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Introduction

Smoothing and Strichartz estimates

Smoothing estimates describe a typical property of dispersive
equations consisting in a gain of smoothness of
the solution of the IVP with respect to the
smoothness of the initial datum and/or of the
inhomogeneous term of the equation.

Strichartz estimates describe a gain of integrability of the
solution of the IVP with respect to the integrability
properties of the initial datum and/or of the
inhomogeneous term of the equation.

These estimates are crucial to prove well-posedness results
when dealing with nonlinear (smoothing estimates) and
semilinear (Strichartz estmates) initial value problems.
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Introduction

Time-degenerate Schrddinger operators

In the sequel we will study the following classes of
time-degenerate Schrddinger operators

o ﬁa’cziat‘i_tan‘i_C(t,X)'vX, Oz>0
e Local smoothing effect.
e Local well-posedness of the associated nonlinear IVP.

@ Lp:=i0t+ b,(t)AX.
e Strichartz estimates.
o Local well-posedness of the associated semilinear IVP.

3/27



The class Lo,¢c = i + t¥Ax + ¢(t, x) - Vx

Time-degenerate Schrédinger operators The class Ly = 8; + ib’ (t)Ax

Smoothing for £, ¢ = i0; + t*Ax + c(t, X) - Vi

Motivation

Schrédinger eq.

Smoothing effect

Constant coefficients

Homogeneous: v*
Inhomogeneous: v’

Kato, Sj6lin, Kenig-Ponce-Vega,
Caustantin-Saut, Linares-Ponce,

Kleinerman and many others..

Space-variable
coefficients (elliptic

Homogeneous: v'
Inhomogeneous: v

Doi, Kenig-Ponce-Vega-Rolvung

case)

Non-degenerate Homogeneous: v’ Sugimoto-Ruzhansky
time-variable Inhomogeneous: X

coefficients

Degenerate Homogeneous: X

time-variable Inhomogeneous: X

coefficients
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The class Lo,¢c = i + t¥Ax + ¢(t, x) - Vx
Time-degenerate Schrédinger operators The class Ly = 8; + ib’ (t)Ax

Time-degenerate case: known results

Cicognani-Reissig: Local well-posedness of the homogeneous
IVP for operators of the form L, ¢ both in Sobolev and Gevrey
spaces.

No smoothing and Strichartz estimates are needed here, since
the problem under consideration is linear.

5/27



The class Lo,¢c = i + t¥Ax + ¢(t, x) - Vx
Time-degenerate Schrédinger operators The class Ly = 8; + ib’ (t)Ax

Time-degenerate Schrddinger operators

We studied the operator £, ¢ in the following cases:

@ ¢ = 0. By Fourier analysis methods we derived the
weighted smoothing effect, both homogeneous and
inhomogeneous, with a gain of 1/2 derivative;

@ ¢ # 0. We used the pseudo-differential calculus to get a
weighted homogeneous smoothing effect with a gain of 1/2
derivative and a weighted inhomogeneous smoothing
effect with a gain of 1 derivative;

Remark. (case ¢ = 0) C (case ¢ # 0)
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The class Lo,¢c = i + t¥Ax + ¢(t, x) - Vx
Time-degenerate Schrédinger operators The class Ly = 8; + ib’ (t)Ax

Thecasec=0: L,=1i0;+1t"Ay, a>0

Let us consider the IVP

Lou=Tf
{u(s,x):us(x), s>0.

By using Fourier analysis methods and Duhamel’s principle we
get that the function u solving the problem above is

u(t, x) = Wo(t, s)us(x / Wa( t', x)dt'" = Unom + Uinhom,

where the solution operator W,(t,s), t,s > 0, is given by

,a+175a+1 . a+175a+1
Wa(t, S)us(x) := €/ et Pug = / o (I Gy(6) o

Notation: W, (t,0) =: W,(1).
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The class Lo,¢c = i + t¥Ax + ¢(t, x) - Vx
Time-degenerate Schrédinger operators The class Ly = 8; + ib’ (t)Ax

Thecasec=0: L,=1i0;+1t"Ay, a>0

Observe that the solution operator satisfies the following
properties.

(i) Wa(t t) =1,

(i) Wy(t,s) = Wy(t, r)W,(r,s) for every
s, t,re|0,T];

(i) Wa(t,s)Axu = AxW, (L, s)u.

Moreover it is easy to see that

IWat, $)usllns = [l Us|l -

Notice that for « = 0 we have the standard Schrédinger group.
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The class Lo,¢c = i + t¥Ax + ¢(t, x) - Vx
Time-degenerate Schrédinger operators The class Ly = 8; + ib’ (t)Ax

Smoothing effect when ¢ =0

By exploiting the properties of W,(t, s) we derived the following
smoothing effect for L.

