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Jacobi-Dunkl polynomials

Jacobi-Dunkl polynomials J
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Jacobi-Dunkl polynomials

Let a € C. We denote by

_ ala+1)..(a+n—-1) if neN~{0},
(2)n = { 1 if n=0.

(a), is called Pochhammer symbol.

Let a,bcCand ce C\Z_.
The Gauss hypergeometric function »F(a, b; ¢;.) is defined by

+o00
n b n
VzeC; |z| <1, 2F1(a,b;c; z) := ZMZ"

— nl(c)n
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Jacobi-Dunkl polynomials

1 1
In the sequel of this talk, we consider @ > 3 > 5« #* )
and p:=a+p+1.

Definition [1]
The normalized Jacobi polynomials ©{#)(8) are defined by

@A) () := R(@F)(cos(26)) = 2F; (=m, m+ p;a+1;(sin6)?)
T
meN, 0 e [—5,5].
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Jacobi-Dunkl polynomials

Definition [1]

The Jacobi operator A, g defined on C? ((0, z)) is given by
’ 2
P42 T Ay db’
where
20 (e 2041 28+1 - _ww
Ao p(0) { 220(sin [4]) ) (cos6) %i ze (() - 2) < {0},
i =0.
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Jacobi-Dunkl polynomials

Proposition [1]

For all m e N, w(,ﬁ“’ﬁ) is the unique even C°-solution on (—g, g) of the

differential equation

Dosu = — (229,
u(0) = 1,
J(0) = 0,

with A8 .= 2sen(n)/|n|([n| + p), ne€Z.

Definition [1]
The Jacobi-Dunkl operator is the differential-difference operator A, g acting by

Al (6 = (= iy
Pasf(0) = %f(GHAZ:ZE@; ) 2“ O re ((-3.3));

| A

where

A, p(0) =(a+1)cotd — (28+1)tan, 6He (—g,g) ~ {0}.

Aa,(0)
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Jacobi-Dunkl polynomials

Theorem [1]

For each n € 7Z, the problem

{ Matl®

ix@B)y(9),
1

admits a unique C°°-solution on (— z), denoted by ¢(*#)(6) called

il

. . N 272

Jacobi-Dunkl polynomial and it is given by
e
4(a+1)

1 if n=0,

PP (0) + sin(20)(S LA V(6) it neZ~ {0},

wrP0) =

which can be also expressed as follows :

i d (a, .
mmﬁ g ¥ 0) if neZ~ {0},

vrP(0) =

1 if n=0.
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Jacobi-Dunkl polynomials

Proposition [1]

T 7T:|
2'21°
Q ForallneZ, 0 € {—g, g] we have

o wl(‘li%’i%)(a) — e2in9’ 0 c [_

vL57(0) = v (=0) = i (6).

QletneZ fe [—% —] We have

o) = ui™ 2 (20).

Q ForallneZ, 0¢e [—g, g] we have

[P0 <1
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Jacobi-Dunkl polynomials

Proposition [1]

For all n, p € Z, we have

L NP DA (0 8 = (HD)

m\:;

with 1
jusy 2 -
hiewB) = (/2 ¢gaﬁ)(9)‘ Aap(0) d6> )
-3
or even
(2|n| + p)T(|n| + a + 1)T(|n| + p) ,
f neZ- {0},
p(.B) 20 (T (a+ DRI (al + Dr ([ + 8 +1) = " S

n

M(p+1)

22T (a + )N (B + 1) =0

Iness HAOUALA (ESSTHS) On pointwise convergence of Jacobi-Dunkl series



Jacobi-Dunkl polynomials

Theorem (Christoffel-Darboux Formula) [3]

™ T
VneZ~ {0}, VO e [—5,5], Ve [ 5 2} 6 # +o,
- (e, B) (a,B) (a.8) _ Ma+n+2)(p+n+1)
& VO O = e e+ D AT - D)
1 (a 6) (Oc,ﬁ) _ (OZ,B) (O‘?B) >\n)\"+1
X e [P O 0) — O 6) + g

Sn11(0) YLD () — %w&aﬁ’(e)%nﬂ(@} :

with
%(9) — wn(_e)_

Sy(*P(6) := 5
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Jacobi-Dunkl polynomials

Proposition [2]

For all 6 € (—g, g) we have

PP () ~ 2T (o + 1)n—(2+4)
n +o0 \/EAMI‘_A’#(H)

cos [(2n +p)0 — (2o + 1)%] : (1)

22T (a+1) |n)~(o+2)

U o2, == gy i @l + el - o+ 1] @)
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ontinuous Jacobi-Dunkl convolution

Continuous Jacobi-Dunkl convolution J !
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Continuous Jacobi-Dunkl convolution

Notation [6]

R\{nr}ocz if a>B> -1,

nm
— g — 3> _=
Ga,ﬁ . R\{ 2 }HEZ lf « ﬁ = %7

Theorem [6]

Let 0,0 € G, g and k € Z. We have

WD) = [ P WO,6.9)a () o

—
2

where the explicit expression of the function W is given in [6].
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Continuous Jacobi-Dunkl convolution

