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Introduction

The category Z-free of finitely generated free abelian groups has as objects the groups of the
form Z*, where k € Ny, and as morphisms matrices with entries in Z. We can add morphisms
with same source and target by addition of matrices. Moreover, we have direct sums of objects.
So Z-free is an example of an additive category. In additive categories the morphisms with
same source and target form an abelian group under addition, which is bilinear with respect to
the composition, and finite direct sums of objects exist.

Abelian categories are additive categories in which there exist kernels and cokernels such that a
kernel-cokernel-factorisation property is fulfilled. They form the classical setting for homological
algebra. The category Z-mod of finitely generated abelian groups and group homomorphisms
is the archetypical example for an abelian category. In contrast, the category Z-free mentioned
above is additive but not abelian.

In [1], Adelman gives a construction that extends a given additive category A such that the
resulting category Adel(A) is abelian and satisfies the following universal property.

For every additive functor F: A — B with B abelian, there exists an exact functor
F: Adel(A) — B, unique up to isotransformation, such that F' = F o1y, where 14 is the
inclusion functor from A to Adel(A).

A—E - B

Adel(A)

For example, the (additive) inclusion functor E from Z-free to Z-mod yields an exact functor
E: Adel(Z-free) — Z-mod. This functor cannot be an equivalence since there exist non-
kernel-preserving functors from Z-free to abelian categories or, alternatively, since Z-mod has
not enough injectives. Cf. example 65.

Already in [3, th 4.1], Freyd shows the existence of such a universal abelian category. To this
end, he embeds the additive category A into a product of abelian categories and then finds the
desired abelian category as a subcategory of this product.

He also constructs a category Freyd(.A) which is abelian if and only if A has weak kernels [3,
th 3.2]. Beligiannis shows in [2, th 6.1] that the category Freyd®"(Freyd(.A)) has this univer-
sal property, where Freyd® denotes the dual version. An equivalent two-step construction is
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described by Krause in [4, universal property 2.10].

We follow the construction given by Adelman in [1], calling our resulting abelian category the
Adelman category Adel(A) of A. Tt is obtained as a factor category of the functor category

A%2. So the objects of Adel(A) are given as diagrams of the form (X, LU X), and

the morphisms from (XO 20X, 2 Xg) to (YO oy, A YQ) are equivalence classes of
commutative diagrams of the following form.

) T
Xo— X1 — X,

bbb

R (e
Such a diagram morphism represents the zero morphism if and only if there exist morphisms
s: X1 — Yyand t: Xy — Y] in A satisfying syo + x1t = f;.
We give an alternative description of the ideal in A®? that is factored out to obtain the Adelman
category: the diagram morphisms representing zero are precisely those that factor through
direct sums of objects of the forms (X=X—>Y) and (X —>Y=Y) in A%2, Cf.
remark 28.
Adelman gives explicit formulas for kernels and cokernels using only direct sums [1, th 1.1].
He introduces full subcategories of certain projective objects and certain injective objects to
show that Adel(.A) is abelian [1, p. 101, 1. 10], that it has enough projectives and injectives [1,
p. 108, 1. 6], and that its projective and injective dimensions are at most two [1, prop 1.3].
These subcategories are also essential in his proof of the uniqueness in the universal property.
To construct the induced morphism in the universal property, he extends the given additive
functor F' to an exact functor Adel(F') between the corresponding Adelman categories and then
composes with a (generalised) homology functor [1, below def 1.13].

We construct a kernel-cokernel-factorisation for an arbitrary morphism in Adel(.A) and give an
explicit formula for the induced morphism and its inverse. Cf. corollary 35.

We extend Adelman’s construction, including the universal property, such that it also applies
to transformations between additive functors. Cf. definition 45 and theorem 62.

Outline of the thesis

We summarise the required preliminaries in chapter 1. Most of them are basic facts from
homological algebra.

In chapter 2, we define ideals in additive categories and give the definition and properties of
factor categories. At the end of this chapter, we formulate the universal property of a factor
category.



We study Adelman’s construction in detail in chapter 3. In section 3.1, we define the Adelman
category of an additive category A and give two descriptions of the ideal that is factored out. We
see that the dual of the Adelman category of A is isomorphic to the Adelman category of AP,
which allows us to use duality arguments. We construct kernels and cokernels in section 3.2 and
obtain a criteria for a morphism being a mono- or epimorphism. In section 3.3, we give explicit
formulas for the induced morphism of a kernel-cokernel-factorisation and its inverse and we
conclude that the Adelman category is in fact abelian. We define subcategories of projective
and injective objects in section 3.4 and use them to prove that the Adelman category has
enough projectives and injectives and that its projective and injective dimensions are at most
two. Moreover, we see that the elements of A become both projective and injective in Adel(A).
In section 3.5, we extend Adelman’s construction to additive functors and transformations
between them.

The aim of chapter 4 is to prove the universal property of the Adelman category. At first, in
section 4.1, we prove some rather technical lemmata to construct the homology functor from
Adel(B) to B in the particular case of an abelian category B. We formulate the universal
property of the Adelman category in the last section 4.2 and give some direct applications.

I would like to thank my advisor Matthias Kiinzer for an uncountable amount of very useful
suggestions and for his continual support.

I also thank Theo Biihler for pointing out Adelman’s construction.

Conventions

We assume the reader to be familiar with elementary category theory. An introduction to
category theory can be found in [5]. Some basic definitions and notations are given in the
conventions below.

Suppose given categories A, B and C.

1. All categories are supposed to be small with respect to a sufficiently big universe, cf. [5,

§3.2 and §3.3].

2. The set of objects in A is denoted by Ob.A. The set of morphisms in A is denoted by
Mor A. Given A, B € Ob A, the set of morphisms from A to B is denoted by Hom 4(A, B)
and the set of isomorphisms from A to B is denoted by Hom'P(A4, B). The identity
morphism of A € Ob A is denoted by 14. We write 1 := 1, if unambiguous. Given
f € Hom'P(A, B), we denote its inverse by f~! € Hom'?(B, A).

3. The composition of morphisms is written naturally:
(A—L-B2-0)= (A% )= (4L%0)in A



10.

11.

12.

The composition of functors is written traditionally: (.A . B i>C) = (.AﬂC )

. In diagrams, we sometimes denote monomorphisms by —e= and epimorphisms by ——.

Given A, B € Ob A, we write A = B if A and B are isomorphic in A.

The opposite category (or dual category) of A is denoted by A°P. Given f € Mor A, the
corresponding morphism in A is denoted by f°P. Cf. remark 1.

We call A preadditive if Homy(A, B) carries the structure of an abelian group for
A, B € Ob A, written additively, and if f(g + ¢')h = fgh + fg'h holds for

At-p—=c"-Duna
9

The zero morphisms in a preadditive category A are denoted by 04 5 € Homy (A, B) for
A,B € Ob A. We write 04 := 04,4 and 0 := 04 p if unambiguous.

The set of integers is denoted by Z. The set of non-negative integers is denoted by Nj.
Given a,b € Z, we write [a,b] :={z € Z: a < z < b}.

For n € Ny, let A, be the poset category of [0,n] with the partial order inherited from
Z. This category has n + 1 objects 0,1,2,...,n and morphisms ¢ — j for i,j € Z with
i<

Suppose A to be preadditive and suppose given A, B € Ob A. A direct sum of A and B is
an object C' € Ob A together with morphisms A <—;_> C <_2—> B in A satisfying ip = 14,

Jq=1p and pi + qj = lc.

This is generalized to an arbitrary finite number of objects as follows.

Suppose given n € Ny and A, € Ob A for k € [1,n]. A direct sum of Ay,..., A, is a
tuple (C, (k) ke[t,n] (pk)ke[lyn]) with C' € Ob A and morphisms Ay <;—Z_> C in A satisfying
WP = la,, ipr = 04, 4, and D" | Ppim = Lo for k, € € [1,n] with k # ¢. Cf. remark 2.
Sometimes we abbreviate C := (C’, (k) kep,n; (pk)ke[l,n}) for such a direct sum.

We often use the following matrix notation for morphisms between direct sums.

Suppose given n,m € Ny, a direct sum (C’, (k) ke n; (pk)ke[l’n}) of Ay,..., A, in A and
a direct sum (D, (k) kept,m), (Qk)ke[l,m]) of By,...,B,, in A.

Any morphism f: C' — D in A can be written as f = Y ,_; > ", prfreje with unique
morphisms fyy = irfqe: Ax — By for k € [1,n] and ¢ € [1, m]. We write

fir © o fim
F=(fre)kepin), = ( Dol ) .

C€[1,m] Fai c 0 fam

Omitted matrix entries are zero.



13.

14.

15.

16.

17.

An object A € Ob A is called a zero object if for every B € Ob A, there exists a single
morphism from A to B and there exists a single morphism from B to A.

If A is preadditive, then A € Ob A is a zero object if and only if 14 = 04 holds.
We call A additive if A is preadditive, if A has a zero object and if for A, B € Ob A, there

exists a direct sum of A and B in A. In an additive category direct sums of arbitrary
finite length exist.

Suppose A to be additive. We choose a zero object 04 and write 0 := 04 if unambiguous.
We choose 0400 = 04, cf. remark 1 (c).

For n € Ng and Ay,..., A, € Ob A, we choose a direct sum

@Ak, <ZéAk)k€[1,n]> , (péAk)kG[l,n]) )
o1 Le[1,n] Le(1,n]

We sometimes write A; & --- ® A,, := P _, Ax.
0

A 0 (A . . .
Note that pg Wretinl — [ 7| and zé Kketinl _ (0---010---0) in matrix notation, where
0

0
the ones are in the ¢th row resp. column for ¢ € [1,n].
In functor categories we use the direct sums of the target category to choose the direct

sums, cf. remark 5 (f).

Suppose A to be additive. Suppose given M C Ob.A. The full subcategory (M) of A
defined by

¢
Ob(M) = {Y cObA: Y = @Xi for some ¢ € Ny and some X; € M for i € [1,6]}

i=1
shall be the full additive subcategory of A generated by M.

Suppose A to be preadditive. Suppose given f: A — Bin A. A kernel of f is a morphism
k: K — Ain A with kf = 0 such that the following factorisation property holds.

Given g: X — A with gf = 0, there exists a unique morphism u: X — K such that
uk = g holds.

Sometimes we refer to K as the kernel of f.
The dual of a kernel is called a cokernel.

Note that kernels are monomorphic and that cokernels are epimorphic.



18.

19.

20.

21.

Suppose A to be preadditive. Suppose given f: A — B in A, a kernel k: K — A of f, a
cokernel ¢: B — C of f, a cokernel p: A — J of k and a kernel i: I — B of c.

There exists a unique morphism f : J — I such that the following diagram commutes.

Sy B—%
A

We call such a diagram a kernel-cokernel-factorisation of f, and we call f the induced
morphism of the kernel-cokernel-factorisation. Cf. remark 8.

K C

f
Jt7

We call A abelian if A is additive, if each morphism in A has a kernel and a cokernel and
if for each morphism f in A, the induced morphism f of each kernel-cokernel-factorisation
of f is an isomorphism.

Suppose A and B to be preadditive. A functor F': A — B is called additive if F'(f +g) =
f
F(f)+ F(g) holds for X —= Y in A, cf. proposition 4.

Suppose given functors F,G: A — B.
A tuple o = (ax)xeoba, where ax: F(X) — G(X) is a morphism in B for X € Ob A,

is called natural if F(f)ay = axG(f) holds for X ¥V in A. A natural tuple is also

F
called a transformation. We write a: F — G, a: F = G or A@B.
G

A transformation a: F' = G is called an isotransformation if and only if ax is an isomor-
phism in B for X € Ob A. The isotransformations from F' to G are precisely the elements
of Hom§% (F, G), cf. convention 22.
F
o s K
Suppose given A —g—> Bay-C.
N8 7 T
H

We have the transformation a5: F = H with (af)x := axfx for X € Ob A.

We have the transformation v x a: K o F = Lo G with (y % a)x = K(ax)vex) =
YrexyL(ax) for X € Ob A.

VF(X)

(Ko F)(X)——= (Lo F)(X)
K(ax)l lL(ax)
(KoG)(X)—=(LoG)(X)

Ve (x)
We have the transformation 1p: F' = F with (1p)x = 1px) for X € ObA.
We set 7% F':= vy 1p.
Cf. lemma 6.



22.

23.

24.

25.

26.

27.

28.

29.

Let AC denote the functor category whose objects are the functors from C to .4 and whose
morphisms are the transformations between such functors. Cf. remark 5.

The identity functor of A shall be denoted by 14: A — A.

A functor F': A — B is called an isomorphism of categories if there exists a functor
G: B — Awith FoG =1z and G o F = 14. In this case, we write F~! := G.

Suppose given A—L.Bin A. The morphism f is called a retraction if there exists a
morphism g: B — A with gf = 1y. The dual of a retraction is called a coretraction.

