for k = −1

(SCM1)
=


(
[x, y](−1)n+1−k)( ∏

j∈⌊n+1,k+1⌋
bj)

· bk for k ∈ [0, n](
Tx, yU(−1)n+2)( ∏

j∈⌊n+1,0⌋
bj)

·m for k = −1 .

Altogether, we have

(
(x, y)un+1 · h

)
{k} =


(
[x, y](−1)n+1−k)( ∏

j∈⌊n+1,k+1⌋
bj )

· bk for k ∈ [0, n+ 1]

(
Tx, yU(−1)n+2)( ∏

j∈⌊n+1,0⌋
bj )

·m for k = −1 .
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This proves (1).

Ad (2). We have

hx =
(
bn , (bn−1 , . . . , b0 ,m)

)x
=
(
bxn , (x, bn)un−1 · (bn−1 , . . . , b0 ,m)

)
.

First, for k = n, we have(
[bn , x]

(−1)n−n)( ∏
j∈⌊n−1,n+1⌋

bj)

· bn =
(
[bn , x]

(−1)0
)b−n · bn = bn · [bn , x] · b−n · bn = bxn = (hx){n} .

Moreover, by (1), we have(
(x, bn)un−1 · (bn−1 , . . . , b0 ,m)

)
{k}

(1)
=


(
[x, bn]

(−1)n−1−k)( ∏
j∈⌊n−1,k+1⌋

bj)

· bk for k ∈ [0, n− 1](
Tx, bnU(−1)n

)( ∏
j∈⌊n−1,0⌋

bj)

·m for k = −1

(SCM1)
=


(
[bn , x]

(−1)n−k)( ∏
j∈⌊n−1,k+1⌋

bj)

· bk for k ∈ [0, n− 1](
Tbn, xU(−1)n+1)( ∏

j∈⌊n−1,0⌋
bj)

·m for k = −1 .

Altogether, we have

(hx){k} =


(
[bn , x]

(−1)n−k)( ∏
j∈⌊n−1,k+1⌋

bj )

· bk for k ∈ [0, n]

(
Tbn, xU(−1)n+1)( ∏

j∈⌊n−1,0⌋
bj )

·m for k = −1 .

This proves (2).

17.1.3 The multiplication in Hn

We consider the data constructed in Lemma 342.

Remark 348

(0) Suppose given a, b ∈ Z with b ⩾ a− 1. Suppose given yj , zj ∈ B for j ∈ ⌊b, a⌋.
We have ∏

j∈⌊b,a⌋

yj · zj =
( ∏
t∈⌊b,a⌋

zt
)
·
( ∏
j∈⌊b,a⌋

yj

( ∏
t∈⌊j,a⌋

zt

))
.
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(1) Suppose given x, y, z, v, w ∈ B. Let k ∈ Z.
We have [

x,
(
[y, z](−1)k

)v · w] = [x,w] ·
(
[z, y](−1)k

)v·x·w · ([y, z](−1)k
)v·w ∈ B .

(2) Suppose given a, b ∈ Z with b ⩾ a− 1. Suppose given yj , zj ∈ B for j ∈ ⌊b, a⌋.
For x ∈ B, we have

x

( ∏
j∈⌊b,a⌋

yj ·zj
)
=

( ∏
j∈⌊b,a⌋

y

( ∏
t∈⌊j,a⌋

zt

)
j

)−

· x

( ∏
t∈⌊b,a⌋

zt

)
·
( ∏
j∈⌊b,a⌋

yj

( ∏
t∈⌊j,a⌋

zt

))
.

(3) Suppose given x, y, z, v, w ∈ B. Let k ∈ Z.
We have

Tx, ([y, z](−1)k
)v · wU = Tx, wU ·

(
Tz, yU(−1)k

)v·x·w · (Ty, zU(−1)k
)v·w ∈M .

(4) Suppose given a, b ∈ Z with b ⩾ a−1. Suppose given yj ∈M and zj ∈ B for j ∈ ⌊b, a⌋.
We consider yjfS ∈ B for j ∈ ⌊b, a⌋.
For x ∈M , we have

x

( ∏
j∈⌊b,a⌋

yj fS ·zj
)
=

( ∏
j∈⌊b,a⌋

y

( ∏
t∈⌊j,a⌋

zt

)
j

)−

· x

( ∏
t∈⌊b,a⌋

zt

)
·
( ∏
j∈⌊b,a⌋

yj

( ∏
t∈⌊j,a⌋

zt

))
.

Proof. Ad (0). If b = a− 1, then we have( ∏
t∈⌊a−1,a⌋

zt
)
·
( ∏
j∈⌊a−1,a⌋

yj

( ∏
t∈⌊j,a⌋

zt

))
= 1 · 1 = 1 =

∏
j∈⌊a−1,a⌋

yj · zj ;

cf. §1.1.2 item 9.3.

If b ⩾ a, then we have

( ∏
t∈⌊b,a⌋

zt
)
·
( ∏
j∈⌊b,a⌋

yj

( ∏
t∈⌊j,a⌋

zt

))
=

( ∏
t∈⌊b,a⌋

zt
)
·
( ∏
j∈⌊b,a⌋

( ∏
t∈⌊j,a⌋

zt
)− · yj · ( ∏

t∈⌊j,a⌋
zt
))

=
( ∏
t∈⌊b,a⌋

zt
)
·
( ∏
t∈⌊b,a⌋

zt
)− · ( ∏

j∈⌊b,a⌋
yj ·
( ∏
t∈⌊j,a⌋

zt
)
·
( ∏
t∈⌊j−1,a⌋

zt
)−) · ( ∏

t∈⌊a−1,a⌋
zt
)
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=
( ∏
j∈⌊b,a⌋

yj · zj ·
( ∏
t∈⌊j−1,a⌋

zt
)
·
( ∏
t∈⌊j−1,a⌋

zt
)−) · 1

=
∏

j∈⌊b,a⌋
yj · zj .

Ad (1). We write u := [y, z](−1)k . Then we have

[x,w] ·
(
[z, y](−1)k

)v·x·w · ([y, z](−1)k
)v·w

= [x,w] · (u−)v·x·w · uv·w
= x− · w− · x · w · w− · x− · (u−)v · x · w · w− · uv · w
= x− · w− · (u−)v · x · uv · w
= [x, uv · w]

=
[
x,
(
[y, z](−1)k

)v · w] .
Ad (2). For x ∈ G, we have

x

( ∏
j∈⌊b,a⌋

yj ·zj
)

(0)
=
(
x

( ∏
t∈⌊b,a⌋

zt

))( ∏
j∈⌊b,a⌋

yj

( ∏
t∈⌊j,a⌋

zt

))

=

( ∏
j∈⌊b,a⌋

y

( ∏
t∈⌊j,a⌋

zt

)
j

)−

· x

( ∏
t∈⌊b,a⌋

zt

)
·
( ∏
j∈⌊b,a⌋

yj

( ∏
t∈⌊j,a⌋

zt

))
.

Ad (3). If k ≡2 0, then we have

Tx,
(
[y, z](−1)k

)v · wU = Tx, [y, z]v · wU
322.(3)
= Tx, wU · Txw, [y, z]v·wU

323.(10)
= Tx, wU · Tx, [yv, zv]Uw

323.(11)
= Tx, wU ·

(
Tzv, yvUx · Tyv, zvU

)w
323.(10)
= Tx, wU · Tz, yUv·x·w · Ty, zUv·w

= Tx, wU ·
(
Tz, yU(−1)k

)v·x·w · (Ty, zU(−1)k
)v·w

.
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If k ≡2 1, then we have

Tx,
(
[y, z](−1)k

)v · wU = Tx, [z, y]v · wU
322.(3)
= Tx, wU · Txw, [z, y]v·wU

323.(10)
= Tx, wU · Tx, [zv, yv]Uw

323.(11)
= Tx, wU ·

(
Tyv, zvUx · Tzv, yvU

)w
323.(10)
= Tx, wU · Ty, zUv·x·w · Tz, yUv·w

(SCM1)
= Tx, wU ·

(
Tz, yU(−1)k

)v·x·w · (Ty, zU(−1)k
)v·w

.

Ad (4). For x ∈M , we have

x

( ∏
j∈⌊b,a⌋

yj fS ·zj
)

(0)
=

(
x

( ∏
t∈⌊b,a⌋

zt

))( ∏
j∈⌊b,a⌋

(yj fS)

( ∏
t∈⌊j,a⌋

zt

))

323.(1)
=

(
x

( ∏
t∈⌊b,a⌋

zt

))(( ∏
j∈⌊b,a⌋

y

( ∏
t∈⌊j,a⌋

zt

)
j

)
fS

)

323.(2)
=

(
x

( ∏
t∈⌊b,a⌋

zt

))( ∏
j∈⌊b,a⌋

yj

( ∏
t∈⌊j,a⌋

zt

))

=

( ∏
j∈⌊b,a⌋

y

( ∏
t∈⌊j,a⌋

zt

)
j

)−

· x

( ∏
t∈⌊b,a⌋

zt

)
·
( ∏
j∈⌊b,a⌋

yj

( ∏
t∈⌊j,a⌋

zt

))
.

Lemma 349 Let n ∈ Z⩾−1 .

Suppose given h ∈ Hn . Write bi := h{i} for i ∈ [0, n] and m := h{−1} ∈M .

So h = (bn , bn−1 , . . . , b0 ,m). Write bi := 1 for i ∈ Z⩾n+1 .

Suppose given h̃ ∈ Hn . Write b̃i := h̃{i} for i ∈ [0, n] and m̃ := h̃{−1} ∈M .

So h̃ = (b̃n , b̃n−1 , . . . , b̃0 , m̃). Write b̃i := 1 for i ∈ Z⩾n+1 .
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The product h · h̃ ∈ Hn is determined by

(h · h̃){k} =

( ∏
i∈⌈k,n⌉
i≡2 k

[b̃i+2 , bi+1]
b̃i+1·

( ∏
j∈⌊i,k+1⌋

bj ·b̃j
))
·
( ∏

i∈⌈k,n⌉
i≡2 k+1

[b̃i+2 , bi+1]
b̃i+1·

( ∏
j∈⌊i,k+1⌋

bj ·b̃j
))−

· bb̃k+1

k · b̃k for k ∈ [0, n]

( ∏
i∈⌈−1,n⌉
i≡2 −1

Tb̃i+2, bi+1U
b̃i+1·

( ∏
j∈⌊i,0⌋

bj ·b̃j
))
·
( ∏
i∈⌈−1,n⌉
i≡2 0

Tb̃i+2, bi+1U
b̃i+1·

( ∏
j∈⌊i,0⌋

bj ·b̃j
))−

·mb̃0 · m̃ for k = −1 .

Proof. We show this claim by induction on n ∈ Z⩾−1 .

Let n = −1.
Suppose given h ∈ H−1 =M . Write m := h{−1} = h and write bi := 1 for i ∈ Z⩾0 .

Suppose given h̃ ∈ H−1 =M . Write m̃ := h̃{−1} = h̃ and write b̃i := 1 for i ∈ Z⩾0 .

We have

h′ := h · h̃ = m · m̃ .

So we have

h′{−1} = m · m̃ = 1 · 1 ·m1 · m̃

=

( ∏
i∈⌈−1,−1⌉
i≡2 −1

Tb̃i+2, bi+1U
b̃i+1·
( ∏

j∈⌊i,0⌋
bj ·b̃j
))
·
( ∏
i∈⌈−1,−1⌉
i≡2 0

Tb̃i+2, bi+1U
b̃i+1·
( ∏

j∈⌊i,0⌋
bj ·b̃j
))−

·mb̃0 · m̃ .

This proves the claim for n = −1.
Let n = 0.

Suppose given h ∈ H0 . Write b0 := h{0} and m := h{−1} ∈M .

So h = (b0 ,m). Write bi := 1 for i ∈ Z⩾1 .

Suppose given h̃ ∈ H0 . Write b̃ := h̃{0} and m̃ := h̃{−1} ∈M .

So h̃ = (b̃ , m̃). Write b̃i := 1 for i ∈ Z⩾1 .

We have

h′ := h · h̃ = (b0 ,m) · (b̃0 , m̃) = (b0 · b̃0 ,mb̃0 · m̃) .
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So we have

h′{0} = b0 · b̃0

= 1 · 1 · b10 · b̃0

=

( ∏
i∈⌈0,0⌉
i≡2 0

[b̃i+2 , bi+1]
b̃i+1·
( ∏

j∈⌊i,1⌋
bj ·b̃j
))
·
( ∏
i∈⌈0,0⌉
i≡2 1

[b̃i+2 , bi+1]
b̃i+1·
( ∏

j∈⌊i,1⌋
bj ·b̃j
))−

· bb̃10 · b̃0

h′{−1} = mb̃0 · m̃

= 1 · 1 ·mb̃0 · m̃

=

( ∏
i∈⌈−1,0⌉
i≡2 −1

Tb̃i+2, bi+1U
b̃i+1·
( ∏

j∈⌊i,0⌋
bj ·b̃j
))
·
( ∏
i∈⌈−1,0⌉
i≡2 0

Tb̃i+2, bi+1U
b̃i+1·
( ∏

j∈⌊i,0⌋
bj ·b̃j
))−

·mb̃0 · m̃ .

This proves the claim for n = 0.

Let n ∈ Z⩾0 . Now suppose that the claim holds for n.

We have to show that the claim holds for n+ 1.

Suppose given h ∈ Hn+1 . Write bi := h{i} ∈ B for i ∈ [0, n+ 1] and m := h{−1} ∈M .

So h = (bn+1 , bn , bn−1 , . . . , b0 ,m). Write bi := 1 for i ∈ Z⩾n+2 .

Suppose given h̃ ∈ Hn+1 . Write b̃i := h̃{i} ∈ B for i ∈ [0, n+ 1] and m̃ := h̃{−1} ∈M .

So h̃ = (b̃n+1 , b̃n , b̃n−1 , . . . , b̃0 , m̃). Write b̃i := 1 for i ∈ Z⩾n+2 .

Let h′ := h
b̃n+1

⌊n,−1⌋ ∈ Hn ; cf. Notation 344.(3). Write b′i := h′{i} ∈ B for i ∈ [0, n] and

m′ := h′{−1} ∈M .

So h′ = (b′n , b
′
n−1 , . . . , b

′
0 ,m

′) = (bn , bn−1 , . . . , b0 ,m)b̃n+1 . Write b′i := 1 for i ∈ Z⩾n+1 .

By Lemma 347.(2), we have

h′{s} =


b′s =

(
[bn , b̃n+1]

(−1)n−s)( ∏
j∈⌊n−1,s+1⌋

bj )

· bs for s ∈ [0, n]

m′ =
(
Tbn, b̃n+1U(−1)n+1)( ∏

j∈⌊n−1,0⌋
bj )

·m for s = −1 .

Let h̃′ := h̃[n,−1] ∈ Hn . Write b̃′i := h̃′{i} ∈ B for i ∈ [0, n] and m̃′ := h̃′{−1} ∈M .

So h̃′ = (b̃′n , b̃
′
n−1 , . . . , b̃

′
0 , m̃

′) = (b̃n , b̃n−1 , . . . , b̃0 , m̃) . Write b̃′i := 1 for i ∈ Z⩾n+1 .
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Note that we have b̃i = b̃′i for i ∈ [0, n] and that m̃ = m̃′, but that in general b̃n+1 does not
equal b̃′n+1 = 1.

We need some auxiliary elements.

Suppose given r, ℓ ∈ Z⩾0 with r ⩾ ℓ.

We write
xr := [b̃′r+2 , b

′
r+1]

b̃′r+1 ∈ B

yr :=
(
[bn , b̃n+1]

(−1)n−r)( ∏
ℓ∈⌊n−1,r+1⌋

bℓ)

∈ B

zr,ℓ :=
∏

t∈⌊r,ℓ+1⌋
bt · b̃t ∈ B

wr,ℓ :=
∏

j∈⌊r,ℓ+1⌋
y
zj,ℓ
j ∈ B .

We claim that the assertions (i – iv) hold.

(i) For 0 ⩽ ℓ, we have

wℓ,ℓ = 1 .

For 0 ⩽ ℓ ⩽ n− 2, we have

wℓ+1,ℓ = b
b̃ℓ+1

ℓ ·
(
(b′ℓ)

b̃ℓ+1
)−
.

(ii) For 0 ⩽ ℓ ⩽ r ⩽ n− 2, we have

w−
r,ℓ · x

zr,ℓ
r · wr,ℓ = [b̃′r+2 , b

′
r+1]

b̃′r+1· (
∏

j∈⌊r,ℓ+1⌋
b′j ·b̃′j)

.

(iii) For 0 ⩽ ℓ ⩽ r ⩽ n− 2, we have

x
zr,ℓ
r = [b̃r+2 , br+1]

b̃r+1·zr,ℓ · yzr+2,ℓ

r+2 · y
zr+1,ℓ

r+1 ,

and

x
zr,ℓ
r · wr,ℓ · w−

r+2,ℓ = [b̃r+2 , br+1]
b̃r+1· zr,ℓ .

(iv) For 0 ⩽ ℓ ⩽ n− 3, we have

x
zn−2,ℓ

n−2 · wn−2,ℓ · w−
n−3,ℓ · (x

zn−3,ℓ

n−3 )−

= [b̃n , bn−1]
b̃n−1·zn−2,ℓ · [bn , b̃n+1]

b̃n·zn−1,ℓ · [bn−2 , b̃n−1]
b̃n−2·zn−3,ℓ .

518



17.1. THE GROUP Hn

Ad (i). For 0 ⩽ ℓ, we have

wℓ,ℓ =
∏

j∈⌊ℓ,ℓ+1⌋

y
zj,ℓ
j = 1 .

For ℓ ∈ [0, n− 2], we have

wℓ+1,ℓ =
∏

j∈⌊ℓ+1,ℓ+1⌋
y
zj,ℓ
j

= y
zℓ+1,ℓ

ℓ+1

=
(
[bn , b̃n+1]

(−1)n−(ℓ+1))( ∏
j∈⌊n−1,ℓ+2⌋

bj)·(
∏

t∈⌊ℓ+1,ℓ+1⌋
bt·b̃t)

=
(
[bn , b̃n+1]

(−1)n−ℓ−1)( ∏
j∈⌊n−1,ℓ+1⌋

bj)·b̃ℓ+1

= b
b̃ℓ+1

ℓ ·
(
b−ℓ ·

(
[bn , b̃n+1]

(−1)n−ℓ−1)( ∏
j∈⌊n−1,ℓ+1⌋

bj))b̃ℓ+1

= b
b̃ℓ+1

ℓ ·
(((

[bn , b̃n+1]
(−1)n−ℓ)( ∏

j∈⌊n−1,ℓ+1⌋
bj)

· bℓ
)b̃ℓ+1

)−

= b
b̃ℓ+1

ℓ ·
(
(b′ℓ)

b̃ℓ+1
)−
.

Ad (ii). For 0 ⩽ ℓ ⩽ r ⩽ n− 2, we have

[b̃′r+2 , b
′
r+1]

b̃′r+1·
( ∏

j∈⌊r,ℓ+1⌋
b′j ·b̃′j
)

= x

( ∏
j∈⌊r,ℓ+1⌋

b′j ·b̃′j
)

r

= x

( ∏
j∈⌊r,ℓ+1⌋

(
[bn ,b̃n+1](−1)n−j

)( ∏
i∈⌊n−1,j+1⌋

bi)

·bj ·b̃′j

)
r

= x

( ∏
j∈⌊r,ℓ+1⌋

yj ·(bj ·b̃′j)
)

r

348.(2)
=

( ∏
j∈⌊r,ℓ+1⌋

y
(

∏
t∈⌊j,ℓ+1⌋

bt·b̃′t)

j

)− · x( ∏
t∈⌊r,ℓ+1⌋

bt·b̃′t)

r · (
∏

j∈⌊r,ℓ+1⌋
y
(

∏
t∈⌊j,ℓ+1⌋

bt·b̃′t)

j )

r⩽n
=

( ∏
j∈⌊r,ℓ+1⌋

y
(

∏
t∈⌊j,ℓ+1⌋

bt·b̃t)

j

)− · x( ∏
t∈⌊r,ℓ+1⌋

bt·b̃t)

r · (
∏

j∈⌊r,ℓ+1⌋
y
(

∏
t∈⌊j,ℓ+1⌋

bt·b̃t)

j )
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=
( ∏
j∈⌊r,ℓ+1⌋

y
zj,ℓ
j

)− · xzr,ℓr ·
( ∏
j∈⌊r,ℓ+1⌋

y
zj,ℓ
j

)
= w−

r,ℓ · x
zr,ℓ
r · wr,ℓ .

Ad (iii). Suppose given 0 ⩽ ℓ ⩽ r ⩽ n− 2.

We have

x
zr,ℓ
r

= [b̃′r+2 , b
′
r+1]

b̃′r+1·zr,ℓ

=

[
b̃′r+2 ,

(
[bn , b̃n+1]

(−1)n−(r+1))( ∏
j∈⌊n−1,r+2⌋

bj)

· br+1

]b̃′r+1·zr,ℓ

348.(1)
=

(
[b̃′r+2 , br+1] ·

(
[b̃n+1 , bn]

(−1)n−(r+1))( ∏
j∈⌊n−1,r+2⌋

bj)·b̃′r+2·br+1

·
(
[bn , b̃n+1]

(−1)n−(r+1))( ∏
j∈⌊n−1,r+2⌋

bj)·br+1
)b̃′r+1·zr,ℓ

= [b̃′r+2 , br+1]
b̃′r+1·zr,ℓ

·
(
[bn , b̃n+1]

(−1)n−(r+2))( ∏
j∈⌊n−1,r+2⌋

bj)·b̃′r+2·br+1·b̃′r+1·(
∏

t∈⌊r,ℓ+1⌋
bt·b̃t)

·
(
[bn , b̃n+1]

(−1)n−(r+1))( ∏
j∈⌊n−1,r+2⌋

bj)·br+1·b̃′r+1·(
∏

t∈⌊r,ℓ+1⌋
bt·b̃t)

r+2⩽n
§1.1.2 item9.3

= [b̃r+2 , br+1]
b̃r+1·zr,ℓ

·
(
[bn , b̃n+1]

(−1)n−(r+2))( ∏
j∈⌊n−1,r+3⌋

bj)·br+2·b̃r+2·br+1·b̃r+1·(
∏

t∈⌊r,ℓ+1⌋
bt·b̃t)

·
(
[bn , b̃n+1]

(−1)n−(r+1))( ∏
j∈⌊n−1,r+2⌋

bj)·br+1·b̃r+1·(
∏

t∈⌊r,ℓ+1⌋
bt·b̃t)

= [b̃r+2 , br+1]
b̃r+1·zr,ℓ

·
(
[bn , b̃n+1]

(−1)n−(r+2))( ∏
j∈⌊n−1,r+3⌋

bj)·(
∏

t∈⌊r+2,ℓ+1⌋
bt·b̃t)

·
(
[bn , b̃n+1]

(−1)n−(r+1))( ∏
j∈⌊n−1,r+2⌋

bj)·(
∏

t∈⌊r+1,ℓ+1⌋
bt·b̃t)

= [b̃r+2 , br+1]
b̃r+1·zr,ℓ · yzr+2,ℓ

r+2 · y
zr+1,ℓ

r+1 .
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Moreover, we have

wr,ℓ · w−
r+2,ℓ =

( ∏
j∈⌊r,ℓ+1⌋

y
zj,ℓ
j

)
·
( ∏
j∈⌊r+2,ℓ+1⌋

y
zj,ℓ
j

)−

=

( ∏
j∈⌊r,ℓ+1⌋

y
zj,ℓ
j

)
·
( ∏
j∈⌊r,ℓ+1⌋

y
zj,ℓ
j

)−

· (yzr+1,ℓ

r+1 )− · (yzr+2,ℓ

r+2 )−

= (y
zr+1,ℓ

r+1 )− · (yzr+2,ℓ

r+2 )− .

So we have

x
zr,ℓ
r · wr,ℓ · w−

r+2,ℓ = [b̃r+2 , br+1]
b̃r+1·zr,ℓ .

Ad (iv). For 0 ⩽ ℓ ⩽ n− 3, we have

x
zn−2,ℓ

n−2 · wn−2,ℓ · w−
n−3,ℓ · (x

zn−3,ℓ

n−3 )−

(iii)
= [b̃n , bn−1]

b̃n−1·zn−2,ℓ · yzn,ℓ
n · yzn−1,ℓ

n−1

·
( ∏
j∈⌊n−2,ℓ+1⌋

y
zj,ℓ
j

)
·
( ∏
j∈⌊n−3,ℓ+1⌋

y
zj,ℓ
j

)−
·
(
[b̃n−1 , bn−2]

b̃n−2· zn−3,ℓ · yzn−1,ℓ

n−1 · y
zn−2,ℓ

n−2

)−
= [b̃n , bn−1]

b̃n−1·zn−2,ℓ ·
(
[bn , b̃n+1]

(−1)n−n)( ∏
ℓ∈⌊n−1,n+1⌋

bℓ)·(
∏

t∈⌊n,ℓ+1⌋
bt·b̃t)
· yzn−1,ℓ

n−1

· yzn−2,ℓ

n−2 ·
( ∏
j∈⌊n−3,ℓ+1⌋

y
zj,ℓ
j

)
·
( ∏
j∈⌊n−3,ℓ+1⌋

y
zj,ℓ
j

)−
· (yzn−2,ℓ

n−2 )− · (yzn−1,ℓ

n−1 )− · [bn−2 , b̃n−1]
b̃n−2· zn−3,ℓ

§1.1.2 item9.3
= [b̃n , bn−1]

b̃n−1· zn−2,ℓ · [bn , b̃n+1]
b−n ·bn·b̃n·(

∏
t∈⌊n−1,ℓ+1⌋

bt·b̃t)
· [bn−2 , b̃n−1]

b̃n−2· zn−3,ℓ

= [b̃n , bn−1]
b̃n−1· zn−2,ℓ · [bn , b̃n+1]

b̃n· zn−1,ℓ · [bn−2 , b̃n−1]
b̃n−2· zn−3,ℓ .

This shows (i – iv) and proves the claim.
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We have

h · h̃ = (bn+1 , bn , bn−1 , . . . , b0 ,m) · (b̃n+1 , b̃n , b̃n−1 , . . . , b̃0 , m̃)

=
(
bn+1 · b̃n+1 , (bn , bn−1 , . . . , b0 ,m)b̃n+1 · (b̃n , b̃n−1 , . . . , b̃0 , m̃)

)
= (bn+1 · b̃n+1 , h

′ · h̃′) .

By induction hypothesis we have, for k ∈ [0, n],

(h′ · h̃′){k}
=

(
(b′n , . . . , b

′
0 ,m

′) · (b̃′n , . . . , b̃′0 , m̃′)
)
{k}

=

( ∏
i∈⌈k,n⌉
i≡2 k

[b̃′i+2 , b
′
i+1]

b̃′i+1·
( ∏

j∈⌊i,k+1⌋
b′j ·b̃′j
))
·
( ∏

i∈⌈k,n⌉
i≡2 k+1

[b̃′i+2 , b
′
i+1]

b̃′i+1·
( ∏

j∈⌊i,k+1⌋
b′j ·b̃′j
))−

· (b′k)b̃
′
k+1 · b̃′k .

To perform the inductive step, we now calculate (h · h̃){k} for k ∈ [−1, n+ 1].

Case k = n+ 1. We have

(h · h̃){n+1} = bn+1 · b̃n+1 = 1 · 1 · b1n+1 · b̃n+1

=

( ∏
i∈⌈n+1,n+1⌉
i≡2 n+1

[b̃i+2 , bi+1]

(
b̃i+1·

∏
j∈⌊i,n+2⌋

bj ·b̃j
))
·
( ∏
i∈⌈n+1,n+1⌉
i≡2 n+2

[b̃i+2 , bi+1]

(
b̃i+1·

∏
j∈⌊i,n+2⌋

bj ·b̃j
))−

· bb̃n+2

n+1 · b̃n+1 .

Case k = n. We have

(h · h̃){n}
= (h′ · h̃′){n}
=

(
(b′n , . . . , b

′
0 ,m

′) · (b̃′n , . . . , b̃′0 , m̃′)
)
{n}

IH
=

( ∏
i∈⌈n,n⌉
i≡2 n

[b̃′i+2 , b
′
i+1]

b̃′i+1·
( ∏

j∈⌊i,n+1⌋
b′j ·b̃′j
))
·
( ∏

i∈⌈n,n⌉
i≡2 n+1

[b̃′i+2 , b
′
i+1]

b̃′i+1·
( ∏

j∈⌊i,n+1⌋
b′j ·b̃′j
))−

· (b′n)b̃
′
n+1 · b̃′n

= 1 · 1 · (b′n)1 · b̃n
=

(
[bn , b̃n+1]

(−1)n−n)( ∏
j∈⌊n−1,n+1⌋

bj)

· bn · b̃n
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§1.1.2 item9.3
= [bn , b̃n+1]

b−n · bn · b̃n
= bn · (b−n · b̃−n+1 · bn · b̃n+1) · b−n · bn · b̃n
= bb̃n+1

n · b̃n
= 1 · 1 · bb̃n+1

n · b̃n

=

( ∏
i∈⌈n,n+1⌉
i≡2 n

[b̃i+2 , bi+1]
b̃i+1·

( ∏
j∈⌊i,n+1⌋

bj ·b̃j
))
·
( ∏
i∈⌈n,n+1⌉
i≡2 n+1

[b̃i+2 , bi+1]
b̃i+1·

( ∏
j∈⌊i,n+1⌋

bj ·b̃j
))−

· bb̃n+1
n · b̃n .

Case n ⩾ 1 and k = n− 1. We have

(h · h̃){n−1}

= (h′ · h̃′){n−1}

=
(
(b′n , . . . , b

′
0 ,m

′) · (b̃′n , . . . , b̃′0 , m̃′)
)
{n−1}

IH
=

( ∏
i∈⌈n−1,n⌉
i≡2 n−1

[b̃′i+2 , b
′
i+1]

b̃′i+1·
( ∏

j∈⌊i,n⌋
b′j ·b̃′j
))
·
( ∏
i∈⌈n−1,n⌉
i≡2 n

[b̃′i+2 , b
′
i+1]

b̃′i+1·
( ∏

j∈⌊i,n⌋
b′j ·b̃′j
))−

· (b′n−1)
b̃′n · b̃′n−1

b̃′n+1=1
= 1 · 1 · (b′n−1)

b̃n · b̃n−1

=
((

[bn , b̃n+1]
(−1)n−(n−1))( ∏

j∈⌊n−1,n⌋
bj)

· bn−1

)b̃n
· b̃n−1

= [b̃n+1 , bn]
1·b̃n · bb̃nn−1 · b̃n−1

= [b̃n+1 , bn]
b̃n·1 · 1 · bb̃nn−1 · b̃n−1

=

( ∏
i∈⌈n−1,n+1⌉
i≡2 n−1

[b̃i+2 , bi+1]
b̃i+1·

( ∏
j∈⌊i,n⌋

bj ·b̃j
))
·
( ∏
i∈⌈n−1,n+1⌉

i≡2 n

[b̃i+2 , bi+1]
b̃i+1·

( ∏
j∈⌊i,n⌋

bj ·b̃j
))−

· bb̃nn−1 · b̃n−1 .

Case n ⩾ 2 and k = n− 2. We have

(h · h̃){n−2}

= (h′ · h̃′){n−2}

=
(
(b′n , . . . , b

′
0 ,m

′) · (b̃′n , . . . , b̃′0 , m̃′)
)
{n−2}

523



CHAPTER 17. CONSTRUCTION OF THE GROUP H∞ FROM A STABLE CROSSED
MODULE

IH
=

( ∏
i∈⌈n−2,n⌉
i≡2 n−2

[b̃′i+2 , b
′
i+1]

b̃′i+1·
( ∏

j∈⌊i,n−1⌋
b′j ·b̃′j
))
·
( ∏
i∈⌈n−2,n⌉
i≡2 n−1

[b̃′i+2 , b
′
i+1]

b̃′i+1·
( ∏

j∈⌊i,n−1⌋
b′j ·b̃′j
))−

· (b′n−2)
b̃′n−1 · b̃′n−2

b̃′n+1=1
=

b̃′n+2=1
[b̃′n , b

′
n−1]

b̃′n−1·
( ∏

j∈⌊n−2,n−1⌋
b′j ·b̃′j
)
· 1 · (b′n−2)

b̃′n−1 · b̃′n−2

(ii)
= w−

n−2,n−2 · x
zn−2,n−2

n−2 · wn−2,n−2 · (b′n−2)
b̃n−1 · b̃n−2

(i)
= 1− · xzn−2,n−2

n−2 · 1 ·
((

[bn , b̃n+1]
(−1)n−(n−2))( ∏

j∈⌊n−1,n−1⌋
bj

)
· bn−2

)b̃n−1

· b̃n−2

(iii)
=

(
[b̃n , bn−1]

b̃n−1· zn−2,n−2 · yzn,n−2
n · yzn−1,n−2

n−1

)
· [bn , b̃n+1]

bn−1·b̃n−1 · bb̃n−1

n−2 · b̃n−2

= [b̃n , bn−1]
b̃n−1· zn−2,n−2 ·

(
[bn , b̃n+1]

(−1)n−n)( ∏
j∈⌊n−1,n+1⌋

bj

)
·
( ∏

t∈⌊n,n−1⌋
bt·b̃t
)

·
(
[bn , b̃n+1]

(−1)n−(n−1))( ∏
j∈⌊n−1,n⌋

bj

)
·
( ∏

t∈⌊n−1,n−1⌋
bt·b̃t
)
· [bn , b̃n+1]

bn−1·b̃n−1 · bb̃n−1

n−2 · b̃n−2

§1.1.2 item9.3
= [b̃n , bn−1]

b̃n−1·
( ∏

t∈⌊n−2,n−1⌋
bt·b̃t
)
· [bn , b̃n+1]

b−n ·bn·b̃n·
( ∏

t∈⌊n−1,n−1⌋
bt·b̃t
)

· [b̃n+1 , bn]
1·bn−1·b̃n−1 · [bn , b̃n+1]

bn−1·b̃n−1 · bb̃n−1

n−2 · b̃n−2

= [b̃n , bn−1]
b̃n−1·

( ∏
t∈⌊n−2,n−1⌋

bt·b̃t
)
·
(
[b̃n+1 , bn]

b̃n·
( ∏

t∈⌊n−1,n−1⌋
bt·b̃t
))−
· bb̃n−1

n−2 · b̃n−2

b̃n+2=1
=

b̃n+3=1

( ∏
i∈⌈n−2,n+1⌉
i≡2 n−2

[b̃i+2 , bi+1]
b̃i+1·

( ∏
j∈⌊i,n−1⌋

bj ·b̃j
))
·
( ∏
i∈⌈n−2,n+1⌉
i≡2 n−1

[b̃i+2 , bi+1]
b̃i+1·

( ∏
j∈⌊i,n−1⌋

bj ·b̃j
))−

· bb̃n−1

n−2 · b̃n−2 .

Case n ⩾ 3 and k = n− 3. We have

(h · h̃){n−3}

= (h′ · h̃′){n−3}

=
(
(b′n , . . . , b

′
0 ,m

′) · (b̃′n , . . . , b̃′0 , m̃′)
)
{n−3}
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IH
=

( ∏
i∈⌈n−3,n⌉
i≡2 n−3

[b̃′i+2 , b
′
i+1]

b̃′i+1·
( ∏

j∈⌊i,n−2⌋
b′j ·b̃′j
))
·
( ∏
i∈⌈n−3,n⌉
i≡2 n−2

[b̃′i+2 , b
′
i+1]

b̃′i+1·
( ∏

j∈⌊i,n−2⌋
b′j ·b̃′j
))−

· (b′n−3)
b̃′n−2 · b̃′n−3

b̃′n+1=1
=

b̃′n+2=1

( ∏
i∈⌈n−3,n−3⌉
i≡2 n−3

[b̃′i+2 , b
′
i+1]

b̃′i+1·
( ∏

j∈⌊i,n−2⌋
b′j ·b̃′j
))
·
( ∏
i∈⌈n−2,n−2⌉
i≡2 n−2

[b̃′i+2 , b
′
i+1]

b̃′i+1·
( ∏

j∈⌊i,n−2⌋
b′j ·b̃′j
))−

· (b′n−3)
b̃n−2 · b̃n−3

(ii)
= (w−

n−3,n−3 · x
zn−3,n−3

n−3 · wn−3,n−3) · (w−
n−2,n−3 · x

zn−2,n−3

n−2 · wn−2,n−3)
− · (b′n−3)

b̃n−2 · b̃n−3

= w−
n−3,n−3 ·

(
x
zn−3,n−3

n−3 · wn−3,n−3 · w−
n−2,n−3 · (x

zn−2,n−3

n−2 )−
)
· wn−2,n−3 · (b′n−3)

b̃n−2 · b̃n−3

(i)
= 1− ·

(
x
zn−2,n−3

n−2 · wn−2,n−3 · w−
n−3,n−3 · (x

zn−3,n−3

n−3 )−
)− · bb̃n−2

n−3 ·
(
(b′n−3)

b̃n−2
)− · (b′n−3)

b̃n−2 · b̃n−3

(iv)
=

(
[b̃n , bn−1]

b̃n−1· zn−2,n−3 · [bn , b̃n+1]
b̃n· zn−1,n−3 · [bn−2 , b̃n−1]

b̃n−2· zn−3,n−3
)− · bb̃n−2

n−3 · b̃n−3

= [b̃n−1 , bn−2]
b̃n−2·

( ∏
t∈⌊n−3,n−2⌋

bt·b̃t
)
· [b̃n+1 , bn]

b̃n·
( ∏

t∈⌊n−1,n−2⌋
bt·b̃t
)
·
(
[b̃n , bn−1]

b̃n−1·
( ∏

t∈⌊n−2,n−2⌋
bt·b̃t
))−

· bb̃n−2

n−3 · b̃n−3

b̃n+2=1
=

b̃n+3=1

( ∏
i∈⌈n−3,n+1⌉
i≡2 n−3

[b̃i+2 , bi+1]
b̃i+1·

( ∏
j∈⌊i,n−2⌋

bj ·b̃j
))
·
( ∏
i∈⌈n−3,n+1⌉
i≡2 n−2

[b̃i+2 , bi+1]
b̃i+1·

( ∏
j∈⌊i,n−2⌋

bj ·b̃j
))−

· bb̃n−2

n−3 · b̃n−3 .

Case n ⩾ 4 and k ∈ [0, n− 4]. We have

(h · h̃){k}

= (h′ · h̃′){k}

=
(
(b′n , . . . , b

′
0 ,m

′) · (b̃′n , . . . , b̃′0 , m̃′)
)
{k}

IH
=

( ∏
i∈⌈k,n⌉
i≡2 k

[b̃′i+2 , b
′
i+1]

b̃′i+1·
( ∏

j∈⌊i,k+1⌋
b′j ·b̃′j
))
·
( ∏

i∈⌈k,n⌉
i≡2 k+1

[b̃′i+2 , b
′
i+1]

b̃′i+1·
( ∏

j∈⌊i,k+1⌋
b′j ·b̃′j
))−

· (b′k)b̃
′
k+1 · b̃′k
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b̃′n+1=1
=

b̃′n+2=1

( ∏
i∈⌈k,n−2⌉
i≡2 k

[b̃′i+2 , b
′
i+1]

b̃′i+1·
( ∏

j∈⌊i,k+1⌋
b′j ·b̃′j
))
·
( ∏
i∈⌈k,n−2⌉
i≡2 k+1

[b̃′i+2 , b
′
i+1]

b̃′i+1·
( ∏

j∈⌊i,k+1⌋
b′j ·b̃′j
))−

· (b′k)b̃
′
k+1 · b̃′k

(ii)
=

( ∏
i∈⌈k,n−2⌉
i≡2 k

w−
i,k · x

zi,k
i · wi,k

)
·
( ∏
i∈⌈k,n−2⌉
i≡2 k+1

w−
i,k · x

zi,k
i · wi,k

)−

· (b′k)b̃
′
k+1 · b̃′k

k+1⩽n
=

( ∏
i∈⌈k,n−2⌉
i≡2 k

w−
i,k · x

zi,k
i · wi,k

)
·
( ∏
i∈⌊n−2,k⌋
i≡2 k+1

w−
i,k · (x

zi,k
i )− · wi,k

)
· (b′k)b̃k+1 · b̃k

If n− k ≡2 0, then we have

(h · h̃){k}

=

( ∏
i∈⌈k,n−2⌉
i≡2 k

w−
i,k · x

zi,k
i · wi,k

)
·
( ∏
i∈⌊n−2,k⌋
i≡2 k+1

w−
i,k · (x

zi,k
i )− · wi,k

)
· (b′k)b̃k+1 · b̃k

= w−
k,k ·

( ∏
i∈⌈k,n−4⌉
i≡2 k

x
zi,k
i · wi,k · w−

i+2,k

)

· xzn−2,k

n−2 · wn−2,k · w−
n−3,k · (x

zn−3,k

n−3 )−

·
( ∏
i∈⌊n−4,k+1⌋
i≡2 k+1

wi+2,k · w−
i,k · (x

zi,k
i )−

)
· wk+1,k · (b′k)b̃k+1 · b̃k

(i,iii,iv)
= 1− ·

( ∏
i∈⌈k,n−4⌉
i≡2 k

[b̃i+2 , bi+1]
b̃i+1· zi,k

)

· [b̃n , bn−1]
b̃n−1· zn−2,k · [bn , b̃n+1]

b̃n·zn−1,k · [bn−2 , b̃n−1]
b̃n−2·zn−3,k

·
( ∏
i∈⌊n−4,k+1⌋
i≡2 k+1

[bi+1 , b̃i+2]
b̃i+1· zi,k

)
· bb̃k+1

k ·
(
(b′k)

b̃k+1
)− · (b′k)b̃k+1 · b̃k

=

( ∏
i∈⌈k,n−2⌉
i≡2 k

[b̃i+2 , bi+1]
b̃i+1·zi,k

)
·
( ∏
i∈⌊n−1,k+1⌋
i≡2 k+1

[bi+1 , b̃i+2]
b̃i+1·zi,k

)
· bb̃k+1

k · b̃k
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b̃n+2=1
=

b̃n+3=1

( ∏
i∈⌈k,n+1⌉
i≡2 k

[b̃i+2 , bi+1]
b̃i+1·

( ∏
j∈⌊i,k+1⌋

bj ·b̃j
))
·
( ∏
i∈⌈k,n+1⌉
i≡2 k+1

[b̃i+2 , bi+1]
b̃i+1·

( ∏
j∈⌊i,k+1⌋

bj ·b̃j
))−

· bb̃k+1

k · b̃k .

If n− k ≡2 1, then we have

(h · h̃){k}

=

( ∏
i∈⌈k,n−2⌉
i≡2 k

w−
i,k · x

zi,k
i · wi,k

)
·
( ∏
i∈⌊n−2,k⌋
i≡2 k+1

w−
i,k · (x

zi,k
i )− · wi,k

)
· (b′k)b̃k+1 · b̃k

= w−
k,k ·

( ∏
i∈⌈k,n−5⌉
i≡2 k

x
zi,k
i · wi,k · w−

i+2,k

)

·xzn−3,k

n−3 · wn−3,k · w−
n−2,k · (x

zn−2,k

n−2 )−

·
( ∏
i∈⌊n−4,k+1⌋
i≡2 k+1

wi+2,k · w−
i,k · (x

zi,k
i )−

)
· wk+1,k · (b′k)b̃k+1 · b̃k

(i,iii,iv)
= 1− ·

( ∏
i∈⌈k,n−5⌉
i≡2 k

[b̃i+2 , bi+1]
b̃i+1· zi,k

)

·[b̃n−1 , bn−2]
b̃n−2· zn−3,k · [b̃n+1 , bn]

b̃n· zn−1,k · [bn−1 , b̃n]
b̃n−1· zn−2,k

·
( ∏
i∈⌊n−4,k+1⌋
i≡2 k+1

[bi+1 , b̃i+2]
b̃i+1· zi,k

)
· bb̃k+1

k ·
(
(b′k)

b̃k+1
)− · (b′k)b̃k+1 · b̃k

=

( ∏
i∈⌈k,n−1⌉
i≡2 k

[b̃i+2 , bi+1]
b̃i+1·zi,k

)
·
( ∏
i∈⌊n−2,k+1⌋
i≡2 k+1

[bi+1 , b̃i+2]
b̃i+1·zi,k

)
· bb̃k+1

k · b̃k

b̃n+2=1
=

b̃n+3=1

( ∏
i∈⌈k,n+1⌉
i≡2 k

[b̃i+2 , bi+1]
b̃i+1·

( ∏
j∈⌊i,k+1⌋

bj ·b̃j
))
·
( ∏
i∈⌈k,n+1⌉
i≡2 k+1

[b̃i+2 , bi+1]
b̃i+1·

( ∏
j∈⌊i,k+1⌋

bj ·b̃j
))−

· bb̃k+1

k · b̃k .

Case k = −1. In this case k = −1, we need variants of the formerly defined auxiliary
elements.

Suppose given r ∈ Z⩾−1 .
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We write

x̂r := Tb̃′r+2, b
′
r+1U

b̃′r+1 ∈M

ŷr :=
(
Tbn, b̃n+1U(−1)n−r)( ∏

ℓ∈⌊n−1,r+1⌋
bℓ)

∈M

ẑr :=
∏

t∈⌊r,0⌋

bt · b̃t ∈ B

ŵr :=
∏

j∈⌊r,0⌋

ŷ
ẑj
j ∈M .

Moreover, we have

ŷrfS
323.(1)
=

((
Tbn, b̃n+1UfS

)(−1)n−r
)( ∏

ℓ∈⌊n−1,r+1⌋
bℓ) (SCM2)

=
(
[bn , b̃n+1]

(−1)n−r)( ∏
ℓ∈⌊n−1,r+1⌋

bℓ)

= yr ∈ B .

We claim that the assertions (v – viii) hold.

(v) For r ∈ Z⩾−1 , we have

ŵ−1 = 1 and ŵ0 · (m′)b̃0 = mb̃0 .

(vi) For r ∈ [−1, n− 2], we have

ŵ−
r · x̂ẑrr · ŵr = Tb̃′r+2 , b

′
r+1U

b̃′r+1·
( ∏

j∈⌊r,0⌋
b′j ·b̃′j
)
.

(vii) For r ∈ [−1, n− 2], we have

x̂ẑrr = Tb̃r+2 , br+1Ub̃r+1· ẑr · ŷẑr+2

r+2 · ŷ
ẑr+1

r+1

and

x̂ẑrr · ŵr · ŵ−
r+2 = Tb̃r+2 , br+1Ub̃r+1· ẑr .

(viii) For n ⩾ 2, we have

x̂
ẑn−2

n−2 · ŵn−2 · ŵ−
n−3 · (x̂

ẑn−3

n−3 )
−

=Tb̃n , bn−1Ub̃n−1· ẑn−2 · Tbn , b̃n+1Ub̃n· ẑn−1 · Tbn−2 , b̃n−1Ub̃n−2· ẑn−3 .
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Ad (v). We have

ŵ−1 =
∏

j∈⌊−1,0⌋

ŷ
ẑj
j = 1 ,

and

ŵ0 =
∏

j∈⌊0,0⌋

ŷ
ẑj
j

= ŷẑ00

=
(
Tbn, b̃n+1U(−1)n−0)( ∏

ℓ∈⌊n−1,1⌋
bℓ)·(

∏
t∈⌊0,0⌋

bt·b̃t)

= mb̃0 ·
(
m− ·

(
Tbn, b̃n+1U(−1)n

)( ∏
ℓ∈⌊n−1,1⌋

bℓ)·b0)b̃0
(SCM1)
= mb̃0 ·

(((
Tbn, b̃n+1U(−1)n+1)( ∏

ℓ∈⌊n−1,0⌋
bℓ)

·m
)b̃0)−

= mb̃0 ·
(
(m′)b̃0

)−
.

