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A REDUCED BASIS METHOD FOR EVOLUTION SCHEMES WITH
PARAMETER-DEPENDENT EXPLICIT OPERATORS

B. HAASDONK', M. OHLBERGER, AND G. ROZZA§

Abstract. During the last decades, reduced basis (RB) methods havealbeeloped to a wide methodology for
model reduction of problems that are governed by parametriagthpdifferential equations @DEs ). In particular
equations of elliptic and parabolic type for linear, low yymdmial or monotonic nonlinearities have been treated
successfully by RB methods using finite element schemes. Dueetoharacteristic offline-online decomposition,
the reduced models often become suitable for a multi-queryaditirae setting, where simulation results, such as
field-variables or output estimates, can be approximateahlgland rapidly for varying parameters. In the current
study, we address a certain class of time-dependent evolstitemes with explicit discretization operators that are
arbitrarily parameter dependent. We extend the RB-methggidimthese cases by applying tempirical interpo-
lation method to localized discretization operators. The main teahingredients are: (i) generation otallateral
reduced basisnodelling the effects of the discretization operator undeameter variations in the offline-phase and
(i) an online simulation scheme based on a numerical subgddaualized evaluations of the evolution operator.
We formulate an a-posteriori error estimator for quantif@matf the resulting reduced simulation error. Numeri-
cal experiments on a parametrized convection problem, disedetvith a finite volume scheme, demonstrate the
applicability of the model reduction technique. We obtairaaametrized reduced model, which enables parameter
variation with fast simulation response. We quantify the cotaponal gain with respect to the non-reduced model
and investigate the error convergence.

Key words. Model Reduction, Reduced Basis Methods, Parameter DepeRéplicit Operators, Empirical
Interpolation, A-Posteriori Error Estimates
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1. Introduction. General parametrized evolution problems for an unknowrttfan
u(z,t;p) : Q x [0,T] — R can frequently be found in the form of a parametrized partial
differential equation (FDE ) for u

Opu(-,t; ) + L(p, t)[u(-, t; )] =0

plus corresponding initial and boundary conditions, wHdrdenotes the evaluation of the
spatial differential operator. The parameter domain wkieeg@arameter vectqr stems from

is denoted a$ C RP. The initial data, denotedy(x; pt), and the solution commonly have
some spatial regularityo (-; i), u(-, t; ) € W. Numerical treatment of such evolution prob-
lems is frequently based on a time discretization at a finitalver of time instances= t° <

... <t = T by finite differences or higher order Runge-Kutta type timgration. For
the space discretization a finite but frequently high dinere spacé/Vy; for approximating
the solution at the discrete times is available, e, t*; 1) ~ uy(-; u,t*) € Wy where
H = dim(Wpg). Typically, this is a finite element (FE), finite volume (F\f)discontinuous
Galerkin (DG) space.

The motivation for RB-methods is founded on the need to salyiwen PDE repeatedly
in a multi-query setting such as parameter variation forgte®ptimization, control, inverse
problems or statistical analysis. In the following we abiate u¥, (p) = up (-, t*; ).

Numerical evolution schemes of first order mostly consishuilicit and explicit con-
tributions, which compute the sequenef (i), k = 0, ..., K by starting with a suitable
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projectionP : W — Wy of the given initial datau%; (p) := Pluo(-; u)] and successively
solving the following equation fou®;™ (u), k= 1,..., K — 1:

(1.1) Ait (wl™ (1e) — iy (1)) + Lo (s ) [l (1)) + L (e, 1) [ty ()] = 0.

Here L7 (p,t*), Lg(p,t*) : Wy — Wy denote the implicit and explicit discretization
contributions of the analytical spatial differential opter £(p, t*).

A general description of the Reduced Basis methodology tationary cases can be
found in [9, 12]. Time dependent problems are for instaneatéd in [2, 10]. The general
goal in case of time-dependence is to find a sequence of ensatk, (1), k = 0,..., K in
areduced basis spac®/y C Wy of low dimensionN << H, which approximates the
detailed solution sequence, i.e% (1) ~ u¥ (n). In particular the complexity of the com-
putation scheme for determining thiesduced basisolutions should be independentidf In
addition to this general goal further questions in RB-mdthdeal with general outpug$u ;)
derived from the field variable and their RB-estimation. f@amy problems, the provision of
effective a-posteriori error estimators is a distinctigattire of RB-methods.

Special instances of evolution schemes of type (1.1) haga treated in literature with
RB-methods: The case of a pure implicit FE space discréizate. Lz = 0, and affinel;
has been treated in [4]. The extension to the case of naaitexplicit operators, e.g. covering
FV schemes, while the operators still are assumed to be @ffinehas been formulated in
[5]. The parabolic case for a monotonic pointwise nonliitgdras been treated in [2, 3].

In the current study we devise an RB-formulation for the pxglicit case. That means
we confine ourselves to the casg(u,t*) = 0 and Lg(u,t*) being a general parameter
dependent operator with a certain localized representafibis localized structure allows us
to apply theempirical interpolationtechnique [1] to approximate the operator evaluations.

In the next section we specify the class of explicit diseagton operators, that can be
approximated with our approach and we present the reducedation scheme. The reduced
simulation scheme requires a decomposition of the comipatat an offline and online-part.
We describe details on this decomposition in § 3. As an aicalytesult, we present an a-
posteriori error estimator in § 4. Experiments in § 5 on a $ngonvection model indicate
the applicability of the method. In particular we investeggéhe computational gain and the
error convergence. We conclude our study in § 6.