An object P € ObA is called projective if for each morphism g: P — Y and each
epimorphism f: X — Y there exists h: P — X with hf = g.

il
g
X —}—> Y
The dual of a projective object is called an injective object.

Suppose A to be abelian. Suppose given X Y in A. A diagram X Ao dey
is called an image of f if p is epimorphic, if ¢ is monomorphic and if pi = f holds.

Suppose A to be abelian. A sequence X Ty Sz A is called left-exact if f is a
kernel of g and right-exact if g is a cokernel of f. Such a sequence is called short exact if
it is left-exact and right-exact.

Suppose given n € Ny and a sequence Ay —2s A} —ts Ay —25 ... 220 4 2 4

in A. The sequence is called ezact if for each choice of images

(A= Appr ) = (A L =4 A

for k € [0,n — 1], the sequences I}, e Apia Dl I 1 are short exact for k € [0,n — 2].

Cf. remark 12.

Suppose A and B to be abelian.
An additive functor F': A — B is called left-exact if for each left-exact sequence

X4y 7Zn A, the sequence F'(X) UL F(Y) EiO% F(Z) is also left-exact.
An additive functor F': A — B is called right-ezact if for each right-exact sequence

P(f) ) F(g)

x—toyv-4.Zmn A, the sequence F(X)—=F(Y F(Z) is also right-exact.

An additive functor F': A — B is called ezxact if it is left-exact and right-exact.
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30. Suppose given a subcategory A" C A and a subcategory B’ C B. Suppose given a functor
F: A— Bwith F(f) € MorB for f € Mor A'.

Let F|5,: A — B’ be defined by F|5,(A) = F(A) for A€ Ob. A’ and F|5,(f) = F(f) for
f € Mor A'.

Let F|4 := F|5 and let F|¥ == F|5.



Chapter 1

Preliminaries

1.1 A remark on duality

Remark 1. Suppose given a category A. Some facts about the opposite category A°P are
listed below.

(a) We have (A°P)P = A.
(b) If A is preadditive, then A° is preadditive with addition f°P 4+ ¢°® = (f + g)°" for

!
A —= B in A.
(¢) An object A € Ob A is a zero object in A if and only if it is a zero object in A°P.

(d) Suppose A to be preadditive. Suppose given n € Ny, Ay, € Ob A for k € [1,n] and a tuple
(C, (k) kep,n]; (pk)ke[l,n]) with C' € Ob A and morphisms Ak<;—i_>C’ in A for k € [1,n].
The tuple (C’, (k) ke ,n; (pk)keu,n}) is a direct sum of Ay,..., A, in A if and only if the
tuple (C, (07" kefn), (i Jkefi,n)) is a direct sum of Ay, ..., A, in AP.

(e) If A is additive, then A°P is additive.

(f) If A is abelian, then A is abelian.

(g) Suppose given a category B and a functor F: A — B. The opposite functor
Fop: A°® — B is defined by F°P(A) = F(A) for A € Ob.A and F°P(f°P) = F(f)°P
for f € Mor . A. We have (F°P)P = F.

Suppose A and B to be preadditive. The functor F' is additive if and only if F°P is
additive.
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Suppose A and B to be abelian. The functor F' is left-exact if and only if F°P is right-
exact.
The functor F' is exact if and only if F°P is exact.

1.2 Additive lemmata

Remark 2. Suppose given a preadditive category A.
The two definitions of direct sums given in the conventions are compatible:
Given a diagram A<—%> C’% B in A satisfying ip = 14, jqg = 1p and pi + qj = 1¢, we have

tq = 0 and jp = 0. Cf. convention 12.

Proof. Indeed we have
0 =iq —iq = i(pi + qj)q — iq = ipiq + iqjq — iq = iq + iq — iq = iq
and similarly

0=jp—jp=7jpi+qj)p—jp=jpip+ jejp — jp = jp+ jp — jp = jp-

Proposition 3. Suppose given a preadditive category A.

Suppose given n € Ny and a direct sum C' = (C, (ix)ref,n], (Pr)kefin)) of A1, ..., A, in A, cf.
convention 12.

Then C' satisfies the universal properties of a product and a coproduct:

(a) Given morphisms fi: X — Ay for k € [1,n], there exists a unique morphism g: X — C
satisfying fr = gpy for k € [1,n].

Ap

V |

(b) Given morphisms fi: Ay — X for k € [1,n], there exists a unique morphism ¢g: C' — X
satisfying fr = ixg for k € [1,n].
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Proof. Ad (a). If g: X — C is a morphism with f; = gpy for k € [1,n], we necessarily have
g =90 ) peic) =y, gpric = >y, feir, so g is completely determined and therefore unique.

Let g := 3, feie. We have gpr, = (O, feio)pe = Y gy feiepr = fi for k € [1,n].
Ad (b). This is dual to (a). O

Proposition 4. Suppose given additive categories A and B. Suppose given an additive functor
F: A—B.

We have F'(04) = 0g in B.

Suppose given A,B € ObA. Let p := pgA’B), q = pgA’B), 1= igA’B) and j = igA’B), cf.
convention 15. So A #A ¢ B <_jq;> B is a direct sum of A and B in A.

The morphism (F@p) F(o) ) : F(A® B) — F(A) @ F(B) is an isomorphism in B with inverse
(7))

Proof. For A € Ob. A and 0 = 04, we have F(0) = F(0) + F(0) — F(0) = F(0+0) — F(0) =

F(0)— F(0) = 0. In particular, we have 1p(,) = F(1p,) = F(0) = 0 and therefore F'(04) = 05
holds.

Calculating

and
F(i) _ ( F@OF(@) FO)F(@ \ _ ( Fip) Fig) \ _ (FQ) FO)\ _ (10
(F(j)) (£ Fl@) ) = (F(j)F@) F(j)F(cn) = (F(jp) F(jq>) = (F(O) F(1>> =(o1)
proves the second claim, cf. remark 2. O

Remark 5. Suppose given a category C and an additive category A. Some facts about the
functor category A€ are listed below. Cf. convention 22.

(a) The category AC is additive.

(b) Suppose given F —~ G2 H in AC.
The composite a3 is given by aff = (axSx)xeobe-

(c) Suppose given I € Ob(A°). The identity morphism 1p is given by 1p = (1px))xecobe-
(d) Suppose given F# G in A€. The sum o + f3 is given by a + 8 = (ax + Bx)xcobc-

(e) Suppose given F,G € Ob(A°).
The zero morphism Or¢ is given by Ope = (0p(x),c(x))xecobe-
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(f) Suppose given n € Ny and Fy, € Ob(A€) for k € [1,n]. We choose the direct sum

F )k 1,n (Fk)k 1,n
F, ( %) kel ]> 7( eh]) of Fy,...,F,, where
EB tepn)’ \P tef1.n) '

(EB F) (xLvy=| ®rw D) Ry

for X '~V in C,

(Fre,n] [ (Fe(X)ken,mn
by = (W
XeOb(

for ¢ € [1,n] and

(Fi)rein _ ( (Fk(X))ke[l,n]>
p@ pé XeOb(C

for ¢ € [1,n].
Cf. conventions 12 and 15.
F
m m

Lemma 6. Suppose given A C U D.
W \_/

The equations € * (y* @) = (e x¥) x @, lgor = 1 * 1p and (79) * (af) = (7 * «a)(d * 8) hold.
Proof. Suppose given X € Ob . A. We have

(ex (y* a))X = N((v* @)x)eroa)(x) = N(K(ax)vax))encx))
N(K(ax))N(ex)evax) = (N o K)(ax)(e*7)ax)
= ((6*7) a)x,

(1kor)x = Lixoryx) = K(1rx))(1x)rx) = (1x * 1r)x

and

(v0) x (af))x = K((af)x)(v0) rx) = K(ax)K(Bx)vrx)0m(x)
= K(ax)vex)L(Bx)dux) = (Y*xa)x(d % B)x
= ((y*a)(d* 5)))('



15

1.3 Abelian lemmata

Lemma 7. Suppose given a preadditive category A and the following commutative diagram

in A.
A—1-B
bk
AL p
(a) Suppose given a kernel k: K — A of f and a kernel £': K — A’ of f’.

There exists a unique morphism u: K — K’ such that kg = uk’ holds. The morphism u
is called the induced morphism between the kernels.

K-%-4-1.p
ol
K —=A——p
If g and h are isomorphisms, then u is an isomorphism too.
(b) Suppose given a cokernel ¢: B — C of f and cokernel ¢/: B" — C” of f'.

There exists a unique morphism u: C' — C’ such that cu = hc’ holds. The morphism u
is called the induced morphism between the cokernels.

A—L-p—t.C
T
AL
If g and h are isomorphisms, then u is an isomorphism too.
Proof. Ad (a). We have kgf’ = kfh = 0. Since k' is a kernel of f’, there exists a morphism
u: K — K'such that kg = uk’ holds. The morphism u is unique because k' is a monomorphism.

Now suppose g and h to be isomorphisms. Consider the following diagram.

A p
S
A—.B

This diagram commutes, since we have g~ 'f = g~ fhh™t = g tgf'h~' = f'h~1.
As seen above, there exists a morphism u': K’ — K such that £'g~! = v’k holds.

We have uu'k = uk’g™! = kgg™! = k and v'uk' = v'kg = K'g~'g = k’. Since k and k' are
monomorphic, we conclude that uu’ = 1 and «'u = 1 hold.

Ad (b). This is dual to (a). O
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Remark 8. Suppose given a preadditive category A and f € Mor. A. Suppose given the
following kernel-cokernel-factorisations of f, cf. convention 18.

K—%5-4 ! B—$-C KK <o

J—to7 g

By adding the induced morphisms between the kernels resp. cokernels, we obtain the following
diagram.

K—% -4 ! B—1f—~C
\p'\ . /
u 1a JL[ 1p
T Y
F—h a1 B—%
\p‘\] f’,[//

This diagram commutes, in particular we have fy =z f’ Since u, v, x and y are isomorphisms,
the morphism f is an isomorphism if and only if f’ is an isomorphism. Cf. lemma 7.

Proof. We have p fyz =p fz f=r f’i’ = px f’i’ . Since p is epimorphic and ¢’ is monomorphic,
we obtain fy = xf’ O]

Remark 9. Suppose given an abelian category A.

(a) Suppose given an epimorphism f: A — B and a kernel k: K — A of f. Then f is a
cokernel of k.

(b) Suppose given a monomorphism f: A — B and a cokernel ¢: B — C of f. Then f is a
kernel of c.

Proof. Ad (a). We have a kernel-cokernel-factorisation of f as follows.

Since f is an isomorphism and p is a cokernel of k, we conclude that f is a cokernel of k too.

Ad (b). This is dual to (a). O
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Lemma 10. Suppose given an abelian category A. Suppose given A . Bin A, a kernel k

of f, a cokernel ¢ of f and an image ALt~ T—4- B of f

(a) The morphism p is a cokernel of k.

(b) The morphism i is a kernel of c.

Proof. Ad (a). The morphism £ is also a kernel of p since ¢ is monomorphic. Therefore p is a
cokernel of k, cf. remark 9 (a).

Ad (b). This is dual to (a). O

Lemma 11. Suppose given an abelian category A and the following commutative diagram in

A.

A—1.B

x y
C—=D
Suppose given an image A T4 B of f and an image C—1eJ—4-D of g.

There exists a unique morphism u: I — J such that the following diagram commutes.

A—]O';I—ze-B

L

C—4{~J—4-D

The morphism w is called the induced morphism between the images.

If x and y are isomorphisms, then u is an isomorphism too.

Proof. Let k: K — A be a kernel of f and let £: L — C' be a kernel of g. Let v: K — L be the
induced morphism between the kernels, cf. lemma 7. Lemma 10 says that p is a cokernel of k
and that ¢ is a cokernel of ¢. Let u: I — J be the induced morphism between the cokernels.

K
L

It remains to show that uj = iy holds. We have puj = zqj = zg = fy = piy, so uj = iy is true

p

k

‘- B

)

f.o-d-g-4.D

since p is epimorphic.
The morphism u is unique because p is epimorphic and we necessarily have pu = xq.

If 2 and y are isomorphisms, then v is an isomorphism too. In this case v and x are isomor-
phisms, so u is an isomorphism too. Cf. lemma 7. ]
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Remark 12. Suppose given an abelian category A and the following commutative diagram in

A.

A—L .p 7 ¢
I J
The following statements are equivalent.

(a) The sequence A 1. B9 C is exact.

(b) The sequence I —e> B —— J is short exact.
(¢) The sequence I —é> B—t=J is left-exact.
(d) The sequence I —s> B —%~ J is right-exact.
(¢) The sequence I —e= B —Y~ (' is left-exact.

(f) The sequence A A B Sy ¥ right-exact.

Lemma 13. Suppose given abelian categories A and B and an additive functor F': A — B.

(a) Suppose that for X v in A, there exists a kernel k: K — X of f such that the

sequence F'(K) I g (X) U (Y) is left-exact in B. Then F is left-exact.

