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1 Introduction

We consider the parameter optimization problem

(P) =







minµ∈P J(u(µ))
s.t.
E(µ) is solved.

(1)

where the linear functional J evaluates the solution u(µ) to a parametrized partial differential equation
(P2DE) denoted by E(µ). The parameter µ stems from a parameter domain µ ∈ P ⊂ R

p. We want to
focus on the case of E(µ) being a general parameterized linear evolution equation of the form

(E(µ)) =

{
∂tu(·, t;µ) = L(t;µ)u(·, t;µ) + b(·, t;µ) in Ω
u(·, 0;µ) = u0(·;µ).

(2)

Here L(t;µ) is a linear spatial differential operator and b(·, t;µ) denotes source or boundary values.
Details on operator and functional properties will follow in Section 2.

This kind of parameter optimization problem with an evolution equation as PDE-constraint can be
found in numerous engineering applications, for example optimizing the efficiency of a heat exchanger or
the simulation based optimization of energy efficient buildings [5]. If the underlying model is complex,
a discretization of the governing equation can lead to a large-scale discrete optimization problem [3]
causing extensively long computation times for solving the optimization problem. In other cases the
problem may not be solvable under real-time requirements.

In order to accelerate the optimization, one possible approach is to replace the discretized PDE
model by a reduced order surrogate model obtained by a model reduction technique like POD [1] or
reduced basis (RB) methods [14, 19, 30]. In the optimization context POD as well as RB methods have
already been introduced, namely to solve optimal control problems [9, 12, 31, 32] and parameter opti-
mization problems [25, 28, 29]. In our work we will use a reduced basis surrogate model to approximate
the behaviour of the P2DE, but in contrast to [25, 28, 29] where stationary problems were treated, we
will handle evolution equations. We will also provide a more detailed error estimation, including as a
main result the certification of the optimal parameters found by the reduced optimization.

The work we present here is not limited to one specific numerical optimization scheme and in
principle any technique can be applied (gradient descent, SQP, trust region, etc). For many techniques
derivative information of the functional, e.g. the gradient or the Hessian, is needed. Essentially, there
are two ways to obtain this information efficiently: the adjoint approach and the sensitivity approach.
The first one consists in calculating the functional gradient by a Lagrange formalism which includes
the solution of an adjoint problem [6, 8, 15, 22, 23]. When using the adjoint approach in combination
with the reduced basis method, the reduced space has to be designed so that the adjoint solutions
can be approximated well in this space. Hence both, the state solution and the adjoint solution have
to be taken into account during the basis construction [9, 12, 21]. As these adjoint solutions depend
on the choice of the functional, one has to build up a new reduced basis for every new functional.
Consequently this approach is suited for cases where one specific optimization problem for a given
functional has to be solved. In our work we use the second possibility to calculate the functional
gradient where the parameter derivative information is obtained by solving a sensitivity PDE [4, 26].
Using the sensitivity approach gives us more flexibility in the use of the reduced model. In contrast to
the adjoint approach the reduced basis surrogate model once constructed can be used for all choices
of functionals. Furthermore we easily obtain higher order derivative information of the functional like
Hessians for example.

Although solving the optimization problem with a reduced basis surrogate model is in general much
faster, the found solution can be suboptimal due to the approximative nature of the surrogate model.
In order to control this suboptimality we will not only provide rigorous error bounds for the functional
and the functional gradient as in [28] but we will also derive rigorous error bounds for the derivative
solutions and the optimal parameters. Thereby we can provide a certification of the optimal parameters
obtained by the optimization process with the reduced basis surrogate model.

The work is structured as follows: In Section 2 we explain in detail the problem setting and introduce
some notation. The subsequent Section 3 discusses briefly the calculation of sensitivity information
using the sensitivity PDE. In Section 4 we show how the reduced basis surrogate model can be set
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up and how it is used to solve the parameter optimization problem. We will conduct an error analysis
in Section 5. In Section 6 we apply the method to an advection-diffusion problem and conclude in
Section 7.

2 Problem setting

Discretized models are the starting point for the model reduction with RB-methods, so we directly
assume a suitable finite but high dimensional Hilbert space of functions Xh(Ω) on the domain Ω ⊆ R

d

with a scalar product 〈·, ·〉 and a norm ‖ · ‖ =
√

〈·, ·〉. Here we consider the discretized optimization
problem

(Ph) =







minµ∈P J(uh(µ))
s.t.
Eh(µ) is solved

(3)

where the linear functional J evaluates solutions uh(µ) to the discrete evolution scheme

Eh(µ) =

{

LI(t
k+1;µ)uk+1

h (µ) = LE(t
k;µ)ukh(µ) + bkh(µ)

u0h(µ) = P (u0(µ))
(4)

approximating E(µ) in Xh. It is obtained by a discretisation of (2) in space (by FEM, FV or LDG
for example), a discretisation of the time interval t ∈ [0, T ] into K + 1 time instants tk = k∆t,
k = 0, . . . ,K with ∆t = T

K
and integration in time using a general explicit/implicit scheme (c.f.[19]).

The discrete initial conditions are obtained by a suitable projection P : X → Xh. Hence, (Eh(µ))
represents a linear system of equations with solutions ukh(µ) = uh(t

k;µ) ∈ Xh(Ω). We denote by
uh(µ) := {u0h(µ), u

1
h(µ), . . . , u

K
h (µ)} ∈ (Xh(Ω))K+1 the sequence of solutions at the time steps tk ∈

TK := {t0, t1, . . . , tK}. In order to allow operator splitting in our formulation, the operator L is
discretized into an explicit part LE and an implicit part LI . This allows for example, to choose
between an implicit or explicit time integration. Both are assumed to be bounded linear operators
LE(t

k;µ),LI(t
k;µ) : Xh → Xh. Additionally, LI(t

k+1;µ) is assumed to be invertible for any µ ∈ P
and the inverse being uniformly bounded

∥
∥LI(t

k+1;µ)−1
∥
∥ ≤ 1. These assumptions imply uniform well-

posedness of (4) over the parameter domain. Note, that we do neither require nor assume coercivity of
the implicit discretization part, as we also want to cover pure explicit discretizations. However, under
an additional coercivity assumption on the implicit part sharper error bounds could be derived [14].

The discrete operators, the inhomogeneous part as well as the initial conditions are assumed to be
parameter separable so that they can be represented as linear combinations, e.g.

LE(t
k;µ)ukh(µ) =

QLE∑

q=1

Θ
q
LE

(tk;µ)Lq
Eu

k
h(µ) (5)

of parameter dependent scalar coefficients Θq
LE

(tk;µ) : TK × P → R and parameter independent

components Lq
E : Xh → Xh (and similar for LI , bh, u0). We assume that all coefficients Θq

[·] are

differentiable with respect to µ. Parameter separability is an important property for obtaining the
offline/online decomposition leading to an efficient calculation of solutions for varying parameters. In
case that the operators or the inhomogeneous part are not parameter separable one can apply the
empirical interpolation method [2, 20] to generate separable approximations. The above scheme covers
finite element or finite volume discretizations of parabolic or hyperbolic problems with first or second
order time discretization, e.g. [13, 19].

In order to simplify the notation and to keep the statements flexible for extension to other than
linear functionals, e.g. quadratic functionals or adding a parameter dependence to the functional itself,
we introduce the definition of a condensed functional (c.f. also [22, Section 1.6] for example)

Jh(µ) := J(uh(µ)) with uh(µ) solution to (Eh(µ)). (6)

This definition is valid, as we know that for any µ ∈ P a unique solution to (Eh(µ)) exists and can be
evaluated by the functional J . In other words the condensed functional Jh(µ) represents the solving
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of (Eh(µ)) for the given parameter µ and a subsequent evaluation of the obtained solution uh(µ) by
the functional J(uh(µ)).

In order to find a solution to the optimization problem, any numerical optimization scheme can be
used [11, 24].