2. RB-Approximation for Explicit Evolution Schemes. In this section we will formu-
late the RB-approximation for the class of evolution schethat we are interested in. For
this we will first give some general definitions such that we specify our assumptions on
the discretization spad#’;; and the discretization operators.

DEFINITION 2.1 (Local Basis oWVyy). LetW := {v;]i = 1,..., H} be the basis oWy
on which the evolution scheme and space-discretizatiomasgedh For a functionp € Wy
we denote¢); to be the coefficient adegree of freedonDOF) corresponding ta); in the
basis-expansion = Zfil(qﬁ)iwi. The set of basis-function indices, that support the vafue o
functions¢ € Wy in a given pointr € Q is denoted ag(x) = {i[¢); € ¥ andy;(x) # 0}.
We call¥ alocal basigf the size of these index sets is bounded by a constant indepeof
H, i.e. there exists d such thatcard(I(x)) < J for all z € Q. For any set of DOF-indices
S c {1,..., H} we further define the projections : Wy — span{v; € ¥|i € S} on the
corresponding subspace via; (v;) = 1, for all i € S andrs(v;) = 0 otherwise. Finally,
let Xy C Q be a set ofH points, such that the restricted functiotig| x,, allow pointwise
evaluations and are linearly independent.

Trivially, J is upper bounded by{. But our approximation scheme will depend on
the fact, that the basis is a local basis in the sense, trahthinberJ is much smaller and
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independent of{. This is typical for FE or FV basis functions, which have soipnly in
few grid elements, and the numbé&ionly depends on the shape of the grid elements and not
on the overall number of cells.

The main requirement for efficient approximation of evaatschemes, is a small stencil
of the discretization operators. Intuitively this mearsattthe value ofz(u, t*)[u] in a
certain point in space only depends on a smallt¢ and H-independent) number of at most
Jg point-evaluations of;, or more generally, onlyz DOFs ofu. For this, we will assume
the following general structure of the explicit discretina operator, which will be relevant
for efficient approximation.

DEFINITION 2.2 (Localized Discretization OperatorA discretization operatoLg :
Wu — Wy can be expressed as

H
(2.1) Lplu] =Y Li(u),
=1

with suitable functionald; : Wy — R which represent the coefficients of the operator
evaluation. Each of these functiondlshas a set of DOFs; C {1,..., H} on which it
depends and all other DOFs do not influence the result, i.e.

(2.2) li(u) =1l;(7wg, [u]) forall we Wy.

We call the operatoil  a localized operatorif there exists a constantz independent of
H with card(S;) < Jg for all < and the computation of a singlg(rs, [u]) has complexity
polynomial inJg, i.e. O(J%) for low integerc.

Again, Jg is trivially upper bounded by . In the following, however, the computational
gain will depend on a small value dfy << H. For example, first order FV operators are
localized operators in this sense with a small numbgrbeing the maximum number of
neighbours of mesh-elements plus one. As well are FE opsrasing basis-functions with
small support, e.g. nodal bases, where the numers the maximum number of basis-
functions, which have common support on some mesh element.

The empirical interpolation methodil] has been proposed for approximation of non-
affinely parameter dependent or nonlinear analytical fonstwhich allows a fast online-
interpolation scheme. Geometry variation has been traatBB-literature, e.g. [7], and in
particular by this interpolation scheme [11, 13]. We wilbatlthis procedure to approximate
discretization operator evaluations.

DEeFINITION 2.3 (Empirical Interpolation of Localized Operator Evdloas). For a lo-
calized discretization operatat (., t*) we assume to have givena éndt*-independent)
collateral basis spac&V,; C Wy of dimensionM, spanned bynapshot®f the operator
evaluationWy, := span{Lg(p;, t*)[u%i (u;)]|i = 1,..., M} for suitably chosen,; and
k;. We further assume the availability of a set of interpolag@intsTy, := {z1,...,zp} C
X in Q and corresponding nodal basgs,; := {&1,..., 6} C Way satisfyingé; (z;) =

d;;. We denote the corresponding interpolation operatoZas : Wy — Wy, which is
74

consequently given by, [v] = Zfﬁ:l v(xm)Em and satisfie€ y [v](z,,) = v(z,y,) for all
m=1,...,M andv € Wy.

The DOF-index set that supports a numerical function in ahthese points is given
as Iy = Uzerp, I(x) C {1,...,H} wherel(z) is given in Def. 2.1. The larger set of
DOF-indices which are required for the computation of thizsget DOFs by the coefficient
functionals is obtained aSys := J;¢;,, Si-

For any givenu € P,k € {0,..., K — 1} andu € Wy we can determine the desired
interpolation values in the interpolation points

(2.3) Y (u, g, t7) := Lp(p, t*)[u](z,,) for m=1,....M
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and obtain theempirical interpolation of the operator evaluatas

M
(2.4) Ty (s t™) ] = Y i (u, o, t5) 6 ().

m=1

The motivation for the notiorempirical interpolationstems from the fact that the collat-
eral reduced basis spat®,, is constructed from simulation results, i.e. “empiricabita.
The construction of the interpolation bagig;, and interpolation point%’, will be adressed
in the subsequent section. The key observation for the usleeoémpirical interpolation
in RB-methods is that it results in an effective separatibapace-independent coefficients
vi(u, pu, t*) and parameter-independent functigiér). This enables an efficient offline-
online decomposition.

