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Abstract. lterative approximation algorithms are successfully apbiieparametric approximation tasks. In
particular, reduced basis methods make use of the so-callegd@algorithm for approximating solution sets of
parametrized partial differential equations. Recentlgriasi convergence rate statements for this algorithm have
been given (Buffa et al 2009, Binev et al. 2010). The goal ofdineent study is the extension to time-dependent
problems, which are typically approximated using the PODe@yealgorithm (Haasdonk and Ohlberger 2008).
In this algorithm, each greedy step is invoking a temporal cesgon step by performing a proper orthogonal
decomposition (POD). Using a suitable coefficient repredimt of the POD-Greedy algorithm, we show that the
existing convergence rate results of the Greedy algoritambe extended. In particular, exponential or algebraic
convergence rates of the Kolmogorewvidths are maintained by the POD-Greedy algorithm.
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1. Introduction. The goal of low dimensional approximation of function setshe-
coming increasingly important as indicated by the growifffgres in the field of model
order reduction (MOR) for stationary or dynamical systenis. particular, solution sets
of parametrized partial differential equations are onehef ¢entral objects in reduced ba-
sis (RB) methods. These assume a compact parameté® setRP and a parametrized
partial differential equation (PDE), whose solutiong.) for . € P form a (at most)p-
dimensional manifold in a solution spade RB-methods identify compact linear subspaces
Xy C span(u(pt),...,u(u™))) constructed by particular solutiongu’) € X, the so-
called snapshots We refer to [18] and references therein for a general oeanaver this
class of methods. The crucial questions is, how to choos@adhemeter sampleg:’)?™ ,
in order to obtain a reduced space that allows to approxirtietesolution manifold well.
For simple problems, e.g. 1-parameter elliptic coercivabfams, it has been shown that a
logarithmically equidistant choice of snapshot paranseyélds exponential convergence of
the approximation error [16]. Such analytical results heeveonly existed for rather simple
cases. For general problems, where no a-priori informatlmout the structure of the man-
ifold exists, one refrains to practical algorithms thatutegn good convergence rates. The
so-called Greedy algorithm, introduced in the context ofiR&hods in [22], has developed
to be the method-of-choice for stationary PDEs. This metfhah incremental constructive
method for basis generation. Starting with a small initiasis, the parameter for the cur-
rently worst resolved solution is identified by a search deefine but finite subset of) the
parameter domain. The solution for this worst parameteorisputed and used as next basis
element. These search and extension steps are repeateal sufficiently high accuracy of
the reduced basis is obtained. The accuracy and error ipithi®dure needs to be evaluated
multiple times and hence is typically not computed exabily,evaluated by means of rapidly
computable rigorous and effective a-posteriori error lsur©Only recently, efforts have been
started to get formal foundation for this primary heuristigorithm. The central concept for
approximability of sets by linear subspaces is the so-d&@mogorovn-width. Intuitively,
the Kolmogorovn-width is the worst approximation error of the bestlimensional sub-
space. Explicit bounds for thesewidths are known for certain compact sets [10], function
classes such as Sobolev balls [21] or solution sets of diffél operators [17]. This approx-
imation theoretic concept has been successfully appliedptain the success of the Greedy
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algorithm. In particular, it has recently been shown thatsimle exponential convergence
rate of the Kolmogorov.-width transfers to the approximation error of the Greedyeathm
[2]. These results have been refined and extended to the takgebraic convergence [1].
The latter will be the most important reference for the cotrstudy, as we will extend those
results.

Our extension concerns the treatment of time-dependenmBods. In the time-
discrete formulation, a single solution consists of a saqeeof possibly several hundred
shapshots over time. Hence, an inclusion of all snapshotgya trajectory during basis-
enrichment is not feasible. Nor, a selection of single shafssfrom the sequence seems
suitable, as a stalling of the basis-enrichment can be wbdgb]. As a practical and well-
performing alternative, we suggested and introduced the-B@eedy algorithm in our work
[6]. This algorithm is a combination of the Greedy algoritinith a temporal compression
step. The crucial ingredient for time-sequence comprassighe use of the the so-called
proper orthogonal decomposition (POD). This method wagimally introduced in probabil-
ity theory as Karhunen-Loeve transformation [12, 15], aregarlier in statistics as Hotelling
transformation [9]. Since then, it has also been denotattipd@l component analysis [3] in
pattern analysis. However, in the field of numerical anal§ei partial differential equations,
the notion POD is mostly used. Important fields of applicatéthe POD are parabolic par-
tial differential equations [14] or problems in fluid dynar®i8]. A good motivation for using
low-dimensional models, such as obtained from POD, areistigdited simulation scenarios
such as optimal control [7].