3 Evolution schemes for sensitivity derivatives

Some numerical optimization methods use derivative information about the output functional Jh(µ)
to solve the optimization problem (e.g. gradient-descent, SQP, etc.). Hence, we seek to calculate the
functional gradient

∇µJh(µ) = (∂µ1
Jh(µ), . . . , ∂µp

Jh(µ))
T ,

where for a w ∈ R
p the transposed of w is marked as wT and where ∂µi

denotes the derivative in
direction of the i-th parameter. A widely used approach to obtain the gradient of the functional is
to formulate the KKT-System and to solve the adjoint problem [6, 8, 15, 22, 23, 29]. But in order to
provide more flexibility in the use of the reduced basis surrogate model (especially in the choice of
the functional) we chose the alternative way of solving a sensitvity PDE [4, 26], which can be solved
rapidly in the RB-framework. This approach is also easier to handle and to implement compared to
the adjoint approach. Additionally, higher order derivative information (e.g. Hessian matrices) can be
derived more easily, if required.

In our case we assume linearity of the functional J in uh, hence we can make use of ∂µi
J(uh(µ)) =

J(∂µi
uh(µ)) for i = 1, . . . , p. This allows to obtain the derivative of the linear output functional Jh by

calculating the functional value of the derivative of the solution ∂µi
uh. Note that in this case J is not

directly dependent on µ but only via the solution uh(µ). Direct parameter dependence of J(uh(µ))
and nonlinear functionals are subject to future work. Note, that despite linearity with respect to uh,
the dependency on the parameter µ may be highly nonlinear.

Similar to stationary cases [28] the sensitivity derivatives can be obtained using a sensitivity PDE,
which in our case is an evolution problem.

Remark 1 If the solution u(µ) of (E(µ)) is differentiable at µ with respect to the parameter µi, and
there exists a solution vi(·, t;µ) to the following auxiliary evolution problem

∂tvi(·, t;µ) = L (t;µ) vi(·, t;µ) + b∗(·, u, t;µ) (7)

vi(·, 0,µ) = ∂µi
u0(·,µ) (8)

with

b∗(·, u, t;µ) = (∂µi
L(t;µ))u(·, t;µ) + ∂µi

b(·, t;µ)) (9)

then

∂µi
u = vi. (10)

The proof of the statement can be obtained by differentiating the evolution equation (2). We remark,
that the differentiability assumption can be obtained in case of parameter separable operator and
source term, if the coefficient functions are differentiable, and the well-posedness of the evolution
problem transfers to modified initial/boundary functions as in (7), (8). Note also, that the parameter
derivatives of the operator (∂µi

L) and the right hand side (∂µi
b) inherit the parameter separability

from L and b as

(∂µi
L)(t;µ)u(µ) =

QL∑

q=1

(∂µi
Θ

q
L(t,µ))L

qu(µ) (11)

(∂µi
b)(·, t;µ) =

Qb∑

q=1

(∂µi
Θ

q
b (t,µ))b

q. (12)

The same holds for the initial conditions.
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We nicely see in Remark 1, that in order to obtain the derivative of u we have to solve the same
problem as in (2) using the same operators but with a changed inhomogeneous part b∗ depending on
the solution u.

After discretization of (7) we obtain the evolution scheme to calculate the derivative ∂µi
uh = vh,i

as

(E∂µi
,h(µ)) =







LI

(
tk+1;µ

)
vk+1
h,i (µ) = LE

(
tk;µ

)
vkh,i(µ) + b∗kh (µ)

with

b∗kh (µ) =
QLE∑

q=1
(∂µi

Θ
q
LE

(tk;µ))Lq
h,Eu

k
h(µ)

+
QLI∑

q=1
(∂µi

Θ
q
LI

(tk+1;µ))Lq
h,Iu

k+1
h (µ)

+
Qb∑

q=1
(∂µi

Θ
q
b (t

k;µ))bqh

v0h,i(·;µ) = P (∂µi
u0(·;µ)) .

(13)

Remark 2 Under the assumption that we use the same discretization methods for the discretization
of (7) - (9) as for the discretization of (2) one can prove that the solution vh(µ) obtained after
discretization in time and space of (7) - (9) is the sensitivity derivative of the discrete solution uh(µ)
to the evolution scheme (4).

Remark 3 Note, that higher order derivative information like for example Hessian matrices can be
derived by applying the same procedure once more to the sensitivity PDE (7) - (9).

4 Reduced basis method for parameter optimization

Applying a numerical optimization method on the problem (Ph) comes in general with multiple solves
of the P2DE (and maybe the sensitivity PDE) and subsequent evaluations of the functional for sev-
eral parameters µ. When using a high dimensional space for numerical calculations this can take an
excessive amount of time which rises with higher complexity of the underlying PDE and high number
of parameters in the optimization problem. In order to avoid the time consuming calculations we ap-
proximate the solution uh(µ) by a reduced solution uN (µ) ∈ (XN )K+1 in a lower dimensional space
XN ⊆ Xh with dim(XN ) = N ≪ dim(Xh) and replace the detailed optimization problem (Ph) by the
reduced optimization problem

(PN ) =







minµ∈P J(uN (µ))
s.t.
EN (µ) is solved.

(14)

Here EN (µ) represents the surrogate model obtained by a reduced basis model reduction of (Eh).
Clearly, this is only a low dimensional approximation of the high dimensional problem and consequently
the solution will not be exact. The quality of the result depends on the chosen solution space XN . In the
following we will derive the reduced basis model (Section 4.1) and present a scheme for calculating the
sensitivity derivatives (Section 4.2). A feature of the reduced basis method is the separatation of the
calculations into an offline and an online phase, guaranteeing rapid simulations for a given parameter.
This will be explained in Section 4.3. In Section 4.4 we will outline how to actually generate a suitable
reduced space XN .

4.1 Reduced evolution scheme (EN (µ))

In a first step we assume that the reduced basis vectors ϕn ∈ Xh for n = 1, . . . , N are given and span
the reduced basis space

XN = spanΦN = span{ϕ1, ..., ϕN}.
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Furthermore, we assume that the basis vectors ϕn are orthonormal, so that 〈ϕn, ϕm〉 = δnm ∀n,m =
1, . . . , N with δnm being the Kronecker delta. For the reduced solution we make the ansatz

ukN (µ) =

N∑

n=1

akn(µ)ϕn(x) (15)

with akn : P → R. By performing a Galerkin projection with (4) and (15) we obtain for the reduced
evolution step from k to k + 1

〈
LI(t

k+1;µ)uk+1
N (µ)− LE(t

k;µ)ukN (µ)− bh(t
k;µ), ϕm

〉
= 0 (16)

∀m = 1, . . . , N . The projection results in the reduced basis surrogate model

(EN (µ)) =

{

LI(t
k+1;µ)ak+1 = LE(t

k;µ)ak + b(tk;µ)

a0 =
(〈
u0h, ϕn

〉)N

n=1

(17)

with

ak =
(
ak1 , a

k
2 , . . . , a

k
N

)T
(18)

(
LI(t

k+1;µ)
)

m,n
=

〈
LI(t

k+1;µ)ϕn, ϕm

〉
(19)

(
LE(t

k;µ)
)

m,n
=

〈
LE(t

k;µ)ϕn, ϕm

〉
(20)

(
b(tk;µ)

)

n
=

〈
bh(t

k;µ), ϕn

〉
(21)

for n,m = 1, . . . , N . This is a slight reformulation of [19]. The reduced initial conditions were obtained
by the orthogonal projection PN : Xh → XN of u0h. We see that (EN (µ)) is a low dimensional evolution
scheme as LI(t

k+1;µ), LE(t
k;µ) ∈ R

N×N and ak, b(tk;µ) ∈ R
N are of low order and thus solutions

to this evolution scheme can be clculated rapidly.

4.2 Reduced evolution scheme for the sensitivity (E∂µi
,N )(µ)

Similar to the detailed condensed functional we define a reduced condensed functional

JN (µ) = J(uN (µ)) with uN (µ) solution to (EN (µ)). (22)

Again, as the functional is linear we need reduced derivative solutions ∂µi
uN (µ) in order to calculate

the reduced gradient ∇µJN (µ).
We use different approximation spaces for the original solutions and for each directional derivative

solution. Using the same approximation space for the solution and its derivatives turned out to be inef-
ficient in terms of required basis size for a given approximation error (see experiments in Section 6.1).
All derivative solutions ∂µi

uh for i = 1, . . . , p will be approximated in their own approximation spaces
XN∂µi

= spanΨi = span{ψ1,i, . . . , ψN∂µi
,i} ⊆ Xh which are spanned by the basis vectors ψn,i with

n = 1, . . . , N∂µi
. Here again, the spaces XN∂µi

are of low dimension dim(XN∂µi
) = N∂µi

≪ dim(Xh).