The core for a (Lagrangian) reduced basis approximatioheoévolution equation (1.1)
with £; = 0 is the availability of a reduced basis spadéy C Wy of low dimension
N := dim Wy constructed from snapshots of the unknown field variakjé;) for suitable
parameterg,; and time-indiceg;. These parameters may very well be different from the ones
used for constructing the collateral reduced basis spege For computational reasons, it
is beneficial to work with an orthonormal bags; := {¢1,...,¢on} Of Wx. A Galerkin
projection of the explicit evolution scheme onto this swdzspleads to the following weak
formulation of the problem: start with a suitable projentmf the initial data by determining
u% (1) € Wy such that

(uly (1), v) = (Plug(p)],v) Vv € Wy
and then subsequentially find;™ (1) € Wy forall k = 0, ..., K — 1 such that
(2.5) (Wi (1), v) + (AtLp(p, t*) — Id)[uly (1)), v) =0 Yo € Wy.

HereId denotes the identity operator.
For an effective offline-online decomposition in the nexttgm, we will additionally
require a so calledffine parameter dependenetthe initial data, i.e.

Quyg
(2.6) uo(p) =Y _ ol (w)uf(z)

with a small number),,, of parameter-independent function®(x) and space-independent
coefficientso (u). If this decomposition is not available in a given modeligem, an
additional empirical interpolation of the initial data cprovide an arbitrarily accurate ap-
proximation. If we replace the evaluatiors; (u, t*)[u%;] by the empirical interpolations
In|Le(p, tF)[uk ] we can formulate the RB-approximation of the explicit evinn scheme
as follows:

DEFINITION 2.4 (Reduced Basis Approximation with Empirical Intergima of Lg).
We assume that we have given an explicit evolution schenege Wi (u, t*) is assumed to
be an arbitrary explicit discretization operator. We assuthat an appropriate empirical
interpolation scheme is defined by means of interpolatiasidgs,, and interpolation points
Ty C Q, and a reduced basi® y is available. We then define the following scheme for
sequentially computing®, (p) := >, ak(u)e, by specifying its coefficient vectos$ =
(a¥,...,dk)T eRNfork=0,...,K:

(2.7) a’ = ((Pluo(p)], 1), - -
(2.8) af*tl = a* — AtCplp(p,t*

)
=



RB-METHOD FOR EVOLUTION SCHEMES WITH EXPLICIT OPERATORS 5

Here, the corresponding vectors and matrices are defined as

(29) (CE)nm = (é-ma Qpn) >
(2.10) (Ip(p, t%)[@") = Ta[Lr(p, t*) [ul]] (@m)

forn = 1,...,Nandm = 1,...,M. The resulting sequence of functiofis (1)},
finally defines theeduced basis approximatiany (x, ¢; ) to coincide withu’; (x; p) in the
time-slab[t®, tF+1).

Due to the well-definedness of the empirical interpolatimref given vectoa” all quan-
tities are uniquely defined.

3. Offline-Online Decomposition. A fundamental ingredient in reduced basis approxi-
mation of PDEs is the effective decomposition of the computations inffline- and online-
phase. The offline phase prepares parameter-independentitgps, the computation of
which is (typically heavily) depending ofi. The online phase assembles the final parameter-
dependent matrices and vectors for the RB-simulation, lvlsddeally independent of the
complexity H.

3.1. Offline-Phase.Certain quantities are computed in the offline-phase asarein-
dependent of the parametgr which is only available in the online-stage. We discrindna
between two steps in the offline-phase.

3.1.1. Offline-Phase Step 1The first step derives possibli/-dependent quantities,
which therefore may not be used in the online-simulatioruab sThis step is largely based on
running detailed simulations for different parameters] hereby contributes the dominating
part to the computation time.

The empirical interpolation of the operator evaluatiorhis mmain new component in the
RB-scheme, though it largely follows the standard formatabf theempirical interpolation
of functions [1]. To start, a set of snapshots of the opemtatuation is generated by

(31) Ltrain — {L:E(Nvtk)[ul;{(/»l’)Hk = 07 sy Kvllf S Mtrain} - WH

for some finite training sedM;,.;, C P. Thus, for eachu € M,,..;, the whole trajectory
{“]E(H)}kK:o is contained inL;,..;». This dense sampling in time turned out to be necessary
for good empirical interpolation of these trajectories. wNdor all m = 1,..., M (or an
earlier stop at point 4, if a certain approximation accuragcy.,,..;,, iS obtained) we consec-
utively determine functions,,, € Wy and interpolation points,,, € Xy by the following,
starting withm = 1:

1. DefineW,,—1 :=span{¢;li =1,...,m — 1} (with W,,,_1 := {0} if m = 1).

2. Forallv € L;,.q;, determine the best approximatiohin W,,,_; by

(3.2) v* = arg wGHVIVin lv— wHiz(Q) )

m—1

3. Determine the snapshot in,..;, that has the worst error

(3.3) Um 1= arg max lv — U*HLQ(Q) )
4. If the error forv,, is less than a prescribegl,; stop the loop with\/ := m — 1.
5. Otherwise, ifm > 1 solve the following equation system to obtain interpolatio

coefficientse™ 1 := (o"~1)75 ! € R™!

m—1
(3.4) 0;”71qj(xi) =vp(z;) for i=1,...,m—1.
j=1
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6. Compute the residual function, i.e. error betwegnand its current interpolant

m—1

Note in particular that in case af = 1 the sum is empty, so,, = v,,.
7. Search the maximizer of,, as new interpolation point and normalize to obtain the
new interpolation function

(35) x’ﬂb = a‘rg Sup |TTVL(x)|7 Q’VVL = T’rrL/r’rrL(x’rn)-
reXy
8. Increasen := m + 1 and ifm < M repeat starting with step 1.

