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n=1
n

3(
√

2+1)n

3n

�P���
	����V��º±�5�Y� �
�

¥�¦¾¥�¦©ª ®�ºm�w¸���ºmµ;� ∑∞
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limx→1
xx+1(ln x+1)−x

1−x
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limx→0

1−cosh x

x2 −1
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x ex dx xex − ex + C
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¥�¦±¥P¦©� ∑∞
n=1

lnn√
n(1+n2)

�P�P� 	P�5����ºm�����B¦
«�3;�

n ≥ 1
��º±°±�

sin2 n√
n(1 + n2)

≤ 1

1 + n2
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n=1

1
1+n2
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¥�¦�¿�¦¨¢
lim
x→1

xx+1(ln x + 1) − x

1 − x
.

Ê�¢P´¶µrª;�5��¸¹�5����° 	����r°	� -���¯�½;º±��¢P°E�Pºm°±�

lim
x→1

xx+1(ln x + 1) − x

1 − x
= lim

x→1

(ln x + x+1
x

) xx+1(ln x + 1) + 1
x

xx+1 − 1

−1
= −2 .
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1 − cosh x

x2
.
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É3�5º
f : R → R

ºm�6&��;�;�£�
x0 (m + 1)− ¡O¢P´¶µr¯Y���G��ºm� ª;º��E���V���;�5º±�5�V¤;¢P�5¦N® ¢K�;� ��º±°±�

f(x0 + h) = f(x0) +
m

∑

k=1

1

k!
f (k)(x0)h

k + rm(x0, h) ,

²¬��¤F�5º
rm(x0, h) =

hm+1

m!

∫ 1

0

f (m+1)(x0 + th)(1 − t)m dt .

¥�¦¨§3¦©¤ � �G²¬��ºm¯V����É3º±� �;ª�¢K¯V¯
ln(x + 1) ≤ x , ∀ x ≥ 0 .

���;¯=¢K�;¯(ª;��� É3¢K��� 	���� �Z¢ )3°±����¢P�;���G²»¢P�|ª;���\¢K�|¡³ª;ºm�r«��;�;�£��º±���
ln(x + 1)

ºm�
&N�|�;�£�

x0 = 0
¡8��°±�P� �3ª�¢P¯V¯

ln(1 + x) = ln 1 + x + r1(0, x) .

® ¢
(ln(x + 1))′′(x) = − 1

(1 + x)2
< 0 ∀ x ≥ 0 ,

� �;ª;�G����¢P� �;ª;¢P¯V¯
r1(0, x) = x2

∫ 1

0
f ′′(tx)(1 − t) dt < 0

�|�;ªrª;¢P��º¾�
ln(1 + x) ≤ ln 1 + x = x .

��°±�V�5����¢K��º 	���� ��¯��;�;�; 

|(ln(x + 1))′| =
1

1 + x
≤ 1 ∀ x ≥ 0 .

��°m¯�� ¡8��°m�P�»��º¾� -�¢P�|½|��¯V¢K���³ª;����®�º��1�5�V���£��º ¢K°m�V��´¶µ;�c�;�;� ��ª;¢P¯V¯
ln(x + 1) = ln(x + 1) − ln 1 ≤ x ∀ x ≥ 0 .
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¿3¦±¥P¦¨¢
∫

x ex dx.

&-¢P�Y��ºm��°m°±�21 �£���5�P��¢K�Vºm���\�5����ºm¤3�B 
∫

x ex dx = x ex −
∫

ex dx + C = x ex − ex + C .

¿3¦±¥P¦©¤
∫

sin x

cos2 x
dx.

Ê�¢P´¶µrª;�5��É3�;¤|¯���º¾���|�Vºm���
t = cos x

¤F�5�K���������\²¹º±�
∫

sin x

cos2 x
dx = −

∫

dt

t2
=

1

t
+ C =

1

cos x
+ C .

ÇM}±Ç��� � �Zy#"E{6t%$ � �£�����V¯��;´¶µ;�5� É3ºm�!ª;º±�³«��;�;�£��º±���

f(x) = (x2 − 1) e−x2

, x ∈ R

¢P�|¡�°±���:¢P°m�!�;�|ª ��°±��¤�¢P°±�������V�V�5�²¬�������K¦ 5
º±��	��5��µ�·P°¾��¯�ºm´¶µ¼ª;º±�w«_�|�;�£��ºm�P� ¡ 3;�
x →

+∞ �;�|ª x → −∞ /

f ′(x) = 2xe−x2 − 2x(x2 − 1) e−x2

= 2x(2 − x2) e−x2

.�³��º±�Vºm¯V´¶µ|� &N�|�c�V�P 
x1 = 0, x2 =

√
2, x3 = −

√
2
¦

���;¯
f ′′(0) > 0, f ′′(

√
2) = f ′′(−

√
2) < 0 ,¡8��°m�P���Nª�¢P¯V¯�ºm� &��;�;�£�

x1 = 0
��ºm� °m���:¢P°±�5¯ 0rº±�;ºm���;� ¢K�;���5�|�������5�#²¹º±�Vª �;�;ª

ª�¢P¯V¯ º±��ª;��� &��;�|�c�V�5�
x2

�;�;ª
x3

°m���:¢P°±� 0r¢��3ºm��¢ ¯Vº±�;ª>¦ ���|¯V¯V���Vª;��� ��ºm°¾�w��¢P´¶µ
°	� -���¯�½;º±��¢P°	�3ª�¢P¯V¯

lim
x→±∞

f(x) = lim
x→±∞

x2 − 1

ex2
= lim

x→±∞

2x

2x ex2
= 0 .

