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Maurice Auslander

e Maurice Auslander (August 3, 1926, November 18, 1994) was an
American mathematician, born in Brooklyn, New York.
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Maurice Auslander

e Maurice Auslander (August 3, 1926, November 18, 1994) was an
American mathematician, born in Brooklyn, New York.

o Auslander received his Ph.D. (1954) from Columbia University. He
worked on commutative algebra and homological algebra.
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Idun Reiten

@ Idun Reiten (born 1 January 1942) is a Norwegian professor of
mathematics. She is considered to be one of Norway's greatest
mathematicians today.
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Idun Reiten

@ Idun Reiten (born 1 January 1942) is a Norwegian professor of
mathematics. She is considered to be one of Norway's greatest
mathematicians today.

@ Her research area is representation theory for Artinian algebras,
commutative algebra, and homological algebra.
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Auslander-Reiten Theory

@ Auslander-Reiten theory was introduced by Maurice Auslander and
Idun Reiten (1975) and developed by them in several subsequent
papers.
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Auslander-Reiten Theory

@ Auslander-Reiten theory was introduced by Maurice Auslander and
Idun Reiten (1975) and developed by them in several subsequent
papers.

@ Auslander, Reiten and Smalo gave an introduction to the almost split
sequences, a special type of short exact sequences of modules which
play a central role in the representation theory of Artin algebras.

@ In honor of Auslander and Reiten's efforts on the almost split
sequences, these sequences have been called Auslander-Reiten
sequences.



An Application of Auslander-Reiten Theory

@ Auslander-Reiten theory plays a main role in the representation theory
of algebras. By this theory is proved the Brauer-Thrall conjecture,
one of the most important conjectures.
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An Application of Auslander-Reiten Theory

@ Auslander-Reiten theory plays a main role in the representation theory
of algebras. By this theory is proved the Brauer-Thrall conjecture,
one of the most important conjectures.

@ In 1968, Roiter proved the Brauer-Thrall conjecture for algebras of
finite dimension.

@ In 1974, Auslander has generalized Roiter’s result by the almost split
sequences, and produced the proof of this conjecture for the left
Artinian rings.

@ The first Brauer-Thrall conjecture makes a connection between the
Artin algebras of finite representation type and bounded
representation type.
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Auslander-Reiten Theory in Triangulated Categories

@ These sequences are extended to the other categories and some nice
results are concluded by them, since they have interesting properties,
including invariability.
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Auslander-Reiten Theory in Triangulated Categories

@ These sequences are extended to the other categories and some nice
results are concluded by them, since they have interesting properties,
including invariability.

@ Many of the proofs given for Artin algebras carry over verbatim to
these categories. Triangulated category which its origin is algebraic
geometry, is one of these most important categories.

@ Recently, Auslander-Reiten theory in triangulated categories has
played an important role in work of Reiten, van den Berg and
Jorgensen.

@ For example, there are some nice results about the connection
between Serre duality and Auslander-Reiten triangles.

~
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Auslander-Reiten Sequences

Some Basic Definitions

Definition ((Split) Monomorphisms)
Let A be an additive category. A morphism f in Hom 4(A, B) is called a
monomorphism, if for every object Z in A, and for every morphism « in

Homy(Z, A), f oa =0 implies a = 0.
Furthermore, f is called split monomorphism, if it has a left inverse.




Auslander-Reiten Sequences

Some Basic Definitions

Definition ((Split) Monomorphisms)

Let A be an additive category. A morphism f in Hom 4(A, B) is called a
monomorphism, if for every object Z in A, and for every morphism « in
Homy(Z, A), f oa =0 implies a = 0.

Furthermore, f is called split monomorphism, if it has a left inverse.

Definition ((Split) Epimorphisms)

Let A be an additive category. A morphism g in Hom 4(A, B) is called an
epimorphism, if for every object Z in A, and for every morphism S in
Hom4 (B, Z), fog =0 implies § = 0.

Furthermore, g is called split epimorphism, if it has a right inverse.




Auslander-Reiten Sequences

Some Basic Definitions

Definition (Left Minimal Morphisms)

A morphism « : A —> B is called left minimal, if every endomorphism
¢ : B — B satisfying ¢ o & = « is an isomorphism.
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Auslander-Reiten Sequences

Some Basic Definitions

Definition (Left Minimal Morphisms)

A morphism « : A —> B is called left minimal, if every endomorphism
¢ : B — B satisfying ¢ o & = « is an isomorphism.