Note, that apart from different and slightly simplified nida the above algorithm is
mainly the so calledgurrogatemethod [3] of empirical interpolation, as we use th&error
for choosing the worst approximation in (3.2) and (3.3).slikiknown to be computationally
more efficient than.°°-norm approximation, which requires a solution of a linesrgram
for each training parameter vector in each extension step.

Differences to the formulation in [3] lie in the choice of thtial function, which is
not random in our case, and in the restriction of the searabesfor the interpolation points
x,, € Xpg. These are considered minor natural modifications for tise od dealing with
discrete functions. It might happen, that the minimizatieaximization operations have non-
unique optima. In this case, refined selection criteria eaddfined based on enumerations of
the finite search spaces. In case of multiple maxima of (8f)pse an enumeration of the set
L and take the,,, from the set of worst approximated functions that has srsiihelex in the
enumeration. In case of multiple maxima in (3.5) we agairaioba unique point involving
an enumeration of the set. E.g. in case of nodal basis furgtihe maximization can be
restricted to the set of these nodes. The@gt := {q1, ..., qa } of functions is a non-nodal
basis for the interpolating spa¥,,. We additionally introduced the nodal bagig in Def.
2.3. Formally both are equivalent, as they both spéy. Computationally the basQ, is
used for all interpolation steps, whereas for ease of iotuithe subsequent argumentation
mainly uses the nodal bagjs;, .

The remaining crucial quantity is the construction of a tlibasisb ; spanning/Vy.

In RB-approaches such schemes frequently are based onratgpuging set of parameters
My..in,. € P and an incremental basis extension procedure involviggeady search9].
This means, given a current small reduced basis, reducadations are run for all param-
etersp € Mirqin, the parametep™ with the worst errof|ug (p*) — un (™) (or estimate
thereof) is determined, a new basis vector is constructed fhe detailed simulationg (1*),
and the current reduced basis is extented by this. In theprstudy we choose the approach
as described in detail in [5]. Instead of an a-posteriobreestimator which was used there
for estimating the error, we compute the true error as we tievdetailed simulationg (1)

for all p € M,;.4;, available. More sophisticated procedures such as adapdiveng set
extension can also be applied [6]. Note that such increrheetiiced basis construction
requires reduced simulations for assessing the qualitgeo€tirrent basis. So repeated eval-
uation of all subsequent online-steps in §3.2 and returtontis offline-step 1 is required
until the final basis is obtained.

3.1.2. Offline-Phase Step 2The above quantities are partially dependenthrso the
second step of the offline-phase provides the final quasititieat are used in the subsequent
online-simulation. Their computation may very well sti# B/-dependent, but the quantities
themselves are independentifand parameter independent.
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Qug

e We compute component-vectofag } ¢

for the initial data by

ad == (Plud(w)], ¢1),- .., (Plud(m)], on))"

e We compute the cross-gram-matfx; between the reduced badig; and the nodal
basisg,, of the collateral space by (2.9).

e We define an arbitrary enumeration: {1,...,card(I5y;)} — I of the setly,
from Def. 2.3 and compute

for ¢=1,...,Qu,.

(3.6) J e RMxcardh) with  (3),5 = 9,05y (Tm)-

e The projectionsrg,, [¢,] for all reduced basis vectors, € ®, are computed and
stored in such a way that linear combinations can be commitietently with com-
plexity O(card(Sys)N), i.e. in particularH -independently. This can be realized by
storing theW'-basis expansion coefficients,,); for i € Sy, in a matrix along with
a corresponding enumeration of the Sgt.

e Depending on the implementation of the localized operétiother numerical quan-
tities may be required for the online stage. E.g. in our im@atation a humerical
subgrid is extracted from the the detailed grid that cost#ie elements supporting
the basis-functiong; fori € Sy,.

It can easily be verified, that the memory complexity of thggantities is independent
of H, which is the basic requirement for &ftindependent online-phase.

3.2. Online-Phase.In the online-phase, the paramefer € P is specified and the
offline-quantities are combined h¥-independent operations to realize the RB-approxima-
tion of Def. 2.4. The start of the simulation is quite obvioughe parameter dependent
projection (2.7) is replaced by a linear combination of néiliquantities while making use of
the affine-parameter dependence (2.6)lfut):

Quy
ag =Y ol (m)af.
qg=1

This is an overall operation of complexit9(Q.,N), independent off. The main ingre-
dient in the online-phase is the online-computation of tmpieical interpolation in case of
localized operators. This is the main new component of teegmt scheme.

PrRoPOSITION3.1 (Online Empirical Interpolation\MVe assume to have an explicit evo-
lution scheme and corresponding RB-approximation acogrdo Def. 2.4. If the explicit
operator Lz (p, t*) is a localized operator, then the computation of the emairinterpo-
lation Eqgn. (2.10) for a coefficient vectar of a functionuk, = >° akp,, € Wy can be
performed by the following steps:

(i) Determine the partial reconstruction:= s,, [u%] of the RB solution by

N
(37) U= Z a’”;,ﬂ-SM [Spn]
n=1

(ii) Letl;(u,t*) denote the parameter-dependent coefficient functionatedbcalized
representation (2.1) of ;(u, t*) and compute these fore 1), by

(3.8) g t*) = (L (o t9) ]2 .
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(iii) Perform the interpolation by