The POD-Greedy method for basis generation meanwhile hadaged to the standard
procedure for reduced basis generation for instationaoplpms [6, 13, 4]. Still, it lacks
theoretical foundation, and hence is only a heuristic meewfar. In the current paper, we
will extend the convergence results of the Greedy algoritbrrstationary problems [1] to
the POD-Greedy algorithm for time-dependent (or more gadnsequence-based) problems.
We will similarly show that exponential or algebraic coryence rates of the Kolmogorov
n-width of the to be approximated set are maintained by the fB3d&edy algorithm only by
a change of the multiplicative factor and the exponent.

The paper is structured as follows. In the next section, weige the basic notation and
definitions of the functional setting and approximabilitgasures. Section 3 gives the defi-
nition of the POD, the POD-Greedy algorithm and derives isé\fermal properties that are
required for the convergence analysis. In Section 4 we pilezenain Lemma for obtaining
the subsequent convergence rate estimates. We conclu@etiors5 with some comments
on future work.

2. Basic Notation. Let X be a separable Hilbert space with corresponding scalar prod
uct (-,-) and norm|| - ||. Let0 = t% < ... < t& = T be K + 1 time-instants on the
finite time interval[0, 7] and setT := {t*}X_,. Here and in the following we make use
of the convention that superscriptsdo not indicate powers, but time-indices. L&t :=
L?(T, X) denote the space of time-sequences of elements stemming¥roForu € X7
we abbreviateu* := u(t*) € X. Xp is endowed with a (weighted)?-scalar product
(u,0) 7 = S5 whukvk with suitable weightss* € R*\{0} satisfyingY -, w" = T.
The corresponding induced norm is denoted With||r. We introduce the diagonal ma-
trix W := diag(w?,...,wk) € REFD*E+D) and define a norm oRX+! by [jv]|,, =
VoTWo,v € REFL, We assume the goal of approximating a compact set (of segagn
Fr C Xr. The approximation will not be obtained via arbitrary sursgs of X but via
spaces constructed Ilikat approximating spaces. More precisely: In additiorp we in-
troduceF = {u(t*)|u € Fr,k =0,..., K} C X as theflat set. The elements(¢*) will
be denotednapshot®f the solution trajectory. € Fr. The flat setF is compact inX as it
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is the union of K’ + 1 compact sets via the component projections. We assumediniten-
sional flat spaced,, C span(F) C X, dim(X,,) = n,n € Ny and define the approximating
spaces of sequencésr ,, C Xr by

Xr, = L*(T,X,) C Xr. (2.1)

We emphasize that in contrast to the time-independent tasepacesy,, are not directly
subspaces spanned by snapshots. As a POD will be involvedspidices will be given as
subspace®f the span of certain snapshots. For the flat subspaGesve introduce the
orthogonal projection operatoi, : X — X,. For the approximating sequence spaces
Xr,, we analogously defingr ,,. Note that due to our choice of sequence spaces the se-
guence best-approximation is equivalent to componenthest-approximation and hence
(Prn(u))F = P,(uF) forallu € Fr,k=0,..., K.

The relevant quantity of approximability is the Kolmogorewvidth of the flat setF in

X
dp = dn(F) = inf sup inf ||f — f|l, n>0. (2.2)
YCX feF fey
dim(Y) =n

Alternatively, one might be tempted to consider the Kolmmoga:-width of the time-sequence
set Fr in Xrp, d,(Fr). This, however, is not adequate in our context: In view ofl)2.
we do not consider arbitrary subspacesFaf, but only spaces defined by the identical flat
space at each time-instant. Further, for the approximat@tgience spaces we would have
dim(Xr,,) = n(K +1), hencen-dimensional approximating sequence subspaces would not
have relevance.

The error measure which is relevant for the POD-Greedy istiidmum (weighted).?
approximation error of the sequence $8t, i.e. forn > 0

K

orn =01, (Fr):= sup ||u— Pr,ullr = sup wk||uk — P,uk|2. (2.3)
ueFr ueFr k=0

Again, other spaces may seem possible candidates for thétidefiof the approximation
error, e.g. the approximation error for the flat spaceor other variants, but they turn out to
be of minor importance in the analysis.

We give a few comments on realization of the above choicesBrmiethods for time-
dependent problems: The flat solution space is frequentlyllzei space of real valued
functions on a bounded domaih C RY, e.g. X = L3(Q) or X = H{(9), hence sepa-
rable. After suitable time-discretization, a numericdiame produces a solution trajectory
u = (uF)K € Xp. A compact parameter s@& C R? is given and the solution of the
parametrized problem(p) € X is assumed to be well defined and to have a continuous
parameter dependence. This guarantees the compactnbsssetr := {u(u)|p € P} C
X as required above.

