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Jacobi-Dunkl polynomials
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Jacobi-Dunkl polynomials

Notation

Let a 2 C. We denote by

(a)n :=

⇢
a(a+ 1)...(a+ n � 1) if n 2 Nr {0},

1 if n = 0.

(a)n is called Pochhammer symbol.

Definition

Let a, b 2 C and c 2 Cr Z�.
The Gauss hypergeometric function 2F1(a, b; c ; .) is defined by

8 z 2 C; |z | < 1, 2F1(a, b; c ; z) :=
+1X

n=0

(a)n(b)n
n!(c)n

zn.
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Jacobi-Dunkl polynomials

In the sequel of this talk, we consider ↵ � � � �1

2
; ↵ 6= �1

2
and ⇢ := ↵+ � + 1.

Definition [1]

The normalized Jacobi polynomials '(↵,�)
m (✓) are defined by

'(↵,�)
m (✓) := R(↵,�)

m (cos(2✓)) = 2F1

�
�m,m + ⇢;↵+ 1; (sin ✓)2

�
,

m 2 N, ✓ 2
h
�⇡
2
,
⇡

2

i
.
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Jacobi-Dunkl polynomials

Definition [1]

The Jacobi operator �↵,� defined on C 2
⇣⇣

0,
⇡

2

⌘⌘
is given by

�↵,� :=
d2

d✓2
+

A0
↵,�

A↵,�

d

d✓
,

where

A↵,�(✓) :=

(
22⇢(sin |✓|)2↵+1(cos ✓)2�+1 if ✓ 2

⇣
�⇡
2
,
⇡

2

⌘
r {0},

0 if ✓ = 0.
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Jacobi-Dunkl polynomials

Proposition [1]

For all m 2 N, '(↵,�)
m is the unique even C1-solution on

⇣
�⇡
2
,
⇡

2

⌘
of the

di↵erential equation 8
<

:

�↵,�u = �
�
�↵,�m

�2
u,

u(0) = 1,
u0(0) = 0,

with �(↵,�)n := 2sgn(n)
p
|n|(|n|+ ⇢), n 2 Z.

Definition [1]

The Jacobi-Dunkl operator is the di↵erential-di↵erence operator ^↵,� acting by

^↵,�f (✓) :=
d

d✓
f (✓) +

A0
↵,�(✓)

A↵,�(✓)

f (✓)� f (�✓)
2

, f 2 C 1
⇣⇣

�⇡
2
,
⇡

2

⌘⌘
,

where

A0
↵,�(✓)

A↵,�(✓)
= (2↵+ 1) cot ✓ � (2� + 1) tan ✓ , ✓ 2

⇣
�⇡
2
,
⇡

2

⌘
r {0}.

Iness HAOUALA (ESSTHS) On pointwise convergence of Jacobi-Dunkl series ISAAC-2021, August 02-06, 2021 7 / 38



Jacobi-Dunkl polynomials

Theorem [1]

For each n 2 Z, the problem

⇢
^↵,�u(✓) = i�(↵,�)n u(✓),
u(0) = 1,

admits a unique C1-solution on
⇣
�⇡
2
,
⇡

2

⌘
, denoted by  (↵,�)

n (✓) called

Jacobi-Dunkl polynomial and it is given by

 (↵,�)
n (✓) :=

8
>><

>>:

'(↵,�)
|n| (✓) +

i�(↵,�)n

4(↵+ 1)
sin(2✓)'(↵+1,�+1)

|n|�1 (✓) if n 2 Zr {0},

1 if n = 0,

which can be also expressed as follows :

 (↵,�)
n (✓) =

8
>><

>>:

'(↵,�)
|n| (✓)� i

�(↵,�)n

d

d✓
'(↵,�)
|n| (✓) if n 2 Zr {0},

1 if n = 0.
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Jacobi-Dunkl polynomials

Proposition [1]

1  
(� 1

2 ,�
1
2 )

n (✓) = e2in✓, ✓ 2
h
�⇡
2
,
⇡

2

i
.

2 For all n 2 Z, ✓ 2
h
�⇡
2
,
⇡

2

i
, we have

 (↵,�)
�n (✓) =  (↵,�)

n (�✓) =  (↵,�)
n (✓).

3 Let n 2 Z, ✓ 2
h
�⇡
4
,
⇡

4

i
. We have

 (↵,↵)
2n (✓) =  

(↵,� 1
2 )

n (2✓).

4 For all n 2 Z, ✓ 2
h
�⇡
2
,
⇡

2

i
, we have

��� (↵,�)
n (✓)

���  1.