For the derivative solution we make the ansatz

∂µi
ukN (µ) = vkN,i(µ) =

N∂µi∑

n=1

ckn,i(µ)ψn,i(x) (23)

with ckn,i : P → R. In order to find the coefficients ckn,i of (23) we again perform a Galerkin projection
of (13) onto the space XN∂µi

with the substitution of uh by uN in the derivative and obtain thereby

the reduced basis surrogate model for the derivative solution

(E∂µi
,N (µ)) =







LIΨiΨi
(tk+1;µ)ck+1

i = LEΨiΨi
(tk;µ)cki + ∂µi

L
EΦΨi

(tk;µ)ak

+∂µi
L

IΦΨi
(tk+1;µ)ak+1 + (∂µi

b)(tk;µ)

c0i =
(〈
∂µi

u0h, ψn,i

〉)N

n=1

(24)
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with

cki = (ck1,i, c
k
2,i, . . . , c

k
N∂µi

,i
)T

(

∂µi
L

EΦΨi
(tk;µ)

)

n,m
=

〈
(∂µi

LE)(t
k;µ)ϕm, ψn,i

〉

(

∂µi
L

IΦΨi
(tk+1;µ)

)

n,m
=

〈
(∂µi

L
I
)(tk+1;µ)ϕm, ψn,i

〉

(
∂µi

b(tk;µ)
)

n
=

〈
∂µi

b
h
(tk;µ), ψn,i

〉

(
LIΨiΨi

(tk+1;µ)
)

n,m
=

〈
LI(t

k+1;µ)ψm,i, ψn,i

〉

(
LEΨiΨi

(tk;µ)
)

n,m
=

〈
LE(t

k;µ)ψm,i, ψn,i

〉
.

4.3 Offline / online separation

In the reduced basis method the calculation process is divided into an offline phase, where the high
dimensional (maybe time consuming) operations are conducted, and an online phase, where we have
only low dimensional and fast calculations. In order to realize the offline/online separation we use the
parameter separability (5) of the operators, the source term and the initial conditions. During the
offline phase the reduced bases are constructed and the parameter independent components

(Lq
I)n,m = 〈Lq

Iϕm, ϕn〉 , (Lq
E)n,m = 〈Lq

Eϕm, ϕn〉 ,
(
L

q
EΨiΨi

)

k,l
= 〈Lq

Eψl,i, ψk,i〉 ,
(
L

q
IΨiΨi

)

k,l
= 〈Lq

Iψl,i, ψk,i〉 ,
(
L

q
IΦΨi

)

k,m
= 〈Lq

Iϕm, ψk,i〉 ,
(
L

q
EΦΨi

)

k,m
= 〈Lq

Eϕm, ψk,i〉 ,

(bq)n = 〈bqh, ϕn〉 (uq
0)n =

〈

u
0,q
h , ϕn

〉

(25)

∀n,m = 1, . . . , N and ∀k, l = 1, . . . , N∂µi
are calculated. All these matrices and vectors are of small

dimension, i.e. N and N∂µi
. After having calculated these components we can switch to the online

phase. Now, for a given parameter value µ the required operators can be assembled rapidly. First, we
evaluate the required coefficients Θq

LE
(tk;µ), Θq

LI
(tk+1;µ), Θq

b (t
k;µ), ∂µi

Θ
q
LE

(tk;µ), ∂µi
Θ

q
LI

(tk+1;µ),

∂µi
Θ

q
b (t

k;µ), ∂µi
Θq

u0
(tk;µ) and then we assemble the reduced matrices by a linear combination of the

coefficients and the appropriate components, e.g.:

LI(t
k;µ) =

QLI∑

q=1
Θ

q
LI

(tk;µ)Lq
I ,

(∂µi
LIΦΨi

)(tk;µ) =
QLI∑

q=1
(∂µi

Θ
q
LI

(tk;µ))Lq
IΦΨi

,

(26)

and similar for (∂µi
LEΦΨi

)(tk;µ), LIΨiΨi
(tk;µ), ∂µi

u0(µ), LE(t
k;µ), b(tk;µ),

(∂µi
b)(tk;µ), LEΨiΨi

(tk;µ).

4.4 Basis generation

There exist numerous approaches to generate a reduced approximation space. The POD-Greedy algo-
rithm [18] turned out to be an efficient method in the case of evolution problems. In every iteration j
of the POD-Greedy algorithm we search over a training set of parameters Mtrain for the parameter
producing the maximum error estimator µj = maxµ∈Mtrain

∆u(µ) being introduced in the next sec-

tion. Then a detailed solution uh(µ
j) is calculated and orthogonalized to the existing reduced basis Φj

resulting in uh,⊥(µ
j). The information contained in this projection error trajectory is compressed by

performing a POD and taking the first POD-mode ϕj = POD(uh,⊥(µ
j), 1) as new basis vector. This

new basis vector is used to extend the reduced basis Φj+1 = Φj ∪{ϕj}. For details concerning the basis
generation we refer to [16, 18, 33].
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As we work with separate reduced basis spaces for the solution and the derivative solutions we
conduct a POD-Greedy algorithm for constructing the reduced spaces for the solution and the derivative
solutions individually. In the algorithm we use then the error estimator for the solution from Section 5.1
and the error estimator for the derivative solutions from Section 5.2 respectively. Furthermore, in order
to improve the efficiency of the reduced basis we realized a combination of the P-partitioning and the
T-partitioning approach [10, 17].

5 Error analysis

The reduced basis surrogate model provides, of course, only approximate solutions. In order to provide
a ”certification” of the approximations we will give rigorous error bounds quantifiying the quality of
the approximate solutions uN (µ), the derivative solutions ∂µi

uN (µ), the reduced gradient ∇µJN (µ)
and the optimal parameter solution µ∗

N for the reduced optimization problem (PN ). For calculating
these error bounds only low dimensional operations are needed, so that they can be calculated together
with the actual simulations in the online phase. In the following we assume a uniform boundedness of
the explicit operator by

∥
∥LE(t

k;µ)
∥
∥ ≤ CE(µ) ≤ C̄E with known bound constants CE(µ) and C̄E .

5.1 Error estimators for the reduced solution uN

We can approximate the high dimensional detailed solution ukh(µ) ∈ Xh to (4) by the reduced solution
ukN (µ) ∈ XN with an error ek(µ) ∈ Xh so that

ukh(µ) = ukN (µ) + ek(µ). (27)

As calculating this true error would be a high dimensional (and thereby costly) operation, we want to
avoid calculating it in the online phase. Consequently we seek to derive an a-posteriori error estimator
∆k

u(µ) bounding the error ‖ek(µ)‖ ≤ ∆k
u(µ) at every timestep k = 0, . . . ,K, which is calculable rapidly

online.
The following Proposition is a slight reformulation of [19]:

Proposition 1 Let ek = ukh − ukN be the approximation error at time step k, while assuming that
‖e0‖ = 0. Then the error can be bounded by

‖ek‖ ≤ ∆k
u(µ) (28)

with

∆k
u(µ) =

k∑

j=1

CE(µ)
k−j‖Resj‖. (29)

Here CE(µ) > 0 is an upper bound for the continuity constant of the explicit operator LE. The residual
Resj is defined as

Resk+1(µ) := LI(t
k+1;µ)uk+1

N − LE(t
k;µ)ukN − bh(t

k;µ). (30)

Proof We start with the “exact” evolution scheme in (4). Putting the definition of the error (27) and
the residual (30) in (4) results in

LI(t
k+1;µ)(uk+1

N + ek+1) = LE(t
k;µ)(ukN + ek) + bkh

⇔ LI(t
k+1;µ)ek+1 = LE(t

k;µ)ek − Resk+1.

