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• The talk builds on joint work with S.ELOUADIH
Based on a recent paper accepted and which will be appear in
(Comptes-Rendus-Academie-Sciences-Paris 2021).
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Introduction

• The studies of the convergence and the rate of decay of
Fourier transform/coefficients are among the most classical
problems in Fourier analysis.
• Lipschitz condition states that :{

0 < α 6 1
|f (x)− f (x ′)| 6 M|x − x ′|α;

(1)

• It was first considered by Lipschitz in 1864 while studying the
convergence of the Fourier series of a periodic function.
• He proved that the inequality (1) is sufficient to have that the

Fourier series of f converges everywhere to the value of f .
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Introduction

• An other criterion was introduced by Dini in 1872 whose
conclusion states that the convergence is in addition uniform.
• Starting from the Riemann-Lebesgue theorem relating the

integrability of a function on the torus Tn and the convergence
of its Fourier coefficients, through the Hausdorff-Young
inequality relating the integrability of a function and its Fourier
transform.
• In this vein, Titchmarsh (1937) showed that the decay of

Fourier transform can be improved for univariate functions.
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satisfying a Lipschitz condition defined by smoothness.
His result reads as follows:

Theorem 1 ( [T] ,th 84)

If f belongs to the Lipschitz class Lip(η, p) in the Lp norm on the
real line that is :

ωp(f , t) = ‖f (·+ t)− f (·)‖Lp(R) = O(|t|α) as t → 0,

then its Fourier transform f̂ belongs to Lδ(R) for

p
p + αp − 1

6 δ 6
p

p − 1
;

0 < α 6 1
1 < p 6 2
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He also proved ([T ]; th 85) another reversible form in the L2 case,
namely:

Theorem 2

Let 0 < α 6 1 and f ∈ L2(R). Then

f ∈ Lip(α, 2) if and only if
∫
|λ|>r

|f̂ (λ)|2dλ = O
(
r2α) ; r →∞
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• In 1960, Krovokin considered Dini-Lipschitz class as the set of
functions in Lp(R) such that :

‖f (·+ h)− f (·)‖Lp(R) = o

(
ln
(
1
h

)−1
)
.

• An extension of these theorems to function of several variables
on Rn and on the torus group Tn was studied by Younis
(1970, 1974).

• Younis in 1986 showed that the result of Titchmarsh’s theorem
([T ], th 84) does not hold for the Dini-Lipschitz functions:
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It does not improve the Hausdorff-Young inequality and the
conclusion is that f̂ belong to Lp′(R) ( where 1

p + 1
p′ = 1).

Therefore, he considered some conditions which are rather situated
in between the Lipschitz and the Dini-Lipschitz conditions. These
were inspired from Weiss and Zygmund. It states that:

‖f (·+ h)− f (·)‖Lp(R) = O

(
hα ln

(
1
h

)−δ)
; δ > 0.
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� Known results:
• Rn, Younis (1970).
• πn, Younis (1974)
• Rn, Daher-El Hamma (2014)
∗ Here in this paper we considered in L2(Rn) the spherical
mean operator :

Mhf (x) =
1

ωn−1

∫
Sn−1

f (x + h ω)dω.

M̂hf (ξ) = j n−2
2

(h|ξ|)f̂ (ξ)

• Later, analogous results were given, where considering
generalized Fourier transform:
• Bessel Hypergoup (Daher-El Hamma 2016).
• Dunkl Setting (Daher-El Hamma 2015).
• Jacobi-Dunkl (Daher-El ouadih 2016).
• Laguerre Hypergoup (S.Negazaoui 2017).
• Discrete Fourier-Jacobi (Daher-EL ouadih 2017).
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• On certain Lie group (Younis 2000)
• On SU(2) (Jacobi polynomials)
• On SU(1, 1) (Jacobi functions)
• On SL(2,R) (Hypergeometric functions)
• G = KAN · ( Iwasawa decomposition)
• Natural question prises as to the capability of carrying the

Known analysis on G = KAN.

Younis conjecture : The answer will be affirmative.
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• Younis support this by emphasizing that on the subgroup A
the problem boils, down to order of magnitude of the Melin
transform of Lipschitz function ([Y]; 1997).
• On the subgroup N the question reduces to the Radon

transform of Certain Lipschitz class.