Iness HAOUALA (ESSTHS) On pointwise convergence of Jacobi-Dunkl series ISAAC-2021, August 02-06, 2021 9 / 38



Jacobi-Dunkl polynomials

Proposition [1]

For all n, p 2 Z, we have

Z ⇡
2

�⇡
2

 (↵,�)
n (✓) (↵,�)

p (✓)A↵,�(✓) d✓ =
⇣
h(↵,�)n

⌘�1
�np,

with

h(↵,�)n :=

 Z ⇡
2

�⇡
2

��� (↵,�)
n (✓)

���
2
A↵,�(✓) d✓

!�1

,

or even

h(↵,�)n =

8
>>>><

>>>>:

(2|n|+ ⇢)�(|n|+ ↵+ 1)�(|n|+ ⇢)

22⇢+1(�(↵+ 1))2�(|n|+ 1)�(|n|+ � + 1)
if n 2 Zr {0},

�(⇢+ 1)

22⇢�(↵+ 1)�(� + 1)
if n = 0.
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Jacobi-Dunkl polynomials

Theorem (Christo↵el-Darboux Formula) [3]

8 n 2 Zr {0}, 8 ✓ 2
h
�⇡
2
,
⇡

2

i
, 8� 2

h
�⇡
2
,
⇡

2

i
; ✓ 6= ±�,

nX

p=�n

 (↵,�)
p (✓) (↵,�)

p (�)h(↵,�)p =
�(↵+ n + 2)�(⇢+ n + 1)

22⇢�1 (�(↵+ 1))2 n!�(� + n + 1)

⇥ 1

cos(2✓)� cos(2�)


'(↵,�)
n+1 (✓)'(↵,�)

n (�)� '(↵,�)
n (✓)'(↵,�)

n+1 (�) +
�n�n+1

4(n + 1)(n + ⇢)

= n+1(✓)= (↵,�)
n (�)�= (↵,�)

n (✓)= n+1(�)

�
,

with

= (↵,�)
n (✓) :=

 n(✓)�  n(�✓)
2i

.
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Jacobi-Dunkl polynomials

Proposition [2]

For all ✓ 2
⇣
�⇡
2
,
⇡

2

⌘
, we have

'(↵,�)
n (✓) ⇠

+1

2⇢�(↵+ 1)n�(↵+
1
2 )

p
⇡A 2↵�1

4 , 2��1
4

(✓)
cos
h
(2n + ⇢)✓ � (2↵+ 1)

⇡

4

i
. (1)

= (↵,�)
n (|✓|) ⇠

+1

22⇢�(↵+ 1)p
⇡

|n|�(↵+
1
2 )

A 2↵�1
4 , 2��1

4
(✓)

sin
h
(2|n|+ ⇢)|✓|� (2↵+ 1)

⇡

4

i
. (2)
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Continuous Jacobi-Dunkl convolution

Continuous Jacobi-Dunkl convolution
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Continuous Jacobi-Dunkl convolution

Notation [6]

G↵,� :=

8
>>>><

>>>>:

R\{n⇡}n2Z if ↵ > � � �1

2
,

R\
nn⇡

2

o

n2Z
if ↵ = � � �1

2
,

; if ↵ = � = �1

2
.

Theorem [6]

Let ✓,� 2 G↵,� and k 2 Z. We have

 (↵,�)
k (✓) (↵,�)

k (�) =

Z ⇡
2

�⇡
2

 (↵,�)
k (')W (✓,�,')A↵,�(') d',

where the explicit expression of the function W is given in [6].
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Continuous Jacobi-Dunkl convolution

Notation [4, 5]

Let p 2 [1,+1]. We denote by

Lp↵,� := Lp
⇣h

�⇡
2
,
⇡

2

i
,A↵,�(✓) d✓

⌘
: the space of measurable functions f on

h
�⇡
2
,
⇡

2

i
such that

8
>>><

>>>:

kf kp,↵,� :=

 Z ⇡
2

�⇡
2

|f (✓)|pA↵,�(✓) d✓

! 1
p

< +1 if p 2 [1,+1),

kf k1,↵,� := ess sup
✓2[�⇡

2 ,
⇡
2 ]
|f (✓)| < +1 if p = +1.
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Continuous Jacobi-Dunkl convolution

Definition [4, 6]

Let ✓,� 2 R and f 2 Lp↵,� , p 2 [1,+1].

The Jacobi-Dunkl translation operator ⌧�f is defined by

⌧�f (✓) :=

8
<

:

Z ⇡
2

�⇡
2

f (')W (✓,�,')A↵,�(') d' if ✓,� 2 G↵,� ,

f (✓ + �) if ✓ /2 G↵,� or � /2 G↵,� .