REMARK 2.1 (Generalization to further Sequence-Based Scheméf) deliberately
choose a discrete-in-time rather than a time-continuouasitdation, as this is the only way in
which the algorithm currently is applied. However, we do extlude that a time-continuous
formulation and investigation would similarly be possibBy the time-discrete formulation,
however, we are not limited to instationary PDESs, but camtti@ny scenario where a solu-
tion consists of a sequence of functions. For instance, blowe framework also comprises
nonlinear stationary problems, whekeplays the role of a Newton-iteration numbéf,being
a globally fixed number of Newton iterations. Further, alsrative domain decomposition
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schemes are covered by the formalization, widsethe iteration number andl is a globally
fixed number of iterations for accepting the final solutiohe et of time-instants is then
merely an abstract index set without interpretation as time

3. Abstract POD-Greedy algorithm. For a given function sequeneec X7, we in-
troduce the (scaled) empirical correlation operdtarX — X defined as

K
R(v) := Zwk <uk,v> uk, ve X (3.1)
k=0

This operator is linear, continuous, positive semidefjrstdf-adjoint, and has a finite dimen-
sional rangeR(X) = span{u*}X hence is compact. Due to the spectral theorem, for
u # 0 it has a discrete finite spectrum bf+ 1 eigenvalue . }L_, ¢ RT\{0} for some

0 < L < K with corresponding orthonormal eigenfunctiofys; } £_, C span{u*}%_, such
that

L
R(v) = > A (5, 0) o, (3.2)

k=0

where we assume descending eigenvalygs; A; for i < j. To emphasize the dependence
onu € Xrp, we occasionally write\;(u). For0 < [ < L we define the POD-basis as

POD; : X7 — X' (I here indicating a cartesian product power:= X ﬁzl X) by
PO-DZ(U) = (9007 .- '790l71) € Xl'

Note that due to the possible non-uniqueness of normaligghfinctions, this operation
could be seen as being set-valued. In practice, an arbiérasgmble of eigenfunctions is
chosen.

This orthonormal POD-basis satisfies a best-approximgtioperty

K
span(POD,(u)) € arg Sr/mg ZwkHuk — Pyuf|?. (3.3)

The eigenvalue problem faR is high or even infinite dimensional, and can be recast as
a K + 1-dimensional problem by theethod of snapshoff0] or or thekernel trick[19]. A
practical recipe for the computation of the eigenvalue fgokin our weighted setting is then
summarized as follows.

LEmMA 3.1 (POD via Kernel Matrix).We introduce the kernel (or gramian) matrix
G:= ((ui,uj>)fj:0 € RUEHDX(E+D) gnd its weighted versiod' = WG. LetVAV ! =
G be an eigenvalue decomposition with eigenvallies- diag(f\o, e S\K) monotonically
decreasing and eigenvectors = (0o, ..., Vk), which are assumed to be scaled such that
o7 Go; = 1if A; # 0. Then for alli with \; # 0, ); is also an eigenvalue d& with unit
length eigenvector

pi=> (Bl (3.4)

whered; = ((9;),)E_, € REFTL



Proof. From the definition of the correlation operator we see(tbat&) is an eigenvector/-
value pair:

K K 7 !’ 7 K 7 ~ K ’
R ( E (f)z)kuk> = E uk wk <uk ,uk> (’Dz)k = E uk (WG@z)k/ = )\z E uk (f)i)k/.
0 /=

k=0 kk'=

Unit scaling ofyp; is verified by

il = Y@ (ubu) = 67 6o =

kK

For further details on the POD resp. PCA, we refer to the moagg[11].

Given the notation above, the POD-Greedy algorithm can badtated in an abstract
way. For simplicity of presentation, we only consider theeca= 1, i.e. only include a
single POD-mode in each iteration. We giveveakformulation similar to [1], which means
that maximization operations are allowed to deviate from ridsal maximum by a certain
prescribed factoy € (0, 1.

DEFINITION 3.2 (Weak POD-Greedy Algorithm).

1. DefineXy := {0} C X and X7 := L*(T, Xo) C Xr.
2. Forn e N
2a. choose.,, € Fr such that

[tn = Prp—1tunllr = v max |lu — Pra—yullr. (3.5)
ueFr

2b. CompUthn = PODl(un — PT7,,L_1’LL7,,) e X.
2c. DefineX,, := X,,_1 @ span(f,) and Xr, := L*(T, X,,).

