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Abstract: Many applications, e.g. in control theory and optimization depend on time-—
consuming parameter studies of parametrized evolution equations. Reduced basis methods
are an approach to reduce the computation time of numerical simulations for these problems.
The methods have gained popularity for model reduction of different numerical schemes with
remarkable results preferably for scalar and linear problems with affine dependence on the
parameter as in Patera and Rozza (2007). Over the last few years, the framework for the
reduced basis methods has been continuously extended for non-linear discretizations, coupled
problems and arbitrary dependence on the parameter, e.g. Grepl et al. (2007); Drohmann et al.
(2010); Carlberg et al. (2011).

In this presentation, we apply the framework developed in Drohmann et al. (2010) on a problem
that combines all these difficulties. The considered problem models two—phase flow in a porous
medium discretized by the finite volume method like in Michel (2004). For a first test, we do
noth parametrize the problem and concentrate on the development of an efficient reduced basis
scheme. This allows for separate approximations of the function spaces for the three physical
unknowns and the non-linear terms in this numerical scheme.

We shortly introduce the main aspects of the reduced basis method including the concept
of offline/online decomposition, empirical operator interpolation method and reduced basis
generation by greedy algorithms. We discuss how the coupling of the unknowns — saturation,
velocity and pressure — must be reflected in the generated reduced spaces.

Keywords: Reduced basis method, two—phase flow, finite volume method, empirical operator
interpolation, proper orthogonal decomposition

1. INTRODUCTION

Reduced basis (RB) methods are popular methods for
model order reduction of problems with parametrized
partial differential equations that need to be solved for
many parameters. Such scenarios might occur in param-
eter studies, optimization, control, inverse problems or
statistical analysis for a given parametrized problem. The
introduction of the parametrization into the model allows
for construction of low—dimensional function spaces —
the so—called RB spaces — which approximate the set
of all admissible solutions. Developing a reduced scheme
by a Galerkin projection onto this space leads to efficient
and reliable reduced simulations. The construction of the
RB space involves high—dimensional computations and

* This work was supported by German Science Foundation (DFG)
under the contract number OH 98/2-1. The second author was
supported by the Baden-Wrttemberg Stiftung gGmbH and thanks
the German Science Foundation (DFG) for financial support within
the Cluster Of Excellence in Simulation Technology (EXC 310/1) at
the University of Stuttgart.

thus needs high computational resources. This gives rise
to the concept of offline/online decomposition separating
the high—dimensional computations (including the basis
generation) in the offline phase from the online phase with
efficient reduced simulations for many parameters.

The method has been applied on different problem classes
with stationary, linear problems with affine dependence
on the parameter on the one end (e.g. Patera and Rozza
(2007); Haasdonk and Ohlberger (2008)) and lately also to
non-linear, non—stationary systems of partial differential
equations on the other end (c.f. Carlberg et al. (2011),
Chaturantabut and Sorensen (2011)). In this presentation,
we also deal with the latter problem class, handling the
model reduction of the function spaces for all physical
unknowns separately. We apply the empirical interpola-
tion and the reduced basis framework as developed in
Drohmann et al. (2010) to a system of two non-linear
coupled partial differential equations modelling two-phase
flow in porous media:



s+ V- (f(shu—v(s)Vs)=¢ inQx[0,T], (1)
V-(M(s)VY)=q +q inQx[0,T], (2)
(u=—-M(s)Vy) inQx[0,T] (3)

The problem is situated on a bounded domain 2 C R?
modelling a porous medium, and is given in the so-
called global pressure formulation with unknowns s for
the saturation of the wetting phase, the global pressure ¢
and the total velocity flow u. The global pressure ¥ is an
artificial magnitude which is derived from the pressure p
of the wetting fluid and the empirically known capillary
pressure curve p. via

b=p+ / " f@)p(e)de. (4)