(39) 1E(/"’7tk) = Jl(ﬂ“’tk)

with J given as in (3.6).
In particular, the complexity of these computations is petedent offf, only polynomial in
N, M, JandJg.
Proof. We verify by definitions, that the above computational sebéndeed results in
the interpolation property (2.10). For this we first recadinfi (2.3), (2.4) that for alt €

M
InlLr(p, ) uill(@) = Y (Lelm t)ul]) (@m)én ().

m=1

As &, are nodal basis functions, an evaluation in an interpaigintx,,, € T), is obtained
(abbreviating; = I;(u, t*)) by

H
TulLe (b, ) ukll(@m) = (Lo(m t)ul]) (@n) = D Lwk)di(@n).

i=1

As L, is a localized discretization operator angx.,,) = 0 for i ¢ I, we obtain

(3.10) Tn[Lo(p )i (@m) = D Li(uk)vs(@m).

i€l

Def. 2.1 impliesrs, o ms,, = mg, fori € Iy;. Then, using (2.2) yields

ll(uﬁf\’) = li(ﬂ-si [UIJCVD = li(ﬂ-si O TSN [ullc\/]) = li(WSM [UIJCVD = li(v)a

aswv is defined by (3.7). Inserting this in (3.10), rewriting tharsnation and using (3.8) and
(3.9) yields

card(Iar)
InlCo(p ) ul]l@m) = D L )b (@m) = (U, th),, = (elp,th),, -

j=1

This concludes the proof of the interpolation property (2.1

Concerning the computational complexity, we see that (uinesO(Ncard(Sys)) op-
erations, (ii) grows aé(card(Ixr)J§) and (i) has complexity) (M card(Ipr)). Due to the
definition of I, and the assumption of a local basis, we can upper boart{1,;) < MJ
andcard(Sy) < card(Ip)Jg = MJJg. Overall, we therefore obtain a complexity es-
timate for all three steps adD(NM JJg + MJJg + M?2J), which is linear inN and J,
quadratic inM and polynomial in/g. In particular the complexity is independentigt O

We indeed obtaiti -independent complexity for the complete online stageantigular
for the empirical interpolation of a localized operator legdion. So the method is suitable
for the online-phase in RB-methods.

We want to comment on some implementational issues, whidteroar approach dis-
tinct from existing RB-approaches. The first comment addreshe fact, that the online-
phase is tightly connected to the numerical environmentyeimg the detailed simulations.
The reason is, that the local functiongl&:) must be evaluated, which usually is much more
complex than a simple operation of a scalar function opagatn« as in [2]. The function-
als are operating on discrete functions and therefore red¢umiowledge of the geometry, the
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numerical grid, neighborhood between cells, data funstietc. These numerical structures
must be available during the reduced simulation. This tliréeads to an implementational
issue related to the numerical grid. As mentioned earlreF,rhain nontrivial requirement
for completeH -independent computation in the online-phase is indeedrnliipg on a fast
evaluation of the coefficient functionalsindependent off. Therefore, the grid structure
must allow the selection of subgrids, i.e. access to a paheofjrid and access-complexities
that are independent df. The last implementational comment is important for theffcoe
cient functionald;: usually these are evaluated simultaneously for all DOEs producing
the new values from the given ones. In the online-phase henyévis evaluation must be
limited to a local evaluation, i.e. working on the subgridyalving all DOFs of the input
function corresponding to the degrees of freedon§'in, but only producing values for the
target DOF-indiced),.

Note that the offline-online decomposition as presenteé, oan be easily extended such
that the online-phase not only allows the choice of a parametbut also the choice of an
N e {l,...,Npastand anM € {1,..., My, } for some largeV, oz, Minar € N. The
advantage of this is interactive choice of approximatiocuaacy.

4. A-Posteriori Error Estimate. As a first analytical backup for the presented scheme,
we derive an a-posteriodi?-error estimate. The bound is effectively computable in com
plexity polynomial in N and M during the reduced simulation. This is due to the fact,
that the crucial ingredients in the bound are based on théuasR* := (uk, — uk' —
ATy [Lp[uk]])/At. The L2-norm of this can be computed as

At? HRkHiﬁ(Q) = Hulfc\f o UIJCVJFI — Aty [EE[U];VHHilz(Q)
N M 2
=D (af —af™)pi — ALY Ty [Lu[uf))(zm)ém
i=1 m=1 L2(Q)
(4.1) — [la* — "1 ||* — 2At(a* — aF) T Cplglat] + A (15[a*]) Ml [a*]

with vectors and matrices from the RB-simulation schemethednass-matrid € RM>*M

of the interpolation basis given M), v = (&m,&m/). Additionally, in the following

estimate we use an extended interpolation spaGe,; and a corresponding interpolation

pointz ;1 obtained by the collateral reduced basis generation atgomf §3.1.1.
PROPOSITION4.1 (A-PosterioriL?-Error Bound). We assume that for ajs, t* the

operator/d — AtLg(u, t*) is Lipschitz-continuous i with known Lipschitz-constant,

i.e. for all u, v’ € Wy holds

(42) [Ju— o — Ao )]~ Lot D) ey < Ot — o 2 -

We assume, that g (u, t*)[uk;] € Wary1. We require, that the reduced basis space contains
the projections of the initial data componem®ul] € Wy for ¢ = 1,...,Q,,. Then for
givenu the RB evolution error at timg® can be upper bounded by

(4.3) [ufr (1) = ul ()| 2y < ANr (),
with

k—1

(@4) Ak (1) = > ACE (105 () larrll o + IBY ()22 )
k’=0
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and the empirical interpolation error estimator

(45) 0 (w) = Lo ™) u§] (eare1) — TarlColp ™) u§]) (@ars).

