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Abstract. Kernel methods for data analysis are frequently considered to be re-
stricted to positive definite kernels. In practice, however, indefinite kernels arise
e.g. from problem-specific kernel construction or optimized similarity measures. We,
therefore, present formal extensions of some kernel discriminant analysis methods
which can be used with indefinite kernels. In particular these are the multi-class ker-
nel Fisher discriminant and the kernel Mahalanobis distance. The approaches are
empirically evaluated in classification scenarios on indefinite multi-class datasets.
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1 Introduction

Kernel methods are powerful statistical learning techniques, widely applied
to various data analysis scenarios thanks to their flexibility and good perfor-
mance, e.g. the support vector machine, kernel principal component analysis
(KPCA), kernel Fisher discriminant (KFD), kernel k-means, etc. We refer to
the monographs of Schélkopf and Smola (2002) and Shawe-Taylor and Cris-
tianini (2004) for extensive presentations. The class of permissible kernels is
often, and frequently wrongly, considered to be limited due to their require-
ment of being positive definite (pd). In practice, however, many non-pd sim-
ilarity measures arise, e.g. when invariance or robustness is incorporated into
the measure. Naturally, indefinite (dis-)similarities arise from non-Euclidean
or non-metric dissimilarities, such as modified Hausdorff distances, or non-pd
similarities, such as Kullback-Leibler divergence between probability distri-
butions. Consequently, there is a practical need to handle these measures
properly. Apart from embedding into Banach spaces or regularizing indefi-
nite kernels, more general approaches are of high interest. A natural extension
of Mercer kernels leads to indefinite kernels and the corresponding learning
methods, cf. Ong et al. (2004), Pekalska and Duin (2005), Haasdonk (2005),
Pekalska and Haasdonk (2009) and references therein.

In the current presentation, we extend two kernel discriminant meth-
ods, known from the positive definite case, to their indefinite counterparts.
First, we focus on the generalized discriminant analysis (Baudat and Anouar
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(2000)), which is a kernel version of the standard linear discriminant analysis
for feature extraction (Duda et al. (2001)). Secondly, we consider the Maha-
lanobis distance for indefinite kernels, which is an extensions of the pd case
of Haasdonk and Pekalska (2008). For completeness, we also want to mention
other existing approaches for pd kernels of Ruiz and Lopez-de Teruel (2001)
and Wang et al. (2008).

The structure of the paper is as follows. In the next section we provide
the basic notation and background on indefinite kernel spaces, which are the
geometric framework for indefinite kernels. We derive the kernelized versions
of the Fisher discriminant and two versions of the Mahalanobis distance for
indefinite kernels in Sec. 3. We perform classification experiments in Sec. 4
and conclude in Sec. 5.

2 Kernels and Feature Space Embedding

The proper frame for indefinite kernel functions, to be used in the sequel, are
indefinite vector spaces such as pseudo-Euclidean (Goldfarb (1985), Pekalska
and Duin (2005)) or more general Krein spaces (Bognar (1974), Rovnyak
(2002)). A Krein space over R is a vector space K equipped with a non-
degenerate indefinite inner product (-, ), : I x I — R such that IC admits an
orthogonal decomposition as a direct sum, K = K, @ K_, where (K4, (-,-) )
and (K_,{-,-)_) are separable Hilbert spaces with their corresponding pd

inner products. The inner product of K, however, is the difference of (-,-)
and (-,-)_, i.e. for any {,¢, € K4 and any {_,¢& € K_ holds

<€+ + 5—753,- + £I—>;C = <£+7§i|->+ - <§—7£l—>, .

The natural projections Py onto K and P_ onto K_ are fundamental pro-
jections. Any € € K can be represented as £ = Py £+ P_ &, while Iix = Py +P_
is the identity operator. The linear operator J = P, — P_ is called the funda-
mental symmetry and is the basic characteristic of a Krein space I, satisfying
J = J~ L. The space K can be turned into its associated Hilbert space |K|
by using the positive definite inner product (£,£') | = (£, T ). We use
the “transposition” abbreviation ¢7¢" := (¢, ¢’ >‘ K| for vectors and now addi-
tionally (motivated by J operating as a sort of “conjugation”) a “conjugate-
transposition” notation £*¢' 1= (£,£) = <J§,§’>m = (JOOTY =T g¢.