As the implicit operator LI satisfies by assumption ‖LI(t
k+1;µ)−1‖ ≤ 1,

ek+1 = LI(t
k;µ)−1

(

LE(t
k;µ)(ek)− Resk+1

)

⇒‖ek+1‖ ≤ ‖LI(t
k;µ)−1‖

(

‖LE(t
k;µ)ek‖+ ‖Resk+1‖

)

⇒‖ek+1‖ ≤ max
k

(‖LE(t
k;µ)‖)

︸ ︷︷ ︸

≤CE(µ)

‖ek‖+ ‖Resk+1‖.
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By solving this equation recursively and assuming ‖e0‖ = 0 we obtain

‖ek‖ ≤
k∑

j=1

CE(µ)
k−j‖Resj‖ = ∆k

u(µ).

⊓⊔

The norm of the residual needed for the error estimator can be calculated rapidly online by

‖Resk+1‖2 =ak+1TM II(t
k;µ)ak+1 + akTMEE(t

k;µ)ak (31)

+M bb(t
k;µ) + 2akTMEb(t

k;µ)

− 2ak+1TM IE(t
k;µ)ak − 2ak+1TM Ib(t

k;µ)

using the low dimensional matrices
(
MEE(t

k;µ)
)

n,m
=

〈
LE(t

k;µ)ϕn,LE(t
k;µ)ϕm

〉
,

(
M IE(t

k;µ)
)

n,m
=

〈
LI(t

k+1;µ)ϕn,LE(t
k;µ)ϕm

〉
,

(
M II(t

k;µ)
)

n,m
=

〈
LI(t

k+1;µ)ϕn,LI(t
k+1;µ)ϕm

〉
,

(
MEb(t

k;µ)
)

n
=

〈
LE(t

k;µ)ϕn, b
k
〉
,

(
M Ib(t

k;µ)
)

n
=

〈
LI(t

k+1;µ)ϕn, b(t
k;µ)

〉
,

M bb(t
k;µ) =

〈
b(tk;µ), b(tk;µ)

〉
,

(32)

∀n,m = 1, . . . , N . This can be verified by squaring the formula for the residual from Proposition 1
and applying the ansatz (15). Note, that (30) does not grow arbitrarly with finer time-discretization,
but the residual norms roughly scale with ∆t. The condition e0 = 0 can be obtained by including the
exact initial conditions uq0 in the reduced space. Otherwise a small initial error contribution will appear
in (29).

5.2 Error estimator for the reduced derivative solution ∂µi
uN

We will now derive a rigorous error bound for the reduced derivative solution. It will turn out useful
later in the derivation of an error bound for the reduced functional gradient ∇µJN (µ).

Proposition 2 Let vkh,i with k = 0, . . . ,K be the solution to (13), vkN,i its reduced basis approximation

and ek∂µi
= vkh,i − vkN,i the approximation error. We assume that ‖e0∂µi

‖ = 0. Then the derivative

approximation error can be bounded by

‖ek∂µi
‖ ≤ ∆k

∂µi
u(µ) (33)

with

∆k
∂µi

u(µ) =

k∑

j=1

CE(µ)
k−j

(

C∂µi
LE
∆j−1

u + C∂µi
LI
∆j

u + ‖Resj∂µi
u‖

)

. (34)

∆k
u and CE(µ) are the error estimator for the solution and the constant from Proposition 1. C∂µi

LE

and C∂µi
LI

are upper bounds for the induced operator norms of ∂µi
L
E

and ∂µi
L
I
respectively. The

derivative residual is defined as

Resk+1
∂µi

u = LI(t
k+1;µ)vk+1

N − LE(t
k;µ)vkN,i − b∗h(u

k
N , u

k+1
N , (∂µi

b)). (35)

Proof We start with the “exact” evolution scheme for the derivative solution from (13). When applying
the definition of the error vkh,i = vkN,i + ek∂µi

to (13) we obtain

Lk+1
I (vk+1

N + ek+1
∂µi

u) (36)

= Lk+1
E (vkN,i + ek∂µi

u) + (∂µi
L)

k

E
(ukh) + (∂µi

L)
k+1
I

(uk+1
h ) + (∂µi

b)
k

h
.
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As the implicit operator LI satisfies ‖LI(t
k+1;µ)−1‖ ≤ 1 and with linearity of the operators we can

rewrite (36) using the definition of the residual as

ek+1
∂µi

=
(
Lk+1
I

)−1
[

Lk
E(e

k
∂µi

) + (∂µi
L)

k

E
(ukh − ukN )

+(∂µi
L)

k+1
I

(uk+1
h − uk+1

N )− Resk+1
∂µi

u

]

⇒ ‖ek+1
∂µi

‖ ≤ ‖
(
Lk+1
I

)−1
‖
[

‖Lk
E‖ · ‖e

k
∂µi

‖+ ‖(∂µi
L)

k

E
‖ · ‖ukh − ukN‖

+‖(∂µi
L)

k+1
I

‖ · ‖uk+1
h − uk+1

N ‖+ ‖Resk+1
∂µi

u‖
]

.

With C∂µi
LE

≥ ‖(∂µi
L)

k

E
‖, C∂µi

LI
≥ ‖(∂µi

L)
k

I
‖ and by using the error estimator for the solution

‖ukh − ukN‖ ≤ ∆k
uN

we obtain the recursion of the error

‖ek+1
∂µi

‖ ≤ CE(µ)‖e
k
∂µi

‖+ C∂µi
LE
∆k

uN
+ C∂µi

LI
∆k+1

uN
+ ‖Resk+1

∂µi
u‖.

Resolving this recursion yields the claimed error bound. ⊓⊔

Again it is possible to calculate the norm of the residual Resk∂µi
u rapidly online via

‖Resk+1
∂µi

u‖
2 =ck+1TKk

IIic
k+1 + ck

T
Kk

EEic
k + akTKk

∂E∂Eia
k

+ ak+1TKk
∂I∂Iia

k+1 +K∂b∂bi + 2
(

−ck+1TKk
IEic

k

− ck+1TKk
I∂Eia

k − ck+1TKk
I∂Iia

k+1 − ck+1TKk
I∂bi

+ ck
T
Kk

E∂Eia
k + ck

T
Kk

E∂Iia
k+1 + ck

T
Kk

E∂bi

+akTKk
∂E∂Iia

k+1 + akTKk
∂E∂bi + ak+1TKk

∂I∂b

)

.

All the matrices used are of low dimension R
N×N ,R

N×N∂µi ,R
N∂µi

×N
,RN or R. Their corresponding

exact expressions can be found in appendix A.

5.3 Error estimator for the functional and the functional gradient

We define the approximation error of the functional value by our reduced basis approximation as

eJ (µ) := Jh(µ)− JN (µ).

It is easy to see that in our case of a linear functional the norm of the error eJ can be bounded by

|eJ (µ)| = |J (uh (µ)− uN (µ))|

≤ ∆J (µ) := ‖J‖lq(T,Xh)‖∆u‖lq(T) (37)

with ‖ · ‖lq(T,Xh) being a discrete lq-norm on a sequence of functions in Xh and ∆u =
(
∆k

u

)K

k=0
being

the vector of error estimator values from Proposition 1 for all time steps. A similar error estimator can
be found in [27]. Now we can express an upper bound for the approximation error of the functional
gradient:

Proposition 3 The approximation error

e∇J(µ) := ∇µJh(µ)−∇µJN (µ) (38)

can be bounded by

‖e∇J (µ)‖Rp ≤ ∆∇J(µ) := ‖J‖lq(T,Xh)

√
√
√
√

p
∑

j=1

‖∆∂µju
(µ)‖2

lq(T) (39)
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with ∆∂µju
(µ) =

(

∆k
∂µju

(µ)
)K

k=0
being the time sequence of error estimators from Proposition 2, ‖·‖Rp

being the euclidean norm and ‖ · ‖lq(T) being a lq-norm over the sequence of time steps.