(b) Suppose that for X ¥ in A, there exists a cokernel ¢: Y — C of f such that the

F(f) F(c)
) ——>

sequence F'(X F(Y)—= F(C) is right-exact in B. Then F' is right-exact.

Proof. Ad (a). Suppose given a left-exact sequence L Xty A. There exists a

kernel k: K — X of f such that the sequence F(K) ) F(X) ) F(Y) is left-exact. There
exists an isomorphism u: K — L such that uf¢ = k, cf. lemma 7 (a). Since F(u) is also

an isomorphism and F(u)F(¢) = F(k) holds, we conclude that F'(¢) is a kernel of F(f), so
F(L) RiCh F(X) UL F(Y) is left-exact too.

Ad (b). This is dual to (a). O




Chapter 2

Factor categories

Suppose given an additive category \A.

Definition 14 (Ideal). Suppose given J C Mor A. We set Hom 4 ;(A, B) := Homu4(A, B) N J
for A, B € Ob A.
We say that J is an ideal in A if it satisfies the following two conditions.

(I1) Given A—%>B—2+~(C —~ D in A with j € J, we have ajc € J.
(I2) Homu ;(A, B) is a subgroup of Hom 4(A, B) for A, B € Ob A.

Remark 15. Suppose given J C Mor A satisfying condition (I1) from the previous defini-
tion 14. Then condition (I2) is equivalent to the following two conditions.

(I2") Homy (A, B) # 0 for A, B € Ob A.

(I2") Given A %B in A with j, k € J, we have () € Hom(A® A, B® B).

Proof. Suppose that J satisfies the conditions (I12") and (12”). Given A%B in A with

j.k € J, conditions (I1) and (I12”) imply j—k = (11) (} 9) (1) € J. Condition (I2') says that
Homy (A, B) # (. Therefore Hom 4 j(A, B) is a subgroup of Hom4(A4, B). We conclude that
condition (I2) holds.

Suppose that J satisfies the condition (I2). Then condition (I2') holds. Given A%B in

A with j,k € J, condition (I1) implies (70) = (§)j(10) € Homu (A & A, B & B) and
(09)y=(9)k(o1) € Homy j(A® A, B® B).

Therefore we have (79) = (79) + (§%) € Homa (A @ A, B ® B) according to (I12). So
condition (12”) holds. O
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Suppose given an ideal J in A throughout the rest of this chapter 2.

Lemma/Definition 16 (Factor category). The factor category A/J shall be defined as follows.

e Let Ob(A/J) :=ObA.

o Let Homy, (A, B) := Hom4(A, B)/ Hom 4 ;(A, B) for A, B € Ob(A/J), cf. definition 14.
We write [a] := a + Homy (A, B) for a € Homy(A, B).

e Composites and identities are defined via representatives:
Let [a][b] := [ab] for A—%>B—L~C in A.
Let 14 := [14] for A € Ob(A/J) = Ob A.

This in fact defines a category.

Proof. First, we show the well-definedness of the composition:

/

Given A—= B ;:‘;, C' in A with [a] = [@/] and [b] = [V/], we have

ab—d'tl =ab—ab +ab —d't =alb—V)1c+1a(a—d )V € J

because of b—b' € J, a—a’ € J and the conditions (I1) and (12). We conclude that [ab] = [a'V']
holds.

Associativity and properties of the identities are inherited from A:

Given A—%> B—>C —>D in A, we obtain ([a][0])]c] = [(ab)c] = [a(bc)] = [a]([b][c]) and
lala] = [1aa] = [a] = [alp] = [a]lB. O

Notation 17. When writing [a] € Mor(A/J), we always suppose a € Mor A.

Remark 18. Suppose given a full additive subcategory N of A. Let Fu be the set of all

f € Mor A such that there exists a factorisation (A—f>B ) = (A—9>N LB) with
N € ObN. The set Fy is an ideal in A. We shortly write A/N := A/ Fy.

Proof. We use remark 15 to show that F s is an ideal in A.

Given A—%~B-—2-C—°~Din A with j € Fy, there exists a factorisation (B—j>C) =
(B—2~N "~ () with N € Ob\.

We have

(A—>B-21-C—>D)=(A—">B2-N-"LoC—-D)= (A2 N1 D).

Therefore ajc € Fy is true, so condition (I1) holds.
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There exists a zero object 0 € Ob N since N is a full additive subcategory of A. We conclude
that Hom 4 ar(A, B) # 0 holds for A, B € Ob A since we have the factorisation (A _9, B) =

(A—~0—"+~B) with 0 € Ob, so condition (I2') holds.

Suppose given A%B in A with j,k € Fu. There exist factorisations (A—j>B) =

(A—2~N-"-B) and (A—"~B) = (A—“~S—">B) with N, S € ObN. A direct sum
C=2N®S of Nand S exists in N since N is a full additive subcategory of A.

Finally, we have

(@)

g0 h 0
(A0 ™ BonB) - (A@AMCMB@B>
with C' € Ob N, so condition (I2”) holds. O

Proposition 19. The factor category A/J is additive.

Proof. First of all Hom (A, B) is an abelian group for A, B € Ob.A/J as a factor group of
the abelian group Hom 4(A, B). The compatibility with the composition is seen as follows.
[a] [c]

(0]
Given A—>B%§C—>D in A/J, we have

[al ([b] + b)) ] = [a(b + ')c] = [abe + ablc] = [a][b][c] + [a][t'][c].

The zero object 0 of A is also a zero object in A/.J since factors of one-element hom-groups
contain precisely one element.

For any two objects A, B € Ob.A/J = Ob A, we have a direct sum A <—;_> C <_;—> B in A with

ip: 1A; jq =1p andpi—l—qj = 10.
(4] ]
We claim that A—=C <[L—]> B defines a direct sum in A/J as well. Indeed we have [i|[p] =
q

[ip] = 14, [jlla] = [iq] = 15 and [p][i] + [g][j] = [pi + ¢j] = 1c. This proves the claim. O

Lemma/Definition 20 (Residue class functor). The residue class functor Ry : A — A/J
of J in A is defined by R4 s(A) := A for A € Ob A and R (a) := [a] for a € Mor A. The
residue class functor is additive. We write R := R 4 ; if unambiguous.

Proof. We have R(ab) = [ab] = [a][b] = R(a)R(b), R(14) = [14] = lg@) and R(a + d') =
[a]

o+ @] =la] + [@] = R(a) + R(a) for A=== B Y Cimin A O

Theorem 21 (Universal property of the factor category). Recall that A is an additive category

and J is an ideal in A. Suppose given an additive category B.
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(a) Suppose given an additive functor F': A — B with F(j) =0 for j € J.
There exists a unique additive functor F': A/.J — B satisfying F o R = F.

A—L.B

|

AT
The equations F(X) = F(X) and F([f]) = F(f) hold for X € Ob.A and f € Mor A .

(b) Suppose given additive functors F,G: A — B with F(j) =0 and G(j) =0 for j € J and
a transformation a: F' = G.

There exists a unique transformation &: F=a satisfying @ x R = a.

AlJ
The equation ¢y = ax holds for X € Ob A.

Proof. Ad (a). Given a functor F: A/J — B with F o R = F, we necessarily have F(X) =
F(R(X)) = F(X) for X € ObA and F([f]) = F(R(f)) = F(f) for f € Mor A, so F is
determined by F' and therefore unique.

Now we show the existence of such a functor.
Let F(X) := F(X) for X € ObA and F([f]) := F(f) for f € Mor A.

F is well-defined since in case [f] = [¢] for f,g € Mor A, we have f — g € J and therefore
F(f —g) = 0. The additivity of F' then implies F'(f) = F(g).

We verify that F'is an additive functor:

(1]
Given Xﬁ;Y&Z in A/J, we have

A

E([fllg)) = F(f9)) = F(f9) = F())F(9) = F(MNF(lg), F(lx)=F(lx) = Lpx

and

A ~

F(f1+UMN=F(f+F)=F(f+f)=Ff)+F(f) = E(f) + F(f)).
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Ad (b). Given a transformation &: F — G with & * R = «, we necessarily have dy = QRr(x) =

~

arx)G(1rx)) = (@*xR)x = ax for X € Ob A, so & is determined by « and therefore unique.
Now we show the existence of such a transformation.

Let ax = ax for X € Ob A. This defines a transformation since

~ A

axG([f]) = axG(f) = F(f)ay = F([f)ay

holds for X —o v in A/,

We have (@ *R)x = dR(X)é(lR(X)) = ax for X € ObA, so @ xR = « holds. O



Chapter 3

Adelman’s construction

Suppose given an additive category \A.

Recall that Ay denotes the poset category of [0,2] C Z. This category has three objects 0, 1,
2 and three non-identical morphisms 0 -1, 1 -2, 0 —2. Cf. convention 11.

Recall that 422 denotes the functor category of all functors from A, to A, cf. convention 22.

3.1 Definitions, notations and duality

Notation 22. Given a diagram Ay ——= A; —=> A, in A, we obtain a functor A € Ob(A*2)
by setting A(0) := Ao, A(1) := Ay, A(2) := Az, A(0—1) :=ap, A(1 =2) :=ay, A(0—=2) :=
agar, A(0>0) =14, A(1>1):=14, and A(2-52) :=14,.

For A € Ob(A%?), we therefore set Ay := A(0), 4; := A(1), Ay == A(2), ap := A(0—1),
a; := A(1—2) and write A = (AOLAl LAQ).

For a transformation f € Homya, (A, B), we write f = (fo, f1, f2) instead of f = (f)icob(as)-
We also write

A AO&-AlLAQ

lf = lfo lfl lfz
bo b1

Given A, B € Ob(A%?) and morphisms fo: Ag — By, fi: A1 — Bi, fo: Ay — B in A satisfying
aof1 = fobo and a; fo = f1b1, we obtain a transformation f = (fo, f1, fo) € Hom 4a, (A4, B).

Definition 23 (null-homotopic). Suppose given A, B € Ob(A%2).

A transformation f € Hom 4a,(A, B) is said to be null-homotopic if there exist morphisms
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s: Ay = By and t: Ay — Bj in A satisfying sby + a1t = f;.

Lemma/Definition 24 (Adelman category). The functor category A*? is an additive category
and J4 := {f € Mor(A%?): f is null-homotopic} is an ideal in A*2, cf. definition 14. We call

Adel(A) :== A2/ J 4
the Adelman category of A, cf. definition 16. The category Adel(.A) is additive.
We abbreviate Ry := R 44, j,, cf. definition 20.

Proof. The additivity of A2 is inherited from A, cf. remark 5.

We show that J4 is an ideal in A%2. Suppose given A T.B 202D in A% Since j
is null-homotopic, there exist morphisms s: By — Cy and t: By — C} in A with sco + byt = j.

Using f1sgo: A1 — Dy and fstgy: Ay — Dy, we obtain
J1890do + ay fatgr = fiscog1 + f1bitgr
= fi(sco + bit)gu

= fiho
= (fj9)1~

Therefore fjg is null-homotopic, so condition (I1) holds.
Ao = Ay = Ay

fo f1 f2
Bp—2 -p—" .p,

Jo J1 J2
Cofr— O

g0 g1 g2
Dy—2® .p —% .p,

We have Hom 4a, 5, (A, B) # 0, since 0 = 04 p is null-homotopic: 04, 8,00+ @104, 8, = 04,8, =
01.

Suppose given x,y € Hom 4a, ;(A, B). Since x and y are null-homotopic, there exist morphisms
s,u: Ay = By and t,v: Ay — By in A with sby + a1t = 1 and ubg + a1v = y;.

Using s —u: Ay — By and t —v: Ay — B in A, we obtain

(s —u)by + a1 (t —v) = (sby + a1t) — (uby + a1v) = =1 —y1 = (z —y)1.
Therefore 2 — y is null-homotopic, so condition (12) holds.
We conclude that J 4 is in fact an ideal in A%2.

Proposition 19 now implies that Adel(.A) is additive. O
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Notation 25. Since every morphism in Adel(.A) is of the form [f] with f € Mor(A%2), we will
always suppose f € Mor(A%2) when writing [f] in Adel(A), cf. notation 17. Often we shortly

write [f] = [fo, f1, fo] instead of [f] = [(fo, f1, f2)] for A—2 B in Adel(A).

Remark 26.

(a) By applying the previous notation 25, we have

1A — [114()7 11417 1A2]7 OA,B == [OAo,Boa 0A1,317 OAQ,BQ]a
Lf1, fo, f3] - 91, 92, 93] = [f191, f292, f3g3] and
Lf1, fo, f3] + [P, ha, hs] = [f1 + ha, fo + ho, f3 + ha]

f
for A %) B ——C in Adel(A).
(b) A morphism A Y. Bin Adel(A) is equal to 0 if and only if there exist morphisms

s: A1 — By and t: Ay — B; in A with sby + a1t = f.

ao al
Ao — A — A

[ A

By —— By —— B,
bo by

/
Consequently, [f] = [h] is true for A%B in Adel(A) if and only if there exist mor-

phisms s: Ay — By and t: Ay — By in A with sby + a1t = f1 —

(¢) Anobject A € Ob(Adel(.A)) is a zero object if and only if 1, is equal to 04. Consequently,
A € Ob(Adel(.A)) is a zero object if and only if there exists morphism s: A; — Ay and
t: A2 — Al with sag + a1t = 1.