Theorem. (F.-Staffilani) Let W, (t) := W,(t,0), with a > 0.
Then, if n= 1, for all ¢ € L3(R),
a/2n1/2 2 < 2 .
SL)I(P |17 Dy Wa(t)‘PHLf([o,T]) ~ HSDHLZ(R)v (1)

If n> 2, on denoting by {Qg}gecz» the family of non overlapping
cubes of unit size such that R" = Jzczn Qg, then for all

¢ € LE(R"),

; 1/2
sup (/ / rta/2Dl/2Wa(t)so(x)thdx) < I¢llz@ny @)
BeZn QB 0

where Dyip(x) = (I£"@(£))" (x).
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The class Lo,¢c = i + t¥Ax + ¢(t, x) - Vx

Time-degenerate Schrédinger operators The class Ly = 8; + ib’ (t)Ax

Theorem. (F.-Staffilani) Let g € L] L2(]0, T] x R™). Then, if
n=1,

t
0/2 41/2
|t/2D/ /0 Wa(t, 7)9(7) AT || ooy i2(t0,17) S 19111 1210, 7y <)

3)
If n> 2, denoting by {Qs} sz~ a family of non overlapping
cubes of unit size such that R" = |J;.» Qg, then, for all

g € L}L2([0, T] x R™),
2 1/2
dx) (4)

sup /
gezn \J Qs L2([0,T])

t
/2 p}/2 / W, (t,7)g(7)dr
0

S 9l 2o, 7y
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The class Lo,¢c = i + t¥Ax + ¢(t, x) - Vx
Time-degenerate Schrédinger operators The class Ly = 8; + ib’ (t)Ax

Local well-posedness result

Theorem. (F.-Staffilani) Let kK > 1, then the IVP

Lou = tu|ul?
U(O7X) = UO(X)7

is locally well-posed in H® for s > n/2 and its solution satisfies
smoothing estimates.

Remark. The local well-posedness of the Cauchy problem
above but with derivative nonlinearities follows from the
equivalent result given in the general case ¢ # 0, which, as we
already said, is true even in the particular case ¢ = 0.
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The class Lo,¢c = i + t¥Ax + ¢(t, x) - Vx
Time-degenerate Schrédinger operators The class Ly = 8; + ib’ (t)Ax

Strategy of the proof: contraction argument

@ Consider the metric space
X = {u: [0, TIx R = C; [1t*/2D,/* "t e 10,7 < o,
[[Ulle= (0, 7)Hg < 0}
equipped with the distance
/2 1/2
d(u,v) = ||t /ZDX/ u- V)HL;”L?([O,T]) +lu- V”L?o([oj])f-,';
+Hlu— VHL;>O([0,T])L§-
@ Consider the map

t
O X X, D) = Wa(t)ii + / Wi (t,7)uluP(r)dr.
0

© Prove that ¢ is a contraction on B C X using the
smoothing estimates. Finally apply fixed point theorem to

get the result.
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The class Lo,¢c = i + t¥Ax + ¢(t, x) - Vx
Time-degenerate Schrédinger operators The class Ly = 8; + ib’ (t)Ax

The case ¢ # 0. Local weighted smoothing effect

We considered the IVP

{ O = it*Axu + ic(t, x) - Vyu + f(t, x) (5)
u(0, x) = up(x).

Theorem. (F.-Staffilani)

Let up € H5(R"),s € R. Assume that, forall j=1,...,n, ¢ is
such that ¢; € C([0, T], Cg°(R")) and there exists o > 1 such
that

ImFe(t, )|, IRe a3 ci(t, )| S t*(x) 71, xeR", ()
and denote by A\(|x|) := (x)~°.
Let also A® be the Fourier multiplier ASu(¢) = (£)Su(¢). Then
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The class Lo,¢c = i + t¥Ax + ¢(t, x) - Vx

Time-degenerate Schrédinger operators The class Ly = 8; + ib’ (t)Ax

(i) If f € L'([0, T]; HS(R™)) then the IVP (5) has a unique
solution u € C([0, T]; H5(R™)) and there exist positive
constants Cy, C» such that

0<t<

Ta+l T
sup. [u(t)]s < Cre® D (\Uo||s+ /, Hf(t)Hsdt> |

(i) If f € L2([0, T]; HS(R™)) then the IVP (5) has a unique
solution u € C([0, T]; H%(R")) and there exist two positive
constants Cy, C» such that

)
sup [[u(t)| + / / o
o<t<T 0 RN

ot T
< ¢ eCe(ar +T) <||U0H§ +/o Hf(t)||§dt> ;