Definition (Right Minimal Morphisms)

A morphism 8 : B — C'is called right minimal, if every endomorphism
¢ : B — B satisfying 5 o ¢ = [3 is an isomorphism.
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Auslander-Reiten Sequences

Some Basic Definitions

Definition (Left Almost Split Morphisms)

A morphism f: A — B is called left almost split, if f is not a split
monomorphism and any morphism g : A — X which is not a split
monomorphism factors through f.
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Auslander-Reiten Sequences

Some Basic Definitions

Definition (Almost Split Sequences)

Let A be an Abelian category. An exact sequence

0—A-SB %050

in A is called almost split sequence or Auslander-Reiten sequence, if
f is left almost split morphism and g is right almost split morphism.




Auslander-Reiten Sequences

Some Basic Definitions

Definition (Almost Split Sequences)

Let A be an Abelian category. An exact sequence

0—A-SB %050

in A is called almost split sequence or Auslander-Reiten sequence, if
f is left almost split morphism and g is right almost split morphism.

Definition (Artin Algebra)

Let R be a commutative Artinian ring. An R-algebra A is called Artin
algebra if A is finitely generated as a module on R.
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Auslander-Reiten Sequences

Existence and Uniqueness of A-R Sequences

Let A be an Artin algebra. The end terms of an Auslander-Reiten
sequence 0 — A — B — € — 0 in the category of finitely generated
A-modules (modA) are indecomposable.
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Auslander-Reiten Sequences

Existence and Uniqueness of A-R Sequences

Theorem

Let A be an Artin algebra. The end terms of an Auslander-Reiten
sequence 0 — A — B — € — 0 in the category of finitely generated
A-modules (modA) are indecomposable.

Theorem
Let A be an Artin algebra.
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@ If C is an indecomposable nonprojective in modA, there is an
almost split sequence 0 — A — B — C — 0);

13/50



Auslander-Reiten Sequences

Existence and Uniqueness of A-R Sequences

Theorem

Let A be an Artin algebra. The end terms of an Auslander-Reiten
sequence 0 — A — B — € — 0 in the category of finitely generated
A-modules (modA) are indecomposable.

Theorem
Let A be an Artin algebra.

@ If C is an indecomposable nonprojective in modA, there is an
almost split sequence 0 — A — B — C — 0);

@ If A is an indecomposable noninjective in modA, there is an almost
split sequence 0 — A — B — C' — 0;

13/50



Auslander-Reiten Sequences

Existence and Uniqueness of A-R Sequences

Theorem

Let A be an Artin algebra. The end terms of an Auslander-Reiten
sequence 0 — A — B — € — 0 in the category of finitely generated
A-modules (modA) are indecomposable.

Theorem
Let A be an Artin algebra.

@ If C is an indecomposable nonprojective in modA, there is an
almost split sequence 0 — A — B — C — 0);

@ If A is an indecomposable noninjective in modA, there is an almost
split sequence 0 — A — B — C' — 0;

© An almost split sequence 0 — A — B —> C' — 0 in modA is
uniquely determined by C or A up to isomorphism.
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Auslander-Reiten Sequences

Relationship Between Minimality of Morphisms and A-R
Sequences

© Let C be an indecomposable nonprojective A-module. Then a
morphism g : B — C' is minimal right almost split if and only if

0—kerg— B—C —0

is an almost split sequence.
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Auslander-Reiten Sequences

Relationship Between Minimality of Morphisms and A-R
Sequences

© Let C be an indecomposable nonprojective A-module. Then a
morphism g : B — C' is minimal right almost split if and only if

0—kerg— B—C —0

is an almost split sequence.

@ Let A be an indecomposable noninjective A-module. Then a
morphism f : A — B is minimal left almost split if and only if

00— A— B — Cokerf — 0

is an almost split sequence.




An Example

Example

Let A be an Artin algebra. If P is indecomposable projective A-module,
there is obviously no almost split sequence

0—A—B—P—0,
while there is a minimal right almost split morphism
rP — P,

where rP is the unique maximal submodule of P.




