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0 Introduction

0.1 Outline

Let A be a Dedekind domain with perfect field of fractions K, and let B be the integral
closure of A in a finite Galois extension L of K, with Galois group G := Gal(L|K).

L

/ G, |Gl=n
B K
A
In this setting, we consider the twisted group ring LG . It carries the multiplication given
by ao - fp = ac(B)(cop) for a, 5 € L, 0,p € G, extended K-bilinearly, cf. Definition 2.

Suppose there exists an A-linear basis y of B, which is also a K-linear basis of L. Let
wo : LG — Endg L, ao ~ (z +— ao(z)), which is a Wedderburn isomorphism for L G.
Let wy, : Endg L — K™ map an endomorphism to its representation matrix with re-
spect to y. Let wy 1= wy yowp. Then it is possible to restrict the Wedderburn isomorphism

wy : LG — K™™ to the injective A-algebra morphism wé‘ : B1G — A™" cf. Remark 7.

G ©0 Endg L s Kmxn
JA ‘”?':wy‘g?gn

B 2 G = - AnXTL
wﬁ(B L G)

We ask for a description of the image w;f(B LG) in A™*™ via congruences of matrix entries.

The complexity of this description depends heavily on the choice of a suitable basis y, cf.
§0.2.3, §0.2.4.

By means of the description of w;!(B ! G) we show that there are non-zero ideals in B G

that are not of the form b(B ¢ G) for some Galois-stable ideal b C B, cf. §0.2.5.

0.2 Results
0.2.1 Wedderburn inversion formula and index formula
In case of [L : K] being invertible in K, we obtain an inversion formula of the Wedderburn

isomorphism wp : LYG — Endg L, Y, a,0 — <x = aaa(a:)), cf. Lemma 12.
oeG oceG



With this formula we are able to prove that, if A is a finite extension of Z, then the index
of w;“(B VG) in A™*" is given by | NK|Q(AL|K7Q)]%, where Ar, denotes the discriminant
of L|K with respect to y, cf. Theorem 16.

In particular, if K = Q, then the index is given by \AL|Q,Q|%, cf. Corollary 17.

0.2.2 Quadratic extensions

Let d € Z\ {0} be squarefree. Consider the Galois extension Q(v/d)|Q with Galois group
G = Ca.

In case of d =4 2 or d =4 3, the integral closure of Z in Q(+/d) is given by Z[\/E] If we
employ the Z-linear basis y = (1, Vd) of Z[\/d], then

Z[\/E]ZC2 gwgz(z[\/a]zCQ) = {(idwv) S5W,u,v € Z7 § =20, W=y U} )

cf. Proposition 20. Note that the index of wZ(Z[VdiCs) in Z**? equals 4d, cf. Corollary 17.

In case of d =4 1, the integral closure of Z in Q(\/E) is given by Z[%a]. The description

of w;(Z[%a] 1Cy) takes a rather simple form if we use the Z-linear basis y = (1, 7+ %&)

of Z[1+2*/E] for # € Z chosen such that 2z =; —1. We obtain

Z[YY) Oy 2 N Z[HA 0 Co) = {(57) = s,w,u,v € Z) = (219),

<

cf. Proposition 22. Note that the index of wf([“@/a] Cy) in Z**% equals d, cf. Corollary 17.
For instance, if d = —15 and if we employ the Z-linear basis y = (1,7 + V=15 “then

2
WP (2[R Ce) = (327) = (39).

0.2.3 Cyclotomic extensions

Let m € Z-¢ and (,, := exp(2mi/m). Consider the Galois extension Q((,,)|Q with Galois
group G = U(Z/(m)) of order |G| = ®(m). The integral closure of Z in Q((y,) is given
by Z[Gu]-

In case of m = p for p € Z~, prime, we have G = C,_; . For the Z-linear basis
Y= ((Cp - 1)0a ceey (Cp - 1)1)72)
of Z[(,], we obtain

Z (p) -~ (p)

Z .o
ZIGI Cpor 2w (ZIGICpor) = | C Zr-Dx@-1)



cf. Theorem 25.

In case of m not being a prime, the Z-linear basis y = (¢ — 1)%,..., (¢n — 1)) of
Z[(y] does not necessarily provide such a simple description of w?(Z[(n] 1 G).

Suppose, for instance, m = 9. Then the Z-linear basis v’ = ((¢9 — 1)°,...,({o — 1)°) of
Z[(y] leads to a rather complicated structure, involving coTlgruences of length up to eleven
matrix entries, cf. Remark 28. Therefore, we exhibit another basis y' of Z[(y] for which
the description of w’(Z[C] ¢ G) involves shorter congruences, cf. Proposition 30.

To obtain a neat description of the image of Z[(y] ! G, it surprisingly turned out to be
convenient not to map Z[(] ! G into Z%*° but only into Q%% accepting non-integral
matrix entries at one matrix position. This is done by means of a Q-linear basis ¢ of
Q(¢y) that is contained in Z[C) but that is not a Z-linear basis thereof, cf. Remark 29.

Then w,(Z[(o] 1 G) admits a neat decomposition into matrix blocks:

= €E
Z[Go] 1 G = wy(Z[G] 1 G) = c Q™

5—1: =
= =

Z (3) 3 _ _
where Z:= < (yi;)i; €| Z Z (3) Jri=s iz =3 3 4 o g3xs ang
7 7 7 Y13+ 3y21 +3ys2 =9 0
00 3
E=|1 0 0 [, ctf Corollary 32.
010

0.2.4 Example: Q(v/2,(3)|Q

We consider the Galois extension Q(\S’/E, (3)|Q with Galois group G = S .

Write 6 := /2, ¢ :==(3, 1= g% . The integral closure of Z in Q(4, () is given by Z[4, n].
If we used the Z-linear basis y = (1,9, 62,m,0m,6°n) of Z[6,n], then the congruences
describing w, (Z[d, ] ¢ G) would be rather complicated.

A Z-linear basis for which the appearing congruences take a simpler form was calculated
using the computer algebra system Magma [7]. This way, the complexity of the congru-
ences could be decreased from a maximal length of 9 matrix entries to a maximal length
of 3 matrix entries, cf. Proposition 34.

0.2.5 Galois-stable ideals

An ideal b is called Galois-stable if o(b) = b for 0 € G. We denote by Ideals*¢(B) the
set of non-zero Galois-stable ideals of B and by Ideals™ (B! G) the set of non-zero ideals
of B1G.



We have an injective map

¢ Ideals™%(B) — Ideals*(B1Q)
b — b(BLG).

It is shown that in case of Q(v/—15) the map

v : Ideals™ ¢(Z[HL=10]) — Ideals™ (Z[M5=2]1 Cy)

is not surjective, i.e. that there are non-zero ideals in Z[*4=1 V2_15] ! Cy that are not of the

form b(Z[*4=2]1 C,) for some b € Ideals* ¢ (Z[*Y=L]), cf. Proposition 55.
For this purpose, we first determine a list of ideals in wyZ(Z[H— {15] ! Cy), where
y=17+52).

We subsequently list those ideals contained in wgz (L(IdealsX’G(Z[H— ﬁ’])))

We find that

wgz <L(IdeaISX’G(Z[%_T5]))> - wgz(ldealsX(Z[%_Ts] 1Cy))

so that we have

t(Ideals™ ¢ (Z[H=11)) C Ideals™ (Z[42] 1 Cy)
and thus the map ¢ is not surjective.

In case of Q(v/—5), it is analogously shown that the map

v : Ideals™ ¢ (Z[v/=5]) — Ideals™ (Z[v/—5] 1 Cy)

is not surjective either, cf. Proposition 60.

As the index of ¢(b) in BYG is given by a |G|-th power for b € Ideals*>“(B), cf. Remark 48,
we asked whether every ideal in B! G of index a |G|-th power is contained in the image
of ¢.

This question is answered in the negative, for we find a non-zero ideal in Z[/—5] 1 Cq of
index 4 that is not contained in the image of ¢, cf. Proposition 60.



0.3 Conventions

Let A be a Dedekind domain. Let R be a commutative ring. Let K be a field.

e We freely use standard notation from algebraic number theory.

e Morphisms will be written on the left, i.e (i>i>) = (bo—a>)

e Given elements 7, j of some set I, we let d; ; = 1 in case ¢ = j and J, ; = 0 in case
i J.

e For a,b € Z we denote by [a,b] := {2z € Z : a < z < b} the integral interval.

e Write R* := R\ {0}.

e We denote by U(R) := {r € R: it exists s € R such that rs = sr = 1g} the group
of units of R.

e Suppose z,y, z € R. We write x =, y if there exists a € R such that x — y = az.
e Given n,m > 1, we denote by R™*™ the ring of n X m matrices over R.

e The standard R-linear basis (€;;)ic1,n),je[1,m] of R™*™ consists of the n X m matrices
with entry 1 at position (7,j) and entry 0 elsewhere. In case of m = 1 we write
i1 =: ¢; and (e;)ie[1,y is basis of R™*1.

o Let K be a field and V be a K-vector space. Let ¢ € Endg V. We denote the
K-linear trace of ¢ by Trx(p).

e Let M € R™". We denote the trace of M by tr(M).

e If R is an integral domain, then we denote by R, the localization of the ring R at a
prime ideal p, that is, R, ;= {£ :r € R, s € R\ p} C frac(R).

e By an R-order, we understand a finitely generated free R-algebra.

e Let L|K be a finite extension of fields and K = frac(A).

a(-)

For a € L we write Try k(o) = Trg (L —= L).

We denote by I',(A) the integral closure of A in L.
Let y := (y1,---,Yn) be a K-linear basis of L. We write

Gramy,xy = Tro ik (yiy;))ijenn € K™

We denote the discriminant of L|K with respect to y by Ap Ky -

e Let L|K be a Galois extension of fields. Let G := Gal(L|K) be its Galois group.
By LG we denote the twisted group ring of G with coefficients in L, cf. Definition 2.



e We denote by Ideals™(A) the set of non-zero ideals of A.
We denote by Rightideals™(A) the set of non-zero right ideals of A.
We denote by Ideals’; (A) the set of non-zero prime ideals of A.

prime
e Given a group G that acts on A, we write:

Ideals*>“(A) := {a C A : is an ideal and o(a) = a for 0 € G} C Ideals™(A), cf.
Definition 38.

Ideals > . (A) := {a C A : is a principal ideal and o(a) = aforo € G} C

principal

Ideals @ (A).

e Let p € Ideals’; . (A) and a € Ideals™(A). We denote by wv,(a) the valuation of a

prime

at p. In addition we write v,((0)) = +o0.

Likewise for elements instead of ideals.
e Forn > 1, let ¢, := exp(2mwi/n).
e For a prime g, let F, denote the finite field containing ¢ elements.

e Let Y be a group and X < Y a subgroup. We denote by [V : X] := |Y/X]| the
index of X in Y.

e Suppose given a;; € Q* for i,j € [l,n]. We form the fractional ideal
(a;j) == {za;; : z € Z} C Q. In particular, (1) = Z. We write the additive
subgroup
(01,1) (61,2) (Gl,n)

: : : = {(ay)i; € QY iy € (aiy) for i, j € [1,n]} C QM.

(an,l) (an,Q) cee (an,n)
0.4 Acknowledgments
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1 Preliminaries

Setting 1. Let A be a Dedekind domain with perfect field of fractions K = frac(A).
Let L|K be a finite Galois extension with Galois group G := Gal(L|K). Write
n:=|G| =[L: K]. Let B:=T1(A) be the integral closure of A in L.

In case of A =Z we denote ' (Z) = O, .
L
G, |Gl=n

B K
A
We identify along the A-algebra isomorphism

{p €Endg L:9(B)C B} = EndsB

e — olf .

Let y = (1, ..., yn) be a K-linear basis of L and let y* = (yj, ..., ;) be its dual basis with
respect to Trr, i.e. Trojx(yiy;) = dij for 4,5 € [1,n].

Definition 2. For a subring R C L such that o(R) = R for o € G, the twisted group
ring® is defined as the set of formal sums

R\G:={> a,0: a, € R} .

ceG

The addition in R G is given by

(z aaa) i (z ﬁga) = S (aw+ )0

oeG oeG oeG

and the multiplication is defined by

(5o) (5m) = 55 oethoss

where a,, B, € R for 0 € G.

We have an injective ring morphism

R — R)2.G
Tz — xid

along which we identify x with xid.

'We use the terminology twisted group ring as in [1, §28].



We have an injective map

G —- R1G
c —~ 1l-0

along which we identify o with 1- 0.

In the following, we give a proof of the fact that the twisted group ring LG is isomorphic
to K™ .

Lemma 3. We have an isomorphism of K-algebras
wlyg : EDdKL — KM
>oobiyi— > D0 aigbiyi | < (aig)iy
i€[1,n] i€[1,n] j€[1,n]
p = (al;)i

where (afj)i,j is the representation matrixz of ¢, with respect to y, i.e. a?l

1,3
by o(y;) = [Z }aiji for j € [1,n].
i€[ln

1s determined

2

In particular, Endg L is of dimension n® over K.

Lemma 4. The map

wo: L1G — Endg L

Z Ay0 > (m > Z aga(x)>

ceG ceG

1s a K-algebra isomorphism.
Proof. Let a,, B, € L for 0 € G and let A € K. For x € L, we obtain the following.

(@o(D_ aw0) +wo(D Bo0))(2) = Y aso() + Y Bro(x)

oeG ceG oeG ceG

=Y (0 + B)o()

oeG

— o> (ar + B,)0) (@)

oeG

= wo(z g0 + Z By0)(x)

oeG oeG

wo (A Z a,0)(z) = wo(z Aa,o)(x)
= Z Aa,o(x)

oeG
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= Z a,0(x)
= )\wo(z a,0)(T)

oeG

wo(D aso) owo(D Bop)(x) = wo(Y_ aso)(D_ Bopl(x))

oeqG peCG oceG peCG

=" a,0(Y Bp(a))

ceG peG

=33 avo(Bupla))

oelG peG

=D a0(B,)(o0p)()

oceG peG

— (3 ar0) - (3 Bop)) (@)

oeG peCG

So wy is a K-algebra morphism.

Since LG and Endg L are of dimension n? over K it remains to show that wy is injective.
This results of Dedekind’s Lemma, see e.g. |2, Lemma 7.5.1]. We recall the arguments:

Let 1 <m <n. Let 0y, ...,0,, € G be pairwise distinct and £ := > «,,0; be an element
1€[1,m]
of the kernel of wy, where a,, € L for i € [1,m]. Then (wo(&))(z) = > ag,0i(x) =0
i€[1,m]
for all x € L.

We will show that a,, = 0 for every i € [1,m], using induction on m > 1.

Initial step: Suppose m = 1. Since oy(1) = 1z, it follows that a,, = a,,01(11) = 0.
Induction step: Let m > 2. Assume £ # 0. Without loss of generality, we have a,, # 0.
Since 01 # oy, there exists a € L such that o1(a) # 0,,(a). We obtain

(1) 0 = .6[21: ]agiaz-(a:c) = ago1(a)or(x) + 4 g, Om—1(a)0m—1(2) + g, om(a)om(x)

(2) 0 = op(a) 'e[; ]aaigi(w) = 5 0p(a)or(z) + -+ g, 1 0m(a)0m-1(T) + Ao, 0m(a) 0 ()

and so, forming the difference of (1) and (2),
0 =ag(01(a) —op(a))oi(z) + -+ ap,,_,(Om-1(a) — op(a))om_1(x) for z € L.

By induction hypothesis we have a,,(0;(a) — on(a)) = 0 for i € [I,m — 1]. As
o1(a) — op(a) # 0 it follows that a,, = 0. Which is a contradiction.

Therefore a,, = 0 for ¢ € [1,m] and thus £ = 0.

Hence wy is injective. O
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Corollary 5. We have the K-algebra isomorphism

wg:LZG —  Knxn
where

Wy = wlﬂ oW -

Lemma 6. We have

W()(B ! G) Q EHdAB .

! !
Proof. The assertion wo(B!G) C Endy B is equivalent to (w(§))(B) € B for £ € B1G.

Suppose given b € B and { = Y a,0 € B{G, where a, € B.
oceG

Then

]

Remark 7. Suppose y = (y1,...,¥n) to be an A-linear basis of B. Using Lemma 6
it is possible to restrict w, : L1 G — K"*" to the injective A-algebra morphism

A AnXn nxn
wy = wylpe P BUG — AM

LG - Endg L w:g K
JA wo 21‘2}4 B T Wl-,y|é:dX nB J\
B1G Z Endy B — A
A A?’LXTL

Lemma 8. Let I € Ideals™(B1G). Then INA# (0).