11/38
Radouan DAHER Lipschitz Conditions in Damek-Ricci Spaces.



Lipschitz conditions in S
Dini-Lipschitz conditions in Damek-Ricci spaces

• Younis (1998) has extended Titchmarsh’s theorem on the
Hyperbolic plane H2.

• Platonov (2005) has extended Younis ’s result on H2 to
N.C.S.S of rank one.
• In 2016 Daher and El ouadih has characterized the

Deni-Lipschitz functions for the Helgason Fourier transform on
rank one symmetric spaces.
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• D-Delgado.Ruzhansky (2019) Compact homogeneous
manifold.
• ...etc.
• In this talk, we investigate among other things the validity of

classical Titchmarsh theorems in the case of functions of the
wider Lipschitz and Dini-Lipschitz class in the context of
Damek-Ricci spaces, also known as harmonic NA groups This
generalizes the corresponding result for N.C.S.S of rank one.
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• Our current interest in this theme stems from a result of
Kumar and al.(2010) which is based on the work of Bray and
Pinsky (2008).
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Essentials about Damek-Ricci Spaces

• For basis of Damek-Ricci Spaces and harmonic analysis on
them, we can refer to seminal research papers. In cimpa school
organized in Morocco (1999) Pr.F.Rouvière gave a very nice
lecture : (in French) Espaces de Damek-Ricci géometrie et
analyse (Semin. Congres;7, soc . Math. France, Paris 2003).
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Essentials about Damek-Ricci Spaces

• A Damek-Ricci Space is one-dimensional extension of a
generalized Heisenberg group and a Lie group with the Lie
algebra of Iwasawa type.
It is solvable Lie group with a left a left invariant metric and is
a Riemannian manifold which includes all rank one symmetric
spaces of the non compact type, except from these,
Damek-Ricci Spaces one harmonic manifold in general non
symmetric.
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Essentials about Damek-Ricci Spaces

• One of the interesting features of thes spaces is that the radial
analysis on these spaces behaves similar to the hyperbolic
spaces as observed(Anker and al 1996) and therefore it fits
into the perfect setting of Jacobi analysis developed by
Flensted-Jensen and Koorwinder (1979).
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• Let S = NA be a semi direct product of N and A under certain
action.
• For a measurable function f on S , the Fourier-Helgason

transform is defined as :

f̂ (λ, n) =

∫
S

f (x)Pλ(x , n)dx

whenever the integral converge. and Pλ(x , n) is an
eigenfunction a Laplace-Beltrami operator ∆S on S with
eigenvalue −

(
λ2 + θ2

4

)
Pλ(x , n) is certain complex power of Poisson kernel.
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∗ It is known that for f ∈ C∞c (S) the following Fourier inversion
and the Plancherel formula holds (see Astengo and al 1997).
∗ For f ∈ C∞c (S) ; ∀x ∈ S

f (x) = c
∫
R

∫
N

f̂ (λ, n)Pλ(x , n).|c(λ)|−2dλdn

∗ The Fourier transform extends from C∞c (S) to an isomerty from
L2(S) into the space L2(R+ × N; |c(λ)|−2dλdn)
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The elementary spherical functions Φλ(x) is defined by

Φλ(x) =

∫
N

Pλ(x , n)P−λ(x , n)dn.

� As consequence of the relation between Jacobi function
Φα,β
λ (α > β > −1

2) and elementary spherical functions φλ as

φλ(t) = Φα,β
2λ (t/2)

we have these crucial lemmas

Lemma 3 ([P] 1999)

(i) |φλ(t)| ≤ 1

(ii) |1− φλ(t)| ≤ t2
2

(
λ2 + θ2

4

)
(ii) There exists a constant c > 0 depending only on λ, such that

|1− φλ(t)| ≥ c for λt ≥ 1
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Lemma 4 ([B-P] 2012)