Relationship Between the End Terms

Definition

The transpose Tt is defined as follows:

Let A be an arbitrary algebra. For any C' in modA we fix a projective
presentation P SN P L) C' — 0 which is an exact sequence and P;
and P, are finitely generated projective A-modules. Applying the functor
Homp (—, A), we get the morphism ¢g* : Homp (P2, A) — Homy (P1, A).
Then TrC' is defined to be Cokerg*. We can extend

Tr : modA — modA°P to the contravariant functor

Tr : modA —> modA°P and we can see that this is unique up to
isomorphism.
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Relationship Between the End Terms

Definition

The transpose Tt is defined as follows:

Let A be an arbitrary algebra. For any C' in modA we fix a projective
presentation P SN P L) C' — 0 which is an exact sequence and P;
and P, are finitely generated projective A-modules. Applying the functor
Homp (—, A), we get the morphism ¢g* : Homp (P2, A) — Homy (P1, A).
Then TrC' is defined to be Cokerg*. We can extend

Tr : modA — modA°P to the contravariant functor

Tr : modA —> modA°P and we can see that this is unique up to
isomorphism.

If0 — A — B — C — 0 is an almost split sequence in modA
(which A is an Artin algebra), then A = DTrC and C = TrDA.
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Auslander-Reiten Sequences

Some Results

Let A be an additive category. If X — Y in A is a left almost split
morphism or Z — X is a right almost split morphism, then X has a
local endomorphism ring in A.
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Auslander-Reiten Sequences

Some Results

Let A be an additive category. If X — Y in A is a left almost split
morphism or Z — X is a right almost split morphism, then X has a
local endomorphism ring in A.

Corollary

Let A be an Abelian category and
0—A—B—C—0

be an Auslander-Reiten sequence in A. Then the rings End 4(A4) and
End 4(C) are local endomorphism rings. Particularly, A and C are
indecomposable objects.
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Auslander-Reiten Sequences

Uniqueness and Characterization of A-R Sequences in
Abelian Categories

Let §:0 — A — B — C' — 0 be an Auslander-Reiten sequence in
an Abelian category A. Then every Auslander-Reiten sequence which has
the left end term isomorphic to A or the right end term isomorphic to C,

is isomorphic to 9.
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Uniqueness and Characterization of A-R Sequences in
Abelian Categories

Theorem
Let §:0 — A — B — C' — 0 be an Auslander-Reiten sequence in
an Abelian category A. Then every Auslander-Reiten sequence which has
the left end term isomorphic to A or the right end term isomorphic to C,
is isomorphic to 9.

Theorem

Let§:0— A i) B 25 C — 0 be an exact sequence in an Abelian
category A. Then the following are equivalent:
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Auslander-Reiten Sequences

Uniqueness and Characterization of A-R Sequences in
Abelian Categories

Theorem
Let §:0 — A — B — C' — 0 be an Auslander-Reiten sequence in
an Abelian category A. Then every Auslander-Reiten sequence which has
the left end term isomorphic to A or the right end term isomorphic to C,
is isomorphic to 9.

Theorem

Let§:0— A i) B 25 C — 0 be an exact sequence in an Abelian
category A. Then the following are equivalent:

@ ¢ is an almost split sequence;
@ End4(A) is local and g is right almost split morphism;
© ¢ is minimal right almost split morphism.

Furthermore, the dual statements are also true.
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The Brauer-Thrall Conjecture

Irreducible Morphisms

Definition

A morphism f: X — Y is said to be irreducible if f is neither a split

epimorphism nor a split monomorphism, and given the commutative
diagram

Z
>N
X f Y,

then either « is a split monomorphism or (3 is a split epimorphism.
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The Brauer-Thrall Conjecture

Irreducible Morphisms

Definition
A morphism f: X — Y is said to be irreducible if f is neither a split
epimorphism nor a split monomorphism, and given the commutative

diagram
Z
PR
X f Y,

then either « is a split monomorphism or (3 is a split epimorphism.

Proposition

Let§:0— A J.po C — 0 be an Auslander-Reiten sequence in
Abelian category A. Then f and g in 0 are irreducible.
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The Brauer-Thrall Conjecture

Some Definitions

Definition

We say that an algebra is of finite representation type if it has a finite
number of indecomposable representations and of infinite type otherwise.
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The Brauer-Thrall Conjecture

Some Definitions

Definition
We say that an algebra is of finite representation type if it has a finite
number of indecomposable representations and of infinite type otherwise.

