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Duality Theory for the minimum problem with h = 0,
{f(x); z€C, —g(r) € K} = min! (1)
(a) In the following both results let A, B be arbitrary sets and
frAXB3 (z,y) = f(r,y) €R
an arbitrary function.
Lemma 1 ) )
sup yes inf seaf(7,y) < infseasupyesf(z,y).
Proof. See [Ekeland]. At first, we have
Vze Au \V/y €eb: insz.Af(xuy) < f(27y>
Consequently _
Vi A supyesinfpeaf(n,y) < supyesf (2 y)
and therefore also ) )
sup yeg inf .eaf(z,y) < infeasupyesf(z,y). O
Definition 1 A pair (z*,y*) € A x B is a saddlepoint of f if
VeeA VyeB: fla",y) < fa"y") < fla,y"). (2)
Lemma 2 The function f has a saddlepoint in A x B if and only if
max yep inf yeaf(z,y) = minzeasup yesf(z,y). (3)
Here, max instead sup says that the supremum is really attained.
Proof. [Ekeland].
(1°) Let there exist a saddlepoint (z*,y*) then by (2)
sup yEB.f(x*a y) = f(x*v ?J*) = inf ze.Af(xay*)' (4)
But ) .
inf geasup yesf(z,y) < supyesf(”,y), (5)
and ) . )
inf $6Af(x7 Yy ) S Sup yeB inf xG.Af(xv y) (6>

Therefore also, by (4),

inf ,c 4 sup yEBf(xa y) < Sup yes inf a:EAf('ra y)-

Now, by Lemma 1, it follows that equation (7) is valid with the equality sign. This result
together with (4) shows that also (5) and (6) are valid with the quality sign. By this way we

obtain fla*,y*) = supyesf(r*,y) = min e qsup yesf(z,y)
inf xeAf(xv y*) = InaXyep infze.A f(xv y)



(2°) Let conversely (3) be fulfilled, let the minimum be attained in z* and the maximum in y* .

Then obviously ) . . .
lnfxeAf(x7y ) < f(ZL' Y ) < Supy63f<x 7y)7

and both inequalites are even equalities. Therefore (z*,y*) is a saddlepoint. [
Accordingly, for a saddlepoint (z*,y*),

maxyep inf :EE.Af(*Ta y) = f(x*a y*) = min zeASUD yGBf(xa y)7

but not every point with this property is a saddlepoint as the simple example f : R? 3 (z,y) —
f(z,y) = x - y shows.
(b) Now return to the original problem

{f(x), x €C, g(x) € =K} = min!
with LAGRANGE function
L:XxYy3 (w,y) — L(z,y) = f(r) +yog(x) eR

and consider the following three problems where IC C Y is the order cone and Ky C ) the dual
cone:

(1°) The minimum problem (MP): Find a x* € X such that
" =argmin{f(z), z € C, g(z) <0}. (8)
(2°) The primal LAGRANGE problem (LP): Find a pair (z*,y*) € X x K4 such that
L(z*,y") = min zec sup yex, L(x, y). (9)
(3°) The dual LAGRANGE problem (DLP): Find a pair (z*,y*) € X x K, such that
L(z",y") = max yex, inf yec L(z, y). (10)

If the primal LAGRANGE problem and the dual LAGRANGE problem have both a unique solution

and if both values of L are the same, (z*, y*) is a saddlepoint of the minimum problem by Lemma
2.

Lemma 3 (1O> VresS: f(([j) = L($,0) = maXyGICdL(x7y)' (11)

(2°) Let K be closed, x € C, and let

Jy e Ky L(z,y") = max yex, L(2,y), (12)
then x € S (i.e. x feasible) and y* o g(z) = 0.
(3°) B _ B
S=0<=VazeCl: supyex,L(z,y) = .
Proof. See [Krabs|, §2.1. (1°) Let € S then g(x) < 0 hence

VyeKa: yog(x) <0,

which yields the assertion.

(2°) By assumption . i .
VyeKa: y og(a™) =yogla?), (13)



therefore y* o g(z*) > 0 for y = 0. But, on the other side, y o g(z*) < 0 for all y € ;. Else
there would be a contradicition to (12) since with y € ICy also ay € Iy for all & > 0. Therefore
g(x*) < 0 by the cone corollary because K closed therefore x* feasible. On setting y = y* we
obtain together y* o g(z*) = 0.

(3°) Let S be non-empty then it follows from (1°) for z € S that

flz) = SupyelCdL<17,y) < 00.

Let S be empty and = € C then —g(z) ¢ K. Then, by the cone corollary, there exists a
y* € K4 such that y* o g(z) > 0. Since ay* € K4 for @ € R (cone not pointed), we obtain
sup yex, L(x,y) = co. O

Let in particular (z*, y*) be a solution of (LP) then z* € C and
L(z*,y") = max yex, L(z*, y)

(sup yex, L(x,y) is not necessarily attained for all x € C by by assumption for z*). Then, by
Lemma 3(2°), '

(L(l'*v y*) :) f(l'*) = NN gz¢¢ SuPyEICdL(x>y)'
We say that the minimum problem (MP) and the LAGRANGE problem (LP) are equivalent if,
for every solution z* of (MP), there exists a y* € K, such that (z*,y*) is solution of (LP) and,
conversely, for every solution (z*,y*) of (LP) the first component x* is a solution of (MP).