Ad (vi). For r ∈ [−1, n− 2], we have

Tb̃′r+2, b
′
r+1U

b̃′r+1·
( ∏

j∈⌊r,0⌋
b′j ·b̃′j
)

= x̂

( ∏
j∈⌊r,0⌋

b′j ·b̃′j
)

r

= x̂

( ∏
j∈⌊r,0⌋

(
[bn ,b̃n+1](−1)n−j

)( ∏
ℓ∈⌊n−1,j+1⌋

bℓ)

·bj ·b̃′j

)
r

= x̂

( ∏
j∈⌊r,0⌋

yj ·(bj ·b̃′j)
)

r

r⩽n
= x̂

( ∏
j∈⌊r,0⌋

ŷj fS ·(bj ·b̃j)
)

r

348.(4)
=

( ∏
j∈⌊r,0⌋

ŷ
(

∏
t∈⌊j,0⌋

bt·b̃t)

j

)− · x̂( ∏
t∈⌊r,0⌋

bt·b̃t)

r · (
∏

j∈⌊r,0⌋
ŷ
(

∏
t∈⌊j,0⌋

bt·b̃t)

j )

=
( ∏
j∈⌊r,0⌋

ŷ
ẑj
j

)− · x̂ẑrr · ( ∏
j∈⌊r,0⌋

ŷ
ẑj
j )

= ŵ−
r · x̂ẑrr · ŵr .
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Ad (vii). Suppose given r ∈ [−1, n− 2]. We have

x̂ẑrr

= Tb̃′r+2 , b
′
r+1U

b̃′r+1· ẑr

= Tb̃′r+2,
(
[bn , b̃n+1]

(−1)n−(r+1))( ∏
ℓ∈⌊n−1,r+2⌋

bℓ)

· br+1U
b̃′r+1· ẑr

348.(3)
=

(
Tb̃′r+2, br+1U ·

(
Tb̃n+1, bnU(−1)n−(r+1))( ∏

ℓ∈⌊n−1,r+2⌋
bℓ)b̃

′
r+2·br+1

·
(
Tbn, b̃n+1U(−1)n−(r+1))( ∏

ℓ∈⌊n−1,r+2⌋
bℓ)·br+1

)b̃′r+1· ẑr

r+2⩽n
=

(
Tb̃r+2, br+1U ·

(
Tb̃n+1, bnU(−1)n−(r+1))( ∏

ℓ∈⌊n−1,r+2⌋
bℓ)·b̃r+2·br+1

·
(
Tbn, b̃n+1U(−1)n−(r+1))( ∏

ℓ∈⌊n−1,r+2⌋
bℓ)·br+1

)b̃r+1· ẑr

§1.1.2 item9.3
= Tb̃r+2, br+1Ub̃r+1· ẑr

·
(
Tbn, b̃n+1U(−1)n−(r+2))( ∏

ℓ∈⌊n−1,r+3⌋
bℓ)·br+2·b̃r+2·br+1·b̃r+1· (

∏
t∈⌊r,0⌋

bt·b̃t)

·
(
Tbn, b̃n+1U(−1)n−(r+1))( ∏

ℓ∈⌊n−1,r+2⌋
bℓ)·br+1·b̃r+1·(

∏
t∈⌊r,0⌋

bt·b̃t)

= Tb̃r+2, br+1Ub̃r+1·ẑr

·
(
Tbn, b̃n+1U(−1)n−(r+2))( ∏

ℓ∈⌊n−1,r+3⌋
bℓ)·(

∏
t∈⌊r+2,0⌋

bt·b̃t)

·
(
Tbn, b̃n+1U(−1)n−(r+1))( ∏

ℓ∈⌊n−1,r+2⌋
bℓ)·(

∏
t∈⌊r+1,0⌋

bt·b̃t)

= Tb̃r+2, br+1Ub̃r+1·ẑr · ŷẑr+2

r+2 · ŷ
ẑr+1

r+1 .

Moreover, we have

ŵr · ŵ−
r+2 =

( ∏
j∈⌊r,0⌋

ŷ
ẑj
j

)
·
( ∏
j∈⌊r+2,0⌋

ŷ
ẑj
j

)−

=

( ∏
j∈⌊r,0⌋

ŷ
ẑj
j

)
·
( ∏
j∈⌊r,0⌋

ŷ
ẑj
j

)−

· (ŷẑr+1

r+1 )
− · (ŷẑr+2

r+2 )
−

= (ŷ
ẑr+1

r+1 )
− · (ŷẑr+2

r+2 )
− .
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So we have

x̂ẑrr · ŵr · ŵ−
r+2 = Tb̃r+2, br+1Ub̃r+1·ẑr .

Ad (viii). For n ⩾ 2, we have

x̂
ẑn−2

n−2 · ŵn−2 · ŵ−
n−3 · (x̂

ẑn−3

n−3 )
−

(vii)
= Tb̃n, bn−1Ub̃n−1·ẑn−2 · ŷẑnn · ŷ

ẑn−1

n−1

·
( ∏
j∈⌊n−2,0⌋

ŷ
ẑj
j

)
·
( ∏
j∈⌊n−3,0⌋

ŷ
ẑj
j

)−
·
(
Tb̃n−1, bn−2Ub̃n−2·ẑn−3 · ŷẑn−1

n−1 · ŷ
ẑn−2

n−2

)−
(SCM1)
= Tb̃n, bn−1Ub̃n−1·ẑn−2 ·

(
Tbn, b̃n+1U(−1)n−n)( ∏

ℓ∈⌊n−1,n+1⌋
bℓ)·(

∏
t∈⌊n,0⌋

bt·b̃t)
· ŷẑn−1

n−1

· ŷẑn−2

n−2 ·
( ∏
j∈⌊n−3,0⌋

ŷ
ẑj
j

)
·
( ∏
j∈⌊n−3,0⌋

ŷ
ẑj
j

)−
· (ŷẑn−2

n−2 )
− · (ŷẑn−1

n−1 )
− · Tbn−2, b̃n−1Ub̃n−2·ẑn−3

§1.1.2 item9.3
= Tb̃n, bn−1Ub̃n−1·ẑn−2 · Tbn, b̃n+1U

b−n ·bn·b̃n·(
∏

t∈⌊n−1,0⌋
bt·b̃t)
· Tbn−2, b̃n−1Ub̃n−2·ẑn−3

= Tb̃n, bn−1Ub̃n−1·ẑn−2 · Tbn, b̃n+1Ub̃n·ẑn−1 · Tbn−2, b̃n−1Ub̃n−2·ẑn−3 .

This shows (v – viii) and proves the claim.

By induction hypothesis, we have

(h′ · h̃′){−1}

=
(
(b′n , . . . , b

′
0 ,m

′) · (b̃′n , . . . , b̃′0 , m̃′)
)
{−1}

IH
=

( ∏
i∈⌈−1,n⌉
i≡2 −1

Tb̃′i+2, b
′
i+1U

b̃′i+1·
( ∏

j∈⌊i,0⌋
b′j ·b̃′j
))
·
( ∏
i∈⌈−1,n⌉
i≡2 0

Tb̃′i+2, b
′
i+1U

b̃′i+1·
( ∏

j∈⌊i,0⌋
b′j ·b̃′j
))−

· (m′)b̃
′
0 · m̃′

0⩽n
=

( ∏
i∈⌈−1,n⌉
i≡2 −1

Tb̃′i+2, b
′
i+1U

b̃′i+1·
( ∏

j∈⌊i,0⌋
b′j ·b̃′j
))
·
( ∏
i∈⌈−1,n⌉
i≡2 0

Tb̃′i+2, b
′
i+1U

b̃′i+1·
( ∏

j∈⌊i,0⌋
b′j ·b̃′j
))−

· (m′)b̃0 · m̃ .
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Subcase k = −1 and n = 0. We have

(h · h̃){−1}

= (h′ · h̃′){−1}

=

( ∏
i∈⌈−1,0⌉
i≡2 −1

Tb̃′i+2, b
′
i+1U

b̃′i+1·
( ∏

j∈⌊i,0⌋
b′j ·b̃′j
))
·
( ∏
i∈⌈−1,0⌉
i≡2 0

Tb̃′i+2, b
′
i+1U

b̃′i+1·
( ∏

j∈⌊i,0⌋
b′j ·b̃′j
))−

· (m′)b̃0 · m̃

b̃′1=1
=
b̃′2=1

1 · 1 · (m′)b̃0 · m̃

=
((

Tb0, b̃1U(−1)0+1)( ∏
j∈⌊−1,0⌋

bj

)
·m
)b̃0
· m̃

(SCM1)
= Tb̃1, b0Ub̃0 ·mb̃0 · m̃

b̃′2=1
=
b̃′3=1

( ∏
i∈⌈−1,1⌉
i≡2 −1

Tb̃i+2, bi+1U
b̃i+1·

( ∏
j∈⌊i,0⌋

bj ·b̃j
))
·
( ∏
i∈⌈−1,1⌉
i≡2 0

Tb̃i+2, bi+1U
b̃i+1·

( ∏
j∈⌊i,0⌋

bj ·b̃j
))−

·mb̃0 · m̃ .

Subcase k = −1 and n = 1. We have

(h · h̃){−1}

= (h′ · h̃′){−1}

=

( ∏
i∈⌈−1,1⌉
i≡2 −1

Tb̃′i+2, b
′
i+1U

b̃′i+1·
( ∏

j∈⌊i,0⌋
b′j ·b̃′j
))
·
( ∏
i∈⌈−1,1⌉
i≡2 0

Tb̃′i+2, b
′
i+1U

b̃′i+1·
( ∏

j∈⌊i,0⌋
b′j ·b̃′j
))−

· (m′)b̃0 · m̃

b̃′2=1
=
b̃′3=1

Tb̃′1 , b′0U
b̃′0·
( ∏

⌊−1,0⌋
b′j ·b̃′j
)
· 1 · (m′)b̃0 · m̃

(vi)
= ŵ−

−1 · x̂
ẑ−1

−1 · ŵ−1 ·
((

Tb1 , b̃2U(−1)1+1)( ∏
j∈⌊0,0⌋

bj

)
·m
)b̃0
· m̃

(v)
= 1− · x̂ẑ−1

−1 · 1 · Tb1 , b̃2Ub0·b̃0 ·mb̃0 · m̃

(vii)
= Tb̃1 , b0Ub̃0·ẑ−1 · ŷẑ11 · ŷẑ00 · Tb1 , b̃2Ub0·b̃0 ·mb̃0 · m̃

= Tb̃1 , b0Ub̃0· ẑ−1 ·
(
Tb1 , b̃2U(−1)1−1)( ∏

ℓ∈⌊0,2⌋
bℓ)· ẑ1

·
(
Tb1 , b̃2U(−1)1−0)( ∏

ℓ∈⌊0,1⌋
bℓ)· ẑ0

· Tb1 , b̃2Ub0·b̃0 ·mb̃0 · m̃
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§1.1.2 item9.3
= Tb̃1 , b0U

b̃0· (
∏

t∈⌊−1,0⌋
bt·b̃t)
· Tb1 , b̃2U

b−1 ·b1·b̃1·(
∏

t∈⌊0,0⌋
bt·b̃t)
·
(
Tb1, b̃2U1·b0·b̃0

)− · Tb1 , b̃2Ub0·b̃0 ·mb̃0 · m̃

(SCM1)
= Tb̃1 , b0U

b̃0· (
∏

t∈⌊−1,0⌋
bt·b̃t)
·
(
Tb̃2 , b1U

b̃1· (
∏

t∈⌊0,0⌋
bt·b̃t))−

·mb̃0 · m̃

b̃3=1
=
b̃4=1

( ∏
i∈⌈−1,2⌉
i≡2 −1

Tb̃i+2, bi+1U
b̃i+1·

( ∏
j∈⌊i,0⌋

bj ·b̃j
))
·
( ∏
i∈⌈−1,2⌉
i≡2 0

Tb̃i+2, bi+1U
b̃i+1·

( ∏
j∈⌊i,0⌋

bj ·b̃j
))−

·mb̃0 · m̃ .

Subcase k = −1 and n = 2. We have

(h · h̃){−1}

= (h′ · h̃′){−1}

=

( ∏
i∈⌈−1,2⌉
i≡2 −1

Tb̃′i+2, b
′
i+1U

b̃′i+1·
( ∏

j∈⌊i,0⌋
b′j ·b̃′j
))
·
( ∏
i∈⌈−1,2⌉
i≡2 0

Tb̃′i+2, b
′
i+1U

b̃′i+1·
( ∏

j∈⌊i,0⌋
b′j ·b̃′j
))−

· (m′)b̃0 · m̃

b̃′3=1
=
b̃′4=1

Tb̃′1, b′0U
b̃′0·
( ∏

j∈⌊−1,0⌋
b′j ·b̃′j
)
·
(
Tb̃′2, b′1U

b̃′1·
( ∏

j∈⌊0,0⌋
b′j ·b̃′j
))−
· (m′)b̃0 · m̃

(vi)
= ŵ−

−1 · x̂
ẑ−1

−1 · ŵ−1 · (ŵ−
0 · x̂ẑ00 · ŵ0)

− · (m′)b̃0 · m̃

= ŵ−
−1 ·

(
x̂
ẑ−1

−1 · ŵ−1 · ŵ−
0 · (x̂ẑ00 )−

)
· ŵ0 · (m′)b̃0 · m̃

(v)
= 1− ·

(
x̂ẑ00 · ŵ0 · ŵ−

−1 · (x̂
ẑ−1

−1 )
−)− ·mb̃0 · m̃

(viii)
=

(
Tb̃2 , b1Ub̃1·ẑ0 · Tb2, b̃3Ub̃2· ẑ1 · Tb0 , b̃1Ub̃0· ẑ−1

)−
·mb̃0 · m̃

(SCM1)
= Tb̃1 , b0U

b̃0· (
∏

t∈⌊−1,0⌋
bt·b̃t)
· Tb̃3 , b2U

b̃2· (
∏

t∈⌊1,0⌋
bt·b̃t)
·
(
Tb̃2 , b1U

b̃1· (
∏

t∈⌊0,0⌋
bt·b̃t))−

·mb̃0 · m̃

b̃4=1
=
b̃5=1

( ∏
i∈⌈−1,3⌉
i≡2 −1

Tb̃i+2, bi+1U
b̃i+1·

( ∏
j∈⌊i,0⌋

bj ·b̃j
))
·
( ∏
i∈⌈−1,3⌉
i≡2 0

Tb̃i+2, bi+1U
b̃i+1·

( ∏
j∈⌊i,0⌋

bj ·b̃j
))−

·mb̃0 · m̃ .

Subcase k = −1 and n ⩾ 3. We have

(h · h̃){−1}

= (h′ · h̃′){−1}
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=

( ∏
i∈⌈−1,n⌉
i≡2 −1

Tb̃′i+2 , b
′
i+1U

b̃′i+1·
( ∏

j∈⌊i,0⌋
b′j ·b̃′j
))
·
( ∏
i∈⌈−1,n⌉
i≡2 0

Tb̃′i+2 , b
′
i+1U

b̃′i+1·
( ∏

j∈⌊i,0⌋
b′j ·b̃′j
))−

· (m′)b̃0 · m̃

b̃′n+2=1
=

b̃′n+1=1

( ∏
i∈⌈−1,n−2⌉
i≡2 −1

Tb̃′i+2 , b
′
i+1U

(
b̃′i+1·

∏
j∈⌊i,0⌋

b′j ·b̃′j
))
·
( ∏
i∈⌈−1,n−2⌉

i≡2 0

Tb̃′i+2 , b
′
i+1U

(
b̃′i+1·

∏
j∈⌊i,0⌋

b′j ·b̃′j
))−

· (m′)b̃0 · m̃

(vi)
=

( ∏
i∈⌈−1,n−2⌉
i≡2 −1

ŵ−
i · x̂

ẑi
i · ŵi

)
·
( ∏
i∈⌈−1,n−2⌉

i≡2 0

ŵ−
i · x̂

ẑi
i · ŵi

)−

· (m′)b̃0 · m̃

=

( ∏
i∈⌈−1,n−2⌉
i≡2 −1

ŵ−
i · x̂

ẑi
i · ŵi

)
·
( ∏
i∈⌊n−2,−1⌋

i≡2 0

ŵ−
i · (x̂

ẑi
i )

− · ŵi
)
· (m′)b̃0 · m̃ .

If n ≡2 1, then we have

(h · h̃){−1}

=

( ∏
i∈⌈−1,n−2⌉
i≡2 −1

ŵ−
i · x̂

ẑi
i · ŵi

)
·
( ∏
i∈⌊n−2,−1⌋

i≡2 0

ŵ−
i · (x̂

ẑi
i )

− · ŵi
)
· (m′)b̃0 · m̃

= ŵ−
−1 ·

( ∏
i∈⌈−1,n−4⌉
i≡2 −1

x̂ẑii · ŵi · ŵ−
i+2

)

· x̂ẑn−2

n−2 · ŵn−2 · ŵ−
n−3 · (x̂

ẑn−3

n−3 )
−

·
( ∏
i∈⌊n−4,0⌋
i≡2 0

ŵi+2 · ŵ−
i · (x̂

ẑi
i )

−
)
· ŵ0 · (m′)b̃0 · m̃

(v,vii,viii)
=

(SCM1)
1− ·

( ∏
i∈⌈−1,n−4⌉
i≡2 −1

Tb̃i+2 , bi+1Ub̃i+1·ẑi

)

·Tb̃n , bn−1Ub̃n−1·ẑn−2 · Tbn , b̃n+1Ub̃n·ẑn−1 · Tbn−2 , b̃n−1Ub̃n−2·ẑn−3

·
( ∏
i∈⌊n−4,0⌋
i≡2 0

Tbi+1 , b̃i+2Ub̃i+1·ẑi

)
·mb̃0 · m̃
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=

( ∏
i∈⌈−1,n−2⌉
i≡2 −1

Tb̃i+2 , bi+1Ub̃i+1·ẑi

)
·
( ∏
i∈⌊n−1,0⌋
i≡2 0

Tbi+1 , b̃i+2Ub̃i+1·ẑi

)
·mb̃0 · m̃

b̃n+2=1=b̃n+3
=

(SCM1)

( ∏
i∈⌈−1,n+1⌉
i≡2 −1

Tb̃i+2 , bi+1U
b̃i+1·

( ∏
j∈⌊i,0⌋

bj ·b̃j
))
·
( ∏
i∈⌈−1,n+1⌉

i≡2 0

Tb̃i+2 , bi+1U
b̃i+1·

( ∏
j∈⌊i,0⌋

bj ·b̃j
))−

·mb̃0 · m̃ .

If n ≡2 0, then we have

(h · h̃){−1}

=

( ∏
i∈⌈−1,n−2⌉
i≡2 −1

ŵ−
i · x̂

ẑi
i · ŵi

)
·
( ∏
i∈⌊n−2,−1⌋

i≡2 0

ŵ−
i · (x̂

ẑi
i )

− · ŵi
)
· (m′)b̃0 · m̃

= ŵ−
−1 ·

( ∏
i∈⌈−1,n−5⌉
i≡2 −1

x̂ẑii · ŵi · ŵ−
i+2

)

· x̂ẑn−3

n−3 · ŵn−3 · ŵ−
n−2 · (x̂

ẑn−2

n−2 )
−

·
( ∏
i∈⌊n−4,0⌋
i≡2 0

ŵi+2 · ŵ−
i · (x̂

ẑi
i )

−
)
· ŵ0 · (m′)b̃0 · m̃

(v,vii,viii)
=

(SCM1)
1− ·

( ∏
i∈⌈−1,n−5⌉
i≡2 −1

Tb̃i+2 , bi+1Ub̃i+1·ẑi

)

·Tb̃n−1 , bn−2Ub̃n−2·ẑn−3 · Tb̃n+1 , bnUb̃n·ẑn−1 · Tbn−1 , b̃nUb̃n−1·ẑn−2

·
( ∏
i∈⌊n−4,0⌋
i≡2 0

Tbi+1 , b̃i+2Ub̃i+1·ẑi

)
·mb̃0 · m̃

=

( ∏
i∈⌈−1,n−1⌉
i≡2 −1

Tb̃i+2 , bi+1Ub̃i+1·ẑi

)
·
( ∏
i∈⌊n−2,0⌋
i≡2 0

Tbi+1 , b̃i+2Ub̃i+1·ẑi

)
·mb̃0 · m̃

b̃n+3=1=b̃n+2
=

(SCM1)

( ∏
i∈⌈−1,n+1⌉
i≡2 −1

Tb̃i+2 , bi+1U
b̃i+1·

( ∏
j∈⌊i,0⌋

bj ·b̃j
))
·
( ∏
i∈⌈−1,n+1⌉

i≡2 0

Tb̃i+2 , bi+1U
b̃i+1·

( ∏
j∈⌊i,0⌋

bj ·b̃j
))−

·mb̃0 · m̃ .
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Example 350 Suppose given x ∈ B. Suppose given bi , b̃i ∈ B for i ∈ [0, 4], and suppose
given m, m̃ ∈M .

(0) In H0 , we have

(b0 ,m)x
347
=
(
[b0, x]

b−0 · b0 ,Tx, b0U ·m
)
=
(
bx0 ,Tx, b0U ·m

)
.

Moreover, we have

(b0 ,m) · (b̃0 , m̃)
349
= (b0 · b̃0 ,mb̃0 · m̃) .

(1) In H1 , we have

(b1 , b0 ,m)x
347
=
(
bx1 , [x, b1] · b0 ,Tb1, xUb0 ·m

)
.

Moreover, we have

(b1 , b0 ,m) · (b̃1 , b̃0 , m̃)
349
=
(
b1 · b̃1 , bb̃10 · b̃0 ,Tb̃1, b0Ub̃0 ·mb̃0 · m̃

)
.

(2) In H2 , we have

(b2 , b1 , b0 ,m)x
347
=
(
bx2 , [x, b2] · b1 , [b2 , x]b1 · b0 , Tx, b2Ub1·b0 ·m

)
.

Moreover, we have

(b2 , b1 , b0 ,m) · (b̃2 , b̃1 , b̃0 , m̃)
349
=
(
b2 · b̃2 , bb̃21 · b̃1 , [b̃2 , b1]b̃1 · bb̃10 · b̃0 ,Tb̃1, b0Ub̃0 · Tb1, b̃2Ub̃1·b0·b̃0 ·mb̃0 · m̃

)
.

(3) In H3 , we have

(b3 , b2 , b1 , b0 ,m)x
347
=
(
bx3 , [x, b3] · b2 , [b3 , x]b2 · b1 , [x, b3]b2·b1 · b0 ,Tb3, xUb2·b1·b0 ·m

)
.

Moreover, we have

(b3 , b2 , b1 , b0 ,m) · (b̃3 , b̃2 , b̃1 , b̃0 , m̃)
349
=
(
b3 · b̃3 , bb̃32 · b̃2 , [b̃3 , b2]b̃2 · bb̃21 · b̃1 , [b̃2 , b1]b̃1 · [b2 , b̃3]b̃2·b1·b̃1 · bb̃10 · b̃0 ,

Tb̃1, b0Ub̃0 · Tb̃3, b2Ub̃2·b1·b̃1·b0·b̃0 · Tb1, b̃2Ub̃1·b0·b̃0 ·mb̃0 · m̃
)
.

(4) In H4 , we have

(b4 , b3 , b2 , b1 , b0 ,m)x

347
=
(
bx4 , [x, b4] · b3 , [b4 , x]b3 · b2 , [x, b4]b3·b2 · b1 , [b4 , x]b3·b2·b1 · b0 ,Tx, b4Ub3·b2·b1·b0 ·m

)
.
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Moreover, we have

(b4 , b3 , b2 , b1 , b0 ,m) · (b̃4 , b̃3 , b̃2 , b̃1 , b̃0 , m̃)
349
=
(
b4 · b̃4 ,

bb̃43 · b̃3 ,

[b̃4 , b3]
b̃3 · bb̃32 · b̃2 ,

[b̃3 , b2]
b̃2 · [b3 , b̃4]b̃3·b2·b̃2 · bb̃21 · b̃1 ,

[b̃2 , b1]
b̃1 · [b̃4 , b3]b̃3·b2·b̃2·b1·b̃1 · [b2 , b̃3]b̃2·b1·b̃1 · bb̃10 · b̃0 ,

Tb̃1, b0Ub̃0 · Tb̃3, b2Ub̃2·b1·b̃1·b0·b̃0 · Tb3, b̃4Ub̃3·b2·b̃2·b1·b̃1·b0·b̃0 · Tb1, b̃2Ub̃1·b0·b̃0 ·mb̃0 · m̃
)
.

17.1.4 The group morphisms ιn,m and si in Hn

We consider the data constructed in Lemma 342.

Remark 351 (The group morphism ιn,m)

Suppose given k ∈ Z⩾−1 . We consider the groups Hk and Hk+1 = B ⋉Hk .

(1) We have the injective group morphism

ιk,k+1 : Hk → Hk+1 , h 7→ hιk,k+1 := (1, h) .

(2) Suppose given ℓ ∈ Z⩾k .

We have the injective group morphism

ιk,ℓ :=
Hk
∏Hℓ

j∈⌈k,ℓ−1⌉

ιj, j+1 : Hk → Hℓ , h 7→ hιk,ℓ ,

where

(hιk,ℓ){i} =

{
1 for i ∈ [k + 1, ℓ]

h{i} for i ∈ [−1, k] ;

cf. §1.1.3 item 4.

So, for h ∈ Hk , we have

hιk,ℓ = (1, . . . , 1, h{k} , h{k−1} , . . . , h{−1}) ∈ Hℓ .
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(3) Suppose given ℓ ∈ Z⩾k . Suppose given h ∈ Hk .

Recall that we write h{j} = 1 for j ∈ Z⩾k+1 ; cf. Lemma 342.

For i ∈ Z⩾−1 , we have

(hιk,ℓ){i} = h{i} .

Proof. Ad (1). Suppose given h, h̃ ∈ Hk .

We have

(h · h̃)ιk,k+1 = (1, h · h̃) = (1, h) · (1, h̃) = hιk,k+1 · h̃ιk,k+1 .

So ιk,k+1 is a group morphism.

Suppose given h ∈ Hk with hιk,k+1 = 1.

Then we have

(1, h) = hιk,k+1 = 1 = (1, 1) .

This shows h = 1.

So ιk,k+1 is injective.

Ad (2). By (1), we have the injective group morphism ιj, j+1 : Hj → Hj+1 for j ∈ [k, ℓ− 1].

So

ιk,ℓ =
Hk
∏Hℓ

j∈⌈k,ℓ−1⌉

ιj, j+1 = ιk,k+1 ▲ ιk+1,k+2 ▲ . . . ▲ ιℓ−1,ℓ : Hk → Hℓ

is an injective group morphism.

Ad (3). We have

(hιk,ℓ){i} =

{
1 for i ∈ Z⩾ℓ+1

h{i} for i ∈ [−1, ℓ]

=


1 for i ∈ Z⩾ℓ+1

1 for i ∈ [k + 1, ℓ]

h{i} for i ∈ [−1, k]

=

{
1 for i ∈ Z⩾k+1

h{i} for i ∈ [−1, k] .
= h{i} .
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Lemma 352 (The group morphism sni )

(1) Suppose given n, i ∈ Z⩾0 with i ⩽ n .

We have the group morphism

sni : B → Hn , b 7→ bsni ,

where

(bsni ){k} =

{
1 for k ∈ [−1, n]\{i}
b for k = i .

(2) Suppose given n ∈ Z⩾−1 .

We have the group morphism

sn−1 : M → Hn , m 7→ msn−1 ,

where

(msn−1){k} =

{
1 for k ∈ [0, n]

m for k = −1 .

Proof. Ad (1). We show that sjj : B → Hj = B ⋉Hj−1 is a group morphism for j ∈ Z⩾0 .

Suppose given b, b̃ ∈ B .

We have

(b · b̃)sjj = (b · b̃, 1) = (b, 1) · (b̃, 1) = bsjj · b̃s
j
j .

This shows that sjj is a group morphism.

For n, i ∈ Z⩾0 , with i ⩽ n, we have the group morphism

sni := sii ▲ ιi,n : B → Hn , b 7→ bsni =
(
1, . . . , 1, (b, 1, . . . , 1)

)
=
(
1, . . . , 1, b, 1, . . . , 1

)
,

where

(bsni ){k} =

{
b for k = i

1 for k ̸= i ;

cf. Remark 351.(2).
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This shows that sni is a group morphism.

Ad (2). For m, m̃ ∈M , we have

(m · m̃)s0−1 = (1,m · m̃) = (1,m) · (1, m̃) = ms0−1 · m̃s0−1 .

This shows that s0−1 is a group morphism.

Moreover, we have

sn−1 = s0−1 ▲ ι0,n : M → Hn , m 7→ (1, . . . , 1,m) ;

cf. Remark 351.(2).

This shows that sn−1 is a group morphism.

Remark 353 Let n ∈ Z⩾−1 . Suppose given h ∈ Hn .

We write bi := h{i} ∈ B for i ∈ [0, n] and m := h{−1} ∈ M . So h = (bn , . . . , b0 ,m).
Moreover, we write bi := 1 for i ∈ Z⩾n+1 .

(1) For t ∈ [0, n], we consider

(h{t})s
n
t = (1, . . . , 1, bt , 1, . . . , 1) ∈ Hn

(h{−1})s
n
−1 = (1, . . . , 1,m) ∈ Hn .

We have

h =
∏

t∈⌊n,−1⌋

(h{t})s
n
t .

In particular, we have

h = (h⌊n,r+1⌋ , 1, . . . , 1) · (1, . . . , 1, h⌊r,−1⌋) = (h⌊n,r+1⌋ , 1) · (h⌊r,−1⌋)ιr,n

for r ∈ [−1, n]; cf. Remark 351.(2).

(2) Suppose given t ∈ [0, n]. Suppose given b̃ ∈ B . Suppose given m̃ ∈M .

For t ∈ [0, n], we consider

b̃snt = (1, . . . , 1, b̃ , 1, . . . , 1) ∈ Hn

m̃sn−1 = (1, . . . , 1, m̃) ∈ Hn .
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If t ∈ [1, n], then we have

(h · b̃snt ){i} =



bi for i ∈ [t+ 1, n]

bt · b̃ for i = t(
[bt−1 , b̃]

(−1)t−1−i)( ∏
j∈⌊t−2,i+1⌋

bj)

· bi for i ∈ [0, t− 1](
Tbt−1 , b̃U(−1)t

)( ∏
j∈⌊t−2,0⌋

bj)

·m for i = −1 .

If t = 0, then we have

(h · b̃sn0 ){i} =


bi for i ∈ [1, n]

b0 · b̃ for i = 0

mb̃ for i = −1 .

If t = −1, then we have

(h · m̃sn−1){i} =

{
bi for i ∈ [0, n]

m · m̃ for i = −1 .

We shall prove these statements directly, without using Lemma 349. We will make use of
Lemma 347, however.

Proof. Ad (1). We show this claim by induction on n.

Let n = −1. Suppose given h ∈ H−1 =M .

Then we have

h = h{−1} = (h{−1})s
−1
−1 =

∏
t∈⌊−1,−1⌋

(h{t})s
−1
t .

Now suppose that g =
∏

t∈⌊n,−1⌋
(g{t})s

n
t holds for g ∈ Hn .

Suppose given h ∈ Hn+1 .

We have to show that h
!
=

∏
t∈⌊n+1,−1⌋

(h{t})s
n+1
t .

We consider

h⌊n,−1⌋ = (h{n} , . . . , h{−1}) ∈ Hn ;

cf. Notation 344.(3).
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By induction hypothesis, we have

h⌊n,−1⌋ =
∏

t∈⌊n,−1⌋

(
(h⌊n,−1⌋){t}

)
snt =

∏
t∈⌊n,−1⌋

(h{t})s
n
t .

Note that we have

(h{n+1})s
n+1
n+1 = (h{n+1} , 1) ∈ Hn+1 = B ⋉Hn .

For t ∈ [−1, n], note that we have

(h{t})s
n+1
t =

(
1, (h{t})s

n
t

)
∈ Hn .

We have ∏
t∈⌊n+1,−1⌋

(h{t})s
n+1
t = (h{n+1})s

n+1
n+1 ·

( ∏
t∈⌊n,−1⌋

(h{t})s
n+1
t

)
=

(
h{n+1} , 1

)
·
( ∏
t∈⌊n,−1⌋

(
1, (h{t})s

n
t

))
351.(1)
=

(
h{n+1} , 1

)
·
(
1,

∏
t∈⌊n,−1⌋

(h{t})s
n
t

)
=

(
h{n+1} , 1

)
·
(
1, h⌊n,−1⌋

)
=

(
h{n+1} , h⌊n,−1⌋

)
= h .

In particular, for r ∈ [−1, n], we have

h =
∏

t∈⌊n,−1⌋

(h{t})s
n
t

=
(( ∏

t∈⌊n,r+1⌋

(h{t})s
n
t

)
·
( ∏
t∈⌊r,−1⌋

(1)snt
))
·
( ∏
t∈⌊r,−1⌋

(h{t})s
n
t

)
= (h⌊n,r+1⌋ , 1, . . . , 1) · (1, . . . , 1, h⌊r,−1⌋)

= (h⌊n,r+1⌋ , 1) · (h⌊r,−1⌋)ιr,n .

Ad (2). Suppose given t ∈ [1, n].

Note that we have

(b̃snt )⌊t,−1⌋ = (b̃ , 1, . . . , 1) = b̃ stt = (b̃ , 1) ∈ Ht .
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We have

h · b̃ snt =
(
bn , . . . , bt+1 , (bt , . . . , b0 ,m)

)
·
(
1, . . . , 1, (b̃ , 1, . . . , 1)

)
(1)
= (h⌊n,t+1⌋ , 1) · (h⌊t,−1⌋)ιt,n · (b̃ stt)ιt,n

351.(2)
= (h⌊n,t+1⌋ , 1) ·

(
h⌊t,−1⌋ · (b̃ stt)

)
ιt,n

(1)
=

(
h⌊n,t+1⌋ , h⌊t,−1⌋ · (b̃ stt)

)
=

(
h⌊n,t+1⌋ , (bt , h⌊t−1,−1⌋) · (b̃ , 1)

)
=

(
h⌊n,t+1⌋ , (bt · b̃ , hb̃⌊t−1,−1⌋)

)
=

(
bn , . . . , bt+1 , bt · b̃ , (bt−1 , . . . , b0 ,m)b̃

)
.

So, by Lemma 347.(2), we have

(h · b̃ stt){i} =



bi if i ∈ [t+ 1, n]

bt · b̃ if i = t(
[bt−1 , b̃]

(−1)t−1−i)( ∏
j∈⌊t−2,i+1⌋

bj)

· bi if i ∈ [0, t− 1](
Tbt−1 , b̃U(−1)t

)( ∏
j∈⌊t−2,0⌋

bj)

·m if i = −1 .

Now let t = 0. We have

h · b̃sn0 = (bn , . . . , b0 ,m) · (1, . . . , 1, b̃ , 1)
(1)
= (h⌊n,1⌋ , 1) · (b0 ,m)ι0,n · (b̃ , 1)ι0,n

351.(2)
= (h⌊n,1⌋ , 1) ·

(
(b0 ,m) · (b̃ , 1)

)
ι0,n

= (h⌊n,1⌋ , 1) · (b0 · b̃ , mb̃)ι0,n
(1)
=

(
h⌊n,1⌋ , (b0 · b̃ , mb̃)

)
= (bn , . . . , b1 , b0 · b̃ , mb̃) .

So we have

(h · b̃sn0 ){i} =


bi if i ∈ [1, n]

b0 · b̃ if i = 0

mb̃ if i = −1 .
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Now let t = −1. We have

h · m̃sn−1 = (bn , . . . , b0 ,m) · (1, . . . , 1, m̃)
(1)
= (h⌊n,0⌋ , 1) ·msn−1 · m̃sn−1

351.(2)
= (h⌊n,0⌋ , 1) · (m · m̃)sn−1

(1)
= (h⌊n,0⌋ ,m · m̃)

= (bn , . . . , b0 ,m · m̃) .

So we have

(h · m̃sn−1){i} =

{
bi if i ∈ [0, n]

m · m̃ if i = −1 .

17.2 The group H∞

Recall that we have the stable crossed module S = (MS , BS , κS , fS) and that we often
write M = MS and B = BS .

17.2.1 Construction of the group H∞

We consider the data constructed in Lemma 342.

Definition 354

We consider the linearly ordered set Z⩾−1 .

For n ∈ Z⩾−1 , we consider the group Hn .

For i, j ∈ Z⩾−1 with i ⩽ j, we consider the injective group morphism

ιi,j : Hi → Hj , h 7→ hιi,j = (1, . . . , 1, h) ;

cf. Remark 351.(2).

We consider the colimit lim
−→
n

Hn of
(
(Hn)n⩾−1 , (ιi,j)−1⩽i⩽j

)
; cf. Definition 3.(2).

For [k, h] ∈ lim
−→
n

Hn , recall that we have k ∈ Z⩾−1 and h ∈ Hk .
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(1) As a set, let

HS
∞ := {(. . . , b3 , b2 , b1 , b0 ,m) ∈ (

∏
i⩾0

B)×M : ∃k ∈ Z⩾0 with bℓ = 1 for ℓ ⩾ k} .

We often write H∞ := HS
∞ .

(2) Suppose given h ∈ H∞ . Then we have h = (. . . , 1 , bk , bk−1 , . . . , b0 ,m) for some
k ∈ Z⩾0 , where bi ∈ B for i ∈ [0, k] and where m ∈M .

We write

h{i} :=


1 for i ⩾ k + 1

bi for i ∈ [0, k]

m for i = −1 .

Cf. also Lemma 342.

For h, h̃ ∈ H∞ , note that we have

h = h̃ ⇔ h{i} = h̃{i} for i ∈ Z⩾−1 .

(3) Suppose given h ∈ H∞ . Suppose given ℓ, r ∈ Z⩾−1 with r ⩽ ℓ.

We write h⌊ℓ,r⌋ ∈ Hℓ for the element with

(h⌊ℓ,r⌋){i} :=

{
h{i} for i ∈ [r, ℓ]

1 for i ∈ [−1, r − 1] .

So h⌊ℓ,r⌋ = (h{ℓ} , h{ℓ−1} , . . . , h{r} , 1, . . . , 1) ∈ Hℓ .

(4) Suppose given h ∈ H∞ . Suppose given r ∈ Z⩾−1 .

We write h⌊∞,r⌋ ∈ H∞ for the element in H∞ with

(h⌊∞,r⌋){i} :=

{
h{i} for i ∈ Z⩾r

1 for i ∈ [−1, r − 1] ;

cf. §1.1.2 item 9.4.

So h⌊∞,r⌋ = (. . . , h{r+1} , h{r} , 1, . . . , 1) ∈ H∞ .
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Remark 355 We have the bijection

ρ : lim
−→
n

Hn → H∞ , [k, h] 7→ [k, h]ρ ,

where (
[k, h]ρ

)
{i} :=

{
1 for i ∈ Z⩾k+1

h{i} for i ∈ [−1, k] .

Its inverse is given by

ρ− : H∞ → lim
−→
n

Hn , h 7→ hρ− = [k, h⌊k,−1⌋] ,

where k ∈ Z⩾−1 is chosen such that h{i} = 1 for i ⩾ k + 1.

Proof. We show that ρ is well-defined.

Suppose given [k, h], [k̃, h̃] ∈ lim
−→
n

Hn with [k, h] = [k̃, h̃].

We may assume that k ⩽ k̃.

Then, by Remark 5.(1), we have hιk,k̃ = h̃ ∈ Hk̃ , since ιn,m is injective for n, m ∈ Z⩾−1 with
n ⩽ m; cf. Remark 351.(2).

We have

(hιk,k̃){i} =

{
1 for i ∈ [k + 1, k̃]

h{i} for i ∈ [−1, k] .

Therefore, we have

h̃{i} =

{
1 for i ∈ [k + 1, k̃]

h{i} for i ∈ [−1, k] .

We have

{
1 for i ∈ Z⩾k+1

h{i} for i ∈ [−1, k]

}
=


1 for i ∈ Z⩾k̃+1

1 for i ∈ [k + 1, k̃]

h{i} for i ∈ [−1, k]

 =

{
1 for i ∈ Z⩾k̃+1

h̃{i} for i ∈ [−1, k̃]

}
.

This shows [k, h]ρ = [k̃, h̃]ρ. So the map ρ is well-defined.
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We claim to have the map

ρ̃ : H∞ → lim
−→
n

Hn , h 7→ [k, h⌊k,−1⌋] ,

where k ∈ Z⩾−1 is chosen such that h{i} = 1 for i ⩾ k + 1.

We show that ρ̃ is well-defined.

Suppose given h ∈ lim
−→
n

Hn .

Suppose given k ∈ Z⩾−1 such that h{i} = 1 for i ∈ Z⩾k+1 .

Suppose given ℓ ∈ Z⩾−1 such that h{i} = 1 for i ∈ Z⩾ℓ+1 .

We may assume that k ⩽ ℓ.

Then we have h{j} = 1 for j ∈ [k + 1, ℓ] .

So

(h⌊ℓ,−1⌋){i} =

{
1 for i ∈ [k + 1, ℓ]

h{i} for i ∈ [−1, k] .

We consider the group element (h⌊k,−1⌋)ιk,ℓ ∈ Hℓ .

We have (
(h⌊k,−1⌋)ιk,ℓ

)
{i} =

{
1 for i ∈ [k + 1, ℓ]

h{i} for i ∈ [−1, k] .

This shows (h⌊k,−1⌋)ιk,ℓ = h⌊ℓ,−1⌋ .

Therefore, by Remark 5.(1), we have [k, h⌊k,−1⌋] = [ℓ, h⌊ℓ,−1⌋] .

So ρ̃ is well-defined.

We show that ρ ▲ ρ̃
!
= id lim

−→
n

Hn.

Suppose given [k, h] ∈ lim
−→
n

Hn .

We consider [k, h]ρ ∈ H∞ . We have(
[k, h]ρ

)
{i} =

{
1 for i ∈ Z⩾k+1

h{i} for i ∈ [−1, k] .

547



CHAPTER 17. CONSTRUCTION OF THE GROUP H∞ FROM A STABLE CROSSED
MODULE

We have

[k, h](ρ ▲ ρ̃) =
(
[k, h]ρ

)
ρ̃ =

[
ℓ,
(
[k, h]ρ

)
⌊ℓ,−1⌋

]

for some ℓ ∈ Z⩾−1 with
((

[k, h]ρ
)
⌊ℓ,−1⌋

)
{i}

= 1 for i ∈ Z⩾ℓ+1 .

We may choose ℓ := k since
((

[k, h]ρ
)
⌊ℓ,−1⌋

)
{i}

= 1 for i ∈ Z⩾k+1 .

Moreover, we have
(
[k, h]ρ

)
⌊k,−1⌋ = h .

This shows [k, h](ρ ▲ ρ̃) = [k, h].

So ρ ▲ ρ̃ = id lim
−→
n

Hn .

We show that ρ̃ ▲ ρ
!
= idH∞.

Suppose given h ∈ H∞ .

Then we have hρ̃ = [k, h⌊k,−1⌋] ∈ lim
−→
n

Hn for some k ∈ Z⩾−1 with h{i} = 1 for i ∈ Z⩾k+1 .

We consider the element [k, h⌊k,−1⌋]ρ ∈ H∞ .

We have (
[k, h⌊k,−1⌋]ρ

)
{i} =

{
1 for i ∈ Z⩾k+1

(h⌊k,−1⌋){i} for i ∈ [−1, k]

=

{
1 for i ∈ Z⩾k+1

h{i} for i ∈ [−1, k]
= h{i} .

So

h(ρ̃ ▲ ρ) = [k, h⌊k,−1⌋]ρ = h .

This shows ρ̃ ▲ ρ = idH∞ .

Altogether, ρ is a bijection and its inverse is given by ρ− = ρ̃.
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Definition 356 (The group H∞)

We consider the set

HS
∞ = H∞ = {h ∈ (

∏
i⩾0

B)×M : ∃k ∈ Z⩾0 with h{ℓ} = 1 for ℓ ⩾ k}

= {(. . . , b3 , b2 , b1 , b0 ,m) ∈ (
∏
i⩾0

B)×M : ∃k ∈ Z⩾0 with bℓ = 1 for ℓ ⩾ k}

from Definition 354.

Moreover, we consider the bijection ρ : lim
−→
n

Hn → H∞ from Remark 355.

Then, by transport of structure along ρ, the set H∞ is a group.

I.e. , for h, h̃ ∈ H∞ , we let

h · h̃ :=
(
hρ− · h̃ρ−

)
ρ .

Then ρ : lim
−→
n

Hn → H∞ is a group isomorphism.

For an explicit formula for the multiplication in H∞ cf. Proposition 361 below, or, for the
partial formula, cf. Lemma 362.(2) below.

Moreover, recall that we have the action

γS : B → Aut(M) , b 7→
(
m 7→ mb = m · TmfS, bU

)
;

cf. Lemma 327.(1).

Remark 357 (The group morphism ιn,∞)

Suppose given n ∈ Z⩾−1 .

(1) We have the injective group morphism

ιn,∞ : Hn → H∞ , h 7→ hιn,∞ ,

where (hιn,∞){i} = h{i} for i ∈ Z⩾−1 .

So

hιn,∞ = [n, h]ρ = (. . . , 1, h{n} , h{n−1} , . . . , h{−1}) ∈ H∞ .

Cf. also Remark 351.
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(2) Suppose given m ∈ Z⩾n .

We have

ιn,∞ = ιn,m ▲ ιm,∞ : Hn → H∞ .

H∞

Hn Hmιn,m

ιn,∞
ιm,∞

(3) Suppose given h ∈ H∞ . Suppose given k ∈ Z⩾−1 such that h{j} = 1 for j ∈ Z⩾k+1 .

We have

h = (h⌊k,−1⌋)ιk,∞ ∈ H∞ .

(4) Suppose given k ∈ Z⩾−1 . Suppose given h, h̃ ∈ H∞ such that h{j} = 1 and h̃{j} = 1
for j ∈ Z⩾k+1 .

Then (h · h̃){j} = 1 and (h−){j} = 1 for j ∈ Z⩾k+1 .

Proof. Ad (1). We consider the injective group morphism

jn,∞ : Hn → lim
−→
n

Hn , h 7→ [n, h] ;

cf. Remark 4.(1) and Remark 5.(2).

Moreover, we consider the group isomorphism ρ : lim
−→
n

Hn → H∞ ; cf. Remark 355 and Defi-
nition 356.

Let ιn,∞ := jn,∞ ▲ ρ : Hn → H∞ , which is an injective group morphism by composition.

For h ∈ Hn , we have

(hιn,∞){i} =
(
h(jn,∞ ▲ ρ)

)
{i} =

(
[n, h]ρ

)
{i} =

{
1 for i ∈ Z⩾n+1

h{i} for i ∈ [−1, n] .

This shows the claim.
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Ad (2). For h ∈ Hn , we have(
h(ιn,m ▲ ιm,∞)

)
{i} =

(
(hιn,m)ιm,∞

)
{i}

=

{
1 for i ∈ Z⩾m+1

(hιn,m){i} for i ∈ [−1,m]

=


1 for i ∈ Z⩾m+1

1 for i ∈ [n+ 1,m]

h{i} for i ∈ [−1, n]

=

{
1 for i ∈ Z⩾n+1

h{i} for i ∈ [−1, n]
= (hιn,∞){i} .

This shows h(ιn,m ▲ ιm,∞) = hιn,∞ .

So we have ιn,m ▲ ιm,∞ = ιn,∞ .

Ad (3). For i ∈ Z⩾−1 , we have

(
(h⌊k,−1⌋)ιk,∞

)
{i} =

{
1 if i ∈ Z⩾k+1

(h⌊k,−1⌋){i} if i ∈ [−1, k]

}
=

{
1 if i ∈ Z⩾k+1

h{i} if i ∈ [−1, k]

}
= h{i} .

This shows h = (h⌊k,−1⌋)ιk,∞ .

Ad (4). We have

h · h̃ (3)
= (h⌊k,−1⌋)ιk,∞ · (h̃⌊k,−1⌋)ιk,∞ = (h⌊k,−1⌋ · h̃⌊k,−1⌋)ιk,∞

and

h− =
(
(h⌊k,−1⌋)ιk,∞

)− (3)
=
(
(h⌊k,−1⌋)

−)ιk,∞ .

Using (1), this shows (4).

The universal property of lim
−→
n

Hn carries over to H∞ , which we shall make explicit.

Lemma 358 (The universal property of H∞)

Suppose given a group T . For z ∈ Z⩾−1 , suppose given a group morphism ωz : Hz → T .

For n, m ∈ Z⩾−1 with n ⩽ m , suppose that we have

ωn = ιn,m ▲ ωm : Hn → T .
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Then there exists a unique group morphism ω∞ : H∞ → T such that

ωz = ιz,∞ ▲ ω∞

for z ∈ Z⩾−1 .

Then ω∞ is given as follows. We have

ω∞ : H∞ → T , h 7→ (h⌊k,−1⌋)ωk ,

where k ∈ Z⩾−1 is chosen such that h{i} = 1 for i ∈ Z⩾k+1 .

H∞

Hn Hm

T

ιn,m

ιn,∞

ωn

ιm,∞

ωm

∃!ω∞

Proof. We consider the colimit lim
−→
z

Hz ; cf. Definition 354.

We consider the group isomorphism ρ : lim
−→
z

Hz → H∞ ; cf. Remark 355 and Definition 356.

For k ∈ Z⩾−1 , we consider the group morphism

jk,∞ : Hk → lim
−→
z

Hz , h 7→ [k, h] ;

cf. Remark 4.(1).

We have

jk,∞ ▲ ρ = ιk,∞ ,

as both map h ∈ Hk to [k, h]ρ; cf. Remark 357.(1).

Then, by the universal property of the colimit lim
−→
z

Hz from Remark 4.(3) , there exists a

unique morphism c∞ : lim
−→
z

Hz → T with

jn,∞ ▲ c∞ = ωn : Hn → T ,
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where

c∞ : lim
−→
z

Hz → T , [k, h] 7→ hωk .

lim
−→
n

Hn H∞

Hn Hm

T

jn,m

jn,∞

ωn

jm,∞

ωm

ρ

∼

∃!c∞

We show existence and the formula.

We let ω∞ := ρ− ▲ c∞ : H∞ → T . We have

ωn = jn,∞ ▲ c∞ = (jn,∞ ▲ ρ) ▲ (ρ− ▲ c∞) = ιn,∞ ▲ω∞ .

Moreover, for h ∈ H∞ , we have

hω∞ = h(ρ− ▲ c∞)
355
= [k, h⌊k,−1⌋]c∞ = (h⌊k,−1⌋)ωk ,

where k ∈ Z⩾−1 is chosen such that h{i} = 1 for i ∈ Z⩾k+1 .

We show uniqueness.

Suppose given a group morphism ω̃∞ : H∞ → T such that ιn,∞ ▲ ω̃∞ = ωn for n ∈ Z⩾−1 .

Then, for n ∈ Z⩾1 , we have

jn,∞ ▲ (ρ ▲ ω̃∞) = ιn,∞ ▲ ω̃∞ = ωn .

So ρ ▲ ω̃∞ = c∞ ; cf. Remark 4.(3).

This shows ω̃∞ = ρ− ▲ c∞ = ω∞ .

