Supplements 2 to Chapter I1 E. Gekeler
11/10/06

Fully Implicit Runge-Kutta Methods
Hint:

A numerical integration rule has order p if it has degree p — 1; cf. § 2.3(a), i.e. is
exact for all polynomials ¢ € IL,_; (!).

We consider two types of differential systems with sufficiently smooth data, namely the general
nonlinear system and the linear system:

y'(t) = f(t,yt) € R™, (1)
y'(t) = B(t)y(t) + c(t) e R™, B(t) e R™,,. (2)

To a r-stage Runge-Kutta method (RKM) with BUTCHER matrix [4, b, ¢|, there are the inte-
gration rules for the interior equations and exterior equation associated:
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it =3 ans) i 1ir A= lagey ®)
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Let Z(t) be the solution of the implicit system of interior equations,
Zt)y=exy(t)+T7(AX I)F(t, Z(1)),
then

y(t+7) —y)

d(t,y,7) = —(bx D)TF(t,Z(t))

is the discretization error where
F(t, Z(t)) = [f(tz, Z’L(tl)>]::1 € R™™ R tl =t+ YiT -

Notations: cf. [Dekker]

Alo) <= RKM has order p — d(t,y,7) = O(79)
Blo) <+ Zilﬁﬁf‘l = % k=1:0

C(o) <= Zalﬂf 1—%%{“, i=1:r,k=1:p )
D(p) = iﬁfyflaijzlﬂj(l—fyf), j=1l:r, k=1:p

E(o,n) = wzlﬁz % lagyy = Wik)’ (=1:90,k=1:7




Let

b:[ﬂlvﬁ% "wﬁ?"]TGRrv 02[717727 "'7’VT]TERT7 C:dlag(c),
e=[l,.. TR, 5 =11,1/2,...,1/0]" € Re

B(p) says that formula (4) has (at least) order p.
C(p) says that each of the interior formulas (3) has (at least) order o.
By partial integration we obtain the relation

/ /f dtdm——/ ") f(x)de, ke Ny. (7)

On choosing here the interior rules (3) for the interior integral at left and the exterior rule (4)
else, we obtain

zﬁﬂfzawf ) k:+ 1 Zﬁj kH ) () - (8)

Let j fixed and choose for f the polynomials ¢ € II,_; where ¢(v;) = §*; (KRONECKER symbol),
then

r 1 .
Zﬁfyfaw ~ k—_'_lﬁ](l "ka—i_l) ] = 1: T.
i=1

D(p) says that this relation is exact for k=0:p0— 1.

Using (6), the conventions (5) are equivalent to

A(o) <= RKM has order p
1
B(o) — HCFle= T k=1:p
1
C(o) — AC*le kck k=1:p0 ‘ (9)
D(o) — oA = E(bT —uI'Ch), k=1:p
1
£ — bCFTAC e = k=1 (=1
VANDERMONDE’S matrix
o 1 m 7% - 71_1
Vo= [%j ]z‘:1§=1 =1 : € R,
Loy 7 o et
Matrices of HILBERT type:
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Using these notations (9) gets the form

B(o) = V]Jb=z

(o) — AV, = diag(c)V, diag(z,) =: W, € R",,
D(o) <= V] diag(h)A = (z,e” —W])diag(b)
(0,m) = VQT diag(b)AV, = ﬁgmzn

O

Theorem 1 [Butcher1964] Let a r-stage RKM be given with mutually different nodes vy, . . .7,
Then

(1°) A(g) — B(¢)
(2°) An+¢) — £(n.¢)
(3°) B(n+¢&) undC(§) = E&(n.¢)
(4°) B(n+¢&) undD(n) = &)
(5°) B(n+r)und&(r,) = C(£), wenn alle B; # 0
(6°) B(n+r)und&(n,r) — D(n).

Proof. Cf. [Crouzeix75|, [Dekker].

(1°) Apply a RKM of order p to the differential equation z'(t) = f(t) € R then exact integration
follows for f(t) = t*1, k= 1: ¢ hence B(€).