Ay=—=A1== A4,

Lemma/Definition 27 (Inclusion functor). The functor I4: A — A®2 shall be defined by
[4(A) == (0—2-A-"50) for A € ObA and I4(f) := (0, f,0) € Hom 4a,(I4(A),14(B)) for
AL Bin A. The functor 14 is additive.

Let T4 := R4 o0l4. We call 14 the inclusion functor of A.

The inclusion functor 14 is a full and faithful additive functor.

Let 14(.A) be the full subcategory of Adel(.A) defined by Ob(I4(A)) := {I4(A): A € ObA}.
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Proof. We have 0p 4 - f = 09,8 = 000 - 00,5, 040000 =040 = f-0py,

TA(fg) = (Oa fgao) = (vaa 0)(07970) = TA(f)IA(g),

L4(1a) = (0,14,0) = (Lo, 14, Lo) = 15,4

and

for A # B—2+ (' in A, therefore 14 is a well-defined additive functor.

We conclude that 14 is an additive functor as well.

Now suppose given A, B € Ob.A. Any morphism from [ 4(A) to I4(B) in Adel(A) is necessarily
of the form [0, f,0] = I4(f) with f € Hom4(A, B), which shows that 14 is full.

Suppose 14(f) = Ia(g) for f,g € Homyu(A, B). We necessarily have 049 and 0y p with
040005+ 040005 = f— g, cf. notation 25 (b). We conclude that f = g holds, so 14
is faithful. O]

Remark 28. Let
Sa={ (X~ X —-¥) € Ob(A™): (X —~Y ) € Mor A}
U{(X ==Y —1-7) € Ob(A*): (X —-V) € Mor A},
Recall that (S 4) denotes the full additive subcategory of A2 generated by S 4, cf convention 16.
The equation
Fisg =Ja
holds and therefore
Adel(A) = A%2/(S 4)

is true, cf. remark 18.

Proof. Suppose given (X —>Y) € Mor.A. Then (X—1>X—S>Y) is a zero object in
Adel(A) since we have 1: X — X and 0: Y — X with 1-1+s-0 = 1, cf. remark 26 (c).
Similarly, we have 0: Y — X and 1: Y — Y with 0-s+1-1=1,50 (X ==Y —=Y) is
also a zero object in Adel(A).

Therefore objects in S4 are zero objects in Adel(.4) and since direct sums of zero objects are
again zero objects, all objects in (S4) are zero objects in Adel(A).
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Suppose given (A—f> B) € Fgy-

There exists a factorisation (A—f> B)=(4 NIl B) in A®2 with N € Ob((S4)). In
Adel(A) we have [f] = [g][h], so [f] factors through a zero object in Adel(A). We conclude
that [f] = 0 holds, so f € J4 is true.

Conversely, suppose given (A 1. B ) € J4. We have a diagram

a a
A0—0>A1—1>A2

LA

By —— By —— By
bo b1

in A with sby + ait = fi.
Consider the objects N := (AO 0% A, —1>A2) and S := (A1 —1>A1 LAQ) inSy.

We get a factorisation of f through N @ S € Ob({S4)) in A*? as follows.

Ay = Ay = Ay
(100)l - j(al 1) Lo l(l 1)
A A ( 001 1) A (0 al)

0@ Ay 2@ A Ay @ Ay
(%) | G4 | (am)
b() bl
By By By

This is a well-defined factorisation, since the following equations hold.

ao) (419) = (o0 00) = ag (1)
w 1) (B8) = (mm)=a (1)
)

bD _ (fobofaosbo) _ (aoflfaosbo) — (ao(sbo+a1t)faosbo> — (aoa1t) — (aoal O) ( t )

sbo sbg sbo sbg 0 1 sbg

lao)(fofsaos) :fo_a03_|_a()3:f0
a1 1) (b, ) = a1t + sbo = f1

(

(

(

(SEO )by = (823}71 ) - ( (8b0+a1?)71171—a1tb1 ) - (f1blﬁ)altb1 ) = (alfgt—b}zltbl ) = ((1) 691 ) (fzt—b}tbl )
(

(

(11) ("%,) = th + fo— thy = fo

We conclude that f € Fs ) is true. O]

Lemma 29. Suppose given A € Ob(Adel(.A)) and isomorphisms ¢;: A; — B; in Afori € [0, 2].
o taoer flal 2 .

Let B := (BD o 0¥ B fL e Bg) € Ob(Adel(A)). Then [pg, p1,p2]: A — B is an

isomorphism in Adel(A) with inverse [¢g", @1, @3]

Proof. We have oo(¢g aop1) = appr and @1(p; a1ps) = aips. Therefore [po, 1, 2] and,
consequently, [p', 1", 05 '] are in fact morphisms in Adel(.A), mutually inverse. O
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Theorem /Definition 30. Recall that A is an additive category. We have an isomorphism of
categories D 4: Adel(A)°P — Adel(A°P) with D 4(A) = <A2 A AO) and D4 ([f]°P) =
L1357, 1%, fo7] for A Bin Adel(A).

Note that D 4 is additive, as follows from D 4 being an isomorphism between additive categories
or from the construction given in the proof.

Proof. The functor D: A2 — Adel(A%)° shall be defined by D(A) = ( Ay 4 A0>
and D(f) = [f3", fi¥s fo"]™ for A—L- B in A%
This is a well-defined additive functor because we have bi* fi¥ = (f1b1)° = (a1.f2)°? = f3Yai,
bo” fo© = (fobo)® = (a0 f1)? = fi"ag",
fg = [(fzgz f191 (fogo)()p}op
= [0 F3" " i 00" fo" 1™
o O o op
(92 N ago 2p> s OPD

[ op (Op rOp

2 170] [92791790]
= D(f)D(g),

D(1,4) = [1°P, 197 19P]°P = 1} 4y and

(fatha), (fi+h1)®, (fothe)P]™
op+h ffp—l—h(fp, fgijhgp} op
op
20p, fp’ Sp} + [hgp,h(fp,hng
FESPUER riod R 1/ e o
D(f) + D(h)

D(f+h)=

—

[ |
L I N
— R

for A%B—g>0 in A%z,

Suppose given AL Bin AA2 such that f is null-homotopic with morphisms s: A; — By
and t: Ay — By satisfying sby + a1t = fi.

Using t°P: By — A, and s°?: By — Aj, we obtain tPal® 4+ b’s? = (ait + sby)® = f;P.
Therefore [f5P, 1, f*] = 0 and D(f) = [f5%, f{¥, £5°]" = 0 hold.

Theorem 21 gives the additive functor D: Adel(A) — Adel(A%) with D o Ry = D. We set

D= (D)”: Adel(A)® — Adel(A°).

It is now sufficient to show that D4 and (D 4o )°? are mutually inverse.
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Suppose given A Bin Adel(A). We have

op op
ay 0

((DAop)Op ODA)(A) — (DAOp)Op< AQ%AléAO) = (AOQ%OAlLA2) = A
and

((Daer)? 0 DA([F17P) = (Daeo)P(Lf5", £, fo"]) = o, fr, f2IP = [F].

Suppose given

op
Qo

aOP
AQ L Al > AO

op op op
2 1 0
op op
bl bO

BQ—>Bl—>BO

in (A°P)A2,
We have
(DAo(DAop)Op)(AgiAliA()) = D (Ap e Ay )
_ <A2iA1“—3p>AO>
and

(Dao(Daee) ) ([£57, /175 f5"]) = Dallfo, fr, £2I°) = 1127, %5 16"

3.2 Kernels and cokernels

Theorem /Definition 31. Recall that A is an additive category. Suppose given AL Bin
A2,

(a) We set, using notation 22,

(%9) (4 2%)

A @ By

K(f) == ( Ay @ By Ay & By ) € Ob(Adel(A)) = Ob(A*?)

and k() = ((2)(3), () € Hom s (K(f), A).
The morphism [k(f)] € Homagei(a)(K(f), A) is a kernel of [f] € Hompgei(4)(A, B).
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(b) We set

G5y o (D

C(f) == (Bo ® A By ® Ay ) € Ob(Adel(A)) = Ob(A*?)

and ¢(f) :=((10),(10),(10)) € Hom 4a, (B, C(f)).
The morphism [c(f)] € Homaqea) (B, C(f)) is a cokernel of [f] € Homagei(a)(4, B).

(49) (% %)

A()@BO A1®BO AQ@Bl
(6) (6) (6)

Ay =~ Ay i A

fo f f2

By " By h B,
(10) (10) (10)
By ® A4 B, @ Ay By @ Ay

(% ) (% 1)

Proof. Ad (a). We have k(f) € Mor(A*?), since the equations (§)ao = (¢) = (%?)(}) and
(8)ar=(%)= (% %,) (§) hold

Next, we show that [k(f)][f] is equal to 0.

Using (9): A1 @ By — By and () : Ay @ B; — B in A, we obtain

(900 + (5 5,) (1) = () + (5) = (§) = G A= (((5):(6):(§))F), = ((£)n
and therefore [k(f)][f] = [k(f)f] =0.

(%9) (&%)
Ao@B0—>A1@BO—>A2@Bl
o) |3

"l
VLN

By By —— B,

bo

We show that [k(f)] is a monomorphism:

Suppose given [g] = [(a8 a5 ), (0 gt ),(893)]: C — K(f) in Adel(A) with [g][k(f)] =
There exist morphisms s: C; — Ag and ¢t: Cy — A; in A satisfying sag + c1t = (gk(f))1
(1) (1) = gt

[
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Using (sgt): Cy — Ag® By and (t0) : Cy — Ay @ By in A, we obtain
(sa1) (T 1) +er(v0) = (seal) + (eat0) = (saotar ot ) = (af o}).

We conclude that [g] = 0.

C1

Co—2— (4 Cy
(s8.0)] /l(a?g%)/j(g%%)

AO@BOWA1@BO—>A2@31

W) @] B8 o

Ag—=— A —— 4,

The factorisation property is seen as follows.

Suppose given [g]: C' — A in Adel(A) with [g][f] = 0. There exist morphisms s: C; — By and
t: Cy — By in A satistying sby + c1t = (9f)1 = g1./1-

00401402

/ / g2
ag a1

A0—>A1—>A2

A

By o By = By
Now we set [(90cos),(o1s),(a2t)]: C — K(f). We get in fact a well-defined morphism in
Adel(A), since the equations
(0 00) (58) = (a0 00) = (cw e08) i (1 9)
and
(005) (5 5} = (o1 i) = (caon at) = 1 (2 1)

hold.

Finally, we have

(g0 cos ), (o), (92 8)] - [k(f)] = [(o0 05) (5) (92 2) (5) (92 #) (0)] = [g0: 91, 9] = [g].

Co———C—————C)

(g0 COS)L (gls)l (92t)L

AO@BOﬁAl@BO_)A2@Bl

w| T GA) o)
Ag—2— A —2—— 4,
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The uniqueness of the induced morphism from C' to K(f) follows from [k(f)] being a monomor-
phism.

Ad (b). A kernel of D 4([f]°P) is given by

[(5),(5), (§)] = [(1o)*, (1o)™, (10)™]:

<b<1)P o> (bgp fffp)
(BQ@AQ 01 BlEBAQ ! Bo@A1>—>DA(B>
Therefore [(10),(10),(10)]: B — C(f) is a cokernel of [f]. Cf. definition 30. O

Corollary 32. Suppose given A Bin Adel(A).

(a) The morphism [f] is a monomorphism if and only if there exist morphisms s: A; — A,
t: By — Ag, u: Ay — A; and v: By — A; in A satisfying sag + aju + fiv = 1 and
t(lo = b(ﬂ).

Ay==A == A,

e Al )

By L B, L By

(b) The morphism [f] is an epimorphism if and only if there exist morphisms s: By — By,

t: By - Ay, u: By — By and v: By — A, in A satisfying sbg + tf; + bju = 1 and
tCLl = blv.

Qa, a
A0—0>A1—1>A2

o

By==B1== B,
s u

Proof. Ad (a). The morphism [f] is a monomorphism if and only if its kernel [k(f)] is zero.
This is the case if and only if there exist morphisms (§) : A;® By — Agand (}) : As®B; — Ay
with (§)ao + (% fgo) (¥)=(}), cf. remark 26 (b).