Lemma 359 (The group morphism s∞i )

(1) For i ∈ Z⩾0 , we have the group morphism

s∞i : B → H∞ , b 7→ bs∞i ,
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where

(bs∞i ){k} :=

{
1 for k ∈ Z⩾−1\{i}
b for k = i .

(2) We have the group morphism

s∞−1 : M → H∞ , m 7→ ms∞−1 ,

where

(ms∞−1){k} :=

{
1 for k ∈ Z⩾0

m for k = −1 .

Proof. Ad (1). Suppose given i ∈ Z⩾0 .

We consider the group morphism

sii : B → Hi , b 7→ bsii ,

where

(bsii){k} =

{
1 for k ∈ [−1, i− 1]

b for k = i ;

cf. Lemma 352.(1).

We let s∞i := sii ▲ ιi,∞ : B → H∞ .

Then, for b ∈ B and k ∈ Z⩾−1 , we have

(bs∞i ){k} =
(
b(sii ▲ ιi,∞)

)
{k} =

(
(bsii)ιi,∞

)
{k}

357.(1)
=

{
1 if k ∈ Z⩾i+1

(bsii){k} if k ∈ [−1, i]

=


1 if k ∈ Z⩾i+1

1 if k ∈ [−1, i− 1]

b if k = i

=

{
1 if k ∈ Z⩾−1\{i}
b if k = i .

Ad (2). We consider the group morphism

s−1
−1 : M → H−1 , m 7→ ms−1

−1 := m ;
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cf. Lemma 352.(2). So s−1
−1 = idM . We let

s∞−1 := s−1
−1 ▲ ι−1,∞ : M → H∞ .

Then, for m ∈M and k ∈ Z⩾−1 , we have

(ms∞−1){k} =
(
m(s−1

−1 ▲ ιi,∞)
)
{k} = (mι−1,∞){k}

357.(1)
=

{
1 if k ∈ Z⩾0

m if k = −1 .

Remark 360 Suppose given n ∈ Z⩾−1 . Suppose given k ∈ [−1, n].
We have

s∞k = snk ▲ ιn,∞ .

Proof. Case k ⩾ 0. Suppose given b ∈ B.

For i ∈ Z⩾−1 , we have(
b(snk ▲ ιn,∞)

)
{i} =

(
(bsnk)ιn,∞

)
{i}

=

{
1 if i ∈ Z⩾n+1

(bsnk){i} if i ∈ [−1, n]

}
=


1 if i ∈ Z⩾n+1

1 if i ∈ [−1, n]\{k}
b if i = k


=

{
1 if i ∈ Z⩾n+1\{k}
b if i = k

}
= (bs∞k ){i} .

This shows b(snk ▲ ιn,∞) = bs∞k .

Case k = −1. Suppose given m ∈M .

For i ∈ Z⩾−1 , we have(
m(sn−1 ▲ ιn,∞)

)
{i} =

(
(msn−1)ιn,∞

)
{i}

=

{
1 if i ∈ Z⩾n+1

(msn−1){i} if i ∈ [−1, n]

}
=


1 if i ∈ Z⩾n+1

1 if i ∈ [0, n]

m if i = −1


=

{
1 if i ∈ Z⩾n+1\{−1}
m if i = −1

}
= (ms∞−1){i} .

This shows m(sn−1 ▲ ιn,∞) = ms∞−1 .

So we have snk ▲ ιn,∞ = s∞k for k ∈ [−1, n].
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17.2.2 The multiplication in H∞

Proposition 361 The multiplication in H∞ is given as follows.

Suppose given h, h̃ ∈ H∞ .

We write

h{k} =:

{
bk for k ∈ Z⩾0

m for k = −1 ,

where bk ∈ B, for k ∈ Z⩾0 and m ∈M , and we write

h̃{k} =:

{
b̃k for k ∈ Z⩾0

m̃ for k = −1 ,

where b̃k ∈ B, for k ∈ Z⩾0 and m̃ ∈M .

We have

(h · h̃){k} =

( ∏
i∈⌈k,∞⌈
i≡2 k

[b̃i+2 , bi+1]
b̃i+1·

( ∏
j∈⌊i,k+1⌋

bj ·b̃j
))
·
( ∏
i∈⌈k,∞⌈
i≡2 k+1

[b̃i+2 , bi+1]
b̃i+1·

( ∏
j∈⌊i,k+1⌋

bj ·b̃j
))−

· bb̃k+1

k · b̃k for k ∈ Z⩾0

( ∏
i∈⌈−1,∞⌈
i≡2 −1

Tb̃i+2, bi+1U
b̃i+1·

( ∏
j∈⌊i,0⌋

bj ·b̃j
))
·
( ∏
i∈⌈−1,∞⌈
i≡2 0

Tb̃i+2, bi+1U
b̃i+1·

( ∏
j∈⌊i,0⌋

bj ·b̃j
))−

·mb̃0 · m̃ for k = −1 ;

cf. also Lemma 349.

Proof. We choose ℓ ∈ Z⩾−1 such that bi = 1 for i ∈ Z⩾ℓ+1 .

We choose ℓ̃ ∈ Z⩾−1 such that b̃i = 1 for i ∈ Z⩾ℓ̃+1 .

Let n := max{ℓ, ℓ̃}.
We have

h{k} =


1 for k ∈ Z⩾n+1

bk for k ∈ [0, n]

m for k = −1
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and we have

h̃{k} =


1 for k ∈ Z⩾n+1

b̃k for k ∈ [0, n]

m̃ for k = −1 .

We consider the group elements h⌊n,−1⌋ , h̃⌊n,−1⌋ ∈ Hn ; cf. Definition 354.(3).

By Remark 357.(3), we have h = (h⌊n,−1⌋)ιn,∞ and h̃ = (h̃⌊n,−1⌋)ιn,∞ .

For i ∈ Z⩾−1 , note that we have

(h⌊n,−1⌋){i} = h{i} =


1 if i ∈ Z⩾n+1

bi if i ∈ [0, n]

m if i = −1 ,

(h̃⌊n,−1⌋){i} = h̃{i} =


1 if i ∈ Z⩾n+1

b̃i if i ∈ [0, n]

m̃ if i = −1 ;

cf. Notation 344.(2).

For k ∈ Z⩾−1 , we have

(h · h̃){k} =
(
(h⌊n,−1⌋)ιn,∞ · (h̃⌊n,−1⌋)ιn,∞

)
{k}

357.(1)
=

(
(h⌊n,−1⌋ · h̃⌊n,−1⌋)ιn,∞

)
{k} .

So, if k ∈ [−1, n], then, by Lemma 349, we have

(h · h̃){k} =
(
(h⌊n,−1⌋ · h̃⌊n,−1⌋)ιn,∞

)
{k}

357.(1)
= (h⌊n,−1⌋ · h̃⌊n,−1⌋){k}

( ∏
i∈⌈k,∞⌈
i≡2 k

[b̃i+2 , bi+1]
b̃i+1·

( ∏
j∈⌊i,k+1⌋

bj ·b̃j
))
·
( ∏
i∈⌈k,∞⌈
i≡2 k+1

[b̃i+2 , bi+1]
b̃i+1·

( ∏
j∈⌊i,k+1⌋

bj ·b̃j
))−

· bb̃k+1

k · b̃k if k ∈ [0, n]

( ∏
i∈⌈−1,∞⌈
i≡2 −1

Tb̃i+2, bi+1U
b̃i+1·

( ∏
j∈⌊i,0⌋

bj ·b̃j
))
·
( ∏
i∈⌈−1,∞⌈
i≡2 0

Tb̃i+2, bi+1U
b̃i+1·

( ∏
j∈⌊i,0⌋

bj ·b̃j
))−

·mb̃0 · m̃ if k = −1 .
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If k ∈ Z⩾n+1 , then

(h · h̃){k}
=

(
(h⌊n,−1⌋ · h̃⌊n,−1⌋)ιn,∞

)
{k}

357.(1)
= 1

=

( ∏
i∈⌈k,∞⌈
i≡2 k

[b̃i+2 , bi+1]
b̃i+1·

( ∏
j∈⌊i,k+1⌋

bj ·b̃j
))
·
( ∏
i∈⌈k,∞⌈
i≡2 k+1

[b̃i+2 , bi+1]
b̃i+1·

( ∏
j∈⌊i,k+1⌋

bj ·b̃j
))−

· bb̃k+1

k · b̃k .

This shows the claim.

To prove Lemma 362, we will make use of Remark 353, but not of Lemma 349 or Proposi-
tion 361.

Lemma 362 Suppose given h ∈ H∞ . Suppose given t ∈ Z⩾−1 .

We write

h{i} =:

{
bi for i ∈ Z⩾0

m for i = −1 ,

where bi ∈ B for i ∈ Z⩾0 and m ∈M .

(1) If t ∈ Z⩾0 , we consider

(h{t})s
∞
t = (. . . , 1, bt︸︷︷︸

pos. t

, 1, . . . , 1︸︷︷︸
pos.−1

) ∈ H∞ ;

cf. Lemma 359.(1). Moreover, we consider

(h{−1})s
∞
−1 = (. . . , 1, m︸︷︷︸

pos.−1

) ∈ H∞ ;

cf. Lemma 359.(2). We have

h =
∏

j∈⌋∞,−1⌋

(h{j})s
∞
t ;

cf. §1.1.2 item 9.4.

(2) Suppose given b̃ ∈ B . Suppose given m̃ ∈M .

If t ∈ Z⩾0 , we consider

b̃s∞t
359.(1)
= (. . . , 1, b̃︸︷︷︸

pos. t

, 1, . . . , 1︸︷︷︸
pos.−1

) ∈ H∞ ,

558



17.2. THE GROUP H∞

and we consider

m̃s∞−1

359.(2)
= (. . . , 1, m̃︸︷︷︸

pos.−1

) ∈ H∞ .

If t ∈ Z⩾1 , then we have

(h · b̃s∞t ){i} =



bi for i ∈ Z⩾t+1

bt · b̃ for i = t(
[bt−1 , b̃]

(−1)t−1−i)( ∏
j∈⌊t−2,i+1⌋

bj)

· bi for i ∈ [0, t− 1](
Tbt−1 , b̃U(−1)t

)( ∏
j∈⌊t−2,0⌋

bj)

·m for i = −1 ,

where, in particular, we have

(h · b̃s∞t ){t−1} = (bt−1)
b̃ .

If t = 0, then we have

(h · b̃s∞0 ){i} =


bi for i ∈ Z⩾1

b0 · b̃ for i = 0

mb̃ for i = −1 .

If t = −1, then we have

(h · m̃s∞−1){i} =

{
bi for i ∈ Z⩾0

m · m̃ for i = −1 .

Cf. also Remark 353.

Proof. We choose ℓ ∈ Z⩾−1 such that bj = 1 for j ∈ Z⩾ℓ+1 .

Ad (1). We have

h
357.(3)
= (h⌊ℓ,−1⌋)ιℓ,∞

353.(1)
=

( ∏
j∈⌊ℓ,−1⌋

(
(h⌊ℓ,−1⌋){j}

)
sℓj

)
ιℓ,∞

360
=

∏
j∈⌊ℓ,−1⌋

(
(h⌊ℓ,−1⌋){j}

)
s∞j

354.(3)
=

∏
j∈⌊ℓ,−1⌋

(h{j})s
∞
j =

∏
j∈⌋∞,−1⌋

(h{j})s
∞
j .
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Ad (2). Let n := max{ℓ, t}.
Then we have bj = 1 for j ∈ Z⩾n+1 . Moreover, we have t ⩽ n.

If t ⩾ 0, then we have

(h · b̃ s∞t ){i}
357.(3)
=

(
(h⌊n,−1⌋)ιn,∞ · b̃s∞t

)
{i}

360
=
(
(h⌊n,−1⌋)ιn,∞ · (b̃ snt )ιn,∞

)
{i}

357.(1)
=

((
h⌊n,−1⌋ · b̃snt

)
ιn,∞

)
{i}

357.(1)
=

(
h⌊n,−1⌋ · b̃ snt

)
{i}

=

{
1 for i ∈ Z⩾n+1(
h⌊n,−1⌋ · b̃snt

)
{i} for i ∈ [−1, n] .

Case t ∈ Z⩾1 . We have(
h⌊n,−1⌋ · b̃ snt

)
{i}

353.(2)
=



(h⌊n,−1⌋){i} for i ∈ [t+ 1, n]

(h⌊n,−1⌋){t} · b̃ for i = t([
(h⌊n,−1⌋){t−1} , b̃

](−1)t−1−i
)( ∏

j∈⌊t−2,i+1⌋
(h⌊n,−1⌋){j})

· (h⌊n,−1⌋){i} for i ∈ [0, t− 1](
T(h⌊n,−1⌋){t−1} , b̃U(−1)t

)( ∏
j∈⌊t−2,0⌋

bj)

· (h⌊n,−1⌋){−1} for i = −1

354.(3)
=



bi for i ∈ [t+ 1, n]

bt · b̃ for i = t(
[bt−1 , b̃]

(−1)t−1−i)( ∏
j∈⌊t−2,i+1⌋

bj)

· bi for i ∈ [0, t− 1](
Tbt−1 , b̃U(−1)t

)( ∏
j∈⌊t−2,0⌋

bj)

·m for i = −1 .

This shows

(h · b̃s∞t ){i} =



bi for i ∈ Z⩾t+1

bt · b̃ for i = t(
[bt−1 , b̃]

(−1)t−1−i)( ∏
j∈⌊t−2,i+1⌋

bj)

· bi for i ∈ [0, t− 1](
Tbt−1 , b̃U(−1)t

)( ∏
j∈⌊t−2,0⌋

bj)

·m for i = −1 .
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Moreover, note that, for i = t− 1, we have

(h · b̃s∞t ){t−1} =
(
[bt−1 , b̃]

t−1−(t−1)
)( ∏

j∈⌊t−2,t⌋
bj)

· bt−1
§1.1.2 item9.3

= [bt−1 , b̃]
(b−t−1) · bt−1

= bt−1 · (b−t−1 · b̃− · bt−1 · b̃) = (bt−1)
b̃ .

Case t = 0. We have

(
h⌊n,−1⌋ · b̃sn0

)
{i}

353.(2)
=


(h⌊n,−1⌋){i} for i ∈ [1, n]

(h⌊n,−1⌋){0} · b̃ for i = 0(
(h⌊n,−1⌋){−1}

)b̃
for i = −1

354.(3)
=


bi for i ∈ [1, n]

b0 · b̃ for i = 0

mb̃ for i = −1 .

This shows

(h · b̃s∞0 ){i} =


bi for i ∈ Z⩾1

b0 · b̃ for i = 0

mb̃ for i = −1 .

Case t = −1. We have

(h · m̃s∞−1){i}
357.(3)
=

(
(h⌊n,−1⌋)ιn,∞ · m̃s∞−1

)
{i}

360
=
(
(h⌊n,−1⌋)ιn,∞ · (m̃sn−1)ιn,∞

)
{i}

357.(1)
=

(
(h⌊n,−1⌋ · m̃sn−1)ιn,∞

)
{i}

357.(1)
= (h⌊n,−1⌋ · m̃sn−1){i}

=

{
1 for i ∈ Z⩾n+1

(h⌊n,−1⌋ · m̃sn−1){i} for i ∈ [−1, n] .

We have (
h⌊n,−1⌋ · m̃sn−1

)
{i}

353.(2)
=

{
(h⌊n,−1⌋){i} for i ∈ [0, n]

(h⌊n,−1⌋){−1} · m̃ for i = −1

354.(3)
=

{
bi for i ∈ [0, n]

m · m̃ for i = −1 .
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This shows

(h · m̃s∞−1){i} =

{
bi for i ∈ Z⩾0

m · m̃ for i = −1 .

17.2.3 The group morphisms dj and si in H∞

Remark 363 Suppose given a group A. Suppose given a map φ : H∞ → A.

Then φ is a group morphism if and only if we have

(h · b̃s∞t )φ = hφ · (b̃s∞t )φ ,

(h · m̃s∞−1)φ = hφ · (m̃s∞−1)φ

for h ∈ H∞ , t ∈ Z⩾0, b̃ ∈ B, m̃ ∈M .

Proof. Ad ⇒. Since φ is a group morphism, we have

(h · b̃s∞t )φ = hφ · (b̃s∞t )φ

and

(h · m̃s∞−1)φ = hφ · (m̃s∞−1)φ

for h ∈ H∞ , t ∈ Z⩾0, b̃ ∈ B, m̃ ∈M .

Ad ⇐. Suppose given h, h̃ ∈ Hn.

Note that, by Lemma 362.(1), we have

h̃ =
∏

t∈⌋∞,−1⌋

h̃{t}s
∞
t .

Moreover, note that we may choose some n ∈ Z⩾−1 such that h̃{k} = 1 for k ∈ Z⩾n+1 .

So we have

h̃ =
∏

t∈⌋∞,−1⌋

h̃{t}s
∞
t =

∏
t∈⌊n,−1⌋

h̃{t}s
∞
t .
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We have

(h · h̃)φ =
(
h ·
( ∏
t∈⌋∞,−1⌋

h̃{t}s
∞
t

))
φ =

(
h ·
( ∏
t∈⌊n,−1⌋

h̃{t}s
∞
t

))
φ

= hφ ·
( ∏
t∈⌊n,−1⌋

(h̃{t}s
∞
t )φ

)
= hφ ·

( ∏
t∈⌊n,−1⌋

h̃{t}s
∞
t

)
φ

= hφ ·
( ∏
t∈⌋∞,−1⌋

h̃{t}s
∞
t

)
φ = hφ · h̃φ .

Lemma 364 (The group morphism d∞j )

(1) For j ∈ Z⩾1 , we have the group morphism

d∞j : H∞ → B , h 7→ hd∞j := h{j} · h{j−1} .

(2) We have the group morphism

d∞0 : H∞ → B , h 7→ hd∞0 := h{0} · h{−1}fS .

Proof. Suppose given j ∈ Z⩾0 . We write dj := d∞j .

We use Remark 363 to show that dj is a group morphism.

Suppose given h ∈ H∞ , b̃ ∈ B and m̃ ∈M .

We write bi := h{i} ∈ B for i ∈ Z⩾0 and m := h{−1} ∈M . So h = (. . . b1 , b0 ,m).

Suppose given t ∈ Z⩾0 .

Case t ∈ Z⩾1 .

By Lemma 362.(2), we have

(h · b̃s∞t ){i} =



bi for i ∈ Z⩾t+1

bt · b̃ for i = t(
[bt−1 , b̃]

(−1)t−1−i)( ∏
k∈⌊t−2,i+1⌋

bk)

· bi for i ∈ [0, t− 1](
Tbt−1 , b̃U(−1)t

)( ∏
k∈⌊t−2,0⌋

bk)

·m for i = −1 .

If j ⩾ t+ 2, then we have

(h · b̃s∞t )dj = (h · b̃s∞t ){j} · (h · b̃s∞t ){j−1} = bj · bj−1
j−1⩾t+1

= hdj · (b̃s∞t )dj .
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If j = t+ 1, then we have

(h · b̃s∞t )dt+1 = (h · b̃s∞t ){t+1} · (h · b̃s∞t ){t} = bt+1 · bt · b̃
(b̃s∞t ){t+1}=1

= hdt+1 · (b̃s∞t )dt+1 .

If j = t, then we have

(h · b̃s∞t )dt = (h · b̃s∞t ){t} · (h · b̃s∞t ){t−1} = bt · b̃ · bb̃t−1 = bt · bt−1 · b̃
(b̃s∞t ){t−1}=1

= hdt · (b̃s∞t )dt .

If j ∈ [1, t− 1], then we have

(h · b̃s∞t )dj

= (h · b̃s∞t ){j} · (h · b̃s∞t ){j−1}

=
(
[bt−1 , b̃]

(−1)t−1−j)( ∏
k∈⌊t−2,j+1⌋

bk)

· bj ·
(
[bt−1 , b̃]

(−1)t−1−(j−1))( ∏
k∈⌊t−2,j⌋

bk)

· bj−1

= bj · bj−1 ·
(
[b̃ , bt−1]

(−1)t−j)( ∏
k∈⌊t−2,j+1⌋

bk)·bj ·bj−1

·
(
[bt−1 , b̃]

(−1)t−j)( ∏
k∈⌊t−2,j⌋

bk)·bj−1

= bj · bj−1 ·
(
[b̃ , bt−1]

(−1)t−j)( ∏
k∈⌊t−2,j−1⌋

bk)

·
(
[bt−1 , b̃]

(−1)t−j)( ∏
k∈⌊t−2,j−1⌋

bk)

= bj · bj−1

t−1⩾j
= hdj · (b̃s∞t )dj .

If j = 0, then we have

(h · b̃s∞t )d0

= (h · b̃s∞t ){0} ·
(
(h · b̃s∞t ){−1}

)
fS

=
(
[bt−1 , b̃]

(−1)t−1−0)( ∏
k∈⌊t−2,1⌋

bk)

· b0 ·
((

Tbt−1 , b̃U(−1)t
)( ∏

k∈⌊t−2,0⌋
bk)

·m
)
fS

323.(1)
= b0 ·

(
[b̃ , bt−1]

(−1)t
)( ∏

k∈⌊t−2,1⌋
bk)·b0

·
((

Tbt−1 , b̃U(−1)t
)
fS

)( ∏
k∈⌊t−2,0⌋

bk)

·mfS

(SCM2)
= b0 ·

(
[b̃ , bt−1]

(−1)t
)( ∏

k∈⌊t−2,0⌋
bk)

·
(
[bt−1 , b̃]

(−1)t
)( ∏

k∈⌊t−2,0⌋
bk)

·mfS

= b0 ·mfS

t⩾1>0
= hd0 · (b̃s∞t )d0 .
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Case t = 0. By Lemma 362.(2), we have

(h · b̃s∞0 ){i} =


bi for i ∈ Z⩾1

b0 · b̃ for i = 0

mb̃ for i = −1 .

If j ⩾ 2, then we have

(h · b̃s∞0 )dj = (h · b̃s∞0 ){j} · (h · b̃s∞0 ){j−1} = bj · bj−1
j−1⩾1
= hdj · (b̃s∞0 )dj .

If j = 1, then we have

(h · b̃s∞0 )d1 = (h · b̃s∞0 ){1} · (h · b̃s∞0 ){0} = b1 · b0 · b̃
(b̃s∞0 ){1}=1

= hd1 · (b̃s∞0 )d1 .

If j = 0 then we have

(h · b̃s∞0 )d0 = (h · b̃s∞0 ){0} ·
(
(h · b̃s∞0 ){−1}

)
fS = b0 · b̃ · (mb̃)fS

323.(1)
= b0 · b̃ · b̃− ·mfS · b̃

= b0 ·mfS · b̃ · 1fS
(b̃s∞0 ){−1}=1

= hd0 · (b̃s∞0 )d0 .

Case t = −1. By Lemma 362.(2), we have

(h · m̃s∞−1){i} =

{
bi for i ∈ Z⩾0

m · m̃ for i = −1 .

If j ⩾ 1, then we have

(h · m̃s∞−1)dj = (h · m̃s∞−1){j} · (h · m̃s∞−1){j−1} = bj · bj−1
i−1⩾0
= hdj · (m̃s∞−1)dj .

If j = 0, then we have

(h · m̃s∞−1)d0 = (h · m̃s∞−1){0} ·
(
(h · m̃s∞−1){−1}

)
fS = b0 · (m · m̃)fS

= b0 ·mfS · 1 · m̃fS
(m̃s∞−1){0}=1

= hd0 · (m̃s∞−1)d0 .

Altogether, by Remark 363, dj is a group morphism.

Remark 365 Suppose given i ∈ Z⩾0 and j ∈ Z⩾0 .

For k ∈ Z⩾0 , we consider the group morphisms s∞k : B → H∞ and d∞k : H∞ → B ; cf.
Lemmas 359, 364.
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We have

s∞i ▲ d∞j =

{
! if j ∈ Z⩾0\{i, i+ 1}
idB if j ∈ {i, i+ 1} .

Proof. Suppose given b ∈ B.

Case i = 0.

Subcase j = 0. We have

b(s∞0 ▲ d∞0 ) = (bs∞0 )d∞0 = (bs∞0 ){0} ·
(
(bs∞0 ){−1}

)
fS = b · 1fS = b .

Subcase j = 1. We have

b(s∞0 ▲ d∞1 ) = (bs∞0 )d∞1 = (bs∞0 ){1} · (bs∞0 ){0} = 1 · b = b .

Subcase j ⩾ 2. We have

b(s∞0 ▲ d∞j ) = (bs∞0 )d∞j = (bs∞0 ){j} · (bs∞0 ){j−1} = 1 · 1 = 1 .

This shows

s∞0 ▲ d∞j =

{
idBS

if j ∈ {0, 1}
! if j ∈ Z⩾0\{0, 1} .

Case i ⩾ 1.

Subcase j = 0. We have

b(s∞i ▲ d∞0 ) = (bs∞i )d∞0 = (bs∞i ){0} ·
(
(bs∞i ){−1}

)
fS = 1 · 1fS = 1 .

Subcase j = i. We have

b(s∞i ▲ d∞i ) = (bs∞i )d∞i = (bs∞i ){i} · (bs∞i ){i−1} = b · 1 = b .

Subcase j = i+ 1. We have

b(s∞i ▲ d∞i+1) = (bs∞i )d∞i+1 = (bs∞i ){i+1} · (bs∞i ){i} = 1 · b = b .

Subcase j ∈ Z⩾1\{i, i+ 1}. We have

b(s∞i ▲ d∞j ) = (bs∞i )d∞j = (bs∞i ){j} · (bs∞i ){j−1} = 1 · 1 = 1 .
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This shows

s∞i ▲ d∞j =

{
idBS

if j ∈ {i, i+ 1}
! if j ∈ Z⩾1\{i, i+ 1}

for i ∈ Z⩾1 .

Altogether, this proves the claim.

Remark 366

We consider the group morphism d∞j : H∞ → BS for j ∈ Z⩾1 ; cf. Definition 364.(1).

Suppose given n ∈ Z⩾1 . We consider the group
⋂
j⩾n

ker d∞j ⩽ H∞ .

Suppose given x ∈
⋂
j⩾n

ker d∞j .

Then we have x{i} = 1 for i ∈ Z⩾n−1 .

Proof. Since x ∈ H∞ , we may choose some k ∈ Z⩾0 such that x{ℓ} = 1 for ℓ ∈ Z⩾k ; cf.
Definition 356.

We may assume that n ⩽ k.

It remains to show that x{ℓ}
!
= 1 for ℓ ∈ [n− 1, k − 1].

We show this claim by downwards induction on ℓ.

Let ℓ = k − 1. Then ℓ+ 1 = k ⩾ n, and we have

1 = xd∞k = x{k} · x{k−1} = 1 · x{ℓ} = x{ℓ} .

Now we assume that ℓ ∈ [n− 1, k − 2] and that x{ℓ+1} = 1.

We have to show x{ℓ}
!
= 1.

We have ℓ+ 1 ⩾ 1 and thus

1 = xd∞ℓ+1 = x{ℓ+1} · x{ℓ}
IH
= 1 · x{ℓ} = x{ℓ} .

This proves the claim.
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17.2.4 The group elements bζ⌋ℓ, k⌋ and mζ⌋ℓ, k⌋ in H∞

Definition 367

(1) Suppose given k ∈ Z⩾0 . Suppose given ℓ ∈ Z⩾k−1 .

We have the map

ζ⌊ℓ, k⌋ : B → H∞ , b 7→ bζ⌊ℓ, k⌋ ,

where

(bζ⌊ℓ, k⌋){i} :=

{
b(−1)i−k

for i ∈ [k, ℓ]

1 for i ∈ Z⩾0\[k, ℓ] .
So, for b ∈ B, we have

bζ⌊ℓ, k⌋ = (. . . , 1, b(−1)ℓ−k︸ ︷︷ ︸
pos. ℓ

, . . . , b−︸︷︷︸
pos. k+1

, b︸︷︷︸
pos. k

, 1, . . . , 1︸︷︷︸
pos.−1

)

=
∏

i∈⌊ℓ,k⌋
(b(−1)i−k

)ζ⌊i, i⌋

362.(1)
=

∏
i∈⌊ℓ,k⌋

(b(−1)i−k
)s∞i ∈ H∞ .

Note that for b ∈ B, we have bζ⌊k−1, k⌋ = 1.

(2) Suppose given ℓ ∈ Z⩾−1 .

We have the map

ζ⌊ℓ,−1⌋ : M → H∞ , m 7→ mζ⌊ℓ,−1⌋ ,

where

(mζ⌊ℓ,−1⌋){i} :=


1 for i ∈ Z⩾ℓ+1

(mfS)
(−1)i+1

for i ∈ [0, ℓ]

m for i = −1 .
So, for m ∈M , we have

mζ⌊ℓ,−1⌋ =
(
. . . , 1, (mfS)

(−1)ℓ+1︸ ︷︷ ︸
pos. ℓ

, . . . , (mfS)
−︸ ︷︷ ︸

pos. 0

, m︸︷︷︸
pos.−1

)
=

( ∏
i∈⌊ℓ,0⌋

(
(mfS)

(−1)i+1)
ζ⌊i, i⌋

)
·mζ⌊−1,−1⌋

362.(1)
=

( ∏
i∈⌊ℓ,0⌋

(
(mfS)

(−1)i+1)
s∞i

)
·ms∞−1 ∈ H∞ .
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Note that for m ∈M , we have mζ⌊−1,−1⌋ = (. . ., 1, 1,m).

(3) For ℓ, k ∈ Z⩾0 with ℓ ⩾ k, we often write

ζ⌋ℓ, k⌋ = ζ⌊ℓ−1, k⌋ : B → H∞ .

So, for b ∈ B, we have

bζ⌋ℓ, k⌋ = (. . . , 1, b(−1)ℓ−1+k︸ ︷︷ ︸
pos. ℓ−1

, . . . , b−︸︷︷︸
pos. k+1

, b︸︷︷︸
pos. k

, 1, . . . , 1︸︷︷︸
pos.−1

)

362.(1)
=

∏
i∈⌋ℓ,k⌋

(b(−1)i−k
)s∞i ∈ H∞ .

For ℓ ∈ Z⩾0 , we often write

ζ⌋ℓ,−1⌋ = ζ⌊ℓ−1,−1⌋ : M → H∞ .

So, for m ∈M , we have

mζ⌋ℓ,−1⌋ =
(
. . . , 1, (mfS)

(−1)ℓ︸ ︷︷ ︸
pos. ℓ−1

, . . . , (mfS)
−︸ ︷︷ ︸

pos. 0

, m︸︷︷︸
pos.−1

)
362.(1)
=

( ∏
i∈⌋ℓ,0⌋

(
(mfS)

(−1)i+1)
s∞i

)
·ms∞−1 ∈ H∞ .

Note that in general, ζ⌊ℓ, k⌋ is not a group morphism; cf. Example 368.

Example 368

(1) For b ∈ B, we have

bζ⌊5, 2⌋ = (. . ., 1, 1, b−︸︷︷︸
pos. 5

, b, b−, b︸︷︷︸
pos. 2

, 1, 1, 1︸︷︷︸
pos.−1

) .

For m ∈M , we have

mζ⌊3,−1⌋ = (. . ., 1, 1, mfS︸︷︷︸
pos. 3

,m−fS ,mfS ,m
−fS , m︸︷︷︸

pos.−1

) .
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(2) Suppose given b ∈ B. We consider the group elements

(b−)ζ⌊1, 0⌋ = (. . . , 1, b, b−, 1) ,

bζ⌊1, 0⌋ = (. . . , 1, b−, b, 1) ∈ H∞ ;

cf. Definition 367.(1).

We consider the group elements (b, b−, 1), (b−, b, 1) ∈ H1 .

Note that we have (b, b−, 1)ι1,∞ = (b−)ζ⌊1, 0⌋ and (b−, b, 1)ι1,∞ = bζ⌊1, 0⌋ ; cf. Re-
mark 357.(1).

We have

(bζ⌊1, 0⌋) ·
(
(b−)ζ⌊1, 0⌋

)
= (b−, b, 1)ι1,∞ · (b, b−, 1)ι1,∞
=

(
(b−, b, 1) · (b, b−, 1)

)
ι1,∞

350.(1)
=

(
b− · b, bb · b−, Tb, bUb− · 1b− · 1

)
ι1,∞

323.(4)
=

(
1, 1,Tb, bU

)
ι1,∞ .

For an example where Tb, bU ̸= 1, cf. Example 340.(4).

This example also shows that (bζ⌊1, 0⌋)
− is not equal to (b−)ζ⌊1, 0⌋ in general.

17.2.5 Certain commuting elements in H∞

Lemma 369 Suppose given b, x ∈ B.

(1) For ℓ, k ∈ Z⩾0 with |ℓ− k| ⩾ 2, we have [bζ⌊ℓ, ℓ⌋ , xζ⌊k, k⌋] = 1 .

(2) For k ∈ Z⩾1 , we have [bζ⌊k+1, k−1⌋ , xζ⌊k, k⌋] = 1 .

(3) For k ∈ Z⩾1 , we have [bζ⌊k+1, k⌋ , xζ⌊k, k−1⌋] = 1 .

Cf. Definition 367.(1).

Proof. Ad (1). Suppose given ℓ, k ∈ Z⩾0 with |ℓ− k| ⩾ 2. We may assume that ℓ > k.

We calculate bζ⌊ℓ, ℓ⌋ · xζ⌊k, k⌋ .
To this end, we use Remark 362.(2) with t := k.
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Case k = 0. For i ⩾ 1, we have

(bζ⌊ℓ, ℓ⌋ · xζ⌊k, k⌋){i} = (bζ⌊ℓ, ℓ⌋){i} =

{
b if i = ℓ

1 if i ∈ Z⩾1\{ℓ} .

For i = 0, we have

(bζ⌊ℓ, ℓ⌋ · xζ⌊k, k⌋){0} = (bζ⌊ℓ, ℓ⌋){0} · (xζ⌊k, k⌋){0} = 1 · x = x .

For i = −1, we have

(bζ⌊ℓ, ℓ⌋ · xζ⌊k, k⌋){−1} =
(
(bζ⌊ℓ, ℓ⌋){−1}

)(xζ⌊k, k⌋){0} = 1x = 1 .

Case k ⩾ 1. For i ⩾ k + 1, we have

(bζ⌊ℓ, ℓ⌋ · xζ⌊k, k⌋){i} = (bζ⌊ℓ, ℓ⌋){i} =

{
b if i = ℓ

1 if i ∈ Z⩾k+1\{ℓ} .

For i = k, we have

(bζ⌊ℓ, ℓ⌋ · xζ⌊k, k⌋){k} = (bζ⌊ℓ, ℓ⌋){k} · (xζ⌊k, k⌋){k} = 1 · x = x .

For i ∈ [0, k − 1], we have

(bζ⌊ℓ, ℓ⌋ · xζ⌊k, k⌋){i} =
([

(bζ⌊ℓ, ℓ⌋){k−1}, (xζ⌊k, k⌋){k}
](−1)k−1−i

)( ∏
j∈⌊k−2,i+1⌋

(bζ⌊ℓ, ℓ⌋){j})

· (bζ⌊ℓ, ℓ⌋){i}

=
(
[1, x](−1)k−1−i)1 · 1

= 1 .

For i = −1, we have

(bζ⌊ℓ, ℓ⌋ · xζ⌊k, k⌋){−1} =
(
T(bζ⌊ℓ, ℓ⌋){k−1}, (xζ⌊k, k⌋){k}U(−1)k

)( ∏
j∈⌊k−2,0⌋

(bζ⌊ℓ, ℓ⌋){j})

· (bζ⌊ℓ, ℓ⌋){−1}

=
(
T1, xU(−1)k

)1 · 1
322.(1)
= 1 .

So, for k ∈ Z⩾0 , we have

(bζ⌊ℓ,ℓ⌋ · xζ⌊k,k⌋){i} =


b for i = ℓ

x for i = k

1 for i ∈ Z⩾−1\{k, ℓ} .
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We calculate xζ⌊k,k⌋ · bζ⌊ℓ,ℓ⌋ .
To this end, we use Lemma 362.(2) with t := ℓ. Note that ℓ ⩾ 2.

For i ⩾ ℓ+ 1, we have

(xζ⌊k,k⌋ · bζ⌊ℓ,ℓ⌋){i} = (xζ⌊k,k⌋){i} = 1 .

For i = ℓ, we have

(xζ⌊k,k⌋ · bζ⌊ℓ,ℓ⌋){ℓ} = (xζ⌊k, k⌋){ℓ} · (bζ⌊ℓ, ℓ⌋){ℓ} = 1 · b = b .

For i ∈ [0, ℓ− 1], we have

(xζ⌊k,k⌋ · bζ⌊ℓ,ℓ⌋){i} =
([

(xζ⌊k,k⌋){ℓ−1} , (bζ⌊ℓ,ℓ⌋){ℓ}
](−1)ℓ−1−i

)( ∏
j∈⌊ℓ−2,i+1⌋

(xζ⌊k,k⌋){j})

· (xζ⌊k,k⌋){i}

=
(
[1, b](−1)ℓ−1−i)( ∏

j∈⌊ℓ−2,i+1⌋
(xζ⌊k,k⌋){j})

· (xζ⌊k,k⌋){i}
= (xζ⌊k,k⌋){i}

=

{
x if i = k

1 if i ∈ [0, ℓ− 1]\{k} .

For i = −1, we have

(xζ⌊k,k⌋ · bζ⌊ℓ,ℓ⌋){−1} =
(
T(xζ⌊k,k⌋){ℓ−1} , (bζ⌊ℓ,ℓ⌋){ℓ}U(−1)ℓ

)( ∏
j∈⌊ℓ−2,0⌋

(xζ⌊k,k⌋){j})

· (xζ⌊k,k⌋){−1}

=
(
T1, bU(−1)ℓ

)( ∏
j∈⌊ℓ−2,i+1⌋

(xζ⌊k,k⌋){j})

· 1 322.(1)
= 1 .

So, for k ∈ Z⩾0 , we have

(xζ⌊k,k⌋ · bζ⌊ℓ,ℓ⌋){i} =


b for i = ℓ

x for i = k

1 for i ∈ Z⩾−1\{k, ℓ} .

Altogether, this shows [bζ⌊ℓ,ℓ⌋ , xζ⌊k,k⌋] = 1 .

Ad (2). We calculate bζ⌊k+1,k−1⌋ · xζ⌊k,k⌋ .
To this end, we use Lemma 362.(2) with t := k.

For i ⩾ k + 1, we have

(bζ⌊k+1,k−1⌋ · xζ⌊k,k⌋){i} = (bζ⌊k+1,k−1⌋){i} =

{
1 if i ⩾ k + 2

b if i = k + 1 .
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For i = k, we have

(bζ⌊k+1,k−1⌋ · xζ⌊k,k⌋){k} = (bζ⌊k+1,k−1⌋){k} · (xζ⌊k,k⌋){k} = b− · x .

For i = k − 1, we have

(bζ⌊k+1,k−1⌋ · xζ⌊k,k⌋){k−1} =
(
(bζ⌊k+1,k−1⌋){k−1}

)(xζ⌊k,k⌋){k} = bx .

For i ∈ [0, k − 2], we have

(bζ⌊k+1,k−1⌋ · xζ⌊k,k⌋){i}

=
([

(bζ⌊k+1,k−1⌋){k−1} , (xζ⌊k,k⌋){k}
](−1)k−1−i

)( ∏
j∈⌊k−2,i+1⌋

(bζ⌊k+1,k−1⌋){j})

· (bζ⌊k+1,k−1⌋){i}

=
(
[b, x](−1)k−1−i)1 · 1

= [x, b](−1)k−i

.

For i = −1, we have

(bζ⌊k+1,k−1⌋ · xζ⌊k,k⌋){−1}

=
(
T(bζ⌊k+1,k−1⌋){k−1} , (xζ⌊k,k⌋){k}U(−1)k

)( ∏
j∈⌊k−2,0⌋

(bζ⌊k+1,k−1⌋){j})

· (bζ⌊k+1,k−1⌋){−1}

=
(
Tb, xU(−1)k

)1 · 1
(SCM1)
= Tx, bU(−1)k+1

.

So

(bζ⌊k+1,k−1⌋ · xζ⌊k,k⌋){i} =



1 for i ∈ Z⩾k+2

b for i = k + 1

b− · x for i = k

bx for i = k − 1

[x, b](−1)k−i
for i ∈ [0, k − 2]

Tx, bU(−1)k+1
for i = −1 .

We calculate xζ⌊k,k⌋ · bζ⌊k+1,k−1⌋ .

Note that

bζ⌊k+1,k−1⌋ = (. . . , 1, b︸︷︷︸
pos. k+1

, b−︸︷︷︸
pos. k

, b︸︷︷︸
pos. k−1

, 1 , . . . , 1︸︷︷︸
pos.−1

)
362.(1)
= bζ⌊k+1,k+1⌋ · (b−)ζ⌊k,k⌋ · bζ⌊k−1,k−1⌋ .
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So (xζ⌊k,k⌋) · (bζ⌊k+1,k−1⌋) =
(
(xζ⌊k,k⌋ · bζ⌊k+1,k+1⌋) · (b−)ζ⌊k,k⌋

)
· bζ⌊k−1,k−1⌋ .

We calculate xζ⌊k,k⌋ · bζ⌊k+1,k+1⌋ using Lemma 362.(2) with t := k + 1.

For i ⩾ k + 2, we have

(xζ⌊k,k⌋ · bζ⌊k+1,k+1⌋){i} = (xζ⌊k,k⌋){i} = 1 .

For i = k + 1, we have

(xζ⌊k,k⌋ · bζ⌊k+1,k+1⌋){k+1} = (xζ⌊k,k⌋){k+1} · (bζ⌊k+1,k+1⌋){k+1} = 1 · b = b .

For i = k, we have

(xζ⌊k,k⌋ · bζ⌊k+1,k+1⌋){k} =
(
(xζ⌊k,k⌋){k}

)(bζ⌊k+1,k+1⌋){k+1} = xb .

For i ∈ [0, k − 1], we have

(xζ⌊k,k⌋ · bζ⌊k+1,k+1⌋){i}

=
([

(xζ⌊k,k⌋){k} , (bζ⌊k+1,k+1⌋){k+1}
](−1)k−i

)( ∏
j∈⌊k−1,i+1⌋

(xζ⌊k,k⌋){j})

· (xζ⌊k,k⌋){i}

=
(
[x, b](−1)k−i)1 · 1

= [x, b](−1)k−i

.

For i = −1, we have

(xζ⌊k,k⌋ · bζ⌊k+1,k+1⌋){−1}

=
(
T(xζ⌊k,k⌋){k} , (bζ⌊k+1,k+1⌋){k+1}U](−1)k+1

)( ∏
j∈⌊k−1,0⌋

(xζ⌊k,k⌋){j})

· (xζ⌊k,k⌋){−1}

=
(
Tx, bU(−1)k+1)1 · 1

=Tx, bU(−1)k+1

.

So

(xζ⌊k,k⌋ · bζ⌊k+1,k+1⌋){i} =



1 for i ∈ Z⩾k+2

b for i = k + 1

xb for i = k

[x, b](−1)k−i
for i ∈ [0, k − 1]

Tx, bU(−1)k+1
for i = −1 .
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Let x̃ := xζ⌊k,k⌋ · bζ⌊k+1,k+1⌋ .

Note that, for v ∈ [0, k − 1] and u ∈ [v − 1, k − 1], we have∏
j∈⌊u,v⌋

x̃{j} =
∏

j∈⌊u,v⌋

[x, b](−1)k−j

=

{
[x, b](−1)k−u

if u− v ≡2 0

1 if u− v ≡2 1 .

We calculate x̃ · (b−)ζ⌊k,k⌋ using Lemma 362.(2) with t := k.

For i ⩾ k + 1, we have

(x̃ · (b−)ζ⌊k,k⌋){i} = x̃{i} =

{
1 if i ⩾ k + 2

b if i = k + 1 .

For i = k, we have

(x̃ · (b−)ζ⌊k,k⌋){k} = x̃{k} ·
(
(b−)ζ⌊k,k⌋

)
{k} = xb · b− = b− · x .

For i = k − 1, we have

(x̃ · (b−)ζ⌊k,k⌋){k−1} = (x̃{k−1})

(
(b−)ζ⌊k,k⌋

)
{k} =

(
[x, b](−1)k−(k−1))b−

= [b, x]b
−
= [x, b−] .

For i ∈ [0, k − 2], we obtain the following.

Suppose that k − i ≡2 1. Then (k − 2)− (i+ 1) ≡2 0, and we have(
x̃ · (b−)ζ⌊k,k⌋

)
{i}

=
([
x̃{k−1} ,

(
(b−)ζ⌊k,k⌋

)
{k}

](−1)k−1−i
)( ∏

j∈⌊k−2,i+1⌋
x̃{j})

· x̃{i}

=
([

[x, b](−1)k−(k−1)

, b−
](−1)0)[x,b](−1)k−(k−2)

· [x, b](−1)k−i

=
[
[b, x], b−

][x,b] · [b, x]
= [b, x] ·

(
[x, b] · b · [b, x] · b−

)
· [x, b] · [b, x]

= b · (b− · x− · b · x) · b−

= [x, b−] .
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Suppose that k − i ≡2 0. Then (k − 2)− (i+ 1) ≡2 1 and we have(
x̃ · (b−)ζ⌊k,k⌋

)
{i}

=
([
x̃{k−1} ,

(
(b−)ζ⌊k,k⌋

)
{k}

](−1)k−1−i
)( ∏

j∈⌊k−2,i+1⌋
x̃{j})

· x̃{i}

=
([

[x, b](−1)k−(k−1)

, b−
](−1)1)1 · [x, b](−1)k−i

=
[
b−, [b, x]

]
· [x, b]

= b · [x, b] · b− · [b, x] · [x, b]
= b · (x− · b− · x · b) · b−

= [b−, x] .

So, for i ∈ [0, k − 1], we have (
x̃ · (b−)ζ⌊k,k⌋

)
{i} = [b−, x](−1)k−i

.

For i = −1, we obtain the following.

Suppose that k ≡2 0. Then (k − 2)− 0 ≡2 0, and we have

(
x̃ · (b−)ζ⌊k,k⌋

)
{−1}

=
(
Tx̃{k−1} ,

(
(b−)ζ⌊k,k⌋

)
{k}U

(−1)k
)( ∏

j∈⌊k−2,0⌋
x̃{j})

· x̃{−1}

=
(
T[x, b](−1)k−(k−1)

, b−U(−1)0
)[x,b](−1)k−(k−2)

· Tx, bU(−1)k+1

(SCM1)
=

(
T[b, x], b−U

)[x,b]
· Tb, xU

323.(3)
= Tx, bU− · T[b, x], b−U · Tx, bU · Tb, xU

(SCM1)
= Tx, bU− · T[b, x], b−U

323.(14)
= Tx, bU− · Tx, bU · Tx, b−U

= Tx, b−U .
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Suppose that k ≡2 1. Then (k − 2)− 0 ≡2 1, and we have(
x̃ · (b−)ζ⌊k,k⌋

)
{−1}

=
(
Tx̃{k−1} ,

(
(b−)ζ⌊k,k⌋

)
{k}U

(−1)k
)( ∏

j∈⌊k−2,0⌋
x̃{j})

· x̃{−1}

=
(
T[x, b](−1)k−(k−1)

, b−U(−1)1
)1 · Tx, bU(−1)k+1

(SCM1)
= Tb−, [b, x]U · Tx, bU

323.(14)
= Tb−, xU · Tb, xU · Tx, bU

(SCM1)
= Tb−, xU .

Therefore, for i = −1, we have, using (SCM1),(
x̃ · (b−)ζ⌊k,k⌋

)
{−1} = Tb−, xU(−1)k+1

.

So

(
x̃ · (b−)ζ⌊k,k⌋

)
{i} =



1 for i ∈ Z⩾k+2

b for i = k + 1

b− · x for i = k

[b−, x](−1)k−i
for i ∈ [0, k − 1]

Tb−, xU(−1)k+1
for i = −1 .

Let ˜̃x := x̃ · (b−)ζ⌊k,k⌋ = xζ⌊k,k⌋ · bζ⌊k+1,k+1⌋ · (b−)ζ⌊k,k⌋ .
Note that, for v ∈ [0, k − 1] and u ∈ [v − 1, k − 1], we have∏

j∈⌊u,v⌋

˜̃x{j} =
∏

j∈⌊u,v⌋

[b−, x](−1)k−j

=

{
[b−, x](−1)k−u

if u− v ≡2 0

1 if u− v ≡2 1 .

We calculate xζ⌊k,k⌋ · bζ⌊k+1,k−1⌋ = ˜̃x · bζ⌊k−1,k−1⌋ using Lemma 362.(2) with t := k − 1.

For i ⩾ k, we have

(˜̃x · bζ⌊k−1,k−1⌋){i} = ˜̃x{i} =


1 if i ⩾ k + 2

b if i = k + 1

b− · x if i = k .
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For i = k − 1, we have, both in case k − 1 ⩾ 1 and in case k − 1 = 0,

(˜̃x · bζ⌊k−1,k−1⌋){k−1} = ˜̃x{k−1} · (bζ⌊k−1,k−1⌋){k−1} = [x, b−] · b = bx .

Let i ∈ [0, k − 2]. Note that k − 1 ⩾ 1.

For i = k − 2, we have

(˜̃x · bζ⌊k−1,k−1⌋){k−2} = (˜̃x{k−2})
(bζ⌊k−1,k−1⌋){k−1} = [b−, x]b = [x, b] .

Suppose that i ∈ [0, k − 3].

