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Proof of Theorem 4.3 and Corollary 4.1

J(x,u) = p(x(O),x(T))—i—/O q(t,z(t),u(t)) dt = max!

(1) z(t) = a:(())—i—/ f(s,a(s),u(s))ds, te[0,T]

0 = T(x(O),xO(T))ERM

HAMILTON function:

H(t, x(t),u(t),y(t)) = q(t, z(t), u(t) + y() (¢, x(t),u(?), L €0, T].

Theorem 1 (Theorem 4.3) Let X = C*([0, T|;R"), U = C*([0, T);R™), and let

(x*,u*) € X x U be a reqular solution of the problem (1). Then there exists a pair (y*,z*) €
X xRy, such that the quadruple (x*,u*,y*, 2*) is solution of the differential-algebraic boundary
problem

(t) = IV, H(t, 2, u,y) e R"

y(t) = — V. H(t,z,u,y) € R,

0 = V. H(t,x,u,y) e R,

2) 0 = 7]
= r(z(0),z(T)) e R

y(0) = — Vilp+2zr)(2(0),z(T)) €R,

y(T-) = Va(p+27)(2(0),2(T)) €R,

Obviously, one may also write the costate y(t) as column vector but the present form is advan-
tageous in later computation and in implementation.

Proof. The LAGRANGE function of the problems with equality restrictions reads by § 3.6 and
§ 12.5

L((z,u),y,2) = [p+2r)(x(0),2(T))

(3) i /OT q(z, u)dt + /OT dy(t) {95(15) —2(0) - /Otf(gj’u) ds}

where z € R,| and y € NBV([0,T];R,,). The second integral is a RIEMANN-STIELTJES integral
which counts jumping points of y. The F-derivative of L w.r.t. (z,u) with increment (£, 7) has

the form Vo L((, 1), y, 2) (€,77)
— Vi [p+ 27)(2(0), 2(T))&(0) + Va[p + 2 7](2(0), 2(T))&(T)

T
+/ (V.q &+ Vagn)dt
0

+ /:dy(t) {ﬂt)—fsm)— /0 t<vxf£+vufn> ds| .



By Corollary 3.4 there exists a pair (y*,2*) € NBV(0,T) x R}, such that in optimum (z*, u*)

V(§n) € X XU ViuL((z",u),y", 2")(&n) =0.
1. Step Choose = 0 then

0 = [Vilp+2z"r](27(0),2"(T))]¢(0)
+ [Valp+ 2" r)(27(0), 2™ (T))]&(T)

+ /OTvqudtJr/ony*(t) {g(t)—f(())—/otvxffds]

Because of the term fOT dy*(t)é(t) and € € C', y* cannot have a jumping point in the open
interval (0,7"). Because y*(0+) = y*(0) then y* can at most have a jumping point at t = T".
Besides, y*(T') = 0 because y* € NBV(0,T"). Partial integration yields

[ ar e -co0) - [ vrea

= [y (T) =y (T-)] [g(T) —£(0) — /0 ' V. fgds] (jumping point)
+y (T—) [g(T) —£(0) — /0 ! Vafé€ ds] (boundary terms)

[ v -vada=- [ véas [ yvasen

(4)

Inserting into (4) yields with H = q + y*f
0 = [Vilp+2"r)(@(0), 2" (T))|(0) + | Valp + 2 rl(a"(0),2" (1)) |&(T)
(5) - -
+ / VxHﬁdt—/ yEdt.

2. Step Choose 7 = 0 and & € C! arbitrary such that £(0) = &(T') = 0, then y* € C! by the
augmented fundamental lemma of variational calculus and

(6) vy = —=V.H(x* u*,y").

Partial integration yields

| véa—yrosm -0 - [ ica
Inserting into (5) yields by using (6)
0 = [Valpt 2ol (0).2(1)]€(0) + [Valp + 21" (0), (1) |&(T)
— Y (T=)8(T) +y(0)£(0) -
3. Step Choose nn = 0 and £ arbitrary where either £(7') = 0 or £(0) = 0, then

y*(0) = —=Vilp+zq|(x*(0),2*(T)),
y'(T—) = Valp+ 2q)(z*(0),2*(T)).



4. Step Choose £ = 0 and n € U arbitrary then by using (3)

@ [ uante [ ar o[ [ vurnas] <o

Partial integration yields as above

/OTdy*(t) Uot VufndS] = —/OT_ y*(Vufn)dt

Therefore we obtain from (7)

T—

T—
/ Vuq + y*Vufndt = V.Hndt =0.
0 0

This relation implies by the fundamentallemma that V,H = 0. [J

Proof of Theorem 4.6 and Corollary 4.1
X = CL.[0,TINC[0, T] the function space of states z,

pe,n

U = Cpml0, T the function space of controls w .

