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A quaternion g € H can be written in this form

Quaternion
Linear

Canonical q = qo -+ ﬂ = qo aF iql +jCI2 + ijq3

Transform

where i and j, satisfy Hamilton's multiplication rules
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So the modulus of a quaternion g defined by

Quaternion

Linear
Canonical ’q’ = 1/q_= \/q(2)+q%+q§+q32,

Transform

It is not difficult to see that

lpg| = |pllq|. Vp, g €H.
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Achak
Azzedine In this paper, we study the quaternion-valued signal

f : R? — 7 that can be expressed as

Quaternion
Linear
Canonical

Transform f(x) = fo(x) +iA(x) + jh(x) + ijfs(x)

where x = ix; + jxo € R? and fy, fi, f» and f3 are real-valued
functions.



Quaternion Linear Canonical Transform

Achak

feeedine |

Quaternion For 1 < r < oo, the quaternion modules L"(R?, ) are defined
inear

Canonical as

Transform

LT = L'(R®, H) = {F/F s R H, Iflli = [ IFColdx < oo},
R
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The inner product of f(x), g(x) € L2(R?,H) is defined by

Achak

Azzedine <f(£)’ g()_()> ES R? f(&)g(&)dé
Quaternion
Linear

ErorrE] Clearly, ||f]|3 = (f, f). Now, we define a norm of F(f) as

Transform

[F(F)(x)le = (IJE(fo)(>_<)I2 +IF(R) )P + IF(R)X)P + | F(f)(x

Furthermore, we obtain the L"(R2, #)-norm

1/r
15 Ylar = ([, F(EIadx)
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Quaternion Let A; = (‘z_’ Z’ € R2%2 be a real matrix parameter such
Linear U v
Ceormaezt that det(A;) =1, for i = 1,2. The (right-sided) QLCT of

Transform

f € LY(R?,H) is defined by

Lanas(FO = [, FKh, (51, €K, O )l
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i where the kernel functions of the QLCT above are given by

Azzedine

Quaternion

Linear. : ﬂ e(i/2)((a1/b1)x¢ (2/b1)X1§1+(d1/b1)§f)—7r/2)’
Tl 000 =) e,

(1)
i e(J/2)((32/b2)X2 —(2/b2)X2€2+(d2/b2)€2)—W/2)
KAz(Xz’gz) - \/_e] c2da /2) 52

@
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Quaternion Then from the definition of the QLCT, we can easily see that
near when b1b, = 0 and by = by = 0, the QLCT of a signal is

Transform essentially a quaternion chirp multiplication. Therefore, in this
work, we always assume by1by, # 0, if b; # 0 for i = 1, 2, then

aj b,' _1_ d; —b;
Cj d,' - —Cj aj '



(Riemann-Lebesgue lemma)
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Q_uaternion 1 2
Emear. | Suppose that f € L (R 7H) Then
Transform

lim ‘EAl,Az(f)(@)‘ = 0=| |||T ‘ﬁAl,Az(f)(g)‘ =0.
wo|—00

|wi | =00



(Inversion formula)

Achak
Azzedine
VN The (right-sided) inverse QLCT of g € L1(R2, H)

Canonical
Transform

LA (8O = [ 80K (e, @)K) 100 )dx (3)



(Plancherel theorem of QLCT)
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Quaternion

inear Let f € L?(R?,H) then

Canonical
1£as,4,(F)ll @2 = [IF]l2- (4)

Transform



(Hausdorff-Young inequality)

Achak
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Quaternion if 1 < r <2 and letting r' be such that 1/r +1/r' =1 then for
Canonical a// f € Lr(R2, H) it hO/dS that

Transform
by by 1/241/r
1 mOllor < 22" yey, )
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In this section, based on the techniques of Donoho-Stark [5]
and K.I Kou, we will show uncertainty principle of
concentration-type for Quaternion Linear Canonical transform
Starcs (QLCT).

uncertainty
principle for
Quaternion
Linear
Canonical

transform
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Quaternion Linear Canonical transform

it We consider a pair of orthogonal projections on L?>(R2 ). The
first is Ps operator defined by :

Psf = xsf, (6)
qonono: and the second is Qs operator defined by :
e .
Quaternion sz = EAl,Az [XZ»CAl,AQ(f)] ) (7)

Linear

Canonical
transform

where S and ¥ are two measurable subsets of R?, and s
denote the characteristic function of S.