Suppose that k − i ≡2 0. Then (k − 3)− (i+ 1) ≡2 0, and we have

(˜̃x · bζ⌊k−1,k−1⌋){i} =
([

˜̃x{k−2} , (bζ⌊k−1,k−1⌋){k−1}
](−1)k−2−i

)( ∏
j∈⌊k−3,i+1⌋

˜̃x{j})

· ˜̃x{i}

=
([

[b−, x], b
](−1)0

)[b−, x](−1)k−(k−3)

· [b−, x](−1)k−i

=
[
[b−, x], b

][x,b−] · [b−, x]
= [b−, x] ·

(
[x, b−] · b− · [b−, x] · b

)
· [x, b−] · [b−, x]

= b− · (b · x− · b− · x) · b
= [x, b] .

Suppose that k − i ≡2 1. Then (k − 3)− (i+ 1) ≡2 1, and we have

(˜̃x · bζ⌊k−1,k−1⌋){i} =
([

˜̃x{k−2} , (bζ⌊k−1,k−1⌋){k−1}
](−1)k−2−i

)( ∏
j∈⌊k−3,i+1⌋

˜̃x{j})

· ˜̃x{i}

=
([

[b−, x], b
](−1)1

)1
· [b−, x](−1)k−i

=
[
b, [b−, x]

]
· [x, b−]

=
(
b− · [x, b−] · b · [b−, x]

)
· [x, b−]

= b− · (x− · b · x · b−) · b
= [b, x] .

Therefore, for i ∈ [0, k − 2], we have

(˜̃x · bζ⌊k−1,k−1⌋){i} = [x, b](−1)k−i

Let i = −1.
Suppose that k − 1 = 0.
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Then we obtain

(˜̃x · bζ⌊k−1,k−1⌋){−1} = (˜̃x{−1})
(bζ⌊k−1,k−1⌋){0} =

(
Tb−, xU(−1)k+1)(bζ⌊0,0⌋){0}

= Tb−, xUb
323.(10)
= Tb−, xbU

322.(4)
= Tx, bU .

Suppose that k − 1 ⩾ 1.

Suppose that k ≡2 1. Then (k − 3)− 0 ≡2 0, and we have

(˜̃x · bζ⌊k−1,k−1⌋){−1} =
(
T˜̃x{k−2} , (bζ⌊k−1,k−1⌋){k−1}U(−1)k−1

)( ∏
j∈⌊k−3,0⌋

˜̃x{j})

· ˜̃x{−1}

=
(
T[b−, x], bU(−1)0

)[b−, x](−1)k−(k−3)

· Tb−, xU(−1)k+1

= T[b−, x], bU[x,b−] · Tb−, xU
323.(3)
= Tx, b−U− · T[b−, x], bU · Tx, b−U · Tb−, xU

(SCM1)
= Tx, b−U− · T[b−, x], bU

323.(14)
= Tx, b−U− · Tx, b−U · Tx, bU

= Tx, bU .

Suppose that k ≡2 0. Then (k − 3)− 0 ≡2 1, and we have

(˜̃x · bζ⌊k−1,k−1⌋){−1} =
(
T˜̃x{k−2} , (bζ⌊k−1,k−1⌋){k−1}U(−1)k−1

)( ∏
j∈⌊k−3,0⌋

˜̃x{j})

· ˜̃x{−1}

=
(
T[b−, x], bU(−1)1

)1
· Tb−, xU(−1)k+1

(SCM1)
= Tb, [b−, x]U · Tb−, xU−

323.(14)
= Tb, xU · Tb−, xU · Tb−, xU−

= Tb, xU .

Therefore, for i = −1, we have

(˜̃x · bζ⌊k−1,k−1⌋){−1} = Tx, bU(−1)k+1

.
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So

(xζ⌊k,k⌋ · bζ⌊k+1,k−1⌋){i} = (˜̃x · bζ⌊k−1,k−1⌋){i} =



1 for i ∈ Z⩾k+2

b for i = k + 1

b− · x for i = k

bx for i = k − 1

[x, b](−1)k−i
for i ∈ [0, k − 2]

Tx, bU(−1)k+1
for i = −1 .

Altogether, this shows [bζ⌊k+1,k−1⌋ , xζ⌊k,k⌋] = 1.

Ad (3). We calculate bζ⌊k+1,k⌋ · xζ⌊k,k−1⌋ .

Note that

xζ⌊k,k−1⌋ = (. . . , 1, x−︸︷︷︸
pos. k

, x︸︷︷︸
pos. k−1

, 1 . . . , 1)
362.(1)
= (x−)ζ⌊k,k⌋ · xζ⌊k−1,k−1⌋ .

We calculate bζ⌊k+1,k⌋ · (x−)ζ⌊k,k⌋ using Lemma 362.(2) with t := k.

For i ⩾ k + 1, we have(
bζ⌊k+1,k⌋ · (x−)ζ⌊k,k⌋

)
{i} = (bζ⌊k+1,k⌋){i} =

{
1 if i ⩾ k + 2

b− if i = k + 1 .

For i = k, we have(
bζ⌊k+1,k⌋ · (x−)ζ⌊k,k⌋

)
{k} = (bζ⌊k+1,k⌋){k} ·

(
(x−)ζ⌊k,k⌋

)
{k} = b · x− .

For i = k − 1, we have(
bζ⌊k+1,k⌋ · (x−)ζ⌊k,k⌋

)
{k−1} =

(
(bζ⌊k+1,k⌋){k−1}

)((x−)ζ⌊k,k⌋){k} = 1x
−
= 1 .

For i ∈ [0, k − 2], we have(
bζ⌊k+1,k⌋ · (x−)ζ⌊k,k⌋

)
{i}

=
([

(bζ⌊k+1,k⌋){k−1} ,
(
(x−)ζ⌊k,k⌋

)
{k}

](−1)k−1−i
)( ∏

j∈⌊k−2,i+1⌋
(bζ⌊k+1,k⌋){j}

)
· (bζ⌊k+1,k⌋){i}

=
(
[1, x−](−1)k−1−i)1 · 1

= 1 .
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For i = −1, we have(
bζ⌊k+1,k⌋ · (x−)ζ⌊k,k⌋

)
{−1}

=
(
T(bζ⌊k+1,k⌋){k−1} ,

(
(x−)ζ⌊k,k⌋

)
{k}U

(−1)k
)( ∏

j∈⌊k−2,0⌋
(bζ⌊k+1,k⌋){j}

)
· (bζ⌊k+1,k⌋){−1}

=
(
T1, x−U(−1)k

)1 · 1
322.(1)
= 1 .

So

(
bζ⌊k+1,k⌋ · (x−)ζ⌊k,k⌋

)
{i} =


1 for i ∈ Z⩾k+2

b− for i = k + 1

b · x− for i = k

1 for i ∈ [−1, k − 1] .

Let b̃ := bζ⌊k+1,k⌋ · (x−)ζ⌊k,k⌋ .

We calculate bζ⌊k+1,k⌋ · xζ⌊k,k−1⌋ = b̃ · xζ⌊k−1,k−1⌋ using Lemma 362.(2) with t := k − 1.

Case k ⩾ 2. For i ⩾ k, we have

(
b̃ · xζ⌊k−1,k−1⌋

)
{i} = b̃{i} =


1 if i ⩾ k + 2

b− if i = k + 1

b · x− if i = k .

For i = k − 1, we have(
b̃ · xζ⌊k−1,k−1⌋

)
{k−1} = b̃{k−1} ·

(
xζ⌊k−1,k−1⌋

)
{k−1} = 1 · x = x .

For i = k − 2, we have(
b̃ · xζ⌊k−1,k−1⌋

)
{k−2} = (b̃{k−2})

(xζ⌊k−1,k−1⌋){k−1} = 1x = 1 .

For i ∈ [0, k − 3], we have(
b̃ · xζ⌊k−1,k−1⌋

)
{i} =

([
b̃{k−2} ,

(
xζ⌊k−1,k−1⌋

)
{k−1}

](−1)k−2−i
)( ∏

j∈⌊k−3,i+1⌋
b̃{j})

· b̃{i}

=
(
[1, x](−1)k−i)1 · 1

= 1 .
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For i = −1, we have

(
b̃ · xζ⌊k−1,k−1⌋

)
{−1} =

(
Tb̃{k−2} ,

(
xζ⌊k−1,k−1⌋

)
{k−1}U

(−1)k−1
)( ∏

j∈⌊k−3,0⌋
b̃{j})

· b̃{−1}

=
(
T1, xU(−1)k−1)1 · 1

322.(1)
= 1 .

Case k = 1. We have

(
b̃ · xζ⌊k−1,k−1⌋

)
{i} =


b̃{i} for i ∈ Z⩾1

b̃{0} · c for i = 0

b̃x{−1} for i = −1

 =



1 for i ∈ Z⩾3

b− for i = 2

b · x− for i = 1

x for i = 0

1 for i = −1

.

So

(bζ⌊k+1,k⌋ · xζ⌊k,k−1⌋){i} =
(
b̃ · xζ⌊k−1,k−1⌋

)
{i} =



1 for i ∈ Z⩾k+2

b− for i = k + 1

b · x− for i = k

x for i = k − 1

1 for i ∈ [−1, k − 2] .

We calculate xζ⌊k,k−1⌋ · bζ⌊k+1,k⌋ .

Note that

bζ⌊k+1,k⌋ = (. . . , 1, b−︸︷︷︸
pos. k+1

, b︸︷︷︸
pos. k

, 1 . . . , 1)
362.(1)
= (b−)ζ⌊k+1,k+1⌋ · bζ⌊k,k⌋ .

We calculate xζ⌊k,k−1⌋ · (b−)ζ⌊k+1,k+1⌋ using Lemma 362.(2) with t := k + 1.

For i ⩾ k + 2, we have(
xζ⌊k,k−1⌋ · (b−)ζ⌊k+1,k+1⌋

)
{i} = (xζ⌊k,k−1⌋){i} = 1 .

For i = k + 1, we have(
xζ⌊k,k−1⌋ · (b−)ζ⌊k+1,k+1⌋

)
{k+1} = (xζ⌊k,k−1⌋){k+1} ·

(
(b−)ζ⌊k+1,k+1⌋

)
{k+1} = 1 · b− = b− .
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For i = k, we have(
xζ⌊k,k−1⌋ · (b−)ζ⌊k+1,k+1⌋

)
{k} = (xζ⌊k,k−1⌋){k})

((b−)ζ⌊k+1,k+1⌋){k+1} = (x−)b
−
.

For i = k − 1, we have(
xζ⌊k,k−1⌋ · (b−)ζ⌊k+1,k+1⌋

)
{k−1}

=
([

(xζ⌊k,k−1⌋){k} ,
(
(b−)ζ⌊k+1,k+1⌋

)
{k+1}

](−1)k−(k−1)
)( ∏

j∈⌊k−1,k⌋
(xζ⌊k,k−1⌋){j})

· (xζ⌊k,k−1⌋){k−1}

=
(
[x−, b−](−1)1

)1 · x
= [b−, x−] · x
=xb

−
.

For i ∈ [0, k − 2], we have(
xζ⌊k,k−1⌋ · (b−)ζ⌊k+1,k+1⌋

)
{i}

=
([

(xζ⌊k,k−1⌋){k} ,
(
(b−)ζ⌊k+1,k+1⌋

)
{k+1}

](−1)k−i
)( ∏

j∈⌊k−1,i+1⌋
(xζ⌊k,k−1⌋){j})

· (xζ⌊k,k−1⌋){i}

=
(
[x−, b−](−1)k−i)x · 1

=
(
x− · (x · b · x− · b−) · x

)(−1)k−i

= [b−, x](−1)k−i

.

For i = −1, we have

(
xζ⌊k,k−1⌋ · (b−)ζ⌊k+1,k+1⌋

)
{−1}

=
(
T(xζ⌊k,k−1⌋){k} ,

(
(b−)ζ⌊k+1,k+1⌋

)
{k+1}U

(−1)k+1
)( ∏

j∈⌊k−1,0⌋
(xζ⌊k,k−1⌋){j})

· (xζ⌊k,k−1⌋){−1}

=
(
Tx−, b−U(−1)k+1)x · 1

=
(
Tx−, b−Ux

)(−1)k+1

323.(10)
= Tx−, (b−)xU(−1)k+1

322.(4)
= Tb−, xU(−1)k+1

.
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So

(
xζ⌊k,k−1⌋ · (b−)ζ⌊k+1,k+1⌋

)
{i} =



1 for i ∈ Z⩾k+2

b− for i = k + 1

(x−)b
−

for i = k

xb
−

for i = k − 1

[b−, x](−1)k−i
for i ∈ [0, k − 2]

Tb−, xU(−1)k+1
for i = −1 .

Let x̃ := xζ⌊k,k−1⌋ · (b−)ζ⌊k+1,k+1⌋ .

We calculate xζ⌊k,k−1⌋ · bζ⌊k+1,k⌋ = x̃ · bζ⌊k,k⌋ using Lemma 362.(2) with t := k.

Note that, for v ∈ [0, k − 2] and u ∈ [v − 1, k − 2], we have∏
j∈⌊u,v⌋

x̃{j} =
∏

j∈⌊u,v⌋

[b, x−](−1)k−j

=

{
[b−, x](−1)k−u

if u− v ≡2 0

1 if u− v ≡2 1 .

For i ⩾ k + 1, we have (
x̃ · bζ⌊k,k⌋

)
{i} = x̃{i} =

{
1 if i ⩾ k + 2

b− if i = k + 1 .

For i = k, we have(
x̃ · bζ⌊k,k⌋

)
{k} = x̃{k} ·

(
bζ⌊k,k⌋

)
{k} = (x−)b

− · b = b · x− .

For i = k − 1, we have(
x̃ · bζ⌊k,k⌋

)
{k−1} = (x̃{k−1})

(bζ⌊k,k⌋){k} =
(
xb

−)b
= x .
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Let i ∈ [0, k − 2]. Suppose that k − i ≡2 1. Then (k − 2)− (i+ 1) ≡2 0, and we have(
x̃ · bζ⌊k,k⌋

)
{i} =

([
x̃{k−1} , (bζ⌊k,k⌋){k}

](−1)k−1−i
)( ∏

j∈⌊k−2,i+1⌋
x̃{j})

· x̃{i}

=
([
xb

−
, b
](−1)0

)[b−,x](−1)k−(k−2)

· [b−, x](−1)k−i

=
[
xb

−
, b
][b−,x] · [x, b−]

= [x, b−] ·
[
xb

−
, b
]

= x− · xb− ·
(
(x−)b

− · b− · xb− · b
)

= 1 .

Suppose that k − i ≡2 0. Then (k − 2)− (i+ 1) ≡2 1, and we have(
x̃ · bζ⌊k,k⌋

)
{i} =

([
x̃{k−1} , (bζ⌊k,k⌋){k}

](−1)k−1−i
)( ∏

j∈⌊k−2,i+1⌋
x̃{j})

· x̃{i}

=
([
xb

−
, b
](−1)1

)1
· [b−, x](−1)k−i

=
[
b, xb

−] · [b−, x]
=
(
b− · (x−)b− · b · xb−

)
· (x−)b− · x

= 1 .

So, for i ∈ [0, k − 2], we have (
x̃ · bζ⌊k,k⌋

)
{i} = 1 .

Let i = −1. Suppose that k ≡2 0. Then (k − 2)− 0 ≡2 0, and we have

(
x̃ · bζ⌊k,k⌋

)
{−1} =

(
Tx̃{k−1} , (bζ⌊k,k⌋){k}U(−1)k

)( ∏
j∈⌊k−2,0⌋

x̃{j})

· x̃{−1}

=
(
Txb− , bU(−1)0

)[b−,x](−1)k−(k−2)

· Tb−, xU(−1)k+1

= Txb− , bU[b−,x] · Tb−, xU−

323.(3)
= Tb−, xU− · Txb− , bU · Tb−, xU · Tb−, xU−

322.(4)
= Tb−, xU− · Tb−, xU

= 1 .
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Suppose that k ≡2 1. Then (k − 2)− 0 ≡2 1, and we have(
x̃ · bζ⌊k,k⌋

)
{−1} =

(
Tx̃{k−1} , (bζ⌊k,k⌋){k}U(−1)k

)( ∏
j∈⌊k−2,0⌋

x̃{j})

· x̃{−1}

=
(
Txb− , bU(−1)1

)1
· Tb−, xU(−1)k+1

(SCM1)
= Tb, xb−U · Tb−, xU

322.(4)
= Tx, b−U · Tb−, xU

(SCM1)
= 1 .

So, for i = −1, we have (
x̃ · bζ⌊k,k⌋

)
{−1} = 1 .

So

(xζ⌊k,k−1⌋ · bζ⌊k+1,k⌋){i} =
(
x̃ · bζ⌊k,k⌋

)
{i} =



1 for i ∈ Z⩾k+2

b− for i = k + 1

b · x− for i = k

x for i = k − 1

1 for i ∈ [−1, k − 2] .

Altogether, this shows [bζ⌊k+1,k⌋ , xζ⌊k,k−1⌋] = 1 .

Example 370 We give examples for some commuting elements; cf. Lemma 369.

Suppose given b, x ∈ B.

(1) Let k = 2 and ℓ = 0. We consider the elements

bζ⌊2,2⌋ = (. . . , 1, b, 1, 1, 1) = (. . . , 1, b︸︷︷︸
pos. 2

, 1, 1, 1︸︷︷︸
pos. −1

)

xζ⌊0,0⌋ = (. . . , 1, 1, 1, x, 1) = (. . . , 1, 1, 1, x︸︷︷︸
pos. 0

, 1︸︷︷︸
pos. −1

) ∈ H∞ .

By Lemma 369.(1), since |k − ℓ| = 2 ⩾ 2, we have
[
bζ⌊2,2⌋ , xζ⌊0,0⌋

]
= 1 .

Using Lemma 362.(2) directly, we obtain

bζ⌊2,2⌋ · xζ⌊0,0⌋ = (. . . , 1, b, 1, 1, 1) · (. . . , 1, 1, 1, x, 1) 362.(2)
= (. . . , 1, b, 1, x, 1) .
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and

xζ⌊0,0⌋ · bζ⌊2,2⌋ = (. . . , 1, 1, 1, x, 1) · (. . . , 1, b, 1, 1, 1)
362.(2)
=

(
. . . , 1, 1 · b, 1b,

(
[1, b](−1)

)1 · x, (T1, bU(−1)2
)x · 1)

=
(
. . . , 1, b, 1, x,T1, bUx

)
322.(1)
= (. . . , 1, b, 1, x, 1) .

This comfirms that bζ⌊2,2⌋ · xζ⌊0,0⌋ = xζ⌊0,0⌋ · bζ⌊2,2⌋ .

(2) Let k = 1. We consider the elements

bζ⌊2,0⌋ = (. . . , 1, b, b−, b, 1) = (. . . , 1, b︸︷︷︸
pos. 2

, b−︸︷︷︸
pos. 1

, b︸︷︷︸
pos. 0

, 1)

xζ⌊1,1⌋ = (. . . , 1, 1, x, 1, 1) = (. . . , 1, 1, x︸︷︷︸
pos. 1

, 1, 1) ∈ H∞ .

By Lemma 369.(2), we have
[
bζ⌊2,0⌋ , xζ⌊1,1⌋

]
= 1 .

In particular, we have

xζ⌊1,1⌋ · bζ⌊2,0⌋ = (. . . , 1, 1, x, 1, 1) · (. . . , 1, b, b−, b, 1)
= bζ⌊2,0⌋ · xζ⌊1,1⌋
= (. . . , 1, b, b−, b, 1) · (. . . , 1, 1, x, 1, 1)

362.(2)
= (. . . , 1, b, b− · x, bx, 1) .

(3) Let k = 1. We consider the elements

bζ⌊2,1⌋ = (. . . , 1, b−, b, 1, 1) = (. . . , 1 , b−︸︷︷︸
pos. 2

, b︸︷︷︸
pos. 1

, 1, 1)

xζ⌊1,0⌋ = (. . . , 1, 1, x−, x, 1) = (. . . , 1, 1, x−︸︷︷︸
pos. 1

, x︸︷︷︸
pos. 0

, 1) ∈ H∞ .

By Lemma 369.(3), we have
[
bζ⌊2,1⌋ , xζ⌊1,0⌋

]
= 1 .

In particular, we have

xζ⌊1,0⌋ · bζ⌊2,1⌋ = (. . . , 1, 1, x−, x, 1) · (. . . , 1, b−, b, 1, 1)
= bζ⌊2,1⌋ · xζ⌊1,0⌋
= (. . . , 1, b−, b, 1, 1) · (. . . , 1, 1, x−, x, 1)

362.(2)
= (. . . , 1, b−, b · x−, x, 1) .
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Remark 371 Suppose given b, x ∈ B .

For ℓ, k ∈ Z⩾0 with |ℓ− k| ⩾ 2, we have

[bs∞ℓ , xs
∞
ℓ ] = 1.

Proof. This is a reformulation of Lemma 369.(1), using Lemma 359.(1).

17.2.6 Certain commuting elements in H∞ , involving position −1

Lemma 372 Suppose given b ∈ B and m, m̃ ∈M .

(1) For k ∈ Z⩾1 , we have [bζ⌊k,k⌋ ,mζ⌊−1,−1⌋] = 1 .

(2) We have [bζ⌊0,0⌋ ,mζ⌊1,−1⌋] = 1 .

(3) We have [bζ⌊1,0⌋ ,mζ⌊0,−1⌋] = 1 .

(4) We have [mζ⌊0,−1⌋ , m̃ζ⌊−1,−1⌋] = 1 .

Cf. Definition 367.(1, 2).

Proof. Ad (1). Suppose given k ∈ Z⩾1 .

We calculate bζ⌊k,k⌋ ·mζ⌊−1,−1⌋ using Lemma 362.(2) with t := −1.
For i ∈ Z⩾0 , we have

(bζ⌊k,k⌋ ·mζ⌊−1,−1⌋){i} = (bζ⌊k,k⌋){i} =

{
1 if i ∈ Z⩾0\{k}
b if i = k .

For i = −1, we have

(bζ⌊k,k⌋ ·mζ⌊−1,−1⌋){−1} = (bζ⌊k,k⌋){−1} · (mζ⌊−1,−1⌋){−1} = 1 ·m = m.

So

(bζ⌊k,k⌋ ·mζ⌊−1,−1⌋){i} =


1 for i ∈ Z⩾0\{k}
b for i = k

m for i = −1 .

588



17.2. THE GROUP H∞

We calculate mζ⌊−1,−1⌋ · bζ⌊k,k⌋ using Lemma 362.(2) with t := k.

For i ⩾ k + 1, we have

(mζ⌊−1,−1⌋ · bζ⌊k,k⌋){i} = (mζ⌊−1,−1⌋){i} = 1 .

For i = k, we have

(mζ⌊−1,−1⌋ · bζ⌊k,k⌋){k} = (mζ⌊−1,−1⌋){k} · (bζ⌊k,k⌋){k} = 1 · b = b .

For i ∈ [0, k − 1], we have

(mζ⌊−1,−1⌋ · bζ⌊k,k⌋){i}

=
([

(mζ⌊−1,−1⌋){k−1} , (bζ⌊k,k⌋){k}
](−1)k−1−i

)( ∏
j∈⌊k−2,i+1⌋

(mζ⌊−1,−1⌋){j})

· (mζ⌊−1,−1⌋){i}

=
(
[1, b](−1)k−1−i)1 · 1

= 1 .

For i = −1, we have

(mζ⌊−1,−1⌋ · bζ⌊k,k⌋){−1}

=
(
T(mζ⌊−1,−1⌋){k−1}, (bζ⌊k,k⌋){k}U

(−1)k
)( ∏

j∈⌊k−2,0⌋
(mζ⌊−1,−1⌋){j})

· (mζ⌊−1,−1⌋){−1}

=
(
T1, bU(−1)k

)1 ·m
322.(1)
= m.

So

(mζ⌊−1,−1⌋ · bζ⌊k,k⌋){i} =


1 for i ∈ Z⩾0\{k}
b for i = k

m for i = −1 .

Altogether, this shows [bζ⌊k,k⌋ ,mζ⌊−1,−1⌋] = 1 for k ∈ Z⩾1 .

Ad (2). We calculate bζ⌊0,0⌋ ·mζ⌊1,−1⌋ .

Note that we have

mζ⌊1,−1⌋
367.(2)
=

(
. . . , 1, mf︸︷︷︸

pos. 1

, (mf)−︸ ︷︷ ︸
pos. 0

, m︸︷︷︸
pos.−1

) 362.(1)
= (mfS)ζ⌊1,1⌋ ·

(
(mfS)

−)ζ⌊0,0⌋ ·mζ⌊−1,−1⌋ .
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We calculate bζ⌊0,0⌋ · (mfS)ζ⌊1,1⌋ using Lemma 362.(2) with t := 1.

For i ⩾ 2, we have (
bζ⌊0,0⌋ · (mfS)ζ⌊1,1⌋

)
{i} = (bζ⌊0,0⌋){i} = 1 .

For i = 1, we have(
bζ⌊0,0⌋ · (mfS)ζ⌊1,1⌋

)
{1} = (bζ⌊0,0⌋){1} ·

(
(mfS)ζ⌊1,1⌋

)
{1} = 1 ·mfS = mfS .

For i = 0, we have(
bζ⌊0,0⌋ · (mfS)ζ⌊1,1⌋

)
{0} =

(
(bζ⌊0,0⌋){0}

)((mfS)ζ⌊1,1⌋){1} = bmfS .

For i = −1, we have(
bζ⌊0,0⌋ · (mfS)ζ⌊1,1⌋

)
{−1}

=
(
T(bζ⌊0,0⌋){j},

(
(mfS)ζ⌊1,1⌋

)
{1}U

(−1)1
)( ∏

j∈⌊−1,0⌋
(bζ⌊0,0⌋){0})

·
(
(mfS)ζ⌊1,1⌋

)
{−1}

=
(
Tb, mfSU−)1 · 1

(SCM1)
= TmfS, bU .

So

(
bζ⌊0,0⌋ · (mfS)ζ⌊1,1⌋

)
{i} =


1 for i ⩾ 2

mfS for i = 1

bmfS for i = 0

TmfS, bU for i = −1 .

Let b̃ := bζ⌊0,0⌋ · (mfS)ζ⌊1,1⌋ .

We calculate b̃ ·
(
(mfS)

−)ζ⌊0,0⌋ using Lemma 362.(2) with t := 0.

For i ⩾ 1, we have (
b̃ ·
(
(mfS)

−)ζ⌊0,0⌋)
{i}

= b̃{i} =

{
1 if i ⩾ 2

mfS if i = 1 .

For i = 0, we have(
b̃ ·
(
(mfS)

−)ζ⌊0,0⌋)
{0}

= b̃{0} ·
((

(mfS)
−)ζ⌊0,0⌋)

{0}
= bmfS · (mfS)

− = (mfS)
− · b .
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For i = −1, we have(
b̃ ·
(
(mfS)

−)ζ⌊0,0⌋)
{−1}

= (b̃{−1})

(
((mfS)

−)ζ⌊0,0⌋

)
{0}

= TmfS, bU(mfS)
−

323.(10)
= TmfS, b

(mfS)
−U

322.(4)
= Tb, (mfS)

−U .

So

(
b̃ ·
(
(mfS)

−)ζ⌊0,0⌋)
{i}

=


1 for i ⩾ 2

mfS for i = 1

(mfS)
− · b for i = 0

Tb, (mfS)
−U for i = −1 .

Let ˜̃b := b̃ ·
(
(mfS)

−)ζ⌊0,0⌋ .
We calculate ˜̃b ·mζ⌊−1,−1⌋ = bζ⌊0,0⌋ ·mζ⌊1,−1⌋ using Lemma 362.(2) with t := −1.
For i ⩾ 0, we have

(˜̃b ·mζ⌊−1,−1⌋
)
{i} = b̃{i} =


1 if i ⩾ 2

mfS if i = 1

(mfS)
− · b if i = 0 .

For i = −1, we have(˜̃b ·mζ⌊−1,−1⌋
)
{−1} =

˜̃b{−1} · (mζ⌊−1,−1⌋){−1} = Tb, (mfS)
−U ·m 323.(8)

= mb .

So

(bζ⌊0,0⌋ ·mζ⌊1,−1⌋){i} =
(˜̃b ·mζ⌊−1,−1⌋

)
{i} =


1 for i ⩾ 2

mfS for i = 1

(mfS)
− · b for i = 0

mb for i = −1 .

We calculate mζ⌊1,−1⌋ · bζ⌊0,0⌋ using Lemma 362.(2) with t := 0.
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For i ⩾ 1, we have

(mζ⌊1,−1⌋ · bζ⌊0,0⌋){i} = (mζ⌊1,−1⌋){i} =

{
1 if i ⩾ 2

mfS if i = 1 .

For i = 0, we have

(mζ⌊1,−1⌋ · bζ⌊0,0⌋){0} = (mζ⌊1,−1⌋){0} · (bζ⌊0,0⌋){0} = (mfS)
− · b .

For i = −1, we have

(mζ⌊1,−1⌋ · bζ⌊0,0⌋){−1} =
(
(mζ⌊1,−1⌋){−1}

)(bζ⌊0,0⌋){0} = mb .

So

(mζ⌊1,−1⌋ · bζ⌊0,0⌋){i} =


1 for i ⩾ 2

mfS for i = 1

(mfS)
− · b for i = 0

mb for i = −1 .

Altogether, this shows [bζ⌊0,0⌋ ,mζ⌊1,−1⌋] = 1 .

Ad (3). We calculate bζ⌊1,0⌋ ·mζ⌊0,−1⌋ .

Note that

mζ⌊0,−1⌋
367.(2)
= (. . . , 1, (mfS)

−︸ ︷︷ ︸
pos. 0

, m︸︷︷︸
pos.−1

) 362.(1)
=

(
(mfS)

−)ζ⌊0,0⌋ ·mζ⌊−1,−1⌋ .

We calculate bζ⌊1,0⌋ ·
(
(mfS)

−)ζ⌊0,0⌋ using Lemma 362.(2) with t := 0.

For i ⩾ 1, we have(
bζ⌊1,0⌋ ·

(
(mfS)

−)ζ⌊0,0⌋){i} = (bζ⌊1,0⌋){i} =

{
1 if i ⩾ 2

b− if i = 1 .

For i = 0, we have(
bζ⌊1,0⌋ ·

(
(mfS)

−)ζ⌊0,0⌋)
{0}

= (bζ⌊1,0⌋){0} ·
((

(mfS)
−)ζ⌊0,0⌋)

{0}
= b · (mfS)

− .

For i = −1, we have(
bζ⌊1,0⌋ ·

(
(mfS)

−)ζ⌊0,0⌋){−1} =
(
(bζ⌊1,0⌋){−1}

)(((mfS)
−)ζ⌊0,0⌋){0} = 1(mfS)

−
= 1 .
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So

(
bζ⌊1,0⌋ ·

(
(mfS)

−)ζ⌊0,0⌋){i} =

1 for i ⩾ 2

b− for i = 1

b · (mfS)
− for i = 0

1 for i = −1 .

Let b̃ := bζ⌊1,0⌋ ·
(
(mfS)

−)ζ⌊0,0⌋ .
We calculate b̃ ·mζ⌊−1,−1⌋ = bζ⌊1,0⌋ ·mζ⌊0,−1⌋ using Lemma 362.(2) with t := −1.
For i ⩾ 0, we have

(
b̃ ·mζ⌊−1,−1⌋

)
{i} = b̃{i} =


1 if i ⩾ 2

b− if i = 1

b · (mfS)
− if i = 0 .

For i = −1, we have(
b̃ ·mζ⌊−1,−1⌋

)
{−1} = b̃{−1} ·

(
mζ⌊−1,−1⌋

)
{−1} = 1 ·m = m.

So

(bζ⌊1,0⌋ ·mζ⌊0,−1⌋){i} =
(
b̃ ·mζ⌊−1,−1⌋

)
{i} =


1 for i ⩾ 2

b− for i = 1

b · (mfS)
− for i = 0

m for i = −1 .

We calculate mζ⌊0,−1⌋ · bζ⌊1,0⌋ .
Note that

bζ⌊1,0⌋
367.(1)
= (. . . , 1, b−︸︷︷︸

pos. 1

, b︸︷︷︸
pos. 0

, 1
) 362.(1)

= (b−)ζ⌊1,1⌋ · bζ⌊0,0⌋ .

We calculate mζ⌊0,−1⌋ · (b−)ζ⌊1,1⌋ using Remark 362.(2) with t := 1.

For i ⩾ 2, we have

(mζ⌊0,−1⌋ · (b−)ζ⌊1,1⌋){i} = (mζ⌊0,−1⌋){i} = 1 .

For i = 1, we have(
mζ⌊0,−1⌋ · (b−)ζ⌊1,1⌋

)
{1} = (mζ⌊0,−1⌋){1} ·

(
(b−)ζ⌊1,1⌋

)
{1} = 1 · b− = b− .
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For i = 0, we have(
mζ⌊0,−1⌋ · (b−)ζ⌊1,1⌋

)
{0} =

(
(mζ⌊0,−1⌋

)
{0})

((b−)ζ⌊1,1⌋){1} =
(
(mfS)

−)b− .
For i = −1, we have(

mζ⌊0,−1⌋ · (b−)ζ⌊1,1⌋
)
{−1}

=
(
T(mζ⌊0,−1⌋){0}, ((b

−)ζ⌊1,1⌋){1}U
(−1)1

)( ∏
j∈⌊−1,0⌋

(mζ⌊0,−1⌋){j}

)
· (mζ⌊0,−1⌋){−1}

=
(
T(mfS)

−, b−U−)1 ·m
(SCM1)
= Tb−, (mfS)

−U ·m
323.(8)
= mb− .

So

(
mζ⌊0,−1⌋ · (b−)ζ⌊1,1⌋

)
{i} =


1 for i ⩾ 2

b− for i = 1(
(mfS)

−)b− for i = 0

mb− for i = −1 .

Let n := mζ⌊0,−1⌋ · (b−)ζ⌊1,1⌋ .
We calculate n · bζ⌊0,0⌋ = mζ⌊0,−1⌋ · bζ⌊1,0⌋ using Lemma 362.(2) with t := 0.

For i ⩾ 1, we have (
n · bζ⌊0,0⌋

)
{i} = n{i} =

{
1 if i ⩾ 2

b− if i = 1 .

For i = 0, we have(
n · bζ⌊0,0⌋

)
{0} = n{0} · (bζ⌊0,0⌋){0} =

(
(mfS)

−)b− · b = b · (mfS)
− .

For i = −1, we have

(n · bζ⌊0,0⌋){−1} = (n{−1})
(bζ⌊0,0⌋){0} = (mb−)b = m.
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So

(mζ⌊0,−1⌋ · bζ⌊1,0⌋){i} = (n · bζ⌊0,0⌋){i} =


1 for i ⩾ 2

b− for i = 1

b · (mfS)
− for i = 0

m for i = −1 .

Altogether, this shows [bζ⌊1,0⌋ ,mζ⌊0,−1⌋] = 1 .

Ad (4). We calculate mζ⌊0,−1⌋ · m̃ζ⌊−1,−1⌋ using Lemma 362.(2) with t := −1.
For i ∈ Z⩾0, we have(

mζ⌊0,−1⌋ · m̃ζ⌊−1,−1⌋
)
{i} = (mζ⌊0,−1⌋){i} =

{
1 if i ⩾ 1

(mfS)
− if i = 0 .

For i = −1, we have(
mζ⌊0,−1⌋ · m̃ζ⌊−1,−1⌋

)
{−1} = (mζ⌊0,−1⌋){−1} · (m̃ζ⌊−1,−1⌋){−1} = m · m̃ .

So

(
mζ⌊0,−1⌋ · m̃ζ⌊−1,−1⌋

)
{i} =


1 if i ⩾ 1

(mfS)
− if i = 0

m · m̃ if i = −1 .

We calculate m̃ζ⌊−1,−1⌋ ·mζ⌊0,−1⌋ .

Note that

mζ⌊0,−1⌋
367.(1)
= (. . . , 1, (mfS)

−︸ ︷︷ ︸
pos. 0

, m︸︷︷︸
pos.−1

) 367.(2)
=

(
(mfS)

−)ζ⌊0,0⌋ ·mζ⌊−1,−1⌋ .

We calculate m̃ζ⌊−1,−1⌋ ·
(
(mfS)

−)ζ⌊0,0⌋ , using Lemma 362.(2) with t := 0.

For i ∈ Z⩾1 , we have(
m̃ζ⌊−1,−1⌋ ·

(
(mfS)

−)ζ⌊0,0⌋)
{i}

= (m̃ζ⌊−1,−1⌋){i} = 1 .

For i = 0, we have(
m̃ζ⌊−1,−1⌋ ·

(
(mfS)

−)ζ⌊0,0⌋)
{0}

= (m̃ζ⌊−1,−1⌋){0} ·
((

(mfS)
−)ζ⌊0,0⌋)

{0}
= 1 · (mfS)

− = (mfS)
− .
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For i = −1, we have(
m̃ζ⌊−1,−1⌋ ·

(
(mfS)

−)ζ⌊0,0⌋)
{−1}

=
(
(m̃ζ⌊−1,−1⌋){−1}

)(((mfS)
−)ζ⌊0,0⌋){0} = m̃(mfS)

− 323.(2)
= m̃m−

.

So for i ∈ Z⩾−1 , we have

(
m̃ζ⌊−1,−1⌋ ·

(
(mfS)

−
)
ζ⌊0,0⌋

)
{i} =


1 if i ⩾ 1

(mfS)
− if i = 0

m̃m−
if i = −1 .

Let n := m̃ζ⌊−1,−1⌋ ·
(
(mfS)

−)ζ⌊0,0⌋ .
We calculate n ·mζ⌊−1,−1⌋ = m̃ζ⌊−1,−1⌋ ·mζ⌊0,−1⌋ using Lemma 362.(2) with t := −1.
For i ∈ Z⩾0 , we have (

n ·mζ⌊−1,−1⌋
)
{i} = n{i} =

{
1 if i ⩾ 1

(mfS)
− if i = 0 .

For i = −1, we have

(n ·mζ⌊−1,−1⌋){−1} = n{−1} · (mζ⌊−1,−1⌋){−1} = m̃m− ·m = m · m̃ .

So for i ∈ Z⩾−1 , we have

(
m̃ζ⌊−1,−1⌋ ·mζ⌊0,−1⌋

)
{i} = (n ·mζ⌊−1,−1⌋){i} =


1 if i ⩾ 1

(mfS)
− if i = 0

m · m̃ if i = −1 .

This shows
[
mζ⌊0,−1⌋ , m̃ζ⌊−1,−1⌋

]
= 1.

Example 373 Suppose given b ∈ B and m, m̃ ∈M .

(1) We consider the elements

bζ⌊1,1⌋ = (. . . , 1, b︸︷︷︸
pos. 1

, 1, 1)

mζ⌊−1,−1⌋ = (. . . , 1, 1, 1, 1, m︸︷︷︸
pos. −1

) ∈ H∞ .

By Lemma 372.(1), we have
[
bζ⌊1,1⌋ ,mζ⌊−1,−1⌋

]
= 1 .
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Using Lemma 362.(2) directly, we obtain

bζ⌊1,1⌋ ·mζ⌊−1,−1⌋ = (. . . , 1, b, 1, 1) · (. . . , 1, 1, 1,m)
362.(2)
= (. . . , 1, b, 1,m)

and

mζ⌊−1,−1⌋ · bζ⌊1,1⌋ = (. . . , 1, 1, 1,m) · (. . . , 1, b, 1, 1)
362.(2)
=

(
. . . , 1, 1 · b, 1b,

(
T1, bU(−1)1

)1 ·m)
= (. . . , 1, b, 1,T1, bU ·m)

322.(1)
= (. . . , 1, b, 1,m) .

This confirms that bζ⌊1,1⌋ ·mζ⌊−1,−1⌋ = mζ⌊−1,−1⌋ · bζ⌊1,1⌋ .

(2) We consider the elements

bζ⌊0,0⌋ = (. . . , 1, 1, b, 1)

mζ⌊1,−1⌋ =
(
. . . , 1,mfS , (mfS)

−,m
)
∈ H∞ .

By Lemma 372.(2), we have
[
bζ⌊0,0⌋ ,mζ⌊1,−1⌋

]
= 1 .

In particular, we have

mζ⌊1,−1⌋ · bζ⌊0,0⌋ =
(
. . . , 1,mfS , (mfS)

− ,m
)
· (. . . , 1, 1, b, 1)

= bζ⌊0,0⌋ ·mζ⌊1,−1⌋

= (. . . , 1, 1, b, 1) ·
(
. . . , 1,mfS , (mfS)

− ,m
)

362.(2)
=

(
. . . , 1,mfS , (mfS)

− · b ,mb
)
.

(3) We consider the elements

bζ⌊1,0⌋ = (. . . , 1, b−, b, 1)

mζ⌊0,−1⌋ =
(
. . . , 1, 1, (mfS)

−,m
)
∈ H∞ .

By Lemma 372.(3), we have
[
bζ⌊1,0⌋ ,mζ⌊0,−1⌋

]
= 1 .

In particular, we have

mζ⌊0,−1⌋ · bζ⌊1,0⌋ =
(
. . . , 1, 1, (mfS)

−,m
)
· (. . . , 1, b−, b, 1)

= bζ⌊1,0⌋ ·mζ⌊0,−1⌋

= (. . . , 1, b−, b, 1) ·
(
. . . , 1, 1, (mfS)

−,m
)

362.(2)
=

(
. . . , 1, b−, b · (mfS)

−,m
)
.
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(4) We consider the elements

mζ⌊0,−1⌋ =
(
. . . , 1, 1, (mfS)

−,m
)

m̃ζ⌊−1,−1⌋ = (. . . , 1, 1, 1, m̃) ∈ H∞ .

By Lemma 372.(4), we have
[
mζ⌊0,−1⌋ , m̃ζ⌊−1,−1⌋

]
= 1 .

In particular, we have

m̃ζ⌊−1,−1⌋ ·mζ⌊0,−1⌋ = (. . . , 1, 1, 1, m̃) ·
(
. . . , 1, 1, (mfS)

−,m
)

= mζ⌊0,−1⌋ · m̃ζ⌊−1,−1⌋

=
(
. . . , 1, 1, (mfS)

−,m
)
· (. . . , 1, 1, 1, m̃)

362.(2)
=

(
. . . , 1, 1, (mfS)

−,m · m̃
)
.

Remark 374 Suppose given b ∈ B and m ∈M .

For k ∈ Z⩾1 , we have
[bs∞k ,ms∞−1] = 1.

Proof. This is a reformulation of Lemma 372.(1), using Lemma 359.(2).

17.2.7 The Conduché condition

Lemma 375 Suppose given b, c ∈ B. Suppose given ℓ, ℓ̃, k, k̃ ∈ Z⩾0 such that ℓ ⩾ k and
ℓ̃ ⩾ k̃ . We consider the elements bζ⌋ℓ, k⌋ and c ζ⌋ℓ̃, k̃⌋ ∈ H∞ ; cf. Definition 367.(3).

If {ℓ, k} ∩ {ℓ̃, k̃} = ∅, then we have

[bζ⌋ℓ,k⌋ , c ζ⌋ℓ̃,k̃⌋] = 1 .

Proof. Note that if ℓ = k, then bζ⌋ℓ,k⌋ = 1. If ℓ̃ = k̃, then c ζ⌋ℓ̃,k̃⌋ = 1. So we may assume

that ℓ > k and ℓ̃ > k̃.

It suffices to show the following assertions (1, 2.1, 2.2, 3).

(1) If ℓ > k > ℓ̃ > k̃ , then we have [bζ⌋ℓ,k⌋ , c ζ⌋ℓ̃,k̃⌋] = 1 .

(2.1) If ℓ > ℓ̃ > k̃ > k and if ℓ̃− k̃ ≡2 0, then we have [bζ⌋ℓ,k⌋ , c ζ⌋ℓ̃,k̃⌋] = 1 .
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(2.2) If ℓ > ℓ̃ > k̃ > k and if ℓ̃− k̃ ≡2 1, then we have [bζ⌋ℓ,k⌋ , c ζ⌋ℓ̃,k̃⌋] = 1 .

(3) If ℓ > ℓ̃ > k > k̃ , then we have [bζ⌋ℓ,k⌋ , c ζ⌋ℓ̃,k̃⌋] = 1 .

Ad (1). We have ℓ > k > ℓ̃ > k̃ . We have

bζ⌋ℓ,k⌋
367.(1)
=

∏
i∈⌋ℓ,k⌋

(b(−1)k−i

)ζ⌊i,i⌋

and we have

c ζ⌋ℓ̃,k̃⌋
367.(1)
=

∏
j∈⌋ℓ̃,k̃⌋

(c(−1)k̃−j

)ζ⌊j,j⌋ .

Let i ∈ [k, ℓ− 1] and let j ∈ [k̃, ℓ̃− 1]. Then, we have |i− j| ⩾ 2.

So by Lemma 369.(1), we have[
(b(−1)k−i

)ζ⌊i,i⌋ , (c
(−1)k̃−j

)ζ⌊j,j⌋

]
= 1 .

Therefore, we also have [
bζ⌋ℓ,k⌋ , c ζ⌋ℓ̃,k̃⌋

]
= 1 .

Ad (2.1). We have ℓ > ℓ̃ > k̃ > k and ℓ̃− k̃ ≡2 0. We have

bζ⌋ℓ,k⌋
367.(1)
= bζ⌋ℓ,ℓ̃+1⌋ ·

( ∏
i∈⌊ℓ̃,k̃⌋
i≡2 ℓ̃

(b(−1)i−k+1

)ζ⌊i,i−1⌋
)
· bζ⌊k̃−2,k⌋ ,

and we have

c ζ⌋ℓ̃,k̃⌋ = c ζ⌊ℓ̃−1 ,k̃⌋
367.(1)
=

∏
j∈⌊ℓ̃−1, k̃+1⌋
j≡2 ℓ̃−1

(c(−1)j−k̃+1

)ζ⌊j, j−1⌋ .

Let j ∈ [k̃ + 1, ℓ̃− 1] with j ≡2 ℓ̃− 1 . We write c̃ := c(−1)j−k̃+1
.

We show that
[
bζ⌋ℓ, ℓ̃+1⌋ , c̃ ζ⌊j, j−1⌋

] !
= 1 .

If ℓ = ℓ̃+ 1, then we have bζ⌋ℓ,ℓ̃+1⌋ = 1.

If ℓ > ℓ̃+ 1, then we have ℓ > ℓ̃+ 1 > j + 1 > j > j − 1, and by (1), we have[
bζ⌋ℓ,ℓ̃+1⌋ , c̃ ζ⌊j,j−1⌋

]
=
[
bζ⌋ℓ,ℓ̃+1⌋ , c̃ ζ⌋j+1,j−1⌋

]
= 1 .
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Let i ∈ [k̃, ℓ̃] with i ≡2 ℓ̃ . We write b̃ := b(−1)i−k+1
. Note that i ≡2 ℓ̃ ̸≡2 ℓ̃− 1 ≡2 j .

We show that
[
b̃ζ⌊i,i−1⌋ , c̃ ζ⌊j,j−1⌋

] !
= 1 .

If i ∈ {j + 1, j − 1}, then we have[
b̃ζ⌊i,i−1⌋ , c̃ ζ⌊j, j−1⌋

]
= 1

by Lemma 369.(3).

If i < j − 1, then j + 1 > j − 1 > i+ 1 > i− 1, and by (1), we have[
b̃ζ⌊i,i−1⌋ , c̃ ζ⌊j, j−1⌋

]
=
[
b̃ζ⌋i+1,i−1⌋ , c̃ ζ⌋j+1, j−1⌋

]
= 1 .

If i > j + 1, then i+ 1 > i− 1 > j + 1 > j − 1, and by (1), we have[
b̃ζ⌊i,i−1⌋ , c̃ ζ⌊j, j−1⌋

]
=
[
b̃ζ⌋i+1,i−1⌋ , c̃ ζ⌋j+1, j−1⌋

]
= 1 .

This shows
[
b̃ζ⌊i,i−1⌋ , c̃ ζ⌊j,j−1⌋

]
= 1 .

We show that
[
c̃ ζ⌊j, j−1⌋ , bζ⌊k̃−2,k⌋

] !
= 1 .

If k̃ = k + 1, then we have bζ⌊k̃−2,k⌋ = 1 .

If k̃ > k + 1, then we have j + 1 > j − 1 > k̃ − 1 > k, and by (1), we have[
c̃ ζ⌊j, j−1⌋ , bζ⌊k̃−2,k⌋

]
=
[
c̃ ζ⌋j+1, j−1⌋ , bζ⌋k̃−1,k⌋

]
= 1 .

Altogether, this shows [bζ⌋ℓ,k⌋ , c ζ⌋ℓ̃,k̃⌋] = 1.

Ad (2.2). We have ℓ > ℓ̃ > k̃ > k and ℓ̃− k̃ ≡2 1.

We have

bζ⌋ℓ,k⌋
367.(1)
= (b(−1)k̃−k

)ζ⌋ℓ,k̃+2⌋ · (b
(−1)k̃−k+1

)ζ⌊k̃+1,k̃−1⌋ · bζ⌊k̃−2,k⌋ ,

and we have

c ζ⌋ℓ̃,k̃⌋
367.(1)
= (c−)ζ⌋ℓ̃,k̃+1⌋ · c ζ⌊k̃,k̃⌋ .

We show that
[
bζ⌋ℓ,k⌋ , c

− ζ⌋ℓ̃,k̃+1⌋
] !
= 1 .

If ℓ̃ = k̃ + 1, then we have c ζ⌋ℓ̃,k̃+1⌋ = 1.
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If ℓ̃ > k̃ + 1, then we have ℓ > ℓ̃ > k̃ + 1 > k and ℓ̃− (k̃ + 1) ≡2 0 . So, by (2.1), we have[
bζ⌋ℓ,k⌋ , c

− ζ⌋ℓ̃,k̃+1⌋
]
= 1 .