The factory accomplishes for equivalence factors between the projeetiror and RB
a-posteriori error estimators which are used as rapidlyprdable substitutes: If an error
estimatorA (u) satisfies:A(u) < ||lu—Pr ullr < CA(u) foranyu € Fp, then maximizing
A(u) will at least reach thes fraction of the true maximal projection error, hence= & is
a suitable choice in the abstract algorithm.

In practice, the algorithm is assigned a stopping critesanh as an error threshold
or a maximum number of basis functions to generate. As werdegeisted in asymptotic
convergence rates, we assume that the above sequence s@@ysinu,, — Pr ,_iu, # 0,
otherwise we have obtained exact approximation after fjniteiny steps.

We state some simple properties of the POD and POD-Greedyithlg that will be
used in the convergence analysis:

ProPOSITIONS3.3 (Properties of the POD/POD-Greedy).

i) The resulting family of function§f,, ) nen is orthonormal,( f,., fin) = dnm.
i) The sequence of approximation errosg,, defined by(2.3) is monotonically de-
creasing,or,, > o, forn < m.
i) Forall v € Xp the POD-eigenvalues satisfy

K
S M) = Jul3- (3.6)
k=0

Proof. i) The range of the correlation operat@rin (3.1) is the span of the training
samples, i.e.f, € span{uf — P,_juF}& . The orthogonality of the projection error
implies f,, L X,,_1, which yields the statement by induction.
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i) The orthogonal projection yields a best-approximatonl forn < m we haveX,, C
X, hence

lu* — P = Snf [u* = £l > inf [u* = fIl = l[u* = Prnu||
and the statement follows in view of (2.3).

iii) Setting u* = Y"1 _ k. for suitablect, € R, the definition ofR in (3.1) and
orthonormality of{x } gives

K K
(Riow), ou) :<zw o) k,w>:zww,@k,f:zwwcz,)?
k=0 k=0

Additionally, we have|u*||? = 25: (¢F,)? and conclude with the spectral decomposition
(3.2)

K K
ZAM:Z Riow).ow) = 3 wh(ch)’ Zwknu’“n? IES
k=0 k,k'=0

]

We comment on two extreme cases concerning the eigenvadagsm. These cases can
appear in practice and both are to be covered by the subseansdysis.

ExaMPLE 3.4 (Worst/Best Case Advection ProblenQonsider the (non-parametric)
advection problend; )+ 9,9 = 0onQ = [0, K+1],T = K and set* := k andx;, := k for
k=0,... K. Assume initial data) = vy with ¢ (xx) = dox being piecewise linear on all
intervals|k, k+ 1] and cyclical boundary conditions. S&t = RK“ w® := 1. Then an (e.g.
upwind finite difference) discretization yields= (u*)X_, with u* = (6;;)X , discretizing
the solution(u*); = ¥(t*,z;). The setFr := {u} C X7 contains a smgle trajectory.
Obviouslyu* are already orthonormal, hence the correlation operafom (3.1)is already
in spectral form with eigenvaluey, = ... = A\, = 1 and L = K. Hence, here indeed
in each step of the POD-Greedy algorithm one single modesisriad decreasing the error
o%’n by an identical decrement. This is the worst case example déoay in the eigenvalue
spectrum. The convergence rate proof respects this wosst. c®n the contrary, consider
0,u = 0 as stationary (but time-dependent) problem with identic#ial and boundary data
as before. Then* = (1,0,...,0)T € RE+! are identical for allk. The correlation operator
has a single nonzero eigenvalig = K + 1 with eigenfunctionoy = «!. Inserting one mode
of the POD yields exact approximation of the trajectory.slibithe best case of an eigenvalue
spectrum with one nonzero eigenvalue, Le= 0.

3.1. A Coefficient Representation of the POD-GreedyThe crucial point in the con-
vergence analysis is the specification of a coefficient sepriation of the algorithm and
proofs of some of the characterizing coefficient properties

The POD-Greedy algorithm generates a sequence of tragstgre Fr and orthonor-
mal functionsf; € X. Fori, j € N we then can define vectoas; € RX*! by

(aw) -:<“f]> kZO,K

If w, = u,, i.e. asequence is selected at POD-Greedy-iteratiandn’, then also
an; = anj,j € N, hence they are indiscriminable. Fore N we defineN (i) := {j €
Nlu; = u;}, i.e. the set of iteration numbers at which a certain sequends chosen by
the POD-Greedy algorithm. Clearly,c N (i) and|N(i)] < K + 1 due to definition of the
POD-Greedy algorithm.