Definition
We say that an algebra is of bounded representation type if the set of
dimensions of its indecomposable representations is bounded (and of
unbounded type otherwise).

| A\

.
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The Brauer-Thrall Conjecture

Let A be an Artin algebra. A sequence of irreducible A-morphisms
M, L5 o S M

in indA (the full subcategory of indecomposable A-modules in the
category modA) is called a chain of irreducible A-morphisms from M to
M; of lenght t.
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Definition
Let A be an Artin algebra. A sequence of irreducible A-morphisms

M, L5 o S M

in indA (the full subcategory of indecomposable A-modules in the
category modA) is called a chain of irreducible A-morphisms from M to

M; of lenght t.

Theorem (Roiter/Auslander)

Let A be an Artin algebra. Then the following are equivalent:
O A is of finite representation type;
@ A is of bounded representation type;
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The Brauer-Thrall Conjecture

Definition
Let A be an Artin algebra. A sequence of irreducible A-morphisms

M, L5 o S M

in indA (the full subcategory of indecomposable A-modules in the
category modA) is called a chain of irreducible A-morphisms from M to
M; of lenght t.

Theorem (Roiter/Auslander)
Let A be an Artin algebra. Then the following are equivalent:

O A is of finite representation type;
@ A is of bounded representation type;

© The chain of irreducible A-morphisms where the compositions in the
category indA are nonzero, has upper bounded lenght.

o

i
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Auslander-Reiten Triangles

Triangles

Definition

Let C be an additive category. Let 3 : C — C be an additive functor
which is an automorphism of the category C. We call X the translation
functor on C. If X is an object of C, we use the notation X" X = X[n]| for
any n € Z.

A triangle in C is a diagram

X —Y —7—3¥X.

One can also represent a triangle schematically as

A
BN
X Y.




Auslander-Reiten Triangles

Morphisms of Triangles

A morphism of triangles

X —Y — 7 ——3¥¥X

and
X —Y —-7 — 33X,

is (u,v,w), which the diagram

X Y Z XX
R
X' Y’ A rX'

commutes. A morphism of triangles is an isomorphism of triangles if u,
v and w are isomorphisms.
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Auslander-Reiten Triangles

Triangulated Category

Definition
An additive category 7 is called a triangulated category if it is equipped
with a translation functor ¥ : 7 — 7T and a family of triangles, called
distinguished triangles, satisfying the following properties:
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Triangulated Category

An additive category 7 is called a triangulated category if it is equipped
with a translation functor ¥ : 7 — 7T and a family of triangles, called
distinguished triangles, satisfying the following properties:

TR1.a Any triangle isomorphic to a distinguished triangle is a distinguished
triangle.
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Triangulated Category

An additive category 7 is called a triangulated category if it is equipped
with a translation functor ¥ : 7 — 7T and a family of triangles, called
distinguished triangles, satisfying the following properties:
TR1.a Any triangle isomorphic to a distinguished triangle is a distinguished
triangle.

TR1.b For any object X in T, the triangle X XX 50— 2Xisa
distinguished triangle.
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Triangulated Category

An additive category 7 is called a triangulated category if it is equipped
with a translation functor ¥ : 7 — 7T and a family of triangles, called
distinguished triangles, satisfying the following properties:

TR1.a Any triangle isomorphic to a distinguished triangle is a distinguished
triangle.

TR1.b For any object X in T, the triangle X XX 50— 2Xisa
distinguished triangle.

TR1.c For any morphism f: X — Y in T, there exists a distinguished
triangle X 25 Y — Z — X,
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Triangulated Category

An additive category 7 is called a triangulated category if it is equipped
with a translation functor ¥ : 7 — 7T and a family of triangles, called
distinguished triangles, satisfying the following properties:
TR1.a Any triangle isomorphic to a distinguished triangle is a distinguished
triangle.

TR1.b For any object X in T, the triangle X XX 50— 2Xisa
distinguished triangle.
TR1.c For any morphism f: X — Y in T, there exists a distinguished

triangle X 25 Y — Z — X,

TR2 The triangle X i> vy 4z M sxis distinguished if and only if

the triangle Y I,z M yx ﬂ Y is distinguished.

26
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Triangulated Category

TR3 Let
X Y 7 X
R
X'’ Y’ 7! >X'

be a diagram where the rows are distinguished triangles and the first
square is commutative. Then there exists a morphism w : Z — 7’
such that the diagram

X Y 7 ¥»X
Fb bk
X' Y’ Z' yX'

is a morphism of distinguished triangles.

