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Extract from Hartl et al.
(a) Statement of the Problem and Notation Let X', be function spaces over the interval
[0,7] C R. The control problem (CP) considered by [Hartl] reads:

J(z,u, T) = S(t,m(T))—f—/ F(t,z(t),u(t),t)dt = max!,
z(t) = f(t,z(t),u(t))ds, t €[0,T], x(0) = zq
(1) 0 < g(t,z(t),u(t) € Rl
0 < h(t,z(t)) € RN
0 < a(T,z(T)) € Rl
0 = bT,z(T)) € RN

Every component of g shall depend explicitely on u . For a function f : (x1, z9, x3) — f(21, 22, x3)
we also write V,; f (21, 2, x3) = V., f(x1, 22, x3), and we write sometimes f*[t] = f(t, x*(t), u*(t))
etc.. Constraint qualification 1:

V.a diag(a)

rank { V.b 0

]:|a\+\bl.

Constraint qualification 2:
quakf Vit :rank [V,g, diag(g)] =gl

This conditions says that V,g has maximum rank |g|.

Definition 1 Let h be a scalar function,
hO(z,t) = h = h(x,t),

h'(z,t) = h Veh(z,t) f(z,u,t) + hy(x,t),
h2(z,t) = h' = V.h'(z,t)f(z,u,t)+ hl(z,1),

We(z,t) = WP~ = Y hPV(x,t)f(x,ut) + B (2, ),
The h has the order p if
Vehi(z,u,t) =0,i=0,...,p—1, Vo h*(z,u,t) #0.

If h is a vector-valued function then the order of h must be defined elementwise.

Zitat of Hartl et al.:

With respect to the ith constraint h; < 0 a subinterval (71, 72) C [0,7] with 77 < 75 is called an
interior interval of a trajectory x(-) if h;(z(t),t) < 0 for all t € (71, 72). An interval [y, 73] with
71 < Ty is called a boundary interval if h;(x(t),t) = 0 for t € |7y, T»]. An instant 7 is called an
entry time if there is an interior interval ending at ¢t = 71 and a boundary interval starting at
71. Correspondingly, 7 is called an ezit time if a boundary interval ends and an interior interval
starts at 7o. If the trajectory just touches the boundary at time 7, i.e. h;(z(7),7) = 0 and if the
trajectory is in the interior just before and just after 7, then 7 is called a contact time. Taken
together, entry, exit, and contact times are called junction times.



Assumption 1 (i) Let X = C}, ,[0,T], U = Cpe.n[0,T].

pe,n

(ii) Let (x*,u*) € X x U be a solution with finitely many junction times.

(i1i) Let I, f be continuously F-differentiable in a neighborhood of the set
{(z*(t),u*(t),t) e R" x R™ x (0,7)}.

(iv) Let a, b be continuously F-differentiable in a neighborhood of (x*(T),T).
(v) =2(t) = {z(t) € R, h(z(t),t) > 0 € R}, h sufficiently smooth, see below.
(vi) Q(t) = {u(t) € R™, g(u(t),t) >0 € R"}, g continuously F-differentiable.
(vii) rank[V, g*[t], diag g*[t]] = r, t € [0, T].

(viii) rank[V,b*[T]] = p,

(iz) For every boundary interval |11, T2 let

V.hi
rank | : [t =s, t €[n, )
V. h

where hi[t] =0, i =1,...,s <q, hi[t] >0, i=s+1,...q, t € [, 7], and ¢; is the order of
h;.

(z) The linearized differential equation
&= V,f(z"(t),u"(t),t)x + Vuf(z"(t),u*(t), t)u

1s completely controllable.
(x1) The linearized problem satisfies the SLATER-condition.

Notations: H(r,u,y,t) = Uwut) +y" [z, u.1),
L(z,u,y,v,w,t) = H(x,u,y,t)+vlglx,u,t)+wlh(z,t).

Theorem 1 Let assumption 1 be fulfilled. Then there exist
y* piecewise absolutely continuous,

v* € Cp.,[0,T7,

w* € Cpc,n[()?T];

a vector c(1;) € R? for each point 1; of discontinuity of y*,
z* € RP,

such that

(4" (), 0" (8), " (1), 2", (), (), ) # (0,0,0,0,....0)
for every t € [0,T].
The following conditions holds a.e. in [0,T]:

u*(t) = arg max H(x*(t),u,y*(t),1),
ueN(t)

(iii) VoL [t] = Vo H*[t] + v*(t)" Vug*[t] = 0,

(i) vt (t) >0, v* ()" g*[t] = 0,
(v)

w*(t) >0, w*(t)"h*[t] =0,



" T

(vii) At terminal time T the following transversality condition holds:

y* (T—) = [V,a*[T] + 2TV b [T) + 257V h*[T])7,
2 >0, 2T [T] = 0.