Notation [4, 5]

Let p € [1,400]. We denote by

LZ,B = [P ([—g, g} A p(0) d9) : the space of measurable functions f on

[—g,%] such that
[Flasi=( [ 1FONPAp(®)d8) <400 it pe [1,+o0)

|flloo,a,p := esssup |f(0)] < +oo if p=+oo.

oe[-5.5]
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Continuous Jacobi-Dunkl convolution

Definition [4, 6]
Let 0, € Rand f € Lf 5, p€[l,+oc].
The Jacobi-Dunkl translation operator 7% is defined by

s

T¢f(9) - /_; f(‘ﬁ) W(@, ¢7‘P)Aa,ﬁ(@) de if 0,¢c Ga,ﬁ’a
f(0+ o) it 0¢ Goup or ¢¢& Gup.

Proposition [4, 6]

For all p € [1,+00], we have
If f € L? 4, then 7%f € LP .
And,

_2
17 Fllpas < 217 3| Fllp06-
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Continuous Jacobi-Dunkl convolution

Definition [4]

Let f,g € Léﬁ. The generalized convolution product of f and g is defined by

f#g(0) := /g

S
2

Proposition [4]

Let f,g,he L;’ﬁ, we have
Q f#g =g#f.
Q (f#g)#h = f#(g#h).

Theorem [4]

Let fe L} gand g€ Ll ,, pe[l,+oc]. We have

O (0)8(0)Aa (@) ds, € (=3.7).

If#&llp.a.p < 20fll1,a.pl8llp06-
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Jacobi-Dunkl coefficients

Jacobi coefficients )
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Jacobi-Dunkl coefficients

Notation [1]

We denote by

P | P E q z
Lhs=1L ([O, 2} ,Aa,5(0) dO) the space of measurable functions g on [O, 2}
such that
(/ |2(0)[PAa,5(0) d9> <+oo if p e[l +o0),
0

esssup |g(0)| < +oo if p=+oc0.

0€[0,%]
Definition [1]

The Jacobi coefficients of a function g € Z(llﬁ are defined by

™

VmeN, Foplg)(m)= / * g(0)0) (6) A 5(6) d.
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Jacobi-Dunkl coefficients

Jacobi-Dunkl coefficients )
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Jacobi-Dunkl coefficients

Definition [1, 4, 5]

The Jacobi-Dunkl coefficients of a function f € L}.,g are defined by

Ff(n) = /_1 F(0)S")(0)Aa5(6) db, n € Z.

Proposition [4]

1 T
Let f € L, ﬂand96< 2 2) We have

VkeZ, F(rF) (k) =D (0)FF(k).

Proposition [4]
Let f, g € L}x,ﬁ' We have

F(f#g)(k) = Ff(k)F(g)(k), ke
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Jacobi-Dunkl coefficients

Notation [1, 4]

We denote by

+oo
I,f = {a = (a,,)nEZ 22— C; a1 = Z |a,,|hf,""3) < +oo} .

n=—0o0

Theorem [1]

Let f € LY, 5 such that Ff € [;. Then,

“+oo
T T
)= S FrnpA @)D, ae 0 (—5,5).

n=—0o0

Proposition [1]

For all f € Li,ﬁ (resp. € Blﬁ) we have

Ff(n)=o <|n|7(a+%)), n— oo (resp. Fag(f)(m)=o (mf(‘”%)), m — oo) .
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Jacobi-Dunkl coefficients

Trigonometric Jacobi-Dunkl coefficients J
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Jacobi-Dunkl coefficients

Notations [5]

Let f € L} .. Forall k e N, we put
a,B

ak(f) :== Ff(k) + Ff(=k),

and )
i
——— [Ff(k) — Ff(—k)] if keN\{0},
WO e 1 OREEED) \ {0}
0 if k=0.
Remark [5]
For all kK € N, we have these relations :
g (O‘MB)
0 Fr(k) = 20T,
A (aB)
e ]:f(—k)z ak(f) I)\g bk(f)-
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Jacobi-Dunkl coefficients

Proposition [5]

For all k € N, we have the following integral representations :

Q a(f _2/ £(0) ' (0) An,5(6) db.

2

_; E d (a8
Q bi(f) = e / 0) (D) Aws() 0, k0

Remarks [5]
Let kK € N.

@ |If the function f is even, then

be(F)=0 and ax(f)=4 / T H0) P (6)An 5(6) dO.
0
@ If the function f is odd, then

a(f) =0, by(f) = W /j £(0) degp(k"’ﬁ)(e)Aa,ﬂ(a) do, k#0.
k
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Jacobi-Dunkl coefficients

Proposition [5]

Let f be in L:;ﬁ, a real-valued function. For all kK € N, we have the following
properties :

O Ff(—k) = FF(k).
O ak(f) = 2R (Ff(k)) € R.