Finite-dimensional Krein spaces with ;. = RP and K_ = R? are denoted
by R®9 and called pseudo-Euclidean spaces. They are characterized by the
so-called signature (p,q) € N?. J becomes the matrix J = diag(1,, —1,)
with respect to an orthonormal basis in R, Kre spaces are important
as they provide feature-space representations of dissimilarity data (Goldfarb
(1985)) or indefinite kernels. In analogy to the pd case, an indefinite kernel
represents an inner product in an implicitly defined Krein space. Hence al-
gorithms working with indefinite kernels have a geometric interpretation in
these spaces.
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We assume a c-class problem with n training samples X = {z;}", C
X and integer class labels {y;}7; C {1,...,¢} C N, where X denotes a
general set of objects. The class labels induce a partition of the training
data X = U;ZlX[j] with XUl = {x?]}giﬂ, i.e. nl/l denoting the number of
samples per class satisfying Z§=1 nbl = n. Let ¢¥: X — K be an embedding
of the sample set X' into a Krein space K and ¥ := [¢(z1),...,%(z,)] be a
sequence of embedded samples. We use natural “sequence-vector-products”
to abbreviate linear combinations, so the empirical mean is defined as ¢, :=
LS ¥(x) = W1, with 1, € R™ being the vector of all ones. Similarly,
we adopt “sequence-sequence-product” notation for expressing matrices, e.g.
K = vw = 9T ¢ ¢ Rvxn being the kernel-matrix with respect to the
kernel k(z, ') := (¢(x),(2')) . If WU = [w(x[lj]), .. 7¢($£f[]j] )] denotes the
sequence of class-wise embedded data, we define the class mean as ’(/JE] =
ﬁw[j]lnm and we abbreviate the column-blocks of the kernel matrix as

KUl = gyl ¢ R We finally introduce the kernel-quantities k, :=
((z;)*(x))™ ;. In practice, the embedding ¢ will not be given for defining
the kernel k. Instead a symmetric kernel function k(z,z") will be chosen in
a problem-specific way, which then implicitly represents the inner-product
in some Krein space obtained via a suitable embedding 1. The strength of
kernel methods relies in the fact that the computation of this embedding 1
can mostly be avoided, if the analysis algorithm only requires inner-products
between embedded samples, as these are provided by the given function k.

3 Kernel Discriminant Analysis

3.1 Indefinite Kernel Fisher Discriminant Analysis

We demonstrated in (Haasdonk and Pekalska (2008b)) how the two-class in-
definite Kernel Fisher discriminant classifier can be rigorously derived. This
represents an extension of the KFD (Mika et al. (1999)) to indefinite ker-
nels. Here, we generalize this further to multicategory Fisher Discriminant
Analysis for feature extraction (Duda et. al. (2001)). The within-class scatter

operator Z‘[}} : IC — K for the j-th class is defined by

nld]

e =3 (vl o) (v —vl) o, vex

=1

which results in the (normalized) overall within-class scatter Xy := % 25:1 Zw.
Similarly, the (normalized) between-class scatter operator is defined by
°. plil

Spp = > (- v,) (W -v,) v wek @
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The multiple discriminant analysis problem is then solved by searching a
sequence of vectors W = [wy, ..., w._1] € K1 such that

) = JOVZpW) det(WT T SpW) @)
T det(WrEw W) det(WT T Zw W)

is maximized. This is obtained by solving the generalized eigenvalue problem
JYpw; = ;T Xww; (4)

for the ¢—1 largest eigenvalues A;. The practical computation can now be
kernelized similarly to Baudat and Anouar (2000) or Haasdonk and Pekalska
(2008b). First, we note from the eigenvalue equation (4) that the range of
both scatter operators is spanned by embedded training examples, implying
w; € span{y(x;)},. Hence, there exists a matrix a € R"*(¢~1 such that
W = ¥ and the discriminant quotient (3) becomes

det(a’ VT TXpWa)  det(a’Ma)