The model functions f, M,p. : [0,1] — R characterize
the the fractional flow rate, the mobility rate and the
capillary pressure curve. The last one is closely related to
the diffusion function v : [0,1] = R, s +— ky(s)f(s)pe(s),
where k., is the relative permeability of the wetting phase.
Furthermore, the source terms are assumed to be of the
form

q1(s) = cg—sq q2(s) = (1=c)g—(1—-s)g (5)

modelling injection or production wells, where ¢ € [0, 1] is
an injection constant.

and

In order to close the system (1-3), we introduce Neumann
boundary conditions Vs -n = 0 and Vi -n = 0 on
082 x [0, T, prescribe an initial saturation s(-,0) = so and
define the global pressure to have zero mean

/Qw(:v, Jdz =0 in Q x [0,T], (6)

as it is defined up to a constant only, otherwise. For the
first test of a reduced scheme presented in this work, we
refrain from a parametrization of the problem.

For details on the derivation of the global pressure formula-
tion of two—phase flow problems, we refer to Michel (2004),
which also serves as source for the discretization of the
above equations and the model data used in our numerical
computations. This fully implicit finite volume scheme is
summarized in the next section. We identified two non-—
linear operators in the scheme and show in Section 3
how they are empirically interpolated. In Section 4 the
reduced scheme derived by a Galerkin projection onto the
reduced basis scheme and the offline/online decomposition
of this scheme is described. We conclude this proceedings
article with experiments and a discussion on the separate
reduction of the three physical magnitudes.

2. FINITE VOLUME DISCRETIZATION

In this section, we summarize the fully implicit finite
volume scheme from Michel (2004) reformulated in a
notation suitable for the model reduction in the following
sections. First, we introduce an admissible mesh on )
consisting of a set of convex control volumes 7 := {61}1 15
a family of edges & with 0 C Q for all 0 € £ and a
family of control volume centers {zi}il with z; € e; for
i=1,...,H. Further properties of the mesh are:

(1) U{ila =Q,

(2) Forany e, f € T with e # f, either m(enf) = 0 or en
f=aforac €& The set of neighbouring control vol-
umes is denoted by N'(e) := {f € T| m(en f) # 0}.

(3) For any cell e € T its boundary is given by a set of
edges £(e) C &, ie. Je = Uyeg(e)0

(4) The connection of two points x;,x; is orthogonal to
the edge o;; := €; N e; and its length is denoted by
dij = ‘Jii — Z‘j‘.

Given an admissible mesh on 2, we define the two Hilbert
spaces WZ— and W,f These spaces comprise functions f :
) - Rand f: § — R which are piecewise constant on grid
control volumes and edges of the mesh, respectively. Here,
S = Uyeegd denotes the mesh skeleton. The spaces are
equipped with the scalar products (uy, vh>WhT = fQ xS
and <Uh7vh>w,‘f = fs upvp. As the discrete functions are
piecewise constant, they can be identified by vectors of

degrees of freedom (s, 1) _, and (upo) for functions

o€&
sp € Wh and up € Wh, respectively. Furthermore, we
define the projection operator P/ : L}(Q) — W] by
(P] [u]), = m(e ) f u with m(el) being the measure of a

control volume e; for i = 1,...,H.
We define two non-linear operators Lj : W,Z— X W,‘f —

W E“ WT X WT — W}f and one linear operator

Ew WT discretizing the equations (1)-(3). The
saturatlon operator is given by

(52 [Shvuh])i: Z ga(uhash)

oce€(e;)
m(o;;
> o)y M sy i) ()
e; €N (e) "

where {-},;
o W,‘f X W}T — R is an upwind finite volume flux
Up .o, f(Sh Z)

5 (Un, Sp) = Y ’
gO’ J ( ) {uh)o-ijf(shd')
The velocity operator is defined by

(UZJ)

is the harmonic mean on the edge o;; and

if Up,o, >0
if uhmj S 0.