Proof Due to the linearity of the functional we can state that

e∇J =
(
J(∂µ1

uh − ∂µ1
uN ), . . . , J(∂µp

uh − ∂µp
uN )

)T
. Consequently

‖e∇J‖Rp =

√
√
√
√

p
∑

i=1

(J(∂µi
uh(µ)− ∂µi

uN (µ)))
2

≤ ‖J‖lq(T,Xh)

√
√
√
√

p
∑

i=1

‖∂µi
uh(µ)− ∂µi

uN (µ)‖2
lq(T,Xh)

≤ ‖J‖lq(T,Xh)

√
√
√
√

p
∑

i=1

‖∆∂µi
u‖2lq(T)

with ∆∂µju
=

(

∆k
∂µju

(µ)
)K

k=0
being the time sequence of error estimators from Proposition 2. ⊓⊔

5.4 Error estimator for the optimal parameter µ∗

When solving the optimization problem with a reduced basis surrogate model we obtain a suboptimal
solution µ∗

N as minimizer of JN (µ). The following error bound, which includes all the previous results,
will allow a control of this suboptimality by bounding the error in the optimal parameters ‖µ∗

h−µ∗
N‖Rp .

Thereby we can certify the result of the optimal solution obtained by a reduced optimization.
We propose two different error estimators for the optimal parameters, each having its own ad-

vantages and drawbacks. The first one is a non-incremental error estimator inspired by the implicit
function theorem and the general theory of nonlinear approximation problems of Caloz and Rappaz
[7]. It can be applied to the results of any numerical optimization method used to solve (PN ). For
that reason we call it “general” error estimator in the following. However, in order to apply the error
estimator a reduced basis model of very good quality is needed and the optimization method applied
must approach the optimum very closely, e.g. ‖∇JN (µ)‖Rp must be close to zero.

The second error estimator is an incremental error estimator for a gradient optimization method.
There are no a-priori requirements to the quality of the surrogate model and it gives an error estimation
in every step of the optimization iteration. However, in case that many gradient steps are needed to
find the optimum, the effectivity of the error bounds is of low quality.

In the following we assume that (Ph) has a single stationary point µ∗
h ∈ P̊ in the interior of

the parameter domain being the minimum. Hence, µ∗
h can be identified by the first order optimality

criterion ∇µJh(µ
∗
h) = 0.

5.4.1 General error estimator

We assume that the reduced optimization problem (PN ) was solved using any numerical optimization
procedure resulting in an approximate stationary point µ∗

N . Having the reduced approximation µ∗
N we

would like to bound the distance to the “true“ optimum µ∗
h which can be identified by ∇Jh(µ

∗
h) = 0.

Proposition 4 (Error Estimator optimal parameters) Let µ∗
N ∈ P̊ be the optimal parameter

found solving the reduced optimization problem (PN ) satisfying the stopping criterion ‖∇JN (µ∗
N )‖Rp ≤

εJ and introduce

B̄(µ∗
N , α) a closed ball around µ∗

N with radius α,
∇2Jh(µ

∗
N ) ∈ R

p×p regular ,
γ := ‖∇2Jh(µ

∗
N )−1‖Rp with ‖·‖

Rp the induced matrix norm,
ε := ∆∇J(µ

∗
N ) + εJ ,
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L(α) := supµ∈B̄(µ∗

N
,α) ‖∇

2Jh(µ
∗
N )−∇2Jh(µ)‖Rp .

If the condition
2γL(2γε) ≤ 1 (40)

holds, then there exists a unique solution µ∗
h to the optimization problem (Ph) with µ∗

h ∈ B̄(µ∗
N , 2γε)

and the rigorous error bound
‖µ∗

h − µ∗
N‖Rp ≤ 2γε (41)

holds.

Proof The proof follows [7, Theorem 2.1] adapted to our optimization setting. Let H : Rp → R
p be

the mapping defined by
H(µ) = µ−∇2Jh(µ

∗
N )−1∇Jh(µ). (42)

We assume that the optimization problem (Ph) has an optimum µ∗
h in P. The solution µ∗

h is a fixpoint
of H(µ) as ∇Jh(µ

∗
h) = 0. Furthermore, a vector µ can only be a fixpoint of H if ∇Jh(µ) = 0.

For any µ ∈ B̄(µN , 2γε) we can write

H(µ)− µ∗
N = ∇2Jh(µ

∗
N )−1

[
∇2Jh(µ

∗
N )(µ− µ∗

N )− (∇Jh(µ)−∇Jh(µ
∗
N ))

]

−∇2Jh(µ
∗
N )−1∇Jh(µ

∗
N ). (43)

As the Hessian ∇2Jh(µ) exists, we can write the Taylor expansion of ∇J(µ)

∇Jh(µ) = ∇Jh(µ
∗
N ) +

1∫

0

∇2Jh(µ
∗
N + t(µ− µ∗

N ))(µ− µ∗
N )dt. (44)

With (44) in (43) we obtain

H(µ)− µ∗
N =∇2Jh(µ

∗
N )−1

[

−∇Jh(µ
∗
N )

+

∫ 1

0

(∇2Jh(µ
∗
N )−∇2Jh(µ

∗
N + t(µ− µ∗

N ))(µ− µ∗
N )

]

. (45)

Consequently

‖H(µ)−µ∗
N‖Rp ≤ ‖∇2Jh(µ

∗
N )−1‖Rp

[

‖∇Jh(µ
∗
N )‖Rp

︸ ︷︷ ︸

T2

+ ‖

∫ 1

0

(∇2Jh(µ
∗
N )−∇2Jh(µ

∗
N + t(µ− µ∗

N ))(µ− µ∗
N )‖Rp

︸ ︷︷ ︸

T1

]

. (46)

We can bound
T1 ≤ L(2γε)2γε ≤ ε (47)

and

T2 ≤ ‖∇Jh(µ
∗
N )−∇JN (µ∗

N )‖Rp + ‖∇JN (µ∗
N )‖Rp

≤ ∆∇J (µ
∗
N ) + εJ

= ε. (48)

Hence

‖H(µ)− µ∗
N‖Rp ≤ 2γε (49)

So H maps the closed ball B̄(µ∗
N , 2γε) into itself. Now we show that there is a unique fixpoint in

B̄(µ∗
N , 2γε).
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Let µ1, µ2 be in B̄(µ∗
N , 2γε), then

H(µ1)−H(µ2) = (50)

∇2Jh(µ
∗
N )−1

1∫

0

(
∇2Jh(µ

∗
N )−∇2Jh(µ1 + t(µ2 − µ1))

)
(µ1 − µ2).

Hence

‖H(µ1)−H(µ2)‖Rp ≤ γL(2γε)‖µ1 − µ2‖Rp

≤
1

2
‖µ1 − µ2‖Rp . (51)

This shows, that H is a strict contraction from B̄(µ∗
N , 2γε) into itself. The Banach fixed-point theorem

applies and states that there is a unique fixed point µ∗
h of H in B̄(µ∗

N , 2γε), hence, one unique point
µ∗

h where ∇Jh(µ) = 0.
Now, for proving the error bound we put µ = µ∗

h in (49) and obtain

‖µ∗
h − µ∗

N‖Rp = ‖H(µ∗
h)− µ∗

N‖Rp

≤ 2γε. (52)

⊓⊔

Note that in order to apply the error estimator in practice, several constants (or the respective
upper bounds) have to be calculated offline. In particular an upper bound for γ(µ) ≤ γ̄ and a constant
LH ≥ L(α).

Remark 4 Note, that in the general case of a not strictly convex optimization problem there is no
guarantee that the given bound around µ∗

N contains the exact corresponding maximum or minimum
in the detailed case. We can only state, that there is a stationary point µ with ∇µJh(µ) = 0 in the
(calculated) vicinity of µ∗

N .

5.4.2 Incremental error estimator for a gradient descent method

Although the error estimator from the previous Section is a quite powerful and general tool to certify
the results of the reduced optimization, it may be not applicable in some cases. For instance, it could
be impracticable or undesired to satisfy the condition (40) in Proposition 4. It is impracticable, if the
functional constants γ and L in Proposition 4 in combination with a reduced model of rather poor
quality do not allow the fullfillement of the condition. Or it is undesired, if the objective is to have
only a rough solution of the optimization problem and one does not want to push the optimization
procedure far enough to obtain a small enough gradient norm ǫJ in (40). In this case we need other
error estimators.