TW) = e aT 0T Towa) — det(a? Na)

. (5)

The matrices M, N can now be computed based on the kernel data. We

define ¢ := 11, and cll := (cgj])?zl with CEJ] = 1/nVl for z; € XUl and
CEJ] := 0 otherwise. Then the between-class scatter is rewritten as Xp =

> =1 #W(cm —c¢)(cl —e)Tw*. Setting D := Y%, #(cm —c)(cll —¢)7,
we obtain

M =T 750 =vT g0 DUT ¥ = KDK. (6)

Note that both D and M are positive semidefnite by construction. Further, we
introduce the centering matrix HUI .= L, — ﬁlnm lzm € R %0 40 ob-
tain for the class-specific within-class scatter operator EI[/{} = ﬁl]/U]HU]WU]j.
Consequently, Yy = >°% ﬂﬂw =1 > =1 wUl HUlW 7. Hence, the de-

Jj=1 n
nominator matrix of (5) is expressed as

N=vTgx,v = % ZK[J‘]HU] (KUHT, (7)
j=1

N is positive semidefinite irrespectively of the definiteness of K. To see
this, it is sufficient to remark that KVIHUN(KUNT = (KUIgU(KUIEUHT
is positive semidefinite as HU! is idempotent, and N is a positive linear
combination of such matrices. Identical to the pd case, the matrix N will
be singular and maximizing (5) is not well defined. Therefore, the matrix N
is regularized, e.g. by Ng = N + B1,x, with 8 > 0. The coefficient matrix
a = [aq,...,0.-1] is then obtained columnwise by solving the following
eigenvalue problem
(Nﬁ_lM)a] = )‘jajv
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Obviously, thanks to the positive semidefiniteness of N, 5 LM, the eigenvalues
A; are nonnegative. The normalized eigenvectors c; define the indefinite ker-
nel Fisher (IKF) feature extractors by suitable projections via the indefinite
inner product as follows:

frier(@):=[(wy, (@) ooy (Wem1,9(2)) ] T =W (2) =" T Y (z) =0’ ks

The above formulation is equivalent to the kernel Fisher discriminant analysis
for pd kernels; here, however, K is indefinite.

We now want to note an interesting theoretical fact of the IKF feature
extractor: it is equivalent to embedding the data in the associated Hilbert
space |K| and performing a positive definite kernel Fisher discriminant analy-
sis. The latter approach would be in the spirit of “regularizing” the indefinite
kernel matrix to a pd matrix, but is algorithmically quite cumbersome. After
an eigenvalue decomposition of the possibly huge indefinite kernel matrix the
negative eigenvalues are flipped yielding an explicit feature space embedding,
which enables the traditional discriminant analysis. If we show the equiva-
lence of IKF to this procedure, then IKF is a simple algorithmical alternative
to this regularizing approach. To see this equivalence, we first note with view
on (1) and (2) that the between-class and within-class scatter operators in the
associated Hilbert space are given by Egcl = XpJ and ZL’S‘ = YwJ. Then,
the corresponding positive definite Fisher discriminant eigenvalue problem
Z‘ngyq = )\ljlclﬂ‘l,l[,qwl»lcl is solved by /\\j)ﬂ = )\; and qu = Jwj as can be

seen by (4). Setting WKl .= [wllm7 e ,w‘c)f‘l] allows to define the Fisher dis-
criminant in the associated Hilbert space and gives the equivalence to frxp:

M o (@) = (W T (2) = (TW) T () = WT T () =W (x) = fracar ().

