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Introduction
[

Note, that with intensive research on problems of optimal control of
the agro-economical system, regulating the label of ground waters
and soil moisture, it has become necessary to investigate BVPs for a
loaded partial differential equations.

Integral boundary conditions have various applications in thermo-
elasticity, chemical engineering, population dynamics, etc. In this
work we consider parabolic-hyperbolic type equation fractional order
involving non-linear loaded term:

0— U~ cDSu+ ai(x, t)yuP(x, t)+ fi(x, t; u(x,0)), for t > 0,
Uxx — Uy + ao(x, t) uP2(x, t) + B(x, t; u(x, 0)), for t <0,

(1)

where
1 y
05, 1Y) = ey [y =0t 0<a <t (@)
0

is Caputo differential operator, a;(x, t), fi(x, t; u(x, 0)) are given
functions, and pj =const >0, O <a<1,i=1,2.
Letd={(x,1);t=0,0<x </}, Q ={(x,1):0<x</,0<t<h},
Q={(x1):0<x+t</,0<x—t<l, t<0}andQ=Q;UJUQ,
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Problem G. It is required to find a solution u (x, t) of the equation (1)
with the following properties: L

1) u(x,t) € C(Q) N C¥(Q2), Uxx, cDGu € C(), ux € C' (21 \ t = h);
2) u(x, t) satisfy boundary value conditions:

QU U(O, t) + a2UX(O, t) = @1(1‘), 51 U(/, t) + ﬁgux(l, t) = (,92(t), 0<t<h;
(3)
X X x+1 x—1
’Y1U(§a*§)+72u (272> =¢(x), 0<x < (4)
and integral gluing condition:

lim t'=uy(x, 1) = M\ (X) ur(x, —0) + Aa(x) ux(x, —0)
t—+0

+FAs(x)u(x, 0) + Ma(x), 0 < x <1, (5)
where (x), ¢i(t), M\(x) (k = 1, 4) are given continuous functions
3
and «;, 8, vi, (i = 1,2) are given constants, such that > A\2(x) # 0
k=1
and of + a5 #0, B2+ 55 # 0,72 +5 #0.
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Problem formulation
O@0000
Remarks

m Remark.1. As we known, the same above problems for the
equation (1) at & = 1 have not been investigated, too. On the
another hand, we would like to note, that fundamental solution of
equation (1) for t > 0 at o = 1, completely coincides with the
fundamental solution of the heat equation uy, — u; = 0. Therefore,
all results in this work remain valid in case o = 1, too.

m Remark.2. Ifay =3y =v1 =0o0ray = 81 = =0, then the
Problem G becomes a local boundary value problem (BVP) with
the secondary boundary conditions on the parabolic domain,
moreover investigation of the new local problem will be reduced
to the Volterra type non-linear integral equations.

m Remark.3. If ap = 8> = 0 and ~¢, 2 # 0, then the Problem G
becomes a non-local BVP with the first boundary conditions on
the parabolic domain, however investigation of the new non-local
problem will be reduced to the Fredholm type non-linear integral
equations.
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Problem formulation
[e]e] Jele]e)

We note that solution of the non-local problem with condition (4) and
u(x,0) = 7(x) for equation (1) in Qo at 1 # 72, has a form:

)= NTXHy) = er(X = y) (X +y) —ed(x—y)

u(x,
by M= M
1 P g ¢ ¢
! §+n £=n\ p (EF0 =1
g [ o [a(tgh ) () e
X+y X+y
(G
x+y X+y
Further, from the equation (1) as y — +0 taking into account (2), (5)
and
H a—1 _ 1—«
Jim Doy ' (y) = T(a) lim y™=H(y),
we derive
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Problem formulation
[e]e]e] le]e]

(%) = (@)A1 (x) uy(x, —0) = T(a)A2(x) 7/(X)
—T(a)A3(X)7(x)=T(a)Ag(x)+a1(x,0)P (x)+f (x,0; 7(x)) = 0,0 < x < 1.

Hence, taking into account (see (6))

2
:71+’Y27_/X o '(x)
T =72 =72

1X E+X £E—x E+X £E—x
+2/a‘?( 2 2 )”pz< 2 2 )dg
0

1 I E+x {—Xx E+x
o fe( 5 ()
0

uy(x,—0)

we obtain
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Problem formulation
[e]e]e]e] Jo]

7(x) — T(a) <MA1 (x) + )\g(x)) 7(x) — F(@)As(x) 7(x)

o), [, (E+x E—x [E+x
2>\1(X)/f2< 2 ) 2 1T< 2 )) dg
0
+ay (x,0)7P (x) + f1 (x,0; 7(x))

r r _ -
_(500/\1(X)/az<€;x’£2x>up2(542rx’§2x> =

0

2MN(«)

) +

MY (x), 0<x<1. (7)
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Problem formulation
[e]e]e]ele] J

From the class for solution of the problem G and using by the bound-
ary conditions (3) and (4), we obtain

a17(0) + az7’(0) = ¢1(0), (8)
A1) + B2'(1) = 2(0), (9)
57(0) = A57(1) =1 1(0) — v2ub()). (10)

We assume, that oy = Obut~, # Oor 3y = Obut~y # 0, (see

Remark.2.), then based on the (8), (9) and (10), we can formulate
next remark:

Remark.4. If oy = 82 = 0,91 Z00raz = 81 = 0, 2 # 0thenthe
Problem G becomes a non-local BVPs, investigations which will be
reduced to the Volterra type non-linear integral equations.

Obidjon Abdullaev IM of Uzb.ASc.

