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To Section 1.9 Let £, F be BANACH spaces and K € {R,C}.

Theorem 1 (Theorem 1.19, Bordering Lemma) Let the linear operator E : € x K™ — F x K"
be of the form

A B
e-lé b
with
A €E—-F, B:K'—=F
CcC:£E—-K', D:K"—K".
(B1) If A is bijective then E is bijective iff D — C A~ B is bijective.
(B2) If A is not bijective and dim Ker(A) = codim Range(A) = r > 1 then E is bijective iff

(B21) dim Range(B) =r, (B22) Range(B) N Range(A) = {0},
(B23) dimRange(C) =r, (B24) Ker(A)N Ker(C) = {0}.

(B3) If A is not bijective and dim Ker(A) > r then E is not bijective.
Proof. See [Decker|, pp. 428-430. We consider the linear system

Arx+ Bv =y (1)
Cx+Dv=w "’

where (z,y) € € x F and (v,w) € K" x K". Then E is bijective iff V (y,w) € F x K" 3 (z,v) €

& x K" such that (1) holds and if (z,v) = (0,0) is the only solution of this system with right

side (y,w) = (0,0).

Case (B1). Suppose that A is bijective then A™! exists and (1) is formally equivalent to the

linear system v = Ay — Bo) ,
(D—-CA'Blv=w—-CA™y. (2)

Considering these equations, we can see that E is injective iff D — CA™!B : K" — K" is
injective. From Linear Algebra we also know that D — CA~!B is injective iff it is bijective, and
bijectivity of this matrix implies bijectivity of E. This proves the first part of the theorem. In
fact, we have in case (B1) the explicit formula

g1 _[ AT+ B(D—CAT'B)ICATY] —ATIB(D - CAT B
- —(D—-CA'B)"lcA™! (D—-CA'B)™!
Case (B2). Suppose that
dim Ker(A) = codim Range(A) =r > 1 (3)

— then A is not bijective — and let first (B21) — (B24) be fulfilled. We show again that F is
bijective. From (3), » = dim Range(B), and Range(A) N Range(B) = {0} we see that

F = Range(A) @ Range(B), (4)



and that B is injective. Also, from Range(C') = K", dim Ker(A) = r, and Ker(A) N Ker(C) =

{0} we see that
&€ =Ker(A) @ Ker(C) (5)

hence
C }Ker( 4 bijective and A ‘Ker(C’) injective.
Now, by (5),
Vaee& d (va,xc) € Ker(A) x Ker(C) : x = x4 + z¢.
Inserting this direct decomposition of z into (1) we obtain

y = Azxc + Bo (6)
w=Cxy+Dv ’

hence, by (4), Vy € F 3! (z.(y),v(y)) € Ker(C) x K" solving (6)(i). Furthermore, (6)(ii) is
equivalent to

rTa= [C ‘Ker(A)]_l(w o DU)

such that 24 = z4(y,w) hence E is surjective.

If we insert y = 0 into (6)(i) then we get ¢ = 0 and v = 0 by (4). If then in addition w = 0,
the second equation in (6) implies that x4 = 0 since v = 0 and C |Ker( A) is bijective. Therefore

E is injective. So FE is bijective and (B2.1) — (B2.4) is a sufficient condition.
To show necessitiy, let E be bijective while (3) holds. Now (1) implies that

VyeF 3 (r,v) € E XK :y— Bv= Az € Range(A)
hence the direct decomposition
F = Range(A) @&V,
where dim V = codim(Range(A)) = r, shows that ¥V C Range(B). Therefore we have
r = dim Range(V) < dim Range(B) < dim K" =r

hence B is injective and V = Range(B), i.e., (B21) and (B22) are fulfilled.
Let Ker(A) = span{zi,...,z,} C £ and note that

X, A B || z; 0 .
Eloj}:lc D:||:O]:|:|:1Uj:|, w;=Cx;, j=1,...,7

As the linear operator E is bijective, the elements wy, ..., w, must be linear independent and
hence the linear operator C' : £ — K" is surjective, resp. (B23) holds.

If (B24) fails to hold, i.e., Ker(A) N Ker(C) # {0}, then we have Azy = 0 = Cx, for some
0 # xzg € €. Thus (x,v) = (x0,0) is a nontrivial solution of E(x,v) = (0,0) in contradiction to
the assumption that F is injective hence finally (B24) holds, too.



Case (B3). If dimKer(A) > r then we can choose x1,..., 2,41 linear independent such that
Az; = 0. Since Range(C') C K", the elements Czy,...,Cz,..; must be linear independent. So
there exists a (r+1)-tuple {a1, ..., a,41} with not all components disappearing such that

r+1

0#z:= Zajxj
j=1

satisfies Az =0 € F and Cz =0 € K" hence E(x,0) = (0,0) and E is not bijective.