Donoho-Stark’s uncertainty principle for
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Definition
Let 0 < es,ex < 1 and let f € L2(R2,H) be a nonzero
function. We say that f is es-concentrated on S if :

Achak
Azzedine

[Psefll2 < es|fll2- (8)
Donoho-
Stk Similarly we say that f is ex-concentrated on ¥ for the
uncertainty
principle for Quaternion Linear Canonical transform if

Quaternion
Linear

transform [Qeefll2 < ex||fl2. (9)
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Donoho-Stark’s uncertainty principle for

Quaternion Linear Canonical transform

We define the norm of Ps as following

Ps(f
1ps| = sup 1Pl
rerz®epr)  Ifll2

In the same way, the norm of Qs is defined by

Qs = sup 19D

recey  NIfll2

Since Ps and Qg are projections, it is clear that

IPsl = [|Qs[| = 1.
If || < oo where ¥ is a set of finite measure of R2, we have

b :/ dx.
>
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In the following proposition we give an other inequality proved

by Donoho-Stark [5] in the one dimensional case. We may

Dl derive the analogue result to quaternion-valued signals. We

starks consider unit energy signal for simplification. Then by

uncertainty

G 2 Plancherel’s theorem we get ||f|2 = ||£La; 4,(F)]|@2 = 1.

Quaternion
Linear

Canonical
transform
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Let S and ¥ be two measurable sets of R? and assume that
es+ex <1, fis es-concentrated on S and L, 4,(f) is
ey-concentrated on . Then

Donoho-
Stark’s —1 / 2
uncertainty ’ bl b2 ’
principle for

Quaternion

2
o ) |5HZ| Z (1 —ES —8):)2.

Linear

Canonical
transform



Donoho-Stark’s uncertainty principle for
Quaternion Linear Canonical transform

A Let f € L2(R?,H) and S, ¥ C R? be two measurable sets such
21 2
that |S||x ————— ) andleteg, e 0 such that
SIE) < (s .05 >
5% + 622 < 1. If f is es-concentrated on S and ey-concentrated
Donoho- on X for the Quaternion Linear Canonical transform, then

Stark’s
uncertainty

principle for _ 2 2
Quaternion | b]_ b2 ‘ 1/2 /
Linear (T |5HZ‘ Z 1-— 5%—'—82: 5

Canonical

transform
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f(x)+ n(x), xe€S°;
0, x € S.

Conon Here, without loss of generality we can assume that n =0 on
onoho-

Stark's S. Equivalently,
taint
ey (=P 4n

Quaternion
Linear

Canonical We propose to construct f from r. This construction requires
the following definition.

transform
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We say that f can be stably reconstructed from r, if there
exists a linear operator K and a constant C such that :

Dono!10-

nensesinty If — Krll2 < Cl|n]2. (10)
principle for

Quaternion

Linear

Canonical
transform
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fezedine If S and ¥ are two measurable sets of R? satisfy the condition

27
0 < |S||E| < <W

from r. That is, there exists a constant C such that

2
) then f can be stably reconstructed

Donoho-

Stark’s / 1
uncertainty |b b |—1 2

principle for 102

Quaternion C S 1 - |S||Z| *
Linear 27T

Canonical
transform
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|
Using the similar method given by K. |. Kou, we give an
algorithm for computing Kr. Let

Achak
Azzedine .
-1 k
K=(-PsQs) =) (PsQs)
k=0
Donoho- PUt n
Stark’s
taint (n) _ k
=y F0 = 3" (Ps@s)“r,
Quaternion k=0
Linear
Canonical then
transform
FO) =,

Fnt1) — p 4 Py (M)
£(n) 5 Kr as n — .
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In this section we will prove a quantitative uncertainty
inequality about the essential supports of a nonzero function
Donoho- fe Lr(]R2,7-l), 1 < r <2 and its Quaternion Linear Canonical

Stark’s

uncertainty tra nsform .
principle for

Quaternion

Linear

Canonical
transform
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Let f € LY(R?, H)N L (R? H), 1< r <2, then

Isupp Lay 4, ()Y [supp 1M |||

|b1b2|—1/2
1 (llg < P2 —

!/ r
where r' = 5.

