Supplements 2 to Chapter IX E. Gekeler
11/10/06

Case Study: Mini element

Cubic bubble function in unit triangle

B&n) =17&n(1 =€ —n), B =2Tn(1 =26 —n), By = 276(1 - € — 2n)
Augmented linear ansatz for velocity component

v(&n) = ar+ a4 azn+ aBEn)
3 (57 77) = ag+ a45§ (57 77)
UU(S? 77) = as + a4ﬁr] (57 77)

Algebraic basi
gebraic basis oE,n) = [1, & n, BE T

O¢ = [0, 1, 0, 6§]T
O, = 10,0, 1, 8"
Basis ¥ = [¢)1, ..., 4] of shape functions in unit triangle with succession
(0,0),(1,0),(0,1),(1/3,1/3)
1= (1-¢—n) = G
Y2 = & = G
Y3 = 1 = G

Py = 27§77(1—5—77) = (162G3

For the ordinary Mini-element we have u = Aa with the matrix

1 0 0 0 3 0 0 0
I | 4 1l =3 3 0 0
A= 1 0 1 0 , B=4 ~ 3/ -3 0 3 0
1 1/3 1/3 1 -1 -1 -1 3

Let, with the algebraic basis
S; = / 007 dedn, S, = / 00! dedny, S; = / 0,0 dédn, Sy = / 007 dtdn
S S S S

and (regard Ss)

S = B'SB = / T U7 dedn
Sy = BT(S+SHB = [ [00] + 0,0} dedn
Sy = BTS.B = [ O, 0l dedy
S, = BTS,B = [ w7 dedn
S
then
3 10 —4 0 0] 6 1 1 —4 0 —4]
1 30 -4 0 0 1 0 -1 -4 4 0
g_ 1l 0 00 0 0 0 g _ 1 1 -1 0 0 4 -
' 6l -4 40 8 0 0”7 6] -4 -4 0 8 -8 8|
0 00 0 8 -8 0 4 4 -8 8 -8
| 0 00 0 -8 8] | 4 0 -4 8 -8 8|




30 1 0 0 —4] [ 6 -1 -1 0

00 0 O 0 0 1 6 -1 0

o _ 1 10 3 0 0 g _ -1 -1 6 —
576 o0 0 8 -8 0]”7*"T 360 0 0 -4 32
00 0 -8 8 0 —4 0 0 16

| 40 4 0 0 8] 0 -4 0 16

Further, we have the representation

0 -1 0 0 0 é 0 0 -1 0
v._|0 10 0 0 v |00 0 0
<10 0 o0 0067”’7_0010

0 0 27 —2%27 —27 nZ 00 27 —27 —2«
For the linear shape functions of the pressure we have

N 1-€—17 1 -1 —-1][1
V(& n) = 3 =10 1 01 ¢
n 0o 0 1 i
é:[175777]T7 |S‘ :1/27
L 12 4 4
M:/@@ngdn:— 4 21
s 24041 9

-1 0 0 —
0O 1 O
~ 1 0O 0 O ~ 1
J— T —_— g T = —
Cl_/sqfqu =2l | o] G /S‘I’n‘l’ dédn = <| _
1 1 2
-1 -1 -2 ]

Lineare Stokes equation in triangle T

a(u,v) = /gradg:gradydxdy:/

T T

T
= Ei(ul, Ul) + Zi(u2, 1)2)

buq) = / divau - qdrdy = / (Urs + ) g dudy

T

= ] (w166 + w1 gne) g dady + / (ug,e&y + uzymy) qdrdy
T T

Further,
b(v,q) = / dive - qdzdy = —/gradq-ydxdy
T
a(v,u) — (divy,p) = (v, f)+ @ a,(w,p)r, veEV
—(divu, q) = 0, q€Q
,(u,p) = (2ve(u) —p)n
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S S N =

[

(U1 201 2 + U1 401 ) dxdy + / (U2 2V2,2 + U2 Vs | dzdy



Trilinear Form with shape functions.

P(u,v,w) = u"[grad v]w
( ) [ ] U~ (I)(xay)TUl
T O(x,y)TUL |

N(u,v,w) ~ [UlT,UzT][ (V1)@ T (P V1)P & H W, ]

(@Z%)@ oT (q)ng)CD oT Ws
Dy =Vely + Wy, Py = Wey + Uy,

/TN(Q,Q,M) ~ [UlT,UzT][ égé; ggg H % ] |

where

AV = T | (e + Tyn,) Vi) T 07 ddn,
BVi)) = J

\m\m\m\

((
((Pe&y + Tyny) Tvl)xp Ut dedn
((
(

W&y + Uyny) VQ) U U’ dedn
Thus we have to calculate

Az:/wi,g‘l’\PTdfdn, BiZ/wZ-,n\If\I/Tdfdn, i=1:n.
s s

But the functions ;¢ , 1, are additive composed by the functions 1, £, 7, therefore only the
both matrices P, Q are to be calculated besides the mass matrix:

M:/\II\I!ngdn, P:/gnpqﬁdgdn, Q:/an\ﬂdgdn,
S S S

as well as, by (1),

A1:—3M—|—4P+4Q, AQZ—M+4P, A3:O,

A4:4M—8P—4Q, A5:4Q, A6:_4Q
By =—-3M +4P +4Q, By =0, By = —M +4Q,
By = —4P, Bs = 4P, Bg = 4M — 4P — 4Q)

6 6 6 6
Py :ZAivl,ia PzZZBwl,m P3=ZAiU2,i> P4:ZB7LU271'-
— — — —

A:J(Plgx—i_P?niv)a B:J(P1£y+P2ny)7 C:J(P3§;B+P4T/$)v D:J(P3£y+P4ny)