Proof. Let I € Ideals™ (B1G). As each element y € L is of the form g ,forbe B,ae A%,
cf. [4, VIIL. Proposition 1.1|, the set

KI:={

Q|

cx:ra€ A%, xel}

is an ideal in L} G = K™*"™,

Thus, KI = (0) or KI = L1G. As I # (0) it follows that K1 # (0) and therefore
KI =L1G. Note that KINL = L.

We have 1; € K1 and therefore
1L:%-xforsomea€AX,:B€[.

Sox=a¢& AX and hence z € I N A. ]
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2 A Wedderburn inversion formula

We use Setting 1.

Lemma 9. Let V be a K-vector space of dimension n. Let ¢ € Endg V. Then

n-Trg(p) = Trg( Endg V #el), Endg V') .

Proof. Let v = (v1,...,v,) be a K-linear basis of V. Let ¢; ; € Endg V' be defined by

v; for g =k
5i7j(vk) = . = 5]'7]4;2)1' .
0 forj#k

Then (&;)ijep1,n) is @ K-linear basis of Endg V.

Let o(v;) =1 Y as,;vs, where ay; € K for i,s € [1,n]. We have Trg(p) = > a;; .

s€[1,n] 1€[1,n]

Consider ¢; ; 2o, poeg;,; fori,j € [1,n]. We have

(poeij)vn) = @(kv:) = Ojx D GsVs = Y, Gsi0jpVs = Y, GgiEs;(Vk)

s€[1,n] s€[1,n] s€(1,n]

for k € [1,n]. As v is a basis of V' it follows that

PYOoEi;= > Usi€s,j -
s€[l,n]

So the diagonal coefficient of p o (—) at €; ; is a;; .

Altogether we have

Trig( Endg V M Endg V)= > ai=n- Y, ai=n -Trg(p).

i,7€[1,n] 1€[1,n]

Lemma 10. Suppose given £ € L1 G. We have

Trg( Endg L 2 Bndy L) = Tre( L0625 171G .

Proof. The quadrangle

wo(§)o(—)

EndK L EIldK L

onz WOTZ
wilo(w o(—))ow
1G22 (wo(&)o(—))owo G

commutes. Since wy is an isomorphism by Lemma 4, we know that
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Trg(wo(§) © (=) = Trre(wg ™ © (wo(§) © (=) o wo) -

Let n € L1G. Then

wy o (wo(€) o (=) owo(n) = wy' o (wo(€)owo(n))
wy (wo(&-m) =€

Hence wy o (wo(€) o (=) oo = £ - ().

So we have Try( Endg L ““°2, Endye L) = Teg( L1625 116G, O

Lemma 11. Suppose that char K does not divide n (e.g. char K = 0). Let o € L and
o € G. Then

Trg(wo(ao)) = 0o, Tk () .

Proof. Consider the K-linear basis (y;p)icpin)pec of L?G. By Lemma 9 and Lemma 10

the assertion Try (wo(ao)) = Ooia Trrjx (@) is equivalent to

ao-(— T f —id
Tre(L1G 22 gy £ 4" rpk(a) foro i
0 foro#id .

Given i € [1,n] and p € G, we have

(ao - (=))(yip) = ao-yip = ao(y)oop .

Since y is a K-linear basis of L, we find b;; € K for j € [1,n] such that

ao(y;) > bjiy; . So we have
jelln]

(ao - (=))(wip) = > bjwyoop.

JE[L,n]

The diagonal coefficient at y;p now is given by 650 pbii = 05iabi -

Therefore we have

ao-(—) Z bi,i =n- Z bm’ for o = 1id
Trg(LVG —= L1G) = ¢ reG, i€l i€[lm]
0 for o #id .

It now remains to show that in case of ¢ = id, we have >  b;; =N Trpx (o).
1€[1,n]

We have ay; = ao(y;) = . bjy; . So the diagonal coefficient at y; is given by b;; .
j€ln]

Therefore we obtain > b;; = Trg(L oo, L) = Tryg(a).

1€[1,n]
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n-Tryg(a) for o =id

So we have TrK(LZGMLzG): .
0 foro#id .

Lemma 12. The wnverse of wy is given by

wy' Endg L — LG
o> > Trglwo(yio™") o @)oy .

o€G, le[l,n]

This was already shown in a wider context by M. Kiinzer in [3, Corollary 1.18].

Proof. Write @p : Endg L — L1G, o~ > Trg(wo(yfo™") o )oy; . By Lemma 4
o€G, le[l,n]
we know that wy is an isomorphism of K-algebras. Therefore it suffices to show that

L:)U oWy = idLZG .

Consider the K-linear basis (0y;)icj1,n),0cc of LUG. Given p € G and k € [1,n], we verify

o © wolpYr) = > Trx (wo(yyo™') owelpyr)) ow

o€@G, l€[l,n]

= > Trg (wolyro™ - pyr)) o
c€G, l€[l,n]

= > Trg (wolyio " (p(yw))o " o p)) oy
c€G, l€[ln]

Lemma 11 * _
= > Oo—10p,id 1TL|K (Y - o 1(0(%))) oy
c€QG, l€[1,n]

= > Troir(yiue) oy
le[1,n]

= Z 5l,k/)yl

l€[1,n]
= PYk -

3 An index formula

Setting 13. Let A|Z be a ring extension such that A is a principal ideal do-
main. Let K := frac(A) and suppose K|Q to be a finite extension of fields. Write
r:=[K:Q]. Let L|K be a Galois extension with Galois group G := Gal(L|K). Write
n:=|G| =[L: K]. Let B=Tp(A) be the integral closure of A in L.
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L
/ G, |G|=n

B K

A Q

Z
Let y = (y1,.--,¥n) be an A-linear basis of B, which is also a K-linear basis of L. Let
y* = (Y1, yy) be its dual basis with respect to Tryk, ie. Trpx(yiy;) = d;; for
i,j € [1,n].

Lemma 14. Let d € A*. Then
|A/(d)] = | Ngiq(d)] .

Proof. Let (a;)icp ) be a Z-linear basis of A, which is also a Q-linear basis of K. We have
the Z-linear isomorphism

QOSZTX1—>A,GZ'|—>G¢.

Let A\: A— A, a+> da. Let P € Z"*" be the representation matrix of A with respect to
(Gi)z’e[l,r} .

Then we get the commutative diagram of Z-linear maps

A A A A/(d)
L P IT‘P ZT
Zr><1 P(=) Zr><1 erl/Pzrxl
cf. Lemma A 1.

By the elementary divisor theorem there exist matrices S, € GL,(Z) such that
SPT = D = diag(dy,...,d,) for some di,...,d. € Z, see e.g. [4, III. Theorem 7.8.|.

So we get the commutative diagram of Z- linear maps

Zr><1 P(=) Zr><l erl/Pzrxl
U T(-) L ST(-) zT
Zr><1 D(-) Zr><1 erl/Dzrxl
cf. Lemma A 1.

Moreover we have
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erl/Dzrxl (Y] @ Z/(dl)

1€[1,r]

21
via | ¢ | + DZ™ = (21 + (dy), ..., 2, + (d))).
2

Altogether we have A/(d) = & Z/(d;) and therefore

i€[1,r]

A/ =1 D Z/(d)| =] 11 dil = [det(D)| = [det(P)] .

1€[1,r] 1€[1,7]

We have | Ng|q(d)| = | det(P)| by definition of Ngq . O

Lemma 15. Let P and Q be free A-modules of rank n and bases (p;)icpin respectively
(¢i)icnn - Let p: P — Q be injective and A-linear. Let M be the representation matriz
of p with respect to (p;)icpn and (Gi)icnn - Then the index of i(P) in Q is given by

(@ u(P)] == |Q/u(P)| = [Nk iq(det(M))] .
Proof. Consider the basis (e;);eq1,n of A"*'. We have the A-linear isomorphisms
f:AL P

e; — p;,foriell,n]

g:Anxl Q
e — ¢ ,forie[l,n].

1

Since A is a principal ideal domain there exist, by the elementary divisor theorem, matrices
S, T € GL,(A) such that TM = DS and such that D = diag(dy, ...,d,) is a diagonal
matrix, where d; € A for i € [1,n], see e.g. |4, III. Theorem 7.8.].

We have the following commutative diagram of A-linear maps.

P = Q

le gTz
Anx1 M(-) Anx1

S(—)ll T(—)l?
Anx1 D(-) Anx1

We have
det(M) = det(T~'DS) = det(T') det(D) det(S) .

Note that det(S) € U(A) and thus Ngq(det(S)) € {—1,+1}.
Likewise, Ng|q(det(771)) € {—1,+1}. So
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[ Niiq(det(M))] = | Nijq(det(T™7) det(D) det(S))]
= [Nkjq(det(TH)[| Nk (det(D))|| Nkjq(det(S))]
= |Nkjq(det(D))] .
Since D is diagonal, we have det(D) = [] d; . This leads to
i€[1,n]
[Nkj(det(D))] = [Ngql el;[ ]d i)l
= I [Nuald)
Lemma 14 '61[;[ ]|A/(di)\
= |E€|19]A/( i)l -

It suffices to show that €@ A/(d;) = Q/u(P), because then

i€[1,n]
| D A/(di)| =[Q/u(P)] .
i€[1,n]
a1
We have A" /DA™ =~ @ A/(d;) via : + DA™ (a1 + (dy), oy an + (dy)) -
1€(1,n]
an

We get the commutative diagram of A- linear maps

D(-)

Anxl An><1 Anxl/DAnxl
i gil \LZ
P . Q Q/u(P)
cf. Lemma A 1.

Altogether, we have

| Nkjq(det(M))] = | Nxjq(det(D))| = [ & A/(di)| = |Q/n(P)] .

i€[1,n]

Theorem 16. Recall that we use Setting 13.

Let A := w,(B1G) = wi(B1G) € A", ¢f. Remark 7. Then we have an isomorphism of
A-algebras -
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Moreover, the index of A in A™™ is given by
[ A A] = A A = [ Ngjg(Apiky)| 7 -

This result can also be attained by specifying the result of M. Kiinzer concerning the
colength of the Wedderburn embedding, see |3, Theorem 2.15].

Proof. We have

LG 0 Endg L — Kmxn

~

Write G = {0y, ..., 0, }.

Let 8= (Biij).a.0) 65,0 € Am*Xn? he the representation matrix of w?‘;‘ , with respect to the
A-linear basis (y10¢)itc1,n) of BUG and the A-linear basis (e; ;)i jej1,n of A™™.

Then 8 = (B, 0.6))6.5),0t) € K™*"* i5 also the representation matrix of Wy with respect
to the K-linear basis (1,0¢)ite1,n of L1 G and the K-linear basis (e;;); jen,n of K™

We obtain

Bl = wyii(Wior)

for i,5,0,t € [1,n]. We aim to determine the coefficients of the representation matrix
Y = (Ye0),6.)) (00, Gid) € Km*xn? of wy_l, with respect to the K-linear bases (e;;);icf,n of
K™™ and (Utyl)t,le[l,n} of L1 G.

Write

Yyl =1 Y. amYm , where a;,,, € K for [,m € [1,n] .
me([l,n]

Recall that

(arm)im = (Grampg,)™"

det(GramL\K,g) = Auky -



Given i,j € [1,n], we have

wy(eji) =

wo (wiy(e))

; ]TrK(WO(yl*Ut_l) o wiy(e5i))owy
t,l€[l,n B

Z[: ]tr (wlﬁ(wo(yl*at’l) o wi;(ej,i)))atyl
t,le[l,n -

> tr ( c‘)0 (Yo )) : wlg(wl_,;(ej,i)))o'tyl

t lE[l n| -
tr (W v o ) €ji )Utyl

t l€[1 n|

Z tr ( yl Ut u v €54 )Utyl
t,le[1,n]

> a@rj(yfa;')aﬁﬂ
t,le[1,n] ’
tJE[l,n] ¥ mell,n]

Z al,mwyi ‘(ymatil)atyl .

t,l,me[1,n] =

So the coefficient at .y, is given by

Ve = 2 UmWy, (Ymor ') -

Hence

me[l,n]

(ng(ymgt_l))(t,mx(j,i) :
(aum)

where we have ordered {(¢,m) : t,m € [1,n]} lexicographically.

Write v/ := (wgi,j (Ym0 ")) (tm) (i)
and column permutation, we have det(y')

We have

and therefore

—1 o
W, owy = idr,g

det(7) det(5)
(Aet((@u0)u))" det(7) det(5)
(e () let(5) det ()
pA K det(8)? .

19

. As +/ results from [ by transposition, row permutation
= pdet(p), for some p € {—1,+1}.
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Hence we have

A A2 = |4 /AR ST I Ngg(det(8)P = | Nij(det(8)2)]
= [Nk 'Apky)l = [Nrjo(Ariky)l" -

Corollary 17. Keep the notation of Theorem 16. Let A =7Z. Then

[ann . A] = yznxn/A‘ = ’AL|K,Q|% .

4 Quadratic extensions

Setting 18. Let d € Z* be squarefree. Consider the Galois extension Q(v/d)|Q with
Galois group G = {id, vVd % —/d)} = C, .

Q(Vd)

OQ(@/
Z

Recall that the integral closure of Z in Q(+/d) is given by

G, |G|=2

Q

ZMHYif d=41

O pum
Qv { Z[Vd if d=420rd=,3.

Note that the requirements of Setting 1 and Setting 13 are also met, letting A = Z and
Example 19. Regard the extension Q(i)|Q.

We have Oqi) = Z[i] and G = {id, o}. Consider the Z-linear basis y = (1,i) of Z[i] and
the Z-linear basis z = (1,1,0,i0) of Z[i]1 G.

Then w? : Z[i] 1 G — Z***, maps

—~
=o

The image of w? is given by the subring A := {(,) € Z**? : s =, v and t =, u}.

In fact, the image of the basis elements of z are contained in A, and the index of A in
22258 (222 N =4 = |AQ<1)‘Q7Q|%; cf. Corollary 17.

More generally, we have the
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Proposition 20. Suppose that d =4 2 or d =4 3.
We consider the Z-linear basis y = (1, Vd) of Oqva) = Z[\Vd).
Consider the map w2 : ZVd) G — 7272,

s dw

Then the image ofwf s given by A 1= {(u v) DS, w,u, v € s =9 v, w =g ul.

In particular, we have an isomorphism of rings Z[\/E] VG = AL

Proof. We consider the image of w? on the Z-linear basis z = (1, Vd,o,v/do) of Z|VdG.

1o () Vi~ (18)
o &—>((1],(1)) \/&U &—>((1)761>

Let A be the representation matrix of wyz with respect to the bases z of Z[v/d] 1 G and
(ez‘,j)i,je[m] of Z?*2. We obtain

10 1 0 d 00 d
d —d 1 1 d
A= 0 X and A~ = — 0 0
0 1 1 2dl d 0 0 —d
10 -1 0 0 -1 d 0
So for (;4) € Z*** we get
d 00 S
0 1 d 0 t
(ae) EA& € 2dZ**
d 00 —d U
0 -1 d4 0 v
( sd + vd =94 0
t =
o + ud 2d 0
sd — wvd =9q O
( —t + ud =9q O
( —_—
S =9 U
< t+ud =94 0 (%)
t =4 0.

\

Since t =4 0 there is w € Z such that ¢t = dw. So in (x) we obtain dw + du =54 0, i.e.
w =5 u. The congruences for s, v, w,u now read as follows

S =9 U
tEdO

W =9 U.
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Hence the image of wyz is given by the subring

AZ{(jdwv):s,w,u,UEZ,szg v, w =y u} .

Remark 21. Theorem 16 states that the index of A in Z**? is
2772 A] = |Aqaqyl = 1(Vd = (=Vd))?] = 4d] .

We will verify this by a direct calculation

1 0 1 0
i 0 —d
z22 Al = et | 0 4O | = J4d]
0 1 0 1
1 0 —1 0

Proposition 22. Suppose that d =4 1.

Write o = %a. Choose x € Z such that 2x =4 —1.

We consider the Z-linear basis y = (1, + ) of Oqya = Z[a].

Consider the map w? : Z[a] 1 G — Z***.

Then, the image of wZis given by A := {(s™) s, wuveZ}=(59) Cz>.

In particular, we have an isomorphism of rings Z[a] 1 G = A.

Proof. Define a := %. It follows that

2 =1142/d4+d)=22/ 4 dl — &l g4 g,

We consider the image of wZ on the Z—linear basis z = (1,a +z,0, (a4 x)0) of Z[a] 1 G.