Let α > −1
2 ,

1
2 ≤ β ≤ α and let 0 < γ0 < ρ there exist a

positive constant c1 = c(α, β, ρ) such that

|1− Φλ+2γ(t)| ≥ c1min
{
1; (λt)2}

for all |γ| ≤ γ0, λ ∈ R and t > 0.
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• Let σt be the normalized surface measure of the geodesic
sphere of radius t. Then πt is a non negative radial measure.
• The spherical mean operator Mt on a suitable function space

on S is defined by
Mt f = f ∗ σt

• It can proves that

Mt f (x) = R (f x) (t)

where f x denotes the right translation of function f by x , and
R is the radialization of operator defined, for suitable function
f by:
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Rf (s) =

∫
Sν

f (y)dσν(y)

where ν = r(x) = µ(c(x), 0)
here c is the Cayley transform and dνν is the normalized surface
induced by the left invariant Riemannian metric on the geodesic
sphere Sν = {y ∈ S : µ(y , e) = ν}
• It is easy to see that Rf is a radial function and for any radial

function f
Rf = f .
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Kumar and el. proved the following inequality.
For 1 < p ≤ 2, p 6 q 6 p′ = P

P−1 and f ∈ Lp′(S) we have

∫
R

min
{

1; (λt)2p′
}(∫

N
f̂ (λ+ iγppn)q dn

)p′/q

dµ(λ) 6 Cp′

p,q ‖Mt f − f ‖p
′

p (2.2)

where dµ(λ) = |c(λ)|−2dλ.
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Consequently for a radial function f , Mt f is the usual translation of
f by t.
• In [Kumar-S.S , 2010] the authors proved that, for a suitable

function f on S ,

M̃t f (λ, n) = φλ(at)f̃ (λ, n)

Whenever both make sense.
Also Mt f −→ f as t → 0
• We have also : ‖Mt f ‖2 6 φ0(t)‖ f ‖2
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In this section, we give the main result of this talk But first we need
to define the Lipschitz class

Definition 5

Let 0 < η 6 1 A function f ∈ Lp(S) is said to be in the
Damek-Ricci-Lipschitz class, denoted by Lip(η, p) if it satisfies
‖Mt f − f ‖p = O(|t|η

)
; t → 0
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The following Theorem represents a quantified Riemann-Lebesgue
lemma, item (1), and is an extension of results in one dimension
given in Titchmarsh.
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Theorem 6

Let 0 < p ≤ 2 and p′ = p/(p − 1).
1 If f ∈ Lip(η, p), 0 < η ≤ 1, then∫

|λ|≥r

∫
N
|f̃ (λ+iγp′ρ, n)|p′dndλ = O

(
r−p′η−d+1

)
, as r →∞;

2 when p = 2 and 0 < η < 1, the converse statement holds as
well.
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Proof.

1 The proof of this result is immediate from the estimate (2.2).

2 For the converse when p = 2 the same proof presented in
(Daher-El ouadih 2016. N.C.S.S of rank one)
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For f ∈ Lp(S), we define the finite differences of first and higher
order as follows:

∆1
t f = ∆t f = (I −Mt)f ,

∆k
t f = ∆t(∆k−1

t f ) = (I −Mt)k f , k = 2, 3, ...,

where I is the unit operator in the space Lp(S).
Consequently, for each f ∈ Lp(S),

∆̃k
t f (λ+ iγp′ρ, n) = (1− φλ+iγp′ρ(at))k f̃ (λ+ iγp′ρ, n),

and, by Plancherel formula, we have (3.1)∥∥∥∆k
t f
∥∥∥2

2
=

∫ +∞

0

∫
N
|1− φλ+iγp′ρ(at)|2k |f̃ (λ+ iγp′ρ, n)|2 |c(λ)|−2 dλdn, (1)
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By analogy with the proof of Theorem 6, we can establish from
formula 3.1 the following result:
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Theorem 7

Let 0 < p ≤ 2 and p′ = p/(p − 1).
1 If

∥∥∆k
t f
∥∥

2 = O(|t|η), 0 < η ≤ 1, then∫
|λ|≥r

∫
N
|f̃ (λ+iγp′ρ, n)|p′dndλ = O

(
r−p′η−d+1

)
, as r →∞;

2 when p = 2, 0 < η < 1 and k = 1, 2, ..., the converse
statement holds as well.
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We now state our second main result which extends the
integrability Theorem 1 to Damek-Ricci spaces.