We show that
[
bζ⌋ℓ,k⌋ , c ζ⌊k̃,k̃⌋

] !
= 1 .

Since ℓ > k̃ + 2 > k̃ + 1 > k̃, we have, by (1),[
(b(−1)k̃−k

)ζ⌋ℓ,k̃+2⌋ , c ζ⌊k̃,k̃⌋

]
=
[
(b(−1)k̃−k

)ζ⌋ℓ,k̃+2⌋ , c ζ⌋k̃+1,k̃⌋

]
= 1 .

Moreover, by Lemma 369.(2), we have[
(b(−1)k̃−k+1

)ζ⌊k̃+1,k̃−1⌋ , c ζ⌊k̃,k̃⌋

]
= 1 .

If k̃ = k + 1, then we have bζ⌊k̃−2,k⌋ = 1 .

If k̃ > k + 1, then we have k̃ + 1 > k̃ > k̃ − 1 > k , and by (1), we have[
bζ⌊k̃−2,k⌋ , c ζ⌊k̃,k̃⌋

]
=
[
bζ⌋k̃−1,k⌋ , c ζ⌋k̃+1,k̃⌋

]
= 1 .

This shows
[
bζ⌋ℓ,k⌋ , c ζ⌊k̃,k̃⌋

]
= 1 .

Altogether, this shows [bζ⌋ℓ,k⌋ , c ζ⌋ℓ̃,k̃⌋] = 1.

Ad (3). We have ℓ > ℓ̃ > k > k̃ . We have

bζ⌋ℓ,k⌋
367.(1)
= bζ⌋ℓ,k+2⌋ · bζ⌊k+1,k⌋ ,

and we have

c ζ⌋ℓ̃,k̃⌋
367.(1)
= (c(−1)k−k̃+1

)ζ⌋ℓ̃,k+1⌋ · (c
(−1)k−k̃+1

)ζ⌊k,k−1⌋ · c ζ⌊k−2,k̃⌋ .

We write c̃ := c(−1)k−k̃+1
. We show that

[
bζ⌋ℓ,k⌋ , c̃ ζ⌋ℓ̃,k+1⌋

] !
= 1.

If ℓ̃ = k + 1, then we have c̃ ζ⌋ℓ̃,k+1⌋ = 1.

If ℓ̃ > k + 1, then we have ℓ > ℓ̃ > k + 1 > k, and by (2.1) and (2.2), we have[
bζ⌋ℓ,k⌋ , c̃ ζ⌋ℓ̃,k+1⌋

]
= 1 .

We show that
[
bζ⌋ℓ,k⌋ , c̃ ζ⌊k,k−1⌋

] !
= 1.
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If ℓ = k + 2, then we have bζ⌋ℓ,k+2⌋ = 1 .

If ℓ > k + 2, then we have ℓ > k + 2 > k + 1 > k − 1, and by (1), we have[
bζ⌋ℓ,k+2⌋ , c̃ ζ⌊k,k−1⌋

]
=
[
bζ⌋ℓ,k+2⌋ , c̃ ζ⌋k+1,k−1⌋

]
= 1 .

Moreover, by Lemma 369.(3), we have[
bζ⌊k+1,k⌋ , c̃ ζ⌊k,k−1⌋

]
= 1 .

So
[
bζ⌋ℓ,k⌋ , c̃ ζ⌊k,k−1⌋

]
= 1.

We show that
[
bζ⌋ℓ,k⌋ , c ζ⌊k−2,k̃⌋

] !
= 1.

If k = k̃ + 1, then we have c ζ⌊k−2,k̃⌋ = 1 .

If k > k̃ + 1, then we have ℓ > k > k − 1 > k̃, and by (1), we have[
bζ⌋ℓ,k⌋ , c ζ⌊k−2,k̃⌋

]
=
[
bζ⌋ℓ,k⌋ , c ζ⌋k−1,k̃⌋

]
= 1 .

Altogether, this shows
[
bζ⌋ℓ,k⌋ , c ζ⌋ℓ̃,k̃⌋

]
= 1.

Lemma 376 Suppose given b ∈ B and m ∈ M . Suppose given ℓ, ℓ̃, k ∈ Z⩾0 such that
ℓ ⩾ k .

We consider the elements bζ⌋ℓ,k⌋ and mζ⌋ℓ̃,−1⌋ ∈ H∞ .

If {ℓ, k} ∩ {ℓ̃} = ∅, then we have

[bζ⌋ℓ,k⌋ ,mζ⌋ℓ̃,−1⌋] = 1 .

Proof. Suppose that {ℓ, k} ∩ {ℓ̃} = ∅.
Case k ⩾ 1. We have

bζ⌋ℓ,k⌋ = bζ⌊ℓ−1,k⌋
367.(1)
=

∏
i∈⌊ℓ−1,k⌋

(b(−1)k−i

)ζ⌊i,i⌋

and

mζ⌋ℓ̃,−1⌋
367.(2)
=

(
(mfS)

−)ζ⌋ℓ̃,0⌋ ·mζ⌊−1,−1⌋ .

For i ∈ ⌊ℓ− 1, k⌋, we have [
bζ⌊i,i⌋ ,mζ⌊−1,−1⌋

]
= 1
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by Lemma 372.(1).

Moreover, since {ℓ, k} ∩ {ℓ̃, 0} = ∅ , we have, by Lemma 375,[
bζ⌋ℓ,k⌋ ,

(
(mfS)

−)ζ⌋ℓ̃,0⌋] = 1 .

This shows [bζ⌋ℓ,k⌋ ,mζ⌋ℓ̃,−1⌋] = 1 if k ⩾ 1.

Case k = 0. Note that {ℓ, 0} ∩ {ℓ̃} = ∅.
Subcase ℓ = 0. We have bζ⌋ℓ,k⌋ = bζ⌋0,0⌋ = 1. This shows [bζ⌋0,0⌋ ,mζ⌋ℓ̃,−1⌋] = 1.

Subcase ℓ = 1. If ℓ̃ = −1, then we have mζ⌋ℓ̃,−1⌋ = 1.

Let ℓ̃ ⩾ 0. Then note that we have ℓ̃ ⩾ 2.

We have

bζ⌋ℓ,k⌋ = bζ⌋1,0⌋ = bζ⌊0,0⌋ ,

and we have

mζ⌋ℓ̃,−1⌋
367.(2)
=

(
(mfS)

−)ζ⌋ℓ̃,2⌋ ·mζ⌊1,−1⌋ .

We show that
[
bζ⌋1,0⌋ ,mζ⌋ℓ̃,−1⌋

] !
= 1.

If ℓ̃ = 2, then we have
(
(mfS)

−)ζ⌋ℓ̃,2⌋ = 1.

If ℓ̃ > 2, then ℓ̃ > 2 > 1 > 0, and by Lemma 375, we have[
bζ⌋1,0⌋ ,

(
(mfS)

−)ζ⌋ℓ̃,2⌋] = 1 .

Moreover, by Lemma 372.(2), we have[
bζ⌋1,0⌋ ,mζ⌊1,−1⌋

]
=
[
bζ⌊0,0⌋ ,mζ⌊1,−1⌋

]
= 1 .

This shows
[
bζ⌋1,0⌋ ,mζ⌋ℓ̃,−1⌋

]
= 1.

Subcase ℓ ⩾ 2. By Definition 367.(1), we have

bζ⌋ℓ,k⌋ =
( ∏
i∈⌊ℓ−1,2⌋

(b(−1)i)ζ⌊i,i⌋

)
· bζ⌊1,0⌋ ,

and we have

mζ⌋ℓ̃,−1⌋ = (mfS)ζ⌋ℓ̃,1⌋ ·mζ⌊0,−1⌋ = (mfS)ζ⌋ℓ̃,1⌋ ·
(
(mfS)

−)ζ⌊0,0⌋ ·mζ⌊−1,−1⌋ .

603



CHAPTER 17. CONSTRUCTION OF THE GROUP H∞ FROM A STABLE CROSSED
MODULE

We show that [bζ⌋ℓ,0⌋ , (mfS)ζ⌋ℓ̃,1⌋]
!
= 1.

If ℓ̃ = 1, then we have (mfS)ζ⌋ℓ̃,1⌋ = 1.

If ℓ̃ ⩾ 2, then {ℓ, 0} ∩ {ℓ̃, 1} = ∅, and by Lemma 375, we have

[bζ⌋ℓ,0⌋ , (mfS)ζ⌋ℓ̃,1⌋] = 1 .

This shows [bζ⌋ℓ,0⌋ , (mfS)ζ⌋ℓ̃,1⌋] = 1.

We show that [bζ⌋ℓ,0⌋ ,mζ⌊0,−1⌋]
!
= 1.

Let i ∈ ⌊ℓ− 1, 2⌋. By Lemma 369.(1), we have[
(b(−1)i)ζ⌊i,i⌋ ,

(
(mfS)

−)ζ⌊0,0⌋] = 1 .

By Lemma 372.(1), we have [
(b(−1)i)ζ⌊i,i⌋ ,mζ⌊−1,−1⌋

]
= 1 .

Moreover, by Lemma 372.(3), we have

[bζ⌊1,0⌋ ,mζ⌊0,−1⌋] = 1 .

This shows [bζ⌋ℓ,0⌋ ,mζ⌊0,−1⌋] = 1.

So we have [bζ⌋ℓ,0⌋ ,mζ⌋ℓ̃,−1⌋] = 1 if ℓ ⩾ 2.

Lemma 377 Suppose given m, m̃ ∈M . Suppose given ℓ, ℓ̃ ∈ Z⩾0 .

We consider the elements mζ⌋ℓ,−1⌋ and m̃ζ⌋ℓ̃,−1⌋ ∈ H∞ .

If {ℓ} ∩ {ℓ̃} = ∅, i.e. ℓ ̸= ℓ̃, then we have

[mζ⌋ℓ,−1⌋ , m̃ζ⌋ℓ̃,−1⌋] = 1 .

Proof. Suppose that ℓ ̸= ℓ̃. We may assume that ℓ > ℓ̃.

Case ℓ̃ = 0. Note that ℓ ⩾ 1. By Definition 367.(2), we have

mζ⌋ℓ,−1⌋ =
( ∏
i∈⌊ℓ−1,1⌋

(
(mfS)

(−1)i+1)
ζ⌊i,i⌋

)
·mζ⌊0,−1⌋ ,

and we have

m̃ζ⌋ℓ̃,−1⌋ = m̃ζ⌊−1,−1⌋ .
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We show that
[
mζ⌋ℓ,−1⌋ , m̃ζ⌊−1,−1⌋

] !
= 1.

For i ∈ ⌊ℓ− 1, 1⌋, we have, by Lemma 372.(1),[(
(mfS)

(−1)i+1)
ζ⌊i,i⌋ , m̃ζ⌊−1,−1⌋

]
= 1 .

Moreover, by Lemma 372.(4), we have[
mζ⌊0,−1⌋ , m̃ζ⌊−1,−1⌋

]
= 1 .

This shows
[
mζ⌋ℓ,−1⌋ , m̃ζ⌊−1,−1⌋

]
= 1.

Case ℓ̃ ⩾ 1. Note that ℓ ⩾ 2. By Definition 367.(2), we have

mζ⌋ℓ,−1⌋ =
(
(mfS)

−)ζ⌋ℓ,0⌋ ·mζ⌊−1,−1⌋ ,

and we have

m̃ζ⌋ℓ̃,−1⌋ = (m̃fS)ζ⌋ℓ̃,1⌋ · m̃ζ⌊0,−1⌋ .

We show that
[
mζ⌋ℓ,−1⌋ , (m̃fS)ζ⌋ℓ̃,1⌋

] !
= 1.

Since {ℓ̃, 1} ∩ {ℓ} = ∅, we have, by Lemma 376,[
mζ⌋ℓ,−1⌋ , (m̃fS)ζ⌋ℓ̃,1⌋

]
= 1 .

We show that
[
mζ⌋ℓ,−1⌋ , m̃ζ⌊0,−1⌋

] !
= 1.

Since {ℓ, 0} ∩ {1} = ∅, we have, by Lemma 376,[(
(mfS)

−)ζ⌋ℓ,0⌋ , m̃ζ⌊0,−1⌋

]
=
[(
(mfS)

−)ζ⌋ℓ,0⌋ , m̃ζ⌋1,−1⌋

]
= 1 .

Moreover, by Lemma 372.(4), we have[
mζ⌊−1,−1⌋ , m̃ζ⌊0,−1⌋

]
= 1 .

This shows
[
mζ⌋ℓ,−1⌋ , m̃ζ⌊0,−1⌋

]
= 1.

Altogether, we have
[
mζ⌋ℓ,−1⌋ , m̃ζ⌋ℓ̃,−1⌋

]
= 1.

Remark 378

Suppose given a, b ∈ Z⩾0 with a ⩽ b. Suppose given x ∈
⋂

i∈[a,b]
ker d∞i P H∞ ; cf. Lemma 364.

If a = 0, then, for i ∈ [a, b], we have

x{i} =
(
(x{−1})fS

)(−1)i+1

.
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If a ⩾ 1, then, for i ∈ [a, b], we have

x{i} = (x{a−1})
(−1)i−a+1

.

Proof. We show this claim by induction on n := b− a.
Case a ⩾ 1. Let n = 0. Since x ∈ ker d∞a , we have

1 = xd∞a
364.(1)
= x{a} · x{a−1} .

So we have x{a} = (x{a−1})
− . This proves the claim for n = 0.

Let n ⩾ 1. By induction, since x ∈
⋂

i∈[a,b−1]

ker d∞
i , we have x{i} = (x{a−1})

(−1)i−a+1
for

i ∈ [a, b− 1].

We have to show that x{b}
!
= (x{a−1})

(−1)b−a+1
.

Since x ∈ ker d∞b , we have

1 = xd∞b
364.(1)
= x{b} · x{b−1} = x{b} · (x{a−1})

(−1)b−1−a+1

= x{b} · (x{a−1})
(−1)b−a

.

So we have x{b} = (x{a−1})
(−1)b−a+1

.

This proves the claim if a ⩾ 1.

Case a = 0. Let n = 0. Since x ∈ ker d∞0 , we have

1 = xd∞0
364.(2)
= x{0} · (x{−1})fS .

So we have x{0} =
(
(x{−1})fS

)−
.

This proves the claim for n = 0.

Let n ⩾ 1. By induction, since x ∈
⋂

i∈[0,b−1]

ker d∞
i , we have x{i} =

(
(x{−1})fS

)(−1)i+1

for
i ∈ [0, b− 1].

We have to show that x{b}
!
=
(
(x{−1})fS

)(−1)b−a+1

.

Since x ∈ ker d∞b , we have

1 = xd∞b
364.(1)
= x{b} · x{b−1} = x{b} ·

(
(x{−1})fS

)(−1)b−1+1

= x{b} ·
(
(x{−1})fS

)(−1)b
.

So we have x{b} =
(
(x{−1})fS

)(−1)b+1

.

This proves the claim if a = 0.
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Lemma 379 Suppose given a cofinite subset I ⊆ Z⩾0 ; cf. §1.1.1 item 1.

Let ℓ := |Z⩾0\I|.
We write j0 := −1 and we write Z⩾0\I =: {j1 , j2 , . . . , jℓ} , where js < jt for s < t.

So I =
( ⊔
k∈[0, ℓ−1]

]jk , jk+1[
)
⊔ ]jℓ , ∞[ .

Suppose given x ∈
⋂
i∈I

ker d∞i P H∞ .

We write bk := x{k} ∈ B for k ∈ Z⩾0 and we write m := x{−1} ∈M .

So x = (. . . , b1 , b0 ,m) ∈ H∞ .

For k ∈ [1, ℓ− 1], recall that we have

(bjk)ζ⌋jk+1, jk⌋ = (. . . , 1, (bjk)
(−1)jk+1−jk+1︸ ︷︷ ︸

pos. jk+1−1

, . . . , bjk︸︷︷︸
pos. jk

, 1, . . . , 1) ∈ H∞ ;

cf. Definition 367.(3).

Moreover, recall that we have

mζ⌋j1,−1⌋ = (. . . , 1, (mfS)
(−1)j1︸ ︷︷ ︸

pos. j1−1

, . . . , (mfS)
−︸ ︷︷ ︸

pos. 0

, m︸︷︷︸
pos.−1

) ∈ H∞ ;

cf. Definition 367.(2).

We have
x =

( ∏
k∈⌊ℓ−1,1⌋

(bjk)ζ⌋jk+1, jk⌋

)
·mζ⌋j1,−1⌋ .

For an example how such an element x looks like, cf. Example 380 below.

Proof. By construction, we have

x ∈
( ⋂
k∈[0,ℓ−1]

⋂
i∈ ]jk , jk+1[

ker d∞i
)
∩
( ⋂
i∈ ]jℓ ,∞[

ker d∞i
)
.

Since x ∈
⋂

i∈ ]jℓ ,∞[

ker d∞i , we have bi = 1 for i ∈ Z⩾jℓ ; cf. Remark 366.

Moreover, since

x ∈
⋂

i∈]−1, j1[

ker d∞i =
⋂

i∈[0, j1−1]

ker d∞i ,
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we have, by Remark 378

bi = (mfS)
(−1)i+1

for i ∈ ]−1, j1[ .
We consider the element mζ⌋j1,−1⌋ ∈ H∞ ; cf. Definition 367.(3).

Then

mζ⌋j1,−1⌋
362.(1)
=

( ∏
i∈⌋j1,0⌋

(
(mfS)

(−1)i+1)
s∞i
)
·ms∞−1

=
( ∏
i∈⌋j1,0⌋

bis
∞
i

)
·ms∞−1 .

Let k ∈ [1, ℓ−1]. Since x ∈
⋂

i∈]jk, jk+1[

ker d∞i =
⋂

i∈[jk+1, jk+1−1]

ker d∞i , we have, by Remark 378,

bi = (bjk)
(−1)i−(jk+1)−1

= (bjk)
(−1)i−jk

for i ∈ [jk, jk+1[ .

We consider the element (bjk)ζ⌋jk+1, jk⌋ ∈ H∞ ; cf. Definition 367.(3).

Then

(bjk)ζ⌋jk+1, jk⌋
362.(1)
=

( ∏
i∈⌋jk+1, jk⌋

(
(bjk)

(−1)i−jk )s∞i
)

=
∏

i∈⌋jk+1 , jk⌋
bis

∞
i .

So we have

x
362.(1)
=

( ∏
i∈⌋∞, 0⌋

bis
∞
i

)
·ms∞−1

=
( ∏
i∈⌋jℓ , 0⌋

bis
∞
i

)
·ms∞−1

=
( ∏
k∈⌊ℓ−1, 1⌋

( ∏
i∈⌋jk+1 , jk⌋

bis
∞
i

))
·
( ∏
i∈⌋j1 , 0⌋

bis
∞
i

)
·ms∞−1

=
( ∏
k∈⌊ℓ−1, 1⌋

(bjk)ζ⌋jk+1, jk⌋
)
·mζ⌋j1,−1⌋ .
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Example 380 We consider the situation given in Lemma 379.

Let I := Z⩾0\{2, 3, 5}.
Then we have Z⩾0\I = {2, 3, 5} and ℓ = |Z⩾0\I| = 3. Moreover, we have j0 = −1, j1 = 2,
j2 = 3 and j3 = 5.

So we have

I = ]j0 , j1[ ⊔ ]j1 , j2[ ⊔ ]j2 , j3[ ⊔ ]j3 ,∞[ = ]−1, 2[ ⊔ ]2, 3[ ⊔ ]3, 5[ ⊔ ]5,∞[

= {0, 1, 4, 6, 7, 8, 9, . . . } .

and

x =
( ∏
k∈⌊ℓ−1,1⌋

(bjk)ζ⌋jk+1, jk⌋

)
·mζ⌋j1,−1⌋

=
( ∏
k∈⌊2,1⌋

(bjk)ζ⌋jk+1, jk⌋

)
·mζ⌋2,−1⌋

= (bj2)ζ⌋j3, j2⌋ · (bj1)ζ⌋j2, j1⌋ ·mζ⌋j1,−1⌋

= (b3)ζ⌊4, 3⌋ · (b2)ζ⌊2, 2⌋ ·mζ⌊1,−1⌋

= (. . . , 1, b−3︸︷︷︸
pos. 4

, b3︸︷︷︸
pos. 3

, 1, 1 , 1, 1) · (. . . , 1, 1 , 1 , b2︸︷︷︸
pos. 2

, 1 , 1, 1)

·
(
. . . , 1, 1 , 1 , 1, mfS︸︷︷︸

pos. 1

, (mfS)
−︸ ︷︷ ︸

pos. 0

, m︸︷︷︸
pos.−1

)
.

=
(
. . . , b−3 , b3 , b2 ,mfS , (mfS)

− ,m
)
.

Proposition 381 (The Conduché condition)

Suppose given cofinite subsets I, J ⊆ Z⩾0 with I ∪ J = Z⩾0 .

We have [⋂
i∈I

ker d∞i ,
⋂
j∈J

ker d∞j
]
= 1 .

Proof. Suppose given x ∈
⋂
i∈I

ker d∞i and suppose given y ∈
⋂
j∈J

ker d∞j .

We have to shows that [x, y]
!
= 1.

We write bk := x{k} ∈ B for k ∈ Z⩾0 and we write m := x{−1} ∈M .

So x = (. . . , b1 , b0 ,m) ∈ H∞ .
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We write ck := y{k} ∈ B for k ∈ Z⩾0 and we write n := y{−1} ∈M .

So y = (. . . , c1 , c0 , n) ∈ H∞ .

We write Z⩾0\I =: {i1 , i2 , . . . , iℓ} where is < it for s < t.

We write Z⩾0\J =: {j1 , j2 , . . . , jr} where js < jt for s < t.

Note that we have (Z⩾0\I) ∩ (Z⩾0\J) = ∅ since I ∪ J = Z⩾0 .

By Lemma 379, we have

x =
( ∏
k∈⌊ℓ−1,1⌋

(bik)ζ⌋ik+1, ik⌋
)
·mζ⌋i1,−1⌋

and

y =
( ∏
k∈⌊r−1,1⌋

(cjk)ζ⌋jk+1, jk⌋
)
· nζ⌋j1,−1⌋ .

We show that
[
mζ⌋i1,−1⌋ , nζ⌋j1,−1⌋

] !
= 1.

Since (Z⩾0\I) ∩ (Z⩾0\J) = ∅, we have i1 ̸= j1 . So, by Lemma 377, we have[
mζ⌋i1,−1⌋ , nζ⌋j1,−1⌋

]
= 1 .

Let k ∈ [1, r − 1]. We show that
[
mζ⌋i1,−1⌋ , (cjk)ζ⌋jk+1, jk⌋

] !
= 1.

Since (Z⩾0\I) ∩ (Z⩾0\J) = ∅, we have {jk+1 , jk} ∩ {i1} = ∅ . So, by Lemma 376, we have[
mζ⌋i1,−1⌋ , (cjk)ζ⌋jk+1, jk⌋

]
= 1 .

Let k ∈ [1, ℓ− 1]. We show that
[
nζ⌋j1,−1⌋ , (bik)ζ⌋ik+1, ik⌋

] !
= 1.

Since (Z⩾0\I) ∩ (Z⩾0\J) = ∅, we have {ik+1 , ik} ∩ {j1} = ∅ . So, by Lemma 376, we have[
nζ⌋j1,−1⌋ , (bik)ζ⌋ik+1, ik⌋

]
= 1 .

Let k ∈ [1, ℓ− 1] and let q ∈ [1, r − 1]. We show that
[
(bik)ζ⌋ik+1, ik⌋ , (cqk)ζ⌋jq+1, jq⌋

] !
= 1.

Since (Z⩾0\I) ∩ (Z⩾0\J) = ∅, we have {ik+1 , ik} ∩ {jq+1 , jq} = ∅ . So, by Lemma 375, we
have [

(bik)ζ⌋ik+1, ik⌋ , (cjq)ζ⌋jq+1, jq⌋
]
= 1 .
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Altogether, this shows

[x, y] =
[( ∏

k∈⌊ℓ−1,1⌋

(bik)ζ⌋ik+1, ik⌋
)
·mζ⌋i1,−1⌋ ,

( ∏
k∈⌊r−1,1⌋

(cjk)ζ⌋jk+1, jk⌋
)
· nζ⌋j1,−1⌋

]
= 1 .

Corollary 382 Suppose given subsets I, J ⊆ Z⩾0 with I ∪ J = Z⩾0 .

We have [⋂
i∈I

ker d∞i ,
⋂
j∈J

ker d∞j
]
= 1 .

Proof. Suppose given x ∈
⋂
i∈I

ker d∞i and suppose given y ∈
⋂
j∈J

ker d∞j .

We may choose some k ∈ Z⩾0 with x{i} = 1 for i ∈ Z⩾k . So, for i ∈ Z⩾k+1 , we have

xd∞i = x{i} · x{i−1} = 1 · 1 = 1 .

This shows that x ∈
⋂
i∈Ĩ

ker d∞i , where Ĩ := I ∪ Z⩾k+1 .

We may choose some ℓ ∈ Z⩾0 with y{j} = 1 for j ∈ Z⩾ℓ . So, for j ∈ Z⩾ℓ+1 , we have

yd∞j = y{j} · y{j−1} = 1 · 1 = 1 .

This shows that y ∈
⋂
j∈J̃

ker d∞j , where J̃ := J ∪ Z⩾ℓ+1 .

Note that Ĩ and J̃ are cofinite. So, by Proposition 381, we have [x, y] = 1.

17.3 An example for the group Hn via Magma

17.3.1 The group Hn for B = S3 and M = A3

We consider the symmetric group S3 and the alternating group A3 P S3 .

We consider the map κ3 : S3 × S3 → A3 , (b, c) 7→ [b, c] , and we consider the inclusion
morphism ι3 : A3 → S3 , m 7→ m .

Then V3 := (A3 , S3 , κ3 , ι3) is a stable crossed module; cf. Example 334.

Let n ∈ [0, 3]. For V3 , we shall calculate the group Hn together with its multiplication for
n ∈ [−1, 6]; cf. Lemma 342.
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Recall that H−1 = A3 . Recall that the multiplication in Hn = S3 ⋉Hn−1 is given as follows.
For b, b̃ ∈ S3 and h, h̃ ∈ Hn−1 , we have

(b, h) · (b̃, h̃) =
(
b · b̃, h(b̃αn−1) · h̃

)
,

using αn−1 : S3 → Aut(Hn−1) . To calculate αn−1 , we shall use Lemma 347.(2).

In H0 , for m ∈ A3 and b̃ ∈ S3 , We write

m(b̃α−1) = m · [mι, b̃] = m · (m− · b̃− ·m · b̃) = mb̃ .

B := SymmetricGroup(3);

M := AlternatingGroup(3);

The multiplication in H0 is given as follows. We write alpha = α−1 : S3 → Aut(A3).

alpha := function(m,bb) // yields m^bb

return M!(m^bb);

end function;

mult0 := function(x,xx) // x = <b0,m>, xx = <bb0,mm> are multiplied

b0 := x[1];

m := x[2];

bb0 := xx[1];

mm := xx[2];

return <b0 * bb0, alpha(m,bb0) * mm>;

end function;

The multiplication mult1 in H1 is given as follows. We write alpha0 = α0 : S3 → Aut(H0) .

alpha0 := function(x,bb) // yields x^bb , where x = <b0,m>

b0 := x[1];

m := x[2];

return <b0^bb, M!((bb,b0) * m)>;

end function;

mult1 := function(x,xx)

// x = <b1,b0,m>, xx = <bb1,bb0,mm> are multiplied

b1 := x[1];

b0 := x[2];

m := x[3];

bb1 := xx[1];

bb0 := xx[2];
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mm := xx[3];

y := mult0(alpha0(<b0,m>,bb1),<bb0,mm>);

return <b1 * bb1, y[1], y[2]>;

end function;

The multiplication mult2 in H2 is given as follows. We write alpha1 = α1 : S3 → Aut(H1) .

alpha1 := function(x,bb) // yields x^bb , where x = <b1,b0,m>

b1 := x[1];

b0 := x[2];

m := x[3];

return <b1^bb, (bb,b1) * b0, M!((b1,bb)^b0 * m)>;

end function;

mult2 := function(x,xx)

// x = <b2,b1,b0,m>, xx = <bb2,bb1,bb0,mm> are multiplied

b2 := x[1];

b1 := x[2];

b0 := x[3];

m := x[4];

bb2 := xx[1];

bb1 := xx[2];

bb0 := xx[3];

mm := xx[4];

y := mult1(alpha1(<b1,b0,m>,bb2),<bb1,bb0,mm>);

return <b2 * bb2, y[1], y[2], y[3]>;

end function;

The multiplication mult3 in H3 is given as follows. We write alpha2 = α2 : S3 → Aut(H2) .

alpha2 := function(x,bb) // yields x^bb , where x = <b2,b1,b0,m>

b2 := x[1];

b1 := x[2];

b0 := x[3];

m := x[4];

return <b2^bb, (bb,b2) * b1, (b2,bb)^b1 * b0, M!((bb,b2)^(b1*b0) * m)>;

end function;

mult3 := function(x,xx)

// x = <b3,b2,b1,b0,m>, xx = <bb3,bb2,bb1,bb0,mm> are multiplied

b3 := x[1];

b2 := x[2];

b1 := x[3];

b0 := x[4];
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m := x[5];

bb3 := xx[1];

bb2 := xx[2];

bb1 := xx[3];

bb0 := xx[4];

mm := xx[5];

y := mult2(alpha2(<b2,b1,b0,m>,bb3),<bb2,bb1,bb0,mm>);

return <b3 * bb3, y[1], y[2], y[3], y[4]>;

end function;

The multiplication mult4 in H4 is given as follows. We write alpha3 = α3 : S3 → Aut(H3) .

alpha3 := function(x,bb) // yields x^bb , where x = <b3,b2,b1,b0,m>

b3 := x[1];

b2 := x[2];

b1 := x[3];

b0 := x[4];

m := x[5];

return <b3^bb, (bb,b3) * b2, (b3,bb)^b2 * b1, (bb,b3)^(b2*b1) * b0,

M!((b3,bb)^(b2*b1*b0) * m)>;

end function;

mult4 := function(x,xx)

// x = <b4,b3,b2,b1,b0,m>, xx = <bb4,bb3,bb2,bb1,bb0,mm> are multiplied

b4 := x[1];

b3 := x[2];

b2 := x[3];

b1 := x[4];

b0 := x[5];

m := x[6];

bb4 := xx[1];

bb3 := xx[2];

bb2 := xx[3];

bb1 := xx[4];

bb0 := xx[5];

mm := xx[6];

y := mult3(alpha3(<b3,b2,b1,b0,m>,bb4),<bb3,bb2,bb1,bb0,mm>);

return <b4 * bb4, y[1], y[2], y[3], y[4], y[5]>;

end function;

The multiplication mult5 in H5 is given as follows. We write alpha4 = α4 : S3 → Aut(H4) .

alpha4 := function(x,bb) // yields x^bb , where x = <b4,b3,b2,b1,b0,m>

b4 := x[1];
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b3 := x[2];

b2 := x[3];

b1 := x[4];

b0 := x[5];

m := x[6];

return <b4^bb, (bb,b4) * b3, (b4,bb)^b3 * b2, (bb,b4)^(b3*b2) * b1,

(b4,bb)^(b3*b2*b1) * b0, M!((bb,b4)^(b3*b2*b1*b0) * m)>;

end function;

mult5 := function(x,xx)

// x = <b5,b4,b3,b2,b1,b0,m>,

//xx = <bb5,bb4,bb3,bb2,bb1,bb0,mm> are multiplied

b5 := x[1];

b4 := x[2];

b3 := x[3];

b2 := x[4];

b1 := x[5];

b0 := x[6];

m := x[7];

bb5 := xx[1];

bb4 := xx[2];

bb3 := xx[3];

bb2 := xx[4];

bb1 := xx[5];

bb0 := xx[6];

mm := xx[7];

y := mult4(alpha4(<b4,b3,b2,b1,b0,m>,bb5),<bb4,bb3,bb2,bb1,bb0,mm>);

return <b5 * bb5, y[1], y[2], y[3], y[4], y[5], y[6]>;

end function;

The multiplication mult6 in H6 is given as follows. We write alpha5 = α5 : S3 → Aut(H5) .

alpha5 := function(x,bb) // yields x^bb , where x = <b5,b4,b3,b2,b1,b0,m>

b5 := x[1];

b4 := x[2];

b3 := x[3];

b2 := x[4];

b1 := x[5];

b0 := x[6];

m := x[7];

return <b5^bb, (bb,b5) * b4, (b5,bb)^b4 * b3, (bb,b5)^(b4*b3) * b2,

(b5,bb)^(b4*b3*b2) * b1, (bb,b5)^(b4*b3*b2*b1) * b0,

M!( (b5,bb)^(b4*b3*b2*b1*b0) * m )>;

end function;
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mult6 := function(x,xx)

// x = <b6,b5,b4,b3,b2,b1,b0,m>,

//xx = <bb6,bb5,bb4,bb3,bb2,bb1,bb0,mm> are multiplied

b6 := x[1];

b5 := x[2];

b4 := x[3];

b3 := x[4];

b2 := x[5];

b1 := x[6];

b0 := x[7];

m := x[8];

bb6 := xx[1];

bb5 := xx[2];

bb4 := xx[3];

bb3 := xx[4];

bb2 := xx[5];

bb1 := xx[6];

bb0 := xx[7];

mm := xx[8];

y := mult5(alpha5(<b5,b4,b3,b2,b1,b0,m>,bb6),<bb5,bb4,bb3,bb2,bb1,bb0,mm>);

return <b6 * bb6, y[1], y[2], y[3], y[4], y[5], y[6], y[7]>;

end function;

17.3.2 The multiplication formula for Hn

We implement the multiplication formula given in Lemma 349.

// The multiplication in H_n

pos := function(j,k)

// pos(j,k) yields the position of bk in the tuple <bj,..,b0,m>, where m = b_{-1}

return j-1-k;

end function;

multoo := function(x,xx)

//x = <bn,...,b0,m> and xx = <bbn,...,bb0,mm> are multiplied

n := #x-2;

prod := <B!1 : k in [0..n]>; // the entries bi

Append(~prod,M!1); // the entry m

prod[1] := x[1] * xx[1]; // Calculates the entry in position n

if n eq -1 then // Case n = -1

616



17.3. AN EXAMPLE FOR THE GROUP Hn VIA MAGMA

return prod;

else

if n eq 0 then // Calculates the entry in position n-1

prod[2] := alpha(x[2],xx[1]) * xx[2];

return prod;

else

prod[2] := x[2]^xx[1] * xx[2];

end if;

end if;

for k in [-1..n-2] do

for i in [t : t in [k..n-2] | (t mod 2) eq (k mod 2)] do

// i congruent to k mod 2

if IsEmpty([k+1..i]) then

expo := xx[pos(#x,i+1)];

else

expo := xx[pos(#x,i+1)] * &*[ x[pos(#x,j)] * xx[pos(#x,j)] :

j in Reverse([k+1..i])];

end if;

prod[pos(#x,k)] *:= (xx[pos(#x,i+2)],x[pos(#x,i+1)])^expo;

end for;

for i in Reverse([t : t in [k..n-2] | (t mod 2) eq ( (k+1) mod 2)]) do

// i congruent k+1 mod 2 + inverted

if IsEmpty([k+1..i]) then

expo := xx[pos(#x,i+1)];

else

expo := xx[pos(#x,i+1)] * &*[ x[pos(#x,j)] * xx[pos(#x,j)] :

j in Reverse([k+1..i])];

end if;

prod[pos(#x,k)] *:= (x[pos(#x,i+1)],xx[pos(#x,i+2)])^expo;

end for;

prod[pos(#x,k)] *:= x[pos(#x,k)]^xx[pos(#x,k+1)] * xx[pos(#x,k)]; // rest term

end for;

return prod;

end function;

We want to verify the formula from Lemma 349 by comparison with mult1, mult2, mult3
and mult4 from § 17.3.1.

// Test for mult1

test1 := function()

for b1,bb1 in B do

for b0,bb0 in B do
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for m,mm in M do

x := <b1,b0,m>;

xx := <bb1,bb0,mm>;

prod1 := mult1(x,xx);

prod2 := multoo(x,xx);

if not prod1 eq prod2 then

return false;

end if;

end for;

end for;

end for;

return true;

end function;

The program is called by test1(); .

// Test for mult2

test2 := function()

for b2,bb2 in B do

for b1,bb1 in B do

for b0,bb0 in B do

for m,mm in M do

x := <b2,b1,b0,m>;

xx := <bb2,bb1,bb0,mm>;

prod1 := mult2(x,xx);

prod2 := multoo(x,xx);

if not prod1 eq prod2 then

return false;

end if;

end for;

end for;

end for;

end for;

return true;

end function;

The program is called by test2(); .

// Test for mult3

test3 := function()

for b3,bb3 in B do

for b2,bb2 in B do

for b1,bb1 in B do
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for b0,bb0 in B do

for m,mm in M do

x := <b3,b2,b1,b0,m>;

xx := <bb3,bb2,bb1,bb0,mm>;

prod1 := mult3(x,xx);

prod2 := multoo(x,xx);

if not prod1 eq prod2 then

return false;

end if;

end for;

end for;

end for;

end for;

end for;

return true;

end function;

The program is called by test3(); .

// Test for mult4

test4 := function()

for b4,bb4 in B do

for b3,bb3 in B do

for b2,bb2 in B do

for b1,bb1 in B do

for b0,bb0 in B do

for m,mm in M do

x := <b4,b3,b2,b1,b0,m>;

xx := <bb4,bb3,bb2,bb1,bb0,mm>;

prod1 := mult4(x,xx);

prod2 := multoo(x,xx);

if not prod1 eq prod2 then

return false;

end if;

end for;

end for;

end for;

end for;

end for;

end for;

return true;

end function;

The program is called by test4(); .
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For B = SymmetricGroup(3) and M = AlternatingGroup(3) , the test programs test1,
test2, test3 and test4 yield true .

17.3.3 The group Hn for B = S4 and M = A4

We consider the symmetric group S4 and the alternating group A4 P S4 .

Similar to the the stable crossed module V3 in §17.3.1, we have the stable crossed module
V4 := (A4 , S4 , κ4 , ι4) with

κ4 : S4 × S4 → A4 , (b, c) 7→ [b, c] ,

ι4 : A4 → A4 , m 7→ m.

We let B := SymmetricGroup(4) and M := AlternatingGroup(4).

We use the same Magma code as in §17.3.1 to define the multiplication in Hn = S4 ⋉Hn−1 ,
where H−1 = A4 , for n ∈ {1, 2}.
Moreover, we use the Magma code in §17.3.2 to compare the results the code yields in §17.3.1
and in §17.3.2.

For B = SymmetricGroup(4) and M = AlternatingGroup(4) , the test programs test1 and
test2 yield true .

17.3.4 The group Hn for B = A4 and M = V4

We consider the alternating group A4 and the Klein four-group V4 P A4 . We write K4 := V4

to avoid confusion with the stable crossed module V4 from §17.3.3.

Similar to the the stable crossed module V3 in §17.3.1, we have the stable crossed module
W4 := (K4 ,A4 , κ̃4 , ι̃4) with

κ̃4 : A4 × A4 → K4 , (b, c) 7→ [b, c] ,

ι̃4 : K4 → K4 , m 7→ m.

We let B := AlternatingGroup(4) and M := sub<B | B!(1,2)(3,4), B!(1,3)(2,4)>.

We use the same Magma code as in §17.3.1 to define the multiplication in Hn = A4 ⋉Hn−1 ,
where H−1 = K4 , for n ∈ {1, 2, 3}.
Moreover, we use the Magma code in §17.3.2 to compare the results the code yields in §17.3.1
and in §17.3.2.
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For B = AlternatingGroup(4) and M := sub<B | B!(1,2)(3,4), B!(1,3)(2,4)> , the
test programs test1, test2 and test3 yield true .

17.3.5 The orders of elements in Hn

The calculations

We calculate the orders of the elements in H0 for B = S3, M = A3 and for B = S4, M = A4 .

// Order of elements in H_0

order0 := function(x) // yields the order of x = <b0,m> in H_0

ord := 1;

y := x;

while not y eq <B!1,M!1> do

ord +:= 1;

y := mult0(x,y);

end while;

return ord;

end function;

orders_H0 := function();

order_list := [];

order_multi := [];

for b0 in B do

for m in M do

ord := order0(<b0,m>);

if not ord in order_list then

Append(~order_list, ord);

Append(~order_multi, <ord,1>);

else

order_multi[Index(order_list,ord)] +:= <0,1>;

end if;

end for;

end for;

return order_multi;

end function;

This yields the following.

orders_H0(); // B = S3, M = A3

// [ <1, 1>, <3, 8>, <2, 9> ]
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orders_H0(); // B = S4, M = A4

// [ <1, 1>, <2, 51>, <3, 80>, <4, 108>, <6, 48> ]

So in the case B = S3 , M = A3 , we have 1 element of order 4, 8 elements of order 3 and 9
elements of order 2.

We calculate the order of the elements in H1 for B = S3, M = A3 and for B = S4, M = A4 .

// Order of elements in H_1

order1 := function(x) // yields the order of x = <b1,b0,m> in H_1

ord := 1;

y := x;

while not y eq <B!1,B!1,M!1> do

ord +:= 1;

y := mult1(x,y);

end while;

return ord;

end function;

orders_H1 := function();

order_list := [];

order_multi := [];

for b1 in B do

for b0 in B do

for m in M do

ord := order1(<b1,b0,m>);

if not ord in order_list then

Append(~order_list, ord);

Append(~order_multi, <ord,1>);

else

order_multi[Index(order_list,ord)] +:= <0,1>;

end if;

end for;

end for;

end for;

return order_multi;

end function;

This yields the following.

orders_H1(); // B = S3, M = A3

// [ <1, 1>, <3, 26>, <2, 27>, <6, 54> ]
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orders_H1(); // B = S4, M = A4

// [ <1, 1>, <2, 495>, <3, 728>, <4, 1296>, <6, 1800>, <12, 2592> ]

We calculate the orders of the elements in H2 for B = S3, M = A3 and for B = S4, M = A4 .

// Order of elements in H_2

order2 := function(x) // yields the order of x = <b2,b1,b0,m> in H_2

ord := 1;

y := x;

while not y eq <B!1,B!1,B!1,M!1> do

ord +:= 1;

y := mult2(x,y);

end while;

return ord;

end function;

orders_H2 := function();

order_list := [];

order_multi := [];

for b2 in B do

for b1 in B do

for b0 in B do

for m in M do

ord := order2(<b2,b1,b0,m>);

if not ord in order_list then

Append(~order_list, ord);

Append(~order_multi, <ord,1>);

else

order_multi[Index(order_list,ord)] +:= <0,1>;

end if;

end for;

end for;

end for;

end for;

return order_multi;

end function;

This yields the following.

orders_H2(); // B = S3, M = A3

// [ <1, 1>, <3, 80>, <2, 135>, <6, 432> ]
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orders_H2(); // B = S4, M = A4

// [ <1, 1>, <2, 5007>, <3, 6560>, <4, 29808>, <6, 41568>, <12, 82944> ]

We calculate the orders of the elements in H3 for B = S3, M = A3 and for B = S4, M = A4 .

// Order of elements in H_3

order3 := function(x) //yields the order of x = <b3,b2,b1,b0,m> in H_3

ord := 1;

y := x;

while not y eq <B!1,B!1,B!1,B!1,M!1> do

ord +:= 1;

y := mult3(x,y);

end while;

return ord;

end function;

orders_H3 := function();

order_list := [];

order_multi := [];

for b3 in B do

for b2 in B do

for b1 in B do

for b0 in B do

for m in M do

ord := order3(<b3,b2,b1,b0,m>);

if not ord in order_list then

Append(~order_list, ord);

Append(~order_multi, <ord,1>);

else

order_multi[Index(order_list,ord)] +:= <0,1>;

end if;

end for;

end for;

end for;

end for;

end for;

return order_multi;

end function;
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This yields the following.

orders_H3(); // B = S3, M = A3

// [ <1, 1>, <3, 242>, <2, 495>, <6, 3150> ]

orders_H3(); // B = S4, M = A4

// [ <1, 1>, <2, 49983>, <3, 59048>, <4, 457920>, <6, 839640>, <12, 2574720> ]

We calculate the orders of the elements in H4 for B = S3, M = A3 .

// Order of elements in H_4

order4 := function(x) //yields the order of x = <b4,b3,b2,b1,b0,m> in H_4

ord := 1;

y := x;

while not y eq <B!1,B!1,B!1,B!1,B!1,M!1> do

ord +:= 1;

y := mult4(x,y);

end while;

return ord;

end function;

orders_H4 := function();

order_list := [];

order_multi := [];

for b4 in B do

for b3 in B do

for b2 in B do

for b1 in B do

for b0 in B do

for m in M do

ord := order4(<b4,b3,b2,b1,b0,m>);

if not ord in order_list then

Append(~order_list, ord);

Append(~order_multi, <ord,1>);

else

order_multi[Index(order_list,ord)] +:= <0,1>;

end if;

end for;

end for;

end for;

end for;

end for;

end for;

return order_multi;

end function;

625



CHAPTER 17. CONSTRUCTION OF THE GROUP H∞ FROM A STABLE CROSSED
MODULE

This yields the following.

orders_H4(); // B = S3, M = A3

// [ <1, 1>, <3, 728>, <2, 2079>, <6, 20520> ]

We calculate the orders of the elements in H5 for B = S3, M = A3 .

// Order of elements in H_5

order5 := function(x) //yields the order of x = <b5,b4,b3,b2,b1,b0,m> in H_5

ord := 1;

y := x;

while not y eq <B!1,B!1,B!1,B!1,B!1,B!1,M!1> do

ord +:= 1;

y := mult5(x,y);

end while;

return ord;

end function;

orders_H5 := function();

order_list := [];

order_multi := [];

for b5 in B do

for b4 in B do

for b3 in B do

for b2 in B do

for b1 in B do

for b0 in B do

for m in M do

ord := order5(<b5,b4,b3,b2,b1,b0,m>);

if not ord in order_list then

Append(~order_list, ord);

Append(~order_multi, <ord,1>);

else

order_multi[Index(order_list,ord)] +:= <0,1>;

end if;

end for;

end for;

end for;

end for;

end for;

end for;

end for;

return order_multi;

end function;
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This yields the following.

orders_H5(); // B = S3, M = A3

//[ <1, 1>, <3, 2186>, <2, 8127>, <6, 129654> ]

We calculate the orders of the elements in H6 for B = S3, M = A3 .

// Order of elements in H_6

order6 := function(x) //yields the order of x = <b6,b5,b4,b3,b2,b1,b0,m> in H_6

ord := 1;

y := x;

while not y eq <B!1,B!1,B!1,B!1,B!1,B!1,B!1,M!1> do

ord +:= 1;

y := mult6(x,y);

end while;

return ord;

end function;

orders_H6 := function();

order_list := [];

order_multi := [];

for b6 in B do

for b5 in B do

for b4 in B do

for b3 in B do

for b2 in B do

for b1 in B do

for b0 in B do

for m in M do

ord := order6(<b6,b5,b4,b3,b2,b1,b0,m>);

if not ord in order_list then

Append(~order_list, ord);

Append(~order_multi, <ord,1>);

else

order_multi[Index(order_list,ord)] +:= <0,1>;

end if;

end for;

end for;

end for;

end for;

end for;

end for;

end for;

end for;

return order_multi;

end function;
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This yields the following.

orders_H6(); // B = S3, M = A3

//[ <1, 1>, <3, 6560>, <2, 32895>, <6, 800352> ]

The result of the experiment

Let B = S3 and let M = A3 . For n ∈ [0, 6], let #k :=
∣∣{x ∈ Hn : |⟨x⟩| = k}

∣∣ be the number
of elements of order k in the group Hn .

We obtain the following.

n #1 #2 #3 #6
0 1 9 8 -
1 1 27 26 54
2 1 135 80 432
3 1 495 242 3150
4 1 2079 728 20520
5 1 8127 2186 129654
6 1 32895 6560 800352

Let B = S4 and let M = A4 .

For n ∈ [0, 3], let #k :=
∣∣{x ∈ Hn : |⟨x⟩| = k}

∣∣ be the number of elements of order k in the
group Hn .

We obtain the following.

n #1 #2 #3 #4 #6 #12
0 1 51 80 108 48 -
1 1 495 728 1296 1800 2592
2 1 5007 6560 29808 41568 82944
3 1 49983 59048 457920 839640 2574720
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Chapter 18

The equivalent categories of
⌊1, 0⌋-stable simplicial groups
and stable crossed modules

18.1 The category of ⌊1, 0⌋-stable simplicial groups

Let n = 1.

Remark 383 (⌊1, 0⌋-stable simplicial groups)

Suppose given a ⌊1, 0⌋-stable simplicial group G ∈ Ob
(
⌊1, 0⌋-StSimpGrp

)
; cf. Definition 307.

For i ∈ Z⩾0 , we have the face maps dG,1i : G1 → G0 and the degeneracy maps sG, 0i : G0 → G1 ;
cf. Remark 228.

In this context of ⌊1, 0⌋-stable simplicial groups, we often write sGi := sG, 0i and dGi := dG,1i

for i ∈ Z⩾0 .

G1 G0 1 . . .
dGj ! !

!!sGi

By Remark 308, the ⌊1, 0⌋-stable simplicial group G has the following properties.

