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11/10/06

Case Study: Taylor-Hood element

Complete quadratic “ansatz” for each of the velocity components and linear ansatz for the
pressure component in unit triangle S:

v(&,n) = a1+ ax€ + azn + as&® + asén + agn®
q(&;n) = by + b+ bsn

(a) Starting from the algebraic basis

o n) =11, & n, & &, n|T
the basis ¥ = [¢1,...,1] of shape functions in unit triangle is calculated by means of the

design matrix B:
v(gn) =0(En)B. (1)
in successione (0,0), (1,0), (0,1),(1/2,0),(1/2,1/2),(0,1/2)

uy = v(0,0) = m

u; = v(1,0) = a1 +ay+ay

uz = v(0,1) = a;+as+as

ug =0v(1/2,0) = a3+ ay/2+ a4/4

us =v(1/2,1/2) = a3 +as/2+ a3/2 + as/4 + as/4 + ag/4
ug =v(0,1/2) = a;+az/2+ ag/4
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and then, by (1),
Y= 1-&-n)1-20-2n) = G(2G—-1)

Yy = £(26-1) = Q(2¢—-1)
Y3 = n(2n—1) = G(2G-1)
Yy = 41 —-E—n) = 4G
s = 4&n = 43
v = 4dn(l—-&—n) = 401G

Now we calculate the following matrices in unit triangle

Sy = / U dedn, Sy = / (W) 4 W, W] dédn

Sy = [ U, 0ldedn, Sy o= [ WO dédn
S S
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Likewise one calculates the shape functions for linear approximation in unit triangle:

and the both integrals
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Stationary NAVIER-STOKES equations with convection term:

a(v,

w) + c(v, u, u)
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In arbitrary triangle T'(z,y) we have
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grad u : grad v dxdy

[U1 V1,5 + U1 41| dedy + V/

a(uy,v1) + a(us, va)

ivu-qdrdy = /(ulx + uy ) q dxdy
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For transformation on the unit triangle we have e.g.

b(u,q) = /T (u1,6&s + w1 yns) g dzdy + /T (U268, + uanny) q dzdy

- J/wm&+WMMq%®+J/wm@+wwmq%m
S S

J J
= 3U1T(C'1y31 — Coya1)Q + jUQT(Cﬂzl — Chz31)@Q,

where Uy, U; € R®, @Q € R? are the local vectors of the node variables in the triangle
(b) Trilinear Form with shape functions.
P(u, v, w) = u' [grad v]w

U~ q)(l', y)TUl
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TV)d dT (@TV) T [ W
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Dy =Vely + Wy, Py = Wely + Uiy,

[ e = wron| 208 pen ]

where
AW) = J/((\ijfx_"annx)TVl)\p\pTdfdna
BOA) = 7 [ (0966, )70 0 i
(2)
C(Ve) = Jj((‘l’fﬁﬁ‘l’nm)‘/é)\l“lﬁdﬁdm
D(Va) = JZ (<‘I’££y + \I'nny)‘/?)\lj\pT d&dn
Now we have the representation
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Accordingly, only the both matrices P, () are to be calculated:

M::S4:/\1/\I/Td§dn, P:/g\IJ\I/ngdn, Q:/n\II\IJngdn,
S S S



Then we obtain
/ (W)U dedy = (ATV)M + (ATV)P + (ATV)Q

j (W, V)WUT dédn = (BIV)M + (BIV)P + (BI'V)Q
S

and the integrals (2) are linear combinations of these both integrals with the corresponding
arguments V; resp. V5

A(Vr) [(Avys1 — Biya1)Vi]M + [(A2ys1 — Bayor ) Vi P + [Asysi — Bsya)V1|Q
B(W) [(—Aiz31 + B1woy )Vi]M + [(—Asxs1 + By )V1| P + [(—Asws + Bswar)V1]Q
C(Va) = [(Arysr — Biyo1)Va]M + [(Agys1 — Bayo1)Va| P + [Azys1 — Baya1)V2]@Q
D(V3) [(—Aiz31 4+ B2y ) Vo] M + [(—Agxs + Bawoy ) Vo] P + [(—Aswsy + Bswar)Va]Q

(c) The nonlinear problem may be solved by a simple iteration method or by NEWTON’s
method. The latter allows higher REYNOLDS numbers Re = 1/v. Also, in NEWTON’s method
the gradient of the nonlinear part must be calculated. From (b)

s 0y oty ||| =L et ooy || i ot

(d) Postprozessor Let u = (u,v) be the velocity field then the streamlines z satisfy

/deVz-/(Szw+/(5zzn
/go,-w:/goi(vx—uy)—i-/ézzn
T T r
/5zwdmdy
T

= JZ [ WUt + V)T dednV — IZ [ W, + W) dent
S

=JZ { / A dfdn] (V& —UE) +JZ [ / A dgdn} (Ve — Uny)
S S

Accorcingly, the matrices

/S UW{ dédn, /S W7 dédn

are to be calculated.