(8)

(L3 [sns ¥n]),,, = {M(sn)},,, (Ynj = ¥ni)  (9)
and the pressure operator by
(ﬁw up ) Z Up,o- (10)

o€e&(e;y)
Definition 2.1. (High-dimensional scheme). Given a dis-
cretization of the time interval [0, TA by a sequence of K+1
strictly increasing time instances t* := kAt, k=0,--- | K
with a global time step size At > 0, we are searching for
discrete solutions uf := (sF,uf, ¥F) € Wy, := W] x WE x
W}T . These are computed by an initial projection

(S(l)uu(l)w 2) = (P;T[So],(),())
and subsequently solving the equation

Ly [spth upth it =0 (12)

with the Newton—Raphson method. In each Newton step,
we solve for the defect §¥+1¥+1 in
DLy s+1.v [(5k+1’y+1] =—Ly [u§+1’y} ,
h Y

k+1,0 k41,041
where thr Y= uF and uh+ vl

define the updates in each newton step, and the solution at

(11)

(13)

uicl+1,v + Sk+1v+1



k+1,vmax(k
each time instance t* is glven by uk+1 = uh+ wmax(R) The

last Newton step index v¥ equals the smallest integer v

satisfying Hﬁh [ k1, ”H} H < gNew,

Here, Ly [sF™, up ™ ¢F ] evaluates to

)

1

~g (n = sh) = £ s ] = Pl ]
Eu[ k+17 Ig—l—l} o uZ-&-l (14)
Ly =Pl lar + g ’

k+1
/ Py,

with the row entries corresponding to the discretizations
of equations (1)-(3) and (6).

3. EMPIRICAL OPERATOR INTERPOLATION

For efficient reduced simulations of the above described
numerical scheme, we want to substitute the non-linear
operators L} and E“ by efficiently computable surrogates.
These so- called emplrlcal operator interpolants will de-
pend on exact operator evaluations in a few interpolation
points from which a global result is interpolated in a linear
function space.

This idea was originally proposed by Barrault et al. (2004)
for discrete functions and extended for general discrete
operators in Haasdonk et al. (2007) and Drohmann et al.
(2010). In this section, we want to summarize the proce-
dure of the latter paper for an arbitrary and parametrized
operator Ln(p) : W — W with a parameter p from
a finite dimensional set of parameter vectors M C RP.

Here, V\/),\W are finite dimensional function spaces. The
spaces W, W also need to be equipped with a finite el-
ement basis as defined in Ciarlet (1978). That is, they
come with a set Xp := {Ti}fil of linearly independent
functionals, which are unisolvent, i.e. there exist unique
functions ¥; € W,i =1,..., H satisfying

(i) = dij, 1<j<H.
The linear functionals 7,,4 = 1,...,H are called the
degrees of freedom (DOFs) of the discrete function space
W and the functions ;,7 = 1,...,H are called basis
functions. Note, that the finite volume space WZ— and also
the function space W,‘f both have such a Ciarlet basis,
where the DOF's are given by evaluations in the control
volume centers or the edge midpoints, respectively.

Now, the empirical operator interpolation method can
briefly be expressed based on a set of interpolation DOF's

Y= {TEIYM | C %), and a corresponding interpolation

basis &,; := {gm}ﬁ‘,{:l C W with 7E1[¢,,] = e for
1 <m,m’ < M. Assuming the existence of these sets, the
discrete operators can be approximated by an empirical
interpolant Zps[Lp(p)] of the form

s [Ln ()] [vn] =
> TN Ln(p) [vn]) &m

for all v, € W. The sum is assumed to contain few terms,
ie. M < H.

~ Ln(p) [va]  (15)

Algorithm 1 Greedy algorithm for EI basis generation

EI'GREEDY(Mtrain; Etol, Mmax )
M + M,
repeat
for all (up, ) € Mirain do
— Compute exact operator evaluation
vn = L () [un]
on an argument up,.
— Compute interpolation coeﬁicients

oM (uyp,) := (ij(uh)) cRM

by solving the linear equatzon system

M
Zgjw(uh)ﬂm lel = TiEI [vn],

fori=1,....M
— Compute the residual between vy, and its

current interpolant.
M M
Zj:l g (un)q;

rar(up) < vp —
end for

- Find operator evaluation vy mazximizing
||TM(uh)||W over (uha l"’) € Mtrain'

— Find interpolation DOF mazimizing the residual.

