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Examples to the D’Alembert-Lagrange Principle

In the following examples with pendulum the z-axis points to right and the y-axis to above
(KOS). Example 1: The simple mathematical pendulum has two variables z = [z, xo]?, (72 =
Y1), one constraint 27 + 23 = (? and the total energy

By - %m(ﬁ +32) + mgzs = Blto)
2 = [miy, mis 4+ mg| - 2(t) = gradE(t) - z(t) = 0.

The tangent ¢ = [x9, —71]7 stands perpendicular on the normal of the curve n = [z, 75|, and
we have grad ' = z with the constraint force z = An. The scalar product (grad £ — An) -t =0
yields . .

m(E1xy — Zoxy) — mgry = 0. (1)

Let ¢ be the angle between the negative y-axis and the point (z1,z3) as position vector:

1y =Lsing, &y = Lcospp, i1 = —Lsinp(P)? + £ cos pp
Ty = —Lcosp, iy ={sinpg, Ty =Lcosp(P)? + £sinpp

T1xg — Towy = —5295

Inserting into (1) yields

—ml?p — mglsinp = 0

Ezample 2: The simple physical pendulum (body pendulum) has three variables
z(t) = [21, 12, ¢]T, two consztraints

x1 —lsing =0, xo+Llcosp =0, (2)
and the total energy 1
Et) = §@¢2 + Mgz, = E(ty)
dE(t —
% = [0,Mg,0p]z =:gradE -2 =0

(O inertia moment relative to rotational axis, M total mass, (x1,x2) coordinates of the gravity
center). Two normal vectors are n; = [1,0, —Ccos p|T | ny, = [0, 1, —Csin¢]” and a tangent ¢ is
obtained as cross product t = n; X n, = [(cos ¢, {sin g, 1]7. The scalar product gradE -t = 0
yields

{cos p,
[0, Mg,0¢]| fsing | = Mlgsing+0O¢p =0
1
Ezample 3: The double physical pendulum has six variables z = [z1, ..., %4, ¢1, @2])? and four

constraint (see figure)

xl—flsingpl :0, J7Q+£1COS(’01 207 $3—€Siﬂ@1—€281n§02207 ZE4+€COS§01+£2COSQO2 =0.

(3)



(x1,y1) are the coordinates of the gravity center S; and the inertia moment of the first body
relative to the rotational axis is Oy, (z3,x4) are the coordinates of the second gravity center Sy
and O is the corresponding inertia moment w.r.t. Ss.(!) Kinetic energy T', potential energy U

and total energy £ =T + U are

1 ) 1 . 1 . .
T(t) = 59190% + 592903 + §m2($§ + i7)
U(t) = M1gTe + Magxy
1 .9 1 .9 1 .9 .9
E(t) = 561901 + 592% + §m2(x3 + &3) + migas + magrs = E(ty)
dE(t . . . . .
% = [O, myg, Mals, Moy + Mag, O1¢1, @2902] ‘L
gradE -2 = 0.

The both desired tangents ¢, t, are two linearly independent solutions of the homogeneous

linear system

1 0 0 0 —{¢icosyy 0

01 0 0 —fsiny; 0 f—0
0 01 0 —flcosp; —lycosps | —

0 00 1 —lsing; —Lysinpy

hence
th] [ ticosgr lising; Lcose; Lsing; 1 0
. 0 0 lycospy lysing, 0 1

The both equations gr/;;dE -t;, =0 and grAa/dE -ty = 0 yields

ml1gsin o1 + molds cos py + molsin pi(Zy + g) + O191 =0
Malais oS o + Mol Sin o (g + g) + Osps = 0

o O1$1 + Imo(cosriz +sing1dy) = —g(lymy + €my) sin oy
Oopa  +  Llomo(cos ol + sinody) = —lamagsin gy
We have
T3 = —Llsingi(p1)? — Ly sino(P2)? + £ cos 1@y + Lo cos papy
Ty = Lcosp1(p1)? + Lo cos a(P2)? + £sin i@y + lo sin popy
cos 1@z +sinp1iy = 0Py + locos(ipr — p2)Pa + Lasin(pr — pa)(p2)?
COS oz + SiNody = Loy + L cos(ipr — @)@ + £sin(ps — ¢1)(p1)?
Therefore

(@1 -+ €2m2)gb1 + Mgmg COS(QOl — @2)@2 + Mgmg sin(gpl — 902)((?2)2
= —(lymq + fmy)gsin p;
(Og + 3my)Pa + lamy cos(pr — @2)@1 — Llama sin(p; — p2)(91)?

= —Vl3mogsin o



Oy + Pmy Clymy cos(pr — p2) $1
Clams cos(p — p2) Oy + (2my 2

S v itel v)

| (lamy + fmg)gsin ¢y
N lymog sin @y

|

The same result is also found by HAMILTON’s principle and the EULER equations; cf. Szabo:

Hohere TM, S. 89.

Ezample with holonomic-rheonomic constraint, [Hamel], S. 328. A point with mass m = 1

moves in the (x,y)-plane accorcing to

Total energy

2

7) =i —alt)r)r + §y — %d(t)f =0

Total derivation of the constraint w.r.t. ¢ yields

B(t) = 5(# +37) ~ Sa(t)a(t)’ = B(o)
t

Q.
S5

y=ci+éx = [T, y] = [T, ct+ éx
Inserting into (5) and elimination of y by means of the constraint yields
. L o g N
(% — ax)t + (Zc+ 2@¢ + xé) (et + x¢) — Jaa” = 0.
According to [Hamel| a solution exists

at + 2
0= ey =15

This solution satisfies (6).