Proposition [4, 6]

For all p 2 [1,+1], we have
If f 2 Lp↵,� , then ⌧

�f 2 Lp↵,� .
And,

k⌧�f kp,↵,�  2|1�
2
p |kf kp,↵,� .
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Continuous Jacobi-Dunkl convolution

Definition [4]

Let f , g 2 L1↵,� . The generalized convolution product of f and g is defined by

f#g(✓) :=

Z ⇡
2

�⇡
2

⌧��f (✓)g(�)A↵,�(�) d�, ✓ 2
⇣
�⇡
2
,
⇡

2

⌘
.

Proposition [4]

Let f , g , h 2 L1↵,� , we have
1 f#g = g#f .
2 (f#g)#h = f#(g#h).

Theorem [4]

Let f 2 L1↵,� and g 2 Lp↵,� , p 2 [1,+1]. We have

kf#gkp,↵,�  2kf k1,↵,�kgkp,↵,� .
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Jacobi-Dunkl coe�cients

Jacobi coe�cients
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Jacobi-Dunkl coe�cients

Notation [1]

We denote by
eLp↵,� := Lp

⇣h
0,
⇡

2

i
,A↵,�(✓) d✓

⌘
the space of measurable functions g on

h
0,
⇡

2

i

such that
8
>>><

>>>:

 Z ⇡
2

0
|g(✓)|pA↵,�(✓) d✓

! 1
p

< +1 if p 2 [1,+1),

ess sup
✓2[0,⇡2 ]

|g(✓)| < +1 if p = +1.

Definition [1]

The Jacobi coe�cients of a function g 2 eL1↵,� are defined by

8m 2 N, F↵,�(g)(m) =

Z ⇡
2

0
g(✓)'(↵,�)

m (✓)A↵,�(✓) d✓.
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Jacobi-Dunkl coe�cients

Jacobi-Dunkl coe�cients
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Jacobi-Dunkl coe�cients

Definition [1, 4, 5]

The Jacobi-Dunkl coe�cients of a function f 2 L1↵,� are defined by

F f (n) :=

Z ⇡
2

�⇡
2

f (✓) (↵,�)
n (✓)A↵,�(✓) d✓, n 2 Z.

Proposition [4]

Let f 2 L1↵,� and ✓ 2
⇣
�⇡
2
,
⇡

2

⌘
. We have

8 k 2 Z, F
�
⌧✓f
�
(k) =  (↵,�)

k (✓)F f (k).

Proposition [4]

Let f , g 2 L1↵,� . We have

F(f#g)(k) = F f (k)F(g)(k), k 2 Z.
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Jacobi-Dunkl coe�cients

Notation [1, 4]

We denote by

l1h :=

(
a := (an)n2Z : Z �! C ; kank1 :=

+1X

n=�1
|an|h(↵,�)n < +1

)
.

Theorem [1]

Let f 2 L1↵,� such that F f 2 l1h . Then,

f (✓) =
+1X

n=�1
F f (n) (↵,�)

n (✓)h(↵,�)n , a.e ✓ 2
⇣
�⇡
2
,
⇡

2

⌘
.

Proposition [1]

For all f 2 L2↵,� (resp. 2 eL2↵,�), we have

F f (n) = o
⇣
|n|�(↵+

1
2 )
⌘
, n ! 1

⇣
resp.F↵,�(f )(m) = o

⇣
m�(↵+1

2 )
⌘
, m ! 1

⌘
.
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Jacobi-Dunkl coe�cients

Trigonometric Jacobi-Dunkl coe�cients
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Jacobi-Dunkl coe�cients

Notations [5]

Let f 2 L1↵,� . For all k 2 N, we put

ak(f ) := F f (k) + F f (�k),

and

bk(f ) :=

8
<

:
� i

�(↵,�)k

[F f (k)� F f (�k)] if k 2 N \ {0},

0 if k = 0.

Remark [5]

For all k 2 N, we have these relations :

1 F f (k) =
ak(f )+i�(↵,�)k bk(f )

2
.

2 F f (�k) =
ak(f )�i�(↵,�)k bk(f )

2
.
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Jacobi-Dunkl coe�cients

Proposition [5]

For all k 2 N, we have the following integral representations :

1 ak(f ) = 2

Z ⇡
2

�⇡
2

f (✓)'(↵,�)
k (✓)A↵,�(✓) d✓.