3.2 Indefinite Kernel Mahalanobis Distances

For simplicity of presentation we describe the computation of the Maha-
lanobis distance for the complete dataset and assume that it is centered in
the embedded Krein space. This can be obtained by explicit centering oper-
ations, cf. Shawe-Taylor and Cristianini (2004). As a result, K = ¥*¥ is now
a centered kernel matrix. Then, the empirical covariance operator C: K — K
actson peK as Cp:= = S0 (w;) (¥(2;), @) = ~WW*¢. We will therefore
identify the empirical covariance operator as

1 1
C=-wp*=_—yyTg=clklg,
n n

where CI¥I = %WWT is the empirical covariance operator in |K|. The operator
C is not pd in the Hilbert sense, but it is pd in the Krein sense. It means that
(€,C&)c > 0 for £ # 0 in agreement with the inner product of that space.
In (Haasdonk and Pekalska (2008)) we presented a kernelized version of the
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Mahalanobis distance for pd kernels. In the case of an invertible covariance
(IC) operator, the derivation directly extends to indefinite kernels resulting

dic(z) = P(2)* C7 Y (2) = n(ks)" (K7)’ks

where the superscript -~ = pinv(-, ) denotes the pseudo-inverse with a
threshold a > 0. This means that in the computation of the inverse singular
values smaller than « are set to zero.

The above distance is evaluated per class and does not involve between-
class information. Hence, alternatively, we also proposed a kernel Maha-
lanobis distance in a full kernel (FK) space, determined via KPCA (Pekalska
and Haasdonk (2009)). This distance for class j is obtained as

, J ; ;
(@@))? o= R Rl R ®)

reg

where EE] =k, — 1 KU1, and Kl = KUl 4+ oI, for some a; > 0

with KUl := KUIHU(KU)T ¢ R"*", The extension to indefinite kernels
is straightforward as the kernel matrices KUl := KUlHUI(KU)T still are
positive semidefinite. As a result, the indefinite kernel Mahalanobis distance
using the full kernel matrix is identical to (8), but based on an indefinite
kernel. See Appendix of Pekalska and Haasdonk (2009) for details.

Since we compute kernel Mahalanobis distances per class, we can now
define the feature representations of a sample = as a c-dimensional vector by

the indefinite kernel Mahalanobis distance with invertible covariance (IKM-

IC) as frxm—1c(x) := [d%(z), .. .,d[lc]c(a:)}T and similarly frxa—rpi using

the full kernel distance dE?]K

4 Classification Experiments

Multi-class problems characterized by indefinite proximity data can now be
approached via the feature representations frxr, frxknm—1c and fixym—ri
defined in the previous section. Although the features are extracted from
indefinite kernels, the resulting either ¢- or (¢ — 1)-dimensional feature vector
spaces are assumed to be equipped with the traditional inner product and
Euclidean metric. As a result, different classifiers can now be trained there.

Table 4 lists basic properties of eight multi-class datasets, i.e. the type of
dissimilarity measure, the class names and sizes and the fraction of data used
for training in the hold-out experiments. Some measures of indefiniteness of
the resulting training kernel matrices are also provided: 7,6 € [0, 1] denotes
the ratio of negative to overall variance of the centered training kernel ma-
trix and (p, q) indicates the signature of the embedding Krein space. These
quantities are averaged over 25 runs based on random drawings of a train-
ing subset. For detailed descriptions and references to the single datasets, we
refer to Appendix of (Pekalska and Haasdonk (2009)).
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Table 1. Characteristics of indefinite datasets, cf. Pekalska and Haasdonk (2009)
for details and references.

Dissimilarity |Kernel ¢ (nV) 8 Tneg (D, q)
Cat-cortex ||Prior knowl. | —d? 4 (10-19) [0.80 |0.19 ( 35, 18)
Protein Evolutionary | —d? 4 (30-77) ]0.80 [ 0.00 (167, 3)
News-COR ||Correlation —d? |4 (102-203) [0.60 |0.19 (127,208)
ProDom Structural s |4 (271-1051) [0.25 |0.01 (518, 90)
Chicken29 ||Edit-dist. ~d? | 5(61-117) 0.80 [0.31 (192,166)
Files Compression | —d? | 5 (60-255) [0.50 [0.02 (392, 63)
Pen-ANG || Edit-dist. —d? (10 (334-363) [0.15 |0.24 (261,269)
Zongker Shape-match. s 10 (200)  ]0.25 |0.36 (274,226)