L= (0 1) at+z — ?ag;fi?”
o ([1) 2“3+11) (a+x)0 — (1)952*0“’“

Let A be the representation matrix of wZ , with respect to the bases z of Z[a] ! G and

y b
(ei,j)i7je[172] of Z?*2. We obtain

1 0 1 0
Ao 0 a—2>—2 20+1 22+ —a

0 1 0 1

1 2¢ 41 -1 0

and
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20 +2r4+1+2a —2x—-1 —Qr+1)(—2*+a—2x) —22°+2a—2x

A1 1 —2r—1 2 —222 + 2a — 2x 20+ 1
dl —-22242a—2x 2241 Qe+ (—2*+a—2) 22*—2a+2z
20+ 1 —2 222 4+ 2a + 2x + 1 —2x—1

Since 2z =4 —1 we obtain for (;,) € Z**? that:

2% + 2a 0 0 —22% 4+ 2a + 1 s
0 2 22242 1 0 t
(i) ede ) vohsers € dz!

—22°+2a+1 0 0 20° —2a —1 u
0 -2 2% + 2a 0 v

([ (222 + 2a)s + (=222 4+2a+1)v =4 0 (1)

o 2t + (=222 +2a+1u =4 0 (2)

(—22° +2a+1)s + (222 —2a—1)v =4 0 (3)

L —2t + (22% + 2a)u =; 0 (4)

The sum of (1) and (3) yields: (4a+1)s =; 0, which is redundant since 4a + 1 = d.

The sum of (2) and (4) yields: (4a + 1)u =4 0, which is redundant since 4a + 1 = d.

Therefore we obtain

(222 + 2a)s (=222 +2a+1)v =4 0

+
+ (=222 +2a+1)u =4

(i0) €

+ (—42?+4a+2u =4 0

dS+dU—d0
4t—|—du_d0

472=41
p———

d#20 { (42? +4a + (—42®+4a+2v =4 0
4a+1=d {

d
<$:40> {tEdO

Hence the image of wgz is given by the subring

A= {(;jdﬁ) Ds,w,u,v € LY = (%(dz)) )
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Remark 23. Theorem 16 states that the index of A in Z%*? is
(277 Al = |Aquaiqyl = (@ = (1 —a))’| = |2a =1’ = [(Vd)’| = |d| .

We will verify this by a direct calculation

1 0 1 0
0 —x? - 2 1 22 —
Ze A= fder | 0T T T g
1 0 1
1 20+ 1 —1 0

5 Cyclotomic extensions

Setting 24. Let m € Z-, . Consider the Galois extension Q((,,)|Q with Galois group
G ={Q(¢n) = Q(¢n), Cn— CF ke [0,m—1], ged(k,m) =1} 2 U(Z/(m)).

/

Q(¢m)

T

Recall that the integral closure of Z in Q((y) is given by Oq,.) = Z[(nl, see [6, 1.
Proposition (10.2)].

G, |Gl=¢(m):=|{k€|0,m—1]: gcd(k,m)=1}|

Note that the requirements of Setting 1 and Setting 13 are also met, letting A = Z and
B = OQ(CM) '
Theorem 25. Let p € Zi~g be a prime.

Consider the Galois extension Q((,)|Q with Galois group C,_y . Consider the Z-linear
basis y = (G — 1)%, ..., (G — 1)P72) of Z[(,). We have

Z (p) (p)

wyz(Z[Cp] 1Cpy) = A= 28 C Zo-Dx(p-1)
. o (p)
Z 7 7

In particular, we have an isomorphism of rings Z[(,] 1 Cp—1 — A.
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Proof. Consider the map w? : Z[(]1Cp_y — ZF=D*P=D Let A be the image of wZ . We
need to show N -

Z (p) ()
aL|% —: N

(p)

v/ 7 7

!
Step 1. We show A C A’.
For this we claim that the additive subgroup A’ of Z®~D*(P=1 ig a subring.

Consider the surjective ring morphism

7 Ze=Dx(-1) _y F:L(,pfl)X(pfl)

(zig)ig = (zig + ()i -

F, 0 0
F, . . C1)x(p—
We obtain 7(A) = [ 7 , which is a subring of F;gp DX®=1  Moreover,
P |
F, --- F, F,

we have A’ = 771(7(A’)). Since T is a ring morphism, the pre-image A’ is a subring of
Z(P=Dx@=1)  This proves the claim.

Choose j € [1,p — 1] such that U(F,) = (j 4 (p)). Then o : Q({,) = Q((), &= ¢ is a
generator of C,_; i.e. C,—1 = (0).

Since A’ is a subring of Z®~V*=1 it now suffices to show that wf maps the ring generators
¢y and o of Z[(,] 1 Cp_y to A'.

The minimal polynomial of ¢, — 1 is given by

1
and therefore it follows that

1, -1.q(@) =p 2?7t

So
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0 0 0 0 —(®

1 0 0 0 —()
G- Y ew

__(p€2)

0 1 __(pfl)

Let m:= (¢, —1). Recall that (7)P~! = (p) in Z[(,], see e.g. |6, I. Lemma (10.1)]. We have
(p) € Z N (). Since (p) is a maximal ideal in Z and because of 1 ¢ (7), and therefore
1 €ZnN(m), we have (1) NZ = (p).

We show that o(7*) is divisible by 7* for k € [1,p — 2].
We have
o(m)=¢-1=(G-1) > =m0

i€[0,5—1]
with 6 € Z[(,]. Suppose given k € [1,p — 2|. Then
o(m*) = (o(m))* = (7)* = 7Fo*

is divisible by 7*.

Write = := o(7") := ag + a17 + asm® + - - - + a,_o7 2%, where ag,...,a, 2 € Z. We show
that a; is divisible by p using induction on [ € [0, k — 1].

Initial step: Suppose [ = 0. Since z is divisible by 7, ao has to be divisible by 7 in Z[(,)]
and therefore lie in (7) C Z[(,]. This leads to ag € (1) N Z = (p).

Induction step: Let [ € [1,k — 1]. We have that for a,...,a, 2 € Z
T=ag+am+ an? 4+ a7 Fapm -+ a, omP?

is divisible by 7%, hence by 7!+

By induction hypothesis it follows that ag,...,a;_1 are divisible by p and so divisible in
Z[¢,) by m'tL.

Therefore a;7* is divisible by 7! for i € [0,p — 2] \ {/}.

Hence a;7! is divisible by 7! and so ; needs to be divisible by 7 in Z[(,].

This leads to a; € () NZ = (p). This concludes the induction.

Qo

a

Note that the column of w, (o) belonging to the basis element 7% is given by '
ap—2

So it follows that w, (o) € A,

Altogether, we have A C A,
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Step 2. We show [ZP~1)*@P=1) . A] = : [ZP=1)x (=1 . A
Since [Z : Z] = 1 and [Z : (p)] = p, it follows that [ZP~)*E=1) : A/] = @1)2&
We have [Aq,)iqyl = P72, cf. [6, I. Lemma (10.1)].
By Corollary 17 it follows that
p— p— (p=1D)(p=2)
[ZP-Dx®=D Al = |Aqeeyiaul T = P27 =p "

Conclusion.
Since A C A’ C ZrP=Dx(=1 by Step 1, we have

[ZP=Dxe=1) 2 AN 2 A] = [Ze~—DxEe=D A
Since [ZP~VxP=1) : A'] = [ZP~DxE=1D . A] by Step 2, we conclude that

[A:Al=1,1e. N =A.

Example 26. Regard the extension Q((3)|Q. Write ¢ := (3 = %53 .
Its Galois group is given by G = {id, ¢ — (?}.
We have Q(¢) = Q(v/=3) and Oq(q) = Z[¢] = Z[*).

Choose the Z-linear basis y = (1, _3+F) (=1 -1DY = (1, 1+F + (—2)) of
Z[(], where 2(—2) =_3 —1. So y may be used in Proposition 22 and Theorem 25.

By Proposition 22, the image of w? : Z[¢] — Z*** is given by
A= () ez = (359) = (39).

which confirms the statement of Theorem 25 in this case.

Example 27. Consider the Galois extension Q((5)|Q. Define ¢ := (5 .
Its Galois group is given by G = {id, { % (2,02, 5°}.

We consider the Z-linear basis y = (1,¢ — 1,(¢ — 1)%,(¢ — 1)?) of Oq«) = Z[¢] and
the Z-linear basis z = (1,¢, (%, (3,0, (0, (%0, (30,02, (02, (%02, (302, 03, (o3, (%0®, (30?) of
Z[ChG.

Then wgz L Z[¢] G — ZY maps

100 =5 10 =5 15

. 110 —10 0 2 =10 25
ok — for 5,k € [0, 3]

011 -10 01 -6 15

001 -4 00 -1 3
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We want to illustrate and confirm Theorem 25 by a direct

V4
y -

Let A be the image of w

calculation.

Let A be the representation matrix of w? with respect to the bases z of Z[¢]? G and

(€ij)ijen,a of Z***. We obtain by a direct calculation

)
15

0 10
—15

10
—-15

15

—15

15 —15 15

-1

-1
-5
20

—6
15
—25

-3
5
—15

15 —-10 -5 15
—20 —20

—10
25

20

—10

—25

-5

10

25

—10

-6 —6

11
—15

—-10 10

—-15

10 -10 -10 -—-20 15

15

20

—10

10

10

0 O O O 0 O O O W N 10 O 0
= i [ P
|
0 10 O 10 O O W O 1 0 O W O O
I I I
10 O W O O 10 W 1Y O W0 O W 10 O
— = m g m | F o~~~ 3]
I Il I I
S O O 0w OoO Qo O O O QO O
¥ = AN A~ NN~~~
| [ T I I
AN AN AN A AN O NN N A
I [ I [
10 O O 10 10 10 O O 100 O O 0 10 0
o= = | = N — = = |
I | I
0 100 O O O 10 O 1 I O O W O QO
[ = = | N . = N~
| [
10 O 10 10 10 O 0 10 O 0 0 10 O O
= — — =
[
12121203243102
| (. |
|
0 O O N O O I O O O O W O
— L e e B B R —
| [
5500055w555555
| I [
I
—,H O H AN —H A - NO O
I [
<t N ~H M AN~ 0~ AN
I [ I I
AN A4 M 4 O NN © M~ 0o AN~ A
I [ | |
10 O O O O 10 O 10 10 10 10 O O O
I |
— |0

-15 -20 -10 -2 20 20

2

-8 =5 -1 10 15

-5

(wij)ijenq € 22

We have for X

H(X) ezZ[hG

Yy

XeAsw

1,1
1,2

c Z16><1
T4,4

(

N
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0 4 0000 40000 4000 0 T11
03 1 400310003000 0 T1.2
002 31002 30002000 0 213
01 100071 100071000 0 T14
0 2 2 400120003000 0 T2
0 4 3 40032 100010000 222
01 3 300332000 4000 0 T3
0 3 2 400 400002 000 0 T4 16x1
<101 4100420001000 0 x5 € 5Z
0 2 41 00330002000 0 3.2
0301 0032 30003000 0 733
04 2 2 001 2 0004000 0 234
03 4000110002000 0 T4
01 2 1 002 0000 4000 0 T42
04 40003 3200010000 T43
0 2 0 40042 0003000 0 T44
01 00000000 OO OGO OGO OO0 0 z1,1
001 00O0O0TUO0O0O0O0TO 0O 0O 0O 0 T1,2
0001 0O0O0UO0O0O0O0TO 0O 0TO0O0 0 6x1
<1 0000001 00000000 0 €57
00000 O0OO0T1TU0TU0TU0TO0TO0TO0O0 0
000000 O0O0O0O 0O O0T1TO0TO0GO0 0 Tas
( _
T12 =5 0
13 =5 0 Z (5 (5) (5
T4 =5 0 Z 7Z (5 (5
= S X e =
Ta3 =5 0 7 7 Z (5)
I‘274 =5 0 Z Z Z Z
L T34 =5 0

Hence the image of wyz is given by A, confirming the result of Theorem 25 in this case.

Remark 28. Theorem 25 shows that in case of m being a prime the Z-linear basis

of Z[(,»] leads to a quite simple description of A = wf(Z[Cm LG).

If m is not a prime this is different.

In case of m = 9, for instance, the Z-linear basis y = ((¢o — 1)% ..., (o — 1)%) of Z[]
leads to a rather complicated structure. Our result using this basis involves congruences
of length up to eleven matrix entries.
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In this case the image of wf is given by

( ZB3)3) Z Z Z
Z7Z (3)(3) Z Z
A:Z ($z)€ ZZ Z (3) (3) (3) CZ6X6Z
R Z7 7 Z (33|~
Z7Z 7 7 7 (3)
\ 77 7 7 7 Z

T1,1 =3 3,3 =3 T55

T2,1 + T55 + 2'776,5 + 2x6,6

T2,2 =3 T44 =3 T66

39+ 2x54 + Ts5 + 2x66 =

T3+ 2255 + 2065 + T =

T4+ 3x31 + 136 + 6249 + 62592 + 6253 + 3054 + 3T55 + 3x64 + 6265 + 6166 =
15+ 62371 + 6253 + 6255 + 3x66 =

Ti6+ 3T54 + 3755 + 6166 =

T25 + 6£B3y1 + 6113471 + 3$472 + 3ZB5,3 + 6{13574 + 3$575 + 6IB6,3 + 6{13674 + 3$6,5 + 6:B6,6
T2.6 + 61‘4,2 + 3.%575 + 633674 + 6x6,6

=3

0

0

o O O O o O

Therefore we shall present another Z-linear basis of Z[(y] for which the appearing con-

gruences are less intricate, cf. Proposition 30.

Remark 29. Write (¢ = (. Define 7 := (( — 1)(¢"' —=1) = 2 - (¢ — (' We have

prq(z) = 2* — 62* + 92 — 3. Regard the extensions

\
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We consider the Q-linear bases (1,7, 7?) of Q() and (1,{* — 1) of Q(¢?). Since

[Q(m,¢*): Q] =6=3-2=[Q(m): Q] - [Q(°) : Q]

the extensions Q(7)|Q and Q(¢?)|Q are linearly disjoint. Therefore we obtain the Q-
linear basis ¢ = (1,7, 7, ¢* —1,(¢* = 1)m, (¢* — 1)7?) of Q(7, ¢*) = Q(¢) which is as well
a Z-linear basis of Z[r, (*] C Z[(].

However, ¢ is not a Z-linear basis of Z[(] since

(=4-bm+m+2(C3-1)=3(F - Dr+3( - & Z[r,?] .

Consider the adjusted Q-linear basis t = (1,7, 72,¢* — 1, (¢* — 1)m, 5(¢* — 1)7?) of Q[¢].
Its base-change matrix to the Z-linear basis z = (¢%, (1, (2,3, ¢4, ¢P) of Z[(] is given by

1 2 6 -1 —2 =2
0 -1 =5 0 1 2
0 1 5 0 —2 -3
o 0 o0 1 2 2|’
0 0 -1 0 —1 -1
0 1 4 0 -1 -1

where the columns are indexed by t , the rows by z . Since it has determinant 1, ¢ is a
Z-linear basis of Z[(].

Proposition 30. Consider the Galois extension Q(()|Q. Write  := (o .

Its Galois group is given by G = {id, { % ¢°, 02,03, 04,0},

Consider the Z-linear basis t = (1,m,7,¢* — 1,(¢* — 1), 3(¢* — 1)7?) of Oq() = Z[¢],
cf. Remark 29.

Consider the map w? : Z[(] 1 G — Z°%C.
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Then the image of wf 15 given by

(

T11 =3
T13 + 3%21 + 3132 =9

Z (3) (3) (3)(3) G
Z 7Z (3) 3) (3) Z T4+ o5+ 3136 =9
Z 7 7 7 (3) Z T15 =9

A = (xi,j)i,j S

Z 7 3) Z (3) Z Ty =
Z 7 7 7 7 7 136,3 +3l‘471 +3ZE572 =9
Z(3)(3) (3)3) Z B
Ta4 =3
Tes + 3T46 + 3T54 =

In particular, we have an isomorphism of rings Z[(] 1 G = A.

Consider the Q-linear basis ¢ = (1,7, 7%, — 1,(¢*> — 1)m, (¢ — 1)) of Q[(], cf. Re-

mark 29.
Consider the map w, |zicwe = L[] VG — Q% .

Then the image of wy |lzcpe s given by

Y11 =3
1,3 1+ 3Y2,1 + 3yYz2 =9
z 3 e\

Z 7 (3) (3)3) @3 Y14+ Y25 T Y36 =9

Z Z Z 7Z (3)(3)
A= ¢ Wig)ij €

Z 7 (3) Z (3)(3)

Z 7 17 7 7 (3 Yaa1 + Y52+ Y63 =3
(1/3) Z Z Z Z Z

Y44 =3

Ya6 + 3Ysa + 3Ys5 =o

\

In particular, we have an isomorphism of rings Z[] 1 G = M.