In detail. For y'(t) = c(t) € R™ we have

1 t+1 T
d(t,,7) = ;/ c(t)dt =3 Belty), ty = t+ 7 (1)
t e
TAYLOR expansion at the point ¢ yields
t4r Pl k4 »
— P
| e i ) ®(t) + O(r7*)
¢ k=0
r p—1 r C
Z Bje(t;) = Z Z j k:' VT F 4 O(r")
j=1 k=0 j=1
p—1
= Z@%) () +O(r7).
k=0 !

Inserting into (11) yields

p—1
th

M

k=0

<k+1 Zm) T+ 0()

By this way, we obtain as necessary condition for order p of a RKM that

1
k=1:p: b'C*'le= L = B(p) |, (12)

which shall always be fulfilled in the sequel.



(2°) A RKM of order p = £ + 7 yields the exact solution for the system

W) = et 1(to) =0
L) = (0+ k)P o (t), a2(te) =0, k=1:n,0=1:¢

which shows immediately the assertion.

(3%)

i T
T T

i, € Bn+¢) 1
bT klA -1 bT k—1 E bT k+£—1 _ EL=1: —1:-¢.
CHF1AC e C EC VT e R 0, ! 3
(4°)
D
prortactte DU %(bT — 0T CH)C" e = %(ch“e — 0T CH e

77+£ 1 1
— _— =1: =1:€.
k( k+€) e Pl e=1:8
(5°) From B(¢ 4+ r) and &(r, &) there follows

1 T ~k—1 -1 1 k+0—1
pr— f— A —_—
0 E(k+€) Ty U AT em gt e

= yI'Cr? (ACZle—%C’Ee) k=1:r,0=1:¢.

These are r homogeneous linear equations with regular matrix of coefficients, because all ~; are
mutually distinct and all weights (3; are nonzero by assumption. Therefore all bracketed terms
(being the variables) must disappear. This yields assertion C(€) .

(6°) By £(n,r) we obtain

1
pICMTACT e = O ATCH D) = —— k=1:n, (=1:
e=e ( ) TR m, r
and form B(n + r) by transposition
Lope—1y,  rpomre—tyy _ ore—1l gy L1 _ 1. _1.
k(eC b—e'C b)=¢C k<b Cb)_k A yk=1:n,0=1:r

The difference yields
1
eCtt (ATC’Hb— E(b—C’kb)) =0, k=1:n,0=1:r

These are again r homogeneous linear equations with regular matrix of coefficients for the
bracketed terms because all ; shall be different which yields the assertion D(n) .0

Theorem 2 [Butcher1964] Let a r-stage RKM be given where all nodes v, ..., are mutually
distinct. Then

(1°) A(o+r)= B(o+r) and D(r),

(2°) A(o+r) = C(r), if all weights B; # 0,
(3°) Ble+r)AC(r) = D(o),
(4°) B(o+7r) AD(r) = C(o0), if all weights 3; # 0.



Proof. Cf. [Crouzeix75], [Dekker].
1°) follows from Theorem 1, (1°), (
°)

( 1

(2°) follows from Theorem 1, (1°), (
(3°) follows from Theorem 1, (3°), (6°).
(4°)

4°) folllows from Theorem 1, (4°), (5°).
U

2°), (6°).
2 (o]

Theorem 3 [Butcher1964] Let a r-stage RKM be given where all nodes v, ..., are mutually
distinct and all weights By, ..., 3, are different from zero. Then

B(o) andC(§) and D(n) = A(p), p = min{o, & +n+ 1,2 + 2}.

[Crouzeix75], see also [Crouzeix80], has proved this result by using algebraic/analytic auxiliaries
and not the difficult BUTCHER technique. Since the indicated original reference is difficult to
get, the proof is given here in full length. To this end there at first necessary and sufficient
conditions for order p of a r-stage RKM in linear systems (2) necessary.

We use the notatins of the book and of (5). By § 2.4(d)(4°), let Z(t) be the solution of the
implicit system of interior equations,

Zit)y=exz(t)+T(AX I)F(t,Z(t)), (13)
(1 > 0 step length), then

z(t+7) — z(t)

d(t,z,7) = —(bx D)'F(t, Z(t)) (14)

is the discretization error and the RKM has order p if d(t,z,7) = O(7)?) .
U

Assumption 1 Let p € N fized.
(1°) Suppose B(p),

(2°) Suppose

VEeN Vs, ,eéNg : E+ X+ MM+...+ X<p—1—5 =

15
VICRACH - .. AC™ (%C”’C - ACk_l) e=0 (15)

Theorem 4 A r-stage RKM has order p for every linear system (2) if and only if Assumption
1 s fulfilled.