In our hold-out experiments, each data set is split into the training and
test set of suitable sizes as reported in Table 1. The dissimilarity data set is
first scaled such that the average dissimilarity is 1 on the training set. This
is done in order to have a consistent choice over a range of crossvalidated
parameters. The training kernel matrix based on the kernel k = —d? is then
centered and used to extract features either by fixp, frixkm—1c or fikm—ri-
Next, four classifiers are constructed in the derived feature spaces, namely
the nearest mean classifier (NM), Fisher discriminant (FD), quadratic dis-
criminant (QD) and k-nearest neighbour (KNN) rule. Since we use the same
training data both to extract the features and train the classifiers, simple
classifiers are preferred to avoid the overuse of the data. The classifiers are
then applied to suitably projected test data. This is repeated 20 times and
the results are averaged.

As a reference, we use classifiers that directly work with original proxim-
ity measures as kernels. These are the indefinite kernel Fisher discriminant
(IKFD), indefinite support vector machine (ISVM) and indefinite kernel near-
est neighbour (IKNN) classifier. In particular, FD, IKFD and ISVM are bi-
nary classifiers, which solve the multi-class problems by the one-versus-all
approach. The remaining classifiers are inherently multi-class classifiers.

The free parameters of both feature extractors and classifiers are deter-
mined via a (nested, if necessary) 10-fold crossvalidation. The regularization
parameters of the kernel discriminant feature extractors are selected from
{107%,107%,1073,1072,0.05,0.1,0.5,1, 10, 102, 10%}. The number of nearest
neighbors is found from 1 to 15. The parameter C for ISVM is found within
{0.01,0.1,0.5,1, 5,10, 102,103, 10%,10%, 10%}.

The classification results are reported in Table 2. Although strong conclu-
sions cannot be drawn due to high standard deviations, the following observa-
tions can be made. The features obtained by f;xar— ¢ are performing much
worse than all other extracted features. This may be due to two facts. First,
the assumption of an invertible covariance matrix may be wrong, leading to
a degeneration in classification accuracy. Second, this Mahalanobis distance
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Table 2. Average classification errors (and standard deviation) over 20 hold-out
repetitions of data drawing and cross-validated parameter selection.

Classifier+Features||Cat-cortex| Protein |News-COR| ProDom
NM+IKM-IC 45.5 (13.2)(21.2 (7.7)| 38.6 (2.4) [15.0 (3.5)
NM+IKM-FK 10.9 (6.3) | 2.1 (2.6) | 24.9 (2.5) | 6.4 (2.4)
NM+IKF 12.6 (5.7) 0.1 (0.4) 24.1 (1.8) 2.0 (0.6)
FD+IKM-IC 42.2 (11.3)|25.9 (5.5)| 39.7 (2.6) | 9.4 (3.0)
FD+IKM-FK 10.3 (5.4) | 1.1 (2.0) | 24.2 (2.0) | 1.7 (0.6)
FD+IKF 11.2 (5.2) 0.2 (0.5) 24.2 (3.1) 1.6 (0.6)
QD+IKM-IC 48.5 (12.4)(11.9 (4.5)| 41.4 (3.0) | 3.6 (0.9)
QD+IKM-FK 22.7 (6.7) | 0.5 (0.8) | 25.5 (2.7) | 2.0 (0.7)
QD+IKF 18.4 (7. ) 0.5 (1 3)|24.4(3.1) | 1.5 (0.5)
KNN+IKM-IC 43.9 (8.6) [19.8 (7.4)| 42.9 (3.1) | 5.0 (1.6)
KNN+IKM-FK 11.3 (6.5) | 0.6 (1.7) | 25.7 (1.7) | 2.2 (0.9)
KNN+IKF 11.7 (6. 5) 0.2 (0.5) 24.7 (2.2) | 1.6 (0.7)
IKFD 10.6 (5.6) | 0.3 (0.7) | 23.6 (2.4) | 2.0 (0.6)
ISVM 16.5 (5. 7) . (0.8) 24.4 (2.3) | 1.6 (0.6)
IKNN 15.6 (5.8) | 4.7 (5.2) | 29.6 (2.3) | 3.1 (0.8)