Proof. Consider the Z-linear basis z = (¢Yo* : j, k € [0, 5]) of Z[(]1G.
Then wf : Z[¢] 1 G — Z5%5 maps for j,k € [0, 5]

J

4 3 3 -6 -6 -3 1 6 24 -3

-5 -5 -6 9 12 7 0 -5 =21 O

ok 11 1 -2 -3 -2 0 1 4 0
2 2 3 -2 =3 =2 0 O 0 -1

-3 -4 -7 4 7 5 0 0 0 0

2 3 6 -3 -6 -5 0 0 0 0

To2 =3 33

0

0

3372,6 =9 31’3,4

T53 =3 Te,1

0

T55 =3 L6,6

0

Y22 =3 Y33
0

0

Y15 =9 Y2,6 =9 393,4

Ya2 =3 Y53 =3 3?/6,1

0
Y55 =3 Y6,6
0
—18 —24 :
15 21
-3 -4
-6 -8
) 7
-3 —4

)

3\
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with respect to the bases z of Z[(] ! G and

(eij)ijen.e of Z06. A direct calculation leads to

A

E Y

V4

Let A be the representation matrix of w

-2
—6

1

0
—6—21

-2
-3

1
6

4
12

—-2-2
-3

-2 -2 1 4 4
—6

1

0
—6—21

-3

-2
-9

-2
-3

1
6

4 4 1-2-2

1

-3
-3

-9

12
—6 3 24 45 45 24

-3 0 3 3 0
-3 0 3 3 O

0

12 12

0 3 3 0-6 3 24 45 45 24

0-6-6-3 0 O

6

0 3 3 0-3 0

—6 24 24
-3

-9 —36

—9-36—-6 24 24

0 —6 —6

6
9

6 0 -6 —6 —3 0
—6
-9

3
0

6
6
3
4

0-3-6-6 0
-3 0-3-6 0
-6 0 0-3 O

-6 —6 0
3
6

6 0

6
15 21 0-15-12

18 27 0-15

-6 —6

-3

0-—-12-15 0 15 12
0 15

6
0

0—15-21-18
0—-18 —-27—-24

0
—5—11-11

0
6

0
0

0-6-3 0 3-3-18-21-15
0-3 0 0 3-3-24-27-18

0-5-5 0 4

1-5-5

—9—-15

-5

-9
-5

—5

-5

—5

1

0-5-5 0
1-5-5

1

1
-3 0-6-6 O

0 -5 =5 4 1 0 =5
4

—-5—-11-11

1
7T-2

13
48

7 4-14-14 4

7T-2 -5 4

15-9-21-39-39-21

—-9—-6

1

13
48

4

7 4-14-14

-5

1

-3
—6

9 30 21-45-45 21

9 30 21 —-45-45 21

-9

0-6—-6 0 15-9-21-39-39-21
0 9 6 0-3 3
012 3-3-9 9

0

-9

0

-3 3 0 6 9 0
12—-3 312 0-12-3
17 0-1

15—-12-12
14 —21 —17

-6 0

0

15 18 15 3 -3-12 15 27 0-27-15
7 —-7-21 14 31 0-31-14

0
0

0—-15-18 0 27
0—-16-23 0 31

15
16

15 18
23

0-8 8 21

0-—-1

16 23 21

1

-7

7 0

7-1

0

1

-1 -3

3
10
-2
—6
-7

3
10
-1
-3
-3

—1
-5

—1
-5
-1

-1
-2

1
4

0

0
1
-1

-1 -3

3
10
-1
-3
-3

3
10
-2
—6
-7

-1 —-1-1
-2 —-5-5

1
4

1

—5—11

—-5—-11

7
-1
-3
—4

1 1-5 4
0

0-2-1

0
3
5

-1
-3
—4

-2
-3
-3

0

0
0

1
0

2
3

0-1-2 0

0
3 0
4 0

-2
-3
-3

0
-3
—4

1-1

-3
—4

-3 0 0-3 O
—4-1

3
4
0
—1
—6
—2
-3
—1

3
5

3

0-3 0 0 3-3

1

—1

2-1
0

1-2 0

0-2 1-1 3-3
0o 2 2 0

1

0O 0 2 2

1

0 2
6 0 3 0 O
—2-1-4—-4-1
-6 0-3-3 0
-7 0-1-1

—1

1 0-1

2
0 3 0 0-3 3

1-2-2-2-2-2
0-3 0 0 0-3

0

—6

—6
-1

9
—4
-9
-8
—2
-5

15
—4
-9
-8
-3
-9

9
—2
-9

18 27 24

—2
-3

0
1
6
8
0
0

3
2
0

-3

—6
-2

9
—2
-3
—1
-2
-5

15
-2
—6
-7
-3
-9

-9 0

9
2
3
3

18 27 24
—4

0
-1

—1

-2 -2
-3
-3
—1

—2

2
3

1

2

—1
—6
—8

—4

0
2
0
0

—-9—-12

0
4

9 0
12 -2
-1

—6—-12—-12
-8 —15—-15

—3—-12-16—-12

2-1

0

— 1 0 1-2
0-3-2 0 1-1
3-3

—2
—6

-3
-5

1-1
3-3
8 -8
—4-1

0-3-2 0

0
0

-2
—6

-3
-5

0
0

17 —-17

—4
—4-13
—7-16

1
7

—1
-7

-5

1
0

—4 0—-4-1

4
17-17 0-7

4

1

—1
-7
—4
—4

-5

1

0—-4-1

0-31-14 21

0—16 —23 =21

1

7 0-31-14 21

0—16 —23 —21
-1

0 8-8

1
1

0-7

-1
-1

0

1 4 0 5 5 0
1 13-1

-1

-1

-3

0

0
5
7

4

1

4

0
1

14
15

4 —4 14
3 =7 15

10
14

-5
-7

-7 2

5 5-1

-8
—-1-14

-7 4 13
16

11
13

11

5

7T—-2-2-2 7

1

10

10

-5 3 3

16 0 2 2 0

—-3-10 7

7 13

0 5-3 0-3 5

0o 2
3 0 3 0 O
12 0 6-3 3
-3 0-3-3 O
-9 0-3-3 0

2 0-1
0 3 0 0-3 3
0 6-3 3-9 9

0-3 0 0 0-3
0-6 3 0 3-6

-3 -3

3

-3
-9

-3

3

0
-3 0 21

12

21 9—-15-12
-3
-9

0
0
3

12

12

9—-15-12

12 3

12
-3
—6
-7

9
-3
—6
-7

0
0
-3
—4

-3
-9

-3
-3
-2

3

0
0

0 0 =3
3-3 -9

-3
—5

-3 -3 -6
-2 —5 —8

3
4

6—3
5—4

6
10

0
1

3
2

-3
—4

11 -1

5

5—-10-10

1-11-1-1-1-1

5—-5—11

1-5 4-2 4-5

and 9471 =

3
9—-15 3
9—-15 3

0 0 3 0 O

12—-15 3 6—-6 3

-3
-3
-3
—6

0
12 -3

0 0

0O 0 0-1
—6 9-2-—-4 5-3

-6 6—-1—-4 5-3
-3 0 0-2 0 O

-3

3

6
6

5—-3 -9 21 -6 -3
-3

5-3

-3
-3

—6
-3

3 —

9

12—-15 3 6—-9 6 6—12

3 0
-3

6

0 0 3 0 0
-3 0 0 3-3

6—-3 —3 9 -9 -3 9 —4 -3
-9

0

3 -9 12 6
-6 15-15

-3
-9 21

1
-6 9-2-2 4-3

-6 6-—-1-2

5
6 —21

10

6 —15
12 —42
—9-21 48-11

9
9

6 3

9-21

6-12 3 0-3 3

—6
—6

—6

-3 7—6

12 -3

—6

15

0—12

0-24 6

0 0-3 0 O
12-3 0 3-3-18 39-9

—6 21-15

-3
-3

4—-3-18 63-15

0
-3
-3

0 12-3

0
0

0
1
1

1
1-2

3 0 0
0-3
-6 6—-1-2

17-12

—6

-3 12
12 -15

3
3

-3
-3

12
-9

18 —51

0

1
1

3-12 3

9
15

9—-14
6 —21

10

9 24-45

9

0—-27 42 12—-15 3 6—-6 3 27—-42 9
-3

15 -3

0—-12

0—-12 6 —21 5

0—-12 3

0 0-3 0 O
15-3-6 9-6-27 42-9-15 27-18-24 45-10-15 31-21

8—-6-18 63—-15—-12 42-30

0

12 -3

0
15-27 6

3 00 2 0 O

6—-9 2 2-4 3
-6 9-2-4 5-3-15 27-6

21 —-48 33-12

6—-13 9 45-93 21

-9
—6

15-31 21

11

18 21 —48

15 —-27
18 —15

18—-39 9
18—-15 3

6—-12 3 6—-9 6
-9
-9

3
—6
—6

14 -9 —45 93 —-21-24 45-30

12
-9

4 24-21
—2-18

9 24-21

-9

0 0 3 0 0
12-3-6 9-6
12-3 0 3-3

0—-24 21-12

0
-3

0

5-3
—4 3-27 21

—4 3 54-48

0 0
3

0
—6

0 0

0 0 0-1

16

9

15 -9

12-3-15

12 -3

6
6

-9
-9

9
9

3
3

0

1 2—-4 3
6—-9 2 2-4 3
-3 0 0-2 0 0-18

0-3

9

15—-15 3

12

8 24-21
—7-27 23-12

9 48 —42
—9—-45 39

18 —15

0 0 3 0 0 36-30 6
15-3—-6 6-3-36 33—-6-21

-3 0 6-6 3 27-21

6

10 -6 —-72 63 —-12—-48 42-24

15-3—-12

18

9 45-39 21-12
—3—-36 30-15

6 54—48

12 -11
-9

15—-15 3

—6

6—-9 2 4-5 3

0-3

12

9 36-30 5 27-23

3 21-18

6
—6
—6
—6
-3

7-3-27 21

3 0

10
0

1-2

—6

0 0-3 0 O
3 0-6 6-3
12-3-6 9-6

1

3 0 O

-6 3 -3
—6

0
-9 21-6

-3
6—-12 3

4-5 3

1
6—-9 2 4-5 3
3 0 0 2 0 O

6 —6

-9 -6 15 -5 -3 7 —6

12

3

—6

9-21

-5

3

-3
9-21 6
0
0

-9
-9

0 0-3 0 O

3

-9 9 6-15 5
-9 -3 —4
-9 —5

3
-3

-9 -3 9-12 6-12 3 0-3 3
6

-9 24

2-1 0 -3 9-3 0 2-3
-9

0 3-1
0-3

—3 —

9

9
12

6—3
12 -3

-3 0 0 3-3

15
15
-3
-3

6 —15
6 —21

3

3
12—-42 30

9

9—-24

2—-4 3

1

—6 21-15

-6 21

-3
-3

0

0 0 3 0 O
3 0 0-3 3
3 0-6 6-3
0 0 3 0 0

0 0 0
2-1 12-15 3
-3

0O 0 0-1
6 —6

9 -3 1 6—17 12
-3 1 -9 -9

-9

3—-12

0

3

—6
—6

3
3

-1 0 27-42 9
-1

3
3
0
—6

0
0

1

14

15
12

15 —-27
15-3—-6 9-6-27 42-9-15 27-18-24 45-10-15 31-21

3 0-12

0—-18 51-—12

12 -3

2-1

0 3-1
-3 0 0-2 0 O

—6 21-15

—9—-12 42-10

18 21 —-48

0

0 24-6
18—-39 9

-8 6 18—-63 15 6

0—-12 3

-3

15-31 21

11

6-12 3 6-9 6

48 —33
9 24-45 30-12

12 24-21
-9

13—-9-18 51—-12-21

12 -3

0 3-1-2 4-3

6 —6

9—-14 9 27-42

6
-3
-3

12-15 3
18—-15 3

4-5 3
1
—6 9—-2-2 4-3-15

1

—8—24 21-12

—9—48 42

15

0 0-3 0 0-36 30-6-18

—6

12
—6
—6

-5 3 72-63

0 0

3 0 0

7 18—-16 9
-9

-5

9 45-39
0—-36 30
—-9-24 21

15 —-15
—6

12—-15 3 6—-9 6 36—-33 6

—6
-3

9
9

-9
-9

4—-3—-54 48
4-3 27-21

15 -3

3
15

3 0 0-3 3-27 21-3

0 0-3 0 0-18
-3 0 6—-6 3 27-21

3

-3 0

6
18—-15 3

0 3-1-2 4-3
3 00 2 0 O
-6 6-—-1—-4 5-3-21

—4-24 21-12

15-3-18

12 48 —42 24

12—-10 6 72-63

12

—7-27 23-12

9 36-30 5 27-23

—9—-45 39

3 21-18

69 —12 —45 39 —21 6

11 -6 —-81

18 -3 —12

0 21-18 3

18

15-3—-6 6-3-36 33—-6-21

15 —-12

12 36 —30

-7 3 81-69

9

6 1 2-1

6 —
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Let X = (2i)ijeq,6 € Z°%°. We have

1,1
1,2

XeN & wi(X)eZ(1G e AL € 7361
6,6

300000000000006000000000000000000000
030000000000000000000000OO00O0OOOD0OOOOOOO
001000300000030000000000000000000000 .
000100000010000003000000000000000000 1,6
0000100000000006000000000000000000O00O 2,1
000003000000000000000000O0O0O0OOODOOOOOOO
000000030000006000000000000000000000
00000000300000000000000O0OOOOOODOOOOOOO *2,6
00000000030000000000000O0OOOOOODOOOOOOO :
000000000030000000000000O00O0OO0O0OOOOOOO
000000000003000600000000000000000000 .
0000000000O0O0OOOO3000000000O00OO0O0OOOOOOO : 9Z24><1
A 00000000000O00O0O0O0O00OO0300000030000001000 3,6 =
0000000000O0O0OOO0OOO0O30000000000600000 T4,1
0000000000OO0OOOOOOOO300000000O0O0OO0OO0OOO :
00000000000O00OOO0OOO0O0OO3000000000000O06
0o000000000O0O0OOOOOOOOOO300000000O00O0OOOO
0000000000OOO0OOOOOOO0OOO0O3000300000010
00000000000O00OO0O0O00OO00O0OO0O0OOOO3000600000 :
00000000000O00OOO0OOO0O0OOO0OOOOOO30000006 5,6
00000000O00OOOOOOOOOOOOOOOOOOOOOO30000O0 6,1
0000000000O0OO0O0OOOOOOOOOOOOOOOOOOOO3000O0
00000000O00O0O0OOOOOOOOOOOOOOOOOOOOO300
00o00000000OOOOOOOOOOOOOOOOOOOOOOOOO30 6,6

1,1

3,1

T4,6
5,1

3r11 +6r33 =9
3T1,2 =9 T1,1 =3 T22 =3 33

1,3 +3T21 + 3132 =9
T14+T25+ 3236 =9

T1,5 +6T34 =9

T1,2 =3 0

1,3 +3T21 + 3732 =9 0
T2z =3 0

3!E1’6 =9

3T22 + 6733 =9 T1,4 + Tas +3T36 =9 0
3123 =9 Tis =9 3Tae =9 3T34
31‘274 = T1,6 = 0
3T25 =9 To4 =3 0
3372,6 + 6$3’4 =9 Tos =3 0
31‘375 =9 x3.5 =3 0

3x41 +3T52 +T63 =9
3149+ 66,1 =9 3T41 +3T52 + 263 =9 0

3T43 =9 T4 =3 T53 =3 T6,1
3144+ 6166 =9 T43 =3 0
3145 =9 T53 =3 e,
3746 +3T54 +Te5 =9 T2 =3 0
3r53 +6T6,1 =9

3r55 + 6766 =9 T44 =3 Ts5 =3 Tee

3Te2 =9 T4 =3 0
3T63 =9 346 +3T54 +Tes =9 0
364 = L Te4 =3 0

O O O O O O O O O O OO OO OO o0 oo o000 o oooo

35E6,5 =9
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Hence the image of wf is given by

( _ _ A
T1,1 =3 X22 =3 T33

13+ 3x21 + 3T32 =9 0

Z 7 (3) 3)(3) Z T14+ Tos+ 3136 =9 0

Z7 7Z 7Z (3) Z T15 =9 3T =9 3T34
A= q (i) € :

Z7 3 Z (3) Z Ty =3 Ts53 =3 Te,1

7 7 7 Z 7 7 x6,3 + 31’471 + 3ZE572 =9 0

N
—~
w
~
—~
w
~
—~
w
~—
—~
w
~—
N

Ty44 =3 Ts5 =3 T6,6
Z6,5 + 31’476 + 3.1‘574 =9 0

\ J

This system of congruences is less intricate than the result that was obtained using the
Z-linear basis y = ((¢o — 1)°,..., (¢o — 1)°) of Z[(y], cf. Remark 28.