Proof. (1°) For B(t) = 0 we have

T

t+71 T
d(t, ., 7) = 1/ c(tydt =3 Belty), ty = t+ 7 (16)
t =



TAYLOR expansion at the point ¢ yields

t4r p—1 Rt
/ c(t)dt = (1) + O
t .

—~ (k+1)!
T p—l T k t)
ety = 380 o)
- S (Snt) et oo
k=0 \j=1

Inserting in (16) yields

d(t,z,7) ( Zﬁﬂ/]> * )(t) + O(7P)

k=0

By this way, we obtain the following necessary condition for a RKM to have order p:

1
=0: —1) : V' C*e = —— 1
k=0:(p—1) : 0'Ce=1—7 <= Blp) |, (17)

which shall be alway fulfilled in the sequel.
(2°) B(t) #0. Let

g = y(t:) —ylt) - Tzaijy,( i), i =t+nt,
(18)
y(t+ 1)
g = % Z By (¢
Inserting in (13) and (14) yields
y(t) —2z = e+7Y_ayBt;)y(t;) — 2]
j=1
d(t,z,7) = n+ Y BBt;)[yt;) — 2]
j=1
Using the notations
& e=ler,...,e )", B=diag(B(t)),...,B(t,))
we obtain T o
d(t,z,7) =0"B(I —7AB) e + 1.
TAYLOR expansion at the point ¢ yields
p—1
E; = Z ( ( ZGU"Y > ) + O(Tp>
k=1
together o1 i
=S T () (1CF - ACH) e+ O() (19)
(k—1)! k

k=1



On the other side, gilt n = O(7P) does hold by (18), whereby we obtain altogether

p—1

th:

' B(I —7AB)™! Ec’f — AO’H] e+ O(7P)
k=1

Setting here successively c(t) = kt*"lyy — t* B(t)yo for k = 1: (p — 1), then the linear system
(2) has the solution y(t) = t*y, and for a RKM of order p there follows the condition

Vk=1:(p—1) : b'B(I —7AB)™* (% — AC’H) e=0O(rr ") | (20)

By this way, a RKM has order p for a linear system (2) if and only if the conditions B(p) and
(20) are fulfilled.

(3°) For sufficiently small 7 > 0 we have
(I —7AB) ' =TI+ 7AB + ...+ 74(AB)" + O(7"™),

therefore (20) is equivalent to
or o1k k-1 —k
Vik=1:(p—1): Y 7"B(4B) (E(J — AC )e:@(TP ), (21)

on the other side

B= Z . (t)C" + O(r*H1) .

Therefore (21) is equivalent to the condltlon:

Fork=1:(p—1)

) () ... Bl o 4
D ks > B B yrgio g .. acr (%C’“—AC’“1>6 =O(r"™")

io! - - i
s—0 Ctigt.ig=s,620,i;>0 0 ¢

This result however says: Forallk =1:(p—1) and all s=1:(p—k — 1) we have

(i) (¢) - .. Blie) o .
> b iﬂ, f' Oyreiaci ... ach (%Ok — AC’k‘1> e=0. (22)
N

f-i-io-l—...igzs

These relations must hold for every p-times differentiable matrix B(t), therefore one can choose
arbitrary functions for the derivatives B (t), i =0: (p — 1), e.g. BO(t) =i!B;.