Ad (b). The morphism [f] is an epimorphism if and only if its cokernel [c(f)] is zero. This is
the case if and only if there exist morphisms (s¢): By — By @® A; and (uv): By — By ® Ay
with (s¢) (% 0 )+ bi(uv)=(10). ]
Example 33. Given A 1. Bin A, the morphism I 4(f) is monomorphic if and only if f is a
coretraction. Dually, I4(f) is epimorphic if and only if f is a retraction.
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3.3 The Adelman category is abelian

Theorem 34. Recall that A is an additive category. Suppose given A N B in Adel(A). We
have an isomorphism

b= (3D (H ) () )] - cvn - ket

with inverse

= [(GE) - (0 2 ) ()]« xe) = e
in Adel(A).

K(f)

Moreover, the equation [c(k(f))]Is[k(c(f))] = [f] holds, so I is the induced morphism of this
kernel-cokernel-factorisation of [f], cf. convention 18.

Proof. By definition, we have

alo - a10 I3 a1 0
<(o) (5 bo)) Al@(Ag@Bﬂ(O—QA?@(A?@Bl)

<b1 (10) )
bo 0

0 7<f(1J _al)

The morphism Iy is well-defined in Adel(.A), since we have

= (@ an )= (e tn ) =@ - ) ()

< fi (o 1)> b (bl 0)0 o fib (L 0)H(=fra)\ [ aife (0ar) _(alo) fo (01)
(1) o o (7 w)) ") (@9 G @8 )T e L) (8 )
The morphism J; is well-defined in Adel(A), since we have

GEDIE @ )= (@ (T ) =0 (@) 5 )

Ck(f)) = Ae®(A1®By)

and

(%9)

K(c(f)) = Bo®(Bo®A;) — B1®(By®A,)

/N
—~
»—AOE”
S~—
—~
oo @
o8
\_/v
v
—~
o
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and
0 ((]0 1)b <a10>_ 0 (()01)b s (blo)0 < 8 0, )
(7) (*al :f(l]) 0=\ (&) (fa1 :fg) ¢ _(f? *al) (1) (%o) )
We have to show that the equations Iy-J; = lcuy)) and Jg -1y = 1g((s)) hold.

e We have to show that I;-J; —1c(s)) is equal to 0.

UsmgO Al@(AQEBBl) — AQ@(Al@Bo) and <8 é:()i §))> : AQ@(AQ@B:[) — Al@(A2®Bl)

in A, we obtain

0

0- (1) ( 2)) @D (o) = (o))
1 (

This implies Iy - Jy —1cur)) = 0.
e We have to show that J;-I; —1k((s)) is equal to 0.

USlng (( ) 1 > Bl D (BO D Al) — BO D (BO D Al) and

0 0)
0 0
0: By @ (By @ As)

Ay) = B1 & (By @ Ap) in A, we obtain

iy
(hadn) G+ (5 @) o=((hy i)

This implies J; - Iy — Ik (e(s) = O

Finally, we verity [c(k(/)] 1y [k(c(/))] = [/}
k)] k(e )]
fo (0ap) fi (01) f2 (01) 1 1 1
=160 o el [ B (6 ) - (&) () | @
= [(10), (1o), (L) | ((8y) . (¢

= [f07f1,f2]
/]
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(T 9) (% %,
Ao® By A18 By As® By
(6) (6) (6)
A 0 A, “ A,
(10) (10) (10)
<a0 Of
(1)_ ai _1 ) a1 0
Ao@(Al@Bo) 0 (0 bo) A1@(A2@Bl) (0‘1> AgEB(AgEBBl)
fo (0a0)> (0 (0 1)) <f1 (0 1)) < 0 éoUb ) < f2 (0 1)) ( 8 O1 ) f
9) (06) )|\ (T3 (1) o (1) (2 ZR) (&) (99 )1 \(1) (Pro) 2
BO@(BO@Al) (bé’ (1)) Bl@(BQ@Al) <b1 (10) > BQ@(Bl@AQ)
bg O
0 _(f? *a1>
DN N |n #)
BO bo B1 by B2
(10) (10) (10)
@o 7(()1 ) <b10
By®A, — BB A, 01 By® A,
O

Corollary 35 (Kernel-cokernel-factorisation).

We obtain a kernel-cokernel-factorisation of A ﬂ> B in Adel

(A) by taking residue classes of
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the A22-morphisms in the following diagram.

(89 aep (84

Ay® By

Ay = Ay = Ay
(100) (100) (100)
a 0 0
(¥ o) (510)
Ay® A DB, 0 A DADB, 001 Ay ®AD B,
fo 0 ap 00 1 fi01 00 1 f201 000
ol I O M GO I R G T [C %
BO@BO@Al %)(1)8) Bl@BQ@Al b 10 BQ@Bl@AQ
0 —byp O
001 <0 *f? a1>
1 1 1
(%) (%) (2)
Bo b B, a B,
(10) (10) (10)
(%) (% 9)
ByDA, —— Bi®A, By® A,

Proof. We apply lemma 29 to the factorisation obtained in the proof of theorem 34 by using
isomorphisms of the form

Xo Y ®2) XoY®Z

in A. O

Theorem 36. Recall that A is an additive category. The Adelman category Adel(.A) is abelian.

Proof. The category Adel(A) is additive, cf. lemma 24. Each morphism in Adel(A) has a
kernel and a cokernel, cf. theorem 31. Given [f] € Mor(Adel(.A)), the induced morphism Iy
of the kernel-cokernel-factorisation obtained in theorem 34 is an isomorphism. Therefore the
induced morphism of each kernel-cokernel-factorisation of [f] is an isomorphism, cf. remark 8.

We conclude that Adel(.A) is abelian. O
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Corollary 37. Suppose given [f] € Mor(Adel(.A)). The morphism [f] is an isomorphism if and
only if it is a monomorphism and an epimorphism. Therefore the two criteria in corollary 32
may be used to check whether [f] is an isomorpism.

3.4 Projectives and injectives

Definition 38. Let R(A) be the full subcategory defined by
Ob(R(A)) :={P € Ob(Adel(A)): Py = 0}.
Let £(.A) be the full subcategory defined by

Ob(L(A)) :=={I € Ob(Adel(A)): I, = 0}.

Consequently, objects in R(A) are of the form (O 0. p s P2) and objects in L£(.A) are of

the form ([oLll L'O)

Proposition 39.
(a) The objects in R(A) are projective in Adel(.A).

(b) The objects in L£(.A) are injective in Adel(A).

Proof. Ad (a). Suppose given the following diagram in Adel(A) with P € R(A) and [f]
epimorphic.

P
j 9]
B

Since [f] is an epimorphism, we have [c(f)] = 0, whence [gc(f)] = [g][c(f)] = 0. Therefore
there exist morphisms (sos1): P — By @® A; and (to t1) : Py — By @ Ay satisfying

(s0s1) (fcf ,?11) +p1(tot1) = (91 0). So the equations soby + s1f1 + pito = g1 and sja; = pity
hold.

A——
[f]

By® A — By @ Ay —= By @ Ay

(0 (51)

fi—a1
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Consider [0, s1,t1]: P — A. This is a well-defined morphism in Adel(.A), since we have 0-ag =
0=0- S1 and S1a1 = pltl-

Finally, we show that [0, sy, #][f] = [g] holds.
Using so: P, — By and to: P, — By, we obtain soby + pito = g1 — s1.f1-
This implies [g] — [0, s1, t1][f] = [90, 91 — s1.f1, 92 —t1 f2] = 0, so the following diagram commutes.

P

0,s1,t1
e

A——=DB
[f]

We conclude that P is projective.

Ad (b). This is dual to (a) using the isomorphism of categories D 4: Adel(A)°P — Adel(A°P).
[

Example 40. Given A € Ob A, we have [4(A) € Ob(L(A)) N Ob(R(A)). Therefore 14(A) is
injective and projective, cf. proposition 39.

Lemma 41. Suppose given P € Ob(R(A)).
La(f)

There exists a left-exact sequence P —e=14(A) > 14(B) in Adel(A) with A, B € Ob A and
f € Homy(A, B).

| o (56) (0%)
Proof. A kernel of I4(p1): Ta(P1) — I4(P2) is given by 00— P, & 0—30 Py, cf.

theorem 31. Lemma 29 says that P is also a kernel of 14(p;) by using the isomorphisms
0:0—->060,(10): A —>P ®d0and (01): P, >0 Ps. O

Theorem 42. Recall that A is an additive category and that, by theorem 36, Adel(A) is
abelian. The Adelman category Adel(A) has enough projectives and injectives. More precisely,
we have the following statements.

(a) Suppose given A € Ob(Adel(A)). We have an epimorphism
0,1,1]: (0—2>4; —2> 4A5) — A in Adel(A) with (0 —"> A; 2> A;) € Ob(R(A)).

(b) Suppose given A € Ob(Adel(.A)). We have a monomorphism
[1,1,0]: A — (Ag—2> A, —2>0) in Adel(A) with (A;—2> A, —2=0) € Ob(L(A)).

Proof. Ad (a). The morphism [0, 1, 1]: (0—0>A1 —>A,) — A is a well-defined morphism
in Adel(A) since we have 0 -ag = 0 =0-1and 1-a; = a; = a; - 1. Using 0: A — A,
1: Ay - A1,0: Ay > Ay and 1: Ay — Ay, weobtain 0-ag+1-1+a;-0=1and 1-a; =a;-1.
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Corollary 32 (b) says that [0, 1, 1] is an epimorphism.

O $' A1 L A2

Ad (b). This is dual to (a) using the isomorphism of categories D 4: Adel(A)°® — Adel(A°P).
[

Lemma 43. Given A € Ob(Adel(A)), there exists a right-exact sequence P i Q A

Adel(A) with P,@Q € Ob(R(.A)) such that a kernel of [f] is projective.

Proof. We may choose an epimorphism [c]: Q@ — A with @@ € Ob(R(A)), cf. theorem 42.
Let [k]: K — @ be a kernel of [¢]. Again, we may choose an epimorphism [e]: P — K with
P € Ob(R(A)). Let [f] := [e][k].

<

p [f] Q [.
o
K

Remark 9 says that [c] is a cokernel of [k]. Since [e] is epimorphic, [c] is also a cokernel of [f].

A

A kernel of [f] is given by

p1 f1
K((0, f1, f2)) = (0@0 0 P1GBO<O )

PQEBQ1>7

cf. theorem 31. Now K((0, fi, f2)) is isomorphic to (0 ', p (p1 11) P, ® Q1) € Ob(R(A))

in Adel(A), cf. lemma 29, and therefore projective. ]

Corollary 44. The projective dimension of Adel(A) is at most two due to the previ-
ous lemma 43. Dually, the injective dimension of Adel(A) is also at most two since
Dy: Adel(A)°? — Adel(A°P) is an isomorphism of categories.

3.5 Additive functors and transformations

Theorem /Definition 45. Recall that A is an additive category.
Suppose given an additive category B.

(a) Suppose given an additive functor F': A — B.
By setting

F(zo) F(z1)

(Adel(F))(X) i= ((F(Xo) = F(X1) = F(Xa) )
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for X € Ob(Adel(A)) and

(Adel(F))([f]) := [F(fo), F(f1), F(f2)]
for [f] € Mor(Adel(A)), we obtain an exact functor Adel(F): Adel(A) — Adel(B).
The equation Adel(F)°P = D' o Adel(F°P) o D 4 holds, cf. definition 30.
The transformation ef': Iz oF — Adel(F) oI defined by

o= [0,1,0]:(0 0. F(S) 2 O)—><F(0)—0>F(S)—O>F(0)>

for S € Ob A is an isotransformation.
In particular, we have IgoF = Adel(F) oI 4 if F/(04) = Og holds.

A r B
IAL jlg
Adel(A) 2 Ade)(B)

(b) Suppose given additive functors F,G: A — B and a transformation a: F' = G.
By setting

(Adel(a)) x == [ax,, Ox;s ax,] @ (Adel(F))(X) — (Adel(G))(X)
for X € Ob(Adel(A)), we obtain a transformation Adel(a): Adel(F) — Adel(G).
If «v is an isotransformation, then Adel(a) is also an isotransformation.

Cf. remark 64.

Proof. Ad (a).

Let F: A% — Adel(B) be defined by F(X) = (F(XO)M F(x,) 2l F(X2)> for

X € Ob(A%2) and F(f) := [F(fo), F(f1), F(f2)] for f € Mor(A%2?). This is a well-defined
additive functor because we have

F(ﬂfo)F(fl) = F(ﬂfofl) = F(foyo)F(fo)F(?Jo)7

F(xl)F(f2) = F(-il?lfz) = F(flyl) = F(fl)F<y1)a

= F(f)F(g),
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F(lx) = [F(lx,), F(1x,), F(1x,)] = [Lrxe), Lrxns Lrexa)) = 1ax

and

F(f+h)

[F'(fo+ ho), F(fi + h1), F(f2 + ho)]

[F'(fo) + F(ho), F(f1) + F(h1), F'(f2) + F(h2)]
[E'(fo), F(f1), F(f2)] + [F(ho), F'(h1), F(ho)]
F(f)+ F(h)

for A%B—Q>C in A%2,

Suppose given X e vin A%2 with f null-homotopic. There exist morphisms s: X; — Y; and
t: Xo = Y1 in A with syg + 21t = f1. Using F(s): F(Xy) = F(Yp) and F(t): F(Xs) — F(Y1),
we obtain F'(s)F(yo) + F(z1)F(t) = F(syo + x1t) = F(f1).