In comparison, we consider the Q-linear basis ¢ = (1,7,7%,¢* — 1,(¢* — 1)m, (¢* — 1)7?)
of QI¢].

Since ¢ is not a Z-linear basis of Z[(] the image A of Wy lziepe + Z[¢] 1 G now is not
contained in Z%*® but is only a subring of Q%*¢.

The congruences appearing in the description of A’ will be calculated by using the con-
gruences appearing in the description of A.

Let S be the base-change matrix of the Q-linear bases ¢ and ¢ of Q((), i.e.

o O O O o =
o O O O = O
o O O = O O
o O = O O O
o = O O O O
w o O O o O

where the columns of S are indexed by ¢ , the rows by ¢ .

Let (y;;)i; € Q. We have

(Wig)ig €N & S(yiy)ijS €N &

eN= (w4,5)i,5 €

1 zZ Z (3) zZ (3) z T4,2 fa T5,3=3
Ya1 Y42 Y43 Ya,a Y45 51;ZJ476 z 7z =z z z z | . +3zs,3 =s xg,é
Ys,1 Ys,2 Y53 Ys.4a  Ys,5 §y576 Z (3) (3) 3) (3) z 6,3 4,1 5,2 =9
3ys,1 Y62 Y63 3Ysa Y65 Ye,6 va4 =3 w5553

6,5 + 3x4,6 + 3054 =9 0

1 1,1 =3 T2 2=
Y11 Y12 Y13 Y14 Y15 3Y16 ©1,3 +3w2,1 + 3232 =9 0
1
5 3 Z (3 3 3 3 3
Y21 Y22 Y23 Y24 Y25 ?y2,6 Z® E3§ 53; Edi O\ wrates e = 0
Y31 Y32 Y33 Y34 Y35 3Y36 7z 7 =z zZ (3 z r15 =9 3x2,6=9

3,3

3z3,4

6,1

6,6
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So we obtain

( Y1,1 =3 Y2,2 =3 Y33 )
Yy1,3+3Y2,1 +3y32 =9 0
Z (3) 3 3 (3 9
Z 7Z (3) (3) (3) (3 Y14+y25+tyse =9 O
3 Z Z 7Z Z (3) (3) Y15 =9 Y26 =9 Y34
N =4 (Yij)ij € : = A
Z Z (3) Z (3) (3 Ya2 =3 Y53 =3 3Y6,1
Z Z Z Z 7 (3) Ya1+Ys2+ys =3 O
(1/3) Z Z Z Z %
Y4,4 =3 Y55 =3 Y6,6
Yae +3ys,a +3yYs5 =0 0 J

Attention: Since y; € (1/3), the congruence ys 3 =3 3ys1 does not imply y53 =3 0. O

Remark 31. The index of A in Z%*° is directly calculated to be
%70+ A] = | det(A)] = 3% = (3°)* = |Aquaia.dl*?

confirming the statement of Theorem 16 in this case, cf. Proposition 30, [6, I. Lemma
(10.1)].

Proposition 30 shows that it is not always convenient to employ a Z-linear basis of Oq(,,) -
In fact, A’ is only a subring of Q%*% but its structure is rather symmetric.

Corollary 32.

z (3) 3 iy = s =5y
Let = = {(yi))i, €| Z Z (3) +31’1 ;33 2 03’3 c 7
7 7 7 Y1,3 Y21 Ys2 =9
00 3
Let£:=1 1 0 0 |. Then the ring A" from Proposition 30 can be written as
010
= 2=
A = C Q6><6 )
¢z o= )

Note that = is a subring of Z**3 and that £= = =Z€.



Proof. We need to show that

T11+Too+ X33 =9 0

AN
[\
(1]
=
(1]
I
oun
&
<.
=
<.
Mm
/N
N w w
~—
N
w
N~—
—
w

T2 =9 Ta3 =9 3T31

cf. Proposition 30.

i Y2 N3 0 30

Ad (C). Let | y21 %22 w23 | €. Wehave &= 0 0 3
Y31 Y32 Y33 100

Therefore we obtain
030 Y11 Y12 Y13 3y21 Y22 Y23
003 Y21 Y22 Y23 | = | 3usn 3us2 3uss )
100 Y31 Ys2 Y33 Yii Y12 Y13

which is an element of = as

Yo1 €L, Yoos€Z, Ya3€ (3)
Y1 €4, ysp €4, ysz€Z

h1€Z, y12€(3), nse(3)

and since y; 3 + 3y21 + 3y3 2 =9 0 as well as y1.1 =3 Y22 =3 Y33 -

So we have £22 C Z.

211 *12 1,3 211 12 1,3
Ad (D). Let 201 222 %23 € Z. We show that £2 Zo1 %29 %223
23,1 <32 <33 231 <32 <33
0 01
have 2= 1 0 0
010

Therefore we obtain

0 0 Z11 212 21,3 231 232 233

1 _ | 1 1

3 00 Zo1 %22 223 | = | 3211 3212 3213 |
1 1 1 1

0 3 0 231 <32 <33 372,1 3722 3723

[

Mm-—
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which is an element of = because of

731 €4, 232 €(3), z33€(3)
2171 € (3), 2172 € (3), 213 € (9)
291 € (3), 292 € (3), 293 € (3)

and since

_ _ _ 1 _ 1
32’3,1 =9 223 =9 212 = 231 =3 3%23 =3 3212

_ 1 1 _
211 + 299 + 233 =9 0 = Z33 + 3§2’171 + 3§2272 =50.

Hence we have = D £ 22,
Altogether we obtain €22 = .
We need to show that

. Z () + + 0
~ T T T =
f_lE ; = . (xi,j)i,j e 7 7 7, 1,1 2,2 3,3 3 5
T19=3T = X
(1 /3) 7 7 1,2 =3 T23 3 3,1
cf. Proposition 30.
Y11 Y12 N3 010
Ad (g) Let y271 y272 y273 - E We have 5_1 = O 0 1
Ysi Y32 Y33 00
Therefore we obtain
010 Y11 Y12 Y13 Y21 Y22 Y23
0 01 Y21 Y22 Y23 = Ys1 Y32 Y33 )
% 00 Y31 Ys2 Y33 %91,1 %91,2 %?Jl,:&

which is an element of =’ since

Yo1 €L, Yo2 €L, Yo3 € (3)
Y31 €4, ysp €4, yz€Z
n1€Z, y12€(3), nze3)

and since

Y13+ 3y21 +3ys2 =9 0 = %1/1,3 +y21+Yys2=30

— — 1 — —
Y11 =3 Y22 =3Ys3 = 33Y11 =3 Y22 =3 Y33 -

[I]z

Hence we have {12 C

211 <212 1,3 211 <12 1,3
Ad (D) Let | 291 292 293 | € 2. Weshow that £ [ 257 200 203

M-
[1]

231 <32 <33 231 232 <33



Therefore we obtain

00 3 211 212 213 3231 3232 3233
100 221 %22 <23 = 21,1 21,2 21,3 )
010 231 232 233 291 222 223

which is an element of = because of

231 € (1/3), z32 € Z, Z233 € Z
21’1 € Z, 2172 € Z, 2’173 € (3)
221 S Z, 222 € Z, 223 S Z

and since

3231 =3 223 =3 21,2
21,1 + 29,9 + 233 =3 0 = 32373 —+ 321’1 + 32’2,2 =9 0.

So = D €=,
Altogether we have {12 = =.

1 00
Wehave |0 1 0| € Z2# 0 and = C Z33. As A’ is a subring of Q%*® and as

0 01
A, it follows that = is closed under multiplication and subtraction. Because

0 0\ [0 0 00
(0 E) (o E) cAN (3220“) - (0 E)

and therefore = - = C =, respectively

0 0 0 0 o0y [0
<o E>_<O ”)gAm(OZ“)—(o

and therefore Z —Z C = . So Z is a subring of Z3*3.

[11 ©
~_—

[1
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!

We need to show that = = =

Y11 Y12 Y13
Ad (C). Let | y21 922 o3 | €Z
Y31 Ysz2 Y33
We have
00 3 Y11 Y12 Y13 010 Y33 3Ys1 Y3z
100 Y21 Y22 Y23 001 |=| 3ms w1 w2 )
010 Y31 Ys2 Y33 % 00 %yzz Y21 Y22

which is an element of = since

Y3z €4, ys1 €4, ys2€Z
3 €(3), 11 €Z, y12€(3)
Yo3 €(3), Yo1€Z, Ya2€Z

and since Y33 =3 Y11 =3 Y22 as well as 3yz 2 + 413 + 3y2,1 =9 0.

So we have £2¢671 C =,

Y11 Y12 N3
Ad (2). Let | y21 y22 o3 | €Z
Y31 Ysz2 Y33
We have
010 Y11 Y12 Y13 00 3 Yoo Y23 Y21
001 Y21 Y22 Y23 100 |= Yyz2 Y3z 3ys1 | s
% 00 Ys1 Y32 Y33 010 %91,2 %91,3 Y11

which is an element of = since

Yo2 €Z, Y23 € (3), Yo1 €Z
Ys2 €4, ys3€d, ys1 €74

y12€3), nse@B), i€l

and since Y2 =3 Y33 =3 y1,1 as well as 3ya1 + 3y32 + 1,3 =9 0.
So we have £712¢ C =,

Altogether we have £= = =€.
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6 Example: Q(v/2,(3)

Setting 33. Consider the Galois extension Q(+/2,(3)|Q with Galois group G = S; .

Q(V2,¢s)

Z

G, |G|=6

Write § == v/2, (== (3, n:= % :

The integral closure of Z in Q(4,() is given by Oqs¢) = Z[0,n], as I have learned from
K. Conrad [5]. Note that the requirements of Setting 1 and Setting 13 are met, letting
A=%7Zand B = OQ(&C) .

Proposition 34. Consider the extension Q(J,()|Q.

Choose the Z-linear basis y = (1 — 6,2 — 6, =2 + 20 + 6%, 1,4n + on,4n + 20n + 6°n) of
Z[5, 7). Consider the map w2 : Z[6,n] 1 G+ Z%°. Then the image of w% is given by

yl

( )

Z (6) (6) (3) (6) (6) T11 =3 Top =3 T3
Z 7 (6) Z (3)(6)
Z 7 7 7 7 (3 216 — Owoy + 6235 =158 0
N = (2i5)i € : Y
Z (6) (6) Z (6) (6) a1+ 50 — 65 =5 0
Z 7 (6) Z Z (6)
Z 7 7 7 7 7

L Taa =3 Ts55 =3 T66 )

In particular, we have Z[§,n] 1 G = A as rings.

More symbolically written, we have

\
\
z (6) (6) (3) /12 (6) (6)

N \
0 ,6
N /
z Z (6) z (3) (6)
|©) /
N

A = z z z z z 3) | wherein means a-x+b-y+cz =4 0.

N

z (6) (6) Z (6) (6) € Y Z
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If we considered the Z-linear basis y = (y1,...,ys) = (1,6,0%,1,0n,6%n) of Z[d,7n] the
congruences appearing in w, would be rather complicated.

The Z-linear basis y' = (1 —06,2— 06, —=2+204 6%, 1, 41+ dn, 4n+ 20n+ 6?7), for which the
appearing congruences take a simpler form, was calculated using the computer algebra
system Magma |[7], cf. Magma Code A 2.

Proof. The Galois group of the extension Q(4,()|Q is given by G = {01, 09, 03,04, 05,06}
where

o1 ) — 0, n — n
o9 : ) e (C+1)n
. ¢-1)
03 : 0 —=(6 n — 1
1
o4 = 0309: 6 (6, n — (C+1>((C6+1)
—1
o5 = o: 8§ =%, n = ég(s_i_i
0 = o0903: 0 (%0, n = (C—i—l)(c_l).

We consider the image of w’ on the Z-linear basis 2’ = (yjo; : j, k € [1,6]) of Z[5, 7] 1 G.

-4 -6 6 0 0 0 o 0 0 -3 —-12 -6
1 2 0 0 0 0 o 0 o0 1 3 0
-1 -1 2 0 0 0 o 0 o0 -1 -4 =3
0 n o~
0O 0 0 —4 —-12 -6 5 6 -6 -9 -30 —18
0 0 0 1 2 0 -1 -1 0 3 9 6
0O 0 0 0 1 2 o o0 1 -1 -3 =3
100 -3 -6 0 1 0 -6 0 0 6
010 0 -3 -6 o 1 0 1 3 0
001 -1 -3 -3 o 0 -2 1 3 3
02 o3 >
000 -1 0 0 0O 0 -6 1 0 0
000 0 -1 0 1 1 0 -1 -2 0
0 00 0 -1 -1 -1 1 1 3 1

Let A be the representation matrix of w? , with respect to the bases 2’ of Z[d, 7] 1 G and

(€ij)ijene of Z9C.
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(2i;)i; € 2576, 4,5 € [1,6]. We have
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Hence the image of wyz is given by

p

A

(zij)ij €

T1,1 =3 T22 =3 33

T16 — 6x94 + 6735 =13 0

Ta1+ Tso+ 263 =3 0

Ta4 =3 Tss5 =3 T6,6 )

Remark 35. The index of A in Z%%5 is directly calculated to be

[Z6x6 . A] = |Z6><6/A| =912 321 _ (24 . 37)3 — |AQ(§/§,C3)\Q7Q|G/2 ,

confirming the statement of Corollary 17 in this case.

Corollary 36. In the case of Proposition 34 we have the following.
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7 Ideals

Setting 37. Let A be a Dedekind domain with perfect field of fractions K = frac(A). Let
L|K be a Galois extension with Galois group G := Gal(L|K). Write n := |G| = [L : K].
Let B =T7(A) be the integral closure of A in L.

In case of A =Z we denote 'L (Z) = Oy, .

L
G, |Gl=n
K

B /
A
Let y = (y1, ..., ¥n) be a Z-linear basis of B, which is also a K-linear basis of L.

Note that the requirements of Setting 1 are also met.

Let A := w; (B1G) C A™", cf. Remark 7.

7.1 Galois-stability

Definition 38. An ideal b C B is called Galois-stable if it satifies the condition o(b) = b
for all o € G. We denote the set of all non-zero Galois-stable ideals in B by Ideals* % (B).

Example 39.

(1) Let L = Q(v/—5). We have G = {id, /—5+> —v/=5} and B = Z[\/-5].
The ideal b = (2,1 + v/—5) C B is Galois-stable since

o(b) = (2,1 —/=5) = (2,1 ++/-5) .

(2) Let L = Q(i). We have G = {id,i+> —i} and B = Z[i].
The ideal b = (2 +1) C B is not Galois-stable because

b2 = (3+4i) # (5) = (2+1i)(2 — i) = bo(b)
since 3 4 41 is not divisible by 5 in Z][i].
Lemma 40. We have the map

Ideals™ (B) — Rightideals™ (B G)
b — b(B1G)

where b(B1G) C B G is a right ideal. If b € Ideals>%(B) then b(B1G) is an ideal, so
that we obtain the map
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Ideals*¢(B) - Ideals™(B1G)
b — b(B1G) .

Proof. Suppose given z,2’ € b(B1G) and r € BUG. Write z =: Y a,0, 2’ =: > p,0
ceG celG
where oy, 5, € b and r =: ) ~,p where v, € B.

peG
We obtain
r+a = a0+ > o0 =3 (ay+ B,)0 € b(B1G) since a, + B, € b
oeG ceG oeG
Ir =Y 0 Y. Yp = ., > 0(y,)o0peb(BU1G) since o(v,) € B, a,o(v,) € b.
ceqG peCG oeG peG

So b(BU1G) C B! G is a right ideal.
Suppose b € Ideals*>“(B). In that case

T =) Yp Y, A0 =y, > Ypplas)poo € b(BUG) since p(a,) € b we have v,p(a,) € b.
peG oeqG pEG oG

So b(B1G) C B G is an ideal. O

Example 41. The ideal (2 +1) C Z[i] is not Galois-stable, cf. Example 39.
Indeed (2 +1)(Z[i] ! G) is not an ideal in Z[i] 1 G :
For o :i+— —iand (2+1i)o € (2+1)(Z[i] 1 G) we obtain

0-(2+i0=0@2+i)(coo)=2-1¢2+)(Z[G),
since 2 — i & (2 +1) because of (2 —1) # (2 + 1), cf. Example 39.