Chicken29| Files | Pen-ANG | Zongker
NM-+IKM-IC 36.1 (5.4) [53.1 (4.4)] 32.9 (1.9) |37.6 (2.1)
NM-+HKM-FK 20.4 (3.2) [44.4 (3.6)| 33.0 (1.6) |14.5 (0.8)
NM+IKF 6.6 (2.3) | 5.3 (1.5)| 1.3 (0.5) | 5.9 (0.6)
FD+IKM-IC 36.9 (2.9) |50.4 (5.1)| 11.5 (1.1) |33.5 (1.3)
FD+IKM-FK 8.9 (4.0) [22.3 (3.3)| 3.2 (0.9) | 6.3 (0.9)
FD+IKF 5.9 (2.3) |5.4 (1.5)| 1.5 (0.4) | 7.1 (0.8)
QD+IKM-IC 30.1 (3.4) [29.3 (4.5)| 4.9 (0.9) |39.3 (2.1)
QD+IKM-FK 6.9 (2.8) | 7.7 (2.7)| 1.2 (0.3) | 6.5 (0.9)
QD+IKF 5.0 (1.5) | 6.7 (1.4) | 1.5 (0.4) | 5.8 (0.6)
KNN+IKM-IC 31.8 (5.0) [30.1 (4.6)| 5.7 (0.7) |33.9 (1.6)
KNN-+IKM-FK 4.2 (1.3) | 8.0 (2.4) | 1.8 (0.3) | 4.8 (0.5)
KNN+IKF 51 (2.2) 4.9 (1.3)| 1.2 (0.3) | 5.5 (0.8)
IKFD 6.4 (2.2) |55 (1.4)] 1.4 (0.4) | 6.3 (0.7)
ISVM 6.5 (2.2) |11.6 (2.7)| 5.0 (0.5) | 7.0 (0.5)
IKNN 5.1 (2.0) |36.7 (2.8)] 0.9 (0.3) |11.4 (1.4)

misses the between-class correlations of the datasets, which is increasingly
important with higher number of classes. Hence, the full-kernel Mahalanobis
distances frixa—pi are clearly preferable to the former. Still, the (¢ — 1)-
dimensional feature spaces frxp mostly lead to better results than the c-
dimensional feature spaces obtained by the IKM approaches, hence the TKF-
features are overall preferable. Among the chosen classifiers on the extracted
features, KNN is overall the best classifier which suggests that these spaces
benefit from non-linear classifiers. Among the reference classifiers, IKFD is
frequently the best, closely followed by ISVM, but occasionally outperformed
by IKNN. Overall, the extracted features frxn_rr and frxp in combina-
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tion with the chosen simple classifiers consistently yield classification results
in the range of the reference classifiers.

5 Conclusion

We presented extensions of kernel Fisher discriminant analysis and kernel
Mahalanobis distances to indefinite kernels. The natural framework for indef-
inite kernels are Krein spaces, which give a geometrical interpretation of these
indefinite methods. An interesting theoretical finding for the IKF feature ex-
tractor is that it correspond to its counterpart in the associated Hilbert space.
This implies that the indefinite kernel Fisher discriminant analysis saves the
unnecessary preprocessing step of embedding the data, flipping the negative
eigenvalues and performing an explicit Fisher discriminant in the embedded
space. In particular, the f;xpr feature extractor is a real kernel method avoid-
ing the explicit embedding. For the indefinite kernel Mahalanobis distance,
we proposed to use two formulations from the pd case for indefinite kernels.
We performed experiments on indefinite multi-class classification problems,
that demonstrate the applicability of the fixr and frxa— rrx methods, but
clearly discarded the frxas_1c features. In particular, the successful features
yield results comparable to standard indefinite kernel classifiers such as IKFD
and ISVM.
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