2 bk(f ) =
2

⇣
�(↵,�)k

⌘2
Z ⇡

2

�⇡
2

f (✓)
d

d✓
'(↵,�)
k (✓)A↵,�(✓) d✓, k 6= 0.

Remarks [5]

Let k 2 N.
1 If the function f is even, then

bk(f ) = 0 and ak(f ) = 4

Z ⇡
2

0
f (✓)'(↵,�)

k (✓)A↵,�(✓) d✓.

2 If the function f is odd, then

ak(f ) = 0, bk(f ) =
4

⇣
�(↵,�)k

⌘2
Z ⇡

2

0
f (✓)

d

d✓
'(↵,�)
k (✓)A↵,�(✓) d✓, k 6= 0.
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Jacobi-Dunkl coe�cients

Proposition [5]

Let f be in L1↵,� , a real-valued function. For all k 2 N, we have the following
properties :

1 F f (�k) = F f (k).
2 ak(f ) = 2< (F f (k))2 R.

3 bk(f ) =
2

�(↵,�)k

= (F f (k))2 R, k 6= 0.
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Pointwise convergence of Jacobi-Dunkl series : Dirichlet theorem

Pointwise convergence of Jacobi-Dunkl series : Dirichlet theorem
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Pointwise convergence of Jacobi-Dunkl series : Dirichlet theorem

Definition [1, 5]

We define the Jacobi-Dunkl series as

+1X

n=�1
F f (n) (↵,�)

n (✓)h(↵,�)n , ✓ 2
h
�⇡
2
,
⇡

2

i
.

And, for m 2 N,

S f
m(✓) :=

mX

k=�m

F f (k) (↵,�)
k (✓)h(↵,�)k , ✓ 2

h
�⇡
2
,
⇡

2

i

denotes its mth partial sum.
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Pointwise convergence of Jacobi-Dunkl series : Dirichlet theorem

Notation [5]

For all n 2 N, ✓,� 2
h
�⇡
2
,
⇡

2

i
. We denote by

D(↵,�)
n (✓,�) :=

nX

k=�n

 (↵,�)
k (✓) (↵,�)

k (�)h(↵,�)k .

D(↵,�)
n (✓,�) is the analog of the Dirichlet kernel associated with the Fourier series.

Proposition [5]

Let f 2 L1↵,� , n 2 N and ✓ 2
h
�⇡
2
,
⇡

2

i
. We have

S f
n (✓) =

Z ⇡
2

�⇡
2

f (�)D(↵,�)
n (✓,�)A↵,�(�) d�.
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Pointwise convergence of Jacobi-Dunkl series : Dirichlet theorem

Theorem [5]

Let f be a piecewise continuous function on
h
�⇡
2
,
⇡

2

i
and ✓ 2

h
�⇡
2
,
⇡

2

i
r {0}

such that

i) f (�✓) = f (✓),

ii) f is di↵erentiable on ✓ and �✓.
Then, we have

lim
n!+1

S f
n (✓) = f (✓).
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Pointwise convergence of Jacobi-Dunkl series : Dirichlet theorem

Proof : [5]

Let n 2 N and ✓ 2
h
�⇡
2
,
⇡

2

i
\ {0}. We can write

f (✓)� S f
n (✓) =

Z ⇡
2

�⇡
2

[f (✓)� f (�)]D(↵,�)
n (✓,�)A↵,�(�) d�.

From the Christo↵el-Darboux formula, we have for all ✓ 6= ±�

f (✓)� S f
n (✓) = l (↵,�)n

Z ⇡
2

�⇡
2

f (✓)� f (�)

cos(2✓)� cos(2�)

⇥

'(↵,�)
n+1 (✓)'(↵,�)

n (�)� '(↵,�)
n (✓)'(↵,�)

n+1 (�)
�(↵,�)n �(↵,�)n+1

4(n + 1)(n + ⇢)

⇥
�
= (↵,�)

n+1 (✓)= (↵,�)
n (�)�= (↵,�)

n (✓)= (↵,�)
n+1 (�)

��
A↵,�(�) d�,

where

l (↵,�)n :=
�(↵+ n + 2)�(⇢+ n + 1)

22⇢�1 (�(↵+ 1))2 (2n + ⇢+ 1)n! �(� + n + 1)
.
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Pointwise convergence of Jacobi-Dunkl series : Dirichlet theorem

For all � 2
h
�⇡
2
,
⇡

2

i
\ {±✓}, we put

g✓(�) :=
f (✓)� f (�)

cos(2✓)� cos(2�)
.

Since we have supposed that f is a piecewise continuous function on
h
�⇡
2
,
⇡

2

i
,

then g✓ is also piecewise continuous on
h
�⇡
2
,
⇡

2

i
\ {±✓}.