27 /50




Triangulated Category

TR4 Let f and g be morphisms in 7 and h = g o f. Then the diagram

X Yy —* 7 vX
lid X lg lEid X
X—r,z b,y Y X
R
) N G B ' SY

where the rows are distinguished triangles can be completed to the
diagram




Triangulated Category

X Yy —2 57 2(X)

idx g u Sidx
Xtz b,y YX

f idy v sf
y 2 57— X' SY

a b idxr Ya
7Sy Y X Y 7

where all four rows are distinguished triangles and the vertical arrows
are morphisms of triangles.
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Compact Objects and Additional Assumptions

Definition

Let 7 be a triangulated category which has arbitrary coproducts. An
object X in T is compact if the representable functor Hom(X, —)
preserves arbitrary coproducts.
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Compact Objects and Additional Assumptions

Definition

Let 7 be a triangulated category which has arbitrary coproducts. An
object X in T is compact if the representable functor Hom(X, —)
preserves arbitrary coproducts.

@ We fix a triangulated category S and make the following additional
assumptions:
@ S has arbitrary coproducts;
@ The isomorphism classes of compact objects in S form a set;
© Hom(C, X) = 0 for all compact C implies X = 0 for every object X in
S.
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Auslander-Reiten Triangles

Auslander-Reiten Triangles

A distinguished triangle X - Y i> Z 15 %X is called
Auslander-Reiten triangle if the following conditions hold:
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Auslander-Reiten Triangles

A distinguished triangle X - Y i> Z 15 %X is called

Auslander-Reiten triangle if the following conditions hold:

@ every morphism X — Y’ which is not a split monomorphism factors
through «;
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Auslander-Reiten Triangles

A distinguished triangle X - Y i> Z 15 %X is called
Auslander-Reiten triangle if the following conditions hold:

@ every morphism X — Y’ which is not a split monomorphism factors
through «;

@ every morphism Y/ — Z which is not a split epimorphism factors
through 3;

Q@ 7#0.
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Auslander-Reiten Triangles

Auslander-Reiten Triangles

Definition
A distinguished triangle X - Y i> Z 15 %X is called
Auslander-Reiten triangle if the following conditions hold:

@ every morphism X — Y’ which is not a split monomorphism factors
through «;

@ every morphism Y/ — Z which is not a split epimorphism factors
through 3;

Q@ 7#0.

Theorem

For any Auslander-Reiten triangle X — Y i) Z -1 ¥ X, the end terms
X and Z are indecomposable.

v
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Auslander-Reiten Triangles

Uniqueness of Auslander-Reiten Triangles

Theorem

Lete: X — Y — Z — ¥ X be an Auslander-Reiten triangle in a
triangulated category. Then every Auslander-Reiten triangle which has the
left end term isomorphic to X or the right end term isomorphic to Z, is
isomorphic to €.

One can say each end term determines an Auslander-Reiten triangle up to
isomorphism.




Auslander-Reiten Triangles

Uniqueness of Auslander-Reiten Triangles

Theorem

Lete: X — Y — Z — ¥ X be an Auslander-Reiten triangle in a
triangulated category. Then every Auslander-Reiten triangle which has the
left end term isomorphic to X or the right end term isomorphic to Z, is
isomorphic to €.

One can say each end term determines an Auslander-Reiten triangle up to
isomorphism.

The endomorphism rings End(X) and End(Z) for any Auslander-Reiten
triangle X — Y — Z — 3 X are local rings.
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Auslander-Reiten Triangles

Brown Representability

Theorem (Brown)

A contravariant functor ' : S — Ab is isomorphic to a representable
functor Hom(—, X) for some X € S if and only if F' is a homological
functor and sends arbitrary coproducts to products.
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Brown Representability

Theorem (Brown)

A contravariant functor ' : S — Ab is isomorphic to a representable
functor Hom(—, X) for some X € S if and only if F' is a homological
functor and sends arbitrary coproducts to products.

Corollary (of Brown's Theorem)

Fix a compact object C' in S and a ring homomorphism I' — End(C).
Given any injective I'-module I, Brown's theorem provides an object T 1
in S such that

Homr(Hom(C, —),I) = Hom(—,TcI).