(1) For x ∈ G1 , there exists some ℓ ∈ Z⩾0 such that xdGi = 1 for i ∈ Z⩾ℓ .
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(2) For subsets I, J ⊆ Z⩾0 with I ∪ J = Z⩾0 we have[⋂
i∈I

ker dGi ,
⋂
j∈J

ker dGj
]
= 1 .

(3) For i, j ∈ Z⩾0 , we have

sGi ▲ dGj =

{
idG0 if j ∈ {i, i+ 1}
! if j ∈ Z⩾0\{i, i+ 1} .

Remark 384 (⌊1, 0⌋-stable simplicial group morphisms)

Suppose given a ⌊1, 0⌋-stable simplicial group morphism φ : G→ H; cf. Definition 307.

Then, for i ∈ Z⩾0 , we have

φ0 ▲ sHi = sGi ▲φ1 and dGi ▲φ0 = φ1 ▲ dHi ;

cf. Remark 184.

G0 H0 G0 H0

G1 H1 G1 H1

φ0

sGi sHi

φ1

φ0

dGi dHi

φ1

Remark 385 (Construction of a ⌊1, 0⌋-stable simplicial group)

Suppose given groups G0, G1 . For i ∈ Z⩾0 , suppose given group morphisms di : : G1 → G0

and si : G0 → G1 .

Suppose that the conditions (1, 2, 3) hold.

(1) For x ∈ G1 , there exists some ℓ ∈ Z⩾0 such that xdi = 1 for i ∈ Z⩾ℓ .

(2) For subsets I, J ⊆ Z⩾0 with I ∪ J = Z⩾0 we have[⋂
i∈I

ker di ,
⋂
j∈J

ker dj
]
= 1 .

(3) For i, j ∈ Z⩾0 , we have

si ▲ dj =

{
idG0 if j ∈ {i, i+ 1}
! if j ∈ Z⩾0\{i, i+ 1} .
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Then, by Lemma 311, we have the ⌊1, 0⌋-stable simplicial group G given as follows.

For k ∈ Z⩽1 , we have

[k]±G :=

{
Gk if k ∈ [0, 1]

1 if k ∈ Z⩽−1 .

For k ∈ Z⩽1 , we have

dG,kj :=

{
dj if k = 1

! if k ∈ Z⩽0 .

For k ∈ Z⩽0 , we have

sG,ki :=

{
si if k = 0

! if k ∈ Z⩽−1 .

G1 G0 1 . . .
dj ! !

!!si

Remark 386 (Construction of a ⌊1, 0⌋-stable simplicial group morphism)

Suppose given ⌊1, 0⌋-stable simplicial groups G and H.

Suppose given group morphisms φ1 : G1 → H1 and φ0 : G0 → H0 such that (1, 2) hold.

(1) For j ∈ Z⩾0 , we have dGj ▲φ0 = φ1 ▲ dHj .

(2) For i ∈ Z⩾0 , we have sGi ▲φ1 = φ0 ▲ sHi .

Then, by Lemma 255, φ : G → H is a pre-⌊1,−∞⌋-prestable simplicial group morphism,
where

φk :=

{
φk for k ∈ [0, 1]

! for k ∈ Z⩽−1 .

Since G and H are ⌊1, 0⌋-stable simplicial groups, we have that φ is a ⌊1, 0⌋-stable simplicial
group morphism; cf. Definitions 307, 232.
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G1 G0 1 . . .

H1 H0 1 . . .

dGj ! !

!!sGi

dHj ! !

!!sHi

φ1 φ0 !

Lemma 387 Suppose given a ⌊1, 0⌋-stable simplicial group G. Suppose given g ∈ G1 .

Since g is finite, we may choose some ℓ ∈ Z⩾1 such that gdGj = 1 for j ∈ Z⩾ℓ ; cf. Re-
mark 383.(1).

There exists x0 ∈ GN1 and xk ∈ G1 such that xk = xkd
G
k s

G
k−1 for k ∈ [1, ℓ − 1] and such

that
g =

( ∏
k∈⌊ℓ−1,1⌋

xk
)
· x0 .

Proof. We write si := sGi and di := dGi for i ∈ Z⩾0 .

We show this claim by induction on ℓ ∈ Z⩾1 .

Let ℓ = 1. Then g ∈ GN1 . So we have

g = 1 · g =
( ∏
k∈⌊0,1⌋

xk
)
· g .

Now suppose that ℓ ⩾ 2. We have g = gdℓ−1 sℓ−2 · (gdℓ−1 sℓ−2)
− · g .

Let g̃ := (gdℓ−1 sℓ−2)
− · g ∈ G1 .

For j = ℓ− 1, we have

g̃dj =
(
(gdℓ−1 sℓ−2)

− · g
)
dℓ−1 = (gdℓ−1 sℓ−2dℓ−1)

− · gdℓ−1 = (gdℓ−1)
− · gdℓ−1 = 1 .

For j ⩾ ℓ, we have

g̃dj = (gdℓ−1 sℓ−2 dj)
− · gdj = (gdℓ−1 dj−1 sℓ−2)

− · 1 = (gdj dℓ−2 sℓ−2)
− = (1dℓ−1 sℓ−2)

− = 1 .

This shows that g̃dj = 1 for j ∈ Z⩾ℓ−1 .

So, by induction hypothesis, we may write

g̃ =
( ∏
k∈⌊ℓ−2,1⌋

xk
)
· x0 ,
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where x0 ∈ GN1 and where xk ∈ G1 are such that xk = xkdk sk−1 for k ∈ [1, ℓ− 2].

Moreover, let xℓ−1 := gdℓ−1 sℓ−2 ∈ G1 . We have

xℓ−1 dℓ−1 sℓ−2 = gdℓ−1 sℓ−2 dℓ−1 sℓ−2 = gdℓ−1 sℓ−2 = xℓ−1 .

So altogether, we have

g = gdℓ−1 sℓ−2 ·
(
(gdℓ−1 sℓ−2)

− · g
)
= xℓ−1 · g̃ = xℓ−1 ·

( ∏
k∈⌊ℓ−2,1⌋

xk
)
· x0 =

( ∏
k∈⌊ℓ−1,1⌋

xk
)
· x0 ,

where x0 ∈ GN1 and where xk = xk dk sk−1 for k ∈ [1, ℓ− 1].

18.2 The Conduché bracket in a ⌊1, 0⌋-stable simplicial

group

We transport the arguments of [7, §3] into our context.

Let G be a ⌊1, 0⌋-stable simplicial group; cf. Remark 383.

Let M := GN1 P G1 and let B := G0 .

Definition 388 (Conduché bracket)

For b, c ∈ B, we write

Tb, cU := c−s1 · b−s0 · cs1 · c−s0 · bs0 · cs0 = (b−s0)
cs1 · (bs0)cs0 ∈ G1

for the Conduché bracket of b and c.

Remark 389 Suppose given b, c ∈ B. We have Tb, cU ∈M .

Proof. Suppose given i ∈ Z⩾1 .

If i = 1, then we have

Tb, cUd1 = (b−s0 d1)
cs1d1 · (bs0 d1)

cs0d1 383.(3)
= (bc)− · bc = 1 .

If i = 2 then, we have

Tb, cUd2 = (b−s0 d2)
cs1d2 · (bs0 d2)

cs0d2 383.(3)
= 1c · 1 = 1 .

If i ⩾ 3, then we have

Tb, cUdi = (b−s0 di)
cs1di · (bs0 di)cs0di

383.(3)
= 1 · 1 = 1 .

This shows Tb, cU ∈ GN1 =M .
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Remark 390 Suppose given m, n ∈M and b ∈ B.

(1) We have mnd0s0 = mn .

(2) For k ∈ Z⩾1 , we have mbsk = m .

(3) We have m · Tmd0, bU = mbs0 .

Proof. Ad (1). We have

(n · n−d0s0)d0 = nd0 · n−d0s0d0
383.(3)
= nd0 · n−d0 = 1 .

Therefore, by Remark 383.(2), with I := Z⩾1 and J := {0}, we have [m,n · n−d0 s0] = 1.

So we have

mnd0s0 = n−d0s0 ·m · nd0s0 = n− · (n · n−d0s0) ·m · nd0s0

= n− ·m · (n · n−d0s0) · nd0s0 = n− ·m · n = mn .

Ad (2). Suppose given k ∈ Z⩾1 . We have

(bsk)d0
383.(3)
= 1 .

Therefore, by Remark 383.(2), with I := Z⩾1 and J := {0}, we have [m, bsk] = 1 .

So we have

mbsk = b−sk ·m · bsk = b−sk · bsk ·m = m.

Ad (3). Let I := Z⩾0\{1} and let J := {1}. We show that m ·m−d0s0
!
∈
⋂
i∈I

ker di .

Suppose given i ∈ I. If i = 0, then we have

(m ·m−d0s0)d0 = md0 ·m−d0s0d0
383.(3)
= md0 ·m−d0 = 1 .

If i ⩾ 2, then we have

(m ·m−d0s0)di = mdi · (m−d0)s0di
383.(3)
= 1 · 1 = 1 .

This shows m ·m−d0s0 ∈
⋂
i∈I

ker di .

Moreover, we have

(bs1 · b−s0)d1 = bs1d1 · b−s0d1
383.(3)
= b · b− = 1 .
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This shows bs1 · b−s0 ∈
⋂
j∈J

ker dj .

Then, by Remark 383.(2), we have [m ·m−d0s0 , bs1 · b−s0] = 1 .

So we have

m · Tmd0, bU = m · b−s1 ·m−d0s0 · bs1 · b−s0 ·md0s0 · bs0
= m · b−s1 ·m− · (m ·m−d0s0) · (bs1 · b−s0) ·md0s0 · bs0
= m · b−s1 ·m− · (bs1 · b−s0) · (m ·m−d0s0) ·md0s0 · bs0
= m · b−s1 ·m− · bs1 · b−s0 ·m · bs0
(2)
= m ·m− · b−s0 ·m · bs0
= b−s0 ·m · bs0
= mbs0 .

Remark 391 Suppose given a, b, c ∈ B .

(1) We have Tb, 1U = 1 and T1, bU = 1 .

(2) We have Ta, b · cU = Ta, bU · Tab, cU .

(3) We have Tb, cU− = Tbc, c−U .

Proof. Ad (1). We have

Tb, 1U = (b−s0)
1s1 · (bs0)1s0 = (bs0)

− · bs0 = 1 .

Moreover, we have

T1, bU = (1−s0)
bs1 · (1s0)bs0 = 1bs1 · 1bs0 = 1 .

Ad (2). By Remark 389, we have Ta, bU ∈M .

So, by Remark 390.(2), we have
[
Ta, bU, c−s1

]
= 1 . We obtain

Ta, bU · Tab, cU = Ta, bU ·
(
c−s1 · (ab)−s0 · cs1 · c−s0 · (ab)s0 · cs0

)
= c−s1 · Ta, bU · (ab)−s0 · cs1 · c−s0 · (ab)s0 · cs0
= c−s1 ·

(
b−s1 · a−s0 · bs1 · (ab)s0

)
·
(
(ab)−s0 · cs1 · c−s0 · b−s0 · as0 · bs0 · cs0

)
= c−s1 · b−s1 · a−s0 · bs1 · cs1 · c−s0 · b−s0 · as0 · bs0 · cs0
= (b · c)−s1 · a−s0 · (b · c)s1 · (b · c)−s0 · as0 · (b · c)s0
= Ta, b · cU .
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Ad (3). We have

Tb, cU · Tbc, c−U
(2)
= Tb, c · c−U

(1)
= 1 .

Lemma 392 Suppose given a, b, c ∈ B .

(1) Suppose that [a, b] = 1. Then we have

[as1 · bs0 , cs0] = [bs0 · as1 , cs0] .

In particular, we have

[b−s1 · bs0 , cs0] = [bs0 · b−s1 , cs0] .

(2) For i, j ∈ Z⩾0 with |i− j| ⩾ 2, we have [bsi , csj] = 1 .

(3) For i ∈ Z⩾1 , we have [bsi , csi+1 · c−si · csi−1] = 1 .

(4) For i ∈ Z⩾1 , we have [b−si · bsi−1 , c
−si+1 · csi] = 1 .

Proof. Ad (1). Let I := Z⩾0 and let J := {2}. We show that [bs0 , as1]
!
∈
⋂
i∈I

ker di .

For i = 0, we have

[bs0 , as1]d0
383.(3)
= [b, 1] = 1 .

For i = 1, we have

[bs0 , as1]d1
383.(3)
= [b, a] = 1 .

For i = 2, we have

[bs0 , as1]d2
383.(3)
= [1, a] = 1 .

For i ∈ Z⩾3 , we have

[bs0 , as1]di
383.(3)
= [1, 1] = 1 .

This shows [bs0 , as1] ∈
⋂
i∈I

ker di .
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We show that a−s1 · b−s0 · c−s0 · as1 · bs0
!
∈ ker d2 =

⋂
j∈J

ker dj .

We have

(a−s1 · b−s0 · c−s0 · as1 · bs0)d2
383.(3)
= a− · 1 · 1 · a · 1 = 1 .

This shows a−s1 · b−s0 · c−s0 · as1 · bs0 ∈ ker d2 .

Then, by Remark 383.(2), we have[
[bs0 , as1], a

−s1 · b−s0 · c−s0 · as1 · bs0
]
= 1 .

So we have

[as1 · bs0 , cs0] = b−s0 · a−s1 · c−s0 · as1 · bs0 · cs0
= (b−s0 · a−s1 · bs0 · as1) · (a−s1 · b−s0 · c−s0 · as1 · bs0) · cs0
= (a−s1 · b−s0 · c−s0 · as1 · bs0) · (b−s0 · a−s1 · bs0 · as1) · cs0
= a−s1 · b−s0 · c−s0 · bs0 · as1 · cs0
= [bs0 · as1 , cs0] .

Ad (2). Suppose given i, j ∈ Z⩾0 with |i− j| ⩾ 2. We may assume that i ⩽ j − 2.

Let I := Z⩾i+2 and let J := [0, i+ 1].

For k ∈ I, we have

bsidk
383.(3)
= 1 .

This shows bsi ∈
⋂
k∈I

ker dk .

Suppose given k ∈ J . Then k ⩽ j − 1. We have

csjdk
383.(3)
= 1 .

This shows csj ∈
⋂
k∈J

ker dk .

Therefore, by Remark 383.(2), we have [bsi , csj] = 1.

Ad (3). Suppose given i ∈ Z⩾1 . Let I := Z⩾0\{i, i+ 1} and let J := {i, i+ 1} .

We show that bsi
!
∈
⋂
k∈I

ker dk .

For k ∈ I, we have

bsidk
383.(3)
= 1 .
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We show that csi+1 · c−si · csi−1

!
∈
⋂
k∈J

ker dk .

For k = i, we have

(csi+1 · c−si · csi−1)di
383.(3)
= 1 · c− · c = 1 .

For k = i+ 1, we have

(csi+1 · c−si · csi−1)di+1
383.(3)
= c · c− · 1 = 1 .

Therefore, by Remark 383.(2), we have [bsi , csi+1 · c−si · csi−1] = 1 .

Ad (4). Suppose given i ∈ Z⩾1 . Let I := {i} ∪ Z⩾i+2 and let J := [0, i− 1] ∪ {i+ 1}.

We show that b−si · bsi−1

!
∈
⋂
k∈I

ker dk .

Suppose given k ∈ I. If k = i, then we have

(b−si · bsi−1)di
383.(3)
= b− · b = 1 .

If k ⩾ i+ 2, then we have

(b−si · bsi−1)dk
383.(3)
= 1 · 1 = 1 .

We show that c−si+1 · csi
!
∈
⋂
k∈J

ker dk .

Suppose given k ∈ J . If k ∈ [0, i− 1], then we have

(c−si+1 · csi)dk
383.(3)
= 1 · 1 = 1 .

If k = i+ 1, then we have

(c−si+1 · csi)di+1
383.(3)
= c− · c = 1 .

Therefore, by Remark 383.(2), we have [b−si · bsi−1 , c
−si+1 · csi] = 1.

Lemma 393 Suppose given b, c ∈ B.

We have

Tb, cU = Tc, bU− .
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Proof. We consider the commutator [b−s1 · bs0 , cs2 · c−s1 · cs0] ∈ G1 .

We have
[b−s1 · bs0 , (cs2 · c−s1 · cs0)]

1.(1)
= [b−s1 , cs2 · c−s1 · cs0]bs0 · [bs0 , cs2 · c−s1 · cs0]

392.(3)
= [bs0 , cs2 · (c−s1 · cs0)]

1.(2)
= [bs0 , c

−s1 · cs0] · [bs0 , cs2]c
−s1· cs0

392.(2)
= [bs0 , c

−s1 · cs0]
392.(1)
= [bs0 , cs0 · c−s1]

= b−s0 · cs1 · c−s0 · bs0 · cs0 · c−s1
= cs0 · (c−s0 · b−s0 · cs0) · c−s0 · cs1 · (c−s0 · bs0 · cs0) · c−s1
= cs0 · (bc)−s0 · c−s0 · cs1 · (bc)s0 · c−s1
=

(
cs1 · (bc)−s0 · c−s1 · cs0 · (bc)s0 · c−s0

)−
= Tbc, c−U−

391.(3)
= Tb, cU .

Moreover, we have

[(b−s1 · bs0) , (cs2 · c−s1) · cs0]
1.(2)
= [b−s1 · bs0 , cs0] · [b−s1 · bs0 , cs2 · c−s1]cs0

392.(4)
= [b−s1 · bs0 , cs0]

392.(1)
= [bs0 · b−s1 , cs0]

= bs1 · b−s0 · c−s0 · bs0 · b−s1 · cs0
= bs1 · (b−s0 · c−s0 · bs0) · b−s1 · bs0 · (b−s0 · cs0 · bs0) · b−s0
= bs1 · (cb)−s0 · b−s1 · bs0 · (cb)s0 · b−s0
= Tcb, b−U

391.(3)
= Tc, bU− .

This shows Tb, cU = Tc, bU− .
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Lemma 394 Suppose given b, c ∈ B .

(1) Suppose given t ∈ Z⩾1 . We have

(bst)
cst+1 = (bc)st · [cst−1 , bst] .

(2) Suppose given t ∈ Z⩾0 . If t ≡2 1, then we have

(bst)
cst+1 = (bc)st ·

( ∏
i∈⌊t−1,1⌋

(
[c, b](−1)i

)
si

)
· [cs0 , bs1] .

If t ≡2 0, then we have

(bst)
cst+1 = (bc)st ·

( ∏
i∈⌊t−1,1⌋

(
[b, c](−1)i

)
si

)
·
[
bs0 , cs1

]
.

(3) Suppose given t ∈ Z⩾1 . We have

(bst−1)
cst = (bc)st−1 ·

( ∏
i∈⌊t−2,0⌋

(
[c, b](−1)t−i)

si

)
· Tc, bU(−1)t+1

.

Proof. Ad (1). By Lemma 392.(3), we have [cst+1 · c−st · cst−1 , b
−st] = 1 .

So we have

(b−st)
cst+1 = (b−st)

(c−st−1· cst) .

We obtain

(b−st)
cst+1 · (bc)st · [cst−1 , bst]

= (b−st)
(c−st−1· cst) · (bc)st · [cst−1 , bst]

= c−st · cst−1 · b−st · c−st−1 · bst · cst · [cst−1 , bst]

= (c−st · cst−1) · (b−st+1 · bst)− · b−st+1 · c−st−1 · bst · cst · [cst−1 , bst]
392.(4)
= (b−st+1 · bst)− · c−st · (cst−1 · b−st+1 · c−st−1) · bst · cst · [cst−1 , bst]

392.(2)
= b−st · bst+1 · c−st · b−st+1 · bst · cst · [cst−1 , bst]

= b−st · bst+1 · c−st · (b−st+1 · bst) · (cst · c−st−1) · (cst−1)
bst

392.(4)
= b−st · bst+1 · c−st · (cst · c−st−1) · (b−st+1 · bst) · (cst−1)

bst

= b−st · bst+1 · (c−st−1 · b−st+1 · cst−1) · bst
392.(2)
= b−st · bst+1 · b−st+1 · bst
= 1 .
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This shows (bst)
cst+1 = (bc)st · [cst−1 , bst].

Ad (2). We show this claim by induction on t ∈ Z⩾0 .

Let t = 0. We have

(bc)s0 ·
( ∏
i∈⌊−1,1⌋

(
[b, c](−1)i

)
si

)
· [bs0 , cs1]

§1.1.2 item9.3
= (bc)s0 ·

((
[b, c](−1)0

)
s0

)−
· [bs0 , cs1]

= (bc)s0 · [c, b]s0 · [bs0 , cs1]
= c−s0 · bs0 · cs0 · c−s0 · b−s0 · cs0 · bs0 · b−s0 · (bs0)cs1

= (bs0)
cs1 .

Let t ⩾ 1. We have

(bst)
cst+1

(1)
= (bc)st · [cst−1 , bst] = (bc)st · c−st−1 · (cst−1)

bst .

If t ≡2 1, then we have

(bst)
cst+1 = (bc)st · c−st−1 · (cst−1)

bst

IH, t−1≡2 0
= (bc)st · c−st−1 · (cb)st−1 ·

( ∏
i∈⌊t−2,1⌋

(
[c, b](−1)i

)
si

)
· [cs0 , bs1]

= (bc)st · [c, b]st−1 ·
( ∏
i∈⌊t−2,1⌋

(
[c, b](−1)i

)
si

)
· [cs0 , bs1]

= (bc)st ·
( ∏
i∈⌊t−1,1⌋

(
[c, b](−1)i

)
si

)
· [cs0 , bs1] .

If t ≡2 0, then we have

(bst)
cst+1 = (bc)st · c−st−1 · (cst−1)

bst

IH, t−1≡21
= (bc)st · c−st−1 · (cb)st−1 ·

( ∏
i∈⌊t−2,1⌋

(
[b, c](−1)i

)
si

)
· [bs0 , cs1]

= (bc)st ·
(
[b, c]st−1

)− · ( ∏
i∈⌊t−2,1⌋

(
[b, c](−1)i

)
si

)
· [bs0 , cs1]

= (bc)st ·
( ∏
i∈⌊t−1,1⌋

(
[b, c](−1)i

)
si

)
· [bs0 , cs1] .

This shows the claim.

Ad (3). Case t ≡2 0. Then t− 1 ≡2 1.
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So we have

(bst−1)
cst (2)

= (bc)st−1 ·
( ∏
i∈⌊t−2,1⌋

(
[c, b](−1)i

)
si

)
· [cs0 , bs1]

= (bc)st−1 ·
( ∏
i∈⌊t−2,1⌋

(
[c, b](−1)i

)
si

)
· (cs0)− · (cs0)bs1

= (bc)st−1 ·
( ∏
i∈⌊t−2,1⌋

(
[c, b](−1)i

)
si

)
· (cs0)− · (cs0)bs0 · (c−s0)bs0 · (cs0)bs1

= (bc)st−1 ·
( ∏
i∈⌊t−2,1⌋

(
[c, b](−1)i

)
si

)
· [c, b]s0 ·

(
(c−s0)

bs1 · (cs0)bs0
)−

388
= (bc)st−1 ·

( ∏
i∈⌊t−2,0⌋

(
[c, b](−1)i

)
si

)
· Tc, bU−

= (bc)st−1 ·
( ∏
i∈⌊t−2,0⌋

(
[c, b](−1)t−i)

si

)
· Tc, bU(−1)t+1

.

Case t ≡2 1. Then t− 1 ≡2 0.

So we have

(bst−1)
cst

(2)
= (bc)st−1 ·

( ∏
i∈⌊t−2,1⌋

(
[b, c](−1)i

)
si

)
· [bs0 , cs1]

= (bc)st−1 ·
( ∏
i∈⌊t−2,1⌋

(
[b, c](−1)i

)
si

)
· (bs0)− · (bs0)cs1

= (bc)st−1 ·
( ∏
i∈⌊t−2,1⌋

(
[b, c](−1)i

)
si

)
· (bs0)− · (bs0)cs0 · (b−s0)cs0 · (bs0)cs1

= (bc)st−1 ·
( ∏
i∈⌊t−2,1⌋

(
[b, c](−1)i

)
si

)
· [b, c]s0 ·

(
(b−s0)

cs1 · (bs0)cs0
)−

388
= (bc)st−1 ·

( ∏
i∈⌊t−2,0⌋

(
[b, c](−1)i

)
si

)
· Tb, cU−

393
= (bc)st−1 ·

( ∏
i∈⌊t−2,0⌋

(
[c, b](−1)t−i)

si

)
· Tc, bU(−1)t+1

.
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18.3 The functor N̂± : ⌊1, 0⌋-StSimpGrp → StCr Mod

Remark 395 (The stable simplicial group GN̂±)

Suppose given a ⌊1, 0⌋-stable simplicial group G cf. Remark 383.

We consider the groups

GN1
257.(2)
=

⋂
j∈Z⩾1

ker dGj ⩽ G1 and G0 .

We consider the map

κG : G0 ×G0 → GN1 , (b, c) 7→ (b, c)κG := Tb, cU = (b−sG0 )
csG1 · (bsG0 )cs

G
0 ;

cf. Definition 388, Remark 389.

We consider the group morphism

dG0
∣∣
GN1

: GN1 → G0 , x 7→ xdG0 .

Then
GN̂± = (MGN̂± , BGN̂± , κGN̂± , fGN̂±) :=

(
GN1 , G0 , κG , d

G
0

∣∣
GN1

)
is a stable crossed module; cf. Definition 321.

Proof. For k ∈ Z⩾0 , we write sk := sGk and we write dk := dGk .

Ad (SCM1). Suppose given b, c ∈ G0 .

By Lemma 393, we have
Tb, cU = Tc, bU− .

Ad (SCM2). Suppose given b, c ∈ G0 .

We have

Tb, cUd0 =
(
(b−s0)

cs1 · (bs0)cs0
)
d0

383.(3)
= b− · bc = [b, c] .

Ad (SCM3). Suppose given m, n ∈ GN1 .

We have

Tmd0, nd0U
390.(3)
= m− ·mnd0s0 390.(1)

= m− ·mn = [m,n] .
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Ad (SCM4). Suppose given a, b, c ∈ G0 .

By Remark 391.(2), we have

Ta, b · cU = Ta, bU · Tab, cU .

This shows that
(
GN1 , G0 , κG , d0

∣∣
GN1

)
is a stable crossed module.

Remark 396 (The stable crossed module morphism φN̂±)

Suppose given a ⌊1, 0⌋-simplicial group morphism φ : G→ H; cf. Remark 384.

We consider the stable crossed modules

GN̂± =
(
GN1 , G0 , κG , d

G
0

∣∣
GN1

)
and HN̂± =

(
HN1 , H0 , κH , d

H
0

∣∣
HN1

)
;

cf. Remark 395. Then

φN̂± := (φ1

∣∣HN1

GN1
, φ0) : GN̂

± → HN̂±

is a stable crossed module morphism; cf. Definition 324.

Proof. Suppose given m ∈ GN1 . For j ∈ Z⩾1 , we have

mφ1d
H
j

384
= mdGj φ0 = 1φ0 = 1 .

This shows mφ1 ∈ HN1 .

So we have the group morphism φ1

∣∣HN1

GN1
: GN1 → HN1 .

We show that (φ1

∣∣HN1

GN1
, φ0) is a stable crossed module morphism.

For m ∈ GN1 , we have

m(φ1

∣∣HN1

GN1
▲ dH0

∣∣
HN1

) = mφ1d
H
0

384
= mdG0 φ0 = m(dG0

∣∣
GN1

▲φ0) .

This shows φ1

∣∣HN1

GN1
▲ dH0

∣∣
HN1

= dG0
∣∣
GN1

▲φ0 .

For b, c ∈ G0 , we have

Tb, cU
(
φ1

∣∣HN1

GN1

)
= Tb, cUφ1 =

(
(b−sG0 )

csG1 · (bsG0 )cs
G
0

)
φ1

384
=

(
(b−φ0)s

H
0

)(cφ0)sH1 ·
(
(bφ0)s

H
0

)(cφ0)sH0 = Tbφ0, cφ0U .

Altogether, this shows that (φ1

∣∣HN1

GN1
, φ0) is a stable crossed module morphism.
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Lemma 397 (The functor N̂±)

We have the functor

N̂± : ⌊1, 0⌋-StSimpGrp → StCr Mod , (G
φ−→H) 7→ (GN̂± φN̂±

−−→ HN̂±);

cf. Remarks 395, 396.

Proof. Suppose given G ∈ Ob
(
⌊1, 0⌋-StSimpGrp

)
. We have

(idG)N̂
± = (idG1 , idG0)N̂

± =
(
idG1

∣∣GN1

GN1
, idG0

)
= (idGN1 , idG0) = idGN̂± .

Suppose given G
φ−→ G̃

φ̃−→ ˜̃G in ⌊1, 0⌋-StSimpGrp.

Since (GN1)φ1 ⩽ G̃N1 , note that we have

(φ1 ▲ φ̃1)
∣∣ ˜̃GN1

GN1
= (φ1

∣∣G̃N1

GN1
) ▲ (φ̃1

∣∣ ˜̃GN1

G̃N1
) .

So we have

(φ ▲ φ̃)N̂± =
(
(φ1 ▲ φ̃1)

∣∣ ˜̃GN1

GN1
, (φ ▲ φ̃)0

)
=
(
(φ1

∣∣G̃N1

GN1
) ▲ (φ̃1

∣∣ ˜̃GN1

G̃N1
), φ0 ▲ φ̃0

)
= (φ1

∣∣G̃N1

GN1
, φ0) ▲ (φ̃1

∣∣ ˜̃GN1

G̃N1
, φ̃0) = φN̂±

▲ φ̃N̂± .

This shows that N̂± is a functor.

18.4 The functor Rec± : StCr Mod → ⌊1, 0⌋-StSimpGrp

Remark 398 (The ⌊1, 0⌋-stable simplicial group SRec±)

Suppose given a stable crossed module S = (MS ,BS , κS , fS); cf. Definition 321.

We have the ⌊1, 0⌋-stable simplicial group SRec± given as follows.

We have

(SRec±)0 := BV

(SRec±)1 := HS
∞

356
= {h ∈ (

∏
i⩾0

BS)×MS : ∃ℓ ∈ Z⩾0 with h{k} = 1 for k ⩾ ℓ}

= {(. . . , b3 , b2 , b1 , b0 ,m) ∈ (
∏
i⩾0

BS)×MS : ∃ℓ ∈ Z⩾0 with bk = 1 for k ⩾ ℓ} .
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Recall that HS
∞ is a group; cf. Definition 356, Lemma 362.(2) and Proposition 361.

For i ∈ Z⩾0 , we have the group morphisms

sSRec±

i := s∞i : BS → HS
∞ , b 7→ bs∞i = (. . . , 1, b︸︷︷︸

pos. i

, 1, . . . , 1);

cf. Lemma 359.(1).

For j ∈ Z⩾1 , we have the group morphism

dSRec±

j := d∞j : HS
∞ → BS , h 7→ hd∞

j = h{j} · h{j−1} ;

cf. Lemma 364.(1).

Moreover, we have the group morphism

dSRec±

0 := d∞0 : HS
∞ → BS , h 7→ hd∞

0 = h{0} · h{−1}fS ;

cf. Lemma 364.(2).

Proof. We have to show the properties (1, 2, 3) from Remark 385.

Ad (1). Suppose given h ∈ HS
∞ . We may choose some m ∈ Z⩾0 such that h{k} = 1 for

k ∈ Z⩾m ; cf. Definition 356.

Let ℓ := m+ 1. Then, for k ∈ Z⩾ℓ , we have

hd∞k = h{k} · h{k−1} = 1 · 1 = 1 .

This shows (1).

Ad (2). Suppose given subsets I, J ⊆ Z⩾0 with I ∪ J = Z⩾0 .

Then, by Corollary 382, we have[⋂
i∈I

ker d∞i ,
⋂
j∈J

ker d∞j
]
= 1 .

This shows (2).

Ad (3). Since we have sSRec±

i = s∞i and dSRec±

i = d∞
i for i ∈ Z⩾0 , this follows from

Remark 365.

So, by Remark 385, we have that SRec± is a ⌊1, 0⌋-stable simplicial group.
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Remark 399 (The ⌊1, 0⌋-stable simplicial group morphism ρRec±)

Suppose given stable crossed modules

S = (MS ,BS , κS , fS) and S̃ = (MS̃ ,BS̃ , κS̃ , fS̃) ;

cf. Definition 321.

Suppose given a stable crossed module morphism ρ = (µ, β) : S → S̃; cf. Definition 324.

We consider the ⌊1, 0⌋-stable simplicial groups SRec± and S̃Rec±; cf. Remark 398.

We have the ⌊1, 0⌋-stable simplicial group morphism

ρRec± : SRec± → S̃Rec±

given as follows. We have the group morphism

(ρRec±)1 : H
S
∞ → H S̃

∞ , h 7→ h(ρRec±)1 ,

where (
h(ρRec±)1

)
{i} =

{
(h{i})β for i ∈ Z⩾0

(h{−1})µ for i = −1 ,

and we have the group morphism (ρRec±)0 := β : BS → BS̃ .

So we have

(ρRec±)1 : HS
∞ → H S̃

∞ , (. . . , b1 , b0 ,m) 7→ (. . . , b1β, b0β, mµ)

(ρRec±)0 : BS → BS̃ , b 7→ bβ .

Proof. We write φ := (ρRec±)1 : H
S
∞ → H S̃

∞ .

We show that the following assertions (1, 2, 3) hold.

(1) We have sSRec±

t ▲φ = β ▲ sS̃Rec±

t : BS → H S̃
∞ for t ∈ Z⩾0 .

(2) We have dSRec±

t ▲ β = φ ▲ dS̃Rec±

t : HS
∞ → BS̃ for t ∈ Z⩾0 .

(3) The map φ is a group morphism.

Ad (1). Suppose given c ∈ BS and t ∈ Z⩾0 .
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For i ∈ Z⩾−1 , we have(
(csSRec±

t )φ
)
{i} =

{(
(csSRec±

t ){i}
)
β if i ∈ Z⩾0(

(csSRec±

t ){−1}
)
µ if i = −1

=


cβ if i = t

1β if i ∈ Z⩾0\{t}
1µ if i = −1

=

{
cβ if i = t

1 if i ∈ Z⩾−1\{t}

=
(
(cβ)sS̃Rec±

t

)
{i} .

So we have (csSRec±

t )φ = (cβ)sS̃Rec±

t . This shows sSRec±

t ▲φ = β ▲ sS̃Rec±

t .

Ad (2). Suppose given h ∈ HS
∞ and t ∈ Z⩾0 .

Case t = 0. We have

h(dSRec±

0 ▲ β) =
(
h{0} · (h{−1})fS

)
β = (h{0})β ·

(
(h{−1})fS

)
β

324.(1)
= (h{0})β ·

(
(h{−1})µ

)
fS̃

= (hφ){0} ·
(
(hφ){−1}

)
fS̃ = (hφ)dS̃Rec±

0 = h(φ ▲ dS̃Rec±

0 ) .

Case t ⩾ 1. We have

h(dSRec±

t ▲ β) = (h{t} · h{t−1})β = (h{t})β · (h{t−1})β = (hφ){t} · (hφ){t−1}

= (hφ)dS̃Rec±

t = h(φ ▲ dS̃Rec±

t ) .

This shows dSRec±

t ▲ β = φ ▲ dS̃Rec±

t .

Ad (3). We use Remark 363 to show that φ : HS
∞ → H S̃

∞ is a group morphism.

Suppose given h ∈ HS
∞ , c ∈ BS , n ∈ MS and t ∈ Z⩾0 .

For i ∈ Z⩾0 , we write bi := h{i} ∈ BS and we write m := h{−1} ∈ MS .

We show that (h · c sSRec±

t )φ
!
= hφ · (c sSRec±

t )φ.
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Case t ⩾ 1. We have(
(h · c sSRec±

t )φ
)
{i}

=

{(
(h · c sSRec±

t ){i}
)
β for i ∈ Z⩾0(

(h · c sSRec±

t ){−1}
)
µ for i = −1

362.(2)
=



biβ for i ∈ Z⩾t+1

(bi · c)β for i = t((
[bt−1 , c]

(−1)t−1−i)( ∏
j∈⌊t−2,i+1⌋

bj)

· bi
)
β for i ∈ [0, t− 1]((

Tbt−1, cU(−1)t
)( ∏

j∈⌊t−2,0⌋
bj)

·m
)
µ for i = −1

324, 328.(1)
=



biβ for i ∈ Z⩾t+1

biβ · cβ for i = t([
(bt−1)β , cβ

](−1)t−1−i
)( ∏

j∈⌊t−2,i+1⌋
bjβ)

· biβ for i ∈ [0, t− 1](
T(bt−1)β, cβU

(−1)t
)( ∏

j∈⌊t−2,0⌋
bjβ)

·mµ for i = −1 .

Moreover, we have(
hφ · (c sSRec±

t )φ
)
{i}

(1)
=

(
hφ · (cβ)sS̃Rec±

t

)
{i}

362.(2)
=



(hφ){i} for i ∈ Z⩾t+1

(hφ){i} · cβ for i = t([
(hφ){t−1} , cβ

](−1)t−1−i
)( ∏

j∈⌊t−2,i+1⌋
(hφ){j})

· (hφ){i}

)
for i ∈ [0, t− 1](

T(hφ){t−1}, cβU
(−1)t

)( ∏
j∈⌊t−2,0⌋

(hφ){j})

· (hφ){−1} for i = −1

=



biβ for i ∈ Z⩾t+1

biβ · cβ for i = t([
(bt−1)β , cβ

](−1)t−1−i
)( ∏

j∈⌊t−2,i+1⌋
bjβ)

· biβ for i ∈ [0, t− 1](
T(bt−1)β, cβU

(−1)t
)( ∏

j∈⌊t−2,0⌋
bjβ)

·mµ for i = −1 .
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This shows (h · c sSRec±

t )φ = hφ · (c sSRec±

t )φ for t ⩾ 1 .

Case t = 0. We have

(
(h · c sSRec±

0 )φ
)
{i} =

{(
(h · c sSRec±

0 ){i}
)
β for i ∈ Z⩾0(

(h · c sSRec±

0 ){−1}
)
µ for i = −1

362.(2)
=


biβ for i ∈ Z⩾1

(b0 · c)β for i = 0

(mc)µ for i = −1

328.(1)
=


biβ for i ∈ Z⩾1

b0β · cβ for i = 0

(mµ)cβ for i = −1 .

Moreover, we have(
hφ · (c sSRec±

0 )φ
)
{i}

(1)
=

(
hφ · (cβ)sS̃Rec±

0

)
{i}

362.(2)
=


(hφ){i} for i ∈ Z⩾1

(hφ){0} · cβ for i = 0(
(hφ){−1}

)cβ
for i = −1

=


biβ for i ∈ Z⩾1

b0β · cβ for i = 0

(mµ)cβ for i = −1 .

This shows (h · c sSRec±

t )φ = hφ · (c sSRec±

t )φ for t = 0.

So we have (h · c sSRec±

t )φ = hφ · (c sSRec±

t )φ for t ∈ Z⩾0 .

We show that (h · nsSRec±

−1 )φ
!
= hφ · (nsSRec±

−1 )φ .

We have (
(h · nsSRec±

−1 )φ
)
{i} =

{(
(h · nsSRec±

−1 ){i}
)
β for i ∈ Z⩾0(

(h · nsSRec±

−1 ){−1}
)
µ for i = −1

362.(2)
=

{
biβ for i ∈ Z⩾0

(m · n)µ for i = −1
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=

{
biβ for i ∈ Z⩾0

mµ · nµ for i = −1 .

For i ∈ Z⩾−1 , note that we have

(
(nsSRec±

−1 )φ
)
{i} =

{(
(nsSRec±

−1 ){i}
)
β if i ∈ Z⩾0(

(nsSRec±

−1 ){−1}
)
µ if i = −1

359.(2)
=

{
1β if i ∈ Z⩾0

nµ if i = −1

=
(
(nµ)sS̃Rec±

−1

)
{i} .

This shows (nsSRec±

−1 )φ = (nµ)sS̃Rec±

−1 .

So we have (
hφ · (nsSRec±

−1 )φ
)
{i} =

(
hφ · (nµ)sS̃Rec±

−1

)
{i}

362.(2)
=

{
(hφ){i} for i ∈ Z⩾0

(hφ){−1} · nµ for i = −1

=

{
biβ for i ∈ Z⩾0

mµ · nµ for i = −1 .

This shows (h · nsSRec±

−1 )φ = hφ · (nsSRec±

−1 )φ .

So, by Remark 363, φ is a group morphism.

Altogether, by (1, 2, 3), ρRec± is a ⌊1, 0⌋-stable simplicial group morphism; cf. Remark 137.

Lemma 400 (The functor Rec±)

We have the reconstruction functor

Rec± : StCr Mod → ⌊1, 0⌋-StSimpGrp , (S
ρ−→ S̃) 7→ (SRec±

ρRec±−−−−→ S̃Rec±);

cf. Remarks 398, 399.

Proof. Suppose given a stable crossed module S = (MS , BS , κS , fS).
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We consider the identity stable crossed module morphism idS = (idMV
, idBV

) : S → S.

We have (
(idS) Rec

± )
0
= idBV

.

Moreover, for h ∈ HS
∞ and i ∈ Z⩾−1 , we have

(
h
(
(idS) Rec

± )
1

)
{i}

=

{
(h{i}) idBS

for i ∈ Z⩾0

(h{−1}) idMS
for i = −1

=

{
h{i} for i ∈ Z⩾0

h{−1} for i = −1
= h{i} .

So
(
h(idS) Rec

± )
1
= h and therefore

(
(idS) Rec

± )
1
= idHS

∞
.

This shows that (idS) Rec
± = idSRec± .

Suppose given S
ρ−→ S̃

ρ̃−→ ˜̃S in StSimpGrp.
We have ρ = (µ, β), where µ : MS → MS̃ and β : BS → BS̃ .

We have ρ̃ = (µ̃, β̃), where µ̃ : MS̃ → M ˜̃S
and β : BS̃ → B ˜̃S

.

Note that ρ ▲ ρ̃ = (µ, β) ▲ (µ̃, β̃) = (µ ▲ µ̃, β ▲ β̃); cf. Remark 326.(1).

We have (
(ρ ▲ ρ) Rec±

)
0
= β ▲ β̃ = (ρRec±)0 ▲ (ρ̃Rec±)0 .

Suppose given h ∈ (SRec±)1 = HS
∞ . We have(

h
(
(ρRec±)1 ▲ (ρ̃Rec±)1

))
{i}

=
((
h(ρRec±)1

)
(ρ̃Rec±)1

)
{i}

=


((
h(ρRec±)1

)
{i}

)
β̃ for i ∈ Z⩾0((

h(ρRec±)1
)
{−1}

)
µ̃ for i = −1

=

{(
(h{i})β

)
β̃ for i ∈ Z⩾0(

(h{−1})µ
)
µ̃ for i = −1

=
(
h
(
(ρ ▲ ρ̃) Rec±

)
1

)
{i}
.

So we have h
(
(ρRec±)1 ▲ (ρ̃Rec±)1

)
= h

(
(ρ ▲ ρ̃) Rec±

)
1
.
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Hence (ρRec±)1 ▲ (ρ̃Rec±)1 =
(
(ρ ▲ ρ̃) Rec±

)
1
.

This shows that (ρ ▲ ρ̃) Rec± = ρRec± ▲ ρ̃Rec± .

Therefore, Rec± is a functor.

18.5 The equivalences N̂± and Rec±

We consider the functors

N̂± : ⌊1, 0⌋-StSimpGrp → StCr Mod ; cf. Lemma 397

Rec± : StCr Mod → ⌊1, 0⌋-StSimpGrp; cf. Lemma 400.

Remark 401 (The stable crossed module S Rec± N̂±)

(1) Suppose given a stable crossed module S = (MS , BS , κS , fS). We consider the stable
crossed module S Rec± N̂±.

Recall that we have the ⌊1, 0⌋-stable simplicial group S Rec±, where

(S Rec±)1 = HS
∞ , (S Rec±)0 = BS ,

where for i ∈ Z⩾0 , we have

sSRec±

i : BS → HS
∞ , b 7→ (. . . 1, b︸︷︷︸

pos. i

, 1 , . . . , 1︸︷︷︸
pos.−1

)

and where for j ∈ Z⩾1 , we have

dSRec±

j : HS
∞ → BS , (. . . , b1 , b0 ,m) 7→ bj · bj−1 ,

and where
dSRec±

0 : HS
∞ → BS , (. . . , b1 , b0 ,m) 7→ b0 ·mfS ;

cf. Remark 398.

Then, by Remark 395, we have the stable crossed module

S Rec± N̂± = (MSRec± N̂± , BSRec± N̂± , κSRec± N̂± , fSRec± N̂±)

=
(
(S Rec±)N1 ,BS , κSRec± N̂± , dSRec±

0

∣∣
(SRec±)N1

)
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Note that

MSRec± N̂± = (S Rec±)N1
257.(2)
=

⋂
j∈Z⩾1

ker dSRec±

j
366
= {(. . . , 1, 1, m) : m ∈ MS}
= {h ∈ HS

∞ : h{i} = 1 for i ∈ Z⩾0}
⩽ HS

∞ ,

and that therefore

fSRec± N̂± : MSRec± N̂± → BS , h 7→ hfSRec± N̂± = hdSRec±

0 = h{0} · (h{−1})fS = (h{−1})fS .

We have

κSRec± N̂± : BS × BS → MSRec± N̂± , (b, c) 7→ (b, c)κSRec± N̂± ,

where (
(b, c)κSRec± N̂±

)
{i} =

{
1 for i ∈ Z⩾0

(b, c)κS for i = −1 .

So, for b, c ∈ BS , we have

Tb, cU = (b, c)κSRec± N̂± =
(
. . . , 1, 1 , (b, c)κS

)
=
(
. . . , 1, 1 ,Tb, cU

)
∈ HS

∞ .

(2) Suppose given a stable crossed module morphism ρ = (µ, β) : S → S̃; cf. Definition 324.

We consider the stable crossed modules S Rec± N̂± and S̃ Rec± N̂±; cf. (1).

We consider the stable crossed module morphism ρRec± N̂± : S Rec± N̂± → S̃ Rec± N̂±.

Recall that we have the ⌊1, 0⌋-stable simplicial group morphism

ρRec± : S Rec± → S̃ Rec± ,

where

(ρRec±)1 : HS
∞ → H S̃

∞ , (. . . , b1 , b0 ,m) 7→ (. . . , b1β , b0β ,mµ)

(ρRec±)0 : BS → BS̃ , b 7→ bβ ;

cf. Remark 399.

Then, by Remark 396, we have the stable crossed module morphism

ρRec± N̂± =
(
(ρRec±)1

∣∣MS̃ Rec± N̂±

MS Rec± N̂±
, (ρRec±)0

)
=
(
(ρRec±)1

∣∣(S̃Rec±)N1

(SRec±)N1
, β
)
: S Rec± N̂± → S̃ Rec± N̂± .

Note that

(ρRec±)1
∣∣(S̃Rec±)N1

(SRec±)N1
: HS

∞ → H S̃
∞ , (. . . , 1 , 1 ,m) 7→ (. . . , 1 , 1 ,mµ) .
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Proof. Ad (1). Suppose given b, c ∈ BSRec± N̂± = BS .

We have

κSRec± N̂± : BSRec± N̂± × BSRec± N̂± → MSRec± N̂±

(b, c) 7→ (b, c)κSRec± N̂± = (b−s0)
cs1 · (bs0)cs0 ,

where

s0 := sSRec±

0 : BS → HS
∞ , b 7→ (. . . , 1, b︸︷︷︸

pos. 0

, 1)

s1 := sSRec±

1 : BS → HS
∞ , b 7→ (. . . , 1, b︸︷︷︸

pos. 1

, 1, 1) ;

cf. Remark 395.

We show that (b−s0)
cs1 · (bs0)cs0

!
=
(
. . . , 1, 1, Tb, cU

)
.

We calculate the product c−s1 · b−s0 · cs1 · (bc)s0 using Lemma 362.(1, 2).

We have

(c−s1 · b−s0){i} =


1 for i ∈ Z⩾2

c− for i = 1

b− for i = 0

1 for i = −1 .

So we have

(
(c−s1 · b−s0) · cs1

)
{i} =


1 for i ∈ Z⩾2

c− · c for i = 1

(b−)c for i = 0

Tb−, cU− · 1 for i = −1

(SCM1)
=


1 for i ∈ Z⩾1

(b−)c for i = 0

Tc, b−U for i = −1 .
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Therefore, we have

(
(c−s1 · b−s0 · cs1) · (bc)s0

)
{i} =


1 for i ∈ Z⩾1

(b−)c · bc for i = 0

Tc, b−U(bc) for i = −1

=

{
1 for i ∈ Z⩾0

Tc, b−U(bc) for i = −1 .

It remains to show that Tc, b−U(bc) !
= Tb, cU.

We have

Tc, b−U(bc) = Tcb·b− , (b−)b−U(bc) 323.(10)
= Tcb, b−U[b,c] 322.(4)

= Tb, cU[b,c] 323.(3)
= Tb, cUTb, cU = Tb, cU .

This shows (b, c)κSRec± N̂± = (b−s0)
cs1 · (bs0)cs0 =

(
. . . , 1 , 1, Tb, cU

)
.

Lemma 402 (The functor Rec± ∗ N̂±)

(1) Suppose given a stable crossed module S = (MS , BS , κS , fS).

We have the stable crossed module isomorphism

Sψ̂ := (πMS
, idBS

) : S Rec± N̂±−→∼ S

where
πMS

: MSRec± N̂± −→∼ MS , h 7→ h{−1} .