Result: in order that (22) holds for every regular funktion B(t), it is necessary and sufficient
that:

For all By, By,...B,—1 € R™,,, and for all k,s e Ngmit k+s <p—1:

) ) : 1
> ByBi - B b CPACT .- ACH (Ec’f — Ack‘—l) e=0. (23)
l+ig+...ip=s
Every real polynomial of several variables of degree < 2m —1 disappearin identically on the ring

of (m, m)-matrizes, is identically zero. (Theorem of AMITSUR-LEVITZKI). Thus, for 2m > p,
(23) is equivalent to:



For all £ > 1, for all £ > 0, for all ig,41,...4, > 0 such that k + ¢+ g+ 11 + ..., < p— 1, the
following relation does hold

p'COACT - AC™ (%C’“ —~ Ac“) e=0. (24)
Accordingly, a RKM has order p for arbitrary linar systems (2) if and only if (17) and (24) are

fulfilled.Od

Remark. In order to show that the conditions of Theorem 4 are necessary, it has been supposed
that m > 2p does hold for the dimension of the linear system (2). This condition is certainly
not optimal. For instance, the conditions (15) are no longer all necessary in case m = 1 and
p=4

Consider a linear system (2) with constant matrix B,
z'(t) = Bx(t) + c(t) e R™ (25)
Then the following result does hold:

Theorem 5 A r-stage RKM has order p for all sufficient smooth systems (25) if and only if

L |

prA Cle = | [ —,
pivida

E=0:(p—1),¢=0:k. (26)

Proof. The proof of Theorem 4 remains the same up to formula (21), but now B = B I (in fact
B x I, KRONECKER product). Then, by (21), for k=1:(p—1)

—k—1
> BT A (%c’f — AOk‘l) e=O(tP7F) (27)

p—Fk
=0

This condition is equivalent to: VA >1 V/>0: k4+/(<p—1—
1
b A (Eo’f — Ack—1> e=0. (28)

Therefore a RKM has order p for every system (25) if and only if (17) and (28) are fulfilled.
These two conditions follow apparently from (26). Conversely, it can be shown easily by rec-
curence that (17) and (28) determine uniquely the values b7 A*~“C’e for all 0 < ¢ < k < p— 1.
Therefore (26) is in the mentioned case equivalent to (17) and (28).

Condition (26) is also fulfilled in the case m = 1.
We now return to the general nonlinear differential system (1), namely to Theorem 3.

Theorem Let a r-stage RKM be given where all nodes 7, ..., are mutually distinct and all
weights 31, ..., 3, are non-zero. Then

B(o) and C(¢) and D(n) = A(p), p = min{e,§ +n+ 1,26 + 2}.

Proof. Let y be a solution of y/(t) = f(t,y(t)) and let

B(t) = grad, f(t,y(t)), c(t) = f(ty(t)) = B(t)y(t),



then y is also solutin of

We consider the following quantities:

zi = y(t) +¢Zaijf(tj,zj), tj=1t+T
(29)
t+7)
E = y( Zﬁj f(t, 2)
G = +7'Zaw tj)G + c(t;)]
(30)
t+7)
e = ul Zﬁ] tj)¢ + c(tj)] -
Furthermore, because C(§) , 1
A€ 41
d .= AC%e €+1C e#0
then, by (18) and 19),
g T D £+2
y(t:) =y() + 7> aif(t,y(t;) — )+ 0
=1 '
By this way, we obtain
— ﬁd, (€+1) £+2
= rZau F(t, ) = Pt yt)] + —-diy D (1) + O(F?). (31)

¢!

The function f shall be sufficiently smooth therefore it locally LiPSCHITZ-continuous, and we

obtain
Z 2 — y(t)] < rLTy rnax ax [ Z 1z — y(t;)| + O(T¢T).

=1

Sl = y(t)] = O(r5)

Accordingly,

and, after inserting in (31),
+1
z—y(ti) = ——diy V() + O(75) . (32)

On the other side

Fltn ) = Hsy(6) + Bz — (6] + 550 w6z~ yla)7 + )

and

B(t:)Gi + eti) = f(ti, y(t:)) + B(t:)[G — y(t:)]

We write briefly 92 f

K= a—yz(t, () [y ()]



10

and obtain by using (32)

f(ts, z) — [B(t;)G + c(t:)] = B(t:)[z: — ¢] + d2 Z:;QK + 0(7_2§+3)

which yields, by inserting into (29) and (30),

therefore

G—G=TY ayB(t)(z - ) + O
j=1

Zi — Q - O(T2£+3> .

Inserting in (33) yields

2642

(€)?

fti, z) = [B(t:)G + c(t;)] = dF K4 O(r*%).

