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Supplements 2 to Chapter IX E. Gekeler
11/10/06

Case Study: Mini element

Cubic bubble function in unit triangle

β(ξ, η) = 17 ξη(1− ξ − η) , βξ = 27η(1− 2ξ − η) , βη = 27ξ(1− ξ − 2η)

Augmented linear ansatz for velocity component

v(ξ, η) = a1 + a2ξ + a3η + a4β(ξ, η)
vξ(ξ, η) = a2 + a4βξ(ξ, η)
vη(ξ, η) = a3 + a4βη(ξ, η)

Algebraic basis
Θ(ξ, η) = [1, ξ, η, β(ξ, η)]T
Θξ = [0, 1, 0, βξ]

T

Θη = [0, 0, 1, βη]
T

Basis Ψ = [ψ1, . . . , ψ4] of shape functions in unit triangle with succession
(0, 0), (1, 0), (0, 1), (1/3, 1/3)

ψ1 = (1− ξ − η) = ζ3

ψ2 = ξ = ζ1

ψ3 = η = ζ2

ψ4 = 27ξη(1− ξ − η) = ζ1ζ2ζ3

For the ordinary Mini-element we have u = Aa with the matrix

A =




1 0 0 0
1 1 0 1
1 0 1 0
1 1/3 1/3 1


 , B = A−1 =

1

3




3 0 0 0
−3 3 0 0
−3 0 3 0
−1 −1 −1 3




Let, with the algebraic basis

S̃1 =

∫

S

ΘξΘ
T
ξ dξdη , S̃2 =

∫

S

ΘξΘ
T
η dξdη , S̃3 =

∫

S

ΘηΘ
T
η dξdη , S̃4 =

∫

S

ΘΘT dξdη

and (regard S2)

S1 = BT S̃1B =

∫

S

ΨξΨ
T
ξ dξdη

S2 = BT (S̃2 + S̃T
2 )B =

∫

S

[ΨξΨ
T
η + ΨηΨ

T
ξ ] dξdη

S3 = BT S̃3B =

∫

S

ΨηΨ
T
η dξdη

S4 = BT S̃4B =

∫

S

ΨΨT dξdη

then

S1 =
1

6




3 1 0 −4 0 0
1 3 0 −4 0 0
0 0 0 0 0 0

−4 −4 0 8 0 0
0 0 0 0 8 −8
0 0 0 0 −8 8




, S2 =
1

6




6 1 1 −4 0 −4
1 0 −1 −4 4 0
1 −1 0 0 4 −4

−4 −4 0 8 −8 8
0 4 4 −8 8 −8

−4 0 −4 8 −8 8




,



2

S3 =
1

6




3 0 1 0 0 −4
0 0 0 0 0 0
1 0 3 0 0 −4
0 0 0 8 −8 0
0 0 0 −8 8 0

−4 0 −4 0 0 8




, S4 =
1

360




6 −1 −1 0 −4 0
−1 6 −1 0 0 −4
−1 −1 6 −4 0 0

0 0 −4 32 16 16
−4 0 0 16 32 16

0 −4 0 16 16 32




,

Further, we have the representation

Ψξ =




0 −1 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 27 −2 ∗ 27 −27







1
ξ
η

ξη
η2




, Ψη =




0 0 −1 0 0
0 0 0 0 0
0 0 1 0 0
0 0 27 −27 −2 ∗ 27







1
ξ
η

ξη
η2




. (1)

For the linear shape functions of the pressure we have

Ψ̃(ξ, η) =




1− ξ − η
ξ
η


 =




1 −1 −1
0 1 0
0 0 1






1
ξ
η




Θ̃ = [1, ξ, η]T , |S| = 1/2 ,

M =

∫

S

Θ̃Θ̃T dξdη =
1

24




12 4 4
4 2 1
4 1 2




C1 =

∫

S

ΨξΨ̃
T dξdη =

1

6




−1 0 0
0 1 0
0 0 0
1 −1 0
1 1 2

−1 −1 −2




, C2 =

∫

S

ΨηΨ̃
T dξdη =

1

6




−1 0 0
0 0 0
0 0 1

−1 −2 −1
1 2 1
1 0 −1




Lineare Stokes equation in triangle T

a(u, v) =

∫

T

grad u : grad v dxdy =

∫

T

[u1,xv1,x + u1,yv1,y] dxdy +

∫

T

[u2,xv2,x + u2,yv2,y] dxdy

= ã(u1, v1) + ã(u2, v2)

b(u, q) =

∫

T

div u · q dxdy =

∫

T

(u1,x + u2,y) q dxdy

=

∫

T

(u1,ξξx + u1,ηηx) q dxdy +

∫

T

(u2,ξξy + u2,ηηy) q dxdy

Further,
b(v, q) =

∫

T

div v · q dxdy = −
∫

grad q · v dxdy

a(v, u) − (div v, p) = (v, f) + (v, σn(u, p))Γ , v ∈ V
−(div v, q) = 0 , q ∈ Q

σn(u, p) = (2νε(u)− p)n
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Trilinear Form with shape functions.
P (u, v, w) = uT [grad v]w

u '
[

Φ(x, y)T U1

Φ(x, y)T U2

]
,

N(u, v, w) ' [UT
1 , UT

2 ]

[
(ΦT

x V1)Φ ΦT (ΦT
y V1)Φ ΦT

(ΦT
x V2)Φ ΦT (ΦT

y V2)Φ ΦT

][
W1

W2

]
,

Φx = Ψξξx + Ψηηx , Φy = Ψξξy + Ψηηy ,

∫

T

N(u, v, w) ' [UT
1 , UT

2 ]

[
A(V1) B(V1)
C(V2) D(V2)

][
W1

W2

]
,

where
A(V1) = J

∫

S

(
(Ψξξx + Ψηηx)

T V1

)
Ψ ΨT dξdη ,

B(V1) = J

∫

S

(
(Ψξξy + Ψηηy)

T V1

)
Ψ ΨT dξdη

C(V2) = J

∫

S

(
(Ψξξx + Ψηηx)V2

)
Ψ ΨT dξdη ,

D(V2) = J

∫

S

(
(Ψξξy + Ψηηy)V2

)
Ψ ΨT dξdη

Thus we have to calculate

Ai =

∫

S

ψi,ξΨ ΨT dξdη , Bi =

∫

S

ψi,ηΨ ΨT dξdη , i = 1 : n .

But the functions ψi,ξ , ψi,η are additive composed by the functions 1 , ξ , η, therefore only the
both matrices P ,Q are to be calculated besides the mass matrix:

M =

∫

S

Ψ ΨT dξdη , P =

∫

S

ξΨ ΨT dξdη , Q =

∫

S

ηΨ ΨT dξdη ,

as well as, by (1),

A1 = −3M + 4P + 4Q , A2 = −M + 4P , A3 = 0 ,
A4 = 4M − 8P − 4Q , A5 = 4Q , A6 = −4Q
B1 = −3M + 4P + 4Q , B2 = 0 , B3 = −M + 4Q ,
B4 = −4P , B5 = 4P , B6 = 4M − 4P − 4Q

P1 =
6∑

i=1

Aiv1,i , P2 =
6∑

i=1

Biv1,i , P3 =
6∑

i=1

Aiv2,i , P4 =
6∑

i=1

Biv2,i .

A = J(P1ξx + P2ηx) , B = J(P1ξy + P2ηy) , C = J(P3ξx + P4ηx) , D = J(P3ξy + P4ηy) .