Lemma 42. The map

¢ Ideals™%(B) — Ideals*(B1G)
b — b(BG)

satisfies 1(bc) = 1(b)u(c) for b, c € Ideals™¢(B).

Proof. Let b, ¢ € Ideals**¢(B). Then «(bc) = be(B1G) = b(B1G)e(B1G) = u(b)u(c).
So we need to show that be(B 1 G) = b(B1G)c(BG).

Therefore it suffices to show that ¢(B ! G) = (B1G)e(B1G).
We surely have

¢«(B1G) C(B1G)(B1G) .



48

As ¢ is Galois-stable, ¢(B ! G) is an ideal in B! G by Lemma 40, and so we also get

(B1G)e(B1G) C B1G .

Lemma 43. (|6, I. Proposition (9.1)])
Let p € Ideals’. (A). The group G acts transitively on

prime

Ideals>

prime

(B,p) :={q € Ideals.. .(B) : qNA=p},

prime

the set of all prime ideals of B lying above p C A, i.e. these prime ideals are pairwise
conjugate.

Remark 44. Let p € Ideals’, .(A). We have the product decomposition

prime

pB=qi' . ..qy
for some m € Z , q; € Ideals};,.(B), ¢; € Z>; for j € [1,m]. The exponent e; for
j € [1,m] denotes the ramification index.

By Lemma 43, the prime ideals q; for j € [1,m] form an orbit. So we have e; = --- =
em =: ¢, . Hence

p= (a1 ) .

Recall that e, = 1if Ay, #, 0, see e.g. [6, Proposition (8.4)].

k.

We denote (p#)"g =p°

k-1

= <q1qm)k for k € ZZO .

Lemma 45. Let

P = {p €ldeals} ;. (A) : Apjxy =, 0} and

prime

P, = {p € Ideals” (A) : AL|K,Q ;7ép 0} .

prime
Suppose given b € Ideals™ (B). Then
b € Ideals* % (B)

if and only if there exists a € Ideals™(A) with vy(a) = 0 for p € P, and ¢, € Z>o for
p € P, such that

—a ] 7

peP:

Cf. Remark 44.
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Proof. Write

b= I1 [1 q%,

p€ldeals A) qGIdeals;rime(B,p)

;rime(
where a € Zxo , with {q € Ideals};,,.(B) : ag # 0} finite, cf. Lemma 43.

For o € GG, we obtain

o(b) = I1 I1 o(q)"

pEldeals™. (A) qEIdeals;rimC(B,p)

prime

= I1 I qo.

pEldeals”. (A) qEIdeals;rime(B,p)

prime

Hence b = o(b) for 0 € G

& Qg = Qgq foroed
Homark 24 ag = ag for q,q € Ideals) ;. (B, p)

= b = H H qap

p€ldeals A) qGIdealsgrime(B,p)

X
prime(

= H per

pEIdeals;frime(A)
£
= (H pf*’) (H p)
pGPu )JEPr
for some e, € Zx , with {p € Ideals};,.(A) : €, # 0} finite. O

Lemma 46. We have the map

Y : Ideals*(B1G) — Ideals*“%(B)
I — INB.

Proof. Suppose given I € Ideals” (B! G). Then I N B is an ideal in B. Moreover,
I'N B # (0) by Lemma 8.

It remains to show that I N B is Galois-stable.
Suppose given 0 € G. Then I =0 -1 -0~ 1.
We claim that 0 - B = B - 0. Suppose given b € B. Then

Ad(D). b-o=0-07b)C0o-B

Ad(C). o-b=0(b)-c CB-o
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This proves the claim.

Thus
INB=c-I-c7'NB=0¢-1-07'No-B-oc'=0-(INB)-0c7'.
We obtain for z € I N B that
o(z)=o0(x)-coc'=0c-x-07'€oc-(INB)-c7'=INB.
O

Remark 47. Suppose given a Galois-stable ideal b C B. Then 1o.(b) = b, cf. Lemma 42,
Lemma 46. In particular, ¢ is injective.

Proof. We have

Ypoub) = P(b(B1G))=BnN(b(B1G))
Bn{> a,0:a, €b}

oeG

= {> a,0:a,=0for c € G\{id}}

ceG

= b.

Remark 48. Suppose that A = Z. Let 0 € Ideals*%(Opr). Then
In particular, the index of 9(Op 1 G) in O UG is a |G|-th power of a natural number.

Proof. We have @ 90 =0(0O1G) C O G = @ Opo and therefore

oeG oeG

(OL G20 1G) = P (Oro/o0) =2 (O /0)PIEl

ceG

So the index [(OL 1 G) /(O G)| = |0 /0|1l is a |G|-th power. O

7.2 Ideals in case of quadratic extensions Q(+/d)|Q

In the following we aim to show that ¢ is not surjective. Therefore we first try to determine
Ideals(A).

Let d € Z* be squarefree.
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7.2.1 Ideals in w%(Z[*L/9) 1 G) for d =, 1

Suppose that d =4 1.

Lemma 49. Let p € Z- be a prime and R := Z,) . Let R’ := (Eﬁ). Then

Ideals* (R') = {p"R' : k € Z>o} .

Proof. 1t suffices to show the inclusion (C).

Let I C R’ be a non-zero ideal.

For a,b,c,e € R define v,((£2)) := min{v,(a), v,(b), v,(c), v,(e)}.

Since I # (0) there exists an element X € [ satisfying v,(X) # +oo. Choose
Xo = (ng 28) € I such that k :=v,(Xy) € Z>¢ is minimal.

As (15) € R we can assume without loss of generality that v,(Xo) = vp(ag), by using
permutation of rows and columns. We obtain

(60) (2%) (5) = (“40) €1 .

Since ag = p*u for some u € U(R), it follows that p* ((1)8) el
Moreover,
p*(60) (00) = p*(60) €1
p*(10) (60) = p"(10) €1
p*(10) (00) = »"(01) €1

This shows p*R' C I.

Suppose given X = (“CZ) € I. Then we have v,(X) > k and therefore

vp(a) >k, v,(b) > k, v,(c) > k, v,(e) > k. Hence a,b,c,e are divisible by p* in R
and consequently (%Ie’) € ptR.

This shows I C p*R'.
So I = pFR'.
Taken as a whole we have Ideals™ (R') = {p*R’ : k € Zx¢}. O

Lemma 50. Let p € Zsy be a prime and R = Zy) . Consider the subring

R = (W) C (§R). LetI €

(1) Suppose that (&%
(2) Suppose that (
(3) Suppose that (47

(4) Suppose that (“2%) €

?

Ideals™ (R').

, where a,b,c,e € R and a #, 0,

, where a,b,c,e € R and b #, 0

, where a,b,c,e € R and c #, 0

where a,b,c,e € R and e #, 0,
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Proof.

(1) Suppose that (';1;”) € I, where a,b,c,e € R and a #, 0. Then a € U(R) and we
obtain

(2) Suppose that (‘;peb) € I, where a,b,c,e € R and b #, 0. Then b € U(R) and we
obtain

(9) (2 (89 = (m) e 1" X (8p) e 1.

(3) Suppose that (‘C”’eb) € I, where a,b,c,e € R and ¢ #, 0. Then ¢ € U(R) and we
obtain

(4) Suppose that (‘é”eb) € I, where a,b,c,e € R and e #, 0. Then e € U(R) and we
obtain

(89) (22) (89) = (82) e 1°%" (B9) e 1
O

Lemma 51. Let p € Zsy be a prime and R = Zy) . Consider the subring
R = (F®) C(RE). Then

2
teals” (7) = {4 (R%) . o (RR) . o4 (G13) - 2 () # (RB) 7 (R5)) s e 2o

Proof. 1t suffices to show the inclusion (C).

Let I C R’ be a non-zero ideal.

Let k € Z>( be maximal such that p~*I C R’. Then J := p~*I is an ideal in R’
We may choose an element (‘j”eb) € Jwherea#,0Vb#,0Vc#,0Ve#,0.
Case 1: a %, 0.

By Lemma 50, we obtain that ((1)8) € J. Moreover, it follows that

(00) (o8) = (ob) €J
(1) (60) = (10) €J
(¥0) (88) = (6p) €7
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So we have <§E£§) CJCR.
Subcase 1.1 We have J = (ggj;) if for every (g@) € J the element € is divisible
by p.
Subcase 1.2 If there exists an element (‘gpeb> € J such that € #, 0, then it follows by
Lemma 50 that (p7) € J. Since (g%) C J we obtain R’ = ( ) CJCR.SoJ=R.

Case 2: b#, 0
By Lemma 50 we obtain that (88 ) € J. Moreover, it follows that

(¥0) (38) = (6p) €7
(68) (16) = (86) e J
(Y0) (85) = (po) €7

So we have (E%( ) CJCR.

Subcase 2.1 We have J = (Eg; gg%) if for every <‘C”’eb> € J the elements a,c,é are
divisible by p.

Subcase 2.2 1f there is no element <‘;”eb) € J such that a #, 0 or € #, 0, but an element
(‘3/ Pl ) € J such that & #, 0, then it follows by Lemma 50 that (?8) e J.

Hence J = ( @) g£g>
Subcase 2.3 If there exists an element (‘g”g) € J such that @ #, 0 and an element

(if// pg) € J such that & #, 0, then we have by Lemma 50 that (%)8) € J and that
( ) € J. Besides, (10) (58) = (?8) € J. Since (8;% Eg%) C J we obtain J = R'.

3
ml@‘l

Subcase 2.4 If there exists an element <‘CL ) € J such that a #, 0, but no element

(@f pj’/) € J such that & #, 0, then we have by Lemma 50 that ((1)8) € J. Therefore it

c e

follows that ((1)8) ((1)8) = ((1]8) e J.
Hence J = (ggg).
Subcase 2.5 If there exists an element (‘;37’5> € J such that € #, 0, but no element

(‘3/ Pl ) € J such that @’ #, 0, then it follows by Lemma 50 that (8(1)) € J. Therefore it

follows that ( ) ((1)8) = ((1]8) e J.
Hence J = ( )(p))
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Case 3: ¢ #, 0
By Lemma 50, we obtain that ((1)8) € J. Moreover,

(Y0) (c8) = () €7
(o8) (10) = (Bo) €J

—
o3
oo

SN—
oo
o3

SN—

/N
oo
=58

N~

m
kl

So it follows that( (I;))> CcCJCR.

Subcase 3.1 We have J = <(§) (6)2))> if for every (%%‘3) € J the elements a, b, € are divisible
by p.

Subcase 3.2 1f there is no element <‘;peb> € J such that a #, 0 or € #, 0, but an element
<~/ ~/> € J such that ¥/ #, 0, then it follows by Lemma 50 that ( ) e J.

Because of ( (p) ) C J this leads to J = ( Ep§>

R (p

Subcase 3.3 If there exists an element (‘;”6) € J such that a #, 0 and an element

c €

( ) € J. Besides, (60) (88) = (88) eJ.

Since ( (z) (&2)

(5}/’7{5//> € J such that & #, 0, then we have by Lemma 50 that ((1)8) € J and that

)> C J we obtain J = R'.

Subcase 3.4 If there exists an element (%%’;> € J such that a #, 0, but no element

/

:/ ~/> € J such that €’ #, 0, then we obtain by Lemma 50 that ( ) € J. Therefore it
follows that (00) (88) = (00) eJ.

Because of ((g) (&2))> C J this leads to J = (ﬁﬁg;).

Subcase 3.5 If there exists an element <‘c”’eb> € J such that € #, 0, but no element
(”C‘/l 1;7’/) € J such that @' #, 0, then it follows by Lemma 50 that (8(1)) € J. Besides,
(98) (67) = (38) € /.

Because of ( &) ) C J this leads to J = ((ﬁ) (}%)).

Case 4: e #, 0
By Lemma 50, we obtain that (8(1)) € J. Moreover,
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So we have ((1%) (}%)) cCJCR.

S

Subcase 4.1 We have J = ((]%) (ﬁ)) if for every <‘;3p
by p.

Subcase 4.2 If there exists an element (‘Zpé € J such that a #, 0, then we have by
Lemma 50 that (9) € J. Since ((ﬁ) (ﬁ)) C J we obtain J = R,

) € J the element a is divisible

™

S

Taken as a whole we obtain

2
deals™ (') = {* (Q0)), # (B9, o (80), o (58). # (98) # (F%) b € Zo}
O

Remark 52. Recall that d is squarefree and that d =4 1. Let p € Z~o be a prime. Let
R =172, . Let y be as in Proposition 22.

In case of d =, 0, the R-algebra R’ := (f®]) is isomorphic to R[Hz\@] ! Cy via wf , cf.
Proposition 22.
Vd

In case of d #, 0, the R-algebra R’ := (22) is isomorphic to R[*

2420 Cy via Wl of.
Proposition 22. B

We now obtain the ideals in wf(Z[HZ\/E] ! G) with the help of

Lemma 53. Let M be a Zi-order and J C M be an ideal. Then

J = ﬂ J(p)'

p prime

Proof. 1t suffices to show the inclusion (2). Suppose given x € M such that x € J, for
!
all primes p. We need to show that x € J.

Assume that x ¢ J. Let a:={a € Z : ax € J}. Then ais an ideal in Z as 0 € a and as
(za+ 2'd")x = z(azx) + Z/(a’x) € J and thus za + 2'd’ € a for z,2' € Z, a,d € a.

Suppose given a prime p.

Since x € Ji,) , there exists y € J and s € Z \ (p) such that z = £ . Hence sz =y € J,
i.e. s € a. Therefore a Z (p).

So a is not contained in a maximal ideal of Z, whence a = Z. In particular, 1 € a, i.e.
1-x € J, which is a contradiction. O
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Remark 54. Let m € Z>, . Let py,...,pm € Zso be prime. Let [; € Z> for i € [1,m)].
Write t; := pli for i € [1,m] and t:= J] t;. Let s be coprime to pi,...,pm . We have

i€[1,m]
t1Z(p1) N---N th(pm) N sZ

Lemma 53

8y NNty N () sZ)

p prime
= tlz(pl) n---N th(pm) N SZ(pl) N---N SZ(pm) N ﬂ SZ(p)
p prime, pZ{p1,....pm}
= Stlz(pl) N---N Sth(pm) N ﬂ SZ(p)
p prime, pZ{p1,....pm}
= StZ(pl) NN StZ(pm) N n StZ(p)
p prime, pZ{p1,....pm}
= St( ﬂ Z(p)) = stZ .
p prime

Proposition 55. Let L = Q(v/—15) and K = Q. Let A = Z. Write o := **=2. Then
B = Oy, = Z[a]. The Galois group is given by G = {id, /—15 % —/—15}.
Consider the Z-linear basis y = (1, + 7) of Z[a]. By Proposition 22 we obtain that

A =wZ(Z[e1G) = (37) .

¥

Then the map ¢ : Ideals*>%(Z[a]) — Ideals™(Z[a] ! G) is not surjective, cf. Lemma 40,
Remark 47.

More specifically we have
wgz (c(Ideals*%(Z[a]))) = {zA, =z ( E%) , 2 (@ ((155))> , 2 (@ ((135))> cz €2}
and therein
W2 (s(1deals)iSa(Zla))) ) = {20, 2 (P43) = € 27
and both are proper subfields ofw (Ideals™ (Z[a] 1 G)) = Ideals™ (A), listed in (x) below.

Proof. First we determine Ideals™ (A).

Let p € Z~ be a prime.

Casep ¢ {3,5}. Then we have Ay = <%E§; %g) since 15 is a unit in Z,) . By Lemma 49

we have
IdealsX(A(p)) = {pkA(p) ke ZZO} .

Case p = 3. Then Ay = (%g Zg) since 5 is a unit in Z) . By Lemma 51 we have

Ideals™ (A(3)) =

k[ Z@) (3) (3) (3)
{3 <Zg; Z<3>> ( Zs) é(3)>

(3)(3) k[ Z) (3) k{3 k{ (3) (
<(3)(3)>’ 3 (Zg; (3)>’ 3 (Z( E ) 3 ( Z ) 3 > ke€Zso}.