We state some properties of the coefficient vectors thatowilequired later.

PrROPOSITION3.5 (Properties of POD-Greedy Coefficient Vectors).
i) Forall i € Nwe have

2
> lasllyy = lluil3-
jEN
i) Forall i € Nandn € N we have

> aiilisy = llws — Pro—1uil?,
i>n

hence in particular, ifu; — Pr,,—1u; = 0, thena,;; = 0 € RE+! for all j
iii) If n € N(i), then

Y
N

HainHW > ||aij||W7 Jj=n.
iv) If n € N(i), then

HamH%/V = Ao(un — PT,nun) > VQU%JL/(K + 1)'
v) Ifn € N(i), then

2
V07, < E laijllyy < 07m-
i>n

The right inequality also holds # ¢ N (7).

Proof. i) As X is separable anff,,).cn is an orthonormal family, it is becoming dense
in X and we get

up = lim 3 (ui, i) fj= > (ai)efs, 3.7)
j=1

JEN

hencel|u}||* = 37,y ((ai;)x)? and

K K
ki, k k 2
luallF =~ wkllufl* =Y w* > ((ai)k)* =D llagsly -
k=0 k=0

JEN JEN
i) We note that
n—1 n—1 no1
HPn—lU?H2 = Z <Uf, fj> fj||2 = Z <U§»fj>2 = Z((aij)k)2~
Jj=1 j=1 j=1
Then we get
K n—1
1Pro—ruilly = Y wllPoruf | =Y aisly -
k=0 j=1

The claim then follows from the Pythagorean theorem with i).
iii) For anyu®, f € X with || f|| = 1 we verify

= (ub, £) FII? = (ub,uky = 2 (b, £)° + (ub, £) ()

7
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This can be used to rewrite the POD-optimality propertyas3a maximization ovef:

K K

fn € arg”rr‘llln wk||u — (uk, f) fII> = arg Hr?llax wk (uk, f>2 :
- 1
k=0

This implies for alli with n € N (i) and allj > n

2
lainlty = lannlly = Zw Ups fu) >Zw ub, f5)" = llas 5y -

iv) The right inequality follows from using\(u) > Ax(u)Vu € Xr, (3.6), the weak
optimality of the greedy selection rule (3.5) and the debniof o, (2.3):

K

(K + 1)>\O(un - PT,nun) Z Z )\k(un - PT,nun) = Hun - -PT,nflun”’%1 Z 720%,71'
k=0

The left equality follows from the definition (3.1) and deqowsition (3.2) ofR

K
lain 3y = Zw ain)i)? = 3wk (uk, o)’
k=0
<Zw m@o ,”§00> = <R(§00),(}90> = A0'

v) From the weak-POD-Greedy selection property (3.5) ariohitien of o1, (2.3) we
get

VZU%JL < Jun — PT,nflunH%“ < U%,nv

which exactly is the statement in view of ii) far € N(i). If n & N (i), then still the right
inequality holdsO

REMARK 3.6 (Interpretation as isometric embedding iit&(N))%+1). We consider
X = [2(N)K+1 with elementgay, )&, € X, a), € I2(N) which is a separable Hilbert space
with respect to the weighted inner produ¢ty.), (a},)) ¢ = ZkK:O w* (ag, al,),. Letu, €
Fr be selected by the POD-Greedy algorithm at iteratiowith corresponding coefficient
vectorsa,,; € RE+1 j € N. Then

J: {un}nEN - X7 J(un) = ((anj))jGN (3-8)

is an isometric embedding.

Intuitively, this situation can be visualized as followsl. # can be expressed as linear
combination of the{ f;} by (3.7). We write this as an infinite matrix-vector-multiplication
using the vectors,,; € RE+1 as matrix blocks:

a1 | 12 | a3
f1

ug | = ;2 (3.9)

a1 | a2 | a23




Equation(3.8)implies thatJ (u,, ) is then-th (block-)row of this matrix which has infinite
length. The POD-Greedy applied #; := J(Fr) will have (i, )nen := (J(un))nen as a
possible sequence of selected trajectories and generaietasis vectors,, = e,, € I*(N).