In particular, the upper bounm’fv7M(u) can be effectively computed.
Proof. From the construction of the scheme we obtain for giueand givenk (abbrevi-
ating £ (p, t*) by L)

(4.6) ubtt = ufy — AtLp[ufy],
4.7) ukt = uk — AtTy[Lg[uk]] — AtRE.

By the difference of the two equations we obtain an evolutéqoation for the errog* :=

k k
Ug —Uun

el = ek — At (EE[UIE} — I]LI[JCE[Uﬁv]D + AtRF
=" — At (Lpluly] — Lelul)]) + At (Tu[Cuul]] — Leluk]) + AtR".

The interpolated operator evaluation can be written in the modal basi€) ,; expansion as

(48) Iy LE UN Z OmQm,

where the coefficients,,, are obtained from solving (3.4) forindexrange: 1, ..., M. Due
to assumption, the exact evolutidh; [u%;] is contained inV,, 1 and can be written as

M+1

(4.9) Z 0

We recall that by construction of the functiogg in the collateral basis construction phase,
gm(xm) = 0 for m’ < m. Comparing the values of (4.8) and (4.9) in the pointgor
i=1,...,M + 1yields that¥® = o, form =1,..., M and6%, , = Lg[uk](zpm41) —
Zﬁf:l Umqm(xM+1). Therefore, we obtain

| At (Zm[Lelui]] — Laluf )HLQ(Q) At|6, | lani+1llz2(q) -

Together with the assumption of the boundedness of theatization operator (4.2) and the
residual norm decomposition (4.1) we arrive at

|| k+1||L2(Q <Cg ||6 HLZ(Q) + At(‘aj\i—o—l‘ qu\f—i-l”LZ(Q) + HRk||L2(Q)

We assumed, that the initial data components are contam¥dni, thereforeP[ug(p)] €
Wy for all i with the affine parameter dependence (2.6), hefice 0. Thus we can resolve
the recursion of the error evolution and obtain the claim@dsteriori error bound (4.3) and
(4.4).0

Note, that in absence of an interpolation erd@rﬂﬂ\ = 0) we reproduce the estimate
for the linear and affine parameter dependent case [5]. Mer&lo not assume linearity of
the operator and allow a more general parameter dependence.

We briefly comment on the plausibility of the assumptions:e Houndedness of the
evolution operator (4.2) is realistic. For instance£jf is linear and coercive anflt is suf-
ficiently small, this can even be bounded by a suitalye< 1 [5]. The main restricting and
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FIGURE 5.1. lllustration of the geometry and velocity field.

unrealistic assumption is found frequently in empiricé¢ipolation estimates [8, 2], which is
the approximation quality of the collateral spada, ;1. Requiringl g (p, t*)[uk;] € Was11

is unrealistic, as not thé g (p, t*)[uk;] are used in the collateral basis generation procedure,
but theL g (u, t*)[uf;]. To improve this estimate, extensions similar to [8] aresfiule. This
means, that not onlyV,,.; is used in the estimate, but by involving largeiy, . s for

M’ > 1, an extended error estimator can be devised. The last asisahe condition on
the initial data, is trivially satisfied, if we include thegpections of the initial data components
in the reduced basis space.

The error estimator readily allows an offline-online decosipion: In the offline-phase
the interpolation mass matri¥I in (4.1) must be computed. For the error estimate, the
collateral reduced basis must be extended by one furthetifumg,,;; and interpolation
pointz s 41. The norm||gas+1]| and the values of the interpolation basis functign$x 1)
must be stored. The online-phase then evaluates the itdéggd@peratof,, [L z[u5;]] in the
pointx 41, computess,  ,, assembles the residual norm (4.1) and the final bound (4.4).

The relevance of a-posteriori error estimates in RB-sclseémghat they provide a certi-
fied quality measure for the reduced simulation. This candeg dor example in the offline-
stage of basis-generation, where the error estimator carsdé as an indicator, how good
certain regions of the parameter space are resolved withrrantutRB-model [9, 5]. Pa-
rametersu with large error estimators can then be chosen for basemeidn, such that the
extended model becomes more accurate on these parameters.

5. Experiments. As a model example, we choose the geometry, tH2EPand the FV
discretization from [5] and transform the example to a pugieit evolution scheme by omit-
ing the diffusion. The resulting equation is a convectiona@&®pnd,u(u, t)+V-(vu(p,t)) =
01in Q x [0,7] with @ = [0,1-1073] x [0,2-107%], T' = 0.5 and a space-dependent pre-
computed velocity field’(x) as illustrated in Fig. 5.1. The boundary segments are assign
different types: noflow-Neuman conditionslig, I's at the middle of the top and the bottom,
outflow conditions af'; and Dirichlet-conditions at the remaining segments. Wesictar
initial dataug(x) = %cinit(sin(loooowx) + 1) with a parametee;,;; € [0, 1] interpolating
between homogeneous zero initial data and the full sineewakie Dirichlet boundary values
are set adqi, (x,t) = Bxr, + (1 — B8)xr,, Wherexr, denote the indicator functions of the
corresponding boundary segments. Thusg, is parametrized by € [0, 1], which models
concentration differences between the idlgtand outletl’y. The Neuman-boundary values
are chosen ds,., = xr, (vu)-n. The space discretization is a cartesian gridf 200 cells,
the time range is € [0, T = 0.5] discretized withKX = 200 equally sized time-intervals.