The representing object T¢I is unique up to a canonical isomorphism. The
defining isomorphism for Tz is functorial in 1.
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Auslander-Reiten Triangles

The Auslander-Reiten Formula

Theorem (Auslander/Reiten)

Let C be a finitely presented A-module in the category of ModA and
suppose that TrC' is a A°P-I-bimodule. Let I be an injective I'-module.
Then there exists an isomorphism

Homp(Hom, (C, —), I) = Ext} (—, Homp(TrC, I)) which is functorial in
1.
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Existence Theorems

Theorem

Let C be a compact object and suppose that the endomorphism ring

I' = End(C) is local. Denote by p : I'/radl" — I an injective envelope in
the category of I'-modules and let T¢I be the object in S such that
Homr(Hom(C, —), I) =, Hom(—,T¢I). Then there exists an

Auslander-Reiten triangle S 1ToI 2y & 0 == Tcl, where v
denotes the morphism which corresponds under (x) to the canonical
morphism Hom(C,C') —— T'/radl’ - T.
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Auslander-Reiten Triangles

Existence Theorems

Theorem

Let C be a compact object and suppose that the endomorphism ring

I' = End(C) is local. Denote by p : I'/radl" — I an injective envelope in
the category of I'-modules and let T¢I be the object in S such that
Homr(Hom(C, —), I) =, Hom(—,T¢I). Then there exists an

Auslander-Reiten triangle S 1ToI 2y & 0 == Tcl, where v
denotes the morphism which corresponds under (x) to the canonical

morphism Hom(C,C') —— T'/radl’ - T.

Theorem (Auslander)

Let C' be a finitely presented nonprojective A-module with local
endomorphism ring. Let I' = Endpoer (TrC) and denote by I an injective
envelope of I'/radl’. Then there exists an almost split sequence

0 — Homp(TrC,I) — Y — C — 0.
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Auslander-Reiten Triangles

Example

Example

Let A be a finite-dimensional algebra over a field k and consider the
derived category D(A) of unbounded complexes of A-modules.
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Example

Example

Let A be a finite-dimensional algebra over a field k and consider the
derived category D(A) of unbounded complexes of A-modules. An
object in D(A) is compact if and only if it is isomorphic to a bounded
complex (P;);ecz of finitely generated projective A-modules.
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Auslander-Reiten Triangles

Example

Example

Let A be a finite-dimensional algebra over a field k£ and consider the
derived category D(A) of unbounded complexes of A-modules. An
object in D(A) is compact if and only if it is isomorphic to a bounded
complex (P;);ecz of finitely generated projective A-modules. The
Auslander-Reiten triangle corresponding to an indecomposable compact
object C' = (P;);ez has been computed by Happel. One gets

Tcl = (P; ®A DA)iez,

where DA = Homy (A, k).
Note that T¢I is compact whenever the A-module DA has finite
projective dimension.
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Auslander-Reiten Triangles

Characterization of Auslander-Reiten Triangles

Lemma (Assem, Beligiannis, Marmaridis)

Lete: X %Y 25 Z 5 X be a distinguished triangle and suppose
that 8 is right almost split. Then the following are equivalent:
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Characterization of Auslander-Reiten Triangles

Lemma (Assem, Beligiannis, Marmaridis)

Lete: X %Y 25 Z 5 X be a distinguished triangle and suppose
that 8 is right almost split. Then the following are equivalent:

Q End(X) is local.
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Characterization of Auslander-Reiten Triangles

Lemma (Assem, Beligiannis, Marmaridis)

Lete: X %Y 25 Z 5 X be a distinguished triangle and suppose
that 8 is right almost split. Then the following are equivalent:

Q End(X) is local.
@ [ is right minimal.
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Auslander-Reiten Triangles

Characterization of Auslander-Reiten Triangles

Lemma (Assem, Beligiannis, Marmaridis)

Lete: X %Y 25 Z 5 X be a distinguished triangle and suppose
that 8 is right almost split. Then the following are equivalent:

Q End(X) is local.
@ [ is right minimal.
© « is left almost split.
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Auslander-Reiten Triangles

Characterization of Auslander-Reiten Triangles

Lemma (Assem, Beligiannis, Marmaridis)

Lete: X %Y 25 Z 5 X be a distinguished triangle and suppose
that 8 is right almost split. Then the following are equivalent:

Q End(X) is local.
@ [ is right minimal.
© « is left almost split.