Theorem 21 now gives the additive functor Adel(F'): Adel(A) — Adel(B) with Adel(F)oR4 =
F.

We want to show that Adel(F)°P = D' o Adel(F°P) o D 4 holds.

Suppose given X v in Adel(A). We have

(D' o Adel(F*®) o D.4)(X) = (D" o Adel(F*?)) (( X, xS X, ))

F(X0) )
= (F(x) S F(X) R R(X) )
— (Adel(F)™)(X)

F(z1)°P F(:vo)

- Dgl (( F(X3) — F(X1) —

and

(Dg" 0 Adel(F*?) o D 4)([f]P) = (Dj' o Adel(F°P))([fs", i, f5"])
= D' ([F(f2)°, F(f1)P, F(fo)OP])
= [F(fo), F(f1), F(f2)|*
= (Adel(F)P)([f]?).

Next, we show that Adel(F) is an exact functor.

Suppose given X Wy in Adel(A). A kernel of (Adel(F))([f]) is given by

[(6), (), ()] :

(F(xo) 0) (F(gl) F}gfl) )
F(X)®F(Yp) ——) F<X2>@F<Y1>) s (Adel(F))(A),
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cf. theorem 31.
By applying lemma 29 with isomorphisms of the form F(S) @& F(T) — F(S @ T) in B for
S, T € Ob A, we see that

(Adel(F))(k(N)]) = [F((3)), F((5)), F((}))] -
F((%9)) (% %))

(F(Xoeam F(Xy®Y:) ) — (Adel(F))(A)

is a kernel of (Adel(F))([f]) as well, cf. proposition 4.
We conclude that Adel(F) is left-exact, cf. lemma 13.

The functor Adel(F°P): Adel(A°P) — Adel(B°P) is left-exact, so

Adel(F)°? = Dg' o Adel(F°P) 0o D 4: Adel(A)°P — Adel(B)°P is left-exact too.

We conclude that Adel(F) is also right-exact and therefore exact.

Now we want to show that €’ is an isotransformation.

The morphisms (¢7)g are well-defined for S € Ob.A since we have 0 -1 = 0 = 0 -0 and
0-0=0=1-0.

Note that F'(04) is a zero object in B, cf. proposition 4.

The inverse of (¢f)g is given by

[O,l,O]:(F(O)—0>F(S)—°>F(O)> <O—>F(S)—>O>.

for S € Ob A.
We have

(Is oF)(u)(e")r = [0, F(w),0][0, 1, 0] = [0, 1,0][F(0), F(u), F(0)] = (¢")s(Adel(F) o L) (u)

for S —“=T in A, which implies the naturality of .
Ad (b).

The transformation Adel(«) is well-defined since we have F(zg)ax, = ax,G(zo), F(z1)ax, =
ax,G(ry) and

(Adel(F)([f])(Adel())y = [F'(fo), F'(f1), F'(f2)]log: avy, ]
= [F(fo)ayy, F(fi)ay,, F(f2)ay,]
= [ax,G(fo), ax,G(f1), ax,G(f2)]
= laxy, axy, ax,][G(fo). G(f1), G(f2)]
= (Adel(a))x (Adel(G))([f])

for X Yy in Adel(A).
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If v is an isotransformation, then the inverse of (Adel(a))y is given by
[(ax,) ™% (ax,) 7Y, (ax,) Y] for X € Ob(Adel(A)).

]

m
B%_>B 7 — C with additive categories A, B and C

Proposition 46. Suppose given A

H
and additive functors F, G, H, K and L.

The following equations hold.

(a) Adel(K o F) = Adel(K) o Adel(F)
(b) Adel(a3) = Adel(«) Adel(B)
(¢) Adel(y x a) = Adel(y) » Adel(«)

Proof. Ad (a). Suppose given X Y.y in Adel(A). We have

(Adel(K) o Adel(F))(X) = (Adel(K)) (( F(xo) 20 pex) T2 pxy) ))

(KoF)(zo0) (KoF)(x1)

(K o F)(Xy)

= (K o F)(X0)
= (Adel(K o F))(X)

(K o F)(Xa) )

and

(Adel(K) o Adel(F))([f]) = (Adel(K))([F(f ) F(fr), F(f2)])

= [(K o F)(fo), (K o F)(f1), (K o F)(f2)]
= (Adel(K o F))([f ])

Ad (b). Suppose given X € Ob(Adel(A)). We have

(Adel(a) Adel(B)) x = (Adel(«))x (Adel(B)) x
= [aXov axy, OéXQ} [ﬁXo’ ﬁXp /6X2]
= [OéX 5)(07 ax, 5}(1 ) OéXZﬂXQ]

[(@B)xo, () x1, (@B)x.]
= (Adel(af))x.



Ad (c). Suppose given X € Ob(Adel(A)). We have

(Adel(vy) x Adel(a)) x

(Adel(K))((Adel(a)) x ) (Adel(7)) adel(@)) (x)

(K (ax,), K(ax,), K(ax,)]|[vaxo): Yex) Ya(xs))
[K (axo )76 (x0)s K ()6 x)s K () V6 (x)]
[(7 % @) x5 (7 * @) xy, (7 * @) x, ]

(Adel(y * a)) x.

45



Chapter 4

A universal property for the Adelman
category

4.1 The homology functor in the abelian case

Suppose given an abelian category B throughout this section 4.1.

(0 %)

Lemma 47. Suppose given A B—— A ® C in B.
If ¢: C' — D is a cokernel of b, then (ff:) : A® C — D is a cokernel of (éfb)

Proof. We have (} %) (/¢) = (2) = 0. Suppose given (§1): A® C — X in B with

(o 7,) (8)=0. We have g; + fgo = 0 and bgs = 0. There exists u: D — X with (—c)(—u) =
cu = gs since c is a cokernel of b. We conclude that (7¢) (—u) = (7J¢#2) = (4 ) holds. The
induced morphism —u is unique because we necessarily have (—c)(—u) = cu = gs. O

(1)

Lemma 48. Suppose given A@® B——=C & B in B.

(a) If ¢: C — D is a cokernel of f then (§): C'@® B — D is a cokernel of ({?).

(b) If k: K — A'is a kernel of f, then (k0): K — A® B is a kernel of ({ ).

Proof. Ad (a). We have ({9)(§) = (/¢) = 0. Suppose given (%): C ® B — X in B with
(F9) () =0. We have fg; =0 and g, = 0. There exists u: D — X with cu = g since ¢ is a
cokernel of f. We conclude that (§)u = (F) = (%) = () holds. The induced morphism u

is unique because we necessarily have cu = g;.

Ad (b). This is dual to (a). O
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Remark 49. To prove the previous lemmata 47 and 48, one may alternatively argue

() 4 B2)

that a sequence A’ @ B'——=A® B—+%
(u(]) (v 0)

the sequence A’ B'—> AP B——>

(0f):AeB— A B.

A" @® B"” in B is left-(right-)exact if and only if

A" @ B” is left-(right-)exact using the isomorphism

Ao B (G 11]2) A®B t ii) A" o B"
CG||6) |
TP 1 R PAP C L BT

Lemma 50. Suppose given the following commutative diagram in B with a right-exact sequence

A -2 A, . As and a left-exact sequence B N B, b2 Bs.

a a2
A ——= Ay — Ay

lfl lf2 Lfs
b1 bo

By —e= By —— B3

Suppose given kernels k;: K; — A; of f; for i € [1,3]. The induced morphisms between the
kernels shall be u: K7 — Ky and v: Ky — K3, cf. lemma 7 (a).

Ky —= Ky, ——= K3

L

al az
Al I AQ —t— A3

jfl lfz lf3
b1 bo

B —e> By —— B3

The sequence K; —— K, —— K3 is exact.
Proof. See [5, prop 13.5.9 (a)]. O

The following lemma is a part of [5, prob 13.6.8].

Lemma 51. Suppose given A-L.B 2. CcimB Suppose that ¢: B — D is a cokernel of
f,k: K — Ais akernel of fg and ¢: L — B is a kernel of g.
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The induced morphism between the kernels shall be u: K — L.

The sequence K —— L —e. D is exact.

Proof. We choose an image B He T4 0 of g. Let d: C'— FE be a cokernel of g. Note that
d is a cokernel of 7 as well since p is epimorphic.

Therefore we have the following commutative diagram in B with A S B right-exact

and [ —4~C —4>E left-exact, cf. remark 9 (b).

C

|-

A B—=D
fpj g 0
-0 4% F

Note that k is a kernel of fp since i is monomorphic and that 1: D — D isakernel of 0: D — FE.
The following diagram commutes.

K—>L-X>D
bt
A—L.p_4.D
fpt Lg jo
[—~C—-E
Lemma 50 says that the sequence K — L —£. D is exact. O

Lemma 52. Suppose given A L B—%+C—%~ D in Bwithcand d epimorphisms. Suppose
cd to be a cokernel of f.

The morphism d is a cokernel of fc.

Proof. Suppose given g: C' — T in B with fcg = 0. There exists u: D — T with cdu = cg.
Since c is epimorphic, we conclude that du = g holds. The induced morphism w is unique since
d is an epimorphism. O

Lemma/Definition 53. Suppose given tuples k = (KA 3 Al)

CA Pa
c= (A — CA)AeOb(BA2)’ p=(Ka ImA)AeOb(BAz) Acob(Baz) Of
morphisms in B such that for A € Ob(322), the morphism k, is a kernel of a;, the morphism

AcOb(BA2)?

and 1 = (ImAi—A>CA)

Pa 1A

c4 is a cokernel of ag and the diagram Ky Imy C4 is an image of ky cy in B.
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(a) The functor Hg(k, ¢, p,i): B> — B shall be defined as follows.
Let (Hg(k,c,p,i))(A) := Imy for A € Ob(B42).

Suppose given A 1. B in B%. We have uniquely induced morphisms fx: K4 — Kg,
fc: Ca— Cpand (Hg(k,c,p,1))(f): Imy — Imp such that the following diagram com-
mutes, cf. lemmata 7 and 11.

Ay
ka CA
f1
Ka Ca
ImA
fx fc

By
7 \\
/kB/

cB
i (k.c.pi)(f) Cs

IIIlB

Then Hg(k, ¢, p, i) is a well-defined additive functor. We have (Hg(k, ¢, p,1))(f) = 0 for
f € Mor(B42) null-homotopic.

(b) There exists a unique additive functor Hg(k, ¢, p,i): Adel(B) — B such that
Hgz(k,c,p,i) o Rg = Hp(k, ¢, p,i) holds, cf. theorem 21.

The functor Hg(k, ¢, p, 1) is left-exact. (In fact it is exact, cf. theorem 56.)

Proof. We abbreviate Hg := Hp(k, ¢, p,i) and Hg := Hg(k, ¢, p, ).
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Ad (a). Note that the induced morphisms between kernels, cokernels and images are unique.
Therefore it is sufficient to check commutativity.

f
Suppose given A——= B 2~ C in B,

We have (fg)k = fxgk since fkgk - ke = fx kp g1 = ka - f191 holds.

We have Hg(fg) = Hg(f)Hg(g) since py -Hs(f)Hs(9) = fx pp He(9) = frgxpe = (f9)xpe =
p4-Hp(fg) holds and since p 4 is epimorphic.

We have (14)x = 1k, since 1k, ka = ka = ka 14, holds.

We have Hg(1,) = Ligcay since py Ly, 4y = Pa = 1k, Pa = Da Hp(14) holds and since p is
epimorphic.

We have (f 4+ h)k = fx + hx since (fx +hk) kg = fu kg +hkkp =ka fi +ka by = ka(fi +h1)
holds.

We have Hp(f + h) = Hg(f) + I:IBN(h) since p4(Hg(f) + Hg(h)) = pyHa(f) + py Ha(h) =
fxpg +hkpg = (fx + hx) pg = P4 Hg(f + h) holds and since p, is epimorphic.

So Hy is a well-defined additive functor.

Now suppose given A 1. Bin B2 with f null-homotopic. There exist morphisms s: A; — By

and t: Ay — By satisfying sby + a1t = f7.

We have

pAI:IB(f)iB = fkppis = fxkpcp =ka ficp = ka(sbo + art) cp = kasbocg +kaartep = 0.
=0 =0

This implies Hp(f) = 0 since p, is an epimorphism and since ip is a monomorphism.

Ad (b). We want to show that Hp is left-exact.

Suppose given A B Adel(B). By theorem 31, the morphism [k(f)] is a kernel of [f] in
Adel(B). Lemma 13 says that it is sufficient to show that Hg([k(f)]) = Hg(k(f)) is a kernel of

Hs([f]) = Ha(f).