By this we have specified ou? BE with parameter vectqe = (cinit, 3)7 being variable
in the rangeP := [0, 1] x [0, 1]. We choose a first order explicit finite volume scheme with
Lax-Friedrichs-flux for the discretization. A resultingtdiéed solution forc;,;y = 1,8 =
0 is illustrated at start- and end-time in Fig. 5.2 a) and b)wé&nng ¢;,,;; diminishes the
sinusoidal data, enlarging increases thé&'; Dirichlet value and lowers th€, value. For
details concerning the numerical scheme and the model dramgprefer to [5].

As concluded in that study, the case without diffusivityasbme extent a hard case for
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FIGURE5.2. lllustration of numerical solutions’, () for p = (cinie, )T = (1,0)T ata) start-timek = 0
and at b) end-timé = 200.

parametrized model reduction. First, the solution vaiigetgrger, as the smoothing diffusivity
is missing. Secondly, the pure explicit time-step only iegpiO(H) — O(H?) operations
in contrast toO(H?) for matrix inversions for parabolic or elliptic problemstilSve will
be able to demonstrate the computational gain. This lineavection problem is inherently
affine inu due to the non-homogeneous boundary conditions. This isod genchmark
problem to demonstrate the applicability of the operatteripolation.

In this section we will first demonstrate the results of thegiwal interpolation method,
then the approximation quality of the proposed RB-schemd fimally the runtime gain of
the reduced over the detailed simulation.

5.1. Empirical Interpolation. We constructed the collateral reduced basis sp&ge
with nodal interpolation bas,, and interpolation point¥), as described in § 3.1.1, setting
M =100 andMyqin = {(%,2)]i,j =0,...,4} C P.

Insights into the interpolation process are obtained froendistribution of the selected
interpolation snapshots in the parameter-time sgace[0, T, which we plot in Fig. 5.3 a).
The first observation is, that most interpolation pointsameost exclusively gathered at the
edges corresponding to the cornergiyfi.e. the extreme values of the parameters. This is
in accordance with the intuition, that due to the simple peater dependence, these extreme
values produce the most characteristic solutions. So thpéreal interpolation automatically
detected, that the coar$ex 5 grid of parameter space sampling actially was too fine. A
further observation is, that the edge corresponding te (0,0)? is resolved with only few
snapshots. This is due to the fact, that this trajectory hapshots, that are zero in most
of the domain, do not change much in time and therefore asadyr approximated well
with few basis functions. The last observation is that thestsampling is very dense and
more concentrated at early times. This may be due to thetfaadtthe numerical flux has
a considerable numerical viscosity, which smoothens thatien. This results in smaller
L2-differences between subsequent snapshots at later times.

A further interesting quantity produced in the offline phasehe distribution of the
interpolation pointsi’, in the computational domain. In our case of piecewise comsta
functions, the seX y for selecting the interpolation points is chosen as the aasitroids.
Therefore, we plot the grid-cells corresponding to the ctel interpolation pointd’, in
Fig. 5.3 b). Comparing with Fig. 5.2 we indeed see, that thairical interpolation selects
interpolation points that are discriminative for the etmn process. In particular regions
with large gradients are important, as they result at disicoities, in our case at the upper
Dirichlet-boundaries. This importance is reflected in therendense choice of interpolation
points in these regions. In case of piecewise constant finltene spaces, the DOFs can also
be identified with grid-cells, so the marked cells in plot Bticularly represent the sét,
of DOFs that are to be computed by every online-step duriagthpirical interpolation. In
plot c) we plot the larger DOF-index s84,, which is the set of DOFs, that must be available
to perform the local evaluation of the evolution operatar these online-computations also
the geometry of the cells must be available. So, equivaletitt marked cells are exactly
the subgrid, that is extracted from the detailed grid, aretius the online evaluation of the
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snapshots selected for collateral basis
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FIGURE 5.3. lllustration of empirical interpolation offline-quantés. a) Selected empirical-interpolation
snapshots in the parameter-time dom@irx [0, T'] with time index¢ growing in vertical direction, b) grid-cells that
contain interpolation pointd; (= DOF-index-setl;), ) subgrid that is extracted and used in the online stage
(= DOF-index-setSyy).

train L-infty((0,T) L2) error

a) 3 0 2 ERCEE] w0 70 & 0 100

FIGURE 5.4. Error convergence of empirical interpolation and the régl\g RB-scheme. a) Decrease of
maximum projection and interpolation error with increagidimensionality of the interpolation spat®,, in the
offline phase. b) Convergence of the overall RB-schemegwthemaximum erroffu g — “N||Loo([o,T],L2) over
Myrqin is plotted for varying value®v and M.

localized operator. We see, that these subsets of elementer small compared to the
global grid (593 of 8000 elements), guaranteeing the efficaline-evaluation.

We now investigate quantitative aspects of the empiridalpolation. A natural measure
for the quality of this is the criterion used in the constioictof the collateral basis,

. *
max min lv—v"| 1200
VE€EL¢rain v*Espan{q; }1* ()

with increasing numbem = 1,..., M. This error measures the maximubi-projection
error over the training set. Additionally, the maximum mp@ation error is an interesting
quantity, as this is real error resulting during the intémgion. In Fig. 5.4 a) we plot the
maximal L2-projection error over the training set of operator-evitrasnapshots;,qin
and the maximal interpolation error for increasing dimenality of the interpolating space
m=1,..., M.