@ ¢ is an Auslander-Reiten triangle.
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Characterization of Right Almost Split Morphisms

Let A be an additive category. a: Y — Z is right almost split
morphism, if and only if:




Characterization of Right Almost Split Morphisms

Proposition

Let A be an additive category. a: Y — Z is right almost split
morphism, if and only if:

© The endomorphism ring End(Z7) is a local ring;




Characterization of Right Almost Split Morphisms

Proposition
Let A be an additive category. a: Y — Z is right almost split
morphism, if and only if:

© The endomorphism ring End(Z7) is a local ring;

@ Im(Homy(Z,Y) — End(Z7)) is the unique maximal right ideal of
End(2);




Characterization of Right Almost Split Morphisms

Let A be an additive category. a: Y — Z is right almost split
morphism, if and only if:

© The endomorphism ring End(Z7) is a local ring;

@ Im(Homy(Z,Y) — End(Z7)) is the unique maximal right ideal of
End(2);

Q If 3:Y' — Z is a morphism in A such that
Im(Hom4(Z,Y") — End(Z)) is contained in the unique maximal

right ideal of End(Z), then there is a morphism v : Y/ — Y such
that 8 =« o~.

Y & 7
B
~
Y/




Morphisms Determined by Objects

Definition

A morphism « : X — Y in an additive category A is said to be right
determined by an object C, if a morphism o’ : X’ — Y has the
property:

ImHom(C, /) C ImHom(C, «) if and only if there is a morphism
¢: X' — X such that o = o'.

X @ Y
X /
X/
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Charachterization of Right Almost Split Morphisms

A morphism « : X — Y is right almost split if and only if:
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Charachterization of Right Almost Split Morphisms

A morphism « : X — Y is right almost split if and only if:
QO I' = End(Y) is a local ring;
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Charachterization of Right Almost Split Morphisms

A morphism « : X — Y is right almost split if and only if:
QO I' = End(Y) is a local ring;
@ « is right determined by Y;
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Charachterization of Right Almost Split Morphisms

A morphism « : X — Y is right almost split if and only if:
QO I' = End(Y) is a local ring;
@ « is right determined by Y;
Q@ ImHom(Y, a) = radl.
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When One Morphism is Right Determined by an Object?

Proposition
Let 8 : B — C be a morphism in an additive category A and X an
object in A. Suppose H is an (End X )°P-submodule of Hom (X, C). Then

the following are equivalent:




When One Morphism is Right Determined by an Object?

Let 8 : B — C be a morphism in an additive category A and X an
object in A. Suppose H is an (End X )°P-submodule of Hom (X, C). Then
the following are equivalent:
© A morphism v : W — C in A satisfies InHom(X,~) C H if and
only if there is a morphism 1 : W — B such that fon = +.




When One Morphism is Right Determined by an Object?

Let 8 : B — C be a morphism in an additive category A and X an
object in A. Suppose H is an (End X )°P-submodule of Hom (X, C). Then
the following are equivalent:
© A morphism v : W — C in A satisfies InHom(X,~) C H if and
only if there is a morphism 1 : W — B such that fon = +.

B B c

N

w

@ [ is a right determined morphism by X with ImHom(X, §) = H.




In the Category &

Definition
A morphism a : X — Y is said to be right determined by a set C of
objects if for every morphism o’ : X’ — Y the following conditions are

equivalent:
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Definition
A morphism a : X — Y is said to be right determined by a set C of
objects if for every morphism o’ : X’ — Y the following conditions are
equivalent:

1 o factors through ¢;
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In the Category &

A morphism a : X — Y is said to be right determined by a set C of
objects if for every morphism o’ : X’ — Y the following conditions are

equivalent:
1 o factors through ¢;
2 For every C' € C and every morphism ¢ : C' — X’ the morphism
o’ o ¢ factors through «.
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In the Category &

Definition
A morphism a : X — Y is said to be right determined by a set C of
objects if for every morphism o’ : X’ — Y the following conditions are
equivalent:
1 o factors through ¢;
2 For every C' € C and every morphism ¢ : C' — X’ the morphism
o’ o ¢ factors through «.

2" ImHom(C, o) € ImHom(C, «) for all C € C.
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Characterization of Right Determined Morphisms by C

Definition

The cone of a morphism « : X — Y is the object which occurs as the
third term in a triangle X Y — Z — ©X.
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Characterization of Right Determined Morphisms by C

Definition

The cone of a morphism « : X — Y is the object which occurs as the
third term in a triangle X Y — Z — ©X.

Theorem

| \

Let C be a set of compact objects. Then the following conditions are
equivalent for a morphism o : X — Y
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Definition

The cone of a morphism « : X — Y is the object which occurs as the
third term in a triangle X Y — Z — ©X.