In contrast to the Greedy case of [1], the coefficients carsimiply be arranged as a
lower-triangular matrix, but the matrix has block structuand is more dense. This is due
to the fact that in the POD-Greedy algorithm one trajectoay @ossibly be chosen multiple
times, because a single selection and basis enrichmentubesiarantee zero error. Several
properties stated in the previous propositions can be fetes into corresponding matrix
properties For example, there may be upifot 1 block-rows, which are identical, indicating
a multiple selection of one sequence. It may happen thatektmwv does not contain any
zero-vectors indicating that no precise approximation hitdisubspaces is reached. On the
contrary, any case of finite exact approximatien— Pr ,,—1u, = 0, is reflected in the matrix
asa,; = 0,7 > n by Prop. 3.5ii). In the case di = 0, we recover the Greedy-algorithm,
the vectorsy;; reduce to scalars and the matrix is lower triangular as in.[1]

4. Convergence RatesBased on the findings from the previous sections, the argtemen
of [1] for obtaining convergence rate statements can betadop

4.1. Control of the Approximation Error Sequence. The central step for obtaining
convergence rate statements for the Greedy algorithm toifieol of the approximation error
sequence by the Kolmogorewwidth sequence. In our case, thatness lemmél, Lemma
2.2] can be extended for the POD-Greedy algorithm. It stht@sf the error sequence of the
POD-Greedy scheme is not decaying too fast (béaty, then the Kolmogow:-width at a
certain iteration number must be large. This is also dend&tayed comparisolemma, as
or» andd,, are compared with different indices m.

LEMMA 4.1 (Flatness Lemma for the POD-Greedy Algorithingt 6 € (0, 1) be given
andq € Nwithg = [(2y7'0~'/K + 1]%. If n,m € N are such that

OT n+qm Z eaT,n (41)
then we have
OT.n < V qum (42)

Before providing the proof, we comment on the two notablelesions compared to [1,
Lemma 2.2] and argue, why these in general can not be eliednat

REMARK 4.2. i) The final estimaté4.2) has an additional factor/7" compared to the
case of the Greedy algorithm. This is expected due to thetliattwe are comparing the
approximability properties of the flat set (quantified dyy) with an approximation error of
time-sequences measured in fig norm. Therefore, the/T factor is suitable.

i) The constant; (and herewith also the final bound) depends on a faéfof 1 which
essentially indicates a dependency on the number of tiepsstThis is due to the fact that
the proof respects the worst case scenario, i.e. all eigegaof R being identical and the
overall error decrease in every POD-Greedy step only beifg K + 1). This is realistic in
transport problems of discontinuous functions, see Exar@pl. By additional assumptions
on the decay rate of the eigenvalues, this might be refortadlaAs we are mainly interested
in convergence rates, we are content with the current factor

Proof. (of Lemma 4.1) Set = n + ¢gm and consider the block matrix

Apn .. QAnp

G=| : ¢ | e RIEFDA+am)x(1+gm)



We define
gf = Z(aij)kfj eX,i=n,...n,k=0,... K

j=n

as the functions corresponding to the rowgfDue to orthonormality of f,,} we get

n

lgF > = (aij)i.

] n

LetY,, C X denote then-optimal approximating subspace fBiwith suitable basi$y; } ™,
X. LetY,, be the restriction o¥ to the coordinates ..., i.e.

ﬂ

n

gi :Z<y27fj>fjal:]-7m7 Y’m = Span{yi}?ll'

Jj=n

Setm := dim(Y,,) < m and let{¢;}7 , be an orthonormal basis &f,. Then

= Z |¢z||2 = ZZ ¢z>fj

n

=3 (o0 1)

Jj=n i=1

3

Therefore, there existsj@ € {n,...,n} with

St fp)e—2 o 1 (4.3)

= n—-—n+1 n+gn—-n ¢

SetgF := Py gF the orthogonal projection aff onY,,. We introduces;; € R**! as the
coefficient vectors of* by

(@ij)k - <gz,f]> k=0,...K, i,j=mn,...,n.

Letj € {n,...,n} andi € N(j) N [n,n]. Then we obtain with Prop. 3.5 iv), monotonicity
of (o ), and assumption (4.1)

2 2 2 2 2.2 2
lags By > L00d 5 T OTmtam , &7 07

VIW=K411~ K+1 — K+1

Fori € N(j*) N [n,n] we bound the projected coefficients with Cauchy-Schwarz(4rg):

(@i )e = (98, fj+) = <Z <gzk,¢z>¢z,fj*> => (gF. 1) (o, f5-)
=1

=1

(4.4)

=1

. 1/2
/
< (Z <gf,¢>z>2> (60 1,°)" < llgklla™">

This allows to bound the coefficient vector norms with théntigequality of Prop. 3.5 v)
K

w = Zwk(&m < Zwkllgz I?¢~" Zw Z aij) )ig~!
k=0 j=n

n
=q¢ " lailliy <q7! Z laijlIfy <q o7, (4.5)
Jj=n j=n
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With the definition ofq it is simple to observe thaty—'/? < ~0/v/K + 1. This concludes
the proof with (4.4), (4.5) the triangle inequality, ortliwmality of f;-, Cauchy-Schwarz and
the best-approximation property bf,:

1/2UT,n < },Zi 1UT,n - q_1/2

w — @i+ lw < |laige — @iz

q_l/zo—T,n = 2q_1/2JT,n - q_ 0T,n

< |laij-

w

K 1/2 K
= (Zwk (g¢ gf,fj*>2> < (Z wl|gF — aF 1?1 £
k=0 k=0
K 1/2
< (z gk Pymgw)
k=0

1/2
2)

K 1/2
<Z wkd72n> = \Fwar»
k=0

IN

4.2. Convergence RatesWith the previous result, the convergence rate stateménts o
[1] can be adopted. The first statement is that algebraicergence of the Kolmogorown-
widths implies algebraic convergence of the POD-Greedyaimation error with the same
exponent but different multiplicative constant.

PrROPOSITION4.3 (Algebraic Convergence of the POD-Greedy).
If d,,(F) < Mn~for somex, M > 0 and alln € Nanddy(F) < M then

orn(Fr) <CMn™, n>0 (4.6)

with C := qT(pq)®, q := [29y 0" WK +1]% p := [2(1 — §Y/*)~1] for arbitrarily
chosery € (0, 1) and~ the parameter of the weak POD-Greedy algorithm.

The statement is a slight generalization of the correspanstiatement for the Greedy-
algorithm in [1], which uses the fixed choide:= 27¢ implying p = 4. If 6 is chosen,
e.g. to be the minimizer of’, this multiplicative constan€’ can be orders of magnitude
smaller. In terms of approximation rates, the size of thestat is irrelevant. However, in
RB-methods, ultimately a smaN is desired possibly with guaranteed error statement. Such
rigorous error bounds can be obtained from the error rateratnts, as soon as Kolmogorov
n-width estimates are available. In this view, a decreasé@icbnstants will be useful, as
it reduces such final error bounds. In this respect, our gdimation also directly allows a
slight improvement of the reference result.

Proof. (of Prop. 4.3) We sef := [2y~16~1\/K + 1]? of the form required by Lemma
4.1. We note that fon. = 0 we have by definitionX,, := {0} andProu = 0,u € Xy hence

oro(Fr) = sup [lullr = sup
ueFr ueFr

K K
D wk|luk]|? < sup | > wk]|f|2 = VTdo(F).
feF \ =0

With the choiceN, := pq we see that (4.6) holds for all < Ny:
orn <oro < VTdy < VTM < \/TMN(?H_(’ = \/T(pq)c"Mn_(l < CMn~“.

Let N be the smallest integer, for which (4.6) does not hold, i.e.

CMN™* < OT,N- (47)
11



This will lead to a contradiction and hence conclude the ps@on. Letm be an integer
satisfying (proof of existence is postponed)

m > 0andN — gm > 0, (4.8)
(N —qgm) ™™ < 7N, (4.9)
VT Mm™™ < CMN™°. (4.10)

We definen := N — gm resulting inn € N due to (4.8). Asn > 1 andq > 9 we have
n < N, thusn satisfies (4.6). Then, we can relatg,, andor, n using (4.9) and (4.7)

OTn < CMn < CMN_aG_l < 9_1UT,N = 9_1UT,n+qm~

Then, Lemma 4.1 implies; ,, < +/¢T'd,,, which in combination with (4.10) results in

orN S o7 < VeTdy < ¢IT'Mm™ < CMN™®

being the desired contradiction to (4.7).
It remains to show the existence of ansatisfying (4.8)—(4.10). For this, we set

m = {Na — 91/@)J .

q

Concerning (4.8), we immediately note that< % and herewithV — gm > 0. For showing
m > 1, we note the following equivalence:

N 1 g\
> (1= gty > - = > 0. .
m 1<:)q(1 0+/%) 1<:>(1 ) 0 (4.11)

By definition of p and N, we note that

2 « @
2(1—91/“)1§p<:><1—q> 26:><1—q> > 4.
rq No

As N > Nj this implies (4.11), hence (4.8) is proven.

For showing (4.9), we note that < (1 — 61/ implies N — gqm > N@'/*. Both
sides are positive due to (4.8), hence exponentiation wittgives (4.9).