2
/\S+1/2u‘ A(|x|)dx dt
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The class Lo,¢c = i + t¥Ax + ¢(t, x) - Vx

Time-degenerate Schrédinger operators The class Ly = 8; + ib’ (t)Ax

(i) 1f AS=1/2f € [2([0, T] x R”; t=*X(|x|)~'dtdx) then the IVP
(5) has a unique solution u € C([0, T]; H3(R™)) and there
exist positive constants Cy, C, such that

i
sup [[u(t)|2 + / / o
o<t<T 0 RN

CTa+1 > T
< Cio% T (wolg+ [ [ reagx)
0 JRn

2
/\S“/Zu‘ A(|x|)dx dt

2
/\3—1/2f( dx dt) .
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The class Lo,¢c = i + t¥Ax + ¢(t, x) - Vx
Time-degenerate Schrédinger operators The class Lp = 8; + ib’ (1) Ax

Remarks on the conditions

We remark that it is natural to require the previous conditions
on the term c in order to have the l.w.p. of the IVP. Indeed, even
in the nondegenerate case (with ¢ = ¢(x)), decay conditions on
Re ¢ are necessary for the local well-posedness of the linear
Cauchy problem to hold.

The main problems when proving the smoothing effect for £, ¢
are given by the presence of the time degeneracy t“ in the
second order term and by the presence of the first order term

¢ - Vx. Due to these considerations it is clear that conditions on
c(t, x) are necessary to control the behavior of the operator,
and, specifically, conditions relating the coefficient t* and the
coefficients ¢;(t, x). Our strategy aims to control gradient term
in the energy estimate by exploiting the form of the second
order term and the decay properties of c.
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The class Lo,¢c = i + t¥Ax + ¢(t, x) - Vx
Time-degenerate Schrédinger operators The class Ly = 8; + ib’ (t)Ax

Strategy of the proof

@ We use a pseudo-differential weight (given by Doi’s
Lemma) to define a norm N equivalent to the H%-norm
I Ils.

@ We perform an energy estimate in terms of the norm N.

@ We use the properies of the pseudo-differential weight to
apply the sharp Garding inequality to absorb the
(dangerous) lower order terms.

@ We obtain the desired inequalities from which we get
existence and unigness of the solution by means of
standard functional analysis arguments.
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The class Lo,¢c = i + t¥Ax + ¢(t, x) - Vx
Time-degenerate Schrédinger operators The class Ly = 8; + ib’ (t)Ax

Local well-posedness of the NLIVP

We then considered the NLIVP

Lo.cU = Fulul®*
{ u(0, x) = up(x), 7)

and
LocUu=+tVu-u?k p>a>0, ®)
u(0, x) = up(x).

Theorem. (F.-Staffilani) Let £, c be such that condition (6) is

satisfied. Then the IVP (7) is locally well posed in H® for
s> n/2.

Theorem. (F.-Staffilani) Let £, . be such that condition (6) is
satisfied with & = 2N (thus A\(|x|) = (x)~2N) for some N > 1,
and s > n+ 4N + 3 such that s — 1/2 € 2N. Let
HS = {up € H3(R"); A(|x|)up € H5(R™)}, then the IVP (8) with
> a >0, is locally well posed in HY.
18/27



Theclass Lo ¢ = i0; + tY“Ax + c(t, x) - Vx
Time-degenerate Schrédinger operators The class £y, = ¢ + ib’ (t)Ax

The class Ly = i0; + b/(t)Ax

We now consider operators of the form
Lp:= 0t +ib'(t)Ax,
where b € C'(R) is such that b/(0) = 0 and b has either finitely

or infinitely many critical points.
Example 1
Eb/a,czﬁﬂ c:8t+it“A+c(t,x)-Vx, a > 0;

ati /@

Example 2
Lp= ﬁet,t,1 =0t + i(et - 1)A;

Example 3
Lpy= ﬁcos(l‘) = 0t — isin(t)A.
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Theclass Lo ¢ = i0; + tY“Ax + c(t, x) - Vx
Time-degenerate Schrédinger operators The class £y, = ¢ + ib’ (t)Ax

The class Ly = i0; + b/(t)Ax

Motivation

Schrédinger Strichartz

equation with ... estimates

Constant coefficients v Strichartz, Kenig-Ponce-Vega,
Linares-Ponce, Ginibre-Velo,
Keel-Tao, Walther and others..