Theorem

| \

Let C be a set of compact objects. Then the following conditions are
equivalent for a morphism o : X — Y

© The morphism « is right determined by C;
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Characterization of Right Determined Morphisms by C

Definition

The cone of a morphism « : X — Y is the object which occurs as the
third term in a triangle X Y — Z — ©X.

Theorem

| \

Let C be a set of compact objects. Then the following conditions are
equivalent for a morphism o : X — Y

© The morphism « is right determined by C;

@ There exists a decomposition X = X' [[ X" such that a|x: is
minimal right determined by C, and «|x» = 0;




Characterization of Right Determined Morphisms by C

Definition

The cone of a morphism « : X — Y is the object which occurs as the
third term in a triangle X Y — Z — ©X.

Theorem

| \

Let C be a set of compact objects. Then the following conditions are
equivalent for a morphism o : X — Y

© The morphism « is right determined by C;
@ There exists a decomposition X = X’ [[ X” such that a|x is
minimal right determined by C, and «|x» = 0;

© There exists a decomposition X = X’ [] X" such that the cone of
alx+ is isomorphic to T¢I for some injective C-module I, and
Oé|XN = 0
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A Theorem of Zimmermann

One Equivalence for Two A-R Sequences

Suppose that we have the following morphism between short exact
sequences in the category of R-modules.

§ =0 X' Y’ Z 0
0=0 X Y VA 0

Let the modules in the first row be finitely presented and let X’ — X be
a pure-injective envelope. Then the following are equivalent:
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One Equivalence for Two A-R Sequences

Suppose that we have the following morphism between short exact
sequences in the category of R-modules.

§ =0 X' Y’ Z 0
0=0 X Y VA 0

Let the modules in the first row be finitely presented and let X’ — X be
a pure-injective envelope. Then the following are equivalent:

@ The sequence ¢’ is an Auslander-Reiten sequence in the category of
finitely presented R-modules.
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A Theorem of Zimmermann

One Equivalence for Two A-R Sequences

Suppose that we have the following morphism between short exact
sequences in the category of R-modules.

§ =0 X' Y’ Z 0
0=0 X Y VA 0

Let the modules in the first row be finitely presented and let X’ — X be
a pure-injective envelope. Then the following are equivalent:

@ The sequence ¢’ is an Auslander-Reiten sequence in the category of
finitely presented R-modules.

@ The sequence ¢ is an Auslander-Reiten sequence in the category of
all R-modules.
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The Main Theorem

Theorem (Zimmermann)

Let Z be a finitely presented and non-projective module over some
associative ring R. Suppose that Z has a local endomorphism ring, and let

0—X—>Y —272—0

be an almost split sequence in the category of R-modules. Then there
exists an almost split sequence

0—X —Y —Z72-—0

in the category of finitely presented R-modules if and only if X has a
finitely presented non-zero pure submodule.




In the Triangulated Categories

Proposition

Suppose that we have the following morphism between triangles in a
compactly generated triangulated category.

X’ Y’ Z ¢
X Y VA »X

Let the objects in the first triangle be compact, and let the morphism
X’ — X be a pure-injective envelope. Then the following statements are
equivalent:




In the Triangulated Categories

Proposition

Suppose that we have the following morphism between triangles in a
compactly generated triangulated category.

X’ Y’ Z ¢
X Y VA »X

Let the objects in the first triangle be compact, and let the morphism
X’ — X be a pure-injective envelope. Then the following statements are
equivalent:

© The first triangle is an Auslander-Reiten triangle in the category of
compact objects.




In the Triangulated Categories

Proposition

Suppose that we have the following morphism between triangles in a
compactly generated triangulated category.

X’ Y’ Z ¢
X Y VA »X

Let the objects in the first triangle be compact, and let the morphism
X’ — X be a pure-injective envelope. Then the following statements are
equivalent:

© The first triangle is an Auslander-Reiten triangle in the category of
compact objects.

© The second triangle is an Auslander-Reiten triangle in the category
of all objects.
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The Main Theorem

Corollary (An Analogue of Zimmaermann's Existence Result)

Let Z be a compact object with local endomorphism ring, and let
X—Y —7—3%¥X

be an Auslander-Reiten triangle in the category of all objects (which
always exists). Then there exists an Auslander-Reiten triangle

X —-Y w7 ——>53Xx’

in the category of compact objects if and only if X has a compact
non-zero pure subobject.




A Theorem of Zimmermann

Thank You for Your Attention
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