��°m¯��!ºm¯Y�
f(0) = −1

¢P�;´¶µ���°±��¤�¢P°±�5¯�0rºm�;º±� �;� �;�;ª
f(
√

2) = f(−
√

2) = e−2
¯Vº±�;ª

��°m��¤;¢P°m� 0r¢��3ºm��¢ ª;�5��«��;�;�£��º±���
f
¦



ÇM}����  � �Zy#"E{6t%$ «-ºm�|ª;�5�rÉ3º±�!ª;ºm�!�c�Vº¾��º±¯V´¶µ;��� &��;�;�£�V�ª;����«_�|�;�£��ºm�P�
f(x, y) = x4 + y4 − x2 − 2xy − y2 , x, y ∈ R

�;�;ª �5�£��¯�´¶µ;�5º±ª;�5�¼É3ºm� �;��¤\¯Vº±�!ºm�=ª;º±�5¯V��� &��;�|�c�V�5�r�5ºm�=°±���:¢P°m��¯ 0rº±�;ºm� �|� ¤;�G²³¦��5º±�
°m���:¢P°±�5¯ 0 ¢ �|º±� �;� ¢K�;�;ºm�����5¦
�³°±�5ºm´¶µc�;�|���5�\¡ 3;� ª;º±�!����º±�Vºm¯V´¶µ|�5� &N�|�;�£���P 

∂f

∂x
= 4x3 − 2x − 2y = 0 ,

∂f

∂y
= 4y3 − 2x − 2y = 0 .

® ¢P��¢K�;¯�¡8�P°m�P�
4x3 − 4y3 = 0

�_¢P°±¯V�
x = y

¦ ® ¢P��º±� � �;ª;������¢P� ¢P�;¯
4x3 − 4x = 0ª;�V��º����P¯V�;�;�P�5�> 

P1 = (0, 0), P2 = (1, 1), P3 = (−1,−1) .

®�ºm�³��² �5º¾�����r½�¢K����º±�5°±°m�5�=��¤;°m��º±�V�;�;����� 	P���
f
¯Vºm�|ªrª;�|�V´¶µ

∂2f

∂x2
= 12x2 − 2 ,

∂2f

∂y2
= 12y2 − 2 ,

∂2f

∂x∂y
=

∂2f

∂y∂x
= −2

���5����¤1���>¦ «�3;�¹ª;º±� -��5¯�¯V� + 0 ¢K�V�Vº �
H(x, y)

�5�Vµ;¢P°±�V�5�\²¹ºm�

H(x, y) =

(

12x2 − 2 −2
−2 12y2 − 2

)

.

®�ºm�É3½;�|���|�;ªrª|ºm�³®��G���5����º±��¢P�£���³ª;����0 ¢K����º �

H(−1,−1) = H(1, 1) =

(

10 −2
−2 10

)

¯Vºm�|ªr½F��¯Vº¾��º 	 �_¢K°m¯V� ¯�ºm�;ªr¢P�;´¶µrª;ºm� ��ºm�����£²¬��������	��P�
H(−1,−1)

�;�;ª
H(1, 1)

½F��¯ +
º±��º 	F¦ ��¯ ¡8��°m�K� ��ª�¢P¯�¯ ª;ºm�=«��;�|�c�Vºm���

f
º±�#ª;�5� &��;�;�£�����

P2 = (1, 1)
�;�;ª

P3 =
(−1,−1)

���G²¬��ºm°m¯ ��ºm�\°m�P�K¢K°m�5¯ 0 ºm�;º±� �;� ¢P�;�;º±�����5¦
���|¡-ª;�5��¢P�;ª|�5�V���¼É��5º±�V�³ºm¯��¹ª|ºm�³®��G���5����º±��¢P�£���!ª|�5��0 ¢K�V�Vº �

H(0, 0) =

(

−2 −2
−2 −2

)

��°m��ºm´¶µ�Ê��;°m°��;�;ª
ª;��¯�² �5������º±¯��=¢K�;´¶µ��5º±� �Nº±���5�£² �5�Y� 	����
H(0, 0)

�P°m�5º±´¶µ�Ê��|°m°Æ¦
«_�P°m��°±ºm´¶µ��;º±���� ª;ºm�³«��;�|�c�Vºm���

f
ºm�6&��;�;�£�

(0, 0)
�P��ºm�;��� � �������5��² �5�Y� ¢K�>¦