Remarks. (i) If A is bounded then FE is bounded and if E~! exists then it is also bounded.
(ii) If r = 1 and Ker(A) = [Range(A*)]* then the regularity condition (ii) simply reduces to

B ¢ Range(A), C ¢ Range(A"), (7)
which is equivalent to
u'B#0, C'v#0,

for A*u* =0, Av =0, u*(v) #0.

(iii) In this volume we need only the first part (B1) of the Bordering Lemma. Fundamental
tools in Nonlinear Analysis are the following theorem of Banach and the Implicit Function
Theorem.

Theorem 2 (Contraction Mapping Theorem) Let U C E be a closed subset and f:U — U a
contraction on U. Then:

(i) There exists a unique y* € U such that y* = f(y*).

(ii) Let yo € U be arbitrary and

Ynt1 :f(yn)7 n:071727"'7
then y* = lim,, o0 Yn-
(iii)

an

ly" =yl < llyr — yol|

T l-a
(a-posteriori error bound).

Proof. See e.g. [Chow], chap. II.

Definition 1 Let U C £,V C F be open then f:U — V is a C"-diffeomorphism (r > 1) if f
is bijective and f, =1 are both r-times continuously differentiable.

Theorem 3 (Theorem 1.21, Inverse Mapping Theorem) Let U C € and V C F be open and
let a € U be fired. Let F € C"(U,V), r > 1, and let F'(a) € GL(E,F) (Fréchet-derivative).
Then there exist open subsets a € U' C U and nonempty V' C V such that the restriction of F
onto U' is a C"-diffeomorphism.

Proof. (i) It suffices to consider the case & = F and the mapping

f:€3x— Fla)'[F(a+ ) — F(a)]



with f(0) = 0 and f/(0) = id (identity).
(ii) The function

gz a— f(z)
then has the properties g(0) = 0 and ¢’(0) = 0. Therefore, there exists a 6 > 0 such that
Ks:={x €& |z|]| <0} CcUand Vz € Ks ||¢'(x)]| <1/2, hence
! 1
VoeKs | [ (oo < 5ol
0

Let now y € K; /2 be fixed and consider the mapping

G(hy)z—y+gx)=y+z— f(r)

Then z is a fixed point of G iff y = f(z) and G maps K into K;. For |ly|| < 6/2, G is a
contraction on Ky:

|G (z,y) = G(@, )| = llg(x) — g(2)]l
= Jo 9@+ t(x — &) - F)dt < o — 7] /2

Therefore the Contraction Mapping Theorem can be applied to G:
Vye KsppIa*e K; a*=G(a").
This proves that f is invertible on K /2 with
[ Koy —a*(y) € K.

(iii) We choose the open sets V' = Kj/» and U' = f~1(V') then the restriction of f to U’ is
bijective and we have to prove the regularity of the restriction ¢ of f=! to V'. At first we show
that ¢ is Lipschitz-continuous. But

1=y +g(r1) <=y = f(z1),
Ty = Yo + g(12) <= Y2 = f(22),

hence

|21 — 22| < Hyll — 1|l + [lg(z1) — g(z2)|
< lyr = w2l + 3llzr — 2]

for (x;,y;) e U’ x V', or

1
sl =2l < ly1 — gell
or
lp(y1) — @(y2) | < 2[lyr = |-
(iv) We have f'(0) =id € GL(E, E) hence there exists a §; > 0 such that

VzeKs; f(r)eGL(EE) and|f(x) ] <M.



We then obtain
le(yr) — (y2) — f'(z2) " (1 — )|
= [ f"(22) 7 f! (@) (21 — w2) + f(w2) = f(@)]l| < Mlr(z1, z2)|
Because f is differentiable, we have
(71, 32) = f(z1) = f(22) — f/(32) (21 — 22) = 0[] 71 — 72]])
thus we obtain

(1] — o(y2) — f'(@2) " (g1 — v |
1 — ol

Mjr(zy, zo)[| _ 2M|Jr (21, 25)]]
Iy —woll = |l — 22|

for [|z1 — xo|| — 0.
This proves that ¢ is differentiable with ¢'(y) = f'(z)~*.
(v) The proof of continuity of ¢' and possible higher smoothness is left to the reader.

© inherits the smoothness of f also if f € C*™ or if f is analytic.
The Implicit Function Theorem is a simple inference of the Inverse Mapping Theorem:

Corollary 1 (Corollary 1.6, Implicit Function Theorem) Let £, F,G be Banach spaces and let
feC(ExF;G),r>1,c= f(a,b), Daf(a,b) € GL(F,G). Then there exist open U, W with
a€UCE, ceW CG and a uniquely determined function ¢ € C™(U x W, F) such that

b=yp(a,c), Veeld,VzeW z= f(z,0(x,2))
and @ is as smooth as f.
Proof: Let

F(z,y) =& xF 3 (z,y) — (2, f(x,y)) €€ XG
and F'(a,b) = (a,c). We have only to show that F is local invertible. But