L"-uncertainty
principles for
the
Quaternion
Linear
Canonical
transform
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Let f € L2(R?,H) N L"(R%,H), 1< r <2, then

—1/241/¢
] < |onbo| 7T

f=2 2-r
o |supp £A17A2(f)| 2 |supp f| 2r

! r
where r' = 5.

L"-uncertainty
principles for
the
Quaternion
Linear
Canonical
transform
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we say that a function f € L"(R? H) is es-concentrated to S
in L"(R2,H)-norm if and only if

If = Psfll- <es||f]l. (11)

L, a,(f) is ex-concentrated on ¥ in L” (R?, H)-norm if and
only if

1L, (F) = Laya(QsF)ll@r <esllLaya(Aler (12)
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Theorem
Let f € L}(R?, H)NL"(R?,H),1<r<2andletS, ¥ betwo
measurable subsets of R?. If f is eg-concentration to S in

L"(R?, H)-norm and La, a,(f) is ex-concentration to ¥ in
L" (R2,H)-norm, then

1 1 /
|biba| Y2 [|S|7|Z|7 + eg|bibo|Y/"
f r <
1£a1.25(Fll @ < = 6

11l
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We are now in position to give another principle of
concentration type for the Quaternion Linear Canonical
transform in L}(R?,H) N L"(R2,H) proved by Donoho-Strak

[5] in the one dimensional case, this principle is given by the
following theorem.
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Let S and ¥ be two measurable subsets of R?> and
felY(R2,H)NL(R?,H), 1< r<2. Iff is es-concentration
to S in LY(R?,H)-norm and L, a,(f) is ex-concentration to
in L" (R2,H)-norm, then

1 1
B R Cl A

o fll,
H‘CAl,Az( )”Q,f — 27T (1 —85)(1 —8):)“ H

r

L"-uncertainty Where r/ — X
principles for r — 1
the

Quaternion

Linear

Canonical

transform
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Let S and X~ be two measurable subsets of R?, and
f e L}(R2,H)N L?(R?,H) if f is 5 concentrated to S in
LY(R2,H)-norm and La, a,(f) is ex concentrated to ¥ in
L?(IR?,H)-norm, then

b1 by -1/2
(1)t~ ) < 22 s

L"-uncertainty
principles for
the
Quaternion
Linear
Canonical
transform
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Rl Let f e LN(R%H)NLY (R H)NLZ(R?,H), 1<n<r<2
and let S and ¥ be two measurable subsets of R2. If f is eg

concentrated to S in L (R? 7)-norm and EAI A2(f) is ey

concentrated to ¥ in L"2(R2,H)-norm, r, = -2+ then
1/241/r ik
|buby 241/ |) 5 x|
L f
H A1,A2||Qr = 27T (1—55)(1 )” ||f27

where rj = ;2.

L"-uncertainty
principles for
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Quaternion
Linear
Canonical
transform
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Let B"(X), 1 < r < 2, be the set of functions

g € LY(R?,H) N L"(R2,H) that are bandlimited to ¥ i.e

(g € B"(X) implies Qsg = g).

We say that f is ex-bandlimited to ¥ in L"(R?, H)-norm if
there is a g € B"(X) with

If —gll- < es|fll-

The space B"(X) satisfies the following property.



Bandlimited principle-type

Achak

Azeedine |
Let S and ¥ be two measurable subsets of R?. For g € B'(X),
1<r<2,

|b1b2|—1/2+1/r/

1 1
IPsgll- < |S17 =]~ llgllr

L"-uncertainty
principles for
the
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Canonical
transform
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o Let S and ¥ be two measurable subsets of R2, and

felMRE,H)NLY(R2,H)NLZ(REH), l<n<n<2Iff
is €5 concentrated to S in L™ (IR?,H)-norm and ex-bandlimited
to ¥ in L2(R?, H)-norm, r; = —2- then

r2

=/ ,
‘5| rry ‘blbz‘—l/2+1/r2 1 1
Iflln < T5 |+ ex) =5 ——ISI=[%]= +ex| fl
L"-uncertainty where r{ = rlri]_ o

principles for
the
Quaternion
Linear
Canonical
transform
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Let S and ¥ be two measurable subsets of R? and

fel}(R?,H)NL(R?,H), 1 <r<2 If fises-concentrated

to S and f is ex-bandlimited to ¥ in L"(R?, )-norm then

l—cs—eyx _ |b1b2‘_1/2+1/rl
l4+ey 27

1 1
|17 2]~
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