On a non-local problem for the loaded parabolic-hyperk

August4,2021  9/21



Problem formulation
00

By integration the equation (7) with initial value conditions 7(0) = A
and 7/(0) = B we derive

#(X) = T(a) 0/ Ki (x, tyr(1)dt + 0/ (x — t)a (t,0)7P (1)t
2 fi oo [ (51,55 (57
0
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Problem formulation
o0

where
Ki(x,t) = [(x = ) (M(8) + 22(1)]" = (x — D)Aa(2);
910 = (@) [ (x-OAa(Dt=T(@) [ (=MD (1)t 2(0)x+0(0),
0 0
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Existence and uniqueness of solution of the problem G
0000000

Theorem. We suppose that p; = const > 1 and the following condi-
tions are fulfilled:

ai(x,y) € C () UC' (), fi(x, y, u(x,0)) € C(Q) U C' (); (12)

vi(y) € C[0, ju C'(0, h), ¥(x) € C[0,1] U C?(0,1); (13)

M(X) € C[0,1]N C'(0,1) (k = 1,2,3,4); (14)
|fi(x, (i=1)y; uz(x,0))—fi(x, (i—1)y; us(x,0))| < Lijuz(x,0)—uy (X,(0)|),
15

for all (x,y) € Q;, where L; = const > 0(i = 1,2). Then the problem
has a unique solution.
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Volterra type integral equations

By virtue of properties (12) and (13), we have estimates:

HK1(X7 t)HC < M17

g1(x, 1)|| 5 < gro,

fitx, (i = 1)y; u(x,0))|| ; < fo,
(16)
where My, gio, fio = const > 0 (i = 1,2). The equations (6) and (11)
we consider as a system of nonlinear integral equations of Volterra
type second order with respect to unknown functions 7(x) and u(x, y)
for y < 0[3]
u(x,)y) S(x, y,u;7),(x,y) € Qp;
T =

x)=T(x,y,u;7), 0<x<1. (17)
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Existence and uniqueness of solution of the problem G
0®00000

We define a sequence of functions 7, (x) and u, (x, y)(n = 0,1,...)
from the following system of recurrent equations:

{UO(X7 y) ( )+7/}( 5 ) (?y) Un(Xv y):S(Xa yvun—1;7'n—1);
0 =g o) =B v )

By virtue of properties (14),(15) and estimates(16), we have following
estimates

Hai(X7 y)HC < mi,

)\1(X)HC < Mo, HTO(X)HC < e, [to(x, y)lle < cot,

where m;, Mg, Ciy = const > 0(i =1, 2).
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Existence and uniqueness of solution of the problem G
00@0000

Further, taking these estimates into account, from the iteration pro-
cess (18) we derive

{HT1(X)_TO(X)HC [ (a) Micrix +

(mycy + fro) x Mo (fao + mach?)
||U1(X7}’)—U0(X7Y)Hc§%( 05’2+

2+
o)X +yl < 3x+yl,

where

r
8= max{F(a)M1 Ci1, My Cﬂ+f107 a))\10(f20+m205$)},’y = mQCg$+f20.
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Existence and uniqueness of solution of the problem G
0008000

Continuing the above reasoning for arbitrary n, we have:

Xn
I7n(6) = 71 (x| < 4" T (@) N TG L 0 < x <1,

n—1

lun(x, Y)=tn1(x, y)| o < 4"720" () Mg L5~ () € Q.

X
(n—1)!
By virtue of the obtained estimates, we conclude that the functional
sequences of functions {7,(x)},-, and {ua(x, y)}>°, has a unique
limit functions 7 (x) and u(x, y):

lim (x) =7 (%), lim_un(x, y) = U(x. y).

Thus, the existence of a solution of the system (17) has been proved.
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Existence and uniqueness of solution of the problem G
0000800

After determination 7 (x) we restore the unique solution of the con-
sidering problem B in the domain Q. as a solution of the non-local
problem (see the equation (7)). Further, we take the existence of
function 7(x) into account and we will write the solution of second
boundary value problem for the equation (1) in domain €4, which has

form [1]:
y y
u(x. y) :/Gg(x, y.0, n)wz(n)dn—/Gs(X, y. A menn) dn
0 0
1 y 1
+/ o(x — € y)7(€)de — //ny,s, V(6. s 7 (€)) dEd
0 00
y 1
—//Gx y. € may(E, ) U (€, n) dEdn, (19)
00
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Existence and uniqueness of solution of the problem G
0000080

where

y
GO(X_& y) = ml_()o/(y_n)_aG(Xv n, 57 O)dn,
0

olar2 (_ X -+ 2’7|>
s N R
_ghes2 [ _Ix+&+2n|
1a/2 b —m°"

is Green’s function of the second boundary value problem for the
equation (1) in the domain Q4 [1], [2],

_oya/2—-1
G(X’y7€7n):% Z

oo

1,6 _ 2"
€5(2) = Z nir(s —on)

n=0

is Wright type function.
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Existence and uniqueness of solution of the problem G
000000

It is investigated the last equation as a nonlinear Volterra type integral
equation of the second kind

y 1
u(x, y)+//K2(£, WP (e ) dEdn = F(x, y)
00

by well known methods from the work [5], where
y y
F(x, y):/Gg()c ¥, 0, n)apz(n)dn—/Gg(X, ¥, 1,m)ei(n)dn
0 0
1
+ [ Galx =& )7 d
0
y 1

- [ @ty cnniemre)dedn
0 0
The Theorem is proved.
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Conclusion
®0
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Thank You !
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