2
O b(f) = W%(}"f(k))e R, k#0.
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Pointwise convergence of Jacobi-Dunkl series : Dirichlet theorem

Pointwise convergence of Jacobi-Dunkl series : Dirichlet theorem J
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Pointwise convergence of Jacobi-Dunkl series : Dirichlet theorem

Definition [1, 5]
We define the Jacobi-Dunkl series as

—+o00

S FHmu OO, e -2, 2],

n=—o0

And, for m € N,

ShO):= 32 Fr(u@On?, 6 |-

k=—m

denotes its m partial sum.
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Pointwise convergence of Jacobi-Dunkl series : Dirichlet theorem

Notation [5]

ForallneN, 0,¢ € [_5 5} We denote by

D0, 0) = 3 v OB (@),

k=—n

D{*P)(9, $) is the analog of the Dirichlet kernel associated with the Fourier series.

Proposition [5]

LetfeLaﬁ, neNand 6 e [—% 5} We have

st0)= [ (6)DD (0, 6)Anp(6) d

|
(NIE)
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Pointwise convergence of Jacobi-Dunkl series : Dirichlet theorem

Theorem [5]

3
3
3
3

Let f be a piecewise continuous function on [—5, 5} and 6 € [—5, E} ~ {0}
such that

i) f(=0) = f(9),

ii) f is differentiable on 6 and —6.
Then, we have
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Pointwise convergence of Jacobi-Dunkl series : Dirichlet theorem

Proof : [5]
T ,
Let neNand 6 € [_5’ 5] \ {0}. We can write

(0) - S50) = [ [7(0) ~ F(O)IDE (6. 0)Au () do

From the Christoffel-Darboux formula, we have for all § # +¢

£(0) — f(¢)
_of _ aﬂ)
f(0) = S,(0) = /7r cos(26) — cos(2¢)
(@:8) (g p(@:5) ) ol gy i

< |06k - A O ) g

< U030 0) - U IO (0)| An o) do
h
o [P Ma+n+2)l(p+n+1)

201 (M(a+1)) @n+p+1)nT(B+n+1)
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Pointwise convergence of Jacobi-Dunkl series : Dirichlet theorem

™ T

Forall¢€[ 27

] \ {£6}, we put
0) — f(¢)

o (
go(p) = cos(20) — cos(2¢)

then gy is also piecewise continuous on [_%’ g] \ {£6}.

Furthermore, we have

11,
élnege((b):iisin(%) (6)-

And from hypothese i) of our theorem, we deduce that

1 1

¢|er19g9(¢) ~ 25sin(20) (=0).

Under the assumption ii) of the theorem, these limits exist and are finite.

Thus, gy € 2 B

We still call gy the extension of gy on {—2 2}
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Pointwise convergence of Jacobi-Dunkl series : Dirichlet theorem

In the following, we denote by

g(0) = &(-9). o¢[-3.5].

]

I
—
aed

&
&
[
S
&
Ay
m

Now, we write
f(0) —SI(@)=h + h+ 5+, where

h = /( ’ﬂ)¢n+ﬂ)(9)/£go(¢) (e 5)(¢)Aa,5(¢) do,

2

b= —0) [ (@) (00 n(6) do
o NN gy [ (0.9)
ho= U - % S ($) An 5() o,
s G SO [ 808Ut do
Iy = _/(o¢,l3)wg¢(mﬂ)(9)/72r g0()S (aB)(@A 5(0) do.
' " 4n+1)(n+p) " -z Yni1 ;
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Pointwise convergence of Jacobi-Dunkl series : Dirichlet theorem

Combining the fact that

/(a,B) ~ ;rﬁa—&-l’
"4 220 (M(a+ 1))

and the result (1), we get

(DD () ~ ot cos [(2n+ 2+ p)|f] — (2a + 1) %]
no Pt +o0 V(o + 1)A$’# (6)

Moreover, we have

s

\%
/_2 80(9)e P (9)Aap(0) dd = Fop | &5 + 85 | (n)-

Z
And since we know that
Y
Fos | &h+83 | (n) =0 (n"*D),

then, lim /; =0.

n——+4o00
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Pointwise convergence of Jacobi-Dunkl series : Dirichlet theorem

We use the same proof as for /; to show that

lim 12 =0.

n——+oo

Otherwise, we have

s

| @36 D) Ans(0) do = 5.7 (6~ ) (o)

ol

We have )
F (gg — gg) ( ) o (n_(o‘+5)).

Furthermore, we know by (2) that
22r(a+1) n(ot3)
VI A

Supt (10 ~

. 7r
(M) ) sin {(2n+2+p)|0| f(2a+1)z

And since we have (a,8) \ (@, 8)
)\ )‘n—t:l

m o Oml
n—lToo 4(n+1)(n+p)

i

then, we get

n——+00
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Pointwise convergence of Jacobi-Dunkl series : Dirichlet theorem

We use the same reasons as for /3 to show that

lim I, =0.
n—-+4o00

Hence, we obtain

lim [f(0) — SH(0)] = Jim (h+ b+l +la) = 0.

n—-+o00o

Which achieves the proof.
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