(viii) For any time T in a boundary interval and for any contact time T, the costate vector y*
may have a discontinuity given by the following jump conditions:

y'(r—=) = y*(r+) + c(m)h;[7],
H*[r—] = H*[t+] — c(7)hf[7].

c(1) >0, e(r)h*[r] = 0.

Assumption 2 (i) Let X = Wh>[0,T], U = L°[0,T).

(i) Let (x*,u*) € X x U be a solution.

(1ii) Let I, f be continuously F-differentiable in a neighborhood of the set
{(z*(t),u*(t),t) e R" x R™ x (0,T)}.

(iv) Let a, b be continuously F-differentiable in a neighborhood of (x*(T),T).

(v) =(t) = {z(t) € R*, h(z(t),t) > 0 € R}, h sufficiently smooth, see below.

(vi) Q. (t) = {u(t) € R, g(x(t),u(t),t) >0 € R"}, g continuously F-differentiable.
(vii) rank[V,g*[t], diag g*[t]] = r, t € [0,T],

(viii) rank[V,b*[T]] = p,

(iz) For every boundary interval |11, 7] let

Vb
rank | : [t] = s, t € [m, 7]
V. h

where hi[t] =0, i=1,...,s <q, hi[t] >0, i=s+1,...q, t € [1, 7], and q; is the order of
h;.
(x) Let the linearized differential equation

i = Vo f(z*(t),u* (t), )z + Vo f (" (t),u* (), t)u

be completely controllable.
(xi) Let the linearized problem satisfy the SLATER condition.

Theorem 2 Let assumption 2 be fulfilled. Then there exist

y* € BV,[0,T],

v* € BV,[0,T],

w* € BV,[0,T], components w; nonincreasing, constant on intervals with hf[t] <0,
z* € RP,

such that

(1)
(i)

(y*(t)7v*(t)’w*(T) - w*(O),z*) 7é (0707070)7 te [07T]’

u*(t) = arg mg(x) H(z*(t),u,y"(t),t), a.e. in|0,T],
uefd(t



(m) VUL*[t] _ VHH*[t] 4 U*(t)TVug*[t] =0, a.e. in [0, T]
(iv) o'(6) 20, v ()7g"[t] = 0, a.e. in [0,7],

(v) w*(t) > 0, w* () h*[t] = 0, a.e. in€[0,T]

(vi) For all tg,t, € [0,T], to < t;

T
V. H*[t]dt +v*(t)" V,.g*[t]]dt + / dw* ()" VR[]

(to,t1]

VL H [
[ (1] + o (6) ¢ (]t — / du (£)Th ],
(to,t1]

1

yi(t) —y(tg) =

H[tf] - H'[tg] =

t
-1

t1
+

to
(vii) T - .
y"(T—) = [Vea*[T] + 27" V05 [T + 25" V. .h*[T]]",
23>0, 23Th*[T] = 0.

We may choose w*(T') = 0.
The LAGRANGE function has now the form

I((z,u),y, z,v,w)
= fa+ 2] (x(T)

+ /0 Iz, u)dt + /O T[x(t)—a:(())— /0 tf(:v,u)ds]Tdy(ﬂ
+ [ ot ay + [t

The necessary condition follows from Theorem 77 in the optimum:

V(%u)l((a:,u),y, z,v,w)(&g, du) =0
/ g(z,u)Tdv(t) =0, / h(z)"dw(t) = 0.

0 0
We obtain the two systems of equations

0 = [V[G+ZT5]( #(T) —y y' (T )]535( )
/ Vléa:dt—i—/ [0x(t) — =( /VféxdsTdy()

" / (Vagoal"du(t) + [ [V.hoa)"du(t)

0 0
0= /T V. Houdt + /T[Vugéu]Tdv(t).
Thus we obtain the following twoosystems (todo)0
= Via+ 2" (x(T)) - y"(T),
= V.H+3y" + /T VhIdw(t),

0

0

0
T

0 = V.H+ / Vgl du(t),
0

0 = [ gt
0 — /OTh(a:)wa(t).



Theorem 3 (i) Let assumption 2 be fulfilled.

(ii) Let the problem 1 be autonomous with possible exception of the mapping g.

(7i) Let (x*,u*) be a solution with finitely many junction times.

(iv) Let [11,72] be a boundary interval such that u*(t) is in the interior of S)(t) fort € (11, Ta).
(v) Let assumption 2(i) be fulfilled for t € [Ty, T2].

(vi) Let f and h be max{p;, 1 <1i < s} + k-times continuously differentiable with k > 0.
Then

y* and w* are k + 1-times continuously differentiable in |11, Ts].

Lemma 1 y* is continuous at a junction time 7 if either (a) or (b) below holds:
(a) u* ist continuous in T and

dg*[r]/ou  diag(g*[7]) 0 B
8%?1*[7] /o *0 diag(h*[r]) | =4

rank

(b) The entry or exit are nontangential, i.e, h**[T—] < 0 or h¥*[T+] > 0.