In the following we propose an incremental error estimator designed for the gradient descent method.
Hence, we assume the use of a gradient method to solve the optimization problem Ph, starting the
method with an initial parameter µ0

h and calculating the sequence (µm
h )Mm=0 iteratively by

µm
h = µm−1

h + αm−1
h · dm−1

h . (53)

Here dm
h = −∇µJh(µ

m
h ) ∈ R

p is the step direction and αm
h ∈ R is the stepsize. The stepsize is

controlled by a stepsize rule, e.g. constant, as explicit function or adaptively with the Armijo-rule [11].
The stopping criterion for the algorithm is
‖∇Jh(µ

M
h )‖Rp ≤ εJ for a suitable tolerance εJ > 0. We will ensure in the applications, that all

parameters µm used during the gradient optimization are feasible, hence {µm}Mm=0 ⊂ P. Note that
this can be verified during the gradient descent.
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Proposition 5 Let µM
h be the parameter vector from the detailed optimization problem (Ph) and µM

N

the parameter vector from the reduced optimization problem (PN ) obtained after M gradient descent
steps. Assuming that both reduced and detailed optimization start at the same initial parameter µ0 we
can bound the approximation error of the optimal parameters by

‖µM
h − µM

N ‖Rp ≤ ∆M
µ,incr (54)

with

∆M
µ,incr :=

M−1∑

m=0

(

(1 + CαCL)
(M−1−m) (εm‖dm

N‖Rp + Cα∆∇J(µ
m
N ))

)

. (55)

Here εm ≥ |αm
h − αm

N | is a bound for the stepsize error , Cα is an upper bound for the step size, CL

is the Lipschitz constant for the gradient ∇µJh and ∆∇J(µ
m
N ) is the error estimator for the output

gradient from (39).

Proof We assume the initial parameters for the reduced and the detailed optimization to be equal
‖µ0

h − µ0
N‖Rp = 0. With (53) for the detailed and the reduced case we can state

‖µm
h − µm

N‖Rp = ‖µm−1
h − µm−1

N + αm−1
h · dm−1

h − αm−1
N · dm−1

N ‖Rp (56)

≤ ‖µm−1
h − µm−1

N ‖Rp + ‖αm−1
h · dm−1

h − αm−1
N · dm−1

N ‖Rp

︸ ︷︷ ︸

=T1

The term T1 can be rewritten as

T1 = ‖αm−1
h · dm−1

h − αm−1
h · dm−1

N + αm−1
h · dm−1

N − αm−1
N · dm−1

N ‖Rp (57)

≤ |αm−1
N − αm−1

h | · ‖dm−1
N ‖Rp + |αm−1

h | · ‖dm−1
h − dm−1

N ‖Rp

and as the the stepsize αm
h is bounded by 0 ≤ αm

h ≤ Cα and |αm
N − αm

h | ≤ εm

⇒ T1 ≤ εm−1‖dm−1
N ‖Rp + Cα ‖dm−1

h − dm−1
N ‖Rp

︸ ︷︷ ︸

T2

. (58)

The term T2 can be reformulated as

T2 ≤ ‖∇µJh(µ
m−1
h )−∇µJh(µ

m−1
N )‖Rp

+‖+∇µJh(µ
m−1
N )−∇µJN (µm−1

N )‖Rp . (59)

Assuming that ∇µJh(µ) is Lipschitz continuous in µ we can bound

‖∇µJh(µ
m−1
h )−∇µJh(µ

m−1
N )‖Rp ≤ CL‖µ

m−1
N − µm−1

h ‖Rp (60)

with the Lipschitz constant CL.
The second term in equation (59) corresponds to the output gradient error estimator ∆∇J(µ

m−1
N ) in

(39). Consequently, by putting (60) and (39) in (59) we obtain

T2 ≤ CL‖µ
m−1
N − µm−1

h ‖Rp +∆∇J(µ
m−1
N ). (61)

With (61) and (58) in (57) we obtain the result for the parameter error estimator in optimization step
m as

‖µm
h −µm

N‖Rp ≤ ‖µm−1
h − µm−1

N ‖Rp (62)

+ εm−1‖dm−1
N ‖Rp + Cα

(
∆∇J(µ

m−1
N ) + CL‖µ

m−1
h − µm−1

N ‖Rp

)
.

By iteratively applying (62) we obtain (55). ⊓⊔
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Note that the upper bound for the stepsize error εm is zero when using a constant or an algebraic
function as stepsize rule. Yet, finding this upper bound for adaptive stepsize rules, e.g. Armijo, is
nontrivial. We assume, that the operators LE and LI are Lipschitz-continuous with respect to the
parameter vector µ with bounded Lipschitz-constants CLE

, CLI
.

Note also, that the error estimator has an incremental character, hence will increase over the
iterations. We therefore expect that the values are mainly useful for a low number of iterations. Still
they can be arbitrarily small depending on the quality of the RB-spaces, as shown in the following
corollary:

Corollary 1 (Verification of zero error) The error estimator for the optimal parameter is zero
∆M

µ,incr = 0 if and only if (ukh(µ
m
h ))Kk=0 ∈ XN and (∂µi

ukh(µ
m
h ))Kk=0 ∈ XN∂µi

for all m = 0, . . . ,M . In

this case the reduced and detailed parameters µm
h = µm

N = µm are equal as well as reduced and detailed
solutions uh(µ

m) = uN (µm) and derivative solutions ∂µi
uh(µ

m) = ∂µi
uN (µm), ∀i = 1, . . . , p.

Proof If ∆M
µ,incr = 0 then ∆m

µ,incr = 0 ∀m = 0, . . . ,M . Hence µm
h = µm

N = µm ∀m = 0, . . . ,M .
Due to positivity of error components in (55) ∆u(µ

m) = ∆∂µi
(µm) = 0. So uN (µm) = uh(µ

m) and

∂µi
uN (µm) = ∂µi

uh(µ
m).

On the other hand, if (ukh(µ
m
h ))Kk=0 ∈ XN and (∂µi

ukh(µ
m
h ))Kk=0 ∈ XN∂µi

for all m = 0, . . . ,M then

the residuals (31) and (35) are zero ∀k = 0, . . . ,K and ∀m = 1, . . . ,M . Hence,∆u(µ
m) = ∆∂µi

u(µ
m) =

0. Assuming a stepsize rule defined by an algebraic function, it is εm = 0 in (55) and all summands in
(55) equal zero, consequently ∆m

µ,incr = 0 ∀m = 0, . . . ,M . ⊓⊔

Corollary 2 If both optimization procedures in the detailed as well as in the reduced case converge
well towards an optimum µ∗

h and µ∗
N respectively, so that ‖µM

h − µ∗
h‖Rp ≤ ε and ‖µM

N − µ∗
N‖Rp ≤ ε

then the difference between the optimum in the detailed case and in the reduced case is

‖µ∗
h − µ∗

N‖Rp ≤ ∆M
µ,incr + 2ε. (63)

Proof A combination of Proposition 5 with the triangle inequality yields:

‖µ∗
h − µ∗

N‖Rp = ‖µ∗
h − µM

h + µM
h − µ∗

N + µM
N − µM

N ‖Rp (64)

≤ ‖µ∗
h − µM

h ‖Rp + ‖µ∗
N − µM

N ‖Rp + ‖µM
h − µM

N ‖Rp

≤ ε+ ε+∆M
µ,incr.