In order to verify (4.10), we first note that by definition wevha > 2(1 — 6'/¢), thus
1—6'« > 2 _Further, the definition o, impliesq = % < %. These two auxiliary results
allow to derive:

qm>q<N(1—01/o‘)—1> :N(l—ﬂl/a)—qZNg—E:E.
q PP P

Therefore ()~ < (pg)®, which gives (4.10):
_ N\* - _
AT Mm™ < \/qTM () N=* < \/qTM(pg)* N~ < CMN~“.
m

0

The next statement is that exponential convergence of thadgorovn-widths implies
exponential convergence of the POD-Greedy error sequeitheskightly slower decay and
larger multiplicative constant. As the modifications comggbto the corresponding statement
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of [1] only consist of a change of constants, we refrain fréwva detailed proof in the main
text, but refer to the appendix.

PROPOSITION4.4 ((Sub-)Exponential Convergence of the POD-Greedlyy,, (F) <
Me=*" forn > 0, M,a,a > 0, then

orn(Fr) < CMe™" | n>0 (4.12)

for 5 := 245, arbitrary 6 € (0,1), ¢ := min(|In(8)], z%4=), C = max(eNo /T, /qT),

q:= [2y7107 VK +1]%, Ny := [(8¢)**'] and~ the constant of the weak POD-Greedy
algorithm.

5. Conclusion. In the convergence analysis above, we restricted to thelcasg, i.e.
only 1 eigenmode is added in each iteration of the POD-Gradglyithm. In practice, also
generalizations are used that include a numbdr f 1 modes at each iteration. General-
izations of the results could be formulated for these cagesnly considering: € (N and
replacing the subscripts accordingly. Foe K + 1 all POD-modes are inserted at once at
each POD-Greedy extension step. In this case, the seleajedtbryw,, is approximated ex-
actly asspan{uf — P,_1uf}K | = span{¢y(u, — Pra—1us) } . Inthis case, the matrix
representation of the POD-Greedy algorithm is lower blo@agular.

The proof of the convergence rates of the POD-Greedy algoris a step towards the-
oretical explanation why the method works well in practiceparticular in RB-methods.
Herewith it provides a sound foundation for the initiallyunistic algorithm. In the original
study [1] further properties and variants of the Greedy w@tlgo are treated, e.g. robust-
ness is proven, which takes into account different numkaigproximation errors. The same
extensions and investigations might be performed for thB{peedy algorithm.

An interesting and urging subsequent question is to prosdtienates of the Kolmogorov
n-width decay rate for certain classes of time-dependempetric PDEs. Example 3.4 given
in this study already illustrates that there exist casesoofaecaying eigenvalue spectrum
(transport of discontinuities), but also well behaved epla® (stationary processes).
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Appendix A. Proof of Exponential Convergence RateHere, we reproduce the proof of
the (sub)exponential convergence rate statements fromifliglight adjustment of constants
adopted to our case.

Proof. (of Prop. 4.4, (Sub-)Exponential Convergence Rate of R&d8edy) As in the
previous proof, we user, < VTdy anddy < M to verify that (4.12) holds for alh < Nj:

orm <o, < \/TM@CN‘?e_CN(éi < CMe_C"ﬁ.
Let N > Ny be the smallest integer, such that (4.12) does not hold, i.e.
orn > CMe=N”| (A1)

Let there be amn € N (proof of existence is postponed) satisfying

ec(qum)ﬁechﬁ Z 0, (AZ)
N —qm > 1, (A.3)
VaTMe ™" < CMe=N’, (A.4)

Then,n := N — gm € N due to (A.3) and we get with (A.2), (A.1)
o1 < CMe= < CMO e N < 07 oy =0 07 nigm.
Then we can apply Lemma 4.1 and obtain with (A.4)

or,N <orm <V qldy < v/ qTMe™ ™" < CME_CN67

which contradicts (A.1).
It remains to show the existence of a suitableatisfying (A.2)—(A.4). For this we set

N1-5
m = .
{ 2q J

As 3 € (0,1), we havem < N/(2¢) and obtain (A.3)

N
N—quN—q?:N/QZL
q

Using the mean value theorem, there existsa(N — ¢gm, N) such that

B-1 1-8 B-1
N N N
NP—(N—qm)’ = P 1qm < 3 (2) gm < ——0 (2) <27P3< 2702 = 1.

Here we used that > N/2, gm < N'=7/2 and3 < 2°. Then, as < |In 6|, we obtain
(A.2).

For proving (A.4) we note thay/qt < C by definition ofC, and it remains to show that
am® > cNP. As N > N, one can see that > 4 is sufficiently large to imply

N1-8 N1-8

m=| 2 | > 17

With this we conclude

N1=AN® N#
am“—cNB>a< ) —¢NP =¢ —cN5:<a—c>N5>0,
4q (4q)> (4g)>

asc < a/(4q)* by definition.O
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