Lemma 4 Let IC be closed, then the minimum problem and the LAGRANGE problem are equiv-
alent.

Proof. (1°) Let z* be a solution of (MP) and y* arbitrary but such that y* o g(z*) = 0, e.g.

y* =0. Then . )
f(l’ ) = mlnxec,g(x)SOf(x)

= Wi see g(@)<oSUP yzo{ () +y 0 g(2)},
= min zecsup ,>oL(z,y) (Lemma 3(c))
= L(z*,y%).
Thus (z*, y*) is solution of (LP) for all y* such that y* o g(z*) = 0.
(2°) Let (z*,y*) be a solution of (LP) then y* o g(z*) = 0 and z* feasible by Lemma 3(2°).
Moreover f(z*) = L(z*,y*), and the same conclusion as in (14) holds in the other direction.
Therefore z* is solution of (MP). O

As an inference to Lemma 2 we now obtain:

(14)

Corollary 1 . )
maxyer, inf xeCL(xa y) = N z¢c SUP yEICdL<5U7 y)

holds if and only if the minimum problem (MP) has a saddlepoint.

(c) In global LAGRANGE theory we derive the existence of saddlepoints from the existence of a
solution of the minimum problem under various assumptions. For instance, the following result
is due to [CravenT78], § 2.5:

Theorem 1 Let the minimum problem (MP) be convex and solvable. Further, let int(K) # ()
and let the following KARLIN condition be fulfilled:

VO#£yel; 3zeC: yog(x) <O.
Then (MP) has a saddlepoint.



We now recall F'. JOHN’s set
A= (g9, )(C)+(KxRy)={(g(z) + &, f(z) +0), z€C, k€K, 0> 0}.

The set S of feasible points is non-empty if and only if there exists a 0 € R such that (0,0) € A
and

inf{f(z), x € S} = inf{o, (0,0) € A}.

By this way the calculation of a solution of (MP) consists in the calculation of the smallest
intersection point of A wit the R-axis. The dual problem then consists of the calculation of
a supporting hyperplane H in ) x R which contains A in the non-negative half-plane and on
the other side has a maximum (and unique) intersection point (0,0) with the R-axis. Such
hyperplanes have the form

H(y,0) :={(u,0) €Y xR, o+you=o}
where (y,0) € V; x R. Let

H(y,0); = {(u,0) € Y xXR, p+youz=o}
denote the non-negative half-space of H(y, o) then

ACH(y,0)y <=VzelC, Vkek: f(x)+yo(9(z)+k)>o0.
We now introduce the dual-functional
p: Va3 y e oy) =infoec{f(x) +yog(x)} €R

and the dual problem (DP)

{e), ye T} =max!, T = {y € K4, p(y) > —o0},

then the following result on weak duality is easily derived:

Theorem 2 (1°) Let x € S and y € T then ¢(y) < f(z).
(2°) Let p(y*) = f(x*) for feasible arguments then x* is solution of (MP) and y* is solution of
(DP).

Proof. Because x € § and y € K; we have

o(y) < f(x) +yog(x) < f(w)

The rest is clear. [

If
e(y") < fz7),

holds for the resp. solutions of (MP) and (DP) then we speak of a duality gap. Further assump-
tions are necessary to avoid such gaps. For instance, duality gaps do not occur if the problem
(MP) is linear or if the assumptions on the existence of a saddlepoint are fulfilled in convex
nonlinear problems.



Theorem 3 Let the minimum problem (MP) be convez, let Y be normed and A closed. Then
10
1) S # 0 and inf yesf(x) > —00 <= T # 0 und sup yer(y) < +00.

In both cases, (MP) has a solution and, moreover,
—00 < SUp yerp(y) = min zes f(x) < oo.

(3%)
(3%)

S=0andT # () = sup yerp(y) = +o0.

T=0andS # 0 = inf ,csf(x) = —00.
Proof see [Werner|, Theorem 4.3.1.

Theorem 4 Let the minimum problem (MP) be convex, Y normed, and let int(A)N{0} xR £ 0.

Then S non-empty and:
(1°) If inf sesf(z) > —o0, the dual problem (DP) has a solution y* and, moreover,

max ,e7¢(y) = inf s f(2).
(2°) If the minimum problem (MP) has a solution x*, then y* o g(x*) = 0.

Proof see [Werner|, Theorem 4.3.2.

For instance, condition int(A) N {0} x R # @ is fulfilled if the SLATER condition is fulfilled, i.e.
if int(K) # () and g(zg) < 0 for some zq € C. Namely, then

{(9(x)+k, f(z)+0) e YXR, z€C, keint(K), o> 0} Cint(A)
and thus in particular
(9(xo) + (—=9(x0)), f(x0) + 0) = (0, f(z0) + 0) € int(A) N {0} NR

for all p > 0. O
Remark. In analogy to the dual functional also a primal functional

() = sup yex, {f(x) +y o g(x)}

may be introduced. Since ¢(z) < 0o <= g(x) < oo however this functional is not of interest,
and the notion “primal functional” is used in an other context.