The exponential error decrease in the curves is obviousnded, by minimizing the
approximation error over the training set of operator eatduns, the interpolation error is
also kept small. In the current simple example, this trgreémor is indeed a very reliable
predictor for errors on previously unseen parameters. Tagrams for independent test-sets
are almost identical. The test-errors are even frequentbllsr, i.e. the training set seems to
contain the most difficult parameters in our simple example.
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5.2. RB Error Convergence. After the empirical interpolation, we construct a reduced
basis® for N = 50 based on a greedy search over the solution-trajectoridsecfadme set
M;.q:n @s used in the empirical interpolation step. We now assessthr convergence of the
final reduced basis scheme, i.e. considering/1t[0, 7], L2(£2)) error between the detailed
and the reduced simulation. We vary several valuevoénd M and for each resulting
RB-scheme determine the maximum error over the training/4et; ,,

uenl\lﬁi(m lun(p) — UH(N)HLOC([O,T],Lz(Q)) .
The resulting errors are depicted in Fig. 5.4 b). The resudtieate, that is useful to require a
certain minimal and maximal ratio é¥/M. If N is chosen too large with respectid, then
large errors occur due to the (relatively) bad approxinmatibthe discretization operator. If
M is taken too large with respect 19, then the approximation error remains almost constant,
so too largeM is possible, but a waste of computational time. Similar &tigmtions of the
test-error reveal, that the error surfaces are almostimntvhich again indicates, that our
coarse choice oM., is sufficient. The necessary balancing@fand M can also be
concluded from theoretical considerations: Lgt,, denote the detailed simulation using the
interpolated instead of the exact evolution operatoruig,, = u}; andu’}}f@ = Uy —
Aty [Lp[ufy )] for k = 1,..., K — 1. Then the overall RB-approximation error can be
decomposed in an empirical interpolation component andlerkda-projection component:

[y - “?VHLZ(Q) < Jluy - u];LMHL?(Q) + [l ar — “M|L2(Q) :

The first term is determined solely by, for fixed M the second term is mainly depending
on N. The regions in theéV, M -plane, where either the first or the second term is domigatin
is nicely reflected in the diagram.

5.3. Computational Gain. The main goal of RB-approaches is an accelerated online-
phase compared to the full simulation. Based on a MATLAB{&npentation run on an
IBM Lenovo Notebook (Intel Centrino Duo, 2.0 GHz, 1024 MB RAMve obtain the time-
measurements as given in Tab. 5.1. We compute the averaggaes for a detailed simu-
lation and reduced simulations for varying choices\oind M with fixed ratio. The mean
runtimes are determined from 10 single simulations. Thaildgt simulation with full eval-
uation of the explicit operator in each timestep require§28econds, whereas the reduced
simulations are computed in 2.83 to 4.22 seconds. For Wsumaliscriminable solutions, the
choiceN = 20, M = 30 is sufficient which gives speedup of factor 8.5 in our casecaRe
from an earlier comment that this acceleration will be mogeressive in combination with
implicit discretization components, where the operationnt for a single step grows with
O(H?3) instead ofO(H) as in our case of localized explicit evolution operators.

The gain of the RB-approach will be obtained in applicatiettisgs where the online-
time complexity is crucial irrespective of a possibly expiga offline-phase. But also in
applications, where the cost for the offline-phase must nehecent, RB-approaches can be
beneficial, if it is a multi-query setting with sufficient niser of requests: In our example,
the runtimes of the offline-phase are about 60 minutes fostcoction of\W,, andWy. For
N = 20, M = 30, we save 23s for each online simulation compared to thelddtaiodel.
Hence, after roughly 150 simulation runs with differentgraeters, the offline-phase pays
off.

The results indicate, that the reduced model indeed is $affias it can be applied in an
interactive setting. We realized this by incorporatingb@uced simulation in an interactive
MATLAB-GUI, which allows online-parameter variation bydhuser.
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TABLE 5.1
Runtime-Comparison of detailed simulation and online phaksreduced basis simulations for different ap-
proximation levelsV, M. The mean over 10 simulations is reported.

| Simulation| Approximation | Mean Runtime [s]]

detailed H = 8000 26.65
reduced | N =10,M =15 2.83
reduced | N =20,M =30 3.15
reduced | N =30, M =45 3.56
reduced | N =40, M =60 3.86
reduced | N =50,M =75 4.22

6. Conclusion. We have presented a reduced basis method for evolution ssh&hich
have a localized explicit discretization operator. As magredient, the empirical interpo-
lation method was adopted to the interpolation of discagitin operator evaluations. This
required an extensive offline-phase for constructing sateral reduced basis space, an in-
terpolation scheme based on a subgrid of the detailed grilaa online reduced simulation
scheme. We derived an a-posteriori error estimator witkagerestrictions. On a simple
model example we have demonstrated the applicability oRfBemethod. We obtain a run-
time gain of factor 6-10 in the reduced model, which allowsapzeter variation without
visible degradation of the solution over the parameter domdereby we demonstrate, that
RB-methods are not only useful in implicit discretizatiasfsevolution problems, as done
so far, but also in the more time-critical case of explicgaletizations. This speedup is ex-
pected to be more expressive in presence of implicit digatdn contributions and higher
order time-integration schemes. A further perspectivéésapplication to nonlinear evolu-
tion schemes. As we did not explicitly assume linearity @f évolution operator, the current
method will be the crucial ingredient for treating the naelr case. Examples for such opera-
tors are FV schemes or LDG schemes of higher order in spaman@guction steps, limiters).
Further numerical analysis aspects also seem intere€imgne hand this comprises stability
statements of the empirical interpolation and the reduckdmee. On the other hand, more
general a-posteriori error estimates would be requiredddified approximation statements
of the reduced simulation.
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