Id 0
F'(a.b) =

@0 = Dy f(a,b) Daf(ab)
is invertible and continuous hence

F'(a,b) € GL(E x F,E x G)

by the Inverse Operator Theorem.
For z = 0 we obtain the following second form of the Implicit Function Theorem:

Corollary 2 (Corollary 1.7, Implicit Function Theorem) Let £, F,G be Banach spaces and let
fecCc(&xF;G),r>1 fla,b) =0, Dyf(a,b) € GL(F,G). Then there exist open U with
a €U CE&, and a uniquely determined function ¢ € C"(U,F) such that

gp(a):b, VZL‘EZ/{f(ZL‘,(,D(ZL’)):O

and ¢ is as smooth as f.



For an other proof see also [Wloka], Th. 20.4.

To Section 1.10

Lemma 1 (Lemma 1.26) Let X, Y be normed vector spaces, C C X convez, K C Y positive

cone, and f : C — Y F-differentiable in D D C open.
(1°) f is K-convex if and only if

Vae,yeC: fly)— flx) = Vf(x)(y—2x) >0 ie €K.
(2°) Let X = R™ and f two-times F-differentiable and K-convex then

Vye X :VVf(x)yy] >0 ie €K.

(8)

9)

(3°) Let X =R"™, Y =R, and f two-times F-differentiable and let (9) hold then f is K-convex.

Proof. (1°) Let f be K-convex then, by the definition, for 0 < A\ < 1 directly

F) ~ £(2) — > [fle + Aly — ) — f(2)] € K.

(10)

This yields (8) for A — 0 if the cone K is closed. Otherwiselet 0 <n <A <land z=y—=x

then
n| =0 [f@+nz) = F@)] A f @+ 22) - f@)]]
— (g(a:—i—)\z)—l—(l— g)x> +gf($—l—)\z)—|—(1 _ g)f(x) ek

So we obtain for n — 0

—Vf(@)z+ X flz+X2) — f(z)] €K
= M![f(z+X2) = f(z)] e K+ Vf(2)z.

Then, by (10) and (11)
fly) = fl@) e K+ A Hf(z+X2) — f(2)] e K+ K+ Vf(z)z

and thus (8) because K + K C K.
Conversely, let (8) hold then choose u,v € X, 0 < A < 1, set = Au+ (1 — A\)v and

y=u: f(u) > f(z) +Vf(a)(u—z) |-\
= > f ) (A=)

By addition we obtain

Af(w) + (1 =N f(v) = ;A(ngl = Af() + V() Mu—z) + (1 = A)(v - =)

and thus convexity of f by definition of x.
(2°) Let f be two-times F-differentiable then, by addition of

fly) = f(x) e C+Vf(@)(y —x) and f(z) — fly) e C+V[f(y)(z —y),

(11)



we obtain the inequality
0eK+K~[Viy) —VIi@)ly—2) CK—V*f(2)ly -,y —a]+o(ly—=|?),

which implies (9).
(3°) Conversely, let (9) hold and let 0 < A < 1 as well as

A =z+Ay—2x), o(A)=f(z(A) = VfY)z(A) —z).

Then there exist a § € (0,1) by the mean value theorem such that, by (9),

fly) = f(z) = V(@) (y —x) = (1) — ¢(0) = ¥'(6)(1 - 0)

= [V(2(6) = Vf(@))(y — 2) = / V(o)) — 5.y — 3 do € K

0

This equation verifies (8) therefore f is K-konvex by (1°).

To Section 1.11

Lemma 2 (Lemma 1.32) (1°) (Contraction, Continuity) Under the assumption of ProjectiOn

Theorem 1.26
Vo, weH:|Pv—Puw| < |v—wl|.

(2°) (Linearity) The projection operator P is a linear mapping P : H — U if and only if U is
a linear subspace.

Proof (1°)

lv—w|* = |[v—Pv+Pv—Pw+ Pw—w|?
= |v=Pv+Pw—wl|?*+||Pv—Pw|?
—2(wv—Pv, Pw—Pv)—2(w—Pw, Pv— Puw).

Because y = Pw € U, z = Pv € U and the charakterization theorem it follows that
lv—w|®*>|lv - Pv+Pw—w|?+||Pv—Puw|*>|Pv—Puwl|*.
(2.1°) Let U be a subspace then by the characterization theorem
VoeUVweH:(w—Pw,v)=0.

For instance VoeU:((y+2) —Py+2),v)=0,
VoeU:((y+z2)—(Py+Pz),v)=0,

implies that
VoeU:(P(y+z2)—(Py+Pz),v)=0.

Inserting here v = P(y + z) — (Py + Pz) € U we obtain the assertion for the addition.
(2.2°) Conversely, let P be linear

P(au+ fv) = aPu+ P,

then, because y = Pu € U and z = Pv € U, we find that ay + §z € U and thus U is linear.