Theorem 8

Let 1 < p ≤ 2, p′ = p/(p − 1), 0 < η ≤ 1 and f ∈ Lip(η, p). Then
its transform f̃ (.+ iγp′ρ, .) is in Lδ(R× N) with respect to the
Plancherel measure dndµ(λ) for every δ,

pd
d(p − 1) + pη

< δ ≤ p′.
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Proof. Using formula (2.2), Applying the Hölder’s inequality with
δ ≤ p′.
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Definition 9

Let 0 < η ≤ 1 and γ ≥ 0. A function f ∈ Lp(S) is said to be in the
Damek-Ricci-Dini-Lipschitz class, denoted by DLip(η, γ, p), if

‖Mt f − f ‖p = O
(
|t|η/(log

1
|t|

)−γ
)

as |t| → 0.

By using the same tricks of calculation that we have already used
to show the previous theorems, we prove the following theorems.
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Theorem 10

Let 0 < p ≤ 2 and p′ = p/(p − 1).
1 If f ∈ DLip(η, γ, p), 0 < η ≤ 1, γ ≥ 0, then∫

|λ|≥r

∫
N
|f̃ (λ+ iγp′ρ, n)|p′dndλ = O

(
r−p′η−d+1(log r)−p′γ

)
, as r →∞;

2 when p = 2, γ ≥ 0 and 0 < η < 1, the converse statement
holds as well.
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Theorem 11

Let 1 < p ≤ 2, p′ = p/(p − 1), 0 < η ≤ 1, γ ≥ 0 and
f ∈ DLip(η, γ, p). Then its transform f̃ (.+ iγp′ρ, .) is in Lδ(R×N)
with respect to the Plancherel measure dndµ(λ) for every δ,

pd
d(p − 1) + pη

< δ ≤ p′.
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We conclude with the following result:

Theorem 12

Let η > 2, γ ≥ 0 and f ∈ DLip(η, γ, 2), then f = 0 a.e.

37/38
Radouan DAHER Lipschitz Conditions in Damek-Ricci Spaces.



Lipschitz conditions in S
Dini-Lipschitz conditions in Damek-Ricci spaces

Anker, J.P., Damek, E., Yacoub, C.: Spherical analysis on
harmonic AN groups. Ann. Scuola Norm. Sup. Pisa Cl. Sci.
23(4), 643-679 (1996)

Astengo, F., Camporesi, R., Di Blasio, B.: The Helgason
Fourier transform on a class of nonsymmetric harmonic spaces.
Bull. Aust. Math. Soc. 55(3), 405-424 (1997)

Astengo, F., Di Blasio, B.: A Paley-Wiener theorem on NA
harmonic spaces, Colloq. Math. 80(2), 211-233 (1999)

Bray, William O. and Pinsky, Mark A.: Growth properties of
Fourier transforms via moduli of continuity. J. Funct. Anal.
255(9), 2265-2285 (2008)

Bray, William O. and Pinsky, Mark A: Growth properties of the
Fourier transform. Filomat 26 (2012), no. 4, 755760.

37/38
Radouan DAHER Lipschitz Conditions in Damek-Ricci Spaces.



Lipschitz conditions in S
Dini-Lipschitz conditions in Damek-Ricci spaces

Bray, William O.: Growth and integrability of Fourier
transforms on Euclidean space. J. Fourier Anal. Appl. 20
(2014), no. 6, 12341256.

Cowling, M., Dooley, A., Korányi, A., Ricci, F.: An approach to
symmetric spaces of rank one via groups of Heisenberg type. J.
Geom. Anal. 8(2), 199-237 (1998)

Damek, E., Ricci, F.: Harmonic analysis on solvable extensions
of H-type groups. J. Geom. Anal. 2, 213-248 (1992)

Daher, R., El Hamma, M.: Dini Lipschitz functions for the
Dunkl transform in the Space L2(Rd ,wk(x)dx). Rend. Circ.
Mat. Palermo. 64, 241-249 (2015)

Daher, R., El Hamma, M., El Ouadih, S.: An analog of
Titchmarsh’s theorem for the generalized Fourier-Bessel
Transform. Lob. J. Math. 37(2), 114-119 (2016)

37/38
Radouan DAHER Lipschitz Conditions in Damek-Ricci Spaces.