However, by (29) and (30),

Therefore

E=¢— Zﬁi[f(tia zi) — B(t:)¢ — c(ti)] -

2642

(€1)?

K+ 0(728+3) .

=1

Thus it is to be shown that

e = O(rttly,

Or, by Theorem 4 it is to be shown that

Remember:

B(o) N\C(§) ND(n) = Vor. 3f'wp=&+n+1.

Blo) += b CFle= %, k=1:0
C¢) = AC*'le= %C’ke, : k=1:¢
D(n) <+ b'CF'A= %(bT —b'C*), k=1:7

By assumption B(§ +n + 1) it is to be shown:

VkeN \V/S,)\Z'GN() : k’—|—)\0—|—>\1++/\5§€—|—7’]+1—1—3 —

brCM ACHM ... ACH (%Ok - Ack—l) e=0

Suppose now B(§ +n+ 1) and C(§) then it is to show that

VEeN Vs eNg : k+ X+ M +...+ X <n—5 =

BTCNACH - AC™ (—5 i RO Acf+’“) e=0

(33)

(36)

(38)
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(1°) s = 0 Then it is to show that

From B(§ 47+ 1) we obtain

1 bTCA+£+k _ 1
Stk E+E)A+E+k+1)
From B({ +n+ 1) and D(n) we obtain
ch)\AC§+/€fle — L(bT _ ch«)\+1)C§+k+1e _ 1 1 _ 1
At A+1\E+k A+E+k+1

This relation yields (39).
(2°) Let the assertion (38) be true for s fixed.
(3°) It is to show that we obtain by (2°)

VEENVANENy : k+A+d4+M+.. . +A<n—(s+1) =

1 40
ch«/\Ac)\oAc)\l .. ACAS (f n kc‘f-‘rk o AC§+k—1> e=0 ( )
By D(n) we but have .
VP A= il Gl T CAM)

Inserting yields

bTCRACNACH - - AC™ (—1 CeHh — A(Jf+k_1) e

E+k
1 T ~A A A 1 k -
= — OA 1...A s [ §+ _A §+k1
H1[50 C (e3¢ C e}
| 1
. pT oA ro+l poM L. ACs E+k _ A&tk
—/\+1[ C C e <€+kc C )4

By induction hypothesis, both factors are zero. [

Lemma 1 The following two assumptions are equivalent for fired p € N :

Assumption 2 Let p € N fized. Suppose B(p) and

VEeNVs, ,éNg : E+ X+ M+...+ X<p—1—5 =

1

41
VICRACH - - AC™ (%C’k - ACk_l) e=0 (4D

and
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Assumption 3 Let p € N fized. Let

VseNVAMEN:Y N<p—s =
sk:1 s -1 : (42)
bTC/\1AC/\2...AC)\5€:H [(S—Z+1)+Z)\k]

i=1 k=i

In particular

s=1: bICMACY ... ACN = bl Che

s=2: bTOMAC ... ACN = bpTCMAC™e.

Assumption 2 is apparently more simple but Assumption 3 is somewhat more advantageous for
the calculation of concrete conditions.

Proof. Assumption 2 is trivially equivalent to B(p); Assumption 3 is equivalent to B(p) for
s = 1. It follows by induction that B(p) and Assumption 2 determine uniquely the value

VICMACH? - AC™e

for all s € N and all A\, Ag,...,A; € Ny such that Ay +... + Ay, < p —s. Accordingly, for
equivalence it is only to show that Assumption 3 implies Assumption 2 which is left to the
reader.[]

Lemma 2 There exists exactly one r-stage RKM of order 2r. It is determined by B(2r) and
C(r).

Proof. There exists exactly one integration rule of order 2r for the exterior equation

| rde~ Y6060

namely the GAUSS-LEGENDRE formula with r nodes in interval [0, 1]. Their weights (;, i =
1 : r are all positive. Then, because of Theorem 2 (3°) we obtain D(r) and thus by Theorem 3
for the order p )

p=min{2r, 2r + 1, 2r + 2} = 2r.
Moreover, it follows from (10) that the matrix A = WV ~! in C(r) is determined uniquely. [J
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