⊓⊔

6 Experiments

In the experiments we consider the PDE constrained optimization problem






maxµ∈P J(u(µ))
s.t.
∂tu(µ) = ∆ (ku(µ))−∇ · (v(µ)u(µ)) in Ω × [0, T ]

(65)

where the PDE represents a parametrized advection diffusion problem and J is a linear functional
being specified later. We set Ω := [0, 2] × [0, 1] and final time T = 1. We assume suitable initial
conditions u0(µ) = u(·, t = 0;µ). Then, Dirichlet boundary conditions u(µ) = udir(µ) on Γdir × [0, T ]
with Γdir := ({x = (x1, x2)|x1 = 0, x2 ∈ R} ∪ {x = (x1, x2)|x1 ∈ R, x2 = 1}) ∩ ∂Ω as well as outflow
boundary conditions u(µ) = uout(µ) on Γout × [0, T ] with Γout := ({x = (x1, x2)|x1 = 2, x2 ∈ R} ∪
{x = (x1, x2)| x1 ∈ R, x2 = 0}) ∩ ∂Ω are prescribed. The velocity v is supposed to be a divergence
free parameter and time dependent velocity field of the form

v(x, t;µ) =
(
µ1(1− t) · 5(1− x22),−µ2(1− t)(4− x21)

)T
. (66)

The diffusion is assumed to be homogeneous, hence k is a constant. The parameters (µ1, µ2) = µ stem
from a two dimensional parameter domain µ ∈ P = [0, 1]2. They influence the strength of the x1 and
x2 components of the velocity field. This problem can be discretized with cell-wise constant functions
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Fig. 1 Illustration of the problem setting and of two solution trajectories at chosen timesteps for exemplary
parameters. a) Solution to the parameter µ = (0.2, 1) at times t = 0, t = 0.3 and t = 1. In the first picture the
velocity field is schematically illustrated. b) Solution to the parameter µ = (1, 0.2) at times t = 0, t = 0.3 and
t = 1. The first image shows the position of the two reference domains used in the optimization.

and a Finite Volume (FV) scheme using an Engquist–Osher flux, which results in a corresponding
discretization space Xh and discretization operators LI and LE as well as in a discrete right hand
side bh. We chose a space discretization by a 128 × 64 rectangular grid leading to 8192 degrees of
freedom. For satisfying the CFL conditions we discretized in time into 1024 time steps. In the Finite
Volume discretization we realized an operator splitting with the implicit operator LI containing the
diffusion operator and the explicit part LE containing the advection operator. Details concering the
discretization can be found in [19]. Solutions for some chosen parameters at different time instances
are shown in Figure 1.

We consider this FV model as high-dimensional “detailed” model. Using this discrete model we build
up the low dimensional reduced basis model. The basis generation is conducted with a POD-Greedy
algorithm [19] with T-partition [10] into ten intervals and a P-partition [17] with 10 × 10 partitions.
Furthermore, the separate basis ansatz described in Section 4.2 is applied. Note, that the offline effort
is considerable and can take several days. Hence, as typical in many RB methods this procedure is
not recommended if only one optimization problem needs to be solved. It can be beneficial, if many
optimization problems have to be solved (e.g. many functionals, parametric optimization problems,
model predictive control, etc.) or other parametric or real-time tasks are to be expected for the reduced
model.

6.1 Comparison of different RB approaches

In the following we will study the effect of separate reduced basis spaces in order to obtain an efficient
evaluation of the parameter derivative solutions. For that purpose we generate reduced basis spaces
in three different ways. All three use the POD-Greedy algorithm [19] using slight variations. The first
reduced basis is constructed in the “classic“ way considering only the error estimator for ‖uh − uN‖
during the construction process. This single reduced space is later used for representing the solutions
uN as well as the derivative solutions ∂µi

uN . In the second reduced basis generation procedure, called
”mixed“ approach, we add in every interation of the POD-Greedy two new basis vectors. The first one
is derived from the solution uh(µ) for the parameter indicating the highest error estimator after the
Greedy search and the second one is derived from the derivative solution ∂µi

uh(µ) for the parameter
indicating the highest error estimator for all the derivative solutions over the same training set of
parameters. Again this results in one single reduced space which we use to approximate the solution
and the derivative solutions. The third basis generation process, as described in Section 4.4, produces
”separate“ reduced basis spaces for the solution and all the derivative solutions. Here, the POD-
Greedy procedure is applied separately for the original and the derivative evolution problems. For
the experiment we construct reduced spaces of different sizes using these three approaches. Then we
conduct reduced simulations for a test set of 50 randomly chosen parameters with all of the reduced
basis spaces and note the average online simulation time as well as the average error estimator for
one derivative solution over the whole test set. The results are illustrated in Figure 2. We observe



Certified PDE-constrained optimization with reduced basis surrogate models 17

0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7
10

0

10
1

10
2

derivative solution estimated error over online simulation time

online time

es
tim

at
ed

 e
rr

or

 

 

classic
mixed
separate

Fig. 2 Comparison of different approaches to approximate the derivative solution. Differently generated re-
duced models of varying sizes were tested over a sample of parameters and the average error estimator value
is plotted over the average online simulation time.

that the online solves for the derivative solution for a desired error tolerance are always conducted
faster by the separate approach than by the two others. The ”classic” reduced space is well suited
to approximate solutions but not necessarily to represent well the derivative solutions. Of course, the
number of basis vectors in the reduced basis can be augmented and thereby also the derivative solutions
can be approximated arbitrarily good. However, as the online simulation time grows with O(Nβ)
(with β > 1) the online procedure gets more and more inefficient. The same effect can be observed
when using the “mixed“ approach. Here we also approximate solution and derivative solutions by the
same reduced basis and the same argumentation as above holds. When using separate bases the total
number of basis vectors Ns +

∑p
i=1N∂µi

(with Ns the number of basis vectors for the solution and

N∂µi
, i = 1, . . . , p the number of basis vectors for the derivative solution) may be bigger than the basis

size N in the other approaches, yet, the online simulation complexity of O(Nβ
s +

∑p
i=1N

β
∂µi

) is smaller

than O(Nβ). Consequently the separate bases approach is better suited to efficiently approximate uh
and the derivative solutions ∂µi

uh simultaneously.

6.2 Parameter optimization with a reduced basis surrogate model

One of the advantages of the optimization approach presented in this work is the fact, that the costly
build up of the reduced basis surrogate model has to be done only once in the offline phase and in the
rapid online phase a functional for the optimization can be chosen freely. To illustrate this flexibility,
we will solve two optimization problems with the setting as in (65) for two different linear functionals
J1 and J2. For both optimization problems we use the same reduced basis surrogate model generated
in advance without being obliged to perform any time consuming adaptations when switching between
the functionals.

The objective of the first optimization problem is to maximize the functional

J1(u(µ)) :=
1

|Ωref1|

∫

Ωref1

u(·, T ;µ)

returning the average concentration at the final time step in the first reference domain Ωref1. The
second optimization problem with the functional

J2(u(µ)) :=
1

|Ωref2|0.25

0.75∫

t=0.5

∫

Ωref2

u(·, ·;µ)
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Fig. 3 The values of the functionals a) J1(u(µ)) and b) J2(u(µ)) plotted for various values of µ1 and µ2.

aims to maximize the average concentration in the time interval [0.5, 0.75] in the second reference
domain Ωref2. The reference domains Ωref1 and Ωref2 are indicated in Figure 1.

In a first step we plot the functionals’ landscapes by solving the PDE and calculating the functional
values for different values of µ. This is illustrated in Figure 3. Note, that the use of a reduced basis
model rather than that of the original discrete model is already beneficial for “exploring” the functional
landscape of a PDE-constrained optimization problem. By this quick exploration one can obtain a first
impression of the behaviour of the optimization problem, see how many maxima and minima the
problem probably offers and where they are approximately situated.

We see in Figure 3 that both opimization problems have (probably) a unique maximum. To demon-
strate once more the flexibility of our method in the sense that it is applicable with any numerical
optimization technique, we conduct a solve of the two problems, first using a gradient descent method
with the Armijo-rule for stepsize control and secondly the Nelder-Mead algorithm. In order to obtain
the gradient of the functional we calculate a solution to the according sensitivity PDE as described
in Section 3. For verification purposes we solve the optimization problem numerically using both, the
detailed high dimensional model and the reduced basis surrogate model. One difficulty in numerical
optimization is the fact, that the results can depend on the choice of the initial parameters in the
optimization procedure. However, the best choice for initial paramters (for fast convergence and con-
vergence to the right optimum) is usually not known a priori. To account for that and show the overall
performance of our method, we perform optimizations for a sample of 30 randomly chosen initial pa-
rameters and average all results over this sample. In this experiment we set the tolerance εJ to 0.0005.
Note, that the quality of the error estimator depends on the value chosen for εJ . We will focus on
this dependence in a subsequent experiment. The experiments were conducted on a machine with two
AMD Quad-Core processors and 32GB RAM.