The morphism ek (k(f))e = k(f))1ca = (§)ca = (%) is a cokernel of (K(f))(0—1) =
(%0 (1)) : AO o) BO — Al ) Bo, cf. lemma 48 (a)

The morphism cky) is a cokernel of (K(f))(0—1) = (% ?) by definition.

Therefore (k(f))c is an isomorphism, so Hg(k(f))ia = ix(s)(k(f))c is a monomorphism.
This implies that Hz(k(f)) is a monomorphism and that, consequently, the diagram

Ki(r) S H(K(£)) 2269 fig(A) s an image of py s, Fs(k(f)) = (k(f))k pa.

We choose an image Hp(A) SRSy . Hg(B) of the morphism Hg(f).
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Then KA%I—ZE&CB is an image of pypiip = pAI:IB(f)iB = fkpgip = fxkpcp =
ky ficp.
Consider the morphisms ((1) f;g) A OBy A @By and (49): A @ B — Ay @ By.

A cokernel of (é jéo) is given by ({155) : A1 @ By — Cp since cp is a cokernel of by, cf.

lemma 47.
A kernel of (49) is given by (ka0): K4 — A; @ By, cf. lemma 48 (b).

A kernel of (K(f))(1—=2) = (¢ fgo) =(; fgo) (99) is given by
(zv) :=ki(p: Kk = A1 @ By. Consequently, we have z f; — yby = 0.

Kk () Ka
(zY) (ka 0)
(5 4) (22
A, @ By L A B —2& Cp
(5 %) (49)
1
Ay @ B —2% A, 0 B,

The induced morphism between the kernels is given by (k(f))k, since we have

(k(f)xka = ke k()= (#9) (5) = =

and therefore
(zv) (o 28) = (o afi—ywo) = (<(Mxka 0) = (k(f))k (ka0).

(k(f))x

ka ficp
Ka

Lemma 51 now implies that the sequence Ky Cp is exact since

(ka0) (71¢) =ka ficp holds.

1

nen
We conclude that pyp is a cokernel of (k(f))k, cf. remark 12. Lemma 52 says that p is a
cokernel of (k(f))k py because p, and p are epimorphic.

SR g (4) P f(B) s exact, so Hs(k(f) is a

Therefore the sequence Ky



92

kernel of Hz(f).

A @ By

Kk(s) Ck(s)

\& (f>>/$

Hp(K

() &(N)e
K

N \B\
KB/V i Cp
\pg\ﬁ (B)/

B

Remark 54. To show that null-homotopic morphisms are sent to 0 by ﬁg(k, ¢,p,i) in the
previous lemma 53, one may also use remark 28 and check (Hg(k, c,p,1))(S) = 0 for S € Sg.

Lemma/Definition 55 (Homology functor). Let Zg C Ob B be the set of zero objects in B.
Suppose given A € Ob(B42).
We choose a kernel ky: Ky — A of a;. In case Ay € Zg, we choose ky :=14,.

We choose a cokernel cq: A1 — Cy4 of ag. In case Ay € Zg, we choose ¢y 1= 14,.

ia

. Pa
We choose an image Ky Im 4

CA OkaCA.
In case Ay, Ay € Zg, we choose (KA Pa Im, —2 CA) ::(A1 Ly — Al).
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By applying lemma 53 with the tuples k := (K A L Al)

ci= (4 —=Cy

A€Ob(BA2)?

KAiImA) and

)AeOb(BA2)’ p=( A€Ob(BA2)

i:= (Im 42> C A) of morphisms in B, we obtain functors

: . A€Ob(BA2)
Hp := Hp(k,c,p,i): BA? — Band Hp := Hg(k,c,p,i): Adel(B) — B. We call Hg the homology
functor of B.

For A—'~ B in B with Ay, Ay, By, By € Zg, we have
Hp(A) = Hp(A) = 44 and Hp([f]) = Hs(f) = f1.

In particular, we have ﬁB o TB = 1g and Hgolg = 15.

B s B2

In

Adel(B) B

B

Recall that Dg: Adel(B)°® — Adel(B°P) is an isomorphism of categories, cf. definition 30.

By applying lemma 53 with the tuples

()"
e = (CDZ;I(A) Dg (4) A

op

o (kDfl(m)
k = (Al 5 KDgl(A) 5
A€Ob((Bop)A2)

Y

1
)AeOb((BOP)A2)

and

> A€Ob((Bop)A2)

(ngl(A) )OP

po = ( Ingl(A) KDgl

(A) )
A€Ob((Bor)A2)

of morphisms in B°, we obtain functors
Hy = Hpoo (¢, k%, 1%, p°): (B°P)22 — B and Hy := Hger (c°,k°,i% p°): Adel(B®) — B.
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The equation (Hg)°® = Hj; 0 Dg holds.

Adel(B)r — 187 gop
Dp H°B
Adel(B°P)

Proof. We want to show that (Hg)°® = Hj o Dg holds.
Suppose given AL+ B in B®. Consider (f38, fIP, foP): Dp(B) — Dp(A) in (B°P)A2,
We have (f3%, 17, fo¥ )k = f&F since f&P ¥ = (ca fc)° = (ficp)® = cf fi® holds.
We have Hy((f5®, f°, fP)) = Hp(f)°P since
i5 Hs(f) = (Hs(f)ip)® = (ia fo)® = [P I} = (7 17 [0k i = i He((F7, %, o)
holds and since i% is epimorphic.

We conclude that
(H; 0 D) (4) = Hy(Ds(A)) = I = (Hz)(A)
and that

(o Da) (/1) = Ha(Uf3%. £77, £571) = Hy((f3%. £77, £57) = Ha(£)" = Ha([f))”
= (He)™([f1").

Theorem 56. Recall that B is an abelian category.
The functor Hg: Adel(B) — B is an exact functor.

Proof. We have left-exact functors Hg: Adel(B) — B and Hy: Adel(B°?) — B°P, cf. definition
55 and lemma 53. The functor (Hz)? = Hj o Dg: Adel(B)°P — B°P is also left-exact since Dp
is an isomorphism of categories. We conclude that Hp is exact. [

4.2 The universal property

Proposition 57. Suppose given an abelian category A and full subcategories C and D satisfying
C €D C A. The embedding functor from C to D shall be denoted by E: C — D.

Suppose given an additive category B and additive functors F,G: A — B.
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(a) Suppose that F' and G are left-exact.

Suppose that for D € ObD, there exists a left-exact sequence D 40— C"in A
with C,C" € Ob(C.

Suppose that the objects in C are injective in A.
Then we have bijections

v: Hompo (F|p, G|p) — Hompe(Fle,Gle): T+— 7% E
and

v': Homp3 (F|p, Glp) — Hom§2 (Fle, Gle): 7+ Tx E.

(b) Suppose that F' and G are right-exact.

Suppose that for D € ObD, there exists a right-exact sequence C' —== C’ 4D A
with C,C" € ObC.

Suppose that the objects in C are projective in A.

Then we have bijections
Homgpo (F|p, G|lp) — Hompe (Fle, Gle): T— T+ E
and

Homlso (Fl|p,G|p) —)HomISO(F|C, Gle): T— 1% E.

Proof. Ad (a). The map 7 is well-defined, cf. convention 21. Note that 7y = (7¢)cecone holds
for 7 € Homgo (F|p, G|p).

The map 7' is well-defined since 7¢ is an isomorphism for 7 € Homj% (F|p, G|p) and C' € ObC.
We want to show the injectivity of ~.

Suppose given 7,0 € Hompgo (F|p, G|p) with 7y = 0. Then 7¢ = o¢ holds for C' € ObC.
Suppose given D € ObD. We have to show that 7p = op is true.

There exists a left-exact sequence D —%=C' —= (" in A with C,C’ € ObC.

We obtain the left-exact sequences F(D) Y () 9 R (C") and
G(D) —G(0d—)>G(C) &G(C’) in B by applying F resp. G.
Since 7 and o are transformations and since 7¢ = o¢ holds, we get 7pG(d) = F(d)7c =

F(d)oc = opG(d).
Since G(d) is monomorphic, we conclude that 7p = op holds.

The injectivity of 4/ is inherited from ~.
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Now we want to show the surjectivity of .

Suppose given p € Homge(F|c, G|c). We have to show that there exists 7 € Homgo (F|p, G|p)
such that 7« E = p.

For D € ObD, we choose a left-exact sequence D e C’D =25 Cb in A with Cp, C}, € ObC.
In case D € Ob(C, we choose the left-exact sequence D —+=D-2-D.
Suppose given D € ObD.

We obtain the following commutative diagram.

F(dp) F(cp)

F(D) —== F(Cp) — F(Cp)
PCp Pty
G(D) S G(Cp) “ G(Cy)
The induced morphism between the kernels shall be denoted by 7p: F(D) — G(D). Note

that 7o = pc holds for C € ObC. If p € Homj2(F|c,G|c) is true, then the map 7p is an
isomorphism, cf. lemma 7 (a).

Next, we show the naturality of 7 = (7p) peobp-

Suppose given X oy inD. Since dx is monomorphic and since Cy is injective, there exists
g: Cx — Cy such that dxg = fdy holds.

X %5 0y

A

Cy
We have

™xG(f)G(dy) = 7xG(dx)G(g) = F(dx)pcxG(g)
= F(dx)F(g9)pcy = F(f)F(dy)pc, = F(f)rvG(dy).

Since G(dy) is monomorphic, we conclude that 7xG(f) = F(f)ry holds.
We have 77 = 7 x E' = (pc)ceobe = p, O 7 is surjective.

As seen above, the map 7p is an isomorphism for p € Hom32(F|¢, G|¢) and D € ObD, so 7/ is
surjective too.

Ad (b). This is dual to (a). O

Notation 58. Given a diagram Ay —— A; in A, we obtain a functor A € Ob(A*1) by setting
A(0) == Ay, A(1) := Ay, A(0—1) :=ag, A(0>0):=1y, and A(1->1):=1y,.
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For A € Ob(A”1), we therefore set Ay := A(0), A; := A(1), ap := A(0—1) and write
A= (4 —=A).

For a transformation f € Hom ya, (A, B), we write f = (fo, f1) instead of f = (fi)icoba,)- We
also write

A AO&Al
lf = lfo lﬁ
B B, -2~ B,

Given A, B € Ob(A”1) and morphisms fo: Ay — By, fi: Ay — By in A satisfying agf1 = fobo,
we obtain a transformation f = (fo, fi) € Hom 4a, (A, B).

Cf. notation 22.

Lemma 59. Suppose given an abelian category B. Suppose given A B Y in B,

(a) The sequence AL B2 in B is left-exact in B2 if and only if the sequences

Ag L By -+ Cy and A L B, £+ () are left-exact in B.

(b) The sequence A B in B s right-exact in B2 if and only if the sequences

Ao L BO i) OO and Al i> Bli> Cl are right—exact in B.

Proof. Ad (a). Suppose A . B9 to be left-exact.
We want to show that f is a kernel of gy.

Suppose given t: X — By in B with tgy = 0. The morphism (¢, tby): (X —1>X) — B is well-
defined with (¢,tby)g = 0 since we have ¢ - by = 1 - tby and (t,tby)g = (tgo, thog1) = (0,tgoco) =
(0,0) = 0.

XxX—1l.x

lt Ltbo
By —2~ B
lgo lgl

Co—=Cy

There exists u: (X —1>X) — A with uf = (t,tby) since f is a kernel of g. So ugfy = t.
Given v: X — Ay with vfy = t, we have (v,vag): (X—1>X) — A in B2 with (v,vag)f =
(t,tbg) since v - ag = 1-wvag and (v,vag)f = (vfo,vaofi) = (t,vfoby) = (t,tby) hold. So
(v,va9) = w and v = ug, again since f is a kernel of g.

We conclude that Ag L By L. Cy is left-exact.
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We want to show that f; is a kernel of g;.

Suppose given t: X — Bj in B with tg; = 0. The morphism (0,¢): (0—0>X) — B is
well-defined with (0,¢)g = 0 since we have 0-¢t =0 = 0-b; and (0,%)g = (0go,tg1) = (0,0) = 0.

0—Y- X
I
bo
By —2~ B,
LQD l!]l

Co—>C}

There exists u: (0—0>X) — A with uf = (0,t) since f is a kernel of g. So u; f; = t.

Given v: X — A; with vf; = ¢, we have (0,v): (O—0>X) — A with (0,v)f = (0,t) since
0-v=0=0-a9and (0,v)f = (0- fo,v- f1) = (0,%) hold. So (0,v) = u and v = u,, again since
f is a kernel of g.

We conclude that A; N B, s Cy is left-exact.

Suppose Ay L By -2~ Cy and A, L B; 2+ € to be left-exact.
We want to show that f is a kernel of g.