(2) We have the isotransformation

ψ̂ =
(
S Rec± N̂± Sψ̂−→ S

)
S∈Ob(StCr Mod )

: Rec± ∗ N̂± → idStCr Mod ;

cf. (1).

Proof. Ad (1). We show that πMS
is a group isomorphism.

Suppose given h, h̃ ∈ MSRec± N̂± . Note that we have h{i} = 1 and h̃{i} = 1 for i ∈ Z⩾0 .

By Lemma 362.(2), we have

(h · h̃){i} =

{
1 for i ∈ Z⩾0

h{−1} · h̃{−1} for i = −1 .
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So we have

(h · h̃)πMS
= (h · h̃){−1} = h{−1} · h̃{−1} = hπMS

· h̃πMS
.

Since πMS
is bijective, this shows that πMS

is a group isomorphism.

We show that Sψ = (πMS
, idBS

) is a stable crossed module morphism.

For h ∈ MV , we have

h(πMS
▲ fS) = (h{−1})fS

401.(1)
= hfSRec± N̂± = h(fSRec± N̂± ▲ idBS

) .

This shows πMS
▲ fS = fSRec± N̂± ▲ idBS

.

MSRec± N̂± MS

BS BS

πMS

fSRec± N̂± fS

idBS

Moreover, for b, c ∈ BSRec± N̂± = BS , we have(
(b, c)κSRec± N̂±

)
πMS

=
(
(b, c)κSRec± N̂±

)
{−1}

401.(1)
= (b, c)κS = (b idBS

, c idBS
)κS .

So (πMS
, idBS

) is a stable crossed module morphism; cf. Definition 324.

Since πMS
and idBS

are group isomorphisms, we have that (πMS
, idBS

) is a stable crossed
module isomorphism; cf. Remark 326.(2).

Ad (2). Suppose given S
ρ−→ S̃ in StCr Mod .

We have ρ = (µ, β) where µ : MS → MS̃ and β : BS → BS̃ .

We write (µ̂, β̂) :=
(
(ρRec±)1

∣∣(S̃Rec±)N1

(SRec±)N1
, β
)

401.(2)
= ρRec± N̂± : S Rec± N̂± → S̃ Rec± N̂±.

For h ∈ MSRec± N̂± , we have

h(πMS
▲ µ) = (h{−1})µ

401.(2)
=

(
h(ρRec±)1

)
{−1} =

(
h(ρRec±)1

)
πMS̃

= h
(
(ρRec±)1 ▲ πMS̃

)
= h(µ̂ ▲ πMS̃

) .

This shows πMS
▲ µ = µ̂ ▲ πMS̃

.

For b ∈ BSRec± N̂± = BS , we have

b(idBS
▲ β) = bβ = (bβ) idBS̃

= b(β̂ ▲ idBS̃
) .
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This shows idBS
▲ β = β̂ ▲ idBS̃

.

So we have

Sψ̂ ▲ ρ = (πMS
, idBS

) ▲ ρ = (πMS
, idBS

) ▲ (µ, β) = (πMS
▲ µ , idBS

▲ β) = (µ̂ ▲ πMS̃
, β̂ ▲ idBS̃

)
326.(1)
= (µ̂ , β̂) ▲ (πMS̃

, idBS̃
) = ρRec± N̂±

▲ (πMS̃
, idBS̃

) = ρRec± N̂±
▲ S̃ψ̂ .

S Rec± N̂± S

S̃ Rec± N̂± S̃

Sψ̂

ρRec± N̂± ρ

S̃ψ̂

So ψ̂ is a transformation. Using (1), we conclude that ψ̂ is an isotransformation.

Remark 403 (The ⌊1, 0⌋-stable simplicial group GN̂±Rec±)

(1) Suppose given a ⌊1, 0⌋-stable simplicial group G. We consider the ⌊1, 0⌋-stable simpli-
cial group GN̂±Rec±.

Recall that we have the stable crossed module

GN̂± = (GN1 , G0 , κG , d
G
0

∣∣
GN1

)

with
κG : G0 ×G0 → GN1 , (b, c) 7→ Tb, cU = (b−sG0 )

csG1 · (bsG0 )cs
G
0 ;

cf. Remark 395.

Then, by Remark 398, we have the ⌊1, 0⌋-stable simplicial group GN̂±Rec±, where

(GN̂± Rec±)1 = HGN̂±

∞
356
= {h ∈ (

∏
i⩾0

G0)×GN1 : ∃k ∈ Z⩾0 with h{ℓ} = 1 for ℓ ⩾ k}

= {(. . . , b2 , b1 , b0 ,m) ∈ (
∏
i⩾0

G0)×GN1 : ∃k ∈ Z⩾0 with bℓ = 1 for ℓ ⩾ k}

(GN̂±Rec±)0
398
= G0 ,

Moreover, for i ∈ Z⩾0 , we have

sGN̂± Rec±

i : G0 → HGN̂±

∞ , g 7→ (. . . , 1, g︸︷︷︸
pos. i

, 1, . . . , 1)
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and for j ∈ Z⩾1 , we have

dGN̂± Rec±

j : HGN̂±

∞ → G0 , (. . . , b2 , b1 , b0 ,m) 7→ bj · bj−1 ,

and we have

dGN̂± Rec±

0 : HGN̂±

∞ → G0 , (. . . , b2 , b1 , b0 ,m) 7→ b0 ·mdG0 .

(2) Suppose given a ⌊1, 0⌋-stable simplicial group morphism φ : G → G̃. We consider the
⌊1, 0⌋-stable simplicial groups GN̂±Rec± and G̃N̂±Rec±; cf. (1).

Recall that we have the stable crossed module morphism

φN̂± = (φ1

∣∣HN1

GN1
, φ0) : GN̂

± → G̃N̂± ;

cf. Remark 396.

Then, by Remark 399, we have the ⌊1, 0⌋-stable simplicial group morphism φN̂±Rec±,
where

(φN̂± Rec±)1 : HGN̂±

∞ → HG̃N̂±

∞ , (. . . , b1 , b0 ,m) 7→ (. . . , b1φ0 , b0φ0 ,mφ1)

(φN̂± Rec±)0 : G0 → G̃0 , g 7→ gφ0 .

Lemma 404 (The functor N̂± ∗ Rec±)

(1) Suppose given a ⌊1, 0⌋-stable simplicial group G.

We have the ⌊1, 0⌋-stable simplicial group isomorphism Gψ : GN̂±Rec± → G, where

(Gψ)1 : HGN̂±

∞ → G1 , h 7→ h(Gψ)1 :=
( ∏
i∈⌋∞,0⌋

(h{i})s
G
i

)
· h{−1}

(Gψ)0 := idG0 : G0 → G0 , g 7→ g .

So, for h =: (. . . , b3 , b2 , b1 , b0 ,m) ∈ HGN̂±

∞ , we have

h(Gψ)1
362.(1)
=

(
. . . ·b3s∞3 ·b2s∞2 ·b1s∞1 ·b0s∞0 ·ms∞−1

)
(Gψ)1 = . . . ·b3sG3 ·b2sG2 ·b1sG1 ·b0sG0 ·m ;

cf. §1.1.2 item 9.4.

(2) We have the isotransformation

ψ =
(
GN̂±Rec±

Gψ−→G
)
G∈Ob(⌊1,0⌋-StSimpGrp) : N̂

± ∗ Rec± → id⌊1,0⌋-StSimpGrp ;

cf. (1).
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Proof. Ad (1). We write H∞ := HGN̂±

∞ . For i ∈ Z⩾0 , we write si := sGi and di := dGi .

So, for h ∈ H∞ , we have h(Gψ)1 =
(( ∏

i∈⌋∞,0⌋
(h{i})si

)
· h{−1}

)
∈ G1 .

We show that (Gψ)1 is a group morphism.

To be able to use induction, we formulate the following claim.

Suppose given n ∈ Z⩾−1 . Suppose given h, h̃ ∈ H∞ with h̃{i} = 1 for i ∈ Z⩾n+1 .

We have

(h · h̃)(Gψ)1
!
= h(Gψ)1 · h̃(Gψ)1 .

We show this claim by induction on n ∈ Z⩾−1 .

We write bi := h{i} ∈ G0 for i ∈ Z⩾0 and m := h{−1} ∈ G1 .

We write b̃i := h̃{i} ∈ G0 for i ∈ Z⩾0 and m̃ := h̃{−1} ∈ G1 .

Case n = −1. Then we have b̃i = 1 for i ∈ Z⩾0 .

We have

(h · h̃)(Gψ)1
362.(1)
= (h · m̃s∞−1)(Gψ)1

=
( ∏
i∈⌋∞,0⌋

(
(h · m̃s∞−1){i}

)
si

)
· (h · m̃s∞−1){−1}

362.(2)
=

( ∏
i∈⌋∞,0⌋

bisi
)
·m · m̃

= h(Gψ)1 · h̃(Gψ)1 .

Case n = 0. Then we have b̃i = 1 for i ∈ Z⩾1 .

For b ∈ BGN̂± = G0 and x ∈ MGN̂± = GN1 , recall that we have

xb = x(bγGN̂±)
356
= x · Txd0, bU

390.(3)
= xbs0 .

We have

(h · h̃)(Gψ)1
362.(1)
= (h · b̃0s∞0 · m̃s∞−1)(Gψ)1

=
( ∏
i∈⌋∞,0⌋

(
(h · b̃0s∞0 · m̃s∞−1){i}

)
si

)
· (h · b̃0s∞0 · m̃s∞−1){−1}

362.(2)
=

( ∏
i∈⌋∞,0⌋

(
(h · b̃0s∞0 ){i}

)
si

)
· (h · b̃0s0){−1} · m̃
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362.(2)
=

( ∏
i∈⌋∞,1⌋

bisi
)
· (b0 · b̃0)s0 ·mb̃0 · m̃

=
( ∏
i∈⌋∞,0⌋

bisi
)
· b̃0s0 ·mb̃0s0 · m̃

=
( ∏
i∈⌋∞,0⌋

bisi
)
·m · b̃0s0 · m̃

= h(Gψ)1 · h̃(Gψ)1 .

Case n ⩾ 1 . Let ĥ ∈ H∞ be defined by

ĥ{i} :=


1 for i ∈ Z⩾n

(bn−1)
b̃n for i = n− 1

[b̃n , bn−1]
(−1)n−i

for i ∈ [0, n− 2]

Tbn−1, b̃nU(−1)n for i = −1 .

We have

(b̃ns
∞
n · ĥ){i}

362.(1)
=

(
b̃ns

∞
n ·
( ∏
j∈⌊n−1,−1⌋

ĥ{j}s
∞
j

))
{i}

362.(1)
=



1 for i ∈ Z⩾n+1

b̃n for i = n

(bn−1)
b̃n for i = n− 1

[b̃n , bn−1]
(−1)n−i

for i ∈ [0, n− 2]

Tbn−1, b̃nU(−1)n for i = −1 .

Moreover, we have

(bn−1s
∞
n−1 · b̃ns∞n ){i}

362.(2)
=



1 for i ∈ Z⩾n+1

1 · b̃n for i = n

(bn−1)
b̃n for i = n− 1(

[bn−1 , b̃n]
(−1)n−1−i)1 · 1 for i ∈ [0, n− 2](

Tbn−1, b̃nU(−1)n
)1 · 1 for i = −1

=



1 for i ∈ Z⩾n+1

b̃n for i = n

(bn−1)
b̃n for i = n− 1

[b̃n , bn−1]
(−1)n−i

for i ∈ [0, n− 2]

Tbn−1, b̃nU(−1)n for i = −1 .
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This shows bn−1s
∞
n−1 · b̃ns∞n = b̃ns

∞
n · ĥ .

So, we have

(h · h̃)(Gψ)1
362.(1)
=

(( ∏
i∈⌋∞,−1⌋

(h{i})s
∞
i

)
·
( ∏
i∈⌋∞,−1⌋

(h̃{i})s
∞
i

))
(Gψ)1

=
(( ∏

i∈⌋∞,n⌋
bis

∞
i

)
· bn−1s

∞
n−1 ·

( ∏
i∈⌊n−2,−1⌋

(h{i})s
∞
i

)
· b̃ns∞n ·

( ∏
i∈⌊n−1,−1⌋

(h̃{i})s
∞
i

))
(Gψ)1

371, 374
=

(( ∏
i∈⌋∞,n⌋

bis
∞
i

)
· bn−1s

∞
n−1 · b̃ns∞n ·

( ∏
i∈⌊n−2,−1⌋

(h{i})s
∞
i

)
·
( ∏
i∈⌊n−1,−1⌋

(h̃{i})s
∞
i

))
(Gψ)1

=
(( ∏

i∈⌋∞,n⌋
bis

∞
i

)
· b̃ns∞n · ĥ ·

(( ∏
i∈⌊n−2,−1⌋

(h{i})s
∞
i

)
·
( ∏
i∈⌊n−1,−1⌋

(h̃{i})s
∞
i

))
(Gψ)1

357.(4), IH
=

(( ∏
i∈⌋∞,n⌋

bis
∞
i

)
· b̃ns∞n · ĥ

)
(Gψ)1 ·

(( ∏
i∈⌊n−2,−1⌋

(h{i})s
∞
i

)
·
( ∏
i∈⌊n−1,−1⌋

(h̃{i})s
∞
i

))
(Gψ)1

IH
=

(( ∏
i∈⌋∞,n+1⌋

bis
∞
i

)
· (bn · b̃n)s∞n

)
(Gψ)1 · ĥ(Gψ)1

·
( ∏
i∈⌊n−2,−1⌋

(h{i})s
∞
i

)
(Gψ)1 ·

( ∏
i∈⌊n−1,−1⌋

(h̃{i})s
∞
i

)
(Gψ)1

=
( ∏
i∈⌋∞,n+1⌋

bisi
)
· (bn · b̃n)sn

·
(
(bn−1)

b̃n
)
sn−1 ·

( ∏
i∈⌊n−2,0⌋

(
[b̃n , bn−1]

(−1)n−i)
si

)
· Tbn−1, b̃nU(−1)n

·
( ∏
i∈⌊n−2,0⌋

bisi
)
·m ·

( ∏
i∈⌊n−1,0⌋

b̃isi
)
· m̃ .

Moreover, we have

h(Gψ)1 · h̃(Gψ)1
=

( ∏
i∈⌋∞,0⌋

bisi
)
·m ·

( ∏
i∈⌋∞,0⌋

b̃isi
)
· m̃

=
( ∏
i∈⌋∞,n⌋

bisi
)
·
( ∏
i∈⌊n−1,0⌋

bisi
)
·m · b̃nsn ·

( ∏
i∈⌊n−1,0⌋

b̃isi
)
· m̃

390.(2)
=

( ∏
i∈⌋∞,n⌋

bisi
)
·
( ∏
i∈⌊n−1,0⌋

bisi
)
· b̃nsn ·m ·

( ∏
i∈⌊n−1,0⌋

b̃isi
)
· m̃

392.(2)
=

( ∏
i∈⌋∞,n⌋

bisi
)
· b̃nsn · (bn−1sn−1)

b̃nsn ·
( ∏
i∈⌊n−2,0⌋

bisi
)
·m ·

( ∏
i∈⌊n−1,0⌋

b̃isi
)
· m̃ .

662



18.5. THE EQUIVALENCES N̂± AND Rec±

It remains to show that

(bn−1sn−1)
b̃nsn !

=
(
(bn−1)

b̃n
)
sn−1 ·

( ∏
i∈⌊n−2,0⌋

(
[b̃n , bn−1]

(−1)n−i)
si

)
· Tbn−1, b̃nU(−1)n .

We have

(bn−1sn−1)
b̃nsn

394.(3)
=

(
(bn−1)

b̃n
)
sn−1 ·

( ∏
i∈⌊n−2,0⌋

(
[b̃n , bn−1]

(−1)n−i)
si

)
· Tb̃n, bn−1U(−1)n+1

(SCM1)
=

(
(bn−1)

b̃n
)
sn−1 ·

( ∏
i∈⌊n−2,0⌋

(
[b̃n , bn−1]

(−1)n−i)
si

)
· Tbn−1, b̃nU(−1)n .

This shows the claim.

Suppose given h, h̃ ∈ H∞ . Then there exists some n ∈ Z⩾0 such that h̃{i} = 1 for i ∈ Z⩾n .

So the claim yields

(h · h̃)(Gψ)1 = h(Gψ)1 · h̃(Gψ)1 .

This shows that (Gψ)1 is a group morphism.

We show that (Gψ)1 is injective.

Suppose given h ∈ H∞ with h(Gψ)1 = 1 ∈ G1 . We have to show that h
!
= 1, i.e. we have to

show that h{i}
!
= 1 for i ∈ Z⩾−1 .

Since h ∈ H∞ , we may choose some k ∈ Z⩾0 such that h{ℓ} = 1 for ℓ ∈ Z⩾k ; cf. Defini-
tion 356. Recall that h{−1} ∈ MGN̂ = GN1 ; cf. Remark 403.(1).

For j ∈ [1, k], we have

1 = h(Gψ)1 dj =
(( ∏

i∈⌋∞,0⌋
(h{i})si

)
· h{−1}

)
dj =

(( ∏
i∈⌊k,0⌋

(h{i})si
)
· h{−1}

)
dj

=
( ∏
i∈⌊k,0⌋

(h{i})sidj
)
· (h{−1})dj

383.(3)
= h{j} · h{j−1} .

Since we have h{k} = 1, this shows that h{ℓ} = 1 for ℓ ∈ [0, k − 1].

Now, we have

1 = h(Gψ)1 =
( ∏
i∈⌋∞,0⌋

(h{i})si
)
· h{−1} = 1 · h{−1} = h{−1} .

Altogether, we have h{i} = 1 for i ∈ Z⩾−1 . This shows h = 1.
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We show that (Gψ)1 is surjective.

Suppose given g ∈ G1 . We have to show that g
!
∈ (H∞)(Gψ)1.

By Lemma 387, we may assume that g ∈ GN1 or gdksk−1 = g for some k ∈ Z⩾1 .

Suppose that g ∈ GN1 = MGN̂± .

Let h ∈ H∞ be defined by

h{i} :=

{
1 for i ∈ Z⩾0

g for i = −1 .

Then we have

h(Gψ)1 =
( ∏
i∈⌋∞,0⌋

(h{i})si
)
· h{−1} = 1 · g = g .

Now suppose that we have gdksk−1 = g for some chosen k ∈ Z⩾1 .

Let h ∈ H∞ be defined by

h{i} :=

{
gdk for i = k − 1

1 for i ∈ Z⩾−1\{k − 1} .

So h = (. . . , 1, gdk︸︷︷︸
pos. k − 1

, 1, . . . , 1) ∈ H∞ .

Then we have

h(Gψ)1 =
( ∏
i∈⌋∞,0⌋

(h{i})si
)
· h{−1} = (gdk)sk−1 = g .

So (Gψ)1 is surjective.

We show that Gψ is a ⌊1, 0⌋-stable simplicial group morphism.

Recall that we write si = sGi and di = dGi for i ∈ Z⩾0 .

Suppose given h ∈ (GN̂±Rec±)1 = H∞ . Note that h{−1} ∈ GN1 ; cf. Remark 403.(1).

For j ∈ Z⩾1 , we have

h
(
(Gψ)1 ▲ dj

)
=

(( ∏
i∈⌋∞,0⌋

(h{i})si
)
· h{−1}

)
dj =

( ∏
i∈⌋∞,0⌋

(h{i})sidj
)
· (h{−1})dj

383.(3)
= h{j} · h{j−1}

403.(1)
= hdGN̂± Rec±

j = h(dGN̂± Rec±

j ▲ idG0) .
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Moreover, we have

h
(
(Gψ)1 ▲ d0

)
=

(( ∏
i∈⌋∞,0⌋

(h{i})si
)
· h{−1}

)
d0 =

( ∏
i∈⌋∞,0⌋

(h{i})sid0

)
· (h{−1})d0

383.(3)
= h{0} · (h{−1})d0

403.(1)
= hdGN̂± Rec±

0 = h(dGN̂± Rec±

0 ▲ idG0) .

This shows (Gψ)1 ▲ dj = dGN̂± Rec±

j ▲ idG0 for j ∈ Z⩾0 .

H∞ G0

G1 G0

dGN̂± Rec±

j

(Gψ)1 idG0

dj

Suppose given g ∈ G0 . For i ∈ Z⩾0 , we have

g
(
sGN̂± Rec±

i ▲ (Gψ)1
)

= (gsGN̂± Rec±

i )(Gψ)1

=
( ∏
k∈⌋∞,0⌋

(
(gsGN̂± Rec±

i ){k}
)
sk

)
· (gsGN̂± Rec±

i ){−1}

403.(1)
= gsi = g(idG0 ▲ si) .

This shows sGN̂± Rec±

i ▲ (Gψ)1 = idG0 ▲ si .

H∞ G0

G1 G0

sGN̂± Rec±

i

(Gψ)1 idG0

si

So, by Remark 386, Gψ is a ⌊1, 0⌋-stable simplicial group morphism.

Since (Gψ)0 = idG0 and (Gψ)1 are group isomorphisms we have that Gψ is a ⌊1, 0⌋-simplicial
group isomorphism.

Ad (2). Suppose given G
φ−→ G̃ in ⌊1, 0⌋-StSimpGrp.

We have

idG0 ▲φ0 = φ0
403.(2)
= (φN̂±Rec±)0 = (φN̂±Rec±)0 ▲ idG̃0

.
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G0 G0

G̃0 G̃0

idG0

(φN̂±Rec±)0 φ0

idG̃0

Moreover, for h ∈ (GN̂±Rec±)1 = HGN̂±

∞ , we have

h
(
(φN̂±Rec±)1 ▲ (G̃ψ)1

) (1)
=

( ∏
i∈⌋∞,0⌋

(
h(φN̂±Rec±)1

)
{i}

)
sG̃i

)
·
(
h(φN̂±Rec±)1

)
{−1}

403.(2)
=

( ∏
i∈⌋∞,0⌋

(
(h{i})φ0

)
sG̃i

)
· (h{−1})φ1

384
=

( ∏
i∈⌋∞,0⌋

(h{i})s
G
i φ1

)
· (h{−1})φ1

403.(1)
=

(( ∏
i∈⌋∞,0⌋

(h{i})s
G
i

)
· h{−1}

)
φ1

= h((Gψ)1 ▲φ1) .

This shows (Gψ)1 ▲φ1 = (φN̂±Rec±)1 ▲ (G̃ψ)1 .

(GN̂±Rec±)1 G1

(G̃N̂±Rec±)1 G̃1

(Gψ)1

(φN̂± Rec±)1 φ1

(G̃ψ)1

So we have Gψ ▲φ = φN̂±Rec± ▲ G̃ψ.

GN̂±Rec± G

G̃N̂±Rec± G̃

Gψ

φN̂±Rec± φ

G̃ψ

So ψ is a transformation. Using (1), we conclude that ψ is an isotransformation.
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Proposition 405 (The equivalences N̂± and Rec±)

By Lemma 404.(2), we have the isotransformation ψ : N̂± ∗ Rec± −→∼ id⌊1,0⌋-StSimpGrp.

By Lemma 402.(2), we have the isotransformation ψ̂ : Rec± ∗N̂±−→∼ idStCr Mod .

So N̂± and Rec± are equivalences. In particular, the categories ⌊1, 0⌋-StSimpGrp and StCr Mod
are equivalent.

667



CHAPTER 18. THE EQUIVALENT CATEGORIES OF
⌊1, 0⌋-STABLE SIMPLICIAL GROUPS AND STABLE CROSSED MODULES

668



Chapter 19

Symmetric monoidal categories

19.1 The category of symmetric monoidal categories

Definition 406 (Symmetric monoidal category)

Suppose given an invertible monoidal category (C, I,⊗); cf. Definition 158.

We consider the functors

T = (⊗) : C ×C → C ,
(
(X, Y )

(u,v)−−→ (X ′, Y ′)
)
7→
(
(X ⊗ Y )

u⊗v−−→ (X ′ ⊗ Y ′)
)

and

T ′ : C ×C → C ,
(
(X, Y )

(u,v)−−→ (X ′, Y ′)
)
7→
(
(Y ⊗X)

v⊗u−−→ (Y ′ ⊗X ′)
)
.

A transformation φ : T → T ′ is called a symmetric braiding of the invertible monoidal
category C if the following properties (1, 2, 3) hold.

(SB1) For X, Y ∈ Ob(C), we have

(X, Y )φ ▲ (Y,X)φ = idX⊗Y .

(SB2) We have

(I, I)φ = idI .

(SB3) For X, Y , Z ∈ Ob(C), we have

(X ⊗ Y, Z)φ =
(
X ⊗ (Y, Z)φ

)
▲

(
(X,Z)φ⊗ Y

)
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So we have the following commutative diagram.

X ⊗ Y ⊗ Z Z ⊗X ⊗ Y

X ⊗ Z ⊗ Y

(X ⊗ Y, Z)φ

X ⊗ (Y, Z)φ (X,Z)φ⊗ Y

We often write

φ =
(
(X, Y )T

(X,Y )φ−−−−→ (X, Y )T ′)
(X,Y )∈Ob(C ×C) =:

(
X ⊗ Y

φX,Y−−−→ Y ⊗X
)
(X,Y )∈Ob(C ×C)

Note that φ is an isotransformation since every morphism in C is an isomorphism; cf. Re-
mark 160. The inverse to φX,Y is given by φY,X ; cf. (SB1).

A symmetric monoidal category is an invertible monoidal category (C, I,⊗) together with a
symmetric braiding φ on (C, I,⊗).
Often, we write C = (C, I,⊗, φ).

Remark 407 Suppose given a symmetric monoidal category (C, I,⊗, φ).
For X, Y , Z ∈ Ob(C), we have

φX,Y ▲φY,X
(SB1)
= idX⊗Y

φI,I
(SB2)
= idI

φX⊗Y,Z
(SB3)
= (X ⊗ φY,Z) ▲ (φX,Z ⊗ Y ) .

Moreover, we have

φX,Y⊗Z
(SB1)
= (φY⊗Z,X)

− (SB3)
=
(
(Y ⊗ φZ,X) ▲ (φY,X ⊗ Z)

)− (SB1)
= (φX,Y ⊗ Z) ▲ (Y ⊗ φX,Z) .

So we have the following commutative diagram.

X ⊗ Y ⊗ Z Y ⊗ Z ⊗X

Y ⊗X ⊗ Z

φX,Y⊗Z

φX,Y ⊗ Z Y ⊗ φX,Z
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Remark 408 Suppose given a symmetric monoidal category (C, I,⊗, φ).

(1) For X ∈ Ob(C), we have

φX,I = φI,X = idX .

(2) For X, Y , Z ∈ Ob(C), we have

φX,Y⊗Z = φX,Y ⊗X⊗− ⊗ φX,Z .

(3) For X, Y , Z ∈ Ob(C), we have

φX⊗Y,Z = φX,Z ⊗ Z⊗− ⊗ φY,Z .

Proof. Suppose given X, Y , Z ∈ Ob(C).
Ad (1). For X ∈ Ob(C), we have

φX,I = φX,I⊗I
407
= (φX,I ⊗ I) ▲ (I ⊗ φX,I) = φX,I ▲φX,I .

This shows idX = φX,I .

Moreover, we have

φI,X
(SB1)
= φ−

X,I = id−
X = idX .

Ad (2). We have

φX,Y⊗Z
407
= (φX,Y ⊗ Z) ▲ (Y ⊗ φX,Z)

160.(3)
= φX,Y ⊗ Z ⊗ (Y ⊗X ⊗ Z)⊗− ⊗ Y ⊗ φX,Z
= φX,Y ⊗X⊗− ⊗ φX,Z .

Ad (3). We have

φX⊗Y,Z = (φZ,X⊗Y )
− (2)
= (φZ,X ⊗ Z⊗− ⊗ φZ,Y )− = φ−

Z,X ⊗ Z⊗− ⊗ φ−
Z,Y

(SB1)
= φX,Z ⊗ Z⊗− ⊗ φY,Z .
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Remark 409 Suppose given a braided monoidal category (C, I,⊗, φ).
Then φ = (φX,Y )(X,Y )∈Ob(C ×C) being a transformation from T to T ′ means that

X ⊗ Y Y ⊗X

X ′ ⊗ Y ′ Y ′ ⊗X ′

φX,Y

u⊗ v

φX′,Y ′

v ⊗ u

commutes for
(
X

u−→X ′), (Y v−→Y ′) in C, i.e. that
φX,Y ▲ (v ⊗ u) = (u⊗ v) ▲φX′,Y ′ .

Definition 410 (Symmetric monoidal functor)

Suppose given symmetric monoidal categories (C, IC ,⊗, φ) and (D, ID ,⊗, ψ).
Suppose given a functor F : C → D.
We say that F is a symmetric monoidal functor if the conditions (1, 2) hold.

(1) The functor F is monoidal; cf. Definition 161.

(2) For X, Y ∈ Ob(C), we have

(φX,Y )F = ψXF,Y F .

So we have the following commutative diagram

(X ⊗ Y )F (Y ⊗X)F

XF ⊗ Y F Y F ⊗XF

(φX,Y )F

id

ψXF,Y F

id

Lemma 411 Suppose given symmetric monoidal categories

C = (C, IC,⊗, φ) , D = (D, ID,⊗, ψ) and E = (E , IE ,⊗, χ) .

Suppose given symmetric monoidal functors F : C → D and G : D → E.

(1) The identity functor idC : C → C is a symmetric monoidal functor.
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(2) The composite F ∗G : C → E is a symmetric monoidal functor.

(3) Suppose that F is an isofunctor. Then its inverse F− : D → C is a symmetric monoidal
functor.

Proof. Ad (1). We have that idC is a monoidal functor; cf. [29, Lem. 34.(1)].

Moreover, for X, Y ∈ Ob(C), we have

(φX,Y ) idC = φX,Y = φX idC ,Y idC .

Ad (2). We have that F ∗G is a monoidal functor; cf. [29, Lem. 34.(2)].

Moreover, for X, Y ∈ Ob(C), we have

(φX,Y )(F ∗G) = (φX,Y )FG = (ψXF,Y F )G = χXFG,Y FG = χX(F∗G),Y (F∗G) .

Ad (3). We have that F− is a monoidal functor; cf. [29, Lem. 34.(3)].

Moreover, for X, Y ∈ Ob(D), we have

(ψX,Y )F
− = (ψXF−F,Y F−F )F

− = (φXF−,Y F−)FF− = φXF−,Y F− .

Definition 412 (The category of symmeric monoidal categories)

We have the category SymMonCat , called the category of symmetric monoidal categories,
having symmetric monoidal categories as objects and having symmetric monoidal functors
as morphisms.

The composition in SymMonCat is given by the composition (∗) of functors; cf. Lem-
ma 411.(1, 2).

19.2 The functor SymCat : StCr Mod → SymMonCat

We consider the following functors.

Ordmod : StCr Mod → Cr Mod ; cf. Lemma 329

Cat : Cr Mod → InvMonCat ; cf. Remark 165
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Lemma 413 (The symmetric monoidal category S SymCat)

Suppose given a stable crossed module S; cf. Definition 321.

We consider the crossed module SOrdmod = (MS , BS , γS , fS) ; cf. Lemma 327.

We consider the invertible monoidal category
(
(SOrdmod) Cat, 1, ( · )

)
; cf. Remark 165.(1).

Recall that we have

Ob
(
(SOrdmod) Cat

)
= BSOrdmod = BS

Mor
(
(SOrdmod) Cat

)
= BSOrdmod ⋉γS

MSOrdmod = BS ⋉MS .

Recall that the tensor product ( · ) is given by the group multiplication ( · ) in BS , respectively
given by the group multiplication ( · ) in BS⋉MS , and that the unit object is given by 1 ∈ BS .

Moreover, recall that, for (b,m), (c, n) ∈ BS ⋉MS , we have

(b,m) · (c, n) = (b · c,mc · n) 327.(1)
=

(
b · c,m · TmfS, cU · n

)
.

Finally, recall that (b,m), (c, n) ∈ BS ⋉ MS are composable if and only if b · mfS = c and
that in this case the composite is given by

(b,m) ▲ (c, n) = (b,m · n) .

For b, c ∈ Ob
(
(SOrdmod) Cat

)
= BS, let

φb,c :=
(
b · c, Tc, bU

)
∈ Mor

(
(SOrdmod) Cat

)
.

Then
φ :=

(
b · c

φb,c−−→ c · b
)
(b,c)∈Ob((SOrdmod)Cat×(SOrdmod)Cat)

is a symmetric braiding of (SOrdmod) Cat.

So
S SymCat :=

(
(SOrdmod) Cat, 1, ( · ), φ

)
is a symmetric monoidal category; cf. Definition 406.

Proof. We write C := (SOrdmod) Cat and we write f := fS .

Suppose given b, c ∈ Ob(C) = BS .

We have

(φb,c)s = b · c

(φb,c)t = b · c · Tc, bUf (SCM2)
= b · c · [c, b] = b · c · c− · b− · c · b = c · b .
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So φb,c : b · c→ c · b .

Let φ :=
(
b · c

φb,c−−→ c · b
)
(b,c)∈Ob(C ×C) .

We show that φ is a transformation. Suppose given
(
b

(b,m)−−−→ b ·mf
)
,
(
c

(c,n)−−→ c · nf
)
in C.

We have to show that the following diagram is commutative.

b · c c · b

b ·mf · c · nf c · nf · b ·mf

φb,c

(b,m) · (c, n)

φb·mf,c·nf

(c, n) · (b,m)

We have

mc · n · Tc · nf, b ·mfU
322.(2)
= mc ·

(
n · Tnf, (b ·mf)cU

)
· Tc, b ·mfU

= mc · n(b·mf)c · Tc, b ·mfU

= Tc, b ·mfU ·
(
mc · n(b·mf)c)Tc, b·mfU

323.(3)
= Tc, b ·mfU ·

(
mc · n(b·mf)c)[c,b·mf ]

= Tc, b ·mfU ·mc·[c,b·mf ] · n(b·mf)c·[c,b·mf ]

= Tc, b ·mfU ·mcb·mf · nb·mf
323.(8)
= Tc, b ·mfU · Tcb·mf , m−fU ·m · nb·mf

= Tc, b ·mfU · Tcb·mf , m−fU ·
(
nb·mf

)m−
·m

323.(2)
= Tc, b ·mfU · Tcb·mf , m−fU ·

(
nb·mf

)m−f ·m
(SCM4)
= Tc, b ·mf ·m−fU · nb·mf ·m−f ·m

= Tc, bU · nb ·m.

675



CHAPTER 19. SYMMETRIC MONOIDAL CATEGORIES

So we have

φb,c ▲

(
(c, n) · (b,m)

)
=
(
b · c,Tc, bU

)
▲ (c · b, nb ·m)

=
(
b · c,Tc, bU · nb ·m

)
=
(
b · c,mc · n · Tc · nf, b ·mfU

)
= (b · c,mc · n) ▲

(
b ·mf · c · nf, Tc · nf, b ·mfU

)
=
(
(b,m) · (c, n)

)
▲φb·mf,c·nf .

This shows that φ is a transformation.

We show that φ is a symmetric braiding of (SOrdmod) Cat. Cf. Remark 407.

Ad (SB1). For b, c ∈ BS , we have

φb,c ▲φc,b =
(
b · c,Tc, bU

)
▲

(
c · b,Tb, cU

)
=
(
b · c,Tc, bU · Tb, cU

) (SCM1)
= (b · c, 1 ) = idb·c .

Ad (SB2). We have

φ1,1 =
(
1 · 1,T1, 1U

) 322.(1)
= (1, 1) = id1 .

Ad (SB3). For a, b, c ∈ BS , we have

(ida · φb,c) ▲ (φa,c · idb) =
(
(a, 1) ·

(
b · c,Tc, bU

))
▲

((
a · c,Tc, aU

)
· (b, 1)

)
=

(
a · b · c,Tc, bU

)
▲

(
a · c · b, Tc, aUb

)
=

(
a · b · c,Tc, bU · Tc, aUb

)
323.(10)
=

(
a · b · c,Tc, bU · Tcb, abU

)
322.(3)
=

(
a · b · c,Tc, bU · Tc, bU− · Tc, a · bU

)
=

(
a · b · c,Tc, a · bU

)
= φa·b,c .

Lemma 414 (The symmetric monoidal functor ρ SymCat)

Suppose given a stable crossed module morphism ρ = (µ, β) : S → S̃.

We consider the crossed module morphism ρOrdmod = (µ, β) : SOrdmod → S̃Ordmod ; cf.
Lemma 328.
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Recall that we have the monoidal functor

(ρOrdmod) Cat : (SOrdmod) Cat→ (S̃Ordmod) Cat ,
(
b

(b,m)−−−→ b·mf
)
7→
(
bβ

(bβ,mµ)−−−−→ (b·mfS)β
)
;

cf. Lemma 165.(2).

We have that

ρ SymCat := (ρOrdmod) Cat : S SymCat → S̃ SymCat(
b

(b,m)−−−→ b ·mfS
)
7→

(
bβ

(bβ,mµ)−−−−→ (b ·mfS)β
)

is a symmetric monoidal functor.

Proof. For b, c ∈ BS , we have

(φb,c)(ρ SymCat) =
(
b · c,Tc, bU

)
(ρ SymCat) =

(
(b · c)β, Tc, bUµ

) 324.(2)
=

(
bβ · cβ, Tcβ, bβU

)
= φbβ,cβ = φb(ρ SymCat),c(ρ SymCat) .

Lemma 415 (The functor SymCat)

We have the functor

SymCat: StCr Mod → SymMonCat(
S

ρ−→ S̃
)
7→

(
S SymCat

ρ SymCat−−−−−→ S̃ SymCat
)
;

cf. Lemmas 413, 414.

In particular, for a stable crossed module S, we have

Ob(S SymCat) = BS and Mor(S SymCat) = BS ⋉MS .

Proof. Since the composite Ordmod ∗Cat: StCr Mod → InvMonCat is a functor, we have
that SymCat: StCr Mod → SymMonCat is a functor.

19.3 The functor StCM: SymMonCat → StCr Mod

Remark 416 Suppose given a symmetric monoidal category C = (C, I,⊗, φ); cf. Defini-
tion 158.
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For X, Y ∈ Ob(C), let
TX, Y U := (Y ⊗X)⊗− ⊗ φY,X ∈ ker s .

Note that TX, Y U : I → [X, Y ] .

(1) For X, Y ∈ Ob(C), we have

TX, Y U = TY, XU⊗− .

(2) For X, Y , Z ∈ Ob(C), we have

TX, Y ⊗ ZU = TX, ZU⊗ TX, Y UZ .

(3) For X ∈ Ob(C), we have

TX, IU = TI, XU = idI .

(4) For X, Y ∈ Ob(C), we have

TX⊗−, Y U = TY, XUX
⊗−
.

(5) For
(
I

u−→X
)
∈ Mor(C) and Y ∈ Ob(C), we have

uY = Y ⊗− ⊗ u⊗ Y = u⊗ TX, Y U .

(6) For
(
I

u−→X
)
and

(
I

v−→Y
)
in C, we have

uv = v⊗− ⊗ u⊗ v = Y ⊗− ⊗ u⊗ Y = uY .

Proof. Ad (1). For X, Y ∈ Ob(C), we have

TY, XU⊗− =
(
(X ⊗ Y )⊗− ⊗ φX,Y

)⊗−

= (φX,Y )
⊗− ⊗ (X ⊗ Y )

160.(1)
= (Y ⊗X)⊗− ⊗ (φX,Y )

− ⊗ (X ⊗ Y )⊗− ⊗ (X ⊗ Y )
(SB1)
= (Y ⊗X)⊗− ⊗ φY,X
= TX, Y U .
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Ad (2). For X, Y , Z ∈ Ob(C), we have

TX, ZU⊗ TX, Y UZ

= (Z ⊗X)⊗− ⊗ φZ,X ⊗ Z⊗− ⊗ (Y ⊗X)⊗− ⊗ φY,X ⊗ Z

= X⊗− ⊗ Z⊗− ⊗ (φZ,X ⊗ Z⊗− ⊗X⊗−)⊗ (Y ⊗− ⊗ φY,X ⊗X⊗−)⊗X ⊗ Z
160.(4)
= X⊗− ⊗ Z⊗− ⊗ (Y ⊗− ⊗ φY,X ⊗X⊗−)⊗ (φZ,X ⊗ Z⊗− ⊗X⊗−)⊗X ⊗ Z

= X⊗− ⊗ Z⊗− ⊗ Y ⊗− ⊗ (φY,X ⊗X⊗− ⊗ φZ,X)
408.(3)
= (Y ⊗ Z ⊗X)⊗− ⊗ φY⊗Z,X

= TX, Y ⊗ ZU .

Ad (3). For X ∈ Ob(C), we have

TX, IU = TX, I ⊗ IU (2)
= TX, IU⊗ TX, IUI = TX, IU⊗ TX, IU .

Applying TX, IU⊗−, this shows TX, IU = idI .

Morover, we have

TI, XU
(1)
= TX, IU⊗− = (idI)

⊗− = idI .

Ad (4). For X, Y ∈ Ob(C), we have

TY, XUX
⊗− (2)

= TY, X⊗−U⊗− ⊗ TY, X ⊗X⊗−U
(1)
= TX⊗−, Y U⊗ TY, IU

(3)
= TX⊗−, Y U .

Ad (5). Suppose given
(
I

u−→X
)
∈ Mor(C) and Y ∈ Ob(C).

We have
u⊗ TX, Y U = u⊗ (Y ⊗X)⊗− ⊗ φY,X

= Y ⊗− ⊗
(
(Y ⊗ u)⊗ (Y ⊗X)⊗− ⊗ φY,X

)
160.(3)
= Y ⊗− ⊗

(
(Y ⊗ u) ▲φY,X

)
409
= Y ⊗− ⊗

(
φY,I ▲ (u⊗ Y )

)
408.(1)
= Y ⊗− ⊗

(
idY ▲ (u⊗ Y )

)
= Y ⊗− ⊗ u⊗ Y

= uY .

Ad (6). Suppose given
(
I

u−→X
)
and

(
I

v−→Y
)
in C.
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We have
uv = v⊗− ⊗ u⊗ v

= v⊗− ⊗
(
idI ▲ (u⊗ v)

)
(SB2)
= v⊗− ⊗

(
φI,I ▲ (u⊗ v)

)
409
= v⊗− ⊗

(
(v ⊗ u) ▲φY,X

)
160.(3)
= v⊗− ⊗ (v ⊗ u)⊗ (Y ⊗X)⊗− ⊗ φY,X
= u⊗ TX, Y U
(5)
= Y ⊗− ⊗ u⊗ Y

= uY .

We have considered the functor CM: InvMonCat → Cr Mod ; cf. Remark 166.

We will give a variant of this construction for symmetric monoidal categories and stable crossed
modules. In order to do so, we will not make use of the functor CM and proceed using direct
arguments. Cf. also Lemma 426 below.

Lemma 417 (The functor StCM)

(1) Suppose given a symmetric monoidal category C = (C, I,⊗, φ); cf. Definition 406.

Let

κC : Ob(C)×Ob(C)→ ker s , (X, Y ) 7→ TX, Y U := (Y ⊗X)⊗− ⊗ φY,X .

Then C StCM := (ker sC ,Ob(C) , κC , t C
∣∣
ker sC ) is a stable crossed module.

(2) Suppose given symmetric monoidal categories (C, IC ,⊗, φ) and (D, ID ,⊗, ψ).
Suppose given a symmetric monoidal functor F : C → D; cf. Definition 410.

Using Remark 162.(1), we let

µF : ker sC → ker sD ,
(
IC

u−→X
)
7→
(
ID

uF−→XF
)

βF : Ob(C)→ Ob(D) , X 7→ XF .

We consider the stable crossed modules

C StCM = (ker sC ,Ob(C) , κC , t C
∣∣
ker sC ) and D StCM = (ker sD ,Ob(D) , κD , tD

∣∣
ker sD ) .
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Then

F StCM := (µF , βF ) : C StCM→ D StCM

is a stable crossed module morphism.

(3) We have the functor

StCM: SymMonCat → StCr Mod ,
(
C F−→ D

)
7→
(
C StCM F StCM−−−−→ D StCM

)
;

cf. (1, 2).

Proof. Ad (1). We write t := t C
∣∣
ker sC .

Ad (SCM1). For X, Y ∈ Ob(C), we have

TY, XU⊗− = TX, Y U

by Remark 416.(1).

Ad (SCM2). For X, Y ∈ Ob(C), we have

TX, Y U t =
(
(Y ⊗X)⊗− ⊗ φY,X

)
t = X⊗− ⊗ Y ⊗− ⊗ (φY,X) t = X⊗− ⊗ Y ⊗− ⊗X ⊗ Y

= [X, Y ] .

Cf. also Remark 416.

Ad (SCM3). Suppose given
(
I

u−→X
)
,
(
I

v−→Y
)
∈ ker s .

We have

[u, v] = u⊗− ⊗ uv 416.(6)
= u⊗− ⊗ uY 416.(5)

= u⊗− ⊗ u⊗ TX, Y U = Tu t , v tU .

Ad (SCM4). Suppose given X, Y , Z ∈ Ob(C).
We have

TX, Y ⊗ ZU
416.(2)
= TX, ZU⊗ TX, Y UZ

416.(5)
= TX, ZU⊗ TX, Y U⊗ T[X, Y ], ZU

416.(1)
= TX, ZU⊗ TX, Y U⊗ TZ, X⊗− ⊗XY U⊗−

416.(2)
= TX, ZU⊗ TX, Y U⊗

(
TZ, XY U⊗ TZ, X⊗−UXY

)⊗−

416.(1)
= TX, ZU⊗ TX, Y U⊗ TX⊗−, ZUXY ⊗ TXY , ZU

416.(4)
= TX, ZU⊗ TX, Y U⊗ TZ, XUX⊗−⊗XY ⊗ TXY , ZU
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= TX, ZU⊗ TX, Y U⊗ TZ, XU[X,Y ] ⊗ TXY , ZU
416.(6)
= TX, ZU⊗ TX, Y U⊗ TZ, XUTX,Y U ⊗ TXY , ZU

= TX, ZU⊗ TX, Y U⊗ TX, Y U⊗− ⊗ TZ, XU⊗ TX, Y U⊗ TXY , ZU
416.(1)
= TX, Y U⊗ TXY , ZU .

Ad (2). We write t := t C
∣∣
ker sC and t ′ := tD

∣∣
ker sD .

For u, v ∈ ker sC , we have

(u⊗ v)µF = (u⊗ v)F = uF ⊗ vF = uµF ⊗ vµF .

This shows that µF is a group morphism.

For X, Y ∈ Ob(C), we have

(X ⊗ Y )βF = (X ⊗ Y )F = XF ⊗ Y F = XβF ⊗ Y βF .

This shows that βF is a group morphism.

For
(
IC

u−→X
)
∈ ker sC , we have

u(µF ▲ t ′) = (uF ) t ′ = XF = XβF = u(t ▲ βF ) .

This shows µF ▲ t ′ = t ▲ βF .

For X, Y ∈ Ob(C), we have

TX, Y UµF =
(
(Y ⊗X)⊗− ⊗ φY,X

)
F =

(
(Y ⊗X)⊗−)F ⊗ (φY,X)F

= (Y F ⊗XF )⊗− ⊗ ψY F,XF = TXF, Y FU = TXβF , Y βFU .

So (µF , βF ) is a stable crossed module morphism.

Ad (3). Suppose given C F−→ D G−→ E in SymMonCat .
Consider the symmetric monoidal functor idC : C → C.
For u ∈ ker sC , we have

uµidC = u idC = u .

This shows µidC = idker sC .

For X ∈ Ob(C), we have

XβidC = X idC = X .
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This shows βidC = idOb(C) .

So we have

(idC) StCM = (µidC , βidC) = (idker sC , idOb(C)) = idC StCM .

We consider the symmetric monoidal functor F ∗G : C → E .
We consider the group morphism µF∗G : ker sC → ker sE , u 7→ uFG.

For u ∈ ker sC , we have

uµF∗G = uFG = (uF )µG = u(µF ▲ µG) .

This shows µF∗G = µF ▲ µG .

We consider the group morphism βF∗G : Ob(C)→ Ob(E), X 7→ XFG.

For X ∈ Ob(C), we have

XβF∗G = XFG = (XF )βG = X(βF ▲ βG) .

This shows βF∗G = βF ▲ βG .

So we have

(F ∗G) StCM = (µF∗G , βF∗G) = (µF ▲ µG , βF ▲ βG) = (µF , βF ) ▲ (µG , βG)

= F StCM ▲G StCM .

Therefore, StCM is a functor.

Remark 418 Suppose given a symmetric monoidal category (C, I,⊗, φ).
We consider the functors

StCM: SymMonCat → StCr Mod ; cf. Lemma 417.(3)

Ordmod : StCr Mod → Cr Mod ; cf. Lemma 329 .

We consider the stable crossed module C StCM = (ker s ,Ob(C) , κC , t
∣∣
ker s ) where

κC : Ob(C)×Ob(C)→ ker s , (X, Y ) 7→ TX, Y U = (Y ⊗X)⊗− ⊗ φY,X ;

cf. Lemma 417.(1).

We consider the stable crossed module

C(StCM ∗Ordmod) = (ker s ,Ob(C) ,γC StCM , t
∣∣
ker s ) ,
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where

γC StCM : Ob(C)→ Aut(ker s) , Y 7→
((
I

u−→X
)
7→ uY = u⊗ TX, Y U

)
;

cf. Lemma 327.

Suppose given
(
I

u−→X
)
∈ ker s and Y ∈ Ob(C).

Then we have

Y ⊗− ⊗ u⊗ Y = u(Y γC StCM ) .

In other words, there is no ambiguity concerning uY , i.e.

Y ⊗− ⊗ u⊗ Y = uY = u(Y γC StCM ) .