We seek for a pair (z,u) € X x U of state x and control u being a solution of the control
problem

Haw) = pla(0)o(T) + [ alta).u(0) dt =
z(t) = x(0)+ /fsa: (s)ds, te[0,T]

0 = r(z(0),2(T)) € R"
0 < g(t,x(t),u( ) €RIL telo, T
0 < h(tz@)eRM telo, T

where f, g, h,r,p,q are continuously F-differentiable in some suitable domains. B
We introduce the scalar HAMILTON function H again, and two LAGRANGE functions L and L
are associated to the problem (8):

H(t,z,u,y) = q(t,z,u)+y ft,z,y),
E(t, T, u, Y, 0,W) = H(t,x,u,y) + 0 g(t,z,u) +wh(t,x),
L((z,u),y,z,0,w) = [p+zr)(x(0),z(T))

(9) T

+ / q(z,u)dt + / [dv g(x,u) + dw h(z)]

0

+ /OT dy(t) [;E(t) —Ox(O) - /Ot [z, u) ds]

where y(t) € R,, 0 < v(t) € Ry, 0 < w(t) € Ry, are row vectors and all integrals over the
operational interval [0, 7| are again RIEMANN-STIELTJES integrals by § 12.5. Then we obtain
a simple analogue to Theorem ?7?.



Theorem 2 Let the following assumptions be fulfilled:
(1°) There ezists

(", u®, g vt w, 2%) € X x U x C), 10, T X Cheygl[0, T] X Che [0, T] X Ryyy
where v*(t) >0, w*(t) > 0 and

(10) (x*,u") = arg(mglg((XU ((x,u),y", 2%, 0", w")

(2°) The pair (x*,u*) satisfies all constraints.

(3°) fOT dv*(t) g(t,z*,u*) = 0 (complementarity condition ).
(4°) fOT dw*(t) h(t,z*) = 0 (complementarity condition ).
Then (x*,u*) is a solution of (8).

Corollary 1 Adopt the assumptions of Theorem 2.

At all points t where the siz-tuple (x*,u*,y*, v*, w*, 2*) continuously exists it is solution of the
differential-algebraic boundary value problem

(0 Y HI7 ()
y(t) — V.L(t,x,u,y,0,w)
0 = VuL(t,z,u,y,0,w)
0 = r((0),z(T))
(11) J(0) = — Vilp+2r)(0),2(T))
WT=) = Valpt 2r)(a(0), 2(T))
0 = 0(t)g(t,z,u), te|0,T)
0 = w(t)h(t,z), te€0,T]
0 < o(t), 0 <w(t), telo,T].

Proof. (a) Adopt first that

T T
12 d V.9€] = 0 ()| Veg€] d
(12 | avorv.s = [ so1v.0q a
The LAGRANGE function has now the form

L((z,u),y,z,v,w) = [p+z7](x(0), (7))

T

+ / q(m,u)dt—i—/ [dv g(x,u) 4+ dw h(z)]

0

+ /0 ' dy(t) [:E(t) —(;(0) - /0 t F(z,w) ds]

The necessary condition follows from Theorem 2 in the optimum:
V(x,u)L((xa 'LL), Y, Z) (57 77)
= Vilp + 2 7] (2(0), z(T))£(0) + Valp + 2 r](x(0), z(T))§(T)

+/OT[qu£+qun]dt
+/0T dy(?) {5@) —£(0) ~ /Ot(foﬂvufn) ds]
+ /0 Tdv(t)[vzgﬁ]—i- /0 wa(t)[vmhgw /0 Tdv(t)[vugn]



/OT dv(t)g(x,u) =0, /OT dw(t)h(z) =0

Step 1. Choose = 0 then in the same way as in the proof of Theorem 4.3,
cf. SUPPLEMENT\ chap04b

0= Vylp+ 27](2(0), 2(T))E0) + Valp + 2 ](x(0), (T))€(T)
/ V,qedt + / do(t) V€] + / 1)V o

+/0Tdy<>[ /fods}

and then, also in the same way,

0= Vilp + 27](2(0), 2(T))&(0) + Va[p + 2 7](2(0), 2(T))&(T)
+ /OT Veq&dt

[ g [ yvasar sy - o)

+ [ wgg + [ dwni.ng

Step 2. Choose n =0, £(0) =0, &{(T") =0 then

T T— T— T T
O:/O qufdt+/0 ygdt+/0 nyffdt+/0 dv(t)[vzgf]—l-/o dw(t)[V hE]

Using (12) we obtain . ' '
Yy=- [vzq —yVaof —0Vag — wvwh]

Step 3. Same as in the Proof of Theorem 4.3. Result

y(0) = —Vi[p+zq(x(0),z(T)),
y(T'=) = Valp+ zq)(x(0),z(T)).

Step 4. Choose ¢ = 0 and 7 arbitrary then, with the same temporary assumption as above

T T t
0 0 0

and, after partial integration,

T— T—
0= / [qu +y*Vuf + bvug] ndt = / Lyndt.
0 0

(b) If one of the dependent variables has a jump at a point 0 < 7 < T, the above result holds
in the corresponding subintervals