Lipschitz conditions in S
Dini-Lipschitz conditions in Damek-Ricci spaces

Daher, R., El Hamma, M.: An analog of Titchmarsh’s theorem
for the generalized Dunkl transform. J. Pseudo. Di. Op. App.
7(1): 59-65 (2016)

Daher, R., El Ouadih, S.: Best trigonometric approximation
and Dini- Lipschitz classes. J. Pseudo. Di. Op. Appl. 9(4),
903-912 (2018)

Daher, R., Delgado, J., Ruzhansky, M.: Titchmarsh theorems
for Fourier transforms of Hölder-Lipschitz functions on
compact homogeneous manifolds. Monatshefte für Math. 189,
23-49 (2019)

El Ouadih, S., Daher, R.: Jacobi-Dunkl Dini Lipschitz
Functions In The Space Lp(R,Aα,β(x)dx). Applied
Mathematics E-Notes. 16, 88-98 (2016)

37/38
Radouan DAHER Lipschitz Conditions in Damek-Ricci Spaces.



Lipschitz conditions in S
Dini-Lipschitz conditions in Damek-Ricci spaces

El Ouadih, S., Daher, R.: Characterization of Dini-Lipschitz
functions for the Helgason Fourier transform on rank one
symmetric spaces. Adv. Pure Appl. Math. 7(4): 223-230 (2016)

El Ouadih, S., Daher, R.: Lipschitz conditions for the
generalized discrete Fourier tansform associated with the
Jacobi operator on [0, π]. C.R.Acad.Sci.Paris,Ser.I. 355(3),
318-324 (2017)

Flensted-Jensen, M., Koornwinder, T.H.: Jacobi functions: the
addition formula and the positivity of the dual convolution
structure. Ark. Mat. 17(1), 139-151 (1979)

Koornwinder, T. H.: Jacobi functions and analysis on
noncompact semisimple Lie groups. Special functions: group
theoretical aspects and applications, 1-85, Math. Appl., Reidel,
Dordrecht. (1984).

37/38
Radouan DAHER Lipschitz Conditions in Damek-Ricci Spaces.



Lipschitz conditions in S
Dini-Lipschitz conditions in Damek-Ricci spaces

Kumar, P., Ray, S. K., Sarkar, R. P.: The role of restriction
theorems in harmonic analysis on harmonic NA groups. J.
Funct. Anal. 258(7), 2453-2482 (2010).

Negzaoui, S.: Lipschitz Conditions in Laguerre Hypergroup,
Mediterr. J. Math. 191(14) (2017).

Platonov, S.S.: Approximation of functions in the L2 Metric on
nonCompact Rank 1 Symmetric Spaces. Algebra i Analyz.
11(1), 244-270 (1999)

Platonov, S.S.: The Fourier transform of functions satisfying
the Lipschitz condition on rank 1 symmetric spaces. Sib. Math.
J. 46(6), 1108-1118 (2005)

Ray, S. K., Sarkar, R. P.: Fourier and Radon transform on
harmonic NA groups. Trans. Amer. Math.Soc. 361(8),
4269-4297 (2009).

37/38
Radouan DAHER Lipschitz Conditions in Damek-Ricci Spaces.



Lipschitz conditions in S
Dini-Lipschitz conditions in Damek-Ricci spaces

Titchmarsh, E.C.: Introduction to the theory of Fourier
Integrals. Clarendon Press, Oxford. 115-118 (1937).

Weiss, M., Zygmund, A.: A note on smooth functions. Indag.
Math. 2, 52-58 (1959)

Younis, M.S.: Fourier Transforms of Lipschltz Functions on
Compact Groups. Ph.d.Thesis McMaster University, Hamilton,
Ontario, Canada. (1974).

Younis. M.S.: Fourier transforms of Dini-Lipschitz functions.
Internat. J. Math. Math. Sci. 9(2):301-312 (1986).

Younis, M.S.: Fourier transforms in Lp spaces. M. Phil. thesis,
Chelsea College (1970)

38/38
Radouan DAHER Lipschitz Conditions in Damek-Ricci Spaces.



Lipschitz conditions in S
Dini-Lipschitz conditions in Damek-Ricci spaces

End

Thank you for your attention
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