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Supplements 1 to Chapter IX E. Gekeler
11/10/06

Case Study: Taylor-Hood element

Complete quadratic “ansatz” for each of the velocity components and linear ansatz for the
pressure component in unit triangle S:

v(ξ, η) = a1 + a2ξ + a3η + a4ξ
2 + a5ξη + a6η

2

q(ξ, η) = b1 + b2ξ + b3η

(a) Starting from the algebraic basis

Θ(ξ, η) = [1, ξ, η, ξ2, ξη, η2]T

the basis Ψ = [ψ1, . . . , ψ6] of shape functions in unit triangle is calculated by means of the
design matrix B :

Ψ(ξ, η) = Θ(ξ, η)B . (1)

in successione (0, 0), (1, 0), (0, 1), (1/2, 0), (1/2, 1/2), (0, 1/2)

u1 = v(0, 0) = a1

u1 = v(1, 0) = a1 + a2 + a4

u3 = v(0, 1) = a1 + a3 + a5

u4 = v(1/2, 0) = a1 + a2/2 + a4/4
u5 = v(1/2, 1/2) = a1 + a2/2 + a3/2 + a4/4 + a5/4 + a6/4
u6 = v(0, 1/2) = a1 + a3/2 + a6/4

It follows u = Aa, a = Bu where

A =




1 0 0 0 0 0
1 1 0 1 0 0
1 0 1 0 0 1
1 1/2 0 1/4 0 0
1 1/2 1/2 1/4 1/4 1/4
1 0 1/2 0 0 1/4




, B = A−1 =




1 0 0 0 0 0
−3 −1 0 4 0 0
−3 0 −1 0 0 4
2 2 0 −4 0 0
4 0 0 −4 4 −4
2 0 2 0 0 −4




.

and then, by (1),
ψ1 = (1− ξ − η)(1− 2ξ − 2η) = ζ1(2ζ1 − 1)
ψ2 = ξ(2ξ − 1) = ζ2(2ζ2 − 1)
ψ3 = η(2η − 1) = ζ3(2ζ3 − 1)
ψ4 = 4ξ(1− ξ − η) = 4ζ1ζ2

ψ5 = 4ξη = 4ζ2ζ3

ψ6 = 4η(1− ξ − η) = 4ζ1ζ3

Now we calculate the following matrices in unit triangle

S1 =

∫

S

ΨξΨ
T
ξ dξdη , S2 =

∫

S

[ΨξΨ
T
η + ΨηΨ

T
ξ ] dξdη

S3 =

∫

S

ΨηΨ
T
η dξdη , S4 =

∫

S

ΨΨT dξdη
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then

S1 =
1

6




3 1 0 −4 0 0
1 3 0 −4 0 0
0 0 0 0 0 0

−4 −4 0 8 0 0
0 0 0 0 8 −8
0 0 0 0 −8 8




, S2 =
1

6




6 1 1 −4 0 −4
1 0 −1 −4 4 0
1 −1 0 0 4 −4

−4 −4 0 8 −8 8
0 4 4 −8 8 −8

−4 0 −4 8 −8 8




,

S3 =
1

6




3 0 1 0 0 −4
0 0 0 0 0 0
1 0 3 0 0 −4
0 0 0 8 −8 0
0 0 0 −8 8 0

−4 0 −4 0 0 8




, S4 =
1

360




6 −1 −1 0 −4 0
−1 6 −1 0 0 −4
−1 −1 6 −4 0 0

0 0 −4 32 16 16
−4 0 0 16 32 16

0 −4 0 16 16 32




,

Likewise one calculates the shape functions for linear approximation in unit triangle:

Ψ̃ = [1− ξ − η , ξ , η]T

and the both integrals

C1 =

∫

S

ΨξΨ̃
T dξdη =

1

6




−1 0 0
0 1 0
0 0 0
1 −1 0
1 1 2

−1 −1 −2




, C2 =

∫

S

ΨηΨ̃
T dξdη =

1

6




−1 0 0
0 0 0
0 0 1

−1 −2 −1
1 2 1
1 0 −1




and

S5 =

∫

S

ΨΨ̃T dξdη =
1

24




2 1 1
1 2 1
1 1 2


 .