=:J1 ::Jg =:J3 =:J4 =:J5 =:Jg
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Case p = 5. Then Ay = (Z(f’) (5)) since 3 is a unit in Z) . By Lemma 51 we have

Zs) Z(s)
Ideals™ (A)) =
k[ Zs) (5) k( (5) (5) k ( (5)(5) k [ Zs) (5) E( (5) (5) Ef(5) %)) .
{5 (zﬁiiz@)’ 5 <Z<5) <s>>7 5 ((5)(5)>, 5 (zi?i(s)) 5 (z >(>> 5 (zm 5)) tk € Zxo}
——— ——- —— —— —— ———
=:1; =:1z =:13 =:1y =:I5 =:1g

We claim that

Ideals™ (A) = (5%, N3 T, N cZ>? :a € [1,6], be[1,6], k,l € Zsg, ¢ € Zsg, cZ30, ¢ %50} .
We only need to show (C).
Suppose given M € Ideals™(A). We have

Lemma 53
M= N My = M) N Mg N N M) -

p prime p prime, pZ{3,5}

For p ¢ {3, 5} we have A, = Z?px)z and M,y = ‘“PZ?X)Q where o, € Z>¢ and o, = 0 for
all but finitely many p.
Write M5 = 5*1, and M3, = 3'J, for some a € [1,6], b € [1,6], k,l € Z> . Then

M =5*1,Nn3J,N N prZ2x?

p prime, pg{3,5} ®)

Define ¢ := I q* . We obtain for p € {3,5} that

q prime, ¢¢{3,5}

2x2 « 2X2
Ly = PV,

5k]a Z?5><)2 Z2><2
3L,

N

2x2 2x2
Z(3) Z @)

N

So

M = 51,n3J,nN N CZi s
p prime, pZ{3,5}
_ k 2x2 ! 2x2 2%2
= "I, NcZi N3Nz N . N cZi)
p prime, pZ{3,5}
= 5*,N3n N 22

(p)
p prime

= 5" L,N3Tne( N Z73)

p prime

= 5L,N3JNne( N Zg)>?

p prime

= 5%, N340, N cZ*? .

This proves the claim.
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By Remark 54 we obtain

(%)
( )
220, 2 (9W), Z(ggg ((1559)7 z(%%?), - ((;) ((155)))’ Z((;) ((755)>>7
QW) 2 (PW), » (((1;) <15))>’ Z((;) ((1559)’ z<(1z5> ((155)>>, . (<1zs> ((7;)))7
3) (15) (15) (15) (15) (15) (3) (15) (15) (15) (15) (75)
RORE) ) o ( (3) (3)) > 2 ((1 )(15)) » 2 ((3) <15>)> o ( (3) (15)), o ( (3) (15)) )
Ideals™ (A) =

\ Z((g) (g)))) Z((g)(g;)>7 .

In Lemma 45, we considered P, := {p € Ideals

BH). = (2). (V). (V) < sez

X
prime

J

(Z) : Aq(y=t5)q.y = 0} and obtained

that b € Ideals* % (Z[a]) if and only if we can write b = a [] pﬁ, where a € Ideals™ (Z)
peP;
with v,(a) = 0 for p € P, and ¢, € Z>( for p € P, . Concerning the ramification indices

ep , see Remark 44.

We have |Aq(,/=15)q,,] = 15 and therefore e, = 1 for p & {3, 5}, cf. Remark 44.
We have pnq(r) = 2% —z +4. As

toa(®) =3 (@ + 1)% and paq(e) =5 (2 +2) |
the prime ideal factorizations of (3) and (5) in Z[«] are given by

(3) = (3,a+1)?
(5) = (5,a+2)7?.

Write 93 := (3,a+1) = z(3,a+ 1) and 05 := (5, +2) = z(5,a + 2).

By Lemma 45 we know that every non zero Galois-stable ideal has the form
05'05°(2)

for some e3 € {0,1}, e5 € {0,1}, 2 € Z~g .
We have w? (1(2)) = 2w?(Z[a] 1 G) = zA.

Y
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Z
Y

We claim that w

). (85)) of (

(3,a+1,30, (a+1)o) of 1(03)

0
1

We have the Z-linear basis ((38) , (8 18) , (

03(Z[alG). Tt is mapped

Counsider the Z-linear basis r

z
by wy’' to

%8)) because of

Nno

We have z((

) =3(17%)

3 45
0-3

9) +2(

—6 —60
1

—(08) +3(

[e=fe)
Mno

3 45
0-3

0%) =7 (

9) +6(

—6 —60
1

—4(59) +8(

[ejen]
O

348) 3 (76

) —2(

This proves the

Conversely, we have Z<(8§) , (

claim.

Z
Yy

We claim that w

—~——

). (38)) of (%%
(5,a+2,50, (a+2)0) of 1(05) = 05(Z[a]1G). It is mapped

0
1

We have the Z-linear basis (((5)8) , (818) , (

Counsider the Z-linear basis r

z
by wy’' to

)) because of

5

-5—-15
1

100

We have z((

1010

) -1 B) +2(

-5 —60
10

) +5(575) -7(17%)
)45 (5

-5 —60
10

—4(59) +8(

(e
=k

)—=3(8 7%

—5—60
10
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Conversely, we have Z((gg), (_? _(138), (8_7?), (_i’ _12)) C <(5Z) “ég) This proves the
claim.

Now we consider

0505 = (5,a+2)3,a+1)= (15,3 + 6,50 + 5,40 — 2) = (15,50 + 5,2a — 1)
= (15,1 —-2a) = (1 -2q) .

As w? is a ring isomorphism, we obtain

Since
wgz (¢(Ideals*:%(Z[a])) C Ideals™ (A) = wgz(ldealsX(Z[oz] LG))
we have
t(Ideals*>¢) C Ideals™ (Z[a] 1 G) ,
and so the map ¢ is not surjective. O

7.2.2 Ideals in w%(Z[Vd]1 G) for d=,2 or d =, 3

Suppose that d =4 2 or d =4 3.

Lemma 56. Let R := Zy) . Let R' := {(515) DS, w,u,v € R, s =9 v, w=o9u}. Then

Ideals* (R') = {28J; i € [1,8], k € Z>o} ,

ca,byc,e €R, a=ye=yb=3c, at+e=4b+c}

ca,bc,e ER a=pe=3b=yc¢, e=5a+b+c}

ta,byc,e €R a=pe=3b=9c=50, a=4b, c=4e}

NN oN = == o
SN \] O NN [\ O
= O O N O N O N O
N O [eJan) (e en] oo O N O N O (e ]
=~ O O =] = O N O

N O == OO SO oN L= == =Oo
SN— SN— SN— N— N— SN— S— SN—

ca,b,c,e € R a=9e=9b=5c}

oo oo oo oo oo oo oo =}
oo (el oo [e}en] [efes) oo oo [e}en]

NN N N

SN— S— SN— N— N— SN— S— SN—
N O N O N O

A~~~ /N /N /N /N /N /N
/N /N /N /N /S /N /S /N
e N e e v N N SN
—~ o~ o~ o~ o~ o~ o~~~

)
)
)
)iabc,e €R, a=e=b=c=0, a=4¢, b=4¢}
2
)
)

ta,byc,e €ER, a=pe=2b=c=20, a+b+c=4e}.
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Proof. 1t suffices to show the inclusion (C).

Let I C R’ be a non-zero ideal.

Let k € Z>o be maximal such that 2757 C R’. Then J := 27*] is an ideal in R'.
We claim that there exists (%Ie’) e JwithaZ,0Vb#,0Vec#,0Ve#,0.

In fact, if we assume that a =4, 0, b =40, ¢ =4 0, e =4 0 for (%2) € J, then we have

(Zg zg € R and therefore 27'J C R', which is a contradiction to the maximality of k.

This proves the claim.

So we may choose an element (‘élg) € Jwitha #Z, 0Vb#, 0Vec#, OVe £, 0. As
(%) € R’ we can assume without loss of generality that a #4 0, by using permutation of
rows and colums.

We have
(o) (2¢) (60) = (%60) €7
and therefore (38) e J.
Because of ((1)(1)) (38) (%) = (8(8)) € J, it follows that (82) € J, whence 8R' C J.

So it suffices to find those ideals of R’ that contain 22R’ and that are not divisible by 2.

We determined these ideals J; for ¢ € [1, 8] using the computer algebra system Magma
[7], Magma Code A 3. O

Lemma 57. Let R := Z) . Consider R" := {(22;“) DS, w,u,v € Ry §S =90, W=y u}.
Let I C R" be an ideal.

(1) Suppose that (90) € I, where ag € R. Then (§§g§ 838

(2) Suppose that (8280) € I, where by € R. Then (8?3 2

\./v
—~—
©
oo
[=}=]
NN
N—
N
~

(3) Suppose that (0%8) € I, where cg € R. Then <((2600°)) E%ﬁg; C .

~

(4) Suppose that (9) € I, where eg € R. Then ((g;)o; <(2;o)>> c

Proof.

(1) Suppose that (“008) € I, where ag € R. Then

(16) (¥6) = (awo) €1
(99) (16) = (c%) €1
(a0) (16) = (6200) €1
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So we have (Ezgg ggg) C I

(2) Suppose that (§%°) € I, where by € R. Then

bo) (2b
So we have <8b83 8%%) Cc1I

(3) Suppose that ((2)8) € I, where ¢y € R. Then

So we have <((QCCO°)) gig;) C .

(4) Suppose that (86%) € I, where ey € R. Then

(6e) (18) =(m0) €l
(15) (6m) = (%) €1
(15) (w0) = (%°0) €1

So we have <((2:O°)) ((26600))) CI.
O
Lemma 58. Let R = Z) . Let R" := {(522) s, w,u,v € Ry s =y v, w=yu}. Then
Ideals* (R") = {28 J; 1 k € Z>o, i € [1,12]} ,

where
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ho= (). (83), (89). (83) = R
Jo= r((59), (13). (30), (09)) = {(¢%):ab,c,e €R, a=0=s¢e, a+2b=4¢, b=, c}
Bo= /B, (0. 8. (6D = () abceeR a=m0=e a=c, b=}
Jo= w3, @8, 69, 6 = (B)
Bo= (). (38, 68), 6 = (88)
o= w3, (88, (0. (0 = () abeeeR a0

a=ge, b=0=2¢, a+b=4c}
Jo= ), 68, (69, ¢ = (B1)
Jeo= w88, (55). (38), (69 = (8@)
Jo= sl (82). (99). (3) = {(4%):abeecR a=0=c b=yc)
he = =), (8. (39), 69 = (88)
Juo= w39 (8. (9. BD) = (%) :abeecR a=0=e azic, b= 0=c)
He = w(3), (38, (39), 6 = (B8)

Proof. 1t suffices to show the inclusion (C).

Let I C R” be a non-zero ideal.

Let k € Z>¢ be maximal such that 2757 C R”. Then J := 27*] is an ideal in R".

We claim that there exists (ﬁib) € JwithaZ,0Vb#,0Vec#s0Ve #,0. In fact, if we
assume that a =, 0, b=40, ¢ =40, e =4 0, for (ﬁzeb) € J, then we have (Zg 2(61’/22)) € R

and therefore 271J C R”, which is a contradiction to the maximality of k. This proves
the claim.

So we may choose an element (‘22@(’) € Jwitha#Z,0Vb#,0Vec#,0Ve# 0.
We claim that 16R"” C J.

Case 1. Suppose that a #,4 0.

We have (§0) (¢%) (50) = (%'0) € J and therefore (5g) € J.

By Lemma 57 (1), we obtain that (Eg% 823) € J. Hence we have (106 106) € J and conse-
quently 16R" C J.

Case 2. Suppose that b #, 0.

We have (%8) (“2b) (88) = (8%1)) € J and therefore (8106) € J

c e

By Lemma 57 (2), we obtain that (82; 823) € J. Hence we have (¢ 15) € J and conse-
quently 16R" C J.
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Subcase 2.3 Suppose that ¢ #, 0.
We have (88) (“2b) ((2)8) = (4008) € J and therefore (28) € J

By Lemma 57 (3), we obtain that <((186)) ﬁ’gg) € J. Hence we have (106 106) € J and conse-
quently 16R" C J.

Subcase 2.4 Suppose that d #, 0.

We have (09) (¢%) (89) = (04) € J and therefore (p3) € J.

By Lemma 57 (4), we obtain that (((186)) ((186))) € J. Hence we have (106 106) € J and conse-
quently 16R" C J.
This proves the claim.

So it suffices to find those ideals of R” that contain 2*R” and that are not divisble by 2.

We determined these ideals J; for i € [1,12], using the computer algebra system Magma
[7], Magma Code A 4. O

Remark 59. Recall that d is squarefree and that d =4 2 or d =4 3. Let y be as in
Proposition 20.

(1) Let p € Z>3 be a prime. Let R = Z,) .

In case of d =, 0, the R-algebra R' := (g S{?) is isomorphic to R[v/d] ! Cy via w
cf. Proposition 20.

e Ty

Y

In case of d #, 0, the R-algebra R’ := (22) is isomorphic to R[v/d]1C, via wit | cf.
Proposition 20. N

(2) Let R = Z(Q) .
If d #5 0, the R-algebra R’ := {(515) DS, w,u,v € R, s =9 v, w =5 u} is isomorphic
to R[Vd]1Cy via wit | cf. Proposition 20.

If d =5 0, the R-algebra R" = {(52%) Ds,w,u,v € R, $ =9 v, w =5 u} is isomorphic
to R[Vd]1Cy via wk .

Yy

Proposition 60. Let L = Q(v/—5) and K = Q. Let A =Z. Write o := \/—5. Then
B = O, = Z[a]. The Galois group is given by G = {id, /=5 = —/—5}.

Consider the Z-linear basis y = (1, ) of Za].

By Proposition 20 we know that

A::ng(Z[OzZG]) = {(Z_gw):s,w,u,vez,szgv,wzgu}

= {(u o ):s,w,u,vEZ,SEQU,wEQu}.
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We remind of

J = {(Zﬁf):s,w,u,vez(g), S =90, W=y u}
J3 = {(‘;2) ca,b,c,e €Ly, a = e=b=3c¢, e=4a+b+c}, ¢f Lemma 56.

Then the map ¢ : Ideals* % (Z[a]) — Ideals™(Z[a] ! G) is not surjective, cf. Lemma 40,
Remark 47.

More specifically, we have

Z (y(Ideals*:¢(Z[a]))) =

¥

(2A, z(( L )mJ N Z2%?), ((%gg; Eig)m N Z2%?), (( A >ﬂJ3ﬂZ2X2):zEZX}

and therein
z ( (Idealsprmmpal(Z[a]))) — A, z(( Ry >ﬂJ NZ2¥?): 2 € Z¥) .

Moreover, there exists a non-zero ideal in Z[a] ! G whose indez is a square and that is not
contained in the image of ¢, cf. Remark 48.

Proof. First we determine Ideals™ (A).
Let p € Z~( be a prime.

Case p & {2,5}. Then we have A, = (Zg ZEpi) since 2 and 5 are units in Zg . By

Lemma 49 we have

Ideals™ (Ag)) = {p"Aw) - k € Zso} .

Case p = 5. Then Ay = (%E;; Z(ég) since 2 is a unit in Z5) . By Lemma 51 we have

IdealsX (A(5)) =
k[ Z@) (5) k( (5)(5%) k[ _(5) (5) k ((5)(5) E ( Z) (5) E( (5)(5)
——- ~— —— S~—— —— ——
=:I; =:15 =:I3 =:14 =:I5 =:Ig

Case p = 2. Then Ay = {(51”1}) DS, w,u,v € Loy, S =2 v, w =y u} since 5 is a unit in
Z;) . By Lemma 56, in the notation used there, we have

Ideals(A()) = {2"J; - i € [1,8], k € Z>¢} .
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We claim that

Ideals* (A) = {51, N 21J, N cZ¥2 1 a € [1,6], b€ [1,8], k,1 € Zsg, ¢ € Zug, ¢ F2 0, ¢ Z5 0} .
We only need to show (C).

Suppose given M € Ideals™(A). We have

Lemma 53
M= N My = M) N Mg N N M) -

p prime p prime, pZ{2,5}

For p ¢ {2,5} we have Ay, = Z?px)g and My = po‘f’Z?pX)Z7 where o, € Z>( and o, = 0 for
all but finitely many p.

Write M5 = 5*1, and My = 2'J, for some a € [1,6], b € [1,8], k,l € Z> . Then

M =51, N2, N N pr 7252

p prime, pg{2,5} ®)

Define ¢ := I q* . We obtain for p & {2,5}

q prime, ¢#{2,5}

2x2 a 2X2
Ly = ULy,

k 2x2 2x2
B*I, C 23 = cZ
QlJb C Z2><2 —_ CZQ><2 )

) (2)

So

M = 5 ,n2 0 N CZi s
p prime, pZ{2,5}
_ 2X2 ! 2x2 2X2
= B N eZi N2y N eZiy® N N cZi
p prime, pg#{2,5}
_ rk ! 2x2
= 5 ,N2J,Nn N Z,

. (p)
p prime

= S*L,N2" Ny ne( N Z73)

p prime

= 5" L,N2' T, Nne( ) Zg))*?

p prime

= 5%, 20, N cZ>? .