Suppose given t: X — B in B®! with tg = 0. We have togo = 0 and t,g; = 0, so there exist
ug: Xo — Ap and uy: X7 — A in B such that ug fo = to and uy f; = £; hold since f; is a kernel
of go and f; is a kernel of g;. The morphism u = (ug,u;): X — A is well-defined since we have
Tou1 f1 = xot1 = toby = ug foby = upao f1, and therefore zgu; = ugag because f; is monomorphic.
The equation uf = t holds since we have uf = (ugfo, u1f1) = (to,t1) = t.

Given v: X — A with vf = ¢, we have vofy = to and v f; = t;. So vg = ug, v1 = u; and
therefore v = u hold, again since fj is a kernel of gy and since f; is a kernel of ¢;.

We conclude that A —~ B —%~ (' is left-exact.

Ad (b).

This is dual to (a) using the canonical isomorphism of categories (B~1)°P —— (B°P)21. This
isomorphism sends A € Ob((B~1)P) to (A; a—O>A0) € Ob((B°?)A1) and f°P € Mor((BA1)°P)
to (fy”, fo") € Mor((B®)). O

Proposition 60. Suppose given categories A and B.

(a) Suppose that F,G: A — B are functors and o: F' = G is a transformation. We obtain
a functor K: A — B2 by setting K(X) := (F(X)ﬂG(X)) for X € ObA and
K(f) = (F(f),G(f)) for f € Mor A.

Suppose that A and B are additive categories. Then F' and G are additive if and only if
K is additive.
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Suppose that A and B are abelian categories. Then F' and G are exact if and only if K
is exact.

(b) Conversely, given a functor K: A — B2, we get functors F,G: A — B and a transfor-
mation a: F' = G by setting F(X) := K(X)o, G(X) := K(X)1, ax = (K(X))(0—=1)
for X € Ob A and F(f) := K(f)o, G(f) :== K(f) for f € Mor A.

Therefore every functor K: A — B! is of the form discussed in (a).

I learned this technique from Sebastian Thomas and Denis-Charles Cisinski.

Proof. Ad (a). The functor K: A — B! is well-defined since we have axG(f) = F(f)ay,

K(fg) = (F(f9),G(f9)) = (F(f)F(9),G(f)G(9)) = (F(f),G(f)(F(g),G(9)) = K(f)K(9)

and
K(lx) = (F(1x),G(1x)) = (1rx), L)) = 1rex

for X —1=Y 2+ 7 in A.
Suppose that A and B are additive.
If F and G are additive, then we have
K(f+h)=(F(f+h),G(f+h)=(F(f)+ F(h),G(f) + G(h))
= (F(f),G(f) + (F(h),G(h)) = K(f) + K(h)

for X %Y in A, so K is additive.
If K is additive, then we have

(F(f +h),G(f+h) = K(f +h) = K(f) + K(h) = (F(f),G(f)) + (F(h), G(h))
= (F(f) + F(h),G(f) + G(h))

for X%Y in A. Therefore F(f +h) = F(f)+ F(h) and G(f + h) = G(f) + G(h) hold, so
F and G are additive.

The statement about the exactness of the functors follows from the previous lemma 59:

Suppose that A and B are abelian. For a left-(right-)exact sequence X Ly Y7 A, the

sequence K (X) RV g (Y) K9 g (Z) is left-(right-)exact in BA! if and only if the sequences
FOO 2L piy)y 29 p(2) and ¢(X) 2% Gv) £Y% 6(2) are left-(right-)exact in B.

Ad (b). We have

(F(1x),G(1x)) = K(1x) = 1xx) = (1rx), lax)),



(F(f9),G(f9)) = K(fg) = K(f)K(g) = (F(f), G(f))(F(9), G(9)) = (F(f)F(9),G(f)G(9))

and therefore F'(1x) = 1px), G(1x) = lawx), F(fg) = F(f)F(g) and G(fg) = G(f)G(g) for
Xtoy-2ozinA

We have F(f)ay = K(flo(K(Y))(0—=1) = (K(X))(0—=1)K(f)1 = axG(f) for X ==Y in
A. O

Remark 61. Without proof, the constructions in the previous proposition 60 yield an isomor-
phism of categories (B4)21 — (BA1)A.

Theorem 62 (Universal property of the Adelman category). Suppose given an additive cate-
gory A and an abelian category B.

(a) Suppose given an additive functor F': A — B.
We set F':= Hgo Adel(F): Adel(A) — B, cf. definitions 45 and 55.
The functor F' is exact with Fol 4=F.

IfG,G: Adel(A) — B are exact functors and o: Goly = G ol is an isotransformation,

then there exists an isotransformation 7: G = G with 7 x4 = 0. In particular, this
holds for Golq = Goly and 0 = 1gor,.

A—LE B

Adel(A)

(b) Suppose given additive functors F,G: A — B and a transformation «: F' = G.

There exists a unique transformation a: F = G satisfying a x4 = a.

Adel(A)

Proof. Ad (a). The functors Adel(F): Adel(A) — Adel(B) and Hg: Adel(B) — B are exact,
cf. theorems 45 and 56. Therefore F is exact too.

Suppose given X .V in A Note that F(04) € Zg, cf. definition 55. We have

(Fola)(X) = (HgoAdel(F))(I4(X)) = Hp ((F(0)—+F(X)—=F(0))) = F(X)
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and
(Fola)(f) = (Hgo Adel(F))(14(f)) = Ha([F(0), F(f), F(0)]) = F(f).

We conclude that F o1 4 = F holds.
We abbreviate A" := [ 4(A), cf. definition 27.

Let o7, (x) = 0x for X € ObA. Then o’ € Hom% (G|, G|) since we have

01,00 GIa(f) = ox(G o La)(f) = (G o La)(foy = G(La(f))ot vy

for X L~V in A and since oy is an isomorphism for X € Ob A.
Let Iy :=14": A— A.
We have o' x Iy = o since (¢/ xIy)x = 01, x) = ox holds for X € Ob A.

Consider the subcategories A" C R(A) C Adel(A). The embedding functor from A" to R(.A)
shall be denoted by E: A" — R(A) and the embedding functor from R(A) to Adel(A) shall
be denoted by E': R(A) — Adel(A).

A2 A —E- R(A) —E~ Adel(A)

Note that E' o E oI’y =14 holds.

For P € R(A), there exists a left-exact sequence P ——=14(X) 14U A(Y) in Adel(A) with

XLovin A, cf. lemma 41. The objects in A’ are injective, cf. remark 40.

Proposition 57 (a) now gives p € Hompgx ) (Glr(4), é|72(,4)) with px F = ¢o’.

Consider the subcategories R(A) C Adel(A) C Adel(A). For A € Ob(Adel(.A)), there exists a

right-exact sequence P—f>Q —f= A with P,@Q € Ob(R(A)), cf. remark 43. The objects in

R(A) are projective, cf. proposition 39.

Proposition 57 (b) now gives 7 € Hom52) (G, G) with 7 x E' = p.

We have
Txlg=7x(E'oFEol))=(xE)*(Eol))=px(Eol))=(p*xE)xIy=0"xIy=0.

Ad (b). We get an additive functor K: A — B2 by setting K(A) := (F(A) —= G(A)) for
AeObAand K(f) :=(F(f),G(f)) for f € Mor A, cf. proposition 60.

Part (a) gives an exact functor K: Adel(A) — B® with K oI, = K. We obtain exact
functors £, G: Adel(A) — B and a transformation &: I = G by setting F(A) = K(A)
G(A) := K(A), aa = (K(A)(0—1) for A € Ob(Adel(A)) and F(q) := K(q)o, G(q) =
K(q); for ¢ € Mor(Adel(A)), cf. proposition 60.
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Next, we show that the equations Foly=F, Goly =G and @ * 14 = a hold.

For X € Ob.A, we have K(IA(X)) = K(X) = ( X) %~ G(X)). This implies F(I4(X)) =
K(1a(X))o = F(X), GLa(X)) = K(1a(X)1 = G(X) and dr,cx) = ax.

For f € Mor A, we have K(I4(f )) = K(f) = (F(f),G(f)). This implies F(I4(f)) =
K(La(f)o = F(f) and G(La(f)) = K(La(f)1 = G(f)-

Part (a) gives isotransformations 7x: F' = F and 7¢: G = G satisfying 74 x [4 = 1p and
TG * IA = 1g.

We set & := 7parg: = G and obtain & x 14 = (1parg) * Ly = (15 x 14) (@ * 14)(1¢ x I4) =
lrpalg = a.

We use the functors Iy, E and E’ defined in (a).
Suppose given 3,: F = G with Bxlg=~yx1y4.

We have (8 E') x E = * (E' o E) = v% (E' o E) = (y* E') x E since (8 x (E' o E))y, (x) =
Brac) = (BxLa)x = (v *xLa)x = y4x) = (v * (E' 0 E))r,(x) holds for X € Ob A.

Consider the subcategories A" C R(A) C Adel(A). As seen above, we may apply proposi-
tion 57 (a). We conclude that 5 x E' = v % E’ holds because of the injectivity.

Consider the subcategories R(A) C Adel(A) C Adel(A). Again, we may apply proposi-
tion 57 (b). We conclude that 5 = v holds because of the injectivity. ]

Remark 63. We give an overview of the construction of F in the previous theorem 62.

A r B
Ia In
Adel(A) —2 _ Adel(B) s
2 e
B

Note that Iz oF = Adel(F')ol 4 is not true in general, cf. theorem 45. However, Hg o Adel(F') =
F, Hgolg=1gand F =1g0F = F ol hold.

Remark 64. Suppose given an additive category A, an abelian category B and an additive
functor F': A — B. We saw in theorem 45 that Adel(F): Adel(A) — Adel(B) is an exact
functor and that there exists an isotransformation : IzoF — Adel(F) o I4. By apply-
ing theorem 62 (a) to the additive functor IgoF': A — Adel(B), we get an exact functor
TgoF: Adel(A) — Adel(B) with TgoF o4 = IgoF.



63

We conclude that, by theorem 62 (a), Adel(F") and I oF are isomorphic in Adel(B)AdelA),
Note that Iz oF" depends on the choices we make in definition 55, applied to the abelian category
Adel(B).

Example 65. Consider the (additive) inclusion functor E from Z-free to Z-mod. Theo-
rem 62 (a) gives an exact functor E: Adel(Z-free) — Z-mod with E o Iz e = E.

(a) The functor E is dense:

Suppose given X € Ob(Z-mod). We choose a free resolution Fj —4, Fy—%> X of X.
Consider (F; —s s 0) € Ob(Adel(Z-free)). A kernel of 0: F; — 0 is given by 1,

a cokernel of d is given by e and an image of 1 e is given by F| ——= X 1. X,

Fy 0

/\
\/

Therefore we have E((Fl 4, Ey U O)) =~ X in Z-mod.

(b) The functor E is not full:
Let A= (Z©Z—"1 6V gz B —2-7) and B i= (Z—2~Z~">0) in Adel(Zfree).
A kernel of (1) :Z&®Z — Zis given by (2-1): Z — Z & Z, a cokernel of
(69):Z®Z —>ZdZisgivenby ({): ZOZ — Z/4 and an image of (2 -1) ({) is given
by Z—~7/2—2>7/4. So E(A) = Z/2.

N

EB
w»—t

N

VASY/

A kernel of 0: Z — 0 is given by 1z, a cokernel of 2: Z — Z is given by 1: Z — Z/2 and
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an image of 1z - 1 is given by Z ——Z/2—>7/2. So E(B) = Z/2.

2 Z
PN
y/ Z/2
A
7.2

Consider 1: Z/2 — Z /2. If E was full, there would exist g: Z/4 — Z/2 such that 2-¢g = 1,
which is impossible.

Z 0

(¢) The functor E is not faithful:

Let A = (0—=Z-2+Z), B = (0—=Z-—"-0) and [0,1,0]: A — B in
Adel(Z-free). We have 0 # [0, 1, 0] since there does not exist t: Z — Z such that 2-t = 1z.

A

A kernel of 2: Z — Z is given by 0: 0 — Z, a cokernel of 0: 0 — Z is given by 1z and an

image of 0 - 1z is given by 0—>0—"-7.

AN
A

So E(A) =0 = E(B). We conclude that E([0,1,0]) = 0 = E(0).

0
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(d) The functor E is not an equivalence due to (b) or (c). This also follows from Z-mod having
not enough injectives or, alternatively, from the fact that (Z/2 (}é) —): Z-mod — Z/2-mod
is additive but not kernel-preserving:

A kernel of 2: Z — Z is given by 0: 0 — Z in Z-free, but 0: 0 — Z/2 is not a kernel of
0:Z/2 — Z/2 in Z/2-mod.

Now if £ was an equivalence, the category Z-mod would also satisfy the universal property
of ﬁe\Adelman category and there would/eiist an exact functor -

(Z/2 QZ{) —): Z-mod — Z/2-mod with (Z/2 QZQ —)o E = (Z)2 QZ{) —). But (Z/2 %) —)o E'is

kernel-preserving, whereas (Z/2 ® —) is not.
z
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