Stationary Navier-Stokes equations with convection term:

a(v, u) + c(v, u, u) − (div v, p) = (v, f) + (v, σn(u, p))Γ , v ∈ V
−(div v, q) = 0 , q ∈ Q

σn(u, p) = (2νε(u)− p)n

In arbitrary triangle T (x, y) we have

a(u, v) = ν

∫

T

grad u : grad v dxdy

= ν

∫

T

[u1,xv1,x + u1,yv1,y] dxdy + ν

∫

T

[u2,xv2,x + u2,yv2,y] dxdy

= ã(u1, v1) + ã(u2, v2)

b(u, q) =

∫

T

div u · q dxdy =

∫

T

(u1,x + u2,y) q dxdy

c(u, v, w) =

∫

T

u · (grad v)w dxdy
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For transformation on the unit triangle we have e.g.

b(u, q) =

∫

T

(u1,ξξx + u1,ηηx) q dxdy +

∫

T

(u2,ξξy + u2,ηηy) q dxdy

= J

∫

S

(u1,ξξx + u1,ηηx) q dξdη + J

∫

S

(u2,ξξy + u2,ηηy) q dξdη

=
J

J
UT

1 (C1y31 − C2y21)Q +
J

J
UT

2 (C2x21 − C1x31)Q ,

where U1, U2 ∈ R6 , Q ∈ R3 are the local vectors of the node variables in the triangle

(b) Trilinear Form with shape functions.
P (u, v, w) = uT [grad v]w

u '
[

Φ(x, y)T U1

Φ(x, y)T U2

]
,

N(u, v, w) ' [UT
1 , UT

2 ]

[
(ΦT

x V1)Φ ΦT (ΦT
y V1)Φ ΦT

(ΦT
x V2)Φ ΦT (ΦT

y V2)Φ ΦT

][
W1

W2

]
,

Φx = Ψξξx + Ψηηx , Φy = Ψξξy + Ψηηy ,

∫

T

N(u, v, w) ' [UT
1 , UT

2 ]

[
A(V1) B(V1)
C(V2) D(V2)

][
W1

W2

]
,

where
A(V1) = J

∫

S

(
(Ψξξx + Ψηηx)

T V1

)
Ψ ΨT dξdη ,

B(V1) = J

∫

S

(
(Ψξξy + Ψηηy)

T V1

)
Ψ ΨT dξdη

C(V2) = J

∫

S

(
(Ψξξx + Ψηηx)V2

)
Ψ ΨT dξdη ,

D(V2) = J

∫

S

(
(Ψξξy + Ψηηy)V2

)
Ψ ΨT dξdη

(2)

Now we have the representation

Ψξ =




−3 4 4
−1 4 0

0 0 0
4 −8 −4
0 0 4
0 0 −4







1
ξ
η


 =: [A1 , A2 , A3]




1
ξ
η




Ψη =




−3 4 4
0 0 0

−1 0 4
0 −4 0
0 4 0
4 −4 −8







1
ξ
η


 =: [B1 , B2 , B3]




1
ξ
η




Accordingly, only the both matrices P , Q are to be calculated:

M := S4 =

∫

S

Ψ ΨT dξdη , P =

∫

S

ξΨ ΨT dξdη , Q =

∫

S

ηΨ ΨT dξdη ,



4

Then we obtain
∫

S

(ΨξV )ΨΨT dξdη = (AT
1 V )M + (AT

2 V )P + (AT
3 V )Q

∫

S

(ΨηV )ΨΨT dξdη = (BT
1 V )M + (BT

2 V )P + (BT
3 V )Q

and the integrals (2) are linear combinations of these both integrals with the corresponding
arguments V1 resp. V2

A(V1) = [(A1y31 −B1y21)V1]M + [(A2y31 −B2y21)V1]P + [A3y31 −B3y21)V1]Q

B(V1) = [(−A1x31 + B1x21)V1]M + [(−A2x31 + B2x21)V1]P + [(−A3x31 + B3x21)V1]Q

C(V2) = [(A1y31 −B1y21)V2]M + [(A2y31 −B2y21)V2]P + [A3y31 −B3y21)V2]Q

D(V2) = [(−A1x31 + B1x21)V2]M + [(−A2x31 + B2x21)V2]P + [(−A3x31 + B3x21)V2]Q

(c) The nonlinear problem may be solved by a simple iteration method or by Newton’s
method. The latter allows higher Reynolds numbers Re = 1/ν. Also, in Newton’s method
the gradient of the nonlinear part must be calculated. From (b)

gradU1,U2

[
A(U1) B(U1)
C(U2) D(U2)

][
U1

U2

]
=

[
A(U1) B(U1)
C(U2) D(U2)

]
+

[
A(U1) Null

Null D(U2)

]

(d) Postprozessor Let u = (u, v) be the velocity field then the streamlines z satisfy

∫

Ω

∇δz∇z =

∫

Ω

δz w +

∫

Γ

δz zn

∫

T

ϕiw =

∫

T

ϕi(vx − uy) +

∫

Γ

δz zn

∫

T

δz w dxdy

' JZ

∫

S

Ψ(Ψξξx + Ψηηx)
T dξdηV − JZ

∫

S

Ψ(Ψξξy + Ψηηy)
T dξdηU

= JZ

[∫

S

ΨΨT
ξ dξdη

]
(V ξx − Uξy) + JZ

[∫

S

ΨΨT
η dξdη

]
(V ηx − Uηy)

Accorcingly, the matrices ∫

S

ΨΨT
ξ dξdη ,

∫

S

ΨΨT
η dξdη

are to be calculated.