Thry1 < argsup ey, [7(ry(p))|

— Normalize to obtain a new basis function.

qur1 4 (Taf i (rn)) ™

M—M+1
until maxye pmyon 173 (1) [y < €to1 01 M > Minax
return collateral reduced basis: (Qur, Xp)

An efficient evaluation of the functionals .27 (£, () [vp])
requires it to depend on few basis functions only. This fact
inspires the following definition.

Definition 3.1. (H-independent DOF dependence). A dis-

crete operator L, () : W — W fulfills an H -independent
DOF dependence, if there exists a constant C' < H in-
dependent of H such that for all 7 € ¥, a restriction
operator

v
CW o Won =Y Filon)di = > #5(vn)d
i=1 jel.
exists that restricts the operator argument to |I;| < C
degrees of freedom and the equation
c
R7 [vnl])

7 (La(p) [on]) = 7 (La(p)
still holds for all vy, € w.

Remark 3.2. In particular, finite element or finite volume
operators fulfill the H-independent DOF dependence, as a
point evaluation of an operator application only requires
data of the argument on neighbouring grid cells together
with geometric information of this subgrid.

Assuming this H-independence condition for a parame-
trized discrete operator, its empirical interpolant can be
evaluated efficiently, i.e. independent of the dimension H.

3.1 Basis generation

The generation process for the basis functions and interpo-
lations points works similarly to the algorithm described
in the original empirical interpolation paper Barrault et al.
(2004) in which point evaluations in so-called “magic



points” are used as interpolation DOFs after the basis
functions were selected. The main idea is a greedy algo-
rithm which iteratively enhances the reduced space with
new basis functions searched from a training set of suitable
operator evaluations. The selection of these basis functions
is controlled by minimizing the interpolation error over the
finite set M;ain comprising tuples of operator arguments
and operator parameters. For the empirical interpolation
of the saturation operator L, e.g., the training set com-
prises the snapshots

{sku uk,u}
h2 7 fkewyek

with K = {(k,v) € {0,--+ , K} x Ny ;v < vpax(k)} de-
noting the index set of all (intermediate) solution snap-
shots of the scheme from Definition 2.1. Here, we do not
need to attach parameters to the snapshots in the training
set, as the operator is not parametrized.

Algorithm 1 describes the basis generation strategy for
the empirical interpolation components. Instead of the
nodal basis &,, introduced above7 this algorithm returns
an equivalent basis Qu {gm}M_, with a different
structure, such that 7,27 [qm] =1 and TEI[ m] = 0 for
all m’ > m. Unlike the nodal basis, Qs is constructed
iteratively, such that Qar—1 C Qs and the basis functions’
maximum norm is bound by one [|gm || ;=) < 1. Because
of this property, which makes computations numerically
more stable, we use the basis Qj; in our implementations.
The nodal basis &,,;, however, is used in this article for
a simpler exposition of the empirical interpolation (15).
It can be efficiently constructed from Qps, because of
the lower—triangular shape of the column matrix of basis
vectors ¢, m=1,..., M.

Remark 3.3. We mention, that the loop over the training
set Mpain Which is necessary to find the worst approx-
imation parameters in Algorithm 1, can be executed in
parallel with hardly any communication costs. Here, only
the scalar results of the residual norms need to be com-
municated, such that the offline computation time can be
extremely improved by use of parallel hardware.

3.2 Empirical interpolation of Fréchet derivatives

Many solvers for numerical approximations of nonlinear
partial differential equations use the Newton method to
resolve the nonlinearities in the equation and therefore
depend on derivatives of discrete operators. It is easy to
observe that the Fréchet derivative can also be applied to
the empirical interpolant of an operator Ly (t, u) as

D (Zar [La(t; )l ]) [] =

SO (e

m=1

To Ln(t, ), ) [1&m- (17)

4. REDUCED BASIS SCHEME

In this section, we want to show how to reduce the Newton
scheme deﬁned in Definition 2.1. We need reduced basis
spaces Wik ¢ W] and WY, C W spanned by reduced

bases ®* := {(pn} -
interpolation basis spaces &%=

, with * = {s,u,¢} and empirical
s \Ms u u My

- {€ }m 1 5 - {Sm}mzl

together with interpolation points T, := {xm} T" =

m=1’

{w},‘l}% ; for the empirical operator interpolation of the
non-linear operators £j and L}.