Furthermore, we have

lim
�!✓

g✓(�) = �1

2

1

sin(2✓)
f 0(✓).

And from hypothese i) of our theorem, we deduce that

lim
�!�✓

g✓(�) =
1

2

1

sin(2✓)
f 0(�✓).

Under the assumption ii) of the theorem, these limits exist and are finite.

We still call g✓ the extension of g✓ on
h
�⇡
2
,
⇡

2

i
. Thus, g✓ 2 L2↵,� .

Iness HAOUALA (ESSTHS) On pointwise convergence of Jacobi-Dunkl series ISAAC-2021, August 02-06, 2021 32 / 38



Pointwise convergence of Jacobi-Dunkl series : Dirichlet theorem

In the following, we denote by

_
g✓(�) := g✓(��), � 2

h
�⇡
2
,
⇡

2

i
,

g1
✓ := (g✓)|[0,⇡2 ]

,

g2
✓ := (g✓)|[�⇡

2 ,0]
,

_
_

g2
✓ (�) := g2

✓ (��), � 2
h
0,
⇡

2

i
.

Now, we write
f (✓)� S f

n (✓) = I1 + I2 + I3 + I4, where

I1 := l (↵,�)n '(↵,�)
n+1 (✓)

Z ⇡
2

�⇡
2

g✓(�)'
(↵,�)
n (�)A↵,�(�) d�,

I2 := �l (↵,�)n '(↵,�)
n (✓)

Z ⇡
2

�⇡
2

g✓(�)'
(↵,�)
n+1 (�)A↵,�(�) d�,

I3 := l (↵,�)n

�(↵,�)n �(↵,�)n+1

4(n + 1)(n + ⇢)
= (↵,�)

n+1 (✓)

Z ⇡
2

�⇡
2

g✓(�)= (↵,�)
n (�)A↵,�(�) d�,

I4 := �l (↵,�)n

�(↵,�)n �(↵,�)n+1

4(n + 1)(n + ⇢)
= (↵,�)

n (✓)

Z ⇡
2

�⇡
2

g✓(�)= (↵,�)
n+1 (�)A↵,�(�) d�.
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Pointwise convergence of Jacobi-Dunkl series : Dirichlet theorem

Combining the fact that

l (↵,�)n ⇠
+1

1

22⇢ (�(↵+ 1))2
n2↵+1,

and the result (1), we get

l (↵,�)n '(↵,�)
n+1 (✓) ⇠

+1
n↵+

1
2
cos
⇥
(2n + 2 + ⇢)|✓|� (2↵+ 1)⇡4

⇤
p
⇡�(↵+ 1)A 2↵�1

4 , 2��1
4

(✓)
.

Moreover, we have

Z ⇡
2

�⇡
2

g✓(�)'
(↵,�)
n (�)A↵,�(�) d� = F↵,�

0

@g1
✓ +

_
_

g2
✓

1

A (n).

And since we know that

F↵,�

0

@g1
✓ +

_
_

g2
✓

1

A (n) = o
⇣
n�(↵+1

2 )
⌘
,

then, lim
n!+1

I1 = 0.
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Pointwise convergence of Jacobi-Dunkl series : Dirichlet theorem

We use the same proof as for I1 to show that

lim
n!+1

I2 = 0.

Otherwise, we have
Z ⇡

2

�⇡
2

g✓(�)= (↵,�)
n (�)A↵,�(�) d� =

1

2i
F
⇣ _
g✓ � g✓

⌘
(n).

We have
F
⇣ _
g✓ � g✓

⌘
(n) = o

⇣
n�(↵+1

2 )
⌘
.

Furthermore, we know by (2) that

= (↵,�)
n+1 (|✓|) ⇠

+1

22⇢�(↵+ 1)p
⇡

n�(↵+
1
2 )

A 2↵�1
4 , 2��1

4
(✓)

sin
h
(2n + 2 + ⇢)|✓|� (2↵+ 1)

⇡

4

i
.

And since we have

lim
n!+1

�(↵,�)n �(↵,�)n+1

4(n + 1)(n + ⇢)
= 1,

then, we get
lim

n!+1
I3 = 0.
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Pointwise convergence of Jacobi-Dunkl series : Dirichlet theorem

We use the same reasons as for I3 to show that

lim
n!+1

I4 = 0.

Hence, we obtain

lim
n!+1

⇥
f (✓)� S f

n (✓)
⇤
= lim

n!+1
(I1 + I2 + I3 + I4) = 0.

Which achieves the proof.
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