Space-variable v Staffilani-Tataru, Marzuola,

coefficients (elliptic Metcalfe-Tataru and others...

case)

Degenerate v Salort

space-variable

coefficients

Time-variable X

coefficients
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Theclass Lo ¢ = i0; + tY“Ax + c(t, x) - Vx
Time-degenerate Schrédinger operators The class £y, = ¢ + ib’ (t)Ax

Strichartz estimates for £,

Recall that

Lp:= 0+ ib (1) Ay,
with b € C'(R) and such that b/(0) = 0 and b has either finitely
or infinitely many critical points. Due to the form of £, we have
that the solution at time ¢ of the IVP

Lpu(t, x) = g(t, x),
{ ué)s,x) = Us(x) ©)

can be written as

. t .
u(t,x) = e’(b(’)b(s))Aus(x)+/ /(P=ENA (1) dT = Unom+Uinhom,

S

/(PO | () . / s HbO-bE)IEP T () die.
RN

By using the previous formula one can prove the following local

in time Strichartz estimates.
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Theclass Lo ¢ = i0; + tY“Ax + c(t, x) - Vx
Time-degenerate Schrédinger operators The class £y, = ¢ + ib’ (t)Ax

Weighted local Strichartz estimates for £,

Notations. We shall denote by L{L} := L(R; LY(R")), and,
when not confusing, we shall use the same notation
L7LR = L7([0, T]; LR(R"™)) when the time interval is finite.
Definition. (Admissible pairs) Given n > 1 we shall call a pair
of exponents (g, p) admissible if 2 < g, p < oo, and

2

n n
S4+— =2, with (q,p.n)#(2,0,2).
g p 2 (q.p,n) # ( )
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Theclass Lo ¢ = i0; + tY“Ax + c(t, x) - Vx

Time-degenerate Schrédinger operators The class £y, = ¢ + ib’ (t)Ax

Theorem. (F.-Ruzhansky) Let b ¢ C'([0, T]) be such that, for
any fixed T, 8{t € [0, T]; b/(t) =0} = k > 1 and b'(0) = 0.
Then, for any (q, p) admissible pair such that 2 < g, p < oo, the
following inequalities hold:

the weighted homogeneous Strichartz estimate
116/ (1) /9P| e < C(, @, 0, K) ¢l z(gnys  (10)

where

ib(t)A

16720l ooz < llopll 2 (mny;

the weighted inhomogeneous Strichartz estimate

t
\Hb’(t)\1/q/() b/ (5)|O=2N2 g()dsl| 910 < C(n,q.p, K161/ gl

(11)
where

t
H/O ‘bl(s)‘el(b(t)_b(S))Ag(s)ds”L;’°L§ < C(”v q,p, k)||‘b/‘1/q g”L;’/Lﬁ,
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Time-degenerate Schrédinger operators The class £y, = ¢ + ib’ (t)Ax

Local well-posedness of the semilinear problem

Let us consider the semilinear IVP

o+ i (H)Au = plb' (D||ulP~'u, peR
u(0, x) = uo(x),

then the following local well-posedness result holds.

Theorem. (F.-Ruzhansky) Let 1 < p < % + 1 and

b e C'([0,+)) be such that #{t € [0, T]; b/(t) = 0} is finite for
any T < oo and b/'(0) = 0. Then for all uy € L?(R") there exists
T = T(||ugl|2, n, 1, p) > 0 such that there exists a unique
solution u of the IVP (12) in the time interval [0, T] with

u e C([o, T LA®RM) () L{([0. T]; LFT (R")

and g = iggﬂg. Moreover the map vy — u(-, t), locally defined

from L2(R") to C([0, T); L3(R™)), is continuous.
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Application

By the previous theorem we can conclude the local
well-posedness for the semilinear IVP associated with:

Example 1
Eb/a.o = L o+ AT O +it*A, a>1
' arte
t{te [0, T;p(t)=0}=1forany 0 < T < oc.
Example 2

Lp= Lot 1=0r+i(el —1)A,
t{te [0, T;p(t)=0}=1forany 0 < T < oc.

Example 3
Lp= Ecos(t) = O0iU — iSin(t)A

t{te[0, T;b(t)=0} =k >1forany 0 < T < oc.
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The class Lo,c = 0t + t¥Ax + ¢(t, x) - Vx
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Remarks

Together with G. Staffilani we have recently considered
operators of the form £, on T9, with d = 2, 1. We obtained
sharp weighted (in time) Strichartz estimates and proved local
well-posedness results for the cubic (resp. quintic) semilinear
IVP (where the nonlinearity also contains a time-dependent
function).

Additionally, still in the toroidal setting, we considered some
particular (hondegenerate) space-variable coeffficients
Schrédinger operators. In this case we proved local
well-posedness results for the cubic (resp. quintic) semilinear
IVP by means of the standard sharp Stichartz estimates
involving the so-called Bourgain spaces XS?(R x T¢).
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Thank you!
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