The reduced basis spaces can be obtained by a proper
orthogonal decomposition of the “snapshots” s*, uk¥
and %V for all (k,v) € K, i.e. of the entire trajectory
of solution snapshots and the intermediate solutions gen-
erated by the Newton method.

The empirical interpolation data for the two operators
is obtained by the EI-GREEDY algorithm as described in
Section 3.

The numerical scheme in Definition 2.1 can then be
reduced by searching for reduced solutions wupeq :=
(sfed,ufed,wfed) € Wh,ea for which in each time in-
stance the residual of the reduced operator evaluation
Lye [sf;fil,uf;il, f;ql] gets minimized. This operator is
defined like its high—-dimensional counterpart in (14) where

the operators E,{Ls’u’w} are replaced by reduced surrogates
defined as
‘cfed = ,Plfed o IMS [‘CZ] ) (18)
L2 =P oZyw [L}] and (19)
Y =Pl oLl (20)
with orhogonal projectlon operators Pf — Wia

7) ed * Wh — W red and Pred Wh — W

I

4.1 Offline/Online decomposition

The reduced basis scheme is decomposable into a an offline
phase with computations depending on the high dimension
of the original function space W, and into an online phase
with memory efficient and fast reduced simulations. In
order to make this decomposition clear, we write down the
DOF-wise computations needed to evaluate the reduced
operator

. s u P
ﬁred : Wred X Wred X Wred - Wred X Wred X Wred x R.

We introduce the DOF vectors

k. ( ks k._ (pk)Nu k. Ky Ne
a® .= (an)n:1 ,b" = (bn)n:1 and c” := (cn)n L
N, 5 Nu
such that sfed = > ak s, u’fed =y bng@n and
k= gll cko¥. Then the n—th degree of freedom of a

reduced operator evaluation (ﬁred [ f;gl,uk“,wk“‘l])n is
defined as

Lok ok
~ (a t—ay)
m=1 \—\Q P
(1)
forn=1,...,Ng,
My
Y Loea [ 048] (0 / G-ttt @)
111
forn=Ns+1,...,Ns+ Ny with 1 :=n — Ng,
N,
St et - [(@rmel @)
—_——
(Iv) )



Table 1. Costs of offline matrix computations

@ | an | (IIT) \ av) S
O(NsMH) |O(NH) |O(MuNuH) |O(NuNyH) |O(NyH)

forn = Ns+Nu+1,..., Ns+Ny+Ny withn :=n—N;—N,
and

(24)
i=1

for n = Ny + Ny + Ny + 1. In equation (23), the jump

operator [] : W] — WE uy, +— [uy] defined by [up]o,, =

up,; — up,; for all o;; € S is used. It measures the jump of

a finite volume function on the mesh edges.

The integrals (I) — (V) can be pre-computed during the
offline phase at the costs given in Table 4.1.

Then, a single reduced operator evaluation has complexity
O(NsMg+ Ny My + Ny Ny) which is assumed to be signifi-
cantly more efficient than the detailed operator evaluation
(14) of complexity O(H). The same computations can be
conducted for the Jacobian matrix DL,.q. The costs for
the matrix assembly are the same, whereas the solution of
the linear equation system conducted in each Newton step
13 with the Jacobian on the left hand side has complexity
O((Ns + Ny + Ny)3). The costs in the high-dimensional
scheme add up to O((H)3) here, in case of Gaussian
elimination or O(H Njte,) for an iterative solver with a
maximum number of iterations Niier.