Proof. We have

u(Y γC StCM) = u⊗
(
u t
∣∣
ker s , Y

)
κC = u⊗ TX, Y U

416.(5)
= uY .

Remark 419 Suppose given a symmetric monoidal category (C,⊗, I, φ).
We consider the stable crossed module C StCM = (ker sC ,Ob(C) , κC , t C

∣∣
ker sC ); cf. Lem-

ma 417.(1).

(1) For X, Y , Z ∈ Ob(C), we have

TX, Y UZ = TXZ , Y ZU .

(2) Moreover, for X, Y , Z ∈ Ob(C), we have

(φX,Y )
Z = φXZ ,Y Z .

Cf. also Lemma 323 and Remark 418.

Proof. Ad (1). For X, Y , Z ∈ Ob(C), we have

TX, Y UZ 418
= TX, Y U

(
ZγC StCM

) 323.(10)
= TXZ , Y ZU .

Ad (2). Suppose given X, Y , Z ∈ Ob(C).
Note that we have

φX,Y
416
= X ⊗ Y ⊗ TY, XU .
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So we have

(φX,Y )
Z =

(
X ⊗ Y ⊗ TY, XU

)Z
= XZ ⊗ Y Z ⊗ TY, XUZ

(2)
= XZ ⊗ Y Z ⊗ TY Z , XZU

= φXZ ,Y Z .

19.4 The equivalent categories SymMonCat and StCr Mod

We consider the following functors.

SymCat: StCr Mod → SymMonCat ; cf. Lemma 415
StCM: SymMonCat → StCr Mod ; cf. Lemma 417

Remark 420 (The stable crossed module S SymCat StCM)

(1) Let S = (MS ,BS , κS , fS) be a stable crossed module. We consider the stable crossed
module S SymCat StCM.

Recall that we have the symmetric monoidal category
(
S SymCat, 1BS

, ( · ), φ
)
, where

Ob(S SymCat) = BS

Mor(S SymCat) = BS ⋉MS ,

and where
φb,c =

(
b · c, Tc, bU

)
∈ Mor(S SymCat)

for b, c ∈ BS ; cf. Lemma 413.

Then, by Lemma 417, we have the stable crossed module

S SymCat StCM = (MS SymCat StCM , BS SymCat StCM , κS SymCat StCM , fS SymCat StCM)

=
(
ker s ,Ob(S SymCat) , κS SymCat , t

∣∣
ker s

)
=
(
ker s ,BS , κS SymCat , t

∣∣
ker s

)
,

where we have the group morphisms s : BS ⋉ MS → BS , (b,m) 7→ b and
t : BS ⋉MS → BS , (b,m) 7→ b ·mfS .

For b, c ∈ BS , note that we have

(b, c)κS SymCat
417.(1)
=

(
(c, 1) · (b, 1))− · φc,b

413
= (c · b, 1)− ·

(
c · b,Tb, cU

)
=
(
1,Tb, cU

)
.
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So we have

MS SymCat StCM = ker s = {(1,m) ∈ BS ⋉MS : m ∈ MS} = 1⋉MS ⩽ BS ⋉MS

BS SymCat StCM = Ob(S SymCat) = BS

and

κS SymCat : BS × BS → 1⋉MS , (b, c) 7→ (b, c)κS SymCat =
(
1,Tb, cU

)
=: Tb, cU′

t
∣∣
ker s

: 1⋉MS → BS , (1,m) 7→ mfS .

(2) Suppose given a stable crossed module morphism ρ = (µ, β) : S → S̃; cf. Definition 324.

We consider the stable crossed modules S SymCat StCM and S̃ SymCat StCM; cf. (1).
We consider the stable crossed module morphism

ρ SymCat StCM: S SymCat StCM→ S̃ SymCat StCM .

Recall that we have the symmetric monoidal functor

ρ SymCat: S SymCat→ S̃ SymCat ,
(
b

(b,m)−−−→ b ·mfS
)
7→
(
bβ

(bβ,mµ)−−−−→ bβ ·mµ fS̃
)
;

cf. Lemmas 415, 414.

Then, by Lemma 417.(2), we have the stable crossed module morphism

ρ SymCat StCM =
(
µρ SymCat , βρ SymCat

)
,

where

µρ SymCat : 1⋉MS → 1⋉MS̃ , (1,m) 7→ (1,m)(ρ SymCat) = (1,mµ)

βρSymCat : BS → BS̃ , b 7→ b(ρ SymCat) = bβ .

Lemma 421 (The functor SymCat ∗ StCM)

(1) Let S = (MS ,BS , κS , fS) be a stable crossed module.

We have the stable crossed module isomorphism

Sψ̂ = (ιMS
, idBS

) : S
∼−→S SymCat StCM ,

where

ιMS
: MS

∼−→ 1⋉MS ,m 7→ (1,m) .
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(2) We have the isotransformation

ψ̂ =
(
S

(ιMS
, idBS

)
−−−−−−→ S SymCat StCM

)
S∈Ob(StCr Mod )

: idStCr Mod → SymCat ∗ StCM ;

cf. (1).

Proof. Ad (1). We have that ιMS
and idBS

are group morphisms.

Then for m ∈ MS , we have

m
(
ιMS

▲ t
∣∣
ker s

)
= (1,m)t

∣∣
ker s

= mfS = m(fS ▲ idBS
) .

This shows ιMS
▲ t
∣∣
ker s

= fS ▲ idBS
.

For b, c ∈ BS , we have

Tb, cUιMS
=
(
1,Tb, cU

)
= Tb, cU′ = Tb idBS

, c idBS
U′ .

So (ιMS
, idBS

) is a stable crossed module morphism.

Since ιMS
and idBS

are group isomorphisms, we have that (ιMS
, idBS

) is a stable crossed
module isomorphism; cf. Remark 326.(2).

Ad (2). Suppose given
(
S

ρ−→ T
)
in StCr Mod .

We have ρ = (µ, β), where µ : MS → MT and β : BS → BT .

We show that we have the following commutative diagram.

S S(SymCat ∗ StCM)

T T (SymCat ∗ StCM)

(ιMS
, idBS

)

(µ, β)

(ιMT
, idBT

)

(µ, β)(SymCat ∗ StCM)

Recall that we write (µS SymCat , βS SymCat) = (µ, β)(SymCat ∗ StCM).

For m ∈ MS , we have

m(ιMS
▲ µρ SymCat) = (1,m)µρ SymCat

420.(2)
= (1,mµ) = (mµ)ιMT

= m(µ ▲ ιMT
) .

This shows ιMS
▲ µρ SymCat = µ ▲ ιMT

.
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For b ∈ BS, we have

b(idBS
▲ βρ SymCat) = bβρ SymCat

420.(2)
= bβ = b(β ▲ idBT

) .

This shows idBS
▲ βρ SymCat = β ▲ idBT

.

So we have

(ιMS
, idBS

) ▲ (µρ SymCat, βρ SymCat) = (ιMS
▲ µρ SymCat, idBS

▲ βρ SymCat) = (µ ▲ ιMT
, β ▲ idBT

)

= (µ, β) ▲ (ιMT
, idBT

) .

So ψ̂ is a transformation. Using (1), we conclude that ψ̂ is an isotransformation.

Remark 422 (The symmetric monoidal category C StCMSymCat)

(1) Suppose given a symmetric monoidal category (C, I,⊗, φ); cf. Definition 406.

We consider the symmetric monoidal category C StCMSymCat.

Recall that we have the stable crossed module

C StCM = (MC StCM , BC StCM , κC StCM , fC StCM) ,

where

MC StCM = ker s =
{(
I

u−→Y
)
∈ Mor(C)

}
⩽ Mor(C)

BC StCM = Ob(C) ,

and where

κC : Ob(C)×Ob(C)→ ker s , (X, Y ) 7→ TX, Y U = (Y ⊗X)⊗− ⊗ φY,X
fC StCM = t

∣∣
ker s : ker s → Ob(C) ,

(
1

u−→Y
)
7→ Y ;

cf. Lemma 417.

By Lemma 413, we have the symmetric monoidal category (C StCMSymCat, I,⊗, φ̃),
where

Ob(C StCMSymCat) = BC StCM = Ob(C)
Mor(C StCMSymCat) = BC StCM ⋉MC StCM = Ob(C)⋉ ker s ,

and where

φ̃X,Y =
(
X ⊗ Y, TY, XU

)
=
(
X ⊗ Y, (X ⊗ Y )⊗− ⊗ φX,Y

)
: X ⊗ Y → Y ⊗X
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for X, Y ∈ Ob(C).
Suppose given

(
X,
(
I

u−→Y
))
∈ Mor(C StCMSymCat) = Ob(C)⋉ ker s .

Note that we have

(X, u) s = X

(X, u) t = X ⊗ u fC StCM = X ⊗ u t = X ⊗ Y .

So we have
(
X,
(
I

u−→Y
))

: X → X ⊗ Y .

(2) Suppose given symmetric monoidal categories (C, IC ,⊗, φC) and (D, ID ,⊗, φD). Sup-
pose given a symmetric monoidal functor F : C → D.
We consider the symmetric monoidal categories C StCMSymCat and D StCMSymCat;
cf. (1). We consider the symmetric monoidal functor

F StCMSymCat: C StCMSymCat→ D StCMSymCat .

Recall that we have the stable crossed module morphism

F StCM = (µF , βF ) : C StCM→ D StCM ,

where

µF : ker sC → ker sD ,
(
IC

u−→Y
)
7→
(
ID

uF−→Y F
)

βF : Ob(C)→ Ob(D) , X 7→ XF ;

cf. Lemma 417.(2).

Then, by Lemma 414, we have the symmetric monoidal functor

F StCMSymCat: C StCMSymCat → D StCMSymCat(
X

(X, IC
u−→Y )

−−−−−−−−−−−→ X ⊗ Y
)
7→

(
XF

(XF, ID
uF−→Y F )

−−−−−−−−−−−−−−→ XF ⊗ Y F
)
.

Lemma 423 (The functor StCM ∗ SymCat)

(1) Let C = (C, I,⊗, φ) be a symmetric monoidal category.

We have the symmetric monoidal isofunctor

Cψ : C → C StCMSymCat(
X

u−→Y
)
7→

(
X

(X, I
X⊗−⊗u−−−−→ X⊗− ⊗ Y )

−−−−−−−−−−−−−−−−−−−→ Y
)
.
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(2) We have the isotransformation

ψ =
(
C Cψ−→ C StCMSymCat

)
C∈Ob(SymMonCat) : idSymMonCat → StCM ∗ SymCat ;

cf. (1).

Proof. Ad (1). We show that Cψ is a functor.

Suppose given X ∈ Ob(C). We have

idX(Cψ) = (X,X⊗− ⊗ idX) = (X, idX⊗− ⊗ idX) = (X, idX⊗−⊗X) = (X, idI) = idX(Cψ) .

Suppose given X
u−→Y

v−→Z in C. We have

(u ▲ v) Cψ =
(
X,X⊗− ⊗ (u ▲ v)

) 160.(3)
=

(
X,X⊗− ⊗ (u⊗ Y ⊗− ⊗ v)

)
=
(
X, (X⊗− ⊗ u)⊗ (Y ⊗− ⊗ v)

)
= (X,X⊗− ⊗ u) ▲ (Y, Y ⊗− ⊗ v) = u(Cψ) ▲ v(Cψ) .

This shows that Cψ is a functor.

We show that Cψ is an isofunctor.

It suffices to show that Mor(Cψ) is bijective; cf. §1.1.3 item 7.

We consider the map

ψ′ : Mor
(
C(StCM ∗ SymCat)

)
→ Mor(C) ,

(
X

(X, I
u−→Y )

−−−−−−−−−−→ X⊗Y
)
7→
(
X

X⊗u−−−→ X⊗Y
)
.

For (X, I
u−→Y ) ∈ Mor

(
C(StCM ∗ SymCat)

)
, we have

(X, u)(ψ′
▲ Mor(Cψ)) = (X ⊗ u)Mor(Cψ) =

(
X ⊗ I, (X ⊗ I)⊗− ⊗X ⊗ u

)
= (X,X⊗− ⊗X ⊗ u)

= (X, u) .

This shows ψ′
▲ Mor(Ψ) = idMor(C(StCM ∗ SymCat)) .

For
(
X

u−→Y
)
∈ Mor(C), we have

u
(
Mor(Cψ) ▲ψ′) = (X,X⊗− ⊗ u)ψ′ = X ⊗X⊗− ⊗ u = u .

This shows Mor(Cψ) ▲ψ′ = idC .

So the map Mor(Cψ) is bijective. Therefore, Cψ is an isofunctor.

We show that Cψ is monoidal.
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For
(
X

u−→X ′), (Y v−→Y ′) ∈ Mor(C), we have

u(Cψ)⊗ v(Cψ) = (X,X⊗− ⊗ u)⊗ (Y, Y ⊗− ⊗ v) 413,418
=

(
X ⊗ Y, (X⊗− ⊗ u)Y ⊗ Y ⊗− ⊗ v

)
= (X ⊗ Y, Y ⊗− ⊗X⊗− ⊗ u⊗ v) =

(
X ⊗ Y, (X ⊗ Y )⊗− ⊗ u⊗ v

)
= (u⊗ v) Cψ .

We show that Cψ is a symmetric monoidal functor.

For X, Y ∈ Ob(C), we have

(φX,Y )(Cψ) =
(
X ⊗ Y, (X ⊗ Y )⊗− ⊗ φX,Y

)
= φ̃X,Y = φ̃X(Cψ),Y (Cψ) .

Altogether, Cψ is a symmetric monoidal isofunctor.

Ad (2). Suppose given
(
C F−→ D

)
in SymMonCat .

We show that we have the following commutative diagram.

C C(StCM ∗ SymCat)

D D(StCM ∗ SymCat)

Cψ

F

Dψ

F (StCM ∗ SymCat)

For
(
X

u−→Y
)
∈ Mor(C), we have

u(Cψ ∗ F (StCM ∗ SymCat))
(1)
= (X,X⊗− ⊗ u)

(
F (StCM ∗ SymCat)

)
422.(2)
=

(
XF, (X⊗− ⊗ u)F

) 161
=
(
XF, (X⊗−)F ⊗ uF

)
162.(3)
=

(
XF, (XF )⊗− ⊗ uF

) (1)
= (uF )(Dψ) = u(F ∗ Dψ) .

This shows Cψ ∗ F (StCM ∗ SymCat) = F ∗ Dψ .

So ψ is a transformation. Using (1), we conclude that ψ is an isotransformation.

Proposition 424 (The equivalences SymCat and StCM)

By Lemma 421.(2). we have the isotransformation ψ̂ : idStCr Mod
∼−→ SymCat ∗ StCM.

By Lemma 423.(2), we have the isotransformation ψ : idSymMonCat
∼−→ StCM ∗ SymCat.

So SymCat and StCM are equivalences.
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In particular, the categories StCr Mod and SymMonCat are equivalent.

StCr Mod SymMonCat
SymCat

∼
StCM

19.5 The ordinarification functor

Ordcat : SymMonCat → InvMonCat

Remark 425 (The ordinarification functorOrdcat)

We consider the categories InvMonCat and SymMonCat ; cf. Definitions 163 and 412.

We have the ordinarification functor

Ordcat : SymMonCat → InvMonCat

(C, I,⊗, φ) 7→ COrdcat := (C, I,⊗) for C ∈ Ob
(
SymMonCat

)(
C F−→ D

)
7→ FOrdcat := F for F ∈ Mor

(
SymMonCat

)
.

Proof. Note that for a symmetric monoidal category (C, I,⊗, φ) we have that (C, I,⊗) is an
invertible monoidal category; cf. Definition 406.

Moreover, note that every symmetric monoidal functor is also a monoidal functor; cf. Defi-
nition 410.

Suppose given C F−→ D G−→ E in SymMonCat .
We have

(idC)Ordcat = idC = idCOrdcat .

We have

(F ∗G)Ordcat = F ∗G = FOrdcat ∗GOrdcat .

SoOrdcat is a functor.
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19.5. THE ORDINARIFICATION FUNCTOROrdcat : SymMonCat → InvMonCat

Lemma 426 We consider the following functors.

Ordmod : StCr Mod → Cr Mod ; cf. Lemma 329

Ordcat : SymMonCat → InvMonCat ; cf. Remark 425

Cat : Cr Mod → InvMonCat ; cf. Remark 165

SymCat: StCr Mod → SymMonCat ; cf. Lemma 415

CM: InvMonCat → Cr Mod ; cf. Remark 166

StCM: SymMonCat → StCr Mod ; cf. Lemma 417

(1) We have the following commutative diagram.

StCr Mod Cr Mod

SymMonCat InvMonCat

Ordmod

SymCat

Ordcat

Cat

(2) We have the following commutative diagram.

SymMonCat InvMonCat

StCr Mod Cr Mod

Ordcat

StCM

Ordmod

CM

Proof. Ad (1). Suppose given a stable crossed module morphism (µ, β) ∈ Mor(StCr Mod ).

We have

(µ, β)(Ordmod ∗Cat) = (µ, β) Cat = (µ, β) SymCat = (µ, β)(SymCat ∗Ordcat) .

This showsOrdmod ∗Cat = SymCat ∗Ordcat .

Ad (2). Suppose given a symmetric monoidal functor F ∈ Mor
(
SymMonCat

)
.

We have

F (Ordcat ∗CM) = F CM = (µF , βF ) = (µF , βF )Ordmod = F (StCM ∗Ordmod) .

This showsOrdcat ∗CM = StCM ∗Ordmod.

693



CHAPTER 19. SYMMETRIC MONOIDAL CATEGORIES

19.6 Inner automorphisms

Remark 427 Suppose given a symmetric monoidal category (C, I,⊗, φ).
Suppose given A ∈ Ob(C).
We have the symmetric monoidal autofunctor given by

FA : C → C ,
(
X

u−→Y
)
7→
(
XA uA−→Y A

)
=
(
A⊗− ⊗X ⊗ A

idA⊗− ⊗u⊗ idA−−−−−−−−−→ A⊗− ⊗ Y ⊗ A
)
;

cf. Definition 158.

Proof. We show that FA is a functor.

Suppose given X
u−→Y

v−→Z in C.
We have

(idX)FA = (idX)
A = idA⊗− ⊗ idX ⊗ idA = idA⊗−⊗X⊗A = idXA = idXFA

.

We have

(u ▲ v)FA = (u ▲ v)A = A⊗− ⊗ (u ▲ v)⊗ A 164
= (A⊗− ⊗ u⊗ A) ▲ (A⊗− ⊗ v ⊗ A) = uA ▲ vA

= uFA ▲ vFA .

This shows that FA is a functor.

We show that FA is an autofunctor.

We consider the functor

FA⊗− : C → C ,
(
X

u−→Y
)
7→
(
XA⊗− uA

⊗−

−→ Y A⊗−)
.

We show that (FA)
− !
= FA⊗− .

Suppose given u ∈ Mor(C).
We have

u(FA ∗ FA⊗−) = (uA)FA⊗− = (uA)A
⊗−

= uA⊗A
⊗−

= uI = u .

This shows FA ∗ FA⊗− = idC .

Similarly, we have FA⊗− ∗ FA = idC .

This shows (FA)
− = FA⊗− .
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We show that FA is monoidal.

For u, v ∈ Mor(C), we have

(u⊗ v)FA = (u⊗ v)A = A⊗− ⊗ (u⊗ v)⊗ A = (A⊗− ⊗ u⊗ A)⊗ (A⊗− ⊗ v ⊗ A) = uA ⊗ vA

= uFA ⊗ vFA .

We show that FA is a symmetric monoidal functor.

For X, Y ∈ Ob(C), we have

(φX,Y )FA = (φX,Y )
A 419.(2)

= φXA,Y A = φXFA ,Y FA
.

Altogether, FA is a symmetric monoidal autofunctor.

Remark 428 Suppose given a stable crossed module S.

Suppose given c ∈ BS .

We have the stable crossed module isomorphism (µc , βc) : S → S given by

µc : MS → MS , m 7→ mc = m(cγS)

βc : BS → BS , b 7→ bc = c− · b · c .

Proof. We show that µc and βc are group morphisms.

For m, n ∈ MS , we have

(m · n)µc = (m · n)c 323.(7)
= mc · nc = mµc · nµc .

For a, b ∈ BS , we have

(a · b)βc = (a · b)c = ac · bc = aβc · bβc .

We show that (µc , βc) is a stable crossed module morphism.

For m ∈ MS , we have

m(µc ▲ fS) = (mc)fS
323.(1)
= (mfS)

c = m(fS ▲ βc) .

This shows that µc ▲ fS = fS ▲ βc .

For a, b ∈ BS , we have

Ta, bUµc = Ta, bUc
323.(10)
= Tac, bcU = Taβc, bβcU .
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This shows that (µc , βc) is a stable crossed module morphism.

We show that (µc , βc) is a stable crossed module isomorphism.

We consider the stable crossed module morphism (µc− , βc−) : S → S , where

µc− : MS → MS , m 7→ mc−

βc− : BS → BS , b 7→ bc
−
.

We show that (µc , βc)
− !
= (µc− , βc−).

For m ∈ MS , we have

m(µc ▲ µc−) = (mc)µc− = (mc)c
− 323.(6)

= mc·c− = m1 323.(6)
= m.

This shows µc ▲ µc− = idMS
.

Similarly, we have µc− ▲ µc = idMS
.

For b ∈ BS , we have

b(βc ▲ βc−) = (bc)βc− = (bc)c
−
= bc·c

−
= b1 = b .

This shows βc ▲ βc− = idBS
.

Similarly, we have βc− ▲ βc = idBS
.

Therefore, we have

(µc , βc) ▲ (µc− , βc−) = (µc ▲ µc− , βc ▲ βc−) = (idMS
, idBS

) .

Similarly, we have (µc− , βc−) ▲ (µc , βc) = (idMS
, idBS

) .

So (µc , βc) is a stable crossed module isomorphism.

Remark 429 Suppose given a stable crossed module S.

Suppose given c ∈ BS .

We consider the stable crossed module isomorphism (µc , βc) : S → S from Remark 428.

We consider the functor SymCat: StCr Mod → SymMonCat from Lemma 415.

In particular, we consider the symmetric monoidal category S SymCat.

We consider the symmetric monoidal isofunctor

Fc : S SymCat→ S SymCat ,
(
b

(b,m)−−−→ b ·mfS
)
7→
(
bc

(b,m)c−−−→ (b ·mfS)
c
)
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from Remark 427, using c ∈ BS
413
= Ob(S SymCat).

We have

(µc , βc) SymCat = Fc .

Proof. Suppose given
(
b

(b,m)−−−→ b ·mfS
)
∈ Mor(S SymCat).

We have

(b,m)Fc
427
= (b,m)c

427
= (c−, 1) · (b,m) · (c, 1) = (bc,mc) = (bβc ,mµc)

414
= (b,m)

(
(µc , βc) SymCat

)
.

This shows (µc , βc) SymCat = Fc .

19.7 Remarks on dualisation

Remark 430 (Dualisation of invertible and symmetric monoidal categories)

(1) Suppose given an invertible monoidal category (C, I,⊗).

We consider the category Cop ; cf. §1.1.3 item 12.

We have the functor

(⊗) : Cop×Cop ,
((
X

uop−→X ′), (Y vop−→Y ′)) 7→ (
X ⊗ Y (u⊗ v)op−−−−−→ X ′ ⊗ Y ′) .

So, for uop, vop ∈ Mor(Cop), we have

uop ⊗ vop = (u⊗ v)op .

We have the invertible monoidal category Cop = (Cop, I,⊗).

We show that (⊗) is a functor.

Suppose given X
uop−→Y

vop−→Z and X̃
ũop−→ Ỹ

ṽop−→ Z̃ in Cop.

We have

(idX)
op ⊗ (idX̃)

op = (idX ⊗ idX̃)
op = (idX⊗X̃)

op .
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Moreover, we have

(uop ▲ vop)⊗ (ũop ▲ ṽop) = (v ▲ u)op ⊗ (ṽ ▲ ũ)op =
(
(v ▲ u)⊗ (ṽ ▲ ũ)

)op
=
(
(v ⊗ ṽ) ▲ (u⊗ ũ)

)op
= (u⊗ ũ)op ▲ (v ⊗ ṽ)op

= (uop ⊗ ũop) ▲ (vop ⊗ ṽop) .

This shows that (⊗) is a functor.

We show that (Cop, I,⊗) is an invertible monoidal category.

For uop ∈ Mor(Cop), we have

uop ⊗ (idI)
op = (u⊗ idI)

op = uop

and
(idI)

op ⊗ uop = (idI ⊗u)op = uop .

For uop, vop and wop ∈ Mor(Cop), we have

(uop ⊗ vop)⊗ wop = (u⊗ v)op ⊗ wop =
(
(u⊗ v)⊗ w

)op
=
(
u⊗ (v ⊗ w)

)op
= uop ⊗ (v ⊗ w)op = uop ⊗ (vop ⊗ wop) .

Suppose given uop ∈ Mor(Cop). Consider the morphism (u⊗−)op ∈ Mor(Cop).
We have

uop ⊗ (u⊗−)op = (u⊗ u⊗−)op = (idI)
op

and

(u⊗−)op ⊗ uop = (u⊗− ⊗ u)op = (idI)
op .

This shows that (Cop, I,⊗) is an invertible monoidal category.

(2) Suppose given a symmetric monoidal category (C, I,⊗, φ).
We consider the invertible monoidal category (Cop, I,⊗) from (1).

For X, Y ∈ Ob(Cop), let

φ′
X,Y := (φY,X)

op : X ⊗ Y → Y ⊗X .

Moreover, let
φ′ := (φ′

X,Y )X,Y ∈Ob(Cop) .

We have the symmetric monoidal category (Cop, I,⊗, φ′).
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We show that φ′ is a symmetric braiding.

For
(
X

uop−→ X̃
)
,
(
Y

vop−→ Ỹ
)
∈ Mor(Cop), we have

φ′
X,Y ▲ (vop ⊗ uop) = (φY,X)

op
▲ (v ⊗ u)op =

(
(v ⊗ u) ▲φY,X

)op
=
(
φỸ,X̃ ▲ (u⊗ v)

)op
= (u⊗ v)op ▲ (φỸ,X̃)

op = (uop ⊗ vop) ▲φ′
X̃,Ỹ

.

This shows that φ′ is a transformation.

Ad (SB1). For X, Y ∈ Ob(Cop), we have

φ′
X,Y ▲φ′

Y,X = (φY,X)
op

▲ (φX,Y )
op = (φX,Y ▲φY,X)

op = (idX⊗Y )
op .

Ad (SB2). We have

φ′
I,I = (φI,I)

op = (idI)
op .

Ad (SB3). For X, Y , Z ∈ Ob(Cop), we have

φ′
X⊗Y,Z = (φZ,X⊗Y )

op 407
=
(
(φZ,X ⊗ Y ) ▲ (X ⊗ φZ,Y )

)op
= (X ⊗ φZ,Y )op ▲ (φZ,X ⊗ Y )op

=
(
X ⊗ (φZ,Y )

op
)

▲

(
(φZ,X)

op ⊗ Y
)
= (X ⊗ φ′

Y,Z) ▲ (φ′
X,Z ⊗ Y ) .

This shows that φ′ is a symmetric braiding.

So (Cop, I,⊗, φ′) is a symmetric monoidal category.

Remark 431 (Dualisation of ordinary and stable crossed modules)

(1) Let V be a crossed module.

We consider the invertible monoidal category V Cat; cf. Remark 165.(1).

We consider the invertible monoidal category
(
(V Cat)op, I, ( · )

)
; cf. Remark 430.(1).

Note that for the tensor product ( · ), we have

(b,m)op · (b̃, m̃)op
430.(1)
=

(
(b,m) · (b̃, m̃)

)op
= (b · b̃, mb̃ · m̃)op ,

for (b,m)op, (b̃, m̃)op ∈ Mor
(
(V Cat)op

)
.

For b · (m · n)fV
(b·mfV , n)op−−−−−−−→ b ·mfV

(b,m)op−−−−→ b in (V Cat)op , note that we have

(b ·mfV , n)
op

▲ (b,m)op =
(
(b,m) ▲ (b ·mfV , n)

)op
= (b,m · n)op .
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Consider the crossed module(
(V Cat)op

)
CM =: W =

(
MW ,BW ,γW , fW

)
,

where

MW = {(b,m)op ∈ BV ⋉MV :
(
(b,m)op

)
s (V Cat)op = 1}

= {(b,m)op ∈ BS ⋉MS :
(
(b,m)op

)
t V Cat = b ·mfS = 1}

= {
(
(mfV )

−,m
)op

: m ∈ MV }
= {(mfV ,m

−)op : m ∈ MV }
BW = Ob

(
(V Cat)op

)
= Ob(V Cat) = BV .

Moreover, by Remark 166.(1), we have

γW : BW → Aut(MW )

b 7→
(
(mfV ,m

−) 7→ (b−, 1) · (mfV ,m
−) · (b, 1) =

(
(mfV )

b , (m−)b
))
.

and we have

fW = t (V Cat)op
∣∣
MW

= sV Cat

∣∣
MW

: MW → BW , (mfV ,m
−)op 7→ mfV .

We have a crossed module isomorphism (ψ, idBV
) : V → W , where

ψ : MV → MW , m 7→ (mfV ,m
−)op .

We proceed in several steps.

We show that ψ is a group isomorphism.

For m, n ∈ MV , we have

mψ · nψ = (mfV ,m
−)op · (nfV , n−)op =

(
mfV · nfV , (m−)nfV · n−)op

(CM2)
=

(
(m · n)fV , (m−)n · n−)op =

(
(m · n)fV , n− ·m−)op

=
(
(m · n)fV , (m · n)−

)op
= (m · n)ψ .

Consider the map
ψ′ : MW → MV : (mfV ,m

−)op 7→ m.

For (mfV ,m
−)op ∈ MW , where m ∈ MV , we have

(mfV ,m
−)(ψ′

▲ψ) = mψ = (mfV ,m
−) .
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For m ∈ MV , we have

m(ψ ▲ψ′) = (mfV ,m
−)ψ′ = m.

This shows ψ− = ψ′.

So ψ is a group isomorphism.

We show that (ψ, idBV
) is a crossed module morphism.

For m ∈ MV , we have

m(ψ ▲ fW ) = (mfV ,m
−)op fW = mfV = m(fV ▲ idBV

) .

So ψ ▲ fW = fV ▲ idBV
.

For m ∈ MV and b ∈ BV , we have

(mb)ψ =
(
(mb)fV , (m

b)−
)op (CM1)

=
(
(mfV )

b , (m−)b
)op

=
(
(mfV ,m

−)(b,1)
)op

430.(1)
=

(
(mfV ,m

−)op
)(b,1)op 166.(1)

= (mψ)b .

This shows that (ψ, idBV
) is a crossed module morphism.

Since ψ and idBV
are group isomorphisms, we have that (ψ, idBV

) is a crossed module
isomorphism.

(2) Let S be a stable crossed module.

We consider the symmetric monoidal category S SymCat; cf. Lemma 413.

We consider the symmetric monoidal category
(
(S SymCat)op, 1BS

, ( · ), φ′); cf. Re-
mark 430.(2).

So for the tensor product ( · ), we have

(b,m)op · (b̃, m̃)op
430.(2,1)
=

(
(b,m) · (b̃, m̃)

)op
= (b · b̃, mb̃ · m̃)op ,

for (b,m)op, (b̃, m̃)op ∈ Mor
(
(S SymCat)op

)
.

Note that, for b, c ∈ Ob(S SymCat) = BS , we have

φ′
b,c = (φc,b)

op 413
=
(
c · b,Tb, cU

)op
: b · c→ c · b .

Consider the stable crossed module(
(S SymCat)op

)
StCM =: T = (MT ,BT , κT , fT )
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from Lemma 417.(1), where

MT = {(b,m)op : (b,m) ∈ BS ⋉MS ,
(
(b,m)op

)
s (S SymCat)op = 1}

= {(b,m)op : (b,m) ∈ BS ⋉MS ,
(
(b,m)op

)
tS SymCat = b ·mfS = 1}

= {
(
(mfS)

−,m
)op

: m ∈ MS}
= {(mfS ,m

−)op : m ∈ MS}
BT = Ob

(
(S SymCat)op

)
= Ob(S SymCat) = BS .

Moreover, by Lemma 417.(1), we have

κT : BT × BT → MT , (b, c) 7→
(
(c, 1)op · (b, 1)op

)− · φ′
c,b

=
(
(c · b)−, 1

)op · (φb,c)op
=
(
(c · b)−, 1

)op · (b · c,Tc, bU)op
=
((

(c · b)−, 1
)
·
(
b · c,Tc, bU

))op
=
(
[b, c], Tc, bU

)op
=: Tb, cU′ ,

and we have

fT : t (S SymCat)op
∣∣
MT

= sS SymCat

∣∣
MT

: MT → BT , (mfS ,m
−)op 7→ mfS .

We have a stable crossed module morphism

(ψ, idBS
) : S → T ,

where
ψ : MS → MT ,m 7→ (mfS ,m

−)op ;

cf. (1).

From (1), applicable after usingOrdmod, we know that ψ is a group isomorphism.

For m ∈ MS , we have, as in (1),

m(ψ ▲ fT ) = (mfS ,m
−)op fT = mfS = m(fS ▲ idBS

) .

This shows ψ ▲ fT = fS ▲ idBS
.

For b, c ∈ BT , we have

Tb, cUψ =
(
Tb, cUfS ,Tb, cU−)op (SCM2)

=
(
[b, c],Tb, cU−)op (SCM1)

=
(
[b, c],Tc, bU

)op
= Tb, cU′ = Tb idBS

, c idBS
U′ .

So (ψ, idBS
) is a stable crossed module isomorphism.
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Chapter 20

Stable simplicial groups,
stable crossed modules,
simplicial groups and crossed modules

Remark 432 Let n ∈ Z⩾0 . We consider the functors

Trunc±,⌊n,−∞⌋ : StSimpGrp → ⌊n,−∞⌋-StSimpGrp; cf. Remark 292

Cond±,⌊n,−∞⌋ : ⌊n,−∞⌋-StSimpGrp → StSimpGrp; cf. Lemma 298

Inc±,⌊n,0⌋ : ⌊n, 0⌋-StSimpGrp → ⌊n,−∞⌋-StSimpGrp; cf. Remark 312

Shrink±,⌊n,0⌋ : ⌊n,−∞⌋-StSimpGrp → ⌊n, 0⌋-StSimpGrp; cf. Remark 316 .

Recall that Trunc±,⌊n,−∞⌋ ⊣ Cond±,⌊n,−∞⌋ and that Inc±,⌊n,0⌋ ⊣ Shrink±,⌊n,0⌋; cf. Theorem 302,
Lemma 320.

We have the following overview.

StSimpGrp ⌊n,−∞⌋-StSimpGrp ⌊n, 0⌋-StSimpGrp
Trunc±,⌊n,−∞⌋

⊢

Shrink±,⌊n,0⌋

⊣

Inc±,⌊n,0⌋Cond±,⌊n,−∞⌋

Remark 433 Let n = 1. We consider the functors

N̂± : ⌊1, 0⌋-StSimpGrp → StCr Mod ; cf. Lemma 397

Rec± : StCr Mod → ⌊1, 0⌋-StSimpGrp; cf. Lemma 400 .
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Recall that N̂± and Rec± are equivalences; cf. Proposition 405.

By Remark 432, we obtain the following overview.

StSimpGrp ⌊1,−∞⌋-StSimpGrp ⌊1, 0⌋-StSimpGrp StCr Mod
Trunc±,⌊1,−∞⌋

⊢
Shrink±,⌊1,0⌋

⊣

N̂±

∼
Rec±Inc⌊1,0⌋Cond⌊1,−∞⌋

Suppose given a stable simplicial group G; cf. Definition 205.

We consider the stable crossed module S :=
(
(GTrunc±,⌊1,−∞⌋) Shrink±,⌊1,0⌋

)
N̂±; cf. Defini-

tion 321.

We have
MS = GN1/GNB1 and BS = GNZ0 .

Moreover, we have

κS : GNZ0 ×GNZ0 → GN1/GNB1

(g, h) 7→ Tg, hU =
(
(g−sG,00 )hs

G,0
1 · (gsG,00 )hs

G,0
0

)
GNB1

and
fS : GN1/GNB1 → GNZ0 , gGNB1 7→ gdG,10 .

Proof. By Lemma 290, we have the ⌊1,−∞⌋-stable simplicial group GTrunc±,⌊1,−∞⌋, where

(GTrunc±,⌊1,−∞⌋)k =

{
G1/GNB1 for k = 1

Gk for k ∈ Z⩽0 .

Moreover, recall that for i ∈ Z⩾0 , we have

dGTrunc±,⌊1,−∞⌋,1
i : G1/GNB1 → G0 , gGNB1 7→ gdG,1i

sGTrunc±,⌊1,−∞⌋,0
i : G0 → G1/GNB1 , g 7→ (gsG,0i )GNB1 .

For k ∈ {0, 1}, let Ak =
{
a ∈ ∆±

(
[−1]±, [k]±

)
: a is injective

}
.

By Lemma 175.(1.1), note that for a ∈ ∆±
(
[−1]±, [1]±

)
, we have have a = δ±,0i ▲ δ±,1j for some

i, j ∈ Z⩾0 with i < j.

So

(GTrunc±,⌊1,−∞⌋)a = (GTrunc±,⌊1,−∞⌋)δi ▲ δj = (GTrunc±,⌊1,−∞⌋)δj ▲ (GTrunc±,⌊1,−∞⌋)δi

= dGTrunc±,⌊1,−∞⌋,1
j ▲ dGTrunc±,⌊1,−∞⌋,0

i = dGTrunc±,⌊1,−∞⌋,1
j ▲ dG,0i .
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Moreover, for a ∈ ∆±
(
[−1]±, [0]±

)
, we have have a = δ±,0j for some j ∈ Z⩾0 .

So
(GTrunc±,⌊1,−∞⌋)a = (GTrunc±,⌊1,−∞⌋)δj = dGTrunc±,⌊1,−∞⌋,0

j = dG,0j .

We consider the ⌊1, 0⌋-stable simplicial group (GTrunc±,⌊1,−∞⌋) Shrink±,⌊1,0⌋.

Then we have

(
(GTrunc±,⌊1,−∞⌋) Shrink±,⌊1,0⌋

)
k

314
=


⋂

a∈Ak

ker(GTrunc±,⌊1,−∞⌋)a for k ∈ {0, 1}

1 for k ∈ Z⩽−1

=


⋂

0⩽i<j
ker
(
dGTrunc±,⌊1,−∞⌋,1
j ▲ dG,i0

)
for k = 1

GNZ0 for k = 0

1 for k ∈ Z⩽−1 ,

and, for i ∈ Z⩾0 , we have

d̄i := d
(GTrunc±,⌊1,−∞⌋) Shrink±,⌊1,0⌋,1
i :

(
(GTrunc±,⌊1,−∞⌋) Shrink±,⌊1,0⌋

)
1
→ GNZ0 , gGNB1 7→ gdG,1i

s̄i := s
(GTrunc±,⌊1,−∞⌋) Shrink±,⌊1,0⌋,0
i : GNZ0 →

(
(GTrunc±,⌊1,−∞⌋) Shrink±,⌊1,0⌋

)
1
, g 7→ (gsG,0i )GNB1 .

Note that⋂
j∈Z⩾1

ker d̄j =
{
gGNB1 ∈

⋂
0⩽i<j

ker(dGTrunc±,⌊1,−∞⌋,1
j ▲ dG,0i ) : g ∈

⋂
j⩾1

ker dG,1j

}
=
{
g ∈ GNB1 ∈ G/GNB1 : g ∈

⋂
j⩾1

ker dG,1j

}
= GN1/GNB1 .

By Remark 395, we have the stable crossed module

S =
(
(GTrunc±,⌊1,−∞⌋) Shrink±,⌊1,0⌋

)
N̂± = (MS , BS , κS , fS) ,

where

MS =
(
(GTrunc±,⌊1,−∞⌋) Shrink±,⌊1,0⌋

)
N1 =

⋂
j∈Z⩾1

ker d̄j =
( ⋂
j∈Z⩾1

ker dGj
)
/GNB1 = GN1/GNB1

BS =
(
(GTrunc±,⌊1,−∞⌋) Shrink±,⌊1,0⌋

)
0
= GNZ0 ,
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where

κS : GNZ0 ×GNZ0 → GN1/GNB1

(g, h) 7→ (g−s̄0)
hs̄1 · (gs̄0)hs̄0 =

(
(g−sG,00 )hs

G,0
1 · (gsG,00 )hs

G,0
0

)
GNB1 ,

and where

fS = d̄0

∣∣
GN1/GNB1

: GN1/GNB1 → GNZ0 , gGNB1 7→ gdG,10 .

Lemma 434 We consider the functors

Ord: StSimpGrp → SimpGrp; cf. Lemma 221

Trunc⌊1,0⌋ : SimpGrp → ⌊1, 0⌋-SimpGrp; cf. Lemma 120

N̂ : ⌊1, 0⌋-SimpGrp → Cr Mod ; cf. Lemma 143

Ordmod : StCr Mod → Cr Mod ; cf. Lemma 329.

We have

Trunc±,⌊1,−∞⌋ ∗ Shrink±,⌊1,0⌋ ∗ N̂± ∗Ordmod = Ord ∗Trunc⌊1,0⌋ ∗ N̂ .

So we have the following commutative diagram.

StSimpGrp StCr Mod

SimpGrp Cr Mod

Trunc±,⌊1,−∞⌋ ∗ Shrink±,⌊1,0⌋ ∗ N̂±

Ord

Trunc⌊1,0⌋ ∗ N̂

Ordmod

Proof. Suppose given a stable simplicial group G.

For i ∈ Z⩾0 , we write di := dG,1i and si := sG,0i .

We show that GTrunc±,⌊1,−∞⌋ Shrink±,⌊1,0⌋ N̂±Ordmod !
= GOrd Trunc⌊1,0⌋ N̂ .

We construct the crossed module GTrunc±,⌊1,−∞⌋ Shrink±,⌊1,0⌋ N̂± Ordmod .

We consider the stable crossed module S := GTrunc±,⌊1,−∞⌋ Shrink±,⌊1,0⌋ N̂± .

From Remark 433, recall that we have the stable crossed module

GTrunc±,⌊1,−∞⌋ Shrink±,⌊1,0⌋ N̂± =: S = (MS , BS , κS , fS) ,
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where
MS = GN1/GNB1 and BS = GNZ0 ,

where
κS : GNZ0 ×GNZ0 → GN1/GNB1

(g, h) 7→ Tg, hU =
(
(g−sG,00 )hs

G,0
1 · (gsG,00 )hs

G,0
0

)
GNB1

and where
fS : GN1/GNB1 → GNZ0 , gGNB1 7→ gdG,10 .

We consider the crossed module SOrdmod = (MSOrdmod , BSOrdmod , γSOrdmod , fSOrdmod).

By Lemmas 327, 329, we have

MSOrdmod = MS = GN1/GNB1

BSOrdmod = BS = GNZ0 ,

and we have

γSOrdmod : GNZ0 → Aut(GN1/GNB1)

b 7→
(
mGNB1 7→ (mGNB1)

b = mGNB1 · T(mGNB1)fS, bU
390.(3)
= (mbs0)GNB1

)
and

fSOrdmod = fS : GN1/GNB1 → GNZ0 , mGNB1 7→ md0 .

We construct the crossed module GOrdTrunc⌊1,0⌋ N̂.

We consider the ⌊1, 0⌋-simplicial group GOrdTrunc⌊1,0⌋. We have

(GOrdTrunc⌊1,0⌋)k
118
=

{
(GOrd)1/(GOrd)NB1 for k = 1

(GOrd)0 for k = 0

222.(1,2)
=

{
(GOrd)1/GNB1 for k = 1

GNZ0 for k = 0 .

Recall that (GOrd)1
219
=
( ⋂
i⩾2

G1,i

)
∩ ker(dG,10 ▲ dG,00 ) ⩽ G1 .

We consider the crossed module GOrdTrunc⌊1,0⌋ N̂ =: V = (MV , BV , γV , fV ).

By Lemma 141, we have

MV = (GOrdTrunc⌊1,0⌋)N1
121.(1)
= (GOrd)N1/GNB1

222.(1)
= GN1/GNB1

BV = (GOrdTrunc⌊1,0⌋)0 = GNZ0 ,
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and we have

γV : GNZ0 → Aut(GN1/GNB1) , b 7→
(
mGNB1 7→ (mGNB1)

b = (mbs0)GNB1

)
and

fV = dGTrunc⌊1,0⌋,1
0

∣∣
GN1/GNB1

: GN1/GNB1 → GNZ0 , mGNB1 7→ md0 .

This shows that (MSOrdmod , BSOrdmod , γSOrdmod , fSOrdmod) = (MV , BV , γV , fV ).

Suppose given a stable simplicial group morphism φ : G→ H.

We show that φTrunc±,⌊1,−∞⌋ Shrink±,⌊1,0⌋ N̂±Ordmod !
= φOrd Trunc⌊1,0⌋ N̂ .

We construct the crossed module morphism (λ, µ) := φTrunc±,⌊1,−∞⌋ Shrink±,⌊1,0⌋ N̂±Ordmod.

We consider the ⌊1,−∞⌋-stable simplicial group morphism φTrunc±,⌊1,−∞⌋ .

By Lemma 291, we have

(φTrunc±,⌊1,−∞⌋)1 : G1/GNB1 → H1/HNB1 , gGNB1 7→ (gφ1)HNB1

(φTrunc±,⌊1,−∞⌋)0 : G0 → H0 , g 7→ gφ0 .

Further, we have the ⌊1, 0⌋-stable simplicial group morphism φTrunc±,⌊1,−∞⌋ Shrink±,⌊1,0⌋.

By Lemma 315, we have

(φTrunc±,⌊1,−∞⌋ Shrink±,⌊1,0⌋)1 : (GTrunc±,⌊1,−∞⌋ Shrink±,⌊1,0⌋)1 → (H Trunc±,⌊1,−∞⌋ Shrink±,⌊1,0⌋)1

gGNB1 7→ (gφ1)HNB1

and
(φTrunc±,⌊1,−∞⌋ Shrink±,⌊1,0⌋)0 = φ0

∣∣HNZ0

GNZ0
: GNZ0 → HNZ0 , g 7→ gφ0 .

By Remark 396, we have the stable crossed module morphism

(λ′, µ′) := φTrunc±,⌊1,−∞⌋ Shrink±,⌊1,0⌋ N̂± ,

where

λ′ : GN1/GNB1 → HN1/HNB1 , gGNB1 7→ (gφ1)HNB1

µ′ : GNZ0 → HNZ0 , g 7→ gφ0 .

Then, by Lemmas 328, 329, we have the crossed module morphism

(λ, µ) = φTrunc±,⌊1,−∞⌋ Shrink±,⌊1,0⌋ N̂±Ordmod = (λ′, µ′)Ordmod = (λ′, µ′) .
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So

λ : GN1/GNB1 → HN1/HNB1 , gGNB1 7→ (gφ1)HNB1

µ : GNZ0 → HNZ0 , g 7→ gφ0 .

We construct the crossed module morphism (λ̃, µ̃) := φOrd Trunc⌊1,0⌋ N̂.

We consider the simplicial group morphism φOrd. By Lemma 220, we have (φOrd)k = φk
∣∣Hk

Gk

for k ∈ Z⩾0 .

We consider the ⌊1, 0⌋-simplicial group morphism φOrd Trunc⌊1,0⌋ . By Lemma 119, we have

(φOrd Trunc⌊1,0⌋)1 : (GOrd)1/GNB1 → (HOrd)1/HNB1 , gGNB1 7→ (gφ1)HNB1

(φOrd Trunc⌊1,0⌋)0 = (φOrd)0 : GNZ0 → HNZ0 , g 7→ gφ0 .

We consider the crossed module morphism (λ̃, µ̃) = φOrd Trunc⌊1,0⌋ N̂. By Lemma 142, we
have

λ̃ : GN1/GNB1 → HN1/HNB1 , gGNB1 7→ (gφ1)HNB1

µ̃ : GNZ0 → HNZ0 , g 7→ gφ0 .

This shows that (λ, µ) = (λ̃, µ̃).

Altogether, this shows that Trunc±,⌊1,−∞⌋ ∗ Shrink±,⌊1,0⌋ ∗ N̂±∗Ordmod =Ord ∗Trunc⌊1,0⌋ ∗ N̂ .

Corollary 435 Then functorOrd: StSimpGrp → SimpGrp is not dense.

Proof. We assume thatOrd is dense.

By Corollary 132, we have that Trunc⌊1,0⌋ is dense. From Proposition 152, we conclude that
N̂ is dense. Therefore, the functorOrd ∗Trunc⌊1,0⌋ ∗N̂ is dense.

By Lemma 434, have

Ord ∗Trunc⌊1,0⌋ ∗ N̂ = Trunc±,⌊1,−∞⌋ ∗ Shrink±,⌊1,0⌋ ∗ N̂± ∗Ordmod .

In particular, it follows that functor Ordmod is dense, which contradicts Remark 337 that
states thatOrdmod is not dense.
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(International symposium on algebraic topology), Mexico City, pp. 225–231, 1958.

[17] D. Kan, On homotopy theory and c.s.s. groups, Ann. Math. 68(1), pp. 38–53, 1958.

[18] D. Kan, Semisimplicial Spectra, Ill. J. Math. 7, pp. 463–478, 1963.

[19] W. Messing, Theory of displays I, lecture in Summer School, 2006. (https://youtu.
be/dvUVfc916XM?t=3420, 57:00)

[20] J.C. Moore, Homotopie des complexes monöıdaux, I., Séminaire Henri Cartan 7(2),
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