This proves the claim.

X
prime

that b € Ideals* % (Z[a]) if and only if we can write b = a [] p;z, where a € Ideals™ (Z)
pep;

with v,(a) = 0 for p € P, and ¢, € Z>( for p € P, . Concerning the ramification indices

ey , see Remark 44.

In Lemma 45, we considered P, := {p € Ideals;;,.(Z) : Aq,/=5)q,y =p 0} and obtained
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We have |Aq(,/=5)q,y| = 20 and therefore ¢, = 1 for p ¢ {2,5}, cf. Remark 44.

We have p,q(z) =22 +5. As

tta,q(z) =2 ( +1)% and piq,q(z) =5 27,

the prime ideal factorizations of (2) and (5) in Z[a] are given by

(2)
()

(2, + 1)*
(@)?.

Write 02 := (2,a+ 1) = z(2,a+1) and 95 = (a) = z(-5, ).

By Lemma 45 we know that every Galois-stable ideal has the form

05705 (2)

for some 5 € {0,1}, e5 € {0,1}, 2 € Z~o .

We have wgz (1(2)) = 2w

zZ
Yy

(Z[a] 1 G) = 2A.

To determine wgz (¢(02)), it is sufficient to determine the image of ¢((92)()) in Ay, for p

prime.

For p # 2 prime we have (02)(,) = Z[a](,) and therefore wy,

7 (U(02)) = A -

We claim that the image of (92)(2) in A(g) is given by

J3: Z(ﬁ((%é)? (8%)7 (gg)a (82)>:{(%2) 3CL,b,C,€€Z(2), aEQGEZbEQ C, €E4a+b+C} .

Consider the images of the Z,)-linear basis r = (2, a+1, 20, (a+1)0) of (02)(2)(Z2)[aNG).

We have 2(2)((}3),), (

o~ o~~~
[e>}en] N O [e}en] =

=] N O

[\OR V] W

[efen]

—" —— ~— =

2 — (59)
a+l — (%_?)
20 — (8,3)
(a+1)o — (1-7) .
52), (89)) € 2, ((82), (17%), (6-2), (i-7)) because of

N — =
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Conversely, we have

Z(2)<((%(2)) ) (}_?) ) (378) ) (i*?)) g {(Cclg) : a,b,c,e € Z(2)7 a =2 €=y bEQ C, € =4 a+b+0} = ‘]3 .
This proves the claim.

So we have wZ (1(02)) = I N Js N Z7%2.

To determine w? (¢(d5)), it is sufficient to determine the image of +(05)() in A, for p
prime. -

For p # 5 prime we have (95)(,) = Z|[a](y) and therefore wiw (L((05) ) = A -
We claim that the image of (95)(5) in A(s) is given by

Io= (22 6)) = 2,((36). (53). (1) (33)) -

Consider the images of the Z)-linear basis r = (=5, «, =50, ao) of (95)(5)(Z[a] 1 G).

-5 = (79-1)
o (?_8)
—50 +—» (*82)
ac — (1)

We have 2, ((38). (35). (38). (69)) € 2 ((5-9). (18). (52). (1)) because of

(o) = 3(=(7-5) - (739))
(08) = 3(=(7%) +(15))
(¥0) = 3 ((179) +(13))
(©5) = 3(=(76-5)+ (%)

Conversely, we have Zs) ((_8 ,g) ; (

This proves the claim.

So we have wgz (1(05)) = Ig N Jy N Z2*2,

Now we consider 0505 = (2,a + 1)(«) = (2o, — 5) = (10, — 5).

As w? is a ring isomorphism, we obtain

wr (1(0205)) = wf (1(22)) wi (¢(25))
(I, N J3 N Z**2)(Ig N Jy N Z2*?)
= IgNJ3NZ>? .
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Since
wgz (¢(Ideals™“(Z[]))) < Ideals™(A) = wZ(IdeaISX(Z[a]  G))
we have
t(Ideals*¢(Z[a])) € Ideals™ (Z[a] 1 G) ,

and so the map ¢ is not surjective.

The ideal

Zs) (5) (2) (2) 2x2 _ -
(ngi Z@) 4 <(2) (2)> NZ>* =1 NJs N 2L

is of index 2% in A, but it is not contained in the image of w? o ¢. O
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8 Appendix

Lemma A 1. Let R be a ring. Let

M’ r M
‘| ’
N v N

be a_commutative quadrangle of R-modules and R-linear maps. Write M = M/u(M")
and N := N/v(N'). Consider the R-linear maps

pv M — M
moe mt (M),

pNiN N
n — n+v(N').

i

Then there exists a unique R-linear map @ : M — N, such that
M - M e M
w’l @i @i
N v N l N

commutes, i.e. P o py = PN O Q.

If @' and ¢ are isomorphisms, then P is an isomorphism as well.

Proof. Set
N
w(m) +v(N') .

@:H —
m—+ u(M') —

We show that this is well-defined. Suppose m + u(M’) = m + p(M') for m,m € M. We
have m — m = pu(m’) for some m’ € M’ and therefore

p(m) — @(m) = p(m —m) = p(u(m’)) = v(¢'(m’)) € v(N') .
So ¢(m) +v(N') = p(m) + v(N'). Since ¢ is R-linear, $ is R-linear as well.
Since py; is surjective, ¥ is unique with respect to P o py; = pn o .

Suppose that ¢’ and ¢ are isomorphisms. Since ¢ is surjective, so is py 0 ¢ = P o py and
hence so is P.

It remains to show that © is injective, i.e. that kernel of ¥ is zero. Therefor we need to

!
show that for m € M with p(m) € v(N’) it follows that m € u(M’). Choose n' € N’
with ¢(m) = v(n'). Since ¢’ is surjective, we may choose m’ € M’ with ¢'(m') = n’. We
get
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Because of ¢ being injective, it follows that m = p(m’) € u(M’). O

Magma Code A 2 (for Proposition 34).

Consider the Z-linear basis y = (1,4, 62,7, dn,d°n) of Z[d,n]. We determine the congru-
ences describing the image of wf . Then we simplify them by conjugating with elementary
matrices and counting the number of emerging zeroes.

MRZ6 := MatrixRing(Integers(),6);

de:=MRZ6'Matrix([[0,0,2,0,0,0], [t,0,0,0,0,0], [0,1,0,0,0,0],
[o,o,o,o,o 2],[0,0,0,1,0,0],[0,0,0,0,1,011);
et:=MRZ6!Matrix([[0,0,0,1,-2,0],[0,0,0,0,1, 2], [0,0,0,-1,0,1],
[1,0,0,-1,-2,21,[0,1,0,1,-1,-21,[0,0,1,-1,1,-111);
I :=MRZ6!Matrix([[1,0,0,0,0,0], [0,1,0,0,0,01, [0,0,1,0,0,0]1,
[0,0,0,1,0,0],[0,0,0,0,1,0],[0,0,0,0,0,111);
s2:=MRZ6!Matrix([[1,0,0,-1,-2,2], [0,1,0,1,-1,-2], [0,0,1,-1,1,-1],
[0,0,0,-1,0,0], (0,0,0,0,-1,01,[0,0,0,0,0,-111);
s3:=MRZ6!Matrix([[1,0,0,0,0,0], [O0,1,0,1,-1,-2], [0,0,-2,1,-1,1],
[0,0,-2,1,0,01,[0,1,0,1,0,-21,[0,1,-1,1,- 1,-1]]);

im_list_mat:=[I, de, de~2, et, dexet, de"2x*et,
s2, dexs2, de"2*s2, et*s2, dexetx*xs2,
de~2*et*s2,83, de*s3, de~2%s3, et*s3, dexet*s3,
de~2*xet*s3, s3*s2, de*s3*s2, de " 2%s3%*s2, et*s3*s2,
de*et*s3%s2, de~2*et*s3*s2, s372, de*s372, de"2*xs372,
et*s372, dexet*s372, de"2*%et*s372,s82%s3, dexs2*s3,
de~2%s2%s3, et*s2*s3, dexet*s2*s3, de~2%et*s2%xs3];

im_list:=[ElementToSequence(x): x in im_list_mat];
MRQ36 := MatrixRing(Rationals(),36);

A := Transpose(MRQ36!im_list);
MR18_36 := MatrixRing(Integers(18),36);

AT := MR18_36!(18%A~-1); //contains the congruences modulo 18
AT := EchelonForm(AI);
AT := RowSubmatrix(AI, [1..Rank(AI)]);

//Determination of elementary matrices for conjugation
= [1;

for k in [1..6] do

for 1 in [1..6] do
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if k ne 1 then

for x in [1,-1,2,-2,3,-3,4,-4,5,-5,6,-6,7,-7,8,-8,9] do

P cat:= [<k,1,x>];
end for;
end if;
end for;
end for;
P := [<1,2,0>] cat P; // trivial operation

Mat_L := function(k,1,x)
L := MR18_36!1;

for i in [0..5] do
L[k+6%1i,1+6*%i] := x;
end for;

return L;

end function;

Mat_R := function(k,l,x)

R := MR18_36!1;

for i in [1..6] do
R[6%(1-1)+i,6%(k-1)+i] := x;
end for;

return R;

end function;

number_of_zeroes := function(B);

return #[B[i,j] : i in [1..NumberOfRows(B)],
j in [1..Number0fColumns(B)]

end function;

Z:=AT1;
k:=0;
repeat
k:=k+1;
noz_min := number_of_zeroes(Z);
p_min := <1,2,0>;
g_min := <1,2,0>;
Al _min := Z;

| B[i,j] eq 0];

for p in P do // pl1] =k, p[2] =1, p[3] = x

for q in P do

if <p[1],p[2]> ne <ql1],q[2]> then

AI_test := EchelonForm(Z * Mat_R(p[1],p[2],-p[31)
* Mat_L(p[1],p[2],p[3])
* Mat_R(ql1],q[2],-q[3])
* Mat_L(ql1],q[2],q[3]) );
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noz_test := number_of_zeroes(AI_test);
if noz_test gt noz_min then
noz_min := noz_test;
p_min := p;
gq_min := q;
AT _min := AI_test;
// to monitor the progress

print "k, noz_min, gq_min, p_min := ",k, noz_min, q_min, p_min;
end if;
end if;
end for;
end for;
Z:=AI_min;

until (p_min eq <1,2,0>) and (q_min eq <1,2,0>);

index := function(A,n) // An integer matrix containing congruences modulo n
D,S,T := SmithForm(A);

G:=DiagonalMatrix(Integers(), Diagonal(D));

return &*[n/Gecd(n,x) : x in Diagonal(G)];

end function;

index(Z,18);

Magma Code A 3 (for Lemma 56).

Z := Integers();

R := loc< Z | 2>;

M := MatrixRing(R,2);

bl := M!Matrix([[1,0],[0,1]1]);//R-linear basis
b2 := M!Matrix([[0,0],[0,2]1);

b3 := M!Matrix([[0,1],[1,0]1);

b4 := M!Matrix([[0,0],[2,0]1);

RS,f := sub<M | bl,b2,b3,bd>;

//Representatives of elements of RS/RS8

Interval := [-3..4];
RepList := [al * bl + a2 * b2 + a3 * b3 + a4 * b4 : al in Interval,
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a2 in Interval,
a3 in Interval,
a4 in Interval];
RS8 := ideal<RS | 8>;
Ideallist := [RS8];
i:=1;
while 1 le #IdeallList do
for r in Replist do
I_new := ideal<RS|Ideallist[i],r>;
if not I_new in Ideallist then
Ideallist := Ideallist cat [I_new];
end if;
end for;
print #Ideallist, i; // to monitor the progress
i+:=1;
end while;

Ideals_2Power := [ideal< RS | 2°k> : k in [1..3]];
RemovePos := {};
for i in [1..#IdealList] do
for j in [1..#Ideallist] do
for IP in Ideals_2Power do
if IdeallList[i] eq Ideallist[j] * IP then

RemovePos := RemovePos join {i};
end if;
end for;
end for;
end for;
Ideallist_short := [Ideallist([i] : i in [1..#Ideallist] | not i in RemovePos];
Bases_Ideallist_short := [Basis(I) : I in Ideallist_short];

Magma Code A 4 (for Lemma 58).

Z := Integers();

R := loc< Z | 2>;

M := MatrixRing(R,2);

bl := M'Matrix([[1,0],[0,1]1]);// R- linear basis
b2 := M!Matrix([[0,0],[0,2]11);

b3 := M!Matrix([[0,2],[1,0]1);

b4 := M!Matrix([[0,0],[2,0]11);

RS,f := sub<M | b1,b2,b3,bd>;
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//Representatives of elements of RS/RS16

Interval := [-7..8];

RepList := [al * bl + a2 * b2 + a3 * b3 + a4 * b4 : al in Interval,
a2 in Interval,
a3 in Interval,
a4 in Intervall];

RS16 := ideal<RS | 16>;

Ideallist := [RS16];

i:=1;

while i le #IdealList do

for r in Replist do

I_new := ideal<RS|IdeallList[i],r>;

if not I_new in IdeallList then

Ideallist := Ideallist cat [I_new];

end if;
end for;
print #Ideallist, i; // to monitor the progress
i+:=1;

end while;

Ideals_2Power := [ideal< RS | 2°k> : k in [1..4]1];
RemovePos := {};
for i in [1..#Ideallist] do
for j in [1..#Ideallist] do
for IP in Ideals_2Power do
if Ideallist[i] eq Ideallist[j] * IP then

RemovePos := RemovePos join {i};
end if;
end for;
end for;
end for;
IdeallList_short := [IdealList[i] : i in [1..#IdeallList] | not i in RemovePos];

Bases_Ideallist_short := [Basis(I) : I in IdeallList_short];
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Zusammenfassung

Sei A ein Dedekind-Bereich mit perfektem Quotientenkorper K. Sei B der ganze Ab-
schluss von A in einer Galois-Erweiterung L von K von Grad n, mit Galois-Gruppe G.

L
/ G, |Gl=n
B K
A

Wir untersuchen den getwisteten Gruppenring L!G. Dieser hat G als L-lineare Basis und
die Multiplikation involviert die Gruppenoperation von G auf L.

Wir betrachten den Wedderburn-Isomorphismus w, : LG — K"*", wobel y eine K-
lineare Basis von L ist. Gibt es eine Basis y, die zugleich eine A-lineare Basis von B ist,
dann kann w, auf B! G und A™*" eingeschrankt werden. Dann ist

B1G = wy(B1G) € A

Im Fall von quadratischen Erweiterungen Q(+/d)|Q fiir d € Z* quadratfrei, im Fall von
Kreisteilungskorpern Q((,)|Q fiir p € Zso prim, sowie fiir Q(¢)|Q und Q(3/2,¢3)|Q
geben wir eine explizite Beschreibung des Bildes dieser Einschrénkung w,(B1G) in A™*"
iiber Kongruenzen von Matrixeintrigen an. Die Komplexitéit dieser Beschreibung hingt
stark von der gewéhlten Basis y ab.

Fiir Q(¢)|Q und daher B = Z[(y] ist es wider Erwarten vorteilhaft, anstelle einer
Beschreibung von wy,(Z[(] ! G) in Z%*° eine Beschreibung in Q%% zu suchen. Hierfiir
wird eine Q-lineare Basis von Q({y) verwendet, die in Z[(y] enthalten ist, aber keine
Z-lineare Basis davon ist.

Falls A eine endliche Erweiterung von Z ist, geben wir eine explizite Formel zur Bestim-
mung des Index von w, (B G) in A™*™ an.

Mit Hilfe der Beschreibung von w,(B1G) wird gezeigt, dass es in B1G nichtverschwindende
Ideale gibt, die nicht von der Form b(BG) sind fiir ein Galois-stabiles Ideal b C B. D.h.
die injektive Abbildung b — b(B { G) von der Menge der nichtverschwindenden Galois-
stabilen Ideale von B in die Menge der nichtverschwindenden Ideale von B! G ist im
Allgemeinen nicht surjektiv.

Ist A eine endliche Erweiterung von Z, dann ist der Index von b(B!G) in Bl G eine
|G|-te Potenz einer natiirlichen Zahl. Die Annahme, dass alle Ideale in B! G, deren
Index dies erfiillt, im Bild unserer Abbildung liegen, erweist sich beispielsweise im Fall
von B = Z[+/—5] als nicht zutreffend.
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