5. EXPERIMENTS

In our experiments with the reduced basis method for
the two—phase flow problem (1)-(3), we use similar data
functions like in Michel (2004):

83 " :
Fu(s) = < knw(s) = (1 . ) )
M(s) = ku(s) + knu(s), ﬂ@ZEgMM
pe(s) = —0.5 1;5.

The source and sink terms (5) are given as characteristic
functions on circles B(#,r) := {z € R?||lz — &[] < r} by

q =10 1p((0.5,0.8),0.01) T 20 1B((0.2,0.2),0.01)
q =30 1p((0.8,0.5),0.01)
and the injection constant ¢ = 0.8. The initial saturation

is set to 0.5 on the entire domain 2 := [0,1]2. The final
time T is set to 0.5.

Discretization  For the finite volume discretization a rect-
angular mesh with 400 control volumes and a time step
length of At = 0.01 is used. Solution snapshots recon-
structed from reduced simulations of the three unknowns
at t = 0.25 and ¢t = 0.5 are depicted in Figure 1.

Reduced basis method — After computing the trajectory of
solution snapshots with the scheme described in Definition
2.1, a POD is applied to compute the three reduced
bases ®*, ®" and ®¥. Discarding all POD modes with
eigenvectors less than 1075, the resulting basis sizes are
Ny =28, Ny =72 and Ny = 34.

Fig. 1. Illustration of saturation concentration, and con-
tour plot of pressure field with velocity flux at time
instances (a) ¢ = 0.25 and (b) ¢t = 0.5. The snapshots
are reconstructed from a reduced simulation.

Table 2. Error and timings of reduced simula-
tions with different basis sizes.

(NsyNLlyN'([J) (M5>Mu) ||3h 75red” Hwh 7wred” time
(28,72,34) (387,386)  6.2-107° 4.11-10=*  30.15
(28,72,34) (75,75) 1.03-10~%  211-1073  21.56
(28,72,34) (75,125)  7.59-107°  8.69-10=*  20.61
(23,58,28) (75,125) 2.47-1074 2551073  18.24

The empirical interpolation basis and interpolation points
for the non-linear operators £j and ‘C}lg are derived with
the EI-GREEDY algorithm for ey, = 10™° resulting in basis
sizes My = 387 and M, = 386. The error convergence and
the selected interpolation points are illustrated in Figures
2+3. We observe that the EI-GREEDY chooses the DOF's
at different grid cells for the two operators resulting in
two substantially different subgrids. Table 2 illustrates the
reduced simulation computation time and the L?(Q) error
between high dimensional and reduced discrete solutions
for saturation and pressure. As the computation time of
a high dimensional simulation is about 52 seconds, the
computational gain is about 2.5. We observe that the
empirical interpolation basis is oversized, as a reduced
simulation with basis sizes (M, My) = (75,125) achieves
similarly good results as with all basis vectors.

6. CONCLUSION AND FURTHER WORK

This article shows the applicability of the reduced basis
framework as introduced in Drohmann et al. (2010) to
a non—linear system of PDEs modelling two—phase flow
in a porous medium. Reduced basis spaces are generated
independently for the three physical variables in this
scheme and the two identified non—linear operators.

So far, the computations conducted for this presentation
must be labelled as “toy sized” and we did not consider
a parametrization of the problem. Therefor, an increase
of size in spatial and parameter domain are the canonical
steps to address in the future. This requires the develop-
ment of efficient a posteriori error estimators and the use
of more sophisticated algorithms to construct the reduced
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Fig. 3. Illustration of selected interpolation DOFs for
operators L7 (control volumes) and L} (fluxes over
edges). Darker shades of marked control volumes and
longer arrows represent, earlier selected DOF's.

basis spaces for the three physical variables like the POD-
GREEDY or the PODEI-GREEDY algorithm in Drohmann
et al. (2010) or adaptive reduced basis construction ap-
proaches as in Haasdonk et al. (2011) and Eftang et al.
(2011). In this context, it is also worthwhile to study the
effects of the Babuska—Brezzi condition on the stability of
the pressure and velocity equations like it was done, e.g.
in Rozza and Veroy (2007).
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