When comparing the time needed for a detailed optimization (topt det.) with the time needed
for a reduced optimization (topt red.) in Table 1 we see that the optimization using the reduced
basis surrogate model is about ten times faster. The relatively high computation time for the reduced
optimization is due to the fact that the problem is linear time variant and therefore the reduced
operators have to be assembled by the linear combination (26) of coefficients and components in every
time step of the simulations. The online time for reduced simulations is much lower when treating time
invariant problems. More important than the reduction in calculation time, however, is the reduction in
dimension. The results in Table 1 make clear that in order to solve the PDE-constrained optimization
problem accurately we only need a reduced basis surrogate model of an average dimension of about
N ≈ N∂µ1

≈ N∂µ2
≈ 60. Compared with the original discrete model’s dimension of 8192 this is a

reduction of about 99.3%. Note, that due to the fact that we chose a rather low dimensional example
and implemented the numerical schemes in Matlab, the huge dimension reduction in our experiment
does not reflect in an equally large reduction in computation time. However, when applying the method
to discrete models of larger dimension the gain in computation time is expected to be considerably
higher. As already mentioned, the accuracy of the optimization with a reduced basis surrogate model
turns out to be very good, but also the general error estimator ∆µ provides useful upper bounds for the
optimization error in order to certify the reduced optimization. Regarding results in Table 1 for both
numerical optimization algorithms applied, it gets obvious that the good results are not due to the
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Table 1 Results of the parameter optimization with reduced and detailed models for two different functionals
J1 and J2. Each optimization problem was solved using a gradient descent method (lines 1 and 2) and the
Nelder-Mead (NM) algorithm (lines 3 and 4). The values are averaged ovar a sample of 30 optimization
procedures for randomly chosen starting parameters. In the table are indicated: The average size of dimensions
used for the PDE-solves with the reduced model (in brackets the dimensions used for the derivative solutions),
time needed to conduct an optimization using the detailed model (topt det.) and the reduced model (topt red.),
the true error in the parameters found by the detailed and the reduced optimization (‖µ∗

h−µ∗
N‖Rp), the general

error estimator (∆µ).

Meth. Funct. dim(RB) used topt det. topt red. ‖µ∗
h − µ∗

N‖Rp ∆µ

gradient
J1 59.2(57.4; 59.5) 8.06 h 1.39 h 7.37 · 10−8 0.0063
J2 60.0(59.0; 61.6) 6.99 h 0.623 h 7.62 · 10−8 0.0121

NM
J1 - 4.53 h 0.464 h 4.22 · 10−6 0.0046
J2 - 4.92 h 0.461 h 0.00161 0.00908

Table 2 Results of a parameter optimization using a gradient method conducted for both optimization prob-
lems with functionals J1 and J2. For every gradient step the norm of the functional gradient ‖∇Ji‖, the value
of the general error estimator ∆µ, the value of condition (40) (which should be ≤ 1 to provide applicability of
the general error estimator) and the value of the incremental error estimator ∆m

µ,incr are noted.

step# (m) 0 1 2 3 4 10

J1

‖∇J1(µ
m)‖ 0.396 0.106 0.0724 0.0410 0.0151 9.93 · 10−4

∆µ - - - 0.0885 0.0345 0.00436
2γL(2γε) 26.8 1.14 1.28 0.812 0.322 0.0423
∆m

µ,incr 0 4.03 · 10−4 0.00190 0.00589 0.0167 1.39

step# (m) 0 1 2 3 4 8

J2

‖∇J2(µ
m)‖ 0.125 0.0644 0.0102 0.0057 0.00330 3.92 · 10−4

∆µ - - 0.0232 0.0241 0.00915 0.00223
2γL(2γε) 2.84 13.6 0.678 0.413 0.282 0.0717
∆m

µ,incr 0 5.72 · 10−4 0.0029 0.0102 0.0335 3.282

use of a specific optimization technique. The reduced optimization itself as well as the error estimator
work equally well for the gradient method as well as for the Nelder-Mead algorithm.

The quality and the applicability of the general error estimator from Proposition 4 depend (amongst
other quantities) on the choice of the optimization tolerance εJ . Hence, in the next experiment we
examine this dependence by starting a gradient optimization from a given initial parameter µ0 =
(0.5, 0.5) and note at every gradient step on the way to the optimum µ∗ = (0.812, 0.696) the norm of
the gradient ‖∇J1‖ (which links directly to the optimization tolerance εJ), the value of the general
error estimator ∆µ and the value of the applicability condition (40) 2γL(2γε) ≤ 1. The same is done
for the second optimization problem with J2 starting from µ0 = (0.2, 0.2) going to µ∗ = (0.417, 0.327).
Note, that for this optimization run we do not use the Armijo stepsize control, but apply a quotient
rule (αm = 1

m+2 ). The results can be found in Table 2.
We see that in the case of high optimization tolerances the general error estimator can not be applied

due to the fact that the condition (40) is not fulfilled. In this case it could be helpful to use the iterative
error estimator from Proposition 5 as an alternative. Hence, we conduct the same experiment starting
from the same initial parameters and tracking the values of the incremental error estimator. The results
of this experiment can also be found in Table 2. It turns out that for high optimization tolerances,
or more specific, in cases where not many gradient iteration steps are needed, the incremental error
estimator can be useful, while the non-incremental general error estimator may not be applicable.
However, when a high accuracy in the solution of the optimization problem is required, the general
error estimator gives far better results, due to the fact that the value of the iterative error estimator
augments with every gradient step. This is illustrated for both functionals in Figure 4.

7 Conclusion

We presented an approach for solving PDE-constrained parameter optimization problems rapidly using
reduced basis surrogate models. The method consists of an offline-phase where a reduced basis model
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Fig. 4 Both, the general estimator ∆µ as well as the incremental error estimator ∆µ,incr are plotted over the
norm of the functional gradient for the first optimization problem with J1 a) and for the second optimization
problem with J2 b). The dots mark the gradient steps (iterations from right to left). Furthermore, it is marked
by dashed lines where the general error estimator is not valid due to the nonfulfillment of condition (40).

for the PDE-constraint is generated. In the online phase the parameter optimization problem can be
solved using the low dimensional reduced basis surrogate model. This leads to a considerably lower
online computational complexity and thereby less computation time. As our scheme provides derivative
information, the approach can be used with a wide range of numerical optimization techniques. By
using a sensitivity PDE to obtain this derivative information, the reduced basis surrogate model is not
linked to a given optimization problem with a given functional but the method provides the possibility
to choose freely a linear output functional in the online phase or solve parametrized optimization
problems.

However, using a surrogate model during the optimization can lead to a suboptimal solution.
We showed, that this suboptimality can be controlled by a rigorous a-posteriori error bound for the
optimal parameters. We presented a general error estimator which can be used in combination with
any numerical optimization scheme. If, however, the conditions for a valid application of this error
estimator are not given, one has to use error estimators specific to the current problem. We presented
such an error estimator for the suboptimality in a gradient descent method. Furthermore, we presented
error estimators for the reduced solution and derivative solutions as well as for the reduced functional
and the functional gradient. All these error bounds can be computed rapidly during the online phase.
In the experiments we studied the application of our approach for two optimization problems with a
parametrized advection diffusion problem as PDE-constraint.

So far our method is limited to linear functionals. We will extend our approach to nonlinear func-
tionals (particularly quadratic functionals) in future work. Furthermore it could be interesting to
investigate alternatives for the suboptimality error estimators (e.g. for SQP methods).
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E)(ϕn), (∂µiL

k+1
I )(ϕm)

〉

(79)

(

Kk
∂E∂bi

)

n
=

〈

(∂µiL
k
E)(ϕn), (∂µib

k
h)
〉

(80)

(

Kk
∂I∂bi

)

n
=

〈

(∂µiL
k+1
I )(ϕn), (∂µib

k
h)
〉

(81)


